
STIFFENED PLATING UNDER COMBINED 

IN—PLANE AND LATERAL LOADING 

A thesis submitted for the degree of Doctor of 

Philosophy in the Faculty of Engineering of the 

University of London 

by 

Susan Elizabeth Webb BSc 

Imperial College of Science and Technology,London 

July 1980 



TO MY PARENTS 



ABSTRACT 

A mathematical formulation is presented for the analysis of 

eccentrically stiffened plates subjected to the combined or separate 

actions of lateral and in-plane loading. The formulation allows for 

both angle and tee section stiffeners as well as rectangular flats, 

and both material and geometric non-linearities are considered. 

To derive the governing equations the stiffeners are replaced 

by lines of interactive forces which produce the same response in an 

isotropic plate as the original stiffening members. The equations 

are then derived by considering the equilibrium and compatibility 

requirements of a small element of plate under the action of these 

forces. 

Plasticity in the plate is assumed to be governed by a full 

depth yield criterion whilst in the stiffeners a multilayer approach 

is adopted. An elastic-perfectly plastic stress-strain curve is used 

to describe the material behaviour. 

The governing equations are solved numerically by the 

application of Dynamic Relaxation to their finite difference equivalents. 

The finite difference expressions are generated from a rectangular inter-

lacing network of stress resultants and displacements. 

Three stiffened plate models having equal panel slenderness 

ratios but different stiffener rigidities have been constructed,and one 

of these has been tested under the combined action of lateral and in-

Plane loading. A testing rig was designed as part of the work and 

details of this,together with a description of the models and their 

instrumentation,is given. Results obtained from the test are discussed 

and comparisons are made with theoretical predictions. Theoretical 

results are also given for the two remaining models. 
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Finally, numerical results are presented for a series of 

plates stiffened by flats- for a wide range of panel slenderness 

ratios and stiffener rigidities. The effects of initial deformation, 

combined lateral and in-plane loading and the use of hybrid plates 

are also investigated. 

4 



5 

ACKNOWLEDGEMENTS 

This work was carried out in the Department of Civil 

Engineering at Imperial College under the guidance of Professor P.J. 

Dowling. The Author is indebted to him for the encouragement and 

helpful advice she has received throughout the period of research. 

The Author would also like to express her appreciation to Professor 

B.G. Neal for providing the opportunity to work in the Department and 

to the Science Research Council for their financial support. 

Special thanks are given to the members of the Structures 

Laboratory, who,under the direction of Mr J. Neale, enabled the Author 

to obtain the experimental results. Particular appreciation is 

expressed to Messrs F. Gould and S. Keir who made numerous contributions 

towards the design of the testing rig as well as to its construction. 

The Author would also like to thank Messrs E. Secker and J. Galvin who 

were jointly involved in the early stages of construction; Mr R. Day 

who fabricated the pressure bag; the Concrete Department for their assis-

tance in constructing the pressure bag support platform and Mr P.J.D. 

Guile and the staff of R.M.E. Ltd. who fabricated the models and the 

testing rig.. 

The preparation of this thesis would not have been possible 

without the help of a number of the Author's colleagues and friends. 

Special thanks are expressed to Miss Judith Barritt who typed the manu-

script with great care and patience; Mrs Hazel Guile who skilfully 

prepared the final drawings; Miss Joyce Gurr and Mr F. Milsom who 

produced the excellent photographs and Mrs Jean Slatford and the 

Author's husband Mr K.J. Rutherford for their help in correcting the 

manuscript. Thanks are also expressed to Mr C.J. Burgoyne with whom 

the Author had many useful discussions, and to Professor A.K. Basu 

for his help in deriving'the_stiffened plate equations. 



Finally, the Author wishes to acknowledge the constant 

help, encouragement and interest shown by her parents. 

6 



CONTENTS 

Page 

ABSTRACT 	 3  

ACKNOWLEDGEMENTS 	 5  

CHAPTER 1 	INTRODUCTION AND REVIEW OF PREVIOUS WORK 	12 

1.1 	THE BEHAVIOUR OF PLATED STRUCTURES 	12 

1.1.1 The Effect of Geometrical Properties 	13 

1.1.2 The Effect of Initial Deformation 	16 

1.1.3 The Effect of Residual Stress 	17 

1.1.4 The Effect of Loading Type and Boundary 

Restraint 	 18 

1.1.5 Material and Geometric Non-Linearities 	20 

1.2 	REVIEW OF EXISTING WORK 	 20 

1.2.1 Orthotropic Plate Theory 	 21 

1.2.2 Beam-Column Theory 	 23 

1.2.3 The Finite Element Method 	 26 

1.2.4 Discretely Stiffened Plate Theory 	29 

1.2.5 Design Methods 	 31 

1.3 	SCOPE OF THESIS 	 32 

CHAPTER 2 	MATHEMATICAL FORMULATION 	 34 

2.1 	OUTLINE OF APPROACH AND ASSUMPTIONS 	34 

2.1.1 Outline 	 34 

2.1.2 Assumptions 	 35 

2.2 	EQUILIBRIUM EQUATIONS IN TERMS OF FORCES 	35 

2.2.1 Continuity of Displacements between the 

Plate and Stiffener 	 35 

2.2.2 Interactive Forces and the Equilibrium 

Equations 	 37 

7 



Page 

2.3 FORCE-DISPLACEMENT RELATIONSHIPS 41 

2.3.1 Force-Displacement Relationships for the 

Plate 42 

2.3.2 Force-Displacement Relationships for the 

Stiffeners 44 

2.4 BOUNDARY CONDITIONS 46 

2.4.1 Flexural Boundary Conditions 47 

2.4.2 Membrane Boundary Conditions 47 

CHAPTER 3 '1HE SOLUTION PROCEDURE 50 

3.1 TEE METHOD OF SOLUTION 50 

3.1.1 Solution of the Stiffened Plate Equations 50 

3.1.2 Initial Distortion and Loading 60 

3.2 DISCUSSION OF THE SOLUTION PROCEDURE 62 

3.2.1 The Finite Difference Mesh and Stiffener 

Elements 62 

3.2.2 Plate Plasticity and Incremental Loads 65 

3':2.3 Interactive Forces and Equilibrium 

Equations 67 

3.2.4 Damping Factors, Iterations and Convergence 67 

CHAPTER 4 THE EXPERIMENTAL PROGRAMME 69 

4.1 DESCRIPTION OF MODELS AND INSTRUMENTATION 69 

4.1.1 Geometry and Construction Sequence 69 

4.1.2 Material Properties 70 

4.1.3 Residual Strain Measurement 70 

4.1.4 Initial Deformation Measurement 71 

4.1.5 The Strain Gauge Arrangement 71 

4.1.6 Deflection Measurement 72 

8 



Page 

4.2 DESCRIPTION OF THE PLATE TESTING RIG 73 

4.2.1 The Lateral Loading System 73 

4.2.2 The Axial Loading System 76 

4.2.3 Construction Sequence 79 

4.2.4 Levelling and Performance Testing 80 

4.2.5 The Setting Up Procedure 81 

4.3 INITIAL MEASUREMENTS 82 

4.3.1 Tensile Tests 82 

4.3.2 Residual Strains 82 

4.3.3 Initial-  Deformations 85 

CHAPTER 5 TEST RESULTS AND ANALYSIS OF MODELS 88 

5.1 PARAMETERS USED IN MODEL ANALYSES 88 

5.1.1 The Finite Difference Idealisation 88 

5.1.2 Boundary Conditions 88 

5.1.3 Initial Deformations and Residual Stress 92 

5.1.4 Geometry and Material Properties 94 

5.2 TEST RESULTS 94 

5.2.1 The Loading Sequence 94 

5.2.2 Logging of Results 95 

5.2.3 Experimental Behaviour of Model SP3 95 

5.2.4 Horizontal and Vertical Load Cells 103 

5.3 ANALYTICAL SOLUTIONS AND COMPARISONS 104 

5.3.1 Analysis of Model SP1 104 

5.3.2 Analysis of Model SP2 108 

5.3.3 Analysis of Model SP3 and Comparisons with 

Experimental Results 110 

CHAPTER 6 NUMERICAL SOLUTIONS 116 

6.1 SCOPE OF NUMERICAL SOLUTIONS 116 

9 



6.2 	COMPARISONS WITH EXISTING WORK 

6.2.1 A Plate with an Eccentrically Placed 

Central Stiffener 	 117 

6.2.2 A Stiffened Plate with Residual Stresses 	117 

6.3 	PARAMETRIC STUDIES 	 119 

6.3.1 A Study of Various Failure Modes 	119 

6.3.2 A Study on the Effect of Initial Deformation 	131 

6.3.3 A Study on the Use of Hybrid Plates 	134 

6.3.4 A Plate Under Combined In-plane and Lateral 

Loading 	 135 

CHAPTER 7 	CONCLUSIC S AND FUTURE WORK 	137 

7.1 	CONCLUSIONS 	 137 

7.1.1 The Mathematical Formulation and Solution 

Procedure 	 137 

7.1.2. Test Results and Theoretical Predictions 	138 

7.1.3 Numerical Studies 	 141 

7.2 	FUTURE WORK 	 142 

REFERENCES 	 145 

NOTATION 	 154 

APPENDIX A 	The Ilyushin Yield Criterion 	158 

APPENDIX S 	Incremental Force-Displacement 

Relationships 	 159 

APPENDIX C 	The Computer Program Flow Chart 	162 

APPENDIX D 	Adjustment of Stresses Normal to the 

Yiēld Surface 	 166 

APPENDIX E 	Fictitious Density px for a Stiffener 

Node u(I,J) 	 168 

10 

Page 

117 



11 

APPENDIX F Boundary Conditions Applied to the 

Page 

Finite Difference Mesh 170 

FIGURES A Figures for Chapter 2 174 

FIGURES B Figures for Chapter 3 179 

FIGURES C Figures for Chapter 4 186 

FIGURES D Figures for Chapter 5 238 

FIGURES E Figures for Chapter 6 297 



12 

cH PTER 1 

INTRODUCTION AND REVIEW OF PREVIOUS WORK 

1.1 THE BEHAVIOUR OF PLATED STRUCTURES 

Stiffened plate components have been used for a number of 

years in various forms of engineering construction. They have been 

employed extensively in the marine and aeronautical fields and more 

recently as components in box-girder bridges, offshore structures and 

space structures. 

Despite their wide application in practice relatively little 

is known of their true behaviour and of necessity much design work is 

based largely on experience. The inadequacy of this is twofold. 

Firstly, the extrapolation of designs to larger scale structures may be 

unsafe and secondly, overdesign in existing structures may lead to 

unnecessarily expensive and heavy components. 

To develop reliable design criteria it is necessary to obtain 

a complete analytical understanding of the problem. It is essential 

not only to consider such factors as geometric and material properties, 

imperfections and loading conditions but also the effect of interaction 

between adjacent elements. 

The maximum load which can be carried by a plate, although 

important for design purposes, cannot be used in isolation to determine 

safe working conditions. Many structures will become unsatisfactory 

in use before the ultimate load is reached due to the violation of 

serviceability recuirements,and a complete understanding of the behaviour 

prior to collapse is therefore essential. Beyond the ultimate load 

level a stiffened panel may maintain its load carrying capacity or 

may suffer a violent collapse. 	In the latter case adjacent panels 



are likely to become overloaded with a resulting total failure of the 

structure, whereas in the former case stability may be maintained. 

The post-ultimate load behaviour of isolated stiffened panels is there-

fore also important. 

Within an isolated stiffened panel interaction may take 

place between adjacent plate and stiffener elements. The degree of 

interaction will depend upon the geometrical properties and 

instability within one element may precipitate the collapse of another. 

In Chapter 2, a formulation which allows for the influence of interaction 

will be presented. 

In the following sections_ the influence of various parameters 

on the behaviour of plated structures is discussed, currently available 

methods of analysis are outlined and a review of existing work on the 

subject is given. 

1.1.1 The Effect of Geometrical Properties  

Owing to restrictions of weight and economy the panels of 

stiffened plates are often slender, and if the critical panel buckling 

stress is less than the yield stress local failure is likely to occur. 

Although this may violate serviceability requirements, it does not imply 

immediate collapse since,in many cases, a reserve of strength will 

exist. This arises from the ability of a section to redistribute 

sustained loads and the significance of this will depend upon the geo-

metrical properties. If the plate dimensions are such that bifurcation 

occurs in the elasto-plastic range, the capacity for redistribution will 

be small and rapid unloading will follow. If the panels are more slender, 

however, and buckling occurs in the elastic range, stresses will redis-

tribute to stiffer sections of the plate and stability will be maintained. 

In the latter case the ultimate load will not be reached until either 
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the rate of unloading exceeds the rate of redistribution,or yielding has 

occurred in the remaining effective areas of plating. 

In the past, the design of stiffened panels has been based on 

linear buckling theory, with the assumption that the reserve of strength 

will compensate for loss of capacity due to fabrication tolerances. 

This approach is particularly unsafe when failure occurs by complex inter-

action of local panel buckling and yielding, since in this region 

failure may occur below the critical elastic buckling load. 

The development of a local mode does not depend only on the 

geometry of the panels but also on that of the stiffeners. In slender 

panels reinforced by flexurally strong and torsionally weak ribs, buckling 

will occur close to the theoretical critical stress for simply supported 

plates. With increased torsional stiffness or reduced flexural stiffness, 

however, the same plate may reach its ultimate stress in the absence of 

local effects. A high torsional stiffness will provide a partial - 

clamping at the panel edges and thus an increase in the buckling stress, 

whilst a low flexural stiffness will provide negligible lateral restraint 

to the panel edges and an overall mode of failure will ensue. 

The second type of failure to be discussed is the overall 

buckling of a stiffened panel between transversals. This can occur in 

combination with, or in the absence of,a local mode and will involve a 

flexural or torsional failure of the stiffeners. 

For cases in which the stiffeners are flexurally weak and 

deformation occurs away from the plating, tensile yielding is likely to 

occur within their extreme fibres. This will lead to a reduction in 

the flexural capacity and whilst the plating may still be fully elastic, 

an overall mode of failure will follow. 

If buckling occurs towards the plating such that the stiffener 

outstands are in compression, failure will occur either by yielding of 
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the stiffeners in the case of stocky sections, or by buckling of the 

stiffener: 1,2)  in more slender sections. The failure of one stiffener 

within the cross-section will lead to a sudden reduction in overall strength 

and the remaining stiffeners will be called upon to support a larger 

proportion of the applied load. Progressive failure across the panel 

is then likely to follow, and this will lead to the violent collapse 

often associated with this mode of behaviour. 

Lateral buckling of the stiffeners is not only associated with 

flexural action but may also occur in a compression panel where the stif-

feners are torsionally weak. To avoid this situation in practice, 

the depth to thickness ratio of the stiffeners must be restricted or 

closed section ribs employed. The latter alternative has been shown(3)  

to be highly beneficial compared with open section stiffeners of the same 

cross-sectional area. 

The final mode of failure to be noted here applies to compres-

sion panels in which both the plating and the stiffeners are stocky. In 

such cases, the plating will reach full yield in compression and with 

increased loading will then squash at constant stress. The stiffeners 

will develop higher tensile stresses to resist additional applied 

moments and the capacity of the total section will thus decrease. 

The modes of failure described above will not usually occur 

independently and it has been suggested that the optimum design is 

obtained when the overall mode coincides with the local mode. A recent 

study(4)  indicates,however, that plates within this range are highly 

imperfection sensitive and since such irregularities cannot be avoided 

in practice, due consideration must be given to them before a real opti-

mum design can be found. It was further shown(5)  that although the 

highest carrying capacity is often obtained when local buckling occurs in 

advance of overall buckling, the reverse is true as far as stiffness and 

therefore serviceability is concerned. 
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1.1.2 The Effect of Initial Deformation  

Initial deformations resulting from fabrication can take a 

variety of different forms and these will influence both the mode of 

behaviour and the collapse load. In an eccentrically stiffened welded 

panel an overall bow will generally be present,and although this will 

frequently be directed towards the stiffening, the reverse may be true 

in many cases. The welding of stiffeners to one side of the plate only 

will often cause a dishing of the panels between the ribs and,in addition, 

deformations will be present in the stiffeners both locally and in an 

overall sense along their lengths. 

Although the shape of imperfection will not always be sympathe-

tic to the preferred mode of buckling and will therefore not always 

influence the plate behaviour(6), there are cases where both its magni-

tude and direction are important. It has been observed(7)  that a signi-

ficant difference in load carrying capacity can exist depending on 

whether an overall mode of failure occurs towards the plating or towards the 

stiffeners. The direction of collapse in a compressed panel_ will depend 

upon the net eccentricity of the applied load and will therefore be a 

function of the direction and magnitude of an initial bow. 

The significance of any level of initial deformation will 

depend primarily on the geometrical properties involved. For unstiffened 

compression panels of low slenderness, where failure occurs in a squash 

type mode, initial deformation is unlikely to cause a significant reduc-

tion in the collapse strength. For very slender panels this is again 

likely to be the case since large deflections which result under load 

will mask the presence of initial deformation. For panels of inter-

mediate slenderness,however, where buckling occurs in the elasto-plastic 

range, much greater imperfection sensitivity is likely to exist. 
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In stiffened panels, the significance of an overall bow will 

be influenced by the flexural rigidity of the ribs. In cases where 

failure is likely to occur by tensile yielding in these members, an 

overall bow away from the plating will accelerate this process. 

To reduce the level of initial deformation and hence its 

effect on plate behaviour, straightening procedures are often employed. 

Three methods of straightening have been investigated experimentally by 

Horne and Naray anan(8,93 . The first method involves localised heating 

to a sufficient temperature and subsequent cooling to draw the panel 

back to its required shape. The second method involves the clamping 

of plate components to predetermined initial curvatures followed by a 

carefully selected welding sequence,and the third method relies upon 

mechanical loading. Tests carried out on similar panels straightened 

by the three different procedures, showed that the method adopted is 

all important as far as the collapse strength is concerned. 

An extensive review of the effect of initial imperfections on 

the buckling strength of plated structures is given in Reference 10. 

1.1.3 The Effect of Residual Stress  

Residual stresses resulting from the welding process can have 

a detrimental effect on the load bearing capacity of plated structures. 

The area of plating immediately adjacent to a weld is generally stressed 

to yield in tension, this zone extending some two to four plate thick- 

nesses out from the weld on either side. The remainder of the plate. 

will support a residual compression thereby maintaining overall equili- 

brium of the system. 

As in the case of initial deformations the significance of 

residual stress will depend upon the geometrical properties. Investigations 

carried out by Moxham(12)  into unstiffened plate behaviour showed that 
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the effect of residual stress is most severe for panels of intermediate 

slenderness where interaction between local buckling and yielding 

occurs. For plate panels of low slenderness, where failure occurs by 

squashing, residual stresses have negligible effect and the ultimate 

load capacity will be similar in magnitude to the stress-free case. 

For panels of high slenderness the presence of residual compression 

will lower the buckling load,but since the edges are initially stressed 

to yield in tension a larger post-buckling reserve is likely to exist 

than in the equivalent stress-free case. It follows therefore that the 

reduction in ultimate strength is likely to be less than the reduction 

in buckling strength. 

In stiffened panels residual stresses will be present in the 

ribs as well as in the plating,and investigations by 	Hasegawa et al
(12)  

show that the smaller the flexural rigidity of the stiffeners, the greater 

is the drop in strength. Idealised residual stress patterns are shown 

in Reference 13. where a comparison is made with experimental data. 

To reduce the level of residual stress intermittent welding 

can be used in place of continuous welding. The advantage gained from 

this however may be insignificant, since the stiffeners will be unsupported 

between the weld runs and separation may then occur between the members. 

1.1.4 The Effect of Loading Type and Boundary Restraint  

Stiffened plate components can be subjected to a variety of 

loading types and boundary constraints in the working state and with 

different combinations of these parameters, different modes of behaviour 

are likely to result. 

Loading types can be divided into two broad categories, those 

applied in the plane of the plate and those acting normal to it. In the 

first group forces may be tensile, compressive or shear and may arise 
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directly from application, or indirectly from the overall distortion of 

a structure. Where stresses arise from overall distortion they are 

likely to vary both along the length and across the width of a member. 

In the second group, loading will frequently be in the form of a 

uniformly distributed pressure as in the case of hydrostatic loading 

on a ship's hull. Often however, concentrated line or point loads will 

also exist. 

In working structures the loading types described will rarely 

occur in isolation and behaviour under combined loads may be quite dif- 

ferent from that under individual loads. 	The resulting response 

will depend both on the relative magnitudes of each type of loading and 

on their order of application. For a plate subjected to both lateral 

and in-plane loading, where the lateral loading is applied in advance of 

the compression, in-plane forces are likely to act at a larger mid-span 

ecdentricity than would be the case with compressive loading alone,and 

this will accelerate the development of an overall mode of failure. 

The presence of lateral forces may also suppress local buckling within 

the panels, and if an initial bow opposes the direction of lateral forces 

the compressive strength of the panel may be enhanced. 

The degree of restraint applied to the panel edges both in and 

out-of-plane, will affect the shape of deformation and hence the response 

of a structure to a given type of loading. The form of restraint between 

adjacent members- will,in addition, determine the degree of response in 

one panel from loading applied to another. 

In developing analytical techniques it is therefore essential 

to provide for a variety of combinations of loading types and boundary 

restraints,if reliable design criteria are to be developed for all 

possible working conditions. 
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1.1.5 Material and Geometric Non-Linearities 

In any analytical approach a number of simplifying assumptions 

must be made and in plated structures two of these are related to non-

linear behaviour. 

In the past, plated structures have been analysed by employing 

small deflection elastic theory which assumes that deflections remain 

small in relation to the plate thickness and that the stresses remain in 

the linear elastic range. In practical structures these assumptions 

are rarely valid. Under lateral loading, deflections in excess of half 

the plate thickness are typical and under in-plane loading, for all but 

the most stocky cross-sections, large deflections are associated with 

buckling. In reality,therefore, in-plane straining of the middle-plane 

of the plate will be coupled with flexural action in resisting out-of-

plane deformations,and small deflection theory which ignores this 

coupling effect will predict overconservative results. 

The restriction placed on material behaviour is also too 

stringent for general application, since in all but the most slender cross-

sections plasticity will influence the plate strength. This will be 

particularly significant in the range of panel slenderness where buckling 

and yielding interact, since here the elastic buckling strength can be 

reduced by plastic action. 

1.2 REVIEW OF EXISTING WORK 

In the following sections a review of literature on stiffened 

plates is given. For the purpose of discussion, the literature is 

divided into sections according to the analytical approach adopted and an 

attempt is made to emphasise some of the advantages and disadvantages 

associated with each. In some cases,however, it should be noted that 

there may be some degree of overlap owing to the use of two methods in 
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combination. For example, the finite element method can be used to 

solve a beam-column or orthotropic plate idealisation as well as a 

complete structure. 

Basic information on the behaviour of plates can be obtained 

from standard text books
(14-16) and attention is drawn to earlier 

reviews given by Djahani ( 17)  and Mansour 
(18)  , the first for stiffened 

and unstiffened plates and the second for methods of gross panel analysis. 

Additionally, Smith(19)  has investigated some of the methods available 

with reference to tests on full scale ship grillages. 

1.2.1 Orthotropic Plate Theory  

In an orthotropic plate analysis a stiffened panel is idealised 

as a continuum. Stiffeners are smeared across the panel width and ortho-

tropic rigidities are derived for the two orthogonal directions. 

The degree of approximation associated with the method depends 

largely on the panel geometry and the material properties involved. The 

method provides no facility for the prediction of local panel buckling,and 

yielding of the orthotropic section will bear little resemblance to that 

of the real panel. These two limitations restrict the use of the method 

to plates in which the stiffener spacing is close enough to preclude 

local panel action and to stresses which remain in the linear elastic 

range. In addition, the eccentricity of stiffeners can only be included 

approximately by a modification to the orthotropic rigidities and residual 

stress distributions cannot be represented accurately. Ultimate load 

predictions can only be made by employing an approximate collapse criterion 

and in the real situation behaviour at collapse can take a variety of forms. 

The main advantage of the method is its simplicity,and providing 

it is applied selectively with the above restrictions in mind, a reasonable 

degree of accuracy will be achieved. 
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Basic information on orthotropic plate theory can be found in 

reference 20. The method has been used to study both laterally and 

uniaxially loaded plates and a number of different boundary conditions 

have been considered. 	Early work on the subject has been reviewed in 

detail by Dowling(21), who employed the method to investigate the beha-

viour of stiffened plate bridge decks under concentrated wheel loads. 

Schade(22)  presented small deflection orthotropic solutions 

for laterally loaded plates orthogonally stiffened by equally spaced 

ribs, and Falconer and Chapman(23)  applied the method to obtain buckling 

solutions for initially curved compression panels. In these procedures 

rigidities were determined analytically, whilst in a later analysis 

presented by Ho ann
(24)  

p 	y ppm 	rigidities were determined experimentally 

from bending and twisting tests on steel plates. 

Using a series method of solution, Soper(25)  applied orthotropic 

theory to solve the large-deflection problem of laterally loaded ortho-

gonally stiffened plates with both clamped and simply supported edges. 

Two orthotropic plates were employed, one to deal with out-of-plane 

effects and the other to deal with membrane effects. 

Improving on the above series method of solution, Basu(26)  and 

Basu and Chapman(27)  employed a finite difference approach. Modifications 

were applied to allow for different orthogonal rigidities and a wide range 

of in-plane and flexural boundary restraints were considered. 	Aalami(28)  

and Aalami and Chapman(29)  extended the method to study plates under 

combined lateral and in-plane loading and employed graded meshes to 

deal more effectively with concentrated loads. Using Aalami's computer 

program, Williams and Chapman(30)  studied the behaviour of double bottom 

structures with reference to tests on a one-eighth scale steel model 

loaded both laterally and in-plane. Allowance was made within the theory 

for reduction in overall flexural stiffness due to local distortions 

in the plating. 
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Nishino et al
(31) presented an analysis based on the small 

deflection equilibrium equations for orthotropic plates but allowed 

for extensibility of the middle-plane in deriving the orthotropic rigidi-

ties. Full interaction between the plating and stiffening system was 

accounted for in deriving the rigidities, and comparisons are given bet-

ween the torsional term obtained and that used in the less rigorous 

approach where interaction is ignored. 

Although orthotropic theory is essentially limited to the 

elastic range of stress, some attempt has been made to include the effects 

of material non-linearity. In an analysis presented by Kagan and 

Kubo(32)  for laterally loaded orthogonally stiffened plates, yielding 

was considered in the stiffeners but not in the plate. The approach 

involved the determination of orthotropic plate displacements from which 

stiffener slopes and hence stiffener bending stresses could be calculated. 

These stresses were used to check for yielding in the stiffeners and 

if this had occurred, a reduced area of elastic material was used to 

calculate rigidities for the next load step. 

To study the ultimate load behaviour of box-girder compression 

flanges, Massonnet and Maquoi'33)  adopted orthotropic theory with refined 

expressions for bending and torsional rigidities. Collapse was assumed 

to occur when the mean membrane stress along the unloaded edges reached 

yield,and the ultimate load was obtained by factoring the corresponding 

mean stress on the loaded edges to allow for local panel buckling. 

1.2.2 Beam-Column Theory  

In this approach a stiffened panel is idealised as a strut 

which consists of a single stiffener and an effective width of plating. 

In general, the analysis involves the determination of moment-thrust-

curvature relationships,from which the deflected shape of the plate 

under any applied loading can be obtained numerically. 
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This method is satisfactory for the analysis of wide stiffened 

panels which fail in a single half-wave buckling mode, and allowance can 

be made for local panel failure by using a reduced effective width of 

plating or a modified stress-strain curve. For thick plates reinforced 

by light stiffening or for long narrow plates reinforced by one or two 

ribs, however, the method is particularly inappropriate since no allowance 

can be made for biaxial stress conditions. 

The main advantage of the approach is the ease with which it 

can be applied and as a result of this, a number of design proposals 

have been based on the method. 

In an extensive research programme at Lehigh University, 

beam-column methods of analysis have been developed and results have 

been compared with experimental data. Ostapenko and Lee
(34) 

 presented 

test results for simply supported panels under combined lateral and in-

plane loading, and Kondo and Ostapenko(35)  extended the range to include 

panels with clamped edges. In both cases the unloaded edges were free 

out-of-plane,and the variables considered were the panel slenderness and 

the magnitude of applied lateral loading. 

To determine the moment-thrust-curvature relationships the 

stress-strain behaviour of the cross-section must be identified, and 

assumptions made at this stage in the analysis will determine the range 

of plates for which the method is applicable. Kondo(36)  investigated 

the buckling of low slenderness panels, assuming a wide column mode 

and allowing for the non-linear effects of both inelastic action and 

deformation. An elastic-perfectly plastic stress-strain relationship 

was assumed and this was modified,where necessary, to take account of 

residual stress. 

Vojta and Ostapenko(37)  extended the theory tc investigate the 
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ultimate strength of panels with width to thickness ratios such that 

panel buckling occurs prior to the ultimate load. For this analysis 

the stress-strain curve was modified in the following manner. A 

linear relationship between stress and strain was employed up to the 

critical panel buckling stress, a non-linear curve according to Koiter 

was used to describe the elastic post-buckling behaviour, and a horizon-

tal portion was employed to define the maximum stress level based on 

the mean applied stress when the edges reach yield. Again modifications 

were applied to take account of residual stress. Using results from 

this analysis, Vojta and Ostapenko(38)  generated design curves from 

which the dimensions of a panel which will just sustain the simultaneous 

application of lateral and in-plane loading can be obtained. A further 

extension to this work was presented by Rutledge and Ostapenko(39)  who 

modified the stress-strain curve to take account of materials which 

exhibit a non-linear elastic behaviour. 

With reference to box-girder bridge construction, Moolani(40)  

and Moolani and Dowling(41)  presented a similar approach for uniaxially 

loaded compression flanges, taking account of failure both towards the 

plating and towards the stiffeners. The stress-strain relationships 

adopted for the plating were obtained from a large-deflection elasto-

plastic analysis of individual panels
(42) 

  which incorporated a single 

layer yield criterion and the effect of residual stress. To study the 

behaviour of multiple bays individual beam-columns were reacted on 

spring supports. 

A simple Ritz solution procedure was adopted by Crisfield(43)  

to study the beam-column behaviour of plates and,in this approach, the 

stress-strain characteristics were obtained from a finite element 

analysis of individual panels. To include the effect of residual 

stress an approximate method was developed from which the load-shortening 
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curves obtained for stress free panels, could be modified to generate 

a family of curves for different levels of residual stress. 

Smith 
(19) adopted a similar approach to compute the collapse 

loads for two test grillages which failed by flexural buckling of the 

longitudinal stiffeners. Results are presented for a range of residual 

stress levels, boundary constraints and initial deformations. Local 

effects in the plating were again accounted for by employing load-

shortening curves derived from the analysis of individual panels,:and 

plasticity in the stiffeners was incorporated by subdividing the cross-

section into small elements and limiting the stress at the centroid of 

each to the yield stress. It was concluded that the collapse loads 

predicted by this method were reasonably consistent with experimental 

results. 

1.2.3 The Finite Element Method  

In the finite element method a stiffened panel is idealised 

by a series of interconnected elements. These can take the form of 

orthotropic elements, or bending and stretching plate elements together 

with beam elements for the stiffeners. The degree of approximation 

involved will depend primarily on the shape functions selected and on 

the compatibility conditions applied along the element boundaries. 

An adaption of the finite element method is the finite strip 

approach. Here the structure is idealised by strips which are connected 

together along two sides whilst the remaining edges form the boundaries 

of the plate. This reduces the two dimensional problem to one dimension 

and a considerable saving in computer time results. 

Using the finite strip approach, Fukumoto et al(44) have studied 

the ultimate load behaviour of simply supported compression panels, rein-

forced by equally spaced ribs of rectangular cross-section. The theory 
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applies to panels of low width to thickness ratio, where it was assumed 

that no out-of-flatness exists prior to buckling, and that the ultimate 

and buckling strengths are identical. Residual stresses were included 

in both the plate and the stiffeners and their effect on the ultimate load 

capacity was investigated. Torsional rigidity of the webs was also 

included and this was shown to enhance the buckling strength. 

Comparisons were made between theoretical and test results obtained by the 

authors and in general, satisfactory agreement was achieved. Fukumoto 

et 
al(13) 

subsequently extended this work to obtain solutions for plates 

stiffened by tee-section ribs. Results showed that compared with a 

flat type stiffener, the reduction in flexural rigidity due to partial 

yielding in the stiffeners was much more gradual. 

Hasegawa et 
al(12) 

also employed the finite strip method to 

investigate the effect of residual stress on the elasto-plastic buckling 

strength of multiple stiffened panels. The distribution of residual 

stress adopted for the plate was similar in form to that employed by 

• Fukumoto et 
al(13,44). 	

In the stiffeners:  the effect was accounted 

for by modifying the material stress-strain curve. This consisted of 

a linear elastic portion reduced to take account of residual stress, a 

horizontal portion for fully plastic action and a cubic polynomial 

in between  to describe the transition from elastic to plastic behaviour. 

From this work it was concluded that the drop in buckling strength due 

to residual stress in the stiffeners is related to the flexural rigidity 

of these members. 

To study the behaviour of laterally loaded plates, Rossow and 

Ibrahimkhail (45)  and Negmulier 
(46) 

adopted the finite element technique. 

Assuming a linear variation of deformation due to bending Rossow and 

Ibrahi--nkhail 45)  developed an elastic analysis for stiffened plates 

with eccentric and concentric stiffeners. Numerical results were obtained 
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for both types of stiffener and both uniaxial and biaxial ribs were considered. 

Wegmuller
(46) presented a general method capable of predicting the 

entire load deformation behaviour of stiffened panels under lateral 

loading. A layered beam-plate model was adopted to describe the 

process of yielding and the effect of strain hardening was included. 

Based on the assumption that considerable plastification occurs 

before deflections become large, a unit load was applied to the struc-

ture and the resulting stresses were factored to obtain the load at 

which first yield occurred. Following this, an incremental technique 

was employed where stiffnesses were updated at each load stage to allow 

for the spread of plasticity through the section. 

Dowling
(47) 

presented experimental results for a stiffened 

panel subjected to a central point load. Results obtained show the 

effect of stiffener yielding on the load-deflection response of the 

structure. 

Tvergaard and Needletman48)  investigated the elasto-plastic 

buckling and post-buckling behaviour of wide, eccentrically stiffened 

panels subjected to uniaxial compression. Initial deformations were 

considered in the shape of a wide column mode and a local mode, and solu-

tions were presented for plates with both simply supported and continuous 

edge conditions. Plasticity in the plate was assumed to be governed by 

flow theory with hardening included whilst for the stiffeners, the level 

of direct stress was employed to predict yielding of the section. 

S¢reide, Bergan and Moan(49)  also adopted flow theory to 

describe the plastic behaviour of eccentrically stiffened plates, and full 

details of the formulation are given in reference 50. Using the method, 

load-deflection curves and deflection profiles were generated and an 

investigation into the effect of various levels of initial deformation 

was carried out. 
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In a non-linear analysis presented by Crisfield
(51) the pre-

diction of yield was based on a theory involving stress resultants rather 

than stresses. The expressions adopted were chosen such that the load 

at first yield was accurately predicted for full section yielding of 

the plate and for first fibre yielding of the stiffeners. The formula-

tion was used to analyse eccentrically stiffened wide and narrow, panels 

under the application of in-plane loading. 

1.2.4 Discretely Stiffened Plate Theory 

In a discretely stiffened plate analysis the plate and stiffe-

ners are treated separately, and by enforcing compatibility and equilibrium 

alon3 their lines of intersection, the assembly is forced to act in a 

composite manner. In this way the problem is reduced to the analysis 

of an unstiffened panel with a line of discontinuity in the loading. 

The advantages of this approach are numerous. Both overall 

buckling of the stiffened section and local buckling of the panels between 

the ribs can be predicted and interaction between adjacent elements 

accounted fōr.Non-linear material effects can be included and allowance 

can be made for eccentricity of the stiffeners. Further, residual 

stresses can be incorporated with relative accuracy and different modes 

of initial deformation can be investigated. 

Dean and Omid'varan(52)  presented a closed form field approach 

for the analysis of rectangular plates reinforced by flat section ribs. 

Small deflection elastic behaviour was assumed throughout and three 

categories of plate-stiffener interaction were considered. The first 

approach was a 'composite membrane analysis', in which full composite 

action was considered in the plane of the plate whilst the flexural capa-

city of the plating was ignored. The second approach was a 'non-

composite flexural analysis', in which in-plane plate deformations and 



in-plane continuity were ignored whilst flexural interaction was con-

sidered,and the third approach was a 'composite membrane-flexural 

analysis', in which all interaction components were considered. For 

each of these categories, the governing equations were solved in closed 

form to obtain deformations in terms of the applied loading. 

An approach similar to the non-composite flexural analysis 

was adopted by Wah
(53)  to investigate the effect of torsional stiff-

ness on the buckling strength'of compression panels, and the composite 

membrane-flexural analysis formed the basis of work carried out by 

Avent and Bounin
(54) 

to investigate the buckling behaviour of ribbed 

plates. 

Hovichitr et 
al(55) 

presented a rational small deflection 

elastic analysis for rectangular plates with eccentric orthogonal 

stiffening. Governing equations of tenth order were generated and 

simplified expressions of eighth and fourth order were obtained from 

them. Using a Fourier series technique, solutions were obtained for a 

simply supported panel under lateral loading and comparisons were made 

between the tenth, eighth and fourth order solutions obtained. 

Djahani(56)  and Basu, Djahani and Dowling(57)  investigated 

the large-deflection elastic behaviour of discretely stiffened plates 

and developed the governing equations for panels stiffened by rectangular 

flats in one or both directions. A modified Newton-Raphson technique 

was used to solve the finite difference forms of these expressions, and 

solutions were obtained for plates loaded both laterally and in-plane. 

Djahani
(17) 

 later extended this work to include the effects of material 

non-linearity and residual stress. A full depth yield criterion was 

adopted for the plate and a multilayer approach was used for the stiffe-

ners. Ignoring transverse bending of the stiffeners and torsional 

interaction between the plate and stiffeners, Lamas(58) and Lamas and 

30 



Dowling
(59) used the approach to study the problem of shear lag in 

wide flanged box-girders. Again a finite difference technique was 

employed and the equations were solved numerically by the method of 

Dynamic Relaxation. 

1.2.5 Design Methods  

Design methods for stiffened plates have been proposed by a 

number of authors and many of these rely on a beam-column idealisation. 

Chatterjee and Dowling(60)  have reviewed a number of methods recently 

developed for box-girder compression flanges and have indicated the 

scope and limitations of each. 

Horne and Narayanan
(61) 

proposed a method for axially loaded 

plates based on a Perry Robertson strut formula. Failure both towards 

the plating and towards the stiffeners was considered, and allowance was 

made for reduction in stiffness due to local panel buckling by using a 

reduced effective width of plate(62) 	Residual stresses were included 

by magnifying the initial deformation level, and the ultimate strength 

was defined as the load required to cause yield at the middle-plane of 

the plate or at the extreme fibres of the stiffeners. Comparisons were 

made between the ultimate loads predicted by this method and test 

results obtained by the authors. 

Murray
(63) 

also proposed a Perry Robertson strut approach 

and allowed for loss of plate effectiveness when the critical panel 

buckling stress was less than the Euler stress. The ultimate load was 

defined as that required to cause yielding at the extreme plate or 

stiffener fibres,and simple rules were given for panels loaded in bending 

and in combined bending and axial compression. Test results for nine 

large scale panels were obtained and these were compared with theoretical 

predictions. 

31 
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(64) 
In a strut approach proposed by Chatterjee and Dowling 	, 

load-shortening curves were derived from a large-deflection analysis 

of isolated panels and these were used to allow for loss of plate 

effectiveness. The peak load position on these curves was used to 

define a secant stiffness for the plating and from this the effective 

section was determined. This section was then analysed as a beam-

column and.yielding at the middle-plane of the plate or extreme fibres of 

the stiffeners was used to define failure. Chatterjee and Dowling
(65)  

also proposed a method based on orthotropic theory and gave rules for 

laterally loaded plates, composite steel and concrete compression flanges, 

and cases in which a variation of axial load exists along the length of 

a member. 

In an approach presented by Dwight(66)  and Dwight and Little(67), 

a fictitious yield approach was adopted to allow for loss of plate effec-

tiveness. Here,the actual yield stress was replaced by a fictitious 

value which was obtained from plate strength curves for a given panel 

slenderness. Using this value to define a column curve, the collapse 

strength was then obtained for the appropriate column slenderness. 

Finally, Carlsen (68)  discussed two simple strut approaches 

for stiffened plates. The first of these was an elastic-plastic strut 

analysis, where collapse was defined as the point of intersection between 

the elastic and plastic load-deflection curves whilst the second was again 

a Perry Robertson strut approach. 

1.3 SCOPE OF THESIS 

From the preceding discussion, it is evident that a greater 

analytical understanding of stiffened plate behaviour must be acquired 

before reliable design techniques can be formulated. As a contribution 

towards this, a theoretical and experimental study on the subject is 

given in this thesis. 
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The mathematical formulation developed in Chapter 2, extends 

the work of Djahani 
(17) 

 by allowing for tee and angle section stiffeners 

as well as rectangular flats. Both geometric and material non-lineari-

ties are included and interaction between adjacent elements is automati-

cally accounted for. Expressing the governing equations in finite 

difference form and using the method of Dynamic Relaxation, a computer 

program has been written and this is discussed in detail in Chapter 3. 

To validate a mathematical formulation, comparisons should be 

made with controlled experimental data and,as part of this work, a 

series of tests have been designed. A plate testing rig was designed 

and constructed specifically for the purpose and full details of this, 

together with a description of the models and their instrumentation,is 

given in Chapter 4. Of the three models fabricated, one only has been 

tested and the results obtained are compared with theoretical predictions 

in Chapter 5.. 	In addition, theoretical results are included for the 

remaining two models. 

Finally, a wide range of plate problems have been solved and 

results are discussed in Chapter 6. The main parameters chosen for 

investigation were the plate and stiffener slenderness ratios. 	Smaller 

scale studies were also undertaken to investigate the effects of initial 

deformation, combined lateral and in-plane loading and the use of hybrid 

plates. 
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CHAPTER 2 

MATHEMATICAL FORMULATION  

2.1 OUTLINE OF APPROACH AND ASSUMPTIONS 

2.1.1 Outline  

The equations of equilibrium for discretely stiffened plates 

are developed by idealising the assembly as an isotropic plate sub-

jected to body forces. This method was first used by Banu, Djahani 

and Dcwling
(57) 

for plates stiffened by flats and here the work is 

extended to incorporate 'T' and 'L' section ribs. 

By considering the equilibrium of a stiffener flange at its 

intersection with the web and of a stiffener web at its intersection 

with the plate, and by enforcing displacement continuity between these 

three elements, expressions are obtained for a set of forces which 

can be applied to an isotropic plate to simulate the effect of stiffen-

ing. The governing equations are then derived by considering the 

equilibrium of a small element of plate under the action of these forces, 

and by defining force-displacement relationships for the plate and 

stiffeners. 

To enable an analysis to be carried out in both the elastic and 

elasto-plastic stress ranges two sets of force-displacement equations 

are incorporated. For the plate component the Ilyushin
(69) 

 yield 

criterion is used to predict yielding of the cross-section and where 

this has occurred, total elastic force-displacement relationships are 

replaced by incremental forms in which the rigidity terms allow for 

material non-linearity. For the stiffener webs and flanges a simpli-

fied form of the Von Mises' yield criterion is used to predict yielding 

of the cross-section. In the elastic range elastic force-displacement 
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and moment-curvature relationships are adopted,whilst in the elasto-

plastic range a process of numerical integration is used to determine 

forces and moments. 

Finally, for complete definition of the problem a set of 

boundary conditions is specified. 

2.1.2 Assumptions  

The formulation presented is based on the following assump-

tions of thin plate and beam theory: 

(a) Direct stresses normal to the middle-plane of the plate and 

normal to the longitudinal axis of the stiffener are assumed 

to be negligible. 

(b) To comply with the assumption of plane sections remaining 

plane, transverse shear deformations are ignored both in the 

plate and in the stiffeners. 

(c) Slopes are assumed everywhere to be small by virtue of the 

fixed co-ordinate system adopted. 

It is further assumed that: 

(d) The material behaves in an elastic-ideally plastic manner. 

(e) The stiffener cross-section does not distort under load. 

(f) Shear stresses in the stiffeners are small enough to permit 

the use of elastic torsional properties throughout the analysis. 

2.2 EOUILIBRIUM EQUATIONS IN TERMS OF FORCES 

2.2.1 Continuity of Displacements between the Plate and Stiffener  

Displacements are defined relative to a fixed system of axes, 

orientated as shown in Fig. Al, with x and y lying in the middle-plane 

of the ideally flat plate and z perpendicular to it. 

The net components of displacement at the middle-plane of the 
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plate in the x, y and z directions are defined as u, v and w respectively. 

A subscript ois used to denote initial deformations and a superscript - 

to denote total deformations. Stiffener displacements are similarly 

defined by u, v and w with the addition of subscripts w for web, f for 

flange, c for centroid and e for the centroid of a small element of the 

cross-section. 

Referring now to Figs Al and A2 and assuming that the plate 

is deformed initially only in the z-direction (uo  = vo  = 0), the following 

relationships can be written for stiffener displacements in terms of 

middle-plane displacements and slopes: 

(a) For a point in the web (y = ehw; z = evw) 

wew • w + ehw. aw/ay ; woew 

• w

o  + ehw. awo/ay 

v 	= v - evw. aw/ ay ; v 	= -evw. aw °l ay ew 	 oew 	 o  
u ew = u - evw. aw/ ax - ehw. av/ ax ; u oew = - evw. awo/ ax 

w ew 

• w 

 ew + w  oew ; v ew = v ew + v  oew ; u  ew = u ew + tz  oew 

(b) For a point in the flange (y =ehf; z =evf) 

w e f  = w + ehf. Bw/ ay ; w oef = wo + ehf ,  atio / By 

v ef  = v - evf. a,,/ By ; v  oef = -evf. awo/ By 

u  ef = u - evf. aw/ ax - ehf. av/a x ; u oef = - evf, a wo/a x 

w  ef • w ef + w  oef ; v  ef 	v  ef + v  oef ; u  ef = u  ef + u  oef 

  

y 	(2) 

  

   

(c) For the web centroid (y = 0; .z =cvw) 

(1) 
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w = w 	; w 	= w 
Cw 	 ocw 	0 

v 	= v - cvw.aw/ay ; vocw = -cvw.awo/ay 

u 	= u - cvw.aw/ax ; u~w = -cvw.awo/ax 

w 	= w + w 	; v 	= v + v . ; u 	= u + u -cw cw ocw cw cw ocw cw cw ocw 

(d) For the flange centroid (y = chf; z = cvf) 

wcf = w + chf.aw/ay ; ōcf = wo + chf.awo/ay 

vcf = v - cvf.aw/ay ; vocf = -cvf.awo/ay 

ucf -= u - cvf.aw/ax - chf.av/ax ,; uocf = -cvf.awo/ax 

wcf wcf + woof 	vat, 	vol. + vocf ' ucf 	ucf + uocf 

2.2.2 Interactive Forces and the Equilibrium Equations  

The sectional actions associated with a small element of 

stiffened plate deformed under load, are shown in Figs A3 to A5. 

The web, plate and flange components are detailed separately, inter-

action between them being preserved by the application of a system 

of equal and opposite body forces and couples per unit length of the 

interfaces. These components will be referred to as interactive 

forces. 

The interactive forces at the web-plate interface are defined 

as FX 
w 
, FY 

w 
, FZ 

w 
and FT 

w 
. The in-plane components, FX 

w 
and FY 

w
,act 

within the middle-plane of the deformed plate and the out-of-plane 

component,FZw, acts in the positive z-direction. A directionally 

similar set of actions, FXf, FYf, FZf and FTf are defined at the web-

flange interface. 

Stiffener internal forces and moments are defined as N and 

M respectively with the addition of symbols A, H,V and T to denote the 

axial, horizontal, vertical and torsional components. Again subscripts 

(3)  

(4)  



w and f are employed to distinguish between the web and flange 

components. 

Referring now to Figs A3 to A5, the equations of equili-

brium for discretely stiffened plates are developed. 

2.2.2.1 Interactive Forces at the Web-Flange Interface 

Taking moments for the flange about x', y' and z' (a set of 

axes parallel to x, y and z but with origin at the intersection of the 

web and flange) and summing flange forces in these directions, a set 

of expressions is obtained for the interactive forces at the web-flange 

interface. 

Taking moments about x': 

FTf = 9MTf /ax - chf.aNVf /ax + 12.tf.aNHf/ax 

Taking moments about y': 

NVf = aMVf/ax + '.2.tf.aNAf/ax 

Taking moments about z': 

NH f = 31,41-1
f 

	+ chf .aNAf /ax 

Resolving forces in the x' direction: 

FX.. = aNAf/ax 

Resolving forces in the y' direction: 

FY f = 3NH f/3x + NAf.92 vcf/axe + aNAf/ax.avcf /ax 

Resolving forces in the z'direction: 

FZ,, = aNVf/ax + NAf.a2wcf- /axe + aNA~/ax.owcf- /ax - FXf .aw/ax 

— FY f.. aw /ay 
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(5)  

(6)  

(7)  

(8)  

(9)  

(10)  



Substituting (6) and (7) into (5) : 

FTf  = aMT f/ax - chf.a2 MVf/3xe + 12.tf .a2 MHf /axe  

Substituting (7) into (9) : 

FYf  = a2MHf/axe  + chf.a2NAf/axe  + NAf.a 2vcf/axe  

+ aNAf/ax.avc f /ax 

Substituting (6) into (10): 

FZf = a2MVf/axe + 1.1.tf.a2NAf/axe + NAf .a 2 wcf /axe 

+ BNAf/ax.a cf/ax  - FXf .aw/ax - FYf .aw/ay 	 (13) 

Equations (8) , (11) , (12) and (13) are the required interactive body 

forces at the web-flange interface. 

2.2.2.2 Interactive Forces at the Web-Plate Interface 

Taking moments for the web about the x, y and z axes and 

summing forces in these directions, a set of expressions is obtained 

for the interactive forces at the web-plate interface in terms of 

stiffener forces and moments: 

Taking moments about x: 

FTw = FTf  + aMTw/ax + FY f(hw  + 12.t) + cvw.aNHwlax (14) 

Taking moments about y: 

NVw  = aMV /3x + cvw.aNAw/ax + FXf(hw  + 12.t) 	 (15) 
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(12) 

Taking moments about z: 

NHw  = aMH 'ax 	 (16) 



Resolving forces in the x-direction: 

FXw  = FXf  + aNA /ax 	 (17) . 

Resolving forces in the y-direction: 

FYw  = FYf  + aNH/ax + NAw.a2vcw/ax2  '+ 3NA1ax.3vcw/3x 	(18) 

Resolving forces in the z-direction and putting w = w: 
cw 

FZw  = FZ f  + (FXf, - FX) .aW/ax + (FY f  - FY) .aw/y 

+ aNVw/ax + NAw.a2w/axe  + aNA /ax.aw/ax 	.(19) 

Substituting (16) into (18) : 

FYw  = FYf  + a2MHwfax2  + NAw.3217cw/ax2  + aNAw/ax.avcw/ax 	(20) 

Substituting (15) and (17) into (19) : 

FZw  = FZf  + (FYf  - FYw) .aw/ay + a2MVw/ax2  

+ cvw.a2NAw/ax2  + NAw.a27/axe + (hw  + 1/2.t) .aFXf/ax 	(21) 

Substituting (16) into (14): 

FTw  = FTf  + aMTw/ax + FY f  (hw  + 32.t) + cvw.a2MHw/axe 	(22) 

Equations (17) , (20) , (21) and (22) are the required body forces at 

the web-plate interface. 

2.2.2.3 Equilibrium:Equations for the Stiffened Plate 

The derivation is completed by considering the equilibrium of 

a small element of plate, subjected to load intensities q and FZw/Sy 

laterally, and FXw/Sy and FYw/Sy in-plane. The quantity Sy defines the 

width of plating over which the body forces are assumed to be distri-

buted and q represents the intensity of the applied lateral loading. 

40 
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It is important to note that the line couple, FTw, cannot be accommodated 

directly in the formulation and is therefore ignored at this stage in 

the analysis. It is however included in the numerical procedure and 

this is explained in Chapter 3, Section 3.1.1.7. 

The resulting equations of equilibrium, developed in full by 

Djahani(56)  and quoted below, are found to be identical to those for 

unstiffened plates subjected to body forces: 

. In the x-direction: 

aNx/ax + aNxy/ay + Cl = 0 

In the y-direction: 

aNy/By + aNxy/ax + C2 = 0 

and in the z-direction: 

a2Mx/axe  + 2.a2Mxy/axay + a2My/aye  

+ Nx.a2w/axe  + 2.Nxy.a2w/ax9y + Ny.a2w/ay2  

+q+C3 = 0 

where for stiffened elements: 

Cl = FXw/Sy ; C2 = FYw/Sy and C3 = FZw/Sy 

and for unstiffened elements: 

Cl = C2 = C3 = 0 

2.3 FORCE-DISPLACEMENT RELATIONSHIPS 

The remaining fourteen equations required for a solution 

are now obtained by defining force-displacement relationships for the 

plate and stiffeners. To cover a full range analysis, two sets of 

expressions are given, the first for application in the elastic range 

(23) 

(4) 

(25) 



and the second for application in the elasto-plastic range. 

2.3.1 Force-Displacement Relationships for the Plate  

Plasticity in the plate is assumed to be governed by the 

approximate Ilyushin yield criterion given in Appendix A. Known 

values of the stress resultants are used to evaluate the yield function 

f (Expression (A3) , Appendix A) and from this, the state of the material 

is determined. If at any point within the plate the value of f is 

equal to unity a condition of yield is assumed to have been 

reached. 

2.3.1.1 Elastic Force-Displacement Relationship (f < 1) 

In the elastic range, the stress resultants can be expressed 

in terms of centroidal strains and curvatures, and elastic rigidites. as 

follows: 

Nx = E1 (Ex + V . Ey) 

Ny = E1 (Ey + V.Ex) 

Mx = -13(32w/3x2  + V .a2w/ay2  ) 
(26)  

My = -D (a2w/3y2  + V.a2w/axe  ) 

Nxy = El(1-V)Exy/2 

Mxy = -D(1-V) .32w/3x3y 

where: 

Ex = au/ax + 1/2(9w/3x)2  + 9w/ax.9w0/3x 

cy = 3v/3y + 12(9w/3y)2  + 3w/ay.awo/3y 

Exy = 3u/ay + 9v/9x + 3w/3x.3w/3y 

+3w/3y.3w0/3x + aw/ax.awo/ay 
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E1 = E.t/(1-V=) 	and D = E.t'/12(1 V2) (28) 

2.3.1.2 Elasto-Plastic Force-Displacement Relationships (f = 1) 

In the elasto-plastic range. the force-displacement and 

moment-curvature relationships (26) are no longer valid and the non-

linear behaviour of the material must be considered. The relationships 

adopted here were first suggested by Crisfield(70), who, basing his 

formulation on the 'approximate' :Ilyushin yield criterion in conjunction 

with the 'associated' flow rule, obtained expressions relating incremental 

stress resultants to incremental strains and curvatures. These 

expressions, given in full in Appendix B, are as follows: 

{AN} = [c*] {Act} + [cd] {Qlpt} 	 (29) 

{AM} = [cd]T{Act} + [D*]{Alpt} 	 (30 ) 

where [C*], [cd] and [D*] are the elasto-plastic tangential rigidities 

calculated at current stress levels and: 

{pct}T  = 

{Q0t}T = 

{A x, LEy, AExy} 

{Lpx, A*Y, tixy} 
} (31) 

{AN}T = {dNx, ANy, LNxy} 

_ {1Mx, Amy, LMxy} 
} (32) 

These relationships, incorporated in an incremental procedure, 

can be summed at each load step to obtain values for the total stress 

resultants. Expressions for the elasto-plastic rigidities and incre- 

mental strains and curvatures are given in Appendix B. 
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2.3.2 Force-Displacement Relationships for the Stiffeners  

Yielding of the stiffeners is assumed to be governed by a 

simplified version of the Von Mises yield criterion. For this it is 

assumed that all components other than the direct stresses and maximum 

shear stresses due'to bending are negligible, and that the shear stresses 

do not vary across the thickness or through the depth of the section. 

Defining the uniaxial yield stresses of the webs and flanges as (iow  and 

aof  respectively, the maximum possible strains for elastic behaviour can 

then be written as follows: 

For the webs: COw  = (✓6ow2  - 3 (NVw/Aw) 2 ) /E (33) 

For the flanges: Eo f  = Wao f2  - 3 (NH f/A f) 2 ) /E 
	

(34) 

. where Aw  and Af  are the areas of web and flange respectively and E is 

Youngs modulus. 

To determine the state of the material at any point (or small 

element) within the cross-section, the above two expressions are compared 

with the following direct strains due to deformation: 

For a point in the web: 

ew 
 = a ēw/ax + 12(awew/ax)2  + aweW/ax.awOe ax 

+ 1(3veW/ax) 2  + avew/ax.av
oew/ax (35) 

and for a point in the flange: 

Ee f  = aue f/ax + 12 (awe f/ax) 2  + awe f/ax.awoef/ax 

+ 1/2 (ave f/ax) 2  + ave f/ax. avoe f/ax 	(36) 

where the displacements are given by equations (1) and (2). 



2.3.2.1 Elastic Force-Displacement Relationships 

For any web cross-section where all lceW f < Cow and any 

flange cross-section where all Icefl < sof, the moments and forces 

can be obtained from centroidal strains and curvatures, and elastic 

rigidities as follows: 

(a) For the web 

NA 	= 
W 

MVw = 

MH 	= 
w 

MTw = 

EA .c 
w cw 

-EI 
y

w.a2wc/axe 

-EI 	.a2v 	/axe zw 	cw 

-GJ w.a2wcw/axay 

(37) 

where 

cw 

EA w 

EI 
zw 

= 3u 	/ax + 1/2(3w 	/3x)2 	+ aw 	/ax.aw 	/ax 
cw 	cw 	cw 	ocw 

+ 10vcw/ax)2 +3vcw/3x.3v
ocw

/3x 

= 	E.h .t 	; 	EI 	= 	E.t .h 3/12 w w 	yw 	w w 

= 	E.h .t 3/12 	; 	GJ 	= 	G.~.h .t 3 
w w 	w 	w w 

(38)  

(39)  

where 4) is a torsional rigidity factor and the displacements are 

given by equations (3) . 

(b) For the flange 

NA f = EAf.Ccf 

MVf = -EI 
gf

.a 2 wcffax2 

:dif = -EIzf.a2 vcf/ax2 

MTf 	-GJ f.a2 wCZ/axay 
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(40) 
} 

where 



ec f = auc f/ax + 12 (a c f/ax) 2 + 3W f/ax.awoc f/ax 

+ 12 (avcf/ax) 2  + avcf/ax.avoc f/ax 

EAf  = E.bf.tf 	; 	EIgf  E.b
f.tf3/12 

Elzf  = E.tf.bf'/12 and G7f  =G..4.bf.tf3  

where 4) is a torsional rigidity factor and the displacements are given 

by equations (4). 

2.3.2.2 Elasto-Plastic Force-Displacement Relationships 

For any web cross-section where 
ICewI 

 ) Cow  and for any 

flange cross-section where 
ICefI 

 a COf  at one or more points, the direct 

forces NA and the bending moments MV and MH are obtained by numerical 

integration. This technique is described in Chapter 3, section 3.1.1.5. 

2.4 BOUNDARY CONDITIONS 

In addition to satisfying the equations of equilibrium and 

compatibility, the deflected shape of the,plate must also satisfy 

known boundary conditions at the supported edges. 

For unstiffened plates four conditions are required on 

each side of the plate, two of these being associated with flexural 

action and two with membrane action. For stiffened plates,however, 

an additional condition is required at each end of the stiffeners, 

this being associated with rotation in the horizontal plane (i.e. a 

plane parallel to the x-y plane). 

Assuming now that edges parallel to the ribs are unstiffened, 

the following boundary conditions can be written for various types of 

edge support. 	An edge parallel to the stiffeners is referred to as 

y = 0 and an edge_ normal to the stiffeners as x = 0 . 
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2.4.1 Flexural Boundary Conditions 

2.4.1.1 The Edge y = 0 

Three flexural constraints are considered on this edge, 

these being simply supported, clamped and free. 

(a) Simply Supported Edge: 

The edge is restrained laterally but is free to rotate. Thus: 

w = 0 and My = 0 
	

(43) 

(b) Clamped Edge: 

The edge of the plate is firmly clamped so that neither 

rotation nor deflection is possible. Thus: 

w = 0 and 3w/3y = 0 
	

(44) 

(c) Free Edge: 

Along the free edge there are no vertical shearing forces 

and no bending or twisting moments. These three requirements, 

combined into two by Kirchoff 
(15) 

are as follows: 

My = 0 and aMy/ay + 2.3Mxy/ax = 0 	(45) 

2.4.1.2 The Edge x = 0 

Two flexural constraints only are considered on this edge, 

these being simply supported and clamped: 

(a) Simply Supported Edge: 

w = 0 and Mx = 0 	 (46) 

(b) C1:snped Edge: 

w = 0 and aw/ax = 0 	 (47) 

2.4.2 Membrane Boundary Conditions  

2.4.2.1 The Edge y = 0 

On this edge five in-plane constraints are considered, three 

being related to displacements normal to the edge and two to displace-

ments tangential to the edge. A combination of one normal and one 



tangential condition is required for a solution. 

(a) Free Displacement Normal to the Edge: 

The direct stress resultant normal to the edge must be 

zero at all points. Thus: 

Ny = 0 

(b) The Constrained Edge: 

The edge is constrained to remain straight but is free to 

translate in-plane. The sum of direct stresses along the edge must 

therefore be zero. For an edge extending from x = 0 to x = Lx 

we have 

Lx 
Ny.dx = 0 

x=0 
(49) 

(c) Known Uniform Displacement Normal to the Edge: 

At all points along the edge we have: 

v = constant 	 (50) 

(d) Free Displacement Tangential to the Edge: 

At all points along the edge the shear force must be zero: 

Nxy = 0 	 (51) 

(e) Full Fixity Tangential to the Edge: 

At all points along the edge the displacement must be zero: 

u = 0 	 (52) 

2.4.2.2 The Edge x = 0 

On this edge three in-plane constraints are considered, two 

of them related to the normal displacement u and the third to the 

tangential displacement v. In addition, an edge condition is given 

to take account of stiffener rotation in the horizontal plane. 

(a) Known Uniform Displacement Normal to the Edge: 

At all points along the edge we have: 
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u = constant 

(b) The Constrained Edge: 

As in case 2.4.2.1(b), the resultant normal force on the 

edge must be zero. Thus for an edge extending from y = 0 to y = Ly 

we have: 

Ly 
Nx.dy + ENAW  + ENAf  = 0 	 (54) 

y=0 

(c) Full Fixity Tangential to the Edge: 

At all points along the edge the displacement must be zero: 

v = 0 	 (55) 

(d) Rotation of the Stiffener. 

The above three constraints are applicable to a plate and 

stiffener combination which is welded into a rigid end plate, the 

function of the rigid plate being to prevent shortening tangential 

to the edge and to constrain the edge to remain straight. This being 

the case, it can be assumed that for any depth z below the middle plane 

of the plate there can be no variation of 
ueW 

 or uef  with y. 

Expressions for these displacements, given in section 2.2.1 are: 

and 

ueW = u - evw.3w/ax - ehw.av/ax 

uef  = u - evf.w/ax - ehf.av/ax 

If ueW  and uef  are not to vary with y it follows that they 

must also be independent of ehw and ehf and therefore: 

av/ax = 0 	 (56) 

This provides the additional condition required at each end of the 

stiffener. 
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CRAPTER 3 

THE SOLUTION PROCEDURE 

3.1 THE METHOD OF SOLUTION 

3.1.1 Solution of the Stiffened Plate Equations  

The governing equations for discretely stiffened plates are 

solved numerically by the application of Dynamic Relaxation to their 

finite difference equivalents. The first order central difference 

expressions are generated from a rectangular interlacing network 

of stress resultants and displacements, the arrangement of which is 

shown in Fig. B1. Background information on the Dynamic Relaxation 

technique and its application to a number of different structural forms 

can be found elsewhere(71-84),and discussion here is therefore con-

fined to its application in the solution procedure. 

Using this method_ a computer program has been written, and 

this is summarised in the form of a flow chart in Appendix C. The 

main steps involved are as follows: 

Step 1: Assume an initial set of plate displacements. 

Step 2: Calculate forces and moments in the plate and stiffeners. 

Step 3: Calculate the interactive forces and evaluate the equilibrium 

equations. 

Step 4: Apply the Dynamic Relaxation equations to obtain an updated 

set of plate displacements. 

Step 5: Repeat steps (2) to (4) until a convergent solution is 

obtained. 

Step 6: Check for yielding in the plate and stiffeners, determine 

plate rigidities for the next load increment and repeat the 

above procedure for a new load level. 

50 



With reference to the computer program flow chart, the 

solution procedure will now be discussed in detail. 

3.1.1.1 Plate Rigidities 

For the initial load increment of the solution procedure 

elastic rigidities given by expressions (28) are specified for each 

plate node. For subsequent increments, every node in the plate 

must he checked for yielding before the appropriate rigidities can 

be determined. 

As outlined in section 2.3.1 the Ilyushin yield criterion 

(Appendix A) is used to predict yielding in the plate. Current nodal 

values of the stress resultants are substituted into equation (A3) and 

numerical values for the yield function f are thus obtained. 

At the main nodal positions, stress resultants Nxy and Mxy are 

required to evaluate (A3) but,owing to the adopted interlacing mesh. 

arrangement, these values are not specified directly. At main internal 

nodes,therefore, known values at the surrounding interlacing nodes are 

averaged, whilst along the boundaries_ the following approximations 

are employed: 

For main 	nodes on the boundary J = 2 (Fig. B1): 

For free tangential displacement, 

Nxy(I,2)E  = 0 	 (57) 

For zero tangential displacement, 

Nxy(I,2)E  = 	(Nxy(I,2) + Nxy(I-1,2)) 	(58) 

For the clamped edge, 

My(I,2)E  = 0 	 (59) 
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For the simply supported edge, 

Mxy(I,2)E  _ 71(Mxy(I,2) + Mxy(I-1,2)) 
	

(60) 

where E denotes boundary mesh points. 

Similar expressions are employed along the boundary I = 2. 

At interlacing  nodes where the quantities Nx,Ny,Mx and My 

are required, the above averaging process was found to be inaccurate 

after yielding had occurred at one or more of the surrounding main 

nodes. Instead therefore, the strains and curvatures were averaged 

and the additional stress resultants were calculated using expressions 

(29) and (30) . 

In general, for nodes at which f is less than unity the 

elastic rigidities (28) are retained for the next load cycle, whilst 

for nodes at which f is equal to unity the elasto-plastic rigidities 

given by expressions (87) (Appendix B) are employed. In the latter 

case,however, the finite nature of the loading increment will often 

result in values of f exceeding unity, and to minimise the error involved 

the stress resultants are modified before the rigidities are calculated. 

Comparing the value of the yield function f with the equivalent quantity, 

fp, obtained at the beginning of the previous load cycle, the required 

modifications are determined: 

(a) For fp < 1 and f > 1 

During the previous load increment the material was stressed 

from a point in the elastic range to a point in the elasto-plastic range. 

Elastic plate rigidities were employed throughout and the final 

stress resultants were therefore overestimated. To reduce this error 

the stress resultants are modified as outlined in reference (70), and 

these modified values are employed in equations (B7) to obtain the 



elasto-plastic rigidities for the next load increment. 

(b) For fp = 1 and f > 1 

In this case a condition of yield existed both at the begin-

ning and at the end of the previous increment and although elasto-

plastic rigidities were employed, their constant nature has resulted 

in drift from the yield surface. Moving the stress resultants 

normal to the surface in accordance with the method outlined in 

Appendix D, the unit yield function is reinstated and the elasto-

plastic rigidities can then be obtained as above. 

The final possibility to be considered is that of unloading 

from the yield surface. This condition is investigated by examining 

the value of the term X given by equation (B5) (Appendix B), where 

a negative result indicates that unloading has occurred and that 

elastic rigidities should be re-introduced for the next load cycle. 

3.1.1.2 Stiffener Rigidities 

To enable analysis in the elasto-plastic range, the stiffener 

cross-section is divided into a number of small elements having sec-

tional areas SAW  in the webs and 6Af  in the flanges (Fig. B2). Each 

element is checked for yielding, as outlined in Section 2.3.2, at posi-

tions along the stiffener corresponding to the main plate nodes. For 

fully elastic web and flange cross-sections elastic rigidities (39) 

and (42) are specified for the next load step, whilst for all other 

cross-secticns the need for numerical summation is recorded. 

3.1.1.3 Initial Plate Displacements 

For the first iteration of each load increment a set of 

plate displacement u, v and w must be specified. For the initial load 
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increment zero values are assumed for each component, whilst for sub-

sequent increments u, v and w are estimated by linear extrapolation 

to obtain a starting value closer to the final solution,and hence to 

speed the convergence process. 

3.1.1.4 Plate Stress Resultants 

The plate rigidities determined in Section 3.1.1.1 are now 

used in conjunction with the plate displacements to obtain numerical 

values for the stress resultants. At elastic nodes equations (26) 

to (28) are employed, whilst at elasto-plastic nodes these are 

replaced by the incremental expressions (29) and (30). The unknown 

strains and curvatures required at main and interlacing nodes to 

evaluate (29) and (30) are obtained by averaging known surrounding 

values. 

In the elasto-plastic range the plate rigidities [C*], [cd] 

and [D*] are each functions of the six:. current stress resultants and 

should therefore be updated at each infinitesimal load step. As an 

approximation to this, small finite load steps are employed and the 

rigidities are maintained at their starting values for the duration of 

the increment. 

3.1.1.5 Stiffener Internal Forces and Moments 

At all stiffener cross-sections wherein 3.1.1.2, elastic 

behaviour was indicated, forces and moments are calculated directly 

using expressions(37) to (42). 	Elsewhere,- however,where one or more 

elements in the web or flange cross-sections have yielded, the following 

summation process is adopted: 
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For the webs: 
Kw  

NA = 	E.Eiw.SA 
w 	w  i=1 

Kw  
MVw  = G E .Eiw . SA w  (evw-cvw) 

i=1 

Kw  
MHw  = 	E.Eiw.dAw.ehw 

i=1 

For the flanges: 
Kf 

NAf  = 	E.Eif.SAf  
i=1 

MV f  = 	E.Cif.SAf(evf-cvf) 
i=1 

Kf  
MH f  = 	E.Cif.6Af(ehf-chf) 

i=1 

where the strains Eiw and Cif are obtained from equations (33) to (36) 

as follows: 

Eiw = C 	 if 	lE I < Coew ew 	w  

Ciw - Cow.lCewl /Eew 	if le I Eow  

Cif = Eef 	if 	
l Eef l <  °f  

E if = Cof  • I Cef l /Eef 	if 	
l Eef  l 	E o  f  

and K and Kf  represent the number of web and flange elements respectively. 

The torsional actions MT and MT f  are assumed to retain their elastic 

values throughout. 
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To calculate stiffener strains and curvatures, in-plane 

displacement components v are required at main mesh points along the 

stiffener. These are obtained by averaging the y-direction plate 

displacements to either side of the stiffener location. 

3.1.1.6 Boundary Conditions Applied as Stresses 

The stiffened plate configurations and loading patterns 

considered are symmetrical with respect to both x and y. Quarter 

plate panels are therefore analysed with stress and displacement 

boundary conditions applied across the centre lines to retain the 

symmetrical form. 

All edge conditions given in Section 2.4,with the exception 

of (45) and (51), are applied via displacements. Condition (45) was 

included specifically for the analysis of the models and is discussed 

in Chapter 5,and condition (51) is given in finite difference form in 

Appendix F. 

3.1.1.7 Equilibrium Equations and Interactive Forces 

The current stress resultants and deformations are now 

employed in equations (23) to (25) , to obtain the 'out-of-balance' 

forces at u, v and w nodes respectively. For this purpose, the inter-

active force component FYw _ is assumed to consist of two equal line 

loads of magnitude FYh/2 acting at both sets of v nodes adjacent to 

the stiffener. In addition, the line couple FTw, ignored in the 

derivation of equations (23) to (25),is included by applying equal 

and opposite lateral line loads of magnitude FT 
w/2Ly to the w nodes 

adjacent to the stiffener. 

Replacing the finite distance Sy in equations (23) to (25) 

by the mesh division Ay and incorporating the above changes, the 
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} (64)  

(65)  

(66)  

following modified expressions are obtained for terms C1 to C3, for 

a plate stiffened along the line y = J (Fig. B1): 

for y = J 

for y # J 

for y = J and y = J-1 

for J < y < J-1 

for y = 3-1 

for y =-J 

for y = J+1 

for J+1 < y < J-1 

3.1.1.8 The Dynamic Relaxation Routine 

The numerical values obtained in 3.1.1.7 provide a set of 

out-of-balance forces which must reduce to zero for equilibrium. 

In the Dynamic Relaxation technique_ these residuals are incorporated 

as disturbing forces in equations of motion with damping included, and 

through successive applications of the iterative cycle the ensuing 

plate oscillations are forced to diminish until a static state is 

achieved. 

Applying the equations of motion in the x,y and z directions 

and integrating the velocities with respect to time, the following 

updated displacement components are obtained(76) _ 

In the x direction: 

ut+Ōt = ut  + St.ut+St/2 
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At u nodes: Cl = FX 
w
/Qy 

Cl = 0 

At v nodes: 

C2 = FY/2z y 

C2 = 0 

At w nodes: 

C3 = FTw/2Ay2  

C3 = FZ,Ay 

C3 = -FT /2Ay2  

and C3 = 0 

(67) 
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where the velocity is given by: 

u
t+6t/2 	

t-ut/2 Cl - 1Kx) / (1 + 1Kx) + St .Px/px (1+1/4Kx) 

(68)  

Similar expressions are obtained for y and z direction components by 

interchanging u and x in the above expressions by v and y,and w and z 

respectively. 

Knowing the densities pi = (px,py,pz), the non-dimensional 

damping terms Ki = (Kx,Ky,Kz), the residual forces Pi = (Px,Py,Pz) 

and the time increment St, displacements can be obtained for the next 

iteration. 

(a) Fictitious Densities and the Time Increment 

The fictitious densities px, py and pz, evaluated at u, v 

and w nodes respectively, can be obtained from the following expression(75)  

with St set at unity: 

1 n 
pi = 4 G I  $ij I 

j=1 
(69)  

where Sij represents the jth coefficient in a row of the stiffness matrix 

of nodal displacements; the rows of the matrix being formed from 

equations (23), (24) and (25) for each u, v and w node respectively. 

Stiffener interaction terms are included in the rows where applicable, 

and by considering each row of the matrix in turn, fictitious densities 

are obtained for every node in the plate. Re-calculation of the den-

sities at every tenth iteration was generally found to be adequate for 

retaining overall numerical stability. 

The coefficients Sij, being dependent upon material properties, 

should be adjusted to take account of material non-linearity. As in 
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previous work(77?, however, this refinement was found to be unnecessary 

and the elastic relationships were therefore retained throughout. 

To illustrate the above procedure, the derivation of px for 

a stiffened node u(I,J) is given in Appendix E. 

(b) Damping Factors 

In general, for the analysis of unstiffened plates, three 

damping factors Kx, Ky and Kz are sufficient to depress oscillations in 

the x, y and z directions respectively. For stiffened plates/however, 

two additional factors Kx' and Kz' are incorporated. These are applied 

in place of Kx and Kz at u and w nodes along the stiffeners and have 

the effect of improving the rate Of convergence. 

3.1.1.9 Boundary Conditions Applied as Displacements 

All boundary conditions given in Section 2.4,other than those 

specified in Section 3.1.1.6,are applied to the plate in the form of 

displacements. For the cases of lateral and tangential restraint 

displacements can be applied directly to the edges. For all other 

conditions the displacements are set on nodes beyond the edges to 

induce the required edge stresses, average edge displacements, or 

known curvatures. For ccmpieteness,the finite difference expressions 

adopted are given in Appendix F, where those derived from stress 

resultants are quoted for the elasto-plastic range. 

3.1.1.10 Convergence 

As a measure of the total kinetic energy of the system the 

expression G(i12  + 172  + W2) is evaluated at each iteration. When this 

value becomes small,(in the order of 10-8), convergence is assumed to have 

occurred and the iterative procedure is repeated for a new load level. 



If oscillations have not been adequately damped haw ever, further 

iterations are carried out at the existing load level commencing with 

the calculation of stress resultants, Section 3.1.1.4. 

3.1.2  Initial Distortion and Loading  

3.1.2.1 Initial Deformation and Residual Stresses 

Initial deformations are included in the analysis by specify-

ing a continuous function w
0 
 (x,y) from which each initial nodal dis-

placement can be evaluated. For all examples considered in Chapter 6, 

the overall sinusoidal form given by the following expression is 

employed; where we represents the deformation at the centre of a plate 

having dimensions Lx and Ly in the x and y directions respectively. 

wo  (x,y) = wc . sin (Tr .+/Lx) . sin (vi y/Ly). (70) 

For the analysis of the stiffened plate models_ a more complex 

relationship is adopted,and this will be given in Chapter 5. 

The mathematical formulation described in Chapter 2 makes 

no allowance for the existence of residual stresses and a numerical 

approach is therefore adopted to include this parameter. Using the 

distributions of stress and strain(l3)  shown in Fig. B3.for the plate 

and stiffeners respectively, numerical values are obtained for Nx at 

each plate node and for EeW  and Eef  within each stiffener element. 

These values are then incorporated as data at the beginning of the 

numerical procedure to define the initial state of stress. 

The above distributions are determined such that equilibrium 

is achieved separately for each initially undeformed plate panel and 

for each of the webs and flanges, and providing that no initial deforma-

tion exists overall equilibrium will be satisfied. In the presence of 
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initial deformation,however, several cycles of the solution procedure 

must be carried out under zero applied load, to achieve equilibrium 

for the deformed section. This relaxation procedure will result in 

a slight modification of the initial deformation levels,and should a 

specific deformation be required in conjunction with residual stress 

a process of trial and error must be adopted. 

The distribution of strain shown for the flat type stiffener, 

although in equilibrium for NAw  and MHw,is not in equilibrium for the 

moment component MVw. Since however. only first and second differen-

tials of this term appear in the equilibrium equations,and because 

it is almost constant for the full length of the stiffener, its magni-

tude does not directly affect the solution. 

3.1.2.2 Applied Loading and the Average Edge Stress 

Uniaxial loads are applied to the plate in terms of displace-

ments rather than stresses. This enables the load-deflection behaviour 

to be examined beyond the ultimate load position. 

The average edge stress 6m, resulting from the applied strain 

ea, is obtained by numerical summation of the stress resultants Nx,and 

the stiffener forces NAw  and NAf  across the edge,as follows: 

0m = (ENx.Ay + ENA + £NAf) / (A + £Aw  + £A f) 	(71) 
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where the summation for Nx is carried out using the Trapesium Rule. 
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3.2 DISCUSSION OF THE SOLUTION PROCEDURE 

3.2.1 The Finite Difference Mesh and Stiffener Elements  

3.2.1.1 The Finite Difference Mesh 

As an alternative to the interlacing mesh arrangement a 

non-interlacing system could be used, in which all stress resultants 

and displacements are defined at common mesh points. Although the 

latter approach is simpler in application it is less accurate, since 

first differentials must be obtained by taking differences over two 

mesh divisions whereas in the former approach a single division can 

often be employed. 

The number of mesh divisions required for a given degree of 

accuracy will depend upon the deformed shape of the plate and will 

therefore be influenced by the plate and stiffener dimensions. To 

illustrate this point two plate geometries (Fig. B4) have been 

analysed, the first being a stocky plate with light stiffening (b/t = 45; 

Lx/R = 84.3) and the second a flexible plate with heavy stiffening 

(b/t = 75; Lx/R = 32.2). For each of these cases- the percentage 

change in deflection has been plotted against mesh size for two positions 

on the plate, the (2x2) mesh deflections being chosen as a basis for 

comparison (Fig. B5). 

For the first of these geometries, the plate responds to load 

by deflecting in an overall sense with negligible deformation of the 

plating between the stiffeners. Here, a refinement in mesh size from 

(4x4) to (8x8) leads to a small percentage improvement in both panel 

and stiffener deflections. In the second case,however, where the plat-

ing deforms locally between the ribs, an equivalent mesh refinement 

leads to a much greater change in panel deflections,and here a finer 

mesh spacing would be required to reproduce the accuracy achieved above. 

Approximation of the interactive couple by two equal and 
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opposite line loads applied at main nodes adjacent to the stiffener 

becomes less accurate as the mesh spacing per unit width of panel 

increases. Ideally, since this is a lodal effect, the forces should be 

applied as close to the stiffener as possible. This approximation, 

together with the division of the interactive force FYw  and the averag- 

ing of y-direction displacements at the stiffener location could be 

represented more accurately by including the facility of graded meshes, 

although no such refinement has been considered in the present work. 

A further point for consideration in assessing the mesh size 

is the application of residual stresses. The basic stress pattern 

shown in Fig. B3, cannot be applied directly in the analysis and further 

idealisation resulting in the form shown in Fig. E4,is necessary. In 

the latter distribution residual stress levels at the stiffener loca- 

tion are reduced below the specified yield,and this can only be improved 

upon by refining the mesh spacing. 

The degree of mesh refinement provided in any solution must 

be suitable not only from the point of view of accuracy but also in 

terms of economy. 

Apart from the large number of additional equations which 

must be solved as a result of mesh refinement, a greater number of 

cycles of the solution procedure are also necessary to achieve convergence. 

In Fig. B6 the displacement w at the centre of the plate (b/t = 45; 

Lx/R = 84.3) is plotted against number of cycles of the solution proce- 

dure_ for three different mesh sizes and with zero applied damping in 

the z-direction. Similar plots are shown in Fig. B7 for two different 

geometrical arrangements and for one selected mesh size. It is 

evident from these curves that although the geometry has little effect 

on the speed of convergence, the number of mesh divisions is critical 

and for economy should be kept as low as possible. 



All plates analysed by the existing program must be arranged 

such that the main mesh points coincide with the boundaries, the stif-

feners and the centre lines. For a plate stiffened at third points 

across the width, this dictates an increase from six mesh divisions to 

nine. per quarter plate, with no intermediate refinement being possible. 

The large amount of additional computer time this generates can be 

reduced in some cases by retaining a larger mesh division in the direc-

tion of the stiffening along which variations in the deflection profiles 

are often less acute. 

3.2.1.2 Stiffener Elements 

In the elasto-plastic range the stiffener webs and flanges 

are divided into volume elements by a selected number of horizontal 

and vertical layers. The number of elements required will depend upon 

the mode of failure and therefore upon the stiffener dimensions and 

the loading arrangement... 

A stocky plate with flexurālly weak stiffening (b/t = 30; 

Lx/R = 90) has been analysed to compare solutions with two, four, six 

and eight horizontal layers provided. The stiffeners are of the flat 

type and failure of the panel is preceded' by tensile yielding in 

their extreme fibres. The applied strain-deflection curves are shown 

for each case in Fig. B8 where a discrepancy of 25% in the prediction 

of first yield is observed between the two extreme cases. Between 

the two yield points the solutions diverge, and although in this case 

the curves converge again at higher strains it should be noted that, 

in some cases, delayed prediction of first yield may cause the stresses 

in the plate to exceed the elastic limit or the critical buckling 

stress, when in fact this would not occur in practice. 

A second study was undertaken to compare the solutions obtained 
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for different numbers of vertical layers. A similar plate-stiffener 

arrangement was adopted but with b/t = 80 and Lx/R = 80; a case for 

which strains were observed to vary across the thickness of the webs. 

Two, four and six vertical layers were considered, but in all cases 

discrepancy in the deflections was never greater than 0.2%. 

As in the case of the finite difference mesh refinement may 

be necessary when dealing with residual stresses, the strain distribu-

tions shown in Fig. B3 being idealised for application to the element 

centroids as indicated in Fig. E4. It is clear that the greater the 

number of horizontal layers provided through the depth of the web, the 

closer will be the idealisation to the original distribution. 

3.2.2 Plate Plasticity and Incremental Loads  

The approximate Ilyushin yield criterion has been compared 

by others with :the more rigorous approach of Von Mises(70)  in which 

both surface yielding and the spread of plasticity through the depth of 

the section are considered. From such comparisons carried out by 

Frieze(77) in application to unstiffened plates, it was concluded that 

the maximum discrepancy between the two approaches occurs for plates 

of slenderness b/t = 55,for which the theoretical elastic buckling 

stress coincides with the yield stress. In this region the effect of 

surface yielding is most pronounced and the Ilyushin yield criterion over-

estimates the collapse load by approximately 31 percent. Although this 

inherent inaccuracy should not be ignored in the interpretation of analy-

tical results, the full section yield criterion is beneficial for problems 

which require a large computer storage capacity, and for this reason it 

was adopted in the present work. 

The elasto-plastic rigidities suggested by Crisfield'70?were 

developed by applying flow theory and the Ilyushin yield criterion to 

an elastic-perfectly plastic material. Although the yield criterion 
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was originally intended for application with deformation theory, it has 

since been established that its use with flow theory is also permissible. 

As discussed in section 3.1.1.1, the averaging of stress 

resultants to evaluate the yield function at interlacing nodes was not 

sufficiently accurate and instead. equations (29) and (30) were applied. 

This refinement, although requiring the calculation of additional 

rigidities, does not significantly affect the solution time or the 

storage requirements, since each rigidity is calculated once only for 

every load increment and it is unnecessary to retain the arrays for 

further use within the iterative cycle. 

The stress.resultant modifications outlined in Section 3.1.1.1 

were generally found to be small in magnitude,and the facility to 

restore overall equilibrium by the application of further Dynamic 

Relaxation cycles was therefore not considered. Although this proce-

dure is not strictly correct, the resulting lack of equilibrium will 

be negligible, providing the loading increments are small and the 

resulting deformation changes are not excessive. 

In some cases,however, particularly where a rapid change of 

mode occurs in the elasto-plastic range, a small increment of applied 

loading can cause a significant change in the stress levels. Under 

such circumstances overstressing can occur at plastic nodes through 

the use of constant rigidities, and. this will in turn lead to yield 

functions far in excess of unity. The modifications given in 3.1.1.1 

can then no longer be considered acceptable. 

The required sizes of the loading increments were determined 

in each analysis by a trial solution, from which the applied load at 

first yield was obtained. Prior to yielding large increments can be 

used since the solution does not depend upon a variable rigidity. 

After yielding has occurred,however, the increments must be reduced in 
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magnitude to prevent the solution 	deviating too far from the 

yield surface. 

For plates in which stiffener yielding occurs in advance of 

panel yielding, immediate reduction of the loading increment is not so 

critical. Once yielding has been established at one or more elements 

within the cross-section, the spread of plasticity is monitored at each 

iteration and thus the rigidities are continually updated. 

The plastic strain rate multiplier,X, adopted in the analysis 

to predict unloading from the yield surface,tended to be inaccurate 

and led to a situation where some nodes where loading and unloading 

with successive load increments. This problem was partially overcome 

by checking for negative X at two successive increments before re-

setting the elastic rigidities. 

3.2.3 Iteractive Forces and Equilibrium Equations  

The equilibrium and interactive force equations expressed 

in terms of stress resultants rather than displacements, are applicable 

in both the elastic and elasto-plastic ranges. This is of considerable 

advantage in programming, since to extend the analysis into 

the elasto-plastic range, 	it is simply a matter of re-defining 

stress resultants and in some cases modifying the boundary conditions. 

The separated forms of the equilibrium and force-displacement equations 

also enables boundary conditions to be applied,with relative ease, 

either in the form of stresses or as displacements. 

3.2.4 Damping Factors, Iterations and Convergence  

As outlined in section 3.1.1.8(b), a total of five damping 

factors are required to depress oscillations in the x, y and z direc-

tions, three of these being associated with plate nodes and two with 



stiffener nodes. Direct calculation of these coefficients is not 

possible and the interdependence of one with another prevents a sys-

tematic study of their variation with structural properties and mesh 

size. As a result, the procedure adopted is based largely on con-

jecture. 

For each analysis undertaken- a trial solution involving one 

load increment was carried out,with zero damping factor Kz' applied 

along the stiffeners and estimated values applied, elsewhere. Plotting 

the out-of-plane stiffener deformations at mid-span against the number 

of iterations, a first estimate of Kz' was obtained(72). Additional 

trial solutions werethen undertaken to improve upon this estimate 

and to modify, where necessary, the remaining four coefficients. 

The initial guessing of four interrelated values is less 

burdensome than might at first be envisaged. Oscillations at the 

stiffener nodes have a much longer wavelength than those elsewhere 

in the plate, and for successful damping of the entire system it is 

this wavelength which dictates the required number of iterations. 

It follows therefore, that at most nodes within the structure, the 

number of iterations provided is far greater than would be required for 

critical damping and in consequence,a fairly wide band of damping coef-

ficients exist from which a successful solution would be obtained. 

In general, the number of iterations required for convergence 

can be reduced considerably by the estimation of plate displacements 

as outlined in Section 3.1.1.3. For increments within which a mode 

change occurs,however, no benefit° can be obtained from this facility, 

and the possibility of increasing the number of cycles over part of 

the analysis was therefore considered essential. 
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CHAPTER 4 

THE EXPERIMENTAL PROGRAMME 

4.1 DESCRIPTION OF MODELS AND INSTRUMENTATION 

4.1.1 Geometry and Construction Sequence  

To enable comparisons between the theoretical and experimental 

results three stiffened plate models have been designed. Details of 

these are shown in Fics Cl and C2, where the dimensions quoted are as 

specified to the frabricators. 

All models have a panel slenderness b/t = 60 and the stiffener 

slenderness, Lx/R, was varied for the study. The three values con-

sidered were Lx/R = 49, 65 and 77 and these were varied by changing the 

stiffener dimension only. The plating was nominally 5 mm thick and for 

uniformity was drawn from the same batch of steel. Tee-section stif-

feners were adopted throughout and these were fabricated from 5 mm and 

8 mm steel plates, cut to size and joined together by a continuous 

fillet weld. Thick steel sections were welded across the ends of 

each model to provide a stiff medium for load transfer. 

Each of the models was fabricated'in the following sequence. 

Stiffener webs and flanges were cut to size, clamped flat and welded 

together. Large imperfections resulting from the welding process were 

then removed by the application of heat spots to selected points along 

their lengths. With the plate and stiffeners clamped flat the stif-

feners were welded into position on the plate, starting with those at the 

centre and finishing with these at the edges. The ends of the stif-

feners were then trimmed and the end plates were welded into position. 

Finally, deformations in excess of the specified ±2 mm were removed by 

a further application of heat spots. 
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4.1.2 Material Properties  

Steel plating having a yield stress within the range 

300-400 N/mm2  was specified for each model. Tensile tests carried 

out on the steel obtained,however, showed this value to be in excess 

of 500 N/mm2, and to ensure failure within the rig capacity- the 

strength was lowered by a process of heat treatment. From preliminary 

tests on samples of the steel, the following process was found to 

reduce the yield stress of the material close to the nominal value 

specified in BS4360 (355 N/mm2  for grade 50B plate up to 16 mm thick). 

Normalise at 900°C for 15 minutes. 

Air cool and stress relieve at 6500C for 1 hour. 

4.1.3 Residual Strain Measurement  

Weld induced residual strains were measured in the standard 

way_ by taking extensometer readings between fixed locations in the 

plate. These positions are shown in Figs C3 and C4, for:the plate 

panels and stiffeners respectively. 

For the stiffener components, extensometer readings were 

recorded both before and after fabrication of the tee-sections and 

again after welding to the plate, and these results are tabulated in 

Figs C11 and C12. For models SP1 and SP2, strain readings on the webs 

could not be obtained since the clearance between stiffener flanges 

and the plating was inadequate for the measuring equipment. 

Transverse and longitudinal residual strains were recorded 

on both sides of the plating and results are tabulated in Figs C5 to C10. 

The final differences shown have been adjusted to compensate for 

temperature variations and readings which are suspect have been 

indicated. 
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4.1.4 Initial Deformation Measurement  

Initial deformations were measured on the unstiffened side 

of each model relative to the four selected datum points shown in 

Fig C14. Four steel blocks were located adjacent to these points 

and were used to support two rectangular bars which were positioned 

along the lines B1 and B9. A third flat bar was then clamped over 

the two end bars and, using a depth micrometer, relative deformations 

of the model surface were measured along the section Al. The bar 

was then positioned over each of the remaining sections (A2 to A21) 

in turn and relative deformations were thus obtained for every point 

shown on the grid. The readings were subsequently reduced to give 

values close to zero at the datum points and these are plotted for 

each of the three models in Figs C15 to C23. 

4.1.5 The Strain Gauge Arrangement 

Electrical resistance strain gauges having a 5 mm length 

were located on each of the models at the positions shown in Figs C24 

to C26. These are liberally positioned over one-quarter of the plate 

surface and check gauges are provided elsewhere to investigate the sym-

metry of the system. The linear gauges at the model ends enable the 

difference in stress between the loading and reaction edges to be 

investigated, and thus the accuracy of analysing one-quarter of the stif-

fened panel to be determined. 

For a panel of aspect ratio 5:1 and slenderness ratio b/t = 60, 

buckling is likely to occur in a five half-wave mode form. With this in 

mind, the gauge arrangement was based on a 300 mm grid, the theoretical 

length of one half-wave. Panel gauges adjacent to the stiffeners 

were positioned a distance of 20 mm from the web centre lines. This 

was specified in order to avoid the most heavily weld affected zone 

close to the ribs. 



After the gauges were bonded to the models each was coated 

with a layer of wax to protect them from dampness. This precaution 

is advisable in the present tests where 	lateral pressure is 

applied by a water filled bag and dampness can arise either from 

leakage or from condensation. 

4.1.6 Deflection Measurement  

Out-of-plane deformations were measured throughout by a 

series of 35 transducers mounted over the model at the positions 

shown in Fig C27. Additionally, a dial gauge was located at the 

centre of the plate to enable the rate of deformation under load to 

be rapidly assessed. 

The transducers were mounted on an independent frame which 

was fabricated from rolled hollow section and supported directly on 

the model end plates. At the reaction end of the model the frame 

was supported on two fixed point landings whilst at the loading end 

a single roller bearing was used. This mode .of support ensures that 

the readings are unaffected by lateral movements elsewhere in the rig, 

and that the model can shorten in-plane without load being transmitted 

into the frame. 

In-plane shortening of the model ends was measured by the 

four dial gauges D1, D2, D5 and D6 shown in Fig.C27. These were 

clamped to the pressure bag support platform and were reacted against 

the model end plates. 

Finally, two dial gauges, D3 and D4, were mounted against 

the model end plates to enable transverse movements to be detected 

and thus eliminated. 
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4.2 DESCRIPTION OF THE PLATE TESTING RIG 

Constructional details and photographs of the plate testing 

rig are shown in Figs C28 to C50. The structure consists of two inde-

pendent loading arrangements, the first for the application of 

lateral pressure and the second -  for the application of uniaxial 

compression. 

To apply the lateral loading component a water pressure 

system was adopted. This was selected on the basis of its low com-

pressibility, the air alternative being considered unsuitable owing 

to its highly elastic nature. With a water pressure arrangement it 

is necessary to load the model in the horizontal plane to ensure a 

constant pressure over its surface, and this dictates that the uniaxial 

loading is also applied in the horizontal plane. High in-plane forces 

must therefore be reacted either by shear restraints in the strong 

floor or through a self contained reaction arrangement, and in the 

present work the latter alternative was adopted. 

A full account of the two loading arrangements is now given 

commencing with that for lateral pressure. 

4.2.1 The Lateral Loading System  

Lateral loading is applied to the unstiffened side of the 

model via a pressurised rubber bag which is contained between the 

model and a stiff supporting platform. The bag is pressurised by 

water from a variable head tank, and lateral constraint to the model 

edges is provided through a series of vertically placed load cells 

and a stiff overhead frame. 
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4.2.1.1 The Overhead Reaction Frame and Vertical Load Cells 

The overhead reaction frame and vertical load cells are 

shown in Figs C30 and C39 respectively. The structure consists of 

a stiff square frame which is fabricated from rolled hollow section 

and carried on two cross-beams by four hangers. The beams are 

in turn supported on four short columns which are stressed down to 

the floor, each to a load of 50 tons. The stressing down procedure 

ensures full clamping action at floor level and at the beam-column 

intersections and thus minimises the amount of deformation due 

to rotation at these points. The interfaces between the square 

frame and the cross-beams are coated with a layer of epoxy resin 

filler. 	This compensates for irregularities in the two surfaces 

and provides a full contact area for load transfer. 

To transfer thrust to the overhead frame, a set of 

spherical ended mild steel compression cells are positioned 

vertically between the perimeter of the model and the ring beam. 

The spherical ends ensure freedom of rotation and unrestrained 

in-plane movement of the model edges, whilst the 260 mm length 

allows end shortening to take place without excessive loss of 

lateral restraint. The cells can be adjusted vertically via 

the threaded spherical seatings shown in Fig C39 and these are 

tightened prior to testing to give uniform strain readings 

throughout. 
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4.2.1.2 The Pressure Bag Support Platform 

The pressure bag support platform shown in Figs C36 and 

C37 is of composite steel and concrete construction. The permanent 

steel formwork is fabricated from a built up channel section which is 

welded to a 6 mm thick steel plate. Shear studs are located at 

100 mm centres across the plate and a nominal mesh is provided in the 

compression zone. 

The eight jacking points provided around the perimeter of 

the platform enable the pressure bag to be lowered away- from the face 

of the model after a period of testing. This facility prevents an 

accumulation of condensation on the underside of the models and thus 

prevents the gauges from being damaged. 

The water inlet is formed of a steel tube cast into the con-

crete and is positioned off centre, towards the stationary end of the 

model. At this position the relative movement between the model and 

the platform is small, and by locating the inlet at this position. the 

probability of damaging the bag is reduced. 

The bag is constrained around its edges by steel angle 

sections which are bolted to the platform at 75 mm intervals. 

Allowance was made in the spacing of the angles for 15 mm of model 

end shortening to take place. The concrete is covered by a layer 

of varnished ply-wood to provide a smooth supporting surface for the 

bag, and a rubber angle section placed inside the steel angles gives 

added protection to the bag edges. 

To prevent the strain gauge wiring from becoming trapped 

between the angle constraints and the model,and to reduce gaps between 

these two surfaces, a rubber strip is glued around the model perimeter. 

This separates the angle sections from the plating and is cut back, 

where necessary, to accommodate the wiring. 

75 



4.2.1.3 The Pressure Bag and Water Pressure System 

Details of the pressure bag are shown in Fig. C37. The bag 

is fabricated from 1 mm thick latex rubber sheets, which are joined 

together along the edges and at the corners by rubber strips. The 

sealing strips are folded so as to minimise the number of rubber thick-

nesses in direct contact with the model, and the area of bag adjacent to 

the water inlet, is reinforced by hessian and rubber solution. A 

rubber bleed tube attached to an inside edge of the bag and extending 

through the water pressure system to the exhaust, provides a means 

through which trapped air can be expelled from the system. 

The water pressure system is shown schematically in Fig. C38. 

The variable head tank is fed by water from the mains and a ball valve 

ensures immediate flow into the tank to compensate for head loss due 

to model deformation. Prior to testing, the bag is filled with water 

at low pressure to expel air from the system. A transparent pipe 

provided between the air bleed and the exhaust enables the operator to 

observe when this has been achieved. Bag pressure is adjusted by 

raising and lowering the tank on an arrangement of pulleys, and pressure 

levels are monitored by a dial gauge at the level of the bag and by a 

pressure transducer incorporated in the system. 

4.2.2 The Axial Loading System  

A plan view of the axial loading system is shown in Fig. C28. 

The loading is applied by nineteen 20 tonf capacity hydraulic jacks. 

which are situated between beam A and the loading beam.. The jack 

forces cause translation of the loading beam and this in turn applies 

a uniform displacement to the models. 

To eliminate the problem of resisting horizontal shear forces 

on the laboratory strong floor a self contained reaction system was 
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adopted. This consists of the two beams A and B (Figs C33 and C34) 

and two pairs of tie plates (Fig C35). The beams react against stiff 

bearing plates which are welded to the ties, and in this way applied 

horizontal forces are transmitted into the tie plates. The resulting 

tensile forces balance the applied in-plane loading and overall equili- 

brium is thus achieved in the absence of constraint from the floor. 

A layer of epoxy resin filler was poured between the bearing plates 

and the beam flanges to develop a full contact area for load transfer, 

and each of the beams was propped along its longitudinal axis, to 

prevent transverse movement due to misalignment of the jacks. 

At the loading end of the rig the model is subjected to 

uniform applied displacement, and deflections which occur across beam A 

are counteracted by travel of the jacks. At the reaction end of the rig, 

however, there is no such. compensating facility, and if the model were 

to be reacted directly against beam B. differential deflections across 

its span would destroy the symmetry of end loading. To minimise this 

effect the model is reacted against the deflection beam, which is 

supported at points 0.233x beam length from its ends. This is the 

required position for minimum deflection and hence the most favourable 

position for symmetry of loading. 

The loading beam and parallel arm mechanism which were 

modified for the purpose of these tests, were originally designed for 

the testing of stiffened steel grillages(85). For this reason some 

of the dimensions quoted in the figures are in imperial units. 

The loading beam is designed to move freely in the direction 

of the applied load on the system of rollers shown in Figs C31 and C32. 

To prevent rotation about the longitudinal axis the beam is held 

down by two solid rectangular sections on rollers. These react 

against thick plates which are bolted loosely to the strong floor as 
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shown in Fig. C31. Sideways movement is prevented by a nib at the 

centre of the beam which passes through an adjustable slot in the 

web and is attached to a plate on the strong floor. Smooth guide 

rails were later added at each end of the beam to provide additional 

control. The final degree of freedom to be eliminated is that of 

twisting in the horizontal plane and this is achieved through the 

parallel arm mechanism shown in Fig C32. Should one side of the model 

sustain a greater load than the other, the resulting inbalance on the 

loading beam wili.be reacted by forces in the arms and connecting tie 

bars. The arms will retain their parallel configuration and the 

loading beam will be forced to remain horizontal. 

Applied loads are transferred from the loading beam to the 

model through twenty-one spherical ended aluminium load cells (Fig C39). 

Threaded sockets at the loading beam end provide the horizontal adjust-

ment facility, and bearing pads with elongated slots on the model end 

plates provide the vertical adjustment facility. An identical 

arrangement of cells is also provided at the reaction end of the model. 

To provide restraint in the transverse direction, the model 

end plates are propped by four short pins (Fig C34). These are 

reacted at one end by the deflection beam and at the other end by 

the loading beam. By using the loading beam as one of the supports. 

the pins are forced to remain parallel to the end plates, since model 

end-shortening which results under load will be followed by an equiva-

lent movement of the beam. 

To elevate the beams and to provide clearance between the 

floor and the tie plates, the rig is supported on the arrangement of 

base plates shown in Fig C29. Full details of these members are 

given in Fig C35. 
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Finally, to provide overall stability to the system each of 

the beams is held loosely to the floor. This is achieved by locating 

floor bolts through the webs of the beams at the positions shown in 

Figs C33 and C34. 

4.2.3 Construction Sequence  

The testing rig was assembled in the following sequence: 

(a) The base plates were located on the strong floor as shownlin 

Fig C29 and were packed on the underside, where necessary, to 

correct for warping. Base plates BP4, BP5 and BP6 were then 

stressed down. 

(b) The tie plates were located in position and reaction beams 

A and B were slotted through. 

(c) The loading beam was lowered over the central restraining 

nib and was rotated into position between the tie plates. 

The parallel arm mechanism was fitted and the turnbuckles 

on the connecting ties were adjusted- until the parallel 

configuration was achieved. The hydraulic jacks were then 

positioned. 

(d) The deflection beam was lowered into position, and the bearings 

between this and beam B were formed. 

(e) The pressure bag support platform was located midway between 

the loading beam and the deflection beam and the pressure 

bag was positioned on the smooth supporting surface. The 

connection between the bag and the water pressure system was 

then made. 

(f) The model was placed in position over the pressure bag and 

the transducer frame was located above. The horizontal 

load cells were then inserted at each end of the model. 



(g) The overhead frame was assembled by lowering the cross-

beams and ring beam, in a single unit, over the supporting 

columns. The vertical load cells were located and each 

of the columns was stressed to the floor. 

(h) Finally, epoxy resin filler was poured between the ring 

beam and cross-beams, and between the end reaction beams 

and the tie plate connectors. 

4.2.4 Levelling and Performance Testing  

To ensure overall stability of the in-plane loading system, 

the beam centre lines should coincide with the plane of load applica-

tion. Optical levelling equipment was used to investigate the dis-

crepancy involved and,on the basis of this, the necessary adjustments 

were made. Beams A and B, and the deflection beam were elevated 

as required on packing pieces between the base plates and beam flanges, 

and the loading beam was adjusted_ by lengthening or shortening the 

roller bearing arms.. 

The hydraulic jacks and the horizontal load cells were 

aligned in the horizontal plane by using electronic levelling 

equipment. The cells were then set parallel to each other by slightly 

adjusting the bearing pads on the model end plates. 

With these adjustments made, the system was load tested to 

350 tonf axial compression. against concrete blocks. At each load 

stage measurements were taken at selected points along the beams in 

both the lateral and transverse directions. From the lateral measure-

ments final adjustments were made to the beam levels,whilst from the 

transverse measurements additional constraints were found to be neces-

sary. These were provided in the form of heavily greased guide rails 

which were positioned at each end of all beams in the system. 
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The pressure bag was sandwiched between the support platform 

and a stiff board and was pressurised by water from the overhead tank. 

The response to a sudden loss of head was investigated and pressures 

were found to return rapidly to normal. 

4.2.5 The Setting Up Procedure  

Prior to testing, the following setting up procedure was 

adopted: 

The model was hung in position on the four corner ties and 

the pressure bag support platform was raised to the required level by 

means of the eight jacking points around its perimeter. A small gap 

was left between the model and the support platform to minimise the 

drop in stress due to frictional resistance between the two ends, and 

care was taken to ensure that the bag could not become trapped within 

the space allowed. 

With the model in this position, the vertical load cells were 

adjusted by hand until each was just in contact with the model. A 

small head of water was then applied to the model and the strains 

resulting in each load cell were recorded. Adjustments were made to 

each of the cells until an approximately symmetrical distribution of 

strain was obtained and their positions were then fixed by tightening 

the lock nuts. 

Adjustment of the horizontal load cells was carried out in a 

similar manner. A small pressure was applied by the jacks and the 

cells were adjusted under this load until a symmetrical pattern of 

strains was achieved both across the width of the model and between 

its two ends. The lock nuts were then tightened to fix their positions. 
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4.3 INITIAL MEASUREMENTS 

4.3.1 Tensile Tests  

Tensile tests were conducted in accordance with BS.18:Pt 2, 

1971. Specimens of the plating were cut from material remaining after 

fabrication and additional coupons were cut from the model after testing. 

Typical stress-strain curves and material properties are shown in 

Fig C52. 

As observed from these curves, the yield stress of the 

material has been lowered by the heat treatment process to a value 

within the range specified to the fabricators. The process does not 

appear to have adversely affected the stress-strain response and all 

material appears to have been equally treated. 

4.3.2 Residual Strains  

Residual stresses arise from the heating and subsequent 

cooling of material in the vicinity of a weld run. The area of 

material immediately adjacent to the weld sustains a tensile stress of 

magnitude close to the yield stress, whilst for equilibrium, remaining 

areas are forced into a state of residual compression. 

The distribution of residual stress is difficult to assess in 

theoretical terms since it is dependent upon a number of factors. 

The degree of constraint applied during welding will alter the amount of 

differential movement which can take place between the separate compo-

nents, and will therefore affect the distributions of stress and the 

degree of bending present in the completed structure. 	Stops and 

starts in the welding process will lead to irregularities in the stress 

distributions, since cooling in the vicinity of a part weld run will 

induce stresses and distortions elsewhere in the structure. 

In an eccentrically stiffened steel panel a weld run is 



applied to one side of the plating only, and this leads to distortion 

of the panels between the ribs and an overall bending along the ribs. 

The distribution of stress obtained will therefore contain a bending 

component and this will be dependent upon the initial shape of the 

members. 

A stiffening member constructed from welded steel plate 

will be in a state of residual stress before it is welded to the plat- 

ing. 	On fabrication of the complete structure this existing state 

of stress will be altered. 

In typical structures, initial deformations and distortions 

due to welding are often in excess of specified tolerances. Straightening 

procedures are then employed and further changes to the stress patterns 

result. 

For each of the three models fabricated, residual strains 

were measured in both the transverse and longitudinal directions, as 

outlined in Section (4.1.3). 	Results are tabulated in Figs C5 to C12 

and longitudinal strains across the centre lines are plotted in Fig C13. 

(a) Longitudinal Residual Strains 

Longitudinal residual strains are plotted for each of the 

three models in Fig C13, where the values shown are the average of those 

measured to the north and south of the centre lines. For model SP1, 

each panel sustains a similar distribution of compression strain, 

where the magnitude of strain at the centre of each is generally less 

than in the vicinity of the stiffeners. For models SP2 and SP3, the 

distributions are less regular and the strain sustained is generally 

lower than that observed for model SP1. 

In general, the longitudinal residual strains measured on 

the unstiffened face of each model are tensile whereas those measured 
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on the stiffened side are compressive. This reflects a net curvature 

away from the stiffeners due to welding and this will be discussed in 

section (4.3.3) . 

(b) Transverse Residual Strains 

Transverse residual strain readings are tabulated in Figs C8 

to C10. These values are generally small in magnitude although at 

some locations they are comparable in size with the longitudinal measure-

ments. The most random distribution of strain occurs for model SP3: 

this was the only model which required straightening after fabrication 

and this could have influenced the results obtained. 

In general, the strains recorded on the stiffened sides of the 

plates are tensile whereas those on the unstiffened sides are compressive. 

This indicates a bending of the individual panels towards the stiffeners, 

and this mode of deformation will be discussed in section (4.3.3). 

(c) Stiffener Residual Strains 

During fabrication, stiffener residual strains were recorded 

at two stages, firstly after the webs were welded to the flanges and 

secondly after the stiffeners were welded to the plate. Both sets of 

readings are tabulated in Figs C11 and C12. 

In all cases a compressive residual strain was recorded at 

the edges of the stiffener flange plates and this is in agreement with 

the theoretical distribution given in reference 13 . The magnitudes 

of these strains are however quite random,and there appears to be no 

correlation between the stiffener dimensions and the resulting strain 

pattern. 

Comparing the readings taken before the stiffeners were 

welded to the plate with those taken afterwards, significant changes in 



strain are observed to have occurred at some locations. In most 

cases the compressive strain present in the flanges was reduced and 

this could imply a net deflection of the stiffeners away froth the 

plating during the second welding process. Additionally, in some cases 

a greater reduction in compressive strain occurred on one side of the 

stiffener than on the other. This could result from the bending of a 

stiffener in the horizontal plane due to welding along one side of a 

web before the other. 

4.3.3 Initial Deformations  

Distortions in steel plating arise from the initial rolling 

process and from welding during fabrication. These are likely to 

influence both the mode of collapse and the ultimate strength,and to 

enable comparisons with the theory extensive measurements have there- 

fore been taken. 	These are shown graphically in Figs C15 to C23, 

where the shapes adopted in the numerical analyses are also indicated. 

In this section, the distortions expected to occur during the 

welding process will be discussed and comparisons will then be made 

with measurements taken on each of the models. 

4.3.3.1 Distortions due to Welding 

(a) The Stiffeners 

The tee-section stiffeners were fabricated in the following 

sequence: 

(i) The web and flange plates were cut to size and clamped in 

position. 

(ii) The two plates were tack welded together. 

(iii) A continuous fillet weld was passed along both sides of 

the webs. 

(iv) After cooling, the clamps were removed. 
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Immediately adjacent to the weld run, the material will 

expand during welding. Since the ends are clamped compression will 

result, and eventually yielding and then squashing will occur. On 

cooling, contraction will take place and a stress equal to yield in 

tension will be set up along the web-flange junction. The resulting 

forces are reacted by the end clamps, but when these are removed the 

force eccentricity in the tee-section stiffener will result in a bend-

ing of the member away from the flange plate. 

(b) The Stiffened Plate 

If a perfectly straight stiffening member is welded to a plate, 

a net deformation towards the stiffener would be expected to occur 

after welding. If however a stiffener is initially deformed as des-

cribed above, a clamping moment must be provided at its ends before the 

weld run can be applied. The direction of this moment will oppose 

that set up by the tensile forces due to welding, and if it predominates, 

a net curvature away from the stiffeners will result when the clamps 

are removed. 

Tensile forces will also be present in the plating in the 

transverse direction and again, owing to load eccentricity, bending will 

result towards the stiffeners. A sagging of the plate panels will then 

be superimposed on an overall positive or negative deformation at the 

stiffener locations. 

4.3.3.2 Measured Distortions 

The initial deformations measured on model SP1 are given in 

Figs C15 to C17, and the relevant crass-sections are shown in Fig C14. 

As observed, all stiffeners are bowed in the negative direction (i.e. 

towards the plate) and this is in agreement with the expected mode of 
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distortion discussed in 4.3.3.1(a). Referring back to the residual 

strain table, Fig C11,the compressive strains resulting from stiffener 

fabrication were generally seen to reduce after welding to the plate. 

This would occur under the action of the combined moments discussed 

in section 4.3.3.1(b). 

From cross-sections B1 to B9, the sagging of the plate panels 

between the ribs can be observed. These distortions are fairly regular 

at the centre of the plate but are less regular at the two ends where 

the profiles have been subsequently distorted by the end plate welds. 

Deformation profiles for model SP2 are shown in Figs C18 to 

C20. Again the stiffeners are observed to bow in the negative direction 

although from sections B1 to B9,an overall bow towards the stiffeners 

is observed in the transverse direction. This curvature is thought to 

have been imposed during the welding of the end plates to the model, since 

these members are also bowed in the positive direction. 

Figures C21 to C23 show the deformation profiles for model SP3. 

These are similar in nature to those discussed above for model SP1 

although the distortions along the stiffeners are greater in magnitude. 

The deflection profiles shown in these figures for use in the 

numerical analyses will be discussed in Chapter 5,where details of the 

test results are given and comparisons are made between the experimental 

data and the theoretical results. 



CHAPTER 5 

TEST RESULTS AND ANALYSIS OF MODELS  

5.1 PARAMETERS USED IN MODEL ANALYSES 

5.1.1 The Finite Difference Idealisation  

To analyse the models, the finite difference mesh arrange-

ment shown in Fig. D1 was adopted. The mesh covers one-quarter of 

the stiffened panel and provides four equal spacings between the stif-

feners in the y-direction and eight over the half-span in the x-

direction. 

To accommodate this mesh arrangement the overall width of 

the panel was increased from 1600 mm to 1650 mm. This was necessary 

in order to locate a line of main mesh points along the plate boundary,- 

, J = 2. As, an alternative, the mesh spacing Ay could have been reduced 

from 75 mm to 50 mm; this would have eliminated the small error in 

geometry but would have increased the required computer time. 

The span of the models was assumed to equal the distance 

centre to centre of the two end plates. These plates were included 

in the analyses as members which exert a torsional constraint to the 

panel edges (Section 5.1.2) . 

The number of stiffener elements provided within each cross-

section is shown in Fig. Dl. The webs are divided vertically into 

four layers and horizontally into five, whilst the flanges are divided 

vertically into five layers and horizontally into four. 

5.1.2 Boundary Conditions  

5.1.2.1 Boundary Conditions on I = 2 

(a) Flexural Conditions 

Although the models were constrained laterally on the two end 
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Ts  + ar 
 dy 
ay 

MS + am,  
dy 

ay 

plates by load cells which allowed free rotation, it is not generally 

realistic to assume that the moment Mx is equal to zero at all points 

along the edge. At the intersection of the two lines of lateral 

constraint (I = 2 and J = 3) rotation cannot occur and the two end 

plates are thus effectively clamped in position. As the model is 

loaded, torsional moments are transmitted to the end plates and the 

resulting rotations vary from zero at the clamped ends to a maximum at 

the centre. The flexibility of the end plates determines the degree 

of rotation and hence the flexural constraint imposed along the model 

edges. For low stiffness end plates the condition Mx = 0 is likely 

to yield reliable results whereas for high stiffness end plates a 

fully clamped condition would be more realistic. 

Referring now to the diagram shown below, an expression is 

obtained from which the fictitious displacements w(1,J) can be cal-

culated. The force and moment components in the loaded end plate 

are defined as Ns, Ms  and Ts,and the distance from the centroid of 

the end plate to the position of the applied moment M is defined as 

e
s
. 
S  
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Taking moments about axis y: 

aTs/ay + es  .BNs/ay + M = 0 	 (72) 

Taking moments about axis z: 

Ns  = aMs/aY (73) 

Combining (72) and (73) : 

@T/3y + es.a2  s/ ay2  + M = 0 	 (74) 

Elastic moment-curvature relationships for the section give: 

T
s 

= -GJ 
s
.a2w/axay 

Ms = -EIs(a2u/ap2  - e.a3 w/axay2). 

where GJs  and EIS  represent the torsional and flexural rigidities of 

the end plate,and e represents the distance from the centroid of the 

end plate to the middle-plane of the plate. 

Combining (74) , (75) and (76) and noting that a2  u/aye  = 0: 

-GJs. a3 w/axay2  + EIS  .es.ep.a5w/axay4  + M = 0 	(77) 

Expression (77) (with moment M expressed in terms of displacements) 

can be written in finite difference form and re-arranged to give a 

relationship between the nodal displacements w(1,J), known displacements 

and elastic rigidites. 

(i) The Applied Moment M at Unstiffened Nodes: 

At unstiffened nodes the applied moment M is assumed to equal 

the plate moment Mx,and the distance es  is assumed to equal the separa-

tion between the centroid of the end plate and the middle-plane of 

the plate. Thus, assuming elastic behaviour is retained throughout, 

expression (77) can be re-written as follows: 
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-C-JS.33w/Zxay2  t El .es.ep.a 5w/axay4  - D.a2w/axe  = 0 (78) 

(ii) The Applied Moment M at Stiffened Nodes: 

At stiffened nodes the applied moment M is assumed to act 

at the centroid of a section consisting of a stiffener and a mesh .  

width of plating. The rigidity D' for this section is calculated 

about the assumed position of moment application. Thus: 

-GJs.33w/axōy2  +Els.es .ep .35w/axay4  - D'.3 2 w/3xe = o (79) 

In this analysis, it is assumed that the forces NAa, NAf  and 

Nx do not contribute to the value of the applied moment, and these 

forces were also ignored in defining the simply supported edge condition 

given in Chapter 2. Although this is incorrect, no satisfactory method 

of incorporating the effect has been established and further work is 

therefore required to simulate the edge condition more accurately. 

(b) In-plane Conditions 

The model end plates were assumed to be sufficiently rigid to 

prevent shortening of the model in the y-direction. Further it was 

assumed that bending of the plating in the x-y plane was negligible. 

On the basis of these assumptions, the edge conditions given by 

expressions (53) to (55) in Chapter 2 were employed. 	Expression (54) 

was applied during the relaxation of residual stresses and for lateral 

load application,and expression (53) was used to apply the uniaxial 

compression. 

5.1.2.2 Boundary Conditions on J = 2 and J = 3 

(a) Flexural Conditions 

In the testing programme lateral movements along the edge 
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stiffeners were prevented by a series of vertically placed load cells. 

Thus on the mesh line J = 3: 

w (I, 3) = 0 	 (80) 

To obtain displacements w along the mesh line J = 2, the 

free edge conditions given by equations (45) in Chapter 2 were employed 

as follows: 

(i) Fictitious displacements w(I,1) were obtained from: 

My (I, 2) = 0 	 (Eqn. 45, Ch. 2) 

(ii) Moments My (I,1) were obtained from: 

(aMy/ay + 2. aMxy/ax) (1,21 = 0 	(Eqn. 45, Ch. 2) 

(iii) Knowing these terms, the following equilibrium equation 

was then employed to obtain the required displacements w(I,2): 

{a2Mx/ax2  + 2.a2Mxy/axay + a2My/aye  + 

Nx.a2w/axe  + FT f2ay2  } (I, 2) = 0 	(81) 

In expression (81) the lateral load term q was omitted since 

the pressure bag did not extend beyond the edge stiffeners. 

(b) In-plane Conditions 

The edges of the plate were unrestrained in both the tangen-

tial and normal directions. Expressions (48) and (51) given in 

Chapter 2, were therefore employed along the mesh line J = 2. 

5.1.3 Initial Deformations and Residual Stress  

5.1.3.1 Initial Deformations 

Initial deformations can be specified at each node point by 

reading the measured values directly, or by defining a relationship from 

which the nodal displacements can be calculated. In the present work 

92 



the latter approach was employed. 

The shape of deformation adopted is a combination of an 

overall sine wave and a local sine wave. This can be represented in 

the following form: 

w 
0
(I,J) = wc.sina.sin0 + wpan.sina.Isin'd (82)  

where 

wc is the amplitude of the overall sine .wave 

wpan is the amplitude of the local sine wave 

a = 1r.6x(I-2)/Lx 

= 1.. Ly (J-3)/(Ly - 2hy) (83)  

and Y = Ay (J-3) /b 

For each of the models the curves were fitted such that 

good agreement was achieved between the theoretical and experimental 

values at the centre of the plate. The amplitudes wc and wpan are 

tabulated in Fig D3, and the theoretical deformation profiles are 

plotted in Figs C15 to C23. In all three cases the out-of-plane 

deformations along the panel edges were ignored since no allowance was 

made for them in the formulation. 

In general, the theoretical profiles agree well with measured 

values although for model SP2 the correlation is less satisfactory. 

The anticlastic curvature present in this model cannot be represented 

theoretically unless an initial deformation is included along the 

panel edges. 

5.1.3.2 Residual Stresses 

The residual stress patterns incorporated in each analysis 

are shown in Fig D2. All panels of each model were assumed to carry 

an identical compressive stress and these were calculated from the 

longitudinal strain levels indicated in Fig C13. At the stiffener 
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locations a stress of magnitude equal to yield in tension was 

assumed. 

The basic stress patterns were then idealised for applica-

tion to the finite difference mesh and the forms shown in Fig D2 were 

obtained. Across the panels the stress levels remained unaltered 

whilst at the stiffener locations significant reductions followed. 

This problem can only be eliminated by refining the mesh spacing and 

this was not considered viable in terms of computation time. 

In the stiffener webs and flanges measured strains were 

irregular, and insufficient readings were available to enable the 

correct distributions to be used in the theoretical studies. For each 

case,therefore, the stiffeners were assumed to be residual stress free. 

5.1.4 Geometry-and Material Properties  

Before testing, measurements were taken on each model to 

compare the actual dimensions with those specified for fabrication. 

Correlation between the two sets of dimensions was good and specified 

values (Fig D3) were therefore used in the analyses. 

The material properties quoted in Fig D3 were obtained by 

averaging the tensile test results discussed in Chapter 4. In all 

cases Poisson's Ratio was assumed to equal 0.3. 

5.2 TEST RESULTS 

5.2.1 The Loading Sequence  

Model SP3 was positioned in the rig as outlined in Chapter 4 

and was subjected to an initial in-plane compression of 190 kN. This 

load was applied in order to maintain contact between the model and 

the horizontal load cells during lateral load application. 

Lateral loading was then applied to the model in increments 
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of approximately 15 kN/m2 , with a maximum of 133.7 kN/m2. Checks 

were then made to ensure that the bow under lateral pressure was 

sufficient to promote a failure towards the stiffeners. 

The model was then subjected to in-plane loading in incre-

ments of 190 kN, this value being reduced to 38 kN close to failure. A 

maximum load of 3344 kN was sustained by the model. 

5.2.2 Logging of Results  

At each load stage, transducer and strain gauge results were 

recorded and dial gauge readings were taken. The latter readings 

were not however monitored beyond 3268 kN for reasons of safety, and in 

future tests it would therefore be advantageous to replace the dial 

gauges by transducers. 

Between each load increment adequate time was allowed for 

the model to settle down at the new stress level before scanning took 

place. This was not completely satisfactory close to failure where 

straining of the model occurred at constant stress. 

Selected areas of the model were monitored throughout the 

test by plotting deflections and strains against applied load. In 

addition, a Southwell plot was used to predict collapse. This is 

shown in Fig D23 where the slope of the curve gives the collapse load 

prediction. The change in slope which is observed near failure 

probably results from plasticity developing in the model. 

5.2.3 Experimental Behaviour of Model SP3  

5.2.3.1 Strains in the Plating 

Strains recorded on both sides of the plating are shown in 

Figs D5 to D13, where the relevant sections are indicated in Fig D4. 

The uniaxial yield strain of the material is approximately 1900 µs. 
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(a) Longitudinal Strains across Section 1-1 

Longitudinal strains recorded across section 1-1 are shown in 

Fig D5 where,under lateral pressure, tension develops on the unstif-

fened face of the model whilst compression develops on the stiffened 

face. This distribution of strain reflects the clamping action which 

is induced along the model edge by the end plate. 

Under in-plane loading;the strains initially increase in a uni-

form manner, with higher compressive components being carried on the 

stiffened side of the plating than on the unstiffened side. This is 

again evidence of torsional constraint along the edge. 

Towards failure the distribution becomes less regular and 

redistribution starts to occur. In panels P1, P3 and P5 a greater 

increase in compression occurs on the unstiffened side than on the 

stiffened side, whilst in panels P2 and P4 the reverse occurs. This 

change in form indicates a buckling of panels P1, P3 and P5 towards 

the stiffeners and a sympathetic buckling of panels P2 and P4 towards 

the plating. 

This mode change was probably promoted by surface yielding 

in the model. The uniaxial yield strain of 1900 µs has been exceeded 

at a number of locations,and plasticity will generally occur at a 

strain less than that for uniaxial yield. 

(b) Longitudinal Strains across Section 2-2 

Figure D6 shows the distribution of longitudinal strain at 

mid-span on both the stiffened and unstiffened sides of the model. 

Under lateral pressure compressive straining occurs on both 

faces, the magnitude of this being greatest on the unstiffened side 

since bending takes place towards the stiffeners. Bending action also 

results in higher values of compression across the centre of the plate 
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than around its edges. 

Under in-plane loading the strains increase uniformly 

until approximately 80% of the maximum load is carried at which stage 

redistribution starts to take place. In panels P1, P3 and P5 

increased compression is carried on the unstiffened side whilst a 

reduction occurs on the stiffened side. Conversely, in panels P2andP4 

unloading occurs on the unstiffened side whilst additional compression 

is carried on the stiffened side. This reflects a sympathetic buckling 

of panels P1, P3 and P5 towards the stiffeners and P2 and P4 towards 

the plating. 

Compressive yielding has occurred in the plating over the 

two central stiffeners and has probably penetrated the full depth. 

This effect would have created a hinge at each side of panel P3 and 

would thus have reduced its buckling strength. 

(c) Transverse Strains across Section 2-2 

Figure D7 shows the distribution of transverse strain across 

the plating at mid-span. On the stiffened side of the model high 

tensile strains occur in the panels whilst over the stiffeners com-

pressive strains result. Conversely, on the unstiffened side tensile 

strains result over the stiffeners whilst compressive straining occurs 

in the panels. This distribution of strain reflects the sagging of 

the panels between the stiffeners and the hogging of the panels over 

the stiffeners. 

The tensile strains which occur on the stiffened side of the 

model are greater in magnitude than the compressive components on 

the unstiffened side. This indicates the existence of membrane forces 

which develop as deflections become large in a constrained panel. 



(d) Longitudinal and Transverse Strains across Section 3-3 

Longitudinal strains across section 3-3 are shown in Fig D8. 

Behaviour here is similar to that described above for section 2-2, 

although at failure there is negligible change in the distribution 

of strain. 

The transverse strains for this section are shown in Fig D9. 

Again behaviour is similar to that at mid-span and further discus-

sion is therefore omitted. 

(e) Longitudinal Strains across Section 4-4 

Figure D10 shows the distribution of strain across a section 

600 mm to the south of the model centre line. This section is fairly 

close to the model ends where the resulting distribution of strain is 

quite different from that at mid-span. At the stiffener positions 

the level of strain is virtually constant throughout the depth of 

the plating; this indicates an absence of bending and is probably 

close to the point of contraflexure. In the panels,however, signi-

ficant bending occurs towards the stiffeners,and this can be seen by 

comparing the strains on the stiffened side with those on the unstif- 

fened side. 

At the maximum load, unloading starts to occur on the stif-

fened side of the model in panel P4. This is the reverse of behaviour 

noted for sections 2-2 and 3-3, and indicates a deformation of panel P4 

towards the stiffeners. 

(f) Transverse Strains across Section 4-4 

Transverse strains across section 4-4 are shown in Fig D11. 

The form of these curves is similar to those shown in Figs D7 and 

D9,although less difference exists between the tensile and compressive 
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strains across the plate thickness. This indicates a smaller tensile 

membrane action which would be expected close to the model ends where 

deflections are restrained. 

(g) Longitudinal Strains across Section 5-5 

Figure D12 shows the distribution of longitudinal strain at 

the reaction end of the model. Between sections 4-4 and 5-5 a 

considerable increase in compression has occurred on the stiffened side 

of the model whilst a reduction has occurred on the unstiffened side. 

This is again indicative of clamping action which is induced along the 

model edge by the end plates. Comparing these curves with those shown 

in Fig D5 for the loading end of the model, a similar behaviour is 

observed. Similarity is greater under lateral pressure than under 

in-plane loading, however, where it appears that a greater clamping 

action exists at the reaction end. This could result from a slight 

difference in positioning of the horizontal load cells or from dif-

ferences in the shape of the initial deformation. 

(h) Longitudinal Strains along Section 6-6 

Figure D13 shows the distribution of longitudinal strain along 

the centre line of panel P3. The clamping action at the model ends can 

be seen clearly and strains are initially quite symmetrical about the 

centre line. The loss of symmetry which occurs at failure is probably 

a function of the difference in end constraints noted above. 

5.2.3.2 Strains in the Stiffeners 

(a) Longitudinal Strains along the Flange Centre Lines 

Figure D14 shows the variation in longitudinal strain which 

occurs along the stiffening members S4 and S5. The gauges are located 
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on the stiffener flange plates and are positioned along their centre 

lines. 

Under lateral pressure stiffener S4 sustains a tensile 

strain at its extreme fibres, this reducing with bending action towards 

the edges of the plate. With the addition of in-plane loading 

tensile strains at mid-span reduce until, at failure,_ the bending 

component predominates and additional tensile straining results. 

At the end plate position where the bending component is negligible, 

the flanges support high compressive strains throughout. 

The behaviour of stiffener S5 is similar to that of S4, 

although under lateral pressure there is greater evidence of clamping 

at the model ends and lower tensile strains are induced at mid-span. 

Also, under in-plane loading- higher compressive strains result at the 

end plate positions owing to the greater fixing moment. 

(b) Longitudinal Strains across the Stiffener Flange Plates 

Figure D15 shows the variation in longitudinal strain which 

occurs across the stiffener flange plates at mid-span. 

The strains shown for stiffeners S2 and S5 vary almost . 

linearly and the distributions are quite symmetrical across the centre 

line. Tensile strains are greatest on edges adjacent to the model 

boundaries since rotations occur in this direction. 

For stiffener S4, less variation of strain occurs across the 

width of the flange and this implies a smaller horizontal bending 

component. This would be expected close to the centre of a plate 

where the slope of an overall deformation is small. The degree of 

variation remains almost constant until the ultimate load is reached 

at which point a greater twisting component develops. This probably 

occurs as the two adjacent panels buckle in sympathy. 
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Longitudinal strains across the edge stiffener S6 are pre-

dominantly compressive owing to lateral constraint provided at these 

locations. Here, there is also greater evidence of bending than in the 

cases discussed previously, since the maximum plate rotations occur at 

the edges. Most of the rotation occurs under lateral pressure as 

indicated by the parallel nature of the in-plane loading curves. 

5.2.3.3 Deformation under Load 

Figure D16 shows the load-deflection response along a section 

400 mm to the north of the model centre line. Under lateral pressure 

a linear response is observed and the'degree of symmetry achieved is 

good. With the addition of in-plane forces,however, there is some 

loss of symmetry and a less linear behaviour develops. 

Loss of symmetry under in-plane load can be attributed to 

three possible causes. Firstly,the initial deformations shown in 

Figs C21 to C23 are not symmetrical and the eccentricity of applied 

load will therefore vary across the section. Secondly, the loading 

beam was moving at a slight angle to the model edge and was therefore 

applying a higher load on one side of the plate than on the other and 

thirdly, the positioning of the horizontal load cells may have been in 

error. 

Corresponding deflections to the south of the centre line are 

shown in Fig D18. Under lateral pressure deflections are almost 

identical to those shown in Fig D16 although there is some lack of 

symmetry prior to the addition of in-plane forces. This is thought to 

result from irregularities in the model geometry and,in particular, from 

the spacing of the stiffeners. Again,under in-plane loading the 

response is similar to that observed in Fig D16 although the magnitude 

of deflection at the centre of panel P3 is much reduced. This is 
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thought to result from the differences in initial deformation which 

can be seen from sections B3 and B7 in Fig. C21. Also, deformation 

of the plating away from the stiffeners which occurred in panels P2 and 

P4 in Fig D16 did not occur at this end of the model. There was 

however some evidence of stiffening at these locations prior to collapse. 

The load-deflection behaviour at mid-span is shown in Fig D17. 

Deflections are greater in magnitude than those observed above although 

the general response to load is similar. At failure panels P2 and P4 

stiffened and snapped through, whilst in adjacent panels greater 

positive out-of-plane deflections resulted. 

Figures.D19 to D22 show the deflected shape of the plate at 

a number of cross-sections. Insufficient data is however available 

to detect local buckling in panels P1, P2, P4 and P5,and in future 

tests it would therefore be advisable to modify the present arrange-

ment of transducers. The local mode of deformation for panel P3 can 

however be seen in Figs D19 and D21. 

5.2.3.4 Behaviour at Collapse 

Just prior to collapse. deflections started to increase 

rapidly and significant straining occurred at constant stress. The 

mode of deformation observed at failure is indicated in Fig D24 where 

five half-waves developed across the - Width. The number of half-waves 

within the span appears also to be five in number although this cannot 

be stated with certainty owing to the lack of relevant data. The 

maximum load sustained by the model was 3344 kN. 

As buckling occurred and deflections became large,the horizon-

tal load cells tilted upwards and applied a downward force to the loading 

beam. Damage resulted in the roller bearing connections and with this 

the beam dropped in level. This in turn resulted in a shear force being 



applied to the bearing pads on the model end plates and movement of 

the pads followed. A large eccentric load was thus applied to the 

model ends and the developing buckling mode was destroyed. 

For future tests, therefore, some modifications must be 

carried out,and proposals for this are given in Chapter 7. 

5.2.4 Horizontal and Vertical Load Cells  

5.2.4.1 Horizontal Load Cells 

Forces in the horizontal load cells are shown graphically in 

Fig D25. Similar distributions are seen across the two ends and the 

loss of load due to frictional resistance is small (5%). 

Summation of forces to the left and right of the longitudinal 

centre line gives a 6% difference in load between the two sides;  this. 

results from a slight misalignment of the parallel arm mechanism 

which forced the beam to move at a small angle to the model edge. 

In both sets of load cells higher forces are observed in the 

vicinity of the stiffeners than across the panels,and the applied edge 

displacement was therefore not uniform as originally assumed. This 

results from deformation of the model end plates under the applied load, 

and can only be reduced by adopting a much stiffer section. 

5,2.4.2 Vertical Load Cells 

Forces resulting in the vertical load cells under lateral 

pressure are shown in Fig_ D26. The degree of symmetry achieved is 

good, where the discrepancies are only 4.5% between the north and south 

sides and 3.9% between the east and west sides. 

Along the east and west sides the reactions are approximately 

equal to the loading supported by one-half panel whilst along the north 

and south sides they are considerably greater. Most of the applied 
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load is transmitted via the panels to the stiffeners and is thus 

carried to the north and south end plates. 

At the corners of a panel there is a tendency for uplift 

to occur under lateral pressure. This effect can be seen in Fig D26 

where tensile reactions occur at these locations. 

5.3 ANALYTICAL SOLUTIONS AND COMPARISONS 

The three stiffened plate models were analysed using the 

parameters discussed in Section 5.1. For each case two initial 

states of stress were considered, these being zero residual stress and 

applied residual stress. 

The level of lateral load applied to model SP3 was identical 

to that used in the test,whilst for models SP1 and SP2 the loading was 

determined such that deflections of magnitude similar to those of SP3 

were induced. The behaviour of model SP1 will now be discussed in 

detail and the major differences between this and the remaining models 

will then be noted. Comparisons will also be made between the theore-

tical and test results obtained for model SP3. 

5.3.1 Analysis of Model SP1  

5.3.1.1 Load-Shortening Curves and Ultimate Strength 

Load-shortening curves are shown for both initial states of 

stress in Fig D27. The two solutions are identical up to am/ao = 0.510 

when yielding occurs in the plating and the two solutions begin to 

diverge. In both cases the load-shortening response is quite linear 

and unloading occurs suddenly. 

In the absence of residual stress yield zones develop as 

shown in Fig D28. First yield occurs at the stress level am/ao = 0.437 

where,cwing to lateral constraint and bending in the x-y plane, plasti- 
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city results in the edge stiffener flanges. Plate yielding occurs at 

the stress level am/ao = 0.613 over the stiffening member S3; it 

then develops over stiffening. member S2 and finally spreads into the 

panels. The ultimate load is then reached as buckling occurs in the 

elasto-plastic range where there is negligible capacity for stress 

redistribution. 

Under the application of residual stress the process of 

yielding is quite different'. The flanges of the edge stiffeners again 

yield at am/ao = 0.437, but this is followed by yielding of the plating 

along the free edges as shown in Fig D29. This commences at am/ao = 

0.510 where the two solutions were observed to diverge. With a 

further addition of in-plane loading yield occurs in panels P1, P2 

and P3 where compressive residual stresses are present. Overall unload-

ing then follows whilst the plating over the stiffeners is still elastic, 

capacity being lost in the panels. more rapidly than redistribution can 

take place. 

The unloading curve shown in Fig D27 for the case of applied 

residual stress is not entirely accurate, since the yield function vastly 

exceeded unity at some locations. This portion of the curve has 

however been included to indicate the sudden loss in carrying capacity 

associated with this type of failure. For the case of zero residual 

stress divergence occurred at the peak load and no post-ultimate res-

ponse is therefore shown. 

5.3.1.2 Load-Deflection Behaviour 

The load-deflection response of model SP1 is shown graphically 

in Figs D30 and D31. The first of these figures relates to zero 

residual stress and the second to applied residual stress. In addition, 

selected deflection profiles are shown in Fig D32. 



Referring to Fig D30 a linear load-deflection response 

is seen under lateral pressure, the maximum deflection on stiffener S3 

being 1.25 times plate thickness and that on panel P3 being 1.45 times 

plate thickness. 

Under in-plane loading, the observed response is much less 

linear. The out-of-plane deflections, and hence the eccentricity of 

load at mid-span, increase with each successive load increment and the 

non-linear relationship between applied load and deformation is thus 

produced. 

As yielding occurs at the stiffener locations deflections 

at mid-span become suddenly large,and the seven half-wave buckling mode 

indicated in Fig D30 develops along the span. Each of the panels 

deflects in the same mode and no sympathetic rotation occurs across the 

stiffeners. 

Referring now to Fig D31 the load-deflection behaviour is 

seen for the case of applied residual stress. Initially the response 

is identical to that described above, but at the ultimate load_ snap 

through occurs in all panels at mid-span and a series of nine alternat 

ing buckles appear along the length. 

The number of half-waves which develop along the span will 

depend upon the aspect ratio of the panels and the degree of clamping 

afforded by the stiffeners. In the absence of residual stress 

plasticity developed over the stiffeners and hinges were formed along 

the panels. The clamping action was thus reduced and this probably 

gave rise to the different mode forms obtained in the two analyses. 

5.3.1.3 Stresses in the Plating and Stiffeners 

(a) Stresses in the Plating 

Direct stresses at selected sections in the plating are shown 

106 



107 

in Figs D33 and D34, sections 2-2, 3-3 and 4-4 showing distributions 

across the width and section 6-6 the distribution on the longitudinal 

centre line. 

At sections 2-2 and 3-3 similar distributions of stress are 

observed, concentration being slightly greater in the vicinity of the 

stiffeners than across the panels where local bending occurs. 

At section 4-4 which is close to the model boundary a dif-.  

ferent distribution of stress is observed. Local depressions in 

the stress curves are less pronounced owing to the smaller panel 

deflections, whilst an overall depression results across the plate 

width. This form of distribution is typical close to the edge of a 

plate which is forced to remain straight. 

The distribution of stress along the centre of panel P3 shows 

an increase in compression towards the centre of the plate where maxi-

mum bending occurs. In addition, the tensile stresses which develop 

at the supports due to partial clamping action can be observed under 

lateral pressure. 

(b) Stresses in the Stiffeners 

Extreme fibre stresses are shown for stiffeners S4 and S5 in 

Fig D35. 

Under lateral pressure bending action causes tensile 

straining at mid-span. The magnitude of this is greater for stiffener 

S4 than for S5 since higher rotations can occur at the edges. The 

effect of rotational restraint at the boundary can be seen clearly for 

stiffener S5, where increased compression is observed to occur with an 

addition of applied pressure. 

Under in-plane loading the stiffener flanges initially 

carry a proportion of the applied compression at mid-span. As 



108 

deflections increase,however,and the bending action starts to pre-

dominate, further tensile straining results. 

Figure D36 shows the variation in direct stress which occurs 

across the stiffener flange plates at mid-span. 

Under lateral pressure negligible variation of stress occurs 

across stiffener S4 and only slight changes of slope are observed 

during in-plane load application. Variation of stress results from 

the rotation of a stiffener due to an overall deformation of the plate, 

and from horizontal bending of a stiffener in the x-y plane. This 

stiffener is located close to the centre of the plate where the slope 

of an overall deformation is small, and hence where negligible rota-

tion occurs. 

A greater variation in stress is observed across the flange 

of stiffener S5, where tension increases towards the model edge. 

This reflects the twisting of the stiffener which occurs as the model 

deforms out-of-plane. 

The edge stiffener S•6, unlike members S4 and. S5, supports 

compressive loading along its full length owing to the application of 

lateral restraint. The stresses do however vary in a manner similar 

to those.of S5, although the slopes are greater owing to the higher 

degree of rotational freedom. 

5.3.2 Analysis of Model SP2  

5.3.2.1 Load-Shortening Curves and Ultimate Strength 

Load-shortening curves are shown for model SP2 in Fig D37. 

The two solutions are almost linear and are identical until close to 

collapse- when, in both cases, sudden unloading occurs. 

Unlike model SP1 where the application of residual 

stress was seen to reduce the ultimate strength a slight 
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increase in capacity is achieved. This result can be explained by 

observing the yield diagrams in Figs D38 and D39. 

For the case of zero residual stress, plasticity occurs 

first in the edge stiffener flanges at the stress level am/ao = 0.178. 

This stress is far below that for first yield in model SP1 owing to 

the lower strength of the stiffener material. Plasticity in the plat-

ing occurs at am/ao = 0.557 and,as for model SP1, this develops over 

the stiffening member S3. Yielding then develops over stiffener S2 and 

finally the ultimate load is reached as yielding spreads into the 

panels. The behaviour observed for this case is therefore similar in 

nature to that described for model SP1. 

For the case of applied residual stress yielding starts at 

the free edge of the plating at the stress level am/ao = 0.572. This 

spreads along the length of the edge until, at am/ao = 0.616, yielding 

suddenly occurs across the full width of the-plate and collapse follows. 

For model SP2. the residual stress is lower than that applied 

to model SP1 and compressive yielding in the panels therefore occurs at 

a higher stress level. This increase in strength combined with 

delayed yielding at the stiffener locations due to tensile residual 

stress, creates a situation in which plasticity occurs simultaneously 

over the stiffeners and in the panels. Higher stresses are therefore 

sustained than in the residual stress free case where failure occurred 

by partial yielding of the section. 

5.3.2.2 Load-Deflection Behaviour 

Load-deflection curves and deflection profiles are shown for 

model SP2 in Figs D40 to D42. Deflections under lateral load are again 

linear with a maximum value of 1.34 times plate thickness on stiffener 

S3 and 1.6 times plate thickness at the centre of panel P3. Comparing 



these curves with those shown for model SP1, a similar response is 

observed. Deflections are however smaller in magnitude owing to the 

higher flexural stiffness involved. The buckling modes are also 

similar in form and again no sympathetic rotation occurs across the 

stiffeners. 

5.3.2.3 Stresses in the Plating and Stiffeners 

In general, the stress distributions for both the plating and 

the stiffeners are similar to those described in Section 5.3.1.3 for 

model SP1. Discussion is therefore omitted here although the distri-

butions have been included for future comparison with test results 

(Figs D43 to D46) . 

5,3.3 Analysis of Model SP3 and Comparisons with Experimental Results  

5.3.3.1 Load-Shortening Curves and Ultimate Strength 

Theoretical and experimental load-shortening curves for 

model SP3 are shown in Fig D47. A description of the theoretical 

results will be given first and comparisons will then be made with the 

experimental data. 

(i) Theoretical Results 

The load-shortening characteristics of model SP3 are similar 

in form to those described for model SP2. Here,however, the response 

is slightly stiffer owing to the greater rigidity involved. 

For zero residual stress plasticity develops as described 

for model SP2 in section 5.3.2, first yield occurring over stiffening 

member S3 at the stress level am/co = 0.501. This process is shown 

in Fig D48 where at failure plasticity has spread into the upper fibres 

of stiffeners S2 and S3. 
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For the case of applied residual stress, first yield occurs 

at the centre of the plate at the stress level am/ao = 0.563. As 

shown in Fig D49, this is followed almost immediately by collapse, as 

extensive yielding occurs across the full width of plating. Again an 

increase in ultimate strength was achieved over the residual stress 

free case, as the full capacity of the section was utilised at failure. 

(ii) Test Results 

The load-shortening curve obtained experimentally is shown 

in Fig D47 whereas in the theoretical work, a fairly linear behaviour 

is seen. Here,however, the response is stiffer and this could result 

from both inaccuracies in the test set up and in the analytical approach. 

In carrying out the test it was necessary to locate the 

horizontal load cells at the centroid of the model cross-section. 

Since however the model ends had been deformed during the welding 

process, this position was almost impossible to determine. The initial 

deformation diagrams shown in Figs C21 and C22 indicate a distortion 

at the two ends towards the plating, and the application of a load to the 

theoretical centroid_ would therefore probably result in a fixing 

moment at the model ends. -With this, an overestimation of the model 

stiffness would result. 

As noted in Section 5.1.2.1, forces NAw  and NAr  were ignored 

in defining the moment constraint. These components would however 

contribute to the bending action and this may have led to an under-

estimation of the stress-strain capabilities. 

The maximum stress sustained in the test was 0.590 of the 

yield stress and the equivalent theoretical values were 0.573 and 0.559 

of yield,for the cases of applied residual stress and zero residual 

stress respectively. Good agreement was therefore achieved in the 



collapse strengths, although further experimental verification is 

essential. 

The experimental load-shortening curve could not be moni-

tored in the final stages of the test owing to reasons of safety. 

In future tests,therefore,it would be sensible to replace the existing 

dial gauges by transducers, through which remote control is possible. 

5.3.3.2 Load-Deflection Behaviour 

(i) Theoretical Results 

Load-deflection curves for model SP3 are shown in Figs D50 

to D53 where, for clarity, deflections at the stiffener locations are 

shown separately from those in the panels. Load-deflection profiles 

are also shown for two cross-sections in Fig D54. 

Under lateral pressure a linear load-deflection response 

is observed, the maximum deflection on stiffener S3 being 1.32 times 

plate thickness and that at the centre of panel P3 being 1.71 times 

plate thickness. The deflections are smaller in magnitude that those 

seen for models SP1 and SP2,but in general, the response is similar. 

Close to the ultimate load, local buckling occurs and the wave forms 

shown in Figs D51 and D53 develop. These are identical to the modes 

of deformation obtained for models SP1 and SP2. 

(ii) Experimental Results 

Deflections obtained experimentally are shown in Figs D50 to 

D54 where comparisons are made with the theoretical results. 

Under lateral pressure a linear load-deflection response is 

seen both experimentally and theoretically. The experimental values 

are however smaller in magnitude, the maximum value on stiffener S3 

being 1.2 times plate thickness and that in panel P3 being 1.38 times 
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plate thickness. This gives an error of 10% in the calculation of 

stiffener deflections and 24% in the calculation of panel deflections. 

The magnitude of the overall bow will be influenced signi-

ficantly by the flexural constraint imposed along the model edge. 

In Fig D59 results are shown for three different edge conditions, 

these being clamped, simply supported and partially constrained by an 

edge-member. Between the two extreme cases a ratio of 5:1 is seen 

in the deflections. 

At the simply supported end of the range.  a panel is parti-

cularly sensitive to a small rotational constraint,and small changes in 

torsional stiffness can therefore lead to large changes in deflection. 

In the analysis of model SP3, torsional stiffness was assumed to be a 

function of the edge beam alone whereas, in reality, part of the plate 

would act compositely with the beam. By including this component in 

the analysis, lower deflections would undoubtedly result. 

In the derivation of expressions (78) and (79), the influence 

of forces NAw  and NAf  :was ignored. To investigate the error introduced 

here the panel was re-analysed as a beam consisting of a single stif-

fener with a width of plating based on Faulkner's effective breadth 

formula . The deflection obtained is shown in Fig D59 where the 

result is seen to agree closely with the simply supported plate analy-

sis. Assuming that the effective breadth is sufficiently accurate, 

this indicates that the effect of forces NAS  and NAf  is quite small. 

Panel deflections relative to the stiffeners are overestimated 

in the analysis, being in the order of twice those measured in the 

test. This discrepancy is thought to arise from two main sources, the 

first being the finite difference mesh and the second being the panel 

slenderness ratio. 

The first of these was investigated by analysing a single 
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panel with clamped edges under lateral loading, for three different 

mesh sizes. The results are shown in Fig D59,where a deflection of 

1.314 mm is obtained for the 5x 11 mesh used in the model analysis and 

a deflection of 0.928 mm is obtained with the refined 9x 11 mesh. If 

a similar improvement was obtained in a total panel analysis, the 

calculated deflection would reduce from 1.49 mm to 1.05 mm 

Despite the above improvement, the calculated deflection:is 

still larger than the measured value of 0.72 mm. In the analysis the 

deflecting width of the panel is assumed to equal the distance centre 

to centre of the stiffening members. In reality,however, the width of 

plating over a web and the welded zone around it cannot deflect relative 

to the stiffener. This reduces the deflecting width from 300 mm to 

286 mm, from which an estimated 17% reduction in deflection would follow. 

Under in-plane loading. a stiffer load-deflection response 

is observed in the test than in the analysis, this resulting from the 

problems discussed in Section 5.3.3.1. The vertical portion shown at 

the beginning of each of the in-plane loading curves results from the 

initial application of compressive forces. 

At failure the model started to buckle into the alternating 

wave form shown in Fig D24. This form was not predicted in either of 

the analyses although in both cases a change of mode did occur. It 

was however shown in the numerical work that the addition of a small 

residual stress can give rise to a different buckling made. Thus, if 

the residual stress input was modified and the analysis repeated, it 

is possible that the experimental mode of failure would be predicted. 

5.3.3.3 Stresses in ti Plating and Stiffeners 

In general, the observations made in Section 5.3.1.3 for 

model SP1 apply equally to model SP3. Detailed discussion is 



therefore omitted although comparisons are given between the test 

results and the theoretical solutions. 

(a) Stresses in the Plating 

Stresses obtained in the plating both experimentally and 

theoretically are shown in Figs D55 and D56. In general the agreement 

achieved is good, particularly over the central region where the effect 

of boundary constraints is small. 

During the application of lateral load :  the measured stresses 

are slightly in excess of the calculated values; this results from the 

initial application of an in-plane load equivalent to an average stress 

of 13 N/mm2. 

(b) Stresses in the Stiffeners 

Stresses in the stiffener flange plates-obtained both 

theoretically and experimentally are shown in Figs D57 and D58. 

Referring first to Fig D57 the variation in stress along 

stiffeners S4 and S5 can be seen. Under lateral pressure: higher 

tensile stresses are predicted in the analysis than observed in the 

test, and under in-plane loading less applied compression is supported 

by the stiffeners at mid-span. This arises from the overestimation 

of deflections which produces higher bending stresses under lateral 

load and a greater eccentricity of in-plane load. 

Figure D58 shows the variation in direct stress across the 

stiffener flange plates at mid-span. 	In general, the predicted 

behaviour is similar to that observed in the tett although again, owing 

to the overestimation of deflections, stresses do not agree well in 

magnitude. 
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CHAPTER 6 

NUMERICAL SOLUTIONS 

6.1 SCOPE OF NUMERICAL SOLUTIONS 

The governing equations for discretely stiffened plates 

have been used to solve a wide range of plate problems. The results 

obtained will be presented in this chapter. 

The main study undertaken investigates the influence of geo- 

metrical properties on the serviceability and collapse behaviour of 

stiffened plating. An identical geometrical configuration was adopted 

for each of the panels, and the plate and stiffener slenderness ratios 

were varied for the study by altering the plate thickness and web 

dimensions only. 

Several smaller scale investigations were also carried out on 

plate geometries selected from the main study. The first of these con-

siders the effect of initial deformation on plates of slenderness b/t = 30. 

In all cases an overall sinusoidal deformation profile was selected and 

the magnitude of the bow was varied for the study. 

A second study investigates the concept of hybrid plates for 

which the yield stress of the stiffener material is different from that 

of the plate. Panels of b/t = 60 were selected,and the stiffener 

slenderness ratios were varied between the limits Lx/R ='30 and Lx/R = 90. 

In all the cases analysed above loading was applied to the plate 

as a uniaxial in-plane displacement in the direction of the stiffening. 

To examine the effect of combined loading one plate was selected from 

the group (b/t = 60; Lx/R = 30) and was subjected to an initial level of 

lateral load 	followed by in-plane load 	to failure. Three different 

levels of lateral load were applied, these ranging from 0 to 

105 kN/m2  (0 to 15 psi). 

116 



117 

In Chapter 5 the theory was compared with test results and 

here comparisons are made with existing analytical solutions. Few 

solutions are however available for comparison,and those quoted here 

are taken exclusively from a similar.. but less general formulation pre- 

sented by Djahani
(17) . 

6.2 COMPARISONS WITS EXISTING WORK 

6.2.1 A Plate with an Eccentrically Placed Central Stiffener  

The first of the comparisons undertaken is for a simply suppor-

ted plate divided into two panels of aspect ratio 2:1 by a central 

rectangular stiffener. The loading is applied in the plane of the 

plate as a uniform edge displacement in the direction of the stiffen-

ing. The initial deformation is sinusoidal in shape and has an ampli-

tude of 10 mm in the positive z-direction. All dimensions, material 

properties and boundary conditions used,. are quoted in Fig. El. 

Both the elastic and the elasto-plastic behaviour have been 

investigated and the load-shortening relationships obtained are shown in 

Fig E2. Good agreement is achieved for the elastic analysis and the 

ultimate loads obtained are almost identical. In the post-ultimate range, 

however, agreement is less satisfactory,and this is thought to result 

from either different degrees of convergence- or from the size of the 

loading increments. 	If loading increments are too large the stiffness 

of the section will be overestimated and this could account for the dis-

crepancy involved. 

6.2.2 A Stiffened Plate with Residual Stresses  

The second analytical solution available for comparison was 

taken from a series of tests conducted by Fukomoto et al(44). The model 

selected for analysis is shown in Fig E3 together with a listing of the 

material properties and boundary conditions used. The plating is 
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divided into four panels by three equally spaced rectangular stiffeners 

which are welded eccentrically to the plate. Loading is applied as a 

controlled edge displacement and the initial deformation is sinusoidal 

in shape. 

The model has been analysed for two separate conditions. The 

first of these assumes a zero residual stress level in both the plate and 

stiffeners whilst the second allows for a residual compressive stress in 

both components of 0.4 times yield stress. The assumed residual stress 

blocks are shown in Fig E4 together with the idealised distributions 

used in the numerical procedure. 

The load-shortening curves obtained are given in Fig E5, where 

the equivalent curves obtained by Djahani and the test result obtained 

by Fukomoto et al _ are also shown. A discrepancy of approximately five 

per cent exists between the two analytical failure loads, and this is 

thought to arise from the boundary restraint applied along the loaded 

edges. In the present work- this edge was assumed to be fully fixed 

tangentially (v = 0), whilst in the Djahani solution a shear free 

edge was adopted. 

To investigate this problem further, an unstiffened plate was 

analysed for which the alternative boundary condition could be easily 

applied. The example chosen for analysis was first solved by Moxham(11)  

and the relevant data is shown in Fig E6. Four solutions have been 

obtained, two of these for a residual stress level of 0.1225 times yield 

and the second pair for a zero residual stress level. The first in each 

pair was analysed with a shear free edge whilst the second was analysed 

with a fixed edge. As observed from Fig E7, the two cases for Nxy = 0, 

agree well with the results presented by Djahani,whereas the two cases 

with v = 0 show a reduction in capacity similar in magnitude to that 

observed in Fig E5. 

For both analytical solutions- the ultimate load obtained is 



greater than that observed:in the test. It was however noted by 

Fukomoto et al
(44) 

that in some cases the test results fell below their 

predictions,and this they attributed partly to a difference between the 

actual and assumed-residual stress levels. 

6.3 PARAMETRIC STUDIES 

The remainder of this chapter is devoted to the presentation 

and discussion of a series of new solutions. In most cases the analyses 

have been extended into the post-ultimate range, although for some geo-

metries. this was not possible owing to the effects of numerical insta-

bility. Since all plates could not be analysed beyond the peak stress 

the decision was made to curtail all solutions close to the ultimate 

load, thereby economising on computer time and enabling a greater range 

of plate types to be considered. 

The number of mesh divisions required for a given degree of 

accuracy will depend upon the deformed shape of the plate and hence upon 

the plate and stiffener dimensions. In the following studies,therefore, 

where for economy a constant mesh spacing is used throughout, a lesser 

degree of accuracy is assigned to cases which fail in a panel buckling 

mode than to cases which fail in an overall mode. 

6.3.1 A Study of Various Failure Modes  

The basic plate geometry selected for the study is shown in 

Fig E8. The plate is subdivided into three panels of aspect ratio 3:1 

by two longitudinal webs which have a fixed depth to thickness ratio of 

ten. Simply supported,non-deflecting edges are assumed and in all 

cases the unloaded boundaries are free to move in the x and y directions. 

On the loaded edges a uniform in-plane displacement is applied whilst 

in the tangential direction full restraint is assumed.The selected initial 

deformation profile is sinusoidal in shape and has an amplitude of 5 mm 

119 



120 

in the positive z-direction. All material properties for the plate 

apply equally to the stiffeners, and the lateral load and residual 

stress levels are set at zero. Six mesh divisions are adopted in each 

direction for the quarter plate analysed,and the stiffeners are divided 

horizontally into five layers and vertically into four. 

The plate and stiffener slenderness ratios b/t and Lx/R are 

varied for the study by altering the plate thickness and web dimensions 

only. The range of ratios considered, together with the relevant plate 

and stiffener dimensions, are tabulated in Fig E9. 

Results from the study are shown graphically in Figs E10 to 

E51. 	The first group of curves, E10 to E15, show the load-shortening 

relationships for the total cross-section and the load-shortening 

relationships at mid-span for the webs alone. Where poor convergence 

was observed or where the yield function exceeded reliable proportions. 

these curves are shown as discontinuous. In Fig.E16--. the peak loads 

are summarised graphically and three approximate zones of plate behaviour 

have been identified. A discontinuous curve is again adopted where 

sharp changes in curvature occur and no results have been obtained to 

identify the relationships accurately. 

Figures E17 to E26 show the distributions of direct stress in 

the plating at mid-span for a range of applied strain and for each 

combination of b/t and Lx/R considered. Figures E27 to E46 show a 

selected number of load-deflection curves and deflection profiles. 

Within the latter group, Fig E 42 shows the effect of web torsional 

stiffness, and Fig E45 the effect of shear restraint along the loaded 

edge, on the plate behaviour. Discontinuous curves are used in these 

figures only for reasons of clarity. The final group of figures, E47 

to E51, describe the areas of stiffened plate which have reached yield 

by the ultimate load. 
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The zones of plate behaviour shown in Fig E16 indicate the 

predominant mode of failure which was observed in each case. These 

can be summarised as follows: 

In Zone I: Failure occurs by squashing of the cross-section before 

extensive buckling occurs. 

In Zone II: Failure occurs in an overall mode following flexural 

failure of the stiffeners. 

In Zone III: Failure is preceded` by panel buckling in three half-

wave mode form. 

In addition, Zone III is divided into three subzones A, B and C,where 

different arrangements of the three half-wave mode buckles were observed. 

With reference to this diagram the results will now be dis-

cussed, commencing with plates in Zone I. 

6.3.1.1 Plates in Zone I 

The following discussion is presented in two sections, the 

first for plates of slenderness b/t = 30 and the second for plates of 

slenderness b/t = 50. In each section the behaviour is described in 

detail for Lx/R = 30,and differences between these and the more slender 

cross-sections are indicated. 

(a) b/t = 30; Lx/R = 30 

Referring to the load-shortening curve(Fig E10) a linear stress--

strain relationship is seen. The peak load is reached soon after first 

yield in the plate and subsequent unloading occurs gradually. Over the 

range of strain considered the direct stress at mid-span (Fig E17) 

remains fairly uniform across the width, and at the peak load almost full 

yield in compression is sustained. The corresponding area of yield is 

shown in Fig E47, where the webs are seen to yield in compression. 

Although the plating alone can carry almost full squash loading, 
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the total cross-section fails at 95% of this value. This reduction 

results from bending action which accelerates with increasing deforma-

tion. Beyond the peak load- additional applied strain will lead to 

squashing of the plate at constant stress, and deflections will increase 

owing to the load eccentricity. To balance the resulting additional 

applied moment a greater tensile component is required from the stif-

feners and this,combined with constant stress in the plate, will lead to 

overall unloading. This can be observed visually in Fig E10, where 

the compressive stress in the stiffeners is seen to reach a maximum value 

of approximately 62% of yield, after which gradual unloading occurs as 

the increase in tension outweighs that in compression. 

Load-deflection curves and deflection profiles are shown in 

Fig E27 for the locations indicated in Fig E8. As expected for panels 

of these dimensions negligible deformation occurs in the plating between 

the stiffeners, and overall, the deflections remain small by virtue of 

the stiff webs employed. 

Extending the discussion to Lx/R = 50 and Lx/R = 60 we refer 

to the load-shortening relationships Figs Eli and E12, and the direct 

stress curves Fig E17. In each case the direct stress at mid-span is 

similar to that for Lx/R = 30 although for both cases lower ultimate 

load levels are reached. The lower peak loads observed again result 

from loss of stiffener in-plane capacity due to flexural action, the 

maximum web stresses seen from Figs Eli and E12 to be only 19% of yield 

for Lx/R = 50,and just 6% of yield for Lx/R = 60. 

The loss of effectiveness with reducing stiffness can also be 

observed from the yield diagrams(Fig E47). For Lx/R = 30 and Lx/R = 50 

the deflections remain small and the webs yield in compression. For 

Lx/R = 60,however, where greater deformations occur, the webs yield in 

tension. Although the ultimate strength is not significantly 

affected by this since the majority of the web depth is still fully 



effective, its influence becomes more pronounced in the post-peak 

range where a faster rate of unloading is observed. 

(b) b/t = 50; Lx/R = 30 

The load-shortening relationship for this case is shown in 

Fig E10. Comparing this with the curve for b/t = 30; Lx/R = 30,a 

lower ultimate load level is reached and a sharper rate of unloading is 

seen in the post-peak range. These differences in behaviour can be 

explained by observing the direct stress curves and deflection curves in 

Figs E19 and E30 respectively. For an applied strain ratio less than 

unity both the overall and local panel deformations are small and the 

stress distribution is fairly uniform across the plate. Beyond this 

ratio, however, the panel deformations become suddenly large with a 

resulting loss of in-plane capacity. This effect can be seen clearly 

in Fig E19 for the strain ratio ca/Eo = 1.11. Beyond the ultimate load, 

yielding across the plate width prevents stress redistribution and the 

rapid unloading observed in Fig E10 follows. 

At the strain ratio ca/eo = 1.01, small depressions are 

observed irothe stress curves in the vicinity of the webs (Fig E19). 

These are thought to result from high transverse moments which develop 

as the plate panels buckle, the required moment capacity being provided 

at the expense of in-plane capacity to maintain unit yield function at 

these nodes. 

It is of further interest to note that the stress supported 

by the stiffeners (Fig E10) is almost identical to that for b/t = 30; 

Lx/R = 30. This indicates that the total reduction in compressive 

capacity can be attributed to panel buckling and, further, that the 

behaviour of the stiffeners is virtually unaffected by this change in 

plate behaviour. 

The lower ultimate capacities obtained for Lx/R = 50 and 
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Lx/R = 60 can again be accounted for by flexural action as discussed 

in section 6.3.1.1(a). Detailed discussion is therefore omitted 

although load-shortening curves E11 and E12, direct stress curves E19 

and yield diagrams E48 have been included for completeness, together 

with the deflection curves E31, for Lx/R = 60. 

6.3.1.2 Plates in Zone II 

As seen from Fig E16, all plates within this zone are stif-

fened by webs of low flexural rigidity. The smaller the web rigidity 

in relation to the plate stiffness, the less is the interaction between 

the plate and webs, and the closer the behaviour becomes to that of an 

unstiffened section of three times the basic panel slenderness. This 

change from three panel to single panel behaviour occurs gradually with 

increasing Lx/R, and plates close to the boundary of Zones I and II 

possess behavioural characteristics of both the stiffest and weakest 

sections. In order therefore to avoid unnecessary repetition, attention 

will be focussed on the highest Lx/R ratio considered,and points of 

significance will be noted for the remaining plates. Load-shortening 

curves, direct stress curves and yield diagrams have,however,been 

included for all cases to enable the reader to trace this change in 

behaviour visually. Deflection curves are also included for a selected 

number of cases. 

(a) b/t = 30; Lx/R = 90 

Referring to the load-shortening relationship(Fig E15)and 

comparing this with the relationship for b/t = 30; Lx/R = 30 (Fig E10), 

a less linear load path is observed and a much lower ultimate stress is 

sustained. The less linear load path results from the lower flexural 

stiffness involved, applied strain being absorbed more readily through 

out-of-plane deformation than through in plane shortening. 
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The direct stress curves (Fig E18) indicate a fairly uniform 

distribution of stress across the plate for low applied strains. As 

the strain level increases,however,and deflections become more pronounced, 

effectiveness is lost at the centre of the plate and additional loading 

is then carried only by the stiffer edge sections. Edge strip loading 

continues whilst losses are incurred at the centre of the plate until 

the edges reach yield. At this stage there is no further capacity for 

stress redistribution and overall unloading follows. 

The load-deflection curves shown in Fig E29 are again less 

linear than those given for b/t = 30; Lx/R = 30 (Fig E27), and the deflec-

tion profiles show little evidence of interaction between the plate and 

stiffeners. The deflections are observed to increase more rapidly 

following tensile yielding in the webs, and this is reflected in the 

load-shortening relationship where an obvious change of curvature is 

apparent. At the ultimate load level the mid-span sections of the webs 

have reached almost full yield in tension (Fig E47) and their effective-

ness as load carrying members is therefore terminated. 

For b/t = 30 and Lx/R = 70 and 80 behaviour is similar, 

although with the stiffer sections involved buckling occurs at a higher 

stress level. The load-shortening relationships for these plates are 

given in Figs E13 and E14,and the direct stress curves in Fig E18. 

Additionally, deflection curves are shown for the case Lx/R = 70 in 

Fig E28, and yield diagrams are shown in Fig E47. 

(b) b/t = 50; Lx/R = 90 

As discussed in section 6.3.1.2(a), a low stiffener rigidity 

gave rise to an overall mode of failure and the deflection curves 

(Fig E33) again show this to be the case. For this plate,however, the 

stress distribution is also influenced by local panel deformations, and 

this effect can be seen by comparing the direct stress curves for 
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Lx/R = 90 in Figs E18 and E20. In the latter case small depressions 

arising from local panel deformations are superimposed on the larger 

depression due to overall bending. 

• Referring to the load-shortening curve (Fig E15) and comparing 

this relationship with that described in 6.3.1.2(a) for b/t = 30; 

Lx/R = 90,an initially flatter unloading curve is observed. It was 

found here that the plating was fully elastic at the peak load (Fig E48), 

and continued to accept additional loading beyond the ultimate strain 

by redistributing stresses to stiffer sections of the plate. This, 

however, combined with an increased tension in the webs due to bending, 

led to a slight overall reduction in capacity, the two effects,one 

positive and one negative, combining to give the flat appearance at the 

peak load. 

The remaining plates of slenderness b/t = 50 are not considered 

in detail here since their behaviour is covered by combinations of the 

local elasto-plastic response discussed in section 6.3.1.1(b) for 

Lx/R = 30, and the predominently overall mode of behaviour discussed 

above for Lx/R = 90. Load-shortening curves E13 and E14, direct stress 

curves E20, deflection curves E32 and yield diagrams E48, have however 

been included for completeness. 

(c) Plates of slenderness b/t = 60 and b/t = 70 

The remaining plates within this zone_ behave in a similar 

manner to that described in section 6.3.1.2(b) for b/t = 50, and no 

further discussion is therefore considered necessary. Reference is 

made however to the load-shortening curves E14 and E15, the direct stress 

curves E22 and E24, the deflection curves E36 and E40 and the yield 

diagrams E49 and E50. 
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6.3.1.3 Plates in Zone III 

For all geometries within this zone, the theoretical critical 

panel buckling stress is less than the yield stress and deflections 

along the stiffeners are relatively small.. The response to load is 

therefore similar to that obtained for three individual panels of aspect 

ratio 3:1, laterally restrained along their edges. 

(a) SUBZONE A 

The general mode of behaviour for plates in subzone A is des-

cribed in detail for the case b/t = 80; Lx/R = 80, for which the load-

deflection curves and deflection profiles are shown in Fig E46. As 

seen from these curves a change of mode occurs at the stress level 

om/ao = 0.44, which is almost identical to the theoretical critical 

stress for simply supported panels (On/6o = 0.46). The outer panels, 

being simply supported along one side and partially clamped at the 

stiffener, have a lower critical stress than the middle panel which is 

partially clamped along both sides. The outer panels thus control the 

mode of deformation and the central panel deflects in sympathy with 

them. The standard three half-wave form can be seen in section 3-3 

and the sympathetic wave form in section 4-4, of Fig E46. 

Beyond the buckling strain the stress distribution at mid-

span becomes less uniform (Fig E26), and with this an obvious change 

of slope results in the load-shortening curve (Fig E14). Additional 

applied loading is then supported by the plating at the edges and in the 

vicinity of the webs until,at the stress ratio am/ao = 0.546, loss of 

capacity in the panels overrides the gains at these locations. Overall 

unloading then commences whilst the plating is still predominantly 

elastic (Fig E51) . 

The effect of the mode change is also felt by the stiffeners 

and this can be seen from Fig E14 where,at the buckling stress, a 
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reduction in the resultant tensile force is observed. As the panels 

buckle the out of-plane deformations on the stiffeners at mid-span are 

retarded,and their capacity for resisting direct stress is thus enhanced. 

The remaining plates within subzone A behave in a similar 

manner, although with decreasing b/t the mode change occurs at a higher 

average stress level. The least slender of these cases (b/t = 60; 

Lx/R = 70) starts to buckle at the peak load. This would be expected 

since the ultimate load occurs close to the boundary of zones II and III, 

the dividing line between an overall mode of failure and a panel mode of 

failure. Load-shortening curves E13 to E15, direct stress curves 

E22, E24 and E26,and yield diagrams E49 to E51 are included for each of 

these three cases,and deflection curves E35 and E39 are shown for b/t = 60 

and b/t = 70. 

The final point of interest to be noted for subzone A is the 

apparent small increase in ultimate strength which occurs across the 

boundary of zones II and III in Fig E16, on the curves for Lx/R = 80 and 

Lx/R = 90. To the left of the boundary the webs yield in tension and 

an overall mode of failure results,whereas to the right of the boundary 

higher panel slendernesses are involved and local panel buckling occurs 

in advance of yielding. With this change in mode form the stiffener 

deformations are retarded,and the resulting delay in tensile yielding 

gives rise to the observed increase in ultimate strength. 

(b) SUBZONE B 

The behaviour of plates in subzone B is described in detail for 

the case b/t = 80; Lx/R = 60, for which the load-deflection curves are 

shown in Fig E44. At the stress level 6m/ao = 0.43 a stiffening effect 

was observed at the plate corners,and at om/ao = 0.47 snap-through 

occurred at these locations. In response, a sympathetic stiffening was 
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observed at the centre of the plate (curve C) whilst in the outer 

panels at mid-span and in the central panel close to the loaded ends, 

deflections grew more rapidly in the positive z-direction. 

This mode of deformation is the reverse of that seer: in subzone 

A and this has been shown to result from the destabilising effect of 

shear forces along the loaded edges. To prove this point the same 

plate was re-analysed with the shear stress component, Nxy, set at zero 

on the first line of nodes inside the boundary. The resulting out-of-

plane deformations are compared with those from the original analysis 

in Fig E45, where it is observed that:.the mode reverts to the standard 

form discussed in section 6.3.1.3(a) when shear restraint is ignored. 

The load-shortening curves are shown in Fig E12 and the direct 

stress at mid-span in Fig E25. 	The latter curves show the drop 

in strength which occurs with local panel buckling and this is reflected 

in the load-shortening curve whereat the buckling stress, a change of 

slope is observed. The effect of the mode change on the stiffeners 

is also evident from Fig E12, where the compressive stress in the webs 

is seen to increase after buckling occurs in the plate. 

For b/t = 80 and Lx/R = 50 and 70, behaviour is similar to 

that described above and discussion here is therefore omitted. Reference 

can be made however to the load-shortening curves Eli and E13, the direct 

stress curves E25 and E26, the deflection curves E43 for Lx/R = 50 and 

the yield diagrams E51. 

Load-shortening curves for plates of slenderness b/t = 60 

are shown in Figs E10 to E12 and the direct stress curves are shown in 

Fig E21. In these cases buckling occurs close to the peak load, and 

as seen from Fig E21 rapid unloading then follows. The distributions 

of direct stress plotted for strains beyond the ultimate are likely to 

be inaccurate owing to poor convergence and overstressing at some plastic 
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nodes. They have hcwever been included to explain the sudden drop in 

capacity which occurs in the load-shortening curves beyond the peak 

stress. Deflection curves are shown for Lx/R = 50 in Fig E34,where the 

sympathetic stiffening which occurs at mid-span as the corners snap 

through can be seen in curve C. In this case, however, the mode des-

cribed previously is not fully developed at the ultimate stress owing 

to the lower panel slendernesses involved. 

For plates of slenderness b/t = 70, the relevent load-shortening 

curves can be found in Figs E11 to E13 and the direct stress curves in 

E23 and E24. Deflection curves (Fig E38) are again plotted for the 

case Lx/R = 50,where behaviour is seen to be similar to the case b/t = 60; 

Lx/R = 50 considered above. The chief difference in these curves is the 

magnitude of deformations, buckling occurring at a lower average stress 

level for b/t = 70 than for b/t = 60. 

For all plate panels within subzone B. the analyses were 

terminated soon After the peak load owing to poor convergence and drift 

from the yield surface. The former problem is thought to:be associated 

with the superimposition of two mode forms. If snap-through occurs in 

subzone A form in the presence of an existing shear mode buckle, a 

complex wave pattern will result and a much finer mesh spacing will be 

required. 

(c) SUBZONE C 

The final mode of deformation to be encountered applies to 

plate geometries in subzone C, for which the load-shortening curves are 

shown in Fig E10. The behaviour will be discussed in detail for 

b/t = 80; Lx/R = 30 and,for completeness, direct stress curves, deflec-

tion curves and yield diagrams are shown for b/t = 70; Lx/R = 30 in 

Figs E23, E37 and E50 respectively. 
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As observed from Fig E41, the behaviour of this plate is 

initially similar to that described previously for geometries in subzone B. 

As the shear mode deveiops,however, the sympathetic buckle seen previously 

at the centre of the plate does not follow and instead an additional 

upward buckle forms in the central panel close to the loaded ends. In 

response, all three panels at mid-span suffer greater positive out-of-

plane deformations, and this can be seen from the load-deflection curves 

A and C in Fig E41. To identify the reason for a mode change between 

subzones B and C, the same plate was re-analysed with the interactive 

couple FTw  set at zero for the full length of the stiffener. In the 

absence of torsional restraint the deformations take the form shown in 

Fig E42,and this will be recognized as the mode form obtained for plates 

in subzone B. The effect of the torsional restraint is to prevent 

sympathetic rotations across the webs and this leads to the change of 

mode observed. 

The load-shortening curve(Fig E10)and the direct stress curves 

(Fig E25)indicate a fairly linear stress-strain response prior to buckling. 

As the mode form changes,however,and the plate panels lose strength a 

less linear response is observed,and the ultimate load is reached as 

yielding of the plate occurs in the vicinity of the stiffeners and along 

the boundaries (Fig E51) . 

Finally, it is of interest to note the parallel nature of curves 

within zone III (Fig E16),this suggesting that the disposition of the 

buckles has a negligible influence on the ultimate load achieved. 

6.3.2 A Study of the Effect of Initial Deformation  

As a small contribution towards the understanding of the effect 

of initial deformation on plate behaviour, panels of slenderness b/t= 30 

and Lx/R = 30 to 80 have been re-analysed for two additional imperfection levels. 

The overall sinusoidal bow used.  in the main study is retained and,apart 
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from the magnitude of this parameter, all other variables remain 

unaltered. 

In a realistic structure, dishing of the panels between the 

ribs may be present, and although this type of deformation has not been 

considered, it is thought that its presence would not significantly 

affect the ultimate strength. From the main study it was found that 

panels of these dimensions failed by squashing or by buckling in an 

overall sense,and these modes of failure would not be sympathetic to a 

local mode of deformation. 

The peak loads obtained for each level of imperfection con-

sidered are summarised graphically in Fig E52. It is apparent from 

these curves that sensitivity to imperfections increases with Lx/R; a 

4 mm increase in the initial bow giving rise to a 5% reduction in capa-

city for Lx/R = 30 and a 25% reduction for Lx/R = 80. The behaviour of 

these plates will now be discussed for the two extreme cases. 

(a) b/t = 30; Lx/R = 30 

Load-shortening curves for the stiffeners and for the total 

cross-section are shown in Fig E53, and the distributions of direct stress 

across the plate are shown in Fig E55. Over the range of deformation 

considered the load sustained by the plating remains virtually constant, 

and at the peak load almost full squash conditions are achieved (Fig E55). 

The overall ultimate strength is however influenced by the initial bow 

and,as observed from Fig E53, this results from a difference in compres-

sive strengths afforded by the stiffeners. In an eccentrically loaded 

compression panel out-of-plane deformations will result from bending 

action,and the larger the eccentricity of applied load the greater will 

be this component. For wc = 5 mm,therefore, a greater moment of resis-

tance must be provided at mid-span to balance the applied moment than for 

wc = 1 mm. This dictates an increased tensile component in the stiffeners 
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and hence a reduction in compressive capacity. 

(b) b/t = 30; Lx/R = 80 

Load-shortening curves for these plates are shown in Fig E54 

and the distributions of direct stress at mid-span in Fig E56. 

For the lowest level of deformation•(wc = 1 mm) the plating is 

seen to yield in advance of the stiffeners, and at the peak load it sus-

tains a stress level comparable with that for b/t = 30; Lx/R = 30. In 

contrast, for the higher levels of deformation, yielding occurs first 

in the stiffeners owing to the higher tensile stresses which develop 

under the greater bending action (Fig E541. For wc = 3 mm, the plating 

is still able to develop almost full yield capacity since the stiffeners 

do not yield until close to the peak load. Beyond this stress,however, 

unloading proceeds rapidly as deflections grow large in the elasto-plastic 

range. For wc = 5 mm, tensile yielding in the webs occurs far in advance 

of plate:yielding and deflections grow large prior to the peak load. 

The plating is then used to provide some of the flexural resistance 

required and the loss of in-plane capacity seen in Fig E56 follows. 

The summary of peak stresses given in Fig E52 shows a fairly 

linear reduction in capacity with Lx/R for wc = 1 mm, and the three 

curves remain quite parallel between Lx/R = 30 and Lx/R = 60. None of 

these plates were influenced by tensile yielding in the stiffeners, and 

providing this effect can be eliminated, a less severe reduction in 

capacity will result than seen currently for Lx/R = 80 on the curves 

wc = 3 mm and wc = 5 mm. This can be realised in practice by adopting 

a material of higher yield stress for the webs than for the plate, and 

this is investigated in the following section. 
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6.3.3 A Study on the Use of Hybrid Plates  

The advantage to be gained from the use of hybrid plates was 

investigated for geometries b/t = 60 and Lx/R = 30 to 90. All parameters 

adopted for these plates in the main study were retained with the excep- 

tion of the stiffener yield stress, which was set at 1000 N/mm2  to 

ensure elastic action throughout. 

The peak loads obtained are summarised graphically in Fig E57 

and the load-shortening curves are shown in Fig E58 where, in both cases, 

the solutions are compared with those obtained in the main study. 

For Lx/R = 30 compressive yielding in the webs was suppressed 

and a slight increase in the ultimate strength was thus achieved. 

This gave rise to a more linear relationship between the ultimate strength 

and the stiffener slenderness, as seen from Fig E57. 

Between Lx/R = 40 and Lx/R = 60 yielding of the stiffeners did 

not occur in the main study, and the two sets of solutions are therefore 

identical. 

For Lx/R = 70 ta, Lx/R = 90 tensile yielding in,the stiffeners 

was suppressed and higher ultimate capacities were therefore reached. 

The summary of peak stresses for hybrid plates is almost linear, and from 

this it can be concluded that in the absence of web yielding zone II 

shown in Fig E16 would not exist. For Lx/R = 70 tensile yielding 

occurred close to the ultimate load and the increase in strength achieved 

by using the hybrid plate was therefore quite small. For Lx/R = 80 

and Lx/R = 90,however, much greater increases in capacity were achieved. 

Load-deflection curves and distributions of direct stress at 

mid-span are shown for Lx/R = 90 in Fig E59, where comparisons are 

made with the results obtained in the main study. From the latter 

curves it is evident that in the absence of tensile yielding the plating 

can sustain a higher compressive stress for a given applied strain,and 

in the post-peak range the rate of unloading is much more gradual(Fig E58). 



135 

Finally, the load-deflection curves for the hybrid plate indi-

cate a change in the direction of deformation at point A. close to the 

peak load. This is further evidence of the elimination of zone II, this 

mode of deformation being characteristic of plates within zone III, sub-

zone A. 

6.3.4 A Plate Under Combined In-Plane and Lateral Loading  

The final study investigates the behaviour of plated structures 

under the combined action of lateral and in-plane loading. The geo-

metrical properties selected are as given in the main study for b/t = 60; 

Lx/R = 30, and a central deformation of 1 mm was adopted. 

The behaviour of this plate was first investigated under the 

action Cf in-plane load alone,and the load-shortening curves and load-

deflection curves obtained are shown in Figs E60 and E61 respectively. 

Under this type of loading the plate was found to buckle in the mode 

form associated with plates in subzone C,and yielding occurred at the 

centre and at the corners of the plate (Fig E60). 

The same plate was then subjected to three different levels of 

lateral load followed by in-plane loading to failure,and again the 

relevant load-shortening and load-deflection curves are shown in Figs E60 

and E61. In each case the deflections are seen to increase linearly 

under lateral load, and under in-plane load each plate deflects at 

approximately the same rate. The mode of deformation is however diffe-

rent from that observed for a = 0. Referring to Fig E61, the panel 

deflections at mid-span are seen to increase at a reducing rate with 

successive load increments and close to the peak load the deflections 

start to reduce. This mode form is the reverse of that observed above 

for the case of zero lateral load and is thought to result as the shear 

mode buckle is suppressed by the lateral pressure. 



For the pressure level q = 105 KN/m2  yielding has occurred 

in the plating along the majority of the stiffener length. This 

reduces the clamping action provided by the stiffeners,and results in 

the sudden small increase in deformation seen in Fig E61 at the stress 

level am/co = 0.6 
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CHAPTER 7 

CONCLUSIONS AND FUTURE WORK  

7.1 CONCLUSIONS 

7.1.1 The Mathematical Formulation and. Solution Procedure  

A formulation has been presented for the analysis of plates 

reinforced in one direction by stiffeners of tee, angle or rectangular 

cross-section. Both material and geometric non-linearities were con-

sidered and account was taken of residual stress and initial deformation. 

The equations generated are identical to those for isotropic 

plates subjected at the stiffener locations to a set of body forces. 

Interaction between adjacent elements is automatically accounted for and 

local buckling of the plate panels can be predicted. In this respect 

the formulation surpasses the alternative beam-column and orthotropic 

approaches: where interaction is ignored and local effects can only be 

treated approximately. 

The governing equations were expressed in finite difference 

form and were solved numerically by the Dynamic Relaxation procedure. 

An interlacing mesh system was adopted to obtain maximum accuracy for a 

given mesh spacing. 

In the solution procedure the equilibrium equations were 

expressed in terms of stress resultants rather than displacements. 

This approach is ideally suited to both the elastic and elasto-plastic 

stress ranges,since to extend the analysis into the non-linear range 

simply requires a re-definition of the stress resultant expressions. 

The stiffening members can be located along any main mesh line 

in the system with the exception of those at the plate edges. If 

local effects are to be detected,however,at least four spacings should 
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be provided between adjacent stiffeners. 

In general the degree of convergence achieved was satisfactory 

and it was possible toestablish both the ultimate load level and the 

post-ultimate load behaviour. Convergence problems did arise however 

for plates of intermediate slenderness where local buckling action inter-

acted with yielding. 

Prior to the application of each load increment_ current stress 

resultants were modified to correct for drift from the yield surface. 

No additional relaxation cycles were carried out after modification 

since the resulting lack of equilibrium was generally small. In cases 

where buckling occurred in the non-linear material range,however, the 

magnitude of the yield function could not be controlled and the analyses 

were therefore terminated close to the ultimate load. 

Each plastic node was checked before the application of a new 

load increment. to determine whether unloading from the yield surface had 

occurred. The method adopted was not totally successful and further 

investigations are therefore considered necessary. 

Suitable damping factors were established for each of the 

analyses by trial and error. Their magnitudes were found to be 

influenced significantly by the mesh spacing but only slightly by 

changes in geometry. 

7.1.2 Test Results and Theoretical Predictions  

7.1.2.1 Theoretical Predictions 

The three stiffened plate models have each been analysed for 

two conditions these being residual stress free and a level of stress 

approximating to the measured values. In both cases a zero stress was 

assumed in the stiffener webs and flanges. 

The adopted initial deformation profiles were similar in form 
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to the measured values but were calculated from the combination of two 

sine wave relationships. The maximum discrepancy between measured and 

calculated values occurred close to the model edges. 

In developing boundary conditions for the analysis: an attempt 

was made to mirror the real behaviour. These conditions were not 

however totally satisfactory and further work is therefore considered 

necessary. 

For model SP1 the addition of residual stress was found to 

lower the ultimate strength. This resulted as premature yielding 

occurred in the panels under the higher compressive stress. 

In contrast, for models SP2 and SP3 an increased ultimate 

strength was achieved. In these cases compressive yielding in the 

panels coincided with yielding along the stiffeners,and close to optimum 

efficiency was therefore achieved. 

In all three cases the addition of residual stress was found 

to change the collapse mode from seven alternating half waves along the 

span to nine. This is thought to result from delayed yielding at the 

stiffener positions owing to the presence•of tensile residual stress. 

Under lateral loading ,  a linear load-deflection response was 

observed for all models, the deflections being greatest for model SP1 

owing to the lighter stiffening involved. 

For all three models a rapid rate of:unloading was observed 

at the ultimate load as yielding interacted with buckling. It was 

therefore not possible to predict the unloading characteristics of these 

plates with accuracy. 

7.1.2.2 Test Results and Comparisons with Theory 

The testing programme was in general very successful and until 

the model started to fail, the rig responded according to plan. Some 



damage did however occur at failure and before models SP1 and SP2 can 

be tested, some minor modifications are necessary. Proposals for this 

are given in Section 7.2. 

Strains recorded in the horizontal and vertical load cells 

were almost symmetrical and loss of load through frictional resistance 

was small. There was however a slight variation of strain across 

the model ends owing to a misalignment of the parallel arm mechanism. 

During in-plane loading the vertical load cells were observed to slant 

as model shortening and stretching of the rig took place. There was 

however no significant loss of lateral restraint. 

The primary cause for concern in the test was the positioning 

of the horizontal load cells,where a slight eccentricity of load rela-

tive to the centroid would result in a bending moment being applied to 

the model ends.. This position is almost impossible to determine in a 

section which is initially deformed,and errors introduced here have 

probably affected the correlation between theoretical and experimental 

results. 

Test results obtained for model SP3 have been compared with 

theoretical predictions and in general, the degree of correlation is 

good. The collapse loads agree to within 6% for the case of zero 

residual stress and 3% for the case of applied residual stress, and the . 

load-shortening curves are in both cases fairly linear. 

Although the load-deflection response obtained theoretically 

is of a similar form to that seen in the test, the magnitude of defor-

mation is overestimated. This is thought to arise chiefly from 

inaccuracies in the flexural boundary constraint at the loaded end and 

from the coarsness of the finite difference mesh. The geometry and 

positioning of the horizontal load cells may also have affected the 

result. 
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At failure the test model had yielded at a number of 

locations and a five half-wave buckling mode appeared to develop along 

the length with sympathetic rotations occurring across the stiffeners. 

This wave form was not observed theoretically although local panel 

buckling did occur. 

With the exception of areas close to the plate boundaries, 

good agreement was achieved between the theoretical and experimental 

stress levels in the plating. For the stiffeners,however, correlation 

was less satisfactory owing to the overestimation of out-of-plane 

deformations. 

7.1.3 Numerical Studies  

Results from the computer program have been compared with two 

existing analytical solutions. These were obtained from a similar 

formulation and,in general, satisfactory correlation was achieved. 

The application of a tangential restraint along the loaded edge of a 

panel was found to reduce its collapse strength. 

The main parametric study undertaken investigated the 

influence of geometrical properties on the serviceability and collapse 

behaviour of stiffened plating. A wide range of slenderness ratios 

were considered and loading was applied in the plane of the plate. 

Stiffeners of rectangular cross-section were employed throughout. 

From the study three basic forms of collapse behaviour were 

identified. In zone I failure occurred by squashing of the cross-

section before extensive buckling occurred. In zone II an overall 

mode of failure was initiated by tensile yielding in the stiffeners, 

and in zone III failure was triggered by local buckling of the plate 

panels. The arrangement of the local buckles was found to be 

influenced by the torsional stiffness of the ribs and by the shear 
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restraint applied along the loaded edges. The collapse strength did 

not however appear toa be influenced by this change in arrangement. 

To investigate the effect of initial deformation, a small 

number of plates from the main study were re-analysed for two additional 

imperfection levels. Imperfection sensitivity was found to be most 

significant for plates with light stiffening where failure was 

initiated by tensile yielding. In such cases the use of hybrid plates 

was shown to be beneficial. 

Finally, one'plate from the main study was re-analysed under 

the combined action of lateral and in-plane loading. Three different 

levels of lateral load were applied, followed by the application of 

in-plane load to failure. 	It was established that an initial applica- 

tion of lateral load can lead to a significant reduction in compressive 

capacity,and that the mode of deformation resulting from compressive 

forces alone can be altered by the addition of lateral pressure. 

7.2 	FUTURE WORK 

1. The formulation should be extended to include biaxial stiffen-

ing. This would enable the degree of interaction between two or more 

adjacent uniaxially stiffened panels to be evaluated. 

2. Edge stiffening should be included at the plate boundaries 

to enable a more exact analysis of the stiffened plate models. 

3. Initial distortion of the stiffener webs and flanges could be 

included by re-defining expressions (1) to (4) in Chapter 2. Both a 

local mode of deformation and an overall bow should be incorporated. 

4. The present formulation takes no account of failure caused by 

tripping of the stiffeners. Flexural failures towards the plating can 
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only therefore be predicted with accuracy when stocky stiffeners are 

involved,and in compression panels stiffener dimensions must be limited 

to prevent this form of instability. Detailed work is therefore 

required to investigate this form of collapse mode. 

5. It would be beneficial to re-write the computer program in 

terms of graded meshes. This would enable local effects in the vicinity 

of the stiffeners to be determined with greater accuracy. Further, 

it would provide the facility to locate a stiffener at any position 

across the plate width. 

6. Detailed work is required to investigate the problem of 

numerical instability which was encountered in a number of the analyses. 

Elimination of this problem would enable more solutions to be extended 

into the post-ultimate range where a knowledge of the carrying capacity 

is important when considering the collapse behaviour of a total structure. 

7. The existing computer program should be used to investigate 

a wider range of plate parameters. Consideration should be given to 

loading types, boundary constraints, aspects ratio, residual stress, 

initial deformation, material properties and stiffener type. In 

particular, more emphasis should be placed on the analysis of plates 

reinforced by tee and angle section stiffeners. 

8. It would,be interesting to compare solutions obtained from 

the present formulation with alternative calculations based on beam-

column theory and orthotropic theory. This study would indicate the 

range of plate parameters for which the alternative, less time consuming 

methods, could be employed with confidence. 
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9. 	For a wide panel where large numbers of stiffeners are 

involved, a full plate analysis would be expensive since a large 

number of mesh divisions are required. It would therefore be interest-

ing to investigate the minimum number of stiffeners and associated 

panel widths which would accurately predict the wide panel result. 

	

10. 	More experimental work is required to validate the theoretical 

predictions. Greater emphasis should be placed on creating physical 

boundary conditions which can be mirrored exactly in the analysis,and 

the problem associated with the location of horizontal load cells should 

be investigated more fully. 

	

11. 	For future use of the testing rig the following modifications 

should be carried out: 

(i) The rollers on the underside of the loading beam should be 

replaced by members of a higher load-bearing capacity. 

Solid steel cylinders located between the beam and the base 

plates would fulfil this requirement. 

(ii) The bearing pads on the model end plates should be fixed 

more permanently into position to prevent the sliding action 

which occurred as model SP3 reached failure. 

	

12. 	Finally, theoretical results should be compared with 

currently available design recommendations and new criteria established 

where necessary. 
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NOTATION 

(a) Notation Subscripted by w and f 

The following terms appear in the text, subscripted by w or f. 

Subscript w indicates the web and subscript f the flange. 

A 	cross-sectional area 

b 	breadth of section 

EA 	extensional rigidity 

EIy 	flexural rigidity of the web/flange about a 

y-direction axis through its own centroid 

EI 
z 	

flexural rigidity of the web/flange about a 

z-direction axis through its own centroid 

FT 	interactive couple per unit length of stiffener 

FX; FY; FZ 	interactive forces per unit length of stiffener in 

the x, y and z directions 

GJ 	torsional rigidity 

h height of section 

K number of elements in the web/flange 

MH; MV; MT 	bending and twisting moments in the stiffener 

NA; NH; NV 	axial and shear forces in the stiffener 

t thickness of section 

u 
c 
; v 

c 
; we 	net centroidal displacements of the web/flange 

uo; v e ; we 	net displacements of an element of web/flange 

uoc; v  ; woc 	
initial centroidal displacements of a web/flange 

uoe; voe;  woe 	
initial displacements of an element of web/flange 

uC; vc; we 	total centroidal displacements of a web/flange 

ue; ve; we 	total displacements of an element of web/flange 

SA 	cross-sectional area of an element of web/flange 
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E direct strain at the centroid of the web/flange 
c 

E  e 	
direct strain at the centroid of an element of 

web/flange 

Eo 	modified yield strain 

Co 	stiffener yield stress 

oft 	stiffener residual stress 

(b) Non-Subscrinted Notation 

A 	cross-sectional area of the plating 

b 	breadth of plating between stiffeners 

chf 	horizontal separation between the web and flange 

centroids 

cvf; cvw 	distance from the flange and web centroids to 

the middle-plane of the plate 

D flexural rigidityof the plate 

dx; dy 	dimensions of a small element of plate' in the 

x-y plane 

E Youngs modulus • 

El 	extensional rigidity of the plate 

ehf; ehw 	horizontal separation between the web centroid and 

small elements in the flange and web 

evf; evw 	vertical distances from the middle-plane of the 

plate to small elements in the flange and web 

f; fp 	current and previous values of the yield function 

G shear modulus 

I, J 	finite difference mesh lines 

Kx; Ky; Kz 	plate damping factors at u, v and w nodes respectively 

Kx'; Kz' 	damping factors at u and w nodes along the stiffeners 
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Lx; Ly 	plate dimensions in the x and y directions 

Mx; My 	bending moments per unit length of plate about 

the y and x axes 

Mxy; Myx 	twisting moments per unit length of plate about 

the x and y axes 

N; MN; M 	quadratic stress intensities 

Nx; Ny 	axial forces per unit length of plate in the 

x and y directions 

Nxy; Nyx 	shear forces per unit length of plate in the 

y and x directions 

Px; Py; Pz 	numerical values of the x, y and z direction equi- 

librium equations 

q applied lateral load per unit area 

Qx; Qy 	normal shear forces per unit length of plate 

R 	radius of gyration 

t plate thickness 

IT; v; w 	net middle-plane displacements in the x, y and 

z directions 

uo; vo; wo 	initial middle-plane displacements in the x, y and 

z directions 

total middle-plane displacement in the z-direction 

t; v; w 	middle-plane velocities in the x, y and z directions 

we 	initial deformation at the centre of the plate 

x; y; z 	co-ordinate axes 

6y 	finite width of plate adjoining stiffener 

ōt 	time increment 

Ax; Ay 	finite difference mesh divisions in the x and y 

directions 

Ea 	applied edge strain 
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ex; Cy; Exy 	plate direct and shear strains (equivalent 

incremental values are prefixed by A) 

Eo 	plate yield strain 

X 	plastic strain rate multiplier 

Poissons ratio 

px; py; pz 	fictitious densities at u, v and w nodes respectively 

am 	average edge stress 

Go 	plate yield stress 

OR 	plate residual stress 

torsional rigidity factor 

tPx; 	lPy; ixy plate curvatures 	(equivalent incremental values 

are prefixed by A) 

Matrices 

[C*];[cd];[D*] elasto-plastic tangential rigidities 

[E] E 1 	V 0 

(1-V2) V 	1 0 

0 	0 (1-v)./2 

[I] 	3X3 unit matrix 

Vectors 

  

{pm};  {AN} incremental stress resultants per unit length 

of plate: 
{AM}T  = {LMx, QMy, QMxy} 

{AN}T  = {LNx, iNy, iNxy} 

{p Et};  {QUt} 	incremental plate strains and curvatures: 

{Act}T  = {Dex, AEy, EExy} 

{L*t}T  = {itpx, DMy, 
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APPENDIX A 

The Ilyushin Yield Criterion 

The exact Ilyushin yield criterion was developed for the 

analysis of thin shells by employing the Von Mises yield criterion in 

conjunction with the 'associated' flow rule. A summarised translation 

of this work has been presented by Crisfield (69)  and the resulting yield 

surface has been generated in full by Frieze(77). 

From the exact yield criterion, :"Ilyushin proposed a simpler 

approximate surface which compares exactly for the conditions of 'in-plane' 

only and 'bending';. only. 	This surface is given by: 

f 	= (N/t2  + 4.MN/1(5. t3  + 16M/t4)it7o2 	1 (A1)  

where: 

N 	= 	Nx2  + Ny2  - Nx . Ny + 3Nxy2  

and 

	

MN 	= 	Mx.Nx + My.Ny - 	Mx.Ny - 

	

M 	= 	Mx2  + My2  - Mx.My + 3Mxy2  

+ 3 Mxy.Nxy (A2)  

Following this work, Crisfield (69)  compared the two criteria 

for the condition of uniaxial stress,and found that closer overall 

agreement could be obtained by applying the following modified form 

of equation (A1): 

f = (N/t2  + 4.S.MN/'.t3  + 16M/t4)/Co2 	1 (A3)  

where S = MN/IMNI unless MN is small in which case S is set equal to 

zero. 

Small MN is defined by the relationship: 

I4/.t' .ao2 I < 10-4 	 (A4) 



APPENDIX B 

Incremental Force-Displacement Relationships  

An elastic-perfectly plastic body, in a state of stress 

defined by a point on the yield surface, will respond to load in 

a manner which is partially elastic and partially plastic. 

The elastic strain component will lead to a redistribu-

tion of the stress resultants in such a way that there is no 

variation in the value of the yield function f (i.e. ef = 0) . 

On the basis of this and with the yield function f and 

the quadratic stress intensities as defined in Appendix A we have: 

df = 	{fn}T{QN} 	{fm}T{AM} 	0 	 (B1) 

where 

{fn} = 	{aN/aN}/t2  + 2.S{aM/aM}/I.t3  

and (B2)  

{fm} =2.S{aN/aN}//5.t3  + 160M/314}/t4  

Assuming that the flow rule and the normality condition 

can be applied in stress resultant space, expressions can be written 

for increments of plastic strain and curvature as follows: 

{iup} = X{fn} 

(B3)  

{gyp} = A{fm} 

where A is a positive scalar quantity. 

Assuming also that a proportional relationship exists 

between elastic strain increments and stress resultant increments, we 

obtain: 
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and 

{AN} = t [E]{{Act} - {pEp}} 

{Am} = t3  [E]{{4 t) - {401/12 

where {Qct} and {ptt} are the sum of elastic and plastic components. 

Substituting (B3) into (B4) and using equation (B1) an 

expression is obtained for the scalar quantity A: 

A = [t{f}T[EJ{ct} + t3  {fm}T  [E] {p1pt}/12
1

/ (m+n) 

(B4)  

where 	n = t{fn}T  [E] {fn} and m = t3  {fm}T  [E ] {fm}/ 12 

Substituting (B5) into (B3) and using these results in (34), the 

following expressions are obtained for the stress resultant increments. 

in terms of incremental strains and curvatures and elasto-plastic 

tangential rigidities [C*], [cd] and [D* ] : 

{pN } = [C* ] {pct } + 	[cd ] {ptlrt } 

and (B5)  

{dM } = [cd ]T{pet } + [D* ] {pipt } 

where [C* ] = t [E ] [[I ] - 	[N ] [E ] t/(m+n )j 

[cd] = -t 4  [E] [NM ] [E ]/ 12 (m+n) (B6)  

[D*] = t3  [E] L[I] - 	[M][E]t3 /12(m+n)1/12 
[N] = {fn}{fn}T 

[NM ] = {f n } {fm }T  (88) 

[M] = {fm}{fm}T  

The incremental strains and curvatures {pct} and {plli t} , 

resulting from a small change of displacement from (up,vp,wp) to 
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(up+Au,vp+dv,wp+Aw) ate given ny the following expressions: 

{iEt}T  = 	{AEx, LEy, AExy} (B9)  

where AEx 	= aou/ax + awp/9x.3Aw/9x 

+12(aow/ax) 2 + 3Lw/3x.3w 
0
/ax (B10)  

DEy 	= 3Liv/3y + awp/ay.aAw/ay 

LExy 	= 

+1/2 (BLxw/ay) 2 	+ BLw/ay.awo/ay 

aAu/ay + aAv/3x + 3Aw/ax.3177/3y 

(B11)  

+ 3Aw/3y.3wp/ax (B12)  

and. {pVt}T = 	{pix, pt)y, pixy} (B13)  

where Otzx 	= -32Iw/3xe  (B14)  

atpy 	= -92  Lw/ay2  (B15)  

itPxy 	= -2.32  Aw/axay (B16)  
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APPENDIX C 

The Computer Program Flow Chart  
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START 

Read data for plate 

Yes 

No  

Material Properties 
Plate Dimensions 
Boundary Conditions 
Applied Loads 
Initial . Deformations 
Residual Stresses 
Damping Factors 

Reed data for 
Stiffeners 

Shape 
Position 

= Dimensions 
Material Properties 
Residual Strains 

Calculate plate 
constants 

Calculate stiffener 
constants 

Yes 
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Evaluate yield 
function f 

f<1 
and 

• p<1:. 

Yes Retain 
elastic 
rigidities 

fp<1 
and 
f?-1 
7 

Modify stress 
resultants and 
calculate 
rigidities 

fp=1 
and 
A4J 

Reset elastic 
rigidities 

fp=1 and f>1 
Modify stresses 
and calculate 
rigidities 

Yes Check for yielding 
of stiffener elements 

Estimate plate 
displacements 
u.; v~ and w for 
the next load 
increment 
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Calculate stress 
resultants and 
apply stress 
boundary conditions 
for the plate 

Calculate stiffener 
forces and moments 
by summation of 
elements 

Calculate stiffener 
forces and moments 
elastically 

Calculate interactive 
forces 

Evaluate equilibrium 
equations 

Calculate fictitious 
densities at each 
plate node 

Calculate velocities 
Ni and w and 

hence displacements 
u, v and w 

No 



Apply displacement 
boundary conditions 
to the plate 

Apply displacement 
boundary conditions 
to the stiffeners 

II Yes 

No 

Yes 

Yes 

END ) 
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Notation 

S denotes stiffeners 

f denotes current value of the yield function 

fp denotes previous value of the yield function 

X denotes unloading parameter (Appendix B) 

YS denotes stiffener yield 



APPENDIX D 

Adjustment of Stresses Normal to the Yield Surface  

Let {Sn}  and {Sm} be components of the non-dimensional 

stress resultants which act normal to the yield surface and let the 

deviation from the yield surface due to these components be Of. 

Then for small changes: 

of = (Df/Dnx) Snx + (af/Dny) Sny + (af/anxy) Snxy 

+ (af/amx) Smx + (Df/amy) Smy + (af/amxy) Smxy 

or in scalar product notation: 

Of = r.Ss 

where 

r = (af/anx) ii  + (Df/any) i2  + (af/anxy) i3  

+ (af/amx) i4  + (af/amy) i5  + (af/amxy) i6 	(D2) 

and 	ds = (Snx)ii  + (Sny)i2 + (Onxy)i3  

+ (Smx) i4  + (Smy) i5  + (Smxy) i6 	(D3) 

Observing that both rondos  are normal to the yield surface 

expression (D1) can be re-written as follows: 

Of = rSs 	or 	Os Of r  

Also, since Os and r act in the same direction, Os can be expressed 

in terms of the unit vector r : 

Os = Os r = Ss r/r 
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(D1) 

(D4)  

(D5)  

Combining (D4) and (D5) the following expression is obtained: 
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Ss = r 6f/r2 	 (D6) 

where 	r2 = (af/apx)2  + (af/any) 2  + (9f/911xy)2  

+ (3f/amx)2  + (3f/amy)2  + (3f/amxy)2 	(D7) 

Then from expressions (D2) , (D3) and 0D6): 

Snx 

Sny 

Snxy 

6mx 

Stay 

Smxy 

__  Sf  
r2  

of/anx 

af/any 

af/anxy 

af/amx 

af/amy 

af/amxy 

(D8) 

    

Equations (D8) are employed in Section 3.1.1.1(b), to 

adjust the stress resultants back to the yield surface after drift has 

occurred. The necessary procedure is given here for the stress 

resultant Nx: 

1. Differentiate the yield function and substitute known 

quantities to obtain numerical values for the vector (r} 

and the term r2. 

2. Subtract unity from the current value of the yield 

function to determine the amount of drift, Sf. 

3. Calculate and apply the following adjustment to Nx. 

6nx = (af/anx) Sf/r2  

Nx modified = Nx - Snx.cso.t 



APPENDIX E 

Fictitious Density px for a Stiffener Node u(I,J)  

To obtain px for a stiffener node u(I,J) we consider the 

coefficients of displacement contained in the expression: 

(aNx/ax) (I, J)  + (aNxy/ay) (I,J + (FXp/dy) (I,J) = 0 	(E1) 

The summation can be carried out most simply by first obtaining the 

sums of coefficients in Nx, Nxy, NAw  and NAf  separately and then 

combining them according to the above expression. 

(a) Sum of Coefficients of Nx at Main Node (I,J) 

Defining the sum of coefficients as CNx(I,J) and referring 

to equations (26) and (27) we obtain: 

CNx(I,J) = E1(2+ayfix + V.E1 (2+a2) /ty 	 (E2) 

where al  and a2, given by the following expressions, are evaluated 

at the main node (I,J). 

ai  = law/axl +lawn/axl ; a2  = law/ayl +lawn/ayl 

(b) Sum of Coefficients of Nxy at Interlacing Node (I,J) 

Defining the sum of coefficients as CNxy(I,J) and referring 

to equations (26) and (27) we obtain 

CNxy(I,J) = El (1 V) ((1+a3)/Ey + (1+a4)/bx) 
	

(E3) 

where a3  and a4,  given by the following expressions, are evaluated 

at the interlacing node (I,J). 

a3  = law/axl +lawn/axl 	and a4  = 1@w/3y1 +lawn/ayl 
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(c) Sum of Coefficients of NAf  at Main Node (I,J) 

Defining the sum of coefficents as CNAf(I,J) and referring 

to equations (40) and (41) we obtain 

CNAf(I,J) = EAf(2+4.cvf/tax + S1.a5  + S2(a6+4.chf/1x))/Ax 	(E4) 

where a5  and a6, given by the following expressions, are evaluated 

at the main node (I,J): 

a5  = lawcf/axl + law
oof

/axl 

a6  = l avc f/ax l + 
l avocf/ax l 

and (31  = (1 + chf/Dy) and S2  = (1 + cvf/Ay) 

(d) Sum of Coefficients of NAw  at Main Node (1,J) 

The sum of coefficients, CN w(I,J), is obtained from 

expression (E4) by replacing all flange components by equivalent 

terms for the web. 

The Resulting Density Expression 

The coefficients obtained above are now used in equation (El) 

to obtain the value of G ISxj) for the row of the matrix correspond-
j=1 

ing to node u(I,J), and hence the density expression (E5) is obtained 

from equation (69): 

px (I,J) = (CNx/ix + CNxy/Ly + CNA/ix.Ly + CNAf/Lx.Ay) /2 	(E5) 

where 	CNx = 12(CNx(I,J) + CNx(I+1,J)) 

CNxy = 11 (CNxy (I , J-1) + CNxy (I , J) ) 

CNAW  = 12 (CNAW(I,J) + CNAw(I+1,J) ) 

CNAf  = 12(CNAf(I,J) + CNAf(I+1,J)) 
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APPENDIX F 

Boundary Conditions Applied to the Finite Difference Mesh  

1. Boundary Conditions Applied as Stresses  

Free tangential displacement on J = 2 

Nxy(I,1) = -Nxy(I,2) 	 (F1) 

2. Boundary Conditions Applied as Displacements 

(a)Lateral Restraint 

(i) on J = 2 w (I, 2) 	= 0 (F2) 

(ii) on I = 2 

(b)Clamped Edges 

(i) on J = 2 

w(2,J) 	= 

aw/ay = 0 

0 

; w(I,1) 	= 14(1,3) 

(F3) 

 (F4) 

(ii) on I = 2 aw/ax = 0 ; w(1,J) 	= w(3,J) (F5) 

(c)Simply Supported Edges 

(i) on J = 2, 	My = 0: 

Using equations (30) with rigidities expressed as: 

— cd11 	cd12 	cd13 D11 	D12 r D13 

[cd] 	= cd21 	cd22 	cd23  

cd31 	cd32 	cd33  

and 	[D*] 	= D21 	D22 

D31 	D32 

D23 

D33 

(F6)  

and R1 	= 	cd12.dcx + cd22.Aey + cd32.Lexy + D21.4x + D23.L xy 

we 	obtain 

w(I,i) 	= 	-w(I,3) 	+ R1.Ay2/D22  + wp(I,3) 	+ wp(I,1) (F7)  

where R1 and D22 are evaluated at main nodes (I,2) and wp is defined 
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in Appendix B. 

(ii)_OnI= 2, Mx=0 

Using equations (30) with rigidities expressed by (F6) and 

R2 = cd11.iEx + cd21.QEy + cd31.Lcxy + D12AVPy + D13t*xy 

we:obtain: 

w(1,J) = -w(3,J) + R2.1x2/D11 + wp(3,J) + wp(1,J) 

where R2 and D11 are evaluated at main nodes (2,J) 

(d)Free Displacement Normal to the Edge J = 2 

On J = 2, Ny = 0 

Using equations (29) with [cd] defined by (F6) and 

c11 C12 C13 

[c*] 	= C21 C22 C23 (F8)  

C31 C32 C33 

and R3 = C21.1Ex + C23.&Exy + cd21.6tUx + cd22.At.y + cd23.A1ixy 

we obtain: 

v (I, 1) = v (I, 2) + Ay (R3/C22 + 1/2 .wg2 + wg . wog - 12.wpy2 - wpy .wog 

- vp ) 	 (F10) 

where R3 and C22 are evaluated at main edge nodes (I,2) and 

w~ 

 

= (w(2,3) 	- w(I,1))/2ay 

woy = (wo(I,3) 	- wo(I,1))/2Ay 
(F11) 

wp = (wp(I,3) 	- wp(I,1))/2dy 

vp = (vp(I,2) 	- vp(I,1))/Ay 

where vp and wp are defined in Appendix B. 
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(e)Constrained Edge Conditions 
IK-1 

(i) On J = 2, 	Ny = 0 
1=2 

Defining the uniform edge displacement as 1/2 (v (I, 2) + v (I,1) ) 

and using equations (29) we obtain: 

IK-1 	IK-1 
v(1,1) = -v(1,2) + Ay E (R3 + R4) / 	C22 I=2 	I=2 

(F 12) 

where: 

R4 = C22(2 v(I,2)/zy + 1w2 	~ + w .w- 	1/2wp - wp .w 
y 	y oy 	y 	y oy -vp ) y 

and C22,R3 and terms in R4 are defined in Section (d). 

JK-1 	n/2 
(ii) On I = 2, X Nx + 	(NAA ++NAt) /oy = 0 

J=2 	JS=1 

where JS = 1, n represents the number of stiffeners across the plate 

width. Defining the uniform edge displacement as 11(u(1,J) + u(2,J)) 

and using equations (29) with: 

R5 = C12.AEy + C13.Acxy + cd11.a*x + cd12.&Py + cd
13'AtPxy 

we obtain: 
n/2 	

r 
-1 

u(1,J) = -u(2,J) + Ax{ -i 	
n2 

(Nxp + R5 + R6) + 
C 

(NA + NAf)/Ly}/ L C11 J=2 	JS=1 	J=2 

(F13) 

where Nxp are the values of Nx for the previous load increment and 

R6 = C11(2u(2,J)/Lix + x2 + wx.w
ox 

- IIwp2x - wpx.wox -upx) 
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wx 	= (w(3,J) - w(1,J))/2E,x 

wox = (wo(3,J) - wo(1,J))/2ax 

wpx = (wp(3,J) - wp(1,J))/2Ax 

UP 	= (up(2,J) - up(1,J))//x `x 

(F14) 



where wp and up are the previous increment values given in Appendix B. 

(f) Applied Displacement Normal to the Edges 

(i) On J = 2 for uniform applied displacement VE: 

v(I,1) = 2VE - v(I,2) 	 (F15) 

(ii) On I = 2 for uniform applied displacement UE: 

u(1,J) = ZUE - u(2,J) 
	

(F 16) 

(g) Full Fixity Tangential to the Edge 

	

(1) On J = 2 	u (I, 2) = 0 	 (F17) 

	

(ii) On I = 2 	v (2,J) = 0 	 (F18) 

(h) Flexural Edge Condition for the Stiffener 

On stiffener edge nodes 3v/9x = 0 

v(1,J) = v(3,T) 
	

(F 19) 
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Fig A3 Forces in a deformed element of stiffened plate 
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Fig A4 Moments in a deformed element of stiffened plate 
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Fig B6 ' Undamped oscillations at the stiffener location B for three different mesh sizes 
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o First yield in web 

o First yield in web 

x First yield in 
web. 

For plate dimensions and 
properties see figs E8 & E9 
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Fig BB Variation of the load- deflection path with 
an increase in the number of web elements 
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Fig. Cl Plan of stiffened plate models SP1,SP2 & SP3 
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WELD  'A 
WELD 'B' 

WELD 'C' 

SECTION A - A 

model end plate • 

WELD 'A' 

D 
, 

WELD 'C' 
full perimeter 

1 .  

WELD 'B' 

800 

SECTION B - B 

DEPTH WELD WELD WELD 
MODEL t hw tw b- t f D A B C 

No. mm mm mm mm mm mm mm mm mm 

SP 1 5.0 50.0 5-0 60.0 5-0 80.0 3-0 3.0 8.0 

SP 2 5. 0 55-0 8.0 50.0 8-0 90.0 3.0 5.0 8.0 

SP3 5.0 70-0 8-0 70.0 8-0 100-0 3-0 5-0 8.0 

Fig C2. Stiffened plate models 
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SECTION A-A 

Fig C4. Stiffener residual strain measurement positions 
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Ref 
No. 

Stiffened Side Unstiffened Side Mean 
Diff. 

Corrected 
Mean. 
Diff. 

Centre 
Line 
Average 
Diff. 

Before 
Diff.  

Weld. 
After 
Weld. 

Before 
Weld. 

Diff.  
After 
Weld. 

D 1451 +1 1452 1452 0 1452 +1 H 
TC1 0815 0 0815 0815 0 0815 0 -1 
TC2 0864 +1 0865 0863 +2 0865 +2 Q N 
TC3 0938 +1 0939 0939 +2 0941 +2 

āi 
TC4 0721 -1 0720 0720 +7 0727 +3 Z 

* 	1 0759 -40 0719 0808 +17 0825 -12 -14 
-14 

* 2 0594 -24 0570 0917 +3 0920 -11 -13 
* 3 
* 4 

0956 
0798 

-32 
-26 

0924 
0772 

0791 
0917 

+12 
+17 

0803 
0934 

-10 
-5 

-12 
-7 

-10 

5 1010 -26 0984 0836 +14 0850 -6 -8 
-8 

6 0715 -24 0691 0800 +12 0812 -6 -8 
7 0877 -21 0856 0743 +10 0753 -6 -8 -7  
8 0932 -23 0909 0794 +17 0811 -3 -5 
9 
10 

1096 
0566 

-23 
-26 

1073 
0540 

0791 
0815 

+10 
+10 

0801 
0825 

-7 
-8 

-9 
-10 

-10 

*11 
*12 

0742 
1029 

-27 
-26 

0715 
1003 

0740 
0869 

+13 
+10 

0753 
0879 

-7 
-8 

-9 
-10 

-10 

*13 1281 -19 1262 0860 +7 0867 -6 -8 -8 
*14 0367 -20 0347 0799 +10 0809 -5 -7 
15 
16 

0550 
1086 

-25 
-21 

0525 
1065 

0889 
0828 

+10 
0 

0899 
0828 

-8 
-11 

-10 
-13 

-12 

17 
18 

0901 
0563 

-17 
-21 

0884 
0542 

0861 
0960 

+5 
+4 

0866 
0964 

-6 
-9 

-8 
-11 

-10 

19 0709 -19 0690 0888 +3 0891 -8 -10 -10 
20 0829 -16 0813 0903 +2 0905 -7 -9 

*21 
*22 

1200 
0674 

-19 
-18 

1181 
0656 

0869 
0954 

+4 
-6 

0873 
0948 

-8 
-12 

-10 
-14 

-12 

*23 
*24 

1017 
1056 

-26 
-14 

0991 
1042 

1186 
0739 

-2 
-1 

1184 
0738 

-14 
-8 

-16 
-10 

-13 

25 1092 -17 1075 0759 +1 0760 -8 -10 -11 
26 0815 -16 0799 1152 -3 1149 -10 -12 
27 - - - - - - - - _ 
28 - - - - - . 	- - - 
29 
30 

0823 
0802 

-17 
-14 

0806 
0788 

0839 
0920 

-3 
-5 

0836 
0915 

-10 
-10 

-12 
-12 -12 

*31 1005 -22 0983. 0937 -4 0933 -13 -15 -11 
*32 0680 -6 0674 0892 -3 0889 -5 -7 

* Suspect readings close to stiffeners 

TC = Temperature compensation 

D = Dummy 

True strain = Diff. x 2.02 x 10-5  

Fig. C5  

Model SP1 Longitudinal residual strains 
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Ref 
No. 

Stiffened Side Unstiffened Side 
Mean 
Diff. 

corrected 
Mean 
Diff. 

Centre 
Line 

Average 
Diff. 

Before 
Weld. 

Diff,  
After 
Weld. 

Before 
Weld. 

Diff. 
 After 
Weld. 

D 1452 0 1452 1453 -1 1452 -1 

I
 
I
 W

 
t
 
l
 
f
 
I
 
I
 I
 
I
 
I
 
I
 
N

  
I
 
I
  
I
  

I
 
I
 
1
  
1
 
1
 1
 

1  
1
  
 

M
ea

n  
D

if
f 

.  
C
p
 U
l
 	

U
l  O

D  
J
  U

l  
N

  4
A

  C
TI

 	
4=

.  W
  6

1
  N

 N
 Ul

  (
31

 
O

 O
 	

+
3 

TC1 0816 -1 0815 0817 -2 0815 -2 
TC2 0866 -3 0863 0867 -4 0863 -4 
TC3 0939 0 0939 0941 -2 0939 -1 
TC4 0716 -1 0715 0721 -6 0715 -4 

* 	1 
* 	2 

0891 
0821 

-37 
-29 

0854 
0792 

1077 
0410 

+11 
+4 

1088 
0414 

-13 
-13 -10 

* 3 0898 -22 0876 0678 +5 0683 -9 -6 
* 4 0753 -34 0719 0918 +19 0937 -8 
5 0760 -26 0734 0973 +16 0989 -5 -2 
6 0876 -18 0858 0657 +9 0666 -5 
7 0948 -22 0926 0669 +5 0674 -9 -5  
8 0679 -27' 0652 0975 +15 0990 -6 
9 0776 -29 0747 0967 +16 0983 -7 -4 
10 0802 -19 0783 0743 +8 0751 -6 

*11 0949 -18 0931 0680 +5 0685 -7 -4 
*12 0743 -31 0712 0926 +17 0943 -7 
*13 0722 -29 0693 0824 +11 0835 -9 -5  
*14 0837 -20 0817 0777 +7 0784 -7 
15 0843 -23 0820 0944 +5 0949 -9 -5  
16 0779 -22 0757 0725 +9 0734 -7 
17 0576 -25 0551 0964 +7 0971 -9 -5 
18 1074 -19 1055 0964 +6 0700 -7 
19 
20 

0988 
0689 

-50 
-19 

0938 
0670 

0624 
0972 

0 
+4 

0624 
0976 

-25 
-8 -14 

*21 
*22 

0695 
0949 

-21 
-24 

0674 
0925 

0763 
0855 

+1 
+2 

0764 
0857 

-10 
-11 

-8 

*23 
*24 

1120 
0665 

-19 
-12 

1101 
0653 

0969 
0713 

+4 
-2 

0973 
0711 

-8 
-7 

-5 

25 0535 -15 0520 0723 -1 0722 -8 -5  
26 1000 -15 0985 0877 +1 0878 -7 
27 - - - - - - - 

- 28 - - - - - - - 
29 
30 

0393 
1220 

-71 
-11 

0322 
1209 

0853 
0812 

-5 
-1 

0848 
0811 

-38 
-6 

-19  

*31 1119 -16 1103 0461 0 0461 -8 -7  
*32 0482 -13 0469 1206 -8 1198 -11 

* Suspect readings close to stiffeners 

TC = Temperature compensation 

D = Dummy 

True strain = Diff. X  2.02 X 10-5  

Fig. C6  

Model SP2 Longitudinal residual strains 	/. 
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Ref 
No. 

Stiffened Side Unstiffened Side Mean  Corrected 
Mean 
Diff. 

Centre 
Line 

Average 
Diff. 

Before 
Weld. 

After 
Weld.  Weld. 

Before 
Weld. Diff  . 

After 
Weld. 

Diff. 

D 1454 -1 1453 1452 +1 1453 0 

Z
er

o  
C

or
re

c t
io

n
  

TC1 0818 -1 0817 0816 +1 0817 0 
TC2 0869 -4 0865 0867 +1 0868 -2 
TC3 0941 +1 0942 0939 +1 0940 +1 
TC4 0720 +1 0721 0719 +2 0721 +2 

* 	1 
* 2 

0698 
1111 

-40 
-20 

0658 
1091 

0865 
0819 

+2 
-7 

0867 
0812 

-19 
-14 

-17 

* 3 0891 -16 0875 0873 +8 0881 -4 -5  
* 4 0960 -24 0936 0949 +15 0964 -5 
5 0896 -25 0871 0746 +14 0760 -6 -2 
6 0949 +1 0950 0910 +2 0912 +2 
7 1023 -21 1002 0943 +11 0954 -5 -4 
8 0837 -24 0813 0856 +18 0874 -3 
9 
10 

0935 
0864 

-88 
-12 

0847 
0852 

0803 
0909 

+17 
-7 

0820 
0902 

-35 
-10 

-23 

*11 0898 -14 0884 0948 +5 0953 -5 -5  
*12 0875 -30 0845 0764 +21 0785 -5 
*13 0826 -26 0800 0772 +16 0788 -5 -5  
*14 0910 -10 0900 1112 +2 1114 -4 
15 0900 -8 0892 0931 +4 0935 -2 -3 
16 0875 -22 0853 0814 +15 0829 -4 
17 0749 -20 0729 0835 +28 0863 +4 -12 
18 1105 -55 1050 0671 +1 0672 -27 
19 0949 +122 1071 0819 +8 0827 +65 

+17 
20 0804 -81 0723 0789 +20 0809 -31 

*21 0767 -29 0738 0762 +16 0778 -7 -4 
*22 0953 -7 0946 0855 +5 0860 -1 
*23 1207 -12 1195 0821 0 0821 -6 -4 
*24 0736 -17 0719 0657 +13 0670 -2 
25 0749 -11 0738 0784 +11 0795 0 0  
26 0946 -6 0940 0853 +6 0859 0 
27 - - - - - - - 

- 28 - - - - - - - 
29 0945 -17 0928 0861 +1 0862 -8 

-6 
30 0745 -6 0739 0757 -1 0756 -4 

*31 0688 -5 0683 0637 -2 0635 -4 
-10 

*32 0978 -31 0947 1033 -1 1032 -16 

* Suspect readings close to stiffeners 

TC = Temperature compensation 

D = Dummy 

True strain = Diff. X 2.02 X 10-5  

Fig. C7  

Model SP3 Longitudinal residual strains 



Ref 
No. 

Stiffened Side Unstiffened Side 
Mean 
Diff. 

Corrected 
Mean 
Diff. 

Before 
Diff. 

After 
Weld. 

Before 
Weld. Weld. 

 
Diff.  

After 
;field. 

 

D 1451 +1 1452 1452 0 1452 +1 

+  
1  

+  
t  

+ 	
+ 	

+ 	
+  

+
  +

  
1  
1

 	
t  
+
  
+
  
+
  
+
  
+
  
+
  
+
  
+
  
+
 	

M
e
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.
 

 .
  

O
 	

N
  N

  N
  N

  O
 	

0 
1-̀

 O
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41
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l
  W

  ∎
-̀

 N
  C

S)  
W

  P
  

-2
 TC1 0815 0 0815 0815 0 0815 0 

TC2 0864 +1 0865 0863 +2 0867 +2 
TC3 0938 +1 0939 0939 +2 0941 +2 
TC4 0721 -1 0720 0729 +7 0727 +3 

33 1035 +10 1045 1006 +1 1007 +6 
34 0511 +11 0522 0819 -1 0818 +5 
35 0697 +20 0717 0808 -5 0803 +8 
36 0631 +20 0651 0841 -13 0828 +4 
37 0982 +20 1002 0248 -15 0233 +3 
38 0917 +24 0941 0825 -15 0810 +5 
39 0400 +19 0419 0544 -5 0539 +7 
40 0350 +18 0368 0355 -6 0349 +6 
41 0802 +26 0828 0930 -15 0915 +6 
42 - - - - - - - 
43 0355 +18 0373 0524 -15 0509 +2 
44 - - - - - - - 
45 1140 +19 1159 0965 -17 0948 +1 
46 0983 +23 1006 0180 -15 0165 +4 
47 0520 +21 0541 0369 -16 0353 +3 
48 0816 +16 0832 0835 -10 0825 +3 
49 0572 +13 0585 0840 -10 0830 +2 
50 0763 +10 0773 1005 -4 1001 +3 
51 0841 +3 0844 0999 +1 1000 +2 
52 0575 +14 0589 0823 -8 0815 +3 
53 0784 +13 0797 0749 -9 0740 +2 
54 0592 +20 0612 0366 -13 0353 +4 
55 0954 +19 0973 0247 -17 0230 +1 
56 1191 +22 1213 0901 -15 0886 +4 
57 0198 +17 0215 0716 -17 0699 0 
58 0429 +19 0448 0443 -13 0430 +3 
59 1126 +19 1145 1145 -16 1031 +2 

TC = Temperature compensation 

D = Dummy 

True strain = Diff. X 2.02 X 10-5  

Fig. C8  

Model SP1 Transverse residual strains 
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Ref 
No. 

Stiffened Side Unstiffened Side 
Mean 
Diff. 

Corrected 
Mean 
Diff. 

Before 
Weld. 

Diff.  After 
Weld. 

Before 
Weld. 

Diff. After  
Weld. 

D 1452 0 1452 1453 -1 1452 -1 

£
+

 	
N

 	
tf)  lf

)
 ~
 	

CV
 	

C
) 	

.7'  M
 Ln N

  C
O

 CO  d
'  

-
 g.f-L Q

u
2

e
j~

 	
+

  +
  +

  +
  +

  +
  +

  +
  +

  
I
 +  I

  
+

 
 

TC1 0816 -1 0815 0817 -2 0815 -2 
TC2 0866 0 0866 0867 -4 0863 -2 
TC3 0939 +1 0940 0941 -2 0939 -1 
TC4 0716 -1 0715 0721 -6 0715 -4 

33 0818 +6 0824 0680 +1 0681 +4 
34 0824 +9 0833 0918 -4 0914 +3 
35 0860 +12 0872 0864 -13 0851 -1 
36 0958 +21 0979 0710 -13 0697 +4 
37 0577 +15 0592 0641 -19 0622 -2 
38 0828 +13 0841 0658 -14 0644 -1 
39 1023 +21 1044 0897 -18 0879 +2 
40 0930 +23 0953 0906 -19 0887 +2 
41 0862 +17 0879 0786 -21 0765 -2 
42 - - - - - - - 
43 1019 +22 1041 1120 -24 1096 -1 
44 - - - - - - - 
45 0500 +16 0516 0768 -16 0752 0 
46 0660 +19 0679 0786 -21 0765 -1 
47 0928 +16 0944 0576 -19 0557 -2 
48 0900 +25 0925 1132 -17 1115 +4 
49 0731 +12 0743 0885 -15 0870 -2 
50 0715 +10 0725 0433 -8 0425 +1 
51 0878 +14 0892 0603 -9 0594 +3 
52 0691 +19 0710 0807 -17 0790 +1 
53 0594 +23 0617 0945 -21 0924 +1 
54 0712 +20 0732 0596 -52 0544 -16 
55 0549 +21 0570 0832 -17 0815 +2 
56 0496 +19 0515 0763 -20 0743 -1 
57 0886 +28 0914 0916 -19 0897 +5 
58 0969 +27 0996 0886 -18 0868 +5 
59 1110 +23 1133 0610 -22 0588 +1 

TC = Temperature compensation 

D = Dummy 

True strain = Diff. x 2.02 x 10-5  

Fig. C9  

Model SP2 Transverse residual strains 
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Ref 
No. 

Stiffened Side Unstiffened Side 
Mean 
Diff. 

Corrected 
Mean 
Diff. 

Before 
Weld. 

Diff.  
After 
Weld. 

Before 
Weld. 

Diff.  
After 
Weld. 

D 1454 -1 1453 1452 +1 1453 0 

Ze
ro

  
Co

rr
ec

ti
on

  

TC1 0818 -1 0817 0816 +1 0817 0 
TC2 0869 -4 0865 0867 +1 0868 -2 
TC3 0941 +1 0942 0939 +1 0940 +1 
TC4 0720 +1 0721 0719 +3 0721 +2 

33 0831 0 0831 0141 +14 0155 +7 
34 0814 -3 0811 0532 +11 0543 +4 
35 0919 +6 0925 0960 +1 0961 +4 
36 0766 -27 0739 0698 +3 0701 -12 
37 0797 0 0797 0566 0 0566 0 
38 0962 -3 0959 0598 +5 0603 +1 
40 0694 +12 0706 0759 -6 0753 +3 
41 0734 +11 0745 0876 -96 0780 -43 
42 - - - - - - - 
43 0764 +5 0769 0760 -15 0745 -5 
44 - - - - - - - 
45 1108 +3 1111 0576 +10 0586 +7 
46 0859 -15 0844 0704 -5 0699 -10 
47 0588 +12 0600 0809 0 0809 +6 
48 0934 +10 0944 1090 +4 1094 +7 
49 0916 -60 0856 0543 -1 0542 -31 
50 0721 +6 0727 0137 +7 0144 +7 
51 0858 +13 0871 0394 +12 0406 +13 
52 0775 +16 0791 0682 -1 0681 +8 
53 0909 +12 0921 0959 -6 0953 +3 
54 0947 +9 0956 0607 +5 0612 +7 
55 0984 +6 0990 0810 +4 0814 +5 
56 0695 +2 0697 0822 -7 0815 -3 
57 0576 +23 0599 0893 -13 0880 +5 
58 0630 +20 0650 0553 -10 0543 +5 
59 0866 -14 0852 0503 +5 0508 -5 
39 0722 +9 0731 0774 -3 0771 +3 

TC = Temperature compensation 

D = Dummy 

True strain = Diff. X 2.02 X 10-5  

Fig. C10 

Model SP3 Transverse' residual strains 
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Ref 
No. 

Before 
Weld. 
(A) 

After 

S~'eb/Flg • 
Weld & 

Straight 

After Ate._ er 
vic! i;: to 

Plate 
(C) 

Diff . 
(B) - (A) 

(B) 

 

Diff. 
(c) - (B) 

Diff. 
(c) - (A) 

Corrected 
riff.  . 

(C) - (A) 

Centre 

Line 
Average 

Diff. 

D 1453 1451 1454 -2 +3 +1 i' 

TC1 0816 0814 0817 -2 +3 +1 

TC2 0866 0865 0867 -1 +2 +1 44 

TC3 0940 0938 0942 -2 +4 +2 q 

TC4 0717 0716 0719 -1 +3 +2 

60 0888 0856 0875 -32 +19 -13 -15 
-13 

61 0847 0817 0838 -30 +21 -9 -11 

62 0857 0824 0829 -33 +5 -28 -30 
-28 

63 0786 0755 0762 -31 +7 -24 -26 

64 0787 0758 0761 -29 +3 -26 -28 
-38 

65 0921 0885 0875 -36 -10 -46 -48 

66 0821 0790 0790 -31 0 -31 -33 
-40 

67 0891 0862 0847 -29 -15 -44 -46 

68 0840 0809 0820 -31 +11 -20 -22 
-26 

69 0820 0781 0792 -39 +11 -28 -30 

70 0841 0811 0803 -30 -8 -38 -40 
-25 

71 0931 0937 0923 +6 -14 -8 -10 

TC = Temperature compensation; D = Dummy; True strain = 2.02x Diff. x10
-5 

Model SP1 Stiffener residual strains 

Ref 
No. 

Before 
Weld. 
(A) 

After 
Web/Flg. 
Weld & 

Straight 
(B) 

After 
Weld to 
Plate 
(C) 

Diff. 

(B)-(A) 

Diff. 

(C)-(S) 

Diff. 

(C)-(A) 

Corrected 
Diff. 
(C)-(A) 

Centre 
Line 

Average 
Diff. 

D 1456 1453 1453 -3 0 -3 cN 
TC1 0821 0817 0819 -4 +2 -2 + 

TC2 0871 0873 0870 +2 -3 -1 1.1-1 
TC3 0945 0942 0944 -3 +2 -1 ..,-4 
TC4 0724 0719 0721 -5 +2 -3 A 

60 0939 0866 0869 -73 .+3 -70 -68 
-63 

61 0722 0657 0663 -65 +6 -59 -57 

62 0795 0749 0751 -46 +2 -44 -42 
-41 

63 0874 0834 0832 -40 -2 -42 -40 

64 
65 

1015 
0814 

0919 
0713 

0908 
0715 

-96 
-101 

-11 
+2 

-107 
-99 

-105 
-97 

-101 

66 0836 0781 0779 -55 -2 -57 -55 
-50 

67 0875 0835 0829 -40 -6 -46 -44 

68 0918 0830 0830 -88 0 -88 -86 
-66 

69 0743 0696 0695 -47 -1 -48 -46 

70 0825 0791 0791 -34 0 -34 -32 
-37 

71 0850 0806 0807 -44 +1 -43 -41 

TC = Temperature compensation; D = Dummy; True strain = 2.02x Diff. x10
-5 

Model SP2 Stiffener residual strains 

Fig. C11  
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Ref 
No. 

Before 
Weld. 
(A) 

After 
V7eb/Flg. 

Weld 
Straight 

(B) 

After 
Weld to 
Plate 
(C) 

Diff. 
(B)-(A) 

Diff. 
(C)-(D) 

Diff. 
(C)-(A) 

Corrected 
Diff. 
(C)-(A)   

Centre 
Line 
Average 

 Diff. 

D 1456 1453 1454 -3 +1 -2 N 
TC1 0820 0817 0818 -3 +1 -2 + 
TC2 0871 0870 0868 -1 -2 -3 W 
TC3 0943. 0942 0942 -1 0 -1 `{ 
TC4 0721 0720 0719 -1 -1 •-2 n 
60 0816 0780 0811 -36 +31 -5 -3 
61 0871 0833 0853 -38 +20 -18 -16 -10 

62 
63 

0824 
0889 

0795 
0815 

0818 
0838 

-29 
-74 

+23 
+23 

-6 
-51 

-4 
-49 

-27 

64 
65 

0913 
1249 

0862 
0849 

0895 
0875 

-51 
-400 

+33 
+26 

-18 
-374 

-16 
-372 

-194 
66 0923 0871 0892 -52 +21 -31 -29 c 
67 0820 0759 0787 -61 +28 -33 -31 -30 ~' 

68 0812 0754 0785 -58 +31 -27 -25 H 

69 0834 0788 0810 -46 +22 -24 -22 
, -24 "' 

70 
71 

0860 
0905 

0790 
0824 

0820 
0864 

-70 
-81 

+30 
+40 

-40 
-41 

-38 
-39 

-39 

72 0854 0825 0876 -29 +51 +22 +24 

W
e b

 

73 0957 0900 0915 -57 +15 -42 -40 -1 
74 0885 0851 0902 -34 +51 +17 +19 
75 0880 0866 0871 -14 +5 -9 -7 
76 1014 1008 1027 -6 +19 +13 +15 
77 
78 

0793 
0855 

0772 
0831 

0892 
0852 

-21 
-24 

+120 
+21 

+99 
-3 

+101 
-1 

+27 

79 0986 0948 0977 -38 +29 -9 -7 
80 1001 0988 1006 -13 +18 +5 +7 
81 
82 

0773 
0841 

0753 
0813 

0762 
0829 

-20 
-28 

+9 
+16 

-11 
-12 

-9 
-10 

-7 

83 0881 0845 0865 -36 +20 -16 -14 

TC = Temperature compensation 

D = Dummy 

True strain = Diff.x 2.02 x 10-5 

Fig. C12  

Model SP3 Stiffener residual strains 
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Fig 017 Model SP1 initial deformations continued 
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Fig C40 Testing rig viewed from the stationary end 



Fig C41 Testing rig with overhead reaction frame removed 



Fig C42 Loading beam showing the central nib constraint 

and the holding down arrangement 



Fig C43 Parallel arm mechanism showing connections to beam A 

and the loading beam 
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Fig C44 Arrangement of jacks between beam A and the loading beam 
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Fig C45 The arrangement of horizontal and vertical load cells 
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Fig C46 Tie plate connection detail at beam B 
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Fig C47 Model in rig with transducer frame over 

(overhead frame and vertical load cells removed) 



Fig C48 Pressure bag shown folded back on the support platform 
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Fig C49 Detail of inlet to pressure bag 
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Fig C50 The water pressure control panel 



Fig C51 Stiffened plate model SP3 
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Fig.0 52 Tensile test results for 5mm and 8mm thick plating 
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Fig D1 Finite difference mesh and stiffener elements 
assumed for analysis of models 



!I  

I I  
I I  

II 	 11  it II 	I 
II

t  

r f 	 II 	 I I  
11 	 I I 	 I I  
1 1 	 I I 	 I1 

I
I 1 1 	I I 	

I I 

I  I 

I 	I 	 I 	I 	I 	t 
I 	I 	1 	I 	1 1 

I 	I 	1 1 	r 	I 

1 1  

r I  

E 
E 

z 
In 
CD 
M 

II 

II  
II  

1
1  

I I  

N 
E 
E 

a 
N 

J 

11  

MODELS SP2 & SP3 

h 
II 

I I 
II 

Il 

II 

I 

II 
II 
II 
I I  

II 
I I 

It 

II 
II 
II 
II 
II 

II 

I1 
II Ī 

I I I I 
L J L 

3
8

5
 N

/m
m

  

  

it 
I I 

    

N 
E 

z 

N 

  

I I  

I I  

II 
I I 

J  
40

-4
  N

lm
m

2 

 

       

       

       

         

         

       

       

MODEL SP1 

239 

------  assumed stress pattern 
	 idealised stress pattern 

Fig. D 2 	Assumed and idealised residual stress blocks 

used in analysis of stiffened plate models 



MODEL Lx mm Ly mm b mm t mm h w  mm t w  mm bf mm tf mm b /t Lx/R 

S P1 1600-0 1650.0 300.0 5-0 50. 0 5.0 60-0 5.0 60.0 76. 9 

S P 2 1600.0 1650.0 300.0 5.0 55.0 8.0 50.0 8.0 60.0 65-1 

S P 3 1600.0 1650.0 300.0 5:0 70. 0 8. 0 70.0 8.0 60.0 48. 9 

MODEL 00 N/mm2  C7O N/mrri QOfN/mm E N /mm V CR N/mm wc mm wpan mm q KN /m 2  

SP1 385.0 385.0 385.0 202000-0 0.3 40.4 -1.05 +1.0 
i 

50.0 

SP 2 385. 0 321. 0 321-0 202000.0 0.3 20. 2 +0.85 + 	1 . 4 80.0 

SP 3 385.0 321- 0 321. 0 202000.0 0.3 20. 2 - 2 . 1 + 	1 . 2 133.7 

Fig.D3 Dimensions and properties used for analysis of models 
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Fig D12 Model SP3. Measured longitudinal strains at section 5-5 (see fig D4) 
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P= reaction per load cell 

Fig D26 Forces in vertical load cells resulting from lateral pressure 
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Fig D27 Model SP1 Load-shortening curves 
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Fig D30 Model SP1. Load- deflection curves (zero residual stress) 
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