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ABSTRACT

T his t h e s i s  i s  concerned  w ith  th e  p h y s ic a l  m o d e llin g  o f lam in a r and 
tu r b u le n t  tw o-phase  flow s w ith  l iq u id  and vapour e n tra in m e n t.

The p ropo sed  a n a l y t i c a l  model i s  based on two d i f f e r e n t  power law  
v e lo c i ty  p r o f i l e s  f o r  each phase and has been used f o r  th e  p r e d ic t io n  o f 
th e  v o id  f r a c t io n  and p re s s u re  d ro ps f o r  a n n u la r  ty p e s  o f tw o-phase flo w . 
T h is  model i s  th e n  ex tended  by a llo w in g  th e  l iq u id  and vapour p hases to  be 
e n tra in e d  in to  each o th e r .  Thus by s u i t a b ly  cho o sin g  th e  e n tra in m en t 
r a t i o s  bubbly  and w isp y -a n n u la r  flow s can be a n a ly s e d . E ncouraging
com parisons a re  made w ith  a w ide ran ge  o f e x p e rim e n ta l r e s u l t s  f o r  th e  
v o id  f r a c t io n  and p re s s u re  drop in  u n ifo rm ly  h ea ted  f lo w s .

For tw o-phase flow s under non -u n ifo rm  h e a t  f lu x  d i s t r i b u t i o n s  th e  
c o n s e rv a tio n  e q u a tio n s  f o r  m ass, momentum and energy  a re  so lv ed  
n u m e r ic a lly . When th e  v e lo c i ty  p r o f i l e  model i s  in te g r a te d  in  th e s e  
e q u a tio n s  an i n t e r e s t i n g  n u m erica l scheme i s  d ev e lo p ed , w ith  a f i n i t e  
d i f f e r e n c e  ap p ro x im atio n  o n ly  f o r  th e  term s c o n ta in in g  th e  mass f lu x , 
p re s s u re  and s p e c i f i c  e n th a lp y . The d e t a i l s  o f th e  c a lc u la t io n  p ro ced u re  
a re  p re s e n te d  and th e  c o n d it io n s  f o r  a c h ie v in g  a c c u ra te  r e s u l t s  a re  
c o n s id e re d .

The p h y s ic a l  m o d e llin g  i s  f u r t h e r  improved by u s in g  a sim p le  
r e p r e s e n ta t io n  o f e n tra in m en t f o r  th e  l iq u id  phase and th e  whole scheme 
i s  th en  used  f o r  th e  p r e d ic t io n  o f b u rnou t in  fo rc e d  c o n v ec tiv e  b o i l in g  
in  v e r t i c a l  u pflow s w ith  un ifo rm  and non -un ifo rm  h e a t  f lu x  d i s t r i b u t i o n s .  
The r e s u l t s  show an enco u rag ing  agreem ent w ith  ex p e rim en t.
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flow  r a t e s  (L1V2).

N orm alised  p re s s u re  drop f o r  v e r t i c a l  h ea ted  p ip e  
flow  (2 5 .4  mm d ia m e te r ) .
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N orm alised  p re s s u re  drop f o r  v e r t i c a l  u nheated  p ip e  
flow  (38 mm d ia m e te r ) .

N orm alised  p re s s u re  drop f o r  h o r iz o n ta l  h ea te d  p ip e  
flow  (38 mm d ia m e te r ) .

N orm alised  p re s s u re  drop f o r  h o r iz o n ta l  u nh eated  p ip e  
flow  (38 mm d ia m e te r ) .

N orm alised  p re s s u re  drop f o r  h o r iz o n ta l  u nh eated  p ip e  
flow  (2 5 .4  mm d ia m e te r ) .

Com parison betw een p re d ic te d  and observed  p re s s u re  
d ro p .

P re d ic te d  v o id  f r a c t io n s  f o r  lam in a r and tu r b u le n t  
flow s f o r  L1V2 and V1L2.

P re d ic te d  v o id  f r a c t io n s  f o r  lam in a r flow s a t  
d i f f e r e n t  o p e ra t in g  p r e s s u r e s .

P re d ic te d  v o id  f r a c t io n s  f o r  tu r b u le n t  flow s a t  
d i f f e r e n t  o p e ra t in g  p r e s s u r e s .

P re d ic te d  v o id  f r a c t io n s  a t  d i f f e r e n t  o p e ra t in g  
p re s s u re s  f o r  l iq u id  o r vap o ur n e x t to  th e  w a l l .

The r a t i o  o f av erag e  vapour and l iq u id  v e l o c i t i e s  (S)
f o r  lam in a r and tu r b u le n t  flow s when L1V2 and V1L2.
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The r a t i o  o f av erag e  vapour and l iq u id  v e l o c i t i e s  (S) 
a t  d i f f e r e n t  o p e ra t in g  p re s s u re s .

The r a t i o  o f av erag e  vapour and l iq u id  v e l o c i t i e s  a t  
d i f f e r e n t  o p e ra t in g  p re s s u re s  f o r  l iq u id  o r vapour 
n ex t to  th e  w a l l .

V arious p h y s ic a l  p ic tu r e s  o f e n tra in m e n t.

The assumed v e lo c i ty  p r o f i l e s  w ith  (a) l iq u id  and (b) 
vapour p redom inan t in  re g io n  1.

The m easured en tra in m en t r a t i o s  f o r  th e  l iq u id  a t  
d i f f e r e n t  m ass-d ry n ess  f r a c t io n s .

E x p erim en ta l and p re d ic te d  v o id  f r a c t io n s  a t  
d i f f e r e n t  mass flow  r a t e s .

N orm alised  p re s s u re  drop in  h o r iz o n ta l  p ip e  flow s 
w ith  h e a t  in p u t .

N orm alised  p re s s u re  drop in  v e r t i c a l  u nh eated  p ip e  
f lo w s .

Com parison betw een p re d ic te d  and observed  p re s s u re  
d rops w ith  d i f f e r e n t  o p e ra t in g  p re s s u re s .

N orm alised  p re s s u re  drop f o r  p ip e  flow s a t  69 .69  b a r ;  
t e s t  le n g th  0 .919  m.
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The tw o-phase averaged  d e n s i t i e s  f o r  n = 9 when
(a) L1V2 and (b) V1L2.

2 2The r a t i o  (u ) / ( u )  a t  

2 — 2The r a t i o  (u ) / (u) a t  
S tag g e red  g r id  system .

A rrangem ent o f v a r ia b le s  in  a t y p i c a l  c e l l .

The e f f e c t  o f g r id  s i z e  on (a ) p re s s u re  d ro p ,
(b) m ass-d ry n ess  f r a c t io n  and (c ) v o id  f r a c t i o n ,  in  
a c o s in e  h e a t  f lu x  d i s t r i b u t i o n .

The p re s s u re  drop and v o id  f r a c t io n  in  a u n ifo rm ly  
h ea te d  p ip e  f o r  d i f f e r e n t  e n tra in m en t m odels.

The e f f e c t  o f e n tra in m en t in  p re s s u re  drop and v o id  
f r a c t io n  f o r  a chopped c o s in e  h e a t  f lu x .

The e f f e c t  o f e n tra in m en t in  p re s s u re  drop and v o id  
f r a c t io n  f o r  e x p o n e n tia l  h e a t  f lu x  d i s t r i b u t i o n .

Com parison o f p re s s u re  d ro ps p re d ic te d  f o r  d i f f e r e n t  
h e a t  f lu x  d i s t r i b u t i o n s .

Com parison o f l iq u id  e n tra in m en t r a t i o s  p re d ic te d

69 b a r  f o r  L1V2 and V1L2. 

155 b a r  f o r  L1V2 and V1L2.

fo r  d i f f e r e n t  h e a t  f lu x  d i s t r i b u t i o n s .
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CHAPTER 1

INTRODUCTION

1-1 The Problem  C on sidered
Knowledge o f th e  flow  of a l iq u id  and i t s  vapour a lo n g  a p ip e  o r a 

d u c t has become in c r e a s in g ly  im p o rta n t in  re c e n t  y e a r s .  In  power
g e n e ra tio n  p la n t s ,  n u c le a r  r e a c to r s  and chem ica l p ro ce ss  p l a n t s ,  th e re  i s  
g re a t  s a f e ty  and economic in c e n t iv e  to  be a b le  to  examine th e  b eh av io u r o f 
c e r t a i n  key phenomena, such as b u rn o u t under th e  extrem e tem p e ra tu re  and 
flow  c o n d it io n s  a s s o c ia te d  w ith  mixed l iq u id  and vapour f lo w s. The
ad v an tag es  g ained  by such s tu d ie s  a re  t h a t  optimum e f f i c ie n c y  cou ld  be 
o b ta in e d  and g r e a t e r  em phasis cou ld  be p u t on r e f in in g  th e  d e s ig n  and 
o p e r a t io n a l  m ethods.

The a n a ly s is  o f tw o-phase flow s i s  made e a s ie r  i f  i t  can be 
e s ta b l is h e d  t h a t  th e  flow  i s  e i t h e r  lam in a r o r tu r b u le n t  and w hether any 
s e p a r a t io n  o r secon d ary  flow  e f f e c t s  o c c u r , in  th e  same way as f o r  s in g le  
p hase  flo w . However, i t  i s  o f g r e a te r  im p ortan ce  to  know th e  top o lo g y  o r 
geom etry  o f th e  flo w . E x perience  has shown th a t  f o r  such flow s th e
l iq u id  and vapour can ta k e  up a v a r i e t y  o f c o n f ig u r a t io n s .  Each flow  
p a t t e r n  depends on th e  c o n d it io n s  o f p r e s s u r e ,  flo w , h e a t  f lu x  and
ch an n e l geom etry and a re  u s u a l ly  c la s s e d  in  flow  p a t t e r n s  f o r  v e r t i c a l  o r
h o r iz o n ta l  c o - c u r r e n t  f lo w s . These flow  p a t t e r n s  a re  shown in  f ig u r e s
1 .1  and 1 .2  to g e th e r  w ith  th e  s p e c ia l  ca se  where th e  tw o-phase m ix tu re  i s  
c r e a te d  by l iq u id  e v a p o ra tio n  in  h e a te d  c h a n n e ls .

In  th e  i n v e s t ig a t io n  o f such f lo w s , th e  knowledge o f th e  d iv i s io n  o f 
th e  flo w  betw een th e  two p hases i s  u s u a l ly  im p o r ta n t. The a s s o c ia te d  
p a ram e te rs  a re  th e  f r a c t io n  o f th e  t o t a l  flow  a re a  o ccup ied  by vapour
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(v o id  f r a c t i o n ) , and th e  r a t i o  o f th e  vapour mass flow  r a t e  to  th e  t o t a l  
(m ass-d ry n ess  f r a c t i o n ) .  In  a d d i t io n  to  th e s e  p a ra m e te rs , i t  i s  u s u a l ly  
d e s ir e d  f o r  d e s ig n  p u rp o ses  to  know th e  tw o-phase flow  f r i c t i o n  f a c to r  as 
w e ll  as how th e  l iq u id  and vapour a re  in te rm ix ed  in  each o f flow  p a t t e r n s  
w hich a re  l i k e l y  to  o ccu r.

S e v e ra l methods have been p roposed  th ro u g h o u t th e  y e a rs  to  d e s c r ib e  
th e  r e l a t i o n  o f a l l  th o se  p a ram e te rs  a s s o c ia te d  w ith  th e  flow  of th e  two 
f l u i d s .  These m ethods can be c la s s e d  as se m i-e m p ir ic a l  and a n a l y t i c a l ;  
th e  most im p o rta n t o f th e s e  a re  p re se n te d  in  s e c t io n  1 -3 . The 
c o n s t r a in t s  o f th e  f i r s t  c a te g o ry  a re  t h a t  th e  c o r r e la t io n s  produced a re  
l im ite d  by th e  a p p l ic a t io n  range o f th e  ex p e rim en ts  on which th e y  a re  
b a sed ; and f o r  th e  second c a te g o ry  th e  l im i t a t io n s  a re  due to  th e  se v e re  
p h y s ic a l  a ssu m ptio ns made abou t th e  c h a r a c te r  o f th e  flo w .

W ith th e  ev e r in c re a s in g  com puter f a c i l i t i e s  now a v a i la b le  i t  has 
become r e l a t i v e l y  easy  to  a n a ly se  tw o-phase flow s in  complex flow  
b o u n d a r ie s . Numerous com puter codes a re  a lr e a d y  p roposed  w ith  v a r io u s  
d e g re e s  o f co m p lex ity  as shown by F ab ic  (F a76 ). However in  e f f e c t  a l l  
th o se  codes s u f f e r  from  la c k  o f u n d e rs ta n d in g  o f th e  a c tu a l  p h y s ic a l  
mechanisms and th e y  need se m i-e m p ir ic a l  m odels fo r  th e  f r i c t i o n  f a c to r s  
and th e  s l i p  v e lo c i ty  betw een th e  two p h a se s .

T h is t h e s i s  r e p r e s e n ts  a d i f f e r e n t  approach  to  th e  s u b je c t  in  th e  
sen se  t h a t  a n u m eric a l method i s  developed  based  on th e  p h y s ic a l  
mechanisms o f th e  flo w . T h is method i s  developed  in  such a way t h a t  i t  
cou ld  e a s i l y  d e s c r ib e  b u b b ly , w isp y -a n n u la r  and a n n u la r  flow  p a t t e r n s  in  
c i r c u l a r  flow  a r e a s ,  w ith  o r w ith o u t h e a t  in p u t ,  where th e  two p h ases a re  
assumed in  th e rm a l e q u i l ib r iu m . Flow p a t t e r n s  o th e r  th an  th o se  m entioned  
above a re  n o t covered  in  t h i s  t h e s i s .  T hat i s  b ecause  th e  exc lud ed  flow
p a t t e r n s  a re  n o t ex p ec ted  to  have a s i g n i f i c a n t  c o n t r ib u t io n  in  flow s
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w ith  energy  t r a n s f e r ,  and because  th o se  p a t t e r n s  a re  v e ry  d i f f i c u l t  to  
s tu d y  w ith  a t h e o r e t i c a l  model.

1-2 The P re s e n t  C o n tr ib u t io n
So f a r  th e  m ost s u c c e s s f u l  method o f a n a ly s in g  tw o-phase flow  

problem s was to  u se  a se m i-e m p ir ic a l  c o r r e la t io n  f o r  th e  f r i c t i o n a l  
p re s s u re  com ponent, th en  c a lc u la te  th e  sh e a r  s t r e s s  d i s t r i b u t i o n  in  th e  
channel and th e n  th e  v e lo c i ty  p r o f i l e  from co rre sp o n d in g  s in g le  phase 
tu rb u le n c e  m odels. The aim of th e  p re s e n t  i n v e s t ig a t io n  i s  to  re v e r s e  
t h a t  approach  and s t a r t  from an assumed v e lo c i ty  p r o f i l e  w ith  th e  c o r r e c t  
boundary  c o n d it io n s  o f zero  v e lo c i ty  a t  th e  w a ll  and maximum v e lo c i ty  a t  
th e  c e n t r e ,  which a ls o  r e t a i n s  th e  c o n t in u i ty  o f v e lo c i ty  and sh e a r  
s t r e s s  a t  th e  i n t e r f a c e  between th e  two p h a se s .

A f te r  o b ta in in g  th e  r e l a t i o n s  f o r  th e  d iv is io n  o f th e  flow  th e  
f r i c t i o n a l  p re s s u re  drop i s  e a s i l y  c a lc u la te d .  T h is  model can be a ls o  
s u b s t i t u t e d  in to  th e  flow  c o n s e rv a tio n  e q u a tio n s  which a re  th en  m o d ified  
to  account f o r  e n tra in m en t o f th e  p hases in to  each o th e r .  For th e  
c o n se rv a tio n  e q u a tio n s  a f i n i t e  d i f f e r e n c e  scheme i s  developed  which can 
be a p p lie d  to  p r e d ic t  b u rno u t in  flow s w ith  complex h e a t  f lu x  
d i s t r i b u t i o n s .

Throughout th e  p re s e n t  work a v a r ie t y  o f e x p e rim e n ta l com parisons 
a re  c a r r i e d  o u t to  examine th e  accu racy  of th e  p r e d ic t io n s  and to  
v a l i d a t e  c e r t a i n  a s p e c ts  o f i t s  p h y s ic a l  m o d e llin g . For th e  b u rn o u t 
c a lc u la t io n s  com parison  w ith  o th e r  s e m i-e m p ir ic a l m odels in d ic a te s  th e  
ad v an tag es  g ained  from  th e  u se  o f a p u re ly  n u m erica l method which i s  
based  on a sim p le  a n a l y t i c a l  ap p ro ach . P a ra m e tr ic  e f f e c t s  from th e  
p re s e n t  model a re  a ls o  p re s e n te d .
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1-3 Survey o f P rev io u s  Work
Due to  th e  w ide range o f c o n d it io n s  o ver which tw o-phase flow  i s  

l i k e l y  to  e x i s t  in  power and p ro c e ss  p la n ts  t h i s  s u b je c t  has re c e iv e d  
c o n s id e ra b le  a t t e n t i o n  d u rin g  th e  p a s t  two d ecad es . Numerous works have 
been a ls o  p u b lish e d  exam ining th e  s a f e ty  a s p e c ts  in  v a r io u s  i n d u s t r i a l  
p la n ts  a r i s i n g  from th e  e x is te n c e  o f such flo w s . Most o f th e s e  
p u b l ic a t io n s  have c o n c e n tra te d  on t r y in g  to  p r e d ic t  th e  f r i c t i o n a l  
p re s s u re  drop as w e ll  as t r y in g  to  c o r r e la t e  th e  f r a c t io n s  o f th e  t o t a l  
flow  and a re a  p a ram e te rs  r e f e r r in g  to  each in d iv id u a l  p h ase . The r e s u l t  
o f such s tu d ie s  i s  t h a t  many c o r r e la t io n s  a re  fo rm u la ted  w ith o u t 
r e fe re n c e  to  any p a r t i c u l a r  flow  reg im e. These c o r r e la t i o n s  a re  easy  to  
u se  and s u f f i c i e n t l y  a c c u ra te  f o r  many p u rp o ses w ith in  t h e i r  ran g e  o f 
v a l i d i t y ,  b u t th ey  g iv e  l i t t l e  in s ig h t  in to  th e  p h y s ic s  o f th e  sy stem . 
Some o f th e s e  most p o p u la r  a re  b r i e f l y  d e s c r ib e d  below , and th ey  a re  
c la s s e d  as e i t h e r  s e m i-e m p ir ic a l ,  o r  a n a l y t i c a l .  Some comments a re  a ls o  
made abou t a number o f w e ll  known e x p e rim e n ta l w orks.
1 -3 .1  S em i-em p iric a l S tu d ie s

Most o f th e  s e m i-e m p ir ic a l  tw o-phase m odels have been based  on th e  
work by L o ck h art and M a r t in e l l i  (Lo49) who in  1949 produced  e q u a tio n s  
based  on th e  r a t i o s  o f f r i c t i o n a l  p re s s u re  g ra d ie n t  in  tw o-phase flow  to  
th e  f r i c t i o n a l  p re s s u re  g ra d ie n ts  f o r  th e  l iq u id  and vapour p hases 
flo w in g  a lo n e  in  th e  same tu b e  w ith  th e  same flow  r a t e s  as in  th e  two- 
phase flo w . T h e ir  e q u a tio n s  w ere d e r iv e d  f o r  h o r iz o n ta l  flow  d a ta  n e a r  
to  a tm o sp h eric  p re s s u re s  in  u nh eated  tu b e s . S ince th en  t h i s  method has 
been adop ted  in  many d i f f e r e n t  w ays, o f which th e  most im p o rta n t 
t ra n s fo rm a t io n  was t h a t  by Chisholm  (C h73). He used  a p h y s ic a l  p r o p e r ty  
c o e f f i c i e n t  w hich was th e  sq u a re  ro o t  o f th e  r a t i o  o f th e  vapour to  
l i q u id  f r i c t i o n a l  p re s s u re  g ra d ie n t  when th e  t o t a l  m ix tu re  flow s as 
vapour o r l iq u id  r e s p e c t iv e ly .  However th e  method r e ta in e d  i t s
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s e m i-e m p ir ic a l  c h a r a c te r  and cou ld  n o t be used e a s i l y  in  e v a p o ra tin g  
flow s w ith  n o n -u n ifo rm  h e a t  f lu x  d i s t r i b u t i o n s .

On s im i la r  l i n e s ,  M a r t in e l l i  and N elson  (Ma48) used  th e  r a t i o  of 
f r i c t i o n a l  tw o-phase p re s s u re  drop to  th e  f r i c t i o n a l  p re s s u re  drop o f th e  
l i q u id  flo w in g  a lo n e  in  th e  tub e  w ith  a flow  r a t e  eq u a l to  th e  t o t a l  flow  
r a t e  o f th e  tw o-phase  flo w . Thom in  1964 (Th64) a ls o  recommended th e  use 
o f t h i s  c o r r e la t i o n  w ith  d i f f e r e n t  m u l t i p l i e r s  f o r  u n ifo rm ly  h ea te d  p ip e  
f lo w s . For th e  c a lc u la t io n  o f th o se  m u l t i p l i e r s  Thom used a c o n s ta n t  
s l i p  betw een th e  two p hases a t  c o n s ta n t  p re s s u re .  U n fo r tu n a te ly  
ex p e rim en ts  have shown th a t  t h i s  r a t i o  a ls o  depends on th e  r a t i o  o f th e  
l iq u id  and vapour mass flow  r a t e s .

Hughmark and P re ssb u rg  (H u 6 2 )ca rried  o u t t e s t s  on v e r t i c a l  upward 
c o c u rre n t  a i r - l i q u i d  flow s w ith o u t h e a t  in p u t fo r  s ix  d i f f e r e n t  l i q u i d s .  
T h e ir  c o r r e la t i o n  aim s to  d e te rm in e  th e  e f f e c t s  o f d e n s i ty ,  v i s c o s i ty  and 
s u r fa c e  te n s io n  on th e  v o id  f r a c t io n  and p re s s u re  d ro p . T h is c o r r e la t i o n  
c a lc u la t e s  th e  t o t a l  p re s s u re  drop  w ith  an av erag e  a b s o lu te  e r r o r  o f 
abou t 11% f o r  563 e x p e rim e n ta l p o in ts .
1 -3 .2  A n a ly t ic a l  Models

In  c o n t r a s t  to  th e  se m i-e m p ir ic a l  s tu d ie s  th e  a n a l y t i c a l  m odels a re  
m ain ly  based  on th e  a c tu a l  flow  reg im e, so th e  c o r r e la t io n s  produced a re  
dependent on th e  p h y s ic a l  assu m p tio ns made.

One of th e  e a r l i e s t  a n a l y t i c a l  m odels f o r  bubbly  flow  reg im es was 
t h a t  o f B ankoff (B a60). T h is model assumed t h a t  th e re  i s  no lo c a l  s l i p  
in  th e  bubbly  flow ; in s te a d ,  s in g le  r a d ia l  p r o f i l e s  f o r  th e  v e lo c i ty  and 
v o id  f r a c t io n  w ere u se d . T h is model i s  n o t s u i t a b le  f o r  m ix tu re s  w ith  
la r g e  b u b b les  w hich b eg in  to  c o a le s c e ,  e s p e c ia l ly  f o r  c o n d it io n s  
ap p ro ach in g  th e  a l l -v a p o u r  flo w , b ecau se  in  t h a t  re g io n  th e  v o id  f r a c t io n  
i s  c o n s id e ra b ly  u n d e re s tim a te d .
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Levy in  1960 (Le60) proposed  a momentum exchange model w ith  eq u a l 
f r i c t i o n a l  and head lo s s  f o r  th e  l iq u id  and vapour p h a se s . T h is model 
was n o t v e ry  s u c c e s s f u l  in  com parisons w ith  exp erim en t and was 
s u b s t i t u t e d  in  1966 (Le66) by a model w hich c o n s id e red  th e  momentum and 
m a s s - t r a n s f e r  component f o r  th e  i n t e r f a c i a l  sh e a r  f o rc e .  T h is l a t t e r  
model showed t h a t  th e  momentum component i s  dom inant w ith in  th e  l iq u id  
f i lm  w h ile  f o r  th e  vapour co re  th e  m a s s - t r a n s f e r  component i s  th e  most 
im p o rta n t term . The i n t e r f a c i a l  sh e a r  s t r e s s  f o r  th e  vapour co re  was 
c a lc u la te d  from an e m p ir ic a l  c o r r e la t io n  based  on e x p e rim e n ta l r e s u l t s .  
T h is work d em on stra ted  th e  im p ortan ce  of th e  c o n t in u i ty  o f sh e a r  s t r e s s

bea t  th e  i n t e r f a c e  betw een l iq u id  and vapour which can by no means tak en  
eq u a l to  th e  w a ll  sh e a r  s t r e s s .

A r a th e r  s im p le r  approach  was p roposed  by Smith (Sm70) in  1970. H is 
model assumes an a n n u la r  l iq u id  f lo w , su rro u n d in g  a co re  flow  o f vapour 
w ith  e n tra in e d  w a te r d r o p le t s ,  b o th  o f w hich a re  assumed to  have eq u a l 
v e lo c i ty  h ead s . For th e  b e s t  f i t  over a w ide range o f e x p e rim e n ta l 
r e s u l t s ,  Sm ith su g g es ted  th a t  th e  e n tra in e d  l iq u id  component o f th e  co re  
flow  shou ld  be 40% by m ass.

A ll  th e  above m odels a re  "o n e -d im e n sio n a l"  in  a sen se  t h a t  a t  any 
s t a t i o n  in  th e  p ip e ,  each o f th e  flow  p r o p e r t i e s  in c lu d in g  th e  v e l o c i t y ,  
has a s in g le  v a lu e  f o r  each o f th e  p h a se s . The two phases a re  to  some 
e x te n t  in d ep en d en t o f each  o th e r  ex cep t t h a t  to g e th e r  th ey  f i l l  th e  whole 
flow  a re a  and th ey  a re  assumed to  be in  th e rm a l e q u ilib r iu m .

W estm oreland (We57) in  1957 su g g es ted  a two d im en sio n a l v e lo c i ty  
p r o f i l e  model f o r  tw o-phase a n n u la r  flow  w hich was based  on two d i f f e r e n t  
v e lo c i ty  p r o f i l e s  which v a r ie d  w ith  th e  ra d iu s  a c co rd in g  to  1 /n th  power 
law . He jo in e d  th o se  p r o f i l e s  a t  th e  l iq u id -v a p o u r  i n t e r f a c e  by 
c o n t in u i ty  o f s h e a r - s t r e s s  and v e l o c i t y ,  b u t r a th e r  u n ex p ec ted ly  he used 
lam in a r sh e a r  laws f o r  th e  i n t e r f a c e ,  even f o r  tu r b u le n t  tw o-phase flo w s.
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The W estm oreland model can be reg ard ed  as a fo re ru n n e r  o f th e  m odels 
p re s e n te d  in  t h i s  t h e s i s .  I t  was n o t a p p a re n t ly  d ev e lo p ed , perhap s 
because  o f th e  d i f f i c u l t y  m p erfo rm ing  th e  co m p lica ted  n u m erica l 
c a lc u la t io n s  a t  t h a t  p e r io d .

However th e  ad v an tage  o f th e  W estm oreland approach  i s  t h a t  w a ll  
sh e a r  s t r e s s  i s  c a lc u la te d  d i r e c t l y  from th e  v e lo c i ty  p r o f i l e  th a t  
c o rre sp o n d s  to  th e  phase  n ex t to  th e  w a l l .  T h is method o f c a lc u la t in g  
w a ll  sh e a r  s t r e s s  was s u c c e s s f u l ly  used  by D H Rooney (Ro67) f o r  n a tu r a l  
c i r c u l a t i o n  v e lo c i ty  p r e d ic t io n .

I t  may be n o ted  a t  t h i s  p o in t  t h a t  none o f th e  above models p r e d ic t s  
any v a r i a t i o n  o f v o id  f r a c t io n  w ith  mass flow  r a t e .
1 -3 .3  Survey o f E x p erim en ta l Works

The e x p e rim e n ta l ap p ro ach , a lth o u g h  alw ays more e x p e n s iv e , i s
e s s e n t i a l  f o r  th e  v a l id a t io n  o f th e  t h e o r e t i c a l  id e a s  and p ro v id e s
d e t a i l e d  f a c tu a l  knowledge abou t th e  a c tu a l  flow  c o n d it io n s .  The main 
aim o f e x p e rim e n ta l work i s  to  p ro v id e  th e  m iss in g  l in k  betw een th e  
r a t i o s  o f th e  flow  ( e .g .  v o id - f r a c t io n )  p r o p e r t i e s  which co rre sp o n d  to
each p h a se . S eco nd ly , to  examine th e  tw o-phase f r i c t i o n  e f f e c t s  and i f  
p o s s ib le  r e l a t e  th o se  to  th e  r e l a t i o n s h ip  e s ta b l is h e d  fo r  th e  r a t i o s  of 
th e  flow  and geom etry p r o p e r t i e s .

S e v e ra l e x p e rim e n ta l works have been c a r r i e d  o u t so f a r ,  from which 
th e  m ost im p o rta n t a re  th o se  by Haywood e t .  a l .  (H a61), Rouhani and
B ecker (Ro63) and Anderson and M antzouran is (A n60). Those ex p erim en ts  
covered  w ide ran ges o f o p e ra t in g  c o n d it io n s ,  g e o m e tr ie s , w ith  o r w ith o u t 
h e a t  in p u t ,  w ith  d i f f e r e n t  tw o-phase com ponents and used  d i f f e r e n t  
m easu ring  te c h n iq u e s . The o p e ra t in g  c o n d it io n s  fo r  th e s e  ex p e rim en ts  a re  
g iv en  in  th e  n ex t c h a p te rs  where com parisons a re  made w ith  t h e o r e t i c a l  
p r e d ic t io n s ,  b u t h e re  th e  main em phasis and th e  aims s e t  by th o se  
ex p e rim en ts  a re  b r i e f l y  d e s c r ib e d .
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Haywood e t .  a l .  (Ha61) made m easurem ents f o r  th e  v o i d - f r a c t io n  and 
p re s s u re  drop w ith  b o i l in g  w a te r in  h e a te d  and unheated  tu b e s  a rran g ed  
v e r t i c a l l y  o r h o r iz o n ta l ly .  The pu rpo se  o f th e se  ex p e rim en ts  was to  
examine th e  dependence o f th e  r e s u l t s  a t  d i f f e r e n t  mass flow  r a t e s  and 
o p e ra t in g  p r e s s u r e s .  For th e  v o id  f r a c t io n  a gamma-ray a t te n u a t io n  
method was u sed . T h e ir  r e s u l t s  showed th e  im portance  o f th e  s l i p  
v e lo c i ty  betw een th e  tw o -p hases in  th e  p r e d ic t io n  o f th e  p re s s u re  d ro p .

Rouhani and B ecker (Ro63) m easured v o id  f r a c t io n s  in  sm a ll tu b es  
u s in g  b o i l in g  heavy w a te r  v e r t i c a l  f lo w s . A w ider range o f o p e ra t in g  
p re s s u re s  was covered  by th e se  ex p e rim en ts  and th e  v o id  f r a c t io n  
m easurem ents were o b ta in e d  by th e  (y -  n) r e a c t io n  which o ccu rs  when 
heavy w a te r  i s  i r r a d i a t e d  w ith  gamma ra y s .

The ex p erim en ts  by Anderson and M antzouran is (An60) were conducted  
w ith  a i r - w a te r  m ix tu re s  flo w in g  in  an u nh ea ted  v e r t i c a l  tu b e  o f 11 mm 
b o re . M easurem ents o f th e  v o id  f r a c t io n  w ere made by i s o l a t i n g  th e  t e s t  
s e c t io n  and m easuring  th e  h e ig h t  o f th e  l i q u id .  The aim o f th e s e  
e x p e rim en ts  was to  p ro v id e  v o id  f r a c t io n s  and p re s s u re  d rops fo r  
c o n d it io n s  ap p ro ach in g  th e  a l l - g a s  flo w . A lso , s p e c ia l  a t t e n t i o n  was 
g iv en  to  m easuring  th e  e n tra in m en t o f l iq u id  d ro p le ts  in  th e  gas c o re ,  by 
th e  method o f s e p a r a t io n  from  th e  l iq u id  flo w in g  in  th e  a n n u la r  f i lm .

Even f o r  th e s e  ex p e rim en ts  rem ains a c o n s id e ra b le  d eg ree  o f 
u n c e r ta in ty  w ith  re g a rd  to  th e  a c tu a l  flow  p a t t e r n s  covered  by th e  range 
o f th e  o p e ra t in g  c o n d i t io n s .  However th e  g e n e ra l  su p p o rt i s  t h a t  th e  
examined flow s a re  m o stly  o f an a n n u la r  ty p e .

As f o r  e n tra in m e n t, i t s  e x is te n c e  has been confirm ed a lth o u g h  i t  has 
n o t been y e t  f u l l y  d e s c r ib e d . U n fo r tu n a te ly , th e  developm ent o f 
s o p h is t ic a te d  a n a l y t i c a l  m odels depends v e ry  much on th e  u n d e rs ta n d in g  of 
th e  a c tu a l  p h y s ic a l  c o n d it io n s .
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1-4 O u tlin e  o f th e  T h es is
The main body o f  th e  t h e s i s  c o n s i s t s  o f f iv e  c h a p te r s .  C hap ter two 

c o n ta in s  th e  developm ent and a p p l ic a t io n  o f th e  v e lo c i ty  p r o f i l e  model 
in  a n n u la r tw o-phase  flow s where th e  l iq u id  and vap o ur phases a re  
flo w ing  co m p le te ly  s e p a ra te d  w ith  a smooth in te r f a c e  betw een them. The 
e q u a tio n s  a re  d e r iv e d  f o r  lam in a r and tu r b u le n t  flow s and com parisons a re  
made w ith  e x p e rim e n ta l r e s u l t s  w hich a re  c lo s e  to  th e  assumed p h y s ic a l  
r e p r e s e n ta t io n .  The p a ra m e tr ic  s tu d ie s  in  th e  same c h a p te r  h e lp  to  
i d e n t i f y  th e  in f lu e n c e  on th e  p r e d ic t io n s  o f th e  new p a ram ete rs  
in tro d u c e d  by th e  v e l o c i t y  p r o f i l e  m odel.

In  c h a p te r  th r e e  th e  v e lo c i ty  p r o f i l e  model i s  ex tend ed  fo r  flow s 
w ith  b o th  l iq u id  and vapour e n tra in m e n t. Some i n t e r e s t i n g  com parisons 
w ith  experim ent a re  shown in  t h i s  c h a p te r  in c lu d in g  r e s u l t s  f o r  flow  in  
an a n n u la r  p a ssa g e .

In  c h a p te r  fo u r  th e  g e n e ra lis e d  form s o f th e  c o n s e rv a tio n  e q u a tio n s  
a re  s im p li f ie d  by m aking u se  of th e  v e lo c i ty  p r o f i l e s  assumed in  t h i s  
model and a g e n e ra l  n u m erica l s o lu t io n  scheme i s  p ro p o s e d , s u i t a b le  f o r  
tw o-phase flow s w ith  n on -u n ifo rm  h e a t - f lu x  d i s t r i b u t i o n s .

In  c h a p te r  f i v e  th e  n u m erica l scheme i s  used  f o r  p r e d ic t io n  o f 
b u rno u t le n g th  and mass d ry n ess  f r a c t io n  w ith  v a r io u s  h e a t - f lu x  
d i s t r i b u t i o n s .  For th e  n e a re s t  p o s s ib le  r e p r e s e n ta t io n  o f e n tra in m e n t, a 
se m i-e m p ir ic a l  model h as been in tro d u c e d  as p a r t  of th e  n u m erica l scheme.

The g e n e ra l  d is c u s s io n  of th e  model and th e  c o n c lu s io n s  d e r iv e d  from 
i t s  u se  a re  g iven  in  c h a p te r  s ix .  A lso th e  ach ievem ents o f th e  p re s e n t  
work a re  s t a t e d ,  and su g g e s tio n  f o r  f u tu r e  work a re  made. The rem ain ing  
s e c t io n s  o f th e  t h e s i s  c o n ta in  th e  f ig u r e s  and ta b le s  f o r  th e  p re v io u s  
c h a p te rs  o rg an ise d  in  a s in g le  ap p en d ix , a l i s t  of th e  c i t e d  r e f e r e n c e s ,  
and ap p en d ices  t h a t  p ro v id e  su pp lem en ta ry  in fo rm a tio n  to  some o f th e  
c h a p te rs  in  th e  main t e x t .
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CHAPTER 2

THE VELOCITY PROFILE MODEL

2-1 In tro d u c tio n  to  th e  model
In  th e  in v e s t ig a t io n  o f th e  flow  o f a l iq u id  and i t s  vapour a lo ng  a 

p ip e  o r  d u c t ,  knowledge o f th e  d iv i s io n  o f th e  flow  betw een th e  two 
p h ases  i s  u s u a l ly  im p o r ta n t. The a s s o c ia te d  p a ram ete rs  which a re  o f te n  
used  in  th e  a p p l ic a t io n  o f c o n se rv a tio n  law s in  such flow s a re :

(a ) The v o id  f r a c t i o n ,  "a"  w hich i s  d e f in e d  as th e  r a t i o  o f th e  
vapour flow  a re a  to  th e  t o t a l ;

(b) The mass d ry n e ss  f r a c t i o n ,  " x " , d e f in e d  as th e  r a t i o  o f vapour 
mass flow  r a t e  to  th e  t o t a l  flow  r a t e .

V alues o f l o c a l  d ry n e ss  f r a c t io n  a re  n o rm a lly  r e a d i ly  o b ta in a b le  from 
th e  i n i t i a l  v a lu e s  o f th e  flow  and th e  c o n d it io n s  o f h e a t  t r a n s f e r  when 
th e rm a l e q u il ib r iu m  i s  assum ed. But f o r  th e  v o id  f r a c t io n  a th e  absence 
o f com prehensive a n a ly s is  o f two phase  flo w , g e n e ra l ly  makes th e  
dependence on e x p e rim e n ta l m easurem ents u n a v o id ab le .

A l te r n a t iv e ly  we cou ld  r e l a t e  th e  l o c a l  v a lu e s  o f d ry n ess  f r a c t io n  
and v o id  f r a c t io n  to  each  o th e r ,  b u t in  o rd e r  to  a ch iev e  t h i s ,  e x i s t in g  
m odels r e q u i r e  some s im p lify in g  assu m p tio n s about th e  c h a r a c te r  o f th e  
flo w . Such a ssu m p tio n s , as m entioned  a t  th e  in t r o d u c t io n  c h a p te r ,  
in v o lv e  s im p l i f i c a t io n s  of th e  c o n s e rv a tio n  e q u a tio n s  th u s  p ro du cing  
r e s u l t s  w ith  l im ite d  ran g es  o f a p p l ic a t io n .

F re q u e n tly  i t  h as  been assumed (Wa69, Le60) t h a t  th e  f r i c t i o n a l  
p re s s u re  g ra d ie n t  f o r  th e  l iq u id  component i s  ap p ro x im ate ly  eq u a l to  th e  
f r i c t i o n a l  g ra d ie n t  f o r  th e  l iq u id  phase  flo w in g  a lo n e  in  a tu b e  w ith  th e  
same c ro s s  s e c t io n a l  a re a  as  th a t  o f th e  l iq u id  in  th e  combined flow . As
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shown by th e  two v e lo c i ty  p r o f i l e s  o f F ig u re  2 .1 ,  i t  i s  h ig h ly  u n l ik e ly  
t h a t  th e  two c a se s  w i l l  produce s im i la r  w a ll  sh e a r  s t r e s s e s ,  and th e r e 
fo re  p re s s u re  g r a d ie n ts .  With th e  co n tin u o u s l i n e  in  t h i s  d iagram  i s  
drawn a h y p o th e t ic a l  v e lo c i ty  p r o f i l e  which a llo w s c o n t in u i ty  o f v e lo c i ty  
and sh e a r  s t r e s s  a t  th e  i n t e r f a c e  betw een th e  two p h a se s . T h is i s  th e  
main id e a  beh ind  th e  v e lo c i ty  p r o f i l e  model which o f f e r s  th e  obv ious 
ad v an tage  o f a v o id in g  d i s c o n t i n u i t i e s  a t  th e  i n t e r f a c e ,  and r e l a t e s  
d i r e c t l y  th e  v o id  f r a c t io n  and mass d ry n e ss  f r a c t io n .

2-2 D e s c r ip tio n  o f th e  v e lo c i ty  p r o f i l e  model
The v e lo c i ty  p r o f i l e  model d e s c r ib e s  s te a d y , ax isym m etric  tw o-phase 

a n n u la r  p ip e  flow s in  which th e  two p h ases can be reg a rd ed  as flo w in g  
s e p a r a t e ly ,  d iv id e d  by a c le a r ly - d e f in e d  h y p o th e t ic a l  s u r fa c e  o f 
s e p a r a t io n .  The most obvious f e a tu r e  o f th e  proposed model i s  t h a t  th e  
tw o -d im en s io n a l v e lo c i ty  p r o f i l e  f o r  th e  two p hases i s  n o t g iv en  by a 
s in g le  r e l a t i o n  over th e  com plete flow  p a ssa g e . I n s te a d ,  f o r  each phase  
a d i f f e r e n t  v e lo c i ty  r e l a t i o n s h ip  i s  u se d .

In  each p a r t  o f th e  flow  p assage  th e  v e lo c i ty  i s  tak en  to  v a ry  w ith  
ra d iu s  a c co rd in g  to  r e l a t i o n s  s im i la r  to  th o se  used in  th e  a n a ly s is  o f 
s in g le -p h a s e  flo w . Thus f o r  tu r b u le n t  tw o-phase flow s th e  v e lo c i ty  i s  
ta k e n  to  v a ry  w ith  r a d iu s  fo llo w in g  a 1 /n th  power law  r e l a t i o n  w h ile  fo r  
lam in a r flow s p a r a b o lic  r e l a t i o n s  a re  u sed .

When th e  two p a r t s  o f th e  v e lo c i ty  p r o f i l e s  a re  m atched by e n su r in g  
c o n t in u i ty  o f v e lo c i ty  and sh e a r  s t r e s s  a t  th e  s u r fa c e  o f s e p a r a t io n ,  th e  
shape  o f th e  combined p r o f i l e  w i l l  a ls o  depend on w hether th e  h e a v ie r  
phase  i s  flo w ing  in  th e  a n n u la r  re g io n  n ex t to  th e  w a ll  o r th e  c i r c u l a r  
c e n t r a l  re g io n , w hich we w i l l  c a l l  re g io n s  1 and 2 r e s p e c t iv e ly .  As 
e i t h e r  phase cou ld  be tak en  to  occupy re g io n s  1 and 2 i t  i s  u s e fu l  to  
d e f in e  as  ML1V2" th e  c a se  where l iq u id  flow s in  th e  re g io n  n ex t to  th e
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w a ll  and vapour in  th e  c e n t r a l  re g io n , w ith  "VlL2n r e f e r r in g  to  th e  
re v e r s e  c a se . The two c a se s  a re  shown r e s p e c t iv e ly  in  f ig u r e s  2 .2 (a )  and 
2 . 2 ( b ) .

In  th e  fo llo w in g  s e c t io n s  th e  r e l a t i o n s  betw een th e  a s s o c ia te d  
tw o-phase flow  p a ram e te rs  a re  d e r iv e d  bo th  f o r  th e  c a se s  o f lam in a r and 
tu r b u le n t  f lo w s . The term s lam in a r and tu r b u le n t  flow  a re  used  in  th e  
same sen se  as f o r  s in g le  phase flo w .
2 -2 .1  Lam inar tw o-phase v e lo c i ty  p r o f i l e s

Lam inar p a r a b o lic  v e lo c i ty  p r o f i l e s  a re  used f o r  re g io n s  1 and 2 and 
th e  two p a r t s  o f th e  v e lo c i ty  p r o f i l e  a re  g iv en  by

(u /u  ) = (1 -  r2/r2 ) r  < r  < r  (2 .2 .1 )1 max,1 o s — — o

( u / u  ) = (1 -  r2/r2 ) 0 < r  < r  (2 .2 .2 )2 max,2  n — — s
when l iq u id  flow s n ex t to  th e  w a l l ,  s u b s c r ip t  1 and 2 r e f e r  to  l iq u id  (£) 
and vapour (g) r e s p e c t iv e ly ;  th e  co n v erse  i s  t r u e  when vapour flow s n ex t 
to  th e  w a l l .  The s u r fa c e  o f r a d iu s  r gi s  th e  s u r fa c e  o f s e p a ra t io n

betw een th e  two p hases and r ^ i s  a h y p o th e t ic a l  d im ension  used  in

s p e c ify in g  th e  v e lo c i ty  p r o f i l e  f o r  th e  phase in  re g io n  2.
From e q u a tio n s  (2 .2 .1 )  and ( 2 . 2 . 2 ) , th e  c o n t in u i ty  o f v e lo c i ty  a t  th e  

s u r fa c e  o f s e p a r a t io n  ( r  = r^ )  g iv e s  :

Um a x ,l (1 “ 2 *r o
= u 9 (1 -  ~  )m ax ,/ 2

rh

(2 .2 .3 )

S im i la r ly ,  from th e  c o n t in u i ty  o f lam in a r sh e a r  s t r e s s  a t  th e  i n t e r f a c e  
g iv e s  a second r e l a t i o n  betw een th e  maximum v e l o c i t i e s  and th e  g eo m etric  
p a ra m e te rs . So

du, \  /  du.
\ d y / r = r  '  dy /

( 2 .2 .4 )
r  = r
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w here y = r  -  r .  When we s u b s t i t u t e  th e  r e le v a n t  v e l o c i t i e s  J o
from  e q u a tio n s  ( 2 . 2 . 1 ) and ( 2 . 2 . 2 ) we o b ta in :

umax, 1 umax, 2
1 (2 .2 .5 )

Hence from e q u a tio n s  (2 .2 .3 )  and (2 .2 .5 )  th e  r a t i o  o f th e  maximum 
v e l o c i t i e s  i s  g iv en  by :

u
u

max , 1  2------ Rymax, 2 $  ■ $

2 2r, “ r_h_____ s_
2 2r  -  ro s

(2 .2 .6 )

1/2Where R = . F u r th e r  rea rran g em en t le a d s  to

( r h / r s ) 2 = 1 + 4  ( r 2 / r 2 -  1 ) (2 .2 .7 )

But from th e  d e f i n i t i o n  o f v o id  f r a c t io n  as th e  r a t i o  o f th e  vapour flow  
a re a  to  th e  t o t a l ,  i t  i s  q u ic k ly  seen  t h a t :

( r  / r  ) = 1 -  as o

( r  / r  ) = as o

when vapour flow s 
n ex t to  th e  w a l l .

when l iq u id  flow s 
n ex t to  th e  w a l l .

(2 . 2 . 8)

From (2 .2 .7 )  and (2 .2 .8 )  th e  g eo m etric  p a ram e te rs  o f th e  combined 
p r o f i l e s  can be d e r iv e d  when th e  v o id  f r a c t io n  i s  known. U n fo r tu n a te ly  
th e  v o id  f r a c t io n  i s  v e ry  d i f f i c u l t  to  d e te rm in e  and we u s u a l ly  have to  
work from th e  mass d ry n e ss  f r a c t io n  in s te a d .  So we a ls o  have to  d e r iv e  an 
e x p re s s io n  f o r  th e  m ass-d ry n ess  f r a c t io n  based  on th e  g eo m etric  and 
k in e m a tic  p a ra m e te rs . For t h a t  p urpose  th e  mass flow  r a t e s  in  re g io n  1 
and 2 a re  o b ta in e d  in  th e  norm al way as :

/ . r Q ^2
p.u..dA = 2irp u /  (1 -  —  ) r d r  (2 .2 .9 )

1 1  1 max, 1  J  '
A rA, r  o
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m0 = /  p u 0dA = 2irp u 0 /2 / 2 2  2 m ax,2 J ( 1  -  - 5  ) r d r
r h

( 2 . 2 . 10)

When e q u a tio n  (2 .2 .6 )  i s  used to g e th e r  w ith  th e  r e le v a n t  i n t e g r a l s  from 
t a b l e  2 . 1  th e  r a t i o  o f mass flow  r a t e s  becomes :

w here = (P2 /P 1 ) 1/2 S ince by d e f i n i t i o n ,

( 2 . 2 . 11)

x = m /  (m + m„) ( 2 . 2 . 1 2 )g g i

th e n  th e  r a t i o  o f mass flow  r a t e s  can be ex p ressed  in  term s o f mass 
d ry n ess  f r a c t io n  as :

m
m

m
m

2
1

2
1

1 -  x
x

X
1 -  X

when vapour flo w s n ex t to  th e  w a l l .

when l iq u id  flow s n ex t to  th e  w a l l .

(2 .2 .1 3 )

From e q u a tio n s  (2 .2 .1 3 )  and (2 .2 .1 1 )  an e x p l i c i t  r e l a t i o n  betw een th e  
m ass-d ry n ess  f r a c t io n  and th e  k in e m a tic  and g eo m etric  p a ram e te rs  i s  
o b ta in e d .

A l te r n a t iv e ly  e q u a tio n s  ( 2 .2 .1 1 ) ,  ( 2 .2 .1 3 ) ,  (2 .2 .7 )  and (2 .2 .8 )
c o n s t i t u t e  an im p l i c i t  r e l a t io n s h ip  betw een a and x . In  which e v e r way 
we e x p re ss  e q u a tio n  ( 2 . 2 . 1 1 ) th e re  i s  a s in g le  s o lu t io n  everyw here in  th e  
ran ge  o f r e a l  p h y s ic a l  c o n d it io n s ,  i . e .  f o r  0 x <[ 1 and 0 _< a <_ 1. In  
t a b le  2 . 2  th e  im p o rta n t r e l a t i o n s  o f th e  p re s e n t  a n a ly s is  a re  summarised 
f o r  lam in a r tw o-phase flo w s.
2 -2 .2  T u rb u le n t tw o-phase v e lo c i ty  p r o f i l e s

In  a s im i la r  way as f o r  lam in a r flow s th e  tu r b u le n t  v e lo c i ty  
p r o f i l e s  c o rre sp o n d in g  to  each flow  re g io n  o f f ig u r e  2 . 2  a re  g iven  by th e
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fo llo w in g  power law r e l a t i o n s  :

(u /u  ) = (1 -  r / r  ) r  < r  < r  (2 .2 .1 6 )1 max ,1 o s — — o

(U,/.J , )  -  (1 -  r / r , ) 1 /n  0 < r  < r  (2 .2 .1 7 )2 max, Z h — — o
in  which th e  s u b s c r ip t s  1 ,2  to g e th e r  w ith  h and s have th e  same m eaning 
a s  f o r  e q u a tio n s  ( 2 .2 .1 )  and ( 2 .2 .2 ) .

When th e  two p a r t s  o f th e  v e lo c i ty  p r o f i l e  a re  m atched by e n su r in g  
c o n t in u i ty  o f v e lo c i ty  a t  th e  s u r fa c e  o f s e p a r a t io n  ( r  = r  ) i t  i s  found

t h a t  :

umax, 1 (1 j S ) l / n
r o

umax, 2 a  - !s> 1/n (2 .2 .1 8 )

F or th e  c o n t in u i ty  of sh e a r  s t r e s s  a t  th e  in t e r f a c e  th e  r a t i o  of 
tu r b u le n t  v i s c o s i t i e s  must be known and fo r  t h a t  p urpose  a s in g le  phase  
tu rb u le n c e  model i s  assumed a p p l ic a b le .  To avo id  u n n ecessa ry  
c o m p lic a tio n  o f th e  c a lc u la t io n s  a t  t h i s  s ta g e ,  th e  P ra n d tl  m ix ing  le n g th  
h y p o th e s is  i s  used  and th e  tu r b u le n t  sh e a r  s t r e s s  e x p re s s io n s  a re  tak en  
as  :

Ti = p i  Ai l dui / d y I (dV dy)

T2 = p2 £2 d̂u2 d̂ y l (du2/dy)

(2 .2 .1 9 )

where £ i s  th e  m ix ing  le n g th ,  which in  g e n e ra l  v a r ie s  w ith  r a d iu s .  When 
x^and i 2 a re  used  to  e x p re ss  th e  sh e a r  s t r e s s  c o n t in u i ty  a t  th e  s u r fa c e  of

s e p a r a t io n  we assume th a t  th e  v a lu e s  o f £ f o r  th e  tw o-phases a re  eq u a l
i . e .  t h a t  £^= £^. When e q u a tio n s  (2 .2 .1 6 )  and (2 .2 .1 7 )  a re  s u b s t i t u t e d

in  e q u a tio n  (2 .2 .1 9 )  th e  c o n t in u i ty  o f sh e a r  s t r e s s  a t r  g iv e s  : s
2u imax,1 , .

p i — —  (1 r o

2r n
r o

max, 2 (1 -
2r  -s^n2 2

( 2 . 2 . 20)
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From e q u a tio n s  ( 2 .2 s18) and (2 .2 .2 0 )  th e  r a t i o  o f maximum v e l o c i t i e s  i s  :
1 -  n1 /n  . --------  1 /n ,  . 1 /n

(2 .2 .21)

1/2w ith  Rp = (p 2 /p ^ ) . When re -a r ra n g e d  th e  l a s t  two term s in  th e

l a s t  e q u a tio n  can be ex p ressed  as :
( r. /  r  ) = 1 + R_ ( r  /  r  -  1) (2 .2 .2 2 )h s D o s

E q ua tio n s (2 .2 .2 2 )  and ( 2 .2 .8 )  c o n s t i tu t e  th e  r e l a t i o n s h ip  betw een th e  
vo id  f r a c t io n  and th e  g eo m etric  p a ram e te rs  f o r  tu r b u le n t  tw o-phase f lo w s . 

In  th e  u s u a l  way th e  mass flow  r a t e s  a re  g iv en  by :

m^ = 2irp

r Q

l Umax,l /  ( 1 " T )
1/n

r  d r (2 .2 .2 3 )

m  ̂ = 2?rp2
r g

u 9 / (1 - 7" )m3X f 2 j

1/n
r  d r

0
and th e  r a t i o  o f mass flow  r a t e s  i s

n+1

m,2 3-r ■ V
a i

-  r h" (-)

( ^ ) r  + rs o

(2 .2 .2 4 )

(2 .2 .2 5 )

As f o r  th e  lam in a r c a s e , th e  l a s t  e q u a tio n  i s  an e x p l i c i t  r e l a t i o n  
betw een x (e q u a tio n  2 .2 .1 3 )  th e  g eo m etric  and k in e m a tic  p a ra m e te rs , o r  an 
im p l i c i t  r e l a t i o n  betw een x and a (u s in g  e q u a tio n s  2 .2 .1 3 ,  2 .2 .8  and
2 .2 .2 2 ) .  Which ev e r method o f e x p re s s io n  we choose th e re  i s  a s in g le  
s o lu t io n  f o r  e q u a tio n  (2 .2 .2 5 )  in  th e  range  0 a 1 and 0 <_ x <_ 1.

Thus by ap p ly in g  th e  c o n t in u i ty  o f v e lo c i ty  and sh e a r  s t r e s s  o f th e  
s u r fa c e  o f s e p a r a t io n  betw een th e  two p h ases we have o b ta in e d  a
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tw o -d im en sio na l model f o r  a n n u la r  ax isym m etric  lam in ar o r tu r b u le n t  flow s 
which s a t i s f i e s  th e  z e ro  s l i p  c o n d it io n  a t  th e  p ip e  w a l l .  For tu r b u le n t  
flow s th e  p re s e n t  model p o ss e s se s  a sm a ll f l e x i b i l i t y  s in c e  th e  p r o f i l e  
exponent 1 /n  can be v a r ie d  e m p ir ic a l ly  to  s a t i s f y  lo c a l  flow  c o n d it io n s .
In  th e  fo llo w in g  c h a p te rs  n i s  tak en  to  be 7 ex cep t where s t a te d  o th e rw ise . 
A summary o f th e  most im p o rta n t r e l a t i o n s  d e r iv e d  from  th e  v e lo c i ty  
p r o f i l e  model a re  shown in  t a b le  2 .2

2-3 The r a t i o  o f th e  av e rag e  v e l o c i t i e s  o f th e  vapour and l iq u id  phases 
From th e  u su a l  d e f i n i t i o n  o f mass flow  r a t e ,  th e  r a t i o  o f mass flow  

r a t e s  in  re g io n  1 and 2 i s  ex p ressed  as :

m2

m1

p2 u2 A2

p i u i Ai
(2 .3 .1 )

T h e re fo re  th e  r a t i o  o f th e  av erag e  v e l o c i t i e s  o f th e  vapour and l iq u id  
p h a se s , S, may be e x p re sse d  as :

S
u,

(2 .3 .2 )

But from t h e i r  d e f i n i t i o n  m  ̂ /m^ = fu n c t io n (x )  and /A^ = f u n c t io n ( a ) ,

so i f  th e  v e lo c i ty  r a t i o  S i s  somehow r e l a t e d  to  e i t h e r  th e  v o id  f r a c t io n  
(a ) o r th e  d ry n ess  f r a c t io n  (x) we may o b ta in  from e q u a tio n  ( 2 .3 .2 . )  a 
un ique  r e l a t i o n  betw een x and a .

U n fo r tu n a te ly , in co m p le te  u n d e rs ta n d in g  o f th e  phenomena a s s o c ia te d  
w ith  th e  i n t e r a c t i o n  o f th e  two p h ases made many a u th o rs  r e ly  on
e m p ir ic a l  e x p re s s io n s  in  o rd e r  to  r e p r e s e n t  th e  r a t i o  S in  term s o f
m ass-d ry n ess  f r a c t io n .  W ith ev ery  such e m p ir ic a l  e x p re s s io n  a d i f f e r e n t
c o r r e l a t i o n  betw een x and a was produced th ro u g h  e q u a tio n  ( 2 .3 .2 ) .  In
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f a c t  th e  su c c e ss  o f th e  s l i p  e x p re s s io n , S = f n ( x ) , d e te rm in ed  how 
a c c u ra te ly  th e  v o id  f r a c t io n  was r e l a t e d  to  th e  mass d ry n ess  f r a c t i o n .

However f o r  th e  tw o -d im en sio n a l v e lo c i ty  p r o f i l e  model th e  r a t i o  S 
does n o t seem to  have any s i g n i f i c a n t  c o n t r ib u t io n  in  th e  developm ent o f 
th e  r e l a t i o n  betw een "x" and " a " . N e v e r th e le s s  i t  i s  w o rth w h ile  to  
examine to  w hat e x te n t  th e  r a t i o  S i s  in f lu e n c e d  by th e  ind epen den t 
p a ram e te rs  in tro d u c e d  in  th e  d e s c r ip t io n  o f th e  v e lo c i ty  p r o f i l e  m odel. 
So by s u b s t i t u t i o n  o f e q u a tio n s  (2 .2 .1 1 )  and (2 .2 .2 5 )  in to  e q u a tio n
( 2 .3 .2 ) ,  th e  r a t i o  S, f o r  th e  lam in a r and tu r b u le n t  c a se s  i s  g iv en  
r e s p e c t iv e ly  by :

(T u rb u le n t)
I t  i s  o bv ious from e q u a tio n  ( 2 .2 .2 )  and (2 .3 .4 )  t h a t  th e  r a t i o  o f th e  
av erag e  v e l o c i t i e s  o f th e  vapour and l iq u id  p h ases depends on th e  r a t i o s  
o f th e  g eo m etric  p a ram e te rs  r ^ / r g and r g / r 0 as  w e ll  as th e  d e n s i ty  r a t i o

Rp. Where r^  / r  i s  a fu n c t io n  o f th e  v o id  f r a c t io n  a ,  and th e  d e n s i ty

o r  v i s c o s i ty  r a t i o  as shown by e q u a tio n s  ( 2 .2 .8 )  and ( 2 .2 .7 ) ,  (2 .2 .2 2 )  
fo r  lam in a r o r tu r b u le n t  f lo w s .

I t  i s  a ls o  im p o rtan t to  em phasise th e  dependence o f th e  tu r b u le n t  
v e lo c i ty  p r o f i l e  c o r r e la t i o n  on th e  exponen t n . By ana log y  to  s in g le  
phase flow  t h i s  exponent can be tak en  to  v a ry  f o r  d i f f e r e n t  Reynolds 
num bers. Such a r e l a t i o n  betw een n and R eynolds numbers r e q u i r e s  a 
c o n s i s te n t  s e t  o f e x p e rim e n ta l r e s u l t s  a t  d i f f e r e n t  mass flow  r a t e s  and
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t h i s  t a s k  shou ld  be l e f t  f o r  f u tu r e  e x p e rim e n ta l work. In  th e  absence  of 
in fo rm a tio n  o f t h i s  k in d  th e  power exponen t w i l l  be c o n s id e re d  as  an 
ind ep en d en t v a r ia b le  f o r  th e  p a ra m e tr ic  s tu d ie s  in  s e c t io n  2 .5  and i s  
tak en  to  be 7 everyw here e l s e .

A ll  th e  ind epen den t p a ram e te rs  r e q u ire d  in  th e  c a lc u la t io n  o f th e  
v e lo c i ty  r a t i o  S a re  f i n a l l y  shown in  t a b le  2 .3  which a ls o  c o n ta in s  th e  
p a ram e te rs  used  by a number o f e m p ir ic a l  r e l a t i o n s  proposed  s in c e  1949.

2-4 The P re s s u re  G rad ien t
C o n sid er a chan n e l o f c o n s ta n t  shape and c ro s s  s e c t io n a l  a re a ,  

in c l in e d  a t  an an g le  G to  th e  h o r iz o n ta l ,  in  which s te a d y  tw o-phase flow  
i s  a llo w ed . An i n t e g r a l  momentum b a la n c e  can be w r i t t e n  o ver th e  c ro s s  
s e c t io n a l  a re a  o f th e  ch an n e l f o r  a c o n t r o l  volume l im ite d  w ith  two 
p la n e s  a t  a d is ta n c e  6s a p a r t .  The r e s u l t a n t  e q u a tio n  in  th e  u s u a l  way 
i s  a s  fo llo w s  :

t 6sdZ w -  / p g4 dMsinO)6sdA = 6s (2 .4 .1 )

w here p i s  th e  p re s s u re  a t  a g iv en  p o in t  in  th e  c r o s s - s e c t io n ,  x ^ is  th e  

w a ll  sh e a r  s t r e s s  a t  a p o in t  around th e  p e r ip h e ry  Z, A_ th e  t o t a l  flow

a re a ,  p th e  lo c a l  d e n s i ty  which i s  w eigh ted  on a a re a  b a s is  and M i s  th e  
lo c a l  momentum flow  r a t e .

The main adv an tage  o f u s in g  th e  v e lo c i ty  p r o f i l e  model in  com parison 
to  e x i s t i n g  m odels i s  t h a t  i t  p ro v id e s  a r a t i o n a l  b a s is  f o r  th e  d i r e c t  
c a lc u la t io n  o f a x i a l  p re s s u re  g ra d ie n t  from e q u a tio n  ( 2 .4 .2 ) ,  f o r  which

c o n s i s te n t  r e l a t i o n s  f o r  and M a re  p ro v id ed  from th e  shape o f th e

v e lo c i ty  p r o f i l e .  The v e l o c i t y ,  and hence th e  mass f lu x  i s  n o t n e c e ssa ry  
to  be c o n s id e re d  c o n s ta n t  o v er th e  whole re g io n  and th e  v e lo c i ty  p r o f i l e



m ethod ta k e s  in to  acco u n t th e  h ig h ly  peaked p r o f i l e s  (He70) when l iq u id  
flow s n ex t to  th e  w a ll  ( f ig u re  2 .2 )

E quation  (2 .4 .1 )  can be e a s i ly  i n t e r p r e t e d  as showing th e  a x ia l  
p re s s u re  g ra d ie n t  to  c o n s is t  o f th r e e  p re s s u re  com ponents, which a re  b e s t  
d e s c r ib e d  by th e  fo llo w in g  :

dp Z
1 / 1 dM

ds V w

------  / pgsinGdA

n

Kj, ds
(2 .4 .2 )

f o r  w hich th e  sh e a r  s t r e s s  on th e  ch an ne l w a ll  i s  tak en  as c o n s ta n t ,  
i r r e s p e c t i v e  o f p e r ip h e r a l  p o s i t io n  o r o f th e  phase which i s  in  c o n ta c t  
w ith  th e  w a l l .  T h is assum ption  i s  c e r t a i n ly  v a l id  on ly  f o r  th e  case  o f 
round tu b e  where Z/A,^ = 4 /d . However a t  t h i s  s ta g e  i t  m ight be p o s s ib le

to  ex tend  t h i s  assum ption  to  c a se s  where th e  p r in c ip le  o f e q u iv a le n t  
h y d ra u lic  d iam e te r g iv e s  a c c e p ta b le  r e s u l t s .

For s te a d y , a n n u la r ,  ax isym m etric  flow  w ith  no l iq u id  o r vapour 
e n tra in m e n t, th e  th r e e  components o f a x i a l  p re s s u re  g ra d ie n ts  a re  
e v a lu a te d  from th e  fo llo w in g  e x p re s s io n s  f o r  lam in ar o r tu r b u le n t  
tw o-phase  flo w s.
2 -4 .1  F r i c t i o n a l  P re s s u re  G rad ien t

For th e  f r i c t i o n a l  com ponent, Zt^/A^,, th e  sh ea r s t r e s s  i s  c a lc u la te d

from  th e  p r o f i l e  o f th e  phase flo w ing  in  th e  re g io n  n ex t to  th e  w a l l .
A s im i l a r  method to  t h a t  o f R eference  (Ro67) i s  em ployed, in  which th e  
c o n d it io n s  a t  th e  w a ll  a re  c a lc u la te d  from th e  com plete u^ p r o f i l e  shown

in  f ig u r e  2 .2 ,  as  i f  th e  f l u i d  occupying  t h a t  re g io n  f i l l e d  th e  whole 
tub e  a re a .  For s te a d y , f u l l y  d ev e lo p ed , u n ifo rm  d e n s i ty  lam in a r o r 
tu r b u le n t  flow s th e  r e le v a n t  e x p re s s io n s  a re  g iven  by (Sc55) as :

TW
16 P1U1T
4 y 1

(p l “ lT ) (Lam inar) (2 .4 .3 )
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TV

2n— n + 1 - —
U1T P 1U1T r o
u . max, 1 W1

2
n + 1

(p ^ ) ( 2 .A .4)

(T u rb u le n t)
w here th e  s ta n d a rd  v a lu e  f o r  c when n = 7 i s  8 .7 4 . A lso u ^  i s  tak en  to

be th e  av erage  v e lo c i ty  over th e  w hole flow  a r e a ,  i . e .  :

" it  ■  —  /  - I dA ( 2 .4 .5 )

The u se  o f u ^ i n  e q u a tio n s  (2 .4 .3 )  and ( 2 .4 .4 ) ,  i s  s im i la r  to  th e  approach

o f r e fe re n c e  (We57) and has th e  adv an tag e  o f r e ta in in g  th e  c o n t in u i ty  o f 
v e lo c i ty  and sh e a r  s t r e s s  a t  th e  i n t e r f a c e .  On th e  c o n tr a r y ,  th e  u se  o f

u ^ , in  e q u a tio n s  ( 2 .4 .3 )  and ( 2 .4 .4 ) ,  app ro x im ates th e  w a ll  sh e a r  s t r e s s

w ith  th e  sh e a r  s t r e s s  o f a h y p o th e t ic a l  flow  o f phase 1 o ver th e  whole 
tu b e  a r e a ,  b u t w ith  mass flow  r a t e  e q u a l to  t h a t  o f phase  1 flo w in g  o n ly  
in  th e  re g io n  n ex t to  th e  w a l l .  For lam in a r o r tu r b u le n t  flow s th e  r a t i o

o f th e  av erage  v e l o c i t i e s  u ^  and u^ i s  g iv en  by th e  fo llo w in g  
e q u a tio n s  :

u IT
u,

1
-  1

(Lam inar) (2 .4 .6 )

n + 1 
_ n _

+ 1
-  1

(2 .4 .7 )

(T u rb u le n t)
The l a s t  two e x p re s s io n s  a re  d e r iv e d  by s u b s t i t u t i o n  o f u ^ , in to  e q u a tio n

( 2 .4 .5 )  u s in g  e q u a tio n s  (2 .2 .1 )  and (2 .2 .1 6 )  to g e th e r  w ith  th e  i n t e g r a l s
o f t a b l e  2 .1
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The g r a v i t a t i o n a l  component i s  ex p re sse d  in  th e  s ta n d a rd  way f o r  
a n n u la r  tw o-phase  flow  when th e  l o c a l  d e n s i ty  i s  w eig h ted  on a a re a  b a s is  
th ro u g h  th e  v o id  f r a c t io n  a th u s  :

2 - 4 . 2  G r a v i t a t i o n a l  P r e s s u r e  G r a d ie n t

_L pgsinOdA [ a p  + (1 -  a )P £ ]  g sinG (2 .4 .8 )

O bviously  th e  l a s t  e q u a tio n  i s  a p p l ic a b le  f o r  bo th  lam in a r and tu r b u le n t  
f lo w s; th e  d i f f e r e n c e  f o r  th o se  two c a se s  i s  on ly  on th e  way "a"  i s  
ex p re ssed  in  term s o f th e  m ass-d ry n ess  f r a c t io n  "x " .
2 -4 .3  A c c e le ra t io n  P re s su re  G rad ien t

The a c c e le r a t io n  component o f a x i a l  p re s s u re  g ra d ie n t  in  e q u a tio n
(2 .4 .1 )  ta k e s  in to  accou n t th e  change o f momentum in  and o u t o f th e  
c o n t r o l  volum e. As expec ted  f o r  a d ia b a t ic  flow s t h i s  term  i s  z e ro ,  
because  th e re  i s  no change o f momentum, and th e  tw o -d im en sio n a l v e lo c i ty  
p r o f i l e  in  n o t a f f e c te d  from any e x te r n a l  s o u rc e s . But f o r  th e  case  
o f d ia b a t i c  f lo w s , th e  v e lo c i ty  p r o f i l e  model seems to  p r e d ic t  
a c c e le r a t io n  p re s s u re  g ra d ie n ts  which a re  up to  1/3  o f th e  f r i c t i o n a l  
g ra d ie n t  and i t  i s  im p o ss ib le  to  n e g le c t  t h i s  term  from  th e  momentum 
e q u a tio n . The v e lo c i ty  p r o f i l e  method has th e  obv iou s adv an tage  t h a t  
a llo w s th e  c a lc u la t io n  o f th e  a c c e l e r a t io n a l  p re s s u re  g ra d ie n t  d i r e c t l y  
from  th e  v e lo c i ty  p r o f i l e s  fo r  th e  two p a r t s  o f th e  flo w . Thus :

1 dM 
Kj, ds

( 2 .4 .9 )

w here M i s  th e  momentum flow  r a t e .  E q ua tio n  (2 .4 .9 )  can be ex p ressed  in  
term s o f th e  g e o m e tr ic a l  r a t i o s  r ^ / r g , r g / r 0 and th e  k in e m a tic  p a ram e te rs

b u t such a r e p r e s e n ta t io n  i s  avo ided  h e re  f o r  s im p l i c i ty .  However t h i s  
r e l a t i o n  i s  e a s i l y  o b ta in e d  by s u b s t i t u t i o n  o f e q u a tio n s  (2 .2 .1 6 )  and 
( 2 .2 .1 7 ) ,  f o r  tu r b u le n t  flo w , o r o f e q u a tio n s  (2 .2 .1 )  and ( 2 .2 .2 ) ,  f o r
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lam in a r flo w , in to  e q u a tio n  ( 2 .4 .9 ) .  The deduced i n t e g r a l s  f o r  re g io n  1 
and 2 , f o r  lam in a r and tu rb u le n t  flow s can be found among th e  c o n te n ts  of 
t a b le  2 .1 .
2 -4 .4  E v a lu a tio n  o f t o t a l  P re s s u re  Drop

For th e  t o t a l  change o f p re s s u re  in  a g iv en  le n g th  o f p ip e ,  L, th e  
i n t e g r a l s  o f th e  f r i c t i o n a l ,  g r a v i t a t i o n a l  and a c c e l e r a t io n a l  g ra d ie n ts  
a re  c a lc u la te d  over th e  le n g th  L and added to g e th e r  f o r  s te a d y  flo w s .

In  t h i s  s e c t io n  th e  t o t a l  change o f p re s s u re  i s  c a lc u la te d  f o r  th e  
p a r t i c u l a r  case  o f u n ifo rm ly  h ea te d  p ip e  flow  where th e  m ass-d ry n ess  
f r a c t io n  v a r ie s  l i n e a r l y  a lo n g  th e  p ip e .  I f  we ig n o re  v a r i a t io n  o f f l u i d  
p r o p e r t i e s  and assume t h a t  th e  k in e m a tic  and p o t e n t i a l  energy  term s a re  
n e g l ig i b l e ,  th en  th e  energy  c o n se rv a tio n  e q u a tio n  i s  ex p re ssed  by :

dx /  ds = q ’ / (2 .4 .1 0 )

where q ' i s  th e  h e a t  t r a n s f e r  r a t e  p e r  u n i t  le n g th ,  h th e  s p e c i f i c

e n th a lp y  o f v a p o r i s a t io n .  For e q u a tio n  (2 .4 .1 0 )  th e  two p hases a re  
a re  assumed to  be in  th e rm al e q u il ib r iu m . I f  in  a d d i t io n ,  L_ i s  th e  p ip e

le n g th  m easured from th e  s t a t i o n  where a = 0 and th e  l iq u id  i s  j u s t  
s a tu r a te d  th en  th e  t o t a l  p re s s u re  drop i s  :

(2 .4 .1 1 )Ap = Ap_ + Ap r f r  *gr + Ap r ac
In  th e  l a s t  e q u a tio n th e  in te g r a te d p re s s u re
LBa re  o b ta in e d  from th e  fo llo w in g  e x p re s s io n s  

xout
Z

—  /
Ap = —  • t dx wx J c u t 0

(2 .4 .1 2 )

Apg r

o u t
P g “  P £

lb+ J ----------
o ut

p£g s in 0 a dx (2 .4 .1 3 )
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Ap = —  • ( M -  M ) =rac . o u t in
at

1

= —  [ p ,  f ufdA + P , f u?dA 1 - — fp. f u.^dA  1 (2 .4 .1 4 )At L 1 •'Aj 1 2\  2 Jout AtL 1-'aj “ J
In s p e c t io n  o f e q u a tio n s  (2 .4 .1 2 )  to  (2 .4 .1 4 )  to g e th e r  w ith  e q u a tio n s
( 2 .4 .3 )  o r ( 2 .4 .4 . )  shows th a t  f o r  th e  components o f t o t a l  p re s s u re  drop 
th e  fo llo w in g  i n t e g r a l s  rem ain  to  be c a lc u la te d  :

/
out
a (x )d x where th e  v o id  f r a c t io n  i s  a fu n c t io n  

o f mass d ry n ess  f r a c t io n .

x
/ o u t

(u 1T:(u 1T) dx f o r  th e  Lam inar w a ll  sh e a r  s t r e s s  o r ,

/ out
( u i T :

2n/(n+ 1)
( u ^ )  dx f o r  th e  T u rb u le n t w a ll sh e a r  s t r e s s .

As seen  from th e  s e c t io n s  2 -2 .1  and 2 -2 .3  a and x can be ex p re ssed  in  
term s o f r ^ / i ^  and r s / r 0 * S im ila r ly  u ^  depends on th e  same g eo m etric

r a t i o s  as seen  from e q u a tio n s  (2 .4 .6 )  and ( 2 .4 .7 ) ;  w here u ^ , from i t s

d e f i n i t i o n  can be ex p re sse d  (e q u a tio n  2 .3 .1 )  as u^ = m^/p^A^ w ith  m^

and A^, r e l a t e d  to  th e  mass d ry n ess  f r a c t io n  and v o id  f r a c t io n

r e s p e c t iv e ly .
I t  i s  obv ious t h a t  th e  p re v io u s  i n t e g r a l s ,  ex p re ssed  in  term s o f 

r ^ ,  r g and r Q, a re  v e ry  complex and i t s  a n a l y t i c a l  c a lc u la t io n

p r a c t i c a l l y  im p o s s ib le . T h e re fo re , th o se  i n t e g r a l s  a re  c a lc u la te d  by th e  
method o f b is e c t io n  u n t i l  th e  e v a lu a te d  numbers a re  bounded by a number 
c lo s e  to  th e  accu racy  o f th e  com puter. F u r th e r  d e t a i l s  abou t th e
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n u m erica l method a re  in c lu d e d  as p a r t  o f th e  appendix  B, which d e s c r ib e s  
th e  i n t e r a c t i v e  com puter package c a l le d  VELPRO.

At t h i s  s ta g e  i t  must be em phasised t h a t  th e  a n a ly s is  f o r  th e  t o t a l  
p re s s u re  drop p re se n te d  in  t h i s  s e c t io n ,  i s  n o t on ly  a p p l ic a b le  to  
un ifo rm  h e a t  f lu x e s  where th e  f l u i d  p r o p e r t i e s  a re  c o n s ta n t .  S im ila r  
c a lc u la t io n s  cou ld  be made when th e  h e a t  flow  i s  non -un ifo rm  and th e  
p r o p e r t i e s  a re  a llow ed  to  v a ry  s i g n i f i c a n t l y  a long  th e  a x i s .  But f o r  
th o se  c a se s  a f i n i t e  d i f f e r e n c e  s o lu t io n  scheme i s  n e c e s sa ry  as d e s c r ib e d  
in  c h a p te r  4.

2-5 Com parison w ith  Experim ent
In  i t s  p re s e n t  sim p le  form , th e  v a l i d i t y  o f th e  v e lo c i ty  p r o f i l e  

model can be d em on stra ted  by com parisons w ith  e x p e rim e n ta l r e s u l t s  f o r  
th e  v o id  f r a c t i o n ,  th e  r a t i o  o f av erag e  vapour and l iq u id  v e l o c i t i e s  and 
p re s s u re  d ro ps a t  v a r io u s  m ass-d ry n ess  f r a c t i o n .  S ix  d i f f e r e n t  e x p e rim e n ta l 
so u rc e s  a re  used f o r  co m pariso ns , w ith  a w ide range o f o p e ra t in g  and flow  
c o n d it io n s .  A summary o f th o se  c o n d it io n s  can be found in  ta b le  2 .4 .
In  th e  p r e d ic t io n s  by th e  v e lo c i ty  p r o f i l e  method l iq u id  i s  tak en  to  flow  
n ex t to  th e  w a ll  (L1V2) a c ce p t w here o th e rw ise  s t a t e d .  The p r e d ic t io n s  
f o r  v o id  f r a c t io n s  from th e  v e lo c i ty  p r o f i l e  model a re  a ls o  compared w ith  
th e  t h e o r e t i c a l  c o r r e la t i o n s  o f S L Smith (Sm70) and J  R S Thom (Th64) 
w henever t h a t  i s  p o s s ib le .

In  f ig u r e s  2 .3  and 2 .4  th e  p re s e n t  model i s  compared w ith  r e s u l t s  
f o r  v o id  f r a c t io n s  in  h o r iz o n ta l  and v e r t i c a l  u nh eated  p ip e s  r e p o r te d  by 
H C L arson  (La57) and H I s b in  ( I s 5 7 ) .  The observed  v o id  f r a c t io n s  were 
up to  0 .85  f o r  m ass-d ry n ess  f r a c t io n s  in  th e  re g io n  0 .01  to  0 .7 .  For th e  
v o id  f r a c t io n  m easurem ents I s b in  used  a Selenium  gamma so u rce  w ith  a 
h a l f - l i f e  o f 127 d ay s . With th e  a t t e n u a t io n  method a p p lie d  a t  d i f f e r e n t  
c h o rd a l p o s i t io n s  a c ro s s  th e  flow  a re a  i t  i s  confirm ed th a t  th e  l iq u id
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phase o ccu p ies  th e  re g io n  n ex t to  th e  w a l l .  Good agreem ent i s  o b ta in e d  
f o r  b o th  s e t s  o f e x p e rim e n ta l r e s u l t s  a lth o u g h  th e  p r o f i l e  method seems 
to  o v e r - p r e d ic t  th e  v o id  f r a c t io n s  f o r  1.013 where th e  d e n s i ty  r a t i o  fo r  
th e  two p h ases has a h ig h  v a lu e . Of co u rse  t h i s  r a t i o  i s  s i g n i f i c a n t l y  
changed by th e  t h e o r e t i c a l  model o f S L Sm ith where d e n s i ty  in  th e  gas 
co re  i s  s e v e re ly  changed by th e  recommended 40% en tra in m en t o f l i q u id .

For th e  r e s u l t s  o f R A Egen e t .  a l  (Eg57) shown in  f ig u r e  2 .5  f o r  
v e r t i c a l  flow s a t  h ig h  p re s s u re s  in  h ea te d  c h a n n e ls , th e  v e lo c i ty  p r o f i l e  
g iv e s  b e t t e r  r e s u l t s  th an  th e  model proposed  by Sm ith. In  th e  same graph 
th e  ob se rved  in c re a s e  o f v o id  f r a c t io n  w ith  mass f lu x  m ight be p a r t i a l l y  
e x p la in e d  by in c re a s in g  th e  v a lu e  o f th e  exponen t n . T h is dependence i s  
shown in  f ig u r e  2 .5  f o r  mass f lu x e s  949 and 1220 Kg/m2s ,  a t  1261 KW/m2 
h e a t in g  f lu x  w ith  v a lu e s  o f 7 and 8 fo r  n .

Haywood e t .  a l .  (H a61), in  1961, p re s e n te d  a w ell-know n s e r i e s  o f 
e x p e rim e n ta l r e s u l t s  c o v e rin g  a w ide ran ge  o f o p e ra t in g  c o n d it io n s  in  
h ea te d  o r u nh eated  p ip e  f lo w s . M easurem ents o f v o id  f r a c t io n s  tak e n  by 
th e  gamma ra y  a b s o rp t io n  method w ith  Cs-137 a t  d i f f e r e n t  scan n ing  
p o s i t io n s  a c ro s s  th e  flow  a r e a ,  confirm ed t h a t  l iq u id  was flo w in g  c lo s e  
to  th e  w a l l .  P r e d ic t io n s  as shown by f ig u r e  2 .6  a re  in  good agreem ent 
w ith  e x p e rim e n t, as w e ll  as  w ith  th e  o th e r  t h e o r e t i c a l  m odels. I t  i s  
i n t e r e s t i n g  to  o b se rv e  how th e  s c a t t e r i n g  e f f e c t  in  th e  a c tu a l  
m easurem ents i s  m in im ised  a t  h ig h  o p e ra t in g  p re s s u re s  where th e  l iq u id  
and vapour d e n s i t i e s  a re  more n e a r ly  e q u a l.

In  f ig u r e  2 .7  a re  shown v o id  f r a c t io n s  f o r  b o i l in g  heavy w a te r in  a 
v e r t i c a l  tu b e  m easured by a (y ,n )  r e a c t io n  method which o ccu rs  when heavy 
w a te r i s  i r r a d i a t e d  by gamma ra y s .  The method i s  d e s c r ib e d  by Rouhani 
and Becker in  re fe re n c e  (R o63). S ince  i t  i s  n o t known which phase flow ed 
n e x t to  th e  w a ll  th e  p r e d ic t io n s  from th e  v e lo c i ty  p r o f i l e  model a re  
p lo t t e d  f o r  b o th  c a s e s .  I t  seems th a t  f o r  d ry n ess  f r a c t io n s  l e s s  th an



54

0 .0 2  th e  h ig h  v a lu e s  o f v o id  f r a c t io n  m ight be p a r t i a l l y  e x p la in e d  by th e  
v e lo c i ty  p r o f i l e  model when vapour i s  assumed in  re g io n  1. Even so i t  i s  
n o t p o s s ib le  to  ta k e  in to  acco u n t th e  d e v ia t io n s  a t  49 and 59 b a r .  A 
more g e n e ra l  look  th rou gh  th e  e x p e rim e n ta l cu rves seems to  show t h a t  i t  
i s  u n l ik e ly  t h a t  th e y  a re  going  to  p a ss  th rou gh  th e  p o in ts  (0 ,0 )  and
(1 ,1 )  as therm odynam ic e q u ilib r iu m  r e q u i r e s ;  th a t  i s  p ro b ab ly  th e  re a so n  
why th e  v e lo c i ty  p r o f i l e  method o v e rp re d ic ts  th e  v o id  f r a c t i o n s .

An a l t e r n a t i v e  form  of com pariso ns, f o r  a l l  th e  r e s u l t s  p re se n te d  in  
th e  p re v io u s  f i g u r e s ,  cou ld  be shown by p lo t t i n g  p re d ic te d  v o id  f r a c t io n s  
a g a in s t  observed  v a lu e s  f o r  s team -w a te r and heavy w a te r m ix tu re s . 
F ig u re s  2 .8  and 2 .9  a re  th e  c o rre sp o n d in g  g raphs f o r  th e  two m ix tu re s  
when th e  v e lo c i ty  p r o f i l e  method i s  u sed  and f ig u r e s  2 .1 0  and 2.11 when 
s im i l a r  p r e d ic t io n s  a re  made by th e  S L Sm ith m odel. As shown by f ig u r e s
2 .8  and 2 .1 0 , th e  v e lo c i ty  p r o f i l e  model in  i t s  p re s e n t  sim p le  form 
a g re e s  w ith  most e x p e rim e n ta l r e s u l t s  more o r l e s s  to  w ith in  th e  ± 10% 
l in e s  e s p e c i a l ly  a t  h ig h  o p e ra t in g  p r e s s u r e s .  For low p re s s u re s  th e re  i s  
a ten d en cy  to  g iv e  h ig h  p r e d ic t io n s  a t  h ig h  v a lu e s  o f v o id  f r a c t io n .  
T h is s u g g e s ts  t h a t  some form o f e n tra in m e n t shou ld  be assumed th u s  
m o d ify ing  th e  d e n s i ty  o f th e  p hases in  re g io n  1 and 2 r e s p e c t iv e ly .  For 
g iv en  amounts o f e n tra in m en t th e  e f f e c t  on th e  d e n s i t i e s  assumed in  each 
re g io n  w i l l  o f c o u rse  be g r e a te r  a t  low o p e ra t in g  p re s s u re s  where th e  
d e n s i ty  d i f f e r e n c e  betw een th e  a c tu a l  p h ases  i s  l a r g e .  However, one 
sh ou ld  ex p ec t th e  amount o f th e  p h ases  e n t r a in e d  to  be g r e a te r  a t  h ig h  
v a lu e s  o f v o id  f r a c t io n  where th e  r a t i o  o f th e  vapour flow  r a t e  to  t h a t  
o f th e  l iq u id  i s  h ig h . The same comments can be a ls o  made fo r  th e  heavy 
w a te r m ix tu re s  as i s  shown by f ig u r e s  2 .9  and 2 .1 1 .

In  f ig u r e  2 .12  th e  r a t i o  o f th e  av erag e  v e l o c i t i e s  o f th e  
vapour and l iq u id  p h ases  S, i s  p lo t te d  a g a in s t  mass d ry n e ss  f r a c t io n  a t
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v a r io u s  o p e ra t in g  p re s s u re s  to g e th e r  w ith  r e s u l t s  o b ta in e d  by Haywood e t .
a l .  (Ha61) fo r  a 1 - in  bore  h o r iz o n ta l  h e a te d  p ip e . Such a r a t i o ,  o f te n  
c a l l e d  s l i p  r a t i o ,  when ex p re ssed  in  term s o f e i t h e r  v o id  f r a c t io n  o r 
mass d ry n ess  f r a c t io n  c o n s t i tu t e s  an a l t e r n a t i v e  way o f e x p re s s in g  th e  
r e l a t i o n  betw een x and a . P roof o f t h a t  can be found in  s e c t io n  2 -3 , b u t 
h e re  i t  i s  i n t e r e s t i n g  to  see  how s e n s i t i v e  S i s  in  com parisons w ith  
e x p e rim e n ta l v a lu e s .  As seen  from f ig u r e  2 .12  th e re  i s  a c o n s id e ra b le  
s c a t t e r  o f e x p e rim e n ta l p o in ts  e s p e c ia l ly  f o r  low o p e ra t in g  p r e s s u r e s .
In  th e  same f ig u r e  a re  drawn th e  l i n e s  o f th e  p r e d ic t io n s  from th e  
v e lo c i ty  p r o f i l e  method w ith  v a r io u s  power law  ex p o n en ts . As seen  from 
f ig u r e  2 .12  a t  low o p e ra t in g  p r e s s u r e s ,  exponen ts low er th an  4 m ight 
p ro v id e  b e t t e r  agreem ent fo r  d ry n e ss  f r a c t io n s  l e s s  th an  0 .1 .  E x ac tly  
th e  re v e rs e  b eh av io u r i s  observed  f o r  144.8 b a r  (2100 p s ia )  where a power 
law  exponent h ig h e r  th a n  7 seems to  be more a p p r o p r ia te .  A more o r l e s s  
l e s s  s im i la r  im p re ss io n  about th e  dependence o f S on th e  v a lu e  o f th e  
power law  exponent i s  o b ta in e d  by in s p e c t io n  o f f ig u r e s  2 .13  and 2 .1 4 . 
H ere S i s  p lo t te d  a g a in s t  th e  r a t i o  o f v o lu m e tr ic  flow  r a t e s  o f th e  
vapour and l iq u id  p h ases  f o r  th e  t e s t s  o f Chisholm  and L a ird  (Ch58). I t  
i s  obv ious t h a t  a t  h ig h  mass flow  r a t e s  S i s  a c c u ra te ly  p re d ic te d  f o r  
power law exponen ts betw een n = 7 and n = 9 when th e  r a t i o  o f v o lu m e tr ic  
flow  r a t e s  i s  below  th e  v a lu e  o f 4 . For th e  ran ge  o f v o lu m e tr ic  flow  
r a t e s  betw een 4 and 15 th e  e x p e rim e n ta l v a lu e s  l i e  betw een th e  l i n e s  f o r  
power law exponen ts 3 and 5 , and f o r  h ig h e r  r a t i o s  o f v o lu m e tr ic  flow  
r a t e s ,  power ex p o nen ts betw een 2 and 3 should  p ro v id e  s a t i s f a c t o r y  
com parisons w ith  e x p e rim e n ta l r e s u l t s .  No f irm  recom m endations abou t th e  
dependence o f s l i p  r a t i o  on n and mass flow  r a t e  can be g iv en  in  th e  
absen ce  o f c o n s i s te n t  e x p e rim e n ta l d a ta  o ver a w ide ran ge  o f o p e ra t in g  
c o n d i t io n s ,  in c lu d in g  th e  r e le v a n t  in fo rm a tio n  on e n tra in m e n t, which w i l l  
a ls o  in f lu e n c e  s i g n i f i c a n t l y  th e  o v e r a l l  r a t i o s  of av erag e  v e l o c i t i e s .
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Com parisons betw een th e  e x p e r im e n ta lly  d ete rm ined  p re s s u re  d ro ps 
re p o r te d  by R W Haywood e t .  a l .  (Ha61) and th o se  p re d ic te d  from  th e  
v e lo c i ty  p r o f i l e  model a re  shown in  f ig u r e s  2 .15  to  2 .1 9 . The g raphs 
co rre sp on d  to  h ea te d  and unh eated  p ip e s  v e r t i c a l l y  o r h o r iz o n ta l ly

_2p o s i t io n e d ;  th e  p re s s u re  d rops a r e  n o rm a lised  by d iv id in g  by p .u .XXI
where u^n i s  th e  averag e  v e lo c i ty  a t  th e  i n l e t  o f th e  t e s t  s e c t io n

—  2(x = 0 and a = 0) i . e .  : Ap__ = Ap/ ( p .u .  )N Jc in
F ig u re s  2 .15  and 2 .1 6  fo r  v e r t i c a l  flow s a re  co m p lica ted  by th e  e x is te n c e  
o f th e  g r a v i t a t i o n a l  component in  p re s s u re  d ro p , n e v e r th e le s s  i t  i s  
p o s s ib le  to  see  t h a t  th e  agreem ent o b ta in e d  i s  g e n e ra l ly  good. Even 
b e t t e r  agreem ent i s  shown in  f ig u r e s  2 .17  and 2 .19  f o r  h o r iz o n ta l  f lo w s . 
In  th e s e  g raphs f o r  p re s s u re  d ro p s , th e  in t e r c e p t s  on th e  v e r t i c a l  axes 
in d ic a te  th e  n o rm a lised  p re s s u re  d ro ps f o r  un ifo rm  d e n s i ty  l iq u id  flow  
th ro u g h o u t th e  t e s t  s e c t io n .  An a l t e r n a t i v e  form of com parison i s  shown 
in  f ig u r e  2 .20  w here th e  e x p e rim e n ta l v a lu e s  from f ig u r e s  2 .15  to  2 .19  
a re  p lo t te d  a g a in s t  th e  p re d ic te d  v a lu e s .  N ea rly  a l l  th e  p o in ts  l i e  
w ith in  th e  ± 15% l i n e s .

2-6 P a ra m e tr ic  E f f e c ts  on th e  P r e d ic t io n s  by th e  V e lo c ity  P r o f i l e  Method 
The most obv iou s f e a tu r e  o f th e  tw o -d im en sio n a l v e lo c i ty  p r o f i l e  

model i s  t h a t  i t  p ro v id e s  a method which d i r e c t l y  r e l a t e s  th e  vo id  
f r a c t io n  and p re s s u re  d rops to  th e  mass d ry n e ss  f r a c t io n ,  w h ile  
e x h ib i t in g  a g r e a t e r  d eg ree  o f f l e x i b i l i t y  th an  o th e r  e x i s t in g  m odels. 
The purpose o f th e  p a ra m e tr ic  s tu d ie s  in  t h i s  s e c t io n  i s  to  show how th e  
p re d ic t io n s  from th e  model a re  in f lu e n c e d  by th e  g eo m etric  and k in e m a tic  
p a ram e te rs  in tro d u c e d  d u rin g  i t s  developm ent.

I t  has a lr e a d y  been seen  in  s e c t io n s  2-2 and 2-3  th a t  th e  v o id  
f r a c t io n  ( a ) ,  and th e  r a t i o  o f th e  av e rag e  v e l o c i t i e s  o f th e  vapour and
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l iq u id  p hases (S) can be ex p ressed  by r e l a t i o n s  of th e  fo llo w in g  form :

= F u n c tio n !  x , *D
L V

n(m^)
Lam inar

l_Turbulent
L1V2
V1L2

( 2 . 6 . 1)

where and a re  th e  d e n s i ty  and v i s c o s i ty  r a t i o s ,  and o b v io u sly

depend on th e  o p e ra t in g  p re s s u re .  In  th e  fo llo w in g  f ig u r e s  "a"  and "S" 
a re  p lo t te d  a g a in s t  th e  mass d ry n ess  f r a c t io n s  fo r  a number of p o s s ib le  
co m bin a tio n s o f th e  in d ep en d en t v a r ia b le s  in  e q u a tio n  ( 2 .6 .1 ) .  With th e  
u s u a l  n o ta t io n s  L1V2 and V1L2 we a re  r e f e r r in g  r e s p e c t iv e ly  to  th e  case  
o f  l iq u id  flow ing  in  re g io n  1 and vapour in  re g io n  2, and v ic e  v e r s a  fo r  
th e  ca se  V1L2.

At c o n s ta n t  o p e ra t in g  p re s s u re  o f 50 b a r ,  f ig u r e  2 .21 shows how th e  
p r e d ic t io n s  fo r  lam in a r and tu r b u le n t  flow s compare fo r  th e  c a se s  of L1V2 
and V1L2. I t  i s  e a s i l y  observed  t h a t  f o r  L1V2 th e  v o id  f r a c t io n s  when 
x->l in  lam in a r flow s may be as much as 50% low er th an  f o r  tu r b u le n t  
f lo w s . The re v e r s e  i s  t r u e  fo r  V1L2 b u t t h i s  tim e as x asymp o t i c  a l l y  
app ro ach es z e ro . A lso in  f ig u r e  2 .21 i s  shown th e  dependence o f th e  vo id  
f r a c t io n s  p re d ic te d  by d i f f e r e n t  power exp o nen ts n . An in c re a s e  o f th e  
power law  exponent from  th e  v a lu e  o f 7 to  9 in c re a s e s  th e  v o id  f r a c t io n s  
p re d ic te d  f o r  L1V2, w he ther fo r  th e  case  o f V1L2 such an in c re a s e  g iv e s  
s l i g h t l y  low er v o id  f r a c t i o n s .

In  f ig u r e s  2 .22  and 2 .23  th e  p re d ic te d  v o id  f r a c t io n s  a re  shown f o r  
lam in a r and tu r b u le n t  flow s a t  v a r io u s  o p e ra t in g  p re s s u re s  when l iq u id  
flo w s n ex t to  th e  w a l l .  L ines o f c o n s ta n t  s lo p e  a re  observed  f o r  low 
o p e ra t in g  p re s s u re s  when th e  flow  i s  lam in a r and f o r  th e  v e ry  h ig h  
p re s s u re s  in  tu r b u le n t  flo w s.

The v o id  f r a c t io n s  p re d ic te d  f o r  v a r io u s  o p e ra t in g  p re s s u re s  a re  
drawn in  f ig u r e  2 .24  w ith  th e  power law exponen t tak en  a s  7 f o r  th e  c a se s  
L1V2 and V1L2. V a r ia t io n s  o f p re s s u re  seem to  a f f e c t  th e  p re d ic te d  v o id  
f r a c t i o n  e q u a l ly ,  w h ichev er phase flow s in  re g io n  1.
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S im ila r  d iagram s a re  produced f o r  th e  r a t i o  o f th e  averag e  
v e l o c i t i e s  of th e  vapo ur and l iq u id  p h a se s , S. In  f ig u r e  2 .2 5 , as f o r  
f ig u r e  2 .2 1 , i t  i s  shown fo r  th e  c a se s  L1V2 and V1L2, how S v a r ie s  w ith  
mass d ry n ess  f r a c t io n  in  lam in a r and tu r b u le n t  flo w s. The l in e s  f o r  th e  
c a se  L1V2 seem to  a s y m p o tic a lly  approach  i n f i n i t y  when x = 1 b o th  fo r  
lam in a r and tu r b u le n t  flow  c o n d it io n s .  A r a th e r  unex pec ted  b eh av io u r i s  
obse rved  f o r  th e  r a t i o  S in  th e  V1L2 c a s e ,  where th e  v a r io u s  l in e s  seem 
to  approach  c o n s ta n t  v a lu e s  a t  th e  i n t e r c e p t s  w ith  th e  v e r t i c a l  a x is  a t  
x = 1. T h is i s  b ecau se  f o r  a l l  vapour f lo w s , re g io n  2 i s  reduced  to  th e  
c e n t r e  l i n e  w ith  r^= 0. So th e  av erag e  l iq u id  v e lo c i ty  co rre sp o n d s to

th e  maximum v e lo c i ty  o f a s in g le  phase v e lo c i ty  p r o f i l e .  T h e re fo re  th e  
r a t i o  S becomes th e  r a t i o  o f av erag e  o ver maximum v e lo c i ty  w hich o f 
co u rse  has a c o n s ta n t  v a lu e . In  a s im i la r  way f o r  th e  case  L1V2, S 
app roach es i n f i n i t y  f o r  x = 1 b ecause  now th e  av erag e  v e lo c i ty  in  
re g io n  1 i s  z e ro .

In  f ig u r e  2 .26  th e  e f f e c t s  o f d i f f e r e n t  o p e ra t in g  p re s s u re s  a re  
shown when L1V2. W ith in c re a s in g  p re s s u re s  a t  th e  same d ry n ess  f r a c t io n  
low er v a lu e s  o f S a re  o b se rv ed . F ig u re  2 .27  shows a s im i la r  e f f e c t  bu t 
f o r  th e  c a se s  L1V2 and V1L2. For V1L2 th e  p re s s u re  e f f e c t s  seem to  
d im in ish  as x app ro ach es I .

The boundary c o n d it io n s  th a t  co rre sp o n d  to  th e  i n t e r c e p t s  w ith  th e  
v e r t i c a l  axes a t  x = 0 , x = 1 in  th e  p re v io u s  g raphs a re  summarised in  
th e  t a b le s  2 .5  and 2 .6 .  Thus i t  i s  proved th a t  p h y s ic a l  r e a l i t y  i s  
re p re s e n te d  even in  th o se  ex trem es such as  x = 0 and x = 1 b o th  fo r  L1V2 
and V1L2. T h e re fo re  in  i t s  p re s e n t  s im p le  form , th e  v e lo c i ty  p r o f i l e  
method w ith  th e  c o n t in u i ty  o f v e lo c i ty  and sh e a r  s t r e s s  a t  th e  s u r fa c e  o f 
s e p a r a t io n  seem to  show a s i g n i f i c a n t  advance on most e x i s t in g  one
d im en sio n a l m odels.
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CHAPTER 3

THE EFFECTS OF ENTRAINMENT IN ANNULAR TYPES OF FLOW

3-1 In t ro d u c tio n
In  th e  developm ent o f th e  v e lo c i ty  p r o f i l e  model f o r  a n n u la r  

tw o-phase flow  in  th e  p re v io u s  c h a p te r ,  th e  two p hases were reg ard ed  as  
flo w ing  s e p a r a te ly  w ith  a smooth in t e r f a c e  betw een them. But in  r e a l i t y  
th e  s i t u a t i o n  i s  more com plex, and t h i s  i n t e r f a c e  i s  in f lu e n c e d  by 
s e v e r a l  hydrodynam ic mechanisms t h a t  c o n t r ib u te  s i g n i f i c a n t l y  to  th e  
m ass, energy  and momentum t r a n s f e r  a c ro s s  i t .  Those mechanisms produce a 
v e ry  wavy in t e r f a c e  w ith  s i g n i f i c a n t  e n tra in m en t o f l iq u id  and v ap o u r. 
In  r e a l i t y  th e  e n tra in m en t mechanisms a re  u n s ta b le  p ro c e s se s  which m ight 
re a c h  some form of dynamic e q u il ib r iu m  w ith  th e  d e p o s i t io n  m echanism s, 
b u t o n ly  a f t e r  c o n s id e ra b le  flow  le n g th s .  T h is e q u il ib r iu m  i s  u s u a l ly  
c a l l e d  hydrodynam ic e q u i l ib r iu m , in  which th e  amount o f l iq u id  
e n tra in m en t i s  b a lan ced  by th e  d ro p le t  d e p o s i t io n ,  and s im i l a r ly  f o r  th e  
vapour b u b b le s .

S e v e ra l mechanisms o f l iq u id  e n tra in m en t have been i d e n t i f i e d  so 
f a r ,  d e s c r ib e d  in  th e  l i t e r a t u r e  by H ew itt e t .  a l .  (He70) and M I s h i i  
( I s 8 2 ) .  The most im p o rta n t o f th o se  mechanisms a re  shown s c h e m a tic a l ly  
in  f ig u r e  3 .1 .  But f o r  a n n u la r  ty p e s  o f flow  w ith  a  l iq u id  f i lm , th e r e  
i s  a ls o  th e  p o s s i b i l i t y  t h a t  vapour b u b b les  a re  p re s e n t  in  th e  l iq u id  
r e g io n , because  o f n u c le a t io n  o f d is s o lv e d  vapour a t  th e  s o l i d - l i q u i d  
i n t e r f a c e ,  and th e  o c c lu s io n  o f vapour b ub b les  in  th e  l iq u id  re g io n  as a 
d i r e c t  r e s u l t  o f s u r fa c e  wave a c t io n .

In  g e n e ra l  th e  tw o-phases must be t r e a t e d  as  e n tra in e d  in to  each 
o th e r  and n o t in  hydrodynam ic e q u i l ib r iu m , f o r  th e  r e a l i s t i c
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r e p r e s e n ta t io n  o f th e  a c tu a l  p h y s ic a l  c o n d it io n s  in  e v a p o ra tio n  flo w s. 
In  t h i s  c h a p te r ,  a t t e n t i o n  i s  c o n c e n tra te d  on th e  improvement o f th e  
v e lo c i ty  p r o f i l e  model so t h a t  i t  in c o rp o r a te s  th e  e n tra in m en t o f l iq u id  
and v ap o u r. Thus, th e  range o f a p p l ic a t io n  o f th e  p roposed  e q u a tio n s  i s  
ex tend ed  to  in c lu d e  im p l i c i t l y  th e  e f f e c t s  o f th e  p re se n c e  a t  a wavy 
i n t e r f a c e ,  betw een th e  two flow  re g io n s .

The e q u a tio n s  a re  f i r s t  fo rm u la ted  so as to  a llo w  e n tra in m e n t, by 
a r b i t r a r i l y  in t ro d u c in g  a f r a c t io n  o f th e  phase  e n tra in e d  in to  th e  o th e r  
r e g io n . For th e  e q u a tio n s  proposed  h e r e ,  t h i s  f r a c t io n  i s  tak en  to  v ary  
w ith  p o s i t io n  a long  th e  flow  a x is  f o r  g iv en  l iq u id  and vapour mass flow  
r a t e s ,  geom etry and p h y s ic a l  p r o p e r t i e s .  Where in a d eq u a te  in fo rm a tio n  i s  
a v a i la b le  abou t th e  e n tra in m en t f r a c t io n  , i t  i s  t r e a t e d  as  c o n s ta n t  in  
th e  c a lc u la t io n s  o f th e  p re s e n t  c h a p te r .

3-2 The v e lo c i ty  p r o f i l e  model w ith  e n tra in e d  l iq u id  and vapour
As f o r  th e  sim p le  v e lo c i ty  p r o f i l e  model g iv en  in  s e c t io n  2 -2 , we 

assume a g a in  s im i la r  v e lo c i ty  p r o f i l e s  a p p l ic a b le  w ith in  each o f th e  two 
re g io n s  o f th e  flow  p assag e  shown in  f ig u r e  3 .2 . Each re g io n  i s  assumed 
to  be o ccup ied  m ain ly  by e i t h e r  th e  l iq u id  o r vapour p h a se , w ith  some o f 
th e  o th e r  phase u n ifo rm ly  mixed in  w ith  i t .  T h is m ix ing  i s  tak en  to  be 
s u f f i c i e n t l y  in t im a te  to  a llo w  th e  v e lo c i ty  to  be a ss ig n e d  a s in g le  v a lu e  
a t  each  p o in t .

As b e f o r e ,  th e  shape o f th e  v e lo c i ty  p r o f i l e  w i l l  depend on w hether 
th e  h e a v ie r  m ix tu re  i s  flo w in g  in  th e  a n n u la r  re g io n  n e x t to  th e  w a ll  
( 1 ) ,  o r  th e  c e n t r a l  c i r c u l a r  re g io n  (2 ) ;  th e  two c a se s  a re  shown in  
f ig u r e  3 .2  (a ) and ( b ) .  The e x p re s s io n s  used  f o r  th e  two p a r t s  o f th e  
v e l o c i t y  p r o f i l e ,  a re  th e  p a ra b o lic  ty p e  o f e q u a tio n s  (e q u a tio n s  2 .2 .1 )  
and ( 2 .2 .2 )  f o r  lam in a r flow  o r th e  1 /n th  power law ty p e  o f e q u a tio n s  
(e q u a tio n s  2 .2 .1 6 )  and 2 .2 .1 7 )  shown in  s e c t io n  2 -2 , f o r  tu r b u le n t  flow .
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We make th e  u s u a l  assum ption  o f l o c a l  therm odynamic e q u il ib r iu m  
betw een th e  vapour and l iq u id  p hases a t  any c r o s s - s e c t io n  o f th e  p ip e ,  so 
t h a t  th e  f a m i l ia r  co n cep t o f d ry n e ss  f r a c t i o n ,  x , can be used  to  r e l a t e  
th e  t o t a l  mass flow  r a t e s  o f vapour and l i q u i d ,  m and m^ :

x =
m

m + m0 8
(3 .2 .1 )

In  a s im i la r  way, mass d ry n ess  f r a c t io n s  can be d e f in e d  f o r  each re g io n  
o f th e  flow  as fo llo w s  :

m
x i = g 1 m

mgl  + m£l
and X2 g2

mg2 + m&2
(3 .2 .2 )

Where m ^ ,  ®g2 a re  t îe vapour mass flow  r a t e s  fo r  re g io n  1 and re g io n  2 
• •and m ^  , m ^  a re  th e  c o rre sp o n d in g  v a lu e s  f o r  th e  l iq u id  p h ase . The

flow  r a t e s ,  fo r  u n ifo rm  m ix tu re s  in  each re g io n , a re  d e f in e d  in  th e  u s u a l  
way as  :

(3 .2 .3 )

(3 .2 .4 )
X,1 X, X X,± X/^ X, l. X, £

gl  A
r e s p e c t iv e ly ;  A ^  and a re  s im i la r  a re a s  f o r  th e  l iq u id  p h ase . Then

th e  mean d e n s i ty  o f each  o f th e  m ix tu re s  i s  e a s i ly  ex p re sse d  in  term s of 
th e  r e le v a n t  d ry n e ss  f r a c t io n  :

m .g l = pg u i Ag i and m _ = g2 Pg “ 2 Ag2
•

ii = p£ "1 A£1 and m£2 p£ U2 A£2
and A^2  a ^e th e vapour flow a re a s in  re g io n

1 1 -  x, 1 -  x.
(3 .2 .5 )

K1 Kg * 2 Kg
and th e  mass flow  r a t e s  in  th e  two re g io n s  a re

dA“ l = “ g l + " u  ■  p i / u i'
l

m2 = mg 2  +  m£2  = p 2/ U;dA

(3 .2 .6 )

( 3 . 2 . 7 )
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Where A, = A . + An1 and A_ = A „ + Ano a re  th e  flow  a re a s  fo r  re g io n  1 1 g l ftl 2 g2 12 °

and 2 r e s p e c t iv e ly .
We may a ls o  d e f in e  lo c a l  v o id  f r a c t i o n s ,  in  th e  u s u a l  way :

______g 1
Ag l + A£1

_____ -g2
Ag2 + kl2

( 3 .2 .8 )

But th e  main d i f f i c u l t y  in  d e f in in g  th e  p r o p e r t i e s  f o r  each r e g io n , 
a r i s e s  from ig n o ran ce  abou t th e  e f f e c t iv e  v i s c o s i t i e s  f o r  such m ix tu re s . 
A r e l a t i v e l y  sim ple  c o r r e la t i o n  (Co72) which i s  f r e q u e n t ly  used in  th e  
a n a ly s is  o f homogeneous ty p es  of two phase flo w , i s  :

1 x 1 -  x 1 -  X,
+ ( 3 .2 .9 )

So f a r ,  th e  p h y s ic a l  laws d e s c r ib in g  m a s s - t r a n s f e r  a t  th e  s u r fa c e  of 
s e p a r a t io n  a re  n o t s u f f i c i e n t l y  developed  to  p ro v id e  a b a s is  f o r  d i r e c t  
in c o rp o r a t io n  in to  th e  p re s e n t  m odel. We can , n e v e r th e le s s ,  in tro d u c e  
th e  id e a  o f e n tra in m e n t in to  th e  model by in tro d u c in g  an "e n tra in m e n t 
r a t i o " .  S ince  e n tra in m en t o ccu rs  in  b o th  d i r e c t io n s  as  d e s c r ib e d  in  th e  
l i t e r a t u r e  (H e70), th e r e  w i l l  in  g e n e ra l ,  be two e n tra in m en t r a t i o s  in  
each  o f th e  two flow  c a se s  shown in  f ig u r e  3 .2 .  For th e  case  in  w hich 
l i q u id  p redo m in a tes  in  re g io n  1 (n ex t to  th e  w a l l ) ,

m12
1 m.

( 1 -  x2 ) m2 
( 1 -  x )

(3 .2 .1 0 )

e 2 mg
(3 .2 .1 1 )

E n tra in m en t r a t i o  i s  th u s  d e f in e d  as th e  p o r t io n  o f th e  t o t a l  flow  r a t e  
o f a phase w hich flo w s in  th e  re g io n  in  which t h a t  phase  i s  n o t th e  
p redom inan t one.

F ollow ing  th e  d e f i n i t i o n  o f th e  e n tra in m en t r a t i o s  we may e x p re ss  
th e  r e g io n a l  v o id  f r a c t io n s  in  term s o f th e  phase d e n s i t i e s ,  o v e r a l l
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m ass-d ry n ess  f r a c t io n  and en tra in m en t r a t i o s .  From e q u a tio n s  (3 .2 .3 )  
and (3 .2 .4 )

Ae l  p«, m£l-JLi = ( _  ) ( -JLL
£1 g m£1

) (3 .

g e q u a tio n s
A 1

= P£( —
A£1 Pg
A 0

= ( ^
A£2 Pg

£2

m
m£2

1 -  e.

1 -  e.

) (

) (
'I

1 -  x

1 -  x )

(3 .2 .1 4 )

(3 .2 .1 5 )

S u b s t i tu t io n  o f e q u a tio n s  ( 3 .2 .1 4 ) ,  (3 .2 .1 5 )  in to  th e  d e f in i t i o n s  o f th e  
v o id  f r a c t io n  f o r  each  re g io n  (e q u a tio n  3 .2 .8 )  y ie ld s  th e  e x p re s s io n s

a p
= <— ) (1 -  a g 1 -  e

1 -  e,
= ( — ) (

) (

) (

)

1 -  a,

1 -  x

1 -  x

(3 .2 .1 6 )

(3 .2 .1 7 )

E q ua tio n s s im i la r  to  (3 .2 .1 0 )  to  (3 .2 .1 7 )  can be s e t  up f o r  th e  case  when 
vapour i s  th e  p redom inan t phase n ex t to  th e  w a l l .  Such e x p re s s io n s  a re  
shown in  t a b le  3 .1  f o r  com parisons o f th e  two p o s s ib le  co m b in a tio n s .
3 -2 .1  The v o id  f r a c t i o n ,  m ass-d ry n ess  f r a c t io n  r e l a t io n s h ip

The two p a r t s  o f th e  v e lo c i ty  p r o f i l e  shown in  f ig u r e  3 .2  a re  
m atched by e n su r in g  c o n t in u i ty  o f v e lo c i ty  and sh e a r  s t r e s s  a t  th e  
i n t e r f a c e ,  r g , in  e x a c t ly  th e  same way as shown in  s e c t io n s  2 -2 .1

and 2 -2 .2 .  F or th e  tu r b u le n t  c a se  we s t i l l  use  th e  P r a n d t l 's  m ixing 
le n g th  h y p o th e s is  a t  th e  i n t e r f a c e ,  w ith  eq u a l m ix in g - le n g th s  f o r  th e  
two m ix tu re s . C o n seq u en tly , th e  co rre sp o n d in g  r e l a t i o n s  o f th e  g eo m etric  
p a ram e te rs  a re  :

( r h /  r s ) 2 = 1 + R2 ( r*  /  r*  -  1)h s v o s [Lam inar] (3 .2 .1 8 )
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( r ^ / r g ) = 1 + Rp ( r  /  r  -  1) [T u rb u len t]

— -  _ l / 9  — _ _ 1/9where Ry = ( y2 /  y 1 ) '  and = ( p2 /  p  ̂ ) '

(3 .2 .1 9 )

(3 .2 .2 0 )

The shape o f th e  v e lo c i ty  p r o f i l e  e s ta b l is h e d  by th e  l a s t  e q u a tio n s ,  
can be r e l a t e d  to  th e  mass flow  r a t e s  o f th e  two p h ases and th e  
e n tra in m en t r a t i o s ;  th e  r e s u l t  i s  :

“ [Lam inar]

(3 .2 .2 1 )
n + 1 

n

These a re  th e  same e q u a tio n s  as f o r  th e  s im p le  model (2 -2 ) ,  b u t h e re  th e
r a t i o  o f t o t a l  mass flow  r a t e s  in  re g io n  1 and 2 i s  n o t o n ly  a fu n c t io n
of d ry n ess  f r a c t io n  b u t a ls o  depends on th e  e n tra in m e n t r a t i o s .  By u s in g
e q u a tio n s  ( 3 .2 .6 ,  3 .2 .7 )  and (3 .2 .1 0 ,  3 .2 .1 1 )  f o r  l iq u id  dom inating
re g io n  1 th e  LHS o f e q u a tio n s  (3 .2 .2 1 )  can be ex p re sse d  as :
m9 ( 1 -  e 9 ) m + e . m ( 1 -  e ) x + e . ( 1 -  x )
7 - =  ------------ ------ * -------— £■  = ----------- ---------------1-----------------  (3 .2 .2 2 )m1 ( 1 -  e 1 ) m^ + e 2 mg ( 1 -  e 1 ) ( 1 -  x ) + e 2 x

[T u rb u le n t]

For th e  o v e r a l l  v o id  f r a c t io n  (a ) and mass d ry n ess  f r a c t io n  (x) 
r e l a t i o n s h i p ,  th e  e x p re s s io n  o f v o id  f r a c t io n  in  term s o f th e  g eo m etric  
p a ram e te rs  rem ains to  be e s t a b l i s h e d .  T h is i s  e a s i l y  o b ta in e d  from  th e  
r a t i o  o f t o t a l  a re a  occu p ied  by vapour and l i q u id .  From th e  d e f in i t i o n s  
o f th e  v o id  f r a c t io n s  in  re g io n  1 and 2.

a . a
( —  ) + ( —  )

1 - a .A . + A 9 g l g2
i  -  a A£ i + A£2

1 1_a2 An (3 .2 .2 3 )
1 + ( 12 )

£1
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where th e  r a t i o  A ^  / A ^  i s  o b ta in e d  from th e  r a t i o  o f th e  flow  a re a s

in  re g io n  2 and re g io n  1 i . e .  :
2

Ag2 + A£2

Ag l + A£1

12

2 2r  -  r  o s
o r (3 .2 .2 4 )

£1 o s  1
When e q u a tio n  (3 .2 .2 4 )  i s  s u b s t i t u t e d  in  e q u a tio n  (3 .2 .2 3 )  th e  
r e l a t io n s h ip  betw een th e  v o id  f r a c t io n  and th e  g eo m etric  p a ram e te rs  i s  
g iven  by :

2

1 -  a

al + a2 ( 2 2r  -  ro s
)

( l - a 1 ) + ( l - o 2 ) (
2 2r  -  ro s

(3 .2 .2 5 )

Where o f c o u rs e , and can be ex p ressed  in  term s o f th e  d ry n ess

f r a c t i o n ,  x and th e  e n tra in m en t r a t i o s ,  as shown by e q u a tio n s  (3 .2 .1 6 )  
and 3 .2 .1 7 ) .

E q u a tio n s (3 .2 .2 5 )  and (3 .2 .2 1 )  to g e th e r  w ith  e q u a tio n s  (3 .2 .2 2 )  and 
(3 .2 .1 8 /1 9 )  i m p l i c i t l y  d e f in e  th e  r e l a t i o n s h ip  betw een x and a ,  which has 
a s in g le  s o lu t io n  f o r  a l l  v a lu e s  f o r  x and a betw een 0 and 1. T his 
s o lu t io n  can o n ly  be found n u m e r ic a lly  when th e  lo c a l  e n tra in m en t r a t i o s  
has been ex p re ssed  in  term s o f e i t h e r  th e  v o id  f r a c t io n  (a ) o r th e  
m ass-d ry n ess  f r a c t io n  ( x ) . A ll  c a lc u la t io n s  p re se n te d  in  t h i s  c h a p te r  
were c a r r i e d  o u t by th e  com puter program  VELPRO a f t e r  th e  e n tra in m en t 
o p tio n  had been sw itch ed  on as d e s c r ib e d  in  append ix  B.

In  i t s  p re s e n t  form th e  v e lo c i ty  p r o f i l e  model p o ss e s se s  g r e a te r  
f l e x i b i l i t y  th a n  i t s  o r i g i n a l  s t a t e  d e s c r ib e d  in  c h a p te r  2. In  a d d i t io n  
to  th e  dependence o f th e  power law  exponent on th e  R eynolds num ber, th e  
r e s u l t s  now depend on th e  l o c a l  e n tra in m en t r a t i o s .  I t  sh ou ld  be 
em phasised  t h a t  by v a ry in g  th e  l o c a l  e n tra in m en t r a t i o s  we a re  a b le  to
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s im u la te  any o p e ra t in g  c o n d it io n s  betw een th e  two extrem e c a se s  o f 
homogeneous and co m p le te ly  se p a ra te d  ty p e s  o f tw o-phase flo w s.
3 -2 .2  The p re s s u re  g ra d ie n t

F o llo w in g  th e  same method as fo r  th e  e a r l i e r  v e r s io n  o f th e  v e lo c i ty  
p r o f i l e  m odel, d e s c r ib e d  in  s e c t io n  2 -4 , th e  force-momentum r e l a t i o n  
a p p l ie d  to  s te a d y  p ip e  flow  y ie ld s  th e  r e s u l t

The m ain d i f f e r e n c e  in  th e  l a s t  e q u a tio n  b e in g  th a t  fo r  th e  w a ll  sh e a r  
s t r e s s  and th e  change o f momentum we must ta k e  in to  accou n t th e  vapour 
and l iq u id  e n tra in m e n t. As f r e q u e n t ly  d e s c r ib e d  in  th e  l i t e r a t u r e  (He70, 
I s 8 2 ) , such phenomena depend among o th e r  th in g s  a t  th e  c o n d it io n  o f th e  
i n t e r f a c e ,  th e  th ic k n e s s  o f re g io n  1 in  f ig u r e  3 .2 ,  th e  lo c a l  h e a t  f lu x ,  
th e  l o c a l  l iq u id  and vapo ur v e l o c i t i e s ,  and on w hether th e  m ix tu re  has 
reach ed  hydrodynam ic e q u il ib r iu m . T h e re fo re  th e  e n tra in m en t r a t i o s  t h a t  
w i l l  be used f o r  th e  p re s s u re  g ra d ie n ts  in  e q u a tio n  (3 .2 .2 6 )  m ust be 
t r e a t e d  as s t ro n g ly  v a ry in g  p r o p e r t i e s  a t  l e a s t  in  th e  d i r e c t io n  o f flo w .

In  a s im i la r  way as f o r  e q u a tio n s  (2 .2 .3 )  and ( 2 .2 .4 ) ,  f o r  the  
s im p le  m odel, th e  w a ll  sh e a r  s t r e s s ,  , i s  c a lc u la te d  from th e  v e lo c i ty

p r o f i l e  o f a h y p o th e t ic a l  homogeneous f l u i d  f lo w , in  which th e  whole p ip e  
i s  f i l l e d  w ith  th e  m ix tu re  occupying re g io n  1. For t h i s  h y p o th e t ic a l  
flow  th e  d i s t r i b u t i o n  o f th e  v e lo c i ty  u^ i s  ex tend ed  to  th e  p ip e  a x is .

The c a lc u la t io n  u se s  th e  s ta n d a rd  p a r a b o lic  and power law  p r o f i l e s  and 
g iv e s

dp Z
-------—  t -  [ a P + ( l - a ) p .  ] g sin©

A W  O  * Â , ds
1 dM

(3 .2 .2 6 )

1
TW [Lam inar] (3 .2 .2 7 )
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TW

where

2n— n n + 1 — — -|
U1T P1U1T r o
u . max, 1 y l

2
n + 1

(pl u lT^ (3 .2 .2 8 )

[T u rb u le n t]
and y^ a re  g iven  by e q u a tio n s  ( 3 .2 .5 )  and (3 .2 .9 )  and o b v io u sly

depend on th e  e n tra in m en t r a t i o s .  The p a ram e te r c i s  a g a in  a n u m erica l 
f a c to r  w ith  th e  v a lu e  8 .74  when n = 7. For th e  p re v io u s  two e q u a tio n s  
u ^  r e p r e s e n ts  th e  av e rag e  v e lo c i ty  o f th e  assumed h y p o th e t ic a l  flow  when

th e  p r o f i l e  o f u^ h as been ex tended  to  th e  p ip e  a x is .  The h y p o th e t ic a l

av e rag e  v e lo c i ty  u IT i s  s i g n i f i c a n t l y  d i f f e r e n t  from u^ which co rre sp o n d s

to  th e  av erag e  v e lo c i ty  in  re g io n  1 o n ly . The r a t i o  o f th o se  two averag e  
v e l o c i t i e s  i s  ex p re ssed  a g a in  in  term s o f r^  and r g by e q u a tio n s  (2 .4 .6 )

and ( 2 .4 .7 ) .  The main d if f e r e n c e  now, when en tra in m en t i s  a llo w ed , 
a r i s e s  in  th e  d e f i n i t i o n  o f u^ which i s  g iv en  by

m, mgl  + m£l

P1 A1 Pl ( Agl  + AJtl *
(3 .2 .2 9 )

where m  ̂ and depend on th e  e n tra in m en t r a t i o s  e^ , ; a ls o  i s

e q u a l to  tt( -  r  ) .  For th e  ca se  o f l iq u id  b ein g  th e  predom inant 

phase  in  re g io n  (1) th e n
m1 = ( l - e 1 ) ( l - x ) m T + e 2 x m T (3 .2 .3 0 )

s i m i l a r ly
m1 = ( l - e 1 ) x  m̂ , + e 2 ( 1 -  x ) (3 .2 .3 1 )

when vapour dom inates th e  same re g io n .
The l a s t  term  in  e q u a tio n  ( 3 .2 .2 6 ) ,  w hich r e p re s e n ts  th e  

a c c e le r a t io n  p re s s u re  g r a d ie n t ,  i s  e a s i l y  o b ta in e d  by s ta n d a rd
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i n t e g r a t i o n  o ver th e  two p a r ts  of th e  combined v e lo c i ty  p r o f i l e  shown in  
f ig u r e  3 .2 .  :

1 dM 
^  ds

(3 .2 .3 2 )

where and A  ̂ a re as  d e f in e d  in  s e c t io n  3 -2 .

3 -2 .3  C a lc u la t io n  o f th e  t o t a l  p re s s u re  drop
For s t e a d y - s t a te  flow  in  a c o n s ta n t - c r o s s - s e c t io n  d u c t where x i s  

tak e n  to  v a ry  l i n e a r l y  in  th e  a x i a l  d i r e c t i o n ,  then  th e  t o t a l  p re s s u re  
drop o v er th e  le n g th  L_ , m easured from  th e  i n l e t  o f th e  t e s t  s e c t io nD

where th e  l iq u id  i s  j u s t  s a tu r a t e d ,  i s  g iv en  by
Ap = Ap,. + Ap + Ap r  r f r  *gr r ac

w here :

(3 .2 .3 3 )

Apf r ■ t(-r) /

out
T dx w (3 .2 .3 4 )

APgr = P^gsinG | Lb+in© £
o u t

pg -  P£
(-r) / ""]o u t

(3 .2 .3 5 )

Apac At
( M -  M ) =o u t in

—  [ P1 / Ul dA + P2 f  u2dA ]  -  —  [ P j i /  uin dA 1A-  A A2 J  o u t At l At J
(3 .2 .3 6 )

The l a s t  e q u a tio n s  a re  d e r iv e d  f o r  n e g l ig ib le  change o f p h y s ic a l  
p r o p e r t i e s  a lo n g  th e  flow  a x i s .  T h is assu m ptio n  i s  used  in  th e  p re s e n t  
s e c t io n  in  o rd e r  to  s im p li fy  th e  e q u a tio n s  and i s  e lim in a te d  in  th e  more 
g e n e ra l  u se  of e q u a tio n s  d e s c r ib e d  in  c h a p te r  4.
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I t  i s  e a s i l y  u n d e rs to o d  from e q u a tio n s  (3 .2 .3 4 )  to  (3 .2 .3 6 )  to g e th e r
w ith  e q u a tio n s  (3 .2 .2 7 )  and (3 .2 .2 8 )  t h a t ,  when th e  two phases a re
e n tra in e d  in to  each o th e r  th e  fo llo w in g  i n t e g r a l s  must be c a lc u la te d
n u m e r ic a lly  : 

x

/

/

/

o ut
a ( x , e l f e 2) dx where e^ and a ls o  depend on th e  

lo c a l  m ass-d ryn ess  f r a c t io n
o u t
\il u 1T dx f o r  th e  

f lo w s .

o u t , n-1 2 2n
( P j ) n+1 ( p p n+1 r \ n+1(“ i t ) f o r  th e  w a ll  sh e a r  s t r e s s  

in  T u rb u len t flo w s.

The programme VELPRO c a lc u la te s  th o se  i n t e g r a l s  by th e  method of 
b i s e c t io n  up to  a s p e c i f i e d  a c cu ra c y . Of co u rse  th e  e n tra in m en t r a t i o s  
h as been t r e a t e d  as l o c a l  p r o p e r t i e s  so e^ and a re  found f o r  every

v a lu e  o f x by cu b ic  s p l in e  i n t e r p o r a t io n  to  a s p e c i f ie d  ta b le  of 
e n tra in m en t r a t i o s .  T h is  t a b le  o f e n tra in m en t r a t i o s ,  a t  v a r io u s  mass 
d ry n e ss  f r a c t i o n s ,  m ust be s u p p lie d  as p a r t  o f th e  in p u t  d a ta .

A p p lic a tio n  o f th e  proposed  model in  i t s  p re s e n t  form  r e q u i r e s ,  a 
t a b l e  o f known e n tra in m en t r a t i o s ,  a s ta te m e n t abou t which phase i s  th e  
p redom inan t one in  each o f th e  flow  re g io n s  and a s u i t a b le  v a lu e  o f th e  
power law ex p o nen t. In  th e  absence o f such in fo rm a tio n , com parison w ith  
e x p e rim e n ta l r e s u l t s  w i l l  seem to  be r a th e r  t e n t a t i v e .

3-3  E x p erim en ta l Com parisons
In  th e  com parisons which fo llo w , c a lc u la t io n s  a re  made w ith  th e  

m o d ified  v e r s io n  o f th e  v e lo c i ty  p r o f i l e  model fo r  d i f f e r e n t  amounts o f 
l iq u id  and vapour e n tra in m e n t. Whenever th e  e x p e rim e n ta l e n tra in m en t
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r a t i o s  a re  n o t g iv e n , a r b i t r a r y  v a lu e s  a re  u se d , w ith  no a tte m p t to  
o p tim ise  th e  agreem ent by v a ry in g  th e  chosen r a t i o s .  The p urpose  o f such 
com parisons i s  m ain ly  an a tte m p t to  d em o n stra te  th e  im p ortan ce  o f 
e n tra in m en t phenomena under o p e ra t in g ,  flow  o r geom etry p a ram e te rs  
sum m arised in  ta b le  3 .2 .

As shown by t a b l e  3 .2 ,  th e  com parison w ith  exp erim en t a re  c a r r i e d  
ou t f o r  v e r t i c a l  and h o r iz o n ta l ,  d ia b a t i c  and a d ia b a t i c  ty p e s  o f 
tw o-phase flo w , in  p ip e s  o r in  an a n n u lu s . The co rre sp o n d in g  f ig u r e  
numbers a re  a ls o  in c lu d e d  in  t a b l e  3 .2  f o r  ease  o f r e fe re n c e  to  th e  
g raph s where th e  com parison  a re  made.

Throughout th e  com parisons p re se n te d  i t  has been assumed th a t  th e  
l iq u id  phase i s  p red o m in an tly  n ex t to  w a ll  in  re g io n  1. The exponent f o r  
th e  power law h as been tak en  as 7 ex cep t where o th e rw ise  s t a t e d .  For th e  
p re s s u re  drop g ra p h s , th e  a c tu a l  p re s s u re  has been n o rm a lised  a g a in s t  

_2p^u^ f o r  a l l - l i q u i d  flow  a t  th e  same t o t a l  mass flow  r a t e .

The f i r s t  com parisons p re se n te d  h e re  a re  w ith  th e  e x p e rim e n ta l 
r e s u l t s  o f Anderson and M antzouran is (An60) who m easured v o id  f r a c t io n  
f o r  w ide ran ges o f flo w  r a t e  and m ass-d ry n ess  f r a c t io n  f o r  a d ia b a t i c  
a i r - w a te r  flow  a t  a tm o sp h eric  p r e s s u r e s .  T h e ir  m easurem ents a ls o  
in c lu d e d  v a lu e s  o f th e  flow  r a t e  o f e n tra in e d  l iq u id  in  th e  c e n t r a l  co re  
flo w ; th e  way in  w hich t h i s  v a r ie d  i s  shown in  f ig u r e  3 .3 ,  w here v a lu e s  
o f th e  e n tra in m en t r a t i o ,  e^ , (a s  d e f in e d  by e q u a tio n  3 .2 .1 0 )  a re

p lo t t e d  a g a in s t  m ass-d ry n ess  f r a c t io n  f o r  v a r io u s  mass flow  r a t e s  of th e  
l i q u id  p h ase .

The c o rre sp o n d in g  c a lc u la t io n s  f o r  th e  v e l o c i t y - p r o f i l e  model have 
been c a r r i e d  o u t in  s e v e r a l  ways.

(a ) W ithout any a llo w an ce  f o r  e n tra in m e n t, u s in g  b o th  lam in a r and
tu r b u le n t  v e r s io n s  o f th e  m odel, w ith  v a lu e s  o f 2 and 7 f o r  th e  
v e lo c i ty  exponent n in  th e  l a t t e r  c a s e . The c a lc u la te d  v a lu e s
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of v o id  f r a c t io n  a re  drawn as s in g le  cu rv es a g a in s t  m ass- 
d ry n ess  f r a c t io n  in  f ig u r e  3 .4

(b) A lso shown in  f ig u r e  3 .4  a re  two s e t s  o f cu rv es  o b ta in e d  from  
c a lc u la t io n s  w ith  th e  lam in a r and tu r b u le n t  m odels, and u s in g  
th e  a p p ro p r ia te  v a lu e s  o f e n tra in m en t r a t i o  as  shown in  f ig u r e
3 .3 .

The v e ry  sm a ll v a lu e s  o f Reynolds number t h a t  co rresp on d  to  th e  mass flow  
r a t e s  used  in  t h i s  p a r t i c u l a r  s e t  o f e x p e rim e n ts , i s  an in d ic a t io n  t h a t  
th e  a c tu a l  flow  m ight have been la m in a r . However, under lam in a r 
c o n d i t io n s ,  i t  i s  d i f f i c u l t  to  e x p la in  th e  m easured v a lu e s  o f th e  
e n tra in m en t r a t i o ,  e^ . The f a c t  t h a t  th e  flow  was n o t la m in a r , i s  a ls o

confirm ed  in  f ig u r e  3 .4  by com paring th e  v o id  f r a c t io n s  p re d ic te d  by th e  
lam in a r v e lo c i ty  p r o f i l e  and th e  ac tu -a l m easurem ents. As shown in  th e  
same f i g u r e ,  b e t t e r  agreem ent i s  a ch iev ed  f o r  tu r b u le n t  v e lo c i ty  p r o f i l e s  
w ith  n = 2 , w hich i s  a re a so n a b le  v a lu e  due to  th e  sm all R eynolds 
num bers. T h is agreem ent cou ld  become even b e t t e r  when we u se  th e  
e n tra in m en t r a t i o s  drawn in  f ig u r e  3 .3 .

The upper two l i n e s  in  f ig u r e  3 .4  show th e  v o id  f r a c t io n s  p re d ic te d  
by th e  v e lo c i ty  p r o f i l e  model w ith  n = 7 , and by th e  c o r r e la t io n  proposed  
by S L Sm ith (Sm). I t  m ight be u s e f u l  to  m ention  a g a in  th a t  t h i s  l a s t  
c o r r e la t i o n  i s  d e r iv e d  f o r  40% e n tra in m en t o f th e  l i q u id  phase in  th e  gas 
c o re ,  n e v e r th e le s s  i t  seems to  o v e rp re d ic t  th e  a c tu a l  v o id s ,  e s p e c ia l ly  
a t  low d ry n ess  f r a c t i o n s .

Com parisons f o r  a d i f f e r e n t  s e t  o f  flow  c o n d it io n s  a re  shown in  
f ig u r e s  3 .5  and 3 .6 .  Here p re s s u re  d ro ps a r e  p lo t te d  a g a in s t  
m ass-d ry n ess  f r a c t io n  f o r  fo u r  d i f f e r e n t  o p e ra t in g  p r e s s u r e s ,  in  v e r t i c a l  
and h o r iz o n ta l  p ip e  f lo w s . In  t h i s  com parison some o f th e  vapour phase  i s  
e n t r a in e d  by th e  l i q u i d .  E n tra in m en t in  t h i s  d i r e c t io n  has a g r e a te r  
in f lu e n c e  on th e  c a lc u la te d  v a lu e s  o f th e  w a ll  sh e a r  s t r e s s ,  and
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t h e r e f o r e  on th e  c a lc u la te d  p re s s u re  g r a d ie n t .  As shown in  th e  p re v io u s  
c h a p te r  fo r  s im i la r  t e s t s  (Ha61) th e  o b ta in e d  i s  e x c e l le n t  over a w ide 
ran g e  o f e x p e rim e n ta l v a lu e s  even w ith o u t in tro d u c in g  e n tra in m e n t. 
However, in s p e c t io n  o f f ig u r e s  3 .5  su g g e s ts  th a t  t h i s  agreem ent cou ld  be 
im proved by in c re a s in g  th e  gas e n tra in m en t r a t i o  f o r  low v a lu e s  o f 
d ry n e ss  f r a c t i o n ,  w here th e  l in e  f o r  homogeneous flow  (e = 1 .0 )  g iv e s

th e  b e s t  f i t .
F ig u re  3 .6  shows com parison w ith  th e  Haywood (Ha61) r e s u l t s  fo r

flow s in  u nh eated  v e r t i c a l  tu b es  a t  th r e e  d i f f e r e n t  i n l e t  v e l o c i t i e s  fo r
th e  same range o f o p e ra t in g  p re s s u re s  as fo r  h o r iz o n ta l  f lo w s. S im ila r ly
f o r  th e s e  o p e ra t in g  c o n d it io n s  th e  flow  can be a d e q u a te ly  m odelled  by
assum ing com plete s e p a r a t io n  o f th e  two p h a se s , w ith o u t any e n tra in m e n t.
Here th e  d i f f e r e n c e  betw een th e  homogeneous (e = 1 .0 , e = 0 .0 )  and th e8 ^
s e p a ra te d  ty p e  o f p r e d ic t io n s  i s  more d i s t i n c t  m ain ly  a t  low i n l e t  
v e l o c i t i e s .  In  b o th  f ig u r e s  3 .5  and 3 .6  i s  c le a r ly  shown th e  d e c re a s in g  
c o n t r ib u t io n  o f e n tra in m e n t on th e  p re d ic te d  p re s s u re  drop as p re s s u re  
in c re a s e s  and th e  d e n s i ty  d i f f e r e n c e  betw een th e  two p h ases d e c re a s e s .  
T h is  i s  a ls o  confirm ed  by f ig u r e  3 .7  where th e  same p re d ic te d  and 
o bserv ed  p re s s u re  d ro p s  a re  p lo t te d  in  a d i f f e r e n t  way f o r  th e  fo u r  
o p e ra t in g  p r e s s u r e s .  R e s u lts  a re  c o n ta in ed  w ith in  th e  10% l in e s  b o th  f o r  
th e  case  o f c o n s ta n t  vapour e n tra in m en t and th e  ca se  o f com plete  
s e p a r a t io n  betw een th e  two p h a se s .

The e f f e c t s  o f vapour e n tra in m en t on th e  p re s s u re  p r e d ic t io n s  a t  
th r e e  d i f f e r e n t  p ip e  d ia m e te rs  a re  in v e s t ig a te d  in  f ig u r e s  3 .8 ,  3 .9  and
3 .1 0  f o r  v a r io u s  mass flow  r a t e s .  Those f ig u r e s  co rre sp o n d  to  th e  same 
ran ge  o f mass f lu x e s  a t  ap p ro x im ate ly  eq u a l o p e ra t in g  p re s s u re s  o f 70 
b a r .  In  each o f th o se  g raphs a re  drawn th e  l i n e s  p re d ic te d  by th e
v e lo c i ty  p r o f i l e  model f o r  gas e n tra in m en t r a t i o s  o f 0 .0 ,  0 .5  and 10; th e  
l a t t e r  v a lu e  r e p r e s e n ts  th e  case  in  which a l l  th e  vapour i s  e n t r a in e d ,  so
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t h a t  th e  whole tu b e  i s  f i l l e d  w ith  a homogeneous m ix tu re , and th e  f i r s t  
v a lu e  when th e  p h ases a re  n o t in te rm ix e d . I t  i s  obvious from th e  
m entioned  p lo t s  th a t  th e  e x p e rim e n ta l p o in ts  a re  coming c lo s e r  to  th e  
l i n e s  fo r  a s in g le  homogeneous m ix tu re  as th e  m ass-flow  r a t e  in c r e a s e s .  
From a d e t a i l e d  o b s e rv a t io n  o f f ig u r e s  3 .8 ( a ) ,  3 .9 (a )  and 3 .1 0 ( a ) ,  i t  i s  
su g g es ted  t h a t  h ig h e r  e n tra in m en t r a t i o s  a re  n e c e s sa ry  f o r  th e  
p r e d ic t io n s  by th e  p re s e n t  model to  ag ree  w ith  m easurem ents in  th e  l a r g e r  
d ia m e te r tu b e s , in  s im i l a r  mass f lu x e s .  The same su g g e s tio n  can be made 
from  f ig u r e s  3 .9  ( d ) , 3 .1 0 (e )  and 3 .9 ( f ) ,  3 .1 0 ( f ) .  However t h i s  i s  o n ly  
a tenden cy  and needs to  be in v e s t ig a te d  f u r t h e r  from a more c o n s i s te n t  
s e t  o f e x p e rim e n ta l r e s u l t s .

The in f lu e n c e  o f a n o th e r g e o m e tr ic a l  p a ram ete r on th e  p r e d ic t io n s  i s  
examined in  f ig u r e s  3 .11  and 3 .1 2 . In  th o se  g ra p h s , p re s s u re  d ro ps a re  
p lo t t e d  f o r  two d i f f e r e n t  le n g th s  o f 0 .5 3  and 0 .91  m e te rs  f o r  a t e s t  
s e c t io n  w ith o u t h e a t  in p u t and f o r  a v a r ie ty  o f mass f lu x e s .  In s p e c t io n  
o f f ig u r e s  3 .1 1 (a )  and 3 .1 2 ( a ) ,  f o r  th e  same mass f lu x e s ,  in d ic a te s  t h a t  
th e  s c a t t e r  o f th e  e x p e rim e n ta l o b s e rv a t io n s  a re  a t  app ro x im ate ly  s im i l a r  
d is ta n c e s  from  th e  drawn l in e s  o f th e  t h e o r e t i c a l  p r e d ic t io n s .  T h is  i s  
a ls o  t r u e  from th e  com parison o f f ig u r e s  3 .1 1 ( c ) ,  3 .1 2 (b ) ,  as w e ll  a s  
f ig u r e s  3 .1 1 ( e ) ,  3 .1 2 (e )  and f ig u r e s  3 .1 1 ( f ) ,  3 .1 2 ( f ) .  The c o n c lu s io n  
t h a t  i s  drawn from such com pariso n s , i s  t h a t  good agreem ent betw een 
th e o ry  and exp erim en t i s  o b ta in e d  w ith  th e  same v a lu e s  o f gas e n tra in m en t 
r a t i o ,  i r r e s p e c t i v e  o f th e  le n g th  o f th e  t e s t  p ip e  in  a d ia b a t ic  f lo w s . 
T h is  i s  an in d ic a t io n  th a t  fo r  th e  le n g th s  shown in  f ig u r e  3.11 and 3 .12  
th e  e n tra in m en t and d e p o s it io n  mechanisms have a lre a d y  reach ed  th e  
hydrodynam ic e q u i l ib r iu m , as d e f in e d  in  s e c t io n  3 -1 .

By th e  f i n a l  s e t  o f co m p ariso n s , d e s c r ib e d  in  ta b le  3 .2 ,  th e  
a p p l ic a t io n  o f th e  v e lo c i ty  p r o f i l e  model i s  in v e s t ig a te d  in  n o n - c i r c u la r  
flow  a re a s .  For th e  p r e d ic t io n s  in  such g e o m e trie s , th e  f a m i l ia r  co n cep t
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o f th e  e q u iv a le n t  h y d ra u lic  d ia m e te r has been used  in  th e  u s u a l  way. In  
f ig u r e  3 .13  a re  drawn th e  o bse rved  p re s s u re  d ro ps a t  v a r io u s  m ass-flow  
r a t e s  in  a v e r t i c a l l y  p o s i t io n e d  annu lus w ith o u t h e a t  f lu x .  A gain fo r  
low mass f lu x e s  th e  o b ta in e d  p re s s u re s  a re  p re d ic te d  b e t t e r  by th e  l i n e s  
c o rre sp o n d in g  to  th e  s e p a ra te d  ty p e  o f flo w . For in c re a s in g  m ass-flow  
r a t e s  th e  e n tra in m en t r a t i o s  re q u ire d  f o r  th e  b e s t  agreem ent w ith  
e x p e rim e n ta l o b s e rv a tio n s  must be s l i g h t l y  in c re a s e d . However, above 
2000 kg/m2- s  th e  m easured p re s s u re  d rops l i e  betw een th e  t h e o r e t i c a l  
l i n e s  f o r  th e  s e p a ra te d  and homogeneous flow  which a re  p re d ic te d  by th e  
v e lo c i ty  p r o f i l e  m odel. P re s s u re  d rops f o r  low d ry n ess  f r a c t io n  a re  
g e n e ra l ly  c lo s e r  to  th e  l i n e s  o f ze ro  e n tra in m e n t, w hereas f o r  h ig h e r  
d ry n ess  f r a c t io n s  th e  homogeneous flow  p r e d ic t io n s  a re  in  c lo s e r  
ag reem en t. As shown by f ig u r e  3 .3 1 (d  to  h) th e r e  i s  a t r a n s i t i o n  re g io n  
f o r  th e  e x p e rim e n ta l p re s s u re  d ro ps around m ass-d ry n ess  f r a c t io n  o f abou t
0 .2 ,  which p o s s ib ly  co rre sp o n d s to  th e  re g io n  where a change o f th e  flow  
p a t t e r n  m ight ta k e  p la c e .

However i t  must be em phasised  th a t  th e  a p p l ic a t io n  o f th e  proposed  
model in  n o n -ax isy m m etric  ty p e s  o f f lo w s , w here th e  1 /n th  power law 
v e lo c i ty  p r o f i l e  i s  n o t v a l i d ,  i s  h ig h ly  q u e s t io n a b le .  On th e  o th e r  hand 
th e  p r o f i l e  m odel, as i t  s ta n d s ,  i s  c a p a b le  o f d em o n s tra tin g  th e  
im p ortance  o f e n tra in m en t phenomena and th e  change o f flow  p a t t e r n  in  a 
b e t t e r  way th a n  any o f th e  e x i s t in g  th e o r ie s  compared by M M u sce tto la  
in  (Mu63).

3-4  C onclud ing  Remarks
As shown by th e  e x p e rim e n ta l com parisons o f th e  p re v io u s  s e c t io n  th e  

c o n t r ib u t io n  o f en tra in m en t i s  o f s i g n i f i c a n t  n a tu re  in  a n n u la r  ty p e s  o f 
f lo w , e s p e c i a l ly  a t  h ig h  mass flow  r a t e s  where th e  in t e r f a c e  betw een th e  
two flow  re g io n s  i s  s t ro n g ly  d is tu rb e d  by momentum and mass t r a n s f e r .  I t
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i s  i n e v i t a b l e  th a t  any p u re ly  e m p ir ic a l  c o r r e la t i o n  f o r  th e  en tra in m en t
r a t i o s  w i l l  be o f a l im ite d  range o f a p p l ic a t io n  due to  th e  com plex ity  of
th e  in t e r f a c e  phenomena. T h is i s  c le a r ly  shown by f ig u r e  3 .1 4 , where
p re d ic te d  p re s s u re  d ro ps a re  p lo t te d  a g a in s t  th e  observed  v a lu e s  f o r  a
s e le c te d  number o f mass f lu x e s  tak en  form f ig u r e s  3 .10  and 3 .1 1 .

N e ith e r  th e  p r e d ic t io n s  shown in  th e  u p p er graph o f f ig u r e  3 .1 4 , fo r
th e  homogeneous -  m ix tu re  model (gas e n tra in m en t r a t i o  = 1 ) ,  n o r f o r  th e
e n tra in e d  ty p e  o f flow  (w ith  e = 0 .5 )  o f th e  low er g rap h , g iv e s8
s a t i s f a c t o r y  agreem ent w ith  th e  e x p e rim e n ta l r e s u l t s .  E s p e c ia l ly  f o r  the  
homogeneous case  in  th e  low er mass f l u x e s ,  th e  d i f f e r e n c e  betw een 
p re d ic te d  and observed  v a lu e s  can be as poor as f i f t y  p e r c e n t .  However, 
when a c e r t a i n  amount o f vapour i s  e n t r a in e d  in to  th e  l iq u id  p h a se , th e
p re s s u re  d ro ps can be more o r l e s s even ly c o n ta in ed betw een th e  f i f t e e n
p e r c e n t co n fid en ce  l i n e s .

I t  must be a p p re c ia te d  th a t even w ith  th e added f e a tu r e  of
in te r - p h a s e  e n tra in m e n t, th e  v e lo c i ty p r o f i l e model rem ains a
h ig h ly - id e a l i s e d  r e p r e s e n ta t io n of tw o-phase flow phenomena.
N e v e r th e le s s ,  th e  l iq u id  and vapour e n tra in m en t as t r e a t e d  by th e  
e q u a tio n s  o f th e  p re s e n t  c h a p te r  has a g e n e ra l  range o f a p p l ic a t io n .  For 
t h i s  s ta te m e n t to  be more r e a l i s t i c  th e  l o c a l  en tra in m en t r a t i o s  m ust be 
c a lc u la te d  i n t e r n a l l y  by an a n a l y t i c a l  m odel. T h is i s  a d e s i r a b le  
improvement which i s  d e s c r ib e d  in  d e t a i l ,  in  c h a p te r  5 , w here th e  
v e lo c i ty  p r o f i l e  model i s  used  to  produce r e s u l t s  fo r  complex p h y s ic a l  
s i t u a t i o n s ,  such as th e  b u rn o u t in  u n ifo rm ly  and n o n -u n ifo rm ly  h ea te d  
p ip e s .
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CHAPTER 4

GENERALISED TWO-PHASE FLOW CONSERVATION EQUATIONS

4-1 In tro d u c tio n
For th e  more g e n e ra l  a p p l ic a t io n  o f th e  v e lo c i ty  p r o f i l e  model in  

tw o-phase flow s under h e a t  f lu x e s  o th e r  th a n  u n ifo rm , i t  i s  n e c e ssa ry  to  
c o n s id e r  in  d e t a i l  th e  p h y s ic a l  law s th a t  d e s c r ib e  th e  flow  c o n d it io n s .  
These law s a re  th e  w e ll  known c o n s e rv a tio n  laws t h a t  g u a ra n te e  th e  
c o n s e rv a tio n  o f mass momentum and energy  betw een two re fe re n c e  p o in ts  in  
th e  flow  c h a n n e l. O ften  th e  c o n s e rv a tio n  e q u a tio n s  a re  d e r iv e d  f i r s t  in  
a v e ry  g e n e ra l  form t h a t  co rre sp o n d s to  th e  phenom enological b a s is  o f th e  
flow  and a re  s im p l i f ie d  a t  th e  a p p l ic a t io n  s ta g e  by e x c lu d in g  th e  term s 
t h a t  have no s i g n i f i c a n t  in f lu e n c e  in  th e  p a r t i c u l a r  ty p e  o f flow  b eing  
c o n s id e re d .

In  re c e n t  y e a r s ,  th e re  has been in te n s e  i n t e r e s t  in  d ev e lo p in g  
d e ta i l e d  n u m erica l schem es f o r  th e  tw o-phase  flow  c o n s e rv a tio n  e q u a tio n s  
e x p re sse d  in  th re e  d im en sio n a l form , to  d e s c r ib e  th e  flo w  in  complex 
g e o m e tr ie s . But th o se  schemes have th e  d isa d v a n tag e  t h a t  th e y  t r e a t  th e  
d i s t r i b u t i o n  o f th e  two phases in  a r a t h e r  e m p ir ic a l  way. The same i s  
a ls o  t r u e  f o r  th e  r e l a t i v e  v e l o c i t i e s  and tem p e ra tu re s  f o r  th e  two 
p h a s e s , w ith  th e  av e rag e  v a lu e s  in  each  c o n t r o l  volume c a lc u la te d  from 
e m p ir ic a l  e q u a tio n s  s u i t a b l e  f o r  flow s in  one d i r e c t io n .

For th e  developm ent o f th e  p re s e n t  n u m erica l s tu d y  we w ish  to  so lv e  
th e  c o n s e rv a tio n  e q u a tio n s  f o r  th e  whole flow  in  o n e -d im en sio n a l form 
( i . e .  a x i a l l y ) ,  r a t h e r  th an  th e  more co m p lica ted  tw o -d im en sio n a l form . 
T h is  i s  o n ly  ach iev ed  by d e f in in g  th e  t r a n s v e r s e  v e lo c i ty  d i s t r i b u t i o n  
and e f f e c t iv e ly  th e  t r a n s v e r s e  d i s t r i b u t i o n  o f te m p e ra tu re , d e n s i ty  and
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s p e c i f i c  e n th a lp y  in  a way s im i la r  to  t h a t  d e s c r ib e d  in  c h a p te r  2 and 3. 
Thus w ith  th e  p re s e n t  s tu d y  we make f u l l  u se  o f th e  assumed d i s t r i b u t i o n  
o f th e  p hases in  th e  flow  a re a .

In  th e  n ex t s e c t io n s ,  th e  e q u a tio n s  a re  f i r s t  in tro d u c e d  in  th e  most 
g e n e ra l  form , and a re  th en  reduced  to  a form  s u i te d  to  th e  p re s e n t  s tu d y . 
The n u m erica l s o lu t io n  p ro ced u re  i s  a ls o  e x p la in ed  and f i n a l l y  th e  
n u m eric a l p r e d ic t io n s  a re  p re s e n te d  f o r  p ip e  flow s w ith  h e a t  f lu x e s  
s im i l a r  to  th o se  found in  some ty p e s  o f i n d u s t r i a l  and n u c le a r  p la n t s .

4-2  B asic  E q ua tio n s
The fundam en ta l e q u a tio n s  w hich govern  th e  p r o p e r t i e s  o f a g e n e ra l  

c o m p ress ib le  flow  a re  th e  c o n se rv a tio n  e q u a tio n s  o f m ass, momentum and 
s p e c i f i c  e n th a lp y . These e q u a tio n s  to g e th e r  w ith  th e  e q u a tio n  o f s t a t e ,  
r e l a t i n g  th e  l o c a l  d e n s i t i e s  to  p re s s u re  and e n th a lp y , w i l l  d e f in e  th e  
c o n d it io n s  a t  s p e c i f i e d  p o in ts  o r s t a t i o n s  in  any flow  f i e l d .

Throughout th e  p re s e n t  w ork, th e  c o n t r o l  volume used  to  d e s c r ib e  th e  
c o n s e rv a tio n  e q u a tio n s  i s  o f th e  ty p e  shown in  f ig u r e  4 .1 ,  and r e f e r s  to  
th e  flow  in  th e  a x i a l  d i r e c t io n  o f two homogeneous m ix tu re s  o f l iq u id  and 
v a p o u r. Those m ix tu re s  a re  assumed to  occupy two s e p a r a te  flow  re g io n s  
w ith  a smooth in t e r f a c e  betw een them . The d e r iv e d  c o n se rv a tio n  e q u a tio n s  
f o r  such s e p a ra te d  ty p e s  o f flow  a re  a ls o  a p p l ic a b le  f o r  homogeneous 
flo w s when b o th  re g io n s  1 and 2 a re  f i l l e d  w ith  th e  same m ix tu re .

T h ere fo re  f o r  th e  c o n tro l  volum e, d e s c r ib e d  in  f ig u r e  4 .1 ,  th e  u s u a l  
c o n s e rv a tio n  o f m ass, momentum and energy  ex p re ssed  in  a d i f f e r e n t i a l  
form  g iv e s  :
8
/ p dA + dA =

a t
0 (4 .2 .1 )
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where u v a r ie s  w ith  p o s i t io n  a c ro s s  th e  flow  a re a  A^ ; o f cou rse  A^ i s

e q u a l to  th e  sum o f A  ̂ and A  ̂ w hich a re  th e  flow  a re a s  f o r  re g io n  1

and 2. The r i g h t  hand s id e  o f e q u a tio n  (4 .2 .2 )  i s  th e  sum of th e  fo rc e s  
a c t in g  on th e  c o n t r o l  volum e, and th e  r i g h t  hand s id e  of e q u a tio n  (4 .2 .3 )  
i s  th e  r a t e  o f c r e a t io n  o f en e rg y . In  th e  u s u a l  way, r e p re s e n ts  th e

w a ll  sh e a r  s t r e s s  g iv en  by e q u a tio n s  (3 .2 .2 7 )  o r ( 3 .2 .2 8 ) ,  Z i s  th e

w e tted  p e r im e te r ,  q" i s  t h 6 h e a t  f lu x  th ro u g h  th e  ch an n e l w a lls  and q ’y '

i s  th e  i n t e r n a l  th e rm a l energy  g e n e ra tio n  p e r  u n i t  volum e.
I t  i s  d e s i r a b le  to  reduce  th e  e q u a tio n s  ( 4 .2 .1 ) ,  ( 4 .2 .2 )  and (4 .2 .3 )  

fo r  th e  w hole flow  a re a  in to  o n e -d im en sio n a l form by ta k in g  th e  av erag e  
o f flow  p r o p e r t i e s  in  th e  t r a n s v e r s e  d i r e c t io n ,  th u s  av o id in g  th e  
s o lu t io n  o f c o n se rv a tio n  e q u a tio n s  in  th e  more co m p lica ted
tw o -d im en sio n a l form . To a c h ie v e  t h i s  we must somehow d e f in e  th e  
t r a n s v e r s e  v e lo c i ty  d i s t r i b u t i o n  as w e ll  as  th e  d i s t r i b u t i o n s  o f 
te m p e ra tu re , d e n s i ty ,  s p e c i f i c  e n th a lp y  and p r e s s u r e .  By u s in g  th e  
v e lo c i ty  p r o f i l e  model we in tro d u c e  th e  t r a n s v e r s e  d i s t r i b u t i o n s  shown in  
f ig u r e  4 .2 ,  w h ile  r e t a in in g  th e  ad v an tage  o f v e lo c i ty  and sh e a r  s t r e s s  
c o n t in u i ty  a t  th e  s u r fa c e  o f s e p a r a t io n  betw een re g io n s  1 and 2.
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4 -2 .1  A ssum ptions and S im p l i f ic a t io n s
I t  i s  p ro b ab ly  w o rth -w h ile  sum m arising b r i e f l y  th e  assu m p tio ns and 

s im p l i f i c a t io n s  used in  th e  c o n s e rv a tio n  e q u a tio n s ,  b e fo re  d e s c r ib in g  how 
th e  e q u a tio n s  a re  to  be so lv e d . In  g e n e ra l ,  th e  assu m p tions and 
s im p l i f i c a t io n s  can be c la s s e d  as  r e f e r r in g  to  th e  g eo m e tric , p h y s ic a l  
and k in e m a tic  p a ram e te rs  o f th e  flo w .

The fo llo w in g  can be c la s s e d  as g eo m etric  assum p tio ns :
(G l) A xisym m etric flo w s.
(G2) C o -c u rre n t f lo w s .
(G3) C ir c u la r  flow  a re a .
(G4) Smooth in t e r f a c e  betw een re g io n s  1 and 2.

Under th e  assum p tio n  G3 i t  m ight be p o s s ib le  to  in c lu d e  a ls o  flo w s in  
d u c ts  o f n o n - c i r c u la r  c r o s s - s e c t io n ,  when th e  p r in c ip l e  o f th e  e q u iv a le n t  
h y d ra u lic  d ia m e te r i s  exp ec ted  to  be a re a so n a b le  ap p ro x im atio n .

The p h y s ic a l  c o n d it io n s  o f th e  flow  a re  d e s c r ib e d  by th e  fo llo w in g  :
(P I) Thermal e q u il ib r iu m .
(P2) L iq u id  and Vapour e n tra in m e n t.
(P3) C o m p re s s ib i li ty  o f th e  p h a se s .
(P4) Homogeneous m ix tu re s  in  re g io n  1 and 2.

E n tra in m en t o f th e  two p hases i s  u s u a l ly  d e s c r ib e d  by e m p ir ic a l  m odels 
and th e r e f o r e  has a l im ite d  range o f a p p l ic a t io n .

The t h i r d  c la s s  o f assum ption  r e f e r s  to  th e  l o c a l  k in e m a tic  
c o n d i t io n s .  Thus :

(K l) D if f e r e n t  v e lo c i ty  p r o f i l e s  in  each  re g io n .
(K2) C o n tin u ity  o f v e lo c i ty  and sh e a r  s t r e s s  a t  th e  i n t e r f a c e .

Some o f th e  s t a te d  c o n d it io n s  can be s u b je c t  f o r  f u r th e r  im provem ents, as 
d e s c r ib e d  in  c h a p te r  6 , to g e th e r  w ith  o th e r  to p ic s  f o r  f u tu r e
c o n s id e r a t io n .
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4 -2 .2  C om posite-averaged  e q u a tio n s
One o f th e  main c o m p le x it ie s  o f th e  tw o-phase flow  c o n se rv a tio n  

e q u a tio n s  i s  t h a t  many o f t h e i r  term s a re  d i f f e r e n t  from s in g le  phase 
r e l a t i o n s  and c o n ta in  th e  p a ram e te rs  x and a . I t  has been common 
p r a c t i c e  to  tra n s fo rm  th o se  e q u a tio n s  to  a form s im i la r  to  s in g le -p h a s e  
flo w , so t h a t  th e  s o lu t io n  p ro ceed s  a c c o rd in g  to  th e  r e l a t i v e l y  easy  
c a lc u la t io n  schemes f o r  s in g le -p h a s e  e q u a tio n s . F re q u e n tly , d u r in g  t h i s  
t ra n s fo rm a tio n  p ro c e s s ,  th e  m u lt i -d im e n s io n a l i ty  o f th e  flow  i s  l o s t  
because  o f th e  co m p lex ity  o f th e  o p e r a t io n s ,  a ls o  b ecause  th e  d e r iv e d  
r e l a t i o n s  u s u a l ly  c o n ta in  im p l i c i t  assu m p tio ns abou t th e  flow  reg im e.

In  th e  same way as  f o r  s in g le -p h a s e  f lo w s , th e  flow  c o n se rv a tio n  
e q u a tio n s  can be e x p re sse d  in  a s im p le r  form by making u se  o f th e  term  
mass f lu x  which i s  th e  mass flow  r a t e  p e r  u n i t  flow  a re a .  For flow s in  
w hich th e  t o t a l  flow  a re a  i s  d iv id e d  in to  tw o, th e  av erag e  v a lu e  o f mass 
f lu x  i s  d e f in e d  by :

where th e  av erag e  d e n s i t i e s  a re  as d e f in e d  by e q u a tio n  (3 .3 .5 )  f o r  each 
flow  re g io n .

F u r th e r  s im p l i f i c a t io n s  a re  n e c e s sa ry  f o r  th e  e q u a tio n s  ( 4 .2 .2 )  and
( 4 .2 .3 ) ,  in  o rd e r  to  e x p re ss  in  av erag e  form th e  i n t e g r a l s  c o n ta in in g  th e  
v e lo c i ty  in  h ig h e r  o rd e r  th an  one. There a re  v a r io u s  methods which cou ld  
ach ie v e  t h i s .  One, f o r  in s ta n c e ,  can employ d i f f e r e n t  av erag e  v e l o c i t i e s  
f o r  th e  m ass, momentum and energy  e q u a tio n s  b u t t h a t  w i l l  in  e f f e c t ,  
in tro d u c e  d i f f e r e n t  mass f lu x e s  in to  th e  c o n se rv a tio n  e q u a tio n s . To 
av o id  t h i s ,  i t  i s  th o u g h t to  be b e t t e r  to  u se  a d i f f e r e n t  v a lu e  of

(4 .2 .4 )
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av e rag e  d e n s i ty  f o r  each o f th e  c o n se rv a tio n  e q u a tio n s ;  th e s e  a re  d e f in e d  
a s  :

p. = <p> = -  fK J p dA (4 .2 .5 )

<pu>
<u>

pu dA
k

J a u dA
( 4 .2 .6 )

M
<pu>
<pu2>

[ /  PU dA ]

i

(4 .2 .7 )
2pu dA

/< p u > J \3 v 1/2 A _ 1 /  2
( pu dA )

2 4 pu3dA
(4 .2 .8 )

Because o f th e  way th ey  a re  d e f in e d  p A, p_ , p.. and p_, a re  c a l le d  a r e a ,A r  M Ej

flo w , momentum and energy  averaged  d e n s i t i e s .  F u r th e r  d e s c r ip t io n  of 
th e s e  d e n s i t i e s  a re  g iv en  in  s e c t io n  4 -2 .3 .

The sp a ce -a v e ra g e d  c o n s e rv a tio n  e q u a tio n s  o f m ass, momentum and 
energy  a re  o b ta in e d  by s u b s t i t u t i o n ,  in  e q u a tio n s  ( 4 .2 .1 ) ,  ( 4 .2 .2 )  and
(4 .2 .3 )  o f th e  d e f in i t i o n s  o f th e  av erag e  d e n s i t i e s  and o f th e  mass f lu x .
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Thus fo r  c h an n e ls  w ith  c o n s ta n t  c r o s s - s e c t io n a l  a re a  th e  e q u a tio n s  
become :

8pA 9G
Mass : 4 ----- - 0 (4 .2at 9s

9G 9 G2 9p Z
Momentum : —  4 ■ ( ----- ) = —■ gp sinG (4 .2at 9s PM 9s at B

1 9 r 1 9 r Z 9P—  —  ( / ph dA ) 4 — — ( I hpu dA ) = q” —  + q 'v '  + ~ -
Kj, 3 t J At 9s J v 9t

*T
Energy : (4 .2

1 9 G2 1 9 G3
- — — ( ---- ) --------- ( - 7  ) -  gG sinG

2 3t pM 2 3s PE

F u r th e r  s i m p l i f i c a t i o n  o f th e  l a s t  e q u a tio n  can be ach iev ed  by e x p re s s in g
th e  i n t e g r a l s  o f e n th a lp y  and e n th a lp y  f lu x  as :
f Ph dA = f pghg dA + f pS.hIL dA = ^ [ a p ^  + O - c O p ^ ]  (4 .2 .1 2 )  

*T Ag h

ypuh dA = f PgUghgdA + dA = ij.1  xhg + ( l - x ) ! ^  ] (4 .2 .1 3 )
Ag Ai

The lo c a l  mean v a lu e  o f s p e c i f i c  e n th a lp y , h , f o r  th e  flow  a re  i s  :
h = x h 4 (1 -x ) h = h 0 + x h (4 .2 .1 4 )g J6 J6 gx

and in  o rd e r  to  e x p re ss  e q u a tio n  (4 .2 .1 2 )  in  term s o f h we have to  d e f in e  
an a d d i t io n a l  flo w -av e rag ed  d e n s i ty  as :

ph  =
a Pghg + (1 -a )  p t h t

x h 4 (1-x) h„ g ^
(4 .2 .1 5 )

From e q u a tio n s  ( 4 .2 .1 2 ) ,  ( 4 .2 .1 3 ) ,  (4 .2 .1 4 )  and (4 .2 .1 5 )  th e  c o n s e rv a tio n
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e q u a tio n s  a re  ex p re ssed  in  a d i f f e r e n t i a l  form  as :
9p 9G

Mass : — - + -----  = 0  (A. 2 .1 6 )
9 t 9s

9G 9 G'
Momentum : — + — ( —

9t 9s Pi

9p
9s

■—x -  gp. sinG . w A
*T

(4 .2 .1 7 )

9
—  (  P „  h  )

9
+ ----  ( Gh )

9s
Z

q" —  + q 1”  + 9p
9t

Energy
1 9 G2 1 9 G3
— — ( -----  ) — — ( 02 at PM 2 9s PE

(4 .2 .1 8 )

-  gG sinG

T his s e t  o f c o n s e rv a tio n  e q u a tio n s  can be s o lv e d , when th e  av erag e  
d e n s i t i e s  a re  ex p re ssed  as fu n c t io n s  o f th e  l o c a l  e n th a lp y , h , and 
p r e s s u r e ,  p .
4 -2 .3  A u x il ia ry  In fo rm a tio n

For th e  v e lo c i ty  p r o f i l e m odel, w ith th e  t r a n s v e r s e d i s t r i b u t i o n  of
p r o p e r t i e s  shown in  f ig u r e  4. 2 , i t  i s p o s s ib le  to  e x p re ss th e  av erag e
d e n s i t i e s  d e f in e d  in  th e  l a s t s e c t io n as :

PA ■  f i p i + f  2 p2 (4 .2 .1 9 )

1
+ h _ (4 .2 .2 0 )

PF p i p2
1

— + z (4 .2 .2 1 )
PM p i p2
1 f i

-2
P 1

f7

PE
+ z

-2
p2

(4 .2 .2 2 )

w here f^  and f  ̂ a re  fu n c t io n s  o f x ,a ,  and th e  lo c a l  en tra in m en t r a t i o s  o f 

th e  l iq u id  and vapour p h a se , e^ and e^ . The c o rre sp o n d in g  term s f o r  f^
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and f ^ ,  in  th e se  e q u a tio n s ,  a re  c a lc u la te d  from  th e  t r a n s v e r s e

d i s t r i b u t i o n  o f th e  flow  p a ram e te rs  a s  d e s c r ib e d  in  Appendix C and th e  
a n a l y t i c a l  e x p re s s io n s  o b ta in e d  a re  shown in  ta b le  4 .1 .

At t h i s  s ta g e  i t  i s  w orth w h ile  to  examine ty p ic a l  v a lu e s  o f th e  
f i r s t  th r e e  averag e  d e n s i t i e s ,  a t  d i f f e r e n t  o p e ra t in g  p re s s u re s  and fo r  
two d i f f e r e n t  exponen ts o f th e  power law v e lo c i ty  p r o f i l e .  As shown by 
f ig u r e s  4 .3  and 4 .4  th e  d if f e r e n c e s  betw een th e  av erag e  d e n s i t i e s  a re  
g r e a t e r  f o r  sm all o p e ra t in g  p r e s s u r e s ,  and a ls o  become s m a lle r  when 
vapour flo w s in  th e  re g io n  n ex t to  th e  w a l l .  A lso an in c re a s e  o f th e  
power law  exponent seem to  have no s i g n i f i c a n t  e f f e c t  on th e  c a lc u la te d  
d e n s i t i e s .  In  f ig u r e s  4 .3  and 4 .4  th e  c u rv e s  f o r  th e  en e rg y -av e rag ed  
d e n s i ty  a re  o m itted  f o r  c l a r i t y ,  b ecause  th e y  a re  c lo s e  to  th o se  fo r  th e  
momentum averaged  d e n s i ty .

I t  i s  a ls o  co n s id e red  h e lp f u l  to  examine to  what e x te n t  th e  r a t i o  
2 — 2u /  u , f o r  th e  power law v e lo c i ty  p r o f i l e s  o f f ig u r e  4 .2 ,  d i f f e r s  from 

u n i ty ,  w hich i s  u s u a l ly  assumed f o r  th e  c o n s e rv a tio n  e q u a tio n s  w ith o u t 
t r a n s v e r s e  v e lo c i ty  v a r i a t i o n .  As shown by f ig u r e  4 .5 ,  t h i s  r a t i o  could  
a c h ie v e  v a lu e s  up to  1 .06 f o r  th e  h ig h ly  peaked v e lo c i ty  p r o f i l e s ,  when 
l iq u id  flow s n ex t to  th e  w a l l ,  a t  69 b a r .  An in c re a s e  in  th e  o p e ra t in g  
p re s s u re  p roduces low er v a lu e s  o f th e  same r a t i o s  as i s  shown in  f ig u r e
4 .6 ,  f o r  155 b a r .  T h is r a t i o  i s  n o t d i r e c t l y  r e la te d  w ith  th e  e q u a tio n s  
p re s e n te d  h e r e ,  b u t i s  a u s e f u l  in d ic a t io n  o f th e  u n c e r ta in ty  in tro d u c e d  
by th e  o n e -d im en sio n a l ap p ro ach , where th e  t r a n s v e r s e  v e lo c i ty  v a r ia t io n  
i s  ig n o re d .
4 -2 .4  The G en era l Form o f th e  C o n se rv a tio n  E q ua tio n s

When th e  av erag e  d e n s i t i e s ,  d e s c r ib e d  in  th e  l a s t  s e c t io n ,  a re  
ex p re sse d  as  fu n c t io n s  o f l o c a l  e n th a lp y  and p re s s u re  i t  i s  p o s s ib le  to  
d e s c r ib e  th e  c o n s e rv a tio n  e q u a tio n s  o f flow  in  a s in g le  form which w i l l  
c o n ta in  o n ly  th e  tim e and space d e r iv a t iv e s  o f m a s s - f lu x , p re s s u re  and
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s p e c i f i c  e n th a lp y . However, a c lo s e r  in s p e c t io n  o f ta b le  4 .1  shows th a t  
th e  v a r io u s  av erage  d e n s i t i e s  a re  a ls o  fu n c t io n s  o f th e  l o c a l  e n tra in m en t 
r a t i o s ,  e^ and . U ndoubtedly th e s e  e n tra in m en t r a t i o s  shou ld  be

r e l a t e d  to  th e  l o c a l  p r o p e r t i e s  o f h and p b u t such a r e l a t i o n s h i p  i s  n o t 
y e t  e s ta b l is h e d  by th e  e x i s t i n g  e n tra in m en t m odels. T h e re fo re  in  o rd e r  
to  be a b le  to  ta k e  in to  acco u n t tim e and sp ace  v a r ia t io n s  o f th e  averag e  
d e n s i t i e s ,  due to  changes in  th e  e n tra in m en t r a t i o ,  we must f o r  th e  tim e 
b e in g  t r e a t  th o se  q u a n t i t i e s  as in d ep en d en t v a r ia b le s .

From th e  s ta n d a rd  e x p re s s io n s  f o r  p a r t i a l  d e r iv a t iv e s  in  term s o f 
th e  in d ep en den t v a r ia b le s  i t  i s  e a s i ly  shown th a t  :

3p ap dh ap ap ap 3 e1 3p 
—  + ( -----_  = ( _  ) ,—  + ( —  ) — + ( —  ) ) d&2 (4 . 2 .2 3 )as 8h as ap as a e i as Se2 as

w here £ s ta n d s  fo r e i t h e r sp ace , s ,  o r tim e , t ,  and p can be any of th e
av e rag e  d e n s i t i e s  PA»Pp »PM »P£ and p^ . When th e  l a s t  e q u a tio n  i s  used

f o r  th e  d e n s i ty  d e r iv a t iv e s  in  ( 4 .2 .1 6 ) ,  (4 .2 .1 7 )  and (4 .2 .1 8 )  th e  th re e  
f lo w -c o n s e rv a tio n  e q u a tio n s  can be re a r ra n g e d  to  th e  fo llo w in g  g e n e ra l 
form  :

(4 .2 .2 4 )

w here th e  e x p re s s io n s  f o r  \ $ K̂ and can be deduced from th e  p a re n t

e q u a tio n s  ( 4 .2 .1 6 ) ,  (4 .2 .1 7 )  and ( 4 .2 .1 8 ) .  The s u b s c r ip t  X = 1 to  3 
r e f e r s  to  th e  m ass, momentum and energy  e q u a tio n s  r e s p e c t iv e ly  and th e  
p a ra m e te rs  Y a re  d e f in e d  by :

Yx = G , Y2 E p , Y3 = h (4 .2 .2 5 )

The e x p re s s io n s  fo r  lp̂  ̂ $ ^ and a re  shown in  ta b le s  4 .2  and 4 .3 ,  

w here f o r  s im p l ic i ty  th e  p a r t i a l  d e r iv a t iv e s  in  e q u a tio n  (4 .2 .2 3 )  a re
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re p re s e n te d  by :
9p

( -----) ,3h De l  < p ) =
3p

( ------  )
9el

3p
( -----) , De2 ( P ) =

9p
( -----  )

(4 .2 .2 6 )

3p 3e2
and h a re known, th e  p a r t i a l  d e r iv a t iv e s

shown in  (4 .2 .2 6 )  a re  e a s i ly  c a lc u la te d  from th e  therm odynamic 
r e l a t i o n s h i p s  and th e  e q u a tio n s  o f th e  v e lo c i ty  p r o f i l e  model.

4 -3  F in i t e  -  D if fe re n c e  E q uatio n s
D is c r e t i s a t i o n  of th e  d i f f e r e n t i a l  eq u a tio n s  d e s c r ib e d  by ( 4 .2 .2 4 ) ,  

o ver a sm all c o n t r o l  volum e, g iv e s  th e  f i n i t e - d i f f e r e n c e  form o f th e  
c o n s e rv a tio n  e q u a t io n s .  The d i s c r e t i s a t i o n  i s  perform ed o ver a s ta g g e re d  
d i f f e r e n c e  scheme on th e  E u le r ia n  mesh shown in  f ig u r e  4 .7 .  Each c e l l  in  
t h i s  g r id ,  i s  o f le n g th  6s, and i t s  c e n tre  i s  d e s ig n a te d  by ( i )  f o r  
v a r ia t io n s  in  th e  a x i a l  d i r e c t io n  and by ( j )  fo r  th e  advance in  tim e from 
( t )  to  ( t+ 6 t ) .  In  th e  u su a l  way f o r  s ta g g e re d  g r id  sy stem s, th e  s t a t e  
v a r ia b le s  such as p r e s s u r e ,  s p e c i f i c  e n th a lp y  and d e n s i t i e s ,  a re  th o se  
o b ta in e d  a t  th e  c e n t r e  o f th e  mesh c e l l ,  and th e  flow  v a r i a b l e s ,  such as 
v e l o c i t y  and mass f l u x ,  a t  th e  c e l l  b o u n d a rie s . T h is arrangem ent o f 
v a r i a b l e s ,  r e p re s e n te d  by f ig u r e  4 .8  f o r  a t y p i c a l  c e l l ,  has s e v e r a l  
a d v a n ta g e s . F i r s t ,  th e  v e lo c i ty  com ponents a re  s to r e d  a t  co n v en ien t 
lo c a t io n s  f o r  c o n t in u i ty  o f mass flow  r a t e ,  and seco n d , th e  lo c a t io n  o f 
p re s s u re  and e n th a lp y  a t  th e  c e n t r e ,  p ro v id e s  th e  a c tu a l  p re s s u re  and 
e n th a lp y  g ra d ie n ts  a c ro s s  th e  c e l l  b o u n d a r ie s .

T here a re  v a r io u s  ways to  d i s c r e t i s e  th e  system  o f f i r s t  o rd e r  
d i f f e r e n t i a l  e q u a tio n s  d e sc r ib e d  by ( 4 .2 .2 4 ) .  Most o f th e s e  m ethods w i l l  
d i f f e r  on ly  as f a r  as  s t a b i l i t y  and th e  speed o f convergence i s
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co n cerned . U su a lly  a sim ple  im p l i c i t  d i s c r e t i s a t i o n  scheme i s  p roved  to  
be ad e q u a te , th u s  e q u a tio n  (A .2 .2 4 ) becomes :

$ , KA(Yi> j+1 <
Yi~ l , j+ 1 ^  + s

K X 6 t .J
( 4 .3 .1 )

F u r th e r  re a rran g em en t o f th e  term s in  t h i s  e q u a tio n  g iv e s  : 
3 r . 3Z YV + 1 (*KX - = Z (*KXy V -  ?  $kXy1k1,J+1> + SX6t3

(4 .3 .2 )

6 t .

K=1 6 s .l K=1 6 s .l

The unknown q u a n t i t i e s  in  th e s e  e q u a tio n s  a re  Y^, and Y^ a t  th e

advanced tim e s te p  ( t . + S t . ) ,  which a re  e a s i ly  c a lc u la te d  from th e  system

of e q u a tio n s  f o r  X = 1 to  3 , i . e .  f o r  th e  c o n se rv a tio n  o f m ass, momentum 
and en ergy .

A lthough th e  n u m erica l scheme h as been developed  f o r  t r a n s ie n t  
s o lu t io n s  i t  i s  used  in  t h i s  t h e s i s  f o r  p r e d ic t io n s  in  s te a d y  tw o-phase 
f lo w s . The s te a d y  flow  system  of th e  c o n se rv a tio n  e q u a tio n s  becomes :

8G
—  = 0 
8s

8p 8h$ . i I- -f- $ —22 a 32 a 8s 8s
8P 8h$ -  ■ ■ .. + $ ■ ■23 a 33 a 3s 8s

Hence i t  i s  e a s i l y  shown th a t  :
G = c o n s ta n t

= -  S,

= -  S.

8p

8s

8h
8s

$ 32 S 3 - $33 S2
$ — $ $22 33 23 32
s  ̂ - $ s23 2 22 3
$ $ $22 33 23 32

(4 .3 .3 )

(4 .3 .4 )

( 4 .3 .5 )

(4 .3 .6 )

( 4 .3 .7 )

( 4 .3 .8 )
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From e q u a tio n s  ( 4 .3 .7 )  and (4 .3 .8 )  i t  i s  obv ious t h a t  f o r  known p re s s u re  
and e n th a lp y  in  a c e l l  th e  p re s s u re  and e n th a lp y  g ra d ie n ts  a re  e a s i ly  
c a l c u l a t e d .
4 -3 .1  The S o lu tio n  P roced ure

As d e s c r ib e d  above th e  p r o p e r t i e s  d e s c r ib in g  th e  m otion of th e  two 
p h ases a re  d e te rm in ed  n u m e ric a lly  by advancing  th e  l o c a l  flow  c o n d it io n s  
th ro u g h  a s e r i e s  o f sm all in c re m e n ts , u s in g  f i n i t e - d i f f e r e n c e  
ap p ro x im atio n s  to  th e  e q u a tio n s  o f m otion . The c a lc u la t io n  sequence i s  
o f a s ta n d a rd  p r e d ic to r - c o r r e c to r  ty p e  and c o n s i s t s  o f th e  fo llo w in g  
s te p s  :
( i )  P r e d ic to r  s ta g e  -  The p re s s u re  and e n th a lp ie s  a lo n g  th e  whole 

t e s t  s e c t io n  a re  guessed  u s in g  a ty p i c a l  E u le r 's  fo rm ula  f o r  
th e  f i r s t  e s t im a te  of p r o p e r t i e s  a t  i+ 1 . Thus ,

h ( 1 )i+1
6 s . .+  6 s , 3h

h + ( — i i i ------*■ ) ( ------)
2 3s

( 1)
(4 .3 .9 )

P ( 1 )i+1
6 s. , .+  6 s . 3p

P . + ( - ^ ------- i  ) ( — )2 3s

( 1 )
(4 .3 .1 0 )

where 3h
3s a re  o b ta in e d  from (4 .3 .7 )  and (4 .3 .8 )  f o r

known p  ̂^  and h ̂  ̂  .r  l  l
( i i )  C o r re c to r  s ta g e  -  The p re v io u s  e s t im a te  i s  c o r re c te d  by u s in g  a 

mean s lo p e  f o r  th e  a x i a l  d e r iv a t i v e s ,  based  on th e  v a lu e s  f o r  i  
and i+ 1 , i . e .  :

( 1) 3h6 s. .+ 6 s . 3h
h i+ l  = h i  + (“ -------- i )  [ fE(~- 1 + U - f E) ( — ) ] (4 .3 .1 1 )2 3s . , .  3s .l+ l  l

P ( 2 ) =
i+1

6s +6s 3pp + (— i l i ---- i )  [ f  (— )
1 2 E 3s

( 1)

i+1

3p+ ( l - f E) ( — >
3s

(4 .3 .1 2 )
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where f_  i s  an exchange f a c to r  f o r  th e  mean s lo p e . F u r th e rhi
d e t a i l s  abou t t h i s  f a c to r  a re  p re se n te d  in  th e  n ex t s e c t io n .

( i i i ) C h e c k  f o r  convergence -  The r e l a t i v e  e r r o r s  from  th e  p r e d ic to r  and 
c o r r e c to r  s ta g e  a re  c a lc u la te d  by :

( h (2 ) -  h (1) ) /  h (1) v l+ l  i+1 ; ' i+1

( n (2) ^ ̂ Pi+1 p i+ l   ̂  ̂ p i+ l

(4 .3 .1 3 )

(4 .3 .1 4 )

when th o se  numbers a re  app ro x im ate ly  eq u a l to  th e  accu racy  o f th e  
c a lc u la t in g  m achine m u l t ip l ie d  by 1000, th en  th e  s o lu t io n  
p ro ced u re  i s  c o n s id e red  to  have converged s u f f i c i e n t l y .

( iv )  When th e  c r i t e r i a  in  s te p  ( i i i )  a re  n o t s a t i s f i e d  th en  a new v a lu e

f o r < £ >
( 1 )
i+1

and
< u >

( 1)
i s  c a lc u la te d  f o r  th e  fo llo w in g  e n th a lp ie s

i+1
and p re s s u re s  :

h

P

i+1

i+1

= h (1 > + fh i+ l  +  f R

= +Pi+1 + f R

( h<*> -  h ( l )  ) 1+1 1+1

,  n (2) n ( l )  .( Pi+1 Pi+1 ^

(4 .3 .1 5 )

(4 .3 .1 6 )

where f^  i s  a r e la x a t io n  f a c to r  in tro d u c e d  to  en su re  s t a b i l i t y  and

to  in f lu e n c e  th e  speed of con vergen ce . S tep  ( iv )  i s  a new 
p r e d ic to r  s ta g e  and th e  s o lu t io n  p ro ced u re  i t e r a t e s  betw een ( i i )  
and ( iv )  u n t i l  convergence h as been ac h ie v e d .

The ad v an tag es  o f th e  p re s e n t  schem e, to g e th e r  w ith  o th e r  c o m p u ta tio n a l 
d e t a i l s ,  a re  d e s c r ib e d  in  th e  n ex t s e c t io n .
4 -3 .2  C om pu tationa l D e ta i l s  
( i )  I n i t i a l  C o n d itio n s .
G e n e ra lly  sp eak in g  th e  p r e d ic to r - c o r r e c to r  method i s  a r a th e r  l e s s  
exp ens iv e  i t e r a t i v e  method th a t  g iv e s  s t a b le  s o lu t io n s  f o r  s u f f i c i e n t l y  
sm a ll g r id s ,  where th e  t r u n c a t io n  e r r o r s  from  th e  f i n i t e - d i f f e r e n c e  
ap p ro x im atio n  o f th e  d i f f e r e n t i a l  e q u a tio n s  a re  known. The m ajor
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d if f e r e n c e  o f th e  method i s  t h a t  i t  r e q u i r e s  th e  c o n d it io n s  a t  th e  
e n tra n c e  o f th e  t e s t  s e c t io n .  Thus th e  i n l e t  v a lu e s  o f p r e s s u r e ,  
e n th a lp y  and m a ss - f lu x  must be known.
( i i )  The t r u n c a t io n  e r r o r .
The o rd e r  o f th e  e r r o r  in tro d u c e d  in  th e  n u m erica l scheme by th e  
f i n i t e - d i f f e r e n c e  ap p ro x im atio n  o f d e r iv a t i v e s ,  depends on th e  v a lu e  o f 
th e  exchange f a c t o r ,  f_ ,  assumed in  e q u a tio n s  (4 .3 .1 1 )  and (4 .3 .1 2 ) .hi
Thus when f^  = 0 we have th e  f a m i l ia r  E u le r ia n  method which i s  l o c a l l y

a c c u ra te  to  th e  second o rd e r .  T h is i s  e a s i l y  seen  from th e  a p p l ic a t io n  
o f T a y lo r 's  theorem  a t  s t a t i o n  i ,  i . e .  :

2 3Az . Az. Az.
Y. = Y. , + — -  Y! . + — -  Y '’ + — -  Y! ’ ! +l  l  1 l - l  2 j  3 j  1 1 (4 .3 .1 7 )

s im i l a r ly  f o r  s t a t i o n  i - 2 ,  th e  same theorem  g iv e s  :

i - 2
Az._.  Az? . Az

Y + — Y1 + — Y' ' + —i - 1  i - 1  i - 1x x  x x  2 i J--L 31

i - 1 Y !'!  + l - l . (4 .3 .1 8 )

w here Az. = — (6 s . + 6 s . , )  and Az. , = (6 s . . + 6 s . 0) .1 2 1 i - l  i - 1  2 i “ l i - 2

By s u b t r a c t io n  o f e q u a tio n  (4 .3 .1 8 )  from ( 4 .3 .1 7 ) ,  w ith  th e  assum ption
6 s . -  6 s . . £ 0 , i t  i s  found th a t  :1 l - l

Y. -  Y.
Y! . = — ---------- + e ( Az? , Az3 . ) (4 .3 .1 9 )l —l 1 l —lAz. + Az. .1 l - l

The l a s t  e x p re s s io n  i s  a c e n t r a l  d i f f e r e n c e  ap p ro x im atio n  o f th e
d e r iv a t iv e  a t  s t a t i o n  i - 1  from th e  v a lu e s  a t  i - 2  and i .  A s im i la r
c e n t r a l  d i f f e r e n c e  betw een i - 1  and i  g iv e s  :

6 s .+ 6 s . , ~ ~
Yi " Yi_i + ---~ ) Yi_i/2+ E (6si>{si_l) (4.3.20)

The d e r iv a t iv e  Y^ can be e x p re sse d  in  term s of Y^ and Y^ ^ from th e
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fo llo w in g  c e n t r a l  d i f f e r e n c e  e x p re s s io n s  betw een ( i+ 1 /2 ,  i - 3 / 2 ) ,  
( i+ 1 /2 ,  i - 1 /2 )  and ( i - 1 / 2 ,  i - 3 / 2 ) ,

Yi + l / 2  Yi - 3 / 2  , , * 3 , 3  ,Yi - 1 /2  = ------------------------- + e ( 6s , 6s )'  6 s . + 6 s . .l  i - 1
(A .3 .21 )

Y!l
Yi+ 1 /2  Yi - l / 2  , , r 3 N------- --------------+ e ( )

6 s .l
(4 .3 .2 2 )

, .  Yi - l / 2 -  Yi - 3 /2  3
i - 1  .  ̂ i - 1  ;

6 s i - i
(4 .3 .2 3 )

S u b s t i tu t io n  o f th e  l a s t  e q u a tio n s  in  (4 .3 .2 0 )  g iv e s  :
6s

Y. = Y. .+  A z.[ ( l  l - l  l 6 s .+ 6 s . . l  l - l

6 s . . ~ ~
) Y '+ ( ------H i — )Y '_  ]+ e ( 6 ( 4. 3. 24)

6s^+ 6s^ ^

when e q u a tio n s  (4 .3 .1 1 )  and (4 .3 .1 2 )  a re  compared w ith  th e  l a s t  e q u a tio n
i t  i s  obv ious t h a t  f „  i s  d e f in e d  by :E

6s
f E E ( 6 s , + 6 s . . i  l - l

(4 .3 .2 5 )

and t h a t  th e  t r u n c a t io n  e r r o r ,  e , i s  o f th e  t h i r d  o rd e r .
( i i i )  G rid  s i z e  dependence.

E q u a tio n  (4 .3 .2 4 )  a ls o  shows th a t  f o r  h ig h e r  a c c u ra c ie s ,  th e  mesh 
s iz e  must be chosen sm all enough to  r e s o lv e  th e  exp ec ted  s p a t i a l  
v a r i a t i o n s  o f th e  dependent v a r ia b le s .  A la r g e  number o f mesh p o in ts  
w i l l  in c re a s e  p r o h ib i t i v e ly  th e  re q u ire d  memory space and e x e c u tio n  tim e . 
However b e fo re  any r e a l i s t i c  com parisons can be made, i t  i s  n e c e s s a ry  to  
see  th e  e f f e c t s  o f g r id  s iz e  on th e  p r e d ic t io n s .  F ig u re  4 .9  shows th e  
p re s s u re  d ro p , m ass-d ry n ess  f r a c t io n  and v o id  f r a c t io n  f o r  fo u r  d i f f e r e n t  
s i z e s  o f (e q u a lly -s p a c e d )  g r id s .  From th e s e  d iagram s i t  i s  obv ious th a t  
th e  accu racy  o f th e  p r e d ic t io n s  i s  q u i te  s im i la r  f o r  v a lu e s  o f 6s /  L 
betw een 0 .010  and 0 .0 0 5 . The most s e n s i t i v e  o f th e  p a ram e te rs  i s  th e  
v o id  f r a c t io n  which seems to  be s i g n i f i c a n t l y  a f f e c te d  m ain ly  in  th e
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re g io n  where e v a p o ra tio n  s t a r t s .  I t  i s  th e r e f o r e  d e s i r a b le  to  u se  mesh 
in c rem en ts  o f v a ry in g  le n g th  w ith  th e  s m a lle r  le n g th s  in  th e  re g io n s  
w here s i g n i f i c a n t  changes o f th e rm al o r flow  c o n d it io n s  a re  ex p e c te d .

4-4  N um erical P r e d ic t io n s
The p u rpo se  o f th e  n u m erica l p r e d ic t io n s  shown in  t h i s  c h a p te r  i s  to  

examine th e  e f f e c t s  o f v a r io u s  shapes o f h e a t - f lu x  d i s t r i b u t i o n ,  when 
e n tra in m en t o f l iq u id  and vapour i s  a llo w ed .

F or l iq u id  flo w in g  in  th e  re g io n  n ex t to  th e  w a l l ,  th e  
s e m i-e m p ir ic a l  method p roposed  by I s h i i  and Mishima (Is2 2 ) i s  in c lu d ed  in  
th e  n u m erica l scheme to  c a lc u la te d  th e  l iq u id  e n tra in m en t r a t i o .  A 
d e s c r ip t io n  o f t h i s  model and th e  way i t  i s  in c o rp o ra te d ,  i s  g iv en  in  th e  
n e x t c h a p te r ,  to g e th e r  w ith  o th e r  p h y s ic a l  phenomena a s s o c ia te d  w ith  th e  
problem  o f b u rn o u t. For th e  en tra in m en t r a t i o  o f vapour in to  th e  l iq u id  
phase th e r e  a re  no m odels s u i t a b le  f o r  d i r e c t  c a lc u la t io n s .  E n tra in m en t 
o f t h i s  k in d  i s  p ro b a b ly  a combined e f f e c t  o f e v a p o ra tio n  as w e ll  as 
o c c lu s io n  by w aves; in  th e  absen ce  o f more p r e c is e  in fo rm a tio n  t h i s  r a t i o  
i s  a r b i t r a r i l y  tak en  to  be h a l f  th e  lo c a l  v a lu e  o f th e  l iq u id  e n tra in m en t 
r a t i o .

In  th e  fo llo w in g  g raphs th e  e f f e c t s  o f e n tra in m en t on th e  
p r e d ic t io n s  a re  shown fo r  th r e e  d i f f e r e n t  s te a d y  h e a t  f lu x  d i s t r i b u t i o n s  
s im i l a r  to  th o se  t y p i c a l ly  found in  n u c le a r  power p la n t s .  By com paring 
th e  r e s u l t s  p re d ic te d  by th e  same e n tra in m en t m odel, i t  i s  a ls o  seen  how 
th e  d i s t r i b u t i o n  o f h e a t  in p u t a f f e c t s  th e  c a lc u la te d  p re s s u re  d ro p , vo id  
f r a c t io n  e n tra in m e n t r a t i o  and f i lm  th ic k n e s s ,  f o r  th e  ca se  w ith  l iq u id  
p red o m in a tin g  in  th e  o u te r  flow  re g io n . The av erag e  v a lu e  o f th e  h e a t 
f lu x  in  th e  r e s u l t s  p re s e n te d  i s  tak en  to  be 800 kW/m2 , th e  i n l e t  
te m p e ra tu re  i s  265 .4  °C and th e  o p e ra t in g  p re s s u re  i s  68 .9  b a r 
(1000 p s i a ) .
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The c o n t r ib u t io n  o f en tra in m en t i s  p a r t i a l l y  in v e s t ig a te d  by draw ing
th e  l i n e s  of th e  two extrem e c a s e s ,  i . e .  f o r  f u l l y  s e p a ra te d  and
co m p le te ly  homogeneous (e = 1, e = 0) ty p e s  o f tw o-phase flo w ; th e8 ^
l a t t e r  ca se  b e in g  t h a t  f o r  com plete e n tra in m e n t betw een th e  two re g io n s . 
I t  i s  o bserved  th a t  f o r  th e  p re d ic te d  p re s s u re  d rops in  f ig u r e s  4 .1 0 (a )  
to  4 .1 2 ( a ) ,  th e  d i f f e r e n c e s  can be as la r g e  as f i f t y  p e r  c e n t over th e  
3 .66  m e tre s  o f th e  t e s t  s e c t io n .  The homogeneous flow  p r e d ic t s  low er 
p re s s u re  d ro ps th an  th e  s e p a ra te d  ty p e , b u t th e  v o id  f r a c t io n  in
homogeneous flow  i s  10 to  13% h ig h e r  th a n  when no m ixing o c c u rs . The
v o id  f r a c t io n  p r e d ic t io n s  a re  shown in  f ig u r e s  4 .1 0 (b ) to  4 .1 2 (b ) .

Those g raph s a ls o  show th a t  e n tra in m en t o f th e  l iq u id  phase o n ly  has 
l i t t l e  e f f e c t  on th e  c a lc u la te d  p re s s u re  d ro p , w hereas f o r  th e  vo id  
f r a c t io n  th e  r e s u l t s  l i e  everyw here betw een th e  homogeneous and se p a ra te d  
flow  l i n e s .  D if f e r e n t  c o n c lu s io n s  a re  made f o r  th e  p re s s u re  drop when 
bo th  l iq u id  and vapour en tra in m en t i s  a llo w ed . In  t h i s  l a t t e r  case  th e
p r e d ic t io n s  a re  c lo s e r  to  th e  l in e  f o r  c o m p le te ly  homogeneous m ix tu re .

In s p e c t io n  o f f ig u r e s  4 .1 3  to  4 .1 6  g iv e s  a r a t h e r  more com plete  
p ic tu r e  o f th e  e f f e c t s  o f h e a t  f lu x  d i s t r i b u t i o n  on th e  p r e d ic t io n s  made 
w ith  th e  c u r r e n t  n u m erica l scheme. These f ig u r e s  compare th e  p r e d ic t io n s  
f o r  th e  p re s s u re  d ro p , en tra in m en t r a t i o ,  v o id  f r a c t io n  and f i lm  
th ic k n e s s  f o r  th e  th r e e  d i f f e r e n t  h e a t - f lu x e s  when th e  l iq u id  
e n tra in m en t r a t i o  i s  c a lc u la te d  by th e  I s h i i  and Mishima m odel. As shown 
by f ig u r e  4 .1 3 , th e  p re s s u re  d ro ps p re d ic te d  f o r  th e  e x p o n e n tia l  
h e a t - f l u x  a re  15 to  20% low er th an  f o r  th e  o th e r  two h e a t  f lu x  sh ap es , 
and th e  same o b s e rv a t io n  i s  made from f ig u r e  4 .1 4  f o r  th e  l iq u id  
e n tra in m e n t r a t i o .

S im ila r  com parisons f o r  th e  v o id  f r a c t io n  and f i lm  th ic k n e s s  a re  
made in  f ig u r e s  4 .1 5  and 4 .1 6  which show how th o se  q u a n t i t i e s  a re  
in f lu e n c e d  by th e  v a r io u s  h e a t  f lu x  d i s t r i b u t i o n s .  From th o se  f i g u r e s ,  
i t  i s  seen  t h a t  vapour i s  g en e ra te d  in  s h o r te r  d is ta n c e s  f o r  u n ifo rm  h e a t
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f lu x ,  and th e  th ic k n e s s  o f th e  l iq u id  f i lm  i s  reduced  f a s t e r  f o r  th e  
chopped c o s in e  d i s t r i b u t i o n .

Because o f th e  e q u a l i ty  o f th e  av erag e  h e a t  in p u ts  th e  t o t a l  amounts 
o f vapour g en e ra te d  and e n tra in e d  a t  th e  e x i t  o f th e  t e s t  s e c t io n  a re  
n e a r ly  e q u a l,  w hatever h e a t  f lu x  d i s t r i b u t i o n  i s  chosen . However, th e re  
a re  im p o rta n t d i f f e r e n c e s  o f th e  l o c a l  c o n d it io n s  a t  v a r io u s  d is ta n c e s  
a lo n g  th e  flow  a x i s ,  which j u s t i f y  th e  u se  o f d e ta i l e d  en tra in m en t models 
and n u m erica l schemes even f o r  s te a d y  tw o-phase flow .
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Chapter 5.
t u r n o u t  p r e d i c t i o n s  u iittf  ttfe  f i e l o c i h j  

P r o f i l e  U io d e L

C o n ten ts  :

5-1. D efin itio n s.

5-2. #U m  dryout in a n n u lar  floui.

5-3. S u m m it  p red ictions.

5-4. C on clu sion s.
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CHAPTER 5

BURNOUT PREDICTIONS WITH THE VELOCITY PROFILE MODEL

5-1 D e f in i t io n s
In  many i n d u s t r i a l  and n u c le a r  p l a n t s ,  where h e a t  t r a n s f e r  i s  l i k e l y  

to  ta k e  p la c e  under h ig h  enough s u r fa c e  tem p e ra tu re s  a n d /o r  h e a t  f lu x e s ,  
i t  i s  d e s i r a b le  to  examine th e  c o n d it io n s  u n d er which a se v e re  
d e t e r i o r a t i o n  o f th e  h e a t  t r a n s f e r  p ro c e ss  can ta k e  p la c e .  T h is 
d e t e r i o r a t i o n  i s  u s u a l ly  c a l le d  b u rn o u t and i s  d e f in e d  in  th e  l i t e r a t u r e  
( e . g . ,  He82) as :

(1) The c o n d it io n  under which a sm a ll in c re a s e  in  th e  s u r fa c e  h e a t  
f lu x  le a d s  to  an in o rd in a te  in c re a s e  in  th e  w a ll  te m p e ra tu re , 
f o r  system s where th e  h e a t  f lu x  i s  c o n t r o l le d .

(2) The c o n d it io n  under which a sm all in c re a s e  in  th e  w a ll  
te m p e ra tu re  le a d s  to  an in o rd in a te  d e c re a se  in  h e a t f lu x ,  in  
system s where th e  w a ll  tem p e ra tu re  i s  c o n t r o l le d .

For th e  p u rp o ses o f t h i s  c h a p te r ,  th e  term  b urno u t i s  t r e a te d  as b e in g  
synonymous w ith  s im i la r  p roposed  term s such a s ,  " c r i t i c a l  h e a t  f lu x "  and 
" d ry o u t" .

B urnout i s  a v e ry  com p lica ted  phenomenon due to  th e  s e v e r a l  p o s s ib le  
p h y s ic a l  mechanisms t h a t  c r e a te  i t ,  and th e  c o rre sp o n d in g ly  la r g e  number 
o f ind ep en den t v a r ia b le s  th a t  in f lu e n c e  i t s  o c c u rre n c e . A g re a t  d e a l  o f 
e f f o r t  h as been sp e n t in  t ry in g  to  d e s c r ib e  t h i s  phenomenon, and a la r g e  
number o f d e t a i l e d  rev iew s have been p u b lish e d  on th e  s u b je c t ,  such as 
(H e82), (H e78), (B e77), (Ma75), (La75) e t c .  Most o f th e s e  works r e f e r  to  
a number o f a l t e r n a t i v e  mechanisms o f b u rn o u t, from  which th e  more 
re a so n a b ly  w e ll  e s ta b l is h e d  a re  :
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( i )  The fo rm a tio n  o f a h o t sp o t under a growing b u b b le .
( i i )  N ea r-w a ll bubb le  crow ding and i n h i b i t i o n  o f vapour r e l e a s e .
( i i i )  F ilm  d ry o u t in  a n n u la r  flo w s.

In  t h i s  c h a p te r  we a re  exam ining o n ly  l iq u id  f i lm  d ry o u t in  a n n u la r  ty p e s  
o f flo w , w ith  th e  p r e d ic t io n s  from th e  n u m erica l scheme o f c h a p te r  4 
b e in g  compared w ith  e x p e rim e n ta l r e s u l t s ,  under u n ifo rm  and n on -u n ifo rm  
h e a t  f lu x  d i s t r i b u t i o n s .

5-2 D ryout in  a n n u la r  flow s
T his form o f b u rn o u t i s  most l i k e l y  to  occu r a t  th e  h ig h  q u a l i ty  

re g io n  f o r  most p r a c t i c a l  system s which a re  s e v e r a l  m e tre s  lo n g . I t  i s  
w e ll  u n d e rs to o d  ( I s 6 1 , He82) t h a t  t h i s  typ e  o f b u rn o u t i s  c o n t r o l le d  by 
th e  p ro c e s se s  o f l iq u id  lo s s  from th e  f i lm , such as  o f e v a p o ra tio n  and 
l iq u id  e n tra in m e n t, and l iq u id  a d d i t io n  from d ro p le t  d e p o s i t io n .  As a 
r e s u l t  of th e s e  p ro c e s s e s ,  b u rno u t o ccu rs  n e a r  th e  p o in t  where th e  l iq u id  
f i lm  flow  r a t e  a t  th e  ch annel w a ll  i s  z e ro ;  however a s i g n i f i c a n t  amount 
o f l iq u id  may rem ain  p re s e n t  in  th e  tub e  as  e n tra in e d  d r o p le ts  a t  th e  
lo c a t io n  o f b u rn o u t.

A ccord ing  to  th e  o u t l in e  g iv en  above, th e  key to  th e  a c c u ra te  
p r e d ic t io n  o f b u rno u t in  a n n u la r  flo w , i s  an ad eq u a te  d e s c r ip t io n  o f th e  
l i q u id  e n tra in m en t and d e p o s i t io n  r a t e s ,  as w e ll  as th e  d e s c r ip t io n  o f 
e f f e c t s  o f th e  h e a t  f lu x  on e n tra in m en t and d e p o s i t io n .  I t  i s  u s u a l ly  
ex p ec ted  (He81) t h a t  n u c le a te  b o i l in g  w ith in  th e  l iq u id  f i lm  could  g ive  
r i s e  to  b u r s t in g  o f b u b b les  a t  th e  i n t e r f a c e  betw een th e  two m ix tu re s  in  
re g io n  1 and 2 shown in  f ig u r e  3 .2 .  T h is w i l l  c o n se q u e n tly  r e le a s e  more 
d r o p le ts  in to  th e  vapo ur c o re . On th e  o th e r  hand , th e  e v a p o ra tio n  
p ro c e s s  le a d s  to  a f lu x  o f vapour away from th e  in t e r f a c e  and t h i s  m ight 
sweep away d r o p le ts  t h a t  would o th e rw ise  have been d e p o s ite d . Those 
e f f e c t s  a re  v e ry  d i f f i c u l t  to  d i s t i n g u i s h ,  and to  a c e r t a i n  e x te n t ,
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ex p erim en ts  (He63, Be67, Ke70) have shown th a t  t h e i r  c o n t r ib u t io n  to
e n tra in m en t and d e p o s i t io n  i s  r a th e r  sm a ll.

However, w ith  th e  c u r re n t  s t a t e  o f th e  n um erica l method d e s c r ib e d  in  
c h a p te r  4 , we cou ld  c o n s id e r  th e  p re sen ce  o f vapour b u b b les  in  th e  l iq u id  
f i lm  and how t h i s  i s  a f f e c t in g  th e  p r e d ic t io n  o f b u rn o u t.

R easonably  a c c u ra te  p r e d ic t io n s  o f b u rno u t in  a n n u la r  flow s cou ld  be 
ach iev ed  by a p p ly in g  th e  s ta n d a rd  c o n s e rv a tio n  e q u a tio n s  o f c h a p te r  4 
to g e th e r  w ith  a s u i t a b l e  s e m i-e m p ir ic a l model d e s c r ib in g  th e  e n tra in m en t 
and d e p o s i t io n  p ro c e s s e s .
5 -2 .1  E n tra in m en t model

For th e  l iq u id  e n tra in m en t r a t i o  in  a n n u la r  flow s w ith  a l iq u id  
f i lm ,  we can u se  a sim p le  c o r r e la t i o n  proposed  by I s h i i  and Mishima 
( I s 8 2 b ) .  B a s ic a l ly ,  t h i s  c o r r e la t i o n  c o n s i s t s  of two e q u a tio n s  p roposed  
fo r  two d i f f e r e n t  re g io n s  o f e n tra in m e n t, namely th e  e n tra n c e  re g io n  
( fo llo w in g  a r e l a t i v e l y  smooth in t r o d u c t io n  o f l iq u id  f i lm )  and th e  
q u a s i-e q u i l ib r iu m  re g io n . The c o r r e la t io n  i s  e x p re sse d  in  term s o f 
d im en s io n le ss  q u a n t i t i e s  such as th e  vapour v o lu m e tr ic  f l u x ,  d is ta n c e  and 
l iq u id  R eynolds number and can i d e n t i f y  th e  n e c e s sa ry  d is ta n c e  f o r  th e  
developm ent o f e n tra in m e n t. I t  h as  been claim ed  by th e  p ro p o sin g  a u th o rs  
t h a t  t h i s  c o r r e la t i o n  can su p p ly  a c c u ra te  in fo rm a tio n  abou t l iq u id  
e n tra in m en t o ver w ide ran g es o f e x p e rim e n ta l d a ta  f o r  s team -w a te r flow s 
a lth o u g h  in  t h e i r  o r i g i n a l  p ap er (Is8 2 b ) com parisons a re  shown o n ly  f o r  
a i r - w a te r  sy stem s.

The e q u a tio n  p roposed  f o r  th e  q u a s i-e q u i l ib r iu m  re g io n  fo r  th e
*l iq u id  e n tra in m en t r a t i o  e ^ , on th e  b a s is  o f e x p e rim e n ta l d a ta ,  i s  :

* - 7  1 25 f) 25e £ = tan h  (7 .2 5  10 We Re^ ) (5 .2 .1 )
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w here th e  e f f e c t iv e  Weber and Reynolds numbers a re  : 
2 , , . .1 /3

We = ^  (r) (5 .2 .2 )

Re* =

P j  d
i l

(5 .2 .3 )

In  th e s e  e q u a tio n s  a i s  th e  s u r fa c e  te n s io n ,  Ap i s  th e  d e n s i ty
d i f f e r e n c e ,  and th e  v o lu m e tr ic  f lu x e s ,  j  and j . ,  a re  g iv en  by :8 ^

xG
—  and j „ p J lg

(1 -x ) G
( 5 .2 .A)

For th e  e n tra n c e  re g io n  I s h i i  and Mishima d e f in e d  th e  d im en s io n le ss  
■ f *}■vapour f lu x ,  j  , and d is ta n c e ,  s , a c co rd in g  to  : g

.+
J g = J ;

ogAp
2~

pg

2 / 3

©

n -0 .2 5
(5 .2 .5 )

+s (5 .2 .6 )

w hich a re  used  in  th e  e n tra in m en t r a t i o  c o r r e l a t i o n ,  g iv en  by :

= [ l -  exp (-1 0  5 ( s V )  ] (5 .2 .7 )

T h is c o r r e la t i o n  must be used u n t i l  e n tra in m en t reach es  a 
q u a s i-e q u i l ib r iu m  v a lu e  w hich, as shown by I s h i i  and M ishim a, i s  ach ieved  
w here :

s+ > 600 (5 .2 .8 )
The o n se t o f l iq u id  e n tra in m en t has been a ls o  s tu d ie d  by I s h i i  and 

Grolmes (Is7 5 ) c o n s id e r in g  a fo rc e  b a la n c e  a t  th e  c r e s t  o f r o l l  w aves. 
They d ete rm in ed  t h a t  e n tra in m en t o ccu rs  when th e  vapour v o lu m e tr ic  f lu x
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exceeds a c r i t i c a l  v a lu e ,  j  , w hich f o r  Re.> 1635 i s  g iv en  byC X;

^0*8 f or $ < j_/i5
P JJ

(5 .2 .9 )
0 .115 f o r  N > 1/15 P

and f o r  Re^ < 1635 by :
11.78 N0 ,8  ReT1/3  f o r  N < 1/15 P l  P

- 1 / 31.35 R e / '  f o r  N > 1/15£ p
where th e  v e lo c i ty  number N i s  d e f in e d  from :

(5 .2 .1 0 )

%  = (p ^a^a /g A p )* ”0 ,3  (5 .2 .1 1 )
T h is i s  n o t th e  o n ly  model t h a t  cou ld  be used to  c a lc u la t e  th e  

e n tra in m en t r a t i o  f o r  th e  l iq u id  p h ase . I t  has been chosen h e re  b ecau se  
o f i t s  s im p l i c i ty ,  a lth o u g h  in  th e  n e a r  f u tu r e  i t  i s  d e s i r a b le  to  
s u b s t i t u t e  i t  by a more d e ta i l e d  model ( e . g . ,  Hu73) in v o lv in g  th e  r a t e s  
o f e n tra in m en t and d e p o s i t io n .
5 -2 .2  The n u m erica l scheme f o r  th e  e n tra in m en t m odels

T h is s e c t io n  o u t l in e s  b r i e f l y  th e  m o d if ic a tio n s  o f th e  n u m erica l 
schem e, d e s c r ib e d  in  s e c t io n  4 - 3 .1 ,  r e q u ire d  to  im plem ent th e  I s h i i  and 
Mishima e n tra in m en t model as  p a r t  o f th e  c a lc u la t io n s .

The l iq u id  e n tra in m en t r a t i o  e v a lu a te d  by e q u a tio n s  (5 .2 .1 )  
a n d /o r  ( 5 .2 .7 )  depends on th e  l o c a l  mass d ry n ess  f r a c t io n .  T h e re fo re , 
f o r  known v a lu e s  o f p re s s u re  and s p e c i f i c  e n th la p y , th e  s te p s  o f th e  
c a l c u l a t io n a l  c y c le  f o r  e n tra in m en t a re  as fo llo w s :

(a) C a lc u la te  th e  l o c a l  m ass-d ry n ess  f r a c t io n  x .
(b) Examine i f  e n tra in m en t has reach ed  q u a s i-e q u i l ib r iu m .
(c) I f  th e  answ er in  s te p  (b) i s  y e s , c a lc u la te  th e  l iq u id  

e n tra in m en t r a t i o  from  e q u a tio n  ( 5 .2 .1 ) ,  o r from e q u a tio n
( 5 .2 .7 )  i f  th e  answer i s  no.
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(d) A pproxim ate th e  d e r iv a t iv e  o f th e  l iq u id  e n tra in m en t r a t i o  
w ith  :

8e„
3s

(e £) j  ~
h

(5 .2 .1 2 )

(e ) C a lc u la te  th e  p re s s u re  and s p e c i f i c  e n th a lp y  g ra d ie n ts  from 
e q u a tio n s  ( 4 .3 .7 )  and ( 4 .3 .8 ) .

T h is sequence i s  re p e a te d  f o r  every  new e s t im a te  o f p re s s u re  and s p e c i f i c  
e n th a lp y , g e n e ra te d  by th e  p r e d ic to r - c o r r e c to r  n u m erica l o f s e c t io n  
4 -3 .1 .

The l iq u id  e n tra in m en t r a t i o  and th e  th ic k n e s s  o f th e  l iq u id  f i lm , 
c a lc u la te d  from th e  p re s e n t  n u m erica l schem e, f o r  a d ia b a t i c  p ip e  flow  
w ith  a chopped c o s in e  d i s t r i b u t i o n  a re  shown in  f ig u r e  5 .1  (a and b ) . 
The v a r io u s  l i n e s  co rre sp o n d  to  d i f f e r e n t  g r id  s i z e s ,  and in d ic a te  t h a t ,  
f o r  e q u id i s ta n t  c e l l s ,  we must choose :

6 s . < 0 .010  Ll  —
to  ach ie v e  n ea r- in d ep en d en ce  from th e  imposed g r id .

In  th e  n u m erica l schem e, th e  lo c a t io n  o f b u rnou t i s  d e f in e d  as th e  
re g io n  where th e  mass flow  r a t e  o f th e  l i q u id  in  th e  re g io n  n ex t to  th e  
w a ll  i s  reduced  to  z e ro .  T h is d e f in i t i o n  i s  in  acco rd ance  w ith  th e  
approach  used  a t  H arw ell (Wh74) f o r  a number o f com parisons w ith  
e x p e rim e n ta l r e s u l t s .

However, some a u th o rs  (Ha64, Zu66) i n v e s t ig a t in g  th e  s t a b i l i t y  o f 
d ry  p a tc h e s  form ing  in  l iq u id  f i lm s ,  c o n s id e re d  th e  fo rc e s  a c t in g  on th e  
i n t e r f a c e  and recommended r e l a t i o n s  f o r  th e  c r i t i c a l  f i lm  th ic k n e s s .  
When th e  f i lm  th ic k n e s s  becomes low er th an  th e  c r i t i c a l  v a lu e  th e  f i lm  i s  
c o n s id e re d  to  be b roken  u p , and a d ry  p a tc h  i s  formed in  t h a t  re g io n . 
For f i lm s  flo w in g  o v er h ea te d  s u r f a c e s ,  Zuber in  1966 (Zu66) p roposed  an 
e q u a tio n  t h a t  p r e d ic t s  t h i s  c r i t i c a l  th ic k n e s s  f o r  lam in a r flow s
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m o tiv a te d  by g r a v i ty .  T h is c r i t e r i o n  h as been a ls o  b u i l t  in to  th e  
n u m eric a l scheme as a d i f f e r e n t  method f o r  lo c a t in g  b u rn o u t, a lth o u g h  i t s  
a p p l ic a t io n  must be r e s t r i c t e d  to  th e  c o n d it io n s  i t  has been p ro p o sed .

5 -3  B urnout P re d ic t io n s

In  g e n e ra l  th e  c r i t i c a l  h e a t  f lu x  q" f o r  b u rnou t in  a ch an n e l w ith150

g iv en  geom etry and f l u i d  i s  a fu n c t io n  o f th e  h y d ra u lic  d ia m e te r d , t e s t  
s e c t io n  L, i n l e t  su b co o lin g  A tu^, mass f lu x  G and p re s s u re .  Thus :

q£0 = fn  (d , L, Ah±n, G, p) (5 .3 .1 )

The i n l e t  su b c o o lin g , in  t h i s  e q u a tio n , can be re p la c e d  by th e
m ass-d ry n ess  f r a c t io n  x a t  th e  lo c a t io n  o f bu rno u t u s in g  a h e a t  b a la n c e150

r e l a t i o n s h i p  so :

4g0 = fn  (d , L, xBQ, G, p , )  (5 .3 .2 )

The s ix  v a r ia b le s  in  t h i s  e q u a tio n  a re  n o t in d e p e n d e n t, and any change in  
o p e ra t in g  c o n d it io n s  a f f e c t s  a t  l e a s t  two o f th e  v a r ia b le s  l i s t e d .  For 
c o n s ta n t  d , L, G and p e q u a tio n  (5 .3 .2 )  r e p r e s e n ts  a r e l a t i o n  betw een 
b u rno u t h e a t - f lu x  a g a in s t  th e  m ass-d ry n ess  f r a c t io n  a t  th e  lo c a t io n  o f 
b u rn o u t. T h is  i s  u s u a l ly  re p re s e n te d  by a n e a r ly  s t r a i g h t  l i n e  in  th e  
(q^Q, xjjq) p la n e  w ith  th e  e x c e p tio n  o f v e ry  s h o r t  chan nel le n g th s .

A l te r n a t iv e ly  f o r  c o n s ta n t  q" , d , G, p , e q u a tio n  (5 .3 .2 )  im p lie s  a150

r e l a t i o n s h i p  betw een x and L ; where L_ i s  th e  le n g th  from th e  p o in t  a td (J 15 15

w hich b u lk  s a tu r a t io n  c o n d it io n s  a re  o b ta in e d .
These two d i f f e r e n t  r e p r e s e n ta t io n s  a re  co m p le te ly  in te rc h a n g e a b le  

f o r  u n ifo rm ly  h e a te d  ch an n e ls  when a h e a t  b a lan ce  r e l a t i o n  i s  u sed . 
However, f o r  n o n -u n ifo rm ly  h ea te d  ch an n e ls  th e y  u s u a l ly  in d ic a te  
d i f f e r e n t  d eg ree s  o f agreem ent w ith  e x p e rim e n ta l r e s u l t s .
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In  th e  com parisons t h a t  fo llo w  r e s u l t s  fo r  u n ifo rm  and n on-un ifo rm  
h e a t  f lu x  d i s t r i b u t i o n s  a re  p re s e n te d . In  some o f th e  f ig u r e s  a re  a ls o  
shown th e  l i n e s  from  proposed  e m p ir ic a l  c o r r e la t i o n s  f o r  th e  b u rn o u t 
h e a t - f l u x  in  u n ifo rm ly  h ea te d  c h a n n e ls . A ll  th e  p r e d ic t io n s  by th e  
v e l o c i t y  p r o f i l e  model w ere c a r r ie d  o u t f o r  n = 7 w ith  ze ro  vapour 
e n tra in m e n t ex cep t w here o th e rw ise  s t a t e d .
5 -3 .1  R e s u lts  f o r  B urnout w ith  Uniform  H eat F lux

F ig u re  5 .2  i s  a p lo t  o f th e  b u rn o u t m ass-d ry n ess  f r a c t io n  a g a in s t  
th e  b o i l in g  le n g th  ( i . e .  th e  d is ta n c e  betw een th e  p o in t  of b u lk  
s a t u r a t i o n  c o n d it io n s  and th e  p o in t  o f b u r n o u t) . In  t h i s  g raph  a re  shown 
th e  e x p e rim e n ta l d a ta  by B enn e tt e t .  a l .  (B e6 5), f o r  fo u r  d i f f e r e n t  mass 
f lu x e s ,  in  u n ifo rm ly  h e a te d  s team -w a te r flow  a t  69 b a r .  Round tu b e s ,
12.6  mm in  d ia m e te r w ere used  f o r  t h i s  ex p e rim en t.

In  th e  same f ig u r e  a re  shown th e  p r e d ic t io n s  by th e  v e lo c i ty  p r o f i l e  
model when th e  l iq u id  mass flow  r a t e  in  th e  re g io n  n ex t to  th e  w a ll  was 
reduced  to  z e ro . The p r e d ic t io n s  a re  in  enco urag ing  agreem ent w ith  th e  
e x p e rim e n ta l d a ta  though th e re  a re  g r e a te r  d e v ia t io n s  a t  th e  h ig h e r  mass 
f lu x e s  p ro b ab ly  due to  th e  inadequacy  o f th e  e n tra in m en t m odel. The 
e f f e c t s  of th e  mass f lu x  and th e  t re n d  w ith  th e  b o i l in g  le n g th  i s  
c o r r e c t l y  p re d ic te d  o ver th e  examined ran g e  o f b o i l in g  le n g th s .  However 
one sh ou ld  n o t t r y  to  e x t r a p o la te  th e  l i n e s  f o r  th e  v e ry  s h o r t  d is ta n c e s  
b ecau se  i t  i s  n o t known i f  b u rn o u t in  t h a t  re g io n  w i l l  o ccu r due to  f i lm  
d ry o u t o r even p o s s ib le  due to  th e  o th e r  mechanisms m entioned  in  s e c t io n  
5 -1 . In  th e  same f ig u r e  a re  a ls o  drawn th e  l i n e s  o b ta in e d  by th e  Bowring 
c o r r e l a t i o n  (Bo72). T h is c o r r e la t io n  g iv e s  p r e d ic t io n s  w ith  th e  same 
t re n d  as th e  v e lo c i ty  p r o f i l e  m odel, a lth o u g h  i t  o v e rp re d ic ts
c o n s id e ra b ly  th e  mass d ry n ess  f r a c t io n  f o r  th e  sm a lle r  mass f lu x e s .

S im ila r  agreem ent i s  o b ta in e d  when th e  same e x p e rim e n ta l r e s u l t s  a re

t r a n s f e r r e d  to  th e  q" , x d iagram . In  th e  d iagram  shown in  f ig u r eUU dU
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5 .3  a re  ag a in  drawn th e  p r e d ic t io n s  by th e  v e lo c i ty  p r o f i l e  model and th e  
Bowring c o r r e la t i o n .
5 -3 .2  R e su lts  f o r  B urnout w ith  Chopped C osine Heat F lux

The burnou t d a ta  o f Keeys e t .  a l .  (Ke72) w ith  chopped c o s in e  
h e a t - f l u x  d i s t r i b u t i o n  have been an a ly sed  f o r  d i f f e r e n t  mass f lu x e s  in  a 
round tu b e  12.6 mm in  d iam e te r and a t o t a l  t e s t  s e c t io n  o f 3 .66  m e tre s . 
The e x t r a p o la t io n  le n g th  f o r  th e  chopped c o s in e  h e a t  f lu x  d i s t r i b u t i o n  
was 0 .273  m e tre s , th e r e f o r e  th e  r a t i o  o f th e  maximum to  th e  averag e  h e a t  
f lu x  was 1 .4 . The i n l e t  su b c o o lin g , in  t h i s  p a r t i c u l a r  s e t  o f 
e x p e rim e n ts , was around 100 k J /k g  ; th e  ex ac t v a lu e s  a re  g iv en  in  
b ra c k e ts  n ex t to  th e  sm a ll t r i a n g le  p o in ts  in  f ig u r e  5 .5 .

The b u rnou t p o s i t io n s  o b ta in ed  e x p e r im e n ta lly  by Keeys e t .  a l .  a re  
shown in  f ig u r e  5 .4  and th e  r e s u l t i n g  av erag e  h e a t  f lu x e s  a re  shown in  
f ig u r e  5 .5  as a f u n c t io n  o f mass v e l o c i t y .  In  f ig u r e  5 .4  a re  a ls o  drawn 
th e  p r e d ic t io n s  from th e  v e lo c i ty  p r o f i l e  model when th e  l iq u id  m ass-flow  
r a t e  in  th e  re g io n  n e x t to  th e  w a ll  was ze ro  e i t h e r  w ith  o r w ith o u t 
vap o u r en tra in m en t in  th e  l iq u id  f i lm . In  th e  absence  o f any in fo rm a tio n  
abo u t vapour e n tra in m e n t th e  vapour e n tra in m en t r a t i o  was tak en  to  be 0 .2  
tim es  th e  v a lu e  o f th e  lo c a l  l iq u id  e n tra in m e n t r a t i o  as p re d ic te d  by th e  
I s h i i  and Mishima m odel. A lso in  th e  same f ig u r e  a re  shown th e
p r e d ic t io n s  from th e  v e lo c i ty  p r o f i l e  model when th e  p o in t  o f bu rno u t was 
c a lc u la te d  from th e  c r i t i c a l  f i lm  th ic k n e s s  m odel, d is c u s s e d  in  th e  l a s t  
p a rag ra p h  o f s e c t io n  5 -2 .2 .  T h is c r i t e r i o n  developed  f o r  lam in a r flow s 
i s  n o t p a r t i c u l a r l y  u s e f u l  f o r  th e  p re s e n t  e x p e rim e n ts , and as exp ec ted  
i s  in  c o n s id e ra b le  d isag reem en t w ith  o bse rved  burno u t le n g th s .  The l a s t  
l i n e  in  f ig u r e  5 .4  co rre sp o n d s to  th e  p r e d ic t io n s  by th e  CISE (Be64) 
b o i l in g  le n g th  c o r r e l a t i o n ,  f o r  th e  b u rn o u t h e a t f lu x  drawn in  f ig u r e
5 .5 .
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The p r e d ic t io n s  in  f ig u r e  5 .4  show a good agreem ent w ith  th e  g e n e ra l  
t re n d  o f th e  e x p e rim e n ta l p o in ts .  T h is f ig u r e  in d ic a te s  t h a t  th e  p re s e n t  
model i s  c a p a b le  o f a c c u ra te  p r e d ic t io n s  p ro v id ed  we have enough 
knowledge abou t th e  a c tu a l  p h y s ic a l  phenomena th a t  p roduce b u rn o u t.

The s u p e r io r i ty  o f th e  p re s e n t  model i s  even b e t t e r  i l l u s t r a t e d  in  
f ig u r e  5 .6  w here th e  lo c a l  b u rn o u t h e a t  f lu x  i s  p lo t te d  a g a in s t  th e  
m ass-d ry n ess  f r a c t i o n  a t  b u rn o u t, f o r  d i f f e r e n t  mass flow  r a t e s .  The 
co n tin u o u s l i n e  i s  th e  b e s t  f i t  to  th e  d a ta  o f Keey e t .  a l .  (Ke70) and 
th e  dashed l i n e s  co rre sp o n d  to  th e  p r e d ic t io n s  o b ta in e d  by th e  p re s e n t  
n u m erica l method w ith o u t vapour e n tra in m e n t. The p o s i t io n  o f b u rn o u t in  
th e s e  p r e d ic t io n s  c o rre sp o n d s  to  th e  p o in t  where th e  l iq u id  f i lm  flow  
r a t e  i s  reduced  to  z e ro .
5 -3 .3  B urnout f o r  Uniform Heat F lux  w ith  Cold P atch

Burnout d a ta  o b ta in e d  a t  6 8 .9  b a r  by B enn ett e t .  a l .  (Be66) a re  a ls o  
p re se n te d  in  t a b le  5 .1  f o r  a p ip e  12.6  mm in  d ia m e te r w ith  a t o t a l  le n g th  
of 4 .2073 m e tre s . T h is p ip e  was u n ifo rm ly  h ea ted  w ith  th e  e x c e p tio n  o f 
60 .96  mm t e s t  s e c t io n ,  which was u nh eated  (Cold P a tc h ) .  In  ta b le  5 .1  a re  
p re se n te d  th e  e x p e rim e n ta l and p re d ic te d  b u rnou t le n g th s  f o r  fo u r  
d i f f e r e n t  lo c a t io n s  o f th e  u nh eated  s e c t io n .  The agreem ent i s  g e n e ra l ly  
good, w ith  th e  p re d ic te d  lo c a t io n s  w ith in  7% of th e  a c tu a l ly  o bse rved  
l e n g th s .

5 -4  C on clusions
As shown from  th e  a p p l ic a t io n  o f th e  v e lo c i ty  p r o f i l e  model in  

un ifo rm  and n on -u n ifo rm  h e a t f lu x  d i s t r i b u t i o n s  an enco urag ing  agreem ent 
i s  ach iev ed  w ith  e x p e rim e n ta l b u rn o u t . However th e  com parisons made in  
t h i s  c h a p te r  a re  n o t in te n d e d  f o r  e x p la in in g  th e  complex phenomenon o f 
b u rn o u t. N e v e r th e le s s  i t  i s  in d ic a te d  th e  f l e x i b i l i t y  o f th e  model to
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use  v a r io u s  c r i t e r i a  f o r  b u rn o u t, and i t s  c a p a b i l i ty  f o r  a c c u ra te  
p r e d i c t i o n s .

To a c e r t a i n  e x te n t  th e  accu racy  of th e  p r e d ic t io n s  depends on how 
s u c c e s s f u l  e n tra in m e n t i s  tak en  in to  accou n t in  th e  c a lc u la t io n s .  T h is 
i s  c l e a r l y  shown in  f ig u r e  5 .4  w here b o th  l iq u id  and vapour e n tra in m en t 
a re  u sed .

In  o rd e r  to  im prove th e  agreem ent o f b u rno u t p r e d ic t io n s ,  i t  i s  
d e s i r a b le  to  a l t e r  th e  e n tra in m en t c o r r e la t io n  so t h a t  e n tra in m en t and 
d e p o s i t io n  r a t e s  o f l iq u id  d r o p le ts  and vapour b ub b les  a re  used d i r e c t l y  
in  th e  c a l c u l a t io n s .  I t  i s  a ls o  d e s i r a b le  to  examine in  d e t a i l  th e  
c o n d it io n s  under w hich hydrodynam ic e q u ilib r iu m  i s  e s ta b l is h e d  betw een 
th e  e n tra in m en t and d e p o s it io n  m echanism s.
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C hapter 6.
C o n c lu d in g  C h a p t e r .

C on ten ts :

6-1. (general con clu sion s.

6-2. A cipeuem ents of tl?e p resen t stn d y. 

6*3. C opies for fu tu re  con sideration .



110

CHAPTER 6

CONCLUDING CHAPTER

6-1 G enera l C on clusio ns
An a n a l y t i c a l  model o f th e  flow  of l iq u id  and i t s  a s s o c ia te d  vapour 

phase has been developed  and a p p lie d  to  a d ia b a t i c  and d ia b a t i c  flow s w ith  
h e a t - f lu x  d i s t r i b u t i o n s  t y p i c a l  o f th o se  found in  n u c le a r  p l a n t s .  The 
main n o v e l t i e s  o f th e  method a re  t h a t  two homogeneous l iq u id  and vapour 
m ix tu re s  w ith  d i f f e r e n t  t r a n s p o r t  p r o p e r t ie s  a re  c o n s id e red  to  be flo w ing  
in  two d i f f e r e n t  flow  re g io n s  w ith  a compound v e lo c i ty  p r o f i l e .

In  g e n e ra l  th e re  a re  many d i f f e r e n t  ways by which th e  p hases cou ld  
be mixed in to  each o th e r ,  and th e  n a tu re  o f th e  r e s u l t i n g  flow  reg im es 
u s u a l ly  v a r ie s  w ith  ch annel geom etry and o r i e n t a t i o n  as d e s c r ib e d  in  
c h a p te r  1. The a n a l y t i c a l  model t h a t  has been developed  h e re  i s  cap ab le  
o f d e s c r ib in g  bubbly  f lo w s , w ispy a n n u la r ,  a n n u la r  w ith  l iq u id  d r o p le ts  
and s e p a ra te d  ty p e s  o f flow ; t h i s  i s  e a s i ly  ach ieved  by p ro p e r ly  cho o sing  
th e  v a lu e s  o f th e  e n tra in m en t r a t i o s  th a t  h as  been in tro d u c e d  in  c h a p te r
3. For th e  a c c u ra te  p r e d ic t io n  o f th e  l o c a l  flow  c o n d it io n s  in  
e v a p o ra tin g  ch an n e ls  w ith  th e  p re s e n t  m odel, i t  i s  p o s s ib le  to  s im u la te  
th e  t r a n s i t i o n  betw een th e  d i f f e r e n t  ty p es  o f flow  by s u i t a b ly  choosing  
th e  v a lu e s  o f th e  e n tra in m en t r a t i o s  a lo n g  th e  flow  a x i s .  The 
a p p l ic a t io n  o f th e  model i s  n o t r e s t r i c t e d  to  th e  ty p e s  o f flow  w here th e  
l iq u id  phase i s  p red o m in an tly  in  th e  re g io n  c lo s e  to  th e  w a l l .  W ith the  
same model i t  i s  p o s s ib le  to  d e s c r ib e  e x c e p tio n a l  c a se s  where th e  vapour 
g e n e ra te d  by b o i l in g  a t  th e  ch an n e l w a ll  rem ains c lo s e  to  th e  w a l l ,  a ls o  
ca se s  where b u b b les  c o n c e n tra te  p r e f e r e n t i a l l y  n e a r  th e  w a ll  which 
u s u a l ly  happens d u rin g  re w e tt in g  o f h o t s u r f a c e s .  The assumed v e lo c i ty
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p r o f i l e s  f o r  th e  two c a se s  w ith  l iq u id  o r vapour predom inant in  re g io n  1 
can be s i g n i f i c a n t l y  d i f f e r e n t ,  as  shown by th e  th re e  d im en sio n a l p ic tu r e  
o f f ig u r e  6 .1  f o r  flow  w ith o u t e n tra in m e n t.

In  e f f e c t ,  th e  shape o f th e  v e lo c i ty  p r o f i l e  o b ta in e d  by th e  p re s e n t  
model a ls o  depends on th e  a c tu a l  flow  reg im e. Thus, th e  p a ra b o lic  
p r o f i l e s  f o r  lam in a r flow s produce s i g n i f i c a n t l y  d i f f e r e n t  r e s u l t s  th an  
th e  power law p r o f i l e s  as d e s c r ib e d  in  th e  p a ra m e tr ic  s tu d ie s  o f c h a p te r
2 . In  r e a l i t y  th e  v a lu e  o f th e  power exponent must be p ro p e r ly  
e s ta b l is h e d  by a c o n s i s te n t  s e t  o f e x p e rim e n ta l m easurem ents a t  d i f f e r e n t  
Reynolds num bers. T h is i s  p a r t i c u l a r l y  im p o rtan t f o r  th e  r a t i o  of 
av erag e  v e l o c i t i e s  o f th e  vapour and l i q u id  p h a se s , as d e s c r ib e d  in  
c h a p te r  2.

For th e  a p p l ic a t io n  o f th e  v e lo c i ty  p r o f i l e  method in  d ia b a t i c  flow s 
w ith  complex h e a t  d i s t r i b u t i o n s ,  when th e  p r o p e r t i e s  o f th e  two p hases 
v a ry  s i g n i f i c a n t l y  a lo n g  th e  c h a n n e l, i t  i s  n e c e ssa ry  to  u se  th e  f i n i t e  
d i f f e r e n c e  form  o f th e  flow  c o n s e rv a tio n  e q u a tio n s . By d e f in in g  th e  
s u i t a b l e  av e rag e  d e n s i t i e s ,  th e s e  e q u a tio n s  cou ld  be tran sfo rm ed  to  a 
ty p e  s im i la r  to  t h a t  f o r  s in g le -p h a s e  flo w . With th e  v e lo c i ty  p r o f i l e  
model th e  e q u a tio n s  can by ex p re ssed  o n ly  by d e r iv a t iv e s  o f th e  
in d ep en den t p r o p e r t i e s  o f th e  flo w , l i k e  mass f lu x ,  p re s s u re  and e n th a lp y  
which cou ld  be d i s c r e t i s e d  by a v a r ie ty  o f m ethods. In  t h i s  way complex 
tw o -p h ase  flow s can be an a ly sed  w ith  a f a s t  n u m erica l p ro ced u re  which 
g iv e s  a c c u ra te  p r e d ic t io n s  w ith  m o d era te ly  sm a ll g r id  le n g th s  
(<5s/L < 0 .0 1 ) .

For th e  r e a l i s t i c  s im u la t io n  o f a c tu a l  tw o-phase f lo w s , i t  i s  
n e c e s s a ry  to  in c lu d e  as p a r t  o f th e  n u m eric a l schem e, t h e o r e t i c a l  o r 
se m i-e m p ir ic a l  models to  c a lc u la te  th e  l o c a l  en tra in m en t r a t i o s .  Thus, 
th e  flow  c o n d it io n s  p re d ic te d  in  each a x ia l  lo c a t io n  o f th e  flow  c h a n n e l,
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a re  in f lu e n c e d  by th e  accu racy  o f th e  model which c a lc u la te s  th e  upstream  
e n tra in m en t r a t i o s .

One o f th e  p a r t i c u l a r l y  u s e f u l  a p p l ic a t io n s  o f th e  c u r r e n t  n u m erica l 
scheme w ith  a r e a l i s t i c  e n tra in m en t m odel, i s  th e  p r e d ic t io n  o f b u rno u t 
in  p ip e  f lo w s . As d e s c r ib e d  in  c h a p te r  5 , th e  n u m eric a l p r e d ic t io n s  
c o n s t i t u t e  an im p o r ta n t advancem ent in  com parison w ith  r e s u l t s  produced  by 
s ta n d a rd  e m p ir ic a l  c o r r e l a t i o n .  I t  i s  s u r p r i s in g  how a c c u ra te  a re  th e  
p r e d ic t io n s  made by th e  c u r r e n t  scheme in  a v a r ie ty  o f h e a t and flow  
c o n d it io n s .

In  c o n c lu s io n , th e  p re s e n t  v e lo c i ty  p r o f i l e  canno t c la im  to  be more 
th an  a s im p li f ie d  d e s c r ip t io n  o f th e  complex v e lo c i ty  p r o f i l e s  t h a t  
r e p re s e n t  p h y s ic a l  r e a l i t y .  N e v e r th e le s s  i t  g iv e s  b e t t e r  d e s c r ip t io n  o f 
tw o-phase  flow s th an  "o n e -d im en sio n a l"  m odels and a llo w s a more r e a l i s t i c  
r e p r e s e n ta t io n  o f a number o f flow  reg im es . However, f u r t h e r  developm ent 
i s  d e s i r a b l e ,  which to  a c o n s id e ra b le  e x te n t  depends on th e  e x is te n c e  o f 
more d e t a i l e d  o b s e rv a t io n  o f a c tu a l  tw o-phase f lo w s . Some su g g e s tio n s  
a re  made in  s e c t io n  6 -3 .

6-2  A chievem ents o f th e  P re se n t Study
The ach ievem en ts o f th e  work p re s e n te d  in  t h i s  t h e s i s  can b e s t  be 

summarised in  r e l a t i o n  to  th e  o b je c t iv e s  s t a te d  in  c h a p te r  1.
(1) An a n a l y t i c a l  model has been developed  which p ro v es to  be

s u p e r io r  to  o th e r  e x i s t in g  m odels w herever com parisons w ith  
s im i la r  e x p e rim e n ta l c o n d it io n s  w ere p o s s ib le .  The model 
c o n ta in s  a c e r t a i n  d eg ree  o f f l e x i b i l i t y  in  th e  a rrangem en t o f 
th e  two p h ases in to  th e  flow  a re a ;  a ls o  th e  a c tu a l  shape o f th e  
v e lo c i ty  p r o f i l e s  can be a llo w ed  to  v ary  acco rd in g  to  a chosen  
ex p o nen t. E n tra in m en t o f th e  two p h ases i s  a ls o  tak en  in to  
acco un t d u r in g  th e  d e r iv a t io n  o f th e  m odel.
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(2) F u l l  u se  o f th e  assumed r a d i a l  v a r i a t i o n  o f v e lo c i ty  i s  v e ry  
h e lp f u l  in  th e  d e s c r ip t io n  o f th e  flow  c o n se rv a tio n  e q u a tio n s  
f o r  tw o-phase m ix tu re s . T his e n a b le s  th e  in t ro d u c t io n  o f a 
f a s t  n u m erica l scheme, w hich i s  th e n  ex tended  to  d e s c r ib e  
s te a d y  flow s w ith  complex h e a t - f lu x  d i s t r i b u t i o n s .

(3) E x perim en ta l com parisons w ith  w e ll  e s ta b l is h e d  d a ta  found in  
th e  l i t e r a t u r e ,  showed t h a t  th e  model i s  c ap ab le  o f s a t i s f a c t o r y  
p r e d ic t io n s  o f v o id  f r a c t i o n ,  p re s s u re  drop and f o r  th e  
c o n d it io n s  which a re  m ost l i k e l y  to  produce b u rn o u t in  h ea te d  
p ip e  f lo w s.

(4) I t  has been shown in  c h a p te rs  3 ,4  and 5 th a t  th e  accu racy  o f 
th e  o b ta in e d  p r e d ic t io n s  i s  s i g n i f i c a n t l y  a f f e c te d  by th e  l o c a l  
v a lu e s  o f l iq u id  and vapour e n tra in m en t r a t i o s .

6-3 T opics f o r  F u tu re  C o n s id e ra tio n
The p re s e n t  method o f tw o-phase flow  m o d e llin g  can be im proved in  

two d i f f e r e n t  s t a g e s .  The f i r s t  c a te g o ry  o f im provem ents r e f e r  to  th e  
r e l a t i v e l y  easy  m o d if ic a tio n s  o f th e  v e lo c i ty  p r o f i l e  model as d e s c r ib e d  
in  th e  p re s e n t  t h e s i s .  At th e  second s ta g e  o f improvement , some 
s u g g e s tio n s  can be made on how th e  model shou ld  be ex tended  to  g iv e  a 
more p r e c is e  r e p r e s e n ta t io n  o f tw o-phase flo w . T h is l a t t e r  typ e  o f 
im provem ents a ls o  in c lu d e s  to p ic s  f o r  f u r t h e r  e x p e rim e n ta l w ork, t h a t  i s  
c lo s e ly  a s s o c ia te d  w ith  th e  developm ent o f th e  a n a l y t i c a l  m odel.
6 -3 .1  Easy im provem ents o f th e  c u r r e n t  m odel.

In  i t s  g e n e ra l  form th e  v e lo c i ty  p r o f i l e  model i s  c lo s e ly  con nected  
w ith  th e  c o n s e rv a tio n  laws f o r  th e  flow  in  a p a s sa g e , as d is c u s s e d  in  
c h a p te r  4. T h e re fo re  im provem ents can be ach iev ed  e i t h e r  by add ing  some 
e x t r a  f e a tu r e s  to  th e  a n a l y t i c a l  model f o r  a b e t t e r  d e s c r ip t io n  o f th e
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flow  c o n d it io n s  o r by d ev e lo p in g  f u r t h e r  th e  c u r re n t  s o lu t io n  scheme. 
Such improvement a re  shown sc h e m a tic a lly  in  f ig u r e  6 .2 .

( i )  Im provem ents o f th e  a n a l y t i c a l  model
The system  o f c o n s e rv a tio n  e q u a tio n s , d e s c r ib e d  in  c h a p te r  4 , can be 

on ly  so lv ed  a f t e r  e s t a b l i s h in g  a r e l a t i o n  betw een th e  e n tra in m en t r a t i o s  
and th e  l o c a l  flow  c o n d it io n s .  Thus, one o f th e  f i r s t  fu tu r e  
c o n s id e r a t io n s ,  i s  to  examine how a c c u ra te  a re  th e  p r e d ic t io n s  fo r  
d i f f e r e n t  m odels o f e n tra in m e n t. U lt im a te ly ,  i t  i s  d e s i r a b le  to  u se  an 
e n tra in m en t model b ased  on th e  l o c a l  e n tra in m en t and d e p o s i t io n  r a t e s ,  
l i k e  th e  model p roposed  by H utch inson  and W halley (H u73). T h is model i s  
a lr e a d y  under a c t iv e  c o n s id e r a t io n  b u t ,  to  a c e r ta i n  d e g re e , su c ce ss  in  
t h i s  d i r e c t io n  w i l l  be l im ite d  by th e  d i f f i c u l t y  in  p ro p o s in g  a 
c o r r e la t i o n  f o r  th e  e q u il ib r iu m  c o n c e n tra t io n  o f d r o p le ts  in  th e  vapour 
c o re . C a lc u la t io n s  f o r  th e  e n tra in m en t r a t i o  in  th e  re g io n  n ex t to  th e  
w a l l ,  w i l l  a ls o  depend on th e  a v a i l a b i l i t y  o f s u i t a b le  e n tra in m en t m odels.

As d is c u s se d  in  c h a p te r  3 , a t  th e  moment i t  i s  assumed t h a t  th e  two 
p hases a re  a rran g ed  in  two homogeneous m ix tu re s  f o r  each o f th e  flow  
re g io n s  shown in  f ig u r e  3 .2 ;  th e  homogeneous assum ption  i s  used  to  
in d ic a te  t h a t  th e  l iq u id  and vapour p o r t io n s  p re s e n t  in  re g io n  1 t r a v e l

w ith  th e  same averag e  v e lo c i ty  u ^ , and s i m i l a r ly  fo r  re g io n  2. T h is o f

co u rse  i s  an ap p ro x im a tio n , and i t  would be more r e a l i s t i c  i f  we were to  
a llo w  th e  sm a ll vapo ur bu b b les  and l i q u id  d ro p le ts  to  t r a v e l  w ith  
d i f f e r e n t  v e l o c i t i e s  from th e  su rro u n d in g  p h a se . T h is cou ld  be e a s i ly

ach iev ed  by in tro d u c in g  two s l i p  r a t i o s  u ^ / u ^  and VLg2^uJL2

which w i l l  be r e l a t e d  e m p ir ic a l ly  to  th e  l o c a l  t r a n s p o r t  p r o p e r t i e s  o f
th e  m ix tu re s .
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On th e  b a s is  o f e x p e rim e n ta l o b s e rv a tio n s  in c lu d e d  in  th e  d is c u s s io n  
o f c h a p te rs  2 and 3, i t  i s  n ec e ssa ry  to  e s t a b l i s h  a r e l a t i o n  betw een th e  
power law exponent n and th e  l o c a l  Reynolds num ber. T h is ta s k  cou ld  be 
e a s i l y  ach iev ed  when a c o n s is te n t  s e t  of e x p e rim e n ta l m easurem ents i s  
a v a i la b le  a t  v a r io u s  m ass-flow  r a t e s ,  o p e ra t in g  p re s s u re s  and p ip e  
d ia m e te r s .

A r a th e r  im p o rta n t advancem ent of th e  c u r r e n t  u se  of th e  v e lo c i ty  
p r o f i l e  model co u ld  be ach iev ed  by exam ining how th e  p re s e n t
r e p r e s e n ta t io n  o f th e  flow  a f f e c t s  th e  c a lc u la t io n  o f th e  h e a t t r a n s f e r  
c o e f f i c i e n t s .  At t h i s  s ta g e  one o f th e  many se m i-e m p iric a l methods found 
in  l i t e r a t u r e  cou ld  be u se d , b u t u l t im a te ly  i t  w i l l  b e s t  i f  an a n a l y t i c a l  
model cou ld  be p roposed  based on th e  assumed h e re  v e lo c i ty  p r o f i l e s  
and d e t a i l e d  in fo rm a tio n  about th e  te m p e ra tu re  d i s t r i b u t i o n  in  th e  flow  
p assa g e .

( i i )  Im provem ents o f th e  n u m erica l scheme
The f i n i t e  d i f f e r e n c e  e q u a tio n s  d e s c r ib e d  in  c h a p te r  4 have been 

d e r iv e d  f o r  b o th  s te a d y  and tim e-d ep en d en t s o lu t io n s , a lth o u g h  in  th e  
t h e s i s  s te a d y  flow  com parisons w ith  exp erim en t a re  o n ly  p re s e n te d . I t  
i s  th e r e f o r e  d e s i r a b le  to  examine th e  p r e d ic t io n s  o f th e  p re s e n t  
n u m erica l scheme in  com parison w ith  t r a n s i e n t  e x p e rim e n ta l r e s u l t s .  
B efore t h i s  i s  a c h ie v e d , i t  i s  n e c e s sa ry  to  i n v e s t ig a te  th e  l im i t a t i o n s  
imposed by th e  u se  o f one o f th e  e x p l i c i t  o r im p l i c i t  d i f f e r e n c in g  
schemes used in  ap p ro x im atin g  th e  c o n se rv a tio n  e q u a tio n s .

F re q u e n tly  i t  i s  a ls o  d e s i r a b le  to  s t a r t  th e  n u m erica l s o lu t io n  
p ro ced u re  w ith  a d i f f e r e n t  com bin ation  o f in p u t  p a ra m e te rs . For most 
p r a c t i c a l  a p p l ic a t io n s  where one h as to  s im u la te  th e  perfo rm ance o v er a 
com plete  sy stem , i t  i s  n e c e ssa ry  to  u se  th e  t o t a l  p re s s u re  drop o ver a 
t e s t  le n g th  r a t h e r  th a n  th e  m ass-flow  r a t e  which has been assumed so f a r
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i n  s e c t io n  4 -3 .2 .  An i t e r a t i v e  scheme s t a r t i n g  from a guessed  m ass-flow  
r a t e  i s  p ro b ab ly  a s u i t a b le  improvement in  t h i s  d i r e c t io n .
6 -3 .2  E x ten sio n  o f th e  v e lo c i ty  p r o f i l e  method

The e x te n s io n  o f th e  v e lo c i ty  p r o f i l e  model seems to  be d e s i r a b le  in  
th r e e  main d i r e c t io n s .  These a r e ,  f i r s t l y ,  im provem ents o f th e  model f o r  
more complex g eo m e trie s  o f th e  flow  p assa g e ; se c o n d ly , b e t t e r  
u n d e rs ta n d in g  o f flow  c o n d it io n s  and t h i r d l y  c o n s id e r  how th e  c u r r e n t  
r e p r e s e n ta t io n  o f th e  tw o-phases cou ld  in c o rp o ra te  a more r e a l i s t i c  
d e s c r ip t io n  o f th e rm a l e f f e c t s .  I t  i s  i n e v i t a b le  t h a t  such im provem ents 
r e q u ir e  c o n s i s te n t  e x p e rim e n ta l m easurem ents, which w i l l  examine th e  
accu racy  o f th e  p r e d ic t io n s ,  as w e ll  as e s t a b l i s h  th e  c o r r e la t io n s  f o r  
th e  indepen den t p a ram e te rs  t h a t  d e s c r ib e  th e  v e lo c i ty  p r o f i l e  and d e te rm in e  
th e  e n tra in m en t r a t i o s  o f th e  two p h a se s . A sch em atic  r e p r e s e n ta t io n  of 
d i r e c t io n s  t h a t  cou ld  be p ursued  a re  shown in  f ig u r e  6 .3 .

P erhaps th e  m ost obv ious f i r s t  e x te n s io n  i s  th e  s im u la t io n  of 
tw o -p h ase , n on -ax isy m m etric  f lo w s , such as  th e  flow s in  an n u lu s o r 
in c l in e d  p ip e s .  E xperim en ta l work i s  a ls o  n e c e s sa ry  f o r  such g eo m e trie s  
m ain ly  to  i n v e s t ig a te  th e  c o n t r ib u t io n  o f e n tra in m en t and d e p o s i t io n  in  
complex shapes o f i n t e r f a c e .  As a f i r s t  ap p ro x im a tio n , th e  concept o f th e  
e q u iv a le n t  h y d ra u lic  d iam e te r m ight be u s e f u l  in  th e  a n a l y t i c a l  m odel, 
b u t in  r e a l i t y  one has to  dev e lo p  v e lo c i ty  p r o f i l e s  s u i t a b le  f o r  
n o n - c i r c u la r  p a ssa g e s  which w i l l  be th en  in te g r a te d  o ver th e  flow  a re a  in  
th e  s im i la r  way as  d e s c r ib e d  in  t h i s  t h e s i s .  I t  i s  a ls o  w orth w h ile  to  
ex tend  th e  p re s e n t  model to  s tu d y  s te a d y  and t r a n s i e n t  tw o-phase flo w s in  
p ip e s  w ith  sudden exp ansio n  and c o n tr a c t io n s  o f th e  flow  a re a .

F u r th e r  developm ent o f th e  model cou ld  be ach iev ed  by improvement o f 
th e  a c tu a l  flow  reg im e. One cou ld  m odify th e  model to  account f o r  flow  
r e v e r s a l ,  o f e i t h e r  one o r b o th  o f th e  two m ix tu re s  and t h a t  w i l l  be a 
v e ry  u s e f u l  e x te n s io n  in  a n a ly s in g  quenching and re f lo o d in g  phenomena.
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The c o n d it io n s  o f th e  i n t e r f a c e  shou ld  be a ls o  s u b je c t  o f f u r t h e r  
c o n s id e r a t io n .  The P r a n d t l ’ s m ix ing  le n g th  h y p o th e s is  fo r  th e  i n t e r f a c e  
m ight n o t be a good ap p ro x im atio n  under c e r t a i n  c o n d it io n s ,  and one 
shou ld  c o n s id e r  u s in g  d i f f e r e n t  tu rb u le n c e  m odels. At th e  moment, t h i s  
ta s k  seem to  in tro d u c e  f u r t h e r  com plex ity  in  th e  c a lc u la t io n s  w hich m ight 
n o t be d e s i r a b le  a t  t h i s  s ta g e .

The n u m eric a l method i t s e l f  cou ld  be developed  to  s im u la te  shock 
waves which i s  o f some im p o rtan ce , p a r t i c u l a r l y  d u rin g  v e ry  f a s t  
flow  t r a n s i e n t s .

E x p erim en ta l o b s e rv a t io n s  a re  a ls o  n e c e s s a ry  to  in v e s t ig a te  th e  
c o n d it io n s  t h a t  p roduce vapour en tra in m en t in  th e  l iq u id  f i lm . Aim of 
such ex p e rim en ts  i s  to  p roduce a r e a l i s t i c  s e m i-e m p ir ic a l model t h a t  
cou ld  be used  in  c a lc u la t in g  th e  en tra in m en t r a t i o  in  th e  re g io n  n e x t to  
th e  w a l l .

E xperim en ts m ust be a ls o  perform ed to  examine th e  c o n d it io n s  under 
which lam in a r tw o-phase flow  cou ld  be a c h ie v e d , and d e f in e  th e  
c o rre sp o n d in g  c r i t i c a l  R eynolds number f o r  th e  t r a n s i t i o n  to  tu r b u le n t  
flow .

On th e  b a s is  o f th e  c u r r e n t  v e lo c i ty  p r o f i l e  m odel, where vap o ur o r 
l iq u id  cou ld  be tak en  to  be th e  predom inant phase  n ex t to  th e  w a l l ,  i t  i s  
n e c e ssa ry  to  exam ine by ex p e rim en ts  th e  c o n d it io n s  which a re  most l i k e l y  
to  g iv e  l iq u id  o r vapour in  re g io n  1. I t  m ight be a ls o  n e c e s s a ry  to  
examine th e  t r a n s i t i o n  re g io n  betw een th o se  two ty p es  o f a n n u la r  flow  in  
d ia b a t i c  tw o-phase f lo w s.

The s im u la t io n  o f th e  flow  so f a r  assum es th a t  l iq u id  and vap o ur a re  
in  th e rm a l e q u il ib r iu m . In  r e a l i t y  t h i s  i s  an i d e a l i s a t i o n  w hich i s  v e ry  
r a r e l y  t r u e .  In  most c a s e s ,  th e rm al n o n -e q u il ib r iu m  must be tak en  in to  
acco un t to g e th e r  w ith  th e  r e l a t i v e  tem p e ra tu re  d i s t r i b u t i o n  in  th e  r a d i a l
d i r e c t io n .
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An im p o rta n t advancem ent o f th e  c u r re n t  s o lu t io n  scheme cou ld  be to  
ex tend  th e  a n a l y t i c a l  model to  d e s c r ib e  th e  e f f e c t s  o f c o o la n t  
e v a p o ra tio n  on th e  t r a n s i e n t  h e a t  g e n e ra tio n  in  r e a c to r  c h a n n e ls . T h is 
r e q u ir e s  s i g n i f i c a n t  m o d if ic a tio n s  on th e  h e a t  t r a n s f e r  p a r t  o f th e  
s o lu t io n ,  b u t b ecau se  o f th e  s im p l ic i ty  o f th e  c u r r e n t  n u m erica l scheme 
th o se  m o d if ic a tio n s  can be s a f e ly  in c o rp o ra te d  in  th e  program  w ith o u t 
p r o h i b i t i v e l y  in c re a s in g  th e  c o m p u ta tio n a l tim e .

F in a l ly  in  o rd e r  to  examine th e  accu racy  o f th e  th e rm al p r e d ic t io n s  
we need to  make com parisons u n d er t r a n s i e n t  th e rm al c o n d it io n s .  F u r th e r  
ex p e rim en ts  a re  th e r e f o r e  n e c e s sa ry  f o r  th e  t r a n s ie n t  b u rn o u t 
c a lc u la t io n s  as w e ll  as f o r  quench ing  and re f lo o d in g  in  ch an n e ls  w ith  a 
sudden re d u c t io n  o f th e  flow  a re a .
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A p p e n d ix  A .

^Figures and Stables .

A * 1. iFigures for Chapter 1



1 20

1.1 Flow p a t t e r n s  in  v e r t i c a l  c o -c u r re n t  flow  (Co72)
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Flow ^

1.2 Flow p a t t e r n s  in  h o r iz o n ta l  flow  (Co72)
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A  - 2.1 JFigures for Chapter 2.
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2 .1  A pproxim ations used f o r  th e  v e lo c i ty  p r o f i l e  in
a n n u la r  tw o-phase flo w .
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2.2 The assumed v e lo c i ty  p r o f i l e s  used  by th e  p resend  
model f o r  a n n u la r  tw o-phase flo w ; (a ) L1V2 (b) V1L2.
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Mo5s Dryness F r ac t i o n  .

The v o id  f r a c t i o n ,  m ass-d ry n ess  f r a c t io n  r e l a t i o n  in  
a h o r iz o n ta l  unh eated  p ip e .

Mass Dryness F r a c t i on  .

2.4 The v o id  f r a c t i o n ,  m ass-d ry n ess  f r a c t io n  r e l a t i o n  in  
a v e r t i c a l  u nh eated  p ip e .
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Mass Dryness F r ac t i o n .

2 .5  The v o id  f r a c t i o n ,  m ass-d ryn ess  f r a c t io n  r e l a t i o n  in
a v e r t i c a l  h e a te d  p ip e
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Mass Dryness F rac t i on . Mass Dryness Fr ac t i on  .

2 .6  The v o id  f r a c t io n ,  m ass-d ry n ess  f r a c t io n  r e l a t i o n  f o r
b o i l in g  w a te r in  a v e r t i c a l  h e a te d  p ip e .
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Mass Dryness Fraction .
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( d )

( e )

( f )

M a s s  D r y n e s s  F r a c t i o n

Mass Dryness Fract ion .

2 . 7 The v o id  f r a c t io n ,  m ass-d ry n ess  f r a c t io n  r e l a t i o n  fo r  
b o i l in g  heavy w a te r in  v e r t i c a l  p ip e .
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f r a c t io n s  f o r  s team -w a te r flo w s.

2 . 9 Com parison betw een p re d ic te d  and o bserved  vo id  
f r a c t io n  f o r  b o i l in g  heavy w a te r  f lo w s .
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f o r  s team -w a te r flo w s.

2.11 P re d ic te d  and observed  v o id  f r a c t io n s  by S L Smith
f o r  b o i l in g  heavy w a te r  flo w s.



131

Heated Length : □ 4-88m and  • 7 .3 2m

2.12 The r a t i o  o f av erag e  vapour and l iq u id  v e l o c i t i e s  (S) 
as a fu n c t io n  o f mass d ry n e ss  f r a c t io n  f o r  a 25 .4  mm 
tu b e  (L1V2).
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Ratio of Vapour to Liquid Volume Flow Rates.

2 .1 3  The r a t i o  S f o r  sm all r a t i o s  o f gas to  l iq u id  volume
flow  r a t e s  (L1V2).

Liquid Flow 

(l-x)G kg/m2s. 
▼ 191

■ 416
O 581

□ 904
v 1270
a  1990
• 2790

Ratio of Vapour to Liquid 
Volume Flow Rates.

The r a t i o s  f o r  h ig h  r a t i o s  o f  gas to  l iq u id  volume 
flow  r a t e s  (L1V2).



133

2.15 N orm alised  p re s s u re  drop f o r  v e r t i c a l  h ea ted  p ip e  
flow  (2 5 .4  mm d ia m e te r ) .

2 . 1 6  N o r m a l i s e d  p r e s s u r e  d r o p  f o r  v e r t i c a l  u n h e a t e d  p i p e

f l o w  ( 3 8  mm d i a m e t e r ) .
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flow  (38 mm d ia m e te r ) .

2 . 1 8  N o r m a l i s e d  p r e s s u r e  d r o p  f o r  h o r i z o n t a l  u n h e a t e d  p i p e

f l o w  ( 3 8  mm d i a m e t e r ) .
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2 .19 N orm alised  p re s s u re  drop f o r  h o r iz o n ta l  u nh eated  p ip e  
flow  (2 5 .4  mm d ia m e te r ) .

2 . 2 0 C o m p a r iso n  b e t w e e n  p r e d i c t e d  an d  o b s e r v e d  p r e s s u r e  d r o p
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2.21  P re d ic te d  v o id  f r a c t io n s  f o r  lam in a r and tu r b u le n t
flow s f o r  L1V2 and V1L2.

2 .22  P re d ic te d  vo id  f r a c t io n s  f o r  lam in a r flow s a t
d i f f e r e n t  o p e ra t in g  p r e s s u r e s .
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P red ic ted  void f ra c tio n s  fo r tu rb u len t flows a t
d if f e r e n t  o p era tin g  p re ssu re s .

2.24 P red ic ted  void f r a c t io n s  a t d if f e r e n t  opera tin g  
p ressu res  fo r  l iq u id  or vapour next to  the w all
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2.25
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The r a t io  of average vapour and liq u id  v e lo c i t ie s  (S) 
a t  d i f f e r e n t  o p e ra tin g  p re ssu re s .

The r a t io  of average vapour and l iq u id  v e lo c i t ie s  (S)
fo r  lam inar and tu rb u len t flows when L1V2 and V1L2
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2 .27  The r a t i o  o f av erag e  vapour and l iq u id  v e l o c i t i e s  a t
d i f f e r e n t  o p e ra t in g  p re s s u re s  f o r  l iq u id  o r vapour
n e x t to  th e  w a ll



1 4 0

A - 2.2 Sables for ©Ijapter 2.
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2 .1  L i s t  o f th e  im p o rta n t i n t e g r a l s  used by th e  v e lo c i ty
p r o f i l e  m odel.
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I t )  ' <

Maximum Velocity 
Ratio

Umax,2 f" * 
umax ,1 [ h *]*-[*

Mass Flow Rate 
Ratio

em2 2
6^ “ *4) [ r h l

Average Velocity 
Ratio

h  . ri  ■ 1
=1 L <  - V

2 2

l. - lh a

2r -

"d 5 <p2/fll > 

■ *

1/2

■itc- ft]
1/4

H  ■  I t )  • ■ ■ [ ' - 7 ]

uaax,2 \ l U a  . r^h . V %  1
Umax, 1 LRjj rQ J L r_ rL- r_ J

1/n

h s

•  ^

n+l

■ - f e ) '  - V
/ n 4- 1 v( — r—  ) r + rn s o

n+l
2 2r - r o sV  ~1r

/ Th \ n , n + 1 .{— )  - v  ( — >
f  n + l  v ,( — "—  ) r + rn s o

2 .2  The tw o-phase flow  p aram ete rs  o f th e  v e lo c i ty  p r o f i l e
model in  lam in a r and tu r b u le n t  flow s
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1 4 3

Reference C orre la tio n  fo r S =

Lockhart and M a rtin e ll i  
(Lo49)

S * ( ^  “ -  ) where

“ ■  f ” (X) ■ x s [ < 3 ^  ! <sf>g ]  1/2

Hughmark (Hu62) s = ) ( “^  ) ( ) where 
P£

a = k 6 w ith  B = — , > — 77-:----r*x + (Pg/Pjj,) ( l-x )
g 2k * fn ( Re , — ----- , 1-B )

p £ gd
Thom (Th64) S = fn  ( p£/  pg )

Smith (Sm70)
r  p . /  p + e( 1/x  -  1 ) 1 1 /2s -  e + ( 1-e )  *-----------------------L 1 + e( 1 /x  -  1 ) J 

w ith  e = 0.40

Chisholm (Ch73) r p 4 l  1 / 2s = x( —-  ) + 1 -  x
L pg J

Bryce (Br77) . - [  .  1L A -  a + (1-A) a * J
where A = fn  ( p ,G ,x ,pg ,p^ ) 

B «= fn  ( P»Pg»P£ )

V elocity  P ro f ile  (1983)
r, r  pS - f n ( —  , —  , - S . , n )
r o r o pi 

r  r.where —-— = fn  (a) , —— = fn  (a , p /p^)
r  r  g o s

and n = fn (G).

2 .3  S l ip  c o r r e la t io n s  f o r  s team -w a te r flow s w ith  l iq u id
n e x t to  th e  w a l l .



References
Two-phase
mixture

Range of Experimental Conditions.
Description.

p(bar) q (kW/m2) G(kg/m2-s) d(mm) 8 °

Larson (La57). Steam-Water 68.98 0 0.0 Void fraction and pressure 
drop for mass-dryness 
fractions up to 0.80 .

Isbin et.al. 
( Is57 )

Steam-Water 1.013 0 292 - 876 22.0 90.0
Void fraction and pressure 
drop measurements for mass- 
dryness fractions up to 0.04 .

Egen et.al. 
( Eg57 )

Steam-Water 137.9 946-1577 949 - 1220 90.0
Void fraction measurements 
for mass-dryness fractions 
up to 0.40 .

Chisholm and 
Laird (Ch58).

Air - Water
1.1
to
1.7

0 190 - 2800 27.0 0.0
Ratios of average velocities of 
the vapour and liquid phases , 
and pressure drops. Pipe 
length 2.44 metres.

Haywood et.al. 
( Ha61 )

Steam-Water
17.2
to

145.0
20 - 140 750 - 1950

25.4
38.1

0.0
90.0

Void fraction and pressure 
drop measurements for mass- 
dryness fraction up to 0.4 . 
Pipe length up to 7.32 metres.

Rouhanl and 
Becker (Ro63).

Heavy-Water
7.0
to

50.3
380-1200 650 - 2050 6.0 90.0

Void fraction measurements 
for mass-dryness fraction 
up to 0.38 . Pipe length 2.5 m.

2 . 4 R a n g e  o f  E x p e r im e n t a l  c o n d i t i o n s  f o r  t h e  t e s t s  u s e d  i n  c o m p a r is o n s
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T w o -p h a se  f lo w
P a r a m e te r s

LAMINAR TURBULENT

In te r fa c e  rad iu s

R atio  of R e la tiv e  
Pipe Radius

Maximum V elocity  
R atio

Mass Flow ra te  
R atio  (n^/m p

R atio  of average 
v e lo c i t ie s  of 
Region 2 and 1

r  ■  r  s o

max,2 1
max, 1 ■ v

r  = 0s

«v

max ,2
i . max, 1

r  = rs o

max, 2
max, 1

_1__
“d

r  * 0s

r o

max, 2
i , max, 1

u2 (n + 1) (2n + 1)
71u, 2n

2.5 Boundary co n d itio n s  fo r  a l l  l iq u id  and a l l  vapour 
flows when vapour Is  next to  the w a ll.
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Two-phase flow 
Param eters

LAMINAR TURBULENT
x “ ►  0 X—►  1 x —► 0 x 1

In te r fa c e  ra d iu s r  -  0 s r  * rs o r  = 0 s r  = rs o

R atio  of R e la tiv e
r 0 i - sr o

r h . ----  = 1
Pipe Radius r o r s

Maximum V elocity u omax,2 _ ^ u omax,2 _ i
*v

u omax, 2 1 u omax, 2 1
R atio u i max, 1 u i max, 1 u imax, 1 u . max, 1 *D

Mass Flow ra te  
R atio  (n^/m p 0 00 0 00

R atio  of average 
v e lo c i t ie s  of “ 2... i Tm -  0 u2 (n + 1) (2n + 1) 00
Region 2 and 1 " l “ l 2n2

2.6  Boundary co n d itio n s  fo r  a l l  l iq u id  and a l l  vapour
flows when l iq u id  i s  next to the  w a ll.
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A • 3.1 figures for Chapter 3.



1 48

Shearing of 
roll - waves.

Wave undercut.

Bubble burst.

Impingement of 
large drops.

Liquid-bulge 
disintegration.

3 . 1 V a r io u s  p h y s i c a l  p i c t u r e s  o f  e n t r a in m e n t



1 4 9

Jk

a  R e g i o n  1 1*h ^ 7 ^ < r ^ U2O c f  r 0
& & I R e g i  o n  2

Q *  A o  o - & r \ o o °

♦  7 V
J ‘ _ _ " '  .  j

s\__ //
—

♦ •• • • • • •••*••• • ••%••• 4 ,•  • V• •••*•;!•
------ ---------

( b  )

y//////jw//tf/s&?////M>,

U mox 2 ^  
11 ma xi ---- ►

w s s m

3 .2 The assumed v e lo c i ty  p r o f i l e s  w ith  (a) l iq u id  and (b) 
v ap our p redom inant in  re g io n  1.
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3 .3
Moss Dryness Fraction .

The m easured e n tra in m en t r a t i o s  f o r  th e  l iq u id .

(E ) Experimental Entrainment Ratios.
< W ) Without Entrainment .

3 . 4  E x p e r im e n t a l  an d  p r e d i c t e d  v o i d  f r a c t i o n s  a t

d i f f e r e n t  mass flow  r a t e s
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3 .5 N orm alised  p re s s u re  drop in  h o r iz o n ta l  p ip e  flow s 
w ith  h e a t  in p u t .



Pr
es

su
re

 
Dr

op
 

Ap
N

 
. 

Pr
es

su
re

 
Dr

op
 

Ap
N

152

Mass Dryness  F r a c t io n .

(a) (b)

(c) (d)

3 .6 N orm alised  p re s s u re  drop in  v e r t i c a l  u nh eated  p ip e
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Observed P r e s s u r e  Drop A p N  .

3 . 7 Com parison betw een p re d ic te d  and observed  p re s s u re  
d ro ps w ith  d i f f e r e n t  o p e ra t in g  p re s s u re s .



1 54

(a) (b)

3 . 8 N o r m a l i s e d  p r e s s u r e  d r o p  f o r  p i p e  f l o w s  a t  6 9 .6 9  b a r ;  t e s t  l e n g t h  0 . 9 1 9  m



1 55

£Q.
Q.
o

a
03l_3l/ll/l03
a

( a ) (b)

( e )

( d )

( f )

3 . 9 N o r m a l i s e d  p r e s s u r e  d r o p  f o r  p i p e  f l o w s  a t  7 1 .1 3  b a r

t e s t  l e n g t h  0 . 9 1 8  m.
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( a ) (b)

(c)

(e)

3 .1 0  N orm alised  p re s s u re  drop f o r  p ip e  flow s a t  69 .60  b a r ;
t e s t  le n g th  0 .920  m.

( d )

(f)



15 7

( b )

(c) ( d )

(e)

3 . 1 1 N o r m a l i s e d  p r e s s u r e  d r o p  f o r  p i p e  f l o w s  a t  6 8 .8 1  b a r ;

t e s t  l e n g t h  0 . 5 3 1  m.

( f )



1 5 8

(b)

(c)

3 . 1 2 N o r m a l i s e d  p r e s s u r e  d r o p  f o r  p i p e  f l o w s  a t  7 0 .0 7  b a r ;

t e s t  l e n g t h  0 . 9 1 1  m.

( d )

( f )
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1 59

(a) (b) (c)

(d) ( f )  (g)

( h )

3 .13 N orm alised  p re s s u re  drop  f o r  flow  in  an a n n u la r  
p assag e  a t  69.90 b a r ;  50 .2  mm in n e r  d ia m e te r ,  82 .5  mm
o u te r  d ia m e te r , t e s t  le n g th  0 .674  m
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3.14

2clN)
Q.OUQ
<DL.Z5
L

CL
■DQJ

CL

24

21 -

18 -

15 -

12 -

•
T-1-T-
M a s s

-1-J-1---
F lu x .

' 0 1070 Kg/m̂-s
- A 1072 Kg/m2-s
+ 1502 Kq/m̂ -s
X 2257 Kg/m̂-s

- 0 2996 Kg/m̂ -s
4- 3053 Kg/m̂ -s
X 3790 Kg/m̂ -s
z 401 1 Kg/m2-s

+ 15 per cent.

-15 per cent

Entrainment Gas=1.0 L!qu!d = 0.0

24

Observed Pressure Drop ApN .

Com parison betw een p re d ic te d  and observed  p re s s u re  
d rops a t  d i f f e r e n t  mass f lu x e s .
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A - 3.2 tables for ©IjaptEr 3.



1 6 2

3.1 The entrainment flow parameters for liquid or vapour
phase occupying region 1.



O p e ra t. D iam e te r L eng th  o f I n c l i n a t i o n Mass flo w F ig u reE xperim en t P r e s s u re ( mm ) t e s t  s e c t io n to r a t e s
No.

D e s c r ip t io n
( b a r ) . ( m ) . H o r iz o n ta l . (kg /m 2-8 )

A nderson 30 V oid f r a c t i o n
M an tzo u ran ls 1 .0 14 1 0 .85 1 .8 3 90° to 3 .4 in  a d i a b a t i c

( An60 ) 1363 a i r - w a t e r  f lo w s .

Haywood 17 .23 7 .3 2 0° 750 3 .5 P r e s s u r e  d rop  in
e t . a l . to 3 8 .0 0 to d l a b a t l c  and a d i a b a t i c

( Ha61 ) 144 .79 2 .4 4 90° 1950 3 .6 steam  -  w a te r  f lo w s .

CISE-R-27. 6 9 .5 5 .0 0 1046 3 .8 P r e s s u r e  d rop
Elem. 5 2 ,6 8 ,8 8 to 6 .3 0 0 .9 2 90° to 3 .9 in  a d i a b a t i c

( Be60 ) 7 1 .1 8 .2 0 4369 3 .1 0 steam  -  w a te r  f lo w s .

CISE-R-27 6 9 .0 0 .5 3 1070 3 .1 1 P r e s s u r e  drop
E lem ents 54 ,51 to 5 .2 0 90° to in  a d i a b a t i c

( Be60 ) 7 0 .0 0 .9 1 3859 3 .1 2 s t e a m - w a te r  f lo w s .

CISE-R-31 In n e r  5 .0 2 982 P r e s s u r e  d rop  in
E lem ent 85 6 9 .9 O u te r  8 .2 5 0 .6 7 4 90° to 3 .1 3 a d i a b a t i c  s te a m -w a te r

( Ad61 ) H ydr. 3 .2 3 3798 flo w  in  an a n n u lu s .

3 .2 Summary o f th e  e x p e rim e n ta l com parisons c a r r ie d  ou t

163
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A - 4.1 iPigurcB for Chapter 4.
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The c o n tro l  volume o f th e  s e p a ra te d  flow  c o n se rv a tio n  
e q u a t io n s .

4 .2  The assumed t r a n s v e r s e  d i s t r i b u t i o n  o f th e  p r o p e r t i e s
f o r  p hases 1 and 2 (L1V2).
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( a )

4 . 3 T h e  t w o - p h a s e  a v e r a g e d  d e n s i t i e s  f o r  n  = 7 w h en

( a )  L1V2 an d  ( b )  V 1 L 2 .
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(a)

4 . 4 T h e  t w o - p h a s e  a v e r a g e d  d e n s i t i e s  f o r  n  = 9 w h en

( a )  L1V2 an d  ( b )  V 1L 2.
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1 68

T h e r a t i o (u2)/(u)24 . 5 a t  6 9  b a r  f o r  L1V2 an d  V1L2
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T h e r a t i o (u2)/(u)24 . 6 a t  15 5  b a r  f o r  L1V2 an d  V1L2
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i - 2  i-1 i i + 1 i

■ ► Axial position +  space variables
------^  flow variables

4 .7  S tag g ered  g r id  system .

< p u > (_ < p u >  i j

4 .8 A rrangem ent o f v a r ia b le s  in  a t y p i c a l  c e l l



P
re

ss
ur

e 
D

ro
p 

(k
N

/m

171

4.9 The effect of grid size on (a) pressure drop,
(b) mass-dryness fraction and (c) void fraction, in 
a cosine heat flux distribution.
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( a )

( Is82 = IshTi+MIshima Entrainment Model).

(b)

( ls82 = Ishll+MIshlma Entrainment Model).

4.10 The p re s s u re  drop and v o id  f r a c t io n  in  a u n ifo rm ly  
h ea te d  p ip e  f o r  d i f f e r e n t  e n tra in m en t m odels.
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( a )

(b)

( Is82 = IshTi+Mishima Entrainment Model).

( Is82 = IshTi+Mishima Entrainment Model).

KO
•O’
io
X3U.
oa>
x

4 . 1 1 The e f f e c t  o f e n tra in m en t in  p re s s u re  drop and vo id  
f r a c t io n  f o r  a chopped c o s in e  h e a t  f lu x .
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( b )

4 . 1 2

100

90 -

- * i * ■ ■ ■ t ■ ■ ■ ■ t * * i ■ *

Entrainment R atios .
------------  Llquld=0.0 Gos=0.0

--------------Liquid=0.0 Gos=1.0
------------ L*qu!d»ls82 Cos-0.0
------------ L*quid=ls82 Gas=0.5*L'q.

1.50

N
E
\

CL0 L.Q
0)L_301 01 01 L.a

Operating Conditions.
P=68.9 Bar. T,„=265.4 C. 5 "=800 kW/m2 .

120 160 200 240 280

Axial Distance (cm).

( Is82 = Ish'i+Mishima Entrainment Model).

- 1.20

0.90

o
•O’
<T

0.60

0.30

360 400
0.00

( Is82 = IshTi+MIshima Entrainment Model).

The e f f e c t  o f e n tra in m en t in  p re s s u re  drop and v o id  
f r a c t i o n  fo r  e x p o n e n tia l  h e a t  f lu x  d i s t r i b u t i o n .
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4 .13

4 . 1 4

Com parison o f p re s s u re  d rops p re d ic te d  f o r  d i f f e r e n t  
h e a t  f lu x  d i s t r i b u t i o n s .

Com parison o f l iq u id  e n tra in m en t r a t i o s  p re d ic te d
f o r  d i f f e r e n t  h e a t  f lu x  d i s t r i b u t i o n s
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4 .1 5  Com parison o f v o id  f r a c t io n s  p re d ic te d  f o r  d i f f e r e n t
h e a t  f lu x  d i s t r i b u t i o n s .

Axial Distance ( c m ).

( Ishi* + Mishima Entrainment Model ).

4 .1 6  Com parison o f f i lm  th ic k n e s s e s  p re d ic te d  fo r
d i f f e r e n t  h e a t  f lu x  d i s t r i b u t i o n s .
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A - 4.2 tables for CJljaptrr 4.



Averaged D e n s i t ie s W ithout E n tra inm en t (L1V2) With E n tra inm en t

PA f l P1 + f 2 p2
f  ̂  * l - o

f  2 “ °
f l =  ̂ a 2 "  a * /  < a 2 "  a l * 
f2 » ( a - Oj ) / ( a2 - Oj )

1 ^ f l + f 2
PF P1 P2

f  ̂  ■  1 -  x

f  2 = X
f j  = ( x 2 “ x ) /  ( x 2 ~ x i ) 
f 2 = ( x -  Xj ) /  ( x2 -  x1 )

f  1 + f  2
M P 1 P2

f j  » U2 (1 -  x ) 2 /  (1 -  a)

- „2 2 ,f 2 = U2 x /  a

f .  = U

f« * U

2 " x2 -  X r ° 2 -  a i l
1

- X2 ” X1 - 2 - °2 -  a

2 “ x -  x^ “ r a 2 -  ° i ]
2

- X2 " X1 - a -  “ i -

f l  + f  2
-2
P1

-2
P2

f x = U3 (1 -  x ) 3 /  (1 -  a ) 2

- tT3 3 . 2f 2 = U2 x /  a

f l = U 1

f 2 " U2

x2 -  X CM 
8 1 
1__ -  a i ]

- X2 ” X1 - - a 2 -  a
“ x ~  x\~

3
” a 2 -  a i l

- X2 " X1 - a -  a i J

2

4 . 1  D e f i n i t i o n s  o f  t h e  a v e r a g e  d e n s i t i e s  a c r o s s  t h e  f l o w  f l o w  a r e a .
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X K 4 1 k X

1
1 0 -1
2 Dp ( PA > 0

3 Dh ( pa > 0

2

1 1 -2G •  PM

2 0 1 - g2dp( p-1 )

3 0 - G2 V  p'1 )

3

1 G ' PM
3 G 2 

- h )
2 pE

2
g2

hD ( p ) + — D ( p"1 ) - 1 p H  2 p M <G/pE )3dP( Pi' >

3 G2 _j
hDh( PH } +7 Dh( PM ) + PH - G + ( G/pE )\( P'1 )

4 .2  D e f in i t io n  o f th e  v a r ia b le s  used  in  th e  c o n s e rv a tio n
e q u a tio n s .



4.3 D e f in i t io n  o f th e  v a r ia b le s  used in  th e  c o n se rv a tio n  e q u a tio n s .
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1 8 1

A - 5.1 iFigurrs for Chapter 5.



1 8 2

( a  )

( b  )

Distance from Entrance (cm).
( ishTT + Mishlma Entrainment Model ).

5 .1  The e f f e c t  o f g r id  s i z e  on (a ) l iq u id  en tra in m en t
r a t i o ,  (b) f i lm  th ic k n e s s  f o r  th e  I s h i i  and Mishima
e n tra in m en t model
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Boiling Length (m).

5 .2  B urnout m ass-d ry n ess  f r a c t io n  a t  d i f f e r e n t  b o i l in g
le n g th s  f o r  a u n ifo rm ly  h ea te d  p ip e  (1 2 .6  mm in  
d ia m e te r ) .
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1 8 4

5 .3 B urnout h e a t  f lu x  f o r  d i f f e r e n t  d ry n ess  f r a c t io n s  in  
a u n ifo rm ly  h ea te d  p ip e  (1 2 .6  mm in  d ia m e te r ) .
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t 
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 (
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th

1 .0 0

.90

.80

.70

.6 0 -

.50
1.0 2.0 3.0 4.0 5.0

2 —3Mass Flux kg/m - s x 10
5.4 B urnout p o s i t io n  as a fu n c t io n  o f mass f lu x  fo r  

s team -w ate r flow  in  a tub e  w ith  a c o s in e  h e a t  f lu x

0001

d i s t r i b u t i o n .
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5 .5  B urnout h e a t  f lu x  as a fu n c t io n  o f mass f lu x  f o r  a
tu b e  w ith  a c o s in e  h e a t  f lu x  d i s t r i b u t i o n .
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5 .6  Com parison o f b u rn o u t c o n d it io n s  on a lo c a l
c o n d i t i o n s  b a s i s  f o r  a  c o s i n e  h e a t  f l u x  d i s t r i b u t i o n .
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JV - 5.2 Stables for Chapter 5.



pPressure  : 6 8 .9  bar. Mass f l u x  : 1360 kg/m - s  . 
Diameter : 12.6 mm . Cold Patch Length : 609 .6  mm .

Case 
No.

Bottom o f  
Cold patch  

( mm ) .

I n l e t
Subcool ing  

( k J / k g ) .

Heat 
Flux  

(kW/m^).

Length to Burnout (m).

Experiment P r e d ic t e d D i f f e r e n c e  (%)

1 423 .8 132.6 1121.3 4.2672 4 .227 0 .9

2 6 59 .4 158.2 1158.2 4.2672 4.318 1 .2

3 1273.3 155 .8 1152.5 4.2672 4 .445 4 .2

4 1565.0 255 .9 1205.2 4.2672 4 .53? 6 .2

5 1986.1 2 21 .0 1196.4 4.2672 4 .572 7 .1

6 2570.6 139.6 1178.0 4.2672 4.181 oOJ

P r e d ic t e d  l en g th  f o r  zero l i q u i d  f i l m  mass f low r a t e ,  
without  vapour entrainm ent .

5 .1  P re d ic t io n s  o f Burnout le n g th  fo r  u n ifo rm ly  h ea ted
p ip e  w ith  a co ld  p a tch

1 8 9
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HBSS-DRTNESS FRACTlON.O.005 

PRESSURE=250 PS1B 111-23 BSR1

l i q u i d  flows close  to the  hull

HBSS FLOW RBTE-100 LB/SEC M5-36 KG/SEC)

HBSS-DRTHESS FRBCT]0N=0 .005 

PRESSURE.250 PS1B I 11-23 BAR I

VAPOUR FLOWS CLOSE TO THE WALL

HASS FLOW RBTE.100 LB/SEC 145-36 KO/SEC)

of th e  ve
6.1 A th r e e d im en sio n a l r e p r e s e n ta t io n l o c i t y  p r o f i l e s .



6.2 D iagram m atic r e p r e s e n ta t io n  o f th e  easy  im provem ents o f th e  model

1 9 2



6 .3 F u r th e r  e x te n s io n s  o f th e  v e lo c i ty  p r o f i l e  model
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APPENDIX B

THE "VELPRO" COMPUTER PROGRAM

B -l In t ro d u c tio n  to  th e  Program .
The "VELPRO" program  i s  d es ig n ed  to  c a lc u la te  th e  v o id  f r a c t io n  and 

p re s s u re  drop w ith  th e  v e lo c i ty  p r o f i l e  model fo r  d i f f e r e n t  m ass-d ry n ess  
f r a c t io n s  a n d /o r  mass flow  r a t e s  in  v e r t i c a l ,  h o r iz o n ta l  o r in c l in e d  p ip e  
f lo w s , w ith  o r w ith o u t h e a t  t r a n s f e r .

Because o f th e  g re a t  v a r ie t y  o f ind epen den t v a r ia b le  co m b in a tio n s , 
th e  r e s u l t s  a re  u s u a l ly  p re se n te d  in  many d i f f e r e n t  w ays. T h e re fo re  an 
i n t e r a c t i v e  com puter program  i s  th o u g h t to  be th e  e a s i e s t  s o lu t io n ,  w ith  
th e  minimum number o f in p u t p a ra m e te rs , which cou ld  be f l e x i b l e  enough to  
a llo w  human in te r v e n t io n  even d u rin g  th e  c a lc u la t in g  s ta g e s .  W ith an 
e n tra in m en t o p tio n  th e  program  can be a ls o  made cap ab le  o f p ro du c in g  
r e s u l t s  anywhere in  th e  range betw een th e  homogeneous and th e  co m p le te ly  
s e p a ra te d  ty p e s  o f flo w . The c o rre sp o n d in g  en tra in m en t r a t i o s  can be 
tak e n  to  v a ry  w ith  th e  m ass-d ryn ess  f r a c t io n  and e i t h e r  l iq u id  o r vapour 
may be tak en  as predom inan t in  th e  w a ll  re g io n . For f a s t e r  c a lc u la t io n s  
th e  o u tp u t from th e  program  can be saved in  a m agnetic  ta p e  o r s e n t  
d i r e c t l y  to  th e  p l o t t e r .

A sch em atic  r e p r e s e n ta t io n  o f th e  program  c o n s t ru c t io n  i s  shown in  
f ig u r e  FB-1 which c o n ta in s  th e  names o f th e  s u b ro u tin e s  u sed . The main 
pu rpo se  o f each s u b ro u tin e  i s  d is c u sse d  in  th e  fo llo w in g  s e c t io n s ,  
to g e th e r  w ith  c u r r e n t  commands a v a i la b le  in  th e  main program  to  shape th e  
re q u ire d  co m parisons . In  th e  f i n a l  s e c t io n  g e n e ra l  rem arks from th e  use 
o f th e  program  a re  p re s e n te d ,  to g e th e r  w ith  some n u m erica l and 
co m p u ta tio n a l a s p e c ts  o f th e  c a lc u la t io n s .
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B-2 G en era l D e s c r ip tio n  o f th e  Program
The program  VELPRO, as  re p re s e n te d  by f ig u r e  F B .l ,  c o n s i s t s  o f a 

number o f s u b ro u tin e s  which a re  used  e i t h e r  to  form th e  in p u t p a r t  o f th e  
main program  o r to  h an d le  th e  o u tp u t c a lc u la t io n s .  A ttach ed  to  th e  main 
program  i s  a ls o  a so ftw a re  b ase  o f n u m erica l ro u t in e s  and f i n a l l y  th e  
program , w ith  th e  a id  o f some so ftw a re  r o u t in e s ,  can a c ce ss  th e  main 
com puter memory b a s e , e i t h e r  f o r  d a ta  r e t r i e v a l  and s to ra g e  o r f o r  u s in g  
th e  p l o t t i n g  r o u t in e s .
B -2 .1  D e s c r ip tio n  o f th e  In p u t P a r t

The in p u t p a r t  o f program  c o n s i s t s  o f th e  ro u t in e s  shown in  th e  l e f t  
hand s id e  o f f ig u r e  FB-1 and c o n ta in s  a number o f q u e s tio n s  r e le v a n t  to  
th e  o p tio n s  b u i l t  in to  th e  program , and th e  n e c e s sa ry  in p u t p a ra m e te rs . 
The o p tio n s  t h a t  can be used  in  th e  d e s c r ip t io n  o f th e  tw o-phase flow  
problem  a re  th o se  l i s t e d  in  t a b le  T B .l. A lso a t  th e  in p u t ,  th e  p ip e  
d ia m e te r , a n g le  o f i n c l in a t i o n  to  h o r iz o n ta l ,  th e  o p e ra t in g  p re s s u re  and 
d e n s i t i e s  a re  i n i t i a l i s e d .  A com plete  d e s c r ip t io n  o f th e  in p u t i s  shown 
in  f ig u r e  FB .2. D uring th e  c a lc u la t io n s  th e  program  has th e  f l e x i b i l i t y  
to  r e d e f in e  th e  w hole in p u t o r p a r t  o f th e  p h y s ic a l  p r o p e r t i e s  w ith o u t 
le a v in g  th e  e x e c u tio n  s t a t u s .

Im m ediate ly  a f t e r  th e  in p u t to  th e  program , shown in  f ig u r e  FB.2, 
th e  ro u t in e  "VISCOS" i s  used to  c a lc u la te  th e  s team -w ate r v i s c o s i t i e s .  
I n s id e  t h i s  ro u t in e  th e  s a tu r a t io n  tem p e ra tu re  i s  f i r s t  c a lc u la te d  fo r  
th e  o p e ra t in g  p re s s u re  acco rd in g  to  th e  e q u a tio n  p roposed  in  th e  S k e le to n  
t a b l e s  o f r e fe re n c e  (A r70). Then f o r  th e  v i s c o s i t i e s  th e  fo rm ula 
p roposed  in  r e fe re n c e  (Ba69) i s  used  f o r  th e  tem p e ra tu re  re g io n  betw een 0 
to  300 d eg re e s  C e ls iu s .  O u ts id e  t h i s  re g io n  o r f o r  m ix tu re s  o th e r  than  
s team -w a te r th e  program  re q u e s ts  th e  v i s c o s i t i e s  known from steam  t a b l e s .

For uniformly heated pipe flows where the inlet conditions are below 

the saturation point, the routine "PREHEAT" is used to calculate the
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le n g th  from i n l e t  up to  th e  p o in t  of b u lk  s a t u r a t i o n ,  th e  p re s s u re  drop 
up to  t h i s  p o in t ,  and th e  m ass-d ry n ess  f r a c t io n  a t  th e  e x i t  o f th e  
s p e c i f ie d  t e s t  s e c t io n .  The same ro u t in e  can be a ls o  used in  a d i f f e r e n t  
way, to  examine w he ther o r n o t th e  f l u id  i s  su bcoo led  a t  th e  i n l e t  to  th e  
t e s t  s e c t io n  when th e  m ass-d ry n ess  f r a c t io n  a t  th e  e x i t  i s  known. In  
e f f e c t ,  th e  ro u t in e  "PREHEAT" i s  an a p p l ic a t io n  o f th e  momentum and 
Energy c o n s e rv a tio n  e q u a tio n s  f o r  s in g le  phase flow .

The e n tra in m en t r a t i o s  o f l iq u id  and vapour a t  a p a r t i c u l a r  
m ass-d ry n ess  f r a c t io n  can be a ls o  s p e c i f ie d  a t  th e  in p u t .  Then f o r  a 
g iv en  t a b le  o f e n tra in m en t r a t i o s  a t  v a r io u s  d ry n ess  f r a c t i o n s ,  th e  
s u b ro u tin e  "ENTRIN" c a lc u la t e s  th e  lo c a l  e n tra in m en t r a t i o s  by cu b ic  
s p l in e  i n t e r p o l a t i o n .  T h is t a b le  can be s to re d  in  th e  main com puter 
memory and be r e t r i e v e d  o r re d e f in e d  d u rin g  any s ta g e  o f th e  
c a l c u l a t i o n s .

D uring  th e  c a lc u la t io n s  we a re  a b le  to  ta k e  e i t h e r  th e  l i q u id  o r 
vapour p h ases in  th e  re g io n  n ex t to  th e  w a l l .  T h e re fo re  th e  p r o p e r t i e s  
in  re g io n  1 and 2 must co rre sp on d  to  th e  p h ases chosen in  th e  in p u t ,  and 
any changes a re  h an d led  by s u b ro u tin e  "FPROP" which i s  used  im m ediately  
a f t e r  th e  e n tra in m en t r a t i o s  a re  found to  i n i t i a l i s e  th e  t r a n s p o r t  
p r o p e r t i e s  in  th e  flow  re g io n s .
B -2 .2  D e s c r ip tio n  o f th e  Main Program

The main p a r t  o f th e  program  i s  th e  p a r t  where an i n t e r a c t i v e  
c o n tro l  o f th e  s a t e l l i t e  ro u t in e s  ta k e s  p la c e  to  p re s e n t  o r compare v o id  
f r a c t io n s  and p re s s u re  d rops f o r  known m ass-d ry n ess  f r a c t i o n  o r 
m a s s - f lu x . T h is i s  ach ieved  by a number o f c o n t ro l  commands w hich a re  
shown in  f ig u r e  F B .3 , a rran g ed  in  a lp h a b e t i c a l  o r d e r ,  to g e th e r  w ith  a 
s h o r t  e x p la n a tio n  o f th e  a c t io n  ta k e n . T h is  main p a r t  o f th e  program  
rem ains alw ays a t  th e  e x e c u tio n  s t a tu s  u n t i l  th e  command "E" i s  e n te re d .
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Thus by s u i t a b ly  choo sin g  th e  c o n tro l  commands i t  i s  ea sy  to  examine 
d i f f e r e n t  a s p e c ts  o f th e  c a lc u la t io n s  in  many d i f f e r e n t  ways.

I t  i s  beyond th e  p u rp o se  o f th e  p re s e n t  t h e s i s  to  e x p la in  in  d e t a i l  
what a c t io n  i s  tak en  by th e s e  commands. But f o r  a b e t t e r  u n d e rs ta n d in g  
o f t h e i r  u se  th ey  can be c la s s e d  in  two main groups as shown by ta b le  
TB.2. Samples o f th e  o u tp u ts  produced by th e  commands CE, CT, EPG, W and 
PDC a re  shown r e s p e c t iv e ly  in  f ig u r e s  FB.4 to  FB.8.

However, i t  i s  more u s e f u l  to  d e s c r ib e  some of th e  main r o u t in e s  
t h a t  c o n s t i t u t e  th e  h e a r t  o f th e  c a lc u la t io n s  in  th e  main program .

"QUALY" and "VOIDY" a re  two o f th e  most im p o rtan t ro u t in e s  which a re  
alw ays used  f o r  c a lc u la t in g  th e  m ass-d ry n ess  f r a c t io n  when th e  v o id  
f r a c t io n  i s  known (QUALY), o r th e  v o id  f r a c t io n  when th e  m ass-d ry n ess  
f r a c t io n  i s  known (VOIDY). Both th o se  r o u t in e s  a re  developed  f o r  th e
v e lo c i ty  p r o f i l e  model w ith  e n tra in m en t and use q u a d ra tu re  ro u t in e s  
(Na77) w ith  th e  method o f b i s e c t io n  to  f in d  th e  u n iq ue  s o lu t io n  fo r  
e q u a tio n  (3 .2 .2 1 )  in  th e  i n t e r v a l  0 .0  to  1 .0 . The v a lu e  a c ce p te d  as th e  
c o r r e c t  s o lu t io n  i s  found w ith in  e r r o r  bounds n e a r  to  th e  com puter 
a ccu racy  w hich f o r  th e  p re s e n t  system  i s  o f th e  o rd e r  o f 1 .0  E -15. For 
s im i la r  c a lc u la t io n s  w ith  d i f f e r e n t  tw o-phase  flow  m odels th e  program  
c o n ta in s  th e  r o u t in e s  "THOM" and "SMITH" f o r  th e  c o r r e la t io n s  p roposed  by 
J  R S Thom (Th64) and S L Sm ith (Sm70) to  p r e d ic t  th e  v o id  f r a c t i o n .

"SLIPY" and "VELRAT" a re  r o u t in e s  t h a t  e v a lu a te  r a t i o s  o f th e  
av e rag e  v e l o c i t i e s  f o r  th e  two p h a se s . "SLIPY" i s  f o r  th e  r a t i o  o f th e  
av erag e  v e l o c i t i e s  o f th e  m ix tu re s  in  re g io n  1 and 2 and "VELRAT" i s  f o r

th e  r a t i o  o f u ^  to  th e  av erag e  a l l  l iq u id  v e lo c i ty  w ith  th e  same mass

flow  r a t e s .  These r o u t in e s  can be used  o n ly  a f t e r  th e  s u r fa c e  of 
s e p a r a t io n  and h y p o th e t ic a l  ra d iu s  a re  c a lc u la te d  from th e  lo c a l  v o id  
f r a c t i o n  and m ass-d ry n ess  f r a c t i o n .  Both "SLIPY" and "VELRAT" a re  u s e fu l  
r o u t in e s  f o r  th e  p re s s u re  drop c a lc u la t io n s .
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D uring  th e  p re s s u re  drop c a lc u la t io n s  th e  program  can employ one of 
th e  fo llo w in g  r o u t in e s  "PDROP", "EDROP” o r "GDROP” acco rd in g  to  th e  
com parisons re q u e s te d ;  "PDROP" g iv e s  th e  c a lc u la te d  p re s s u re  d rops fo r  
d i f f e r e n t  m ass-d ry n ess  f r a c t io n s  in  th e  re g io n  0.001 to  1 .0 ; nEDR0P" i s  a 
s im i la r  ro u t in e  b u t i s  more s u i t a b le  f o r  com parisons in  an e x p e rim e n ta l 
range  o f m ass-d ry n ess  f r a c t i o n s .  F in a l ly  "GDROP" c a lc u la te s  th e  p re s s u re  
drop f o r  d i f f e r e n t  mass f lu x e s  when th e  m ass-d ry n ess  f r a c t io n  a t  th e  e x i t  
i s  known.

A ll  th e s e  r o u t in e s  can be used in  th e  SI o r B r i t i s h  system  o f u n i t s ,
2and p re s s u re  d ro ps can a ls o  be n o rm a lised  to  G / 2p^. For d ia b a t i c  p ip e

flow s th e  same r o u t in e s  a re  used to  c a lc u la t e  th e  i n t e g r a l s  m entioned in  
s e c t io n  3 -2 .3  by a G aussian  (Ce78) i n t e g r a t io n  r o u t in e .  For th e
in te rm e d ia te  m ass-d ry n ess  f r a c t i o n s ,  d u r in g  th e  i n t e g r a l  e v a lu a t io n ,  th e  
ro u t in e  "VOIDY" i s  employed w ith o u t a s i g n i f i c a n t  in c re a s e  in  th e  
c o m p u ta tio n a l tim e.

B-3 C oncluding  Remarks
P erhaps th e  m o s t-o f te n -e n c o u n te re d  m isg iv in g  about e x i s t i n g  com puter 

p rogram s, i s  t h a t  th e y  a re  m o stly  b u i l t  w ith  a s o p h is t ic a te d  lo g ic  which 
i s  f r e q u e n t ly  a p p l ic a b le  o n ly  to  a c e r t a i n  problem  fo r  which th e  program  
i s  d ev e lo p ed . T h e re fo re  such program s r e q u i r e  to  be e x te n s iv e ly  r e b u i l t  
f o r  a p p l ic a t io n  to  even a s l i g h t l y  d i f f e r e n t  problem . To avo id  t h i s  th e  
VELPRO program  has been d iv id e d  in to  a sm a ll number o f fundam en ta l 
s a t e l l i t e  r o u t in e s  w hich can be combined by a s e r i e s  o f h a n d lin g  commands 
to  form  th e  s o lu t io n  d u r in g  d i f f e r e n t  a p p l ic a t io n s .

The main d isa d v a n tag e  o f th e  i n t e r a c t i v e  program s i s  t h a t  th ey  must 
be re a s o n a b le  in  s i z e  and r e l a t i v e l y  econ om ica l. The VELPRO program  can 
s a t i s f y  b o th  th e s e  re q u ire m e n ts  and t y p i c a l  e x e c u tio n  tim es f o r  flow s
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w ith o u t h e a t  t r a n s f e r  a re  0 .025 CPS f o r  each d i f f e r e n t  v a lu e  of d ry n ess  
f r a c t i o n ,  which in  th e  case  of d ia b a t i c  flow s becomes 1.793 CPS. The 
in c re a s e  i s  due to  th e  i n t e g r a l  e v a lu a t io n  d is c u s s e d  in  th e  l a s t  
p a rag rap h  o f s e c t io n  B -2 .2 . When en tra in m en t was a llo w ed  ty p ic a l  tim es 
a re  0 .030  CPS and 1 .899 CPS r e s p e c t iv e ly .  A s u b s ta n t i a l  improvement o f 
th e s e  tim es i s  a ch iev ed  when th e  " p r in te r - s u p p r e s s "  o p tio n  i s  chosen .

About a c c u ra c y , as  i s  obvious from th e  e q u a tio n s  r e l a t e d  w ith  th e  
v e lo c i ty  p r o f i l e  model d e s c r ib e d  in  c h a p te rs  2 and 3 , i t  becomes v ery  
la b o r io u s  to  check some p a r ts  o f th e  program . N e v e r th e le s s  some p a r t s  
have been checked m anually  and f o r  th e  p a r t s  where t h a t  was d i f f i c u l t  
d i f f e r e n t  s o lu t io n  p ro ced u res  have been a p p lie d  to  examine t h e i r  
in f lu e n c e  on th e  r e s u l t s  p roduced .

F in a l ly  in  th e  g e n e ra l  flow  of th e  program , i n f i n i t e  o r i n d e f i n i t e  
e r r o r s  a r i s i n g  from bad in p u t argum ents have been d e a l t  w ith  in  such a 
way t h a t  th ey  do n o t i n t e r r u p t  th e  e x e c u tio n  s t a tu s  b u t th ey  prompt 
w arn ing s w ith  th e  n e c e s s a ry  a c t io n  t h a t  shou ld  be tak en  n e x t .  T h is i s  a 
v e ry  u s e f u l  f e a tu r e  e s p e c ia l ly  f o r  commands which h an d le  f i l e s  in  th e  
m ain com puter b a s e . The im p o rtan t b e n e f i t  i s  th a t  th e  program  can be 
used  q u i te  s a f e ly  by a p e rso n  who does n o t know i t s  d e t a i l e d
s t r u c t u r e .



F B .l Schem atic r e p r e s e n ta t io n  o f th e  com puter program
VELPRO

2 0 1
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1 IS THE INLET FLOW LAMINAR OR TURBULENT.?
? t u r b u l e n t
ENTER THE VALUE OF THE POWER FOR THE VELOCITY PROFILE.?
FOR THE TIME BEING THE PROFILES HAVE THE SAME POWER.

? 7.0
ENTER THE DIAMETER OF THE PIPE IN INCHES.?
AND THE ANGLE OF INCLINATION TO THE HORIZONTAL.?

? 1 .0  90 .0
IS THE CHANNEL HEATED, UNHEATED, OR WITH A PREHEATED INPUT.?

? heated
WHICH OF THE TWO PHASES IS NEXT TO THE WALL.?

? l i q u i d
ENTER THE OPERATING PRESSURE (IN PSIA).?

? 1000.0
ENTER THE DENSITY OF THE VAPOUR AND LIQUID PHASES (IN LB/FT**3).? 

? 2.241 46.321
ARE THE VISCOSITIES MEASURED FOR 544*58 DEG.FAHRENHEIT.?

? no

ENTER C O M  AND OR HELP:?
9

FB.2 The in p u t p a r t  o f th e  program
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h e lp

** RATIONALISED VELOCITY PROFILE PROGRAM FOR THE TWO-PHASE FLOW 

CURRENT COMMANDS AVAILABLE.:

BU BRITISH UNITS ARE USED FOR THE RESULTS PRINTED.
CE COMPARES THE VOID FRACTIONS WITH EXPERIMENTAL DATA.
CT COMPARES THE 2-PHASE PARAMETERS WITH OTHER THEORIES.
E EXIT WITH STORAGE OF THE PROCESSED DATA.
EP COMPARES MEASURED PRESSURE DROPS.
EPC COMPARES MEASURED PRESSURE COEFFICIENTS.
EPG EXAMINES PRESSURE DROPS FOR KNOWN MASS-FLUXES.
ECG EXAMINES PRESS.COEFFICIENTS WHEN MASS-FLUX IS KNOWN.
ETR INITIATES THE ENTRAINMENT OF THE TWO-PHASES.
H HELP;DISPLAYS THIS PAGE.
PC CHANGE OF THE INPUT PRESSURE.
PD GIVES THE PREDICTED PRESSURE DROP OVER THE 

COMPLETE MASS-DRYNESS FRACTION RANGE.
PDC COEFFICIENTS OF PRESSURE DROP FOR THE COMPLETE 

MASS-DRYNESS FRACTION RANGE.
PRT SCREEN PRINTER ENABLE.
PRS SCREEN PRINTER SUPPRESSED (OUTPUT SAVED AS FILE).
R REDEFINES THE WHOLE INPUT OF THE FLOW MODEL.
S RESULTS SAVED IN THE ALLOCATED PERMANENT FILE BASE.

(DEFAULT NAMES GIVEN AT THE END OF THE PROGRAM).
SI SI UNITS ARE USED FOR THE PRINTED RESULTS.
W THE WHOLE RANGE OF MASS-DRYNESS FRACTION IS EXAMINED 

BY USING THE VELOCITY PROFILE MODEL.

ENTER COMMAND OR HELP:?

**

F B .3 L i s t  o f  t h e  a v a i l a b l e  com m ands
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ce

IS THE INPUT DATA STORED UNDER A PERMANENT FILE.? 
? no
IS THE VOID FRACTION MEASURED (REPLY Y/N).?

? no
ENTER THE MEASURED QUALITY.?

? 0.06547

I I
I OPERATING CONDITIONS I
I FOR LIQUID FLOWING NEXT TO THE HEATED WALL. I
I I
I OPERATING PRESSURE 1000.00 PSIA. PIPE DIAMETER 1 .000 INCHES I
I 68.948 (BAR) 2.540 ( CM ) I
I DENSITIES OF VAPOUR 2.241 AND LIQUID 46.321 LB/FT**3 I
I VAPOUR 35.897 AND LIQUID 741.9911 KG/M**3 I
I OUALITY .065470 VOID FRACTION .5061 10 I
I I
I GAS/LIQUID SLIP VELOCITY RATIO 1.4131 I
I RATIO OF ENTRAINMENT : VAPOUR = 0 LIQUID = 0 I
I I

I  I
I SEPERATION OF TWO PHASES AT RADIUS = .35571 IN. OR .90350 CM. I
I
T

RADIUS OF THE HYPOTHETICAL CYLINDER IS = .38744 IN. OR .98411 CM. I
T1

I IN HEATED PIPE THE AVERAGE
1
I

I
I

TWO PHASE FRICTION PRESSURE DROP MULTIPLIER IS = 2.28207 I
I

DO YOU WANT TO CHANGE THE MEASURED QUANTITIES.? 
? no

F B .4 S a m p le  o u t p u t  fr o m  t h e  command "CE"
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c t

RATIO OF VOID FRACT. VOID FRACT. VOID FRACT
QUALITY ENTRAINMENT PROFILE SJ THOM. S.SMITH

VAPOUR LIQUID METHOD. REF40/80 REF54/80

.001000 0 0 .016427 .012065 .019986

.002000 0 0 .032171 .023865 .038707

.003000 0 0 .047317 .035410 .056299

.004000 0 0 .061917 .046708 .072877

.005000 0 0 .076010 •057765 .088543

.006000 0 0 .089629 .068591 .103381

.007000 0 0 .102803 .079191 .117467

.008000 0 0 .115558 .089574 .130866

.009000 0 0 .127917 .099746 .143637

.010000 0 0 .139901 .109712 .155831

.020000 0 0 .242716 .199346 .254005

.030000 0 0 .322583 .273952 •324330

.040000 0 0 .386834 .337017 .378541

.050000 0 0 .439865 .391026 .422361

.060000 0 0 .484514 .437799 .458977

.070000 0 0 .522712 .478700 .490331

.080000 0 0 .555823 .514768 .517688

.090000 0 0 .584845 .546813 .541911

.100000 0 0 .610523 .575472 .563618

.200000 0 0 .765998 .753086 .705604

.300000 0 0 .841454 .839450 .786432

.400000 0 0 .887204 .890511 .841905

.500000 0 0 .918481 .924242 .883421

.600000 0 0 .941591 .948187 .916105

.700000 0 0 .959667 .966063 .942714

.800000 0 0 .974501 .979920 .964905

.900000 0 0 .987319 .990975 .983754
1.000000 0 0 1.000000 1.OOOCOO 1.000000

ENTER COMMAND OR HELP:?

FB.5 Sample o u tp u t from th e  command "CT".
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epg

ENTER THE LENGTH OF THE TEST SECTION (FT).?
? 20.0
ENTER THE QUALITY AT THE EXIT.?

? 0.5
ENTER THE PERMANENT FILE NAME.?
(THE END OF FILE MUST BE MARKED WITH : 99-99). 

? t e s t

I
I OPERATING CONDITIONS

I
I

I
T

FOR LIQUID FLOWING NEXT TOi THE ]HEATED WALL • I
T

I OPERATING PRESSURE 1000.00 PSIA. p i p e :DIAMETER 1.000 INCHES
1
I

I 68.948 (BAR) 2 -540 (  CM ) I
I DENSITIES OF VAPOUR 2. 241 AND LIQUID 46 .321 LB/FT**3 I
I VAPOUR 35 - 897 AND LIQUID 741 -9911 KG/M**3 I
I VISCOSITIES OF VAPOUR .1276E-04 AND LIQUID .63537E-04 LB/FT*SEC I
I
I

VAPOUR .1899E-04 AND LIQUID . 9 4 5 5 4E-O4 KG/M*SEC I
I

I QUALITY MASS-FLUX VOID ENTR. RATIO PRESSURE (PSIA) DIFFEREN. I
I
T

(LB/FT2-SEC) FRACTION VAPOUR LIQUID MEASURE PREDICT.. PER CENT I
T

I .5000 50.00000 .91848 0 0 4.5600 2.5638 43-776
1
I

I .5000 70.67500 .91848 0 0 4.8900 3-1047 36.509 I
I .5000 100.00600 .91848 0 0 5-5900 4-1151 26.385 I
I .5000 150.00000 .91848 • 0 0 11.5000 6.4487 43-924 I
I .5000 2 0 0 .0 0 0 0 0  .9 1 8 4 8 0 0 19-5000 9-5055 51-254 I
I .5 0 0 0 3 0 0 .0 0 0 0 0  .91848 0 0 34-5600 17-6455 48.942 I
I .5 0 0 0 400.00000 .91848 0 0 43-6700 28.3327 35-121 I
I
I
I

.5 0 0 0 5 0 0 .0 0 0 0 0  .91848 0 0 80.6000 41-4387 48.587 I
I
I

ENTER COMMAND OR HELP:?

F B .6 S a m p le  o u t p u t  fr o m  t h e  command "EPG"



IS THE QUALITY KNOWN.? 
yes

I
I
I OPERATING CONDITIONS
I FOR LIQUID FLOWING NEXT TO THE HEATED
I
I OPERATING PRESSURE 1000.00 PSIA. PIPE DIAMETER 
I 68.948 (BAR)
I DENSITIES OF VAPOUR 2.241 AND LIQUID
I VAPOUR 35-897 AND LIQUID
I

WALL.

1 .000 
2.540 

46.321 
741.9911

INCHES 
( CM ) 
LB/FT**3 
k g /m **3

I
I
I
I
I
I
I
I
I
I

I RATIO OF SURFACE OF HYPOTH. LIQUID GAS/LIQUID VOID I
I QUALITY ENTRAINMENT SEPARATION RADIUS FRICTN. SLIP VEL. FRACTION I
I
T

VAPOUR LIQUID RADIUS(IN) (IN). MULTIPL. RATIO. I
T1

I .0 0 1 0 0 0 .06408 .1600 1 . 0 1 7 0 1 . 23884 .01643
1
I

I .0 0 2 0 0 0 .0 8 9 6 8 .1799 1.0339 1 . 2 4 6 1 6 .03217 I
I .0 0 3 0 0 0 . 10 8 7 6 .1948 1 .0 5 0 8 1.25225 .04732 I
I .0 0 4 0 0 0 .1 2 4 4 2 .2070 1 .0 6 7 8 1.25767 .0 6 1 9 2 I
I .0 0 5 0 0 0 .13785 .2175 1.0848 1.26263 .0 7 6 0 1 I
I .0060 0 0 .14969 .2267 1.1019 1 .26727 .08963 I
I .0070 0 0 .16031 .2350 1 . 1 1  90 1.27164 .10280 I
I .0080 0 0 .16997 .2 4 2 6 1 . 1 3 6 2 1.27580 .11556 I
I .0 0 9 0 0 0 .1 7883 .2495 1.1535 1.27978 .12792 I
I .0 1 0 0 0 0 .18702 .2559 1.1709 1 .2 8 3 6 0 .13990 I
I .0 2 0 0 0 0 .24633 .3 0 2 1 1.3496 1.31613 .24272 I
I .0 3 0 0 0 0 .2 8 3 9 8 .3315 1.5378 1.34245 .32258 I
I .0 4 0 0 0 0 .3 1 0 9 8 • 3526 1.7355 1.36514 .38683 I
I .0 5 0 0 0 0 • 3 3 1 6 1 .3 6 8 6 1.9428 1.38534 .43986 I
I .0600 0 0 .34804 .3815 2.1595 1.40369 •48451 I
I .0 7 0 0 0 0 .36149 .3920 2.3856 1.42059 .52271 I
I .0800 0 0 .37277 .4 0 0 8 2.6209 1.43634 .55582 I
I .0 9 0 0 0 0 .3 8 2 3 8 .4 0 8 2 2 .8 6 5 2 1.45113 .58485 I
I . 1 0 0 0 0 0 .3 9 0 6 8 • 4147 3.1184 1 . 4 6 5 1 2 .6 1 0 5 2 I
I .2 0 0 0 0 0 .43761 .4513 6.1151 1.57858 .7 6 6 0 0 I
I .3 0 0 0 0 0 .45865 .4677 9.8948 1.66911 .84145 I
I .4000 0 0 .47096 .4773 14.3925 1 .75192 .88720 I
I .5000 0 0 .4791 9 .4838 19-5616 1.83453 •91848 I
I .6000 0 0 .48518 .4884 25.3655 1 .92331 .94159 I
I .7 0 0 0 0 0 .48981 .4921 31.7736 2.02701 •95967 I
I .8000 0 0 •49358 • 4950 38.7587 2.16336 .97450 I
I .9000 0 0 .49682 .4975 46.2942 2.38929 .98732 I
I  I
I  I

S a m p le  o u t p u t  fr o m  t h e  command "W".F B .7
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pdc

ENTER THE LENGTH OF THE TEST SECTION (FT).? 
AND THE MASS FLUX AT INPUT (LB/SEC*FT**2).? 

? 18.0  350.0

I
I OPERATING iCONDITIONS

I
I

I
T

FOR LIQUID FLOWING NEXT TO THE HEATED WALL. I
T-L

I OPERATING PRESSURE 1000.00 PSIA. PIPE DIAMETER 1.000 INCHES
1
I

I 68.948 (BAR) 2. 54 0 ( CM ) I
I DENSITIES OF VAPOUR 2 .;241 AND LIQUID 46. 321 LB/FT**3 I
I VAPOUR 35.897 AND LIQUID 741. 9911 KG/M**3 I
I VISCOSITIES OF VAPOUR .1276E-04 AND LIQUID .63537E-04 LB/FT*SEC I
I
I

VAPOUR .18992-04 AND LIQUID .9 4 5 5 4E-O4 KG/M*SEC I
I

I QUALITY EXPANSION ENTR. RATIO PRESSURE DROP COEFFICIENTS I
I
T

COEFFIC. VAPOUR LIQUID ACCELER. FRICTION. GRAVIT. TOTAL I
1
I 0 0 0 0 0 1.31279 10.1437 11.4565

1
I

I .01271 .25000 0 0 .19656 1.59955 9-2616 11.0577 I
I .02542 .50000 0 0 .38483 1.90406 8.5798 10.8687 I
I .03813 .75000 0 0 .56840 2.22882 8.0265 10.8237 I
I .05084 1.00000 0 0 .74904 2.57389 7-5636 10.8865 I
I .06355 1.25000 0 0 .92780 2.93898 7.1679 11.0347 I
I .07626 1.50000 0 0 1.10545 3.32373 6.8240 11.2532 I
I .08897 1.75000 0 0 1.28254 3-72776 6.5212 11.5315 I
I .10168 2.00000 0 0 1.45949 4.15071 6.2516 11.8618 I
I .11439 2.25000 0 0 1 .6 3 6 6 3 4.59224 6.0095 12.2383 I
I .12710 2.50000 0 0 1.81426 5.05202 5.7903 12.6566 I
I .13981 2.75000 0 0 1.99260 5.52975 5.5906 13.1130 I
I .15252 3-00000 0 0 2.17185 6.02515 5.4077 13-6047 I
I .16523 3.25000 0 0 2.35219 6.53796 5.2392 14.1293 I
I .17794 3.50000 0 0 2.53377 7.06791 5.0833 14-6850 I
I .19065 3.75000 0 0 2.71672 7.61479 4.9385 15-2700 I
I .20336 4.00000 0 0 2.90116 8.17837 4.8036 15-8831 I
I .21607 4.25000 0 0 3.08721 8.75843 4.6774 16.5231 I
I .22878 4 50000 0 0 3-27496 9.35479 4.5591 17.1888 I
I .24149 4.75000 0 0 3.46451 9-96726 4.4478 17.8795 I
I
T

.25420 5.00000 0 0 3.65593 10.59564 4-3428 18.5944 I

I EXPANSION COEFFICIENT1=QUAL*(DENL/DENG-1).
i
I

I
I

PRES. DROP COEF=:PRE.DROP/DENL*VEL(IN)**2. I
I

FB.8 Sample o u tp u t from th e  command "PDC,f.
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L am inar S  T u r b u le n t F l o w

/  /H om ogeneous S  S e p a r a t e d  S  E n tr a in e d M i x t u r e s

L iq u id  |  V apour N e x t  t o  t h e  w a l l

U n h e a te d  ^  H e a te d  ^ P r e h e a t e d P i p e  w a l l

H o r iz o n t a l  I n c l i n e d G e o m e t r y

T B .l T able  o f th e  in p u t o p t io n s .

S e t t i n g - u p
Commands

C a l c u l a t i n g
Commands

BU /  SI CE
PRT /  PHS CT

ETR EP /  EPC
R /  PC EPG /  ECG

S PD /  PDC
E W

TB.2 C l a s s i f i c a t i o n  o f th e  commands f o r  th e  main program .
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A p p e n d ix  CL

® l |e  S lu io -P t ja s e  A u e r a g e  d e n s i t i e s .

C on ten ts :

C - l .  C a lcu la tio n  of tl|e  au erage d en sities .
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APPENDIX C

TEE TWO-PHASE AVERAGE DENSITIES

C -l C a lc u la t io n  o f th e  Average D e n s i t ie s
From th e  d e f in i t i o n s  o f th e  av erag e  d e n s i t i e s  used in  th e  flow  

c o n s e rv a tio n  e q u a tio n s  o f c h a p te r  A i t  i s  p o s s ib le  to  e x p re ss  th e s e  
d e n s i t i e s  in  term s o f th e  l o c a l  v o id  f r a c t i o n ,  m ass-d ry n ess  f r a c t i o n ,  th e  
e n tra in m en t r a t i o s  f o r  each phase and th e  a c tu a l  d e n s i t i e s .  The 
t r a n s fo rm a tio n s  which fo llo w  in  t h i s  append ix  a re  s i g n i f i c a n t l y  s im p li f ie d  
when th e  d e f in i t i o n s  o f th e  v o id  f r a c t io n s  and d ry n e ss  f r a c t io n s  made in  
c h a p te r  3 a re  used  to  f in d  th e  r a t i o s  of t o t a l  mass flow  r a t e ,  and 
s im i l a r ly  f o r  th e  flow  a re a s  A  ̂ and A2 .

As fo llo w s  from e q u a tio n  (3 .2 .6 )  th e  t o t a l  mass flow  r a t e  in  
re g io n  1 i s  g iv en  by

m. = m -  m 0 + m„.1 g g2 11 (C .1 .1 )

T h is e q u a tio n  can be s im p li f ie d  from e q u a tio n s  ( 3 .2 .2 )  and (3 .2 .6 )  to  
become

mx = x m T - x 2 ( m T - m 1 ) + ( l - x 1 ) m 1 (C .1 .2 )

F u r th e r  rea rran g em en t g iv e s  :
( m 1 / m T ) = ( x - x 2 ) /  ( Xj  -  x 2 ) (C .1 .3 )

A lso from th e  d e f in i t i o n s  o f th e  t o t a l  mass flow  r a t e  as th e  sum of th e  
flow  r a t e s  in  re g io n  1 and 2

• • •= m1 + m2 (C. 1. A)

From e q u a tio n s  (C .1 .3 )  and (C .l .A ) i t  i s  e a s i l y  o b ta in e d  th a t  :
( m 2 / i T ) » ( x 1 - x ) / ( x 1 - x 2 ) (C .1 .5 )
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In  a s im i la r  way, th e  t o t a l  l iq u id  and vapour a re a  in  re g io n  1 i s  
g iven  from

A1 ■  Ag l  + \ l  “ « -  Ag2 + At l  ( C a - 6)
T his e q u a tio n  i s  f u r t h e r  s im p li f ie d  from e q u a tio n  (3 .2 .8 )  to  become 

Aj = o Â , - a 2 k 2 + C1 “ (C.1.7)

o r ,
kl = a. - a2 ( Â , -  Ax ) + ( 1 -  Aj

T h e re fo re  from a s im i la r  a n a ly s is  as e q u a tio n s  (C .1 .3 ) and (C.1 .5 )  we 
o b ta in  :

( A 1 / A T ) « ( a - a 2 ) /  ( -  a 2 ) (C .1 .8 )

and
( A 2 / A T ) « ( o 1 - a ) / ( a 1 - a 2 ) (C .1 .9 )

For known e n tra in m en t r a t i o s  e^ and e 2 i t  i s  a ls o  p o s s ib le  to  use

th e s e  r a t i o s  in  e q u a tio n s  (C .1 .3 )  to  (C .1 .9 ) in s te a d  o f th e  v o id  f r a c t io n  
and m ass-d ry n ess  f r a c t io n  f o r  each re g io n . T h is i s  e a s i l y  ach iev ed  from 
e q u a tio n s  ( 3 .2 .2 ) ,  (3 .2 .1 0 )  and (3 .2 .1 1 )  w hich g iv e  f o r  l iq u id  
p red o m in a tin g  re g io n  1 :

x x = ( e 2x ) [ e 2x + ( 1 -  e 1 ) ( 1 -  x ) ] 1 (C .1 .1 0 )

and
x 2 = ( l - e 2 ) x [  ( l - e 2 ) x + e 1 ( 1 - x )  ] “ * (C .1 .1 1 )

The c o rre sp o n d in g  e x p re s s io n s  f o r  and a 2 a re  a lr e a d y  g iv en  by

e q u a tio n s  (3 .2 .1 6 )  and ( 3 .2 .1 7 ) .
C - l . l  The a re a -a v e ra g e d  d e n s i ty

From th e  d e f in i t i o n  o f th e  a re a -a v e ra g e d  d e n s i ty  g iv en  by e q u a tio n
(4 .2 .5 )  i t  i s  obv ious th a t

1
PA . [ P£A£1 + Pg Agl  + P &A $L2 + Pg Ag2 (C .1 .1 2 )
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T h is  e q u a tio n  i s  s im p li f ie d  by s u b s t i t u t i o n  from  e q u a tio n s  ( 3 .2 .3 )  and 
(3 .2 .4 )  to  become 

1
PA = —  l ( m1 /  u 1 ) + ( m2 /  u2 ) ]

o r
pA = Px ( Al / \  ) + P2 ( A2 /  Ay ) (C .1 .1 3 )

when e q u a tio n s  (3 .2 .6 )  and (3 .2 .7 )  a re  u sed . From e q u a tio n s  (C .1 .1 3 ) ,  
(C .1 .8 )  and (C .1 .9 ) i t  i s  e a s i l y  d e r iv e d  t h a t  :

PA = P1 f l + P2 f  2 (C .1 .1 4 )

where
f 2 = ( a -  a 2 ) /  ( a x -  a 2 ) 

f 2 = ( a 1 -  a ) /  ( a x -  a 2 )
(C .1 .1 5 )

C -1 .2  The flo w -av e rag ed  d e n s i ty
The flo w -av e rag ed  d e n s i ty  d e f in e d  by e q u a tio n  (4 .2 .6 )  can be 

ex p re sse d  a s  :
= J _

PF *T “ l A1 + u 2 A2 1 (C .1 .1 6 )

o r  as :
1 m.

(C .1 .1 7 )
PF P 1 “ T P2 “T

when e q u a tio n s  (3 .2 .6 )  and (3 .2 .7 )  a re  u se d . F u r th e r  rea rran g em en t in  
e q u a tio n  (C .1 .1 7 ) g iv e s  :

( 1  /  pF ) = ( fl /  p x ) + ( f 2 /  p2 ) (C .1 .1 8 )

w here f^  and f 2 a re  d e f in e d  from e q u a tio n s  (C .1 .1 7 ) ,  (C .1 .3 ) and (C .1 .5 ) 
a s  :

fl = ( x -  x 2 ) /  ( x x -  x 2 )

f 2 = ( x i “ x ) /  ( x i “ x 2 )
(C .1 .1 9 )
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C -1 .3  The momentum-averaged d e n s i ty
As f o r  th e  a re a  and flow  averaged  d e n s i t i e s  th e  momentum-averaged 

d e n s i ty  d e f in e d  by e q u a tio n  (4 .2 .7 )  can be ex p ressed  as :

-  [ p A  h i + pgu i v + p i 4  k n + pgu2 v 1
PM "t

where u^ = —  J  u^ dA and u* = ----J  u, dA

(C .1 .2 0 )

(C .1 .21 )

E qua tio n  (C .1 .2 0 ) can be re a rra n g e d  to  g iv e

—  = “ I  [ ( p A l  AU  + Pg^l V  U1 + (p^ 2  h i  + pg"2 Ag2) U2 ]
PM “T

(C .1 .2 2 )
w hich i s  f u r t h e r  s im p li f ie d  by s u b s t i t u t i o n  from e q u a tio n s  ( 3 .2 .3 ) ,
( 3 .2 .4 ) ,  ( 3 .2 .6 )  and (3 .2 .7 )  to  g iv e  :

• 2 *2
1 ml 2 m2 2—  « Ui + U2 3
PM ®T P1 A1 P2 A2

Then from e q u a tio n s  (C .1 .3 ) ,  ( C .1 .5 ) ,  (C .1 .8 )  and (C .1 .9 )
( 1/PM) = ( f / p"x) + ( f 2/^2  ^

(C .1 .2 3 )

(C .1 .2 4 )

w here f^  and f^  a re  d e f in e d  as :

x -  x,

X1 " x 2
“ l -  “ 2 1|D2 
a -  a "

(C .1 .2 5 )

f  2 "
x^ -  x

X1 -  X2
a l “ a 2 \  2

-  a
(C .1 .2 6 )

2 2The av e rag e  v e lo c i ty  r a t i o s  and in  e q u a tio n s  (C .1 .2 2 ) to  (C .1 .2 6 )
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a re  d e f in e d  as :

U

U

dA ] /  [ I / UldA ]

7 fu2 dA ] /  [ —  J u 2 dA ] 2
A2 A2

(C .1 .27)

which can be e a s i l y  c a lc u la te d  a n a l y t i c a l l y  when th e  v e lo c i ty  p r o f i l e s
u . and u„ a re  ex p re ssed  in  term s of r  , r , , r  f o r  lam in a r o r tu r b u le n t  l z o n s
flow s a s  in  s e c t io n  2.
C -1 .4  The en e rg y -av e rag ed  d e n s i ty

The method of a n a ly s is  i s  s im i la r  to  th e  momentum-averaged d e n s i ty  
ex cep t t h a t  h e re  th e  d e f i n i t i o n  i s  s l i g h t l y  d i f f e r e n t .  Thus

1
P

2
E
4 T
.3  ̂ P£U 1 A u
” t

+ PgU? A + p p *  A i 2  +  p 7 2  Ag2 (C .1 .2 8 )

where 3 1 f  3 3 1 fu^ = —  /  u^ dA and u 2 = —  /  u '
A1 . A2J

dA

1 2
In  a s im i la r  way as f o r  e q u a tio n  (C .1 .2 0 ) ,  e q u a tio n  (C .1 .2 8 ) can 
re a rra n g e d  to  g iv e  :

( i /p jp  = < f j / p ^ )  + ( f 2 / p 2 >

w here f^  and f 2 a re  d e f in e d  from th e  r a t i o s  d e r iv e d  by e q u a tio n s  

(C .1 .5 ) ,  (C .1 .8 ) and (C .1 .9 )  as

(C .1 .29) 

be

(C .1 .3 0 ) 

(C .1 .3 ) ,

,  r i ^ i i 3 r ^ i f  „
LX1 " X2J  L a “ a 2 J

(C .1 .3 1 )
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As from e q u a tio n  (C .1 .2 9 ) th e  av erag e  v e lo c i ty  r a t i o s u; a re  d e f in e d

as :

U

U3 = 
2 "

dA ] /  [ —  
Ai

u? dA ] /  [ ----
A2

dA ]

dA ]
(C .1 .3 2 )

The r a t i o s  shown in  th e s e  e q u a tio n s  can be c a lc u la te d  a n a l y t i c a l l y  when 
u^ and a re  ex p re ssed  in  th e  u su a l  way as f o r  c h a p te r  2 f o r  lam in a r and

tu r b u le n t  v e lo c i ty  p r o f i l e s .
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An analytical profile model of annular 
two-phase flow
A N SKOULOUDIS, MSc, DIC and S J PEERLESS, PhD, ACGI, MINucE 
Imperial College of Science and Technology, London

SYNOPSIS An analytical model of annular two-phase flow in a tube, in which different power laws are 
used for the two phases, gives better representation than existing models. Using this model a 
relationship between the void fraction and mass dryness fraction is derived. Comparisons with experi
ment show an agreement within ten percent for a wide range of measurements in unheated and heated 
pipes assuming a continuous transition from bubbly to separated flow. The model is also used to cal
culate two-phase pressure drops. Agreement with experiment is within fifteen percent.

NOTATION 

A flow area
g gravitational acceleration 
h specific enthalpy
£ Prandtl mixing length
L length of pipe over which evaporation occurs
m mass flow rate
M momentum flow rate
n power-law exponent
q' heat flux per unit length
r distance from the axis
rQ pipe radius
r 2 I" Pg/p7 for liquid at the wall region 

L P^/Pg for vapour at the wall region 
s distance along the axis
u local velocity
x mass dryness fraction
y rQ - r
Z wetted perimeter
a area dryness fraction or void fraction
0 angle of inclination
p viscosity
p dens ity
t shear stress
Ap pressure drop

Subscripts

g vapour phase
h hypothetical quantity
in input quantity
Z liquid phase
gZ property change during evaporation
max maximum quantity
N normalised quantity
out output quantity
s separation
w conditions at the wall
T total
1 = Z, 2 = g when liquid flows next to the wall 
1 = g, 2 = Z when vapour flows next to the wall

INTRODUCTION

In the investigation of flow of a liquid 
and its vapour along a pipe or duct, knowledge 
of the division of the flow between the two 
phases is usually important. The associated 
parameters are:
(a) the void fraction, a, defined as the ratio 
of the vapour flow area to the total flow area;
(b) the mass dryness fraction, x, defined as the 
ratio of vapour flow rate to the total flow rate.
Values of dryness fraction x are normally readily 
obtainable; from the initial value, local down
stream values can be calculated if the heat- 
transfer conditions are known, and the usual 
assumption of thermodynamic equilibrium is made.

Void fraction a is less easily determined, 
but its value is required for the calculation of 
the frictional, acceleration and gravitational 
components of the axial pressure gradient. It is 
also necessary for the calculation of local 
average density, which is of particular impor
tance in light water nuclear reactors because of 
the effect on core reactivity.

In the absence of comprehensive analysis of 
two-phase flow, it is desirable to relate the 
local values of dryness fraction and void frac
tion to each other; this can be done only by 
making simplifying assumptions about the charac
ter of the flow.

The paper deals primarily with steady axi- 
symmetric two-phase annular flow in a pipe, in 
which the two phases can be regarded as flowing 
separately, divided by a clearly-defined hypo
thetical surface of separation. Either phase 
may be taken to occupy the annular space between 
this surface and the pipe wall.

PREVIOUS WORK

The most widely-known relationship between 
a and x is that obtained by Martinelli and 
Nelson (ref. 1). Their approach is an entirely 
empirical one based on the use of a multiplying

C99/83 ©  IMechE 1983 83



2 1 9

factor which is, in effect, the two-phase pres
sure gradient normalised by the corresponding 
pressure gradient for single-phase flow. For low 
values of mass dryness fraction and high pressure, 
their predicted void fractions differ from experi
mental values by more than ten percent, as repor
ted by Smith (ref. 2).

Several authors, wishing to improve on this 
completely empirical treatment, have proposed a 
variety of models of two-phase flow. For example, 
Bankoff (ref. 3) proposed a homogeneous model, in 
which the flow velocity and the void fraction 
both vary axially according to a power law. He 
derived the relationship

„ _ _______ 6X______
" X + (1 - x)(p /pz) K±)

where B is a pressure-dependent variable less than 
unity. For mass-dryness fractions approaching 
unity, the void fraction a is considerably under
estimated in this model, approaching B instead of 
unity. A simpler correlation suggested by Thom 
(ref. 4) removes the discrepancy as x -*■ 1 in 
Bankoff's model, but retains the assumption of 
constant slip (y) between the two phases at con
stant pressure. Thom's relationship may be writ
ten as YX_____

yx + (1 - x) ( 2 )

The slip factor y is taken as a function of pres
sure only, although experimental evidence suggests 
that it should also vary with x.

A similar approach was proposed by Smith 
(ref. 2). His model assumes an annular liquid 
flow surrounding a core flow of vapour with ent
rained water droplets. The annular liquid flow 
and the mixed core flow are assumed to have equal 
velocity heads. For the best fit over a wide 
range of experimental results, Smith suggested 
that the entrained liquid component of the core 
flow should be 40% by mass.

All the above models are one-dimensional in 
the sense that at any station in the pipe, each 
of the flow properties, including the velocity, 
has a single value for each of the two phases.
The two phases are therefore, to some extent, 
independent of each other except that together 
they fill the whole flow area, and the assumed 
thermodynamic equilibrium governs the local dry
ness fraction; the general conservation laws apply 
to the whole flow, of course.

It may be noted at this point that none of 
the above models predicts any variation of void 
fraction with mass flow rate.

THE PRESENT MODEL

The most obvious feature of the model pro
posed here is that in each part of the flow pas
sage the velocity is taken to vary with radius 
according to a l/n**1 power law, similar to that 
sometimes used in the analysis of single-phase 
pipe flow. The shape of the combined velocity 
profile depends on whether the heavier phase is 
flowing in region 1, the annular region next to 
the wall, or in the circular central region, 2. 
The two cases are illustrated in Figs. 1(a) and 
1(b).

The two parts of the velocity profile are 
given by

(u./u .)
and 1

<u2/uaax,2)

(1 - 1 '— 0
H 3 rsSrs:r

(1 - / \l/n 
r/rh 0$r$rs

When liquid flows next to the wall, subscripts 1 
and 2 refer to liquid (l) and vapour (g) respec
tively; the converse is true when vapour flows 
next to the wall. The surface of radius rs is 
the surface of separation between the two phases; 
rjj is a hypothetical dimension used in specifying 
the velocity profile in region 2.

The two parts of the velocity profile are 
matched by ensuring continuity of velocity and 
shear stress at the surface of separation, rs . 
In terms of Prandtl's mixing-length hypothesis, 
the turbulent shear-stress expressions for the 
two flow regions are

2
t , = p-£,|du,/dy|.(du,/dy)

t2 = 2̂̂ 2 I ̂ U2^Y I * (d^/dy)
where £ is the mixing length, which in general 
varies with radius. At present we assume that 
the values of £ for the two phases at the sur
face of separation are equal, i.e. that £^ = £2. 
Then from equations 3 and 4 it follows that for 
continuity of shear stress (ignoring the contri
bution of molecular viscosity)

rv/r = 1 + R(r /r - 1) (5)h s o s
1

where R = (p2/Pi)5 * Defined as the ratio of 
vapour flow area to the total, the void fraction 
a is quickly seen to be given by

2(rs/r0 ) = 1 - a when vapour flows
next to the wall

2 (6) (r /r ) = a when liquid flows
next to the wall

The mass flow rates for the two phases are 
obtained in the normal way:

m = /, p u dA and m,g Ag Mg g Z PlutdA (7)

and the ratio of the two mass flow rates can be 
expressed in terms of the geometric and kine
matic parameters by substituting from equations 
3 and 5 into equation 7:

2 _ r3 rh^h[r /(r.-r )] (n+1)/n-rh-(l+l/n)r
(1 + l/n)r + r s o

( 8 )

in which the subscripts 1 and 2 have the same 
meaning as for equation 3.

Since by definition,

x = ihg/(mg + m^) (9)

this equation, together with equations 6 and 8, 
constitute an implicit relationship between a 
and x. There is a single solution everywhere in 
the range of real physical conditions, i.e. for 
0 ( a ( 1 and 0 ( x $ 1.
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We thus have a simple two-dimensional model 
of annular two-phase flow which satisfies the 
elementary requirement of zero slip at the pipe 
wall and possesses a small degree of flexibility, 
since the profile exponent 1/n can be varied 
empirically to satisfy local flow conditions, if 
required.

Pressure gradient

properties, i.e.

dx/ds = q'/mT hg  ̂ (15)

where q' is the heat flux per unit length and 
hgj the specific enthalpy of vaporisation. If, 
in addition, L is measured from the station at 
which a = 0 and the liquid is just saturated, 
the result is:

An important feature of the new model is 
that it provides a rational basis for the 
direct calculation of axial pressure gradient. 
Application of the force-momentum equation to 
steady pipe flow in the usual way yields the 
result:

,  _S.Tds At w
sin0 dA = _1_ dM

A^ ds ( 10)

where A-p is the total flow area, Z the wetted 
perimeter, 0 the angle of inclination of the 
channel flow from the horizontal, s the distance 
along the axis and M the momentum flow rate.

Equation 10 can easily be interpreted as 
showing the axial pressure gradient to consist 
of three components, which for the present model 
are evaluated from the following expressions:

(1) The frictional component, Zxw/Ay, is cal
culated from the conditions at the wall, in the 
same way that it would be if the fluid near the 
wall filled the whole tube with the complete û _ 
profile as shown in Fig- 1. For the correspond
ing steady, fully-developed, uniform-density flow 
the wall shear stress is given by (ref. 10): 

,-2n/(n+l) rn - r,^-2/(n+l)
-P ^i2

( 11)

, 4 - A T   [ w y
W l  Um ax,lJ L J
in which the standard value for c when n = 7 is 
8.74, and u^ is the average velocity over the 
whole flow area, i.e.

u1 dA (12)

The use of results for single-phase, uniform- 
density flow in this way implies that in the two- 
phase flow conditions are varying only slowly 
along the pipe.

ap = iPft, ♦ apgr * aPac
where

Apfr

Apgr = p;

z l rx°ut dxx J0 TwT out

[i
P — P 1 T , S l L

X
rLL p 1 X l out
j0

(16)
(17)

1(18)

Ap_ •7-  (M - M. )At out m (19)

Inspection of equations 17, 18 and 11 shows that 
the following integrals must be calculated.

/^ o u t „ 2 n /< n * l)d!t and n
out dx

These integrals are calculated numerically using 
the velocity profile model. For this purpose, 
an interactive computer package (VELPRO) has been 
developed and used for the calculation presented 
in this paper.

COMPARISON WITH EXPERIMENT

The void fraction predicted by the velo
city profile model is compared below with results 
from five different experimental sources and two 
other theoretical correlations - those of S.L. 
Smith and J.R.S. Thom. In the predictions by the 
velocity profile method, liquid is taken to flow 
next to the wall except where otherwise stated.

Haywood et al. (ref. 5) presented a series 
of well-known experimental results, covering the 
range of:

Pressure: 17.2 to 145 bar 
Heat Flux: 20.0 to 140 kW/m2 
Mass Flux: 750 to 1950 kg/m^s

(2) The gravitational component is expressed in 
the standard way for annular two-phase flow, thus

■—  f . pg sin0 dA = [ptP + (l-a)Pilg sin0 . (13) A .p A p  £  *s

(3) The acceleration component of the axial 
pressure gradient is obtained directly from the 
velocity profiles for the two parts of the flow:

Measurements of the void fraction, taken by the 
gamma ray absorption method at different scanning 
positions across the flow area, confirmed that 
liquid was actually flowing close to the wall. 
Void fractions were measured for boiling water 
flowing in a vertical or horizontal channel 38 mm 
in diameter, and for heated lengths of 4.9 and 
7.3 metres. Predictions, as shown in Fig. 2, are 
in good agreement with experiment.

_1_ dM 
At ds

_d_
ds (pg A u dA + °i A lu?dA) ( m )

where M is the momentum flow rate.

The total change of pressure in a given 
length of pipe, L, can, of course, be obtained 
by evaluating and adding the integrals of the 
above three expressions for length L. For the 
particular case of uniformly heated flow, the 
mass dryness fraction varies linearly along the 
pipe, if we again ignore variation of fluid

In Figs. 3 and 4 the present model is com
pared with results for horizontal and vertical 
unheated pipes, reported by H.C. Larson (ref. 6) 
and H. Isbin et al. (ref. 7). The operational 
pressures were 68.95 bar and 1.013 bar with 
observed void fractions up to 0.90 for mass dry
ness fractions in the region 0.01 to 0.7.

The velocity profile method also gives good 
agreement (Fig. 5), with the results of R.A.
Egen et aj. (ref. 8) for vertical flows at high 
pressure in heated channels. Operating condi-
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tions were: case of horizontal flow.
Pressure: 
Heat Flux- 
Mass Flux:

137.90 bar
946 to 1577 KW/m2
949 to 1220 kg/m2s

It is interesting to observe that by changing the 
power law exponent in equation 8, an explanation 
is obtained for the slight increase of void frac
tion with mass flux. This dependence is shown 
in Fig. 5 for mass fluxes 949 and 1220 kg/m2s , at 
1261 KW/m2 heating flux, with values of 7 and 8 
for n.

Rouhani and Becker (ref. 9) presented void 
fractions for boiling heavy water in a vertical 
tube of 6 mm inner diameter and a heated section 
of 2.5 m in length. The range of their measure
ments was.

Pressure: 
Heat Flux: 
Mass Flux:

7.0 to 50.3 bar 
380 to 1200 KW/m2 
650 to 2050 kg/m2s

Samples of their data, for 11 and 49 bars are 
presented in Fig. 6. No indication is given in 
their paper as to which phase flows next to the 
wall. VELPR0 predictions for both cases are 
given, together with the curve obtained by 
Smith's correlation. The experimental results 
exhibit some unexpected behaviour in that the 
lines of experimental points do not seem likely 
to pass through the points (0, 0 ) and (1, 1), as 
thermodynamic equilibrium requires. The devia
tion at the left hand of Fig. 6 at 49 bar is, of 
course, exaggerated by the semi-logarithmic plot
ting, but even so is apparently greater than can 
be explained by a transition from fluid-next-to- 
the-wall to vapour-next-to-the-wall.

All these comparisons between theory and 
experiment are presented in a different way in 
Fig. 7, which shows that the velocity profile 
model in its present form agrees with most exper
imental results to within ±10%, with a tendency 
to give slightly high predictions at high values 
of the void fraction, particularly for low pres
sures . This suggests that the vapour phase 
should be assumed to have some liquid entrained 
in it, so that its density is somewhat greater 
than that of pure vapour only. For a given frac
tion of entrained liquid, the effect of this 
will naturally be greater at low pressure when 
the density difference between the phases is 
large. However, one could expect the amount of 
entrained liquid to be greater at high values of 
the void fraction, where the ratio of the vapour 
flow rate to that of the liquid is high.

The various intercepts on the vertical axes 
of these two figures indicate the normalised 
pressure drops for uniform-density liquid flow 
along the test section. Fig. 11 shows the agree
ment between observed and calculated pressure drops.
CONCLUSION

In its present simple form, the velocity 
profile method relates void fraction and mass- 
dryness fraction at least as well as other exist
ing methods over the whole range of possible flow 
conditions. It contains a small degree of flexi
bility conferred by variation of the profile 
exponent, n, and is thereby able to predict the 
slight dependence of void fraction on mass flow 
rate noticeable from some experimental investiga
tions. It gives a better description of physical 
reality than "one-dimensional" models, and allows 
direct calculation of axial pressure gradient.
It thus represents a significant advance on most 
existing models.

Even so, the velocity profile model cannot 
claim to be more than a highly simplified desc
ription of a complex physical reality, and further 
development may be desirable. One obvious possi
bility is the addition of entrained liquid to the 
vapour steam. In the present state of knowledge 
about the behaviour of the liquid-vapour inter
face, even this change would have to be largely 
empirical in character.

This and other developments are under act
ive consideration, but it is already clear that 
further progress will, to a considerable extent, 
depend on the existence of more detailed obser
vation of actual two-phase flows.
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Fig 1 The assumed velocity profiles for annular two-phase flow
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Fig 2 The void fraction, mass-dryness fraction relation for boiling water in 
vertical heated pipe
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(d) M o s s  D ry n e s s  F r a c t io n  .

Fig 2 The void fraction, mass-dryness fraction relation for 
boiling water in vertical heated pipe
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Fig 3 The void fraction, mass-dryness fraction relation in horizontal 
unheated pipe

Fig 4 The void fraction, mass-dryness fraction relation in vertical 
unheated pipe
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Fig 5 The void fraction, mass-dryness fraction relation in vertical 
heated pipe

C99/83 ©  IMechE 1883 91



2 2 7

Fig 6 The void fraction, mass-dryness fraction relation for boiling 
heavy water in vertical pipe

Fig 7 Comparison between predicted and observed void fractions
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Fig 8 Predicted and observed void fractions by S L Smith

Fig 9 Normalised pressure drop for vertical flow
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Fig 10 Normalised pressure drop for horizontal flow

Fig 11 Comparison between predicted and observed pressure drop
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A VELOCITY PROFILE MODEL FOR TWO-PHASE FLOW WITH LIQUID AND 
VAPOUR ENTRAINMENT

A.N. Skouloudis and S.J. Peerless

Department of Mechanical Engineering, Imperial College of 
Science and Technology, London SW7 2BX

1. SUMMARY

An analytical model of annular two-phase flow in a tube, 
in which a composite velocity profile based on a power law is 
used, gives better representation than existing models for 
both heated and unheated flows. The model allows both liquid 
and vapour entrainment and assumes equilibrium between the two 
phases. Predicted pressure drops for steam-water mixtures 
agree with experimental values to within 15% in a wide range 
of operating conditions.
2. INTRODUCTION

Mixed flows of liquid and vapour along pipes and similar 
passages occur widely in engineering, and the ability to ana
lyse them is of considerable importance. This is particularly 
so for liquid-cooled nuclear reactors, in which phase transi
tions not only directly affect the heat-transfer rate from the 
fuel, but also indirectly affect the thermal power.

Two-phase flo
sence of clear criteria governing transitions between them. 
Consequently, the calculation of axial pressure gradients, 
with which this paper is primarily concerned, has been based 
almost entirely on empirical correlations. A recent collec
tion of such correlations and their suggested ranges of appli
cation is presented by Hewitt CO-

Relatively simple analysis is possible when the flow can 
be represented as a homogeneous mixture of liquid and vapour; 
the main difficulty in this case arises from ignorance about 
the effective viscosity of such a mixture.

of a wide variety

Another relatively simple flow pattern is that in which
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the liquid and vapour can be considered to flow entirely sep
arately, one phase occupying a central cylindrical core, the 
other occupying the surrounding annulus. However, one-dimen
sional analysis of this type of flow still requires some rath
er crude assumptions, e.g. that the velocity heads for the two 
phases are equal.

A recent analysis presented by the present authors £3} 
constitutes a two-dimensional approach to separated two-phase 
flow. Using a compound power-law profile, good agreement was 
obtained between theoretical and experimental correlations 
between void fraction a and mass dryness fraction x. Void 
fraction is the fraction of the total flow area occupied by 
the vapour; mass dryness is the ratio of the vapour mass flow 
rate to the total.

In the present work we extend the range of application of 
this velocity-profile model by allowing the two phases to be 
partly entrained in each other, while retaining a clearly de
fined surface of separation between the two regions of the 
flow. By varying the amounts of entrainment it is possible to 
cover the whole range from the homogeneous fluid to the fully- 
separated type of flow.

Using this extended model we analyse the dependence of 
streamwise pressure gradient on flow rate and mixture quality, 
and give some tentative comparisons with experimental results 
for diabatic and adiabatic flows in vertical and horizontal

J 
• |

------- ------------- *

Fig. 1 The assumed velocity profiles for two-phase flow .

1121
3. DESCRIPTION OF THE MODEL

Fl. Jhe uf° ™ of th® assumed velocity profile is indicated by 
JJg* , Wlthin.each of the two regions of the flow passage 
thefluid velocity is taken to vary with radius according to a 
1/n P°wer law* as sometimes used in single-phase pipe flow 
nht yS1K** region is assumed to be occupied mainly by onephase but with some of the other phase uniformly mixed in 
with it, sufficiently intimately to allow the velocity to be 
assigned a single value at each point.

The shape of the velocity profile will depend on whether 
the heavier mixture is flowing in the annular region next to 
the wall (1), or the central circular region (2); the two 
cases are shown in Fig. 1 (a ) and (b). The two parts of the 
velocity profile are defined by

u. /u , = (1 - r/r )1 max,l l/ro '
1/n

2/umax,2 ,1/n
r < r < rs c
0 < r < r

(la)

(lb)
where radius rs defines the surface of separation, and iv is 
a hypothetical dimension used in specifying the profile in region (2).

»e make the usual assumption of local thermodynamic equi
librium between the vapour and liquid phases at any cross-sec
tion of the pipe, so that the familiar concept of dryness 
raction, x, can be used to relate the total mass flow rates 

of vapour and liquid, m and ifi : o Z

rhg + ( 2 )

Similarly, a dryness fraction can be defined for each region of the flow: &

JBi.
mgi + m

11
'fcl mg2 + mt2 (3)

The mean density of each of the mixtures can then be easily 
expressed in terms of the relevant dryness fraction:

1 - x. _1_
"2

1 - x.
"1 PZ 'g

and the mass flow rates in the two regions are

mgl + *tl *1 -tj. U1 dA

m2 = mg2 + *£2 = ^2 Ja2 u2 dA

(4)

(5a)
(5b)
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The physical laws describing mass-transfer at the surface 
of separation are not sufficiently developed to provide a ba
sis for analysis. -We can, nevertheless, incorporate the idea 
of entrainment into our model by introducing an 'entrainment 
ratio'. Since entrainment can presumably occur in both direc
tions there will in general be two entrainment ratios in each 
of the two flow cases. For the case in which liquid predomi
nates in the region (1) (next to the wall), we write

hl2 (l-x2 )rti2
(6a)(l-xM

m
m = JXi.xm (6a)

Entrainment ratio is thus the proportion of the total flow 
rate of a phase which flows in the region in which that phase 
is not the predominant one.

The two parts of the velocity profile are matched by en
suring continuity of shear stress at the interface, rs. As in 
the earlier, simpler, model of reference [pj, we do this by 
assuming that Prandtl's mixing-length hypothesis is valid in 
the neighbourhood of the interface, with equal mixing-lengths 
for the two mixtures. Consequently,

rh/rs = 1 + R(ro/rs 1) (7)

R = (pj/Pj^where
The shape of the velocity profile, so established, can be 

related to the mass flow rates of the two phases and the ent
rainment ratios; the result is \(i+l/n)

(l-e2)* + ei*4 - T rh l r. -r ) rh \ n I s

(1"el)fi’<, + e2*g
= R'

s 'o (8a)

An alternative form of the left-hand side of this equation is

■ p S jT T T  ' 1

(l-e2)x + e^Cl-x) 
(l-e1)(l-x) + e2x (8b)

which clearly shows that the geometric parameters of the velo
city profile, r^ and rs, depend on the entrainment ratios and 
the overall dryness fraction, x.

Since r implicitly defines the void fraction, a, we now 
have a relationship between o and x; it has a single solution 
for all values of a and x between 0 and 1.
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Pressure Drop Calculation

For pressure drop calculations the force-momentum rela
tion applied to steady pipe flow yields the result

~ d! " f  TW " 0  Pg + d-«)P J g  sin0 = j £  (9)
where A is the total flow.area, P the wetted perimeter, 0 the 
angle of inclination and M the momentum flow rate.

wall shear stress is assigned the same value as that in a 
hypothetical homogeneous fluid flow in which the whole pipe is 
filled with the mixture occupying region (1), and the velocity 
distribution is the u^ profile extended to the pipe axis; the 
calculation uses standard l/nth power law analysis, and gives

•r - (q U1 \ n+1 / P1 U1 ro\n+l
" ■ r w  - h M  uo)

where u^ is the average velocity for this hypothetical flow, 
and C is a numerical factor, with the value 8.74 when n = 7;
Wl is the viscosity of the mixture, obtained from the expres
sion

, x. 1-x.
y (ID
g

The last term in equation (9) is obtained by integration over 
the two parts of the combined velocity profile:

dM
dz

_d_ 
dz (px l dA + p, L u 2dA) ( 12)

If it is assumed that the phase densities are varying only 
slowly along the pipe then equation (9) can be integrated to 

the total pressure drop; for diabatic flows this requires 
a numerical solution for the wall shear stress and the void 
fraction.

All calculations based on this model can be performed by 
an interactive computing package 'VELPRO 2', which can handle 
both laminar and turbulent flows, varying entrainment ratio, 
heated and unheated tubes, etc.

Application of the model in its present form requires the 
entrainment ratios for the two phases to be specified as part 
of the input data; this information is required in addition to 
a statement about which phase is predominant in each of the 
two regions of the flow. In the absence of such detailed in
formation, comparison with experimental results must be rather 
tentative.

23 2
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i+. COMPARISONS WITH EXPERIMENT
In the comparisons which follow, calculations made with 

the velocity profile model have been based on the assumptions 
that
(a) the liquid phase is predominant next to the pipe wall 

(region 1), with the vapour phase mainly occupying the 
central core, and

(b) no liquid entrainment into the central core occurs.

Results are presented for different amounts of vapour entrain
ment into region (1). No attempt has been made to optimise 
the agreement by varying the entrainment ratio; the values 
used have been chosen rather arbitrarily to demonstrate the 
effect of introducing entrainment into the model. In all the 
comparisons presented here, pressure drop has been normalised 
against p^u^, for all liquid flow at the same mass flow rate.

The well-known experimental results of Haywood et al. GO 
were obtained in heated and unheated, horizontal and vertical 
tubes of 25.4 mm and 38.1 mm diameter and various lengths from 
1.5 m to 7.3 m. Their heat and mass-fluxes were in the ran
ges : , 0Heat flux: 20.0 to 140 kW/m*

Mass flux: 750 to 1950 kg/m2s

Comparisons with their results for heated horizontal 
tubes are shown in Fig. 2. As previously found in reference GO» good agreement is obtained over most of the range of 
these experiments without introducing entrainment.

Fig. 2 Calculated and measured pressure drops: horizontal pipes*
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However, inspection of Fig. 2 suggests that agreement would be 
improved by increasing the gas entrainment ratio for low val
ues of outlet mass-dryness fraction.

Fig. 3 shows comparisons with the Haywood results for 
flows in unheated vertical tubes. For these conditions also 
the flow can apparently be adequately modelled by assuming 
complete separation of the two phases, without any entrain
ment.

It is interesting to note the decreasing effect of ent
rainment on the predicted pressure drop as pressure increases 
and the density difference between the two phases decreases.

Fig. 3 Calculated and measured pressure drops: vertical pipes .
Markedly different conclusions follow from comparison 

with the experimental results from CISE, reference [5). Their 
experiments were carried out in unheated tubes of 5.0 mm to 
10.1 mm diameter, within the following ranges:

Pressure: 41.0 to 82.4 bar
Mass dryness fraction: 0.01 to 0.8 
Test section length: 0.53 to 0.92 m

2 3 3
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Fig. 4. Calculated and measured pressure drops: vertical un
heated pipes; length 53 cm; pressure 68.8 bar.

Sets of results for various mass fluxes are shown in 
Figs. 4 and 5 for tube diameters of 5.2 mm and 8.2 mm respec
tively. On each graph curves are drawn for gas entrainment 
ratios of 0.5 and 1.0; the latter value represents the case in 
which all the vapour is entrained, so that the whole tube is 
filled with a homogeneous vapour/liquid mixture. In order to 
achieve close agreement with the experimental results, the 
entrainment ratio has clearly to be increased as the mass flux 
increases.

f’r
es

su
re

 
D

ro
p 

jp

1127

Fig. 5. Calculated and measured pressure drops: vertical un
heated pipes; length 92 cm; pressure 69.6 bar.

The same point is made in a different way in Fig. 6, in 
which predicted pressure drops are plotted against the obser
ved values for a larger number of mass fluxes. The upper 
grapli is drawn for the homogeneous-mixture model (gas entrain
ment ratio = 1) and shows good agreement for high mass fluxes, 
but increasingly poor agreement for decreasing mass flux.
The lower graph shows the effect of reducing the gas entrain
ment ratio to 0.5.

It is interesting to note that Muscctolla , in analy
sing the CI5E results using a variety of models of two-phase 
flow, obtained the best agreement with the homogeneous-mixture 
model.
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O e s trv td  P r t * s u r t  Drop 6pM

F ig , 6 . C om parison o f  m easured  p r e s s u r e  d ro p s  w ith  c a l c u l a t e d  
v a lu e s  u s in g  two e n tr a in m e n t r a t i o s .

5 . CONCLUDING DISCUSSION
I t  w i l l  be a p p r e c ia te d  t h a t  even w ith  th e  added  f e a t u r e  o f  

in t e r - p h a s e  e n t r a in m e n t ,  th e  v e lo c i t y  p r o f i l e  m odel re m a in s  a  
h i g h l y - i d e a l i s e d  r e p r e s e n t a t i o n  o f  tw o -p h a se  f lo w , p a r t i c u l a r l y  
in  i t s  s h a rp  d iv i s i o n  i n t o  two flow  r e g i o n s .  The m easured  
t r a n s v e r s e  d i s t r i b u t i o n s  o f  r e l a t i v e  d e n s i ty  o b ta in e d  by 
Haywood et_ a l . c l e a r l y  i n d i c a t e  a  g ra d u a l  t r a n s i t i o n  a c ro s s
m ost o f  th e  tu b e  r a d i u s .

In  th e  c a l c u l a t e d  r e s u l t s  d is p la y e d  in  t h i s  p a p e r  o n ly  
e n tr a in m e n t from  th e  v ap o u r p h a se  i n t o  th e  l i q u i d  r e g io n  h as
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been  a l lo w e d , f o r  s i m p l i c i t y .  E n tra in m e n t can  o f  c o u rs e  gen
e r a l l y  be e x p e c te d  t o  o c c u r  in  b o th  d i r e c t i o n s .  In  th e  p r e 
s e n t  form  o f  t h e  m odel th e  v a lu e s  o f  th e  e n tr a in m e n t r a t i o ( s )  
a p p r o p r ia t e  to  l o c a l  flo w  c o n d i t io n s  h ave t o  be a v a i l a b l e  a s  
in p u t  d a t a .  The e n c o u ra g in g  i n d i c a t i o n  from  th e  co m p ariso n s  
shown above i s  t h a t  when t h i s  in fo rm a t io n  i s  g iv e n  th e  model 
w i l l  g iv e  re a s o n a b ly  a c c u r a te  p r e d i c t i o n s  o f  th e  a x i a l  p r e s 
s u re  g r a d i e n t .

I t  i s  c l e a r l y  d e s i r a b l e  t o  e x te n d  th e  m odel f u r t h e r  so  
t h a t  e n tr a in m e n t r a t i o ( s )  a r e  c a l c u l a t e d  i n t e r n a l l y .  Such a 
develo p m en t i s  b e in g  a c t i v e l y  p u r s u e d ,  b u t  may r e q u i r e  more 
e x te n s iv e  e x p e r im e n ta l  r e s u l t s  th a n  a t  p r e s e n t  e x i s t ,  f o r  i t s  
s a t i s f a c t o r y  c o n c lu s io n .
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