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A B S T R A C T 

T h e t h e s i s c o n s i s t s o f an i n v e s t i g a t i o n o f t h e 

s t a b i l i t y , s t a b i l i z a t i o n a n d d e s i g n o f m u l t i d i m e n s i o n a l 

r e c u r s i v e d i g i t a l f i l t e r s . 

T h e s t a b i l i t y c o n d i t i o n s a s w e l l a s t e s t s f o r 

c h e c k i n g t h e m a r e s t u d i e d . A n o v e l s t a b i l i t y t e s t f o r 

t w o - d i m e n s i o n a l r e c u r s i v e f i l t e r s i s p r o p o s e d . A 

r e c e n t l y i n t r o d u c e d t e s t i n g m e t h o d i s t h e n e x t e n d e d t o 

m u l t i d i m e n s i o n s . T h e e x t e n s i o n o f L y a p u n o v ' s t e s t t o 

h i g h e r d i m e n s i o n s i s c r i t i c a l l y e x a m i n e d . T h e L y a p u n o v 

t e c h n i q u e i s shown n o t t o be e x t e n d a b l e t o m u l t i d i m e n s i o n a l 

s y s t e r n s . 

New s t a b i l i z a t i o n t e c h n i q u e s a r e p r o p o s e d f o r t w o -

d i m e n s i o n a l r e c u r s i v e f i l t e r s . An a l g o r i t h m i s g i v e n f o r 

s t a b i l i z a t i o n o f d i g i t a l f i l t e r s i n t h e c e p s t r u m d o m a i n . 

D e s i g n t e c h n i q u e s i n t h e f r e q u e n c y d o m a i n a r e 

s t u d i e d w i t h p a r t i c u l a r r e f e r e n c e t o t e c h n i q u e s i n v o l v i n g 

s p e c t r a l t r a n s f o r m a t i o n m e t h o d s . A t w o - v a r i a b l e r e a c t a n c e 

f u n c t i o n i s g i v e n f o r d e s i g n i n g f i l t e r s w i t h c i r c u l a r 

s y m m e t r y . C o m p l e x t r a n s f o r m a t i o n s a r e d e v e l o p e d f o r t h e 

d e s i g n o f f a n a n d q u a d r a n t f a n f i l t e r s h a v i n g g u a r a n t e e d 

s t a b i l i t y . 
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C H A P T E R 1 

I N T R O D U C T I O N 

D i g i t a l s i g n a l p r o c e s s i n g h a s b e e n a g r o w i n g a n d 

d y n a m i c f i e l d f o r m o r e t h a n a d e c a d e . D e p e n d i n g on t h e 

t y p e o f t h e i n p u t a n d o u t p u t s e q u e n c e s , d i g i t a l s i g n a l 

p r o c e s s i n g c a n b e c l a s s i f i e d i n t o two b r o a d g r o u p s : o n e -

d i m e n s i o n a l s i g n a l p r o c e s s i n g a n d m u l t i d i m e n s i o n a l s i g n a l 

p r o c e s s i n g . I n t h e f i r s t c a s e , t h e d a t a i s g i v e n as a 

f u n c t i o n o f a s i n g l e i n t e g e r v a r i a b l e , s u c h as t h a t 

o b t a i n e d by s a m p l i n g a t i m e f u n c t i o n . I n t h e l a t t e r c a s e , 

t h e d a t a i s a f u n c t i o n o f s e v e r a l i n t e g e r v a r i a b l e s s u c h 

as t h a t o b t a i n e d b y s a m p l i n g a t w o - d i m e n s i o n a l p i c t u r e . 

T h e r e h a s b e e n a c o n s i d e r a b l e a m o u n t o f r e s e a r c h a n d 

d e v e l o p m e n t c o n c e r n i n g t h e o r y a n d d e s i g n o f o n e - d i m e n s i o n a l 

s i g n a l p r o c e s s o r s . M o s t o f t h e t h e o r y o f m u l t i d i m e n s i o n a l 

s y s t e m s i s s i m i l a r t o o n e - d i m e n s i o n a l s y s t e m s . H o w e v e r , 

some i m p o r t a n t c o n c e p t s a n d d e s i g n t e c h n i q u e s c a n n o t be 

r o u t i n e l y e x t e n d e d t o d e a l w i t h m u l t i d i m e n s i o n a l p r o b l e m s . 

As a r e s u l t , d i g i t a l p r o c e s s i n g o f m u l t i d i m e n s i o n a l d a t a h a s 

r e q u i r e d s e p a r a t e t r e a t m e n t l e a d i n g t o t h e d e v e l o p m e n t o f 

i t s s e p a r a t e t h e o r y a n d d e s i g n t e c h n i q u e . 

I n t h e f o l l o w i n g S e c t i o n , we w i l l b r i e f l y m e n t i o n 

some o f t h e m o s t i m p o r t a n t a p p l i c a t i o n s o f m u l t i d i m e n s i o n a l 

d i g i t a l f i l t e r s . We a l s o r e v i e w p r e l i m i n a r i e s r e l a t e d t o 

t h e m a t h e m a t i c a l r e p r e s e n t a t i o n o f s u c h s i g n a l s . T h e n , a 

c o m p r e h e n s i v e s u r v e y o f m u l t i d i m e n s i o n a l r e c u r s i v e d i g i t a l 
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f i l t e r s i s p r e s e n t e d . F i n a l l y , t h e o u t l i n e o f t h e t h e s i s 

i s g i v e n i n t h e l a s t S e c t i o n . 

1 . 1 A P P L I C A T I O N S OF M U L T I D I M E N S I O N A L D I G I T A L F I L T E R S 

C e r t a i n s i g n a l s a r e i n h e r e n t l y t w o - o r m u l t i -

d i m e n s i o n a l , a n d i t a p p e a r s a d v a n t a g o u s t o d e v e l o p t w o -

a n d m u l t i d i m e n s i o n a l t e c h n i q u e s f o r t h e p r o c e s s i n g o f s u c h 

s i g n a l s . M a j o r e m p h a s i s i n t h i s e f f o r t h a s b e e n d i r e c t e d 

t o t h e p r o c e s s i n g o f t w o - d i m e n s i o n a l d a t a b e c a u s e o f i t s 

w i d e s p r e a d a p p l i c a t i o n s i n t h e f o l l o w i n g a r e a s ; 

a) B i o m e d i c i n e [ l ] : B i o m e d i c i n e i s an a p p l i c a t i o n 

a r e a , i n w h i c h t h e u s e o f d i g i t a l s i g n a l p r o c e s s i n g 

t e c h n i q u e s h a s h a d g r e a t i m p a c t . The m o s t i m p o r t a n t 

r e a s o n f o r t h i s , i s f r o m t h e c l i n i c a l v i e w p o i n t t o h a v e 

b e t t e r q u a l i t y i m a g e s , f r o m w h i c h a b e t t e r d i o g n o s i s c a n be 

c a r r i e d o u t . F o r e x a m p l e , T w o - d i m e n s i o n a l d i g i t a l f i l t e r s 

a r e u s e d t o r e d u c e s p a t i a l l o w f r e q u e n c y c o m p o n e n t s i n a n 

X - r a y i m a g e m a k i n g f e a t u r e s w i t h l a r g e h i g h f r e q u e n c y 

c o m p o n e n t s s u c h as f r a c t u r e e a s i e r t o i d e n t i f y . 

b ) N u c l e a r P h y s i c s [ 2 ] : D i g i t a l f i l t e r i n g o f 

r a d i o g r a p h s i s u s e d i n n o n d e s t r u c t i v e t e s t i n g , s u c h as f o r 

t h e m e a s u r e m e n t o f t h e i n t e r n a l d i m e n s i o n s o f n u c l e a r f u e l 

r o d s . 

c ) S p a c e I m a g e r y [3] : D i g i t a l p r o c e s s i n g o f 

s a t e l l i t e i m a g e s h a s b e e n u s e d i n m o n i t o r i n g e n v i r o m e n t a l 

e f f e c t s , e a r t h r e s o u r c e s , a n d u r b a n l a n d u s e . I n t h e s e 
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a p p l i c a t i o n s t w o - d i m e n s i o n a l d i g i t a l f i l t e r s h a v e b e e n u s e d 

t o e n h a n c e , o r r e d u c e b o u n d a r i e s , r e m o v e l o w - f r e q u e n c y 

s h a d i n g e f f e c t s , r e d u c e n o i s e , a n d c o r r e c t f o r d i s t o r t i o n 

i n t h e i m a g i n g s y s t e m . 

d) S e i s m i c P r o s p e c t i n g [4] : I n o r d e r t o g a t h e r 

d a t a a b o u t s u b s u r f a c e s t r u c t u r e , a n u m b e r o f s e i s m i c 

d e t e c t o r s a r e p l a c e d a t s t a t i o n s a l o n g a l i n e p a s s i n g t h r o u g h 

a s h a l l o w b o r e h o l e . The d i g i t i z e d o u t p u t s o f t h e d e t e c t o r s 

a f t e r an e x p l o s i o n f o r m a t w o - d i m e n s i o n a l a r r a y w i t h t i m e 

a l o n g one a x i s a n d d i s t a n c e a l o n g t h e o t h e r . R e f l e c t e d 

e n e r g y a t t h e d e t e c t o r s p r o v i d e s i n f o r m a t i o n a b o u t t h e d e p t h 

a n d n a t u r e o f s u b s u r f a c e f e a t u r e s . 

A t w o - d i m e n s i o n a l p r o c e s s i n g r e d u c e s t h e n o i s e 

a n d s e p a r a t e s s i g n a l s f r o m d i f f e r e n t s o u r c e s f o r e v a l u a t i o n . 

e ) G e o p h y s i c s [ 5 ] : A t m o s p e r i c t e m p e r a t u r e a n d 

p r e s s u r e d a t a may be s m o o t h e d b y d i g i t a l m e a n s b e f o r e 

p l o t t i n g on w e a t h e r m a p s . S i m i l a r l y , magnetip a n d g r a v i t y 

m e a s u r e m e n t s c a n be p r o c e s s e d t o r e d u c e t h e e f f e c t o f s u r f a c e 

anomal ies i n o r d e r t o i d e n t i f y l a r g e s u b s u r f a c e f e a t u r e s . 

1 . 2 R E P R E S E N T A T I O N OF M U L T I D I M E N S I O N A L S I G N A L S 

A m u l t i d i m e n s i o n a l s y s t e m c a n be c h a r a c t e r i z e d 

b y an o p e r a t o r t r a n s f o r m i n g an n - d i m e n s i o n a l i n p u t s e q u e n c e 

{ x ( m ^ , m 2 , . . . , m )} t o an n - d i m e n s i o n a l o u t p u t s e q u e n c e 

{ y ( m , , m 9 , . . . , m ) } . We c a n i n d i c a t e t h i s f a c t n o t a t i o n a l l y a s 



23 

{ y ( m 1 , m 2 , . . .,m n)J = £j x ( n ^ , m 2 , . . . , m n ) [ J (1.1) 

w h e r e i s an o p e r a t o r . 

L i k e o t h e r s i g n a l p r o c e s s i n g s y s t e m s , m u l t i -

d i m e n s i o n a l d i g i t a l f i l t e r s c a n be c l a s s i f i e d as t i m e 

i n v a r i a n t o r t i m e d e p e n d e n t , c a s u a l o r n o n c a s u a l , l i n e a r 

o r n o n l i n e a r [6] . A l i n e a r t i m e i n v a r i a n t a n d c a s u a l 

f i l t e r c a n be d e f i n e d w i t h t h e f o l l o w i n g t h r e e p r o p e r t i e s . 

A . S p a c e i n v a r j a n c e : 

A m u l t i d i m e n s i o n a l f i l t e r i s s a i d t o be space 
i 

i n v a r i a n t i f i t s i n t e r n a l p a r a m e t e r s do n o t c h a n g e w i t h 

space . T h i s m e a n s t h a t a s p e c i f i c e x c i t a t i o n w i l l a l w a y s 

p r o d u c e t h e same r e s p o n s e i n d e p e n d e n t l y o f t h e space Q f 

a p p l i c a t i o n . T h i s means t h a t t h e o u t p u t i s i n d e p e n d e n t 

o f t h e p o s i t i o n o f i n p u t . 

A m u l t i d i m e n s i o n a l s y s t e m ^ i s space i n v a r i a n t i f 

a n d o n l y i f an i n p u t a r r a y { , m 2 , • • . , m )} p r o d u c e s a n 

o u t p u t a r r a y { y ( m ^ , m 2 , . . . , m n ) } t h e n { x ( m 1 ~ m 1 0 , m 2 - m 2 0 , . . . > m
n ~ m

n o 

p r o d u c e s an o u t p u t a r r a y { y ( m ^ - m ^ , m 2 - m 2 Q , . . . , m n ~ m n o ) } f o r 

a l l ( m 1 0 , m 2 0 , . . . f m n o ) . 

B . L i n e a r i t y : 

A m u l t i d i m e n s i o n a l s y s t e m i s l i n e a r i f a n d o n l y i f 

i t s a t i s f i e s t h e f o l l o w i n g c o n d i t i o n s ; 

^ |^a{x(m1 ,m 2 , . . . , m n ) } J = a ^ £ { x (n^ , m2 , . . . , m n ) } J ( 1 . 2) 
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and 

^ >
m 2 » • • • ^ +

 { x 2 (m^^ ,m 2 , . . . , m n ) } 

>
 m2 > ' ' ' » m n 

1 , m 2 , . . . , m n 

f o r a l l p o s s i b l e v a l u e s o f a a n d a l l p o s s i b l e v a l u e s o f 

e x i t a t i o n ( x . (m., ,m ^ , Ul2 , . . . , Ul̂  m )} a n d { x 9 ( m . , m 1« 111 o • • • • • ill 
2 ' ' n 

m ) } . 

C . C a u s a l i t y : 

A c a u s a l d i g i t a l m u l t i d i m e n s i o n a l f i l t e r i s one 

w h o s e r e s p o n s e a t a s p e c i f i c i n s t a n t i s i n d e p e n d e n t o f 

m u l t i d i m e n s i o n a l d i g i t a l f i l t e r i s c a u s a l i f a n d o n l y i f 

t h e i m p u l s e r e s p o n s e , { h ( m ^ , m 2 » • • • » m )} h a s n o n z e r o v a l u e s 
n 

T h e d e f i n i t i o n o f c a u s a l i t y a s a b o v e , when 

c o n s i d e r e d i n o n e - d i m e n s i o n , i s i d e n t i c a l w i t h t h e d e f i n i t i o n 

o f a c a u s a l a r r a y i n t i m e . 

M u l t i d i m e n s i o n a l a r r a y s h a v i n g t h i s p r o p e r t y a r e 

s o m e t i m e s t e r m e d ' f i r s t q u a d r a n t a r r a y ' b e c a u s e c a u s a l i t y i s 

m e a n i n g l e s s o u t s i d e t h e t i m e d i m e n s i o n . 

A l i n e a r , t i m e - i n v a r i a n t , c a u s a l r e c u r s i v e m u l t i -

d i m e n s i o n a l f i l t e r i s r e p r e s e n t e d b y t h e f o l l o w i n g d i f f e r e n c e 

e q u a t i o n ; 

s u b s e q u e n t v a l u e s o f t h e e x i t a t i o n . M o r e p r e c i s e l y , a 

o n l y f o r 
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K- K 0 K 
1 2 n 

yCniT , m 9 , . . . ,mn)= ^ ] ^ ] " ' T l a ( k ; L > k 0 , . . . ,k_)x(m.,-k., , m 0 - k 0 , . . .m_-k_) 
1 ' n ' Z — i ' 2 V VU11 1 * 2 2 ' * n 

k,=0 ko=0 k =0 
1 2 n 

n 

L . L 0 L 
1 2 n 

- X ) S • • ̂  b ( 1 1 ' l 2 ' • • •' V y ( m l ' h ' m 2 _ 1 2 ' • • • »mn"1n > ( 1 . 4 ) 

1,=0 l o=0 1 =0 
1 2 n 

1. + 1 0 +. . . + 1 i 0 
1 2 n 

w i t h b ( 0 , 0 , . . . , 0 ) = 1 . x ( m ^ , m 2 , . . . , m n ) a n d y ( m ^ , m 2 , . . . ,m ) 

d e n o t e t h e i n p u t a n d o u t p u t s i g n a l s . T h e c o r r e s p o n d i n g 

z - t r a n s f e r f u n c t i o n i s 

K- K« K 
1 2 k, k , k 

2 n 
2 2 , " 2 a ( k l ' k 2 > - - - ' k n ) z l 1 z 0 . . . z 

2 n 
k =0 k =0 k =0 

1 2 n 

L- L 0 L 
1 2 1, 1, 1 

2 n 
S v 8 ! 1 

z 2 . . . z n 

l r=0 l o=0 1 =0 
1 2 n 

( 1 . 5 ) 

1 .3 SURVEY OF THE PREVIOUS WORK ON MULTIDIMENSIONAL RECURSIVE FILTERS 

P h e n o m e n a l a d v a n c e s i n d i g i t a l i n t e g r a t e d c i r c u i t 

t e c h n o l o g y d u r i n g t h e l a s t d e c a d e h a v e made t h e d i g i t a l 

s i g n a l p r o c e s s i n g a p p r o a c h e c o n o m i c a l l y p r a c t i c a l a n d o f t e n a 
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m o r e c o n v e n i e n t m e t h o d o f s i g n a l p r o c e s s i n g . As a 

c o n s e q u e n c e o f t h i s d e v e l o p m e n t , m o s t o f t h e w o r k on m u l t i -

d i m e n s i o n a l d i g i t a l f i l t e r s h a v e b e e n r e p o r t e d i n t h e l a s t 

t e n y e a r s , w i t h m o r e t h a n t h r e e - f o u r t h s o f t h e s e a p p e a r i n g 

i n t h e l a s t f i v e y e a r s . 

H i s t o r i c a l l y , t h e i n i t a l w o r k on m u l t i d i m e n s i o n a l 

d i g i t a l f i l t e r i n g was p e r f o r m e d b y r e s e a r c h e r s i n g e o p h y s i c a l 

i n d u s t r i e s f o r p r o c e s s i n g o f s e i s m i c , g r a v i t a t i o n a l , and 

m a g n e t i c d a t a . S h a n k s e t a l [7] i n 1972 p u b l i s h e d t h e 

f i r s t t e c h n i q u e f o r d e s i g n i n g t w o - d i m e n s i o n a l r e c u r s i v e 

f i l t e r s . H e r e , t h e y c o n s i d e r a o n e - d i m e n s i o n a l r e c u r s i v e 

f i l t e r as a s p e c i a l c a s e o f t w o - d i m e n s i o n a l f i l t e r . By 

r o t a t i n g t h e f r e q u e n c y a x e s o f t h e r e s u l t a n t f i l t e r , t h e y 

a r r i v e d a t a t w o - d i m e n s i o n a l t r a n s f e r f u n c t i o n . T h e r e a r e 

two p r o b l e m s a s s o c i a t e d w i t h t h i s t e c h n i q u e . F i r s t , i n 

g e n e r a l , t h e r o t a t e d t w o - d i m e n s i o n a l f i l t e r may n o t b e 

s t a b l e e v e n t h o u g h i t s o n e - d i m e n s i o n a l a n o l o g y p r o t o t y p e 

i s s t a b l e . S e c o n d , t h e f r e q u e n c y c h a r a c t e r i s t i c s o f t h e 

r o t a t e d v e r s i o n i s n o t s i m p l y r e l a t e d t o t h a t i t s p a r e n t 

o n e - d i m e n s i o n a l f i l t e r . T h i s m a k e s i t d i f f i c u l t t o d e s i g n 

t w o - d i m e n s i o n a l f i l t e r s w i t h p r e s c r i b e d f r e q u e n c y r e s p o n s e 

c h a r a c t e r i s t i c s . 

I n 1 9 7 4 , C o s t a a n d V e n e t s a n o p o u l o s [ 8 ] u s e d t h e 

S h a n k s r o t a t e d f i l t e r s t o d e s i g n t w o - d i m e n s i o n a l l o w - p a s s 

f i l t e r s . I n t h i s m e t h o d , i t i s s h o w n t h a t t h e r o t a t e d 

f i l t e r s c a n be u s e d i n d e s i g n i n g c i r c u l a r l y s y m m e t r i c t w o -

d i m e n s i o n a l r e c u r s i v e f i l t e r s . A s t a b i l i t y c r i t e r i o n was 
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d e v e l o p e d w h i c h s h o w e d t h a t a n g l e s o f r o t a t i o n o f t h e 

d e s i g n e d f i l t e r f r o m 0 ° t o - 9 0 ° r e s u l t e d i n s t a b l e f i l t e r s . 

T h e r e f o r e , t h e d e s i g n t e c h n i q u e c o u l d n o t a c h i e v e t h e 

r e q u i r e d t o t a l a n g u l a r s p a n a n d t h e c u t o f f b o u n d a r y was 

n o t c i r c u l a r . 

A h m a d i e t a l [9] i n 1976 s u g g e s t e d a s i m p l e 

f i r s t o r d e r t w o - d i m e n s i o n a l r e a c t a n c e f u n c t i o n t o t r a n s f o r m 

a o n e - d i m e n s i o n a l c o n t i n u o u s l o w - p a s s f i l t e r f u n c t i o n t o a 

t w o - d i m e n s i o n a l c o n t i n u o u s l o w - p a s s f u n c t i o n . L a t e r , i n a 

r e v i e w p a p e r , C h a k r a b a r t i a n d M i t r a [ l o j i n 1977 g e n e r a l i z e d 

A h m a d i ' s a p p r o a c h a s a u n i f i e d q u a l i t a t i v e t h e o r y o f 

d e s i g n i n g t w o - d i m e n s i o n a l f i l t e r s v i a s p e c t r a l t r a n s f o r m a t i o n s . 

I n t h e c o m p u t e r a i d e d o p t i m i z a t i o n a p p r o a c h e s , a 

n o n l i n e a r o p t i m i z a t i o n p r o c e d u r e i s u s e d t o a d j u s t i t e r a t i v e l y 

t h e f i l t e r c o e f f i c i e n t s t o m i n i m i z e t h e e r r o r c r i t e r i o n . 

A m a j o r d i f f i c u l t y i s e n s u r i n g t h e s t a b i l i t y o f t h e r e s u l t a n t 

t w o - d i m e n s i o n a l t r a n s f e r f u n c t i o n . I n 1 9 7 4 , M a r i a a n d 

Fahmy [ l l ] u s e $ a 1 ^ - o p t i m i z a t i o n t e c h n i q u e a n d a v o i d e d t h i s 

p r o b l e m b y c o n s t r a i n i n g t h e f i l t e r s t h e y d e s i g n e d t o h a v e 

t r a n s f e r f u n c t i o n s w h i c h a r e p r o d u c t s o f s i m p l e f i r s t a n d 

s e c o n d o r d e r t e r m s . T h i s f a c i l i t a t e s t e s t i n g s t a b i l i t y 

o f t h e a p p r o x i m a t i o n a t e a c h s t e p o f t h e o p t i m i z a t i o n as 

t h e s e l o w o r d e r t e r m s c a n b e t e s t e d u s i n g a s e t o f 

i n e q u a l i t i e s a s s o c i a t e d w i t h t h e f i l t e r c o e f f i c i e n t s . 

H o w e v e r , P e n d e r g r a s s f l 2 ] i n 1975 p o i n t e d o u t t h a t 1 -

a l g o r i t h m may c o n v e r g e t o an u n s t a b l e s o l u t i o n . 
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A l t e r n a t i v e o p t i m i z a t i o n a p p r o a c h e s a r e s t u d i e d b y 

B e d n e r [13] a n d R a m a m o o r t h y a n d B r u t o n [ l ^ l • I n t h e f i r s t 

c a s e , t h e d i f f e r e n t i a l c o r r e c t i o n o p t i m i z a t i o n a l g o r i t h m i s 

u s e d t o a p p r o x i m a t e a g i v e n f r e q u e n c y r e s p o n s e o f d e s i r e d 

t w o - d i m e n s i o n a l r e c u r s i v e f i l t e r . S t a b i l i t y i s c h e c k e d 

a f t e r e a c h i t e r a t i o n o f t h e o p t i m i z a t i o n u s i n g a s t a b i l i t y 

t e s t i n g a l g o r i t h m . I n t h e l a t t e r c a s e , t h e denominator 

o f t h e t w o - v a r i a b l e a n o l o g t r a n s f e r f u n c t i o n i s a l g e b r i c a l l y 

e x p r e s s e d i n a s u i t a b l e f o r m w h i c h i s a l w a y s g u a r a n t e e d t o 

be r e a l i z a b l e b y a p a s s i v e n e t w o r k t h u s e n s u r i n g s t a b i l i t y . 

T h e s t a b i l i t y t e s t i n g p r o b l e m c a n a l s o b e a v o i d e d 

b y d e s i g n i n g a s e p a r a b l e t w o - d i m e n s i o n a l r e c u r s i v e f i l t e r 

a p p r o x i m a t i n g t h e f r e q u e n c y r e s p o n s e c h a r a c t e r i s t i c s . I n 

t h i s c a s e , t h e s t a b i l i t y t e s t i n g r e d u c e s t o t h a t o f c h e c k i n g 

t h e s t a b i l i t y o f o n e - d i m e n s i o n a l f i l t e r s . M o r e o v e r , a 

s e p a r a b l e f i l t e r i s a l s o m o r e e c o n o m i c a l t o i m p l e m e n t . I n 

1975 , T w o g o o d a n d M i t r a £ l5] d e s c r i b e d a c o m p u t e r - a i d e d 

m e t h o d f o r d e s i g n i n g s e p a r a b l e f i l t e r s . 

I n t h e s p a t i a l d o m a i n d e s i g n p r o b l e m , a f i l t e r 

t r a n s f e r f u n c t i o n i s c h o s e n t o a p p r o x i m a t e a f i n i t e e x t e n t 

o f t h e t w o - d i m e n s i o n a l i m p u l s e r e s p o n s e . S h a n k s e t a l [ 7 3 

s u g g e s t e d t h e f i r s t t e c h n i q u e i n a d d r e s s i n g t h i s p r o b l e m . 

T h e y d e v e l o p e d a l e a s t - s q u a r e s a p p r o a c h w i t h t h e s p a t i a l 

e r r o r c r i t e r i o n u s e d t o a r r i v e a t a b e s t a p p r o x i m a t i o n o f 

t h e s p a t i a l r e s p o n s e . U n f o r t u n a t e l y , t h e i r r e c u r s i v e 

f i l t e r d e s i g n t e c h n i q u e , i n g e n e r a l , d o e s n o t l e a d t o s t a b l e 

f i l t e r s . To o v e r c o m e t h i s p r o b l e m , t h e a u t h o r s s u g g e s t e d 
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u s i n g a p l a n a r l e a s t s q u a r e s i n v e r s e ( P L S I ) s t a b i l i z a t i o n 

t e c h n i q u e t o a r r i v e a t a s t a b l e a p p r o x i m a t i o n . H o w e v e r , 

G e n i n a n d Kamp [ 1 6 ] s h o w e d t h a t t h e P L S I t e c h n i q u e f o r 

t w o - d i m e n s i o n a l f i l t e r f u n c t i o n s i s n o t v a l i d i n g e n e r a l . 

T h e r e f o r e , t h i s a p p r o a c h may n o t l e a d t o a s t a b l e a p p r o x i m a t i o n . 

I n o r d e r t o a v o i d t h e s t a b i l i t y p r o b l e m i n t h e 

s p a t i a l d e s i g n p r o c e d u r e A b r a m a t i c e t a l [ l 7 ] h a v e p r e s e n t e d 

a d e s i g n t e c h n i q u e f o r f i l t e r s w i t h s e p a r a b l e d e n o m i n a t o r 

f u n c t i o n s f r o m t h e i m p u l s e r e s p o n s e o f t h e p r o t o t y p e 

f i l t e r . A n o t h e r n o t a b l e c o n t r i b u t i o n i n s p a t i a l d o m a i n 

d e s i g n s i s due t o P a r k e r a n d S o u c h o n [ 1 8 ] . 

F r o m t h e a b o v e d i s c u s s i o n , i t i s c l e a r t h a t a 

m a j o r c o n c e r n i n t h e d e s i g n o f m u l t i d i m e n s i o n a l r e c u r s i v e 

d i g i t a l f i l t e r s i s e n s u r i n g t h e s t a b i l i t y o f t h e f i l t e r . 

T h e e a r l i e s t s t a t e m e n t o f a t h e o r e m f o r t h e B I B O s t a b i l i t y 

o f s u c h f i l t e r s was p r e s e n t e d b y S h a n k s £ 7 ] . H o w e v e r , 

t h i s t h e o r e m r e q u i r e s an i n f i n i t e a l g o r i t h m t o t e s t t h e 

s t a b i l i t y . An a l t e r n a t i v e s t a b i l i t y c r i t e r i o n w h i c h 

o f f e r s a f i n i t e a l g o r i t h m was s t a t e d b y H u a n g f l 9 ] . 

A n u m b e r o f a u t h o r s a t t e m p t e d t o i m p l e m e n t 

H u a n g ' s c r i t e r i o n . To t h i s e n d , n o t a b l e c o n t r i b u t i o n s 

h a v e b e e n made b y A n d e r s o n a n d J u r y f 2 0 ] , a n d M a r i a a n d 

Fahmy 2 1 ] . T h e s e c o n t r i b u t i o n s a r e e s s e n t i a l l y b a s e d 

on a g e n e r a l i z a t i o n o f S c h u r - C o h n t e s t Q22] d e v e l o p e d f o r 

c h e c k i n g s t a b i l i t y o f o n e - d i m e n s i o n a l f i l t e r f u n c t i o n s . 

R e c e n t l y , S t r i n t z i s [ 2 3 ] , D e C a r l o e t a l [ 2 4 ] 

a n d , O ' C o n n o r [ 2 5 ] o b t a i n e d s e v e r a l e q u i v a l e n t c o n d i t i o n s 
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f o r s t a b i l i t y . T h e s e c o n d i t i o n s w e r e a l s o i m p l e m e n t e d 

i n t h e f o r m o f a N y q u i s t - l i k e s t a b i l i t y t e s t [26] , t h e 

p h a s e u n w r a p p i n g t e c h n i q u e [ 2 7 ] a n d , t h e c o m p l e x c e p s t r u m 

t e s t [2 8] . 

I n 1 9 7 7 , i n a p r i z e w i n n i n g p a p e r , Goodman £ 2 9 j 

s h o w e d t h a t t h e S h a n k s t h e o r e m [7] i s o n l y s u f f i c i e n t 

( n e c e s s i t y d o e s n o t h o l d ) . T h i s i s due t o t h e e f f e c t o f 

t h e n u m e r a t o r on s t a b i l i t y . 

Some o f t h e d e s i g n m e t h o d s f o r t w o - d i m e n s i o n a l 

r e c u r s i v e f i l t e r s p r o d u c e i n h e r e n t l y u n s t a b l e f i l t e r s . 

B e r n a b o e t a l [30] u s e d t h e w e l l - k n o w n M c C l e l l a n ' s t r a n s -

f o r m a t i o n t o d e s i g n a p p r o x i m a t e c i r c u l a r s y m m e t r y f r e q u e n c y 

r e s p o n s e s . T h e r e s u l t i n g f i l t e r i s u n s t a b l e . T h e y u s e d 

t h e P i s t o r [ 3 l ] d e c o m p o s i t i o n t e c h n i q u e i n o r d e r t o o b t a i n 

f o u r o n e - q u a d r a n t r e c u r s i v e d i g i t a l f i l t e r s e a c h r e c u r s i n g 

i n a d i f f e r e n t d i r e c t i o n . The o b t a i n e d f i l t e r i s z e r o 

p h a s e a n d s t a b l e . A s i m i l a r a p p r o a c h was a l s o u s e d b y 

K i n g [32] f o r f a n f i l t e r d e s i g n w i t h c o m p l e x t r a n s f o r m a t i o n s . 

1 . 4 O U T L I N E OF THE T H E S I S 

I n t h i s t h e s i s t h e p r o b l e m s o f s t a b i l i t y , 

s t a b i l i z a t i o n , a n d d e s i g n o f m u l t i d i m e n s i o n a l r e c u r s i v e 

d i g i t a l f i l t e r s a r e c o n s i d e r e d . 

I n C h a p t e r 2 , t h e c o n c e p t o f s t a b i l i t y i s d e f i n e d 

f o r t w o - d i m e n s i o n a l r e c u r s i v e f i l t e r s . S t a b i l i t y c r i t e r i a 

f o r t h e s e f i l t e r s a r e d i s c u s s e d a n d t e s t s f o r d e t e r m i n i n g 

t h e s t a b i l i t y a r e r e v i e w e d . A n o v e l s t a b i l i t y t e s t 
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i s d e v e l o p e d . T h i s t e s t i s b a s e d oil t h e p r o p e r t i e s o f 

t h e t w o - v a r i a b l e i n n e r d e t e r m i n a n t s . T h e p r o b l e m o f t h e 

e x t e n s i o n o f L y a p u n o v ' s t e s t i n t o t w o - d i m e n s i o n a l c a s e s a r e 

d i s c u s s e d . Some d i f f i c u l t i e s r e l a t i n g t o t h i s e x t e n s i o n 

a r e p o i n t e d o u t . 

S t a b i l i t y p r o b l e m s o f p o l y n o m i a l s o f d i m e n s i o n s 

h i g h e r t h a n two a r e d i s c u s s e d i n C h a p t e r 3 . I n t h e m a i n 

p a r t o f t h i s c h a p t e r , a c e p s t r a l s t a b i l i t y t e s t f o r m u l t i -

d i m e n s i o n a l d i g i t a l f i l t e r s i s i n t r o d u c e d . 

T h r e e s t a b i l i z a t i o n t e c h n i q u e s a r e r e v i e w e d i n 

C h a p t e r 3 . One o f t h e s e m e t h o d s i s t h e n m o d i f i e d t o 

i n c l u d e a m o r e g e n e r a l c l a s s o f t w o - d i m e n s i o n a l r e c u r s i v e 

f i l t e r s . N e x t , a new s p e c t r a l f a c t o r i z a t i o n m e t h o d i s 

s u g g e s t e d as a n a l t e r n a t i v e p r o c e d u r e . An a l g o r i t h m i s 

a l s o d e v e l o p e d f o r t h e s t a b i l i z a t i o n o f d i g i t a l f i l t e r s b y 

P i s t o r M e t h o d . 

I n C h a p t e r 5 , f r e q u e n c y d o m a i n d e s i g n t e c h n i q u e s 

f o r t w o - d i m e n s i o n a l d i g i t a l f i l t e r s a r e c o n s i d e r e d . A new 

t w o - d i m e n s i o n a l r e a c t a n c e f u n c t i o n i s p r o p o s e d f o r t h e d e s i g n 

o f r e c u r s i v e f i l t e r s w i t h c i r c u l a r s y m m e t r y . Two 

d i f f e r e n t d e s i g n t e c h n i q u e s a r e a l s o p r e s e n t e d i n t h i s 

c h a p t e r . T h e f i r s t o f t h e m i s o b t a i n e d b y u s i n g t h e w e l l -

k n o w n A h m a d i t r a n s f o r m a t i o n a n d t h e s e c o n d w i t h c o m p l e x 

t r a n s f o r m a t i o n s . I t i s shown t h a t t h e l a t t e r m e t h o d g i v e s 

t h e c o m p l e t e s o l u t i o n f o r t h e f a n f i l t e r a n d q u a d r a n t f a n 

f i l t e r d e s i g n . 

The f i n a l c h a p t e r s u m m a r i z e s t h e w o r k o f t h e 

t h e s i s a n d a n u m b e r o f p r o b l e m s a r e s u g g e s t e d i n w h i c h 

f u r t h e r r e s e a r c h may be c o n d u c t e d . 
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CHAPTER 2 

S T A B I L I T Y OF T W O - D I M E N S I O N A L D I S C R E T E SYSTEMS 

We w i l l b e g i n t h i s c h a p t e r w i t h a b r i e f r e v i e w 

o f t h e s t a b i l i t y p r o p e r t y o f q u a r t e r - p l a n e ( c a u s a l ) f i l t e r s . 

T h e s t a b i l i t y c o n d i t i o n s a s w e l l as t h e t e s t s f o r c h e c k i n g 

t h e m w i l l b e t h o r o u g h l y d i s c u s s e d . T h e s e v a r i o u s s t a b i l i t y 

c r i t e r i a a r e w e l l d e v e l o p e d i n t h e l i t e r a t u r e ; c o n s e q u e n t l y 

i n o r d e r t o k e e p w i t h i n t h e l i m i t s o f t h e t h e s i s , m o s t o f 

t h e k n o w n p r o o f s a r e n o t r e p e a t e d a n d o n l y new o n e s w i l l 

be c o n s i d e r e d . 

I n t h e m a i n p a r t o f t h i s c h a p t e r , a n o v e l s t a b i l i t y 

t e s t w i l l b e i n t r o d u c e d . T h i s t e s t i s b a s e d on p r o p e r t i e s 

o f t w o - v a r i a b l e i n n e r d e t e r m i n a n t s . I n t h e l a s t s e c t i o n , 

t h e e x t e n s i o n o f L y a p u n o v ' s t e s t f o r t w o - d i m e n s i o n a l d i g i t a l 

f i l t e r s w i l l b e e x a m i n e d . I t i s s h o w n t h a t t h e d i r e c t 

e x t e n s i o n o f t h e L y a p u n o v t e s t t o h i g h e r d i m e n s i o n s i s n o t 

v a l i d i n g e n e r a l . 

2 . 1 S T A B I L I T Y P R O P E R T Y OF QUARTER P L A N E D I G I T A L F I L T E R S 

A d i f f e r e n c e e q u a t i o n w h i c h d e s c r i b e s t h e i n p u t -

o u t p u t r e l a t i o n s h i p s o f a s p a t i a l l y c a u s a l ( f i r s t q u a d r a n t ) 

d i g i t a l f i l t e r i s p r e s e n t e d a s : 
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K L I J 

y ( m , n ) = y ^ p ( k , l ) x ( m - k , n - l ) - ^ L ( l ( i > j ) y ( I D " i > n " j ) ( 2 « D 

k=0 1=0 i=0 j =0 

w h e r e { x ( m , n ) } and ( y ( m , n ) } d e n o t e t h e i n p u t and o u t p u t 

s e q u e n c e s , r e s p e c t i v e l y . The t w o - d i m e n s i o n a l z - t r a n s f o r m 

o f t h e a b o v e l i n e a r e q u a t i o n l e a d s t o t h e t r a n s f e r f u n c t i o n : 

P ( z 1 , z 2 ) 

w h e r e 

K 

P ( Z 1 , Z 2 ) = i L , P ( k , l ) z x 

k 1 
z „ 

k=0 1=0 

Q ( Z 1 , Z 2 ) = ] T 
J 

y ^ q ( i , j ) z x z ^ 

j=0 

I n t h e f i r s t q u a d r a n t c a s e , s i n c e q ( 0 , 0 ) = l i s a s s u m e d , 

2 
Q ( Z - , Z 9 ) ^ 0 i n some o p e n n e i g h b o u r h o o d U o f ( 0 , 0 ) ; 

1 z e 
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w h e r e 

U* = { ( z l f z 2 ) : | Z ] L |< s , | z 2 | < e} 

2 

H e n c e i n U £ t h e t r a n s f e r f u n c t i o n H ( z ^ , z 2 ) i s a n a l y t i c 

and h a s t h e p o w e r s e r i e s e x p a n s i o n [42j - [44j : 

OO 00 
~ m n 

H ( Z 1 , Z 2 ) = / J / , h ( m , n ) Z L Z 2 ( 2 . 3 ) 

m=0 n=0 

h ( m , n ) i s t h e u n i t s a m p l e r e s p o n s e o f t h e c a u s a l f i l t e r . 

A w i d e l y u s e d s t a b i l i t y c r i t e r i o n i s b o u n d e d 

i n p u t , b o u n d e d o u t p u t ( B I B O ) s t a b i l i t y . 

D e f i n i t i o n 2 . 1 : J u s t as i n t h e o n e - d i m e n s i o n a l c a s e , we 

w i l l s a y t h a t t h e s y s t e m w i t h t h e t r a n s f e r f u n c t i o n H ( z ^ , z 2 ) 

i s BIBO s t a b l e i f any b o u n d e d i n p u t s e q u e n c e s p r o d u c e a 

b o u n d e d o u t p u t s e q u e n c e , t h a t i s , i f t h e r e e x i s t s a f i n i t e 

r e a l n u m b e r X s u c h t h a t f o r any b o u n d e d i n p u t s e q u e n c e 
00 

{ x ( m , n ) ) m n = o t h e z e r o s t a t e r e s p o n s e o f t h e s y s t e m as 

g i v e n b y ( 2 . 1 ) s a t i s f i e s 

I |y| I < X| |x| L ( 2 . 4 ) 
00 

w h e r e t h e n o r m , || || , o v e r t h e s p a c e o f b o u n d e d s e q u e n c e s 

i s d e f i n e d a s : 



35 

| | u | | A J m a x s u p s u p |u(m,n)| , s u p s u p |u(m,n)|> 
00 " I m n n m / 

I t r e a d i l y f o l l o w s t h a t .the e n s u r i n g t h e o r e m i s 

v a l i d . 

T h e o r e m 2 . 1 [ 7 5 ] : 

A t w o - d i m e n s i o n a l l i n e a r s y s t e m d e s c r i b e d b y 

( 2 . 2 ) i s BIBO s t a b l e i f a n d o n l y i f t h e r e e x i s t s a r e a l 

X s u c h t h a t f o r a l l p o s i t i v e i n t e g e r s m , n 

OO 00 

£ £ I h ( m , n ) | ^ x< . ( 2 . 5 ) 

m=Q n=0 

No t e : 

h ( m , n ) = - j ^j) z^ m + * z 2
 n + 1 d z ^ d z 2 

( 2 t r j ) r r 
C 1 2 

w h e r e C^ a n d C 2 a r e b o u n d a r i e s o f t h e u n i t b i d i s c . 

C o n s i d e r e q u a t i o n ( 2 . 2 ) w h e r e P ( z ^ , z 2 ) a n d Q ( z ^ , z 2 ) a r e 

m u t u a l l y p r i m e ( i . e . t h e p o l y n o m i a l s h a v e no i r r e d u c i b l e 

f a c t o r s i n c o m m o n ) : 
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i ) A 2 - t u p l e s u c h t h a t Q ( z ^ , z 2 ) = 0 b u t P ( z ^ , z 2 > ^ 0 

w i l l be c a l l e d a p o l e o r a n o n e s s e n t i a l s i n g u l a r i t y o f 

t h e f i r s t k i n d ( s u c h s i n g u l a r i t i e s a r e n o t i s o l a t e d 

p o i n t s a n d t h e y a r e a n a l o g o u s t o a p o l e i n t h e o n e -

d i m e n s i o n a l c a s e ) . 

i i ) A 2 - t u p l e ( z ^ , z 2 ) s u c h t h a t Q ( z ^ , z 2 ) = P ( z ^ , z 2 ) = 0 

w i l l be c a l l e d a n o n e s s e n t i a l s i n g u l a r i t y o f t h e s e c o n d 

k i n d ( s u c h p o i n t s h a v e no o n e - d i m e n s i o n a l a n a l o g s ) . 

C l e a r l y , i f ( z ^ , z 2 ) i s a p o l e , H ( z ^ , z 2 ) = 0 0 . I f ( z ^ , z 2 ) i s 

a n o n e s s e n t i a l s i n g u l a r i t y o f t h e s e c o n d k i n d , t h e v a l u e o f 

H ( Z ^ , Z 2 ) i s u n d e f i n e d . 

2 . 2 S T A B I L I T Y CONDITIONS 

T h e o r e m 2 . 2 : 

The t r a n s f e r f u n c t i o n H ( Z ^ , Z 2 ) i s BIBO s t a b l e i f 

and o n l y i f 

A s t a b i l i t y t h e o r e m due t o S h a n k s states: 

Q(z1 ,z2)=/ 0 f o r a l l ( z ^ z ^ e { ( z ^ z g ) : 1 , |z2| 1> (2.6) 

p r o v i d e d P ( z 1 > z 9 ) a n d Q ( z . , z 9 ) a r e m u t u a l l y p r i m e . 
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S i n c e t h e t h e o r e m r e q u i r e s t h e p r i m e n e s s o f P 

and Q, a l l i r r e d u c i b l e f a c t o r s common t o P ( z ^ , z 2 ) and Q ( z ^ , z 2 ) 

s h o u l d f i r s t be c a n c e l l e d ( m u t u a l l y p r i m e p o l y n o m i a l s ) . A 

t e s t f o r t h e e x i s t e n c e o f common f a c t o r s i s g i v e n i n [76] , 

a n d an a l g o r i t h m f o r t h e e x t r a c t i o n o f t h e g r e a t e s t common 

f a c t o r i s g i v e n i n [77] . A s i m i l a r t h e o r e m w i t h some 

g e n e r a l i z a t i o n f o r t h e c a s e when P ( z ^ , z 2 ) = 1 was g i v e n 

by F a r m e r and B a d n e r £75] . 

S h a n k s ' t h e o r e m was u s e d b y many a u t h o r s as t h e 

n e c e s s a r y and s u f f i c i e n t c o n d i t i o n f o r s t a b i l i t y . H o w e v e r , 

Goodman [29J h a s shown t h a t S h a n k s ' t h e o r e m i s o n l y 

s u f f i c i e n t ( n e c e s s i t y d o e s n o t h o l d ) . T h i s i s due t o t h e 

e f f e c t o f t h e n u m e r a t o r on s t a b i l i t y ( w h i c h h a s no a n a l o g i n 

t h e o n e - d i m e n s i o n a l c a s e ) . 

2 . 2 . 1 E f f e c t o f N u m e r a t o r on S t a b i l i t y 

I n some c a s e s H ( z ^ , z 2 ) h a s n o n e s s e n t i a l s i n g u l a r i t i e s 

o f t h e s e c o n d k i n d on t h e d i s t i n g u i s h e d b o u n d a r y 

( i . e . { ( z 1 , z 2 ) ; |z^|= 1 and | z 2 | = 1 }) b u t { h ( m , n ) > i s 

a b s o l u t e l y summable [29] . The f o l l o w i n g two e x a m p l e s 

i l l u s t r a t e t h i s p o i n t ; 

( 1 - Z . ) 8 ( 1 - Z 9 )
8 P . ( Z . , Z 9 ) 

H 1 ( Z 1 , Z 2 ) = ± = — — ( 2 . 7 ) 
2 - z n - z 9 Q (z.. , z 9 ) 

H 2 ( z l f z 2 ) « 
( l - z 1 ) ( l - z 2 ) 

2 - Z i - Z 2 

P 2 ( Z 1 » Z 2 ) 

Q ( z 1 , z 2 ) 
(2.8) 
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The a b o v e t r a n s f e r f u n c t i o n s h a v e m u t u a l l y p r i m e n u m e r a t o r 

and d e n o m i n a t o r . T h e d e n o m i n a t o r Q (z^ , ẑ  ) 4 0 on 

{ (z , z 2 ) : | z ^ | z2|.< 1} e x c e p t a t = | z 2 | = 1 . 

B o t h H ^ ( Z ^ , Z 2 ) a n d H 2 ( z ^ , z 2 ) h a v e n o n e s s e n t i a l s i n g u l a r i t i e s 

o f t h e s e c o n d k i n d a t z^= z 2 = 1 . Goodman s h o w e d t h a t 

H 2 (z^ > z
2 ) i s BIBO u n s t a b l e ; and H ^ z ^ z ^ i s B I B O s t a b l e . 

H e n c e , S h a n k s 1 t h e o r e m i s s u f f i c i e n t f o r B I B O s t a b i l i t y . 

A m e n t i o n o f s u c h t y p e o f s i n g u l a r i t i e s was a l s o 

n o t e d b y Humes a n d J u r y [̂ 5 , and B o s e a n d Newcomb 7̂ 9*] . 

The t e s t f o r t h e p r e s e n c e o r a b s e n c e o f n o n e s s e n t i a l 

s i n g u l a r i t i e s o f t h e s e c o n d k i n d on the u n i t b i d i s c was s t u d i e d 

b y A n d e r s o n , B o s e a n d J u r y ^8oJ , a n d R a j an e t a l [ 8 l J . 

L a t e r , i t h a s b e e n shown b y Goodman |j>8] , t h a t a d o u b l e 

b i l i n e a r t r a n s f o r m a t i o n a p p r o a c h , f o r d e s i g n i n g a t w o -

d i m e n s i o n a l r e c u r s i v e d i g i t a l f i l t e r f r o m a p r e d e t e r m i n e d 

t w o - d i m e n s i o n a l a n o l o g t r a n s f e r f u n c t i o n , may i n c e r t a i n 

c a s e s l e a d t o u n s t a b l e s o l u t i o n s . 

2 . 2 . 2 R e m a r k s 

F o r e f f e c t i v e d e s i g n o f t w o - d i m e n s i o n a l d i g i t a l 

f i l t e r s n o n e s s e n t i a l s i n g u l a r i t i e s o f t h e s e c o n d k i n d m u s t 

be a v o i d e d . H e n c e , f o r c o n s i d e r a t i o n o f d e s i g n w h i c h 

a v o i d s s u c h s i n g u l a r i t i e s , t h e BIBO s t a b i l i t y i s r e f e r e d 

t o as " s t r u c t u r a l s t a b i l i t y " . T h e r e f o r e , e q u a t i o n ( 2 . 6 ) 

g i v e s t h e n e c e s s a r y a n d s u f f i c i e n t c o n d i t i o n f o r s t r u c t u r a l 

s t a b i l i t y . 



By a s s u m i n g t h a t P ( z ^ , z 2 ) and Q ( z ^ , z 2 ) a r e 

m u t u a l l y p r i m e and Q ( 0 , 0 ) A 0 . T h e n t h e f o l l o w i n g 

r e l a t i o n s h i p s h o l d : 

OO 00 

a) B I B O S t a b i l i t y ^ / j / j L H ( M > N ) 1 < 00 

m=o n=o 

_ 2 
b) Q ( z l f z 2 ) t 0 i n U ^ BIBO S t a b i l i t y 

- 2 A 
c) Q ( Z 1 , Z 2 ) 4 o i n U X - BIBO S t a b i l i t y 

e x c e p t a t | z ^ | = | z 2 | = l 

00 00 

d) V > | h ( m , n ) | 2 < ® A BIBO S t a b i l i t y 

m= o n = o 

e) Jtim {h ( m , n ) } = 0 - b 

m , n - > o o 

00 00 00 00 

|h(m,n)|<® o r ^ ] ^ ^ | h ( m , n ) | 2 < °° 

m=o n=o m=o n=o 

f ) Q ( Z 1 } Z 2 ) i 0 i n U A | h ( m , n ) M < 00 

f o r a l l m , n 
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00 00 

2 „—» ^—, 2 
g) | H ( z 1 , z 2 ) j ^ N <» i n U — ^ | h ( m , n ) | < 

m=o n=o 

' 2 

h ) Q O s ^ O ) i n U —» ^ | h ( m , n ) | < 

m=o _ , , 
f o r a l l n 

_ 2 
w h e r e U d e n o t e s t h e c l o s e d u n i t b i d i s c : 

_ 2 

U = { ( Z l , z 2 ) : | z x | * 1 | z 2 | ^ 1} 

2 
a n d U i s t h e o p e n u n i t b i d i s c . 

2 . 3 C R I T E R I A FOR S T A B I L I T Y T E S T 

G i v e n , 

A(z- ,z„) 
H ( z l f z 2 ) = i ( 2 . 9 ) 

B ( z l , z 2 ) 

We a s s u m e t h a t A ( z ^ , , z 2 ) a n d B ( z ^ , z 2 ) a r e c o p r i m e (no common 

f a c t o r ) . F u r t h e r m o r e , we a l s o a s s u m e t h a t H ( z ^ , z 2 ) h a s no 

n o n e s s e n t i a l s i n g u l a r i t y o f t h e s e c o n d k i n d on t h e u n i t 

b i d i s c . H e n c e t h e s t a b i l i t y c o n d i t i o n ( w h i c h i s c a l l e d 

s t r u c t u r a l s t a b i l i t y ) i s b o t h n e c e s s a r y a n d s u f f i c i e n t . 

A c c o r d i n g t o S h a n k s ' t h e o r e m JY ĵ t h e c o n d i t i o n 

fo . r s t a b i l i t y i s : 
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B ( Z 1 , Z 2 ) A 0 i f LZ 1L < 1 ; I z £ I < 1 ( 2 . 1 0 ) 

A l l t h e z e r o e s o f B ( z ^ , z 2 ) a r e o u t s i d e t h e u n i t b i d i s c . 

The t e s t o f t h a t r e q u i r e s i n f i n i t e m a p p i n g f r o m a l l v a l u e s 

< 1 on B ( Z ^ , Z 2 ) = 0 . I f t h e i m a g e o f t h e map l i e s 

c o m p l e t e l y o u t s i d e |z2| = 1 , t h e f i l t e r i s s t a b l e , o t h e r w i s e 

i t i s n o t . T h i s t e s t i s c o m p u t a t i o n a l l y i n v o l v e d and d o e s 

n o t l e a d t o a f i n i t e a l g o r i t h m . 

I n a l a t e r w o r k , H u a n g (]x9J h a s o b t a i n e d a n o t h e r 

c r i t e r i o n w h i c h s i m p l i f i e s t h e s t a b i l i t y t e s t . 

T h e o r e m 2 . 3 : 

A c a u s a l f i l t e r w i t h a z - t r a n s f o r m f u n c t i o n 

H ( z - , z 9 ) i s s t a b l e i f : 

(1) The map o f d^ = = 1) i n t h e z 2 - p l a n e 

a c c o r d i n g t o B ( z ^ , z 2 ) = 0 l i e s o u t s i d e d 2 = ( z 2 ; | z 2 | 4 1) 

a n d , 

(2) No p o i n t i n d^ = ( z ^ ; | z ^ | < l ) maps i n t o z 2 = 0 , by t h e 

r e l a t i o n s h i p B ( z . . , z 9 ) = 0 . 

H u a n g ' s t h e o r e m i s b a s e d on t h e e a r l i e r w o r k o f 

A n s e l l [65] on t h e s t a b i l i t y o f t w o - d i m e n s i o n a l H u r w i t z 

p o l y n o m i a l s . I t s r i g o r o u s p r o o f h a s b e e n s u p p l i e d b y 

Goodman [ 3 3 ] , D a v i s [ 3 4 ] , a n d M u r r a y [35^. 
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T h e c o n d i t i o n s a r e e q u i v a l e n t t o ; 

i ) B ( 2 i , z 2 ) 4 0 | Z l | = 1 | z2 | < 1 

(2.11) 
i i ) B ( Z l , 0 ) ^ 0 | z x | < 1 

The t e s t i n g o f c o n d i t i o n s i n e q n . ( 2 . 1 1 ) c a n be p e r f o r m e d 

by a f i n i t e a l g o r i t h m . V a r i o u s f o r m s o f s u c h an a l g o r i t h m 

w i l l be p r e s e n t e d l a t e r i n t h i s c h a p t e r . 

I n r e c e n t y e a r s , i t h a s b e e n s h o w n b y s e v e r a l 

i n v e s t i g a t o r s t h a t t h e c o n d i t i o n s ( 2 . 1 1 ) c a n be r e p l a c e d 

by new o n e s . 

a) S t r i n t z i s [23] s h o w e d t h a t t h e s e c o n d c o n d i t i o n o f 

( 2 . 1 1 ) c a n b e r e p l a c e d b y B C z ^ a ) 4 0 f o r a l l |a|< 1 

a n d | z ^ | < l . H e n c e t h e e q u i v a l e n t c r i t e r i o n w i l l be 

B ( Z l , a ) 4 0 | a I < 1 , | Z l | < 1 

(2.12) 

B(zi,z2) 4 0 | Z l | = 1 | z 2 | < 1 

b) D e C a r l o e t a l [24] a n d S t r i n t z i s [ 2 3 ] s h o w e d a n o t h e r 

c r i t e r i o n w h i c h i s e q u v a l e n t t o ( 2 . 1 1 ) . T h i s i s g i v e n 

as f o l l o w s . 

B ( a , z 2 ) 4 0 f o r some a , | a | < 1 w h e n |z 2 |-4 1 

B ( z ^ , b ) 4 0 for some b , | b | 4 l w h e n | z ^ | < 1 

B ( z i , z 2 ) 4 0 \z±\ = | z 2 | = 1 ( 2 . 1 3 ) 
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I n p a r t i c u l a r w i t h t h e c h o i c e o f a = b = l , t h e a b o v e 

c o n d i t i o n b e c o m e s 

B ( 1 , z 2 ) + 0 | z2|,< 1 

B ( z 1 , l ) t 0 I 1 

B ( Z ^ , Z 2 ) ^ 0 | Z]_| = | z 2 | = 1 ( 2 . 1 4 ) 

c) A n o t h e r c r i t e r i o n was d e v e l o p e d b y d e C a r l o e t a l [49] 

and i t i s p r e s e n t e d as f o l l o w s : 

B ( z , z ) ^ 0 | z|< 1 

B ( Z l , z 2 ) t 0 | 2 l | = | z 2 | = 1 ( 2 . 1 5 ) 

d) The f o l l o w i n g c r i t e r i o n was o b t a i n e d b y J u r y f 4 5 ] . 

B ( z S , z t ) ^ 0 I z U l 

B ( Z ; L , Z 2 ) ^ 0 | z x | = | z 2 | = 1 ( 2 . 1 6 ) 

s , t i n t e g e r s 

s t a b l e 
g) B ( Z ® , Z 2 ) B ( Z 1 , Z 2 ) s , t i n t e g e r s ( 2 . 1 7 ) 

uns t a b l e 

, , . , s t a b l e 
h) B ( Z ^ 1 Z 2 2 , Z ^ 4 Z 2 3 ) & B ( z ] [ , z 2 ) ( 2 . 1 8 ) 

u n s t a b l e 

p r o v i d e d k ^ k ^ k ^ k ^ and k ^ ' s i n t e g e r s 
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2 . 4 VARIOUS S T A B I L I T Y T E S T S 

The o b j e c t o f t h i s s e c t i o n i s t o r e v i e w p r o c e d u r e s 

f o r c h e c k i n g t h e s t a b i l i t y c o n d i t i o n s d i s c u s s e d i n p r e c e d i n g 

s e c t i o n s . We w i l l be m a i n l y c o n c e r n e d w i t h v a r i o u s 

i m p l e m e n t a t i o n s w h i c h h a v e b e e n d e v e l o p e d f o r s t a b i l i t y 

t e s t i n g o f c a u s a l t w o - d i m e n s i o n a l r e c u r s i v e f i l t e r s . 

2 . 4 . 1 S y m m e t r i c M a t r i x F o r m 

A n d e r s o n and J u r y (j2o] u s e d t h e S c h u r - Cohn m a t r i x 

t o t e s t t h e c o n d i t o n s o f H u a n g ' s t h e o r e m £ l 9 j . I f we 

r e c a l l t h e c o n d i t i o n s o f t h i s c r i t e r i o n ; 

1 ) B ( Z 1 , Z 2 ) 4 0 when | Z^| = 1 , | Z
2 I ^ 1 

B ( Z ^ , Z 2 ) s h o u l d h a v e a l l i t s z e r o e s (when | z-jJ = ^ 

o u t s i d e t h e u n i t c i r c l e i n t h e z^ p l a n e . 

2) B ( z 1 , 0 ) ± 0 f o r a l l v a l u e s I z - J ^ 1 

A o n e - d i m e n s i o n a l p o l y n o m i a l h a v i n g a l l i t s z e r o e s 

o u t s i d e t h e u n i t c i r c l e i n t h e z^ - p l a n e . 

C o n d i t i o n (2) r e d u c e s t o t h e s t a b i l i t y t e s t o f o n e - d i m e n s i o n a l 

p o l y n o m i a l . 

To t e s t c o n d i t i o n ( 1 ) , we w r i t e B ( z ^ , z 2 ) as a 

p o l y n o m i a l i n z^ b u t w i t h c o e f f i c i e n t s i n z^. S i n c e 

|z^| = 1 , t h e s e c o e f f i c i e n t s a r e c o m p l e x . H e n c e t h e p r o b l e m 

r e d u c e s to d e t e r m i n i n g t h e R o u t h d i s t r i b u t i o n o f a p o l y n o m i a l 

w i t h c o m p l e x c o e f f i c i e n t s . 
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The t h e o r e m o f S c h u r - C o h n [ 4 5 ] d e a l s w i t h t h e 

r o o t d i s t r i b u t i o n w i t h r e s p e c t t o u n i t c i r c l e o f a p o l y n o m i a l 

w i t h c o m p l e x c o e f f i c i e n t s . 

L e t 

N 

= J 2 a ( i ) z 1 ( 2 . 1 9 ) 

1 = 0 

The m a t r i x C = { y ( i , j ) } i s a " H e r m i t i a n M a t r i x " 

i n w h i c h 

i 

T ( i » j ) = 5 3 [ a ( n - i + p ) a ( n - j + p ) - a ( i - p ) a ( j - p ) ] , i < j 

p = l 
(2.20) 

where 

y ( j , i ) = 7 ( i , j ) , i >j ; i , j = 1 , 2 , . . . , N 

The Schur-Cohn m a t r i x i s p o s i t i v e d e f i n i t e and symmetric 

i f , and only i f , a l l the r o o t s of F ( z ) = 0 , are i n s i d e the u n i t c i r c l e ; 

i t i s n e g a t i v e d e f i n i t e i f , and on ly i f , a l l roots are o u t s i d e the 

u n i t c i r c l e . When = 1 , the minors of the Schur-Cohn m a t r i x are 

of the f o l l o w i n g form: 

N 

f i ( z l } = 2 c j ( z l + Z 1~ J ) ( 2 ' 2 1 ) 

j=° 

and have to be p o s i t i v e f o r a l l |z.| = 1 . 
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T h e s e p o l y n o m i a l s are r e c i p r o c a l o n e s , they 

h a v e the same n u m b e r of r o o t s i n s i d e the u n i t c i r c l e as 

o u t s i d e the u n i t c i r c l e . T h e c o n d i t i o n for a r e c i p r o c a l 

p o l y n o m i a l to be p o s i t i v e for all |z^| = 1 , is t h a t it is 

p o s i t i v e at one p o i n t , such as z^ = l , and h a s no r o o t s on 

the u n i t c i r c l e . T h i s r e d u c e s to the r o o t d i s t r i b u t i o n of 

a r e a l p o l y n o m i a l . 

2 . 4 . 2 R e s u l t a n t M e t h o d 

A r e c e n t l y i n t r o d u c e d n e w s t a b i l i t y test ^86] 

for o n e - d i m e n s i o n a l d i g i t a l f i l t e r s is e x t e n d e d to a p p l y 

to t w o - d i m e n s i o n a l c a s e . T h e m e t h o d is b a s e d on the 

f o l l o w i n g t h e o r e m . 

T h e o r e m 2.4 [86]: 

L e t D ( z ) be p o l y n o m i a l of d e g r e e n , h a v i n g r e a l 

c o e f f i c i e n t s , and let 

D ( z ) = [ D I ( Z ) + D 2 ( Z ) ] 

w h e r e 

D 1 ( z ) = 1 [ D ( z ) + z n D ( z " 1 ) ] ( 2 . 2 2 ) 

D 2 (Z) = J [ D ( z ) - z N D ( z " 1 ) ] ( 2 . 2 3 ) 
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T h e n D ( z ) 4 0 in 1 if and o n l y if all z e r o e s of 

D ^ ( z ) and D 2 ( z ) are s i m p l e , are l o c a t e d on the u n i t c i r c l e 

|z| = 1 , and a l s o s e p a r a t e e a c h o t h e r on the u n i t c i r c l e . 

T h e t w o - d i m e n s i o n a l f i l t e r f u n c t i o n is a s s u m e d to have 

n o n o n - e s s e n t i a l s i n g u l a r i t i e s of the s e c o n d k i n d on 

the u n i t b i d i s c . T h e n the d e n o m i n a t o r p o l y n o m i a l B ( z ^ , z 2 ) 

can be r e w r i t t e n a s : 

112 

B 1 ( Z 1 , Z 2 ) = z 2 B ( z 1 , Z 2 ) (2.24) 

n 2 is the d e g r e e of z 2 in B ( Z ^ , Z 2 ) . L e t 

n 2 

l ( z l » z 2 ) = X b k ( z l ) z 2 ( 2 ' 2 5 ) 

k = 0 

n 2 
k 

l ( z l ' z 2 > - X b k ( z l ) z 2 ( 2 ' 2 6 ) 

k = 0 

on |z^| = 1 ,
 z

i
 = z

i ^»
 a n t

* 

D ( z 1 , z 2 ) B 1 ( z 1 , Z 2 ) B (zlfz2) (2.27) 

Z l ' = 1 

= X j X C £ ( V zlZ)}z2 
k = 0 I 

( 2 . 2 8 ) 
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w h e r e the c^'s in ( 2 . 2 8 ) are c o n s t a n t . S u b s t i t u t i n g 

in ( 2 . 2 8 ) , we o b t a i n : 

2n, 

D ( z x , z 2 ) e S E 
k=0 1 i 

2c o cos He } zn 

Z l | = i 

( 2 , 2 9 ) 

U s i n g the t r i g o n o m e t r i c i d e n t i t y , 

m 

C o s n G = - E 
s =0 \ 2k 

, -v s _ ( n - 2 s ) . . 2 s _ 
( - 1 ) C o s v ' Q s m 6 ( 2 . 3 0 ) 

w h e r e m = n / 2 f o r n e v e n and ( n - 1 ) / 2 for n o d d . E q u a t i o n 

( 2 . 2 8 ) can be w r i t t e n as 

D ( X , Z 2 ) = D ( Z 1 , Z 2 ) 

2n 2 

d
k

( x ) z
2 

k = 0 

( 2 . 3 1 ) 

w h e r e d ^ ( x ) are p o l y n o m i a l s in x = C o s 9 . T h e n D ^ ( x , z 2 ) 

and D 2 ( X , Z 2 ) are d e f i n e d as 

2„ 2 

D 1 ( X , Z 2 ) = J [ D ( X , Z 2 ) + Z D C X . Z " 1 ) ] ( 2 . 3 2 ) 
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2n 2 
D 2 

D ( X , Z 9 ) - z D ( X , Z 9 ) ( 2 . 3 3 ) 

F i n a l l y , the s e c o n d c o n d i t i o n in ( 2 . 1 1 ) can be t e s t e d by 

u s i n g the f o l l o w i n g t h e o r e m w h i c h is b a s e d on t h e o r e m 2 . 4 . 

T h e o r e m 2.5 [38] ; 

B ( Z ^ , Z 2 ) ^ 0 for |z^|= 1 , and 1 if and 

o n l y if: 

1) the z e r o e s of D ^ ( 0 , z 2 ) and D 2 ( 0 , z 2 ) are l o c a t e d on the 

u n i t c i r c l e | z 2 | = l , 

2) the z e r o e s of D ^ ( 0 , z 2 ) and D 2 ( 0 , z 2 ) are s i m p l e and 

a l t e r n a t e on the u n i t c i r c l e | z 2 | , and 

3) the r e s u l t a n t [22] R ( x ) of D^ (x) and I> 2(x) h a s n o r e a l 

r o o t s in the i n t e r v a l - 1 ^ x 1 . 

E x a m p l e 2 . 1 : 

We w i l l u s e the r e s u l t a n t t e c h n i q u e to test the 

c r i t e r i o n in e q u a t i o n ( 2 . 1 1 ) ; G i v e n 

2 
( 2 . 3 4 ) 

f r o m the s e c o n d c o n d i t i o n in e q u a t i o n (2.11) 

B ( Z l , 0 ) 
2 

12 + 1 0 z . + 2z- in | z 1 
( 2 . 3 5 ) 

T h e n the f i r s t c o n d i t i o n w i l l d e t e r m i n e the s t a b i l i t y . 
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The r e s u l t a n t R ( x ) can be o b t a i n e d f r o m the r e s u l t a n t m a t r i x 

( a p p e n d i x - A ) . R ( x ) is the r e s u l t a n t 

of D ^ ( x , z 2 ) and D 2 ( x , Z 2 ) . 

R ( x ) = - 1 2 9 6 ( 2 0 7 3 6X 8
+ 2 4 1 9 2 0X 7

+ 1 2 3 1 2 0 0 x
6
+ 3 5 7 0 0 0 0 x

5 

+ 7 4 3 7 5 0 0 x
3
+ 5 343 3 75 O x

3
 + 2 1 8 7 5 0 0 x + 3 9 8 6 2 5 ) (2 . 36) 

S i n c e R ( x ) ^ 0 in x 1 , B ( z 1 , z 2 ) ^ 0 in | z 1 | = 1 , | z 2 | 1 . 

T h i s w i t h the o t h e r r e s u l t in e q u a t i o n ( 2 . 3 5 ) , i m p l y 

that B ( Z 1 , Z 2 ) ^ 0 in \ z l \ $ 1 , l z
2l>$

 1 " 

2 . 4 . 3 N y q u i s t - L i k e T e s t 

An e x t e n s i o n of N y q u i s t s t a b i l i t y t e s t to two-

d i m e n s i o n s h a s b e e n p r o v i d e d by D e C a r l o , M u r r a y , and S e a k s 

in a s e r i e s of p a p e r s E 2 ^ ! * E ^ l . 

2 
L e t a p o l y d i s c D^ in C be d e f i n e d b y 

D a = { ( e j a » z 2 } : I z 2 l } < 2 - 3 7 > 

w h e r e a is r e a l and s u c h t h a t 0 <$ a ^ 2ir, and let a d i s c 

D be d e f i n e d b y 

D = | ( z ^ O ) : | z l 1 } (2.38) 

D and D c o r r e s p o n d to the r e g i o n of a n a l y t i c i t y in e q u a t i o n 
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( 2 . 1 1 ) . T h e n D e C a r l o , M u r r a y , and S e a k s e s t a b l i s h e d the 

f o l l o w i n g r e s u l t s : 

T h e o r e m 2.6 [49]: 

A c a u s a l r e c u r s i v e d i g i t a l fi 1 terischaracterized 

by the r a t i o n a l t w o - d i m e n s i o n a l t r a n s f e r f u n c t i o n 

P ( z , z 9 ) 
G ( Z ; L , Z 2 ) = I - (2.39) 

Q ( Z 1 , Z 2
) 

w h e r e any i r r e d u c i b l e c o m m o n factors of P ( z ^ , z 2 ) and 

Q ( Z ^ , Z 2 ) h a v e b e e n c a n c e l l e d and w h e r e G ( z ^ , z 2 ) has no 

n o n e s s e n t i a l s i n g u l a r i t i e s of the s e c o n d k i n d on the b o u n d a r y 

of the u n i t b i d i s c . 

G ( Z ^ , Z 2 ) is s t a b l e in B I B O s e n s e if and o n l y if 

the N y q u i s t p l o t s of the o n e - d i m e n s i o n a l f u n c t i o n s 

Q ( e j a , z 2 ) , 0 a ^ 2tt ( 2 . 4 0 ) 

and 

Q ( z x , 0) ( 2 . 4 1 ) 

do n o t e q u a l or e n c i r c l e zero in the c o m p l e x p l a n e . We can 

o b t a i n o t h e r g r a p h i c a l t e s t s by involving the e q u i v a l e n t 

c r i t e r i a of ( 2 . 1 2 ) - ( 2 . 1 4 ) . This leads to the f o l l o w i n g 

t h e o r e m s . 
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T h e o r e m 2.7 

T h e t w o - d i m e n s i o n a l d i g i t a l f i l t e r d e s c r i b e d in 

t h e o r e m 2.6 is B I B O s t a b l e if and o n l y if 

i) Q ( Z ^ , Z 2 ) h a s n o z e r o e s on |z^|= | z 2 | = l ; 

ii) The N y q u i s t p l o t s for the o n e - d i m e n s i o n a l f u n c t i o n 

Q ( l , z ) and Q ( z ^ , 0 ) do n o t e n c i r c l e z e r o . 

T h e o r e m 2 . 8 [49]: 

The t w o - d i m e n s i o n a l d i g i t a l f i l t e r d e s c r i b e d in 

t h e o r e m 2.6 is B I B O s t a b l e if and o n l y if 

i) Q ( Z ^ , Z 2 ) h a s n o z e r o e s on | z ^ | = | z 2 | = l , 

ii) The N y q u i s t p l o t s for o n e - d i m e n s i o n a l f u n c t i o n s Q ( l , z 2 ) 

and Q ( z ^ , l ) do n o t e n c i r c l e z e r o . 

T h e o r e m 2.9 [49] : 

T h e t w o - d i m e n s i o n a l f i l t e r d e s c r i b e d in t h e o r e m 2 . 6 

is B I B O s t a b l e if and o n l y if 

i) Q ( Z ^ , Z 2 ) h a s n o z e r o e s on | z ^ | = | z 2 | = 1 . 

ii) The N y q u i s t p l o t of t h e s i n g l e v a r i a b l e f u n c t i o n 0 ( z , z ) 

d o e s n o t e n c i r c l e z e r o . 

E x a m p l e 2 . 2 : 

L e t the t r a n s f e r f u n c t i o n of a d i g i t a l f i l t e r be 

P ( z 1 , z 2 ) 

G ( z ,z )= = ( 2 . 4 2 ) 
1 + 0 . 2 5 Z ] L + 0 . 25 z 2 Q ( Z 1 , Z 2 ) 
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Step 1: D r a w the N y q u i s t p l o t for B ( z ^ , 0 ) • This curve is 

shown in F i g . 2 . 1 ; as it does n o t e n c i r c l e zero we p r o c e e d 

to the n e x t step as o u t l i n e d in t h e o r e m 2 . 6 . 

S tep 2: Now c o n s i d e r the f a m i l y of N y q u i s t p l o t s for the 

func tion 

B ( e J C t , z 2 ) : 0 ^ a £ 2TT (2.43) 

This f a m i l y of c u r v e s does n o t e n c i r c l e "0" as i n d i c a t e d 

in F i g . 2 . 2 . H e n c e the f i l t e r is s t a b l e . 

2.4.4 Table M e t h o d 

R o u t h , in 1877 in his A d a m s p r i z e p a p e r (at 

C a m b r i d g e ) has s u g g e s t e d a s t a b i l i t y test or t a b l e . The 

R o u t h table checks the r o o t - d i s t r i b u t i o n s of a o n e - d i m e n s i o n a l 

p o l y n o m i a l w i t h r e s p e c t to the i m a g i n a r y axis in the s - p l a n e . 

A s i m i l a r table f o r m e x i s t s for the r o o t - d i s t r i b u t i o n of 

real or c o m p l e x p o l y n o m i a l s w i t h r e s p e c t to u n i t c i r c l e . 

In 1 9 6 1 , Jury ^89] s u g g e s t e d a table to check the s t a b i l i t y 

of o n e - d i m e n s i o n a l d i g i t a l f i l t e r s . L a t e r , M a r i a and F a h m y 

£21] m o d i f i e d the Jury table and u s e d it to check the s e c o n d 

c o n d i t i o n of H u a n g ' s t h e o r e m |j.9j . 

A c o m p u t e r p r o g r a m for s t a b i l i t y t e s t i n g , b a s e d 

on M a r i a a n d F a h m y m e t h o d is g i v e n in J^9oJ . 



Fig. 2-1 Nyquistplot of B(zuO) in (2 41) 

Fig. 2-2 Nyquist plot of Bfe^tZg) in (2 41) 
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2,4.5 I m p u l s e R e s p o n s e T e s t 

A p p l i c a t i o n of the s t a b i l i t y test b a s e d on the 

o n e - d i m e n s i o n a l p o l y n o m i a l s was p r o p o s e d by K i r s h n a m u r t h y [^7] 

R e c e n t l y , i m p l u s e r e s p o n s e test for t w o - d i m e n s i o n a l d i g i t a l 

f i l t e r s was s t u d i e d by S t r i n t z i s [23], £ 9 3 ] , and V i d y a s a g a r 

and Bose [92]. The s t a b i l i t y test for t w o - d i m e n s i o n a l 

f i l t e r s is b a s e d on the f o l l o w i n g t h e o r e m : 

T h e o r e m 2 .10 [93] : 

Let H be the u p p e r l i m i t of the d o u b l e s e q u e n c e 

[ j h ( m , n ) | 1 / m + n ) : 

H = l i m | h ( m , n ) | 1 / m + n (2.44) 
m a n d / o r n 

If H ( Z - . , Z 9 ) is r a t i o n a l in z. and z 

(i) H < 1 is n e c e s s a r y and s u f f i c i e n t for c o n v e r g e n c e of 

00 00 
v V ^ m n 

H ( Z ; L , Z 2 ) = 2-J h ( m » n ) z i z 2 (2.45) 

m = 0 n = 0 

in { | z 1 | 1 , | z 2 | ^ 1} and for BIBO s t a b i l i t y of the f i l t e r . 

(ii) The f o l l o w i n g c o n d i t i o n is also n e c e s s a r y and s u f f i c i e n t 

for the c o n v e r g e n c e of (2.45) in { |z^| ^ 1 , | z 2 1} 



5 6 

and for B I B O s t a b i l i t y of the f i l t e r : 

| h (m, n) | < Ky111"1"11 0 £ K < 00 , |y|< 1 ( 2 . 4 6 ) 

It is c l e a r t h a t if H > 1 , the f i l t e r is u n s t a b l e . 

T h e c a s e w h e r e H = l , is d i s c u s s e d in the f o l l o w i n g l e m m a . 

L e m m a 2 . 1 [ 9 3 ] : 

If H ( Z ^ , Z 2 ) is r a t i o n a l and H = l , then the u n s t a b l e 

s i n g u l a r i t i e s m a y o n l y o c c u r in one of the f o l l o w i n g t h r e e 

r e g i o n s : 

1) |z^|=l , z 2 a r b i t r a r y 

2) z^ a r b i t r a r y , | z 2 | = 1 

3) a l o n g the p e r i m e t e r (but n o t the i n t e r i o r ) of the 

set { | z ^ | ,< 1 , | z 2 | ^ 1} , i . e . w h e n 

H ( Z ^ , Z 2 ) = 00 for some | z^ | = | z 2 | = 1 ( 2 . 4 7 ) 

H ( Z 1 , Z 2 ) 4 °° if e i t h e r |z^| < 1 or | z 2 | < 1 ( 2 . 4 8 ) 

As a d i r e c t c o n s e q u e n c e of the l e m m a 2 . 1 and 

the t h e o r e m 2 . 1 0 , we h a v e the f o l l o w i n g t h e o r e m . 

T h e o r e m 2 .11 [93] : 

If H ( Z ^ , Z 2 ) is r a t i o n a l and n o t in the c l a s s of 

f u n c t i o n s d e s c r i b e d b y ( 2 . 4 7 ) and ( 2 . 4 8 ) , the f o l l o w i n g 

t 
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c o n d i t i o n s are all equivalent; each is n e c e s s a r y and 

s u f f i c i e n t for BIBO s t a b i l i t y of the f i l t e r . 

(iii) h ( m , n ) 0 w h e n m -»• + 0 0 , or n + ® or b o t h (2.49) 

00 oo 

( i v ) S l h ( m , n ) | P < + CO p > 1 (2.50) 

m = 0 n=0 

C o n d i t i o n s ( i ) - ( i v ) of t h e o r e m 2 . 1 0 and 2 . 1 1 

are d i f f e r e n t from the o n e - d i m e n s i o n a l c a s e . In p a r t i c u l a r 

(iii) and (iv) are n o t e q u a l to (i) and (ii) b e c a u s e of 

L e m m a 2 . 1 . In order to i l l u s t r a t e this p o i n t , the f o l l o w i n g 

e x a m p l e is g i v e n by G o o d m a n ; 

H ( z 1 > Z 2 ) = (2.51) 
2 ~ z 1 ~ z 2 

The above filter is BIBO u n s t a b l e , b u t the u n i t 

sample r e s p o n s e g ( m , n ) is such that 

lim { | h ( m , n ) | } = 0 (2.52) 
m,n->-oo 

H o w e v e r , f o l l o w i n g c o r r e s p o n d i n g c o n d i t i o n s for the one-

d i m e n s i o n a l case are equivalent , 
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lim ( | h ( n ) | ) 1 / n < 1 

|h(n) | ^ Ky 1 1 , 0 < K < + 00 , |y |< 1 

|h(n)| ^ P lim P = 0 

n->°° 

00 

| h ( n ) | P < + oo for any p > 1 
n = 0 

2 , 4 , 6 Cep s tral T e s t 

C o m p l e x c e p s t r u m was u s e d for s t a b i l i z a t i o n of 

t w o - d i m e n s i o n a l r e c u r s i v e f i l t e r s by P i s t o r [ 3 l ] , He did 

n o t p r e s e n t any a l g o r i t h m for t e s t i n g the s t a b i l i t y . 

Such a test was later o b t a i n e d by E k s t r o m and W o o d s C 9 » 

as an a p p l i c a t i o n of t w o - d i m e n s i o n a l s p e c t r a l f a c t o r i z a t i o n . 

It is b a s e d on a t w o - d i m e n s i o n a l f a c t o r i z a t i o n o p e r a t i o n 

i n v o l v i n g the a u t o c o r r e l a t i o n f u n c t i o n of the f i l t e r w h i c h 

c o v e r s b o t h q u a r t e r - and h a l f - p l a n e s . H o w e v e r , r e c e n t l y , 

the e x i s t e n c e of a t w o - d i m e n s i o n a l c o m p l e x c e p s t r u m has 

b e e n shown by D u d g e o n [ 3 9 ] . B a s e d on such e x i s t e n c e , 

E k s t r o m and T w o g o o d [ 2 8 ] h a v e o b t a i n e d an a l t e r n a t e test 

w h i c h r e m o v e s the e a r l i e r c o m p l e x i t y and is c o m p u t a t i o n a l l y 

a t t r a c t i v e . 

D u d g e o n [39] has shown that e s s e n t i a l s i n g u l a r i t i e s 

and zeroes of a t r a n s f e r f u n c t i o n H ( z ^ , z 2 ) m a p into e s s e n t i a l 

s i n g u l a r i t i e s of 
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H " ( Z L F Z 2 ) = I N [ H ( Z I , Z 2 ) ] ( 2 . 5 3 ) 

N o w if H ( Z ^ , Z 2 ) is s t a b l e f i l t e r , it can be w r i t t e n in a 

p o w e r s e r i e s with ( w h e r e is the r e g i o n of s u p p o r t of 

/x 

the f i l t e r ) . H e n c e H ( z ^ , z 2 ) can be s i m i l a r l y e x p a n d e d 

as 

OO 00 
/ \ ^ ^ m n 

H( Z ; L,Z 2) = 2 ^ / 2 ^ 1 h(m,n) z ± z 2 (2.54) 

m = 0 n = 0 

F r o m t h i s f a c t the f o l l o w i n g t h e o r e m can be d e r i v e d ; 

T h e o r e m 2 . 1 2 [ 2 8 ] : 

T h e a s y m m e t r i c h a l f - p l a n e r e c u r s i v e f i l t e r , 

H ( Z ^ , Z 2 ) = 1 / Q ( Z ^ , Z 2 ) is s t a b l e if and o n l y if its c e p s t r u m 

h ( m , n ) h a s s u p p o r t on . 

T h e i m p l e m e n t a t i o n of this t h e o r e m i n t o a s t a b i l i t y 

t e s t is as f o l l o w s : 

Step 1) F o r m Q ( z ^ , z 2 ) for q ( m , n ) of the f i l t e r to be t e s t e d . 

Step 2) C a l c u l a t e /Q"(z^,z 2) and its i n v e r s e z - t r a n s f o r m to 

o b t a i n the c e p s t r u m ^ ( m ^ ) . 

Step 3)
 /

q
v
(m,n)=0 for t h e n the f i l t e r is s t a b l e . If 

/q^(m,n)^0 for t h e n the f i l t e r is u n s t a b l e . 

H o w e v e r , t h e r e are s o m e d i f f i c u l t i e s in p e r f o r m i n g the s e c o n d 

s t e p . I n d e e d , in o r d e r to e n s u r e the a n a l y t i c i t y of 

/
Q

V
(W^,W 2) w h i c h is e q u a l to: 



6 0 

/Q(w 1,W 2) = In |^Q(W 1,W 2)] 

= i n Q ( W 1 , W 2 ) ] + jarg [ Q ( W 1 , W 2 ) ] (2.55) 

T h e p h a s e , arg £ Q ( w ^ , w 2 ) J m u s t be p e r i o d i c and c o n t i n u o u s 

. To e n s u r e the c o n t i n u i t y , one can use p h a s e 

u n w r a p p i n g ^28J , and to e n s u r e the p e r i o d i c i t y (with p e r i o d 

2TT), one uses the m e t h o d of l i n e a r p h a s e removal. 

The c e p s t r a l m e t h o d is m a i n l y a p p l i c a b l e for 

n u m e r i c a l t e s t i n g . T h e r e f o r e , it is n o t p o s s i b l e to o b t a i n 

s t a b i l i t y i n e q u a l i t y c o n d i t i o n s . 

2.5 C O M P A R I S O N OF S T A B I L I T Y TESTS 

S i n c e the size of the S c h u r - C o h n m a t r i x is e q u a l 

to the d e g r e e of the d e n o m i n a t o r p o l y n o m i a l , the c a l c u l a t i o n 

of p r i n c i p a l m i n o r s b e c o m e s r a t h e r tedious w i t h i n c r e a s i n g 

size of the m a t r i x . H e n c e , it is d i f f i c u l t to show the 

p o s i t i v e d e f i n i t e n e s s of the s y m m e t r i c m a t r i x of S c h u r - C o h n 

for h i g h e r o r d e r s . 

R e s u l t a n t m e t h o d r e d u c e s the s t a b i l i t y t e s t i n g 

p r o b l e m to c h e c k i n g p o l y n o m i a l s for p o s i t i v i t y over the local 

r e g i o n . The p r e s e n c e or a b s e n c e of real zeroes in this 

r e g i o n can be d e t e r m i n e d b y S t u r m ' s t h e o r e m . H o w e v e r , the 

real zero d e t e r m i n a t i o n m i g h t be c o m p u t a t i o n a l l y c o m p l i c a t e d 
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for h i g h e r o r d e r s . T h e table m e t h o d of M a r i a and F a h m y 

is m o r e p r a c t i c a l than the s y m m e t r i c m a t r i x m e t h o d of 

A n d e r s o n and J u r y and the r e s u l t a n t m e t h o d of B o s e . A l l 

m a t r i c e s i n v o l v e d are s e c o n d order o n l y . The N y q u i s t - l i k e 

test is a g r a p h i c a l a p p r o a c h to test the s t a b i l i t y . B e c a u s e 

the N y q u i s t p l o t is r e l a t e d to the f r e q u e n c y r e s p o n s e , it 

a p p e a r s that g r a p h i c a l tests are u s e f u l n o t only for c h e c k i n g 

the s t a b i l i t y b u t also for d e s i g n p u r p o s e s w h e r e c e r t a i n 

c h a n g e s in the f r e q u e n c y r e s p o n s e are r e q u i r e d . 

T h e c o m p u t a t i o n a l c o m p a r i s o n b e t w e e n the c e p s t r a l 

test of E k s t r o m and W o o d s w i t h table form of M a r i a and F a h m y 

showed that the c e p s t r a l m e t h o d to be m o r e e f f i c i e n t . 

H o w e v e r , a d r a w b a c k of the c e p s t r a l m e t h o d is the a s s u m p t i o n 

t h a t , to a v o i d p r o b l e m s in c a r r y i n g out the l o g a r i t h m , the 

t r a n s f e r f u n c t i o n s h o u l d n o t h a v e any s i n g u l a r i t i e s on the 

d i s t i n g u i s h e d boundary. T h e r e f o r e , it is less r e l i a b l e than 

the o t h e r tests w h e n the zeroes of the p o l y n o m i a l are n e a r 

the u n i t p o l y d i s c . 

2.6 T E S T I N G THE S T A B I L I T Y WITH INNER D E T E R M I N A N T S 

In this s e c t i o n a n e w m e t h o d is p r o p o s e d to c h e c k 

the s t a b i l i t y of t w o - d i m e n s i o n a l f i l t e r s . In this test 

t w o - v a r i a b l e inner d e t e r m i n a n t s are used to e x a m i n e the 

roots of p o l y n o m i a l s w i t h r e a l c o e f f i c i e n t s . The a m o u n t of 

c o m p u t a t i o n n e e d e d for this m e t h o d is c o m p a r a b l e to that 

n e e d e d w h e n u s i n g the o t h e r p r o c e d u r e s d i s c u s s e d in the 

p r e v i o u s s e c t i o n . 
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2 . 6 . 1 I n t r o d u c t i o n to I n n e r s 

The term " i n n e r s " is given to c e r t a i n square 

s u b m a t r i c e s that arise w i t h i n a s q u a r e NxN m a t r i x . T h i s 

term as w e l l as o t h e r d e f i n i t i o n s c o n n e c t e d w i t h i t , was 

f i r s t p r o p o s e d b y Jury 1 9 7 0 . Since that time 

m a n y articles on the theory and a p p l i c a t i o n s of this c o n c e p t 

h a v e b e e n p u b l i s h e d [83]J , E • M o s t of this w o r k is also 

d i s c u s s e d in a r e c e n t l y p u b l i s h e d b o o k £ 2 • 

T h e i m p o r t a n c e of i n n e r a p p r o a c h lies m a i n l y in 

the t h e o r e t i c a l u n i f i c a t i o n of b o t h continuous time and 

d i s c r e t e time t h e o r i e s ( e s p e c i a l l y s t a b i l i t y t h e o r y ) , as 

w e l l as in the c o m p u t a t i o n a l u n i f i c a t i o n o b t a i n e d by u t i l i z i n g 

only one a l g o r i t h m for a n u m b e r of d i f f e r e n t a p p l i c a t i o n s . 

2 . 6 . 2 D e f i n i t i o n s of Inners 

D e f i n i tion 2 . 2 ; L e t A be an N x N m a t r i x . F o r m the 

m a t r i x > d i m e n s i o n N - 2 x N - 2 , b y d e l e t i n g the first 

and last rows and f i r s t and last c o l u m n s of A : then A„ 0 

N - 2 

is c a l l e d i n n e r . N o w r e p e a t this p r o c e s s on ^ - 2 to form 

C o n t i n u e this p r o c e s s u n t i l it ends thus f o r m i n g 

A ^ , A ^ , A,-,..., A n _ 2 for N odd and A 2 , A ^ , . . . , A N _ 2
 f o r 

N e v e n . The a p p r o p r i a t e set is c a l l e d the inners of the 

m a t r ix 

R e m a r k : 

If N is e v e n (larger than or e q u a l to f o u r ) , the 

n u m b e r of inners is ( N - 2 ) / 2 . The inners A ^ , . . . are 

d e s i g n a t e d as f i r s t , s e c o n d , ... i n n e r s , r e s p e c t i v e l y , If 
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N is o d d , the n u m b e r of inners is ( N - l ) / 2 . The f i r s t , 

s e c o n d , . . . , i n n e r s are A ^ , A ^ , ... , r e s p e c t i v e l y . Note 

that in this case the first i n n e r , A ^ , is a one e l e m e n t m a t r i x 

that i s , a s c a l a r . 

E x a m p l e 2.3: 

L e t N = 6 , the inners of a 6 x 6 m a t r i x are formed 

as f o H o w s : 

j -

a l l a 1 2 a 1 3 a 1 4 a 1 5 a 1 6 

a 2 1 
a 2 2 a 2 3 a 2 4 a 2 5 

a 3 1 
a 3 2 a 3 3 

a 3 4 a 3 5 

a 4 1 
a 4 2 a 4 3 a 4 4 

a 4 5 

a 5 1 
a 5 2 a 5 3 a 5 4 

a 2 

a 5 5 

" 2 6 

"36 

46 

'56 

a 6 1 a 6 2 a 6 3 a 6 4 a 6 5 a 6 6 

(2. 

The inners are A ^ and A 
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De f ini tion 2 . 3 : If the d e t e r m i n a n t s of a l l t h e i n n e r s , 

as w e l l as t h a t of the m a t r i x i t s e l f , are p o s i t i v e , we 

d e s i g n a t e the m a t r i x as p o s i t i v e i n n e r w i s e . If all the 

d e t e r m i n a n t s are n e g a t i v e , we d e s i g n a t e the m a t r i x as 

n e g a t i v e i n n e r w i s e . 

D e f i n i t i o n 2 . 4 : If the d e t e r m i n a n t s of the i n n e r s of A „ 
N 

as w e l l as t h a t of A ^ are z e r o , we d e s i g n a t e A ^ as nul1 

i n n e r w i s e . If n o n e of the d e t e r m i n a n t s is z e r o , we 

d e s i g n a t e it as n o n n u l l i n n e r w i s e . 

2 . 6 . 1 T h e M a i n R e s u l t 

The s u f f i c i e n t c o n d i t i o n s for the f i l t e r f u n c t i o n 

1 / B ( Z 1 , Z 2 ) to be stable are 

B ( l , z 2 ) + 0 | z 2 | ^ 1 ( 2 . 5 7 ) 

B ( z l f l ) 4 0 | Z l | << 1 ( 2 . 5 8 ) 

B ( 2 i , Z 2 ) A 0 | z x | = | z 2 | = 1 ( 2 . 5 9 ) 

The p r o o f of the a b o v e s t a b i l i t y c r i t e r i o n can b e f o u n d in 

[ 2 3 ] . The f i r s t two c o n d i t i o n s (2 . 5 7 ) - ( 2 .59) r e d u c e 

to a o n e - d i m e n s i o n a l s t a b i l i t y t e s t , a n d are c o m p u t a t i o n a l l y 

t r i v i a l to i m p l e m e n t . H o w e v e r , the l a s t c o n d i t i o n ( 2 . 5 9 ) 

is r a t h e r d i f f i c u l t to t e s t . In o r d e r to t e s t the t h i r d 

c o n d i t i o n , we t r a n s f e r the z e r o s of a c o m p l e x v a r i a b l e 
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p o l y n o m i a l on the u n i t p o l y d i s c to z e r o s of t h e r e a l 

v a r i a b l e p o l y n o m i a l in a r e g i o n . 

B ( Z ^ , Z 2 ) can be w r i t t e n in r e c u r s i v e c a n o n i c a l 

f o r m as a p o l y n o m i a l in z 2 w i t h c o e f f i c i e n t s w h i c h are 

p o l y n o m i a l s in z^ 

q 
B ( z 1 , Z 2 ) = 2 bj(z 1)z 2 (2.60) 

j=0 

-1 

L e t D ( Z 1 , Z 2 ) = B ( z 1 , z 2 ) B ( z 1 , z 2 ) . ( 2 . 6 1 ) 

D ( Z 1 9 Z 9 ) can be r e w r i t t e n as: 

2q P . • 

D( Z ; L,Z 2) = 2 E c i ( z 1 + z x )z (2.62) 

j =0 i =0 

i - i 
T h e f o l l o w i n g s u b s t i t u t i o n s for (z n + z, ) m a y n o w be m a d e 

( z 1 + z "
1
) = 2x 

2 - 2 2 
(z*. + z ^ ) = 4x - 2 

( z 3 + z ~ 3 ) = 8 x 3 - 6x ( 2 . 6 3 ) 
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Oil | z^ | = 1 , x is r e a l and D ( z ^ , z 2 ) b e c o m e s 

D ( X , Z 2 ) = D ( Z 1 , Z 2 ) 

Z l l = 1 

(2.64) 

2q 

= £ d . ( x ) z ] , 
J ^ 

j=0 

( 2 . 6 5 ) 

L e t G ( X , Z 9 ) = D ( x , Z „ ) D ( x , Z 9
1 ) 

G ( X , Z 9 ) can be r e w r i t t e n as: 

4q 

G ( X , Z 2 ) = E h
j

( x ) ( Z 2 + Z 2 J ) 

j=0 

(2.66) 

T h e n by s u b s t i t u t i o n of ( 2 . 6 3 ) for ( z 2 + z"* 1), G ( x , z 2 ) 

can be w r i t t e n as: 

G(x,y) = G ( X , Z 9 ) 

4q 

E 
j=0 

( 2 . 6 7 ) 
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T h e o r e m 2 . 1 3 : 

B C z ^ j Z ^ ) 4 0 for |z-|J= l z
2 l

 = * if o n l y 

if G ( x , y ) i 0 for x e [ - l , + l ] and ye [ - l , + l ] 

The p r o o f of this t h e o r e m can be f o u n d in 

A p p e n d i x B , t h e f o l l o w i n g l e m m a is o b t a i n e d f r o m t h e o r e m 2 . 1 3 . 

L e m m a 2 . 2 : 

B ( Z 1 , Z 2 ) $ 0 for | z 1 | = |z 2| = 1 if 

a) G ( x , y ) t 0 for xe [ - l , + l ] and ye [-«>,+ 

b ) G ( x , y ) ± 0 for ye [ — 1 , +1 3 and xe [ - » , + 00 ] 

The p r o o f of t h i s l e m m a is s i m p l e and b a s e d on 

t h e o r e m 2 . 1 3 . A f t e r o b t a i n i n g the a b o v e r e s u l t s , the o n e -

v a r i a b l e i n n e r d e t e r m i n a n t s |~463 » E^O^ can be u s e d to t e s t 

the t h i r d c o n d i t i o n ( 2 . 5 9 ) 

T h e o r e m 2 . 1 4 : 

The n u m b e r of r e a l r o o t s , N , of 

F ( x ) 
n ^ 

a x + a 
n 

n - 1 + a. x + a , a > 0 is 
1 o ' n n - 1 

x • • • 

N 

(2.68) 

W h e r e 1 v a r 1 d e n o t e s t h e n u m b e r of v a r i a t i o n s of s i g n s , and 
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| A* | , i = 1 , 2 , . .,2n-l are the inner d e t e r m i n a n t s in 

the m a t r i x [A*] in ( 2 . 6 9 ) . 

— 

1 a -
. n n - 1 
h 
I \ 

a n - 2 " 
a 
0 

... 0 ... ... 0 1 a -
. n n - 1 
h 
I \ 

1 \ 
... 0 

1
 S

 "n 
a n - l • a i 

. . a ... 
0 

... 0 

| \ 
\ 

\ 
\ 

! \ 
1 \ 
1 
1 
1 

\ a n 
\ 

a n - l 
a n ... 
n - 2 

... a 
0 

1 
1 

\ 
/ 

0/ 
/ 

1 
l 

\ 
/ 

0/ 
/ 

na 
n 

(n-1)a ... 
n . • . a ̂  

1 / 
1 / 
1 / 

1 / 
1 
1 / 1 / 
I / 

/ 
0 / na 

1 / n 
(n-1)a 

n— 1 
• * • a 2 a^ ... ... 0 

1 / 
l / 

n a n ( n - l ) V l 
n-z 

. • . a ̂  0 ... ... 0 

(2.69) 

The p r o o f of t h e o r e m 2.14 can be found in [ 2 2 ] . 

In our c a s e , the c o e f f i c i e n t s , a , are f u n c t i o n s of x . » ' n' 
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2.6.4 E x a m p l e s : 

The p u r p o s e of the f o l l o w i n g e x a m p l e s is to 

i l l u s t r a t e the p r o c e d u r e d e s c r i b e d a b o v e , step by s t e p . 

In p a r t i c u l a r , E x a m p l e 2.5 is also u s e d by Bose [38] and 

A n d e r s o n and J u r y [,2o] to i l l u s t r a t e the r e s u l t a n t t e c h n i q u e 

and s y m m e t r i c m a t r i x f o r m , r e s p e c t i v e l y . It is found that 

the p r o p o s e d test is m u c h s i m p l e r than b o t h t e c h n i q u e s . 

E x a m p l e 2.4: 

G i v e n B ( z ^ , z 2 ) = 2 + 2z^ + z 2 • C l e a r l y f i r s t 

and second c o n d i t i o n s ( 2 . 5 7 ) , (2.58) are s a t i s f i e d . 

T h e r e f o r e , the third c o n d i t i o n (2.59) w i l l d e t e r m i n e w h e t h e r 

or n o t the f i l t e r is s t r u c t u r a l l y s t a b l e . We o b t a i n 

G (x, y) as : 

G ( x , y ) = 16(5 + 4 y ) x 2 + 8(18 + 17y + 4 y 2 ) x + (65 + 72y + 3 2 y 2 ) 

and o n e - v a r i a b l e inner d e t e r m i n a n t s [46] are f o u n d . 

A * ( y ) = 32(5 + 4y) 

A ^ ( y ) = 1024 (5 + 4 y ) ( 1 6 y 4 + 8 y 3 - 1 5 y 2 - 8 y - l ) 

T a b l e 2 . 1 shows zeros and sign d i s t r i b u t i o n of inner 

d e t e r m i n a n t s in the r e g i o n of ye [ - 1 , + l ] . 

Due to t h e o r e m 2 . 1 4 , we find 

N ( _ 1 > . 4 f ) = var[ + ,-,- ] - var[ + , + ,-]= 0 

N ( - * , + l ) = v a r [ + > - > ~ l " var [+, + ,-]= 0 
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w h e r e N , , , N and N , . l l N d e n o t e s the n u m b e r of r e a l 
(-!»-*) (~4f » +1) 

z e r o s in x of G ( x , y ) for any f i x e d v a l u e of y in ( - 1 , - % ) 

and (-4r, +l)y r e s p e c t i v e l y . H o w e v e r , we can s h o w t h a t 

= 2 , w h e r e is the n u m b e r of r e a l z e r o s of G ( x , - £ ) . 
2 

T a k i n g y = G ( x , - % ) = 6 4 x + 1 1 2 x + 49 , w h i c h has a 

r e a l r o o t in -1 x 1 . F r o m t h e o r e m 2 . 1 3 we c o n c l u d e 

t h a t B ( Z ^ , Z 2 ) h a s z e r o ( s ) on the u n i t p o l y d i s c . H e n c e 

the f i l t e r f u n c t i o n is u n s t a b l e . 

E x a m p l e 2 . 5 : 

2 
G i v e n B ( z 1 , z 2 ) = (12 + 10z ] L+ 2 z 1 ) + ( 6 

The f i r s t and s e c o n d c o n d i t i o n s are s a t i s f i e d , 

c o n d i t i o n ( 2 . 5 9 ) w i l l d e t e r m i n e the s t a b i l i t y . 

G ( x , y ) as : 

G ( x , y ) = ( 4y + 5) 2 ( 2 4 x 2 + 7 0 x + 5 0 ) 2 

o n e - v a r i a b l e i n n e r d e t e r m i n a n t s a r e : 

AJ(X) = 3 2 ( 2 4X 2
+ 7 0 x + 5 0 )

2 

A 2(x)E 0 

B o t h A ^ and A ^ do n o t h a v e any r e a l r o o t in the i n t e r v a l 

I = [ - l , + l ] , 0 . S i n c e the n u m b e r of r e a l r o o t s , N ^ , is 

e q u a l to z e r o , t h e l e m m a 2.2 g u a r a n t e e s t h a t B ( z ^ , z 2 ) h a s 

n o zero on the d i s t i n g u i s h e d b o u n d a r y , i . e . , 

2. 
+ 5 + z )z 

the t h i r d 

We o b t a i n 



Table 2 1 
Sign of Inners in Example 2 4 

-1 -0 -25 +1 

II h 

Ai(y) + + + + + + + + + 

A'3(y) C ) ( ) c ) 

Table 2-H 
Sign of Inners in Example 2 5 

-1 +1 

I 

A'i(x) + + + + + + + + + 

A 3 ( x ) 



72 

3 to1 jo)2 

B(e , e ) ^ 0 . The f i l t e r f u n c t i o n is s t a b l e . 

Since this is an e x a m p l e of a s e p a r a b l e s y s t e m s i m p l e r 

t e c h n i q u e s for a s s e s s i n g s t a b i l i t y are a v a i l a b l e . 

2.6.5 R e m a r k s : 

In the s e c o n d e x a m p l e a b o v e , A g ( x ) H 0 i m p l i e s the 

p r e s e n c e of a c o m m o n f a c t o r in G ( x , y ) and G ' ( x , y ) = *6G (x,y)/"6y, 

and this can be e x t r a c t e d v i a r a t i o n a l o p e r a t i o n s £ 4 6 ] , £ 7 6 ] . 

2.7 D I F F I C U L T I E S W I T H THE E X T E N S I O N OF L Y A P U N O V ' S 

T E S T F O R T W O - D I M E N S I O N A L F I L T E R F U N C T I O N S 

2.7.1 In t r o d u c ti on 

The e x t e n s i o n of L y a p u n o v ' s f u n c t i o n to two-

d i m e n s i o n a l d i g i t a l r e c u r s i v e f i l t e r s has b e e n s t u d i e d by 

s e v e r a l i n v e s t i g a t o r s £97] - £99.]. A l g i z i and F a h m y £97! 

d e r i v e d a c r i t e r i o n w h i c h s u f f i c i e n t l y g u a r a n t e e s the 

a b s e n c e of o v e r f l o w o s c i l l a t i o n s . M o s t r e c e n t l y , 

A g a t h o k l i s £99] used the t w o - d i m e n s i o n a l L y a p u n o v ' s test 

for e s t i m a t i o n of the s t a b i l i t y m a r g i n . 

The t w o - d i m e n s i o n a l L y a p u n o v ' s test is given as 

f o l l o w s £ 9 7 ] - [9 9]; d e t [ I - z 1 A 2 - z 2 A 1 ] 1 0 in the d o m a i n 

-2 . . 

U if and only if there e x i s t s a b l o c k d i a g o n a l m a t r i x P 

such that 

Q = [ A 1 + A 2 ]
T P [ A 1 + A 2 ] - P (2.70) 

Q is n e g a t i v e d e f i n i t e , 



73 

w h e r e A ^ and A 2 m a t r i c e s are o b t a i n e d f r o m the f o l l o w i n g 

s t a t e - s p a c e m o d e l g i v e n by F o r n a s i n i and M a r c h e s i n i [ 9 6 ] ; 

x ( m + l , n + 1 ) = A - x ( m + l , n ) + A 0 x ( m , n + 1 ) ( 2 . 7 1 ) 

and 

U 2 = { ( z l f z 2 ) : | z x | « 1 , | z 2 | <? 1} ( 2 . 7 2 ) 

The s y s t e m in e q u a t i o n ( 2 . 7 1 ) r e p r e s e n t s the z e r o - i n p u t 

c o n d i t i o n of the s t a t e b e h a v i o u r . T h e z - t r a n s f o r m of 

t h i s s y s t e m is g i v e n by 

X ( Z ; L , Z 2 ) [ I - Z 2 A - Z x A 2 ] = 0 ( 2 . 7 3 ) 

It can be s h o w n t h a t the s y s t e m ( 2 . 7 1 ) is bounded-

i n p u t b o u n d e d - o u t p u t ( B I B O ) s t a b l e if and o n l y if 

d e t [ I - Z 2 A 1 - Z x A 2 ] A 0 in U 2 ( 2 . 7 4 ) 

S i n c e e i g e n v a l u e s of t w o - d i m e n s i o n a l d i g i t a l 

f i l t e r f u n c t i o n s are n o t s i n g u l a r p o i n t s b u t t w o - d i m e n s i o n a l 

m a n i f o l d s , one s h o u l d e x p e c t t h a t f i n i t e o r d e r L y a p u n o v ' s 

f u n c t i o n s s h o u l d n o t c a r r y all the i n f o r m a t i o n for the 

s i n g u l a r i t i e s of the g i v e n s y s t e m . T h e f o l l o w i n g c o u n t e r 

e x a m p l e s h o w s t h a t the e x t e n s i o n of L y a p u n o v ' s t e s t to the 

t w o - d i m e n s i o n a l c a s e is n o t v a l i d in g e n e r a l . 
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2.7.2 A C o u n t e r E x a m p l e for the E x t e n s i o n 

C o n s i d e r the f o l l o w i n g s t a t e - s p a c e s y s t e m 

x 1 ( m + l , n + 1) = 0.5x^111+1, n) + 2 x 2 ( m + l , n) 

x 2 ( m + 1 , n + 1 ) = 0 . 5 x ^ ( m , n + l ) (2.75) 

F r o m this m o d e l , A^ and A 2 can be o b t a i n e d as: 

A
1 = 

0.5 

A , = 

0 0 

0.5 0 

(2.76) 

and d e t [ I - z 2 A ^ - z ^ A 2 ] can be w r i t t e n as 

d e t [ I - z 2 A ^ - z ^ A 2 ] = 1 - 0 . 5 Z 2 - Z^Z^ (2.77) 

It can be s h o w n that the d e t e r m i n e d f u n c t i o n in e q u a t i o n 

(2.77) has a zero at ( z 1 , z 2 ) = (0.5 + j 0 . 5 , 0.8 + j 0 . 4 ) . 

H e n c e the s y s t e m given by (2.76) is u n s t a b l e [87] . 

H o w e v e r , if one c o n s i d e r s the L y a p u n o v ' s test w i t h 

P = (2.78) 

0 lj 
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as a p o s i t i v e d e f i n i t e m a t r i x . T h e n , by a p p l y i n g 

e q u a t i o n ( 2 . 7 0 ) , we o b t a i n : 

Q = [ A x + A 2 ] T P [ A x + A 2 ] -

0.5 2 

0.5 0 J 

Tr 1 0 

Lo l J 

0.5 2 

L0.5 0 J 

~ 1 o" 

_0 1 -

-0.5 1 

L 1 3 J 

(2.79) 

w h e r e Q is n e g a t i v e d e f i n i t e . T h e r e f o r e , the above 

c r i t e r i o n g u a r a n t e e s that the det [ I - z 2 A ^ - z ^ A 2 ] has no 

- 2 

zeroes in the c l o s e d u n i t p o l y d i s c (U ). H o w e v e r , it has 

b e e n shown that this d e t e r m i n a n t f u n c t i o n has a zero at 

(z^ , z 2 ) = (0.5 + j 0.5 , 0.8 + j 0 . 4 ) . 

2 . 7 . 3 R e m a r k s 

The above c o u n t e r e x a m p l e shows that the d i r e c t 

e x t e n s i o n of L y a p u n o v ' s test to the t w o - d i m e n s i o n a l case is 

n o t true in g e n e r a l . H o w e v e r , one m a y show the v a l i d i t y 

of the e x t e n s i o n for s e p a r a b l e s y s t e m s (i.e. H ( z ^ , z 2 ) = 

H ^ ( z ^ ) H 2 ( z 2 ) ) . H e n c e the e x t e n d e d test is n e c e s s a r y b u t 

not s u f f i c i e n t . 
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2.8 EXTENSION OF LYAPUNOV'S METHOD FOR TESTING THE 

STABILITY OF ROESER'S MODEL 

All the stability tests reviewed in Section 2.4, are 

concerned with BIBO stability. However, recently Fornasini and 

Marchesini £lOlJ introduced a frequency dependent Lyapunov equation 

for their models [l03l. The application of Lyapunov tests to 

Roesser's model £57]) has not yet been developed. In the following 

section, a similar approach is used to generalize Lyapunov 1s method 

for testing Roesser's model which is a more general model than that 

of Fornasini and Marchesini. 

2.8.1 Formulation of Roesser's Model 

In the following formulation, i,j are integer valued 

vertical and horizontal coordinates, and {R} e ^ ,{S} e ^ are 

sets which convey information vertically and horizontally, respectively. 

The input and output of the system are {u} e , {y} e . 

The system to be considered is discrete, causal, and its state and 

output functions are described by 

R(i+1, j) = A 1R(i,j) + A 2S(i,j) + B ^ C i J ) 

S(i,j+1) = A 3R(i,j) + A 4S(i,j) + B 2u(i,j) 

y(i,j) = CjRtt.j) + C 2S(i,j) + D 4u(i,j) (2.80) 

For zero input conditions, the state behaviour of the system is given by 
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R(i+l,j) = A ^ t t . j ) + ^ S C i , j) 

S(i,j+1) = A 3R(i,j) + A AS(i,j) (2.81) 

If we define the z-transform of x(i,j) to be 

00 00 

x(z 1,z 2) = 2-f 2-f X( m» n) 

111=0 n=0 

m n 
Z1 Z2 ' 

equations (2.81) can be written in the matrix z-transformed form, 

R ( Z 1 , Z 2 ) 

S(z1,z2)_ 

= [A10zl + A01Z2 ] 

R ( Z X , Z 2 ) 

_S(z1,z2)_ (2.82) 

where 

10 01 

L
A
3 4 

(2.83) 

where 0 is a null matrix of appropriate dimensions. 

Then the following theorem can be derived 
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T h e o r e m 2 . 1 5 : 

A 2 - d i m e n s i o n a l d i s c r e t e s y s t e m w h i c h is d e s c r i b e d 

by ( 2 . 8 0 ) is i n t e r n a l l y s t a b l e [lOl] if and o n l y if the 

p o l y n o m i al 

A ( z i , z 2 ) = d e t [ I - A 1 0 z 1 - A q 1 Z 2 ] ( 2 . 8 4 ) 

has n o z e r o e s in the c l o s e d u n i t p o l y d i s c . 

T h e p r o o f of t h e o r e m 2.15 can be f o u n d in [lO 2"]. T h e 

f o l l o w i n g c o r o l l a r y can be o b t a i n e d f r o m H u a n g ' s t h e o r e m [ 1 9 ] . 

C o r o l l a r y 2 . 1 : 

A 2 - d i m e n s i o n a l d i s c r e t e s y s t e m w h i c h is d e s c r i b e d 

b y ( 2 . 8 0 ) is i n t e r n a l l y s t a b l e if and o n l y if the c o m p l e x 

m a t r i x 

A 1 q + e J " A ( 2 . 8 5 ) 

is s t a b l e ( i . e . m a g n i t u d e s of its e i g e n v a l u e s are less 

than 1) for r e a l w . 

2 . 8 . 2 L y a p u n o v E q u a t i o n for R o e s s e r ' s M o d e l 

F r o m the a b o v e c o r o l l a r y , it can b e s h o w n that 

the s y s t e m ( 2 . 8 0 ) is i n t e r n a l l y s t a b l e if and o n l y if the 

L y a p u n o v e q u a t i o n 
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P(w> = I • [ A I Q + E ' I " A Q 1 ] T P ( W ) [ A i q + e J W A 0 1 ] ( 2 . 

a d m i t s a p o s i t i v e d e f i n i t e H e r m i t i a n s o l u t i o n P ( w ) for 

e v e r y real w . The p o s i t i v e d e f i n i t e c h a r a c t e r of P ( w ) 

can be c h e c k e d by a p p l y i n g S t u r m ' s test to the p r i n c i p a l 

m i n o r s of P ( w ) [ l O l ] . If we a s s u m e that s y s t e m (2.80) is 

i n t e r n a l l y s t a b l e , 

00 

P ( w ) = ^ P k e j W k (2.87) 

k = -°° 

is the s o l u t i o n of the f r e q u e n c y d e p e n d e n t L y a p u n o v 

e q u a t i o n ( 2 . 8 6 ) . It can be shown that the F o u r i e r 

c o e f f i c i e n t s P, s a t i s f y f o l l o w i n g p r o p e r t i e s [lOlJ 

T 
1) For any i n t e g e r k , P = P , and k -k 

K ' s J t 

r , s =0 

A R ' S 

CO 

Pj = V [ A r + 1 ' S ] T A r ' S + 1 

r , s = 0 

00 

E [ 
A R + K , S ] A R , S + K (2.88) 

r , s =0 

and so o n . 
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Whe re 

A = (2.89) 

and 

A 0 , 0 = x ? A r , 0 = A r Q ^ A 0 , s = A s 
01 

A ~ r , S = A r , " S = 0 for r ^ 1 , s ^ 1 

A r * S = A A A 10 
r " 1 » s + A A 1 ' 8 " 1 

01
 A 

(2.90) 

2) The d o u b l y i n f i n i t e b l o c k T e o p l i t z m a t r i x 

N \ 
s 

N P - 1
 X p 0 X P \ 

\ 
\ 

\
 P

- i \ 

\ 
\ 

1 \ 
\ 

\ 
\ 

\ 
P, \ 

\ 
\ 

\ 
\ 

\ 
\ rx-l \0 

\ \ 
\ (2.91) 

i n d u c e s p o s i t i v e d e f i n i t e s c a l a r p r o d u c t in the 

space ( C n ) • 
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It is i n t e r e s t i n g to note that the T o e p l i t z m a t r i x 

s a t i s f i e s the e q u a t i o n , 

+ ( 2 . 9 2 ) 

w h e r e s the ( i n f i n i t e ) i d e n t i t y m a t r i x and 

are the d o u b l y i n f i n i t e b l o c k T o e p l i t z m a t r i c e s : 

j / -

X X 
\ V \ 

\ 
\ 

\ 

0 
\ 

10
 N A 0 1 0 

0 A 1 0 A 0 1 0 

\ 
10 \ 

\ \ 

\ \ 

A 0 1 \ \ 
\ 

\ 

X 

( 2 . 9 3 ) 

X s 
X 
X 

\ T 
0 A 

X 
\ 

\ 
\ 

X 
\ 

\ X 
01 01 

l01 10 ( 2 . 9 4 ) 

X 01 
X 

X 
10 

\ X 
X 

X X 
\ 



E q u a t i o n s ( 2 . 9 2 ) - ( 2 . 9 4 ) are the g e n e r a l i z a t i o n 

of o n e - d i m e n s i o n a l L y a p u n o v ' s e q u a t i o n for R o e s s e r ' s m o d e l 

E q u a t i o n (2.86) d e p e n d s on the p a r a m e t e r w , so that the 

check of the p o s i t i v e d e f i n i t n e s s of its s o l u t i o n r e q u i r e s 

to test the v a r i a t i o n s in sign of the polynomial p r i n c i p a l 

m i n o r s of P ( w ) . On the o t h e r h a n d , (2.92) is i n f i n i t e 

d i m e n s i o n a l , and does n o t give any f i n i t e p r o c e d u r e for 

c h e c k i n g the s t a b i l i t y . 
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C H A P T E R 3 

S T A B I L I T Y OF M U L T I D I M E N S I O N A L D E S C R E T E S Y S T E M S 

S t a b i l i t y p r o b l e m s of p o l y n o m i a l s of d i m e n s i o n s 

h i g h e r than two arise in s e v e r a l applications of s y s t e m 

t h e o r y - i n c l u d i n g , b u t n o t r e s t r i c t e d t o , m u l t i d i m e n s i o n a l 

d i g i t a l f i l t e r i n g and a u t o m a t i c c o n t r o l . The m a t h e m a t i c a l 

b a s i s of m u l t i d i m e n s i o n a l s t a b i l i t y p r o b l e m s lies in the 

theory of c o m p l e x f u n c t i o n of s e v e r a l v a r i a b l e s £42]- [ 4 4 I . 

C o n d i t i o n s for s t a b i l i t y h a v e r e c e n t l y b e e n 

f o r m u l a t e d for d i s c r e t e s y s t e m s c h a r a c t e r i z e d by m u l t i -

v a r i a b l e r a t i o n a l f u n c t i o n s . A l l these c o n d i t i o n s as w e l l 

as tests for c h e c k i n g them w i l l be d i s c u s s e d . 

In the m a i n p a r t of this c h a p t e r , a c e p s t r a l 

s t a b i l i t y test for m u l t i d i m e n s i o n a l d i g i t a l f i l t e r s w i l l 

be i n t r o d u c e d . The test is b a s e d on the p r o p e r t i e s of 

N - d i m e n s i o n a l c o m p l e x c e p s t r u m of f i l t e r s w i t h r a t i o n a l 

t r a n s f e r f u n c t i o n s . 

3.1 S T A B I L I T Y OF M U L T I D I M E N S I O N A L D I G I T A L F I L T E R S 

L e t the z - t r a n s f o r m of an N - d i m e n s i o n a l f i r s t 

q u a d r a n t f i l t e r f u n c t i o n b e : 

H ( Z 1 , Z 0 , . . . , Z t i ) = — — — — (3.1) 

B(z^,z 2 , . •• ,z ) 
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whe re 

M n M . M U v 

1 2 II 

A(z x ., z 2 , . . . , z^) = ^ j ^ j ^ ^ a^,!!^,... ,mn)z1^' ..z^ 

m, =0 m o = 0 m =0 
1 2 n 

N . N 0 N 
1 2 n 

\ ' n 2 ii 
B(z1,Z2,. .. ,zn) = / j / j / , b(n1,n2,... ,nn)z1 z 2 ... z^ 

n =0 n =0 ii =0 
1 2 n 

w i t h b ( 0 , Q , . . . , 0 ) ^ 0 . W i t h o u t loss of g e n e r a l i t y , we 

assume b ( 0 , 0 , . . . , 0 ) = 1 , the c o e f f i c i e n t s a ( m ^ , m 2 , . . . , m n ) 

and b(n- , n 2 , • . • , n ) are r e a l c o n s t a n t s , n o t n e c e s s a r i l y all 

n o n - z e r o . The t r a n s f e r f u n c t i o n H(z_ , z n , . . . , z ) can be 

1' 2 ' ' n 

e x p a n d e d in a p o w e r s e r i e s of z ^ , z 2 , . . . , z as: 

OO 00 

H(z1,z2,...,zn) = ^ ^^ ••• h(k 1,k 2,...,k n)z 1
1 z 2

2...z n
n 

k =0 k o=0 k =0 
1 2 n 

(3.2) 

where h(k^ ,k 2,... ,k 2) is the u n i t s a m p l e r e s p o n s e of the t r a n s f e r 

f u n c t i o n in e q u a t i o n ( 3 . 1 ) . 
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In C h a p t e r 2 , it has b e e n shown that a two-

d i m e n s i o n a l s y s t e m is BIBO stable if the o u t p u t s e q u e n c e 

is b o u n d e d for any b o u n d e d i n p u t s e q u e n c e . T h e r e f o r e , for 

a m u l t i d i m e n s i o n a l s y s t e m , the i n p u t f u n c t i o n { x ( m ^ , m 2 , • . • m n ) } 

i s b ounde d i f: 

| x C n ^ ,m 2 , . . . , m n ) | M < » ^ ( n ^ , m 2 , . . . ,m n> (3.3) 

The o u t p u t s e q u e n c e , { y ( m ^ , m 2 , . . • , m )} m u s t , for a stable 

s y s t e m , a l s o be b o u n d e d , 

| y ( m 1 , m 2 , . . . , m n ) | ^ N < » (n^ ,m 2 ,. . . , m n ) (3.4) 

One m a y d i r e c t l y o b t a i n the f o l l o w i n g t h e o r e m for a 

N - d i m e n s i o n a l d i s c r e t e s y s t e m to be BIBO s t a b l e . 

T h e o r e m 3.1 [75] : 

A N - d i m e n s i o n a l s y s t e m d e s c r i b e d by (3.1) is BIBO 

s t a b l e if and only if there e x i s t a r e a l \ < 00 such that 

for all p o s i t i v e i n t e g e r s ( m ^ , m 2 , . . . , m ) 

OO CO OO 

T : ^ X ) | h ( m i , m 2 , . . . , m n ) | \ < « (3.5) 

m . =0 m „ = 0 m =0 
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3.2 C O N D I T I O N S FOR S T A B I L I T Y 

The f i r s t s t a b i l i t y t h e o r e m for N - d i m e n s i o n a l 

d i g i t a l t r a n s f e r f u n c t i o n s is given by J u s t i c e and S h a n k s [] 4 8 ̂ J: 

T h e o r e m 3.2: 

The t r a n s f e r f u n c t i o n d e s c r i b e d by (3.1) is BIBO 

stable if and only if 

n 

B (z x , z 2 , . . . , z n z n ) + 0 H {|z.| 4? 1 } 
i = l 

(3.6) 

p r o v i d e d A ( z ^ , z 2 , . . . , z ) and B ( z ^ , z 2 , • ••,z ) are m u t u a l l y 

p r i m e • 

H o w e v e r , due to the e f f e c t of n u m e r a t o r on the 

s t a b i l i t y , the a b o v e c o n d i t i o n (3.6) is s u f f i c i e n t b u t n o t 

s i n g u l a t i e s of the s e c o n d k i n d on the d i s t i n g u i s h e d b o u n d a r y 

the f o l l o w i n g t h e o r e m can be p r o v e n . 

T h e o r e m 3.3: 

If H ( z ^ , z 2 , . . . , z n ) r e p r e s e n t s a BIBO s t a b l e 

f i l t e r then H ( z ^ , z 2 , • . . , z ^ ) has no n o n e s s e n t i a l s i n g u l a r i t i e s 

of the f i r s t k i n d in the u n i t p o l y d i s c and no n o n e s s e n t i a l 

s i n g u l a r i t i e s of the s e c o n d k i n d in the u n i t p o l y d i s c e x c e p t 

p o s s i b l y on the d i s t i n g u i s h e d b o u n d a r y . 

B are m u t u a l l y p r i m e and no n o n e s s e n t i a l s i n g u l a r i t i e s of 

the s e c o n d k i n d on the d i s t i n g u i s h e d b o u n d a r y of the u n i t 

If we c o n s i d e r the n o n e s s e n t i a l 

F r o m the above t h e o r e m s , we c o n c l u d e that w h e n A and 
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p o l y d i s c e x i s t , the c o n d i t i o n (3.6) is n e c e s s a r y and 

s u f f i c i e n t for s t r u c t u r a l s t a b i l i t y . 

3.3 C R I T E R I A F O R S T A B I L I T Y TESTS 

In the p r e c e d i n g s e c t i o n , it has b e e n shown that 

the n e c e s s a r y and s u f f i c i e n t c o n d i t i o n for s t r u c t u r a l 

s t a b i l i t y of N - d i m e n s i o n a l d i g i t a l t r a n s f e r f u n c t i o n is: 

n 

B ( z 1 , z 2 , . . . , z n ) t 0 P i | z j (3.7) 

i = 0 

R e c e n t l y , v a r i o u s c r i t e r i a have b e e n s u g g e s t e d to simplify 

the s t a b i l i t y test by s e v e r a l i n v e s t i g a t o r s . 

E q u a t i o n (3.1) can be tested u s i n g any one of the f o l l o w i n g 

c r i t e r i a ; 

a) C r i t e r i o n of A n d e r s o n and Jury [52]: 

B ( z 1 , 0 , . . . ,0) A 0 |z1| ^ 1 (3.8) 

B ( z i , z 2 , 0 , . . . , 0 ) A 0 { | Z l | = l } n { l
z

2 U l } (3.9) 

n-2 

B(z 1,z 2,...,z n_ 1,0) ^ 0 | n |z.|=l | n j l z ^ k l } (3.10) 

i=l 

B(Z 1,Z 2
 z

n - l '
Z n ^ 0 | H I 2 ^ = 1 | Pi {|z n l } (3.11) 

i=l 

This c r i t e r i o n is the g e n e r a l i z a t i o n of H u a n g ' s c o n d i t i o n £l9j • 
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b) C r i t e r i o n of S t r i n t z i s [ 2 3 ] : 

i) F o r some b - t . . . , b such 
1 * ' n 

for a l l i , i = l , 2 , . . . , n 

t h a t Jb | = 1 , r = l , 2 , . . . , n and 

B ( z - , z 0 z ) 4 0 w h e n z =b , r ^ i and |z.|<:l 

1 * 2 ' ' n r r ' 1 1 1 

ii) B (z^ , z 2 , . . . , z R ) ^ 0 w h e n | z 1 | = | z 2 | = . . . = | z
n l

= 1 

( 3 . 1 2 ) 

F o r s i m p l i c i t y o n e can c h o o s e b = 1 ; 

E x a m p l e : L e t n = 3 , s t a b i l i t y c o n d i t i o n 

i) B ( z l P l , l ) J 0 \ Z l \ 4 1 

B ( 1 , Z 2 , 1 ) 4 0 | z 2 | ^ 1 

B ( 1 , 1 , Z 3 ) + 0 

B ( z i , z 2 , z 3 ) + 0 | z i | = | z 2 | = | z 3 | = 1 ( 3 . 1 3 ) 

c) C r i t e r i o n of D e C a r l o e t al [49] , [ 8 I 

i) B ( z , z , . . . , z ) 4 0 |z 

ii) B ( z x ,z 2 , . . . , z n ) ^ 0 | z 1 | = | z 2 | = . . . = | z n | =1 ( 3 . 1 4 ) 

3.4 S T A B I L I T Y T E S T S 

3 . 4 . 1 N y q u i s t - L i k e T e s t 

D e C a r l o , M u r r a y , and S e a k s [ 4 9 ] , [ 8 8 ] g e n e r a l i z e d 

the t h e o r e m s ( 2 . 6 ) - ( 2 . 9 ) w h i c h are g i v e n for t w o - d i m e n s i o n a l 

d i g i t a l s y s t e m s to the m u l t i d i m e n s i o n a l c a s e . 



T h e o r e m 3.4 [ 4 9 ] : 

The m u l t i d i m e n s i o n a l f i l t e r in (3.1) is 

s t r u c t u r a l l y stable if and only if: 

n 

i) B (z^ , Z2 , . . . , Z q) h a s no z e r o e s on |z^| = l 

i = l 

ii) the N y q u i s t p l o t s for the o n e - d i m e n s i o n a l f u n c t i o n 

B ( 1 , . . . , 1 , z ^ , 0 , .. . , 0) , k = l , 2 , . . . , n 

do n o t e n c i r c l e z e r o . 

T h e o r e m 3.5 [49]: 

L e t B be as in ( 3 . 1 ) . The f i l t e r is s t r u c t u r a l l y 

stable if and only if: 

n 

i) B ( z ^ , z 2 , . . . , z ^ ) has no zeroes on O =1 

i = 1 

ii) the N y q u i s t p l o t s for the o n e - d i m e n s i o n a l f u n c t i o n 

B ( 1 , 1 , • . . , 1 ) t k = l , 2 , . . . , n 

do n o t e n c i r c l e z e r o . 

T h e o r e m 3.6 [ 4 9 ] : 

L e t B be d e s c r i b e d as in ( 3 . 1 ) . The f i l t e r is 

s t r u c t u r a l l y stable if and only if 

n 
i) B ( Z 1 , Z 2 > . . . , z n ) 1 0 for n i

z i l = 1 

i = l 
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ii) the N y q u i s t p l o t for the one d i m e n s i o n a l f u n c t i o n 

B ( z^ , z 2 > • • • 9
 z

n )
 z

 y
 = z

2
, , # = Z

n
 = Z 

does n o t e n c i r c l e z e r o . 

3.4.2 Table F o r m 

The g e n e r a l i z a t i o n of the table form f r o m two-

d i m e n s i o n a l d i g i t a l f i l t e r s to the m u l t i d i m e n s i o n a l case has 

b e e n s t u d i e d by A n d e r s o n , Bose and Jury [80] and Bose and 

K a m a t [54] • In the f o r m e r w o r k , the use of the table f o r m 

for the d i s c r e t e case for N=4 was i n t r o d u c e d . Bose and 

K a m a t [54] s u g g e s t e d an a l g o r i t h m for the c o m p u t e r 

i m p l e m e n t a t i o n . The a l g o r i t h m is b a s e d on the g e n e r a t i o n 

of a n u m b e r of m u l t i d i m e n s i o n a l p o l y n o m i a l s , r e d u c t i o n of 

each of these into s e v e r a l s i n g l e d i m e n s i o n a l p o l y n o m i a l s 

by a f i n i t e d i m e n s i o n a l r a t i o n a l o p e r a t i o n s . A d e t a i l e d 

d i s c u s s i o n of the table form for m u l t i d i m e n s i o n a l d i g i t a l 

f i l t e r s can be found in [95] . 

3.4.3 I m p u l s e R e s p o n s e T e s t 

S t r i n t z i s [93] generila zed the i m p u l s e r e s p o n s e 

test f r o m t w o - d i m e n s i o n a l to m u l t i d i m e n s i o n a l d i g i t a l f i l t e r s . 

It can be shown that the f o l l o w i n g c o n d i t i o n is n e c e s s a r y 

and s u f f i c i e n t for BIBO s t a b i l i t y of H ( z ^ , z 2 , . . . , z n ) . 

1 / (k. + k 0 + . . . +k ) 
—_ f 4 n 
lim | h ( k 1 , k 2 k n ) | (3.15) 
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for all b u t a f i n i t e n u m b e r of v a l u e s of (k ̂  , k 2 , . . . , k ^ ) |_93J 

W h e r e h ( k ^ , k 2 , . . . i s the i m p u l s e r e s p o n s e of the f i l t e r . 

A l l the o t h e r t h e o r e m s of S e c t i o n 2.4.5 can be 

r e a d i l y g e n e r a l i z e d from t w o - d i m e n s i o n a l to m u l t i d i m e n s i o n a l 

c a s e . 

3.4.4 S y m e t r i x M a t r i x F o r m 

Bose and Jury £ 5 5 ] a p p l i e d the S c h u r - C o h n m a t r i x 

to test the s t a b i l i t y of 3 - d i m e n s i o n a l d i g i t a l f i l t e r s . 

We w r i t e the 3 - d i m e n s i o n a l p o l y n o m i a l s as f o l l o w s : 

n 

B ( z 1 , Z 2 , Z 3 ) = ^ b^(z^,z 2) z 2 (3.16) 

i = 0 

U s i n g the same p r o c e d u r e as for the 2 - d i m e n s i o n a l c a s e , we 

o b t a i n an i n n e r w i s e h e r m i t i a n m a t r i x as f u n c t i o n of 

| z i | = | z 2 | = l . T h i s m a t r i x has to be p o s i t i v e i n n e r w i s e for 

all | z ^ | = | z 2 | = 1. 

Since it is i n n e r w i s e H e r m i t i a n , we r e q u i r e that 

it be p o s i t i v e i n n e r w i s e at one p o i n t on the b i d i s c , u s u a l l y 

z ^ = z 2 = l and the d e t e r m i n a n t of the m a t r i x , w h i c h is real 

f u n c t i o n of t w o - v a r i a b l e s , z^ and z 2 , be p o s i t i v e for all 

| z i | = | z 2 | = 1. This can be c a r r i e d out in terms of root 

d i s t r i b u t i o n w i t h r e s p e c t to u n i t circle as shown by Bose 

and J u r y [ 5 5 ] . 
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3.5 C E P S T R A L S T A B I L I T Y TEST F O R N - D I M E N S I O N A L 

R A T I O N A L P O L Y N O M I A L S 

A l l s t a b i l i t y tests for m u l t i d i m e n s i o n a l d i g i t a l 

f i l t e r s s u m m a r i z e d in S e c t i o n 3.4 are a p p l i c a b l e for only 

c a u s a l N - D d i g i t a l f i l t e r s . Our aim in this s e c t i o n , is 

to i n t r o d u c e an a l t e r n a t i v e s t a b i l i t y test for a g e n e r a l 

class of N - d i m e n s i o n a l d i g i t a l f i l t e r s . The test is b a s e d 

on the e x i s t a n c e of the c e p s t r a for N - d i m e n s i o n a l r a t i o n a l 

p o l y n o m i a l s (N>2) . A n o t h e r o b j e c t i v e of this w o r k is to 

d e m o n s t r a t e the e x t e n s i o n of the E k s t r o m - T w o g o o d [28] 

c e p s t r a l m e t h o d of t e s t i n g to the m u l t i d i m e n s i o n a l c a s e . 

3.5.1 The E x i s t e n c e of C e p s t r a for N - D i m e n s i o n a l 

R a t i o n a l Polynomials 

O p p e h n e i m et al 1^38] s h o w e d that one class of 

s i g n a l s for w h i c h c e p s t r a are d e f i n e d are those w h o s e 

z - t r a n s f o r m s are r a t i o n a l p o l y n o m i a l s and n o n - z e r o on the 

u n i t c i r c l e . L a t e r , D u d g e o n [39] e x t e n d e d this r e s u l t to 

2 - D s i g n a l s . He [39] has shown that any 2 - D s i g n a l s s(m,n) 

w h o s e z - t r a n s f o r m is a r a t i o of 2-D p o l y n o m i a l s , that i s , 

m n 
D £ a ( m , n ) Z 1 Z 2 

S ( Z 1 , Z 9 ) = — (3.17) 
v A \ m n 

ZJU* (m» n)  zi z2 
m n 
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will h a v e a w e l l d e f i n e d 2 - D c o m p l e x c e p s t r u m p r o v i d e d that 

S (e ,e ) ^ 0 for - TT< W ^ O ^ IT (3.18) 

and p r o v i d e d that the o r i g i n of the s i g n a l has b e e n a d j u s t e d 

to e n s u r e that the p h a s e is c o n t i n u o u s and p e r i o d i c in b o t h 

f r e q u e n c y v a r i a b l e s . 

In an e x a c t l y a n a l o g o u s m a n n e r , we can d e m o n s t r a t e 

that any N - D a r r a y h a v i n g a r a t i o n a l z - t r a n s f o r m w i l l also 

have a w e l l - d e f i n e d N - D c o m p l e x c e p s t r u m p r o v i d e d , 1) the 

t r a n s f e r f u n c t i o n does n o t have any s i n g u l a r i t y or zero on 

the N - D u n i t p o l y d i s c ; 2) we are c a r e f u l to e l i m i n a t e any 

l i n e a r p h a s e c o m p o n e n t s b y an a p p r o p r i a t e s h i f t of the 

o r i g i n a l a r r a y . 

C o n s i d e r a N - D s i g n a l w h o s e z - t r a n s f o r m is a 

r a t i o of N - D p o l y n o m i a l s , that i s , 

S ( z i , z 2 , . . . , z n ) = E E .. . E s ( p 1 , p 2 , . . . , p n ) z 1 

P 1 p 2 p n 

P 1 p 2 p n 

m , m n m 
1 2 n 

Y E - « - E a ( m 1 , m 2 , . . . , m n ) z 1 z 2 . . . z^ 
m , m 0 m 
1 2 n 

m£ m n 

E E ••• E b ( m 1 , m 2 , . . . , m n ) z 1 z 2 . . . z^ 
m , m 0 m 
1 2 n 

A(z- , z 9 , . . . , z ) 
± — (3.19) 

B ( Z ^ , Z 2 , . . . , Z R ) 
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W h e r e sums on m - , m 0 , . . . , m h a v e a f i n i t e n u m b e r of t e r m s . 
1 ' 2 ' ' n 

The f i l t e r f u n c t i o n (3,19) has a F o u r i e r t r a n s f o r m w h i c h 

is an N - D p o l y n o m i a l in exp ( j GO , . . . , exp ( j UJ^) . We s h a l l 

n o w show that if a s i g n a l of finite e x t e n t , s ( m ^ , m 2 , . . . , m n ) , 

has a F o u r i e r t r a n s f o r m S (M., ,GO_ , . . . ,GO ) , this w i l l be the 

1 A n 

sum of a l i n e a r c o m p o n e n t plus a c o n t i n u o u s , c e n t r o s y m m e t r i e 

( o d d ) , and p e r i o d i c c o m p o n e n t . 

L e t z 1 = e x p ( j w 1 ) ; z 2 = exp ( j co 2 ) ; . . . ; z n - 1 = exp ( j
( j 0

n _ 1 )
 a n d 

con s ider 

S ( u^ , u>2 , . . . 1 z
n ) 

(3.20) 

as a 1 - D p o l y n o m i a l in z w i t h p a r a m e t e r s O)1 ,GO 
n ^ ,u>2 , . . . ,

 U J
n_^ 

Since s (m 1 ,m 0 , • • • ,m ,m 
1' z ' ' n — 1 n 

s (o)1 ,o)2 , . . . ,o) n_ 1, o)n) w i l 

only at z = 0 . The p h a s 

Since s ( m n , m m ) is of f i n i t e e x t e n t 

GO ) w i l l have p o l e s inside the u n i t c i r c l e 

n 
0 . The p h a s e f u n c t i o n is d e f i n e d as: 
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<$)( to 1 , U)2 , . . . , U3n 1 »
w

n ) = I m l y d d z n j + 
S< u i,a> 2,...,u) n_ l fz n) 

Z J = 1 

$ (10^^ ,0 ) 2 , A ) N _ 1 , 0 ) ( 3 . 2 1 ) 

w h e r e the p r i m e d e n o t e s d i f f e r e n t i a t i o n w i t h r e s p e c t to z . 
n 

The c o n t o u r of i n t e g r a t i o n s t a r t s at z
n = l and p r o c e e d s 

a r o u n d the u n i t circle to z^= exp(joo n). It is n e c e s s a r y 

to d e f i n e a c o n s t a n t <5>(u).. , co0 , . . . , u) -,,0) to be the p h a s e as 
1 z n—1 

a f u n c t i o n of 10 for 10 = 0 . 
n n 

By c o n s t r u c t i n g the p h a s e (o)^ , o)2 , . . . , , w n ) 

in this m a n n e r , we are a s s u r e d that $(01, , u)0,...,co , ,u) ) 
* i z * n — i n 

is c o n t i n u o u s and o d d , that i s , 

,CO2 , . . . ,CON ) = , - CO 2 , . . . » ~ W N _ I ( 3 . 2 2 ) 

W h e n co^ = 2tt, the c o n t o u r i n t e g r a t i o n in ( 3 . 2 1 ) is a c l o s e d 

c u r v e . U s i n g C a u c h y ' s r e s i d u e t h e o r e m we can w r i t e 

,u 0 , . . . ,,277) = 2 Trr - 2TTN ( 3 . 2 3 ) 
1 ' 2 ' ' n - 1 ' n n 

w h e r e r is the n u m b e r of r o o t s of B (cj. , co0 , • . . , co , ,z ) 
n 1* 2 ' 9 n-1* n 

inside the u n i t c i r c l e and N is the n u m b e r of p o l e s at 
n r 

z = 0 . If we let k = r - N . then it is clear that: 
n n n n T 
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(J) (A). , U)0 , . . . , A) _ ,(O +2 IT ) = $((0, ,(I)«,. . .,B) , .0) )+ 2irk (3.24) 
1* 2

 7
 n - 1 ' n 1 ' 29 7

 n - 1 ' n n 

S i m i l a r l y , we can w r i t e : 

<£>(u) ,o) . . . ,(o . +2TT , . . . ,o) ) = <̂ ((1)- ,0)o , . . . ,io . , . . . ,cu )+ 2 irk . ( 3 . 2 5 ) 
1 z l n l z i n i 

N o w w e w i l l s h o w t h a t k is n o t a f u n c t i o n of 
n 

b), , 0)o , • • • , u) . . I n d e e d , if w e e x a m i n e the r o o t s of 
1 * 2 ' ' n - 1 ' 

S (o)^ , 0̂ 2 f • • • t »
 z

n )
 a s w e

 c o n t i n u o u s l y v a r y p a r a m e t e r s 

a), , 0)o , • • • , 03 , f r o m zero to 2 tt , we d i s c o v e r that the r o o t s 
1 * 2 * ' n - 1 ' 

m o v e a b o u t in c o n t i n u o u s m a n n e r . T h e r e f o r e , for a r o o t to 

m o v e f r o m i n s i d e to o u t s i d e the u n i t c i r c l e (or v i c e v e r s a ) , 

it m u s t lie on the u n i t c i r c l e for some v a l u e s of oi- ,oj0 , . . . ,oj , . 

1 * 2 ' ' n - 1 

T h i s h o w e v e r v i o l a t e s our a s s u m p t i o n , t h a t 

S (u), . 0)o » • • • »0 t »to ) 0 . H e n c e the n u m b e r of r o o t s i n s i d e 
1 z* * n—1 n 

the u n i t c i r c l e (z =1) is n o t a f u n c t i o n of u . . u 0 . . . . , u 0 , w 
n 1 2 ' * n - 2 ' n - 1 

s i m i l a r a r g u m e n t can be m a d e to s h o w t h a t k ^ is n o t a 

f u n c t i o n o f A), TU)«,...,A). , , < j j . , , , . . . , A ) , , GO f o r 
1* 27 7 l-l* l + l ' ' n - 1 ' n 

i = 1,2 , 3,.•.,n—2, n - 1 . 

T h e n the g i v e n p h a s e f u n c t i o n , <£(GO^ , GO2 > • • • » ̂ n - x ' 

w h i c h is c o n t i n u o u s and o d d , can be w r i t t e n as the sum of 

l i n e a r and p e r i o d i c p h a s e c o m p o n e n t s ; 

,u>2 » • • • >ton) = $ (to^ » • • • > w n ) + (UJ^ fa>2 » • • • » w n ) ( 3 . 2 6 ) 

w h e r e 

<£T (GO, ,GO« ,. . . ,to ) = k-A), + k_U) 0+ ... + k (D ( 3 . 2 7 ) L I Z* * n 1 1 Z Z n n 
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and the term <3> (a), fiu 0 » • • • ) is c o n t i n u o u s , o d d , and 
p i z n ' 

p e r i o d i c . In order to e l i m i n a t e the l i n e a r p h a s e terms 

and leave only the p e r i o d i c p a r t , <3> (co •j ,03 2 , . . . ,U3 „) we 

can d e f i n e a n e w s i g n a l by s h i f t i n g the o r i g i n , d e f i n i n g 

s p ( m ^ , m 2 , . . . , m n ) = s ( m ^ - k ^ , m 2 ~ k 2 , . . . , m n ~ k n ) (3.28) 

The s i g n a l s ( m ^ , m 2 , . . . , m n ) w i l l h a v e a c o n t i n u o u s , o d d , 

and p e r i o d i c p h a s e f u n c t i o n <|> (03^ , 03 2 , . . . , 03^) . We m a y then 

form the f u n c t i o n 

/SS
p(03 1 , 032 , . . . , 03n) =£n |j S p ( 03 x , 03 2 , . . . , 03n) |J + j<I)p( 03 1 , 032 , . . . , 03n) 

(3.29) 

w h i c h has a r e a l i n v e r s e F o u r i e r t r a n s f o r m d e n o t e d by 

^ (m. , m 0 , . . .m ) and is called the ceps trum of s (m- ,m 0 , . . . ,m ) 
p l Z n p l ' z ' ' n 

R e m a r k 3.1: 

If the p h a s e is c o m p u t e d u s i n g the c o m p l e x 

l o g a r i t h m or a r c t a n g e n t f u n c t i o n , only the p r i n c i p l e v a l u e 

of cj>p w i l l be o b t a i n e d . The p r i n c i p l e v a l u e is a n u m b e r 

b e t w e e n TT and -IT, w h i c h can s t i l l e x h i b i t d i s c o n t i n u i t i e s of 

2tt in some c a s e s , d e s p i t e the s u b t r a c t i o n of the l i n e a r 

p h a s e c o m p o n e n t . To e n s u r e c o n t i n u i t y , an a l g o r i t h m is 

r e q u i r e d , w h i c h e x a m i n e s the p h a s e at each p o i n t in the 

t r a n s f o r m array and r e m o v e s the jumps of 2TT w h i c h are p r e s e n t 

in the p r i n c i p l e v a l u e . This r e m o v a l of the d i s c o n t i n u i t i e s 

is a c h i e v e d by a d d i n g an a p p r o p r i a t e m u l t i p l e of 2ir and is 
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called 'phase u n w r a p p i n g ' . Both e l i m i n a t i o n of the linear 

p h a s e and N - D p h a s e u n w r a p p i n g t e c h n i q u e w i l l be d i s c u s s e d 

in S e c t i o n 3.5.5 and Section 3 . 5 , 4 ; r e s p e c t i v e l y . 

3.5.2 S t a b i l i t y of W e a k l y - C a u s a l N - D i m e n s i o n a l 

R e c u r s i v e F i l t e r s 

A causal N - D r e c u r s i v e filter f u n c t i o n 

1 / B ( z . , z „ , . . • , z ) is d e f i n e d as one in w h i c h 
1 * 2 ' n 

n 

b ( m 1 f m 2 , . . . , m ) = 0 U n^ < 0 (3.30) 

i = l 

This is also a d e f i n i t i o n of a first q u a d r a n t f u n c t i o n . 

We m a y , h o w e v e r , d e f i n e a w e a k l y - c a u s a l f i l t e r 

over a sector of N - D s p a c e . An e x a m p l e of such a filter 

is given by the f o l l o w i n g r e c u r s i v e form 

M 
n 

y(PT ,P0>..> ,PT,)=x(m1 ,11̂  . .iQ- ^ ^ ' p2" 
m^=0 m2=0 m_=0 n 

m l + i n 2 + * ' * + m n ^ ^ 

... ,p -m ) 
, r n n' 

-M, M, M 
n z z -z b(m l>™2 im n)y(p 1-m 2,p 2-m 2, ,p -m ) , rn n (3.31) 

m^=0 m 2=0 m =0 
n 
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We define the weakly-causal region, R to be of the f o r m 
w 

R = R U R w c w s 

w h e r e R = 
c 
= ,m 2 , . . . ,m n) : M^ > m^ ^ 0, = l,2,...n| 

and R g = |(m p m 2 , . . . , m n ) : - M ^ ^ m ^ < 0 and 

M £ >. m.. ^ 0 V 1 = 2 , 3 , . . . , n | (3.32) 

In g e n e r a l we can say that for the w e a k l y - c a u s a l f u n c t i o n s 

some of the s u b s c r i p t s of the N - D s e q u e n c e have n e g a t i v e 

v a l u e s and the r e m a i n i n g s u b s c r i p t s h a v e p o s i t i v e v a l u e s . 

U s i n g the d e f i n e d n o t a t i o n we h a v e 

y(P 1iP 2>' ..,P n)-x(m 1 jH^,... ,m n) - E E , < ' E b ( m i » m 2 » ' •• » m
n)y(P 1~

m
1»P2"

m2 
R 
w 

p - m ) (3.33) 
n n 

w h e r e R w = R ^ (J ( 0 , 0 , . . . 0 ) (3.34) 

and the f i l t e r f u n c t i o n 

H( z^ , z 2 , • • • , z^) - ———————— 
B ( Z

1 » z
2 »• • • » z

n ) 

1 
E E ' - E b (m-

m i m 2 m n 
z 

R 
W
 (3.35) 
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Then the s t a b i l i t y of the c a u s a l and the w e a k l y - c a u s a l 

N - D r e c u r s i v e f i l t e r is d e f i n e d by the l o c a t i o n of the 

e s s e n t i a l s i n g u l a r i t i e s of H ( z ^ , z 2 , . . . , z ) in the c o m p l e x 

z ^ , z 2 , . • • , z n s p a c e . 

T h e o r e m 3.7: 

The c a u s a l r e c u r s i v e f i l t e r H(z- .z„,• • . , z ) = 
1 ' 2 ' ' n 

1 / B ( z ^ , z 2 , . . . , z n ) is stable if and only if: 

B ( z^ , z 2 , . . . , z ) ^ 0 for all ( z ^ , i = l , 2 , . . . , n ) e D^ (3.36) 

n 

w h e r e D^ = | ( z ^ , i = l , 2 , . . . , n ) : PI | z .J^l | 

i = 1 

The p r o o f of t h e o r e m 3.7 is in £ 4 8 ^ . This t h e o r e m can be 

a p p l i e d to w e a k l y - c a u s a l f i l t e r s by t r a n s f o r m a t i o n s . 

T h e o r e m 3.7 is d i f f i c u l t to i m p l e m e n t n u m e r i c a l l y 

and r e q u i r e s an i n f i n i t e a l g o r i t h m [ 4 5 l . In [ 5 2 I , it 

was shown that this c r i t e r i o n can be r e p l a c e d by a m o r e 

f l e x i b l e and c o n s i d e r a b l y s i m p l e r s t a b i l i t y t e s t . 

T h e o r e m 3.8: 

L e t B ( z ^ , z 2 , • . • , z ) be a p o l y n o m i a l in n v a r i a b l e s 

Then c o n d i t i o n ( 3 . 3 6 ) is e q u i v a l e n t to: 

B ( z x , z 2 , . . . z ) ^ 0 

n - 1 

n 
i = l 

- 1 = 1 n ( K 1 « 4 ( 3 - 3 7 ° 
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B ( z l f z 2
 z

n - l
, 0 ) ^ 0 

n-2 

n 
i=i 

- i = i fl z
n _ i I ̂  l } (3.38) 

B(z 1,z 2,...,z n_ 2,o,o)^ 0 

n - 3 

n 
i = l 

- 1 = 1 n { | z n _ 2 | < l } (3.39) 

B ( Z ; L , Z 2 , O , . . . , O ) 4 0 | | Z l | = l } 11 { | z 2 | 4 l } (3.40) 

B ( z 1 , o , o > . . . ,o) ^ 0 | | Z ; L | < l | (3.41) 

T h e o r e m 3.8 w i l l be used to d e v e l o p an N - D s t a b i l i t y 

c r i t e r i o n u s i n g the c o m p l e x c e p s t r u m . 

R e m a r k 3.2: 

In the d e f i n i t i o n ( 3 . 3 1 ) , g i v e n for the w e a k l y 

c a u s a l s y s t e m s , only one of the s u b s c r i p t s of the N - D 

s e q u e n c e has n e g a t i v e v a l u e s and o t h e r s h a v e p o s i t i v e v a l u e s . 

The s t a b i l i t y test p r e s e n t e d in this p a p e r is a p p l i c a b l e to 

the m o r e g e n e r a l class of n o n - c a u s a l N - D r e c u r s i v e f i l t e r s , 

in w h i c h the n u m b e r of n e g a t i v e s u b s c r i p t s m a y be up to N - l 

for an N - D d i g i t a l r e c u r s i v e f i l t e r . 
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R e m a r k 3.3: 

The u n i t sample r e s p o n s e of a s t a b l e , w e a k l y -

c a u s a l f i l t e r is n o n zero n o t only over the f i r s t q u a d r a n t , 

R , b u t also over some o t h e r s e c t i o n of the N—D s p h e r e , in 

our c a s e , R g . In order to i m p l e m e n t the s t a b i l i t y c r i t e r i o n 

( t h e o r e m 3 . 8 ) , we m u s t find the l o c a t i o n of the zeroes of 

B (z^ , z 2 , •••,z )• H o w e v e r , this is n o t p o s s i b l e w i t h 

a v a i l a b l e p r a c t i c a l t e s t i n g p r o c e d u r e s E 2 ^ ] , [^26] , , 

f 5 5 3 ® E ^ ] . T h e r e f o r e , one of the u n i q u e a d v a n t a g e s of 

the g i v e n s t a b i l i t y test is that the non—causal N—D 

r e c u r s i v e f i l t e r s can be tested u s i n g the c o m p l e x c e p s t r u m 

p r o p e r t i e s . 

R e m a r k 3.4: 

The above c l a s s i f i c a t i o n s u b d i v i d e s n - d i m e n s i o n a l 

r e c u r s i v e f i l t e r s into the f o l l o w i n g c a t e g o r i e s 

(a) C a u s a l f i l t e r s c o m p r i s i n g one m e m b e r in w h i c h 

n 

h (m 2, • • • • m ^ ) = 0 m ^ < 0 

i = l 

(b) N o n c a u s a l f i l t e r s c o m p r i s i n g one m e m b e r in w h i c h the 

s u p p o r t of h ( m ^ , m 2 , m n ) is u n r e s t r i c t e d . 

(c) W e a k l y c a u s a l f i l t e r s c o m p r i s i n g ( 2 n - 2) m e m b e r s in 

w h i c h the s u p p o r t of h ( m ^ , m 2 , . . . . m ) is c o n s t r a i n e d to 

be p o s i t i v e for at l e a s t one e l e m e n t of m » . 
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3.5.3 C e p s t r a l S t a b i l i t y T e s t for C a u s u a l and W e a k l y -

C a u s a l N - D i m e n e n s i o n a l R e c u r s i v e F i l t e r s 

In S e c t i o n 3 . 5 . 1 , it was shown that the e s s e n t i a l 

s i n g u l a r i t i e s and zeroes of H(z , z 2 > • • • ,z^) map into 

e s s e n t i a l s i n g u l a r i t i e s of its c e p s t r u m , Ĥ C z ̂  , z 2 , . • . , z ) . 

Our s t a b i l i t y c r i t e r i o n is b a s e d on the s i m p l e p r o p e r t y 

of the N - D c e p s t r a l t r a n s f o r m a t i o n . F r o m t h e o r e m 3 . 7 , 

r e c a l l that if H ( z ^ , z 2 , ...,z^) is s t a b l e , it can be w r i t t e n 

in p o w e r s e r i e s for m . , m 0 , . . . ,m e R • 

1 ' 2 ' ' n c 

Since the r e g i o n s of a n a l y t i c i t y of H ( z ^ , z 2 , ... , z ) 

and H ( z . , z 0 , . . • , z ) are i d e n t i c a l , it m u s t also f o l l o w that 
1 2. n 

H ( z ^ , z 2 , ...,z ) can be s i m i l a r l y e x p a n d e d as: 

/N /\ m l m 2 m
n 

H ( z 1 z )= EE...Zh(m- , m 0 , . . . , m ) z 1 z n • • • z (3.42) 
L z n l ' Z * n l z n 

T h e o r e m 3.9 s u m m a r i z e s the p r e v i o u s r e s u l t s . 

T h e o r e m 3 . 9 : 

The c a u s a l N - D r e c u r s i v e f i l t e r H(z- , z 0 , ...,z ) 

1' 2 ' ' n 

is stable if and only if its c e p s t r u m h ( m ^ , m 2 , • • • , m ) has a 

s u p p o r t on the f i r s t q u a d r a n t , R £ . 

Proof 

f I f T p a r t . By the e x i s t e n c e of N - D c e p s t r a : b e c a u s e 

H ( z ^ , z 2 , •••,z ) is a n a l y t i c on < |z^| = | z 2 | = . . . = | | = 1 , and 

|z^| < 1 | , h ( m ^ , m 2 , . . . , m n ) takes s u p p o r t on the e n t i r e 
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{ m ^ , HI2 , . . • , m
n _ i ^ s u b s c r i p t s . The a d d i t i o n a l r e g i o n of 

a n a l y t i c i t y for H ( z ^ , z 2 , . . • , ^ , 0 ) on | |z^| = | z 2 | = . . . = |
 z

n _ 2 I = 1 > 

and Iz -| < 1 > e n s u r e s that 1 n - 1 j 

/ \ 
h (m.. ,m 0 , . . . ,m ) = 0 for m < 0 

1 * 2 * ' n n 

And by c o n t i n u i n g this a r g u m e n t , for the n sets of v a r i a b l e s 

we o b t a i n 

n 

h(m^,m 2,•••>
m
n)

 = 0 f°r 11 < 0 

i =0 

This shows that the c e p s t r u m of a c a u s a l N - D s t a b l e r e c u r s i v e 

f i l t e r f u n c t i o n has only s u p p o r t in the f i r s t q u a d r a n t , 

R = 
c 

n 

n m i ° 
i = 1 

'Only if" p a r t . By c o n t r a d i c t i o n , s u p p o s e 

H ( z ^ , z 2 , . . .,z ) is u n s t a b l e . In S e c t i o n 3 . 5 . 1 , it was 

p r o v e d that the r e g i o n of a n a l y t i c i t y is i d e n t i c a l for b o t h 

the c e p s t r u m and the o r i g i n a l N - D s i g n a l . H o w e v e r , from 

t h e o r e m 3 . 8 , it can be seen that at l e a s t , one of the 

s t a b i l i t y c o n d i t i o n s m u s t be v i o l a t e d . For e x a m p l e , if the 

f i r s t c o n d i t i o n is n o t s a t i s f i e d ; H ( z ^ , z 2 , . . . , z ) = 0 

-j' | z^ | = | z 2 | = • • • = |
 z

n _ i I = 1 a n d I z
n ij- e n s u r e s that 

on 

h ( m ^ , m 2 ) 4 0 for m^ < 0 (3.43) 
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This c o n t r a d i c t s the a s s u m p t i o n that the c e p s t r u m has 

s u p p o r t only on the f i r s t q u a d r a n t . H e n c e , the c a u s a l N - D 

r e c u r s i v e f i l t e r f u n c t i o n is s t a b l e if and only if its 

c e p s t r u m has s u p p o r t on the f i r s t q u a d r a n t . 

T h e o r e m 3 . 1 0 : 

The w e a k l y - c a u s a l N - D r e c u r s i v e f i l t e r 

H (z^ , z^ , . . .,z^) is stable if and only if its c e p s t r u m 

h ( m ^ , m 2 , . • • >
m
n ) h a s s u p p o r t on R ^ w h e r e 

R ^ is the s u p p o r t of h ( m ^ , m 2 , m ^ ) . 

P r o o f 

The p r o o f of this t h e o r e m is s i m i l a r to t h e o r e m 

3 . 9 . 'If' p a r t can be p r o v e d by the e x i s t e n c e of the N - D 

c e p s t r a and t h e o r e m 3 . 8 . 'Only i f ' p a r t is p r o v e d b y 

c o n t r a d i c t i o n . 

3.5.4 P h a s e U n w r a p p i n g T h e o r y for N - D i m e n s i o n a l 

R e c u r s i v e F i l t e r s : 

The c o m p u t a t i o n of the c o m p l e x c e p s t r u m is 

c o m p l i c a t e d by the fact that the c o m p l e x l o g a r i t h m is 

m u l t i v a l u e d . I n d e e d , the c o m p l e x l o g a r i t h m can be e x p r e s s e d 

as : 

S (cu 1 , oj2 , . . . , ton) = jia [ |'s (u^ , co2 , . . . ,o)n) | ] + j<$((jo , w 2 , . . . , oin) 

(3.44) 
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w h e r e 

M -1 M 0 - l M - 1 
1 2 n 

S(a) 1,0) 2, . . . ,03n)= ^ ^ s ( m 1 , m 2 , . . . , m n ) . 

m, =0 m 0 =0 m =0 
1 z n 

exp 
/2 Traî m̂ X ) exp "J 

27ra)2m2 )/ 2 7T to m \ 
. . . e x p l - j ^ — ^ l j 

0 ^ co ̂  , a)2 , . . . , 0) < N (3.45) 

The s t a n d a r d c o m p u t e r c o m p l e x l o g a r i t h m f u n c t i o n uses the 

p r i n c i p l e v a l u e for the p h a s e , and c o n s e q u e n t l y ' j u m p s ' of 

2ir in the v a l u e of the p h a s e m a y be s e e n . 

V a r i o u s p h a s e u n w r a p p i n g a l g o r i t h m s h a v e b e e n 

d i s c u s s e d by s e v e r a l i n v e s t i g a t o r s [ 2 8 ] f f 6 , [ 7 o ] , [ l 3 8 ] . 

T r i b o l e t [ 7 0 ] p r o p o s e d a p h a s e u n w r a p p i n g a l g o r i t h m w h i c h 

c o m b i n e s the i n f o r m a t i o n c o n t a i n e d in b o t h p h a s e d e r i v a t i v e 

and the p r i n c i p l e v a l u e of the p h a s e . L a t e r , D u d g e o n [ 7 3 ] 

u s e d T r i b o l e t ' s m e t h o d for c o m p u t a t i o n of the 2 - D c o m p l e x 

c e p s t r u m . And r e c e n t l y , B h a n u and M c C l e l l a n [69] h a v e 

s u g g e s t e d a n e w p h a s e u n w r a p p i n g t e c h n i q u e w h i c h is b a s e d 

on f i t t i n g splines to the p h a s e d e r i v a t i v e c u r v e . 

H o w e v e r , we h a v e found that the p h a s e u n w r a p p i n g 

t e c h n i q u e u s e d by E k s t r o m and T w o g o o d [ 2 8 ] is the m o s t 

s u c c e s s f u l one for the N - D a p p l i c a t i o n . This a l g o r i t h m 

p r o c e e d s as f o l l o w s ; first Ar g [B (to ̂  , 0 , . . . , 0)], Ar g [B ( 0 , co2 , 0 . . . , 0)]. . , 
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and Ar g [B (0 , 0 , . . . , UJ ) ] are c a l c u l a t e d by s i m p l y t a k i n g 

a >l , a >2'* * " r e s P e c t^- v e-^y » a n c * a d d i n g or s u b t r a c t i n g 2ir 

w h e n e v e r a p h a s e d i s c o n t i n u i t y is e n c o u n t e r e d . F o l l o w i n g 

these 1 - D u n w r a p p i n g on the a x i s , 2 - D u n w r a p p i n g is r e q u i r e d 

for c h e c k i n g the d i s c o n t i n u i t i e s b e t w e e n the p r e s e n t p h a s e 

v a l u e and p r e v i o u s l y u n w r a p p e d n e i g h b o u r i n g p h a s e v a l u e s . 

This a l g o r i t h m w i l l c o n t i n u e u n t i l the p h a s e of the N - D 

s i g n a l is u n w r a p p e d . 

3.5.5 L i n e a r P h a s e R e m o v e l of N - D i m e n s i o n a l S i g n a l 

A f t e r the p h a s e u n w r a p p i n g of the N - D s i g n a l , the 

r e m o v a l of the l i n e a r p h a s e c o m p o n e n t is the f i n a l step of 

c o m p u t a t i o n of the c o m p l e x c e p s t r u m . In S e c t i o n 3 . 5 . 1 , it 

w a s s h o w n that we can w r i t e the p h a s e f u n c t i o n as 

$(11), .(dn....,(ii )= (a) ,id0 , . . . a) ) + k-a) _ + k 0 io0 + . . . +k a) (3.46) 
1* 2 7 ' n p 1 * 2 ' ' n 1 1 2 2 n n 

To e l i m i n a t e the l i n e a r - p h a s e terms l e a v i n g only 

the p e r i o d i c p a r t <£> (u)^ ,u)2 > • • • »
( 0

n)
 w e c a n d e f i n e a n e w 

s i g n a l by s h i f t i n g the o r i g i n of the o r i g i n a l s i g n a l , to 

g e n e r a t e 

s p ( m x ,m 2 , . . . , m n ) = s ( n ^ - ^ , m 2 - k 2 , . . . , m n ~ k n ) (3.47) 

The s i g n a l s ^ ( m ^ , m 2 , . . . , m ^ ) w i l l h a v e c o n t i n u o u s , o d d , 

and p e r i o d i c p h a s e . 

It is i n t e r e s t i n g to n o t e that the d e t e r m i n a t i o n 

of the c o e f f i c i e n t s of the l i n e a r - p h a s e c o m p o n e n t , ( k - , k ~ , k ) 
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i s N s e p a r a t e 1 - D p r o b l e m s . 

T h e l i n e a r p o r t i o n s o f A r g [ B ( 0 , . . . , a^ , 0 , . . . , 0 ) ] 

o f t h e u n w r a p p e d p h a s e c a n be o b t a i n e d f r o m t h e o r i g i n a l 

p h a s e c u r v e a s : 

c £ ( 0 , . . 0 , ( ^ + 2 7 7 , 0 . . . 0) = $>(0, . . 0 , a ) i , 0 . . . 0 ) + 2irk^ ( 3 . 4 8 ) 

f o r a l l i = 1 , 2 , . . . n 

I t c a n be s h o w n t h a t t h i s p r o b l e m i s i d e n t i c a l 

t o d e t e r m i n i n g t h e c o e f f i c i e n t o f t h e l i n e a r - p h a s e c o m p o n e n t , 

x i ( m i ) . . . ^ S • ' ' 2 s , m 2 » ' ' , m n ^ ( 3 . 4 9 ) 
m• m . - 1 m . + 1 m 

i l l n 

H e n c e , t h e p a r a m e t e r k^ c a n b e d e t e r m i n e d b y o b s e r v i n g t h e 

d e g r e e o f t h e p h a s e l i n e a r i t y o f t h e 1 - D s i g n a l i n 

e q u a t i o n ( 3 . 4 9 ) . 

R e m a r k 3 . 5 : 

F r o m t h e a b o v e a n a l y s i s , we c o n c l u d e t h a t a n y 

m e t h o d s w h i c h a r e d e v e l o p e d t o f a c i l i t a t e t h e d e t e r m i n a t i o n 

o f t h e c o e f f i c i e n t s o f t h e l i n e a r - p h a s e c o m p o n e n t o f 1 - D 

s i g n a l c a n be u s e d f o r an N - D s i g n a l . 
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3 . 5 . 6 I M P L E M E N T A T I O N OF THE C E P S T R A L T E S T 

A b l o c k d i a g r a m f o r t h e n u m e r i c a l i m p l e m e n t a t i o n 

o f t h e s t a b i l i t y t e s t i s shown i n F i g . 3 . 1 . F i r s t , we 

o b t a i n t h e d i s c r e t e F o u r i e r t r a n s f o r m ( D F T ) o f t h e g i v e n 

a r r a y i n t h e s p a t i a l t i m e d o m a i n . T h e n , b y t a k i n g t h e 

c o m p l e x l o g a r i t h m o f B (ai- ,uj9 , . . . ,uj ) , we g e t 
E 1 Z XI 

B a ( ( D 1 , a ) 2 , . . . , a ) n ) = r ^ n j ^ B a ( ( j o 1 , a ) 2 , . . . , ( o n ) J ( 3 . 5 0 ) 

w h e r e ,co2 , . . . , u ^ ) i s t h e a l i a s e d v e r s i o n o f B (co^ ,co2 , . . . ,oon) 

The c e p s t r u m o f b ( m ^ , m 2 , . . . ,m^) i s d e n t o t e d b y B ( z ^ , z 2 , . . . , z n ) . 

T h e t h i r d s t e p i s u s e d t o o b t a i n b ( m - , m o i . . . , m ) . 
r a 1 ' 2 ' ' n 

T h e e r r o r i n t h i s a p p r o x i m a t i o n i s g i v e n b y : 

/n /\ 
b^ (m^ ,1112 , • • * >m

n) *"b (m^ ,m2»• • • »m
n) = E E . . . . £ b (m^+i^Q^ ,m2

+ i2Q2»• • • 

R 

( 3 . 5 1 ) 

f o r t h e DFT s i z e Q 1 x Q 2 x . . . x Q . 

n 

w h e r e R = f l ( - °°< m. < 00) . 
i = l 

C l e a r l y , t h e a p p r o x i m a t i o n 

b (m. , mn , . . . , m ) w b ( m 1 , m 0 , . . . , m ) ( 3 . 5 2 ) 
a 1 ' 2 ' ' n 1 * 2 * ' n 

i s a g o o d o n e o n l y i f b (m ra 2 > • • • m n ) d e c a y s r a p i d l y . A g o o d 

a p p r o x i m a t i o n c a n be o b t a i n e d b y u s i n g m o d e r a t e s i z e d F F T ' s . 

F i n a l l y , t h e s u p p o r t o f t h e c e p s t r u m i s d e t e r m i n e d 

a n d c h e c k e d t h a t i t c o i n c i d e s w i t h t h e s u p p o r t o f b (m^ , m 2 , . . . .mn) 



b(mi»m2>- nrin 
N-D 

L o g Ba(0)i>Ca2»"" Wn)w 

N - D A 

ba(mi,m2,-nnn) 

D F T 

L o g 

IDFT 

Fig. 31 Block diagram of the stability test using N-D DFT 

o 
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C H A P T E R 4 

S T A B I L I Z A T I O N T E C H N I Q U E S 

I n C h a p t e r s I I a n d I I I , s e v e r a l m e t h o d s f o r 

t e s t i n g t h e s t a b i l i t y o f 2 - D a n d N - D d i g i t a l f i l t e r s w e r e 

d i s c u s s e d . S i n c e many d e s i g n p r o c e d u r e s a v a i l a b l e 

f o r d e s i g n i n g 2 - D r e c u r s i v e f i l t e r s [ 3 2 ] , [ 3 3 ] , T 4 o l f a i l 

t o p r o d u c e s t a b l e o n e s , a s t a b i l i z a t i o n t e c h n i q u e i s u s e d 

t o p r o c e s s t h e u n s t a b l e t r a n s f e r f u n c t i o n i n o r d e r t o 

o b t a i n a new a n d s t a b l e f u n c t i o n w h i c h h a s a p p r o x i m a t e l y 

t h e same a m p l i t u d e r e s p o n s e . 

T h r e e s t a b i l i z a t i o n t e c h n i q u e s a r e now r e v i e w e d . 

Two o f t h e m r e l y on v a r y i n g t h e p h a s e o f t h e f i l t e r w i t h o u t 

a f f e c t i n g i t s a m p l i t u d e . T h e t h i r d m e t h o d i s a p p l i c a b l e 

t o z e r o - p h a s e f u n c t i o n s . 

One o f t h e s e m e t h o d s i s t h e n m o d i f i e d t o i n c l u d e 

a m o r e u s e f u l c l a s s o f 2 - D r e c u r s i v e d i g i t a l f i l t e r s w h i c h 

h a s g r e a t p r a c t i c a l i m p o r t a n c e i n t h e a r e a o f i m a g e 

e n h a n c e m e n t . N e x t , a new s p e c t r a l f a c t o r i z a t i o n t e c h n i q u e 

i s s u g g e s t e d as a n a l t e r n a t i v e s t a b i l i z a t i o n p r o c e d u r e . 

A f t e r t h a t , an a l g o r i t h m i s d e v e l o p e d f o r t h e s t a b i l i z a t i o n 

o f d i g i t a l f i l t e r s b y t h e P i s t o r m e t h o d £ 2 6 ] , 
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4 . 1 PLANAR L E A S T SQUARE I N V E R S E T E C H N I Q U E ( P L S I ) : 

I t i s k n o w n i n t h e l i t e r a t u r e t h a t t h e l e a s t 

s q u a r e i n v e r s e o f a 1 - D p o l y n o m i a l w h i c h r e p r e s e n t s t h e 

d e n o m i n a t o r o f a d i s c r e t e f u n c t i o n i s a l w a y s s t a b l e . 

B e c a u s e o f t h i s , s y n t h e s i s o f one d i m e n s i o n a l d i g i t a l 

f i l t e r c a n be d e s i g n e d w i t h g u a r a n t e e d s t a b i l i t y . 

S h a n k s e t a l E ? ! ! p r o p o s e d an e x t e n s i o n o f t h i s t e c h n i q u e 

t o t h e t w o - d i m e n s i o n a l c a s e . B e f o r e r e v i e w i n g t h e m e t h o d 

i n d e t a i l , some u s e f u l d e f i n i t i o n s a n d p r e l i m i n a r y t h e o r e m s 

t o i t s u n d e r s t a n d i n g a r e g i v e n . 

D e f i n i t i o n 4 . 1 : A s e q u e n c e , { b ( n ) } , i s a m i n i m u m p h a s e 

s e q u e n c e when i t s z - t r a n s f o r m B ( z ) h a s no z e r o e s i n s i d e 

t h e u n i t c i r c l e i n t h e z - p l a n e . 

I f t h e r o o t s o f B ( z ) a r e a v a i l a b l e , we c a n s i m p l y 

r e p l a c e a p o l e i n s i d e t h e u n i t c i r c l e w i t h p o l a r c o o r d i n a t e s 

( r , 0 ) b y a p o l e o u t s i d e t h e u n i t c i r c l e w i t h p o l a r 

c o o r d i n a t e s ( l / r , 9 ) [ 3 6 ] . T h e a m p l i t u d e r e s p o n s e o f t h e 

f i l t e r i s l e f t u n c h a n g e d b y t h i s p r o c e d u r e , s i n c e a r o o t i s 

r e p l a c e d b y i t s m i r r o r i m a g e . H o w e v e r , i f t h e r o o t s a r e 

n o t a v a i l a b l e , we c a n u s e t h e f o l l o w i n g t h e o r e m . 

T h e o r e m 4 . 1 : G i v e n a r e a l f i n i t e p o l y n o m i a l B ( z ) , a n y l e a s t 

s q u a r e s i n v e r s e o f B ( z ) i s t h e z - t r a n s f o r m o f a m i n i m u m 

p h a s e s e q u e n c e . 
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T h e p o l y n o m i a l P ( z ) i s t h e l e a s t s q u a r e i n v e r s e 

o f B ( z ) i f t h e c o n v o l u t i o n o f t h e c o r r e s p o n d i n g s e q u e n c e 

{ p ( n ) > a n d ( b ( n ) } a p p r o x i m a t e t h e u n i t i m p u l s e s e q u e n c e 

w i t h t h e l e a s t s q u a r e e r r o r c r i t e r i o n . T h u s , an u n s t a b l e 

f i l t e r w i t h d e n o m i n a t o r B ( z ) c a n be a p p r o x i m a t e d b y a s t a b l e 

f i l t e r w i t h t h e same n u m e r a t o r , a n d d e n o m i n a t o r P ( z ) . 

T h e l e a s t s q u a r e i n v e r s e s t a b i l i s a t i o n t e c h n i q u e 

f o r 2 - D f u n c t i o n s i s b a s e d on t h e f o l l o w i n g d e f i n i t i o n a n d 

t h e c o n j e c t u r e n o w a d a y s k n o w n as " S h a n k s ' C o n j e c t u r e " w h i c h 

e x t e n d s t h e 1 - D p r o c e d u r e t o t h e 2 - D c a s e . 

D e f i n i t i o n 4 . 2 : A 2 - D s e q u e n c e { b ( m , n ) } i s a m i n i n u m 

p h a s e s e q u e n c e when i t s z - t r a n s f o r m B ( z ^ , z 2 ) h a s n o z e r o e s 

i n t h e u n i t p o l y d i s c . 

4 . 1 . 1 S h a n k s ' C o n j e c t u r e [ 7 3 ] : 

G i v e n a 2 - D r e a l f i n i t e p o l y n o m i a l B ( z ^ , z 2 ) , 

a n y l e a s t s q u a r e i n v e r s e o f B ( z ^ , z 2 ) i s t h e z - t r a n s f o r m o f 

a m i n i m u m p h a s e s e q u e n c e . 

T h i s i s a v e r y i m p o r t a n t c o n j e c t u r e b e c a u s e i t 

i m p l i e s t h a t t h e f i l t e r F ( z ^ , z 2 ) = 1 / P ( z ^ , z 2 ) m u s t be s t a b l e 

i f P ( z ^ , z 2 ) i s P L S I • H o w e v e r , G e n i n a n d Kamp [ l 6 ] 

f o u n d t h e f o l l o w i n g c o u n t e r e x a m p l e f o r d i s p r o v i n g S h a n k s ' 

c o n j e c t u r e . 
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C o u n t e r e x a m p l e 4 . 1 E ^ l : 

L e t 

M N 
m n 

/ p ( m , n ) z 1 z 2 ( 4 . 1 ) 

m=0 n=0 

b y t h e P L S I o f a g i v e n p o l y n o m i a l 

K L k x 

B ( 2 l , z 2 ) = ^ X ) b ( k , l ) z 1 z 2 ( 4 . 2 ) 

k=0 1=0 

i n t h e s e n s e t h a t t h e c o e f f i c i e n t s p ( m , n ) m i n i m i z e t h e 

q u a d r a t i c e r r o r n o r m 

I J 

Q = ( l - p ( o , o ) b ( o , o ) ) 2 + ^ g 2 ( i » j ) ( 4 . 3 ) 

i = 0 j =0 

w h e r e | g ( i , j ) } = jb (k , 1 ) } * { p (m,n)}. * d e n o t e s t h e c o n v o l u t i o n . 

T h e p o l y n o m i a l B ( z ^ , z 2 ) o f t h e d e g r e e K=L=3 a n d 

w i t h t h e c o e f f i c i e n t s 

b ( 0 , 0 ) = b ( 3 , 3) = 1 

b (0 , 1 ) = b ( 1 , 0) = b ( 2 , 3) = b ( 3 , 2) = - 1 . 1 5 

b (0 , 2) = b ( 2 , 0 ) = b ( 1 , 3) = b ( 3 , l ) = - 0 . 9 0 2 
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b ( 0 , 3 ) = b ( 3 , 0 ) = 1 . 7 5 

b ( l , l ) = b (2 , 2 ) = 3 . 7 2 

b ( 1 , 2 ) = b ( 2 , l ) = - 2 . 2 3 ( 4 . 4 ) 

a d m i t s t h e f o l l o w i n g P L S I o f t h e d e g r e e M=N=1: 

P ( z 1 , z 2 ) = ( 4 . 1 3 + 2 . 1 2 z 1 + 2 . 1 2 z 2 - 0 . 6 0 6 z i z 2 ) 1 0 " 2 ( 4 . 5 ) 

I t c a n r e a d i l y be s e e n t h a t t h e f i r s t c o n d i t i o n o f 

t h e o r e m 2 . 3 i n C h a p t e r I I i s s a t i s f i e d , b u t t h e s e c o n d one 

i s n o t , b e c a u s e f o r z^= - 1 , t h e P L S I h a s a z e r o a t z 2 = - 0 . 7 3 6 , 

i . e . i n s i d e t h e u n i t c i r c l e . 

4 . 1 . 2 J u r y ' s C o n j e c t u r e : 

The c o u n t e r e x a m p l e o f G e n i n a n d Kamp r e l a t e s t o 

an i n v e r s e p o l y n o m i a l o f l o w e r d e g r e e t h a n t h e o r i g i n a l 

p o l y n o m i a l . T h e y d i d n o t p r e s e n t a c o u n t e r e x a m p l e f o r t h e 

same d e g r e e . H o w e v e r , a l l t h e e x a m p l e s o f S h a n k s ' a r e 

r e l a t e d t o t h e same d e g r e e i n v e r s e as t h e o r i g i n a l 

p o l y n o m i a l J u r y [ 1 X 2 ] t h e r e f o r e , i n t r o d u c e d a new c o n j e c t u r e 

w i t h a d d i t i o n a l c o n s t r a i n t s . 

J u r y ' s C o n j e c t u r e I l l 2 ] : I f t h e o r i g i n a l 2 - d i m e n s i o n a l 

p o l y n o m i a l a n d i n v e r s e a r e o f t h e same d e g r e e , t h e n t h e 

r e c i p r o c a l o f t h e P L S I i s a s t a b l e f i l t e r . 

T h i s c o n j e c t u r e [ 1 1 2 ] h a s b e e n v e r i f i e d f o r l o w 

d e g r e e p o y n o m i a l s . 
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J u r y - A n d e r s o n V e r i f i c a t i o n [ 1 1 3 ] : I n t h i s w o r k , t h e 

v e r i f i c a t i o n o f J u r y ' s c o n j e c t u r e f o r s p e c i a l l o w o r d e r 

p o l y n o m i a l s was p r e s e n t e d . T h e k e y t o t h e v e r i f i c a t i o n 

l i e s i n u t i l i z i n g t h e c e n t r o - s y m m e t r i c p r o p e r t i e s o f a 

p a r t i c u l a r T o e p l i t z m a t r i x , w h i c h a r i s e s i n t h e e q u a t i o n s 

o f t h e a p p r o x i m a t e i n v e r s e . T h e p r e s c r i b e d p o y n o m i a l i s : 

A ( Z 1 , Z 2 ) = a ( 0 , 0 ) + a ( l , 0 ) z 1 + a ( 0 , l ) z 2 + a ( l , l ) z 1 z 2 ( 4 . 6 ) 

a n d i t s i n v e r s e 

B ( Z ; L , Z 2 ) = b (0 , 0 ) + b ( l , 0 ) z 1 + b ( 0 , l ) z 2 + b ( l , l ) z 1 z 2 ( 4 . 7 ) 

A ( Z ; L , Z 2 ) = 1 ( 4 . 8 ) 

b ( z 1 , z 2 ) 

U s i n g t h e 2 - D c o n v o l u t i o n ; 

c ( z 1 , z 2 ) = a ( z 1 , z 2 ) b ( z 1 , z 2 ) 

= c ( 0 , 0 ) + c ( 0 , 1 ) z + c ( 0 , l ) z 2 + c ( l , l ) z 1 z 2 

+ c ( 2 , 0 ) z 2 + C ( 0 , 2 ) Z 2 + C ( 2 , 1 ) Z 2 Z 2 

+ c ( l , 2 ) z 1 z 2 + C ( 2 , 2 ) Z 2 Z 2 ( 4 . 9 ) 

c ( i , j ) ' s a r e c o m p u t e d f r o m t h e g i v e n p o l y n o m i a l a ( i , j ) ' s 

a n d b ( i , j ) ' s t o o b t a i n t h e a p p r o x i m a t e i n v e r s e f o r m , 
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Q = ( l - c ( 0 , 0 ) ) 2 + 2 c 2 ( i , j ) 

j 

= ( l - a ( 0 , 0 ) b ( 0 , 0 ) ) 2 + c 2 ( i , j ) 

i »j 

( 4 . 1 0 ) 

a n d we s e e k t o m i n i m i z e t h e q u a n t i t y Q w i t h r e s p e c t t o 

b ( i , j ) f s . T h i s c a n b e e x p r e s s e d i n t h e m a t r i x f o r m 

r Aoo 
r i o 

r01 
rll" 

b(0,0) a(0,0) 

rio roo 

/ 
rll 

r01 
b(l,0) 0 

r01 

t 
r n 

roo 
rio 

b(0,l) 0 

r o i rio 
roo b (1,1) 

• 

0 

( 4 . 1 1 ) 

w h e r e 

roo 
= a (0 , 0 ) + a ( 1 , 0 ) + a ( 0 , 1) + a (1 

r u = • a(l a ( 0 , 0 ) 

r 
r u = 

= a (1 a ( 1 , 0 ) 

roi = 
= a (0 , D a ( 0 , 0 ) + a (1 , D a ( l ,0) 

r 
10 = a ( l ,0) a ( 0 , 0 ) + a (1 , D a (0 ,1) ( 4 . 1 2 ) 



1 1 8 

o r more c o m p a c t l y a s : 

r 
, r, 

b = a ( 4 . 1 3 ) 

i s t h e b l o c k T o e p l i t z m a t r i x . T h i s k i n d o f 

m a t r i c e s a p p e a r s o f t e n i n 2 - D p r o b l e m s . U t i l i z i n g t h e 

c e n t r o s y m m e t r y o f t h e a b o v e e q u a t i o n y i e l d s , 

r + r r + T 
00 11 01 10 

r + r r + r 
n o o i oo ii 

T - T 00 11 

r, - r , 10 01 

T - r 
01 10 

r - T 
00 11 

b ( 0 , 0 ) - b ( l , l ) 

b ( l , 0 ) + b ( 0 , l ) 

- b (0,0) +b (1,1) 

- b (1,0) +b (1,1) 

a ( 0 , 0 ) 

0 

- a(0 ,0) 

) 0 

J _ _ 

(4.14) 

D e n o t i n g t h e t o p l e f t 2x2 s u b m a t r i x b y A , a n d l o w e r r i g h t 

s u b m a t r i x b y C . I f A^ = d e t [ a ] , A 2 = d e t [ c ] , a n d 

A 2 2 , C 2 2 , C 2 1 a r e t h e c o r r e s p o n d i n g c o f a c t o r s , t h e n 

i t c a n b e shown t h a t : 

A 2 1 I < | a 2 2 | ; | c 2 1 | < | c 2 2 | ( 4 . 1 5 ) 

A 1 > 0 A 2 > 0 ( 4 . 1 6 ) 



1 1 9 

C o n d i t i o n s i n ( 4 . 1 6 ) i m p l y t h a t T o e p l i t z m a t r i x i s p o s i t i v e 

d e f i n i t e . I n o r d e r t o t e s t t h e s t a b i l i t y o f B ( z ^ , z 2 ) , 

i t i s s u f f i c i e n t t o c h e c k t h e f o l l o w i n g c o n d i t i o n s 

( H u a n g T h e o r e m [ l 9 ] ) . 

b ( l , 0 ) 

b ( 0 , 0 ) 
< 1 ( 4 . 1 7 ) 

1 + 
b ( l , 0 ) 

b ( 0 , 0 ) 
> b ( l , l ) ± b ( 0 , 1 ) 

b ( 0 , 0 ) 
( 4 . 1 8 ) 

By s o l v i n g t h e m a t r i x e q u a t i o n ( 4 . 1 4 ) , we g e t : 

b (0 , 0) = £ a ( 0 , 0) 
a r 

22 + 22 

b ( l , l ) = l a ( 0 , 0 ) 
a r 

22 22 

b ( 0 , l ) = | a ( 0 , 0 ) 
A22 C22 

a 1 + a 2 

b ( l , 0 ) = \ a ( 0 , 0 ) 
A21 C21 

a 1 a 2 

( 4 . 1 9 ) 
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U s i n g t h e a b o v e i d e n t i t i e s one c a n show t h a t 

t h e P L S I i s i n d e e d s t a b l e . L e t us c h e c k t h e f i r s t 

c o n d i t i o n w h i c h r e q u i r e s : 

b ( l , 0 ) 

b ( 0 , 0 ) 
< 1 ( 4 . 2 0 ) 

b(l r0l C 2 1 A 1 • A 2 1 A 2 

b(0,0) C 2 2 A 1 + A 2 2 A 2 

< 1 ( 4 . 2 1 ) 

S i m i l a r l y t h e s e c o n d c o n d i t i o n ( 4 . 1 8 ) c a n be s a t i s f i e d . 

F r o m e q u a t i o n s ( 4 . 6 ) a n d ( 4 . . 7 ) , i t i s e v i d e n t 

t h a t t h e p o l y n o m i a l a n d i t s i n v e r s e a r e o f t h e same d e g r e e . 

J u r y - A n d e r s o n v e r i f i c a t i o n h a s b e e n e x t e n d e d f o r 

t h e f o l l o w i n g p o l y n o m i a l s a n d t h e i r i n v e r s e s ; 

a) J u r y , K o l a v a n n u a n d A n d e r s o n E x t e n s i o n Ql 16J : I n t h i s 

w o r k , t h e c o n j e c t u r e h a s b e e n v e r i f i e d f o r t h e f o l l o w i n g 

p o l y n o m i a l a n d i t s i n v e r s e , 

k k 
A k ( z 1 , z 2 ) = a(0 ,0)+ a ( 0 , l ) z 2 + a ( k , 0 ) Z l + a C k . D z ^ (4.22) 

k k 
V Z 1 ' Z 2 ) = b ( ° > ° ) + b ( 0 , l ) z 2 + b ( k , 0 ) Z l + b ( k , l ) z 2 z i (4.23) 
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b) D e l s a r t e , Genin and Kamp E x t e n s i o n 0-14] : T h e c o n j e c t u r e 

h a s b e e n v e r i f i e d f o r t h e f o l l o w i n g p o l y n o m i a l a n d i t s 

i n v e r s e , 

A g k ( z 1 , z 2 ) = a(0 ,0) + a ( 0 , s ) z 2 + a ( k , 0 ) z ^ + a ( k , s ) z ^ z 2 (4.24) 

B s k ( z i , z 2 ) = b ( 0 , 0 ) + b ( 0 , s ) z 2 + b ( k , 0 ) z ^ + b ( k , s ) z ^ z 2 (4 .25) 

w h e r e s , k a r e i n t e g e r s l a r g e r t h a n o n e . 

c ) J u r y a n d C h o p p o r a E x t e n s i o n [ l l 5 j : T h e c o n j e c t u r e h a s 

b e e n v e r i f i e d f o r t h e f o l l o w i n g p o l y n o m i a l a n d i t s 

i n v e r s e , 

m t n s m+n s+t 
Am+n s + t ^ Z l , Z 2 ^ = a (m, t )z ] L z 2 + a ( n , s ) z 1 z 2 + a(m+n,s+t)z 1 z 2 

(4.26) 

Bm+n s + t ^ z l , z 2 ^ = b ( ° » ° ) + h ( m , t ) z ™ z 2 + b ( n , s ) z ^ z 2 + b(m+n,s+t)z™+ n z 2
+ t 

(4.27) 

w i t h (mt - n s ) ^ 0 . 

D e s p i t e t h e f a c t t h a t J u r y ' s c o n j e c t u r e h a s b e e n 

v e r i f i e d f o r l o w d e g r e e p o l y n o m i a l s , i t h a s n o t b e e n p r o v e d 

i n g e n e r a l . T h e d i f f i c u l t y l i e s on t h e c o n d i t i o n o f t h e 

p o s i t i v i t y o f p o l y n o m i a l s w i t h l i t e r a l c o e f f i c i e n t s w h i c h 
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c a n be o b t a i n e d up t o f o u r t h d e g r e e [ 2 2 ] . F u r t h e r w o r k 

on t h i s p r o b l e m was p u b l i s h e d b y B e d n a r [l2o] . I n t h i s 

w o r k , B e d n a r c o m m e n t e d on t h e m a t h e m a t i c a l d i f f i c u l t i e s 

i n v e r i f y i n g t h e c o n j e c t u r e ( I f i t i s p o s s i b l e ) i n g e n e r a l . 

I n a l a t e r s u r v e y b y M e r s e r a u a n d D u d g e o n £ l 3 l j f u r t h e r 

n u m e r i c a l v e r i f i c a t i o n o f t h e c o n j e c t u r e i s m e n t i o n e d . 

R e c e n t i n v e s t i g a t i o n s [ l 0 4 ] , h o w e v e r , l e d t o 

t h e f o l l o w i n g s i m p l e c o u n t e r e x a m p l e t o d i s p r o v e t h e 

J u r y ' s c o n j e c t u r e . 

C o u n t e r e x a m p l e 4 . 2 : 

L e t , 

3 3 
V ^ V ^ m n 

C ( Z 1 , Z 2 ) = y i L f C ( m » n ) z i z 2 (4.28) 

m=0 n=0 

where jc(m,n)| = 

1 2 

4 5 

5 4 

2 1 

(4.29) 

T h e p l a n a r - l e a s t s q u a r e s i n v e r s e o f t h e same d e g r e e o f C(z^, 

3 3 

p ( 2 ] l , z 2 ) = 

k = 0 £ = 0 

( 4 . 3 0 ) 
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P ( k , J O = 

1.0 

-0.66150676 

0.43829224 

-0.24508737 

-0.66150676 

0.11920286 

-0.11038349 

0.24198055 

0.43829224 

-0.11038349 

-0.02373516 

-0.12054714 

-0.24508737 

0.24198055 

-0.12054714 

0.08504455 

(4.31) 

The a b o v e P L S I f o r m was o b t a i n e d i n t h e s e n s e 

t h a t p ( k , £ ) m i n i m i z e s t h e q u a d r a t i c e r r o r n o r m , 

Q = ( l - g ( 0 , 0 ) ) 2 + £ g 2 ( i > j ) 
i , j 

= ( . l - d ( 0 , 0 ) p ( 0 , 0 ) ) 2 + g 2 ( i , j ) 
1
» j 

( 4 . 3 2 ) 

W h e r e 

3 3 

g ( i , j ) = ^ ] ^ ] c ( m , n ) p ( i - m , j - n ) 

m=0 n=0 

( 4 . 3 3 ) 

A c c o r d i n g t o H u a n g ' s t h e o r e m 9 J , t h e o b t a i n e d 

P L S I o f t h e same d e g r e e p o l y n o m i a l , P ( z ^ , z 2 ) i s u n s t a b l e . 

T h i s c a n r e a d i l y be s e e n f r o m t h e f a i l u r e o f t h e s e c o n d 

c o n d i t i o n o f H u a n g ' s t h e o r e m . F i g . 4 . 1 shows t h e m a p p i n g o f 

z . - u n i t c i r c l e o n t o z 9 p l a n e . 
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Fig. 4-1 Mapping of z1 unit circle onto z2 plane 
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C o m m e n t s on J u r y ' s C o n j e c t u r e : T h e a b o v e c o u n t e r e x a m p l e 

s h o w s t h a t J u r y ' s c o n j e c t u r e i s n o t v a l i d i n g e n e r a l . 

H o w e v e r , i t i s s t i l l d e s i r a b l e t o e x h a u s t a l l p o s s i b l e 

c a s e s w h e r e t h e c o n j e c t u r e i s v a l i d . G e n e r a l l y , t h i s 

p r o b l e m i s s i m i l a r t o t h e w e l l - k n o w n " A i z e r m a n ' s C o n j e c t u r e " 

£ l 3 2 ] i n c o n t r o l l i t e r a t u r e . 

4 . 2 D I S C R E T E H I L B E R T TRANSFORMATION T E C H N I Q U E 

F o r 1 - D c a u s a l s e q u e n c e s t h e s t a b i l i z a t i o n t e c h n i q u e 

v i a d i s c r e t e H i l b e r t t r a n s f o r m i s b a s e d on t h e d e f i n i t i o n 

4 . 1 a n d t h e f o l l o w i n g t h e o r e m £ . 7 1 ] . 

T h e o r e m 4 . 2 : A . s e q u e n c e { b ( n ) } i s a m i n i m u m p h a s e s e q u e n c e 

i f a n d o n l y i f t h e l o g a r i t h m o f i t s a m p l i t u d e s p e c t r u m 

l o g | B ( e 3 W ) | a n d i t s p h a s e s p e c t r u m a r e r e l a t e d b y 

t h e H i l b e r t t r a n s f o r m : 

' 2tt 

</Xw) = f l o g | B ( e j w ) | C o t ( H Z £ ) d u ( 4 . 3 4 ) 

0 

T h e t h e o r e m s u g g e s t s a s t a b i l i z a t i o n p r o c e d u r e f o r 

an u n s t a b l e f i l t e r w i t h t h e d e n o m i n a t o r B ( z ) c o r r e s p o n d i n g 

t o a n o n - m i n i m u m p h a s e s e q u e n c e ( b ( n ) } as f o l l o w s : 

S t e p 1 , C a l c u l a t e t h e a m p l i t u d e s p e c t r u m 

S t e p 2 . R e p l a c e t h e o r i g i n a l p h a s e s p e c t r u m b y t h e p h a s e 

s p e c t r u m e v a l u a t e d by ( 4 . 3 4 ) . 
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S t e p 3 . F r o m | B ( e ^ w ) | a n d t h e new p h a s e s p e c t r u m e v a l u a t e 

t h e c o r r e s p o n d i n g s e q u e n c e ( b ( n ) } w h i c h i s 

m i n i m u m p h a s e a c c o r d i n g t o t h e o r e m 4 . 2 . 

To i m p l e m e n t t h e a b o v e p r o c e d u r e on a d i g i t a l 

c o m p u t e r , an a p p r o x i m a t e d i s c r e t e v e r s i o n o f e q u a t i o n ( 4 . 3 5 ) 

c a n be u s e d . 

n 

= k 2 l o g | H ( i ) | [ l - ( - l ) k _ i ] c o t § ( k - i ) ( 4 . 3 5 ) 

i = 0 

The e x p r e s s i o n ( 4 . 3 5 ) c a n be f u r t h e r s i m p l i f i e d t o : 

n - 1 

( / ) ( k ) = l X ) l o g | B ( i ) | c o t ~ ( k - i ) , k o d d ( 4 . 3 6 ) 

i = 0 , 2 , 4 , . 

n - 1 

( / ) ( k ) = I ^ 2 l 0 g ' B ( i ) ' C O t S ( k * i ) ' k e v e n ( 4 . 3 7 ) 

i = l , 3 , 5 , . 

S i m i l a r l y , DFT a n d I D F T r e l a t i o n s a r e u s e d t o e v a l u a t e t h e 

a m p l i t u d e s p e c t r u m a t d i s c r e t e v a l u e s o f w a n d c o r r e s p o n d i n g 

s e q u e n c e s . T h e r e l a t i o n ( 4 . 3 5 ) i s e q u i v a l e n t t o : 

</>(k) — j D F T | s g n ( k ) I D F T [ l o g | B ( k ) | ] } ( 4 . 3 8 ) 

The r e l a t i o n ( 4 . 3 8 ) i s c a l l e d t h e d i s c r e t e H i l b e r t t r a n s f o r m 

( D H T ) . 



1 2 7 

I t has been s h o w n t h a t t h e a p p r o x i m a t i o n i n v o l v e d i n 

u s i n g t h e DHT f o r m , r a t h e r t h a n t h e e x a c t o n e , n a m e l y 

r e l a t i o n ( 4 . 3 4 ) , i s t h e same as t h a t w h i c h r e s u l t s when 

t h e c o n t i n u o u s i n t e g r a l i s r e p l a c e d b y t r a p e z o i d a l r u l e o f 

n u m e r i c a l i n t e g r a t i o n [ l 2 l ] * 

2 - D D i s c r e t e H i l b e r t T r a n s f o r m T e c h n i q u e [ l 2 l ] : 

R e a d a n d T r e i t e l [ l 2 l ] e x t e n d e d 1 - D DHT t e c h n i q u e s 

t o t w o - d i m e n s i o n s . B e f o r e a p p l y i n g t h e p r o c e d u r e f o r t h e 

2 - D c a s e some new f u n c t i o n s a r e d e f i n e d . 

A f i n i t e d i s c r e t e i m p u l s e r e s p o n s e i s c a u s a l i f ; 

n n 
b ( n 1 , n 2 ) = 0 f o r n l > , n 2 > — ( 4 . 3 9 ) . 

W h e r e n^ v a r i e s on t h e d i s c r e t e s e t { 0 , 1 , 2 , . . . } a n d 

n 2 v a r i e s o v e r t h e s e t {0 , 1 , 2 , . . . , N 2 - 1 } . T h e e v e n a n d 

o d d p a r t s o f a s u c h s e q u e n c e a r e d e f i n e d a s : 

b e ( n l f n 2 ) = -J £ b (n^ , n 2 ) + b O ^ - i ^ , N 2 - n 2 ) J ( 4 . 4 0 ) 

b Q ( n 1 , n 2 ) = j ^ b ( n 1 , n 2 ) - b ( N 1 - n 1 , N 2 ~ n 2 ) J ( 4 . 4 1 ) 

r e s p e c t i v e l y . The o d d a n d e v e n p a r t s o f a c a u s a l p e r i o d i c 

s e q u e n c e i s r e l a t e d b y : 

b 
o 

( n 1 , n 2 ) = j ^ s g n ( n 1 , n 2 ) + b d y ( n 1 , n 2 ) J b ^ n ^ n ^ ( 4 . 4 2 ) 
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W h e r e t h e s g n f u n c t i o n i s a f i n i t e ( 2 - D ) v e r s i o n o f t h e 

( 1 - D ) s i g n u m f u n c t i o n a n d i t i s d e f i n e d b y : 

1 0 < n x < N 1 / 2 and 0 < n 2 < N 2 / 2 

s g n ( n 1 , n 2 ) = < 1 1^/2 < n^ < N x and N 2 / 2 < n 2 < N 2 

e l s e w h e r e 

T h e b d y f u n c t i o n mak.es b o u n d a r y a d j u s t m e n t s a n d i s 

d e f i n e d b y : 

( 4 . 4 3 ) 

b d y ( n 1 , n 2 ) = 

1 n 2 = 0 a n d 0 < n_L < 1^/2 

1 n 2 = 0 a n d 1^/2 < n^ < N 

1 n^=0 a n d 0 < n 2 < N 2 / 2 

- 1 n x = 0 a n d N 2 /2< n 2 < N 2 

0 e l s e w h e r e 

T h e c a u s a l p e r i o d i c s e q u e n c e b(n_ , n 0 ) i s t h e sum 

o f i t s o d d a n d e v e n p a r t s : 

( 4 . 4 4 ) 

b ( n 1 - , n 2 ) = ^ e < n i » n 2 ) ] + [ b o ( n l ' n
2

)
] ( 4 . 4 5 ) 

T a k i n g t h e DFT o f b o t h s i d e s y i e l d s : 

DFT [ b ( n x , n 2 ) ] = DFT [ b ^ n ^ n . + d f t [ b o ( n l ' n 2 ) ] ( 4 . 4 6 ) 
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u s i n g t h e w e l l - k n o w n p r o p e r t i e s o f t h e DFT f o r e v e n and 

odd f u n c t i o n s r e s u l t s i n : 

B r ( n 1 , n 2 ) = DFT j ^ b e ( n 1 , n 2 ) ^ ] ( 4 . 4 7 ) 

B i ( n 1 , n 2 ) = DFT j ^ b o ( n l f n 2 ) j ( 4 . 4 8 ) 

Where 

B ( n l f n 2 ) = B r ( n 1 , n 2 ) + j B ^ n ^ n ^ DFT ( i ^ , n 2 ) J ( 4 . 4 9 ) 

T a k i n g t h e I D F T o f b o t h s i d e s o f ( 4 . 4 7 ) and s u b s t i t u t i n g 

i n t o ( 4 . 4 2 ) and u s i n g e q u a t i o n ( 4 . 4 8 ) r e s u l t s i n ; 

B i ( n 1 , n 2 ) = - j DFT s g n ( n l f n 2 ) + b d y ( n ^ , n 2 ) J • I D F T (n^ , n 2 ) | 

( 4 . 5 0 ) 

T h i s l a s t r e l a t i o n d e f i n e s t h e ( 2 - D ) d i s c r e t e H i l b e r t 

t r a n s f o r m . I t c l e a r l y c o r r e s p o n d s t o t h e c o n t i m o u s t r a n s f o r m 

g i v e n i n e q u a t i o n ( 4 . 3 4 ) . 

I f t h e s e q u e n c e b ( n ^ , n 2 ) i s a m i n i m u m p h a s e 

s e q u e n c e t h a n ( 4 . 5 0 ) b e c o m e s : 

0 ( n 1 , n 2 ) = - j | s g n ( n 1 , n 2 ) + b d y ( n ^ , n 2 ) J » I D F T ^ l o g | B ( n ^ , n 2 ) | j 

( 4 . 5 1 ) 

The e x p r e s s i o n ( 4 . 5 1 ) g i v e s an a p p r o x i m a t e m i n i m u m p h a s e 

f o r a ( 2 - D ) a m p l i t u d e r e s p o n s e B ( n ^ , n 2 ) . F o r m i n g a 



1 3 0 

m i n i m u m - p h a s e v e r s i o n o f an a r r a y b y u s i n g t h e e q u a t i o n 

( 4 . 5 1 ) c a n be s u m m a r i z e d b y t h e f o l l o w i n g s t e p s b e l o w . 

S t e p ( 1 ) : G i v e n a f i n i t e d i s c r e t e ( 2 - D ) a r r a y , t h e 

c o e f f i c i e n t a r r a y s h o u l d be a u g m e n t e d w i t h z e r o e s t o s a t i s f y 

t h e c o n d i t i o n f o r c a u s a l i t y , The a d d e d z e r o e s i n c r e a s e 

t h e s i z e o f t h e a r r a y , so t h a t i t b e c o m e s a m e n a b l e t o F a s t 

F o u r i e r T r a n s f o r m a n a l y s i s . 

S t e p ( 2 ) : T h e n a t u r a l l e n g t h o f t h e a m p l i t u d e s p e c t r u m 

o f t h e a u g m e n t e d ( 2 - D ) a r r a y s h o u l d b e c a l c u l a t e d . 

S t e p ( 3 ) : T h e ( 2 - D ) d i s c r e t e H i l b e r t t r a n s f o r m m u s t 

be a p p l i e d t o t h i s ( 2 - D ) a r r a y . T h u s t h e l o g o f t h e 

m a g n i t u d e i s t r e a t e d as t h e r e a l a n d t h e d i s c r e t e H i l b e r t 

t r a n s f o r m t h e n y i e l d s t h e i m a g i n a r y p a r t . 

S t e p ( 4 ) : The i m a g i n a r y p a r t i s u s e d as t h e p h a s e s p e c t r u m 

c o r r e s p o n d i n g t o t h e g i v e n a m p l i t u d e s p e c t r u m . T h e s e 

two s p e c t r a l c h a r a c t e r i s t i c s c o m p l e t e l y d e s c r i b e t h e t r a n s f o r m 

o f t h e m i n i m u m - p h a s e a r r a y . 

S t e p ( 5 ) : A f t e r c o n v e r s i o n f r o m a m p l i t u d e a n d p h a s e t o 

r e a l a n d i m a g i n a r y p a r t s , t h e i n v e r s e t r a n s f o r m i s d e t e r m i n e d 

a n d t r u n c a t e d t o o b t a i n t h e same d i m e n s i o n s a s t h e o r i g i n a l 

a r r a y . T h i s y i e l d s t h e m i n i m u m - p h a s e v e r s i o n o f t h e 

o r i g i n a l a r r a y . 
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F i g . 4 . 2 s h o w s t h e b l o c k d i a g r a m o f s t a b i l i z i n g a f i l t e r 

f u n c t i o n b y d i s c r e t e H i l b e r t t r a n s f o r m . 

A l t h o u g h t h e d i s c r e t e H i l b e r t t r a n s f o r m p r o c e d u r e 

w o r k s f o r m o s t e x a m p l e s , i t h a s b e e n s h o w n i n [ l 2 2 j t h a t 

t h e r e e x i s t some c a s e s w h e r e i t p r o v e s t o b e o f no v a l u e . 

C o u n t e r e x a m p l e 4 . 3 : 

Woods [ l22] p o i n t e d o u t t h a t i t was n o t i n 

g e n e r a l p o s s i b l e t o a c h i e v e t h e s t a b i l i z a t i o n a n d a t t h e 

same t i m e r e q u i r e t h e a m p l i t u d e s t o be s a m e . 

C o n s i d e r t h e f o l l o w i n g c a u s a l , f i r s t - q u a d r a n t f i l t e r f u n c t i o n 

F ( z i , z 2 ) = ± = ( 4 . 5 2 ) 
A ( z , . z 0 ) 1 1 

1 ' 2 ' _ _ m n 
2 3 2 3 a ( m , n ) z i z 2 

m=0 n=0 

whe r e 

a ( 0 , 0 ) = 1/4 a ( 1 , 0 ) = 1 

a ( 0 , 1 ) = 0 a ( 1 , 1 ) = 1/4 ( 4 . 5 3 ) 

I t c a n be s h o w n t h a t t h e f i l t e r f u n c t i o n F ( z ^ , z 2 ) i s 

u n s t a b l e . The d e n o m i n a t o r f u n c t i o n , A ( z ^ , z 2 ) b e c o m e s z e r o 

i n t h e u n i t p o l y d i s c . L e t t i n g A ( u , v ) be t h e DFT o f | a ( m , n ) [ , 

we o b t a i n f o r t h e m a g n i t u d e , 
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h(k,l), non-minimum phase sequence 

h(k,l), minimum phase version of h(k, I) 

Fig. 4-2 Procedure for obtaining a minimum phase 
version of a (2-D) sequence. 
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o 
| A | = 9 / 8 + 1 / 2 ( c o s 2TTU + C O S 2 T T V ) + 1 / 8 C O S 2 T T ( U + V ) 

( 4 . 5 4 ) 

on [ - J , + i ] x [ - J , + 

Now, we a s s u m e t h a t t h e r e e x i s t s a 2x2 a r r a y 

b ( k , l ) c o r r e s p o n d i n g t o a r e c u r s i v e f i l t e r s t a b l e i n t h e 

f i r s t q u a d r a n t . I t s m a g n i t u d e i s g i v e n b y : 

| B | 2 = b 2 (0 , 0 ) + b 2 ( 0 , l ) + b 2 ( l , 0 ) + b 2 ( 1 , 1 ) 

+ 2 {b (0 , 0) b ( 1 , 0) + b ( 0 , l ) b ( l , l ) | c o s ( 2iru) 

+ 2 jb (0 , 0) b (0 , 1 ) + b ( l , 0 ) b ( l , l ) } c o s ( 2 i r v ) 

+ 2b ( 0 , 0 ) b ( 1 , 1 ) c o s 2 i r (u+v) + 2b ( 1 , 0 ) b ( 0 , 1 ) co S2TT ( u - v ) 

( 4 . 5 5 ) 

2 2 

E q u a t i n g c o e f f i c i e n t s o f | a| a n d | b| t o m a t c h 

t h e a m p l i t u d e a n d o b t a i n e i t h e r 

{ b ( k , l ) j - = + | a ( k , 1 ) | ( 4 . 5 6 ) 

o r 

T 
{b (k , 1) } = + | a ( k , l ) } ( 4 . 5 7 ) 

w h e r e t h e s u p r s c r i p t T r e f e r s t o m a t r i x t r a n s p o s i t i o n a b o u t 

k = l d i a g o n a l . I n b o t h c a s e s { b ( k , l ) } i s u n s t a b l e . 

The a b o v e c o u n t e r e x a m p l e s h o w s t h a t i t i s n o t 

a l w a y s p o s s i b l e t o s t a b i l i z e a 2 - D u n s t a b l e f i l t e r b y u s i n g 

D H T . T h e m a i n d i f f i c u l t y i s due t o t h e t r u n c a t i o n o f 

i n f i n i t e s e r i e s a n d a p p r o x i m a t i o n o f i n t e g r a l b y f i n i t e 
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s u m m a t i o n s . I n a s e p a r a t e a n d i n d e p e n d e n t w o r k , B o s e L12 

g a v e o t h e r c o u n t e r e x a m p l e s f o r t h e c o n t i n u o u s H i l b e r t 

t r a n s f o r m a n d e x p l a i n e d why s t a b i l i z a t i o n v i a H i l b e r t 

t r a n s f o r m a t i o n w i t h o u t a p p r e c i a b l e c h a n g e i n t h e f r e q u e n c y 

r e s p o n s e c a n n o t , i n g e n e r a l , be i m p l e m e n t e d i n m u l t i -

d i m e n s i o n a l f i l t e r s . I n a r e c e n t w o r k b y M u r r a y E 1 3 5 J , 

f u r t h e r e l a b o r a t i o n o f t h i s m e t h o d o f s t a b i l i z a t i o n i s 

d i s c u s s e d . 

4 . 3 P I S T O R S T A B I L I Z A T I O N METHOD 

The two s t a b i l i z a t i o n t e c h n i q u e s m e n t i o n e d a b o v e , 

P L S I a n d D H T , c a u s e a m o d i f i c a t i o n o f t h e u n s t a b l e t r a n s f e r 

f u n c t i o n o f t h e f i l t e r i n s u c h a m a n n e r t h e a m p l i t u d e 

r e s p o n s e i s k e p t a p p r o x i m a t e l y u n c h a n g e d , w h i l e t h e p h a s e 

r e s p o n s e i s a d j u s t e d t o e n s u r e t h e s t a b i l i t y o f t h e 

m o d i f i e d t r a n s f e r f u n c t i o n . T h e r e f o r e , t h e s e p r o c e d u r e s 

[ 7 ] , [ l 2 l ] , a r e n o t a p p l i c a b l e t o z e r o - p h a s e f u n c t i o n s w h i c h 

do n o t p e r m i t p h a s e m o d i f i c a t i o n s i n a n y m a n n e r w h i c h w i l l 

i m p r o v e t h e s t a b i l i t y . 

A z e r o - p h a s e f i l t e r h a s t h e p a r t i c u l a r p r o p e r t y 

t h a t i t s u n i t s a m p l e r e s p o n s e i s s y m m e t r i c a b o u t ( m , n ) 

o r i g i n a l o n g a n y r a d i u s t h r o u g h t h e o r i g i n . B e c a u s e o f 

t h i s s y m m e t r y , t h e u n i t s a m p l e r e s p o n s e o f a z e r o - p h a s e 

f i l t e r i s n o t a o n e - q u a d r a n t f u n c t i o n . By t h e w a y ^ t h e 

f i l t e r f u n c t i o n c a n b e t r a n s f o r m e d b y t r a n s l a t i o n t o one o f 

t h e s i n g l e q u a d r a n t f u n c t i o n s . H e n c e , t h e z - t r a n s f o r m o f 
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t h i s f i l t e r c o u l d be a s s o c i a t e d w i t h f o u r d i f f e r e n t f i l t e r s . 

H o w e v e r , n o n e o f t h e m w o u l d be s t a b l e [ 3 l ] . 

P i s t o r [ . 3 l ] , [ l 2 6 ^ s h o w e d t h a t u n s t a b l e t w o -

d i m e n s i o n a l r e c u r s i v e f i l t e r s h a v i n g z e r o - p h a s e c a n be 

d e c o m p o s e d i n t o f o u r s t a b l e f i l t e r s t h a t r e c u r s e i n f o u r 

d i f f e r e n t d i r e c t i o n s . T h i s d e c o m p o s i t i o n i s b a s e d on t h e 

r e l a t i o n s h i p o f s t a b i l i t y o f r e c u r s i v e f i l t e r s t o t h e 

a b s o l u t e s u m m a b i l i t y o f c e r t a i n o p e r a t o r s c a l l e d c e p s t r a [ l 3 8 ] . 

We c o n s i d e r a r e a l - v a l u e d d i s c r e t e f u n c t i o n c w i t h a l i m i t e d 

n u m b e r o f s a m p l e p o i n t s , i n w h i c h 

= jc(m,n)j 

( 4 . 5 8 ) 

m < 2M = 1 — c 

n < 2N = 3 1 — c 

z - t r a n s f o r m o f t h i s a r r a y i s o f z e r o p h a s e a n d n o n - n e g a t i v e 

f o r a l l (z^ , z 2 ) e R 

Im j c ( u , v ) } = 0 ( 4 . 5 9 ) 

Re j c ( u , v ) | > 0 ( 4 . 6 0 ) 

w h e r e 

« 3 - j 2ir (um+vn) 
C ( u , v ) = £ Z c ( m , n ) e ( 4 . 6 1 ) 

m=-cc n = - 3 

R = | ( z i , z 2 ) : \ Z l \ = | z 2 | = 1 } | ( 4 . 6 2 ) 

E q u a t i o n s ( 4 . 5 9 ) a n d ( 4 . 6 1 ) i m p l y c e n t r a l s y m m e t r y o f c , 
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fc(m,n) = c ( - m , - n ) ( 4 . 6 3 ) 

P i s t o r s h o w e d t h a t an u n s t a b l e f i l t e r 1 / C ( z ^ , z 2 ) c a n be 

be d e c o m p o s e d i n t o s t a b l e f i l t e r s t h a t r e c u r s e i n f o u r 

d i f f e r e n t d i r e c t i o n s shown i n F i g . 4 . 3 . 

C ( z , , z 0 ) 

4 
= n 

£ = 1 k - 1 ( z 1 , z 2 ) 
( 4 . 6 4 ) 

o r , i n t h e c e p s t r u m d o m a i n 

A 4 p A 

c = E k ( 4 . 6 5 ) 
£ = 1 

w h e r e c i s t h e c e p s t r u m o f c, 

4 . 3 . 1 D e t e r m i n a t i o n o f A p p r o x i m a t e C e p s t r u m 

T h e c e p s t r u m o f a g i v e n a r r a y c a n b e d e t e r m i n e d 

by DFT t e c h n i q u e s a s i n d i c a t e d i n F i g . 4 . 4 . T h i s c a n b e 

d o n e b y u s i n g t h e f a s t F o u r i e r t r a n s f o r m . S i n c e c ( m , n ) 

i s n o t a c a s u a l f u n c t i o n , some s h i f t i n g o p e r a t i o n s w i l l 

be n e c e s s a r y . 

a 6 m k ^ nk£ 
C ( k 1 , k 2 ) E Z d ( m , n ) W M WN 

m=-« n = - $ 

( 4 . 6 6 ) 

k 1 e ,cc] 

[-6,8] 
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t 
+ m 

- m 
a 

+ n — n -a-

n w n e 

(1,1) ci, n ) 

input array 

( M , 1 ) ( M . N ) 

s w s e 

+ m 

- m 

\ t 
- n 

Fig. 4-3 Pistor's decomposed single-quadrant 
filters convolved recursively with an 
input array. 



Fig 4-4 Block diagram of determination of 
the approximate cepstrum transform 
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w h e r e 

M = 2cc + l , N = 26 +1 

2 77 2 77 

m it n 

M = 6 ' WN = 6 

I n o r d e r t o u s e F F T a l g o r i t h m s , e q u a t i o n ( 4 . 6 6 ) c a n be 

t r a n s f o r m e d 

C(k.~.k2-B) = E 2 c C n . a . n - M w / ^ X ^ ^ (4.67) 
m Û n=0 

kl£[0,2cc] 

k 2e[0,26] 

H o w e v e r , F F T a l g o r i t h m s a r e a p p l i c a b l e f o r o n e - d i m e n s i o n a l 

a r r a y s . 

T h e r e f o r e , i t w o u l d b e n e c e s s a r y t o m o d i f y t h e t w o - d i m e n s i o n a l 

DFT e q u a t i o n . 

2 ® k . m 2^ k 9 n 
C(k 1-«,k 2-B)= K V K m W M 2 3 c(m-«,n-e)K nW N 

1 2 m=0 n=0 

k l E [ 0 , 2 « ] 

V [ 0 , 2 6 ] ( 4 , 6 8 ) 

w h e r e : 

- « m - 6 n - « ( v - « ) - ( k 9 - 6 ) 
K = , K = WXT , K. . = WM W._ 

m M ' n N ' 1 2 

S i n c e we u s e l o g a r i t h m i n t h e p r o c e s s , i t i s e s s e n t i a l t h a t 

F F T v a l u e s m u s t be r e a l p o s i t i v e . H e n c e , t h e s y m m e t r y 
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p r o p e r t y m u s t be c o n s i d e r e d a t e a c h s t e p . I n v e r s e F F T o f 

l o g a r i t h m a r r a y c a n be o b t a i n e d s i m i l a r l y . Due t o t h e 

a l i a s i n g e r r o r , i t i s h e l p f u l t o i n s e r t z e r o s a r o u n d t h e 

o r i g i n a l a r r a y . The d e g r e e o f a l i a s i n g c a n be c o n t r o l l e d 

b y s a m p l i n g r a t e . A d d i n g more z e r o s w i l l r e s u l t i n l e s s 

a l i a s e d v e r s i o n s i n t h e f r e q u e n c y d o m a i n . I t h a s b e e n 

f o u n d t h a t t h e a l i a s i n g g r e a t l y a f f e c t e d t h e v a l u e o f t h e 

d e c o m p o s e d a r r a y s , i f F F T i s u s e d on a m a t r i x l e s s t h a n 

32x32 p o i n t s . T h i s n u m b e r i s t h e m i n i m u m a c c e p t a b l e s i z e 

o f F F T . 

3 . 2 DECOMPOSITION BY QUADRANTS IN THE CEPSTRUM DOMAIN 

B e c a u s e { c ( m , n ) } i s c e n t r a l l y s y m m e t r i c , so i s 

i t s s p e c t r u m C ( u , v ) , a n d c o n s e q u e n t l y i t s c e p s t r u m C ( u , v ) 

m u s t be a l s o o f c e n t r a l 

s y m m e t r y . Due t o t b i s s y m m e t r y 

i n t h e c e p s t r u m d o m a i n t h e f o l l o w i n g r e l a t i o n s m u s t h o l d : 

1 7 , , 2* x 1 * . , ( 4 . 6 9 ) 
b ( k , o ) = b ( k , o) = j c ( k , o ) 

lb(o,Z) = 3 b ( o , i l ) = I c ( k , A ) ( 4 . 7 0 ) 

3 b ( k , o ) = 4 b ( k , o ) = i c ( k , o) ( 4 . 7 1 ) 

4 b ( o , H ) = 1 b ( o , H ) = j c ( k , £ ) ( 4 . 7 2 ) 

1* 2* 3" 4* 1 * 
b ( o , o) = b ( o , o ) = b ( o , o ) = b ( o , o ) = - 7 - 0 ( 0 , 0 ) ( 4 . 7 3 ) 
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% * 

T h u s , f o u r o n e - q u a d r a n t s e q u e n c e s { b ( m , n ) } , 2 , = 1 , 2 , 3 , 4 , 

w i l l s a t i s f y t h e e q u a t i o n ( 4 . 7 4 ) . 

A ^ A 2 A g A ^ A 

c ( m , n ) = b ( m , n ) + b ( m , n ) + b ( m , n ) + b ( m , n ) ( 4 . 7 4 ) 

4 . 3 . 3 D e t e r m i n a t i o n o f D e c o m p o s e d A r r a y s i n T ime D o m a i n 

F i r s t , we c a l c u l a t e t h e f i r s t q u a d r a n t a r r a y s i n 

s p a t i a l ( t i m e ) d o m a i n . N e x t , t h e f o u r t h q u a d r a n t a r r a y 

w i l l be o b t a i n e d . T h e n , we g e t t h e t h i r d and s e c o n d 

q u a d r a n t a r r a y s b y r o t a t i n g t h r o u g h 1 8 0 ° t h e f i r s t and 

f o u r t h q u a d r a n t s r e s p e c t i v e l y . 

I n t h e c a l c u l a t i o n p r o c e s s , t h e f i r s t e n t r y 

P b ( o , o ) c a n be o b t a i n e d by d e f i n i t i o n o f c e p s t r u m ; i n d e e d , 

B 1 ( z 1 , Z 2 ) = £ n j ^ B 1 ( z 1 , z 2 ) ] ( 4 . 7 5 ) 

f o r ( z 1 , z 2 ) = ( 0 , 0 ) : 

1 b ( o , o ) = In [ 1 b ( o , o ) ] ( 4 . 7 6 ) 

1 b ( o , o ) = e x p p " b ( o , o ) ] ( 4 . 7 7 ) 

F o r m e q u a t i o n ( 4 . 7 5 ) 

B 1 ( z 1 , z 2 ) = e x p [ £ ( z l f z 2 ) ] ( 4 . 7 8 ) 

In o r d e r t o f i n d o t h e r c o e f f i c i e n t s o f t h e a r r a y , we 

d i f f e r e n t i a t e e q u a t i o n ( 4 . 7 8 ) w i t h r e s p e c t t o z^ and z 2 . 
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z 1 v z l ' z 2 > = b l < z l » z 2 > z 1 v 2 ! ' ^ ( 4 > 7 9 ) 

z 2 a l j b 1 ( z 1 ' z 2 ) = » x ( « i . « 2 > z 2 t t 2 » 1 < * 1 - z 2 > ( 4 - 8 0 > 

E q u a t i o n s ( 4 . 7 7 ) and ( 4 . 7 8 ) c o r r e s p o n d t o : 

{m 1 b ( m , n ) } = ( 1 b ( m , n ) } * {m 1 b ( m , n ) } ( 4 . 8 1 ) 

{n 1 b ( m , n ) } = { 1 b ( m , n ) } * { n 1 b ( m , n ) } ( 4 . 8 2 ) 

T h e s e i d e n t i f i e s y i e l d f o l l o w i n g r e l a t i o n s 

1 P q / -I a .. 
b ( p , q ) = Z E ^ b ( m , n ) i b ( p - m , q - n ) p^O ( 4 . 8 3 ) 

m= 1 n = 0 \ P / 

i P q / n \ i 
b ( p , q ) = z Z ( ~ 1 b ( m , n ) i b ( p - m , q - n ) q^O ( 4 . 8 4 ) 

m=0 n = 1 \ q / 

4 . 3 . 4 P r o b l e m o f T r u n c a t i o n : 

P i s t o r ' s s t a b i l i z a t i o n t h e o r e m [ 3 l ] g u a r a n t e e s 

t h a t t h e p o w e r s e r i e s B ^ ( z ^ , z 2 ) i s a b s o l u t e l y c o n v e r g e n t f o r 

a l l ( z 1 , z 2 ) e R 1 
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B 1 ( z 1 , z 2 ) = exp 
l ^ l ' ^ ] 

00 00 _ 
1 m n 

E E b ( m , n ) z - z, 
m=0 n=0 

1 2 ( 4 . 8 5 ) 

R 1 = { ( z 1 , z 2 ) : | z 1 | 1 | z 2 | <_ 1} 

w h e r e "̂b i s d e f i n e d i n e q u a t i o n s ( 4 . 7 7 ) , ( 4 . 8 3 ) , ( 4 . 8 4 ) . 

H o w e v e r , i n p r a c t i c e , i t i s n o t p o s s i b l e t o 

c o n s i d e r an i n f i n i t e number o f c o e f f i c i e n t s . I f we w a n t 

t o i m p l e m e n t n u m e r i c a l l y , some t r u n c a t i o n b e c o m e s m a n d a t o r y . 

T h i s t r u n c a t i o n means n o t o n l y t h a t d e c o m p o s i t i o n b e c o m e s 

a p p r o x i m a t e , b u t a l s o t h a t r e c u r s i v e s t a b i l i t y o f t h e 

d e c o m p o s e d one q u a d r a n t f u n c t i o n s may be a f f e c t e d . 

I n t h e n e x t s e c t i o n , a r e c u r s i v e c o m p u t a t i o n a l 

a l g o r i t h m i s p r e s e n t e d f o r t h e c o m p u t a t i o n o f s p e c t r a l f a c t o r s 

o f u n s t a b l e d i g i t a l f i l t e r f u n c t i o n s h a v i n g p r e s c r i b e d b o u n d 

on t h e e r r o r i n t h e a m p l i t i t u d e r e s p o n s e and w i t h a s s u r e d 

s t a b i l i t y . 

4 . 4 AN ALGORITHM FOR S T A B I L I Z A T I O N OF 2 - D 

R E C U R S I V E F I L T E R S 

4 . 4 . 1 I n t r o d u c t i o n 

I n S e c t i o n 4 . 3 , we showed P i s t o r ' s t e c h n i q u e t o 

d e c o m p o s e u n s t a b l e t w o - d i m e n s i o n a l r e c u r s i v e f i l t e r s h a v i n g 

n o n - z e r o , n o n - i m a g i n a r y f r e q u e n c y r e s p o n s e i n t o f o u r s t a b l e 

f i l t e r s , e a c h o f w h i c h r e c u r s e s i n a d i f f e r e n t d i r e c t i o n . 
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I t i s shown t h a t an u n s t a b l e f i l t e r 1 / C ( z ^ , z 2 ) c a n be 

d e c o m p o s e d i n t o f o u r s t a b l e f i l t e r s , 

w h e r e 

C ( z
1 » z

2
) 

4 • n ( 4 . 8 6 ) 

B„ ( z , , z 0 ) = 
m=0 n = ( 

£ m n 
b ( m , n ) ( 4 . 8 7 ) 

£ = 1 , 2 , 3 , 4 

E q u a t i o n ( 4 . 8 7 ) shows t h a t f o r e x a c t f a c t o r i z a t i o n 

an i n f i n i t e n u m b e r o f c o e f f i c i e n t s a r e n e e d e d . H o w e v e r , 

i n p r a c t i c e t h i s i s n o t p o s s i b l e a n d some f o r m o f t r u n c a t i o n 

i s m a n d a t o r y . R e c e n t i n v e s t i g a t i o n s [ 9 o ] , [ l 0 9 ] h a v e s h o w n 

t h a t w h e n t h e f a c t o r s a r e t r u n c a t e d , t h e d e c o m p o s e d f i l t e r s 

do n o t p r e s e r v e t h e o r i g i n a l a m p l i t u d e r e s p o n s e . 

4 . 4 . 2 D e t e r m i n a t i o n o f s t a b i l i t y i n c e p s t r u m d o m a i n : 

T h e e x i s t e n c e o f a t w o - d i m e n s i o n a l c o m p l e x 

c e p s t r u m h a s b e e n p r o v e d b y D u d g e o n [*39j . He h a s s h o w n 

t h a t e s s e n t i a l s i n g u l a r i t i e s o f a t r a n s f e r f u n c t i o n H ( z ^ , z 2 ) 

map i n t o e s s e n t i a l s i n g u l a r i t i e s o f H ( z ^ , z 2 ) = £n * 

F r o m t h i s E k s t r o m a n d T w o g o o d [28] d e r i v e d t h e t h e o r e m 

2 . 1 2 , s t a t e d i n C h a p t e r 2 , f o r h a l f - p l a n e r e c u r s i v e f i l t e r s . 
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H o w e v e r , i n t h e f o l l o w i n g we s h a l l c o n s i d e r t h e s t a b i l i t y 

o f d e c o m p o s e d , o n e - q u a d r a n t , r e c u r s i v e f i l t e r f u n c t i o n s 

a n d f o r t h i s p u r p o s e we s h a l l r e - s t a t e t h e o r e m 2 . 1 2 as 

f o l l o w s . 

T h e o r e m 4 . 3 : 

A c a u s a l r e c u r s i v e f i l t e r f u n c t i o n H ( z ^ , z 2 ) i s 

s t a b l e i f a n d o n l y i f i t s c e p s t r u m h ( m , n ) h a s s u p p o r t on 

t h e f i r s t q u a d r a n t . 

S i n c e P i s t o r ' s m e t h o d i s b a s e d on t h e s p e c t r a l 

f a c t o r i z a t i o n 

i n t h e c e p s t r u m d o m a i n , i t i s s i m p l e t o 

i n c o r p o r a t e t h e a b o v e s t a b i l i t y c o n d i t i o n i n t h e c o m p u t a t i o n 

p r o c e s s w i t h o u t a d d i t i o n a l c o s t . 

4 . 4 . 3 D e t e r m i n a t i o n o f f r e q u e n c y p e r f o r m a n c e : 

L e t F ^ n be t h e d e s i r e d m a g n i t u d e r e s p o n s e a t a 

f r e q u e n c y ( m S 0 , n 6 0 ) w h e r e 

F = t ( 4 . 8 8 ) 
c ( e j m 6 9 > e j n 6 6 ) 

a n d D^ t h e a p p r o x i m a t e d m a g n i t u d e r e s p o n s e o f t h e 

c a s c a d e d e c o m p o s e d a r r a y s w h e r e 

4 

D = I I ( 4 . 8 9 ) 
1 „ , jm60 j n 6 0 N B g ( e J , e J ) 
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and 69 i s t h e f r e q u e n c y i n c r e m e n t b e t w e e n s a m p l e s . We 

may d e f i n e t h e e r r o r i n d e x 

x y r -j p 
E ( X , Y ) = s E F - D I ( 4 . 9 0 

m=l n=1 L m ' n ' m ' n ' J 

w h e r e p i s a p o s i t i v e i n t e g e r . I n o u r d e s i g n we c o n s i d e r 

t h e l e a s t s q u a r e e r r o r i n w h i c h p = 2 . F o r a g i v e n e r r o r 

E q , t h e p r o p o s e d m e t h o d w i l l f i n d t h e m i n i m u m n u m b e r o f 

c o e f f i c i e n t s i n t h e t r u n c a t e d f r e q u e n c y a r r a y n e e d e d t o 

m e e t t h e f r e q u e n c y s p e c i f i c a t i o n . I f t h e e r r o r 

E ( X , y ) > E q , t h e n u m b e r o f c o e f f i c i e n t s w i l l be i n c r e a s e d 

u n t i l t h e d e s i r e d f i r s t t r u n c a t i o n i s r e a c h e d when 

E ( A , Y ) E q . S u b s e q u e n t l y t h e s t a b i l i t y i s t e s t e d and 

f u r t h e r i n c r e a s e o f a r r a y s i z e i s i m p l e m e n t e d u n t i l s t a b i l i t y 

i s a c h i e v e d o r t h e p r o c e s s i s t e r m i n a t e d . 

4 . 4 . 4 A l g o r i thm 

S t e p 1 : G i v e n t h e d e n o m i n a t o r o f t h e z e r o p h a s e f i l t e r . 

S e t t h e t r u n c a t i o n p a r a m e t e r s M=M . , N=N . . 
m m * m m 

S e t a p a r a m e t e r S=0 t o i n d e x t h e d e c o m p o s i t i o n 

p a r t o f t h e p r o g r a m . 

S t e p 2 : F i n d t h e c o m p l e x c e p s t r u m c ( m , n ) f r o m t h e r e l a t i o n 

{ ^ ( m , * ) } ^ / C ( z 1 , z 2 ) = £ n [ c ( z 1 , z 2 ) ] 

S t e p 3 : I f S = 1 go t o s t e p 9 . 
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S t e p 4 : D e c o m p o s e t h e c e p s t r u m i n t o f o u r q u a d r a n t s [ 3 l ] . 

S t e p 5 : C a l c u l a t e t h e s p a t i a l d o m a i n a r r a y s up t o a 

s i z e M x N . 

S t e p 6 : C a l c u l a t e t h e e r r o r i n d e x f r o m e q u a t i o n ( 4 . 9 0 ) . 

S t e p 7 : I f E ( A , y ) > E , s e t N = N + l , M = M+l a n d go t o 

s t e p 5 . 

S t e p 8 : S e t S=1 t o i n i t i a t e t h e s t a b i l i t y t e s t a n d go t o 

s t e p 2 . 

S t e p 9 : I f t h e c o m p l e x c e p s t r u m h a s s u p p o r t i n t h e f i r s t 

q u a d r a n t , e x i t . 

S t e p 1 0 : S e t M = M + l , N = N + l , a n d go t o s t e p 2 . 

The i m p l e m e n t a t i o n o f t h e a l g o r i t h m i s s h o w n b y t h e f l o w 

c h a r t o f F i g . 4 . 5 . 

4 . 4 . 5 E x a m p l e 

The a p p l i c a t i o n o f t h e a b o v e t e c h n i q u e was 

i l l u s t r a t e d u s i n g t h e s e c o n d e x a m p l e o f r e f e r e n c e [ 3 l J . 

The t r a n s f e r f u n c t i o n o f t h e f i l t e r i s : 

v z l ' z 2 > - c 2 ( z ' , z 2 ) < 4 - 9 1 > 

w h e r e 

2 2 m n 
C 2 ( z 1 , z 2 ) = E E c ( m , n ) z ^z 2 ( 4 . 9 2 ) 

m=-2 n = - 2 



1 4 8 

( S T A R T ) 

} r 

Given 1/C(zi , z 2 ) , E o M ™ , M m a x 

I 
M,N»Mmjn 

S-0 

Calculate the complex cepstrum 

Determine the support 

M-* M+1 
N+1 

Decompose into four quadrants 

Calculate the time domain arrays 

YES 

( E X I T ) 

Calculate the error performance 

YES 

Fig. 4-5 Algorithm for stabilization of 2-D recursive 
digital filters. 
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0 r 68850 2.7639 4.15082 2.7639 0.68850 

2.7639 11.0930 16.65830 11.0930 2.76390 

{ c ( m , n ) } 4.15082 16.6580 25.2903 16.6583 4.15082 

2.7639 11.0930 16.65830 11.0930 2.76390 

0.68850 2.7639 4.15082 

t 
2.7639 0.68850 

T h e a m p l i t u d e r e s p o n s e o f t h e g i v e n ze r o - p h a s e f i l t e r 

shown i n F i g . 4 . 6 . F i g . 4 . 7 shows t h e amp l i t u d e r e s 

(4.93) 

o f t h e c a s c a d e d d e c o m p o s e d f i l t e r f u n c t i o n s . T h e 

s t a b i l i z e d f i l t e r h a s 64 c o e f f i c i e n t s i n e a c h q u a d r a n t a n d 

t h e e r r o r i n d e x E ( A , y ) = 3 . 2 1 3 2 0 . 

4 . 4 . 6 G e n e r a l R e m a r k s : 

T h e u s e o f P i s t o r ' s s t a b i l i t y c r i t e r i o n f o r t h e 

d e s i g n o f s t a b l e t w o - d i m e n s i o n a l r e c u r s i v e d i g i t a l f i l t e r s h a s 

b e e n c r i t i c a l l y e x a m i n e d . A n o v e l a l g o r i t h m h a s b e e n 

p r o p o s e d i n o r d e r t o c o n t r o l t h e e f f e c t o f t r u n c a t i o n a n d 

f r e q u e n c y r e s p o n s e . T h e s t a b i l i t y o f t h e d e c o m p o s e d f i l t e r s 

h a s b e e n t e s t e d i n t h e c e p s t r u m d o m a i n w i t h o u t i n t r o d u c i n g 

a d d i t i o n a l c o m p u t a t i o n a l e f f o r t . 

4 . 5 A M O D I F I E D S T A B I L I Z A T I O N T E C H N I Q U E FOR 2 - D 

R E C U R S I V E F I L T E R S 

A l t h o u g h t h e t w o - s t a b i l i z a t i o n t e c h n i q u e s , n a m e l y 

t h e p l a n a r l e a s t - s q u a r e s i n v e r s e o f S h a n k s [ 7 J a n d d i s c r e t e 

H i l b e r t t r a n s f o r m o f R e a d a n d T r e i t e l [ l 2 l ] b o t h w o r k i n 

m o s t p r a c t i c a l s i t u a t i o n s , t h e r e a r e some c a s e s w h e r e t h e s e 



1/|C (co1;co. 



a 1 / 1 5 ( 0 ^ , 0 ) 2 ) 1 

Fig.4-7 Frequency response of a filter obtained by 
cascading four decomposed filters of 64 
coefficients each. 
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m e t h o d s f a i l t o p r o d u c e s t a b l e r e s u l t s . C o u n t e r e x a m p l e 

3 . 1 - 3 . 3 . I n t h i s S e c t i o n , we w i l l p r e s e n t a new 

s t a b i l i z a t i o n p r o c e d u r e b a s e d on t h e s p e c t r a l f a c t o r i z a t i o n 

i n t h e c e p s t r u m d o m a i n . 

P i s t o r ' s s t a b i l i t y c r i t e r i o n [31^ w i l l be u s e d 

f o r t h e s t a b i l i t y o f t h e r e s u l t i n g f i l t e r . I t i s shown 

t h a t a n y c a u s a l 2 - d i m e n s i o n a l f i l t e r f u n c t i o n c a n be 

d e c o m p o s e d i n t o s t a b l e f i l t e r s t h a t r e c u r s e i n t h e h a l f - p l a n e . 

T h e new p r o c e d u r e i s t h e n c o m p a r e d w i t h t h e 

p l a n a r l e a s t - s q u a r e s i n v e r s e t e c h n i q u e a n d d i s c r e t e H i l b e r t 

t r a n s f o r m m e t h o d . I t i s f o u n d t h a t t h e p r e s e n t 

s t a b i l i z a t i o n t e c h n i q u e h a s a b e t t e r f r e q u e n c y r e s p o n s e 

a p p r o x i m a t i o n t h a n t h e e x i s t i n g o n e s . The m e t h o d i s 

t h e r e f o r e an a t t r a c t i v e a l t e r n a t i v e t o t h e l e a s t - s q u a r e 

p r o c e d u r e a n d t h e d i s c r e t e H i l b e r t t r a n s f o r m m e t h o d . 

4 . 5 . 1 D e c o m p o s i t i o n o f U n s t a b l e F i l t e r s i n t o H a l f - P l a n e 

A t e c h n i q u e f o r t h e s t a b i l i z a t i o n o f t w o -

d i m e n s i o n a l ( 2 - D ) z e r o p h a s e r e c u r s i v e d i g i t a l f i l t e r s 

h a s b e e n p r o p o u n d e d b y P i s t o r [ 3 l J . I t i s h e r e shown how 

t h i s t e c h n i q u e may be a p p l i e d t o n o n z e r o - r p h a s e s y s t e m s . 

A 2 - D c a u s a l f i r s t q u a d r a n t r e c u r s i v e f i l t e r 

h a v i n g t r a n s f e r f u n c t i o n 

F 1 ( z 1 , Z 2 ) = = = = ( 4 . 9 4 ) 
B1 ( z i » z 2 } a 3 1 m n 

£ I b ( m , n ) z . z 2 

m=0 n=0 

c a n n o t h a v e a z e r o p h a s e r e s p o n s e . 
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H o w e v e r , b y a s u i t a b l e c o m b i n a t i o n o f two s u c h 

r e c u r s i v e f i l t e r s we c a n p r o d u c e t h e z e r o p h a s e f i l t e r 

h a v i n g t r a n s f e r f u n c t i o n : 

F ( z l f z 2 ) = ( 4 , 9 5 ) 
c ( z 1 , z 2 ) 

w h e r e 

- 1 - 1 a $ m n 

C ( z 1 , z 2 ) = B 1 ( z 1 > Z 2 ) B 1 ( Z 1 , Z 2 ) = E E c ( m , n ) z 1 z 2 ( 4 . 9 6 ) 
m=~a n = - 6 

The a m p l i t u d e r e s p o n s e o f F ( z ^ , z 2 ) w i l l b e : 

F (e 
jw, 30) 

) = 

C (e 
jo)- jo), 

( 4 . 9 7 ) 

B l ( e 

jo), jo), 

- 1 - 1 

' Z 2 ^ o b v i o u s l y t b e d e n o m i n a t o r o f a t h i r d q u a d r a n t 

f i l t e r a n d may be w r i t t e n : 

- 1 - 1 3 m n 
B 1 ( z 1 , z2 ) = B 3 ( z 1 , Z 2 ) E E b ( m , n ) z 1 z 2 

m=-a n = - 8 
( 4 . 9 8 ) 
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A g a i n f r o m ( 4 . 9 4 ) a n d ( 4 . 9 6 ) c ( m , n ) may be w r i t t e n as t h e 

1 3 
c o n v o l u t i o n o f b a n d b 

as : 

a 3 1 3 1 3 
c ( m , n ) = Z Z b ( k , £ ) b ( k - m , £ - n ) = b ( m , n ) * b ( m , n ) ( 4 . 9 9 ) 

k=0 1=0 

S i n c e C ( z ^ , z 2 ) i s t h e d e n o m i n a t o r f u n c t i o n o f 

z e r o p h a s e s y s t e m we may a p p l y P i s t o r ' s s t a b i l i z a t i o n 

t e c h n i q u e t o c ( m , n ) . As a f i r s t s t e p we o b t a i n t h e 

c e p s t r u m a s : 

( m , n ) = I D F T { i n [ DFT [ c ( m , n ) ] J j- ( 4 . 1 0 0 ) 

R a h f e r t h a n u s e ( 4 , 9 9 ) f o r o b t a i n i n g c ( m , n ) i t i s s i m p l e r 

t o e v a l u a t e t h e DFT o f c ( m , n ) d i r e c t l y f r o m 

D F T ^ c ( m , n ) J = DFT p b ( m , n ) J . DFTpb(m,n)J ( 4 . 1 0 1 ) 

w h e r e 

{ b ( m , n ) } = 

0 { b ( m , n ) } 
% 

a n d { b ( m , n ) } = 

{ b ( m , n ) } 

t h e s i z e o f b o t h t h e s e a u g m e n t e d m a t r i c e s b e i n g ( 2 a - l ) x ( 2 3 - 1 ) . 

On c o m p l e t i o n o f t h e P i s t o r p r o c e d u r e we a r e a b l e 

t o d e c o m p o s e C ( z ^ , z 2 ) i n t o f o u r s t a b l e f i l t e r s e a c h r e c u r s i n g 

i n a d i f f e r e n t d i r e c t i o n a s : 

C ( z 1 , z 2 ) = EI C £ ( Z 1 , Z 2 ) 
SJ

 = 1 
( 4 . 1 0 2 ) 
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S i n c e C ( z ^ , z 2 ) i s z e r o p h a s e 

C 3 ( z l t z 2 ) = C 1 ( z ^ 1 , z 2
1 ) ( 4 . 1 0 3 ) 

a n d C 4 ( z 1 , z 2 ) = C 2 ( z ~ 1 , z 2
1 ) . ( 4 . 1 0 4 ) 

H e n c e 

C ( z 1 , z 2 ) = C 1 ( z 1 , z 2 ) C 2 ( z 1 , z 2 ) c i ( z ^ 1 , z 2
1 ) c 2 ( z ~ 1 , z 2 1 ) ( 4 . 1 0 5 ) 

a n d t h e f r e q u e n c y r e s p o n s e i s : 

j " n j u 9 jo) 9 

C ( e , e Z ) = | C 1 ( e i
f e Z ) | ~ ( 4 . 1 0 6 ) 

C o m p a r i s o n o f ( 4 . 1 0 6 ) w i t h ( 4 . 9 7 ) s h o w s t h a t : 

ja)1 jo)9 jo)1 joj9 ju 1 ja)9 

| B 1 ( e 1 , e Z ) | = | c i ( e , e Z ) C 2 ( e i , e Z ) | ( 4 . 1 0 7 ) 

E q u a t i o n ( 4 . 1 0 7 ) s h o w s t h a t t h e g i v e n u n s t a b l e a r b i t r a r y 

p h a s e f i l t e r B x ( z x , z 2 ) c a n b e s t a b i l i z e d u s i n g o n l y two o f 

t h e d e c o m p o s e d f i l t e r s w h i c h r e c u r s e i n o n l y t h e f i r s t two 

q u a d r a n t s . 

T h e p r o p o s e d m e t h o d s c a n b e c o m p a r e d w i t h o t h e r 

s t a b i l i z a t i o n t e c h n i q u e s [ 7 j , [ 9 7 ] , [ l 2 l ] . E x c e p t f o r 

f i l t e r s w i t h o n l y a f e w s a m p l e s t h e s e m e t h o d s a r e d i f f i c u l t 

t o a p p l y a n d t h e f i r s t m e t h o d h a s b e e n shown i n g e n e r a l t o 

be b a s e d on a f a l l a c y . F i n a l l y t h e p r o p o s e d m e t h o d h a d 

t h e a d v a n t a g e o f b e i n g c o n s t r u c t i v e . 
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The o u t l i n e d m e t h o d may be e x t e n d e d i n a s t r a i g h t 

f o r w a r d m a n n e r t o m u l t i d i m e n s i o n a l f i l t e r s h a v i n g a r b i t r a r y 

p h a s e . 

4 . 5 . 2 E x a m p l e 

T h e u n s t a b l e d e n o m i n a t o r a r r a y i s 

1 . 0 - 0 . 7 5 0 . 9 

1 . 5 - 1 . 2 1 . 3 ( 4 . 1 0 8 ) 

1 . 2 0 . 9 0 . 5 

The r o o t map o f t h i s a r r a y , F i g . 4 . 8 shows t h a t t h e 

s y s t e m i s u n s t a b l e . 

A p p l i c a t i o n o f t h e o u t l i n e d m e t h o d r e s u l t s i n 

t h e two q u a d r a n t f i l t e r s 

1 . 5 4 3 4 5 

0 . 3 6 0 4 8 5 

- 0 . 0 0 2 2 4 5 

- 0 . 1 5 1 9 7 5 

- 0 . 1 0 4 9 3 9 

0 . 2 9 8 4 7 3 

0 . 2 2 0 5 9 6 

0 . 3 6 4 8 8 0 

0 . 0 7 6 0 5 0 

( 4 . 1 0 9 ) 

2 b " 

0 . 2 2 0 5 9 6 

0 . 4 5 8 4 8 8 

0 . 1 7 5 0 2 4 

- 0 . 1 5 1 9 7 5 

- 0 . 3 8 1 6 7 3 

- 0 . 0 5 3 4 1 2 

1 . 5 4 3 4 5 

0 . 3 6 0 4 8 5 

- 0 . 0 0 2 2 4 5 

( 4 . 1 1 0 ) 

T h e s e f i l t e r s a r e s t a b l e i n t h e f i r s t a n d s e c o n d 

q u a d r a n t s r e s p e c t i v e l y . The f r e q u e n c y r e s p o n s e o f t h e 

o r i g i n a l f i l t e r i s shown i n F i g . 4 . 9 a n d o f t h e c a s c a d e o f 

t h e two d e c o m p o s e d f i l t e r s i n F i g . 4 . 1 0 . 
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T h i s may be c o m p a r e d w i t h t h e f i l t e r as s t a b i l i z e d 

b y t h e H i l b e r t T r a n s f o r m t e c h n i q u e a n d t h e p l a n a r l e a s t 

s q u a r e s m e t h o d . T h e f r e q u e n c y r e s p o n s e s a f t e r s t a b i l i z a t i o n 

a r e shown i n F i g . 4 . 1 1 f o r t h e H i l b e r t m e t h o d a n d F i g . 4 . 1 2 

f o r t h e P L S I . 

T h e e r r o r b e t w e e n t h e f r e q u e n c y r e s p o n s e o f t h e 

o r i g i n a l a n d s t a b i l i z e d n e t w o r k i s m e a s u r e d b y : 

N 

e ( B , D ) = 

N. 
1 "2 

E E 
i = 0 j =0 

H B ( i , j ) - H D ( i , j ) ] 

w h e r e H p a n d H^ a r e t h e m a g n i t u d e o f t h e o r i g i n a l u n s t a b l e 

f r e q u e n c y a r r a y a n d o f t h e s t a b i l i z e d a r r a y r e s p e c t i v e l y . 

C o n s i d e r i n g N 2 = 59 t h e e r r o r s f o r t h e 

t h r e e m e t h o d s d e n o t e d b y s u b s c r i p t s H ( H i l b e r t ) , P L S I 

( P l a n a r L e a s t S q u a r e I n v e r s e ) , MP (New M o d i f i e d P i s t o r ) 

a r e 

e p L S I ( B , D ) = 0 . 7 9 5 4 1 x 1 0 5 

e ( B , D ) = 0 . 1 0 4 6 3 x 1 0 4 

H 

e M p ( B , D ) = 0 . 3 5 8 8 7 x 1 0 3 ( 4 . 1 1 2 ) 

T h e new t e c h n i q u e t h u s s h o w s a s l i g h t r e d u c t i o n 

o f e r r o r o v e r t h e H i l b e r t t e c h n i q u e a n d an e n o r m o u s a d v a n t a g e 

o v e r t h e P L S I m e t h o d . I n a d d i t i o n t h e f r e q u e n c y r e s p o n s e s 

o f t h e f i l t e r s t a b i l i z e d b y t h e new t e c h n i q u e i s c l o s e r t o 

t h a t o f t h e o r i g i n a l u n s t a b l e f i l t e r . 
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Fig. 4-8 Mapping of zz unit circle onto z\ plane for 
unstable filter 



| H B I U I , W 2 ) | 

Fig. 4 9(a) Amplitude response of the original unstable filter. 
m 
Cn 
VO 



Fig. 4 9(b) Contour plot of the response of the filter of Fig. 49(a) 



Fig. 410(a) Amplitude response of the stabilized filter by spectral factorization. 



Fig. 4-10 (b) Contour plot of the response of filter of Fig. 410(a) 
oi 
to 



i h h ( w i , u ) 2 ) | 

Fig. 411(a) Amplitude response of the stabilized filter by Hilbert transform 
technique. 

ON 
u> 
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4 . 5 . 3 R e m a r k s : 

The P i s t o r t e c h n i q u e h a s b e e n s h o w n t o be c a p a b l e 

o f e x t e n s i o n t o t h e s t a b i l i z a t i o n o f a n y two d i m e n s i o n a l 

d i g i t a l f i l t e r . I t h a s t h e a d v a n t a g e o v e r o t h e r m e t h o d s 

i n t h a t i t i s a l w a y s v a l i d a n d p r o v i d e s a c o n s t r u c t i v e 

t e c h n i q u e c o m p a r e d w i t h t h e m e t h o d s o f r e f e r e n c e s [ 7 ] a n d 

[ 1 2 1 ] . F u r t h e r m o r e no c o u n t e r e x a m p l e s a s i n [_162 a n d 

[ 1 2 2 ] h a v e y e t b e e n f o u n d . 

4 . 6 A NEW T W O - D I M E N S I O N A L S P E C T R A L F A C T O R I Z A T I O N 

T E C H N I Q U E WITH A P P L I C A T I O N IN R E C U R S I V E F I L T E R I N G 

T h i s s e c t i o n i n d i c a t e s an a l t e r n a t i v e s t a b i l i z a t i o n 

t e c h n i q u e f o r 2 - d i m e n s i o n a l r e c u r s i v e f i l t e r s . T h e m e t h o d 

i n v o l v e s t h e s p e c t r a l f a c t o r i z a t i o n o f t h e u n s t a b l e a r r a y s 

i n t h e c e p s t r u m d o m a i n . I t i s s h o w n t h a t i f t h e 

f a c t o r i z a t i o n i s made r o w b y r o w o r c o l u m n b y c o l u m n i n e a c h 

q u a d r a n t , t h e n t h e s t a b i l i t y o f t h e r e s u l t i n g 2 - D r e c u r s i v e 

f i l t e r c a n be e x a m i n e d w i t h e a s e . 

T h e s t a b i l i t y i s d e t e r m i n e d b y a n a s s e s s m e n t o f 

t h e n u m b e r o f z e r o e s w i t h i n t h e u n i t c i r c l e o f n o n - r e c i p r o c a l 

one d i m e n s i o n a l p o l y n o m i a l s . S i n c e t h e s t a b i l i t y t e s t i n g 

i s c o m p u t a t i o n a l l y s t r a i g h t f o r w a r d a l a r g e n u m b e r o f 

c o e f f i c i e n t s c a n be c o n s i d e r e d f o r b e t t e r a p p r o x i m a t i o n o f 

t h e g i v e n f r e q u e n c y c h a r a c t e r i s t i c s u s i n g t h i s d e c o m p o s i t i o n 

t e c h n i q u e . 

D e t a i l s o f t h e c o m p u t a t i o n r e q u i r e d i n t h e 

i m p l e m e n t a t i o n o f t h e p r o c e d u r e i s p r e s e n t e d . An e x a m p l e 

i s g i v e n t o show t h e e f f e c t i v e n e s s o f t h e p r o c e d u r e . 
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4 . 6 . 1 P r o b l e m I n t r o d u c t i o n : 

We c o n s i d e r i n t h i s s e c t i o n , l i n e a r s h i f t -

i n v a r i a n t d i g i t a l f i l t e r s f o r w h i c h t h e i n p u t - o u t p u t 

s e q u e n c e s a r e r e l a t e d by a l i n e a r c o n s t a n t c o e f f i c i e n t 

d i f f e r e n c e e q u a t i o n o f t h e f o r m 

X X b ( k , £ ) y ( m - k , n - J l ) a(k ,JOx(m-k,n-£) (4.113) 
k H k I 

or e q u i v a l e n t l y , i n t h e f r e q u e n c y d o m a i n by t h e d i g i t a l 

t r a n s f e r f u n c t i o n H ( z ^ , z 2 ) d e f i n e d as 

£ I > ( k » A ) z l z 2 A ( z n , z 9 ) 
k i 1 2 

H ( Z l , z 2 ) = = ^ ( 4 . 1 1 4 ) 

(k,joz kz£ 

k I 

b ( z 1 , z 2 ) 

P i s t o r ' s s t a b i l i z a t i o n t e c h n i q u e £ 3 l ] d e c o m p o s e s 

an u n s t a b l e f i l t e r 1 / B ( z ^ , z 2 ) w h i c h i s z e r o p h a s e a n d i s 

n o n n e g a t i v e f o r a l l v a l u e s o f z^ a n d z 2 i n t o s t a b l e f i l t e r s 

t h a t r e c u r s e i n t o f o u r d i r e c t i o n s s u c h t h a t 

4 . 
B ( Z ; l , z 2 ) = n 1 B ( Z 1 , Z 2 ) ( 4 . 1 1 5 ) 

i = 1 

w h e r e 1 B , i = l , 2 , 3 , 4 d e n o t e s t h e d e n o m i n a t o r s o f t h e 

d e c o m p o s e d f i l t e r s t h a t r e c u r s e i n o n e - q u a d r a n t . 
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E a c h o f t h e d e c o m p o s e d o n e - q u a d r a n t f i l t e r s i s 

s t a b l e i f i t h a s an i n f i n i t e n u m b e r o f c o e f f i c i e n t s [ 3 l ] . 

H o w e v e r , i n p r a c t i c e , i n o r d e r t o i m p l e m e n t n u m e r i c a l l y , 

some t r u n c a t i o n b e c o m e s m a n d a t o r y [ 1 0 9 ^ . T h i s t r u n c a t i o n 

m e a n s n o t o n l y t h a t t h e d e c o m p o s i t i o n b e c o m e s a p p r o x i m a t e , 

b u t a l s o t h a t t h e r e c u r s i v e s t a b i l i t y o f t h e d e c o m p o s e d 

o n e - q u a d r a n t f u n c t i o n s may be a f f e c t e d . H e n c e , t h e 

s t a b i l i t y o f t r u n c a t e d o n e - q u a d r a n t f i l t e r s m u s t be t e s t e d . 

I t h a s r e c e n t l y b e e n s h o w n t h a t t h e P i s t o r s t a b i l i z a t i o n 

t e c h n i q u e r e q u i r e s a l a r g e n u m b e r o f c o e f f i c i e n t s i n o r d e r 

t o o b t a i n a s a t i s f a c t o r y f r e q u e n c y c h a r a c t e r i s t i c . T h u s 

c o n s i d e r a b l e c o m p u t a t i o n t i m e i s n e c e s s a r y f o r t e s t i n g 

t h e s t a b i l i t y o f t h e t r u n c a t e d o n e - q u a d r a n t a r r a y . 

H o w e v e r , i t c a n b e s h o w n t h a t t h e r e d e c o m p o s i t i o n 

o f o n e - q u a d r a n t f i l t e r s i n t h e c e p s t r u m d o m a i n w i l l r e d u c e 

t h e t w o - d i m e n s i o n a l s t a b i l i t y p r o b l e m t o a o n e - d i m e n s i o n a l 

o n e . I t i s shown t h a t t h e d e c o m p o s i t i o n c a n be d o n e row 

b y r o w o r c o l u m n b y c o l u m n . 

4 . 6 . 2 Two D i m e n s i o n a l S p e c t r a l F a c t o r i z a t i o n 

The t w o - d i m e n s i o n a l c e p s t r u m o f B ( z ^ , z 2 ) i s 

s i m p l y d e f i n e d a s : 

B ( z l f z 2 ) = A n ^ B ( z 1 , z 2 ) ] ( 4 . 1 1 6 ) 

w h e r e I n d e n o t e s t h e n a t u r a l l o g a r i t h m . T h e c e p s t r u m 
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b ( m , n ) , i . e . b ( m , n ) is a f u n c t i o n w h o s e z - t r a n s f o r m is 

given b y : 

M N m n 
B ( Z 1 , Z 2 ) = Z Z b ( m , n ) z i z 2 ( 4 . 1 1 7 ) 

m = - M n=-N 

Let C ( z ^ , z 2 ) be the f i r s t q u a d r a n t f i l t e r f u n c t i o n in the 

c e p s t r u m d o m a i n d e f i n e d as 

M N m n 
C ( z 1 , z „ ) = E Z e ( m , n ) z - z 9 

1 m = 0 n=0 1 
( 4 . 1 1 8 ) 

w h e r e 

c ( m , n ) = 

b ( m , n ) m > 0 and n > 0 

i: •jb(m,n) m = 0 and n > 0 or m > 0 and n = 0 

—b(m,n) m = 0 and n = 0 
4 

0 e l s e w h e r e ( 4 . 1 1 9 ) 

T h e r e d e c o m p o s i t i o n can be s t a t e d as f o l l o w s 

c ( z 1 , z 2 ) = 
N 

e «ic j ( z 2 ) 
J =0 J 

( 4 . 1 2 0 ) 

or 

c ( z 1 , z 2 ) = 
M 

e z 2 r i ( z l } 

i = 0 
( 4 . 1 2 1 ) 
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/ \ / \ 
w h e r e C . ( z 0 )

f s and R . ( z _ ) f s are the z - t r a n s f o r m of the 
3 2 I I' 

d e c o m p o s e d c o l u m n and row v e c t o r s r e s p e c t i v e l y . 

In o r d e r to find the s p a t i a l d o m a i n t r a n s f e r 

f u n c t i o n of C ( z ^ , z 2 ) , we can apply the i n v e r s e t r a n s f o r m : 

C ( z 1 , z 2 ) = e x p ( z 1 , z 2 ) J ( 4 . 1 2 2 ) 

F r o m e q u a t i o n s (4.120) and ( 4 . 1 2 1 ) , 

C ( z 1 , z 2 ) = exp 
r n 

1 z C . ( z 9 ) 

L j = 0 3 . 

N r 
II exp z- C . ( z «) 

j =o L J 

(4.123) 

or 

C ( z 1 , z 2 ) = exp 
M 
E zIr.Ui) 

i=0 . 

m 
II exp 

i=0 
(4.124) 

It can be shown that if all terms in the m u l t i p l i c a t i o n are 

a b s o l u t e l y c o n v e r g e n t in the u n i t b i d i s c , then C ( z ^ , z 2 ) 

is a b s o l u t e l y c o n v e r g e n t , i . e . the f i r s t q u a d r a n t 

f i l t e r f u n c t i o n is r e c u r s i v e l y stable [ 3 l ] . 

In S e c t i o n 4 . 3 , it w a s s h o w n that f r o m any u n s t a b l e 

f i l t e r f u n c t i o n ( n o n - z e r o , n o n - i m a g i n a r y ) , it is always 

p o s s i b l e to o b t a i n r e c u r s i v e l y s t a b l e f u n c t i o n s . We s h a l l 

use e q u a t i o n s ( 4 . 7 7 ) , ( 4 . 8 3 ) , and (4.84) d e r i v e d in 

C h a p t e r I V , to c a l c u l a t e the s p a t i a l d o m a i n f u n c t i o n of 

the f i l t e r . 
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For this p u r p o s e , /c"(z p,z 2) can be w r i t t e n 

as : 

^ ( z z 2 > 

Y 
z 

j=0 

M 
Z 

l m = 0 

N 
Z 

n=0 

^ / \ m 
c j ( m , n ) z 

m n 

1 z 2 J (4.125) 

w h e r e the s u f f i x j i d e n t i f i e s the row or c o l u m n of the 

d e c o m p o s i t i o n and y is the n u m b e r of c o l u m n s or rows 

(y=M or y = N ) . F r o m e q u a t i o n (4.122) 

N r a 3 m n l N f 

C(z , z 9 ) = n Z Z c . (m,n) z - z ? ; = II C.(z , z 9 ) 
1 z j =0 L n = 0 m = 0 3 L J j=0 J 1 

w h e r e a and 3 are t r u n c a t i o n l i m i t s . The s p a t i a l (time) 

d o m a i n c o e f f i c i e n t s { c . ( m , n ) } can be found by u s i n g 

e q u a t i o n s ( 4 . 7 7 ) , ( 4 . 8 3 ) , and ( 4 . 8 4 ) . 

I n d e e d , f r o m e q u a t i o n ( 4 . 7 7 ) , 

e x p [ £ ( 0 , 0 ) ] j = 0 

(4.127) 
1 j 4 0 

and all the o t h e r c o e f f i c i e n t s can be found f r o m e q u a t i o n s 

( 4 . 8 3 ) , ( 4 . 8 4 ) . T h e n , it can be shown t h a t : 

C ! ( z l f z 2 ) = 1 + z 2 f j l ( z 1 ) + z 2 f j 2 ( z 1 ) + z
2

f j 3 ( z ) + 

j = 1 , 2 , 3 , . . . , N (4.128) 

c - ( 0 , 0 ) = 
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By c o n s i d e r i n g o n l y the f i r s t two t e r m s , 

C ! ( z i , z 2 ) = 1 + z
2

f j l ( z l ) ( 4 . 1 2 9 ) 

w h e r e CT. ( z . , z 9 ) is the a p p r o x i m a t i o n to c! ( z . , z 9 ) . A n d 
J 1 z J l z 

f i n a l l y 9 the a p p r o x i m a t i o n to C ( z ^ 9 z ^ ) b e c o m e s : 

C ( z « 2 ) - C T (z 
'v 

1 ) C » ( z x , « 2 ) C ' ( z f z 2 > 
( 4 . 1 3 0 ) 

or 

C(z. z 2 ) = 
N r 

j=1 
1 + z 2 f j l ( z 1 ) ] ( 4 . 1 3 1 ) 

w h e r e f ^ z ^ ) = e x p £ c ( 0 , 0 ) J . 

4 . 6 . 3 T e s t i n g the S t a b i l i t y of S t a b i l i z e d F i l t e r F u n c t i o n 

The f i r s t term in e q u a t i o n (4.131) is a f u n c t i o n 

of z ^ . H e n c e a o n e - d i m e n s i o n a l s t a b i l i t y test can be u s e d . 

The s e c o n d terms in the m u l t i p l i c a t i o n can be tested by 

u s i n g the J u r y - A n d e r s o n M e t h o d [22] . The s t a b i l i t y 

t e s t i n g p r o b l e m of these terms can be r e d u c e d into f i n d i n g 

the n u m b e r of r o o t s in the u n i t c i r c l e of a n o n r e c i p r o c a l 

p o l y n o m i a l ( C o h n T s t h e o r e m ) . 

It is o n l y n e c e s s a r y to s h o w that 

| f 4 i < °> l < i ( 4 . 1 3 2 ) 
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and f . 
-1 

j l ( z l ) f j l ( z l X ) > 1 a 1 1 ' Z l ' = 1 3 = (4.133) 

E q u a t i o n s (4.132) and (4.133) satisfy the first and the 

second c o n d i t i o n s of the H u a n g theorem [l9] . 

3.6.4 E x a m p l e : 

We consider P i s t o r ' s second example in r e f e r e n c e Jj3l] 

b = 

0. 68850 2. 7639 4. 15082 2 .7639 0. 68850 

2. 76390 11. 0930 16. 65830 11 .0930 2. 76390 

4. 15082 16. 6583 25. 29030 2 .7639 4. 15082 

2. 76390 11. 0930 16. 65830 11 .0930 2. 76390 

0. 68850 2. 7639 4. 15082 2 .7639 0. 68850 

(4.134) 

I 

where the v e r t i c a l and the h o r i z o n t a l arrows i n d i c a t e m=0 

and n = 0 , r e s p e c t i v e l y . The filter f u n c t i o n in (4.134) is 

zero-phase and n o n - i m a g i n a r y for all v a l u e s of z^ and z 2 « 

F i g . 1 3 ( a ) shows the m a g n i t u d e r e s p o n s e of the 

o r i g i n a l f i l t e r . F i g . 1 4 ( b ) are the m a g n i t u d e r e s p o n s e of 

the s t a b i l i z e d f i l t e r . The s t a b i l i z e d filter function in 

the first q u a d r a n t is: 

C(z 1,z 2)= [ 1.40365 + 0.709042z 2J p + z^O.50514 + 0.30878z 2) (4.135) 

From a comparison of Fig.13 and Fig.14, we can c o n c l u d e that the 

a p p r o x i m a t i o n is r e a s o n a b l y s u f f i c i e n t . This can in p a r t i c u l a r 

be seen from the contours of the f r e q u e n c y m a g n i t u d e of the 

o r i g i n a l and s t a b i l i z e d f i l t e r s . 



A | C ( 0 ) 1 . 0 ) 2 ) | 

Fig. 413(a) Magnitude plot of the original filter 





A I C (031,0)2)1 



Fig. 414 (b) Contour plot of stabilized filter. 
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CHAPTER 5 

DESIGN OF TWO-DIMENSIONAL RECURSIVE DIGITAL FILTERS 

5.1 I N T R O D U C T I O N 

D e s i g n of IIR or r e c u r s i v e t w o - d i m e n s i o n a l 

f i l t e r s can be d i v i d e d into two c a t e g o r i e s ; f r e q u e n c y 

d o m a i n a p p r o a c h e s , and s p a t i a l d o m a i n t e c h n i q u e s . 

B e c a u s e of the i n h e r e n t d i f f i c u l t i e s of the 

m u l t i d i m e n s i o n a l p r o b l e m , n a m e l y the fact that the 

" f u n d a m e n t a l t h e o r e m of a l g e b r a " does not a p p l y , m o s t b a s i c 

q u e s t i o n s of s t a b i l i t y r e m a i n to be a n s w e r e d . At the 

p r e s e n t s t a g e , it is n o t p o s s i b l e to use s t a b i l i t y as a 

c o n s t r a i n t in d e s i g n p r o c e d u r e s . 

In the s p a t i a l d o m a i n a p p r o a c h , a f i l t e r t r a n s f e r 

f u n c t i o n is c h o s e n to a p p r o x i m a t e a f i n i t e e x t e n t two-

d i m e n s i o n a l i m p u l s e r e s p o n s e . The m a i n d r a w b a c k to this 

m e t h o d is that there areno m e a n s of e n s u r i n g the s t a b i l i t y 

of the o u t p u t array w h e n the true e r r o r is used as the 

c r i t e r i o n and that t e c h n i q u e s for s t a b i l i z a t i o n of a f i l t e r 

in the s p a t i a l d o m a i n are n o t a v a i l a b l e . H o w e v e r , it is 

s t i l l d e s i r a b l e to look b r i e f l y at s p a t i a l d o m a i n d e s i g n 

t e c h n i q u e s in order to a p p r e c i a t e the a d v a n t a g e s of the 

f r e q u e n c y d o m a i n t e c h n i q u e s . 

The f r e q u e n c y d o m a i n d e s i g n p r o b l e m is b a s e d on 

an a p p r o x i m a t i o n to a f r e q u e n c y r e s p o n s e c h a r a c t e r i s t i c at 

a d i s c r e t e n u m b e r of f r e q u e n c i e s and use of an o p t i m i z a t i o n 
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t e c h n i q u e to m i n i m i z e the e r r o r b e t w e e n the d e s i r e d 

m u l t i d i m e n s i o n a l f r e q u e n c y r e s p o n s e and the s p e c i f i e d 

r e s p o n s e . This is a p r o b l e m of r a t i o n a l a p p r o x i m a t i o n . 

M o s t of these d e s i g n m e t h o d s can be g r o u p e d into two 

c a t e g o r i e s ; those i n v o l v i n g s p e c t r a l t r a n s f o r m a t i o n s and 

those i n v o l v i n g c o m p u t e r - a i d e d o p t i m i z a t i o n . 

A f t e r d i s c u s s i n g all e x i s t i n g d e s i g n m e t h o d s b o t h 

in time and f r e q u e n c y d o m a i n , a n e w t w o - v a r i a b l e r e a c t a n c e 

f u n c t i o n is p r o p o s e d for d e s i g n i n g t w o - d i m e n s i o n a l r e c u r s i v e 

f i l t e r s h a v i n g c i r c u l a r s y m m e t r y and z e r o - p h a s e . N e x t , a 

group of l i n e a r t r a n s f o r m a t i o n s is p r e s e n t e d . It is shown 

that it is p o s s i b l e to o b t a i n stable fan f i l t e r s v i a the 

s u g g e s t e d t r a n s f o r m a t i o n s . F i n a l l y , a d e s i g n t e c h n i q u e 

for the fan and q u a d r a n t - f a n f i l t e r s w i t h c o m p l e x 

t r a n s f o r m a t i o n s is i n t r o d u c e d . 

5.2 S P A T I A L D O M A I N D E S I G N T E C H N I Q U E S 

The e a r l i e s t w o r k p r e s e n t e d on this p r o b l e m is 

due to Shanks et al [ 7 ] . They p r o p o s e d a s o l u t i o n to 

the d e s i g n p r o b l e m by m i n i m i z i n g a false e r r o r f u n c t i o n in 

order to o b t a i n a r e c u r s i v e f i l t e r . U n f o r t u n a t e l y , their 

r e c u r s i v e f i l t e r d e s i g n t e c h n i q u e , in g e n e r a l , does n o t 

lead to stable f i l t e r s . To o v e r c o m e this p r o b l e m , the 

a u t h o r s s u g g e s t u s i n g p l a n a r least square i n v e r s e (PLSI) 

a p p r o a c h to a r r i v e a t a s t a b l e a p p r o x i m a t i o n . In S e c t i o n 4 . 4 , 

we s h o w e d that S h a n k s 1 c o n j e c t u r e [^73 is n o t v a l i d u n d e r 

the new c o n d i t i o n s i n t r o d u c e d by Jury Q.12] . F u r t h e r m o r e , 
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such an a p p r o a c h may lead to a f i l t e r w h o s e i m p u l s e 

r e s p o n s e does n o t a d e q u a t e l y a p p r o x i m a t e the p r e s c r i b e d 

s p e c i f i c a t i o n s . 

P a r k e r and S o u c h o n [ i s ] have used the T a y l o r 

series e x p a n s i o n to e x p r e s s the i m p u l s e r e s p o n s e of a 

m u l t i d i m e n s i o n a l f i l t e r in terms of the t r a n s f e r f u n c t i o n 

c o e f f i c i e n t s . B a s e d u p o n these r u l e s , b y i n v e r t i n g the 

p r o c e s s , a s y n t h e s i s p r o c e d u r e for o b t a i n i n g a l o w - o r d e r 

r e c u r s i v e t r a n s f e r f u n c t i o n to a p p r o x i m a t e a g i v e n i m p u l s e 

r e s p o n s e was p r e s e n t e d . The s t a b i l i t y of the f i l t e r after 

each s u c c e s s i v e a p p r o x i m a t i o n m u s t be c h e c k e d . H o w e v e r , 

this can n o t be done e a s i l y e x c e p t for l o w - o r d e r two-

d i m e n s i o n a l s e c t i o n s w h e r e s t a b i l i t y c o n d i t i o n s are k n o w n . 

A n o t h e r n o t a b l e c o n t r i b u t i o n in s p a t i a l time 

d o m a i n d e s i g n s is due to N o w r o u z i a n et al [j-3^! • They 

have r e v i e w e d and g e n e r a l i z e d four w e l l - k n o w n d e s i g n 

t e c h n i q u e s p r o p o s e d b y K a l m a n [j-4ol, Shanks Ql41]] , B e r t r a n 

[ l 4 2 ^ , and B o d n e r [ l 4 3 ^ . A l l these m e t h o d s are primarily 

l p a s t - s q u a r e m e t h o d s , w i t h the f i r s t three t e c h n i q u e s 

u s i n g an a p p r o x i m a t e m e a s u r e of the e r r o r . It is alfeo shown 

that the Bordner t e c h n i q u e a p p e a r s m o s t d e s i r a b l e in that it 

is g u a r a n t e e d to be stable w h e r e a s the other t e c h n i q u e s 

r e q u i r e a c o n c l u d i n g s t a b i l i t y t e s t . 

R e c e n t l y , Shaw and M e r s e r e a u have p r e s e n t e d s e v e r a l 

m o d i f i c a t i o n s to the t e c h n i q u e s s u g g e s t e d by N o w r o u z i a n [^14 

These m o d i f i c a t i o n s p e r m i t i n c l u s i o n of an arbitrary e r r o r 

w e i g h t i n g f u n c t i o n , d e s i g n of f i l t e r s w i t h s e p a r a b l e 

d e n o m i n a t o r s , and i m p r o v e d c o n v e r g e n c e of the a l g o r t i t h m . 
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L a i Ll45j p r o p o s e d a t e c h n i q u e to r e m o v e the 

d i f f i c u l t y of S h a n k s 1 m e t h o d [ 7 ] . I n s t e a d of a t t e m p t i n g 

to o b t a i n a t r a n s f e r f u n c t i o n w h i c h a p p r o x i m a t e s to the 

c o m p l e t e s p e c i f i e d i m p u l s e r e s p o n s e and h e n c e to o p t i m i z e 

to a v e r y h i g h order t r a n s f e r f u n c t i o n , L a i p a r t i o n e d the 

d e s i r e d i m p u l s e r e s p o n s e into a n u m b e r of s m a l l e r a r r a y s . 

E a c h of these g r o u p s may be a p p r o x i m a t e d to a r e l a t i v e l y 

close d e g r e e such that simple c o n s t r a i n t s on the 

d e n o m i n a t o r w i l l e n s u r e s t a b i l i t y . 

A l y and F a h m y [j-46] p r o p o s e d an 1 ^ - o p t i m i z a t i o n 

t e c h n i q u e to d e s i g n first q u a d r a n t and h a l f - p l a n e f i l t e r s 

w i t h s p e c i f i e d i m p u l s e r e s p o n s e . The f i l t e r is r e p r e s e n t e d 

by its local state space m o d e l [9 6 ] , r a t h e r than by its 

t r a n s f e r f u n c t i o n . The m a t r i x d e r i v a t i v e l i n e a r o p e r a t o r 

is u s e d to c a l c u l a t e the p e r f o r m a n c e m e a s u r e g r a d i e n t - v e c t o r . 

5.3 F R E Q U E N C Y D O M A I N D E S I G N T E C H N I Q U E S 

The p r o b l e m of d e s i g n i n g f i l t e r s in the f r e q u e n c y 

d o m a i n i n v o l v e s d e t e r m i n i n g a stable IIR t r a n s f e r f u n c t i o n 

w h i c h s a t i s f a c t o r i l y a p p r o x i m a t e s a f r e q u e n c y d o m a i n 

s p e c i f i c a t i o n . The r e q u i r e d s p e c i f i c a t i o n is u s u a l l y g i v e n 

in the f o r m of a t w o - d i m e n s i o n a l m a g n i t u d e s p e c t r u m . The 

a p p r o x i m a t i n g d e s i g n is d e t e r m i n e d by u s i n g e i t h e r any of 

s p e c t r a l t r a n s f o r m a t i o n a p p r o a c h e s or c o m p u t e r - a i d e d 

o p t i m i z a t i o n t e c h n i q u e s . 
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5 . 3 . 1 S p e c t r a l T r a n s f o r m a t i o n s 

In the spectral t r a n s f o r m a t i o n a p p r o a c h , a two-

d i m e n s i o n a l d i g i t a l f i l t e r is d e s i g n e d by u s i n g a trans-

f o r m a t i o n of c o m p l e x v a r i a b l e s from a o n e - d i m e n s i o n a l or 

a t w o - d i m e n s i o n a l p r o t o t y p e f i l t e r w i t h k n o w n f r e q u e n c y 

r e s p o n s e c h a r a c t e r i s t i c s . In g e n e r a l , s p e c t r a l trans-

f o r m a t i o n s are c o m p l e x m a p s w h i c h c a r r y a stable t r a n s f e r 

f u n c t i o n into a n o t h e r stable t r a n s f e r f u n c t i o n and can be 

u s e d to o b t a i n t w o - d i m e n s i o n a l f i l t e r s w i t h d e s i r a b l e 

c h a r a c t e r i s t i c s . 

The f i r s t t e c h n i q u e for d e s i g n i n g such f i l t e r s 

was f i r s t a d v a n c e d by S h a n k s et al [ 7 ] . The m e t h o d 

c o n s i s t s of m a p p i n g o n e - d i m e n s i o n a l f i l t e r s into two-

d i m e n s i o n a l ones w i t h a r b i t r a r y d i r e c t i v i t y in a two-

d i m e n s i o n a l f r e q u e n c y r e s p o n s e . These f i l t e r s are c a l l e d 

r o t a t e d f i l t e r s b e c a u s e they are o b t a i n e d by r o t a t i n g one-

d i m e n s i o n a l f i l t e r s . T h e r e are two b a s i c p r o b l e m s a s s o c i a t e d 

w i t h this t e c h n i q u e . F i r s t , the r o t a t e d t w o - d i m e n s i o n a l 

f i l t e r m a y n o t be s t a b l e e v e n t h o u g h its o n e - d i m e n s i o n a l 

p r o t o t y p e is s t a b l e . S e c o n d , the f r e q u e n c y r e s p o n s e of the 

r o t a t e d v e r s i o n is n o t s i m p l y r e l a t e d to that of its p a r e n t 

f i l t e r b e c a u s e of the w a r p i n g e f f e c t s of the b i l i n e a r 

t r a n s f o r m a t i o n on the f r e q u e n c y r e s p o n s e . T h e r e f o r e , it is 

d i f f i c u l t to d e s i g n t w o - d i m e n s i o n a l f i l t e r w i t h p r e s c r i b e d 

f r e q u e n c y r e s p o n s e c h a r a c t e r i s t i c s . 

A m o d i f i c a t i o n to the t e c h n i q u e of S h a n k s has b e e n 

i n t r o d u c e d by C o s t a and V e n t s a n o p o u l o s [8] . They a t t e m p t e d 
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to d e s i g n a n e a r - c i r c u l a r s y m m e t r i c f i l t e r by c a s c a d i n g 

a n u m b e r of " S h a n k s ' f i l t e r s " h a v i n g d i f f e r e n t angles of 

r o t a t i o n . These a n g l e s of r o t a t i o n are u n i f o r m l y 

d i s t r i b u t e d over 180°. A s t a b i l i t y c r i t e r i o n was d e v e l o p e d 

w h i c h s h o w e d that a n g l e s of r o t a t i o n of the d e s i g n e d f i l t e r 

f r o m 0° to - 9 0° r e s u l t e d in stable f i l t e r s . H e n c e the 

d e s i g n t e c h n i q u e could n o t a c h i e v e the r e q u i r e d total span 

and the c u t - o f f b o u n d a r y was inevitably fa* from c i r c u l a r . 

An a l t e r n a t i v e d e s i g n p r o c e d u r e also i n v o l v i n g 

the r o t a t i o n of f r e q u e n c y r e s p o n s e s has b e e n p r e s e n t e d by 

C h a n g and A g g a r w a l (l47] , 0-48] . The r e s u l t i n g f i l t e r s are 

s e p a r a b l e to the r o t a t e d f r e q u e n c y axes w h e r e a s S h a n k s ' 

r o t a t e d f i l t e r s are n o t . T h e t r a n s f e r f u n c t i o n is 

e s s e n t i a l l y a p r o d u c t of o n e - d i m e n s i o n a l f u n c t i o n s . The 

only d i f f i c u l t y w i t h this t e c h n i q u e is that f i l t e r s are 

i m p l e m e n t e d b y e m p l o y i n g i n t e r p o l a t e d f i l t e r s y s t e m s . 

A h m a d i , C o n s t a n t i n i d e s , and K i n g [ 9 ] s u g g e s t e d a 

s e c o n d order t w o - v a r i a b l e r e a c t a n c e f u n c t i o n £l59] for the 

d e s i g n of c i r c u l a r l y s y m m e t r i c l o w - p a s s f i l t e r s . The 

t r a n s f o r m a t i o n is a p p l i e d to a o n e - d i m e n s i o n a l l o w - p a s s 

f i l t e r . The c u t - o f f b o u n d a r y of the f i l t e r d e p e n d s on the 

c h o i c e of the c u t - o f f f r e q u e n c y of the o n e - d i m e n s i o n a l 

f i l t e r and the c o e f f i c i e n t s of the t w o - v a r i a b l e r e a c t a n c e 

f u n c t i o n . A h m a d i ' s d e s i g n a p p r o a c h has b e e n used by 

s e v e r a l i n v e s t i g a t o r s [lo] , [ 3 2 ] , [149] for the d e s i g n of 

two - d i m e n s i o n a l r e c u r s i v e f i l t e r s . 
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The s p e c t r a l t r a n s f o r m a t i o n a p p r o a c h has also 

b e e n used by B e r n a b o et al £30] , £ 12 . This t e c h n i q u e 

is b a s e d on the use of the t r a n s f o r m a t i o n m e t h o d of 

M c C l e l l a n £l5o] f o l l o w e d by the d e c o m p o s i o n m e t h o d of 

P i s t o r [3l] in order to o b t a i n s t a b l e s i n g l e q u a d r a n t f i l t e r s 

w h i c h r e c u r s e in d i f f e r e n t d i r e c t i o n s . 

5.3.2 C o m p u t e r - A i d e d O p t i m i z a t i o n M e t h o d s 

In the c o m p u t e r - a i d e d o p t i m i z a t i o n a p p r o a c h e s , a 

n o n l i n e a r o p t i m i z a t i o n p r o c e d u r e is used to a d j u s t 

iteractively the f i l t e r c o e f f i c i e n t s to m i n i m i z e a s p e c i f i e d 

e r r o r c r i t e r i o n . A m a j o r c u m b e r s o m e problem is e n s u r i n g 

the s t a b i l i t y of the r e s u l t a n t t w o - d i m e n s i o n a l t r a n s f e r 

f u n c t i o n . 

M a r i a and F a h m y £ll3 d e v e l o p e d an o p t i m i z a t i o n 

a l g o r i t h m to m i n i m i z e the p - e r r o r c r i t e r i o n . In o r d e r to 

avoid the s t a b i l i t y p r o b l e m they d e s i g n e d the f i l t e r s h a v i n g 

t r a n s f e r f u n c t i o n s w h i c h are p r o d u c t s of simple f i r s t a n d / o r 

s e c o n d - o r d e r t e r m s . This f a c i l i t a t e s t e s t i n g s t a b i l i t y 

of the a p p r o x i m a t e f u n c t i o n at e a c h step of the a p p r o x i m a t i o n 

as these low order terms can be tested u s i n g a simple set of 

i n e q u a l i t i e s a s s o c i a t e s w i t h f i l t e r c o e f f i c i e n t s . 

A d i f f e r e n t i a l c o r r e c t i o n o p t i m i z a t i o n a l g o r i t h m 

is used b y B a d n e r £l3j for the a p p r o x i m a t i o n of a g i v e n 

f r e q u e n c y r e s p o n s e . S t a b i l i t y is c h e c k e d after each 

i t e r a t i o n of the o p t i m i z a t i o n of a given f r e q u e n c y r e s p o n s e 
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u s i n g a s t a b i l i t y t e s t i n g a l g o r i t h m s i m i l a r to that o u t l i n e d 

in S e c t i o n 2 . 4 . 1 . B e c a u s e of the c o m p u t a t i o n a l c o m p l e x i t y 

of the s t a b i l i t y t e s t , this t e c h n i q u e a p p e a r s to be m o s t 

a p p r o p r i a t e for the d e s i g n of low o r d e r f i l t e r s . A 

s i m i l a r a p p r o a c h was a l s o used by D u d g e o n £ l 5 l j . D u d g e o n 

used the d i s c r e t e H i l b e r t t r a n s f o r m to c a l c u l a t e the 

a n a l y t i c p h a s e f u n c t i o n f r o m the m a g n i t u d e s q u a r e d f r e q u e n c y 

r e s p o n s e . 

A l t e r n a t i v e o p t i m i z a t i o n a p p r o a c h e s i n v o l v e the 

d e s i g n of a t w o - v a r i a b l e a n a l o g t r a n s f e r f u n c t i o n and the 

use of b i l i n e a r t r a n s f o r m a t i o n s to o b t a i n the d i g i t a l 

t r a n s f e r f u n c t i o n . D u b o i s and B l o s t e i n [l52] h a v e p r e s e n t e d 

such an a p p r o a c h . They f i r s t d e s i g n a t w o - v a r i a b l e 

p a s s i v e a n a l o g e f i l t e r v i a c o m p u t e r - a i d e d o p t i m i z a t i o n 

t e c h n i q u e , then o b t a i n a t w o - d i m e n s i o n a l r e c u r s i v e t r a n s f e r 

f u n c t i o n by a p p l y i n g a d o u b l e b i l i n e a r t r a n s f o r m a t i o n on 

the t r a n s f e r f u n c t i o n of the a n a l o g f i l t e r . The p a s s i v i t y 

( s t a b i l i t y ) is e n s u r e d by c o n s t r a i n i n g the p a s s i v e c o m p o n e n t s 

a l w a y s to have n o n n e g a t i v e v a l u e s . A s o m e w h a t s i m i l a r 

a p p r o a c h has been t a k e n by R a m a m o o r t h y and B r u t o n £ l 4 ] , 

[l5 3] , [l5 4] . T h e y e x p r e s s the d e n o m i n a t o r p o l y n o m i a l of a 

t w o - v a r i a b l e , a n a l o g t r a n s f e r f u n c t i o n in a s u i t a b l e 

a l g e b r a i c form w h i c h is a l w a y s g u a r a n t e e d to be realizable 

by a p a s s i v e n e t w o r k thus e n s u r i n g s t a b i l i t y . The d e s i g n 



a p p r o a c h of R a m a m o o r t h y and B r u t o n w a s l a t e r m o d i f i e d by 

P r a s a d and Reddy [l55] . 

R e c e n t l y , A h m a d i and R a m a c h a n d r a n (]l 5 6 ] have 

p r e s e n t e d a n e w m e t h o d for the d e s i g n of t w o - d i m e n s i o n a l 

a n a l o g f i l t e r s and r e c u r s i v e d i g i t a l f i l t e r s w i t h 

g u a r a n t e e d s t a b i l i t y . T h e i r m e t h o d is b a s e d on the 

p r o p e r t i e s of p o s i t i v e d e f i n i t e m a t r i c e s and t h e i r 

a p p l i c a t i o n s in g e n e r a t i n g v e r y s t r i c t l y H u r w i t z p o l y -

n o m i a l s . An unconstrained o p t i m i z a t i o n t e c h n i q u e is 

u t i l i z e d to m i n i m i z e some e r r o r f u n c t i o n of the f i l t e r ' s 

m a g n i t u d e r e s p o n s e . 

The t w o - d i m e n s i o n a l s t a b i l i t y t e s t i n g p r o b l e m 

can also be a v o i d e d by d e s i g n i n g a s e p a r a b l e two-

d i m e n s i o n a l r e c u r s i v e f i l t e r a p p r o x i m a t i n g the f r e q u e n c y 

r e s p o n s e c h a r a c t e r i s t i c . For a s e p a r a b l e f i l t e r , 

the t w o - d i m e n s i o n a l t r a n s f e r f u n c t i o n can be e x p r e s s e d 

as the p r o d u c t of two o n e - d i m e n s i o n a l t r a n s f e r f u n c t i o n s 

H ( z z 2 > " 
h 1 ( z 1 ) h 2 ( z 2 ) (5. 

In this c a s e , the s t a b i l i t y t e s t i n g r e d u c e s to t h a t of 

c h e c k i n g the s t a b i l i t y of o n e - d i m e n s i o n a l f i l t e r s , w h i c h 
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is c o n s i d e r a b l y s i m p l e r . M o r e o v e r , a s e p a r a b l e f i l t e r is 

also m o r e e c o n o m i c a l to i m p l e m e n t . T w o g o o d and M i t r a 

, A b r a m a t i c et al [ 1 7 ] , [l5/| , and A n t o n i o u and o t h e r s 

[l58] d e s c r i b e m e t h o d s of d e s i g n i n g s e p a r a b l e f i l t e r s . 

The a p p r o a c h of T w o g o o d and M i t r a m a k e s use of the s i n g u l a r 

v a l u e d e c o m p o s i t i o n of a m a t r i x o b t a i n e d by s a m p l i n g the 

t w o - d i m e n s i o n a l m a g n i t u d e r e s p o n s e m a t r i x . The s e c o n d 

m e t h o d [17^ is b a s e d on m i n i m i z a t i o n of the m e a n - s q u a r e 

e r r o r b e t w e e n the s y n t h e s i z e d f i l t e r and a g i v e n p r o t o t y p e . 

The last t e c h n i q u e develops the d e s i g n t e c h n i q u e of one-

d i m e n s i o n a l r e c u r s i v e f i l t e r s due to A n t o n i o u [175^ to the 

d e s i g n of s e p a r a b l e t w o - d i m e n s i o n a l f i l t e r s . 

5.4 A N E W T R A N S F O R M A T I O N T E C H N I Q U E FOR THE D E S I G N 

OF T W O - D I M E N S I O N A L S T A B L E R E C U R S I V E D I G I T A L F I L T E R S 

5 . 4 . 1 I n t r o d u c t i o n 

A t w o - v a r i a b l e r e a c t a n c e f u n c t i o n (2-RF) is a 

c o m p l e x map that c a r r i e s a one d i m e n s i o n a l s t a b l e t r a n s f e r 

f u n c t i o n into a n o t h e r t r a n s f e r f u n c t i o n p r e s e r v i n g some 

d e s i r a b l e c h a r a c t e r i s t i c s in the t w o - d i m e n s i o n a l f r e q u e n c y 

d o m a i n ; if the 2-RF is also a stable f u n c t i o n , the trans-

formed t w o - d i m e n s i o n a l f u n c t i o n is also a s s u r e d of s t a b i l i t y . 

The d e s i g n of t w o - d i m e n s i o n a l r e c u r s i v e d i g i t a l f i l t e r s 

via 2 - R F has b e e n i n v e s t i g a t e d in r e f e r e n c e s 7^ , [ 8] - o]] , 

[ 3 2 ] , and [l6o]. 

We p r e s e n t a n o v e l 2 - R F t r a n s f o r m a t i o n for the 

d e s i g n of t w o - d i m e n s i o n a l stable d i g i t a l f i l t e r s h a v i n g 
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zero p h a s e . By o p t i m i s i n g the p a r a m e t e r s of the p r o p o s e d 

2 - R F , it is p o s s i b l e to o b t a i n c i r c u l a r s y m m e t r y over a 

wide r a n g e of c u t - o f f f r e q u e n c i e s . The 2 - R F w i l l also 

m a i n t a i n some of the c h a r a c t e r i s t i c s of the o n e - d i m e n s i o n a l 

a n a l o g u e p r o t o t y p e . 

5.4.2 The t w o - v a r i a b l e r e a c t a n c e f u n c t i o n 

The m o s t g e n e r a l form of t w o - v a r i a b l e r e a c t a n c e 

f u n c t i o n is of the form 

N 2k + l j 2k-j +1 

E E a j k
s l s 2 

T ( 8 i . , s 2 ) = k " ° J - ° (5.2) 
M 2k j 2k-j 

£ £ v s i s 2 
k = 0 j =0 

w h e r e M=N or N + 1 

It m a y be n o t e d that the s i m p l e s t m e m b e r of the 

t r a n s f o r m a t i o n is the M c C l e l l a n t r a n s f o r m a t i o n , w h o s e 

s t a b i l i t y is s i m p l y d e t e r m i n e d . The A h m a d i t r a n s f o r m a t i o n 

is a d e g e n e r a t e f o r m of the s e c o n d m e m b e r of the g e n e r a l 

t r a n s f o r m a t i o n (5.2) in w h i c h the s t a b i l i t y is again a s s u r e d 

if the c o e f f i c i e n t s are all p o s i t i v e . 
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The n e x t h i g h e r m e m b e r is of a second order 

n a m e l y : 

a- s. a 9 sn 
T 2 ( s l f s 2 ) = LJ: (5.3) 

2 2 
1 + b ^ s ^ s 2 ) + b

2
s l s 2 

The c o n s t r a i n t s on the p a r a m e t e r s a^ , a 2 , b ^ , b 2 to e n s u r e 

s t a b i l i t y of T 2 are (see A p p e n d i x C ) . 

b 2 > 0 

b i > - b 1 > 0 

(5.4) 

(5.5) 

5 . 4 . 3 D e s i g n P r o c e d u r e 

The d e s i g n p r o c e d u r e i n v o l v e s c h o o s i n g a one 

d i m e n s i o n a l p r o t o t y p e , B u t t e r w o r t h , C h e b y s h e v , e t c . and 

a p p l y i n g the t r a n s f o r m a t i o n s = T 2 ( s ^ , s 2 ) to o b t a i n a 

t w o - d i m e n s i o n a l r e c u r s i v e f i l t e r . E a c h f i l t e r m u s t n o w 

be c a s c a d e d w i t h a guard f i l t e r as the t r a n s f o r m a t i o n 

f u n c t i o n (5.3) does n o t p r e s e r v e the f i l t e r r e s p o n s e in all 

r a d i a l d i r e c t i o n s . The r e s u l t i n g one q u a d r a n t f i l t e r is 

f i n a l l y c a s c a d e d w i t h four s i m i l a r single q u a d r a n t f i l t e r 

r e c u r s i n g in the r e m a i n i n g three c a r d i n a l d i r e c t i o n s . 
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The f i n a l t r a n s f e r f u n c t i o n H ( z ^ , z 2 ) is thus 

g i v e n by: 

H ( z l f z 2 ) = F ( Z 1 , z 2 ) F ( Z 1 , Z 2
1 ) F ( Z ^ 1 , Z 2 ) F ( Z ^ 1 , Z 2

1 ) (5.6) 

w h e r e 

F ( z l f z 2 ) = F 0 B ( Z 1 , Z 2 ) G ( Z 1 , Z 2 ) (5.7) 

B ( z ^ , z 2 ) is a t w o - d i m e n s i o n a l f u n c t i o n o b t a i n e d from the 

o n e - d i m e n s i o n a l p r o t o t y p e B ( s ) via the t r a n s f o r m a t i o n 

s = T 2 ( s . ^ , & 2 ) and c o n v e r t e d to the d i g i t a l d o m a i n by 

m e a n s of the b i l i n e a r t r a n s f o r m a t i o n : 

1 - z . 
s. = k . •=——— ; z . = exp ( - s . T.) ; i = 1,2 (5.8) 
1 l l + z . ' l r l l ' ' 

G ( z ^ , z 2 ) is the t r a n s f e r f u n c t i o n of a guard f i l t e r w h i c h 

is u s e d to e l i m i n a t e the high pass r e g i o n s along all r a d i i 

e x c e p t the c o o r d i n a t e a x e s . In its s i m p l e s t , and a d e q u a t e 

form it may be w r i t t e n 

(1+z ) ( 1 + z ) 
G ( z i > z o ) = T (5.9) 

1' V ( d 1 + z 1 ) ( d 2 + z 2 ) 
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w i t h r e a l c o e f f i c i e n t s d^ and d 2 so c h o s e n as to a t t e n u a t e 

the a m p l i t u d e c h a r a c t e r i s t i c s at h i g h f r e q u e n c i e s [l6o] . 

FQ is a d e s i g n p a r a m e t e r to c o r r e c t the a m p l i t u d e 

at the o r i g i n . 

O p t i m i s a t i o n 

A l t h o u g h the o p t i m i s a t i o n t e c h n i q u e is c o n s t r a i n e d 

by c o n d i t i o n s (5.4) it m a y be r e n d e r e d an u n c o n s t r a i n e d 

p r o b l e m by m o d i f i c a t i o n of the v a r i a b l e s . The u n c o n s t r a i n e d 

o p t i m i z a t i o n a l g o r i t h m due to Gill and M u r r a y [l6l] was 

u s e d to o p t i m i z e the p a r a m e t e r s a . , a 9 , b.. , b 9 , k . , k 9 , d . , d 9 , F 

5 . 4 . 4 E x a m p l e 

As an e x a m p l e we d e s i g n a c i r c u l a r l y s y m m e t r i c 

f i l t e r b a s e d on a third order B u t t e r w o r t h f i l t e r 

B(s) = -= \ (5.10) 
s + 2s + 2 s + 1 

The p a r a m e t e r s o b t a i n e d a f t e r o p t i m i z a t i o n are: 

a l 
= 0 . 9 6 5 7 2 

•2 
= 1 . 0 0 3 6 3 

b l 
= 0 . 1 0 8 9 

b 2 
= 0 . 2 9 0 2 0 

k l 
= 0 . 8 0 1 1 2 

k 2 
= 0 . 7 7 3 8 5 

d l 
= 11., 2 73 62 

d 2 
= 11.25402 

F 
0 

= 35.2 600 
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The f r e q u e n c y r e s p o n s e and c o n t o u r plot are 

s h o w n in F i g s . 5.1 ana 5 . 2 . The c u t - o f f , 3 d B , f r e q u e n c y 

is at f _ 3 = 0.95 r a d i a n s and the stop f r e q u e n c y of 60dB is 

at f_£Q = 1.885 r a d i a n s . 

The e r r o r at the end of the o p t i m i z a t i o n is of 

the order 10 The r e s u l t i n g t w o - d i m e n s i o n a l r e c u r s i v e 

f u n c t i o n is i n h e r e n t l y q u a d r a n t a l l y stable and has 

a p p r o x i m a t e l y the same a m p l i t u d e p e r f o r m a n c e as the one 

d i m e n s i o n a l p r o t o t y p e . 

5.5 A S I M P L E D E S I G N T E C H N I Q U E F O R STABLE FAN F I L T E R S 

In this s e c t i o n , a group of l i n e a r t r a n s f o r m a t i o n s 

is p r e s e n t e d . It is shown that it is p o s s i b l e to o b t a i n 

s t a b l e fan f i l t e r s via s u g g e s t e d t r a n s f o r m a t i o n s . The 

A h m a d i f i l t e r 3 » is found to be u s e f u l in the d e s i g n of 

fan f i l t e r s due to the d i a m o n d s h a p e d p r o f i l e . 

5 . 5 . 1 Single V a r i a b l e T r a n s f o r m a t i o n s 

We c o n s i d e r e d the l o w p a s s to h i g h p a s s t r a n s f o r m a t i o n s 

d e v e l o p e d by C o n s t a n t i n i d e s [ l 7 3 ] , 

a. + z. a 9 + z 9 

Z x = - — — , Z 2 — (5.11) 
1 + a i z i 1 + a

2
z 2 

w h e r e a^ and a 2 are r e a l p a r a m e t e r s . 

W h e n a^ and a 2 are b o t h z e r o , Z^ and Z 2 b e c o m e s : 

Z x = - z x , Z 2 = - z 2 (5.12) 
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Fig. 51 Amplitude response of 2-dimensional recursive filter, using 
transformation of T2(s1ts2) in eqn. 5 3 
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H o w e v e r , b o t h Z^ and Z 2 m a y not be e q u a l to their n e g a t i v e s 

s i m u l t a n e o u s l y . H e n c e three d i f f e r e n t types of s i n g l e 

v a r i a b l e t r a n s f o r m a t i o n s can be d e f i n e d as: 

T r a n s f o r m a t i o n T y p e - I : Z.. = - z. , Z 0 = + z 0 

T r a n s f o r m a t i o n T y p e - I I : Z^ = + z^ , Z 2 = - z 2 

T r a n s f o r m a t i o n T y p e - I l l : Z^ = - z^ , Z 2 = - z 2 

The e f f e c t of t h e s e t r a n s f o r m a t i o n s can be seen in F i g . 5 . 3 . 

a) H(oj^,b)2) I d e n t i t y 

b) H(o)1-tt ,go2) T y p e - I 

c) H(cd^ , (d2-tt) T y p e - I I 

d) H(o)1-7t ,o)2-tt) T y p e - I I I 

One may say that the t y p e - I t r a n s f o r m a t i o n and T y p e - I I 

t r a n s f o r m a t i o n r e p l a c e the r i g h t h a l f - p l a n e w i t h the left 

h a l f - p l a n e and the u p p e r h a l f - p l a n e w i t h the lower h a l f - p l a n e , 

r e s p e c t i v e l y . The t r a n s f o r m a t i o n t y p e - I I I r e p l a c e s the 

f i r s t q u a d r a n t and the s e c o n d q u a d r a n t w i t h the third and 

f o u r t h o n e s , r e s p e c t i v e l y . 

5 . 5 . 2 D e s i g n of Fan F i l t e r s via A h m a d i T r a n s f o r m a t i o n [l33] 

In 1 9 7 6 , A h m a d i et al [ 9 ] p r o p o s e d a simple two-

v a r i a b l e r e a c t a n c e f u n c t i o n , 
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T y p e I I T y p e m 

Fig 5-3 Single variable transformations 
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a.s. + 3n s« 
s " l a , , < 5 - 1 3 > 

This w a s used to t r a n s f o r m a g i v e n o n e - d i m e n s i o n a l l o w p a s s 

f i l t e r f u n c t i o n to a t w o - d i m e n s i o n a l continuous l o w p a s s 

f u n c t i o n . The p a r a m e t e r s a^ and a 2 are f r e q u e n c y s c a l i n g 

f a c t o r s , and the p a r a m e t e r b c o n t r o l s the shape of the 

cutoff b o u n d a r y . 

Since the A h m a d i t r a n s f o r m a t i o n is not g l o b a l l y 

type p r e s e r v i n g £lC)J , a g u a r d f i l t e r was u s e d to r e m o v e 

h i g h p a s s r e g i o n s [l6o] . The p a r a m e t e r s a^ and a 2 w i l l 

p r o v i d e f l e x i b i l i t y to o b t a i n i n g a cutoff p r o f i l e w h i c h is 

d i a m o n d s h a p e d . A f t e r o b t a i n i n g this d i a m o n d s h a p e d 

f i l t e r , we m a y apply the t r a n s f o r m a t i o n t y p e - I or t y p e - I I 

to o b t a i n fan f i l t e r s . Since these t r a n s f o r m a t i o n s do not 

change the l o c a t i o n of s i n g u l a r i t i e s , the r e s u l t i n g fan 

f i l t e r s are s t a b l e . 

5 . 5 . 3 E x a m p l e 

The f i f t h order B u t t e r w o r t h a n a l o g f i l t e r was 

used w i t h t r a n s f o r m a t i o n p a r a m e t e r s a^ = 0 . 1 , a 2 = 2 . 0 , and 

b = 0 . 6 . The m a g n i t u d e r e s p o n s e and its c o n t o u r p l o t s can 

be seen in F i g . 5.4 and 5.5 , r e s p e c t i v e l y . 

A f t e r d e s i g n i n g the above f i l t e r , one m a y a p p l y 

the t r a n s f o r m a t i o n t y p e - I to o b t a i n the fan f i l t e r , F i g . 5 .-6 

and 5 .7 show the m a g n i t u d e r e s p o n s e and c o n t o u r p l o t s of 

the o b t a i n e d fan f i l t e r . 



Fig. 5 4 Amplitude response of the filter obtained from a third 
order Butterworth filter 
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Amplitude response of the filter after the transformation type I. 
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5.6 D E S I G N OF R E C U R S I V E A N D N O N - R E C U R S I V E F I L T E R S 

W I T H C O M P L E X T R A N S F O R M A T I O N S 

5 . 6 . 1 I n t r o d u c t i o n 

A simple d e s i g n t e c h n i q u e for fan f i l t e r s is 

p r e s e n t e d u s i n g c o m p l e x t r a n s f o r m a t i o n s . The only r e q u i r e -

m e n t of the p r e s e n t t e c h n i q u e is to s e l e c t a o n e - d i m e n s i o n a l 

d i g i t a l f i l t e r w i t h a s u i t a b l e c u t - o f f f r e q u e n c y . The 

u n i q u e a d v a n t a g e of this m e t h o d is that it is a p p l i c a b l e for 

b o t h F I R and IIR f i l t e r s . As the r e s u l t i n g IIR fan f i l t e r s 

are i n h e r e n t l y s t a b l e , the p r o p o s e d m e t h o d r e q u i r e s n e i t h e r 

any s t a b i l i z a t i o n p r o c e d u r e nor a s t a b i l i t y t e s t . On the 

other h a n d , since o n e - d i m e n s i o n a l p r o t o t y p e c h a r a c t e r i s t i c s 

are p r e s e r v e d , an o p t i m i z a t i o n is n o t n e e d e d for o p t i m a l i t y . 

The d e s i g n c o m p l e x i t y is less than all e x i s t i n g ones [ l l 7 ] , 

[150], and [l62]-[l69] . 

5 . 6 . 2 C o m p l e x T r a n s f o r m a t i o n s 

The f r e q u e n c y t r a n s f o r m a t i o n t e c h n i q u e s have b e e n 

e x t e n d e d to t w o - d i m e n s i o n a l f i l t e r s by P e n d e r g r a s s et al 

[ l 7 2 ] . They c o n s i d e r only those that g e n e r a t e r e a l two-

d i m e n s i o n a l n e t w o r k f u n c t i o n s from r e a l o n e - d i m e n s i o n a l 

f u n c t i o n s . The p r o b l e m is to find the t r a n s f o r m a t i o n 

2 2 
G : C + C 

w i t h 

G: / z l — > G l ( z l , z 2 ) 

(5 .14) 
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h ( z 1 , z 2 ) h ( g 1 ( z 1 , z 2 ) , g 2 ( z 1 , z 2 ) ) 
1 * 2 1 * 2 

a ( z x , z 2 ) 
(5.15) 

B ( z . , z 0 ) 1 * 2 

The f r e q u e n c y t r a n s f o r m a t i o n s h o u l d s a t i s f y the 

f o l l o w i n g c o n d i t i o n s . The t r a n s f o r m a t i o n (5.14) m u s t 

(1) P r o d u c e s t a b l e f i r s t q u a d r a n t ( c a u s a l ) t r a n s f e r f u n c t i o n s 

f r o m stable f i r s t q u a d r a n t f u n c t i o n s (the o r i g i n a l has 

to be s t a b l e ) . 

(2) T r a n s f o r m r e a l r a t i o n a l f u n c t i o n s ; G^ and G 2 are r e a l 

r a t i o n a l f u n c t i o n s . 

(3) P r e s e r v e some i m p o r t a n t b a s i c c h a r a c t e r i s t i c s of the 

a m p l i t u d e r e s p o n s e (such as r i p p l e m a g n i t u d e in the pass 

and stop r e g i o n s ) w h i l e a l t e r i n g o t h e r c h a r a c t e r i s t i c s 

(such as cut-off f r e q u e n c i e s or the n u m b e r and shape of 

stop and pass r e g i o n s ) . 

r e p r e s e n t s a c o m p l e x f u n c t i o n of the t w o - d i m e n s i o n a l v a r i a b l e s 

w i t h r a t i o n a l p o w e r s and show that the l i m i t a t i o n s i m p o s e d 

are by no m e a n s m a n d a t o r y . 

For a c a u s a l and stable t w o - d i m e n s i o n a l f i l t e r , 

d e s c r i b e d as in (2.1) b y : 

Now we w i l l c o n s i d e r a t r a n s f o r m a t i o n w h i c h 

by P e n d e r g r a s s et al on u s e f u l t r a n s f o r m a t i o n f u n c t i o n s 

h 2 ( z x , z 2 ) - h x ( z x ) (5.16) 



c o n s i d e r the f o l l o w i n g t r a n s f o r m a t i o n 
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a /0 a 2 / 3 2 

z l ^ e z 1 z 2 
(5.17) 

The c o r r e s p o n d i n g f r e q u e n c y t r a n s f o r m a t i o n is: 

exp [joj .J —>>exp [ j * ] - « p [ i ^ " j . e x p j j j j 

= exp r
 a i a2 l 

+ 3 7 M 1 + 3 7 U 2 > J 

or 

a l a 2 
• + 3 7 + 3 7 "2 (5.18) 

The a m p l i t u d e and c o n t o u r p l o t s of the f r e q u e n c y r e s p o n s e 

after t r a n s f o r m a t i o n s a ^ / B ^ = 2> a 9 / 3 0 = 2» a n d $ = 9 0° 
2' 

are shown in F i g . 5 . 9 ( a ) and 5 . 9 ( b ) , r e s p e c t i v e l y . T h e 

o r i g i n a l f i l t e r (5.16) r e p r e s e n t s a l o w - p a s s filter w i t h 

to = £tt as s h o w n in F i g . 5 . 8 . 

T h e r e are three e f f e c t s of t r a n s f o r m a t i o n (5.17) 

on the r e s u l t i n g f i l t e r 

H(e J < J )z 

a]_/31 a 2 / 3 2 

) = h ^ ) (5.19) 

a l 7 ^ l a 2 / b 2 

j <J> 
z 1 = 6 z 1 z 2 
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a |h (0)1,0)2)1 

Fig. 5 8 Original low-pass amplitude response 
(tenth order Butterworth) 



1 | h i (co-i, cx>2)| 

Fig. 5-9 (a) Frequency response of the filter after the complex transformation 

k> 
o 
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Fig. 59 (b) Contours of the frequency response of the 
filter shown in Fig. 5-9 (a) 
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(a) F r e q u e n c y s h i f t i n g along w ^ - a x i s : the f r e q u e n c y r e s p o n s e 

of the r e s u l t i n g f i l t e r w i l l be s h i f t e d by <p along 00.,-axis 

• 77 . 

The choice of cj> = _+ j- w i l l lead to a s y m m e t r i c fan 

f i l t e r . 

(b) R o t a t i o n of the f r e q u e n c y r e s p o n s e ; the angle of 

r o t a t i o n is: 

6 = arc tan [ < ] (5.20) ft) 

Since the o r i g i n a l f i l t e r (5.16) is o n e - d i m e n s i o n a l and 

f u n c t i o n of z ^ , the angle of r o t a t i o n w i l l be d e f i n e d 

by the r a t i o n a l p o w e r of z ^ . M o r e d e t a i l e d d i s c u s s i o n 

of the r o t a t i o n in ( z ^ 9 z ^ ) - p l a n e can be f o u n d in [ l 4 8 ] . 

(c) S c a l i n g the f r e q u e n c y r e s p o n s e a l o n g oo^-axis: the 

r a t i o n a l p o w e r of z^ w i l l scale the f r e q u e n c y r e s p o n s e 

by a f a c t o r B ^ / a ^ . H o w e v e r , the p e r i o d i c i t y of the 
a l 

f r e q u e n c y r e s p o n s e w i l l be -— 2ir i n s t e a d of 2tt. 
3 1 

a l 1 
The choice of r— = -s- w i l l lead to a fan s y m m e t r y . This 

1 

w i l l be d i s c u s s e d in the f o l l o w i n g s e c t i o n . 

The other e f f e c t s of the t r a n s f o r m a t i o n on the 

r e s u l t i n g f i l t e r may be s p e c i f i e d as f o l l o w s : 
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W h e n -— > 0 and -— > 0 , the t r a n s f o r m a t i o n is c a u s a l , 
3 1 2 

o t h e r w i s e it is n o n - c a u s a l . H o w e v e r , the t r a n s f o r m a t i o n 

a i a 2 

•z— < 0 or (and) -— < 0 m a y be i m p l e m e n t e d in the 
3 1 2 

s p a t i a l time d o m a i n . In S e c t i o n 1 1 ( c ) , it is s h o w n 

that for a f i n i t e a r r a y , one can c h o o s e a c a u s a l r e c u r s i o n 

d i r e c t i o n by r e o r i e n t a t i n g the i n p u t s i g n a l a r r a y . 

W h e n (p ^ 0 , the r e s u l t i n g f i l t e r c a n n o t be i m p l e m e n t e d in 

the s p a t i a l time d o m a i n . On the o t h e r h a n d , it w i l l be 

s h o w n that t r a n s f o r m e d f i l t e r s m a y be c o m b i n e d in 

a p p r o p r i a t e w a y s so that c o m p l e x v a l u e s do not e x i s t in 

the f i n a l t r a n s f e r f u n c t i o n . 

Both r o t a t i o n and f r e q u e n c y s c a l i n g are e q u i v a l e n t to the 

r o t a t i o n of r e c u r s i o n d i r e c t i o n w i t h a n e w s a m p l i n g 

i n t e r v a l . H o w e v e r , for the d e s i g n of fan s y m m e t r i c 

f i l t e r s , it is f o u n d that their t r a n s f e r f u n c t i o n s h a v e 

c o m p l e x v a r i a b l e s w i t h i n t e g e r p o w e r s . H e n c e the 

s a m p l i n g i n t e r v a l w i l l n o t c h a n g e . In the f o l l o w i n g 

s e c t i o n this fact is p r o v e d . 

The s t a b i l i t y of the r e s u l t i n g f i l t e r is n o t a f f e c t e d 
a l a 2 a l a2 

w i t h — > 0 and — > 0 . For -r— < 0 or -r— < 0 the 
3 1 3 2 3 1 2 

t r a n s f o r m e d f i l t e r w i l l be u n s t a b l e for the c a u s a l 

r e c u r s i o n d i r e c t i o n . H o w e v e r , if the o r i e n t a t i o n of the 

f i n i t e area a r r a y (input) is c h a n g e d , there is always a 

n o n - c a u s a l r e c u r s i o n d i r e c t i o n w h e r e the f i l t e r f u n c t i o n 

is s t a b l e . D u r i n g the i m p l e m e n t a t i o n s t e p , this fact 

w i l l be e x p l a i n e d in g r e a t e r d e t a i l . 
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R e m a r k 5 . 1 : 

The terms r o t a t i o n and f r e q u e n c y s c a l i n g for the 

t w o - d i m e n s i o n a l case can be u s e d i n t e r c h a n g e a b l y . If one 

/ a l \ 

c o n s i d e r s 0 = arc tan -—I as the r o t a t i o n of the f r e q u e n c y 
a 2 \ 3l/ 

r e s p o n s e , then -— w i l l d e t e r m i n e the s c a l i n g of f r e q u e n c y 
2 

on the o) 2-axis. In this w o r k , the c a u s a l , stable p r o t o t y p e 

f u n c t i o n (5.16) is H ( z ^ , z 2 ) = H ^ ( z ^ ) . 

5 . 6 . 3 D e s i g n of Fan F i l t e r s w i t h C o m p l e x T r a n s f o r m a t i o n s 

A . S y m m e t r i c Fan F i l t e r s 

In this s e c t i o n , a d e s i g n p r o c e d u r e for fan f i l t e r s 

is o u t l i n e d b y u s i n g the p r o p o s e d c o m p l e x t r a n s f o r m a t i o n (5.17) 

For this d e s i g n , the i d e a l fan f i l t e r s p e c i f i c a t i o n is shown 

in F i g . 5 . 1 0 . The s p e c i f i c a t i o n is: 

w 1 * l u 2 JU)., JO) 

") = j 

o t h e r w i s e 

H f ( e ,e = { (5.21) 

C o n s i d e r the i d e a l p r o t o t y p e f i l t e r s h o w n in 

F i g . 5 . 8 . It is a l o w - p a s s f i l t e r w i t h a c u t - o f f f r e q u e n c y 

at a) = 7T /2 . 
c 

h ( 2 i , z 2 ) = h 1 ( z 1 ) 

on r e p l a c i n g 

. a l / 6 l a 2 / B 2 
J <f> 

z^ = e J Y z 1 z 2 
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Fig. 5-10 Pass and stop region of an ideal symmetrical 
fan filter in the (u>i,u)2 )-plane. 
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in H ( z ^ , z 2 ) , o n e o b t a i n s the s h i f t e d , scaled and r o t a t e d 

c h a r a c t e r i s t i c s in the f r e q u e n c y d o m a i n . Let us d e n o t e 

the t r a n s f o r m e d f i l t e r by 

^ a^ a 2 

H(z ,z , — , — , <j>) , w h e r e 

^ a l a 2 
H ( Z I > Z 2 > Jl> ~ 2 • " W 

j <f> 
z 1 = e J Y z 1 z 2 

(5.22) 

In g e n e r a l , the f i l t e r c o e f f i c i e n t s in H w i l l be c o m p l e x 

and the v a r i a b l e s z^ and z 2 h a v e r a t i o n a l n o n - i n t e g r a l 

p o w e r s . H o w e v e r , a p p r o p r i a t e c o m b i n a t i o n s of t r a n s f o r m e d 

f i l t e r s w i l l r e m o v e b o t h these d i f f i c u l t i e s . 

Let 

~ ~ 1 1 tt 

H-^(z^,z 2) = H ( z 1 , z 0 , —, y ) l > - 2 » 2 ' 2 ' 2 

H 2 ( Z 1 ' Z 2 } = k ( z
1 >

z 2 ' " ' J> J> J > 

b 3 ^ z 1 ' z 2 ̂  — b ^ z 1 ' z 2 ' ~2 2' 2 ̂  

h 4 ( z ^ , z 2 ) - h ( z ^ , z 2 , 2^>""2*'2") (5.23) 
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The f r e q u e n c y r e s p o n s e s of t r a n s f o r m e d f i l t e r s , H ^ ( z x , z 2 ) , 

i = 1 , 2 , 3 , 4 , can be found in Table 5 . 1 . The o r i g i n a l 

p r o t o t y p e f i l t e r is an i d e a l l o w - p a s s f i l t e r as s h o w n in 

F i g . 5 . 8 . 

In this d e s i g n p r o c e d u r e , f i l t e r s in Table I 

w i l l be used as m a i n b u i l d i n g b l o c k s for fan f i l t e r w i t h a 

s p e c i f i c a t i o n in ( 5 . 2 1 ) . One can c o n s t r u c t the f o l l o w i n g 

f i l t e r c h a r a c t e r i s t i c s : 

H 1 1 ( Z 1 , Z 2 ) = H
1 (

Z
1 »

Z 2 ) H 2 ( Z 1 , Z 2 ) H 3 ( Z 1 , Z 2 ) H 4 ( Z 1 , Z 2 ) 

+ H * ( z 1 , z 2 ) H 2 ( z 1 , z 2 ) H 3 ( z 1 , z 2 ) H 4 ( z 1 , z 2 ) (5.24a) 

and 

'Xi ^ 

h 2 2 ( z 1 , z 2 ) = h 1 ( z 1 , z 2 ) h 3 ( z 1 , z 2 ) h 2 ( z 1 , z 2 ) h 4 ( z 1 , z 2 ) 

+ H * ( z 1 , z 2 ) H 3 ( z 1 , z 2 ) H 2 ( z 1 , z 2 ) H 4 ( z 1 , z 2 ) (5.24b) 

m < m 

w h e r e HJ d e n o t e s the f i l t e r w i t h c o e f f i c i e n t s w h i c h are 

the c o m p l e x c o n j u g a t e of those of H ^ , and so o n . 

The f r e q u e n c y c h a r a c t e r i s t i c s of the o b t a i n e d 

f i l t e r , H ^ ^ c o r r e s p o n d s to the fan f i l t e r shown in F i g . 5 . 1 0 . 

H 2 2 has a f r e q u e n c y c h a r a c t e r i s t i c w h i c h is a c l o c k w i s e 9 0° 

r o t a t e d v e r s i o n of H ^ . 

The f i r s t and s e c o n d terms in the r i g h t h a n d side 

of ( 5 . 2 4 a ) a n d ( 5 . 2 4 b ) i n d i v i d u a l l y r e p r e s e n t z e r o - p h a s e 

f i l t e r s w i t h c o m p l e x c o e f f i c i e n t s . H o w e v e r , the c o e f f i c i e n t s 
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Table 5-1 Basic building blocks for fan filter design. 

Prototype Filter 

H ( z i , z 2 ) 

1 h ( z i , z 2 , 

2 h ( z i , z 2 , " 2 »2> 2 ) 

3 F K z v Z z J . - i f ) 

4 H(ZI .Z 2 .4 ,4 . I ) 

- T T 

2 
JL 
2 
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of r e s u l t i n g f i l t e r s i ( z ^ > z 2 ) a n d H 2 2 ^ Z 1 , Z 2 ^ a r e r e a ^ 

b e c a u s e e a c h t e r m is the c o m p l e x c o n j u g a t e of the o t h e r . 

D u r i n g the i m p l e m e n t a t i o n s t e p , it w i l l be shown that 

f i l t e r f u n c t i o n s H ^ and Hgg are f u n c t i o n s of c o m p l e x 

v a r i a b l e s z^ and z 2 w i t h i n t e g e r p o w e r s (terms w i t h 

r a t i o n a l p o w e r s of z ̂  and z 2 w i l l be c a n c e l l e d ) . 

R e m a r k 5 . 2 : 

The e q u a t i o n s (5.24a) and (5.24b) create an 

o v e r l a p in the f r e q u e n c y d o m a i n . In the i d e a l c a s e , this 

o v e r l a p w i l l e x i s t at one p o i n t , at the o r i g i n . In order 

to r e m o v e the o v e r l a p in (5.24a) and (5.24b) one m a y 

c o n s i d e r the f o l l o w i n g t e c h n i q u e [ l 7 o ] . 

| A A 

H 1 1 ( Z 1 , Z 2 ) = H 1 1 ( Z 1 , Z 2 ) - H 1 1 ( Z 1 , Z 2 ) H * 1 ( Z 1 , Z 2 ) ( 5 . 2 5 a ) 

and 

h 2 2 ( z 1 , z 2 ) 
A A ^ 

h 2 2 ( z 1 ' z 2 } " h 2 2 ( z 1 , z 2 ) h 2 2 ( z 1 , z 2 ) (5 .25b) 

w h e r e 

h 1 1 ( Z 1 , Z 2 ) = h 1 ( z 1 , Z 2 ) h 2 ( Z 1 , Z 2 ) h * ( Z 1 , Z 2 ) h * ( Z 1 , Z 2 ) 

and 

h 2 2 ( z 1 , z 2 ) = h 1 ( z 1 , z 2 ) h 3 ( z 1 , z 2 ) h ^ ( z 1 , z 2 ) h * ( z 1 , z 2 ) 
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H o w e v e r , in p r a c t i c e , p a s s and stop r e g i o n s do n o t h a v e 

sharp c u t - o f f b o u n d a r i e s . There always e x i s t s a t r a n s i t i o n 

r e g i o n b e t w e e n pass and stop b a n d s . T h e r e f o r e , this o v e r l a p 

p r o b l e m at the o r i g i n may be n e g l e c t e d in m o s t p r a c t i c a l 

c a s e s . In S e c t i o n 5 . 6 5 , it w i l l be shown that this o v e r l a p 

d e p e n d s on the p r o t o t y p e s p e c i f i c a t i o n s of the o r i g i n a l 

f i l t e r . 

B . Q u a d r a n t Fan F i l t e r s 

The f r e q u e n c y c h a r a c t e r i s t i c of a q u a d r a n t fan 

f i l t e r is shown in F i g . 5 . 1 1 . The s p e c i f i c a t i o n is: 

jo). ju)9 

H q ( e ,e = 

1 ^ ^ 

0 0)^0)2 < 0 

(5.26) 

C o n s i d e r the same i d e a l p r o t o t y p e f i l t e r in F i g . 5 . ,8. T h e n , 

the f o l l o w i n g t r a n s f o r m e d f i l t e r s are o b t a i n e d , 

h 1 2 ( z 1 , z 2 ) = H ( z 1 , z 2 , l , 0 , j n) 

h 1 4 ( Z ,z ) = H(z ,z , 0 , 1 , j n) 

H 2 3 ( z 1 , z 2 ) = H ( Z 1 , Z 2 , 0 , - 1 , ^ n) (5.27) 

w h e r e the s u b s c r i p t s on H refers to q u a d r a n t s to w h i c h the 

l o w - p a s s c h a r a c t e r i s t i c s has b e e n s h i f t e d . T a b l e II shows the 

a m p l i t u d e r e s p o n s e of t r a n s f o r m e d f i l t e r s in ( 5 . 2 7 ) . 
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Fig. 5-11 Pass and stop regions of an ideal quadrant 
fan filter in the fwi,o>2)-plane. 
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Table 5-R Basic building blocks for quadrant fan filterdesign. 

Prototype Filter 

H ( z i , z 2 ) 

1 H ( z , . z 2 . 1 , 0 . 1 ) 

2 H ( Z I . Z 2 . 0 . 1 , S ) 

3 H ( z 1 l z 2 , - 1 . 0 . f ) 

4 F K z L Z a . O . - l . f ) 
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N e x t , one can c o n s t r u c t the f o l l o w i n g f i l t e r 

c h a r a c t e r i s t i c s , 

1i 'xi 

h 1 3 ( z 1 , z 2 ) = h 1 2 ( z 1 , z 2 ) h 1 4 ( z 1 , z 2 ) h 3 4 ( z 1 , z 2 ) h 2 3 ( z 1 , z 2 ) 

+ H 1 2 ( z 1 , Z 2 ) H 1 4 ( Z 1 , Z 2 ) H 3 4 ( Z 1 , Z 2 ) H 2 3 ( Z 1 , Z 2 ) 

( 5 . 2 8 a ) 

oi ii ll ̂  'vi ̂  

h 2 4 ( z 1 , z 2 ) = h 1 2 ( z x , z 2 ) H 3 4 ( z 1 , z 2 ) H 1 4 ( z 1 , z 2 ) H 2 3 ( z 1 , z £ ) 

+ h 1 2 ( z 1 , z 2 ) h 3 4 ( z 1 , z 2 ) h 1 4 ( z 1 , z 2 ) h 2 3 ( z 1 , z 2 ) 

(5 .28b) 

w h e r e H ^ 2 denotes the f i l t e r w i t h c o e f f i c i e n t s w h i c h are 

the c o m p l e x c o n j u g a t e of t h o s e of H ^ 2 , and so o n . 

The f r e q u e n c y c h a r a c t e r i s t i c s of the r e s u l t i n g 

f i l t e r s H ^ 3 c o r r e s p o n d to q u a d r a n t a l fan f i l t e r as s h o w n 

in F i g . 5 . 1 1 . ^ 2 4 a f r e c l u e n c y c h a r a c t e r i s t i c w h i c h is 

a 9 0° c l o c k w i s e r o t a t e d v e r s i o n of H^g . 

B o t h H ^ 3 and H 2 4 are z e r o p h a s e . C o m m e n t s in 

R e m a r k s 5.2 are a l s o v a l i d for t h i s c a s e . 
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5 . 6 . 4 I m p l e m e n t a t i o n of Fan F i l t e r s 

In S e c t i o n 5 . 6 . 3 , a d e s i g n t e c h n i q u e has b e e n 

d e s c r i b e d for fan f i l t e r s u s i n g the c o m p l e x t r a n s f o r m a t i o n 

of ( 5 . 1 7 ) . Since the t r a n s f o r m a t i o n is c o m p l e x , each 

t r a n s f o r m e d f i l t e r c a n n o t be i m p l e m e n t e d in a real time 

p r o c e s s . On the other h a n d , the t r a n s f o r m a t i o n i n t r o d u c e s 

c o m p l e x v a r i a b l e s z^ and z^ w i t h r a t i o n a l p o w e r s . H e n c e 

the r e s u l t i n g f i l t e r f u n c t i o n s of (5.24) and (5.28) are n o t 

a p p l i c a b l e to r e c t a n g u l a r a r r a y s . I n t e r p o l a t e d f i l t e r 

s y s t e m s m u s t be u s e d to e v a l u a t e the u n d e f i n e d n e w grid 

a^ a 2 

p o i n t s ( a s s u m i n g |-—| < 1 , |-—1< 1). H o w e v e r , it can be 
3 1 3 2 

shown that the o b t a i n e d fan f i l t e r f u n c t i o n s (5.24) and 

(5.28) do n o t h a v e c o m p l e x c o e f f i c i e n t s and the c o m p l e x 

v a r i a b l e s z^ and z 2 h a v e i n t e g r a l e x p o n e n t s . This is the 

r e s u l t of the s t r u c t u r e u s e d in the d e s i g n e q u a t i o n s . 

The p r o t o t y p e l o w - p a s s f i l t e r can be e i t h e r 

r e c u r s i v e or n o n - r e c u r s i v e w i t h a c u t - o f f f r e q u e n c y at 

coc = -jir . In this s e c t i o n , b o t h cases w i l l be s t u d i e d . 

A . N o n - R e c u r s i v e (FIR) 

C o n s i d e r o n e - d i m e n s i o n a l n o n - r e c u r s i v e d i g i t a l 

f i l t e r f u n c t i o n as: 

N 
H 1 ( z 1 ) = Z a ( i ) z A (5.29) 
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A p p l y the c o m p l e x t r a n s f o r m a t i o n (5.17) to give 

U a l / 3 l V 3 2 
H ( Z i , z 2 ) = H 1 ( e

J ( P z 1
 i z 2

 Z ) (5.30) 

F r o m (5.28a) one can c o n s t r u c t the fan f i l t e r f u n c t i o n as: 

H 1 1 ( Z 1 , Z 2 ) = H 1 1 ( z 1 , Z 2 ) + H 1 1 ( Z 1 , Z 2 ) (5.31) 

w h e r e : 

h 1 1 
( z 1 , z 2 ) = h 1 ( j z j z | ) h 2 ( j z 1

i z | ) h 3 ( - j z ^ z 2 ^ ) h 4 ( - j z ' | z 2 ^ )
 ( 5 ' 3 2 ) 

f o r a . it a l . a 2 _ 1 
for * - j , — - — - 2 , 

* * . . 

and H ^ d e n o t e s the f i l t e r w i t h c o e f f i c i e n t s w h i c h are 
a a 

c o m p l e x c o n j u g a t e of those of H ^ . N e x t , h h ( z i » z
2 )

 c a n 

be w r i t t e n as: 

H 1 1 ( Z 1 , Z 2 ) = H ^ 1 ( z 1 , Z 2 ) + j H ^ 1 ( z 1 , z 2 ) (5.33) 

then the f i l t e r f u n c t i o n of (21) is: 

H n ( z 1 , z 2 ) = 2 H ^ 1 ( z 1 , Z 2 ) (5.34) 

" r . 

H^^ has only r e a l c o e f f i c i e n t s . N o w , it can be r e a d i l y 

~ r 

shown that H ^ is a f u n c t i o n of i n t e g r a l p o w e r s of the 

c o m p l e x v a r i a b l e s z^ and z 2 . 
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The p r o t o t y p e t r a n s f e r f u n c t i o n can be f a c t o r i z e d 

as : 
N 

H 1 ( z 1 ) = n (p + z ) (5.35) 
i = l 

w h e r e p ^ , i = 1 , 2 , . . . , N are z e r o e s of H ^ 

F r o m (5.35) H ^ b e c o m e s : 

h 1 1 
( z x , z 2 ) = e n [ ( p . + j z * z | ) ( p . - j z 1

1 z 2
1 ) ( p i + j z ~ * z | ) ( p . - j z j z |)] 

= . ^ [ ( P i + D 2 " P ? ( z 2 + z " 1 - z r z " 1 ) ] 

+ j [<P? + D P i C z ^ l + z - * z j - z ^ z * - z * z ^ )] 

(5.36) 

F r o m the above e q u a t i o n ( 5 . 3 6 ) , it can be o b s e r v e d that the 

terms w i t h r a t i o n a l p o w e r s of z^ and z 2 w i l l e x i s t only in 

the i m a g i n a r y p a r t in e a c h f a c t o r i z e d s e c t i o n . If the 

m u l t i p l i c a t i o n is c a r r i e d o n , the f o r m w i l l n o t be c h a n g e d 

( i . e . , c o m p l e x v a r i a b l e s w i t h r a t i o n a l p o w e r s e x i s t only in 

the i m a g i n a r y p a r t ) . F i n a l l y , the r e s u l t i n g t r a n s f e r 

f u n c t i o n of ' H ^ m a y be r e w r i t t e n as: 

N N i • r 1 
H 1 1 ^ Z 1 , Z 2 ^ = ^ ^ h(i,j)z^z 2

 + j ̂ terms with rational powers J 
i = - N j =-N 

(5.37) 
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From e q u a t i o n ( 5 . 3 7 ) , the f i l t e r f u n c t i o n w i l l b e : 

N N . . 
H . / z ^ z J = 2 E E h ( i , j ) z . z j (5.38) 

1 1 1 Z i = -N j =-N 

N 
whe re {h(i , j) } are real n u m b e r s and o b t a i n e d from 

i , j = - N 

the c o e f f i c i e n t s of the p r o t o t y p e f i l t e r as e x p l a i n e d above 

Since h
1 1 (

z i » z 2 ^ z e r o - p h a s e f i l t e r , it can 

be w r i t t e n as [7] 

-1 -1 n ~ , -1 x . ~ _-l 
H 

11 
( z i , z 2 ) = h 1 ( z 1 , z 2 ) + h 1 ( z 1 ,z £ )+ h 2 ( z 1 , z 2 ) + h 2 ( z 1 , z 2 ) 

w h e r e (5.39) 

N N 
H n ( z i , z ) = h ( 0 , 0 ) + E E 2 h ( i , j ) z ^ (5.40) 

1 1 Z i =0 j =0 

(i,j) t (0,0) 

and 

^ N N 

H 2 ( z i , z 2 ) = E E 2 h ( - i , j ) z J z J (5.41) 
i=l j=l 

The d i r e c t i m p l e m e n t a t i o n of the f i n a l t r a n s f e r 

f u n c t i o n is in F i g . 5 . 1 2 . H o w e v e r , the c o m p l e x i t y can be 

r e d u c e d by half if one c o n s i d e r s the input as a F i n i t e area 

a r r a y . It can be shown ( A p p e n d i x D) that all r e c u r s i o n 
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Fig. 5-12 Direct implementation of H^ZuZz) in (5-39) 
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directions may be obtained with the difference, equation (2.1i) by reorientating 

the i n p u t . F i g . 5 . 1 3 shows the i m p l e m e n t a t i o n w i t h the 

finite area array (input) r e o r i e n t a t i o n . 

B . R e c u r s i v e (IIR) P r o t o t y p e 

C o n s i d e r the o n e - d i m e n s i o n a l r e c u r s i v e f i l t e r 

f u n c t i o n as: 

£ a(i) 
a ( z x ) 

h ( z 1 , z 2 ) = h l ( z l ) = - 1 = 2 

2 
e b(j)z j

1 

1 * 2 

j=0 

btt^t 
(5.42) 

A f t e r a p p l y i n g the c o m p l e x t r a n s f o r m a t i o n ( 5 . 1 7 ) , one can 

c o n s t r u c t a r e c u r s i v e fan f i l t e r h a v i n g t r a n s f e r f u n c t i o n 

h r ( z l , z 2 ) 
A R ( Z 1 ' Z 2 ) 1 * 2 
b r ( z l , z 2 ) 

(5.43) 

w h e r e 

1 2 



i 1 

Fig. 513 implementation of a zero-phase filter involving only causal recursion. ro 
n> 
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* * 
w h e r e A D and B., d e n o t e s the f u n c t i o n w i t h c o e f f i c i e n t s 

1 r 1 

w h i c h are c o m p l e x c o n j u g a t e s of theose of A and B , 
r 1 r 1 

r e s p e c t i v e l y . 

It has b e e n shown that the r e s u l t i n g t r a n s f e r 

f u n c t i o n of fan f i l t e r has only r e a l c o e f f i c i e n t s as w e l l 

as only i n t e g e r p o w e r s of the c o m p l e x v a r i a b l e s of z^ and z 2 

The proof of this f a c t is o m i t t e d b e c a u s e it is s i m i l a r to 

the n o n - r e c u r s i v e o n e . T h e f i n a l form of the t r a n s f e r 

f u n c t i o n (5.43) w i l l b e : 

M M 

2 X a r ( m ' n ) z T z 2 
H R ( Z l , z 2 ) = m = ' M (5.46) 

r r ( z 1 z 2 ) r r ( z 1 1 z 2 > r r ( z 1 z 2 1 ^ r ( z 1 1 z 2 1 ) 

w h e r e M = N ^ + N 2 and 

B R ( Z 1 Z 2 } = B ( j z J z | ) B ( - j z J z | ) (5.47) 

By f a c t o r i z i n g the d e n o m i n a t o r of (5.42) as 

n 2 

B ( z x ) = n (p. + z ) (5.48) 
i = 1 
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we m a y w r i t e 

'v n 2 

V z i z 2 > - { i j K + i z H > < P i - i z H > ] 

N, 

• n \ [ p i + z i z 2 ] 1 = 1 
(5.49) 

F r o m ( 5 . 4 9 ) , w e c o n c l u d e that B ^ can s i m p l y be o b t a i n e d by 

2 

r e p l a c i n g the roots of B ( z ^ ) , p^ w i t h p ^ . This p r o p e r t y 

w i l l i n c r e a s e the s p e e d of the d e s i g n p r o c e d u r e . C l e a r l y , 

B p ( z ^ z 2 ) is s t a b l e , since p o l e s of z^ w i t h i n the unit 

circle map d i r e c t l y into two d i m e n s i o n a l p o l e s w i t h i n the 

u n i t b i d i s c . 
~ - 1 ^ - l 

It can r e a d i l y be seen that B R ( z ^ z ^ ) , B R ( z ^ z 2 ) 

and a r e a ^ - s o stable in s e c o n d , f o u r t h and 

t h i r d q u a d r a n t s , r e s p e c t i v e l y . 

Due to its zero p h a s e , A ( z . , z 0 ) can be w r i t t e n 
k 1 z 

as: 

A R ( Z 1 ' Z 2 ) = \ ( Z 1 ' Z 2 ) + A R 1
( Z I 1 ' Z 2 ) + \ ( Z 1 1 > Z 2 1 ) + \ ( Z 1 > Z ~ 2 1 ) 

(5.50) 

w h e r e 

m m 

A r (z , z-2) = a r ( 0 , 0 ) + 2 3 2 3 a
r ( m , n ) z ™ z 2 

1 m - 0 n=u 

(m,n) + (0,0) 
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and 

R. 

M 
(z l , z 2 ) = E 

m= 1 n = l 

M i n 
Z a r ( m , n ) z 1 z ? (5 .52) 

The d i r e c t i m p l e m e n t a t i o n of H is in F i g . 5 . 1 4 ; the f i n a l 

c o n f i g u r a t i o n of H ^ ( z ^ , z 2 ) i n v o l v i n g only c a u s a l r e c u r s i o n 

in F i g . 5 . 1 5 . 

An E x a m p l e for I m p l e m e n t a t i o n 

C o n s i d e r the r e c u r s i v e p r o t o t y p e f i l t e r to be 

of the form 

A ( z ) 
H ( z n ) = 

l 7 B(z.) 

Z 1 * a l 2 l + a 2 

+ h , + h (5.53) 
Z 1 + b l Z l + 2 

For fan f i l t e r d e s i g n , from (5.43) 

a r ( z 1 , z 2 ) 
H ( z i , z 2 ) = i (5.54) 

B R ( Z I ; Z 2 ) 

w h e r e 

A R ( Z 1 , Z 2 ) = A R ( Z 1 , Z 2 ) + A R ( Z 1 , Z 2 ) (5.55) 



A R 1 ( Z 1 , Z 2 ) 

a r ^ z ^ z ^ 1 ) 

Fig. 5-14 Direct implementation of the fan filter function HR (z1tz2) involving non-causal recusion 

ro 



R o w a n d 
C o l u m n 
R e v e r s a l 

R o w 
R e v e r s a l 

C o l u m n 
R e v e r s a l 

A R l(z 1 tz 2) 

• , 

L J A r (Z-J.Z2)| 

R o w a n d 
C o l u m n 
R e v e r s a l 

Row 
Reversa l 

i 

C o l u m n 
R e v e r s a l 

1 C o l u m n 
B r(zj z 2 ) Reversa l 

R o w 
Reversa l 

1 C o l u m n 
Reversa l 

1 R o w 
R e v e r s a l 

1 R o w 
Reversa l B r ( z 1 z 2 ) 

C o l u m n 
Reversa l B R ( Z 1 z 2 ) 

R o w 
R e v e r s a l b r ^ i z2) 

Fig. 515 Final configuration of HR(zuz2) involving only causal recursion 
hO 
u> 
ho 



2 3 3 

For the t r a n s f e r f u n c t i o n (5.53) A_ can be w r i t t e n as: 
k 

A R ( Z 1 , Z 2 ) = j\(jz 2z 2)B(-jz*z | ) J |\(jz~ 2z|)B(-jz~ 2z 2)J [^A(-jz2z2)B( jz2z~*)J 

•^A(-jz^ 2z 22)B(jz^z 22)J (5.56) 

The t e r m s on the right hand side are o b t a i n e d as: 

A(jz^z|)B(-jz 2z 2) = j^(a2"zlz2^ " j a l z i z 2 j ^ b 2 ~ Z l Z 2 ^ + ^ b l Z l Z 2 ] 

= - (a2 + b 2 - a 1 b 1 ) z 1 z 2 + a ^ J 

+ jz 2z 2 j^(b1 - a 1 ) z 1 z 2 + (a xb 2 - a ^ J (5.57) 

i l 
= H a(Z 1,Z 2) + jz

2
z|H B(z 1,z 2) (5.60a) 

where 

H A ( z r z 2 ) A z
2
z

2
 - (a2 + b 2 - a 1 b 1 ) z 1 z 2 + a ^ (5.58) 

Hg(z 1,z 2) A (b^ - a^) z z + a ^ - a ^ (5.59) 
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and similarly, 

A(jz~ 2z|)B(-jz~ 2z|) = h a(z^
1,z 2) + j z ^ z | h B ( z ^

1 , z 2 ) (5.60b) 

A(-jz 2z~pB(jz 2z~ 2) = H ^ z ^ z " 1 ) - j z ^ z 2
i H B ( z 1 , z 2

1 ) (5.60c) 

A(-j^z~ l 2)B(jz~*z 2
2) = H a ( z ^

1 , z 2
1 ) - j z ^ z 2 ^ H B ( z ^

1 , z 2
1 ) (5.60d) 

From (5.55) it is immediately seen that 

A R ( z 1 , z 2 ) = 2Re | a r ( z 1 , z 2 ) | (5.61) 

* 

where Re denotes the real part. Now from (5.56) and (5.60) we have 

A R ( z r z 2 ) = [ h a ( z i 2 2 ) + jz]z]H B(z l Z 2)J [ h ^ z ^ z ] 1 ) -

• [ h a ( z ]
1 z 2 ) + jz"iz]h b(z]

1z 2)j [ ^ ( z ^ ]
1 ) - izfo^z^l 1)] 

(5.62) 
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and hence from (5.61) 

W « 2 > = 2 R e { f t ( z X ' Z 2 ) ) = [ HA ( zl Z2> H
A(

zi l z2 1> + V 2 ! ^ V Y Y ] 

.[h a(z"
1z 2)h a(z 1z;

1) - h b ( z -
1
2 2 ) h b ( z i 2 2

1 ) ] 

~ [ h a ( z l l z 2 1 ) h b ( z l z 2 ) z 2 " h a ( z 1 z 2 ) h b ( z x 1 z 2 1 : > 

. | H Z ( « 1 , ^
1 ) H B ( , I

1 , « 2 ) - H A ( Z - 1 Z 2 ) H B ( Z 1 Z 2
1 ) Z 2 J (5.63) 

The denominator function B_.(z.',z„) can be found as: 

k i z 

B R ( Z 1 ( Z 2 ) = S ,
R ( Z 1 Z 2 ) B R ( Z -

1 Z ; 1 ) B R ( Z -
1 Z 2 ) B R ( Z 1 , Z 2

1 ) (5.64) 

where 

b r ( z 1 z 2 ) = b(jz^z|)b(-jz^z 2h 

= z x z 2 + (b 1 - 2 b 2 ) z 1 z 2 + b 2 (5.65) 

The final configuration of the fan filter is given in Fig.5.16. 



Fig. 5-16 Final configuration of the fan filter function in (5-59) 
to 
u> 
o> 
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R e m a r k 5 . 3 

It is i n t e r e s t i n g to n o t e that the b u i l d i n g 

b l o c k s H ^ and H ^ in the f i n a l c o n f i g u r a t i o n ( F i g . 5 . 1 6 ) 

can be i m p l e m e n t e d as a o n e - d i m e n s i o n a l f i l t e r i n g p r o c e s s 

F i g . 5 . 1 7 shows the r e c u r s i o n d i r e c t i o n s of H ^ ( z ^ z 2 ) and 

H g ( z ^ z 2 ) . This c o n s i d e r a t i o n w i l l r e d u c e b o t h s t o r a g e 

and c o m p u t a t i o n a l t i m e . 

5 . 6 . 5 N u m e r i c a l E x a m p l e s : 

E x a m p l e 1 

C o n s i d e r t h e l o w - p a s s o n e - d i m e n s i o n a l f i l t e r 

f u n c t i o n o b t a i n e d b y C h a r a l a m b o u s [2 7 ] . 

3 
H ( z ) = ( 0 . 0 3 1 1 2 ) n 

k = l 

r 2 
z + a, z + b. 

k k 

z + c. z + d. 
k k 

(5.66) 

The c o e f f i c i e n t s of the f i l t e r f u n c t i o n (5.66) are given 

in T a b l e 5 . I I I . This f i l t e r f u n c t i o n has the f o l l o w i n g 

s p e c i f i c a t i o n s for the m a g n i t u d e c h a r a c t e r i s t i c s ; 

H ( e ^ ) 

1 + 6 
- P 

for oj e 

for u) e 
(5.67) 

w h e r e 

ip = r s 

p , 0 . 3333333ttJ is the pass b a n d , 

p . 376 lllir ,tt J is the stop b a n d . 
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Fig. 5-17 Recursion direction of the filter blocks in Fig. 5-16 



TABLE 5 . I l l 

C o e f f i c i e n t V a l u e s of the F i l t e r in E x a m p l e 2 . 

1 - 0 . 7 2 9 6 8 1.0 - 0 . 9 4 6 4 5 0 . 9 3 2 6 7 

2 1 . 1 7 8 1 8 1.0 - 1 . 0 9 7 2 5 0 . 3 8 5 6 9 

3 - 0 . 3 8 5 1 0 1.0 - 0 . 9 9 0 8 6 0 . 7 1 6 9 0 
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and 

6 = 0 . 0 1 , 6 = 0 . 0 0 1 
P s 

Since the f i l t e r f u n c t i o n does n o t h a v e a c u t - o f f f r e q u e n c y 

at u)^ = yTT , a l o w - p a s s to l o w - p a s s f r e q u e n c y t r a n s -

f o r m a t i o n [173] is u s e d to o b t a i n a f i l t e r w i t h a c u t - o f f 

f r e q u e n c y at u c = . T h e n , it is r e a d i l y a p p l i e d to 

e q u a t i o n (5.2'4a) to get a s y m m e t r i c fan f i l t e r . Fig.5..18(a) 

and 5 . 1 8 ( b ) show the m a g n i t u d e and c o n t o u r p l o t s of the 

r e s u l t i n g fan f i l t e r . 

S i m i l a r l y , a q u a d r a n t f i l t e r can be o b t a i n e d 

f r o m ( 5 . 2 8 a ) . The m a g n i t u d e and c o n t o u r p l o t s of the 

d e s i g n e d q u a d r a n t fan f i l t e r are shown in F i g . 1 9 ( a ) - ( b ) . 

From F i g s . 1 8 - 1 9 , we c o n c l u d e that the one d i m e n s i o n a l 

p r o t o t y p e c h a r a c t e r i s t i c s are c l e a r l y p r e s e r v e d in b o t h 

the s y m m e t r i c and q u a d r a n t a l fan f i l t e r s . This can be 

o b s e r v e d f r o m the r i p p l e s in the pass b a n d and stop b a n d 

as w e l l as the t r a n s i t i o n r e g i o n . 

R e m a r k 5 . 4 : 

For this p a r t i c u l a r e x a m p l e , since the pass and 

stop b a n d r e g i o n s are v e r y close -to each o t h e r , the c u t - o f f 

f r e q u e n c y was c o n s i d e r e d as w = 0.343333ir i n s t e a d of 

a) = 0 . 3333333tt . This m o d i f i c a t i o n e n a b l e d us to r e m o v e 
c 

the o v e r l a p . O t h e r w i s e , there w i l l be o v e r l a p at one 

p o i n t at the o r i g i n due to the s h a r p n e s s of the t r a n s i t i o n 

re g i o n . 
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A | H n ( u > i , a > 2 ) | 

Fig. 518(a) Magnitude characteristics of the fan filter 
in Example 1 

* 
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1 

A 0)2 

Fig. 518(b) Contour plot of the fan filter in Example 1 



2 4 3 

a i ^ c a ) ! , ^ ) ! 

Fig. 519(a) Magnitude characteristics of the quadrant 
fan filter in Example 1. 
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Fig: 519(b) Contour plot of the quadrant fan filter in Example 1. 
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E x a m p l e 2 

As a s e c o n d e x a m p l e , we s e l e c t as p r o t o t y p e a 

t e n t h order B u t t e r w o r t h f i l t e r [l75j . The t r a n s f e r 

f u n c t i o n is of the form 

F ( s ) = 
10 

i=0 
b.s 
l 

(5.68) 

To ente r the d i g i t a l d o m a i n , s u b s t i t u t e the w e l l - k n o w n 

b i l i n e a r t r a n s f o r m a t i o n 

s = (5.69) 

g i v i n g as the d i g i t a l t r a n s f e r f u n c t i o n H ( z ) 

H ( z ) = F ( s ) = ( 1 + z > 

10 
E 
i =0 

10 

b i z 1 

l 

(5.70) 

s = 
1 — z 
1+z 

w h e r e ( b . / are r e a l c o e f f i c i e n t s and can be o b t a i n e d 
i = 0 K K 1 ! , 

f r o m 
i l l i = 0 
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The cut-off f r e q u e n c y of H ( z ) , oo c, can be found 

from (5 . 6 9 ) . 

coc = 2 a r c t a n ( 6 c ) 

= 2 a r c t a n ( l ) 

= 2 j = jtt (5.71) 

w h e r e 0^ = 1 r a d . is the c u t - o f f f r e q u e n c y of the p r o t o -

type f i l t e r f u n c t i o n ( 5 . 6 8 ) . 

F i n a l l y , e q u a t i o n (5.24a) is used to o b t a i n 

s y m m e t r i c fan f i l t e r . F i g . 2 0 ( a ) and F i g . 2 0 ( b ) show the 

m a g n i t u d e and c o n t o u r p l o t s of the r e s u l t i n g f i l t e r . For 

the q u a d r a n t fan f i l t e r d e s i g n , the c u t - o f f f r e q u e n c y uj^ 

is c h a n g e d to coc = 1.15 r a d . This a l t e r a t i o n w i l l c h a n g e 

the c u t - o f f f r e q u e n c y of the H ( z ) to w = O.^iffm. The 

m a g n i t u d e and c o n t o u r p l o t s of the d e s i g n e d q u a d r a n t fan 

f i l t e r can be seen in F i g . 2 1 ( a ) and F i g . 2 1 ( b ) , r e s p e c t i v e l y . 

E x a m p l e 3 

To i l l u s t r a t e the F I R fan filter d e s i g n w i t h 

c o m p l e x t r a n s f o r m a t i o n s , we c o n s i d e r the f o l l o w i n g linear 

p h a s e f i l t e r , 

H (z) = h (2 7) + £ [ h C i ) . 1 - 1 + z i + 2 6 ) l (5.72) 
i = l J 

The c o e f f i c i e n t s of H ( z ) are o b t a i n e d u s i n g Remez M e t h o d 

£24]. The order of the f i l t e r is N = 5 3 . The s p e c i f i c a t i o n s 

of this l o w - p a s s f i l t e r are 6 = 0 . 0 1 1 7 5 , 6 = 0 . 0 0 5 8 8 , 
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Fig. 20(a) Magnitude characteristics of the fan filter 
in Example 2. 



Fig. 5 20(b) Contour plot of the fan filter in Example 2. 



Fig. 5 21(a) Magnitude characteristics of the quadrant fan 
filter in Example 2. 
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Fig. 521(b) Contour plot of the quadrant fan filter 
in Example 2. 
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and a) = 0 . 5 4 . The c o e f f i c i e n t s can be f o u n d in 
s 

T a b l e 2 . I V . 

F i g . 2 2 ( a ) and F i g . 2 2 ( b ) show the m a g n i t u d e and 

c o n t o u r p l o t s of the f r e q u e n c y c h a r a c t e r i s t i c s of the 

d e s i g n e d fan f i l t e r , r e s p e c t i v e l y . F r o m the r i p p l e s in 

the p a s s b a n d and the shape of the t r a n s i t i o n r e g i o n , it 

can be seen that o n e - d i m e n s i o n a l c h a r a c t e r i s t i c s of the 

p r o t o t y p e are c o m p l e t e l y p r e s e r v e d . If one c o m p a r e s this 

F I R fan f i l t e r w i t h f i l t e r s d e s i g n e d u s i n g M c C l e l l e n ' s 

t r a n s f o r m a t i o n |l50j , the s u p e r i o r i t y of the c o m p l e x 

t r a n s f o r m a t i o n m e t h o d can be s e e n . It is i n t e r e s t i n g 

to n o t e that the s h a r p n e s s of the t r a n s i t i o n b a n d of the 

fan f i l t e r in F i g . 5 . 2 1 ( a ) is also c o m p a r a b l e w i t h the 

other F I R fan f i l t e r t e c h n i q u e s [l64] , [l67] . 

The o b t a i n e d q u a d r a n t fan f i l t e r is given in 

F i g . 2 3 ( a ) and F i g . 2 3 ( b ) . It is p o s s i b l e to c o m p a r e this 

f i l t e r w i t h the one d e s i g n e d by u s i n g the g e n e r a l i s e d 

M c C l e l l e n ' s t r a n s f o r m a t i o n g i v e n by M e r s e r e a u £-62] . 

Both f i l t e r s h a v e the same length (53 x 5 3 ) . H o w e v e r , it 

can be shown that the a p p r o x i m a t i o n of the i d e a l r e s p o n s e 

(5.26) of the d e s i g n e d f i l t e r is m u c h b e t t e r than the one 

s u g g e s t e d in £-62] . The c o m p a r i s o n can be done u s i n g 

b o t h a m p l i t u d e and c o n t o u r plots of the f i l t e r s . 

S i m i l a r l y , d e s i g n e d IIR fan and q u a d r a n t fan 

f i l t e r s in E x a m p l e s 1 and 2 can be c o m p a r e d w i t h the 

f i l t e r s o b t a i n e d u s i n g p r e v i o u s IIR m e t h o d s [l5 0j , £164] , 

£l67] . It is found that the s u g g e s t e d d e s i g n t e c h n i q u e 



TABLE 5 . I V 

C o e f f i c i e n t V a l u e s of the F i l t e r in E x a m p l e 3. 

h 1) — 0 . 2 2 1 1 2 5 7 9 E - 0 2 

h 2) = 0 . 6 1 4 5 5 9 6 0 E - 0 2 

h 3) = - 0 . 1 0 1 7 5 1 2 0 E - 0 2 

h 4) = - 0 . 4 3 9 4 1 1 1 0 E - 0 2 

h 5) = 0 . 7 8 7 3 0 7 4 6 E - 0 3 

h 6) = 0 . 6 1 6 5 0 4 6 4 E - 0 2 

h 7) = - 0 . 1 0 9 7 2 5 5 0 E - 0 2 

h 8) = - 0 . 8 1 2 3 0 6 4 0 E - 0 2 

h 9) = 0 . 1 2 6 0 0 1 1 3 E - 0 2 

h 10) = 0 . 1 0 6 1 7 2 2 5 E - 0 1 

h 11) = - 0 . 1 4 2 1 9 4 1 0 E - 0 2 

h 12) = - 0 . 1 3 7 5 5 6 2 O E - 0 1 

h 13) = 0 . 1 5 6 2 1 8 3 2 E - 0 2 

h 14) = 0 . 1 7 7 6 2 2 1 3 E - 0 1 

h 15) = - 0 . 1 6 9 5 0 1 5 0 E - 0 2 

h 16) = - 0 . 2 3 0 6 1 4 8 O E - 0 1 

h 17) = 0 . 1 8 1 1 6 9 6 4 E - 0 2 

h 18) = 0 . 3 0 4 3 1 9 9 2 E - 0 1 

h 19) = - 0 . 1 9 0 7 0 4 2 O E - 0 2 

h 20) = - 0 . 4 1 5 5 2 2 1 0 E - 0 1 

h 21) = 0 . 1 9 8 8 0 6 7 7 E - 0 2 

h 22) = 0 . 6 0 8 1 4 0 6 6 E - 0 1 

h 23) as - 0 . 2 0 4 5 5 8 4 0 E - 0 2 

h 24) = - 0 . 1 0 4 3 7 3 6 0 E + 0 0 

h 25) = 0 . 2 0 8 0 8 4 0 9 E - 0 2 

h 26) = 0 . 3 1 7 7 3 0 6 7 E + 0 0 

h 27) = 0 . 4 9 7 9 0 4 0 2 E + 0 0 
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Fig. 5-22(a) Magnitude characteristics of the fan 
fitter in Example 3. 
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Fig. 522(b) Contour plot of the fan filter in Example 3. 
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Fig. 523 (a) Magnitude characteristics of the quadrant 
fan filter in Example 3. 



Fig. 5 23(b) Contour plot of the quadrant fan filter 
in Example 3. 



2 5 7 

is n o t only s i m p l e r than the e x i s t i n g ones but also its 

p e r f o r m a n c e is s u p e r i o r . 

E x a m p l e 4 

As a f i n a l e x a m p l e a s p e c i f i c a t i o n w a s b a s e d on 

t h a t p r o p o s e d by M c C l e l l a n [l77] . H e r e the c u t - o f f 

. 7t 

b o u n d a r y for t h e fan f i l t e r e x t e n d s f r o m u)̂  = y , oo2
 = 0 

at an angle of 45°. T h e d e s i g n w a s b a s e d on the t r a n s -

f o r m a t i o n of e q u a t i o n in w h i c h the c u t - o f f f r e q u e n c y is 
at a) - 5- - ttt and the value of <f> set at J + -̂r- . 

c 2 10 2 10 

The r e s u l t i n g r e s p o n s e and c o n t o u r p l o t s are s h o w n in 

F i g s . 2 4 ( a ) and 2 4 ( b ) . The d e s i g n is b a s e d on a 3rd 

order C h e b y s h e v p r o t o t y p e [l75]. 

5 . 6 . 6 C o n e l u s ions: 

In this c h a p t e r we h a v e i n t r o d u c e d a m o r e 

g e n e r a l class of t w o - d i m e n s i o n a l s p e c t r a l t r a n s f o r m a t i o n , 

called c o m p l e x t r a n s f o r m a t i o n s and we h a v e d e v e l o p e d a 

d e s i g n p r o c e d u r e for d e s i g n i n g z e r o - p h a s e fan f i l t e r s and 

q u a d r a n t fan f i l t e r s . 

The m e t h o d offers a c o m p l e t e s o l u t i o n to the 

d e s i g n p r o b l e m of fan f i l t e r s and is b a s e d on the use of a 

set of t r a n s f o r m e d f i l t e r s o b t a i n e d f r o m the o n e - d i m e n s i o n a l 

p r o t o t y p e w i t h c o m p l e x t r a n s f o r m a t i o n s . The s u p e r i o r i t y 

of the t e c h n i q u e can be s u m m a r i z e d as f o l l o w s : 

(1) the designed filters and the prototype both either FIR or IIR. 

(2) The p r o c e d u r e does not i n t r o d u c e any s t a b i l i t y p r o b l e m . 

The r e s u l t i n g IIR f i l t e r s are i n h e r e n t l y s t a b l e . 
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(3) Due to the fact that the o r i g i n a l o n e - d i m e n s i o n a l 

f i l t e r c h a r a c t e r i s t i c s are p r e s e r v e d , s o l u t i o n s are 

o p t i m a l . H e n c e no o p t i m i z a t i o n is n e e d e d . 

(4) The p e r f o r m a n c e of the d e s i g n e d f i l t e r s in the 

-If 

f r e q u e n c y d o m a i n is b e t t e r than all the e x i s t i n g d e s i g n s . 

(5) The d e s i g n e d z e r o - p h a s e t w o - d i m e n s i o n a l f i l t e r f u n c t i o n s 

can be i m p l e m e n t e d as a o n e - d i m e n s i o n a l f i l t e r i n g 

p r o c e s s . 

* 

This comparison has been made with the technique of McClellan, Mersereau, 

and Marzetta, based on the error criteria defined in example 4.5-2, the 

simplicity of computation and complexity of design. This comparison has 

been made with the published results in references [^50] i [̂ -62 ] - |l66]. 

This technique also has the advantage of achieving any given specification. 
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(3) Due to the fact that the o r i g i n a l o n e - d i m e n s i o n a l 

f i l t e r c h a r a c t e r i s t i c s are p r e s e r v e d , s o l u t i o n s are 

o p t i m a l . H e n c e no o p t i m i z a t i o n is n e e d e d . 

(4) The p e r f o r m a n c e of the d e s i g n e d f i l t e r s in the 

f r e q u e n c y d o m a i n is b e t t e r than all the e x i s t i n g d e s i g n s . 

(5) The d e s i g n e d z e r o - p h a s e t w o - d i m e n s i o n a l f i l t e r f u n c t i o n s 

can be i m p l e m e n t e d as a o n e - d i m e n s i o n a l f i l t e r i n g 

p r o c e s s . 

* 

This comparison has been made with the technique of McClellan, Mersereau, 

and Marzetta, based on the error criteria defined in example 4.5-2, the 

simplicity of computation and complexity of design. This comparison has 

been made with the published results in references 

[150], [162]- [166]. 
This technique also has the advantage of achieving any given specification. 
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Fig. 5-24 (a) Magnitude plot of filter of Example 4 

* 
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Fig. 524(b) Contour plot of filter of Example 4 

* 
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CHAPTER .6 

C O N C L U S I O N S A N D S U G G E S T I O N S F O R F U T U R E W O R K 

6 .1 C O N C L U S I O N S 

The aim of this thesis is the i n v e s t i g a t i o n 

of the s t a b i l i t y , s t a b i l i z a t i o n and d e s i g n of m u l t i -

d i m e n s i o n a l r e c u r s i v e d i g i t a l f i l t e r s . The f o l l o w i n g 

p r o b l e m s h a v e b e e n c o n s i d e r e d in d e t a i l : 

- D e v e l o p m e n t of test for s t a b i l i t y of t w o - d i m e n s i o n a l 

sys terns . 

I n v e s t i g a t i o n of the p r o b l e m of the e x t e n s i o n of 

L y a p u n o v ' s test into m u l t i d i m e n s i o n a l case a n d , an 

e x t e n s i o n of this test for the s t a b i l i t y of R o e s s e r ' s 

m o d e 1. 

A simple test has b e e n d e r i v e d for t w o - d i m e n s i o n a l f i l t e r s 

u s i n g the p r o p e r t i e s of inner d e t e r m i n a n t s . The p r o p o s e d 

test takes the f o r m of a l o c a l p o s i t i v i t y test a p p l i e d 

to a t w o - v a r i a b l e p o l y n o m i a l w i t h real c o e f f i c i e n t s . 

F u r t h e r m o r e , the e x t e n s i o n of L y a p u n o v ' s s t a b i l i t y test 

to R o e s s e r ' s m o d e l has b e e n d e v e l o p e d . Some d i f f i c u l t i e s 

w i t h this p r o b l e m have b e e n also s h o w n . 

- The e x i s t e n c e of N - d i m e n s i o n a l c o m p l e x c e p s t r u m . 

- D e v e l o p m e n t of a c e p s t r a l test for N - d i m e n s i o n a l d i g i t a l 

f i l t e r s . 
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It has b e e n shown that an N - d i m e n s i o n a l c o m p l e x c e p s t r u m 

e x i s t s for N - d i m e n s i o n a l r a t i o n a l p o l y n o m i a l s . A m e t h o d 

of t e s t i n g the s t a b i l i t y of N - d i m e n s i o n a l r e c u r s i v e 

f i l t e r s has b e e n p r e s e n t e d . 

- I n v e s t i g a t i o n of the t w o - d i m e n s i o n a l p l a n a r l e a s t 

s q u a r e s i n v e r s e s t a b i l i z a t i o n t e c h n i q u e and a c o u n t e r -

e x a m p l e for J u r y ' s c o n j e c t u r e . 

- M e t h o d s to s t a b i l i z e m u l t i d i m e n s i o n a l f i l t e r s and their 

r e l a t i o n w i t h s t a b i l i t y . 

- D e v e l o p m e n t of an a l g o r i t h m for P i s t o r ' s s t a b i l i z a t i o n 

me t h o d . 

Two s t a b i l i z a t i o n m e t h o d s , b a s e d on the P i s t o r d e c o m p o s i t i o n 

have b e e n d e v e l o p e d . It has b e e n shown that the P i s t o r 

t e c h n i q u e is a p p l i c a b l e to a m o r e g e n e r a l class of 

r e c u r s i v e f i l t e r s . An a l g o r i t h m h a s b e e n p r e s e n t e d for 

c o m p u t a t i o n of the s p e c t r a l f a c t o r s of u n s t a b l e d i g i t a l 

f i l t e r f u n c t i o n s . 

- D e s i g n of c i r c u l a r l y s y m m e t r i c f i l t e r s w i t h s p e c t r a l 

t r a n s f o r m a t i o n s . 

- D e s i g n of fan f i l t e r s w i t h A h m a d i t r a n s f o r m a t i o n and 

c o m p l e x t r a n s f o r m a t i o n s . 

A d e s i g n t e c h n i q u e for c i r c u l a r l y s y m m e t r i c f i l t e r s has 

b e e n d e v e l o p e d . A n o v e l t w o - d i m e n s i o n a l r e a c t a n c e f u n c t i o n 

has b e e n u s e d to t r a n s f o r m a o n e - d i m e n s i o n a l continuous low-

pass f i l t e r f u n c t i o n to a t w o - d i m e n s i o n a l c o n t i n o u s l o w - p a s s 
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f u n c t i o n . Two d e s i g n t e c h n i q u e s for d e s i g n of stable fan 

f i l t e r s have b e e n s u g g e s t e d . The first of them has b e e n 

o b t a i n e d by u s i n g the A h m a d i t r a n s f o r m a t i o n and the s e c o n d 

one w i t h c o m p l e x t r a n s f o r m a t i o n s . 

6.2 S U G G E S T I O N S FOR F U T U R E W O R K 

The f o l l o w i n g topics seem to be of interest for 

f u r t h e r r e s e a r c h : 

(1) In v i e w of the c o m p l e x i t y of m u l t i d i m e n s i o n a l s y s t e m s , 

the n e e d for o b t a i n i n g s u f f i c i e n c y c o n d i t i o n s for 

s t r u c t u r a l s t a b i l i t y ( a v o i d i n g n o n - e s s e n t i a l s i n g u l a r -

ities of the s e c o n d k i n d on the u n i t b i d i s c ) is 

w a r r a n te d . 

S i m p l e s u f f i c i e n c y c o n d i t i o n s are n e e d e d for d e s i g n of 

t w o - d i m e n s i o n a l r e c u r s i v e d i g i t a l f i l t e r s . 

M o s t of the k n o w n s t a b i l i t y tests d e v e l o p e d so far 

a p p l y to l i n e a r time i n v a r i a n t s y s t e m s . In p r a c t i c e , 

the n o n l i n e a r e f f e c t s of q u a n t i z a t i o n r o u n d - o f f e r r o r , 

finite a r i t h m e t i c , e t c . , s h o u l d be t a k e n into a c c o u n t 

for s t a b l e d e s i g n . H e n c e , the e x t e n s i o n of the k n o w n 

m e t h o d s for s t a b i l i t y a n a l y s i s to n o n l i n e a r and time-

v a r y i n g s y s t e m s is a m a j o r t a s k . 

The v a l i d i t y of the use of the d o u b l e b i l i n e a r trans-

f o r m a t i o n is n e e d e d for e s t a b l i s h i n g the s t a b i l i t y of 
i 

t w o - d i m e n s i o n a l d i g i t a l f i l t e r s . If we let 

(2) 

( 3 ) 
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G ( s ^ , s 2 ) = = , this is a stable f u n c t i o n 

l + s^ + 32 B ( s ̂  , s 2 ) 

1 _ z l 1 _ z 2 
U s i n g s ̂  = s 2 = 

1 + z ̂  1 + z 2 

we ge t 

(1 + Z l ) ( l + z 2 ) 

H ( Z 1 , Z 2 ) = 
3 + z x + z 2 + Z ; L Z 2 

N o n e s s e n t i a l s i n g u l a r i t i e s of the s e c o n d k i n d 

(z^= -1 , z 2 = -1) n o w e x i s t . H ( z ^ , z 2 ) is shown to be 

u n s t a b l e . U n d e r w h a t c o n d i t i o n s does i s o m o r p h i s m 

hold? F i g . 6.1 shows the i s o m o r p h i s m . 

(4) The e x t e n s i o n of the N y q u i s t - l i k e s t a b i l i t y test for 

t e s t i n g - the sign of the m u l t i d i m e n s i o n a l p o l y n o m i a l 

on the d i s t i n g u i s h e d b o u n d a r y of the u n i t p o l y d i s c . 

(5) If n o n e s s e n t i a l s i n g u l a r i t i e s e x i s t on the u n i t b i d i s c 

how does one d e t e r m i n e the s t a b i l i t y of the two-

d i m e n s i o n a l f i l t e r f u n c t i o n . In S e c t i o n 2 . 2 . 1 , it 

was shown that: 

H 1 ( z 1 , Z 2 ) = 
(1 " - z 0 ) 1' v 1 2 is stable 

2 " z 1 " z 2 

(1 - z x ) ( 1 - z 2 ) 
b u t H 2 ( z ^ , z 2 ) = is u n s t a b l e 

2 " z 1 " z 2 
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Fig. 61 Bilinear transformation 
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A l s o , a m e t h o d is n e e d e d for t e s t i n g n o n e s s e n t i a l 

s i n g u l a r i t i e s of the second k i n d . 

(6) H o w does the d i s t a n c e f r o m the b o u n d a r y of the u n i t 

b i d i s c (termed as m a r g i n a l s t a b i l i t y ) i n f l u e n c e the 

s y s t e m r e s p o n s e and q u a n t i z a t i o n e r r o r . F i g . 6 . 2 

shows the m a r g i n a l s t a b i l i t y of a s t a b l e s y s t e m . 

(7) S h a n k s 1 c o n j e c t u r e (1972) is false in g e n e r a l . G e n i n 

and Kamp (1975) gave a c o u n t e r e x a m p l e to d i s p r o v e the 

c o n j e c t u r e . L a t e r , in 1976 J u r y i m p o s e d an a d d i t i o n a l 

c o n s t r a i n t that if the l e a s t s q u a r e s i n v e r s e are of 

the same d e g r e e then S h a n k ' s c o n j e c t u r e m i g h t be v a l i d . 

H o w e v e r , r e c e n t l y , K a y r a n and K i n g (1980) came up w i t h 

a n o t h e r c o u n t e r e x a m p l e for J u r y ' s c o n j e c t u r e . T h e r e f o r e , 

it is of i n t e r e s t for e f f e c t i v e d e s i g n e i t h e r to v e r i f y 

or r e f u t e this c o n j e c t u r e and in the same v e i n to o b t a i n 

w h a t e v e r a d d i t i o n a l c o n s t r a i n t s are n e e d e d to be 

i m p o s e d to v e r i f y the c o n j e c t u r e . 

(8) It is w e l l k n o w n that the o n e - d i m e n s i o n a l d i s c r e t e 

H i l b e r t t r a n s f o r m can be used for the s t a b i l i s a t i o n of 

r e c u r s i v e f i l t e r s . F u r t h e r m o r e , the m a g n i t u d e f u n c t i o n 

of the f i l t e r is u n i m p a i r e d . In e x t e n d i n g this m e t h o d 

to the t w o - d i m e n s i o n a l case one e n c o u n t e r s m a n y 

d i f f i c u l t i e s a n d , i n d e e d , s t a b i l i s a t i o n c a n n o t a l w a y s 

be a c h i e v e d and in a d d i t i o n the f r e q u e n c y m a g n i t u d e is 

c h a n g e d . W o o d had shown in a c o u n t e r e x a m p l e that 

s t a b i l i t y can n o t be a c h i e v e d by a f i n i t e order f i l t e r . 
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H e n c e it is c o n j e c t u r e d that s t a b i l i t y can be o b t a i n e d 

by u s i n g i n f i n i t e order r e c u r s i v e t w o - d i m e n s i o n a l 

f i l t e r s . The v e r i f i c a t i o n of this c o n j e c t u r e is 

n e e d e d . 



2 6 8 

Fig.&2 Marginal stability 
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APPENDIX - A 

Let A ( z ) and B ( z ) be the f o l l o w i n g p o l y n o m i a l s : 

a r \ n , n - 1 ^ 
A ( z ) = z + a z + •.. + a 

n - 1 o 
( A - l ) 

B ( z ) = b z m + b - z m ~ l + ... + b 
m m - 1 o 

( A - 2 ) 

W h e r e z is a c o m p l e x v a r i a b l e and a^ and b^ are r e a l or 

c o m p l e x . We assume that m ^ n . A b a s i c c l a s s i c a l r e s u l t 

is that the d e t e r m i n a n t of the (m+n) - o r d e r S y l v e s t e r 

m a t r i x E 2 2 ] • 

[a + 1 = 
m + n j 

1 a . a 0 
n - 1 n - 2 

0 1 

0 0 

0 b 
m 

b b 
m m - 1 

n - 1 

m - 1 

m - 2 

m 

a 0 
o 

a. a 
1 o 

n - 1 

b . b 
m - 1 m-2 

. . ... 

... b 

. . . 0 

. . . 0 

... ... 

is n o n z e r o if and only if A ( z ) and B(z) are r e l a t i v e l y p r i m e 

(that i s , no c o m m o n zeroes e x i s t b e t w e e n A ( z ) and B(z)). 

This d e t e r m i n a n t is c a l l e d the r e s u l t a n t r [ a , b ] of A and B . 
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f
I f

1
 p a r t . S u p p o s e that |z^|= | z 2 | = l is a r o o t of 

B(z , z _ ) . Re call 
1 z 

G ( x , y ) = D ( x , z ) D (x, z 2 ^) (B-l) 

w h e r e 

D ( X , z 2 ) = B ( z i , z 2 ) B ( Z ^ 1 , Z 2 ) ( B - 2 ) 

The c o m p l e x v a r i a b l e s z^ and z 2 are r e p l a c e d by the 

c o r r e s p o n d i n g r e a l v a r i a b l e s x and y d e f i n e d by: 

-1 
z + z 

X = - i L_ on | z | =1 (B-3) 

z + z 
y = - i L . on | z J =1 (B-4) 

F r o m e q u a t i o n s (3) and ( 4 ) , it can e a s i l y be seen that 

x 6 C - l > 1 ] and y £ [ - l , l ] is a l s o a r o o t of G ( x , y ) . 

'Only i f 1 p a r t . N e c e s s i t y can be s h o w n by c o n t r a d i c t i o n . 

C o n s i d e r G ( x , y ) h a s a r e a l r o o t (x,y) such that x , y £ [ - l , l ] , 

and s u p p o s e that B ( z ^ , z 2 ) ^ 0 for | z ^ | = | z 2 | = l . Since 

B(z^,z 2)t^ 0 on the d i s t i n g u i s h e d b o u n d a r y , f r o m e q u a t i o n 

(1) and (2) : 



D ( X , Z 2 ) ^ 0 x e c - L , L ] , I z 2 | = 1 ( B - 5 ) 

D ( X , Z 2 ) 4 O y 6 [ - 1 , 1 ] , | z 2 | = 1 ( B - 6 ) 

F r o m e q u a t i o n s (5) and (6) ; 

G ( x , y ) 4 0 for x , y e [ - l , l ] (B-7) 

H o w e v e r , this c o n t r a d i c t s our a s s u m p t i o n . H e n c e w h e n 

G(x,y)5^ 0 for x , y€ [ - 1 , 1 ] , there e x i s t s some z^ and 

z 2 such that B ( z ^ , z 2 ) = 0 for | z ^ | = | z 2 | = l . 
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A two d i m e n s i o n a l a n a l o g u e f u n c t i o n 

A(s.. , s 9 ) 
T ( S 1 , S 0 ) = 1 Z 

1 2 b ( s 1 , s 2 ) 

is s t a b l e if B ( j o ) 1 > s 2 ) 1 0 R e ( s 2 ) ^ 0 

B ( S l , l ) i 0 R e ( s ^ ) ^ 0 

a-s« + a 9 s 9 

C o n s i d e r i n g l ( s ,!,)= ± = (CI) 
1 + b 1 ( s 2 + sp + b 2 s i s 2 

F i r s t c o n d i t i o n 

2 
B ( j a ) 1 , s 2 ) = b 1 s 2 + j a ) 1 b 2 s 2 + ( l - o a ^ ) (C2) 

E q u a t i n g B(j(o^,s 2) = 0 gives r o o t s : 

i b2 i v m i ( 4 b r b2> " 4 b i - jco. 
s 2 " 1 — (C3) 

2 b l 
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To s a t i s f y R e ( s 2 ) < 0 

o) 2(4b 2- b p - 4 b 1 < 0 for all u^ 

b 1 > 0 , 4 b 2 - b 2 < 0 (C4) 

S e c o n d c o n d i t i o n 

B ( S ; L , 1 ) = 1 + b 1 ( s 2 + 1) + b 2 S l (C5) 

E q u a t i n g B ( s ^ , l ) to zero g i v e s : 

"b9 ± V b 9 " 4b _ (b - + 1) 

S N = — - - - ( C 6 ) 
2 b l 

To s a t i s f y ReCs.^ < 0 

2 
b 2 > 0 and b 2 - 4 b 1 ( b 1 + 1) < 0 

or b 2 > 0 and - 4 b 1 ( b 1 + 1) < 0 (C7) 

C o n d i t i o n s (C4) and (C7) m a y be c o m b i n e d w i t h 

b 2 > 0 

,2 
b 2 2 

b 1 > - b ^ > 0 (c8) 
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R e c u r s e D i r e c t i o n s of F i n i t e A r e a A r r a y : 

A c a u s a l f i l t e r r e c u r s e s in the (+m,+n) d i r e c t i o n . 

The c a u s a l r e c u r s i o n s t a r t s at the NW c o r n e r of an input 

a r r a y as i n d i c a t e d in F i g . 4 . 3 . 

F i n i t e A r e a A r r a y : A t w o - d i m e n s i o n a l a r r a y t h a t is n o n z e r o 

for only a finite area in the s p a t i a l d o m a i n is r e f e r r e d to 

as a finite area a r r a y £-47] . 

For a finite area a r r a y I ( M x N ) , the f o l l o w i n g a r r a y 

o p e r a t i o n s are used for d i f f e r e n t r e c u r s e d i r e c t i o n s : 

1) 1 8 0° r o t a t i o n M/2 - a x i s (row : reyersal) 

I 1 ( m , n ) = I ( M - m + 1 , n ) (Dl) 

2) 1 8 0° r o t a t i o n a b o u t N / 2 - a x i s (column reversal) 

I 2 ( m , n ) = I ( m , N - n + 1 ) (D2) 

3) C l o c k w i s e 1 8 0° r o t a t i o n ( r o w - c o l u m n reversal) 

I 3 ( m , n ) = I ( M - m + l , N - n + 1 ) (D3) 

One can o b t a i n f r o m e q u a t i o n (2.1) r e c u r s i v e f i l t e r s r e c u r s i n g 

in the ( - m , n ) , ( m , - n ) , and ( - m , - n ) d i r e c t i o n s w i t h I ( m , n ) , 

I 2 ( m , n ) , I 3 ( m , n ) , r e s p e c t i v e l y . 


