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ABSTRACT

By constructing a Schrodinger picture action integral for
the derivation of the dynamical equations of the semi-classical theory
of gravity we attempt a systematic study of the possibility of leaving
the gravitational field classical while quantizing all other physical
fields. A consistent theory of this kind makes quantum mechanics
" implicitly non-linear., After formally transforming to the manifestly
covariant Heisenberg picture we set up a perturbation scheme to

discuss the renormalization of the theory.

Amongst other topics one of the central points discussed in
this thesis is the observation that in a consistent semi-classical
theory the dynamics of the unquantized fields enable us to remove the
renormalization ambiguities by imposing physical conditions on the
full model. 1In order to clarify this point we first study two simpler
models in flat space~time. These are the models of two real scalar
fields V and ; where V. is classical and $ is quantized. The
couplings are implemented through the terms <w|$2]w> and <wlau$a“$!w>
in the V-field equations, In both of these models we start with the
derivation of the dynamical field equations comnsistently from a
variational principle in the Schrodinger picture. However, in the
course of renormalization we find it convenient to transform into the
Heisenberg picture. Then we develop a perturbation theory and show that
at each order one can f§X the constant coefficients of renormalization
counter—terms by imposing some plausible physical conditions on the
fqll model. Finally we apply this idea to the semi~classical theory
of gravity. The existence of an action integral for the coupled set
of Einstein~Schrodinger equation accomodates in a natural way the
purely geometrical renormal ization counter terms, whose constant
(infinite) coefficients are fixed once and for all by imposing physical

conditions on the linearized Einstein equitionms.
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NOTATIONS AND CONVENTIONS.

Throughout this thesis the space-time manifold denoted
by M - is assumed to be a 4-dimensional pseudo—Riemanniaﬁ manifold
with signature (-,+,+,+) and the following convention of the

Ricei tensor

R aI‘ '-....
UV o uv

We have used the sign := to mean definition. The factors of 2 in the
Fourier transforms have usually been absorbed in dnp and S (p) according
to the following definition

'd'np = __1._. dnp

(2m)"

%) = (2m)® §%(p)

such that

Jd'npﬂ’n(p) =1

The flat Minkowskian metric is denoted by nuvand the Euclidean

metric by SY"

The different flat space Green's functions are defined by

different sdolutions of

(aua“ -uZ)A (x;x') = =56 4 (x-x')

X

In this thesis we will only need the Feynman and the retarded

Green's functions. These are defined by the following contour



integrals.

eip. (x-x')

A (x-x") =Jd’4p zZ 2
p +H

w o= 4 (p2 + uz)i

We have also made use of the following notations

E.T.C. = Equal Time Commutation.
w.r.t. = with respect to

r.h.s. = right hand side

‘l.h.s. = 1left hand side

The 3~-dimensional vectors have usually been denoted as A. The
Heisenberg pictﬁre field operators and state vectors have always
been written as & and [¢o> respectively, whereas the free field
operators are distinguished by a subscript o e.g. $o .

The expectation values like<¢o[ %uv,wo> have sometimes been shortened
to <".£‘uv>q)o and when [¢o> = |o> we have accasionally omitted

the dependence on the state vector, e.g.

< T\? <> <T >
U ’o> HV

or

A[q>(x,x') > A (x—x') ete.



CHAPTER I. INTRODUCTION

1.1 The Definition of a Semi-Classical Field Theory.

Consider a set of dynamically interacting fields. Assume a
subset of these fields to satisfy the E.T.C. rules of quantum mechanics
with their instantaneous physical states being described by a normalized
vector in a Hilbert space. Let us also assume that the time evolution
of these states is governed by Schrodinger equation while the dynamics
of the remaining c-number fields are governed by classical field
equations. Both the Schrodinger equation as well as the classical field
equations are assumed t? involve appropriate couplings of different

fields contained in the set.

A mathematically consistent theory of this kind will be called

a "semi-classical field theory",

Although there are several areas in physics where semi-classical

theories are of practical (and phenomenological) interest(l),in this
thesis we are mainly concerned with one specific example, namely, the

semi—-classical theory of gravity.

The motivation for such an interest is of course the vast
number of unsurmountable obstacles encountered right at the beginning
of'any attempt to construct a quantum theory of gravity(z). These
difficulties which are of conceptual as well as technical nature are
believed by some physicists to be stemming from the fundamental
structural disparity between quantum mechanics and Einsteinian theory
of gravity(3). In this respect one should compare the flexible pseudo-
Riemannian geometries of the Einsteinian theory of relativity with
a priori fixed unit spheres of the Hilbert spaces of quantum mechanics.

Some physicists (notably Mielnik) suggests that present day quantum

theory still represents a relatively premature stage of development
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and lacks some essential evolutionary steps leading towards structural
flexibility. For thisreason they have the opinion that instead of
modifying general relativity to fit quantum mechanics one should rather
modify quantum mechanics to fit general relativity. One of the ways

of performing these modifications is the convex set theoretical approach
to quantum mechanics which we will briefly describe in the next section

of this chapter.

Our aim in this thesis is however more modest than shattering
the "foundations of quantum mechanics". There has been at least two
decades of intensive work on subjecting Einsteinian gravitational law
to the rules of quantum meéhanics, but the progress has been meagre.

All of these efforts have been done in the absence of any experimental

or observational necessity. Indeed there is not a single physical
phenomenon which begs the quantization of gravity for its explanation.

As yet even the existence of classical gravitational waves, which would
be equivalent to the Herzian waves of Maxwell's theory is only a theoretical
possibil}ty. Therefore in the absence of any observatiocnal evidence

for the necessity of postulating the existence of the counterpart of

the photon in the arena of gravity it is relevant to ask more seriously
than what has been done before about the possibility of living in a half
quantized and half classical world. This does not mean a simple reliance
on the smallness of the Newtonian constant and neglecting the
gravitational effects in the essentially quantum mechanical situations.
It means on the éontrary incorporating gravity in the quantum domain but
leaving it classical. Our aim in this thesis is a’consistent attempt

in this direction.

From the outset we try to be as conservative as possible.
We therefore assume that the usual Schrodinger picture description in
terms of the time dependent normalizable state vectors and time:

independent operator observahles holds true. The effect of the gravity
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field on quantum time evolution can be incorporated by formulating

the Schrodinger picture in a curved space-time with a given metric
tensor guv . As we show in Chapter 3, one can obtain the Schrodinger
equation as well as the normalization condition of the state vector
from a variational principle. It is interesting to note that if we
now consider the guv as a dynamical variable and add the usual
Einstein action integral to the Schrodinger action, then extremization

with respect to g of the total action will yield the Einstein

N\Y
field equations for v with the expectation value of Tuv on its right
hand side. The details of derivations will be given in Chapter 3.

Here we only ndta7fhap such a coupling of the "orthodox quantum
mechanics'" to the orthodox classical gravity has the important

implication of making quantum mechanics non-orthodox. Indeed if we assume
that Einstein field equations have been solved under some suitabile
boundary conditions, then the resultant guv will be a function of the-
state vector, which when substituted in the Schrodinger equation will

make it non—linear. We therefore conclude that if one adopts a
description of gravity in terms of c-number fields and couples it

dynamically to quantum mechanical time evolution law then the latter

becomes implicitly non-linear.

1.2 Non-linear quantum mechanics.

Ever since the creation of quantum mechanics there have been
attempts to put it on axiomatic basis. One of the universally accepted
axioms is, of course, the superposition principle. In recent years
there have been several attempts to go beyond these axioms and most

' (4-6)
of these have started by questioning the superposition principle. This
principle is directly related to the unitary structure of quantum time
evolution law, and 'is usudlly regarded to be an exact law of

nature. In this respect the Schrodinger's linear equation is an

outstanding exception to all other linear laws which usually are regarded



to be suitable approximations to more exact non-linear evolution laws.

The scrutiny of the superposition principle usually starts
from speculations on the measurement processes in quantum mechanics(4).
An initial state which is a linear superposition of several states will

not remain so after the act of observation is complete. Therefore the

superposition principle is respected by the linear time-evolution law only

as long as we do not perturb the system by subjecting it to observation .

On the other hand in the axiomatic approach to quantum mechanics we insist

on the unitary time-evolution precisely because we want to respect

the superposition of states.

In this section we want to give a brief survey of some of the
non-relativistic models of non-linear quantum mechanics. These models
all share the property that although they violate the superposition
principle of the orthodox quantum mechanics they still maintain its
statistical interpretation which is embodied in the wave function ¥.

(5)

a) Mielnik's generalized Quantum Mechanics ~’ .

Mielnik starts his criticism of the orthadox theory by noting
that the whole body of observable properties derivable from the
fundamental axioms of quantum mechanics are indeed contained in the
geometry of the space of states of the system. This space (denotgd
henceforth by S§), both in the case of classical as well as quantum
systems, is a convex set, i.e. it has the property that any of its
points p may be writtenas alinear combination iEIAixﬁ with Og Ai <1;
iéIAi = 1 and x.e§ for VieI. Here I is some index set. The points
for which all Ai= 0 except for one i €I are called the extremal points
of §. Physicallythese points represent the pure states of the system

while their convex combinations are the mathematical representatives

of the mixed states.

In this language what distinguishes the classical statistical

physies from the quantum mechanical one is the geometry of S. As



Mielnik asserts the possibility of a unique decomposition of a mixture
into its constituent pure ensembles is an indication of the classical
nature of the system. This implies (an ® dimensional) simplicial
structure for the space S of the classical systems. Therefore a non-
simpli¢ial structure of S will be an expression of the non—classical
nature of the physical system under consideration. In this case a
mixture cannot be uniquely decomposed into its constituent pure
components., In the case of the orthodox quantum mechanics S is, of
course, the set of the density matrices acting on a separable Hilbert

space H , i.e.
Lo +
Sg={xerL@®| x=x 20 , T x=1 } (1.1)

The pure states are represented by the projection operators ]w><w| where

|¥> is a normalized vector in H.

From what has been said Mielnik concludes that instead of
betng confined by the inflexible axioms of quantum logic to the unique
structure S given above, let us abstract the most essential properties
of this structure and then try to construct more generalized models

which share these properties with the orthodox theory.

Supplementing this attitude with the assumption that the
manifold of the pure states (henceforth denoted by &) spans the space §
one only needs a way of construc;ing d . This space is, of course,
the set of solutions of some equation of motion. Thus in Mielnik's theory
one must necessarily be given a class of equations which describes
the dynamics., Then the physical interpretation follows by investigating ‘
the geometrical properties of ¢ and therefore those of S. In this

respect Mielnik suggests the following non-linear generalizations of the
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one-particle Schrodinger equation as possible candidates for dynamical

laws.

2
-3 _ _ hT 2 2
ih 7 e Vb viy| ‘v (1.2)
R N SR . uly] %y (1.3)
3 2m :
g oo B2 (vl2w + v (1.4)
1 3t 2m ‘

2
= BT 2,2 2
e = = 35 T CulTw + vl% (1.5)

In these equations V and U are external potentials.

Since all of these equations admit the existence of some

3xfor eqn(l.é to 3) and cj;llpladsx for

conserved functional of V¥( i.e.élwl 2d
eqn. (1.4.5)), Mielnik assumed that one could simply apply the Borm statistical
interpretation of the orthodox quantum mechanics to these models.

However, it was discovered independently by several physicists that due

to the lack of scale invariance of these equations such an interpretation

is indeed problematic(é_s). Of course this does not invalidate the

whole scheme developed by Mielnik. It only suggests that the examples

given above are not suitable candidates for a genmeralization of the

ordipary one particle Schrodinger equation.

b) The Nonlinear Wave-Mechanics of Iwo Bialynicki-Birula and
J. ‘Mycielski(®6)

Mielnik arrives at the possibility of generalized quantum
mechanics by scrutinizing the global mobility of the orthodox theory.
The investigations of Bielynicki-Birula and J. Mycielski are less
formal in character. They doubt the exactness of the linearity of one-
particle non-relativistic Schrodinger equation . They therefore attempt
to construct a non-linear equation which shares as much as possible the
properties of ithe orthodox equation and reduces to it under suitable
conditions. These restrictions immediately rule out the equations

invo}ving derivative non-linearity (e.g. of type 1.4 and 1.5) and leaves
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us with the following class of non-linear equations.

2
T R 8 L% PR T( M AT e (1.6)

Here U is an external potential and F(lez) is assumed to be a real-

valued function of its argument,

Although sharing some of the features of the orthodox theory,equations

of class (1.6) do also exhibit a number of undesirable features. We

already know that for a polynomial choice of F the equation will not be
invariant under the scale transformation ¥ > ¥ where A is a constant.

It is also obvious that the scalar product of two solutions will not be
preserved in time, In fact this seems to be the common property of all
non-linear equations. This means that the tramsition amplitudes are

not the suitable candidates to bridge the gap between the theoretical

predictions and experimental data.

It is also observed by the above mentioned authors that the wave
functions of stationary states with different frequencies are not
oréhogonal. They claim that this problem is impossible to solve for
any choice of non-linearity. However, it is rather surprising that there
is a unique choice of F which removes the obstacles associated with the
scale invariance of the theory. This is the following logorithmic

function:
F(p) = -b log(pa™) : (1.7

where a and b are two arbitrary constants with the dimensionality of
length and energy respectively. Tﬁe iﬁtefgerfﬁ isfthg'dimehéionbiity,

of the configuration space. The constant a is of course of no immediate
physical significance. (It can be redefined by adding a constant to U).
The constant b on the other hand is a measure of non-linearity. If

it is chosen to be a universal constant independent of the specificities

of the physical system described by (1.6) then this equation will share
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all of the properties of the linear equation except for the violation
of the superposition principle, lack of the time independent inmer
product and non orthogonality of the solutions corresponding to

different frequencies.

Bialynicki~-Birula and J. Mycielski show that the non-linear
Schordinger equation with the logarithmic non linearity has
soliton like solutions of the gaussian shape (which they call
gaussons) iﬁ any number of dimensions. These solutions describe
the wave packets of freely moving particles. Unlike the wave packets
of the linear equation the gausson do not spread. From the existing
agreement between the linear theory and the experiment they

10

also find an upper limit of 4% 10 ~° eV for b which accounts for

unobservability of the non-linearity.

c) The Noﬁ-linear relativistic models of Kibble(7).

The above mentioned upper limit for b has been obtained by
comparing the results of the measurement with the theoretical predictions
of quantum electrodynamics (e.g. Lamb shift, hyperfine splitting).

This is already an indication of the fact that the non-linearities may
be important only when the inter-particle interactions take place.
Motivated by this, Kibble constructed a class of relativistic models

of non-linear quantum mechanics. This construction proceeds by making ‘,

the parameters of an orthodox theory state-dependent.

Consider a self-interacting real scalar field ¢ whose dynamics

in the Schrodinger picture is described by the ordinary Schrodinger eqn.

i ait lv(e)> = mlu(e) > (1.8)
where

H=1 fai"g (@ + [V T2y (x) e @} (1.9)
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Here w(x) and ¢(x) are the time-independent canonical variables

satisfying the E.T.C. rules

(o) ,mx) ] = 16 (x-x") (1.10)
Now let us make the following substitution

4 4

292 +ae* > <E(4)>, +<h(e)> 42 <g(9)>, ¢ (1.11)

where f,h and g are local functions of the field ¢(x) and the expectation
values are defined in the usual way, for instance
<p[£(o) [v>

<f($)> - = (1.12)
v <plv>

It is obvious that the substitution of (1.11)into (1.9)

makes the equation (1.8) non linear. Furthermoxe, owing to the denominator

in (1.12) the resulting non linear Schrodinger equation will be invariant
under the scale transformations [¢> -~ A|y> . Therefore the problems

associated with the measurement theories of equations of the type (1.2)

to  (1.5) will not arise here.

The models constructed in this manner are clearly Lorentz
invariant. Furthermore they have the peculiar property that even in the
absence of the self-interaction terms (i.e. a choice like g = f =0
and h = m2+ ¢2(§)) they will transform a single particle initial state

into a many particle final state.

We leave a more detailed discussion of a subclass of these

models to the next chapter.
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1.3 Conclusion of the Introduction.

According to B,d;Espagnat the two pillars of the Copenhagen
interpretation of quantum mechanics are the following: (c.f. B d'Espagnet
in ref.4 p.p.251).

a) The working of measuring instruments must be accounted

for in purely classical terms.

b) In general quantum systems should not even be thought
of as possessing individual properties independently

of the experimental arrangement.

Whatever view one may adopt in regard to the measurement theory
in quantum mechgnics, these two principles seem to be indispensible for
a communicable interpretation of the results of the measurements. Thus
quantum mechanics - unlike Einstein's theory of relativity - locates
the classical physics not on its periphery (as a limitting theory), but
right at its centre. It becomes meaningful only when it is viewed
as a whole encompassing this centre. This is of course because of
the singular role played by the human observer on any act of measurement.
If an atomic system (i.e. a system capable of being in a superposition
of several quantum states) could be used as a measuring device with no
need for a final act of observation by a human obse;ver then one would

not need the above mentioned two principles. Such a hypothetical

situation is, however, devoid of any practical scientific significance.

A semi-classical physics defined at the beginning of §1.1
may be viewed as an attempt in the direction of a dynamical integration
of the classical physics into the quantum domain (or vice-versa).
This becomes particularly more relevant when the classical part of the
theory consists only of the gravitational field whose dynamics:
is described by the Einsteinian field gquations for the metric of space-
time.Einsteinian lavw of gravity is in a sense a dynamical theory of

the measurement of the space-time intervals, a theory to which any scientific
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description of nature (physical theory) must ultimately be reduced

for its comprehensibiligy and communicability by human observers.

In this respect the two above mentioned principles may as well be
regarded as the supporting pillars of the semi-classical theory

of gravity. This might be the case at least as long as the gravitational
field - unlike any other field in physics - describes (and 1s described
by) the geometry of the space-time manifold. The plan of this

thesis 1s as follows.

In Chapter 2 we set up a perturbative scheme to study a
specific model of the class mentioned in §1.2.c.This model will be
defined by settling g = f =0 and h = é(m2+ A¢2(§)) in eqn. (1.11).
After deriving.the resulting non-linear Schrodinger equation as well as
the normalization condition of |¢> from a variational principle, we
will introduce suitable renormalization counter terms whose constant
coefficients will be fixed by imposing some physical conditions on the

Schrodinger equation.

In Chapter 3 we will construct the action integral for the
combineq Schrodinger-Einstein field equations of the semi-classical
theory of gravity. The remarkable result of this chapter is the

following.

If for a self gravitating quantized field one insists on having
Schrodinger's equation for the temporal changes of the normalized, |y>
then the metric tensor of the space-time manifold will necessarily
satisfy the Einsteinian field equations with the expectation value of

Tv on its right hand side.
u

In this chapter we will also discuss a qualitative comparison

of semi-classical gravity with a full quantum theory of gravity.

Owing to the non-linear nature of Einsteinian field equations
as well as the derivative coupling of gravity and the matter field it

is rather difficult to start a direct study of the renormalization
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of the theory developed in Chapter 3. We therefore motivate the
investigation of the renormalizability of the semi~classical theories

by studying in Chapter 4, a simple model consisting of two interacting

real scalar fields V and % where V is classical and ; is quantized.

After deriving the coupled set of dynamical equations from a variational
principle in the Schrodinger picture . we find it more convenient

to discuss the renormalization theory in the Heisenberg picture. Therefore
we transform into this picture. Then we develop a manifestly Lorentz

covariant perturbative scheme and introduce counter-terms to cancel the

infinities at each order of our perturbation theory.

The model studied in Chapter 4 does not involve any derivative
couplings ; the;efore it does not share all of the complications of
the full semi-classical theory of gravity. In Chapter 5 we study a more
complicated model this time with derivative coupling bet&een V and é
in a flat background Minkowskian space-time. We then follow the same
program as in Chapter 4 i.e. we introduce counter—terms to remove the

infinities order by order in a perturbation theory.

Now having done enough preliminary exercises in Chapters 4 and 5
we finally attempt a perturbative treatment of the full semi-classical
theory of gravity. The existence of an action integral for the
coupled set of Einstein-Schrodinger equation accommodates in a natural
way the purely geometrical renormalization counter terms whose
@nfinite)coefficients are fixed once and then :for a;l by imposing physical
renormalization conditions on the linearized Einsteinian equationms.

Having renormalized the theory we investigate some of the qualitative
features of the solutions of the linearized theory and prove that the

solution (M

, nuv,|o>) ¥s unstable.



We conclude Chapter 6 by giving a unified summary of the results

obtained in the main body of the thesis.

We relegate the details of calculations of Chapters 3-6 to the
appendices at the end of the thesis. Some of the results of the

Appendix A are original.

17.
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CHAPTER 2. RENORMALIZATION OF A RELATIVISTIC MODEL OF NON
LINEAR SCHRODINGER EQUATIONS.

§2.1 The action integral. .

Consider the following non-linear Schrodinger equation

i—= lv> = By o > (2.1a)

where H¢ is defined by

rgin @ + (To) ek +rco’ >y 0 @] (2.1b)

NI

H¢ =

m(x) and ¢$(x) satisfy equations (1.10) and A is a coupling constant.

The expectation value <¢2(§)> is defined as in (1.12).

1

Equations (2.1) can of course be obtained from (1.9 - 1.11)

by choosing f(¢) =0 g = o0 and h(4) = m? + % ¢2'

Because of the invariance of the equation under the scale
transformation |w{t)> > y|¢(+)> with a constant y , we may consistently

impose the normalization condition

P (e) [(e)> = 1 | 2.2)

We notice that equations (2.1) together with condition (2.2)

may be obtained from the following action integral

t .
sClv>, <] ,al= Jdt{Im <G () [p(e)> —<p(eH 9> + a(t) (<b(e) [w(e)>-1)}
t

)
(2.3a)

i

L _
JdAx < (e) 62 (x) |2

where

o % Jd3§ (ﬂ2(§) + (V¢(§)2 + m2¢2(§)) (2.3b)

=~
]
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a(t) is a Lagrange multiplier.

The independent variables in the action integral (2.3.)
are <¢L|W> and o . The Euler-Lagrange equations for o will immediately
yield the normalization condition (2.2). While the same equations for <y

will result in the following

i g2 (B> = (B - o) |v(e)> (2.4)

where Hw is defined by (2.1b).

Equation (2.4) can of course easily be transformed.into eqn. (2.1)
by a time dependent phase ﬁransformation of [w(t)> . Thus a will not
be determined. by the equations of motion. This is an indication of the
freedom in choosing the zero point eof H¢ .
The action integral (2.3) as well as the equatioms (2.1) and
(2.2) dérived from it have at best a formal value. They are i1l defined
as they involve the infinite quantities <¢(t)]¢2|¢(t)> .. To render the

theory finite we subtract constant infinites from (2.3). This is done

by the foliowing substitutions.
-c
Ho ~ Ho 1

22 > 267w - ¢,

Then the modified action integral becomes
sC|v><y| ,a] = S+ AS (2.5)

where S is given by (2.3) and AS is defined by
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t
2S = J desyp(e) [p()> e, - 3 |a*x {-2e,<p(0) |67 (@ [¥(0)> + S<p(®) [¥()>} x

t
o]

x  <p(e)|p(e) >

The Euler-Lagrange equation corresponding to the variable o in (2.5)

will of course be the same as (2.2) while H, in (2.1d) is modified

v

into
¥ o= (8-c,) +2 F" {<p(e) | (62 () - ) [v()> (%) - c,)} (2.6)
] o 1 2 = 2 - 2 _'

In writing eqn. (2.6) we have made use of eqn. (2.2).

To fix the constants c1 and c2 we will consider the state

~ .
dependent term of H,  as an interaction term. In order to regard this

v

term as a perturbation of the free Hamiltonian Ho-c we also adopt

1
the usual assumption that as t = - we recover the free theory. Then
the constant ¢y will fix the origin of the measurement of the energies

of the free linear system. As usual we choose it to be

c; =<0 [H o> (2.7)
where |0> is the vacuum state of the state independent Hamiltonian H.
This choice of‘é1 corresponds to the condition that |0> of the linear
theory is independent of time.

In order to fix c, we make the further assumption that if at
t = -« the state of the non-linear theory corresponds to [0> of the
linear theory thén the same must be true for all t > — « , This
condition will fix ¢

2

e, = <0| ¢*(x) [o> (2.8)



Then the renormalized H, will be written as

L

~
H = :H : +

N>

Jd“x (e | 202G :|u(t)>:4% (x): (2.9)

where : : stands for the usual definition of normal ordering, i.e.

:¢2: = ¢2 - <0|¢2|o>

We notice that the choice of (2.7) and (2.8) for ¢

implies <0|Hl0>lo> = 0.

1

and c

2

automatically

21.
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§2.2 Perturbation Theory.

In this section we would like to develop a covariant perturbation
theory for the non-linear Schrodinger equation (2.la) with,Hw defined
according to (2.9). To this end we perform the usual transformation into

the interaction picture, i.e. we define

i:HO:t
b (6> = e lw(e)> (2.10a)
and
i:Ho:t -i:H :t
9, (®) = e $(x) e ° (2.10b)
i:H :t -i:H :t
ﬂo(x) = e ° T(X) e ° (2.10c¢)

Then as in the ordinary linear quantum theory ¢o will satisfy the free

Klein-Gordon equation

w2 -
(aua u) ¢O(x) 0.
The state [wI(t)> on the other hand will satisfy the following interaction-

picture non-linear Schrodinger equation

3 [
i 10> =5 @ @l i@ 1 2wl o>
(2.11)

We notice that the transformation (2.10a) will leave the Schrodinger
picture vacuum state invariant. This is necessary for the correct

transformation of the normal ordering of the operators.

Our objective is to find a solution of eqn (2.11) which has

the following form

vr®> = 1 Ay (0>

n=o
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If we insert this into (2.11) and equate to zero the coefficients of
different powers of A we get a recursive sét of equations (c.f.2.15)

whose first term is the following

o () > = 0 (2.12a)

This implies that |w°> is a const. Since under our assumption the
interaction is switched off asymptotically as t + =~ therefore the consistency

requires that

o, (£)> —————— o # >0 (2.12b)
t > -

Thus the equations

- P1"Py*Pg |
DA G PO EE Z . S, (©] 0000

1
n=o PlsPZsP3=°

2
lwpz(t) >3 ¢°(X)-llbp3(t)> (2.13)

must be solved under the initial conditions (2.12). To solve these
equétions up to an arbitrary order in Awe must identify the coefficients
of the same powers of A in both sides of (2.13). To this end we must
convert the product of three sums on the r.h.s. of (2.13) into a single

sum. This can be done by making use of the following identity

[-~) © [« o]
cees p1+... +pn
Il I oo -

_ _ 3 PpeeeP

pl-o P2‘° pn_o
E Aqn . %n qnirn qn_zn_ n~1 Ghefn Tp-1t" Ty
4p=° Lo rn—l-o rn-2=o rp=e
U
q -r -r

ot n_l....rz,rz,r3...rn
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Now if we define

= 143 Y . ch 2 () .
Up1p2p3(t)> Jd X <1bp1(t)| 17 (x) -prz (t)>:9) (XJ-NJPB(t)>

Then by making use of (2.14) for n=3 we immeidately get

-4}

) I Ap1+p2+p2l ] a93 93 957
- - - U (£)> = AT3 23 3.3
P10 Py=0 pg=o P1PyP3 4,70 ¥3=o f§=o

| Uagmryryer,,ry >
Upon substitution of this into the r.h.s. of (2.13) we get

n
¥ >=3 1 ] J e ] 2@ (0) > 62|y, (02>
: ,

(2.15)

Thus starting from an initial state|w0> we can now solve for lwn(t)>

in a recursive manner e.g.

fd3§ RE ¢§(x)4wo>:¢?(x)4wo> (2.162)

N

ilv, (£)>=
i), = § [@Pxle (0] 20203 v 202 19> +
< l:2G v (0267 @]y > +

Yol 103 ) 1 1¥0>t 02000 1 [u(e)> (2.16b)

similarly for|w3> ,|w4> s etc.



25.

» It is rather obvious from (2.15) that if we begin with a
single particle initial state |¢o> , then in the course of time it will
evolve into a multiparticle final state. For example if we restrict
our attention only(hp to the first order correctionlwl(t)> then we
will have non-zero transition amplitudes into single particle and
three particle final states, whereas the second order correctionlwz(t)>
would also involve non-vanishing amplitudes for the five particle

final states, and so on.

Obviously one may choose l¢o> to be a multiparticle initial
state and ask questions about the mutual scattering of these particles.
For example if it is chosen to represent a two particle initial state
then the first order correction will involve non - zero transition

amplitudes to the vacuum, two particle and four particle final states.

In many-ways the non-linear quantum mechanics studied in this
chapter manifests similar features to the ordinary A¢4 interaction.
The basic difference between the two theories is .of course the linearity
versus non-linearity of the quantum time evolution law. Because of the
linearity the single particle initial states in the A¢4 theory must be
stable otherwise the energy conservation law will be violated. The
instability of the single particle initial states of the non-linear
quantum mechanics does not, of course, violate any conservation law.

It is rather a consequence of the violation of the superposition principle.

In this chapter we dealt with the non-linear Schrodinger
equation only in the Schrodinger picture. At the moment the interaction
like piéture seems to be the nearest we can get to a qpvariant
treatment of these theories., Due to the‘fundamental role played by the
state |y(t)> it is rather natural to formulate the non-linear theories
in the Schrodiﬁger picture, It is however desirable to have a manifestly
covariant Heisenberg picture description of these theories. This is as

yet an unsolved problem.



Remark: It is of course possible to transform formally into
the Heisenberg picture by the following operator

t
ew(t) = T exp [i [ H¢ dt ]

- O

where H 1is defined by (2.9). This transformation is however not a

linear one. The resulting Heisenberg equations of motion will be

equivalent to

6,45 oG = A<y

8% (o) [>8 ()

where }wo> is the time independent Heisenberg state. Unfortunately
this equation cannot be obtained from a variational principle which
incorporates the dynamics of |¢°> . It also differs from the usual

Heisenberg equation in that it involves the state[wo> .

26.
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CHAPTER 3. THE SEMI-CLASSICAL THEORY OF GRAVITY

§3.1 Introduction

In this chapter we will derive the dynamical equations of the

semi~classical theory of gravity.

Since the time the physicists started to realize the conceptual
difficulties of subjecting the Einsteinian law of gravity to the rules
of quantum mechanics, it was occasionally suggested that the gravitational
field must be exempted from these rules(lo). Indeed Mpller
purposed a theory in which the r.h.s. of Einstein's field equations
involved the expectation value of Tuv of the quantized fields(g). This
theory however did not provide any dynamical law describing the time
evolution of the quantum states. Therefore the whole consistency of such

proposals was questionable. At best, some physicists regarded this

theory as a kind of approximation to a fully quantized theory of gravity.

One of the difficulties in proving the consistency of the
semi—-classical theory of gravity is the lack of an Heisenberg pitture
action integral which yields the covariant (quantized) matter field
equations as well as the Einstein's field equations Qith <w|Tuv|w> on
its . r.h.s. In fact this seems to be a general characteristic of
the theories with non-linear quantum time evolution law., A consistent
theory of semi-classical gravity would undoubtedly involve an implicit

non-linearity in its quantum time evolutiom.,

In all of thg non—~linear models of quantum mechaniecs constructed
so far the wave function ¥ has played a prominent role. Certainly it
. was the"investigatioﬁ of the Schrodinger equation which led the physicists
to the recognition of the linear Hilbertian nature of the space of
states in quantum mechanics. Therefore it is logically understandahle

that an attempt to go beyond the frontiers of the linearity should
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again be carried out in the Schrodinger picture. On the other hand
as we saw in the previous chapter at least one of the models belonging
to the large class of Kibble's non-linear models can be derived from a
variational principle. Indeed this is the case for all of the models.
which admit the existence of a conserved energy functional. For example.
the model with logarithmic non-linearity (c.f. eqn. 1.6-7) may be derived
from the foliowing action integral

2

* 4 ok * h
S[‘P ,111]= dx {Im /] (t: E)‘P(t,ij)“b (t,}i) (_ —v
2m

2+ U- bln a|y|Zb)0(t,®)

(3.1)

These examples may be considred as evidence to the possibility that if the
semi-classical theory of gravity is viewed from the standpoint of the
non-linearity of its quantum mechanics, then its appropriate treatment

must be undertaken in the Schrodinger picture rather than in the Heisenberg's.
The problem with such an approach is, of course, the lack of manifest

general covariance of the whole construction, although the theory, if it

is consistent will be independent of the choice of the coordinates in

the space-time manifold. This aspect of the problem is not specific

to our theory. Even in flat space-time any Lorentz invariant field

theory - when formulated in the Schrodinger picture will lack in manifest

covariance.

In the sequal we will need the Schrodinger picture only to write
down the action %ntegral. After deriving the dynamical equations we

will carwyout the actual computations in the Heisenberg picture.

We will formulate the theory only for a real scalar quantum
field ¢. It may be possible to extend this formalism - with appropriate
modifications - to the fields with higher spins. We will also make

use freely of the material contained in the appendix A.



§3.2 Field theory in the Schrodinger picture.

To start with we assume that the metric g __ is given. We then

1V
consider a real scalar field ¢ propagating in our fixed globally
hyperbolic space:tiﬁe manifold . As usual the dynamics of this. field

can be described by giving the Lagrangian density L . We will take L

to be given by
Ly = -3 e @V 008+ V) (3.22)

V(¢) may be taken to be

ORI A (3.2b)

where m and ) are constant real numbers.

In the Heisenberg picture the field equations for ¢ are given

by variations of the operator action integral

s = { L a%x (3.3a)

¢ J ¢

The corresponding energy-momentum tensor may be defined by

§ S

%/-*g T (x) = 3 = —L—aL'(’;) (3.3b)
L €3 3"V (x)

although of course this is ill-defined until a regularization scheme

has been adopted. We will discuss this in Chapter 6.

Our objective is to pass from this manifestly covariant
description to a Schrodinger picture. In this latter picture with each
simultaneity surface o(t), defined by eq. (A.l1), one associates a
state vector |Y(t)> and the canonical operators ¢ and T satisfy

the equal time commutation rule



[8(E, ) ,m(E,6)] = i 85(E,E') E, E'e 6(t) (3.4)

Assuming that the two pictures coincide on a surface G(to) then
the transition between them can be achieved by applying a "unitary"

transformation U(t,to) satisfying the equation
P ue,e) = HE) UCe,t) (3.5)
T i *“o :

where the surface dependent Hamiltonian is given by [c.f. A.4 and A.5 ]

H(t) = - f do. T %V (3.6)

a¢) H* 0V

Upon performing this transformation we obtain a transformed vector
lv(e)> = ule,e v > (3.7)
which satisfies the Schrodinger equation
. 4 A
iv(e)> =H@©v (> (3.8)

Correspondingly, the transformed operators U(t,to) $(x) U(t,to)
and U(t,to) T(X) U—l(t,to) become independent of t, functions of the

. s . g
intrinsic coordinate £ only.

It must be emphasised that the eqn. (3.5) has at best a formal
significance. 1In general there 1s no unitary operator satisfying this
equation, and indeed H(t) may not exist. Nonetheless, the derivation
has a heuristic value, and we shall pursue it further, Later we
return to the question of how to give the resulting formalism a precise

mathematical meaning.

We note also that the transformation to the Schrodinger picture

depends not only on the sliéing of space-time, but also on.the

30.
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- parametrization of the slices. A time~dependent change of intrinsic

coordinates leads to a different schrodinger picture.

The Schrodinger equation (3.8) can also be written in a local
form. To do this we note that the variation &|y(t)> is the sum of

infinitisimal variations, i.e.

t+dt
§|y> = f dt! J a3 i‘fa)—% |w>
t o(t") - 8xTE)
or
' §
. 6|w> I d3 U
. — = £x (8) >
lv> = St o(t) - sz (£) (3.9)
Substituting from (3.6) and (3.9)into(3.8) we get
i i o> = - Yi n " (x)]y> (3.10)
Gxu v .

L ]

This equation enables us to determine |y> associated with the surface

o (t + 6t) provided we know the one associated with o(t). As in

flat space-time the equation (3.8) leavesvthe phase of [¥> undetermined.
This of course corregponds to the freedom in choosing the zero point of

H or what amounts to the same, in the conservation of the norm of

lv> .
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§3.3 The action integral.

It is obvious that if our problem was to study the dynamics
of . the ¢-field in a given background By field there would be no
need to discuss the Schrodinger picture formalism. In fact because of
its lack of manifest covariance, it could be very inappropriate to
do so, knowing that we already have the manifestly covariant Heisenberg

picture at our disposal.

Our main problem, however, is to describe the dynamics of the
classical Buv field as well as that of the quantized ¢-field. We do
this first by noting that the eqn (3.8) together with the normalization

condition of |¥>can by obtained from the following action integral.
5, = [ dt {Im <¢|9>~ <p[H|¢p> +a(t) (<p]y> -1)} (3.11)

Here H is given by eq. (3.6) and @¢(t) is a Lagrange multiplier.
The independent variables are <V¥|, l¢> and ¢ (t). Requiring that the
first order variations of S¢ with respect to these variables must

vanish we get

il¢> = (H(t) - a(e))]e(e)> (3.12a)

<Ylg> -1 =0 (3.12b)

Note that the Euler-Lagrange equations leave o undetérmined. This is

the reflection of the freedom in choosing the phase of l¢(t)> . Physically
of course, (3.12a) is equivalent to (3.8) because an overall phase

in the state is unobservable. In practice we may remove the arbitrariness

by a suitable choice of the zero point of H.

Next, we consider the dynamics of the field by augmenting S
&iv /

with the Einstein action, i.e. we consider the action integral
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S = SKU + Sg (3.13)

where Sg is given by eq. (A.38) with the following choice of

the parameters

1 ’
X=1, B=C=0-=A4\ (3.14)

16nGN

where GN is the Newton's constant. Now we consider S as a functional

of €w|, |¢>, o and &y * Extremization of S with respect to <¢| and «

will, of course, yield equations (3.12), while the equation

§s . 68 6Sg
0=—, Tt (3.15)
sg" (x) 5™ (x) sg"’ (x) .

gives us the Einstein field equations

G, == 8T Gy <¥(t)] T & v

uv (3.16)

To see this we note from eq. (3.11) that

S ‘ s

_._19_ = - ( dt<wlﬁlw>
sg"" (x) sg™V (x) j

Now if we insert from equation (A.37b) into the right hand side of

this equation we get :

§s

1) _ 1 = : .
= s /g <p)] T (x| (£) > (3.17)
Gguv(x) 2 uv

On the other hand if we substitute from (3.14) into eqn (A.51) we get

8Sg ) /:g

sg"’ (x) 167Gy,

Hv (3.18)
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Insertion of (3.17) and (3.18) into (3.15) immediately yields (3.16).
Therefore we derived the Schrodinger equation (3.12) as well as

Einstein equations (3.16) from a single action integral (3.13).

It is interesting to note that in order to write the action
integral (3.13) we must work in the Schrodinger picture. At the moment
it seems to be impossible to construct a Heisenberg picture version
of this variational principle.

However, after deriving the equations of motion we may reverse
the order of the transformation (3.7) and retain the Heisenberg
picture version of the theory. If we do this, then the state vector |¢°>
will be time independent but now the time dependent field operator ¢ will

satisfy the convariant field equation.

1
/e g™va sy -2 X oo
/¥ Bu (V-g &g 3\)‘1’) 2 Y3 (3.19)

To check this, we remember that in the Heisenberg picture the time
evdolution of the dynamical variable ¢ and T is described by the

Heisenberg's equation of motion i.e.

i[H,$] (3.20a)

S
il

= i[H,7]

= >a
1

(3.20b)

Upon substitution from eqn (A.33) into these equations we get

600 = if & Fgen | Ey et e, b -
y R ¥ 18, xR, $6)T +

%04 6,81 v, 9
2 Y. s 2
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Now we make use of the equal time commutation rule (3.4) to

get
3(x) = in"x' SR Gy lx) (-2 1835 nxh) -
_% INSS oty . 1 .. 3 f}
y *(x"n"(x") ¢s(x ) (18T (x,x"))
or
b =g (7T - a%)
or
) = — b+ Y% n® 3>s,‘

-8
From eqn. (A.15) and (A.14) we can write

-8
Y = 5 = (-8 (-g°%)
i s ! g so
YPn o= o (Ng)
Therefore
%(x) = /:E- (—gooa) + /:E'(-gos $s)
(3.21)
= -7g 8™ 4,

This is the same as in (A.27).

Similarly we insert for H from (A.33) into equation (3.200) to
" get
r(x) = ij x' gt .(—Y“%(X') n® &) L (x), 7N +

3 YT ()8 (x), 7] + 3 V(9,7

From eqn (3.5) we can write
. . . .3 ,
L4 xD,7x}1= 1 &8 _, (x',%x)
s »S

Co_(x" )0, (x), 1G0T = 1 (b_(x)83" (x',x) +o_ (x")8>_, (x',%))

(V&) T@T = i ey 62, %)
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If we insert these results into the right hand side of 7 and
integrate the terms involving the derivatives of 63—functions by parts

we get

1) = (e, v, - v
: 3¢ (x)

Now we make use of equation (A.11), (A.14), (A.5) and (3.21) to

get
-5 (/g guod;,u) =(-/-g o"§ o) L @(nnnéﬂ‘g”é)%l’ -
% /:g-BZZx)

== Chgn®a® ) o+ (Fe gty -3 e ?—
= OFB 86 )+ (Fe gt - E 4y
= e ) -5 &

ie

2, (Fg g g’v) -3 7% %% = 0

Therefore we established equation (3{19)

In this transformation from the Schrodinger picture to Heisenberg
picture the Einstein equation retaimsthe forms (3.16) but of course
the states are now time independent and the energy-momentum operator Tuv

instead of being given by the Schrodinger picture expression (A.31)

now is given by the Heisenberg picture eqn (A.25).

Bianchi's identities require

Wy =0 (3.22)

which are an expression of the general covariance of the theory.



One of the chief virtues of the derivation from an action prinmciple
is that these conditions are guaranteed. They can, of course, be
directly verified in the Heisenberg picture. In the Schrodinger
picture, however,because of the timé dependence of the states, they
are non~trivial. Nevertheless they(can also be checked by direct

(11)

computation in the Schrodinger picture .

37.
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§3.4. Incorporation of Explicit Non-linearities.

The Schrodinger equation (3.12) is formally linear in lv>  if
it is comsidered in conjunction with the Einstein field equation (3. 16))

then it becomes intrimnsically non—linear.

If the non—linearity of the quantum time evolution is admitted
then, at least in principle, there is no reason in not adding to the
action integral (3.13) terms which incorporate it explicitly. Under
the restriction that the field equation must not be higher than
second order, then the most general invariant integral which we can

add to (3.13) is the following

EYIN jd‘*xf-; (FY<E,(9)> ) 4RF, (<£,(9)>)))

(3.23)
where
<€ _($)>, = <p(t)|£, (9)|w(t)> i=1,2

i ¥ i
and Fl; F2 are some suitably chosen functions of the expectation
values <¢,f1|¢> . <¢|f2f¢> respectively. fl and f2 are
invariant functions of the field operator ¢. 1In the absence of
gravity the F1 term will generate the non-linear model studied
in the previous chapter.

From the action principle
- 8s 8
- = S +S +8 )
0 s<y| s<y| ( g ¥ n,z) (3.24)

~we get the explicitly non-linear Schrodinger equation

iy = H =) |ue)> -

SO (E(0)>) £(0) + R F(<£,()>)E, @]y (0>
a(t)

(3.25)
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Here H is given as before by eqn (A,33) and prime over }1 P denotes
b4

a partial derivative.

To find the modified Einstein field equations we note that

8 4 1
d'x /CE'F1(<f1(¢)w) =-z/-g

; NERO

By (3.26)

while to evaluate the variational derivative of the second term in
(3.23) we make use of (A.38) with the following choice of the

parameters.

= = v = = = A
A =1 X F2(<f2(¢)> ) , B=C=0

] (3.27)
Since now X is independent of &y therefore inserting (3.27) into
(A.51) yields
0 [ 4 A
T d'x g R F, (<£1(0)>)) = V=g L6, F) = (Fyiupv BTa; 5207
88" (%)
Thus the variational principle
8S 8
0= = (s, +s, +5S )
v Y 2
gV - - g 8 v ®
will yield the following Einstein field equatioms.
1 1 1
— G, 3 O[T @ [¥)> - 5 g F (<5 0)>) +
16TrGN .
- - A - (3.28)
Guv F2 (FZ;u;v gquZ; ;A) 0

Notice that the effect of one term on the left hand side of (3.28)
can be thought of as a state-dependent change in the gravitational

constant GN' The equation can be written in the alternative form
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"81TGN i A
= ———  [<T > - F. =2 F + 2 F 3.29
uv 1+167C_F UV Euv'1 25u3v Buv™; ;X] ¢ )
N2

Because the term (3.23) added to the action integral is the integral
of a scalar density, the conditions (3.22) are preserved. Now,
of course, it is the right-hand side of (3.29) which has vanishing covariant

divergence.



§3.5 Interaction-like picture.

The operator H in equation (3.25) is given by eqn (A.33)
therefore it depends on the choice of the space like surface o(t).
For this reason one tends to believe that the description based on the
equation (3.25) can hardly be given a rigorous mathematical meaning.
On the other hand we saw in section (3.3) that in the absence of the
explicit non-linearity one could transform into manifestly covariant
Heisenberg picture. In this section we want to explore yet another
picture which is akin to the usual Tomonaga-Schwinger picture of
the tranditional quantum mechanics. This'picfﬁre is particularly

useful in the presence of the explicit non-linearities.

The transition between the Schrodinger and interaction
picture is .implemented by the same operator U satisfying eqn (3.5).
If we apply this transformation to the state vector lw (e)> satisfying

eqn (3.25) we obtain a vector |V (t) >1 satisfying

SHCIE Hl]; b0 (3.30)
where
I _ _J 3.7 , Ay A . ~ N
Hw - o) dg/-g [F1(<f(¢i>w1 f1(¢) +RF2_(<f2(¢)>¢I)f2(¢)) (3.31)

The field operator ¢ appearing in &; will of course be time dependent

and satisfiésfcoyarianf fieldxequatioﬂ (3.19) .

Since the operator HJ does not contain the derivatives of

41.

the field operator ¢ it is possible to write the equation (3.30) in a local

form which does not manifestly involve the unit normal n¥ . But first

we try to write this equation in a form similar to 3.10). To do this we

make use of equations (3.9), (A.15) and (A.7a) to get
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ol
i e —L— 1wt - J &’ #n yz[F'l<<fl>)f1<¢> » BEy (5,008, | 95T
sx™(2) u )
a(t) X
or
. s I g{ . Y1
i |9 > = n y2|F!(<f,>)f +RF! (<£,>)f, | |v> (3.32)
52" (E) LA G5 Rt Rt R A zJ

This is not exactly the form which we wanted it to be. To bring this to
the manifestly covariant Schwihger—Tomonaga form we introduce an element
of the world volume 30(x) enclosed between the two surfaces o(t) and

o(t+8t) at the point <€eo(t). This is done by adopting the following

definition for Goix)
I 3 § I 3. «u 8 I .
o(e) 678 ly> © = a7e x° —— [v> " = |
8o (&) a(t) §x" (&)

Then multiplying both sides of (3.32) by x" and integrating over the

surface o(t) we get

( — ¢ . 1
i | e/ g v> * = dea A yz[Fif1(¢)+ RFéfzJ lv>*
(t) 80 (£) .

3, = [ e Vsl
=-Jd g/cg'[Flf1(¢) + RFZfZJ [v>

or equivalently,

S

1!, . VoI
o (7 = = [FYE1 (0> ) £(0) + REL(<E, (005, w7 (3.39)

The right-hand side of this equation is independent of any attributes

of the space-like surface ' g. So is the left hand side. As in the case
of Schwinger-Tomonaga equation of traditional quantum mechanics we
believe that equation (3.33) exhibits the coordinate independence better

than the Schrodinger equation (3.25).



The right-hand side of the Einstein equation (3.29) will
retain its form. We must only remember that now the states are given
by the solutions of (3.33) and the field operators ¢ by the solutions

of (3.19).

Strictly speaking all of the equations written in this
chapter, as they stand, are meaningless. This is because of the
appearance in Tuv’H’ and Hi , the products of the field operators and
the products of their derivatives at the same point of space-time, As
it is well known these products have always infinite expectation values.
Unless these infinities are removed the theory is 111 defined. In the
next chapters we will talk about the renormalization of semi-classical

field theories. But the actual discussion of removing the infinities

of the semi-classical gravity will be postponed until the last chapter.

We hope that the introduction of the extra terms like (3.23)

might improve the divergence behaviour of the theory. It is also
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conceivable that these terms may affect the singularities of the solutions

of classical Einstein equations. The reason for this latter hope stems

from the following observation.

If the state ]¢> in eqn. (3.29) is a very populated quantum

state then the expectation values like <¢|Tuv|w> would be of order

N where N is an estimate of the number of quanta in the state |¢>. Now
if the functions F, and F, are chosen to be quaff%c in [¢y>,say, (as is
the case in Kibble's non-linear quantum mechanics), then F1,2 will be
proportional to Nz. For large values of N one may neglect the
contribution of <Tuv>¢' Then the right hand side of (3.29) will be
independent of N. This independence of N is at least ome qualitative

difference between the theories involving the explicit non-linearities

and the one described by the eqn. (3.16).
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§3.6 Comparison with fully quantized theory.

As mentioned above the consistency of a semi-classical theory
of gravity will imply a non-linear time evolution law for the quantum
states of the system. (This non-linearity is of course intrinsic and

has nothing to do with the F. and F2 terms which we introduced in the

1
preceeding section). The only way of removing this non-linearity
and restoring the superposition principle of the orthodox quantum
mechanics 1s to quantize gravity as well as the matter fields. In

this section we will summarize some of the techniques of doing this.

(2)

There are several approaches to quantum gravity . The one
which is mostly used in the current investigations is the path integral
formalism:(l?) This is particularly suitable if the object to be
quantized is guv. In this approach one writes a transition amplitude
for the quantum jumpsfrom a given initial 3-geometry (Yl,cl) and field
configuration ¢1 on g, to a final 3-geometry (72,02) and field
configuration ¢2 on 0,. As in Appendix A Y denotes the induced metric
on the 3-dimensional space-like surface o. Then according to Feynman's
path integral prescription such an amplitude can be written as a sum
over all field configurations which take the appropriate values on the
boundary surfaces 9y and Tys i.e.

¥ gs0ys8,17,50,,0,> = =Nf ag,,) dls] o5 8¢ (3.34)
Here N is a normalization factor, d [g] , d[¢] represent some measure
of integration in the field configuration spaces and S [g,¢] is the
action integral of the gravitational field interacting with the real
scalar matter field ¢. The integral is taken over all fields which

have the given values on 9y and Ty e
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The integral (3.34) as it stands is ill defined. This is

because of several reasons which we enumerate in the following:

i) For the real action S [g,¢] the path integral will
oscillate and will not converge. To remove this difficulty
in flat space-time, one usually changes t to -it, where T is
real. Then - iS transforms into -S and therefore the
integral will be exponentially damped. To get physical
results one must of course at the end of the calculations
analytically continue back to the real Minkowskian time.
Although this procedure is problematic in the
curved space-time but one usually adopts it. Hawking has

some arguments for its justification(lz).

ii) Not all of the guv - field configurations in (3.34) are
physically independent. The field configurations which are

related to each other by general coordinate transformations

must be counted only once. To do this one usually adds a

gauge fixing term to S which picks up a chosen class of co-ordinate
systems and thereby forbids us from doing general coordinate

transformations.

iii) As is well known from the theory of abelian and non-
abelian gauge fields the zero rest mass of these fields

makes some of their components physically insignificant. For
example in the case of &y field only two out of ten components
are physically relevant. In order to quantize these theories
consistently (i.e. preserve the unitarity) one must isolate the
physical components and keep the unphysical ones out of the

game at all stages of the calculations. The universally
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accepted technique for doing this is to add a new term to S
in eqn. (3.34), called the ghost term. This term represents
the action integral for "fictitious vector particles" which
propagate only in the internal élosed loops and never appear

on the external legs.

iv)  After doing all of the modifications enumerated in

(i) - (iii) above, the quantity defined by eqn. (3.34) is
still infinite. The analogous quantity for other non-
abelian gauge field theories in the absence. of gravity is
also infinite. However for these theories the infinity can
be rendered finite by introducing a finite number of
renormalization counter terms. The effect of these counter-
terms is to renormalize the "bare" parameters of the original

action integral.

Unfortunately the theory of gravity based on (3.34) (in which
the pure gravitational part may be given by the Einstein action) is not
renormalizable. This is infact one of the reasons which justifies our
attempt in studying a universe in which evefything is quantized except
for gravity. Although even in the semi-quantized universe the problem
of renormalization is not resolved in the traditional sense, nevertheless
as we shall see below the theory will behave considerably better as

far as the divergences are concerned.

Having mentioned the basic reasons of ambiguities of (3.34) we
will assume that it is meaningful as it stands and proceed to its formal

manipulations.

We notice that if our theory is going to have a well defined

classical limit then the substantial contribution to the path integral
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(3.34) must come from those field configurations which correspond to
the solutions of the classical field equations. Let us write the

classical action integral of the system in the following form
§ [g,¢1 = 8, (el + 5, [g,¢7 (3.35)

Then assuming that gﬁv and ¢C are local extrema of this action we
may write

By = Boy * By 6= 6% + (3.36)

where g and ¢ are some quantum perturbations of the classical back-
ground. Now we may expand the quantum action S[g,¢] in a Taylor series

about gC and ¢C

s [g,41 = §[g%8°] + 5, [g,¢] + higher-order terms (3.37)
Here Sz[é,$] is quadratic in the perturbations é,& . The approximation
scheme in which the terms higher than second order are ignored is called
alternatively as the one-loop, stationary phase or WKB approximation.
Practically all of our useful and relatively precise understanding of
quantum gravity (igﬁoring the supergravity theories) is limited to this

level of approximation.

Perhaps it is the appropriate place to mention the simple fact
that in our semi-classical theory - in the absence of self-interacting
matter fields - the one loop approximation will coincide with the exact
theory. On the other hand it is a well known fact that one needs only a

finite number of subtractions to render the one-loop theory finite.
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A A

Now we introduce a new functional S [gc,¢c,g,¢] by the following

definition :

A A

Sz[g,¢} + higher order terms i= §[gc,¢c, g,0] +

( s 68 lg] R
J d'x’ —E—0o g __ (x") (3.38a)
sg  (x")
oT
[o)
g=g
Then (3.37) can be written as follows :
c: c .c 4 §5,Lgl - =~ c ¢~ 7
Slg,d] =S [g ]+ S¢[g 61 +| dfxt —& go_r(x) + S[g ,¢ ,g,¢]
¢ SgOT(x') c
g2=g
(3.38b)
1f we keep ; and ¢ fixed and vary g and ¢ then we get
8S ssgleg®1  8s¢rg”,eC 8 5§ s gllr .
c Cc c {
8g () 8g () 8g (¥ 8g () 585, (%) o g
(3.39a)
thgc’¢c’g’¢3
 t————
c
6guv .
ss S¢0g%,6°1 85 [g%,4%,8,9]
6_¢.= + = (o] (3-39b)
§¢° §¢€
We require that gc and ¢° to be solutions of
5Sg (g1 §S¢re",4 ] .
Cc
525 (%) . sg (%) (3.40a)
{T\Y ny
and
8s¢ 25,9 ‘ (3.40Db)

c
8¢
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Assuming as usual

/-g¢ RS (3.41)

sglg®] =
167G

and defining the classical energy momentum tensor by (3.36) then (3.40a)

becomes
- c c ,c
G = 8n GN Tuv (6 ,97) (3.42)

Now by introducing the notations

- ( 8Sglgl -
—/:g-c Fuvc'r g (x) := § Jd4x/ — g__(x")
ot 58" (%) §g__(x) c oF
Y oT g=g
(3.43a)
and
-3 77 ™M s =2 S [£°,4°, &,4] (3.43b)
8g,, (¥
one obtains from (3.39)
YT g ) = - 2 TV (3.442)
and
és :
—55 - 0 (3. 44b)
FPVOT s by definition a differential operator which involves only 8o

- -

while "V is a function of 8> ¢c, g and ¢ . The lowering and raising
of the indices are carried out by gﬁv and its inverse gzv respectively.
‘One may interpret the eqn (3.44) as describing the propagation of the’

quantum fields éuv and $ in the background gravitational field gsv

generated by ¢¢ via (3.42). The quantized fields interact not only
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with each other but also with ¢° and the energy of this interaction is

taken into account by the ¢ dependence of ™V on the right hand

side of (3.44a).

~

If we regard éuv and ¢ not as linear quantum field operators
as we did above - but as merely some corrections to the classical path
defined by gc and ¢c, then we can insert (3.38b) into (3.34) and
integrate over all possible deviations from the classical configurationms.
The resulting generating functional will be a functional of g, and ¢°,

It can be successively differentiated to yield the Green's functionms

for a theory in which the external lines are labelled by the fields

gc, ¢¢ and in the internal loops one has the circulation of the
quantized fields é and & (as well as the ghost particles to
guarantee the unitarity). If we require this functional to be stationary
with respect to the first order variations of gc and ¢ and assume

at the same time that these fields do satisfy the equations (3.40) then

we get
P g @ =- 1 <™ ) ‘ (3.45a)
8s
St > = 0, (3.45b)
3¢
where the Schwinger average of any observable A is defined by
w[arg] arel a oiS
<A> := , ’ (3.46)

zlg®,4%]

Equation (3.45a) looks rather like éur semi-classical equation (3.16).
However this similarity is only formal as the content of (3.45) is by no
means different from that of (3.44) and therefore in contrast to the
semi-classical theory here the quantum superposition principle is not
violated. Now it is clear that the effect of taking into account the

contribution from gravitons as well as the matter loops in the right
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hand side of (3.45a) is the restoration of the linearity of the
quantum time evolution law of the states. However, this is done in
the expense of the non-rénormaliéability of the theory. On the
other hand if we dispense with the superposition principle of the
quantum states, then we obtain a theory with no graviton loops on

the right hand side of (3.45a) and therefore less violent divergences.

We will return to further discussions of this point in the

final chapter.



CHAPTER 4. 52.

THE SIMPLEST SEMI-CLASSICAL MODEL (The lV<¢2> theory) .

84,1 Introduction.

The theory developed in the preceeding chapter involves the
highly divergent quantity <w|iuv|w> on the r.h.s. of the Einstein
field equations. The divergent structure of this quantity, or rather that
of <o,out ]Tuvlo,in> has been under an intensive study in recent years.
However, most of these studies have been done in a fixed background
space time and all of them have led to the conclusion that the subtraction
of infinities of this matrix element is ambiguous. We will postpone the
proper study of this point to the final chapter. In the mean time
we will try to show that if-the dynamics of the background field is taken

into account then the ambiguities can be removed.

In this chapter we examine this idea on the simplest of all semi~
classical field theories, namely the theory of two interacting real scalar
fields V and ¢ in which V is left classical while ¢ is quantized. The
space—~time is assumed to be flat Minkowskian. As in semi classical
gravity here also theddynamics can be derived from a variational principle,
which of necessity is formulated in the Schrodinger picture. We will
assume that V and ¢ have a non—derivative interaction. Thus the only
similarity of the AV <¢2> model and the semilclassical theory of gravity
is the non-linearity of quantum mechanics in both of them. In the next

chapter we will study a model which is more akin to the semi-classical

gravity.

The renormalization of the theory will be carried out by introducing
counter—terms into the action integral. The constant infinite coefficients
of these counter—-terms will be fixed by imposing two physical conditions

on the full model.



§4.2, The action integral.

We begin with the Schrodinger picture action integral

S = stb+ sV + Sxpv (4.1)

where S, is the action integral yielding the Schrodinger equatiom for the

v

free real scalar field ¢, i.e.
5, = f dt {Im <$lw>— <w[Ho|¢>+ alt) (<p(e) [v(t) > -1} (4.2a)
with H defined as usual by

H =2 Jd3§ (% + ()% + u%4?) (4.2b)
and a(t) is a Lagrange multiplier.
Similarly Sv is the action integral for the real scalar classical

field Vv, i.e.

__ 114 U 2.2
Sv 2 ]d X (BuVB V+mV) (4.3)
and va is the interaction term which we take to be
A 4 2
S = " 3 [ d'x V() <p(e)| ¢7[v (v) > (4.4)

Here A is a coupling constant. One must regard S as a functional of
<w[, [w>, a¢ and V. The Schrddinger picture field operators ¢(x) and m(x)

are assumed to satisfy the canonical commutation relations

[6(x), T(x)7] =i6°(x —x') (4.5)

[6€x), ¢(x")] = 0 = [m(x), n(x')) (4.5b)

53.
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By requiring S to be stationary with respect to the first order

variations of the independent variables <y|, o and V one gets the following

equations
ili> = @+ E)uE)> - ey (©) > (4.62)
<p(t) Ju(e)> - 1=0 (4.6b)
@ 2%y v =% 0] @l ©) > (4.6¢)

In equation (4.6a) the interaction Hamiltonian HV is defined by

A

: f x V(x,t) o7 (@) .7

Hv(t) 1=
We will absorb @ in the definition of a zero point of H and thereby omit

it from the Schrodinger equation (4.6a).

If we ignore the eqn (4.6c) for a moment then equation (4.6a)
is the Schrddinger equation for a quantum real scalar field ¢ interacting
with a fixed external source V. We make use of this observation to define
a 'unitary' operator

t,

U(t,to) = T exp [ - i[ H(t') dt'] (4.8)

t
L

where T denotes a chronological product and H = Ho + Hv(t).
Now we can define a Heisenberg picture state vector
v > = U7 e, e luce) > (4.9a)

and Heisenberg picture field operators ¢(x), w(x)
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G0 = U (e, ) $(0) UlE,E ) _ (4.9b)

T = UTH(E e TG Ule,e) (4.9¢)

A

The time evolution of ¢ and = will be given by Heisenberg's equations

of motion -
¢ = i[H,$1 | (4.10a)
T o= il[H,T) (4.10b)

If we insert for H and make use of (4.5) then we can immediately show
that eqns. (4.10) imply the following manifestly Lorentz covariant

field equation for the quantized field ¢

(aua“-uz- AV(K)) 6(x) = O (4.11a)

Now we require that the field V which had been assumed to be known

and fixed - to be given by the solutions of the eqn (4.6c) i.e.
o oM _ 2 - A 2
(33" -m ) V(x) =3 <¢o| ) (x)|¢°> (4.11b)

The Heisenberg state vector |w°> will of course satisfy the constraint

eqn. (4.6b). The right hand side of equation (4.11b) is - as usual - infinite
and one of our main problems is to render it finite in an unambiguous way.

We will show in the following that in the absence of a dynamical eqn. like
(4.11b) for the V-field there is no unambiguous way of rendering the
quantities 1ike<¢o|$2(x)|¢O > finite. The same remark applies equally

well to the propagation of a quantized field in a fixed background
gravitational field. In other words although in a fixed v background

field one can isolate the infinities of <§uv> in an unambiguous way,

the elimination of these infinities is always ambiguous up to finite
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additive transformations of the renormalization parameters. We
will clarify this point in the sequal. In order to do this first

we will have to develop a perturbation theory for formal handling of our

equations.
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§4.3., The perturbation theory.

Let us assume for the time being that V is a given external
field. Then assuming that at t + — « the field 5 approaches the free
field ¢0 one may write the equation (4.11la) in the following integral

form

by ARGy V) (4.12)

b0 = .00 - [a
This form of the equation incorporates the initial condition at t = -» .
The initial field ¢0 satisfies the free Kelin-Gordon equation, while
the retarded Green's function AR(x-Y,u) is a solution of the inhomogenous

equation, i.e.
@agﬂZ) AR(X“Y,U) = -64(x-X'), (4.13)

We are mainly interested in the perturbation expansion of the diagonal
matrix elements <¢0|¢ (x)|¢0> . To achieve this we défine the following
two point function

1po 1 - ~
& T(x,x") = T <, 1{ ¢ (%), ¢(x')}|¢o > (4.14)

Hereb{g(x), %(é)} denotes the anticommutator of é(x) and &(x'). We
know that as long as x # x' the two point function ¢ %(x,x") is finite
and well defined. It is only in the coincidence limit x-+ x' that we
recover <y [%2(x)|¢0> and the infinities associated with it. Therefore
in order for our expressions in all of the intermediate steps to make
sense we will develop a perturbative scheme for order by order treatment
of ¢¢° (x,x') rather than<w0|$2(x)]wo> and then only after isolation

of the infinities we will let =x-+x'. This procedure is called

"regularization". A prescription for the elimination of the infinities
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will be called "renormalization".
If we substitute for ¢(x) from (4.12) into (4.14) we get

L L L
® %(x,x") = ¢S(XyX') - AJdAY AR y.w) V) @ °Gr,x") (4.15)

v

where @o ° (x,x") is defined by

Y, 1 e 5
o, (xx") 1= Z<y [{o (), ¢(x")} v >, (4.16)

The equation (4.15) incorporates the initial conditions only w.r.t. one

of the variables, namely, x. It shows that for all finite values of t'
Y

as t + —» thend o(x,x') approaches @0 o(x,x'). Now in order to

incorporate the initial conditions w.r.t. the x' variable as well we

substitute for é(x') from (4.12) into (4.16). Thus we get
@owo(x,x') - ¢0i°(x,x') -Af aty aRx'-y,u) V() @o¢°(x,y), (4.17)
Here the zeroth order solution ¢oo o(x,x') is defined by
o, VOex) = < 16, , b (DM (4.18)
oo 4 To' o o o

This two point function defines the initial value fo & ° (x,x') as t and

t' both approach — =, Thus our perturbation expansién for (4.14) must

be carried out in two steps. Starting with a given initial value defined
by (4.18) we can solve (4.17) up to an arbitrary order in A . In the
second step we can substitute the solutions of (4.17) into (4.15) and
iterate up to the desired order. These steps may be summarized conveniently

by introducing the following set of diagrammatic notations



59.

§4.4 The Renormalization conditions.

Until now we had assumed that V is a given background field.
It is clear that if this was truly the situation it would be meaningless
to talk about the counter term (4.23). This counter term is useful
precisely because we are going to functionally differentiate it w.r.t.
V which would be impossible for a fixed external V. Thus in the absence
of the dynamics of the V-field the best one can do is to arbitrarily
subtract the infinite graphs (4.22). However this can be done in an
infinite number of different ways each leading to a different finite
remainder . To see this point more clearly let us consider the following
two graphs which would lead to the infinite loop graphs of (4.22b) when

O""O,

l0> |o>
® > ' + < . ' =
y

]
o)
]

[dl'y Vy){ AR(X'-y,u) A(x-y,u) + AR(x-y,u)A(X'-y,u)} =

£

8(k2+u2) G(Q)elq'y ip. (x"=y)+ik. (x=-y) 1ip. (x-y)+ik(x
S Y S S S -
-7 dy &qdp dq {e +e
2 2
p t+u
2, 2
- (k" +u”) PR PR
__ A aﬁq V() dgk o1 .(q k)+1x.k+ e1x(q k)+ix'.k
4 2
q -2k.q
2.2 ‘
.- . T(k™+u") N o (k=
= - % qu elx'q V(q)J 64k - et - (k q’z) + e ic(k q/2)
q -2k.q
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¥ 1
@Ooo(x,x') X N x (4.19a)
¢0 1!"o
@0 (x,x") X . . « : (4.19b)
¢0 1!"o
& (x,x') X « (4.19¢)
-AAR(xry3u) E < x , . (4.194)
V(x) = (4.19e)

Note the symbol indicating dependence on the quantum state wo. For
technical reasons it is more convenient to associate the powers of the
coupling constant A with the "propagators'A R rather than with the
vertices. The arrow onz&R indicates the flow of time from past into
the future. With the help of these conventions we can writ; equations

(4.15) and (4.17) in the following form

v : ¥ v,
- ° = — 2 ot = - - (4.20a)
Yo - Yo + Yo o— s (4.20b)
x . . xl . i‘i‘ x' X . . xl

In diagrammatic notation the r.h.s. of eqn (4.11b) will simply be

given by X multiplied by the coincidence limit of (4.20a), i.e.

~
=

(4.21)
P :

/z""\x \\

+

x\ ! + X ;¢O+ Ca e
~ ~

1!)'

(o]
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To analyse the divergence structure of these loops we may choose |w0>
to be the vacuum of the free field ¢o. Then as is evident from
eqn. (4.18) the dashed line on the r.h.s. of (4.21) will be associated

with % of A(x-y,u), where

A(x=y,u) = <o|{ ¢ (x) , ¢ (x")} o>

f 2 6(kz+uz) ik Gey)

Therefore a naive power counting indicates that only diagrams up to
one V-insertion are infinite, all the rest being finite. These diagrams

are given by

/"..‘\
/ \ .
x! Vo> = % f as Za?y 7, (4.22a)
‘\\ 2. )
o>
T ey --2 a* a®¢ ) V(y) A(x"-y,w) (4.22b)
UY- A y &% (z=y,u) V(y) A(x'-y,u .
g >0
where
o = x-x'.

Hence in order to make the theory finite we must introduce the following

counter action
AS = - Jdl'x{ % sme VE(x) + A S0V}, (4.23)

2 . e s
Here Sm and 6% are constant (infinite) numbers,
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x+x!

2 .

where x :=

Clearly in the limit of 0 - o the integral

o BEMD iolGea/) o il (eal,)
I(q,0) : =Ja'k — (e + e ) (4.243)
q -2k.q

becomes infinite. Because of the Lorentz invariance in this limit it

can only be a function of qz. In fact if we make use of the d&-function

to carry out the ko-integration we get

( £k 1 . .
I(q,c) = J - (elc- (k.Q/z) + e-lo- (k-Q/z) +

20 ) q%-2k.q

! (@i &1/, ios (i.q/z))

2 -
q =2k.q
where

B = (%K) = (e,

By changing k into -k in the second bracket of I(q,0) we get

3
t°k 1 . .
-— ' 2 k. -1k .
I(q:c) =[ 20k % 2{ 2 q (el 0+ e . 0) COSO'% -
= q -=4(q.k)
4iq.k(elk’°- e-xk.q) sin qég} _
3
- &k 1
4[ o 3 5 { q2 cos k.o cos QL% + 2q.k sink.o¥in 953 1,
k q =4 (qk)

In the limit of o +o the second term inside the bracket will not

contribute anything. Thus
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2 EBE_ cosk.o
4q J

I(q,0) = A 9 (4.24b)
20, 4 -4(q.k)
Now if we choose a frame in which q = (qo 0) then we get
[>-]
2
I(gsc) = Y (q +m.2)n I (o), (4.24¢2)
n=o
where
= 42 4 1w
n n! d(qz)n
) 2 2 (4.244d)
q°= -m
a J d%g cosk.o
= 4(-1) n=20,1,2,3,!....,
215 (_m2+4wi)n+1

We see that as d&-+o only IO becomes infinite and all other terms

are finite. Thus we obtain the following equation

o>

PN
/ \ iq.x"
x! ¢ + x(//’_\\ii = = % { qu "% () Io(c) -
\/ N o0
[o>

In [ dkﬁ o14-% (q2+m2)n v(q),
J

&>

n=1

(4.25)

We see that if V was a fixed background field the subtraction of any
combination of the r.h.s. of (4.25) which includes the first term would
make the eqn. (4.21) finite (We assume that the constant infinity (4.23a)

has already been eliminated). Since all of these subtractions must
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necessarily include the first term of the r.h.s. of (4.25) therefore
their difference will be finite., This ambiguity will thus be reflected
in the ambiguity of the finite remainders. In the absence of a
dynamical equation for the V- field there does not seem to be any way
of resolving this ambiguity. However, when the V-field satisfies the
eq. (4.11b) then we can demand it to fulfil certain physical conditions.
Let us re-write the equation (4.11b) and in doing this let us also

take into account the contribution of (4.23). Hence if we insert from

(4.11b) we get the following modified V-field equation

(‘a.uaHmZ) V(x) = % J 2% @22 7 4+ aso +

o0
2
2 A
(6u” - 27 I o+ 0)) V() -
AE § I 2" iq.x ( 2+ 2)6( ) +
4 n=l "n a € q - a q

®. f/. !o>
\ Pl \\
A ) o> +X \ +x 7 + eieees|(4.26)
’ “e
, 5 ./

Before going any further we note that if instead of]o> we had
considered any arbitrary normalizable |¢°> then we would get the same
infinite parts but different finite parts. Thus in the first line of

(4.26) we would get an additional finite term equal to

27N .
<! ) " _ % dﬁk & (kZ + p2) elk.c ,

Ne o0
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v
and in the third line I must be replaced by In ® defined by

0

m U + JVET (0 »0)

With these qualifications we can assume that the state on the r.h.s.
of (4.26) is an arbitrary normalizable lwo> rather than |o> . This
equation involves two arbitrary parameters 8UF and 8¢ which may be
fixed by imposing two physical conditions on the solutions of the
equation. We therefore demand all of the solutions of the V-field

equation to satisfy the following two conditionms.

i). We require that when the initial V-field is
v=o andlwo >is the vacuum state |[o> of the quantum
field $, then nothing happens, i.e. V(x) = O and

~

$ = ¢o. This requires that

50 = - 1 J t s? + w0 (4.27)
o+0
ii) We again choose lwo> = |o> but take the initial

Vo-field to be a non-zero solution of the Klein-Gordon
equation. Now the r.h.s. of (4.26) no longer vanishes so that
V is not equal to Vo. Its Fourier transform

G(q) = J d4x e_iq'X V(x),

is not confined, as Vo(q).is, to the mass shell. However, we may require

that—q2=m2 be a solution of the Fourier transform of (4.26). Then this
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condition - after we have stibstituted (4.27) into (4.26) - will

require that

2
2 A
fm” = — I (o0, (4.28)

Therefore we will have the following renomalized V-field equation

for the initial |o> state

[-~]

2
WH_ 2 __ A ) 4
(aua m )V (x) : I I tqe

~

A” iq.x , 2, 2.n
A n=1 (q"+m™) " V(q) +

~ m |O> .
\ Vi
A x( ) | o> +1y w7y o+ ...
< \\_,I/ w

o>
(4.29a)
Here In's are given by o+ o limit of (2.24d), i.e.
o I & 1
I = 4 (..1) n= 1,2’3’000 (4029b)
n 2o abe m{ y+l
The equation (4.29a) can now be solved order by order in a power
series of A . By introducing the following additional diagrammatic
notions
A iq. 2 2 =~
y Lo frr“q F (@D V@) =@ (4.30a)
=1
- A AR(x-y m) = (4.30b)
H x P y ’
v = o (4.30¢)
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We may write (4.29a) in the following integral form which incorporates

the initial value Vo of the V-field

V() = 0 +aAn @ -
=0 +MMW@ - ANAAN -
\
Y| o>
Fa W a ¥ e / - (4-31)

Provided we know the initial V-field, i.e. Va, which is assumed

to satisfy the free Kelin-Gordon equation with mass m then the

series (4.31) will yield V to any desired order in A. Having thus
specified V we can then substitute it into (4.12) or equivalently into
the Schrodinger equation (4.6a) and obtain a quantum mechanical problem
of interaction of the quantum field ¢ with the given classical field V.
Our theory then is ready to answer physical questions about the system.
We may for example consider an initial state in which V vanishes
asymptotically as t + == while |¢°> is some normalized many

particle state and ask for the probability that the system will be found
in some‘designated set of states in the distant future. This is a
meaningful question provided that V also vanishes in some suitable

sense as t + + o, go that free "out" states exist (an assumption

which can and of course must be checked). It is Straightforward to compute
the "scattering amplitude" <y,out Iwo,in> for any designated process.
As in chapter two here also the non-linear dependence of<y,out [¢°,in>

on ]wo,in> will cause the single particle states to be unstable.
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CHAPTER 5: A SEMI-CLASSICAL MODEL WITH DERIVATIVE COUPLING.

§5,1. Introduction.

The AV<¢2> model which we considered in the fourth chapter
does not exhibit the real difficulties inherent in the semi-classical theory

of gravity. These difficulties have essentially two inter-related sources:

i) The object of the prime importance in the semi-classical theory of
gravity is<w°|§uv|?0>. This symmetric second rank tensor appears in a
natural way in our variational principle and it involves the product of the
derivatives of the field: operétors at the same point of space~time. As is

well known these products and hence their expectation values are ill defined.

ii) The AV <¢2> model does not share the intrinsic non-linearity of the
gravitatioggl field equations. This non-linearity is a reflection of universality
of the gravitational coupling. This difficulty however is only a technical
one. In fact in both chapters five and six the linearized theories will

suffice to clarify our techniques and our viewpoint.

We will deal with semi-classical gravity proper in the next

chapter. In this chapter we would like to construct a model which exhibits
only the first of the above mentioned aspects. In constructing this model

the requirement of simplicity will be our only guide. We therefore begin

with flat space-time with the Minkowskian metric M and consider two real
scalar fields V and ¢ . We also assume that the propagation of the ¢-field

is governed by quantum mechanical rules whereas the fieid V 1is left classical.
Then one of the simplest Lorentz invariant couplings between the two fields

which involves the derivatives of the ¢-field is the following
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H ~ -
03-nh) VGO =3 <« o s by, > 4

2 -
e VG| 8% ) [y > (5.1)

The r.h.s. of this equation has been written in the Heisenberg picture.

In the next section we will see that there is infact a Schrodinger picture
action integral yielding a V-field equation which reduces to (5.1) in

the Heisenberg picture. There we shall also see why we have preferred this
particular coupling rather than the seemingly simpler one in which the

second term on the r.h.s. of (5.1) is absent. The corresponding Séhnmdinger
A{ox Heisenberg) equation govefning the dynamics of the ;—field is considerably
more compiicated than the one which we had for the AV <$2$ model. Nevertheless

we shall see that as far as the elimination of the infinities are concerned

our programme 1is again applicable.
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§5.2 The equations of motion.

We consider the semi-classical theory of two real scalar
A
fields V and ¢ whose dynamics is described by the following Schrodinger

picture action integral

sC{v>,<¢],0 , v ]=I dt{ Im <¢|w> - <plH[Y> + alt) (<p(e) |o(e)> -1)}-

%J a%x (auva“v +n? V%) (5.1a)
where H is defined by
i{ .3 " (x) : 2 2.2.2
H=35 &zl ——— + @@nVE)) ()7 + 1+AVE) w7 (%))
1+AV (%)

(5.1b)
Here A is a coupling constant. The reason for this particular choice of
H will become clear shortly.
With considerations similar to those of §4.2 we can easily get the

following equations of motion

i v = @ - ae)]be)> (5.2a)
2 A -’ 2 2,0 2
(35 V) = 5 O I, + 6@ + 21" AV )67 @) H v (e)>
(L+AV(x) :

(5.2b)

Now we wauld like to transform into the Heisenberg picture. Along similar
lines to those of (§3Jwe can easily show that the Heisenberg field ¢ satisfies

the following covariant equation

- A A
@agu2)¢ - Xu2V¢ +—;— auv 8u¢ = 0 V (5.3a)
1+AV
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In this picture the r.h.s. of the V-field equation also becomes manifestly

Lorentz invariant, i,e.
© (03%n? -2 5 (x) 9" 4
@YmmIV(x) = 5 <¥ |3 98" ()] v > +
2 2
A (1 )< Y [é =) > (5.3b)

It is worb mentioning that if we introduce a field guv by the definition

g = an __, (5.4a)
with

Q ¢ = 1 + AV N (S-Ab)

then equation (5.3a) may be written in the following form

2

-
[
o

BJY:Q gV ) -

. 5.5)

/-g

This 1s of course the main reason for the choice €5.1b) of the Hamiltonian.
For a fixed V-field this equation may be derived from the usual Lagrangian

density

s F8 @™+ ul 8D, (5.6)

L = -5

In this form it is easy to discuss the divergence structure of the theory

~

Infact it has been established that for a real scalar field operat or ¢
whose dynamics in a given background &1y -field is given by (5.5) the most

general counter—term which is needed for the elimination of the infinities

has the following form. (14)

2

L == /=g (A.+ AR + BR® + CRuvRuv) (5.7)
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where A,A,B and C are (infinite) constants and the R's are the

curvature tensors associated with the metric g uv[c'f' eqn A(59))] .
However for a metric of the form (5.4) the Jdéx /:g R2 and Idéx /:g RuvRPv
differ only by a constant. (This is because of the vanishing of the Weyl

tensor). Thus we need only the following

AL

- /=g (A+ AR + BRZ) ‘ (5.8)

Up to now we have assumed thatthe V-field is given. However in order

to fix the regularized forms of the constants A,A and B we will have to
use the dynamic character of this field. This is indeed in conformity.
with our general idea. Thus first we must develop a perturbative scheme
for our model. In principle we can do this exactly in the same way

as we did in the preceeding chapter. However in practice it is more
convenient to deal with the Feynman propagator rather than the retarded
one. It is also worth mentioning that in dealing with the gravitational
field it is more suitable to employ a regularization scheme which respects
the general coordinate invariance of the theory. Although the covariant
point splitting technique does have this property it nevertheless gives
rise to direction dependent terms, which in ordef to be got rid of one
must arbitrarily average over all directions(15>. The dimensional
regularization scheme of 'tHooft and Veltman, on the other hand, have the
property that it employs only one regularization paramater € = 2 —'%/sWith
#- being the space-time dimension, rather than four combonents of oF
which are needed in the covariant point splitting technique. (Here o"is the
tangent vector to the geodesic line connecting the neighbouring points x and
x' and its length is half of the geodesic distance between the two points)(ls).

For these reasons we will use the dimensional regularization in this and

in the next chapter. Jo this end we define a two point function
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dPo(x=x') = i<y T (4G BCx') | b : (5.9)
Yo
notice that when ]¢°> = ]Qin>then A reduces to the exact Feynman
propagator relative to the in-in vacuum states. As long as x#x'

this function is well defined and in both variables x and x' it satisfies

the following inhomogenous equation -

1 v 9 ¥ —64(x,x')
[—2 O~g g78) -u2 °%xx") = ——, (5.10)
/g /=g (x)

where, for the model studied in this chapter = is given by eqn. (5.4)
If we substitute for guv in terms of V and multiply both sides by v-g
we get the following equation

v i
(GHB“_L?)A O(x,x') = -8%(x=x") -AV(x)(auau—HZ)A % (x,x") +

] ]
A2V (x) (1A @)D O (x, ') 23, V@3"2°x,x")

(5.11)
1]

In the next chapter we will discuss a general way of expanding A °(x,x')

in terms of the zeroth order solution A ®(x,x') defined by
wo ' . . N 1
Ao PGxx") = i<y T G () o =N > (5.12)

For the time being we will discuss only the linearized fheory and take

Iw°> to be the "in" vacuum |o> . We will require that the first order
solution of (5.11) approach the free Feynman propagatorl&F(x—x') as both t and
t' >+ - o, Under this condition equation (5.11) may be written in the
following form |

4

A(x,x') = AF(x-x') - jd y AF(x-y) H(y) AF(xLy)

+ Jf d*y K (x-y) A T (xt-y), (5.13)
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here H(y) is the following linearized operator

3 3
H) = 2v@) @3" -uh) + nfe) -2 e L, 6
H 3y 3y
and A(_) is the negative freauency function. (In the next chapter

we will give a general formula which reduces to (5.13) in the linearized
theory). It is obvious that (5.13) satisfies the linearized form of (5.11)

w.r.t. both of its arguments and approaches AF(x—x') as t and t' > - =,

We will be interested in the coincidence limit of A (x-x')
L}
and aua“ A(x=x").- It is not difficult to check that in this limit the
(=)

term involving A is finite and it is only the first two terms of (5.13)

which become infinite. By substituting the Fourier transforms of

=)

the A , 1.e.

A (xmy) = i Jer‘*p 8(p°) § (plen?) o PGY), (5.15)

we can show that

Ah(x—x')‘ :=I dl*y A(_)(x-y) H(y) 2 &) (x'-y) =

- Afaﬁq Y@ f S R SN G PRI

2
t.(p2+u2) 3 (q2+ 2p.q) (u2 - -g— )_} . (5.16a)

(The subscript h on Ay is to remind us that this function is a solution
of the homogeneous equation). In writing (5.16 a)we made use of the S-functioms

to substitute —1.12 for p2 and % for p.q.

From (5.168)we may easily evaluate
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A 2 ]
n o : 3 Ac (xx') = A J V(q)[ d‘lb -ix.p+ix .(p+q){e(po)
X 9x /
o_o 2.2 2 ' 4 q4
8(-p —q )8 (p"+u)8 g"+2p.@)(u - . )}, (5.16b)

Now we can let x=x' in (5.16). Then we will need to evaluate the

following integral

I(qz) = [ &4p{e(p°)e'(-p°-q°) ‘6(p2+u2)t (q2+2p-q)} s

T 2 2 ‘
= f——-p- { 3(p ~uw) 6(- 4q )& ("+2p.q)} , (5.17)
sz‘ 1y f

+ (??+u2)£

where wP

To calculate this integral we choose a frame in which q = (q°,o).

Then
2 1 o)
e(-mp-qc’) §(q“+2p.q) = § (@ + 2uw) ,
- 2w .
»
and we get
: 1 1 0.2
1(¢%) = T g2
1 2
- — G v L)t eatad e-a® (5.18)
I q

If we substitute (5.18) into (5.16) we get

, _ )
B (x) = -Afer“q '@ (¥- LH1dd , (5.19a)
Ao 9 9 ' M2 iq.x g 4 gﬁ 2
T gr g © b p(xx )l =Nd'q 7T V(@) (M- 2p) I(qT) (5.19b)
X

x=x'
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Unlike these finite quantities the contribution of the first two terms

of (5.13) - denoted by A.

- is infinite. Indeed if we substitute
inhomo :

the Fourier expansions of AF in A we get

inhomog

ip. (x-x")
(x,%") =J(cr“p e 7 -

A : 2

~ b d (e 2 -
A IaAq %) faAP oix-pmix .(p=q) 2u"+p.(p-q)

R (5.20a)
2 [ (p-q) 41?3
Similarly
2 dip.(x-x')
A ) d 4 P & -
n —_— —— A. . (x,x") = Ja'p
ax)‘ 3! inh p2*_112
4w 4 ix.p-ix'.(p-q) p. (p=a) 217+p. (p=q)]

A[d%;V@)que : : : ) ' R > (5.20b)

\ (p+¥)I(p~)"+u”™ ]

Clearly eqns (5.20) become ill defined when xéx’. To give them meaning
first we must regularize the integrals. To this end first we make use

of the Feynman identity

1
1 f .1 ,
—_ = b ————— s 5.21a)
ab © " [ag+(l-@b)?
with a = (p-@)% + 42 and b = p2 % (5.21b)
to write
P = P >
@2 -0 2?1 o (p2+2k . p1e2) 2

where

k :=-o0aq and M2 1= aq2+u2 (5.21c)
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then we apply the technique of dimensional regularization whereby we
. . 4 . . . .
substitute p0 = -1p and then make the space-time dimension an arbitrary

complex number n. This amounts to the following

atp > i d% (5.21d)

Having gone through all of the steps (5.21a-21d) (and making use of
the formulae in Appendix B), the equations (5.20) may be written in

the following form

reg
Ainh () = ic +
e 27 2 2
AT (€) . 1 {q°[a”(3+e)-a(3+e) J-en")
— [dnq 1% '\Jf(q) do }’ (5.22a)
16T o] 2-q2(a2-a)] £
\ reg
n ¢ _Bx _8__0 inh (x-x' )l = -iuzc +
3% 3%’ x=x'
22 4
AT (g) . {ala)q "'b(a) q -p
5 d'q elq‘xﬁ(q)Ld a2 n } (5.22b)
16« [u"—q (a ~a)] ¢

Here ¢ := 2~ % is the regularization parameter. The new symbols a,b

and ¢ are defined 'by

1- T (e) 2 9
c = - I dnp -5 = 5 v [ 1*+e(l-logu™) ] , (5.23a)
p+ 16m
ala)i= o (10+6¢)+0>(~20-12¢ )+ o ( Zl +3e) - alZE . (5.23)
b(e) = o2 (~6-6¢) + a(6+be) - & (5.23c)

2



Except for the first terms in edns (5.22) which are constant infinities,

in the V-dependentterms it is only maximum up to the q%—terms which are
infinite. To see this and to write (5.22) in a form which is more suitable
for our renormalization prescription we expand these equations in a power
series of (q2+m2). In doing this we make use of the following
approximation

€

L uz-qz(az-a>] =1 +¢log [uz-qz(az-a)l +‘e(s%), (5.24a)

We also introduce the expansion coefficients fj€1) through
2 2 ] ;
loglu —q (az-a) 1= ) fj(a) (q2+m2)3, (5.24b)
j=o
where

£ (a) 3= 1og[u2+m2(a2-a)] R (5.24¢)

Now with some straightforward algebraic calculations we can show that

. re . ( X . 2.2
'1Ainﬁ(x) = et V- 1AJdnq e} * y(q){ ¢, (q"+m") +
cz(q2+m2)2} to (%), (5.25a)
and
reg 9
-1 nko . A (x,x") - = -We+ 4 AV -
axA ax'c inh x=x' o
ix fa“qemx T(q) {dl(q2+m2)+d2(q2+m2)2} + 0(x) (5.25b)

The infinite numbers c; and di are given in (B-7) to (B-12). The finite

functions ¢ (%) anda (x) are defined by .
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—3AT(e+ 1) .o A @ i
O(x) = ——m—— f atq 1% V(q)f da(@i-a) T (dPendHI £ (o) -
16 : j=2 ]
(o]
me (a) 1] (5.26a)
et '
. ~AT (e+1) o 1 = i+2
o () = ——— tq UFT@) | da T @Pmd) T [ a(w f£.(a) +
16 17 , o j=1 1

('@ ~2n'a) £, (@ + @fa@) - awPb@ e, @7,

(5.26b)
Finally we define <o];2 (x) |o> T€8  through
<o $2(x)| o> T8 1= o4 Areg(x,x') , (5.27a)
x=x'
similarly,
<ofa ¢®) 3¥e (x) > EBi=-ighd 2 B TB(x )| (5.27b)
U c
ax”" 9x o
X=X
where
Areg(x,xn) = Areg (x,x') + Ah(x,x') s (5.28)
inh

In substituting from (5.19) and (5.28) we must remember first to
analytically continue back the finite part of. Azzﬁ into the 4-dimensional
Minkowskian space-time then add it with Ah.
Now we substitute (5.27) as well as the contribution of the
counter term (5.8) into the r.h.s. of the V-field equantion. Thus the

modified V-field equation will be the following: (the contribution of the

curvature terms have been calculated in (AS59 to (A60).

* [On the question of reality of the regularized <o| ;z(x)lo JT®8  .nd

<o au¢ (x)d" 0(x) |0 >T®8 see 54 of Appendix B.]
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(BBEmZ)V(x) = 2 (-2 £ 4 (w2c + 20) (1+2V) +

2 do 2 2
[ (u c°+ —2—) + m“(-3A+18Bm") + go] AV -

. d
ix [d‘nq 1 () (q2+m2)2(u2c2+ -% + 1813+g2) +
2.2.,2 4 2. -
(q“+m”) (u c1+—2— + 3A - 36mB+.-%)] + & (x) } (5.29)

where the finite numbers 8,781 and g, are defined by

o, 2 .
g, = R T(q") 2 2 i=0,1,2,
q ="m

. N2 .
with T(q") given by

T(q%) = -iJ déx gla-% (2, NCELE T2 2 x')
ax¥  ax'™ D x=x'
and the finite function & (x) is given by
3 =ulom +3o(® -
i Jdﬁq‘eiq'x {?f(qz) - izo gi(q2'+m2)i} , (5.30)

)

with ¢ and g defined by (5.26)
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§5.3 The renormalization conditions.

As stated several times before,in our program in order to give
an unambiguous expression for the finite remainders we fix the regularized
renormalization parametersby imposing physical conditions on equation (5.29).
In principle any three conditions may be imposed on the solutions of this

equation. In practice however we choose the most convenient ones, e.g.

i) *  We demand that the coefficient of (q2+m2)2 to vanish.

ii) If the initial V-field satisfies the free Klein-Gordon
equation then the coefficient of (q2+m2) in the Fourier

expansion of (5.29) must be -1.

iii) If the initial V-field is zero and the initial quantum

state is o> so must they be for all future times.

As we see all of these three conditions - particularly the
last one - depend on the dynamic character of the V-field. For a fixed back-

ground field these conditions would be meaningless.

The first condition immediately implies that

U T

- - -2
B= 18 (u ¢, + > + g2) (5.31a)

The second condition plus equation (5.31la) yield

, d d
_ _1_2 Y 2,2 2
A= -Jlue + —5 +20 (Wey + =5+ gy +g] (5.31b)

In order to implement the third condition we first evaluate the pole

parts of A and B. We do this in order to show that the coefficient of AV in the
i . . 2 c 2 2 . . .

2nd linme 0f(5.29) is of the form -y —— t4ém, where dm 1is finite.

Therefore the non-derivative infinite terms in (5.29) occur only through
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the combinations (1+AV), which is obtained from&ig =8(1+AV)Z in

the counter action., This is of course essential for the renormalizability
of the thegry. Otherwise we would have needed the non-polynomial counter-
terms Zo A;.Vn , for the determination of whose constant coefficients we

n

would have required an infinite number of physical conditions .

Since <, and g, are finite the pole part of B is the same as that

of g%- d2, which may easily be calculated from eqn (B.13) and (5.23) to be

T(e)

e N I 1 1
p.p[B] % p.rpLdz]— 36 X 3 (5.32a)
16T
similarly 2
1 pe) M '
p.p[A] = 3 5 7 (5.32b)
167

Therefore the péle part of the coefficient of AV in the 2nd line of (5.29) will b
2 % 2 2 - e
P-P[ u Co + —2 + m ("3A.+18m B)+go] = T _1_671.? .

which is the same as - u2 /2 p.p[c]. Thus if we make use of (5.31)

in eqn. (5.29) we get

(3% WV = A (W2 £+ 20) A0V + guAV + 0 () } (5.33)

2 3 . . . *
Here 6m 1is a finite number and is given by

d uZé

2 o 2 2
co+ 2)+m(3A18Bm)+go+ 3

sm := 612

Now we can impose the third renormalization condition on (5.33). This
will imply
T T S (5.34a)

with

P.PAl = F —5 > (5.34b)



§5.4 Comparison with the results of 'tHooft.

'tHooft has given a master formula which removes the

83.

infinities of the class of the models whose dynamics is described by the

(19)

following Lagrangian density.

_ 1 i3 v ik 1
RLIEE KR SRR AL ANREE TR

where N = -yt n X.,. =X,..

u M ij ii
Note that L is bilinear in ¢ . The i,j are the internal indices.
'tHooft argues that all one-loop infinities as n+4 (or e+ 0) are

absorbed by the counter-Lagrangian

M= — /—g Tr{z—i'- ™y +%X2-T%- RY +
81" (n—4) . MV
1 Hv 1 2
55 Rk I * 335 R 17

where

Tr I = number of fields

= - + -
YuV Bu NV Bv NU NU NV Nv N]‘1

Now if we compare (5.35b) with (5.8) then we can make the following

identifications
N=0 Y=0, X=-y

If we also use the fact that for the metric (5.4) we have

[ dhxvfzé (RHQRHV- % RZ) = total divergence

then (5.35b) becomes

(5.35a)

(5.35b)
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AL = V-g {A'+A'R + B'R%) (5.36)
where
4
1 u —u4F(e)
A' = 2 = --——-————-2 (5.37&)
& (n—-4) & 4x 167
2 2
PUN— L . L) (5.37b)
8 "n-4) 12 12x 16
gt = 1 1L _ ZE) (5.37¢)

8 An-4)  24x6 ¢ 36 167 >

Recalling that the definition of our Ricei tensor Ruv.differs
by a minus sign from that of 'tHooft's we observe that (5.37) is exactly
the same as the pole parts of A, A and B - given by eqn (5.34b),

(5.32b) and (5.32a) respectively.

Thus the two counter Lagrangians (5.8) and(5.35a)differ only
by finite quantities. This finite difference is actually unambiguously

fixed by our renormalization conditioms.
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CHAPTER 6. THE RENORMALIZATION OF SEMI-CLASSICAL
THEORY OF GRAVITY,

§6.1 Introduction

The model studied in Chapter 5 ~ if fully quantized - is
clearly non-renormalizable. We saw however that leaving one of the
fields classical permits us to eliminate the infinities by introducing
a finite number of renormalization counterterms. This observation
is of course of a paramount importance for the semi~classical theory
of gravity.

Invrecent years there has been an extensive study of the
propagation of the linear quantum fields in a fixed background space-
time. All of these studies have indicated that in order to give the
theory a meaning one must add the counterterm (5.7) to the
action integral. Apart from the fact that for é fixed &y field such a
procedure is meaningless, as we saw in the last two chapters in the
absence of the dynamics of the glu,—field the finite remainders are

'

also ambiguous.

In our theory however the existence of the action integral (3.13):
and therefore the dynamical character of guv solves both of these
preblems simultaneously. Thus the renormalized action

ST% = Sg o+ S+ Jd“x AL (6.0)

with AL given by (5.7) will lead to the renormalized Einstein-field
equation. By imposing four renormalization conditions on this equation
we will be able to fix the regularized values of the parameters, j;,A,B
and C unambiguouély and thereby obtain uniquely defined finite

renormalized field equations.

The procedure will be exactly as in Chapter 5« Only the

computations will be somewhat more involved.
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56.2  Th larization of<y | T
e regularization of wol Tuv|w0>

In recent years there has been considerable amount of interest
in the matrix elements of %nv —operators of the quantized fields
propagating in a given back-ground space-time. These matrix elements
are infinite and in order for them to be meaningfully handled their
infinities must be isolated by some regularization scheme and then
removed by a renormalization prescription. For a given quantized
field the singular structure of the matrix elements of %uv is independent
of the choice of states although the finite parts depend on them(la).
In order to study the divergence structure of these matrix elements
it has proved technically simpler to work with <out;o|fuv|in,o> rather than

with any other; and therefore all of the regularization schemes

developed so far have been so constructed that they only yield the finite
{
4

part of this particular matrix element. Of course if our purpose was
just to investigate the nature of the counter—terms to be introduced

for the elimination of infinities this would be quite sufficient.
ﬁo&ever, in the semi-classical theory of gravity an off-diagonal

matrix element on the right hand side of the Einstein's equation in
‘genéral would lead to complex solutions for 8 which from a physical
point of view are very undesirable. On the other hand in our
theory-based on a variational principle - we are forced to have the
diagonal matrix elements of iuv as the source of the gravitational
field. This calls for a systematic treatment of the infinite as well as

the finite parts of these quantities.

Let us consider the two point functionA o(x,x') defined by

eqn (5.9). As in Chapter 5 we will define the<¢b]¢ 2(xﬂ¢:°5reg and

reg

<y, | au:j; (%) a\)l;' ()| v 0’ through

A v
g |87y T8 = (18 %Gx") ] , (6.1a)
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- R ) 3 ) reg
. reg ,_ __. °__ A Qg x!
<w0!au #(x) c (=) |y > i= (-1 TR (x,x') ]x=x' s (6.1b)

Having got these regularized quantities we can easily construct

<¢o[ %uvlg >. Thus the main problem is to evaluate A¢ 0(x,x') and

then regularize it. TFor a real field satisfying the eqn (5.5) this
function will satisfy the inhomogeneous equation (5.10). Our objective

is to solve this equation with the condition that as t and t' > - ©® then
Au)o(x,x') approaches A o 0(x,x’) defined by (5.12). To this end we

choose a class of coordinate systemsin which the following conditions are

satisfied
9 (/_E gl—l\)) = 0, Vv3o0,1,2,3 (602)

We also introduce a new field huv (x) through

V@ =" - " ), (6.3a).
.We may also write
Fe) =1+3h, . (6.3b)

We remark that in the linearized theory h(x) will be given by
v
h(x) =f1whu (%), | (6.3c)

v
In general however h will be a complicated function of ' (%)
which we do not need to specify. If we substitute from (6.2),(6.3a) and
(6.3b) into (5.10) then this équation may be written in the following

integral form

1) 1) ¥
A %(x,x") = Aoo(x,X') -[dAyAR(x-y) H(y) & °(y,x") (6.4a)
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where H(y) is defined by

H(y) := - = h(y) (5 3%¥ =12 + (L+3h(y)hM() 5 5 (6. 4b)
2 " 2 N

Equation (6.4a) incorporates the initial condition w.r.t. the x
variable. However as it stands it is not symmetric w.r.t. the inter-
change of x and x'. Thereforeit does not satisfy the eqn (5.10)

w.r.t. its x' variable. On the other hand if we symmetrize this
equation w.r.t. the interchange of x and x' then it will not satisfy
(5.10) in neither of its variables. However, we may force it to satisfy
this equation by symmetrising and adding a new term to it, i.e.

if we write -instead of (6.4a) the following equation
1] v 1
b °@x,x") =4 oo(x,x') "J d*y (aRxy) B & °(3x") +

v
sRx'-y) H(y) 2%y, x) +

A R(x—y) F%(y) A R(x'-y) 1, (6.5a)

then we can choose F(y) such that A o(x,x') meets all of our demands.
Before going any further let us write (6.4a) in a slightly different form.

We do this first by inserting (6.3a) and (6.3b) into (6.2) to get

s H"= o, ' (6.6a)
where

Wy o V-2 natY (6.6b)

Next we substitute (6i4b) into (6.4a). After doing some integration

by parts and making use of (6.6) we get
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v v
a Clx,x") =2 oo(x,X') -Jdl‘y{%uzAR(x—y) h(y) Kj‘ly,X') +

3

R Y
— A (X_Y) H HY 9 AQy,x' )} ’
sy ¥ 3y

Now we symmetrize the expression under the integral sign w.r.t.

the interchange of x and x' and add the additional terms. This

yields

v v : 2 ¥
b °(x,x') =4 Oo(x,x') -J d4y{% w AR x=y) hey)a © (y,x') +

R ]J.\) 3 . lpo( !) +
A (x=g)H —— p TE

1

Y
L ey n) 8 2w s

]
2 AR(x'-y) 1 () —3—; A O(y,x) o+

3" By
R lpo R
A(x-y) F (y) AT(GE'-m}, (6.7)

Y
where the unknown function F © js to be determined from the condition

that (6,7) satisfies (5.10) w.r.t. x and x'. Thus if we act on (6.7)

by ( auaux Quz), say, we obtain the following

; 2 v
2R F O = Jd4y{ o Bat-phy) @ 2P Or,m) +
v
— 2By 1% -2 2 D w0, (5.8)
H Y X
3y 3y

b . .
Hence the perturbative solution for A (x,.x') must be obtained in the

following order. First we substitute the zeroth order solutionsAw%



of eqn (6.7) into (6.8) to get the first order solution for F then
v

we replace it into (6.7) to obtain the first order solution for A °
which in turn must be put into (6.8) to yield the second order
solution . These steps may be repeated up to any arbitrary order.
It is worth mentioning that here we are dealing with perturbation

. o . . .
expansion ford ~. At each stage of this expansion we may in turn

expand 8y in a power series of some parameter, the Newtonian

constant, say. In solving the equations of the semi-classical theory

of gravity these two expansions must bf course go hand-in-hand.

Now as an example (and for use in the next section) let us
. o
choose |wo> = |o,1n> and calculate the &~ (x,x') up to lowest

non-trivial order.
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The lowest order solutions is of course trivial. It is the free

Feynman propagator AF(x—x'). If we substitute this into (6.8) we

get

AR(x—x‘) F(x) = E—'AR(X'-X) h(x) +

9 9
" o)

v
s xr-x) B (),
lDo
To get the next order solution this expression as well as AF ford
must be replaced into (6.7). If in doing this we also make use of

the identity

bR ey = Fxy) - 8 ey

-)

where A

after some algebraic manipulations we get

is the negative frequency function defined by (5.15) then
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Alo?;)(x,x') = AF(X-X') -

2
[dy (¥ Foey no) Faatyy

= F et e L Fay -

3y dy

S -)

5 A (x-y) h(y) A x'-y) -

2 2O ey e L 1O @y, 6.9)
dy dy

By introducing the function Ah(x,x') through

2
A (x,x") ==J d4&{ Eg 2 &) (x-y) h(y) 2 x'-y) +

d =)

2 29y e L 2Oy (6.10)
u v
dy ay
we may write (6.9) in the following form
| o>
A ' = A ' 1
(1)(x,x ) inh(x,x ) + Ah(x,x ) (6.11)

The subscript h on Ah is to remind us that it satisfies the homogeneous

Klein-Gordon equation in either of its variables, i.e.

2
(aua“ -ua, = o,

Thus the Ah term in (6.11) is just to ensure the right boundary conditions

satisfied by Alozl) (x,x")
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§6.3 The linearized theory.

The linearized theory is an approximation in which h 1is given
by nuvhuv and B*Y is given by

v = %nwh - (6.122)

In this approximation any term invdlving second or a higher power of

h will be ignored. Thus 81y ,the inverse to guY will be given by
g =n__ + h ' ' (6.12b)

where

ti=n.n _h ' (6.12¢)

From now on we will restrict our attention only to this approximation.
What we want to do in the remaining of this chapter is to study the
general structure of solutions of the linearized Einstein's equations.

To this end the first task is evidently to have an unambiguous expression

for <Tuv> . Therefore first we must renormalize the theory.

As mentioned in the beginning of the previous section as far as
the divergént structure of<wo]iuv|wo> is concerned the choice of the
state |w°> is immaterial. However, it is the finite part which we are
interested in; and that depends on the choice oflwg. We shall choose |¢o>
to be |o,in> .

A

Let us first calculate the contribution of Ah to <Tuv>o . If we

substitute from (5.15) and (6.12a) into (6.10) we get
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b, (x,x") = fdﬁq ikc(q)[ g% e7ixep * ix'f(p+q)'{e(p°)s(p2+u2)

8(-p°-a"% (@*+2a.0) b, By ) (6.132)
From this we easily get
aua; A, (x,x") = [cr‘l*q E_AU(q) Jdép eix.p + ix'.(p+q) (6.13b)
186%) s D e(-p°-qM 6 2. 0,0 . +pa) }
ATo v Hv

Now we may let x = x'., In this limit the p-integrals in (6.13) can
easily be evaluated. Let us consider (6.13a). On the basis of Lorentz

invariance the p-integral of (6.13a) can only have the following form

4 2, 2 2
I, *= J &' 8 (p)8 (p +1) 68 (-p°-q°)8(q +2p.q) PyP, =

q,9
Ao
1@t R,

where a, and a, are invariant functions of q. These functions can be

2

determined by forming the following tensor contractions

AC .2
L= - I
= al(Q) + 432(‘1)’
Ao
qq 2
= 9 1
q2 IAU 4 (@)

al (Q) + az (Q) s

where I(q) has been defined by (5.17) and evaluated in (5.18).

Thus we obtain the following value for a, and a,



Wi

a, (@) =

w? + 31,

2

a,@ =73 %+ g

Upon substitution of a; and a, into I,, and the resultant expression

into (6.13a) we get

=1
Ah(x) =% (&

On the other hand the p-integral in (6.13b) - after being

symmetrized w.r.t. the interchange of u <> v - may be written in

the following form

Iuv,lc:=

a

4

iq.x » 2 q2
qe h(q) (-u +-§—) I(q) ,

[aﬁb{e(po) 8(p2+u2) 6(-p° - ¢°)

P,q, * P

1 nuv nxo+ a2 (“ux nvo+ nuonvx) *

q,9 S

Ty
3 2 Mo
q

1

oy, 2 T

2 aS (qvqo nuA + quqx Nvo + qvqx nu0+

q

where al....a% are invariant functions of q.

functions we evaluate the following tensor contractions.

| n
G“Nqon: \))\) +

L9 %
A

q

b

2

2 Vv
8(q“+2q.p) plpg(pupv+-————§-——-y)}

To determine these
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(6.14)

(6.15)



2
uv Ao _ .2 ,2 q _
n Lore =W (0 +35) I(q) =

16a1 + 8a2 + 4a3 + 4a4 + 4a5 + ag

2
WA _vo _ 2,2 q _
N g =M (W +5-) I(@) =

+a, +a, +10 a_ + a

1 2 3 4 5 6 °’

1. ‘
qq Ag 1 22
2 L PR @) =

=4a1+2a2+4a3+a4+4a5+a

qlqo —q2 2
R = — 2, 9 -
n L vio Z W+ *5) e =

Lta, + 2a, + a, + 4a, + 4a

1 272 4 5 +a

6 H

A 4
u -q (
n I = — I(q) =
q2 UVAo 16

=3 + 5a2 + a3 + a4 + 7a5 + acs

vV Aa
a"q"a"q -¢*
A Livie = 718 ) =

]

a; + 2a2 + a, + a, + 4a5 + ag »

These equations can easily be solved to yield the following

2
2+ L)% 1@

[¥)]
—
(%21 o
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2
s = 6l Ly @l d @,
clale Ty @2-2 ) 1
a, 15 M Z H > 4 q
1,2 2,2 g*
ag =3z G+ L% 1(dhH - & 1@

After substituting I ERERLA into (6.15) and then putting IuvAc

into (6.13b) we get

. 2
aua;Ah(x,x') = T%—IﬂAq 13X I(q) { (u2 +«SZ ) x
. x=x'
n q.9
w2 2, ¥ u'v 3 2 7 2. % -
R ORI LRI
1 2
15 2 ~ 2 q\ =
2 Ght F g RO 2 00 R @D
A

To calculate. the contribution of Ah to < olTuvI°>’ we substitute

(6.14) and (6.16) into the following*

- : ) )
<o T (0> =-i limit { - —— —— '+
1 Ao D 3 2 '
=N ('n —_— — 4+ U )} A (x’x') s
2 uv axA 5" h

96.

(6.16)

* On the question of the reality of <o| Tuv(x) |o>h see §4 of Appendix B.
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From which we get

a _ =i 4 iq.x 49 2 7 2%
<ot loy = 7| dfeltF 1) ¢ - 2507 )22 + I D
2
_1s 2 ¥ 2,4 ,2¢
33 4,9,9 h(@) +2 W +5-)"h  (q)}
2 2
n . 4 uq 4
- [ d4q "1 * () R ( Eg * -t gg') ) (6.17).

10

In a similar manner we can calculate the contribution of Ainh to <°[Tuvl°> .

We denote this by <o|Tuv|oz

oh The result of a relatively long calculation

is the following

<°lTuV(X)|°>inh = 5 — 1+ e(3 - logu ) 18y *

16T 4

. n_ iq.x Ao _ 1 Y 2
i ch qe (@) {q L Ao t 3 c’SW(B yao FWES )]
2 Lo (gY 2
q qv Aot @ [ Buvlo *3 uv(Bon tu Eélo )]
w2 Y '
- <I>W(X) + - [uex) + ¢>Y x) 1, ‘ (6.18)
Here e = 2 - % with n as the spacetime dimension. The constant

tensors A's and B' are defined in §3 of Appendix B. The finite function .

qu is defined by



. b5
- _|+4 _1g.x A0 2
@uv(x) = th e h" (q) [ doe D ig(45%)
o
where
2 o % 2] 2,2 (a)
Duvag (@ >e) = Ej£1 @7 155 LD " +
(@)
q quqvaAG ] *

2.2 () 2
fj+1(a) [(g™) buvAU + q quqvblo(a)] +

2,2

£. . ,() (@)

j+2 cuvlo}

The fj(m) in this expression are defined by (5.24b-c) with m2=0.
The tensors a's and b's are also defined in Appendix B. Similarly

for the finite function &(x) we have

]

1 4 i N 1
(x) = - —5 f & q elq.X '1‘_1 O'(q) f da Z
16w o j=

1

2
1y _u

Now we are in a position to calculate the total {olTuv(x)|o>

<o|% %) |o>reg = <o|% (x) [o> ree %o[% (x)|o>reg
¢ ¢ inh H h
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(6.19a)

(6.19b)

(6.20)

(6.21)



§6.4 The renormalization.

The eqn. (6.21) must be inserted into the modified Einstein
field equations. These equations are obtained from the extremization of

(6.0) w.r.t. &y With the help of eqn. (A.38) and (A.51) we get

asren 1
1 - reg
=0 = G += <ol T [o> -
55" g, 2 uv
r A g+ AG  +
9 iy Hv
C ~2. Ao _
(B +3) 6, 59,007 ()
C 4 Ao
(® suvako * 4 Auvlo) 8 h(x)]
or equivalently [ recall that huv(x) = -if dpq e X ﬁuv(q) 1
' r(e) 4
0=¢g {A + 1 +e (§ - loguz)]} +
HY "2 2 2
l6r 8
1 1 1
{(—— -4) (-7 S8 6 )+
167G, ! 4 Tuvde 2 “uv Ao
1. 1 Y 2 Ac
2 L Buvxc * 2 6uv(B YACO *WE Gko)] azh (x)
c
+ L(B S vsxo + 4 Auvkc )+
1 2 4 _ Ao

+ Akc+ u° D ch) 1% h(x)

s
1 2 1 -~
-3 @uv(x) + =0 o e(x) +¢YY (x)] + 5 <°ITuv(X) !o>

4 h

99.

(6.22)
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We mention that since <°,Tuv!°> involves I(q) - which together with

h
all of its derivatives vanish at q2 = 0, therefore this term will only
contribute to the finite part of'<olTuv(x)|o> . The renormalization
parameters A;A, B and C may be fixed as in Chapter 4 and 5, namely by

requiring that all solutions of the linearized Einstein equations to satisfy

four physical restrictions.

i) As before the first condition is imposed by demanding
that if we start from an initially flat spacetime and the
vacuum state of the ;—field then nothing should happen, i.e.
the spacetime should remain flat and the quantum state should
remain vacuum. This implies

r'(e) u4

167 &

(A + e@ - loguD] , (6.23)

ii) The second condition will essentially say that the

coupling constant G, in equation (6.22) is the true

N

Newtonian constant. This is implemented by requiring that

if the initial hwo satisfies the free field equation

1
1 1 2 Ao _
- ( - i Auvlo 3 Guvakga h""(x) =0, (6.24)
N

then the coefficient of azhko in eqn (6.22) should always

be the same as in (6.24). This immediately implies the

following
1 1

A( 4 Auvko+ 2 suvalo) ¢ 5)
li-g ‘s s (8Y +ulEs. )1=0
2 UVAg 2 Tuv Yo Ao ’



The solution of this equation yields A.

Ao

' 4
iii) and iv) The coefficients of auavazhﬁc and © h ~ of

course can not be determined by renormalizing any of the

physical parameters of the original action integral. Originally

our hope was that by an appropriate choice of the coefficients

of these two terms we could perhaps get rid of some of the

101.

undesirable features of the theory. However as we shall see at the

end of this chapter the worst of these, namely the existence of

solutions which grow exponentially in time can not be avoided

by any choice of these coefficients.

that they are given by the following.

c 1 _1
B+3) 68,573 AQg=388

C -
(3 Guv6Ac+ 4 Auvko)

+ uz D&

=

- A @Y

1
2 wia T 2 6uv YAG Ao

n
2 Auvko’

where £ and n are some fixed real finite members.

must be solved for B and C.

These two equations

For the time being we assume

(6.26a)

(6.26b)

It is not hard to see that the equations (6.23), (6.25) and (6.26) yield

the same pole parts for A,A,B and C as those of 'tHooft in eqn (5.36b). Thus the

difference between the two renormalization counterterms is a finite local

function of the space-time point X.
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If we now substitute from (6.23) - (6.26) into (6.22) we

get the following renormalized linearized gravitational equation

- - ren
G (¥ 87 Gy <of Tuv(x)l °> (6.27a)

where

o ren
< of Tuv(x) lo > = -¢uv (x) +

1 2 AC
§nuvfu ?(x) +n ¢AG(X)] +

<o fuv(X) [o> n T

gauavazh(x) + 0 AuvAo 34hA° x), (6.27Db)

here @uv,¢(x) and <°[Tuv(x)I°>h are respectively given by eqns (6.19a),
(6.20) and (6.17). We notice that the sums over j in eqn. (6.19a) and (6.20)

may be simplified. This is done by making use of the following idenity
2 2,2 k-1 .
- - 2
brg o) oy @B g,
¥ - =1 J

) (qZ)j £.(a) = log
j J

* ok

If are also change the Feynman parameter into x := Q- % then after

some straightforward but lengthy calculation we get the following Fourier

transform of (6.27b).
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1 2e 1 2w ~
= - =N 2 - -
3 Thyy (@ -7 "™ KO 8 MGy <T ,(a) >,
r%
G 2 2 2
N Ly 9 2gpbp Y b xT 17
5 J dx log L (1 + 2) 5 X gt Z (x 5 + 16) hhv+
-1 by u
@ 7 4 33 2 27 2 o~ 4 2
nuvh ( X "16¥* " ) +q quqvh (-2x + 227) +
2 2 x2 1 ~ 2
WILE(S -5 )y, vk (xT 45 ) T4
4
232y u ¢ -
’}%q\)h(Zx 8) 4 hu\)}
EEL- {( = 4 2n) q4 ; + Q- —l) q4 ho+
m 80 hv 80 LYY,
1 2 1 22~
( 170 +£&) qrq,q h + 52 a7y huv} (6.28)

~
< 3 : .
where Tuv (q)>h is the Fourier transform of <0]T$y(x)] o given by
(6.17) . We mention that because of the factor qu) in < 'T‘W(q)>h
this function vanishes at q2 = 0. For this reason we see clearly that
2

~
q =0 and h, = O and satisfying the gauge conditdon

P

o~ o~
qﬂhuu(q) = % "h @,

is a solution of (6.28). Physically these are the gravitational waves
propagating with the velocity of light. It is not hard to see that almost
all of the results obtained by Horowitz(16) for the coupling of

classical gravity and quantum Maxwell field can infact be deduced from

our equation (6.28). In particular we will check the existence of solutions
which grow exponentially in time. Thesesolutions correspond to

q = (¥, o) where & is a complex number. For these solutions the

~
contribution of <Tuv(q) >h again does vanish. If we substitute from
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2~ 1 2~
q hw(q) 4 an h (q) ,

NI

o~
G =
" (9)
H 3 ﬂ -
for h v in terms of Gu\) in eqn (6.28) then we can easily check that
subject to the linearized Bianchi identities

¥ (w) =0 v= 0,1,2,3,

~
the only consistent way of satisfying (6.28) with a non-zero Gln)and
o
w= o leads to G(q) := nwﬁu\’(q) = 0.. Thus eqn (6.28)

reduces to:

}
, 2 2 4
éi’w2=s dx log 51-&2+‘*’—2x23{-’-2‘ +
N -4 ! U
x2 1 4 22,2 1 u
=5 - "3‘5) w - oW (x -Z)- 2}"'
(g5 *mu'- 3o}, ) (6.29)

To investigate the question of existence of solutions to this equation

first we carry out the x-integration to get

2 @ & 40 w4-—-&u2'w2+-§u4 +
GN 450

4112—&2 2 ul 2 _uf" ) 21; 44
by[——=— log (- oo NEy (L ¢ Lo - 2u4)y 1} (6. 30)
2 \]{; o 2J AR 1 5

For a pure imaginary wsatisfying —-§>> 1 oneway approximate
2u

2
u
terms on the r.h.s. of (6.30) we get

. . 22 4
the logarithmic term by % log . Then if we neglect 0w II' and ¥
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2

+n) - 35 leg %51,
H

2 4

w2 {( 23

il
GN 450
It is rather evident that for any choice of n this equation has

a solution for negative w”. It is also interesting to note that this
equations has exactly the same structure as the stability equation of

Horowitz (c.f. eqn 32 of ref. 16).
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CONCLUSION.

In the first half of this thesis I tried to show that if
one insists on integrating the classical Einsteinian theory of
gravity into Schrodinger's quantum mechanics then the time
evolution law of the quantum state of the system becomes implicitly
non-linear. Once this was admitted then we obtained the coupled
set of Schrodinger + Einstein field equation from a single variational
principle. The action integral of this variational principle also
has been used not only to incorporate the explicit non-linearities
of the type introduced in §3.5k but also to accommodate the
renormalization counterterms which are necessary to eliminate the
infinities of the theory. We also saw in §3.6 that if one wishes
to restore the linearity of the quantum time evelution law one
must quantize gravity as well as the matter fields with which it

interacts.

Having renormalized the tﬁeory in Chapter 6 now we may employ
it to make physical predictions.

One of the areas in whiéh this theory may be of considerable physical
significance is cosmology. In fact the preliminary investigations on
the problem of back-reaction on the metric of space-time of the
particles created by a back-ground gravitational field out of the vacuum
state of a quantized matter field have already been able to account
- at least partially - for the present day homogeniety and isotropy
of the large scale structure of the universe(17).

However most of the investigations of this kind have employed
the semi~-classical theory as a sort of approximation to a fully yet
undiscovered quantum theory of gravity. It is principally for this
reason that until now attention has been usually confined to the

gravitational "vacuum polarization" effects. Comparatively there

has been very little study of the semi-classical theory of gravity in
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which the quantum state is anything different from the vacuum.
In all of these investigations the main object to be used is the
matrix elements of fuv .

In the last ten years or so there has been a considerable

A

amount of work on one particular matrix element of Tu - namely

v
o,outlTuvlo,in> . These studies usually have been directed towards

the isolation of the infinite structure of this quantity, the structure
which one expects to be independent of the choice of the quantum state.
However, ©f one is to avoid complex solutions to the classical
Einsteinian equations one must use the diagonal matrix elements of T,
as the source term. Furthermore regarding the semi—classical theory

as a theory in its own right (i.e. not as an approximation to a fully
quantized theory) would demand a general technique.of handling an
arbitrary diagonai matrix element of the type <¢b!Tuv|g;> in whichlwo>
is an arbitrary normalizable Heisenberg state. We developed such

a technique in §6.2 | This enables us to investigate the perturbative
solutions of the theory for a wide range of choices of the initial
state|¢o> . We did infact obtain some qualitative results regarding
the weak field limit in which|¢;> has been chosen to be lo,in .
The outcome of these studies was that (M,ﬂuy,|o> ) is an unstable
solution of the theory. For a massive real scalar field - with no
self-interaction except via its own gravitational field - this
unstability occurs at very high frequenc¢ies, This might be an
indication of the fact that our theory is essentially a theory of

comparatively large space-time intervals. There is infact a wide

spread belief that dt the space-time intervals of the order of Planck

* i - * 1
length (L = h% )¢ = 1.616 10 33cm) and Planck time (T = (2%)2 = 5391
c c
x 10 44 sec) the quantum effects of gravity do become important.

However it could also indicate that the sem;-classical theory of
gravity has no weak field limit. After all being a Bose field it 1is

only in the limit of intensely populated states that one expects
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the would be quantum theory of gravity to satisfy Bohr's correspondence
principle, namely to be approximated by a classical field. 1In this
case the results of the weak field approximation will certainly be

doubtful.

One of the qualitative differences of the  <classical
theory of gravity + quantum matter fields with a fully quantized theory
is the instability versus stability of the single particle states. 1In
a hypothetical situation in which the state of the universe consists
of a single particle surrounded by its own gravitational field if the
wave function of the particle becomes sharply localized at a particular
time 1t can generate a strong enough gravitational field to produce
additional particles. This phenomenon - if it happens = would be
strictly due to the inherent non-linearity of the quantum time evolution.
In other words in a fully quantized theory of gravity + matter fields
one can not generate a many particle final state out of a single
particle initial state merely by subjecting the particle to the
influence of its own gravitational field. This is because of the
stability of.the momentum eigenstates and hence by superposition
principle the stability.of any single particle state obtained from

their linear combination.

The rate of such a par;icle production can be expanded in a
power series of the Newtonian coupling constant GN . in this expansion
the leading term will be the zeroth order term which will correspond
to the orthodox linear quantum mechanics. The non-linearity of quantum
mechanics will only appear in the coefficientsof higher powers of

G

N ° Thus the smallness of GN may account for the unobservability

of such a non-linearity.

One other problem of cardinal importance which may be
‘attacked in the framework of our perturbative expansion for

<¢0|Tuv|wa7 is the possibility of a solution (M,guv,|¢o> ) for which
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< ¢ol£uvlw o> does not satisfy the Hawking - Penrose energy conditionms.
In fact the preliminary studies of L. Parker and S. Fulling conducted
on a self gravitating massive scalar field have shown that for an
appropriate choice of|¢o> such that the metric of M is restricted

to be of the Robertson-Walker form

3 . s
ds2 = dt2 - Rz(t) ) Sij(xl,xz,x3) dx*dx’

i,3=1

- where Sij(ﬁf,xz,x3) is thel(fixed) metric of a 3-sphere-one can
obtain a solution R(t) which possesses the remarkable feature that
the system does not exhibit the classical gravitational collapse
but rather 'bounces off' the singularity of RsO with the radius

R(t) achieving a minimum of the Compton wavelength of the massive
I
scalar particle. It is interesting to note that for a pion field this

would mean a radius of 10-13

length 10_33 cm.

cm which is much greater than the Planck

However, there are several technical ambiguities in the
renormalization procedure of Fulling and Parker. It would be interesting
to carry out an analogous kind of investigation in the framework

of our approach.

Finally it might also be interesting to investigate the

contribution of the explicit non-linearities introduced in §3.4.
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APPENDIX A

In this appendix we collect all of the geometrical properties
of the space time manifold which are essential for the derivation of

the equations in Chapters 3 and 6.

Although the method of the presentation of the material in

Sections A.l1 and A.2 is rather new the results are, however, well known.

The material of the sections A.3, A.4 and A.5 are (so far as

I know) original.

The section A.6 contains only well known results.
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APPENDIX A

§A.1 3+1 slicing of the space-time manifold.

We shall assume that the space—time continuum is 4-dimensional
globally hyperbolic manifold with signature (-,+,+,+). Let the
metric By of M be given. Then the equations (A.1) given below will

define a family o(t) of 3-dimensional space-like surfaces.

= 2t e, (A.1a)
e A | (A.1b)
81y .
and
n % =0 r=1,2,3 (A.1c)
H o T
where
) " Bxu
X ,r = . (A.1d)
oY

Here x* are the coordinate functions on a domain of M and Su , for a
fixed t are the intrinsic coordinates on the surface o(t). We also
introduce the lapse function N and the shift vector N by means of the

following equations

dxu '1r
= M= M e N (A.2)

dt
(E¥) -const

The definitions (A.1) will give o(t) an induced metric geometry which
enables us to decompose any tensor field on M into normal and tangential

components to 9. Indeed for a fixed t we can write

ds

"
jusl
=
<
[N
»
=
3
<
n
.{
o
o™y
[N
Y

where

<
a i
wn
]
29
<
=
a4
]
wn
Mai
(2]
]
-t
-
[\~
w

(A.3)
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is the induced metric on the surface o(t).

For any tangent vector AsTx(M) we define the tangent and the

normal components by

Ho_ H H, +
A" = Ajn + x’f‘ A (A.4a)
where
= - H
él nuA (A.4b)
and
— U
“r H s ¥

Since Aﬂ is a covariant vector field on the 3-dimensional manifold o(t)

S - » 3
Therefore we can use the vy f the inverse of the metric Yrs to raise

its index, 1i.e.

AT = yF Sy (A.4d)

The inner product of any two tangent vector A,BSTX (M) can be written

= oMY = —A. r
AB= g Aqu élﬁl. + ArB (A.5)

Inserting from eqn (A.4b) and (A.4c) for Al’Bl.and Af,Br we get

Hv TERY) ¥ s (TR
= =71 + .
g n +y x,‘ x s (A.6)

Expressions similar to (A.4b) and (A.4c) can also be‘written for N and NT

which are introduced through equation (A.2).

N = -nuiu (A.73)
N = My’ NT = TSy (A.7b)
¥ Euv »T, LA *

u

Note that x is not a vector field on M » but (N?} defines a vector field

on the surface o(t).
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Standard parameterization

113.

One way of parameterizing the surfaces o(t) is to write the

equation (A.la)

gt =
t =
Then
+0
and
o]
X 4r=

r

To evaluate vy °

Y
A -

We once let u =

Yo
sO

Nexttime we let

00

2 -

Upon insertion from (A.10c¢)

,Yrs

in the following form:

X

equations (A.8) into eqn.

s
-n
o
gor
we make use
_ vo 113
g gon + 8 g
r and A = s then
rp T rp
+ = =
8" g, 68 Y
=Y
p= 0,X = s then we get
op
+ - =
g gps 0 gso

o SO
g g rs
00

PA

U r=1,2,3

(A.3) and (A.7) yields

of the following identity

- H
5 A

into (A.10b) we get

(A.83)

(A.8b)

(A.8¢c)

(A.93)
(A.9b)

(A.9¢)

(A.10a)

(A.10b)

(A.10¢)

(A.11)
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Now we want to determine the components of the unit normal n in

terms of guv . If we substitute from (A.8c) into (A.lc) then we get

nr =0 (A.12a)

Insertion of this result into (A.1b) yields

-1
n, =
y —goo
[We take the -ve root to agree with the Minkowski M, where n = (-1,0)]

Therefore a, is given by :

,5 ) (A.12b)

o /:goo (A.12¢)

Upon insertion from'(A.Qc) and (A.11) into N = Yrsﬂs ve get

grogpo
N = gPg - —— 9

00

Now we make use of the eqn. (A.10a) with the values ofu=r and A= 0 to

get

p _ To

g g, T B gy,

By substituting this result into the previous equation we get

) TO
T g g

)
Qo0 (s) [e]e]
g P -g

(A.13)

By comparing the equations (A.9b), (A.12) and (A.13) we obtain the

following relations between a" and (N,Nr)
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M

w_ 1 _N
n = (N , N) (A.1l4a)
n, = (-N, 0) (A.14b)
H H
o . _ 1
g = - N (A.14¢)
o
Finally from the definition
goo . cofactor of 8.0 ) det 8 g ) detyrs _ I
g g g '8
we get
1
— Y*
/g = ——
g
l.e.
/~g = NA (A.15)

In the sequal we will only use this standard representation.
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§A.3 The variation of guv'

To obtain the results of chapter 3 we must vary guv while

keeping %" and ¥ fixed. This will induce variations in nu, o, and‘és
Now we attempt to evaluate these variations. The final aim of these

calculations is to obtain eq (A.37).

The variations of guv will be subjected to the condition that

‘they preserve the validity of equations (A.1b) and (A.lc). Then
_ MoV TIRY} M.V
0 = G(guv nn) Gguvn n + 2guvn én

H__1 uwv
n §n~ = 50N Gguv (A.16)

On the other hand from equation (A6) we derive

- sn"n” - n¥ 6n” + v"° &" xv,
»Y Y

Gguv=

By multiplying both orders of this relation by n and making use

of (A.1b=-c) we get

$n’ = n Sguv + n_ 6o’ (A.17)
u u ‘
Substitution of

5guv = - gu}\ g\,c 6ng’ : (A.].S)
and (A.16) into (A.17) yields

8n° =n* (g"%+ } n'n%) 58, (A.19)
By making use of

-V
oy n gvk

we get
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Gnk = dgkv n o+ g, Sn

v
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We substitute from eqn. Qk.fé) for 6n’ to get

n
= - — Y v
Gnk ; n' n Gng

kA.19)

. . . A,
Multiplying both sides of (A.19) by x yields 8N (c.f. eqn (A.73a)

SN = - dnkﬁk
l1.e.
N y v
8 = ==
N 5 mn Gng

(A.20)

Now we subject both sides of equation (A.15) to the variations of guv’

then we get

1 = - ;
5 g g dev SN vy +

Upon insertion for v-g from eqn. (A.15) and for SN from eqn (A.20)

we get

- YV Y v
5y =y(g'  + n'n ).Gng

The eqn (A.3) immediately yields

(A.21)

(A.22)

st

and substituting this result into §&( Yoo ¥ ) = 0 gives us

’

Vv
X

(A.23)
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§A.4 The energy-momentum tensor in terms of the covariant variables.

Consider a real scalar field ¢ whose dynamics on M may be

obtained from an action principle with the following 1agrangiaﬁ density

L = - % Vg (vu¢v“¢+ V() (A.20)

Here V(¢) is a function of ¢ only. The energy-momentum tensor may be

defined by

- % e TV = 2
ng (%)
i.e.;
™ = - vHevY + % g"V( VA¢VA¢ +V(4)) (A.25)

The canonical conjugate to ¢ is defined as usual by

dL

m = —a—&- (A.26)
where

. - -ai

¢ at

In what follows we will use the standard parameterization defined

by eqn. (A.8) . Then inserting from (A.24) into (A.26) yields

m==-v"g gvovud) (A4.27)

Bysubstituting from (A.l4c) for guo and (A.15) for VCE. we get

1 .
= ey 2
T= -y ¢.'L (A.28)
where ¢l.is defined by
—_H
?L n Vu¢
Applying the formula (A.4a) to the vector Vu¢ yields

WMo = qlp“ + ¢ rx?r (A.29)
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Here ¢* is given by eqn (A.4c) i.e.

and

Substituting from (A.28) into (A.29) expresses Vu¢ in terms of the
Hamiltonian variables 7 and ¢, i.e.

-1
ghe = - yTT Y T (A.30)
‘ Y

MV in terms of T and ¢ we substitute A

Now in order to express T
into eqn (A.25) and then we make use of Eqn. (A.1b) and (A.lc).

Then we get the following

- -1 Hv
V= -y 1(nunv+§guv)wz+y Zéy(nuxv +nvxu,)11—(xu xv—%guvy YoT o5+ E— v(¢)
5T T sT S s 2
(A.31)
‘The Hamiltonian is defined by
H=- J do T *¥ (A.32)

a(t) HV
1
Here duu:= nuyz d35 is a surface element in the normal direction to o(t)
For the standard parameterization defined by eqn. (A.8) eqn. (A.32)

reduces to

H = J SPxvgr®
(o] o
X=const

Upon substitution into Too =8, Tz from eqn (A.31) and then substituting

the result into H we get

- -1
H =jd3x/—_g- (%’Y 1 'n'2—y 2¢S nSr +

NI

Y e e 2V (A3

In deriving the 2nd term inside bracket we have made use of the following
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two identifications

A
Eod oy T Boy
_Yrsn g = - nS
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§A.5 Variation of H w.r.t. the variations of guV

It is obvious that if we keep¢ and 7 fixed and let 80
vary then H will also vary. This variation of H is calculated as

follows:

(3~ 1 -12 -} s 1 _rs 1
§H = Jd x8V-g Gy m -y enTme Sy b+ 5 V() +

3/2

j x /gl - %GYY_ZNZ + %(5YY- S PR Yo + '5Y 6 )

Now we can substitute &n° SY and G'Yrs from eqn (A.18), A.21) and (A.23)

respectively [we also iﬁsert §Y-g = % /-_g guvdguv], then we get

_'l 3./ w 1l -12 1l rs l
§H = Z;Jd x/-g g" 8g v(2 Y m A S V($)) +

-1 s
-y 2¢S now+

-1
3 R @ ) @ % e 6 L n%a))e e
rp .sq _W _V
YU x ox 66,188
B %JdBX/:E [~ (3 2V 2*a)r? 4 2y ¥ (e n n%)g m +
1 rs uwv_ _rp _sq UERY; 1 v
Gy g -y ¥ x,px’q)¢r¢s 78 V)] dg

(A.34)

Now by making use of eqn (A.6) we can write the bracket in the coefficient

of ¢r¢s in the following form

rp_s A _ .Trp.S \
s =Y = § X
g + nn 9r sp Y p 9r
_ LISV
» ¥
H

This expression must be multiplied by n" and then symmetrized w.r.t.p and v
(bec ause Gguv is symmetric w.r.t. the interchange of y and v). Therefore

the coefficient of q)s'rr in equation (A.34) will have the following form
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rs(

H_V NV ou
+
Yy Sy mtx n x’r)Gguv (A.35)

2

Similarly we manipulate the term in eqn (A.34) which involves the term

¢ ¢
rs

1 rs uv rp _sq _M _V
5 - x X =
Gy g -y Ty Tx x ) bb
1 HV r.s _ ,p,9q _H _V -
3 8 Yt - x x

MV r,s

gy ) ¢

rs

N1

=-(x_x -

r %5 (A.36)

Insertions of (A.35) and (A.36) into (A.34) yields

1 3 oo - -1, 1 uv' uov 2, =1 rs, uv V_H -
SH > [d xvV=g [y ~( 5 8 +nny)yn + 2y " (n x’r+ n x’r)¢sﬂ
ofx - gy ) T L gMVe)T es
sT S 2 rs 2 Hv

Now comparing the term inside bracket with eqn (A.31) gives us the

following

I N R R uv
SH = zjdxv/—g 88, (A.37a)

af

I1f we insert for Gguv = —gu gvB §g ~ we get

(6]

SH = - %Jd3x¢:§-Tuv (x) sg"¥ (%) | (A.37b)

This equation plays a central role in deriving the Einstein field

equations in the semi-classical gravity.
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§A.6 The higher order action integrals.

In this section we will derive some mathematical formula

which are needed in chapters 5 and 6.

The most general functional of guv which is needed in our

future treatment is the following

4 2

S = Jfd'x V=g {A + ARX + BR® + CRuvRuv} (A.38)
Herep,B and C are some constant numbers. X is a scalar function of the

space-time point X which may or may not be a function of guv

R =g¢""R_ and R, is defined by

Hv
_pn O _L O e B _ L0 8
Ruv = Fuv,a Fua,v + FB o ruv PB v Pu o (A.39)
rre 2 g+ g g ) (4.40)
Hv Hos vV v U HVs O

The comma denotes partial derivative. Under a small variation Ggas
of the metric tensor S changes by the following
8S ;:f a*x o/7g{n + ARX + BR® + CthRP”} + (A.41)

)

J a*x V=g {A (SRX + RSX) + 2BR 6R + c‘a{g“*g”°ahv ‘o

In order to calculate &S we calculate the variation of each term

individually.

First we note that

— 1
§ V-g = - 5 Vg gaBGgaB (4.42)
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and
A1 e -
Sruv =3 %8 (gua,v gva,u guv,a) *
1 AQ .
7 80 Ge) - g ) (4.43)

Or upon insertion from (A.40) and by making use of

Sgka = - gAYgac 8g (A.44)
Yo
eqn (A.43) becomes
A AY o 1 Ao
= - T += r - ]
T g w8y tae [(8g,) + (Bg) =g, ) ]

The expression inside bracket can be written in a covariant tensor form

A _ 1 Aa

S =38 (sgua);v + (nga);u - (Sguv);a (A.452)
. . AL A
This expression clearly shows that although ruvls not a tensor but sruv
is. If we contract the A and v indices in Gruvl we get
A_1l ' .
STy =3 & (5gm);11 {A.45b)
Similarly the eqn. (A.39) gives us the following
_ o o o B a B _ a . B o B
6Ruv— sruv’a 6PU@,V+ 6r8a va + rBa 6ruv 6er Fua +I‘B\J Brua

Since Srugis a tensor we can write this eqn in the following form.

- o - o
SRMV (Sruv);a (Srua );v . (A.46)
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Now we go back to the equation (A.41) and evaluate each term

separately,

We start with

81, := [d4x /-g X8R =

b af Ny
Jd x /-g X {ég RaB + g 6Ruv}

Upon insertion for GRuv from eqn. (1l.46) we get

o

). 1

- 4 -~ of Hv o R AV
81, de/_EX{Gg Ryg + &8 (8T ) =g (8T ‘v

B
By making use of the fact that

") o =0 | (A.47)

One can integrate the terms involving the covariant derivatives by

part. This is done by noting that

[

(/-g X g“\’sru“ ), - /g gk, er
3

- Hv o
~g X g O v ) v

- Woep Oy _ o5 WMV a
e (X g T Vo g & X, 80,

o
HV

a 1 - UV 0y 1Y
V-g --/__g_ Bé/-EXg 8Ti) /-g g X, oT

- _ - UV 0 MV a
3, (V-g X g aruv) V-g g X;a 6ruv
The integral of the finst term over the 4-volume can be transformed
into a surface integral and assuming that all of the variations vanish

on the boundary surfaces we get
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{ 4 aB uv o o
81, = Jd x /=g {sg XR o - g (x5 06T X 9T )}

Now we insert for &'s from eqn (A.45) and carry out the covariant

integration by parts to get

= |d%e/— {5a%P 1w A A, -
GIl = Jd x/-g 18g RaBX t58 x; ,v(GguA) + X; ’”cégvk)

A Ao
X3 5hdg,, T8 X3viude,, . }

Finally by making use of eqn (A.44) we get

81, = Jd4x, Y=g X6R

= jd4x¢:§ {XRGB—(X;?;B~ X;A;A gaB)} GgaB (A.48)
If we let X=R in eqn  (A.48) then we get
J d*x /g ReR T—'j(d4x /g (R, - (R 3058 - g oR;" 51 1eg™” (A.49)
In a similar manner we can calculate

b HA Vo _
I d*x V-g s(g' g R, Ryg) = (A.50)

4 /= O - L opMla.y - Ao uv, aB
2Jd x /—g{Ra Ryo™ 5 (2RTasBsu = R o5750 gaBR‘ ,W)} g

Upon substituting from (A.42), (A.48), (A.49) and (A.50) into (A.41)

we get

A
8s = Jd4x V- {a[x Gy~ (X058~ gqgXs 3A) + R Ezus 1- %‘A“édg+

%8 (x)

R ;A;A) + 1 R2 +

2B RG o~ (R3a8 - g % SoB

aB
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ct-fg R R"4 2Rv°R

3 84aRuy Ruv; uv]}égus

_ ogh A
8o~ Rlaze) it Rag; sa * B

(A.51)

where the Einstein tensor Ga is defined by

B

R - (A.52)

Now we investigate the necessary and sufficient condition for the

quantity

I = Jd4x /:g' F(x) (A.53)

to be invariant under general coordinate transformations on M .

a . e mes . . .
Assume that &g B is caused by an infinitesimal coordinate transformation

A Ea(x) (A.53)
then
51 =Jd4x Vany ,-% g F o+ SE___ 7508 (A.54)
aB oB
dg (%)

Under the transformation (A.53) one gets

5ga8 - Ea;B + EB;a

Upon insertion in (A.54) and integrating by parts we get

§F

4 1 o o B
§I = Jd xvV-g [-5 g F;% + ( N I 3
2 o 5g%8 (x)

Since,éﬁ are arbitrary therefore the necessary and sufficient condition



128.

for 8I=0 is
SF
[—% Bugf * (—g )1, =0 (A.55)
- sg (x) °

If F=R , then equation (A.48) implies that (let X=1)

SR

—_— 2 R
5g“3 B

(%)

and the identity (A.55) becomes

® , - R);* = ¢ ;% = o0 (A.56)

Nrs

Similarly if we take R = R2 then (A.55) becomes

A
R ; 3A)

+
B

[RG R®™ 1;7 =0 (A.57)

- (R

;a;B- guB

e

and if we assume F = RuvR then the same identity requires

sA A + g R :UV— H :0

1 o U
[ - 'Y »2r "R - 2R a;B;u + Ra B

aBRuv o “Bo
(A.58)

2 uv

FinallyifF=A+AXR + BR" + CRuvR then it is the covariant divergence

of the expression inside the bracket in (A.51) which vanishes identically,

We notice that when By = anuv then because of the vanishing
(4 — 2 bV e
of the Weyl tensor we get Jd xy~g R = J R. R Y+ total div,
where

R= a [g a T oa,i ot - 3 Bualé ] (A.59)

and
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Then upon inserting ¢ = 0 and Ggas = - o %80 naB in (A.51)

we get (we also put X=1)

I aB _A o
§s = Jd x 6a{A n GaB 5N -8y ¥
B _ OB(R .q:f - A 1aB 2 -
2B [RGaBn n (R ;a38 BugR 5 32 ) +7n IR }
4 o
= - Id x Sa{Aa G 0" 2A0 +
2B [aRGBB -a(R;B;B - 4R;B;A) + asz}
gk s B
= J d'x Sa{2la + Aa R -~ 6B R; ;B} .
8 1 BY
R;p " = —— 3, (Y-g g ' R;,)
/:g g Y
= a_z BB( a nBYBY R)
= o2 @, R, + o s st
Y M

1

( - -
§s = Jd4x {20a + AR - 6B (a2 o_tYR,Y + o eua“*a}sa (A.60)
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APPENDIX B

§B.1 The n-dimensional integrals.

In Chapters’5 and 6 we have made use of the dimensional

(B%))

regularization scheme of 't'Hooft and Veltman. In evaluating various

integrals of these chapters we have employed the following formulae:

1 1 1 T'(a= 2)
n 2
J #p = - —_  ,  (B.1)
(p2+2k. pi2)® wm™2 B, I' () |
P 1 1 T (o= 2)
n .M 2
{&p = . k),  (B.2)
(p2+2k.p+M2)a (4w)n/2 (MZ_k2>a n/2 T(a) H
P. P 1 1 1.
n v
*Tp e = — x (B.3)
[ (p2+2k.p+M2)a (4w)n/2 (Mz-kz)(1 n/2 T (a)
T(a- Dk k + “u Fie- 1 -3y k%)
- 27Uy 2 2 ’
J Py — PP . : = .
(pZ42k. pi2)® am™2 a3 Y2 (e
STl D) kk k. - T@1-3) I (s k. +6 .k +5 .k )MP-k?) (B.4)
27 TuvTA 272 YTuvA ATV A Q ? °
o P,P\PyP, ) 1 1 1 3
(p2+2k.p+M2)a (4w)n/2 (MZ_kZ)a- n/2 T(a)
(B.5)
n 1 n
{T (&~ 2‘) kuk\)k)\ko + 5 T'(a-1- 7>[6u\)k>\kc +

Gulkvko+ Gvkkukc + sucklkv + Glokvku +

MZ_Z l. _ _E 2_22
Svokukkl Me-k") + 3 T (a-2 2>AuvAU M-k},
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where

= (8 &, +6 .8 + 8 &

Auvlc uv Ao udvo Uo VA ) (B.6)

§B,2 APPENDIX TO CHAPTER V.

The coefficients c¢'s and d's in (5.25) are defined by the

following :
1 T'(e)
c = - [ dpp 53 = —5— uz (1 +e(1—logu2)] . (B.7)
p *u 16m :
1
[(e) 2. 2 ~ 2
c, = 5 o da(l —€f _(a)) {-m“[a”(3+e) -a(3+e)] ~eu‘} , (B.8)
167 ' ‘
I'(e) 1 2 2
¢, = 5 J dall -e(£_(a) + m“f; (@))la"(3+e)- (3+e)] , (B.9)
16m o .
-3 (e+l) 2 2
cz = —-6_2-— ( da(fl(a) -m fz(a)) (a —a>’ (B']'O)
16 w o

Notice that as e-~+o, CyC sy > @ but Cy <= .

r{e) 1

a = da (1-ef_(@)) (m*a(e)-m’u% @-u", (8.11)
° 167r2 °
)
d1 = 5 da{a(oa) [-2m° +em (2 fo(a) - m fl(a))]
lew
o
2 2 4 -
+ ubla) [1 -e(f (o) - m"f;(a)) + enw £,(a)l}, (B%12)
r(e) {2 ‘ 2
d2 = 5 da {a(e)L l—e(fo(a) ~ 2m fl(a) +
16T o

m4f2(a)] + eu?b(a) [- £ (@) + mzfz(a)] +

v’ AL (8.13)



§B.3 APPENDIX TO CHAPTER VI.

The formula (6, ) have been. obtained from insertion of

-1A Te8& into
inh
. reg
<o T, (¥ lo >

inh

[aC1 N ool

) )
-ilimit {[ - +
X -+ x' ax! ax'¥
9 ) reg
A 2
(M — w1 A (x,x")}
9x ox? inh

It is not hard to see that

I'(e)

-i AT®8 (x) =
inh 16m

2

U

(1 +e(1- loguz)] +

iJ dq 1% i(q) [Dq4 + E q2] +  a(x)

where ¢(x) has been defined by (6. ) and

-eI'(e)
D :=
161r2
o
T(e)
E :=
161r2

J do [ £(a) (o - o + %) - L 5@

[+

J da{(l—eloguz)[a2 (1+ %) -3 (3+e) + % ]
0

2
+ 3 f@ ),

Similarly one can show that

lé6m

A

4

reg

(x-x")

inh '
X=X

(1 + g( g - log uz)] By *

]
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(B.14)

(B.15)

(B.16)

(B.17)



134'

I'(e)
= 2 _3 2 1 '
bAc(a) = = §Ac[ 5 0" + 2a 5 1(1+g), (B.25)
16m
Ir'(e) U4 3
c := — A (1 + 3¢), (B. 26)
HVACQ 16‘"2 8 HVAC 2

We notice that as e€-+o0o all of these coefficients become infinite.

However, we also remark that

1
{odm bkc(a)_ = o, (B.27)
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§B.4 THE REALITY OF i A(x,x')
xorx’

In this section we want to show that the regularized
quantities such as (5.27) are indeed real functions of x. We
need to consider only the following generic form of the two

1

. . o
point function 4 =~ (x,x")

A (x,x") = b, (xx') - f b 1) (o (x=y) AF (x'-y) -

2 Gy a8 (et -y}
(B.28)
It must be mentioned that if the real function H did involve
any derivative operator - such as (6.4b) - we first carry out some
appropriate integration by parts to bring it to a formrsimilat to
(B.28). see e.g. (6.9) . The Feynman propagator A;f‘(x—x') when

regularized according to d4p - —idnp becomes
x *-x'

Ao (x-x") > [d‘np — (B.29)

Therefore i A;eg(o) is real.

Now consider the integrand of the second term in (B.28).

By making use of the identity

A (xmy) = = 8(x=y) 8 (xmy) + 8(y-x) A(_)(x-y), (B.30)

we envisage the following three possibilities
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i) The region for which y>x and y>x' . Then

AF(x—y)AF(x'-y) - A(-)(x—y) A(—) x'-y) EO,:

ii) The region defined by x>x'>y I Then

AF(X‘Y) AF(X'y) = A(+) (x=y) A(+) x'-y) ,

therefore

Fayy Famy) - 2 @y 8 @-yy =
21 Im A (x~y) 2 (x'-y) »

where we made use of the following

A(_)(X-y) - o (x~y) )

* denoting a complex conjugate

Thus
i [ Fmy) A (xr=y) = A (emy) 2670 (x93

is real.

\‘-

iii) Finally the region x>y >x' which will not contribute

anything in the limit of =x = x'. Thus the quantity i A(x,x')
) x x'
is either zero or real in any point of space-time. .
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Let us introduce the following notations

(
Flx,x') i= i) dy Hy) £ ey)a Fx-y) -
2O (gmyy 4O (xt-yy (B.31)

G(x,x") 1= 1 Jd4y A(-)(x-y) 2 (x"-y) H(y)

We want to show that as x -»x', Greg(x,x') is real. If we

insert F and G into (B.31) we get
' ' . 4 F F,_,
F(x,x') + G(x,x") = 1 |dy HEA (x-y)a (x'~y), (B.32)
when x > x' the r.h.s. will give the following regularized integral

i J&nq eiq.x ’fl)(q) K(qz) (B.33)

where
1
2 1
K(q™) := Jda &p 5 52
. ) (p"+2k.p + M)
. ' 2 .2 2 R
with k = -0¢q and M~ = #" + aq~. Because of the reality

%
of H(x) we have H' (q)

H(~q) therefore if we continue (B.33) back
to the physical Minkowskian space-time we get the following real

quantity
{ 4 iq.x o 2
-jt'g e H(q) K(q“).

Since we have already proved that F(x,x')l is.real therefore
x +x'
G(x,%x') must be real.
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