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D E S I G N  O F N O N - L I N E A R  C O N T R O L  S Y S T E M S

V I A

M A T H E M A T I C A L  P R O G R A M M I N G

A B S T R A C T S

Two k i n d s  of m a t h e m a t i c a l  p r o g r a m m i n g  p r o b l e m s  w h i c h  a r 

is e in the d e s i g n  of n o n - l i n e a r  c o n t r o l  s y s t e m s  are d i s c u s s e d  

in t h is t h es is . C o n t r o l  d e s i g n  is n a t u r a l l y  f o r m u l a t e d  as an 

o p t i m i z a t i o n  p r o b l e m  in w h i c h  the c o n s t r a i n t s  m a y  be c o n v e n 

t i o n a l ,  n o n - d i f f e r e n t i a b l e  (e.g. c o n s t r a i n t s  on s i n g u l a r  

v a l u e s  for r o b u s t n e s s  or e i g e n v a l u e s  for s t a b i l i t y )  or 

i n f i n i t e - d i m e n s i o n a l  (e.g. ti me d o m a i n  c o n s t r a i n t s  on st ep 

r e s p o n s e s  or f r e q u e n c y  d o m a i n  c o n s t r a i n t s  for p e r f o r m a n c e )  

and the d e s i g n  v a r i a b l e s  m a y  be f i n i t e  d i m e n s i o n a l  (e.g. 

p a r a m e t e r s  of a c o n t r o l l e r )  or i n f i n i t e  d i m e n ^ s i o n a l  (e.g. a 

n o n l i n e a r  c o n t r o l  law). T h e fi r s t  p r o b l e m  is c o n c e r n e d  w i t h  

t h e c h o i c e  of a c o n t r o l  l a w  to s a t i s f y  s t a b i l i t y  and p e r f o r 

m a n c e  c o n s t r a i n t s ;  the c o n s t r a i n t s  and the d e s i g n  v a r i a b l e s  

are i n f i n i t e  d i m e n s i o n a l .  The p r o b l e m  can be p o s e d  as c h o o s 

ing a c o n t r o l  l a w  and a L y a p u n o v  f u n c t i o n  to s a t i s f y  s t a b i l i 

ty and p e r f o r m a n c e  c o n s t r a i n t s  or to m i n i m i z e  a c r i t e r i o n  

f u n c t i o n  s u b j e c t  to t h e s e  c o n s t r a i n t s .  The s e c o n d  p r o b l e m  is 

c o n c e r n e d  w i t h  the s a t i s f a c t i o n  of p e r f o r m a n c e  c o n s t r a i n t s  in 

the t i m e  d o m a i n  for all d i s t u r b a n c e s  l y i n g  in a s p e c i f i e d  

c l a s s  of f u n c t i o n s ;  this p r o b l e m  al s o  a r i s e s  in the d e s i g n
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of r o b u s t  c i r c u i t s .  T h i s  p r o b l e m  c a n  be p o s e d  as c h o o s i n g  a

f i n i t e  d i m e n s i o n a l  d e s i g n  v e c t o r  so t h at the o u t p u t  s a t i s f i e s  

one set of c o n s t r a i n t s  in the t i m e  d o m a i n  for ALL i n p u t s  

s a t i s f y i n g  a n o t h e r  set of c o n s t r a i n t s  in the t i m e  d o m a i n .

A l g o r i t h m s  for t h e s e  p r o b l e m s  are p r o p o s e d  in this 

t h e s i s .  T h e y  are b a s e d  on the o u t e r  a p p r o x i m a t i o n  a p p r o a c h .  

Se ts of s i m p l i c e s  are c r e a t e d  d u r i n g  c o m p u t a t i o n  to r e p l a c e  

the c o n t i n u u m  r e g i o n s  and p i e c e w i s e  l i n e a r  c o n t i n u o u s  f u n c 

t i o n s  (or p i e c e w i s e  q u a d r a t i c  f u n c t i o n s )  are e m p l o y e d  to 

appr o^__^ x i m a t e  the s o l u t i o n  f u n c t i o n s .  F e a s i b i l i t y  and c o n 

v e r g e n c e  of the a l g o r i t h m s  are e s t a b l i s h e d .

A p p l i c a t i o n s  of t h e a l g o r i t h m  to the d e s i g n  of n o n 

l i n e a r  c o n t r o l  s y s t e m s  are d i s c u s s e d .  C o n d i t i o n s ,  in Lie 

b r a c k e t  form, for the e x i s t e n c e  of an o b s e r v e r  for a n o n 

l i n e a r  s y s t e m  and c o n d i t i o n s  for the s t a b i l i t y  of th e c o m p o 

si te s y s t e m  i n c o r p o r a t i n g  the o b s e r v e r  and the n o n - l i n e a r  

c o n t r o l  l a w  are p r e s e n t e d .

To i l l u s t r a t e  the a l g o r i t h m  a n o n - l i n e a r  c o n t r o l l e r  is 

d e s i g n e d  for a s i m p l e  n o n - l i n e a r  system. S i m p l i c e s  are 

c r e a t e d  a d a p t i v e l y ;  t h is r e d u c e s  c o m p u t a t i o n  e f f o r t  c o m p a r e d  

w i t h  s t a n d a r d  f i n i t e  e l e m e n t  m e t h o d s .  The m e t h o d  of d e c o m 

p o s i n g  the st at e s p a c e  p e r m i t s  the e m p l o y m e n t  of a c o n s t r a i n t  

d r o p p i n g  scheme.
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C H A P T E R  O N E I N T R O D U C T I O N

1.1 C o n t r o l  s y s t e m  d e s i g n  and o p t i m i z a t i o n  p r o b l e m s

It is n o w  w e l l - k n o w n  t h a t  d e s i g n  of c o n t r o l  s y s t e m s  can 

l e a d  n a t u r a l l y  to the f o r m u l a t i o n  of a c o n s t r a i n e d  o p t i m i z a 

t i o n  p r o b l e m  and any s o l u t i o n  to the o p t i m i z a t i o n  p r o b l e m  

w i l l  c h a r a c t e r i s e  an a c c e p t a b l e  d e s i g n  y he c o n s t r a i n t s

m a y  be c o n v e n t i o n a l ,  n o n - d i f f e r e n t i a b l e  or m f i n i t e -  

d i m e n s i o n a l .  H e r e  are so me e x a m p l e s .

[ 2 ](1 ) D e s i g n  of l i n e a r  f e e d b a c k  s y s t e m s  .

Fig.1 is the b l o c k  d i a g r a m  of a l i n e a r  c o n t r o l  sy stem. 

By the u s u a l  c o n v e n t i o n s ,  G(s) d e n o t e s  the p l a n t  t r a n s f e r  

f u n c t i o n .  K(s,z) is the t r a n s f e r  f u n c t i o n  of th e c o n t r o l l e r .  

Y ( s , z )  and R(s) are the o u t p u t  and input, r e s p e c t i v e l y .  

Thus, the o u t p u t  of the c l o s e d - l o o p  s y s t e m  is

Y(s,z) = { I + G (s )K (s ,z ) } " 1G (s ) K (s .z )R (s ) .

F i g u r e  1

S u p p o s e  that R(s) = 1/s and

K ( s , z ) = z + z s ~ 1
1 2 -  1 -



H e nc e, K(s,z) r e p r e s e n t s  a p r o p o r t i o n a l - p l u s - i n t e g r a l  c o n 

t r o l l e r .  The d e s i g n  c r i t e r i a  can be s p e c i f i e d  as a set of 

i n e q u a l i t i e s .  For i n s t a n c e ,

4>
1 (z) < c i

( 1 . 1 )

* 2 (z) < C 2
( 1 .2 )

w h e r e  4>  ̂ and <t>̂ d e n o t e  r i s e t i m e  and o v e r s h o o t of the o u t p u t

y(t), r e s p e c t i v e l y .  c^ and c^ are c o n s t a n t s  in a c c o r d a n c e  

w i t h  e n g i n e e r i n g  c o n s i d e r a t i o n s  and w i t h  d u e  r e g a r d  to the 

p h y s i c a l  sy st em . M o r e o v e r ,  b e c a u s e  of p h y s i c a l  l i m i t a t i o n s ,

t h e p a r a m e t e r s z 0 f the
T

c o n t r o l l e r ,  z = [z ,ẑ J . m a y  be r e s-

t r i c t e d  as

♦ 3 (2 ) < C 3
(1.3)

( z ) < C 4 (1.4)

w h e r e ,

V z)
= Az ,

V 2)
= Bz ,

A and B are c o n s t a n t  m a t r i c e s .

T h e  d e s i g n p r o b l e m 1  s e q u i v a l e n t  to f i n d i n g  a v e c t o r  z such

t h a t  i n e q u a l i t i e s  (1.1) ~ (1.4) are s a t i s f i e d .

(1 1 ) S t a b i l i z a t i o n  of a l i n e a r  s y s t e m ^ 1 ^ .

S u p p o s e  we are g i v e n  a l i n e a r  t i m e - i n v a r i a n t  s y s t e m  in 

s t a t e - s p a c e  form:

- x = Ax + Bu 

< y = Cx 

„ x (° ) = x Q

w h e r e ,  A,B and C are, r e s p e c t i v e l y ,  n x n . n x m  and pxn re a l  m a 

t r i c e s .  We c h o o s e  the f e e d b a c k  c o n t r o l l e r  as
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u = - Kx + v ,

w h e r e  v is the r e f e r e n c e  input.

Thus the d y n a m i c  e q u a t i o n  of the s y s t e m  is

X  = ( A - B K ) x  + Bv.

The d e s i g n  v a r i a b l e  z is an . - d i m e n s i o n a l  v e c t o r  c o n 

s i s t i n g  of all e n t r i e s  in m a t r i x  K. For s t a b i l i t y  of the 

c l o s e d - l o o p  sy st em , a z s h o u l d  be c h o s e n  to s a t i s f y  the f o l 

l o w i n g  i n e q u a l i t y :

$ ( z ) < 0,

w h e r e ,  <t> (z ) - m a x  { R e ( A  )}, X , 1  = 1,.. ., n, is the e i g e n -
i

v a l u e  of m a t r i x  A-BK. O b v i o u s l y ,  A d e p e n d s  on z.

The c o n s t r a i n t  h e re is n o n - d i f f e r e n t i a b l e .

[ 3 ]
( m )  D e s i g n  of e n v e l o p e - c o n s t r a i n e d  f i l t e r s

The p r o b l e m  h e re is to c h o o s e  the w e i g h t i n g  f u n c t i o n  w 

of a d i g i t a l  f i l t e r  to p r o c e s s  a g i v e n  i n p u t  p u l s e  s c o r r u p t 

ed by n o i s e  such t h at the o u t p u t  e r r o r  is m i n i m i z e d  s u b j e c t  

to the coi^traint th at the r e s u l t i n g  o u t p u t  p u l s e  s a t i s f i e s  

an e n v e l o p e  c o n s t r a i n t ,  i.e., ( t ) e Ca(t), b(t)] for all te T

= [ 0 . t 1 ] .

This p r o b l e m  is r e l e v a n t  to p u l s e  c o m p r e s s i o n  in r a d a r  

s y s t e m s ,  w a v e f o r m  e q u i l i z a t i o n  , c h a n n e l  e q u a l i z a t i o n  for c o m 

m u n i c a t i o n s  and d e c o n v o l u t i o n  of s e i s m i c  and m e d i c a l  u l t r a 

s o n i c  da ta .

( i v ) [ 3 ]D e s i g n  of e a r t h q u a k e  r e s i s t a n t  s t r u c t u r e s  

The o b j e c t i v e  he re is to d e s i g n  s t r u c t u r e s such as
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s t e e l - f r a m e d  m u l t i l e v e l  b u i l d i n g s  t h a t  c a n  r e s i s t  e a r t h 

q u a k e s .  The d e s i g n  c o n s i d e r a t i o n s  i n c l u d e  t h e c o n s t r a i n t  

t h a t  the d i s p l a c e m e n t s  of s t r u c t u r e  e l e m e n t s ,  in r e s p o n s e  to 

a s p e c i f i e d  inpu t, s h o u l d  be l i m i t e d  in m a g n i t u d e  at all 

t i m e s  in a c e r t a i n  i n t e r v a l .

Let z d e n o t e  the d e s i g n  v a r i a b l e .  T h e n  t h e  c o n s t r a i n t  

m a y  be s u m m a r i z e d  as t h e f o l l o w i n g  i n e q u a l i t y :

<t> ( z , t ) < 0, for a l l t e T,

w h e r e ,  T is the t i m e  i n t e r v a l .

W h e n  the i n p u t  is p a r a m e t e r i z e d  by a p a r a m e t e r  v e c t o r  a, 

for i n s t a n c e ,  the i n p u t  r is 

rlticx) = (ao + «l1t) H ( t )  , 

a = ,a , ]T

2and a li es in a s u b s e t  R , t h e n  the o p t i m i z a t i o n  p r o b l e m

is to find a z such th a t

<J> ( z , t ; a ) < 0 , for a l l t £ T and all .

M o r e o v e r ,  w h e n  t h e r e  is so m e  co st c r i t e r i o n  for the 

s t r u c t u r e ,  it is c l e a r l y  a f u n c t i o n  of z. H e n c e  the p r o b l e m

is n o w  to find the v e c t o r  z w h i c h  m i n i m i z e s  the co s t  f u n c t i o n

s u b j e c t  to

<M z , t ; a ) < 0, for a l l t £ T, a e A-

The l a s t  two e x a m p l e s  are s e m i - i n f l n l t e  p r o g r a m m i n g

p r o b l e m s .  T h ey are c h a r a c t e r i s e d  by f i n i t e - d i m e n s 1 0 nal v a r i 

a b l e s  and i n f i n i t e - d i m e n s i o n a l  c o n s t r a i n t s .  R e c e n t  r e s e a r c h

sh o w s  th at theyflxise in c o n t r o l  s y s t e m  d e s i g n ,  c i r c u i t  d e s i g n

and o t h e r  f i e l d s
[ 4 ]
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1.2 S e m i - i n f m i t e  p r o g r a m m i n g  a l g o r i t h m s

S e m i - i n f i n i t e  p r o g r a m m i n g  p r o b l e m s  ha v e  b e e n  c o n s i d e r e d  

in the m a t h e m a t i c a l  p r o g r a m m i n g  l i t e r a t u r e  in r e c e n t  year s. 

S e v e r a l  ki nd s of a l g o r i t h m s  for s o l v i n g  p r o b l e m s  of s a t i s f y 

i n g i n f i n i t e  c o n s t r a i n t s  or for m i n i m i z i n g  a co s t  f u n c t i o n  

s u b j e c t  to t h o s e  c o n s t r a i n t s  h a v e  b e en p r o p o s e d .  Two of

t h e m , d u e to Mayn e, P o l a k  and T r a h a n  C 5 , 6 , 7 ] w j _ n be i n t r o -

d u c e d in this se c t i o n .  For the s a ke of s i m p l i c i t y ,  we i g n o r e

t h e c o n v e n t i o n a l  c o n s t r a i n t s  and r e s t r i c t  the n u m b e r  of 

i n f i n i t e - d i m e n s i o n a l  c o n s t r a i n t s  to one. Thus t h e f e a s i b l e -  

p o i n t -  f i n d i n g  p r o b l e m  P(A) and the o p t i m a l - p o i n t - f i n d i n g  

p r o b l e m  P(B) are, r e s p e c t i v e l y ,  as*.

P ( A ) :: Find a z e R n  , such th a t

<M z , a ) < 0 , for al l .

P ( B ) : M inimize f (z ) 

Subject to

<M z , a ) < 0 , for all a e ^ .

(1 ) D e s c e n t  a l g o r i t h m s .

This ty p e  of a l g o r i t h m s  d e a l  w i t h  the ca s e  w h e n  A  is an 

i n t e r v a l  ( i . e . , c l o s e d  and b o u n d e d  su bset) of R . The f o l 

l o w i n g  a s s u m p t i o n s  are ma d e :

(a) 4> is c o n t i n u o u s l y  d i f f e r e n t i a b l e ;

(b) f is c o n t i n u o u s l y  d i f f e r e n t i a b l e ;

(c) For ea c h  z, <M z , . ) has on l y  a f i n i t e  n u m b e r  of lo-

cal m a x i m a  in A
5



(d ) For all z in F , 0 ? c o { V  iM z l(i) , a e A n (z)},2 rT0

w h e r e ,
Q

F and (z ) are as d e f i n e d  s h o r t l y  below.

For all z , we d e f i n e

4>(z) £
ma x {  <t> ( z , a ) | a ^ A  }

and

4>+ (z) A m a x  { 0 , i|) ( z ) } .

The fea s i b l e set F is d e f i n e d  by

<llUL { z E R n | i|>(z) < 0 )

= { z e R n | vi>+ ( z ) = 0  } .

F C is the c o m p l e m e n t  of F.

For any z in R n , all e > 0, let t h e e - m o s t - a c t i v e  con-

s t r a i n t  set A £ ( z )c fX be d e f i n e d  by

z , a ) >i[>+ ( z ) - e } .

A s u b s e t  of XX (z) is d e f i n e d  by e

XX £ ( z ) = {ae A  e ( z ) | a is a l o c a l  m a x i m i z e r  of <M z , . ) on • A >  

F r o m  A s s u m p t i o n  (c), ^  (z) is f i n i t e  for all z and all

e> 0 .

For p r o b l e m  P(A), a s e a r c h  d i r e c t i o n  p (z) is c h o s e n  bv
e J

s o l v i n g

8 (z) = m i n m a x  { <V < M z , a ) lp> }e _ _ ^  z M
ptP c c e A £ (2 )

w h e r e ,  p = { p c R n | II p It < 1}.

1.5)

For p r o b l e m  P(B), a s e a r c h  d i r e c t i o n  p (z) is c h o s e n  bv£ J

s o l v i n g

8 £ ( z ) = m i n m a x  { <Vf ( z ) , p > -*y 4>+ ( z ) ; < V ? 4> ( z , a ) , p > , c*rXX c ( z ) }
PL P

(1.6
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w h e r e ,  *y 1  s a p o s i t i v e  c o n s t a n t .

The s t e p - l e n g t h  is o b t a i n e d  u s i n g  A r m i j o  rule. Thus, 

w e . h a v e  the f o l l o w i n g  a l g o r i t h m  for p r o b l e m  P(A).

A l g o r i t h m  (A ):

Da ta :
Z 0e R n . (0,oo) , 0E ( o , 1 ) .

S t e p 0 : Set i = 0 ;

e = e 0 ■

S t e p 1 :
cr

C o m p u t e  44 (z 
e i ),9 (z ) by e i

(1.5), and o b t a i n

S t e p 2 : If 0 (Z .)> - E , e i
set e = e/2 and go to S t e p  1.

S t e p 3 : If z e F, st o p

E l s e , c o m p u t e the l a r g e s t A e { 1 , p ,

CM00. . . . >

su ch t h a t

>l)(zi + A p e (zi ) )-4>(z^)<-Ae/2.

S t e p  4: Set 1  = 1  + 1 and go to St e p  1.

A l g o r i t h m  (B) for p r o b l e m  P(B) is s i m i l a r  to A l g o r i t h m  

(A) e x c e p t  t h a t  0 £ (z) and p £ (z) are c o m p u t e d  f r o m  (1.6) and 

S t e p  3 is r e p l a c e d  by St e p  3':

St e p  3 ‘ : If 4) ( z ̂  ) > 0, c o m p u t e  the l a r g e s t

A £ {1,f3,(3^,...} s u e 11 that

il) ( z^ + A p e ( z ) )-tj) ( z ) < - A e / 2 ;

If 4> ( z ) < 0 , c o m p u t e  the l a r g e s t

A e {1, p , (3 2 , . . . } su ch that

f [ z i + A p £ (zi ) )-f(z ) < - A e / 2

vj} ( z^ + A p e ( z ) ) < 0 .

The c o n v e r g e n c e  of t h e s e  a l g o r i t h m s  has been esta-

7



b l i s h e d .  To m a k e  t h e m  i m p l e m e n t a b l e  , 4> (z ) and are o n l y

a p p r o x i m a t e l y  e v a l u a t e d ,  the a c c u r a c y  b e i n g  i n c r e a s e d  a u 

t o m a t i c a l l y  to e n s u r e  c o n v e r g e n c e .

(l i ) O u t e r  a p p r o x i m a t i o n  a l g o r i t h m s .

The a s s u m p t i o n s  of c o n t i n u o u s l y  d i f f e r e n t i a b l e  <t> and f 

are s t i l l  ma d e .  XX is no l o n g e r  r e s t r i c t e d  to one d i m e n s i o n ;  

it m a y  be a c o m p a c t  s u b s e t  of R P .

In t h e s e  a l g o r i t h m s  p r o b l e m  P(A) and P(B) are r e p l a c e d  

by an i n f i n i t e  s e q u e n c e  of c o n v e n t i o n a l  p r o b l e m s  in w h i c h  XX 

is r e p l a c e d  by an i n f i n i t e  s e q u e n c e  of s u i t a b l y  c h o s e n

f i n i t e  ( d i s c r e t e )  s u b s e t s  of XX. The c o r r e s p o n d i n g  f e a s i b l e  

sets {F^} are d e f i n e d  for all 1  by

F^ = { 2 | $ (z , a ) < 0 for all a e

At i t e r a t i o n  1 , a 1+ 1 is f o r m e d  by a d d i n g  to A ,  the a w h i c h

( a p p r o x i m a t e l y )  so l v e s  the g l o b a l  m a x i m i z a t i o n  p r o b l e m  

ma x { ( z , a ) | at XX > and d i s c a r d i n g  some e l e m e n t s  of XX w h i c h  are

j u d g e d  to be u n n e c e s s a r y .  An a l g o r i t h m ,  for p r o b l e m  P(A), 

w h i c h  has p r o v e d  s u c c e s s f u l ,  is as f o l l o w s :

A l g o r 1 1 hm (C )

Data: 

St e p  0: 

St e p  1: 

S t e p  2:

S t e p  3

XX Q (a d i s c r e t e  s u b s e t  of XX ) , 6 e (0,1), K > > 1 . 

Set l = 0 .

C o m p u t e  a z in F
l i

C o m p u t e  ( z^ ) and an a such th at

<Mz ,a ) = ( 2 );l i i

If 4>(2^) < 0, st o p  .

Set

8



ee A 1 U(oii } | <Mz ,a ) > K f S ^ - S 1 ), 

3 = 0 . .... 1 } .

S t e p  4: Set i = i + 1 and go to S t e p  1.

For p r o b l e m  P(8), an a l g o r i t h m  is e a s i l y  o b t a i n e d  by 

r e p l a c i n g  S t e p  1 in A l g o r i t h m  (C) w i t h  t h e f o l l o w i n g  

S t e p  1': C o m p u t e  a z to s o l v e

m i n { f ( z ) | z e F  }
l

Also, the i m p l e m e n t a b l e  v e r s i o n s  of t h e s e  a l g o r i t h m s  

u t i l i z i n g  an a p p r o x i m a t e ,  but p r o g r e s s i v e l y  m o r e  p r e c i s e  c o m 

p u t a t i o n  of v|) ( z^ ) and h a v e  be en p r o p o s e d .
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1.3 R e c e n t  r e s u l t s  on n o n - l i n e a r  s y s t e m s  t h e o r y

N o n - l i n e a r  s y s t e m s  c o n s t i t u t e  a l a r g e  and i m p o r t a n t  

cl as s of c o n t r o l  s y s t e m  m o d e l s  for p r a c t i c a l  p u r p o s e s .  The 

n o n - l i n e a r  f e a t u r e s  m a y  o r i g i n a t e  i n h e r e n t l y  or i n t e n t i o n a l 

ly. In e i t h e r  case, the n o n l i n e a r i t i e s  m a k e  the a n a l y s i s  and 

d e s i g n  of s y s t e m s  m u c h  m o r e  d i f f i c u l t  th an in l i n e a r  case. 

B e c a u s e  of the w e l l - d e v e l o p e d  k n o w l e d g e  a b o u t  l i n e a r  s y s t e m s ,  

the idea to find out the r e l a t i o n s h i p  b e t w e e n  c e r t a i n  k i n d s  

of n o n - l i n e a r  s y s t e m s  and l i n e a r  s y s t e m s  is o b v i o u s l y  a l w a y s  

a t t r a c t i v e .  In c o n t r o l  s y s t e m s ,  the f o l l o w i n g  n o n - l i n e a r  

s y s t e m s  f o r m  is p o p u l a r  and of g r e a t  i n t e r e s t :

X( t ) = f [ x ( t ) ]  + g [ x ( t ) ] u ( t )  (1.7)

w h e r e ,  f and g are C°° v e c t o r  f i e l d s  on so me s u b s e t  Q C R n ( q 

c o n t a i n s  the o r i g i n  and f (0)= 0. H e r e  we c o n s i d e r  the 

s i n g l e - i n p u t  s i n g l e - o u t p u t  s i t u a t i o n  o n l y  for the sa ke of

c o n v e n l e n c e .

C 8 ]
K r e n e r  has us ed s t a t e  t r a n s f o r m a t i o n  w i t h o u t  f e e d b a c k

to t r a n s f o r m  (1.7) i n t o  a l i n e a r  sy stem. M e y e r  and

[ g ]
C i c o l a n i  c o n s i d e r e d  su c h  t r a n s f o r m a t i o n s  for b l o c k  t r i 

a n g u l a r  s y s t e m s .  B r o c k e t t  o b t a i n e d  s u f f i c i e n t  c o n d i 

tions, u s i n g  bo th s t a t e  t r a n s f o r m a t i o n  and f e e d b a c k ,  for a 

r e a l - a n a l y t i c  s y s t e m  of the f o r m  (1.7) to be l o c a l l y  

e q u i v a l e n t  to a l i n e a r  system. R e c e n t l y ,  Hunt, Su and 

M e y e r ^ 1 1  ̂ o b t a i n e d  n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n s  for 

the l o c a l  t r a n s f o r m a t i o n  of s y s t e m  (1.7) into a c o n t r o l l a b l e  

l i n e a r  s y st em , and s u f f i c i e n t  c o n d i t i o n s  for the g l o b a l  case. 

In this s e ct io n, we w i l l  ve ry b r i e f l y  i n t r o d u c e  t h e i r

r e s u l t s  . F i r s t l y  we d e f i n e  t h r e e  kinds of Lie d e r i v a t i v e s .



If f and g are C°°

of f and

w h e r e  , 

b r a c k e t  

b r a c k e t s

v e c t o r  f i e l d s  on R n , the Lie b r a c k e t  

g is d e f i n e d  as 

[f,g] = O g / 3 x )  f - ( d f / 3 x ) g  ,

3 g / 6 x  and d f / 3 x  are nxn J a c o b i a n  m a t r i c e s .  The Lie 

[f.g] is a l s o  a v e c t o r  f i e l d  on R n . We d e f i n e  Lie 

C f , C f ,g ]] , etc., s u c c e s s i v e l y  as f o l l o w s  

( a d 1f,g) = [f.g]

(ad2 f,g) = [ f . C f . g ] ]  = [ f , ( a d 1f,g)]

(adk f,g) = [ f , ( a d k " 1f , g ) ].

A set of C°° v e c t o r  f i e l d s  { f . , f 01 ' ‘ ‘,f } on R n is c a l l e di c - r
i n v o l u t i v e  if th e r e  e x i s t  C°° f u n c t i o n s  -y such t h at

r 1 ̂

t V V ( x )  '

1 ̂ 1 , J < r ,1^3.

Let f be a C°° v e c t o r  f i e l d  and h a C°° f u n c t i o n ,  h: R n — ^

R, w i t h  g r a d i e n t  dh on Rn . Th e n  the Lie d e r i v a t i v e  of h 

w i t h  r e s p e c t  to f is

L f ( h ) = < d h , f > ,

w h e r e  <•,■>> d e n o t e s  the d u a l i t y  b e t w e e n  o n e - f o r m s  and 

v e c t o r - f i e l d s .  This d u a l i t y  is e a s i l y  u n d e r s t o o d  if w e  set 

<dx*, 3 / d x > =  0,

= 1 , 1 =  3 -

If f is a C~ v e c t o r  f i e l d  on R n and w is a C°° o n e - f o r m  

on R ■ i • e . , dx^ + ...+ uj^dx^, uj^ b e i n g  a C f u n c t i o n ,

i=1 , . . . ,n, then the Lie d e r i v a t i v e  of uj w i t h  r e s p e c t  to f is 

d e f i n e d  as

L ^ ( oj) = ((dui/dx) t') + m ( 3 f / c) x ) ,



w h e r e  * d e n o t e s  t r a n s p o s e  a n d  3 uj/ 3 x a n d  3 f / 3 x  a r e  J a c o b i a n

ma t r i c e s  .

The a b o v e  t h r e e  k i n d s  of Lie d i f f e r e n t i a t i o n s  are r e l a t 

ed by a L e i b n i t z - t y p e  f o r m u l a

L f<uJ1g> = <L ( ui) . g> +<ui, [ f , g] >

w i t h  f and w as b e f o r e  and g a C°° v e c t o r  f i el d. A l s o  

d L̂ . ( h ) = L^ ( d h ) w i t h  h a C f u n c t i o n .

A C~ t r a n s f o r m a t i o n  T = ( T i'T 2 ..... T n' T n + 1 ) f r o m  R n+1

to Rn+1 IS i d e a l  for s y s t e m  (1.7) if it has the f o l l o w i n g

p r o p e r t i e s :

1 ) T ( 0 ) = 0

2) T 1 . , , T
n are f u n c t i o n s  of x „, .1 ■ . . x o n l y  and T m a p s

R in Rn into
(Ti . „ , . ,T ) s p a c e  w i t h  a n o n s i n g u l a r J a c o b i a n

m a t r i x

3 ) T is a n + 1 f u n c t i o n  on x „ , , ,.,x , 1 n u w h i c h  can be in-

v e r t e d  as a f u n c t i o n  of u 

4) T satis fles

(1.8)

T = T n n + 1

5) T is o n e - t o - o n e  (with (T ̂  , .. ,,1^1 b e i n g  o n e - t o - o n e  

on Q ) .

It is o b v i o u s  t h at u n d e r  such a m a p p i n g  T, s y s t e m  (1.7) 

is t r a n s f o r m e d  into a l i n e a r  c o n t r o l l a b l e  s y s t e m  in i n t e g r a 

tor f o r m  (1.8), w h e r e  T ̂  ̂   ̂ is t a k e n  as co nt r o l .



F r o m  H u n t ,  Su a n d  M e y e r ,  w e  h a v e  t h e  f o l l o w i n g  r e s u l t s .

T h e o r e m  1.1:

N e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n s  for t h e  l o c a l  (at 

the o r i g i n )  e x i s t e n c e  of a m a p p i n g  T a b o v e  are:

1) the c o n t r o l l a b i l i t y  m a t r i x  { g ,[ f , g ], . . . , (  ad n - 1 f ?g)J

is n o n s i n g u l a r  in so m e  n e i g h b o u r h o o d  of the o r i g i n  in R n 

(w ith v a r i a b l e s  x x x )

2) the set of v e c t o r  f i e l d s  {g ,[f ,g 3 ..... ( ad n 2f ,g )} is 

i n v o l u t i v e  in so me n e i g h b o u r h o o d  of the o r i g i n  in Rn .

For such a m a p  in g l o b a l  s i t u a t i o n ,  they g a v e  the f o l 

l o w i n g  t h e o r e m .

T h e o r e m  1.2:

A s s u m e  th a t  the c o n t r o l l a b i l i t y  m a t r i x  of s y s t e m  (1.7) 

is n o n s i n g u l a r  on Rn , the set { g . C f . g ] ..... ( a d n _ 2 f,g)} is i n 

v o l u t i v e  on Rn , and the n o n c h a r a c t e r i stic m a t r i x  s a t i s f i e s  

the r a t i o  c o n d i t i o n  on Rn ( see t h e i r  p a p e r  for d e f i n i t i o n s .  ) 

T h e n  t h e r e  e x i s t s  a C°° t r a n s f o r m a t i o n  T= (T ( J ,.,T ,T ) on 

Rn  ̂ w i t h  the p r o p e r t i e s  m e n t i o n e d  above.

T h e s e  r e s u l t s  p r o v i d e  a sound, t h e o r e t i c  b a s e  for the 

a n a l y s i s  and d e s i g n  of a l a r g e  cl a s s  of n o n - l i n e a r  s y st em s.



1.4 C o n t r i b u t i o n  o f t h e  t h e s i s

In this t h e s i s ,  the d e s i g n  of n o n - l i n e a r  c o n t r o l  s y s t e m s  

is d i s c u s s e d .  We s h o w  t h a t  t h e s e  d e s i g n  p r o b l e m s  g i v e  r i s e  

to two n e w  k i n d s  of m a t h e m a t i c a l  p r o g r a m m i n g  p r o b l e m s .  The 

f i r s t  kind is an o p t i m i z a t i o n  p r o b l e m  w i t h  i n f i n i t e 

d i m e n s i o n a l  c o n s t r a i n t s  and i n f i n i t e - d i m e n s i o n a l  v a r i a b l e s .  

T h i s  a r i s e s  f r o m  d e s i g n i n g  a c o n t r o l l e r  for s t a b i l i t y  as w e l l  

as p e r f o r m a n c e  and r o b u s t n e s s ,  d e s i g n  of o b s e r v e r s  and d e s i g n  

of r e g u l a t o r s .  In the s e c o n d  kind of m a t h e m a t i c a l  p r o g r a m -

m i n g  p r o b l e m s , the c o n s t r a i n t s m u s t  be s a t i s f i e d for an in-

f i n i t e n u m b e r of f u n c t i o n s o v e r  a c o n t i n u u m a l t h o u g h  t h e

d e s i g n v a r i a b l e 1  s f i n i t e - d i m e n s i o n a l . Such a p r o b l e m  a r i s e s

in the d e s i g n  of a c o n t r o l l e r  w h i c h  e n s u r e s  t h a t  the o u t p u t  

of the s y s t e m  s a t i s f i e s  c e r t a i n  c o n s t r a i n t s  in time d o m a i n  

for a cl as s of i n p u t  f u n c t i o n s  s p e c i f i e d  by ha r d  c o n s t r a i n t s .  

It a l s o  a r i s e s  in the d e s i g n  of r o b u s t  c i r c u i t s .  In this 

t h e s i s ,  the f o r m e r  p r o b l e m  is d i s c u s s e d  in m o r e  d e t a i l .  S o m e  

d i s c u s s i o n s  are r e s t r i c t e d  to the n o n - l i n e a r  s y s t e m s  d e a l t  

w i t h  by Hunt, Su and Meye r. C o n d i t i o n s ,  in Lie b r a c k e t  form, 

for the e x i s t e n c e  of an o b s e r v e r  for a n o n - l i n e a r  s y s t e m  and 

c o n d i t i o n s  for the s t a b i l i t y  of the c o m p o s i t e  s y s t e m  i n c o r 

p o r a t i n g  the o b s e r v e r  and the n o n - l i n e a r  c o n t r o l  l a w are o b 

t a i n e d  .

A l g o r i t h m s  for t h e s e  m a t h e m a t i c a l  p r o g r a m m i n g  p r o b l e m s  

are p r o p o s e d  m  this th es is . Th e y  are ba s e d  on the o u t e r  a p 

p r o x i m a t i o n  a p p r o a c h .  Sets of s i m p l i c e s  are c r e a t e d  a d a p 

ti v e l y ,  d u r i n g  the c o m p u t a t i o n ,  to r e p l a c e  the c o n t i n u u m  r e 

g i o n  and p i e c e w i s e  l i n e a r  c o n t i n u o u s  f u n c t i o n are e m p l o y e d



to a p p r o x i m a t e  s o l u t i o n  f u n c t i o n s .  T h e  f e a s i b i l i t y  a n d  c o n 

v e r g e n c e  of t h e s e  a l g o r i t h m s  are e s t a b l i s h e d .

D e s i g n  p r o b l e m s  w h i c h  r e s u l t  in the f i r s t  ki nd of 

m a t h e m a t i c a l  p r o g r a m m i n g  p r o b l e m s  are d i s c u s s e d  in C h a p t e r  2.

In C h a p t e r  3, a l g o r i t h m s  for th is kind of p r o b l e m  are 

p r o p o s e d  and a n a l y s e d .

An e x a m p l e  i l l u s t r a t i n g  the a l g o r i t h m s  for t h e f i r s t  

ki n d  of m a t h e m a t i c a l  p r o g r a m m i n g  p r o b l e m  is p r e s e n t e d  in 

C h a p t e r  4. It is c o n c e r n e d  w i t h  the d e s i g n  of a s t a b i l i t y  

r e g u l a t o r  to a 2 - d i m e n s i o n a 1 n o n - l i n e a r  sy stem.

C h a p t e r  5 d e a l s  w i t h  the s e c o n d  kind of m a t h e m a t i c a l  

p r o g r a m m i n g  p r o b l e m .  A l g o r i t h m s  are p r e s e n t e d  and a n a l y s e d .

In the A p p e n d i x ,  a d y n a m i c  p r o g r a m m i n g  a p p r o a c h  to the 

o p t i m a l  c o n t r o l  p r o b l e m  is b r i e f l y  i n t r o d u c e d .  It sh ow s th a t  

t h e o p t i m a l  v a l u e  f u n c t i o n  m a y  be c o m p u t e d  a p p r o x i m a t e l y  u s 

ing an a l g o r i t h m  for the f i r s t  kind of m a t h e m a t i c a l  p r o g r a m 

m i n g  p r o b l e m  d i s c u s s e d  in the t h e s is .



C H A P T E R  T W O S O M E  N O N - L I N E A R  C O N T R O L  S Y S T E M

D E S I G N  O B J E C T I V E S

2.1 S t a b i l i t y  c o n s t r a i n t s

S t a b i l i t y  is the m o s t  i m p o r t a n t  c o n s t r a i n t  in the d e s i g n  

of d y n a m i c  s y s t e m s .  He r e  w e  o n l y  i n v o l v e  o u r s e l v e s  w i t h  s t a 

b i l i t y  in the s e n s e  of L y a p u n o v .

S u p p o s e  we are g i v e n  a c o n t r o l  s y s t e m  in s t a t e - s p a c e  

d e s c r i p t i o n  as fo l l o w s :

{

X ( t ) = f [ x ( t ) , t ]  , t > 0

x ( 0 ) = x „ . (2.1)

T h e  s t a t e  x^ is c a l l e d  an e q u i l i b r i u m  s t a t e  of s y s t e m  (2.1)

if f ( x , t e 0, for all t. W i t h o u t  lo ss of g e n e r a l i t y ,  we

a l w a y s  m a y  a s s u m e  x g = 0, the o r i g i n  of the s t a t e  space.

The e q u i l i b r i u m  s t a t e  is c a l l e d  s t a b l e  if for any e>0, 

t h e r e  e x i s t s  5 ( e ) >0 , such t h a t  

II x ( t ; x 0 ) II < e ,

for any x Q e 8 g (£( (0 ) . any t > t Q , 

w h e r e ,  a 5 ( e ) (0) is the o p e n  b a l l  c e n t e r e d  at the o r i g i n  w i t h

r a d i u s  5 ( e Let x ( t ; x  0) d e n o t e  the s o l u t i o n  of (2.1) at

t i m e  t w i t h  i n i t i a l  ti me 0 and i n i t i a l  s t a t e  x
0 *

The e q u i l i b r i u m  s t a t e  is c a l l e d  c o n v e r g e n t  if t h e r e  ex 

i s t s  6>0, such that

— > 0 , a s t — ><*>,x ( t ; x 0 )

for any x efi.(0).0 o

The o r i g i n  is c a l l e d  a s y m p t o t i c a l l y  s t a b l e  if it is bo th 

s t a b ] e  and c o n v e r g e n t .

In c o n t r o l  s y s t e m  d e s i g n  we are m o r e  i n t e r e s t e d  in
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a s y m p t o t i c a l  s t a b i l i t y .  H e n c e ,  in t h e  r e s t  of t h e  p a p e r ,  w e

d i s c u s s  a s y m p t o t i c a l  s t a b i l i t y  on l y  and s i m p l y  use " s t a b l e  

( s t a b i l i t y ) "  i n s t e a d  of " a s y m p t o t i c a l l y  s t a b l e  ( a s y m p t o t i c a l  

s t a b i l i t y )".

Th e w e l l - k n o w n  L y a p u n o v  s t a b i l i t y  t h e o r e m  f o l l o w s .  

T h e o r e m  2.1:

C o n s i d e r  the s y s t e m  (2.1) w i t h  the o r i g i n  as an e q u i l i 

b r i u m  state. If t h e r e  e x i s t s  an open subset G of Rn which contains

t h e o r i g i n  and a f u n c t i o n  V ( x, t) such th a t

1 ) 4>1 ( II x II ) < V ( x , t ) < 4>2 ( II x I! ) ,

for all x £ G , t ) 0 ;

2 ) V ( x , t ) < -4>3 ( II x II ) ,

for all x g g ,t> 0,

w h e r e , f o r  i = 1 , 2 , 3 , v|)i (0)=0 and \J) ( II x II ) are c o n t i n u o u s ,

s t r i c t l y  m o n o t o n i c a l l y - i n c r e a s i n g  w i t h  II x II , x&G, then,

the o r i g i n  is a s t a b l e  s t a t e  of s y s t e m  (2.1).

The f u n c t i o n  V is u s u a l l y  c a l l e d  a L y a p u n o v  f u n c t i o n .  

Th e r e g i o n  G c o n t a i n s  a d o m a i n  of a t t r a c t i o n  of the or ig in .

W h e n  G = R n , the o r i g i n  is c a l l e d  g l o b a l l y  stable. The

L y a p u n o v  t h e o r e m  for g l o b a l  s t a b i l i t y  is a l m o s t  the same as

the a b o v e  t h e o r e m  e x c e p t  G is-r e p l a c e d  by R n and the c o n d i 

t i o n  4) ( II x II ) ---> °° as II x II  > °° is added.

The L y a p u n o v  s t a b i l i t y  t h e o r e m s  g i v e s  an a p p r o a c h  to e s 

t a b l i s h i n g  the s t a b i l i t y  of e i t h e r  a l i n e a r  or a n o n - l i n e a r  

sy s t e m .  In l i n e a r  s y s t e m s ,  it is r e l a t i v e l y  ea s y  to c o n 

s t r u c t  a L y a p u n o v  f u n c t i o n .  S u p p o s e  a l i n e ar , t i m e - l n v a r i ant

s y s t e m  is d e s c r i b e d  by



^Xtt) = Ax(t) , t > 0

* x ( 0 ) = x (2.2)

A p r o s p e c t i v e  L y a p u n o v  f u n c t i o n  V is d e f i n e d  by

V (x ) = x T Px (2.3)

w h e r e  P is a p o s i t i v e  d e f i n i t e  m a t r i x  to be c h o s en . The 

f o l l o w i n g  t h e o r e m  is a v a i l a b l e .

T h e o r e m  2.2:

If m a t r i x  A is s t a b l e  ( i . e . , all the e i g e n v a l u e s  of A 

li e in the o p e n  l e f t  h a l f  c o m p l e x  p l a n e ) , th e n  for an a r b i 

t r a r y  p o s i t i v e  d e f i n i t e  m a t r i x  Q, t h e r e  e x i s t s  a p o s i t i v e  d e 

f i n i t e  m a t r i x  P s a t i s f y i n g  the m a t r i x  e q u a t i o n

P A + A T P = - Q  . (2.4)

Thus in c a s e  t h a t  the m a t r i x  A in s y s t e m  (2.2) is 

s t a b le , we can a r b i t r a r i l y  c h o o s e  a p o s i t i v e  d e f i n i t e  Q and 

o b t a i n  a p o s i t i v e  d e f i n i t e  m a t r i x  P e i t h e r  by the f o r m u l a

oo J
n f A t . At P = J e  Qe dt

0

or by s o l v i n g  a set of l i n e a r  e q u a t i o n s  f r o m  (2.4). Th e n

f u n c t i o n  (2.3) is a L y a p u n o v  f u n c t i o n  for s y s t e m  (2.2).

The s i m p l i c i t y  of the l i n e a r  ca s e  s u g g e s t s  an a p p r o a c h  

for the n o n - l i n e a r  case; the s y s t e m  is l i n e a r i s e d  a r o u n d  an 

e q u i l i b r i u m  p o i n t  and a c o n t r o l l e r  d e s i g n e d  for the r e s u l t a n t  

l i n e a r  sy stem. This is c a l l e d  L y a p u n o v ' s  f i r s t  m e t h o d .  In 

L y a p u n o v ' s  s e c o n d  m e t h o d ,  a L y a p u n o v  f u n c t i o n  for the n o n 

l i n e a r  s y s t e m  is d i r e c t l y  c o n s t r u c t e d .  N o w  let us c o n s i d e r

the kind of n o n - l i n e a r  s y s t e m  m e n t i o n e d  in S e c t i o n 1.3. We



r e w r i t e  it h e r e .

X(t) = f [ x (t )3 + g [ x ( t ) ] u ( t )  (2.5)

w h e r e , f (0) = 0.

The o b j e c t i v e  is to d e s i g n  a r e g u l a t o r  for (2.5) such 

t h a t  the c l o s e d - l o o p  s y s t e m  is s t a b l e  at the o r i g i n ,  t h a t  is

to fi n d  a f u n c t i o n  r: R ---> R of s t a t e  x, s a t i s f y i n g

r(0) = 0 such t h a t  the f o l l o w i n g  s y s t e m

x = f ( x ) + g ( x ) r ( x )  (2.6)

is s t a b l e  at the or i g i n .  We try to a p p l y  L y a p u n o v ' s  s e c o n d  

m e t h o d .  The f u n c t i o n  V is u n k n o w n  and b e c a u s e  of the n o n 

l i n e a r i t y  of s y s t e m  it m i g h t  be ve r y  c o m p l i c a t e d .  S u p p o s e  

t h a t  the s y s t e m  (2.5) s a t i s f i e s  the a s s u m p t i o n s  of t h e o r e m  in 

S e c t i o n  1.3. Then, f r o m  Hunt, Su and M e y e r ' s  r e s u lt , t h e r e  

e x i s t  t r a n s f o r m a t i o n s  T: R n — > R n and 6: R n x R — ^

R, T(x) =z , 6 ( x ,u )= w  such t h a t  u n d e r  t h e s e  t r a n s f o r m a t i o n s ,  

s y s t e m  (2.5) is in form:

Q 1 f°
z = 0 1 z

0 1 0
C.

w (2.7)

Thus, a f e e d b a c k l a w  w = , Tk z can be e a s i l y c h o s e n such that

t h e c l o s e d - l o o p s y s t em is s t a b l e at the o r i g i n , as in the

l i n e a r  case d i s c u s s e d  above, w i t h  a L y a p u n o v  f u n c t i o n  V d e 

f i n e d  by

V (z ) = ( 1 / 2 ) z T Pz (2.8)

w h e r e  P is a p o s i t i v e  d e f i n i t e  m a t r i x ,  d e c i d e d  p a r t l y  by k 

and o b t a i n e d  f r o m  (2.4). F r o m  (2.5), we ha ve

= z T (t )P z (t )( d / d t ) V ( z ( t ) )



(r (x )) t
PT (f (x )+ g (x )u )

= (T (x ) )T p r ^ (f (x )+ g (x )r (x ) ) , 

wh e r e ,  r(x) = u = 6 ~ 1 (w;x) = 6 ~ 1 (k T T (x ) ;x ) .

F r o m  L y a p u n o v ’s t h e o r e m ,  in o r d e r  to m a k e  the c l o s e d -  

l o o p  s y s t e m  s t a b l e  we s h o u l d  r e q u i r e ,  for some ii>3 ,

(T(x)) PT ( f ( x ) +g ( x ) r ( x ) ) < -ip_(llxll) ,X J ( 2 . 9 )

for all x £ R n .

The i n v e r t i b i l i t y  of t r a n s f o r m a t i o n  T a l s o  r e q u i r e s  t h a t  

t h e  J a c o b i a n  m a t r i x  I" is n o n s i n g u l a r  e v e r y w h e r e  in R n .

This sh o w s  us t h at t h e r e  do e x i s t  L y a p u n o v  f u n c t i o n s  and 

f e e d b a c k  c o n t r o l  la w s  for s y s t e m  (2.5). F u r t h e r m o r e ,  it e n 

c o u r a g e s  us to c o n t r u c t  a L y a p u n o v  f u n c t i o n  V and a f e e d b a c k  

c o n t r o l  l a w  r d i r e c t l y  ( w h e n e v e r  t h e i r  e x i s t e n c e  has b e e n  e s 

t a b l i s h e d )  s i n c e  t h o s e  t r a n s f o r m a t i o n s  are d i f f i c u l t  to o b 

t a i n  a n a l y t i c a l l y  or n u m e r i c a l l y .  H e n c e  the s t a b i l i t y  c o n 

s t r a i n t  is t h a t  V and r (both f r o m  R n i n t o  R) m u s t  s a t i s f y

(for some 4>1 . i = 1,2,3, d e f i n e d  m  L y a p u n o v ’s t h e o r e m )  the 

f o l l o w i n g  i n e q u a l i t i e s ;

r V ( X ) > 4> ( ll x ll )

V ( x ) < 4> ( llxll )

V ( x ) = (f (x ) + g (x )r (x ) )

l < -4) (llxll) , ( 2 . 1 0

for all x e R n .

In the c a s e  w h e n  the s t a b i l i t y  p r o p e r t y  of s y s t e m  (2.5) 

is r e q u i r e d  o n l y  in some s u b s e t  Q ( c o n t a i n i n g  the o r i g i n )  of 

R° « V and r u s u a l l y  sh o u l d  be c o n s i d e r e d  ov e r  a l a r g e r  s u b s e t

Q, w h e r e

Q c. Q ,

Q - {x f R n |V(x) < sup V(x)} ,
xt Q
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In p r a c t i c e ,  we m a y  a p p l y  L y a p u n o v ' s  f i r s t  m e t h o d  to 

c o n s t r u c t  a L y a p u n o v  f u n c t i o n  and a c o n t r o l  l a w  s i n c e  t h e s e  

m i g h t  be g o o d  i n i t i a l  v a l u e s  and good behavior around the origin.

a n d  ( 2 . 1 0 )  s h o u l d  be s a t i s f i e d  f o r  a l l  x in Q



2 . 2  P e r f o r m a n c e  a n d  r o b u s t n e s s  c o n s t r a i n t s

In the d e s i g n  of c o n t r o l  s y s t e m s ,  a c o n t r o l l e r  is s o u g h t  

to s a t i s f y  p e r f o r m a n c e  c o n s t r a i n t s  as w e l l  as s t a b i l i t y  c o n 

s t r a i n t s .  In the l a st s e c t i o n ,  w e  d i s c u s s e d  s t a b i l i t y  c o n 

s t r a i n t s  in the s e n s e  of L y a p u n o v .  In this s e c t i o n ,  w e  c o n 

s i d e r  p e r f o r m a n c e  c o n s t r a i n t s .

P e r f o r m a n c e  c r i t e r i a  can be n a t u r a l l y  e x p r e s s e d  as 

s e m i - i n f i n i t e  c o n s t r a i n t s  as we s a w  in C h a p t e r  1 (for i n 

s t an ce , e x a m p l e  (iv) m  S e c t i o n  1.1.) There, h o w e v e r ,  some 

k n o w l e d g e  a b o u t  t h e  c o n t r o l l e r  is a v a i l a b l e ,  b e c a u s e  at l e a s t  

it has b e e n  p a r a m e t e r i z e d  by f i n i t e - d i m e n s i o n a l  d e s i g n  v a r i 

able s. If, u n f o r t u n a t e l y ,  n o t h i n g  is k n o w n  a p r i o r i  a b o u t  

t h e s t r u c t u r e  of the c o n t r o l l e r ,  t h e n  a d i r e c t  c o n s t r u c t i o n  

of the c o n t r o l l e r  m i g h t  be w o r t h  tr y i n g ,  si n c e  m  m a n y  ca se s 

t h e c o n t r o l l e r  i t s e l f  is a f u n c t i o n  of the st a t e  and, p o s s i 

bly , time. For i n s t a n c e ,  let us c o n s i d e r  a p e r f o r m a n c e  con-

. vt MJ
s t r a i n t  for t r a c k i n g  e r ro r. S u p p o s e  the m s t a r r e o u s  t r a c k i n g

e r r o r  d u e  to an i n p u t  is e (t , c (x (t ) ) ;x ) # w h e r e  c: R n ___» R'

is the c o n t r o l l e r  f u n c t i o n .  The p e r f o r m a n c e  c o n s t r a i n t  is 

a s su m e d  to be

| e ( t , c ( x ( t ) ) ; x Q )| < a (t ; x ) ,

for all t ) 0 ,

wh e r e ,  a is a s p e c i f i e d  f u n c t i o n  and x Q i s an initial state. 

Then, it is r e q u i r e d  to o b t a i n  a c o n t r o l  l a w  c, s a t i s f y i n g  

( m  a d d i t i o n  to s t a b i l i t y  and o t h e r  c o n s t r a i n t s )  

| e ( t , c ( x ( t ) ) ; X g )  | < a (t ;x ) ,

for all t < T, all x £ (!,

wh er e,  T is the ti me  i n t e r v a l  i n t e r e s t e d ,  Q is some su bs et



in Rn

If the i n p u t  is p a r a m e t e r i z e d  by v e c t o r  a a n d / o r  

s y s t e m  is p a r a m e t e r i z e d  by so me v e c t o r  0, w h e r e  a and 8 

in s p e c i f i e d  sets XX and 0, r e s p e c t i v e l y ,  th en the r o b u s t  

t r o l l e r  m u s t  s a t i s f y  (in a d d i t i o n  to o t h e r  c o n s t r a i n t s )

| e ( t .c(x ) ;x a . 0) | < a ( t ; x  a. 0),

for all t e t , x Q eQ, o ^ A .  0e0.

the

lie

con-
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2 .3  D e s i g n  o f o b s e r v e r s  f o r  n o n - l i n e a r  s y s t e m s

O f t e n  in d e s i g n  of c o n t r o l  s y s t e m s  it is n e c e s s a r y  to 

c o n s t r u c t  e s t i m a t e s  of s t a t e  v a r i a b l e s  w h i c h  are not a v a i l 

a b l e  by d i r e c t  m e a s u r e m e n t .  The p r o b l e m  of o b s e r v e r  d e s i g n  

in l i n e a r  s y s t e m s  is w e l l  s t u d i e d  and n i c e  r e s u l t s  are a v a i l 

able. T a k e  as an e x a m p l e  the s i m p l e s t  ca se a l i n e a r ,  t i m e -  

i n v a r i a n t  sy st em . (For s a k e  of s i m p l i c i t y ,  we c o n s i d e r  s i n 

g l e  i n p u t  and s i n g l e  o u t p u t  c a s e  o n ly .) S u p p o s e  w e  are g i v e n  

a s y s t e m  as f o l l o w s .

r * = Ax + bu

I y = c T x . (2.11)

T h e n  an o b s e r v e r  can be c o n s t r u c t e d  as in F i g . 2 ^ 1^

pi^tire 2
O b v i o u s l y ,  the e s t i m a t e  x of the s t a t e  x is o b t a i n e d  by 

x = Ax + bu + 1 ( y - c T x )

= ( A - l c ^ ) x  + bu + ly

The e r r o r  e b e t w e e n  x and x s a t i s f i e s  the f o l l o w i n g  e q u a 

tion:

e = ( A - l c ^ ) e

- 2 4 -



T h e  l i n e a r  s y s t e m  t h e o r y  t e l l s  us t h a t  w h e n  t h e  s y s t e m

*r
(2.11) is o b s e r v a b l e ,  i.e., the m a t r i x  Cc.A C ( a "1") n ” 1 c ] T

j
is n o n s i n g u l a r ,  1 m a y  be c h o s e n  so th a t  (A-lc ) has a r b i t r a r y  

e i g e n v a l u e s .  Thus, w e  can c h o o s e  1 su ch th at a l l the e i g e n 

v a l u e s  of (A-lc^) l i e  in t h e o p e n  l e f t  h a lf plan e. Hence, 

t h e e r r o r  e(t) — > 0, as t — > °° .

In n o n - l i n e a r  s y s t e m  case, s i t u a t i o n  is c o m p l i c a t e d  and 

no u n i f o r m  a p p r o a c h  is a v a i l a b l e .  Let us f i r s t  c o n s i d e r

[13]
n o n - l i n e a r  s y s t e m s  in an o b s e r v a b l e  c a n o n i c a l  f o r m  :

2 = E z + w ( z  ,u) n n

y = c z (2.12)

w h e r e , E = f 0 n
1 0

a w  ( z , u ) =n

 ̂ /

c T = [ 0 ......0,13.

In t h is ca s e  we can c o n s t r u c t  an o b s e r v e r  as

I t „
z = E n z + w ( y , u )  + (<(y-c z).

As in l i n e a r  case, the e r r o r  e^ = z-z s a t i s f i e s

e =( E -P:cT )e .1 n 1
A

The c o n s t a n t  p a r a m e t e r s  k m a y  be c h o s e n  to e n s u r e  that e^t) 

-- > 0 , as t -- > «> .

N o w  let us c o n s i d e r  the m o r e  g e n e r a l  n o n - l i n e a r  s y s t e m  

(2.5) w i t h  o u t p u t  y as fo l l o w s :  

r x = f ( X ) + g ( X ) u

1y = h (x ) , (2.13)

w h e r e ,  f and g are C v e c t o r  fi el ds , h is C f u n c t i o n .

We th en have the f o l l o w i n g  r e s u l t  c o n c e r n i n g  the e x 

i s t e n c e  c o n d i t i o n  of a t r a n s f o r m a t i o n  w h i c h  t r a n s f o r m s  s y s t e m
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(2 13) i n t o  (2.12).

T h e o r e m  2.3:

For s y st em  (2.13), if there exist s a C°° v e ctor field

s a t i s  f y i n g  the f o l l o w i n g  t w o g r o u p s  of e q u a t i o n s

( G 1 ) < d h , r > = 0
r

J

< d h C f ,r ]> = 0

<dh , , , n - 2 (ad f , r ) > = 0

< d h , , .n-1 , ( ad f , r )>= (- 1 )n “ 1

( G2 ) r C g , r] = 0

1 [ g , [f ,r ] ] = 0

r

j [ g . ( a d n 2 f , r ) ] - 0

w h e r e  dh is the g r a d i e n t  of h, then there exist s a non-

_ i
si n g u l a r  t r a n s f o r m a t i o n  <t> of x (also i|) - <t> ') such that

under this tr a n s f o r m a t i o n ,  s y st em  (2.13) is in the form of

(2.1 2 ) .

P r o o f :

S u p p os e r s a t i sf ie s (Gl) and (G2)

n nLet 4 , a v e ct or  field from R into R , be tne so lu ti on

of the f o l l o w i n g  e q u a t i o n

a 4> } T 
b x

r , 4 n - 1 a d n- 1 r i ( l )

vl>:

Let z =

F r om ( i )

n  ̂nR

$ ( x ) . 

b f

i . e . , z = <J> ( x ) , l - 1 ..... n )l i

n o n s i n g u l a r , hence there exists 

-  1uch that 4' - 4>



C o n s e q u e n t l y ,

Also

For

(

d ’l* dil) T
d x dz 1

d ( — ) M d <t>
dz k 3x } dz + d x ('

d ,h± * d <ft d_
dz k 3x 'dx 1 dz

d x  o z

b d__

3x 3x

d _

3 z k

d <t>

. d z } d x

M  * d <J>

3 z l
] d x

M  , ,

3 V
i ■

from (1 1 ) and (1 ), we have

0

dil)
d z

- [ f ,r] - [ f , ]

dii)
.  =  ( - 1a z

n

, n -  1 , .
) ( a d

n -  1 x  . 
f , r l [ F . ^  ]O 2

n -  1

; = 1 , . . . , n -  1 ,

d d f  
V -  ( T "  r ] 
3 z k 3 x

. d f  ,

( ? c ) )  +

d f  

+ d x

d_f

d i ,

b± 
d x  1

i
d x 1 d z 1 

k
) r

i l l , i l l  i l l
A ' / 1") v o —

' ' “ k

using

d f

dx [ F , ]

b±
d ><

dil
d z

k+ 1

d f  

d z
k ► 1
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( 11 )

( i l l  )

( iv )

( i n  ) )



Thus,

[ 0 ..... 0 , 1 , 0 ...... ]T

t
( k+ 1 )

0 ft 
0x f [0,2 z

n -
T + w ( z ) 

n

= E z + w ( z ) 
n n

w h e r e ,  E i s  d e f i n e d  m  ( 2 . 1 2 ) ,  w i s  
n

v e c t o r  f u n c t i o n  o f  z o n l y .
n

F o r  k = 1, . . . ,  n - 1 , s i m i l a r  t o  t h e

a n d  by  t h e  e q u a t i o n s  ( G 2 ) , we h a v e

00)

3 z x

0
0x [g

M

=  [ 0 .........0 ] T ,

t  h e n ,

d 4> 
0 x g V ) .n

T h u s ,  f r o m  z = •M x ) , we h a v e

0 <t> .
Z = Z  X 

O X

M  ,: f + g u  )
0 X

0 * 0 0
"  0 X f t  g u ox

NLUII ( w ( Z ) + V ( 2 ) U
P n n

= E z + w ( z , u ) .
n n

- 2 8 -

(v)

an n - d i m e n s l o n a  1

d e r i v a t i o n  o f  ( v )

(vi )

( v 1  1  )



F u r t h e r m o r e ,  (G1) and ( 1  v ) y i e l d

= ( h = 0 , k = 1 , . .d z k X d z k
. , n- 1

M  = 1
O' 2 X '3zn n

d h
T T  = (h..)

This im pl ie s

z - h ( x ) . n

Hence, the t h e o r e m  is proven.

Q E . D .

Also, from the proof above, we can obtain

d_
dz w u ) ) = ( - 1 )ndgtdx (a d ’ f , r [g .

. n -  1 xad f , r ) j li

so that

1 ^ ( 4 -  ( w ( z , u ) ) ) = (- 1 )n ( (a d n f ,r ) + [ g ( (adn "1f,i)]u)d z d z nn
( V 1 1 1 )

This r e l a t i o n s h i p  w i l l  be later used i n the de si gn of 

o b s e r v e r .

By the L e i b n i t z - t y p e  for mula about Lie a i f f e r e n 1 1  a Lion

(on page 12) it is easy to show that a s u f i i c e n L con diti o n

for the e x i s t e n c e  of an r s a t i s f y i n g  (G1) is t h r.ot^ingu] ar-

11 y of the f o l l o w i n g  m a t r i x

{ d h , L ̂  ! d h ) , L ( d hi ) , 
f

The above re sul t gives a

L ( d h ) }. n - 1 +

c o n s t r u c t i v e  m e t h o d  for d e si gn

ing an obs erver. For the t r a n s for m e d s y st em  (2 12) of



(2.13), t h e  o b s e r v e r  m a y  be c h o s e n  as

z = E z + w ( 2 ,u) + £ ( y - zn n n

The error e thus

e „ = E e „ + w ( 2  , u1 n 1 n w ( 2 , u )n fc ( y - z

p 3w - TE e + 7—  A c e , n 1 <32 2 , u 1n n

e T ... T ..2
k c  e „ + 0 ( II c ell

1 1

rr A w  , T
n 0 2  2 ,un n

f< c T ) e ̂ + 0( llc^e^ II2

Thus, let U - ~ » + 1, w i t h  1 a co n s t a n t  ve ct or  such
0 2 z , u n n

that (E - lc ) is stable . n

For the s y s t e m  (2.13), the o b s e r v e r  may be

x = f ( x ) + g ( x ) u + k ( x , u ) ( y - h ( x

Then, under the t r a n s f o r m a t i o n  4>,

-  1z - E 2 + w ( 2 , u ) + i[> k ( x , u ) ( y - h ( xn n z

Thus, k ( x , u ) -i|> (~
c) w

w h e r e ,  'j> a n d  7, z o
3w ^ n

2
n , u

z
n , u a re a v a i l a b l e  f r o m  iiv) and ( V 1 1 1 )

x , 2
n = h (x ) .

(G 2 ) are h i g h - d i m e n  sioria3 p a r t i a l d i f -

s , a n a n a l y t i c  s o l u t i o n  is di f f i c u l t N u -

m e r l c a 1 rn e t h ods a r e re q u i r e d  This shows that the obser v e r 

d e s i g n  p r o b l e m  for a n o n - l i n e a r  c o nt ro l sy st em  can be again 

turned into a m a t h e m a t i c a l  p r o g r a m m i n g  p r o b l e m  of fi nd ing  a

f u n c t i o n  to s a t i s f y  a se t o f c o n s t  r a i n t s



2.4 D e s i g n  o f  r e g u l a t o r  a n d  o b s e r v e r

In this s e c t io n,  we  c o n s i d e r  the p r o b l e m  of d e s i g n i n g  a 

r e g u l a t o r  for s y s t e m  (2 . 1 2 ), for the c a se  w h e n  the s t at es  can 

no t be o b t a i n e d  d i r e c t l y ;  it is a s s u m e d  t h a t  the o r i g i n  is a 

s t a b l e  e q u i l i b r i u m  in s e n s e  of L y a p u n o v .  The s y s t e m  e q u a 

t i o n s  w i t h  r e g u l a t o r  r are as fo ll ow s:

X(t) = f(x(t) ) + g (x (t ) ) r (x (t ) ) 

y(t) = h( x(t )) (2.14)

Th e d y n a m i c  e q u a t i o n  of the o b s e r v e r  is:

x (t ) = f(x(t) ) + g (x (t ) )r (x (t ) ) + k (x (t ) ,y (t ) )

(2.15)

He nc e, the c o m p o s i t e  s y s t e m  is:

X ( t J'j / f ( x ( t )) + g ( x (t ) ) r ( x ( t ) ) -

X ( t ) / If(x(t ) ) + g ( x (t ) ) r (x (t ) ) + k(x(t) , h ( x ( t ) ) ) /

x ( 0 ) '

f ° 'x ( 0 ) / U Q , (2.16)

The d e s i g n  o b j e c t i v e  is to find r and k such t h at  for 

any pa ir of i n i t i a l  s t a t e s  (x^.x^) in R n x R n , the t r a j e c t o r i e s  

of s y s t e m  ( 2 15) are b o u n d e d  and go to the o r i g i n  e v e n t u a l l y .

First, we gi v e  a l e m m a  c o n c e r n i n g  g e n e r a l  n o n - l i n e a r  

d i f f e r e n t i a l  e q u a t i o n s  w i t h  p e r t u r b a t i o n s .

L e m m a  2 . 1 :

G i v e n  the f o l l o w i n g  s y s t em s:  

x ( t ) = f ( x ( t ) )

x ( 0 ) = x Q . (2 . 1 7 )

- 3 1 -



(2.18)

, y( t ) = f ( y ( t ) ) + u ( t )

l y ( O)  = x Q
w h er e,  t > 0, x^ e R n .

S u p p o s e  t h e r e  e x i s t s  a s c a l a r  f u n c t i o n  V: R n — » R for

(2.17) such th at

l) V(x) > d llxll, for all x in R n , w h e r e  is a 

p o s i t i v e  c o n s t a n t  

l i ) V ( 0 ) = 0

m )  V (x)f(x) < - d 2 V(x), for all x £ R n , w h e r e  d^

is a p o s i t i v e  c o n s t a n t

iv) T h e r e  e x i s t  p o s i t i v e  c o n s t a n t s  d_ and D . , sucho 4

II V V ( x ) II < d 3 V ( x )

for all x in the set {ze R n | II z II > D } .

Then, if the f u n c t i o n  u: R -- » R n s a t i s f i e s+
oo
J II u ( t ) II d t < ,
0

the t r a j e c t o r y  of s y s t e m  (2.18) is bo u n d e d .

P r o o f :

C o n s i d e r  f u n c t i o n  V a l o n g  t r a j e c t o r y  of s y s t e m  (2. 

V ( x ( t ) ) = V ( x ( t ) ) C f ( x ( t ) ) + u ( t ) ]

= V ( x ( t ) ) f ( x ( t ) ) + V ( x ( t ) ) u ( t )X X

< - d V ( x ( t ) ) + V ( x ( t ) ) u ( t ) .b X

( ci t )M u l t i p l y i n g  by e ' 2 , y i e l d s

e ( d 2 t ]V (x (t ) ) + d V (x (t ) ) e (d2 t) < e ( d 2 t ) [V (x (t )) u
2 x

s y s t e m

t h at

18),

( t ) 3 .

Thus ,



V ( x ( t ) ) < e - ( d g t ) j:
e ^ d 2 T ^ [ V  ( x ( t ) ) u ( x ) 3 d T  + e ^ Z ^ N M x .x 0

< J e " d 2 (t T ] IIVVII II u II ci t  +
1

J e " d 2 ( t - T ) H7VllllulldT + e " ( d 2 t ) V( x  )
2 0

w h e r e ,  T = {x e[ 0, t]  | II y ( x ) II > D } , T = [0,t] -T„ .

D e n o t e  d = ma x  {||VV ( z )|| | z£ R n , II z II < D } .

Thus, at any ti me t,

t t
V ( x (t ) ) < d J* II u ( x ) II V ( x ( t  ) )dx + d J II u ( x ) II d x + e _ ( d 2 t ) V( x ) 

J 0 0 0

t
< d | llu(x)IIV(x(x))dx + C (t ) ,

0

w h e r e ,  C(t) = djllu(x)lldx + e (d2 t ^V(x ).
0 0

F r o m  the G r o n w a l l  i n e q u a l i t y , we h a ve

t
t Jd ̂ II u ( 7 ) II ci“Y

V ( x ( t ) ) < C(t) + Jd llu(x) IIC(x)eT dx.
0

By our a s s u m p t i o n  on u, the rig h t side is b o u n d e d  by some 

c o n s t a n t  i n d e p e n d e n t  of t i m e  t. Thus V is b o u n d e d  a l o n g  t r a 

j e c t o r i e s  of s y s t e m  (2.18). By a s s u m p t i o n  (i ) on V, the t r a 

j e c t o r i e s  of s y s t e m  (2.18) are bo un de d.

Q . E . D .
I

Henc e, the d e s i g n  of r e g u l a t o r  and o b s e r v e r  sh ou ld

s a t i s f y  the f o l l o w i n g a s s u m p t i o n s ,  as bas e d on the di sc us -



A s s u m p t i o n  A1 (For s y s t e m  (2.5))

1) Th e n - d i m e n s i o n  v e c t o r  f i e l d s  f and g s a t i s f y

f ( 0 )=0 , g (0 )=0 ;

2 ) g is b o u n d e d ,i .e .,t h e r e  e x i s t s  a p o s i t i v e  c o n s t a n t  a

such t h at  llg(x)ll < a , for all x in Rn

A s s u m p t i o n  A2 (For c o n t r o l l e r  r)

1) r is a u n i f o r m l y  L i p s c h i t z  c o n t i n u o u s  f u n c t i o n

f r o m  R n i n t o  R, i . e . , t h e r e  e x i s t s  a p o s i t i v e  

c o n s t a n t  b^ such that 

I r ( X 1 ) - r ( x g ) | < b 1 II x 1 - x 2 II .

for al l x 1 ,xg in R n ;

2) T h e r e  e x i s t s  a s c a l a r  f u n c t i o n  V : R n -- >R s a t i s f y i n g

(i) V 1 ( x ) > b 2 II x II , for all xeR°;

( n  ) V ( 0 ) = 0 ;

( m )  CV V ( x ) ] T [ f ( x )+g ( x ) r ( x ) ] <-b V (x), for all x £ R n ;X I  J I

(iv) For any g i v e n  6>0, t h e r e  e x i s t s  a b ( 6 ) > 0  such th at
4

C V V ( x ) ] T [ f ( x ) + g ( x ) r ( x ) ]  < - b , ( 6 ) II V V , ( x ) II ;
x i  •* x 1

for all xf { zt R n | II z II > 5 } ;

(v) T h e r e  e x i s t  b_ and B _, such thatD b

II V w V . ( x ) II < b _ V ( x ) ,X I  3 1

for all xf { z c R n | II z II > B } ;

w h e r e ,  b 2 ' b 3 ’ b 4 ' 13 5 ' 8 6 are a *1'^ P oslt:LVe c o n s t a n t s .

A s s u m p t i o n  A3 (For o b s e r v e r  f u n c t i o n  k(», h(»)))

1) k(*, h (» )) is a f u n c t i o n  f r o m  R n x R n i n to  R n

s a t i s f y i n g  k (x ,h (x ) ) = 0, for all x in R n ;

s i o n s  i n S e c t i o n s  2.1 a n d  2.3 a n d  t h e  l e m m a  a b o v e .

3 4



2 ) " k ( x i (M><2) )(|  ̂ c ̂ II x ̂ - x II , for all x.j,x2 ln rP;

3) T h e r e  e x i s t s  a s c a l a r  f u n c t i o n  V 2 : R n — » R s a t i s f y i n g

(here, w e  d e n o t e  the v a r i a b l e  of as e):

(1 ) V^(e) > c^ II ell, for all e in R°;

(i i ) V (0 ) = 0 ;

(1 1 1 ) C V ̂ (e )]T [f(e + z ) - f ( z )  + (g(e + z) - g ( z )  ) r ( z ) - k ( z , h ( e  + z ) ]

< -c [ V _ ( e ) ] C 3, w h e n  V 3.(e )<14 2

< 0 , o t h e r w i s e

for all e i 0 in R n , all z in R n ;

w h e r e  c ^ C g . c  and are all p o s i t i v e  c o n s t a n t s .

We ha ve  the f o l l o w i n g  th e o r e m .

T h e o r e m  2.4:

If s y s t e m  (2.5), f u n c t i o n  r and k s a t i s f y  A s s u m p t i o n s  

A 1 , A 2 and A3 , r e s p e c t i v e l y ,  t h en  for any p a i r  of i n i t i a l  

s t a t e s  ( * q < x g ) , the o r i g i n  is a s t a b l e  e q u i l i b r i u m  p o i n t  of 

s y s t e m  (2.15) in s e n s e  of L y a p u n o v .

P r o o f :

Let e = x - x ,

then

e = f ( x ) - f ( x ) + [ g ( x ) - g ( x ) ] r ( x ) - k ( x , h ( x ) )

= f ( e + x )- f (x ) + [ g (e + x )- g (x )]r (x )- k (x ,h (e + x ) ) .

Let W 1 , W 2 , be d e f i n e d  by 

W ( t ) = C V V ( x ) ] T [ f ( x ) + g ( x ) r ( x ) ]i X 1

W 2 (t ) = C V e v 2 (e ) ] T [ f ( e + x ) - f ( x ) + [ g ( e + x ) - g ( x ) ] r ( x ) - k ( x ,h ( e + x ) ) ]  

w h e r e ,  x, x a nd e s t a n d  f o r  x ( t ) ,  x(t) a nd e ( t ) ,  r e s p e c t i v e 

ly.

- 3 5 -



■ v ,(x) * V 2 (e)

= V ̂ ( x ) + V ( x - x ) .

O b v i o u s l y ,  V( x,x ) is p o s i t i v e  for any (x,x) and 

V (x (t ) , x ( t ) ) = V 1 + V 2

= C V V ^ ( x ) ] T [ f ( x ) + g ( x ) r ( x ) ] + [ V V 2 (e )]T [ f ( x ) + g ( x ) r ( x ) -  

f ( x ) - g ( x ) r ( x ) - k ( x , h ( x ) ]

= W ̂ (t ) + W (t) + CVV (x )]T g (x )[r (x )-r (x )] .

By A s s u m p t i o n  A 2 , the f o l l o w i n g  s y s t e m  (2.19) is s t a b l e  at 

o r i g i n ,

D e f i n e  t h e  f u n c t i o n  V ( x , x )  f o r  s y s t e m  ( 2 . 1 6 )  by

x = f(x) + g ( x ) r ( x ) (2.19)

By A s s u m p t i o n  A3, e is b o u n d e d a nd

e (t ) — > 0 , as t — OO •

And f r o m Ass u m p t i o n  s 2) ,3)/(i) , 3 ) / ( i l l ) in A3 ,
oo
X
0

II - k ( x ( t ) ,h ( x (t ) ) ) II d t < 00

Thus, by L e m m a  2.1 ■ x in s y s t e m  (2.16) 1  s b o u n d e d .  And s 0

IS X l n s y s t e m  (2 .16) b e c a u s e of the b o u n d n e s s  of e. T h e r e

e x i s t s M such that II x ( t ) II < M , for any t > 0 .

By A s s u m p t i o n s  2) l n A 1 , 1 ) in A 2 ,

II C W 1 ( x ) ] T g ( x ) ( r ( x )-r ( x ))JI < II VV ( x ) II II g ( x ) II II r ( x ) - r ( x ) II

< a b 1 II VV ( x ) II II ell .

For any g i v e n  6 > 0 , in a n n u l u s  o < II x II < M .

by A s s u m p t i o n  2)/(iv) in A2, t h e r e  is b > 0 , such that
4

w 1 ( t ) < - b 4 II VV ( X ( t ) ) II < 0 .

S i n c e  II e ( t ) II — > 0 , as t  » °° , t h e r e  e x i s t s  f i n i t e  T, such

t h at

W 1 ( t ) + a b 1 II VV 1 ( x ( t ) ) II * II e ( t ) II < 0 , w h e n  t > T .
*

Hence, w h e n  t > T, V ( x ( t ) )  < 0, for all x>- { R n | 6 < II z II < M } .



T h u s ,  x is f o r c e d  i n t o  t h e  d i s c  II x II < 5 .

S i n c e  the a r b i t r a r i n e s s  of 5, x — » 0, as t — > °°.

So is x, s i n c e  e = x - x — > 0, t — > <*> .

Th is  c o m p l e t e s  the p r o o f  of the s t a b i l i t y  of s y s t e m  (2.16).

Q . E . D .

Thus, the d e s i g n  o b j e c t i v e  h e re  o n c e  m o r e  t u r n s  in to the

s e l e c t i o n  of f u n c t i o n s  r, k and V . . . .1 , V 2 w h i c h  h a v e  to s a t i s f y

a set of c o n s t r a i n t s  o v e r  R n or a s u b s e t  of R n .



C H A P T E R  T H R E E M A T H E M A T I C A L  P R O G R A M M I N G  P R O B L E M  W I T H

I N F I N I T E  D E S I G N  V A R I A B L E S  AN D C O N S T R A I N T S

3.1 Th e p r o b l e m s

As we sa w in C h a p t e r  2, m a n y  n o n - l i n e a r  c o n t r o l  s y s t e m  

d e s i g n  p r o b l e m s  can be e x p r e s s e d  as a t y pe  of m a t h e m a t i c a l  

p r o g r a m m i n g  p r o b l e m  of f i n d i n g  a f u n c t i o n  s a t i s f y i n g  an i n 

f i n i t e  n u m b e r  of c o n s t r a i n t s  or m i n i m i z i n g  a co s t  f u n c t i o n  

s u b j e c t  to an i n f i n i t e  n u m b e r  of c o n s t r a i n t s .  The f o r m e r  is 

r e f e r r e d  to as the f e a s i b i l i t y  p r o b l e m  and the  l a t t e r  as the 

c o n s t r a i n e d  o p t i m i z a t i o n  p r o b l e m .  To be m o r e  s p e c i f i c ,  such 

p r o b l e m s  in c o n t r o l  s y s t e m  d e s i g n  o f t e n  ta k e  the f o l l o w i n g  

form s, (we i g n o r e  o t h e r  k i nd s of c o n s t r a i n t s  in d e s i g n  p r o b 

l e ms  and c o n c e n t r a t e  on this  n e w  type of constraint ).

P 1 (the f e a s i b i l i t y  p r o b l e m ) :

G i v e n  a c o n t i n u u m  s u b s e t  Q of R n and a f u n c t i o n  f: 

n nm . n x m  _ p
Ux R xR -- »R , find a c o n t i n u o u s l y  d i f f e r e n t i a b l e  f u n c t i o n

It is easy to see that the s t a b i l i t y  d e s i g n  c o n s t r a i n t s  

(2.10) d e s c r i b e d  in S e c . 2.1 fa ll s i n to  this c a t e g o r y  w i t h  

m= 2 and p = 3.

P2 (the c o n s t r a i n e d  o p t i m i z a t i o n  p r o b l e m ) :

$: & -- >R m , such th a t  the f o l l o w i n g

f ( x , 4> ( x ) , V <M x ) ) < 0, for all x e Q.X

G i v e n  a c o n t i n u u m  s u b s e t  Q of R n a f u n c t i o n  f :

Q x R m xR n x m a n d  a f u n c t i o n a l  f°. R , w h e r em



is c o n t i n u o u s l y d i f f e r e n t i a b l e  },C ( 1 ) 
m ( Q )

.m

f i nd  a f u n c t i o n

f 0
*

(♦

e C ̂  ̂( Q ) such thatm

= inf { f 0 ( ♦ ) | 4> e C ( 1 ] (Q)m

f ( x , <M x ) , ( x ) ) < 0 ,

and

for all x e Q >.

As we said in I n t r o d u c t i o n ,  the approach proposed in 

this paper is to use piecewise linear c o n t i n u o u s  f u n c t i o n s  to

a p p r o x i m a t e  s o l u t i o n  f u n c t i o n s .  In c o n t r o l  s y s t e m  d e s i g n  

'problems, p i e c e w i s e  c o n t i n u o u s l y  d i f f e r e n t i a b l e  s o l u t i o n  

f u n c t i o n s  are u s u a l l y  a c c e p t a b l e  . He nc e,  we 

ar e c o n c e r n e d  w i t h  the f o l l o w i n g  p r o b l e m s  w h i c h  are d i f f e r e n t  

f r o m  P1 and P2 in the d e f i n i t i o n  of <J> .

P1 :

G i v e n a c o n t i n u u m  s u b s e t  Q of R " and a f u n c t i o n  f :

Q x R m x R nXm — » R P ., find a f u n c t i o n : Q — » Rm , w h i c h  is a

p i e c e w i s  e l i n e a r c o n t i n u o u s f u n c t i o n or is the a c c u m u l a t i o n

p o i n t  (under the n o r m  of D e f . 3 . 7  below) of a s e q u e n c e  of 

p i e c e w i s e  l i n e a r  c o n t i n u o u s  f u n c t i o n s ,  such t h at  the f o l l o w -

f ( x , < M x ) , V « f r ( x ) )  < 0, f o r  a l l  x e Q,

w h e r e ,  t h e  v a l u e  of ) at t h e  d i s c o n t i n u o u s  p o i n t s  of

V $ (• ) t a k e s  t h e  l o c a l  a v e r a g e  v a l u e .

P 2 :

G i v e n a c o n t i n u u m s u b s e t  Q of R 0 . a f u n c t i o n  f :

QxR m x R nX m - R P , and a f u n c t i o n a l f° : C. ( m 1 ) (Q ) -- > R , w h e r e

c Mm ] ( Q ) = { 4> : Q - Rm is c o n t i n u o u s and its first o r d e r



d e r i v a t i v e  is a p i e c e w i s e c o n t i n u o u s  f u n c t i o n } ,  f i n d  a

f u n c t i o n  ♦* e C (1 1 (Q) su ch t h a t
m

0 * 0 . ~ ( i )
f (4* ) = inf { f (4*) 4>t C ' ' (Q ) , andm

f ( x , 4* ( x ) , V 4 ( x ) ) < 0 , for all x e Q }, 

w h e r e ,  the v a l u e  of V 4»( ' ) at d i s c o n t i n u o u s  p o i n t s  of V 4» ( ’ )X X

t a k e s  the l o c a l  a v e r a g e  va lue .

The d e f i n i t i o n  of the s o l u t i o n  is not p r e c i s e  here. We 

w i l l  m a k e  it m o r e  d e t a i l e d  in S e c . 3.5.

The r e l a t i o n s h i p ,  i.e., the f e a s i b i l i t y  and o p t i m a l i t y ,  

b e t w e e n  P 1 , P2 and P 1 , P2 w i l l  be d i s c u s s e d  a l o n g  w i t h  the 

p r o c e e d i n g .  For the sake of s i m p l i c i t y ,  w e  a s s u m e  m = 1 and 

p=1. This a s s u m p t i o n  w i l l  ho ld t h r o u g h  this ch a p t e r .



3 . 2  A l g o r i t h m s  f o r  P r o b l e m  P1

The m a i n  a l g o r i t h m  p r o p o s e d  b e l o w  for p r o b l e m  P1 is

of the o u t e r - a p p r o x i m a t i o n  type. At e v e r y  i t e r a t i o n ,  t h e r e  

are two sets of d i s c r e t e  p o i n t s  in Q. One is the set of n o 

d a l  po in ts , wi  ̂ at w h i c h  th e c o n s t r a i n t s  m u s t  be s a t i s f i e d .  

Th e o t h e r  is the set of a u x i l i a r y  po in ts , A"3 , w h i c h  h e l p s  to

fi nd the d e s i r a b l e  v a l u e s  at n o d a l  po in ts . We use some s u b 

a l g o r i t h m  to find the v a l u e s  at bo th w 1 and A*3 such t h at  

th e p i e c e w i s e  l i n e a r  c o n t i n u o u s  f u n c t i o n  o b t a i n e d  s a t i s f i e s  

c o n s t r a i n t s  w i t h  r e g a r d  o n l y  to p o i n t s  in oj1 . -If th is is 

s u c c e s s f u l  w i t h i n  c e r t a i n  i t e r a t i o n s  in the s u b - a l g o r i t h m , we 

go to n e xt  st e p  that is to find, a p p r o x i m a t e l y ,  the "w or st"  

p o i n t  in Q in the s e n s e  th at the c o n s t r a i n t s  are m o s t l y  

v i o l a t e d  at this point. T h e n  we  add the "wors t" p o i n t  to the 

n o d a l  set and go to the n e x t  i t e r a t i o n .  If we are u n a b l e  to 

find  th e d e s i r a b l e  p i e c e w i s e  l i n e a r  c o n t i n u o u s  f u n c t i o n  

w i t h i n  c e r t a i n  i t e r a t i o n s  in the e x e c u t i o n  of the sub- 

a l g o r i t h m ,  we i n c r e a s e  the p o i n t s  in the a u x i l i a r y  p o i n t  set 

and try again . Th at is the b a s i c  id ea  of M a i n  - a l g o r 1 1 h m  1 

s t a t e d  b e l o w .

First, t h e r e  are some d e f i n i t i o n s .

D e f i n i t i o n  3.1:

For a g i v e n  d i s c r e t e  s u b s e t  uu of Q , w h e r e  Q is a c o n t i n 

u u m  s u b s e t  of R , s ( uu ) is a set of n o n o v e r l a p p i n g  s i m p l i c e s  

w h o s e  v e r t e x  set is uj . S (u)) is the cl as s of all such s (uu) .



D e f i n i t i o n  3.2:

For discr e t e  sets uj1 c , a set of simplices s (uj2 ) is 

said to contain a set of simplices s ( oj 1 ) if s(u>1 ) e Situ1 ), i

= 1 , 2 ,  respectively, and every simplex in s (uj1 ) is either a

2 2simplex in s ( uj ) or is the union of some simplices in s ( uj ) .

Defi n i t i o n  3.3:

For a given d i s c r e t e  subset in of Q, a function class 

L (ui) is called the Piece w i s e  Linear Continuous Function Class 

over uj iff L ( uj ) satisfies

L ( uj ) — { 1 | There exists a set of simplices s ( uj )

on w hich 1 is continuous and is linear 

on every simplex in s ( uj ) . }

The subset of L ( uj ) c o n s i s t i n g  of functions specified over 

s ( ui) is denoted by L ( uj , s ( uj ) ) .

Defi n i t i o n  3.4:

For a given simplex s in R n , a side of s is called the

largest side of s if its m e a s u r e m e n t  defined by

E II x ̂  - x 1 II 
1< i < 3 <n n

exceeds (or, equals) the m e a s u r e m e n t s  of all other sides,

w here { x 1 , x 2 , ' ‘ , x n } is the set of vertices of this side and

II "II is the Euclidean norm in R n . n

D e f i n i t i o n  3.5:

For a given simplex s in Rn , the d l v i d l n g - polnt x is the

centroid of the largest side of s.



N o w  w e  p r e s e n t  o u r  m a i n - a l g o r i t h m  f o r  p r o b l e m  P1.

M a i n - a l g o r i t h m  1:

Data: _ {x 1 ( .... x ° } c Q and s(w°) = { s 1 , .... s

as

defined in Def.3.1 such that Us(o»°) (the union of 

the elements of s(ui^)), is an a p p r o x i m a t i o n  to Q;

I n t e g e r : it > 1 ;

L o g i c a l  v a r i a b l e :  CASE;

Initial function: 1 q g L(ut°,s(aj0 ) ) as defined

in D e f .3.3.

S t e p 0 : Set i = 0 ;

Set ii
013 0u» t

Set ii

oo
3 0u» .

S t ep 1 : Set oii

r> i

Set A 0A = e m p t y set;

C o n s t r u c t  s( uu1 ■°> such t h at  it c o n t a i n s  s (uj1

S t ep 2 : Let A'J+1 be the d i v i d i n g - p o i n t  set of s ( uj 1 ' ~l ) ;

Set = i , w 3 U ;

C o n s t r u c t  s ( w 1 . 3+1 ) c o n t a i n i n g  s ( w 1 ' ̂  ;

Set V

Set 3 = 3 + 1 ;

Let n be 
i • 3

the c a r d i n a l  n u m b e r  of w 1 ’^ .



l i n e a r  c o n t i n u o u s  f u n c t i o n  1 ± ^ s a t l s f y l n g

fix. 1. ( x ) , 7 1 ( x ) ) < 0,1.3 x i ,g

for a l l x e uj1 ;

If a s o l u t i o n  is f o un d (i.e. C A S E  = true),

go to S t e p  4;

Else (i.e. C A SE  = false),

set 1 = 1 .  and
i 1.3

go to S t e p  2.

S t e p  3: F i n d  ( u s i n g  S u b - a l g o r i t h m  1.1) t h e  p i e c e w i s e

S t e p  4 : Find the " w o r s t
*

p o i n t  x i n  U s ( uj1 ’ ^ ) su ch that

f ( x , 

ma x

xe U s ( u)1

1 i

. 3

(x * ) , V I  (x * ) ) =
3 x i , g

f (x , 1 (x), V I  (x ) )
1.3 x l , 3

S t e p  5: If f (x 1 (x * ), V 1 (x * )) < 0,1.3 x l , g

set 1 = 1  and s t o p .
i 1.3

S t e p  5 : S e t
i +  1 

UJ
l

=  UJ U
*

{ x  }

S e t
1 i + 1

=  1
i  . 3 ’

S e t
1 + 1 , 0

UJ
i  .

=  U)
3 .

S e t l = 1 + 1 1

G o  t o S t e p  1 .

The f o l l o w i n g  is a s u b - a l g o r i t h m  c a l l e d  in S t ep  3

1.3'
M a i n - a l g o r i t h m  1 to d e t e r m i n e  1



S u b - a l g o r i t h m  1.1

C o m m e n t  1 :

This s u b - a l g o r i t h m  d e t e r m i n e s  a f u n c t i o n

t -jG L(u)1 ’ ̂  , s ( uj1 ’ ** ) ) s a t i s f y i n g

f(x, 1 (x ) , V 1 (x)) < 0, for all x e w 1  ,
i . 3 x i , g

w h e n  such an 1  e x i s t s  and can be f o un d w i t h i n  c e r t a i n  
i . 3

n u m b e r  of i t e r a t i o n s  (e.g., j*it).

C o m m e n t  2:

W h a t  we w a n t  to do n o w  is to find a f i n i t e - d i m e n s i o n a l

v e c t o r  s a t i s f y i n g  a f i n i t e  n u m b e r  of c o n s t r a i n t s .  M a n y  a l go -

[14]n t h m s  are a v a i l a b l e .  The f o l l o w i n g  is 3 ust one of them.

R o u g h l y  s p e a k i n g ,  this a l g o r i t h m  e m p l o y s  a m i n i m u m  n o r m

s e a r c h  d i r e c t i o n  p, at a p r e s e n t  v a r i a b l e  z, such that the 

f i r s t - o r d e r  a p p r o x i m a t i o n  of c o n s t r a i n t s  at z+p  is the m o s t  

d e s c e n d i n g .  It uses an A r m i g o  r u le  to c h o o s e  the step  

l e n g t h .  Some m o d i f i c a t i o n  has been m a d e  he re  s i n c e  the e x 

i s t e n c e  of s o l u t i o n  f r o m  the s u b - a l g o r i t h m  is not g u a r a n t e e d  

m  ou r case.

For a p i e c e w i s e  l i n e a r  c o n t i n u o u s  f u n c t i o n

1 L (ui1 ‘ 3 , s (uu1  ’ 1 ) )1 , we d e f i n e the v e c t o r z by

2 i =
k, x ) , . . . ] c

n
R 1 1. 3

.X

i- k i , 3 w h e r e  , x f uj and {x k } is a r r a n g e d in c e r t a i n o r d e r

On the o t h e r  hand, a v e c t o r  z e R 1 ‘^ d e f i n e s  a p i e c e w i s e  

l i n e a r  c o n t i n u o u s  f u n c t i o n  1  ̂  f L(uJ'L , '5,s(u)'L , '5)).

C o n s e q u e n t l y ,  we d e f i n e  a set of c o n s t r a i n t s ,  for v e c t o r

z , by

- 4 5 -



g 3 (z) = f ( x ̂  , 1 ( x ̂  ) ,V K x 3 )), 3 e { 1 ....... n },x 1  '

w h e r e ,  n is the c a r d i n a l  n u m b e r  of set uj1 .

C o m m e n t  3:

S i n c e  such s u b - a l g o r i t h m  o f t e n  e m p l o y s  the g r a d i e n t s  of 

c o n s t r a i n t s ,  w e  a s s u m e  that f is d i f f e r e n t i a b l e  in z. This 

is p o s s i b l e  in m a n y  d e s i g n  p r o b l e m s  (e.g., in s t a b i l i t y  

d e s i g n )  and in c a s e  1 is a p i e c e w i s e  l i n e a r  c o n t i n u o u s  f u n c 

tion.

n .
We define a function vp: R 1 ' ̂  — > R by

ii) (z ) = max {g'Mz) | 3= 1 ,... ,n }.
n

Also, for all z, p in R 1 ’ ̂  , we d efine the f i r s t-order 

a p p r o x i m a t i o n  to \Jj(z + p) by

$ ( z ,p ) = max { g D (z )+ g ^ (z )p | 3 = 1 ..... n }.
0 0 n 1

Let the functions , $ : R 1 ’^ -- > R be defined, forE
all e > 0, by

$^(z)- m i n  {i$> ( z , p ) | p £ P},

$ £ °(z)± m a x  {>I>0 (z) , - e },

A n
where, P = { p r- R 1 * | ||p|| < l > ,OO

L is so me s u i t a b l y  c h o s e n  l a r g e  numb er .

The a l g o r i t h m  is as f o l l o w s .

S u b - a l g o r 1 t h m 1.1:

D a t a :  0 f ( 0 , 1 ) , e * «r ( 0 , 1 ) , L > > 1 .

S t e p O :  Set z Q = z ;
1

Set e = e ' i|j ( z ) ;

- 4 S -



Set k = 0.

S t e p  1: If ' f ' V  <0.

set CA SE  = true ; 

Set 1 = i  s t o p .

S t e p  2: If k > 3*it,

s et CAS E = false;

Set 1 = 1  , s t o p . 
1.3 z k

S t e p  3: C o m p u t e  4»°(z ) = m i n  { 4> (z , p ) | p £ P>.K K

S t e p  4: C o m p u t e

P k = p e (zk ) = a r 9 m i n ^ l|P |1 1 4>(2k .p) < 4>£ ° ( z k )}.

S t e p  5: C o m p u t e  A, the l a r g e s t  n u m b e r  in {1, (3, p 2 , ...} 

such tha t

4> ( 2 k + X p k )-ill ( z k ) < A Cv|>̂ ° ( 2 k )-4) ( Zj< ) ] / 2

Step 6 : Set z . = z, +Ap, ; k+ 1 k Kk
Set k = k +1 ;

Go to Step 1 .

M a i n - a l g o r i t h m  1 toge t h e r  with S u b - a l g o r i t h m  1.1 is a 

c omplete a l g o r i t h m  for prob l e m  P1. Yet it is, however, a 

conce p t u a l  a l g o r i t h m  in the sense that the Step 4 in Main- 

a l g o r i t h m  1 requires the solution of a global o p t i m i z a t i o n

p r o b l e m . To make it implement able, we propose the following

- 4 7 -



s u b - a l g o r i t h m .

S u b - a l g o r i t h m  1.2:

C o m m e n t :

This s u b - a l g o r i t h m  is to find, a p p r o x i m a t e l y ,  the 

" w o r s t ” p o i n t  m  Q. It is of g r i d  ty pe  and r e p l a c e s  S t ep  4 

in M a i n - a l g o r i t h m  1.

Data: s ( uj ) as be fo re;

m the n u m b e r  of s i m p l i c e s  in s ( uj 1 * ̂  ) ;i,3

^i : a f u n c t i o n  in L (uu1 ' ̂  , s (ui1 ’ ̂  ) ) ;

G(i): a m o n o t o n i c a l l y  i n c r e a s i n g  i n t e g e r  f u n c t i o n

S t e p  1: O r d e r  the m s i m p l i c e s  in s l w 1 '^), f r o m  1 to m
1 .3 1,3

Ch oos e, e q u a l l y  s p r e a d  or r a n d o m l y ,  G(i) p o i n t s  in 

e v e r y  s i m p l e x  in s (uj1 , : 3 ) and o r d e r  the p o i n t s  

(e.g., l e x i c o g r a p h i c a l l y )  in each s i m p l e x  

f r o m  1 to G (l ).

S t ep  2: Set k = 1

S t ep  3: In S i m p l e x  k, find, x the w o r s t  p o in t a m on g

G (i ) points, i .e ., 

* *
f ‘V  1 1 , a * X k 1 ' V l . ^ k "  = f ( X ' 1 1 ,a (><)' 7 x 1 1 . n ( x ) >

S t ep  4: If k < m , set k = k+1;
1.3

Go to Step 3.

- 4 8 -



Step 5 : Among the above m
l ,j p o i n t s , find the worst point

*
x , i.e.,

*
f ( x ,

*
1 ( x ] 
1.3

I , V I  (x * ) ) x i , 3
*

= ma x { f ( x, , 1k i,3
*

(x, ] k

*
Xn•H
H
X

>

k = 1 , .... m_ } .
1.3

As is p o i n t e d  out in S e c t i o n  3.1, in m a n y  c a s e s  a 

p i e c e w i s e  l i n e a r  c o n t i n u o u s  f u n c t i o n  is a c c e p t a b l e  for c o n 

t r o l  s y s t e m  d e s i g n  p r o b l e m s ,  p r o v i d e d  it s a t i s f i e s  the d e s i g n  

c o n s t r a i n t s .  H e n c e  we do not e m p l o y  a p r e c i s i o n  c r i t e r i o n  

fo r the size of the f i n a l  s i m p l i c e s  in a l g o r i t h m s  s o l v i n g  

p r o b l e m  P 1, w h e n  o n l y  M a i n - a l g o r i t h m  1 and s u b - a l g o r i t h m  1.1 

ar e e m p l o y e d  ( i . e . , if the e x a c t  or n e a r l y  e x a c t  m a x i m i z a t i o n  

in St ep  4 is c a r r i e d  out via so me a l t e r n a t i v e s ,  a n a l y t i c  or 

n u m e r i c a l ,  to S u b - a l g o r i t h m  1.2). If S u b - a l g o r i t h m  1.2 is 

used, ho w e v e r ,  the size of s i m p l i c e s  and the v a l u e  of G 

s h o u l d  be t a k e n  i n to  a c c o un t.  S i n c e  the c o r r e s p o n d i n g  m o d i f 

i c a t i o n  is s i m i l a r  to t h a t  in M a i n - a l g o r i t h m  2, we l e a v e  d i s 

c u s s i o n  on this p o i n t  later.



3 . 3  A n a l y s i s  o f  t h e  a l g o r i t h m s  in S e c . 3 . 2

In this se ct io n,  the p r o p e r t i e s  of the a l g o r i t h m s  pro 

p o s e d  in the l a s t  s e c t i o n  for p r o b l e m  P1 w i l l  be d i s c u s s e d .

D e f inition 3.6:

G i v e n  a c o n t i n u u m  s u b s e t  R m  R<\ the p i e C e w i s e  c o n 

t i n u o u s l y  d i f f e r e n t i a b l e  f u n c t i o n  cla s s on Q, *(Q) , is d e 

f i n e d  by:

: (1 ) ( Q ) - { ♦ : Q R is a c o n t i n u o u s  f u n c t i o n  

and its f i r s t  o r d e r  d e r i v a t i v e  is 

a p i e c e w i s e  c o n t i n u o u s  f u n c t i o n } .

And the p i e c e w i s e  l i n e a r  c o n t i n u o u s  f u n c t i o n  cl as s on R 

L(R), is d e f i n e d  by:

L(R) - {4> : R — -> R is a p i e c e w i s e  l i n e a r

c o n t i n u o u s  f u n c t i o n  }.

D e f i n i t i o n  3.7:

For a f u n c t i o n  <$> in C ^ ^ ( R ) ,  the n o r m  of is d e f i n e d

by :

II4* II = sup ( | 4>( x ) | + II V «M x ) II )<x> _ 1 x n
x& R

w h e r e .  II ’ II is the E u c l i d e a n  n o r m  m  R space. For t h o s e  n

p o i n t s  x, at w h i c h  V^4> ( • ) is d i s c o n t i n u o u s ,  V <t>( x ) is d e f i n e d  

to be the l o c a l  a v e r a g e  of all r e l e v a n t  d e r i v a t i v e  va lu es.

In m o s t  c a se s we c o n s i d e r  a closed, b o u n d e d  R. T h en  the 

'sup' in the d e f i n i t i o n  of n o r m  m a y  be r e p l a c e d  by 'max'. 

A l s o  we s u p p o s e  R can be c o v e r e d  by a set of s i m p l i c e s , i . e . , 

R •= U s ( mi ) Thus, L ( uj) is a s u b s e t  of C.^1 ^(R).
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L e m m a  3.1:

£ ( 1 *(Q) is a n o r m e d  l i n e a r  s p ac e of f u n c t i o n s  w i t h  n o r m  

II »ll u n de r D e f . 3 . 7  .oo

Proof: ( E l e m e n t a r y )

D e f i n i t i o n  3.8:

For p r o b l e m  P1, the f e a s i b l e  set Y is d e f i n e d  as:

Y = { 4*e C ( 1 } ( Q ) | f ( x , <M x ) , V ♦( x ) ) < 0. for all x e Q} .X

We gi ve  the f o l l o w i n g  a s s u m p t i o n  for f in p r o b l e m  P1.

As sumption 3.1:

The f u n c t i o n  f in p r o b l e m  P1 is a s s u m e d  to s a t i s f y  the

f o l l o w i n g  i n e q u a l i t y :  for al l x ,x y i •y 2 'z, ,z

1 f( x 1 .y 1 , z 1 ) - f ( x 2 ,y2 .z2 ) | < K ( II x 1 - x 2 ii + n ly , ' y 2 1

w h e r e , ‘

x i X
CJUJCM
X Q is a b o u n d e d  s u b s e tX in R " ,

y i ■ w Q is a b o u n d e d  s u b s e t
y

m R ,

z i ■ V Q z'
Q is a b o u n d e d  s u b s e t  z

i n R n .

K is a c o n s t a n t ,  0<K<+°°, r e l a t e d to Q  .X Q  , Q  
y

Actu ally, in C o m m e n t  3 of S u b - a l g o r i t h m  1.1, we a s s u m e  

t h at  f is d i f f e r e n t i a b l e .  H e n c e  it s a t i s f i e s  this L i p s c h i t z  

c o n d i t i o n .

L e m m a  3.2:

In n o r m e d  s p ac e C ' 1  ̂(52 ) , if a s e q u e n c e  { }  c o n v e r g e s  to

i  > oo, then U {4* ( x ) | xh- Q } and U{V <t> ( x ) | x ( Q } m u s t  be
i x 1<t> , as

b o u n d e d .



P r o o f :

S i n c e  4> 4> , as “ ( 1 ) ,n .<» , in C (Q ) ,

m a x  ( 
xeQ

| <t> ( x ) - ♦ (x)| +
i

IIV 4* (x)-V ♦X I  X
* ( x ) IIn )

= IK - ♦i
*
IIoo — > 0 , a s l — OO .

O b v i o u s l y ,  t h e r e is a Be ( 0 , °° ) , such that for  any i ,

m a x  ( |
*

<t> ( x ) — 4> ( x ) 1 + II V
*

<J> ( x ) - V ( xX I  X nin ) < B .
X G Q 1

S i n c e  <t>
* ~ ( 1 ) e C ' ' ' (Q ) and Q is bo u n d e d , so are

{<♦> (x) | xeQ} and {V ♦X
( x ) | xe fi } .

C o n s e q u e n t l y ,  we h a ve p o s i t i v e  n u m b e r s  B^ and B 2

such t h a t , for any l -

B i is a b o u n d for { <f> ( X ) | XH Q > , 
1 *

CM
CD is a b o u n d for { V <♦> . ( x ) | xe Q } X 1 •

For any v e c t o r  2 in U -C ( x ) | xt Q } ,T 1 t h e r e e x i s t s  an
1

su ch  th a t

2 e { 4>  ̂ ( x ) | xe Q } ,
thus, II z II < B „ .

1

The same a r g u m e n t  h o ld s for U{V <t> (x)|xcQ}.x i

Hence , the l e m m a  is d e r i v e d .

Q . E . D

L em ma  3.3:

If f in p r o b l e m  P1 s a t i s f i e s  A s s u m p t i o n  3.1, then T , 

set of f e a s i b l e  f u n c t i o n s ,  is cl os ed.

Pr oo f:

Let {$ } be a c o n v e r g e n t  s e q u e n c e  in f , i.e. ,

*
<t> -- > <t> , as i -- > 00 .l

F r o m  Lemma 3.2, we k n o w  the sets

- 5 2 -

the



u{ * <x): x £ Q} and U{V 4> (x): x e Q}
l 1 i

are bo u n d e d .  Thus, f r o m  A s s u m p t i o n  3.1, t h e r e  e x i s t s

such  t h a t  for any x £ Q,

| f ( x , (x),V 4> ( x ) ) - f ( x , 4* (x),V $ (x) ) |
1 X 1  x

< K ( | 4» . ( x ) - <t* ( x ) | + II 7 <t> ( x ) - 7 <t> ( x ) II ) . l x i  x
*

S i n c e  II4* -4> II
l °®

| f ( x , ♦ ( x ) , 7l x x)i

0 , as l 

)-f (x,4>
*

oo

(x) ,7 

as i

(x) ) | — > 0 ,

oo, for al l x £ Q .

a K

S i n c e  £ Y , for e v e r y  l,

f ( x , 4> ( x ) , 7 ♦ ( x ) ) < 0,i x i

w e  h a v e

f ( x , 4>* ( x ) , 7 4>* ( x ) ) < 0x

for all x e Q ,

for all x £ Q.

Th us ,

* *
m a x f ( x , <l> ( x ) , 7 <♦> ( x ) ) < 0,

^ xx £ Q

l . e
*

<t> £f

Q . E . D .

D e f i n i t i o n  3.9:

A r e a l - v a l u e d ,  n o n n e g a t i v e  f u n c t i o n  d ^ : — > R

( m e a s u r e s  the " d i s t a n c e "  f r o m  I* to 40 is d e f i n e d  by

d _ ( ) = max{ 0 , max  f ( x , <M x ) , 7 <M x ) ) } .
Q - n xxt Q

T h e o r e m  3.1:

A s s u m e  th at  f in p r o b l e m  P1 s a t i s f i e s  A s s u m p t i o n  3.1,

~ ( 1 ) *
t h a t  is a s e q u e n c e  m  C (Q) c o n v e r g i n g  to <t» in

C ^ 1 ^(Q), and th at  d A ('t' ) --> 0 , as i -- > . Then, 4> f Y .Q l

P r o o f :
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o b t a i n

m a x  f ( x , 4> ( x ) , V 4> ( x ) ) < e ,
_n 1  x 1  ixtQ

w h e r e ,  e > 0  and e — > 0 , as i — > 00 - 1  1
F r o m  A s s u m p t i o n  3.1, t h e r e  e x i s t s  ( s i m i l a r  in the p r o o f  of

L e m m a  3.3) a K such that

|f(x,4> (x ) ,V 4> (x ))- f (x,4>*(x),V 4>*(x )) |
1 x 1  x

< K I! 4* - 4* * II 1  00
for all x e Q and al l  i > 0 .

Thus, for all x e R and al l i > 0,

f ( x , 4> * ( x ) , V 4> * ( x ) ) < K II <*» - 4> * II + f ( x , 4> ( x ) , V 4> ( x ) )x 1  00 1 x 1

F r o m  t h e  a s s u m p t i o n  t h a t  d^f^, ) ___  ̂ 0( as ^ «*>f w e

< K II 4* - 4> * + ma x f ( x , 4> 
xeQ 1

(x) ,7 4> (x) )x 1

< K II 4> - 4> * II + e . .1  00 1

A s 1 -- > 00 , 11 4* - 4> II —
1  00

-> 0, e 5 1
— > 0 so t h at

f ( x , 4>* ( x ) , V 4»* ( x ) I1 < 0 , for all x F
x

H e n c e ,

* *
m a x f(x,4> (x),V 4> ( x ) ) < 0„ x
XGS2

T h a t i s  d^ ( 4>  ̂ = 0 •
*

4> G Y .

Q . E . D .

N o w  we p r o v e  the f o l l o w i n g  m a i n  th eo re m.

T h e o r em 3.2:

For p r o b l e m  P 1 , s u p p o s e  Y is 

A s s u m p t i o n  3.1. Let s e q u e n c e

not e m p t y  and f

(1 } be g e n e r a t e d  by M a i n -

a l g o r i t h m  1 and S u b - a 1 g o r 1 1hm 1 . 1 in 3 2 . Then, if the se-



q u e n c e  is fini te,  the l a s t  p o i n t  lies in f; if the s e q u e n c e

is i n f i n i t e ,  th en  any a c c u m u l a t i o n  p o in t of it is in T .

Proof:

The f i n i t e  ca se is t r i v i a l .

In the i n f i n i t e  case, s i n c e  f is not e m p t y  and the class 

of p i e c e w i s e  l i n e a r  c o n t i n u o u s  f u n c t i o n s  is d e n s e  in the 

c l a s s  of c o n t i n u o u s  f u n c t i o n s ,  the  a l g o r i t h m  d o e s  not j a m 

b e t w e e n  S t e p  2 and S t e p  3 in M a i n - a l g o r i t h m  1

1 J I S  
1 a s u b - s e q u e n c e  of {1.}

anC* ^ n   ̂ con - 
i

of L e m m a  3.3, bya s i -— > 00 . As in the p r o o f

t h e r e e x i s t s  a K such that

l n (X, 
1

) -f ( x , 1 n
3 1x1 '7 x 1 n < x ) 11i

< K ( | l n ( x ) - l n ( x ) M l V x l n < x ) - V x l n (xlll*), 
1  3 1  j

fo r all x in Q and all 1 , 3  > 0 .
n n

By c o n s t r u c t i o n ,  u; 1  is a p r o p e r  s u bs et  of w , for 1  < 3 .

Let x^ s a t i s f y

f ( X i , ; i n ’ ’V ’ ^ n  {xl)] ~ f < x . l  ( x ) . V  1 (x
1 1  x£Q n!  X nA

By con s t r u c t i o n  ,

_ . *  *

and

*
( x ) ) >11 n*

X 6 ui 31
*

( X ) ) <1
3

1 > 0 ,for all 1 > 0 , all 3 > 1

Thus,

> U n ‘^ ' ^ n  < V  1 * " V n  ' V ’ V n
J *L 3 1

> K 1 | f (x^ ,1^ (x *) ,V 1n ^ i ^ V n ^ . n - f U ^ H  <xi . , V x l n (x* ) )

-  1
= K ( f < x i ,ln (Xi ) , V x Tn (x ) )-f(x, ,1 .. (x. 1.7..!. (x

1 n l ’ x n l 
■J -J
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s K - 1 . * * *
 ̂ * f ( x , l  (x ),7 1 (x ))i n  l x n l 

l l

= K ' 1dQ (ln.> ' 
1

B u t , s i n c e  1 1 , a s i , a nd

K~ 1 d (1 ) < 111 -1 II
S2 n n n . «»

i 3 i
for all i , 3  such t h a t  j > i,

the r i g h t  side also t e n d s  to z e r o  as i — > <».

Thus, d 0 (l )  > 0, as i  » «» .Q n l

F r o m  T h e o r e m  3.1, we h a v e  

*
l e y .

Q . E . D .

We n o t i c e  that an i n f i n i t e  s e q u e n c e  of p i e c e w i s e  l i n e a r  

c o n t i n u o u s  f u n c t i o n s  does not a l w a y s  h a ve  an a c c u m u l a t i o n  

p o i n t  in the cla s s of the p i e c e w i s e  c o n t i n u o u s l y  d i f f e r e n t i 

a b l e  f u n c t i o n s .  H o w e ve r,  by c o n s t r u c t i o n  and the c o n t i n u i t y ,  

th e " d i s t a n c e "  b e t w e e n  the f u n c t i o n s  c o n s t r u c t e d  and the 

f e a s i b l e  f u n c t i o n  set h o p e f u l l y  te nd s to zero.

N o w  we c o n s i d e r  M a i n - a l g o r i t h m  1 t o g e t h e r  w i t h  Sub- 

a l g o n t h m  1.1 and S u b - a l g o r i t h m  1.2.

D e f i n i t i o n  3.10

( 1 )For a f u n c t i o n  1 in C ; (Q), d e f i n e
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M ̂ 1  ̂ s m a x  f ( x , l ( x ) 4V l(x) ).
X G Q  X

D e f i n i t i o n  3.11

S i m i l a r l y ,  we d e f i n e ,  for any s u b s e t  of Q,

(1) = m a x f ( x . 1 ( x ) , 7 l(x)).
Q rn xi xeQ

l

D e f i n i t i o n  3.12: (cf. D e f . 3 . 9 )

D e f i n e  a r e a l - v a l u e d ,  n o n n e g a t i v e  d i s t a n c e  f u n c t i o n  

—» R by: C ( 1 } (Q)
l

6^ (1) = m a x { 0 ,  A q  (1)} ,
l l

w h er e,  Q is a s u b s e t  of Q. 
i

N o w  we s t a t e  a t h e o r e m  w h i c h  p a r a l l e l s  Thm. 3.1.

T h e o r e m  3.3:

S u p p o s e  f in p r o b l e m  P1 s a t i s f i e s  A s s u m p t i o n  3.1, {1^}

1  s a s e q u e n c e

is a s e q u e n c e

and, for all

^  -— » 0 , as l

( 1 )

Q li

( 1 ] (Q) ai 

0 , as i

—> , t h en  1 e Y

P r o o f :

As in the p r o o f  of Thm. 3.1, 

--> , we ma y d e d u c e  that

M n (1 ) < e ,Q l ll

si nc e < 3 ^ ( 1  
Q l l

-> 0 , as

w h e r e  e > 0  and e l l -> 0 , as l  > °o.

Also, s i nc e { 1 ^  c o n v e r g e s  to 1, by A s s u m p t i o n  3.1, t h e r e  

e x i s t s  a K such th at for any x in Q and any i ,

|f(x ,l (x ) , V l ( x ) ) - f ( x , l ( x ) , V  1 ( x ) ) | < Kill -ill .1 X 1  X 1 OO

Thus,
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f (x,l(x) • ̂  i ( x ) ̂  < Kill - 111 + f ( x , l  (x) V 1X 1 ( x

< Kill - ill + M(1 )1 oo 1

< Kill
1 ill + A n (l ) ~ Q l

l
+ *r

< KII1 - 111 + e . + . .1 oo 1 1

A l l o w i n g  i to tend to i n f i n i t y ,  w e  o b t a i n

f (x ,1(x ) , 7 1 ( x )) < 0, for all x in Q.

H e n c e , 1 e Y .

Q . E . D .

F r o m  the c o n s t r u c t i o n  of M a i n - a l g o r i t h m  1 and Sub- 

a l g o n t h m  1.2, w e  can see t h a t  the n u m b e r  of s i m p l i c e s  o v e r  Q 

and the n u m b e r  of p o i n t s  in e v e r y  s i m p l e x  are b o th  i n c r e a s i n g  

as the c o m p u t a t i o n  p r o c e e d s .  H e n c e  it is o b v i o u s  th at the 

f u n c t i o n s  g e n e r a t e d  by t h e s e  a l g o r i t h m s  s a t i s f y  the a s s u m p 

t i o n s  r e g a r d i n g  A and M. T h e r e f o r e ,  we can have the f o l l o w i n g  

t h e o r e m .

T h e o r e m  3.4:

For p r o b l e m  P 1 , s u p p o s e  f is not e m p t y  and f s a t i s f i e s  

A s s u m p t i o n  3.1. Let s e q u e n c e  be g e n e r a t e d  by M a i n -

a l g o r i t h m  1 t o g e t h e r  w i t h  S u b - a l g o r i t h m s  1.1 and 1.2. Then, 

if the s e q u e n c e  is i n f i n i t e ,  any a c c u m u l a t i o n  p o i n t  of it is 

in Y .

P r o o f :

T h e  p r o o f  is a l m o s t  t h e  s a m e  as t h e  p r o o f  in T h e o r e m  3.2
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e x c e p t  u s i n g  (i ) in the  p l a c e  of m a x  f (x,l(x) ,V
i 1 xeQ X

u s i n g  3 i n s t e a d  of d and e m p l o y i n g  Thm. 3.3 i n s t e a d  of

3.1.

Q . E . D
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3 . 4  A l g o r i t h m  f o r  p r o b l e m  P2

For the c o n s t r a i n e d  o p t i m i z a t i o n  p r o b l e m  P2, the f o l l o w 

ing m a i n - a l g o r i t h m  is p r o p o s e d .

For a set of s i m p l i c e s  , w e  us e d 1 to d e n o t e  the

si ze  of sftu1 ) (e.g., d 1 is the l a r g e s t  v o l u m e  of the s i m 

p l i c e s  in s( id1 ) ) .

M a i n - a l g o r i t h m  2:

Data: w° , s(w°), L ( u»° , s ( uj° ) ) as in M a i n - a l g o r i t h m  1;

5 > 0 .

S t ep  0: Set i = 0;

~ - 1 ~ , 0 .
Set s(u) ) = s ( id ) .

“ , i .  ̂ 1-1 ,St ep 1: C o n s t r u c t  s ( id ) c o n t a i n i n g  s ( id );

C o m p u t e  d 1 - the size of s (u>1 ) ;

Find x 1 - the d i v i d i n g - p o i n t  of the s i m p l e x  

w i t h  d 1 .

S o lv e p r o b l e m  P ( id 1 ) :

mi n { f°(l) | lc L ( id1 , s ( id1 ) ) ;

f ( X , l ( X ) , V  l(X)) < 0, for all x£ ui1 >x

to o b t a i n  1

St ep  3: Find x e U s (id ) such that

x * ~ a r g m a x  { f (x ,1 ( x ) , V ^ l ^ ( x ) ) | x  1 U s ( w 1 )}
x

St ep  2: 

P ( id1 ) :
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S t ep  4: If f ( x *,l (x *) ,7 1 (x *) ) < 0. go to S t e p  5;l x i

Else, set uul+1 = a)1 U{x },

l = 1+1,

go to S t e p  1

St ep  5: If d 1 < 6, stop;

Else, set uj =  uj U {  x  } ,  

l = i+ 1 , 

go to S t ep  1 .

S t e p  3 in M a i n - a l g o r i t h m  2 can be r e p l a c e d  by Sub- 

a l g o r i t h m  1,2 as in M a i n - a l g o r i t h m  1. St ep 2 is n o w  a m i n i m 

i z a t i o n  p r o b l e m  w i t h  f i n i t e  v a r i a b l e s  and f i n i t e  c o n s t r a i n t s .  

H e n c e  a v a i l a b l e  a l g o r i t h m s  can be used. The p o i n t

is t h at  the f e a s i b l e  set of 1 in St ep 2 m i g h t  be e m p t y  b e 

c a u s e  of the c o a r s e n e s s ” of the s i m p l i c e s  ev en  t h o u g h  the 

e x i s t e n c e  of a s o l u t i o n  to p r o b l e m  P2 is g u a r a n t e e d .  Thus 

m o d i f i c a t i o n s ,  such as use of the a u x i l i a r y  n o d a l  set A D as 

in M a i n  — a l g o r i t h m  1, s h o u l d  be made. The m o d i f i e d  a l g o r i t h m  

is as f o l l o w s .

M a i n - a l g o r i t h m  2 ‘ :

Data: uj , s ( uj ), L ( , s ( uj^  ) ) as in M a i n - a l g o r i t h m  1;

5 > 0 .

S t e p O :  Set 1 = 0 ;
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S et 3

S t e p  1

S t ep  2

St ep 3 

P (uj1 '

St e p  4 : 

S t e p  5 :

_ = 0 ;

Set s ( u T h  = " ,  o ^s ( UJ ) ;
Set iio<3 e m p t y  set

Set $ ( w 0' ' 1 ) = s ( U) ) .

C o n s t r u c t  stui1 ) c o n t a i n i n g  s(u)1  1 );

C o m p u t e  d 1  - th e si ze  of stuj1 );

Find x 1  - the d i v i d i n g - p o i n t  of the s i m p l e x  

w i t h  d 1 ;

Let u 1  ' = uj1  U .

Let uj1  ’ ̂  = uj1 ' ̂  U A^ ;

C o n s t r u c t  s ( w 1 , 'J) c o n t a i n i n g  slu;1 '^ 1 ).

S o l v e  p r o b l e m  P ( uj*1 ’ ̂  :

): m i n { f^(l) | It L ( ui1  ' ̂  , s ( oj1  ’ ^ ) ) ;

f ( x , l ( x ) , V  1 ( x ) ) < 0, for all x ^ uj1  }x

to o b t a i n  1  ;l

If the f e a s i b l e  f u n c t i o n  set is empty,

let be th e d i v i d i n g - p o i n t  set of s (uj1 , 'J),

set 3 = 3 + 1  and go to S t ep  2.

Find x c U s ( w 1 ''3) such th at

x = a r g m a x  { f ( x , l  (x),V 1 (x))| x r Us (ui , J )}
X X jL

X

If f ( x * , l  (x *) ,V 1 (x*)) < 0, go to S t e p  6 ;i x i

Else, s e t uj = uu U { x } ,

set i = l + 1 ,
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s et 3 = 0 ,

set A 0 _ e m p t y  set, and

go to St e p  1.

S t ep  6: If d 1 < 6, stop;

r--, . i + 1 i r i ,Else, set u) = w U ix },

set i = i+ 1 ,

set 3 = 0 ,

set > o n e m p t y  set, a nd

go to S t e p  1.
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3 . 5  A n a l y s i s  o f  a l g o r i t h m  in S e c . 3.4

For the c o n s t r a i n e d  o p t i m i z a t i o n  p r o b l e m  P 2 , a bou n d a s 

s u m p t i o n  is ne ed ed.

Ass u m p t i o n  3.2:

We a s s u m e  t h at  the set of f e a s i b l e  f u n c t i o n  in P2 is 

c o n t a i n e d  in a b o u n d e d  su bs et,  of C ̂ 1  ̂(S2) , i.e.,

t h e r e  e x i s t s  a f i n i t e  p o s i t i v e  n u m b e r  B such t h a t  

II $ H < B . for all 4>eC( 1 ] (Q) .

T h is  as su mp ti on  is o f t e n  a c h i e v e d  m  c o n t r o l  s y s t e m  

d e s i g n s  sin c e th e c o n t r o l  l a w  we  w a n t  to c o n s t r u c t  u s u a l l y  is 

r e s t r i c t e d  in m a g n i t u d e .

In this s e c t io n,  w e  a l w a y s  r e s t r i c t  the  f e a s i b l e  set 

(Def .3.8) on 1 * (Q ) .

D e f i n i t i o n  3.13:

Th e f e a s i b l e  set for p r o b l e m  Pfuu1 '^) in S t ep  3 of M a i n -

a l g o r i t h m  2' is d e f i n e d  as f o l l o w s

'Hu)1 , 3 ) = { I f  L ( uj1 * 1 , s ( uj1 ’ 1 ) ) | f ( x , 1 ( x ) , V 1 ( x ) ) < 0,x

for all x g uj1 }

S i m i l a r l y ,  we d e f i n e

f t w 1 ) ^ {1 r L ( uj1 , s (uu1 ) ) | f ( x , 1 ( x ) , V 1 ( x ) ) < 0.

for all x c- u j 1 } .

C l e a r l y ,  f o r  a l l  3 > 0,

T ( ui1 ) f T ( uj 1 1 1 ) .
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By a s o l u t i o n  1 to P r o b l e m  P2, w e  m e a n  o n e  of  t h e  t w o

s i t u a t i o n s  as f o l l o w s :

(1) T h e r e  is a set of s i m p l i c e s  , s a t i s f y i n g

the p r e c i s i o n  r e q u i r e m e n t  5 m  M a in  - a I g o r i t h m  2 or 2 ’ ; 

1 is such th at

f°(l) = inf{f°(4>) | ip e H M uj1 )},

a nd

f (x ,1 (x ),V l (x )) < 0. for all x e Q;X

(2) T h e r e  is a s e q u e n c e  of s i m p l e x  sets, {sfui1 )}, such  

that

s(u)1 ) m e e t s  the p r e c i s i o n  r e q u i r e m e n t  for all i;

1 e and is such th at

f 0 (1) < f°( ), for all i|> e H M w 1 ),

for all i ,

and

f ( x , l ( x ) , V  1 ( x )) < 0, for all x e Q.x

L e m m a  3.4:

S u p p o s e 1  s s i m p l e x  in R w h o s e  v e r t i c e s  are

{ x 1 , .... x n "* } . Let 1 , 1  be two l i n e a r  s c a l a r  f u n c t i o n s  on

S, and v e c t o r s  (3 , £ be d e f i n e d  by the v a l u e s  of 1 , l at the

v e r t i c e s  of S, i.e.,

(3 =

1 1
1. ( x ) ')

, i =

/ l j x  )

7 i l n + 1 \
^  n + 1 l 1 2 ( x
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Then, on S, II1 - I |j _ ng_£|| + 1| b - b _ II
1 2 oo °° 1 2 n

w h e r e ,  111 -l„ll d e f i n e d  as in D e f . 3 . 7 ,  and 
1 2 ~

II 0 - 5 H = max{ I 8 - £ I00 J J
3 =1 , . . . ,n + 1 }

and are, r e s p e c t i v e l y ,  the g r a d i e n t s  of 1 ^, 1 2 on

S .

P r o o f

Let 1 1 (x )= a 1+ b ^ x , 1 ^ (x )=a + b ^ x ,

i A i+ 1 1 .y = x -x , i = 1 ..... n.

C h o o s e  3 such th at

I 3 I = II P~ ̂  H_ -3 3 00

For all x e S, t h e r e  e x i s t  a
n

. . , a > 0 . E cx < 1
n 1 = i 1

s u c h  th a t  x = x 1 +
n
r lE a y

i = 1  1

Thus, for all x in S,

T 1 n
l . j ( x ) = a  + b  (x + E a y 1 )

i =  1

, T 1
3 1 * b ix E a b T (x 1 + 1- x 1 ) 

i = 1  1 1

+ ^ 1 ^ + 1
i= 1

n

E , V i1 = 1

P 1 (1
n
E a

i = 1  '

n
E cx (3„ i i + 1  

i =  1

S i m i l a r l y ,  1 ( x ) = &( 1 - E cx ) + E a £c. * 1 * 1 1 + 11=1 1=1
Then, for all x in S,

n n
| 1 1 ( x ) -1 ( x ) | = |((3 -Z:, ) ( 1 - E ct ) + E a (8 -Z

i = 1 1 = 1
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< If3 1 , I (1 - E a ) +  E a | 0 - Z  ,' 1  „ i  ' ' i  + 1 ^ i  + 1
i =1 1=1

< i p 3-?3 i

= II p - ̂  II
oo

so t h at

l 1, ( x ) - X 2 (x) | + II b 1 - b 2 II n < np-211^ * II t> 1 - b 2 II n .

H e n c e ,

lll1-l_ll < II0 - ̂  II + II b - b II .

On the o t h e r  h a n d , it is o b v i o u s  that

II0-2H + lib -b_ll < 111,-1-11 .00 1 2 n 1 2 00

s i n c e  x ̂  £ S .

Henc e, the c o n c l u s i o n  of th e l e m m a  holds.

Q . E . D .

P r o p o s i t i o n  3.1:

For every 1 > 0 , if Y(ui 1 ’ ̂ ) is not e m p t y , then it is a

s eq uentially compa ct set ( 1 . e . , every infinite sequence of

functions in Y (ui1 ’ 1 ) has, at least, one convergent s u b 

s e q u e n c e ) .

Proof:

Suppose Y ( a)1 ’ 3 ) is not e m p t y .

Let E be a "cubic •• subset of the f i n i t e - d i m e n s i o n a l space
n m xn„ 1 . n „ 1 ,R J x R J

n m x n
E = {y g R 1 * 3 xR 1 . 3 | llylL < B } ,

w here , n
1 .3

is the c a r d i n a l i t y  of m is the 
1 .3

number

of s i m p i 1 ce s in s (ui1 ,1 ) , B is the bound in Ass u m p 1 1 on 3 . 2 .

T n I T
D e f i n e  a m a p  T f r o m  L ( u.r' ' , s (uu )) in to E by

r (1 ) =  te, n i T .
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of  w h i c h  t h e  c o m p o n e n t s  a r ew h e r e ,  8 is a v e c t o r  in R J--3

] u s t  the v a l u e  of 1 at each p o i n t  in uj1 ' ̂ ; q i s  a v e c t o r  in
m
i . 3

» n
, of w h i c h  the c o m p o n e n t s  (e ve ry n m  a g r ou p)  are the

g r a d i e n t s  of 1  in e a ch  s i m p l e x  in s ( uji . 1

S u p p o s e  {1_^} is an i n f i n i t e  s e q u e n c e  in H'(u»1 '')), t h e r e  is

h e n c e  a c o r r e s p o n d i n g  s e q u e n c e  of v e c t o r s  {[8 ,q ] "*"} in E.
S ^ m  xn

S i n c e  E is a c l o s e d  and b o u n d e d  s u b s e t  of R ’ ~*xR 1  ’ **

t h e r e  e x i s t s  a s u b s e q u e n c e  { [ 8  ,n ] } e E,
P P3 3T * * t  J J

C 0 p «n .3 ---> [8 .n ] e E,
p 3 p 3

' as -]

F o r m  a p i e c e w i s e  l i n e a r ,  c o n t i n u o u s  f u n c t i o n  1 on Q, 

* * ( 1 ) - *

l . e .

a v i I I * i n
1 G C (Q), w i t h  8 as its v a l u e  at p o i n t s  in uj ( h a v in g 

th e sa me s t r u c t u r e  as the e l e m e n t s  of L ( uj1 ’ ̂  , s ( uj1 ’ ) ) ) .

By an o b v i o u s  e x t e n s i o n  of L e m m a  3.4, we  ha v e  , for a l l ] ,

h i  -i*n < if c8 ,n ] t - [ 8* , n * ] T nP . oo P P oo
3 3 3

S i n c e  the r i g h t  side t e n d s  to z e r o  as 3 — > «> (

*
1 . as 3

i 'G''Now, for any x g uj , by Assumption 3.1, t h e r e  e x i s t s  a K 

such  th at

|f (x, l (x ),V 1 (x ))- f (x , 1 *( x ),V l*(x )) [p X p X
3 3

< K ( | 1 ( x ) - 1 * ( x ) | + II V 1 ( x ) - V 1 * ( x
P X  p  X
3 3

< KII1 -1
p a

Thus, as 3

f ( x , 1 ( x ) , V 1  ( x ) )
P -J * P D

f (x ,1 * (  X ) ,V 1 * (  X ) ) ,X
for all x e uj . 

It f o l l o w s  that, for all x g u j 1 , 

f (x , 1 * ( x ) ,V 1 * ( x ) ) < 0,
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s i n c e  f o r  e v e r y  3 ,

Thus,

f ( x , 1 n (x ),V 1  (x )) < 0 , for all x e w 1 .
3 x p a

1* E 'flu)1 , 3 ) .

H e n c e  vf ( w 1 , 'J) is s e q u e n t i a l l y  c o m p a c t .

Q . E . D

S i n c e  the set of p i e c e w i s e  l i n e a r  c o n t i n u o u s  f u n c t i o n s

is d e n s e  in the set of c o n t i n u o u s  f u n c t i o n s ,  for e v e r y  1  > 0 ,

Y ( w 1 , ']) w i l l  be not e m p t y  for a f i n i t e  3 . (We a s s u m e  t h a t  Y,

/\ ( 1 )
as d e f i n e d  in D e f . 3 . 8  w i t h  the r e s t r i c t i o n  in C (Q), is not 

e m p t y . )  H e n c e  w e  ha v e  the f o l l o w i n g  o b v i o u s  t h e o r e m .

T h e o r e m  3.5:

The p r o b l e m  P ( w 1 ''1) in M a i n - a l g o r i t h m  2' is s o l v a b l e ,  

i.e., th e  m i n i m u m  is a c h i e v a b l e ,  for some f i n i t e  3 .

For M a i n - a l g o r i t h m  2 ‘ , we ha ve the f o l l o w i n g  re su lt.

T h e o r e m  3.6:

A ( 1 )S u p p o s e  Y , r e s t r i c t e d  in C (Q), is not empty, A s s u m p 

t i o n s  3.1 and 3.2 are s a t i s f i e d  and f° is c o n t i n u o u s .  Let 

{1 } be a s e q u e n c e  g e n e r a t e d  by M a 1 n - a l g o r 1 1 hm 2 ‘ . Then, if 

{ 1 1 } is finite, the l a s t  p o in t is an a p p r o x i m a t i o n  s o l u t i o n

to p r o b l e m  P2 w i t h  s a t i s f a c t o r y  p r e c i s i o n  6 : if { 1  > is m -
1

fi ni te , th en  any a c c u m u l a t i o n  p o i n t  of this s e q u e n c e  so lv es  

p r o b l e m  P 2.

P r o o f :



T h e  f i n i t e  c a s e  is t r i v i a l .

In -the i n f i n i t e  Case, let 1 b e an a c c u m u l a t i o n  p o i n t  of

}. For the sake of c o n v e n i e n c e ,  we a s s u m e

*
1 — > 1 , as i -- » «>.l

S i n c e  {1^} is i n f i n i t e ,  6 is a g i v e n  n u mb er , it is c l e a r  

that, a f t e r  a f i n i t e  n u m b e r  of i t e r a t i o n s ,  the  c o m p u t a t i o n  

d o e s  not e n t e r  S t ep  S ( o t h e r w i s e  the e x e c u t i o n  w i l l  stop b e 

c a u s e  of the d e c r e a s i n g  of d 1 ). H e n c e  we can a s s u m e  t h at  the

si ze  of s (ul)1 ) is l e s s  t h a t  6 for all i. F r o m  t h e  d i s c u s s i o n

*
e a r l i e r  a b o u t  p r o b l e m  P1, 1 e'F (see T h m . 3 . 2 ) .

For a f u n c t i o n  4> e H M uj1 ) , t h e r e  is a ^ ( d e p e n d i n g  on i)

su ch  t h at

f ° ( l  ) = m i n  {f ° (1) | 1 e Y ( w 1,:3)} < f°(v|>).

By c o n s t r u c t i o n ,  for all k > i, as l — > co ,

f ° ( l k ) « (i ;i 1 .

T h us  , f ° (1, ) k < f° (4j) ,, for all k > i

A l l o w i n g  k to tend to i n f i n i t y  y i e l d s

0 * 
f (1 ) < f° (4)) .

*
Hence, 1 is a s o l u t i o n  to p r o b l e m  P2.

Q . E . D .

A c t u a l l y ,  the s o l u t i o n  g e n e r a t e d  by M a i n - a l g o r i t h m  2' 
li es  m  the p i e c e w i s e  l i n e a r  c o n t i n u o u s  f u n c t i o n  class, w h i c h  

is a s u b s p a c e  of the p i e c e w i s e  c o n t i n u o u s l y  d i f f e r e n t i a b l e  

f u n c t i o n  space. This is d i f f e r e n t  f r o m  the s o l u t i o n  to p r o b 

l e m  P 2 , w h e r e  a c o n t i n u o u s l y  d i f f e r e n t i a b l e  f u n c t i o n  is r e 

q u i r e d .  D i s c u s s i o n  on the o p t i m a l i t y  of s o l u t i o n s  s u b ] e c t  to 

t h e s e  d i f f e r e n t  s p a c e s  is l e ft  to S e c t i o n  3.6.
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3 . 6  A s e q u e n c e  a p p r o x i m a t i o n  t h e o r y

As we s t at ed  e a r l i e r ,  the o r i g i n a l  p r o b l e m  P 2 1S to seek

an o p t i m a l  f u n c t i o n  in the s p a c e  of c o n t i n u o u s l y  d i f f e r e n t i 

a b l e  f u n c t i o n s .  But the p r o c e d u r e s  p r o p o s e d  in the a b o v e  

s e c t i o n s  are c a r r i e d  out in the cla s s of p i e c e w i s e  l i n e a r  

c o n t i n u o u s  f u n c t i o n s  w h i c h  d o e s  not i n c l u d e  the c l as s of c o n 

t i n u o u s l y  d i f f e r e n t i a b l e  f u n c t i o n s  nor v i ce  ve rs e. Can th e 

s o l u t i o n  o b t a i n e d  by M a i n - a l g o r i t h m  2* r e a l l y  s o l v e  the o r i 

g i n a l  p r o b l e m  P2? In th is  se ct io n, this q u e s t i o n  w i l l  be 

c o n s i d e r e d  in a b r o a d e r  s i t u a t i o n .

Ass u m p t i o n  3.3:

Let C be a c l o s e d  s u b s e t  of a B a n a c h  space, E is a s u b 

set of C, and {C^} is a f a m i l y  of s u b s e t s  in C s a t i s f y i n g

C c C i i+ 1 ' l 1,2,...

U C = C ; 
1 =  1 1 
A l s o ,{E }

E CE i , l 1+1

U E = E , 
1=1 1

w h  ere, for any

is a

l =

set

f a m i l y  of s u b s e t s  in E s a t i s f y i n g  

,  2 , .  .  .

S, S d e n o t e s  the c l o s u r e  of S.

D e f i n i t i o n  3.14:

Let E be a s u b s e t  of c , and let both E and C b e e l e m e n t  s

of a n o r m e d  sp ac e (c a l l e d the b a se  space). Let f :: E — > R be

a g l o b a l Lips c h i t z c o n t i n u o u  s f u n c t i o n a l  on E . A f u n c t i o n a l

f is c a ll ed  a L i p s c h i t z  B o u n d e d  E x t e n s i o n  F u n c t i o n a l  (LBEF) 

of f, if f is d e f i n e d  on C and t h e r e  e x i s t s  a p o s i t i v e  f i n i t e

K such  that



^ (<t>) = f ( $ ) , for all 4» in E,

If ( * 1 ) -f ( * 2 ) | < KII ♦ 1 - ♦ 2 II ,

for all 4> ̂ , 4> in C ,

w h e r e ,  II • II is the n o r m  in th e b a se  space.

N o w  we c o n s i d e r  the f o l l o w i n g  o p t i m i z a t i o n  pr ob le m.

P ( E ) : in f { f (4)) | i|) e E > .

D e f i n i t i o n  3.15:

*
For any f u n c t i o n a l  f: E -- » R, a f u n c t i o n  4> m  E is

c a l l e d  a s o l u t i o n  of p r o b l e m  P(E) if 

f ( ) = i n f { f (i|>) | 4> e E } .

D e f i n i t i o n  3.16:

Let f be a f u n c t i o n a l  on E, f: E — > R. { E > is a f a m i 

ly of s u b s e t s  in E and {e^} 1S a p o s i t i v e  s e q u e n c e  c o n v e r g i n g

*
to zero. A f u n c t i o n  e E is c a l l e d  a s o l u t i o n  of o p t i m i 

z a t i o n  p r o b l e m  P ( , e ) if it s a t i s f i e s  

f(4)1 ) < inf{f(4>) | 4) e E i > + e .

L em ma  3.5:

Let E be a s u b s e t  of a c l o s e d  s u bs et  in a B a n a c h  space,

* E i* a f a m i l V of s u b s e t s  of E s a t i s f y i n g  A s s u m p t i o n  3.3. Let 
* *

4> and i 4> } be s o l u t i o n s  for P(E) and P(E ,e ), r e s p e c t i v e l y .
l i

If the f u n c t i o n a l  f is c o n t i n u o u s ,  then 

* *
f ( 4> ) — > f ( 4> ) , as i — > °o ,

*
and any a c c u m u l a t i o n  p o i n t  in E of {4̂ } ,  if t h e r e  ex is ts,  

s o l v e s  P (E ) .
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P r o o f :

S i n c e  E ! i n c r e a s i n g l y  a p p r o a c h e s  ( A s s u m . 3 . 3 )  E, t h e r e

e x i s t s  a s e q u e n c e  { ^ i > such t h a t  4>̂  e , for e v e r y  i and

4>, *
4> . as 1

It is al so o b v i o u s  th a t  { i n f  { f ( )  | i|i e E } } is d e c r e a s i n g

*
m o n o t o n i c a l l y  w i t h  i and is b o u n d e d  b e l o w  by f (4> ).

Thus, f r o m

i n f f (4)) < f (4» ) .
4). e E 1l l

w e  h a v e

f (4> ) < l i m  (
l

i n f  f ( 4> ) )
4j .c E. 1 i i

< l i m  f (4) )
l

= f (4>* ) .

w h e r e ,  the l a s t  e q u a l i t y  c o m e s  f r o m  the c o n t i n u i t y  of f. 

H e n c e ,

l i m  ( inf f (4> ) ) = f (4)* ) .
i 4> e E 1

S i n c e  i i

f (4> ) ^ f (4* ) < in f f (4) ) + e
1 4> G E i i

l i

a l l o w i n g  i to te nd to i n f i n i t y  y i e l d s  

f ( 4>* ) < l i m  i n f ( f ( 4>* ) )
l

*
< l i m  s up ( f ( 4> • ) )

l

< l i m
i

inf f ( 4> ) + e )
4> e E 1 1l l

= f ( 4» * > .
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t h a t  is

f (il>*} f (ijj ) , as i

|J|*
Fi n a l l y ,  if t h e r e  e x i s t s  an a c c u m u l a t i o n  p o i n t  4> of {4> }

1

such that

as k

f r o m  the c o n t i n u i t y  of f, w e  ha ve  

f ( $  ) = li m  f ( )  .

It f o l l o w s  t h at

f(tt>) = f (4) ) ,

s i n c e

*
f (4>1 ) f (v|) ) , as l

Q . E . D

S u p p o s e  C, E, {C^}, { E } s a t i s f y  A s s u m p t i o n  3.3, f is a

c o n t i n u o u s  f u n c t i o n a l  on E and f is an LBEF of f on C. Let 
*

{4> } be a s e q u e n c e  of s o l u t i o n s  for p r o b l e m s  {P(C ,e )} and
1 i i

*
so lv es  P(E).

D e f i n i t i o n  3.17:

For e v e r y  <t> c c , the d i s t a n c e  b e t w e e n  <fr and E is de-l i  i i

f i n e d  by

d ° ( <t> , E ) = i n f { I H » - 4 > l l | i l ) C E } .1 1  1 ^ I t !

D e f i n i t i o n  3.18:

For e v e r y  C , d e f i n e

ri = sup d° ( ♦ , E ) .
* e-C 1 1l l

T h e n  t h e  f o l l o w i n g  t h e o r e m  is a v a i l a b l e .



T h e o r e m  3.7:

^ ! t e n d s  to ze ro  as i t e nd s to i n f i n i t y ,  then

f ( 9 ) ‘ > f (\|) ) , a s i — > <*>,

*
and, any a c c u m u l a t i o n  p o i n t  9 of {9 }, if it exis ts , 

p r o b l e m  P(E) in the s e ns e t h a t

f ( 9 ) = inf { f (4>) | 4> e E} .

P r o o f :

It is c l e a r  th at  f and f are c o n t i n u o u s .

*  *
A s s u m e  t h at  9 s o lv es  P(C) and {4>} s o l v e  { P ( E . ) } ,i i

i , l . e .

f (9* ) = i n f { f (9) | 9 e C > , 

f (vjj ̂ ) < inf{f(\p) | e E^} + e^,

w h e r e , { e } is l a s e q u e n c e  g i v e n  in Def . 3

By L e mm a 3 . 5 , we have

l i m
l

~ * 
f (9 )i

*

~ *
= f (9 ) , 

<*•
l i m f (4> ) = f (4» > •

For
l

e v e r y
*

9 t h e r e  e x i s t s  a 4> c E suchl l i th at
*

119l 2rv

w h er e,  q is as d e f i n e d  in D e f . 3 . 1 8 .  

Hence, f r o m  D e f i n i t i o n  3.14,

I f ( 9* ) -f (4) ) | < KII9*-4) IIl l l i

< 2 K V

L e t t i n g  l tend to i n f i n i t y  y i e l d s

f(9 ) = l i m f  (9 ) = limf(\|> )
l il l

> l i mf  (4>* ) = f ( 4>* ) > f ( 9 * ) .
l

Thus,

l i m f  (9 ) = f (4> )il

- 7 5 -
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Fi n a l l y ,  let { 41 j. be a s u b s e q u e n c e  of {4> } w h i c h  con-
k

v e r g e s  to a f u n c t i o n  

*
$ . — » $ , 

1 .

e C , 1  . e . ,

as k —

Then, f r o m  the c o n t i n u i t y  of f,

f ($) = l i m  f ($. )
k 1 k

= l i m  f (<t» . )

= f (4>* ) .

T h at  i s ,

f ( * ) = inf { f (4)) | 4> e E} .

Q . E . D .

ic
The t h e o r e m  shows the a c c u m u l a t i o n  p o i n t  $ of {<J> } , if

l

it ex is ts , r e a l l y  s o l v e s  p r o b l e m  P(E).

Fi n a l l y ,  we s t at e the f o l l o w i n g  o b v i o u s  c o r o l l a r y .  

C o r o l l a r y  3.1:

~  *

The s e q u e n c e  { f ( $ ) } is a m o n o t o m c a l l y  d e c r e a s i n g  s e 

q u e n c e  .

F r o m  t h e s e  r e s u l t s  and the p r o p e r t i e s  of f u n c t i o n  

c l a s s e s  we e m p l o y e d  in a l g o r i t h m s ,  we are ab le  to c o n c l u d e  

t h at  the s o l u t i o n s  g e n e r a t e d  by M a i n - a l g o r i t h m  2 do s o l v e

p r o b l e m  P2 in s e ns e of the s t a t e m e n t s  in Th m. 3. 7.



3 . 7  I n d e p e n d e n t  s i m p l e x  c o n s t r u c t i o n  s c h e m e

In the d e s i g n  of c o n t r o l  s y s t e m s  it m a y  be d e s i r a b l e  to

h a v e  a set of " r e g u l a r "  s i m p l i c e s  o v e r  the r e g i o n  of s t a t e

s p a c e  on w h i c h  the c o n t r o l  l a w  is d e f i n e d .  S u p p o s e  such a

co'h ic 2 3 1
1 , S , S , ...}, in w h i c h  S is a set of s i m p l i c e s

and S l+1 " c o n t a i n s "  S 1 m  s e n s e  that e v e r y  s i m p l e x  in S 1 is

the u n i o n  of some s i m p l e x ( e s )  in S 

.1+1

i+ 1 (C f . D e f .3.2.) For

li n s t a n c e ,  S m i g h t  be m a d e  by d i v i d i n g  ea ch s i m p l e x  in S 

i n t o  tt by the "d i v i d i n g - p o i n t " (Cf. D e f . 3.5). In such 

cases, M a i n -  a l g o r i t h m  1 and M a i n - a l g o r l t h m  2 are s t i l l  v a l i d  

w i t h  some s l i g h t  m o d i f i c a t i o n s .  The f o l l o w i n g  p r o t o - t y p e  a l 

g o r i t h m  is a m o d i f i e d  v e r s i o n  of M a i n - a l g o r i t h m  1 w i t h  Sub- 

a l g o r i t h m  1.1, w h i c h  s h ow s the n e c e s s a r y  a l t e r a t i o n s .

P r o b l e m :

Find a p i e c e w i s e  l i n e a r  c o n t i n u o u s  f u n c t i o n  1 d e f i n e d  on 

r e g i o n  Q such that

f ( x , l ( x ) , V  1 ( x )) < 0, for all x e Q ,x

w h e r e ,  the v a l u e  of V I  at p o i n t s  of d i s c o n t i n u i t y  is d e 

f i n e d  to be the l o c a l  a v e r a g e  value.

W i t h o u t  loss of g e n e r a l i t y ,  we s u p p o s e  Q is the u n i o n  of

1 1 1 S , w h e r e  S is a set of s i m p l i c e s , and d e n o t e  P as the set

of n o d a l  p o i n t s  in S 1 .

M a i n - a l g o r i t h m  3:



D a t a  : 6 > 0 ;

S t e p

S t e p

S t e p

S t ep

S t ep

Set ^k i. k 2 , ...} of p o s^j l 1 1  v e integers s a t i s f y i n g

k — > oo a s 1  — > 00;
1

1 2  1 2{S , S , ...} and {P , P , ...} as s p e c i f i e d  above.

: Set 1  = 1

: Find a p i e c e w i s e  l i n e a r  c o n t i n u o u s  f u n c t i o n  1

on U S 1 such t h at

f ( x , l  (x ) ,V 1. (x ) ) < 0, for all x e P 1 ,
1  x i

u s i n g  an i t e r a t i v e  a l g o r i t h m ;

If the i t e r a t i o n  n u m b e r  r e a c h e s  k and a s o l u t i o n
1

1 has not b e e n  found, stop the e x e c u t i o n ,  

set

1  = 1 + 1 ,

and go to the i t e r a t i v e  a l g o r i t h m  again; 

O t h e r w i s e ,  go to S t e p  2.

* 1 + 1: Find an x e P such that

* i+1x = a r g m a x { f ( x , l  (x ),V 1 (x )) I x 6 P };
1 x 1  1

C o m p u t e  d 1 -- the of S 1

(Cf. M a i n - a l g o r i t h m  2 or 2').

: If f (x ,1 (x ),V 1 (x )) < 0, go to St ep  4 ;
1 x i  K

Else, set 1  = 1 + 1 , and go to S t ep  1 .

: If d 1 < 6, stop;

Else, set 1 = 1 + 1 , and go to Step 1.
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M a i n - a l g o r i t h m  3 is, in fact, a s p e c i a l  ca se  of M a i n -  

a l g o r i t h m  1 t o g e t h e r  w i t h  S u b - a l g o r i t h m  1.1 and S u b - a l g o r i t h m  

1.2. Thus T h e o r e m  3.4 r e m a i n s  valid, i.e., any a c c u m u l a t i o n  

p o i n t  of an i n f i n i t e  s e q u e n c e  g e n e r a t e d  by the a l g o r i t h m  w i l l  

be f e a s i b l e .

M a i n - a l g o r i t h m 3 is l i n k e d  m o r e  c l o s e l y  to the c o n v e n 

t i o n a l  f i n i t e  e l e m e n t  m e t h o d .  The " d i s t a n c e "  b e t w e e n  the 

f u n c t i o n s  c o n s t r u c t e d  by th is a l g o r i t h m  and the f e a s i b l e  set

for P1 is m o r e  l i k e l y  to t e nd  to zero.



3 . 8  C o n s t r a i n t  c o n s t r u c t i o n  s c h e m e

A l g o r i t h m s  p r o p o s e d  in S e c . 3.2, S e c . 3.4 and S e c . 3.7 are 

of the o u t e r  a p p r o x i m a t i o n  type. The d r a w b a c k  of such a l g o 

r i t h m s  is t h a t  the n u m b e r  of c o n s t r a i n t s  w i l l  g r o w  q u i c k l y  

w i t h  i t e r a t i o n  n u m b e r  l . H e n c e  some c o n s t r a i n t  d r o p p i n g  

s c h e m e  has to be c o n s i d e r e d .

We s t at e it w i t h  th e f e a s i b i l i t y  p r o b l e m  P 1 . T h a t  is

P 1: Find a p i e c e w i s e  c o n t i n u o u s  d i f f e r e n t i a b l e  f u n c t i o n  4> on

Q , w h e r e  R c R n , su ch  t h at

f ( x , < M x ) , V  <t>( x ) ) < 0, -for all x e Q .

D e f i n i t i o n  3.19:

D e f i n e  a f u n c t i o n a l  f : L(Q) — > R by 

f (<t> ) = m a x { f ( x , <M x ) , V ♦( x ) ) I x £ Q}.A

To s p e c i f y  the d e p e n d e n c e  of f on the m a x i m a l  p o i n t  in 

Q, it can also be d e n o t e d  as

w h e r e ,

f . (x * ) = f (♦ ) ,<p

x* £ { a r g m a x { f ( x , <M x ) 1V ^ < M x ) )  | x £ R}.

The c o n s t r a i n t  for p r o b l e m  P1 is n o w  in the f o l l o w i n g

f o r m :

The

f ^ (x* ) < 0 .

f o l l o w i n g  c o n s t r a i n t  c o n s t r u c t i o n  s c h e m e  can be pro-

posed.
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C o n s t r a i n t c o n s t r u c t i o n  s c h e m e :

K and a p o s i t i v
(1) G i v e n  a p o s i t i v e  c o n s t a n t  

s e q u e n c e  w i t h  e jL — > °- as 1 *

(2) At I t e r a t i o n  i w i t h  f u n c t i o n  c o m p u t e

x t « { a r g m a x  t f <x .♦x t*) ,V t<x )) I * E Q } ) '

d e c r e a  sing

(3 ) D e f i n e k m 1 U { x 1 } ;

i + 1 _ o  _ o .C o n s t r u c t  w i i

w h e r e ,

a = {x-1 e 5 i I %  < K ( V e i ’ '

= 0,1 , 1>

A p a r t  f r o m  the s p e c i f i e d  r e s t r i c t i o n  in (3). 

s t r u c t i o n  of the d i s c r e t e  s u b s e t  «.x is a r b i t r a r y

t h .t O t h e r  p o i n t s  x l y i n g  m  «. not s p e c i f i c a i i y  c o v e r e d  by

tne sche me,  can be a d d e d  to the set u,1 .

T H I S  p r o c e d u r e  ca n be e m p l o y e d  in S t e p  6 of M . i n -

a l g o n t h m  Th e f o l l o w i n g  t h e o r e m  shows t h a t  T h m . 3.3 s t il l

r e m a i n s  v a l i d  w h e n  M a i n  - a l g o r i t h m  , and S u b - a l g o r  1 th m , • 1 « •  

c a r r i e d  out u s i n g  the a b o v e  c o n s t r a i n t  c o n s t r u c t i o n  scheme.

T h e o r e m  3.8:

For p r o b l e m  PI. s u p p o s e  T is not empty, f s a t i s f i e s  As-

t 3 ! and f u n c t i o n a l  f d e f i n e d  in D e f . 3 . 1 9  is con-
sum p t i o n  3.1 anu

e {1 j be g e n e r a t e d  by M a i n - a  I g o r i t h m  1 
t i n u o u s .  Let s e q u e n c e  Il^J D 9

i 1 t o g e t h e r  w i t h  the a b o v e  c o n s t r a i n t  con
S u b - a l g o r i t h m  1-1 t o g e t n e r



i q f i n i t e , the last  
_ T h e n  if th e s e q u e n c e  is f i n n

s t r u c t i o n  schene. Then. t h e n  any a c c u-

point lies in T ; if the sequence is 

m u l a t i o n  point is in Y .

Proo f:

The finite case is trivial.

-te c a s e  for sake of s i m p l i c i t y .  s u p p o s e  
In the i n f i n i t e  cas ,

that

1. — > 1 , as i
i

( 1 ) If t h e r e  is a

c a r d i n a l i t y  s u c h  th a t

set J c { 0 . 1 . . - - 1  ° f i n f i n i t e

for all j m  J.f (i ) < Ks ■
3

_ >  0 as l — > - and f 15 c o n t i n u O U S
th en sin c e

f (1*) = lim f ( *  * 0

H e n c e  1 e ̂ •

(2) If f ( l i ) < Ke^,
s u bs et  I of {0. 1

. .  .  } ,

t h e n , t h e r e

i t e r a t i o n s

for on ly a f i n i t e

e x i s t s  a n  N .  > 0 such th at a f t e r  N Q

( x ^ , l 1 <x3 > . ' V 1
( x 3 ) ) < 0 • f o r

all N Q < 3 < 1

a n d

1 ---» 1i

* for i >

< 0 can be e s t a b l i s h e d  as m the p r oo f

of T h e o r e m  3.2.
Q . E . D .

I n  c a
s e  t h a t  t h e  m a x i m i z a t i o n  s t e p  i n

M  a i n - a 1  g o r 1 1  h m



. i  v m  e.. a l g o r i t h m s  l i k e  Sub- 
1S o b t a i n e d  a p p r o x i m a t e l y

. t , s e a sy  to p r ov e t h a t  the con 
a l g o r i t h m  1.2 are u s e d ) . it is e a sy

c - Mi i can be e m p l o y e d  p r o v i d e d  
s t r a i n t  c o n s t r u c t i o n  s c h e m e  s t i l l  can

If (1 ) - f U  > li i  1
0 .

as i

at i th i t e r a t i o n  w i t h
where, the a p p r o x i m a t i o n  m a x i m u m  val

function l x is denoted as W 'ion J- j- —  jl j-
1 f.d that with this cons t r a i n t  dropping

It should be noted that
the set of Simplices s l w 1 ) no longer 

scheme in operation, the
~ , 3 \ for < i. H e n c e  r e l a t i v e  ste ps

n e c e s s a r i l y  c o n t a i n s  s(w >•

.h i w i l l  have small changes. This mig
in M a i n - a l g o r i t h m  1 w l 1 1

cause poor perfo r m a n c e  i n c o n v e n i e n c e  in computation.

This kind of const r a i n t  cons t r u c t i o n  scheme can be used

fo r p r o b l e m  P2 in a l g o r i t h m s  p r o p o s e d  in S e t . 3., or the algo -

_ — i oc c tho ssrn©
r i thm in S e c . 3.7. The situations are more

since the scheme retains the feasi b i l i t y  of solutions.



3 . 9 R e d u c t i o n  of v a r i a b l e s

o-f-pi r l e n c v  of a l g o r i t h m s  pro- 
In o r d e r  to i m p r o v e  the e f f i c i e  y

i. l. ”  •” “ l ”

, U  «  —  « " *

—  i . s t a n c e . in , «  « » « "  °<

a* «» • * • • « » • “  ” ” '” 1 " "  “

, f i n l t e - C l t e n s l o n a i  « . i . »  . « » •  » * "

considerataly ,.«« = .«• ^ P . —  '»• “ “  ”

. bv a vector 8. i.e., u=r(x;8). 8e0. The prob-
p a r a m e t e r i z e d  by a v e c t o r

q * in 0 such that t h e r e  e x i s t s  a 
lem now is to choose a 8 in 0

Lyap u n o v  function V satisfying (cf. S e c . 2.1)

, . , n* n  < 0 for all x f Q , x*0V x ( f ( x ) + g ( x ) r ( x ; 9  > > < u •
ic

V ( f ( 0 ) + g ( 0 ) r ^ ° ‘«e " 0 ’v/
i t e r a t i o n  of p r o c e d u r e ,  a p o s i t i v e  p i e c e w i s e  

He nc e, at e v e r y  i t e r a t i o n  or m
n  __ i_ j -  u ,  ^  +■

l i n e a r  c o n t i n u o u s  f u n c t i o n  1 1 of x, 1̂ -
r such t h at

mi n  ma x  
9 e 0 xtui

(V 1 (x ) I f ( x ) + g ( x ) r ( x ; 0 ) ) ) <
x i

where, w 1 is the nodal set at iteration 1. must be found.

suppose n is the number of points in u,1 . then the 

number of variables in itera t i o n  is reduced from Zn, to

n i + P , w h ere p is the dime n s i o n  of vector 8. Efficiency can be

i n c r e a s e d  c o n s i d e r a b l y -



C H A P T E R  F O U R A N  E X A M P L E

4.1 C o n t r o l  s y s t e m  e q u a t i o n s  and d e s i g n  o b j e c t i v e

In this ch a p t e r ,  we w i l l  c o n s i d e r  a d e s i g n  e x a m p l e  for a

2 - d i m e n s i o n a l  s i n g l e - i n p u t  and 

We are g i v e n  a n o n - l i n e a r

f v
—

s i n x 2 - /’C O S  X  '

+
. *  2 ' ■ o . l 1

w h e r e ,  u is th e co n t r o l .

The d e s i g n  o b j e c t i v e  he re 

l a w  u =  y (x ,x2 ) su ch  t h a t  the 

s t a b l e  at the o r i g i n  in s e ns e 

w h e r e

s i n g l e - o u t p u t  c o n t r o l  sy st em,  

c o n t r o l  s y s t e m  E 1 as f o l l o w s :

u , (4.1)

is to find a f e e d b a c k  c o n t r o l  

c l o s e d - l o o p  s y s t e m  E 2 b e l o w  is 

of L y a p u n o v  o v e r  r e g i o n  Q,

2 .

•N sinx 2 '
= +

o J

Y (x 1 ,x2 ) c o s x 1 

•rlx, ,x2 )
(4.2)

and

s - ir / 2 < x i < TT / 2 ‘ „ 2C R
_ - TT / £ < X <

First, let us c h e c k  the p r o p e r t i e s  of s y s t e m  E ^  F o l 

l o w i n g  the n o t a t i o n s  used in Cha p I and ChapII, th e  n o n - l i n e a r  

s y s t e m  e q u a t i o n  is

x = f ( x ) + g ( x ) u

Th e v e c t o r  f i el ds  f and g are, r e s p e c t i v e l y ,



f (x) (4.3)

sinx *. 
2

0

g ( x )
co sx  ̂ '

1

(4.4)

Thus,

-Cf,g] = O g / 3 x ) f  - ( d f / 8 x ) g

- - sinx O' ' s i n x 2 ’ ' 0 c o s x 2‘ ' C O S X ^

0 0 0 0 0 1l r - r*

' - s i n x ^ s i n x ^  - c o s x ^ ' 

0

Th e c o n t r o l l a b i l i t y  m a t r i x  is

/ c o s x
( 9 . C f i gl] =

1 - 3 1 0 x ^ 1 0 X 2 - c o s x 2

1

w h i c h  is n o n - s i n g u l a r  in R. Also, {g} is, t r i v i a l l y ,  inv o - 

l u t i v e .

Hence, f r o m  Th m . 1 . 1  in S e c . 1.3, Z ̂ is e q u i v a l e n t  to a 

l i n e a r  c o n t r o l l a b l e  s y s t e m  in i n t e g r a t o r  form. Thus, t h e r e  

do e x i s t  f e e d b a c k  c o n t r o l  laws such th at  the s y s t e m  E 2 is 

s t a b l e  at the o r i g i n  in s e ns e of L y a p u n o v  over R. This e s 

t a b l i s h e s  the e x i s t e n c e  of the f u n c t i o n  y and V such that  

the c l o s e d  l o o p  s y s t e m  is s t a b l e  and V is a L y a p u n o v  f u n c 

tion.

In the l i g h t  of the d e s i g n  p h i l o s o p h y  d e m o n s t r a t e d  in

S e c .2 . 1 , two s c a l a r  f u n c t i o n s ,  y and V, d e f i n e d  on R, w i l l



be c o n s t r u c t e d  d i r e c t l y .  S a t i s f a c t i o n  of the f o l l o w i n g  con 

s t r a i n t s  on y and V e n s u r e s  the c l o s e d  l o o p  s y s t e m  stable.

V ( x . x 2 ) > o ( 4 .5 )

v .
X

* s m x + t (x 1 ,x 2 )c o sx  '
< 0 , ( 4 . 6 )

. T (x 1 ,x 2 )

1 for all ( x 1 ,x2 )eQ, (x ,x2 )ifc0

V ( 0 , 0 ) = 0 .

V *Y ( 0 , 0 ) = 0

The c o n t r o l l e r  s h o u l d  be d e s i g n e d  to s a t i s f y  bo t h  sta 

b i l i t y  and p e r f o r m a n c e  c o n s t r a i n t s .  In the i n t e r e s t  of si m 

p l i c i t y  we i g n o r e  p e r f o r m a n c e  c o n s t r a i n t s .



4 . 2  C o m p u t a t i o n  p r o c e d u r e

We p r o p o s e  to use a c o m p u t a t i o n  m e t h o d  to o b t a i n  the 

f u n c t i o n s  V and -y d e f i n e d  on Q. We sta rt  w i t h  a l a r g e r  r e g i o n

d e f i n e d  b y :

r -  TT / 2 

. -IT <
Q =

< X 1 < tt/2 •

x 2 < *

c R 2

and s a t i s f y i n g

Q c Q .

In fact, the r e g i o n  Q s h o u l d  be as l a r g e  as p o s s i b l e ,  

p r o v i d e d  t h at  the e x i s t e n c e  of V and on Q is g u a r a n t e e d ;  a 

l a r g e r  r e g i o n  f a c i l i t a t e s  the d e t e r m i n a t i o n  of a l e v e l  c o n 

t o u r  of L y a p u n o v  f u n c t i o n  V w h i c h  e n c l o s e s  Q.

F o l l o w i n g  t h e a p p r o a c h  p r o p o s e d  in C h a p . I l l ,  sets of 

s i m p l i c e s  and p i e c e w i s e  l i ne ar , c o n t i n u o u s  f u n c t i o n s  o v er  

t h e s e  s i m p l i c e s  w i l l  be c o n s t r u c t e d  on Q.

S u p p o s e the v e r t i c e s  of a s i m p l e x  are p 1 2
. P

. 3 and p and

t h a t  the o r i g i n  do es not l i e in this s i m p l e x . The r
co Oyfi m a t e s

of v e r t i c e s are, r e s p e c t i v e l y ,  £ p ̂ 1 ,P 12 ) • (p 21 .P 22 ) . a nd

( P 3 1 'p 3 2 ] ' Al so , the v a l u e s  of the f u n c t i o n V on t h e s e ver -

t i c e s  are y 1 , l = 1,2,3, c o r r e s p o n d i n g l y . T h en  , f r o m the

f o r m u l a ,

V (x 1 ,x 2 ) a + b 
1 1

2 )

w h e r e ,  a ̂ is a sca lar, b 1 is a 2 - d i m  vect or , b^ = (b 1  ̂,b 1 )T

it f o l l o w s  t h a t :



= a T f P i  1

l 2

2 1 _ .T , 2 1 . y - y  = b 1 (p -p )

3 1 _ . T 3 1 . y - y  = b (p -p )

l = 1,2,3,

w h e r e ,

2 1 p 2 r P 1 I'l ■ ’
p - p =

. P 22 .

C
M

a

2 1 K 1 1 

P o o - P , o

3 1 f p3 r •p u - iP3 1 " P 1 1 'P -  P =
LP32 ,P 1 2 l P3 2 ~ P 1 2 >

So ,

. T ,2 1 3 1 > r 2 1 3 1.-1
b 1 = c y - y  .y - y  - p .p - p ]

is the s l op e of f u n c t i o n  V on this si m p l e x .

S i n c e  any p o i n t  p = ( x 1 .x^)^ in the s i m p l e x  can be

p r e s s e d  as

P = P

1 2

2 1 x , 3 1
P "P ) + cc2 ( p - P

, 1 2 3) p + a iP + a 2 P

w h e r e ,

0 < a i •a 2 < 1 ,

a 1 a 2 < 1 ,

the value of V a t p is

V ( x 1 'X 2 ) = ( 1 -a

It is o b v i o u s  that V (x^,x ^) w i l l  r e m a i n  p o s i t i v e  

1 2  3, y , y are p o s i t i v e .

S i m i l a r l y ,  s u p p o s e  the v a l u e s  of f u n c t i o n

1 2 3 1 2 3
P . P , p a re z , z , z

( x x ) = 3 2 + b

'*X 2

wh ere,

- 8 9 -

ex -

if

a t



b 2 C b 2 1 ’b 2 2 ]

on this si m p l e x .  Thus,

. T r 2 1 3 1 , r 2 1 3 1.-1b 2 = Cz -z ,z -z ][p -p ,p -p ]

and the v a l u e  of f at p o i n t  p = [ x ^ , x 2 ]T in this s i m p l e x  is

1 2 3(x . x ) = (1-a -a )z + o^z + a 2z ,

if

1 . 2 1 .  . 3 1 .p = p  + a (p -p ) + a (p -p ) ,

w h e r e ,  and a 2 are r e s t r i c t e d  as above.

1 2 3Thus, the  c o n s t r a i n t s  (4.5) and (4.6) for p , p , p 

w i t h  r e g a r d  to th is  s i m p l e x  are:

/■ y 1 > 0

y 2 > 0

. y 3 > 0

(s i n p 12
1 1

0b 1 1 + z c o s p  ) + b z 1 2
<

2 2
b 1 1 (s i n p 22 + z c o s p 2 )

+ b 1 2 Z < 0

( s i n p 32 3 3
b 1 1 + z c o s p 3 ) + b z 

1 2
< 0

w h e r e ,

h -  , 2 1 . , 3 1 .
b i 1 =  q 1 1 ( y - y  ) + q 2 1 ( y  _ y  ]

. , 2 1 . , 3 1 .
b 12  = q i 2 (y " y ] + q 2 2 y “ y }

cr CM

cr

' P 2 1 “ P 1 1 P  3 1 ~ P  1 1

/-
--
-

n

q 2 2 . . P  2 2 ~ P  1 2 P 3 2 " P 1 2  ,
j

For an a r b i t r a r y  poi n t p = [ x 1 f x ] in this s i m p le x,  w h e n

1 2 1 3 1
P = P  + a 1 ( p - p ) + a 2 ( p - p ) ,

the f o l l o w i n g  i n e q u a l i t y  s h o u l d  be s a t i s f i e d ,  

b 1 1 (s i n x 2 + yc o s x ^ )  + b i22 < 0 '

w h e r e  ,

1 n -“ r a 2 ) p i r a iP 2 1 + a 2 P 31
- ( 1 - a -ex „ ) P . + cx .p „ „ + a „ p2 1 2 H 1 2 1H 2 2 2 M 3 2

- 9 0 _



y = ( 1 -a
1

. 1 
-<*2 ) y + a l y 2 3

+ a 2 y •

■ ( 1 -“ i
1 2 3z i p ro N + QC1 2 + a z . 

2

V a r y i n g
' W

in th e d o m a i n { ( a 1 ,a 2 ) | 0 < a 1 ,0 < a 2

a i+ a 2 * g i v e s  d i f f e r e n t  p o i n t s  m  the s i m p le x.  In the 

p r e s e n t  e x a m p l e ,  the f o l l o w i n g  r u l e . i s  set for (cx^.o^), (in 

S t e p  4 of M a m - a l g o r i t h m  1),

a 1 = i / 1 0 , i  = 0 , . . . , 1 0 ;

a 2 = 0 / 1 0 ,

oIIn

. , 1 0 - i

In a net of s i m p l i c e s  a n o d a l  p o i n t  s h o u l d  s a t i s f y  th e 

c o n s t r a i n t s  i n v o l v e d  w i t h  al l  a d j a c e n t  s i m p l i c e s .

The s y s t e m  E 1 is l i n e a r i z e d  at the o r i g i n  y i e l d i n g  the 

l i n e a r i z e d  s y s t e m  E^ :

/ x . i x m ' 1 -1 2
— +

^ 2 > . 0 J . 1-

or, in v e c t o r  form,

E ̂  : x = Ax + bu,

w h e r e ,

x

A

b

[ X x _ ]1 2

f 0 1

L 0 0

, T
[ 1 ■ 1 ]

T

Th e p a r a m e t e r i z a t i o n  of the f e e d b a c k  c o n t r o l  l a w  is c h o s e n  

to be :

u = k x = C k l , k ]
f x

1*2

- 9 1 -



T h u s ,

x _ Ax . , T+ bk x

k k „ + 1 'j1 2

k 1 k 2 -

= Ax .

Th e s e l e c t i o n  of k ̂ = -5, k^ = 

s i n c e  then

A =
-5 2 *

-5 1 ,

1 m a k e s  A a s t a b l e

and has e i g e n v a l u e s  --2 + 1  and — 2 - 1  .

Let Q be a p o s i t i v e  d e f i n i t e  m a tr ix , say,

Q =
4 0 0

0 40

S o l v i n g  the f o l l o w i n g  m a t r i x  L y a p u n o v  e q u a t i o n  

A T P + PA = -Q

y i e l d s  the p o s i t i v e  d e f i n i t e  m a t r i x  P,

31 -27 ^
P =

' -27 34

Thus, a s u i t a b l e  L y a p u n o v  f u n c t i o n  for s y s t e m

ch o sen as

V. ( 1 / 2 ) x T Px ,

s i n c e

V L = ( 1 / 2 ) x T (A T P + P A )x

= - ( 1 / 2 ) x T Q x 

2 2= - 2 Q ( x 1 + x 2 )

- 9 2 -

m a t r i x ,

m i g h t  be



< 0 f o r  a l l  x ^ 0.

Then, an a t t r a c t i v e  r e g i o n  a r o u n d  the o r i g in , w i t h  r e 

ga r d  to this L y a p u n o v  f u n c t i o n  V L and the f e e d b a c k  c o n t r o l

l a w  u = - S x^ +x ^,  is o b t a i n e d  via c o m p u t a t i o n .  M e a n w h i l e ,  the 

v a l u e s  of and this u ( x ^ ,x ) s e rv e as i n i t i a l  v a l u e s  in Q 

and the c o m p u t a t i o n s  w h i c h  w e r e  d e s c r i b e d  in the l a s t  c h a p t e r  

are then  c a r r i e d  out. The  r e s u l t s  are g i v e n  in the n e xt  s e c 

ti on .

As the c o m p u t a t i o n  p r o c e e d s ,  the n u m b e r  of v a r i a b l e s  and 

the n u m b e r  of c o n s t r a i n t s  i n c r e a s e s .  In this e x a m p l e  the r e 

g i on  Q is d e c o m p o s e d  in t o  s e v e r a l  r e g i o n s  in o r d e r  to m a k e  

b e t t e r  use of the c o m p u t e r  f a c i l i t y  a v a i l a b l e  and c o m p u t a t i o n  

is c a r r i e d  out s e p a r a t e l y  in e a c h  re gi on.  Of co ur se,  the 

v a l u e s  of v a r i a b l e s  a l on g s h a r e d  b o u n d a r i e s  s h o u l d  agree.

93



4 . 3  C o m p u t a t i o n  r e s u l t s  a n d  s i m u l a t i o n s

The s i m p l i c e s  c o n s t r u c t e d  are in F i g u r e  3. The

c o r r e s p o n d i n g  d a t a  are as fo l l o w s .

C o o r d i n a t e s  L y a p u n o v  f u n c t i o n  C o n t r o l l e r  f u n c t i o n

( In the f i r s t q u a d r a n t )

P 1 ( 0 , 0 ) 0 . 0 .

P 2 (1.571, 0 ) 3 .0 5 2 e+ 1 2.3 7 2 e - 4

P 3 (1.571, .544 7 ) 3 . 5 5 0 9 6 4 e + 1 - 1.1 49 1 3 5 e + 1

P 4 (1.571, .8978 ) 4 . 2 0 0 9 4 7 e + 1 - 1 . 5 5 4 8 7 3 e + 1

P 5 (1.571, 1 .270 ) 4 . 7 2 0 8 8 2 e  + 1 - 1 .809 1 6 3 e + 1

P 6 (1.571, 1.571) 5 . 73 4 5 5 8 e + 1 - 1 .23 570 1

P 7 (1.571, 3.142) 8 . 8 2 4 8 7 5 e + 1 -6.1 8 4 6 2 9 e + 1

P 8 ( 0 , 3.142 ) 6 . 1 0 6 7 5 0 e + 1 - 1 .23 689 1 e+2

P 9 ( 0 . 1.571) 3 . 0 5 3 3 7 5 e + 1 -6. 1 8 4 4 5 5 e +1

P 1 0 ( . 7855, . 7855 ) 2 . 96 1 96 1 e + 1 - 0 . 9 5 0 3 1 4 5

P 1 1 (1.449, 1 .3 84) 4 . 4 3 6 3 0 9 e + 1 - 1 . 8 2 9 0 5 6 e + 1

P 1 2 (1.275, 1 . 270) 4 . 63 2 62 1 e + 1 - 1 . 1 3 0028

( I n the s e c o n d q u a d r a n t )

P 1 3 (-1.571, 3.142) 8.7 4 1 5 9 0 e + 1 - 2.4 2 7 1 5 7 e + 2

P 1 4 (-1.571, 1.571) 5 . 6 6 9 0 6 3 e + 1 - 1 . 8 1 079 4e + 2

P 1 5 (-1.571, . 3 886 ) 1 . 7 1 9 1 93e+ 1 - 6 . 09 6947

P 1 6 (-1.571, .0849 ) 0 . 7 7 3 7 2 5 2 - 8 . 24 204 6e + 3

P 1 7 ( - 1 .57 1 , 0 ) 4 .57 4 e - 2 -4.84 6e + 3

P 1 8 (-1.020, .1143) 9 . 9 2 8 853 e - 1 -7 . 7 7 6 3 6 6 e + 3



(In t h e  t h i r d  q u a d r a n t )

P 1 9 ( - 1 . 57 1 , -.1020) 9 . 1 5 0 4 9 8 e - 3 -1.0 1 63 03e + 3

P 2 0 ( - 1 .57 1 , -.1 029) 9.7 04 1 1 e-3 - 1 .0 8 5 6 0 e + 3

P 2 1 (-1 .57 1 , -.10 88) 9 . 6 1 7 0 3 e - 3 5 . 7 3 2 0 0

P 2 2 ( - 1 . 57 1 , -.16 17) 0 . 3 4 9 3 3 9 e - 1 8 . 5 8 7 7  1 5 e + 2

P 2 3 (-1 .57 1 , -1.57 1) 7.29  1 9 2 6 e - 2 9 . 3 6 6 0 5 3 e + 2

P 2 4 ( - 1 .57 1 , - 3 . 1 4 2 ) 1 . 7 6 6 5 2 7 e + 5 8 . 9 3 4 1 3 7 e + 2

P 2 5 ( 0 . —  3 . 14 2) 5 . 2 2 7 2 2 0 e + 2 2. 2 0 7 2 1 1

P 2 6 ( 0 . - 1 .57 1 ) 2 . 6 1 3 6 1 0e+2 1 . 1 0 3 6 0 5 5

P 2 7 ( - 1 .3 09 , -.11 90) 2 . 8 7 4 4 6 e - 2 - 1.1 0 5 3 5 e - 2

In the f o u r t h  q u a d r a n t )

P 2 8 ( 1 .57 1, -3. 142) 5 . 1 5 3 7 7 7 e + 2 4.5 9 4 6 5 0 e + 1

P 2 9 ( 1 .57 1 , -1.571) 2 . 5 4 5 7 9 4 e + 2 4 . 4 6 5 0 6 3 e + 1

Some s i m u l a t i o n s  are s h o w n  in F i g u r e  4. F i g u r e  5 is the

o v e r l a p p e d  d i a g r a m .
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Figure 5: The simulation results.



C H A P T E R  F I V E M A T H E M A T I C A L  P R O G R A M M I N G  P R O B L E M  W I T H

I N F I N I T E  F U N C T I O N  C O N S T R A I N T S  IN THE 

T I ME  D O M A I N

5. 1 The i n t r o d u c t i o n

In this c h a p t e r  w e  c o n s i d e r  a d i f f e r e n t  m a t h e m a t i c a l  

p r o g r a m m i n g  pr o b l e m .  In this p r o b l e m  the d e s i g n  v a r i a b l e s  

a r e  f i n i t e  in nu mb er , but the c o n s t r a i n t s  m u s t  be s a t i s f i e d  

fo r e v e r y  f u n c t i o n  i n - a s p e c i f i e d  cla ss and e v e r y  time in a 

s p e c i f i e d  i n t e r v a l .  O n l y  the f e a s i b i l i t y  p r o b l e m  w i l l  be 

d i s c u s s e d .  The a b s t r a c t  p r o b l e m  f o r m  is as f o l l o w s .

P3:

G i v e n  a s u b s e t  0 of R r , find a 8t0 such th a t  the f o l l o w 

in g i n e q u a l i t y  holds:

f (t ,u (t );8) < 0,

for all u f U, all t£ T ,

w h e r e ,  U is a set of f u n c t i o n s ,

A
T ~ L 0 .t ] is a t i me  i n t e r v a l ,  

f is a f u n c t i o n  of t, u and 8.

We w i l l  c o n s i d e r  a p r o b l e m  of c o n t r o l  s y s t e m  d e s i g n

w h i c h  can be f o r m u l a t e d  as P3. In the next s e c t i o n  the

d e s i g n  p r o b l e m  w i l l  be i n t r o d u c e d  and a p r o t o t y p e  a l g o r i t h m

w i l l  be p r o p o s e d .  This a l g o r i t h m  r e v e a l s  the b a s i c  idea of

o u r  a p p r o a c h .  The a n a l y s i s  is r e l a t i v e l y  easy b e c a u s e  the

p r o t o t y p e  a l g o r i t h m  is simple. The d e s i g n  p r o b l e m  w i l l  be

s p e c i f i e d  in m o r e  d e t a i l e d  in S e c . 5.3. A d e t a i l e d  a l g o r i t h m
—  96 —



w i l l  be d e s c r i b e d  a n d  a n a l y s e d .  S e c . 5.4 w i l l  i n t r o d u c e  t w o

p o s s i b l e  a p p r o a c h e s  t o w a r d s  the g l o b a l  m a x i m i z a t i o n  p r o b l e m  

in the m a i n - a l g o r i t h m  p r o p o s e d  in S e c . 5.3. In S e c . 5.5 a c o n 

s t r a i n t  d r o p p i n g  s c h e m e  w i l l  be d i s c u s s e d .

Fo r the sa ke of c o n v e n i e n c e  on ly  the s i n g l e  i n p u t / s i n g l e

o u t p u t  ca se  w i l l  be d i s c u s s e d  in this ch a p t e r .



5 . 2  A p r o t o t y p e  a l g o r i t h m

In this s e c t i o n  we w i l l  p r o p o s e  a p r o t o t y p e  a l g o r i t h m  

for a c o n t r o l  s y s t e m  d e s i g n  p r o b l e m .

The c o n t i n u o u s  s y s t e m  1(8), 8 e 0 c 1S cjefinecj by

E (8) f * ( t ) = f ( x ( t ) . u ( t ) ; 8 )

l y ( t )  = h( x ( t ) )  teT .

T h e r e are two c l a s s e s  of f u n c t i o n s : C and C 2 ' C is

the cl as s of a d m i s s i b l e  i n p u t  f u n c t i o n s and C 2 1  s the c l a s s

of d e s i r e d  o u t p u t  f u n c t i o n s .

The c o n t r o l  s y s t e m  d e s i g n  p r o b l e m  r e q u i r e s  the d e t e r m i 

n a t i o n  of a 8 in the d e s i g n  p a r a m e t e r  set 0 such that for any 

f u n c t i o n  u in C the c o r r e s p o n d i n g  o u t p u t  f u n c t i o n  y a l w a y s  

li es  in C^.

S u p p o s e  th at w h e n  8 e 0 and an i n p u t  f u n c t i o n  u ’e C 1 is 

g i v e n  we can s o l v e  L(8) and o b t a i n  the o u t p u t  f u n c t i o n  y. 

Th us we can w r i t e

y(t) = y ( t ; u, 8), 

or, s i m p l y ,

y = y ( u , 8 ) ,

if no a m b i g u i t y  ar ise s.

The p r o b l e m  is n o w  in the form:

P3: Find a 8? 0, such th at

y (u , 8 )e , for all ufC

F u r t h e r m o r e ,  some r e a l - v a l u e d  f u n c t i o n a l  £(y) of y can 

u s u a l l y  be d e f i n e d  to d e c i d e  w h e t h e r  y lies in or not.

For i n s t a n c e ,  w h e n  is g i v e n  by



C A
2 = { y IS c o n t i n u o u s  | y 1 (t )< y (t )<y (t ) , a.e. t £ T},

w e  can d e f i n e  a n o n - n e g a t i v e  E by

A ' t 1
= J m a x { 0 , y (t )-y (t ) ,y (t )- y (t )}dt .

0 '

Thus, E(y) = 0 d e n o t e s  y £ o t h e r w i s e ,  y t C

A l s o  it is c l e a r  t h a t  w e  can d e f i n e  f\: 0 ^ 0  ---» R by

n ( u , 0 ) = E ( y ( u , 8 ) ) .

Henc e, l e t t i n g  C d e n o t e  C , th e p r o b l e m  b e c o m e s

PP :

Fi nd  a 0 £ 0, such th a t

H (u ,0) = 0, for all u £ C.

For any s u b s e t  C of C we  d e f i n e  the f o l l o w i n g  pr ob

l e m  :

p , .: Find a 8 l )

m CD such t h at
c

H ( u , 0 ) = o , for all u f c (1 } .

For a g i v e n 0 c 0 , we can d e f i n e  the

t i o n p r o b l e m s :

M : G i v e n  a 0 f 0 , find the
*

"w or st"  u in

in the sen se that

n ( u * , 0 ) = s u p { rl ( u . 0 ) I u f c } .

9 9 -
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S i m i l a r l y ,  if d (i ) 1S a s e t 0 f f u n c t i o n s  (not n e c e s s a r i 

ly a s u b s e t  of C ) , we  d e f i n e :

* ( i )
M . • G i v e n  a 8 e 0, find the "wor st " u in D , i .e .,
D '1

H (u ,0) = s u p { n ( u , 8 )  | u e D * ̂  .

n C

For the sake of c o n v e n i e n c e ,  we  d e f i n e

H f : 0 -- > R by
D

H c ( 0 ) - sup{r)(u,8) | u e c> ,

n , . ( 8 ) = su p{ n ( u , 8 ) I u e  D U ) }.
D 1

M
D ( l )

a nd w i l l  be u s e f u l  m  the n e x t  sectio n.

N o w  we  are a b le  to d e s c r i b e  the f o l l o w i n g  p r o t o t y p e  a l 

g o r i t h m ,  w h i c h  is of the o u t e r  a p p r o x i m a t i o n  type, for the 

c o n t r o l  s y s t e m  d e s i g n  p r ob le m.

P r o t o t y p e - a l g o r i t h m :

Da ta  : C h o o s e  a s u b s e t ( 0 ) c C

S t e p  0: Set i = 0

S t e p  1: S o l v e  P to o b t a i n  8
c 1  1

*
S t e p  2: For 0 , s o l v e  M to o b t a i n  u

S t e p  3: If = 0, stop;

Else, go to Step 4
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l = i + 1 f

*
w h er e,  u is o b t a i n e d  f r o m  p r o b l e m  M in St ep 2; 
Go to St ep  1.

S t e p  4: S e t  C < i + 1) _ C U >  y { u * }

To e x p l o r e  the p r o p e r t i e s  of this p r o t o t y p e  a l g o r i t h m ,  

the f o l l o w i n g  a s s u m p t i o n s  are m a d e  first.

Ass u m p t i o n  5.1:

The d e s i g n  p a r a m e t e r  set 0 is co m p a c t .

Ass u m p t i o n  5.2:

H is c o n t i n u o u s  in u and in 8, s e p a r a t e l y .

Ass u m p t i o n  5.3:

For u in C, t h e r e  is a c o n s t a n t  K such th a t  

for any 8 ̂  , 0 ̂  c 0,

l n ( u , 8 1 ) - n ( u , 0 2 ) I < KII 8 1 -  0 II .

The fir s t a s s u m p t i o n  is n a t u r a l  and can be o b t a i n e d  f r o m  

p h y s i c a l  sy ste ms.  A s s u m p t i o n  5.2 is q u i t e  r e a s o n a b l e  s i nc e 

the f u n c t i o n  f in s y s t e m  51(8) is a l w a y s  c o n t i n u o u s  d i f f e r e n 

t i a b l e  and u s u a l l y  the o u t p u t  d e p e n d s  c o n t i n u o u s l y  on i n p u t  

and d e s i g n  p a r a m e t e r s .  A s s u m p t i o n  5.3 is a L i p s c h i t z  c o n d i 

ti o n  for n m  8. It can be o b t a i n e d  by the o u t p u t  of the 

c o n t r o l  s y s t e m  u s u a l l y  b e i n g  d i f f e r e n t i a b l e  in the d e s i g n  

pa r ame t e r s ,

N o w  we d e f i n e  the f e a s i b l e  set F of p r o b l e m  PP as.
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f - {0& 0 1 n c (0 ) = 0 }.

L e m m a  5.1: F is close d.

P r o o f :

S u p p o s e  0

0 g p ,l

0 , a s l — > <*>, and

for al l i .

For any u e c, s i n c e  n ( u , 8 ) = 0 and n (.

ous in the s e c o n d  v a r i a b l e ,  w e  have

.) is c o n t i n u -

Thus

l . e

H( u, 0 )=0.

n c (0 ) = 0 ,

*
0 e F .

Q . E . D .

L e m ma  5.2

S u p p o s e  the i n f i n i t e  s e q u e n c e  {0 }

and n c (0 ) 0 , a s i

*
0 ,

Then, 0 e F .

P r o o f :

F r o m  the h y p o t h e s i s  in the lemma, for all u in C, t h e r e  

e x i s t s  a s e q u e n c e  {e^} s a t i s f y i n g ,  for all i ) o,

e > 0l and

0 , a s l -- > <x> ,

such  that

H ( u , 8 ̂  ) < e .

S i n c e  n is c o n t i n u o u s  in 8, a l l o w i n g  l to tend to i n 

f i n i t y  in the a b o v e  i n e q u a l i t y  y i e l d s  

H (u ,0 * ) = 0,

s. in ce the r i gh t side of the i n e q u a l i t y  tends to ze ro  and the
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l e f t  s i d e  is n o n - n e g a t i v e .

Thus 

i . e .

n c (9*) = 0,

F .

Q . E . D .

T h e o r e m  5.1:

S u p p o s e  F is not empt y.

If the p r o t o t y p e  a l g o r i t h m  g e n e r a t e s  a f i n i t e  s e q u e n c e  

in 0, th en the l a s t  p o i n t  li es  in F.

If the a l g o r i t h m  g e n e r a t e s  an i n f i n i t e  s e q u e n c e ,  t h en  

any a c c u m u l a t i o n  p o i n t  of the s e q u e n c e  w i l l  be in F.

Proo f:

The f i n i t e  ca s e  is t r i v i a l .

In the i n f i n i t e  case, s u p p o s e  0 ---> 8 *, as i — > <*»
n
i

For any i, let

f| ( u * , 8 )l n
l

*
u be suchl

= n r (e n )C n
l

For any 3 > l, we  h a v e  a c o n s t a n t  K f r o m  A s s u m p t i o n  5.3 

such  that

l n ( u * 0  ) - n ( u * , 0 ) I < KII 0 -0 II .i n  i n '  n n r
1 3 1 3

By c o n s t r u c t i o n :

u* e c ' V

Thus,

n ( u * , 8 l n1
0

if i < 3•

and, for all i, 3 such that i < 3



K II 8
n "8 II > H ( u , 8 ) = n ( 9 ) •n r 1

S i n c e  8 8 , a s l

i n  'C n
l l

, the l e ft  side of the a b o v e

i n e q u a l i t y  t e nd s to zero.

Hence, n ( 0 C n
l

0, a s i

F r o m  Lem m a 5.2, w e  h a ve  

*
8 e F .

S i n c e  0 is c o m p a c t  f r o m  A s s u m p t i o n  5.1, t h e r e  at l e a s t  

e x i s t s  one a c c u m u l a t i o n  point . This c o m p l e t e s  the  proof.

Q . E . D .
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5 . 3  T h e  m a i n - a l g o r i t h m

In this s e c t i o n  we c o n s i d e r  the c o n t r o l  s y s t e m  d e s i g n  

p r o b l e m  in de t a i l .  F i r s t  we s p e c i f y  the i n p u t  and o u t p u t  

f u n c t i o n  c l a s s e s  as ha rd c o n s t r a i n t s :  the i n p u t  f u n c t i o n

c l as s C ̂ and th0 o u t p u t f u n c t i o n  c l as s C 2 are, r e s p e c t i v e l y ,  

d e f i n e d  b y :

C 1 =  <
u e C°(T) | u ( t ) < u ( t ) < u 2 (t ) , a . e . t e T}

and

y e C° ( T ) | y ( t ) < y ( t ) < y 2 (t ) , a . e . t e T} ,

w h e r e , C°(T) is the s p a c e  of c o n t i n u o u s s c a l a r f u n c t i o n s

d e f i n e d  on T , and u , u 2 , y and y 2 are c o n t i n u o u s f u n c t i o n s

d e f i n e d  on the t i m e  i n t e r v a l  T and s a t i s f y i n g

u 1 ( t) < u 2 (t ) , a . e . t e T ,

y 1 <t) < y 2 ( t ) , a . e . t e T.

Th e b a s i c idea of our a p p r o a c h is to use a d i s c r e t i z e d

t i m e  i n t e r v a l  i n s t e a d  of the c o n t i n u o u s  ti me  i n t e r v a l  and to 

use p i e c e w i s e  l i n e a r  c o n t i n u o u s  f u n c t i o n s  i n s t e a d  of c o n t i n u 

ous f u n c t i o n s .  We i n t r o d u c e  the f o l l o w i n g  d e f i n i t i o n s  first.

D e f i n i t i o n  5.1:

A d i s c r e t e  s u b s e t  t 1 of T = [O.t^] is d e f i n e d  by

l A , l l ,i - I t .....  t },1 n
l

wh e'r e ,

„ l i0 = t , < . . . <  t = t 1 n 1l

D e f i n i t i o n  5.2:



For any s u b s e t  xi _ r T *■
1 ' ‘ '

w 1 } g R x .. .x R,  (n ti mes ), 
n ii

, t 1 } of T and n
i

u d e n o t e s  a
l l

1 «• l
ui = i w   ̂ ,

p i e c e w i s  e

l i n e a r  c o n t i n u o u s  i n p u t  f u n c t i o n  s a t i s f y i n g

k = 1 .......
i l T , W

1 A 1
V  “ "k

D e f i n i t i o n  5.3:

For the c o n t i n u o u s  s y s t e m  E(0), the d i s c r e t e  s u b s e t  t  

of T and v e c t o r  u j 1  , the d i s c r e t e  o u t p u t  y is d e f i n e d  by
t  , UJ

* x = * ( T k > '  k - 1 ........ v
T , 01

w h e r e ,  y is the o u t p u t  of s y s t e m  E w i t h  the i n p u t  f u n c 

ti on u
l i 

t  , U)

D e f . 5 . 3  shows t h a t  w e  use a p i e c e w i s e  l i n e a r  c o n t i n u o u s  

f u n c t i o n  as the i n p u t  f u n c t i o n  in the c o n t i n u o u s  s y s t e m  E(0) 

and c o n s i d e r  the o u t p u t  on ly  at the d i s c r e t e  t i me  po in ts.

D e f i n i t i o n  5.4:

For an o u t p u t  y d e f i n e d  above, we d e f i n e  a m e a s u r e
i l 

t  , UJ

m e n t  cp ( y ) of y , w h i c h  m e a s u r e s  the d e v i a t i o n  of
i i  i i

t  , UJ t  , UJ

y f r o m  the f u n c t i o n  cla s s C _ , as f o l l o w s
i i  2

t , ui

ip ( y i i 
T , U)

n - 1
i m a x {0, y i 1 (T k ) _ y 2 (Tk ) 

k =  1 x  , UJ
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D e f i n i t i o n  5.5:

’ <T k > ' y X l (Tk ) H T k . 1 - T k ’ • T , U)

For a d i s c r e t e  s u b s e t  x 1 of T, th e l a r g e s t  l e n g t h  of the 

s u b - i n t e r v a l s  of x 1 is d e f i n e d  by

A x = m a x { T i*i - T k 1 k = 1 .......n i - 1 } -

Fu r t h e r ,  we d e f i n e  an a d d i n g  p o i n t  a of x 1 is the m i d 

p o i n t  of the  s u b - i n t e r v a l  c o r r e s p o n d i n g  to A^ (If t h e r e  are 

m o r e  than one such i n te rv al s,  c h o o s e  any o n e . )

D e f i n i t i o n  5.6:

For a d i s c r e t e  s u b s e t  x of T and a p o i n t  6 in T, s u p p o s e

T = { T i .......V '

0 < x 1 < t 2 < ... < T n

w e  d e f i n e  an a d d i t i o n o p e r a t i o n A of x and {5} by j o i n i n g

t h e m  t o g e t h e r in o r d e r , l . e .

x A {5} = {x
....... V 6 . x. .......xk + 1 n>-

if
T k < 5 < x , 1 k + 1 < k < n - 1 ;

= x, if 5 c o i n c i d e s  w i t h  one p o in t in x.

D e f i n i t i o n  5.7:

For a d i s c r e t e  s u b s e t  x of T, we d e f i n e  an i n p u t  r a n g e  

set Q.1 by

S 1 a Q 1x . . .
n

xQ :L .

w h e r e , IIc* [u
1 (Tk ) , u

k g { 1 , .... n } .

W e n ow have all the i n g r e d i e n t s  for the m a i n - a l g o r i t h m

1 o w . Step 1 and Step 2 in the m a i n - a l g o r i t h m  c o n s t r u c t  a
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p i e c e w i s e  l i n e a r  c o n t i n u o u s  i n p u t  f u n c t i o n  l y i n g  in _ in 

S t e p  3, a d e s i g n  p a r a m e t e r  0 is f o u n d  to s a t i s f y  the i n p u t  

f u n c t i o n  set up to p r e s e n t .  The n e w l y  "wor st " i n p u t  

f u n c t i o n ’s v a l u e  at the p r e s e n t  d i s c r e t e  ti me s u b s e t  is 

d e t e r m i n e d  in St ep  4. S t o p p i n g  ru le i n c l u d e s  not o n l y  s a t i s 

f a c t o r y  " w o r st " case but a l s o  the f i n e n e s s  of the d i s c r e t i z e d  

t i m e  i n t e r v a l ,  w h i c h  is th e n u m b e r  e in the f o l l o w i n g  a l g o 

rithm.

M a i n - a l g o r i t h m  4:

Data: The t i me  i n t e r v a l  T = CO, t ];

C o n t i n u o u s  f u n c t i o n s  u ^  u 2> y^ and y 2 ;

r
C o m p a c t  d e s i g n  p a r a m e t e r  set 0 c R ;

P o s i t i v e  n u m b e r  e < 1;

P o s i t i v e  s e q u e n c e  { P ̂ . (3i ---> 0, as l — » 00 .

S t e p  0: C h o o s e  a d i s c r e t e  s u b s e t  t ° of T;

n
C o n s t r u c t  an i n p u t  r a n g e  set Q ;

_ 0 , 0 0 . _ n 0 C o n s t r u c t  uu = (ui ̂ , . . . , u>n ) e S2

to s a t i s f y

%  = * U 2 ,T° ] / 2 ’

for all k e { 1 , ..., n Q } ;

Set l = 0.

S t ep  1: F o r m  u 1 = u l i
t , 0)

C o m p u  te .

St ep 2 : C h ec k w h e t h e r  u 1 li es  in C by c o m p u t i n g
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S t e p  3

S t e p  4:

S t e p  5:

^ u l ) - ma x {0, u 1 (t)-u ( t ) , u (t )-u 1 (t )};
te T d '

If 4> ( u 1 ) = 0, go to St ep 3;

Else, c o m p u t e

5 e { a r g m a x  {0, u 1 (t)-u (t), u ( t ) - u 1 (t)}}
te T * 1

Let w = C u 1 (6) + u 2 (6)]/2

Set lT = t 1 A {5} ;

Set n . = n + 1 ;
i l

F o r m iUJ by a d d i n g  m to w 1

th a t  5 o c c u p i e s  in t 1); 

Go to St ep  1.

in the p l a c e

Find a v e c t o r  0 e 0 such that for e v e r y  

3 Au . 3 e A  - 10. .... i}, the c o r r e s p o n d i n g

y . lies, a p p r o x i m a t e l y ,  in C , in the
t ,

th at ip ( y ) = 0 .
t 1 , uj-3

D e t e r m i n e  the " w o r s t ” v e c t o r  (i in 

to s a t i s f y

tp ( y ) = m a x  ip ( y ).
T , U) _1 T 1 , U)Q

If ip (y ) < 3 , go to Step 6;
t , U)

Else, set uj 1 + ̂ = ixj;

Set n „ = n ;i+1 l

s e n s e
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Set t 1+1 =  T i .

Set i = i + 1 ;

Go to S t ep  1.

S t e p  6: If stop;

Else, find an a d d i n g  p o i n t  o of t 1 ; 

Set n
i + 1  n i

c . 1+1 l . , ,Set t = t A { a } ;

F o r m  w l+1 by a d d i n g  u (o)
t 1 , UJ

to u» in the c o r r e s p o n d i n g  p l a c e  

w i t h  o in t 1 + 1 , and set 

l = l + 1 ;

Go to St ep 1.

St ep 3 in the a b ov e a l g o r i t h m  r e q u i r e s  the d e t e r m i n a t i o n  

° a f l n 11 e - d ime n s i o n a 1 v a r i a b l e ,  (the d e s i g n  p a r a m e t e r  9) 

to s a t i s f y  a f i n i t e  n u m b e r  of c o n s t r a i n t s .  Hence. Step 3 is 

s o l v a b l e .  In S t ep  4 , a f i n i t e  d i m e n s i o n a l  g l o b a l  m a x i m i z a 

t i o n  p r o b l e m  i n v o l v e d .  This p r o b l e m  w i l l  be d i s c u s s e d  in the 

ne xt  se cti on.  The p r o p e r t i e s  of M a i n - a l g o r i th m 4. ho w e v e r ,  

are d i s c u s s e d  here.

S i n c e  the cla s s of p i e c e w i s e  l i n e a r  c o n t i n u o u s  f u n c t i o n s  

is d e n s e  in the cl as s of c o n t i n u o u s  f u n c t i o n s  and the s t o p 

p i n g  ru le in the a l g o r i t h m  i n c l u d e s  the s a t i s f a c t o r y  f i n e n e s s  

of the d i s c r e t e  time i n t e r v a l ,  we may  d e f i n e  a " r e l a x e d "
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f ea s i b l e  s e t  F as t h e  s e t c o n s i s t i n g  of a l l  p o i n t s  s a t i s f y i n g

the s t o p p i n g  r u le  in M a i n - a l g o r i t h m  4. We a d m i t  that F is

a c c e p t a b l e  for p r o b l e m  P3 in S e c . 5.2.

Let us c o m p a r e  M a in  - a I g o r i t h m  4 w i t h  th e P r o t o t y p e -

a l g o r i t h m  p r e s e n t e d  in the l a s t  sec ti on.  Th e set C in the

P r o t o t y p e - a l g o r i t h m  is now, in the M a i n - a l g o r i t h m  4, the

c l a s s  of p i e c e w i s e  l i n e a r  c o n t i n u o u s  f u n c t i o n s  d e f i n e d  on T

b o u n d e d  by u 1 and The o n l y  e s s e n t i a l  d i f f e r e n c e  b e t w e e n

t h e s e  two a l g o r i t h m s  is t h a t  in St ep 4 of M a i n - a l g o r i t h m  4 w e

s o l v e  p r o b l e m  M to o b t a i n  the "wo rst" p o i n t  li i n s t e a d  of
D 1 }

s o l v i n g  M in S t ep  2 of P r o t o t y p e - a l g o r i t h m  to o b t a i n  the

.. » * (i )
w o r s t  p o i n t  u , w h e r e  D is a cla s s of p i e c e w i s e  l i n e a r  

c o n t i n u o u s  f u n c t i o n s  and is not n e c e s s a r i l y  a s u b s e t  of C. 

He nce , we s t a t e  the f o l l o w i n g  m o d i f i e d  a l g o r i t h m .

M o d i f i e d  p r o t o t y p e - a l g o r i t h m :

Data: C h o o s e  a s u b s e t  c c.

S t e p O :  Set i = 0 .

S t ep  1: S o lv e P to o b t a i n  0 .
C ( D  i

St ep  2: For 8^, s o lv e M to o b t a i n  , s a t i s f y i n g

H (U i ,0i ) = m a x  { n (u ,8 ) | u e D ̂ 1  ̂ >.

S t ep  3: If n £ ( 8 ) = 0, i . e . , 0 c F , stop;

Else, go to St ep  4.
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St ep  4 : C o n s t r u c t  u* f Q f r o m  Q (as in St ep  2 ofi i

M a i n - a l g o r i t h m  4).

S t e p  5: Set c (i + 1 ) _ c t1 ) U { u * } ;

Set l i + 1 ;

Go to St ep 1.

S u p p o s e  C and D ( i )
i = 0 ,  1, are in a n o r m e d

space. We ha v e  the f o l l o w i n g  re su lt.

T h e o r e m  5.2:

S u p p o s e  F is not empty.

If the m o d i f i e d  p r o t o t y p e - a l g o r i t h m  g e n e r a t e s  a f i n i t e  

s e q u e n c e  in 0, th en  the l a s t  p o i n t  of the s e q u e n c e  lies in F. 

If the a l g o r i t h m  g e n e r a t e s  an i n f i n i t e  sequence/such t h at

First, we need an a s s u m p t i o n  s i m i l a r  to A s s u m p t i o n  5.3. 

As s u m p t i o n  5.4:

For 8 in 0, t h e r e  e x i s t s  a c o n s t a n t  L such that 

| n ( u 1 l 8 ) - n ( u 2 ,8) [ < LII u 1 - u 2 II,

for any u ^ , u 2 m  the n o r m e d  space.

P r o o f  of Th m. 5. 2:

The c o n c l u s i o n  for the f i n i t e  case f o l l o w s  from the

l i
oo

th en any a c c u m u l a t i o n  p o i n t  of {8 } w i l l  be in F.
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s t o p p i n g  r u l e .

In the i n f i n i t e  case, s u p p o s e  8 0 . a s 1

Then t h e r e  is an L such  th at

I n (u * , 8 i )- n c (8 x ) | < | n (u i , 0 i )- q (u i , 8 x ) | + 1 n (u i , )- n c (8 x )

< Lllu *- ui ll+ |n(£ii , 8 ;L) - n c ( 8 l ) I .

The r i g h t  side of th e i n e q u a l i t y  t e nd s to zero, as i —> 

<*>, b e c a u s e  of the a s s u m p t i o n s  of the t h eo re m.  We ha ve

l f t ( u 3L. 8 i ) - n c < B 1 ) | 0 , a s i

( * )

By A s s u m p t i o n  5.3 t h e r e  e x i s t s  a c o n s t a n t  K such th at

I H ( u * . 0 ) - n ( u * , 0 ) I < KII 0 - 0  II ,i n  i n .  n n r
i 3 1 3

fo r all i , g , l < g .

By c o n s t r u c t i o n

* _ . ( n )u . t c  g if i < g

Thus,

and

H ( u , 0 ) = 0i n
3

K II 0 - 0 II > n ( u , 0 ) ,n n r  i n
1 3  i

for all i,g, i < g

S i n c e  0 -» 8 , a s l 00 , the l e ft  side of the a b o v e

i n e q u a l i t y  t e nd s to zero.

Hence, n u ,8 ) t e n d s  to zero, as l -- >i n l
 ̂ *

si nc e n (u ,0 ) > 0, for all i .l n
i
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F u r t h e r m o r e ,  H r ( 0 )
c n

1
0 , as i , b e c a u s e  of (*)

F r o m  L e mm a 5.2, we h a v e  

*
0 e F .

S i n c e  0 is c o m p a c t  f r o m  A s s u m p t i o n  5.1, t h e r e  at l e a s t  

e x i s t s  one a c c u m u l a t i o n  po in t. This c o m p l e t e s  the proof.

Q . E . D .

In the P r o t o t y p e - a l g o r i t h m  and its m o d i f i e d  v e r s i o n  we 

e m p l o y  the n o n - n e g a t i v e  s c a l a r  f u n c t i o n  to d e n o t e  the

“d i s t a n c e "  of 0 to the f e a s i b l e  set F. E x e c u t i o n  stop s w h e n  

this  v a l u e  is zero. In the M a i n - a l g o r i t h m  4 the s t o p p i n g  

r u l e  c o n s i s t s  of a n o n - n e g a t i v e  s c a l a r  f u n c t i o n  ip ( d e f i n e d  in 

S t ep  4) and the f i n e n e s s  of the d i s c r e t e  t i me  i n t e r v a l .  The 

f e a s i b l e  set F c o n s i s t s  of all 0 s a t i s f y i n g  s t o p p i n g  rule. 

As a m a t t e r  of fact, we  can set in such a w a y  t h at  it

g o es  to z e r o  s l o w l y  b e f o r e  the f i n e n e s s  r e q u i r e m e n t  on 

d i s c r e t e  t i me  i n t e r v a l  m e e t s  and ve ry fast t h e r e a f t e r .  Then  

L e m m a  5.2 and T h m . 5 . 2  s t i l l  hold if we r e p l a c e  F and by F

and ip , r e s p e c t i v e l y .  W h e n  the f u n c t i o n s  f and h in s y s t e m  

E ( 8 ) are s m o o t h  e n o u g h  A s s u m p t i o n s  5.1 - 5.4 are s a t i s f i e d

as w e l l  as the h y p o t h e s i s  in T h e o r e m  5.2. Hence, it is easy  

to see that the f o l l o w i n g  t h e o r e m  is a d i r e c t  c o n s e q u e n c e  of 

T h m . 5 . 2 .  We c o n c l u d e  this s e c t i o n  w i t h  T h e o r e m  5.3.

T h e o r e m  5.3:

S u p p o s e  F is not empty.

If t h e  M a i n - a l g o r i t h m  4 g e n e r a t e s  a f i n i t e  s e q u e n c e  {0 }
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in 0, then the last p o i n t  lies in F #

If the a l g o r i t h m  g e n e r a t e s  an i n f i n i t e  s e q u e n c e  {0 \
1 ’

th e n  any a c c u m u l a t i o n  p o i n t  of the s e q u e n c e  lies in F. S i n c e  

0 is a s s u m e d  to be c o m p ac t,  the a c c u m u l a t i o n  p o i n t  a l w a y s  e x 

ists.
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5 .4  T h e  g l o b a l  m a x i m i z a t i o n  in M a i n - a l g o r i t h m  4

In St ep 4 of M a i n - a l g o r i t h m  4 ( p r e s e n t e d  in the 

se c t i o n )  a g l o b a l  m a x i m i z a t i o n  p r o b l e m  has to be solved, 

d e t e r m i n a t i o n  of a v e c t o r  uj in the set Q 1 A q 1 x . . xQ 1

l a s t

the

such

th at

y ) = m a x  ip ( y )
_i - iT , w _ n i x , U)

uje Q

w h er e,  ip is d e f i n e d  in D e f . 5 . 4  by

( y i
T  , UJ

n - 1l
= E m a x { 0 , y ( x* ) - y 2 ( 

k =  1 x  x , uj

and ,

y 1 1 T k 1" y
, 1 . , . 1 1 ( T. } T. — T . i k k + 1 k

T , UU

y X (Tk> = y ( T k>'T , UJ
w h er e,  y is the o u t p u t  of s y s t e m  E(8) w i t h  i n p u t  f u n c 

t i o n  u , a p i e c e w i s e  l i n e a r ,  c o n t i n u o u s  f u n c t i o n .
x  , UJ

This is an o p t i m i z a t i o n  p r o b l e m  w i t h  a f i n i t e -  

d i m e n s i o n a l  d e s i g n  v a r i a b l e  and a n o n - d i f f e r e n t l a b l e  co st  

f u n c t i o n .  We p r o p o s e  b e l o w  two a p p r o a c h e s  to this p r o b l e m .  

The f i r s t  a p p r o a c h  e m p l o y s  a M o n t e - C a r l o  m e t h o d  to p r o d u c e  

i n t e r p o l a t i o n  i n p u t  f u n c t i o n s .  It is as fo llo ws .

S u b - a l g o r i t h m  5.1:

Data: A set {G(i)> of p o s i t i v e  i n t e g e r s ;

A d i s c r e t e  s u b s e t  x 1 of T ;

I n t e r v a l s  Q 1,k ~ [ u ̂ ( x ̂  ) , u 2 ^ x k ^ '

k = 1 .......n , 1 = 0, 1 , 2 ,
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S t e p  0 : Set 3 1 , 

1

S t e p  1: G e n e r a t e ,  r a n d o m l y ,  a n u m b e r  o k b e t w e e n  0 and 1

S t e p  2: Set = M - o ^ u ^ t *) + a k u 2 (Tk );

If k = n ±I

set = [w? , . . . , w^ ] ,1 n .
i

and go to S t e p  3 ;

Else, set k = k + 1,

and go to S t e p  1 .

S t e p  3: If 3 = G (l ), go to St ep  4;

E l s e , set 3 = 3 + 1 ;

Set k = 1 ;

Go to S t e p  1.

S t e p  4: S o l v e

m a x  {ip ( y ) | uj e {iu 1 , .... uuG ̂ 1  ̂ } }
T , W

to o b t a i n  the " w o r s t "  w .

Thus, the m a x i m i z a t i o n  st ep  in M a l n - a l g o r i th m 4 at i th 

i t e r a t i o n  is c a r r i e d  out o v er  all { uj 1 , .... u G ̂ 1  ̂ . This 

s i t u a t i o n  is i n c l u d e d  in T h e o r e m  5.2, w h e n  {G(i) > is a 

s t r i c t l y  m o n o  t oni c a lly i n c r e a s i n g  s e q u e n c e  as i — -> ~ .

The s e c o n d  a p p r o a c h  is b a s e d  on B e r t s e k a s 1 a p p r o x i m a t i o n

r 15 1m e t h o d  for n o n - d i f f e r e n t i a b l e  o p t i m i z a t i o n  . For the sake
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o f c o n v e n i e n c e ,  w e  u s e  t h e  f o l l o w i n g  s i m p l e  n o t a t i o n  to i l 

l u s t r a t e  the m e t h o d .

We d e f i n e  y [ g ( uj ) ] as a s i m p l e  kink if 

*Y [ g ( uj ) D = max{ 0, g ( w ) } ,

CL
w h e r e ,  uj e Q  c  R s  ̂ a n c j g 1S a r e ^ - v a l u e d  f u n c t i o n  on

S o me  o t h e r  kin d s of n o n - d i f f e r e n t i a b l e  t e rm s can a l s o  be 

e x p r e s s e d  by the s i m p l e  kink s. For i n s t a n c e ,

m a x  { g 1 , g 2 ....... gm >

= g 1 + ^ C g 2-g 1 +"rC •

The b a s i c  id ea  of the a p p r o a c h  is to a p p r o x i m a t e  e v e r y  

s i m p l e  kink by a s m o o t h  f u n c t i o n  and s o l v e  the r e s u l t i n g  d i f 

f e r e n t i a b l e  p r o b l e m  by c o n v e n t i o n a l  m e t h o d s .  The f o l l o w i n g  

t w o - p a r a m e t e r  a p p r o x i m a t i o n  y[g ( uj ) , b, c] is o f t e n  used fo r a 

s i m p l e  kink y [ g ( uj ) ] ,

g(u»)-( 1 - b ) 2 / 2 c if ( 1 - b ) / c  < g(ui)

y C g ( uj ) , b , c ] = < bg ( uj ) + ( 1/2)c[g(uj)]2 if - b /c  < g ( uj ) < ti

. - b 2 / 2 c if g ( uj ) < - b / c ,

w h e r e , b a n d c are p a r a m e t e r s wi t h

0 < b < 1 , 0  < c .

Hence, if the f u n c t i o n  g is d i f f e r e n t i a b l e  then the

f u n c t i o n  y [ g ( uj ) , b, c] a b o v e  is also d i f f e r e n t i a b l e wi t h

r e s p e c t  to uj . Its g r a d i e n t  is g i v e n by

- V g ( ui ) if ( 1 - b ) / c < g ( uj )

V y [ g ( ui ) , b, c] = | [bt-cg(ui) ] V g ( uj ) i f -b /c  < g  ( uj ) < ( 1 - b ) / c

b ) / c
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0 If g ( uj ) < - b / c .

The p a r a m e t e r  c c o n t r o l s  the a c c u r a c y  of the a p p r o x i m a 

tion. The p a r a m e t e r  b d e t e r m i n e s  w h e t h e r  the a p p r o x i m a t i o n  

is m o r e  a c c u r a t e  for p o s i t i v e  or n e g a t i v e  v a l u e s  of the a r g u 

m e n t  g (w ). This kind of a p p r o x i m a t i o n  is c l o s e l y  r e l a t e d  to 

p e n a l t y  and m u l t i p l i e r  m e t h o d s  for c o n s t r a i n e d  o p t i m i z a t i o n .  

B e r t s e k a s  p r o v e d  that w h e n  th e n o n - d i f f e r e n t i a b i l i t y  of the 

co s t  f u n c t i o n  is e x c l u s i v e l y  du e  to the p r e s e n c e  of s i m p l e  

ki nk  t e r m s , the n u m b e r  of kink te rm s m i g h t  be a r b i t r a r y  but 

f i n i te , th en the s o l u t i o n  to the a p p r o x i m a t i o n  p r o b l e m  w i l l  

c o n v e r g e  to the t r ue  s o l u t i o n  to the o r i g i n a l  p r o b l e m  as c -- 

-> oo. Also, he p r o p o s e d  s o me  u p d a t i n g  f o r m u l a  for the m u l t i 

p l i e r  b in o r d e r  to i m p r o v e  the c o m p u t a t i o n a l  e f f i c i e n c y .

In our case, sin c e y  ̂(t ) < y 2 (t), a.e. t £ T, the c o st

f u n c t i o n  m i g h t  be r e w r i t t e n  as

ip (y
x 1 , at

—  E ma x  { 0,
K - 1

Cy x
T , UJ

m a x { 0,  [ y , ( T * > - y  ^ « ^  ) J ( J ) } .
T , UJ

Thus, it is a fo r m  i n v o l v e d  on ly w i t h  s i m ^ p l e  kin ks  c o n 

v e n i e n t  for a p p l y i n g  B e r t s e k a s ' m e t h o d .  Ho we ve r,  we noti ce , 

the s p e c i a l  d i f f i c u l t y  h e r e  is t h at

[ y  X  ( T i ' - y 2 ( T i l ] ( T k t i T k> and [ y 1 (Tk > - y X  ( T k , ] l T k V k >  are 
T , UJ T , UJ

not d i r e c t  f u n c t i o n s  of u>. T h ey  are c o m p o s i t e  m a p p i n g s  f r o m  
n

R in to  R, via the p i e c e w i s e  l i n e a r  c o n t i n u o u s  f u n c t i o n

s p a c e  and c o n t i n u o u s  f u n c t i o n  space. Hence, the d i f f e r e n t i a 

b i l i t y  s h ou ld  be u n d e r s t o o d  in sen se of F r e c h e t  d i f f e r e n t i a -
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5 . 5  C o n s t r a i n t  c o n s t r u c t i o n  s c h e m e

A c o n s t r a i n t  c o n s t r u c t i o n  s c h e m e  s i m i l a r  to th at  in 

S e c . 3.8 is p r o p o s e d  below.

D e f i n i t i o n  5.8:

D e f i n e  a s c a l a r  f u n c t i o n  p: 0 — $> R by,

for e v e r y  8^ g e n e r a t e d  by M a i n - a l g o r i t h m  4,

M ( 8 . ) = ip ( y ) ,i l .
t , u»

w h e r e ,  ip ( y ) is d e f i n e d  in S t e p  4 of Ma i n - a l g o r i t h m  4
t , ll)

We n o t i c e  th at p is c o n t i n u o u s  in 8 s i n c e  tp is c o n t i n u 

ous in y and y is c o n t i n u o u s  in 0.i * l -
t  , uj t  , w

Th e f o l l o w i n g  is the sche me .

C o n s t r a i n t  c o n s t r u c t i o n  sc he me :

(In c o o p e r a t i o n  w i t h  M a i n - a l g o r i t h m  4)

(1) G i v e n  a p o s i t i v e  c o n s t a n t  k and a p o s i t i v e ,

d e c r e a s i n g  s e q u e n c e  {e^} w i t h  e -- > 0, as i

(2) C o n s t r u c t  1  = {0 < j < i| p(0 ) > k(e -e )}.
3 3 1

(3) R e p l a c e  i_ in Step 3 of M a i n - a l g o r i t h m  4 by JL 

c o n s t r u c t e d  in (2).

We? have the f o l l o w i n g  r e s u l t
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T h e o r e m  5.4:

S u p p o s e  F 1S not em pty .

S u p p o s e  the M a i n - a l g o r i t h m  4 is e m p l o y e d  t o g e t h e r  w i t h  

the a b o v e  c o n s t r a i n t  c o n s t r u c t i o n  scheme.

Then, if the a l g o r i t h m  g e n e r a t e s  a f i n i t e  s e q u e n c e  in 0, 

the l a s t  p o i n t  lies in F.

If the a l g o r i t h m  g e n e r a t e s  an i n f i n i t e  s e q u e n c e ,  t h e n  

any a c c u m u l a t i o n  p o i n t  of the s e q u e n c e  w i l l  be in F.

P r o o f :

Th e f i n i t e  ca se  is o b v i o u s .

In the i n f i n i t e  case, for sake of s i m p l i c i t y ,  we s u p p o s e

t h at

( 1 )

0 — 4 8 as i — > °o.i

If t h e r e  is a set 3 c { 0 , 1 , ...,} of i n f i n i t e

c a r d i n a l i t y  such t h a t

p(8 ) < ke , for all 3 e j ,
i 1 g

th en (s in ce  c 0 and 0 0 a s
3 3

M is n o n - n e g a t i v e  and is c o n t i n u o u s  in 8) 

we ha ve

M ( 8 * ) = 0 .

As is p o i n t e d  out in S e c . 5.3 (see T h e o r e m  5.3

the r e q u i r e m e n t  on the f i n e n e s s  of d i s c r e t e

ti me i n t e r v a l  w i l l  be s a t i s f i e d  in a f i n i t e

* ~
n u m b e r  of l t e r a t i o n s ,  h e n c e  8 ? F .

2 ) If the set J of g su ch that

M ( 0 ) < k e
3 3
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ha s f i n i t e  c a r d i n a l i t y ,

then, t h e r e  e x i s t s  an i n t e g e r  N Q > g S U C h th at

N q i t e r a t i o n s  e v e r y  i n p u t  f u n c t i o n  c o n s t r u c t e d  

w i l l  r e m a i n  in the c o n s t r a i n t  set. Thus the 

c o n c l u s i o n  in T h e o r e m  5.3 can be a p p l i e d  here.

Q . E . D .

a f t e r
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C H A P T E R  S I X C O N C L U S I O N

M a n y  c o n t r o l  s y s t e m  d e s i g n s  may  be n a t u r a l l y  e x p r e s s e d  

as m a t h e m a t i c a l  p r o g r a m m i n g  p r o b l e m s  of w h i c h  the c o n s t r a i n t s  

m a y  be c o n v e n t i o n a l  (e.g., c o n s t r a i n t s  on c o n t r o l l e r  p a r a m e 

ters ), n o n - d i f f e r e n t i a b l e  (e.g., s t a b i l i t y  c o n s t r a i n t s  on 

e i g e n v a l u e s  or r o b u s t n e s s  c o n s t r a i n t s  on the s i n g u l a r  v a l u e s  

of c e r t a i n  t r a n s f e r  f u n c t i o n  m a t r i c e s ) ,  or i n f i n i t e  d i m e n -  

s i o n a l  (e.g. , c o n s t r a i n t s  on t i m e  or fre^Jency r e s p o n s e s  to 

e n s u r e  s t a b i l i t y ,  p e r f o r m a n c e  and r o b u s t n e s s ) .  In th is 

t h e s is , two m o r e  ty pe s of o p t i m i z a t i o n  p r o b l e m s  w h i c h  a l so  

a r i s e  in the d e s i g n  of n o n - l i n e a r  c o n t r o l  s y s t e m s  are 

p r e s e n t e d  and d i s c u s s e d .  Th e f i r s t  one is the o p t i m i z a t i o n  

w i t h  i n f i n i t e  d i m e n s i o n a l  c o n s t r a i n t s  and p a r a m e t e r s .  This 

o f t e n  o c c u r s  w h e n  it is r e q u i r e d  to find a c o n t r o l l e r  w h i c h  

c a n n o t  be p a r a m e t e r i z e d  by f i n i t e - d i m e n s i o n a l  d e s i g n  v a r i 

ab le s ( e . g . , to find a L y a p u n o v  f u n c t i o n  and a n o n - l i n e a r  

c o n t r o l  l a w  to e n s u r e  the s t a b i l i t y  of a c l o s e d - l o o p  n o n 

l i n e a r  system). The p r o t o t y p e  p r o b l e m  c o n s i d e r e d  is that of 

f i n d i n g  a f u n c t i o n  4> : Q > Rm , w h e r e  Q is a c o m p a c t  s u b s e t  

of R n , to s a t i s f y  the i n e q u a l i t y

f (! x , <M x ) , V -M x ) )X < 0, for all x t Q , (6.1)

w h e r e  , _ n nm n n x m , f : QxR xR -- -> R P is g i v e n ; or f i n d i n g  <t> to m i n i m

lze a cost f u n c t i o n  s u b j e c t  to this i n e q u a l i t y  c o n s t r a i n t .  

M a m - a l g o r i t h m  1 , 2, 2' , and 3 are p r o p o s e d  to this kind of 

p r o b l e m s .  All of t h e m  are of the o u t e r  a p p r o x i m a t i o n  type.

M a i n - a l g o r 1 1hm  1 is for the f e a s i b i l i t y  p r o b l e m  (i.e. , 

f i n d i n g  a f u n c t i o n  <t> s a t i s f y i n g  (6.1)). The f u n c t i o n  is 

a p p r o x i m a t e d  u s in g f i n i t e  e l e m e n t  m e t h o d o l o g y  by p i e c e w i s e
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l i n e a r  c o n t i n u o u s  f u n c t i o n s .  T h e  n u m b e r  o f s i m p l i c e s  is i n 

c r e a s e d  a d a p t i v e l y  d u r i n g  c o m p u t a t i o n .  At ea c h  i t e r a t i o n ,  

the set of n o d a l  p o i n t s  at w h i c h  the c o n s t r a i n t  m u s t  be s a 

t i s f i e d  is a u g m e n t e d  by a d d i n g  in the "wor st " p o i n t  (i.e., 

th e  m o s t  v i o l e n c e  of c o n s t r a i n t )  m  Q. A set of a u x i l i a r y  

p o i n t s  are used to o b t a i n  a p r e s e n t l y  f e a s i b l e  p i e c e w i s e  

l i n e a r  c o n t i n u o u s  f u n c t i o n .  The c o n v e r g e n c e  is p r o v e d  w h e n  

an a c c u m u l a t i o n  p o i n t  e x is ts . An e x am pl e,  w h i c h  c o n c e r n s  

w i t h  the d e s i g n  of a s t a b i l i t y  r e g u l a t o r  to a 2 - d i m e n s i o n a l  

n o n - l i n e a r  system, is p r e s e n t e d .  It is n o t i c e d  that, h o w e v 

er, the s i m u l a t i o n s  f r o m  so m e  i n i t i a l  s t at es  are not s a t i s 

f a c t o r y  in the e x a m p l e .  This is s u p p o s e d  d u e  to the a b s e n c e  

of p e r f o r m a n c e  c r i t e r i a  in the c o n s t r a i n t s .

M a i n - a l g o r i t h m  2 and 2' are for the c o n s t r a i n e d  o p t i m i 

z a t i o n  p r o b l e m  (i.e. , f i n d i n g  a 4> to m i n i m i z e  a cost f u n c t i o n

s u b j e c t  to the c o n s t r a i n t  (6.1)). Th ey f o l l o w  the same
oS/

b a s i c  m e t h o d o l o g y ^ i n  M a i n - a l g o r i t h m  1. H o we ve r,  m  t h e s e  two 

a l g o r i t h m s  a c r i t e r i o n  is set for the f i n e n e s s  of s i m p l i c e s .  

Th is  d e v i c e  p r e v e n t s  the a l g o r i t h m s  f r o m  s t o p p i n g  at a 

" c o a r s e "  p i e c e w i s e  l i n e a r  c o n t i n u o u s  f u n c t i o n  w h i c h  s a t i s f i e s  

th e p r e s e n t  o p t i m a l i t y  and c o n s t r a i n t  (6.1).

M a i n - a l g o r i t h m  3 is for the p u r p o s e  th at  a " r e g u l a r ” 

s h a p e  of s i m p l e x  set is p r e f e r r e d  (in the i n t e r e s t  of c o n 

v e n i e n c e  of p r a c t i s i n g )  in the a b o v e  m a t h e m a t i c a l  p r o g r a m 

m i n g s .  In this case, the m e t h o d o l o g y  a p p r o a c h e s  m o r e  c l o s e l y  

to the c o n v e n t i o n a l  f i n i t e  e l e m e n t  m e t h o d .

The s e c o n d  m a t h e m a t i c a l  p r o g r a m m i n g  p r o b l e m  is the o p 

t i m i z a t i o n  w i t h  c o n s t r a i n t s  w h i c h  s h ou ld  be s a t i s f i e d  by an 

i n f i n i t e  n u m b e r  of f u n c t i o n s  on a time or f r e q u e n c y  d o ma in .
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O n l y  t h e  f e a s i b i l i t y  p r o b l e m  of t h i s  k i n d  is d i s c u s s e d  in

th is th esi s. It o c c u r s  in the d e s i g n  of a c o n t r o l l e r  such 

t h a t  the o u t p u t  of the c l o s e d - l o o p  s y s t e m  s a t i s f i e s  hard c o n 

s t r a i n t s  in a ti m e  d o m a i n  for a cla ss  of i n p u t  f u n c t i o n s .  It 

a l s o  a r i s e s  in the d e s i g n  of r o b u s t  c i r c u i t s .  In this  

t h e s i s ,  we c o n s i d e r  such p r o b l e m  w i t h  f i n i t e - d i m e n s i o n a l  

d e s i g n  v a r i a b l e s .  The p r o t o t y p e  p r o b l e m  of th is  kind is t h a t  

of f i n d i n g  a f i n i t e - d i m e n s i o n a l  d e s i g n  v a r i a b l e  9 w h i c h  li es 

in a c o m p a c t  a d m i s s i b l e  set 0 such th at  the o u t p u t  f u n c t i o n  y 

s a t i s f i e s

y (t ;u , 0 ) < 0, for all t e T, all u e U,

w h e r e ,  T is a t i me  i n t e r v a l ,  u is an i n p u t  f u n c t i o n  on T, U 

is the c l as s of a d m i s s i b l e  i n p u t  f u n c t i o n s ,  y is the o u t p u t  

d e c i d e d  by u and 9.

M a i n - a l g o r i t h m  4 is p r o p o s e d  for the s e c o n d  m a t h e m a t i c a l  

p r o g r a m m i n g .  It is a l so  of the o u t e r  a p p r o x i m a t i o n  type. 

The time  d o m a i n  T is d i s c r e t i z e d  a d a p t i v e l y  and the i n p u t  

f u n c t i o n s  are r e p l a c e d  by p i e c e w i s e  l i n e a r  c o n t i n u o u s  f u n c 

t i o n s  .

C o n v e r g e n c e  a n a l y s i s  is m a d e  for the a b o v e  a l g o r i t h m s .  

C o n s t r a i n t  d r o p p i n g  s c h e m e s  are p r o p o s e d  to r e d u c e  the a m o u n t  

of c o m p u t a  t i o n .

The w o r k  w h i c h  has been d o n e  in this t h e s i s  is o n ly  a 

f i r s t  a t t e m p t  t o w a r d s  t h e s e  two m a t h e m a t i c a l  p r o g r a m m i n g s .  

|by no m e a n s  1 it i s [ c o m p l e t e .  The c o m p u t a t i o n  is d e m a n d i n g .  

An i n f i n i t e  s e q u e n c e  of p i e c e w i s e  l i n e a r  c o n t i n u o u s  f u n c t i o n s  

d o e s  not a l w a y s  have an a c c u m u l a t i o n  p o i n t  in the cla s s of 

c o n t i n u o u s l y  d i f f e r e n t i a b l e  (or, p i e c e w i s e  c o n t i n u o u s l y  d i f 

f e r e n t i a b l e )  f u n c t i o n s .  H o w e v e r ,  we b e l i e v e  that it is
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w o r t h y  t o e x p l o r e  m o r e  p o w e r f u l  a l g o r i t h m s  t o w a r d s  t h e s e

m a t h e m a t i c a l  p r o g r a m m i n g  p r o b l e m s ,  s i nc e the d e s i g n  m e t h o d o l 

og y (i.e. , c o n s t r u c t i n g  a c o n t r o l  l a w  d i r e c t l y )  p r e s e n t e d  m  

th e w o r k  is a t t r a c t i v e  in the d e s i g n  of n o n - l i n e a r  c o n t r o l  

s y s t e m s  and, also, s i n c e  such m a t h e m a t i c a l  p r o g r a m m i n g s  a r i s e  

f r e q u e n t l y  in o t h e r  e n g i n e e r i n g  fields.
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A P P E N D I X  A N U M E R I C A L  M E T H O D  IN O P T I M A L  C O N T R O L  P R O B L E M

A.1 O p t i m a l  c o n t r o l  p r o b l e m  and d y n a m i c  p r o g r a m m i n g

In m a n y  c o n t r o l  p r o b l e m s  it is n a t u r a l  to w a n t  to c o n 

t r o l  the s y s t e m  so t h a t  a g i v e n  p e r f o r m a n c e  i n d e x  is m i n i m 

ized. Thus the o p t i m a l  c o n t r o l  p r o b l e m  m a k e s  up an i n t e r e s t 

ing and w e l l - s t u d i e d , yet s t i l l  d e v e l o p i n g ,  f i e l d  in c o n t r o l

s y s t e m  th eor y. The f o l l o w i n g  is a s i m p l e  t y pe  of o p t i m a l

t r o l  p r o b l e m  in L a g r a n g e  form.

1
(OP): M i n i m i z e  ;  L ( x ( t ) , t , u (t ) )dt

0

S u b j e c t to

x ( t ) = f ( x ( t ) , t , u ( t ) ) a.e. t£ C 0 , 1 ]

x ( 0 ) ii X
o

x ( 1 )
= X 1

u ( t ) eQ a.e. t£[0, 1]

{ ( x ( t ) , t ) | t £ [ 0 , 1 ] }  c JQ. .

For p r o b l e m  (OP), the f e a s i b l e  c o n t r o l  set F, for
(X0 ' V

an i n i t i a l  pair (xQ 1 t 0 ), w h e r e  0 < t Q < 1, c o n s i s t s  of all

p i e c e w i s e  c o n t i n u o u s  f u n c t i o n s  u such t h a t  u(t) £ Q, a.e. t 

c C t Q ,1] and the c o r r e s p o n d i n g  t r a j e c t o r y  x ( t ; x Q , t Q ) r e a c h e s  

x 1 at t=1 w i t h  (x (t ) ,t ) £ £), , a.e. t f [ t Q ,1].

The pair (x,u) is an a d m i s s i b l e  p r o c e s s  w h e n  u is a 

f e a s i b l e  c o n t r o l  and x is the c o r r e s p o n d i n g  t r a j e c t o r y .

For an i n i t i a l  pair (x^,t^) and a f e a s i b l e  c o n t r o l  u,
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d e f i n e  t h a t  t h e  p e r f o r m a n c e  f u n c t i o n  o f u is

J ( x
V u)

£ 1
J L ( x ( t ) , t , u ( t ) ) d t  .

The v a l u e  f u n c t i o n  for p r o b l e m  (OP), w h e n  the i n i t i a l  

t i m e  is t , is d e f i n e d  as

V ( x 0 ,t0 ) & min { J ( x 0 ,tQ ,u) | u € F (x0 .tQ )} '

An a d m i s s i b l e  p r o c e s s  w h i c h  is c o r r e s p o n d i n g  to the 

v a l u e  f u n c t i o n  is c a l l e d  an o p t i m a l  p r o c es s.

The m o s t  s i g n i f i c a n t  a s p e c t  of this kind of o p t i m a l  

t h e o r y  c o n c e r n s  the f o l l o w i n g  H a m i l t o n - J a c o b i  e q u a t i o n :

( x , t ) + m a x  {4> ( x , t ) f ( x . t . u ) - L ( x , t , u ) } = 0.
u £ Q  X

( A. 1)

We ha ve  the f o l l o w i n g  t h e o r e m .

T h e o r e m  A .1:

S u p p o s e  W (x ,t ) is a C (1) s o l u t i o n  of the H a m i l t o n - J a c o b i  

e q u a t i o n  (A.1), W: XX — > R. and s u p p o s e  (x.u) is an a d m i s s i 

ble p r o c e s s  such th at

W ( x ( t ) , t ) + W  (x(t) ,t )f (x (t ) ,t , u (t ) )-L (x (t ) , t , u (t ) ) = 0 w x

a .e . t e [t Q , 1] . ( A . 2)

T h e n  (x,u) is an o p t i m a l  pr oc es s.

The a p p r o a c h  to f i n d i n g  the o p t i m a l  p r o c e s s  u s in g 

H a m i l t o n - J a c o b i  e q u a t i o n  (A.1) is u s u a l l y  r e f e r r e d  to as the 

D y n a m i c  P r o g r a m m i n g  M e t h o d .
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A . 2 A d u a l  p r o b l e m

N o w  let us s p e c i f y  t
0 =

s o l u t i o n  of e q u a t i o n  (A.1) 

cess. Th en

0. S u p p o s e  W (x ,t ) is a

and (x,u) is any a d m i s s i b l e  pro-

W ( x l , 1 ) - W ( x Q ,0) = J ^ W ( x ( t )  , t ) d t
0°
1

= I {W (X (t ) ,t )+W (X (t ) .t )f (x (t ) , t . u (t ) )}dt 
0 x

1
</ L ( x ( t ) , t , u ( t ) ) d t .
0

( A . 3 )

If (x,u) is an a d m i s s i b l e  p r o c e s s  s a t i s f y i n g  ( A . 2), then

1
w (x 1 . 1 )- W (x Q ,0) = J w t (x (t ) ,t )+W (x (t ) , t ) f (x (t ) ,t ,u (t ) )dt

1
= / L ( x ( t ) , t , u ( t ) ) d t  .

0

Th us (x,u) is an o p t i m a l  p r o c e s s  and W (x ,1) - W (x Q ,0) is the 

m i n i m u m  cost, i.e.,

V ( x Q , 0 ) = W ( x 1 , 1 ) - W ( x , 0 )  .

S i n c e  ( A . 3) is v a l i d  for any C f u n c t i o n  W w h i c h  s a t i s f i e s  

(A.1) p r o v i d e d  the set of f e a s i b l e  c o n t r o l  is not empty, this 

i m p l i e s  that

V (x Q , 0) > s u p { W ( x 1 , 1 )-W(x ,0)}

w h e r e ,  the s u p r e m u m  is t a k e n  o v e r  all f u n c t i o n s  W w h i c h

s a t i s f y  the H a m i l t o n - J a c o b i  e q u a t i o n  (A.1).

T h e o r e m  (A.1) g i v e s  s u f f i c i e n t  c o n d i t i o n s  for o p t i m a l i 

ty. W h e n  some c o n v e x i t y  h y p o t h e s i s  is made. i.e. 

u I--- * ( L ( x , t , u ) , f ( x , t , u ) )
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is c o n v e x  for all ( x , t ) e <Q

t h e o p t i m a l i t y  c o n d i t i o n s  b e c o m e s  n e c e s s a r y  as well*"1 1 ^. 

F u r t h e r m o r e ,  the c o n c l u s i o n s  of Th m  A.1 r e m a i n s  val i d w h e n  

the H a m i l t o n - J a  co bi  e q u a t i o n  is r e l a x e d  to i n e q u a l i t y  ̂ 1 1 ‘* 

<*’i.(x,t)+'t| ( x )t ) f ( x 1t Iu ) - L ( x 1t )u) < 0.
^ X

( A . 4 )

Hence, we h a v e  the f o l l o w i n g  d u a l i t y  p r i n c i p l e .

T h e o r e m  A .2:

S u p p o s e  the c o n v e x i t y  h y p o t h e s i s  holds, then 

V (x g ,0) = s u p { W ( x 1 , 1 )- W ( x Q ,0)}

w h e r e  the s u p r e m u m  is t a k e n  o v e r  all f u n c t i o n s  W w h i c h

s a t i s f y  the H a m i l t o n - J a c o b i  i n e q u a l i t y  ( A . 4).
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A . 3 A c o n s t r u c t i o n  m e t h o d

W i t h  a f u r t h e r  h y p o t h e s i s  c a l l e d  " s t r o n g  c a l m n e s s "  on 

t h e s y s t e m  ( Th is  i n c l u d e s  the r e q u i r e m e n t  th at

l i m
n ( x 1 )-n ( x )

in f  --------------
II x - x 1 II

> - 00 ,

w h e r e  n is the m i n i m u m  c o st  e x p r e s s e d  as

m i n a l  c o n s t r a i n e d  sta t e x^), we h a ve  the

t h e o r e m Ciii]

a f u n c t i o n  of ter- 

f o l l o w i n g  e x i s t e n c e

T h e o r e m  A .3:

e
S u p p o s e  the c o n v e x i t y  h y p o t h Asis h o l d s  and f ( x , t , u ) ,  

L ( x , t , u )  are c o n t i n u o u s  in (x.t.u) and L i p s c h i t z  c o n t i n u o u s  

in x, u n i f o r m l y  in (t,u). S u p p o s e  the s t r o n g  c a l m n e s s  hy-

Q
P ° th Asi5 al so holds. T h en  t h e r e  e x is ts  a L i p s c h i t z  f u n c t i o n  

W ( x, t)  such t h at  the H a m i l t o n - J a c o b i  i n e q u a l i t y  ( A . 4) is s a 

t i s f i e d  and an a d m i s s i b l e  p r o c e s s  (x,u) is o p t i m a l  if and 

o n l y  if

~ W  ( x ( t ) 1 t ) = L( x( t) ,t,u(t) )

a . e . te [ 0 , 1 ] .

The f u n c t i o n  W (x ,t ) can be t a k e n  as a s o l u t i o n  to the d u a l  

p r o b l e m :

M a x i m i z e  { W (x ̂ , 1 ) - W( x ,0) }

o v er  L i p s c h i t z  c o n t i n u o u s  f u n c t i o n s  W: .Qt  > R such that

( A . 4) is s a t i s f i e d .  The v a l u e  of the d u a l  p r o b l e m  is the 

m i n i m u m  cost.

Hence, the o p t i m a l  c o n t r o l  p r o b l e m  (OP) can be t u r n e d  

i n t o  a kind of o p t i m i z a t i o n  p r o b l e m  w h i c h  is
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M a x i m i z e  W ( x , ^  ) . W ( x Q ,o')

s u b j e c t  to L i p s c h i t z  c o n t i n u o u s  f u n c t i o n s  W: ft -- » R

W , ( x , t ) + W (X ,t )f (x , t , u ) < L( x . t . u )
t x

for all u Q 

a . e . ( x , t ) e .

This is o b v i o u s l y  the m a t h e m a t i c a l  p r o g r a m m i n g  p r o b l e m  

w h i c h  we d i s c u s s e d  in C h a p t e r  3. Thus the a l g o r i t h m s  p r o 

p o s e d  t h e r e  can be a p p l i e d  to this o p t i m a l  c o n t r o l  p r o b l e m .
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