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ABSTRACT

The field of self-tuning has developed due to the need for
the control of systems, with unknown parameters, that are affected
by stochastic disturbances. Most of the theory has been centred
around polynomial controller descriptions based on a system
considered as an autoregressive moving average process.

In this thesis the system model is retained to enable an estimation
of the system parameters to be carried out. However, once these
estimations are obtained, a state space appreoach is used to calculate the
required control actiom. By use of this scheme a controller has been
achieved which has different properties, some advantageous, to those
previously encountered. The resultant recursive control can be cal-
culated simply and is such that it deals with a variable system time delay
by employing a pole placement technique. With regard to a simple ex-
tension from its primary form, the controller is able to deal with non-
zero external inputs by means of steady state following.

The self-tuning property of the state space method is proven, and
from the proof it is shown that beth this approach, and certain schemes
previously employed, are special cases of a more generalised format.
Subsequently, by taking account of this format, a tuner is suggested
which incorporates a control input dependent on state feedback used in
combination with linear output feedback, the state feedback providing
pole placement and the linear output feedback allowing the variance of the
system output to be optimized. The addition to the controller is shown
to affect neither the use of an external input nor the overall self-

tuning property.



Observer theory connected with each of the control schemes
is discussed with a view to the formation of optimal and non-optimal
observers , and where possible simulations are emploved to show the
nature of the various conditions obtainable. The systemsSconsidered
are, for the most part, single-input-single-output, although the
extension to the multivariable case is locked at.

The use of the state space in self-tuning has given rise not
only to alternative tuner operating techniques, but also to a deeper
theoretical understanding of self-tuning in general, and this widens
its field of applications to encompass areas in process control where

state space theory predominates.



PREFACE

In the past decade two major factors have influenced the theory
connected with control systems. The ever increasing use of computers
and more especially minicomputers has pointed the way towards an ex-
pansion in the practical application of control algorithms which take
account of this method of implementation. More complex theory has
developed because of the wider handling capabilities thus achieved
and from this much control system design is now based on a state
space representation rather than the more classical frequency analysis
or root locus techniques.

The field of self-tuning controllers,which has arisen due to
the improvement in computing power, has nevertheless remained in a
polynomial system description framework. This thesis is intended to
extend the field of self-tuning to the state space, where it is
hoped further developments and inereaged awareness will result from
its new found cohesion with existing modern control procedures.

The first chapter serves as an explanation of how self-tuning
has evolvedin its own right from previous adaptive control schemes.
Basic definitions, used throughout the rest of the text are included,
and previous, polynomial based, controllers are reviewed.

The state space formulation is discussed in Chapter 2, and
the resulting control action compared with that obtained from
previous methods. Hence it is shown how, as well as arriving at an
equivalent state space controller, by using other means of reconstructing

the state, certain advantages over the polynomial forms can he achieved.



The properties of the state space controller are discussed
in Chapter 3, where the proof of the general self—tuning property of
pole placement type controllersis given as a starting point.

Included in this chapter is the application of an extermal reference
input signal, where it is explained how a state space description can
be of benefit.

Chapter 4 is used to provide extensions to the basic state
space scheme and to show how various plant conditions, e.g. non-
linearities, multivariable design; affect the fundamental assumptions.
Of significance in this chapter is the section in which linear output
feedback is employed in combination with state feedback, providing,
in an output optimization sense, an improved control action under the
pole placement criterion.

The underlying filtering and observer theory is considered, as
a slight diversification, in Chapter 5, where the techniques behind
the numerous control schemes are discussed. This comparison is,
of course, only possible by means of the state space representation.
The thesis is set out in a way such that Chapter 5 may be read after
Chapter 2 if so desired, with hopefully no loss of continuity, although
in its present position it also serves as an explanation of certain
results contained in Chapters 3 and 4.

In conclusion I would like to express my gratitude and sincere
appreciation to all those who have helped me in the completion of this
work., Firstly, and most importantly, I wish to thank my supervisor,
Professor J.H. Westcott, but I must extend my thanks to include Professor

P. Antsaklis, Professor K.J. Kster and Dr. D.W. Clarke, who all took time



for useful discussion with me in the earlier stages.
The helpful comments and suggestions from my fellow research
students and departmental lecturers will never be forgotten, and
to this end Dr. A. Voreadis must be singled out for a special mention.
Without the financial support of the U.K. Science and Engineering
Research Gouncil I would be heavily in debt, and therefore I
acknowledge, gratefully, their assistance.
Finally I wish to thank Mrs. D. Abeysekera for her careful
typing of the manuscript, which included the correction of my numerous

spelling mistakes.



Glossary of Terms Used

Sec. i.].
Sec. i. J(k)
(i.j.k)

Fig. i.].
E{-}

-1
z

y(s),u(s)

G(s)

T

T

y(t),ult),e(t)
k

T

A(z-l),B(z“l)etc.

5.,
ij

®(z)

CARMA

s K
m’ max

g(c)

Represents Chapter 1, Section j

Represents Chapter i, Section j, subsection k.
Denotes equation number Lk in Chapter i, Section j.
Denotes figure number j in Chapter 1.

The expected wvalue of the function contained
within the parentheses.

Discrete time backward shift operator.

Qutput and Input signals respectively, in the
frequency domain.

Frequency domain transfer function.

Transport delay (total)

Sampling period

Qutput, Input and disturbance signals respectively,
at time t in the discrete time domain.

Integer part of the system time delay.
Fractional part of the system time delay.
Polynomials in the backward shift operator.

Kronecker delta; i = j -+ éij = ]

P> =0
Spectral Density functiom.
Covariance function.
Autoregressive Moving Average.
Controlled ARMA.

Maximum value of k.

Vector of regressors in parameter estimation
(at time t), or otherwise a gemeral cost function.



8(t)
A(E)

n,m,p

V(B)
e(t)

K(z_]),ﬁ(z-]),etc.

x(t)
()

x(t)

t

F or F(t)
&' ()

W

0

A(E)

Vector of parameter estimates. (at time t)
Variable forgetting factor.

Denote dimension or number of parameters, n
often has a subscript, e.g. n -

Maximum Likelihood function.
Prediction error estimate.

Polynomials in the backward shift operator
containing estimated parameters.

State wector at time ¢t.
Estimate of state vector at time t.

State vector at time t formed using estimated
parameters.

Estimate of X(t).

Weighting values in L.Q.G. design

Transpose of a matrix, vector or in the limiting
case a scalar value,

Time domain or matrix containing specified pole
polynomial parameters.

Present time instant.

State feedback vector.

Modified state estimate.

Matrix used in pole placement design.
Null {(zero) matrix

Reconstruction error at time ¢t.



CONTENTS
Page
TITLE PAGE i
ABSTRACT 2
PREFACE 4
GLOSSARY OF TERMS USED 7
CONTENTS g
1: Introduction to Self-Tuning Controllers 11
1.1 The Necessiry for Adaptive Controllers 12
1.2 Adaptive Control Systems 15
1.3 System Models 20
1.4 Recursive Estimation for Discrete Time Processes 29
1.5 Self-Tuning 38
1.6 Concluding Remarks 51
2: State Space Controllers 53
2.1 Linear Quadratic Gaussian Control 54
2.2 State Space Formulations 55
2.3 State Estimation 60
2.4 Single Stage Cost Function Design 64
2.5 Pole Placement Design 74
2.6 Concluding Remarks 97
3: Properties of State Space Self-Tuners 100
3.1 Self-Tuning Property 101
3.2 Self-Assigning Poles 114
3.3 Response to an External Input Signal 124
3.4 Concluding Remarks 147



- 10 -

4 Extensions to the Formulation

4.1

State Space Self-Tuning with Linear
Qutput Feedback

4.2 Multivariable Controller Design
4.3 Nonlinear Systems Control
4.4 I11-Defined System Models
4.5 Concluding Remarks
5: Filtering and Observer Theory
5.1 State Reconstruction for the Primary Model
5.2 Mb&ified State Reconstruction
Part I: Optimal Observer
5.3 Modified State Reconstruction
Part I1: Non-Optimal Observer
5.4 Concluding Remarks
6: Conclusions
APPENDICES
REFERENCES

149

150
169
182
186
188
191

192

198

207

213

214

222

240



=11 -

CHAPTER 1

INTRODUCTION TO SELF TUNING CONTROLLERS

Adaptive control is a general technique of which self-tuning is
a special, recently initiated, classification. Hence the purpose of
the early sections of this chapter is to consider the developments
in adaptive control that have led to the evolution of self-tuning.

The need for adaptive control systems is stressed in Sec. 1.1, and in
order to compare self-tuning with other methods, various adaptive
control schemes are considered in Sec. 1.2, where the overlap between
different approaches is also discussed.

When examining any adaptive system at length, basic definitionms,
concerning the system to be controlled and the structure of
environmental disturbances affecting the plant, must be given. These
are outlined in Sec. 1.3, in which system models, particularly relevant
to the field of self-tuning, are formulated. However, these systems
are considered to contain parameters which are unknown or slowly varying
with respect to time, and hence in Sec. 1.4 some identification
algorithms are mentioned, whereby the system parameters are continually
estimated such that a controller may be formed from these estimations.
This controller may be deduced with regard to a specific control objective,
several of which are discussed in Sec. 1.5, where the various methods
fundamental to self-tuning are introduced.

Throughout this chapter reference is given, where possible,
to applications of the differing techniques, although primarily the

tendency is more towards the theoretical aspects.
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1.1 The Necessity for Adaptive Controllers

The fundamental principles of control theory were formulated
because of the need to explain practical physical control processes.
As improvements and refinements were made to the original theory,
its field of usage diversified to include abstract reasoning and
theoretical concepts in a mathematical sense. This broadening
of the subject area paid dividends, as many results and findings from
other sources, such as mathematics, could be redeployed for its
development.

When separated from the real world, however, it becomes
difficult to measure the success of one achievement in comparison to
any other, the only reasonable solution being a return to the eriginal
practical control system. In this work, consideration has been
taken of the practical implications when applying a particular
theoretical control idea.

The driving force behind the development of control theory
has been the need for improved performance control systems, where
a satisfactory controller designed using intuitive reasoning 1s no
longer deemed appropriate. However, this theory is not enough in
practical design problems, as a certain amount of knowledge concerning
the dynamics of the process to be controlled is assumed.  This
knowledge can be difficult to obtain from essentially physical character-
istics or when variations, which may be unforeseen and of large magnitude,
occur in the plant. Thus a need has arisen for controllers which deal
with these phenomena : - a gap filled potentially by a class of control

systems called Adaptive Controllers.
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Many different Adaptive Controllers are in use at present,
this is due primarily to the large number of possible measures cof
plant performance. In any specific design project the type of
Adaptive Controller used is dependent on whichever measure of
system performance is considered to be most important, although in
many casesS numerous performance indices are used at the same time.

As may be expected from their large number, Adaptive Controllers
exhibit several similarities concérning their basic structure.
Because of this it is possible to split them up into various groupings
in order to analyse their behaviour, each group containing controllers
with either a common performance objective or those formulated via
identical building blocks. The most popular of these are described
in See. 1.3.

Despite the differences that arise, not only with each other,
but also with alternative contreol system forms, Adaptive Controllers have
a problem in common with all other controllers, namely the determination
of the parameters used to desecribe the plant it is wished to control,
i.e. the problem of parameter identification. This assumes that we
have at least some apriori knowledge about the structure of the
mathematical description of the system in which the parameters are
contained. If this assumption holds, which for the moment is considered
to be the case, then, by means of the identification exercise, a con-
troller may be formulated, making use of the identified parameters,
which causes the system tc react in the same way, or as near as the
particular identification technique will allow, as the system would
have reacted if the same controller had been obtained by using the

actual system parameters, had they been known.
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But, as indicated earlier, in practice the unpredictable nature in
which the parameters, associated with the plant, vary with respect

to time, means that the Adaptive Controller must repeat the identifi-
cation process each time the control law is applied such that the

most recently available information is used. The optimum solution
obtained using these ideals 1s however, invariably impossible to

apply computationally, as the level of performance required is not
practically possible. Thus suboptimum schemes are used, whereby the
plant parameters are only estimated, rather than being identified, and
this leads again to many more adaptive techniques because of the type
of parameter estimator, of which there are many, chosen. In Sec. 1.4,
several of these estimators are considered in more detail.

The ultimate aim of the designer of an adaptive controller is
that, despite the plant parameter variations that may occur, the desired
performance of the overall control system is unimpaired. This may
be carried out in a number of ways. Firstly, when variations in the
dynamic parameters are of small magnitude and remain around their
original nominal value, a feedback control law may be applied such that
the performance of the overall system is relatively unaffected by the
variations. This is the basis for the theory related to control
system sensitivity. Secondly, the parameters forming the control
law can be altered when consideration is taken of the on line measure-
ments of system parameters. Finally, a comparison may be made between
the actual index of performance and the index of performance which
has been chosen as the basis for the design procedure. From the
result of this comparison, the parameters in the feedback control law

are altered in an attempt to cause the difference to tend to zero.
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0f the approaches mentioned, the second and third are both adaptive
controllers, where the problem becomes one of correct choice of
adaption law, such that the desired performance index is followed,
despite variations in the plant or its environment.

The complexity of these controllers is largely dependent on
their mode of employment, whether it is to be applied in analog or
digital form. The increasing acceptance of microprocessor based
control systems has meant that modern contrel theory, due to its
application in the field of direct digital control, has recently been
developed with the possibility if it being applied via a microprocessor
being considered. This has resulted in many control algorithms
previously disgarded, or not initially taken up, now being reviewed
due to the decreasing cost of computing facilities. The continual
improvements on the hardware side, in respect of computing time and
capabilities, also mean that algorithms considered too cumbersome now,
may well be reintroduced due to their simple and efficient operation

in a few years' time.

1.2 Adaptive Control Systems

In the design of high performance control systems it is often
the case that an adaptive control scheme is required. Of the many
approaches carried out, severgl are considered here.

1. Early Adaptive Controllers

In Mishkin and Braun (1961), many of the adaptive controllers
developed by that time are considered. Most prevalent among these is
the use of a deterministic system model, where the stability or
sensitivity of the system in response to environmental disturbances or

alterations in the values of the system parameters is studied. The
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controller is designed such that despite the parameter variations, the
performance of the overall system remains unimpaired. This is done
by an increase in the feedback gain subject to a maximum possible
value, above which the closed loop system becomes unstable. Despite
the use of nonlinearities in the feedback path, which can increase the
range of system operation, designs based on this principle are only
useful when small variations occur in the plant parameters.

Rather than making use of the alterationms in the feedback path,
a manipulation of the forward system gain can be used to retain either
the closed-loop poles or closed-loop zeros, or even both, in previously
specified zones, i.e. to ensure stability. This method, where the
parameters of the system are altered on line in response to a measured
system performance, brings the techniques mentioned above more in line
with most of the recent work. In Bryson (1977) the method of forward
gain tuning is found to operate sufficiently, and is shown in certain
cases to be a more suitable choice than other more recently developed
approaches. Of the more recent adaptive controllers, there are perhaps
two general classifications. In the first of these the controller
parameters are adjusted in a way dependent on the estimated parameters
or state variables of the unknown plant. These controllers have come
to be known under the heading of Self-Tuners, Astrom and Wittenmark
(1973). In the second method the parameters of the controller are
adjusted to cause the difference between the actual output of the plant
and the output of the model of the plant, used as reference, to tend
asymptotically to zero. No identification or estimation scheme is
explicitly used in this method which is known as Model Following
Adaptive Control, Landau (1979). This latter approach will be considered

in the next subsection.
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2, Model Reference Adaptive Control

There are several comstituent parts to a Model Reference
Adaptive control system, the first of these being a reference model,
which is used to specify the required performance of the system. The
plant, which is to be controlled, must be adjustable in that it can
contain variable forward and feedback gain characteristics. It
is desired that the performance of this plant will follow that of
the reference model as closely as possible, and to this end the differ-
ence between the reference model and plant outputs or states needs to
be measured. Finally an adaptation process is formed which reacts to
the measured error by altering either the plant or a controller in
accofdance with a set patternm.

The first model reference adaptive systems were those based
on a policy of local parameteric optimization, where a quadratic
performance index, dependent om the state or output error, is
formulated and used to adjust the contreller parameters subject to an
optimization procedure. 0f the optimization methods available, those
of the gradient method, the steepest descent method and the conjugate
gradient method have been widely used, Landau (1979). The main
drawback with this procedure in gemeral, however, is the possible lack of
stability in the overall system.

The stability problem caused Model Reference systems to be
designed as though they were primarily and solelya stability problem
themselves, and from the result a stable adaptive controller could be
obtained. To meet these needs Lyapunov functions were applied in
various configurations, Lindorff and Caroll (1973). However, 1t 1is

difficult, in consideration of a particular application, to choose the
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best adaptive algorithm, for that situation, from those available.

In fact, the largest possible number of stable controllers is required,
from which the choice can be made. Because of this the most recent
model reference adaptive controllers have been designed using hyper-—
stability and positivity ideas, Landau (1979). In Narendra and

Valavani (1979) this latter method is compared with the following.

3. Stochastic Controllers

In several controllers the process is identified prior to
system operation, and the parameters of the controller are then
computed on—line, Kalman (1958) used a deterministic plant model.
Although this provided the foundation for adaptive control, distur-
bances in the envircnment and the system parameters are now usually
included in a stochastic system model, surveyed in Wittenmark (1973)
and the varying approaches being compared in Jacobs and Saratchandran
(1980). Stochastic theory in the form of dynamic programming, in
which a probability measure is placed on an uncertain random model
has given a deeper mathematiéal understanding, and it has been found
that when a control input.is active it will affect the uncertainty in
the future as well as the present value of the state, this is called
dual control.

In Wittenmark (1975) a hierarchical structure was given for
stochastic adaptive controllers, where both suboptimal and optimal
dual control schemes were included, the latter being more complex to
apply. Non—-dual schemes were given as certainty equivalence and
cautioys, once again the latter being more complex, although both

being simpler than the dual schemes. The simplest approach, therefore,
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is that of certainty equivalence, of which Linear-Quadratic—-Gaussian
controllers are an example, van de Water and Willems (1981).

However, due to the system parameters remaining unknown in an adaptive
controller, there is some question as to whether or not the certainty

equivalence principle is applicable.

4, Self~Tuning Controllers

Self-Tuning Control has invoked much recent interest, the initial
work being carried out by Peterka(1970) and Astrdm and Wittenmark (1973).
They concentrated on the object of minimizing the variance of the
output signal, and although the first self-tuners, based on an implicit
minimum variance scheme, proved successful in various practical appli-
cations, Rstram et al. (1977), many difficulties had to be overcome
before a more generalised scheme could be adopted.

Clarke and Gawthrop (1975) proposed a suboptimum control
method which considered not only the system output, but also the input
and set point variations. This took the form of a cost function in-
corporating the above values, weighted to meet certain specifications.
Despite further problems, which have been encountered when using this
approach, the application of the strategy on microprocessors was
reported in Clarke and Gawthrop (1979b).

As an attempt to make the field of self-tuning more acceptable
to practising engineers, explicit schemes involving pole and pole-zero
techniques have been developed, Wellstead et al. (1979), Astrom and
Wittenmark (1980). The corresponding multivariable version of the
pole placement self-tuner being found in Prager and Wellstead (1981).

The convergence and stability of self-tuners is discussed in
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Gawthrop (1979) with the relationships between self-tuning and Model
Reference controllers being considered in Gawthrop (1977) and Egart

(1978).

1.3 System Models

There are many different models used to describe a deterministic
system. Of these , the transfer function representation is that which
is most commonly used in industry. From this, by means of classical
control theory stability margins, compensation techniques and response
characteristics may be used to improve the performance of the system.

This work, however, is concerned with the application of digital
control, and hence the design of Sampled Data systems, based on a z-
transform system description.

l. Deterministic System Models

The transfer function of a system is a mathematical description
of its input to output performance, and in the case of a continuous
time system, may be given in the s—-domain, obtained from the Laplace
Transform. Consider
v(8) = G(s)~u(s) ' , (1.3.1)
where G(s) is the time—invariant transfer function, y(s) the system
output and u(s) the system input. The transfer function may also be

described as

-5T B, (s)
Gs) =e |

(1.3.2)
A](S)

where Al(s) and Bl(s) are polynomials in the s-domain, T, being the

1

overall transport delay.
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For the purpose of digital control, this continuous time

signal must be sampled every T. seconds, and to this end the zero-

1

order hold is introduced. The sampled signal is now converted into
a sequence of steps, such that each step assumes the signal level
at the sampling instant and remains at that level for one complete
period, until the continuous signal is sampled once more. The
s—~domain representation for the zero-order hold is given by

=sT

l-e !

GO(S) = (1.3.3)

]

From which the discrete-time transfer function between u{t}, the
value of the input signal at time t, and y(t), the system output at
time t, may then be obtained by taking the z-transform of GO(s).G(s),

to give , -1
_k BI(Z )
-1

A](z )

y(t) = z u(t) (1.3.4)

+sT] )
where zle (1.3.5)

In (1.3.4) k¥ 1is the system integer time delay, where the
following hold : (I) k > 1, (2) 0 < T < T and (3) T = Tl + (l-k)Tl.
- - T 1

The polynomials in the difference equation being defined by

-n
Az ) =a'+az  +alz " +...+a' 2 4]
0 1 n

. (1.3.6)




in which z—] is the backward shift operator, such that z * uf{t) = u(t-1).
However, due to the definition of k given earlier bD # 0 and ag = 1,

. -1 . . . L. .
causing Al(z ) to be monic. At the present time no restriction is

placed on the order of the polynomials Al(z-])and Bl(z—l), denoted by

n
a

] and nb] respectively.

2. Stochastic Disturbance

The system is affected by a disturbance, which it is assumed

can he represented by the following,
-1

Cl(z )
e](t) = — ef{t) {(1.3.7)
C,(z H)

where {e(t), £t =0, *1, #2, ...} is a white noise sequence with zero

mean and finite variance, such that

E{e(i)e (i)} = 5159 (1.3.8)

and 6ij is the Kronecker delta.

Ci(z_l) and Cz(z-l) are of a similar form to the polynomials
defined in (1.3.6), and no generality is lost by scaling the distur-
bance such that both of these polynomials are monic.

An in depth view of stochastic processes can be found in many
works, e.g. Melsa and Sage (1973), and it is not intended to provide
such a coverage in this work, although some special cases of the
Autoregressive Moving Average model (ARMA), given in (1.3.7), will be
considered. The first case being when Cz(z-l) is unity , which leads

to

e (1) = Cl(z-l)e(t) (1.3.9)
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the model now being called a moving average process. Conversely,

when Cl(z_l) is unity

C,(z e, (1) = e(t) (1.3.10)
and the model is termed Autoregressive.
As the signal e(t) is a white noise sequence, by the Spectral
factorization theorem, Rstrﬁm (1970), it is always possible to describe

the spectral density of the stationary process el(t) as

-1
s C.{z )GC,(2)
g,z " = L — Q (1.3.11)
Cz(z )CZ(Z)

d(z) =
1=0

Il t~3 8

where Qi = E{e](t),e](t+i)}. The process el(t) therefore has a

rational spectral density.

3. The complete Model

Due to the linearity of the system the superposition principle
can be employed such that all disturbances acting on the system may be
portrayed as one single noise, whereby the deterministic model is reform—
ulated to give
B (z-])
-k 1

z — u(t) + el(t) (1.3.12)

Al(z )

y(t)

or by using (1.3.7),

1
N

y(e) ——— e (1.3.13)
From this latter equation, it is readily observed, that the overall
model may be reconsidered by dividing the numerator polynomials by their

respective denominators. However, the order of either of the two resultant
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polynomials will most likely be much higher than any of those in (1.3.13),
and this is extremely undesireable. By multiplying both sides of
equation {(1.3.13) by A}(Z-I)Cz(z-l), and cancelling through by any

common factors, the following form is arrived at,

Az Hye) = 28z Hule) + ez He(o) (1.3.14)
where the polynomials are redefined as
-1 -1 -2 -, |
A(z ) = a, + a,z taz st a z
a
B(z ') =b_ +bz ' +b 2%+ ... +b zrlb .(1.3.15)
0 1 2 oy
-n
-1 _ -1 -2 o]
C(z ') = <, + clz + czz + ... + cncz |

also {y(t) : t € T} and {u(t) : t € T} are sequences of endogenous

and exogenous variables, resgpectively, measured at the sampling

instants. Without loss of generality a3, = ¢y = 1 and
E{u(i)el (i)} = 0 (1.3.16)
By defining n, = max{na,nb,nc} (1.3.17)

the polynomials can be increased in order, if this is necessary, such
that they contain coefficients up to and including the n th terms.

If the original order of a particular polynomial was less than 5,
the higher order terms are zero; i.e.

. -1 - - . . _
1f A(z ) =1 + alz + azz : and n = 4; then a3 a4 0

The overall system model given by (1.3.14) is called a Controlled-
Autoregressive-Moving—Average-model (CARMA), and this has been ex-
tensively used in control theory, te a great extent because of its

simplicity.
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4 Notes on the CARMA Model

Although the model (1.3.14) has been derived using a Single-
Input-Single-Output (SISO} approach, its extension to a multivariable
system 1s carried out simply 1f the constituent polynomials are
merely converted to polynomial matrices. This multivariable form
can, however, cause problems when certain control strategies are
applied, Prager and Wellstead (1981}, and this will be lecoked at in
depth in See. 4.2.

The use of the SISO model in time varying systems is identical
to that in the time-invariant case, however, due to the effect of the
superposition theorem in its formulation, when non-linear systems
are to be considered, measurement noise must be treated as a separate
entity, as in Gawthrop (1977). The superposition theorem, though,
allows for the assumption to be made that the Cl(z—l) and C(z_l)
polynomials, obtained from the canonical forms (1.3.13) and (1.3.14),
have all their zeros inside or on the unit circle in the z-plane,
Astrom (1970), and this is an important result in the stability analysis
of closed-loop systems. If it were not the case that C](z—l) had
stable zeroét then by driving the input to zero, any unstable modes
of A](z-l), which were not also unstable modes of C](z_l), would not
appear at the output.

The stability of the C polynomials is a necessary condition for
the design of minimum variance controllers,which are based on a
prediction of the output signal at time t+k, i.e. k—-steps ahead of
the present instant, as the errors inherent in the controller must be

allowed to decay. The additional assumption, therefore, has to be made,

The term 'stable zeros' is used to indicate that the roots of a polynomial
lie inside the unit disc in the z-plane.
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with this controller, that the polynomial concerned has no zeros ou the
unit ecircle, in order to remove the problem of ecritical stability.

By comparison of (1.3.13) and (1.3.14), it is apparent that
L6£ A (2 ) = Gy(z ), then B (2 ) = B(z™)) and A (z ) = Az ).
When Al(z-l) # Cz(z_l) the assumption must be made that Al(z-l) = A(zﬂl)
C;l(z_l), where C3(z-l) is monic, and A(z_l) and C3(z_l) are relatively
prime. From this the following equalities are obtained :
DB G = BGTHe T and 2) ¢ T = e e,z hatEThe T,

where B(i_l) and C3(z-l) must also be relatively prime.

If these conditions apply, certain properties, set out below,
relating to Bl(z—l) also apply to B(z_l). The first of these is
the fact that if the fractional time delay, <t, becomes equal to
zero, such that the overall transport delay is equal to an integer
number of sampling instants, then the order of the Bl(z-l) polynomial
will fall by unity. In self-tuning, though, because of the
computing time requirements in formulating the necessary control
input, a fractional time delay is almost always present, and hence
T # 0 almost always.

The second property concerns the steady state gain obtained
by setting z_] = | in the B(z-l) polynomial, denoted by B(1), this
is found to be independent of the fractional time delay, which is an
important property when a costing is placed on the control in
optimal controller design. The proof of both of these properties

being given in Appendix 1.1.
5. State Space Models

Much theory has developed arcund the use of a state-space
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description of linear time-invariant systems, Rosenhrock (1970).
Where stochastic systems are concerned the state-space model is
found to be extremely versatile in dealing with disturbances.
Consider the equations

x(t+1) = Ax(t) + Bult) + w(t) (1.3.18)

1]

y(e) = C x(t) + Du(t) + v(t) (1.3.19)
where {w(t)} and {v(t)] are two uncorrelated, zero-mean, white noise

sequences with covariances W and V respectively. If there are

n states , p 1iInputs and m outputs the matrices are of the

following dimensions,

A : nXn B : oxp; C = mxn ; D: mXp

where the input and output signals are considered as vectors and the
constituent matrices are assumed, at this stage, to have no relation-
ship with the polynomials discussed earlier in this section.
The D matrix, which provides a direct link between the control
input and the system output, is in many cases equivalent to the
null matrix, as will be seen later in this work.

In much of the control theory carried out, the matrices
above are considered to be known, resulting in problems such as
the estimation of the state vector, where this is not directly meas-
urahle,and. providing a control input which is in some sense optimal.

However, if it is the case that these matrices are unknown,
and therefore an identification technique is required, because of
the high state-space dimension, which may be present, this can prove
to be computationally inefficient. The problem is exaggerated in
an Adaptive Control system where an on-line estimation scheme coupled

with the computation of an up to date control law is necessary.
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Of the estimation schemes available, though, the Extended Kalman
filter, in which both states and unknown parameters are estimated
in a composite state vector, is the most widely used method, and
this is discussed in section 4 of this chapter. However, this
estimation technique is itself nonlinear and hence the resulting
estimates are invariably inaccurate.

Another approach is to carry out the estimation making use
of the CARMA model (1.3.14), and to then formulate from the parameter
estimates obtained, the state-space descriptionm. This has the
advantage of relieving the problems mentioned concerning estimation
via a state-space model, and yet the state-space theory available
can be made use of in the design of the controller. The state-
space description obtained from the parameters in the CARMA model is
discussed at length in Chapter 2, but is given here as

Ax(t) + Bu(t) + Ee(t) (1.3.20)

§(t+1)

[

y(t) Cx(£) + e(t) | (1.3.21)
This general representation may alsoc be obtained from the equations
(1.3.18) and (1.3.19), where D is the null matrix and the system
is considered to be linear, such that the superposition theorem
holds, Goodwin and Payne (1977).

The use of this model in the multivariable case, which is
discussed in Sec. 4.2 , usually provides a high dimension state—space,

although a minimal representation can be obtained by making use of

other models.
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1.4 Recursive Estimation for Discrete Time Processes

1. Introduction

When carrying out dynamic process identification, the parameters
of the mathematical model, used to describe the system, are determined.
A complete identification procedure can prove to be extremely time
corsuming, and hence various recursive parameter identifier algorithms
are considered. These recursive identifiers are termed real time
algorithms, as the parameters are estimated during controller
operation with regard to only a limited supply of the available
input-output information. This reduces the amount of computation
necessary and allows for estimates of paraﬁeters, whose value varies
with time, to be continually updated.

It must be remeﬁbered, though, that for reasonable results
to be achieved with the recursive estimators the nature, i.e. the
dimensions, of the mathematical model must be well known apriori.

If a good knowledge of the system, subjected to the identification
procedure, is not held, the model must be obtained by means of a
structural identification process based on previous input-output
details. It will be shown in Sec. 4.4, however, that where a
self-tuning algorithm is to be used, this model fit can be down-
graded and yet the resultant controller action will remain efficient.

Many algorithms available for system identification purposes
were reviewed in AstrSm and Eykhoff (1971), although a more thorough
approach is given in Goodwin and Payne (1977). Of the varying

possible techniques, it has been shown, S8derstrom et al {1974), that
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overall there is no estimation technique which can he said to be better
than all others. However, several algorithms have been found

suitable for use in self-tuning controllers, and for the purpose

of this section only these will be considered in any detail. The
theory is extended to include the effects of approximate models and

the consistency and convergence of the algorithms discussed.
2. Recursive Least Squares

Let the process be modelled by

- T -
Az Hye) = B 2" Hu® (1.4.1)
where no error term is present, and
v _ - ={n, +k )
B(z)=8z  +Bz>+...+8 z P O (1.4.2)

0 1 nb+km-i

Here km is equal to the maximum value of system integer time delay.
This means that only km need be prespecified, thus a varying integer
time delay may be accomodated in this model in so far as k, the actual

system time delay, does not exceed km. The model may also be des-

cribed, by inclusion of an error term, e{(t), as

T
y(t) = @()e(e-1) + e(t) (1.4.3)
where eT(t) = [al,...,an ;BO,...,Bnb+k _1] . (1.4.4)
a m
and ¢T(t) = [_Y(t_l)’--"'—Y(t_na); u(t_l)s"-au(t"nb-km)] {1.4.5)

The least squares method is now based on the minimization of the
function,
t

s®) = 1 _ () - 85 (o)’ (1.4.6)

t=t-n
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where n = max{na, nb+km}- (1.4.7)

-~
The least squares estimate of 6(t), designated as 8(t), can now be
calculated by means of the recursive least squares algorithm,

Astrom and Wittenmark (1980), where

8(t) = B(t=1) + J(£)B(t) £(t) (1.4.8)

and I(8) = {[I-R)8%(t=1)1 J(eD}I/A(E) (1.4.9)
-1

in which K(t) = J(e=D@(=1)[1 + G (e=1)I(t-1)F(t~1)] « (1.4.10)

It is known , however, that numerical problems associated
with the J(t) matrix can lead to instability, and hence an updating
procedure which contains better numerical stability, such as the UD
factor update of Bierman (1977, 1981), should be used.

In the equations (1.4.8+*i0), €(t) is an estimate of the one
step prediction error, and denotes the difference between the output
at time t, and the estimated output from the multiplicationm of
regressors at time t and parameter estimates at time t—1, the last
sampling interval,

The assumption must be made that the initial parameter estimates,
characterised by @(O), and the initial wvalues contained in the error
covariance matrix, J(Q), are known. This assumption is not important
in itself, as the least squares estimator will generally still operate
effectively for any inmitial walues, although setting all initial
parameter estimates to zero can lead to problems on start up. If any
apriori information, concerning the parameters, is held, though,

a faster convergence of the estimates can be achieved when this is
used.

The major disadvantage of the recursive least squares method
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is that biased estimates will result where the noise, given as
g(t) in (1.4.3) is not white. However, its use in self-tuning
problems has resulted from its computational simplicity, which may
become an overriding feature in the design of a particular on-line
process controller.

The parameter wvector, §(t), can be shown, under weak conditions,
to converge to a unique point, around which it is locally stable,
Goodwin and Payne (1977). It is apparent, however, that the

parameter vector will converge globally with a probability of one.

3. Variable Forgetting Factor

The factor A(t) in (1.4.9) is named the variable forgetting
factor and is used for exponential forgetting of past data during
the least squares process. Although this factor was originally
chosen to be a constant of value 0.95 < A(t) <0.99 for all ¢,
it has been found that where process and measurement nolse is
of similar magnitude to that of interface circuitry, a variable
forgetting factor must be employed, Fortescue et al (1979). The
effect of a constant forgetting factor on such a system is to cause
the parameters in J(t) to become excessive under certain conditionms,
Astrdm and Wittenmark (1980). This can lead to large and rapid
variations in both the output and the parameter estimates.

There are numerous solutions to the problems associated with
J(t), Clarke and Gawthrop (1979a). Firstly, by use of a suitable
signal |J(t)| may be retained within the necessary boundary limits.
Secondly, if |J(t)| or J(t)@#(t) exceeds prespecified bounds, then

the J(t) update can be discontinued, and finally a specific function
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of J(t)} may be held constant by appropriate variatioms in A(t).
This latter method has been dealt with in datail, by keeping the
sum of squares of the least squares errors constant by means of
varying the forgetting factor A(t), Fortescue et al (1979). However,
to ensure convergence of the algorithm used in this method, trace J(t)
and thus |} J(t)|| must always be bounded, Cordero and Mayne (1980),
and hence the three methods mentioned above are by no means independent.
A forgetting factor which is much simpler to apply in practice,
and requires less computation, has been proposed by Wellstead and
Sanoff (1981), where
Ale) = Al(t) Az(t) (1.4.11)
Here ll(t) is used as an exponential start up factor, to
enable the estimator to converge rapidly in the initial tuning
period. Az(t), meanwhile, 15 used to consider a specified number
of points, e.g. 100, of residual magnitude. When the estimations
are a good fit Az(t) approaches unity, but when the converse is true
larger residuals result and the value of lz(t) falls.
This method, which has been found to operate efficiently
and economically, was studied in depth by Omani (1981), where it was
not only shown to be similar to that of Cordero and Mayne (1980)
when certain conditions hold, but also was found toc be more stable

under rapidly varying circumstances.
4, Recursive Extended Least Squares

When the disturbance is non white an extension can be made
to the least squares process to take account of this,

By redefining (1.4.3) as
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y(t)

where C(z—J)

@T(t)e(ﬁ-l) + C(z_l)e(t) (1.4.12)

1o+ .:lz*J * c22_2 P (1.4.13)
I

_.] . -
and the degree of C(z ') is assumed to be nc < no. The new model
(1.4.12) may now be rearranged to give a similar method to that of least
squares, such that by extending the parameter and regressor vectors

to include the terms associated with ¢, ¢ i=13, ... , n, the least

squares terminology remains adequate. The vectors affected become,

=T
87 (t) = [a, ysevsa 3 Boyeros B 3 Coaesesc_] (1.4.14)
1 n, 0 nb+km i | 2
and aT(t) = [—y(t-l),...,-y(t—na); u(t—l),...,u(t—nb—km);
e(t=1),...,e(t-n)] (1.4.15)

Hence the one-step prediction error estimate becomes
e(t) = y() - aT(t)g(t-l) (1.4.16)
and equations (1.4.8+10) can be applied to obtain estimates of the
parameters in the vector B(t).
For the convergence of this extended procedure, a unique
convergence point is only found when :
1) the polynomial defined by C(z-l) is positive real.
i.e. Re C(eim) >0; w<w<w
or 2) the system is an ARMA process.
Global stability with a probability of one is true iff
{Z-C(z-l)}[ZC(z—l)]—l is positive real, and in this case

it is generally true that local stability is not a feasible concept.
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5. Recursive Maximum-Likelihood

In its recursive form the Maximum-Likelihood method is an
approximation to its off-line equivalent. One of the first descriptions
of this method being given by Soderstrom (1973), where the basis
used was the original off-line approach of Astrom and Bohlin (1966).

The method is now summarized as follows.

From (1.4.1) and (1.4.12), the prediction error estimate is

given by,
= -1, -1 -1 ro-l

e(t,8) =C (z ') {A(z Dy(r) - B (z Hu(t)} (1.4.17)
such that the calculation of the maximum—likelihood estimates is
equivalent to minimizing the function v(§), where

t
- 2 -
v(B) =} Y e%e,B) (1.4.18)
t=t-n

Of the many possible approaches to this problem, the most

applicable involves approximating the function v(8) by a quadratiec

equation via a Taylor series expansion, such that

e(t,0) = E(t,g) + Ef(t)cé-g) (1.4.19)
n -1
and G = £(e,8) = (@ H1F (1.4.20)

The prediction error estimate may now be calculated from

the equation

ee,8) = [0z HT7 AGT Iy - B @ Hu®) (1.4.21)
and the recursive algorithm (1.4.8+10) may be carried out by replacement
of @(c) by §, ().

The neéessary calculations can, however, be simplified by use

of the expression

E(t,s) = g(t) = y(t) - ET(t)éct-l) (1.4.163a)
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Sl . . . .
where C(z ") is replaced by unity in equation (1.4.21) only, i.e.

the remainder of the recursive algorithm i1s unaltered. As a follow

on from this, if 8(2_1) is replaced by unity in equations (1.4.8+10)
also, the recursive MaximumrLikelihood method becomes equivalent

to the recursive least squares approach, showing that the former is

a general method of which the latter is merely a special case.

However, Ljung (1978) discussed the convergence of the prediction

error identification method, Caines (1976) , of which Maximum~Likelihood
is in turn a special case, and by using this even more general class-—
ification results were obtained for the consistency problem.

The approximate Maximum-Likelihood scheme results in a con-
vergence, with probability one, to a local minimum of the likelihood
function. However, although the convergence point is unique for
ARMA processes, this is not universally applicable, and as a unique
convergence point is a necessary condition for global convergence,

a general condition is not possible.

An important practical consideration with the recursive
Maximum-Likelihood methed is the nature of the 6(2_1) polynomial in
{(1.4.21). As the parameters of this polynomial are estimations, there
is a possibility of instability cccurring, and hence the prediction
error estimate may become excessive. If this happens there may be
a divergence of the parameters in the estimate vector. Therefore,
this must be avoided by either placing a bound on J(t)@(t)e(t) or by

reducing the same factor until the 6(2-1) polynomial is stable.
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6. Kalman Filtering Techniques

The Kalman Filter approach to system estimation, models the
variations of the parameters with respect to time, by means of stochastic
difference equations. As a state-space description is used, a Maximum-—
Likelihood estimate of the state is found, where the noise 1s considered
as a normal distribution.

The full advantage of this technique i1s found when the model
parameters are nonlinear. Numerous methods then become available by
considering the current estimate as the norm, and linearizing the
model about this norm. The general heading for this philosophy
is Extended Kalman Filters, Jazwinskli (1970), in which the states
and parameters of the model are both recursively estimated. This
type of filter, based on first-order linearization, can be made
to converge globally, if required, Ljung (1979}, and it was shown
in Panuska (1980) that the recursive Maximum—-Likelihood, and hence
the recursive Extended Least Squares, schemes can be derived from the
filter equations.

The states of the system, however, are not necessarily required,
and thus a simplification of the Kalman Filter results. By regarding
the system parameters as the states a reduced filter is achieved, and
in Astrom and Eykhoff (1971), the connection between this reduced

filter and the previous recursive schemes mentioned is discussed.
7. Consistency and Convergence

Although the convergence properties of the various estimators
have been considered in the preceeding text, to an extemnt, an in

depth view can be found in S8derstrdom et al (1978) and Tsypkin et al (1981).
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It is found that with the recursiye Least Squares and recursive
Maximum-Likelihood methods, a global convergence of the estimates to
the actual system parameters is not possible, although the actual
parameters are locally stable, possible, points of convergence.

The previously mentioned prediction error method of Caines
(1976) is more complicated than the other approaches, and for this
reason has not been considered at length, although Ljung (1978)
proved its convergence with probability ome to the set of best app-
roximate models of the system considered.

Finally, many of the algorithms considered in this section are
covered in great theoretical depth in Holst (1977), although for esasy

reference, that of S8derstrom et al (1978) is prefered.

1.5 Self-tuning

Self-tuning controllers may be categorised as either implicit
or explicit. In the implicit scheme the parameters of the system
are estimated and these estimations are used directly in the form—
ation of the next comntrol imput, Fig. 1.1. With explicit self-tuners,
however, two approaches are considered. The first of these uses the
parameters estimated from the CARMA model in the calculation of a
cost function, from which the controller parameters are obtained.
The second explicit method uses a further assumption that the CARMA
model disturbance is a white noise process, the parameters estimated
from this subsidiary model then being used to calculate the final

contreller form, Fig. 1.2.
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Implicit and explicit self-tuning controllers

qON S y(t)
Parameter
$—— Estimator < t
A
)
N
Controller

Fig. 1.1 Implicit self-tuning controller (no external input)

u(t) y(t)
- Plant

Parameter
t— Bl

Estimator

D>

y

Control
Synthesis

Controller

Fig. 1.2 Explicit self-tuning controller {(no external input)
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1. Minimum-Variance Self-Tuner

This implieit scheme uses the CARMA model (1.3.14) as its
basis, this is restated as
A Hy) = 2 FBE Hu) + etz He(w) (1.5.1)
where the polynomials are considered to be of order n.
It is now required_that the cost function (i.5.2) is minimized.
=& yi (o)} (1.5.2)
where E{*} denotes the expected value.

Before proceeding we make the assumption that the parameters
contained in (1.5.1) are known, hence it is desired to derive a
control law which minimizes @ by means of these known parémeters.
Rew;iting (1.5.1) as,

Az Dy(erk) = B(z Due) + Clz e(t+k)
it can be seen that the first output signal which will be affected
by our choice of control input at time t, is that at time t+k. It
therefore follows that by a correct selection of the present value,
at time t, of the control input the variance of the output k-steps
ahead can be reduced. However, the disturbance contains two dis—
tinctly separate sections. Firstly e(t+1),e(t+2),...,e(t+k); which,
as they are future values, are unknown, and secondly
e(t), e(t-l),...,e(t-n1+k); which can be calculated from information
obtained up to and including that at time ¢t.

To separate these noise terms, the equality (1.5.3) is postulated,

Ly A HeeE™) f 2 ez (1.5.3)

C(z
-1 . -1, . .
where G(z I) is of degree nl—l and E(z ') is monic and of degree

k-1.

Substituting for (1.5.3) in the reformulated version of (1.5.1),
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Az Dy = Bz Hue) + 6z He(t) + Az DEG e ()

and substituting for e(t) from (1.5.1), using (1.5.3), gives

B(z ME(z ) ~!

y(E+) = u(e) + EGz De(erio + E2 D y(o
C(z_l) C(Z_I)
vae {1.5.4)

By squaring both sides of (i1.5.4) and taking expected wvalues,

-1 2

b _ 2
aley + $2 ) vy | + BB e (t4k))

ez H ezl

{ =1 -1
E{y2(t+)} = E B(z JE(z )

As the cost function (1.5.2) needs to be minimized, this is done

simply, with regard to the above eguation, by setting the ¢ontrol input

to be,
G(z_]
u(t) = - ——=—7"- v(© (1.5.5)
B(z ])E(z )
If expected values are now taken for both sides of the equation
(1.5.4)
(o1 -1 -1
E{y(t+k)} Bz JBG ) y(r) » EEE:TL y(t)
C(z—I) C{z )

which is identically zero, iff the control input (1.5.5) is applied.

But the assumption was made earlier that the parameters con-—
tained in the CARMA model, (1.5.1), were known, this is now stated as
not being the case. The parameters of the model must therefore be
estimated and thence an estimate can be made of the required control
input {1.5.5) from these parameter estimates.

For reasons of computational simplicity and problem matching, the
recursive least squares estimation procedure, discussed in Sec. 1.4

is employed. This is used to estimate the parameters in the model,
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y(£) = 2 Bz Hu@) - Az Dye)} + e (1.5.6)

where €(t) is a moving average of the noise e(t). Also, the

polynomials contained in (1.5.6) are defined as,

-1 - -m
Az ) =a, +a,z +... +0. 2

¢ o (1.5.7)
B(z-l)

Bo(1#8,2 | + ...+ 8oz O)

. . < .y [] .
It is shown in Astrom and Wictenmark (1973), that if the
parameter estimates, contained in (1.5.7), converge, the minimum

variance control scheme is provided by use of the control inmput,

_ A(z-l)

B(z-l)

u(t) = y(t) (1.5.8)

although, as all the parameters in the estimation model (1.5.6)
cannot be uniquely obtained, BO must be either known or chosen
prior to controller operation.

However, for the regulator to converge to the minimum-variance
case, several factors must be accounted for. Firstly, and perhaps
most importantly, the integral part of the system time delay, k,
must be known exactly. This provides for a limiting usage of this
type of tuner where varying delay systems are encountered. The
second point concentrates on the dimension of the estimated model,
and the respective property of self-tuning. 1f either £ = n1+k-1 and
m > nl-l or £ > n}+k—l and m = nl—l the self tuning property
holds, where A(z—l) and B(z-]) are overparameterized, though, the
condition of relative primeness is no longer assumed, and thus common
factorswill occur. In the converse case, however, when the model

is of lower order than the plant, the property still holds, and

moreover it has been found that experimentally the model may be of
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much lower order than the actual process, unless large variations
in the output signal occur, and a good control action is provided,
Astrim ({1980},

A major drawback with the minimum-variance tuner is the
fact that if the BCZ_I) polynomial, defined in (1.5.1), contains
unstable zeros, instability will most likely occur due to the control-
lers® high sensitivity to variations in the parameters, Astrom (1970).
Even if the closed loop retains its stability, though, the control
signal may well be excessive due to the objective of the controller
being entirely centred on reducing the variance of the output
signal from the plant.

Because of the problems mentioned above, various alternative
methods have been considered, the first of which is looked at

next.
2. Generalised Cost Function

In the previous method the cost function was entirely dependent
on the system output signal, here a cost function is considered
which incorporates inputs, outputs and set-points and is due to
Clarke and Gawthrop (1975). This function is given as

G(e4) = B(z Dy(eHk) + Qlz Hule) - Rz Dwlt) (1.5.9)

where P(z-l), Q(z-l) and R(z—l) are polynomial transfer functions,
and w(t) is a set-point external input.

In this instance it is desired to minimize E{@Z(t)}, and this
is done, once again, by setting the predicted value of @ at time

t+k as being equal to zero, which can be interpreted as minimizing
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-] -1 2 -1 2
E{{P(z Dy(r+k) - Rz w))” + (Q'(z u(r))"}
where the expected value takes into consideration all information
up to and including time t.

By defining,

P(z ) = —— (1.5.10)

From the combination of (1.5.1) and (!.5.9), we obtain

B(es) = F (evke) + Qz Hule) - Rz DHw(r) (1.5.11)
- -1 -
where  § (c+k) = 6(z ) g(r) + 22 DBz ) oy (1.5.12)
ez e () ezl
-1

and E(z DAzl + 2 ¢ 8z ) ¢z Hp(z Y (1.5.13)

=1

P (z ")

D

¥ denoting the least squares prediction of @, and PN(z—l) and
PD(z-l) are of order P, and P, respectively. Also, we have that
9 (eek) = P(z )y(e+k).
The actual cost function is thus dependent on its least
squares prediction plus an error term.
@(t+k) = F(t+k) + e(t+k) (1.5.14)
where @(t+k) is the prediction of @(t+k), made by taking into account

all information available at time t, and may be written G(t+k/t).

Therefore, substituting for E(t+k) from (1.5.11), using (1.5.12)

ger) = 2.0 vy + ez e + B HBG) Juw
=1
PD(z )
ks
- T e BCeHei) - Gz HR(zDu(e) + Cla e(ek)
i=1

v (1.5.15)
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The prediction model may then bhe ghtained in ¢ne of several
forms, different schemes being considered in {larke and Gawthrop
(1975) and (1%979a}.

Here, the following is used :

Al _] ~ - ~ -

8z ) ye-k) + Bz Dulek) - iz Dwlt-k) +£(t)
-1

PD(z )

@) =
..... { 1.5.18)

where  E(t+k) = E(z )E(t+k)
The control signal is now chosen to set the k-step—ahead

prediction to zero, and this can be seen from (1.5.15)} to be,

-1
u(t) = €z Hatz™h + 5 HsEh) [c<z")Rcz“)w<t)

-1
_ &z ) y(t)]

.5.17
P (-1 (1.5.17)

By the use of recursive least squares estimation on the model
(1.5.16), we require
D 8 ez Y
! -1, -1 -1, -1
2) E(z ) »C(z )Q(z ') + E(z )B(z )
~ -] - -1
3 H(z ) + ez DRz D
where a(z-l), ﬁ(z“]) and ﬁ(zul) are the estimated polynomials of

order n n
G’

E and n, respectively.

As with the minimum-variance self-tuner, one parameter must
be chosen prior to controller operation. In this case, however,
as C(z_l) is monic, by causing the ﬁ(z-l) polynomial to be monic
as well, this problem is removed.

The polynomials P(z_l), Q(z_l) and R(z—l) are chosen by the
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operator, which means that sevyeral control characteristics may be
specified, thus causing this method to be a far more generalised
approach then the previous case, however, as with the simple minimum-
—variance case, the estimated polynomials can be overspecified.

For the self-tuning property to hold it is necessary that

1) o, >mn ¢+ O{R(z-l)} , where 0{«} denotes the order of the
polynomial, 2) n 2_max[0{C(z-l)Q(z—l)}, O{E(Z-I)B(Z—l)}],

3) ng_z n, * max[p],pz]- 1. Although if all three estimated
polynomials are of order greater than the dimensions given, then the
property does not hold because of factors which are common to all
three polynomials.

The closed loop characteristic equation in this generalised
tuner is given as Q(z—l)A(z‘l) + P(zdl)B(z_!) =, and this means
that if Q(zq]) is of sufficient magnitude, the problem of instability
due to non-minimum phase systems is removed on condition that the
open—loop system is stable.

However, a problem apparent with both types of minimum-variance
controllers is that the system time delay, k, must be known, due
to the k—step—ahead prediection procedure.

This difficulty is overcome by the consideration of the

following explicit self-tuning algorithms.

3. Pcle Placement

Due to the problem of the failure to deai with a system time
delay which could be variable and/or unknown, and the difficulties
encountered with non—minimum phase behaviour, other approaches have
been developed. Of these, the pole placement method, Wellstead et al

(1979b), not only operates efficiently under both of these circumstances,
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hut alsq provides a smoother control action thus discounting,
to a large extent, the possibility of saturation eiffeets. In
this approach the parameters of a system model are estimated,
these estimations being used in the calculation of the required
control action.

The system itself is considered to be governed by the CARMA
model (1.5.1), and assuming initially that the constituent parameters
are known, the controller is developed as follows,

Define the control inmput as,

ul(t) = y(t) {1.5.18)

where G(z-l) is of degree ng and D(z_l) is monic and of degree ny

The closed loop pole polynomial may then be obtained by

substituting this control input into the CARMA model, giving,
(az Hnz ! - 2 FB 2 ez Hye) = ez Hnz Heto
.o (1.5.19)

It is now required to choose the parameters incorporated in
this closed-lcop pole polynomial, and for this purpose the desired
polynomial 1s specified as taking the following form

-1 -1 -2 t

T(z ) =1 + Bz Ft,z o+ t 32 (1.5.20)

where t » etc. are chosen prior to operation of the controller.

1”52
Hence, subject to limitations placed on the respective orders of the
. - =1
polynomials, D{z l) and G(z ) from (1.53.18) can be calculated from
the identity
=1 -1 -k =1} =1 -1 -1
Az )D(z )Y — z Bz )G(z ') =C{z )T(z ) (1.5.21)

to give a closed loop form with denominator T(z—l).

We now consider the self-tuning scheme, where the parameters
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present in the polynomials A(z_Jl,B(z—j), C(z_l), and thus D(z_]),
G(z-l) also, are unknown along with the time delay, k. These
parameters must, therefore, be estimated, a process which is carried

out using recursive least squares on the model,

~ = ~ -
Az Dy(e) = B'(z Nu(e) + e(e) (1.5.22)
where A(z—l) =1+ 3 z-l + A z_2+ + 3 z--na
1 2 na
(1.5.23)
- A -1 A - N —(n,_+k )
and B'(z 1) = b.z ! +b.z 2 + b z m
0 1 nb+k -1
m
also k = max{k}.
m

By once again employing the control input (1.5.18), the closed-

loop equation becomes,
Az Hoe ™ - B e Hive = piz He (1.5.24)

However, in this case, the parameters of the control polynomials,

D(z_l) and G(z_l), must be calculated from,
A - 81z e ™) = 1 7h (1.5.25)

where T(z ') is defimed in (1.5.20).

For the self-tuning property to hold we require that the parameters
of D(z-l) and G(z-l) obtained recursively from (1.5.25} will have
a possible convergence point given by the values obtained by
solving (1.5.21) offline, had the parameters been known.

Subject to the parameter estimates, in the model (1.5.22),

converging it is shown in Wellstead et al (1979b) that as long as

the following apply, the controller parameters will converge.

1) n n, +tk -1
m

d b

2) ng = na—l

3) n<na+nb+km"nc
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On the above conditions holding, the error sequence, €(t), will also
converge to the disturbance, e(t), described in the CARMA model.

Unless the case occurs that CCz-J) is equal to unity, the
parameter estimates obhtained frem (1.5.22) will be biased. This,
however, accounts for the calculation of the controller polynomials
from (1.5.25) being the same as those obtained from (1.5.21), despite
the disappearance of the C(z#]) polynomial.

The time delay, km, given in the estimation model (1.5.22),
is now defined as the maximum possible value of system integer
time delay, and thus the robustness of this type of tuner allows
it to operate as long as the actual time delay is less than or equal
to its specified maximum value, although the regulation character-
istics are found to deteriorate when the actual time delay is greater
than the minimum value allowed for.

Several other methods have been developed on the basis of
pole or pole-zero assignment, Wellstead et al (1979a), Astrom and
Wittenmark (1980), although this invariably results in an increase

in the necessary computatiomal effort.
4, Extended Algorithm

The model is now considered as,

Az My = ' Hue) + 6z Hele) (1.5.26)
where the comstituent parameters are estimated by means of the re-
cursive Extended Least Squares procedure, although a recursive
Maximum-Likelihood estimator is also allowable. The controller
polynomials to be used in (1.5.18) can then be evaluated, at each

sampling interval, from the identity
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Rhpeh - 81 e = EeThreh (1.5.27)
Due to the larger number of parameters estimated, the comput-
ational effort is much increased, although it can be considered
that the a(z—l) polynomial is specified arbitrarily by the operator,
thus reducing the estimation required to that of the recursive
least squares procedure, Wellstead and Sanoff (1981). This tuner
then contains the original pole placement self-tuner as a special

case, when C(z-]) is set equal to umnity.
5. Explicit Method with Known Time Delay

The last two approaches operate most efficiently when the
exact value of the integer part of the system time delay is known,
the method described here, however, can only operate when this delay
is known explicitly.

The estimation model is defined as in (1.5.6), where m = n]—1=ﬂ,
and hence the recursive least squares procedure can be used to obtain
the required estimates. With a pole polynomial specified by (1.5.20)
and the control action by (1.5.18), the parameters of the polynomials
D(z-l) and G(z-l) are obtained from the equation,

D(z 1) + z “ACz OD(z ) - z 8z ez ) = Pz DTz D
cee (1.5.28)
where P'(z—l) is monic and of degree k-1, and T(z_!) is of degree

n. < n, +k-l; in this case P'(z—l) is calculated, along with the

1
control polynomials, from the above equation, Wellstead et al (197%a).
If the parameters of the estimation model (1.5.6) converge, the closed-
loop pole polynomial will be given by T(z_l).

Apart from the necessity of knowledge about the system time

delay, this tuner requires extra computational effort to calculate
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(1.5.28) at each sampling interval, although it has been shown
Allidina and Hughes (1980), that if the operator chooses certain
polynomials in the generalised cost function method, a pole place-

ment scheme similar to that described here can be achieved.

1.6 Concluding Remarks

In this chapter various adaptive control techniques have
been introduced, and from these self-tuning has been selected for
particular discussion. Therefore different methods in this specific
field, dependent on the desired control objective, have been considered.

In all self-tuning controllers an estimation scheme i3 re-
quired, and as the emphasis has been placed on finding a simple
recursive controller, implementable on a microprocessor, this
necessitatés an estimator with low computational effort. Hence
the identification methods used in self-tuning concentrate on
merely producing estimates of the parameters in a system model. Of
these methods, that of recursive lLeast Squares is perhaps the simplest,
and hence this has led to its widespread usage. However, where a
greater accuracy or a more rigorous mathematical formulation is des-
ired, other approaches such as Extended Least Squares or Maximum-—
~Likelihood estimation are employed, with a resultant increase in
the number of calculations and thus the time required.

The first control systems to be given the name Self-Tuners,
used as their objective the minimization of the system output signal
variance. They proved to operate efficiently in numerous industrial

applications, however their scope became limited due to the failure
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to deal with non-minimum phase systems and/or variable or unknown

system time delays. The minimum—variance phileosophy was, therefore,

generalised to account for a costing on the system input as well

as the output, and this removed, to an extent, the first of the problems.
The most recent self-tuners have concentrated on the idea

of pole-placement, which not only deals with non-minimum phase be-

haviour, but can alsoc cope with an unknown time delay. As this

gives the final method a larger possible field of application, it is this

latter type of tuner which predominates throughout the following work.
Finally, a point concerning the convergence of the self-tuming

systems described in this chapter must be stressed, and this is the

choice of dimensions for the estimation model, especially when a

pinimum~variance tuner is concerned. However, this will be dealt

with further in Sec. 4.4.
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CHAPTER 2

STATE SPACE CONTROLLERS

In recent years tile analysis of control systems has seen a
constant shift towards a state space approach. This is often considered
to be due to an underlying increase in the complexity of a large
number of systems, which it is required to control. Much theory has
therefore been developed in terms of optimization and regulation
techniques by means of a state space framework.

The majority of self-tuning theory is, however, centred around
the use of backward shift polynomials in CARMA models. It therefore
remains for self-tuning to be viewed with regard to the state space,
not only to reconsider and possibly improve existing algorithms, but
also to widen the scope of feasible applications to those areas dom—
inated by state space methods.

Thus the problem arises, firstly to find a suitable state
space form and then to consider the possibility of improvements and
extensions to the existing work. Sec.2.1, therefore, introduces
the field of Linear Quadratic Gaussian control and emphasises the
development of the basic self-tuning techniques. Possible state
space formulations are then considered in Sec.2.2, although the most
useful for self-tuning controllers is dealt with more thoroughly.
Once a state space model has been chosen an important handicap comes
to light in that it will, in most cases, be impossible to obtain the
state vector directly from the process under control, The state

must, therefore, be reconstructed by making use of the measured
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input and output variables actually at our disposal, and, hence,
a state estimation procedure is comstructed in Sec. 2.3.

There are essentially two basic classifications for self-
tuning algorithms, single stage design and pole placement design.
These are formulated in the state space in Secs. 2.4 and 2.5 respect-—
ively. In both cases the state space controller is compared with
the original polynomial method and the stability of the final closed-
loop form is analysed. Although, by use of the state space, control-
lers are arrived at which carry out the same control operation as in
the polynomial case, further algorithms, developed solely via the state

space, are considered and then compared with the original design.

2.1 Linear Quadratic Gaussian Control

The solution of the optimal Linear Quadratic Gaussian (LQG) control
problem has been considered in both the frequency and time domains,
Astrdm (1870). The time domain can, however, be considered in one
of two ways, either continuous time or discrete time, the latter approach
being the most appropriate and in fact the simplest when digital con-
trol is decided upon.

Using a time series analysis, Astrom (1970), a control law is
formulated by means of feedback control from the system output, y{t),
to the control input, u(t). If there exists a k-step delay between
input and output, then the control minimizes the predicted quadratic
loss, %k steps ahead of the present time. This theory formed the
basis of the minimum variance self-tuning regulator, Astrdm and
Wittenmark (1973}, discussed in Sec.l1.3. However, the minimization
of the loss predicted other tham Lk steps ahead cannot be accomplished

with the same control law comstruction, hence, the need for an
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extension to the original work.

When a state-space representation is employed for linear systems,
Kalman (1958), the separation theorem can be used, which means, in
this case, that the observer required for estimation of the state
vector, obtained from the system parameters, can be made optimal in
the sense that the reconstruction error is minimized, this is considered
in detail in Chapter 5. From this state estimate a linear feedback
control law can be established to satisfy the specific control objective,
and in order to obtain the correct feedback it is considered that the
state estimate is in fact the true state and that the system is devoid of
any disturbances.

Relationships between the two approaches mentioned have been
shown to exist, in particular, wﬁen considering the unit delay case
the methods lead to the same control action, Caines (1972), in which the
general delay case is also discussed. In order that a reasonable
comparison between the methods may be made, though, it is required
that the final state space closed loop equations are transformed
into the time series transfer function form, and therefore the filter
used to obtain the state estimate must be considered as having achieved

a steady-state condition, this is the well known Kalman filter.

2.2 State Space Formulations

There are numerous possible state space formulations which may
be obtained from a system described by the CARMA model (1.3.14). But
as one of the main objectives in self-tuning is to obtain a comput-
ationally simple control law, only those state space representations

bearing an essentially trivial relatiomship to the CARMA model need
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be considered. With these representations, of which there are
two of direct relevance here, it is possible to arrive at a form in
which the parameters included in the state space model are obtained
directly, or with very little inconvenience, from the CARMA model.
The difference between the two approaches being the way in which they
deal with the system time delay, k.

The delay, k, may be included in the dimension of the state,
in which case tne representation is termed an implicit delay model.
Conversely, the delay may be taken into account via the control imput,
u(t), in which case the term explicit delay model is used. Due to the
need for incorporating a variable time delay later in this work, the
implicit delay model will be used throughout the text, it has, in any
case, been shown to be the more efficient method of the two, Lam (1980).
A brief summary of the explicit delay model is, however, given here for
comparison.

To avoid coufusion, it is felt worth noting that the names
assigned to the types of state space model considered, implicit and
explicit, bear no relationship, other than in the actual words used,

to the implicit and explicit self-tuners discussed in Sec. 1.5.

1. The explicit state space model

A state space representation which is equivalent to the CARMA
model (1.3.14) is,

(a)  x(£+1)

I

Px(t) + Qu(t=k+l) + R e(t) }

Hx(t) + e(t) J (2.2.1)

[

(b)  ye
where x(t) gives the vector of state variables, and the matrices, P,Q,R

and H are defined as follows
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1
(0 . e e . . . Q0 0 } (b )
. n]
| . - 0 _an .
| 0 T, - . 1 )
P = . -: : s Q= -
. . - 0 : .
0 0 1 *a] b0
b J \ J
{
.|> (2.2.2)
0] [ o]
c - a :
S| &S .
R = . , HT = )
. Q
k cj - al ) 1

J

The formulation (2.2.1) is singular in the sense that the system noise

is a linear combination of the measurement noise.

The dimension of the state space is given as n, +l, where n

1 1

is the maximum degree of the polynomials A(z-l), B(zmI), C(z-l).

However, the term bn will only exist where a fractional part of the
1

system time delay is apparent, the integral part being accounted for

by k. If no fractional time delay is present, therefore,

bn = 0 and the representation may be reduced in dimension by unity.
1

2. General state—space representation

This formulation, termed the implicit state-space representation,
takes the integral delay, k, into the dimension of the state vector.

The state-space equivalent of (1.3,14) is in this case,
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(a)  x(e+1) = Px(t) + Qu(x) + R e(t)
(2.2.3)
(b) y(&) =Hx(t) + e(t)
where x(t) is, once again, the vector of state variables, and
b
(0 . . i e oo oo 0) [ b r
. n
. 1
i . ) .
P = 0 ‘-0 0 , Q= bO
=-a
!
0 . 0
0 o 1 -a 0
( ) L §
>  (2.2.4)
r 0 \ fO \
R = 0 , B =
[ - a
R T
0
c - a 1
Ll l J \ J

The above matrices being similar in composition to those in the implicit
delay state space model of Astrom (1974). Thus the dimension of
P 1is (n]+k)x(nl+k), and Q has (k-1) zercs in its lower rows, whereas

R has Lk zeros in its upper rows.  Again, if bn = 0, the representation
1
may be reduced in dimension by one, as no fractional time delay is

present. H is simply a row vector of dimension lx(n]+k), and Q

and R are column vectors of dimension (n]+k)xl.

It follows from (2.2.3) that
-1 ) -
H(I-z '2) Qu(e-1) + {1+z 'H(I-z"'P) Rle(t)
o=
H(I-z 'P) {Qu(t-1) + R e(t=1)}+e(t)

y{(t)

or y(t)
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=1
where H(I - 2z IP) is then given as,

] (o Hel) -1
- [z s vaesZ 1]
(1+a 2z +,,.+a =z )
1 n
a
1 -{n_ +k-1)
1 -1
= - [ Z sreny2 )l]
A(z )
Furthermore, where bn # 0, it follows that
i
-k =i -1
y(t) = _z Bz ) u(t) + Clz ) e (t)
A(z-l) A(z_])

and hence equation (1.3.14) holds.

A special case of this general state space representation may
be considered when the time delay, k, is equal to unity, under this
condition the latter model is identical to the explicit delay state
space model. .It is this assumption that is made in order to explain
the meaning of the states selected, and this is shown by a simple
example, as follows.

Consider the case where n, = 2, k=1, ¢, =¢, =0 and b, = 0,

1

then the state space representation is

x(e+l) = fo —a)) xm(e) + (b)) ule) + [-a, ) e()
1 a bO -3
y(e) =10 11 =x(t) +e(t).
where x(t+1) = Xl(t+l)
x2CL+1)

Therefore we have
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1) X, (t+1) —a2x2(t) + hlu(,t) - aze(t)

1

ii) xz(t+l) xl(t) - alxz(ﬁ) + b, u(t) - a, e(t)

Q
tii) y(@®) = xzﬁt) + e(t)

One solution to these equations, which will be shown later to be the
optimal solution, see Sec. 5.1, is to denote the state variables as
i) xl(t+l) = b] u(t) - a, y{(t)

ii) xz(t+l) = bou(_t) + b1 u(t=1) - a]y(t) - a?_y(:t—l)
The method of obtaining these solutions will now be considered in a

general framework.

2.3 State Estimation

In most situations the system state is not a directly measurable
quantity, therefore this needs to be estimated from the information
available. The estimation scheme derived by means of a Kalman filter
is given simply here, but will be considered in depth in Chapter 5.

It is beneficial, though, to consider the final requirements for the
estimator when in use, and it can be seen that by adopting a recursive
least squares parameter estimation scheme, Sec.l.4, this can be regarded,
initially, as assuming the C(z_l) polynomial to be equal to unity.

This assumption was, in fact, made in the example of the preceding
section.

Thus, taking € S8y = wes = =0,

T
R = [Q,...,0, -an,...,—a

] (2.3.1)
Also, in the matrices P,Q and H (2.2.4}, n, becomes n where,

n = max{na, nb}
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An estimate, R(t), of the state at time t is now required, and this
can be obtained by considering the formulation (2.2.3).
Rewriting (2.2.3b) as
e(t) = y(r) — HR(t)
where the state is replaced by its estimate. Then by substitution of

this into (2.2.3a),

#(c+1) = (P - RDE(LI+Qult) + R y(t)

and setting P =P - RH we have

(I -2 'B)%() = 2 'q ult) + 2z 'R y(o).
The estimated state therefore.becomes

x(t) = 2 (I - z_lﬁlvl{Q u(t) + R y{t)} (2.3.2)
The majority of the computational effort involved in obtaining
this estimate of the state thus appears to be in finding the
inverse of (I - z—lﬁ).

But P = P - RH, where

fo,. ........ 0

0. 0 0
RH = . -a
n
0 -a
\ I
as cl = c2 = = cnc =0
Therefore,
rO - . - . - L) q * O l
1 .
P-RH = P = 0 ‘. <. ) (2.3.3)
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Hence ,
(1 0
-1
-z .
-l_. 0 -
(I-z 'P) =| .
&Y 0 -z_1
which gives
1 0
—1 .
-1 Z
(I-z_]§} =P z=

S T

“

(2.3.4)

(2.3.5)

A more detailed approach, where C(z—]) has non—-zero parameters, leads

to a much greater computational requirement, although it may be easily

constructed, Lam (1979).
Hence,

x
&(t) = P {Qu(t) + Ry(t)}

(2.3.6)

and this is the steady-state value of the expected state vector.

So, we have

4 b Z-]
n

b z—] + b 2—2
n-1 n

-

(2.3.7)
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and also,

( 0 AN

#]

* -1
PR = -~a z
n
-a z-l-a 2—2— -az @

L l. 2 ' n J

(2.3.8)

Thus, this formulation gives an estimate of the entire state vector

at time t, and it can now be seen how the states used in the example

of Sec. 2.2 were obtained.

By use of (2.3.7) and (2.3.8) the (n+k)ﬂ§tate at time t 1is

given by,

R, (®) = 27 BG Hule) - Az Dy(®) + y(6)

Also, from (2.2.3),
HZ(t) = y(t) - e(r)
and as H=[0,...,0,1]

ﬁn+k(t) = y{(t) - e(r)

Equating (2.3.9) and (2.3.10) the following is obtained,
y(£) = e(t) = z “B(z Du(t) - Az Hy(e) + y(t)
Hence
-1 %, -
A(z )y(t) =z "B(z du(t) + e(t)

which is the original CARMA model, where C(zdl) = 1.

2.3.9)

(2.3.10)

(2.3.11)
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2.4 Single Stage Cost Function Design

1. Using the state-space model

The control input, uft), is to be chosen at each time instant

such that the cost function @(u) is minimized, where

k=1+t
d(u) = {I_CT(_t+l)S3(t+J)}_;(t+l) + uT(t)Sz(,t)u(.t)} + ET(E"‘k)Sli(tﬂc)

t=t
(2.4.1)

and E(t) is the solution of the linear stochastic equations given
by (2.2.3).
This is known as the discrete-time Linear-Optimal Regulator

problem, Kwakernaak and Sivan (1972), in which S, is non-negative

l

definite and Sz(t) and 83(t+1) are both positive definite during
the time iInterval under consideration. Further, the assumption

is made that uT(t)Sz(t)u(t) may be written as S uz(t), because of the

2

scalar nature of u(t). The optimal control input, derived by state
feedback, is defined as being,
u(t) = F(eyx(t) (2.4.2)

where x(t) is the state vector, F = [f "fn+k]’ and thus

R
{fi:i=l,...,n+k} must be chosen_Tuch that

F(£) = =(5,4QV(tx1)Q) Q' V(£+1)P (2.4.3)
where the matrices {V(i): i=t,t+l,...,t+k~1}satisfy the matrix Riccati
equation,

V(t) = BIV(t+1) [P4QF(E)] + 8, (2.4.4)
and V(t+k) = S, (2.4.5)
From (2.4.3) it can be seen that F(t) is calculated by use of V(t+l)

and from (2.4.4), V(t) by use of F(t) and V(t+l). Therefore F(t)

t \ . .
and V(t) are both obtained from the k h iteration of the Riccati equation,
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working in a hackwards fashion with (2.4.3) heing evaluated prior
to (2.4.4) at each step.

The assumption is now made that,

-

0 «++ue-e...0}
- +
s=s,= | R : (2.4.6)
0 o
0 a 1

and using (2.4.5), V(t+k) is also equal to the above.

As QTV(E+k)P

=0 s unless k = 1
then F(t+k-1) =@ , under the same condition.
But V(t+k-1) = (0 ... ... .. 0O
0 0 0
0 1 -3,
0.....0 -a l—a%

L 1

By continual back substitution it follows that,
-1
1

F(t) = (b0+82b5 DI (PN 1S S SURTERRTE A (2.4.7)
which contains n—-1 leading zeros, and where
Q"V(t+D)P = b2
The feedback factors fn+1’ ces fn+k are found to be such that
fn+i = -a, - ai-lfn+1-"'-alfn+i-l (2.4.8)

which means that they are identical to the parameters contained in
. . . -1 .
the solution of the identity (1.5.3), when C{(z ) = unity.
Rewriting this identity for completeness,

1= Az NEGH + 2z ez 1 (2.4.9)
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. = . . - - L
where 1) e:.L fn+i ;1 I,...,k-1

. (2.4.10)
i) &g fn+k

]

where E(z-J) is of degree k-1 and G(z—l) is of degree n-l1.

But the control input (2.4.2) employed the feedback parameter
vector, F(t), with a known, or measurable state. When the latter
must be estimated, however, the control input must be redefined as,

u(t) = F(t)X(t) (2.4.11)
where g(t) is an estimate of the state vector obtained in Sec.2.3, and

F(t) is obtained as set out above.
2. Comparison with the polynomial model

The generalised cost function 1s discussed in Sec.1.5, and
from this the following is obtained,
3w = E{y7(e4) + Shu(o)} (2.4.12)

where this is the expected value at time t, w(t) being zero,

p(z""y =1 and Qz"1) = 85

The control input is found by applying (1.5.17) to be,

1
{-c(z Hy(e)} (2.4.13)

u(t) = i

SéC(z-]) + Bz DBz Y

The case considered thus far, makes the assumption that C(z_l) =1,
and therefore a comparison of the polynomial and state space
controllers is given here with that assumption retained.
Lemma 2.1

With C(z—l) = unity, the polynomial and state space generalised

minimum-variance controllers are similar. The only difference
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. . th .
occurring because of the (n+k) state at time t. However, where a det-

erministic rather than stochastic case is concerned, subject

to suitable choice of S2 and Sé, the controllers are identical.

Proof: by induction.
Example 2:1; n= 2, k = 2,

The polynomial controller is then given by (2.4.13) to be

-G(z-l)
u(t) = y(t)
sy + E(z )B(z )
where E(z—l) =1 + elz-1 H B(zdl) = b0+blz—1 + bzz_z,

G(z ') = gO + glz—l and C(z*]) =1,
The state space controller is obtained from (2.3.8), (2.4.7) and

(2.4.10,11) as

- (o) +T

and thus,

-1
{(32/b0+b0) + (‘b1+e1bo)z +{_b2+e]bl
-1 -1 -2
= {—glz + gu(alz +azz Yy (e)
where B = Ta,e

The u{t) coefficient can now be rearranged to give

=2 -3 -4
tegbgdz T+ (eby*egb )z Tvggb,z Tlu(e)

el
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S
-,[.—)3 + E(z J)Bﬁ(,z l) + gz kji(z“l).
.0 0-

By replacing 52/h0 by SE, and adding and subtracting

goy(t) to the right hand gide
{5y + EGz DB u() = -6(z Dy(e) + gplatz Hy(e) - 2 Bz Hu(e)}

From the CARMA model, A(z-l)y(t) - z-kB(z_l)u(t) = e(t), due to the
definition of C(z—l) in this example. Therefore, in the deterministie
case the state space controller is equivalent to the polynomial controller
. .
iff 52 SZ/bO'

’ th L . s . th

Also the (n+k) state, wnich in this example is the 4 state,
is given by,

X

(0 = 2 BGE Hu® - AG Dy + (o).

(8) = y(t) - e(r)

or X i
and this was shown in (2.3.10).

Hence if a modification is carried out on the estimation of the
state vector, such that only the (n+k)th state is altered, a new state
estimator will be found such that the state space controller is
identical to the polynomial controller for both stochastic and
deterministic problems.

Defining the new state as

27(t) = R(tr) + B (y(t) - HE(E)) (2.6.14)

]

or 21 () = R() + Hle(r)
where H=[0,...0,1]
which merely removes e(t) from the (n+k)th state.

The form given for the state (2.4.14) is very important in

self-tuning, as it forms the basis of many self-tuning techniques.
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It is discussed to a much greater extent in Chapter 5, but here a few
points relating to i1t are mentioned. Firstly, the state estimation
initially formulated was dependent on values of input and output
signal up to and ineluding those at time t-1, for the state estimated
h

. . t
at time ¢, In rearranging the state, the contents of the (ntk)

state have, in effect, been replaced by the present value of the

output signal. Hence, we can write

R(t) = $(t/e-1)
- (2.4.15)

and 2'(t)= X(t/t)
This means that no equality can exist, in a stochastic control system,
between the polynomial single stage controller and the state space
version using the state %(t), because in the polynomial case, unless
8y = 0, the present value of control input, u(t), is dependent on the
present value of ocutput signal, y(t). This can be seen from (2.4.13)
and the definition of the G(z—]) polynomial,

Also, from the feedback equation (2.4.13), the value S& leads
to the generalised minimum-variance controller. If Sé = 52 = 0,
then the original mipimum-variance controller is arrived at, with
its respective feedback equation given by (1.5.5). Hence the
relationships obtained between the polynomial and state space con-
trollers based on a single stage cost function design, also apply
to the special case of the minimum-variance self-tuner.

The comparison of polynomial and state-space controllers has
been carried out with the assumption, C(z—l) = 1. The case for

a general C(z-l) is far more cumbersome to analyse, although for

continuity tne following Lemma is given.
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Lemma 2.2

For a generalised minimum~variance tuner the state space
controller is equivalent to the polynomial controller, subject
to the following conditions.

i) S, and Sé are sultably chosen, as in Lemma 2.1.

ii) The estimated state is modified such that if x'(t)
is the state vector employed,

2'(t) = R(t) + B {y(e) - HR(L)} (2.4.16)

where PA' = R. i.e. i = [0,.00s0,¢ 5enescsl]

c

]

Proof: tpy induction, example given in Appendix 2.1.

It can be seen from (2.4.16), that in the case when C(z-])
is unity, this reduces to (2.4.14).

The analysis carried out in this section considers a single
stage k step ahead cost function, requiring k 1iterations of
the Matrix Riccati equation (2.4.4). This, however, can be
generalised to a 14N stage cost function, where N 1is the
extra number of stages. The number of iterations of the Ricecati
equation required to deal with the multistage fixed horizon case
increases, though, to N+k. No advantage is achieved by using the
extra stages in the minimum—variance controller, as the feedback
gain, F(t), remains unchanged whatever the number of stages considered.
But in the generalised minimum variance case a difference is
apparent, and therefore it remains with the system designer to choose

that which is mest appropriate.
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3. Stability of the single stage controller

The stability of the single stage control law can be considered

as follows,.

-n
When C(z 1) =] + clz l + ...+ <y z © , the control input
c
is found from the equation,
=1
-G(z )
u(e) = y(t)

saccz']) + Bz HeEh

1 -
where 82 SZ/bO'
Substituting for u(t) from this equation into the general

CARMA model (1.3.14) leads to

(spa(z" ez ) + A DEGE DBGT ) + 2 Bz D6tz Do)
= (2 Hisye(z ) + E(z DB Hle(n) (2.4.17)

Using the identity (1.5.3) to substitute for z_kG(z-l) in the above,

the closed loop poles are obtained from the polynomial,
c(z—lj{siA(z_l) +B(z D}

which is equated tozero to obtain the characteristic roots.

When SE = (0, we return to the original minimum-variance controller,
whose closed loop poles are therefore given by C(z—l)B(z‘l), and thus
even if C(zﬂl) has all its roots inside the unit circle, if B(z‘])
is unstable, i.e. a non—minimum phase system, there will be unstable
poles in the closed loop equation. In the generalised case, however,
this can possibly be avoided due to the bias on closed loop poles
attributed to the choice of Sa.

There are, though, at least k poles which cannot be varied.

. . . -1, . .
As the state space is of dimension nl+k, where C(z ') is non-unity,
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there will he nl+k closed loop poles given by the feedback control alone.
The value k does not appear in tie poles given by the control, i.e.
SéA(z-I) + B(z-l), thus there are k poles at the origin of the z-plane.
From the state space viewpoilnt, the C(zul) term in the character-
istic equation is provided by the state estimation procedure, see
Appendix 2.1. Therefore, the closed loop poles of the overall system

are, because of the separation theorem, those due to the state estimation

coupled with those due to the feedback control law.
4. Self-tuning single stage controller

The formulations for the single stage control design have been
obtained as though the system parameters were known. Now, however,
the fact that they must be estimated by means of one of the recursive
schemes, discussed in Sec. 1.4, is considered.

The state estimation carried out in Sec. 2.3, assumed C(zdl) =1,
and so the recursive least squares procedure is most appropriate as
a continuation of this. If a parameter estimation technique were
employed, whereby the parameters ;f the C(z—l) polynomial, or their
equivalent, are also estimated, e.g. extended least squares, the
calculation of the estimate of the state vector becomes far more
complicated, as can be seen from Appendix 2.1.

By using the least squares method, though, only the maximum
possible value of the integer time delay k, needs to be selected, and
the state space model chosen allows for this.

Specifying the recursive least squares model as,

A Dy = 3' ¢ Hue) + e (2.4.18)
i -n

where Az ) =1 + ﬁlz + ...+ an z

a

a
8'(z )= bz +b.z o+ + b z'(“b+km) (2.4.19)
o 1 o n, +k ~1
b m
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and the maximum value of system integer time delay, km-z 1.  Although
where the actual delay k < km, several estimated coefficients;

™ N
b [+ ; are equal to zero. Hance when k = km’ none of

o+ 3Ly + -
n_bk n,Elkml
these zero estimates occur.
Hevertheless, in a true state space model obtained from the
estimate the aforementioned terms must be included to account for
any k up to and including km. Therefore, considering (2.2.4),
matrix Q becomes
AT ~ ~
Q" = [b 4 —yree Byl (2.4.20)
" m n
such that, when k = km, and this is known, dim(Q) = (nb+km) x 1, so

we have

T b ,0,...,0] (2.4.21)

Q = [bnb"’km'l,...’ k=1

where the latter (k-1) terms are zero.

The a matrix now becomes similar to Q in (2.2.4), except
that the parameters above are estimates.

In the single stage cost functlon analysis considered via the
state space in the previous subsections, the system integer time delay
has been assumed known, and hence by applying recursive least squares
estimation with a known k, and using a as given by (2.4.21), a
self~tuning operation can be performed which is identical to that
carried out in the polynomial case, subject to the estimated state
used being R(t/t) and not R(t/t-1)

The overall algorithm via the state space may be summarized

as

1) Estimate system model parameters by recursive least squares
estimation.
2) Form state space representation from the estimated

parameters.
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3 Calculate state estimation, using information available
up to the present time instant.

4) Calculate state feedback from the matrix Riccati equation.

5) Obtain the control input signal,

6) Repeat.
At first glance it appears that Step 2 need not be calculated during
the actual implementation cycle, as to provide the required control
input this need not be known., But in the method discussed in this
section, the Riccati equation in Step 4 uses certain of the matrices

contained in the state space model, and hence Step 2 must be included.

2.5 Pole Placement Design

. Most recent self-tuning techniques have concentrated more on
pole, Wellstead et al (1979b), or pole=-zero, Astrdm and Wittenmark
(1980), placement approaches. This has brought self-tuning more in
line with model reference adaptive control, yet its separate identity
remains.

In this section a pole placement design will be formulated,
Warwick (1981a), which provides a different control action to that
obtained via a polynomial approach, Wellstead et al (1979b). However,
by reformulating the state estimation, it is shown how the two methods

can be made to give identical controllers.
1 State space construction

It is considered, firstly, that the system parameters are known,
-1 . . . .
and C(z ) = 1. The state estimation is then formed, as im Sec.2.3.

We now require a control law such that the closed loop poles are
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assigned to previously specified positions.
Using the state feedback,

u(t) = Fx(t) (2.5.1)

where X(t) is the estimate of the state vector and F = [fl""’fn+k] R

-

the parameters {fi: i=1,...,ntk}lmust be assigned such that the closed

loop poles are given by a preselected polynomial,

T(z 1) =1 + tlz-l + ..+ t:n z (2.5.2)
t

Substituting (2.5.1) into (2.2.3(a)) gives

x(t+1) = (P+QF)&(t) + Re(t) (2.5.3)
Let F = P + QF, then

- i i

2(t) = 2 (-2 'F) Re(t)

and substituting this into (2.2.3(b)) means that,
- -1 71

y(t) = {z "H(I-z F) R+le(t) (2.5.4)

Hence the closed loop poles are given in the state space by the

.-.1_.
determinant of (I-z F).

Thus {f.: i = I,...,n+k} must be such that
i

det(I-z 'F) = T(z 1)

where T(z_]) is defined in (2.5.2).
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Now
r -1 1
1=z hnfl z h f2 .
Vo £) -2t
z n-1"1 n~172
- = Yas £
n—2 1 n-2"2
~1= 2l £
(I-z 'F) = n=-32
-1 -1
Z Bofl -z bof2
{ 0 0
(k—-1) .
Zeros l[ 0 0. ... 0

such that 1 <i<n, 0<j<nandi-j=%k
By taking the determinant of the above matrix, we can write
T = WFL - R'

W TRty

or F

bnfn+k

(2.5.5)

(2.5.6)

where the following definitions are made. F 1is given in (2.5.1) and

R' in (2.2.4) in which n, is replaced by n as ¢, = ¢, = ...

l 2

Thus R' = 1lim {R}, for all 1i.
ci+0

The matrix T in (2.5.6) is specified as,

ee s B

T = [tn+k ! 1
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which means that up to (n+k) poles may be specified in this model,

although if n <n +k,

This limitation on the degree of the closed loop pole polynomial is
discussed further in Chapter 3, where a further restriction is
placed on its maximimum value for the purpose of self-tuning. The
integer . denotes the number of poles specified, although if a number
of these poles are chosen to be at the origin of the z—plane, then
that number of trailing coefficients of the T(z—l) polynomial will
be zero.

The W matrix relating the closed loop pclynomial to the
feedback terms is easily constructed as follows.

Referring back to (2.5.6)

Let W = .5,
et W w] + Wz + w3 (2.5.7)

where {Wi :1=1,2,3} are matrices of dimension (n+k) X (n+k), when

a fractional part is present in the system time delay, such that

- ( -+
(n+k +5.-2) O v vev v v 0 By
zeros ) . . .
- . ) . - .5.8
wl ) . . bO (2.5.8)
- - . * 0
6 * . (k—=1)zeros
, b S0
\ b‘.l.'.l. T ' 0 E..."'\/"\-J

(k~1)zeros
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In equation (2.5.8), k 1is the integer time delay and Gf the
Kronecker delta used to signify the presence of a fractional time

delay, i.e.

o

:

The overall dimension is thus reduced to (n+k—1)x{(n+k-1)

1 if a fractional delay is present, whereas

0 if this Is not the case.

where there is no fractional delay.

- [ 0 I O |
(5f+k 1) ‘{ ! ! 0 }
Zeros i
U | = o= = -
| |
W o= o} 1 i S 0
2 ! 2, (2.5.9)
R R
0 : o, 0 }> k zeros

L ] 1 J

i Al R ¥

(6f+krl) k zeros

Zeros
and ﬁz is defined as being
anbn—(k+1)' e e e e e e e e e e anbl anb0 ]
= . | - . 2.5.
W, ] _ ( 10)
*
S 3B _+1) ... a.b
] . . 10
anhl
_ 3 +2%
b e e e e e e booL..
\ 200 ¢ #:%0 ak+2b0 ak-!-lbo J
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All terms on the perimeter of ﬁz are repeated diagonally (bottom left
to top right). But these terms must be added to an aibj term (%) at
each elemental position, where k+l < i < n and £ < j < i-(k+l), £
being the coefficient of the b term in the diagonal repetition
However, where j # £+1, further terms must also be added

to that position as follows,

diagonal term = ai+jb£
secondary term = a,b,
1]

terms to be added = ai+]bj + ... ai+j—lb£+1

Hence each element in the matrix W.,, and thus W,, is readily

2 2°

obtained.

To show a case of WZ by example, consider n = 5, k=1, §_=0.

f
Then
a5b3 asb2 . aSbl asb0 0
aSb2 a4b2+a5b1 a4b1+a5b0 aébo 0
W2 = (2.5.11)
aSbl a4b1+a5b0 a3b1+a4b0 a3b0 0
asb0 a4b0 a3b0 azb0 0
0 0 0 0 0 )

The final matrix required in the formulation of W is W,, and this is

3
built up of horizontal, vertical and diagonal elements, such that when

these cross they must be added together. This can be seen from the

definition of WB’ given by,



0.
k'zeros
0
—a b~
n
W -
3
-azbﬁ P
_albﬁ’

. 0.
where k' =
and q =
also 6qk
and o =
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no’

b
2

-~
n—1

q + 6f -2

max {k,2}

1

n + 6f -1

when q

0 when q # k

k

|

_alb?ﬂl 3
mabe
—a]b
(l-qu)

q zeros

(2.5.12)

q zeros

(2.5.

(2.5,

(2.5.

(2.5.

13)

14)

15)

16)
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The highest coefficient of an 'a' term is n, as stated in (2,5.12),

except for the case when k + 55 <2, i.e. when k =1, 6f = Q.

Under these conditions the highest coefficient of an 'a' term is (n-1).

Again, all terms on the perimeter of Wé are repeated diagonally

(bottom left to top right) in a similar fashion to those of ﬁz,

such that WB is equal to its transpose.

To show a case of W, by example, consider n = 2, k = 2, §_=1.

3 £
Then,
.
0 azb2 alb2 0
—a2b2 a]bz—azb] -a bl 0
W, = _ _ _ (2.5.17)
3 a]b2 alb] albo 0
L 0 0 0 0 J

The overall W matrix may now be obtained by means of the expression
(2.5.7), an example of which is set out below. However, to cglculate
the state feedback vector F, W must be inverted (2.5.6), and this
presents the major computational requirement in the staté space method.
For the example of obtaining W, the previous case of n = 2,
k=2,86

=1, will be used, such that with W, given by (2.5.17) ,

£ 3
¢

- s
0 0 0 b2
v - Q 0 —b2 —b]

1

0 —b2 —b] —b0

L —b2 *bl -bo a J
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and W, = null matrix (4x4)

2
Hence,
( - - - 1
0 a2b2 alb2 b2
-azb2 -a]bz—azbl —bz-albl —bl
W =
—alb2 —bz—alb] —bl-alb0 -b0
| —b2 —b] --b0 0 ]
2, Comparison with the polynomial case

The pole placement method, carried out using the polynomial
form for controller design, was considered in Sec.l1.5. We wish to
compare this with the state space controller, which has now been
developed.

The polynomial control law defines the comtrol input as,

p(z"Hu(e) = 6z yy(e) (2.5.18)
where D(z-l) and G(z—‘) are polynomials calculated from the identity,

az o -2 ez Y = ez Hree™ (2.5.19)

The state space method, however, defines the control input, as in
(2.5.1), where the state feedback parameters are obtained from,
det(I-z 'F) = Tz 1) (2.5.20)
and F =P +QF.
The state estimate (2.3.6), though, was achieved with C(z_])
assumed to be unity. Thus for an initial comparison of the controllers

to be made, this assumption must be carried over to the identity (2.5.19).

The following Lemma is then obtained.
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Lemma 2.3
With C(zﬂl) = unity, the polynomial and state space pole placement
controllers are similar. The only difference occurs due to the
(n+k)th state at time t. Where a deterministic system model is
considered, though, the controllers are identical.
Proof: by induction, example given in Appendix 2.2.
The difference between the controllers therefore arises from the
definition of the (n+k)th state, given in (2.3.10) as
X g (8) = y(t) - elr)
The system disturbance, e(t), thus becomes an 'extra' term, as the
(n+k)th state required for equality of the controllers is,
% (8) = y()
The state estimate can, therefore, be remodelled to obtain the estimation
procedure necessary for an equivalent form to the polynomial pole
placement scheme. Demoting this new state estimate as g'(t), it may

be found from the original estimate, X(t), by

2'(t) = 8(e) + H{y(t) - HE(D)).
where H= [0,...,0,1] .

This new state estimate, %'(t) obtained for the pole placement
controller, is identical to that formulated previously in the generalised
minimum variance case (2.4.14)}, and thus it has been shown that in
the case C(z_l) = 1, the polynomial pole placement and generalised
minimum variance comntrollers make use, effectively, of the same state
estimator. The only difference between these controllers, therefore,
arises from the calculation of the feedback contrel terms required to

achieve the desired control objective.



- B84 -

The question now may he asked as to how the state space
and polynomial pole placement controllers are related when a general
C(z-]) disturbance polynomial is considered, and whether or not
this relationship is the same as that which was found in the general-
ised minimum-variance case. For this reason the following Lemma
is introduced.
Lemma 2.4

The polynomial and state space pole placement controllers
are equivalent iff the estimated state vector, used in the state space
method, is considered to be,

&' (£) = R(c) + H iy(t) - HR(e)}

1].

where H = [0,...,0,cn saaay C
c

1
Proof: by induction, example in Appendix 2.3.

As a result of Lemma 2.4 we have that, if the polynomial pole
placement controller is to be considered from a state space viewpoint,
then the estimated state employed must be considered as being X'(t)
rather than X(t). The use of the estimate X'(t) by both the pole placement
and generalised minimum variance controllers gives an important underlying
similarity between them, not evident when the state space is neglected.
It is, therefore, possible to carry out the operations of either of
the above controllers by means of a state space description, although
this, naturally, only results in a control action identical to that
obtained with the polynomial approach.

It has been shown, however, that from the state space description
a controller can be formed which uses as its basis an estimate of the
state vector given as th)‘ The required design procedure, e.g. pole

placement, can, therefore, be calculated, and an essentially different
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control action will result, if this type of state estimate is used.

3. Stability of the controller

The stability of the pole placement controller is viewed
with the inclusion of a general C(z—l) polynomial. In the pole-
placement, as opposed to minimum variance, case it is the closed loop
poles which are being operated upon directly, and hence an analysis
becomes simpler. The closed loop pole polynomial is chosen such that
the identity (2.5.19) is satisfied. This is repeated here as,

az hoh - 2R e = e hre ™ (2.5.19)

where D(z_I) and G(z-l) are polynomials required for the control input,
whose parameters are chosen such that the above equality holds. The
closed loop poles are therefore selected such that the characteristic

equation is described by,

ez Hre™h (2.5.21)

where T(z-l) is the polynomial selected by the designer prior to
controller operation, If the equality (2.5.19) holds therefore, this
particular controller does not suffer from the effects on stability
caused by a nonminlmum phase process, as was the case with minimum
variance type control laws. TFor stability of the overall system,
though, the disturbance polynomial, C(z-l), must still contain roots
which lie, without exception, within the unit circle of the z-plane.
If this is so, and the roots of T(z-]) are chosen to lie within the
same bounds, then the closed loop system will be stable.

The only prohlems asscciated with stability occur when the
parameters of the system model are estimated. The required control

law is then obtained from these estimations, as will be discussed
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in the next subsection, and hence if the parameter estimates

are not identical to the parameters themselves, the closed loop roots
will not be given exactly by (2.5.21). This point is, in fact, of
little consequence when (a) the estimates are reasonably close to their
true values, and/or (b) when the roots of C(z-l) and T(z-l) lie well
into the unit disc. On the contrary, though, the problem is emphasised
to a greater extent when a model is chosen which allows for a variable
integer time delay, k , as the estimates of the ﬁ'(z-}) polynomial,
found in Sec. 1.5, which incorporates the time delay, will be
purposefully biased away from the actual parameters in the system's

B(z_l) polynomial.

4. Self-tuning pole placement controllers

It was considered at the commencement of this section that the
system parameters were known, and the pole placement control laws which
followed were obtained with  that in mind. Now, however, the
practical case is looked at, whereby a system‘model is formulated and
the parameters contained in this system model are estimated.

The simplest self-tuning algorithm is obtained by using the
recursive least squares estimation procedure, where a model is given

for the estimation process as,

Az Hy(e) = B' (2 Hulr) + e(o) (2.4.18)
The nature of the estimation procedure, and its effect on the
state space description was discussed in Sec. 2.4(4), although
a further comment must be made here concerning the a'(z*l) polynomial.

This is redefined here as heing,
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Bzl =Bzt s b2t 4D 2 (2.5.22)

and n= n * ko . {2.5.23)

It must, nevertheless, be remembered that Gi in no way means that
this is an estimate of the actual system parameter, bi’ it is merely
an estimate of the parameter in the system model used for recursive
least squares estimation.

From the state space description (2.2.3) the matrix Q now

becomes

@ =1 ,...,5] (2.5.24)

The maximum possible value of the system integer time delay, k, is
given by km, and the self-tuner will operate as long as k j_km.

The preceding view of pole placement via the state space, however,

has regarded k as being known, whereas now the delay is included as
a further unknown, It may be the case, though, that despite the fact
that the delay is unknown, it will remain within strict bounds, such
that a2 minimum value is also apparent. Let kmin be the minimum
possible value of k, then

1 <k . <k <k = k . (2.5.25)
— min — — Tmax m

If we consider that the value of k 1is taken account of in the calculation
of the W matrix, Sec. 2.5(1), then the matrix is directly applicable
to the estimated parameter model, subject to the following :
1) b, > b
n kmaxpl+n

3) The overall state space dimension = (n+k  )X{(n+k )
max max
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Hence fn+k - fn+k
max

and in general,
4) wherever k appears with n (i.e. n+k):k -+ kmax

5) wherever k appears without n (i.e. k=1):k = kmin'

Obviously, if a minimum value of time delay can be specified, better
tuner performance will result, although no generality is lost by
setting kmin =1,

The overall scheme for the pole placement state space self-
tuner is now given in steps, as a breakdown of its algorithmic
construction,

1) Estimate model parameters using the recursive least
squares estimation procedure.

2) Obtain an 'estimate' of the state estimate, X(t).

» Calculate the state feedback vector by means of the
W matrix.

&) Evaluate the new control input.

5) Repeat.

Several points worth mentioning arise from the overall algorithm.
Firstly, in step 2 the estimate of the state vector is now calculated
by using the estimated model parameters, and hence this is called
an estimate of the state estimate and will be denoted later by g(t).
This state vector can be formed in step 2 without consideration of
the actual state space model because the parameters included in the
vector are obtained directly from the estimated ARMA model. This also
applies to the calculation of the state feedback vector, and hence in

the pole placement method the state space model itself need not be



- 89 -

constructed when an on line procedure is in operation.

This is the converse of the generalised minimum variance case, where
certain matrices included in the state space model were required due
to the calculation of the matrix Riccati equation.

Secondly, 1t can occur that, due to the estimation process, the
first column and row of the W matrix may contain almost zero values
in every position, and hence problems would arise in the inversion of
the matrix if this situation was allowable. These almeost zero values
occur because the first columm and row can contain the estimated

~

term b_ as a common factor, and thus if this tends to zero the
n-1 "

dimension of both the W matrix and the state estimate must be reduced

in value by unity. The first state being, in this case, dependent

only on the term-b_ , and hence will be almost zero if b_ 1is almost
n-1 n-1

zero. This poses no problem, however, as in the Gaussian elimination

method, used for the inversion of the W matrix, the maximum value
in each column must be obtained. If, in the first column, the
maximum value does not meet a previously specified lower limit, then
this column is merely ignored with regard to the inversion process,
and the elimination continues with the next column.

Finally, the algorithm given above can be used to carry out
the equivalent cof the polynomial pole placement self-tuner merely by
altering the state estimate obtained in Step 2, by use of (2.4.14)
given as,

(6 = 2(0) + H (y() - HA(E)).

where H=]0,.,.,0,1].

=T
The state estimate formed by using H  instead of HT is not



. . . =T
required here, as the parameters Cl""’cn included 1n B  are
considered to bhe zero in the model used for recursive least squares

estimation.
5. Simulation study

The simulation considered employs a nonminimum phage discrete
time system with white noise being of zero mean and variance = 0.11.
Recursive Least Squares estimation was carried out using the Bierman
UD filter, Bierman (1977), and the variable forgetting factor, due
to Fortescue et al (1979), with a window of 500 samples.

The closed loop pole polynomial, T(z—]), is chosen to be unity.

Thus,

This choice of pole polynomial allows theoretical signal variances
to be calculated with relative ease , such that they may be compared
with the actual values obtained. Both the original polynomial, Wellstead
et al (19793), and the state space, Sec.2.5(1), tuning algorithms were
applied, with the state estimation procedure being that discussed in
Sec.2.3. The results obtained from the two types of self-tuner are
considered in detail, where the.system is given as
(1= 1.2z 0 4 0.62 2 + 0.22 ) y(t)
= 2 % 0+1az DHute) + (1-0.627 1 +0.1z 2Ye(t) (2.5.26)

e(t) being the white noise sequence.

The simulation was carried out over a total of 5000 time intervals,
and until the 2500th of these the time delay k remained at unity,

for the rewaining intervals it was increased to two,
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The state space model formed, which contains the estimates

obtained from the recursive least squares procedure is thus,

P " \ r o 1 r _a 1
0 0 33 ].'.!2 a3
~ ~
HeD =00 o0 o, (5w v b, | u + | g, 2O (2.5.27)
o 1 -3 b -3
. ] J ~ OJ L 1 J
y(£) =10 0 1]X(t) + e(r)

where ai and gi are the model estimates

From the system description (2.5.26), n, = 3, n, = 1 and km = 2.
Therefore n = max{na,nb} = 3, from which it follows that the dimension
of the state wvector 1is (n+km)xi = 5%1. However as bn = b3 = (), the
dimension is reduced to 4x1 due to the first state being zero.
This reduction, though, causes the second state to become equal
to zero, as bn—l = b2 = 0 also. Hence , finally the dimension of the

state vector is reduced to 3%l in the model.

The feedback matrix, W , is then given as ,

- P ~ D P N A 5
- + - + -
2P2*43P) S LPARELS 5,
= -4b +3 b -b -4 b +3 b -b 2.5.
W alb2 3bo b2 a b, a2b0 bl (2.5.28)
By b, by
L J
giving rise to tne feedback terms £s f2 and £3 acting upon the state
vector obtained from,
~ '-1 ""l
b { -
9% 332
:: ~ - ~ _2 -
x(t) = b,z +b.z u(t) + -azz l-§3z y(t)
~ _ ~ ~ - ‘ A -l R "2_,\ _3
bOZ +b]z +bzz J ( 3,z 4,2z 4,2

. . (2.5.29)
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In the polynomial controller, the control law is given hy,

-1 - -1 -2
=+ dlz +dzz ZluCL) = (g0+glz +g,2 Yy (L) {(2.5.30)

where these parameters are obtained as the solution to the equation,

Ao - v he™) = 1™ (2.5.31)
in which, K(z-l) =1 + 212-1 + 222_2 + 232_3

N - - . - - (2.5.32)
and B'(z 1)= goz ! + glz 2 + ﬂzz 3

Figures 2.1(a) and (b) show the convergence of the polynomial feedback
parameters, although in 2.1(h) B, is not showm. Figures 2.2(a) and (b)
show the variation of the state feedback parameters during the simulation.
In both cases the dotted lines designate the parameter values to which

the estimates should converge. However, in the state space case

these convergence points can only be obtained by taking account of the

P
b, etc. parameters. This point is considered

steady values of the ﬁ], |

further in chapter 3.

Figure 2.3 shows the disturbance, e(t), affecting the system
and figures 2.4(a) and (b) show the difference between this noise signal
and the estimation error, cf{t), obtéined from the least squares estimation
procedure. This difference generally tends to zero, although on start
up and after the change in time delay it requires several sampling
instants to settle down to its more usual positien. It has been
shown, Wellstead et al (1979b) that for self-tuning to occur, in the
polynomial case, the error term £(t) becomes equal to e(t), i.e.
e(t) - () -~ Q. This 1is discussed with a view to the state space
approach in Sec.3.1,

In Figures 2.4-6,(a) gives the polynomial controller response,

whereas (b) shows that of the state space controller. Figure 2.5
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showing the system output and Fig. 2.6 the input.
The asymptotic variances of various signals were obtained
by calculations from the signals themselves, and these are given
in the following table. The terms in parentheses are the respective

theoretical values calculated from the actual system parameters.

Table 2.1
Signal type| Variance before Variance after Figure
change in the time change in time
delay delay
Polynomial Controller
OQutput 0.1298(0.1284) 0.1602(0.1573) 2.5(a)
Input 0.1224 0.0116 2.6(a)
e(t)-e(t) 0.0011 0.0097 2.4(a)
State Space Controller
Qutput 0.1513(0.1517) 0.1537(0.1554) 2.5(b)
Input 0.0028 0.0048 2.6(b)
e(t)-e(t) 0.0004 0.0040 2.4(b)

From the walues obtained it is shown clearly that, for the example
used in the simulation, the polynomial self-tuner has much better
output regulation characteristics than the state space method before
the change in time delay, yet once the time delay has been increased,

a considerable increase in the output variance is apparent.
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The state space tuner, however, gives a relatively poor output
regulation before the time delay change, but the alteration in the
value of variance caused by the change in time delay is much lower.

This smoother transition tends to eliminate 'spikes' in the output
signal, of the mode found in the polynomial case, Fig.2.5(a).

These 'spikes' also appear in the polynomial control input,
Fig.2.6(a), and this raises the question of saturation effects in an
actual system, as opposed to a simulated one. Rapidly varying and
often excessively large input signals are held to be one of the major
disadvantages of the minimum variance type tuners, and therefore the
lighter control action employed by the state space method, throughout
the simulation, Fig.2.6(b), is a desirable feature in tuning controllers.

Both methods used in the example, though, offer the advantage of
dealing readily with nonminimum phase plant characteristics. Due to
the possibility of instability the same cannot be said of the minimum
variance type tuners, which also have problems in coping with variable

system time delays.

2.6 Concluding Remarks

The feedback vector, F(t), obtained from the matrix Riccati
equation (2.4.4), is unaffected in value by the choice of C(z-l) = unity.
In fact if F(t) is found such that u(t) is an optimal control in terms
of the stochastic linear regulator problem, then the same control is
also optimal in the deterministic case, Davis (1977). The feedback,
F(t), obtained from (2.4.7) will be calculated, if the system parameters

are known, to be the same whether the system is considered to have a
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. . -1
disturbance or not, and therefore is not dependent on C{(z ). The

addition of a disturbance is accounted for in the calculation of the
state estimate, and hence in the control input. However, the equality
(2.4.9) is only of use when a stochastic system is considered, thus the
assumption C(z-l) = 1, although having no direct affect on F{t), will
have an effect on the parameter equalities (2.4.10) when C(z-l) #1, 1i.e.
at least one of Cys CopeverCy is non-zero, in which case the general
expression (1.5.4) must be employed.

In the single stage cost function design, the self-tuning
algorithm was considered in the state space with the estimation of the
state vector employing all information up to and including the present
time, thus giving an overall control action equivalent to that of the
polynomial controller. In addition, the system time delay, k, was
considered to be known, whereas the state space model and the parameter
estimator allow for a variable k. Therefore, if a state space single
stage control law with variable k and using the state estimation
discussed in Sec. 2.3 is employed, a different, but no longer optimal,
control action will be achieved.

The single stage design required a wodified estimated state
vector, %'(t), and this was alsc shown to be the case, Sec.2.5, when a
pole placement procedure was considered, where equivalence with the
polynomial case was necessary. There are, however, many state estimator
configurations which can be used, but not all of these have the polynomial
C(z-l) as a denominator. With this as the observer polynomial the
regulator equations are much simplified, a characteristic shared by controllers
using the X(t) estimate, and this leads to one of the main advantages of

self-tuners.
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The wuse of the state space, as opposed to polynomial, design
procedure for the pole placement self-tuner results in a distinct
reduction in computational effort, despite the fact that a state space
framework must be built up from a polynomial system model. This is
largely due to the inversion of the W matrix, which by means of

Gaussian elimination, needs far fewer calculations than its equivalent

in the polynomial case.
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CHAPTER 3

PROPERTIES OF STATE-SPACE SELF~TUNERS

Having established the basis for the use of state-space
definitions in self-tuning algorithms, it is a consequence that in
this chapter some of the properties of this method are discussedi
Primarily, the self-tuning property of state-space self-tuners is
established in Seec. 3.1, by a generalisation of the proof attached
to polynomial type tuners. This leads to a larger number of possible
schemes, all of which hold with the self-tuning property, although
they provide different controller actions.

In Sec. 3.2, the possibility of tuning, rather than preselecting,
the closed loop poles is considered. By this means the variance
of the output signal can be lessened by only a slight increase in
computational effort when the system model is of low dimension. A
simulation study is included inm this particular section, whereby
the output variance of a nonminimum phase process obtained using
tuned poles is compared with that encountered when the poles have
been chosen prior to controller start up.

The effect of an external input on the closed loop system,
under the operation of a state space controller, is introduced in
Sec. 3.3. This is done initially from a pole placement viewpoint,
although a comparison is made between this type of set-point following
and various methods previously developed with a polynomial framework.
Several modes of connection of the external input to the state space
system are considered and numerous simulations are carried out to

assess the response of the process to a change in reference input.
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3.1 Self-Tuning Property

1. Introduction

The fundamental assumption, obtained originally from implicit
self-tuning theory, is that for self-tuning to occur, the comntrol
input obtained from the estimated system model couverges to the
value which would be obtained if the actual system parameters were
known.  Because of this only a limited number of control strategies
are found to be applicable. In this section a general rule is
formed, whereby the self-tuning property of pole placement self-tuners
is obtained. The previous strategies of the original pole placement,
Wellstead et al (1979b), and the state space method, Sec. 2.5, are
shown to be special cases of this.

The self-tuning property for these controllers was first
discussed in Wellstead et al (1979b), with further comments being
made in Allidina and Hughes {1980). Now, however the properties
of the state space controller developed in Sec. 2.5 must be con-
sidered, and this is done by generalising the original proof to account
for a larger number of controller parameters. In subsection 2,
the order of the numerator and denominator of the control input
polynomial transfer function are both increased by unity to allow
for the extended version. The general property for the convergence
of this modified controller is then discussed in subsection 3, the
relationship between the state space and polynomial forms being con-

sidered further in subsection 4.
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2. Self-tuner formulation

The unknown continucus—time system is modelled in discrete

time form as

A(z_l)y(r) = z_kB(z-l)u(t) + C(z—])e(t) (3.1.1)
-1 -1 _na
where Az ) =1 + a,z + ...t a z
a
Bz 1) =b+bz ! +..4b 2 " (3.1.2)
0 1 my
Cz )y =1+cz ! +...+c anc
. ces n

and z—] is the backward shift operator, k > 1 and b0 # 0 by definition.
{y(t):teTland {u(t):teT} are sequences of output and input variables
respectively, measured at the sampling instants, and
{e(e):t=0,%1,+2,...} is a zero-mean white noise sequence with finite

variance, such that
E{e(ide(j)= 84 (3.1.3)

where E{+} signifies the expected value and Gij is the Kronecker delta.

The control input is chosen to be,

-1 -1
D(z Hu(t) = G(z )Hy(r) (3.1.4)
-1 -1 M4 )
where D{z ) =1+ dIz + ... dn z
d (3.1.5)
-1 -1 s
G(z ) = By * BZ  t ...t 2 &
g
= -+ = = .
and ny nb k; ng na
By substituting (3.1.4) into (3.1.1) the closed loop equation

is given by
-1, -1 ) R ~1y o, =]
[a(z D)D(z ) - z B(z )G(z )ly(t) = C{z )D(z Ye(r)

(3.1.86)
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In the pole placement technique it is now necessary to specify

the required closed loop pole polynomial, and this is defined as
being
-1 -1 "

T(z )=l+tlz +...+tnz {3.1.7)

where the constituent parameters {ti:i=l,...nt} are chosen to meet the
selected pole positions.

The control polynomials, D(z-l) and G(z_l), can now be found
from the equation,

az"Hoz™h - 2B ez = ez Hre™ (3.1.8)

which is derived from the closed loop equation (3.1.6).

However, the system parameters are unknown, and hence the
system model must be estimated by means of the recursive least

squares procedure operating on

Az Hy(e) = B' (2 Hu(e) + () (3.1.9)
where K(z—l) =1 + ﬁlz-l + ...+ ﬁn z-na

) ) ) 2 (a0 (3.1.10)

B'(z_l) = boz-1 + blz_2+ ce. bnb+k‘1z

J

Once again the control input (3.1.4) may be employed, although the
closed loop equation now becomes,

A HoeEh - B e he hiye =0 hew G
However, to arrive at the specified closed loop pole polynomial form,
the parameters of D(z_l) and G(z_l) must be calculated from the identity,

A o™ - B e =1 (3.1.12)
where T(z—]) is defined in (3.1.7).

For the self-tuning property to hold it is now required that

the parameters of D(z—l) and G(z-l) obtained recursively from
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equation (3.1.12) have a possible convergence point at the values
obtained by solving (3.1.8) off line, subject to the convergence
of the parameters in the least-squares estimate model (3.1.9).

The properties of the least squares process can then be applied

with regard to,
1 Ely(e-i),e(0)} )
J (3.1.13)

ii)  E{u(t-1),e(v)}

for i = l,2,...,na and j = l,2,...,nb+k.
The closed-loop equation is given, from equations (3.1.11)
and (3.1.12) by
Tz )y(e) = Dz He(o) (3.1.14)
and 1ff €{(t) - e(t) as t =+ «
T(z )y(e) = Dz De(r) (3.1.15)

which is the closed loop form obtained from (3.1.6) and (3.1.8).
3. General convergence property

The requirement is that the parameters of the D(z"l) and
G(z—l) polynomials obtained recursively from (3.1.12) can converge
to those obtained from (3.1.8), and that on convergence e(t) = e(t).

Let ny, =n, + nb + k.
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Then defining a matrix, A, as

A= Ir 1 4 e ... 4 0. ... 0 ) (3.1.16)
.1 . n .
a . . . ) )
a; O
. 0
0 0 1 d d
1 nd
*
) "B 0 ; 0
g .
0. " . .
n | ) 0
0 0 g, g,
g

where XA 1is of dimension n, X 0, and is almost always of full
rank, Warwick (1981b).

We also define a sequence {w(t):teT} where w(t) is obtained
from,

D(z yu(t)

(a) vyt

(3.1.17)
or (b) =(r)

T(z w(t)
where it must be remembered that the order of the T(z-l) polynomial,

n» is such that

c (3.1.18)
which is necessary for the identity (3.1.8) to have equality. However,
n, may be limited further by the dimension of the state space, and

this possibility is considered in subsection 4.

From (3.1.17) we obtain,

T
R[Rws(l),...,RWE(nA)] =90 (3,1,19)

il

where RWE(i) E{w(t-1i),e(t)} (3.1.20)
thus Rwe(i)

0 for i=1,...,n (3.1.21)
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However, by use of (3.1.6) and (3.1.14),
Az DDz Y - 2 FBz e ™Hiee = ctz Tz Ne(e) -
(3.1.22)
Both sides of this equation must then be multiplied by w(t-(nk+l)),
and expected values taken. From the result, by means of (3.1.21)
and (3.1.17a) the following arises,

Rw€(n1+]) =0 . F3.l.23)

The same result is also found when both sides of (3.1.22) are
mul tiplied by w(t—(nk+2)), and by continuing this process for all
jin w(t-(nk+j)), where j > 1, it follows that
i}y = i > . 1.2
Rwe(l) 0 for all i > 1 (3 4)
It is also apparent that =(t) is a white process, as from (3.1.17b),

Rae(i) = Rws(i) + tlahe(i+]) ¥ o.e. + tntRWE(i+nt) (3.1.25)

and by use of (3.1.24) all terms on the right hand side of (3.1.25)
are identically zero.
This means that by consideration of (3.1.22),

e(t) = e(t). (3.1.26)

4. Convergence applied to state-space representation

The state-space description is defined as being,
(a) x(t+l) = Px(t) + Qu(t) + Re(t)
(3.1.2D
(b)  y(r) = Hx(t) + e(t)
where the constituent matrices are given in Sec. 2.2(2), and the
state vector is of dimension (nrk)XI.
The estimation of the state is then calculated from,

-1
£(t) = 2 '[1-2"P1 {qQu(t) + Ry(t)} (3.1.28)



- 107 -

where P=P-RH
and using the control input,

u(t) = FR(t) (3.1.29)

where F = [fl""’fn +k] , and is obtained by solving the equation,

!
T -1, .,
F =W (T+R") (3.1.30)

in which T and W are defipned in Sec. 2.5, and

R' = [0,...,0,=8 ,...5=a.1% . (3.1.31)
nl 1

By substituting for the control input {3.1.29) into the
state equations (3.1.27), the closed loop equation is given by
y(t) = [z‘ln(z-z"f)_l R+1]e(t) (3.1.32)
where F =P + QF.
Here the parameters in the matrix F are found by solving the
equation,
det(I-z 'F) = T(z" 1) (3.1.33)
where T(z-]) is the operator selected pole polynomial defined in
(3.1.7).
In this state-space mode, however, a further restriction is
placed on the maximum possible wvalue of s the order of the
T(z—l) polynomial. In (3.1.18) n f_nk-nc, where n, = na+nb+k.
For (3.1.33) to be compact, though, n, cannot be of a higher order
than the dimension of the state-space. This state-space dimension
is given here as n +k, where n = max{na,nb,nc}, so that if £ is

defined to be

£

1]

min{(nx-nc),(nl+k)} (3.1.34)
then n, <L . (3.1.35)
By means of the definitions given for the state-space represen-—

tation we now wish to show that by using the state-space description,
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the closed loop transfer function is identical to that obtained

from the generalised polynomial case. With this as a starting

point it can then be proved that the generalised self-tuning property

obtained is equally appiicable to the state space self-tuning controller.
For equivalence of closed loop forms it therefore remains

to be shown that (3.1.15) is the same as (3.1.32), and that the

control input obtained via the state space description, and given by

_ .t _ - !
(-2 'Fi=2 5] qQlu(e) =z F[1-z 'P] Ry(t) (3.1.36)
from (3.1.27), (3.1.28) and (3.1.29); 1is equivalent to the polynomial
control input {(3.1.4).

Breaking down (3.1.36) for analysis, we have

(0 v . e e 0 )
1
P = P-RH = o . - - 0 0 (3.1.37)
- ." - _.cn
. 0 L
‘ 0 . -0 l -, )

P,R and H being defined in (2.2.4)

Hence, it follows that

’ _— 0 }
_l . :
-2z
0o . , 0 0
—1- . .. . -1 -
G-z ®= |. . - RN z.c, (3.1.38)
. . . . 0 : | >
) -1
. . 1 z cy
0 R 0.--2—l 1+ le J

which gives

Det(I-z 'B) = ¢(z 1) (3.1.39)
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Lemma 3.1 :

-1 -2t -1, _ -1, =12 -1 -1
{1+8z "(1-z 'F) &IT(z )={1-Fz (I~-z P) Q}c(z ) =D(z )

1££ Det(I-z | F) = T(z )

Proof: can be shown by induction

As an example a simple 2%X2 system is considered, where the

following hold; n = n =2, k = n = 1; then
|

- -1 - -1
{1Fz '(I-z B Q}.C(z =1 +z (¢ =b, £ b £ )

-2
+z (e 2 -b c fl+b0c:2f1 b f )

- — -l —
and {14z ! (I-z 1F) R} = “““l‘:T:" {1+z l(cl_blfl_b0f2)
Det(I-z F)
(c b e £ +bc f b]fz)}

When Det(I—z_lﬁ) = T(z-l) the Lemma is proved.
It follows that; D (z_]) = l+z_1(c1-blf1—b0f2) + z-2
(CZ-blclf] + bOCZfl-b]fz)
Also from (3.1.36) and (3.1.4) it is necessary that
{z'lF(I—z'lﬁ)—lR}.c(z'l) = 6z D) (3.1.40)
and by re-using the example employed in the proof of Lemma 3.1

f +c £f.-a f.) + z-z(a c £ -ac £+ f-af).

-1 -1
6z ) =z (cyf-ayf +c frma f, 192517351 %2

The representations obtained here for D(z_l) and G(z—‘) lead to a

direct comparison with the theoretical generalised polynomial defin-

ition (3.1.5).

For the same example the order of the above polynomials is
= -+ = = = -
n, = oy k 2 n ng

Therefore, we have from the polynomial description

I

i) D(z ) =1 +dlz'I + dzz_

and i) Gz ') =gy + 8z | +gye

1
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But from the state space example the two polynomials may be rewritten

in the form.

u
4+
[~ 9
™
|
+
[a W
N

i) D(z )

11) Gz ) = glz +

This means that although the D(z_l) polynomial is directly of an
identical form, the state space representation causes the gy parameter
to be zero. As an explanation of this, it must be rewembered that
the state reconstruction incorporated in the design 1is only
dependent on values of the output sequence {y(t)} up to and including
time t—1, and not inclusive of time t.

Lemma 3.1 thus shows that the control law employed in the state
space is identical to the polynomial control law (3.1.4), in its
generalised form, and the closed loop state saace transfer function is
identical to that obtained in (3.1.15).

It, therefore, must now be shown that solving (3.1.33) is iden-

tical to solving (3.1.8), and this is considered in the following

Lemma.

Lemma 3.2 :

-1 _ -1 _
Det(I-z 'F) = a(z ) B2 ) _ g7y 6z ) 1

C(z—l) C(z—l)

Proof of Lemma 3.2 is once more carried out simply by means of an
inductive process.

Using the same example, as was used in the proof of Lemma 3.1, for
continuity,

Det(I-z 'F) = 1 + z_l(al‘b £,-b £ )+z (a -ab £ -b f+a b £ )

2 20

and for Lemma 3.1 to hold, this is equal to T(z 1).
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Using the results obtained for the control law polynomials,

(az o H-2%8 e =1+ 2 Ya (7B f,b £)

=1
(a -a blf blf2+a2b0fl) T(z )

Hence Lemma 3.2 is proved, and the state feedback terms f],f2 can be

calculated without comsideration of ¢ ,c This independence

1’72
of calculated feedback terms from the parameters of the C(z—l)
polynomial is not apparent in the polynomial method itself, where
d

d,, 8y & and g, are directly related to ¢., ¢, from (3.1.8).

17 72 17 72
It has been shown, therefore, that the self-tuning property

applies to the state space description. Thus the nature of the

state space representation containing the estimated model parameters

must now be reviewed. The state space formulation being given by,

gg(t) + au(t) + Es(t)

(@)  x(t+)

~ (3.1.41)
(b)  y(t) = Hx(t) + &(t)
where
. e 7 ]
0 * Q 1 bn+k —11
m
1
0 0
~ 0 . . . ~ A_ -
p=. . e U A A (3.1.42)
0 b,
0 0 1 -1 b
\ 1) . 0 J
L}
R = [0,..., O, —an, R al] ‘

and km is the maximum possible value of the system integer time delay,
The estimated state vector, formed by use of the model estimates
is then given as,

2 - —Q-]A ~
x(t) = z |[I-z 'P] {Qu(t) + Ry(e)} (3.1.43)
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~ ~
= P - RH.

a1}

where
The state feedback vector is once more obtained from (3.1.30),
although we have
R' = [0, ... ,0, -8, ..., 8] =R (3.1.44)
Lemmas 3.1 and 3.2. both hold with the estimated parameter
matrices, and as C(z_l) is equal to unity, from Lemma 3.2,
Det(I-z 'F) = Az Hpz™) - Bz hez™) =tz ) (3.1.45)
where F =P + OF (3.1.46)
Thus, calculating Det(I—z—lg) = T(z—]) is equivalent to calculating
(3.1.12).
It has been shown that as the parameter estimates converge,
the control obtained by calculating the polynomials D(zﬂl) and
G(z_i) from (3.1.12) has a possible convergence point at the poly-
nomials obtained from an off line calculation of (3.1.8). Hence,
the calculation of ; by means of Det(I—z-lﬁ) = T(z_l) gives
equivalent wvalues for the parameters of D(z_]) and G(zq]) which
can converge to those obtained via Det(I—z—]f) = T(z_l).
Therefore, on condition that the model estimates converge,

A

the control obtained recursively by using u(t) = Fg(t) can converge

to that obtained from the offline solution of u(t) = Fg(t) in the
case when the system parameters are known. Thus, although the system
parameters are not known, the control calculated via the state space,
from the estimated model parameters, can converge to the required
-control format.
It can be seen from the equatiomns for calculating the closed
loop pole pelynomial, in the state space, that‘the state feedback

vectors F and F are obtained without directly employing any
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. . -1 . .
parameters contained in the C{(z ') polynomial, i.e. ¢, Cys etc. -

1
~ _l ~ -

It follows that as the parameters of A(z ') and B'(z 5 do not

converge, respectively, to those of A(z—]) and B(z_l); unless

s

S L = cn =0, so F does not converge to F as the
c

estimates converge. The asymptotic wvalues of F can, therefore,
only be calculated, if required, by consideration of the asymptotic
values of the model estimates, 31, ﬁl’ ete. . This apparent anomaly
is eradicated, though, by the estimated state vector obtained using the
parameter estimates, g(t), not converging to the estimated state
vector found from the actual system parameters, g(t). In contrast

to this, the overall factor Fg(t), does have a convergence point, as
has been shown, at Fx(t), and hence the control input is able to con-

verge to that calculated offline if the model parameters, a. , bl’ c

1 1

etc., were known.
5. Notes on convergence property

It is apparent from (3.1.5) that the constituent parameters of
. _l —_ . »
the polynomials D(z ) and G(z l) cannot be calculated explicitly by

consideration of only (3.1.8) or (3.1.12), as there exist n,+! unknowns

A
but only n, equations. The various self-tuning methods formulated
cope with this problem in a number of ways. In the polynomial type
tuner, Wellstead et al (1979b), 0y and ng are both reduced, in order,
by unity, resulting in nk—l unknowns and nA-l equations. Hence,
with this restriction enforced, only one solution is possible for
each parameter of D(zwl) and G(z-]) at each recursive instant.  This

solution, though, suffers from an advance side-effect, in that from

(3.1.18) the maximum number of closed loop poles, s that may be placed,



- 114 -

are reduced by one. By considering this method from a different
viewpoint, the equivalent is arrived at by, effectively, specifying
dn as being equal to zero. Then, by the nature of the problem,

d
8, is also equal to zero, and thus we have reduced the number of

unﬁnowns from nA+J to nl—l by a2 reduction of one in the number of
equations.

The state space method, Warwick (198la), has the effect of making
89 equal to zero, as mentioned in Sec. 3.1(4), in its equivalent
polynomial type tuner. The number of unknowns is, by this means,
reduced from nk+l to n, 5 with the total number of equations, s
remaining unaffected. This method, then, also gives rise to a
unique solution for all parameters of D(z-l) and G(z‘]) at each

iteration, although in this case the maximum number of closed loop

poles available for placement, n_, is not affected.

3.2 Self-Assigning Poles

1. Introduction

Self-tuning controllers based on pole placement principles provide
a more robust approach when compared to those based on minimum variance
techniques. However, the price paid for this robustness is a small
loss in the regulation characteristies. When regulation is of prime
importance, as opposed to the system's response to an external input
signal, it may be decided that the closed loop pole positions are
required to be dependent on the positions necessary to produce the
minimum possible variance in the output signal from the unknown

process.
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Assuming the estimates of the parameters in the system model
converge, the state feedback factors gi will also converge to steady
values, Sec. 3.1. Thus, as the output signal variance can be
calculated, theoretically, by use of these estimates, in addition
to the previously chosen closed loop poles, it is therefore possible,
by correct choice of these poles, to minimize the wvariance.

As one assumes no apriori knowledge of the system parameters
when carrying out self-tuning, no apriori calculation can be carried
out such that this minimization occurs. Thus it is necessary
to consider the possible use of a cost function, which is equivalent

to the value of 'relative' output variance, this being minimized by

the correct choice of poles at the sampling instants.
2. Single pole assignment

The total number of poles that may be assigned is limited
by the dimensions of the state, Sec. 3.1, but a further limitation
becomes apparent when a self-assigning pole techpique is used. It
is required that the amount of computation necessary for the overall
self-tuning algorithm is kept as small as possible. The placement
of poles with respect to a cost functional merely adds to the total
computational effort. It will be shown that with low order systems
a single pole can be placed optimally with very little extra com—
putational burden, and that there is, in fact, no real necessity for
the placement of more than one polét

We now consider the form of the closed loop equation obtained by
using state—-space methods, such that a choice of pole position may be
made. The closed loop equation is given from (3.1.32) as,

Simulated examples have shown that the increased computation necessary for
a larger number of poles ocutweighs the improved performance obtained.
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_ a_ -1
(z 'u(-z" %) R+ 1le(t) (3.2.1)

y(t)

where F

tl

P + QF
This may be rewritten by making use of the identity;

Det(I-z-]f) = T(z—]), as

- —_ - 3
z 1H{adj(l-le)}R + T(z 1)
y(t) = e(t) (3.2.2)

T(z )

where T(z—l) is the pole polynomial defined in (3.1.7).

Here, however, we do not wish to specify t,, t., etc., as

1 2

exact numerical quantities, but rather as algebraic expressions,
relating them to the system model parameters. Although, as only
one pole is being adjusted, all other poles will be considered to

reside at the origin of the z-plane. Thus the pole polynomial becomes,
-1 -1

T(z ) =1 + tlz (3.2.3)

irrespective of the value of n, as long as n, > 1.
The nature of the cost functional it is required to minimize

is now considered by reformulating (3.2.2) as follows,

y(e) = (1 + hlznl-&‘hzz—2 + ... Ye(r)

il

or y(t) Z h.z-i ef{c) (3.2.4)
i=o *

where {hi:i =0} =1, and {hi:i 2_1} are dependent on the tl
coefficient of the T(z_]) polynomial.
Hence,

{var[y(e)]} = (12+h?+ hi + ... Y{Varfe(r)1}

2 2. 2
or Relative Variance= R.V. =1 + h1 + h2 L I (3.2.5)
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and thus R.V. is the cost function which it is desired to minimize,
where the minimum value is defined as,

R.V. = min{R.V.}

t

and ;= {t, : R.V. = R.V. , iff R.V. exists} (3.2.6)

From (3.2.4) and (3.2.2) we obtain

-1 -n' -1
1+£lz +...+£n,z +tlz

1=0 1 + t:]z_l

where n' is the dimension of the state space.

(€ -2 ,_t +...(-1)
Then R.V. = 12+£f+(£2-£lt1)2+...+ noni-ll

..(3.2.7)
where || tl" < 1 for convergence of the series used in obtaining
(3.2.7. This corresponds to the assigned pole remaining within
the unit circle in the z-plane; i.e. the pole polynomial must
remain stable. As n' is known, this being a dimension of the

model, and not necessarily that of the process under control, t]

can be found such R.V. = R.V. . Thus it is required that
- n""l _n‘-l 2
-2 (£ -2, £+ (-1) £t )
RV, = 1240240 ~L T Y.+ B 7L 1l
I 2 11
1 - 2

2 ,2 - =2
Q+L +£2) - 2£I£2t1 -t

Example: n'=2 i R.V. =

=2
1 tI

But the minimum value of R.V. cannot be obtained by direct partial

differentiation of R.V. with respect to ty» as £.3 1 > 2 depend on F,
i z
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which in turn depends on t, from (3.1.33). Thus Kl, £2 etc. must

1

be obtained in terms of ars b], t] etc. before minimization is

calculated. From the example, we obtain :

- _ P -
t =— ort, = -—,
1 1 b
1 0
Hence a choice of optimal pole positions is achieved. To retain

stability, however, we must employ

min{bo,bl}

€, =
max{b,,b, }
which means that as the T(zﬂl) polynomial is alwéys stable, no
cancellation of unstable zeros will occur.
The value of the pole, tl’ can now be expressed in terms of
the estimated system model parameters obtained from recursive least

~

squares estimation. In this example t., is given by,

1
A min{go,g]}
A

max{bo,bl}
Thus, the overall self-tuning algorithm, incorporating the self-
assigning pole may be written as

1) Estimate system model parameters via recursive least

squares estimation.

2) Calculate the state vecteor using these estimated values.

~

3) Obtain El

4) Compute state feedback vector from estimated parameters
and El'
5)  Apply new input signal from u(t) = gg(t).

6) Repeat.
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3. Simulation study

Consider the process described by the transfer function,

6.35 e °F
G(s) = si]
where T 1is the transport delay, and the sampling interval is
given as T. Then, if T = 0.4 secs. and T = 0.5 secs. the system
may be regarded in the z-plane as being
Az Hy(e) = B(z Dule) + ¢z He(o)
and C(z-l)e(t) is the system disturbance. The polynomials in the dis-

crete time equation are obtained from the transfer function, G(s),

as

1-0.6065 z |

-
—
™
~—
]

0.6043 z ' + 1.8942 z 2

=
—
[}
~—

]

and we define C(z ') = 1 - 0.4 2z 1 +0.03 z 2.

with {e(t) : £t =0, 1, *2, ...} a zero-mean, white noise sequence of
variance = 0.11. Thus the system is nonminimum phase.

The simulation was operated over a period of 5000 sampling in-
stants,equivalent to 2,500 secs.,using the state space pole placement
method derived in sec. 2.5(1). The self-assigning pole technique
was used during one run, and its regulation characteristics were
compared with the same simulation using poles chosen expliecitly prior
to commencement of the run.

The output variances obtained are given in the following table.
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Table 3.1
Asymptotic Theoretical
t, Var{y(t}} Var{y(t)}
0.0 0.1177 0.1166
-0.8 0.1246 0.1228
-0.2 0.1183 0.1169
0.6 0.1179 0.1166
5.A.P. 0.1172 0.1163

where S5.A.P. A Self-Assigning Pole.

The optimum pole position for minimizing the output variance is
calculated as

t, = bo/bl = 0.3190

and El approached this value asymptotically during the simulation.

4, Convergence and stability

When employing the single pole self-assigning principle the con-
vergence of the estimated system model parameters is of utmost import-—
ance. Iff these converge, then the estimated state vector will
converge, as it contains only parameters also present in the estimated
system model. This is also true of the single pole, calculated as

described in Sec. 3.2(2), and hence this can converge to the true value
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£, required to obtain the minimum value of relative output variance.
Finally, as the value of the assigned pole convergesto a steady
position, so the state feedback vector will converge, as was proven
in Sec. 3.1. Thus the overall self-tuning algorithm will cause the
overall control input response obtained to have a possible convergence
point at the required optimum value. Hence, although the convergence
of the overall control response may be slower, though this is not
necessarily true, the property of convergence remains unaffected by
the use of the self-assigning pole technique.

The stability of the closed loop transfer function is assured
in the steady state when the magnitude of the assigned pole is bounded
to be less than unity, and this is also applicable to the case where
closed loop poles are specifically chosen prior to tunexr operation.
Thus the overall system stability remains unchanged by the use of the
self-assigning pole technique, provided all poles are bounded to be
stable themselves. A limit is placed on the solution to the single
self-assigned pole, however, in that it mst remain as a real value,
although where more than one pole is employed, complex pole pairs are

acceptable,
5. Minimization of Relative Variance

It can be seen from (3.2.7) that the dimension of the state-space,
n', has a great effect on the nature of the minimization techniques

which may be used. By considering this equation to be ,

n—1i n'-j n
2.7 ; ; 2
R.V. =1 + (l-tl) E (_—-1)32[ Z £.L )tJ - I £i (3.2.8)

j: i=] i:l
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then R.V. is minimized with respect to t,. But the degree of

1

(3.2.8), in regard to the highest order of t,, is equal to n'-1,

1
with a minimum in order of two due to the (l-tf) term. Thus problems
can arise in obtaining the minimum value of R.V. when n' is large.

For n' = 2 a typical plot, is shown in Fig. 3.1, of R.V. against

the variation of L. When €, = 1, i.e. critical stability points,

R.V. becomes infinite, once again hecause of the (l*t?) term. The

minimum value of R.V., R.V., is given when t 6 = El’ which is retained

1

within the bounds - | < tl < + 1. However, R.V. can, theoretically

be lower in value than this when £ is outside the unit disc, as in

the case of ti. But, two problems arising ia this instance, dis-

count the usage of such a closed loop pole. Not only is the closed
loop transfer function unstable, but the series used in obtaining R.V.
in (3.2.8) does not converge when || t1” > 1. R.V., therefore, becomes
the only mathematically and physically possible optimum value of R.V..
Where n' > 4, the solution of (3.2.8) can become far more complicated,
a typical plot for n' = 4 being given by Fig. 3.2. Although the

value of R.V. increases to infinity when || tl“ approaches unity,
between these values there may well be more than one minimum value of
R.V. . The local minimum obtained with e, is not, in the figure,

a global minima, and thus a more complex algorithm is required to enable

the true R.V, value, given when t,6 = tb, to be found.

1
However, the use of a global minimizing technique may well

defeat the property of computational simplicity, which is always a

necessary criterion in self-tuning controllers, Moreover, unless a

simple method for a particular application can be found, we must consider

that the feature of self-assigning poles is only useful for low order
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Fig. 3.1. Typical curve of R.V. against one pole, for n' = 2,

R.V. o

5
<

o
ct

+1 1

)
.
.
—— e S i pp— — — Ot— q——

Fig. 3.2. Typical curve of R.V. against a single pole,for n' = 4.
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system models. This does not limit its field of usage to a great
extent, though, as it is often the case that a high order system
may be successfully controlled by means of a low order model

- 3 [ Q LL]
because of the characteristics attributed to self-tuners, Astyom (1980).

3.3 Response to an External Input Signal

1. Introduction

It has been considered thus far that no external input is
present in the system configuration, and hence the problem has
remained one of reducing the effect of disturbances on the system
output, i.e. output regulation to a zero mean. But now the poss—
ibility of there being a reference input, in additiom to the control
input will be taken into account. This reference input will be
regarded as a signal which changes relatively infrequently with res-
pect to time, as is the case with the majority of processes under
controller action. It must be remembered, however, that the self-
tuning philosophy requires a complete algorithm which retains a com—
putational simplicity and is therefore suitable for recursive controller

design and implementation.

2. General controller configuration

The pole assignment format allows for a simple and efficient
means of set-point following, such that in the steady state the
process output will be forced to comply with the reference input
signal. There are, however, several schemes, dependent on how and
where the external input is applied, which can lead to steady-state

output following. We will therefore provide, initially, a general
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scheme, and show how various alternative methods may be derived by
using this as a starting point.

The overall contrel plan is given in Fig. 3.3, where the set-
point is considered as a supplementary input, such that the actual
system input becomes,

u(t) = FR(r) + Sv(r) (3.3.1)
where v(t) is the external, scalar, reference input.

The definition of S 1is dependent on the final closed-loop
form, as will be seen shortly.

The estimated state vector, @(t), is characterised by the
state equations,

(a) R(t+1) = PE(t) + Qu(t) + Re(t)

(3.3.2)

(b)  y(r) = HR(t) + e(t)

Substituting for the input, u(t), in the above equations, from
(a) we obtain

2(¢) = Tlar'H fase(n) + Re(9)]
where F = P+ QF .

Thus, when (3.3.2(b)) is comsidered, the closed-loop equation
is found to be,

S -1 —1= !
y(t) = Hz (I-z F) QSv(t) + [1 + Hz (I-z F) Rle(t)

.o (3.3.3)
This can be regarded as,

y(e) =y (£) +y (t) (3.3.4)

]

where yv(t) set-polnt output.

I

ye(t) Regula tor output.
Such that when w(t) = 0, i.e. no external input is present, the set-

point output, vat) is also zero, and the system output, y(t), is

merely the repulator output as has been considered to be the case
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prior to this section. Where v(t) # 0 and is of a constant value,
the variance of the system output is regarded as being with respect
to a mean value of yv(t), and not a zero mean as has been the case.
The external input feedforward gain, S, does not appear in
the expression for the regulator output, ye(t), and therefore the
effect of the choice of S on the system output may be viewed
solely by inspection of the set-point output, yv(t). This is re-

written as,

Hz ! adj(1-z 'F)Qs

oy v(t) (3.3.5)
Detc{I-z 'F)

y (6 =

where the denominator is given by the solution to the standard
state space pole placement identity,

Det(I-z 'F) = T(z '

) (3.3.6)
T(z_l) being the closed loop pole polynomial chosen prior to con—
troller operatiomn.
The numerator of (3.3.5) is simplified by the following
Lemma.
Lemma 3.3 :
Hz | adj(I-z 'F)Q = z “B(z ')

Proof: given in Appendix 3.1.
Therefore (3.3.5) can be considered as,
z—kB(z-l).S

T(z Y

Here all the zeros of the B(z_j) polynomial are also zeros of the

yv(t) = v{t) (3.3.7)

closed loop transfer function between the external input and its

respective output. However, to ensure zero steady-state error between
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yv(t) and v(t), we require that in the steady-state yv(t) = v(t),

which is achieved iff S = §0’ where

0= T - (3.3.8)

in which T(1) and B(l) are ohtained by replacing 2z by unity in
the polynomials T(zdl) and B(z-l) respectively.

There are, though, several possible definitions of S
dependent on the specific requirements of the controller, several
examples of which are given here.
Example 1: If the B(z-l) polynomial can be defined as
B(z-]) = Bs(z-l)Bu(z-l), where Bs(z—l) contains all its zeros
within the unit circle and Bu(z*l) is the polynomial representing
all the unstable zeros of B(z-l).

Thus S 1is defined as

-1 -1
5 = S0 . 5(=z )/Bs(z )
such that §, which remains stable, replaces the stable zeros

of B(z-l) by those of S(z—l), which may be chosen by the operator,

where

S(z—‘) = 3 +3 z_‘ + ...+ 5,z S (3.3.9)

The zero steady state error property 1s retained by the inclusion

of §0 , which must be adjusted accordingly, to account for $(1).

Example 2: Replacement of closed-loop poles.
The closed-loop poles may be replaced by correct choice of S,

such that although the output yv(t) is affected, the original regulator

problem, characterised by ye(t), remains unaltered. In this case S5 1is,
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s =8, - 1z sz D) : (3.3.10)
where S0 is unity and T(z_l) is known, as this has been specifically
chosen. Thus Yv(t)’ from (3.3.7), now becomes

z_kB(z-l) . S

yv(t) = 0 v(t)

S(zdl)

and the closed loop response to the external input, v(t), is dependent
on the newly chosen polynomial, S(z_l). The use of this defimition
of S5 1s shown to be a distinet advantage in the following example.
Example 3 : Choice of poles in a SOMI process.

Where the process under control is Single Qutput Multi-Input
(SOMI) in nature, the overall system output may be described by,

y(t) =
1

i ~1 "™

| Yvi(t) + Ye(t) (3.3.11)

where p defines the number of external inputs present, and Yy (t)
i
is defined as,
“k_, -1
z kB(z )Si
v, (8) = —————= v.(r) (3.3.12)

1 T(z 1)

The feedforward factor for each input, Si’ can now be chosen as,

_ = -1 -1
5, = sOi . T(z ) /5. (z ) (3.3.13)

0.
i

Also Si(z_]) is the closed loop pole polynomial required to achieve

where T(zu]) is common to all inputs, and

= Si(l)/B(l).

a particular system response to the ith input. So, finally the
regulation characteristics of the output y(t) are specified by the
chosen polynomial T(zdl), whereas the response of y(t) to each of the

inputs is dependent on their respective pole polynomials, Si(z_]),
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which are also selected prior to controller operation.

3. Self-tuning with a set—-point

The complete controller algorithm, which accounts for variations
in an exterpal input signal, is a simple extension to the self-tuning
format described previously. The additional computing necessary

in this instance, however, 1s the calculation of the feedforward

™
gain S, denoted by S when this is obtained recursively as follows.

By the use of recursive least squares estimation, (3.3.7) becomes,

o~ _l ~
B'{(z '} . S

Yv(t) = v(t)

T(.z—l)

where S = T(i}/B'(1) to achieve zero steady state error, i.e. to
normalise yv(t).

Thus g is calculated at each sample period by summing
the coefficients contained in the g'(z_l) polynomial and dividing
the total into T(1), which will have been calculated prior to start
up. This means that the extra computation necessary for the in-
corporation of a set-point, where only a normalisation is required,
amounts to (nb+km-l) additions and one multiplication (division).

For convergence of g it is required that,

1) the parameters in the estimated system model converge to
steady values-

2) T(z_l) has no roots at or near z = +],
The first of these Is necessary to obtain a direct convergence

o 1

~ il - - -
of S, although S will not converge to S unless B'(z ') = z kB(z l),

which may not occur due to the bias in the least squares estimate.

~
On convergence, though, S remains the correct value needed to normalise

yv(t).
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The second condition ensures T(l) is not equal to zero, as if
'al

this were the case S would have to be set to zero, i.e. external

input removed, to ensure yv(L) —r o«
4, Simulated examples

The example discussed in Sec. 3.2(3) is reconsidered, where
the system is described by

Az Hy(e) = 2 Bz Dule) + ¢z Delt)
1

and Az ) =1 - 0.6065 z
B(z™') = 0.6043 + 1.8942. 2
cz Yy =1-046z"+0.03 27

the integer time delay k being equal to unity.

The state estimate is formulated as d;scribed in Sec. 2.3, from
the estimated model parameters, and the zero-mean white noise sequence has
a variance = 0.l1l.

The system was simulated with the controller operating over
5000 time intervals with the external input, v(t), varying from + 5.0
to = 5.0 in a square wave with a frequency of 200 samples. As
each sample period is taken to be 0.5 secs., the frequency of the
input is therefore 0.0l Hertz.

Figures 3.4(a) and (b) show v(t) and the system input, u(t),
for the first 1000 time steps (500 seecs.), Figs. 3.4(c) and (d)
meanwhile show the system output, y(t}, obtained when in (c) T(z-]) = |
and (d) T(z-]) is obtained by the self assigning pole process discussed
in Sec. 3.2. . It is noticeable that in the figures concerning the

output, values are obtained as steady state limits, that are not equ-

ivalent to the reference input, v(t). This is designed to show that
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R

when § = 1, i.e. v{(t) is connected directly, such that

u(t) = FR(t) + v(t) , the effect on the system output magnitude can
be hazardous.

In Figs. 3.5, 3.6 and 3.7 a section of the output response
signal is considered in depth over a.n?latively short time period,
such that the transient response can be more readily studied.
Figs.3.5 and 3.6 showing the effect of the choice of pole polynomial
on the system output, when this has not been normalised, ranging from
an overdamped response in Fig. 3.6{c) to an underdamped respomnse
in 3.6(b). With this non-normalised output it can be seen in
Fig.3.6(d) that where a pole approaches z = +1, the steady-state value
of y(t) becomes large in magnitude.

Fig.3.7 shows the normalised output response, and here it is
observed that the regulator ocutput, achieved in the steady-state,
is of a similar magnitude, whichever pole polynomial is in operation
and hence whichever feedforward gain factor is being used.

The theoretical steady state values for each pole polynomial,

and their corresponding figures are given in Table 3.2, where

-1

) =1+ tlz—] + tzz 2 is the specified closed loop pole polynomial

and SAP = Self Assigning Pole.

T(z
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Table 3.2

| l
£ L, Closed Loop Steady State Cutput Figs.
Poles vy (t) 3.
v
0 0 0,0 12.4925 4(e),5(b)
7(b}
SAP 0 +0.3190,0 9.4710 4(d),5(a)
7(a)
-0.2 0.01 +0.1,+0.1 15.4228 5(c)
-0.2 0 +0,2,0 15.6156 5(d)
0.6 0.1 -0.3+£j0.3148 7.3485 6(a),7(a)
0.6 0 -0.6,0 7.8078 6(b)
-0.8 0.1 +0.6449,+0.1550 41,6417 6(c)
-0.8 0 +0.8,0 62.4625 6(d),7(c)
L]
5. Variations on the set—point definition

By considering the reference input to be connected elsewhere in

the controller circultry , variations in the basic equations obtained

in Sec. 3.3(2) can be achieved.

In Fig. 3.8 the set—point is summed

with the state estimate, rather than with the control input, as was

done in Fig. 3.3.

the feedforward gain 5' must necessarily also be of this form.

definition is thus made that,

. _
S' = [SyseevrS_ oI5

!

where SD is a common factor to all Si 1 1=0,..

0

The system input becomes, in this instance,
u(t) = F{&(c) + 8'v(t)]

.,n +k=1,

The state estimate 1s an (n]+k)xl vector, therefore

The

(3.3.14)

(3.3.15)

and by substitution into the state equations(3.3.2), the closed loop
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form is given by
-1 -1
_l -] - - -] -
v(t) = Hz (T-2 'F)  QFS' v(t) + [l + Hz I~z 'F) Rie(t)  (3.3.16)
From (3.3.4), ye(t) is of the same form as in the case previously

considered, although now yv(t) contains a further factor, F, in its

transfer function. Hence iff

(3.3.17)
and  (b) S, = T(1)/BU)
the two methods arrive at identical, normalised, closed loop transfer
functions. The simplest solution to (3.3.17(a)) is obtained by

=Q0; 14, 1= 1,...,n1+k}. This

1 !

method can, in fact, be regarded as a special case of the general

setting Sj- = f;l and {Si—

method described in Sec. 3.3(2), where the feedforward gain S = FS'.

However, the effect of using the form in Fig. 3.8 gives rise
to what can be considered as a modified state estimation scheme which
is fed back to provide the next control input, (3.3.15). As

gi(t)are polynomials in z—l, 50 Si- can also be regarded as polynomials

1
of the same type, and this leads to a wide choice of set-point transfer

functions

6. Comparison with polynomial case

For polynomial based self-tuners the control input is assumed
to be of the form,

D(z u(t) = 6z Hy(e) (3.3.18)
where D(z-l) and G(z-l) are of degree (nb+kfl) and(na-l) respectively.
Various representations of the reference input are shown in Figs.3.10-
3.14, where y(t) is considered to be a direct feedback from the system

output. In all cases the transfer function of the feedback from y(t)to
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u(t) is of the form (3.3.18), the differences between the diagrams
arising merely from the nature of the introduction of v(t), the ref-
erence input. The set-point will, therefore, have no effect on the
transfer function between the disturbance, e(t}, and the output, y(t).
Thus ye(t) in (3.3.4) will, as in Sec. 3.3(2), remain unchanged, and
for the purpose of this exercise will be neglected, and that part of
the output, yv(t), determined by v{t) will be considered. In the
deterministic case, therefore, the open—loop transfer function is
given by

az Hye) = z *8z" Hule) (3.3.18)
Using the control input of Fig.3.10, given by

D(z Du(r) = 6(z” Dy(e) + Sv(e) (3.3.19)
The closed-loop form is obtained as,

Az Hn"") - 2B ez Hive) = 2 Bz Hsv(n)

]

cos (3.3.20)
But in the polynomial case, the identity used to obtain D(zdl) and
G(z-l) was constructed as,

Az Hoiz ) - 2 B e ™) = ez hee™h (3.3.21)
Hence, if no pole cancellation is required, § must be chosen as,

S = T(L)C()/B(L) (3.3.22)
to provide a mormalised cutput. But this means that we need to know
the coefficients of the C(z—]) polynomial, a requirement additional to
those needed in the state—space form. In Wellstead and Sanoff (1981)
the C(z_l) polynomial is estimated using the extended least squares
method, whereas in Clarke and Gawthrop (1975) it is considered that
S = S(ztl) and the parameters of this new polynomial are included in

the estimation scheme.
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In the polynomial method, Fig.3.10, of incorporating a set-point,
therefore, the computational effort is much increased to allow for a
normalisation process to occur.

The control input, Fig.3.1l, may be written as

D(z Dult) = D(z Hsv(t) + 6z Hy(t) + v(t) (3.3.23)
which leads to the closed loop equation
[ACz HD(zT) = 2 %B(z D6 DIy = 2 B D)1+ Dz HSiv(e)
(3.3.24)
Hence, when the identity (3.3.21) is used, the problem of the C(z_l)
polynomial is once more apparent, and further, the transient response
to a change in reference input may be affected in a retrograde manner.

The value of S required for output normalisation is given
now as,

S = [CUT{) - B()]/BAU)DU) (3.3.25)
which requires more calculations than has been the case.

The format defined by Fig.3.12 provides a control input.

D(z u(e) = (D(z )s+6(z D Iv(e) + 6z Hy(e) (3.3.26)
with a respective closed loop transfer function of,
Az Hpz ) - 2Bz ez DIy = 2 FBzT ) DGz 8 + 62" ) Tu(e)

(3.3.27)

A special case now arises when A(z-l) contains a pole at z = +1, i.e.
the poiynomial contains a (J—z-l) term,then selecting $ as being
zero, normalisation will occur, Wellstead et al (1979b). A similar
event arises in the controller of Fig. 3.13 where the closed loop
equation is

acz Hoiz Yy - 2 %8z He Yy = 2 *Bz Hez Hsvie)  (3.3.28)



- 142 -

e ()

+
v —H s 7l (2
+
V(t) sl G(z_]
Fig. 3.10.
v(t)
+
y(£) == Gz
Fig. 3.11.
+
v(t) S
+
-, =1 .~
y(t) " Xz )D & )

Fig. 3.12

u(t)

u(t)



- 143 -

. . . . -1 .
Here, when an integrator term is contained in the A(z ') polynomial,
such that A(}) = 0, by setting S to unity zero steady state error
is obtained between reference input and output, yv(t). Otherwise,

setting S to be

S = EO/G(Z“]) (3.3.29)

where §0= C(HT) /BAYG) (3.3.30)
will remove the transient effects caused by G(z_l).
The final configuration, Fig 3.14, gives

Dz Hult) = Dz ysv(t) + &z Hy() (3.3.31)

which provides a closed loop form,

-1, =1, =k_, =1__, -l Kk, =1, -1
[A(z )D(z ) -z Bz )G(z )]y(t) = z "B{z )D(z )Sv(r) (3.3.32)
and from this normalisation is carried out by using

§0 = C(1)T(1)/B(1IDL) (3.3.33)

All the polynomial controls mentioned, therefore, provide zero steady-
state error by use of C(1). The polynomial form equivalent to that
used in the state—-space method of Sec. 3.3(2), can, however, be

derived from the control input,

p'(z 1) 6z h
u(t) =-— u(t) + — y(t) + Sv(t) (3.3.34)
C(z ) C(z )
where D'(z ') = D(z ) - ¢z V) (3.3.35)

which is obtained from (3.3.1), see Appendix 3.2, where it is shown
that the final closed loop equation is
[atz" )z ) - 2 Bz Hez DIy = 2 Bz o Hsv(e)  (3.3.36)
and if the identity (3.3.21) is used, this becomes

T(z )y(t) = z FB(z 1)sv(e)

which is the final form given by the state space control law (3.3.7).
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Unfortunately, unless C(z-l) is estimated by means of an enlarged
estimation scheme, such as extended least squares, the control input
(3.3.34) cannot be arrived at by means of a polynomial approach.

By setting C(z-l) = 1, as in recursive least squares, the control
input returns to that of Fig.3.10, which resulted in C(z-l) appearing

in the closed loop transfer function.

7. Regulator with non-zero set—point

In the deterministic case, the system can be modelled by (3.3.18),
which has a state space equivalent as,

(a)  =x(t+1) = Px(t) + Qu(t)

(3.3.30

(b  y(t) = Hx(t)
when a set-point input is applied it is required that the output of the
system will be given by ;, and hence the error between the actual
output and this reference value can be described as

Wy(e) =y - y(t)

By similar reasoning, there is also a system input, G, which will

achieve the desired output, and thus we have also,

- u(t)

1]
i

Wult)

and Wx(t)

1
[

- x(t)

where x 1is the required state vector, from which

x=Px+Qu
and ; = H%
as g(;) = g(t+l), eteo.

Thus by substituting for y(t}, u(t) and x(t) in (3.3.37)the state

equations may be written as
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(a)  Wx(t+}) = P Wx(t) + Q Wu(t)

(b)  Wy(t) = H Wx(t) (3.3.38
Similarily, defining the control input from these 'new' state
equations as

Wu(t) = F Wx(t) (3.3.39)

A cost function associated with (3.3.38) can be formulated as
co
T T
G{Wu) = z {Wy'(t+])SBWy(t+l) + Wu (t)SZWu(t)} (3.3.40)
t=t

such that, when this is minimized by correct choice of Wu(t), the
system is moved optimally from any initial condition to the required
reference input (set-point).

By substituting for Wu(t) and Wx(t) in (3.3.39, the actual
system control input becomes,

u(t) = Fx(t) - FX + u (3.3. 41)
where the constant wvalues u and g_ are necessary to retain the
system at the set-point, and hence we need to find these wvalues to
provide an appropriate controller action. If the control input
(3.3.41) is now coupled with the original state equations (3.3.37),

the overall closed loop equation is obtained as,

-1
(t) = B(I-z'F) q 2 {u-Fx} (3.3.42)

%

where F =P +QF (3.3.43)

From (3.3.42) we define

1 LY

G (2 =H(-z P Q2 (3.3.44)

Then zero error will occur in the steady state iff

{u-Fx} = G;](l)§ (3.3.45)
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where y 1is the reference output value.

The overall control input to the system therefore becomes,

from (3.3.41),

u(t) = Fx(e) + G;l

(y (3.3.46)
and this is identical, In form, to the ceontrol input used in

(3.3.1), where § = G;l(l) and v(t) = ;.

3.4 Concluding Remarks

In this chapter the self-tuning property has been shown to apply
to the state space self-tuners developed in Sec. 2.5, and further
modes of operation of this type of self-tuning controller
have been considered.

Where a robust controller is required specifically for the
purpose of minimizing the variance of the system 's output signal,
the self-assigning pole scheme reduces the discrepancy in the value
of output variance apparent when the pole placement method is compared
with minimum-variance strategies. This is of great benefit, as,
if the closed loop poles are chosen, to be constant numerical values,
prior to controller operation, certain pole positions can cause
higher output variance values. This can be seen in Table 3.1.

In sec. 3.3 an external input was included in the state space
format. When this is considered as a set-point which varies rel-
atively infrequently, the computation necessary to ensure that the error
between the desired output and the actual cutput is minimized in the
steady state, is negligible. A contributory factor to this is the
independence of the transfer functions dependent on disturbance and set-

peint respectively.
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However, in the state space method discussed, the C(z—])
polynomial is not apparent in the closed loop form of either transfer
function, a characteristic not attributable to most polynomial type
tuners, where no cancellation of this particular polynomial occurs
in the set-point case.

A common factor between the different tuners, though, is the
appearance of the system open loop polynomial, B(z-l), in the
numerator of the set—point transfer function. This means that if
the process is non-minimum phase, this property will be retained in
the closed loop form. Any attempt to cancel the unstable zeros of
B(z ), by correct choice of reference input feedforward characteris-
tics, will result in unstable pples between the reference input and
the final contrel input, and these are not desirable. However,
where a system contains an inherent direct gain factor, this may be
considered as a scaling of all parameters in the B(z—E) polynomial,
and hence will be compensated for by an appropriate divisionm, on the
same scale, in the set-point feedforward gain, thus ensuring
that the steady state following characteristics of the tuner are not

impaired.
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CHAPTER 4

EXTENSIONS TO THE FORMULATION

Self-tuning controllers have been introduced and their application
by means of a state space framework discussed. This_chapter is
used to extend the basic assumptions made, by way of building on
special properties, covered in the last chapter, attributable to
these state space self-tuners.

In Sec. 4.1, linear output feedback (£.0.f.) is combined with
the original state feedback, by making use of the extra degree of free-
dom allowable from the self-tuning property. As the parameter associated
with the £.0.£f£. cannot be calculated, without further alteratiomns being
made, from the pole placement criterion, it can either be selected
apriori or tuned on line for optimization purposes, the pole placement
being carried ocut by the state feedback parameters alone. Because
of problems arising due to matrix, rather than scalar variable,
multiplication techniques, self-tuning for multivariable systems has,
to the present, only received a limited coverage. Some of these problems
are discussed in Sec. 4.2, where the use of multivariable state space
self-tuners is considered. Some of the explanation is, however, carried
out by means of the equivalent polynomial form for ease of explanation.
Section 4.3. briefly describes self-tuning control of non-linear
processes, although as this may, to a certain extent, be regarded as
an incorrect choice of model for the estimation procedure, the effects

of under and over specified models are reviewed in Sec. 4.4.
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4.1 State Space Self-Tuning With Linear Output Feedback

1. Introduction

The majority of self-tuning techniques are based on either pole
placement or optimization control objectives. In this section a
self-tuner is proposed, whereby the control input is dependent not
only on state feedback but also linear output feedback (£.0.f.), and
by this means a pole placement scheme is augmented with optimal features.

In the state space approach considered thus far, the reconstruction
of the state vector is obtained by using information from measurements
of the system's input and output signals. The optimal reconstruction
employed, however, does not include the present value of output variable,
y(t), although this is available. Therefore it will be considered
that this output signal is fedback in combination with the usual
state feedback, and hence will have a further parameter associated
with ic. This new parameter can then either be selected off line,
as in the case of the required closed loop poles, or be tuned on line,
Warwick and Westcott (1982), as is done with the state feedback
parameters. Both cases will be looked at, and their effect on the
closed loop zeros of the overall transfer function will be investigated.

The application of an external set—point input has been discussed
in Sec. 3.3, and here the effect that the additional feedback has on
the set-point transfer function is, therefore, included in subsection
3. Finally in subs. 6 numerous simulations are carried out to show
the complete self-tuner operating on both a nonminimum phase process,

and a process Where the integral time delay can vary. The pole
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polynomial is also altered between simulations in order to show its

effect on the linear output feedback parameter.

2. The application of linear output feedback

Let the unknown system be described in the state space repres—

entation as ,

(a) x(t+l) = Px(t) + Qu(t) + Re(t)
(4.1.1)
) y(t) = Hx(t) + e(t)
where the matrices P, Q, R and H are defined in Sec. 2.2(2). The
estimate of the state vector is, therefore, found to be,
-1
-1 -1=
2(t) = 2 ' [1-z 'F] {Qu(t) + Ry(D)} (4.1.2)

where P=P-RH .
It can be seen that due to the z-l term on the right hand side

of (4.1.2), the present value of output variable, y(t), does not
appear in the state estimate. The opportunity therefore arises
to set the control input, u(t), as a combination of both state and
output feedback. It was shown in Warwick (1981a) that by modifying
the state along with the addition of a scalar multiple of the present
output signal, the control equation of Wellstead et al (1979b) could
be achieved. But in Sec. 3.1, both this latter case, and the procedure
described in Sec. 2.5(1) using solely state feedback, were shown to be special

cases of a more generalised approach. We now wish to make further
use of this generalised case to improve on the system response to
the controller used. Thus the control input is now defined as,

ult) = Fg(t) + Gy(t) (4.1.3)
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where G 1is a scalar linear output feedback parameter. On sub-
stitution of (4.1.3) into the state equations (4.1.1), based on
the estimated state form, the following expression for the closed

loop form is obtained.

] 1

Ltz (G-2"F) qely(e) = [1 + 0z L(T-2"'F) RleCt)  (4.1.4)
where F="P+ Qr.

In this instance, it is still required that the closed loop
pole polynomial obtained from (4.1.4) be calculated such that its
constituent parameters are equal to those found in the specified pole
polynomial, T(z-l), which is defined in (3.1.7). Hence these parameters
are obtained from,

det(I-z-lE) - Hz—ladj(I-z_lE)QG = T(z_l) (4.1.5)
Hbwever, if (nl+k) is the dimension of the state space, where k 1is
the integer part of the system time delay and n = max{na,nb,nc} then
(4.1.3) leads to (n|+k) equations with (nl+k+1) unknowns, the 'extra'
unknown parameter being G. If G 1is specified prior to tuner operation,
though, this problem is eliminated, an example of which is the use of
state feedback only, by setting G to zero.

Equation (4.1.5) is easily simplified for calculation purposes
by use of the expression

Hz-ladj(I-z—lﬁ)Q = z_kB(z—l) (4.1.6)

where equality was shown in Lemma 3.3, and the polynomial B(z-l) is
defined in the system CARMA model (3.1.1).

The state feedback parameters fl,...,fn1+k contained in F may

then be calculated from the equation,

det(I-z-]F) - z—kB(z—l)G = T(z ") (4.1.7)
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by applying the state feedback of (4.1.3), with G specifically chosen.
However, before conmsidering the reasons for a particular choice of para-
meter G, the self-tuning aspects of the algorithm will be discussed.

The feedback terms obtained from (4.1.7) are the values calculated
with regard to the true system parameters, whereas the control input
actually entails the use of the parameters found in the estimated system
model employed in the recursive least squares estimation procedure.

This is given by,

A Dy = 8¢z Hule) + e(o) (4.1.8)
where the polynomials are defined in (3.1.10), and this is
represented in its equivalent state space form as,

(a)  ®(e+l) = BR(t) + Qu(r) + Re(r)

(4.1.9)
(b  y(t) = HE(£) + e(t)

the matrices ﬁ, a and R containing the estimated model parameters
being defined in (3.1.42).
By a similar definition to that of (4.1.3), the actual control

input provided is given as,

u(t) = FR(L) + Gy(e) (4.1.10)
where, from (4.1.2),
-2 "1 ,\
2ty = z '[1-2 'P] {Qu(r) + Ry(t)} 4.1.11)
P =D - RH
and F=[£, .f,]

in which n' is the dimension of the state space.
The control input (4.1.10) can now be substituted into the
state equations (4.1.9) to obtain the closed loop form,

1

[1-a2 " 1=z 'H) 1acly (o) = [1+z (-2~ 9 T RIe (o) (4.1.12)

where F = § + aﬁ.
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The state feedback factors can, therefore, be evaluated
recursively, at each sampling instant, from
-1 -1 ., =14an -1
det(I-z "F) ~ Hz "adj(I-z ~ F)QG = T(z ") (4.1.13)

which, by use of Lemma 3.3, can be rewritten as

-12 o, =1 -1
det{I~z F) — B'(z )G = T(z ) (4.1.14)
The numerator of (4.1.12) being found to be

{a) det(l-z-lg) + Hz_ladj(I—z-lﬁ)ﬁ
(4.1.15)

or ® Tz Y + 81 Y6 + B tadji-z 'R
by use of (4.1.14).
Hence the linear outpﬁt feedback parameter, G , will affect
the closed loop zeros, such that by defining
& -1 -2 o _-n'

Bz ladi(T-z 'H)R = 1 NI Ve S (4.1.16)

the numerator of (4.1.12) is obtained via (4.1.15b) as
—] ~ ~ _2 ~ ~ _n' o~ ~
1 + 2z (tl+b0G+kl) + z (t2+blG+A2) + ...+t 2 (tn,+bn,_lG+kn,)

sesee (4.1.17)
This means that although G was specified such that a unique solution

to (4.1.14) can be obtained, the value of G will affect the position
of the closed loop zeros, and therefore the variance of the ocutput
signal. Wo zero cancellation will occur unless the n‘th term of

-~

(4.1,17) is set equal to zero, and as bn' and An' are quantities

-1
which vary, due to parameter uncertainty in the estimation process,
an exact cancellation is only a purely theoretical possibility. The
actual choice of value for G remains, at this stage, a completely
arbitrary selection, dependent on a required function, examples of
which are pure state feedback (G = 0), noise filtering or to provide

a bias on closed loop zeros. For any specific choice of G, it was

shown in Sec.3.] that the self-tuning property is not impaired, and
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thus e(t) + e(t) as t + =

3. Steady-state set—point following

When the external input applied to the system is no longer equal
to zero, the regulation problem becomes one of controlling the
variance of the output signal about a reference mean rather than a
zero mean. This was considered in detail in Sec. 3.3 with regard to
the state space controller using purely state feedback. In Astrom

and Wittenmark (1980) a deterministic system was employed, whereas
when changes in the external input occur relatively infrequently in
a stochastic enviromment, Wellstead et al (1979b), by use of an
integrator in the feedback path and by correct choice of feedforward
gain, removed problems assoclated with the C(z—l) polynomial mentioned
in Sec. 3.4. However, this problem does not occur in the state
space controller and thus the same approach is taken here as was
done in Sec. 3.3. The control input, with linear output feedback
included, may be described as

u(t) = FR(t) + Gy(t) + Sv(t) (4.1.18)

where g(t) is the estimated state wector and v(t) the externmal input.

It follows that by substitution of (4.1.18) into the estimated
state form of (4.1.1a), the state is given by

2(t) = 2z ' (I-z"'F) "HQey(e) + Qsv(t) * Re(t)} (4.1.19)
Therefore, by inclusion of (4.1.1b) the output sequence is chtained
as,
y(t) = Hz (I~z 'F) ' {QGy(t) + QSv(t) + Re(t)} +e(t)

and hence the final closed loop form is
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H-z -2 ') a6y (o) = [+ =215 " Rle(x)

+ Hz -z ' osv(n) (4.1.20)
The terms e(t) and v(t) therefore retain independent transfer
function numerators, and the common denominator is once again equated
to the previously selected pole polynomial, T(zﬂl), by calculating the
state feedback parameters from (4.1.5).
By use of (4.1.6) the closed loop form may then be written as,
T(z-l)y(t) = [det(I-z-lf) + Hz—ladj(I-z-lf)R]e(t)
« 2 %B(z ysv(r) (4.1.21)
The final equation is the overall transfer function, inclusive
of external input and linear output feedback, for the state space
controller.

Removing the extermnal input, by setting S or v{(t) to zero,
gives a closed loop equation (4.1.4), whereas removal of the £.o0.f.
parameter, G = 0,71eads to the form (3.3.3). However, where both
are present the equivalent closed loop form, obtained when the
estimated system model (4.1.8) is employed, must now be considered.

By replacing matrices and polynomials in (4.1.21) by their estimated
counterparts, we have
Tz VYy(e) = dee[(T-z'F) + w2 Vad; (I-2 'F)RIe(t)

+ B (2 Hsv(o) (4.1.22)
where the matrices containing the estimated parameters were specified
in Sec, 4.1(2), and the state feedback parameters contained within ;
are evaluated by means of {(4.1.14),

It is apparent that, as in Sec.3.3, the compensator, S, can
be chosen to provide any required steady state signal gain between

the external input and system output. To achieve direct input steady
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state tracking, the scalar term

s = T(1)/B' (1) (4.1.23)
is calculated at each iteration by summing the terms in the estimated
g'(z—]) polynomial and multiplying the reciprocal of this by the off
line summation of the terms in the closed loop pole polynomial,
T(z_]). The calculation of S 1is therefore not dependent on the
L.o.f. parameter, G, and thus is not affected by this particular

modification to the state faedback.

4. Optimization by selection of the £.0.f. parameter

In Sec.4.1(2) it was stated that as the linear output feedback
parameter, G , appears in the numerator of the closed loop
transfer function, it directly affects the value of output variance
obtained. This being the case, it is now required that G be chosen
such that the variance of the system cutput is either reduced from
its value when state feedback alone is employed or, better still,
that it is minimized with respect to all possible values of G.
However, without prior knowledge of the system parameters it is
difficule to éhoose a G before contrecller start up, such that
minimization occurs. It therefore remains to cause the output variance
to be wminimized by adapting the value of G whilst the tuner is in
operation.

The relative output variance 1s obtained by dividing (4.1.17);
the closed loop numerator, by the closed loop dencminator, T(z-l),
and subsequently summing the terms in the resultant polynomial. By
defining H(z—]) to be the resultant closed loop polynomial, it follows

thac,
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y(£) = H(z De(t) (4.1.24)

where  H(z ') =1+ } h.z (4.1.25)

from which the relative output variance is obtained as,

2

R.V. =1+ ¥ by (4.1.26)
i=]

The summation of this series is found easily with respect to the

Al =] -1 : .
parameters of B'(z '), T(=z ), etc., but computationally this becomes
an inefficient procedure to repeat at each iteration. The actual
value of relative output variance is, in fact, not required, and this
can be shown by consideration of the requirements for G, the necessary

condition being,

* ) ps 2
G = arg.min{R.V.;R.V. =1 + } by, Ge K} (4.1.27)

G i=1

where G, a scalar real, is a constituent part of each hi'

All hi terms are independently squared, therefore the R.V. is
given as a linear quadratic equation in G.  Hence G* can be found
by obtaining the standard quadratic solution from,

RV. -1=20 (4.1.27a)
But as the number of hi terms present is much greater than the number
of G's, of which there is one only, the solution to the quadratic
equation nmecessarily gives rise to an imaginary G*, such that

e - g * ig, (4.1.28)
where E* is the G* which would be obtained, using j-notation, if an
imaginary root was feasible. However, no phase deviation is allowable,
due to the scalar real nature of G, thus

¢* < g, (4.1.29)
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where G* is merely the real part of E*.

Thus to obtain G* by a process inclusive of (4.1.26) at each
iteration would be, as mentioned previously, extremely time consuming ,
and is not needed, as G* may be defined prior to tuner operation as
a combination of model estimates and closed loop pole polynomial

coefficients.

* —%
Note. 4.1: on G and G .

—%
G 1is the value of G obtained as an exact solution te (4.1.27a).

If it were computationally possible to apply this value of G then,

as R.V. = |, a minimum-variance self-tuner, with Var{y(t)} = Var{e(t)}
would have been formulated. But G must be a scalar quantity, and

therefore it is not possible to apply the imaginary part of

* =%k
G . Only when g, = 0 does G = G and a minimum variance self-tuner is

obtained. This possibility is, however, almost always lost by the use

of the pole placement approach to self-tuning.

5. Self-tuning with an adaptive f£.o0.f. parameter

The overall self-tuning algorithm, inclusive of adaptive f.o.f.
parameter, G, may be described as
STEP 1) Estimate model parameters, via recursive least squares
procedure, from system input and output readings.
2) Obtain state reconstruction using the estimated model
parameters.
Ak R E
3) Calculate G , as an estimate of G .

4) Evaluate state feadback wvector f.
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5) Formulate the new input signal.
6) Repeat.
Step 4 is the extra insertion into the algorithm, and hence it is
necessary that the computatjonal requirements of this step remain
Ak * . .
small. Here G 1is the wvalue of G obtained from the model estimates
rather than from the actual system parameters. It will be shown
N * . .
shortly that G can converge te G , but firstly an example will be
considered such that the number of calculations involved in evaluating

~k R
G may be determined.

Example 4.1: For a three dimensional state space system model,

3 ~ 3 ~ o~ 2 ~ A ~A A AA
e T I OAbypG (T Aby o 1 ADD) + Gy B, * Aby
¢ = i=1 1=2 1=]
2 I ~
A2 o ~ O~
le, z by + 26, z bybo, | * 26.bb, }
i=0 i=0
(4.1.30)
Where the following parameter definitions are made,
a) Gl = (l+t2) - t3(t1+t3)
b) G, = -tl(l+t2) + tz(tl+t3) (4.1.31)
c) G3 = —t2(1+t2) + tl(tl+t3)
and a) kl = -al
b) A, =-8 -(4.b-40b)Ff -(ab-ab)f
2 2 370 17271 20 171772 (4.1.32)
~ _ A g ~ _a ~ -~ S ~ - A ~
c) A3 = -8, (a3b1 a2b2)fl (a3b0 ﬁlbz)f2

The values of Gi :1i=1,2,3; however, may be calculated prior to

start up of the controller, once the pole polynomial has been specified,
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and therefore do not have to be recalculated at each iteration. In
* - - A
the equivalent two dimensional case, b2,§3 and t3 all become equal to

zero, and thus it follows that 13 is also equal to zero. The

. - ﬂ* - .
equation used to obtain G 1s therefore reduced to two Gi terms in
. e
both numerator and denominator. A general form for G in an m-
dimensional model, where m > | and is a finite integer, can be formulated
by a simple extrapolation of (4.1.30), but this leads to abbreviation
difficulties, amd hence the use of an example is preferred.

e
The convergence of G found from (4.1.30) is discussed wvia the

following lemmas.

Lemma 4.1

*
The state feedback parameters fl > fmr are independent of G ,

|
and G* is also independent of fm’ where it is assumed that m 1is the
dimension of the state space.
Proof: If G* is dependent on fm’ then fm must appear in at least
one li. The Ki's are formed as the result of pre— and post-—
multiplication of the adjoint of (I-z—lf) in (4.1.16), with system
parameters substituted, such that

-2 -m

Hz 'adj(I-z ‘PR = 1 + Alz—l T

Because of the pre-multiplication of this adjoint by H, where

H= [0,...,0,1],oﬁh;theufhrow of the adjoint remains. Hence, by the
definition of the adjoint of a matrix, no terms occupying positions

in the mth columm of a matrix will appear in the mth row of its adjoint,
unless they also appear in a position other than in the mth column.

From the definition of ?, F =P + QF, all terms involving fm will
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appear in only the mth column of (I—z_lﬁ), therefore no such terms
-1= *
will appear in H adj(I-=z lF), leaving G independent of fm-
1 follows from this,

as G may be replaced in (4.1.5) by its respective function in

The independence of the parameters fl + fm_

Lemma 4.2
The convergence of the state feedback parameters is not affected
by the adaptive nature of G.

Proof: 1In Sec.3.] it was proven that for 'any' set value of G,

~

subject to the model estimates converging, the feedback parameters fi

can converge. As, from Lemma 4.1, El -+ %m?] do not depend on G,

the fact that G 1is adaptive cannot affect their convergence. But

G 1is calculated by means of f1 - fm—l’ and no account is taken
of fm, thus if £, - fm_1 converge then ¢ will do likewise, unless

~

the denominator of G » 0 which is not possible in practice. The omne

~

remaining parameter, fm, must therefore alsc converge, as every factor

upon which it is dependent has converged.
6. Example and simulations

Consider the system described by,

(1--z-I +0.252-2)Y(t) = (z_l+l.32-2) u(t)+(|—0.42-])e(t) {(4.1.33)
where e(t) is a white noise sequence of variance = 0.1. Using a
pole polynomial, T(zcl) equal to unity, and the control law given in

{4.1.10), the diagram of Fig.4.1 shows how the theoretical output

variance is related to a change in the linear output feedback parameter,
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G. Dotted lines show the output variance obtained when solely state
feedback is employed, i.e. G 1is zero. The minimum value of relative
output variance is found to be 1.1073 when G = -0.3404, this compares
to a relative output variance obtained via the original polynomial
method, Wellstead et al (1979b), of 1.1716,
Simulation l: During these simulations the variable forgetting
factor proposed by Wellstead and Sanoff (1981) was employed,
with an initial start up value of 0.94 and a window of 100 samples
(t=100). In the first simulation the system given in the above
example was considered with T(z—]) set out at unity. Fig.4.2
shows the convergence of the linear output feedback parameter
and Fig.4.3 the system output, y(t). It can be seen that
suitable convergence is obtained, under these conditions, within 1000
time intervals, and hence this remained as the number of periods

investigated for the remaining simulatiomns.

Simulation 2: The same process {(4.1.33) was considered, although
in this case the pole polynomial was chosen to be,
T(z ') = 1 + 0.5z (6.1.34)
Fig.4.4, then gives the convergence of the £.o.f. parameter,
where the dotted line indicates the value of G obtained when
the problem ié calculated with known system parameters, i.e.

-~

*
G =G, and this is the hoped for convergence value of G.

Simulation 3: The final u(t) parameter, i.e. 1.3z ~, is omitted from
the system given in the example (4.1.33), and the effect of a

change in pure system time delay is examined.
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During the first 500 time periods the process is described by,

Q-2 '+0.255" 2y (6) _2 lue) ¢ (170,42 He(w) (4.1.35)
After the 500th time instant this chanzes to,

(1-2 140,252 2)y(t) = 2 2u(t) + (1-0.42 e(t) (4.1.36)
The model, from which the estimated parameter values are
obtained, remains constant, although in this case the model
parameters readjust after the change in time delay has occurred.
With the pole polynomial, once again, set to unity, Fig.4.5
shows the value of the £.0.f. parameter throughout the simulation,
and it is noticeable that convergence is slower after the time
delay alteration. In the system output , Fig. 4.6, large
spikes appear after the change, a phenomenon which was seen
in the original polynomial simulations carried out in Sec.2.5(5).
By setting G equal to zero, Fig.4.7, the spikes are removed,
although a larger output variance results.

The difference between the system disturbance, e(t), and the
model error, e(t), is given in Fig.4.8. This should tend
to zero due to the property exhibited by self-tuners that

e(t) > e(t) as t > o,

Simulation 4: The closed loop pole polynomial is selected to be
that of (4.1.34), and simulation 3 is repeated with this singular
difference. The convergence of the £.0.f. parameter, Fig.4.9,
is again shown to be weaker after the time delay change, and

this is combined with a larger value of e(t) - e(t), Fig.4.10.
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The asymptotic output variances for the preceding simulations
are given in the following table; where (a) denotes the value before

the change in time delay and (h) the value after the change.

Table 4.1:
* Qutput Variance 0.V, with
Simulation G (0.V) purely state
feedback
] =0. 3404 0.1107 0.1419
2 -0.4097 0.1079 0.1389
3(a) -0.6 0.1 0.1360
3(b) -0.35 0.1360 0.1482
4(a) -0.6 0.1 0. 1480
4(b) -0.35 0.1360 0.1523

In 3(a) and 4(a) of table 4.1, the ocutput variance is equal to the
variance of the system disturbance, e(t), i.e. minimum-variance self-
tuning has been applied. This is a special case when the system
B(z_l) polynomial is of order unity, allowing the £.0.f. parameter

~%
to converge to G .
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4.2 Multivariable Controller Design

1. Intreduction

Minimum~variance type controllers were employed with multivariable sys-—
tems in Borisson (1975), and many of the properties that are apparent
in the SISO version also hold in the MIMO case. Unfortunately some
of these are disadvantageous, such as the problems associated with
nonminimum phase systems and the acute sensitivity shown when
alterations in system time delay occur. The system time delay,
k, provides a further limitarion in the usage of this class of regulator
in multivariable control systems, as a basic requirement is that all
control loops have identical k values. The number of practical
situations where this is the case are relatively few and hence the
pole placement approach, which allows for inputs with varying integer
time delay values, has been developed, Prager and Wellstead (1981).
This type of algorithm provides a more robust control action, which
deals with gponminimum phase systems, although extra computatiomal effort
is required and the regulation characteristics are suboptimal.

In this section the minimuwn variance type tuners will be reviewed,
the progression to the pole placement case discussed, and finally the
state space approach to multivariable self-tuning controllers will be

introduced.
2. Minimum~variance controllers

The process is modelled by the equation,

- k- -
a(z Hy(t) = 2z B(z Hu(t) + ¢z Da(r) (4.2.1)
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where {y(t) : teT} and {E(t) : teTlare vectors of dimension mxl denoting
the system output and input sequences respectively.
{fe(t) : t =0, £1, %2,...} is a vector sequence, alsoc of dimension
mx1, which is assumed to be zero—mean with a covariance equal to Q.
The matrix polynomials in the above equation are defined as,

Az ') = A + Az +,..+A z (4.2.2)

where B(z-l) and C(z-]) are defined in a similar fashion, being of
degree o and n, respectively, although it will be considered that
all polynomials are of degree n

, where n. is the maximum degree

I 1
contained by the three polynomials. If a particular polynomial
is of degree less than 1" its higher order, not apparent, matrices

are defined to be the null matrix.

In general A,, B., C, are of dimension m*m, where i = 0,...,n
1 1 1 1

and AO, C_ are the unit matrix such that A(z-l) and C(z_l) are monic

0
polynomial matrices. In the minimum variance case it will be considered
that all control loops have identical integer time delays, thus k 1is
common to all m inputs.

The matrix polynomial identity,

ezl = ac hee Y + 2 6@ (4.2.3)
in which E(z-l) is monic and of degree k-1, and G(z_l) is of degree
nl—l,is used to obtain the solution for the control law polynomials
E(z_l) and G(z-]), which are required for the control input found
as follows.

The system output vector is predicted k steps ahead of the

present time to be,
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E{y(ck)} = y(t+k) - E(z e (t+k) (4.2.4)

]

and  Ely(e+k)} = ¢ (27 ) [B(z DEGE Hult) + 6 Dyl (4.2.5)

Thus, if it is required that the expected value of the system output

vector is zero at time t+k, the control input must necessarily be,

u(t) = =B 1 (z He(z HE '@ Hy) (4.2.6)
where E(z ') and G(z~!) are obtained from (4.2.3).
Hence  y(t+k) = E(z )e(t+k) (4.2.7)
or y(t)  =e(t) + Eele=l) + ... +E, e (tk+l).

Therefore the final control input (4.2.6) minimizes E{YT(t) Zz(t)};

L being a positive definite symmetric matrix. If the matrix polynomials
defined in (4.2.1) are now assumed to be unknown, they may be estimated
recursively, on line by means of the recursive least squares procedure.
The application of this estimation scheme to the SISO minimum variance
case was reviewed in Sec.1.5(1), and the same principleshold here,
although rather than an estimation of model parameters taking place,

the mxm model parameter matrices must now be estimated. Thus, where
once one parameter was estimated, this is replaced by an mm matrix

of parameters. The extension of self-tuning to deal with multivariable
systems therefore introduces a large increase in the necessary computing
time.

Many of the properties associated with the SISO minimum-variance
self-tuning controller carry through to the MIMO case. It has been
shown that the control law (4.2.6) and the identity (4.2.3) are of the
same form, and this is also true of the stability analysis. Denoting
the determinant of the matrix polynomial, B(z_l), by [B(z—l)], then for

stability of the multivariable self-tuning algorithm it is a requirement
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that neither IB(z—l)[ ner IC(z_l)| have any unstable roots.
Hence the dependence of operation of the minimum variance controller
on the minimum phase behaviour of the plant.

As in the SISO case a detuned minimum variance controller
may be formulated by placing a costing on the control input as well
as the system output.

We will, therefore, consider the function;
E{XT(t+k)Zz(t+k)+5?(t)Yg(t)}, which must be minimized, by considering
Y to be, like X s a4 positive definite symmetric matrix.

By partial differentiation of the above function with respect
to u(t); the required control input is found to be,

u(t) = -y 'BY Edy(t#)) (4.2.8)
where E{*} denotes the expected value.

However, from (4.2.4) this may be rewritten as,

a(e) = =y 'BIIly(eH) - B2 De(eHOl.

By use of (4.2.1) it follows that,

-1 1

w(®) = =y B Iy e -EGTHE (A Dyl HE (2 )
B(z Du(t)]
Hence,
B¢z ¢ HGETh ¢ Iy ylue =BG @ haeEh-1ly e
and therefore, if the identity (4.2.3) is employed,
[B(z ) + C(z-l)E-l(z-l)z—]BaTYlg(t) - -6z HE N Hym

. . (4.2.9)

where z and Y can be chosen by the system operator.
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3 Pole placement controller

Assuming the process to be modelled by (4.2.1), the control
law is defined as,
a(e) = 6(z D 'z Dy (4.2.10)
where D(z-l) is a monic matrix polynomial of degree nb+k-l, G(z_l)
is of degree na—l, and both are of the form (4.2.2).
By substitution of (4.2.10) into (4.2.1) the closed loop equation

for the system with this control law applied is found to be,

az'h - z_kB(z_l)G(z-l)D_l(z_l)]z(t) = c(z")g(c) (4.2.11)
or  [AGz HD(z D) - 2 B¢z Hetz Hin ' Hye) = ez He(r).

We now wish to choose the closed-loop poles of the overall system,and
by defining T(znl) to be monic and of the same form as (4.2.2), these
poles are obtained as the solution to lT(z-l)lwhich may be chosen
prior to application of the control law.

Therefore using the identity,

1 = caHre™h 4.2.12)

Az~ Dz - 2 Bz He(z
such that the matrices of the polynomials used in the control input
equation (4.2.10), D(z—]) and G(z_l), may be evaluated from this, the
closed loop system now becomes,

Tz D (@ Dy(e) = ele)
where a cancellation of the C(z_]) matrix polynomial occurs.

The closed leoop form may be rewritten as,

y(&) = bz HT (2" Ne(e) (4.2.13)
and thus a condition of relative primeness must exist between

D(z_l) and T(z_l), which is almost always true.
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Although this method has the advantage, as in the SISO case, over
minimum-variance multivariable controllers, in its non-sensitivity

to non minimum phase plant, the major advantage is its ability to deal

with systems in which a different integer time delay can be associated with
each input. The number of multivariable processes that contain uniform
delays, k, is extremely small, Borisson (1975), and this greatly limits
the field of application for minimum-variance type MIMO controllers,

The use of the recursive least squares estimation scheme, when
the system matrices (4.2.1) are unknown, is carried out in a similar
fashion to that in the SISO problem, which was dealt with in Sec.1.5(3).
Once again, though, where previously single parameters were estimated,
these are now replace@ by matrices of dimension w*m, all of whose para-
meters must be estimated. The self-tuning property of the overall
algorithm then holds, Prager and Wellstead (1981), provided the maximum
value of integer time delay, k, in any loop, does not overshoot the
maximum value specified, km, which now becomes the maximum possibile

value connected with any input.

4. State—space controller

The process is considered to be modelled by use of (4.2.1) in
the CARMA form. A state space approach, similar to that used for
SISO systems may now be defined as,

x(t+1)

1

Px(t) + Qu(t) + Re(t)
(46.2.14)

y(t) = Hx(t) + e(t)
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where,
fe . ........0) (B )
. n
. 1
I° . :
o . o 0 .
P = . . . - =
. . Ah » Q B0
. |
' ) . . 0
. . ¢ _AZ :
L o . . . . 0 I -A] J L ] ]
(4.2.15)
( 3
r 0 w Q@
@
R = HT = .
C =—An .
n 1
1
. ®
A L ]
Cl Al J
where n, = max{n ,n, ,n } , and as each matrix A , B,, C ete. is of
1 a>b’ e 1 | 1

dimension mXm, the overall dimension of the matrix P 1is

(nl+k)m X (nl+k)m. The matrices I and @, the identity and null
matrices, are necessarily of dimension mXmand Q, R and HT are of
dimension (n1+k)mxm. {u(t) : teT} and {y(t) : teT} are m*1 vector
input and output sequences respectively and the state, x(t), is now of
dimension (nl+k)mxl such that the number of states is increased in the
MIMO case, from the SISO system, by a factor m.

The simplest method of analysis for the multivariable state
space controller is by a simple extrapolation to the SISO model. It
was shown (2.3.6) that for a SISO system the estimate of the state
vector is given by,

2(r) = (II—Z'IE)" 2 ' [Qu(t) + Ry(t)] (4.2.16)
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where now the original equation has been extended to cover the
mul tivariable case. Il is the identity matrix of dimension
(nl+k)m X (nl+k)m and here C(z_l) is considered to be equal to the

mXm unit matrix T. As P =P - RH, the estimate may be rewritten,

- i )
[ Bz | W 0
n -
-1 -2 .
Bn -f +Bn z 0
1 1
~ —l
x(t) = . u(t) + —An z y(t)
. 1
-k -1 L IR -1, -2 ™
Lz (B0+z Bl+"'+Bn]z ) ] [ Az -A,z -...—Anlz J

e e e (BL2.17)
Although where C(zfl) is regarded in its general form,

( I 0 . . ... .. 0 }
-z—lI . :
¢ . 0 i
_1_ -
(Il-z P) = . ot -1 (4.2.18)
. 0 Z‘ Cn
_— -
- - _l
. Lt I 2 ¢
. -1 -1
g ... . ® -z I I+z clJ

This leads to a more complicated expression for %(t), as in the SISO
case, and although this is not of direct importance in this section
the estimate 13 nevertheless rewritten in the form of (4.2.17) in
Appendix 4.1, where (]Ll—z-lf’.)-l is obtained.

However, where a recursive least squares procedure is employed

the state may be reconstructed from the equivalent of (4.2.17), and thus
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C(z ') is considered as the unit matrix.
The control input is defined as,
u(t) = F&(t) (4.2.19)
where F, the state feedback matrix, now contains m X (n1+k)m parameters.
By substitution of (4.2.19) into the equations (4.2.14) the
closed loop equation is therefore,
y(6) = [T +Hz '(1-2 P 'Rle(t) (4.2.20)
where F=P+ QF.
This final form is similar to (4.1.4) in the SISO case, but
because of the properties of the matrix multiplication procedures
_1—

now involved, especially in finding the inverse of Il -z F, any

attempt to assign the closed loop poles directly from the above equation
is not feasible.

For a simpler approach to the multivariable pole placement
problem in a state space framework we will make use of the separation
principle, where the estimation of the state vector and the calculation
of the controller action may be derived without consideration of their
counterpart calculation. As the state estimate has already been
dealt with our attention is now focussed on the determination of the
controller action by means of the selection of closed loop poles.

The deterministic system is now considered where,

#

x(t+1) = Px(t) + Quit)

(4.2.21)

y(t) Hx(t)
where the matrices are as defined in (4.2.15).
If the control input is chosen to be (4.2.19), the matrix of

dynamics of the feedback system is F. Thus the required closed

loop poles may be found by the correct choice of F in the matrix
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Il—z F. However the present state space formulation, with matrices

defined in (4.2.15), is not a canonical form. In the SISO case the
canonical form of reconstructability was employed, and thus here we
will obtain the multivariable canonical form of reconstructability
before proceeding with the pole placement. Defining a matrix L,
as that which is required in order to obtain a reconstructability can-
onical form, then
P, = L ler, Q = L g, H = HL (4.2.22)
and 5 (1) =17 x(0) (4.2.23)
To give an equivalent versién of (4.2.21) in the required form as,
xp (L+1)
y(t)

Pe §R(t) +Q u(t)
He (0

Now however the state vector is not equivalent to that previously

(4.2.24)

estimated, thus if the state feedback parameter matrix F 1is found
from the form (4.2.24) the control input is then given by,

u() = Fg (6) = FL'3(6) | (4.2.25)

The method used to obtain the correct matrix L 1is set out in many
works, e.g. Strejc (1981), the solution to this problem being stated

as the (nl+k)m X (n]+k)m matrix,
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(4.2.28)
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where the A(z-l) matrix polynomial is redefined such that each element

is of the form,

Ai = ai . e e al (4.2.29)
ml Tm
CH . e e . a; J

where 1 = 1,...,na. For i=0, AO is the unit matrix which can be
derived as a special case of (4.2.29).

The new state space formulation may therefore be directly obtained
from the parameters in the CARMA model. This is also true of the state
estimate %R(t), where although we now have gét)=Lg(t), as L contains
only zeros and ones, this can be regarded merely as altering the positions
of the state estimatesin the state vector, no multiplications take place.

Many methods then exist for obtalning the necessary closed loop
pole polynomial form. The calculation of the state feedback parameters
is much simplified by transforming the state equations into a
controllable canmonical form, although this leads to a more complicated
expression for the associated state vector. The "best' method, in some
sense, is the topic for further research and thus will not be dealt with
further here. Defining the specified closed loop matrix polynomial as

T(z-l), where,

-n
T(=z l) =1+ le Ly el * Tn z °© (4.2.30)
t
.1
and each Ti = Ti 0. . .0 (4.2.31)
0 L] ] » . -
- * - 0
. © a2
\ N 1] TiJ
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Then TQz—]) = r Tl(z_l) 0O . ... .. 0 W
. .
0. .
0
¢ ...... "0 Tm(z—l) J

"

Thus to obtain the necessary closed loop form,

= -1 F 1= -1

(I.-z ' F) =% . [Tz ). 0 | ]
1 X =
0 1 )
poep )
0 0 T (z ) |
__________ [
R TR
] R
o | ?_ s
} Oveenn 0 'I.‘m(z_l)
\ bmmmmmm oo J
(4.2.32)

where X 1is the residual adjoint matrix,and substituting for this in
the closed loop equation (4.2.20), leads to,
y(6) = [T +2 YT (2 ) lele)
where Y 1is obtained from HXR.
Thus y(t) = [T(z_l) + z_lY] T-](z_])g(t) (4.2.33)

which produces the necessary pole polynomial matrix.
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4.3 Nonlinear Systems Control

1. Introduction

The basic model employed in this thesis, where SISO models are
concerned, has regarded the system to be linear, Astrdm (1970).
Because of this, the superposition theorem holds and thus the model,
whether state space or polynomial, is much simplified due to the system
and measurement disturbances being thought of as one and the same. In
practice though nonlinearities, in the process to be controlled, may
oceur and in this case a self-tuning algorithm cannot be directly
implemented, although minor nonlinear effects can, in fact, be dealt
with due to the incorporation of an on-line recursive parameter estimator.
Where nonlinearities are much stronger, especially around the
point of operation of the self-tuner, this must be accounted for by
use of either a more responsive estimation scheme,Wittenmark (1979},
or by ineluding nonlinearities in the system model, Anbumani et al (1981).
It is generally true, though, that if a nonlinear model is used, many
of the properties attributable to self-tuning controllers will no longer
apply, and furthermore the formulation of a control law which is suitable
for use with the model can become extremely complicated. As in the
case of linear systems, the final control scheme must be computationally
simple enough to be deployed on a microprocessor in an iterative procedure,
and this limits the encroachment into nonlinear theory to a large extent.
The two methods mentioned will be discussed in this section with

emphasis placed on their effects on the state space description.



- 183 -

2. Dual estimation method

Kalman filtering estimation techniques, introduced in Sec.l1.4,
provide a good estimation scheme for a system with parameters which
remain constant or vary slowly with respect to time. Where variations
are rapid and/or more frequent, the basic estimator may not respond
swiftly enough, thus a further 'rough' estimator is appended. The
purpose of this second estimater is to choose the best model, from a
given set of possible models, such that the primary estimation procedure
may be carried out by using this best form. .

The standard Kalman filter equatioms, Rstrﬁm and Eykhoff (1971),
whereby the 'states' in the filter are thought of as being the unknown
system parameters, can however be adjusted, with a restriction of one
possible model, by the inclusion of a variable forgetting factor, which
decreases to counteract a low Kalman gain value. The problem arises,
though, that when the model itself is a poor fit, the forgetting factor
will remain at a relatively low magnitude and therefore the parameter
estimates, obtained from the estimation scheme, may be poor.

Thus, prior to controller operation a set of possible models,
which is considered to be known, is specified such that the estimator
operates as follows.

The process is described by the equation,

A hym = 2 8 Hu) + ez He(w (4.3.1)
where A(zﬂl) is monic, and C(z_l) is defined initially to be unity.
The parameters contained in the respective polynomials A(z_]) and
B(z—l) are now time varying and it is assumed that the parameter vector

(state) is defined as,
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67(6) = [a,(0),a,(8), - vsa (6, by(E),b (E),0nsb ()]
"a "t
cen (4.3.2)

where al(t), az(t),...,bo(t),bl(t),..., are the parameters of the
respective polynomials in (4.3.1) which are of order n_ and .
This parameter vector is then estimated by means of the primary estimator,
to obtain a(t) at each sampling period.

The set of possible € at time ¢t 1is now introduced as
'{Bi i 1= 1,...,N}. Having taken input and output signal samples up
to and including thoge at time t it is therefore possible to test
the residuals obtalned for each particular Gi incorporation. Schemes
for carrying this out include a Bayesian probabilistic rule or for easier
computation the maximization of a log likelihood function. Both
methods need to incorporate an updated window, such that only the
most recent sampled values are considered, the actual window size being
dependent on how fast the system parameters are likely to vary.

At each iteration of this rough estimator, the best ei obtained
is fed through to form the framework for & 1in the next primary estimator
calculation. If the Si fed forward remains constant over a large
time period this means that the primary estimator is able to cope
with the parameter variations and hence the system nonlinearities are
not as severe as was expected. The effect of this estimation scheme
on the state space controller model is to change the dimension of the
state space accordingly, although as this is dependent on
max{na,nb} rather than na+nb, as is the case with 8 , no change in dim-

ension will take place if min{na,nb} is affected by a new Bi unless

min{na,nb} = max{na,nb} .
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One distinct advantage of this type of estimation procedure
is that where the process is redefined, by internmal alterations, the
controller need not be reformulated, as the rough estimator will

allow for this permanent change.

3. Nonlinear model control

The inclusion of nonlinearities into the system under control
have been limited, to date, to minimum variance controllers, the
state space equivalent of which having been formulated in Sec.2.4 as
a special case of the class of self-tuners in which a weighting is
placed on the control input as well as the system output.

By using the linear system descriptiom (4.3.1), the imput u(t)
is now considered to be obtained as,

u(t) = py + e+ ui(e) . G () (4.3.3)
where u(t) is the actual control input to the plant. Rewriting the
above equation as,

ut) = pule) (4.3.4)
the overall system may be modelled by,

Az Hy(e) = 2Bz Huu(e) + ¢z He(r) (4.3.5)
where the usual definitions (see(1.3.14) for example) apply toc the
constituent polynomials.

The estimation model is then extended to include the larger
number of parameter estimates, such that the final control law for
the minimum-variance case 1is obtalned from ([.5.5) as,

E(z )B(z Ha(t) = - 6(z )y(e) (4.3.6)

where E(qu) and G(z-l) are evaluated from the identity,
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¢z =az Hhee Y « 2 fe@ (4.3.7)
Thus the final control input, u(t), is given (4.3.6) as a polynomial
of order N, and this necessitates the inclusion of a root extraction
algorithm before the control can be applied, and thus N is limited to
an odd value such that at least one real root is assured.

This method of dealing with nonlinearities is, at present,
limited to use with minimum-variance tuners, although set—-point
inputs can be allowed for. Despite the fact that minimum-variance
controcl can be obtained via the state space, the advantages of the
latter approach lie more in the pole placement field, and therefore the

employment of such a nonlinear technique via the state space will lead

to no foreseeable improvement.

4ob, Il1-Defined System Models

This section briefly considers the effect of either under or
over specification of the system order. When the model, to be used for
estimation and control purposes, is decided upon, the order of the
model, and thus the dimension of the state space, is usually assumed
to be equal to the order of the process to be controlled. But this
may well not be the case, especially if little knowledge concerning
the process is available. This can be remedied to an extent by the use
of a two level estimator, discussed in the preceding section, whereby
the higher level decides upon the model order and the lower level
estimates the parameters wirhin that bound. But this provides extra
computation and as only a finite number of apriori models may be chosen
from, the actual process order may still fall outside these available

models. Thus consideration must be taken of the effects of using
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a model of different order to that of the process itself.

The problem of employing a model which is much simpler than
the actual process, an underspecified model, has been found to affect
the control provided to only a very limited extent, Astrdm (1980).

Even when the model is several orders lower than the process,

because of the self-tuning action, the range over which closed loop
stability is highly dependent on a correct model choice is very small.
This is, of course, a large bonus for self-tuning controllers, due to
the requirement for a simple computational algorithm which necessarily
results from a simple model structure. Significantly, in the case of
pole placement state space self-tuners, the use of linear output
feedback, Sec.4.!, introduces a negligible amount of extra computation
when low order models are used, provided that this order is large
enough to encompass the specified pole polynomial.

Overspecification of the model order is generally the rule, rather
than the exception, in identification procedures, where it is assumed
that thé model chosen to be used for the system parameter estimation
i5 sufficient to allow for the actual parameters to be estimated. The
eXcess estimates then tend to zero, which means that it is only the
control law itself which may be affected under these circumstances.

The major problem lies in the inversion, by whatever means, of a coe-
fficient matrix, e.g. the W matrix in Sec. 2.5. Where a column and
row of a matrix have as their maximum coefficient a factor tending to
zero, a lower bound must be included such that when this is violated
by the maximum coefficient the order of the matrix is reduced by unity.

This is of special importance when a variable integer time delay k is



- 188 -

allowed for in pole placement self-tuners by the selection of kmax'

If the actual time delay of the process is less than kmax’

~

(kmax—k)higher order parameters of the B'(zdl)polynomial will tend

to zero, and thus a reduction in the dimension of the state space

may be necessary.

4.5 Concluding Remarks

For high order system models the use of linear output feedback,
and hence the calculation of G* can prove to be computaticnally inefficient,
but for relatively low order models the extra computational requirements
are minimal in relation to the total necessary in the entire algorithm.
This increase in computing time is, however, rewarded by a much improved
value of output variance when compared to that obtained if state
feedback alone is used. One of the advantages of the state feedback
method was that output spikes, occurring when changes in process integer
time delay appear, are non existent. This is lost when £.0.f. is used,
although the magnitude of the spikes may be reduced by the use of a more
active variable forgetting factor. In fact, the variable forgetting
factor employed in the simulations of Sec.4.1(6) was of the type pro-
posed by Wellstead and Sanoff (1981), as this was found to be comput-
ationally far less time consuming than that of the stochastic version
of Cordero and Mayne (1981), although an equivalent factor can result,
Cmani (1981).

Ultimately, though, the best overall performance would be
achieved by the use of £.0.f. under steady conditions, in combination

with state feedback, and a cessation of the £.o0.f. content when either
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a change in time delay occurs or if the model estimates vary rapidly.
The problem than arises, however, of detecting changes in the system
parameters, although the variable forgetting factor, which decreases
rapidly due to a large estimation error, provides one possible
measurement.

The problems found in the extention of state space self-tuning
to multivariable control systems are centred around the non-commutative
property when the multiplication of constituent matrices occurs.
However, if a suitable state form, i.e. reconstructibility canonical
form, is obtained, this problem is then removed. There still remain
several possible ways of obtaining the state feedback parameters via
the model described, and this remains as the subject for further research
to discover the benefits or detractions of each particular approach.

The state equations used as a starting point for the multivariable
case were merely an extension to those employed in the SISO problem,
and other representations must therefore not be discounted. One
such possibility is the formulation of the state vector by a stacking
of past input and output signal values, although this method really
represents another way of writing the polynomial equations in matrix
form, and hence has not been dealt with in this section.

Due to the use of a simple linear model as a basis for self-
tuning controllers, the incorporation of a system which is actually
non linear has not, to the present, been considered in great detail.
Using a two-level estimator, Sec.4.3(2), has no effect on the final
model type, merely on the number of parameters it must incorporate.

Finally, as models, may be employed in self-tuning coatrollers,

which are much simpler than the actual process under control, the
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overall computational effort remains small, and hence suitable for
real-time microprocessor implementation. As far as model overspecific-
ation is concerned, cancelling modes in the open loop system transfer
function can lead to an estimation procedure which appears to be over-
specified, even though theoretically it is not. Where the cancelling
mode lies within the unit e¢irecle of the z-plane, stability of the overall
closed loop system is not impaired, although unstable, uncontrollable

modes can give problems, dependent on the type of control action selected.
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CHAPTER 5

FILTERING AND OBSERVER THEORY

Most of the work in the previous chapters has been concerned
principally with the formulation of the desired control law, the
system state being regarded as known or, at worst, it may be estimated.
However, where a state estimation scheme was discussed, Sec.2.3, the
underlying filtering techniques used were glossed over simply by
looking at the problem as one of back substitution in the state
equations.

In this chapter it is intended to reconsider the estimation
scheme employed and by doing so to investigate the type of observer
necessary to obtain the estimate from system output and control

input values. The observer form used is standard, Kwakernaak and Sivan
(1972), and defines the basis of other filtering configurations, Vathsal
{1980), Warwick (1982). From this starting point the estimator is
found, as if the parameters of the system were known, such that in its
final format the oberver is considered optimal in the sense that the
mean square error in state reconstruction is minimized.

In Sec.5.1, the optimal observer, also known as the Kalman—
Bucy filter, is found by using only past values of input and output
signals. This provides the state estimate of Sec.2.3, which was later
used in self-tuning, specifically pole placement, design. A modified
estimate is then looked at in Sec.5.2 by including the present value

of output signal in the observer equations. However, the optimal
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observer found by this approach is not the one used in other self-
tuning systems, and hence in Sec.5.3, a modified non-optimal cbserver
is obtained, which meets the necessary requirement.

The stability and reconstruction error properties of each
of the observer forms are discussed, and the possibility of obtaining

the modified forms from the original estimate of Sec.5.1 is shown.

5.1 State Reconstruction for the Primary Model

1. Observer formulation

The state estimation procedure, formulated in Sec.2.3, used
simple back substitution by means of the state equations in order
to arrive at its final form. Here the underlying observer theory
connected with such an estimation scheme is discussed.

The state equationsare given in the discrete time by:

(a)  =x(t+l)

(b} y(t)

Px(t) + Qu(t) + Re(t)

Hx(Ere (2) (5.1.1)

where the constituent matrices, for this particular case, are defined
in sec. 2.2(2), and R e(t) is the state excitation or process noise,
whereas e(t) is the the measurement noise. Hence, as the process
noise 1¢ a linear combination of the measurement noise, the process
is singular.

If the system in (5.1.1) is regarded to be of order n, where
n 1is redefined for this chapter, then a full-order observer for the
system, 1s obtained from the n—dimensional equation,

X(t+1) = PR(t) + Qu(t) + Kiy(r)-HX(t)] (5.1.2)
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on condition that g(to) = §(t0), from which it follows that R(t) = x(t);

t >t for all u(t), t > ¢t Kwakernaak and Sivan (1972).

0 0’
Previously, Sec. 2.3, it was shown that by setting K = R

we obtain,

-1
(e+1) = [I-2 '] {Ry(t) + Qu(e)} (5.1.3)

where P = P - RH. (5.1.4)
This is now examinedrfrom a filtering point of view by con-
sidering the discrepancy between (5.1.1) and (5.1.2). If the
state, x(t), and the reconstructed state, %(t), are identical, these
equations are the same. But where they differ it is necessary that
some measure of the error between them is taken.
Let this error between the state vectors, known as the re-
construction error, be A(t), when the error is considered at time

t, and thus

Alt)

x(t) - x(t) (5.1.5)
Then, from (5.1.1a) and (5.1.2),

A(t+1) = PA(t) + Re(t) =-Ky(t) - KHR(t)
and using (5.1.1b},

A(t+1) = [P - KH]A(t) + [R -Kle(t). (5.1.6)
Thus the error is defined by a linear stochastic difference
equation, the mean value of which is given by,

E{a(t+1)} = [P -KHIE{A(t)} (5.1.7)

where E{*} denotes the expected value, which we wish to be zero in the
case of A(t), i.e. E{A(t)} = 0. (5.1.7a)

The following definitions are then made.
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(@) EfRe(r), e (t)R'} = RR )

()  E{Re(t), e'(t) } =R

(&) Efe(t), e ()R} = ORT (5:1-8)
(@ Ele(t), e'(r) ) =@ J

We can now proceed in the investigation of the reconstruction error variance,

denoted by @(t), at time t, and defined by,

ace) = E{aCt) - BN (ace) - E{a() ) (5.1.9)
and using (5.1.7a)
d(t) = E{a(r), AT ()} (5.1.9a)
By substitution of (5.1'.6) into this equationm,

@(t+1) = E{(P-KH)A(t) + (R-K)e(t)H (P-KH)A(t)+(R-K)e(t)} T (5.1.1¢

or B(e+1) = E{(P-K)A (£) + (R-K)ele)HaT(e) k)T + eT(e) -k) T }

which may be expanded such that,
@(t+1) = E{(P-KH)A(E) AT (&) (P-KH) '} + E{Re(t)e  (£)R'}
“E{Ke(t)e (£)R'} - E{Re(t),e (£)K'}
sE{Re(t), e (£)K'} (5.1.11)
all other terms being equal to zero,
By rewriting (5.1.11) in terms of the identities (5.1.8), we
have
B(e+1) = (P-KH)B(t) (P-KH)  + ROR® - KQR- - ROK® + KOK® (5.1.12)
It is now desired to make a choice of the unknown K in order that
(5.1.12) is in some sense optimal. As this error has zero mean it
is therefore left to select X such that the reconstruction error
variance is minimized. This is known as the optimal observer problem.
Rearranging (5.1.12)},
@(t+1) = PG(L)P’ + ROR® - [RQ + PO(t)H JK

“RIGRT + HP(£)PT] + K[O+ HO(E)HT K-
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and completing the squares leads to
-1
@(t+1) = PG(E)PT + RORL - [RQ + PP(L)HII[Q + H@(t)HT]X
-1
[BR" + BA(D)PT] + (K - [RQ + PO()H ][0 + WA(OE'] }_

-1 T
[+ H@(t)HT]{K —[QRT + HG(t)PT]T[Q + Hw(t)ﬂT} }

(5.1.13)
Thus 1if a(t+l) = min{@(t+1)} and K = K to give a(t+l), from (5.1.13),
K
- T 7,7}
K= [RR + PE(L)H ][0 + HO(E)H ] (5.1.14)

and it follows that,

F(t+1) = PB(t)P" + ROR- - K[QR® + H@(t)P ]

- - - T - T (5.1.15)
or @(t+1) = [P - KH]F(L)P” + [R - KIOR
where [& + H@(t)HT] is non-singular, and therefore invertible for this
to hold.

In its present form (5.1.14) does not present a simple equation
from which K may be evaluated. But if the steady-state filter format
is desired, the sequence of error covariance matrices {#(t)} converge
to the null(zero) matrix as t - o, For this to occur, however, the
C(z_l) polynomial, whose parameters are present in the R matrix, must
contain all stable zeros, Caines (1972), the reasen for this will
become clear shortly.

With the limitation that a(t) + 0 as t +o, (5.1.14) is much
simplified to,

K==R {(5.1.16)
which means that if ¥ in (5.1.2) is set equal to R, the form
becomes that of a steady state optimal observer.

By using the value of K = K throughout, (5.!.15) reduces to,

G(e+1) = [P - REIB(e)PT (5.1.17)
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The final filter equation being in 'Kalman-Bucy' form, and is the minimum
mean square linear estimator, Astrom (1970}, such that (5.1.2) may now
be written as,

R(e+1) = [P -RHIR(£) + Qu{t) + Ry(t) (5.1.18)

which is equivalent to (5.1.3).

2. Observer stability

The stability of the observer, (5.1.18) is determined by the
relationship between A(t) and A(t+l), which gives, among other things,
its speed of response.

By considering the deterministic case of (5.1.6),

A(t+l) = [P ~ KH]A(t) (5.1.19)
and it is required that A(t) - 0 as t + = for any A(to), on condition
that the observer is asymptotically stable. The characteristic values
of [P - KH] are called the observer poles, such that by making K very
large a rapid reconstruction error convergence to zero is achieved,
although the filter then becomes far more sensitive to measurement
error. Hence the optimal filter choice for K, E, found in (5.1.14),
which trades off between the two cases.

In order to investigate the observer poles, consider the three
dimensional system where ,

- 4 - - - = 4 —
K =( k, Y; H=[0 0 11; P 0 0 a, ]

k2 1 0 —a,

It follows that P-KH= (0 O —(a3+k3)
1 0 -(a2+k2)
0 1 —(al+kl)
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from which the characteristic equation is given by the determinant

of
z 0 (33+k3)
-1 z (a2+k2)
0 -1 Z+("al+kl)
which 1s

3 2
z + (al+kl)z + (a2+k2)z + (a3+k3)
In the optimal case, when K = K = R, we have that,
k, = c. - a; 3 i=1,2,3.
Thus the observer poles are found from the equation,
23 + clz2 + C,y2 + Cy = a.
Hence these poles are governed completely by the C(z-l) polynomial,

which must be stable for the sequence {#(t)} to converge to zero as

t > o,
3. Stability during parameter estimation

-1 .
As the observer poles are also those of the C(z ') polynomial,
this has direct relevance to the type of parameter estimation procedure
carried out. Where the recursive least squares method is employed, it

is assumed that the C(z-l) polynomial is equal to unity, i.e.

Therefore, all the observer poles may now be regarded as lying at the

origin of the z-plane.
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Hence, every initial wvalue of reconstruction ertor is reduced
to zero in a maximum of n'steps, where n' is the state space dimension
(given as three in the previous example). It follows that the
observer becomes what is known as a dead-beat observer under the

condition of recursive least squares parameter estimation.

5.2 Modified State Reconstruction : Part I, Optimal Observer

1. Estimator formulation

Although the values of output and input at time t, y(t) and
u(t), respectively, were introduced into the observer equation (5.1.2),
because of the delay operator in (5.1.3), the state estimate at time ¢t
is only dependent on the terms u(t-1), ul(t-2),...,y(t-1),v{(t=2),... .
Hence X(t) may be written ®(t/t-1), i.e. the estimate of the state
at time t, dependent on conditions up to and including those at time
e-1.

Thus a controller obtained by employing this state estimate,
provides a feedback loop in which y(t), although available, is not apparent.
It was shown in Chap.ter 2 that several polynomial self-tuners use the
equivalent of a state estimate form in which y{(t) appears, and this
alternative method was derived as a modification to the state estimate
(5.1.3).

In this section an observer in which the next output value appears
will be derived from first principles. The full order observer equatiom
is now, however,

(t+1) = [I - KHI[PR(t) + Qu(t)] + Ky(t+l) (5.2.1)

where &(t) = R(t/e).
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Substituting for this state estimate in the state equations (5.1.1),
the reconstruction error is
ACe+1) = [I - KHJPA(tY + [T - KH]Re(t) - Ke(t+l) (5.2.2)
in which  A(t) = x(t) - K(t).
Once more the variance of this reconstruction error may be obtained
from,
d3(t) = E{a() , AT}
as g(t+1) = [P - KEP](L) [P - xup]®
+[I - KH]ROR [T - KH]® + KOK®
~{I - KH]RRK® - KOR'{I - KH]T .
To simplify this somewhat, into a form from which it will be possible
to obtain K = E, the following definition is made.
Let y(t+1) = PE(t)PT + ROR. (5.2.3)

Then it follows that,

@Cerl) = y(eeD) = [yCerDH' + RAJ[HY (e+1) + QRT]

-1
(Hy(t+1)HT + HRQ + QRUE + Q)

-1
+{X - [Y(t+1)HT + Rﬂ][HY(t+1)HT + HRQ + QROHT + @] }x

[Hy(t+1)H® + HRQ + QRH® + a1,
T =1

{K - [Hy(t+]) + QR'] [HY(t+1)H® + HRQ + QR'H® + Q] }

Thus the minimum value of @(t+1) is found when,
-1
K=K = [y(c+DHT + ROI[HY(E+1)H. + HRQ + ORUH. + Q]  (5.2.4)

and hence ,

F(t+1) = v(E+]) — R[HY(t+1) + QRT]
or B(t+1) = [I - Kuly(t+1) - RKORT (5.2.5)
where () =

min{@(t)}.
K
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The steady-state filter is now required, such that a(t) + 0
as t + «, and by substituting for §(t) = 0 in (5.2.3) we obtain

¥(t+l) = RQRT
_ =1
from which, K = [RR?HT + R][HRRTHT + HR + RTHT + 1]

considering an n dimensional system,

HRRH® = (c, - a )2 Tyt

1 ) H H§l= RH = (c] - al)
-2 R
thus [HRR:HT + HR + RTHT + 1] =(1 - a, + cl) = E 2
T T
also R[RH + 1] = R(l - a + e ) = RE
Therefore, in general, K = RE-] (5.2.6)

The steady-state optimal observer for this modified state
estimator can now be written as,
2(e+1) = [T - RHE 'J[PR(t) + Qu(t)] + RE 'y(e+1) (5.2.7)
and defining, P* = [I - RHE-IIP, the estimate becomes
205 = (1 - 22" 001 - ReE T JquCenn) + REMy(0)) (5.2.8)

which 1s in the same form as (5.1.3), although in this case the

estimator at time ¢t contains the present output value, y(t).
2. Estimator equation

In Sec. 2.3, the state estimate gﬁt/t—l) was found in terms of
parameters of the estimated A(z_]) and B(z—]) polynomials, C(z—l) having
been set equal to unity due to the use of a recursive least squares
procedure. It is now desired to find a similar form for g(t/t).

Consider the three dimensional case, where



- 201 -

, T
p={(0 o -aBW ; R' = -a, V3 w ={ol); q=f b, )
0
0 -a ) b,
1
0 | -a -a b
L Y LV . 0 )
where R' is the R vector in which all the parameters of the C(zdl)
polynomial have been set to zero.
Then, from (5.2.8),
( 3
b2 u(t-1) +
1 -1
z(t) = bl + bzz
{z+a(z ) (1-2) } - -
\ bO + blz + b2z |
-a ) (ab-ab) +z ' (ab -ab) dule-iy}
3 370 21020 T2 N3P T
! -1
-a,-a,z y(t) + (1-z ) _ =1 -~
2 3 (azb0 albl) + z (33b0 alb2)
-a,-a z-l- z_2
[ i 2% T8 [ 0
(5.2.9)
where A(z_l) =1 + alz_1 + azz-2 + a32-3

For the full calculation of R(t) from (5.2.8), see Appendix 5.1.

The expression (5.2.9) is similar to that for X(t/t-1), see
Sec. 2.3, the differences being (a) y(t) is now included instead of y(t-1),
{(b) the denominator is no longer unity, (c) an extra vector operator
on u(t—i} has appeared.

Both estimators, though, may be written in the form,

%(t) = (der)  [Mu(r=1) + Ny(t)] (5.2.10)

such that for any n—dimensional system, if M and N are found for

R(t/t)
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f . 3
n
-1
-a —a z
n~-1l n
N = . . . (5.2.11)
-a - -a -n+2
2 n
~a -a.z -a z-n+l
N 1 2 n J
and M= MI + M2 (5.2.12)
r 3
where, bn—l
-1
n—2+bn-lz
M, =
{(5.2.13)
b + +b —n+2
1 n-1
-1 -n+l
\ b0+b]z + +bn-1 ‘
and,
¢ =1 -n+2
(anbO albn—l) Tz (anb] a2bn—l) etz (anbn-2+anipn-l)w
|
MZ = (l=2z2 )
_ =1 - -n+2 _
(azb0 alb]) + z (a3b0 alb2) S + z (anb0 alth-l)
\ 0 J

(5.2.14)

However, as this latter matrix is not a direct stacked vector as
in the previous cases, an example for a five dimensional system is obtained

as,
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+

)

+

)

+

_ -1 _ -2 _ -3 _
(aSbO a]ba) z (a5bI azb4 z (asb2 a3b4 z (a5b3 aébh)

+
+
+

-1 =2 -3
z (a,b z (aqb2 a3b3) z (a5b2 a3b4)

(a,bgma;by) 4217250 5)

M, = (l-z ) (a3b0-a]h2)

+
+
+

-1 -2 -3
z (aBb] aZbZ) z (a4bl a2b3) z (aSbl asz)

+
+

_ -1 - -2 _ -3 _
(azb0 alb]) z (a3b0 ale) z (a4b0 a1b3) + z (asbo alb4)

The general rule for building up M2 can be stated as follows. If
every term in each row with a common delay operator forms a subcolumm,
such that in the example above there are four subcolumns, then by starting
from any term in the lowest non-zero row, to obtain the term in the row
above which remains in the same subcolumn, i.e. has the same delay
index, unity must be added to the lowest index in either parameter
multiplication, until the right hand term has identical indices. If
this latter case 1s apparent, unity is added to the bi index in the right
hand term and to the a, index in the left hand parameter multiplication.

e.g. if we have a bi -

4 , the term in the row above is,

ai+lb3
aabi+] - ai+2b3, unless i+l = 3, in which case the term in the row above

is a bi - a. for subcolumn 3.

5 1+lb4’
The final form of (5.2.10) for X(t/t) will now be compared with
that for the state estimate X(t/t-1). By defining,

_] - -
2(t/t=1) = (det) [Mu(t-1) + Ny(t)] (5.2.15)

the following equalities arise i

|

1y det =1 : det = z + (I-2)A(z D).

2) M

]

M1 (or M = M where M2 is the null matrix).
-1

£)) N=2z N

Because of the difference between the determinants given in
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equality (1), a simple calculation of the state estimate at time ¢t
from the general form of (5.2.10) is not as obvious as that obtained
from (5.2.15). However the estimator X(t/t) may be rewritten as,
[z+(1-2)A(z ) IR(t/E) = Mu(e=1) + Ny(t) (5.2.16)
where det(I-z-lP*) =z % (l-z)A(z-l).
This method of obtaining the state implies that past values of R(t/t)
are required, a feature which is not desirable because of problems due
to unknown initial stata values. The control input form (5.2.17) is
therefore introduced, such that

u(t) = FE(t/t) =
i

[[Waes k=]

lfiﬁi(t/t) (5.2.17)

for an n-dimensional state vector.

-1
Let 2(e/t) = {z + (1-2)Az 1)} &' (t/t) (5.2.18)

then  {z + (1-2)A(z D) }u(t) = F&'(t/t) (5.2.19)
which follows from the scalar nature of the determinant.
From (5.2.19) by expansion of the determinant,

(l—al)u(t) = (az-a])u(t-l)+...+(an-an_l)u(;-n+l) - anu(t-n)

+

| 35

o
R fixi(t/t) (5.2.20)

or by setting &'(t/t) = (l~a1)_l§'(t/t)

u{t) = (l-al)-]{(az-al)u(t-1)+...+(an—an_])u(t-n+l)-anu(t-n)}

+
i

It t~=18

an
]fixi(t/t)'

Thus the control law defined by (5.2.17) may &= formed from,

u(t) = Lu(t-1) + F&"(c/v) (5.2.21)

I

or u(t) (L + FM')u(t=1)} + FN'y(t) (5.2.22)
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-1
where L= (l-a,) {a.+a.z l+...+a z n+2—a -a_z l—...—a z-n+]}
| 2 73 n 1 2 n

-1 -1
M = (l—al) M and N' = (l—a]) N.

The stability of this particular control law is obviously
dependent on the term (l—al), which it must be remembered is only
obtained in the case when C(z_l) = 1, e.g. when using recursive least
squares estimation. Thus 1ff the estimate a tends to unity, the state
estimate, and hence the final control form, will become unstable.

Calculations to obtain the control input for a general
C(z-l) polynomial are far more complicated, and in practice not mecessary
as (a) the actual online evaluations only involve those terms included
in (5.2,22) when a recursive least squares procedure is employed, and
(b) the stability of the observer may be investigated by means of its

characteristic equation.
3. Observer stability

From the definition of the reconstruction error (5.2.2), the

characteristic equation is obtained from the matrix[I-KH]P, where the
. . = -1

optimal observer poles are found if K = K = RE .

Returning to the three dimensional example,

- =f - -
[I-KH]P 0 k3 alk3 a3
1 -kz a]kz-a2

0 1-k a k. .-a

1 11 71

and thus the characteristic equation is given from the determinant of,
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- 1
A k3 a3 alk3
-1 z+k2 az-alk2

\ 0 k]—l z+a1-alkl J

Hence the observer poles are obtained as the solution to

-a_k ) = 0.

3 2
2=+ z (ak 3 235

2~a1kl) + z(az—a2k1+k3) + (a

If the Kalman gain K, used to obtain minimum reconstruction error variance,

denoted by E, is employed, we have

) cl--a1 _ cz—a2 B c3-a3
kI - T k2 T k3 -
l-al+cl l—a]+c1 l-al+c]

and therefore,

z3(l-a +cl) + zz(al-a +c2) + z(a

1]
o

1 2 2733e5) + 3y
or A(z) - z{a(z) - Cc(z)} =0
Hence the stability of the optimal observer is highly dependent on the
E term, where E = l-al+c1, such that in the case 1 - aj+e, = 0, an
observer pole will appear at infinity, irrespective of the remaining
terms in the A(z-l) and C(z“l) polynomials.

The observer stability now depends on conditions other than
the C(z_l) polynomial, and thus stability can no longer be ensured
by the assumption thatC(qu) is stable. As stability of the overall
controller is an important factor in self-tuning, we are left with the
option that if it is desired to form a state estimate using the present

output value, y(t), we must consider a nom-optimal observer, that

is nevertheless stable, provided C(z_l) is stable.
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5.3 Modified State Reconstruction : Part II Non-Optimal Ohserver

1. Introduction

The optimal value of K, given as K, found in the previous
section led to an observer in which the variance of the reconstruction
error tended to zero in the steady-state only when the observer
polynomial was stable. But by using a non-optimal value of K, so that
a stable observer is formed, will have a detrimental effect on the pro-
perties of the reconstruction error. In Sec. 5.1 an optimal and stable
estimator was achieved, subject to C(z-l) being stable, although the
present value of output signal was not included. In this section the
observer polynomial will be chosen to be C(z-l) and the effect this
choice has on the Kalman gain, K, and the reconstruction error, A(t),

will be discussed.

2. Characteristic equation

To arrive at a characteristic equation equivalent to that
achieved in Sec. 5.1, two equalities are necessary. Firstly, by
considering the C(z-l) polynomial to be unity, as when recursive least
squares is employed for parameter estimation, the characteristic equation
must have all its poles at the origin of the z-plane, thus leading to
a dead-beat observer. Secondly, when a general C(z-l) polynomial is
included, the observer must be such that its characteristic equation
can be regarded as being the C(z-l) polynomial itself.

Extrapolating from the characteristic equation arrived at in

Section 5.2, in its general form this may be written as,
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n .
n » n—=l
z- + iEl {a-k)a, +k,, e

(5.3.1)

for an n-dimensional system, although this leads to a filter term

kn+l which will be dealt with shortly.

Setting (5.3.1) to be equal to C(z), where
C(z) = z" +

we have that

(okpag + kg =0
or ki+l =c - ai(i-kl) where 1 =1, ... , n.
By redimensioning the state space description to {(n+1) from
may be described as,

PK = R

and using the case n = 3 as an example, this is

(0 o o0 0 ) ( k, o )
| 0 0 "a, k3 ) cyma,
0 1 0 -a, kz c,"a,
o 0 l -a, | L kl ) | ¢ -4, )

I,

(5.3.2)

(5.3.3)

(5.3.3)

(5.3.4)

from which P is singular, and therefore not invertible, which means

that (5.3.4) leads to n+! unknowns, ki » With only n equations.

4n extra equation is obtained by remembering that iff C(z-l) =

we desire the observer to have all its poles at the origim.
(5.3.3),

ki+l = —ai(l—kl) for i = 1,...,n

unity,

Thus, from

and this 1s satisfied when kl = |, thus ki+ = ci such that (5.3.3)

1

holds in general.
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Hence the overall state—space dimension must bhe at least of
order unity more than the degree of the C(znl) polynomial to allow
for the kn+l term. In Sec. 2.2(2) this was defined as being the case,
and further the dimension is such that it will be at least k more than
the order of the C(z-l) polynomial, where k > 1 is the system integer
time delay. Therefore, when k > 1 further Kalman filter terms, ki+l’
will be present for i > n, but these will all be equal to zero as e, = 0

for i > n.

In its final form,

K™ = [O,...,O,Cn ,...,cl,l] (5.3.5)
c
and when c. = 0 L= l,...,0 &
i c
KT = H

where H was defined in Sec.2.2(2)
3. Properties of non-optimal cbserver

Having defined the non~optimal, but stable, observer, this will
now be compared with the observer defined in Sec.5.1. Thus if the
estimated state vector of this modified observer is denoted by &'(t),
at time t, the following theorem is given
Theorem 5.1

The State Reconstruction,

' (e+1) = {1 - KZH][Pg'(t) + Qu(t)] + sz(c+1)
where PK, = R

2

can be calculated from the state reconstruction,

R(r+1) = PR(r) + Qu(r) + K {y(r) - HE(t)]

where Kl = R
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by means of the equation,
&' () = () + Bl [y(r) - HR(D)]

where ﬁ = K

Multiplying both sides of the %'(t) state equation by the matrix P,
PR' (t+1) = [P - RH][PR'(£) + Qu(t)] + Ry(t+l)
It follows that by adding Qu(t) to both sides,
[T -2 'BI[eE' (&) + Qu(t)] = Qu(t) + Ry(t)
where P = P - RH.
Thus, as R(t) = [I - z“lﬁl—l [Qu({e-1) + Ry(t=1}]
PR'(t) + Qu(r) = R(t+l) .

Substituting for this back into the &'(t) state equation

134>

~
rt

[
1]

[1- KZH]g(t) + sz(t)

)

2(t) + B [y(r) - HE(E)]

—_
T
S’
[}

or

Iod>

T _
= K, Q.E.D.

It was shown in Chapter 2, Lemmas 2.2 and 2.4, that the final

t==g

when

form for this modified state reconstructiom, %'(t), was that used in

the equivalent of the self-tuning controllers based on polynomial
principles for either generalized minimum variance or pole placement objectives.
Thus the polynomial self-tuners of Clarke and Gawthrop (1975) and Wellstead

et al (1979b) use, when a state space format is considered, a non—optimal
observer, which is nevertheless stable subject to the C(z-l) polynomial

being stable. However, as the observer is non-optimal the variance

of the reconstruction error must be non-zero, its exact value being

considered in the next subsection.
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4. Reconstruction error variance

The general expression for the variance of the reconstruction

error was given in Sec. 5.2 as,

G(t+1) = [I - KHIPG(E)P [T - k] + [T - KHJROR[I - k)T

+ KOK - [I - KAIJRKS - ROR[T - k)T

and using K from (5.3.5),

(10 . v v v v v v ..0 )
o - - 0 0
", . - . -
[I-KH] = : T, . * 0 e
: . 1 e
) ) €1
0. .. ... .0 0
| )
Thus )
O v v v v e w . . . .0 0 1
I - 0 0
0 - : - —a,¢
[I-KH]P = . . . Re % Be
* . » 0 - _ -
. . . alcna_l—ana
. - 1 s 231%™,
0 e e e e 0 0 0 ,

The terms incorporating the disturbance variance, i, can be rewritten as,

QIR - (1 +e -2 DKI[R = (1+e,-a )K"

where the factor € = (1 + ¢, - al) will affect the variance of the

1
reconstruction error via this secondary term unless, as in the optimal
case of Sec. 5.2, K = RE ' = K.

Hence, although a stable observer is obtained by means of K in

{5.3.5), the reconstruction error variance is now strongly dependent

on the factor E, and significantly if E = 0.



- 212 -

B(t+1) = [I-KH]PP(t)P (I-KH]® + RAR'
and therefore the variance will diverge such that @(t) -« as t + o,
This can be seen from a simple example, using a two dimensional

system where only < and a, are non-zero, subject to E = 0, thus

a; = I+ )
[1-KH]P = ([-c ac,
| 0 0
and RRT = {o o
‘ 0 (cl-al)zj
By defining @ = | @1 8, - |
; 2, Ga' |
It follows that,
(een) = [ 2B (6) - a @.(t) + a9, (0) - a8 (o)) 0
1771 173 174 172

2
0 ﬂ(cl al)

and as 03(t) = Gz(t) = 0, from the previous iteration.

Ber) = (P8, (o) + 278, (D)} 0
0 a(c,~a )’
using a = I+ °
2 2
B(er) = [{g, () + (eeha} 0
0 2

Therefore 01 {(t) » = as t + « subject to <, # 0; and %' {t) is equal

to the disturbance variance for all t > Q.



~ 213 -

5.4 Concluding Remarks

It has been shown in this chapter that the state estimation
procedure employed for the controller of Sec. 2.5(1), incorporates
an optimal observer, which, as its characteristic equation can be regarded
as the C(z_l) polynomial, can also Be considered as being stable. How—
ever, this was formulated from past values of system input and output
signals, the present output value not being included.

By modifying the estimator to include y(t), the optimal observer
produced shows a great dependence, in its stability, on actual system

parameters, via the factor | + ¢ - a

| 1 and thus it is not a suitable

choice for a final filter form. Therefore, in Sec. 5.3, a non-optimal
observer was discussed, its characteristic equation being, once more,
equivalent to the C(z_l) polynomial, and hence stable. This'was, via
theorem 5.1, shown to be the form of observer used when self-tuning is
carried out by tihe state-space equivalent of the origimal polynomial
controllers. But, by the theorem of duality, see for example Strejc
(1981), the problem of optimal state estimation and the problem of
optimal control result in the same form of Riccati equation.  Thus,

in the case of minimum variance self-tuners, an optimal control law is
combined with a non—-optimal state estimator to provide overall controller
action, and duality does not therefore hold between the estimation and
control.

The variance of the recomsStruction error, which was considered
to be zero, for all t, in Sec. 5.]., has at best a value greater than
zero in the modified estimate of Sec. 5.3 when operating on a stochastic
process. Under certain conditions this can, in fact, tend to infinity,

although where a recursive least squares estimation procedure is used, and

hence ¢. =0 ¢ 1 = 1l,..., n a finite wvalue will result.
1
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CHAPTER 6

CONCLUSIONS

Throughout this text conclusions have been drawn at the end
of each chapter concerning the work discussed in that respective
category.

In this chapter, however, the main points from the above sections
will be stressed along with general comments concerning the overall
topic of self-tuning via the state—space and areas of this in which
further work is either foreseen and/or is regarded as being useful.

Due to the requirement for computational simplicity, parameter
estimation has been carried out in all simulations, and has been
accounted for in the theory, by the recursive least squares procedure.
In the first chapter this scheme was considered along with other
téchniques, which, although they are applicable, add to the total
time necessary, at each sampling interval, for the calculation of the
overall control law. In many possible fields of application for
self-tuning, e.g. Automotive Engineering, the constraint placed on
the time taken for each control law evaluation can be critical, hence
the need for a simple, but effieient, recursive estimation technique.

The use of the state-space approach in self-tuning not only
provides a further insight into the previocus theoretical work, but
can also lead to several advantages over the polynomial based tuners.
One of these 1is the reduction in computational requirements needed
to calculate the desired feedback parameters. Obviously, if an
identical control law is formulated by means of its respective state-

space and polynomial forms, then, with regard to the estimated
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parameters, the number of essential calculations must also be
identical. But when this must be done on a computer the equality
disappears. This can best be seen by considering the pole placement
objective, where, in the state—space method the matrix W must be
inverted, Sec. 2.5(1), and this is equivalent in dimension to the size
of the state space, max{na,nb+k} , in the polynomial method, however,
the matrix to be inverted is of dimension na+nb+k—l, i.e. nd+ng+l.
Thus, unless special notice is taken of the positions of zeros occurring
in the latter matrix, which can only be applicable for that particular
model, the state-space scheme will, computationally, be shorter, as
long as neither n_ mnor nb+k is of value unity. TFurther, if the model
is altered in any way, the inversion routine for the polynomial method
must be respectively altered, the state-space inversion routine only
needing to be altered if the dimension of the state—space is directly
affected. This reduction in computational effort allows for the
calculations necessary to formulate an estimate of the state vector,
where the actual value is not available.

A second advantage of the state-space scheme over the polynomial
case was shown in the simulations of Sec. 2.5(5), in which a change
in the integer part of the process time delay occurred half-way through
the simulation run. This had no discernable immediate effect om the
state-space tuner, but the polynomial tuner produced large spikes in
the control input signal which consequently affected the system output.
Large and rapid control input variations, one of the major disadvantages
of minimum~-variance tuners, can cause saturation effects and hence
there is the possibility of loss of control for sevéral sampling

periods in practical systems, therefore variations of this nature are
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net desired. This state of panic in the control input, found in the
polynomial controller, when faced with a change in system integer time
delay, manifested itself again in the linear output feedback self-
tuner of Chapter 4, and hence is attributable to the use of the
present value of output signal, y(t), in forming the control input, u(t).
Two points of note arise from this. Firstly, by employing a
more responsive variable forgetting factor, the input and, hence,
output spikes can be reduced in magnitude, as the recursive estimator
responds more swiftly to the effective change in system parameters.
This, however, results in a fall off in the value of output variance
achieved, and thus robustness is gained at the expense of overall
performance achievement. Secondly, the use of the present output
value in the control input calculation, whether in the polynomial
controller, Wellstead et al (1979b), or in the state-space controller
with linear output feedback, Warwick and Westcott (1982}, itself is
a trade off towards better performance at the expense of rpbustness.
In several instancesin the text it was found necessary to re-—
vert from the state—space to a polynomial form for either explanatory
ot theoretical purposes. One example of this is the proof of the
self-tuning property, Sec.3.1, where this was carried out by means
of the polynomial form, the state-space method then being shown
to be an equiyalent representation, and thus the proof for the state—
space model was arrived at. The ease of conversion from one form to
the other being largely due to the state-space model chosen in
Sec. 2.2(2).
Another instance of the use of the polynomial form was in the

explanation of multivariable state-space self-tuning. Although
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this was dealt with only briefly, because of the non-commutative
property applicable to the majority of the constituent matrices,
the state-space final form removes itself to such an extent from
the original multivariable CARMA model, that it becomes extremely
tedious to detect exactly what controller action is being provided.
Further, the whole area of multivariable self-tuning theory is
rapidly expanding in its own right, as will be mentioned later,
and to have delved any deeper into this topic would have diversified
greatly from the scope on which this work is based.
The state-space approach to self-tuning presents no problems

in the incorporation of an external input signal, provided this
is regarded as a set—point which changes, in a step mode, relatively
infrequently. It was shown in Sec. 3.3. that the additional
computation necessary to normalize the process output, such that in
"the steady-state it is equivalent to the set-point value, is negligible
in comparison with the total requirements. The inclusion of an
external input also has no deterimental effect on the use of self -
tuning with linear output feedback, Sec. 4.1(3), which was devised
to reduce the variance of the process output signal. It was

found from the simulations of chapter 4 that by using £.0.f. the tuner
becomes less robust to rapid changes in the sysﬁem parameters,
specifically in the form of time delay excursions, but despite this
setbhick the output variance achieved is better than either the
polynomial case of Wellstead et al (1979b) or when state-space
feedback alone is used, Warwick (198ia). This performance
improvement, however, is gained at the expense of an increase in the

number of calculations, although, once again, this is negligible in
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comparison with the total when low order system models are employed.

The choice of closed loop polynomial, in the pole placement
method, will affect the variance of the output signal, and hence the
possibility of using poles which tune themselves to provide an
improved variance value was discussed in Sec. 3.2. For low order
models this proved to be practically useful, as was shown in later
simulations, although as the object of pole placement is really
to define the response of the system output to a change in set—
point value, this is lost with Self-Assigning Poles (SAP). A
preferred scheme would be to use the SAP technique in the steady-state,
but return to a pre—assigned pole polyncmial if and when a change in
set-point occurs, the main difficulty being how and when to judge
that the steady-state has once more been arrived at, i.e. for what
length of time should the specified pole polynomial be used after
each seﬁ—point change.

In Chapter 5 the observers used in the various schemes were
considered. It was found that where the present output value was
not included in the state estimate, and therefore not in the present
control input, the optimal observer found was that employed in the
state—-space method developed in Sec. 2.5(1). However, when this
output value, y(t), was included in the state estimate, such as in
the equivalent state-space forms of Clarke and Gawthrop (1975) and
Wellstead et al (1979b), a non~-optimal observer was arrived at.

Both observers were, however, found to be stable, on condition that
the noise polynomial, C(z-l), is stable.

This text has concentrated on the theory of state—space

self-tuning controllers including simulation studies,where possible,
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to show the various tuners under operating conditions. Nevertheless,
this does not take into account the irrational events that occur
in a practical situation. It is hoped that further research resulting
from this work will be connected with the implementation of the
algorithms developed, in an industrial environment. The backbene
of the applications being provided by a microprocessor rather than a
computer, and to this end computational simplicity has, it is hoped,
been stressed throughout the text. The majority of self-tuning
applications have, to date, been counnected with the Chemical Industry,
in which conditions are relatively favourable. But other areas must
be considered, e.g. Automotive Engineering, machine tools, etc., where,
although a direct usage of self-tuning may be limited because of factors
such as excess noise, nevertheless a more robust, rather than performance
oriented, algorithm may prove invaluable. This robustness can be
regarded as an important point in the control of non-linear plant,
which was briefly considered in Sec. 4.3, where a self-tuner providing a
control action of some sort, in the presence of continual changes in
parameter values, is more favourable than a tuner which provides
excellent steady-state comntrol, but goes unstable or provides spurious
control signals in the event of parameter alterations. The state-
space pole placement controller, Sec. 2.5(1), was shown by simulation
to be more robust than its predecessors and therefore more fitted for
control of the above.

As with other pole placement methods, the need to only specify
the maximum possible system integer time delay, although providing
for a more versatile tumer, leads to a gap in mathematical theory.

Most stability and/or convergence theory connected with self-tuning
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has, to the present time, been concerned with system models in

which the time delay, k, is assumed to be known exactly. Although

a proof of the self-tuning property for a model with variable k was
given in Sec. 3.1, this only shows that, assuming certain conditions
hold, one of which is the convergence of the model estimates, the
required control law is a possible convergence point for the overall
algorithm. Simulations imply that the control law parameters do
converge to their desired values, but simulations are not mathematical
proofs. Thus further work is necessary to investigate the conditions
under which convergence to the correct values does occur, and the effect
that this has on the stability of the closed-loop system during the
period in which convergence takes place. Unfortunately in adaptive
control this is invariably impossible, and therefore it is most likely
that mathematical proofs must concentrate on stability and convergence
regions, rather than exact values.

Numerous applications involve multivariable processes, and
although Single-Input-Multi-Qutput({SIMO} and Single-Output-Multi-Input
(SOMI) can often be regarded as essentially SISO systems, the MIMO case
leads to various problems not encountered in SISO self-tuners.

With reference to the state-space approach, the number of models,
equivalent to the CARMA model, from which to choose is far greater

with a MIMO model, the advantages of each particular representation

not having been considered extensively in the relevant control liter-
ature. Hence much work remains to be done in the area of multivariable
theory across the whole field of self-tuning, not least of these

being that related to state-space multivariable self-tuning.

The filtering equations obtained in Chapter 5 use , when required
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for self-tuning, an observer characteristic equation which is given
by the disturbance polynomial, C(z_]). However, it was shown that
the optimal observer, when y(t) is included in the state estimation
identity, is not of this form. Unfortunately it proves to be im-
practical due to its dubious stability features. Nevertheless, the
consideration of the use of other observer polynomials must not be entirely
discounted , for example that used if the state-space self-tuner
with linear output feedback is considered as being simply a form of
modified state feedback. Thus the possibility of other observer
forms, although they must be non—optimal, remains to be researched
at length with regard to the effect on the self-tuning property the
use of an alternative form will have.

Finally, now that self-tuning controllers have been dewveloped
by means of the sﬁate space, rather than polynomial methods, the
numerous fields in control systems in which the vast majority of
both theoretical and practical work i1s carried out by use of the state-
space become v%able for the investigation of the applicability of
self-tuning to that particular area. One example being decentra-
lized control, where, although attempts have been made to employ
a polynomial approach, state—-space theory predominates. The link
between self-tuning and decentralized control appears immediate,
as tentative steps, Davison (1978), have already been made from

the latter topic towards the field of tuning regulators.
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APPENDICES

Appendix 1.1

-1 . . .
Independence of B(z } polynomial from fractional system time delay
when the steady-state condition applies.
From (1.2.2) the open loop transfer functiom is given by

—sT] Bl(s)
G(s) = e

A, (s)
By factoring A](s) into its corresponding distinct roots, G(s) may

be rewritten as,

‘ST]

m .
G(s) = e f z
i=]

(A.1.1.1)

s+0,
1

where m is the order of the Al(s) polynomial, subject to the order of
ﬁuaBl(s) polynomial being less than m. The z-transform of GO(S)G(S)
is then found, where GO(S), the zero—order hold, is defined in (1.2.3),

this gives

-1
_ . B.(z ) o, m B..¥B. .z
6z’ =z —— ¢y A2 (A.1.1.2)
AT =l e P17

where Tl is the sampling interval.

To obtain the actual parameters of the equation (A.l.1.2) the following

conditions apply.
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™0

i -aiG 1
1) Bli = o {1-e }

i

B. -0, T o.T
- _i il i _ (A.1.1,3)

2) B2i . © (e D

i
3 8§ =T -7

1 )

T being the fractional part of the system time delay.Ilf this
fractional part falls to zero, so 821 = 0 for all i, which means that
the order of B}(z_l) falls by unity, from which it follows that B(z-l),
defined in Sec. 1.2, also has its order reduced by unity.

For the steady-state forward gain characteristic we require B(l),

where =z 1is set to unity. The numerator for each i can now be

described as Bli + BZi’ where

-a.T

- i _ it
B]i+821— a;“ e ) (A.1.1.4)

which is independent of the fractional time delay, T . As the denominator
of (A.1.1.2) is also independent of T, it follows that Bl(l) must

necessarily be independent of T.

Returning to the definition of B(z_l) in Sec. 1.2, the C. polynomial

3
has no dependence on the fractional part of the time delay, therefore
B(1) must be independent of the same factor.

Q.E.D.
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Appendix 2,1

Proof of Lemma 2.2 :

Using the example with n = 2, k = 2 where n = 2 also, then

-1 -1 =2
C(z ') =1+ c,z +c22

and the polynomial control input is given by,

¢z hH
u(t) = y(t)

SEC(z_l) + B¢z DBz D

The corresponding input for the state-space controller is,
u(t) = F(e)x(t)

It then follows from (2.3.2) that

- -1 -1
u(e) = F(0)z '(I-z P) {Qu(t) + Ry(e)}

where P = P~RH = [ O 0 0 o)
| 0 0 0

0 1 0 —c2

(0 0 1 -

and -2 % = (1 0 0 0 ]
S 0 0 1
0 —z-l | c:zz_l
oY ] -z l+c]z—
-1=." ! 1 ) -1
Hence (I-z 'P) = C(z ) 0 0 0 ]
=1
Clz ) ez h ezl 0 0
-2 - -1 - - -1
z (l+ciz ) z (l+clz Yy l+e z —¢,Z
-3 -2 -1 ]
z z z 1
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F(t) is obtained from (2.4.7) as,

-b
f£(t) = 02 [0 1 -a a2 -a.]
s +b 1 1 2
20
T -b0
Thus, F(t)(I-z P} = [£] £ £5 £)]
-1, . 2
C(z )L32+b0)

. . v =, =2, =3, L aa2 _ -1 -2 -3
in which fl z +z (cl al) + z (c2 a,*a, a]cl) z +z e *z “g,.

' - =1 - -2, _ 2_ _ =1 =2

f2 1+z (cl al) + z (c2 ac +a, az) =1 +z etz gq

£ = -a +2 ' (aP-aac) = ~a +2 (g c.)

3 1 1 2 171 1 0 2
and £ = a2 -a +ac z_1 =g, —c, +ac, +ac 2!

4 1 2 172 0 2 i1 172
where e, and g, are calculated from the identicy (1.5.3).

From the example definition : Q = b2 } ;s rR={ 0o )
b1 4]
Py €27
. O c—al J

Therefore, C(z_l)(sz+b§)u(t) = ﬁbo{(f'b +f'b

1
1Py *EoP +Epbg)ule1)

+(£}le,ma, 14] [ =a Dy (e=1)}

S
-1, %2 -1 _ -2
Thus: [C(z ') EE + b0 + z (b1+b0cl a]bo) + z (b2+b]e]+b0g0)
+ Z_B(b e +b g ) + 2 g b Ju(t) = [znl{a (a,—c_+a. c —a2) + (a.c
2°17°1%0 Bg~p v Rt bt B 21

- z-z(goaz)]y(t).

-azal)}
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Appendix 2.2

Proof of Lemma 2.3 by induction.
Consider the example where n, = 2, n = I, k = 2 and C(z-l) =1,
In the polynomial pole-placement tuner, the control input is given
by the expression,
D(z Du(e) = Gz Dy ()
where

i) D(=z

e
[}
+
[a W
-._-N I
&
N

ii) G{z ) = gg + 8,2

as ng = na =1 and nd = nb + k- 1.

The coefficients of the D(z—]) and G(z-l) polynomials are then calculated

from the expression,

az oY - 2Bz Hez ) = 1z Hei
where T(z_]) =1 + t:lz-'1 + tzz-z.
Thus;
. ( ‘ _ -W
1 0 0 0 ) d, t-a,
al | -bo 0 d2 t2-32
a2 al -b] -b0 8g 0
It follows that; dl = tl - al
d, = l-{(a b.b.-a bz)(t -a_ ) + b2(t ~a_)}
2 A 201 1 1 1 1772 72
1 2
gy = g ((aphy = ajpy +ajab)(e=a) + (ab —ab)(ry=a,)}
g, = 1 {(azb - a.aby{t —-a) +ab {(t.-a )}
1 20 17271 1 1 21772 72
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5
Hence [C(z-l)gZ + E(z-l)B(z_]) + z-kB(z"l)gO]u(t)
0

1 -1 =2
g2+ gglaz |+ ayz D1y

and this gives a similar relationship to that obtained in the proof
of Lemma 2.1,
. ' o
Assuming S, SZ/bO’ we have

-1 - - - - - -
[C(z )5y + Bz DB(z D u(e) = -6(z Hy(e) + golatz” Hy(e) - 2 "Bz Du(e)}

In this case, however, A(z_])y(t) - z—kB(z_l)u(t) = C(z_l)e(t), and
&0 acts on all the states; 1i.e. f; s fé etc. all contain a g9 term,
whereas when C(z_l) =1, g9 only acts on the (n+k)th state.

It is now required that gOC(zvl)e(t) is subtracted from the right
hand side of the above equation, and this is equivalent to adding
gOC(z_l)e(t) to the state vector, as F(t) contains a negation.

We have f;(goz—B),fé(goz_z),fg(goz-l),f'(go)

Where fi(') implies that fi contains that specific term ,

Therefore we must add e(t) to the (n+k)th state, cle(t) to the (n+k-l)th
state, etc. Such that when multiplied by the respective &g terms,
gOC(z-])e(t) will have been subtracted from the control equation.

Defining the new state as,

x'(£) = x(t) + He(t)
then H = [0 c, ¢ 1] in this example.

Although, in the general case:

H = [ 0,...,0,cnc,...,c

o1

where H contains n+k-l—ncleading zeros.
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2 2
where A= bl albob1 + azb0

In the state—-space representation, the following matrices are defined

P = [o 0 0 }; Q = {b] ‘ 3 F=[f, £, £,]

1 0 -a, b0
0 1 -2, 0
and £(t) = | b,z u(t) +( 0 Yy (t)
z_l(bo+b]z—l) l -a?_z_-1
\ z_z(b0+b}z_l) J l—a]zﬂl-azz_z J

where the coefficients of the matrix F are obtained from the expression;
FL o=yl (T+r")

in which TT = [0 ¢t t]], R'rr =[0 -a, -a]]

2
and Wo={ -ab, —albl —bl ]
—albl _bl-albO -b0 '
b -b, o |
= 1 - _
Therefore, fl R { bl(t] al) + bO(tZ az)}
I —
£, = g lapy - abpd(ty-a)) - b (e)ma)}

Fh
]

1 2
3= 3 Haybyrajaby-aib ) (cma)) + (ab -a,bo)t,-a,)}

The control input can now be formed from; u(t) = FX(t).
_] _2 _3
: - - + -
Thus {1 (f1b1+f2b0)z (fzb] f3b0)z f3b]z Ju(e)

-1 -2
= {(f232+f3al)z + f3azz ()
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and from this the following equalities arise;

i) £b +f2b = =d

11 0 l
ii) f2bl = -d2
iii) f,a, - -g,
iv) £, = g,

By transferring the state space control law into the polynomial

mode, we arrive at

(1+dlz_l+d2z_2)u(t) - (go+glz-l)y(t) + go{z'ksqz")u(t) - 8z Hy(o)}

Thus the control laws derived via polynomial and state space techniques
are identical iff;
2 %B(z Hu() - Az Dy = 0

This only occurs when e{(t) = 0, i.e. in a deterministic system model.
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Appendix 2.3

Proof of Lemma 2.4

Using the example of Appendix 2.2; where now C(z-l) is regarded

as,
ez = +c1£4-+0z'?
2
The polynomial control law parameters are obtained from:
1 Y 1 f ]
1 s 0] 0 d1 £ te, "3
a, 1 -b0 0 d2 - t2+t1c1+c2-32
a, a —b] —bO &g tyc tt
. © & 0 _le 8 ) F2%2 J
-1 -1 =2 =1 - .
where D(z ") =1 + d]z + dzz and G(z ) = gy * gz were defined

in Appendix 2.2,

In this case, though, d1

I
rt
+
n

1
w

12 L _ 2
dy =5 Bbjt, + ey + ¢y -a, —aje, ~ap; +a))
-b.b,(t,e, + L. c, ~ a,t, - a,c, + a.a )+b2t calt
021 (E2¢g 162 T @t T 2, 1327 gt,%

g. = l-{(a b, - a,b )(t, + t,c, + ¢, —a, —a,t, —ac. + az)
o = att4Py 209’ (Ey * £y 2 T3 Tt 16 1
=b (tye) * tey = aye) —ayc) +aga))by,c,)

] 2
gy =g lagh (e, + tjey + ¢y ~a; —aje) —ac; +a))

—azbo(tzcI *tc, T Ayt —ase + a1a2)+(a]b0— bl)t2°2}

2

- n2 _
where A = bl aIbObl + aZbO'
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when the state space formulation is considered, it is found that the
C(z-l) polynomial does not affect the values given in Appendix 2.2 for
the state feedback parameters fi’ i=1, 2, 3; as the vector R' is not
replaced by R, which contains the parameters of the C(z-l) polynomial .
The only part of the state space pole placement technique affected,

therefore, is the estimation of the state vector, which may now be described

as:

~ ] -
(1) =~ |ceTh 0 0 b, |ult-D+| o [y(e-1)
€z ) -1 -1 -1
z (i+c]z ) l+clz =Cc,2 bo c,a,
-2 -1
z z I (‘ O c]-al

This may however, be rewritten to give

-1 -2 -3
blz + blc]z + blczz
-1~ a -2 -3 -1 -2
C(z )x(t) = blz + blc]z + boz + boclz u(t)
-3 =2
; biz + boz
( 0
+ c z-] -az =-a.c,z -+ a.cn,z (t)
2 2 21 12 y
c z-2 - a 2_2-+ c z-] - a z-]
L 2 2 1 1

~ A
and substituting for x(t) into the expression, u(t) = Fx(t)}, where F is

defined in Appendix 2.2.

f.b- f;b,)

-1 -2
{1+ 2 (c] -fh - fzbo) + z “(c 2b0cl - £3b5 £5b,

1°1 2~ Eybyey - f

-3 ! _ _
+ z (- f.bie, - fb,c) - f3b1)} u(t) = {z (f,0, fha, + fyc f3al)

-2
+ z (fzalc2 - fzazc1 + f3c2 - f3a2)}y(t)-
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The following equalities then arise:

Iy} ¢, - f]bI - f2b0 =d,
I7) Cy = flblcl - be] + flboc2 = d2
III) fzc2 - fza2 + f3c] + f2c1ai + fICZa] = 8
iv) fa+ fyc) + fi0, = g4

V) fzalc2 + f3c2 + fIaZCZ = Q
Hence, the control law obtained from the state space formulation

can be considered as

Dz~ Hu(t)

GG y(r) + gylz Bz Hule) = Ay (©))

or DGz Du(t) =Gz y(t) - g Gz e(®).

For equality of the controllers therefore, the gOC(z_])e(t) term
must be zero, which is true in the deterministic case. By modifying
the state reconstruction technique, to include this extra term, the poly-

nomial pole placement controller can be constructed via the state space.

The new estimator required (see Appendix 2.1) is thus

R1(e) = R(e) + B {y() - BR(e)}

where H = [O,...,O,cn ,...,cI,l].
c
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Proof of Lemma 3.3: Hz-ladj(I - z-lf)Q =z

- 233 -

kB 1

(z )

A simple inductive example is given, from which a generalized proof

may be extrapolated, although this becomes extremely monotonous and illegible.

In this example: n, o= 2, n, = 2, k = 2.

Then: P =

from which F = P + QF = |b.f

It follows that (I -~ z 'F) = |1-z

r f r
0 0 oW; Q= bzw, ur = o]; o= EJ
O 0 0 b, 0 £,
1 0 —a2 b0 0 f3
0 1 -a 0 ] £
!J \ J ;J \ 4J
( 1
of; byfy by BoE
WB £ b E, bf, b f,
bt Wb f,  byf,  bof,-a,
o 0 ] -a |
r
“lp g 2"l £ I .
2t 2 Dby Z Dyij
- -1 -
- ](1+b!f]) 1~z b £, -z b f,
-1 -1 -1
-Z bOfl -z (}Fbofz) -2z bof3
0 0 -z_]

As H=[000 1] we need only consider the fourth row of adj (I - =z

such that:

Hadj(I -z 'F) = [

where;: ™

1]

1]

-1
1 -z (b1f2 + bof

12 T2 T30 Ty

3

T, ]

-2 -3
= z bofl + z (1 + bif] + bOfZ)
-2 -3
z (1+ bofz) -z bof1
-1 _ -2 _ -3
z z (b1f2-+ b2f1) z b2f2

-2
+ h2fl) -z (blf3 + b2f2) -z

-3

-1

-z b2f4
-1

-2z b]f4

-1
z (a2_b0f4)

.-.1
+
1 aIz

-lf‘)

b2f3.
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Thus H adj(I - z_lﬁ)Q = z-lbo + z—zb! + z-3b2

and z_lH adj(I - z_]f‘)Q = z_kB(z-l)

-1y 2 ~1 -2
where B(z ') = b0+ blz + bzz
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Appendix 3.2

Proof of Equation (3.3.34)
In the state-space controller the input is defined by,
u(t) = Fz_?:_(t:) + 5 v(t) (A.3.2.1)

where v(t) is the reference input.

In section 3.1, Lemma 3.1, it was shown that the control input
used in the state space form, u(t) = Eg(t), is equivalent, in the polynomial
case, to
-1

Dz ) u(t) =
C(Z-I) C(z

-1

ELE:T) y(t) (A.3.2.2)
)

or by defining D'(z—]) = D(z-l) - C(z-])

Lo =1 -1

ciz h ciz™h

where the right hand side of this equation is equivalent to Eg(t).

Hence (A.3.2.1) can be rewritten as:

r =1 -1
u(t) = - 2—(-%_) u(t) + G(z_]) y(t) + S v(t)
c(z ) c(z )
or D(z 1) u(t) =6z 1) y) + ¢z~ s vir) (A.3.2.3)

and substituting this into the standard deterministic system equation,
-1 -k -1
A{z ) y(t) =z "Bz ) u(t)

the closed—-loop equation is cobtained as

-k -1 -1
z B(z Jc(z )}§ .
) y(t) + D(z_1;—- v(t)

z %5z ez
D(z_l

Azl yeo) =

1

or (Az"D™Y) - 2 FBGzTHe ™)1 v(e) = 2 BT Hez™Hs v

By using the identity AD - z-kBS = CT, the closed loop equation becomes:

z—kB(z—l)S v(t)

y(t) = -
T(z )

as in the state space formulation.
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The state estimate in a multivariable system for a general C(z_l)

matrix polynomial.

The estimated

x(t) = (1

where (I] -z

Thus:

-5 '=lcz"H ™!

k null matrices

state vector is written as,

—1= -1 =]

-z P) z " [Qu(t) + Ry(t)] (A.4.1.1)
I‘. 0 < « . - - . T ]
. . k null matrices
-z I . . .
o, .. . °o o
. . ot . : z:-lC (A.4.1.2)
. '. - - " . . n
: s SR R
: . Lot z'lc2
. ! =
... .-~ . .9 -2z 1 I+z CIJ
(A.4.1.3)
- —1— - Y )
Z, - lcl_ e e e e e e e e ey (n+k e,
I T -(n+k=-2)~
zcl . . z : C2
z'zc"2..- ) ' - ) ' - :
’ ‘l‘ * - * - ]
zﬁhIC' ‘£C'n—;‘ . QLIE :
n-17°" . n+k-2 .
0. - s * o + 'o - \"(—: "}-
' " k-] Z “n+k-l
2 C
g ntk J

. . - . . . . -1
in which |C(z I)| is the determinant of the matrix peolynomial C(z ), and

i) ¢ = e O, |6

ii) € = lezHiz+c

)

) |

1 i-l1

-I}

S U z_(i_l)}c-l(z—l)
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from which, as Cn+1 = Cn+2 = ss. = Cn+k = ¢ it follows that
C.,=¢C = =C and C_ ., = |C(z_!)|{I v ez w40 2 M
n+l n+2  "T7C n+k n+l 1 R +1
~ -1
or C ., = etz )1,
-1y (¢ -1, -1

- - t — =
Thus C' = [C(=z )I{Cn+]|C(z ) 1} and hence, C n=Cla = e
=t =
= k=1 0.

Therefore these coefficents are not shown on the overall matrix.

The final state estimator form may now be obtained from (A4 1.1)
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Appendix 5.1

Evaluation of the optimal state estimate Eﬁt/t) for a three

dimensional example, the estimate being given as,

=1

27(e/e) = [T - 2 'p*17 (0T - REE  IQu(e-1) + RE'y(0)}

.oea (A5.1L1)

f 3
% = -
and P E|loO ay a,
l-a1 a2 -a2
0 -1 —a]
. ,

where E =1 - a, and C(z—l) = unity.

It follows that:

- - -1 -1
* = - -
[I-= "px]1=E (1 al) z a, z a3
-1 -1 ~1
z (al-l) (l—al) z a, z a,
0 --z_1 (l-a])+z—1a]

thus det (I - z-lP*) = (l—a]){(l-al) + (.511-a2)2:_1 + (az-a3)z“2 + 332—3}

or det (I - z"lp#) = (1 - adfz + (1 - A(z )]

. -1 -1, =2 -1 =2 -1
- %) = - - - - -
also adj (I - z P*) (1 al) (1 ai)+(al az)z +a,z a;z  -a.z a5z
-1, =2 -1 S
(l—al)z +alz (I-a1)+a]z Bz Az
-2 -1 -1 -2
z z (1—a1)1%? -a32

Therefore, the (l—a]) term, common to both adjoint and determinant, will

cancel to simplify the final expression.
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We also have:

-rEE Y0 ="' T (1-
[I -RHE "1 =E (1 al)b2 + 33b0

(l-al)b1 + a,b

270
9 bo
from which:
. -1 -1 -1 -1
- * _ = - _ -
adj(I-z P*)[I-RHE "1qQ b2 + ‘[(a3b0 alb2)+z (a3bl azbz)}(l z )
-1 -1 =1
b1 + bzz +{(a2b0—a1b1)+z (aSbO-ale)}(I-z )]
-1 -2
bO + blz +bzz
(A.5.1.2)
-1 -1 f )
and adj(I-z P*)RE = -a, {A.5.1.3)
27335
~ 4,78,z a5z ‘

Substituting for the above in (A.5.1.1) the final estimator form is:

a ] - -
2(t/e) = { = a5 yey+2 | P2 u(t)
z+{1-z)A(z )} o -1 -1
a, a32 bl+b2z
-1 -2 -1 -2
—a!-azz -a3z b0+b]z +bzz
+2 ' -2"1) {(ab.-a.b.)+z '(a.b.-a.b.) u(t)
3297310 301735b)

=1
(azbo—a]b])+z (a3b0 albz)

0
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