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STRINGS AND SOLITONS IN GAUGE THEORIES

N.G. Turck
ABSTRACT

This thesis covers two topics in nonabelian gauge theories.

The first is the existence, in some spontaneously broken gauge
theories of topologically stable 'string' solutians. A comprehensive
classification of those grand unified theories yielding these solutions
is given. The cosmological consequences of strings produced at the grand
unification phase transition are investigated and it is shown how

spinning loops of string may lead to the formation of galaxies.

The second topic is the connection between gauge theories and
integrable systems, notably the Toda systems. These are known to possess
soliton solutions, both topological and non~toplogical, and this fact
is related in an essential way to their integrability. It is shown
how self-dual gauge field configurations give rise to the Toda equations,
and a completé classificatioﬁ of Toda systems is given. A new simple
algebraic proof of the integrability of Toda systems is given which
clarifies the role of an underlying 'Kac-Moody' algebra for the Toda
lattice equations. This also gives a clue as to the quantisation of

these systems, and a link with the 'Quantum Inverse Scattering' method.
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INTRODUCTION

This thesls is written as one of the principal predictions of
the non-abelian gauge theory of the electroweak interactions, the
existence of a massive charged vector boson at 80 GeV, has just been
reported confirmed. However, the theory has been believed by most
theoretical physicsts for some time and the result caused little real
surprise. The reason for this lies im the remarkable and unique
mathematical and physical properties of non abellan gauge theories

{or Yang-Mills theories) invented by C.N. Yang and R.L. Mills in 1954

[1]

Indeed the impact at the present time of gauge theories on both
mathematics and physics can hardly be overestimated. Some of their
gpecial properties for physics are:

1) They are the only known consistent, renormalisable local
quantum field theories of the strong and electroweak inter-
actions.

11i) They are asymptotically free — a property conjectured to be
necessary [2] for any nontrivial quantum fileld theory (which
Quantum Electrodynamics and ¢* theory fail). More concretely
the property is essential for a theory of the strong inter-
actions which at least explains the success of the parton
model. |

i1ii) They predict a matural unification at very high energles of the
strong and electroweak gauge interactions into a single 'Grand
Unified Theory' (GUT). This would describe in a simple,
aesthetic way the physics of the very early universe, the high
degree of symmetry being spontaneously broken as the universe

cooled.



Many problems remain with gauge theories, however, mainly
because thelr complex nonlinear structure frustrates attempts to
understand the quantum theory properly i.e. what the particle states
are, at least partly by allowing localised non-dissipative solutions
which are topologically stable and persist in the quantum theory. In
the Euclidean theory, one may attempt build the quantum theory in a
semiclassical way upon classical instanton solutions. Indeed current
th;ories of quark confinement give a key role to these solutions and
others, 'monopoles' and 'flux lines', which are sometimes generically
referred to as 'solitons'. The quotation marks indicate the as yet
poorly understood nature and role of these topological objects in an
unbroken gauge theory like Quantum Chromodynamicsf The classi-
fication of all instantons by Atiyah, Drinfeld, Hitchin and
Manin[B]has also led to far-reaching new develcopments in

mathematics.

Similar solutions, though rather better defined, result when a
grand unified theory 1s spontaneously broken by the Higgs mechanism[AJ
These are grand unified monopoles, strings and domain walls. These
may have drastic consequences for cosmology - the 'monopole problem’
for instance which occurs 1in most GUTs, 1s that the theories predict
more monopole matter than any other, in flagrant disagreement with
observation. Similarly, domain walls, although not predicted by most

GUTs, are cosmologically unacceptable[s].

This thesis 1s directed towards both these problems - towards
understanding the quantum field theory of gauge theories and their

cosmological predictions.

Chapter I is devoted to the occurence in some GUTs of
topologically stable solutions with string-like form, 'strings'.

Thelr spherical analogues, magnetic monopoles, have been extensively



investigated in the literature and occur as something of a problem
for GUTs, as explained above. As I hope to show, 'strings' in grand
unified theories could play a rather more positive cosmological role

- that is, they may seed the process of galaxy formation.

Section 1.1 describes what strings are and gives criteria for
thelr existence in a GUT. Section 1.2 describes what seems the most
physical examples, using techniques of Lie group representation
theory, providing a fairly complete analysis of realistie GUTS.
Section 1.3 describes the behaviour of strings in the very early
universe — how they yield the correct density fluctuations for galaxy
formation under certaln assumptions. Section 1.4 describes the
production of non-self-intersecting loops in the very early universe,
substantiating the previous analysis. Section 1.5 outlines in more
detail how galaxies would form, and how large scale filamentary
structures could also be caused by strings. Section 1.6 shows how

collapsing strings could yield the universe's baryon number.

Chapter II 1s devoted to understanding the connection between
gauge theories ané integrable systems, notably the Toda systems [6]
These are known to.possess soliton solutions, both topological and
non-topological, and this fact is due in an essential way to their
integrability. The Toda molecule equations have already arisen in
the study of spherically symmetric monopoles and instantons — it is
shown in Section 2.1 how the To&a lattice equations also arise 1in
self-dual Yang-Mills configurations. The Toda equations and their
symmetries are discussed in Sections 2.2-2.6 using Dynkin diagrams -
in particular a procedure for obtaining all Toda equations from the
simplest ones is given, which promises to be useful in the analysis

of self-dual monopoles and other Toda systems. Chapter III



is devoted to an understanding of the algebraic structure underlying
the classical integrability of all Toda systems. A purely Lie algebraic
operator, called E is found from which the Lax Pair for the one-
dimensional Toda systems may be constructed, and which guarantees the
complete integrability of the systems. It is shown how this operator
depends in a uniform way on the root system of the underlying algebras -
the simple Lie algebras for the Toda molecule systems, and the affine
Kac—Moody algebras for the Toda lattice systems. It includes a new
simple proof of the integrability of all Toda systems. Interestingly,
it also gives a strong*hint of how to quantise the theories, providing

a link with the 'Quantum Inverse Scattering Method'.



CHAPTER I

GRAND UNIFIED STRINGS AND GALAXY FORMATION
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1.1  WHAT STRINGS ARE AND CRITERIA FOR THEIR EXISTENCE

A string is a localised topologically stable solution to the
coupled field equations of a Yang-Mills-Higgs system with cylindrical
form and finite energy per unit length. The simplest examples of
strings are the flux lines observed in superconductors. Their
occurrence, in spontanecusly broken gauge theories was first pointed

out by Nielsen and Olesen [1].

The system of fields for a Yang-Mills—Higgs system 1s defined
by the Lagrangian density

L= -LEY + 0.F) - V(§)

(1.1.1)

where F"" = Bﬂw:‘ —BVW; - e .g'b:q. W:W:

My

1s the gauge fleld strength, W;the gauge potential, e the coupling
coustant and&,“the structure constants of the algebra of generators

Toof the gauge group G, defined by [T\,, Te_] = ifbc_“ Ta, §

is the higgs field - the index a runs over the dimension of the
representation in which it lies. V(Q is a fourth order polynomial
{higher orders are non-renormalisable} invarlant under gauge

transformations

Ty — T = Do), B

(1.1.2)

£
where D(%\ 2 is the matrix representative of the group element gé& G,
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the gauge group, in the representationEE is in. The covariant

derivative of§: is given by
£ _ o . o« B R
DE) = 3T +ie DT WL &

We are interested in cylinder-like solutions. Imagine we are
in the rest-frame of a 'string' which is locally straight. Let us
lock for criteria for the existence of static solutions with
cylindrical symmetry. For static configurations the Hamiltonian is
proportional to the Lagrangian, so any sclution must be a stationary

point of the Hamiltonian, in this case the energy per unit length,

[

(o £ (B2 + @Y +O:E)) + V@)

Tw +‘T_§ Y

where i runs over spatial indices,

E/L

(1.1.3)

& o a @
ET = — R Bu®-dennFi,

and the length L comes from integration along the axis of cylindrical
symmetry. This expression should be stationary under simple scale

transformations of the fields

gh = AXh . TN = B, W;(x’) = 3o WL (XD

Under these transformations, the three terms in (l1.l1.3) scale as

Tw Ts N
T -2
A 1 N
and it is clear there exists no stationary point if any of the three

terms is absent. Theqvé term is necessary because it is only through

this term that the gauge potential and higgs field are coupled.
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Cne may compare this analysis with ball-like spherically symmetric
solutions, 'monopoles', and wall-like solutions symmetric in two

directions, 'domain walls';

monopoles PN % N

-\
domain walls )3 AN A

it is immediately clear that strings are actually the most complex
configurations - for in the case of monopoles, onme can still have
static solutions with V(Ej put equal to zero (this is called the
Bogomolny-Prasad-Sommerfeld or self-dual 1imit) and in the case of
domain walls one does not need thef“ﬁ term, nor actually gauge fields

at all.

However, in Grand Unified Theories one does have all three
terms, and the higgs potential cannot be zero (this would give
unobserved massless scalar particles.) There is only one quantity
with the dimensions of a mass in the expression (1.1.3) - it is the
vacuum expectation value:<3§£> of the higgs field which 1is non zero
when the gauge symmetry is broken. 1In fact‘(i?‘is also
approximately the temperature at which the symmetry breaking phase
transition occurst]By scaling all dimensional quantities out of the

action, -

ps..'-' °~,.\4§7‘, x="g\({§_'§\‘5, §=K§}\% we find (1.1.3) reduces to

B = W@ v (e, Peol)

where ¢ and B are arbitrary dimensionless constants in the higgs
potential and t is a dimensionless topological integral.

We obtain p = E/L = \<!E>ll (1.1.4)
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as our estimate of the mass per unit length. If K& ~ 1015 Gev as

in Grand Unified theories, this yields p = 101%g w 1!

0f course, dimensional analysis is hardly enough - we need a
more powerful criterion for the existence of strings. A very simple
one exists and is related to the topology of the group considered.

Conslder a stringlike configuration of fields:

At large distance from the string, for a finite energy per unit
length §must minimise the potential. In fact as we wind around the

striug§as a function of 6 (see diagram) provides a map from the

circle §, into m° = %}: . % = V(&) '=- O_?S

belng the set of minima of the higgs potential, which 1s chosen

positive semi-definite. It 1s well known that if there is no

accldental degeneracy in the potential,

M. = G/H (1.1.5)

where H is the subgroup of G leaving E invariant, - In mathematical
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language, at large distance from the string we have

SIE_@ = —W\(C’/\-O

where m; 1s the first homotopy group of G/H . Ifgi(e) is not
deformable continuocusly to a trivial map i.e. there does not exist a
f(8,t) such that £(8,0)) = §(9) and £f(8,1l) = constant, indeplendent
of 6, then the string solution cannot decay away continuously to the
vacuum. It 1s then topologically stable. An example is provided by
the occurrence of flux lines 1in superconductors. Here the U(l) of
ordinary electromagnetism is broken'completely by the coumplex scalar
fieldgE describing Cooper pairs. Thus G = U(l) and H = 1L s0
ﬁl(G/H) =:Z, being the group of maps from circles to circles,

labelled by a winding number 0&Lng =.

In grand unified theories, in the simplest case we are
interested in the spontaneous breaking of a simple group G (i.e. the
symmetry group of a gauge theory with a single coupling constant) to
some subgroup H £G. Now an arbitrary simple (or even semi-simple)
group G 1s of the form ayg(G) where g(G) 1s a subgroup of the centre
of ﬁ; the universal covering group of G which is simply connected.
If € has a subgroup T leaving § invériant, then G has a subgroup B
obtained by identifying those elements of g(G) contained inH . In
fact since the gauge group is G not‘E: we know that g{(G) leaves EE
invariant, so H contains all of g{G). Thus H =" /g(G). Clearly
then

G/\"\ o~ G/\":\

since both involve taking z, identifying g(G) and H , and these

(1.1.6)

operations clearly commute.
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We may thus restrict ourselves to the case where G = C is
simply connected, so that nl(G) = n3(G) = 0 and homotopy

theorems yield

-T\—\(C’/H) ~ -W°(\_\S (1.1.7)

which is nontrivial i{f H has several disconnected components. The
following picture illustrates how this works if H has two

disconnected pieces, H| and Hz

Then the path shown in red is clearly nontrivial in G/H i.e. cannot
be deformed to the identity. However, repeating the path twice in

G/H , we find

A and B differ by an element of H , but can be deformed by elements

inG as shown to obtain the second configuration. The loops can then

be shrunk to zero. Thus Tl'l(G/H ) = -Zz.



1.2 22 STRINGS IN GRAND UNIFIED THEORIES

The purpose of this'section is to point out that Z, strings arise
very naturally in grand unified theories as a consequence of the sort of
symmetry breaking which seems to be needed to give masses to fermions.

This generalises to any semisimple group, for example, EB’ ET and E6’ a
result recently obtained for SO(lO)[S]. -In such theories the chiral fermions
are placed in a fundamental representation of the semisimple gauge group G
(in fact the 248, 56, 27 and 16 respectively for the groups mentioned).

This representation has as highest weight 2 "fundamental weight" associated
with a point of the Dynkin diagram of G. It seems that typically G is
broken to the subgroup whose Dynkin diagram is obtainéd by deleting this

same point from the original Dynkin diagram. Thus in the exsmples EB is

broken to E., E, to Eg, Eg to S0(10) and SO(10) to SU(S5).

T 77

We shal] show that 22 strings result from a natural choice of
Higgs mechanism which achieves these two goals of giving some of the
fermions masses and of yielding the desired breaking. For E8 this Higgs

is a complexified 27,000, for E. a complexified 1463, for E; a 351, and

T
for S0{10} a 126,

Qur result is very general, being valid for any semisimple Lie grou
and eny fundamental representation of that group. In fact we shall also
show how to obtain Zn strings. The proof uses Lie algebraic techniques

[4]

recently developed in connection with monopole theory
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Let the gauge symmetry G of the Lagrangian be broken to a subgroup
Hi oy the Higgs field P . Its vacuum manifold comsists of the coset

space G/H§so that a loop in space may "capture" a string if TR(G/H; is
. _ as shown abov

nontrivial. If G is connected, as we shall assume, then/without loss of

generality it can be taken to be simply connected and homotopy theorems

assure us that

_\_[;(G/HE) = TYO(HE) = WHy/H. (1.2.1)

where Hc is the component of HE connected to the identity. By
continuity Hc is an invariant subgroup of H§ so that the topological
quantum numbers (1) actually from a finite group. Topologically distinet

strings thus correspond to the disconnected cemponents of Hﬁ.

In the original examples of Nielsen and Olesen[]‘] H§ was &
finite group but this is impossible in = physical GUT theory since H§

must contain U(3), the exact gauge symmetry of nature,

The structure of the strings resulting depends critically on the
choice of the Higgs field. For the reasons explained above we shall
concentrate on choices of § vielding an H§ containing as a subgroup
the group K obtained by exponentiating the generators of G corresponding
to the Dynkin diagram D(X) obtained by deleting one point {and its
links)} from the Dynkin diagram of G, D(G). By definition K is connected

(4]

and it can be shown to be simply connected . The points of D(G) correspon

[5, 6]
to simple roots of G ’ and the simple root corresponding to the
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deleted point is dencted 0(4, . If ™®: are the simple roots of G its

fundamental weights Ay are defined by

2)\;.0(3/(0(_01 = 6-% i,j =l....rank ¢ (1.2.2)

N then denctes the highest weight of the fundamental represemtation, D,
carrying the chiral fermions. The fermion mass term transforms as (D x D)s
so that any Higgs yielding fermion masses must lie in the symmetric part
of the Clebsch-Gordon series DxD. (By the same tokén so must any Higgs
which is a difermion condensate ). The highest dimensional such representatio
autcmatically has highest weight 2M We shall now show that the correspondir.
state \l)\@} in the representation space of that representation is annihilate

by precisely those generators of G which are generators of K.

That \ f'\) has weight /U. means simply that
WAy = &M

for each Cartan subalgebra generator Hi. That 2.)\* i1s the highest weight
of the representation means that there is no state with weight 2.>\¢"|'°( .
for d a pesitive root of G. So En\l!\ap musﬁ then vanish. Now the &«
string through 2\ has length 20‘-(7*)‘& [ (see Humphreys el p.11L)

and this vanishes for all roots & of G in which &¢ does not occur, i.e.

roots of K. Hence the compact generators (E.‘-*E,h/'l and (Eg= -2t

annihilate \9.)\4} if and omly if & is a root of K, as does &X.H. This

is also true if we consider the state ‘zi)\b>(n an integer) which 1s the highest
weight state obtained by symmetrizing the Kronecker product of n representatio.
D. Thus a Higgs field whose vacuum expectation value is parallel to \“)\*,)
autamatically yields an H@ which we shall denote HLT\\ whose

generators are those of K.
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Before explaining the global structure of H‘i we shall
consider a situation of interest in monopole theory when the Higgs field
lies in the adjoint representation rather than the representations discussed

above, If it assumes a direction along >\¢ in wvacuo then [4,7]

Mg = 1 = U xK/Z,

where K is as before and the U(1l) is generated by MH . Division by
the cyclic group Zy indicates that R points of the centre of K actually
lie in the U{1). Let us denote as Va the generator of this Zg (a precise

formula appears later).

Qur main result is that H(ﬂ), the little group of \‘f\)\\» is
H = an, A K/Z;, (1.2.4)

Thus the U(1l) occurring in (3) is broken to a cyclic group of order O\ &
whose generator will be an nth root of Ve . The topological quantum

numbers for the strings are therefore given by (1) as

W(G/H(“)) = z“ (1.2.5)

In perticular, if the fermions are to acquire masses, n=2 and Z, strings

result.

Notice that since H(n) is a subgroup of H' given by (3) the result
{5) concerning strings holds even when there is an adjoint Higgs as described
though the monopoles associated with the U(1l) disappear. In grand unified

models both sorts of Higgs mechanism are often thoughtto hold simultanecusly.

1
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Now let us prove (4). Comsider the component of H(n)
connected to the identity € and a point §_ in it. Then 3"83 evaluated
along the path joining € to Q  annihilates \ﬁk&)at each point and hence is a
linear combination of the generators of K. Hence K is this component of

th).

Consider a.nyw in H(n) not necessarily in K: then by contimuity

WKW'=K

Let C(X) denote the Cartan subalgebra of K.

(1.2.6)

-4
Then WC(K)W is an egqually good Cartan subalgebra which, by a general . .
[8] '

theorem , can be conjugated within K back to C(K). Thus we can choose

E in K so that if w‘= \(\Al then

W'CKIMWT = CK)

'
W and W lie in the same disconnected component (1)} of H(n).

Now let us choose as Cartan subalgebra of G that spanned by C(K)

and >\¢H . Consider

WHWT = A

It annihilates the state lnAQ and so belongs to the Lie algebra of K
but, by (7) it commutes with each Cartan subalgebra generator of K and hence

is a linear combination of them. Thus

W COWT = CG)
o WxHW) = seH

where it was proven in [. ] that © is an element of the Weyl group of G, W(G).

It follows from (8) and the one dimensionality of the vector space correspond’

6]
to the highest weight of an irreducible representation [ that
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' = £\ N6\
W l“7\«> = const \ N »
'
But since W lies in H(n), 6(2\4?) - N. However the subgroup of W(G)
with this property is precisely W(K). For, suppose that when 6 is written
as a minimal length product of reflections in simple roots of G (see

[6]
Humphreys p.51), 5¢ , the reflection in d-¢ , appears:

6 = 6'6,&"
with 6" free of 6"? . Then )\# = 6>\§ = S‘SQ}\Q . By
the theory of the Weyl group 5' 6*% is a negative root since 6@%"’%
and no more sign changes can occur if € is written in minimel length.
Since the Weyl group respects scalar prdducts this furnishes a contradiction
since it implies that ZN-«Q/N: is negative when by (2) it equals
unity. Thus 6@ cannot occur in ©  and the result is established.

. [8]
Since W(K) can be realised by gauge transformations in K ‘we can

i ’ ‘
choose an element k' of X so that if W = k W ,

WERMT = =H

n
Hence \h/ lies in the maximal torus of X obtained by exponentiating

its Cartan subalgebra. We can choose an element k" of this torus so that

W= KW = e

Hi '
Then by (2) \/\/ \N\y = \>\> for any fundemental weight A of G distinct

from >\§ , while,

Wi = ety e

i
But \/J is an element of H(n) and so ny must be an integer multiple

: n
of 27 . When n=1, w must equal unity as it assumes this wvalue on all

states of all irreducible representations of G. Thus H(1l) equals K and
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the result (4) is established for n=l. Indeed (2) implies

e 4.1\"\,0[4,.\'\/(@1’ . 1

(1.2.10

(8]

This is 2 special case of the homomorphism
A.TI'LP"H
M = e
from the coweight lattice of G onto the centre of its universal covering
group. The kernel is the coroot lattice. It is instructive %o expand

D(q»/(%? in terms of coweights of U(1l) x K (eqn (3):

Lo/t = zkd?/(o@" X+ j\f (1.2.1

where z is the order of the centre of G divided by the order of the centre
of K and va is a coweight of X and so perpendicular to )\a?[4] . It

follows from (10) and {11) that

(1.2.1-

. = . N
ly.‘l'n'\.ZM-\'V("(Q —I{-‘W\.P--\"\
. = = e
This is the element Ve mentioned earlier which generates the Zg_subgroup
common to U(1) and the centre 6f K in (3) as is clear from (22). &L is the

X
smallest integer such that (Vo\ equals unity.

The preceding analysis showed that any element of H(n) could be

\
“
written as an element of K times an integer power of (Vcb where

(\j‘:)‘/“ _ eq:rr LZ )\«,_.H ANCAY

This generates the Zvru_subgroup commuting with X in (4). Integer powers of
Vo , eqn. (12) lie in K and this is why the Z, subgroup generated by Ve

must be divided out in the result (4) which is thereby established.
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Notice that the ccmponent. ]n '>\¢ > is necessarily a complex
component of the representation whose highest weight is n}‘fé . Sometimes
this representation may be a real representation and so possess no camplex
components. Then it is understood that we are talking about the camplex
representations formed by a pair of these real representations. This is
why we specified the complexified 27,000 and 1,463 of ES and ET

respectively.

There is some reascn to think that there is a sequence of grand unified
groups Eg, E'T’ Eg» Esg so(10), E, ™ SU(5) broken by successive adjoint

9
[ 1. Each of these U(1l)'s can be broken

Higgs producing U(l) factors
ahg : : : .
by the D Higgs discussed above {possibly a difermion condensate) to

an effective Z., subgroup. Then instead of monopoles associated with each

2
such U(1l) factor Z, strings can arise which survive the subsequent symmetry
breaking of this type. For these strings to seed galaxy formation they
must be superheavy as must therefore be the fermions acquiring mass from
the same Higgs. This seems to favour the breaking of E6 and S0(10) by

this mechanism since it is only then that just the unwanted components

acquire masses.
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1.3 STRINGS IN THE EARLY UNIVERSE

There is as yet no fully satisfactory theory of galaxy
formation [10]. Zeldovich [11] first suggested that strings could
provide the density fluctuations needed to give rise to galaxies.
His argument was as follows. Strings move at typical velocities of
the order of the speed of light (as will be seen in subsequent
sections) so if strings move freely, by crossing and exchange of
partners and subsequent annlhilation one might expect of the order

of one length of string to cross each particle horizon - that is

(letting ¢ = 1)

{(1.3.1)
Puting ~ M3~ M
In a radiation dominated universe, p Pradiation 1/30 Gt<.
So the density fluctuation due to strings is
S . \o3 (1.3.2)
£ = Pstiea A~ 306 ~ 2O 3

7 iz
if Gf&~ 1074. Recalling B n-\<33ﬂ2 ~ Tc?, where Tc is the temperature
at which the phase transition occurs, and G = Mp'2 where Mp is the
planck mass (letting 1 = 1), we see Gp ~ (Te/Mp)2 so (1.3.2) holds
for Tec ~ 1072 Mp = 10 17 GeV, higher than in Grand Unified

theories.

Why do we require (1.3.2)? Density perturbations only start to
grow after the decoupling of matter and radiation, at t ~ 10125, At
this time the Jeans length, the minimum scale on which fluctuations
can start to grow, falls to a value much less than the horizon
distance and galaxies can begin to form [10]. After 10125,
€P4° grows like €93’ s0 at recent epochs, t ~ 10163, when 1t 1s

thought galaxies were formed,
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% ~ _\%_‘)?3.\0‘3 ~ 4 (1.3.3)

Vilenkin [12,13] improved the idea by suggesting that closed loops of

string would give gf/fa”?’-ld_g for Te o~ 1015 GeV, close to the

value in most Grand Unified Theories., He made the following key

assumptions:

(1) that there exist long~lived spinning loop solutions,

i) that loops are formed at a rate %%“ \/'{-_"' corresponding to
one loop of radius ~~ t produced per unit time per horizon

(itself of radius ~ t)

(iii) that the loops lose energy primarily by gravitational

radiation.

By assumption (iii) the loops lifetime can be estimated ;
. . . \
a loop of radius r oscillates with frequency W *~ /'~ (we use c =1

everywhere) and loses gravitational emergy at a constant rate

‘ T, 2 A

MAr~-GCMw ~ "/U\G (1.3.4)
Its lifetime © is thus of the order of

" R (o ot
T~ G (1.3.5)

where €3 is its initial radius. The smallest loops surviving till a

time t were thus formed at =~ G/\ft .

Estimating the density of loops requires knowledge of the
exact behaviour of their mass energy (which is not conserved) after
they are formed. A simple estimate is that it is simply equal to

* - I - - L]
their mass at formation, of order ﬁd— where t' is the time of formation.
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Then (ii) yields

Y R 4y A
[loas (O~ 2L ag 2 * 2

R
where the factors of R account for the universes expansion, and

in a radiation dominated universe. This gives

Plooge (£) ~ /*/((;,N*-{‘ (1.3.7)

S0

Liests ~ 20 (G ~ 3.7
(1.3.8)

as desired. .So under all these assumptions, loops could provide the
right density perturbation amplitude to account for galaxy formation.
Similarly the number of loops per particle horizon (whose radius is

of order t) is given by

+
3
Niae ~ 5 g ) L= At/
‘oot R I ¢ £

2 (1.3.9)

~ G ~\0

compared toc the number of galaxies observed today, estimated at

10ll,

We shall examine assumptions (i)-(iii)in subsequent sections,

and find some interesting results along the way.
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1.4 THE PRODUCTION OF STRING LOOPS IN AN EXPANDING UNIVERSE
In this section we deal with the main assumptions underlying the
string theory of galaxy formation. In particular, we ask 'do there

exist long-lived loop solutions?' and 'can these be produced at a

rate -I-“"A" ?

First we search for long—lived closed loops. A possible criticism
of the lifetime estimate (1.3.5) based on assumption (iii) is that
other types of radiation may in fact be more important. However,
strings do not carry any net electric or magnetic charges so any such
process must be rather indirect. For the large scale strings we
shall consider the proper acceleration of the string, equal to 1/r
where r is the radius of curvature of the string in its rest frame,
is vastly less than the mass of any particle coupling to it, so

(1.3.5) and assumption (iii) are probably correct.

There is, however, another problem. A closed loop may from
time to time intersect itself and break into two smaller loops, whose
lifetime would be shorter. At first sight it seems plausible to
suppose that for any random initial configuration there is some
probability p per oscillation cycle of self-intersection, and that p
should be independent of the actual size of the loop. If that were
true, one should expect that a loop of length £ would break into two
loops of length xﬁa in a typical timeﬂ¥p . These in turn would break
into yet smaller loops of length %@. in a further time %6P s, and so
on, Obviously this yields a geometric series, giving a total lifetime
of orderlgﬁ. Unless p were astonishingly small, this would reduce

the number of loops to a level much less than required by Vilenkin.

This is the argument we propose to test. It is by no means

conclusive, for it is not clear that it is reasonable to approximate
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the behaviour of a large number of loops by that of an "average" loop.

It may happen that there are some initial configurations that lead to
rapid self-intersection, but others that never intersect at all. Indeed,
this is precisely what we shall show does happen. The remaining
unanswered questions is what proportion of strings fall into this

category.

Let us first recall the dynamical equations of strings (which
may bederived from an action integral proportionel to the invariant
area of the world sheet swept out by the string). As shown by Goddard
et, al. []43 , 1t is possible to choose the parameterizgtion of the
séring'so that the equation of motion tekes a particularly simple form.
If t is the time and s +the length parameter along the string proportion
to the total mass of the string from a fixed point, the equation for the

position r{s,t) reduces to

tt -

(1.4.1)

"
|
1

10

-

vhere £ = dr/dt and r' = 9r/ 3s. These quantities also satisfy the

constraint eguations

Of course the general solution of (1) is

r =3 als-t) + 3 b (s+t)

where g and b are subject to the constraints
ey t
af= pf=1.

For a closed loop of invariant length L both I and (in the centre of mass

frame) ¥ must be periodic with period I and therefore we must have
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a(s+L)

]
w
—_
0
o —
~

b(s+L)

b(s) .

In fact the period of the motion is reelly L/2 rather than L, since it

is easily seen that
r(s+L/2, t+L/2) = r(s,t).

It remains only to examine these solutions for self-intersection
One may suppose that loops are often formed in an initially =almost static
configuration. First, therefore, let us consider the caée of en initielly
stetic string, é(s,o) = Q. Then a'(s) = b'(s), and by suitable choice
of an arbitrary constant vector we may take a(s) = b{s)}. A half-period

later we have

(s, L/4) = } als = L/4) + 3 a(s+L/b).

However, :
r(s+L/2,L/4) = } a(s+L/L) + 3 a (s+3L/4).

By the periodicity of a these are equal. Thus we have the remarkable

result that any initially static string not merely self-intersects but

actually collapses to a doubled loop after 5 half period. Presumably
strings would then annihilate into particles. For other strings

more complex process might occur.

At first sight this result might suggest that it is difficult
to find non-self-intersecting strings, but in fact this is not the case.
Indded there exists initial configurations that differ infinitesimally
from a static one but which do not lead to self-intersection. Here

we merely exhibit some simple examples.
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Fo:r simplicity let us teke the length L of the siring to be 21 ,

, The simplest type of solution for & (or b) is given by

cos s + g, sin s (1.4.2)

where g, and e

1 are orthogonal unit vectors. If both g' and b

have this form, we can choose the axis g in the direction of the
intersection of the circles traced out by a' and b' and by suitable choice

of the zero of s write a' as in (2), and B’ as

b'(s) = e, cos s + (92 cosé + e

b e sing) sin s.

3

The corresponding solution is no longer initially static, but it is easy

to check that
r(m-s,7/2) = r(s,n/2).

Hence - the string collapses to a line after a half period.

It is easy to check that adding to@.#ﬂ)terms in cos2s and sin2s
does not yield any extra solutions. The next simplest solutions involve
cos3s and sin3s, (Thg only other possible single. frequency addition is
one containing cos5s and sin5s terms). By suitable choice of the zero

point they may be written

at(s) = gl[(l~a) cos s + acos 3s

+ §2[_-(1-a) sin s + oasin 3(5]

+ “Ega[u(l-a)]% sin s ,

where o is an arbitrary parameter between O and 1. Taking a' of this form

T - a . “u - - - -
and b as in - (2) we findia perturbation of the initially-static string
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_ X 1. )
;(s,t) = 3 gl}_(l—a) sin s_ + 3 asin 3s_ + sin s;]

1
.
=2 &5 [(lrc) cos s_ + 3¢ cos 3 s_.+ cos s+]

1 :
- g5 [e(1-a]]%cos s_ (1.4.3)

with s, =s * t. It is then straightforward to check that this string

does not intersect itself for O <a<l, i.e. there is no non—trivial

solution of the equation r(s,t) = r(s',t).

What is particularly noteworthy about this solution is that only a
small perturbation away from one of the collapsing solutions is sﬁfficient
to make it non-self-intersecting. This suggests that there is in fact a
large class of stably-oscillating solutions, so that the loops required

by Vilenkin's scenario may indeed hawve long lifetimes.

There are of course several questions still unanswered. It has

to be shown that other modes of radiation of strings do not lead to rapid
decay of loops. Alsco it is not clear how special are the solutions we have
found. It will be necessary to examine other perturbations of initialiy—
static strings to determine whether the avoidance of self-intersection is

a general‘feature or a fortuitous fesult of ocur special choice. Ideelly
one would wish to estimate what proportion of loops formed by self-inter—
sections of long strings would be in a self-avoiding configuration. This
is at present hard to do, but we have at least shown that the ciass is non-

empty.



A STABLY SPINNING LOGCP

Next we shall deal with the second major assumption, that the number
of loops per unit volume, n, produced by the self-intersection and
exchange of partners of lengths of string stretched by the expansion of
the universe obeys

dn, 1

dt’ t4
‘QbViOuSly this equation is crucial to the whole scenario. Previously
only a consistency argument (which will be discussed below) was.giveng4]
Here we shall show that an analysis of the behavior of exact solutions for
waves on lengths of string yields precisely this result.

The consistency argument may be stated as follows. Strings would
initially be formed[zjin a tangled Brownian configuration of persistence
length of the order of fhe correlation length ’ch-l. There would be
around lO4 lengths of string formed across each horizon. These would be
conformally stretched by the expansion of the universe on scales larger
than the horizon. If there were ‘mo mechanism for energy loss, the string

density Pg would (ignoring subtleties which will be discussed below) scale

as-JE , where R is the scale factor, compared to the radiation density
R
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. 1 . .

scaling as AL and soon come to dominate thetotal energy density of the
R ' .

universe. In order for this not to happen, there must be some mechanism for
decreasing the string density so that DSObji instead. In the radiation
- . 12 R .
dominated very early universe, R<t so, since no mechanism can operate
on scales larger than the horizon, we assume one acts very efficiently
inside the horizon, yielding Ds’bl% corresponding to éne length of string

t
stretched across each horizon, where U is the mass per unit length of the
string and p'chz.tz]

This will indeed be the case if there are %-;% loops formed per unit
t

volume per unit time of radius of order the horizon distance, and if these
loops can then collapse and anmnihilate, gravitationally couple to the
surrounding fluid and create turbulence or radiate away via gravitational

radiation.

Let us see how this can happen. We consider a Friedmann-Robertson-Walker

universe, with metric

ds® = dt? - cht)qE?

Just as the action for a particle is proportional to the length of
its world line, that for a string is proportional to the area of the world

[14]

sheet it sweeps out:

2 2
9 2
5= “f‘“* ) “fd“df\/(%% P -G D

where ;JGJ,T) are the space—time coordinates and ¢g,T the parameters describin.

the sheet surface. We simplify the equations of motion by choosing a new tim-

coordinate N such that dt = Rdn and the metric becomes

2 2 2 2
ds® = R°(dn” - ax") {1.4.4)
Then we choose T = xo =71 and define ¢ so that
ioxleo

(1.4.5)
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X
for all n, where % = %ﬁ and x' = . In this way we obtain the equation of

motion

-

3 ( x 2% )+ ) R( x'2% ) 3 ( x' (1-%%) ) (106
= | === Y = = sx\ TT/m ‘ 1.4.6
M\ e 2 (1-5%) B\ Zazh) O \prash |

— — —-—

1f the second (damping) term is small we can (by rescaling O) apply the

extra constraint

+x'"=1 (1.4.7)

% = x" _ (1.4.8)

and Eq(l.47) is easily checked to be preserved under Eq.(1.4.8)
When is this possible? A general wave of coordinate amplitude a and
wavelength A yields lgc'_"| ’\aa(zTTr)z. Using EqQU 4.7) we find that damping is

small in Eq(l4.6) if (since

%| wust be less than 1)

R A2 1
x Gp 37 <1

or, if R’bnk(k=1 in a radiatisn-dominated universe),
A2

E<n (1.4.9)

where h is the horizon distance, h~t and A, A are the proper amplitude and
wavelength of the wave respectively.

For Brownian strings we expect AVA on scales larger than the persisten
length and see that when A is larger than the horizon, the motion is heavily

'damped' i.e. |%

<< 1 and the strings are conformally stretched, AVA<=R(t)
and move slowly with respect to the surrounding matter. The horizon distanc
hV“Rn~™~t grows faster - when it catches up with A damping becomes small.
Thereafter Eq. L4.9 applies and (as we shall see) large amplitude waves of
constant comoving amplitude a (i.e. increasing proper amplitude A = Ra)

can propagate inside the horizom.
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Notice that small amplitude waves behave differently. They never obey
Eq.(1 49) and damping is always important. Neglecting termsin a2 we can

write Eq.(L4.8) for a small amplitude wave as

X+2 %= x" (1.4.10)

=5,

1f R~vn this becomes

(nx)"= (nx)" (1.4.11)

which has oscillating waves with a %-assolutionsllsl
We see that waves of different structure show very different behaviour -
for AvA there are constant comoving amplitude solutions for which the

energy per wavelength increases like R:

Rdq, :
E=uy = uR f do (1.4.12)
iy
—1
where df is the.length element along the sf:ring,l_::g_.L the perpendicular velocity

and the last equality holds only if Eqs.a)hﬁ and(l4.7)do. As Vilenkin[ls]

showed, for smail amplitude waves, with A << A, the energy per wavelength increas
like R for A>h and decreasesAlike-% after they fall inside the horizom.
However he assumed that this result applied for Brownian strings, which it
clearly does noé, and uséd it to argue that the equation of state for
these should be p<rji even without any loop formation. Qur analysis shows
the different behav?our of small and large-amplitude waves. If the latter
occur (as they do in Brownian configurations), we are led inescapably back
to the view that the formation of closed loops is crucial to the consistency
of the string picture.

Let us see how these loops might be formed from Brownian waves (AVA).
When a wave of given amplitude falls inside the horizon it starts moving
freely. 1In general its motion will not be correlated over larger scales and

we expect moving waves (in so far as they can be defined) to meet inside the

horizen. A typical simple wave solution is
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=

§1(G,n) =-% [63_,Ycos3_-+sina+, Ysina_-c055+] ShY =4 (1.4.13)

3

where Ei =-§ (c£n) and a is the amplitude (and A = 2ma). We have chosen
for simplicity a wave with phase velocity v the speed of light - in genera
a wave can have -*<V< e, (Consider a situation where such a wave travellin
along the x axis meets a similar one travélling in the opposite direction
at N = 0. We shall add a frequency three component (frequency two is not
allowed by the constraints (Eq.1.4.5,7) to this latter wave, which thus

takes the form

x,(0,n) = 3 [T, - 2/a(i-a) cos F._

3>

¢1—82 cosd. + (l—a)sina_ + E-sin35_

+ 3 ’
/ 2 o~ . o -
1-8 sin0_ - (1-a)cosd_ - §-cos30_] (1.4.14)
We set
%,%(0,0) = %,,%,(0,0) 020
= X, +,%,(0,0) 020 (1.4.15)
where
c=30a0w , y-/1-8 , -y

is chosen to satisfy continuity. Then for n>0 the solution is easily found

to be

x(o,n) %, (o,n) g2>n

1 20 '
- sl , v, 1-21] (1.4.16)

+ E-[-Zvu(l—a)cosa_,sina + (1-a)sing -+Esin35 s
2 + -3 -
~ -~ o] . - <O'<n
-cosc+-(lﬂa)coso_-§'COS3G_] N=0=

= Ez(csn) +£’_ . J<-n
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As 1n increases from 0 the solution winds out a loop. At n = am we
find x(arw,-am) = x(-aw,am) = x(0,0) so the string meets itself at the origina
meeting point., There are now two possibilities. The string could continue
to wind out another loop exactly alongside the original one (since
51(&ﬂ-+0, arn+n) = El(c,n) and 52(—aﬂ-+0, ar+n) = Ez(o,n) we are agxactly,
modulo the loop, in the original configuration). With a small perturbation
however, the string will not merely touch but cross itself at right angles,
and an exchange of partners (see bélow) might occur., This would result in
a closed loop being formed, incidentally precisely the one shown in
Ref. 5, never to intersect itself, Subsequent waves meeting on the string
are likely to have larger amplitude (having been stretched longer) and so
would produce a loop of larger size. We see that this process produces one
loop of (coordinate) dimension a in coordinate time aT, or one loop of

proper dimension t in a time ~vt, contributing

if there is one such process going on per horizon.

The above analysis is very approximate, Waves may move apart as well
as collide, and we have only examined a special class, However by varying
the parameters (e.g. v) it is easy to convince oneself that the production
of loops is a general feature of colliding waves, Indeed there is really
little else that can occur as thg string piles up at the center of mass.

It is also clear that the simplest frequency contributions to the
fourier spectrum of the solutions should be most important: as we have
explained, in an expanding universe there is a cut-off as far as propagating

waves are concerned at AVvt, as longer wavelengths are damped. On scales

larger than t, the initially Brownian strings have been conformally stretched
so A(A) vA., As A falls inside the horizon waves begin to move freely and

thereafter energy loss processes - annihilation, collision or gravitational
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radiation occur. Since the energy in a wave (like Eq.l1.4.13) is proportional
to A/A, this means A(A) is less than A is A<t falling to zero at A = 0.
Thus our simple examples are likely to be the most important contributors to
the overall processes.

A major uncertainty remains - do strings really exchange partmners when
they cross,.or do they simply pass through one another?

The magnetic flux component along the string is repulsive, and the
repulsion is proportional to cos@, where © is the angle between the strings.
However the higgs component ié attractive, and independent of angle. Thus
perpendicular strings can interpenetrate one anothers cores, Their attrac~
tion may then hold them together 'and allow them to exchange partners.
Almost parallel strings would find it more difficult. There is some experi-
mental evidence that such an exchange of partners does occur in flux lines
in Type II Superconductors,[lslhere it is called "flux-cutting". If cne
takes estimates of the higgs mass in GUTS seriously, then it is less than
the gauge field mass, and yields a Type I vacuum structure. That is, strings
are attractive over a longer range ﬁL , and have a repulsive core of radius

H

:;3 where m_ and B are the higgs and gauge field masses respectively.
< .

One might imagine flux cutting occuring more easily in these circumstances.

H
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1.5 THE EVOLUTICON OF COSMIC DENSITY PERTURBATIONS AROUND STRINGS
Here we shall follow a more direct approach than in Section 1.3
to the problem of galaxy formation by seeing whether each galaxy could
have been the result of a sihgle spinning loop of string. We shall
calculate the gravitational field of a spinming loop or periodic wave
in the weak field approximation in Minkowski spacetime, average it over
time, and then use the result to calculate the growth of density
fluctuations around moving string. This is valid provided the period of
the loop (or its radius) or wave is much less than the expansion time
(or horizon distance). The result is strikingly simple and shows that
galaxies might well be formed today in the correct numbers by gravi-
tational accretion around loops. We shall also see how linear structure

may develeop around lengths of string.

First we need the energy momentum tensor of the string.

In its rest frame a segment A% 1ocated at v contributes

|

A Toe (%) MmAL §3(x —)

(1.5.1)
- % -
ATp () = paan B
&
with all other components zero where [Lm {olq ksn;"l for -rc ~ {0 C—;e\/
This may be boosted to an observers frame in which the element has

a velocity © to obtain

AT (21)

]

Juds (% - £(6+Y)

(1.5.2)
AT A4 = 2pfr a6 S3(x - £(S4Y)

i - -v L4 b
wehre a€=Yd&L, ¥=(\-%%) ,‘ P2 22 and NGRS
describes the trajectory of the string, its length being parametrised

by € . 1Its energy is thus given by

E = /‘*S&‘ (1.5.3)
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in the weak field approximation, we write %}w'-“- "qu*\"pu,
q—f"= diag (1, -1, -1, -1} and ‘\n‘“\ (Cl . In the harmonic gauge

Einstein's equations become
; G (T — 57T
k=) \nrv = - \GTw v z‘h_v A (1.5.4)

and we obtain the retarded solution to (1.5.2) and (1.5.4)

- et
\'\bo 3_5,-&_) = =L SAS ?-1 (G-J'k ) \ o
L L" ,A \!_ S(‘.hr!‘t)] (\_é.g) (1-5.5)

where

AT = 4 - | % - S(gM)

e - x - S(S‘J*-rt#) (1 5 6)
= T Ye- st >

and we have used the ® function to do the three dimemsional integrals
Notice that a static string produces no field (in this case, ‘\5_\"00

(16]

is the Newtonian potential), a result first obtained by Vilenkin

The force on nonrelativistic particles around the string is

given by

BN aT= 0 5 W 5 (e —hesd)

i't" bt (1.5.7)

We shall time average (1.5.7) and so drop the time derivative term.

For time averaging we use

dt = &'t"-* (\ - g.‘i) (1.5.8)

and calculate from (1.5.5) and (1.5.8)

— R Y .
Weo®) = - t:&t:g&g&s.g‘_cs-zs__. (1.5.9)
T Ve \E-gu—,t\\

where T is the period of the strings motion. The result is simple -
the time-averaged field of a string is equal to that of the surface

. . . . . 3
traced out by its motion with surface density proportional to € (6;%’
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In fact the total mass of this shell may be calculated. Using the

equations for string

T=g", ¢*+s”= A (1.5.10)

: ¢ 1 ¢ . . . . .
where‘:=%‘:_—, ‘:’%‘3- , we find the gravitationally effective mass in

(1.5.9) to be, using (1.5.10) and integration by parts
£
= A gié;-?ﬂ s, %
SM, = 2m{ds | S vr(sx)

2,-«(&‘ A€ - ga.sg&___\’g_ f:"(G,‘t))
D..r(gdus‘ + {as gé_?_*s. $'C (s1) (1.5.11)

(s foe T te o)
= 'lr_gdﬁr - 3N,

u

So

sM, = A€
° )&S (1.5.12)

which is simply the total mass of the string.

This resolves certain paradoxes - if a static loop with no

field collapses and passes through its Schwarzschild radius, it must

form a black hole, with a definite field. The above amnalysis shows that

the long range time-averaged field of an oscillating loop will be
exactly that of a black hole the loop may form at some stage if it

happens to pass through its Schwarzschild radius.

Some interesting features of the field calculated from (1.5.5)

are the following; there is intense beaming of the gravitational field

¥ The boundary terms in (11) obviously vanisin for a closed loop.
They also cancel exactly for a periodic wave with unit pnase
velocity as in (1.4.13) . 1In general nowever they must be

included - for periodic waves we find 0<SM0<2/A_I&6, 0 being
the result in the static limit.
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produced by several powers of (\-f}ésdin the direction of motion of the
string. Parts of the string may approach the velocity of light (for
the solution (1.4.3), at £="2  and 6"-‘-'3'--“72) —this seems to
favour the growth of two-armed structures about such strings, such as
spiral galaxies. For near circular solutions, with very low angular
momentum, which collapse to a small loop moving almost at the speed

of light but expand outwards again, the string produces a disc—shaped
field, This would g%ve rise to oblate spheroidal structures of high

density such as elliptical galaxies,

Here we confine curselves to an overall estimate of the
growth ip mass of a density fluctuation around a loop after the
decoupling time. Before this time the pressure is too high for
galactic—scale fluctuations to grow. After this time, however, the
effects of pressure may be neglected.‘o Obviously near the string the
weak field, Newtonian approximation is invalid so we work on a comoving
spherical surface surrounding the loop on which the velocity and

density fluctuations about the mean values of the surrounding matter

are small,

We work in an expanding Einstein-de Sitter Universe with

metric

AT = ok - DX

n

(1.5.13)

and describe the matter around the string as a collisionless

Newtonian fluid. We may neglect spatial curvature effects for times
\d'o [10] ,

less that S or . On the surface of our comoving shell, the

relevant equations of motion of the fluid are

™ o &s . QY N = -
/’SS“: s ._St-k-(‘!_\\!. Ié

‘at 4 (1.5.14)
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where M is the total mass in the shell, ¥ the fluid veloc-ity,/o its

density and the gravitationmal potential. We set M=M,+3M , PPt
L~

vz Ve OY and 43= CI>°+ 5-7‘ with the suffix zero labelling
the unperturbed values XN, = %’gﬁ where © is the position of

the shell, and fD = \r/e'n'C:'L" in a matter dominated universe. Then
(1.5.14) give to first order in small quantities

asM - - p ( sy.ds

ot L

. (1.5.15)
o - ~
a___s; + %8 2@V = - g3h

We integrate the second equation over S, on which Ye= O , and

differentiate the first to get

; 5™ R, 238M '
L A i S <l UL LI A

using §§<¥=4‘\Tﬁ73f Finally, &é=167’p_&§ and we find

DSM 4 M _ 2 sM = O
P& T 3% ot 3 (1.5.16)
with solutions 55‘\"{%01'-{‘. The growing solution yields
1
SM(E) = SMo (Fre ) (1.5.17)

where &M, is the initial value, equal to the mass of the string loop.
. \2 ) ) L .
Setting t.~1o’g , the decoupling time, and ‘{'—3"-\0 5 the time

galaxies are thought to have formed, we find

M ~
—R';L'EQ .ﬁ' (1.5.18)

3 Y To, {Tos\ . .
where H°='.§-1rv'° /’&o)-"é ?’E.,( 7&; 15 the mass of a comoving
sphere containing the loop, Ve its radius at decoupling and mo“mr‘r"

its mass, if

Y
Com \O Lo (1.5.19)
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i.e. the loops radius is around one hundredth of the horizon distance
at decoupling. This means it was formed at around 1010 seconds. The
mass within a horizon was around 1017Mtﬁt decoupling so each of these
loops would contain a mass of around 1011 Mtyhich is of course the size

of a typical galaxy.

There would also be many smaller loops around at decoupling.
These would contain smaller masses and would produce faster growing
density inhomogeneities on smaller scales. The smaller number of
1oops larger than \dlkb could presumably give rise to clusters of

galaxies.

Above we assumed the mass of the loop to be constant.
In reality however the loop slowly loses energy via graviational
. . . . ~l
radiation. This gives it a lifetime of around ‘)@:r~ I0°¢®  where

o
s its original radius. Loops formed at 10°s might still be

-

r
around, and would have radii of a hundred parsecs or so. Their
effects would presumably still be wvisible in galactic cores. Indeed
it is tempting to speculate that the very large internal sources of
energy (~ \053“_ \qu T) required to account for the intense
radio emission from elliptical and Seyfert galaxies and éuasars, could
be provided by string loaps. A loop of radius \CFS y for example has

<s:,
an energy of W I |

The behaviour of string after decoupling would be different -
growing density perturbations could themselves bind gravitationally to
lengths of string. Recall that whilst static lengths of string produce
no field, periodic waves produce a mass per unit length of exactly /A
and thus couple to the masses around the string. It is therefore
unlikely that many loops would be formed after decoupling - the strings

motion would be heavily weighed down by surrounding proto-galaxies.
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An estimate of the extent of this effect is obtained by comparing
the gravitational potential produced by the string to that produced
by surrounding galaxies - the strings gravitational field would

be strong enough to drag galaxies along with it out to a radius as

given by
-4
-\,_._ . . " MPC.
a £ !W“'f’ ~ o AL (W /‘!Skms‘“?c) (1.5.20)
using f>=.ﬂ..fa‘ = -ﬂ-o.?)“:é.“.(, . These long lengths of

strings would move very slowly, the linear density of proto—-galaxies
in the universe exceeding that of string by a factor of \0“ OoT S0
just after decoupling. _Long wavelengths would thus tend to straighten
out and would not move freely. This would lead to the occurence of
filamentary structures on very large scales, with radius given by

]

(1.5.20). Such structures have recently been observed[17 although

their statistical significance seems at present difficult to assess.

According to the above picture, the motion of string on very
large scales would be small, and would cause very little inhomogeneity

of the microwave background on large scales (at present observational

5 -4
F'ﬂ‘_ 38,

limits are

In this it compares favourably with the 'pancake' model of

'y -3
Zeldovich and collaborators [18] which seems to require P/P)r& \©

for galaxies to be formed at all[lg].

If no more leoops are produced after decoupling, then the
. . Q2 .
string density scales as , more slowly than the matter density.
* 11 -
It eventually comes to dominate at £~ € - the onset of the string

dominated era.

In conclusion, the string theory of galaxy formation has much
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to offer. N-body simulations of stars or galaxies moving around lengths
or loops of string would give more concrete predictions as to the types

of structures produced,
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1.6 BARYON NUMBER FROM COLLAPSING COSMIC STRINGS

In section 1.4 we showed that any initially static loop
collapses to a point or, more gemerally, a doubled loop (a
configuration in which the string wiands twice around the same loop)
after a time L/4, where L 1s its initial length (and c¢=1). Z,
strings would then presumably annihilate into particles. Z 4 strings
might 'add' te form a string in the opposite direction with some
release of particles. For other strings yet more complex processes
could occur. We also showed that the lowest frequency mode non-

static loop collapsed to a line at < L/4. Presumably such loops would

simply annihilate into particles.

The purpose of this section is to show that these collapsing
loops may also be a positive feature. The superheavy bosons released
as the string annihilates would decay with some CP and baryon—number
violation, as in the standard mechanism for generating baryon number
in GUTs. Thils would occur well after the grand unification phase
transition at Tc ~1015 gev. It is obviously an irreversible process,
so that the requirement that the system be out of thermal equilibrium

is automatically satisfied.

Strings formed at this transition are initially heavily damped
by the surrounding matter [2]. A segment of radius of curvature r
experiences an accelerating for;e uw/r per unit length, where p ~ Tc2
is the strimg tension. This is opposed by the damping force6fﬂf,
where p 1s the matter density, v the velocity of the string and o the
cross—sectional width for string-particle scattering which as Everett
[20] has shown is very roughly (neglecting a logarithmic factor) of
order 1/T. Thus the string reaches a terminal velocity U;tv"f“¢g?:o

Any kinks in a loop of string will tend to straighten out as it
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collapses (since Viee % Y ) and it will become roughly
circular before disappearing, giving rise to very few superheavy

bosons.

However this period of strong damping is quite brief. The
largest relevant loops at time t are those of radius r ~ t. For these
to acquire relaivistic speeds, we require }*/gf-h"'ﬁ_ » Which occurs

at

-
JC - '\'_,e_fv—‘\s—of—;%: ~ 3.\0_1q5

corresponding to a temperature of around 10!l Gev.

A more careful relativistic analysis defining te to be time at
which energy loss through damping becomes small compared to the

initial wass energy ylelds essentially the same result [20].

After this time, damping is negligible and strings move more or
less freely. Collapsing loops may be formed in two ways — either
when already existing loops enter the horizon, or by the self-
intersection of longer strings. It 1Is not at all clear what fraction
of these may be formed in initially static or near-static
configurations or in other collapsing configurations, but here we
shall make what seems to be anot unreascnable assumption that the
fraction is significant. These loops will then collapse to a doubled
loop, a line or in speclal cases a point. These last will form black
holes, while the others (at least in the case of Z, strings)
annihilate and release their constitutuent boson quanta, both gauge
bosons and Higgs paréicles. A rough estimate of the number of

superheavy bosons released per unit invariant length of string is

simply M/tny .
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As argued above, the rate of creation of loops per unit volume

is

Sédl. ~ \/' 4
rey A

A typlcal loop created at time t has a radius of order t and
therefore collapses, as explained above, at or before a time t(l+vy/4)
where yt is its length (y~2xm). If it collapses to a doubled loop it

gives rise to a net baryon number of order EYtu/me where g 1s the

mean net baryon aumber produced in the decay of a superheavy

boson.

We can now estimate the total baryon asymmetry produced by all

loops collapsing after the damping period. The entropy density is

2% NX3 o~ sov?

s= ¢

During the expansion the ratio nB/s is constant except for the
contribution from collapsing loops (or other baryon number-generating
processes). Since the number of bosons decaying is small compared to
the number of particles already present, their contribution to the

entropy 1s negligible. Hence

%.T;(“%/S\ = Jg %\m‘s

Integrating from t = te onwards {(effectively to = we find

: N )
<
.(_\L\ ~ J0O0 %___r_\,_ ~ 300 _ge mui
Slgiaad —
3 o
@ ™My
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where f is the fraction of loops produced that c¢ollapse in this way.

1f f is of order 10! and My~ 5 x 1014 GeV, we get typically nB/s~10'85

If following Nanopoulos and Weinberg [24], we assume that ¢
lies in the range between 102 and 1, we obtain a value in good

10"9 8+1.7 [22] .

agreement with the present observational bound nB/s ~
This 1is of course in addition to any baryon asymmetry created
ealier. One interesting feature of the mechanism is that baryon
number 1s not generated uniformly throughout space but in clumps
around the collapsing strings. However, the scale of these clumps is

too small to be of any relevance to galaxy formation.

Great uncertaintlies remain in this theoretical prediction.
First, the number of superheavy bosons released per unit length of
collapsing string 1s uncertain. It should be possible to calculate
it, but a deeper understanding of the quantum or at least semi-
classical theory of stri;gs is needed. Second, the estimate of the
time te at which the process of baryon—number generatiom by
collapsing strings effectively begins is rather crude. In reality
there is no sharp beginning. The process 1is a continuous one.
Numerical calculations are presently under way to improve this

estimate. But since nB/s = te_llz

, we do not expect the result to
change verysignificantly. Lastly, the parameter ¢ is highly model-
dependent and cannot at present be calculated from first

principles.

What we have shown however is that this process of collapsing
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cosmic strings may be a significant contributor to the total net
baryon number of the universe. Certainly in those GUTs that predict

the appearance of stable strings it cannot be ignored.



CHAPTER II

GAUGE THEORIES AND INTEGRABLE SYSTEMS

52.
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2.1 SELF DUALITY AND TODA SYSTEMS

Work on finding exact solutions for sourceless Yang-Mills or
Yang-Mills-Higgs systems has focussed to a large extent on 'self
dual' configurations, for several good reasons. First, they are
governed by first order equations which are easier to solve. Second,
they describe in the Euclidean theory configurations of finite and
stationary action, and are thus good candidate ground states for a
semiclassical quantum theory to be built on,'instantomns'. In the
case of.magnetic monopoles, the self duality equations are equivalent
to the Bogomolny equations, describing magnetic monopole
configurations of minimum energy. As we shall see, under certain
gsymmetry conditions the self duality equations deséribe completely
integrable systems. This, one hopes, will give a clue as to how to

quantise them.

In this section I will motivate the following two sections by
showing how Toda systems arise in the context of self-dual gauge
fields. I will do this via the approach of Yangczl] which as I will
show, explains and clarifies the seemingly ad-hoc approach of Leznov

12,21 Ny

and Saveliev which has proved so useful in monopole studies.

Yang pointed out that the three equations
= o<
F}W = -‘,—_e).,, -(FF (2.1.1)

where Frv"-’ a,. p\q '—B.,Af,_ <+ "'Y.hr'm”_) in Euclidean

spacetime could be rewritten as

\:&z - \FS'_L = ;5‘3 _\,\T_ﬁ =0 (2.1.2)
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upon choosing

5:3';&\“"\“75 z = 5:‘.("‘3"‘:)("’B 2.1.3)
T =Ll (%) Z = 5 (%a*+ivy) o

If through the use of some symmetry imposed on the solution one
can eliminate the dy and d¥ derivatives, one can then define new

potentials

Q7_= p\1+tp\3
az = Rz + IRy
(2.1.4)

Then equations{2.l.2) guarantee that
%‘Z.'E = azq'i —B"zck-;. -\—L‘._Q‘Z,O\‘E-k = 0 (2.1.5)

and we have an integrable system.

The simplest conceivable symmetry is to set oy = 8F = 0; this
guarantees (2.1.5) and as we shall see in (2.3.11) and (2.3.24)
reading A“for Q4 and H\;for Azshows that all Toda systems

correspond to self-dual Yang-Mills configurations.

Up till now this was only known for the Toda molecule systems.
This observation probably explains previous results suggesting a
'hidden Kac-Moody Symmetry' in self dual gauge field configurations
obtained by Delan and other;%S]It also raises the possibility of some

interesting new solutions based on the Toda lattice equations, but

that is a topic for future research.
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I want to show next that the imposition of spherical symmetry
on a Yang-Mills-adjoint Higgs system, described by the ‘'Bogomolny’

equations’
R =D3I , 2,=0, R.= O (2.1.6)

leads, through Yangs approach, to the Leznov-Saveliev method of

solution.

We consider (2.1.6) as a self duality equation (2.1.1) with the
four euclidean dimensions consisting of the three spatial dimensions
and_a fictitious Xy with §§ = A,.  Then spherical symmetry is defined

as

[:L= *'-tf) FA‘;] = 0O

(2.1.7)
Ly T AL = lee B y=v2a

where \;s-ltl\?_ are the generators of angular momentum, and the &t}
form amn SU(2) subalgebra of the gauge group algebra involved. we

choose a noncoordinate basis in which the metrie is diag (1,1,1,1),

dx,= ©4® ? = e

A = tenBAP . 2, - ;s{ne—a?
dxy = do Da = De (2.1.8)
d¥g = AXg ' ¥ T ¥ T O

We want to work only on the Z axis, and allow all angular dependence

to be determined solely by (2.1.7). So we choose the axis 68 = 0
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for our spherical polar coordinates to be the x axis. Further we

choose a gauge in which A_. = 0. Then the transverse parts of (2.1.7)

lead to

11
< )
2!1‘8

= -
i*'—‘-'-—: l“}

&

with Ay = A, 1 =1,2,4, t+ = t1 + :T.t:2 and the radial part (using

r.L = 0) leads to

\-."‘—3,9‘\4-\ =
[_‘h3: Ag‘k = -:" A
Y%

- 2.1.9

5 ( )
4

which are a statement of grading i.e. Ay is gradel, A¥ gradé-]., and

g“grade 0.

Yangs  equations in this noncoordinatebase (where

FLE A .p]..g,,“;\‘l’c :‘ being thestructure counstants of the algebra of the

basis i.e. [B,.,'BJ =C
=C.33= C-“sig = _‘/‘._ ) upon using (2.1.8) to eliminate terms in 35

o
Su and in this case Cuz

and asread
‘51“5-&- L (.P""-: “5-" ] J‘: 'y =0
s P+ L [ Bg Py —ok2] '% =0

E. =2A,-3A,

% Cg-:s

2.0z ~2z Ay + i (—A‘-\*w‘é\hi ] TA., B 'l ’)_&3 =0

(2.1.10)

using [tf,£—1=2£3. Then it is easy to see that defining
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Sﬁg QS*L'Q._E_,"S-S '-'-h" "‘.'-"—-"_1 )E?_:Q:tit%: leads to
—Bz‘-ﬁ: 4+ 0 Iktlh\ﬁl = 0O
‘éz’&s s IK-’-'JAE Q
2.8y - %W B BRg) v thhel=0

(2.1,11)

Now as in (2.1.4) we define new potentials Ogpand Qgsatisfing
-

_S_.z.z =0 « It is easily checked that {note that R-z
~ -~
Oc = S (au*raz) = % (hg =+ h‘s\

o, = ‘:/,_LQ;—Q-..\ = —ﬁq,"i' \/"('h"'b—“‘s\

12.3,4]
provides the Lax pair of Leznov and Saveliev., It is hoped that this

more systematic understanding of the comstruction of integrability
conditions for selfdual configurations will lead to new solutions

with other symmetries - cylindrical symmetry for example.
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27 . 'THE TODA BQUATIONS

The Toda field equations in two dimensions (one space, one time),

L. i . fﬁa
Fa/oa- 2 ——'?_ Ca\\o e, O\_-_—_\____n (Q..'l-l)
=\

have been the focus of much current research in mathematical physics. The
equations are specified by the 'Cartan' metrix Ca.h with integer entries which
provides the comnection with Lie algebras. There are three classes of Toda
field equations - what we shall call the Toda Molecule (TM) equations, the Toda

Lattice (TL) equations, and the generalised Toda Lattice (GTL) equations.

The simplest class, the TM equations have for Ca.b'the CAY ordinary Cartan
matrix Ku.b uniquely specifying a simple Lie algebra of rank r. Todas original
equations, where the ﬂa. were functions of time only and represented the
relative displacement of points on an infinite linear lattice, correspond to

£l

the case where Kc&. is the Cartan matrix for SU(r+l), and r is taken to infinity

The Lie algebraic structure of the T™ equations has only recently been
appreciated, and used to find their general solution in terms of 2r arbitrary
functions[llThe simplest case is when r=l. Here, the Cartan matrix is simply
the number 2, specifying the algebra SU(2). Then equation (2.2.1) reads as the
Minkowski space version of the Liouville equation, BLP '—'-'Q-Q-P . The ™™
equations can thus be regarded as the relativistic multicomponent equations
generalising the Liouville equation . As in the latter equation, there is
no ground state for finite )aq, since Kot is a nonsingular matrix and so has
no null vectors. However the TM equations do arise naturally in the study eof 7
spherically symmetric self-dual magnetic monopoles [3;4] and axially symmetric

instantons '5', Q’] .

The second class of Toda equations, the TL equations, have asCoL the
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(r+1) X (r+1) extended Cartan matrix Kg\, assoclated with any simple Lie
algebra of rank r. It is obtained from the Cartan matrix for the algebra
by adding a row and a column in a way to be explained subsequently. Unlike
the Cartan matrix, Ko.b is singular and thus has a null vector. This means
that a certain linear combination of the /D“ satisfies the wave equation
and can be consistently set zero, and that the equations then have a unigue
constant solution defining a ground state. The TL equations are therefore

more interesting as a field theory than the TM equations.

The Lie algebraic structure of the TL equations ensures that they,
like the TM equations, may be expressed as zero curvature conditions i.e.
integrability conditions for linear equations. This allows their integration

via the inverse scattering method.

The simplest case of the TL equations is when r=1 and so the algebra

is SU(2), whose extended Cartan matrix is
2L -2

(2.%.2)

The corresponding one variable equation (taking /0,+P1 to vanish and P =P )

allo = “L\—S{’\\'\/o 2.2.3)

This equation is related to the more familiar Sine-Gordon eguation
'az - . . - . .
CF = -~ L}.S\I\CP by the substitution )O'-"-‘-CP which introduces the
periodic function S'nP and leads to degenerate vacua and topological scliton

solutions.
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The final class of Toda equations, the GTL equations have for Calwe
~
an {nxn) 'generalised' Cartan matrix Ka‘n as defined by Berman et. al. (—, -_\
not corresponding to any particular Lie algebra but obeying similar restrictions,
and in particular possessing a null vector. The simplest case here is where n=2

and the matrix is
2 -4
_.\ 2'

For the wvacuum we set P'-t-'l-f,_:o and ﬁ:/ﬁz to obtain

(2.2..4)

..1f>

31'[3 = -le_'o-\r- € 2.2.5)

which is the Bullough-Dodd equation [%} .

In this paper we develop a systematic procedure for dealing with Toda
equations. TFirstly, we classify all of them, including those which seem to have
been previously ignored. But secondly, we develop the procedure of reduction,
-which enables one to obtain from a given Toda equation, its i‘ntegrability
condition and general solution, by ildentifying variables in s systematic way,
those for another Toda equation in fewer variables. Our procedure for reduction

is based on the use of symmetries of Dynkin diagrams.

A Dynkin diagram D(G) corresponding to the Lie algebra G uniquely encodes
the structure of the Cartan matrix K(G). The extended Dynkin dia.g;‘a.m 5(6)
obtained by adding one point and its links to D((v)similai'ly specifies —\Z(G’)
Finally, the Generalised Cartan matrices also have associated Generalised

Dynkin diagrams (GD's).

The symmetries of D(G), and D(G) are denoted P(G) and V' (G}  and constitute
the autonorphisms of the TM and TL equation as explained in section 2. \-\[C’)

is simply the group of outer automorphisms of G according to a standard
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mathematical result.rﬁca) is much richer. It possesses an invariant subgroup

VJo(Qﬂ which corresponds to the subgroup of the Weyl group whose precise

significance is explained in Section 5. We show there that

te /@ =& T©
and C We(©) Z©)

¢

where EEGE) is the centre of the universal covering group C; of‘cs. These
group theoretic results are interesting in their own right, being important

in connection with vortex strings in Grand Unified Theories.

The reduction procedure explained in Section & is very simple and yields
the following useful results. First, one obtains all TM equations, their
integrability conditions and general solutions from only those corresponding
to simply laced Dynkin diagrams (diagrams with only single lines), which
specify symmetric Cartan matrices. Second, one obtains all TL equations
and all GTL equations, their integrability conditions and general solutions
from only those TL equations corresponding to simﬁly laced extended Dynkin
disgrams, again specifying symmetric extended matrices. This simplifies the

task of the solution and analysis of the Toda equations considerably.

The reduction procedure is also a simple method for obtaining many special
subalgebras of Lie algebras and thus extends the use of Dynkin disgrams
which have as far as we know hitherto only been used for obtalning regular

subalgebras.



62.

2.3 CARTAN MATRICES, DYNKIN DIAGRAMS AND THEIR SYMMETRIES.

The TM and TL equations involving the matrices Kn.s and -K-o},can, as ve
shall see in Section 4, be understood as the compatibility conditions for
certaln first order linear equations whenever Ka.)- or Ea.\n constitute the
ordinary or extended Cartan matrices of a simple Lie algebra . The GTL

P
equations involve a Generalised Cartan Matrix Kot not corresponding to any

particular Lie algebra and are,as we shall show in Section C,,obtained naturally

by a 'reduction' of the TL equations.

All these Cartan matrices are square nxn matrices Cob with integer

entries having in common the properties

a) All diagonal elements take the value 2
b) All off-diagonal elements are zero or negative
c) If Cob vanishes then so does Cua

Any such matrix can be conveniently represented by & Dynkin diagram obtained
ag follows. The diagram consists of n points with points a and b Jjoined by
Cmbcbklines. When Ca.\sc—\:q_ exceeds one, and \C\:a\ équa.ls one an arrow Arawn
on the lines pointing from a to b indicates that \Ca\a\ equals that number of
lines. If both \Co.b\ and\cim.\ exceed one, then an arrow is drawn on \Ca\o\
lines pointing from a to b, and one on \Cbg\lines pointing from b to a.

Thus Cae and its Dynkin diagram can be reconstructed from each other. A

Cartan matrix Cab is called indecomposable if its Dynkin:'diagram is connected.

We shall consider two classes of such matrices. The ordinary Cartan Matric
Ka&, were discovered by Cartan and correspond to the simple Lie algebras.
These are nonsingular and positive definite. Their Dynkin diagrams are tabulated
in Table I. The Cartan matrices with left null vectors were calculated and

listed by Berman, Moody and Wonenburger L-’] and comprise the extended and



63.

generalised Cartan matrices tabulated in Tables IT and III respectively.  These
tables presumably list all positive semidefinite Cartan matrices with properties
and ¢ above,

In searching for symmetries of the Toda equations, we look for permutatio

P of the variables in eguations {1.1):

O ﬂ,c,‘) a=\---- N (2.3.1)

which leave the equations invariant in the sense that if the set {ﬁ'-} is a

solution then so is . This is guaranteed if
Pad

Cab = Cpcsq?(‘o) )d“’*u\o:\""“ (2.3.2)

which is true if and onlyif the permutation respects the structure of the Dynkin

diagram corresponding to C.

Let us consider first the ordinary Dynkin diagrams D(G), shown in Table I.
We have denoted certain poinis by a cross rather than a circle. These correspond
to the 'minimal coweights' as explained in () and are relevant to studies of
stable magnetic monopoles, and of gymmetry breaking in Grand Unified Theories.
What is important to us here is that a permutation of the poinis of D(G) respecti
the structure of D(G) can be specified by its action on the crossed points and

this fact will providea convenient notation for the symmetry operations.

The symmetry groups formed by the permutations respecting the structure of
D(G) are denotedV(G)and are tabulated in the last column of Table I. We denote
as Zn the cyeclic group of order n and S\\ as the permutation group on n objects
The elements of ‘_\(G) carry solutions of the corresponding ™ equations onto

other solutions of the same eqguations.

Next we examine the extended Dynkin diagrams D(G), éorresponding to the TL

1
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equations. The extended diagramﬂﬁ(.e‘) is obtained from the ordinary diesgram D(G)
by adding one point, labelled O and its links. This corresponds to adding
one extra row and column to the ordinary Cartan matrix as was noted above.

The extended Dynkin diagra.mqu(G’) for each gimple Lie algebra G are tabulated
in Table II. The extra point, labelled 0, is denoted by & cross. Note that

the removal of any one of the crossed points yields b((;)from B(G).

The symmetries of the TL equations are again given by the permutations
of the points ofE(.G) which respect the structure of the diagramB(.G) and
form the group qﬁ(G) tabulated in the last column of Table II. These groups
are somewhat richer in structure than F(G) For example, F(S'\L(PH)) ,’\‘7/7. ,
is given by Dm.-\ , the dihedral group with 2(c*\) elements. This arises
because Dm.\ is the symmetry group of a reguler U+\ sided plane figure,
being generated by the permutation (0,\,7--—- (.V'*“)) »in cycle notation,and the
nontrivial element of \—‘(SWU'*\\) , (\.-“) (1,“"3 ..o qu,v/z_‘*\) (if r is even)
or {(V,y(2,c=0) ... (C%L)Sij_ (‘:i;-}) (if r is 0dd), which of course

in both cases leaves the point 0 fixed.

Again the symmetries in P(G) can be conveniently be specified by their
action on the crossed points. For example P(SOGA‘)) p>7-7 equals Dzr_',fqmed

by the permutations of the crossed points, in cycle notation:

D, = ?'( 1 (e, 3 (0n) 5 (@0 (F-1,8) (0,50 (0,90, =D (2.3.3)
(0,9-\, o) (e, eN ,C=1) }
F(Ec.) consists of the six permutations of the points 0, 1 and 6 of D(E)
and [ {(SO(R)) of the 2k permutations of the points 0,1,3 and ) of NEIOE

and so on.

Notice in particular the nontrivial element of P(S%z))gzzinterchanging

/OI and Fz , and hence reversing the difference /D in equation {2.2.3)
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This is the automorphism allowing P to be replaced by L? , to obtain

a reél equation in a circular function, sin(P, namely the Sine-Gordon equation.,

Finally, we turn to the generalised Dynkin diagrams in Table III, correspond
ing to the GTL equations. The first faur of these are seento be related to four of
the extended Dynkin diagrams by the reversal of arrows. We call the diagram
obtained from -D-(G) by simply reversing the arrows BT(G) , since it is
easily seen from the rules for obtaining the Cartan matrix above, that reversal
of the arrows corresponds to taking the transpose of the Cartan matrix. The

last two diagrams GD(Hf) and GB(%%) cannot be obtained in this way.

The GTL equations seem to have been hitherto ignored (apart from tﬁe BD eq?
(2.2.5)). They are .mot in particular related to any root system - this is immediate
clear from \'\‘- whose points would correspond to 'roots' of three different
lengths whereas simple Lie algebras can have roots of at most two distinct

lengths.
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2.4 LIE ALGEBRAS AND THE INTEGRABILITY OF THI TODA EQUATIONS.

Let us consider a Cartan-Weyl basis for the simple Lie algebra G involving
Cartan subalgebra generators H;, i=l,2..... r = rank G and step operators e—d .

These satisfy
{Hc,Hs‘)z O {\'\;)ed:\=o(\._€d ) [€¢,€-=:J=°<°H (2.4.1)

The r component vectors o{ are the roots of the algebra., We have further

that

[e—&,e’ﬁ] = \\l&‘aec\(‘rp if &*8 is a root (2-4-2)

O if d\*ﬁ' is not a root and

does not wvanish

The coefficients Ndp can be specified precisely but will not be
necessary in this paper. We shall assume that the reader is familiar with the
classic paper by Racah [\Q] or with one of the recent excellent bocks on

Lie algebra theory %ﬁﬁdl .

A fundamental geometrical property of the root system of any simple Lie

algebra G is that there exists a basis of simple roots

A = 5 amrasecanc ] s
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such 'that either the positive or the negative of any root can be

expressed as & sum of simple roots. Knowledge of the simple roots determines
the Lie algebra up to an isomorphism, and the knowledge is embodied in the

Cartan matrix (the "ordinary" Cartan matrix of the previous section),

Ka,\: = Q—OLQ‘DQV(O-(\;)Z @44

-This is the matrix that occurs in the TM equation and we see'immediately
that P(qb¥<b& lies between O and 4, equalling 4 if and only if ™ and CXP
are parallel. It is a property of roots systems that two roots are parallel
only if dm"‘i-d-b . Also Kab can only take integer wvalues, two on the
diagonal and negative or zero off the diagonal. As we explained,these features
enable the Cartan matrix to be encoded in the Dynkin diagram which therefore
represents the structure of the corresponding Lie algebra in a succinet and

surprisingly useful way.

The Cartan-Weyl basis is useful because if its orthonormality properties
with respect to the trace of a pair of generators. For algebraic purposes
it is more convenient to introduce a slightly modified basis called the

Chevalley basis:

E.= % ex Rz 2/ (2k-5)

[H(,L, Eﬁ] = 2RAfy Eﬁ

(2.4-6)

In particular if we concentrate on the simple roots(l.mi)and denote

E_'\.'.O(n' = E‘l‘.q_ -) \_\ULOL —_ \__\o.. (Q.i;_-”T)
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we find

[\-\0_’\—\‘3 =0, ‘.\_\“IEA-—- E\b\/\\m.) Y_ELJE-]: g&\o\'\\o@'%a)

In the last equation we have used the fact that by the definition of
. I s o 3
simple roots, A =0 cannot be a root. The significance of the Chevalley basis
is that the structure constants are all integers. In practice in this paper
we shall only use the commutators({.¢.8) and not the other unspecified

commutators.

We are now in a position to formulate the ™M equations
— Po
B/oa_-_—_ - K€ (2.4 -9)

as & zero curvature condition thereby establishing why the matrices K occurring
in them have a Lie algebraic significance if the equations are to be integrable.

The results we are about to explain are due to the contributions of several
authors Y_\S—l‘?, D_] ,
L.et us define the light cone variables

2 2 (2.4 .10)

so that 2 3 _ Mo
A= — O+, = —3,5

\)-_._.

and the two dimensional gauge potentials A)\.._ whose light cone components

are
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p‘“’ — é& (Ai\rj\ﬁb‘*-tbn-*- eAiK“bd?b Ea)
A= 2 3 Hub ot €5 )

Then using the commutators(2.t.8) we find the curvature

o Kax &y
\-_Bm""‘:\u-)bv""gu]:é—b(aepa. + & \ \J\m @.4.12)

(2,4..11)

The \-\\.-u\_\p are linearly independent and K is nonsingular. Hence we can
define
/Oa.. = Z K ab gblo

bel
and conclude that the curvature 2.4.12) vanishes if and only if the TM equation

(2,!,..9) is satisfied by P"' . So the TM equations can be regarded as the

compatibility or integrability conditions for the linear problems

@%+%J£=O

where U_a is a nonsingular matrix.

—_ Po
Before discussing the TL equations B)Oo.."' Kﬁ-\be' in a similar way

we need to assemble some more Lie algebraic concepts.

Let us denote % the highest root of G, namely that root which exceeds

each of the other roots by a sum of simple roots.

N
Let us also denocte . Cl,é& , &5 the fundamental coweights of G

where

oo

c...\l =)
= JaN
AN K > oo € (24 13)

q_v
Then we say that the fundamental coweight A is minimal if
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2)\00/.% - 1 (2 41k

Now let us denote

O(o —_— - % (2.4--15)

and consider the "extended system of simple roots”.

A(G) = {O(o, o OL“} (2.4 .16)

m——

We see that A possesses the same property as A that the difference

of any two members cannot be g root. Hence

[E%E—\:—l = gab\'\s a,o eD> (2.4-17)

having extended the definitions of Ho_a.nd Et\, to include a=0. Associated

with A is the extended Cartan matrix,

—\Z:b — Q_ o(a',o(b/(og"’)z' (2,4.18)

and with this the extended Dynkin diagram D(.G\ tabulated in Table ITI. The

o
extra point labelled O, when compared to D(G) corresponds to the root D( .

The highest root Sb can be expanded as integer linear combinations in two

ways; first in terms of simple roots:

\P = Z N&O(& (2.4.19)

aecdh

By definition(// exceeds any simple rcot so that the integer coefficients Na

each satisfy
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Ne Pe I | (2.4.20)
If we define Nc,:"l we can rewrite(2.4.19) using (2.4.15) as
Z No_o(q- = O (2-4.21)
x.eB
It follows from the definitioﬁ(ll,.lS) tha.tK has & left null vector NCL,
Z. NQ_,KQ,}: = O : ('Z't" .22)
aE€sd :

Since K is nonsingularKha.s rank r and this is the unique nuil vector.

Note that Novequals 1 only if a=0 or else if (L€A and the coweight

is minimal. This is because by (Q.413) and(24.19)

No = 2N ¢

and the result follows by(Z.L.lh). In Table II the points of D(G?) for which

No:-_]. are denotgd by crosses rather than circles.

Alternatively \L , being a weight, can be expanded as an integer linear

S
combination of fundamental weights XL'-"- xb v( O(Q)

SD = — Z _\{oa_ )\CL (2.4 .23)
aed

———

with the coefficients Kgo_ as indicated. This follows from(2.4.13) and (04.18).

o e I v
Unless &« and o4 are parallel KOQ.,KQ,_Q = 0,1,2,3 and so it follows that

Ke="1

a_ o
except for SU(2) which by(ll‘r- 20) is the only algebra for which v and el can

o(o is a long root
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be parallel. These two results provide the easiest way in practice of

calculating Kou.. and Ka.o and hence D(C’) as appearing in Table ITI.
Notice that the arrows are now seen, for both D(@) and D(,G’) to point from long

roots to short roots i.e. 'downhill'.

Now we return to the integrability condition for the TL equations.

Consider gauge potentials Aﬂ' formally the same as the gauge potentials (.’24.11)

— e

used for the TM equations but with D ana K replacing A and K

A= 2 (FHS, + = )
Ao=3 [(EHD-6, + € Cebop ) O

Then using the commutators (2.,.17) and (2.1{..8) extended to include a=oc we find

e 3] = & (3%, + €5T)H,

aed ' (2.4.25)

as before, equation (3.4.12). Now, however, the \-\Q_. 0.=0...¢ are not linearly
independent, because of@.l}. 21) and their coefficients cannot be equated .to zero

when(‘z.lf. 25) vanishes.

S~ ) _
Instead we have 2&&\ " a -\— Ko.\o = O

Kmb (bé‘?b Kb;é?c = 0O

or equivalently,

Now let us define —_\ E
Po.. - % e
bed

so that as a consequence of (2.4.22)
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Z N&Fa.?': @] (2-4.26)
aeb

Then the. zero curvature condition stating that 2.4.25) vanishes reduces to

‘5.}30_ + -\Zm\o ePB = O (2-4j37)

which is the TL equation.

There appears to be one more variable dPa_ occurring in (2+4.24) than the
resultant number of variables P“ , namely r because of (14 26). This is illusory

~ in fact the potentials do not depend on the variable d? defined by
Z No )
@ bt _WNa
e ach

Before closing this section we want to discuss two features of the TL

equations (2.4.27) which distinguish them from the TM equations.

The first is that the TL equations(2.4.27) possess a finite constant
A —
solution P,_ . This is only possible because K&b is singular and hes a right
! N ~ R
null vector Nn.(B{a) to which ePA' must be proportional, with condition(l.lf.26)

determining the constant of proportionality. We find

pe T NN/

L=
where \\ = ZNG_ is the Coxeter number of G. FReference to Table II tells us
L
+that for S\L(N\,(Qk&\ "(0(")1, Nn.zl S0 P;O for all a. In fact /Bo. minimise

the Hamiltonian and so constitutes a ground state.

Finally it is possible to replace

E.—~zE, B =k,
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in the gauge potentials{.4.24) and, providing z is an arbitrary constant, one
finds that the condition(2.4.25) is independent of it. The significance of
this is that the potentials(Z.4.24) so obtained for different values of z are
gauge inequivalent. So there is an infinite set of linear problems depending
on the special parameter z which have the same TL equationﬁL4.2T) as their

integrability condition.

The calculation leading from the potentials to the curvature hinged
upon the fact that differences of roots in A orﬁZ& are not roots. Root
systems with this property have been called admissible systemsﬁilThere are
other admissible root systems ﬁhich correspond to the generalised Dynkin
diagrams listed in Table III, and these allow similar integrability conditions
to be derived for the GTL equatipns. However, as we shall show, these are most
economically obtained as the 'reductions' of TL equations, and so will not be

considered further in this section.
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2.3 SYMMETRTIES OF THE GAUGE POTENTIALS.

In Sectionl3 we derived certain symmetries of the Toda equations.
Now that these equations have been formulated as the compatibility conditions
for a linear problem involving Lie algebras we shall analyse the symmetries
of these linear problems and relate them to the previously found symmetries,

thereby obtaining a deeper Lie algebraic understanding of them.

Note that the terms occurring in the gauge poteantials can be said to

belong to three subspaces of the Lie algebra; the Cartan subalgebra

H={ &=
= Vea= { 2, %mE’m}
o : \/:T:.: { Z— 3&Eh}

aen

(2.5.1)

The derivation of the Teda equations as compatibility coni‘i.tions@:fh 12)
or(2-4-. 25) made use of the Lie algebra commutation relations. We shall seek
the symmetries of the Lie algebra preserving the commutators (and linear
structure) and the subspaces \_\) V‘_“-b (or ViE as appropriate). The symmetr:z.es
of the Lie algebra (without reference to the subspaces) are called automorphisms
and form a group which we denote aut G. Conjugation of the generators X with

respect to any element of the Lie group G, g say

X = 3\( 3"\ (2.€.2)

always provides an automorphism, said to be 'inner'. Thus G itself provides
a group of inner automorphisms which is a self conjugate subgroup in aut G.

In fact it is a well known theorem that [_H 3 P,O;lj
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_Q,UZ\'.G/G = F(G) | (2.5.3)

where the guotient group F(G) , the group of 'outer' autcomorphisms, is that

finite symmetry group of the Dynkin diagram D{G) tabulated in Table I.

Let us consider the subgroup aut(G;H) of aut G which preserves the

space H(2.5.1). It is not difficult to prove that its action on E is

“ _
ﬂ -
z a:i_\-\;, - E: \r‘\;%sx;\ (2.5.8)
L= L=t
where RL“ is a real orthonormal T XY  matrix with the property that if o is
a root then so is Ax . Such matrices form a group which we call OAL'L-SE, where
§ denotes the roof system of the Lie algebra with respect to the chosen

Cartan subalgebra. Further the action on the step operators is

Eidj———v c,cnStEtR& (2.5.9)

If T denotes the maximal torus of G, the maximal abelian subgroup of G,
obtained by exponentiating the Cartan subalgebra,it is not difficult to prove

that

act(@GH)/p = ant®

(2.5.6)

An impertant subgroup of aut@_is furnished by the Weyl group W, that

finite group generated by the reflections in roots i.e.

Q) = X — 2(1'&/(001)0( (2.5.7)



77.

In fact

-\
QA = S (25 .8)

so that W is a self conjugate subgroup of aut§ , actually the subgroup of

aut§ provided by inner automorphisms (25.2), that is gauge transformations.

Let us define aut A and autD to be the groups of real rXr orthogonal

metrices preserving respectively D ana D , the simple rooct system and the

extended simple root system (A AN (."‘ll’))
It follows from the properties of root systems that

aut A C cuk D C ok ® (2.5 .9)

i.e. the groups are subgroups as indicated. Using the fact that aut
and aut/\ preserve scalar products and thus Cartan matrices, it is not
difficult to prove that aut & and autd are respectively isomorphic to

the groups)' andl' defined in Section 2 and tabulated in Tables T and II:
— —~ ——
avta= 1 ot =17 (2.5 .10)

Consider an element ?E aut§. Then
No= plo)

is another possible system of simple roots. It is a fundamental property of the

Weyl group W that there exists a unique element we\tJ such that Y,\ \ 5 P.S\}
{
wh = A
S0 S = WP e ouxebh (2.5.11)
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Thus f defines a map from aut§ onto its subgroup aut D

Further,
) -\
SESE) = WhW.P = W HW.P, Rp, = §(R%)
] X oW, O c'W
as W is a self conjugate subgroup (by (1.5.8)) of aut§ and so WP e
Thus f 1is a homomorphism and its kernel is W. Hence the quotient group

O._\k.'hg.:_./w ~ auk D = 1

(2.5.12)
by a remark (‘l.S. 10) sbove. This is a well known resul‘t[ll 5 PC,S}

All thege statements are preliminaries to set the scene for our discussion
of the Toda equations. Consider first the TM equations(2.2.2) with their
associated potentials{.4.11) involving terms in \'\ ,\/b and \!-n (equa.fion (25.1)).
We seek automorphisms of the Lie algebra preserving these subspaces. These form

a subgroup of aut(G;H) which we denote aut (G;H,Va). Then analogously to @s.6)

aut (634 ,\JQ/—‘— ok b= 1

This means that once we have fixed a gauge in the maximal torus T (which |

we have) we can only apply the outer automorphisms

HL — Htp‘tg Ty EML , N e ol (2s.1h)

This corresponds to our previous result that the symmetries of(Z.4.9) were

the symmetries of D, namely P .

A more interesting situation results in the case of the TL equations
(2.4.27) with their associated potentials@i4.24) involving terms in H, VS and \I_‘E
(equation(d.5.1)). We seek automorphisms of the Lie algebra preserving these

subspaces. These form a subgroup of aut (G;H) which we denote aut (G;H,Vg)
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Then analagously to (4.6),

——

- I~ N
ot (&3 \'\,VE)/T > ok = Y (2.5.15)
Because of (15.9) this is a richer structure than (25.13). We can use the

same homomorphism('l-‘i.ll) that we used to map aut§ onto aut A to map aut JaN

onto autd . Its kernel is now
W, = Wn ok DS (2.5 .16)

and so

|2

O"u’tz/\)\jo — ko = T\ (1.5.17)

This means that autA , on the right hand side of(lS.lS) is a semidirect
product of \\Jo and V' . Thus the TL equations exhibit extra symmetries \l\]o
compared to the TM equations which are related to inner automorphisms (gauge

—

transformations) permuting elements of TAN . .

" We have evaluated \’\Jo for each Lie group and found by computation that wc

is isomorphic %o Z(G) ,. tThe centre of the universal covering group of G,
— ~ ‘)
We = W NnouwlD = Z(G (2.5.18)

It follows from (2.5 10),(25.17) and{25.18) that

NOLe = TO

(2.5 .19)

which can easily be checked from Table I and II, at least once it is known

how ZQG) fits into \—\((3) . For example when G= SULN\), ‘—\ = DN .
F ~ - . -

Z_—_ZN and so /E_— Zl—"' indeed as it should.
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These are the main results of this section, namely that the extra
symmetries of the TL over the ™ equations constitute a discrete group of

gauge transformations isomorphic to the centre of G.

The complete verification of{25.18) we shall relegate to an appendix

presenting now the SU(N). case as a specimen of the argument.

The simple roots{\ of SU(N) can conveniently be expressed in terms

of N orthogonal unit vectors €.--- n ['\ \, ll]

= {e\"e'z_ ) e::_"el 3. oo )eN—\_ Q“}
whilst the highest root ‘)D-:. €-€N. Hence

We see that the reflection in ®,= @2 interchenges €, and €2 ana

it follows that the Weyl group of SU(W) permutes the €y.-- -- =N

Consider SeW . Then 6(6\\=Em for some k. Now 6("(0"— 6-(9-\-82)
= e_m,—s‘(e,_) N if and only ir €(&) = €¢.s . Proceeding thus we find
that S EeW. = W n ok d if end only ir O = S(&itw)
vhere it is understood that €ien = €1 . Clearly such S form the
group Zp which is indeed the centre of SU{N)}. Thus we have éhedked(’)S.lB)
and (25.19) for SU(N). All the other simple Lie algebras are treated in the

appendix.

Finally let us discuss some gauge transformations in the maximal torus T.

Consider the inner automorphism or geuge transfomation(iSi) with

23

% = Z£ , (25.20)
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v

a
where ?\ is a fundamental coweight as defined in(l-lr. 13) (actually this g
lies in the complexification of the original Lie group G). Using the

commutators(d.b.1) it is easy to check

Wy = Aw

=0
Ew— _!E.-E‘\’ E-"-" - EE-‘D
= T bFa (2.5.21)
. —No.
Eo—> =Nag_ E.—> = B

O
where W, is defined by{24.19) as the coefficient of X in the expansion of the

highest root.

This is the basis of our assertion at the end of the preceding section
that there is no spectral parameter in the TM case but that there is one for the
TL case. Now we show that the spectral parameter is invariant with respect to
the discrete gauge transformation associated with W 0N 0-\*3575 = z(é')

Suppose

Po(o" = OL?L&) aLE':E ) ?E\N O ok A

Then E\?"@ - =%, 7 Z S | (25 .22)

[~

Now apply the maximal torus gauge transformation(2.5.2),(25.20) choosing &= P(®

50

Na
Eo—é z Ec', EEQ@) - chq

But if .=, N,=\  as we observed following equation(24.22). Hence
overall E?“‘(nﬁ ? Z;-b . EEG—}? E\('a) i.e. z remains

in conjunction with Eo'

We have seen that the TL equations -/19.27) possess a ground state solution

(equationly.28)). Further compared to the TM equation (24.9) they possess
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extra symmetries corresponding to the subgroup of the Weyl group preserving

the extended root system JAN

For SU(2), Vdo'=izzz_and it is precisely this extra symmetry of the Sinh-
Gordon equation compared to the Licuville equation which enables us to construct

the Sine Gordon egquation with periodic ground state structure.

We shall not pursue here this method of obtaining periodic equations
(with degenerate vacua, and thus topological soliton solutions), but move on

directly to the reduction procedure.
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2@ The reducticn of the Toda equations

In this section we show how the symmetries of the ordinary and
extended Dynkin diagrams discussed above can be used to obtain new integrable
non-linear eguations from any given ™ or TL equation. In th-e éase of the
TM equations, we can obtain all the ™M equations, together with their
general solution andassociated linear problem starting from those corres-
ponding to simply laced Dynkin diagrams {ie. those with only single links).
Using the same procedure, which we call reduction, following the ncmenclature
of Zakharov and Mikhailov in a more general context L\%] , We also obtain
all the TL eguations from those corresponding to simply laced extended
Dynkin diagrams. In this case, however, we also obtain a whole new class
of integrable equations which we call the generalised Toda lattice (GTL)
equations. The simplest example of these is the Bullough- Dodd equation
mentioned before, eqn.(2.2.5). In fact one obtains all GTL equations (as
well as all the TL equations) by reduction of those TL equations corresponding

to simply laced extended Dynkin diagrams.

Thé reduction procedure is perfectly simple. We noted earlier that
if a permutation p{a) of the points of the Dynkin diagram yielded a symmetry
of that diagram then the variables { /DP(Q)}" satisfied the corres-
ponding Toda equations if the variables {/oo_} did. It follows that if we
equate P"* to PH_“) many of the eqmuations become identical so that
the original set is still consistently satisfied.Thus we have a set of
equations in fewer independent variaBles which can be recast in the Toda
formfl.Z.l), and therefore corresponds to a new matrix Cq,b with fewer

rows and columns.

As an example consider the SU(L)TM equation. The only non-trivial

symmetry of DC SUW(&) ) is the generator of the Z, symmetry that
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is [T (su(y)), (.1?3) in cycle notation using the labelling in Table I.

Correspondingly we set /O\ = ipa = Ip\3 , 58, in the SU(4) T™ equations and

obtain
N _ P\% }p'z.
'_B /D\S - Q. e — &
-2 — 2 APz
Fp, = Re 2e
together with the vanishing of P:_-i- 2 /0\3 . These reduced equations

are the S0(5) ™ equations.

The reduced equations always irherit the integrability property since
we need only substitute Cba_z CP?&) in the gauge potentj.als(lalr..ll)
(or (24,24)) in order to obtain the gauge potentials for the'reduced
equations.

Note that the VA part of Au( see equations(24.11) 2nd(25.1)) is simply

% Pa
Z Eq_e f (2.6.1)

UED
Hence in our example, the coefficient of exp ( fo\3 / 2) is E13 = E +E,.
If we define H .= [ E ., E_l;X == H +E, we find that indeed Ty3 , By, -
H, and Hl3 satisfy equations(zllg-.B) with the SO(5) Cartan matrix. Thus
the reduced gauge potentials do indeed correspond to the gauge potentials
for the reduced equations. This has wo:;'ked because in the cburse of the

reduction we have constructed an S0(5) sub-algebra of SU(L) which is not

regular, i.e. its roots are not all roots of SU(L).

Notice too how the Dynkin diagram D(SO0(5)) is obtained froam D(SU(L))
by folding the points 1 and 3 onto each other and drawing an arrow towards

them.

The general procedure is well illustrated by the above example

providing we avoid reductions arising from a symmetry which transposes two
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distinet points which are directly linked in the original Dynkin
diagram. Such reductions we call non-direct reductions and defer their
discussion until later. The direct reductions (of which the illustration
is an example) are sufficiant to yield all the TL and GTL equations from
the TL equations for simply laced Dynkin diagrams in one and only cne

way.

In a direct reduction a point of the original Dynkin diagram D is
identified either with itself or another peint to which it is not directly
linked. The diagrem D¥ for the reduced equations is obtained by folding D
in such a way that distinct identified points are.superposed while a point
identified with itself is left alone. If a pair of adjacent points of D
are superposed with another pair we retain only one set of links between
them in D¥, deleting the others. Al]l other links of D remain in D¥, and
arrows are drawn (if not ﬁlready there) towards the points which are

superposed and away from the points identified with themselves.

First we discuss the direct reduction of the T™ equations,
associated with ordinary Dynkin diagrams, Table I. The symmetries form
the group [ (G) listed in the fourth column of Table I. When r1(6)523.
only the trivial reduction is possible and is not listed. When D= Z,
cne non—trivial reduction is possible and the result is listed in Table IV
s obtained by the rules above. | ' (S0(8)) &% S, and the result of the
symmetry of order 2 is included in the SO(2r) series while the result of
the symmetry of order 3, D¥ = D(Gz) is listed separately. Notice that our
cleim is substantiated - in the result column each non-simply laced D(G)

is obtained once and only once. The simply laced D{G) can be regarded as

the result of the trivial reduction corresponding to the identity.

We have not listed any non-direct reductions such as the 22

symmetry applied to SU(2r + 1) as these will be discussed later.
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Now we consider.direct reductions of the TL equations. Here D(G) has

symmetries forming'a group‘fq(G) which in general is non-abelian and

consists of both inner and outér automorphisms in the sense explained in

the preceding section. Conjugate elements ofT;(G) yvield the same reduction

so that we need only consider one representative element from each

conjugacy class. This can be seen as follows. If we consider a permutation

a —>» p(a) the reduction consists in setting /OQ_ = ey - The

reduction corresponding to a conjugate permutation ¢Elpc(a) will set f%xaf=f$coz).

But ¢(a) labels all indices just as a does so the two reductions are identical.

Table IV indicates how each non—simply laced ordinary Dynkin diagram
D{(G') can be obtained by & unique direc£ reduction of a simply laced Dynkin
diagram D(G) say based on a non-trivial element of [ ' (G), the symmetry
group of D{(G). [ (@) is a sub group of T=T(G) as it corresponds to those
symmetries of D(G) leaving the point O fixed, so the same element can be
used for a reduction of the extended diagram D(G). It can be checked that
this always yields D(G'). Hence Table IV can be immediately extended to

extended diagrams and we shall not list these direct reductions separately.

As we explained in section 4 the symmetries of D(G), namely T;(G), are
richer than those of D(G) and direct reductions based on the extra elements
may also be considered. These are liéted in Table V and it is seen that
each of the generalised Dynkin diagrams of Table III is obtained in
precisely one way. This is our main result since it established that the
Toda equations(Z.1) based on the generalised diagrams are also integrable,

inheriting their integrability in the reduction procedure.

Direct reductions of the non-simply laced diagrams yield no new

diagrams and are not listed (Note that D(SU(2)) should be counted as
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simply laced as the two roots are of equal length). A direct reduction of
D(SU(N)) based on an element of the cyclic sub group z,of (su(N)) of

order a yields D(SU(N/a)).

Note that the Bullough-Dodd equation(22.5) corresponding to the
diagram GD(ED) is obtained as a simple reduction of SO(8). It appears as -

the lowest member of the Hr series in Table III.

To see more clearly how integrability is inherited denote the sets
of points identified by the symmetry considered as Z, 'i.' 5. 2tc,
Hence if }D& = P‘é , OET , the coefficient of exp%f?i in

expression(2.6.1) is

Ef— = Ea (1.6.2)
We see that

Etﬁ,Eﬁ:} = 822N
where \_\i — ?;—E_HOL

Then using the fact that in a direct reduction Kq\n= 0 for a,b & z R

(2.6.3)

a # b, we have

T_\'\gf E.g_} = Q_Ez
which means that \"\5_ and Ez are correctly normalised. Then for 21
distinet from Z.)

[\-\5, ng‘l‘ = Eﬁ" K-i’i.
defines the Cartan matrix associated with the reduced Dynkin diagram.
The compatability condition can be evaluated just as in secticnl4 but using
instead of Hm and Eic«. the Hi and Ej‘_i defined by equations
(2.(:. 2) and(26.3) since we now have the appropriate generalisations of
equations (1.4..8). We see that the reduced gauge potentials are the gauge

potentials for the reduced Toda equations.
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This completes our discussion of what we have called the direct

reductions.

Less clear cut is the discussion of the non-direct reductions
steming from symmetries of the original Dynkin diagram in which linked
points are transposed. The classic example, due to Fordy and Gibbons [\ q]
and Mikhailov \2O01 is the reduction of the SU(3)TL equations based on
D(SU(3)). This has a Z, symmetry {12), using the labelling of Table II
which leads us to set )Ol = F" = P\l so that the eguations reduce
to p

%
'a"‘/oo =-2ef° &+ 2ef
p
th - Pz e’ ”
a f’n. - e’ *

This is not in the form(22.1) as the coefficient of exp( Pz )
in the second equation does not equal minus 2, because of the non-direct
nature of the reduction. Therefore we must set instea.d,F, = P,_. = R’- + 1n2
so that we now have

s
a-"fb = =7 < L\-e.t
-]
e 1 FU
BP\:_ — 1& 4+ €
vhich are the equations corresponding to the Cartan matrix[2.i.h).
_ However the original variables satisfied the constraint{l.i.26),
i Na. o — Po+ A = O
ael F o™ TP
which yields fer the new variables the constraint
AxLR, = ba L
instead of zero which is the canonical value used above. Setting P:fon_
we obtain
5 -2
op = -2l v e
P i
which is not the Bullough-Dodd equa.tion@..'l.S). This equation can be cobtained

after a further translation of /0 and a rescaling of the space—-time variables,
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/olfz-_ ]o+°'/3\q\'l xm'= 2 ExH

We conclude that the Bullough-Dodd equation in the formill.S) is
obtained far more naturally as a direct reduction of the TL equation for
S0(8) as mentioned above rather than as a non-direct reduction of the TL
equation for SU(3), which is how it was obtained previously (\R,20]}

as the first example of the reduction procedure.

Notice that the coefficient of exp (3~ }D\,_ } in@.C:.l) is

Ev:_ = &(E\*‘ED

and that :
[Ba,Banl = Hia= 2(MiH,)

It can be checked that Eic,\-\ojEt\l and \'\\,_ generate the algebra
(24.8) with the Cartan matric(2.2.4). This illustrates the fact that non-

~direct reductions serve equally well in obtaining special sub algebras,

but with extra normalisation factors arising compared with(?-(y.E) and{2..3).

The above example typifies what happens in other non-direct
reductions. The reduced equations correspond to Dynkin diagrams already
discussed and can be put in the canonical form only after a rescaling of
the space-time varisbles. Since no new diagrams result we shall not list
the possibilities here but merely state the extra rule that must be added
to the previous ones in order to obtain the reduced Dynkin diagram: if two
linked points are superposed then leéve the link (which has to be single)
as a loop attached to the point. This loop then signifies that the number
of lines pointing towards the point with the attached loop should be

doubled. Finally the loop is deleted.

If the original 'foda equation reads as\(%.1) with ZNQPC\ vanishing

where Nu_ is the left null vector of C then the reduced Toda equations
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will read X Ps
2

-0 ‘P , = Cssgi e y
(2.6.k)

with * R_

=NEp =

where C¥, the Cartan matrix corresponding to the reduced diagram explained

above, has left null vector N*%. - with positive integer components. R

will be a constant depending on the reduction and will vanish only for

direct reductions. The substitution

/Dz"q P';f + Q/(E.N'g)
XM= exp (R/2(2N8)) XM

will effectively reduce R to zero while ma.intaining(z—@'.h).
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APPENDIX

We saw that
—_— ~
O“k b/wo — m& {(a.1)

and we now wish to show that the group \'\)o consisting of those elements
of the Weyl group which permute the extended system of simple roots, D\
is isomorphic to the centre of the universal covering group. We regard

this as a somewhat surprising result and can ﬁrove it only considering

each simple Lie group in turnm.

Since autd and autd) are isomorphic to 5 and V' respectively,
they can be read off the last column of Tables I and IT. We see that P?il

It follows from (A.1l) that WQ'}'_ o in these cases and from Tables I and

2

II one sees that | ’.—‘:E.(G)and the desired result is established.

This leaves SU(r+l), r»2; sSo(2r), ¥)4 and E6 . The result for
SU{r+l) was established in the text while E has \-_-‘-'—‘-_: Sg and ‘_\-’:—.%7, 50
that by (A.1) W. has order 3  and hence must equal 23 as that is the
unique group of order 3. Since the covering group of E6 has centre Z3 the result
is established leaving only the series SO{(2r)},rf2k4. This is particularly
while for r2. 5 F’:" Dy >

3
Pg% so that equation (A.l) tells us that '\J\lo is of order 4. There are two

interesting because for r=i r"_—_‘:‘Sh, F'l-_' S

P
groups of order k4, ZEX?Q and%u and in fact Z(80(2r))alternates between them
foe v

even and odd respectively. We now show by computation that wc alternates
similarly, thereby completing the proof of the desired result.

If e).e,,8, denote r orthogonal unit vectors the roots of SO(2r) can be
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expressed as
§ (SDQ?-Q‘» — { Te: i&_-) , \-..'=5= .\g

while, using the numbering of simple roots adopted in Tables I and II

B (o) = oLl x ]

-2 % e
§oeie,, @i, @qm 2y - - BenTRr, Qe

i

A reflection in the root €;-€; interchanges €. and €) while a
reflection in €1 %*€; reverses the signs of €. and €3 . It follows that
the Weyl group of SO(2r) consists of all permutations of the €L combined

with all possible even reflections.

The reflection Oic ,say, in the root €*%¢ reverses &1 and €¢
. . o . & v\ . ii‘ . .
thereby interchanging o with and & with whilst leaving
the other simple roots fixed. It therefore constitutes an element of \\\o of
order 2 which can be written using the notation of section 2 {whereby an

element of \" is denoted as a permutation of the crossed points in eycle

notation)
S= (2, 1)E-1,5) (1.2)

Now we must distinguish the cases r even and odd. TIn the former case
.= —Qcsi—-L is a permutation of the €. combined with an even reflectio
Toa

and hence an element of \J\J(SDCZ‘“)) .6 | say . We see that S = oL

a=0,l.c.u.. r so that & is an element of Wq of order 2 which, in the

notation of section 2, is

s = (o, N, ™Y
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Thus when r is even \(\]o consists of the group 77—2_7‘22, generated by S

and  Oi¢ (eqn. A.2) and so

No LSBQJ_Q\ o E QY (o, )(e-\ /) L (.Y (WO f‘.\}} «even

and is indeed isomorphic to the centre as claimed.

On the other hand if r is odd consider instead

e .~ —&,
e\_a e’(" el-q—Q..v__\ 3 Qa"% -Q‘-_l y - - c

This is again a permutation of the €. followed by an even reflection

and hence an element of W , © , say. Then

— . = - C—a 2-,2.
Eay=o" 5 S =L TN T A T2

- C . .. E= \
so that S ig an element of No which 1n cycle notation is S= (CBC’--\,
Comparing with (A.2) we see

E§1;=: S\e

so that © has order I and hence genera‘teszh which must be \\jb . Thus

¢ 15 again isomorphic to the centre of S0(2r) for r odd and

\;\)o = ?-( Y5 Co, oLy, ey 7, (o, OE-\) L (o,F,), \“-\)%

The above analysis inecludes SO(8).
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Table I: Ordinary Dynkin Diagrams

G D(G) z(G) I(c)
1; 1
SU(r+1), r31 K = ~ - Ryl A o
so(2r+l), rz2 ¥—GC—-O~=~ - 0—C—=0 Z, 1
t Zz 2 C-2 =) -
sp(2r), r23  O———0—0—~--0—0== Z, 1
\ 2 3 = 6y 0
O
r even, sz 122 r=l4; 8
gso{er), r2b *—L—0— -~
\ 2 3 -3 TN Lroodd; Z), r>5; 2
2
Eg > Z Z,
A 3 2
E, 4 Z, 1
\ 3 >, S b 7
Eg o O—0C———0—0—0 1 1
l 3 4 s G 7 ?
F), O—CO=—0—0 1 1
\ 2 3 4
G2 =0 . .



Table II: Extended Dynkin Diagrams

G D) T
=)
su(2) Z,
\
[~

SU(r+1), ry 2 D1

X% - -

\ 3 3 O T Y <«

Q
50(21""1) s l‘a 2 __0_@ A

2

\ 2 3 L T o 7

o \ 2 -2 - o

o)

=\ r= 43 S4
50(2r), r3 4 > —-o—rc<¢
o~ 2 .
2
E S
6 4 3

l 3 Iz S (7

£ Y G—O— & A Oy Zy
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Table III: Generalised Dynkin Diagrams

Name GD Symmetry Group
BT(so(2r+1)), £33 > -0 - -0—C=0 Z,
D (sp2r)), £33 G—Z=p—0— - -0——=FD z,
ERCN o—o—a=X0o—0 1

GD (BD) %) 1
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Table IV: Direct Reduction of T Eguations.for Simply Laced D(G)

G D(G) D*(G)

’

SU(2r+2),23)1 O—0——O----0—0 OO = -TD

D(Sp (2r+2))

S0(2r), ¥ 4 o-——o—o--—c(j 0—0-- 0==0 D(S0(2r-1))

S0(8) o—c< ==

D(Gz)




98.

Table V: Direct Reductions of TL Equations for Simply Laced D{G) Omitting
Those Based on T(G)

G D) Symmetry used D*(G)
(cycle notation) .

o o=\
s0(2r), r2 4 :>o-—o-o——a<i (r=1,r)(0,1) DT(Sp(Zr-ls))
1 iy -
)
::::c :::35’\ (0,2r-1) (1,21) DT (50(2r+1))
2T .21 T+
so(4r), r>,3 ‘ o {(O,Zr-l,l,r) GD(HI:_;)

e
% 4
50(8) :>< (0,1,3,4) GD (BD)
i o 3
Eg 0,1,6) D'(G,)
x O~
t )

E. i 0,7) DT(FA)
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3.1 Introduction

For a variety of reasons, both mathematical and physical, there is
much current interest in dynamical systems which are integrable classically,

2)

or evenr better, quantum mechanically.l’ The systems usually considered
have a number of degrees of freedom which is either finite (so that the
system is called one~dimensional, with time the dimension) or infinite
with extra degrees of freedom counted by a.single space parameter {so that
the system is called two dimensional with time and space the dimensions).

A particle physicist is interested in relativistically invariant two dimen-
sional systems and even more in four dimensional systems. There already

3,4)

exist many interesting relationships between self-dual gauge field con-
figurations describing instantons or monopoles and integrable systems in
cne or two dimensions.

Integrable systems exhibit much interesting structure, for example,
unexpected conservation laws (or symmetries) which restrict the phase space
through which the classical system may evolve. In the two dimensional
systems there occur other objects with a simple time dependence which
relate to the Bethe Ansatz valid in some quantum statistical systems.

It is of great importance to evaluate the Poisson or quantum commutator
bracket between these objects.

5) 6)

Or zero curvature

Underlying the integrability is a Lax pair
condition inveolving a second type of commutator structure invelving what we
shall call Lie.brackets in order to distinguish them from the Poisson or
quantum brackets previously mentioned. It seems that the proper under-
standing of the theory involves the interrelationship between these two
sets of brackets, the Poisson or quantum bracket and the Lie bracket.

1,2,7)

Major progress in this direction has been made by the Leningrad school

in the course of developing the "quantum inverse scattering method' usin
ping q g g
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ideas from models in statistical physies. In specific two dimensional

integrable systems a crucial role is played by an operator [P which
relates the two bracket structures.

Our aim in thischagter is to construct and understand [P for two
(infinite) families of theory of interest for both physical and mathematical
reasons. The best understood Lie bracket structures correspond to the

simple Lie algebras & (classified by Cartan) and the affine Euclidean

9)

Kac-Moody algebras and these are the ones relevant to the two

families of theory.

10)

The corresponding equations are known as the Toda equations and couple

coordinates pg in a nonlipear way.
ffi'p = - % C., e | {2,1.1)
ae? 2 = N

The R xR matrix C is a special sort of matrix with integer entries, called a

8)

Cartan matrix. These matrices give the clue to the Lie algebraic structure

mentioned above since they encode the structure of that algebra in a way to be
explained.
When C is a Cartan matrix associated with simple Lie algebra equations

11)

whereas when C is a Cartan

9)

(31;1) are called "Toda molecule" equations
matrix ascociated with an affine Euclidean Kac-Moody algebra, the equations
(51.1) are known as "Toda lattice" equations. The possible matrices C are
known from the classification theory of these algebras and can be denoted by
Dynkin diagrams which are listed and explained above . Toda'
original equation corresponded to‘the large N limit of the SU(N) algebra.lo)
We shall just consider the classical one dimensional systems(&l.l).

The form of P we find leads us to think it will also play a role in the

quantum and two dimensional versiouns of{EJﬂl). The two dimensional versions
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of@_l.l) are relativistically invariant and therefore of interest to particle
physicists. The simplest (single component) member of these two families
are respectively the Liouville equation and the Sinh-Gordon equaticn.

The algebraic structures mentioned are respectively finite and infinite
dimensional but nevertheless both possess a finite dimensional space of
mutually commuting generators H, (called a "Cartan subalgebra"). The

remaining generators can be arranged as step operators for roots, a

[Hi,Ea] = aiEa

The roots a span an R dimensional space and can be split into two subsets,
the positive roots, and their negatives. The positive roots can always be
expressed as sums of R "simple roots" whose scalar product specifies the

Cartan matrix occurring in the Toda equations(&l.l)s’g)

Cp = 2a'b/b2 . a,b simple roots 13.1.2)

The general theory guarantees that the complete algebra can be reconstructed
(up to an isomorphism) from the Cartan matrix (or Dynkin diagram), which
therefore contains all relevant information.

The Lie bracket structure enters in the formulation of the Lax pair
equations (see (321) in section 2). This equation ensures that the matrix
A of the Lax pair develops in time in such a way that the quantities Tr(AN)
remain constant. The interplay between the two types of bracket enters when
the Poisson bracket between different matrix elements of A is evaluated. When
this can be expressed as a Lie bracket involving the operator [P (see
equation (373)) it follows that the.conserved quantities Tr(AN) have vanishing
mutual Poisson brackets. Any of these quantities may be considered as a new
Hamiltonian without disturbing these properties since an appropriate Lax

pair can be formed from A and [P as explained in section 2.
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In section 3, [P is constructed for the Toda wmolecule equations in the

form

H
[
|
M=

z (signa) E,® E-a (3,1.3)
roots a

where Ea is the suitably normalized step operator for the root a and (sign a)
is *1 according as the reoot a is positive or negatiée. The sum extends over
all the roots of the Lie algebra défined by the Cartan matrix occurring in
(31.1).
In section 4, [P is constructed for the Toda lattice equations and
shown to have precisely the same form (31.3) providing the sum extends over
the infinite system of roots of the affine Euclidean Kac-Moody algebra
associated with the Cartam matrix in{3\.1) and the step operators are those
approp;iate to the centre-free version of the algebra, called the loop
algebra, and written as generators of the associated finite dimensional
Lie algebra times powers of the spectral parameter as explained in section 4.
Equation{3.1.3) stating that TP has a transparent uniform structure for
the two families of equation considered constitutes our main result. The
form(31.3) applies equally to the equations besides (31.1) based on Hamiltonians
Tr(AN), N > 2 instead of Tr(AZ). We think it striking that P depends just
on the relevant root system. In deriving(BJ.B) we used in an essential way
the general feature of root systems that a positive root minus a simple root
cannot be a negative root. We therefore expect our construction to generalize
to possible more general infinite algebraic structures of this kind which
may underlie other dynamical systems. Simple examples are the Toda equations
involving generalized Cartan matrices and corresponding to the remaining

Euclidean Kac—Moody‘algebras,12’13)i

.e. the twisted ones.
Section 5 discusses the result mentioning that(3&.3) should apply
equally to the quantum case. Comparison is made with another sort of

integrable dvnamical system with a Lie group theoretical basis, mamely

that of a "free particle on a Lie group”. These svstems possess a

structure like [P but are not completely integrable.
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2.2 Lax Pairs and the TP Operator

Consider a classical dynamical system with a finite number of degrees

of freedom (such as the Toda systems(3].1)) with a Lax Pair A, B depending

on the canonical variables (qa,pa) such that

ETRRSTIN (3.2.1

whenever the Hamiltonian equations of motion hold. Then the quantities

Tr(AN) are conserved in time. If A and B are generators of a simple Lie
algebra we expect the number of independent constants of the motion of the
form Tr(AN) to equal the ramk of_the algebra. The important question is to
evaluate the Poisson bracket, (PB), of the different constants. If the PB of
two quantities vanish they are said to be in involutiom. This allows a
canonical transformation to coordinates where the Tr(AN) are canonical momenta
and the system is then (formally) integrated providing the number of
independent Tr(AN) equals the number of degrees of freedom.lé)

The first stage is evidently to evaluate the PB of two distinct matrix

elements of A, Aij and Akz say. Then the defining property of P is that it

obeys 2
SA;. SA,  BAL 8AL,
{a;.,4,} = Ig -3 3
1]7 k2 pp a 69, Op, Pa 943
SPisite A0ty TPk A (3.2.2)

2)

or in a more compact notation

{Aﬁ? Ale= [P, A8 1+ 1®A4] (3.2.3)

where products between matrices in the temsor product space (of the Lie
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algebra with itself) are defined so that
(A® B) (C@®D) = AC® BD . (3.2.4)

We shall talk of left and right entries in an obvious way. Because of the
antisymmetry of the PB we expect that P will be antisymmetric with respect
to interchange of the left and right entries and will write, corresponding

to this,
P =-T . (3.2.5)

Further, since A is hermitian (so the conserved quantities are real),

we expect
P = -[P (3.2.6)

when left and right entries are conjugated separately without changing
positions. Our aim is to construct [P satisfying(3,2.3),(3_2.5) and(3,2.6) but
before doing so we wish to discuss the consequences of the existence of such

a . From{32.3),

]

{Te(a™, A}PB N TrL(AN‘l @1 {A @ A}PB)

NTrL(AN’1®1 (P, A@ L+ 18 A]D

where TrL indicates trace on the indices of the left entry. The first term

vanishes while the second yields
= niTe AT @), Al | (3.2.7)
From this it'immediately follows that
{re @Y, ey, = 0 (3.2.8)

i : M R . X . .
i.e., the constants of the motion Tr{A") are all in involution. The Hamiltoni

. 2 .
for the svstem is usually taken as Tr(A™), as is the case for the Toda svstems
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Then(%.’Z.T) tells us, putting N=2, that

dA _ =
-5 {H’A}PB = Z[TrL(A ),A]

from which we deduce that B, the second element of the Lax pair in(3:2.1)

is just ZiTrL(AIP). The wvalidity of(32.3) and hence(3.2.7) does not depend
on any particular choice c;f Hamiltonian once A is expressed in canonical
variables. Instead of Tr (Az) we should choose Tr(AN) as Hamiltonian (or even
any linear combination of these quantities) and equation(3.2.7) would then

imply

da

a7 (ke

N
{Tra™ ’A}PB

L}

N-1
N [TrL(A P),A]
Hence for the system with H = Tr(AN) we have the Lax pair A and

N-1

By = iN Tr (o 1) ' (3.2.9)

N

The same quantities Tr(AN) would be constants of the motion in imvolution.
We see that [P is more fundamental than B in the sense that it is independent
of the dynamical coordinates and universal in the sense that it applies
equally to all the dynamical systems based on linear combinations of the
Tr(AN). The goal of this paper is to construct T for the Toda systems(3,l.l)
mentioned above and show it has a remarkably simple and transparent structure.
We shall proceed in two steps dealing first with the TM equations and then

using the result to obtain P for the TL equations.

3.3 Poisson brackets and the [P operator for the Toda molecule equations

In this section we consider the Toda molecule equations. Thus C in

(3.1.1) is the Cartan matrix K, for a simple Lie algebra. We start with the
)

- . . . . 15
zero curvature condition for the two dimensional version of equatlon(?,,l.l)
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in the form presented by Leznov and Saveliev.lG) We then proceed in 3 steps:
(i) construction of A (see eq. 2.1} in terms of canonical coordinates and
momenta for the one dimensional case, (ii) evaluation of the Poisson

bracket between the different matrix elements of A, and (iii) construction
of P satisfying(3.2.3).

We refer the reader to the previous chnptﬁ? for definitions of potential

Au and other notation . According to that we take

TR0
21 _ 1} 1 27ab™d ‘-
A=A =5, +A)= L 6 H +5e (E,+E_)) (33.1)
ach
. 1 ;1 Fabty (
-iB=A =5(4 -A) =L e (Ep~E_J) 3.3.2)

where H, are the Cartan subalgebra gemerators, E, the step operators for the
simple roots a? in the Chevalley basis and we have assumed ¢ is independent
of x in order to obtain the one dimensional equations(3,1.1). The sums

extend over the set of simple roots A. Then

48 _i(m,a1 = % T LB, + eFabPh
dc 2 a
ach
(3.3.3)
1 -1 b
=3 L Hy L (b, + Ko & )
ael
using the commutators in the Chevalley basis:
[Ha}Eb] = E Ky, (no sum over b)
TEQE_] = Hab gy o, oPen (3.3.4)

and letting 0, = Kéb¢b' We have used the fact that the matrix Kab is non-

gsingular for any simple Lie algebra.

Thus A4 and B given by(3.3.1) and(3.3.2) constitute a Lax pair for the Toda
molecule equations(3,1.1). Normalizing the Killing form by
26 a, b

ahb : Tr(HaHb) - Lo o

TrEaE_ =

b (3.3.5)

(a2 (@) (ab)?



108.

we find that the energy integral Tr(Az) has the kinetic term

- . aa.ab
a,b a b (aa)Z(ab)z

so that the canonical momentum conjugate to ¢a is

SK 1 .
= — = ——— K d) (3-3-6)
a Sba (aa)2 ab b
! b
Since Ha = 2.2 and a? can be expanded in terms of fundamental weights A~ as
(™)
o =K AP

which follows from the definition of Ab;

2 3egP - gab
b2
(a™)
we find
1 %Kab¢b
AG,T) = T [A;HTL 4T e (Eg + E_D] - (3.3.7)
ael

This is the desired expression for A in terms of canonical variables and
completes step (i). It is straightforward to evaluate the Poisson bracket(3.2.2
2 %Kab¢b

a
agﬂ (@) e

ol

{a % Alpg = [(E, + E_,) ®@H, - Hy® (E;+E_})] B.3.8)

Comparing with the defining equation for TP, 2.3) we see it is sufficient for

TP to satisfy

|
]

[P, i, @1 + 1 @H,] = (3.3.9)

2
(B, B2 1+ L @Bl = 1(06® (£, 9H, - 0, ®E,); oes  (3.3.10)
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since if [P is antihermitian in the sense of{32.6) it follows from(gj.lO)

that

2
[P, E, @1+ 1®E_] =370 (E_ @Y, - BL®E) (3.3.11)

T

The final stage, (iii) is therefore to comstruct TP satisfying(3.3.9),
(3,3.10),(3.2.5) and(3.2.6). The first step is to consider the Casimir like
operator € defined by
dim g

C= I T;®T (2.3.12)

i=1

where the Ti constitute an orthonormal basis (with respect to the Killing

form) for the generators of the compact Lie algebra g3
[Ti,Tj] = i fijk Tk ’ fijk totally antisymmetric (3.3.13)

.{ has the fundamental property that it commutes with any generator T in the

sense that
€, 1®T+T®1] =0 (2.3.14)

as is easily seen uSingGlB.l3). It is useful to split € into three parts

G’.‘.=lC++(C_+(Co ‘\33.15)
where

= 2 23 .
€, = I @/DE, B, (3.3.16)

2 2 . :
= X /2)E E = I (a"/2DE R®E 3.3.17
. ot<o(Ol By ®F o a>o -0 a ( )

n -
Co = [I, H; ®H; (33.18)

Here the E, are the Chevalley step operators for all the roots o of the

algebra , and Hy the Cartan subalgebra in the Cartan-Weyl basis. Together
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they obey

[Hi,Hj]=0 i,j=1.... = rank g

?

[H;,E ] = oEq

[EG'.’EB] = NOLBEOH-B if o+B a root

(3.3.19)
=28 yra+B= 0
a
= 0 if neither true.
;!
Note that H,Z = 2 5 and E,Z £ E_, above.
a o
(o)
The decomposition(;%_'B.lS) is useful because as we shall show
P=-3 (@€ -C) (23.20)
7 W T € 3.

This evidently satisfies the transposition and hermiticity properties
.(3.'2.5) and(3;2.6). Since(3.3.9) is trivial to check it only remains to

establish(3.3.10).

First note that

a
CLE@L+1I@E] = -(9% E,®H, +H @F) (2.3.21)

while

[CLE @1+ 1S E,]

2
- _L(z‘a (E, @ Hy) + X (33.22)

where X is a sum of terms proportional to Ea' ) E_a with a and o' both
positive roots. This follows from(3.3.19) and the simple fact that a positive

root minus a simple root can never be a negative root. Likewise
. (@2)” . .
[CLE,P L+ 1R E)] =-5"— H®E, +X (33.23)

where X' is a sum of terms proportional to E—-a'® Ea’ with « and o' both

positive roots. But{33.14) tells us that €y + LC+ +C_ commutes with
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E,® 1+ 1® E,. Thus by(3.3.21),(33.22),(3.3.23), X + X' vanishes. Since X
and X' cannot cancel as their components are linearly independent they must

vanish individually. Subtracting(33.23) from{3.3.22) we then get

2
[c, ~CLE, Q1+ 1®E] = - L'Z@L (E,@H, - H, ®E,)

It follows that [P given by(3,3.20) has the desired properties®.3.9),6{33.1
This [P is unique because if not, we would have an operator commuting with
all the 1 ®Ti + T;@ 1. The only such operator is C(3_3.12) which is symmetric
and hermitian in the sense 0f(3.2.5) and{3.2.6) and so cannot be added to TP

without destroying the properties(3.2.5) and(3.2.6).

a2
If we rescale the step operatorsJ gi— Eq ™ E+a so they beccme part of

an orthonormal Cartan Weyl basis instead of a Chevalley basis, JP takes the
form(?,'l.3) given in the introduction.

Once P is constructed it follows from the previous section that the
integrals Tr (AN) are all in involution. Since the number of independent such
integrals equals r = rank g, the number of dynamical coordinates, we see the
Toda molecule system is completely integrable in the sense of Arnold.la)

This was known for g = SU(N)17) but as far as we know this is the first

explicit proof which works uniformly for all simple Lie algebras.

3.4 DPoisson brackets and the [P operator for the Toda Lattice equations

Here the matrix C inf%_L.l) is an extended Cartan matrix K, associated
with any simple Lie algebra g by adjoining a® = - (the negative of the highes
root ) to the set of simple rooi;s A to obtain A= {CLO,A} and defining I-‘-IEE as
im{3.1.2) where a and b run over 0, l..... r. By the properties of roots and
coroots of g»

n ol 2 P
U= I Nar.‘ta P/t = I Maa?/(@®) 3.4.1)
a=1 a=1
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with N, M, integers. Hence KEB is a singular matrix of rank r with null

vectors Ng . Mg s

Ny Kog = Kgp M5 = O 3.4.2)

where we have defined N0 = MO = 1 and let barred indices run over A rather

than A.

Fromcil.l) andf&A.Z), we see that

dZ ,
— (Z N=p=) =0
dtz a"a

and in fact we choose, followihg[lz]

LNz =0 (3.4.3)
as an extra constraint.
The wvariables o, relate best to the points of the Dynkin diagram which

(12]

displays the symmetry of the equations but in order to evaluate Poisson

brackets we need an independent set of r variables. A convenient choice is

by = {9 ""¢r}; ¢ = 0, defined by
P2 %35 %5 T K % G.4.4)

Then(3,1.1) reads, using(34.2)

. Kantp Kool
éa - e B M, e oc?e ‘ Cl4-5)
If, following[lz], we define
l_
= Ko 0
1 1 . 1 7 “ab*b
A=A,=3> (A ,+Ay) = = L H,+> L (Ez +E -
x T3 (utay) =3 aeAq}a a2 Eeﬁe 3 TER)
1
A =1 _ 1 =Kapdy
SiB=A =3 mA) =3l ed T s -5 ) (3.4.6)

and using the commutators(iB.a),(13.19) and(%ﬁ.l) we find
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K., o K o
5 Ha($a +e ab’'b - M oc’C

da e ) (3.5.7)
ash

qc i[B,A] =

(30 ] ol

thereby establishing that A, B in{24.6) constitute a Lax pair for the Toda
lattice equations. The energy integral TrA2 has the same kinetic term as
before. Hence the cancnical momentum conjugate to ¢a is again given by

f33.6) and A in terms of canonical wvariables is

1 ]§K§.b¢b
A9,m) = T Ay HT,+ 5 L e (E; + E_2) (34.8)
aeh aeh a

Now the commutators used in(34.7),

[Eg»E_ ] = By = -I MaHg;[H,,E, ] = *E, K

can be satisfied by taking
E, = AE , E =32k (34.9)
° -y - A U o

where A is a parameter which we shall take as real. Since

the Lax pairs defined by(ZA.S) for differentrvalues of A are gauge
inequivalent[lZ] we now have an infinite family of Lax pairs for the Toda
lattice equations labelled by A. This phenomenon does not occur for the Toda
molecule equations. Thus, a "spectral parameter” X enters the Toda lattice
theories.

The quantities Eta are all generators of the Lie algebra g- The
quantities AnTi ,n=0, £1, %2, ..., Ti as in(3.3.13) can be regarded as
generators of an affine Kac-Moody algebra Eég@(l,l_l) if different powers of
A are linearly independent.[g] Ihe step operators corresponding to thé simple
roots are Eg, El Cees Er and the Cartan matrix defined by the simple roots
is ﬁ;g as stated in section 1. This important observation is due to Leznov

(161 [13]

and Saveliev , Drinfeld and Sckolov , and G. Wilson[lsl, and will be

important in what follows. Thus the Lax operator A for the Toda molecule and



114,

lattice systems both involve step operators for the simple roots, in the former
case for a simple Lie algebra g and in the latter case for a Kac-Moody algebra
A, AL
B @3( ’ Y.
When we evaluate the Poisson brackets between different matrix elements
of A we shall want to use A as an extra matrix element label, and so will take
A as the spectral parameter in the left entry and Y as the distinct spectral
parameter in the right entry.

Then the P operator will be demoted [P(},1) and will satisfy
A @amt = [PR,), A@1l+1g@Aa)]

Using (4.8) we easily evaluate the left hand side

K0

B %( z (O‘a)z o2 P b[(Ea + E-a) @H~Ha® (E;+E_))]
a

A

k.o
2 27ab"b 1 1
- e [QE_,+F EY® By, - By® (ME_j+ TEDD)

Thus we require P\, 1) to satisfy the previous equations(3.3.9,(3,3.10) ‘and in

addition

[ P, ), A E_w® 1+ 18 UE_w]

21,2 - r
7 V0 OE_ @ H, - B ® ME_) (3.4.10)

We also expect the transposition and hermiticity properties{E.Z.S),(3,2.6)

POLWT = - B, (3.4.11)
— =11
PA,W = - TP(X’E) : 3.4.12)

Because of the uniqueness of '1?[3‘3.20) 5atisfying(3',3.9) and the comments

at the end of the last section, T must have the form

PO, = P + FOLW @ (3.4.13)
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where F(\,l) is some function and € is defined in{33.12). It remains to
construct F(A,u) so that(?.glh'lO) is satisfied and then check(?v_l;.ll) and(?»é.lz).
Now
2
[Cyr E_y® 1] = 31’2— Hy@E , + 1, (34.14)
where the first term is the contribution of a=Y in tC+('3.3.16) and Yl is a
sum of terms proportional to E_a, b4 E-cx with ¢ and a' both positive roots

(using the fact that if Y -a is a root it must be positive). TFurther

(e, 1@ E ] = 0 G4.15)

since Y+ cannot be a root. Likewise

n
o

[, Ey® 1] (3.4.16)

2 '
[, 1@E_,} =W /2)E_ O, + 1, (.4.17)

where Y2, like Yl is a sum of terms propertional to E-a' % E—a with o and o'

both positive roots. Hence by(%_,-ﬁ.ll;) to(3.4.l7) and(3.3.21),
[c, E-di@ 1+18 E_w] = Yl + Y2

But by(3.3.14) this vanishes, so Yl and Yz cancel each other rather than

individually wvanishing. Using these facts we find for (3.4.13)

(B, M_, ©1+ 1 QUE_]

- AW GowEaw) T

(- 3+ a-wro )ﬁH E
2 WEGLW T RO E

+

2
u 1
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and comparing with (3.4.10) we see that the coefficient of Yl should vanish,

S0

FOLW = 3 G5 = - Fu) = - PG

L

With this choice(34.10),(34.11) and(4.12) are all satisfied and

= - _lp+d _ 1 _ u+A
- _ M __A 1 u+i
- u—km-i- u—i\c-"iu-kco

This form is indeed reminiscent of that found in studies of other dynamica
systems, but seems to us to be simpler. Now comes the main point of this
chapter in terms of interpreting [P(A,u); since A and U are formal parameters

we may write

B A _ 1 . 1
U-A U~=A A=y 1-=-X/u  1-u/A

=% o/t - @t

n=1
Hence
— az @ 0.2 n -n
-2 = Z —E®ME + I I — AE U E
a>o 2 [s3 -l n=1 alla 2 Q® -
@ T -
+ I 3 ani®unH.
n=1 i=1 +
ol pig -n n
-(CLEO 7 Ra®F ok aEl a VR B VE,
® r bl 4 § n
ok B M HB@W Y

Now the step operators for the positive roots of the affine Kac-Moody

algebra g,@ 8(}\,}\_1) are precisely (91
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Ea’ o > 03 KnEa n > 1, @ any root (positive or negative);
AMHE, a2l i=1...r.

v’ E1 cenn Er' Thus if

we rescale the E, as before, Vg— Ea -+ Ea we find that EE(A,u) is in the

if the step operators for the simple roots are AE_

fomB.l.B) precisely. Thus just as for the Toda molecule case A involved

step operators for the simple roots and IP step operators for all the roots
of a simple Lie algebra g, so for the Toda lattice case A involves the step
operators for simple roots and TP the step operators for all the roots of an

affine Kac-Moody algebra g §§€Il,l-l). This is our main result.

3.5 Discussion

We want to discuss the sense in which the P operator we have constructed
for two families of Toda systems is simple and universal. This simplicity and
universality suggests that P may have an analogue iﬁ other dynamical systems
based on bigger algebraic structures.

As explained the two families of Toda systems were based on the systems
of simple roots for the simple Lie algebra g and the affine Kac-Moody algebras
g'@@(i\,)\-l). IP was constructed in terms of the step operators for the
complete root systems in a uniform way. Unlike the second element of the Lax
pair, B, it applied equally to the many different dynamical Systems based on
the given algebra.

Our argument in constructing [P was based on the fundamental geometric
fact that the root system concerned could be split into positive and negative
parts and possessed a basis of simple roots. Since this is tfue also of the
remaining Euclidean Kac-Moody algebras based on the generalized Dynkin diagran
(or "twisted loc;np algebras') we expect our own result to apply equally to the
(13]

integrable systems associated with them {(which are subsystems of those
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discussed here based on extended diagrams [12]) but will not check it here.
Qur expectation is that there are yet more general systems of this nature
associated with bigger algebraic structures. The two dimensional Toda
equations may furnish an example.

Unlike the Lax operators A and B, [P is independent of the dynamical
coordinates and also of the choice of independent dynamical wvariables. Thus
it is wvery likely that it will pass over into the quantum theory unchanged.
Indeed the fundamental equation({22.3) holds for the quantum Toda systems when
the Poisson bracket is replaced by a quantum commutator bracket and should
presumably provide the basis for an integrable quantum theory. We hope to
investigate this possibility in the future.

The statement that the Lax operators form a linear combinatiom of Cartan
subalgebra gemerators and step operators for A or A is invariant with respect
to gauge transformations generated by the Cartan subalgebra of g- T is also
invariant to such transformations applied equally to its left and right entries
Since the spectral parameter takes distinct values in the left and right entrie
these gauge transformations must not depend on the spectral parameter.

This means that for other choices of A related to the Leznov Saveliev [16]
choice adopted above by a spectral parameter—dependent gauge transformation,

iP will assume a different and in fact more complicated form. This seems to
be the reason our simple form has not previously been discovered. The point
of the Leznov Saveliev definition is that it associates the spectral parameter
with the natural grading of the Kac-Moody :.algebra.[9

We suspect that the crucial‘feature of TP is that it plays the role of
structure constants when the fundamental Poisson bracket equation(&2.3) is
regarded as imposing a second Lie algebraic structure on A. Thus A is a sum
of products of two generators taken from the Lie algebra of Poisson brackets

(3.2.3) and the Lie algebra(3.3.13).
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We have claimed that P is more fundamental than B. To illustrate
let us construct B from A and [P when H = Tr(Az). For the Toda molecule
case, it is easy to verify using(}B.S) that(3.2.9) and(3.3.1) yield(§3.2).
In the Toda lattice case equation(32.9) must be modified on account of the

spectral parameter dependence. Since TrA(J\)2 is X independent(&2.9) becomes

- AW L g a00)

{TrA() 2 @ AW}

2[Tr; (P (A, WAM)),AM ]

ﬁ?(l,u) is singular when g = A yet the left hand side is regular and in fact

completely independent of A. This apparent paradox is resolved by calculating

= _U+A ,

which indeed yields the correct Lax equations as the A dependent term cancels
out of the commutator.

It should be noted that we never had to mention a specific representation
of the simple Lie algebra concerned. In fact our expressionfll.B) for [P is
valid in any representation. Throughout we made implicit use of the faect
that the trace of a quadratic expression of generators is independent of the
representation except for a common scale factor which can be absorbed in the
normalization of the trace. This is not true for traces of higher powers of
generators. This means that when, as in section 2, a higher order Hamiltonian
is expressed as a linear combination of Tr(AN), then the coefficients will
depend on the representation considered. That is why it is important to

have the freedom of taking their coefficients arbitrary as we mentioned.
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It is instructive to consider another favorite dynamical system
associated with Lie groups; that of a free particle moving on a simple Lie
[19]

group. From the work of Pehlmever and others the Lax pair is simply

- _io—1l dg _
A=-lg g = ATy

Clearly there are dim g coordinates and the same number of conserved

~

quantities A;. The canonical formalism implies that

LAY =1 F,, : 3.5.
A ashy =1 £58 (3.5.1
so the number of conserved quantities in involution only equals rank g and

the theory is not completely integrable in the sense of Arnold[la] even

though it is formally integrable. In the notation of the present paper(iS.l)

can be written

4@ AL,~3C, A® 1 - 19 4]

from which it follows again that the Tr(AN) are in involution but only rank g
are independent from the theory of Casimir invariants.

More generally one might expect

{Aq’;)A}PB =[P, A 1] - {reT, 1 A)

Qur two examples seem to constitute two extremes in the sense that for the
Toda systems P is antisymmetric while for the particle on a group it is

symmetric.
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