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ABSTRACT 

Recent e x p e r i m e n t a l work on the q u a d r a t i c Zeeman e f f e c t has i n d e n t i f i e d 

p r e v i o u s l y unobserved phenomena i n c e r t a i n atomic s p e c t r a . A t h e o r e t i c a l 

i n v e s t i g a t i o n o f these phenomena i n the c o n t e x t o f the Coulomb a p p r o x i m a t i o n 

r e q u i r e s the computat ion o f l a r g e numbers o f r a d i a l q u a d r u p o l e i n t e g r a l s 

i n v o l v i n g l a r g e p r i n c i p a l quantum numbers and non-zero quantum d e f e c t s . 

The wel l -known method o f B a t e s and Damgaard breaks down i n these c i r c u m s t a n c e s , 

and a l t e r n a t i v e methods become u n r e l i a b l e . 

T h i s t h e s i s d e s c r i b e s a new method o f computing the r e q u i r e d r a d i a l 

i n t e g r a l s . The r a d i a l w a v e f u n c t i o n s a r e e v a l u a t e d v e r y e f f i c i e n t l y by 

means o f r e c u r r e n c e r e l a t i o n s and Chebyshev a p p r o x i m a t i o n s ; the i n t e g r a l s 

themselves a r e computed by means o f G a u s s - L a g u e r r e q u a d r a t u r e . A l though i t 

was deve loped f o r use i n c a l c u l a t i o n s a s s o c i a t e d w i t h the q u a d r a t i c Zeeman 

e f f e c t , the new method has a much wider domain o f a p p l i c a b i l i t y . I t i s 

e f f e c t i v e w i t h l a r g e or s m a l l p r i n c i p a l quantum numbers; e r r o r bounds may 

be a d j u s t e d s i m p l y by s e t t i n g a few p a r a m e t e r s , and the speed o f computat ion 

compares f a v o u r a b l y w i t h o t h e r methods i n c u r r e n t u s e . In a d d i t i o n , the 

p o s s i b i l i t y o f v a r y i n g the lower l i m i t o f i n t e g r a t i o n a l l o w s the t e s t i n g o f 

the v a l i d i t y o f the Coulomb a p p r o x i m a t i o n i t s e l f , e . g . the e f f e c t o f the 

d e v i a t i o n o f the r a d i a l f u n c t i o n s from Coulombic form i n the r e g i o n o f the 

atomic c o r e . In p a r t i c u l a r , the new c o m p u t a t i o n a l method was used to i n v e s t -

i g a t e the reason f o r the breakdown o f the Bates-Damgaard method a t l a r g e 

p r i n c i p a l quantum numbers; the r e s u l t s o f t h i s r e s e a r c h a r e p r e s e n t e d i n 

t h i s t h e s i s . 

F i n a l l y , the r e s u l t s o f n u m e r i c a l c a l c u l a t i o n s o f the q u a d r a t i c Zeeman 

e f f e c t i n the s p e c t r a o f Ba I a r e compared w i t h e x p e r i m e n t a l o b s e r v a t i o n s 

o b t a i n e d by Gar ton and Tomkins . Very good agreement i s o b t a i n e d p r o v i d e d 

i n t e r - n m i x i n g i s not too s t r o n g . Some o f the p r e v i o u s l y u n e x p l a i n e d 

f e a t u r e s o f the e x p e r i m e n t a l s p e c t r a a r e r e p r o d u c e d . 
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CHAPTER 1 

INTRODUCTION 

The s e a r c h f o r a t h e o r e t i c a l e x p l a n a t i o n o f the magnet ic s t r u c t u r e s 

o f a tomic s p e c t r a has been o f i n t e r e s t t o atomic s p e c t r o s c o p i s t s ever 

s i n c e Zeeman's h i s t o r i c d i s c o v e r y i n 1896 o f the b roaden ing o f s p e c t r a l 

l i n e s when a sodium l i g h t source was p l a c e d between the p o l e s o f an 

e l e c t r o m a g n e t . In an at tempt to e x p l a i n Zeeman's o b s e r v a t i o n s , L o r e n t z 

deve loped the c l a s s i c a l t h e o r y o f the mot ion o f a bound e l e c t r o n i n a 

magnet ic f i e l d . However, t h i s t h e o r y f a i l e d to e x p l a i n l a t e r i n v e s t -

i g a t i o n s o f the Zeeman e f f e c t c a r r i e d o u t by P r e s t o n i n 1898 and Paschen 

and Back i n 1902. A more a c c u r a t e account came i n 1905 w i t h L a n d e ' s 

development o f the v e c t o r model o f the atom. L a t e r , when quantum mech-

a n i c s was d e v e l o p e d , these phenomena were t r e a t e d more r i g o u r o u s l y , and 

the ( l i n e a r ) Zeeman e f f e c t became an i m p o r t a n t t o o l i n atomic p h y s i c s . 

In these e a r l y exper iments the magnet ic f i e l d B was s u f f i c i e n t l y 

weak so t h a t a l l observed Zeeman p a t t e r n s were s y m m e t r i c a l about the 

f i e l d - f r e e s p e c t r a l l i n e s , and the w i d t h o f each p a t t e r n was p r o -

p o r t i o n a l t o B . Thus , i n the e a r l y t h e o r e t i c a l s t u d i e s o f the Zeeman 

e f f e c t , c a l c u l a t i o n s were c a r r i e d o u t t o f i r s t o rder i n B . A l though i t 

was w e l l known t h a t the H a m i l t o n i a n d e s c r i b i n g an atom i n the presence 

o f a u n i f o r m magnet ic f i e l d c o n t a i n e d a term p r o p o r t i o n a l to Ba , t h i s 

q u a d r a t i c or d i a m a g n e t i c term was u s u a l l y d i s m i s s e d as b e i n g o f l i t t l e 

p r a c t i c a l s i g n i f i c a n c e (Condon and S h o r t l e y 1963, p l 5 0 ) . 

The i n f l u e n c e o f the d i a m a g n e t i c term becomes o b s e r v a b l e o n l y i f 

v e r y s t r o n g magnet ic f i e l d s or h i g h l y e x c i t e d atomic s t a t e s are p r e s e n t . 

Under t h e s e c i r c u m s t a n c e s t h e . a s s o c i a t e d " q u a d r a t i c Zeeman e f f e c t " can 

be s t u d i e d . 
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1 . 1 HISTORICAL BACKGROUND 

S i n c e the i n t r o d u c t i o n o f B o h r ' s atomic t h e o r y v a r i o u s a u t h o r s 

have d i s c u s s e d the importance o f the d i a m a g n e t i c term i n the atomic 

H a m i l t o n i a n . The p o s s i b i l i t y o f a q u a d r a t i c Zeeman e f f e c t was p o i n t e d 

out by H e r z f e l d (1914) and d i s c u s s e d by B u r g e r s (1919) i n the framework 

o f the o l d quantum t h e o r y . The f i r s t c a l c u l a t i o n s by the methods o f 

modern quantum mechanics were r e p o r t e d by Guth (1929), H a l p e r n and 

S e x l (1929), and Van V l e c k (1932). U s i n g p e r t u r b a t i o n t h e o r y , these 

c a l c u l a t i o n s showed t h a t the f i r s t o rder energy s h i f t due t o the d i a -

magnet ic term was p r o p o r t i o n a l to 

z 
n [ SVt* 4- i - -jJLU+OlllU+i) - i + 6

X
 ( 1 # 1 J 

U / - 0 (2-* + 3 ) 9 

and would be a p p r e c i a b l e o n l y f o r h i g h l y e x c i t e d s t a t e s and magnet ic 

f i e l d s l a r g e compared w i t h those r e q u i r e d t o produce the Paschen-Back 

e f f e c t (Van V l e c k 1932, p l 7 8 ) . 

I n v e s t i g a t i o n o f the q u a d r a t i c Zeeman e f f e c t w i t h r e a s o n a b l e f i e l d 

s t r e n g t h s thus r e q u i r e d the development o f l o n g s p e c t r a l s e r i e s . Con-

s e q u e n t l y the most e x t e n s i v e e x p e r i m e n t a l s t u d i e s have concerned l o n g 

a b s o r p t i o n s e r i e s o f a l k a l i s and a l k a l i n e e a r t h s . The f i r s t q u a n t i -

t a t i v e measurements were g i v e n by J e n k i n s and Segre (1939), who s t u d i e d 

the e f f e c t i n the p r i n c i p a l s e r i e s o f Na I and K I . In the absence o f 

a magnet ic f i e l d they o b s e r v e d the sodium s e r i e s i n a b s o r p t i o n up t o 

n = 51 and the p o t a s s i u m s e r i e s up t o n = 43. When a t r a n s v e r s e mag-

n e t i c f i e l d o f 27 k i l o g a u s s (kG) was a p p l i e d the Zeeman e f f e c t s were 

o b s e r v e d . For low n ( n ^ l O ) each l i n e s p l i t i n t o a t r i p l e t - the 

a a 

Paschen-Back t r i p l e t s formed by the s p l i t t i n g o f the v e r y narrow S - n P 

d o u b l e t s , w i t h the magnet ic s p l i t t i n g much l a r g e r than the s p i n - o r b i t 
z 

s p l i t t i n g o f the n P term. For v a l u e s o f n from about 12 upwards the 

q u a d r a t i c Zeeman s h i f t s became measurab le . 
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Up to about n = 20 the o b s e r v e d s h i f t s agree w e l l w i t h the s i m p l e 

t h e o r e t i c a l f o r m u l a 

A (cm- 1) a to' , S z'^rt +m} )s\  ( 1' 2 )  

o b t a i n e d by s p e c i a l i z i n g the more g e n e r a l f o r m u l a ( 1 . 1 ) . For the 

a 3 

components o f t r a n s i t i o n s o f the type S - n P, m ^ +1, and f o r the rr 

components m p = 0 . Beyond n-^20 a new p e r t u r b a t i o n appeared , a s c r i b -

a b l e to 1 - m i x i n g , which caused broaden ing o f the components and produced 
if 

s h i f t s which i n c r e a s e d f a s t e r than the n behav iour o f ( 1 . 2 ) . 

J e n k i n s and Segre a l s o r e p o r t e d the o n s e t o f n - m i x i n g , t h a t i s the 

o v e r l a p o f the Zeeman p a t t e r n s o f a d j a c e n t n - v a l u e s , and c o n c l u d e d t h a t 

both cr and tr components merged i n t o an apparent cont inuum c o n s i d e r a b l y 

b e f o r e the f r e e - f i e l d s e r i e s l i m i t was r e a c h e d . Some o f these o b s e r v a t -

i o n s were i n t e r p r e t e d quantum m e c h a n i c a l l y by S c h i f f and Snyder (1939). 

They took the i n t e r - 1 m i x i n g between the a P and *F terms i n t o a c c o u n t 

u s i n g p e r t u r b a t i o n t h e o r y . T h i s m i x i n g a l l o w e d a S - n a p t r a n s i t i o n s , and 
3 3 

the p e r t u r b a t i o n s between the P and F terms l e a d t o a d d i t i o n a l l e v e l 

s h i f t s . Beyond n = 28, however, t h i s approach was inadequate due t o the 

o n s e t o f i n t e r - n m i x i n g . To account f o r n - m i x i n g , S c h i f f and Snyder i n -

voked the a d i a b a t i c a p p r o x i m a t i o n . However, t h i s p r o v i d e d o n l y a q u a l i -

t a t i v e e x p l a n a t i o n o f the observed phenomena. 

The c o r r e c t n e s s o f (1.1) was f u r t h e r t e s t e d by H a r t i n g and K l i n k e n b e r g 

(1949) who o b s e r v e d the p r i n c i p a l s e r i e s o f K I , Rb I and Cs I i n a mag-

n e t i c f i e l d o f 26 kG over a s i m i l a r range o f n - v a l u e s . The agreement 

w i t h theory was e x c e l l e n t ; the s e p a r a t i o n s between the h i g h e r P and F 

s t a t e s a re r e l a t i v e l y l a r g e r i n Rb I and Cs I than Na I , so t h a t i n t e r - 1 

p e r t u r b a t i o n s a r e l e s s impor tant - i n agreement w i t h o b s e r v a t i o n . 

The most r e c e n t , and t o d a t e the most d e t a i l e d , i n v e s t i g a t i o n o f the 

q u a d r a t i c Zeeman e f f e c t was c a r r i e d out by Garton and Tomkins. A i d e d by 
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s i g n i f i c a n t Improvements i n e x p e r i m e n t a l t e c h n i q u e s , they were a b l e t o 

s t u d y the s p e c t r a o f h i g h l y e x c i t e d atoms o f s e v e r a l s p e c i e s , i n c l u d i n g 

Ba I and Sr I , i n f i e l d s r a n g i n g from 10 - 47 kG. A remarkab ly d e t a i l e d 

s e t o f a b s o r p t i o n s p e c t r a were o b t a i n e d . Moreover , t r a n s v e r s e o b s e r v -

a t i o n s were made, s e p a r a t i n g the cr and tr components by means o f a 

W o l l a s t o n p r i s m . Only a s m a l l p a r t o f t h i s work has been p u b l i s h e d , 

namely t h a t on the s p e c t r a o f Ba I ; measurements o f a l l t h e i r p l a t e s a r e 

not y e t a v a i l a b l e . 

A s e r i e s o f o b s e r v a t i o n s on the 6sx ' S0 - Gsnp'p, p r i n c i p a l s e r i e s 

o f Ba I was r e p o r t e d i n G a r t o n and Tomkins (1969a). In the absence o f 

the magnet ic f i e l d the s e r i e s c o u l d be observed up t o n « 75. When a 

f i e l d o f 24kG was a p p l i e d the cr components were c l e a r l y o b s e r v a b l e i n 

p a i r s . U p t o about n = 31 i n t e r - 1 mix ing i s n e g l i g i b l e . Beyond t h a t many 

a d d i t i o n a l l i n e s appear due t o i n t e r - 1 m i x i n g , t h e i r s t r e n g t h s r a p i d l y 

i n c r e a s i n g as n i n c r e a s e s . 

Above about n = 37 i n t e r - n mix ing s e t s i n , and above n = 40 t h e r e 

i s l i t t l e t r a c e o f the f r e e - f i e l d (Rydberg) s t r u c t u r e . There a r e , how-

e v e r , s t r i k i n g r e g u l a r i t i e s i n the s p e c t r a i n t h i s r e g i o n . In two d i s -

t i n c t r e g i o n s o f the a spectrum we observe sequences o f r e g u l a r l y spaced 

l i n e s a t i n t e r v a l s o f a p p r o x i m a t e l y w b e i n g the c y c l o t r o n f r e q u e n c y . 

Another system o f v e r y broad l i n e s extends from j u s t below the f r e e -

f i e l d s e r i e s l i m i t i n t o the continuum? the s p a c i n g i s a g a i n u n i f o r m and 

r o u g h l y e q u a l t o . Other r e g u l a r i t i e s e x i s t i n the rt spec t rum, but 

these a r e s t i l l under i n v e s t i g a t i o n . 

The t h e o r y o f the q u a d r a t i c Zeeman e f f e c t r e c e i v e d n e g l i g i b l e a t t e n t -

i o n from atomic s p e c t r o s c o p i s t s between the i m p o r t a n t exper iments o f 

J e n k i n s and Segre i n 1939 and those o f G a r t o n and Tomkins i n 1969. 

Understandab ly , the n o v e l t y o f the phenomena e x h i b i t e d by the s p e c t r a o f 

Gar ton and Tomkins has l e a d to a r e v i v a l o f i n t e r e s t i n the s u b j e c t . As 
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w e l l as c o n v e n t i o n a l quantum m e c h a n i c a l methods (Edmonds 1973), s e m i -

c l a s s i c a l methods have a l s o been employed (Edmonds 1970, S t a r a c e 1973, 

Connerade 1974). However, the f a c t t h a t the system o f atom and magnet i c 
O a 

f i e l d i s i n h e r e n t l y n o n - s e p a r a b l e r e n d e r s the computat ion o f e n e r g i e s , 

w a v e f u n c t i o n s and i n t e n s i t i e s v e r y d i f f i c u l t , and l i t t l e p r o g r e s s has 

been made t o d a t e . 

1 . 2 RELATED STUDIES OF THE QUADRATIC ZEEMAN EFFECT 

The q u a d r a t i c Zeeman e f f e c t i s a l s o o f i n t e r e s t to r e s e a r c h workers 

i n s o l i d s t a t e p h y s i c s and a s t r o p h y s i c s . 

The importance o f s t r o n g magnet ic f i e l d s i n s o l i d s t a t e phenomena 

has been r e c o g n i s e d f o r some t i m e . Soon a f t e r the d i s c o v e r y o f magneto-

o p t i c a l phenomena (Haidemenakis 1969) i n the e a r l y 1950 's i t became 

a p p a r e n t t h a t the s t r u c t u r e o f energy bands i n s o l i d s c o u l d be s t u d i e d 

by means o f resonance s p e c t r o s c o p y - ana logous t o the approach used i n 

the i n v e s t i g a t i o n o f a tomic s t r u c t u r e . As i n atomic s p e c t r o s c o p y , the 

a p p l i c a t i o n o f a magnet ic f i e l d lowers the symmetry o f the system and 

p e r m i t s the e x a m i n a t i o n o f resonance s p e c t r a by means o f new t h e o r e t i c a l 

models o f the energy bands . 

Of p a r t i c u l a r i n t e r e s t t o s o l i d s t a t e t h e o r i s t s has been the e f f e c t 

o f v e r y s t r o n g magnet ic f i e l d s on the low s p e c t r a l terms o f the Balmer 

s e r i e s o f hydrogen. The reason i s t h a t , to a good a p p r o x i m a t i o n , the 

behav iour o f e x c i t o n s and i m p u r i t i e s i n semiconductors i n the p r e s e n c e 

o f magnet ic f i e l d s may be i n f e r r e d f rom c a l c u l a t i o n s on an i s o l a t e d 

hydrogen atom. In these hydrogen models the normal e l e c t r o n mass i s r e -

p l a c e d by the e f f e c t i v e mass o f the e l e c t r o n i n the c r y s t a l and the 

normal hydrogen p o t e n t i a l i s d e c r e a s e d by the d i e l e c t r i c c o n s t a n t o f the 

s o l i d (Kohn and L u t t i n g e r 1955). For m a t e r i a l s i n which the e f f e c t i v e 
c 

e l e c t r o n mass i s s m a l l and the d i e l e c t r i c c o n s t a n t i s l a r g e , the e f f e c t 
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o f the magnet ic f i e l d i s g r e a t l y m a g n i f i e d . C o n s e q u e n t l y , the q u a d r a t i c 

Zeeman e f f e c t becomes a p p r e c i a b l e , even i n the l o w - l y i n g energy l e v e l s , 

and r e s u l t s i n an i n c r e a s e i n the i o n i z a t i o n energy a t h i g h f i e l d s 

( Y a f e t e t a l . 1956). 

In v iew o f the v e r y s t r o n g e f f e c t i v e magnet ic f i e l d s which may a r i s e 

i n t h i s way, most s o l i d s t a t e t h e o r i s t s have c o n c e n t r a t e d on the s o -

c a l l e d Landau reg ime, where the Coulomb i n t e r a c t i o n i s s m a l l compared t o 

the magnet ic i n t e r a c t i o n s . In these c i r c u m s t a n c e s o s c i l l a t i o n s i n the 

d i r e c t i o n o f the magnet ic f i e l d a re much s lower than the c y c l o t r o n f r e -

quency . Thus the a d i a b a t i c a p p r o x i m a t i o n , i n t r o d u c e d by S c h i f f and 

Snyder (1939), i s a p p r o p r i a t e . T h i s approach was d e v e l o p e d by Y a f e t e t 

a l . (1956) and extended by l a t e r a u t h o r s , i n c l u d i n g E l l i o t and Loudon 

(1960), Hasegawa and Howard (1961), Z h i l i c h and Monozon (1967), L a r s e n 

(1968) and B a l d e r e s c h i and B a s s a n i (1970). The magnet ic f i e l d s i n v o l v e d 

3 

i n these c a l c u l a t i o n s l i e i n the range 10 - 10 kG. For f u r t h e r d e t a i l s 

and r e f e r e n c e s to t h i s r e s e a r c h see Haidemenakis (1969) or the rev iew by . 

G a r s t a n g (1977). 

In a s t r o p h y s i c s the behav iour o f atoms i n magnet ic f i e l d s has been 

o f i n t e r e s t ever s i n c e 1908, when Ha le d i s c o v e r e d the p r e s e n c e o f magnet ic 

f i e l d s i n s u n s p o t s . However, a r e v i v a l o f i n t e r e s t i n the s u b j e c t has 

been s t i m u l a t e d by the d i s c o v e r y (Kemp e t a l . 1970) o f c i r c u l a r l y p o l a r -

i z e d cont inuum r a d i a t i o n from a white dwarf s t a r . These o b s e r v a t i o n s 

have been i n t e r p r e t e d as be ing due to a magnet ic f i e l d o f 10 kG a t 

the s u r f a c e o f the s t a r . Other o b s e r v a t i o n s ( L a n d s t r e e t and A n g e l 1971, 
3 

A n g e l and L a n d s t r e e t 1971, 1972) have i n d i c a t e d f i e l d s i n excess o f 10.kG 

i n a number o f wh i te d w a r f s . I t i s now b e l i e v e d t h a t f i e l d s o f the order 
q 

of 10 kG may e x i s t i n n e u t r o n s t a r s and p u l s a r s (Lamb and S u t h e r l a n d 1974) . 

T h i s f o l l o w s from the s u g g e s t i o n t h a t magnet ic f l u x i s c o n s e r v e d d u r i n g 

s t e l l a r e v o l u t i o n (see , f o r example, P r e s t o n 1970) and t h i s suggests t h a t 
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any magnet ic f i e l d i n a s t a r would v a r y as the square o f the s t e l l a r 

r a d i u s . 

Because o f the i n t e n s e magnet ic f i e l d s and the abundance o f hydrogen 

thought t o be p r e s e n t i n these s t e l l a r o b j e c t s , f u r t h e r a t t e n t i o n has 

been devoted to the s tudy o f the Landau regime i n hydrogen. As i n the 

s o l i d s t a t e t h e o r y , the a d i a b a t i c a p p r o x i m a t i o n i s w i d e l y used (Smith e t 

a l . 1972, Praddaude 1972, Canuto and K e l l y 1972, S t u r m e l i a n e t a l . 1974). 

The o t h e r most commonly used approach i s t o express the w a v e f u n c t i o n s o f 

the system i n terms o f the f r e e - f i e l d s t a t e s and then determine the energy 

l e v e l s by d i a g o n a l i z i n g a t r u n c a t e d H a m i l t o n i a n m a t r i x . The r e s u l t s o f 

such c a l c u l a t i o n s f o r the low energy l e v e l s o f hydrogen and h e l i u m have 

been r e p o r t e d by Gars tang and Kemic (1972, 1974) and Kemic (1974). In 

3 7 

these c a l c u l a t i o n s magnet ic f i e l d s i n the range o f 10 - 10 kG were 

assumed. Kemic (1975) has a l s o s t u d i e d the q u a d r a t i c Zeeman e f f e c t i n 

Ca I I u s i n g p e r t u r b a t i o n t h e o r y . 

F u r t h e r r e f e r e n c e s t o the a s t r o p h y s i c a l l i t e r a t u r e may be found i n 

the rev iews by O ' C o n n e l l (1974) , Lamb and S u t h e r l a n d (1974) and Gars tang 

(1977) . 

1 . 3 SUMMARY OF THESIS 

The r e s e a r c h r e p o r t e d i n t h i s t h e s i s began as an at tempt to g a i n a 

t h e o r e t i c a l u n d e r s t a n d i n g o f the remarkably d e t a i l e d a b s o r p t i o n s p e c t r a 

o b t a i n e d by G a r t o n and Tomkins . Most o f these s p e c t r a l i e between the 

ranges o f v a l i d i t y o f the two main types o f theory p r e v i o u s l y used to 

s tudy the q u a d r a t i c Zeeman e f f e c t , namely p e r t u r b a t i o n t h e o r y and the 

a d i a b a t i c method. The p r e s e n c e o f a magnet ic f i e l d and such h i g h e x c i t -

a t i o n s makes the a n a l y s i s o f such s p e c t r a ext remely d i f f i c u l t ; the p r o b -

lem i s i n h e r e n t l y n o n - s e p a r a b l e . 

F o l l o w i n g gu idance f rom D r . A . R . Edmonds the p r e s e n t author adopted 
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the approach o f S c h i f f and Snyder , e x t e n d i n g i t to i n c o r p o r a t e n - m i x i n g . 

T h i s i n v o l v e d the d i a g o n a l i z a t i o n o f a H a m i l t o n i a n m a t r i x , u s i n g b a s i s 

f u n c t i o n s taken from the Coulomb a p p r o x i m a t i o n , together w i t h e x p e r i m e n t a l 

quantum d e f e c t s . A l t h o u g h t h i s b a s i s had the d i s a d v a n t a g e o f i n c o m p l e t e -

ness ( s i n c e the cont inuum s t a t e s were ignored) i t d i d not pose such f o r m i d -

a b l e c o m p u t a t i o n a l problems as some a l t e r n a t i v e bases . In any case , i t was 

i n t e r e s t i n g t o i n v e s t i g a t e when the n e g l e c t o f the cont inuum s t a t e s i s 

p e r m i s s i b l e . The t h e o r y a s s o c i a t e d w i t h t h i s approach i s d e s c r i b e d i n 

Chapter 2 . 

The c o n s t r u c t i o n o f the H a m i l t o n i a n m a t r i x u s i n g f r e e - f i e l d b a s i s 

f u n c t i o n s e n t a i l s the computat ion o f l a r g e numbers o f r a d i a l quadrupo le 

m a t r i x e lements w i t h l a r g e p r i n c i p a l quantum numbers and n o n - z e r o quantum 

d e f e c t s . The wel l -known method o f Bates and Damgaard (1949) breaks down 

i n these c i r c u m s t a n c e s . E a r l i e r c a l c u l a t i o n s by D r . Edmonds (unpubl ished) 

o b t a i n e d the r e q u i r e d i n t e g r a l s by e x t r a p o l a t i o n from s m a l l e r p r i n c i p a l 

quantum numbers (cf . Burgess and Seaton 1960, Peach 1965, 1967) . However, 

the method was o f d o u b t f u l v a l i d i t y , and the a c c u r a c y o f the computed 

q u a d r a t i c Zeeman s p e c t r a was d i f f i c u l t t o a s s e s s . 

Thus , b e f o r e the e f f e c t i v e n e s s o f the f r e e - f i e l d b a s i s c o u l d be i n -

v e s t i g a t e d , i t was f i r s t n e c e s s a r y to overcome the problem o f computing 

the r e q u i r e d r a d i a l i n t e g r a l s . A major p a r t o f the p r e s e n t a u t h o r ' s 

c o n t r i b u t i o n t o t h i s r e s e a r c h a r e a was the. development o f a s u i t a b l e 

c o m p u t a t i o n a l method f o r computing these i n t e g r a l s . In t h i s method the 

r a d i a l Coulomb w a v e f u n c t i o n s a r e e v a l u a t e d v e r y e f f i c i e n t l y u s i n g r e -

c u r r e n c e r e l a t i o n s and Chebyshev a p p r o x i m a t i o n s , and the i n t e g r a l s are 

computed by means o f G a u s s - L a g u e r r e q u a d r a t u r e . The a s s o c i a t e d n u m e r i c a l 

a n a l y s i s i s r e p o r t e d i n C h a p t e r s 3 and 4. 

A l t h o u g h the new method o f computing r a d i a l i n t e g r a l s was f i r s t 

d e v i s e d f o r use i n c a l c u l a t i o n s a s s o c i a t e d w i t h the q u a d r a t i c Zeeman ef/«tt, 
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i t has a much,wider domain o f a p p l i c a t i o n . The a n a l y s i s o f Chapter 5 

demonstrates t h a t the method i s e f f e c t i v e w i t h l a r g e or s m a l l p r i n c i p a l 

quantum numbers; e r r o r bounds may be a d j u s t e d s i m p l y by s e t t i n g a few 

p a r a m e t e r s , and the speed o f computat ion compares f a v o u r a b l y w i t h o t h e r 

methods i n c u r r e n t u s e . As r e p o r t e d i n S e c t i o n 5 . 3 , the p o s s i b i l i t y o f 

v a r y i n g the lower l i m i t o f i n t e g r a t i o n has e n a b l e d the author to i n v e s t i g a t e 

why the Bates-Damgaard method breaks down a t l a r g e p r i n c i p a l quantum numbers. 

In Chapter 6 we a s s e s s the v a l i d i t y o f the t h e o r e t i c a l approach 

proposed i n Chapter 2. The energy l e v e l s and a s s o c i a t e d i n t e n s i t i e s o f 

Ba I i n the p r e s e n c e o f magnet ic f i e l d s i n the range o f 10 - 70 kG a r e 

o b t a i n e d by d i a g o n a l i z i n g a t r u n c a t e d H a m i l t o n i a n m a t r i x . The p h y s i c a l 

s i g n i f i c a n c e o f these r e s u l t s i s d i s c u s s e d i n the c o n t e x t o f the e x p e r i m e n t a l 

s p e c t r a o f the 6 s z ,S e ) - 6snp 1 P t p r i n c i p a l s e r i e s o f Ba I o b t a i n e d by 

Gar ton and Tomkins . The computed r e s u l t s a r e i n good agreement w i t h the 

e x p e r i m e n t a l s p e c t r a p r o v i d e d i n t e r - n mix ing i s not too s t r o n g . Some 

p r e v i o u s l y u n e x p l a i n e d r e g u l a r i t i e s o f the cr s p e c t r a are r e p r o d u c e d . 
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CHAPTER 2 

FORMULATION OF THE QUADRATIC ZEEMAN PROBLEM 

As o u t l i n e d i n the p r e v i o u s Chapter we s h a l l c o n f i n e our a t t e n t i o n 

t o the q u a d r a t i c Zeeman e f f e c t on the s p e c t r a o f a l k a l i and a l k a l i n e -

e a r t h atoms. In the range o f magnet ic f i e l d s to be c o n s i d e r e d here we 

can i g n o r e the e f f e c t s o f r e l a t i v i t y and s p i n - o r b i t i n t e r a c t i o n s , s i n c e 

these w i l l be s m a l l i n compar ison w i t h the Zeeman s h i f t s . Indeed, s i n c e 

o p t i c a l t r a n s i t i o n s occur w i t h o u t a change o f s p i n , the s p i n a n g u l a r 

momentum o f the e l e c t r o n e f f e c t i v e l y does not enter our c a l c u l a t i o n s a t . 

a l l . 

In the non-hydrogen ic s p e c i e s e x p e r i m e n t a l data i s a v a i l a b l e o n l y 

f o r moderate magnet ic f i e l d s , so t h a t the q u a d r a t i c Zeeman e f f e c t i s 

a p p r e c i a b l e o n l y i n h i g h l y e x c i t e d s t a t e s o f the o p t i c a l e l e c t r o n . The 

i n f l u e n c e o f the o ther e l e c t r o n s may be taken i n t o account when u s i n g a 

o n e - e l e c t r o n a p p r o x i m a t i o n by i n c l u d i n g the e m p i r i c a l quantum d e f e c t s i n 

the c a l c u l a t i o n , or by m o d i f y i n g the r a d i a l e l e c t r o s t a t i c p o t e n t i a l i n 

the r e g i o n o f the atomic c o r e . The consequences o f c o n f i g u r a t i o n i n t e r -

a c t i o n ( e . g . 5d8p i n t e r a c t i o n i n Ba I) a r e more d i f f i c u l t t o d e a l w i t h . 

In g e n e r a l , however, i n t e r a c t i o n s between the o p t i c a l and ' c o r e ' e l e c t r o n s 

w i l l be impor tant o n l y i n the lower p a r t o f the energy spect rum and w i l l 

have l i t t l e e f f e c t on the l o c a l behav iour o f the h igher r e g i o n s . 

2 . 1 THE SCHRODINGER EQUATION 

We w i l l t h e r e f o r e c o n s i d e r the H a m i l t o n i a n o f a s p i n l e s s n o n - r e l a t i v i s t i c 

e l e c t r o n o f mass j j l and charge -e i n the p r e s e n c e o f an a t t r a c t i v e e l e c t r o s t a t i c 

p o t e n t i a l W ) and a u n i f o r m magnet ic f i e l d B . I f the d i r e c t i o n o f B i s 

taken as t h e £ = 0 a x i s o f the u s u a l p o l a r c o - o r d i n a t e system ( f , 



- 1 8 -

t h i s H a m i l t o n i a n o p e r a t o r has the form 

jj - j l + Vct) * 5fi / + r l s m 0j (2.1) 

where i j , i s the o p e r a t o r f o r the component o f o r b i t a l angu lar momentum 

a l o n g the magnet ic f i e l d . 

<l B i 

S i n c e H commutes w i t h , the l i n e a r Zeeman term ** i s a 

c o n s t a n t o f the m o t i o n . I t may t h e r e f o r e be o m i t t e d from our c a l c u l a t i o n s 

p r o v i d e d the a s s o c i a t e d energy s h i f t t a k e n i n t o a c c o u n t , -mjK 

b e i n g the e i g e n v a l u e o f the o p e r a t o r . Our c a l c u l a t i o n s a re f u r t h e r 

s i m p l i f i e d i f a tomic u n i t s a r e used . Thus we put 

e = Tx = M- - 1 > c. = 1 3 7 1 7 . 

a a 
I n these u n i t s the c y c l o t r o n f requency , — - , takes the v a l u e 

• I P 

CjJ O.ul.) as M » 2 S * 3 X /O B ( Gcuu.ss ), (2.2) 

and the u n i t o f energy i s twice the i o n i z a t i o n energy o f hydrogen. 

Wi th these s i m p l i f i c a t i o n s the b a s i c H a m i l t o n i a n reduces to 

K ^ ) - -H Vet) + (2.3) 
a. s 

We note t h a t the e f f e c t o f the q u a d r a t i c or d i a m a g n e t i c term & 

i s t o render i n h e r e n t l y n o n - s e p a r a b l e . I t i s t h i s i n s e p a r a b i l i t y 

t h a t g i v e s r i s e t o the i n t e r e s t i n g and d i f f i c u l t t h e o r e t i c a l problems i n 

the s t u d y o f the q u a d r a t i c Zeeman e f f e c t . 

S i n c e the q u a d r a t i c term i n (2.3) commutes w i t h n e i t h e r the f r e e -

f i e l d H a m i l t o n i a n Ĥ(o) nor the t o t a l o r b i t a l angu lar momentum o p e r a t o r 

L.% i t f o l l o w s t h a t 7t and £ , the u s u a l p r i n c i p a l and o r b i t a l a n g u l a r 

momentum quantum numbers o f the f r e e - f i e l d s t a t e s , a re no longer e x a c t l y 

d e f i n e d ; the o n l y r e m a i n i n g 'good' quantum numbers i n the presence o f 

the magnet ic f i e l d a r e the e i g e n v a l u e s o f the o p e r a t o r s £% and p a r i t y , 
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naraely m i and u> . The e i g e n s t a t e s o f H may t h e r e f o r e be d e s i g n a t e d 

Y i t ) r and the a p p r o p r i a t e t i m e - i n d e p e n d e n t Schrod inger e q u a t i o n i s 

{ - i V * + V c r ) + ^ r ^ s C n * * J yjr * = E f ^ (2.4) 

For g i v e n m^ and uS the s o l u t i o n o f (2.4) may be expanded i n an 

i n f i n i t e s e r i e s o f s p h e r i c a l h a r m o n i c s . Thus we may w r i t e 

TAiuS tn̂ Ui 

f = (*) Y e ^ i e , * ) , (2.5) 

where i n d i c a t e s t h a t the sum i s to be taken over even or odd £ 

a c c o r d i n g as the p a r i t y & i s even or odd. The s p h e r i c a l harmonic 

i s d e f i n e d by the e q u a t i o n 

= I i (2.6) 

where f^** denotes the a s s o c i a t e d Legendre p o l y n o m i a l (see Abramowitz 

and Stegun 1964) . 

On s u b s t i t u t i n g (2.5) i n t o (2.4) we o b t a i n an i n f i n i t e s e t o f c o u p l e d 

i w^w 
d i f f e r e n t i a l e q u a t i o n s f o r the r a d i a l f u n c t i o n s y ( f ) } namely 

C O = (2.7) 
i « ' 

where 1r\iti* i s the d i f f e r e n t i a l o p e r a t o r 

M a x = + + | i l t> + Qi,i' (2.8) 

and 

= r x < £ ' • n I s i r S e ( r ^ > . (2.9) 

We note t h a t the m a t r i x e lements a re ze ro u n l e s s 0 at x, 

and may be computed e a s i l y by means of angu lar momentum a l g e b r a (see , 

f o r example, Edmonds 1968). 

C a b i b e t a l . (1971) o b t a i n e d an approximate s o l u t i o n o f (2.7) f o r 
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the ground s t a t e o f hydrogen. They reduced (2.7) to a f i n i t e m a t r i x 

e i g e n v a l u e e q u a t i o n by f i r s t t r u n c a t i n g the i n f i n i t e summation and then 

a p p r o x i m a t i n g the d i f f e r e n t i a l e q u a t i o n s by d i f f e r e n c e e q u a t i o n s . However, 

t h i s approach i s i l l - s u i t e d when h i g h l y e x c i t e d s t a t e s a r e r e q u i r e d , s i n c e 

the w a v e - f u n c t i o n s which d e s c r i b e h i g h l y e x c i t e d s t a t e s a r e s t r o n g l y o s c i l l -

a t o r y and have a l a r g e s p a t i a l e x t e n t . Thus they r e q u i r e l a r g e numbers o f 

g r i d p o i n t s f o r t h e i r d i s c r e t e r e p r e s e n t a t i o n , and c o n s e q u e n t l y l e a d t o 

m a t r i x e q u a t i o n s o f v e r y h i g h o r d e r . 

2 . 2 EXPANSION OF THE RADIAL FUNCTIONS 

An a l t e r n a t i v e approach i s t o reduce (2.7) to a s e t o f a l g e b r a i c 

e q u a t i o n s by expanding r ) . A l t h o u g h , i n p r i n c i p l e , any complete s e t 

o f f u n c t i o n s d e f i n e d on the i n t e r v a l ( o > ao ) i s v a l i d f o r t h i s purpose 

we s h o u l d t r y t o choose a b a s i s which produces the g r e a t e s t s i m p l i f i c a t i o n 

o f the c o r r e s p o n d i n g m a t r i x o f H t . s . In p h y s i c a l terms, t h i s me^ns t h a t 

we s h o u l d seek a s e p a r a b l e H a m i l t o n i a n which c l o s e l y approx imates t o H/.a'; 

the r a d i a l f u n c t i o n s o f t h i s ( separab le) H a m i l t o n i a n , i f they can be comp-

uted w i t h o u t too much d i f f i c u l t y , s h o u l d then be used as a b a s i s f o r ^ ( t ) . 

We t h e r e f o r e t r y t o s p l i t the e f f e c t i v e p o t e n t i a l V C ) + *£xrx$inx<9 

i n t o the form t O + ^ U J ) r and then c o n s i d e r the r a d i a l 

S c h r o d i n g e r e q u a t i o n 

- - V , C O + s l r t t - o = o . (2.10) 

The complete s e t o f s o l u t i o n s o f t h i s e q u a t i o n i s the r e q u i r e d b a s i s . 

The s i m p l e s t s p l i t t i n g o f the e f f e c t i v e p o t e n t i a l i s t o a s s i g n 

V , C O = W ) cmoL yrxi<) = * f r x s \ n z e . (2.11) 

In t h i s c a s e (2.10) reduces to .the r a d i a l S c h r o d i n g e r e q u a t i o n d e s c r i b i n g 

the atomic system i n the absence o f a magnet ic f i e l d . 
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I f we assume t h a t the energy spectrum o f the f r e e - f i e l d atom i s known 

from exper iment , and t h a t the c o r r e s p o n d i n g r a d i a l w a v e f u n c t i o n s can be 

d e t e r m i n e d , and denote these q u a n t i t i e s by and r e s p e c t i v e l y , we 

may then , f o l l o w i n g S c h i f f and Snyder (1939), w r i t e the r a d i a l f u n c t i o n s 

We note immediate ly t h a t the s e t f U u i T ) , i n - does 

not form a complete s e t ; the c o n t i n u o u s s t a t e s o f the atom (those w i t h 

p o s i t i v e energy) have been i g n o r e d . However, f o r s u f f i c i e n t l y weak mag-

n e t i c f i e l d s n e g l e c t o f the cont inuum s t a t e s i s p e r m i s s i b l e ; the e x t e n t t o 

which i t i s p e r m i s s i b l e when the magnet ic f i e l d i s s t r o n g i s not known. 

However, the f r e e - f i e l d s t a t e s w i l l s t i l l be used h e r e , s i n c e one o f the 

o b j e c t i v e s o f the p r e s e n t a u t h o r ' s r e s e a r c h i s to e s t a b l i s h how i m p o r t a n t 

these cont inuum s t a t e s a r e when the magnet ic f i e l d i s r e l a t i v e l y s t r o n g . 

From (2.7) and (2.12) we can e a s i l y d e r i v e the m a t r i x e i g e n v a l u e 

f o f e q u a t i o n (2.7) i n the form 

— p8 „ 

A it) = I t«> c ^ R „ A c t > . 
c n s < + ' 

(2.12) 

e q u a t i o n 

(2.13) 

i « 0, I, 2, . f n_ = I, I* 2 (2.14) 

where 

^<nn' + ^ n l . n V > (2.15) 

= ir n ^ i w - r i s W u ' w > ,(2.i6) 

and 

CO 
(2.17) 

As remarked e a r l i e r ft^ ^ t = 0 u/nUss j X - ^ ' J = o o+ 2 . 
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2 .3 METHOD OF SOLUTION 

In o rder t o determine s o l u t i o n s to the e i g e n v a l u e e q u a t i o n (2.13) 

the H a m i l t o n i a n m a t r i x H ^ - n ' / ' must be d i a g o n a l i z e d . 

C o n s i d e r f i r s t f o r s i m p l i c i t y the case o f a hydrogen atom. In the 

absence o f a magnet ic f i e l d , the energy l e v e l s o f a g i v e n p r i n c i p a l quantum 

number n a r e degenerate i n / . T h i s degeneracy i s removed by Q. I f the 

maximum energy s h i f t produced by t h i s term i s s m a l l we may compute the 

e f f e c t e a s i l y : f o r any g i v e n v a l u e o f n we compute the e i g e n v a l u e spectrum 

o f the s u b - m a t r i x ' where n = n' and I t M £ (t,l')<T\. The t r a n s -

f o r m a t i o n which d i a g o n a l i z e s a g i v e n s u b - m a t r i x mixes s t a t e s o f d i f f e r e n t 

H- v a l u e s . Thus the e i g e n v e c t o r s o f the p e r t u r b e d system a r e l i n e a r com-

b i n a t i o n s o f h y d r o g e n i c s t a t e s , each o f d e f i n i t e / - v a l u e . 

I f we are s t u d y i n g the p r i n c i p a l s e r i e s o f an atom w i t h o p t i c a l 

t r a n s i t i o n s t o or from the ground s t a t e (6s a 1S0 i n the case o f Ba) the 

s e l e c t i o n r u l e \£--t'l = 1 i m p l i e s t h a t o n l y e x c i t e d s t a t e s w i t h / = 1 

c o n t r i b u t e to i n t e n s i t y . Thus , i n t e n s i t i e s a r e g i v e n by the square modul i 

o f the c o e f f i c i e n t s o f ' p ' s t a t e s i n the above e i g e n v e c t o r s . 

In the h y d r o g e n i c s p e c t r a o f atoms o ther than hydrogen ( e . g . the 

p r i n c i p a l s e r i e s o f Ba I) we no l o n g e r have complete degeneracy i n Z , 

even when a magnet ic f i e l d i s not p r e s e n t . Thus the computat ion o f the 

m a t r i x e lements H ^ ^ - x ' must a l l o w f o r the r e l e v a n t quantum d e f e c t s . 

In the case o f Ba the quantum d e f e c t s o f ' p ' s t a t e s i n the range o f n 

v a l u e s c o n s i d e r e d i n the p r e s e n t s t u d y may be w r i t t e n as if + o< , where oc 

i s a p o s i t i v e or n e g a t i v e q u a n t i t y s m a l l compared w i t h one; the quantum 

d e f e c t s o f s t a t e s o f h igher / - v a l u e s a re assumed t o be z e r o (see G a r t o n 

and Tomkins 1969b). Thus we may e x p e c t t o a c h i e v e s a t i s f a c t o r y r e s u l t s 

by r e l a b e l l i n g ' p ' s t a t e s o f d i f f e r e n t n and a p p l y i n g the p r o c e d u r e d e s -

c r i b e d above. T h i s approach was adopted by S c h i f f and Snyder (1939) i n a 

s t u d y o f the q u a d r a t i c Zeeman e f f e c t i n Na I and K I . 
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C l e a r l y the s u b - m a t r i x approach d e s c r i b e d above i s v a l i d o n l y when 

the q u a d r a t i c Zeeman s h i f t s a r e s m a l l i n compar ison w i t h the energy d i f f -

erences o f n e i g h b o u r i n g f r e e - r f i e l d s t a t e s . 

D r . Edmonds has found t h a t such c a l c u l a t i o n s f o r the & spect rum o f Ba I 

g i v e good agreement w i t h the e x p e r i m e n t a l r e s u l t s o f G a r t o n and Tomkins 

f o r n - v a l u e s between 26 and 34. The dominance o f the l i n e s o f maximum 

s h i f t over t h e i r a s s o c i a t e d groups o f s a t e l l i t e l i n e s was w e l l r e p r o d u c e d . 

We note t h a t the m a t r i x e lements o f r a a r e r o u g h l y p r o p o r t i o n a l t o B x and n*. 

In an attempt to e x p l a i n the behav iour o f h igher members o f the 

Garton-Tomkins s p e c t r a the p r e s e n t author adopted the n a t u r a l e x t e n s i o n 

o f the method o f S c h i f f and Snyder , t a k i n g i n t o account the s u b - m a t r i c e s 

o f the H a m i l t o n i a n m a t r i x (2.14) l i n k i n g d i f f e r e n t v a l u e s o f n . In p r a c t i c e 

t h i s i n v o l v e d t r u n c a t i n g the H a m i l t o n i a n m a t r i x such t h a t 

o n l y a f i n i t e range o f n v a l u e s was i n c l u d e d , i . e . n w i t v ^ n . n ' ^ • 

However, the e n t r y o f quantum d e f e c t s i n t r o d u c e s d i f f i c u l t y i n t o the 

c a l c u l a t i o n o f the r a d i a l i n t e g r a l s <«r\X I t l | n 7 ' > when n, n' become, 

l a r g e . The e s t a b l i s h e d method o f Bates and Damgaard breaks down under 

these c i r c u m s t a n c e s ( O e r t e l and Shomo 1968) , and a l t e r n a t i v e methods become 

u n r e l i a b l e or v e r y i n e f f i c i e n t . 

B e f o r e the adopted approach (us ing f r e e - f i e l d Coulomb b a s i s f u n c t i o n s ) 

c o u l d be f u l l y e v a l u a t e d a s u i t a b l e method was r e q u i r e d f o r computing 

l a r g e numbers o f r a d i a l quadrupo le i n t e g r a l s . As d e s c r i b e d i n d e t a i l i n 

the next C h a p t e r , the author has deve loped such a c o m p u t a t i o n a l method. 

I n Chapter 6 we d e s c r i b e i n d e t a i l the methods used t o compute the 

t h e o r e t i c a l energy l e v e l s and i n t e n s i t i e s o f the p r i n c i p a l s e r i e s o f Ba I 

i n magnet ic f i e l d s i n the range o f 10 - 70 kG. The computed s p e c t r a a re com-

pared w i t h the e x p e r i m e n t a l r e s u l t s o b t a i n e d by Garton and Tomkins (1969a). 
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CHAPTER 3 

COMPUTATION OF RADIAL INTEGRALS IN THE COULOMB APPROXIMATION 

F o l l o w i n g the d i s c u s s i o n o f the p r e c e d i n g Chapter i t i s c l e a r how 

the p r e s e n t s tudy o f the q u a d r a t i c Zeeman e f f e c t gave r i s e t o the prob lem 

o f computing l a r g e numbers o f r a d i a l i n t e g r a l s o f the form 

ao 

<n£|rDn7'> = J lr)df, (3.1) . 

;jr ) be ing the r a d i a l w a v e f u n c t i o n which d e s c r i b e s the f r e e - f i e l d 

bound s t a t e { Y i / ' h a ^ . i n p r a c t i c a l c a l c u l a t i o n s the i n t e g r a l s i n v o l v e d 

s t a t e s o f n e u t r a l a l k a l i and a l k a l i n e e a r t h atoms w i t h v e r y l a r g e p r i n c i p a l 

quantum numbers. In the case o f Ba I these s t a t e s were g i v e n i n terms o f 

v e r y d e t a i l e d and a c c u r a t e t a b l e s o f e x p e r i m e n t a l quantum d e f e c t s (Garton 

and Tomkins 1969b) w i t h n , n' i n the range 25-75. 

The l a r g e p r i n c i p a l quantum numbers i n v o l v e d i n t h e s e i n t e g r a l s , 

t o g e t h e r w i t h the f a c t t h a t the g u a d r u p o l e o p e r a t o r T* emphasised the l a r g e 

v a l u e s o f r , i m p l i e d t h a t the Coulomb a p p r o x i m a t i o n f o r the r a d i a l 

f u n c t i o n s might be a p p r o p r i a t e . The l a r g e p r i n c i p a l quantum numbers a l s o 

i m p l i e d t h a t the s i m p l e n o r m a l i z a t i o n c o n v e n t i o n o f H a r t r e e (1928) would 

be adequate . 

A t t e n t i o n was t h e r e f o r e turned t o the Bates-Damgaard method (Bates and 

Damgaard 1949) as a p r o s p e c t i v e means o f computing the r e q u i r e d i n t e g r a l s . 

However, as p o i n t e d o u t by O e r t e l and Shomo (1968), the c o m p u t a t i o n a l 

scheme used i n the Bates-Damgaard method breaks down f o r s u f f i c i e n t l y 

l a r g e n , n ' , due t o the a c c u m u l a t i o n o f round ing e r r o r s i n the summation 

o f an a l t e r n a t i n g s e r i e s . In t r i a l c a l c u l a t i o n s , which were c a r r i e d o u t 

u s i n g doub le p r e c i s i o n a r i t h m e t i c on a CDC 6400 computer ( i . e . u s i n g about 
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29 s i g n i f i c a n t d e c i m a l d i g i t s ) , the Bates-Damgaard method gave r e l i a b l e 

r e s u l t s o n l y f o r n , n ' up t o about 25. 

S e v e r a l a l t e r n a t i v e methods o f computing (3.1) were e v a l u a t e d 

( F r i e d r i c h e t a l . 1970, L i n d g a r d and N i e l s e n 1976). A l t h o u g h t h e s e 

methods were d e s i g n e d to overcome l i m i t a t i o n s o f the Bates-Damgaard 

method they too were found t o be i n e f f e c t i v e when n , n ' became l a r g e 

< * 1 5 ) . 

The p r e s e n t author t h e r e f o r e began a s e a r c h f o r a new method o f 

computing the r e q u i r e d i n t e g r a l s . T h i s r e s e a r c h l e d to the development 

o f a p o w e r f u l new t e c h n i q u e , based upon G a u s s - L a g u e r r e q u a d r a t u r e ; the 

Coulomb w a v e f u n c t i o n s i n the i n t e g r a n d were e v a l u a t e d by means o f c o n -

v e r g e n t Chebyshev expans ions and r e c u r r e n c e r e l a t i o n s . The d e t a i l s o f 

these t e c h n i q u e s a r e d i s c u s s e d l a t e r i n t h i s Chapter and i n the f o l l o w -

i n g C h a p t e r . A d i s c u s s i o n o f the e f f i c i e n c y and a c c u r a c y o f the new 

method i s p r e s e n t e d i n Chapter 5. 

As we s h a l l e x p l a i n i n the subsequent d i s c u s s i o n , the new method 

became more than j u s t a means o f computing i n t e g r a l s f o r use i n c a l c u l -

a t i o n s o f the q u a d r a t i c Zeeman e f f e c t ; i t p r o v i d e d a means o f i n v e s t -

i g a t i n g the Coulomb a p p r o x i m a t i o n i t s e l f . In p a r t i c u l a r , i t enab led 

the author t o c a r r y o u t a thorough i n v e s t i g a t i o n o f the behav iour o f 

the Bates-Damgaard method when ^ n ' a r e l a r g e . Although O e r t e l and 

Shomo (1968) had e s t a b l i s h e d t h a t the Bates-Damgaard method breaks 

down a t l a r g e n , n ' , they d i d n o t determine which p a r t o f the n u m e r i c a l 

p r o c e d u r e g i v e s r i s e t o the n u m e r i c a l e r r o r s . The r e s u l t s o f t h i s 

a p p l i c a t i o n o f the new method a r e r e p o r t e d i n Chapter 5. 

The problems a s s o c i a t e d w i t h the computat ion o f r a d i a l i n t e g r a l s 

i n v o l v i n g Coulomb wavefunct ions w i t h l a r g e p r i n c i p a l quantum numbers 

d i d not a r i s e i n p r e v i o u s s t u d i e s o f the q u a d r a t i c Zeeman e f f e c t . I n 
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p r e v i o u s s t u d i e s e i t h e r quantum d e f e c t s d i d not enter the c a l c u l a t i o n s , 

so t h a t h y d r o g e n i c w a v e f u n c t i o n s and a s s o c i a t e d a n a l y t i c f o r m u l a s c o u l d 

be used i n the computat ion o f r a d i a l i n t e g r a l s ; or the q u a d r a t i c Zeeman 

e f f e c t was o n l y o f i n t e r e s t i n the low energy s t a t e s . A b r i e f rev iew 

o f these s t u d i e s i s g i v e n i n G a r s t a n g (1977). 

I n r e c e n t y e a r s , i n t e r e s t i n the c a l c u l a t i o n o f Coulomb w a v e f u n c t i o n s 

and a s s o c i a t e d i n t e g r a l s i n v o l v i n g l a r g e p r i n c i p a l quantum numbers has 

a r i s e n i n another c o n t e x t . Recent exper iments i n l a s e r s p e c t r o s c o p y 

have r e q u i r e d the a n a l y s i s o f e m p i r i c a l d a t a on h i g h l y e x c i t e d atomic 

systems i n v o l v i n g p r i n c i p a l quantum numbers i n the range o f 20-60 (see , 

f o r example, Andersen e t a l . 1975, Ducas e t a l . 1975, R i s l e y and J e b u l e 

1975, S t e b b i n g s e t a l . 1975, L i t t m a n e t a l . 1976) . The new c o m p u t a t i o n a l 

schemes proposed i n t h i s and the f o l l o w i n g Chapter s h o u l d a l s o be a p p l i c a b l e 

i n t h e s e c i r c u m s t a n c e s . 

The remainder o f the p r e s e n t Chapter i s o r g a n i s e d as f o l l o w s . In 

S e c t i o n 3 . 1 we p r e s e n t a summary o f the Coulomb a p p r o x i m a t i o n and a s s o c i a t e d 

e q u a t i o n s . S e c t i o n s 3 .2 and 3 . 3 c o n t a i n a b r i e f rev iew o f the B a t e s -

Damgaard method, e x p l a i n i n g why i t i s i n a p p r o p r i a t e i n the c o n t e x t o f l a r g e 

p r i n c i p a l quantum numbers. A l t e r n a t i v e methods a re rev iewed i n S e c t i o n 

3 .4 F i n a l l y , i n S e c t i o n 3 . 5 , we f o r m u l a t e e q u a t i o n (3.1) i n terms o f 

G a u s s - L a g u e r r e q u a d r a t u r e . 

3 . 1 THE COULOMB APPROXIMATION 

We c o n s i d e r a s i n g l e e x c i t e d e l e c t r o n i s an atomic system w i t h 

n u c l e a r charge Z and N + 1 e l e c t r o n s , and suppose t h a t t h i s e l e c t r o n 

moves i n a c e n t r a l p o t e n t i a l V ( r ) . We assume t h a t V ( r ) depends on the 

s t r u c t u r e o f the atomic c o r e f o r r < r v , and takes the Coulomb form - ~ 
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( i n atomic u n i t s ) f o r r r, , where z = Z-N and r , i s the c o r e r a d i u s o f 

the atomic system, (see , f o r example, Brooks and Ham 1958, f o r t y p i c a l 

v a l u e s o f r , f o r the a l k a l i s ) . We f u r t h e r assume t h a t the energy spectrum 

o f the system i s known from s p e c t r o s c o p i c d a t a , but t h a t the form o f V ( r ) 

f o r s m a l l r i s g e n e r a l l y not known. 

I t i s w e l l known t h a t the r a d i a l w a v e f u n c t i o n f o r the above system 

can be w r i t t e n i n the form ~ R.VC) , where R(r) s a t i s f i e s the d i f f e r e n t -

i a l e q u a t i o n 

and the n o r m a l i z a t i o n c o n d i t i o n 

oo 

J [ f U - r ) ] 1 ^ = 1. (3.3) 

© 

For E < 0 , s o l u t i o n s o f (3.2) which a r e everywhere bounded and c o n t i n u o u s 

e x i s t o n l y f o r d i s c r e t e v a l u e s o f the energy E . For E >, 0 , however, such 

s o l u t i o n s e x i s t f o r a l l v a l u e s o f E , fo rming a c o n t i n u o u s spectrum. 

F o l l o w i n g Seaton (1966) we l a b e l the d i s c r e t e e i g e n e r g i e s o f (3.2) 

by n and 2 , the u s u a l p r i n c i p a l and angu lar quantum numbers r e s p e c t i v e l y , 

and express i n terms o f the e f f e c t i v e p r i n c i p a l quantum number 

and quantum d e f e c t by the e q u a t i o n s 

z a 

5 , = n - , (3.4) 

Ti = 3, ... and 2 = 0, . .. , n - I. 

H a r t r e e (1928) showed t h a t i f V ( r ) does not d i f f e r a p p r e c i a b l y from i t s 

a s y m p t o t i c form - -̂ r , the bound s t a t e r a d i a l f u n c t i o n ft^l'f) has 

the approximate form 
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K W . Z L W ^ ^ L ^ J , (3-5) 

where W denotes the i r r e g u l a r Whit taker f u n c t i o n (Abramowitz and Stegun 

1964) and i s a n o r m a l i z a t i o n f a c t o r . 

By analogy w i th the hydrogenic r a d i a l f u n c t i o n s H a r t r e e (1928) 

proposed the assignment 

- \ 
m v > , £ ) = z * x [ / T < » + / + D r v - . o ] . 0.6) 

However, many authors have suggested ways i n which t h i s f a c t o r shou ld be 

m o d i f i e d . For i n s t a n c e , Seaton (1958) has shown t h a t , i n the c o n t e x t o f 

/ 

the quantum d e f e c t method, the a p p r o p r i a t e n o r m a l i z a t i o n f a c t o r should be 

- \ 
k w , £ ) = £ , / a " [ v > x ? c 1 +onv-x)] , (3.7) 

where 

? ( V ) = = I + £ J * . (3.8) 

Other forms o f £ ) have been suggested by Armstrong and Purdum 

(1966), F o l d y (1958) and o t h e r s . However, i f the quantum d e f e c t v a r i e s 

s l o w l y w i t h the energy , most of these n o r m a l i z a t i o n f a c t o r s reduce to the 

H a r t r e e formula (3.6) when V i s l a r g e . 

We note t h a t the assumptions c o n c e r n i n g the o n e - e l e c t r o n p o t e n t i a l 

govern ing the i n t e r a c t i o n between the v a l e n c e (or o p t i c a l ) e l e c t r o n and 

the core imply t h a t the f o l l o w i n g i n t e r a c t i o n s are n e g l e c t e d : 

(a) C o r r e l a t i o n s between d i f f e r e n t e l e c t r o n s w i t h i n the c o r e , 

and between c o r e e l e c t r o n s and the va lence e l e c t r o n . 

T h i s leads to p o l a r i z a t i o n o f the core - the i n d u c t i o n o f 
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a d i p o l e moment l e a d i n g t o a p o l a r i z a t i o n p o t e n t i a l o f the 

a s y m p t o t i c form oc/2t* ( T - * oo) (see Abramowitz and 

Stegun 1964). 

o 
(b) S p i n - o r b i t i n t e r a c t i o n s . 

(c) C o n f i g u r a t i o n i n t e r a c t i o n s . 

3 . 2 THE BATES-DAMGAARD METHOD 

The t y p i c a l r a d i a l i n t e g r a l i n v o l v i n g the o p e r a t o r T S i s o f the form 

- a O 

I s = ( ^ I l r l n T ) = j R ^ U l T * (3.9) 
© 

The c a s e s - 0 a r i s e s i n o v e r l a p and n o r m a l i z a t i o n i n t e g r a l s ; i n the 

d i p o l e case (s = 1) we have - 1; i n the quadrupo le case (s = 2), 

which a r i s e s i n the q u a d r a t i c Zeeman e f f e c t , we have 1 I = 0 or 2, 

a s ' ' 

though I a t = 0 i s e x c l u d e d . A l l v a l u e s o f n , n may a r i s e . 

Bates and Damgaard (1949) suggested a method o f c a l c u l a t i n g such 

r a d i a l i n t e g r a l s i n the c o n t e x t o f the Coulomb a p p r o x i m a t i o n . A l t h o u g h 

t h e i r method was deve loped as a means o f computing I s f o r the case s = 1, 

i t s p r i n c i p l e s a r e e q u a l l y v a l i d f o r s = 0 , 1 , 2 , The main arguments 

o f Bates and Damgaard are summarized be low. 

The b a s i c p o s t u l a t e o f the Bates-Damgaard method i s t h a t , when c a l -

c u l a t i n g r a d i a l d i p o l e m a t r i x e l e m e n t s , the c o n t r i b u t i o n t o the m a t r i x 

e lement a r i s i n g from s m a l l r a d i a l d i s t a n c e s can be n e g l e c t e d . The method 

u t i l i s e s the known e x p e r i m e n t a l term v a l u e s o f the a c t i v e e l e c t r o n t o 

c o n s t r u c t an a s y m p t o t i c Coulomb w a v e f u n c t i o n (of the form (3 .5)) which i s 

a c c u r a t e a t l a r g e r a d i a l d i s t a n c e s . The r a d i a l i n t e g r a l i s e v a l u a t e d u s i n g 

two such w a v e f u n c t i o n s . 

Thus the Bates-Damgaard a p p r o x i m a t i o n to the i n t e g r a n d o f I i s 
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~ l i S S ) t M U . (3.10) 
>f oO x + * / * A 

The W h i t t a k e r f u n c t i o n s can now be r e p l a c e d by a s y m p t o t i c e x p a n s i o n s o f 

the form 

( \ 

where the n o t a t i o n (x)t-refers t o the Pochhammer symbol , which i s d e f i n e d 

by the e q u a t i o n s 

(x ) = (x h i ) Cx). f i ^ o , i^i,... a/wot 1. (3.12) 

U s i n g (3.11) the Bates-Damgaard a p p r o x i m a t i o n to the i n t e g r a n d o f I $ 

becomes 

( V Kw «> 

oo 
f l l i - r ' a X , ( £ ) ( f k ) V r" , ,3.13, 

(3.14) 

(3.15) 

uihwc f - K<y,i> ( I S ) " ( 

* * R ( I * I ' ) > 

p = + v>' i- S + | , (3.16) 

= U * (3.17) 
i.' ' 

and a,; = c^ w i t h v, / r e p l a c e d by L ' r e s p e c t i v e l y . 
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k 

Bates and Damgaard i g n o r e d a l l terms i n (3.13) c o n t a i n i n g r (k< 2) 

and performed term-byterm i n t e g r a t i o n over the range {o , ao ) on the 

r e m a i n i n g terms, g i v i n g the a p p r o x i m a t i o n 
BP 

I . = 

f f t a ; ^ ( r j W ^ ' ^ c p - H A (3.18) 
I S O J = O 

where = L » J + S - 2 . 
(3.19) 

The reason g i v e n by Bates and Damgaard f o r c h o o s i n g k ^ s L^+y'] * s-2. 

was t h a t t h i s t r u n c a t i o n c r i t e r i o n was e q u i v a l e n t to n e g l e c t i n g the 

s i n g u l a r i t y i n the W h i t t a k e r f u n c t i o n a t r = 0 ; a l t h o u g h (3.13) was 

i n t e g r a t e d over the e n t i r e range ( o J t r o ) J i t was argued (Bates and 

Damgaard 1949, p l04) t h a t , s i n c e the maxima o f a l l terms i n the i n t e -

6-1 - k 

grand h a v i n g the form T l i e w i t h i n the "core r a d i u s " i f k > k ^ , 

t r u n c a t i n g (3.13) a t k =. k^was e q u i v a l e n t t o n e g l e c t i n g the c o n t r i b -

u t i o n t o I s which a r i s e s from the r e g i o n o f T ^ , where 

= ?
 t ; > | < f < 2 . ( 3 . 2 0 ) 

The Bates-Damgaard method has been w i d e l y used and has a c h i e v e d 

c o n s i d e r a b l e s u c c e s s , o f t e n y i e l d i n g r e s u l t s which agree w i t h exper iment 

b e t t e r than those c a l c u l a t e d by s e l f - c o n s i s t e n t - f i e l d methods. I t i s 

p a r t i c u l a r l y e f f e c t i v e f o r n o n - e q u i v a l e n t e l e c t r o n s and f o r h i g h l y 

e x c i t e d s t a t e s , s i n c e i n these cases the c o n t r i b u t i o n to the i n t e g r a l 

f rom l a r g e r a d i a l d i s t a n c e s i s enhanced. However, as we s h a l l d i s c u s s 

l a t e r i n t h i s S e c t i o n , i t breaks down f o r n u m e r i c a l reasons when n , n ' 

become s u f f i c i e n t l y l a r g e . 
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C l e a r l y the Bates-Damgaard a p p r o x i m a t i o n i s e q u i v a l e n t to 

~ Js Wi; f , ) , 

where 

OO 
= K W m t m J W l ^ i T $ (3.21) 

+o ' * 

We note however t h a t the lower l i m i t o f i n t e g r a t i o n , f a , i s not i n t r o -

duced e x p l i c i t l y i n t o the c o m p u t a t i o n a l a l g o r i t h m o f the Bates-Damgaard 

method. 

The v a l i d i t y o f the Coulomb a p p r o x i m a t i o n and the Bates-Damgaard 

method have been d i s c u s s e d by s e v e r a l a u t h o r s , i n c l u d i n g Layzer and 

Gars tang (1968), C r o s s l e y (1969) and Sobel 'man (1972). The i m p o r t a n t 

q u e s t i o n o f p o l a r i z a t i o n o f the c o r e has been s t u d i e d by N o r c r o s s (1973) 

and t h a t o f n o r m a l i z a t i o n by Seaton (1958). These a n a l y s e s have shown 

t h a t i f n and n' exceed the p r i n c i p a l quantum numbers o f the c o r e e l e c t r o n s , 

we may e x p e c t , f o r s > 0 , t h a t the Coulomb a p p r o x i m a t i o n (3.21) i s a c c e p t -

a b l e . More p r e c i s e l y , we expect a s m a l l r e l a t i v e v a r i a t i o n o f J s when r e 

v a r i e s between the "core r a d i u s " , r ( , and the i n n e r t u r n i n g p o i n t s o f the 

s t a t e s and . However, as remarked by L a y z e r and G a r s t a n g 

(1968,pp472-82) , f o r a g i v e n s p e c i e s c e r t a i n v a l u e s o f n i , n ' t may e x i s t 

f o r which s t r o n g c a n c e l l a t i o n o c c u r s i n the o u t e r p a r t o f the i n t e g r a l . In 

such cases the r e l a t i v e e r r o r g i v e n by the Coulomb a p p r o x i m a t i o n may be 

h i g h , though i t may be p e r f e c t l y adequate f o r n e i g h b o u r i n g ni, n't' where 

such c a n c e l l a t i o n does not o c c u r . 

3 . 3 INTEGRALS WITH LARGE PRINCIPAL QUANTUM NUMBERS 

As r e g a r d s the c a l c u l a t i o n o f r a d i a l quadrupo le i n t e g r a l s i n the 

c o n t e x t o f the q u a d r a t i c Zeeman e f f e c t , the assumpt ions o f the Coulomb 
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a p p r o x i m a t i o n and the Bates-Damgaard method seemed a p p r o p r i a t e : the 

l a r g e p r i n c i p a l quantum numbers i n v o l v e d and the p resence o f the 

q u a d r u p o l e o p e r a t o r r x both emphasised the c o n t r i b u t i o n from the l a r g e 

v a l u e s o f r . Moreover , the quantum d e f e c t s o f the atomic s t a t e s o f Ba I 

were a v a i l a b l e from the e x p e r i m e n t a l r e s u l t s o f Gar ton and Tomkins (1969b). 

In v iew o f the h i g h l y e x c i t e d s t a t e s i n v o l v e d i t seemed r e a s o n a b l e t o 

assume t h a t the s i m p l e n o r m a l i z a t i o n c o n v e n t i o n o f H a r t r e e (1928) would 

be adequate , and t h a t p o l a r i z a t i o n e f f e c t s c o u l d be n e g l e c t e d . 

However, as p o i n t e d o u t by O e r t e l and Shomo (1968), the B a t e s -

Damgaard method breaks down i f the p r i n c i p a l quantum numbers n , n ' are 

s u f f i c i e n t l y l a r g e . T h i s i s due to the a c c u m u l a t i o n o f round ing e r r o r s 

i n the summation o f the s e r i e s ( 3 . 1 8 ) , whose terms i n c r e a s e i n magnitude 

and a l t e r n a t e i n s i g n as n, n ' i n c r e a s e . O e r t e l and Shomo found t h a t the 

domain o f v a l i d i t y o f the Bates-Damgaard method depends upon the word 

l e n g t h o f the computer used t o e v a l u a t e (3.18) and upon the d e s i r e d 

a c c u r a c y o f the r e q u i r e d i n t e g r a l s : when n + n <• 10 d i p o l e t r a n s i t i o n s 

i n t e g r a l s c o u l d be computed w i t h an a c c u r a c y o f four s i g n i f i c a n t f i g u r e s 

u s i n g a computer w i t h a p r e c i s i o n o f f o u r t e e n d e c i m a l d i g i t s . The p r e s e n t 

author has found t h a t when doub le p r e c i s i o n a r i t h m e t i c i s used on a 

CDC 6000 s e r i e s computer ( i . e . u s i n g 29 s i g n i f i c a n t d e c i m a l d i g i t s ) 

r e s u l t s which are a c c u r a t e t o w i t h i n f o u r s i g n i f i c a n t f i g u r e s can be 

o b t a i n e d p r o v i d e d n, n £ 25. 

Thus the Bates-Damgaard method was o f l i t t l e p r a c t i c a l v a l u e i n the 

p r e s e n t s t u d y o f the q u a d r a t i c Zeeman e f f e c t , where i n t e g r a l s i n v o l v i n g 

n , n ' up t o about 60 were r e q u i r e d . An a l t e r n a t i v e method o f computat ion 

was e s s e n t i a l . 

We note t h a t e x t r a p o l a t i o n o f the Bates-Damgaard r e s u l t s to h i g h e r 

n^n' i s p o s s i b l e i n p r i n c i p l e (see , f o r example, Seaton 1958, Burgess and 



- 3 4 -

Seaton 1960, Peach 1965, 1967) and has been t r i e d by D r . A . R . Edmonds. 

He found t h a t the a c c u r a c y o f the c a l c u l a t i o n s was d i f f i c u l t t o a s s e s s 

and the method seemed i l l - s u i t e d to the task o f computing a u t o m a t i c a l l y 

v e r y l a r g e numbers o f i n t e g r a l s . 

3 . 4 CHOICE OF NUMERICAL QUADRATURE 

In view o f the n u m e r i c a l d i f f i c u l t i e s a s s o c i a t e d w i t h the B a t e s -

Damgaard method the author began a s e a r c h f o r a s a t i s f a c t o r y method o f 

n u m e r i c a l q u a d r a t u r e f o r computing the r e q u i r e d r a d i a l i n t e g r a l s . I n 

j u d g i n g the n u m e r i c a l methods t e s t e d the f o l l o w i n g c r i t e r i a were adopted : 

( i ) The method (assuming a p p r o p r i a t e adjustment o f such 

parameters as the number o f a b s c i s s a e i n the q u a d r a t u r e 

formula) s h o u l d be c a p a b l e o f computing a c c u r a t e l y and 

e f f i c i e n t l y i n t e g r a l s i n v o l v i n g n, n' up to about 60, 

and s h o u l d accomodate any r e a s o n a b l e v a l u e s o f quantum 

d e f e c t s , a n g u l a r quantum numbers 2, and p o s i t i v e 

powers o f r . 

( i i ) I t s h o u l d be p o s s i b l e t o choose parameters so t h a t the 

a c c u r a c y o f computat ion i s h i g h enough to e x c l u d e e r r o r s 

o t h e r than those due t o e x p e r i m e n t a l u n c e r t a i n t i e s i n the 

quantum d e f e c t s , or i n a d e q u a c i e s i n the p h y s i c a l assump-

t i o n s ( f o r example, t h a t o f the " f r o z e n c o r e " approx im-

a t i o n ) . In p a r t i c u l a r , i t s h o u l d be p o s s i b l e t o v a r y the 

lower c u t - o f f p o i n t , which i s i n h e r e n t i n the Coulomb 

a p p r o x i m a t i o n , and s t u d y the e f f e c t on the computed 

i n t e g r a l s . 

( i i i ) In the r e g i o n o f n ; n ' where the Bates-Damgaard method 

i s e f f e c t i v e the new method s h o u l d ; when s e t f o r comparable 
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a c c u r a c y , have a s i m i l a r o r f a s t e r speed o f e x e c u t i o n . 

In g e n e r a l , the computing t ime s h o u l d not i n c r e a s e too 

f a s t w i t h i n c r e a s e o f n , n ' . 

( iv) The method s h o u l d , i f p o s s i b l e , g i v e a c c u r a t e r e s u l t s 

f o r s m a l l as w e l l as l a r g e n, n ' and a l l o w f o r m o d i f i c a -

t i o n o f the r a d i a l f u n c t i o n s or the o p e r a t o r r s due, 

f o r example, t o t a k i n g p o l a r i z a t i o n e f f e c t s i n t o a c c o u n t . 

P r e v i o u s work aimed a t an a c c u r a c y o f computat ion s u p e r i o r t o t h a t o f 

the Bates-Damgaard method f a i l e d t o meet t h e s e c r i t e r i a . 

F r i e d r i c h e t a l . (1970) computed I s by e q u a l - i n t e r v a l q u a d r a t u r e , 

u s i n g a s y m p t o t i c s e r i e s o f the form ( 3 . 1 l ) t o e v a l u a t e the W h i t t a k e r 

f u n c t i o n s i n the i n t e g r a n d . But (3.11) becomes i n v a l i d when r i s s m a l l , 

due t o t r u n c a t i o n e r r o r s . I t a l s o breaks down when r i s l a r g e due t o 

the v e r y l a r g e a b s o l u t e v a l u e s a t t a i n e d by terms o f the s e r i e s ; the 

a s s o c i a t e d n u m e r i c a l c a n c e l l a t i o n s l e a d to d i s a s t r o u s round ing e r r o r s . 

Our c a l c u l a t i o n s have shown t h a t t h i s method o f e q u a l - i n t e r v a l q u a d r a t u r e 

becomes v e r y i n e f f i c i e n t when n , n ' 20, due t o the l a r g e number o f 

a b s c i s s a e r e q u i r e d (see S e c t i o n 5 .2 .5") . 

L i n d g a r d and N i e l s e n (1975) had the same aim as our own, namely to 

extend the computat ion o f r a d i a l i n t e g r a l s t o l a r g e n , n ' . They used a 

method o f e q u a l - i n t e r v a l q u a d r a t u r e i n which the W h i t t a k e r f u n c t i o n s were 

e v a l u a t e d by i n t e g r a t i n g the d e f i n i n g r a d i a l d i f f e r e n t i a l e q u a t i o n 

J - + + 3 J L - J L l I \J - 0 (3.21a) 
[ J 7 * ^ ^ ~ T * v 1 

u s i n g the Numerov method. T h i s approach f a i l e d to meet our c r i t e r i a f o r 

s e v e r a l r e a s o n s : many s t e p s a re needed i n the i n t e g r a t i o n , p a r t i c u l a r l y 

f o r l a r g e v a l u e s o f n , n ' ; each d e t e r m i n a t i o n o f the r a d i a l f u n c t i o n 

r e q u i r e s a n o r m a l i z a t i o n c o m p u t a t i o n . F u r t h e r m o r e , the a c c u r a c y o f 
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c o m p u t a t i o n o f the r a d i a l f u n c t i o n a t s m a l l r may be inadequate u n l e s s 

g r e a t c a r e i s t a k e n . F i n a l l y the range o f i n t e g r a t i o n r , m o . x ^ 

must i n c r e a s e r o u g h l y as nxn', i f n , n ' ^ 10, i n order t o m a i n t a i n a 

g i v e n a c c u r a c y . Thus t h i s method becomes v e r y i n e f f i c i e n t when n , n ' 

become l a r g e . 

I t s h o u l d be emphasised t h a t i t was not p o s s i b l e t o i n v e s t i g a t e 

f u l l y the n u m e r i c a l behav iour o f e i t h e r o f the q u a d r a t u r e methods o u t -

l i n e d above, s i n c e a l l e x i s t i n g methods become u n r e l i a b l e as soon as 

n , n ' exceed 15 or s o . As we s h a l l d i s c u s s i n Chapter 5, t h e i r be-

h a v i o u r c o u l d o n l y be i n v e s t i g a t e d f u l l y when a method e x i s t e d which 

a d e q u a t e l y s a t i s f i e d the c r i t e r i a o u t l i n e d a t the b e g i n n i n g o f t h i s 

S e c t i o n . Such a method, based upon G a u s s - L a g u e r r e q u a d r a t u r e , has 

been deve loped by the a u t h o r : i t i s i n t r o d u c e d i n the f o l l o w i n g S e c t i o n . 

In Chapter 5 t h i s new method i s compared w i t h those o f F r i e d r i c h e t a l . 

and L i n d g l r d and N i e l s e n . 

3 . 5 INTEGRATION BY GAUSS-LAGUERRE QUADRATURE 

Because o f the form o f the i n t e g r a n d (3.10) a s e a r c h f o r a quad-

r a t u r e fo rmula f o r computing I & l e a d s n a t u r a l l y to t h a t o f G a u s s - L a g u e r r e 

(St roud and S e c r e s t 1966) . To h e l p e x p l a i n why t h i s i s so i t i s c o n -

v e n i e n t t o i n t r o d u c e the a u x i l i a r y f u n c t i o n J Fn ,** ) t d e f i n e d by the 

e q u a t i o n (cf . M i l l e r 1966) 

® e X W k ^ O O . (3.22) 

F K < m > C X ) has s lower v a r i a t i o n and s i m p l e r a s y m p t o t i c behav iour than 

W K / m (."*). In terms o f a u x i l i a r y f u n c t i o n s (3.21) may be w r i t t e n i n 

the form 



- 3 7 -

oD 

- U. 
_ ot-r (>-1 — 
e t ^ i ^ W ^ M * , <3.23, 

2 Z f 

where we have used the s u b s t i t u t i o n 

a = K M l K l / , / ' ) ! ^ / ! ^ ) " . (3.24) 

ot and p have been d e f i n e d by e q u a t i o n s (3.15) and (3.16) r e s p e c t i v e l y . 

In o r d e r t o put (3.23) i n t o the c o r r e c t form f o r the a p p l i c a t i o n o f 

G a u s s - L a g u e r r e we change the v a r i a b l e o f i n t e g r a t i o n to oc = oc î r - r 0 ) . 

(3.23) then reduces to 

T s = a j ^ (x )dx- (3.25) 

where 

fS-i j 
g u ; = S — f ) ^ V J T ^ 4) • * 26) 

A p p l i c a t i o n o f the Mth o rder o f G-L q u a d r a t u r e fo rmula now g i v e s (see 

E r d e l y i 1953, K r y l o v 1962, or S t r o u d and S e c r e s t 1966) 

f ^ 

Ts = u J Z AL „gcx i M ) + a M c g ) j . <3-27> 

The zeros and weights o f the Laguer re p o l y n o m i a l L M ( x } a r e 

d e f i n e d by the e q u a t i o n s 

A . = — . , (3.28) 

L m U £ = 0 , i - i, 2, M . ( 3 ' 2 9 ) 
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I n e q u a t i o n (3.27) the term R K ( g ) i s a remainder term which tends t o 

z e r o as M tends t o i n f i n i t y : i s g i v e n by the we l l -known fo rmula 

= 3 ' (3.30) 

I n p r a c t i c a l c a l c u l a t i o n s M must be chosen s u f f i c i e n t l y l a r g e such t h a t 

R ^ C ^ ) i s s u f f i c i e n t l y s m a l l . "J5 i s then computed u s i n g the a p p r o x i m a t i o n 

M 

T s a, a I Aifi ( 3- 3 1> 
i ' l 

C l e a r l y any n u m e r i c a l e v a l u a t i o n o f T $ u s i n g (3.31) i n v o l v e s the comp-

u t a t i o n o f 2M v a l u e s o f the a u x i l i a r y f u n c t i o n F or the W h i t t a k e r f u n c t i o n 

1 
W. When ii>i v a re l a r g e ( ^ 15) the computat ion o f t h e s e f u n c t i o n s l e a d s 

e 

to n u m e r i c a l problems s i m i l a r to those which a r i s e i n the method o f L i n d g a r d 

and N i e l s e n (see S e c t i o n 3.4 a b o v e ) . However, as d e s c r i b e d i n the next 

C h a p t e r , the author has deve loped a new method o f computing these f u n c t i o n s 

which i s p a r t i c u l a r l y e f f e c t i v e when V, y ' a re l a r g e . 

In Chapter 5 we r e t u r n t o a d i s c u s s i o n o f the a c c u r a c y and e f f i c i e n c y 

o f the G a u s s - L a g u e r r e a p p r o x i m a t i o n ( 3 . 3 1 ) . 
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CHAPTER 4 

COMPUTATION OF THE WHITTAKER FUNCTION W^.m CX) 

The d i s c u s s i o n o f the p r e v i o u s Chapter f o c u s s e d upon the c h o i c e 

o f q u a d r a t u r e fo rmula f o r computing (v?i; • f 0 ) . However, i n 

p r a c t i c e , the most d i f f i c u l t a s p e c t o f any n u m e r i c a l method o f i n t e -

g r a t i o n i s the e v a l u a t i o n o f the i n t e g r a n d a t the q u a d r a t u r e p o i n t s . 

In the p r e s e n t case the i n t e g r a n d i n v o l v e s the i r r e g u l a r W h i t t a k e r 

f u n c t i o n WK > < m(x) which i s wel l -known t o be a d i f f i c u l t f u n c t i o n t o 

e v a l u a t e , e s p e c i a l l y when the parameter k i s l a r g e and the argument 

x spans a wide range o f v a l u e s . In these c i r c u m s t a n c e s e x i s t i n g comp-

u t a t i o n a l t e c h n i q u e s become i n a c c u r a t e or r e q u i r e e x c e s s i v e computing 

t i m e . A l t h o u g h there a r e many t h e o r e t i c a l approx imat ions o f W K _ C * ) 

( S l a t e r 1960), v e r y few o f them are o f any v a l u e i n p r a c t i c a l c a l c u l a t i o n s . 

A c o n s i d e r a b l e p a r t o f the p r e s e n t a u t h o r ' s r e s e a r c h was t h e r e f o r e 

devoted t o a s e a r c h f o r a s u i t a b l e n u m e r i c a l method f o r computing 

VsL when X > 0 and 15 k £ 6 0 . The outcome o f t h i s work 

was the development o f a v e r y p o w e r f u l n u m e r i c a l t e c h n i q u e , based upon 

the use o f a r e c u r r e n c e r e l a t i o n i n v o l v i n g t h r e e c o n t i g u o u s W h i t t a k e r 

f u n c t i o n s , together w i t h Chebyshev expans ions o f the s t a r t i n g f u n c t i o n s . 

T h i s t e c h n i q u e , and the c o m p u t a t i o n a l a l g o r i t h m s deve loped f o r i t s 

i m p l e m e n t a t i o n , are the s u b j e c t o f t h i s C h a p t e r . As we w i l l d i s c u s s i n 

the next C h a p t e r , the e x i s t e n c e o f such an a c c u r a t e and e f f i c i e n t t e c h n i q u e 

f o r computing W u J M was o f c r u c i a l importance i n e n a b l i n g the development 

o f a method o f n u m e r i c a l q u a d r a t u r e which s a t i s f i e d the c r i t e r i a s t i p u l a t e d 

i n S e c t i o n 3 . 4 . 
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4 . 1 INTRODUCTION 

In the c o n t e x t o f the Coulomb a p p r o x i m a t i o n and the q u a d r a t i c 

Zeeman e f f e c t the parameter k o f W* m O O c o r r e s p o n d s to the e f f e c t i v e 

p r i n c i p a l quantum number, l a b e l l e d y i n the p r e v i o u s C h a p t e r ; i t may 

take any v a l u e i n the range 15-60. The parameter m c o r r e s p o n d s t o 

£ + h, t where t i s the angu lar momentum quantum number and takes the 

i n t e g e r v a l u e s 0 , 1 , 2 , When i i s g r e a t e r than 2 or 3 the quantum 

d e f e c t i s u s u a l l y n e g l i g i b l e ; i n t h i s c a s e k d i f f e r s l i t t l e from an 

i n t e g e r and the W h i t t a k e r f u n c t i o n s i m p l i f i e s t o a p o l y n o m i a l . The 

proposed a l g o r i t h m takes t h i s case i n t o a c c o u n t . 

A l though the t e c h n i q u e s d e s c r i b e d i n t h i s Chapter have been d e v e l o p -

ed p r i m a r i l y f o r the c a l c u l a t i o n o f r a d i a l w a v e f u n c t i o n s i n the Coulomb 

a p p r o x i m a t i o n , t h e i r use i s not l i m i t e d to the range o f parameters d e s c r i b -

ed above. For example, r e s t r i c t i o n o f the parameter m t o h a l f - o d d - i n t e g e r 

v a l u e s i s not n e c e s s a r y ; n e i t h e r i s the r e s t r i c t i o n k >15. 

The importance o f the wide domain o f a p p l i c a b i l i t y o f the proposed 

t e c h n i q u e a r i s e s from the f a c t t h a t the W h i t t a k e r f u n c t i o n appears i n 

o t h e r c o n t e x t s o f p h y s i c a l i n t e r e s t ; f o r example i n l i n e broaden ing t h e o r y 

(see L i s i t s a and S h o l i n 1972, T ran-Minh e t a l . 1976), when k may take 

n e g a t i v e v a l u e s , a l t h o u g h the magnitudes o f k and m a r e not l a r g e . 

W K | W U ) a l s o appears i n c a l c u l a t i o n s o f m u l t i c h a n n e l e l e c t r o n s c a t t e r i n g 

(Dourneuf and Ky Lan 1977) i n wh ich m, k and x s a t i s f y the c o n d i t i o n s 

-H- < k < i oo , £ £ wv ^ and 0 < x < 5 0. 

The a p p l i c a b i l i t y o f the proposed a l g o r i t h m s i n these c o n t e x t s i s d i s c u s s e d 

i n S e c t i o n 4 . 7 . 

The remainder o f t h i s Chapter i s o r g a n i s e d as f o l l o w s . In the next 

S e c t i o n we p r e s e n t some o f the background theory and p r o p e r t i e s o f the 

W h i t t a k e r f u n c t i o n W K > w C x ) ; t h i s w i l l be used i n the l a t e r d i s c u s s i o n . 
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A c r i t i q u e o f e x i s t i n g methods o f computing W k . w ^ ) i s p r e s e n t e d i n 

S e c t i o n 4 . 3 . Then, i n S e c t i o n s 4 . 4 , 4 .5 and 4.6 we p r e s e n t the proposed 

a l g o r i t h m s f o r computing W K | W l x ) . S e c t i o n 4.5 a l s o c o n t a i n s a d i s c u s s -

i o n o f the accuracy and e f f i c i e n c y o f the new a l g o r i t h m . 

4 .2 RELEVANT PROPERTIES 

B e f o r e d i s c u s s i n g the d e t a i l s o f the proposed c o m p u t a t i o n a l p r o c e d -

ures we i n t r o d u c e some o f the r e l e v a n t p r o p e r t i e s o f the W h i t t a k e r f u n c t i o n . 

These p r o p e r t i e s w i l l be used i n the subsequent d i s c u s s i o n . For a d i s c u s s -

i o n o f the a s s o c i a t e d t h e o r y the reader s h o u l d c o n s u l t E r d e l y i (1953), 

S l a t e r (1960), Abramowitz and Stegun (1964), or Whi t taker and Watson (1946). 

Only a summary o f u s e f u l r e s u l t s i s p r e s e n t e d h e r e . 

( i ) D e f i n i n g E q u a t i o n 

The f u n c t i o n s and W K / m ( " X ) are s o l u t i o n s o f 

W h i t t a k e r ' s e q u a t i o n ( S l a t e r 1960, p 9 ) : 

(4.1) 

In the p r e s e n t d i s c u s s i o n we s h a l l norma l l y be concerned 

w i t h non-negat ive r e a l v a l u e s o f k , m and x . 

The t u r n i n g p o i n t s % yX of (4.1) a re g i v e n by <*.> P 

(4.2) 

The s o l u t i o n s o f (4.1) are o s c i l l a t o r y i n the r e g i o n 

X p < X < and monotonic i n the r e g i o n s 0 < x 4 X p > 

X < 60 . We note t h a t i f k » i u then X p « na1/1< 

and X a 4- k . 



- 4 2 -

( i i ) Integer Case 

I f k -m-Va . i s a p o s i t i v e i n t e g e r , equa l to p , say , 

then W k^ C T C ) and M K t W V C x ) are r e l a t e d t o the 

i X r n t \ 

a s s o c i a t e d Laguerre po lynomia l L^ (Xy by the e q u a t -

ions ( S l a t e r 1960, p95): 

w C x ) = l - i ) r p ! e x Lp C x ) , (4.3) 
K > * l 

*
 e x (4.4) 

Cl + 2 m ) p 

In t h i s case o n l y W K ( < m l X ) and a r e 

both p o l y n o m i a l s o f degree k (apart from the exponent-

-x/x 

i a l f a c t o r 0. ) , having (k-m-%) zeros i n the 

range 0 < x < oo . Furthermore, both f u n c t i o n s tend 

to zero as x + i J and as x + «o • they behave as 
• m V a . K 

X as x - > 0 and as € 2 as X —> oO. 

( i i i ) L i m i t i n g Behaviour 

I f k-m-% i s not an i n t e g e r 

= e X L ' +<?<*>] A S X - > 0 , ( 4 . 5 ) 

- f C Am ) £ X / i x ' k [ l +0lx">2 a s x*oo ,(4.6) 

r c i + ^ - k ) 
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w h i l e , as x 0 

[ f C i t m - k ) J 

T I T , + " F " ^ ! ) ] . ^ M * * ' ( 4 " ? ) 

and as X —> oo 

W K ( t n U ) = e " X / z X * [ I + * ( * ' ) 1 . (4.8) 

( iv) Asymptot ic Expansion 

A u s e f u l asymptot ic expans ion of WK><m(X> i s 

WKm(x> ~ <4.9, 
<x ->oO - 7: N X / 

Thus 

(v) C o n f l u e n t Hypergeometr ic F u n c t i o n s 

The Whi t taker f u n c t i o n s may be expressed i n terms o f 

the c o n f l u e n t hypergeometr ic f u n c t i o n s o f Kummer and 

T r i c o m i : 
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(4.11) 

-*/* T . . (4.12) 

where a = + a n d c = 2 m + i. 

The f u n c t i o n s ^ and ^ are f r e q u e n t l y w r i t t e n as 

M(a, c ; x) and U(a , c? x) r e s p e c t i v e l y , 

(v i ) Recurrence R e l a t i o n 

W K f Y Atx) s a t i s f i e s the recur rence r e l a t i o n ( S l a t e r 

1960, eq, 2 .5 .11) 

( k - m - * z ) U * "*) W H . l ; ( m C x ) 

(4.13) 

4.3 EXISTING METHODS OF COMPUTING 

A l though there are many approximat ions and expansions o f WK?<yyvCX) 

i n terms of s impler f u n c t i o n s ( S l a t e r 1960), v e r y few o f these are o f 

any va lue i n numer ica l c a l c u l a t i o n s . A b r i e f review of some o f the more 

u s e f u l approx imat ions i s p resented below. 

For s m a l l x Hummer's f u n c t i o n ^ may be computed by means of the 

equat ion 

CO.) ; J 
=
 S . C O T T ! 

rr- X , 

and T r i c o m i ' s f u n c t i o n "tfr ( for in teger c and non-zero x) may be computed 

by means o f the equat ion 
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n- i 

= n i r (a -n) [ f i; » ) l„ax 
O 

i ' / 

co r 

T SZtlL- f nj/la+T) - i|>(n-r) - Tj/Ci + n+r )1 V 
+ 0t  L  T  T  r' J 

+ V T 
v | "rt* I f- it 

^ " 5- (CL - N ) R ^ (4.14) 
< 

where the l a s t sum should be omit ted i f n - 0, and where 

r'cz) 

+ <«) ' F U T ' . 

See E r d e l y i 1953, eqs . 6 .5(7) and 6 . 7 ( 1 3 ) , f o r f u r t h e r d e t a i l s . 

Equat ion (4.14) can be used t o compute WK#m00 to any d e s i r e d a c c u r a c y 

p r o v i d e d x i s s u f f i c i e n t l y s m a l l . However, i n the c o n t e x t o f the Coulomb 

approx imat ion , the va lues o f x i n v o l v e d are not s m a l l enough to ensure 

r a p i d convergence; we note t h a t X > x , , where x , » 2zr,/v'.,''i be ing the c o r e 

r a d i u s (see S e c t i o n 3 . 1 ) . Thus (4.14) i s o f l i t t l e p r a c t i c a l v a l u e . 

When x i s l a r g e the asymptot i c approx imat ion (4.9) prov ides a u s e f u l 

c o m p u t a t i o n a l scheme. A f t e r an i n i t i a l i n c r e a s e , the magnitudes o f the 

terms decrease r a p i d l y to a minimum term and then i n c r e a s e i n d e f i n i t e l y . 

In order to compute equat ion (4.9) should be t r u n c a t e d so as to 

i n c l u d e one h a l f o f the minimum term; subsequent terms should be neg lected , 

The magnitude o f the minimum term p r o v i d e s an e s t i m a t e of the t r u n c a t i o n 

e r r o r (see O lver 1974). T h i s method was used by F r i e d r i c h e t a l . (1970) 
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f o r computing r a d i a l Coulomb w a v e f u n c t i o n s . U n f o r t u n a t e l y , as regards 

c a l c u l a t i o n s o f the q u a d r a t i c Zeeman e f f e c t , i t becomes i n a c c u r a t e i f k 

i s l a r g e and m i s s m a l l , due t o the accumulat ion of rounding e r r o r s i n the 

s e r i e s summation; the i n d i v i d u a l terms o f the s e r i e s become l a r g e and 

a l t e r n a t e i n s i g n , i n d u c i n g n u m e r i c a l c a n c e l l a t i o n . The onset o f round ing 

e r r o r s can be de layed by us ing double p r e c i s i o n a r i t h m e t i c , but a t the 

expense o f i n c r e a s e d computer t ime . 

The a u t h o r ' s exper ience has shown t h a t even when k and ra are r e l a t -

i v e l y s m a l l ( £ 1 0 ) i t i s i m p o s s i b l e to e v a l u a t e W K < m f cx ) w i th s u f f i c i e n t 

accuracy over the e n t i r e range o f v a l u e s o f X: xx <. X < °o us ing the 

methods mentioned above. A l though the extreme v a l u e s o f x can be comput-

ed e f f e c t i v e l y i t i s necessary to f i n d other computat iona l schemes f o r 

the i n t e r m e d i a t e v a l u e s . T h i s need becomes g r e a t e r as k i n c r e a s e s . 

L indgard and N i e l s e n (1975) attempted inward i n t e g r a t i o n of the 

d e f i n i n g d i f f e r e n t i a l equat ion (4.1) u s i n g the Numerov method. They found 

t h i s approach to be e f f e c t i v e f o r k £ l 0 . However, u n c e r t a i n t i e s were 

r a i s e d r e g a r d i n g the accuracy o f the numer ica l procedures when x became 

s m a l l . T h i s approach has not been a p p l i e d to cases i n v o l v i n g l a r g e 

v a l u e s o f k . 

P r e v i o u s t a b u l a t i o n s o f WK > m lx) or r e l a t e d f u n c t i o n s have been v e r y 

r e s t r i c t e d i n scope . For example C u r t i s (1964) t a b u l a t e d a f u n c t i o n , which 

i s e q u i v a l e n t to WK|W(X) f o r 0-707 < k < Z-zH-} m = ^ > , . 

One computer l i b r a r y program i s known f o r the l i k ( W l x ) , which c o u l d , 

i n p r i n c i p l e , be used t o c a l c u l a t e (CERN l i b r a r y C325 and Luke 

1959). However, t h i s program i s v a l i d o n l y f o r a v e r y r e s t r i c t e d range 

o f va lues o f parameters and argument. 

The above a n a l y s i s , together w i th e x t e n s i v e numer i ca l c a l c u l a t i o n s , . 

have shown t h a t a l l o f the methods reviewed above g i v e r i s e to n u m e r i c a l 
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problems whenever the number o f zeros i n W K > i m ( x ) , which i s g i v e n 

by [ k - m - x ] , becomes g r e a t e r than about 5. Furthermore, even 

i f [ k - m - k ] £ 5 , no e x i s t i n g technique can adequate ly r e p r e s e n t 

WH ,*n(x) throughout the range o f v a l u e s o f x and k which a r i s e i n c a l c u l -

a t i o n s o f the q u a d r a t i c Zeeman e f f e c t . 

In the remainder of t h i s Chapter we d e s c r i b e a new n u m e r i c a l t e c h -

nique f o r computing W K / m ( x ) when k i s l a r g e . T h i s techn ique , which i s 

based upon the use of the r e c u r r e n c e r e l a t i o n (4 .13) , together w i th 

Chebyshev expansions o f the s t a r t i n g f u n c t i o n s , overcomes most o f the 

l i m i t a t i o n s o f e x i s t i n g t e c h n i q u e s . 

4 .4 USE OF RECURRENCE RELATIONS 

Luke (1959), Gautsch i (1967, 1975) and Wimp (1970) have demonstrat-

ed t h a t r e c u r r e n c e r e l a t i o n s can o f t e n p r o v i d e an e f f e c t i v e means o f 

computing r e c a l c i t r a n t s p e c i a l f u n c t i o n s . In p a r t i c u l a r , G a u t s c h i 

(1967)* has i l l u s t r a t e d , us ing the example o f the M i l l e r a l g o r i t h m f o r 

the B e s s e l f u n c t i o n s , how r e c u r s i o n can be used i n c i rcumstances i n which 

the p r o p o r t i o n o f the wanted s o l u t i o n to the unwanted s o l u t i o n i n c r e a s e s 

p r o g r e s s i v e l y ; i n t h i s case a n o r m a l i z a t i o n r e l a t i o n makes i t p o s s i b l e 

to commence the r e c u r s i o n wi th a r b i t r a r y s t a r t i n g va lues and, a f t e r a few 

s t e p s , produce a c l o s e approx imat ion to the f u n c t i o n r e q u i r e d . 

As we s h a l l demonstrate p r e s e n t l y , r e c u r r e n c e r e l a t i o n s can a l s o be 

very e f f e c t i v e i n the computat ion o f U/K | Wt*) wi th l a r g e k . However, the 

numer ica l procedures are not as s t r a i g h t f o r w a r d as those used i n the case 

of the B e s s e l f u n c t i o n or the other f u n c t i o n s d e s c r i b e d by G a u t s c h i 

( l o c . c i t . ) . 

* T h i s rev iew a r t i c l e p r o v i d e s an e x c e l l e n t i n t r o d u c t i o n to the numer ica l 
a n a l y s i s o f r e c u r r e n c e r e l a t i o n s ; knowledge of t h i s i n t r o d u c t i o n i s assumed 
i n the f o l l o w i n g d i s c u s s i o n . 
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4 . 4 . 1 R e c u r r e n c e R e l a t i o n f o r W K . tn U O 

S e v e r a l r e c u r r e n c e r e l a t i o n s e x i s t which l i n k t h r e e W h i t t a k e r f u n c t -

i o n s w i t h c o n t i g u o u s parameters (see S l a t e r 1960, Chapter 2 ) . An examin-

a t i o n o f these has shown t h a t t h e r e i s o n l y one which i s u s e f u l i n the 

p r e s e n t c o n t e x t , namely t h a t i n which o n l y the parameter k v a r i e s ( S l a t e r 

1960, eq . 2 . 5 . 1 1 ) ; i . e . 

( k - w - ' / i ) ( k t w - ' 'a.) W K - | > ^ ( X ) 

+ U k - x ) W K ^ C x ) + W K + l > < m < x ) = 0. ( 4 . 1 5 ) 

We note t h a t (4.15) i s a l s o s a t i s f i e d by M K <m ( X ) / f ( x ~ w - k ) . 

I t can be shown t h a t when x > l f k , WK,-»»\(x) i s the dominant s o l u t i o n 

(see G a u t s c h i l o c . c i t . ) o f (4.15) as k i n c r e a s e s ; o t h e r w i s e both s o l u t i o n s 

o s c i l l a t e . Thus, when (4.15) i s used i n n u m e r i c a l c a l c u l a t i o n s o f W K | W C x ) 

we s h o u l d use forward r e c u r s i o n on the parameter k , i . e . we s h o u l d compute 

+ tx), U/ K o^ 3 / < v i a Cx) y ? by r e p e a t e d app-

l i c a t i o n o f ( 4 . 1 5 ) , s t a r t i n g from and , ^ £ x ) . 

In t h i s way, i n a c c u r a c i e s i n the s t a r t i n g f u n c t i o n s , or round ing e r r o r s 

i n t r o d u c e d d u r i n g the r e c u r s i o n p r o c e s s , do not grow to an i n t o l e r a b l e 

l e v e l . Of c o u r s e , i f pc > i f k , such e r r o r s a r e a t t e n u a t e d by the r e c u r s i o n 

p r o c e s s . 

Thus (4.15) seems w e l l s u i t e d t o our r e q u i r e m e n t s , p r o v i d e d we can 

e s t a b l i s h an e f f e c t i v e means o f d e t e r m i n i n g the s t a r t i n g f u n c t i o n s 

W K n̂ and ( x ) . U n f o r t u n a t e l y , i t i s not p o s s i b l e t o 

adopt a r b i t r a r y s t a r t i n g v a l u e s , as i n the cases c i t e d by G a u t s c h i ( l o c . 

c i t . ) . There a re two reasons why t h i s i s s o . F i r s t l y , we cannot assume 

t h a t a s u f f i c i e n t number o f s t e p s o f the r e c u r s i o n w i l l f a l l i n the r e g i o n 

where i s dominant ( i . e . where i < £ = I, a , ) . 

Thus a t t e n u a t i o n o f the unwanted s o l u t i o n cannot be a s s u r e d . S e c o n d l y , 
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t h e r e i s no n o r m a l i z a t i o n r e l a t i o n o f the form 

e 

where 6 and are known c o n s t a n t s ( c f . G a u t s c h i l o c . c i t . p l 6 0 ) . Hence 

a t l e a s t one a c c u r a t e f i d u c i a r y computat ion o f a i s needed, 

even i f a t t e n u a t i o n o f the unwanted s o l u t i o n does take p l a c e , i . e . even 

i f x > 4k. 

In v iew o f the above remarks , which were s u b s t a n t i a t e d by e x t e n s i v e 

t r i a l c a l c u l a t i o n s , i t was d e c i d e d t h a t the b e s t approach was to s t a r t the 

r e c u r s i o n w i t h two a c c u r a t e l y computed s t a r t i n g f u n c t i o n s . T h i s approach 

became p r a c t i c a l f o l l o w i n g the a u t h o r ' s development o f a new n u m e r i c a l 

t e c h n i q u e f o r computing the s t a r t i n g f u n c t i o n s . Us ing t h i s approach i t 

i s n e c e s s a r y o n l y t o ensure t h a t rounding e r r o r s , propagated by the r e c u r s i o n 

fo rmula (4.15) as components o f the unwanted s o l u t i o n M K m 

s h o u l d remain s m a l l i n r e l a t i o n 

T h e r e f o r e , i n p r a c t i c a l c a l c u l a t i o n s , the r e q u i r e d f u n c t i o n U/K|^n ( * ) 

need not be the dominant s o l u t i o n o f ( 4 . 1 5 ) . I n s t e a d , i t i s o n l y n e c e s s a r y 

t h a t M K w k 

- s h o u l d not be the dominant s o l u t i o n . 

T r i a l c a l c u l a t i o n s over the range o f parameters o f i n t e r e s t i n the p r e s e n t 

c o n t e x t have shown t h a t t h i s c o n d i t i o n i s u s u a l l y s a t i s f i e d . 

We s h a l l r e t u r n t o a d i s c u s s i o n o f the e f f e c t i v e n e s s o f the above 

approach i n S e c t i o n 4 . 6 , f o l l o w i n g a p r e s e n t a t i o n o f the method used t o 

compute the s t a r t i n g f u n c t i o n s . 

4 . 5 COMPUTATION OF THE STARTING FUNCTIONS 

We have a l r e a d y remarked ( S e c t i o n 4.3) on the inadequacy o f e x i s t i n g 

methods o f computing , even when k - m - k/z i s s m a l l . 

oe 

L <*i u / K 0 + i (x), 
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T h e r e f o r e , i n the s e a r c h f o r a n u m e r i c a l method o f comput ing the s t a r t i n g 

f u n c t i o n s , I i n v e s t i g a t e d the p o t e n t i a l o f s e v e r a l t h e o r e t i c a l a p p r o x i -

mat ions i n v o l v i n g s i m p l e r s p e c i a l f u n c t i o n s . The most i m p o r t a n t o f these 

were Chebyshev p o l y n o m i a l s , Laguer re p o l y n o m i a l s and B e s s e l f u n c t i o n s 

(see E r d e l y i 1953, Clenshaw 1962, Luke and Wimp 1963 and Luke 1969). Of 

t h e s e t h r e e r e p r e s e n t a t i o n s the Chebyshev expans ion was most e f f e c t i v e ; 

the B e s s e l and L a g u e r r e expans ions l e a d t o s e r i e s c o n t a i n i n g many terms 

and computat ion o f the c o - e f f i c i e n t s was f r e q u e n t l y l a b o r i o u s . The 

Chebyshev expans ion and i t s n u m e r i c a l p r o p e r t i e s are d i s c u s s e d below. 

4 . 5 . 1 Chebyshev Expans ion o f the A u x i l i a r y F u n c t i o n 

M i l l e r (1966) suggested t h a t i n n u m e r i c a l c a l c u l a t i o n s i n v o l v i n g the 

W h i t t a k e r f u n c t i o n U/K | Wtx) i t i s u s e f u l t o i n t r o d u c e the a u x i l i a r y f u n c t -

i o n fVc.-mt*) > d e f i n e d by the e q u a t i o n 

has s lower v a r i a t i o n and s i m p l e r a s y m p t o t i c behav iour than 

^ CX ) . i f a and b ( » ct-t I - c ) a r e both n e g a t i v e , which i s u s u a l l y 

the case i n c a l c u l a t i o n s o f p h y s i c a l i n t e r e s t , the number o f zeros o f 

i s e n t ( - + I ) or ent ( - b+• I ) , whichever i s the s m a l l e r . 

I t f o l l o w s from (4.9) and (4.10) t h a t 

= x ~
K c x ) 

= ijr (a, c ; x ), (4.17) 

(4.16) 

f u n c t i o n (see S e c t i o n 4 . 2 ( v ) ) . 

" . . - ' x F . i i + t n - k , i - m - k } - A ) , (4.18) 

t. e. 
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A convergent Chebyshev expansion o f O O can be d e r i v e d v e r y 

e a s i l y from a r e s u l t due to Luke and Wimp (1963). They showed that 

ao 

U x f T k t a - ' C ; A x ; = Z C | « ) T ; ' ( k ) , (4.20) 
•L iso 

where I £ x . £ oo , n e i t h e r a nor C L+ I - C equals zero or a negat ive 

i n t e g e r , and \ f O . If r e p r e s e n t s the s h i f t e d Chebyshev p o l y n o m i a l o f 

order i and i s d e f i n e d by the equat ions (Abramowitz and Stegun 1964) 

Ti* ( x ) = <Los[ie), < 4- 2 1> 

2 2 - 1 s C 0 5 9 . (4.22) 

(For f u r t h e r d e t a i l s r e g a r d i n g the d e r i v a t i o n of equat ion (4.20) see a l s o 

Wimp 1967 and Luke 1969, S e c t i o n s 9 . 2 , 12.4 and 1 2 . 5 ) . 

We can o b t a i n a convergent Chebyshev expansion of f " K / m ( x ) f o r 

0 < X© 6 X £ ao s i m p l y by r e p l a c i n g A by x0 and x by vt/X 0 in (I 

Thus, n o t i n g (4 .17) , we f i n d that i f £ + a n d 0 , - 1 , . . . then 

OO 
F H - m ( X ) = Z , (4.23) 

' i-O 

S i n c e (4.23) converges we may use a t r u n c a t e d form of i t i n numer ica l c a l -

c u l a t i o n s . Thus 

F U > » Z C L t X . ) T £ " ( 2 = ) , (4.24) 
Ki Wl . ^ L-O 

where n i s chosen l a r g e enough to ensure that can be eva luated w i th 

s u f f i c i e n t a c c u r a c y . As we s h a l l d i s c u s s below, i f k and m are s m a l l 

(£5") and X 0 > Xp (see equat ion 4 . 2 ) , (4.23) converges v e r y r a p i d l y indeed; 

i n t y p i c a l cases o n l y f i v e or s i x terms are r e q u i r e d to ach ieve an accuracy 

o f four s i g n i f i c a n t f i g u r e s . 
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4 . 5 . 2 Computat ion o f the Chebyshev C o e f f i c i e n t s 

B e f o r e (4.24) can be used i n p r a c t i c a l c a l c u l a t i o n s the Chebyshev 

c o e f f i c i e n t s i * o, .... ,n must be computed. Therb a r e s e v -

e r a l ways i n which t h i s may be c a r r i e d o u t . Some o f these methods a r e 

d i s c u s s e d by Fox and Parker (1968) and by Clenshaw (1962). However, the 

most a p p r o p r i a t e method f o r our p r e s e n t purpose has been found t o be t h a t 

o f Luke (1969). He has g i v e n a p r o c e d u r e f o r computing C i t x , ) , c= o, i , . . . 

u s i n g backward r e c u r s i o n on a f o u r - t e r m r e c u r r e n c e r e l a t i o n f o r which 

C; Cx 0 ) i s the min imal s o l u t i o n . The a s s o c i a t e d c o m p u t a t i o n a l a l g o r i t h m , _ 

d e s c r i b e d i n the n o t a t i o n o f Luke ( l o c . c i t . , p 2 5 ) , i s p r e s e n t e d be low. 

The Chebyshev c o e f f i c i e n t s Ci(x.) s a t i s f y the f o u r - t e r m r e c u r r e n c e 

r e l a t i o n 

2 C j ( X o ) 

3.U + 2.X i + o-K i + 

l U i ) U + S - o . ) U - f r 3 - b ) c u \ (4.25) 
( i + z ) ( i + < x ) C i + fe) 1 + 3 ' 

cjokei-e. £0 = I, = 2 i{ i > 0 ; cl - b - £ - w - k . 
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The a l g o r i t h m f o r computing C((X0) i s expressed as f o l l o w s (Luke 

1969, S e c t i o n 1 2 . 5 ) : 

1. D e f i n e 

<p = 0 , r z, 3 , 
'u + r 

2. Compute 

^ CM) 

4> - i. 
H +1 1 * 

CM) 
q>. , I - n , H - 1 , . . 0 . 

by backward r e c u r s i o n u s i n g e q u a t i o n (4.25) w i t h Cj r e p l a c e d by <p. . 

3. D e f i n e • 

M + 

Z. X <M) 

Z — O I 

4. Compute 

CM) <W) 
B; 3 4>. , I » ^ — . N 

Luke ( l o c . c i t . ) has proven t h a t : 

( i ) L i m M _ > e o = C ; C X 0 ) , ( 4 ' 2 6 ) 

( i i ) For any £ > O and i n t e g e r N, we can always f i n d N such t h a t 

I B p - C £ C X . ) \ < o, I, . M , . < 4- 2 7> 



- 5 4 -

A t Step 1 ' r = 1, 2, 3 a r e a s s i g n e d a r b i t r a r y va lues? 

they t h e r e f o r e c o n t a i n a r b i t r a r y c o m b i n a t i o n s o f the t h r e e l i n e a r l y 

independent s o l u t i o n s o f ( 4 . 2 5 ) . However, s i n c e C i i s the min ima l 

0 

s o l u t i o n o f (4.25) (see G a u t s c h i 1967), the compdhents o f the unwanted 

s o l u t i o n s are a t t e n u a t e d by the r e c u r s i o n p r o c e s s . Thus N s h o u l d be 

chosen s u f f i c i e n t l y l a r g e to ensure t h a t the two unwanted s o l u t i o n s o f 

(4.25) make a n e g l i g i b l e c o n t r i b u t i o n t o ^p/** > - • With an 
CM; 

a p p r o p r i a t e c h o i c e o f N, t h e r e f o r e , , I 4 N, , d i f f e r from the 

c o r r e s p o n d i n g Chebyshev c o e f f i c i e n t s o f fVc,™ ky a m u l t i p l i c a t i v e 

f a c t o r . 

The n o r m a l i z a t i o n f a c t o r i s determined by c o n s i d e r i n g the l i m i t i n g 

case o f (4.23) as x oo , t o g e t h e r w i t h e q u a t i o n ( 4 . 1 9 ) . T h i s l e a d s 

to the n o r m a l i z a t i o n r e l a t i o n 

0° oo 
I = 21 T £ * ( o ) = 2 1 ( - l ) 1 Ci ( X o ) . (4.28) 

i-o i-o 

T h i s r e l a t i o n i s used to compute the n o r m a l i z a t i o n f a c t o r a t S tep 3 o f 

CM> 

the above a l g o r i t h m . The n o r m a l i z e d c o e f f i c i e n t s , , a r e computed 

a t Step 4. 

There i s no a n a l y t i c a l method o f d e t e r m i n i n g the a p p r o p r i a t e c h o i c e 

o f N, N, or 6 when u s i n g the above a l g o r i t h m i n n u m e r i c a l c a l c u l a t i o n s . 

N e i t h e r i s t h e r e any a n a l y t i c a l method o f d e t e r m i n i n g an a p p r o p r i a t e v a l u e 

o f n t o ensure a s p e c i f i e d a c c u r a c y i n the computed v a l u e s o f C X ) . 

In common w i t h many o t h e r a l g o r i t h m s o f t h i s type (Gautch i l o c . c i t . ) , Y i , 

N and N, can o n l y be determined by t r i a l c a l c u l a t i o n s . 

The p r e s e n t r e s e a r c h t h e r e f o r e i n v o l v e d an e x t e n s i v e scheme o f 

n u m e r i c a l e x p e r i m e n t s , which were d e s i g n e d t o : 
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(a) determine whether the above a l g o r i t h m was o f p r a c t i c a l v a l u e 

i n the c o n t e x t o f the Coulomb a p p r o x i m a t i o n ; 

(b) determine the behav iour o f the Chebyshev c o e f f i c i e n t s o f 

r a n d thereby d e v e l o p g u i d e l i n e s r e g a r d i n g the 

c h o i c e o f N and n . 

A d i s c u s s i o n o f these e x p e r i m e n t s , together w i t h some t y p i c a l r e s u l t s , 

a r e p r e s e n t e d below. 

4 . 5 . 3 N u m e r i c a l C a l c u l a t i o n s 

Chebyshev c o e f f i c i e n t s , , were computed f o r many s e t s o f 

t«) 

parameters k , m and x 0 . For each s e t 8; was computed f o r s e v e r a l 

v a l u e s o f N, t y p i c a l l y 4, 8, 12, T a b l e 4 . 1 i l l u s t r a t e s the behav iour 

o f when k = 6 .125 , m = 1 . 5 and x 0 = 3 .25 f o r the two c a s e s 

N = 12 and N - 20. The behav iour o f the a s s o c i a t e d a u x i l i a r y f u n c t i o n , 

/ i s i l l u s t r a t e d i n F i g . 4 . 1 . 

When u s i n g (4.24) to compute the v a l u e s o f FK ^ Lx) d i s p l a y e d i n 

F i g . 4 . 1 the degree o f t r u n c a t i o n ( i . e . the v a l u e o f n) was determined by 
A 

i n s p e c t i o n o f the Chebyshev c o e f f i c i e n t s , Df . In o rder to 

a c h i e v e an a c c u r a c y o f four s i g n i f i c a n t f i g u r e s i n the computed v a l u e o f 

, n = 6 was found t o be the a p p r o p r i a t e c h o i c e . 

I t s h o u l d be emphasised t h a t , i f the d e s i r e d a c c u r a c y o f FK w I"*) 

had never been g r e a t e r than four s i g n i f i c a n t f i g u r e s , l e s s a c c u r a t e 

Chebyshev c o e f f i c i e n t s than those d i s p l a y e d i n T a b l e 4 . 1 would have been 

a c c e p t a b l e ; n u m e r i c a l c a l c u l a t i o n s have shown t h a t the a p p r o p r i a t e c h o i c e 

would have been N = 8 . E i t h e r s e t o f c o e f f i c i e n t s d i s p l a y e d i n T a b l e 4 . 1 

i s s u f f i c i e n t l y a c c u r a t e to enab le , FK,** to be e v a l u a t e d w i t h an 

a c c u r a c y o f ten s i g n i f i c a n t f i g u r e s I 

F i g . 4 . 1 a l s o shows the behav iour o f F H y v u t x j , k = 5 . 5 , m - 1 . 5 . 



- 5 6 -

I 
^ ( J O ) 

B i B ; 

0 .184402 X 1 0 - .184402 X 1 0 " ' 

1 - .611291 X 10° - .611291 X 10 * 

2 .131839 X 1 0 - .131839 X 
- 1 

10 

3 - .289970 X 1 0 " - .289970 X 1 0 ° 

4 .756997 X 1 0 " .756997 X i o -

5 - .651061 X i o - - .651061 X 1 0 " 

6 - .153971 X l o - - .153971 X 10"* 

7 - .278781 X 1 0 - * - .278781 X 1 0 " ' 

8 - .631274 X 10-" - .631276 X 10"'' 

9 .104188 X 1 0 - ° .104206 X i o - ° 

10 - .371801 X 10- t t .371943 X 1 0 — 

11 .202002 X 10"* .188227 X 
- IS 

10 

12 - .145611 X 1 0 - " * 

13 .129357 X 10"* 

14 - .135294 X 1 0 - " 

15 .161529 X 1 0 - " 

16 - .215407 X 1 0 — 

17 .315882 X 1 0 " " 

18 - .496455 X 1 0 -

19 .707461 X 1 0 -

T a b l e 4 .1 Chebyshev C o e f f i c i e n t s o f F t^-mCx) , 

x « 3 . 2 5 , k - 6 .125 and m = 1 .5 
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T h i s graph i l l u s t r a t e s c l e a r l y the smooth a s y m p t o t i c behav iour o f the 

a u x i l i a r y f u n c t i o n as x becomes l a r g e . Of c o u r s e , the h i g h l y o s c i l l a t o r y 

behav iour o f f (x) which o c c u r s when x 0 , i s not shown on t h i s 

g r a p h . 

F i g . 4 . 2 shows how compares w i t h W ( x ) , i n the 

case k = 3 . 5 , m = 1 .5 and O S £ x. $ ze-S . When x >M 3-Q the smoother 

v a r i a t i o n o f the a u x i l i a r y f u n c t i o n becomes s i g n i f i c a n t . 

In o r d e r t o i l l u s t r a t e the e f f e c t o f x„ on the r a t e o f convergence 

r- n*-**) 

o f the Chebyshev expans ion o f t the c o e f f i c i e n t s , 6t- , 

c o r r e s p o n d i n g t o the case k = 6 . 1 2 5 , m = 1 . 5 , were computed w i t h x a = 0 . 3 2 5 . 

These c o e f f i c i e n t s , which a re d i s p l a y e d i n T a b l e 4 . 2 , shou ld be compared 

w i t h those o f T a b l e 4 . 1 , which c o r r e s p o n d t o the case xa = 3 . 2 5 . These , 

and s i m i l a r c a l c u l a t i o n s , have shown t h a t the r a t e o f convergence d e c r e a s e s 

as x0 approaches the a u x i l i a r y f u n c t i o n ' s s i n g u l a r i t y a t x = 0. Moreover , 

the magnitudes o f the c o e f f i c i e n t s (and hence the magnitudes o f the terms 

i n 4.24) i n c r e a s e as %0 -> O , t h e r e b y i n t r o d u c i n g the p o s s i b i l i t y o f round-

i n g e r r o r s i n the summation o f ( 4 . 2 4 ) . 

The dependence o f the Chebyshev c o e f f i c i e n t s on xa i s f u r t h e r i l l u s -

t r a t e d i n T a b l e 4 . 3 ( a ) . In t h i s c a s e the r e s u l t s a r e p r e s e n t e d i n terms 

o f the parameters and & , and argument a which a r i s e i n the c o n t e x t 

o f the Coulomb a p p r o x i m a t i o n (see S e c t i o n 3 . 1 ) . T a b l e 4 .3(a) shows the 
_ (u; — , Zz < \ 

computed Chebyshev c o e f f i c i e n t s B ; c o r r e s p o n d i n g to J 

for the case V = 5 . 5 , I - 1, z = 1 . Two ranges o f r a re c o n s i d e r e d , namely 

T » T© = 10.0 and f ^ i"o = 1 .0 (note X a = Z z t 0 / V ) . Samples o f v a l u e s 

o f the a s s o c i a t e d a u x i l i a r y f u n c t i o n s , computed u s i n g ( 4 . 2 4 ) , a r e d i s p l a y e d 

i n T a b l e 4 . 3 ( b ) . As a check o f the a c c u r a c y o f these v a l u e s the c a l c u l a t i o n s 

were r e p e a t e d u s i n g ot- w i t h N = 20. These r e s u l t s showed t h a t the 

f i g u r e s d i s p l a y e d i n T a b l e 4 .3(b) f o r the case r e = 10 are a l l c o r r e c t . 
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2 
_ Uo) N

 GO 

0 .771683 X 10* .771005 X 1 0 * 

l .508379 X 10* .507793 X 10* 

2 .276976 X 10 5 .273237 X 10 5 

3 - .204415 X 10* - .204586 X 1 0 * 

4 - .150126 X 10* - .150179 X 1 0 * • 

5 - .457458 X 103 - .457558 X 10 5 

6 - .541833 X 10 1 - .541942 X io
7 

7 - .324902 X 10' - .324980 X 10 ' 

8 - .203629 X 
.I 

10 - .203331 X lo" 

9 .838365 X io-
s 

.824043 X io-
1 

10 - .696275 X 10-* - .628485 X 10"* 

11 .837017 X 1 0 - ' .519213 X ID"
1 

12 - .128389 X 1 0 " ' 

13 .235142 X 1 0 - ' 

14 - .493295 X 10-
7 

15 .114925 X 
-1 

10 

16 - .288301 X 
- 9 

10 

17 .744601 X 10"
1 

18 - .181283 X 10- ' 

19 .327389 X 1 0 - ' 

T a b l e 4 .2 Chebyshev C o e f f i c i e n t s o f FK,-m ( x ) , 

k « 6 .125 , m = 1 . 5 , x = 0.325 
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i 
iu> 

« ~ 1 o.o B f - , f . 2 I 0 

0 .554997 X 
0 

10 .782678 X 10* 

I - .232077 X 10° .671885 X 10* 

2 .314654 X 10" .418384 X 10* 

3 - . 1 6 7 6 5 0 X 10* .179641 X 10* 

4 .827548 X 10"* .484147 X 10* 

5 .157967 X i o - 5 .711565 X 101 

6 .352046 X l o - ' .621121 X 10* 

7 .311426 X 
. 7 

10 .169337 X 10'• 

8 - . 2 9 2 6 6 0 X 10-< - .429577 X 10-Z 

9 .838982 X 
.11 

10 .299213 X 10-3 

10 - .397774 X 
-IZ 

10 - .295296 X 10-* 

11 .225109 X 
~<3 

10 .260387 X 1 0 ^ 

T a b l e 4 .3(a) Chebyshev C o e f f i c i e n t s o f F y , m , V - 5 . 5 , t - 1 

T f {-) f - - 1 

10 .200863 .200811 

110 .523566 .523558 

210 .728119 .728112 

310 .810249 .810243 

410 .854339 .854334 

T a b l e 4 .3(b) Computed V a l u e s o f F y > . ( V ) , i/ = 5 . 5 , i = 1 
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Hence the c h o i c e o f N « 12 i s too s m a l l i f (77" j , k « 5 . 5 , ID = 1 . 5 , 

z = 1, r >, 1 . 0 , i s to be computed w i th an accuracy o f s i x s i g n i f i c a n t 

f i g u r e s . On the other hand, i f o n l y four s i g n i f i c a n t f i g u r e s o f r 
0 

are r e q u i r e d , N = 12 i s adequate, even i f r a - 1'.0. 

We note t h a t the t r u n c a t e d Chebyshev s e r i e s (4.24) can be e v a l u a t e d 

very e f f i c i e n t l y by means o f the f o l l o w i n g procedure , developed by 

Clenshaw (1955): 

1. D e f i n e t » > ci " ^ ^ > [ ' Z > ' " > ^ 

and +1 ~ ^ - n - n ~ ^ ' 

2. Compute S4« = 2 ( 2 t - l ) S i + i - + Ci 

f o r l = n , r i - t, . . . . , O 

where £ 4 - Z if i - O and- - I if L > O. 

Clenshaw ( l o c . c i t . ) has proved t h a t 

• r t 

its.- Sz) = Z Ci T/(t). 
t - o 

T h i s a l g o r i t h m avo ids e x p l i c i t c a l c u l a t i o n of the Chebyshev po lynomia l s 

y 

T( ( t ) by making i m p l i c i t use o f the r e c u r r e n c e r e l a t i o n 

T u . l t ) - z U t " ) T i % U ) + T i l . l t ) = 0 

(see Abramowitz and Stegun 1964). 

The a u t h o r ' s numer ica l experiments have shown t h a t the va lue o f N 

r e q u i r e d to enable the computat ion o f to a s p e c i f i e d accuracy 

i n c r e a s e s as a (= h + m - k) and b (= h - m - k) i n c r e a s e i n magnitude, 

and as x D d e c r e a s e s . I f X p , the inner t u r n i n g p o i n t o f the a s s o c -

i a t e d Whit taker f u n c t i o n (see e q u a t i o n 4 . 2 ) , and I b ( £ S , the 



- 6 3 -

Chebyshev expans ion converges r a p i d l y ; i n g e n e r a l FH yrt can be computed 

w i t h an a c c u r a c y o f s i x s i g n i f i c a n t f i g u r e s p r o v i d e d N l i e s i n the range 

10-20. However, i f xa< xf or |a|, I b l V S " the s e r i e s converges s lowly? 

the number o f terms r e q u i r e d i n c r e a s e s r o u g h l y as k i f m = h or J . These 

r e s u l t s c o n f i r m e d an i n t u i t i v e b e l i e f t h a t the Chebyshev expans ion a l o n e 

would not p r o v i d e an e f f e c t i v e means o f computing when k i s l a r g e . 

N u m e r i c a l c a l c u l a t i o n s have a l s o shown t h a t the speed o f convergence 

o f the Chebyshev s e r i e s i n c r e a s e s r a p i d l y as a o r b approach ze ro or a 

n e g a t i v e i n t e g e r . However, the d i f f e r e n c e must be s m a l l e r - t h a n about 10 

b e f o r e a s u b s t a n t i a l r e d u c t i o n i n N can be a c h i e v e d . 

We note t h a t many o f the c h a r a c t e r i s t i c s observed i n the n u m e r i c a l 

c a l c u l a t i o n s d i s c u s s e d above can be e x p l a i n e d by r e f e r e n c e to an a s y m p t o t i c 

e s t i m a t e o f Q t x , ) , which s t a t e s 

r c c o r c b ) * * ^ i 

X [ I + 0 1 i~ Z /* ) ] - (4.29) 

T h i s r e s u l t , which i s due t o M i l l e r (1966), i s more a c c u r a t e than the 

c o r r e s p o n d i n g e s t i m a t e g i v e n by Luke (Luke 1969, e q u a t i o n 9 . 2 ( 2 8 ) ) . 

N u m e r i c a l c a l c u l a t i o n s have shown t h a t (4.29) i s a c c u r a t e to w i t h i n 

30% i f I 2* 10 . The form o f t h i s e q u a t i o n h e l p s to e x p l a i n the way i n 

which the convergence o f the Chebyshev e x p a n s i o n depends upon a , b and x 0 . 

C l e a r l y , i f X 0 » I we expect r a p i d convergence due to the term 

v. » 

exp(-3x0 l ). Rap id convergence i s a l s o expected when a and b a re 

s m a l l and n e g a t i v e , s i n c e , i n these cases the gamma f u n c t i o n s i n the 
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denominator become l a r g e (see Abramowitz and Stegun 1964). The f a c t t h a t 

T ( 2 ) becomes i n f i n i t e i f z = 0, - 1 , - 2 , e x p l a i n s why the Chebyshev 

s e r i e s converges very r a p i d l y when a or b a re c l o s e to zero or n e g a t i v e 

i n t e g e r s . 

4 . 5 . 4 T r u n c a t i o n E r r o r s 

The maximum t r u n c a t i o n e r r o r i n the approx imat ion (4.24) i s 
«o 

^ I ( x 0 ) | , s i n c e I Tj* | ^ J . i f the Chebyshev expansion 

converges r a p i d l y we expect t h a t the t r u n c a t i o n e r r o r i s dominated by the 

f i r s t n e g l e c t e d term. Thus we expect 

eo 

Z I £ ; < * « ) I 4 R I C ™ U . ) I , (4.30) 
i s n + i 

where R i s a constant and not too l a r g e . Numer ica l c a l c u l a t i o n s , such as 

those r e f e r r e d to i n S e c t i o n 4 . 5 . 3 , have i l l u s t r a t e d t h a t p r o v i d e d x 0 i s 

not taken much s m a l l e r than u n i t y , and p r o v i d e d the d e s i r e d accuracy i n 

^K.-m^'O i s not so l a r g e t h a t n becomes g r e a t e r than about 15, then (4.30) 

i s t r u e and R i s about 20. 

Thus n may be determined by examining s u c c e s s i v e terms of the Chebyshev 

s e r i e s and t r u n c a t i n g when ICiCX*)) i s l e s s than V^th o f the p e r m i s s i b l e 

e r r o r i n ^ / m ^ * ) • I n t h e c o n t e x t o f the Coulomb approx imat ion , i n 

which F^y^^x) i s r e q u i r e d wi th an accuracy o f four s i g n i f i c a n t f i g u r e s , 

the a p p r o p r i a t e t r u n c a t i o n p o i n t i s u s u a l l y i n the range n = 6 to n = 10, 

p r o v i d e d |cc| t | b | <> 5 ; the cor respond ing cho ice of N i s N = 8 to N = 12. 

I f I a I or I b j exceed 5 the r a t e o f convergence of the Chebyshev s e r i e s 

d e c r e a s e s . We note t h a t , s i n c e ra u s u a l l y takes the v a l u e s x t \ > x 

c a l c u l a t i o n s o f p h y s i c a l i n t e r e s t , the cases (a| , J bj & S" a r i s e when k 

becomes l a r g e . 
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4 . 5 . 5 C h o i c e o f S t a r t i n g F u n c t i o n s 

Numer i ca l c a l c u l a t i o n s , such as those p r e s e n t e d above, have demon-

s t r a t e d t h a t the Chebyshev expans ion p r o v i d e s the b a s i s o f a v e r y power-

f u l a l g o r i t h m f o r computing the a u x i l i a r y f u n c t i o n , FK#m t*x; , and hence 

the W h i t t a k e r f u n c t i o n W K > < m t*) . The f a c t t h a t the expans ion c o n v e r g e s 

r a p i d l y o n l y when | a| and I b| a r e s m a l l does not p r e s e n t a prob lem, 

s i n c e we have a l r e a d y e s t a b l i s h e d (see S e c t i o n 4.4) t h a t when k i s l a r g e 

the r e q u i r e d f u n c t i o n U/„ can be computed by r e c u r s i o n from two 

s t a r t i n g f u n c t i o n s ^ u O and UJK # + I | ^ i * ) . 

C l e a r l y , ka s h o u l d be chosen such t h a t the c o n d i t i o n s f o r r a p i d 

convergence are a c h i e v e d i n the Chebyshev expans ions o f the a u x i l i a r y 

s t a r t i n g f u n c t i o n s kx) A F K e + | (x ) . W e t h e r e f o r e choose 

k e such t h a t | 0 . o l - + i s s m a l l ( i . e . & 5 ) . S i n c e m i s s m a l l 

i n c a l c u l a t i o n s o f p h y s i c a l i n t e r e s t and takes the v a l u e s x , \ > , 

- i - *** - k 0 i s a u t o m a t i c a l l y s m a l l i f ae i s s m a l l . 

Of course ka must d i f f e r from k by an i n t e g e r t o f a c i l i t a t e the use 

o f the r e c u r r e n c e r e l a t i o n ( 4 . 1 5 ) . The a u t h o r ' s e x t e n s i v e n u m e r i c a l c a l -

c u l a t i o n s have i n d i c a t e d t h a t the b e s t c h o i c e i s such t h a t - I < C L 0 £ 0 . 

In t h i s way F ^(.x) and F ( x) have no zeros and one z e r o 
•4 Kg i'*¥v K« +1 ,/m 

r e s p e c t i v e l y . We note t h a t i f k-m-^s i s an i n t e g e r , then a 0 s O j i n t h i s 

c a s e (4.9) t e r m i n a t e s , g i v i n g the e x a c t fo rmulas 

F Ko, W ( X ) > 

F 
2-m •*• i 

x Of.3 lb) 
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4 . 6 ALGORITHM FOR COMPUTING W k . ~ > C X ) 

Having e s t a b l i s h e d the e f f i c i e n c y o f the r e c u r r e n c e r e l a t i o n ( 4 . 1 5 ) , 

t o g e t h e r w i t h the Chebyshev expans ion f o r the s t a r t i n g f u n c t i o n s , we can 

now s p e c i f y the a l g o r i t h m f o r computing WKj<yia(.x), k be ing l a r g e and 

m s m a l l . 

1. D e f i n e k 0 = k - L k l + m t . 

2. D e f i n e M =• k - k D . 

3. Compute Pe = W K - / > v x ( x ) ^ £ * X # (x) , 

Ko"* 1 £ -

u s i n g the p r o c e d u r e d e s c r i b e d i n S e c t i o n 4 .5 f o r computing 

the a u x i l i a r y f u n c t i o n s (X? and I * } -

4. D e f i n e s X - 2 ( ko + I ) , 

= ( X + -vn- +• k-o ) ( r n - k© - ) . 

5. Compute PM u s i n g the r e c u r s i o n f o r m u l a 

p.+ | S ?i + 6i Pi - I 

+ | = Bi + 

8 — 8 £ + 9 i I 

t = 2, .... ; M - I 

S t e p 1 s e t s the v a l u e o f k 0 such t h a t - I < clq £ 0 , w h i l e Step 2 computes 

the number o f s t e p s i n the r e c u r s i o n p r o c e s s , used a t S t e p 5. S t e p 3 i n v o l v -

es the computat ion o f two s e t s o f Chebyshev c o e f f i c i e n t s , one f o r PK ^ Ly) 

and one f o r F K o + b < y v v C X ) . These a r e computed u s i n g the backward 
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r e c u r r e n c e a l g o r i t h m d e s c r i b e d i n S e c t i o n 4 . 5 . 2 above. T h i s a l g o r i t h m 

c o n t a i n s a t e s t f o r the case i n which k„ - in- '/t , d i f f e r s from z e r o by a 

-14 

s m a l l q u a n t i t y ( e . g . 10 ) ; i f t h i s t e s t i s s a t i s f i e d the s t a r t i n g f u n c t -

ions a re computed by means o f the s imple f o r m u l a s ( 4 . 3 1 ) . 

From e q u a t i o n (4.15) i t f o l l o w s t h a t the v a l u e o f PM computed a t 

S tep 5 i s e q u a l to • s u b s i d i a r y r e c u r r e n c e r e l a t i o n s 

A U i - A i + 2. and — + A l + I improve the e f f i c i e n c y o f 

e x e c u t i o n o f (4 .15) . 

For example, suppose we wish to e v a l u a t e C ^y" ) , 

y = ZO.£} I S if 2 S | avxd T >s 10. o . In t h i s case k c = 2 .5 

and M - 18 . Thus computat ion o f Po and i n v o l v e s the e v a l u a t i o n 

o f the a u x i l i a r y f u n c t i o n s j ^ . s i . f ^ z * ^ ) ' T h e l a t t e r 

f u n c t i o n and the a s s o c i a t e d Whi t taker f u n c t i o n are i l l u s t r a t e d i n F i g . 4 .2 

above. 

I f must be e v a l u a t e d f o r s e v e r a l v a l u e s of x , the Chebyshev 

c o e f f i c i e n t s o f the s t a r t i n g f u n c t i o n s can be computed once and s t o r e d 

f o r repeated use? x e i s chosen t o be equa l to the s m a l l e s t x f o r which 

W K y w v ( X ) i s r e q u i r e d . 

For each s e t o f Chebyshev c o e f f i c i e n t s the a p p r o p r i a t e t r u n c a t i o n 

p o i n t ( i . e . v a l u e o f n i n e q u a t i o n 4.24) i s determined u s i n g the p r o c e d -

ure d e s c r i b e d i n S e c t i o n 4.5? a t e s t i n the a l g o r i t h m d e t e c t s the case i n 

which no s u f f i c i e n t l y s m a l l c o e f f i c i e n t i s found, and the a l g o r i t h m 

i n d i c a t e s an e r r o r c o n d i t i o n . 

4 .7 CONCLUSION 

A c o m p u t a t i o n a l method o f e v a l u a t i n g which i s w e l l - s u i t e d 

t o the cases i n which k i s l a r g e , m i s s m a l l and x ^ x 0 > O has 

been p r e s e n t e d . Numer ica l exper iments have demonstrated t h a t the proposed 



- 6 8 -

method i s a c c u r a t e and e f f i c i e n t , and overcomes many o f the l i m i t a t i o n s o f 

e x i s t i n g a l g o r i t h m s . The method's main drawback i s t h a t t r i a l c a l c u l a t i o n s 

may be r e q u i r e d t o determine the a p p r o p r i a t e s e t t i n g s o f the parameters 

n and N i n the Chebyshev expans ions o f the a u x i l i a r y f u n c t i o n s . 

In t h i s Chapter a t t e n t i o n has been c o n c e n t r a t e d on the computat ion o f 

CX) when the parameters k , m and x 0 take v a l u e s a p p r o p r i a t e t o the 

Coulomb a p p r o x i m a t i o n . »In these c i r c u m s t a n c e s the parameters k 0 , k ( ) n i ; 

and t o some e x t e n t x e , a r e o f c l o s e l y bounded v a r i a t i o n . When e v a l u a t -

i n g d i p o l e and quadrupo le r a d i a l i n t e g r a l s i n t h i s c o n t e x t the c o n t r i b u t -

i o n s t o the i n t e g r a l s come m a i n l y from the l a r g e r a d i a l d i s t a n c e s , and so 

t h e r e i s no need to compute v a l u e s o f lx) i n v o l v i n g v e r y s m a l l 

v a l u e s o f x . Thus the parameter x e can be kept r e l a t i v e l y l a r g e w i t h a 

c o r r e s p o n d i n g r e d u c t i o n i n the number o f terms i n the Chebyshev s e r i e s o f 

F K . W . • In the c o n t e x t o f the q u a d r a t i c Zeeman e f f e c t 

)?Xo 

i s u s u a l l y s m a l l ( s 0 , \, TL ) and Ta ( s ) i s a p p r o x i m a t e l y e q u a l 

t o ; under t h e s e c i r c u m s t a n c e s , i f then N = 9 i s u s u a l l y 

adequate to enab le the r a d i a l wavefunct ions to be determined w i t h an a c c u r a c y 

o f f o u r s i g n i f i c a n t f i g u r e s . 
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CHAPTER 5 

NUMERICAL ACCURACY OF COMPUTED INTEGRALS 

In t h i s Chapter we d i s c u s s the p r o c e d u r e used t o a s s e s s the a c c u r a c y 

and e f f i c i e n c y o f the G a u s s - L a g u e r r e q u a d r a t u r e f o r m u l a ( 3 . 3 1 ) . The 

c r i t e r i a upon which t h i s e v a l u a t i o n i s based have been s p e c i f i e d i n 

S e c t i o n 3 .4 o f Chapter 3 . I t i s t h e r e f o r e assumed t h a t the f o l l o w i n g 

l i m i t a t i o n s a r e imposed upon the p a r a m e t e r s : 

• 2j 2, — o, i f 2,... 

• I + l r l' + 1 

• 60 

• r a > z > 0 

• s ^ 0 

We note t h a t , i n p r a c t i c a l c a l c u l a t i o n s , the c o n d i t i o n 3 i s 

u s u a l l y v a l i d s i n c e the quantum d e f e c t s a s s o c i a t e d w i t h l a r g e r / - v a l u e s 

a r e u s u a l l y n e g l i g i b l e , i . e . the a s s o c i a t e d v a l u e o f V i s an i n t e g e r . 

Moreover , s n o r m a l l y takes the v a l u e s 0, 1 or 2: i n the n o r m a l i z a t i o n 

c a s e s = 0 and 2 = /'? i n the d i p o l e c a s e s = 1 and | Z - i ' \ * 1 ; i n the 

quadrupo le case s = 2 and \ i - t ' ) = 0 or 2, though I * -t' = 0 i s e x c l u d e d . 

There a re two s o u r c e s o f n u m e r i c a l e r r o r s i n the e v a l u a t i o n o f 

e q u a t i o n ( 3 . 3 1 ) : 

( i ) e r r o r s r e s u l t i n g from the n u m e r i c a l p rocedures used to 

compute the W h i t t a k e r f u n c t i o n s i n the i n t e g r a n d ; 

( i i ) e r r o r s r e s u l t i n g from the use o f the G a u s s - L a g u e r r e 

q u a d r a t u r e f o r m u l a . 

The e r r o r s r e f e r r e d t o i n ( i ) a re governed by the a c c u r a c y o f the 

Chebyshev expans ions used to compute the Whi t taker f u n c t i o n s ? the a c c u r a c y 



o f these expans ions was f u l l y d i s c u s s e d i n the p r e v i o u s C h a p t e r . In t h i s 

C h a p t e r , t h e r e f o r e , we examine the behav iour o f the e r r o r s r e f e r r e d to i n 

( i i ) . 

D u r i n g the e a r l y s t a g e s o f the e v a l u a t i o n o f the a u t h o r ' s method o f 

computing r a d i a l i n t e g r a l s , i t became apparent t h a t t h i s method would be 

a p p l i c a b l e a c r o s s a much wider range o f a p p l i c a t i o n s t h a t the p a r t i c u l a r 

case o f the q u a d r a t i c Zeeman e f f e c t , f o r which i t was o r i g i n a l l y i n t e n d e d . 

I t was i m p o r t a n t , t h e r e f o r e , t h a t the per formance o f the a s s o c i a t e d 

n u m e r i c a l p r o c e d u r e s , i n terms o f a c c u r a c y and e f f i c i e n c y , s h o u l d be t h o r o u g h -

l y unders tood throughout the range o f parameters mentioned above. 

The major d i f f i c u l t i e s i n the e v a l u a t i o n a r o s e when v ^ v ' w e r e l a r g e 

( ^ 1 5 ) . A t s m a l l e r v a l u e s o f tf, the computed i n t e g r a l s c o u l d be compared 

w i t h r e s u l t s o b t a i n e d by the Bates-Damgaard method or a l t e r n a t i v e n u m e r i c a l 

methods, as d i s c u s s e d i n S e c t i o n 5 . 1 . However, a t l a r g e y, v ' no a l t e r n a t -

i v e methods e x i s t e d , and the e v a l u a t i o n had t o be based upon a s y s t e m a t -

i c a l l y d e s i g n e d s e t o f n u m e r i c a l e x p e r i m e n t s . These r e s u l t s a r e r e p o r t e d 

i n S e c t i o n 5 . 2 . 

In a d d i t i o n t o computing r a d i a l i n t e g r a l s i n the q u a d r a t i c Zeeman 

e f f e c t , the author has used the new c o m p u t a t i o n a l scheme i n an i n v e s t -

i g a t i o n o f the performance o f the Bates-Damgaard method a t l a r g e and s m a l l 

V, . The outcome o f t h i s i n v e s t i g a t i o n i s d i s c u s s e d i n S e c t i o n 5 . 3 . 

Throughout t h i s Chapter i t i s assumed t h a t the r e q u i r e d a c c u r a c y o f 

the computed i n t e g r a l s i s never g r e a t e r than f o u r s i g n i f i c a n t f i g u r e s . 

T h i s l i m i t a t i o n i s imposed by the a c c u r a c y o f the quantum d e f e c t s and the 

e r r o r s i n h e r e n t i n the p h y s i c a l assumptions o f the Coulomb a p p r o x i m a t i o n 

(see C r o s s l e y 1969). In the c o n t e x t o f the q u a d r a t i c Zeeman e f f e c t f o u r 

s i g n i f i c a n t f i g u r e s i s commensurate wi th the a c c u r a c y o f the e x p e r i m e n t a l 

r e s u l t s o f G a r t o n and Tomkins (see Chapter 6 ) . 
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A l l o f the a u t h o r ' s n u m e r i c a l c a l c u l a t i o n s were per formed on a 

CDC 6400 computer a t I m p e r i a l C o l l e g e , u s i n g 14 s i g n i f i c a n t d e c i m a l 

d i g i t s i n s i n g l e p r e c i s i o n a r i t h m e t i c and 28 s i g n i f i c a n t d e c i m a l d i g i t s 

i n double p r e c i s i o n a r i t h m e t i c . 

5 . 1 PERFORMANCE OF GAUSS-LAGUERRE QUADRATURE: SMALL y, y?' 

One o f the c r i t e r i a ( iv) s t i p u l a t e d i n S e c t i o n 3 . 4 was t h a t the 

new method o f computing r a d i a l i n t e g r a l s s h o u l d be v a l i d a t s m a l l as 

w e l l as l a r g e p r i n c i p a l quantum numbers. An e x t e n s i v e s e r i e s o f c a l c u l -

a t i o n s was t h e r e f o r e c a r r i e d o u t t o compare i t s per formance w i t h t h a t o f 

the methods o f Bates and Damgaard (1949), L i n d g a r d and N i e l s e n (1975), 

and F r i e d r i c h e t a l . (1970). 

5 . 1 . 1 R e s u l t s f o r Mg I I 

The method o f L i n d g a r d and N i e l s e n (1975) (see S e c t i o n 3.4) p r o v i d e d 

the most r e l i a b l e b a s i s f o r t h i s compar ison when y, v ' & 10. L i k e the new 

method, i t takes account o f the lower l i m i t o f i n t e g r a t i o n ? the i n t e g r a l 

i s e v a l u a t e d by means o f e q u a l - i n t e r v a l q u a d r a t u r e , and the W h i t t a k e r 

f u n c t i o n s i n the i n t e g r a n d a r e computed by inward i n t e g r a t i o n o f the 

d e f i n i n g d i f f e r e n t i a l e q u a t i o n (3.21a) u s i n g the Numerov method. L i n d g a r d 

and N i e l s e n a s s e s s e d the v a l i d i t y o f t h i s approach by comparing t h e i r 

r e s u l t s w i t h the Bates-Damgaard T a b l e s (Bates and Damgaard 1949), and w i t h 

e x p e r i m e n t a l l y determined v a l u e s o f spontaneous t r a n s i t i o n p r o b a b i l i t i e s 

o f Mg I I ( R i s b e r g 1955) and Be I I (Johanson 1961). 

The p r e s e n t author computed the same ns - n' p spontaneous t r a n s i t i o n 

p r o b a b i l i t i e s f o r Mg I I and Be I I u s i n g two methods: (a) G a u s s - L a g u e r r e 

q u a d r a t u r e , u s i n g the p r o c e d u r e s d e s c r i b e d i n C h a p t e r s 3 and 4 above? and 

(b) a computer-based v e r s i o n o f the Bates-Damgaard a l g o r i t h m . Some o f the 
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r e s u l t s f o r Mg I I a r e p r e s e n t e d i n T a b l e 5 . 1 . T h i s shows four v a l u e s 

c o r r e s p o n d i n g to each ns - n ' p spontaneous t r a n s i t i o n p r o b a b i l i t y o f 

Mg I I (3 £ n f n $ 9) o b t a i n e d by: 

( i ) L i n d g a r d and N i e l s e n ' s method; 

( i i ) G a u s s - L a g u e r r e q u a d r a t u r e ; 

( i i i ) Bates-Damgaard t a b l e s ; 

( i v ) Bates-Damgaard program. 

8 

A l l r e s u l t s a re e x p r e s s e d i n atomic u n i t s o f \o s , as d e f i n e d by 

L i n d g a r d and N i e l s e n . 

The r e s u l t s quoted f o r methods ( i ) and ( i i i ) were taken from T a b l e 3 

o f L i n d g a r d and N i e l s e n (1975, p l l 9 1 ) , the v a l u e f o r ( i ) c o r r e s p o n d i n g t o 

t h e i r lower c u t - o f f r a d i u s r e * 0 . 5 . The r e s u l t s quoted f o r methods ( i i ) 

and ( i v ) were determined u s i n g computer programs deve loped by the a u t h o r ; 

i n the case o f ( i i ) r 0 was s e t t o 0 . 5 . The quantum d e f e c t s o f the t r a n s -

i t i o n s t a t e s o f Mg I I were o b t a i n e d from the e x p e r i m e n t a l r e s u l t s o f 

R i s b e r g (1955). Where f i n e s t r u c t u r e s p l i t t i n g o c c u r r e d the l e v e l 

c o r r e s p o n d i n g t o the maximum v a l u e o f t o t a l angular momentum ( i . e . maximum 

j - v a l u e ) was c h o s e n . 

A l l p h y s i c a l parameters i n methods ( i ) and ( i i ) a r e i d e n t i c a l , and 

so the c o r r e s p o n d i n g e n t r i e s i n T a b l e 5 . 1 are d i r e c t l y comparab le . From 

a c o m p u t a t i o n a l v i e w p o i n t these two methods d i f f e r : (a) i n the t e c h n i q u e 

used t o determine the n o r m a l i z a t i o n o f the r a d i a l w a v e f u n c t i o n s ; (b) i n the 

t e c h n i q u e used t o e v a l u a t e the r a d i a l f u n c t i o n s a t the q u a d r a t u r e p o i n t s ; 

&nd (c) i n the c h o i c e o f q u a d r a t u r e f o r m u l a . 

T a b l e 5 . 1 shows t h a t the r e s u l t s o f G a u s s - L a g u e r r e q u a d r a t u r e and 

those o b t a i n e d by the L i n d g a r d - N i e l s e n method always agree to w i t h i n 

about 2% i f n , n ' 6 and w i t h i n about 10% o t h e r w i s e , e x c e p t when the 

a b s o l u t e v a l u e o f the t r a n s i t i o n p r o b a b i l i t y i s l e s s than about 10 
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X 3 4 5 6 7 8 9 

2.730 0.00307 0.0206 0.0181 0.0133 0.00956 0.00743 

2.572 0.00268 0.0194 0.0171 0.0126 0.00908 0.00664 
3 

2.52 0.0034 0.018 0.0212 2.52 0.0034 0.018 0.0212 

2.473 0.01001 0.0369 0.036 0.0246 0.01825 0.01365 

3.423 0.366 0.00220 0.000239 0.000790 0.000866 0.000773 

4 
3.246 0.359 0.00215 0.000239 0.000770 0.000841 0.000775 

4 
3.23 0.358 0.0016 0.0012 3.23 0.358 0.0016 0.0012 

3.333 0.357 0.00149 0.000641 0.00144 0.00151 0.001340 

1.166 0.792 0.0887 0.00179 2 .7 x 10"s 2.6 x 10"f 7 . 7 x 10"*" 

1.110 0.779 0.0882 0.00189 4 .5 x 10"* 1 .6 x 10"* 5 .6 x 10'*" 
5 

1.062 0.778 0.0872 0.0014 0.0001 1.062 0.778 0.0872 0.0014 0.0001 

1.205 0.786 0.0879 0.0017 1 .6 x lo"* 4 .9 x 10"* 11 .3 x 10"* 

0 .559 0.316 0.255 0.0294 0.00111 0.000127 1 .3 x 1 0 " s 

0.5334 0.3078 0.253 0.0294 0.00110 0.000107 0 .65 x 10"* 
6 

0.510 0.299 0.251 0.510 0.299 0.251 

0.6063 0.3177 0.254 0.0294 0.00106 0.000087 0.20 x 10"* 

0.313 0.167 0.111 0 .101 0.0119 0.000590 7 .6 x 10"5" 

0.299 0.164 0.109 0.100 0.0119 0.000616 9 .6 x 1 0 - ' 
7 

0.295 0.164 0.105 0.100 0.295 0.164 0.105 0.100 

0.353 0.173 0.111 0.101 0.0119 0.000603 8 .8 x 10"* 

0.194 0 .101 0.0633 0.0458 0.0461 0.00555 0.000363 

8 
0.185 0.099 0.0625 0.0462 0.0459 0.00556 0.000355 

8 
0.098 0.065 0.046 0.046 0.098 0.065 0.046 0.046 

0.224 0.106 0.0642 0.0466 0.0460 0.00556 0.000350 

0.128 0.0665 0.0401 0.0275 0.0225 0.0233 0.00286 

9 
0.1226 0.0649 0.0398 0.0284 0.0221 0.0233 0.00286 

0.1515 0.0705 0.0414 0.0282 0.223 0.0234 0.00286 

T a b l e 5 . 1 ns - r i 'p Spontaneous T r a n s i t i o n P r o b a b i l i t i e s f o r Mg I I 

« -i 
R e s u l t s a re e x p r e s s e d i n a tomic u n i t s o f 10 s . 
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Of c o u r s e , d i sagreement i s expected when the t r a n s i t i o n i s v e r y s m a l l , 

s i n c e the assumpt ions o f the Coulomb a p p r o x i m a t i o n a r e not v a l i d , due t o 

n u m e r i c a l c a n c e l l a t i o n s i n the outer p a r t o f the i n t e g r a l , as d i s c u s s e d 

i n S e c t i o n 5 . 2 . 3 . However, some o f the d i s c r e p a n c y a t s m a l l * , » ' m a y be 

due t o n u m e r i c a l e r r o r s r e s u l t i n g from L i n d g a r d and N i e l s e n ' s use o f the 

Numerov method t o compute the r a d i a l w a v e f u n c t i o n s a t s m a l l r a d i a l d i s -

t a n c e s , a l t h o u g h t h i s has not been f u l l y i n v e s t i g a t e d . We note a l s o 

t h a t when | n - n ' | £ 3, or e i t h e r n or n' 4, the Bates-Damgaard 

r e s u l t s o f t e n d i f f e r from those o b t a i n e d by the two methods o f n u m e r i c a l 

q u a d r a t u r e by more than 10%. As we s h a l l d i s c u s s f u r t h e r i n S e c t i o n 5 . 3 , 

the Bates-Damgaard method does not p r o v i d e a good b a s i s f o r a s s e s s i n g the 

a c c u r a c y o f the Coulomb a p p r o x i m a t i o n when the e f f e c t i v e p r i n c i p a l quantum 

numbers v ' a r e e i t h e r l a r g e ( 15) or s m a l l ( ^ 4 ) . 

5 . 1 . 2 R e s u l t s o f Heckmann 

P r o f . D r . P . H . Heckmann o f R u h r - U n i v e r s i t a t , Bochum, has compared 

r e s u l t s o b t a i n e d f o r a s e r i e s o f t r a n s i t i o n p r o b a b i l i t i e s u s i n g a com-

p u t e r program based upon the a u t h o r ' s method w i t h a c o r r e s p o n d i n g s e t o f 

r e s u l t s o b t a i n e d u s i n g a program o f 0 . B e l y . I n B e l y ' s program w a v e f u n c t i o n s 

o f Burgess were employed which were n o n - d i v e r g e n t a t r = 0, and the r a d i a l 

i n t e g r a l was e v a l u a t e d by means o f e q u a l - i n t e g r a l q u a d r a t u r e . Both s e t s 

o f r e s u l t s were then compared w i t h the t a b u l a t e d v a l u e s o f atomic t r a n s -

i t i o n p r o b a b i l i t i e s ( i n atomic u n i t s ) g i v e n i n the NBS t a b l e s (Wiese e t 

a l . 1969) 

The r e s u l t s o b t a i n e d by Heckmann f o r H I , L i I , 0 V I I and S i X I I , 

t o g e t h e r w i t h the a s s o c i a t e d computer t i m i n g s ( i n seconds o f CPU time) a r e 

d i s p l a y e d i n T a b l e 5 . 2 . C l e a r l y , the a u t h o r ' s approach i s s u p e r i o r t o t h a t 

o f B e l y both i n terms o f a c c u r a c y and e f f i c i e n c y , r e q u i r i n g o n l y 10—20% o f 

B e l y ' s CPU t i m e . 



- 7 5 -

Spec ies T r a n s i t i o n 
G-L Quad] :a ture B e l y NSRDS 

Spec ies T r a n s i t i o n 
S ( a . u . ) Time 

(sacs) 
S ( a . u . ) Time 

(sees) 
S ( a . u . ) 

H I Is - 2p 

2p - 3s 

2p - 3s 

3.33 

1.759 

17.74 

0.45 

0.54 

0.66 

3.29 

1.759 

17.71 

3 . 1 

5.0 

5 .0 

3.33 

1.761 

18.5 

L i I 2p - 6s 

2p - 3d 

3d - 4p 

3d - 4f 

0.1596 

77.8 

11.54 

625.0 

0.63 

0.40 

0.54 

0.47 

0.1591 

75.8 

11.37 

617.0 

5 .0 

5 .5 

6 .0 

5 .0 

0.156 

80.4 

11.7 

625.0 

0 V I I 23S - 33P 

23S - 73P 

33S - 33P 

0.409 

0.0085 

9.49 

0.48 

0.48 

0.47 

0.413 

0.0087 

9.52 

3 .0 

3.0 

2.0 

0.413 

S i XII 3d - 4f 4.38 0.39 4.28 3 .0 

Tab le 5 .2 R e s u l t s of Heckmann 
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5.2 PERFORMANCE OF GAUSS-LAGUERRE QUADRATURE: LARGE tf, V* 

As remarked e a r l i e r , when the a u t h o r ' s method o f computing r a d i a l 

i n t e g r a l s was be ing d e v e l o p e d , t h e r e were no r e l i a b l e a l t e r n a t i v e methods 

> 

a v a i l a b l e f o r compar ison when V 15. The assessment o f the p e r -

formance oftbenew method was t h e r e f o r e based upon n u m e r i c a l e x p e r i m e n t -

a t i o n , as d e s c r i b e d be low. We note t h a t e f f i c i e n c y was p a r t i c u l a r l y 

impor tant i n t h i s assessment , i n v iew o f the l a r g e number o f r a d i a l i n t e -

g r a l s r e q u i r e d i n c a l c u l a t i o n s a s s o c i a t e d w i t h the q u a d r a t i c Zeeman 

e f f e c t (see C h a p t e r s 2 and 6 ) . 

5 . 2 . 1 In teger Case 

The d i s c u s s i o n o f the a c c u r a c y and e f f i c i e n c y o f the G a u s s - L a g u e r r e 

q u a d r a t u r e f o r m u l a (3.31) a t l a r g e p , v i s b e s t begun by c o n s i d e r i n g the 

s p e c i a l case i n which V* a r e i n t e g e r s , e q u a l to n , n ' , s a y . In t h i s 

case the f u n c t i o n g(x) i s a p o l y n o m i a l o f degree n + n + s (see e q u a t i o n 

3 . 2 6 ) . I t t h e r e f o r e f o l l o w s f rom the wel l -known p r o p e r t i e s o f G a u s s i a n 

q u a d r a t u r e f o r m u l a s ( K r y l o v 1962, S t roud and S e c r e s t 1966) t h a t (3.31) 

i s e x a c t i f the order o f the q u a d r a t u r e f o r m u l a , M, i s chosen such t h a t 

2M - 1 n + n • s i . e . M M a , where M 0 i s the s m a l l e s t i n t e g e r 

s a t i s f y i n g the i n e q u a l i t y . 

M b >/ j ( i* + V + S + l ) . (5.1) 

In o r d e r t o check the v a l i d i t y o f the computer programs used to 

implement the G a u s s - L a g u e r r e q u a d r a t u r e f o r m u l a , a v a r i e t y o f i n t e g r a l s 

( i n v o l v i n g i n t e g e r V, » ' ) was computed u s i n g (3.31) w i t h ra = 0 , and 

the r e s u l t s compared w i t h those o b t a i n e d by e v a l u a t i n g the a n a l y t i c a l 

e x p r e s s i o n s due t o Gordon (1929). These t e s t s a l s o v e r i f i e d the a c c u r a c y 
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o f the r e c u r r e n c e r e l a t i o n s used i n the computat ion o f the i n t e g r a n d . 

The a s s o c i a t e d r e s u l t s showed t h a t round ing e r r o r s d i d not grow any f a s t -

er t h a t the r e q u i r e d Whi t taker f u n c t i o n s (see S e c t i o n 4 . 4 ) . 

5 . 2 . 2 Non-Integer Case 

i 

When v> and V a re not i n t e g e r s t h e r e i s no a n a l y t i c a l t e c h n i q u e 

f o r d e t e r m i n i n g the a p p r o p r i a t e o r d e r o f the q u a d r a t u r e f o r m u l a . U n f o r t u n -

a t e l y , the e x p r e s s i o n f o r the remainder term o f ( 3 . 2 7 ) , which i s d e f i n e d 

by ( 3 . 3 0 ) , i s o f no p r a c t i c a l v a l u e i n n u m e r i c a l c a l c u l a t i o n s . The 

a p p r o p r i a t e c h o i c e o f M can o n l y by determined e m p i r i c a l l y . 

By a n a l o g y w i t h the i n t e g e r c a s e we d e f i n e M0 as the s m a l l e s t i n t e g e r 

which s a t i s f i e s the i n e q u a l i t y 

M o ^ £ ( v > + v ' + s + l ) . ( 5 . 2 ) 

For a g i v e n i n t e g r a l , the amount by which M must exceed M e to a c h i e v e a 

s p e c i f i e d a c c u r a c y g i v e s an i n d i c a t i o n o f the e f f e c t i v e n e s s o f the quad-

r a t u r e f o r m u l a . 

A s e r i e s o f c a l c u l a t i o n s o f T , ( V * , 9t , f . ) was performed i n 

which (3.31) was e v a l u a t e d f o r a sequence o f v a l u e s o f M. We chose M = M 0 , 

M 0 + 1 , . . . i n c r e a s i n g u n t i l the computed v a l u e o f the i n t e g r a l converged to 

w i t h i n f o u r s i g n i f i c a n t f i g u r e s . These c a l c u l a t i o n s were per formed f o r a 

wide range o f v a l u e s o f the parameters Z , i ' , f 9 j S , In each case 

g r e a t c a r e was taken to ensure t h a t e r r o r s i n the i n t e g r a l a r i s i n g from the 

computat ion o f the W h i t t a k e r f u n c t i o n s i n the i n t e g r a n d were min imized by 

c h o o s i n g u n u s u a l l y l a r g e v a l u e s o f N and n (see S e c t i o n 4 . 5 ) . The r e s u l t s 

o f f i v e t y p i c a l c a s e s a re i l l u s t r a t e d i n T a b l e 5 . 3 . 

The examples i n T a b l e 5 .3 demonstrate t h a t , as M i n c r e a s e s beyond M 0 , 



Case I Case I I Case I I I Case IV Case V 

y = 17.23 r y ' = 32.27 ]/ = 2 5 . 4 , y ' = 22.5 >> = 3 1 . 7 , r = 29.8 P = 3 5 . 5 , y' = 35.5 V> = 17 .23 , y ' = 32.27 

£ = 2,5= l , f 0 = 7.42 = 2 , r f t = 25.31 £ = 1, £ = 2,5 =2, = 44.4 £ = IrS = 2,% = 63.02 £ = 1, t'= 2,5= 0, r„ =7.42 

M J $ x 10"' M J4 x 1 0 " ' M J 5 x 10" & M 1 J4 x 10"7 M Js x 1 0 1 

25 .26291 24 - .94858 31 - . 3 0 0 0 1 35 .25564 25 .35574 

26 .25897 25 - . 1 8 3 9 0 32 - .15557 36 .38932 26 .36043 

27 .25868 26 .20934 33 - . 1 5 4 7 6 37 .39674 27 .36526 

28 .25865 27 .20935 34 - . 1 5 4 7 6 42 .39674 28 .36555 

29 .25863 28 .20935 36 - . 1 5 4 7 6 45 .39674 29 .36564 

30 .25862 29 .20935 38 - .15476 30 .36567 

32 .25862 48 .20935 41 - . 1 5 4 7 6 • 31 .36568 

34 .25862 32 .36568 

48 .25862 33 .36568 

M f t = 26, M* = 29 M 0 = 26, M* = 27 « 33, M* = 33 M e = 37, M„ = 37 M 0 = 26, M^ = 30 

< 

T a b l e 5 . 3 . Convergence o f the Computed I n t e g r a l as M I n c r e a s e s 
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the v a l u e o f the computed i n t e g r a l converges r a p i d l y . An e m p i r i c a l 

a n a l y s i s o f a l a r g e volume o f s i m i l a r c a l c u l a t i o n s has shown t h a t the 

a p p r o p r i a t e c h o i c e o f M depends p r i m a r i l y on ro and v? + \>' . In g e n e r a l , 

i f we denote t h i s c h o i c e o f M by M* , and adopt the e m p i r i c a l r u l e 

1\ =. (see S e c t i o n 5 . 2 . 3 ) , we f i n d t h a t i f s = 1 or 2, the 
° XOX 

ass ignment 

M« a + 3 (5.3) 

u s u a l l y ensures an a c c u r a c y o f four s i g n i f i c a n t f i g u r e s . 

E x c e p t i o n s t o t h i s " r u l e o f thumb" f r e q u e n t l y appear . For i n s t a n c e , 

i f V 1 d i f f e r s from an i n t e g e r by l e s s than about 0 . 1 (see Cases 

I I and IV o f T a b l e 5.3) we need o n l y put M, = M f l + 1 or even . On the 

o t h e r hand, i f s = 0 ( e . g . i n n o r m a l i z a t i o n i n t e g r a l s ) we may need t o 

p u t M^ = M o + 5 t o a c h i e v e the same a c c u r a c y . 

5 . 2 . 3 C h o i c e o f Lower L i m i t o f I n t e g r a t i o n 

When u s i n g the a p p r o x i m a t i o n (3.21) t o compute the r a d i a l i n t e g r a l 

(3.9) the lower l i m i t o f i n t e g r a t i o n , r 0 , s h o u l d be chosen such t h a t the 

c o n t r i b u t i o n to the r e q u i r e d i n t e g r a l , J s , a r i s i n g from the i n t e r v a l 

(0, r 0 ) can be n e g l e c t e d . However, we note t h a t even i f such a v a l u e o f 

r 0 cannot be found , i . e . i f the Coulomb a p p r o x i m a t i o n i s not v a l i d , the 

proposed n u m e r i c a l method can s t i l l be used t o compute the c o n t r i b u t i o n 

a r i s i n g from (r , o o ) r where Coulomb w a v e f u n c t i o n s a r e v a l i d , p r o v i d e d an 

a p p r o p r i a t e method i s used t o compute the c o n t r i b u t i o n a r i s i n g from (0, r 0 ) 

e . g . Thomas-Fermi or s e l f - c o n s i s t e n t - f i e l d method. 

A s e r i e s o f n u m e r i c a l c a l c u l a t i o n s was performed to i n v e s t i g a t e the 

s t a b i l i t y o f the r a d i a l i n t e g r a l P ' i f " „ ) w i t h r e s p e c t to v a r i a t i o n 

o f r 0 . Some t y p i c a l r e s u l t s a re shown i n T a b l e 5 . 4 . In the example 

i l l u s t r a t e d here re was v a r i e d between 10.0 and 150.0 ( a . u . ) keep ing 
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- a 
J, x 10 

. a 
e, x 10 J2. X 1 0 

- & 
e^ x 10 

10 .42905 .00000 .10670 .00000 

20 .42903 - . 0 0 0 0 2 .10670 .00000 

30 .42898 - . 0 0 0 0 7 .10670 .00000 

40 .42898 - . 0 0 0 0 7 .10670 .00000 

50 .42878 - . 0 0 0 2 7 .10669 - . 0 0 0 0 1 

60 .42911 .00006 .10670 .00000 

70 .42911 .00006 .10670 .00000 

80 .43023 .00118 .10670 .00000 

90 .43039 .00134 .10671 .00001 

100 .43272 .00367 .10673 .00003 

110 .43319 .00414 .10673 .00003 

120 .43552 .00647 .10676 .00006 

130 .43808 .00903 .10679 .00009 

140 .43862 .00960 .10680 .00010 

150 .44245 .01340 .10686 .00016 

T a b l e 5 .4 V a r i a t i o n o f J ^ ( 3 4 . 1 , 1; 3 7 . 2 , 0; r 0 ) w i t h r . 
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y = 3 4 . 1 , y ' = 3 7 . 2 , £ = 1 , t ' - 0 and z = 1 . The v a r i a t i o n o f the 

i n t e g r a l w i t h r e s p e c t t o r0 , which i s r e p r e s e n t e d by es - J s ( r 0 ) - J$(lo) 

was computed f o r the two cases s = 1 and s = 2. The r e s u l t s show t h a t , 

p r o v i d e d r 0 i s s u f f i c i e n t l y s m a l l , J s i s r e l a t i v e l y i n s e n s i t i v e to v a r i a t i o n 

o f r 0 . 

Other c a l c u l a t i o n s i n v o l v i n g a wide range o f parameters 

jL, t ' . ( y , y ' ' 0 ) have c o n f i r m e d t h i s b e h a v i o u r . In each 

case t h e r e i s a broad range o f v a l u e s o f r d over which J $ ( r e ) i s r e l a t i v e l y 

s t a b l e ; any v a l u e o f r 0 chosen from t h i s s t a b l e r e g i o n y i e l d s a m e a n i n g f u l 

v a l u e f o r the a s s o c i a t e d r a d i a l i n t e g r a l J$ ( r 0 ) . Wherever p o s s i b l e t h i s 

v a l u e was v e r i f i e d u s i n g the Bates-Damgaard method (see S e c t i o n 5 . 2 . 4 ) 

In o rder t o g a i n f u r t h e r i n s i g h t i n t o the behav iour o f J s ( r t f ) , a 

s e r i e s o f i n t e g r a l s was computed i n which 9-9* was f i x e d and 9 and rm 

v a r i e d . We chose t « 0 and s e t t ' - l i n the d i p o l e c&se (s = 1) and 

a ' 

i = 2 i n the q u a d r u p o l e case (s = 2) . The r e l a t i v e v a r i a t i o n o f J s w i t h 

r e s p e c t t o r 0 was then determined by computing the q u a n t i t y 1TS ( r 0 , r ¥ ) , 

d e f i n e d by the e q u a t i o n 

V - T O = T s U o ) - TyC-r,) 

7Ss t ) 
(5.4) 

The r e p r e s e n t a t i v e v a l u e o f r 0 , l y i n g w i t h i n the s t a b l e r e g i o n o f a s e t 

o f computed i n t e g r a l s and denoted by r^ , was chosen by i n s p e c t i o n . The 

r e s u l t s o f two such s e t s o f c a l c u l a t i o n s , one d i p o l e case and one quad-

r u p o l e c a s e , a r e i l l u s t r a t e d i n T a b l e s 5 . 5 . In t h i s example 6 . 8 9 , 

9 v a r i e d between 26.2 and 4 3 . 7 , and r 0 v a r i e d between 5 .0 and 9 0 . 0 . By 

i n s p e c t i o n we chose = 15 .0 i f s = 1 and r^ = 40.0 i f s = 2. The r e l a t i v e 

v a r i a t i o n s , which a r e d i s p l a y e d i n column 2 o f T a b l e 5 . 5 , g i v e an i n d i c a t i o n 
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TTs(To,T0 N M Time Ts(-f») x to* 

26.2 .100 5 27 .115 .8299 

29.7 .025 5 32 .142 .1128 

33.2 .020 5 35 .180 .1471 

36.7 .010 5 37 .219 .1858 

40.25 .005 6 42 .225 .2289 

43.7 .005 6 45 .280 .2764 

(a) D i p o l e C a s e : S = L, * = 0, = = i , 9-v' 

V N M Time 

26.2 .020 4 28 .121 .01957 

29.7 .010 4 31 .138 .03555 

33.2 .005 5 34 .169 .5959 

36.7 .001 5 37 .205 .9402 

40.25 .001 5 41 .220 .1414 

43.7 .000 5 45 .262 .2047 

(b) Quadrupole Case : S = 2, I = 0, = 2, = 6 .89 

T a b l e 5 . 5 Behav iour o f V (To> f« ) 
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o f the c o n t r i b u t i o n t o the i n t e g r a l a r i s i n g f rom s m a l l r a d i a l d i s t a n c e s ? 

thus they i n d i c a t e the p h y s i c a l s i g n i f i c a n c e o f the computed i n t e g r a l s . 

The t h i r d column of T a b l e 5 .5 i n d i c a t e s the s m a l l e s t v a l u e o f N (see 

S e c t i o n 4.5) which can be used i n the computat ion o f the W h i t t a k e r f u n c t i o n s 

i n the i n t e g r a n d w i t h o u t i n t r o d u c i n g e r r o r s i n the f o u r t h s i g n i f i c a n t f i g u r e 

o f ^ ( r , , ) . The f o u r t h column i n d i c a t e s the c o r r e s p o n d i n g s m a l l e s t o r d e r 

o f q u a d r a t u r e f o r m u l a . The f i f t h column g i v e s the t ime ( i n seconds) r e -

q u i r e d t o compute J $ ( r # ) , i g n o r i n g the t ime r e q u i r e d t o compute the weights 

and zeros o f the q u a d r a t u r e f o r m u l a . The computed v a l u e o f the i n t e g r a l 

J$ (r^) i s g i v e n i n column 6 . 

An a n a l y s i s o f a l a r g e volume o f n u m e r i c a l r e s u l t s d e s c r i b i n g the 

behav iour o f Vs (r0 has l e a d t o a v e r y s i m p l e e m p i r i c a l r u l e f o r e s t i m -

a t i n g the a p p r o p r i a t e c h o i c e o f lower c u t - o f f r a d i u s when computing a r a d i a l 

i n t e g r a l i n the c o n t e x t o f the Coulomb a p p r o x i m a t i o n : r 0 s h o u l d be chosen 

a c c o r d i n g t o the r u l e 

y y 
~> (5.5) 

where 10 < , ) < XO and 6 < ^ l c * T h i s f o r ~ 

mula u s u a l l y produces a r e l i a b l e v a l u e o f J s (r0 ) i f 10 :$ < 6o, 

( £ , £ ' ) & 3 and s = 0, 1 or 2. However, i t s h o u l d be emphasised t h a t , 

b e f o r e (5.5) i s used i n p r a c t i c a l c a l c u l a t i o n s , i t i s a d v i s a b l e t o v e r i f y 

t h a t the Coulomb a p p r o x i m a t i o n i s a c t u a l l y a p p l i c a b l e i n the case under 

s t u d y . In p a r t i c u l a r , i t i s impor tant to ensure t h a t "quenching" does not 

occur i n the o u t e r p a r t o f the i n t e g r a l (see Layzer and Gars tang 1968) . 

The quenching phenomenon i s i l l u s t r a t e d i n F i g . 5 . 1 , which shows J s as 

a f u n c t i o n o f ( y - )>' ) , (W + v ' j be ing f i x e d . These i n t e g r a l s were 

computed u s i n g r 0 = 4 . 0 , * + = 2 0 . 0 , s = 1, I = 0, ' = 1 and z = 1 . C l e a r l y , 

the v a l i d i t y o f the Coulomb a p p r o x i m a t i o n i s d o u b t f u l when i?, ))' a r e such 
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t h a t the r e s u l t i n g graph l i e s c l o s e t o the { 9 - v>') a x i s . 

We note t h a t the d a t a p r e s e n t e d i n T a b l e 5 .5(b) g i v e s a good i n d i c a t -

i o n o f the c h o i c e o f parameters r e , N and M f o r t y p i c a l i n t e g r a l s i n the 

c o n t e x t o f the q u a d r a t i c Zeeman e f f e c t . In the examples shown N never 

exceeds S , c o n f i r m i n g the e f f e c t i v e n e s s o f the Chebyshev expans ions f o r 

the computat ion o f the W h i t t a k e r f u n c t i o n s i n the i n t e g r a n d . 

5 .2 .4 - Compar ison w i t h the Bates-Damgaard Method 

For n o n - i n t e g e r 9,9' the r a d i a l i n t e g r a l s o b t a i n e d u s i n g the 

a u t h o r ' s method have been compared w i t h t h o s e o b t a i n e d u s i n g the B a t e s -

Damgaard method. Of c o u r s e , these checks c o u l d o n l y be made f o r a l i m i t e d 

range o f 9 ' s i n c e t h e Bates-Damgaard method f a i l s when 9* b e -

come s u f f i c i e n t l y l a r g e . U s i n g double p r e c i s i o n a r i t h m e t i c ( i . e . about 

28 s i g n i f i c a n t d e c i m a l d i g i t s ) t h i s l i m i t was 9, 9 ' i z (see 

S e c t i o n 5.3) . 

T a b l e 5.6 shows a s e t o f r a d i a l i n t e g r a l s computed by the B a t e s -

Damgaard method and G a u s s - L a g u e r r e q u a d r a t u r e . 9 + was f i x e d 

(=23.7) and 9 v a r i e d between 12.2 and 1 7 . 1 , keeping i s 1 , 2, s = 1 

and z = 1 . Us ing the q u a d r a t u r e method J s was computed w i t h r o = 1 . 0 , 2 . 0 , 

1 0 . 0 , t h i s range o f r 0 encompassing the s t a b l e r e g i o n o f a l l the 

computed i n t e g r a l s . rm was then chosen by i n s p e c t i o n . We n o t e , however, 

t h a t i n some cases t h e r e was no c l e a r c h o i c e o f r^ , s i n c e J s was v e r y 

s e n s i t i v e t o v a r i a t i o n s i n r 0 . These c a s e s , which o c c u r r e d when |v> - 9' \ 

was r e l a t i v e l y l a r g e or when the computed i n t e g r a l was r e l a t i v e l y s m a l l , 

a r e i n d i c a t e d by an a s t e r i s k i n T a b l e 5 . 6 . In a l l c a l c u l a t i o n s u s i n g 

G a u s s - L a g u e r r e q u a d r a t u r e we chose M = 15, and s e t N = 9 i f r^ £ 4 .0 and 

N = 8 i f r^ > 4 . 0 . 

T a b l e 5 .6 a l s o shows the computer (CPU) t ime r e q u i r e d t o compute the 
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4 Gauss- Time Bates- Time 
V T Laguerre (sees) Damgaard (sees) 

12.2 4 .0 .9819 X 10* .059 .9824 X 
z 

10 .028 

12.55 5 .0 - . 1 4 7 8 X 101 .060 - . 1 4 7 8 X 10 ' .025 

12.9 7 .0 - . 6 7 3 3 X 10' .059 - . 6 7 0 1 X 10' .026 

13.25 6 .0 .9199 X 10' .057 .9243 X 10 V .026 

14.3 8 .0 .2980 X 101 .056 .3016 X 10 1 .026 

14.65 4 .0 .2376 X 101 .058 .2380 X I*1 .025 

15.0 2 . 0 * .4109 .050 .4583 .022 

15.35 6 . 0 " . 1113 X 10' .050 .1114 X l o ' .016 

15.7 2 .0 - . 1 3 4 3 X 10' .053 - . 1 3 4 4 X 101 .028 

16.05 2 . 0 * .5675 .060 .6187 .027 

16.4 4 . 0 * .3882 .056 .3640 .026 

16.75 2 . 0 * - . 7 2 9 1 .060 - . 7 2 4 0 .026 

17 .1 4 . 0 * .4865 .060 .5314 .025 

T a b l e 5.6 Compar ison o f A u t h o r ' s Method w i t h Bates-Damgaard Methods 

\> + « 2 3 . 7 . £ = 1, £' = 2, S = 1 , z. = 1 . 

The t ime s p e c i f i e d f o r G a u s s - L a g u e r r e Quadrature does not 

i n c l u d e the t ime r e q u i r e d to compute the weights and z e r o s . 
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r a d i a l i n t e g r a l s . C l e a r l y the a u t h o r ' s method r e q u i r e s 2-3 t imes as much 

computing t ime as the Bates-Damgaard method. I t shou ld be noted t h a t the 

t ime s p e c i f i e d f o r G a u s s - L a g u e r r e q u a d r a t u r e does not i n c l u d e the time 

r e q u i r e d t o compute the we ights and z e r o s (see S e c t i o n 5 . 2 . 6 ) . 

5 . 2 . 5 Comparison w i t h Other Quadrature Formulas 

In o r d e r to a s s e s s Gauss-Laguer re q u a d r a t u r e i n r e l a t i o n t o o ther 

methods o f n u m e r i c a l i n t e g r a t i o n , J s was e v a l u a t e d u s i n g Romberg and 

C l e n s h a w - C u r t i s q u a d r a t u r e . B e f o r e a p p l y i n g e i t h e r o f these methods . the 

i n f i n i t e i n t e r v a l o f i n t e g r a t i o n ( r 0 , oo) must be r e p l a c e d by a f i n i t e 

i n t e r v a l o f i n t e g r a t i o n ( r 0 f r ^ ) . An a p p r o p r i a t e c h o i c e o f r ^ ^ 

was found t o be 

^ = Tc + * U e - T-L ), < 5- 6> 

2.Z "f 
where r t i s the c l a s s i c a l t u r n i n g p o i n t o f W - j + %,x [ ) > T^ 

i s the l a r g e s t zero o f W j ^ ^ ^ t ^fr ) > = ino-x C V') eund d 

i s a c o n s t a n t l y i n g i n the range 1 . 5 - 3 . 5 . I f V>' a r e l a r g e then r A 

i s g i v e n by (Abramowitz and Stegun 1964) 

= 2 " ^ V 6 j a , ] J , (5.7) 

where ) a , | = 2.3381074, a, be ing the s m a l l e s t zero o f the A i r y f u n c t i o n 

A i ( a ) . T h i s c h o i c e o f upper l i m i t ensures t h a t r W A X tits w e l l beyond the 

o u t e r t u r n i n g p o i n t s o f the r a d i a l w a v e f u n c t i o n s i n the i n t e g r a n d . 
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F i g . 5 .2 G r a p h i c a l D e s c r i p t i o n o f rfc and r̂  

U s i n g (5.5) t o determine ra , these c a l c u l a t i o n s demonstrated t h a t , 

f o r 9, 9* i n the range 30-40, the Romberg method u s u a l l y r e q u i r e d 512 

quadrature p o i n t s and about 2 .4 seconds o f computing time per i n t e g r a l . 

Changing the v a r i a b l e o f i n t e g r a t i o n to J r d i d not reduce the number o f 

quadrature p o i n t s . The C l e n s h a w - C u r t i s method, on the o t h e r hand, u s u a l l y 

r e q u i r e d about 100 p o i n t s and 0 .8 seconds o f computing t ime per i n t e g r a l . 

By c o n t r a s t G a u s s - L a g u e r r e q u a d r a t u r e never r e q u i r e d more than 43 p o i n t s 

and 0 .3 seconds o f computing t i m e , assuming t h a t the weights and zeros were 

a l r e a d y a v a i l a b l e . The a d d i t i o n a l computing t ime needed t o compute a s e t 

o f weights and z e r o s (M = 30-40) was u s u a l l y about 0 .5 s e e s . 
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5 . 2 . 6 Computat ion o f the Weights and Zeros 

The method employed t o compute the we ights and zeros f o r a p a r t i c u l a r 

o r d e r o f Gauss-Laguer re q u a d r a t u r e (see e q u a t i o n s 3 . 2 8 , 3 .29) was a v a r i -

a t i o n o f t h a t d e s c r i b e d by Shao e t a l . (1963). S i n c e the t ime needed to 

compute } A«lM } i » 1 , 2 , . . . , M was o f t e n g r e a t e r t h a t the t ime r e -

q u i r e d t o compute the r a d i a l i n t e g r a l (assuming X- were g i v e n ) , 

i t was found more e c o n o m i c a l t o s p e c i f y a v a l u e o f M l a r g e enough to d e a l 

s a t i s f a c t o r i l y w i t h a group o f r a d i a l i n t e g r a l s hav ing n e i g h b o u r i n g p a r a -

m e t e r s . The a p p r o p r i a t e s e t o f we ights and z e r o s c o u l d then be computed 

and s t o r e d f o r repeated u s e . A l l computer programs have been w r i t t e n t o 

f a c i l i t a t e t h i s p r o c e d u r e . 

5 .3 ANALYSIS OF THE BATES-DAMGAARD METHOD 

In v iew o f t h e i r wide domain o f a p p l i c a b i l i t y , the n u m e r i c a l methods 

proposed i n t h i s t h e s i s p r o v i d e d an e f f e c t i v e means o f a s s e s s i n g the p e r -

formance o f o t h e r methods o f computing r a d i a l i n t e g r a l s i n the Coulomb 

a p p r o x i m a t i o n . In p a r t i c u l a r , they enab led the author t o conduct a d e t a i l e d 

a n a l y s i s o f the Bates-Damgaard method. As remarked e a r l i e r ( S e c t i o n 3 . 3 ) , 

the Bates-Damgaard method breaks down when becomes s u f f i c i e n t l y l a r g e , 

and p r e v i o u s a n a l y s e s have never g i v e n an adequate e x p l a n a t i o n o f t h i s 

phenomenon. Even O e r t e l and Shomo o n l y c o n c l u d e d t h a t the cause 

. " p r o b a b l y l i e s i n n u m e r i c a l c a n c e l l a t i o n s " ( O e r t e l and Shomo 1968, p l 7 7 ) . 

The p r e s e n t a u t h o r ' s a n a l y s i s o f the Bates-Damgaard method f a l l s i n t o 

two p a r t s : 

(a) an i n v e s t i g a t i o n o f the n u m e r i c a l c a n c e l l a t i o n s which 

a r i s e i n the e v a l u a t i o n o f the e q u a t i o n (3 .18) ; 

(b) an i n v e s t i g a t i o n o f the c r i t e r i o n used to t r u n c a t e 

the i n f i n i t e s e r i e s ( 3 . 1 3 ) . 
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We note t h a t (b) was the s u b j e c t o f a l i m i t e d study by F r i e d r i c h e t a l . 

(1970), as we s h a l l d i s c u s s i n S e c t i o n 5 . 3 . 2 . 

5 . 3 . 1 Numer ica l C a n c e l l a t i o n s 

T h i s p a r t o f the i n v e s t i g a t i o n was begun by r e p e a t i n g some o f the 

c a l c u l a t i o n s o f O e r t e l and Shomo ( l o c . c i t . ) , us ing s i n g l e and double 

p r e c i s i o n a r i t h m e t i c . These c a l c u l a t i o n s conf i rmed t h a t numer ica l c a n c e l l -

a t i o n s ( i . e . rounding e r r o r s ) g i v e r i s e to a l o s s o f accuracy i n the comp-

which the method a c t u a l l y breaks down was found to depend upon the number 

o f s i g n i f i c a n t f i g u r e s used i n the numer i ca l c a l c u l a t i o n s , and upon the 

d e s i r e d accuracy o f the r e q u i r e d i n t e g r a l s , e . g . i n order t o ensure an 

accuracy o f four s i g n i f i c a n t f i g u r e s when us ing 14 s i g n i f i c a n t dec ima l 

d i g i t s , 9 , 9 * must not exceed 12? the cor respond ing l i m i t when us ing 

28 s i g n i f i c a n t dec ima l d i g i t s i s 9, 9 $ X S . However, d i s a s t r o u s rounding 

e r r o r s can s t i l l occur i f 9? 9' & XS due to the "quenching phenomenon" 

(see S e c t i o n 5 . 2 . 3 ) . I t should o f course be emphasised t h a t the main p u r -

pose o f the p r e s e n t i n v e s t i g a t i o n was not to e s t a b l i s h p r e c i s e n u m e r i c a l 

l i m i t s regard ing the v a l i d i t y o f the Bates-Damgaard method, but to i d e n t i f y 

the u n d e r l y i n g causes o f the e r r o r s which a r i s e when 9, 9 ' become l a r g e . 

In order t o p r o v i d e an adequate t h e o r e t i c a l b a s i s f o r t h i s a n a l y s i s 

i t i s u s e f u l to r e t u r n to equat ion (3.18) and express i t i n t h i s form 

uted i n t e g r a l s whenever 9 , 9 ' become s u f f i c i e n t l y l a r g e . The p o i n t a t 

I+J4 k-m 

I s 

X 
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On p u t t i n g 

/ y + y' \ 2 / #: f y + y' \l 

* = a i I — / ' e * = [ T T J ' ( 5 ' 9 ) 

and r e - a r r a n g i n g (5.8) we f i n d t h a t 

k r* / 
I s - h i (-0- r ( p - k ) l e L e K_i , (s.io) 

where 

r y y ' i 13 

K. = f f e o ^ T J ' ( 5 ' 1 1 ) 

Now, on s u b s t i t u t i n g 

K 

t K = I e V i , 
l-O 

CD 
we f i n d t h a t I s can be e x p r e s s e d i n the s i m p l e form 

c = . h i ( - ' / r e p - K ) b K . 
K - O 

(5.12) 

(5.13) 
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I t f o l l o w s from e q u a t i o n (5.13) t h a t t h e r e are two p o t e n t i a l sources 

o f r o u n d i n g e r r o r s i n the e v a l u a t i o n o f I s : 

( i ) e r r o r s which a r i s e d u r i n g the computat ion o f bK u s i n g ( 5 . 1 2 ) ; 

( i i ) e r r o r s which a r i s e d u r i n g the summation o f (5.13) . 

S i n c e a v e r y e f f e c t i v e a s y m p t o t i c e x p a n s i o n f o r l o g e f i x ) ( x - * o o ) i s 

a v a i l a b l e (see Abramowitz and Stegun 1964, e q u a t i o n 6.1.4-1), t h e r e i s no 

p r a c t i c a l danger o f e x c e s s i v e round ing e r r o r s a r i s i n g d u r i n g t h e computat-

i o n o f the m u l t i p l y i n g f a c t o r , K . 

The e x t e n t to which e r r o r s o f types ( i) or ( i i ) a r i s e depends upon 

the e x i s t e n c e o f terms o f r e l a t i v e l y l a r g e magnitude and a l t e r n a t i n g s i g n 

i n the c o r r e s p o n d i n g s e r i e s (5.12) and ( 5 . 1 3 ) . I f e i t h e r s e r i e s c o n t a i n s 

terms which a re l a r g e compared w i t h the sum o f s e r i e s , even the l e a d i n g 

d i g i t s o f the computed sum may not be s i g n i f i c a n t . An e s t i m a t e o f the 

number o f s i g n i f i c a n t d i g i t s , p , i n the computed sum i s g i v e n by the e x -

p r e s s i o n 

p ~ I m a x . tz-T<m\/ | su/>Y\ 1 ] J (5.14) 

where p i s the number o f s i g n i f i c a n t d e c i m a l d i g i t s used i n the computat ion 

(see W i l k i n s o n 1963 f o r d e t a i l s ) . U n f o r t u n a t e l y , t h i s e s t i m a t e o f p c a n -

not be u t i l i z e d i n computer programs s i n c e , i f round ing e r r o r s a re p r e s e n t , 

the computed sum may n o t be an a c c u r a t e e s t i m a t e of the a c t u a l sum o f the 

s e r i e s . 

We now c o n s i d e r e r r o r s o f types ( i ) and ( i i ) i n more d e t a i l . 

E r r o r s o f Type ( i ) 

From e q u a t i o n s (3.17) and (5.9) i t f o l l o w s t h a t Q.\ s a t i s f i e s the r e -

c u r r e n c e r e l a t i o n : 
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e . = T i v - l - * ) ^ * 1 * ' - « > e i - . a (5.15) 

so 

where = 1 . Thus the terms o f the sequence { } i - o a r e p o s i t i v e 

i f i 1 9 ] - <1 , n e g a t i v e i f 2 I [ v>J + I + / , and a l t e r n a t e 

i n s i g n + . The sequence t e r m i n a t e s 

o n l y i f 9 i s an i n t e g e r ( ^ 1 ) , i n which case = 0 i f i >, 9 - JL . 

In o r d e r t o a s s e s s the p o s s i b i l i t y o f round ing e r r o r s i n the computat-

i o n o f b K i t i s n e c e s s a r y t o i n v e s t i g a t e the s i g n s and r e l a t i v e magnitudes 

o f the i n d i v i d u a l terms o f e q u a t i o n ( 5 . 1 2 ) . T h i s i n v e s t i g a t i o n i s s i m p l i f i e d 
/ 

i f these terms, , a r e r e p r e s e n t e d by p o i n t s on a t w o - d i m e n s i o n a l 

p l a n e whose axes a r e l a b e l l e d by 2 and J , as i l l u s t r a t e d i n F i g . 5 . 3 . The 

/ 
p r o d u c t s which a r i s e i n (5.12) a r e then r e p r e s e n t e d by t h o s e p o i n t s 

( i > j ) which l i e a l o n g the l i n e I + j = k . 

I t f o l l o w s from the above remarks t h a t the s i g n s o f the terms o f 

f ' ? K 

I € i J j - o a r e 9 ° v e r n e < 3 by the f o l l o w i n g r u l e s : 

(a-) 

i f i £ l v > ] - I amd j 19'J - l \ 

o r i f i ^ 19] + 2+1 a n d j ^ L9'] + I. 

K 
i s p o s i t i v e 
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(b) ' { ti £ K - n e g a t i v e 
V * l S O 

if i > tv>] +• i + l anol j * - 1 ' 

or if I ^ Lv'l + I and. j * [ V ] -

(c) { . a l t e r n a t e in s i g n 

if i * 1 * 1 - / a n d LV'] - / j < LV'J I 

or if i > [v>] + i + i a n d iv']-I '< j < Lv'J + Jt'+ I 

or if j £ £v'J - i ' a n d + ^ + I 

or i-f j- » iv'] + l a n d < < L v ] + I + I . 

i k 

( d ) f £i fi K.i J. W e t h e s a m e s i g n 
L J U O 

if L V ] - Z < i < Lvl + t + I a n d j < LV'l + A ' 

t h e sign cJteTnating a s k i ) irari^S 

b e t w e e n Lv] + £ v'J - 1 - I ' a n d [vj + L»'J + I + l % + z. 
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Th e f o u r r e g i o n s o f the ( i , j ) p l a n e d e f i n e d by ( a ) , (b) , (c) and 

(d) a r e i l l u s t r a t e d i n F i g . 5 . 3 . 

F i g . 5 .3 G r a p h i c a l R e p r e s e n t a t i o n o f 

I t i s c l e a r from the above d i s c u s s i o n t h a t there i s no p o s s i b i l i t y 

o f n u m e r i c a l c a n c e l l a t i o n s a r i s i n g i n the computat ion o f b K u n t i l 

k >, min( LV1 - 2, L V ) - V). 

For s m a l l e r v a l u e s o f K a l l o f the terms o f (5.12) a r e p o s i t i v e . A t l a r g e r 

v a l u e s o f k n u m e r i c a l c a n c e l l a t i o n i s p o s s i b l e i n p r i n c i p l e . However, i n 

p r a c t i c e , i t i s o n l y when k l i e s c l o s e t o k ^ t h a t n e g a t i v e terms Z i Z j 
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a r i s i n g from (b) , (c) or (d) (see F i g . 5.3) a r e l a r g e enough t o c a n c e l 

the l a r g e p o s i t i v e terms which a r i s e from r e g i o n (a) . 

N u m e r i c a l c a l c u l a t i o n s have shown t h a t , i n the c o n t e x t o f the quad-

r a t i c Zeeman e f f e c t , 6 K i s n o r m a l l y p o s i t i v e except when k ^ - k 4; 4. 

These c a l c u l a t i o n s have a l s o shown t h a t not more than 2 or 3 s i g n i f i c a n t 

f i g u r e s o f bK a re l o s t due to n u m e r i c a l c a n c e l l a t i o n . These round ing 

e r r o r s a r e n e g l i g i b l e when compared w i t h the s e v e r e e r r o r s which a r i s e 

d u r i n g the summation o f the main s e r i e s ( 5 . 1 3 ) , as we s h a l l d i s c u s s be low. 

F u r t h e r c o n f i r m a t i o n o f the above c o n c l u s i o n s was p r o v i d e d by the 

o b s e r v a t i o n t h a t the v a l u e s o f V, y ' a t which the breakdown o f the B a t e s -

Damgaard method o c c u r s does not depend upon whether 9 or 9* a r e i n t e g e r s : 

i n the i n t e g e r case a l l terms o f (5.12) a r e p o s i t i v e , and so t h e r e i s no 

p o s s i b i l i t y o f c a n c e l l a t i o n e r r o r s a r i s i n g i n the computat ion o f b K . 

( i i ) E r r o r s o f Type ( i i ) 

K 

L e t us denote the term ( - 0 " ( p * * k ) o f (5.13) by g K . 

From the p r o p e r t i e s o f the Gamma f u n c t i o n (Abramowitz and Stegun 1964) 

i t f o l l o w s t h a t s a t i s f i e s the r e c u r r e n c e r e l a t i o n 

8 k- I , k * i (S.Io 

where 

9 . r ( p . 

S i n c e p-k i s p o s i t i v e i f 0 4 K 4 (see e q u a t i o n s 3.16 and 

3 . 1 9 ) , and t h e r e f o r e P ( p - k ) i s a lways p o s i t i v e , the terms o f the 

sequence { 9 K } a l t e r n a t e i n s i g n and d e c r e a s e i n magnitude 

as k i n c r e a s e s . T h e r e f o r e the i n d i v i d u a l te rms , Q K b K , o f (5.13) a l t e r -

nate i n s i g n i f a l l bK } ( 0 4 k 4 k ^ ) , a r e o f the same s i g n . K } 
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The behav iour o f a t y p i c a l sequence L '9K.b K } i s i l l u s t r a t e d i n 

T a b l e 5 . 7 . The sequence i b K / c [ 0 b 0 } , t o g e t h e r w i t h the p a r t i a l sums 
K 

C K = / q0b0 a r e g i v e n f o r the case 9 = 2 0 . 2 5 , 1 = 2, 
ISO Q 

9* = 1 9 . 2 5 , l ' = 1, S = 1 , z = 1 . C l e a r l y , the s i g n s o f 

[ 9 K bit / ^ 0 b 0 ] a n d C K a l t e r n a t e u n t i l k = 35. We note a l s o t h a t 

CK i n c r e a s e s i n a b s o l u t e v a l u e u n t i l k = 12, and then d e c r e a s e s as k i n -

c r e a s e s f u r t h e r . In v iew o f the a l t e r n a t i o n i n s i g n o f b K , and the 

e x i s t e n c e o f terms o f v e r y l a r g e magnitude ( i n r e l a t i o n t o the t o t a l 

s u m , C r ^ ) , i t i s c l e a r t h a t n u m e r i c a l c a n c e l l a t i o n would g i v e r i s e to 

i n t o l e r a b l e round ing e r r o r s u n l e s s a s u f f i c i e n t number o f d i g i t s i s used i n 

the c o m p u t a t i o n . In t h i s example the c a l c u l a t i o n s were per formed u s i n g 

28 s i g n i f i c a n t d e c i m a l d i g i t s , 16 o f which were l o s t due t o c a n c e l l a t i o n s . 

On ly the most s i g n i f i c a n t e i g h t d i g i t s a r e d i s p l a y e d i n T a b l e 5 . 7 . 
» 

C a l c u l a t i o n s s i m i l a r t o those o f T a b l e 5 . 7 , i n v o l v i n g 9,V i n the 

range 20 - 35 and i , I = 0, 1, 2 or 3, have shown t h a t the magnitudes o f 

the terms b K , and hence the s e v e r i t y o f n u m e r i c a l c a n c e l l a t i o n s , 

i n c r e a s e s r a p i d l y as 9, 9 ' i n c r e a s e . When 9, 9* l i e i n the range 25 - 30 

o n l y 2 or 3 f i g u r e s o f the computed v a l u e o f cK^may be s i g n i f i c a n t . 

T h i s i n v e s t i g a t i o n has not produced any r u l e s , e i t h e r e m p i r i c a l or 

a n a l y t i c a l , which might g i v e p r a c t i c a l gu idance t o u s e r s o f the B a t e s -
i 

Damgaard method r e g a r d i n g o n s e t o f n u m e r i c a l e r r o r s as 9, 9 i n c r e a s e . 

The o n l y a d v i c e which can be g i v e n i s t h a t i f one i s i n any doubt about the 

domain o f v a l i d i t y o f the Bates-Damgaard method, then one s h o u l d examine the 

behav iour o f the sequence J 9 k bx } f o r a few t y p i c a l s e t s o f parameters 

9, v' , 1 , 2 ' . E q u a t i o n (5.14) can then be a p p l i e d manua l ly t o g i v e an 

e s t i m a t e o f the s e v e r i t y o f the n u m e r i c a l c a n c e l l a t i o n . 



k 9KbK/9obo k CK k c * 

0 1.0000000 1.0000000 13 - 3 2 2 1 0 9 . 6 2 - 1 5 0 5 6 4 . 2 7 26 4 . 9 5 8 8 9 7 9 . 7 8 6 2 0 6 1 1 

l - 1 8 . 1 3 5 0 4 0 - 1 7 . 1 3 5 0 4 0 14 2 6 8 0 2 1 . 5 8 1 1 7 4 5 7 . 3 0 27 - . 9 1 3 5 9 3 6 2 - . 1 2 7 3 8 7 5 2 

2 1 5 9 . 9 5 0 7 8 1 4 2 . 8 1 5 7 4 15 - 1 9 9 1 4 1 . 4 1 - 8 1 6 8 4 . 1 0 3 28 . 1 4 4 8 7 5 9 1 .17488388 X 10"' 

3 - 9 1 4 . 0 8 0 3 1 - 7 7 1 . 2 6 4 5 7 16 1 3 2 4 2 9 . 5 0 5 0 7 4 5 . 3 9 3 29 - . 1 9 4 8 1 3 3 0 X lo"
1 

- . 1 9 9 2 9 4 1 9 X 
- 2. 

10 

4 3 8 0 4 . 3 9 7 5 3 0 3 3 . 1 3 2 9 17 - 7 8 9 4 3 . 0 6 9 - 2 8 1 9 7 . 6 7 6 30 .21759444 X io"1 
.18300255 X 

-3 
10 

5 - 1 2 2 8 9 . 0 1 5 - 9 2 5 5 . 8 8 1 7 18 4 2 2 1 9 . 9 3 5 1 4 0 2 2 . 2 5 9 31 - . 1 9 5 9 3 3 3 1 X IO" 1 
- . 1 2 9 3 0 7 5 7 -f 

x 10 

6 3 2 0 6 1 . 0 9 0 2 2 8 0 5 . 2 0 8 19 - 2 0 2 6 1 . 3 5 9 - 6 2 3 9 . 0 9 9 9 32 . 1 3 5 7 9 9 7 1 X 10"* .64921452 X -6 
10 

7 - 6 9 4 1 4 . 0 1 6 - 4 4 6 0 8 . 8 0 8 20 8 7 2 0 . 5 7 9 6 2 4 8 1 . 4 7 9 7 33 - . 6 6 8 7 8 6 3 6 X 1 0 " ' - . 1 9 5 7 1 8 4 2 X 10- 1 

8 1 2 7 1 7 1 . 6 4 8 0 5 6 2 . 8 3 4 21 - 3 3 6 2 . 1 7 0 6 - 8 8 0 . 6 9 0 8 6 34 .19779826 X 10" 1 
. 2 0 7 9 8 3 3 9 X io"q 

9 - 2 0 0 0 4 3 . 1 7 - 1 1 9 4 8 0 . 3 4 22 1 1 5 8 . 8 6 4 3 2 7 8 . 1 7 3 3 9 35 - . 1 9 6 4 5 5 8 0 X 10"'* .11527610 X - 1 o 
10 

10 2 7 3 1 9 9 . 7 2 1 5 3 7 1 9 . 3 8 23 - 3 5 6 . 0 8 4 6 0 - 7 7 . 9 1 1 2 1 2 36 - . 1 9 7 1 8 9 9 7 X 10 .95557102 X .11 
10 

11 - 3 2 6 7 5 2 . 2 8 - 1 7 3 0 3 2 . 9 0 24 9 7 . 1 6 6 9 1 8 1 9 . 2 5 5 7 0 6 37 - . 6 0 7 9 2 0 0 6 X .1? 
10 
.If 

10 

.94949182 X .11 
10 

12 3 4 4 5 7 8 . 2 5 1 7 1 5 4 5 . 3 5 25 - 2 3 . 4 2 8 3 9 8 - 4 . 1 7 2 6 9 1 8 38 - . 4 5 2 0 0 1 2 9 X 

.1? 
10 
.If 

10 .94903982 X 10"" 

Table 5.7 Terms of the Bates-Damgaard S e r i e s (5.13) 

V = 20.25, 1 = 2 , V' = 19.25, = 1, 

S - I , z a I , = 
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5 . 3 . 2 T r u n c a t i o n C r i t e r i o n 

The second major a s p e c t o f the Bates-Damgaard method which was i n v e s t -

i g a t e d was the c r i t e r i o n used t o t r u n c a t e the i n f i n i t e s e r i e s ( 3 . 1 3 ) . In 

- the f o l l o w i n g d i s c u s s i o n we examine the v a l i d i t y o f t h i s c r i t e r i o n by develop-

i n g an a s y m p t o t i c expans ion o f the r a d i a l i n t e g r a l (3.21) which takes a c c o u n t 

o f the lower c u t - o f f r a d i u s , r0. 

( i ) A s y m p t o t i c E x p a n s i o n o f the R a d i a l I n t e g r a l 

For a g e n e r a l i n t r o d u c t i o n t o a s y m p t o t i c s e r i e s and t h e i r p r o p e r t i e s 

see O l v e r (1974) or J e f f r e y s (1962.). A d e t a i l e d d i s c u s s i o n o f the asymp-

t o t i c p r o p e r t i e s o f W h i t t a k e r f u n c t i o n s i s g i v e n i n S l a t e r (1960). 

An a s y m p t o t i c expans ion o f can be o b t a i n e d from (3.21) 

by i n v o k i n g a s y m p t o t i c expans ions o f the form (3.11) f o r the two W h i t t a k e r 

f u n c t i o n s i n the i n t e g r a n d . These two a s y m p t o t i c expans ions can be m u l t i -

p l i e d to produce an a s y m p t o t i c e x p a n s i o n o f the i n t e g r a n d i n terms o f • 

Thus we have 

K - * f r _<*T ft-V-l -J 

i Z ( - 0 e r c K + r J , i*.n) 
k *0 K 

where 

C R = Z o a.i O-'k--. . •(*.<•> 
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On i n t e g r a t i n g (5.17) over the range oo) w i t h r e s p e c t t o r we f i n d 

CO 

(S. I1) 

M-l 

-f 

^ 0 0 f T C - 0 K C k f.(p-K,«tf0) + O f f ^ - M , * ^ ) ] , (5.2I) 

M-l 

^ o o K 2 7 ^ - 0 * b K f f j S - K ^ f o ) + 0 [ H p - * , * * * ) ] , (S.22) 

where 

-f = K b K d / C K . (S.zS) 
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The terms h and bK have been d e f i n e d e a r l i e r (see equat ions 5 .11 and 

5.12) and P ( X , " y ) i s the complementary incomplete Gamma f u n c t i o n , 

d e f i n e d by the e q u a t i o n (Abramowitz and Stegun 1964) 

00 
f -1 x - I 

r t x , U) = £ t dt. tS.W) 
J ti 

E q u a t i o n (5.22) i s the d e s i r e d a s y m p t o t i c expans ion o f J s . We note 

t h a t i t s , form c l o s e l y resembles t h a t o f the Bates-Damgaard expans ion 

( 5 . 1 3 ) . We a l s o note t h a t , a l though (5.22) suggests t h a t s h o u l d be 

l a r g e , i n p r a c t i c a l c a l c u l a t i o n s q u i t e a c c u r a t e r e s u l t s can be o b t a i n e d 

when rc i s r e l a t i v e l y s m a l l , as i l l u s t r a t e d by the f o l l o w i n g example. 

L e t us denote (-1)* P ( p - k , o U 0 ) by d K . T a b l e 5.8 

i l l u s t r a t e s the behaviour o f the terms dlKbK o f (5.22) f o r the t y p i c a l 

case * = 5 . 8 5 , V?' = 4 . 8 5 , I = 2, I - 1, S = 1, T 0 = 1 .0 and z = 1 . 

In t h i s example the terms d K b * , together wi th the p a r t i a l sums 
K. 

S K x X^ cL{ b£ , k $ . n A a r e d i s p l a y e d . These r e s u l t s show t h a t the sequence 

[ b K } e x h i b i t s the c l a s s i c a l a s y m p t o t i c b e h a v i o u r , i . e . a f t e r an 

i n i t i a l i n c r e a s e , the terms o f the sequence [ I c i v t b * ! } d e c r e a s e to a min-

imum ( a t k a 12) and t h e r e a f t e r i n c r e a s e i n d e f i n i t e l y . 

Thus , when u s i n g (5.22) to compute J4 (5 .85 , 2? 4 .85 , 1? 1 . 0 ) , the 

asymptot i c expans ion s h o u l d be t r u n c a t e d a t the s m a l l e s t term, k = 1 2 ; 

ks i a L i s then the a p p r o p r i a t e a p p r o x i m a t i o n to J , , i n v o l v i n g a minimum 

t r u n c a t i o n e r r o r ( J e f f r e y s 1962). Numer i ca l e v a l u a t i o n o f (5.22) i n t h i s 
L -

1 

case g i v e s J, = n s ^ = 0.9044 x 10 . Computat ion o f the same i n t e g r a l 
_ i 

u s i n g the a u t h o r ' s Gauss-Laguer re quadrature method g i v e s J, = 0.9048 x 10 , 

whereas the Bates-Damgaard method g i v e s J t = 0.9015 x 10 
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k d K b K 

tc 

S K - I dt b{ 
a 4-0 

0 225322480.396 225322480.396 

l -768916686.366 -543594206.571 

2 1100321279.19 556727072.622 

3 -844577391.739 -287850319.116 

4 364069952.757 76219633.6411 

5 -81552760.5209 -5333126.87978 

6 6450159.36979 1117032.49001 

7 189347.852920 1306380.34293 

8 22601.0374188 1328981.38035 

9 6521.59202385 1335502.97237 

10 3953.40153991 1339456.37391 

11 2270.70338740 1341727.07730 

12 -14.9108708443 1341712.16643 

13 531.876981730 1342244.04341 

14 -1719.08623687 1340524.95717 

15 11280.9589680 1351805.91614 

16 -104231.623763 1247574.29238 

17 1254220.06652 2501794.35890 

T a b l e 5.8 Terms o f the A s y m p t o t i c S e r i e s (5.22) 

9 = 5 . 8 5 , / = 2, 9'= 4 . 8 5 , £ = 1, 

S = 1, 2 = 1, To = 1 . 0 . 
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( i i ) Comparison w i t h Bates-Damgaard R e s u l t s 

In order to a p p r e c i a t e the r e l a t i o n s h i p between the Bates-Damgaard 

method and the a s y m p t o t i c a p p r o x i m a t i o n ( 5 . 2 2 ) , the i n d i v i d u a l terms o f 

each a p p r o x i m a t i o n were computed f o r a range o f v a l u e s o f 9,1, 9', l' 

( 9' < 10 , £, / = 0, 1 or 2, z = 1 and S = 1 ) . The terms 

9 k b K / 9 o b o of (5.13) f o r the c a s e 9 = 5 . 8 5 , L = 2 , 9' = 4 . 8 5 , 

V = 1, S 1, i'a - 1 . 0 , Z = 1 a r e d i s p l a y e d i n T a b l e 5 . 9 . 

The c o r r e s p o n d i n g (but unsea led) terms ct^h* o f (5.22) have a l r e a d y 

been d i s p l a y e d i n T a b l e 5 . 8 . Another example o f the terms o f (5.22) f o r 

the case 9 = 20 .25 , 1 = 2 , 9* = 1 9 . 2 5 , i' = 1 , T a = 1 0 . 0 , 

S = 1 , Z = 1 i s g i v e n i n T a b l e 5 . 1 0 . The c o r r e s p o n d i n g B a t e s -

Damgaard terms a r e d i s p l a y e d i n T a b l e 5 . 7 . 

I t shou ld be emphasised t h a t i t i s the o v e r a l l q u a l i t a t i v e b e h a v i o u r 

o f the two p a i r s o f s e r i e s i n T a b l e s 5 .7 - 5.10 t h a t s h o u l d be compared. 

We note t h a t the i n d i v i d u a l terms o f the s e r i e s a r e not d i r e c t l y n u m e r i c a l l y 

comparab le , s i n c e d i f f e r e n t s c a l i n g f a c t o r s have been u s e d . 

T h i s s e r i e s o f c a l c u l a t i o n s l e a d t o the f o l l o w i n g o b s e r v a t i o n s : 

(a) w i t h an a p p r o p r i a t e c h o i c e o f r0 and s c a l i n g f a c t o r , 

the c o r r e s p o n d i n g terms o f (5.13) and (5.22) g e n e r a l l y 

agree to w i t h i n about 0.03%; 

(b) the minimum term o f (5.22) g e n e r a l l y o c c u r s 3 - 4 terms 

beyond the term k = k^, the Bates-Damgaard t r u n c a t i o n 

p o i n t . 

I t f o l l o w s from (a) t h a t when 9,9' become l a r g e , the a s y m p t o t i c e x p a n s i o n 

(5.22) s u f f e r s f rom round ing e r r o r s , s i m i l a r t o those o f the Bates-Damgaard 

method. 
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k <3k b * / g 0 b 0 

K 

ISO 

0 1.0000000 1.0000000 

I -3.4125165 -2.4125165 

2 4.8833178 2.4708013 

3 -3.7483051 -1.2775038 

4 1.6157729 .33826911 

5 -.36193797 -.23668868 X 10-' 

6 .28626357 X 10- ' .49574889 X i o - 3 

7 .84034729 X i o - 3 .57978362 X 10 

8 .10031567 X i o - * .58981518 X 10-X 

9 .28981276 X 10-* .59271331 X 
•z 

10 

10 .17778882 X 10-* .59449120 X 
.2 

10 

T a b l e 5 .9 Terms o f the Bates-Damgaard S e r i e s (5.13) 

y = 5 . 8 5 , / = 2, = 4 . 8 5 , V = 1, 

S = 1, 2 = 1, = 1.0. 



k d K \ > K 

K 

K i-o 
k <A K bK 

A 

Z ctibi k b n s R = i At. 
K ^ 

b I 

0 .52085035 .52085035 15 -103722.82 -42545.194 28 .75458667 X 
. < 

10 .91088332 X 
_ z 

10 

I —9.4456424 -8.9247921 16 68975.950 26430.756 29 -.10146858 X 
.1 

10 -.10380225 X 
-z 

10 

2 83.310418 74.385626 17 -41117.525 -14686.769 30 .11333414 X 10* .95316941 X 10-4 

3 -467.09905 -401.71342 18 21990.268 7303.4987 31 -.10205193 X 
- 3 

10 -.67349874 X io-* 

* 4 1981.5217 1579.8083 19 -10553.136 -3249.6374 32 .70731300 X 
-5 

10 
* 

.33814259 X 
-1> 

10 
5 -6400.7376 -4820.9292 20 4542.1170 1292.4796 33 -.34833628 X 

- 6 
10 -.10193698 X 

-1 
10 

6 16699.030 11878.101 21 -1751.1877 . -458.70815 34 .10301996 X 1 0 - 7 .10830126 X 10-' 

7 -36154.315 -24276.214 22 603.59485 144.88671 35 -.10229912 X 10 
-11 

10 

.60021397 X 
- a 

10 

8 66237.395 41961.181 23 -185.46679 -40.580082 36 -.10254215 X 

10 
-11 

10 .49767182 X 
- a 

10 

9 -104192.56 -62231.376 24 50.609423 i 10.029341 . 37 -.31379823 X i o - V .49453383 X 10'" 

10 142296.17 80064.793 25 -12.202689 -2.1733480 38 -.22562018 X I O "
4 .49430821 X 

- a 
10 

11 -170189.04 -90124.247 26 2.5828437 .40949573 39 -.54287413 X ID"' .49425393 X 
- a 

10 

12 179473.70 89349.453 27 -.47584556 -.066349834 40 -.43396562 X 
-if 

10 
.49424959 X 

- a 
10 

13 -167770.91 -78421.455 41 .35337960 X io' s  .49425312 X 
- a 

10 

14 139599.13 61177.678 42 -.38090829 X 
-it 

10 
.49424931 X 

- ! \ 

10 

I 
M 
O 
U1 
I 

T a b l e 5 .10 Terms o f the A s y m p t o t i c S e r i e s (5.22) ( s c a l e d by 10 ) 

9 = 20 .25 , 1 = 2, 9 ' = 19 .25 , 1 = l r 

S = 1, X = 1, n T a = 1 0 . 0 
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( i i i ) Compar ison w i t h G a u s s - L a g u e r r e Q u a d r a t u r e 

The a c c u r a c y o f (5.22) was f u r t h e r a s s e s s e d by computing the 

q u a n t i t y * 

by t h r e e methods: G a u s s - L a g u e r r e q u a d r a t u r e , the Bates-Damgaard method 

and the a s y m p t o t i c method i . e . e q u a t i o n ( 5 . 2 2 ) . was f i x e d and 

3 , was computed f o r v a r i o u s v a l u e s o f . The case 1 v> - v'!= 0 .495 , 

i = Q , l' = l , z = 1, ro = 1 . 0 , V^ = 1 .65 (0.25) 10.0 i s 

i l l u s t r a t e d i n g r a p h i c a l form i n F i g . 5 . 4 . 

F i g . 5 .4 shows t h a t the t h r e e computed v a l u e s o f 3 , agree v e r y 

c l o s e l y except when v^ i s c l o s e t o an i n t e g e r . The a s s o c i a t e d n u m e r i c a l 

v a l u e s , which a r e g i v e n i n T a b l e 5 . 1 1 , show f u r t h e r t h a t the a s y m p t o t i c 

-if 

method and G a u s s - L a g u e r r e q u a d r a t u r e always agree t o w i t h i n 2 x 10 i f 

exceeds 3 . 0 . However, the Bates-Damgaard r e s u l t s d i f f e r from the 

o t h e r two methods by as much as 5 x 10 3 when i s w i t h i n 0 .15 o f an 

i n t e g e r . T h i s anomalous behav iour o f the Bates-Damgaard method d i m i n i s h e s 

as i n c r e a s e s . 

( i v ) V a r i a t i o n o f the T r u n c a t i o n P o i n t o f (5.22) 

In o rder t o g a i n f u r t h e r i n s i g h t i n t o the anomalous behav iour o f the 

Bates-Damgaard method a t s m a l l \J,\>* the i n t e g r a l s , ^ = 2 . 6 5 

(0.25) 1 0 . 0 , were re-computed u s i n g (5.22) w i t h four d i f f e r e n t t r u n c a t i o n 

c r i t e r i a : 

(a) t r u n c a t e immediate ly a f t e r the term o f minimum 

a b s o l u t e va lue? 

yx I v i ; \ cS.*S) 
3 VuJvT^ 

* J > = max { £ > l ' ) 9 a m i n i t , I ' ) 



4. 

0.540 

0.535 

0.530 

0.525 H 

Fig 5.4 Graph of 3. against 9jk 

Bates-Damgaard Method (+) 
Gauss-Laguerre Quadrature (•) 

0.520 

2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 
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(b) as (a) , but i n c l u d e o n l y h a l f o f the term o f minimum 

a b s o l u t e v a l u e ; 

(c) t r u n c a t e immediate ly b e f o r e the term of minimum 

a b s o l u t e v a l u e ; 

(d) t r u n c a t e a c c o r d i n g to the Bates-Damgaard c r i t e r i o n , 

i . e . i n c l u d e o n l y those terms f o r which y + y ' + S - 2 . 

The r e s u l t s o f these c a l c u l a t i o n s a r e shown i n T a b l e 5 . 1 1 . In t h i s c a s e 

we f i n d t h a t i f ^ 6 . 5 , a l l computated v a l u e s o f U, agree t o 

w i t h i n t h r e e d e c i m a l p l a c e s . However, i f 9i< & 6 . 5 , the v a l u e s o f 

o b t a i n e d u s i n g c r i t e r i o n (b) show c l o s e s t agreement w i t h the v a l u e s 

o b t a i n e d u s i n g G a u s s - L a g u e r r e q u a d r a t u r e . On the o t h e r hand, the r e s u l t s 

o b t a i n e d u s i n g c r i t e r i o n (d) a r e i n complete agreement w i t h those o f the 

Bates-Damgaard method. 

C a l c u l a t i o n s u s i n g o ther v a l u e s o f [ 9 - y ' l have shown t h a t the 

anomalous behav iour o f the Bates-Damgaard method does not always occur 

a t the i n t e g e r v a l u e s o f 9 l < . In g e n e r a l , i t o c c u r s a t those v a l u e s 

o f 9^ such t h a t (y + y ' ) = . . . , 2 . 5 , 3 . 5 , 4 . 5 , . . . . T h i s can be e x p l a i n e d 

as f o l l o w s . When 9, 9' a re s u f f i c i e n t l y l a r g e ( 6 ) the a s y m p t o t i c 

s e r i e s (5.22) "converges" r e a s o n a b l y f a s t and can n o r m a l l y be t r u n c a t e d 

b e f o r e the Bates-Damgaard t r u n c a t i o n p o i n t k = k ^ . S i n c e the minimum 

term o f (5.25) u s u a l l y o c c u r s 3 or 4 terms beyond k = k ^ , i t i s c l e a r 

t h a t the computed v a l u e o f 3 t g i v e n by (5.22) i s not s t r o n g l y i n f l u e n c e d 

by the t r u n c a t i o n c r i t e r i o n . 

For s m a l l e r v a l u e s o f 9,9* the a s y m p t o t i c s e r i e s (5.22) " c o n v e r g e s " 

s l o w l y and the computed v a l u e o f 3X i s s e n s i t i v e to the t r u n c a t i o n 

c r i t e r i o n . The r e s u l t s o f T a b l e 5 . 1 1 i n d i c a t e t h a t c r i t e r i o n (b) p roduces 

a minimum t r u n c a t i o n e r r o r . Hence t r u n c a t i o n a c c o r d i n g t o the B a t e s -

Damgaard c r i t e r i o n (d) i n t r o d u c e s t r u n c a t i o n e r r o r s i n the t h i r d and f o u r t h 
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G L B P A s y Ca-) A s y ( b ) A s y C O A s y (<0 

2.65 .5270 .5253 .5254 .5253 .5253 .5253 

2.90 .5292 .5231 .5280 .5289 .5297 .5231 

3 .15 .5311 .5226 .5306 .5311 .5316 .5226 

3.40 .5327 .5320 .5329 .5327 .5326 .5320 

3 .65 .5340 .5336 .5334 .5335 .5336 .5336 

3.90 .5351 .5325 .5353 .5349 .5345 .5325 

4.15 .5361 .5319 .5358 .5361 .5363 .5319 

4.40 .5370 .5366 .5369 .5370 .5371 .5366 

4.65 .5377 .5377 .5378 .5377 .5377 .5377 

4 .90 .5384 .5372 .5386 .5383 .5381 .5372 

5.15 .5391 .5366 .5389 .5390 .5392 .536-6 

5.40 .5396 .5394 .5396 .5396 .5397 .5394 

5.65 .5401 .5402 .5401 .5401 .5400 .5402 

5.90 .5406 .5399 .5407 .5406 .5404 .5399 

6 .15 .5410 .5395 .5409 .5410 .5411 .5395 

6 .40 .5414 .5412 .5414 .5414 .5415 .5412 

6.65 .5418 .5419 .5418 .5418 .5417 .5419 

6.90 .5421 .5417 .5422 .5421 .5420 .5417 

7.15 .5424 .5414 .5424 .5424 .5425 .5414 

7.40 .5427 .5426 .5426 .5425 .5424 .5426 

7 .65 .5430 .5431 .5430 .5430 .5430 .5431 

7.90 .5432 .5430 .5433 .5433 .5432 .5430 

8 .15 .5434 .5428 .5435 .5435 .5435 .5428 

8 .40 .5437 .5436 .5436 .5436 .5435 .5436 

8.65 .5440 .5440 .5439 .5439 .5439 .5440 

8.90 .5441 .5439 .5442 .5441 .5441 .5439 

9.15 .5442 .5438 .5443 .5443 .5444 .5438 

9.40 .5445 .5444 .5444 .5444 .5444 .5444 

T a b l e 5 .11 Dependence o f 3X on the T r u n c a t i o n C r i t e r i a (a) ~ (d), 

\9 - y ' l = 0 .495 , i = 0, 1, f a = 0 . 2 5 . 

GL i n d i c a t e s G a u s s - L a g u e r r e q u a d r a t u r e , BD denotes the B a t e s -

Damgaard method, and Asy (a) - Asy (d) denote the a s y m p t o t i c 

method u s i n g t r u n c a t i o n c r i t e r i a (a) - ( d ) . 
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d e c i m a l p l a c e s o f E m p i r i c a l c a l c u l a t i o n s have shown t h a t 

these e r r o r s a r e g r e a t e s t when V + V ' l i e s h a l f - w a y between s u c c e s s i v e 

i n t e g e r s . 

A s e t o f c a l c u l a t i o n s o f , s i m i l a r to those o u t l i n e d above, was 

per formed by F r i e d r i c h e t a l . (1970) i n an e v a l u a t i o n o f K a t t e r b a c h ' s 

method o f computing r a d i a l i n t e g r a l s i n v o l v i n g Coulomb w a v e f u n c t i o n s . 

However, t h e i r c a l c u l a t i o n s d i d not i d e n t i f y the anomalous behav iour o f 

the Bates-Damgaard method. Indeed, t h e i r g r a p h i c a l r e s u l t s show some 

c u r i o u s s h a r p k i n k s when v>' i s l e s s than about 5 . These may be due to 

t r u n c a t i o n e r r o r s a r i s i n g i n the computat ion o f .the r a d i a l w a v e f u n c t i o n , 

but t h i s has not been i n v e s t i g a t e d by the p r e s e n t a u t h o r . 

5 .4 CONCLUSIONS 

In t h i s Chapter we have demonstrated t h a t the a u t h o r ' s method o f 

computing r a d i a l m u l t i p o l e i n t e g r a l s i n the Coulomb a p p r o x i m a t i o n i s 

w e l l s u i t e d to both e x p l o r a t o r y and r o u t i n e c a l c u l a t i o n s , and i s e f f e c t -

i * 

i v e a t l a r g e or s m a l l p r i n c i p a l quantum numbers, V . For \?, V 25 

the per formance o f the new method has been compared w i t h the methods o f 

L i n d g a r d and N i e l s e n and B a t e s and Damgaard. For 25 £ £ 55 

the main check used has been on the smooth v a r i a t i o n o f the i n t e g r a l s as 

f u n c t i o n s o f V, p ' , w i t h the v a l u e s f o r i n t e g e r V, as f i d u c i a l marks. 

Our r e s u l t s have shown t h a t the speed and a c c u r a c y o f the new method com-

pares f a v o u r a b l y w i t h the Bates-Damgaard method i n the r e g i o n where the 

l a t t e r i s a-f-fectWe. 

The g e n e r a l c o n c l u s i o n r e g a r d i n g the new method i s t h a t , by c h o o s i n g 

a p p r o p r i a t e v a l u e s o f r 0 , N, n and M, r e s u l t s may always be o b t a i n e d i n 

which the c o m p u t a t i o n a l e r r o r s a r e as s m a l l as d e s i r e d , and thus n e g l i g i b l e 

i n compar i son w i t h the e r r o r s i m p l i c i t i n the assumptions o f the Coulomb 
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a p p r o x i m a t i o n . Of c o u r s e , even i f the Coulomb a p p r o x i m a t i o n i s i n a p p r o p -

r i a t e , the new method may s t i l l be an e f f e c t i v e means o f computing t h a t 

p a r t o f the r a d i a l i n t e g r a l a r i s i n g from l a r g e r a d i a l d i s t a n c e s where 

Coulomb w a v e f u n c t i o n s a r e v a l i d ; the remainder o f the i n t e g r a l can then 

be computed by o t h e r means, u s i n g , f o r i n s t a n c e , Thomas-Fermi or s e l f -

c o n s i s t e n t - f i e l d methods t o determine the r a d i a l w a v e f u n c t i o n s a t s m a l l 

r a d i a l d i s t a n c e s . 

The most s t r i k i n g outcome o f the t e s t s on the new method i s the 

r e l a t i v e l y s m a l l number o f a b s c i s s a e needed to a c h i e v e a p r e s c r i b e d 

a c c u r a c y w i t h G a u s s - L a g u e r r e q u a d r a t u r e . T h i s i s s u r p r i s i n g i n v iew o f 

the f a c t t h a t the i n t e g r a n d s a r e s t r o n g l y o s c i l l a t o r y and c a n n o t , i n 

g e n e r a l , be expressed i n terms o f f i n i t e p o l y n o m i a l s . 

The new method's main d i s a d v a n t a g e i s the n e c e s s i t y o f p r e l i m i n a r y 

s e t t i n g o f the parameters which c o n t r o l the p r e c i s i o n o f the c o m p u t a t i o n . 

However, t h i s problem has r e c e n t l y been a l l e v i a t e d by P u l l e n (1981), who 

has deve loped a t e c h n i q u e f o r d e t e r m i n i n g a u t o m a t i c a l l y the a p p r o p r i a t e 

number o f Chebyshev terms needed t o compute the r a d i a l Coulomb w a v e f u n c t i o n s . 

The new method i s e s p e c i a l l y s u i t e d t o the c a l c u l a t i o n o f r a d i a l 

q u a d r u p o l e i n t e g r a l s i n the c o n t e x t o f the q u a d r a t i c Zeeman e f f e c t , where 

v e r y l a r g e v a l u e s o f 9 ,9* may a r i s e (see Chapter 6)". The quadrupo le 

o p e r a t o r r x emphasises the c o n t r i b u t i o n t o these i n t e g r a l s which a r i s e s 

from l a r g e r a d i a l d i s t a n c e s . 
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CHAPTER 6 

COMPUTATION OF THE PRINCIPAL SERIES OF Ba I 

In t h i s Chapter we a s s e s s the v a l i d i t y o f the t h e o r e t i c a l approach 

proposed i n Chapter 2. The energy l e v e l s and a s s o c i a t e d i n t e n s i t i e s o f 

Ba I i n the p r e s e n c e o f magnet ic f i e l d s i n the range o f 10—70 kG a r e o b -

t a i n e d by d i a g o n a l i z i n g a t r u n c a t e d form o f the H a m i l t o n i a n m a t r i x 

H'n*, (see e q u a t i o n 2 . 1 3 ) . The p h y s i c a l s i g n i f i c a n c e o f these 

r e s u l t s i s d i s c u s s e d i n the c o n t e x t o f the e x p e r i m e n t a l s p e c t r a o f the 

% i i 

6s S^ - 6snp P p r i n c i p a l s e r i e s o f Ba I o b t a i n e d by Gar ton and T o m k m s . 

The n u m e r i c a l methods d e s c r i b e d i n Chapters 3 and 4 a r e used to compute 

the m a t r i x e lements o f H . 

T h i s Chapter i s o r g a n i s e d as f o l l o w s . In S e c t i o n 6 . 1 we p r e s e n t a 

b r i e f d e s c r i p t i o n o f the Garton-Tomkins s p e c t r a . Then i n S e c t i o n 6 . 2 

we d i s c u s s the methods used t o overcome the c o m p u t a t i o n a l problems a s s o c -

i a t e d w i t h the c o n s t r u c t i o n and d i a g o n a l i z a t i o n o f the t r u n c a t e d H a m i l t o n i a n 

m a t r i x . In S e c t i o n 6 .3 we d i s c u s s the p h y s i c a l s i g n i f i c a n c e o f the comp-

u t e d s p e c t r a . F i n a l l y , i n S e c t i o n 6 . 4 , we draw some c o n c l u s i o n s r e g a r d i n g 

the e f f e c t i v e n e s s o f the f r e e - f i e l d Coulombic w a v e f u n c t i o n s as b a s i s s t a t e s . 

6 . 1 THE SPECTRA OF GARTON AND TOMKINS 

Dur ing the p a s t twelve y e a r s a s e r i e s o f exper iments has been p e r -

formed a t the Argonne N a t i o n a l L a b o r a t o r y , I l l i n o i s , concerned w i t h the 

s t u d y o f the a b s o r p t i o n s p e c t r a o f h i g h l y e x c i t e d a l k a l i and a l k a l i n e e a r t h 

atoms i n the p r e s e n c e o f magnet ic f i e l d s i n the range 10 - 50 kG. A c c o r d -

i n g to P r o f e s s o r G a r t o n , one o f the p r i n c i p a l i n v e s t i g a t o r s , o n l y a s m a l l 

• p r o p o r t i o n o f these r e s u l t s has been p u b l i s h e d because o f the d i f f i c u l t y 
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o f p r e s e n t a t i o n i n the absence o f an adequate q u a n t i t a t i v e t h e o r e t i c a l 

framework. 

The f i r s t p u b l i s h e d r e s u l t s were o f the p r i n c i p a l s e r i e s o f Ba I i n 
o 

a magnet ic f i e l d o f 24 kG. A remarkably d e t a i l e d s e t o f o b s e r v a t i o n s o f 

l i t 

the 6s S^ - 6snp P̂  a b s o r p t i o n spectrum was o b t a i n e d , w i t h s e p a r a t e 

measurements o f the Tf and ff components. G a r t o n and Tomkins (1969a) 

p u b l i s h e d a d e s c r i p t i o n o f t h e s e r e s u l t s , i n c l u d i n g p h o t o g r a p h i c p r i n t s o f 

the whole spectrum, w i t h and w i t h o u t the magnet ic f i e l d , f rom n = 26 to 

a s h o r t d i s t a n c e beyond the s e r i e s l i m i t . Dens i tometer t r a c e s o f the 

Zeeman G components (n = 35 - 39) were a l s o p r e s e n t e d , a l t h o u g h the G* 

and G components were not s e p a r a t e d . 

D u r i n g the c o u r s e o f the r e s e a r c h r e p o r t e d i n t h i s t h e s i s the p r e s e n t 

author has a l s o had a c c e s s t o the complete If and g * d e n s i t o m e t e r t r a c e s 

o f Ba I a t 24 kG, made a v a i l a b l e by P r o f e s s o r G a r t o n . Some o f these r e s u l t s , 

, together w i t h other (<r+) d e n s i t o m e t e r t r a c e s o f Ba I and Sr I a t magnet ic 

• f i e l d s o f 17, 25, 32, 40 and 47 kG, have been p u b l i s h e d r e c e n t l y by Lu e t 

a l . (1978b). The d e n s i t o m e t e r t r a c e s f o r Ba I , taken from Lu e t a l . ( l o c . 

c i t . ) , a r e reproduced i n F i g . 6 . 1 . 

6 . 1 . 1 C h a r a c t e r i s t i c s o f the Ba I S p e c t r a 

Both the Tf and G s p e c t r a may be d i v i d e d i n t o r e g i o n s w i t h s t r i k -

i n g l y d i f f e r e n t c h a r a c t e r i s t i c s . In the lower energy r e g i o n , r u n n i n g from 

about n = 30 to n = 37, d i s t i n c t groups o f l i n e s are seen which may be 

i d e n t i f i e d w i t h s u c c e s s i v e p r i n c i p a l quantum numbers. In a d d i t i o n to the 

q u a d r a t i c s h i f t , we have a b r e a k i n g of the degeneracy c h a r a c t e r i s t i c 

o f h y d r o g e n i c s p e c t r a . The l i n e s produced a r e e a s i l y d i s t i n g u i s h e d and 

have , w i t h i n each group , a r o u g h l y equa l s p a c i n g . The members o f each group 

i n the Tf spectrum have r o u g h l y equa l i n t e n s i t i e s , whereas i n the G spectrum 
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i n t e n s i t i e s w i t h i n a group f a l l o f f r a p i d l y , the s t r o n g e s t l i n e be ing 

t h a t w i t h maximum d i s p l a c e m e n t from the f r e e - f i e l d p o s i t i o n . I n t e r - £ 

m i x i n g appears e a r l i e r ( i . e . a t s m a l l e r n) i n the If s e r i e s than i n 

the cr s e r i e s . 

Towards the h i g h e r energy r e g i o n s , both the If and cr s p e c t r a 

become more complex. Above about n = 37 i n t e r - n m i x i n g s e t s i n , and 

above n = 40 t h e r e i s l i t t l e t r a c e o f the Rydberg s t r u c t u r e r e m a i n i n g . 

However, there a r e o t h e r r e g u l a r i t i e s t h a t appear . In two d i s t i n c t 

r e g i o n s o f the CT spectrum t h e r e a r e sequences o f r e g u l a r l y spaced 

l i n e s , the s p a c i n g b e i n g c l o s e to u> , where u> i s the c y c l o t r o n 

f r e q u e n c y (see S e c t i o n 2 . 1 ) . Another system o f v e r y broad l i n e s 

( " resonances") extends from a l i t t l e below the f r e e - f i e l d s e r i e s l i m i t 

i n t o the cont inuum. The s p a c i n g i s a g a i n r e g u l a r and a p p r o x i m a t e l y 

e q u a l t o J/2 ^ u • The resonances s t a r t i n the r e g i o n n = 45 and 

about 15 o f them are v i s i b l e b e f o r e the s e r i e s l i m i t . R e g u l a r i t i e s a l s o 

appear i n the Tf spectrum b u t , i n t h i s c a s e , there i s no d e t e c t a b l e 

s t r u c t u r e beyond the f r e e - f i e l d s e r i e s l i m i t . 

6 . 2 COMPUTATION OF ENERGY LEVELS AND INTENSITIES 

We now d e s c r i b e the methods used t o compute the q u a d r a t i c Zeeman 

e f f e c t on the t h e o r e t i c a l energy l e v e l s and i n t e n s i t i e s o f the 

a. i i 
6s S 6snp P a b s o r p t i o n s p e c t r a o f Ba I , assuming magnet ic f i e l d s 

o I 

i n the range 10 - 70 kG. As o u t l i n e d i n Chapter 2 t h i s i n v o l v e s the numer-

i c a l computat ion o f the e i g e n v a l u e s and e i g e n v e c t o r s o f a t r u n c a t e d form 

o f the H a m i l t o n i a n m a t r i x H # •/' . W e denote the t r u n c a t e d m a t r i x 

by H , and assume < ) £ , 6 U O * 
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Of c o u r s e , e i g e n v a l u e s determined i n t h i s way are upper bounds to 

the t r u e e i g e n e r g i e s o f the atomic system. T h i s i s due n o t o n l y to the 

t r u n c a t i o n procedure but a l s o to the f a c t t h a t the s e l e c t i o n o f a b a s i s o f 

bound f r e e - f i e l d s t a t e s does not a l l o w f o r m i x i n g w i t h the cont inuum. 

In the g e n e r a l case we must s o l v e the t r u n c a t e d form o f e q u a t i o n (2.13) 

f o r g i v e n v a l u e s o f p a r i t y (Co) and magnet ic quantum number ( m ) . w takes 

the n u m e r i c a l v a l u e s 0 and 1, c o r r e s p o n d i n g t o even and odd p a r i t y r e s p e c t -

i v e l y . The angu lar momentum quantum number ( t ) takes e i t h e r even or odd 

v a l u e s depending on the v a l u e s o f uj and m • The minimum v a l u e o f I - , 

denoted by t i s g i v e n by 

^mVw = - w + 1 , i f m i s odd, (6.1) 

o r ^mtn = I 'wi) + i f m i s even. (6.2) 

When c o n s i d e r i n g the p a r t i c u l a r case o f Ba I w i t h d i p o l e t r a n s i t i o n s 

from the ground s t a t e ( 6 s x ' S ') we s h a l l o n l y c o n s i d e r e i g e n v a l u e s and 

e i g e n v e c t o r s o f H which have odd p a r i t y (u> = 1) and m = 0, ±1. In the 

tf p o l a r i s a t i o n t r a n s i t i o n the magnet ic quantum number does not change, 

± , 
and hence a m = 0, whereas i n the O* p o l a r i s a t i o n t r a n s i t i o n s A m = i 1 . 

The s t r e n g t h o f the t r a n s i t i o n I J ( i n atomic u n i t s ) i s g i v e n by 

S
i j = I t r ) 1

 I
 1

 > | >
 ( 6

*
3 ) 

where ij/. and ijr- r e p r e s e n t the i n i t i a l and f i n a l t r a n s i t i o n s t a t e s (see 

e q u a t i o n 2 . 4 ) . In the case o f Ba I ^ may be taken as I 6 s * '5 ^ , i . e . 

the f r e e - f i e l d ground s t a t e w i t h n e g l i g i b l e q u a d r a t i c Zeeman e f f e c t . 
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Th us , from e q u a t i o n s 2 . 5 , 2 .12 and 2 .13 , i t f o l l o w s t h a t 

S.. * | < 6 S a , S j T | I cZZ \*£*»>\\ (6.4) 

wr 1 

77 »mu» 

Thus the e i g e n v e c t o r s o f n , namely , can be used to compute the 

approximate i n t e n s i t i e s o f q u a d r a t i c Zeeman s p e c t r a l l i n e s . We note t h a t 

the s e l e c t i o n r u l e on M - i m p l i e s t h a t o n l y the ' p ' components o f 

e x c i t e d s t a t e s c o n t r i b u t e to i n t e n s i t y . 

6 . 2 . 1 C o n s t r u c t i o n o f the H a m i l t o n i a n M a t r i x 

As e x p l a i n e d i n Chapter 2, the c o n s t r u c t i o n o f H f o r a l k a l i and 

a l k a l i n e e a r t h atoms must take account o f the r e l e v a n t quantum d e f e c t s . 

A c c u r a t e e x p e r i m e n t a l d a t a a r e a v a i l a b l e f o r the ' p ' s t a t e s o f Ba I up to 

n = 75 (Garton and Tomkins 1969b). 

For the range o f n - v a l u e s o f i n t e r e s t i n the p r e s e n t s t u d y these 

quantum d e f e c t s can be expressed as 4 + , where ot i s a p o s i t i v e or 

n e g a t i v e q u a n t i t y , s m a l l compared w i t h one, a l t h o u g h not s m a l l enough t o 

be n e g l e c t e d : As n i n c r e a s e s from 26 to 50, oc i n c r e a s e s m o n o t o n i c a l l y 

from - 0 . 1 4 4 4 t o +0.2500. 

The quantum d e f e c t s a s s o c i a t e d w i t h 1-f 1 , ' k ' r . . . s t a t e s a r e assumed 

to be n e g l i g i b l e . T h i s may not be j u s t i f i e d i n the case o f 1 -f 1 s t a t e s , 

but e x p e r i m e n t a l d a t a a r e not y e t a v a i l a b l e . 

In v iew o f the l a r g e quantum d e f e c t s o f the 6snp ' P t terms o f Ba I , 

i t f o l l o w s t h a t , f o r any n, the energy l e v e l o f the f r e e - f i e l d ' p 1 s t a t e 

l i e s c l o s e t o those o f the (degenerate) 1 ci', ' f ' , . . . . s t a t e s w i t h p r i n c i p a l 

quantum number n - 4 . An a p p l i e d magnet ic f i e l d , not l a r g e enough to cause 

i n t e r - n m i x i n g , w i l l t h e r e f o r e g i v e r i s e t o i n t e r - ^ i n t e r a c t i o n s between a 

g i v e n 6nsp 1 Pf term and ' -f ' , ' K 1 , . . . . terms c o r r e s p o n d i n g to an n v a l u e 
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t h a t i s s m a l l e r by f o u r . T h e r e f o r e , when c o n s t r u c t i n g H ^ ^ ^ 

use the f r e e - f i e l d s t a t e |orv+4<>i> when the m a t r i x e lement o f H i n -

. i 

v o l v e s a ' p ' s t a t e , i.e.. if t of I = 1 (see equat ions 2 . 1 4 , 2 . 1 5 ) . 

The n u m e r i c a l t e c h n i q u e s used t o compute the r a d i a l f a c t o r s 

( n i 1 1* a o f were d e s c r i b e d i n Chapters 3 

and 4, and need no f u r t h e r d i s c u s s i o n . The angular f a c t o r s < / m | s i n 9 11 

a r e e a s i l y determined by means o f a n g u l a r momentum a l g e b r a (see Edmonds 

1968, p76) : 

( i - m l s m ^ l / V ) = + / - I + t ( 6 5 ) 

(2i-l) (ZI + 3) 

[(J<+I)
z- rnJlU^zf-fn 2-] 

i f 1 1 - l ' \ = z , 

•l 

(6.6) 

0 ot/icrujLse . 
(6.7) 

In e q u a t i o n s (6.5) and (6.6) i < = min ( £} £ ) . 

I f we denote TY - Jt , TV — by a-and b r e s p e c t i v e l y , 
-moLX w m J "mm /witw. •» ^

 J 

then the d i m e n s i o n , N ; o f H i s g i v e n by 

N = - b* ] (a odd, b even)*, (6.8) 

IS) = O* + *CL - b * ] (a even, b even); (6.9) 
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= ^ [ ( a + i ) * - b* + I ] (a odd, b odd); (6.10) 

N » ^ [ ol + 2a. - b*. + I ^ (a even, b odd). (6.11) 

6 . 2 . 2 Computing Resources 

In the p r e s e n t study we are i n t e r e s t e d i n computing as many as p o s s -

i b l e o f the energy l e y e l s and i n t e n s i t i e s o f the ff and ft s e r i e s o f Ba I 

from about n = 26 upwards, i n magnet ic f i e l d s rang ing from 10 - 70 kG. 

In p r a c t i c e t h i s i n v o l v e s the d i a g o n a l i z a t i o n o f v e r y l a r g e H a m i l t o n i a n 

m a t r i c e s : as remarked e a r l i e r , the q u a d r a t i c Zeeman energy s h i f t s i n c r e a s e 

rough ly as n * , whereas the energy s e p a r a t i o n between s u c c e s s i v e f r e e - f i e l d 

- 3 

s t a t e s decreases as n . Consequent ly , the number o f b a s i s s t a t e s needed 

i n H to ach ieve an a c c e p t a b l e accuracy i n the computed energy l e v e l s and 

i n t e n s i t i e s i n c r e a s e s r a p i d l y wi th n . For i n s t a n c e , i f = 19 and 

= 38, the d imension o f H i s 280 x 280 (see equat ions 6.8 - 6 . 1 1 ) ; i f 
T i l A 

n . = 31 and n = 4 4 the c o r r e s p o n d i n g d imension i s 259 x 259 ( i-min = 1 

Tttvn max 3 71,4,1 

i n both c a s e s ) . 

The c a l c u l a t i o n s r e p o r t e d i n t h i s Chapter were conducted w i t h i n the 

c o n s t r a i n t o f a f i x e d a l l o c a t i o n o f computing u n i t s on a t ime-shared 

CDC 6600 s e r i e s computer a t I m p e r i a l C o l l e g e . I n . a d d i t i o n to the r e s t r i c t -

i o n on the t o t a l number o f u n i t s a v a i l a b l e , the p r o c e s s i n g power and memory 

a v a i l a b l e d u r i n g each computer run was a l s o l i m i t e d . The appearance o f 

l a r g e m a t r i c e s thus presented s e r i o u s computat iona l problems, because o f 

the l a r g e amount o f computing power and memory r e q u i r e d f o r t h e i r d i a g o n a l -

i z a t i o n . I t was t h e r e f o r e necessary to d e v i s e an e f f i c i e n t and r e l i a b l e 

computat iona l scheme f o r d i a g o n a l i z i n g H. 

These computat iona l i s s u e s have not been so important i n p r e v i o u s 

s t u d i e s o f the q u a d r a t i c Zeeman e f f e c t s i n c e other i n v e s t i g a t i o n s i n v o l v i n g 
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f r e e - f i e l d b a s i s f u n c t i o n s have not been concerned w i t h i n t e r - n mix ing 

i n h i g h l y e x c i t e d s t a t e s (see , f o r example, Hemic 1974). 

6 . 2 . 3 Computat ion o f E i g e n v a l u e s and E i g e n v e c t o r s o f H 

From the s e l e c t i o n r u l e \ i - = 0 or 2 (see e q u a t i o n s 6 . 5 , 

6 . 6 , 6 .7) i t f o l l o w s t h a t , i f the rows and columns o f H a r e r e - a r r a n g e d i n 

s u b - m a t r i c e s l a b e l l e d by ( £, L ' ) , the r e s u l t i n g m a t r i x , which we denote by 

A , has the b lock d i a g o n a l s t r u c t u r e i l l u s t r a t e d i n F i g . 6 . 2 . The rows and 

columns o f each ( £ , £ ' ) s u b - m a t r i x a re l a b e l l e d by n and n ' r e s p e c t i v e l y , 

n takes the v a l u e s n , n + 1 , . . . . , , where n = max (n , £ + 1 ) ; 
m a * * m i i i 

l i k e w i s e n ' runs from max(n . , £* + 1) t o n . C l e a r l y the r e - o r d e r e d 
x tn«n ma* J 

m a t r i x i s symmetric and has a maximum o f 

w = Zt\. + i - m a x l n . . I . + I) - -maxCn . ,1. + 3 ) (6.12) 
Vwiax v -vniv\ ? "rrun / » «min> m m ' 

n o n - z e r o e lements t o the r i g h t o f the main d i a g o n a l (see F i g . 6 . 2 ) . , Thus 

A j j = 0 if | i - j | > w  ( 6- 1 3 )  

A l a r g e number o f n u m e r i c a l a l g o r i t h m s e x i s t f o r the d i a g o n a l i z a t i o n 

o f band symmetric m a t r i c e s ; a rev iew o f t h e s e techn iques i s g i v e n by D u f f 

(1976). A t f i r s t i t seemed t h a t one such method, t h a t o f R u t i s h a u s e r and 

Swartz (1963), was w e l l - s u i t e d f o r d i a g o n a l i z i n g f o r our p r e s e n t purpose ; 

a FORTRAN v e r s i o n o f t h e i r a l g o r i t h m , c a l l e d LRCH, was e a s i l y a v a i l a b l e . 

A l t h o u g h LRCH c o u l d not compute e i g e n v e c t o r s , i t seemed p a r t i c u l a r l y 

a t t r a c t i v e f o r d e t e r m i n i n g e i g e n v a l u e s , s i n c e these a re determined o n e - b y -

one, and the a l g o r i t h m can be i n t e r r u p t e d a f t e r each e i g e n v a l u e has been 

computed. Thus , i f the p r o c e s s i n g t ime a v a i l a b l e d u r i n g one computer run 
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F i g . 6 .2 S t r u c t u r e o f the T r u n c a t e d H a m i l t o n i a n M a t r i x 

The d i a g o n a l s u b - m a t r i c e s a r e l a b e l l e d by £ and A . 

The rows and columns o f each s u b - m a t r i x a re l a b e l l e d by 
* A 

n and n , where n = max (n . , £ + 1 ) , . . . . , r. _ and 
m m m a x 

n = max(n' , £ +1) n . 
Ttvtn max 
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was not adequate t o d i a g o n a l i z e a complete m a t r i x , the p a r t i a l l y d i a g o n a l -

i z e d m a t r i x c o u l d be s t o r e d and the p r o c e s s completed d u r i n g subsequent 

r u n s . 

However, p r a c t i c a l c a l c u l a t i o n s l a t e r i n d i c a t e d t h a t LRCH r e q u i r e d a 

s u r p r i s i n g l y l a r g e amount o f computer p r o c e s s i n g t ime , and had to be 

abandoned. 

By c o n t r a s t , another a l g o r i t h m , c a l l e d SDIAG, which computes both 

e i g e n v a l u e s and e i g e n v e c t o r s o f any r e a l symmetric m a t r i x r e q u i r e d much 

l e s s computing t ime than LRCH. The SDIAG a l g o r i t h m , which was a c q u i r e d by 

D r . Edmonds from the Argonne Computer L i b r a r y , i s based upon the work o f 

M a r t i n e t a l . (1968)*. The symmetr ic m a t r i x i s reduced t o t r i d i a g o n a l 

form by H o u s e h o l d e r ' s method. Then, by a sequence o f QR t r a n s f o r m a t i o n s , 

the t r i d i a g o n a l m a t r i x i s brought t o a lmost d i a g o n a l form. S h i f t s a r e 

used t o g i v e an a c c e l e r a t e d r a t e o f c o n v e r g e n c e . An o r t h o g o n a l s e t o f 

e i g e n v e c t o r s i s found f o r the o r i g i n a l m a t r i x A . 

6 . 2 . 4 A p p l i c a t i o n o f SDIAG 

The l i m i t a t i o n o f computing r e s o u r c e s meant t h a t the maximum s i z e o f 

t r u n c a t e d H a m i l t o n i a n m a t r i x t h a t c o u l d be d i a g o n a l i z e d by SDIAG was 

300 x 300. Thus the q u a d r a t i c Zeeman e f f e c t on the energy l e v e l s and 

i n t e n s i t i e s o f Ba I c o u l d o n l y be determined u s i n g a "window" o f b a s i s 

s t a t e s , i n c l u d i n g not more than 300 members. Of c o u r s e , t h i s r e s t r i c t i o n 

imposed a l i m i t a t i o n on the domain o f v a l i d i t y o f the whole approach adopted 

by the a u t h o r : a t some p o i n t towards the h i g h e r energy r e g i o n o f any quad-

r a t i c Zeeman spect rum, the d iagmagriet ic term e v e n t u a l l y induces m i x i n g 

between more than 300 f r e e - f i e l d s t a t e s . 

* see M a r t i n , R . S . , R i e n s c h , C. and W i l k i n s o n , J . H . (1968), 

Num. Math. 11, pp 181-195. 
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F i g . 6 .3 S t r u c t u r e o f the M a t r i x A o f <-nlm [ r zslr\^ff <n'i' />n> 

The m a t r i x e lements i n s i d e the d o t t e d l i n e s s a t i s f y the c o n d i t i o n 

Ulltk 4 (n, n') < n (20 $ n . < T7WCXX £ 60) . Only these s u b -

m a t r i c e s a r e needed to c o n s t r u c t a H a m i l t o n i a n m a t r i x w i t h g i v e n 

n and n___„ . 
-mm max 
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In o r d e r t o economize on computer p r o c e s s i n g time the f i e l d -

independent p a r t s o f tv'.*' were computed once, u s i n g extreme v a l u e s 

o f ntnax a n d n*mtn' a n d s t o r e d f o r repeated use by SDIAG. U s i n g n . ^ ^ = 20 

and n ^ ^ » 60, the v a l u e s o f < ' n X ' m | f 4 S \tl1 m ^ c o r r e s p o n d i n g to 

the upper t r i a n g l e o f A (see F i g . 6 .2) were s t o r e d as a band m a t r i x , h a v i n g 

N rows and w + 1 columns (see e q u a t i o n 6 . 1 3 ) . The ( i , j ) e lement o f t h i s 

band m a t r i x , which we denote by A, c o n t a i n e d the |f In*X *w> 

a s s o c i a t e d w i t h the ( i , i + j ) e lement o f m a t r i x A, ( i = 1, 2 , . . . . , N; 

j = 0, 1 , . . . . , W ) . Thus , f o r any g i v e n v a l u e s o f n . , ^ . a n d magnet ic 
miti max * 

f i e l d B, the H a m i l t o n i a n m a t r i x A to be i n p u t t o SDIAG c o u l d be c o n s t r u c t e d 

e a s i l y f rom the m a t r i x A and a t a b l e o f quantum d e f e c t s , u s i n g e q u a t i o n s 

(2.13) - ( 2 . 1 6 ) . The s t r u c t u r e o f A i s i l l u s t r a t e d d i a g r a m m a t i c a l l y i n 

F i g . 6 . 3 . 

In p r a c t i c e i t was found t h a t t h i s t e c h n i q u e l e d t o a 25% r e d u c t i o n i n 

computer p r o c e s s i n g t i m e . T h i s r e s u l t e d from the f a c t t h a t each m a t r i x was 

d i a g o n a l i z e d s e v e r a l t imes i n order to a s s e s s the e f f e c t o f the t r u n c a t i o n 

c r i t e r i o n . 

6 . 3 RESULTS AND DISCUSSION 

In t h i s S e c t i o n we d i s c u s s the r e s u l t s o f n u m e r i c a l c a l c u l a t i o n s o f 

the p r i n c i p a l s e r i e s o f Ba I , o b t a i n e d u s i n g the c o m p u t a t i o n a l methods 

d e s c r i b e d above . The u l t i m a t e o b j e c t i v e o f these c a l c u l a t i o n s was to p r o v i d e 

r e l e v a n t d a t a t h a t c o u l d be compared w i t h the s p e c t r o s c o p i c r e s u l t s o f 

Gar ton and Tomkins (1969a), s i n c e such a compar ison would p r o v i d e v a l u a b l e 

i n s i g h t i n t o the g e n e r a l v a l i d i t y o f the t h e o r e t i c a l framework adopted by 

the p r e s e n t a u t h o r . An i m p o r t a n t s u b - o b j e c t i v e , t h e r e f o r e , was to assess 

the a c c u r a c y o f the energy l e v e l s and i n t e n s i t i e s o b t a i n e d by d i a g o n a l i z i n g 

a t r u n c a t e d H a m i l t o n i a n m a t r i x c o n s t r u c t e d u s i n g f r e e - f i e l d bound s t a t e s . 
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Most o f the r e s u l t s p r e s e n t e d r e f e r t o the cr* and f t s p e c t r a o f Ba I i n 

a magnet ic f i e l d o f 24 kG, s i n c e the e x p e r i m e n t a l d e n s i t o m e t e r t r a c e s o f 

t h e s e s p e c t r a were a v a i l a b l e f o r compar i son . N e v e r t h e l e s s o t h e r magnet ic 

f i e l d s a r e c o n s i d e r e d , n o t a b l y 32 kG and 47 kG. 

The s t r a t e g y adopted i n t h e s e c a l c u l a t i o n s was t o b e g i n by comput ing 

the low-energy s p e c t r a l l i n e s , b e g i n n i n g a t about n = 26, and moving progress-

i v e l y towards the h i g h e r energy r e g i o n s o f the spect rum. A t each s t e p o f 

the p r o c e s s , a f i n i t e s e t o f b a s i s s t a t e s , not e x c e e d i n g 300 i n number, was 

used to d e f i n e the H a m i l t o n i a n m a t r i x H. Approximate energy l e v e l s and 

r e l a t i v e i n t e n s i t i e s were then d e t e r m i n e d , as e x p l a i n e d e a r l i e r . The b a s i s 

s e t was then changed to r e p r e s e n t a n e i g h b o u r i n g c o l l e c t i o n o f f r e e - f i e l d 

s t a t e s , and the p r o c e s s r e p e a t e d . 

S i n c e the above procedure y i e l d e d upper l i m i t s t o the t r u e energy 

l e v e l s o f the system H a m i l t o n i a n H, the a c c u r a c y o f the r e s u l t s o b t a i n e d 

a t each s t a g e had to be a s s e s s e d c a r e f u l l y . In p a r t i c u l a r , i t was i m p o r t a n t 

t o observe the v a r i a t i o n o f each computed energy l e v e l as the c o m p o s i t i o n 

o f the b a s i s s e t was changed, i . e . as n and nm a / J C were v a r i e d (see 6 .3 .4-

b e l o w ) . 

6 . 3 . 1 L a b e l l i n g o f S t a t e s 

B e f o r e p r e s e n t i n g any computed r e s u l t s i t i s n e c e s s a r y to e x p l a i n the 

method used t o l a b e l the e i g e n s t a t e s o f the system H a m i l t o n i a n H. The scheme 

used f o l l o w s t h a t o f Kemic (1974), s u i t a b l y m o d i f i e d to take account o f the 

quantum d e f e c t s o f the ' p ' s t a t e s o f Ba I . As remarked e a r l i e r the ' n p ' 

l e v e l o f Ba I mixes w i t h the ' f ' , ' h ' , . . . s t a t e s a s s o c i a t e d w i t h n - 4 when 

the magnet ic f i e l d i s not l a r g e enough to induce n - m i x i n g . T h e r e f o r e , b e f o r e 

a d o p t i n g Hemic ' s scheme we i n c r e a s e the n - v a l u e o f ' f ' , ' h ' , . . . s t a t e s by 4. 

The a m b i g u i t y caused by the degeneracy amongst the r e - l a b e l l e d f r e e -
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f i e l d s t a t e s (whose quantum d e f e c t s a r e ignored) i s overcome by i n v o k i n g 

e q u a t i o n ( 1 . 1 ) , which shows t h a t , f o r f i x e d n and me , the q u a d r a t i c Zeeman 

s h i f t i s a d e c r e a s i n g f u n c t i o n o f £ . Thus i t i s p o s s i b l e to a s s i g n v a l u e s 

o f t to the s t a t e s o f H a c c o r d i n g to t h e i r energy o r d e r i n g among o t h e r s t a t e s 

o f the same n, me and p a r i t y i n the l i m i t o f low f i e l d , the s t a t e o f h i g h e s t 

energy i n each group b e i n g a s s i g n e d the l o w e s t p o s s i b l e v a l u e o f £ . 

We note t h a t t h i s l a b e l l i n g scheme i s s t i l l v a l i d i f the magnet ic f i e l d 

becomes s t r o n g enough to induce n - m i x i n g : s i n c e m̂  and p a r i t y a re the o n l y 

'good* quantum numbers o f the atomic system, energy l e v e l s hav ing the same 

v a l u e s o f m̂  and p a r i t y cannot be d e g e n e r a t e , i . e . two such l e v e l s c a n n o t 

" c r o s s " as the f i e l d s t r e n g t h i s v a r i e d (see B a l d e r e s c h i and B a s s a n i , 1970) . 

" 6 . 3 . 2 Computed Spectrum o f Ba I 

+ x i 1 

The r e s u l t s o b t a i n e d f o r the C and Tf- components o f 6s Ŝ  - 6snp P( 

p r i n c i p a l s e r i e s o f Ba I i n the p r e s e n c e o f a u n i f o r m magnet ic f i e l d o f 

24 kG a r e p r e s e n t e d i n g r a p h i c a l form i n F i g s . 6 . 4 , 6 . 5 and 6 . 6 . F i g . 6 . 4 

shows t h a t i n both the cr* and Tf s p e c t r a the e f f e c t o f the magnet ic f i e l d i s 

t o broaden the f r e e - f i e l d l i n e s ' 2 8 p ' 3 2 p ' to form groups o f l i n e s , 

r e s e m b l i n g band s t r u c t u r e s . Up to n = 31 the bands o f both s p e c t r a have a 

s i m i l a r s t r u c t u r e . The s t r o n g e s t l i n e o f each group has the maximum d i s p l a c e -

ment from the f r e e - f i e l d p o s i t i o n , and the i n t e n s i t i e s f a l l o f f r a p i d l y t o -

wards l o n g e r w a v e l e n g t h s . 

Beyond n = 31 the TT and <T+ s p e c t r a have d i s t i n c t l y d i f f e r e n t c h a r a c t e r -

i s t i c s . In the Tf spectrum the l e a d i n g l i n e i n each*group l o s e s i t s domin-

a n t p o s i t i o n , and from n = 32 to n = 35 the groups c o n s i s t o f s e v e r a l compon-

e n t s o f comparable s t r e n g t h which i n c r e a s e i n s e p a r a t i o n towards s h o r t e r wave-

l e n g t h s . Beyond n = 35 the groups o f the Tf spectrum run together and no 

s y s t e m a t i c s t r u c t u r e i s d e t e c t a b l e t h e r e a f t e r . 
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By c o n t r a s t , the bands o f the <r* spectrum m a i n t a i n an asymmetr ic 

s t r u c t u r e as n i n c r e a s e s . The i n t e n s i t y w i t h i n each group f a l l s o f f r a p i d l y 

towards l o n g e r wave lengths , and the s e p a r a t i o n between component l i n e s i s 

g r e a t e r t h a t i n the Tf spect rum. The groups o f the <T spectrum b e g i n to 

run together a t n = 37 ( l a t e r than i n the Tf s p e c t r u m ) . However, the o v e r -

l a p p i n g groups a r e s t i l l c l e a r l y d i s c e r n i b l e u n t i l n = 40. Indeed they do 

not l o s e t h e i r i d e n t i t y c o m p l e t e l y u n t i l n = 43. 

Between n = 40 and n = 43 a new r e g u l a r i t y appears i n the cr* spect rum. 

T h i s i s i l l u s t r a t e d on an expanded s c a l e i n F i g . 6 . 6 . We note t h a t the 

o b s e r v a b l e p a r t o f each ( o v e r l a p p i n g ) group i s c h a r a c t e r i s e d by a s e t o f 

4 or 5 s t r o n g l i n e s o f r o u g h l y e q u a l s e p a r a t i o n , and d e c r e a s i n g s l i g h t l y 

i n i n t e n s i t y towards longer w a v e l e n g t h s . The s e p a r a t i o n between these l i n e s 

i s a p p r o x i m a t e l y 1 . 1 cm'1 , which e q u a l s w b e i n g the c y c l o t r o n f r e q u e n c y . 

About n = 43, however, a d d i t i o n a l l i n e s appear and t h e r e a re no s y s t e m a t i c 

s t r u c t u r e s beyond t h i s p o i n t . 

6 . 3 . 3 Comparison w i t h E x p e r i m e n t a l R e s u l t s 

The computed G* and Tf s p e c t r a o f Ba I have been compared w i t h the 

e x p e r i m e n t a l r e s u l t s o f G a r t o n and Tomkins. 

In the s p e c t r a l r e g i o n s where the a d j a c e n t groups o f l i n e s a s s o c i a t e d 

w i t h d i f f e r e n t n - v a l u e s do not o v e r l a p the t h e o r e t i c a l r e s u l t s show e x c e l l e n t 

q u a l i t a t i v e agreement w i t h the e x p e r i m e n t a l v a l u e s . For i n s t a n c e , i n the 

r e g i o n n = 26 t o n = 37 o f the g* spectrum (see F i g s . 6 .4 and 6.5) the 

dominance o f the l i n e s o f maximum q u a d r a t i c s h i f t over t h e i r a s s o c i a t e d 

groups o f s a t e l l i t e l i n e s , observed by Gar ton and Tomkins, i s w e l l r e p r o d u c e d . 

In the s p e c t r a l r e g i o n s where a d j a c e n t groups o v e r l a p the l a r g e number 

o f l i n e s p r e s e n t and the absence o f obv ious r e g u l a r i t i e s i n e i t h e r the 

t h e o r e t i c a l or e x p e r i m e n t a l s p e c t r a makes compar ison d i f f i c u l t . However, 
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we note t h a t the appearance o f groups o f r e g u l a r l y spaced l i n e s , o b s e r v e d 

by G a r t o n and Tomkins i n the r e g i o n o f n = 43, have been reproduced i n 

the t h e o r e t i c a l r e s u l t s . The t h e o r e t i c a l s p a c i n g o f the 3 or 4 p r i n c i p a l 

members o f each o v e r l a p p i n g n-group l i e s w i t h i n 10% o f w^en 

40 4 n £ 43. 

I n o r d e r to check whether the r e g u l a r s p a c i n g o f i n the v i c i n i t y 

o f n = 43 was due t o chance c o i n c i d e n c e , as Gar ton and Tomkins suggested 

i t might be, the o v e r l a p p i n g r e g i o n o f the <7* spectrum was a l s o computed 

f o r magnet ic f i e l d s o f 32 and 47 kG. The r e s u l t s o f t h e s e c a l c u l a t i o n s , 

which a r e d e s c r i b e d i n g r a p h i c a l form i n F i g s . 6 .7 and 6 . 8 , have c o n f i r m e d 

the p r e s e n c e o f r e g u l a r l y spaced l i n e s o f s p a c i n g ' in the r e g i o n where 

s t r o n g o v e r l a p p i n g o f groups s e t s i n . 

F i g . 6 .6 shows c l e a r l y t h a t the l i n e s o f the Tf spectrum are much 

more compressed than those o f the C spectrum - i n agreement w i t h the 

o b s e r v a t i o n s o f G a r t o n and Tomkins. We note t h a t J e n k i n s and Segre (1939) 

o b s e r v e d s i m i l a r compress ion i n the Tf s p e c t r a o f Na. I and K I ; an e x p l a n -

a t i o n o f t h i s phenomenon was g i v e n by S c h i f f and Snyder (1939). 

As a q u a n t i t a t i v e assessment o f the a c c u r a c y o f the t h e o r e t i c a l energy 

l e v e l s o f Ba I (B = 24 kG) the q u a d r a t i c Zeeman energy s h i f t o f the l e a d i n g 

l i n e o f each band was compared w i t h the c o r r e s p o n d i n g e x p e r i m e n t a l v a l u e . 

These s h i f t s c o u l d be i d e n t i f i e d up t o n = 42 i n the C spectrum and up 

t o n = 35 i n the Tf spect rum. Compar ison o f these r e s u l t s has i n d i c a t e d 

t h a t agreement between t h e o r y and exper iment i s w i t h i n 5%. In the "worst" 

c a s e , namely n = 42 o f the C spectrum, the t h e o r e t i c a l s h i f t exceeds the 

e x p e r i m e n t a l v a l u e by 0 .7 cm"' . The v a r i a t i o n o f q u a d r a t i c s h i f t as a 

f u n c t i o n o f n i s i l l u s t r a t e d i n F i g . 6 . 9 . 
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F i g . 6 .9 Q u a d r a t i c Zeeman S h i f t as a F u n c t i o n o f n { O ^ ) 
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6 - 3 . 4 E f f e c t o f T r u n c a t i o n 

When computing the t h e o r e t i c a l s p e c t r a o f Ba I the e f f e c t o f t r u n c a t i n g 

the H a m i l t o n i a n m a t r i x was a s s e s s e d by v a r y i n g n m i n and n W f t J t a n d o b s e r v i n g 

the v a r i a t i o n o f the computed energy l e v e l s . T h i s v a r i a t i o n gave a rough 

e s t i m a t e o f the degree o f i n t e r a c t i o n between the f r e e - f i e l d s t a t e s i n c l u d e d 

i n H a m i l t o n i a n m a t r i x and those e x c l u d e d by the t r u n c a t i o n c r i t e r i o n . 

In T a b l e 6 . 1 we i l l u s t r a t e the v a r i a t i o n o f f i v e energy l e v e l s computed 

u s i n g f o u r p a i r s o f v a l u e s o f n m i n , ntt\«.*' These r e s u l t s i n d i c a t e t h a t , 

when n exceeds about 35 a r a p i d i n c r e a s e i n m a t r i x s i z e i s needed i n o r d e r 

to m a i n t a i n a g i v e n a c c u r a c y i n the computed energy l e v e l s . We a l s o n o t e 

from T a b l e 6 . 1 t h a t the l i n e s o f the Tf spectrum a r e more s e n s i t i v e t o the 

t r u n c a t i o n c r i t e r i o n than those o f the C spectrum, i n d i c a t i n g t h a t 

i n t e r - n mix ing s e t s i n a t l onger wavelengths i n the Tf spectrum (see 

F i g . 6 . 5 ) . 

6 . 3 . 5 V a r i a t i o n o f Energy L e v e l s w i t h Magnet i c F i e l d 

Once the a c c u r a c y o f the a u t h o r ' s methods were u n d e r s t o o d , a s e r i e s 

o f c a l c u l a t i o n s was per formed to a s s e s s the e f f e c t o f v a r i a t i o n o f the mag-

n e t i c f i e l d on the behav iour o f the t h e o r e t i c a l energy l e v e l s o f the cr* 

spect rum. Some o f the r e s u l t s a r e i l l u s t r a t e d g r a p h i c a l l y i n F i g . 6.10, i n 

which the magnet ic f i e l d v a r i e s between 25 and 70 kG. T h i s d iagram g i v e s 

a good i n d i c a t i o n o f the s i z e o f the q u a d r a t i c Zeeman s h i f t s compared w i t h 

the i n t e r - n d i f f e r e n c e s o f the f r e e - f i e l d atom. I t a l s o i l l u s t r a t e s the 

behav iour o f the energy l e v e l s as H v a r i e s . In o r d e r to s i m p l i f y the 

d iagram o n l y a s e l e c t i o n o f the p o s s i b l e •£-values i s r e p r e s e n t e d . 

F i g . 6 .10 a l s o demonstrates the type o f i n t e r a c t i o n t h a t o c c u r s between 

s t a t e s o f d i f f e r e n t n - v a l u e when a d j a c e n t groups run t o g e t h e r . We note t h a t 

f o r a g i v e n v a l u e o f n the q u a d r a t i c s h i f t i s an i n c r e a s i n g f u n c t i o n o f t . 
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Henee t h e energy l e v e l o f the s t a t e o f s m a l l e s t £ - v a l u e a s s o c i a t e d w i t h n 

approaches t h a t o f the s t a t e o f maximum / - v a l u e a s s o c i a t e d w i t h n + 1. 

For i n s t a n c e , the s t a t e (n = 28, t = 1) t r i e s t o c r o s s (n = 29, I - 2 3 ) as 

the magnet ic f i e l d s t r e n g t h approaches 65 kG. However, because o f the " n o -

c r o s s i n g r u l e " (see S e c t i o n 6 . 3 . 1 ) these two s t a t e s i n t e r a c t and t h e r e f o r e 

cannot c r o s s . T h i s i n t e r a c t i o n r e s u l t s i n an exchange between the s t a t e s 

o f t h e i r c h a r a c t e r i s t i c e i g e n f u n c t i o n s . 

The exchange o f e i g e n f u n c t i o n s between i n t e r a c t i n g s t a t e s has been i n -

v e s t i g a t e d by Gars tang and Kemic (1974) i n the case o f the hydrogen atom. 

We note t h a t the apparent o v e r l a p p i n g o f groups observed i n the computed 

ff s p e c t r a o f Ba I (see F i g s . 6 . 5 , 6 .6) i s a consequence o f e i g e n f u n c t i o n 

exchange between i n t e r a c t i n g s t a t e s . However, i t i s not c l e a r whether t h i s 

phenomenon accounts f o r the r e g u l a r l y spaced l i n e s (Js'hto) which appear i n 

the " o v e r l a p p i n g " r e g i o n o f the cr* spectrum. 

6 . 4 CONCLUSIONS 

The r e s u l t s p r e s e n t e d i n t h i s Chapter have demonstrated t h a t the 

a u t h o r ' s approach to d e t e r m i n i n g t h e o r e t i c a l energy l e v e l s and i n t e n s i t i e s 

i s a v a l u a b l e means o f g a i n i n g i n s i g h t i n t o the q u a d r a t i c Zeeraan e f f e c t . 

However, i t i s o n l y e f f e c t i v e i n r e g i o n s where i n t e r - n m i x i n g i s not too 

s t r o n g ; under these c i r c u m s t a n c e s the l a c k o f completeness o f the f r e e -

f i e l d b a s i s w a v e f u n c t i o n s does not i n t r o d u c e s i g n i f i c a n t e r r o r s . The comp-

uted energy l e v e l s and i n t e n s i t i e s c o r r e s p o n d i n g to the <T+ s e r i e s o f Ba I 

i n a magnet ic f i e l d o f 24 kG agree w i t h the e x p e r i m e n t a l r e s u l t s o f G a r t o n 

and Tomkins t o w i t h i n 1 .0 cm*1 up to n = 43, r e p r e s e n t i n g agreement w i t h i n 

5% on the q u a d r a t i c Zeeman energy s h i f t s . The c o r r e s p o n d i n g l i m i t f o r the Tf 

s e r i e s was found to be n = 35. 
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Beyond these l i m i t s the p r e s e n t approach i s i n a d e q u a t e , s i n c e the 

H a m i l t o n i a n m a t r i x becomes p r o h i b i t i v e l y l a r g e and hence the computing 

r e s o u r c e s (memory and p r o c e s s i n g power) needed to p e r f o r m such l a r g e c a l -

c u l a t i o n s a re not r e a d i l y a v a i l a b l e . In p r i n c i p l e m a t r i x d i a g o n a l i z a t i o n 

t e c h n i q u e s c o u l d be deve loped to lise the c o m p u t e r ' s b a c k i n g s t o r e , b r i n g -

i n g rows/columns i n t o the main memory o n l y when needed. However, i t i s not 

c l e a r how the computed r e s u l t s would be compared w i t h the r e l a t i v e l y 

f e a t u r e l e s s e x p e r i m e n t a l s p e c t r a beyond n 4 3 i n the <T* spectrum and 

n = 35 i n the it spect rum. 

I n the a u t h o r ' s o p i n i o n t h e r e would not be much b e n e f i t d e r i v e d from 

the use o f more and more computing power, s i n c e t h i s i s u n l i k e l y to p r o v i d e 

much i n s i g h t i n t o the p h y s i c a l mechanisms t h a t g i v e r i s e t o the q u a d r a t i c 

Zeeman s p e c t r a . I t would seem more a p p r o p r i a t e to i n v e s t i g a t e a l t e r n a t i v e 

a p p r o a c h e s , as we s h a l l o u t l i n e i n the f o l l o w i n g C h a p t e r . 

F i n a l l y , we note t h a t the a u t h o r ' s c o m p u t a t i o n a l methods have been 

deve loped i n the c o n t e x t o f Ba I ; they c o u l d be a p p l i e d to o ther a l k a l i or 

a l k a l i n e e a r t h atoms, e . g . L i I , Na I , S r , s i m p l y by chang ing the t a b l e o f 

quantum d e f e c t s . 
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CHAPTER 7 

REVIEW 

The r e s e a r c h d e s c r i b e d i n t h i s t h e s i s has been concerned w i t h the 

development o f c o m p u t a t i o n a l t e c h n i q u e s f o r use i n the i n v e s t i g a t i o n 

o f the q u a d r a t i c Zeeman e f f e c t i n a l k a l i and a l k a l i n e e a r t h s p e c t r a . 

T h i s work began as an attempt to g a i n a t h e o r e t i c a l u n d e r s t a n d i n g o f 

the e x p e r i m e n t a l s p e c t r a o f the 6 s a ( * S o ) - CsnpT 'P j ) p r i n c i p a l s e r i e s 

o f Ba I , produced by G a r t o n and Tomkins (1969a ,b) . Most o f the a u t h o r ' s 

a t t e n t i o n has been devoted t o the s p e c t r a l r e g i o n s i n which c o n f i g u r -

a t i o n mix ing i s a p p r e c i a b l e . H i t h e r t o t h i s r e g i o n has f a l l e n between 

the domains o f v a l i d i t y o f the two main quantum m e c h a n i c a l approaches , 

namely p e r t u r b a t i o n t h e o r y ( e . g . S c h i f f and Snyder , 1939) , which i s 

a p p r o p r i a t e i f i n t e r - n mix ing i s n e g l i g i b l e , and v a r i a t i o n a l or a d i a b a t i c 

methods, which a r e v a l i d i f the magnet ic f i e l d i s l a r g e compared w i t h 

the Coulomb f o r c e . 

The approach adopted i n t h i s s t u d y f o l l o w s t h a t o f S c h i f f and S n y d e r , 

but i n c o r p o r a t e s c o n f i g u r a t i o n m i x i n g . The d e t e r m i n a t i o n o f energy 

l e v e l s and i n t e n s i t i e s i n v o l v e s the d i a g o n a l i z a t i o n o f a t r u n c a t e d 

H a m i l t o n i a n m a t r i x . The b a s i s f u n c t i o n s a re the f r e e - f i e l d Coulombic 

s t a t e s , i n c o r p o r a t i n g e m p i r i c a l quantum d e f e c t s . 

D u r i n g the c o u r s e o f t h i s r e s e a r c h the author has c o n c e n t r a t e d on 

t h r e e main i s s u e s : 

( i ) computat ion o f the r a d i a l q u a d r u p o l e i n t e g r a l s o f the 

H a m i l t o n i a n m a t r i x which i n v o l v e l a r g e p r i n c i p a l quantum 

numbers and n o n - z e r o quantum d e f e c t s ; 
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( i i ) computat ion o f the e i g e n v a l u e s and e i g e n v e c t o r s o f the 

l a r g e s t r u c t u r e d H a m i l t o n i a n m a t r i c e s which a r i s e when 

c o n f i g u r a t i o n mixing i s a p p r e c i a b l e ; 

( i i i ) assessment o f the e f f e c t i v e n e s s o f the f r e e - f i e l d b a s i s 

s t a t e s u s i n g the exper imenta l s p e c t r a o f Ba I o b t a i n e d 

by Gar ton and Tomkins. 

7 . 1 RADIAL INTEGRALS 

In Chapters 3 and 4 a new method o f computing "rad ia l m u l t i p o l e 

i n t e g r a l s i n v o l v i n g Coulomb wavefunct ions was p r e s e n t e d . The development 

o f t h i s method was e s s e n t i a l i n order t h a t the f r e e - f i e l d b a s i s s t a t e s 

c o u l d be used to i n v e s t i g a t e the q u a d r a t i c Zeeman e f f e c t i n h i g h l y e x c i t e d 

a l k a l i and a l k a l i n e e a r t h atoms, s i n c e c o n f i g u r a t i o n mix ing and quantum 

d e f e c t s had to be taken i n t o a c c o u n t . The l a r g e p r i n c i p a l quantum numbers 

i n v o l v e d i n these c a l c u l a t i o n s i m p l i e d t h a t the o r i g i n a l approach o f 

Bates and Damgaard would not be a p p l i c a b l e . The a u t h o r ' s method, which 

i s based upon Gauss-Laguerre quadrature and Chebyshev expans ions , has 

p r o v i d e d an e f f i c i e n t and r e l i a b l e scheme f o r computing the r e q u i r e d 

i n t e g r a l s . 

As d i s c u s s e d i n Chapters 4 and 5, the new numer i ca l methods f o r e v a l -

u a t i n g r a d i a l i n t e g r a l s i n the Coulomb approx imat ion have been of i n t e r e s t 

to r e s e a r c h workers i n s e v e r a l other areas o f atomic s p e c t r o s c o p y . In 

p a r t i c u l a r , the i d e a o f us ing Chebyshev expansions f o r computing the 

Whi t taker f u n c t i o n W kfVri(X) has been adopted by P r o f . Van Regemorter 's 

group a t the Meudon Observatory , P a r i s . They have been i n t e r e s t e d i n 

extending the n u m e r i c a l techniques to compute W„ (x) and Mw (x) , w i th 

l a r g e p o s i t i v e and negat ive k # i n the c o n t e x t o f e l e c t r o n - a t o m s c a t t e r i n g 

t h e o r y . Cop ies o f the a u t h o r ' s computer programs have a l s o been d i s t r i b u t e d 
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t o about a dozen other r e s e a r c h c e n t r e s , i n c l u d i n g the U n i v e r s i t i e s o f 

Read ing , Caen and R h u r - U n i v e r s i t a t , Bochum. 

The a u t h o r ' s method o f computing r a d i a l i n t e g r a l s has r e c e n t l y been 

used i n the development o f a l t e r n a t i v e methods o f computing s i m i l a r 

i n t e g r a l s i n v o l v i n g v e r y h i g h e f f e c t i v e p r i n c i p a l quantum numbers. One 

o f t h e s e , P i c a r t e t a l . (1978), was a method based upon a s e r i e s e x p a n s i o n 

o f the i n t e g r a l which g i v e s a c c u r a t e r e s u l t s f o r i n d e f i n i t e l y l a r g e 

a l t h o u g h there a r e r e s t r i c t i o n s on I v ^ - V ' l - I n another case 

the a u t h o r ' s method has been used to a s s e s s the a c c u r a c y o f a new t e c h -

n ique deve loped by Van Regemorter e t a l . (1979) . The l a t t e r t e c h n i q u e 

h a s , i n t u r n , been used by Fonck and T r a c y (1980) i n the development o f 

y e t another method o f c a l c u l a t i n g r a d i a l i n t e g r a l s i n v o l v i n g m o d e r a t e l y 

low to v e r y h i g h e f f e c t i v e p r i n c i p a l quantum numbers, u s i n g the WKB 

a p p r o x i m a t i o n to compute the r a d i a l w a v e f u n c t i o n s . 

7 . 2 AREAS FOR FURTHER RESEARCH 

I n t e r e s t i n the q u a d r a t i c Zeeman e f f e c t i n n e u t r a l a l k a l i and 

a l k a l i n e e a r t h atoms has i n c r e a s e d s i n c e the r e s e a r c h d e s c r i b e d i n t h i s 

t h e s i s was c a r r i e d o u t . C o n s i d e r a b l e p r o g r e s s has been made i n experiment-

a l t e c h n i q u e s . R e s e a r c h e r s a t the Argonne L a b o r a t o r y have r e c e n t l y pub-

l i s h e d d e t a i l e d d e n s i t o m e t e r t r a c e s o f the C a b s o r p t i o n s p e c t r a o f 

Ba I , Sr I and L i I i n magnet i c f i e l d s r a n g i n g from 10 - 50 kG (Lu e t a l . 

1 9 7 8 a , b ) . 

However, the development o f a s a t i s f a c t o r y theory to e x p l a i n these 

complex s p e c t r a has made r e l a t i v e l y s low p r o g r e s s . A number o f a reas i n 

which f u r t h e r r e s e a r c h i s needed are o u t l i n e d below. 
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7 . 2 . 1 F r e e - F i e l d B a s i s 

As remarked i n S e c t i o n 6 .4 f u r t h e r work i s needed to i n v e s t i g a t e 

the domain o f v a l i d i t y o f the f r e e - f i e l d b a s i s . The a u t h o r ' s r e s e a r c h 

has p r o v i d e d most o f the c o m p u t a t i o n a l methods f o r such an i n v e s t i g a t i o n , 

b u t a p r a c t i c a l method o f computing lower bounds t o e i g e n e n e r g i e s s t i l l 

needs t o be d e v e l o p e d . A l though a number o f i d e a s f o r d o i n g t h i s have 
« 

been o u t l i n e d , i m p l e m e n t a t i o n i n the form o f computer programs has y e t 

t o be c a r r i e d o u t . 

We note t h a t c a l c u l a t i o n s o f t h i s l a r g e magnitude a r e b e c o m i n g - i n -

c r e a s i n g l y p r a c t i c a l , due t o the easy a v a i l a b i l i t y o f cheap and p o w e r f u l 

m i n i - and m i c r o - c o m p u t e r s . 

7 . 2 . 2 Other Bases 

Fano (1977) has suggested t h a t s p h e r o i d a l harmonics s h o u l d be used 

i n the expans ion o f the quantum m e c h a n i c a l wave f u n c t i o n ( c f . e q u a t i o n 

2 . 5 , i n which s p h e r i c a l harmonics a r e u s e d ) . T h i s f o r m u l a t i o n has been 

extended by Lu e t a l . (1978b) b u t , t o the a u t h o r ' s knowledge, no n u m e r i c a l 

c a l c u l a t i o n s have been per formed u s i n g t h i s approach . 

7 . 2 . 3 Study o f H y d r o g e n - L i k e Systems 

B e i n g g i v e n the e x p e r i m e n t a l d a t a r e l a t i n g t o the q u a d r a t i c Zeeman 

e f f e c t i n a l k a l i s and a l k a l i n e e a r t h s , one i s n a t u r a l l y i n t e r e s t e d i n the 

c o r r e s p o n d i n g phenomena i n the s i m p l e r system o f a hydrogen atom. T h i s 

q u e s t i o n i s a l s o o f i n t e r e s t to a s t r o p h y s i c i s t s and s t u d e n t s o f c e r t a i n 

e f f e c t s i n the s o l i d s t a t e . Edmonds (1973) has suggested t h a t the s o -

c a l l e d Sturmian b a s i s would be a p p r o p r i a t e i n such c a l c u l a t i o n s . S i n c e 

t h i s b a s i s i s complete and d i s c r e t e i t may be u s e f u l i n d e s c r i b i n g bound 

s t a t e s i n which the w a v e f u n c t i o n s a r e g r o s s l y d i s t o r t e d by the magnet ic 

* see B a z l e y , N.W. and F o x , D.W., Phys . Rev. 124, pp 483-492,(1^61). 
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f i e l d , and i n d e a l i n g wi th the resonances i n the cont inuum observed 

by Gross (1959) and o t h e r s . 

7 . 3 SEMI-CLASSICAL METHODS 

A l l o f the approaches o u t l i n e d above a r e l i k e l y t o g i v e r i s e t o 

problems o f t h e o r e t i c a l i n t e r p r e t a t i o n when a p p l i e d t o the s p e c t r a l 

r e g i o n s where c o n f i g u r a t i o n m i x i n g i s v e r y s t r o n g . The f a c t t h a t most 

quantum m e c h a n i c a l methods imp ly working w i t h v e r y l a r g e m a t r i c e s , and 

the l a r g e s i z e o f e l e c t r o n o r b i t s i n t h i s s p e c t r a l r e g i o n (measured i n 

thousands o f Bohr) i n d i c a t e t h a t s e m i - c l a s s i c a l methods might be a p p r o p -

r i a t e . 

A s e m i - c l a s s i c a l approach t o the resonances i n the r e g i o n o f the 

s e r i e s l i m i t o f the Garton-Tomkins cr s p e c t r a was adopted by Edmonds 

(1970) and S t a r a c e (1973). T h e i r approach , which used the B o h r -

Sommerfeld q u a n t i z a t i o n c o n d i t i o n , was f i r s t d e v e l o p e d by s o l i d s t a t e 

p h y s i c i s t s t o e x p l a i n the e x c i t o n s p e c t r a o f s e m i - c o n d u c t o r s i n h i g h mag-

n e t i c f i e l d s (see the rev iew by B a l d e r e s c h i and B a s s a n i 1970). 

Connerade (1974) deve loped an extended Bohr mode l , i n c o r p o r a t i n g 

Landau q u a n t i z a t i o n , and used i t t o d i s c u s s the appearance o f s a t e l l i t e 

l i n e s i n the Ba I s p e c t r a o f G a r t o n and Tomkins. 

More r e c e n t l y D r . Edmonds has a p p l i e d s e m i - c l a s s i c a l methods t o 

the n e g a t i v e energy r e g i o n s o f the Garton-Tomkins s p e c t r a . T h i s work 

i s based on the i d e a s o f P e r c i v a l (1974), and i n v o l v e s n u m e r i c a l comput-

a t i o n o f the c l a s s i c a l o r b i t s o f an e l e c t r o n moving i n a c e n t r a l e l e c t r o -

s t a t i c and a u n i f o r m magnet ic f i e l d . T h i s problem can be f o r m u l a t e d as 

as a d y n a m i c a l system w i t h o n l y two degrees o f f reedom, and the t e c h n i q u e 

o f r e g u l a r i z a t i o n can be used to remove the t h e o r e t i c a l and c o m p u t a t i o n a l 

d i f f i c u l t i e s r a i s e d by the c e n t r a l s i n g u l a r i t y . I n t h i s way the model 



- 1 4 4 -

reduces t o a system c o n s i s t i n g o f two harmonic o s c i l l a t o r s c o u p l e d by 

a s t r o n g n o n - l i n e a r term. 

The two major q u e s t i o n s r a i s e d by ^ h i s approach a r e : 
n 

( i ) what a r e the i m p o r t a n t c l a s s i c a l o r b i t s o f the e x c i t e d 

e l e c t r o n , and what i s t h e i r s t r u c t u r e ? 

( i i ) how can the c h a r a c t e r i s t i c s o f the c l a s s i c a l o r b i t s be 

used t o g i v e an a p p r o x i m a t i o n to the observed quantum 

m e c h a n i c a l s p e c t r a , i n terms o f energy v a l u e s and 

e s t i m a t e s o f r e l a t i v e i n t e n s i t i e s ? 

Some o f t h e s e i s s u e s a r e d i s c u s s e d i n a r e c e n t t h e s i s by P u l l e n (1981), 

but much more r e s e a r c h i s needed. 

A complete t h e o r e t i c a l e x p l a n a t i o n o f the q u a d r a t i c Zeeman e f f e c t 

w i l l r e q u i r e a c o m b i n a t i o n o f quantum m e c h a n i c a l and s e m i - c l a s s i c a l methods. 
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