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Abstract

[t is well-known that the conditional distribution of a- Markov-chain signal process based on obser-
vations of a “signal-plus-white-noise” type obeys a vector stochastic differential equation. The usual
Bayes estimates of functions of the signal can be found from this distribution, pointwise in time.
Unfortunately, the differential equation mentioned above has, in general, no closed form solution,
and so it is necessary to use some form of approximation scheme to produce a practical filter.

We consider discrete approximation schemes based on regular partitions of a finite time-
interval and show that, under the condition that the distribution of the observations-process is
Wiener-measure (in R9), the discrete-observations-conditional distribution of the approximation
error (suitably normalised) can at best converge to a normal distribution with zero mean and given
covariance matrix. For the more practical case, where the distribution of the observations-process is
only absolutely continuous with respect to Wiener-measure (i.e. the signal-plus-white-noise case), a
similar result holds.

We demonstrate the existence of schemes that are efficient, in that their normalised error se-
quences converge to this best limit, and schemes that possess the highest possible order of conver-
gence (i.e. first-order) but that are not efficient. The latter methods have limit conditional distribu-
tions with non-zero means. A

We investigate various practical approximation schemes, in particular a class of schemes based
on a “Taylor-series type” expansion of the conditional distribution of the signal about the points of
the partition.

A parallel set of conditional-distribution-limit-results apply to the normalised errors in the ap-
proximation of the Bayes estimates of functions of the signal process when these approximations are
calculated from the corresponding approximate distributions of the signal-process. It is these ap-
proximate estimates that form the “output” of any practical filter.
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Notation

Abbreviations:
a.s. almost surely
o.d.e. ordinary differential equation
s.d.e. stochastic differential equation
w.r.t. with respect to

Set theoretic symbols:
7] null set

g . “belongs to”
c “is contained in”
U union
n intersection
3 “there exists”
Y “for all”
Matrix and vector symbols:
I identity matrix
bT (BT) transpose of a vector (matrix)
(x, p) " inner product of two vectors
Ix - norm of a vector or matrix (Euclidean unless otherwise stated)
diag(x,,...,x,) a diagonal matrix with elements x,,. . . ,x,,
X;, (x®) the i*" element of a vector; the second form is used where a subscript

has another meaning, for instance the i element of a process x{).

Probability theoretic symbols:

Q,7P) a probability space

w the generic element of Q

AB,C.3Cp sigma-fields of subsets of Q

a(-) the sigma-field generated by a system of sets or a random variable
HK o(X); where X is a random variable or process

H o(Xs; s < t); where X is a random process

P,P,P, probability measures

E,E|E, mathematical expectation with respect to P, P, P,

P(A4|D “Fconditional probability of an event 4

EX |9 Fconditional mean of a random variable X ‘



P, <P, measure P, is absolutely continuous with respect to P,

P, ~P, P, and P, are mutually absolutely continuous
(a.s.)(P) almost surely with respect to P; (P) is omitted
where the measure is obvious
Lp((Q,SJ, P)) space of random variables on Q whose p** powers are integrable
= weak convergence (convergence in distribution)
N(m, V) the muitivariate normal distribution with mean m and covariance V'
n(0,V) the multivariate normal density with mean m and covariance V'
I, the indicator function of a set A4

Special notation:

Py a partition sigma-field (see (3.2.4))

q an approximation to the random variable ¢

g ENq | Py) (see (3.4.23))

g g—Ey(q] Py) (see (3.4.23))

O ) an order of convergence (see definition 2.2)

O,(- ) an order of convergence (see definition 2.2)
M, a, B, (), n(a), —=at, =, v, I(S), B(S), A(F,Gy,. .., G I¥(s,0, I¥(X,5,0),
I1%(nh,(n+ 1)h), I¥(q,nh,(n + 1)h) — see definition 2.1
Other symbols: '

= “defined equal to”

~ “approximately equal to”

R4 the space of real d -vectors

n the set of natural numbers
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Chapter 1

Introduction

1.1 Optimal filtering.

This thesis is concerned with the numerical realisation of a class of optimal filters that could, in
principle, be programmed on a digital computer or microprocessor system. By “filter” we mean a
. recipe by which we can estimate a time-varying parameter or signal, from past and present observa-
tions of some related, noise-perturbed signal. For example, we might wish to estimate the “state” of
a dynamical system from-noise-perturbed observations of the output.

The simplest example of an optimal filter is the Kalman filter (see [AR1]) for linear systems
driven by Gaussian white noise.

Much literature exists on the more general theory of filtering, Sowe shall not go into the details
here; the main tools used in that theory and in this thesis are results of probability theory and
stochastic calculus. The reader should be familiar with such notions and results from probability
theory as: probability spaces, probability as a normalised s-additive set function, random variables as
measurable functions, mathematical expectation and conditional expectation, the Radon-Nikodym
theorem, Fubini's theorem, almost sure convergence, L-convergence, convegence in probability,
weak convergence, the Borel-Cantelli lemmas, Hélders’s inequality, distributions, moments, and
the central limit theorem. There are many good texts in probabilty theory, for ekampls Billingsley
[BI1] and Kingman and Taylor [KT1].

Filtering theory for continuous-time signals draws on the theory of continuous-time stochastic
processes and the integral calculus appropriate to such processes. The reader should be familiar with
such concepts and results as: stochastic processes and their finite-dimensional distributions, the
Markov property, adapted processes, martingales, Brownian motion, the Wiener integral, stochas-
tic differential equations, the existence and uniqueness of their solutions, /t0’s rule and the Girsanov
theorem.

A good introductory text to stochastic calculus with practical motivation is Arnold [AR1]. For a
more complete (and abstract) handling of the subject see, for example, Ikeda and Watanabe [IW1],
Gikhman and Skorokhod [GS1] or Stroock and Varadhan [SV1].

Finally, for a thorough treatment of optimal filtering theory, the reader should consuit Liptser
and Shiryayev [LS1] or Kallianpur [KA1]. Both these books include sizeable sections on the under-
lying results of stochastic calculus. ’

13
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Filtering theory is largely concerned with a recursive formula for the conditional a-posteriori
statistical distribution for the signal based on prior observations; the usual Bayes estimates can be
* found from this distribution (see for example Larsen [LA1]). For a finite-state signal the “output”
of the recursive formula would be a vector of conditional probabilities, and for a continuous-state
signal the output might be a conditional density (assuming a density exists). For a discrete-time sys-
tem the recursive formula would be a difference equation, but for a continuous-time signal it would
be a differential or integral equation. (Since we idealise the integral of physical “wide-band” noise
by a Brownian motion process, these differential equations would be stochastic differential equa-
tions (s.d.e.s) and cannot be interpreted in the usual Riemann-Stieltjes sense.)

The simplest and earliest example of an optimal filter of this type is the well-known Kalman
filter. This is a recursive formula for the conditional mean and conditional covariance of the state
of a linear system driven by wide-band Gaussian noise, based on observations that are a linear com-
bination of the signal and independent Gaussian wide-band noise.

Versions of the Kalman filtering equations exist for discrete-time and continuous-time systems.
The equations are directly applicable for continuous-state signals because they are finite-dimensional;
in fact the linearity of the problem ensures that the a-posteriori distribution is Gaussian and can be
parameterised by a finite number of statistics (the mean and the covariance).

One of the practical problems with optimal filtering for arbitrary Markov signals is that the a-
posteriori distributions cannot always be characterised by a finite set of statistics, and so the filtering
equations are infinite-dimensional. There is a fair amount of work on special cases for which finite-
dimensional filters exist (see for example Bene¥ [BE1], Brockett [BR1]), but we shall not be con-
cerned with that here. '

In this thesis we restrict our attention to the filtering equations appropriate to Markov-chain

signals because Markov diffusion processes can usually be approximated with arbitrary accuracy by
such chains (see Kushner [KU1]).

1.2 Filters for Markov chains.

Suppose we have a signal (s,) that we wish to estimate from observations of a “signal-plus-wide-
band-noise” type; i.e. we observe (Y,), which is given by

Y,=h(s)+n;  hs),neR". (1.2.1)

h is a bounded, nonlinear function and (n,) is wide-band Gaussian noise, statistically independent of
(s,). (By “wide-band”, we mean that the bandwidth of the noise is much greater than the bandwidth
of the signal (s,).)

The optimal filter in this case would depend in a very complicated way on the nature of (s,)
and (n,); so we examine first the optimal filter for the case where the signal is a finite-state Markov
chain and the noise is idealised white noise. We note that there are versions of this optimal filter that
represent “nearly optimal” filters for the real signal (s,) and real noise process (n,), provided that
these can be approximated by a finite-state Markov chain and idealised white noise respectively.
These notions are made clearer below.
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We represent tdealised white noise in its integral form; such a process is called a Brownian mo-
tion (8,) [AR1]

4

B, =~ J nds. (1.2.2)

0

The optimal estimates of the signal are found by a Bayes estimation technique; we use our
knowledge of the physical nature of the signal to decide on an a-priori probability distribution, then
at each time we use the observations up to that time to form an a-posteriori distribution for the sig-
nal. We use this distribution to find estimates of the signal that optimise various error criteria, such
as least.squares.

An optimal filter for the idealised case is given by the following theorem.

Theorem 1.1. Let (X,, t € [0,T]) be a homogeneous finite-state Markov-chain process defined on
some probability space (R, 3, P,), with generator A and a-priori distribution py

X, eS:={ay,a,,...,a,} te0,T],
A eRme

r}’l(Xo = a,-)-

Po=

| P = ay)

Let (W,, t € [0, T]) be the following “observations” process:
t
W, .= J.h(Xs)ds + 8, (1.2.3)
0

where h is a bounded nonlinear function on S;

-

hy
hy

h=| " |:S—R*

| ]

and (8,) is a d-dimensional Brownian motion process, independent of (X))
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(i) The a-posteriori distribution for X,

P(X,=a | W, se[0,T])

PI(X,=am|ug,se[0,T]_U

is the unique strong solution of the following s.d.e.:

d

p,=py+ J Apds+ ZJ — &7 p) pd WP = (6] p)ds) te(0,T], (1.2.4)
i=1 0

where
B; = diag{h(a,),h,(a,),. . . ,h(a,)} i=12,...,d;
= [h,(a,) h)(a,). . . hi(a,)] i=12,...,d.

(ii) If we define an “un-normalised” a-posteriori distribution q, for X, by

4= exp(f Z Ona)Tdw, -—jnz (a5, (1.2.5)
0 j=1

then q, is the unique strong solution of the following bilinear It s.d.e.

9y = Po

t d 1t
q,= 4o+ J-Aqsds+ ZJBiqdeﬁi) te[0,T]. (1.2.6)

i=10
NOTE 1. The idea in (1.2.3) is that

B

t
I’VtzJ.Yds.
0

The stochastic integral on the right-hand side of (1.2.4) is to be interpreted in the sense of It8 (see
for example Arnold [AR1]).

NOTE 2. Clearly the a-posteriori distribution p, can be found from the unnormalised version by

the formula
m

p, = (Z ¢Y'q, (1.2.7)

Jj=1

Le. it is sufficient to solve the simpler s.d.e. (1.2.6) to find p,.

PROOF OF (i). See, for example, Davis and Marcus [DM1].
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PROOF OF (ii). Application of [t6’s rule to (1.2.5) yields the result (1.2.6). 1

Part (i) of theorem 1.1 was first proposed by Wonham [WOL1], it is a special case of the Fujisaki-
Kallianpur-Kunita formula [FKK1]. Part (ii) gives a representation of the a-posteriori distribution
due in its general form to Zakai [ZA1].

From the a-posteriori distribution for X, we can calculate optimal estimates of functions of .X;
for instance if f is some function on the state-space S,

f:S—>R"
such that
EfX)I? <

then the optimal (in the “least-squares” sense) estimate of f(X,), based on the observations (W, s €
[0,1]) is given by the conditional mean,

f&X):=E\(f(X)| W,, s e 0,1])

j=1
= (Z @) Zf (@,)q?. (1.2.8)
j=1 j=1

Let us return now to the original problem; that is, the determination of an (almost) optimal
filter for the “real” process (s,) with physical wide-band noise (n,) in the observations, rather than
the idealised problem of theorem 1.1. Suppose first that the signal (s,) is a Markov-chain but that
the noise in the observations is not idealised white noise but some physical wide-band noise. We
require a formula (hopefully a recursive formula) for calculating an a-posteriori distribution for s,
from each sample path (Y,; s < 1) (or (JgY,du; s < 1)), i.e. we require a functional F from the
space of continuous R ¢-valued functions into R™,

F:C%0,T] » R™

. -
piv P(s,=a,|[gY,du;s < 1)

(m)
P

P(s,=a,| Y du;s <01
s

=F(JYudu;s < t).

0
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It is plausible that if the distribution of the integral noise process, (J'f, nds), is close in some
sense to the distribution of the Brownian motion (8,) (i.e. Wiener measure),then the optimal filter
for s, is close to that obtained by formula (1.2.4). Unfortunately a full analysis of this question ap-
pears to be very difficult, but one problem is that the solution of (1.2.4) is only defined almost surely
uniquely with respect to Wiener measure on C¢[0, T]; in particular it prescribes no “output” (a-
posteriori distribution) for the set of “inputs” (elements of C4[0, T"]) with bounded variation, to
which the “real” observations (fy Y,d s) belong. This particular problem is overcome by replacing for-
mula (1.2.4) by a statistically robust version; by this we mean a functional that defines an “output”
for every element of C%[0,T], that coincides with the solution of (1.2.4) almost surely (Wiener
measure) and that is continuous in some sense. This problem of robustness in optimal filtering equa-
tions is dealt with by Clark [CL1], Davis [DA1] and others. _ .

In this thesis we shall be considering discrete approximations for equation (1.2.6); the domain of
these approximations extends naturally to all elements of C4[0, T'] and the methods are inherently
robust. Some of the methods considered, the Mil’shtein scheme [MI1] and the paradigm (definition
4.2) for example, are probably uniformly robust in the time discretisation parameter, which means
that the robust approximations obtained by these methods converge to robust exact solutions
uniformly (‘sup’ norm) on compact sets of input paths, but I have not investigated this further. An
example of a method which is not uniformly robust is the simple Euler method (see Clark {CL1]).
The question of uniform robustness for discrete approximation schemes has been treated in detail
by Talay [TA1] for a class of s.d.e.s more general than those considered here.

Next, suppose that the signal we wish to estimate, (s,), is a (continuous-state) Markov diffusion
process. Rather than using the version of the Fujisaki-Kallianpur-Kunita formula appropriate to
diffusions, which is an infinite-dimensional (partial) differential equation, we use the results of
Kushner in [KU1] and assume that there exists some approximating Markov chain. We solve the
filtering equations for this chain. To solve the partial differential equation for the diffusion numeri-
cally we would need to use a more complex approximation procedure involving discretisation of the
space parameter. Bennaton, in {BE2] and [BE3], has proved results on the order of convergence of
Galerkin methods used to solve this problem, which parallel the results of Clark [CL1].

This thesis is primarily concerned then with discrete-time methods for solving equations (1.2.4)
to (1.2.8). Given such an approximation method, a filter could be constructed with the form shown
in diagram 1.1.

1.3 Discrete solutions of stochastic differential equations.

Stochastic differential equations can be “solved” by finite approximation schemes in much the
same way as ordinary differential equations. A first step is to find a2 “Taylor-type” expansion of the
exact solution about each point of a discretisation mesh of the time interval, and to approximate
terms in this expansion, thereby forming a one-step approximation scheme. Such an approach gives
familiar schemes for ordinary differential equations, the simplest of which is the Euler scheme (see
for example Blum [BL1]).

For stochastic differential equations the Taylor expansions differ in form from their o.d.e. coun-
terparts because of the differences between the rules of stochastic calculus and ordinary calculus
(for instance, It0’s rule).



i Reset to zero at

\ =0,h2h,...,T
_ Approximate un-normalised \ Approximate Bayes estimates
. A-posteriori distribution of f(s,)
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Observations ¥, . ~ AW AWy AWy | e approximate| 9 G- -8 ) P

. Y0
S > IS Ry 2f(a)g A —

" ')
solution of (1.2.6) 1gd

Diagram 1.1
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‘ Wagner and Platen [WP1] and Platen [1}{1] have derived a general Taylor formula for mul-
tidimensional s.d.e.s with time-varying drift and diffusion coefficients. They define a family of one-
step approximation schemes based on this formula. It is their approach which is adopted in chap-
ters 2 and 3 of this thesis. I refer to their schemes as the &/ 2% order Taylor schemes (see definition
2.3).

The 1/ 2'4 order Taylor scheme is the stochastic equi\.lalent of the Cauchy-Euler scheme. Though
first proposed for use with stochastic equations by Maruyama in [MA1]; it is analysed for time-
varying, single-dimensional diffusions by Mil’shtein in [MI1]. Mil’shtein also considered a first-order
scheme, which is equivalent to the 1*-order Taylor scheme. He further defined a method with order
h* for the mean-squared error in one step, (h.is the step length). Applied to a bilinear equation such
as (1.2.6), this method has a global error (root-mean-squared error over an interval) of order 1; it is
similar to the 3/2" order Taylor scheme but lacks the term in A2

Rao, Borwankar and Ramkrishna [RBR1] develop an order 2 scheme, which is equivalent to the
2" order Taylor scheme. Riimelin [RU1] considers a general class of Runge-Kutta type schemes,
which match terms in the Taylor expansions but are easier to implement than the Taylor schemes
if the drift and diffusion coefficients are nonlinear, as derivatives of the coefficients are not directly
evaluated.

The above authors are concerned fnainly with simulation of the solutions of s.d.e.s. For this, in
a scheme such as the 3/ 2 order Taylor scheme, one would use random number generators with
appropriate distributions and correlations to simulate the terms.required. All the above authors
produce neat reductions of their methods that require the minimum number of generators. For the
1/2# and 1% order Taylor schemes one clearly needs to simulate at each step the increment in the
random driving term, AW : a zero-mean normal random variable with variance 4, if the driving term
is a Brownian motion. For the 3/2% order scheme, Wagner and Platen show that the simulation can
be achieved by simulating an extra random variable; in the case of a Brownian driving process this
is also normally distributed with mean zero but with variance A3/3. Unfortunately it is correlated
with the first random variable, the covariance being 4?/2.

Mil’shtein’s method with mean-square error in one step of order 4* also uses these two random
variables as a basis for simulation. Rao, Borwankar and Ramkrishna use a further random variable

to simulate all the terms needed in their 2% order scheme.

We are not concerned here with simulation but with the “pathwise” solution of equations (1.2.4)
and (i.2.6) given realisations of the driving term (W,). More specifically, we require our approximate
solutions to be measurable with respect to the driving term at the partition points. Because of this
we cannot achieve arbitrary orders of convergence; the maximum order of convergence of discrete
approximations to the solution of equation (1.2.6) is in fact 1; this is well-known but is proved here
" (lemma 3.4) for completeness.

A detailed treatment of the maximum order of convergence of “pathwise” approximate solu-
tions of s.d.e.s is given in Clark and Cameron in [CC1].



1.4 On the results of chapters 2-4.

In this section we outline the results contained in the next three chapters, putting them in the con-
text of the work of other authors.

Chapter 2 contains two theorems which are used extensi\)ely in chapters 3 and 4: the first,
theorem 2.1, presents a general Taylor expansion of the solution of bilinear s.d.e.s; it is a corollary
of theorem 1 in [WPI1]. It is used as a first step in the comparison of the solutions of s.d.e.s and
their approximations. Theorem 2.2 is a tool for bounding the L,-norms of the solutions of stochas-
tic difference equations, given the L properties of the driving terms; it is used to bound errors
in approximations. For example, in the proof of theorem 3.1 a process, (N?inh, n=20,1,...,N),
which obeys a rather complicated difference equation, (3.5.10), is approximated by another process,
(x,, n=0,1,...,N), which obeys the simpler equation (3.5.17); theorem 2.2 is used to show that
all the Lp-norms of the error process, (IV '(f,.h ~Xpn=0,1,...,N), converge to zero. Theorem
2.2 is an adaptation of part of theorem 2 in [WP1], which bounds the L,-norm only; the reason for
having the stronger result here is that by obtaining an order of convergence in terms of the L,-norms
for p > 2 we are able to use the moment form of the Borel-Cantelli lemma to obtain almost sure
~ convergence results.

I have used the notation “Op(#)” to indicate an order of convergenée in terms of the Lp-norm,
and “0(00)(,\,%)” to indicate an order for all the L -norms (see definition 2.2). I have also borrowed
the notation for representing the solutions of s.d.e.s in Taylor series form, devised by Wagner and
Platen in [WP1], as this seems a natural and compact, if at first sight daunting, way of handling
these expressions; it is explained fully in section 2.2.

Section 2.5 deals with the family of approximation schemes for s.d.e.s proposed by Wagner and
Platen; these are the natural one-step schemes. Theorem 2.3, which is a corollary of theorems 2.1
and 2.2, gives their L'p-properties when applied to bilinear equations.

The main results of chapter 3 are the limit-distribution theorems for normalised error sequences
(theorems 3.1 and 3.2). These give the optimal “partition-conditional” behaviour of the errors in
“partition-measurable” approximation schemes for the bilinear equation (1.2.6) and the correspond-
ing Bayes estimates found from this equation. Theorem 3.1 is essentially the same result as theorem
2 of Clark in [CL2] but the proof is presented here in terms of the discrete approximation results
of chapter 2 rather than Clark’s approximating o.d.e. approach. To accommodate the non-zero drift
component in the driving term of equation (1.2.6) we use the same Girsanov transformation of
measure as Clark; this enables a simpler analysis of Wiener-process-driven equations to be extended
to equation (1.2.6). The transformation is dealt with in section 3.3.

The limit-distribution results of theorem 3.1 are extended from approximations of the solution of
(1.2.6) to the corresponding approximate estimates obtained by the Bayes formula (1.2.8) in theorem
3.2. The technique used is the production of a Taylor expansion of the non-linear estimation func-
tion implicit in (1.2.8) (given explicitly, v, in (3.6.1)) about the point g, followed by the bounding
of the second and higher-order terms in this expansion; it is what Billingsley in [BI1] p.340 calls the
delta-method.

Chapter 4 begins by introducing some efficiency concepté for discrete approximate solutions of
s.d.e.s; in particular “first-order asymptotic efficiency” (see definition 4.1). A first-order asymptoti-
cally efficient scheme is one with the optimal properties discussed in chapter 3. In section 4.3 we
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introduce as a paradigm a scheme based on (but distinct from) the one-step schemes of Wagner and
Platen. It contains the fewest terms needed for first-order asymptotic efficiency. The paradigm con-
verges with order 1, of course, as does the scheme first proposed by Mil’shtein in [MI1], but the
latter is shown, in a corollary to theorem 4.1, not to be first-order asymptotically efficient. Theorem
4.1 also demonstrates the existence of many other approximation schemes which possess the highest
order of convergence, 1, but which are not first-order asymptotically efficient. Some of these schemes
are shown to possess the optimal limit-distribution for normalised errors given in theorem 3.1, but
with non-zero means; they can be thought of as being “asymptotically biased”. _

Various approximation schemes are compared in section 4.4, in particular the Euler and
Mil’shtein schemes and the paradigm, as these contain the fewest terms needed for convergence,
first~order convergence and first-order asymptotic efficiency respectively. We also mention briefly
the Runge-Kutta schemes of Riimelin.

As far as I am aware the work presented in chapter 4 is original.

Chapter 5 suggests some further areas for future research.



Chapter 2

Some Tools for Handling Discrete Approximation Schemes

2.1 Introduction.

Several results concerning the convergence of discrete approximate solutions of stochastic differ-
ential equations are formulated in this chapter. These are the main tools to be used in chapters 3
and 4.

Section 2.3 presents a Taylor expansion representation of the solutions of bilinear stochastic
differential equations. Theorem 2.1 is a special case of theorem 1 in [WP1], which gives such an
expansion for a wider class of s.d.e.s, It is formulated in terms of a special notation, which is defined
in section 2.2. The idea behind these expansions is that truncation of the “remainder” term yields a
family of convergent stochastic difference equations that can be used to approximate the solutions
of the differential equations.

A theorem for determining the order of céEfergencé of such difference equations is presented in
section 2.4; it is based on theorem 2 in [WP1]. In section 2.5 we use the results of the previous two
sections to define and investigate the convergence of a class of discrete approximation schemes for
bilinear equations, introduced by Wagner and Platen in [WP1]. We call these the Taylor schemes.
The order of covergence is given and two counter-examples are used to disprove higher-order con-
vergence in the 1/2'% and 1% order schemes.

In section 2.6 we mention briefly- a generalisation of the results of sections 2.3 and 2.5 from
time-invariant bilinear equations to a wider class of s.d.e.s.

2.2 A special notation used in Taylor expansions of the solutions of bilinear stoch-
astic differential equations.

I have adopted the notation used by Wagner and Platen in [WP1] for eXpressing Taylor expan-
sions of the solutions of stochastic differential equations. The use of a special notation has two ad-
vantages: first it provides a very compact way of writing down the multi-term expressions that occur
frequently in this type of work, and secondly it facilitates the expression of results that are true for
more than one type of expansion (see, for example, theorem 2.1). Its disadvantage, of course, is that
the reader needs to become familiar with it before he can interpret the results.

23
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The notation is used in the proofs of results in chapters 3 and 4 but not in their statements. It
is used extensively in this chapter both in the statement of results and in their proofs.

The notation introduced in [WP1] is for use with arbitrary nonlinear stochastic differential
equations; [ use here a version suitable for bilinear equations. Consider the following bilinear equa-
tion, defined on some underlying probability space (2,3, P):

Xy = x,
d
dX,=FX,dt+ Z GXdw® tel0,T],

i=1

(2.2.1)

where X, e R™ F,G,,...,G, are real m X m matrices and
o

(w,=| . | tel0,T])
W)

is a d-dimensional Wiener process.
We make the following defintions.

Definition 2.1. M is the set of indices given by
M= {v,(pjyp- - )y e{01,....ds1l=12,... ,kk=12...}

(v is the empty index, containing no terms).
[ () is the “length” of the index a:
v I(v):=0
Hpsday - - - 5 J1)) = k.

n(e) is the multiplicity of the term 0 in the index a:

n(v): =0
n((jysJ - - - »J)) = cardinal{j, = 0;i

L2,... k).

—« and a — are the following shortened indices:

V== =) = (==,
—Updp e o o di) = Uasdzs -+« o di) k =
Ul,jz,. .« . ’jk)— = (jl’jZ" .. ’.jk-—l) k

1(S) is the supremum of the lengths of indices in a subset S of M :

1(S):=supl(a) SQM.

aeS



B(S) is a “remainder set” (sce theorem 2.1 for motivation):
B(S):={aeM—-S:—aecS}.

AS(F,G,,...,G,)is the indexed matrix product given by

A(F,Gy,. . ..Gy) =1,
A(F, Gy, G)i= A_(F,Gpy. . . ,GOF  ifa=(0jy. .. Jji)
ASF Gy . ,G) = A_(P.Gy,. .. ,GNG, i a= iy oJi) Jy 0.

I7%(X,s,1) is the indexed integral given by

1Yx,s0:=x,
t
17(x,5,0:= Jzﬂ(x,s,u)du if @ = (jypjgs- - - 50),

s
t

I¥(X,s,1:= Jlfi(x,s,u)d WY ifa = (g - k) Jx *O.

5
1% (s,1) is the indexed integral given by

1Y65,0:=1,
t
17(s,0):= j[:’:(s,u)du if @ = (jppjp- - - »0),

s
t

17(s,1):= j[:‘:(s,u)dW(uj") if & = (pojip- - - »Ji) Jz %O

5

NOTE. I%(X,s,?) is an m-vector, I ¥ (s,1) is a scalar.

2.3 A Taylor expansion for representing the solutions of bilinear s.d.e.s.

To study the convergence of stochastic difference equations, defined on some partition of the time
interval [0, T'], to a bilinear stochastic differential equation such as (2.2.1) we would like an expan-
sion of the solution of the latter about the points of the partition. The following theorem, which is
a special case of theorem 1 in [WP1], provides such a result. The proof, modified for the bilinear
case, is relatively shortyso it is included.

Theorem 2.1. For any subset S C M with the following properties:

(i) S # @,
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(i) 1(S) < co,
(iii) —axe S YaeS,

the solution of equation (2.2.1) has the representation

Xy = X,

X, = ZAa(F,Gl,. LGOI Y (s, nx, + Z A(F,Gy,. .. ,GIIY (X ,5,1)

aeS aeB(S)
0<s<:<T. (231

PROOF. We prove first that for a = (j, /. . . ,Jz)s k 21

d
17X 5,0 = 1] (DX, + I 0 (FX,5,0) + Z 17 J(G.X ,s,1), (2.3.2)
i=1
where
()= (i jpdp- - ) i=01,....,d.

Now

I(Oa)(FX S’t)+zl(xa)(GX 5,1 = jf J‘FX dudW(f) dW(Jk)

i=1
ZJ.J JGXdW(')dW(") L d W

i=] § s

Jj J(x X)dW(" AW

=17%X,5,0—- 17 (s,1)X,,

where “d W9” means “d 1. This proves (2.3.2).
We now prove (2.3.1) by induction with repect to /(«). It is evident that SO(:= {v}) satisfies
conditions (i)—(iii), and

Now

ZAa(F,Gl,. G sy =1

aeS,

t t
ASF,G),. .. ,GIIY(X,s,1)= JFXudu + Z jGiXud w
agB(Sy) s i=i s
=X, - X,

and



This proves (2.3.1) for all § satisfying (i)-(iii) with /(S') = 0. Suppose now that (2.3.1) is true for
all S that satisfy conditions (i)-(iii) with /(S') = & = 0. Consider a set S, ,, with I(Sp) =k +
1 that also satisfies (i)-(iii). Let

Spi={aeS, . :l(x) < k}.

Clearly S satisfies (i)—(iii) and /(S}) = k; so

Xr=ZAa(F.Gp-'-de)I:;V(svt)Xs‘*- Z ASF Gy G (X5,
aeS, aeB(Sy)

Now Sy =S, © B(Sy)ss0

Z A(F,Gp,. .. ,GIIY (X,s,1) = Z AF,Gyp. . ,GHIY(X,5,1)

aeB(Sy) a€Sy =Sy

+ Z A(F,G,,...,GIY(X,s,0).
aeB(S)~(Sg+,—Su)

We apply (2.3.2) to obtain

A(F,Gypy. o G ¥ (X, s5,1) = Z A(F,Gy. .. GIIT (s,0X,

a€Sy—S a€Sy 41 —S)

+ Z (Aaf(FrGro - - - s G (o X 15,1)

aeSy+ =Sk

4 .
+ ZA(i‘“)(F’Gl" - ,Gd)I(’,ffa)(X,s, t))-

i=1
So X, = Z A(F,Gy,. .. ,Gd)lf'(s,t)X,-i-ZAa(F,Gl,. LGOIV (X s, (2.3.3)
Q€S 4y aeB

where

B :=(B(Sy) — (St —Su) U {(,@):i=0,1,...,d;ae(S  —S}
It is easy to show that B = B (S, );s0 (2.3.1) is true for S, ., and also, therefore, for all S that
fulfil (i)-(iii). i

As an example of this theorem, consider the case where

S = {v,(0),(1),@). ...}

in which case

v

B(S) = {(0,0),(1,0),...,(d,0),(0,1),...,d,1),...,d,d)}.
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Now

Xo = x,
X, = ZAQ(F,GI,. CLGIIY (s, 0x, + Z ASF,Gpy. .. ,GII Y (X,5,0)
aes ’ acB(S)
d

= +Fa-9+ Z GwI-w)x, + R,, (2.3.4)

i=]

where R, is the remainder term

Z AS(F,Gp. .. ,.GIIY(X,s5,0),
aeB(S)

A frequently met discrete approximation scheme for solving s.d.e.s is the “stochastic Euler
method”, see [MA1]. In the present case this method is given, for the partition (0,¢,,¢,,...,7T),
by

A

X0:=Ax
d

oy . . A
R, =1 +F(t, =1+ Z GwY —wih,. (2.3.5)

tn+l

i=1

By comparing (2.3.5) and (2.3.4) we obtain a difference equation for the approximation error:

A
d
e = @) @) £
X, ~8 _=(I+F(t —1)+ Z GWD —whx, -R)+R, . (236)

i=1

The next two sections describe methods of bounding and proving convergence of solutions of
stochastic difference equations such as (2.3.6).

2.4 A theorem for bounding the solutions of stochastic difference equations.

We consider first how to bound terms in the difference equations obtained by theorem 2.1; begin-
ing with a definition.

Definition 2.2.
(i) We say that a sequence of discrete-parameter random processes-

(X,y€R":n=0,1,... ,N):N =1,2,...)
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is of uniform L order r,and we write
Xn,N = Op(l/lvr)

if
sup E |N'X, vII” <oo  for some p > 0.
nsy
N
(if) We say that a sequence of random variables (Xy € R™: N = 1,2,...)is of Lp~order r, and

we also write
Xy = O, 1/N")

if )
SUpE [[N'Xy|? <o  for some p > 0.
N

NOTE 1. We shall frequently write O,(h") for a uniform- L, -order-r sequence where we are con-
sidering approximation schemes for solving s.d.e.s that are based on regular partitions of the time
interval [0,T]:(0,A,2h,... ,Nh=T)..

NOTE 2. An indexed process of uniform Lp-ordér r for all p > 0 will be called of uniform L
order r, written

Xon = Oo(1/N7)  (or Oy(B)

The brackets are to distinguish L yorder-r convergence from L _-order-r convergence: by
X,y = OL(1/N")

we would mean

sup (limsup(E | V"X, 1)'/7) < co.
n?vN p—x

NOTE 3. A sequence of random variables that is of L;order r where rp > 1 converges to zero al-
most surely since

[ee) x
1
14 _— >
ZEIIXNH =K Z N where X = 0
N=1 N=|

< oo
the moment forin of the Borel-Cantelili lemma shows that
Xy —0 (a.s.).

The following lemma puts bounds on the terms in the Taylor expansions of bilinear s.d.e.s
introduced in theorem 2.1. It prepares the way for theorem 2.2, which bounds the solutions of
stochastic difference equations of the type obeyed by the errors in discrete approximation schemes.
It is an extension of a lemma in [WP1], which gives a similar result for second moments only.

Lemma 2.1. Let (X,, t € [0,T]) be the solution of the bilinear s.d.e. (2.2.1). For all multiple

indicesc e M :
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(i) ,
sup  E((t— ) @2 B 1P (X 5,0 | QI < o (2.4.1)

0<ss<t<T

for all p > 0 and all sub-¢-fields G C F;
(ii)
sup  E((t—5) @O E@ s, | Q| < oo (2.4.2)

0<s<t=sT

for all p > 0 and all sub-o-fields G C
(iii) If h := T /N then the indexed sequences

((E(I;V(X,nh,(n+1)h)]g’); n=01,...,N-1)N=12,...)

and

(Ed¥ @b+ 1B |Q;n=0,1,...,N=1)N =1,2,...)
are of uniform L, order (I («) + n(a))/2 for all ¢ C I;
(iv)

EAYX,s0| =0

if 1 (a) # n(a). (2.4.3)
EAYs0] ) =0

PROOF. It follows by Jensen’s inequality that to prove (i) it is sufficient to prove that

sup E((t—s) V@@ ¥ ix sni)" <o ¥Ym=1.2,... (2.4.4)

0<s<t<T

We prove this by induction with respect to /().
Since the coefficients in (2.2.1) satisfy the conditions of an existence and uniqueness theorem
(theorem 7.1.2 [AR1]) and since the initial condition is finite

sup E X" <o ¥m=1.2,...
0s:=<T

i.e. (2.4.4) is true for a with length / (@) = 0; suppose now that it is true for all a with length / (o) =
k =2 0.Let 8:= (isjps- + - »Ji+1)s-thenl(B) = &k + 1.

Ifjeisy =0

t

I;V(X,s,t) = jl‘?:(X,s,u)du.

s

So fors <t

(E 15X, 5,01 < f E X501 " du

< (1-3) sup (E |I}(X,s5u) ||2’")"2"'

s<ust
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and
E((t—s) V@2 Wiy s,l)™ < sup E((¢— )" ETEN 21 (x5 )y
, s<ust
< sup E((u—s)" OOTEE I (X s ) )7
s<ust

s0 (2.4.4) is true for S.
fjrp =12,....d
t .
Iév(X,s, t) = JI‘Z(X’S’ u)d WuUH') :

S

so0, by a result on the moments of stochastic integrals (lemma 4.12 in [LS1]),

t

EN]X,501™ < K(t—s)m—lJE 115 (X,s,u)|*"du,  where K >0
5

S K(@=s5)" sup EIJ(X,sw)]|* vs<t

s<usxt
and so

E((t—s) VOO W (x 5,0’ < K sup E((¢—s) VO 1 ¥ (X 5,u) )P
sS<ust .

< K sup E((u—s) VEIH N 1Y (x5, u) )
s<ust

So0(2.4.4) is true for 8.
This completes the proof of (i). The proof of (ii) is identical. (iii) follows directly from (i) and
(ii) by setting s = nh and t = (n + 1)h. We prove (iv) by induction with respect to / (a) also.
Now /(v) = n(v);so (2.4.3) is true for a with /(a) = 0. Suppose now that it is true for « with
(@) =k 2 0.Let 3= {(jjsjp- .. »Jx+)s thenl(8) =k + 1.
Ifjes1 =0 '
t

17 (X,s,1) = ff,;‘i(x,s,u)du.

5

(2.4.3) is true for 8 since it is true for 8 — and if /(8—) = n(8—) then ! (B) = n(B).
fjr=12,...,d

t

17 (X,s5,0 = ng’_(x,s, u) d wer)

s

and since
t

JE 15X, s> du < oo

s

(2.4.3) is true for 3. The same argument applies to / g” (s, 0). |
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The following theorem can be thought of as a version of the Gronwall lemma suitable for use
with stochastic difference equations. The proof is a generalisation of part of the proof of theorem 2
in [WP1].

Theorem 2.2. Let (Y,e R™™:n=1,2,...,N)and(d, e R™":n=1,2,...,N) be sequences
of matrix-valued and vector-valued discrete-parameter processes respectively, on some underlying
probability space (2,3, P) (See note below). Let

Fp = {9,2}
F=e¥,d.:k<n n=12,...,N.

Suppose also that (Y,) and (d,) have the following properties:
(i)Y, = O(w)(l/Nl/z)
(ii) Y, is independent of 3,_, ¥ n=1,2,...,N
(iii) |[EY,| = K;1/N K 20
(iv) d, = O, (1/N"*1Y)  r 20
v)Ed,| 3, = O(Oo)(l/N""‘)

The sequence of processes (X, e R™:n=20,1,...,N), deﬁﬁed by

Xy:=0
o _ (2.4.5)
Xy = +Y, )X, +d,,;, n=01,...,N—1
is of uniform L s orderr, i.e.
sup E [|[N'X,||IF < o Vp>0. (2.4.6)

nsSN
N

NOTE. (X,),(Y,) and (d,) are sequences of processes, but we write X, for X, ., etc.
PROOF. If we multiply both sides of (2.4.5) by N we see that it is sufficient to prove the result

for r = 0. We begin by using induction to prove the following inequality:

Xl S A Z O + 2 (T X X 1,170
20y, XD 1K1 + @), 2.4.7)

where (Z,(7)) and (r,(/)) are non-negative scalar sequences of processes, both of uniform L yorder
1, ie.
Z,(i) = O(1/N) Vi=12,...

ri) = O (1/N) Vi=12,... (2.4.8)

In addition, Z (i) is independent of J,_, ¥n = 1,2,. .. ,N. We obtain, by squaring (2.4.5),
1112 < (14207, IDIX 02+ 2<Y, 0 X,y X,> +2<d,0y, X,> + 201d,, 15 (2.4.9)

s0 (2.4.7) is true for i = 1. Suppose now that it is true for i; we multiply (2.4.7) by (2.4.9) to obtain
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1 P70 S (14 200+ DI 1+ 41 1+ Z O+ 201+ 20 Y 1)1,
+ 20 4+ DY Xy XD IX Y + 26 + Dy XD 0X,12 + 27, (D11 o 1P
27 () Iy | 12X+ 7 (A + 20 Y, I+ 201 Y 11X,
F i dy e PN+ 20 1P+ Z, )+ 200 Y |+ 201X,

+id, 1QRZu () F 8| Yy |+ 4 Y 1D (2.4.10)
We reduce the last five terms on the right side of (2.4.10) by using the following inequality. If
(¢,:n=1,2,...,N)is a non-negative scalar sequence of processes of uniform L order 1 then
1
£ X, < j—v—lanll’ + O)(1/N) Yo<s<it. (2.4.11)

This follows directly from Young’s inequality:

1 1
ab < ﬁ|a|p + alb[",

where p>1,9>1land 1/p+ 1/q = 1;if a istakenas | X,||*,bas N§, past/sand qas ¢/(t —
s). For example, the seventh term on the right-hand side of (2.4.10) is bounded as follows:

. o 1 ;
4illd IP1X1 T S SIXITD + 0y (1/N),
The other terms are bounded in a similar way to yield
1,0 129D < (L4 Z, 0+ DY IXNPTD + 206 + 1KY, 00X, X0 1X,0%

+ 20 + D<d ) s XD IX NP + 7 (4 1),

where

Zp (i +1):=22 + 1 Yn+l"2 + 4i Y,.+1||3 + Z, A+ 2[Y, ] + 2] Y,,_HIIZ) + 5/N

and
Faprl + 1) = 27 Dy [P+ Ory(1/N).

This proves (2.4.7) for i + 1 and hence for all natural i. Y,
At
We take the mean of both sides of (2.4.7) and use properties (ii) and (iii) of{to obtain

ElX, 1% < (1 +KG)/NE X + 25E (K /N)X,, X,> 1 X,127)
+2%E CE(dyy | 3)y XD 1X, 17070 + Ks()/N. (2.4.12)

Now
E {(K,/N)X,, X)X, 177 < (K /N)E |1 X,) ¥
ECE(dpey | 30, XX 1570 < ENE ey | FINIX NPT
< (K)/N)E |1 X,)* + K, ()/N,

where the last step uses property (v) and inequality (2.4.11) with ¢ = 2{.So from (2.4.12)
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El X, I¥ £ (1 + KyG)/N)E X, ¥ + Ky()/N,

where Kg(7) and Ky(i) are positive constants, dependent on i but not on n or N. Gronwall’s ine-
quality shows that

sup E | X, | <0 i=1,2,...;
nIZvN

‘the remaining moments are bounded using Hdlder’s inequality. So
X, = O,(1/N).

In the deterministic version of theorem 2.2, we would require that Y» and ds be of order 1 and
r+ 1 respectively to obtain convergence of order r for (X,); this case is simply Gronwall’s inequality.
In the random case, however, we have weakened these two conditions by requiring that only the con-
ditional means of Y, and 4, be of orders 1 and  + 1 respectively, see conditions (iii) and (v) of the
theorem. Conditions (i) and (iv) show that we need only reduced order for the “difference” terms,
Y,-E(Y,)andd,—E(d,|J,))

One can think of this as follows: at time nA the next increment of the solution to equation (2.4.5)
is determined by the “future” terms Y, , and d,; we require that the means of these terms con-
ditioned on the present obey the normal conditions of the Gronwall lemma; the difference terms,
Y,,,—E(Y,.,)andd, ,—E(d,,, | ), which are “orthogonal to the present”, may be of order
1/2 less than the terms Y, and 4, ., themselves. This is a result of adding large numbers of uncor-
related random variables. (c.f. the central limit theorem).

2.5 A family of discrete approximation schemes.

For any subset S C M that satisfies the conditions of theorem 2.1 we can define a one-step discrete
approximation scheme by truncating the remainder term from (2.3.1):

A
Xo.—x

X .= ZAa(F,Gl,. G ¥ (nh,(n+ DX, n=0,1,...,N -1

aeS

A very useful subclass of these schemes, in that it prescribes the terms that are needed for
different orders of convergence, was proposed by Wagner and Platen in [WP1]; it is the class of
schemes resulting from the following definition of the sets S,:

Se:={aeM :1(a) +n@) < k ORI(a) =n(a) = . % (k + 1)}, (2.5.1)

(i.e. sets that contain all indices shorter than k£ + 1 but including the “all zeros” index of length k +

L).
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Such subsets of M clearly satisfy the conditions of theorem 2.1, So

Xpsip = Z A(F,Gyp. .. ,GOIY (nh,(n+ DA)X 4
(IESk
(2.5.2)
+ Z ASF, Gy . ., GIIT (X, nh,(n + Dh).
aeB(Sy)
Definition 2.3. Consider the class of discrete approximation schemes given by
fo(k) =X,
X, k)= Z A(F,Gp,. .. .G ¥ (nh,(n+ DR (k) n=0,1,...,N~1, (2.5.3)
aesS,

where the S, are given in (2.5.1) for £ = 1,2,.. . . These schemes will be called the k/ 2% order
Taylor schemes. They were compared with the schemes proposed in [MA1], [MI1] and [RBR1] in
chapter 1. '

Theorem 2.3. The k/ 2% order Taylor scheme for solving equations such as (2.2.1) converges with
order k /2.

PROOF. We substract (2.5.3) from (2.5.2):

X,—X,(k) =0

Xin+1)h ".:Y‘,,.;.l(k) = + Y, ()X, —§n+l(k)) +d,. k), (2.5.4)

where

Y, (k)= z ASF,Gys. .. .GOIY (nh,(n + Dh),
aeS,—{v}

d. (k):= A(F,G,,. .. ,GOI"(X,nh,(n+ Dh).
n+1 "3 1 d/* a

aeB(Sy)
Part (iii) of lemma 2.1 shows that
Y, (k) = O (B'7?)
d (k) = Ok T).
Now, Y, (k) is independent of J,_,,, and by lemma 2.1 part (iv), bearing in mind (2.5.1),

E(Y,) = Of,y(h),
4 k+2
E(, | j(n—l)h) = O(oo)(h ).
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We can now apply theorem 2.2 to equation (2.5.4) to yield the desired result,

(X, = X,(K)) = Oy (H*/?).

This is the result given, in terms of the L2-norm, in theorem 2 of [WP1] extended to all the Lp-
norms.

The k/ 2% order Taylor schemes are given explicitly below for & = 1,2 and 3:AW§,”_}_l means
Wﬁf.)ﬂ);. -wi)

2o = 2,2 = £, = x,
d
Xy ()= (1 +Fh+ Z GAWD, X (1),

i=1

d d ("+~l)h 1 '
2@ =(1+Fh+ z Gaw®  + Z,G,.Gj daw?awdX (2),
i=1 ij=1 ;h :ll
d d (n+.1)h tp
X3 =1 +Fh+ Z Gaw® + Z GG, dwPdw®
i=1 . ij=1 :h :]I
d (n+1)h d (n+0h ¢ '
+ ZFG j J‘dW(’)dt+ ZGF J stdW“’
i=1 nh nh i=1 nh  nh
d (n-H)h t s
+ Z GG, J f J.d w®awhaw® + FZhZ)X 3). (2.5.5)
ijk=1 nh nh

It is fairly easy to show that the terms prescribed by the Taylor schemes (at least for k =
. . . n .
and 2) are necessary as well as sufficient for the given orders of coyergence. In fact if we perturb
the terms in the 1/ 2”'T order scheme by éF, 6G,,. . . ,0G, then we shall have convergence of order
1/2 to the solution of the the wrong equation; i.e. the scheme given by

A

Xy =x,

Ry = (1 +F +oF)h+ Z(G,. +5G)aw®. )X, (2.5.6)

i=1
will converge with order 1/2 to the solution of the following equation:
X ;) =x

=(F+6F)Xdt+ Z(G,. +6G)X AW,

i=}1



Clearly the scheme given by (2.5.6) does not in general converge to the solution of (2.2.1).
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The argument for the necessity of all the terms in the 1 order scheme is not as trivial. Consider

the scheme given by

Xpi= X,
d (n+1Dh ¢
Xy =1 +Fh+ ZGAW&LI Z(G,Gj +3G,) j J‘dWU’d WX,
i=1 iyj=1 nh

We subtract this from the S, expansion for the solution of (2.2.1), given in (2.5.2).

d d (n+1)k

A .
Xopryh = Xpey = (I + Fh+ Z GAw®  + Z(G,Gj + 4G, ) J Jd wPdw?)x,,

[=-=1 ij=1 nh  nh

+ z A(F,Gy,. .. ,GOIY (X, nh,(n+ 1)h)

aeB(S,)
d (nt+1)k ¢
- Z 5G, J Jd wPawix .
fj=1 nh  nh

If we apply lemma 2.1 and theorem 2.2 to this difference equation we see that
A

Now

(2.5.7)

A
— Xn)

. d
. A
Ny = X)) = (I +Fh+ Z GAWE N X, - X)) +d, (1) +d,,(2), (25.8)
: i=1

where
(n+1)h ¢
,,+,(1) = ‘”Z(GG + G, ) f dede“)( -X)
iy=1 nh

+N1/2 z Aa(F, qu- .. 1Gd)IZV(X’nh’(n+ l)h)’

aeB(S,)
d (nt+Dh
d,  (2):=-N'" Z 5G,; J Jde!’de"’X,,,,.
iy=1 nh  nh . .

Let the sequence (¢£,;,n = 0,1,. .. ,IV) be given by
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£:=0,
d

Eppri=(I +Fh+ Z GAW ), e, + d, (D). (2.5.9)

i=1
We obtain by subtraction
d
~ i N
NI/Z(X(n+l)h —Xpr )~ = (1 +Fh+ Z GtAWﬁq)(NI/Z(th e A £y + dn+l(1)'
i=1
Again we apply lemma 2.1 and theorem 2.2 to show that

N
N X = X,) = £, = O)(B/?).

Now :
Elg I =ENE ) + ENY &l + E N, QNP+ 2E (E,, Yor (£
+2E<¢,, d,41(2)> +2E(Y, &, 4,.,(2)),
where -
d
Y, :=Fh+ Z Gaw .
i=]1
Now
d (n+1)h ¢ (n+1h ,
E|d. (2QI*=NE Z (8G, ; X,y » 8G Xoyd J deﬁ"’d w® j J-de,”d wk
ik =1 nh nh nh nh
; ‘ _
=2T ) E |G, X n2h+—T- E |6G, . X.,|I*h
1,i nh 2 ij“‘nh ’
i=1 iy=1
i#j
and

EE, Yo kD> = —KRE|E1? K >0,
E <£n’ d,,+1(2)> =0,
ELY &5 dpri(2)) = 0.

The last equality holds because AW, and

(n+1h ¢
j JdWﬁ”d w9

nh nh

are uncorrelated for all i,j,k = 1,2,...,d. We have

Elg 2= Q=KNE|EI*+E |d, (D15
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SO

N
E gyl = Z(l - KV E |d(2)11*

n==|

N d d
= 2(1 -Kn¥ (2T ZE 16G, . X,,1* + % Z E|13G, ;X,,)* h
a=1 i=1 ij=1
T d
T
- J exp(—K (T —s))(ZT ZE 18G, X% + 5 Z E ||8G, J.X,nz) ds
0 i=1 ij=1

i#j

>0 if any 6G,; is nonsingular and X, # 0.

So,under these conditions, .
A
liminf £ | N /2(Xy = Xy)I* > 0.

and for6 >0, E|NY2T(X, -X ~)II? diverges, which shows that the scheme given by (2.5.7)
does not converge with order 1/2 -+ 4 for any 6 > 0 (if any 6G, ; is nonsingular and X # 0).

In the next two chapters we shall be concerned with partition o-field measurable approximate
solutions to bilinear equations, and with this condition the order of cdnvergence is restricted. The
1/ 2% order Taylor scheme uses only AW,,AW,,. .. ,AW) to form an approximation to X and is
therefore partition-o-field measurable. The 1% and higher-order Taylor schemes are, in general, not
partition o-field measurable, and so the maximum order of convergence is 1/2. An important excep-
tion to this is the case when all the G; matrices commute in the sense that GIGJ. = GjGlr vi,j =
1,2,...,d;in which case the 1 order Taylor scheme is partition-o-field measurable. This is in fact
the case in equation (1.2.6).

2.6 Generalisations of results.

Sections 2.3 and 2.5 contain results on the expansion of the solutions of bilinear stochastic differential
equations with time-invariant drift and diffusion coefficients, and the convergence of specific ap-
proximation schemes to these solutions. These results can easily be generalised to cover a wider class
of s.d.e.s, but I have not included the proofs in their most general form since that is not the purpose
of this thesis. However, I mention here a generalisation of theorems 2.1 and 2.3.

Consider the s.d.e.

Xo = &(w)
dX,=a(t,X)dt +b(t,X)dW, tel0,T] (2.6.1)

where X, e R™, (W, e R4, te[0,T)]) is a d-dimensional Wiener process,
a:[0,T]XR™ — R™is a continuous function and
b:[0,T]XR™ — R™*4 is a continuous function:

We assume that £, a and b fulfil the conditions of an existence and uniqueness theorem such as
theorem 6.2.2 in [AR1].
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Theorem 2.1 is a special case of theorem 1 in [WP1]; the latter defines Taylor expansions of
the solutions of equations such as (2.6.1). To achieve this a differentiability condition on @ and b is
introduced (see [WP1] theorem 1 (iv)). )

Theorem 2 in (WP1] is a similar resuit to theorem 2.3; it gives the order of convergence of the
Taylor schemes when applied to an equation such as (2.6.1), but only in terms of the L,-norm. It
depends on a square integrabilify condition ([WP1] theorem 2 (iii) and (iv)). By strengthening this
condition to p**power integrability one can easily prove the appropriate order of convergence of the
Taylor schemes in terms of the L,-norm.



Chapter 3

The Optimal Asymptotic Behaviour of Approximation Schemes.

3.1 Introduction.

In this chapter we shall look at the maximum rate of convergence of discrete approximate solutions
to the Markov-chain filtering problem, introduced in section 1.2. This will be dealt with in two parts:
first the convergence of discrete approximate solutions to the bilinear s.d.e. (1.2.6), and secondly the
convergence of the corresponding Bayes estimates obtained by formula (1.2.8).

The main results of this chapter ‘are in sections 3.5 and 3.6. We show in theorem 3.1 that the
normalised error in any partition-o-field measurable approximate solution to (1.2.6), at best con-
verges in distribution to a normal random variable with zero-mean and given covariance matrix.
This result is modelled on, and is in part a corollary of, theorem 2 of Clark in [CL2], but the proof
presented here is more direct in that it uses the discrete-approximation results of chapter 2 rather
than the approximating o.d.e. approach used by Clark. A similar result is obtained in section 3.6 con-
cerning the convergence of the normalised error in the corresponding approximate Bayes estimates
of functions of the signal process.

The rate of convergence of discrete approximate solutions to (1.2.6) is limited by the require-
ment that such solutions are partition-o-field measurable. This problem is introduced by Clark and
Cameron in [CC1]. It is fairly well-known that, in terms of the L,-norm of the error at the partition
points, in general the maximum order of convergence that can be achieved under this rest;iction is
1. A lower maximum order of convergence (1/2) results if we use interpolation of the approximate
solution between the partition points, and look at the supreinum of the L,-norm of the error over the
whole time interval.

Rootzén in [RO1] proves a weak-convergence result for approximations to stochastic integrals
considered as processes. His results reflect the lower order of convergence of such functional ap-
proximations.

The maximum order of convergence would be only 1/2 if the diffusion coefficients in (1.2.6),
By, B,,. . .,B,, did not commute i.e. if B;B; # B;B,; for some i,j € {1,2,...,d} (see [CC1]). In
the present case these coefficients are diagonal matrices and do commute.

In section 3.3 we introduce an absolutely continuous transformation of probability measure
which enables us to use the tools developed in chapter 2 for the analysis of the bilinear s.d.e. (1.2.6).
This is a standard Girsanov transformation and yields a new probabﬂity measure P,, with r{pect to
which the observations process (W, , t € (0, T']) is a Brownian motion.

41
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The best “approximation scheme” for solving (1.2.6) in terms of the L,-norm under P, is the
partition-o-field-conditional mean under P,. This scheme also yields, by su:stitution into (1.2.8),
asymptotically optimal approximate Bayes estimates of functions of the signal-process.

Section 3.4 deals with a few preparatory lemmas, which are used in the proof of theorem 3.1.
Lemma 3.4 derives the maximum uniform L -order of convergence of discrete approximate solu-
tions to (1.2.6).

3.2 The equation for the un-normalised conditional density.

We shall start this chapter by considering discrete approximate solutions to the bilinear s.d.e. (1.2.6),
which occurs in the optimal filtering equations for a Markov chain. I have re-written this equation
below for convenience; all random elements are defined on the probability space (2, J, P,).

4o = Do»
| ; |
dq,= Aqdt+ Z Bqdw? 1e[0,T], h (3.2.1)
i=1
dw®D =n(x)dt+dg® i=12,...,d tel0,T]. (3.2.2)

(X,, t € [0,T]) is the Markov-chain signal process that we are trying to estimate, (3,, ¢ € [0,T])
is a d -dimensional Brownian motion process and 4 is an “observations” function:

h:R™ - R“.

As was mentioned in chapter 1, we are interested in methods of solving (3.2.1) that depend on
the values of the driving term (W,, ¢ € [0, T]) at the points of regular partitions of the time inter-
val. We can formalise this as follows.

Let IT be the class of regular partitions of the interval [0, T']:
O:= {xy =(0,h2h,... NO):Nh=T;N =12,...}. (3.2.3)

We denote by # the class of approximation methods of interest. Any element of # is a discrete-
parameter process on (2,7, P,):

LEm

p:(Q,3,P)X%N—R"

p( - ,N) is an approximation to g,. u is measurable with respect to the partition-s-field P, given
by .
Py =0{WyuWys. .. ,Wys} N=12...,. (3.2.9)
i.e. u(+,N) is Py-measurable for N = 1,2,. ...
In order to compare different methods belonging to 7 we must use some measure of the ap-
proximation error g7 — u( *,/N). One such measure is the conditional L,-norm,

lgr.— (-, NIl = (El(Z(q(T" — O NN P )R (3.2.5)

i=1
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Here E| denotes taking mathematical expectation with respect to P,.

It is natural to use the Py-conditional L;-norms of the error because these yield a “measure-
of-error” for (almost) all realisations of the observations (W), W,,,. .., Wy,). Loosely speaking,
the randomness of these norms is the observed randomness, i.e. that which after observation of
(Wi Wap . . . Wy is no longer random.

It is well-known that the scheme which (almost surely) minimises the norm given in (3.2.5) in
M is the Py -conditional mean £,(qy | Py). Sections 3.4 and 3.5 are devoted to analysing the conver-
gence of this optimal scheme. This is achieved by first analysing the convergence of the conditional
mean under a new probability measure, which will be introduced in the next section.

3.3 An absolutely continuous transformation of measure.

We would like to be able to use the tools developed in chapter 2 for the analysis of bilinear s.d.e.s
driven by Wiener processes, to analyse equation (3.2.1). The problem, of course, is that the driving
term in (3.2.1) (W) is a drifting Wiener process. This problem can be overcome by performing cal-
culations in terms of a new probability measure P,, under which (W) is a Wiener process, and then
translating the results into corresponding results under the original measure P,. The new measure is
defined by a standard Girsanov transformation. .

Consider the following, in which (X,),(8,),A(+) and (a; , i = 1,2,...,m) are as given in
theorem 1.1.

sup |A(X)| <  max |A(a)ll < cos
1€[0.T]

i=12,. .. .,n
SO
. |
Pl(J IA(X)IPdt < o) = 1 (3.3.1)
0
and
T
El(exp(—;- Ju h(X)|?d 1)) < co. (3.3.2)
0

We define the pair (1, #X) by the following:

t !
1
iy = exp( f ~h(X)"dg, - j 1A 1% s),
0 0
P i=06(B,X,; 5 < 1) (3.3.3)
A lemma due to Novikov (see theorem 6.1 in [LS1]) shows that (u,, 57X) is a martingale under P,.

We define the new measure 7, by,

Pyd):= Jﬂrdpl YAded, (3.3.4)
A
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P,isa probability.measure since Po(Q) = E\up = 1.

The multidimensional version of the Girsanov theorem (see theorem 6.4 in [LS1]) shows that
(W) is a d-dimensional Wiener process under P,; furthermore with this probability it is indepen-
dent of (X,) (see lemma 3 in [DM1]). ‘

Clearly

u, >0 Vtel0,T] (a.s)(P))

so P, and P, are mutually absolutely continuous, and any property that holds almost surely under
one measure also holds almost surely under the other. The boundedness of 4(X,) also implies that

1
MT = E
) T T
= exp(f hX)TdW, - % { I1h(X,)1%d s) (3.3.5)
0 0

has moments of all orders under P,. But
dP, = MydP, (3.3.6)
and it follows from Hélder’s inequality that if 0 <6 < p,

E X, 5117 = E,Mp |1 X, 01177

< (EMDHE, X,y 17 (33.7)

consequently if the sequence (X, y) is of uniform Ly order r under P, then it is also of uniform L, ;
order r under P,. In particular the L(cg?l\niform order of (X, y) is the same for both P, and P,.

In sections 3.5 and 3.6 we shall be interested in the weak convergence of Yy -conditional distribu-.
tions of suitably normalised sequences of errors, and in the coxivergence of their Py -conditional mo-
ments. The analysis will be done initially in terms of P,; the following lemma will be used to obtain
corresponding results under P,.

Lemma 3.1. Let (Xy € R 4:N =1,2,...) be a process on (Q, such that X, is F¥ -measurable
for all N. Let P, and P, be the equivalent probability measures introduced above.

(i) If, with probability one, (P, or P,), the sequence (Py(Xy € * | Py);s N =1,2,... ) of condi-
tional distributions on (R?,/2) converges weakly, i.e. if

P, Xye - |Py)=1() (as),

(3.3.10)
N -
where 11 is some F¥ -conditional distribution on (R%,#"), then
PI(XN,. € | pN") = H( . ) (a.S.), (3.3.11)

n—

where (N|,N,, . . . ) is any sequence of natural numbers with the following “refining” property:



Np—s co b N /N is a natural number if n = m.

(The idea here is that Py 2 Py .

(ii}) If for some p > 0
Py(limsup Ex( |1 Xy | ?|py) <o) =1

and

Ez(”XN “p | pN) - E (as.),

where £ is some J% -measurable random variable, then

EIXy 1P| Py) = & (as),
’ n — co

where (N|,N,, . . . ) has the property (3.3.12).
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(3.3.12)

(3.3.13)

(3.3.14)

PROOF. Let M} be defined by (3.3.5). We have already shown that all the moments of M exist

under both measures.

The strict positivity of M, allows us to define
My :=E,M;|Py) forN=12,..

with My(w) > 0 for all w € Q, where
pw = U( n=l pNu).

It is easy to show that
w
poo = ‘71’ :

Since,for a sequence (N}, N, . . . ) with the refining property (3.3.12),

Pu 2Py ifnzm

(3.3.15)

it follows that (M Ny pN..) is a martingale under P, and a theorem of Lévy (theorem 1.5 in [LS1])

shows that
My - M_=M; (as),

and

E(M~My ) | Py) = ExML | Py)— My,
-0 (a.s.).

To prove (i) we note that for a set S € Py and a vector ¢ € R4

(3.3.16)

(3.3.17)
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JMN,El(eXP(iCTXNn) | PNn)sz = MTEl(exp(icTXNn) | pN,,)d P,
5 5
P

= El(exp(icTXNn) | Py )d P,

ne

= | explic’Xx n)d Py

h(

»

= | exp(ic’ X, N)Mpd P,

[Z 3

r»

= | E(Mzexp(ic’ Xy) | Py)d P,

v
N
and so
My E\(explic’ Xy ) | Py) = Ex(Mpexp(ic’ Xy) | Py)
= My E,(exp(i TX v) | Pv)
+ E,((My = My)explic” Xy ) | Py ). (3.3.18)
Now

|EL(M7 — My)exptic” Xy ) | Py)| = |Ef(M,— My )exp(ic” Xy) | Py)|
= EZ(IMoo - MNJ | pN,,)

-0 (as) by(3.3.17, (3.3.19)
and since, by (3.3.16)

Pz(lim" inf M N, > 0)=1,
(3.3.18) and (3.3.19) show that

E (explicT X v) | Py) — Ej(exp(i 'x ¥) | Pn) =0 (as).

This shows that, with probability one, the Py -conditional characteristic-functions of X v under

the measure P, converge to the 7% -conditional characteristic function corresponding to II( - ) at

all points ¢ with rational co-ordinates. (3.3.11) follows by the continuity properties of characteristic-
functions.

The proof of (ii) is similar. We note that for S € g

JE1(1|XNnI|p | pN,,)MN,,dPZ = JEZ(MT “XN"”p I pNn)dpz,
S S

and so
My E(1Xy 17| Py) = My E(1 Xy 17 | Py) + Ex(M7= My Xy, 17 | P3)
= MNnEz(”XN"”p I pNn) + Ez((Moo - MNn) I|XNn“p | pNn)'
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We apply Holder’s inequality to the second term on the right-hand side of this expression and use
(3.3.17) to prove part (ii) of the lemma. |

3.4 The maximum order of convergence of discrete methods.

In this section we shall look at the maximum order of convergence that can be achieved by parti-
tion-g-field-measurable approximate solutions to equation (3.2.1).

Under the measure P, this equation is a Wiener-process-driven bilinear s.d.e. of the type dealt
with in chapter 2. We noted in section 2.5 that if the diffusion coefficients in an equation of this
type commute then the 1°%order Taylor approximation scheme introduced in definition 2.3 yields a
partition.o-field-measurable approximate solution. Since the diffusion coefficients By, B,,. . ., B, of
equation (3.2.1) do commute the maximum L ;-order of convergence in this case is at least 1.

It is well-known that the maximum L,-order of convergence of approximations to this equation
is 1 and that this order is achieved by the best (L,) scheme, the conditional mean E,(q | Py) (see
[CC1]). In fact the conditional means under either measure P, or P,, E\(¢1 | Py) and Ey(q7 | Py)
both achieve the maximum L -order of convergence for all p under their respective measures; this
maximum order being 1. This is proved in lemma 3.4.

The following two lemmas will be used in the proofs of lemma 3.4 and theorem 3.1. The first
lists some properties of the Brownian-bridge process.

Definition 3.1. The following process (ﬁl’,) defined on the probabilty sbace (2,3,P,) is called a
Brownian-bridge process: ' '

(W, =W
W= W,— (W, + ﬂ";’l—"")(t—nh)), (3.4.1)

Lemma 3.2. The following properties relating to the Brownian-bridge process hold:
(i)

(W a1y ™ Woun)
W, + ("H);; (¢t — nh) is a version of EW, | Py), (3.4.2)

~S
(ii) (W,,t € [0, T)) is Gaussian with zero-mean,and covariance matrix given by

((n+Dh—t)(s=nh)] ¥ nh <s <t =< (n+ 1)h
0 otﬁerwise. (3.4.3)

(iii) The following o-fields are independent:

o(W,s € [0,h]),0(W,,s € [h,2h]),. . . ,o(W,s € [(N = Dh,Nh]),
U(Wh), O'(WZh - Wh)’ .« e . ,O'(WNh - W’(N“l)h)'
(iv) The discrete-time process

(n+1)A

(v [ Wan=or.. . N-i)
nh



48

is normally-distributed with zero mean,and covariance matrix given by

(n+1)h (m+ 1)k

J' Wdi)\N J W) = éTzhl ifm=n,
0 otherwise. » (3.4.4)

PROOF OF (i). We shall denote by AW, ., the quantity W, ), — W,,. By standard properties of
the Wiener process, for z € [nh,(n + 1)h], the following (IV + 1)d -vector has the given distribution:

awl. . awlawl .. aWwLW, =W, Weeow— W17 ~N©, V), (3.4.5)
where.
V = diag{h,...,hE—nh),...,¢—nh),(n+ Dh—1),...,(n+ Hh—1)}.

\—-v_/ — nv% S N - /
(N=1)d. s d o 4 ome

Now

EW, | py) = [Raxn(O, VX[AWT. . . AWT AW, ,. . . AWL (x =W, )T (Wiry—¥)T1T) d x

PASASE B N 4

[Ram(O, VY[AWT . . . AWT AWy . AW (x = W )T (Wi, —0T1T) dx

‘ (3.4.6)
where n(0, V') is the normal density with mean 0 and covariance V. Evaluating this expression we
obtain the result (i). ’

PROOF OF (ii). From (3.4.1), for t € [nh,(n + 1)A],

et 2)}.—:) (t=nh)_ nh)

(I/Vt - Wnlx) (W,(n+l)h u,t) (3.4.7)

The properties listed follow directly from the properties of the Wiener process.

PROOF OF (iii). Since the increments of a Wiener process are independent it is sufficient to prove
that cr(ﬁé,s e [0,4]) and W), are independent. For ¢ € [0, A],

1)

E,(W,WT) = EZ(Wh((hh t_%(Wh—W,)))

= 0.
Since W, and (Wx,s e [0, A]) are jointly-Gaussian they are independent.
PROOF OF (iv). That the process

(n+1)h

~s
J Wdt,n=0,1,...,N—-1)
nh

is normally-distributed with zero mean is obvious. Now

(n+1h (m+1)h (n+Dh(m+1)h

j W) j Wdi) = NE, j | j W.Wdtds. (3.4.8)

nh mh
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The result follows from (3.4.3). . 1
Lemma 3.3. Let (Q,7,P) be a probability space and let _J, 5 and C be independent sub-s-fields of

3. For any integrable random variable X € R™.

EEEX|AVH|AVO=EEWX|ANVO| AV 8
=E(X | 9. (3.4.9)

PROOF. Let P, Py and P, be the restrictions of P to _4, £ and C respectively. We consider the
product space
QIP)=(QX2XQ, AXEXC, P X Py XP.) (3.4.10)

and the mapping .
T(2,3,P) - (@,3,P),

given by
T (w) := (w, w, w). (3.4.11)

[t is easy to show that T is measurable and that
P(T™'F)=P(F) forallsetsF 3. (3.4.12)

This relies on the independence of _¢, £and C.
Consider the class of subsets of Q

7:={AXBXQ:4 e 4B eh}.
This is a w-system which generates the o-field
(F=GxQ:G e 4xX8);
also T~(7) is a w-system which generates _¢ \V 5, and so
THF =G XQ:G e AX8} = AV & (3.4.13)

Since T is 1-1 and measurable, any integrable random variable, X, on Q can be represented as
the composition with 7" of an integrable random variable, Y, on O

X (w) = Y(T(w)). (3.4.14)
It is easy to show, by using (3.4.12) and (3.4.13), that |
EX|AVH=Y(T) (as.) (3.4.15)
where |

Yo(w,y,wg,we) = j Y(w,,wg,wc)d Po(we).
Q
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Similar arguments show that

E(E(X | ANV B | AV C)=(Y)p(T) (as),
EEX | AVO| AV B =(Y)AT) (as.),

and
EWX [J) = Yzc(T) (a.s.),
where
(Ye)g = J‘J‘YdPC(wC)dPB(wB),
QQ
(Yg)e:= J. J YdPy(wg)dPe(we)
QQ
and

Yy im J Yd(Py X Po)wg, ),
QxXQ

(3.4.9) follows by Fubini’s theorem.

NOTE. This will be used for the space (2,7, P2) with

./4:= O'(Wh,th,. .. ,th)
8:=o(W ,t < nh)
C:= oWt ryhs Winr o>+ - - » W)

to show that, for an integrable random vallable X,

Ez(Ez(X | 30 | Py) = Ez(Ez(X | Px) | 3nh>-

(3.4.16)
(3.4.17)

(3.4.18)

(3.4.19)

Next we prove the uniform-L,-order-1 convergence of the conditional mean sequénces

((El(qnh}pjv); n_=0919- .. 9N);N = 192y-

and

(Ey@u | Py)in=0,1,...,N); N

1,2,...

Lemma 3.4. The errors in the conditional mean sequences above are of uniform L5 order 1, i.e.

(@ = E1(@us | Py)) = OB,
(q,,,, = Ey (g I pN)) = O(m)(h).

(3.4.21)
(3.4.22)

PROOF. We prove (3.4.22) first. All random elements are defined on the space (2, 7, P,). We expand
q about the points of the partition up to terms of order 1 using theorem 2.1. For brevity we shall use
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the following contracted notation. For an integrable random variable X:

X denotes E,(X | Py),

v - (3.4.23)
X denotes X — X,
(This is consistent with the notation W, used in lemma 3.2 as W, is a version of W,—W,.
For @ € M (see section 2.2)
A= ASA,B,B,,. .. ,By),
L:= 17 (nh,(n+ 1)h),
1,(g):= 17 (g,nh,(n + 1)h). (3.4.24)
We obtain by theorem 2.1
Un+h = ZAJaq,.;, + Z A1(q), (3.4.25)
aeS, aeB(S,)
where S, and B (S,) are the sets introduced in section 2.5:
S,={aeM:l(a) +nla) <2}
= {v,(0),(i),(4,j):i,j = 1,2,...,d},
B(S,) = {aeM ~S,: —acS,}
= {(0,0),(0,i),(0,i,/), (i, j, k) : i, ),k = 1,2,...,d }.
We take the Py -conditional mean of both sides of (3.4.25)
Tt = ZAaIath + z A1 (q). (3.4.26)
aes, aeB(S,)
Here we have used the fact that the / are Py-measurable if @ € S,.
Subtraction of (3.4.26) from (3.4.25) yields
~ s ~
Intvn = ) Ad G T AdLD)
aes, aeB(S,)
= + Y, )8 + dyrys (3.4.27)
where
e Y i
aesS,
d ~
an dppy = A1 (q).
aeB (S,

Now Y, is independent of 7, lemma 2.1 (iii) shows that it is of uniform L yorder 1/2 and
lemma 2.1 (jii) and (iv) showsthat ’

|Ex(Y,4))| < Kh, where K > 0.
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Lemma 2.1 (iii) shows that d, | is of uniform L -order 3/2; now

By |90 = ) AEETD |

aeB(S,)
o~
= Z AE1I(q)|F,),  bylemma 3.3,
«€B(S,)

T~ )
= z AE,I(q) | Fy),  bylemma 2.1 (iv),

aeB(S,)
I {a)=n(a)

= Oee)(h%), by lemma 2.1 (ii).

Application of theorem 2.2 to equation (3.4.27) proves (3.4.22). Now
1E{(@un | Pr) = Ex @i | PN = 1 E (= Eo(Gi | P ) | PP
< E\(Igu = Ex @i | PN | Pi Y
= El(llq,,,,—Ez(q,,,, | pN)”p l pN) Yp=21

by Jensen’s inequality. So
(Ey g = Er@o | PP < 2E G = Eod | POID'P ¥V p 2 1

and
sug ENIquw—E @ | PN <o ¥V p>0.
ns

This proves (3.4.21). | |

3.5 An optimal limit-distribution for normalised error sequences.

In the last section we saw that the partition-o-field-conditional mean of the solution of (3.2.1) under
the measure P, converges with optimal order in terms of all the L,-norms. In fact the conditional
mean is asymptotically optimal in a stronger sense than the order of convergence as we shall see in
this section.

The error in the conditional mean is of uniform L(m)— order 1, which means in particular that
the “normalised” error sequence (N(q; — E,(qr | Py); N = 1,2,...) is bounded in L, for all p.
The question arises; does this normalised sequence converge in any sense and if so to what does it
converge? A

I mentioned in section 3.2 that it is the Py -conditional properties of the error that we are
interested in since they provide us with a sample-wise analysis of the error; in particular we are
interested in the /y-conditional distribution of the error. The following theorem shows that the /-
conditional distribution and momen:ts of the normalised error converge to a normal distribution and
moments, parameterised by the sample paths of W,. It is based on theorem 2 in [CL2] although it is
proved using the discrete-approximation results of chapter 2. In {CL2] Clark approximates the solu-
tion of a stochastic differential equation by the solution of an ordinary differential equation driven
by a piecewise-linear approximation of a Brownian motion process in much the same way as Wéng



and Zakai [WZ1]: the difference is that he includes an extra Lie-bracket term, which increases the
efficiency of the approximation.

The limit-distribution obtained in theorem 3.1 has the same form as that obtained in [CL2]. In
the present case, because of the simplicity of the bilinear equation (3.2.1), we are able to show that
all the conditional moments of the normalised error converge to those of the limit-distribution.

n ’
Theorem 3.1. Let (V,,t € [0,T]) be a d-dimesional Wiener process on (Q,3,P), P = P, or P,,
independent of (Wt € [0, T]) (see note I below).

(i) Under the measure P,, with probability one, the Py-conditional distibution of the normalised
error N(qr — E)(qr | Py)) converges weakly to the F¥ -conditional distribution of the random vari-

able z, where z is given by:

T
—T_—_ Z J (s, T)(A B, — B,A)%(0,8)qpd V1. (3.5.1)
2 i=1 0
®(* , * ) is the fundamental solution of equation (3.2.1), i.e.
&(s,s) =1 VYsel0,T]
d
dd(s,t) = Ad(s,0)d t + ZB,.@(s,z)d w9 0s<s=<t=<T. (3.5.2)

il

Furthermore, all the Py -conditional moments converge almost surely.
(ii) Let (Ny,N,,. . . ) be any sequence of natural numbers with the refining property (3.3.12), that
is:

N;=soo and |>j= N;/N; is a natural number.
Under the measure Py, with probability 1, the Py -conditional distributions of the normalised errors
N{(qr — Ex(q7 | /?NI)) and N{(qr — E,\(qr | pN;)) converge weakly to the F%¥ -conditional distribution

of z. Furthermore the PN‘-conditional moments converge aimost surely.

(iii) z is the final value of the solution of the following s.d.e. scaled by T :

8, =0,
d d
do,= A0dt+ ZB,.e,d wd+ LN (4B -BAYGaVD, e[0T,
: V12 4
i=] i=1
2p =Ty (3.5.3)

(see note 3 below)
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8 can also be represented as part of the solution of the following autonomous equation:

do — Do
0, o’
2d ’
q .14 .19 .
d [0:] = 4 [0:] dt+ Z B, [0:] d Uf’) (3.5.4)

i=]

where -
4= A 0} ’
10 4
, B, 0 i
B,:= 0 Bi:l fori=12,...,d;
[ 0 g |
jl——z-(AB(i—d)—B(i—d)A) 0} forl =d + l,d + 2,. . ,2d;

UD:=w®h  fori=1,2,....,d;
v fori=d +1,d +2,...,2d.

(U,t € [0,T]) is a 2d -dimensional Wiener process under P,.

NOTE 1. (Q,3), P, and P, can be defined so as to support (V,,z € [0, T]) as follows. Let (V,,t €
[0,T]) e (C4[0, T],#[0,T], W?) the space of d-dimensional continuous functions on [0, T'] with
the Borel-field generated by the supremum norm,and 4 —dimensiflal Wiener-measure. Set

@,9,P) = (@3,P)X(C*0,T1,&#[0,T], W%
@,9,P) = (@,3P,)X(C[0,T], &[0, T], w?.

Now take as (Q, 3, P,) and (2,7, P,) the new spaces (2,7, P}) and (Q,F,P)).

NOTE 2. The ¥-conditional distribution of z,. is the same under both measures P, and P,. It is
normal with zero mean,and covariance matrix Dy given by

Dy :=E(zyz}. | %), E =E,ork,

d T .
_I _ Tain T(aR — » 4T 7
=5 (s, T)(A B; — B;A)2(0,5)q0q, 8(0,5)" (4B, —B,A) ®(s,T)" ds. (3.5.5)
i=10

NOTE 3. (6,) is a natural object to use in describing the convergence of the conditional mean se-
quence for solving (3.2.1) where the equation is defined on a semi-infinite time interval [0, co):

99 := Po
d
dq, = Aqdt + Z Bqd w9 te[0,00)

i=1

dW,= h(X)dt+ dg, t e [0,00).
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The signal process (.,) is assumed to be defined on [0, 0). (8,,t € [0,0)) is a d -dimensional Wicener
process on (2,7, P,).

We define a regular partition =" of the interval {0, co) by the following:
"= {0,h,2h,. .. ,nh,. ..}
Let a refining sequence of such partitions be one with the following property:
h;— 0 and o ifi <.
We also define the following o-fields:

p= o(W,se Trh)

The following is an immediate consequence of theorem 3.1.

For each ¢ € [0,00) and each refining sequence of partitions (#":i = 1,2,...) such that

te for some natural ;,

1
Pl_(;;(q,—El(q,llj" NIFNe- | ) =P |F) (s)
i = o0
and all the moments converge almost surely.

E\(g, | P 0 I%) is the conditional mean of g, based on all the information in the discrete
observations up to time ¢. §, represents the “past-and-present-conditional” statistical behaviour, in

the limit, of the normalised error ;(q,— E,(q, | P N F})).

PROOF OF THEOREM 3.1. As in the proof of lemma 3.4 we shall use here the following shor-
tened notation. For an integrable random variable X,

X denotes E,(X | Py),

¥ denotes X — X. (3.5.6)
Forae M,
A,:=ASA,By,. .. ,By)
L:=IY(nh,(n+ 1)h),
1(q) := 17 (q,nh,(n+ D). (3.5.7)

SKETCH OF PROOF. The equation numbers used here refer to the equations in the detailed proof
which follows. To prove (i) we start by writing down the 3/2"*-order Taylor expansion of the solution
of (3.2.1). We then take the p,-conditional mean of both sides and subtract to obtain a difference
equation for NG, (3.5.10). The terms on the right-hand side of (3.5.10) are then sorted to obtain a
form suitable for the application of theorem 2.2, (3.5.16). All the driving terms except one, 4, ,(2)
defined in (3.5.13), are of insignificant order in that they produce components of N§,, that con-
verge to zero. The component that does not converge to zero is X,» defined in (3.5.17); NG, — X, is
of uniform L -order 1/2.
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-Using the properties of the Brownian-bridge process given in lemma 3.2 we see that x,, has the
same /), -conditional distribution as the variable £, defined in (3.5.20). Now we show that z; — £y
is of L ,-order 1/2, (3.5.22)s so the moment form of the Borel-Cantelli lemma shows that all the
Py-conditional moments of NG — x, and £y — z; converge to zero almost surely. This proves (i).

Result (ii) follows by application of lemma 3.1. To prove (iii) we show that the lower m com-
ponents of the 1/2*-order Taylor approximate solution of (3.5.4) differs from £, by an amount which

is of uniform L ,-order 1/2.

PROOF OF (i). All probabalistic operations are with respect to P, unless otherwise stated. We

begin by writing down the 3/ 2% order Taylor expansion for g; theorem 2.1 shows that

q(n+1)h = EAaIaqnh + Z Aala(q)

aeS, aeB(S,)
= Z AaTaqnh + Z Aa'\;qn]g + Z Aala(q),

aeS, a€esS, aeB(S,;)

where »
S;={aeM :l(a) +n(e) < 30RI(a) = n(a) =2} _
= {v,(0), (?),(i,/),(0,7),(,0),(0,0),(i,j, k) :i,j,k = 1,2,...,d },
B(S;)={aeM—-S5;: —acS,}
= {(0,4,/),(0,0,1),(0,7,0),(0,0,0),(,0,/), (i,/,0),(,0,0),(0,4,j, k),
(. j,k,01):i,j,k, ] =1,2,...,d}.

We take the Py -conditional mean of both sides to obtain

q(n+l)h = Z Aa_aqnh + Z Aafc,zqnh + Z Aa[a(q)‘

aeS,; aes, aeB(S,)

(3.5.8)

(3.5.9)

Subtraction of (3.5.9) from (3.5.8) and multiplication by V yields a difference equation for N (q,, —

EyGu | P)):

NG, =0
~ - . ~~ ~~
Nq(n+l)h = Aa[cqunh +N Z Aa[aqnh +N Aala(q)
aes; aes, aeB(S;)

Now

ZAaTaNa;h = (I ,+ Yn+1)N’qvnh + dn-H(l)’

aES,

(3.5.10)
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where
d
Yoo 1= z Al gy
i=0
d
=Adh+ Z BAw® (3.5.11)
i=
and
d d
dy (1) 1= (Z Auplan + Z A(iJ.k)j(iJ.k))N G (3.5.12)
ij=0 ijk=1
Also
ov
N ZAaIaqm = dn+l(2) + dn+l(3)’
€S,
where
N
dn+l(2) =N Z Aalaqnh
aeS,
d
=N Z(A(i,O)I(i.O) + Ao il i0.0) T
i=
d (n+1)h
=N Z(A B,—B,A4) J W, (3.5.13)
i=1 nh
and -
%
dn+1(3) =N Z Aalaqnh
aeSy
d
% =
=N Z(A(i,O)I(i.O)qnh T Aoy (3.5.14)

i=1

(all remaining integrals I, with a € S are /y -measurable).
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We also set

da@=N ) 4100

aeB(S;)
We can now re-write equation (3.5.10) as follows:
NGy =0,
NGuepp = + Yau DNy + dp (1) + d,y () + d, 1, (3) + 4,0, (4).
We define the sequence (x,;7 = 0,1,...,N) by

Xg:=0,"
Xpw1 =T + Y, )X, + dpie (2) n=01...,N—1.

Subtraction of (3.5.17) from (3.5.16) yields
N % —% =0,

N‘Y'V(nﬂ)h ~Xp1 =+ Yn+1),(Na:zh =X T d, (1) +4d,,3)+d,.,(4),

Now, lemmas 2.1, 3.3 and 3.4 show that

Y, = O(w)(hl/ %) and is independent of 7,
|E(Y,+)| < Kh  where K = 0,
dpir(1) = Oy (),
Eyd,4 (1) | Fon) = O(m)(hz)’
d,3) = O(co)(hs/z)’
Eyd,i1(3) | Tp) = 0,
dpi(4) = O, (h),

and
Ej(d, () | T) = Otey().

So, by theorem 2.2,
NGy =Xy = O)(2'?).

We define the sequence (¢§,;7 = 0,1,...,N) by
&:=0
d
T _ .
=T + Y08+ \/—— Z(A B, —BiA )qnhAVf:-)i-l’
12 =
where

@ = ) @)
av - V(n+1)h_ Vi

n+l1-

(3.5.15)

(3.5.16)

(3.5.17)

(3.5.18)

(3.5.19)

(3.5.20)

Now, parts (iii) and (iv) of lemma 3.2 show that £y has the same /) -conditional distribution as x,.
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By solving (3.5.20), we obtain

d N
T i
"5 Z Z(I +Yy) o (I + Yoy N By = B )Gy AV
T '
d T
- f: > s wapearve (3.5.21)
12
0

=1

where the f() are the piecewise-constant functions

SON W, q)s) = U +Yy)... I + Y, )AB,—BANG,_,, (=1 <s<nh
= +Yy)...U + Y, )AB;—BA)qu_yp T O 0 .

Consider the s.d.e. .
X =(AB, — B4 )q(n—l)h
d
dX,= AXdt+ ZB,.X,d w®  tenhTI

i=1

This has the solution
' X; = ®(nh,TYA B, — B,A )q(n_l)h .

The 1/2 order Taylor approximation for X is given by
2@ = +Yy). ..+ Y, AB—BA)yps
S0

SN, W ,q0)(s) ~ B(nh, T)(A B; — B,A)@(0,(n— 1)h)gy = Oey(h'/?) ¥ (n=1Dh < s < nh

and
FOWN, W, q,)(s) — B(s, T)(A B; — B,A)®(0,5)q, = O(m)(hl/z),
So |
d T
‘EN - \/ Z J‘(f(i)(N,WqQO)(S)—Q(S,T)(A B,‘—B[A )"I’(O,S)qo)d V?)
i=1 0
) 0(°°)(h1/2)' (3.5.22)

It follows by (3.5.19), (3.5.22) and the moment form of the Borel-Cantelli lemma that

E(INGr—xylI” | P0) =0 (as) Vp>2, (3.5.23)
and
Exléy —z7 1P |Py) - 0 (as) Vp>2. (3.5.24)

Since £, and x, have identical Py -conditional distibutions, (i) follows.
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PROOF OF (ii). Part (i) of this theorem and lemma 3.1 show that under the measure P, the le-
conditional distribution of N,(q; — E5(q7 | ;91\,1)) converges to the 51?’ -conditional distribution of z

almost surely, and that the le-conditional moments converge almost surely. In particular

E\(N(qr — E,(qr | Px)) | Py) =0 (as),

i -
ie.

N(E\(qr | Py) —Ear | Py)) = 0 (as)). (3.5.25)
I - 0

This proves the convergence results for the sequence

(Ngr — E\(gr IPN‘)); [ = ,2,...).

PROOF OF (iii). Equation (3.5.4) is a Wiener-process-driven bilinear s.d.e.;so we can use the 1/ 2t
order Taylor approximation scheme, given in definition 2.3, to find an approximate solution. This is

given by
‘:10 — |Po
0y ol "’
[“I"ﬂ] = ZAa(A',BL- By (nh, (n + Dh) F"J ,
8n+l 0n
aesS)
where
S,={aeM:l(a)+n@ < 10RI(a) = n(a) =1}
= () (1), . .,2d)}.
So

— 2d .
ol ZB;AUS’)”) I | (3.5.26)
0n+l 0”

i=1
We know from theorem 2.3 that

i 4| _
[e,,hJ - H = O, (3.5.27)

A

Now

d
9 =1 +Ah+ZBAW("
“+1 i n+l

n

d
1
|+ NG Z AB,—BA)qAVY . (3.5.28)
V12 &

i=|
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We multiply (3.5.28) by T and subtract from (3.5.20) to obtain
~ A -
(£n+l - Ton-f-l) = (I + Yn-{-—[)(En— Ton) + dn+l(5)' (3.3.29)
where Y, | is as defined in (3.5.11) and

d

T - i
d_ (5):= Ni (4B, = BA)T,,— 3,8V ). (3.5.30)

12 4

=1
Lemma 3.4 and (3.5.27) show that

dy11(5) = Oey(h)

and

Ey(d,11(5) | Top) = 0.

Furthermore Y, ., = O(m)(h‘/ %) and is independent of 7Y, and |E,(Y,+,)| < K& for some K >0,
(Here .‘75’ :=o(U,:s = t)). So we can apply theorem 2.2 to obtain
‘ ~ 1/2 :
£,— T8, = O, (h"). (3.5.31)
Combining (3.5.22), (3.5.27) and (3.5.31), we have
z2p = TOp = Oy ('),
Since neither z; nor T 0, is dependent on A

zp =Tl; (as.) [ |

There is a much more direct way of proving part (iii) of theorem 3.1 but it relies on a rather
subtle result in stochastic differential equation theory: there is a version ®(s,?) of the matrix fun-
damental solution of (3.2.1) that is invertible for all s and ¢, except perhaps for w in an exceptional
null set that does not depend on s or ¢. This is a corollary of a theorem on the existence of flows
of diffeomorphisms proved in different ways by a number of authors, for example Elworthy [EL1],
Malliavin [MAZ2] and Tkeda and Watanabe [IW1]. One of the simplest statements is theorem 1.2
of Kunita [KU2]. The invertibility of ®(s, z) permits the following representation of z;.:

d T
2y = &0, T) Z j 37(0,5)(A4 B, - B.A)B(0,5)q0d V. (3.5.32)
\/12 i=1 0
d
Now ,
d®0,T) = A®0,T)T + Z B30, T)d w¥
i=1
and

d T d
d() [#70.015,~ 8,120,900 V) = ) 870, T)AB, - BAYO,TII VY

i=10 i=1
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By applying It0’s rule to (3.5.32) we obtain

d
dzp = Az;dT + Z Bzpd WY + \/—T_:@(o, T) Z 370, T)(A B, - B,A)®(0, T)qyd VY
2

i=1 i=1

d
=Az;dT + Z Bz d W + Z(A B, —B,A)qrd VY,

i=] 1=l

which proves (3.5.3).

01, of course, has the physical meaning that it is the limit-in-distribution of the normalised se-
quence %(‘JT — E)(gy | Zy))- If N is sufficiently large, then for almost each sample path of the driv-
ing process, the error (g, — Ey(q7 | 2y))(Wy(w), Wyp(w), . . . , Wy 4(w)) has approximately the same
distribution as §(W,(w),t € [0, T])h. Loosely speaking, we can think of the randomness in g, —
E,(q7 | Py) when parameterised by (W,(w), W,y(w), . . . , Wy ,(w)) as being due to the fact that
many sample paths of (W, ¢ € [0, T ]) pass through the points W (w), W,,(w),. . . and W, (w). The
randomness in 6, when parameterised by (W(w),? € [0, T']) comes from (V,,t € [0, T]) of course.

We can think of expressions (3.5.1) and (3.5.32) as being convolution integrals. Loosely speak-
ing, if N is sufficiently large then the local error in the conditional-mean scheme accrued over the
small interval [s,5 + 85], (@y15— 45) = (Eol@ss | Pn) = Eo(@s | Py)H (@), . . . , Wy 4(w)), has ap-
proximately the same distribution as

NeD Z(AB - B, AV Pg (W (w),t € [0,T]),

that is the vector obtained by applying the linear vector-field

Z(AB B,A)hsv®

i=]

J12

to the solution of (3.2.1) at time s. The distribution of the total error

7 = Eqr | PWNF(@), . . ., Wy (@)
is found by summing the effects of these vectors at time T'; that is, we sum the quantities:
d
(s, T)(W (w),1 € [0, T])—-llrz_ (4B, — BAWSVOq(W(w),1 € [0, T])
i=1

over all intervals [s,s + és] in [0, T'].

If we apply Itd’s rule to equation (3.5.3) we obtain a stochastic differential equation for Zr.
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z, =, ,where ¢ > 0,
dzg TdOp+0.dT

I

d d
=(4+ —71—;1)sz T + ZB,.:Td w4 L Z(A B,—BA)q d VY

J12 4

i=1 i=1

Te (0,c0), (3.5.33)

This equation does not have a unique solution if we include the point T = 0.

The convergence of the conditional distribution of the normalised error can be used to inves-
tigate the asymptotic behaviour of the “convergence-in-probability” of E,(qy | Py) to qp:

P\(Nigr = E\(ar | Py)) € B | Py) — P\(zr € B | T7)
for all Borel sets B, with probability 1; in particular

P1(|CT(‘IT — E\(qr | pN,))| = ;T |pN,) i PI(ICTZTI =1 jpry)
l

for all vectors ¢ € R™ and all positive numbers ¢, with probability 1. This can be used to estimate
the error when NV is large.

Since all the positive moments of the normalised error converge we can make similar estimates

for large /V in terms of much stronger convergence than “in-probability”, for instance in terms of
the L, -norms:

El(le'CT(qT —E (47 | pN,)Ip | le)l/p - El(lcTzT ? | 5‘?’)1/1’ (as.)

and so for large ¥V

1
E(lc" (a7 = Ertar | A | P = En(I¢" 20| 9) P57 (3.5.34)

Theorem 3.1 is a type of central-limit theorem. Intuitively, we might expect that the normalised
error in any Yy -measurable approximation scheme converges in distribution to a normal random
variable if it converges at all; in fact if (§y ; N = 1,2,...) is any Py-adapted sequence of ap-
proximations to g, the error can be represented as the sum of the error in the conditional mean and
a Py-adapted sequence:

qr — ZI\N =(qr —'E1(q'r [ PN)) + (E\(qr ‘ Py)— ;I\N)

So, if the sequence N (E,(q; | Py) — Z]‘N) converges almost surely to some J%-measurable random
variable Mr,then the /y-conditional distribution and moments of the normalised error sequence
N(qr — @N) will converge to the limit-distribution given in theorem 3.1 but with a mean of M
instead of zero; i.e. the normal distribution NV (M, D). If the sequence N (E,(qr | Py) — §N) does
not converge then neither will the P -conditional distribution nor the moments of the normalised
error N(qr — G-
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We might expect, therefore, that the limit-distribution given in theorem 3.1 represents the
asymptotically maximum rate of. convergence in terms of all the L,-norms (p = 1); that is, the
coefficient on the right hand side of (3.5.34) is minimal. This is certainly the case for the L, -norms
for (m = 12 .. ) as is shown in the following. The L,,-norm of the error in an approximation
scheme §,, is given by

e(@y) = E\("(@r —ay))" | Py).
By differentiating with respect to g, multiplying by N and equating to zero for a minimum we obtain
an equation for the optimal (in the L,,, sense) scheme gy :

0=EWc (gr =g | Ay) _
= E,(Nc"(gr —E(qr | Py)) + NcT(Ey(ar | Py) —au) ™" | By)

2m—1

B (2;12’—” l——l)r!)!r!El((NCT(qT ~E\(gr | pN)))zm_l-’ | pN)(NCT(El(qT | Pv) = Q;v))'-

r=0

But the odd moments of N ¢ (¢ —E (g | Py)) converge along an appropriate subsequence (N, ; i =

1,2,...) to zero and the even moments are bounded; so
2m—1
2m—1 ! —]—r .
(75,_—1_),—)..;—!13,((&’(% = Eyar | )" | PN (Er(ar | Py) — an)) = ©
r=1 (a.s.)
rodd
and

Nic"(Egr | Py)=an) =0 (as).

So the optimal scheme in the L,,, sense has the same limit-distribution for normalised error as the
conditional-mean scheme.

Part (ii) of theorem 3.1 shows that under the “true” measure P, the conditional mean E,(g; |
Py) has a normalised error that converges on refining partitions to the same limit as the normalised
error in E,(q; | Py) in the Wiener measure case. This is to be expected since the increments of the
driving term AW,,AW,,. .. ,AW), are given by the sum of a deterministic integral and an incre-
ment of a Brownian motion (see equation (3.2.2)). The integral is of uniform L(w)—order 1 and the
increment of Brownian motion is of uniform L -order 1/2; it seems reasonable, then, that the
Brownian motion part of W, dominates as h decreases.

3.6 Limit-distributions for normalised errors in approximate Bayes estimates.

Hitherto we have been investigating the best convegence of discrete approximate solutions to the

bilinear s.d.e. (3.2.1). In this section we shall carry over the main result, theorem 3.1, to the best
convergence of approximate Bayes estimates of functions of the original signal process, obtained
by formula (1.2.8). It is these approximate Bayes estimates that are the “solution” of the filtering
problem. I have restated formula (1.2.8) here for convenience. ‘
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Let f be a vector-valued function of the signal process:

S {ay,ay...,a,} - R".

The Bayes cstimate of f(.X) is given by

m i)

If 3, is an approximate solution of (3.2.1) then by “the corresponding approximate Bayes estimate”
we mean the quantity

If,m )i=¥,@Gy) i PI(EQ}S\'}) =0)=0. (3.6.2)
i=1

We would like to examine the convergence of such objects as \I'f(ZI‘N) (to \Ilf(q.r)) given the conver-
gence properties of §,. Once again we shall analyse the convergence of the /y-conditional mean se-
quence (E,(f(X7) | Py)iN = 1,2,...) as it possesses the optimal asymptotic properties described
in the last section.

Since the function v, is nonlinear the best approximate solution of (3.2.1) does not in general
yield the best approximate Bayes estimate:

“E\(f(X7) | Py) # ¥(E\(qr | y))  in general”. (3.6.3)
However, as we shall see, the conditional mean E,(¢; | Py) and indeed E,(q; | Py) both yield ap-
proximate Bayes estimates with optimal properties.

The optimal limit-distribution for the normalised error in approximate Bayes estimates can be
found using a method which Billingsley ([BI1], P.340) refers to as the delta method. The idea is
that W, is twice-differentiable and, with increasing /N, the error in a convergent approximate solu-
tion to (3.2.1) decreases so that the corresponding error in the approximate Bayes estimate becomes
nearly equal to the error in the approximate solution of (3.2.1) multiplied by the value of the deriva-
tive of ¥, at the point gr.

The following theorem gives a limit-distibution result for the error in approximations of the
Bayes estimate given by (3.6.1); the main difficulty in the proof lies in the fact that for small ¢,
1/37., ¢ can be unboundedly large.

Theorem 3.2. Let (§y : N = 1,2,. .. ) be a sequence of Py-measurable approximations to qr such
that for some measure P that is equivalent to P, and P, in the sense of absolute continuity
P(N(gr—3y)e - |Py)=Plre - |F7) (as)

and
E(IN(gr =317 | Py) = E(IE17197)  (as)  Vp>0, (3.6.4)

(where &1 is some random variable in R™) then the error in the corresponding approximate Bayes
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estimate \I!I(QN) converges as follows:

PIN(Yqr) =¥ @D e - |Py)=Plre- [T (@s)

and
E(IN(¥(q7) =T AGuNI? | Py) = E(Inrll® | I7)  (as) Vp>0, (3.6.5)
where
= (D¥))(qr)tr
_ Le=iU(@) =S (a)gPEf (3.66)
(T1a9)?
Here, D¥; means the Jacobian derivative of ;.

PROOF. We first establish the existence of the moments of =—— Z q*r’ In the derivation of the Zakai

equation (3.2.1) g is defined in terms of the nom}\Iised conditional distribution of the signal-process
p, by

m

g,:= Z 4p;
z D := exp( J Z POha)Taw, - % j I Z pPh(a)|?ds) (3.6.7)

i=1 0 i=1
(see equation (1.2.5)). Since

P20 (as) Vi=12,...,m ¢

=0
and
m
pri=1 (as.) Ytre[0,T]
i=1
it follows that
=20 (as) Vi=1.2....m t=0
m .
and z D>0 (as) Vtel0,T]. (3.6.8)

i=1
Furthermore, if we apply It0’s rule to (3.6.7) we obtain

m

() a0 = () ) Ilz Oniaai=() @)Y Aha)Td W, (36.9)
i=1 1 i=1

i=1 i=1 i=]e
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Now

stfp(l Z pfi)/l(a,) I’ < " where () =1;

welC i=1

so the coefficients of (3.6.9) fulfil the conditions of the existence and uniqueness theorem (see theorem

4.6 in [LS1]), and since
m
(Z @) =1 (as)
i=1

(Z qu))—l
i=1
exist forall t € [0, T].

We now define a set S which contains g almost surely and on which

x

i=]

all the moments of

. is well defined. Let

m
S:={xeRm:x{20;i=1,2,...,m:in>0}n (3-6'10)
i=]

S is convex. Consider the following function, defined on S':
m
Y(x):= (z x,.)—lx; (3.6.11)
i=1

clearly

¥ (x) = [f(a)Sf(ay) . .. fla,)]¥(x).

Let » be a unit vector in R™ and let « be a positive scalar such that x, x + av € §. We define the
function g(«) and produce a Taylor expansion of it about 0.

g(a) := ¥(x + av), (3.6.12)
Z‘g(“) = (Z(x: +ar)) v - (Z V,-)(Z(x,. + o)) x + aw),
i=] i=1 i=1

Z—z’;(a) = —2(2 u,.)(E(x,. + ) + 2(2 u,.)Z(Z(x,. +a)) Pt aw),  (3.613)

i=1 i=] i=] i=1
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and

U(x + av) — U(x) = g(a) — £(0) ) | forsome
d d
- d_i(o)a Bﬁ(xa)‘—"z— L0 =<

Now

| j—i%awnz Z(x +Aaw)) ™ + K, Z(x +Aaw)) "l x + Aew ||

i=1

and since .S is convex x + Aav € S 2 s0

lx + Aew|? = Z(x,. + \aw,)?

i=1
m

Z(x + }\av )

This shows that for a natural number M

n (A ) 3(2('::,- + aw,) |

i=]

(I—A)Zx +>\Z(x +ow)

i=1 i=1

< —A)K3(Z )+ K, Z(xi + avi))
i=] i=1
This follows
/\since x—},; is a convex downward function.

Now, ¢, € §' (a.s.) and for any w in the following set
Ay = {wgyeS}

we use (3.6.13), (3.6.14) and (3.6.15) to obtain

N(q/(qr)—qf(a,v))=(2“"’ Za“) way- - Av])N (ar —dy) + Ry,

i=] i=1

where
m m

IRy |™ < (1—>~)Z g +( Zq" VO llgr = Gy 12

v

i=1 i=1

(3.6.14)

(3.6.15)

(3.6.16)
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Since the moments of

(2 q7)™

K(w)
E(IRyI™Ly, |Py) < =~ (s,

exist

where [ is the indicator function of the set Ay . Since [, is Py-measurable and since for each w

there exists an Vy(w) such that
N = Nyw) = we dy

it follows that
E(IRyI*™ |Py) =0 (as). (3.6.17)

Now gy is Py-measurable and converges to g, almost surely.So it is evident from (3.6.16) and
(3.6.17) that the Py-conditional distribution and moments of NV (¥(q;) — ¥(gy)) converge almost
surely to the 7% -conditional distribution and moments of the following vector:

m m

() 7= ) tarar . arl)er

= =
The theorem follows because
V() = [f@)f(ay). . . f@,)¥(-), 5
Corollary.
(i)
PN (¥(qr) =Y (Exar | Py € - | Py) = Plxr e - | TF)  (as)
and

EIN (¥qr) = YH(Exar | BODIP | Py) = Exlx 1P| FF)  (as)  Yp>0;  (3.6.18)
and for any sequence (N, N,,. . . ) with the refining property (3.3.12)
P(N(¥{qr) — Y (Ey(qr | Py € - |Py) = Pixp e - | 7y (as.)
and
E(IN(EAqr) = Y Exqr | AP | Py) = E(Ixz 1P 1 FF)  (as)  Vp>0,  (3.6.19)

where xr is given by

| — fk=l(f(“j) - f(a)gPzP

Xt = (zm <, -
j=19% )

(3.6.20)

z was given in (3.5.1).
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(ii) The limit-distribution for the normalised error in the approximate Bayes estimate given in
part (ij of this corollary is optimal in the sense that it is also the limit-distribution for the nor-
malised error in the best approximate Bayes estimate, i.e '

PN (Uqr) = Ex(¥(qr) | Py € | Py) = Polxr e - | F7)  (as)
and
E(IIN (¥,(q7) — E(¥,(ap) | B | Py) = Exllxr 1P| ) (as)  Vp>0i  (3.621)
and for any sequence (N,,N,, . . . ) with the refining property (3.3.12)

P(N(¥ar) — E\(¥,qr) | Py € * |Py) = Pixr e |FF) (as)
and

E;(”M(‘I’f(qT) - El(‘I'f(qT) l pNz)) i I le> - E\(Ixr 1? l -7;!’) (as) Vp>0, (3.6.22)

PROOF OF COROLLARY. (i) is a direct resuit of the theorem and theorem 3.1; (3.6.19) follows
by lemma 3.1.

Because of (3.6.18)

EAN(¥q7) = Y Exqr | PN | Py) = 0 (as),

ie.
N(EJ(¥(qr) | Py) = YH(Ex(gr | Py)) = 0 (as.).
which proves (3.6.21). (3.6.22) follows in the same manner from (3.6.19). B

The limit-distribution in the corollary, the 5% -conditional distribution of x, has the optimal
properties of the limit-distribution in theorem 3.1, discussed in the last section. It is a normal distribu-
tion with zero mean,and covariance matrix D7 given by

D'T v E(XTX;‘ | 5;?)
= (DW)Gr)E zrzy | FND ¥ (g7)

2 d T i )
- 12 Z J(D ¥,)(q7)®(s, T XA B; — B;A)%(0,5)q90 2(0,5)
i=10
(4B, — B,A) %, T) (D¥" (ar)ds. (3.6.23)

It follows from the discussion in the last section that if (Z]‘N;N = 1,2,...)is a Py-adapted se-
quence of approximations to g5 with the property that N (E,(g5 | Py) — f]\N) converges almost surely
to a random variable M., then the Py -conditional distribution of the normalised error in the cor-
responding Bayes estimate of f(X7), N (¥(q7) — \I/f(f]‘N)), converges along an appropriate subse-
quence to a normal distribution with mean (D ¥,)(¢;)M and covariance matrix D T le.

PN (a) =Y,y € - | Py) = N(@¥P@IM, D)) (@s), (3.6.24)

where (N;: i=/,2 ;o) has the property (331, The moments also converge almost surely. If the sequence
N(E (g7 | Py)— aw) does not converge then neither does the Py -conditional distribution of the nor-
malised error in the Bayes estimates nor its moments.



Chapter 4

Some Approximation Schemes.

4.1 Introduction.

This chapter considers specific finite-difference methods for solving the bilinear s.d.e. (3.2.1), with
particular attention given to the asymptotic properties. The main difference between the approxima-
tions obtained by the schemes in this chapter and the partition-conditional mean sequence, analysed
in chapter 3, is that the former can, in principle, be calculated.

The asymptotic properties that we are mostly concerned with are; almost sure convergence,
asymptotic efficiency, 1%-order asymptotic efficiency and of course order of convergence. The
efficiency concepts are described in section 4.2: roughly speaking a 1°¢order asymptotically efficient
sequence of approximations is one with the optimal asymptotic properties of the partition-condi-
tional mean sequence; the asymptotic behaviour of the corresponding approximate Bayes estimates,
found by formula (3.6.1), is also optimal.

In section 4.3 we construct a 1% order asymptotically efficient scheme, the “Paradigm”: theorem
4.1 shows that the removal of one or more terms from this scheme results in the loss of 1‘¢ order
asymptotic efficiency. In particular the Euler (see Maruyama [MA1]) and Mil’shtein [MI1] schemes
discussed in chapter 1 are not 1% order asymptotically efficient.

Various schemes are compared in section 4.4 with particular mention given to the Euler,
Mil’shtein and Paradigm schemes since these contain the minimum number of terms needed for al-
most sure convergence, 1 order convergence and 1*-order asymptotic efficiency respectively. We
also look at some of the Runge-Kutta schemes of Riimelin [RU1}.

4.2 Asymptotic properties of approximation schemes.

The main properties used in this chapter for comparing approximation schemes for solving equa-
tions of the type (3.2.1) are asymptotic properties. Asymptotic analysis of errors does not lead to
quantitative statements about the errors of given methods on given partitions but does indicate the
type of method that is worth implementing: complex methods with the same asymptotic properties
as simpler schemes are probably not worth considering; it would be better to use a simpler scheme
with a finer partition to improve accuracy.

Definition 4.1. Let X (e R") be a square-integrable vector-valued random variable on a probability
space (Q,7,P). Let (Py C J: N = 1,2,...) be an increasing sequence of sub-sigma-fields of 3.

71
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(a) Xy eR":N =1,2,...) is called asymptrotically efficient in the class of Py -adapted se-
quences of approximations to X if (Xy,Py) is adapted and, with probability one,

E((cT(X —XN))* | Py)
var(cTX | Py)

~1 VYceR"-{0}. (4.2.1)

Here
var(+ | Py):=E((- —=E(- | B)? | Py)-
() (Xy € R":N = 1,2,...) is called P~ order asymptotically efficient in the class of Py-

adapted sequences of approximations to X if (Xy,Py) is adapted and, with probability one,

E((N7T(X = X))? | Py) + 1
var(N7eTX | Py) + 1

-1 YceR" (4.2.2)

An asymptotically efficient sequence is one whose error has asymptotically minimal variance, i.e.
it is asymptotically optimal in the least squares sense. An asymptotically efficient sequence certainly

has the maximum order of convergence. r*#-order asymptotic efficiency is weaker than asymptotic
efficiency; there are however special cases where it is equivalent. Suppose for instance that, with
probability one,

var(N'eTX | py) » £, <o  VceR"

If the sequence (X : N = 1,2,. . ) is #%order asymptotically efficient then, with probability one,

E(WN"TX =Xy | py) - &

4

YVeceR"

IfP(E,>0)=1 VY ceR"— {0} then this is equivalent to asymptotic efficiency, but if there exists
a set of non-zero probability on which §, is zero for some ¢ # 0 then asymptotic efficiency does not
follow.

In the case of Py -adapted sequences of approximations to the solution of (3.2.1) we know that
the maximum order of convergence is 1. In the next section we shall demonstrate the existence of
a first-order asymptotically efficient sequence of approximations to ¢,.. We know from theorem 3.1
that, with probability one,

varyNelgr | Py) » ¢'Dpe VeeR™

where D is the following conditional-covariance matrix:
d T
Z J &(s, T)(A B, — B,A)®(0,5)q,q0 (0,5)7 (4B, —~ B,A) &(s,T) ds. (4.2.3)
. .

If D, is almost surely positive-definite then any first-order asymptotically efficient scheme will also
be asymptotically efficient. If, however, there is a set of non-zero probability on which D is not posi- .
tive-definite then asymptotic efficiency does not follow. In effect, on the set on which D is not posi-
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tive-definite the conditional mean sequence (E,(qr | Py): N = 1,2,...) converges faster than
linearly. It is not a requirement of a first-order asymptotically efficient method that it should “keep
up” with this increased rate of convergence over the generic maximum, it is however a requirement
of an asymptotically cfficient method.

As an example, supposc that the matrices A and B, i=12... ,d) in (3.2.1) commute, i.c.
AB; = BA\Yi =1,2,...,d)(of course B,B; = B;B,;Yi,j = 1,2,...,d). In this case g is Py~
measurable for all ¥ = 1 and there is no maximum order of convergence.

It would be interesting to find conditions under which D is almost surely positive-definite but
I have not looked at this problem; one would certainly require the system of vectors

{®(s, T)(A B, —BA)P(O,5)q,; i =1,2,...,d;5€[0,T]}

tospan R ™. The following lemma establishes a property which, under certain conditions, is equivalent
to ~h-order asymptotic efficiency.

Lemma 4.1. Let X be a square-integrable vector-valued random variable on some probability space
@.3,p), ‘
XeR", E|X|*<c.

Let (Xy,Py s N = 1,2,...) be an adapted sequence of approximations to X . Furthermore sup-
pose that, with probability one,

limsupvar(N'c"X |py) <o VceR", (4.2.4)
N

then the following two statements are equivalent:

(a) (Xy:; N =1,2,...)isan r'h-order asymptotically efficient sequence of approximations to
X,
(b)

NEWX |Py)—Xy) =0 (as). (4.2.5)

NOTE. Since var(N"cTX | Py) is continuous in c, (4.2.4) is equivalent to

P(limsupvar(N"c"X | py) <o0)=1 VceR"
N

(consider ¢ with rational components).

PROOF.
E((c"(X = Xy)) | Py) = var(c" X | py) + (cT(E (X | Py) — X))

“we

so (a) is equivalent to

P(Var(N’CTX | pN) + (NrcT(E (X l pN) —XN))Z +1

VeeR") =
var(N7eTX | py) + 1 ! ceR ) L.

Under condition (4.2.4) this is egivalent to (b). ’ . |
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Corollary. If (gy:N = 1,2,...) s first-order asymptotically efficient in the class of Py-adapted

sequences of approximations to q under the measure P,, then (\I/f(’q‘N) N = 1,2,...) is first-
order asymptotically efficient in the class of Py-adapted sequences of approximations to ¥ (q7)

under the measure P,. Here ¥, is the Bayes estimation function defined in (3.6.1). Furthermore if
(N;; i =1,2,...) is any sequence of natural numbers with the refining property (3.3.12), i.e.

N;=>° and iz j= NJ/N; isaninteger,

then (ZI\N, i=12,...)and (‘I’f(é\N,) 10 =1,2,...) arefirst-order asymptotically efficient in the
class of ﬂNI-adapted sequences of approximations to g and ‘Iff(c']T) respectively under the measure

PI.
PROOF. By theorems 3.1 and 3.2 the following all hold with probability one:

 varyNeTqp |Py) » ¢"Dre VceR™

varz(NcT\I/f(qT) | Py) — cTD/Tc YceR",
“var,(N,cTqy | Pn) = ¢'Dpe VYceR™

and

varl(N,.cT\I/f(qT) | Px) e’'D 'Tc YVeeR"

Here, D, and D7 are the conditional-covariance marices given in (3.5.5) and (3.6.23) respectively.
This means that condition (4.2.4) of lemma 4.1 is satisfied by g, and \Iff(qT) under P,, and under
P, along the subsequence (V;; i = 1,2,...). So we need to prove that

N(EJ(¥:(q7) | PV = ¥(Gy) = 0 (as.), (4.2.6)
N(E\@r |Py)—dy) >0 (as), (4.2.7)
and
| N(E\(¥(g7) | Py) =¥ (Gy) > 0 (as), (4.2.8)
given that
| N{(EyXgr | Py)—8y) = 0  (as.). (4.2.9)

(4.2.9) shows that under the measure P, the Yy -conditional distribution and moments of the
normalised error V(g — Z]\N) converge to the optimal limits given in theorem 3.1 almost surely, i.e.

Py N(gr —qy) €| Py) = N©O,D;)() (as.)

and. EyIN(gr = a7 | By) - J IxI°PN(©0,D;)(dx)  (as.), (4.2.10)

Rm

Theorem 3.2 and lemma 3.1 show that similar results are true for the normalised sequence
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N(¥(qgr) — \I/f(f}N)) under P, and the normalised subsequences N,(q — ZJ\N') and N,(¥(q7) —
‘I’f(aN,)) under P, i.c.

PAN (U ar) =¥, @) & - | Py) = NODP() (s, (@.2.11)
Pl(Ni(qT - EI\NI) € - | pN:) = N(0,D7)(+) (a.s.) (4.2.12)

and .
Pl(Nz(\I'f(qT) - ‘[,f(aN,)) € - I pN,) = NO,D 7)) (a.s.), (4.2.13)

where NV (0, D7) is the optimal limit-distribution for Bayes estimates given in the corollary to theorem
3.2. The moments also converge almost surely. These expressions in turn imply the results (4.2.6),
(4.2.7) and (4.2.8). | |

The above lemma and corollary show that any sequence of approximations to g, that is first-order
asymptotically efficient under P, yields a corresponding sequence of approximate Bayes estimates
that is also first-order asymptotically efficient under P,. Appropriate subsequences of approxima-
tions to g, and approximate Bayes estimates are first-order asymptotically efficient under P,. The
normalised error sequences in the approximations to g, and \Ilf(qT) converge to the optimal limits
given in theorem 3.1 and the corollary to theorem 3.2 respectively.

In the remainder of this chapter the asymptotic properties of various specific approximation
schemes will be analysed. The analysis will be done for approximations to g, under P,, the cor-
responding results for the approximate Bayes estimates under P, follow by the corollary to lemma
4.1. Likewise the corresponding results for approximations to g, and the corresponding approximate
Bayes estimates along appropriate subsequences (/V;) under P, follow.

4.3 A paradigmatic efficient scheme.

We shall now look at some Speciﬁc approximation schemes for solving the differential eqaution
(3.2.1), looking in particular-at the asymptotic behaviour of the error in the approximate value of
qr and the error in the corresponding approximate Bayes estimates. We begin by investigating one-
step methods, i.e. methods in which the approximate value of g at one point of the partition is cal-

culated from the approximate value at the previous point and the increment of the driving-process
w.

Under the measure P, the J-conditional mean sequence (E,(¢; | Zy) ;s N = 1,2,. .. ) can be
“Taylor-expanded” in a similar fashion to that given in chapter 2. In fact,if we define the sets S, as

in (2.5.1),
S, = {aeM:1(a)+ n@) < k OR /(a) = n(a) = %(k + 1),

then theorem 2.1 shows that

Tt op = Z ASA,B,,. .. .BYIY (nh,(n+ D)h)q,,

aeS,

+ Z ASA,By,. .. B (q,nh (n+ 1)h). (4.3.1)
aeB(Sy)
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We take the conditional means of both sides of (4.3.1) to obtain

s on = Z A A,B,,. .. ,B)T7(nh(n+ Dhq, + 17 (nh,(n + Dh)q,,)

aeS,

+ Z ASA,By,. .. ,B)TF(qnh{n+ Dh) . (4.3.2)

aeB(Sy)

Here, for an integrable random variable X, X denotes E,(X | /) and X denotes X — E)(X | Py).
The “awkward” term in (4.3.2), [ W(tm—i/h)qnh, can be eliminated by expanding the integral
using the following formula:

- (n+1h (n+1)h (n+1)h
AW,
J Iynh,5)d W, = (—£) f I(nh,s)d s + J Inh,5)d W,
nh nh nh

Then we obtain

I (a)=n(a)

S Te— ~
7% (ah, (n F D) = Z (BZast)er, 77 1 &t n + DA,

k=0

where the functionals f, are measurable and have zero mean,

E,f(W,, t € [nh,(n + 1)A]) = 0.

So

I(a)=n(a)

T S~
17 (nh, (n + D)g,, = Z (A W*‘) (Wt e [nh,(n + D)A])gy,
k=0 ’
1 (a)—n(a)

AW, ~r :
= Z (T"“)"Ez(fk(w,,t & [nh,(n+ DR | Py V T%)q,
k=0
=0, by lemmas 3.2 (iii) and 3.3.

So, from (4.3.2),

Toron = Z A(A,B,,. .. B W(nh(n F DAY

aeS;

+ Z A(A,B,,. .. ,B)TF(gnh{n+ Dh). (4.3.3)

«eB(Sy)
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This expansion leads naturally to the following family of one-step approximation schemes:

q—o(k) =g
Gy (k) = ZAa(A.Bl,. BT T (nh(n + DR G (k). (4.3.4)
a€eS,

These schemes can be thought of as the smoothed k / 2*"_order Taylor schemes since they yield ap-
proximate solutions that are the Fy-conditional means of the Taylor schemes given in definition 2.3;
i.e.

7, (k) = Ex(q,(k) | Py)- (4.3.5)

The following lemma gives some asymptotic properties of the smoothed k /Z‘h-order Taylor
schemes.

Lemma 4.2. The difference between the partition-o-field-conditional mean of the solution of (3.2.1)
and the approximate value obtained by the smoothed k | 2"-order Taylor scheme, defined in (4.3.4),
is of uniform L -order k [2, i.e.

sup E,IN*(Ey (g, | Py) ~T,0NIP <0 ¥p>0. (4.3.6)

PROOF. Because of (4.3.5)

E,(qn l Py) ——Q—n(k) = Ey(qp,— Zln(k) I Pn)s

where g,(k) is the approximate solution of (3.2.1) obtained by the &/ 2 order Taylor scheme, given
in definition 2.3. Theorem 2.3 shows that

Qo — (k) = Oy(H*');

(4.3.6) follows by Jensen’s inequality. |

The 1/ 2'* and 1storder Taylor schemes (the Euler and Mil’shtein schemes respectively) yield
Py-measurable approximate solutions;so they coincide with the smoothed 1/2* and 15torder Taylor
schemes. So the latter converge with order 1/2 and 1 respectively. The question arises: is the
smoothed 1*~order Taylor scheme 1*-order asymptotically efficient? In fact it is not; this is proved
in part (ii) of theorem 4.1 below. However, for k¥ = 3 the smoothed k/ 2" order Taylor schemes are
1*Lorder asymptotically efficient; this is also shown in the theorem.

Of particular interest is the smoothed 3/24 order Taylor scheme, because it represents the
minimal expansion needed for 1*“order asymptotic efficiency. I use this scheme as a paradigm; it is
given explicitly below.
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Definition 4.2. The following approximation scheme for solving bilinear s.d.e.s such as (3.2.1) will

be called the paradigm:

®

QO:= q(_v
d d
. i N 2
iy = (1 +Ah+ ZB,.AWS;LI + % ZB,?(AW‘;’+1 - h)
i=1 i=1
d d
. . 1 .

3 Z BBAWD AW + 24 + Z(A B, + B)hAw ),

ij=1 i=1

i#j

d d

1 H 3 ; 1 i 2

+< ZB,?(AWE;LI 30w ) + p Z B2B(aw®. P~ aw),

i=1 ij=1

i=j
J ,
. |
+< Z BBBkAWf,’_),_IAWS_)HAWf,’fZI)q (4.3.7)
ij.k=1
ijjEk k=i

For the case where the observations process is scalar (d = 1) this reduces to

q‘ =4y
Goori=(I +Ah+BAW,  + B A2, ~h)+ %A2h2+ %(AB + BAWRAW,,

+ B N S 3hAW+,))q,, (4.3.8)

The paradigm is the 3/ 2*order Taylor scheme with the term
(n+1)h

Z(AB B.A) f wd

i=1

missing. In the degenerate case, where the matrix 4 commutes with all the B; matrices, thxs term

is zero and the paradigm converges with order 3/2.

Theorem 4.1.
(i) For any k = 3, the smoothed k/ 2% order Taylor schemes defined in (4.3. 4) yield 1%-order

asymptotically efficient approximate solutions to bilinear s.d.e.s of the type (3.2.1). In particular,
the paradigm yields a 15“order asymptotically efficient approximate solution.
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(ii) Censider the following approximation scheme for (3.2.1)

-

9= do»
d d d
2 1 . .
ooy = (I + b+ Z Awd + 23 2awD “—ny+ 5 Z BBAW . aw?) |
=1 i=1 ij=l
i*j

d
+ (-;-A 24 DKt + Z(%(A B, +B.A)+ D)W,

i=|

3 N
Z( B; +F)(AW“’ - 3haw®

=]

iy 2
z( BB, + F, ) AW " —maw?

ij=1
i#j

d
1
+ Z (;B:BBy + F, S0Aw D aw D aw®) g, (4.3.9)

ik=1
ijgEkk A

(This is the paradigm with perturbed 3/2"-order terms.)
Let the process (¥, , t € [0, T]) be defined as follows:

99 _ [
¥, 0|’
o= ' ! ¢ )
’ {‘I’J - !:"Do A] fi‘%] dH'z l:—D, B,‘l [wl dw” te[0,T], (4.3.10)

i=1

Then

(a) The approximation to q, given by (4.3.9) is 1%-order asymptotically efficient if and only if
both of the following conditions are true:

(el)
V. =0 (a.s.)

and
(e2) for eachi,j,k = 1,2,....,d

PyFq,=F;;q,=F;;,4, =0 Vie[0,T]) = 1.

Also
(b) If (e2) above holds then

N(Eyqr | Py)—ay) = TV, (as), (4.3.11)

where ¥ . is given by (4.3.10).
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NOTE. Of particular interest are the cases that represent the paradigm with any combination of
3/ 2% order terms removed. For example, when

=_—1-A2;DI =_%A31;Dz,---’deFi"F'

0 2 IJ’Fi.j,k=O Vivj’k=192""’d

the scheme given in (4.3.9) is the paradigm less the terms 5.4 2h% and 3.4 B,AAW () .

Corollary. Let (x,; t € [0, T]) be part of the solution of the following s.d.e.:
99 _ 90
Xo 0"
A 0 : B 0 q
q; 4 i ' Q)
= aw

i=1
te[0,T]. (4.3.12)
The Mil’shtein scheme [MI1] described in chapter 1 yields a 1%-order asymptotically efficient
approximation to q if and only if both of the following conditions are true:
xr =0 (a.s.)
and for each i,j, k = 1,2,...,d
PyB}q = B}Bq,=BBBg,=0 Vite[0,T])=1.

PROOF OF THEOREM 4.1 PART (i). It follows from lemma 4.2 and the moment form of the
Borel-Cantelli lemma that for £k = 3

N(E)(qr | Py)—3(k)) - 0 (as.).
(i) follows by lemma 4.1.

PROOF OF THEOREM 4.1 PART (ii). We subtract (4.3.9) from (4.3.7) to obtain a difference
equation for N (g, — t}n). Theorem 2.2 shows that the solution of this equation differs from (&), the
‘'solution of equation (4.3.14), by an amount which is of uniform L yorder 1/2, ie.

N(g,=q,) = £, = O, (4.3.13)



d
fusy = (I +Ah+ Z BAWD e, +d, (D) +d, (2,

i=]

d
d,, (1):= =N (Dgh* + Z Draw ) )g (1),

i=l
d d

iy 3 i ) R
d. (2):= —N(Z Faw® " —3naw® ) + Z F w8 "= maw? |

{=1 : ij=1

i#j
d
. . .
£ ) Egaw awawd oy
ijk=1
i#jj#kk*i
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(4.3.14)

(4.3.15)

q,(1)is the 1/ 2*%.order Taylor approximation for 4, (see defintion 2.3). We also define (n,) by the

following:

170:= Oy
d

My 1= (I + AR+ Z BAWE, Jn, + dyy (D).

i=1

We prove (b) first. Let (d,,..,(3)) be the following approximation to (d,..,(2));

d d

. 3 . o 2 .
dpi1(3) 1= —N(ZF,(AW&_[ - 3hAW)) + Z Fi,j(AWg-ll - Waw],

i=1 iy=1

i%j
d
+ Z FiJ,kAWEti—)i-lAng-IAWExlle)(qn(l) '
ijk=1
i)~k A

Since (e2) is true
Pz(dn(3)= d(2); Yn<N;N=12...)=1

We subtract (4.3.16) from (4.3.14) and use this approximation to obtain

d
bupt =My = ([ + 4B+ Z BAWS, )&, =n) +d, (D) (@s).

i=1

(4.3.16)

(4.3.17)
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Now d,, (3) = O,)(#*/?) and E,(d,,,(3) | F%) = Oss0 theorem 2.2 shows that
£y, = o(w)(h‘/z). (4.3.18)

The 1/ 2*%order Taylor expansion for equation (4.3.10) is given by

‘:10(1)—, = |90
()| - U :
_ (1)'1 d @
?" = ® I be o N —1,
d |:II”-:_II(1)— . (I + ,: j] Z [—D Bi‘l W,.-H) l:‘l’ (1)] n=20,1

=]

Clearly,
7, =T¥,(1) Yn=01,...,N, (4.3.19)
and by theorem 2.3 ‘
T¥y(1) = T¥; = O, (0. (4.3.20)

We combine (4.3.13), (4.3.18), (4.3.19) and (4.3.20) and apply the moment form of the Borel-
Cantelli lemma to show that

N(q;v - &N) - T¥, (as).

This,fogether with part (i) of the present theorem and lemma 4.1, proves (b).

Part (b) of the present theorem and lemma 4.1 show that if condition (e2) is true then the 1%
order asymptotic efficiency of the approximation scheme given in (4.3.9) is equivalent to condition
(el). To prove (a) it therefore remains to be shown that if (e2) is not true then the approximation
scheme given by (4.3.9) is not 1°% order asymptotically efficient.

Suppose (e2) is not true, £N is an approximation to N (g, — qN)' in the following we show that

P,((y — 0) # 1; we do this by first bounding the moments of §, below by the moments of Ev —
ny- We solve (4.3.16) to obtain

N d

d
1y = Z(z +Ah+ ZB,AWQ’,’). (T +an+ ZB,.Affil)d,,(l);
i=]

n=1 i=]

similarly, we solve (4.3.14) and (4.3.16) and subtract to obtain

N d

d
Ey =y = Z(z +Ah+ ZB,.AW%)). I+ AR+ ZBiAWf,ill>d,,(2).
i=1 =]

n=1

Now, d,(2) is uncorrelated with AW, and d,,(1) for all m,n < N, which means that ny and &, —
ny are uncorrelated, So

Ey ey l® = Ejllay 12 + EylEy —ny 12
> Bty =yl (4.3.21)
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Also, again using the orthogonality of 4,(2) and AW,

d
Eslte) =yt 17 = El(I + A b + ZB,AWS’L,)(&,,—WHZ + Eylld, e (D)1
i=|

> (1 -KWE,|E,—n,1% + Eld, . (D17 (4.3.22
whére K is a positive constant depending on the matrices 4,8,,...,B,;. Now
d d
2 _ 2 - 2 o 2
Eyld, . * =T (6ZEZI|F,-qn(1)n +2 Z E,|IF, 4,
i=1 ij=1
i#j
d
+ z EyIIF; ; x@, (DI z)h- (4.3.23)
k=1
i#j itk k=i

From (4.3.21), (4.3.22) and (4.3.23) we have the following:

N
Etyl? = Z(l - KhY"E, | d,(2))*

ne=l
T d d
2 _ 2 2
- T jexp(T s)(éEEan,-qsu +2 Z E,|F, g,
0 i==] ij=1
i#j
d .
2
+ 2 EzllF[J'kqsll )dS.
ij,k=1
ijj*kk#i

Since the sample paths of g are continuous, except perhaps for a set of probability 0, condition (e2)
is equivalent to the following: for each i,j,k = 1,. .. ,d

(PZXA)(F,q = F,Jq = FiJ.kq = 0) = T,
where A is Lebesgue measure on [0,T]. So, if (e2) is not true

liminf £,|l £y 1> 0. (4.3.24)

Theorem 2.2 shows that (£,) is of uniform L, order ;so that, in particular,

s;pEzuanzmo.

So, by the Vallee-Poussin theorem, (£,) is uniformly integrable. It is a property of uniformly integrable
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sequences of random variables that their almost-sure convergence to some limit implies the conver-
gence of their first moment to that of the limit (see the corollary to theorem 1.3 in [LS1]). Since
the first moment of | £, ||2 does not converge to zero this implies that

Pyllgxll - 0) # 1.

It follows by (4.3.13) and the moment form of the Borel-Cantelli lemma that

Pz(N(Q;v "‘}N) - 0) # 13
50 Py(N(Eyqr | Py)—ay) = 0) # L.

This, together with lemma 4.1, shows that the approximation given by (4.3.9) is not 1%-order
asymptotically efficient. ‘ |

The conclusion of part (ii) of theorem 4.1 looks at first-sight stronger than necessary; it seems
reasonable to prove only that the scheme given in (4.3.9) does not generally yield 1*torder asymptoti-
cally efficient approximate solutions, i.e. that there exist simple, specific counter-examplés for which
the scheme does not yield a 1°-order asymptotically efficient sequence of approximations. It seems
however that the only counter-examples that simplify the analysis are those in which the matrices
A, By,...,B; all commute, e.g. a scalar equation or one with 4 = 0 etc. These, however, are
degenerate cases where the maximum order of convergence is infinite and 1%-order asymptotic
efficiency is no longer an optimal property. It is not worthwhile to show that a method does not pos-
sess a certain property in a case where that property is not very important.

Part (ii)(b) of theorem 4.1 shows that if the “AW3” terms in the approximation scheme are
“correct”, i.e. if they are the terms prescribed in the paradigm, then the normalised difference bet-
ween the conditional mean E,(qr . | PN) and the approximate value g, converges almost surely to
“T¥;. This means that the Py -conditional distribution and moments of the normalised error N (g, —
qN) converge almost surely to the optxmal distribution and moments given in theorem 3.1 but with
the non-zero mean T ¥, i.e. ‘

PN(gr—3y)€ * |Py) = N(T¥;,D;)  (as.) (4.3.25)

and all the conditional moments converge almost surely; a similar result applies for the correspond-
ing Bayes estimates.

The distribution on the right-hand side of (4.3.25) is of course that of the random variable
Tep:= T (¥, + 0;) where 8 is given in (3.5.3). Clearly ¢ is given by

HEGE |
dm {j"’ EJH‘“*Z{B B,] [‘Z,‘def“
[ P

N;I~
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Once again, because there exists a version of the fundamental solution of (3.2.1) which is invertible,
®(s,1), er has an explicit representation. In fact

T
;= J<I)(s, T)Dyb(0,5)q,d s + Z an(s, T)D,®(0,5)q,d W'
0

i=1 0
d

i=1

|

&(s, T)(A B, — B;A)®(0,5)qed V. (4.3.27)

\/1

[\

If one or more of the “AW3” terms in an approximation scheme are “incorrect”, i.e. if condition
(e2) of theorem 4.1 part (ii) does not hold, then I suspect that neither the P, -conditional distribu-
tion of the normalised error nor its moments converge.

4.4 A comparison of some approximation schemes.

In this section various approximation schemes for solving equation (3.2.1) are compared, with par-
ticular emphasis given to their asymptotic properties. It is natural to begin by analysing the fun-
damental one-step schemes defined in (4.3.4). For £ = 1,2 and 3 these are the Euler scheme
(Marhyama [MA1]), the Mil’shtein scheme (Mil’shtein [MI1]) and the paradigm (Definition 4.2).
These have the minimum terms required for almost-sure convergence, 1¥-order convergence and 15!
order asymptotic efficiency respectively. We would like to know which of them involves the least
amount of computation to achieve a given degree of accuracy. In such comparisons we must take
into account the fact that the simpler methods, which require fewer calculations at each step, need
a finer partition to achieve a given degree of accuracy than more complex methods.

For high accuracy the first-order schemes are better than the Euler scheme since, roughly
speaking, doubling the accuracy-requirement doubles the number of steps needed in the first-order
schemes but quadruples the number needed in the Euler scheme.

It seems worthwhile to compare the accuracy of the 1¥-order schemes for large V. The error
in the paradlgm is predommantly caused by the absencz of the d non-Py-measurable 3/ 2% order
terms (4 B, —B,4) [} (n+ DA Wﬁ‘)d t; the error in the Mil’shtein scheme is predominantly caused by the
absengy of all the 3 /2”‘ order terms: 1 + d + d3 of them. Since these terms are uncorrelated we
might expect that.if NV is large the root-mean-square error in the Mil’shtein scheme is roughly (K X
(1 +d + d3/d)"/? times as big as the root-mean-square error in the paradigm for a given step
size, where K is some constant depending on the matrices 4,8, . . . ,B,: if the matrices “nearly
commute” then XK is large. Since both schemes converge linearly we would require roughly (X X
(1 +d +d?3)/d)!/? times as many steps in the Mil’shtein scheme as in the paradigm for a given de-
gree of accuracy.

For the purposes of solving the filtering problem we would like to minimise the number of “on-
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line” cé.lculations, that is calcuations that must be made when the filter is operating. The number
of “off-line” calculations, those that can be made at the time the filter is designed, is not so impor-
tant. I have estimated the number of “on-line” scalar multiplications required at each step by the
three schemes for the two cases where 4 is a “full” matrix and where A4 is “sparse”, In both cases
I have assumed that the B matrices are diagonal, as is the case in the filtering problem: this greatly
simplifies the Mil’shtein and paradigm schemes.

I have based my estimates of the number of calculations required at each step on the follow-
ing calculation sequences, which seem optimal if one assumes that m (the dimension of g) is much
larger than d (the dimension of W). If the Markov chain that we are trying to estimate is an ap-
proximation to a diffusion then it is likely that 4 will be sparse and that m > d.

Euler scheme
Off-line calculations:

Ey:=1+Ah.
On-line calculations at each step:
d
K := ZB,.AWS,'?H, ,
i=1
Gnii(E) = (Ey + K (E). (4.4.1)

Mil’shtein scheme

Off-line calculations:

d

G (M) 1= (Mo + K(V2I + K)))3,(M). (4.4.2)

Paradigm

Off-line calculations:

Py:=1+(4 -

N | —

d
zaf)h + -ZI-A 22,
i=1
d
1 _p3_1 2 -
P..—E<AB,.+B,.A B 3ZBJ.B,.)}: i=12,...,d,

. j=1
J#Ei

it PIVE L
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On-line calculations at each step:

d
K, := Z Pi"-\ngv
i=1
d
R ‘, i
Ky:= zp,._\wnil,
i=1 ]
R 3 R
Gp(P):= (P, + K, + K1(6'/3[ <+ K1(6T/3-I + Kl)))q"(P ). (4.4.3)

The following table lists the number of on-line scalar multiplications required at each step for
the three schemes.

Table 4.1.
Number of scalar multiplications in one step.
Scheme A-full A —tridiagonal
Euler mm—+d) m(d + 3)
Mil’shtein mim+d + 1) m(d + 4)
Paradigm mim 4+ (m+ 1)d +2) m(2d + 5)

B,, B,,. . . ,B, are assumed to be diagonal.

If m is large there seems little point in using the Euler scheme since the Mil’shtein scheme is
similar in complexity but converges with twice the order. The paradigm is roughly 4 + 1 times as
complicated in one step as the Mil’shtein scheme if 4 is a full matrix, but the Mil’shtein scheme re-
quires about (K X (1 +d + d3)/d)!/? times as many steps for the same accuracy, where X depends
onA,B,,...,B;. Whether 4 is large or small these two schemes seem to be roughly equivalent in
overall complexity. '

If the matrix 4 is “sparse” the paradigm is only twice as complicated as the Mil’shtein scheme
im one step. It is likely in a lot of cases that the Mil’shtein scheme will require more than twice the
number of steps to achieve the same accuracy, particularly if 4 is large.

I have not had time to carry out any computer simulations of these schemes but A. Estandia
has kindly given me a plot from some simulation work he has been doing, which gives a flavour of
their performance. This particular example concerns the approximate solution of the following equa-
tion:

0.25
035
= 1025
0.25
dq,= Aqdt+BqdW, (4.4.4)
where
-2 1 0 1 1 0 0 0
4= -210’B=oooo
o0 1 =2 1 0 0 -1 0
1 o0 1 =2 0 0 0 0
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(4.4.4) is the equation . for the un-normalised conditional distribution of a four-state Markov
chain (X, , t € [0, T']) with generator 4. The initial distribution g, is the steady-state solution of the
Kolmogorov forward equation; so we are assuming that X, is unknown.

X, e {a, ay, ay, a};

P(X,=a)= % for i = 1,2,3,4

t
I'V, = j(I{Xr=“1} _I{/\',=03})dt + ,3,. (4.4.5)
0 -

Diagram 4.1 shows the mean-square error in the approximate values of g, ;,4 obtained by the
Euler, Mil’shtein and paradigm schemes for 1,2,4,...,2% ... ,1024 partition points. This is cal-
culated by averaging the squared error over 100 sample paths of simulated Wiener process W, using
the approximate value obtained by the paradigm with V = 1024 as the reference. More simulations
and the justification of such simulations are needed before conclusions can be drawn, but diagram
4.1 has the form that we would expect from the theory. The rate of convergence of the mean-square
errors, 1 /N in the Euler case and 1/N? in the Mil’shtein and paradigm cases, can be clearly seen, -
as can the “asymptotic bias” of the non-1**-order-asymptotically-efficient Mil’shtein scheme.

Other schemes One problem with Taylor-expansion-type approximation schemes such as those dis-
cussed above, when applied to general nonlinear s.d.e.s, is that they require the evaluation of deriva-
tives of the drift and diffusion coefficients. For instance, consider the following scalar nonlinear s.d.e:

dx, = a(x)dt + b(x,)d W, (4.4.6)

The Mil’shtein approximation is given by

. 1db

. . 1db
Ry =X, + (a(x,) — 2%

(Z)B(X))h + b(Z)AW, | + 5EG(:%,,)b(ic,,)AWf,+ " (4.4.7)

s0 it is necessary to evaluate the derivative %. The higher-order Taylor schemes defined by Wagner

and Platen in [WP1] require the evaluation of higher-order derivatives. This problem is overcome in
ordinary differential equation theory by using methods of the Runge-Kutta type, which match terms
in Taylor expansions without the need to evaluate derivatives. Riimelin in [RU1] considers methods
of this type applied to stochastic differential equations. He begins by giving a general explicit Runge-
Kutta scheme and then shows that the maximum rate of convergence that can be achieved in one
step is A3 in the sense that

E|X,—X,|* < KK  for some positive constant K .
This corresponds to the fact that the maximum order of convergence over an interval is O,(A), i.e.

sup E |N(Xn,,—)kfn)|2 < 0.
. nsN
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Riimelin also shows that this maximum order can only be achieved if the coefficients used in
the Runge-Kutta scheme are those obtained from the Stratonovich form of the original differential
equation.

It seems to me that the best way of choosing a Runge-Kutta scheme is by matching the terms
in the Taylor expansions appropriate to stochastic differential equations (formulated by Wagner and
Platen in [WP1] and discussed in chapter 2). For instance a minimal Runge-Kutta scheme for al-
most sure convergence is the Euler scheme, a minimal Runge-Kutta scheme for 1¥-order conver-
gence (the maximum order) is the following, which matches terms in the Mil’shtein scheme. I have
given this scheme as applied to equation (4.4.6).

. 1, .
xf,l) =X, + —b(xn)AWnH,
%, =%, + &)k + bW, (4.4.8)
where ¢ is the following Stratonovich drift-coefficient:
o) = a(x) — ~ 22 (x)b(x). (4.4.9)
2dx ,
Specific Runge-Kutta schemes designed for use with ordinary differential equations match
the terms in Taylor expansions appropriate to ordinary differential equations rather than those ap-

propriate to stochastic differential equations. For instance the following scheme, which matches the
terms needed for 2" order convergence in o.d.e.s:

= %, + (@ )h + bE AW,
B 1= By 2{el) + o + (b + AP, (4.4.10)

This scheme is sometimes referred to as the Heun scheme (as are others, see Gear [GE1]) it has the
following equivalent Taylor expansion: .

.=k +c(x)h+b(x)AW,,+,+1d”(x)c( N

#2288 b Al + (0 hs) + L)l ) AW,
+ i%—g(x W E)AW D, | + Oy(H?) (4.4.11)

if one assumes various differentiability conditions on b and c. (4.4.11) shows that the scheme given in
(4.4.10) achieves the maximum order of convergence as does the simpler scheme (4.4.8) but despite
its extra complexity does not match the order-43/2 terms needed for 1¥*-order asymptotic efficiency.

It seems, therefore, that the usual Runge-Kutta schemes designed for ordinary differential equa-
tions are not ideal for use with stochastic differential equations. What one needs is a family of Runge-
Kutta schemes designed specially for s.d.e.s such as (4.4.8), but I have not investigated this further.

To solve the Markov-chain filtering problem we wish to solve the bilinear s.d.e. (3.2.1), and the
evaluation of the derivatives of the drift and diffusion coefficients needed for the Taylor-expansion
methods is easy (the first derivatives are constant matrices, the second and higher-order derivatives
are zero). So there seems little point in using Runge-Kutta methods in the present case.

It is worth mentioning the well-known Wong-Zakai scheme [WZ1] for approximating the solu-
tions of s.d.e.s by the solutions of ordinary differential equations. For equation (3.2.1) this takes the
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form

9o = oo

NI'-

d
ZB q(N)+ZB,z;,(N)ﬁ7, te[0,T]. (4.4.12)
=

=1

Here W, := Ey(qr | Py)so
: AW,
W, = —7* ¢ te[nh,(n+ DAL
It is distinct from the other schemes discussed in this section because it is not a finite-difference
method. Clark in [CL2] has recently shown that this scheme is not (1°%order asymptotically) efficient
but a similar scheme with a compensation term is; for equation (3.2.1) this is given by

a

9= 90
d d

Gy = (4 -3 Zef + 218,18, 410)3) + ZB,-@,(N)W'; te[0,T], (4.4.13)

i=1 i=1
where [B,A] is the Lie-bracket operation—

[B,A]:= AB —BA.



Chapter 5

Further Considerations

5.1 Properties on a finite partition.

In chapters 3 and 4 we were considering asymptotic properties of approximation schemes for the
Markov-chain filtering problem. These properties allow us to make such statements as, “method A
is-more accurate than method B if the number of partition points is sufficiently large; we have not
quantified “sufficiently large”. For a practical filter design we must also consider the properties of
methods on specific finite partitions; it may be that one scheme is asymptotically more accurate than
another but that for any number of partition points that can be considered as practical in a given
example, the second scheme is the more accurate. ]

The numerical analyst considers finite-partition properties of schemes such as their region of
absolute stability; that is the area in the complex plane in which the product of the step-size 4 and
an eigenvalue of a simple test differential equation may be,such that the effect of the error incurred
in one step propagates to subsequent steps in a stable (decreasing) fashion (see [GE1]).

As is the case with square-root versions of the Kalman filter ([BI2]) it may be that there are
algorithms for solving the Markov-chain filtering problem which are algebraically equivalent to the
scheme discussed in chapter 4 but which have better numerical properties. This requires further
investigation.

5.2 Computation.

I mentioned in chapter 4 that the filtering problem is rather a special case of solving general stochas-
tic differential equations in that we are interested in minimising the amount of “on-line” computa-
tion needed to achieve a given accuracy. Minimising calculations that can be performed “off-line”,
i.e. at the time the filter is designed, is not as important. For example it is perfectly acceptable when
solving equation (1.2.6) to use, say, the term exp(A4 h) in expressions, as it can be calculated “off-
line”.

Also, when designing specific filters we can take into account the special nature of equation
(1.2.6) to minimise the “on-line” calculations. In particular we can exploit the fact that the B
matrices are diagonal and the A-matrix is sparse (possibly tri-diagdnal). If A is tri-diagonal (1.2.6)
becomes a large system of slightly-coupled equations. |
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So far we have been considering approximation schemes that first solve the unnormalised
bilinear equation (1.2.6) and apply the normalisation at the final time T': with this technique we do
not know in advance whether g will become large or smail with time;so it would probably be neces-
sary to use some form of floating point arithmetic in our calculations. This can be avoided by nor-

malising at each step to find an approximate value of p, the solution of (1.2.4), which we know must
have components that sum to unity. This approximate value can then be used as the “starting-value™
for the next step. For instance, instead of using the paradigm to solve (1.2.6) and then normalising
at the final time we could use the following scheme, which is the paradigm with normalisation at
each step:

A

Py = Do
d d

1 2
fp = (I + AR+ Z BawY  + 5 ZB,Z(AWQL, ~h)

(=1 i=1

d d
+ % Z BB AW AW + %A 22 4 % Z(A B, + BAYWAW®,,
ij=1 i=1
i#j
d d
1 3 i 1 2 ;
+ 2 ZB?(AW‘Q_l -3nAawW @ )+ 5 Z BB (AW, "= nawY),
i=1 ij=1
i#f
d
1 R . £ \.
+ 3 z BszBkAng-1AW23-1AW§:~21)Pn’
fjk=1
i#jj*kk#*i
. m
a A (i =1
pn-H = (ZWS-)H) Tnt10 (5.2.1)
: {=1
m
27N a(i)
f&Xr)i= ) byfla). (5.2.2)

i=1

This scheme is analytically identical to the paradigm with normalisation at the final time, i.e.
. m
by = (z o) g (5.2.3)
i=1

it is a scheme for solving the nonlinear s.d.e. (1.2.4),and because of the results on limit-distributions
in chapters 3 and 4 and (5.2.3) it has errors that converge in distribution in the following manner:

P(Nipr —py) € - | Py) = N@O,D)() (as), (5.2.4).

where NV (O,D’})( - ) is the multivariate normal distribution with zero mean,and covariance matrix
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D7, given by
m d T
i O\-27 _ _
Dy =) @)U ~lprpr- - prD ) | (s, T)(AB; = Bd)¥(0,5)
i=1 i=10
PP 8(0,5)7 (A B, — B,A) &(s, T) ds(I —[pr pr- . - 7] (5.2.5)

The Py -conditional moments also converge aimost surely.

The computation needed in the scheme given in (5.2.1) can be reduced if instead of evaluating
(™, 79 )~ we approximate this term by 2—37, #%) |. The idea here is that for large NI 7

will be close to 1 and so the second and higher-order terms in the following expansion are small:

m m m

(1 +(Z;rg;1_ D)t = 1-(2;,5;1,-1) +(Z;rgil-1)z-. (526

i=] i=1 i=1

5.3 Irregular partitions.

The methods we looked at in chapter 4 are all based on regular samples of the observations
process; i.e. filters that use these methods sample their inputs and make calculations for a new
output at regular time-intervals. There are of course other techniques that seem worth investigat-
ing: for instance, methods in which calculations are made when the change in the observations-
process since the last sample-point first reaches a certain size. For equation (1.2.6) the sample-points
to» ty» t5,. . . might be given by the following:

ty:=0,
tep = inf{t>1¢, : I]y,—y,kll 2 €} k=0,1,.... (5.3.1)

Convergence in this case would of course be in terms of e. This technique would presumably increase

the accuracy in the estimate of the stochastic integral in (1.2.6) relative to the deterministic integral
as more frequent calculations would be made during large changes in the observations-process and
vice-versa. ,

Similarly one might use a compromise with sample-times based on the change in some norm of
the observations-process and time:

ty:=0,
e =if{t >0 0=y, . =)l 2 e} k£=0,1,.... (5.3.2)

One practical disadvantage of these techniques is that the amount of calculation at each step would
be restricted to that which could be performed within the minimum time between two sample points;
the latter would therefore have to be fixed at some positive value. .
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These then are a few of the areas in which further research would seem worthwhile. The “finite-
partition” and computation questions are particularly important as they concern aspects of great
significance to the design of practical filters.
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