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ABSTRACT

A spatial point pattern is a realisation of a stochastic process
of point events in two or more dimensions, The methods of analysing
such patterns fall into one of two categories: those appropriate when
only sparse sampling from the pattern is performed and those possible
when a complete map of the pattern exists.

Distance methods suitable in sparse sampling situations are
examined. Four new tests of randomness are introduced and a semi-
systematic sampling scheme is proposed. Some associated distribution
theory is given. Simulation was used to compare the power of the new
and other existing tests against various clustered and regular
alternatives. Hopkins' statistic and its new counterpart are practicable
when a semi-systematic sampling scheme is used. They performed best in
the simulation study. Distance-based estimators of the intensity of
the underlying process are also considered. Simulation is used to
study the effect of semi-systematic sampling on the robustness of
such estimators to departures from spatial randomness.

Existing methods fqr the analysis of complete maps assume
stationarity of the underlying process under both rotations and
translations. The ¢oncept of 6-stationarity is introduced, A process
stationary under rotations about some preferred origin is one type of
p-stationary process. Techniques for analysing realisations of
e—stationary processes are developed and extended to include multitype
processes. These methods use estimates of types of cumulative inter-
point distance distribution functions. In practice the radial density
of a pattern must be estimated and possible g-stationary sectors
identified. Kernel density estimates are proposed and tests of angular
uniformity developed. The patterns of sporophores growing about a tree
are analysed using the new methods. Some models are suggested and

evidence of possible interaction between species is examined.
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CHAPTER 1: INTRODUCTION

- Patterns formed by objects arranged in space are of interest in
many disciplines. For example geographers may be concerned with maps
of the positions of towns, ecologists with the locations of plants or
animals, astronomers with the positions of stars or, on a larger
scale, galaxies, and archaeologists with the positions of 'finds'. If
the objects are 'small' compared with the inter-object distances they
can be regarded as points. The resulting pattern of points can be
‘considered as an outcome of a spatial point process, that is as a
realisation of a stochastic process of point events in two or more
dimensions. This thesis considers methods of analysing two-dimensional
point patterns but obvious generalisations exist for higher dimensions.

If there is no systematic variation in a spatial point process

it is said to be homogeneous (opposite heterogeneous). A spatial

point pattern which has no preferred direction is said to be isotropic
(opposite anisotropic). Much of the existing literature on the analysis
of spatial patterns considers the case when the underlying process is
both homogeneous and isotropic or, equivalently, stationary under the
group of rigid motions. The Poisson process with constant intensity

is perhaps the simplest process of this type and one with which other
processes are usually compared. This process is a special case of the

general Poisson process with non-negative bounded intensity function

A(x). A general Poisson process in n dimensions is a point process

for which the number of points in any set A C R™ has a Poisson
distribution with mean value [ A(x)dx. This is the usual Poisson
process when A(x) = A. If A(;) depends on x only through |§|, then the

process will be said to be an isotropic Poisson process.
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Methods of analysing spatial patterns may seek to describe some
essential feature of the pattern by means of a convenient summary
statistic such as the estimated intensity or they may attempt to
fit models to the observed pattern. Usually only one realisation of
the underlying process is available for study. It is necessary to
assume some sort of stationmarity of this underlyiﬁg process before any
hypothesis concerning the process can be tested on the basis of a single
pattern. The stationarity assumption provides the replication necessary
for subsequent inference. Some methods of analysing a spatial pattern
when only a sample of measurements are available are discussed in
Chapters 2 and 3. In the remaining Chapters it is assumed that a
complete map of the pattern is available.

Chapter 2 is concerned with the use of 'distance' methods in the
detection of nonrandomness, These methods use a sample of distances
from selected positions to the neighbouring points in a pattern in
order to test the null hypothesis of spatial randomness. Four new
statistics are introduced and their approximate null distributions
under sparse sampling are derived. Theoretical arguments are used to
show that more intensive sampling is possible if a semi-systematic
rather than the usual random sampling scheme is employed. This fact is
verified in a simulation study. The semi-systematic sampling scheme
which is proposed has the additional advantage of making Hopkins' test
(Hopkins, 1954) and its new analogue practicable. In the past it has
been felt that, though probably more powerful than other tests,

Hopkins' test was impracticable because it requiied complete enumeration
of the pattern. Hopkins' test and the new related fest emerge as the
leading contenders in a simulation study of the power of the new and

other existing tests against clustered and regular alternatives,
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Distance-based estimators of the average intensity of a process
in some region of interest are studied in Chapter 3. Simulation is
used to investigate the robustness of these estimators to changes in
the underlying distribution and to study the effect of semi-systematic
in place of random sampling. Both homogeneous and heterogeneous
patterns are examined; Estimators based on the distances from
selected positions to the rth nearest point of the pattern (r = 1,2,3)
are considered. Except in visually highly clustered patterns it
appears that there is no advantage in taking r > 1. 1In highly clustered
situations an estimator. based on the distances corresponding to r = 3
is recommended in conjunction with a bias correction factor. In all
other cases a 'compound' estimator based on 'T-square' distances and
analogous to that recommended by Diggle (1975, 1977) appears to be the
most robust of the estimators included in the simulation study. Semi-
systematic sampling is recommended. For the heterogeneous patterns
examined, the use of semi-systematic in place of random sampling tends
to decrease the variance of the estimators without substantially
increasing their absolute bias. This behaviour is to be expected on
theoretical grounds.

The concept of 6—stationarity is introduced in Chapter 4 in order
to analyse maps in which there is an obvious preferred origin. This
concept is closely related to that of isotropy but only refers to the
properties of the underlying process inside some 'sector' of interest.
It is shown how the second order properties of 9-stationary simple
second order processes can be described by means of a function analogous
to K (Ripley, 1977), the latter being suitable only for homogeneous

isotropic processes. Several clustered and regular g-stationary

processes are introduced and methods are given for simulating these
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processes. It is shown how simulation can be used to test the goodness
of fit of a model to a particular pattern. The ideas are extended to
multitype 6-=stationary point processes. A method is given for testing
‘the independence of any two of the processes inside some 'sector' of
interest.

In order to apply the techniques of Chapter 4 it is necessary
either to know or to have a reliable estimate of the intensity function
A(§) of the underlying process inside the 6-stationary sector. The
assumption of §-stationarity means that inthisregion A(x) depends on x
only through lfl' Thus estimating A(x) in this region is equivalent to
estimating the marginal radial probability density function from the
aﬁpropriate 'sector’ of the pattern. In Chapter 5 it is shown how
kernel methods of density estimation can be used to estimate both this
function and the associated marginal angular density. A test for
angular uniformity which is based on the angular density estimate is
introduced and its performance is assessed by means of simulation.

It is possible to use the angular density estimate to partition a
pattern into 'sectors' of high and low intensity if angular trend is
present.

The methods developed in Chapter 5 are used to estimate the
marginal radial and angular densities of the processes underlying the
annual patterns of three types of sporophores found growing around a
young birch tree (Ford, Pelhag and Mason, 1980). Where appropriate
they are also used to partition these patterns into high and low
intensity 'sectors' within which the underlying process might be
f-stationary. In Chapter 6 such 6-stationarity is assumed and it is
found that certain clustered models can be fitted to the sporophore

patterns. The most interesting feature of the analysis for each
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sporophore type is that the same fitted values for the parameters
describing the mean number of sporophores per cluster and the cluster
diameters appear in each year. Only the change in the total number of
gsporophores of that type and in the associated marginal radial density
function are required to explain the differences between the annual -
patterns. With one possible exception the multitype analysis found no
evidence of 'interactions' either within a certain sporophore type
from one year to the next or betweeﬁ different types in any given year.
The exception is one of the sporophore types which shows a tendency to

grow in a similar area from year to year.
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CHAPTER 2: THE USE OF DISTANCE METHODS IN THE DETECTION OF

NONRANDCOMNESS

2.1 Introduction

At the preliminary stage of analysis of a spatial point pattern
it may be inappropriate to invest the time and money required for
the detailed mapping of the region of interest. Instead only a
sample of measurements are taken from this region. 'Distance' or
"nearest neighbour' methods are often used in such circumstances
as an alternative to 'quadrat' methods, either to estimate the
number -of objects in the region or to test the 'randomness' of their
pattern.

There are some statistics such as those of Clark and évans
(1954) and Brown and Rothery (1978) which use the distance from each
object to its nearest neighbour in a test of 'randomness'. The

following two Chapters will be concerned solely with methods

requiring the sparse sampling of the region of interest. Tests of

'randomness' will be examined in this Chapter and intensity estimation
in the next. Unless otherwise stated, the results of this and later
Chapters will be for two dimensions only bﬁt obvious generalisations
to higher dimensional spaces exist.

Even if the underlying process is Poisson, only the approximate
theory of the test statistics has been derived. Very few analytical
results are available for other underlying,processeé and those that
have been found are approximapions. Some of these results are given
in Holgate (1965a,b), Besag and Gleaves (1974) and Diggle, Besag
and Gleaves (1976) who calculate the theoretical power of several

statistics against very simple clustered and regular alternatives.
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The last paper and that of Hines and Hines (1979) use simulation to
compare the power against more realistic alternatives.
If a complete map is available, other methods such as those

recommended- in Ripley (1977, 1979a) should be used.

2.2, Existing methods

For definiteness suppose that the objects of interest are plants

of which N occur in the region of interest R. There are three distinct

measurements used in the 'distance' methods to be discussed:

(a) u.s the squared distance from a randomly selected point P to the rth

nearest plant Qr (r=1,..., k< N)

(b) v, the squared distance from a randomly selected plant to its

nearest neighbour

(¢) t, the squared distance from Q1 as defined in (a) to its nearest
neighbour in a direction away from the initial point P. This is
usually referred to as T-square sampling and was introduced

in this context by Besag and Gleaves (1974).

Edge effects are made negligible by placing the study region from which
random points and plants are to be selected well within R. Such a

scheme will be referred to as random sampling. Figure 2.1 illustrates

a random sample from a 10 metre square plot of pines (from Strand,
1972).

The squared distances are interesting quantities. With the above
mentioned precaution against edge effects, T, TV and wt/2 are simply
the areas swept out in searching for the appropriate plant if the

search is thought of in concentric circles (or in the case of t,
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A random sample of size 1 selected from a 10 metre square stand containing
71 pines o (Strand, 1972). The boundary of this region of interest R and
that of the study region S are marked and - - - respectively. P is

a randomly selected point from S, Q; and Q the nearest and second nearest
pines to this point. P' is a randomly selected pine from S. The distances
/hl, ug, v, Yt are as indicated.
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semicircles) about the chosen point or plant. A similar interpre-
tation in terms of volumes holds in higher dimensions. The
distribution theory of the 'distance' methods to be discussed assumes
that for a Poisson process the wur's, mv's and wt/2's are independent.
For this to be true the areas searched must not overlap. This
restriction clearly necessitates sparse sampling and is examined in
more detail in Sectiomn 2.5.

The existing statistics considered in this Chapter are those
proposed by Hopkins (1954), Holgate (1965a), Besag and Gleaves (1974)
and Hines and Hines (1979). These statistics will be written as

follows:

HopF = I uli/Zvi -
(Hopkins, 1954)

HolF = Zuli/z(uZi - uli)

Holy = (I/m)zuli/uZi
(Holgate, 1965a)

Ty = Zuli/z(ti/Z)

Ty = (l/m)Xuli/(uli + ti/Z)
(Besag and Gleaves, 1974)

- 2
Ty = 2mE(2up, + ti)/[Z{/(Zuli) + Vt

(Hines and Hines, 1979)
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where the summation is in each case over i = 1,...,m and, with the

- obvious notation, Upss Upss Vis by (i=1,...,m) is a random sample

2i

of squared distances of size m hereafter written Uy, Uy, V, t, It
will be convenient to consider each statistic as belonging to one of
the three classes Hop, Hol or T named in a self-explanatory manner.

For a Poisson process with intensity A it is easy to show that
Aﬂur (r =1,...,k) and Art/2 have gamma (T) distributions with
respective indices r and 1; a gamma distribution with index 1 simply
being an exponential distribution with unit parameter., Equivalently
twice these random variables have chi-squared (xz) distributions
with 2r and 2 degrees éf freedom respectively.

The variable Anv is, however, only approximately exﬁonentially
distributed. To see this suppose that there are Ns < N plants in
the study region S of area s. If v is to be well-defined then there
must be at least one plant in S. Therefore all calculations
concerning v should be conditional on Ns > 1. Consider some region
of area a containing the randomly selected plant and suppose, for
the moment, that this region lies wholly in S. The probability of

there being no further plants in this subregion of S is therefore

N -1
E{(1 - a/s) ® l N, > 1}
® N1 -s Ns- ~As
= r (1L-a/s)® e "“(xs) /{Ns!(l - e "™}
N =1
s
= (€2 - e - als) (L - e ).

This expression is approximately exp(-Aa) if a << s and

E(Ns) = As is sufficiently large, say > 10. These conditions are
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certainly satisfied in practical applications and it will in future
be assumed that Amv is éxponentially distributed. It should be noted
that the region of area a in the above is strictly contained in S.

In general the region corresponding to Anv may lie partly in R\S,
the 'border' included to make edge effects negligible. It is clear
that this fact does not alter the basic conclusions.

Assuming that the variables in the random sample are jointly
independent, it follows that the statistics with suffix F have F
distributions with (2m,2m) degrees of freedom. Furthermore, each
term summea to form the statistics with suffix N has a beta distri-
bution with (1,1) degrees of freedom and so is uniformly distributed
on [0,1]. Therefore HolN and TN are the means of m independent
uniform variables and, by the Central Limit Theorem, tend rapidly
to the normal distribution N(1/2, (12m)—1) as m increases. Details
of these distributional results can be found for example in Holgate
(1972). The statistic Tg is the Eberhardt statistic based on T-square
sampling and tests for exponentiality. Hines and Hinmes (1979) give a
table of percentage points.

Existing 'distance' methods are too numerous for each one to be
considered here. The above statistics are a representative selection
of the leading contenders identified in power comparisons such as
those of Diggle et al (1976) and Hines and Hines (1979). 1In the
latter study it was shown that the conditioned distance ratio method
of Cox and Lewis (1976) is very similar to TN. Perhaps the most
intuitively appealing statistic and one that has generally been
preferred in comparison studies is HopF (see Holgate, 1965b and
Diggle et al, 1976). However it is usually regarded as impracticable

since, to find a random plant, all plants in the study region should



21

be counted and a randomly numbered plant chosen. The semi-systematic

sampling scheme recommended in Section 2.4 overcomes this objection.

2.3 . New statistics

The first three new statistics are

Hopy = (1/m) B up /Cup; + vy)
1

Hop* = (1/md) £ I up,/(u, + v,)
ij

. 2

T = (1/m") ? ? uli/(uli + tj/Z)

1]

where the summations are over 1,j = 1,...,m. Assuming that U, Vv,
are jointly independent, the asymptotic distribution of each statistic
as m + » can be found as follows for a Poisson process with

intensity A.

The terms summed to form each of these statistics are simply the
ratios of ATy, ., an exponential variable, to the sum of this variable
and another independent and identically distributed variable. Hence
each terﬁ is uniformly distributed on [0,1}. It follows as for HolN
and Ty that HopN has a N(1/2, (12m)—1) limiting distribution as
m + ». Hop* and T* are examples of Hoeffding's U-statistics and it

is easy to see that

E(Hop*) = E(T*) = 1/2

‘and that

var(Hop*) = wvar(T*) = <7,
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say, where

2 = {1/12 + (@1)(e; + c,)}/n’

and

cov{tili/(u1i + Vj), uli/(uli + Vk)}, i#fk,

¢, =
cy = COV{uli/(uli + vj), ulk/(u1k + vj)}, i# k.

These covariance terms are

o < oo. u u )
¢, = JJJ v ooy expl{-(utviw) }du dv dw - 1/4
000
€2 7 (f) {) (J; ot orn exp{~(utviw) Jdu dv dw - 1/4

and may be simplified by changing the variables to

x = u/(u + v), y = u/(u+w), z = v
in ¢y énd to
x = uf(u+w), y = v/i(v+w), z = w

in cy and integrating out z to give

11
f J 2u2v2/(u + v - uv)3du dv - 1/4
0

0
]

14

0.0399
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(¢

[\

1
O—
O'— =

2uv(l - uw)(1 - v)/Q - uv)3 - 1/4

0.0401

L]

by numerical integration. Thus the common variance of Hop* and T* is
2 2
= {1/12 + 0.080(m - 1)}/m".

An application of Corollary 5, p.365 of Lehmann (1975) shows that,
as m + =, Hop* and T* are asymptotically normally distributed with
expected value 1/2 and variance 12 provided that

var[E{ull_(u1 +v)|[vh1 >0
or that

var[E{ull(u1 + t/2)|t}] > 0.

The expressions on the left hand sides of these inequalities are equal.

Putting x = ATuy and y = Amv,

E{u,;/(u;+v) | v} = [ {x/(x + y)}exp(-x)dx.
(0]
For y > O,
. 31/(1+ZY)’ xz_l/Z
x/(x + y) <1/ +y), 0<x<1
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It follows that

a < E{u;/(u; + v)|[v} <b
where

Lexp(-1/2)}/ (1 + 2y)

.
1l

and

o
]

{1l +y exp(-1)}/(1 + y).

These bounds are plotted against y in Figure 2.2 and it is clear that
var[E{ull(u1 + v)|v}] > 0 as required for the asymptotic normality of
Hop* and T*.

Hopy was introduced in the hope that it might be more sensitive
to changes in the relative values of ug and v. Hop* and T* use all
possible combinations of ug s and Vs and of Uy and tj (i,j =1,...,m
respectively. In this sense they attempt to make maximum use of the
available information on the relative values of point-plant and
plant-plant distances. When tapes have been laid out to measure ug
and u,, the angle 6 between the directions from the randomly selected
point to the nearest and second nearest plants can be obtained with
very little extra effort. The final new statistic which is of the
Hol type incorporates this additional information on the spatial
configuration.

For a Poisson process, 0 is uniformly distributed on [0,T]
independently of u; and u,. If uli/uZi = 1,...,m) are assumed to
be mutually independent, the random variable

s; = nuli/(ei uZi)
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Figure 2.2

The upper and lower bounds for Ii:{ul/(u1 + v)lv} plotted against
'y = ATv.
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is simply the ratio of two independent uniform variables on [0,1]

and therefore has the probability density

1/2 , 0<s<1
f(s) =
(282)—1 s s > 1,

Both u1/u2 and n/6 tend to take on increasingly larger values than
expected for a 'random' pattern as clustering becomes more marked and
increasingly smaller ones as regularity is more marked. A test of
'randomness' can therefore be constructed from their product s by

considering

Hol

B = HolB(x)' = § 6i(x)
i

where, for some x > O,

o, wuli/(eiuZi) <x
Gi(x) =
1, nuzi/(eiuZi) > X.

Assuming the joint independence of uli/u2i (1 =1,...,m), it
follows that for a Poisson process HolB has the binomial distribution
b(m,p) where p = Pr(s > x). Thus to test the null hypothesis of
'randomness"' Hy against clustered alternatives at‘significance level q,
choose a non-negative integer r < m and compute x so that
Pr(HolB >r) =a. Ho is then rejected at level o if the observed
value HolB > r. A similar test in which Ho is rejected if HolB <r
is available if regular alternatives are of interest. The choice of r,
0 < r <m, (wvhich fixes x for a given a) is arbitrary and certain

values may lead to more powerful tests than others.
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If a training set of observations is available, the following
criterion for r may be used when m is sufficiently large for the
normal approximation to the binomial to apply. Plot the standardised

statistic
y. = '{HolB(xr) - mpr}/V{mPr(l -p)}

versus the integer r, O < r < m, for the training set where p 1is a
=r= . r

solution of

2,2 2 ol 2 _ 2
ppm” +mz)) +mp (1-2r-z) + (x-1/2° = o 2.1)
if clustered alternatives are of interest and of
2,2 2 2 2
pr(m + mza) mpr(l + 2r + za) + (r + 1/2) = 0 (2.2)
if regular alternatives are of interest where z, is the upper
a-percentile of the standard normal distribution and
2p) "t 0<p._<1/2
Pr , < pp < 1/2,
X, = (2.3)

-1
(2 - 2p) » /2 <p_ <1,

The value of r which maximises y,. is the value to be used in testing

H

o and can easily be computed.

Equation (2.1) is simply the quadratic in p_ obtained when the

approximate expression

(r - 1/2 - mpr)//{mpr(l -pJ) =z
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is considered to be exact. This approximate expression follows from
a = Pr(Holg(x) > r) = Pr(Z > (r - 1/2 - mpr)/VTmpr(l - 2D

where Z is a standard normal variate. Similar considerations lead

to (2.2). Equation (2.3) is found by inverting

1—1/(2xr), 0<x_ <1,
p. = [ f£(s)ds =
p. 4

1/(2xr) ’ x.>1.

If no training set is available, simulation results suggest that it is
reasonable to set r = [9m/10] = r*, say, for clustered alternatives
and r = m - r* for regular alternatives where [+] denotes 'the integer
part of'.

The test statistics given in this and the preceding Section have
been arranged to take on large values for clustered patterns and
small ones for regular patterns. The associated tests of 'randommess'
may be one or two-sided for all but HolB which can either test against
clustering or regularity but not both simultaneously. A definite
advantage shared by the above tests is that, unlike such methods
as that of Pielou (1959) (corrected by Mountford, 1961), no knowledge

of the usually unknown underlying intensity is required.
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2.4 Semi-systematic sampling

Finney (1947, 1948, 1950, 1953) and Quenouille (1949) were
among the first to investigate the possible advantages of sampling

systematically rather than at random from a spatial pattern which

does not display fairly marked periodicity. If the points or plants
from which the squared distance measurements are made are selected in
a semi-systematic manner, it will be shown that a higher sampling
intensity is possible than for random sampling and that Hop methods
can be used without the complete enumeration of the study region.
Suppose the plants in the region of interest were generated by
a Poisson process of intensity A. The area swept out in searching for
the nearest plant from any position which is uniformly distributed
over the study region has an exponential distribution, mean 1/A.
Randomly selécted points are such positions as are points chosen
according to the semi-systematic scheme described below. It has
been shown that, approximately, randomly selected plants also have
this property. It will be seen that, under certain circumstances,
this is equally true of plants selected according to the following
semi-systematic sampling scheme illustrated in Figure 2.3 for the

plot of pines from Strand (1972):

(a) set up a fairly regular grid of 2 m points within the study region
(b) from half these points measure the squared distance to the
nearest and second nearest plants and obtain the angular
measurements 6 and the T-square plant-plant squared distances
in the obvious way
(¢) around each remaining point lay out a small plot of constant
area (usually a circle or square) and count the plants in each

plot
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(-]

! Figure 2.3

The points A and pines [§ from which distances to neighbouring pineso
are measured in a semi-systematic sample of size m = 3 from a

10 metre square stand containing 71 pines (Strand, 1972). The
boundary of this region of interest R and that of the study region S
are marked and - - - respectively. The enumerated region is

shown N
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(d) select m plants at random from those enumerated and measure

the squared distance from each to its nearest neighbour.

Values for Uy, Uy, V, £, 0 obtained in this way will be referred to

as a semi-systematic sample.

The necessary conditions for Anv to have approximately an
exponential distribution can be found in the following way. Suppose
that the total area of the enumerated plots is e, that each of these
plots lies wholly within the study region S of area s and that there
are N, plants enumerated. Clearly N, > 1 if v is to be well-defined
under semi-systematic sampling. Consider some subregion of S about
a plant selected at random from those enumerated. Let b and ¢ be
the areas of those parts of this subregion which fall respectively
inside and outside the enumerated reéion. Then the probability that
the subregion contains no further points is

- N -1
e "“E{@-1b/e) ° | N, >1}

~ e/ - ble)( - e 3.

;-Ac (e-lb
This expression is approximately exp(-Aa) where a = (b + c) is the
area of the subregion if b << e and Ab << Ae.
Each enumerated plot is obviously of area e/m. If Ae/m =5

there are on average 5 plants per plot and in this case it is clear
that b << e and that Ab << Ae since (Ae - Ab) = Ae = 5m. In practice,
parts of some of the plots or of the circular subregion corresponding
to Anv may lie in the 'border' region R\'S but this does not affect

the conclusions. Simulation results reported in Section 2.6 confirmed

the validity of the null distribution theory of Hop statistics given
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earlier when now semi-systematic sampling is used and plots of area
sufficient to contain on average 5 plants are enumerated.

An even more attractive sampling scheme would be simply to
choose one plant at random from each of the small plots laid out in
step (c) and to measurely from these plants. This would necessitate
only one visit to each plot. However plants chosen in this way are
not equally likely to be selected, a plant lying in a plot containing
few plants being more likely to be chosen than one in a plot with
many plants. Hence v then contains inflated values for the plant-
plant measurements and the null distribution theory given for Hop
statistics is no longer valid.

A possibility is to estimafe the intensity using each plot
separately, giving estimates ii = 0, (L=1,...,m), as well as using
all the plots simultaneously to find Aa«n= z ni/m.where n, is the

_number of piants in the ith plot. A modifiedlversion of each Hop

statistic can then be constructed by considering inuli and

-

ATV (i=1,...,m) rather than Aru,. and Anvi. (For example, HopF

11

becomes Eﬁlulilz(nivi).) The distributions of these modified

i

statistics are clearly nog the same as those derived for the Hop
statistics assuming the independence of uy and v. Simulation studies
revealed that the sampling digtributions of the modified Hop statistics
agree with the quoted null distributions only for dense patterns and
very sparse sampling (need at least 360 plants in the study region

if selecting a sample of size 9 from plots covering a quarter of the
region). It will be seen in the next Section that the first semi-
systematic scheme proposed allows more intensive sampling and
correspondingly less dense patterns. Attention will therefore be

restricted to this semi-systematic and to the random sampling schemes.
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2.5 Some null hypothesis distribution theory

If the spatial pattern is an outcome of a Poisson process of
intensity A, it has already been stressed that the null distributions
quoted are valid only when the areas searched do not overlap.

Consider the areas Amu Anvi (i =1,...,m) which are approximately

1i*
exponentially distributed with unit mean. The following heuristic
argument shows that there is about a 57 probability that two areas
overlap if the minimum distance between the sampled positions (points
or plants) is at least 3/v/(wA). Let d1 and d2 be the distances from
two positions to their respective nearest plants. The closest
admissible configuration for the two positions is if the same planf
Q is nearest to both and if the two positions and tﬁis plant are
colinear as illustrated in Figure 2.4. The inter—position distance
is then (d; + d,), a quantity which can never exceed V{Z(dl2 + d22)}.
Now An(dlz + d22) has a T distribution with index 2 if the areas do
not overlap. Thus the areas searched overlap no more than 57 of the
time if the inter-position distance is at least V{2 x 4.744/(mA)} =
3/Y/(m\) where 4.744 is the upper 5% point of a T distribution with

- index 2, This bound on the inter—position distance can be checked

in the field because the usual estimate of 1//(wA) is the root mean
square distance from a point to the nearest plant (see, for example,
Holgate, 1972).

For m positions selected by random sampling, the average distance
between positions is clearly about v{s/(mm)} for a study region of
area s. Thus, for random sampling, the number of sample positions
should not exceed 1/32 z 10% of the number of plants in the study
region. This conclusion is confirmed in the simulation study reported

in the next Section. If semi-systematic sampling is used, the average
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Figure 2.4

The closest admissible configuration for two positions P, and P, if
the same plant Q; is nearest to both and if the circular areas searched
in finding Q; from P; and from P do not overlap.
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distance between sites becomes v(s/m) for the usual square grid of m
sample positions in a square study region. The sampling intensity
can therefore be increased by a factor of about 3, a fact also

verified by simulation,

2.6 Simulation results

All the new and existing statisticévdiscussed above were tested
for 'random' processes and clustered and regular alternatives with
both the random and the semi-systematic sampling schemes. The region
of interest R was the unit square and the study region S the subregion
[0.2, 0.8]2 lying well inside R. In every case the total number of
plants N in R was fixed, so the sampling intemnsity p = m/(0.36N) for
a sample of size m. For convenience m was taken to be a perfect
square and semi-systematic sampling involved laying out two square
grids of m vertices, one for point-'plant' and the other for 'plant’'-
'plant'’ measurements. The minimum distance between the vertices in
each grid was 0.6/v/m. One grid was placed randomly inside the study
region and the other was then aligned as shown in Figure 2.5 in such
a way that it too lay in S. All the 'plants' in the small square
plots about the vertices of the grid used for 'plant'-'plant' readings
were counted.

Since N was fixed, a 'random' pattern was the outcome of a
binomial process with N trials on the unit square. The x and y
coordinates of 'plants' in such a pattern were simulated by
generating 2N independent uniformly distributed variabies on (0,1].
Diggle et al (1976) reported consistency with the null distributions

of all the statistics except Tg for p < 107 on the basis of 57
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A possible configuration for the 9 vertices of each of the square grids
used in a semi-systematic sample of size m = 9. The vertices used for
point-plant measurements are shown e and those used in finding plant-
plant measurements o . The boundary of the region of interest R and
that of the study region S are marked and - - - respectively,
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realisations with m = 25. My results for the statistics were based
on 1000 realisations for each of a variety of combinations of p and
N (2 A). They suggest that 10Z is an acceptable bound for Hol and T
statistics but is too high for Hop statistics: withm =9, 71, 68
énd 69 values out of 1000 for HopF, HOpN and Hop* respectively lay
beyond the 5Z point of the appropriate theoretical distribution. The
bound p < 57 seems adequate. The theory of Section 2.5 indicates
that such a smaller bound is to be expected for Hop statistics which
need two separate sets of m sample positions. When semi-systematic
sampling was used, p could be at least as high as 25% for Hél and T
statistics. For Hop statistics p < 10% sufficed if half the area was
enumerated, p < 57 if one quarter. These bounds cbrresponded to
enumerating an average five 'plants' per small plot.

Matérn cluster processes (Matérn, 1971) modified to contain a
fixed number of plants N were used as clustered alternatives.
Realisations were simulated by generating a Poisson number of cluster
centres N, mean y, and distributing these independently and uniformly
within the unit square. The remaining (N - N.) 'plants' were then
each distributed uniformly within a disc of diameter D centred on a
cluster centre chosen at random, independently for each 'plant'.

'
If the 'plant' so added fell outside the unit square, the procedure
was repeated for this 'plant'. Figure 2.6 illustrates a realisation
of such a process with D = 0.1, N = 600, u = 100 giving a mean
cluster size C = 6.

Strauss processes (Strauss, 1975, Kelly and Ripley, 1976,

Ripley 1977, 1979b) were used as regular alternatives, D measuring

the range of inhibition and ¢ the strength. A process with c =0

consists of non-overlapping discs of diameter D about each 'plant'.
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Figure 2.7 illustrates a realisation of a Strauss process with
N = 240, D = 0,04, c = O.1.

The power comparisons are based on 100 realisations with m = 9,
p < 5% and 57 equal-tailed tests for all except HolB which used the
appropriate 247 one-sided test. The results are reported in
Tables 2.1 and 2.2. The choice of sampling scheme did not appreciably
affect the estimated power of Hol and T statistics. Therefore only
the average of the 200 results fdr semi~systematic (one quarter of
the total area enumerated) and random sampling is presented for these
statistics. The results shown for HolB'are for r = 8 and 1 respectively
in Tables 2.1 and 2.2. Tﬂese values of r gave reasonable power
against thé appropriate alternatives. For any éf the other statistics
at most 37 of the estimated power against clustered or regular
alternatives arose from values falling in the 247 lower or upper
tails pespectively. Tables 2.1 and 2.2 may therefore be used to
compare the power of all statistics against one-sided alternatives
at the 247 significance level, or of all except HolB against two—sided
alternatives at the 57 level.

It was disappointing to find that the new U-statistics Hop* and
T* are not obviously more powerful than their counterparts HopN and

T There is no apparent advantage in using the information provided

N-
by all combinations of point-plant and plant-plant measurements in
this way : the double summation merely smooths the contribution

., t. (1=1,...,m).

from each u,., v
11’ 1 i

The statistic Holg is certainly more powerful than HolF or Holy
against regular alternatives. However in situations where the
clusters are not well separated, the angular measurement 6 may often

be taken from a point lying within or very close to a cluster and
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Figure 2.6

A realisation on the unit square of a modified Matérn cluster process
having N = 600 points, mean cluster size C = 6 and cluster diameter
D = 0.1,
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Figure 2.7

A realisation on the unit square of a Strauss process having
N = 240 points, range of inhibition D = 0,04 and coefficient of

inhibition ¢ = 0.1.




HopF HopN Hop*

C D T T T* T Hol Hol Hol
R S R S R S F N E F N B
2 05 58 35 42 27 44 26 43 36 38 36 22 19 25
.02 80 55 92 67 92 71 50 79 79 - 85 38 43 51
3 .1 34 28 13 16 13 16 22 9 9 21 9 5 5
.05 85 71 67 65 69 - 61 70 65 66 68 36 23 43
.03 97 87 95 92 97 93 86 92 92 96 65 56 70
6 .15 40 37 19 16 21 18 23 11 8 29 11 8 7
.1 69 75 45 48 46 45 65 36 32 59 27 10 20
.07 96 98 69 74 70 78 91 76 77 88 61 26 46
TABLE 2.1

Estimated power in percent against clustered alternatives with mean cluster size C and cluster diameter D.
R and S respectively denote the columns containing the results for the appropriate Hop statistic under
random and semi~systematic sampling. The entries for T and Hol statistics are the average of the results

under both sampling schemes,

18



Hopp, Hopy Hop* T T T* T Hol

D c Hol Hol
R S R S R S F N E F\ N B

.03 0 19 20 50 47 50 48 11 20 20 22 7 9 16
.0325 0 27 36 64 60 67 73 12 25 25 29 7 10 24
.035 .25 20 19 31 25 30 25 7 10 10 15 7 6 10

0 30 43 68 68 67 66 13 30 32 33 5 6 21
.04 .25 16 23 21 31 21 31 10 17 21 15 4 5 10

.1 33 38 48 46 48 44 10 24 24 30 9 11 22

0 49 48 84 80 86 82 18 33 36 45 17 15 30

TABLE 2.2

Estimated power in percent against regular alternatives with coefficient of inhibition ¢ and range of
inhibition D. R and S respectively denote the columns containing the results for the appropriate Hop statistic
under random and semi-systematic sampling. The entries for T and Hol statistics are the average of the results

under both sampling schemes.

(4]
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need not be .small. 1In such cases null(euz) is not large. For this
feason Holy is not always more powerful than HolF‘against clustered
alternatives. Taken as a whole, Hol statistics are definitely
inferior to Hop and T statistiecs. This confirms the results
reported by Diggle et al (1976) and Hines and Hines (1979).

Hopkins' original test (that is Hopp, using random sampling) is
best against clustered alternatives with both HopF and Tp doing well
under semi-systematic sampling. For regular alternatives Hopy is
clearly best and does not appear to lose power when semi;systematic
sampling is used. It is interesting to note the substantial decrease
in power against regular alternatives for all statistics when the
strength of_inhibition is slightly weakened from the case of non-
overlapping discs, ¢ = 0. For example, compare ¢ = O with ¢ = 0.1
for D = 0.04. Both Diggle et al (1976) and Hines and Hines (1979)
considered as regular alternatives only simple sequential inhibition

processes which are very similar to the case c = 0.

2.7 Recommendations:

The study shows Hop statistics are worthy of consideration. The
semi-systematic sampling scheme allows Hop tests to be used without
the necessity of complete enumeration and permits more intensive
sampling if complete enumeration or T statistics are used. A

recommended strategy to test for significant pattern in a region is to

(a) 1lay out a fairly regular grid of 2m points lying inside the
study region and to proceed as explained for semi-systematic
sampling in Section 2.4, making sure that each plot is of area

sufficient to contain on average five plants



44

(b) calculate HopF and HopN and use these as tests of 'randomness';
HopF when clustering is suspected and Hopy for regular

alternatives.

If T statistics must be used, TE and a semi-systematic scheme

are recommended, the latter as a precaution against over-sampling.
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CHAPTER 3: THE USE OF DISTANCE METHODS IN ROBUST INTENSITY ESTIMATION

3.1 Introduction

It is often of considerable interest to estimate the average
intensity of the point process underlying an observed pattern in some
region. For example it may be of economic or ecological importance to
have a reliable estimate of the number of trees in a forest. Counts
in randomly located quadrats can be used to give unbiased estimates
of the average intensity irrespective of the form of the.ﬁnderlying
process. This is not true of 'distance' methods. Nevertheless
'distance' methods are often preferred since they can be easier to use
in the field. It is thérefore important to establish which distance-
based estimators of the average inteﬁsity in a region are robust ;o
changes in the distribution of the underlying process. This is the
aim of this Chapter,

The distance-based estimators then available were reviewed by
Persson (1971). Their bias was calculated for regular lattice
processes and for randomly distributed point cluster processes.
Diggle (1975, 1977) considered estimators of the inverse of the
intensity for some homogeneous processes. He introduced several
'compound' estimators which are combinations of the usual estimators
based on the means of the squared distances u;, yor t of Chapter 2.
In the first paper he showed analytically that for specific regular
and clustered processes the 'compound’ estimatofs have smaller bias
than the usual estimators. In the second paper he used simulation
to verify that the 'compound' estimators also give more reliable

estimates for certain more realistic clustered processes,
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In this Chapter some analogues of Diggle's 'compound' estimators
are considered. These new functions estimate the average intensity
and not its inverse. Estimators based on the distances not only to
the nearest object but also to the second and third nearest objects
are examined. 1In addition to estimators based on the mean squared
distances others based on the squares of the mean distances and of the
median distances are compared in a simulation study. The empirically
based estimator of Batcheler and Hodder (1975) is included in this
study. So too is the estimator introduced by Morisita (1957) and
formed from the mean of the inverses_of the squared distances to the
third nearest object. Morisita claimed that this estimator should be
robust if the pattern consists of areas of different intensity within
each of which the process is Poisson.

Simulation is used to study the bias and variance of both the
new and the existing estimators under the random and semi-systematic
sampling schemes of Chapter 2. The results for homogeneous and for

heterogeneous patterns are summarised in the final Section.

3.2 The estimators

For definiteness again suppose that the objects of interest are
plants of which there are N in the region of interest R C ]iz. Further-
more suppose that the intensity of the underlying process at the point
x € R? is given by A(x). So as to minimise edge effects it is necessary
to measure distances from points or plants selected from a study region §

lying well within R. The average intensity in S is given by

X o= [ Ax) av(x) [ dv(x)
s""/s~
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. 2 . . 3
where v(:) is Lebesgue measure on R~ . It is this quantity A for
which robust estimators are required. .
Under either random or semi-systematic sampling as defined in

Chapter 2 let

(a) X, be the distance from the selected point P to the rth nearest

plant Qr

(b) Y be the distance from the selected plant to the rth nearest

plant

. t . . .
(c) z. be the distance from Q1 to the r h nearest plant in a direction
. . th
away from P, that is the T-square distance to the r  nearest plant

from Q1

(d) w be the distance. from Q; to the nearest plant.

With the notation of Chapter 2 this means that

Samples of size m are denoted in the obvious way by

N 4

Zyy eves Z

veew X
2.(]_’ Ln ~r

r? Yio vec0 ¥ s W
In this Chapter the distances corresponding to r < 3 are of interest
and sampling is again assumed to be sufficiently sparse to ensure the
independence of the samples.

Estimators of A based on the measurements y, are only practicable

~

under semi-systematic sampling. Random sampling necessitates complete

enumeration of the N, plants in the study region S and NS/f dv(x)
S
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would then be an excellent estimator of}iﬂ A modest amount of
enumeration is required when finding yr under semi-systematic sampling.
Before estimators which use y, are recommended, they must therefore be.
more robust than others which do not. Although impracticable,
estimators which use y, are considered under random sampling in the
simulation study. The inclusion of these estimators allows the effect
of semi-systematic sampling to be assessed for a wider variety of

estimators.

The most analytically tractable case to consider is the homogeneous

Poisson process with constant intensity A(x)

2 2 2 . '
Chapter 2, Anxri, Anyri and Anzrilz (r=1,2,3; i=1,...,m) arg

A= A. As explained in

approximately jointly independent and distributed as T variates with
index r for such a process under the assumption of sparse sampling.

Following Persson (1964) it is therefore easy to show that if

d, = x; or y. or zri//i (r =1,2,3; i=1,...,m)
and if
—_— m
d 2 . b d2./m
r . ri
1=1
m
T2 = (3 a_./w?
r . TryL
1i=1

dr* = median of drl""’drm
2 T 2
1/dr = (iil 1/dri)/m
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then, at least asymptotically as m + ®, the method of moments

estimators of A given in Table 3.1 are unbiased and have the given

asymptotic variances. Estimators based on the function lldi for
r = 1,2 are not included in Table 3.1 because the expectation of
lldi'i and the variance of lldz:i (r = 1,2) are infinite for a

homogeneous Poisson process. For such a process the asymptotic variance

of the estimator based on d: is as small as that based on any other
function of gr since it is the maximum likelihood estimator. Of course
for other processes this need not be so.

The 'compound' estimators of A to be studied in this Chapter are
analogues of the 'compound' estimators ;, ;T’ ¥* and Y% of the inverse
of the intensity introduced by Diggle (1975). These new estimators
are arithmetic and geometric means of usual estimators based on point-
plant and on, plant-plant distances. The usual intensity estimators

tend to be biased in opposite directions for clustered processes;

those based on point-plant distances tend to underestimate the average
intensity whilst those which use plant—plant distances tend to over-
estimate this quantity. The converse is true for regular processes
(see Diggle, 1975). It is hoped that the 'compound' estimators are
more robust than the usual estimators used in their formation: the
opposing effects on the bias of the usual estimators should at least
partially cancel each other out in the 'compound' estimators.

The plant-plant distances may tend to zero in a highly clustered
pattern although the point-plant distances must remain finite for any
reasonably shaped study reggdn S; Thus the intensity estimated in
any of the usual ways from the plant-plant distances may tend to
infinity whilst that estimated from the point-plant distances must
be bounded away from zero. This illustrates the asymmetric behaviour

of the biases of the usual estimators. Because of this asymmetry the
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£(d_) A var (1)
T2 2

4 1/(nd;®) A2/
-2 -

d4; 1/(4d12) 1.09296 A% /m

<2 2 2

d3 0.069315/(md}") 2.08138 A“/m
:1-_ 2/(1rd_2) 0.5 2%/

2 2 .« m
"y —

2 9/(16d22) 0.52707 A2 /m
2 2 2
d¥ 1.67835/(nd}") 0.90408 A“/m

a2 3/(na.2) | 0.3 A%/

3 3 _ ' s

3'32 225/(256d,°) 0.34599 AZ/m
2 2 2

a3 2.67406/(nd3") 0.57495 A*/m

14,5 201/a2)/m A2 /m

Table 3.1

The function f£(-) of the distance measurements ér (r = 1,2,3) used in
forming the method of moments estimator \ of the intensity A of a
homogeneous Poisson process. The estimators based on ;:5 are also the
maximum likelihood estimators. At least asymptotically as the sample
size m + =, each estimator is unbiased and the asymptotic variance,

var (1), is shown. The distances d_; may be either x . or y_; or

zri//i (i=1,...,m.
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'compound' estimators which are geometrical means of the usual
estimators might be more robust than their arithmetic mean analogues.
Certainly such is the‘case'for the 'compound' estimators of the
inverse of the intensity investigated by Diggle (1975, 1977).

For each function dr2 s 5;2 s d*2 and lldr2 of the distance

h .
measurements to the rt nearest plant there are four corresponding new

'compound’' estimators. For example the estimators based on d12 are

(w/2){1/(rBxy)) + 1/(ntyy )} (3.1)
(m/2){1/(n5x2,) + 2/(n52s )} (3.2)
/({17 (nx] O H1/(nEy2 O (3.3)
a1/ (nad )2/ nza ) (3.4)

where the summation is in each case over i = 1,...,m. The other new
estimators are defined in the obvious way using the remaining nine
estimators given in Table 3.1. Thus there are in all forty 'compound'
estimators to be compared in addition to the usual estimators formed
by using eitﬁer the point-plant or the plant-plant distance measurements
in the estimators of Table 3.1.

The estimator suggested on empirical grounds by Batcheler and
Hodder (1975) is also considered. This estimator is

-1.9131X )

m/(m2 x 3,473 x 3,717

1i

where

X =V [{mZx%i - (lei)z}/(leiZwi)].
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It is possible to construct 'compound' estimators based on distance
measurements from selected points to the rth nearest plant and from .
selected plants to the sth nearest plant where r # s. There is no reason to
expect these 'compound' estimators to be more robust than those described
already. They are not included in the present study.

The standardised bias B and the standardised variance V of an

estimator A of the average intensity A in the study area S are

defined by

EG/X - 1)

w
i

and

var(i/ 1) .

<
]

With the exception of the Batcheler and Hodder estimator it is clear
that for a homogeneous Poisson process, at least'asymptotically as
m—+®, B+0 for each estimator under investigation. In the next two
Sections simulation is used to study the robustness of the estimators
to changes in the form of the underlying process. An estimator 1is
said to be robust if B is close to zero and if V is not excessively
large for a wide variety of processes. This restriction on the size

of V ensures the efficiency of the estimator.

3.3 The homogeneous case

The simulation study splits into two parts. The first part which
is presented in this Section looks at the robustness of the estimators
of the intensity for homogeneous processes. The second part presented
in the next Section examines the robustness of the estimators of the
average intensity in the study area S for heterogeneous processes,

Since so many estimators are being compared the full set of tables of
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results are not given. Instead the main features of these tables are
described and the_actual results are given in each case for the most
robust estimator.

In all cases 25 realisations of each process were used to estimate
B aﬁd V for the various estimators under comsideration. For the
'compound' estimators m = 9 whilst for the usual estimators m = 18.
Thus the results concerning either type of estimator are based on the
same total numb.er of distance measurements. This ensures that the
effort required to collect the data used in a particular estimate is
comparable with that needed to form any other estimate. The simulated
patterns were all restricted to have a total number of N = 500 points
in the uﬁit square R. The points or plants from which distance
measurements were made were selected according to the random and semi-
systematic sampling schemes of Chapter 2. They were chosen from within
fhe square study area S = [0.1, 0.9]2 so as to minimise edge effects.
The results of Chapter 2 suggest that the resulting sampling intensity
is sufficiently small to ensure the approximate validity of the
assumptions made under sparse sampling.

The standardised bias of the usual estimator based on the function

f(-) of xr‘given in Table 3.1 is denoted B(§r, f(dr)). For example,

the standardised bias of m/(nzxii) is B(§1, d12). The standardised
biases of the 'compound' estimators in equatioms (3.1)-(3.4) are denoted
. 2 2 / 2
respectively B(gl, Yy *s 4 ), B(El, Zys *, dy ), B(gl, Yo Vs dg )
and B(gl, Zqs Y, d12). The standardised biases of the other 'compound'
estimators are written in the obvious way.
The clustered and regular homogeneous processes considered in

this Section are respectively the modified Matérn cluster process and

the Strauss process introduced in Chapter 2. As Bartlett (1963) points
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out, it is possible to consider such a cluster process as a
heterogeneous process but such an interpretation is not used here.
For regular patterns Diggle (1977) recommends using Yo* to
estimate the inverse of the intensity. The intensity estimator given
in equation (3.4) is 1/YT*. The simulation results for a variety of
Strauss processes show that estimators based on the distances to the
2nd and 3rd nearest plants are very slightly more robust than the
corresponding estimator which uses the distance to the nearest plant.
Howéver,.the improvement is so slight as to be scarcely worth the
additional effort involved in finding these larger distances. For

example B(§1,.El, Y, Eiz) = 0.02 whilst B(x Y, 352) =z 0.01

X35 Z3»
under semi-systematic sampling for a Strauss process with coefficient
of inhibition ¢ = 0.4 and range of inhibition D = 0.015. The use of
semi-systematic ;ather than random sampling appears to have no obvious
effect on the estimated bias and variance. The results of Chapter 2

would therefore suggest the use of the former so as to avoid over-

sampling. The estimated values of |B| and V for the estimator

Br = wl/{(28x (/2 1z )} (3.5)

N
analogous to (3.4) but based on aiz are among the smallest for all the
estimators in each situation considered. In particular there appears
to be no advantage in using estimators based on the plant-plant
distances Ve The use of semi-systematic_sampling and the estimator E*
are therefore recommended for regular homogeneous patterns.

Realisations of modified Matérn cluster processes having a mean
number y = 2, 4 or 5 points pér cluster and a cluster diameter

D = 0.05, 0.1 and 0.2 were simulated. Increasing u or decreaging D
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produces more obvious visual clustering in the simulated patterns.
When D = 0.05 the simulated patterns are highly clustered whilst the
patterns for gy = 2 and D = 0.2 are visually similar to homogeneous
Poisson patterns; see Figures 3.1(a)-(d).

The 'compound' estimators are more roﬁust than the usual estimators
in all except the highly clustered situations (D = 0.05). For
moderately clustered patterns there seems to be no advantége in using
the distances from the selected point or plant to the o™d or 379
nearest plant. Nor is there any apparent advantage in choosing
estimators which make use of Y and so require partial enumeration.

In the situations considered the performance of such estimators is
comparable with or worse than that of the analogous estimators which
use z_. Except for the highly clustered patterns, the estimator E*

is again at least as robust as any other estimator considered. The use
of semi-systematic instead of random sampling appears to generally
improve the performance of E*. Certainly it is a safeguard against
oversampling. The standardised bias and variance of E* for the

moderately clustered patterns are shown in Table 3.2. The corresponding

values of the estimator
+ s 24081 2 2
E = (m /2)[1/{4(zx1i) } o+ 2/{4(£zli) H

and those of m27{4(2xli)2} are included in this Table for comparison.

In highly clustered situations all the estimators have considerable
bias. The estimator 3m/(ﬂ2x§i) based on the distances x5 under semi-
systematic sampling generally appears to have bias comparable with and

variance less than the best of the other estimators in such cases.

Under semi-systematic sampling B(§3, dg) = -0.15, -0.26, -0.41 and the
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(a) - 7 ®e ¢ “e0 '0

(b) .- . o ] ] . ..

Figure 3.1(a), (b). Realisations on the unit square of (a) a homogeneous
Poisson process (b) a modified Matérn cluster process
with on average y = 2 points per cluster of diameter
D = 0.2. Each realisation consists of 500 points.
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Figure 3.1 (c),(d). Realisations on the unit square of modified Matérn
cluster processes with (¢) u =4, D = 0.1
(d) u = 4, D = 0.05. Each realisation consists of
500 points.
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21

u D R S R S R S
2 0.2 -4 4 11 13 6 7
) (3) (7) (10) (8) (8 (7)
0.1 -13 -22 2 9 -2 -1
(5) (2) (8) (13) (7) (9
4 0.2 -4 -2 6 8 4 2
(3) (3) (6) (5) (6) 4)
0.1 -25 -39 10 21 -1 3
(9) (3) (16) (16) (11) (9)
5 0.2 -2 -14 12 17 7 1
(15) (3) (19) (10)  (17) (7)
0.1 -42 -48 23 20 3 =2
(4) (3) (29) (22) (18) (11)

Table 3.2

Some results of the simulation sfudy for homogeneous modified Matérn
cluster processes consisting of clusters of diameter D each containing
an average of p points. The percentage results are shown for random R
and semi-systematic S sampling. Each result is based on 25 patterns
each of 500 points. The estimated standardised bias is listed and the

estimated standardised variance is given beneath in parentheses.
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corresponding estimated standardised variances are 0.01, 0.01, 0.02
according as w = 2, 4, 5 when D = 0.05. There is a further advantage
in using this estimator, If the field worker has some idea of the
average number p of points in each cluster, not an unreasonable
assumption in a highly clustered situation, then B(§r, ;:E) is about
(r/u - 1) for r < u. In such situations it is therefore possible to
approximately correct for bias.

To see how the correction term arises suppose that the clusters
are randomly distributed point clusterg each containing exactly
points. Then for r < u, x,. are the distances from selected points to
the nearest cluster and the cluster intensity is A/u. Thus the expected
squared distance from a selected point to the nearest cluster is
u/(wAr). Hence the estimate rm/(anii) should be about r/(mu/wA) = rA/u.
In other words, for r < u, B(fr, ;:7) = (r/g - 1). For the recommended
estimator r = 3 and (r /p - 1) = -0.25 and -0.4 for u = 4 and 5.

These values are in close agreement with the estimated standardised

bias of -0.26 and -0.41 in the highly clustered case D = 0.05.

3.4 The heterogeneous case

~

The analytical result of Matérn (1960, p.81) concerning the
variance of an estimator based on systematic sampling suggests that
semi-systematic sampling should yield more efficient intensity
estimators than random sampling when there is strong local positive
correlation in the pattern. Many authors have been concerned about the
possible bias introduced under systematic sampling in the presence of
periodic variation (for example see Finmey, 1947, 1948, 1950). Milne

(1959) points out that five conditions must be satisfied before 'centric'
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systematic sampling gives rise to a severely ﬁiased estimate. The
probability of the simultaneous occurrence of these five conditions
is so small that he contends that "the risk of periodic variation
defeating the 'centric' systematic sample ..... can justifiably be
ignored."

In this Section simulation is used to examine the performance of
the intensity estimators under ran&om and semi-systematic sampling in
the presence of trend. The simplest situation to consider is a gemeral
Poisson process in which A(g) is not constant over the region R. 1In
the simulation study R is the unit square, s = [0.1, 0.9]2 and for

5 = (xl, x22 € R
CA(x) = alxy - 1/2)2 + 1/2

where a 8 R, is a parameter which may be varied. The cases a = 2, 4, 6
were considéred, a = 0 corresponding to a homogeneous Poisson pfocess.
Realisations of some nonhomogeneous Poisson processes are illustrated
in Figure 3.2. The x coordinates of the points in e;ch pattern were
generated by acceptance sampling from the distribution with density
proportional to a(x - 1/2)2 + 1/2, x 6 [0,11, whilst the y coordinates
were random numbers generated from a uniform distribution on [0,1].

The estimators based on the distances from selected points or
plants to the nearest plant performed best. This is probably due to
the fact that the larger distances to other plants are more affected by
the underlying trend. On the whole the 'compound' estimators seem to
be more reliable than the usual estimators. In nearly all cases
considered the use of semi-systematic in place of random sampling led
to a decrease in both the estimated absolute bias and the variance of
each estimator. The estimator E* is again the most robust. The results

of the study for E* are presented in Table 3.3.
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Figure 3.2. Realisations on the unit square R of a general Poisson
process with intensity A(x) « a(x; - 1/2) + 1/2,
= (x;, x,) 6 R where (a) a = 2 (b) @ = 4. Each realisation
cons:.sts o% 500 points.
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Pefcentage @ =2 aA?'A o =6

standardised R S R S R S

(i) bias 5 3 3 2 10 4

(ii) variance 5 3 6 5. 7 5
Table 3.3

Results for E* of the simulation study for general Poisson processes
with intensity A(x), « a(x1 - 1/2)2 + 1/2 for x = (xl, x2) 6 [0,1]2.
Each result is based on 25 patterns each of 500 points. Both random R

and semi—-systematic S sampling are considered.
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The other heterogeneous processes which were considered are
extensions of modified Matérn cluster processes. They are simulated
in the same way as these processes except that the cluster centres are

now a realisation of a general Poisson process with intensity

A(x) = u(x1 - 1/2)2 +1/2 for x = (xl, xz) e [0,1]2.

Thus there are three parameters needed to describe such processes: the
trend parameter o, the mean number of points per cluster u and the
cluster diameter D. The cases a = 2 and 4 were considered. These
represent slight and moderate trendvrespectively. The same combinations
of 1 and D were examined as in the homogeneous case. Realisations of
some heterogeneous cluster processes are illustrated in Figure 3.3.

The results of the simulation study for these heterogeneous cluster
processes closely parallel those summarised earlier for the homogeneous
cluster processes. The only obvious difference is that, as expected in
the heterogenéous case, the use of semi-systematic sampling tends to
decrease the variance of all the estimators without causing large
increases in their absolute biases. 1Indeed the absolute bias is often
reduced as can be seen from Table 3.4 for the estimator E* which is
again recommended for all except highly clustered patterns. For these
patterns the estimator 3m/(n2x§i) is again recommended in conjunction
with the correction factor given earlier. When D = 0.05 and u = &, 5,
the estimated standardised biases of this estimator are -0.25, -0.38
for a = 2 and -0.30, -0.44 for a = 4 compared with the values

(3/u - 1) = -0.25, -0.40.



(a)

(b)

Figure 3.3.
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=2 a =4
i D R S R S
2 0.2 7 8 3 3
(11) (3) (13) (6)
0.1 -1 1 6 -3
(9) - (8) (4) (3)
4 0.2 -4 -1 -3 0
(6) (4) (14) (10)
0.1 7 v 9 -2 -4
(17) (11) (8) (6)
5 0.2 -3 1 12 =7
(12) (7) (13) (5)
0.1 -13 3 -9 -3
(11) (12) (10) (11)
Table 3.4

The percentage results for E* of the simulation study for heterogeneous
cluster processes in which the cluster centres are a realisation of a
general Poisson process with intensity A(x) < a(x1 - 1/2)2 + 1/2 for

x = (xl, x2) e [0,1]2. The estimated standardised bias is listed and
the estimated standardised variance is given beneath in parentheses,

Both random R and semi-systematic S sampling are considered, Each

result is based on 25 patterns each of 500 points.
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3.5 Conclusions

In all except highly clustered situations the 'compound'
estimators are certainly more robust than their usual analogues based
on either point-plant or plant-plant distance measurements alone.
Semi-systematic sampling is recommended in preference to random
sampling. In the homogeneous case it is a précaution against over-
sampling. As expected in the heterogeneous cases considered, it has
the added advantage of usually decreasing the estimated variance of
the intensity estimators without seriously increasing their estimated
absolute bias. The 'compognd' estimators based onvthe 'T-square'
distances §¥, z_ do not require partial enumeration of the pattern.
For the situations considered their performance is either comparable
with or better than that of the analogous estimators formed from
x and Yo In general there is no advantage in using any 'compound’
estimators other than those based on the distances from selected
points and plants to the nearest plant (r =1).

It is recommended that the ‘compouné' estimator E* be used to

'
estima;e the average intensities of the processes underlying all
except highly clustered patterns. The performance of this estimator
is in all cases comparable with or better than that of 1/YT* where
Y is the estimator of the inverse of the intensity recommended by
Diggle (1975, 1977). The improvement is possibly due to the fact that
Yo* is a function of Zkiizlm and Zzlizlm whilst E* is based on
(lei/m)2 and (Ezli/m)z, the latter being less affected by an unusually

large observation. Use of the estimator 3m/(n£x§i) in conjunction with

a bias correction factor is recommended for visually highly clustered

patterns.
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The results of this simulation study support and extend the
work of Diggi;.k1975, 1977). It should be noted that neither the
estimatpr suggested by Batcheler and Hodder (1975) nor that introduced
by Morisita (1957) are particularly robust to‘the types of changes in

the underlying distributions considered here.
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_CHAPTER 4: A GENERALISATION OF. K TO.6-STATIONARY SIMPLE SECOND

ORDER POINT PROCESSES.

4.1 Introduction

The positions of three types of sporophores which grew about a
single birch tree in the years 1975, 1976 and 1977 (Ford, Pelham and
Mason, 1980) are illustrated in Figures 4.1(a), (b) and (c). If the
sporophores afe considered as points then these Eigures can be
interpreted as maps of part of>the realisations of spatial point
processes in some region of interest. A quick glance reveals that
the intensity of each underlying process changed with the radial
distance from the tree. Therefore these processes cannot be
coﬂsidered to be homogeneous.

The tree is an obvious reference point for the sporophore
patterns and will hereafter be taken to be the mathematical origin.
Other examples of patterns with an obvious origin might include the
~locations of diseased trees in a forest in successive years after the
introduction of the disease at some known (or unknown) site and the
positions of fortifications in the countryside near the site of an
historically important city. In the former the origin would be the
initial point of infection and, in the latter, the position of the
old city.

Virtually all existing methods of analysing maps of spatial
patterns test for departures from null hypotheses involving processes
which are both homogeneous and isotropic or, equivalently, stationary
under the group of rigid motions. Diggle (1979) and Ripley (1979a)
cﬁmpare some of these methods. In most cases the null hypothesis is
that the observed pattern is part of an outcome of a Poisson or

[
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Figure'é.l(a)

The pattern of sporophores growing about the birch tree in 1975,
b

> Hebeloma spp., Laccaria laccata,

s Lactarius pubescens.
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The pattern of sporophores growing about the birch tree in 1976.
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x Laccaria laccata,

& Hebeloma spp.,
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The pattern of sporophores growing about the birch tree in 1977.

> Hebeloma spp., x Laccaria laccata, =« Lactarius pubescens.
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binomial process. There is very little published work on what may
be done wheq the observed pattern is obviously not part of a
realisation of a process that is stationary under the group of
rigid motions.

One possibility is to partition the region of interest into sub-
regions within which it is reasonable to assume isotropy and homo-
geneity of the underlying process. Each subregion is then analysed
in turn and the results compared inisome way. It is visually obvious,
however, that no partition of the sporophore patterns into subregions
each containing a reasonable number of sporophores of each type, say
more than twenty, is likely to produce subregions in which this
property may be assumed. Even if such a partition were possible, an
analysis within each subregion would not make use of all the
information concerning the spatial relationships between the subregions.
Some alternative approach is required.

As a first approximation it seems reasonable to assume that the
underlying process associated with each sporophore type in each year
is stationary under rotations about the origin. A less restrictive
approximation made later involves the concept of 6-stationarity which
describes a similar assumption about the underlying process only in
some sector of interest. This Chapter contains a theoretical
development of generalisations of Ripley's K method which are applicable
in such situations where there is an obvious point of reference or
origin. One of these new methods is used to analyse the sporophore
patterns in Chapter 6 after their marginal radial and angular

distributions have been estimated in Chapter 5.
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4.2 6-stationary simple second order point processes

Ripley (1976a) has defined point processes, in particular simple
second order point processes, on a topological space X. Briefly,
each realisation of a simple second order point process consists of
a countable set of distinct points from X. If the random variable
Z(A) denotes the number of points in each Borel subset A of X, then
for a second order point process E{Z(A)} and EI{Z(A)}Z] are finite
whenever A is bounded.

The first and second moment structures of a point process Z on X

are described by the first and second moment measures, respectively

WA = Bz}
and

wiay x A = ELZ(ADZ(A))

where Al’ A2 € C, the class of bounded measurable sets in X. If G
is the group of rotations about the origin then Z will be said to be
isotropic if its distribution is invariant under G. For a simple
point proc&ss it is only necessary to check invariance for the finite
dimensional hitting probabilities for sets from, say, the class of
open discs (Ripley, 1976b). Unless otherwise stated it will be assumed
that Z is an isotropic simple second order point process on X.

Ripley (1976c) has shown that, under certain conditions, if T is
the quotient space of the equivalence relation defined by G on

Y = X2 and if p : Y > T is the quotient map, then for all Borel sets

ACyY

W28 = [ v (A)dK(E) (4.1)
T
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where Ve is a unique invariant Radon measure on Y, concentrated on

&t = p_l({t}), and K is a unique ¢g~finite measure on T. It follows
that the first two moment measures may be summarised by A(§), the
intensity of the process Z at the point X, and K, the reduced second
moment measure.

In particular, for an isotropic process on X =iR? any (§,¥) 6Y
belongs to some equivalence class which may be characterised by
t = (|§|, |¥|,£) where £ = cos_l{g.i/(|§||¥|)}. For example,
Figure 4.2(a) illustrates two pairs (§1,Zl) and (§2,22) in the same
equivalence class. 1In this case A(§) depends on x only through [xl.
For notational convenience A(f) will be written A(|§I) with the
obvious interpretatioﬂ.
With the above characterisation of T for an isotropic process on

X =R,

K : ]R+x 1R+ x [0,7] +]R+.

~ The moment decomposition equation (4.1) may then be written

wi(a) x Ap) = E{Z(a)Z(Ay))

n
—

A(]x])dv(x)
2 (4.2)

+ f+ Yr,s, 001 * A,)dK(r,s,8)

+
R xR x [0,n]
. 2
where v is Lebesgue measure on R~ and v(r s,8) can be shown to be
. P R |

proportional to the invariant Radon measure on Y(r s.0)°
’ ?
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(a)

(b)

Figure 4.2

(a) Points (:51,21), (xz,yz) €Y= ]R2 x ]R2 in the same equivalence

class characterised by t = (r,s,£).
(b) A point (x,y) € Y = 2 where X is the surface of the come with
half-angle ao. This point is in the equivalénce class

characterised by t = (|x|, |y],&).
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The expressions in equation (4.2) have the following intuitive

interpretations:
u2(A1 X A2) = expected number of ordered pairs (x,y) of points,
one point from A1 and the other from A2
= (a) + (b)
where
(a) = expected number of ordered 'pairs' (x,x) of points,
the same point from Ay and A,
= A(lfl)dv(x)
and
(b) = expected number of ordered pairs (x,y) of distinct points,
one point from A1 and the other from A2
= . {- v(r,s,e)(Al x A2)dK(r,s,6)
R xR x [0,7]
where
v (A, x A,) = probability that a pair of points in the equivalence
. (r,s,8) 1 2
class characterised by (r,s,f) lies in (A1 x A2)
and
K(r,s,0) = expected number of ordered pairs (x,y) of distinct points

such that [x| < r, |y| <s and cosul{f.g/(|§llz|)} < 8.

Precisely the same moment decomposition equation (4.2) will arise
if the process Z is defined for some fixed ¢ 6 (0,7m/2] on the two-

dimensional manifold

X={x:x= (xl,xz,x3) € Rs, x12 + x22 = (x3 tan a)2}.
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Clearly X is the surface of a cone with half-angle a. If (x,y) €Y
lies in the equivalence class corresponding to t € T, then the required

characterisation is t = (lxl, lyI,E) where this time
_.1 .
£ =cos {xt.y*/(|z*||y*]D} and x* = (x1,%,,0), ¥y* = (y;,7,,0)

are the orthogonal projections of X, y onto the plane perpendicular

to the axis of the cone and passing through the origin. Figure 4.2(b)
illustrates these relationships. It follows that the earlier case

X = ]RZ arises here as the particular case a = m/2.

If Z is a simple second order point process on.IR2 and x € ]RZ is

written (r,8) in polar coordinates, let Ze denote the restriction of

the Z process to the 'sector'

S = {x:1ré€ Ef-, 6 € H}

-~

where either

==
I

[el, 8,1 » 0<8;<8,c< 27,

or

]
"

(875 2r) U [0,6,1, 0 28, < By < 27,

If the process Z. is stationary under rotations on the cone formed by

0
identifying the edges of the 'sector' S, then the process Z will be said

to be p-stationary on S. The sector S will be called a §-stationary

sector of Z. Toroidal edge corrections are used as boundary conditions
for homogeneous, isotropic processes defined on a bounded set (for
example see Ripley, 1977, 1979a). The concept of 8-stationarity

performs the same function for isotropic processes defined on a 'sector'.
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. . 2, .

Any isotropic process on R~ is clearly 6-stationary on any
'sector' S but 6-stationarity on some 'sector' S does not imply
. 2 2 . . .
isotropy on R unless S = R . For example, if Z is a Poisson

2 . . . .
process on R~ with varying intensity

>
v
o

A Jd
-
M
n

where A; # X,, then Z is not isotropic but is g-stationary on both

S and s°©. Figure 4.3 illustrates a realisation of such a process.
Hereafter 'small' objects such as sporophores will be represented

by points. A model will be a family of processes which are restrictions

of simple second order f-stationary point processes to some §-stationary

'sec&or'. It will be assumed that for a realisation of a spatial

pattern it is possible to observe all points in some known set E, the

sampling window. Although it is not necessary for much of the theory

of this Chapter, it will also be assumed that E =’{§ T <ry, O € Ho}
for some ry <, Hy C H; that is E is a sector lying inside some
0-stationary 'sector' and so contains the origin.

The cumulative distribution function K of the ¢g-finite measure
on T is used in preference to the corresponding density for the reasomns
cited by Ripley (1977). 1In particular any estimate of this demnsity
would have to be smoothed. This would require a subjective choice of
the amount of smoothing for a function of several variables.

It is possible to consider the analogue of Ripley's function

p(t). For an isotropic process this is given by

p(r,t) = Pr{Z(b(x,t)) >0 |[x| =1}
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A realisation consisting of 100 points from a general Poisson
process, The process is 6-stationary on the left and right
half-planes but is not isotropic. The intensity at a specified
radial distance is three times larger on the left half-plane
than on the right. The origin is marked X.
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where
b(x,t) = {y s |[x - y| <t}

for any x € R? and t > 0. This function is the '"first order' part of
the description of an isotropic process in terms of the hitting
distribution for all finite collections of open discs. Unlike p(t)
which was introduced to detect heterogeneity, p(r,t) can have no such
obvious use due to the admissible variation in the intensity. The
functions p(t) and p(r,t) provide information on only the distribution
of the distance fromag randomly chosen position to the nearest point.
In many applications the estimate of p(t) merely provides further
evidence supporting the conclusions reached on the basis of the
estimate of K(t). It is reasonable to expect that this would also be

the case with p(r,t) and K(r,s,8). For these reasons it was decided

to concentrate attention on K(r,s,0).

4.3 Some models

For convenience the models described in this Section will be
families of isotropic processes on ]R2 . Isotropy ensures that the
intensity at the point x = (r,8) is given by A(x) = A(r). 1In all cases
analogous models consisting of @-stationary processes can be formed
simply by considering the restrictions of isotropic processes to
f@~stationary sectors and using appropriate boundary conditions to
eiiminate edge effects.

The Poisson model is the simplest to be considered. It is comprised
of the family of isotropic Poisson processes with variable radial
intensity A(r). Figure 4.4(a) illustrates a realisation of such a

process., It is clear that for such processes
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(a) A realisation consisting of 100 points from an isotropic Poisson
process with radial intensity A(r) « éxp(—rz).
(b) A realisation consisting of 100 points from a simple cluster process.
The mean number of points per cluster y = 4 and the cluster diameter

D = 0.8.

The origin is marked X.
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r 6 s
K(r,s,8) = [ Aax)2mx [ [a(y)y dy de dx
0 ‘ -0 0

r s
476 [ a(x)x dx [ A(y)y dy.
0 0

This function depends on the intensity which is usually unknown. It

might therefore be more convenient to consider

K*(r,s,0) = K(r,s,0)/{av A(r). av A(s)}
where
- 2
av A(r) = f A(x)2nx dx/(nr”)
0

is the mean intensity inside the circle of radius r. For a Poisson

process

K*(r,s,0) = 'rrerzsz

which is independent of A(r).

In Section 4.5 it is shown that the function

Kl(r,t) = expected number of ordered pairs (x,y) of distinct

points such that |§| <r, |§ - ZI <t

is even more useful than K* for reasons of parsimony and ease of

graphical representation. For an isotropic Poisson process

c :
K,(r,t) = ] l(x1)21rx1 / l(|¥|)dv(y)dx1
0 b((x,,0),t) -
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where v is Lebesgue measure on,]R2 and b(x,t) ='{¥ : |y—x| <t}
Provided that A(y) = A(x) for |§ - z[ < t, a condition which should
be satisfied for small values of t by the smoothly varying intensity
functions usually met in practice, it follows that for an isotropic

Poisson process

r
K (r,t) = [ A(x)2mxnt?A(x)dx
0
r
= 21r2t2 f xxz(x)dx.
0

\
Unlike K or K*, K, does not completely specify the second moment

measure. However, if A(X) = A(x) for |§-¥[_5 t, 1t seems reasonable
to expect that Ky will contain much of the information about the second
moment structure of a process in which there are no substantial long
range interactions between points. This is confirmed by the results
reported in the following Sectioms.

For any isotropic process

r
K(t,s,0) = [ A(x)) 2mx, ] ;\(y|x1)dv(y)dx1
0 c(x;,5,8) ~ -

where
: 2 -1
e(x,8,8) = {y : y= (y,¥p) € B, |yl <5, cos (yy/lyD <0}

and

A(y[xl) = the conditional intensity at y given there 1s a point at (xl,O).
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In the same way

r
K,(r,t) = [ a(x;)2mx f Aly|x)dv(y)dx, .
' R RN (o 10 B

For an isotropic Poisson process
Mylx) = A = adyh.
A process will be said to be clustered at the radial distance Xy if
Aylxp) > alyD , d((x1,0),y) < 6,

and to be regular at the radial distance X if

‘ A(ylxp) < adyD , d((%7,0),y) < §,

where d( , ) is the distance function between two points and § is some
positive constant. If a process is clustered for some interval of

radial distances, it follows that for some values of (r,s,g) and (r,t)

K*(r,s,0) > werzsz

and that

r
Kl(r,t) > 2n2t2 f xAz(x)dx.

0
The expressions on the right hand sides of these inequalities are just
the exact and approximate values of K* and K1 respectively under a

Poisson hypothesis. Processes which are regular over some interval of

radial distances obviously satisfy the above with the inequality reversed.
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These inequalities suggest that estimates of K¥* or K1 might be‘
used to test the fit of a model in a similar manner to that proposed
by Ripley (1977) for homogeneous isotropic processes. This idea is
pursued further in Section 4.5. Many of the clustered and regular
processes described in Ripley (19775 have obvious isotropic analogues
with variable radial intensity. Some of these are described below.
All of the processes mentioned are either clustered or regular over
the whole range of radial distances. It would of course be possibie
to construct a process which was, say, clustered for certain intervals
of radial distances and regular for distances outside these intervals.

Two clustered processes are considered. The first is an isotropic
genefalisation of one of Matérn's cluster processes (Matérn, 1971)

and will be called a simple cluster process. This process consists of

an isotropic Poisson parent process on ]R2 with intensity

Ao(X) = Ao(|§|) and a daughter process ¢. The process ¢ is the
restriction of another independent Poisson process with constant
intensity Ay to a disc of diameter D. The parent process is sampled
and each point is taken as the centre of a disc associated with an
independent copy of ¢. The simple cluster process is made up of both
the parent process and the superimposed daughter processes. It is
obviously an isotropic process and the mean number of points per
cluster is py = (AlnD2/4 + 1). Figure 4.4(b) illustrates an outcome of
such a process.

It is possible to find an expression for A(r), the variable radial
intensity of a simple cluster process. This function is composed of
two terms: the first is a contribution from the parents, A,(r), and
the second is a contribution from the offspring. In nearly all cases

one is interested in radial distances r > D/2 = R. Here the offspring
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contribution is

. T+R _
Zkl r{R 6(x)xk0(x)dx (4-3)

where

2 _ 2y Y.

. -1 . 2

8(x) = sin 1[{R - (r2 + R
To see how this term arises, consider Figure 4.5. A daughter at P can
be the offspring of a parent located anywhere inside the circle of
radius R centred on P. The contribution from offspring of parents at

radial distance x is, with the notation on the Figure,
Ay Ze(x)xko(x)

and this must be integrated over the possible values of x,

r-R < x < r+R, to give (4.3). Thus, for r > D/2,

r+R
Ar) = ag(r) + 22y [ e(x)xay(x)dx.
r-R

The expression for 6(x) follows from the two equations

xz = r2 + R2 - 2r R cos ¢ (x)

and

sin ¢ (x) = x sin{e(x)}/R.

The functions K* and K, are essentially determined by the
conditional intensity A(ylxl), a complicated expression even for a

simple cluster process. However, it is clear that this function must
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Figure 4.5

3

The relationships between x, r, R and 6(x) required to find
the offspring contribution to the radial intensity of a simple

cluster process.
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be the sum of two terms, one arising when the two points are from
different clusters and the other when they are in the same cluster.
The first term is simply A(|y|). The second must be positive if
|§'¥| % D and zero when |§—¥| >D where x = (x;, 0). Thus a simple
cluster process is indeed clustered according to the definition given
earlier.

The other clustered process to be considered will be called a

double cluster process. It consists of an isotropic Poisson parent

process on.]R2 with intensity Ao(f) = AO(Ifl), a process ¢, and a
process ¢g. The Poisson process, ¢; and $g are jointly independent.
The processes ¢ and ¢; are the restrictions of Poisson processes with
constant intemsities Ag and }A; to discs of diameter D; and DS
respectively. The parent process is sampled and each ﬁdint is taken
as the centre of a disc of diameter b, associated with an independent
copy of ¢L. The ¢L p;ocesses are then sampled and each resulting
point is taken as the centre of a disc of diameter Dg associated with
an independent copy of ¢S' The double cluster process consists of
only those points arising from the ¢ processes. Figure 4.6(a)
illustrates a realisation of such a process. It is clearly made up of
a number of large clusters each of which is comprised of smaller
clusters of points. The average number of small clusters within each
large cluster is Hg = ALﬂDLZ/A and the small clusters each contain a
mean number AsnDSZ/A of points. The conditional and unconditional
intensity functions for a double cluster process are complicated |
expressions which have not been evaluated analytically. Similar
considerations to those used in the case of a simple cluster process

reveal that the double cluster process must also be clustered in the

sense defined earlier,
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Figure 4.6. (a) A realisation consisting of 240 points from a double
cluster process. There are on average § = 6 points per small
cluster of diameter Dg = 0.3 and each large cluster contains
an average of ug = 5 small clusters. The diameter of the

large clusters Dp, = 1.0.
(b) A realisation consisting of 100 points from a fixed range

interaction process with coefficient of inhibition ¢ = 0.1
and range of interaction D = 0.3. The origin is marked X.
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All of the hard core médels mentioned in Ripley (1977) have obvious
iéotropic analogues. Instead of sampling a Poisson process of constant
intensity o, sample an isotropic Poisson process with radial intensity
Ao(r) and then apply the same criteria to the resulting point pattern.
For example, the first of Matérn's ﬁard core models is obtained by
deleting any point within a distance D of any other whether or not
this has already been deleted. Thé process so defined is clearly

isotropic and its unconditional and conditional intensities are given by

ACE) = A-(r)exp { — A(x|)dv(x) 3
° b<<r{0),n> of PP aves

and

Ay s =yl > D,

Ay [xp)
o 5 [|xy| <0,

respectively, where x = (xl,O). This process is therefore regular
according to the earlier definition. The restriction of such a
process to some bounded set C can be si@ulated by simulating the
un&erlying Poisson process on {Z | X € C, d(x,y) <D} and deleting
points as explained.

Isotropic analogues of fixed range and pairwise interaction
processes are defined on a bounded set C Cfmz by £, the Radon-
Nikodym derivatives of their distributions with respect to that of an
isotropic Poisson process with radial intensity Ao(r). Suppose that
x is a realisation, that is a collection of points in C, and let the

interaction between any two points £, n € C depend only on the distance

d(t£,n) between them. Following Ripley (1977) set
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£ = a™™® 1 hiacg,m)

when a,b > 0, n(x) is the number of points in x and the interaction
function h : (0,») » [0,») is bounded and vanishes on (0,D).

Fixed range interaction processes correspond to taking

h(d) =

Let v, be the measure induced by the isotropic Poisson process with
radial intensity io(r). Then for a pairwise interaction-process the
conditional density with respect to Vo of a point g given the
realisation in C \{£} depends only on the number of points in the
realisation less than a distance D from £, that is on the number of
neighbours of £. This characterisation is proved by Kelly and Ripley
(1976). The case ¢ = O corresponds to one type of hard core model
whilst ¢ = 1 is simply the Poisson process. Figure 4.6(b) illustrates
a realisation.

More complicated isotropic pairwise interaction processes could
be obtained by making the interaction between £ and n depend not only

on d(£,n) but also on |£] and |n| .
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4.4 Simulation

Simulétions of the proposed process will be required when
testing the goodness'of fit of avmodel. In general a simulated
pattern is the restriction of a realisation of the process to some
bounded set C C:]R2 and consists of a number N of points. In what
follows N is fixed and the bounded set is the window sector
E = {f t:T<r, 66 HO} where X = (r,0) in polar coordinates as
defined in Section 4.2.

For a general Péisson process the numbers of points in any two
disjoint sets are independent. This fact makes it particularly simple
to simulate an isotropic Poisson process with radial intensity A(x).
The probability density function fr(x) of the marginal distribution
of the radial distance to a point in the process is proportional to
xA(x) for any isotropic process. Provided xA(x) is bounded on

[0, r,.], acceptance sampling can be used to generate a sample of N

ol
values of the radial distance on [O, ro]. These values are taken as
the radial coordinates of the N points in the simulated Poisson
process, the angular coordinates being N independent values generated
from a uniform distribution on H,.

Boundary conditions must be imposed when clustered on regular
patterns are simulated. One method is to impose a type of periodic
boundary condition by identifying the two straight edges of the sector
E and simulating the pattern on that part of the surface of the
resultant cone within a distance (r0 + R) of the origin where R is some
specified constant. Denote this part of the surface by S and let
S0 ={x:x6 R?, r<ryt R, 6 € HO} be obtained by opening out S

along, say, the line x| = (x2 tan o) where o is the half-angle of

the cone; see Figure 4.7. The required simulated pattern is that in

E Q»SO'
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(a) The surface S of the cone with half-angle a on which the processes
are simulated.
(b) The set S.c R” obtained by

Ec s, and B = n(l - sin a).

'opening out' S. The window sector
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To be specific, first consider simple cluster processes and

use the notation for these processes given in Section 4.3. Let

R = D/2 and generate a single Poisson number N., mean

w=J Ao(lxl)dv(x). Simulate an isotropic Poisson pattern with
E ) i
radial intensity Ao(-) on S in the obvious way, adding each point

from the origin

in turn until Nc points no more distant than.ro

have been added. The (Nc + n) points, n > 0, of this pattern on §
are taken to be the cluster centres. A centre is picked at random
and a point is placed independently and at random inside a 'disc' of
diameter D centred on the chosen cluster centre, the 'disc' of course
lying on the surface of the cone. If the point so added is further
than (ro +.R) from the origin, it is discarded.and the procedure is
repeated. Points are added independently iﬁ this fashion until
(N-Nc) such additional points lie within a distance r, of the origin.
The pattern of the N points in E C 5, formed by  opening out the cone
is the required simulation. A similar method can be used to simulate
double cluster processes on E, this time taking R = (DL + DS)/Z with
the notation of Section 4.3.

Fixed range interaction processes may be simulated by appropriate
generalisations of the method given in Ripley (1977, 1979b). Let
R = O and simulate an isotropic Poisson process with radial intensity
Ao(-) on S conditional on there being N points in S. Denote the
pattern so obtained by x. Delete a point chosen at random from this
pattern. Generate another point £, |§| < Ipo from the isotropic
Poisson process. Accept this point with probability probortional to
f(x v E)/f(x) where x denotes the reduced pattern of (N-1) points.
Here f refers to the Radon-Nikodym derivative of the distribution of

the fixed range interaction process with respect to that of the
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isotropic Poisson process when both processes are defined in the
obvious way on the surface of the cone. Thus the probability of
accepting the point £ is proportional to c#(g) where #(5) is the
number of neighbours of £ in x and 0° is defined to be 1. Points £
are generated in this way until one is accepted. The whole procedure
of deletion and acceptance is repeated a total of 2N times. The
required simulation is the resulting pattern of N points on E formed
by opening out S.

The edge effects introduced by setting R = 0 should be negligible
provided that the range of interaction D is small and that N is not
close to the maximum possible number of points in E for the hard core
modél,vc = 0, with this range. If these conditions are not satisfied,
one can simulate patterns on S corresponding to R = 2D, say, and
accept only those patterns for which there are N points not more
than a distance r, from the origin. If, as in the examples to be

discussed, A(r) = O for r > Ty there are clearly no difficulties

with edge effects. Pairwise interaction processes may be simulated

in a similar way.

4.5 Fitting models

Ripley (1977) described how a single sample can be used in testing

the goodness of fit of a model under conditions of homogeneity and
isotropy. There are obvious generalisations of this method which can
be used to fit models under only isotropic hypotheses, the assumption
of isotropy providing the necessary replication. These methods use

estimates of K* or K, in the following manner.
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‘Suppose that ﬁ*(r,s,e) and ﬁl(r;t) are estimators of K*(r,s,0)
and Kl(r,§5 respectively. Possible forms for the estimators will be
given later. E#cept when specific values of (r,s,6) and (r,t) are
involved,Aﬁ*(r,s,e) and ﬁl(r,t)'will be written K* and ﬁl respectively.
The estimates K* and ﬁl are useful summary statistics even when
modelling the stochastic process which generated the observed pattern
is of no interest. |

The goodness of fit criteria involve a comparison of K* or ﬁl
for the data pattern of N points with estimates of K* or K1 from a
number (n~1) of simulated patterns which are realisations of the
ﬁypothesised process Py. Each simulated process consists of N points.
Let ﬁ;ax(r,s,e) and ﬁ;in(r,s,e) denote the,maﬁimum and minimum values
respectively of the (n~1) estimates of K*(r,s,6) obtéined from the

oy (Tot) and K, . (r,t) in a similar

simulated patterns. Define K
Imin

Im

manner.

If the particular point (r,s,f) is of interest, a Monte Carlo
test of size 2/n of the null hypothesis that the data pattern is a
realisation of the process PO is to accept the null hypothesis if
K*(r,s,0) € [K;in(r,s,e), K;ax(r,s,e)] and to reject it otherwise.

Usually one is interested in a set of points, say
{(r,s,8) : 0<r<ry, 0<s<s;, 0<80 <8},

. s e Dk ok %
and the null hypothesis is accepted if K™ 6 [Kmin’ Kmax] for all
these points and rejected otherwise. The size of this test is certainly
no more than 2/n and can be estimated by the rejected proportion of a
further group of patterns each of N points simulated from the process

P The analogous tests involving K, are obvious. One-sided tests

o°

are possible if clustered or regular alternatives are of interest.
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Often the data must be used to fit certain parameters of -the model.
Pfovided the number of estimated parameters is small compared with N,
this should not noticeably affect the significance levels given above.
If the observed pattern consists of the set of points‘{gi},
i=1l,...,N, falling inside the window sector E defined earlier,

-~

then the .estimators K* and Kl are given by

ﬁ*(r,s,e) = (Zw)zz*k(xi,xj)l{hg ave A(r). ave A(s)}
and

ﬁl(r,t) = (21r)2 N k(§i,§j)/h§.

The summations are over all ordered pairs of distinct points (xi,xj)
. -1
such that, in the case of :*, |§i| <r, Ixj| < 8, COS {xi’xj/(lxillle)}

< 8 and, in the case of Zys |§i| <r, lfi - §j| < t. The function

k(fi’ xj) is the reciprocal of the proportion of the perimeter of the
circle centred on X, and passing through fj which is within E. The
'length' in radians of the angular interval HO associated with E is ho.
The estimator ﬁ*(r,s,e) is well-defined if r,s <1, and © j_ho.
Consider the case r,s 5'r0/3 when h0 = 27, that is when the window

* . A
is unbiased and

is a disc of radius r; centred at the origin. Then K
k(§i, fj) = 1 for each term in the summation I . Usually the radial
intensity function A(+) is unknown and ave A(r) must be estimated by
2n(r)/(hor2) where n(r) is the number of points no more than a
distance r from the origin. It was found by simulation that only a

* . A* L 4
very small possible bias of K was introduced in the above case when

such an approximation was made for a variety of intensity fumctions.
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If A(*) is a constant function in which case the underlying
process is both homogeneous and isotropic, k(gi, gj) is inversely
proportional to the probability that a point the distance of §j from
X. had of being recorded. Then ﬁ*(r,s,e) is unbiased even when
max(r,s) > r0/3 or h0 < 27. However this is no longer true when
variable radial intensity functions are considered. Indeed the bias
can be substantial even when it is not necessary to estimate ave A(r).

There are other practical objections to the estimator K" when
testing the goodness of fit of a model. Suppose one is interested in

a set of values {(r,s,8) : O <r<r,,0<s 2 sqys 0<68 :_91}. it is

1°
reasonable to compare K* with ﬁ;in and ﬁ;ax at m equally-spaced values
of each of r, s and 8. This requires 0(m3) operations and is thus
ébmputationally time-consuming even for moderate values of m.
Furthermore, there is no obvious graphical method of clearly displaying
the relative values of these functions of three variables without using
m plots, each plot showing the relationships for, say, different values
of r and s with 8 held constant. ‘These objections do not apply to the
function of two variables ﬁl'

The estimator ﬁl(r,t) is well-defined if r 215 and t < to
= sup{[§-¥| P X,y € E}. It has been shown that ﬁl(r,t) should provide
useful information about the second moment structure of the underlying
process when A(f) = A(z) for |§—z| < t. 1In all that follows it will
be assumed that t is taken sufficiently small for this assumption to
hold. This is not a severe restriction in practice as one is usually
interested in small interpoint distances t << r, and A(*) usually varies
smoothly. When |§i-§j[_§ t the function k(x;, §j) is approximately
inversely proportional to the probability that a point the distance of

§j from X had of being recorded. Thus ﬁl(r,t) is approximately

unbiased. It was found by simulation for a variety of radial intemsity
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‘functions that this bias appears to be small.

The sampling flucfuatioﬁs of ﬁl have not been investigated
analytical;y. The goodness of fit test described earlier.uses
simulation to find confidence regions for ﬁl' If one is interested

in the set of vqlues'{(r,t) :0<r 2T 0<t j_tl}, then comparing

lmin and ﬁlmax at m equally-spaced values of each of r and t

ﬁl with K
involves only O(mz) operations. Moreover it is easy to represent the
results on a single plot: simply print +, 0, - at the point (r,t)
according as ﬁl(r,t) lies above, inside or below the simulation
envelope at the point (r,t).

Such a plot is illustrated in Figure 4.8(a). The outcome of the

isotropic Poisson process with radial intensity

A(r) « exp(~ rz)

illustrated in Figure 4.4(a) was used as the data set. The envelope
values ﬁlmin and ﬁlmax were computed from 50 simulations of the same
process and, as expected, ﬁl lay within this envelope at each evaluation
point (r,t). Each pattern consisted of a total of N = 100 points.
Unfortunately the radial intensity function is not usually known
in practice and must be estimated. Some methods of estimation are
discussed in Chapter 5. If the estimator i(r) deviates markedly from
A(r), spurious effects of clustering or regularity may be detected.

For example, suppose the radial intemsity A(r) of the pattern in

Figure 4.4(a) is estimated by
" 2
A(r) « exp(~-r/2).

When K; was compared with the envelope values computed from 50
simulations of an isotropic Poisson process with radial intensity i(r),

each consisting of N = 100 points, the plot illustrated in Figure 4.8(b)
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Figure 4.8

Results of ﬁl analyses of the pattern illustrated in Figure 4.4(a).
The simulation envelope is based in each case on 50 simulations

of a pattern of 100 points from an isotrogig Poisson process with
(a) A(r) « exp(—rz) and (b) A(r) = exp(-r4/2). The entry +, o or
-~ at the point (r,t) indicates that Kl lay above, inside or below
the envelope for the radial distance r and the interpoint

distance t.
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was obtained. This plot would indicate that the observed pattern was
clustered at small radial distances and :egular at large omnes.
However it is known that the pattern is a realisation of an isotropic
Poisson process. The spurious effects arise since A(r) has not been
well-estimated; the patterns simulated to form the envelope having
on average fewer points close to the origin and more further from
the origin than the data pattern of Figure 4.4(a).
A series of isotropic Poisson, clustered and regular patterns
with several different radial intensities were generated to compare
the performance of K1 and K* in correctly fitting such models. There
was no substantial difference and, in view of this and the difficulties
associated with K*, it was decided to use only K, in future analyses.
There is of course a limit to the amount of information contained
in the first and second moments of a spatial process. This fact was
stressed by several contributors to the discussion of Ripley (1977).
Ripley commented that it was possible to extend the moment decomposition
results to higher moments of homogeneous and isotropic processes. This
is also true of isotropic processes but the associated analysis would
be exéeedingly complicated. Is some simpler, perhaps approximate
anélysis poséible? How can one determine when the first and second
moments are not sufficiently informative and, in that case, where
should one stop - the third, fourth or even higher moments? These

are important questions but as yet no answers seem to be available.
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4.6 Extensions to multitype point processes

Ripley (1976a) indicated how second-order methods can be used
to investigate the interactions between two point processes which
are defined on the same space X and which are jointly stationary under
some group G of transformations. Suppose that there are several point
processes zl’ZZ""’zk which are defined oniR? and which are jointly
stationary under rotations about the origin. If A € C, the class of
bounded measurable sets in.]Rz, let Zi(A) be the number of points of

type 1 in A. Cross moments are defined by

na x4 = Bz )Z,(8))

for Al’ A, € C_andti,'.é l,...,k. Cleérly u'! is the second moment

measure uiz of the isotropic process Zi defined on R" .

Just as uz can be summarised by the function K(r,s,8), ulJ can

be summarised by

KlJ(r,s,e) = expected number of ordered pairs of distinct points
(x,y) such that x is from the Z; process and
Ix| < r, y is from the Z; process and ly] < s and

“cos x.y/ (x| ]y} < e.

Denote the radial intensity function of the Z; process by Ai(-),

-~

i=1,...,k. Provided that Ai(x) x Ai(z) and that Aj(f) = Aj(z)

for |x-y| < t, the function

KiJ(r,t) = expected number of ordered pairs (x,y) of distinct

-~

points such that x is from the Z; process and x| <r

and y is from the Zj process and [x-y| < t.

-~
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should contain most of the information about ﬁhe cross moment structure
of two processes between which there are no substantial long range
interactions. It is preferred to Kij for the same reasons as K is
preferred to K* in the case of a single process. It can be estimated
by ﬁij(r,t), the obvious analogue for. the two process situation of
ﬁl(r;t). If the processes Zi.and Zj’ i #.j, are defined on some
sector S and are jointly g-stationary on S, then the above results

can clearly be generalised.

To test for the apsence of interaction between the processes Zi
and Zi, i # j, proceed as follows. First identify the edges of the
sector S and consider the observed patterns on the surface of the
conevso-formed. .Calculate ﬁlij at some set of evaluation points

{(r,t)}, using distances measured on the surface of the cone rather

than Euclidean distances. Generate an envelope of values for this

function under the assumption of no interaction between the Zi and
Z. processes by retaining the largest and smallest values of this
function at each evaluation point for a series of simulated patterms.
Each simulated pattern is obtained by randomly spinning the observed
pattern of points from, say, the Zj process about the axis of the

cone. If ﬁliJ lies within the simulation envelope at all evaluation
points, the null hypothesis of no interaction is accepted. If ﬁlij(r,t)
lies above the envelope this is taken as evidence of 'positive'
association, that is of a tendency for points from the Z; process to
occur 'close to' points from the Zj process. If ﬁlij(r,t) falis below
the envelope, 'negative' association is postulated. Both the

functions ﬁlij and ﬁlji should be examined in this way when looking

for possible interactions between the two processes. The significance

level can again be estimated by the rejected proportion of a further
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sample of simulated patterns.

This test for the absenée of interaction requires no knowledge
of the marginal distributions of the processes save that
Ai(§) :'Ai(y) for |§—Z| < t, the interpoint range of interest.
Intuitiﬁely one would expect the sampling fluctuations of ﬁlij to
increase as the Zi and Zj processes become more clustered. Because
of this, evidence of association between two processes, one or both

of which is thought to be highly clustered, should be treated with

considerable scepticism.



105

CHAPTER 5: THE ESTIMATION OF THE MARGINAL RADIAL AND ANGULAR
PROBABILITY DENSiTIES AND THE DETECTION OF ANGULAR

NON-UNIFORMITY

5.1 Introduction

Two requirements have to be met before il can be used to analyse
a spatial pattern. The first is that it is reasonable to assume that
the undérlying point process is B-stationary on some sector. The
second is that it is possible to estimate fairly accurately the radial
intensity or, equivalently, the marginal radial probability density
funqtion (pdf) of the process restricted to this sector. This estimate
is needed when simulating the patterns used to find the envelope values
for ﬁl' In general there is no a priofi reason for assumin; a
partiéular parametric form for the marginal radial pdf. It seems
sensible to use some nonparametric density estimate.

Wertz (1978) surveys existing methods of statistical demsity
estimation. Whether one uses histograms, kernel density estimates
or sums of orthogonal functions to estimate the pdf, some subjectivity
is always present in the final choice of the estimate. In the case of
histograms the subjectivity is in the choice of bin width and in the
positioning of the end points of the bins. For kernel density estimates
it is in the choice of the kernel and of the smoothing parameter. For
sums of orthogonal functions the difficulty lies in deciding when a
sufficient number of terms have been included.

In most applications it is reasonable to suppose that the marginal
radial pdf is a continuous function. This is so for the sporophore

patterns illustrated in Figures 4.1(a)-(c). It was seen in the last

Chapter that spurious effects of clustering or regularity can be
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detected by a K, analysis when the marginal radial pdf is not estimated

1

sufficiently accurately. Therefore it was decided to use a suitable
continuous estimate of this function in preference to a histogram.

Thié Chapter is concerned with kernel density estimators, in
effect,,sméothed histograms. Continuous estimators of both the
marginal radial and angular pdf's are suggested. The estimate of the
angular pdf is used to detect defaftures from the null hypothesis of
angular uniformity. Angular clustering, regularity and trend can be
detected in this way. Should angular trend be found, the estimate of
the angular pdf can be‘used to partition the region of interest into
sectors within each of which the assumption of angular uniformity
Ean be checked in more detail.

The ideas described apply to any data set with some preferred
reference point p:ovided the position of this point is known and taken

to be the origin. Ths sporophore patterns are analysed using these

techniques.

5.2 Kernel density estimators: some existing results

The kernel density estimator was introduced by Rosenblatt (1956).
Suppose for the moment that XiyeeesXy is a sample of independent and
identically distributed observations from a population with pdf f£(-).

The kernel density estimator is defined by

_ o
£ (x) = ()7 B G- x/m
1=

The function k(-) is called the kernel and the constant h is known as

the smoothing parameter. Both k and h need to be specified. It is

assumed that h - 0 as N =+ «,



107

Epachenikov (1969) showed that a kermel which consists of part
of a parébola is optimal in fhe sense that it minimises the 'relative
globélverror' tf E{(fN - f)z}]/'ffz. For practical purposes any
reasonable kernel gives near optimal results in this sense and the
choice of kermel function is not critical. However, the choice of
sﬁoothing parameter is crucial. Oversmoothing, which corresponds to
taking a large value for h, introduces bias. Undersmoothing gives
rise to an estimate with unnecessarily large randém variation.

Silverman (1978) investigated the limiting behaviour of h as
N+ required'for the.best rate of uniform convergence in probability
of fN to £. His results are proved under faifly mild conditions and
concern the second derivative fﬁ of the kerﬁel density estimate. The
function f§ can be thought of as the sum of a systematic component
E(fa) whose variation is closely comnected to thatvof f" and of a
random component fﬁ - E(fﬁ).

Silverman suggested that a series of test graphs can be used to
find a sﬁitable value of h: choose a value of h which gives noticeable
random fluctuations in fﬁ but which are not so large as to obscure the
systematic variation of this function. (This method is subjective.)
It formalises the intuitive notion that the character of f§ should
change more rapidly with changing h than does fN itself and so it
should be easier to use fﬁ rather than fN to select an appropriate
amount of smoothing. 1In all the applications to be discussed, the
shape of the test graph changed rapidly as h was varied and it was not
difficult to find a suitable value of this parameter. The test graph
method will obviously fail if f£" = O and consequently there is no

systematic variation in fﬁ.
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The results quoted so far in this Section generalise to the
‘situation where Xpse-eoXy are a sample of independent and identically
distributed vectors of observations from a multivariate distribution
with pdf £(-). If x= (xl,...,xz) and £y is the kernel density
estimate, then the test graph is

2

2 2
+ ... + 2 fN/axz .

2 - a2
ViEG(x) = 3Tf/ex

When 2 = 2, contour or perspective plots can be used to compare test
graphs. It is not clear what shOuld be done if 2 > 2. |

There are very few results on the asymptotic behaviour of kernel
density estimates formed from a sample of dependent observations.
Rosenblaét (1970) provéd consistency and asymptotic normality of the
estimates when the observations form a Markov sequence. There are no
theoretical results to justify the use of the test graph method in
any situation involving dependent observationms.

The yearly patterns of each sporophore type are illustrated in
Figures 5.1(a)-(i). It may be that in each of these patterms the
observations are dependent; indeed this must be so for the visually

clustered patterns of Laccaria laccata. Thus there is no theoretical

justification for using the test graph method or, indeed, for using
kernel estimates of the densities associated with these patterns.
Nevertheless this is precisely what is done in the next Section. It
is hoped that the 'local character' of fy and of f§ ensures that they
are robust to the types of departures from independence which occur in
the sporophore patterns. In a small simulation study of patterns

from simple cluster processes and from hard core processes it was

reassuring to note the close agreement between the kernel estimates
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Figure 5.1.

h (i)

Sporophore patterns in a square of side 3 metres around
a birch tree x.

(a), (b), (c) Hebeloma spp. in 1975, 1976, 1977.

(d), (e), (£) Laccaria laccata in 1975, 1976, 1977.
(g), (h), (i) Lactarius pubescens in 1975, 1976, 1977.
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of the radial pdf's and their known true values.

~In the preceding discussion h has been held constant for all
values of x. Breiman, Meisel and Purcell (1977) suggest that it is
intuitively more reasonable to allow h to depend on the nearest
neighbour distances from x to the data points. Wagner (1975)
.éstablished the consistency of a type of variable kernel estimator
in the one-dimensional case. Variable kernel estimators would appear
to be well-suited to clustered data sets but they will not be used

in the following Sections.

5.3 The one-dimensional kernel estimates of the marginal radial pdf's

If'{gi}, u, = (ri,.ei) in polar coordinates, denote the positions

-~

of the sporophores in a particular pattern of N points, then the

marginal radial kernel density estimate is defined to be

~ _1 N
gr(s) = (Nh) z kq{(s—ri)/h }

i=1
and the associated test graph is

- ‘ -1,-3 ¥
g,'(s) = N'h" % kq"{(s—ri)/h}

1=1

The kernel kq used here is the quartic kernel

1x|%/6 - |x|?72 + 172, |x| <1,
kG = x|z - [xDa , 1< x| <2,
0 , |x] > 2,

which satisfies conditions (a)-(h) of Silverman (1978), p.8.
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(Epachenikov'g optimal quadrgtic kernel does not satisfy these
conditions and for this reason the néar optimal quartic kernel
seemed preferable.)

The device suggested by Boneva, Kendall and Stefanov (1971) was
used to ensure that ér(o) = 0. This involved augmenting the‘set'{ri}
by a reflected copy of itself'{—ri} and subtracting the contribution
to ér from each of the points in the latter set. This constraint was
imposed because érg:) estimates the marginal radial pdf which 1is
‘proportional to s é A(s,$)dd . Here A(s,$) is the intensity of .
the underlying stochastic process at the poinf (s,$) and it is assuﬁed
that ?HX(3,¢)d¢ is bounded, a reasonable assumption for the sporophore
pattegns.

Figﬁres 5.2(a)—(§) illustrate the test graphs of the kernel
estimates of the 1975 Hebeloma spp. radial pdf for h = 75, 100 and
125 millimetres. These suggest taking h = 100 millimetres.
Appropriate values of h for each of the other sporophore patterns were,

with one exception, chosen in the same way. The exception is the 1975

pattern of Lactarius pubescens. This contained only eleven sporophores,

too few for the meaningful formation of a kernel density estimate and
so is not considered in the remainder of this Chapter.
Figures 5.3(a)-(c) illustrate the kernel estimates of the radial

pdf in each year for (a) Hebeloma spp. (b) Laccaria laccata and

(c) Lactarius pubescens. The number of sporophores in each associated

pattern is shown in parentheses. To facilitate comparison between the
preferred radial distance for each sporophore type, the same estimates
are illustrated year by year in Figure 5.4. A detailed discussion of
the radial behaviour of the sporophores is given in Chapter 6; many

features are immediately obvious from Figures 5.3 and 5.4.
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Figﬁre 5.2. Test graphs for the 1975 Hebeloma spp. pattern of
133 sporophores with the smoothing parameter equal
to (a) 75 (b) 100 (c) 125 millimetres.
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Figure 5.3. The kermnel density estimates g, of the radial pdf
versus the radial distance r for (a) Hebeloma spp.
(b) Laccaria laccata (c¢) Lactarius pubescens in
1975 --——, 1976 —, 1977+ . The number of
sporophores in each pattern is shown in parentheses.
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The kernel density estimate g_ of the radial pdf
versus the radial distance r for (a) 1975

(b) 1976 (c) 1977. Hebeloma spp.,
*+++ Laccaria laccata, ---— Lactarius pubescens.

The number of sporophores in each pattern is
shown in parentheses. :
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Figure 5.5.

The kernel density estimate g. of the
angular pdf versus the angular coordinate
for (a) Hebeloma spp. (b) Laccaria laccata
(c) Lactarius pubescens in 1975 ----,

1976 s, 1977 ----
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5.4 The one-dimensional kernel estimates of the angular pdf's

The test graph method cannot be used to find a suitable value of
fhe smoothing parameter to use in the analogous kernel estimate ée
of the marginai angular pdf if the process generating the observed
sporophore pattern is isotropic. (In this case E(ée) = (27r)-_1 and
there is no systematic component in ée"). Some alternative technique
is required;

The method adopted was to suitably scale the smoothing parameter
hr selected for the radial density estimate and then to use this
scaled value he = ahr, say, in computing
-1

N
z

g #) = (h) T
1

0 k‘q{(‘b_ei)/he} .

The continuity condition ée(o) = ée(Zﬂ) was satisfied by augmenting
the set'{ei} by two translated copies of itself,'{ei - 2w} and

{ei + 27}, and then calculating ée for this enlarged data set (see
ﬁoneva et al., 1971).

The scaling factor o was defined to be
a = 2n/L
where
L = inf{s-t : ér(x) = 0 ¥x6 [s,t]°},

the length of the smallest interval outside which the radial denmsity
estimate was identically zero. This value for o was chosen since, in
the sense to be described, it gave the same relative amount of smoothing
for ;0 as for the radial density estimate ér' The N radial observations
lay ingide an interval of length L. There is some biological evidence

to suggest that this length was determined by the width of the annulus
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about the tree within which the tree root system favoured the growth
of that.type'of mycorrhiza and the subsequent production of sporophores
(see Ford et al, 1980). It therefore seemed reasonable to set the
smoothing parameter he used in finding the angular density estimate
from the N angular observations lying inside the interval of length
21 equal to (hrlﬁ)Zw.

F;gures 5.5(a)~(c) illustrate the resulting estimates for the

marginal angular pdf's for each sporophore type in successive years.

These estimates are examined in detail in Chapter 6.

5.5 Alternative estimates of the marginal radial and angular pdf's

An obvious alternative approach is to find a two-dimensional
estimate of the pdf of the underlying process. The marginal radial
aﬁa angular pdf's found from this estimated pdf will be denoted Er
and Ee,respectively. The two-dimensional kernel estimate based on the
set of N observations'{gi} is given by

N

T k{(u-ui)/h } (5.1)
=1 -

_ ~1,-2
fN(g) = N h

with the obvious notation. It would certainly be an advantage if k
is chosen to facilitate the integration needed to find fr and £, from

]

£ By using the two-dimensional Gaussian kernel

N

k) = o7 ea-lxlY) , xe® (5.2)

one can obtain explicit expressions for Er and Ee as follows., Change

to polér coordinates in (5.2) and substitute in (5.1) to obtain for

u = (Ss¢)
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N {52 + 1.2 - 2er. cos($-9.)}
i i i
2 z expl- 5
27Nh i=1 2h

8

chs,¢> = 1.

Integrate over ¢ and s respectively to find

_ 2
. s S2 N L
f (8) = —— exp(- —5) I exp(- —M{I.(s.) + T (-5.) }
T owm? om? i=1 2 0T 0

where 5; = sri/h2 and Io(z) is the Bessel function,

-1 7
I(z) = g exp(z cos ¢)d¢,
and
O By I ri2) Ve, o(hy <ti2 _ ri2) }
= z expl(- —%) + 2m)t. o(—)exp(——————
9 ;ZﬂNh i=1 2h2 1 h 2h2

where t. = r, cos(¢—ei) and 6(*) is the standard normal cumulative
distribution function. A suitable value for h is selected by
considering either contour or perspective plots of

N

v2fN<S,¢) = mn®H T © (e, 2-2n%)expl-t./(2n) }
=1 * t

- 2 2 _ _
where now t. = s° + r, 2sr, cos(¢ Si).

Since it is important that a 'good' estimate of the radial pdf is
used in a il analysis, it will certainly be reassuring if Er is very
similar to ér' Figures 5.6(a)-(c) are perspective plots of V2fN for
the 1975 Hebeloma spp. pattern (Figure 5.1(a)) with h = 60, 80 and 100
millimetres. A value of 80 millimetres was selected for h and the
resulting estimates Er and Ee are illustrated in Figure 5.7. The

close agreement between Er and g, for this pattern can be seen in
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(a) h=60

(b)h=80

(c)h=100
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Figure 5.8. Similar agreement was found between the two estimates
of the radiallpdf for each of the remaining sporophore patterns.

A compérison of the appropriate curve in Figure 5.5(a) with that
in Figure 5.7(b) shows that, for the 1975 Hebeloma spp. pattern,
§e>and Ee are not nearly as visually similar as are ér and Er' In
particular ée is much smoother than EB although both indicate the
same underlying trend. This is tfue of these.angulér density estimates
for each of the sporophore patterns.

One explanation for this difference igvthat a constant smoothing
parameter independent of the radial distance r is used in calculating
ée. For %e the angular distance over which the contribution to this
estimate from each observation is spread is inversely proportional to r.
Thus an observation fa; from the origin has a much greater influence
on the shape of fe than on that of ée. An idea not pursued here is
that in some sense a combination of these two estimates might be
preferable to either one.

An alternative explanation for the difference between ée and Ee
is that he (found by rescaling hr) is not a suitable choice for the
smooth parameter in ée. It has not been necessary to consider this
problem in more detail or to choose between ée and fe because both
have very similar abilities to detect angular non-uniformity as shown
in the next Section. Hence there is nothing to choose between these
estimates for the purpose to which they are put in analysing the
sporophore patterns.

The density estimates %r and EB take longer to compute than do
ér and ée. For example, computing and plotting four perspective plots

of szN and then calculating and plotting Er and %6 for a pattern of

100 points takes about 120 seconds on the Cyber 174 at Imperial College.
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The corresponding time taken to find g, and gq is about 10 seconds.
For all the patterns examined it was usually easier to select a

suitable smoothing parameter from the test graphs of gr“ than from

perspective plots of szN'
In general it should be sufficient to calculate only ér and ée
as a preliminary step in a K, analysis. If one wishes to 'check' these

~ ~

estimates, fr and f6 can also be found: %r should be in close agreement

~

with ér and %6 should lead to the same conclusions as gq concerning
the angular distribution. The radial and angular density estimates
are, of course, useful summary statistics even when no subsequent
ﬁl analysis is envisaged.

One final remark concerning the two-dimensional kernel density
estimate fN can be made if the radial and angular coordinates of any
point iﬁ the pattern are independent. In such situations it seems
reasonable to expect that fN(s,¢) z %r(s).%e(¢). Thus, although it is
unnecessary to calculate fN for the purposes of finding %r and %e,
some insight into the dependence structure of the underlying process
might be obtained by comparing fN(s,¢) with %r(s).%e(¢).

Remarkably close visual agreement between the perspective plots
of fN(s,¢) and %r(s).%e(¢) for the 1975 Hebeloma spp. pattern of 133
points can be seen in Figures 5.9(a) and (b). Similar agreement was

found for all the remaining patterns of Hebeloma spp. and those of

Lactarius pubescens. This suggests that any dependence between the

positions of points in patterns of these sporophore types is not
'strong'. The positions of points in the visually highly clustered

patterns of Laccaria laccata must clearly be highly dependent. As

expected, the corresponding perspective plots were very different for

each of these patterns.
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5.6 Tests for angular uniformity

If the stochastic process underlying an observed pattern of N
 points is isotropic, then E(ée) = E(fe) = (Zw)-l. As N increases plots
of §6(¢).and fe(¢) versus ¢ would be expected to resemble more an& more
closely straight lines parallel to the ¢ axis and passing through
(O,(Zn)—l). If the stochastic process is anisotropic, the éame plots
would be expected to give an increasingly more accurate description of
the angular trend.

It is intuitively reasonable to expect that the angular density
estimates from an isotropic clustered pattern should fluctuate more
about (217)_1 than those from a Poisson pattern with the same radial
pdf and the same numbér of points. This behaviour suggests possible
tests of the null hypothesis of an isotropic Poisson process against
clustered alternatives, all processes having the same radial pdf. For

example, one could consider

2r _ . _
(i) f lge(¢) - (27) 1|d¢ or (ii) sup [ge(¢) - (27) 1[
0 $€[0,2m]
or
r -1 . '_1
(iii) J 1£4() = (21) “[d¢ or (iv)  sup [£g(¢) - (2m) 7|
0 $€[0,27)

Large values of these statistics indicate possible angular clustering
and small values, possible angular regularity.
Monte Carlo tests of the null hypothesis of angular uniformity
are employed because there are no relevant small sample results concerning
the distributions of these statistics. To test for angular uniformity
in some pattern of N points using (i) or (ii) proceed as follows.

Find a suitable estimate 8, and hence calculate ée and the observed
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value_M(.) of the statistic (:). Generate 100 samples each of N
[uniformly' and independently distributed variates on [0,2T).

Each sample can be thought of as the angular coordinates of points in
a pattern from an isotropic Poisson process. Suppose that he was ﬁhe
smoothing parameter used to calculate §e for the pattern of interest.

' Use the same smoothing parameter to calculate 100 values of the
statistic (-) corresponding to eacﬁ of the 100 samples. Let m be

the percentage of these iOO values which exceed M('). A small value of
m, say m < 5, indicates possible angular clustering and hence possible
clustering in the pattern of interest. A large value of m, say m > 95,
indicates possible angular regularity. The obvious significance
.levels can be attached to the appropriate one or two-sided tests.

An aﬁalogous procedure is followed when statistics (iii) and (iv)
are used'to test for angular uniformity. It is slightly more
complicated since it is necessary to simulate 100 patterns.each of N
points from an isotropic Poisson process with the same radial pdf as
that estimated for the pattern of interest. This complication is a
consequence of the radial dependence of the amount of smoothing used

Y

in forming fe.
Table 5.1 contains the results of a simulation study of the

performance of these statistics against certain clustered and regular

alternatives. The patterns examined were simulations of either simple

cluster processes or fixed range inhibition processes. In all cases,

with the notation of Section 4.3,

Ao(x) « X exp(—x2/2).

Figures 5.10(a) and (c) illustrate a clustered pattern and a regular
pattern respectively. The associated angular density estimates are

illustrated in Figures 5.10(b) and (d).
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Clustered Patterns: m
N H D (i) o (i1) (iii) (iv)
100 2 0.8 18 24 6 8
0.4 22 24 16 10
4 0.8 9 1 0 o
0.4 8 1 0 0
10 0.8 1 : 1 0 0
0.4 1 (0] 0 0
Regular Patterns: m
N c D (i) (ii) (iii) . (iv)
100 o 0.2 50 81 54 30
0.3 94 95 92 82
100 0.1 0.3 86 79 80 74
125 86 87 26 98
150 80 95 90 98
Table 5.1

The value M(.) of statistic (-) was calculated for a simulated pattern
of N points from the simple cluster or fixed range interaction process
of interest. A further 100 values of statistic (-) were calculated
from 100 simulations of.an isotropic Poisson process. The percentage m
of these values which exceeded M(_) is shown. Here u = average number
of points per cluster, c = coefficient of inhibition and D = cluster

diameter or range of interaction.
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All the statistics appear to detect clustering in a pattern.

Although the m values are fairly lérge for the more regular patterms,
~nome of the statistics is a reliable indicator of thié feature of a
pattern. This is not surprising. With obvious exceptions, there is
no reason to expect that the spacing apart of points in a regular
pattern should be reflected in a similar sort of one~dimensional
'regularity' of the angular coordinates of these points. None of the
statistics is clearly superior to any other and (i) and (ii) are
recommended because of their coQ?utational ease.

It should be stressed that large values of the statistics and
corresponding small values of m can also be obtained if anisotropy is
present. Care must therefore be taken in interpreting the results of
the above method applied to actual data. For example, consider the
1975 Hebeloma spp. pattern for which m = 0 (p < 0.01) in all four cases.
This extreme value is caused by the obvious angular trend in the data
(see Figures 5.5(a) and 5.7(b)) rather than by any visible clustering
in the pattern.

This example suggests a means of dividing the region of interest
into sectors within each of which the hypothesis of angular uniformity
can be checked in more detail. For example, the 1975 Hebeloma spp.
pattern splits into two sectors H, a sector of high sporophore intenmsity,

and its complement H® of low sporophore intemsity where
H = {(s,¢) : s >0, ¢ € [0,2m), ge(tb) > (21r)-1}.

If one is then interested in testing for angular uniformity within the
sector H, simply identify the edges of this sector and use the obvious

analogues of statistics (i) and (ii) for the resulting pattern on the
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surface of the cone. The corresponding m values of 64 and 61
respectively lead one to accept the hypothesis that within the sector
H the pattern has a uniform angular distribution. In particular it is
therefore meaningful to proceed with a ﬁl analysis of the pattern in

this sector. Similar results for the other sporophore patterns are

summarised in the next Chapter.
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CHAPTER 6: AN ANALYSIS OF THE SPATIAL PATTERNS FORMED BY

SPOROPHORES GROWING ABOUT A YOUNG BIRCH TREE

6.1 Introduction

The techniques developed in Chaptérs 4 and 5 are used in this
Chapter to analyse the sporophore patterns illustrated in Figures
4.1(a)-(c). Ford et al (1980) summarise the known facts concerning
the biological background of these data sets. Only a brief
description is given hére.

Figures 4.1(a),(b),(c) are maps of the positions of the sporophores

which grew around a single birch tree (Betula pendula) during the

years 1975, 1976 and 1977, respectively 4, 5 and 6 years after
planting. All éﬁe sporophores appeared during the months July-October.
The tree was one of a plot of sixty planted in 1971 in a square lattice
pattern with a three metre spacing at Bush Estate, Midlothian,

Scotland. Several types of sporophores were identified. Hebeloma spp.,

Laccaria laccata and Lactarius pubescens were found in all three years

and a further species, Inocybe lanuginella appeared for the first time

in 1977. Because only four sporophores belonging to the last species
were observed, this species has been omitted from the study.

Each of the observed fungal species is able to form sheathing
mycorrhizas which grow in a symbiotic relationship witﬁ birch tree
roots (Trappe, 1962). When soil cores from beneath selected groups
of sporophores were examined mycorrhizas of the same type were always
present. This seems to indicate a close connection between
mycorrhizas and sporophores, the fruiting bodies of the fungus.

Biologists believe that a better description of the sporophore

distributions may help in understanding the processes which affect
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the colonisation of the tree root system by mycdrrhizal fungi.

The direct observation of this colonisation is very difficult.

Moreover, observation usuall& results in damage to or destruction of
either mycorrhizas or roots or both, thereby making it impossible to
observe the same undisturbed system fiom one year to the next. This

is why any indirect information provided by the sporophore distributions
is of such interest. Eventually biologists hope to be able to
encourage the development of young trees by implanting their root
systems with the preferred distribution of mycorrhizas. Such an
ambitious project will not be discussed furthervhefe.

Ford et al used 'classical' statistical techniques to frovide
some insight into the important charactetisfics of sporophore distri-
bution around a single tree. As they observe, "a different form of
analysis 1s necessary if some of the interesting questions regarding
patterns of development in sporophore production are to be investigated".

The first of their two suggestions is ''to develop an alternative
technique of analysis which proviﬁes information on different scales
of association and is not affected by non-stationarity". The ﬁl
analysis does precisely this under certain assumptions which can be
at least partially checked in practice using the methods of Chapter 5.
This analysis goes some way towards answering such questions as
"Do sporophores of different species occur together or are they
separated?’” and '""Do sporophores in one year occur in the same place as
sporophores of the same or different species in the preceding year?"
(Ford et al, 1980).

Some simple stochastic processes which could have generated the
observed pattern of each sporophore type in each year are proposed.

These models are fitted using the ﬁl technique. They are a first



133

attempt to pursue the second of the suggestions‘made by Ford et al,
naﬁely "to use a modelling approach'" to describe the patterns of
sporophore development. The results of this Chapter provide
preliminary information for any future work aimed at understanding

the process of mycorrhizal colonisation of a tree root system.

6.2 The marginal radial and angular distributions

In this Section the marginal radial and angular distributions of
the sporophore patterns are examined in detail. The methods of the
previous Chapter can be used to find kernel density estimates ér and
ée of the respective pdf's. Thesé estimates are illustrated in
Figures 5.3, 5.4 and 5.5. Except where specifically mentioned, the

1975 Lactarius pubescens pattern of only eleven sporophores is not

considered in this Chapter.

It is clear from Figure 5.3 that thé shape of the radial density
curve for each sporophore type changed from year to year and that, in
general, there was a definite outward movement from the tree. Ford
et al (1980) used rank sum tests (Hollander and Wolfe, 1973,
pp-124-125) to investigate this movement. With one exception they
found that between 1975 and 1976 and again between 1976 and 1977 the
mean distance from the tree for each type of sporophore increased

significantly (p < 0.05). The exception was Laccaria laccata whose

mean distance decreased a non-significant amount in the latter period.
A quick glance at Figure 5.4 reveals that within each year the

mean distances from the tree for Lactarius pubescens, Hebeloma spp.

and Laccaria laccata are arranged in ascending order. A comparison

was made using ranked sum tests. It was found that in each year the

difference between the mean distance of Lactarius pubescens and that
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of Hebeloma spp. was significant (p < 0.05). Except in 1977, the
difference between the mean distance.of Hebeloma spp. and that of

Laccaria laccata was also significant at this level.

The‘observed differences in mean distances, both between
sporophore types in a single year and between years for a single type,
must be interpreted with care. It could be that the types do not-
'interact' in any way and that each simply has its own preferred
radial distance. Alternatively the presence 6f one type could
'promote’ or 'inhibit'.the growth of another. There is no way of
discriminating between these two cases on the basis of the radial

density estimates. The results of the multitype R analysis of

1

Section 6.4 enable such interpretations to be made.
The angular density estimates are illustrated in Figure 5.5.

For each sporophore type in each year the null hypothesis of angular

uniformity was rejected using the tests of Section 5.6. In the case

of Laccaria laccata in 1975 and 1977 it was felt that this departure

from angular uniformity was due to the obvious clustering in the
patterns rather than to any underlying trend. In 1976, a year of
severe drought, both clustering and angular trend were visually obvious
for this spbrophore type.

Table 6.1 summarises the results obtained when the method at the
end of Chapter 5 was used to partition the region about the tree into
high and low intensity sectors in each year for Hebeloma spp. and for

Lactarius pubescens. This method was also used to determine the high

intensity sector for Laccaria laccata in 1976. Table 6.1 contains

the results of tests for angular uniformity on the surface of the
cone formed by identifying the edges of the high intensity sector for

the pattern of interest. These tests led to acceptance of the null
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hypothesis of angular uniformity on the appropriate high intensity

sector in each year for both Hebeloma spp. and Lactarius pubescens.

The rejection of this test for Laccaria laccata in 1976 was

" interpreted as evidence of angular clustering rather than of angular
trend in the high intensity sector.

Figures 6.1(a)-(c) illustrate the preferred sectors for the three
sporophofe types. About 80% of the Hebeloma spp. and 70% of the

Lactarius pubescens sporophores in each year lay in the relevant high

intensity sector. Biologists have found evidence of the effects of
sunlight and shade and of damp énd dry soil on the dévelopment of
different types of sporophores. It is possible that the obvious
preferences of certain sporophore types for particular sectors about
the tree are due to environmental variability. Further bioloéical
investigations are required before such behaviour can be confirmed

in the present situation. Because so few sporophores lay in the low
intensity sectors it was decided to omit these parts of the patterns
from any further analysis. With large data sets the patterns in these
sectors could, of course, be anal&sed in the same way as the patterns

in the high intensity sectors.

6.3 Modelling the sporophore patterns

The absence of angular trend in a sector is a necessary condition
for f-stationarity of the underlying process in this sector.
Unfortunately it is not a sufficient condition. There are no known
tests for 6-stationarity in a sector. In order to proceed with a
meaningful ﬁl analysis of a particular sporophore‘pattern, it was
necessary to assume that the underlying process was 8-stationary on

the high intensity sector in which no angular trend had been detected.

e
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Type ~ Year H _ N NH h o
(i) (ii)

Hebeloma 1975 | [4.02, 2w) U [0, 1.13]1| 133 114 3.39 64 61
Spp.

1976 | [4.34, 27) U [0, 1.26]] 94 75 3.20 14 22

1977 | 14.15, 27) U [0, 0.82]1] 45 37 2.95 53 43
Laccaria 1975 [0,27) 302 302 27 0 0
laccata .

1976 |[4.71, 27) v [0, 0.501| 137 118 2.07 0 0

1977 [0,27) 286 286 27 0 0
Lactarius 1975 _— - - - - -
pubescens

1976 [0.44, 3.08] 27 17 2.64 76 78

1977 |(5.72, 2w) yu [0, 2.83)| 137 96 3.39 11 21

Table 6.1

Values for each annual pattern of each sporophore type: N, total number
of sporophores; Ny number of sporophores in the high intensity sector
whose angular coordinates are given by H; h, angular 'length' of this
sector. Simulations of the relevant @-stationary Poisson process on H
were used to obtain 100 values of statistic (-), (i) = é lée(¢) - 1/h|d¢
and (ii) = su§|ée(¢) - 1/h| where ée is the estimated angular density
on H obtainzg by identifying the edges of this sector. The percentage

m of these values which exceeded the corresponding value for the pattern

of interest 1s shown.
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Figure 6.1.

The high intensity sectors in 1975 ----, 1976 and
1977 ---- for (a) Hebeloma spp. (b) Laccaria laccata
(in 1975 and 1977 the whole area about the tree) and

(c) Lactarius pubescens.
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A series of K, analyses were used first to test whether any of

the yearly patterns for Hebeloma spp. or for Lactarius pubescens in

the appropriate high intensity sector could be accounted for by a
6-stationary Poisson process with variable radial intensity. The

visually obvious clustering of Laccaria laccata made a similar test

for this sporophore type unnecessary. The methods of Section 4.4 were
used to simulate outcomes of a O-stationary Poisson process on tﬁe
appropriate high intensity sector. The radial intensity in this
sector was taken to be that estimated from the sporophore pattern of
interest in this region. 1In eachvcase this intensity hérdly differed
from that calculated preﬁiously for the whole pattern and so has not
been illustrated here. The simulated patterns were used to calculate
envelope. values for ﬁl(r,t) at a selection of points (r,t). Figures

6.2(a)-(e) show the results of these K analyses for the yearly

1

patterns of Hebeloma spp. and Lactarius pubescens. The results are

based in each case oﬁ 100 simulated patterns. It is clear that im
each year both types of sporophores showed evidence of clustering
within the appropriate preferred sector.

A series of ﬁl analyses were next used to assess the fit of the
simple cluster model introduced in Section 4.3 to these same yearly
patterns in the relevant high intensity sectors. The radial intensity
of the cluster centres was taken to be proportional to the estimated
radial intensity of the sporophore pattern of interest in this regionm.
The methods of Section 4.4 were used to simulate patterns of Ny
points. Each pattern contained a Poisson number, mean v, of cluster
centres. Thus there were about py = NH/v points per cluster, each

cluster being of fixed diameter D.
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The results for the 1975 Hebeloma spp. patfern of 133 points
illustrated in Figure 4.1(a) are now discussed in detail. This pattern
is shown enlarged in Figure 6.3 and from Tablg 6.1 it is seen that 1in
this case Ny = 114. A:visual examination of the pattern in the high
intensity sector was made in the light of the earlier decision to
reject a 6-stationary Poisson null hypothesis. This examination led
to the conclusion that there might be clusters of two to three points
on average within discs of about 100 millimetres diameter. Figure
6.4(aj 1llustrates the results of a ﬁl analysis testing the fit of a
simple cluster process with - 114/45 and D = 100 millimetres. This
process was too clustered at the larger radial distances r for small
interpoint distances t.

When a process is tested and found to be too clustered, three
options are available: either p can be decreased (that is, v increased)
or D can be increased or both these changes can be made simultaneously.
It is clear that increasing only D must increase the interpoint
distances at the larger values of r where the clusters can be assumed
to be placed further apart on average since the estimated radial
intensity is a decreasing function of r for large r. Figure 6.4(b)
shows that holding p = 114/45 and setting D = 150 millimetres improved
the fit of the simple cluster model in the sense that ﬁl lay within
the simulation envelope for more of the selectéd values of (r,t).
However, the simulated process was still too clustered for small
values of t and large values of r. Decreasing p and keeping D fixed
must increase the average distance between points in each cluster.

When p = 114/50 = 2.3 and D = 150 millimetres it was found that ﬁl
lay within the simulation envelope for all selected values of (r,t).
Decreasing p still further to p = 114/60 and holding D constant

produced a process which was insufficiently clustered for small values
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Figure 6.4. Results of ﬁl for the 1975 Hebeloma spp. pattern. The
envelope values at a selection of points (r,t) were
obtained from 100 simulations of a simple cluster process
with about u points per cluster of diameter D millimetres.
(a) w'= 114/45, D = 100; (b) u = 114/45, D = 150;

(¢) uw = 114/60, D = 150. Values of (4,5) at which ﬁl lay
within, above or below the envelope are shown 0, + and -
respectively.
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A realisation of a simple cluster process containing

114 points in the high intensity sector of the 1975

Hebeloma spp. pattern. There are about 4 = 2.3 points

per cluster of 150 millimetres diameter. The radial intensity

.of the cluster centres is proportional to that estimated

from the 1975 Hebeloma spp. pattern.
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of t, see Figure 6.4(c).

Theée investigations show that the fit of the model to the 1975
Hebeloma‘épp; pattern in the preferred sector was fairly sensitive to
changés in the values of the parameters and D. Figure 6.5 illustrates
a realisation of 114 points in the appropriate sector from a simple
cluste; process with u = 2.3, D = 150 millimetres and a cluster
centre radial intensity equal to that estimated from the 1975
Hebeloma spp. pattern in this sector. This Figure should be compared
with the relevant part of Figure 6.3.

The patterns for Hebeloma spp. in the.preferred sectors for 1976
Vand 1977 were examined in the same way. It was very pleasing to find
that precisely the same simple cluster model with y = 2.3, D = 150
millimetres and with the appropriate radial intemsities for the cluster
centres could account for the observed patterns. In both cases the

fit was again reasonably sensitive to changes in the values of p and D.

The 1977 Lactarius pubescens pattern illustrated in Figure 5.1(i)

is shown enlarged in Figure 6.6. It was found that a simple cluster
model with u = 2.8, D = 150 millimetres and having the appropriate
radial intensity could account for that part of the pattern in the
high intensity sector. Th; same parameter values and model could also
acéount for that part of the 1976 pattern of this sporophore type
which lay in the relevant preferred sector. Fairly small changes in
the parameter values again produced processes whose fit was not as

satisfactory.

The 1975 Laccaria laccata pattern of 302 sporophores illustrated

in Figure 5.1(d) is shown enlarged in Figure 6.7. A close visual
examination of the clumps of sporophores evident in this pattern

revealed a finer clustered structure within each clump. It was found
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that becguse of this feature a simple cluster model failed to fit
sufficiently well for small values of t. For example, Figure 6.8(a)
illustrates the best fit obtained when a series of simple cluster
processes with different parameter values were considered. A more

- elaborate model reflecting the structure within each clump is clearly
required.

The double cluster model introduced in Section 4.3 seemed an
obvious contender. Figure 6.8(b) illustrates the results of coméaring
ﬁl with simulation envelope values found from 20 simulations of a
double cluster process with a Poisson number (mean u = 12) of iarge
clumps of diameter DL = 300 millimetres, each large clump containing
a Poisson number (mean Mg = 8) of small clusters of diameter
Dg = 60 millimetres. Since there were N, = 302 points in each
simulated pﬁttern, there were about y = NH/(usuL) = 3.1 points per
small cluster. This process was not sufficiently clustered for small
values of t. By decreasing ug to 6 and so having about u = 4.2 points
per cluster and keeping the other parameter values fixed, it was found
Fhat ﬁl lay within the simulation envelope at all the evaluation points
(r,t). The radial intensity of the centres of the large clumps was
taken to be proportional to the estimated radial intensity of the
points in the pattern of interest. Figure 6.9 illustrates a realisation
of the fitted process. This Figure should be compared with Figure 6.7.

The complete 1977 pattern and the high intensity sector of the

1976 pattern of Laccaria laccata were analysed in the same way. It

was found that the same double cluster process with on average 6 small
clusters of 60 millimetres diameter per large clump of 300 millimetres
diameter and with about 4.2 points per small cluster, produced a

satisfactory fit in each case when the appropriate radial intensity
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Figure 6.8. Results of K, analyses for the 1975 Laccaria laccata

pattern. The envelope values at a selection of points
(r,t) were obtained from 20 simulations of (a) a simple
cluster process with about p = 302/12 points per cluster
of 300 millimetres diameter and (b) a double cluster process
with about u = 3.1 points per small cluster of 60 millimetres
diameter and on average ug = 8 small clusters per large
clump of 300 millimetres diameter. <Values of (r,t) at

- which K, lay within or above the envelope are shown O and +

respectively.
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Figgre 6.9.

A realisation of a double cluster process
containing 302 points. There are on average

Mo = 6 small clusters of 60 millimetres diameter

per large clump of 300 millimetres diameter. There
are about p = 4.2 points per small cluster and the
radial intensity of the large clumps is proportional
to that estimated from the 1975 Laccaria laccata
pattern. The squares are of side 3 metres.
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was used for the centres of the large clumps. The fit for each of the

yearly'patterns of Laccaria laccata was fairly sensitive to changes in

the values of these parameters. A total of 20 rather than 100
simulations was used to find the envelope values for each ﬁl analysis
because of the large number of sporophores involved. If there are NH
sporophores in the high intensity sector of a pattern, then the time
taken for a ﬁl analysis increases proportionally to Nﬁ.

The most important aspect of the results of the ﬁl analyses is
that for each sporophore type the essential features of the fitted
cluster model in the appropriate high intensity sector were unaltered
from one year to the next. Only the changing radial distribution of
the cluster centres and the fluctuations in overall numbers of each
sporophore type were-required to account for the differences in the
observed patterns. The change in radial distribution is possibly
connected with the outward growth of the tree root system. Any
physical explanation for the fitted models will only be possible after
fprther biological research. However, it is hoped that the postulated
models might provide a useful starting point for such studies.

In the above no attempt has been made to consider 'interactions'
either between types in the same year or within types over several

years. This problem is taken up in the next Section.

6.4 Interactions

If the annual patterns of the sporophores are superimposed on one
another, then the pattern of a certain kind of sporophore in a particular
year can be thought of as the outcome of one of nine types in the

resultant multitype process. In Section 4.6 it was shown how a multitype

-~

Ky analysis could be used to search for 'interaction' between any two

.
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types in a sector within which the joint distribution of both types
is 6-stationary. It will be assumed that the intersection of the two
appropriate high intensity sectors is such a 8-stationary sector when
any two of the nine types are considered together. No statistical
tests of sﬁch an assumption are yet available. However, it is not
possible to make statements concerning 'interaction' unless some such
stationarity is assumed and so provides the necessary replication for
subsequent inference.

As before the 1975 Lactarius pubescens pattern was omitted from

this analysis. Two effects must be borne in mind in this application
of the multitype ﬁl method. The first is the size of the assumed
@-stationary sector for the joint distribution of any two types and
how many points in the realisation of each type lay in this sector.
This is determined by the extent of coincidence of the relevant high
intensity sectors for the two types of interest. The second effect is
the amount of overlap of the radial distributions of the two types of
interest.

It can be seen from Figure 6.1 that the area of intersection of the
appropriate high intensity sectors for any two of the yearly patterns
of the same kind of sporophore is substantial. Thus there are certainly
a sufficient number of points from each of the annual patterns of the
same kind of éforophore lying in such a common sector for the application
of a multitype ﬁl analysis. Any evidence of 'interaction' can only be
obtained from a region in which the marginal radial densities of the
two patterns also overlap. It can be seen from Figure 5.3 that for any
two yearly patterns of the same kind of sporophore such a region
contains a substantial number of points from each pattern. Therefore
the multitype ﬁl analysis should give an indication of the pfesence or

absence of any 'interaction within sporophore types'.
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Similar considerations, this time using Figures 5.4 and 6.1,
reveal that multitype ﬁl analyses should yield useful information
about the 'interaction between sporophore types' in a given year in

the following cases:

(a) between Hebeloma spp. and Laccaria laccata in each year

(b) between Hebeloma spp. and Lactarius pubescens in 1977

(c) between Laccaria laccata and Lactarius pubescens in 1977.

In 1976 too few points lay within the region of radial overlap in the
common high intemsity sectors of the two types in (b) and of those in
(c) for meaningful multitype ﬁl analyses.

The results of the ﬁlij analyses are shown in Tablé 6.2. In each
case the envelope values are based oﬂ 25 simulated patterns obtained
as indicated in Section 4.6 by randomly spinning one pattern relative
to the other on the surface of the cone formed by identifying the sides
of the common high intensity sector. The number of points from each
yearly pattern which fell in this sector is also shown. It is clear
that there are no detectable 'interactions' either 'between' or 'within'

sporophore types except in the case of Laccaria laccata. This kind of

sporophore showed evidence of 'attraction' between any two of the

three annual patterns, especially between those in 1976 and 1977 and
between those in 1975 and 1977. The results of the relevant ﬁlij
analyses are illustrated in Figure 6.10(a)-(c). As explained in
Section 4.6, ﬁlij can be expected to have a larger variance the more
clustered the two patterns under consideration. In view of this and
‘the very marked clustering evident in all three patterns of Laccaria

laccata, the results indicating 'attraction' between these patterns

should be interpreted with some caution.
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Type Hebeloma Spp. Laccaria laccata Lactarius pubescens
75-76 N (101,75) 75 N (114,234) 75 —_—
Hebeloma 56 77 w (72,37) 76 N (55,118) 76 S—

Spp.
‘ 75-77 N (105,37) 77 N (37,124) 77 N (18,35)

75-76 A (131,118) 75 SR

Laccaria
~laccata 76-77 A (118,115) 76 —_—
75-77 A (302,286) 77 N (123,96)

75-76 ———

L i '
Ezzz:zzﬁs 76-77 N (17,65)
7577 ——
Table 6.2

Results of ﬁlij analyses investigating possible 'interaction' within or
between sporophore types given in the diagonal or the off-diagonal cells
respectively. The years or year of interest are given, then N or A
indicating evidence of no 'interaction' or of 'attraction' respectively
followed by the number of sporophores of each pattern in the common
high intensity sector. The total number of sporophores in 1975, 1976,

1977 are (a) Hebeloma spp. 133, 94, 45 (b) Laccaria laccata 302, 137,

286 (c) Lactarius pubescens 11, 27, 137.
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‘6.5 Conclusions

The results of this Chapter suggest that Hebeloma spp. and

Lactarius pubescens prefer to grow in certain sectors about the tree.

In 1976, a year of drought, Laccaria laccata showed similar behaviour

but such behaviour was not evident for this sporophore type in 1975
or 1977. The average distance from the tree for each type of sporo-
phore increased over the three year period of observation. 1In any

year the sporophores of Lactarius pubescens were on average closer to

the tree than those of Hebeloma spp. The sporophores of Laccaria laccata
were on average furthest from the tree. The annual number of sporophores
of Hebeloma spp. decreased over the three year period whilst that of

Lactarius pubescens increased. Although the numbers of sporophores of

Laccaria laccata in 1975 and 1977 were comparable, there were

substantially fewer sporophores of this type in 1976.

The yearly patterns of each sporophore type in the relevant high
intensity sectors showed evidence of clustering. A simple cluster
model was fitted to the patterns of Hebeloma spp. and to those of

Lactarius pubescens. The fitted processes were essentially the same

for each sporophore tyﬁe in all three years, the only difference being
a change in the radial intensity of the cluster centres from one year
to the next. For the Hebeloma spp. patterns the fitted processes

consisted of clusters each containing about 2.3 points. The processes

fitted to the Lactarius pubescens patterns contained about 2.8 points

 per cluster. The clusters were of 150 millimetres diameter for both
sporophore types. Double cluster processes each consisting of large
clumps of 300 millimetres diameter which contained on average 6 small
clusters each of 60 millimetres diameter were fitted to the Laccaria

laccata patterns. The small clusters contained about 4.2 points each
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and only the changing radial intensity of the clump centres was
required to account for the differences between the annual patterns.
There was evidence of possible 'attraction' between the yearly patterns

of Laccaria laccata but no other 'interactions' either 'between’

sporophore types in the one year or'within'a particular type over the

three years were detected.
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