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SUMMARY 

A brief introduction to the types of problem occurring in the 

stress analysis of Water Valves of the butterfly type is given 

to show the need for developing a design method for these 

structures. 

The analytical work which has been undertaken for establish-

ing a closed form 'solution to the problem is given, with 

comments. 

A description of the anisotropic characteristics of the 

fibre composite material is presented in the form needed to 

allow the use of matrix algebra and practical examples of 

these materials are given. 

A general finite element is derived in detail to show how it 

represents the structure in a plate or shell shape made of 

Isotropic, Orthotropic or Anisotropic material. Also a 

finite element method is suggested to investigate the struct-

ural strength and behaviour of different types of blades made 

of different materials and the advantages of the method are 

shown. 

A method for the optimal design of fibre composite structures 

is suggested and recommendations for future work are given. 

The computer program and the numerical results are presented. 
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CHAPTER ONE  

INTRODUCTION  

1.1. 	General  

The butterfly valve constitutes a very special case for 

structural analysis due to its geometrical shape which is determined 

by complex loading and boundary conditions during operation Ref. (1) 

which are very difficult to model mathematically. 

In addition to this, its main function is as an engineering 

structure for sealing pipes, where deflections play an important 

role in defining the criteria for its efficient operation and 

possible failure. 

Existing methods of analysis and design are based generally 

on approximate idealized "closed form" mathematical models for 

circular plates. 

A long history of empirical formulae and experimental 

studies of butterfly valves exists, but as sizes of valves and 

industrial installations became larger with higher pressures, the 

desirable closing characteristic of the butterfly valve and new 

sealing methods led to its taking a greater share of the valve 

market and its replacing other types of valve. Ref. (2) (3) . 

Due to the traditional methods of design which did not 

give confidence either to the buyers or to the manufacturers, very 

strict standards were demanded. Ref. (4+) (5) (6) (7) . These 

specified minimum thicknesses for blades, bodies and shafts and 

required test pressures that seldom occur in practice. 

23. 
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As a consequence of this, very expensive test procedures 

had to be carried out in the manufacturing workshops rather than 

in the actual installations. 

The use of butterfly valves in cooling systems employing 

sea water introduced corrosion as another major parameter to be 

considered in their design. This led to the use of coatings and 

linings and although this was satisfactory in temperate climates 

such as are found on European and North American coasts where 

sea water termperatures are low, it proved unsatisfactory in warm 

sea water Ref. (8) . In such environments the use of materials 

that provide good corrosion resistance, such as 18/8 3% molybdenum 

stainless steel, aluminium bronze or ni-resist cast iron becomes 

mandatory if metals are to be considered. 

Fibre composite materials should therefore be seriously 

considered as alternatives, from the point of view of offering 

both corrosion resistance and cost savings. 

Since such materials do not possess isotropic properties, 

analytical analysis becomes very complicated. More and more 

alternative combinations of fibre and matrix materials possessing 

high strength, high modulus and desirable corrosion properties 

(such as glass fibre reinforced plastic (G.R.P.), boron-epoxy, 

graphite-epoxy and boron-aluminium) have become available. Ref. (9) . 

In contrast to the engineer who has traditionally designed 

a structure from a designated metal, in the field of composites the 

designer has freedom to design both the material and the structure 

as illustrated in Fig.(1.1)Ref. (10) . 
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The need for numerical methods of analysis using modern 

computers to aid the design function becomes inevitable and the 

finite element method as applied in this study gives great confidence 

in such techniques. These techniques provide the necessary expertise 

and confidence to designers and their governing manufacturers, who 

have to take responsibility for guaranteeing efficient operation of 

their products, to promote and guarantee the application of butterfly 

valves in such applications. The overall concepts of product design 

and structural proportions have thereby been redefined and reviewed 

for the valve components and the possibility of using working stresses 

much closer to the yield point of the material, as in modern methods 

of designing other structures. This has consequently reduced the 

cross-sectional dimensions and weights of valves eventually. The 

reduction in size of the structural proportions of valve components 

is seen in the valve industry as the greatest single factor which can 

tilt the balance in favour of a better market share for products 

designed in this way. Ref. (11) . 
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1.2. 	Description of the Structure of Main Interest.  

The butterfly valve essentially comprises a disk or 

blade which can rotate at right angles in a wing-like structure, 

about a diametrical axis within a pipe section body. A 90°  

rotation of the disk opens or closes the valve. 

This basic simplicity provides a compact structure 

which has the least amount of body metal of any valve type, 

having few component parts (disk, shaft, body, seating seals 

and operating equipment). 

Fully open the valve disk is the only obstruction 

which occupies the minimum amount of flow line space and 

causes very little head loss across the valve Ref. (18). 

The valves are usually either resilient or metal to 

metal seated; the resilient seating may be in the body or 

attached to the periphery of the disk. 

Butterfly valves are available in diameters from 

2.5 cm to to 10 m and even larger sizes are presently being 

considered for tidal and ocean thermal energy conversion schemes 

Ref. (2 ) for pressures that range from vacuum to 300 psi full 

differential, depending on the valve size. 

The 90°  turn offers quick opening or closing with ease 

of operation and the pressure shut-off capabilities require 

modest actuator power compared to other types of valves, since 

the butterfly valve is balanced in the closed position against 

upstream and downstream line pressures. Dynamic flow torque does 

not reach a maximum until somewhere between 30°  to 75°  open. Thus 

the peak dynamic flow torque does not occur at the same time as 

the higher torque which is required to unseat the valve. Ref. (19). 
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Butterfly valves can be installed in systems with 

constant-head sources such as nearby reservoirs or in pumping 

systems where pressure falls off with valve opening. During 

the closing movement the rate of cut-off of the flow diminishes 

as the disk moves towards the closed position, making the valve 

well suited for flow regulation purposes, (e.g. throttling). 

1.2.1. The Disk or Blade  

The disk or blade of the valve is the most important 

component of the valve, as its configuration has the 

greatest effect on:- 

(i) the head loss across the valve, 

(ii) the torque applied on the shafts, 

(iii) cavitation of the system, 

(iv) the sealing efficiency, 

(v) the noise. 

The blade could be a simple flat disk of constant 

thickness Fig. (1.2) A Disk, or a solid or hollow 

tapered disk, Fig. (1.3) A Tapered Disk, or a lattice 

supported disk. As the size of the shaft varies 

according to the torque applied, the connection 

between the shaft and the blade varies from; 

shaft through the disk, Fig. (1.4), two shafts fitted 

in humps on the disk Fig. (1.5), and shafts as integral 

casting of the disk Fig. (1.6) and (1.7). 
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SECTION A-A 

SECTION B-B 

Fig. 1.2. A Disk of Constant Thickness 
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SECTION A-A 

SECTION B-B 

Fig. 1.3a. A Tapered Disk 
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SECTION A-A 

SECTION B-B 

Fig. 1.3b. A Hollow Tapered Disk 
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Fig. 1.4: Shaft through the disk 

Fig. 1.5: Two shafts fitted in humps 

///4- 

Fig. 1.6: Shafts as integral casting of the disk 
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Fig. 1.7: Components of butterfly valve 



1.2.2. The Shaft  

The governing factor in the design of the shaft is 

the torque applied to it. The torque analysis of 

butterfly valves is a major subject which has received 

a fair amount of research and development in the past 

and has therefore not been tackled in this work. 

One of the most significant observations in this 

study is the effect of the type of connection between 

shaft and blade or shaft and body, on the structural 

behaviour of the blade. No attempt to establish a 

criterion is made but it is left to the designer to 

assume the most suitable idealisation for the 

connection because this depends on working practices, 

allowable clearances, bearing arrangements and materials 

and empirical assumptions established by different design 

methods. 

1.2.3. The Body  

The body is the second most important component of 

the valve and it divides the valves mainly into two 

categories Ref. (2) . 

Wafer: this is a valve for clamping between pipe 

flanges, using through bolting. The body may be single 

flange, flangeless or "U" section, as illustrated in 

Figs. (1.8), (1.9) and (1.11) respectively. 

Double flanged: this is a valve having flanged ends 

for connection to pipe flanges by individual bolting 

Fig.(1.10). A wafer type with "U" section body will also 

come within this category if it is suitable for the 
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Fig. 1.8: Single flange body 

Fig. 1.9: U"U flangeless body 

Fig. 1.10: Double flanged body 

tfrl 

Fig. 1.11: Flangeless body 
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individual bolting of each flange to the pipework. 

In smaller valves the body could be in two sections. 

Fig. (1.7). 

An unconventional body is the body of a 4-way butterfly 

valve which is the intersection of two pipes with an 

elliptical blade. The design of the body is governed 

by the piping system and the flange design. It is 

mainly a ring with two holes where a concentrated 

load causing shear, with or without correct installation 

and alignment, is another design factor to ensure non-

interference between the blade and the piping system 

Ref. (19) . The design of the body is not part of this 

work. 

1.2.4. Seating Seals  

These are either resilient or metal to metal seated. 

The latter will normally provide longer life than 

resilient seated designs but are more difficult to 

make completely leak-tight. They are better suited 

for higher temperature duties as they do not have the 

temperature restrictions imposed by resilient seatings. 

Regarding the former, an extensive range of synthetic 

elastomer and plastic materials for use as resilient 

seatings have been developed. Positive shut-off with 

repeatability of performance is assured and the wide 

choice of seating materials provides the butterfly 

valve with a comprehensive range of service applications. 
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The mechanical interference between the metal and the 

elastomeric seat requires a torque to unseat the valve. 

This depends on the type of seat material, the seat 

shape and the shape of the disk edge profile. Without 

the interference, of course, the valve could not be 

made leak-tight against high line pressure. The design 

of seats for sealing is not part of this study. 

1.2.5. Operating Equipments  

These generally comprise a gear box connected to the 

shaft of the blade at one end (or both ends) coupled 

with a manual and/or electrical/hydraulic actuator. 

These equipments are very important, especially in 

large installations, for the safety and control of any 

process. They can be controlled from a console in the 

hall of the plant and• at the moment are undergoing 

great developments, introducing microelectronics processors 

as detectors and remote control systems, which will make 

a great change in this field. Such developments are not 

covered by this study. 

1.3 	Review  

Engineering literature in the English language on the 

topic under discussion is very sparse. There is only one book 

Ref. (12) , on the design of valves, to the knowledge of the 

writer and this does not mention butterfly valves at all. 
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Hydraulic handbooks Ref. (13), (14), (15), & (16), contain 

a few brief references to the butterfly valve, describing its 

geometrical shape, the characteristics of special installations 

and methods of operating the valve. They make no reference at 

all to the structural design of such valves. 

Again the butterfly valve is described in most handbooks 

Refs. (2), (3) & (17), on choosing valves in a minor way with 

no mention at all of structural analysis. 

Reviewing existing books on the design of turbines, pumps and 

piping systems, Ref. (15), it may be observed that the valve 

is considered mainly in respect of its hydraulic characteristics 

with very brief guidance to methods of calculating torque on 

shafts and no guidance is given about structural analysis or 

design. 

The British Hydromechanics Research Association have published, Re4(20) 

for their members a bibliography on butterfly valves, covering 

the period from 1929 to 1966. This has been reviewed by the 

present writer, who subsequently extended the bibliography to 

cover the years from 1967 to the end of 1979, covering all known 

relevant engineering publications in this field. 

Nowhere in all that literature is there to be found any study 

about the structural analysis of the valve components generally 

or on the blade or disc of the valve, which is the component 

whose dimensions and strength are of most importance in the 

overall design of the valve. 
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Reviewing structural analysis handbooks for the analysis of 

rings, circular, and other plates, Ref. (33),(3 4), it became 

evident that there is a great need to develop a body of 

knowledge with which to guide designers and structural analysists 

devoted to this task. Such a body of knowledge has been developed 

by the writer and is described in Chapter 2. 

In considering new anisotropic materials and the more complex 

shapes of butterfly valve disc now required, the need to develop 

finite element programs for the purpose became evident. This has 

not been done before and has therefore been developed by the writer, 

as described in Chapters 3, 4, 5 and 6. 

1.4. Materials  

Valves are manufactured from a wide range of materials chosen to 

meet different operating requirements such as high or low temperature, 

corrosion, impact of particles carried in the flow, vibration 

characteristics, etc., subject to their availability. The materials 

to be discussed in this thesis are metallic alloys, glass reinforced 

plastic and perspex (for the experimental work). It is known that 

blades are made of polymers and fibres other than glass for the 

reinforcement of the matrix material with the result that Young's 

Modulus and Poisson's ratio can have virtually any value. In the 

analytical work (to be discussed in Chapter 2) Poisson's ratio has 

been varied from 0.05 to 0.5 to allow the designer to consider all 

possible alternative materials. In glass reinforced plastic Poisson's 

ratio is in the vicinity of 0.1, for polymers it is 0.35 - 0.4 and 

for metals it is 0.25 - 0.35. 
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1.5. Limitations and Scope of Study  

The study is concerned with the structural analysis of the 

blades of butterfly valves, simulation of the loading applied 

and all possible boundary conditions occurring at the supports. 

It does not cover the very important subjects listed below 

since there is already an extensive literature in existence 

covering them. 

1. Hydraulic analysis. 

2. Torque analysis and design of shafts. Ref. (21) & (22). 

3. Cavitation analysis. Ref. (23) & (24). 

4. Analysis and design of the valve body. Ref. (25). 

5. Noise analysis. Ref. (2) & (26). 

6. Design of sealing, interference provisions and methods 

of installation and alignment. Ref. (27). 

7. Vibration analysis. Ref. (28). 

8. Temperature effects. Ref. (29). 
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CHAPTER TWO  

ANALYTICAL PROCEDURE FOR THE STRUCTURAL ANALYSIS OF THE 

BLADES OF ORDINARY BUTTERFLY VALVES  

The search of an approximate "closed-form" solution for 

estimating the deflections and stresses in such blades is based 

on the general solution Equation (2.9) given by Clebsch Ref. (1) 

to be derived later. Now: 

w(r,O) = w + w 
p 	c 

in the governing differential equation of a circular plate, 

namely: 

vow - q(r,e)  
D 

which has to be solved with suitably defined boundary conditions 

and loading. 

In Equation (2.9) w represents a known particular integral 
P 

solution of the governing differential equation which is added 

to a complementary function w 
c 

which is the solution of the 

simple (Poisson) homogeneous equation 

v``w = o 
c  

2.10 

to satisfy the case under consideration. 

The procedure is developed in detail as follows 

2.1 The Governing Differential Equation for Circular Plates  

To obtain the differential equation of a circular plate 

the starting point is to use the expressions for bending moment 

and transverse shear which are known for a cartesian system of 

co-ordinates, as illustrated in Fig. (2.1) (from Szilard Ref. (31)). 

2.9 

2.8 
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2.2d 

2.3 

2.4 

2.5 

2 	2 
Mx = -D 

(axe  +v aye) 	
2.1a 

2 	2 
M = -D (aw

+v aw) 	 2.1b 
y 	aye 	axe  

2 

Mxy 	yx 	
(1-v) D axay 	

2.1c 

DM 	aM 

Qx = ax + ay 	
2.1d 

am 	am 
Qy= 	+ __EV 

ay 	ax 
2.1e 

In the polar co-ordinates system shown in Fig. (2.2) the 

relationships between cartesian and polar co-ordinates are as 

follows:- 

x = r cos 0 	 2.2a 

y = r sin A 	 2.2b 

r = V x2  + y2 	 2.2.c 

0 = tan -1(x) 

The derivatives of w(r,0) with respect to x can be derived 

from the derivatives with respect to r & 0 as follows:- 

aw_ aw ar 	aw  30  
aX 	Dr ax + 90 ax 

ax-cos 0 and 
āx

=-r  sin  

Dr= sin 0 	and 	90 = + 1_
cos 0  Dy 	ay 

The expressions for internal moments and shear forces in 

Equation (2.1) can be converted into polar co-ordinates 

using Equations (2.2, 2.3, 2.4+ & 2.5) thus, 
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Z U W 

a3 

Q 

Fig. 2.1: Expressions for bending moments and transverse 
shear in cartesian coordinates. 

Fig. 2.2: Polar coordinates 
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Mr  = — D p

r2 
+v (r2 ae2  + r arj 	 2.6a 

Mt 	- D r ar + r2 ae2  + v ar2 	
2.6b 

1 a2w 	1 aw 
Mrt = 

MOr  = -(1-v) D 
Ir arae 	r2  ae1 	2.6c 

Qr  = - D ar v
2  w 	 2.6d 

QA -D  r aA V2  w 	 2:6e r 

Considering an infinitesimally small plate element in the 

polar co-ordinates of Fig. (2.3) summing the moments (with 

correct signs) and neglecting moments due to the external 

load on the element as small quantities of higher order, we 

obtain the equilibrium equation in the 'r' direction of the 

element as:-  

aM 
(Mr  + ar r dr) (r + dr) de - Mr  r de - Me dr de 

+ Q 
r 
r de dr = 0 

hence 

aM 
Mr+ ar r — Me +Qr = 0 

Substituting Equation (2.6) for Mr  - MA  and Qr  and taking 

the derivatives with respect to r, Equation (2.7b) becomes 

v2 (V2 w) = q  (r,e) 
r r w) 	D 

where 

3Qr 
q(r,e) = ar 

2.7a 

2.7b 

2.8 
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QX k. dr 
Fig. 2.3: Plate element in polar coordinates 
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and 
2 	2 a 	+ 1 a +  1 a 

3r2 	r ar 	r2  aO2  
V2  -  r 

Equation (2.8) is the governing differential equation for 

a thin circular plate of isotropic material. 

2.2. The General Solution of the Governing Differential Equation  

The general solution of this biharmonic equation 

04  w = q(r,6)  
r 	D 

can be taken as the sum of the two functions on the right-

hand side of this equation:- 

w(r,O) = w + w 
p c 

in which w is a known particular integral solution of 

Equation (2.8) and we  is a compl mentary function which is 

the solution of the homogeneous equation 

V4  w = 0 
r c 

The solution of Equaticn(2.10) for a circular plate was 

obtained by Clebsch Ref. (30) in the form of the following 

series: 

o 	o 
C 

we  = F
o 
+/

=1 
 Fn  cos nO + n=1  F' sin n6 

Where each term of the series is a harmonic of order n. 

Each summation is for a particular value of n and extends 

over as many terms as are necessary for a proper represent-

ation of the loading. 

2 .8 

2.9 

2.10 

2.11 
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The F1 , F2.. Fn  are functions of r only, which is the 

radial distance to any point on the disc Fig. (2.2), and 

they represent the symmetric components of the loading 

system. The Fi, F2.. Fn  are functions of r only and apply 

to the antisymmetric components of the loading system. 

F
o is a function of r only and is completely independant 

of the angle 0 unlike the other functions which are symmetric 

or antisymmetric. Substituting these series into Equation (2.10) 

leads for each of these functions to an ordinary differential 

equation of the following kind. 

a2  _1_9 	n2 	92Fn 1 aFn n2Fn)  - 0  
ar2 	r ar 	r2 	ar2 	r ar 	r2  

2.12 

the solutions of which are: 

Fo  = C10 + C20 r2  + C30 Ln a + 	C40 	r2Ln 8 (for n = 0) 

F1  = C11 r + C21  r3 + C31 r
-1 
 +C41rLnā 	(for n = 1) 	2.13 

The general solution of n > 1 is therefore 

F = C 	rn  + C 	
r2+n + C 	r n + C 	r

-111-2
n 	in 	2n 	3n 	4n  

Similar expressions can be written for the functions F'. 
n 

Substituting these expressions for the functions F 
n 

and F' 
n 

into the series Equation (2.11) we obtain the general solution 

of Equation (2.10). The constants C
in, C2n, C 

 an and C 	in 

each particular case must be determined so as to satisfy the 

given boundary conditions. 
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2.3. The Solution for Stresses and Deflections in a Circular  

Plate of Uniform Thickness Subjected to a Uniform Normal 

Pressure and Supported at two points at Opposite ends of  

a Diameter.  

2.3.1. Analytical Work 

In this case a circular disc of uniform thickness "t" 

is assumed, subjected to a uniform normal pressure "q" and 

supported at two points at opposite ends of a diameter. 

The reaction of this loading, which develops at each of 

the support points (trunnions in the case of a valve blade), 

depends on the degree of fixity of the shafts, as will be 

discussed later. 

If the support reaction is simulated in this analysis 

by a triangularly distributed load (illustrated in Fig. (2.4a)) 

which is replaced by a reaction R acting at the centroid of the 

triangle so that the point of simple support is assumed to be 

at a distance a + a' from the centre of the disc Fig. (2.4b). 

This system of loading can then be replaced by two systems, 

the effects of which are added together, as follows: 

(i) Two diametrically opposed moments as illustrated in 

Fig. (2.4c) with 

M = R a' 	 2.14 

(These moments act in a plane perpendicular to the 

disc and pass through the points of support). 

(ii) A uniformly distributed load of intensity q acting all 

over the area of one face of the circular disc, supported 

by two diametrically opposed equal reactions R acting 

at the periphery of the disc Fig. (2.4d) where 
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Fig. 2.4d 

Fig. 2.4: Circular plates supported at two points 
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Tra2  R = q 2  

This loading  occurs only when the valve is totally 

closed of course. 

The effect of the first case of loading  (pure bending) 

on a plate of non-uniform section Fig. (2.5) will now be 

considered. 

The radial moment per unit length of any section can 

be obtained by dividing  M (given by Equation (2.14+)) by the 

appropriate chord length. The deflections along  the diameter 

between the supports can be found as follows:- 

32w 	M 
3X2 	EI  (as given by Szilard Ref. (31)) 

where 

I - 	2y t3  
12(1-V2) 

Substituting  Equation (2.17) in Equation (2.16) gives: 

32w 	-6(1-v2)  M 
3x2 	Et3 	y 

Since x = a cos 8 and y = a sin 8, (from Equations (2.2a) 

and (2.2b)). 

dx = -a sin 8 d8. 

Integrating  Equation (2.18) with respect to x leads to 

r  
J-57c723  dx = C + 

6(1-v2)M 	a sin 8  d8  
1 	Et 3 	J 	a sin 

Ti 

2 

	

7c = c 
	

+ 6(11-v2)M 	Je  de 
1 Et3 

aw 

Ti  

2 

	

C 	- 6(1-v2)M 
 (r  -  1 	Et 3 	ī 

2.15 

2.16 

2.17 

2.18 

2.19 

51. 



Fig. 2.5: Pure bending on circular plate supported 
at two points 

J 

Fig. 2.6: Quadratic plate finite element 
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At 8 = 2, ax = 0 so C1 must be zero 

Integrating Equation (2.19) along x, 

_ 2 	fee 
W = C2 + 6(Et3 

)M 
a 	(z - 0) sin 8 d8 
7 

8 

= C2 + 6aME1
t3v

2 
) 	(— ;1.- cos 8 + 8 cos 8 — sin 8)I 

ī 

z 
C2 — 

aME 3_v ) E 1 + (.-- 8) cos 8 + sin fl 2.20 

At 8=0, w=0 thus 

6aM(1-v2) 
(~ - 

1) = Ma (~ - 1) Cz = 	Et3 	z 	2D z 

and 

Ma lr lr W = 25 2 - ( ī - 8) cos 0 - sin 0 

Maximum w occurs at 8 = 2 so that 

_ Ma (L - 1) = 0.28548 Ma max 2D 2 	D 

The deflection of the disc at any point due to the second 

case of loading, Fig (2.4d) can be determined as the sum of the 

deflection of the disc simply supported along its entire 

periphery (as a particular solution) and the deflection due to a 

system of forces distributed along it periphery to satisfy the 

loading of Fig (2.4d) with the boundary conditions of the disc 

being also fulfilled. 

In what follows the complementary function and the particular 

integral have been solved together and dealt with in the various 

derivations as the single function w of Equation (2.8). 

2.21 

2.22 
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In Equation (2.9) w (the particular integral solution for 

the deflection of a disc simply supported along its entire 

periphery) given by Timoshenko et al. Ref. (32) as 

(1 p2)  (1+v 	p2) wp 	64D  

where 

r 
P 

__ 
a 

2.23 

2.24 

This is a symmetrical case of loading and deflections are 

measured from the diameter on which the two supports are 

positioned, i.e. the condition of geometrical symmetry is 

satisfied so that sin terms of the series Equation (2.11) 

may be omitted and the complimentary function may be written 

as 
CO 

we  = Fo  + 
G 	

Fn  cos n9 
	 2.25 

Substituting Equation (2.25) into Equation (2.10) and 

solving we obtain Equation (2.13) which must be satisfied 

by the constants 
C1n, C2n,  C3n 

and Con  for this case. Since, 

at the centre of the plate the deflection, the slope and the 

internal moment are finite, at r = 0 

C = C = 0 
30 	40 

C = C = 0 
31 	41 

2.26 

C = C = 0 
3n 	4n 
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and Equation (2.13) can be written as 

(C 
	rn  

Fn 
= 	+ C2n  r2+n

). 	2.21 

Using Equation (2.25) and multiplying the first part by 

n 	 n+2 

an 
and the second part by 

a
---
n+2 

there results the equation 
a 	 a 

Fn  = 	(C 1  + I 	2 n In 	CI p )p 

where 

C1  = anC 	(a new constant) 
in 	In 

and 

C2n  = an+2C 2n (a new constant) 

Substituting these into Equation (2.25) and multiplying by 

D gives: 
a o 

C 
D we  = n=o  (An  + Bn  p2)pn  cos n6 

where An  and Bn  are constants and p = r/a 

At the boundary of the disc the radial bending moment is 

zero. Assuming the following relationships:- 

d=a ār 

a __ d 
ar a 

2.29a 

2 	d2  
arz 	a2 

and from Equation (2.25) r = ap 

1 a_ __ 1 d __ 1 d _ d 
r ar 	r a ap 3 a2p 

d' = - - 
ae 

2.29b 

2.29c 

2.28 
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and using Equation (2.29) with Equation (2.6a) gives: 

Mr 	-D 9r2 
+ v ( r2 aē2 + r ar~ (w) 

P 1 +   0 
p=1   

-D 
 [a

r 2 
2 + v (a 	p2 dr 2 + ap i (w)p=1 = 	0 

hence 

[d2 +Mr 	=a 	 V (pp22) (w)p=1 = 0 
p=1 

Applying Equation (2.30) with Equation (2.23) gives zeros 

for w and applying Equation (2.30) with Equation (2.28) 

for w c gives: 

B
0 
= B

1 
=0 

and 

n(n-1) An + (n+1) (ns2) Bn = 0 

n > 1 

where 

1 - v 
= 1 + v 

At the supports the deflections are zero, i.e. w = 0 

At p = 1 for 0 = 0 & TT 

Putting 0 = 0, p = 1 and using Equation (2.31) in 

Equation (2.28) there results: 

CO 

0 = n=2,3 An + Bn 

or 	
CO 

AO +A1 
+ n=2 3 

(A
n 
+ B

n
) =0 

2.30 

2.31 

2.32 

2.33 
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Putting 0 = TT, p = 1 and using Equation (2.31) with 

Equation (2.28) results in 

A
0 
 + A

1 
 +L 

c 
 -23  (A +Bn ) cos n7=0 	 2.3)4 

Solving Equation (2.22) and Equation (2.34) with 

cos nn = +1 	(for even n) 

cos nor = -1 	(for odd n) 

gives 
CO 

A0= -L-2,)4  (An  + Bn ) 

and 
03 

_ _G 
A l 	n=3,5 (An + Bn ) 

The reactions R at the supports can be found from the 

Equations: 
co 

R ( 1 + C 	cos nO)  ira 2 n=1 

and 	 2.37 
CO 

era (2 2 	/=1 cos n(0-Tr) ) 

as given by Timoshenko et al. Ref (32). 

The value of the intensity of the vertical reaction at the 

boundary is the sum of these expressions 

(Vr )) 	= 7a [2 + G=1 cos nO +- + 
G-1 cos n(0-7)] 	2.38 

since cos n(0-7) = cos nO cos nir 

= cos nO (for even n) 

= - cos n0 (for odd n) 

CO 

(Vr) 	_ 
a 

(1 + 2 2 	co s nO) 
p=1 

2.35 

2.36 

2.39 
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The differential equation for V 
r 

as given by Timoshenko 

et al. Ref. CO (p.284) is 

(Vr) _ (Qr  - r āē ) 	= 0 
p=1 	p=1 

Using Equation (2.29a) 

(V 
r)= (Qr 	Pa d' Mre)p=1  = 0 
p=1 

From Equation (2.6d) we get 

__ 	a a 	1 a 	1 a2  
Qr 	

-D 
Dr 'ar2 	r Dr 	r2  ae2) (w)p=1 

= 	
a3 	1  a2 	1  a 	1  a2  a 	1  a2  

Qr 	
_D 
(ar3  + r ar2 	r2  ar + r2  ae2  Dr - 2  73 a82)(w)p=1 

Using Equation (2.29a) 

2.40 

-D 	'2 
Qr  = a 	 P D (d 	- 3  + 

P Z 	
+ dp2  

d,2 

2 	p 3 ) 2.41 

From Equation (2.6c) 

d'M 	= - D(1-v) dd'2 	(1-v) c1,2
pa 	re 	a3  	p2 	p3 

Substituting Equation (2.41) and Equation (2.42) into 

Equation (2.40) gives: 

	

pNr) 	3 	d2  - d 	(2-v) 	, 	(v-3)-D  	ī + 2  dd 2 	
3 d (w  = 

p=1 	a 	P 	p2 	P 	P 	)p=1 

as w = w + w 

	

 
p 	c 	

2»43 

To carry the solution further we have to obtain the differentation 

of w and we  from Equations (2.23) and (2.28) 

4 
Assuming 

D 
 is a constant = k, then 

D k 2.43a 

2.42 
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B (w ) = a k a  [1 - -rue-)( 5+v 	
r21+v 1 d(wp) = a a — p 	64 ar 	a 	a 

= 64 I(1 - ā  )(- ā )+(1+v  

(64)(a ) 
C1 

 _P2)(1+v _ p2ij  

32 (1  + 1 +v 	2p2 ) 

_ - kp  1 	+v+5+v 	2 
32 ( 1+v 	2P ) 

_  

and 

_ - kp  (6+2v 
32 	1+v - 2p2) 

 

- kP 3+v  2 d(wp) - 16 (1+v 	P ) 

 

2.44 

2 	a 	k r 3+v 
d (w) = a ar 16 a (1+v 

r2 
a2)  

k a 3+y __ 	r 3  
16 ār ( ) r  1+vā 

k 3+v 
- 16 (1+v  

3 	k 3+v d (wp) = a Br 16 (1+v 

d 3 (w) = 
6 

(- 6 ā) = p 	8 p 

and 

d'(wp) = d'2(wp) = dd'(wp) = dd'2(wp) = d2d'(wp) 

= dj3(w ) = 0 

3p2 ) 2.145 

ā ) 

2.146 

2.47 
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Similarly, for (n=~2,4,...co) we get 

d(wc) = k G Cn An + (n+2) 
Bnp2j 

pn-1 cos n6 	2.48 

d2(wc) = k X [n(n_1) An + (n+2)(n+1)Bnp2J pn-2 cos nO 	2.49 

d3(wc) = k G C(n-1) An + (n+2)(n+1)n 
Bnp;_l 

pn-3 cos n6 2.50 

and 

d'(wc ) = -k X(n An +n Bn p2 )pn sin nO 	2.51 

d'2(wc ) = -k 1(n2 An + n2 Bnp2 )pn cos n8 	2.52 

di3(wc ) = k L(n
3 
An + n3 Bnp2)pn sin 0 	2.53 

dd'(wc) = -k X[n2 An + n(n+2) 
Bnp2 

pn-1 sin n0 	2.54 

dd'2(wc )= -k L 
[n

3 An + n2(n+2) Bnp2] pn-1 cos nO 	2.55 

d2d'(wc )= -k [[nz (n-1) An + n(n+2)(n+1) 

B 
n
p`Ipn-2 sin n0 
	2.56 

Using Equations (2.44 to 2.56) in Equation (2.43) for 

(w + w) = 1 and using Equation (2.31) for B0, B1 we get 
P c  

(V r) 
	
a k 	p 116 (1+v 	3p2) p 

+ -16(1+v p2) 
p p=1 

CO 

+ L 
	

[n(n_1)(n_2)
n=2,3 

	+ n(n-1) - n - (2-v)n3 

- (v-3)n2-jA
n 

	[(n+2)(n+1)n + 	+ (n+2)(n+1) - (n+2) 
.~  

- (2-0n2 (n+2) - (v-3)n] Bnp2 p
n3 

cos nE3> - 2.57 
// p-1 
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-D 
r )  p=1 

2. 
 n=2,3 	-n2 (n-1)(1-v) A + n(n+1) 2  

[_n1_v )jBflP2} n-3  p 	cos n 

(Vr) 	= āD 
3 

p=1 

00 

7n2 (n-1)(1-v) An + n(n+1) n=2,3  

[_n(1_v)]B  cos n6, 

From Equation (2.15) we have 2R = Tra2q and k = qD 

so 

-D k  = gal* D __ _ 2R 
a3 	D a3 	Tra 

Using this in Equation (2.58) leads to 
CO 

(Vr ) 	Tra [1+2 i=2 3 f-n2 (n-1)(1-v) An + n(n+1) 
p=
- 

1 	' 

D-n(1-v 	Bn]- cos nej 	 2.59 
)) 	p=1 

The coefficients of cos nO in Equations (2.59) and (2.39) 

should be equal, thus 

-n2 (n-1)(1-v) An  + n(n+1)l -n (1V11 Bn = 1 

for n = 2, 4, 6... 	2.60 

and 

-n2 (n-1)(1-v) An  + n(n+1)1+-n (1-viBn  =0 

for n = 3, 5, 7... 	2.61 

Solving Equations (2.32) and (2.61) gives 

An =Bn =0 	for n = 3, 5, 7... 	2.62 

Hence from Equation (2.36) we get 

A l  = 0 

n 

2. 58 
p=1 

p=1 
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Solving Equations (2.32) and (2.60). gives 

or as 

Also, 

_  - (n+2/0  
An 	2n2(n-1)(3+v) 

A = - 1 	r 1 	+ 	1  
n 2(3+v) n(n-1) (3n2(n-1) 

2.62a 

2.62b 

2.63 
Bn 2n(n+1)(3+v) 

Therefore, 

_ - 1 r 1 	 1 	d An  + Bn 	3+v n(n2-1) + Sn2(n-1 

Equations (2.62a, 2.62b, 2.63 and 2.64) are for 

n = 2, 4, 6... etc. 

Using Equation (2.64) in Equation (2.35) gives 

A - 	L 	
r 

2 	 + 1  
0 	3+v n=2,4 	n(n2-1) Sn2(n-1)

Ī 
 

Considering In series, 

2 
A0 3+v  (ln 2 - 2) + 

	(ln 2 - 24) 
 13 

or 

1 	2 ln 2 	72 	1 
AO 

__ 
3+v 1-v 24S 2 

Hence, Equation (2.28) since Al  = B0  = B1  = 0 can be 

written as 

 
gat'  we = A0 + n=2,4 (An + Bn  p2)pn  cos n8 

1 

2.64 

2.65 

(2.28) 
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Using Equations (2.62b) and (2.65) gives 

and 

or 

D 	 1 	ln 2 	R2 __ 1 
2 

n 

CO 

1 
2 n=2,4 

cos nA 

of deflection 

1 
qà ' 

for 

w = 

w. 

wD 
qa 

wc 	3+v 	1-v 	24 
[12 

2 	P2 

(n-1) 

2.66 

(2.9) 

+ Sn2(n-1) 	n(n+1) 

the complete expression 

w 	+ w 
p 	c 

qD4 

p 

64 	(1-p2)( 1+v 	P2) + 	D 

4 ln 2 	72 _ 

2(3+v) 

1 

2.67 

- 1 

1-v 	12s 	1 	n=2,4 

2 	A2 n6 

n(n-1) 

2 In 2 

11-12(n-1) 	n(n+1) 	pn cos 

2 

	

(1_64 	)( 1+v 	A2) 	+ 2(3 

	

1+v 
	~r 

2 - 

+v) 

=2,4 

n 
p 

+ ()(2 ln 2 - )n 1_v 	12 

2(1+v) 	p2 

[n(n-1)  

cos n 	2.68 + 	(1-v )(n-1)n2 	n(n+1) 

which is the complete solution. 

The expression for the radial moment Mr, using 

Equations (2.44 to 2.56) with Equation (2.30) is 

D 	-1 3+v _ 	2 _ v 3+v 
Mr __ -k a 	16 (1+v 	3p ) 	16 (1+v 

CO 

- p2)I 

+ n=2,4 C (n-1) + v(n-n2)I An + [(n+2)(n+1)  

+ v(n+2) - vn2] B 
n 

p2 pn-2 cos n 
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-Dk -(3+V)  
a  2 	i6 	( p ) 	n=2,4 n(n-1)(1-v) An  

+ n(n+1) [ 1-v) + n (1+v]Bn p2 pn-2 cos n8 

Substituting for k, A
n 
 & B

n 
 from Equations (2.42a), 

(2.62b) and (2.63) leads to 

CO 

a'q 16 	2 3+V L2,4 	Ti.)  

(1-p2)pn-2 cos n8 	2.70 

The expression for the tangential moment Mt, using 

Equation (2.43) to (2.52), Equation (2.29) and 

Equation (2.6b) is 

	

[1_1 3+v 2 v 3+v 	2 Mt = - k a2 	16 ( 1+v  -p ) - 	16 (1+v 	3p 
03 

+ n=2,4 fn-n2  + vn(n-1 ) An  + [(n+2) - n2  

+ V(n+2)(n+1)I Bn  p2  pn-2  cos n8 

or 

El 	

co 

Mt = - k a3 	(3+v) - (1+3v)p2] + n=2,4 

fn(n-i)(i-v) An  + n(n+1) [i-u)  n 

(1+V  1 Bn p 
 pn-2 cos n8 	 2.71 

Substituting k, An  & Bn  from Equations (2.42a, 2.61b 

and 2.62) leads to 

co 
M

- 	= 1 	[(3+v) - (1+3v)p2] - 1 ( 1
+V) a q 	16 	3+v n=2,4 

W-p2) + 
n 
 (1+p2) pn-2 cos n8 	2.72 

2.69 
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The expression for the twisting moment Mr0, using 

Equations (2.43) to (2.52), Equation (2.29) and 

Equation (2.6c) 

o 
C 

M = k a2 (1-u) n=2,4 	(-n2+n) An + rt 	

[_n(n+2)+n]  Bn p2 
pn-2 

sin ne 

o 

L2,4 = k ā2(1-v) 	 4 
~ 

n(n-1) An - 

n(n+1) Bn p2 pn-2 sin n@ 

Substituting for k, An & Bn from Equations (2.42a, 

2.61b and 2.62) leads to 

c
~ 

a2q 	2 (3+v) n=2,4 S(1-P2) + n ^11-2 sin n6 

The expression for the radial shear Q 
r
, using 

Equations (2.43) to (2.52), Equation (2.29) and 

Equation (2.6d) 

Q =-k -D~ 3 p - 1 (3+v - 3p2 ) 1 + 1 r 	a 8 	16 1+v 	p 16 

(1+v p n=2,4 -p2 ) ! + 	[n(n-l)(n-2) + 

n(n-1) - n - n3 + 2n2] An + Fn+2)(n+l)n 

+ (n+2)(n+1) - (n+2) - n2(n+2) +2n21 B p2 pn-3 cos nO 

00 

Qr = - k a3 2 + 4 
n=2 

4 n(n+1) Bn pn-1 cos ne 

CO 

Qr _ -1 	2 	X pn-1 
cos nA . 

qa 	2 	(3+v) n=2,4 

2.73 

2.74 

2.75 

2 .76 
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The expression for the tangential shear Qt, using 

Equations (2.43) to (2.52), Equation (2.29) and 

Equation (2.6e) 

CO 

Qt - k  ā n=2 4 [_
n2(n_l)  - n2  + n!]  An  

+ C n(n+2)(n+1) - n(n+2) + n B np2  pn-3  sin nA 

CO 

Qt - k  a 4 G=2 4 -n(n+1) Bn pn-1 sin n6 

Qt _  2  - 	n-1 sin n6 	2.78 
qa 	(3+v) n=2,4 

p 	s  

In Equation (2.68) the right-hand side would give a constant 

coefficient for a defined Poisson's ratio v at a defined 

location (p,6) on the plate. This coefficient can be 

converted into a deflection due to the uniformly distributed 

load by multiplying it by 

4 

D 

This further lends itself to the development of a hand table 

of coefficients which is shown in Appendix (1). In Equations 

(2.70, 2.72 and 2.74) the right-hand side would give a 

constant coefficient for a defined Poisson's ratio v at 

a defined location (p,O) on the plate. This coefficient can 

be converted into stresses due to the moments by multiplying 

it by 

2.77 

± 6q(t) 2  
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as the value of the moments acting in the radial and tangential 

directions, taken with respect to the centre of the plate, are 

claculated per unit length. Thus in the radial and tangential 

directions along sections described by 0 = 0°  and 0 = 90°  this 

procedure produces stresses in the principal directions whilst 

the radial and tangential moments acting along any other section, 

as described by 00<0<900, produce only stresses in the given 

directions, the twisting moment Mr0  not being zero. Along 0 = 0 

and 0 = 90°  the stresses caused by the couples in Fig. (2.4c) 

should be added directly to the stresses acting in the radial 

and tangential direction as appropriate. 

In Equations (2.76) and (2.78) the right—hand side would give 

a constant coefficient for a defined Poisson's ratio at a 

defined location (p,0) on the plate. These coefficients 

can be converted into shear stresses by multiplying by 

qa 

Equations (2.68, 2.70, 2.72, 2.74, 2.76 and 2.78) were written 

in two small computer programs. 

(i) To produce a complete hand table of coefficients 

for deflections, moment and shears as shown in 

Appendix (1). A FORTRAN listing of the program 

is in Appendix (2.A). 

(ii) To suit a top desk microcomputer Ref. (36) where 

the designer interacts directly through the 

computer screen, feeding in t, a, E, v, p, 0 and q 
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in a free format and immediately obtaining the

deflection at the point and all the stresses due

to moments and shears.

A FORTRAN IV listing of the program 1S g1ven in Appendix (2.B)

This compl~tes. the analytical werk of this case.

2.3.2. Finite Element Analysis

The first step was the analysis of a circular plate

simply supported around the periphery and subjected to a

uniformly distributed load which is a well documented case

1n many texts such as Ref. (31), (32) & (35).

An existing finite element program for the analysis of

plates was used, Ref. (38). It employs a quadratic plate

element as shown in Fig. (2.6).

A sUfficiently fine mesh, as determined by convergence

criteria consisting of 160 elements, 184 nodal points per

half circular plate was adopted as adequate for this study

as shown later and illustrated in Fig. (2.7). The degree

of symmetry in this case calls for quarter of a circle but

lesse~ degrees of symmetry, called for later in this work,

required the use of half a circle.

A comparison of results for a typical example of this

simply supported case is shown in Table (2.1). This leads

to the conclusion that the finite element model is adequate

and useful for predicting the deflections and stresses in

circular plates.

68.



65 77 88 101
0'\ / ~?A"\/ \45

- - 70 82 9l. 106
\0 "4 I 64 76 87 100

69 81 . 93 lOS

53 I 63 75 86 99
68 80 92 lOt. 116

42 52 62 74 85 98 108
t.t. 55 67 79 91 103 115

30 41 51 61 73 84 97 107 JJ7
32 1.3 54 66 78 90 102 114 126

14 21 29 40 50 60 72 83 96 106 1/6 126 136
I

1[, 22 31 1.2 53 65 77 89 101 113 125 137 H.B 159

6 I 13 20 28 39 49 59 71 82 95 105 115 125 135 144
13 21 30 [.1 S2 64 76 88 too 112 124 136 1'-7 lS8

5 I 12 19 27 38 48 58 70 81 94 104 114 124 134 1431 150 \ 156 \ 160
h2 20 29 [.0 51 63 75 87 99 111 123 135 1'-6 157 166 17L ,M ,qr! X

.
I

Fig. 2.7. Finite element mesh.



LOCATION CENTRE POINT p = 0.5 

DEFLECTION 
FINITE ELEMENT 0.06544 

4 

D 0.046147 
4 

D 

CLOSED FORM 
S OLUTION EQUATION 0.065622 0.04628 qa 

D D 

M 	M x, 	r  

FINITE ELEMENT 0.2014 q a2  0.1586 q a2  

CLOSED FORM 
SOLUTION EQUATION 0.203125 q a2  0.1523 q a2 

My, Me  

FINITE ELEMENT 0.2014 q a2  0.17545 q a2  

CLOSED FORM 
SOLUTION EQUATION 0.203125 q a2  0.17578 q a2  

Dimensions of example used for the finite element solution: 

a = 100, t = 5, E = 2 x 106, V = 0.25, q = 2. 

Table 2.1. 	Deflections and moments in a circular plate simply supported around the 
periphery and subjected to a uniform pressure. 



The second step was to adopt a boundary condition 

representing the case in hand, i.e. simply supported at two 

points at opposite ends of a diameter. Using the finite 

element results provides an independent method from the 

"closed form" theoretical solutions of 2.3.1. and also allows 

the production of design coefficient tables. 

The use of these coefficients is valid when the plate is 

to be considered as a stiff plate which is also a thin plate, 

i.e. t/2a < 1/8 with flexural rigidity, carrying loads two-

dimensionally mostly by internal (bending and torsional) 

moments and by transverse shears, as in Fig. (2.1). 

Deflections can be assumed to be a function of the 

uniformly distributed load q, the flexural rigidity of the 

plate per unit length being expressed in the usual notation 

by 

Et 3  
12(1-v2) 	 2.79 

and a`' (a being the radius) in the following form:- 

W = C1 D 

Similarly the bending moments per unit length can be written 

as:- 

Mx  = C2 q a  2 

M y  = C 3  q a2 

Mxy  = C4  q a2  

A table of coefficients C1  to C4  at the 12 locations as 

indicated in Tables (2.2) and (2.3) can then be produced. 

D 

2.80 

2.81 

2.82 

2.83 
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Symmetrical around x & y 

v = 0.378 

M = C q a2  

Element 
No. 

Location 

C2 C3 C4 

x.a y.a 

1 0.95 0.062 +0.0004 -0.3667 +0.0142 

2 0.85 0.055 +0.0014 -0.3882 +0.0165 

18 0.788 0.527 -0.2835 +0.0018 -0.1280 

22 0.495 0.3675 +0.0351 -0.3835 +0.1088 

27 0.45 0.05 +0.0422 -0.4649 -0.0076 

35 0.5998 0.7128 -0.1228 -0.0745 -0.25 

53 0.252 0.55 +0.1743 -0.3905 -0.0767 

57 0.304750.8977 +0.1154 -0.0424 -0.2522 

70 0.05 0.05 +0.0844 -0.5031 -0.0011 

75 0.05 0.55 +0.2335 -0.4087 -0.0174 

79 0.025 0.875 +0.6334 -0.2192 -0.0724 

Table: 2.2. Moments design coefficients for circular plate 
simply supported on two points at opposite ends 
of a diameter and subjected to a uniform pressure 
obtained from finite element method. 
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Symmetrical around 
x & y 

v = 0.378 

W = 
C1 D 

F.E. 

Node No. 

Location 

C1  
From F.E. 

C
1 

 

From Equat. x/a Y/a 

1 1.0 0.0 0.43767 0.43948 

2 0.9 0.0 0.41438 0.41596 

6 0.8 0.0 0.39277 0.39420 

19 0.866 0.5 0.35216 0.35346 

28 0.707 0.707 0.2582 0.25786 

29 0.5 0.0 0.3395 0.35638 

32 0.5 0.3 0.3150 0.322487 

56 0.3 0.5 0.2427 0.22729 

8o 1.0 0.5 0.2265 0.226427 

85 0.0588 0.898 0.0585 0.06 

87 0.0 0.0 0.30195 0.30245 

92 0.0 0.5 0.2245 0.224809 

Table: 2.3. Comparison of deflection coefficients obtained by 
the 'closed-form' equation and finite element in 
circular plate simply supported on two points at 
opposite ends of a diameter and subjected to a 
uniform pressure. 

73. 



The accuracy of the coefficients is directly dependent on the 

degree of refinement of the finite element mesh, i.e. the number 

of degrees of freedom in the considered plate. For this 

purpose, a number of meshes were used with increasing numbers 

of degrees of freedom until no significant change occurred 

to the resulting coefficients. This asymptotic convergence 

is an established procedure in finite element solutions. 

Thus in the solution E is extracted from the answers 

through the flexural rigidity D as described above. The 

deflections and bending moments (Mx, My, Mxy) can be worked 

out using the coefficients for a specific value of say vi. 

Then the effects of another Poisson's ratio v2 can be estimated 

from:- Szilard Ref. (31). 

2 
W2 (x ,Y) = 1_I 	W1 (x v) 

(Mx)2 	1-vi  
1  L 1-V1V2)(Mx)1 + (v2-vl)(My)d 

lMY 2 
- 1-vz 

[(v~_ i )(M) i + (1-V1V2)(My) _.l 1 

2.84 

2.85 

2.86 

(Mxy )2 
2 

1-vi (Mxy)1 2 .87 

This case was run using a typical plate having values of 

E = 0.46 	106 lb/int and V = 0.378, a = 12in. The coefficients 

for deflections at twelve nodes are compared with the coefficients 

from Appendix (1) in Table (2.3). The coefficients for moments 

are compared in Table (2.4), the conversion from local x-y 

coordinates of the finite element mesh to global polar coordinates 

being described in Appendix (4). 
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The practical application of these coefficients is in 

day-to-day work, since they provide a reliable and simple 

technique for calculating deflections. In fact, they can 

predict to within 10% the measured deflections obtained in 

testing valves. However, it is not a good method for 

calculating the stresses especially in the vicinity of the 

support, because in reality the point support is a hypothetical 

point and can not be simulated in tests. Mathematically the 

coefficients obtained from the finite element solution would 

be a more accurate simulation of a point support for the stresses. 
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Elemeri 

No. 

Location C2  

F.E. 

C2  

Equ. 

C3 

F.E. 

C3  

Equ. 

C4  

F.E. 

C4 	, 

Equ.  
x/a y/a 

1 0.946 0.054 +0.0004 +0.000 -0.3667 0.39 +0.0142 0.00 

2 0.846 0.056 +0.0014 +0.004 -0.3882 -0.40 +0.0165 0.00 

18 0.788 0.527 -0.2835 -0.32 +0.0018 0.0018 -0.1280 -0.10 

27 0.450 0.050 +0.0422 0.043 -0.4649 -0.467 -0.0076 -0.033 

7o 0.05 0.05 0.294 0.21 0.294 0.21 0.252 0.2935 

75 0.05 0.55 +0.2334 0.24 -o.4o87 -0.4087 -0.0174 0.0 

Table: 2.4. Comparison of moments coefficients obtained by the 'closed-form' 
equation and finite element in circular plate simply supported 
on two points at opposite ends of a diameter and subjected to a 
uniform pressure. 



2.1+. The Solution for Stresses and Deflections in a Circular  

Plate of Uniform Thickness subjected to a Uniform Normal  

Pressure and supported along two short_lengths of Arc at  

two opposite ends of a Diameter.  

2.1 .1 Introduction 

This idealisation, shown in Fig. (2.8a), is a more practical 

one as the shafts occupy a short length of the periphery of any blade 

This becomes significant when the valve is used for regulating 

the flow and the torque loads are significant. This removes 

the singularity at the support of 2.3. and enables the calculation 

of the stresses and deflections at any point, including the points 

of attachment. 

2.1+.2. Analytical Work 

The same analytical work done in 2.3.1. applies, from 

Figs. (2.8a) and (2.8b). The boundary conditions would be: 

(i) At the boundary of the disc the radial bending 

moment is zero. Thus the work up to Equation (2.32) 

is applicable. 

(ii) At the supports the deflections are zero at two points 

given by:- 

0=a and 0 =u-a 

Putting 0 = a, p = 1 and using Equation (2.31) in 

Equation (2.28) there results:- 

Ao +A1  cos a+
n=2 3 

(A
n +Bn) cos nA= 0 
	2.88 
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0=0 

Fig. 2.8a. Plate simply supported on two arcs. 

~.e 
o 	a 	ir-a 	Tr+a 	27-a 2 

Fig. 2.8b. Reactive forces on plate simply supported on 
two arcs and subjected to uniform pressure. 

 

8=0 

 

Fig. 2.8c. Plate supported on two clamped arcs. 
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Putting 0 = TT - a, p = 1 and using Equation (2.31) 

with Equation (2.28) gives:- 

CO 

Ao  - Al  cos a + 
n=2 3 

 (An  + Bn) cos na con nir = 0 

Solving Equation (2.22) and Equation (2.93) with 

cos nil-  = + 1 (for even n) 

cos nir = - 1 (for odd n) 

gives 

CO 

A = - G 	(A + Bn) cos na o n=2,4    n n  

And 	o 

Al  cos na = - n=3,5  (An  + Bn) cos na 

(iii) The intensity of the reactive forces on the boundary 

can be expressed by a fourier expansion, see Fig. (2.8b) 

CO 

(Vr) 	a [2 + 	' n=2 4 
(sinana,  cos n6 

p=1  
CO 

1 
L 	sin na 	

J = - qa [17 + n=2,+ ( na ) cos n6 

This is equal to Equation (2.39) and proceeding 

similarly using Equations (2.40) to (2.56) leads to: 

co 

-  (V r) 	
__ 	qa 	

2 + n=2 3 
fn2(n 1)(1) An  

P=1 	' 

+ n(n+1) [(_n)(1_vB) cos n> 	2.93 
p=1 

Equating the coefficients of cos ne in Equation (2.91) 

and Equation (2.97) gives: 

2.89 

2.90 

2.91 

2.92 
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-n2(n-1)(1-v) An  + n(n+1) [i-n  (1-V)i Bn  

sin na  for n = 2,4... na 

	F-n(1-vd -n2(n-1)(1-v) An  + n(n+1) 	Bn  = 0 

for n = 3,5 

The constants An  & Bn  are determined, as follows:-

Solving Equation (2.32) and Equation (2.95) gives 

A
n 
= B

n = 0 for n = 3,5,7 

Applying this in Equation (2.91) leads to 

Al  = 0 

Solving Equation (2.32) and Equation (2.94) gives: 

A - -(n+2/(3) (sin na/na)  n 2n2(n-1) (3+v) 

B -  sin na/na  
n 2n(n+1) (3+v) 

A + B - -sin na 	1 	+ 	2 	1  
n n 2(3+v)na [fl(112_1) I3n2(n-1) n(+1)] 	2.98 

Equations (2.96, 2.97, 2.98) are for n = 2,4,6... etc 

Using Equation (2.98) in Equation (2.90) gives 

co 
1 	X 	 sin na A__

• 	

2(3+v) n=2,4 ( na 	 f l n(n-1) + f3n2(n+1) 

1  
cos na, n(n+1)  2 .99 

Proceeiing with the solution as in 2.3.1 we obtain similar 

equations as follows: 

2.94 

2 .95 

2.96 

2.97 
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n(n+1) } cos na X (sin na)  
n=2,4 n 

p2  	n 
n(n+1) P cos 2.100 

+ 1 (1+y) I 	(sin na)  
2a 3+v n=2,4 	n 

nO 	 2.101 

4 

w = 6 <1_p2)( 1+v „2)  + 	1  

	

In

1 	2  
(n -1) + 6n2(n-1) 

	

1 	+ 	2  
{n7=7  Sn2(n-1) 

M = qa2 < (3+)(1_p2) 

03-1!)(1-02) pn-2 cos 

E ( sin na)  
n=2,4 	n 

00 

mt = qa2  
	
[(3+v)  - (1

+3v)P2] 
- 1 (1+v)  Y 	(sin nCt)  

t 16 	2a 3+v  n=2,4 
'sin 

W-P2) + 721'0-1-P2) l pn- 	cos no 2.102 Jj 

2 na)  na)  2) -2  pn sin n Mrt 2a (3+v)  n=2,4 
(si n (.1_. p + n 2.103 

These equations were written in two small computer programs 

similar to those of 2.3.1. to produce hand tables of coefficients 

for deflections and moments. The program for the generation 

of the tables is listed in Appendix (2.C) and the relevant 

parts of the tables are given as a sample in Appendix (3). 
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2.4.3. Finite Element Analysis  

The same mesh as used in 2.3.2. of Fig. (2.7) was used 

to simulate a boundary condition of simply supported arc of 

= angle a 	° g 	7.5 by restraining nodes nos. 74, 86, 98, 110 and 

122 in the z direction only and following the same procedure 

adopted in 2.3.2.. Similar coefficients were obtained. The 

coefficients for deflections at 12 locations are given in 

Table (2.5) compared with the equivalent ones obtained from 

Appendix (3). The coefficients for moments were obtained 

at 11 locations and are shown in Table (2.6). The coefficients 

for moments are compared with the equivalent ones obtained 

from Appendix (3) in Table (2.7). For comparing more coefficients 

the conversion from local x,y coordinates of the finite element 

mesh to the global polar coordinates must be observed as 

described in Appendix (4). 

From this a method of simulating real boundary conditions 

and providing a more accurate value for the deflections and 

stresses is clearly possible using the finite element model. 

In this way coefficients can be obtained for cases which are 

very difficult or impossible to simulate mathematically such 

as:- 

(i) Plates simply supported on two short lengths of arc 

and subjected to point load acting at a specified 

point. Table (2.8a).and (2.8b). 

(ii) Plates which are clamped on a short length of arc 

at two opposite ends of a diameter Fig. (2.8c). and 

Subjected to: 
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Symmetrical around 
x & y 

a = 7.50  

v = 0.378 

W = C1 D 

F.E. 

Note No. 

Location C1  

From F.E. 

C1  

From Equat. 
x/a y/a 

1 1.0 0.0 0.3715 0.403225 

2 0.9 0.0 0.3509 0.381545 

6 0.8 0.0 0.3318 0.361462 

19 0.866 0.5 0.2915 0.320969 

28 0.707 0.707 0.2043 0.229868 

29 0.5 0.0 0.2856 0.311838 

32 0.5 0.3 0.2625 0.290845 

56 0.3 0.5 0.1976 0.212901 

80 1.0 0.5 0.185 0.201193 

85 0.0588 0.898 0.0415 0.045 

87 0.0 0.0 0.2535 0.28376 

92 0.0 0.5 0.1834 0.21253 

Table: 2.5. Comparison of deflection coefficients obtained by 
'closed-form' equation and finite element in circular 
plates simply supported on two short lengths of arcs 
at opposite ends of a diameter and subjected to a 
uniform pressure. 
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x 

Symmetrical around 
x & y 

a = 0.75°  

v = 0.378 

M = C 	q a2  

F.E. 

Node No. 

Location C  
2 

C 
3 C 4  

x/a y/a 

1 0.95 0.062 -0.0002 -0.3543 +0.0141 

2 0.85 0.055 -0.0008 -0.3745 +0.0163 

18 0.7865 0.527 -0.2667 +0.0007 -0.1215 

22 0.495 0.3675 +0.0229 -0.3607 +0.1097 

27 0.45 0.05 +0.0261 -0.4416 0.0057 

35 0.5988 0.7128 -0.0877 -0.0710 -0.2468 

53 0.252 0.55 +0.1468 -0.3534 -0.0392 

57 0.30475 0.8977 +0.2498 -0.0694 -0.2234 

7o 0.05 0.05 +0.0515 -0.4697 -0.0007 

75 0.05 0.55 +0.1480 -0.3536 -0.0048 

79 0.025 0.875 +0.0760 -0.0544 +0.0482 

Table: 2.6. Moments design coefficients for circular plate simply 
supported on two short lengths of arcs at opposite 
ends of a diameter and subjected to uniform pressure 
obtained from finite element method. 
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Element, 
No. 

Location C2 

F.E. 

C2 

Equ. 

C3  

F.E. 

C3  

Equ. 

C4  

F.E. 

C4  

Equ. x/a y/a 

1 0.946 0.054 0.003 0.008 -0.35 -0.658 0.03 0.0 

18 0.788 0.527 0.031 0.03 0.294 0.0861 0.179 0.190 

27 0.45 0.05 0.434 0.401 -0.02 -0.149 0.057 0.003 

41 0.35 0.35 0.133 0.123 0.2044 0.233 0.240 0.264 

70 0.05 0.05 0.211 0.2064 0.211 0.209 0.261 0.295 

75 0.05 0.55 -0.153 -0.0279 0.323 0.449 0.050 0.0 

Table: 2.7. Comparison of moments coefficients obtained by the !closed-form! 
equation and finite element in circular plate simply supported on 
two short lengths of arcs at opposite ends of a diameter and 
subjected to a uniform pressure. 



Symmetrical around x-axis 

p at 0.8a 

a = 7.5o 

4 a'~ 
W = C1 D 

F.E. Location 
Cl   

Node No. 
x/a y/a 

1 - 	1.0 0.0 - 0.147975 

2 - 0.9 0.0 - 0.1431+35 

6 - 0.8 0.0 - 0.39045 

19 - 0.866 0.5 - 0.3605 

29 - 0.5 0.0 - 0.2668 

32 - 0.5 0.3 - 0.2471 

56 - 0.3 0.5 - 0.15095 

85 - 0.058Ei 0.898 - 2.117 

87 - 0.0 0.0 - 0.11275 

109 0.0585 0.898 - 0.01485 

128 0.3 0.5 - 0.0291 

146 0.5 0.0 - 0.01175 

149 0.5 0.3 - 0.06735 

174 0.8 0.0 0.0372 

182 0.99111 0.13 0.0671 

184 1.0 0.0 0.0679 

Table: 2.8a. Coefficients for deflections in circular plates 
simply supported on two short lengths of arcs at 
opposite ends of a diameter due to point load at 
the shown location. 
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Symmetrical around x-axis 

p at 0.8a 

a = 7.5o 

M = C.p 

Element 

No. 

Location 
C3 

C4 
x/a y/a 

C2 

1 0.95 0.062 -0.0256 -0.473 +0.0196 

2 0.85 0.055 -0.1086 -0.5193 +0.0057 

i8 0.788 0.527 -0.1058 +0.0021 -0.1446 

22 0.495 0.3675 +0.0555 -0.1814 +0.1636 

~7 0.45 0.05 +0.2304 -0.3278 +0.0112 

35 0.5993 0.7128 +0.1522 -0.0363 -0.1994 

53 0.252 0.55 +0.2503 -0.1719 +0.1005 

57 0.3047 0.8977 +0.4888 -0.0688 -0.1348 

7o 0.05 0.05 +0.1263 -0.1979 +0.0121 

75 0.05 6.55 +0.1641 -0.1335 +0.1449 

79 0.025 0.875 +0.1338 -0.0011 +0.3485 

90 -0.025 0.875 -0.0185 -0.0068 +0.301 

124 -0.45 0.05 +0.0391 -0.0924 +0.0068 

137 -0.495 0.3675 +0.0272 -0.0784 +0.0014 

142 -0.59930.7128 -0.0261 -0.0594 -0.0371 

160 -0.95 0.062 +0.0161 -0.051 -0.0008 

Table: 2.8b. Coefficients for moments in circular plates simply 
supported on two short lengths of arcs at opposite 
ends of a diameter due to point load at the shown 

location. 
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(a) Hydrostatic load (which is a very important 

case occurring during the use of the valve 

for throttling in large valves). 

(b) Point load acting at a point perpendicular 

to the shaft line (which is used to unseat 

the valve with a screw) an example being 

given in Table (2.9). 

(c) The all important uniform pressure. Table (2.10) 

and (2.11). 

(iii) Plates which are supported on clamped or simply 

supported arca plus short length of the diameter in 

simple or clamped manner as shown in Fig. (2.9) 

subjected to loading conditions (a), (b) & (c) above. 

A sample is given in Table (2.12a), (2.12b) and (2.12c). 

(iv) Plates which have a non-circular configuration 

generally, in this application the elliptical blades 

of butterfly valves. 

2.5. Experimental Work  

Although the two theoretical approaches which have been 

discussed are sound, since the problem has been solved 

independently by closed-form mathematical solutions and by 

finite element methods, it was felt that experimental work 

was necessary as a confirmation especially in the cases where 

it was not possible to check the finite element solutions 

by "closed-form" mathematical solutions. A number of 

experiments was carried out and this section which follows 

is to describe the procedure and give a sample result for a 

plate supported on two short arcs at opposite ends of a 

diameter. 
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Fig. 2.9. Plate supported on two short lengths of 
arc and short lengths of diameter 
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vx 

Symmetrical around x 

P  
W = C1 

D2 

a = 7.5o 

v = 0.378 

p at 0.8a 

F.E. 

Node No. 

Location 

C1  x/a y/a 

1 - 	1.0 0.0 0.33 

2 - 0.9 0.0 0.294 

6 - 0.8 0.0 0.2592 

19 - 0.866 0.5 0.2362 

29 - 0.5 0.0 0.16045 

32 - 0.5 0.3 0.14615 

56 - 0.3 0.5 0.0753 

85 - 0.0588 0.898 0.00025 

87 - 0.0 0.0 0.04155 

109 0.0588 0.898 0.0001 

128 0.3 0.5 - 0.00965 

146 0.5 0.0 - 0.03055 

149 0.5 0.3 - 0.0309 

174 0.8 0.0 - 0.0661 

182 0.9914 0.13 - 0.08825 

184 1.0 0.0 - 0.08945 

Table: 2.9. Coefficients for deflection in circular plates clamped 
on two short lengths of arcs at opposite ends of a 
diameter due to point load at the shown location. 

90. 



Symmetrical around 

x & y axies. 

W = C1 D 

a = 7.5o 

v = 0.378 

F.E. 

Node No. 

Location 

x/a y/a 

Cl  

1 1.0 0.0 0.1744 

2 0.9 0.0 0.1606 

6 0.8 0.0 0.1475 

19 0.866 0.5 0.1300 

28 o.7o7 0.707 0.0834 

29 0.5 0.0 0.1143 

32 0.5 0.3 0.1029 

56 0.3 0.5 0.0659 

80 1.0 0.5 0.0560 

85 0.0588 0.898 0.0041 

87 0.0 0.0 0.0896 

92 0.0 0.5 0.5474 

Table: 2.10 Coefficients for the deflection in circular plate 
supported on two clamped short lengths of arc at 
opposite ends of a diameter and subjected to a 
uniform pressure. 
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Symmetrical around 

x & y axis 

a = 7.5o  

v = 0.378 

Element 
No. 

Location C2  C3  C4  

x/a y/a 

1 0.95 0.062 -0.0003 -0.1789 +0.0077 

2 0.85 0.055 +0.0007 -0.1873 +0.0086 

18 0.788 0.527 -0.1002 +0.0011 -0.0597 

22 0.495 0.3675 +0.0413 -0.1413 +0.0528 

27 0.45 0.05 +0.0494 -0.2092 -0.0036 

35 0.5988 0.7128 +0.0516 +0.0031 -0.0855 

53 0.252 0.55 +0.1676 -0.0425 -0.0223 

57 0.30475 0.8977 +0.3230 +0.0882 +0.0669 

70 0.05 0.05 +0.1014, -0.2176 -0.0006 

75 0.05 0.55 +0.2264 -0.0128 -0.0056 

79 0.025 0.875 +0.3475 +0.5795 +0.0275 

Mx = C2  qa2, My = C3  qa2, Mxy = C4 qa2 

Table: 2.11. Coefficients for moments in circular plate supported on 
two clamped short lengths of arc at opposite ends of a 
diameter and subjected to a uniform pressure. 
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Symmetrical around x & y 

b 
2a 
3 

v = 0.378 

a = 7.50  

1aa 
W = C1 D 

F.E. 

Node No. 

Location 
C1  

x/a y/a 

1 1.0 0.0 - 	0.1081+ 

2 0.9 0.0 - 0.0963 

6 0.8 0.0 - 0.0845 

19 0.866 0.5 - 0.0299 

28 0.707 0.707 - 0.0505 

29 0.5 0.0 - 0.0528 

32 0.5 0.3 - 0.0473 

56 0.3 0.5 - 0.0213 

8o 1.0 0.5 - 0.0096 

85 0.0588 0.898 - 0.0000 

87 0.0 0.0 - 0.0266 

92 0.0 0.5 - 0.0079 

Table: 2.12a. Coefficients for deflections in circular plates 
supported on two clamped arcs at the end of the 
diameter and two short lengths of the diameter 
as shown and subjected to uniform pressure. 
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F.E. 

Node No. 

Location C 
2 C 

3 
C 
4 

x y 

1 0.95 0.062 -0.0002 -0.0879 +0.0044 

2 0.85 0.055 +0.0022 -0.09 +0.0047 

18 0.788 0.527 -0.0248 +0.0012 -0.0311 

22 0.495 0.3675 +0.0497 -0.0323 +0.0261 

27 0.45 0.05 +0.075 -0.0847 -0.0032 

35 0.5988 0.7128 +0.0863 +0.0143 -0.0302 

53 0.252 0.55 +0.1772 +0.1190 -0.0053 

57 0.30475 0.8977 +0.21 +0.0146 +0.0247 

70 0.05 0.05 +0.1736• -0.0838 -0.0011 

75 0.05 0.55 +0.4250 +0.2617 -0.0323 

79 0.025 0.875 +0.0753 +0.0318 +0.0319 

b 
2a 
3 

v = 0.378 

a = 7.5o  

Symmetrical around x & y 

Mx = C2  qa2, My = C3  qa2  , Mxy = 04 qa2  

Table: 2.12b. Coefficients for moments in circular plates supported 
on two clamped arcs at the end of the diameter and 
two short lengths of the diameter as shown and subjected 
to uniform pressure. 
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F.E. Location 
Cl  

Node No. x/a  y/a 

1. - 	1.0 0.0 - 0.30065 

2 - 0.9 0.0 - 0.2654 

6 - 0.8 0.0 - 0.23115 

19 - 0.866 0.5 - 0.2139 

29 - 0.5 0.0 - 0.13305 

32 - 0.5 0.3 - 0.12145 

56 - 0.3 0.5 - 0.05545 

85 - 0.0588 0.898 - 0.00095 

87 - 0.0 0.0 -. 0.01355 

109 0.0588 0.898 0.00085 

128 0.3 0.5 0.02945 

146 0.5 0.0 0.05795 

149 0.5 0.3 0.0556 

174 0.8 0.0 0.0941 

182 0.9914 0.13 0.11715 

184 1.0 0.0 0.11875 

x 

Symmetrical around x-axis 

b = 2a 
3 

a = 7.5o  

v = 0.378 

p at 0.8a 

W = C 1 pa2  

Table: 2.12c. Coefficients for deflections in circular plates 
supported on two clamped arcs at the end of the 
diameter and two short lengths of the diameter 
as shown due to point load at the shown location. 
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2.5.1. Introduction 

As the number of experimental tests required in this 

programme of checking was large, a great deal of consideration 

went into the design of the test arrangements, so as to 

simulate as many cases of loading as possible with minimum 

delays and maximum flexibility, to give as many cases of 

supporting conditions within the time available without 

damaging or replacing many samples. 

A one inch thick 'perspex'* sheet simulating the blade 

was used because of ease of handling, availability and economy. 

2.5.2. Four Point Bend Testing of a Perspex Beam 

i Aims  

i.1 To determine the Young's modulus of perspex and 

Poisson's ratio. 

i.2 To examine the effect of creep on the properties 

of perspex. 

i.3 To assess the reliability of using strain gauges 

to measure strains in perspex. 

1.4 To determine the effect of low strain rates on the 

behaviour of perspex and to see whether it is 

possible to simulate the behaviour of a metal using 

perspex. 

* 'Perspex' is a trade name for polymethylmethacrylate (p.m.m.a.) 
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ii The Test Beam  

The dimensions of the perspex bar were as shown in Fig. (2.11) 

This was machined from a large sheet of 1 in. thick perspex and 

the rest of the sheet is being used to machine a circular diaphragm 

which will be used to simulate the blade of a large butterfly 

valve. (Fig. (2.19). 

All dimensions of the beam were accurate to within ± 1.0% 

iii The Testing Equipment  

The beam was supported on two mild steel rollers which were 

10 ins. apart as shown in Fig. (2.13). These rollers were screwed 

on to a mild steel plate to prevent them from slipping. The load 

was applied to the beam through a load cell and another pair of 

rollers to give 4-point loading with a constant bending moment. 

Two strain gauges (PL-10 made by Tokyo Sokki Kenkyoso 

Co. Ltd. (T.S.K. Ltd.) gauge resistance 120 ± 0.3S, gauge 

length 10mm) were stuck longitudinally and another two perpend- 

icular gauges to measure the transverse strain were stuck to 

each face of the centre of the beam as also shown in Fig. (2.12). 

The adhesive used was CN Adhesive made by T.M.L. Ltd. of T.S.K. Ltd. 

The load cell was used solely for applying the load to the 

metal plate. The load readings were obtained from the scale 

of the 60,000 lb. maximum capacity Avery testing machine used 

for the experiments. The scale used for these experiments 

was 0-3,000 lbs. with each small division being equal to 5-lbs. 

The two longitudinal strain gauges were arranged in a half 

bridge and fed with 3.V through a Bruel 	and Kjaer strain 

gauge amplifier, type 1526. The output was fed back to the 

amplifier which indicated the total strain in 'micro strains'* 

* Note:- 1 microstrain = 1 x 10-6  strain 
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Fig. 2.10: Analysis of pure bending of a beam 

Fig. 2.11: 4-Point bend testing of a perspex beam 
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Fig. 2.12. 4-Point bend testing equipment 

Fig. 2.13. 4-Point bend testing of a perspex beam 
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in a L.E.D. (Light Emitting Diode) display. (Although the gauge 

factor quoted by the manufacturer was 2.07, it was found that 

to obtain the theoretically correct readings on the display unit 

the gauge factor on the amplifier had to be set at 1.84 with the 

same arrangement for the two transverse strain gauges). 

The deflection of the beam was measured by means of a 0.0001 

in. smallest division dial gauge placed directly underneath the 

centre of the beam, as shown in Fig. (2.14). 

iv Theory  

From Fig. (2.10) it can be seen that the loading of the beam 

is equivalent to a cantilever subjected to two point loads. 

This similarity can be used to calculate the central deflection 

of the beam (S) when it is subjected to a total load of W. 

Therefore, 

	

[1.4 	Q3 
x 	

W 	Q3 	W Q2  

	

= 
L2 	

(Q1 
1 	2 x  2 	2 2 	_ 

Q2) S 	3EI 	3EI 
+ 2EI  

= W ['i. Q(12EI  	- 6 - 	4 

However, 21  = 5 in. and 2 = 3 in. 

Therefore, 

W 125 27  18 
El 6 6 4 

S = 

2.104 

and 

W - 6 EI  71 
2.105 

Referring to Fig. (2.10) the bending moment in the region BD 

is constant and is equal to 2' 
(2

1 - 22) which is equal to 

W, if Q1  and 2,2  are measured in inches. 
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0.050 	0.100 Central deflection 

Fig. 2.14. A plot of total load vs central deflection 
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Using 

M = 2 ( Q - Q2) = W (lbf.in. if W is in lbf. for 
example) 2.106 

2.107 
I 	R 	y 

Where y is the distance from the neutral axis. 

thus 

W  __ E  _ amax 
I 	R 	d/2  ' 

at the surface of the beam where d is the depth of the beam. 

2.108 

Therefore 	max = 2Q 

a 
However, 	Emax = max 

Therefore 	Emax - 2EI 

Substituting for 
EI 
 using Equation (2.105) 

Emax = 71 6.d 

However, d = 1 in. 

Therefore Emax = 71 (if 6 is in inches). 

I 

2.109 

For the beam 

=
1
12 xbxd3  in.4  

where b is the width and equals 1.5 ins. Hence 

2.110 

I 12  x 1.5 x 1 3  in.' = 0.125 in 
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v Experimental Procedure  

The beam was loaded to a maximum deflection of 0.150 in. 

(assuming °allowable = °yield for perspex is 3000 lbf./in? and 

E for perspex is 0.4 x 106  lbf./in?), Eallowable = 0.0075. 

Therefore Smax, using Equation (2.109) is approximately 0.180 in. 

-3 
All tests were carried out at the very low speed of 12.5 x 10 in. 

central deflection/min. to avoid strain-rate effects (approxi-

mately equal to 500 p-strain/min.). The load and the total 

strain were recorded at 0.005 in. intervals of the central 

deflection. Then, the beam was unloaded at the same speed and 

similar readings were taken. Figs. (2.14) and(2.15) show the 

results obtained. 

The experiments were repeated at different speeds up to 

strain rates of .002/min., but no significant difference was 

observed. However, these results are not valid for suddenly 

applied loads. The error in such a case can be about ± 5% 

vi Calculations  

Using the gradient of Fig. (2.14) 

W 	6EI 	6  
75-=  71 	- 	E x 0.125 = 4850  71 

Therefore 

E = 0.459 x 106  lbf./in? 

The gradient of Fig. (2.15) = Emax/S = 0.0424 in. 

The theoretically correct gradient (from 2.109) 

71 in. = 0.0423 in. 
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Therefore the gauge factor should be set at 1.81 . 

The ratio between the transverse and longitudinal strains 

is Poisson's ratio and this was measured by taking the ratio 

of the gradients shown in Fig. (2.15). 

vii  Discussion and Conclusions  

(1) The Young's modulus of perspex is approximately 

0.46 x 106  lbf./in? 

(2) The Poisson's ratio of perspex is approximately 

0.378. 

(3) The experiments have shown that perspex creeps 

at room temperature. 

Therefore, for comparing experimental results the readings have 

to be taken either instantaneously or after fixed time delays. 

Provided this is remembered, perspex can be used to simulate 

metals or other elastic materials. 

(4) It is possible to stick strain gauges on perspex and 

obtain reliable results. 

(5) Perspex is not seriously affected by low strain 

rates - i.e. up to about .002/min. -. However, 

unlike metals, the sudden application of a load 

can lead to unreliable results, even if sufficient 

time is given to reach steady state conditions. 
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2.5.3. The Testing Equipment  

To simulate a uniformly distributed pressure a 6ū" length 

of 12" diameter pipe with 3/8" wall thickness was used as the 

basic pressure container. A 4" thick plate at the bottom and 

a 4", 18" nominal diameter flange were welded to the pipe with 

a rubber 0 ring fitted at the upper side. Small pipes were 

welded to the bottom for air bleed, water drain, water or air 

inlet and a connection to the pressure gauge Fig. (2.16) and 

(2.28). 

A 1" thick, 18" nominal diameter and 12" diameter flange 

was machined to fit on top of the pipe flange Fig. (2.17) and 

(2.20). Two short lengths of flange were provided to clamp 

the supports of the specimen in location as shown in Fig. (2.17) 

and (2.21). The whole assembly was bolted to a table 30" x 30" 

wide and 30" high from the ground, which can be levelled by 

screws fitted to its legs. 

The frame was made up of 12" steel angles and the top was 

made of 30" x 30" x '-z" steel plate bolted to the angles. A 4" 

diameter hole was provided at the centre of the plate for the 

small pipes which come from the panel attached to the table. 

The panel carries a pressure gauge, air and water valves and 

regulator for the air supply Fig. (2.18) and (2.22). 

The dial gauges (with 0.0001 in. division) could be placed 

over the sample to measure the deflection by fixing them to a 

three-legged frame which can stand above the diaphragm Fig. (2.22), 

(2.23) and (2.24). As the relative strength of the steel to the 
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Rubber 0 ring 

Fig. 2.16 Testing Equipment 

Free standing dial gauges 	 Non-ret',.rn val:e 
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	< Water 

Fig. 2.19. Testing equipment and control panel 
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Fig. 2.17: Sample flange 
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perspex is high, there was no need to measure the uplift of the 

flange due to the pressure as it would be insignificant. This 

is not the case if the body and blade of a real valve are 

made from the same material. 

The point load is applied through a calibrated load cell 

by turning a screw when it is attached to a frame which can 

be fixed to the flange of the rig as in Fig. (2.25), (2.26) 

and (2.27). The location of the load can be changed by turning 

the frame or using different holes in it. 

The line support for a circular plate is provided by two 

short sharp-edged pieces of metal of known lengths attached 

to a plate which can be fitted to the two clamps at the support. 

The contact between the supports and the surface of the specimen 

can be controlled by the screws shown in Figs. (2.28) and (2.29). 

Nine rosette strain gauges type FRA-6-11 made by T.S.K. Ltd. 

Gauge resistance 120 ± 0.5 0, gauge length 6mm were stuck to the 

upper surface of the perspex plate as shown in Figs. (2.20) and 

(2.32). Another nine dummy gauges of the same type were stuck 

to a beam of perspex from the same sheet. Fig. (2.30). Each 

gauge and the corresponding dummy gauge was connected to a 

channel of two Brueland and Kjaer switching units. An automatic 

selector, type 1542, which can switch from one gauge to the 

other at varying speeds down to 0.5 second and a twenty point 

panel type 1543 was connected to the other Fig. (2.31). This 

arrangement made it possible to read the 27 gauges in 13.5 seconds 

(to avoid creep effects). 
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The active gauge and the dummy one were arranged in a half 

bridge and fed with 3.OV. through a Brueland and Kjaer strain 

gauge amplifier, type 1526. The output was fed back to the 

amplifier which indicated the total strain in micro strains on 

a L.E.D. display. Because of the speed of switching this had 

to be fed in to S & P twelve-twelve U.V. recorder. Fig. (2.33) 

shows a plot at two known strains which was obtained at the 

beginning to provide the scale. Fig. (2.34) shows a typical 

full-scale result. All gauges were balanced within ± 50 micro strains 

at the beginning of every experiment and a 'no-load' plot was 

obtained for corrections as shown on page 

The results were converted into maximum and minimum 

principal stresses using the Mohr strain circle principle as 

in Fig. 	(2.35) 

x 

where:- 

Ex  + Ey  

2 

E 	- x E y 
Y - 2 

z = x - E45  

R = vy 2  + z2  

E1 
= x + R 

E2  =x - R 

and the principal stresses 

a1  - 1-v2• (E1 + "2) 

a2 - 1-v2• (E
2  vE1 ) 
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Fig. 2.19. Perspex blade sample 

Fig. 2.20. Sample blade with strain gauges connected 
fitted in testing flange 



Fig. 2.21. Short flange for clamping 

Fig. 	?.22. Testing rig. 
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Fig. 2.23: Dial gauges during testing 

Fig. 2.24: Dial gauges frame 
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Fig. 2.25. Point load cell 

Fig. 2.26. Point load cell attached to testing rig. 



Fig. 2.27. Point load testing. 

Fig. 2.28. Line support 
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Fig. 2.29. Line support uniform pressure testing 

Fig. 2.30. Dummy gauges 
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B & K 20-Point Panel Type 15+3 
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Dial Gauges Frame 

it Valve 

Air Regulating Valve 

Water Valve 
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B & K Strain Gauge 
Amplifier Type 1526 

S & P Twelve-
twelve U.V. 
Reccrder 

I 

Fig. 2.31: Complete testing equipment 



A YAXIS 

—11b-  X AXIS 

B 
12" DIA. 

Fig. 2.32. Location of strain gauges. 
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Where Ex, Ey, E45  are the strains read from the plottings to 

the nearest 0.25mm multiplied by the scale of the u.v. recorder 

and fed into a small computer program listed in Appendix (2.D) 

which converted them from micro strains to strains and prints 

out the rosette number, the strains, the maximum and minimum 

strains E1  and E2  and the principal stresses 01  and 02. 

2.5.4. Testing a 12" Diameter Disc supported on two clamped 

short arcs subjected to a uniform pressure. 

(i) Deflections  

Measuring the deflections at five locations as shown 

in Fig. (2.36) and (2.23) initial loading and unloading readings 

were taken and the results plotted on Fig. (2.37) and (2.38) 

against a plot of the deflections obtained from the finite element 

solution for a clamped and simply supported arc. The similarity 

between the two results is clear and satisfactory. 

(ii) Stresses  

The strain gauges were read in 13.5 seconds after the 

load was reached to avoid the creep effect on the reading. The 

creep would stop in 5 to 6 hours if the load was kept constant 

but this proved to be an impractical procedure. 

The results plotted on the u.v. recorder are given on pages 130 

to 136 reduced photographically. A full scale copy of the beginning 

of these records is shown in Fig. (2.31+). The computer outputs for 

the principal stresses at the rosette locations is given on pages 

137 to 112.  The maximum stresses are plotted for each gauge against 
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the maximum principal stresses obtained from the finite element 

solution for clamped arc support and simply supported arc. The 

program provides the principal stresses at the centre of the 

elements. The location of the strain gauges on the finite element 

mesh is shown in Fig. (2.39). Gauges 3 and 4 are shown on the 

equivalent location due to the symmetry. This case is symmetrical 

around x axes and J axes. 

The results in Figs. (2.40), (2.41), (2.42), (2.43), (2.44), 

(2.45) and (2.46) show good agreement with the finite element 

solution and therefore with the solution based on the coefficients 

derived from it. 

As in real valves it can be seen that the support was not 

100% clamped. The degree of fixity is a major quality control 

problem in the clearances between the shaft and the body and 

the type of bearing used. 

2.5.5. Testing a 12" Diameter Disc supported on two Clamped 

short arcs subjected to a point load. 

Increasing loads of 200, 400 and 500 lbs. were applied 

through the pressure cell and then reduced similarly. The location 

of the applied load is shown in Fig. (2.47) and (2.26). 

(i) Deflections  

The deflections were measured at six locations as shown in 

Fig. (2.47) and (2.27). The results are plotted on Fig. (2.48) . 

(2.49), (2.50a) and (2.50b) against a plot of the deflections 

obtained from the finite element solution for a clamped and a 

simply supported arc. The similarity between the two is clear 

and satisfactory. 
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(ii) 	Stresses  

The strains were read in the same manner as before, 

the results plotted on the u.v. recorder are given on pages 

151 to 156. 

The computer outputs for the principal stresses at 

the rosette locations is given on pages 157 to 161. 

The maximum stresses are plotted for each gauge 

against the maximum principal stresses obtained from the 

finite element solution for clamped arc support and simply 

supported arc, as shown in Figs. (2.51), (2.52), (2.53), (2.54), 

(2.55), (2.56) and (2.57). 

The results show good agreement in the vicinity of the 

applied load and give higher stresses than expected by the 

finite element solution. This is considered satisfactory because 

in practice this load is small in comparison with the uniformly 

dibtributed pressure on the valves. 

2.5.6. Testing 12" Diameter Disc supported on two clamped short 

arcs and two short lengths of the diameter subjected to 

a uniform pressure. 

(i) Deflections  

The deflections were measured at the locations shown in 

Fig. (2.58). The results are plotted on Figs. (2.59) and (2.60) 

against the finite element solution. The results are self-

explanatory. From the finite element solution it can be seen 

that the deflections are governed by the diameter support and 

the effect of the arc being clamped or simply supported is 

insignificant 
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(ii) Stresses  

The strains were read in the same manner as before, the 

results plotted on the u.v. recorder are given on pages 173 

to 180. 

The computer outputs for the principal stresses at the 

rosette locations is given on pages 181 to 187. 

The maximum stresses are plotted for each gauge against 

the maximum principal stresses obtained from the finite element 

solution for clamped and simply supported arcs. This is shown 

in Figs. (2.61), (2.62), (2.63), (2.64) (2.65), (2.66), (2.67) 

and (2.68). 

The results show good agreement with the finite element 

solution and therefore with the solution based on the coefficients 

derived from it. 
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Fig. 2.36a Dial Gauge Locations 
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X AXIS 

Fig. 2.36b : Dial gauge locations 
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STRESS 

THE TOTAL NUMBER OF READINGS = 	9 

INPUT THE STRAINS OF READING NO. 	1 
-e3'4~, 	208.57, 	458.87 

1 	00008343 .00020857 'ovo45887 .00048*91-.00035977 187.24 -94.71 

INPUT THE STRAINS OF READING No. 	2 
-111.24, 	236,39. 	570'11 

2 	00011124 .00023639 .o00570z1 	.00059905-.00047390 ~2F;.~~ -1o2.ax 

INPUT THE STRAINS OF READING mo. 	3 
-139.05, 	-472.77. 	-889,92 

o 	-.00012:905-,00047277-.00088992 '00030147-.00091329 -23'48 -428.99 

INPUT THE STRAINS OF READING NO. 	4 
-278'10, 	152.96, 	458.87 

4 	-.00027R10 .00015296 .0004F.887 .0005016A-.000621,80 1*2.08 -234.62 

INPUT THE STRAINS OF READING NO. 	5 
-1a6.86, 	639'63 

5 	-.00016Aa~ '00027a39 ,0o063963 ,000A72:s5-'00060282 2:38.55 -z87.zo 

INPUT THE STRAINS OF READING NO. 	6 

6 	0.000000000.000000000.000000000.000000000.00000000 0.00 o.^0 

INPUT THE STRAINS OF READING mo. 	7 
3*7.6:, 	-876.01, 	-1056,78 

7 	.00o347^o-,o00a7ao1-.o0zoF.47a .00073707-.00124545 181a,86 -529'62 

INPUT THE STRAINS OF READING N0. 	8 
-111.24, 	208.57, 	542'30 

8 	-.00011124 .00020857 .00054230 .nonF.a755-'o^047^22 209.20 -137'22 

INPUT THE STRAINS OF READING NO. 	9 
-111.24, 	152.96, 	*03.25 

9 	-.00o1112* .00015296 .00040325 .00042542-.0003a370 150.48 -119'42 
STOP 
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THE TOTAL NUMBER OF READINGS = 	r 

INPUT THE STRAINS OF READING mo. 	z 
-333.72, 	375.44, 	1020'63 

1 	-.00033372 .00037544 .00102063 .00103165-.00103993 369.54 -apa.48 

INPUT THE STRAINS OF READING NO. 	2 
-444.96. 	444,96,, 	1279.27 

-.00044496 .00044496 .00127927 .00135445-.00135445 452.14 -452.14 

INPUT THE STRAINS OF READING NO. 	3 
-403.25, 	-834,30. 	-1363.27 

o 	-.00040325-,0008o430-'00136327 .00064424-,001a8179 -3A.00 -879.23 

INPUT THE STRAINS OF READING NO' 	4 
-792.59, 	278.10, 	973.35 

4 	-.00079259 .00027810 .0009735 .00108475-.00159924 257.74 -638.23 

INPUT THE STRAINS OF READING NO. 	5 
-597.92, 	411.59, 	1404,41 

5 	-.00059792 .00041159 .00140441 	.00148719-.00167352 453.65 -596..45 

INPUT THE STRAINS OF READING mo. 	~ 

6 	0.000000000,000000000'000000000.000000000.00000000 0.00 0.00 

INPUT THE STRAINS OF READING NO. 	7 
973,35. 	-2016.22, 	-2057.94 

329'96 -1101.21 

INPUT THE STRAINS OF READING NO, 	o 
-305.91. 	444.96, 	1/81.93 

8 	-.000R0591 	.00044496 .00118193 .00124353-.00110453 443.34 -340.50 

INPUT THE STRAINS UF READING wo. 	9 
-250.29, 	305'92, 	903,83 

9 	-.00025029 ,00030592 ,00090383 '00094691-'000a9128 327.38 -286.24 
STOP 
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4, 9 9 9 	9 9 	9 4) 9 9 9 9 	0 0 0 

THE TOTAL NUMBER OF READINGS 

INPUT THE STRAINS OF READING NO. 	1 
-584.01. 	n56.20, 	1612.99 

1 	-'00058401 	.00055620 '0o1a1299 .00170999-.00173780 565.18 -585'75 

INPUT THE STRAINS OF READING NO. 	~ 
-806.49, 	653.54, 	2030.14 

2 	-.00080A49 '00065354 .00203014 .00215304-.00230599 687,A9 -800.21 

INPUT THE STRAINS OF READING NO. 	3 
-806.47, 	-1585'17, 	-2808,81 

? 	-'00080A49-,00158517-'0028o881 	.00046847-.00285513 -330.*7 -1*38'28 

INPUT THE STRAINS OF READING NO. 	4 
-1446.12, 	278,10. 	1612.98 

4 	-.00144612 .00027810 .001A1298 .00177607-.00294409 355.93 -1219.74 

INPUT THE STRAINS OF READING NO. 	5 
-1140.21, 	-556.20. 	-2252,61 

s 	-.00114021-.00055A20-,00225261 	.00058624-.00228265 -14:3'45 -1106.13 

INPUT THE STRAINS OF READING NO. 	a 

A 	0,000000000.000000000,000000000.000*00000.00000000 0.00 0.00 

INPUT THE STRAINS OF READING NO. 	7 
1585.17, 	-2892-24, 	-3142,53 

7 	.00158517-.00289224-.00814253 .00269414-.00400121 634.19 -1600.83 

INPUT THE STRAINS OF READING mo. 	o 
-736.77, 	584.01, 	1A54,70 

8 	-.00073a97 .00058401 	'00165470 .001776*2-.00192938 561.97 -675.07 

INPUT THE STRAINS OF READING No. 	p 
-528'39, 	458,87, 	1529.55 

9 	-'0005'7'0:39 .00045887 ,00152955 .00160559-'00167511 521,87 -573.28 
STOP 
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THE TOTAL NUMBER OF READINGS = 	9 

INPUT THE STRAINS OF READING NO. 	z 
-625.73, 611.02, 1765,94 

1 	-.00062573 .000611a2 '00176594 	.00187002-'00100473 

INPUT THE STRAINS OF READING NO. 
-917,73, 	681'35, 	2155.20 

azz.Ar  

'7' 	-.00091773 .000601::n .0021552 	.00229177-.00252015 717.08 -891.09 

INPUT THE STRAINS OF READING NO. 	o 
-945.54, 	-1063,27, 	-3003.48 

3 	-.00094554-.00106327-.00:::007142 .00025920-.000/101 -403.29 -1593.97 

INPUT THE STRAINS OF READING NO. 	4 
-15v9.0O. 	236.39, 	1752,03 

4 	-'00159900 ,000236o9 .00175203 '00191934-.00320203 364.26 -1372.04 

INPUT THE STRAINS OF READING NO. 	5 
-1268'14, 	645.19. 	2419.47 

5 	-,o0126o14 .0o064519 .00241947 '00250218-.00320513 735.60 -1196.30 

INPUT THE STRAINS OF READING mo. 	A 

~ 

	

0'000000000.000000000, 000000000.000000000.00000000 0.00 0.o0 

INPUT THE STRAINS OF READING NO. 	7 
1710'32, 	-2933.95. 	-3267.60 

7 	.00171032-,00293395-.00326760 .00291606-,00413969 725,20 -1630.13 

INPUT THE STRAINS OF READING NO. 	3 
-006.49, 	411'82, 	2071.05 

-.00000649 ,0006/102 .00207105 .0021840o-'00237950 k.09.04 -e33'01 

INPUT THE STRAINS OF READING NO. 	p 
-556.20, 	500,59, 	16+6.35 

p 	-.00055620 ,00050059 ,00141635 '0017277e'.00170337 565.47  
STOP 

1hO. 



THE TOTAL NUMBER OF READINGS = 	v 

INPUT THE STRAINS OF READING NO. 	z 
-486.68, 	444.96, 	1279.27 

1 	-.0004PA68 .0004449A .00127927 .00136020-.00140192 445.59 -474.45 

INPUT THE STRAINS OF READING NO. 
-723.06. 	472.77, 	1571.27 

2 	-.00072:7:0A .00047277 .00157127 	.00167356-.00192385 507.89 -692.99 

INPUT THE STRAINS OF READING NO, 	3 
-695.25. 	-1251'45, 	-2002.32 

o 	-,00069525-.00125145-.002002.7:2 '0000925*-,00203924 -364.03 -1075.65 

INPUT THE STRAINS OF READING NO. 	4 
-1223.64, 	139.05, 	1307.07 

4 	-.00122364 .00013905 .00130707 .00142859-.00251318 256.0A -1058.97 

INPUT THE STRAINS OF READING NO. 	5 
-1001.16. 	389.34, 	1779'84 

-.00100116 .00038934 ,00177984 .00189266-.00250448 507.69 -960.16 

INPUT THE STRAINS OF READING NO. 	~ 

A 	0.000000000.000000000.000000000.000000000.00000000 0.00 0.00 

INPUT THE STRAINS OF READING NO. 	7 
1265.36. 	-2016.22, 	-2113.56 

zmpoT THE STRAINS OF READING NO. 	8 

520.26 -1075.56 

-667,*4. 	4D1.06. 	1557.37 

8 	-.00066744 .00043106 .00155737 .00164510-.001F:814F.: 501.21 -s7/.02 

INPUT THE STRAINS OF READING No' 
-417.15, 	375.44, 	1237.55 

p 	-'00041715 ,00037544 ,00123755 .00129848-.00134019 424.99 -455'8:4 



THE TOTAL NUMBER OF READINGS 	9 

INPUT THE STRAINS OF READING mo. 	z 

	

-125,15, 	166.86, 	*03.25 

1 	-.00012515 ,00016+86 .00040325 '000*3010-.000388*7 

INPUT THE STRAINS OF READING No. 	2 

	

-139,05, 	208.58, 	528'40 

152.0a -121.21 

2 	-.00013905 .00020858 .00052840 .00055811-'00042250 200.*1 -1*8'99 

INPUT THE STRAINS OF READING NO. 	3 
-180'77, 	-500.58. 	-903.83 

INPUT THE STRAINS OF READING No. 	4 
-305.91. 	125.15, 	431.06 

121'51 -255'19 

INPUT THE STRAINS OF READING NO. 	5 
208.5a, ac*.ao 

5 

417.15. 

7 

-'00019467 'o0o20a5O ,00063963 .00067098-'000a5707 

INPUT THE STRAINS OF READING NO. 	6 

O. 000000000. 000000000. OCKKW.W.)000. 000000000. Oc.W.)0000 

INPUT THE STRAINS OF READING NO. 	7 
-848.20, 	-10o1.16 

.00041715-.00084820-.p0100116 .00079319-.00122424 

INPUT THE STRAINS OF READING NO. 

226.81 

0.00 

177.33 

-216.52 

0.00 

-494. 12 

-69.52, 250.29, 	570,11 

-.00006952 .00025029 .00057011 ,00059606-,00041529 235.65 -101.96 

INPUT THE STRAINS OF READING NO. 	9 
-ya,«n, 

9 

166.87, 	431,06 

-.00008243 .00016687 .00043106 .00045068-.00036724 167.37 -105.66 
STOP 
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X AXIS 

Fig. 2.47. Dial gauge and point load locations. 
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STRESS 

. 
THE TOTAL NUMBER OF 

INPUT THE STRAINS OF READING NO. 	1 
97.34, 	03.43. 	27,01 

1 	.0000973* .00008343 ,00002731 	.00015335 '00002742 07.06 45.03 

INPUT THE STRAINS OF READING NO. 	2 
236.29, 	139.05, 	0,0 

2 	.00022:639 '000139050.00000000 '000381e5-,00000421 7'02'96 74.09 

INPUT THE STRAINS OF READING NO' 
361.53, 	a89'92, 	528.39 

.00036153 .00000992 .00052839 .00090728 .00034417 556.74 

INPUT THE STRAINS OF READING NO. 	4 
417.15. 	361.53, 	-55.62 

4 	.000417z5 .nn0:36150-, 00005562 .000 	'00005a49 *oa. 139.11 

INPUT THE STRAINS OF READING NO. 	5 
417'15, 	152,96, 	-194.67 

~ 	.00041715 .00015296-.00019467 .00073263-.00021252 374'91 44,71 

INPUT THE STRAINS OF READING NO. 	a 

	

0.0, 	0.0, 	o'o, 

	

6 	0'000000000.000000000'000000000.000000000'00000000 0.00 0.00 

INPUT THE STRAINS OF READING NO. 	7 
-55.62. 	-83.43, 	514.49 

7 	-'oo005562-,00o0ea4:3 '000514u9 ,00051446-.00na5:37z 14o.59 -2*6.43 

INPUT THE STRAINS OF READING mo. 
417,15, 	55.42, 	-339'34 

.00041719 .00005562-.0002:8934 .00080770-.00041493 392.24 -42.60 

INPUT THE STRAINS OF READING NO. 	9 
209.91. 	-55,6:7:,  

9 	.00030991-'00005562-.00095620 ,00033006-.00057977 327.86 -142.76 
STOP 

157. 



THF TOTAL NUMBER OF READINGS = 	9 

INPUT THE STRAINS OF READING NO. 	z 
139.05, 	27'31, 	-83.43 

1 	.00013905 .000027t:1-.00008343 .00025932-.00009246 

INPUT THE STRAINS OF READING NO. 

120.41 

444.96, 97.34, 	-26*,20 

'0004449* '000097o4-.00026420 '0008o401-'00029171 38e.42 12'44 

INPUT THE STRAINS OF READING NO. 
1237.55, 3031.29, 	1001.16 

3 .00123755 	.00:7:0:7-:129 	.0010011A 	.002157964 	.000A0920 zo9A,o7 

INPUT THE STRAINS OF READING NO. 	4 
1070.69, 	945.54, 	-956.20 

4 	'00107069 '00094554-'00055620 '00257368-,00055745 1268.16 222.94 

INPUT THE STRAINS OF READING NO. 	5 
1015,07. 	139.05, 	-848.21 

5 	.00101507 	.0001390-.000:::4R21 	.0020A:=:12-.00091400 924.50 -70.98 

INPUT THE STRAINS OF READING NO. 	6 

0.000000000.000000000.000000000.000000o00.00000000 0.00 o'0o 

INPUT THE STRAINS OF READING NO. 	7 
-472.77, 	-1293'17. 	1112.4, 

7 	-.00047277-.00129317 .00111240 .00115413-.00292007 27.02 -1333.02 

INPUT THE STRAINS OF nEADzNo No. 	E.' 
1084'59, 	-83,43, 	-1446.12 

.00103459-.00000:=:43-.00144612 .00253299-.001Fn1 1048.66 -300.25 

INPUT THE STRAINS OF READING NO. 	9 
472.77, 	-500.58, 	-1752'*3 

9 	.00047277-.00050053-.00175203 .00179107-.00101888 592.25 -612.01 
STOP 

158. 



1:-STRESS 
9 

THE TOTAL NUMBER OF READINGS = 
	p 

INPUT THE STRAINS OF READING No. 	z 
166,a6,  

1 	.o001a68/, .000055A2-.00008~43 .00031270-.00009122 	119.85 	14'6o 

INPUT THE STRAINS OF READING No. 
500.5o. 111'24. -305'91 

*7+ 

0005005:3 0001 1124- 00030591 . 00094795- 000 a361 	440.56. 	11.91 

INPUT THE STRAINS OF READING NO. 

0'000000000'000000000-000000000'000000000.00000000 

INPUT THE STRAINS OF READING NO. 	4 
1307,07, 1195.83, -695.25 

0.00 	o.o0 

4 	,Vn1:3o7o7 .001195Ro-'o0o6952o 'on5z9O94-,000~9A04 	1575.62 	275.40 

INPUT THE STRAINS OF READING NO. 	5 
1237.~5, 139,05, -1042,88 

5 	'00123755 .00013905-.00104288 '*0250*52-.00112792 	1115.32 	-97.25 

INPUT THE STRAINS OF READING NO. 	4 
0.0, o'o, 0.0 

6 0.000000000.000000000.000000000'000000000.00000000 

INPUT THE STRAINS OF READING NO. 	7 
-556.20, -1807,65, 1362.69 

0.00 	0.00 

7 	-'0005562o-.001a07a5 .00136269 .0014o849-'00380234 	.65 -1748'83 

INPUT THE STRAINS OF READING mo. 	8 

INPUT THE STRAINS OF READING NO. 	9 
166'86, -862.11, -2044'04 

v 	'00016686-.0008A211-.00204404 .00142509-'002120o4 	-843,a5 
STOP 

, 
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THE TOTAL NUNDER OF READINGS = 	9 

INPUT THE STRAINS OF READING NO. 

	

139.05, 	27.81. 	-03.43 

1 	.00013905 .00002781-'00008343 .00025932-.00009244 

INPUT THE STRAINS OF READING NO. 	2 

	

472.77, 	83.43. 	-305.91 

120.41 2,99 

2 	.00047277 .000083*3-.00030591 	,000o9370-,00033750 411.17 .17 

INPUT THE STRAINS OF READING NO. 	3 
1557,36, 	-03.+3, 	1112,40 

3 	'00155734-,00008343 .00111240 ,0016c918-,00014525 844,20 2*3'05 

INPUT THE STRAINS OF READING NO. 	4 
1307.07. 	1168.02. 	-695'25 

4 	001:30707 	0011. 6802- . 00069525 . 00217159- . 00049650 1540. 84 269 . 41 

INPUT THE STRAINS OF READING mo. 	5 
1195.83, 	139.05, 	-1015'07 

5 	.00119583 .00017:905-.00101507 .00243097-.00109609 10 	:7;0 

INPUT THE STRAINS OF READING NO. 	~ 

A 	0.000000000.000000000.000000000.000000000.00000000 0.00 0.00 

INPUT THE STRAINS OF READING NO. 	7 
-584.01, 	-187:5.46, 	1279.26 

7 	-.00058401-,00103544 '00127926 .00135671-'00377418 -37.94 -1751.38 

INPUT THE STRAINS OF READING m0, 	o 
1293.17, 	-139.05, 	-1779.24 

.00129317-.00013905-.00177984 .0030405-.00188623 1249.05 -395.52 

INPUT THE STRAINS OF READING mo. 	9 

9 	.000:7:0591-.00080649-.00205794 .00164099-,00214157 444,24 -814.45 
STOP 

16O. 



>STREsa 
9 

THE TOTAL NUMBER OF READINGS = 	9 

INPUT THE STRAINS OF READING NO. 	z 
83'43, 55.62, 13.91 

1 	.000055A2 .00001391 .00012405 .00001220 

INPUT THE STRAINS OF READING NO. 
o05.91, 111'24, -125.15 

'00000591 .0o0111.24-.000z2515 .000F,562o-' oo01:7:9o5 

INPUT THE STRAINS OF READING NO. 	o 
1222..64, 2e50.53, 597'92 

o .001223+4 '00285053 .00059792 

INPUT THE STRAINS OF READING 
931.6*. 842'11, -458.07 

4 	.00093164. .00086211-,00045887 

INPUT THE STRAINS OF READING NO. 	5 
842.11, 1a6.86, -597'92 

� .0oo862zz .0001. 660a-.000F;9792 .0o1A799o-,onoaMo97 

.INPUT THE STRAINS OF READING NO. 	6 

A 0'0000000o0.000000000.000000000 '000000o00.00000000 

INPUT THE STRAINS OF READING NO. 
-444'96, -1501.74, 723,06 

7 

7 	-.00044496-.001F0174 .00072304 .00080345-.00275015 

.00369023 .00030394 

NO. 	4 

. 00225307- . 00045932 

	

70,55 	32.28 

	

270.30 	38'21 

	

20M8.37 	954.68 

	

1116.00 	210.56 

	

749.54 	-8.56 

0.00 	o'oV 

-126.72 -1312.97 

INPUT THE STRAINS OF READING mo. 
653.54, 0'0. -1028'97 

� '000653540.00000000-,00102897 '00172133-.00106779 

INPUT THE STRAINS OF READING NO. 
556.20, -305'91. -1148'02 

y 	'0005oA20-.00030591-.0011ao02 .00148824-.00123797 	547.58 	-2:A2.4a 
STOP 
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Fig. 2.58. Dial gauge locations. 
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0.01"- x-axis 

5  i1 
Node No. 

1 0.0" 87 715 40 2p 2p 1,2  

Finite element solution 
of clamped support. 

Finite element solution .♦_ -40-  
of simple support. 

0.051' Experimental readings. 10 psi 

0.01T'' 	 x-axis 	Node No. 
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_Finite element solution 
of simple support. 

-Experimental readings. i 

0.0T- 5 psi 

Fig. 2.60. Comparison of deflections due to uniform 
distributed pressure along x-axis. 

Fig. 2.59. Comparison of deflections due to uniform 
distributed pressure along x-axis. 
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STRESS 
p 

THE TOTAL NUMBER OF READINGS = 	9 

INPUT THE STRAINS OF READING wo, 	z 
0.0, 139.05, 333.72 

1 	0.00000000 .0001o905 ,0oo3o372 .000o4271-.0002034,4. 

INPUT THE STRAINS OF READING mo, 
44.06, 155.74, 389'34 

142.61 	-o9.78 

2 	'00004406 .0o01557* .000:7:8934 .0007:9463-'00019438 	172.23 	-24.52 

INPUT THE STRAINS OF READING NO. 	3 
164.02, -372.65, -48a,~7 

o ,00016402-,0003724.5-'0004O667 .000o6280-,00057143 	73'79 	-233'00 

INPUT THE STRAINS OF READING NO. 	4 
-319.82, -211'35, 111'24 

INPUT THE STRAINS OF READING NO. 	5 
-250.29, 111.24, 472.77 

o -.00025029 .00011124 .00047277 .00050210-.00064115 	139.40 	-242.24 

INPUT THE STRAINS OF READING NO. 	6 

A 0.000000000' 000000000.000000000.000000oo0.00000000 
	

o.oV 0.00 

INPUT THE STRAINS OF READING NO. 	7 
:7119'02. -500'58, -653.54 

7 	'0003z982-.0nn5nnF.o-,^oo6F.o54 .000a06o4-.00078710 

INPUT THE STRAINS OF READING NO. 	8 
-27.81, 194.67. 406'03 

8 	-'00002781 '00019467 .00040603 '00042467-.000257a1 

INPUT THE STRAINS OF READING NO. 	~ 
-13.90, 155.74, 333,72 

165,7* -299.42 

175.61 	-52. 21 

9 
	

-.00001390 '00015574 '00033372 .00034707-.00020523 
	

z*4.63 
	

-3p.7o 
STOP 
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THE TOTAL NUMBER OF READINGS = 	9 

INPUT THE STRAINS OF READING NO. 	z 
-111'24, 	222.48. 	611'82 

1 	-.0o011124 	'00022248 .00061122 .00062631-'00052507 234.98 -152,71 

INPUT THE STRAINS OF READING Ni'. 	c 
-209,22, 	211'36, 	695.25 

2 	-'00028922 .00021136 '00069525 .00073674-.00081460 230.1* -287.72 

INPUT THE STRAINS OF READING mo. 
-400.46, 	-511.70. 	-7o6.96 

o 	-'00o40046-.00051170-.00073696-.00016975-'0007*241 -241.71 -432.88 

INPUT THE STRAINS OF READING NO. 	4 
-792.59, 	-586'79. 	97.34 

4 	-.0007929-.000R679 .00009734 .00010404-.00142342 -245.10 -775.02 

INPUT THE STRAINS OF READING NO. 	5 
-681.35, 	83'43, 	834.30 

5 	-,000681 	.0o008343 .00083430 .00029708-'00149500 178.16 -620.35 

INPUT THE STRAINS OF READING NO. 

6 	0.000000000'000000000,000000000.o00000000.00000000 0.00 0.00 

INPUT THE STRAINS OF READING Ni:'. 	7 
528.39, 	-1112.40. 	-1056.78 

7 	'00052839-.00111240-'00105678 .00082957-.00141358 150.45 

INPUT THE STRAINS UF READING wo. 	a 
-194,67. 	250.29. 	656.32 

8 	-.00019467 '00025029 .00065632 '00069453-.00063091 243.13 -202,00 

INPUT THE STRAINS OF READING NO. 	9 
-69.52, 	211.36, 	500,'18 

p 	-.0000A9F.2 .00021136 '00050058 .00052295-.00030111 203.34 -98.45 
Srop 
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THE TOTAL NUMBER OF READINGS = 	9 

INPUT THE STRAINS OF READING NO. 	z 
-250.29. 	333.72, 	917.73 

1 	-.00025029 .00033372 .00091773 .00096512-.00088169 

zwpuT THE STRAINS OF READING NO. 	2 

339.10 -277.40 

-539.51, 	225.27, 	1056.78 

2 	-.00053951 	.00022527 .00105678 .00111558-.00142982 

INPUT THE STRAINS OF READING NO. 
-692,47, 	-706.37. 	-1001'16 

o 	-.000+92*7-,0007062:7-'0010011A-'000097A0-'oo1oo124 -416,50 -azo.oz 

INPUT THE STRAINS OF READING NO. 	4 
-1112.4, 	-1003,94, 	55.62 

4 	-.00111240-,0010039* .00005562 .00005694-.00217328 -410.33 -1154.81 

INPUT THE STRAINS OF READING NU. 	5 
-1195.83, 	0.0, 	1195.83 

INPUT THE STRAINS OF READING NO. 

A 	0.000000000.000000000.000000000.000000000.00u00000 0.00 0.00 

INPUT THE STRAINS OF READING NO. 	7 
681'35, 	-1696'41, 	-1418,31 

7 	.00065-.00169641-.0014127i1 	.00099012-.00200518 124'/.0 -075.29  

INPUT THE STRAINS OF READING NO. 
-417.15, 	292,01, 	923.52 

-.00041715 .00029201 	.00092352 .00098533-.00111047 303.53 -396.08 

INPUT THE STRAINS OF READING NO. 	v 
-180.7/,, 	266.90, 	778.68 

9 	-,0001o07f,  .0002a690 .00077aaR '0002119a-,000725f:* .2ao,53 -224.82 
STOP 
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THE TOTAL NUMBER OF READINGS = 	9 

INPUT THE STRAINS OF READING NO. 	1 
-38p'34, 403.25, 1209.74 

1 	-.000:713934 .00o40325 '00120974 .00127334-'00125943 	427.09 	-417.60 

INPUT THE STRAINS OF READING NO. 	2 
-817.61. 239.17, 1342.49 

INPUT THE STRAINS OF READING mo. 	o 
-1123'52, -1151.33, -1293,16 

-.00112352-.00115133-.00129314-.00090107-.00129378 

INPUT THE STRAINS OF READING NO. 	4 
-2071.85. -1513'42. 69.53 

4 	-.002071R5-.00151842 .00006953 .00008995-.00340022 

INPUT THE STRAINS OF READING mo. 
-1835.44, -83,43, 1626.89 

5 

-788.99  

5 	-,00183544-.000*717:4o '00142639 '00177122-.00369011 	201.99 -1621.10 

INPUT THE STRAINS OF READING NO. 	6 
0.0, 0.0, 0.0 

6 0.000000000.000000000.000000000.000000000'00000000 	0.00 0.00 

INPUT THE STRAINS OF READING NO. 	7 
889.92. -2183,09, -1793.75 

7 	.00088992-,00218a09-'00179375 .00127092-.00254409 

INPUT THE STRAINS OF READING NO. 
-723.04. 347'63, 1268.14 

-.00072306 .00034763 .00126a1* .00136345-.00173088 

INPUT THE STRAINS OF READING NO. 	9 
-319.81. 378,22, 1124.31 

161.91 -1110.23 

9 	-.00031981 ,000o7822 '00112431 .00110049-.00112208 	405.92 	-342,72 
STOP 
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THE TOTAL NUMBER OF READINGS = 	9 

INPUT THE STRAINS OF READING NO. 	z 
-347.63, 361.53, 1028.97 

1 	-.00034763 .000:7:6153 .00102097 	.00100073-.00107483 

INPUT THE STRAINS OF READING NO. 	2 
-761.99, 	197'46. 	1195.83 

2 	-'00076199 .00019746 .00119583 .00127173-'00103626 310.00 -727.50 

INPUT THE STRAINS OF READING NO. 
-914'95, 	-970.57, 	1098.49 

a 	-.00091495-.00097057 .0010984r '0010986E-.00298420 -15,75 -1870'69 

INPUT THE STRAINS OF READING NO. 	4 
-1807'65, 	-1045.65, 	97.34 

4 	-.00180765-.00104565 .0o009734 '00014424-.0029975* -530.69 -1579,*7 

INPUT THE STRAINS OF READING NO. 	5 
-1585.17, 	-55.62, 	1168,02 

n 	-.001.5o517-.000055a2 .0011M-':02 	,001o1002-,0029".0a1 104.45 -11:17.8p 

INPUT THE STRAINS OF READING NO. 	6 

	

0.0, 	0.0, 	0,0 

	

a 	0.000000000.000000000.:00000000.000000000.00000000 0.00 o'oo 

INPUT THE STRAINS OF READING NO. 	7 
764.78, 	-1752.071, 	-1 7190'50 

150.79 -880.91 

INPUT THE STRAINS OF READING NO. 
-681.35, 	2a4.20, 	1156.90 

INPUT THE STRAINS OF READING NO. 	7 
-292,00, 	294.79, 	973.35 

9 	-,0002920o .0o029479 .0oo973:7:5 '00101667-.00101388 339'95 -337.88 
STnP 
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THE TOTAL NUMBER OF READINGS = 	p 

INPUT THE STRAINS OF READING NO. 	1 
-234.39, 	264.20, 	778.68 

1 	-.00024:=:9 .00026420 .0007786R .00081860-.00079079 278.90 -258.34 

INPUT THE STRAINS OF READING NO. 	2 

2 	-.00054732 .00016965 .00088992 .00095059-.00134824 -.oa.a5 -530.74 

INPUT THE STRAINS OF READING NO. 	3 
-650'75, 	-789'8, 	-834.30 

3 	-'00065075-.00078980-.000a~430-.0005R673-.00085382 -488.10 -577.24 

INPUT THE STRAINS OF READING NO. 	4 
-1279.26, 	-600.69, 	69,53 

4 	-.o0127926-,00060049 .0000695o .0oo12502-.00200497 -339.64 -1050,47 

INPUT THE STRAINS OF READING NO. 	5 
-1140.21, 	0.0, 	1140'21 

5 	-.001140210.00000000 .00114021 	'00123273-.00237294 180.19 -1023'44 

INPUT THE STRAINS OF READING NO. 	6 

0.000000000.000000000.0C)000000.0.000000000.00000000 0.00 
 

0.00 

INPUT THE STRAINS OF READING NO. 	7 
625.73, 	-1195.R3, 	-1001'16 

7 	.00o62573-,00zzvoa3-'oo1O01z6 .o0oo7354-,0o1**o44 175'95 -597'57 

INPUT THE STRAINS OF READING NO. 
-528'39, 	208.58, 	934.42 

o 	-.00052039 ,00020858 ,00093442 .00099479-.00131440 247'20 -503.72 

INPUT THE STRAINS OF READING NO. 	9 
-222,48, 	239'17, 	778.62 

9 	-'00022248 .00023917 .00077848 .00081252-.00079583 274.42 -242'28 
STOP 
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THE TOTAL NUMBER OF READINGS = 	9 

INPUT THE STRAINS OF READING mo. 	1 
-23.43, 208.58, 528.39 

1 	-.0000sa43 .00020858 .00052039 .00055074-.00042559 

INPUT THE STRAINS OF READING NO. 
-303.13. 141.84. 597.92 

-1z6.68 

2 	-'00030313 '00014104 .oVoF,97y2 .00063346-.00079475 	173'74  

INPUT THE STRAINS OF READING NO. 	o 
-372'65, -595.13, -542.29 

3 -,00037265-,0oo59513-.00054229-.000o5a25-.000609F10 -315.92 -399.80 

INPUT THE STRAINS OF READING NO. 	4 
-30o'A9, 03'43 

-174.20 -A09'40 

163.49 -505.11 

o'u0 	0.00 

243,95 -274'80 

INPUT THE STRAINS OF READING No. 	5 
778.68 

F. 	-'00063963 ,00006953 .00077068 .00083622-,00140632 

INPUT THE STRAINS OF READING NO. 	6 

6 
	

0.000000000.000000000'000000000.o00000000.00000000 

INPUT THE STRAINS OF READING NO. 	7 
514'49. -556,20, -534,01 

INPUT THE STRAINS OF READING No. 
-333'72, 139,05, 656.32 

8 	-.00021"2:7:72 .0001:7:905 '00065632 .00069252-.00008719 	191'60 	-335.65 

INPUT THE STRAINS or READING NO. 	9 
-126,14, 183.55. 542.30 

9 	-'00012614 '00010355 .00054230 .00056513-.00050772 	200.30 	-157,84 
STOP 
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Fig. 2.61. Comparison of principal stresses 
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Fig. 2.63. Comparison of principal stresses 
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Gauge No. 4. 

Finite element solution  
--- of clamped support. 

Finite element solution 
of simple support. 

4, Experimental readings 
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Fig. 2.64. Comparison of principal stresses 
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Fig. 2.65. Comparison of principal stresses 
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Fig. 2.66. Comparison of principal stresses 
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Fig. 2.67. Comparison of principal stresses 
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CHAPTER THREE  

RELEVANT PARTS OF THE THEORY OF ANISC"i ROPIC ELASTICITY  

3.1. Introduction:- 

It is proposed to consider a general class of complex 

materials i.e. composites in which non-woven fibres are 

deliberately orientated in a matrix in such a way as to 

increase its structural efficiency. An imaginary general 

square solid with fibres embedded in a matrix in three 

directions, coinciding with its axes is shown diagrammatically 

in Fig. (3.1). 

In practice a filamentary composite is normally made 

up of several plies or laminae. One lamina of a filamentary 

composite consists of one row of parallel filaments surrounded 

by the matrix. Considering this case, as illustrated in 

Fig. (3.2), the laminae are stacked with various orientations 

of the filament directions between laminae to obtain a laminate 

which has the desired stiffness or strength properties. 

It is evident that each individual ply or lamina of a 

filamentary composite has three mutually perpendicular planes 

of symmetry for the material constants. The intersection of 

the three planes forms the axes of the co-ordinates system as 

shown. Since the lamina has three perpendicular axes it can 

be considered to be an orthotropic material on the macroscopic 

level. Also, the lamina may be considered homogeneous on the 

macro scale. The set of axes which are parallel and perpend-

icular to the filament directions are termed the material 

natural principal axes. These orthotropic properties if 
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(a)  

(b)  

   

   

   

   

   

   

   

   

   

   

   

    

(b) 

 

(c) 

 

Fig. 3.2. Illustration of an orthotropic material in its • 
laminated and lamina forms. 

Fig. 3.1. A 3-dimensional solid of fibres embedded in matrix 
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translated into other convenient axes will produce an aniso-

tropic solid in the new axes. To describe the mechanical 

constitution of the material a generalised Hooke's Law for 

the stress strain relationships is required. Ref. (39), (40), 

(41) & (42). 

3.2. The Generalised Hooke's Law for Anisotropy  
• 

To obtain the stress strain relationships in an elastic 

body of this type the generalised Hooke's Law for anisotropic 

material will be derived first, then simplified so as to apply 

to orthotropic material. First consider the three-dimensional 

stress state illustrated in Fig. (3.3), in which it is assumed 

that the components of strain are linear functions of the 

components of stress. The equation which expresses the 

generalised Hooke's Law in rectangular orthogonal cartesian 

co-ordinates x1  x2  x3  (or has xyz) the generalised form 

C..= C.. 	a.. 	 3.1aij ij 

in tensor notation, with the repeated suffixes i and j taking 

values 1 to 3, k and 1 1 to 9 and Einstein's summation con-

vention applying. This equation may be expressed in matrix 

form, using engineering shear strains such as T etc. 
xy 

199. 



thus:- 

C1111 C2233 C1133 C1123 C1131 C1112 C1132 C1113 C1121 

C2211 C2222 C2233 C2223 C2231 C2212 C2232 C2213 C2221 

Y 

zx 

Yy 

C2111 C2121 C2133 C2123 C2131 C2112 C2132 C2113 C2131 
	xz 

or 

{c} _ [C] {G} 	 3.1c 

The [C] matrix is the 'compliance' or 'flexibility' matrix 

which gives the strain stress relations for the material. 

The inverse of the flexibility matrix is the stiffness matrix, 

and it gives the stress-strain relations. 

Since there are only six independent stresses and strains, 

because the stress and strain tensors are symmetric, i.e. 

Yxy Yyx ' ~xy yx 

Yyz Yzy ' ~yz ~zy 

Yzx 	Yxz ~zx 	~xz 

The 81 constants in the flexibility matrix are reduced to 36 

elastic constants and Equation (31c) can be written as: 

3.1b 
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{E} 	_ 	[c] 	{a} 
	

3.2 
6x1 	6x6 	6x1 

Where the shear components of {E} are the three engineering 

shear strains rather than the tensor shear strains and the 

components of a are a , Y and 
.z 
 (normal stresses) and 

Txy t and tZx  (shear stresses). 

The solution of the above equations will give an equivalent 

form for the equations of the generalised Hooke's Law, namely: 

{a} = [D] {e} 	 3.3 

where [D] = [c] —1, the stiffness matrix. 

Assuming that an elastic potential exists equal to the potential 

strain energy density (strain energy per unit volume) (SZ) of 

deformation i.e. SZ is a function of strain then: 

SZ 
	1 	

(Qij Eij) 3.4 

in tensor notation 

i,j = 1 -4- 3 

with the property that 

a..  
asZ 

3e.. ij 
3. 5 

using Equation (3.2a) we have 

cijkl Ekl 

k,l = 1 -* 3 

Differentiating this equation with respect to Ekl  gives 

a2Q  

aEijaEk1 
C.. 
13 kl 3.7 

a13 3.6 
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in the same way we can prove that 

a2o  
a ekl3E..  Ckli.  

but 

aao 	als  

aEijaEkl  - Deklae
ij  

hence 

C.. 
	Ckl 

This symmetrical property of the elements of the 

elasticity matrix reduces the unknowns to a total of 21 

elastic constants. The most general form of this matrix 

for anisotropic materials may be written as: 

C11 	C12 	C13 C14 	C15 	C16 

C12 	C22 	C23 	C21 	C25 	C26  

3.8 

3.9 

3.10 

c16 	c26 	c36 	C46 	C56 	c66  

where all the elements are populated. 

3.3. Elastic Symmetry_and Orthotropic Case 

Considering one layer Fig.(3.1b), if the density of 

fibre is uniform, then the assumption that the three 

orthogonal planes of elastic symmetry can pass through any 

point of the body is a valid assumption. 

[c] = 
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Considering an element of the body in the form of a 

rectangular parallelopiped with sides parallel to the planes 

of elastic symmetry, after a deformation due to the action 

of the stress a, it will remain a rectangular parallelopiped 

as shown in Fig. (3.4). 

As the three principal directions apply to each point 

of the body, we can assume that the normal and shear stresses 

are all uncoupled, i.e. 
C14, C15, C16, C24, C25, C26, C34 

and C36  are all equal to zero. 

By essentially the same reasons the coupling between 

the shear stresses will also vanish, i.e. C45, C46  and C56  

are all equal to zero. The coupling between normal stresses, 

however, are expected to remain Tsai Ref. (39). 

By directing the axes of the co-ordinates perpendicular 

to these planes, we obtain the following equations for the 

generalised Hooke's Law. 

ex  = C11  a + C12 a + C13  az 
3.11a 

 

ey =  C12 a  +  C22 y +  C23 az 
3.11b 

ez = C13  a + C23 y + C33 az 3.11c 

yxy = C44 Txy 
3.11d 

yyz  = C55  zyz  3.11e 

yzx C66 Tzx 
3.11f 

and the compliance (flexibility) matrix becomes 
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Z 

Y 

Fig. 3.3. 3-Dimensional state of stress 

Fig. 3.4. 	3-Dimensional element 
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C11 C12 C13 
0 0 0 

C22 C23 
0 0 0 

C33  0 0 0 

[c] = 3.12 

C 0 0 Symmetrical 

C55  0 

C66  

and nine independent elastic constants remain. They are 

called the principal constants and can be expressed in 

terms of "technical constants". Adopting the notation 

Ex, Ey, Ez  (Young's moduli), Gxy, Gyz, 
Gzx 

 (Shear moduli) 

and 	
'12' v21' v13'  

Equation (3.11) 

= x 

- E
y 

= EZ  

Y 	
_ 

xy 

Yyz  - 

= 
Yzx 

may 

1 
Ex  

v12 

v31' 

x 

a 

ax 

Gxy 

Tyz 

•tzx 

v23'  

be written 

a - 

 

v32 
(Poisson's ratios) 

in the form: 

V21 	_ v31 3.13a 

3.13b 

3.13c 

3.13d 

3.13e 

3.13f 

a E 	y 	Ez 	za  

1 	v32 
E x 

v13 

+ E y 	E 	az 
y 	z 

v23 	1 _ Ez  

1 

E 	y + Ez az 

Gxy  

1 
Gyz 

1 
G 
zx 
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where 

and 

Ex v21 	Ey v12  

Ey v32 	Ez v23  

Ez v13 	Ex v31  

3.14a 

3.14b 

3.14c 

C11 	= 	E 	 3.14d 
x 

v21  
C12 	= - 

Y 
3.14e 

 

v31  3.14f 13 	E 
z  

_ 	1 
C22 	E 

_ V32  
C23  = E 

C33 	Ē 2  

_ 	1 C44 	G  
xy 

1 C55 	Gyz  

1 
C66 	Gzx 

3.14g 

3.14h 

3. lid 

3.14j 

3.14k 

3.141 
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The body which has three orthogonal planes of elastic symmetry 

at each point is called orthogonally-anisotropic, or for 

brevity, orthotropic. This form of elastic symmetry is very 

important because it occurs in fibre composites. If such a 

material is considered in any other co-ordinates it becomes 

anisotropic and since the properties will be identified together 

with the finite element locations in eleven local axes the 

orthotropic properties are all that is required. 

3.4. Transformation Rules for an Orthotropic Body  

3.4.1. Stress Transformation 

Knowing the stresses in three mutually perpen-

dicular planes or directions, which are referred to 

as the material natural axes (1, 2, 3), the stress 

which acts on any plane passing through the same point 

can be determined. Hence 

(a )n all 	cos (n,1) 
+ T12 cos 	(n,2) + z13 cos 	(n,3) 

( y)n 
= T12 cos (n,1) + 0'22 

cos 	(n,2) + T~3 cos 	(n,3) 

(az)n = 
T13 cos (n,1 ) + T23 

cos 	(n,2) + 0'33 
cos 	(n,3) 

where (ax)n, (0)n and (az)n are components of stress which 

act on any plane with the arbitrary normal direction n and 

cos (n,1) is the direction cosine between the n-direction and 

the 1-direction, for example. By projection, using equations 

dpove, it is possible to find the normal and tangential 

components of stress acting on any arbitrary plane. 
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Considering, for convenience, the reference cartesian 

system x, y, z, the position of this system with respect to 

the 1, 2, 3 system is determined by the Table (3.1: 	direction 

cosines, where 1, = cos(n,1), m, = cos(n,2) etc. Equation (3.14). 

By projecting 
(ax)n' (ay)n' (a

z)n  in the direction of 

reference axes (i.e. on to the planes normal to the x, y, z axes), 

we obtain 

and 

The 

The 

x, y, 

a x  

ay  

a 
z  

T xy 

T 
yz 

TZX 

permutation 

Similarly, 

ax  

TxY 
 

general 

z 

expression 

= a1  11 + a2 m2  + a3 n2  2 T12 11 m1 + 2 T13 11 n1  

+ 2 T13 n1 m1  

01  11 ml  + a
2  m1 m1 + a

3  n1  n1 
 + T

12 
(il m2 + 12m1) 

+ T23 	(m1n2 + m2n1) + T31 	(n112  + n211) 

for a 	and a 
z are obtained by means of cyclic y  

of the suffixes of 1 m and n in Equation (3.15). 

Tyz  and TXZ  may be obtained from Equation (3.16). 

formula for the transformation from 1, 2, 3 to 

systems, in matrix form, will be:- 

12 	m2 	n2 	211m1 	2m1n1 	2n111  1 	1 	1 

2 	2 	2 12 	m2 	n2 	212m2 	2m2n2 	2n212  

12 	m2 	n2 	213m3  2m3n3  

/

2n313 3 	3 	3 

11m1 mini n111 	(11m2+12m1) 	(m1n2+m2n1) 	(n112+n211 

12m2 m2n2 n212 	(12m3+13m2) 	(m2n2+m3n2) 	(n213+n312 

13m3  m3n3  n313 	(13m1+11m3) 	(m3n1+m1n3) 	(n311+n113  

3.15 

3.16 

a1  

a2  

a3  

T12  

T23  

T31 
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Y 

x y z 

1  1 m n 
1  1 • 1 

2 1 m n 
2 2 2 

3 13  m 3  n3  

Table: 3.1. Direction cosines between two sets of coordinates 
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or 

   

 

{a} = 

R11 	R12  

R21 	R22  

{a} 	 3.17a 

    

{a} - ER] {a} 3.17b 

3.4.2. Strain Transformation 

Let Cif  be the coefficients of strain for the system 

1, 2, 3 of the elements. It is required to determine the 

coefficients for the new global system x, y, z which will 

be denoted by C... For this new system the equations of the 

generalised Hooke's law are: 

{c} = [Cu {a} 	 3.18 

The elastic potential, which is considered as a function 

of the components of stress, is determined by Equation (3.4), 

and its expression is: 

S2 = 
2 
EC] {a}T  {a}, 	 3.19 

whilst the elastic potential for the natural axes of the 

original element is given by the expression: 

= 2 Cd] {6} {Q} 
	

3.20 

Equating the two expressions for the elastic potential 

we obtain the following: 

CC, {a}T {a}  = 2  [c] {a}T  {a}. 	 3.21 

since 

{a} = LLJ {E} 
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and 

{a} = rc] {e} 

Equation (3.21) gives: 

{Ē}T {o} _ {e}T {a} 

Using  Equation (3.17b) we get: 

{e}T {a} _ {e}T  [R] {a} 

{e}  = ERT]-1 
{} 

CO = ERE] {Ē} 
	 3.22 

This gives the strain transformation rule. The matrices 

ER] 
& je

[ each have the property that the inverse of 

one equals the transpose of the other, i.e. 

CRJ T [Re  ] = LI.J 
and • 

R11 	2R12 

 

3.23 

 

2R21 i R22  _ 

3.4.3. Constants of Elasticity 

The stress-strain relations may be written in either 

coordinate system as:- 

{a} = ED] {e} 	 3.24 

in one and 

{ a } = [D] {e} 	 3.25 

in the other 
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Suppose [D] is the elasticity matrix related to the material 

natural axes, and [D] is required. 

We are dealing with orthotropic materials where the 

elastic properties are known in the principal directions 

1, 2, 3 but these properties are needed in global coordinates 

x, y, z to generate the element stiffness matrix as will be 

discussed. 

Transformation of LD] is also needed for the isoparametric 
shell element of Chapter Four. 

The transformation is derived from the arguments•that 

during any loading process the resulting strain energy density 

must be the same regardless of the coordinate system in which 

it is computed, thus from Equations (3.19) to (3.22): 

St 

 

=- {c}T  {al =- { }T  {} 

Substituting from Equations (3.24) and (3.25) leads to: 

{E}T  {Q} = {E}T  [RE]T  [D] {£} 

{ E} T  [{a} ERE  ]T  [D] [RE ] {E} J = 0 

As the latter relation must be true for any {E}, the 

coefficients of {E}  must vanish. Thus we obtain: 

{a} = [D] {E} 

where the coefficients of D are as follows: 

ED] = [RE]T 
CD] LRE  

3.26 

3.27 

3.28 
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CHAPTER FOUR  

FINITE ELEMENT MODEL AND SOLUTION  
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CHAPTER FOUR 

VARIABLE NUMBER NODE THICK ANISOTROPIC  

SHELL ELEMENT  

4.1. INTRODUCTION  

In this chapter a general formulation for a quadratic, 

isoparametric, anisotropic element of a thick shell is 

developed which permits the analysis of any arbitrarily 

layered curved shell or solid structure. 

The use of general shell theory to derive doubly curved 

elements involves geometric complexities that make shell 

theory difficult. These difficulties are avoided with gained 

economy by appropriately specialising a three-dimensional 

solid element which has suitable doubly curved surfaces. 

To achieve this, an isoparametric element is chosen, 

Ref. (45) with the same interpolation functions to define 

the element shape as those used to define displacements 

within the element. 

4.2. Geometrical Representation of Various Elements in Natural  

and Global Coordinates. 

In this work, all elements will be geometrically represented 

according to its global nodal coordinates. On the other hand each 

one of them should be represented according to the orthotropic 

properties of its material. Therefore, it is necessary to define 

the natural axes of each material with respect to the global axes 

to obtain a general representation. 
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Consider the linear interpolation function 

fl = a1 + 
a2 + a311 + a4C + a5En + a6n~ 

+ 0(7 	a8n 	 4.1 

To represent a linear 8-node hexahedron Fig. (4.1), where 

r1, 	are the isoparametric (natural) coordinates of the 

elements, then the boundary conditions are as follows:- 

, n, C = 0 (at the centroid of the element) 
4.2 

and E, r1, 	= ±1 (at the surface). See Appendix (5). 

A more warped element with doubly curved surfaces Fig. (4.2) 

could be adequately represented by the quadratic interpolation 

function 

f2 = f1 + a r2 9 	
+ a10n2 + 

11' 	12'
+ a12r2 n 

+ a13 2C + a11+n2E + a15n2~ + ai6 2 

+ a17r2n + a18 2r + a19n2 ~ + a20'2'n 

The global coordinates of any nodal point (x, y, z) would 

then be 
C20 

X = L 	N. x.. 
i=1 1 1 
20 

y = 1=1 Ni yi 
CC20 

Z = 
1=1 Ni zi 

Where (N.) the mapping or shape functions are 

Ni = 1(1+U )(1+nr1.)(1+ 	+ 	+ 
i 	8 	i 	i 	 i ) (1;t;i nni 	 i-2 ) 

for i = 1 to 8 	 4.5a 

Ni = (1-2)(1+nni)(1+CCi) 

for i = 9, 11, 13, 15 
	 4.5b 

4.3 

4.4 
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Ni  = (1-r12)(1+ i)(1+ i) 

	

for i = 10, 12, 14, 16 
	

4.5c 

Ni  =(1-C2)(1+E i)(1+nni) 

	

for i = 17, 18, 19, 20 	 4.5d 

This mapping is an interpolation scheme that yields the 

global xyz coordinates of any point in the element when 

the corresponding natural 	coordinates are given. 

	

The natural coordinate axes 	are in general not orthogonal. 

They are orthogonal, of course, when the surfaces are planes 

and the element is the basic rectangular parallelepiped. 

Fig. (4.3a). 

4.3. Displacement Fields  

The displacements within the element are defined by the 

same interpolation (shape) functions as are used to define the 

element shape. Thus 

20 

u = 	N. u. 
i=1 1 i 

20 

v = c=1 N. vi 4.6 

20 

w = 	N. w. 
i=1 1 1 

In which u, v and w are measured along the global coordinate 

axes x, y and z and the u., vi, wi  are measured along the 

natural coordinate directions 
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(a) 
(b) 

(c) 

Figs. 4.3a., 4.3b & 4.3c 	General elements (natural coordinates). 

8 

Fig. 4.1. 8-Node first order 	Fig. 4.2. 16-Node Element 
hexahedron 
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Global 
axes 

Fig. 4.4. Twenty node quadratic hexahedron 
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The relationships between derivatives in the two cordinate 

systems are established by the chain rule of differentiation 

as follows, for example (where, e.g.,'x, 	means ā) 

      

  

X'c 	Y' 	Z' 

 

  

X► y n Z n 	' 'n 

= 

  

  

  

    

  

X'c 	Y, 	Z, 

 

   

   

     

Where FJ:  is the summed Jacobian matrix, defined by the 

following:- 

   

20 

111 _ 
1=1 

x. y z. 
i i i 

4.8 

   

The differential volume of the whole element transforms to 

d(volume)  = 

 

I

det  E J I 
I 

d dn d~ 	 4.9 

in which det EJ] = the absolute value of the determinant 

   

of the summed Jacobian matrix. 

Since [JJ is a variable, numerical integration is un-

avoidable. Three dimensional gaussian quadrature is used. 

The nodal variables are translations (without derivatives) 

and the coordinate transformations have the same form as those 

of the displacements. 

To ensure convergence 

20 

N. = 1 i=1 4.10 
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Dx i=1 Dx u1 
Du = E

20 DNi 

Dv _ E20 DNi 

Dy i=1 Dy vi 

4.4. Strain Displacement Relationships 

For the three dimensional solid the field of total 

strain is expressed 

£ E} 

as: 

E
x 

E 
y 

E z 

Yxy 

Yyz 

Yzx 

Du 
Dx 

Dv 

Dx 

Dw 
Dz 

~u + ō 
Dy 	Dx 

Dv 	Dw 
Dz 	Dy 

Dw + Du 

Dx 	Dz 

4.11 

Substituting Equation (4.6) into (4.11) gives: 

9w
20 E20 DNi 

Dz i=1 Dz w1 

Du 	av _ E
20 DNi 	720 DNi 

Dy + ax 	1=1 Dy ui + i
le 
=1  Dx v1 

Dv Dw 
E20 DNi 
	

20 DNi 

Dz + Dy 	i=1 Dz v1 + 1=1  Dy wi 

Dw Du E
20 DNi 	E20 DN. 

 az 	i=1 Dx w1 1 	1=1 Dz u1 

4.12 
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or 

0 

1+ .13 

  

4.14 

0 	0 

Thus 

DN. 1 
ax 

3N. 
00 0 

DN. 
0 	0 	1 

20 
	N. 	aNi C 

{E} = i=1 c ay ax 0 

20 
{e} = 	Es]. {6}i 

i=1 

The interpolation functions N. are defined in terms of the 

natural curvilinear coordinates F, r), ~, so that a change in 

the derivatives of DI I is required to relate global to natural 
i 

derivatives thus:- 

az 

= [JI -1 

a 
āX 

a 
Dy 

a 
az 

a 

a 
ar, 1+.15 

  

Where [I] is as defined in Equation (4.8). 

Hence 

CC20 
{E} = G-1 [J] 1 [BE1 {6} 

Where [ B*J is given by the Equation. 

4.16 
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0 

0 

0 

G12  

0 

0 

0 

0 

G23  

0 

0 

0 

0 

0 

G31  

e11  

£22  

c33  

Y12  

Y23  

Y31  

4.18 

611 	D11 D12 D13 

622 	D22 D23 

633 	D33 

Symmetrical 

T31  

[ Dq {E'} 

or 

T12 

T23  

= 

3N. 
1 

0 

9N. 

0 

0 

3N. 
1 

0 

0 

N. 

an 

0 

aNi  

aC 

0 

N. 

an 

0 

N. 

aE 

N. 

an 

0  

3n 

aNi  

an a 

Equation (4.16) can be written as: 

{c} = [B] {g} 

Which is the required strain-displacement relationship 

4.5. Stress-Strain Relations  

For an orthotropic material whose natural axes are 

1-2-3, the stress strain relations are: Ref. (46). 

EB  

4.17 
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4.6. Derivation of the Stiffness Matrix 

The stiffness matrix of the element is 

[k] = 
f1 r1 j1 

[BB T LDU LBJ det 	[JJ  dE do d1 -I 1 -1 _1 L 

4.19 

The Jacobian matrix and its determinant are computed directly 

from Equation (4.8), whilst the integration of the above 

Equation is carried out numerically. 

Gr ass quadrature with respect to n and c completes 

the integration according to the required degree using two, 

three or four integration points, which are controlled in the 

present program. 

For thick shells the through thickness interpolations, 

in c can be evaluated less accurately than those in-plane 

(i.e. in the E and n plane), for which the number of points 

may be 4. 

Integration can be achieved by integrating first with 

respect to one coordinate and then with respect to the other 

two. Thus, integration is as follows: 

F. 	j1 

f

1
= 	I 	f(E,n,C) dE do dC 

W. W. W f(E• n•~ c ) i=1 j=1 k=1 i j k i' J k 

where n = the number of integration points and W = their 

associated 'weights'. 

It is possible to use the same number of points in each 

direction, but it is not essential to do so, for the reasons 

explained above. 

_1 -1 _1 

r Cn r 
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Where 

D11 = E1/C3 

D12 	(C1/C2) D11 

D13 = C~+ D11 

D22 = 
E2/C1 + (C2/C1) D12 

D23 	v32 E2/C1 + (C2/C1) D13 

D33 	E3 + v31 D13 + v32 D23 

where 

C1 = 1 — v32 (E2/E3) 

C2 = v21 + v31 v32 (E2/E3) 

C3 = 1 — (E1/E3) [v231 + ((E3/E2) (C2/C1 

C4 = v31 + v32 (C2/C1) 

in which E1 , E2, E3 are Young's moduli of the material in 

the directions of its natural axes 123, 
v12, v23' v13 are 

the Poisson's ratios and G
12, G23 and G31 are the moduli of 

Rigidity Constants. 

If the directions of symmetry of the material do not 

coincide with the global reference directions the matrix 

ED:  has to be transformed, as discussed in Chapter 3. 
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4.7. Flow chart of solid finite element computer programme  

The equations in Chapter 3 and the work done in this chapter 

were written in a computer programme (BFSOLID). The following is 

a flow chart and the listing in FORTRAN IV is given in APPENDIX 2E. 

Input job data. 
Heading and control cards, 

number of nodes, degrees of freedom, 
cases of loading and nodal coordinates. 

Input element data. 
Number of elements, number of materials, 

material properties (nine values). 

Form element stiffness matrices. 
(Element matrices are stored on tape and 
used in formation of the overall stiffness 

matrix and in the stress calculation) 

Input nodal loads. 
Loading can be applied as surface pressure 

hydrostatic loads, point loads in 3 directions 
and thermal loads. 

Formation of overall 
stiffness matrix. 
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Solve equations. 
Equations are solved using 

standard semi-banded width technique. 

Output results which includes 
- Deflections 
- Six global stresses at the 

eight corners of each 
element. 

- Average stresses at each 
node. 

- The first ten nodes with 
maximum stresses. 
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CHAPTER FIVE  

IDEALIZATION OF FINITE ELEMENTS FOR STRUCTURAL 

DESIGN, NUMERICAL AND EXPERIMENTAL RESULTS  
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CHAPTER FIVE 

IDEALIZATION OF FINITE ELEMENTS FOR STRUCTURAL DESIGN,  

NUMERICAL AND EXPERIMENTAL RESULTS  

5.1. Introduction 

The finite element program (BFSOLID) was used to solve the 

challenging problems of large water valves more accurately, 

especially when the blade dimensions were such as to exclude 

the work done in Chapter Two, i.e. outside the assumption of 

thin plate theory, such as when the thickness-diameter ratio 

is more than 1/8. An example of an ordinary cast iron blade 

is discussed in 5.2. 

The program, or any equivalent isotropic solid finite 

element program, proved to be the only accurate method for 

structural analysis and design when the large diameter and 

high pressure necessitated the blade to take the form of a 

thick plate supported on a lattice which could take different 

complicated configurations as shown in Figs.(5.1a) and (5.1b). 

Ref. (50). 

For anisotropic material of the fibre composite type, the 

various elastic constants have to be inserted into the computer 

program according to Equations (3.14a) to (3.141). For isotropic 

material the same equations are used but with only three elastic 

constants E, v and G to which all others are equal as explained 

later in 5.2. 
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Fig. 5.1a. Blades of throughflow valves Fig. 5.1b. Blades of throughflow valves 



The analysis of fibre composite material is a vast subject 

of a complex nature and theories have been developed whereby, 

knowing the properties of the fibres the matrix and their volume 

fractions in a composite, one can estimate the elastic constants 

and strength properties of unidirectional laminates, unidirect- 

ional laminates with orientated fibres, balanced laminates and 

multilayer, multidirectional composites. 

The ability to predict the elastic properties of various 

types of laminates and composites has been verified experimentally. 

A great deal of theoretical and experimental work on predicting 

strength properties and failure modes in composite materials 

subjected to various types of loading has also been done. 

Refs. (42), (43), (51), (52), (53), (54), (55), (56) and  (57), 

give a good impression of the underlying difficulties of the 

subject. 

Various factors of manufacturing technology, as well as 

temperature, chemical and environmental effects that influence 

the strength and modes of failure have also been covered extensively in 

Refs. (58), (59),  (60), (61) and (62). 

To develop a practical approach to analyse stresses and 

strains in the elastic region where the environmental problems of 

temperature, chemical and time dependent factors are covered by 

complying with standards, Ref. (63), only partial experimental 

verification of the elastic properties of such composites has been 

obtained up to the present time. A great deal of work is still in 

progress to overcome this problem where, by specifying the fibre 
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content and alignment of known types it is possible to predict 

the elastic constants of the end product as though it were an 

anisotropic continuum. 

An attempt to give a practical approach for stress analysts 

and designers is discussed in 5.3. 

The program was also used to analyse a 60" butterfly valve 

made up of three materials, namely; woven roving g.r.p., chopped 

strand mat g.r.p. and stainless steel shaft inserts. This is 

described in 5.4. 

5.2. Cast Iron Blade of an Ordinary Butterfly Valve. 

A 72" diameter, 6" thick blade of a butterfly valve, shown 

in Fig. (5.2), made of cast iron GR17 which is fitted in a body 

made of the same material, is to be checked for a design require-

ment of a maximum deflection of 0.125" for sealing under a test 

pressure of 75 psi. Using Appendix 3: 

= 0.26 

c1  = 0.386 

q = 75 psi 

a = 71.2"/2 

t = 6" 

W - 0.386 x 75 x 71.24  x 12(1-0.262)  
16 x 18 x 106  x 63  

= 0.134" 

Deflection due to the reaction couple 

W = 2D (2 - 1) 	M= R x 3  

2R = 298614 lb. 
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W - 
2986114 x 71.2 x 12(1-v2 )(2 - 1) 

2 x 2 x 18 x 106  x 63  

Total 	W = 0.131 + 0.008 = 0.11 2" 

Idealizing the blade into 31+ 21-node elements with a total 

of 91+ nodes as shown in Figs. (5.3a), (5.3b) and (5.3c) and giving 

E11 = E• 22 = E• 33 = 1
• 8 x 106  psi and v12 = v13 = v31 = 0.26 and 

E  
G12 = G• 13 = G• 23 - 2• (1+v) = 7.11+ x 106  psi the maximum deflection 

occurring at node 92 or 89 was - .10387". 

The valve was pressurised up to 75 psi and the deflections 

measured at locations shown on Fig. (5.4a) relative to the body. 

The total deflection was 0.095" as shown in Figs. (5.14b) and (5.4c) 

which also shows the deflected shape in the two perpendicular 

planes of interest. 

5.3. Test Samples of Composite Materials.  

5.3.1. Introduction 

G.R.P. can be taken as a good example of fibre composite 

material which is widely used in an increasing number of manu-

facturing industries. One major use is for manufacturing pipes 

and pipe fittings which can combat the corrosive effect of sea 

water. Ref. (61+). 

A great deal of literature on G.R.P. is available. Ref. (61), 

(62), (65) and (66) are given as samples of this literature. 

Many G.R.P. manufacturers are now prepared to give reliable 

basic mechanical properties as shown in Table (5.1). Ref. (67). 

In these tables the flexural (elastic) modulus of a composite 

consisting of continuous, aligned fibres in a softer matrix is 

given by simple elasticity theory using 

Ec  = EcVf  + Em(1-Vf) 
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Figs. 5.3a & 5.3b. Finite element mesh of the cast iron blade 
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Fig. 5.)-a. Deflection test of cast iron blade. 
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Fig. 5.14b. Deflection at centre relative to bearings. 

Fig. 5.4+c. Deflection at wings relative to centre. 
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Material 

Fibre 
Content by 

Weight 
Density 
Mg/m2  

Tensile 
Strength 
GN/m2  

Tensile 
Modulus 
GN/m2  

Compressive 
Strength 
MN/m2  

Flexural 
Strength 

MN/m2  

Flexural 
Modulus 
GN/m2  

Uni-directional glass  
Wound epoxide 60-90 1.7-2.2 530-1730 28-62 310-480 690-1860 34-48 
Uni-directional polyester 50-75 1.6-2.0 410-1180 21-41 210-480 690-1240 27-41 

Bi-directional glass  
Satin weave polyester 50-70 1.6-1.9 250-400 14-25 210-280 207-450 17-23 
Woven roving polyester 45-60 1.5-1.8 230-340 " 	13-17 98-140 200-270 10-17 

Random glass mat  
Preform polyester 25-50 1.4-1.6 70-170 6-12 130-160 70-240 
Hand & spray up polyester 25-40 1.4-1.5 63-40 6-12 130-170 140-250 5-8 

Moulding compounds  
DMC polyester 10-40 1.8-2.0 34-70 12-14 140-180 40-140 
SMC polyester 20-35 1.8-1.85 50-90 9 240-310 140-210 9-14 
Glass filled nylon 20-40 1.3-1.5 120-200 6-14 110-170 

1 GN/m2  = .14508 x 106  psi 

Table: 5.1. Material properties as given by manufPcturers. Ref. (67). 



where the subscripts c, f and m refer to composite, fibre and 

matrix and Vf  is the fibre volume fraction. This expression 

is strictly true only for the case where both fibre and matrix 

are isotropic and it assumes that the two components are con-

strained to deform together. This elementary "Rule of mixtures" 

is in fact a lower bound. 

Such moduli will generally be exceeded by an amount depending 

upon the difference in Poisson's ratio of the two constituents, 

as a result of the lateral elastic constraint which the two phases 

exert on one another. The equivalent theoretical expression for 

the shear modulus can be written as follows:- 

(Gf  + 1) + (Gf  - 1) Vf  
m 	m 

(Gf  + 1) - (Gf  - 1) Vf  
m 	m 

G 
Which shows that the ratio Gc is a function of Vf  depending on 

the value of stiffness ratio, G, after Tsai, Adams and Doner 
m 
 G
f 

Ref. (68). 

As discussed in Chapter 3, an aligned composite is highly 

anisotropic. A lot of work is based on the assumption that the 

material is transversely isotropic. However, if the material is 

being used in plate form, as is frequently the case with laminates, 

the assumption of a plane stress state reduces the number of 

elastic constants to four, E11 , E22, v12/E11 or  v21/E22 and G12,  
which can be easily established by a simple testing procedure for 

the first three carried out on a test coupon supplied by the 

G 
c  
G 
m  
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manufacturer. This would be an improvement on the manufacturer's 

information and is covered in the present work. 

To test the solid finite element experimentally an attempt 

to establish as many elastic constants as possible to satisfy 

Equations (3.14a) to 0.141) was made. In many texts, Ref. (69), 

E33 ~ E22 
where E22  is < E11. From the tests v13  and v23  can be 

easily obtained and, using Equation (3.1lb) and Equation (3.14c), 

most of the remaining elastic constants can be estimated. 

The shear modulus proved a more critical factor to assume 

without the difficult and expensive experimental measurement which 

would otherwise be necessary. One of the most serious limitations 

of fibre composite materials is that the shear strength parallel 

with the fibres can be as low as that of the matrix or the fibre 

resin interface, either of which may be an order of magnitude (or 

more) lower than the maximum tensile strength of the composite. 

Consequently the composite may fail at low loads if the stress 

system is such as to cause a high shear stress on these planes 

of weakness. A bar loaded in flexure will fail in shear at the 

neutral plane before it breaks by tensile failure of the outer 

fibres if the ultimate shear stress, T
max 
 is reached before the 

outer fibre failure stress amax  . Thus a short composite beam was 

used as a test sample to ensure that no shear failure occurred in 

the elastic region and the shear modulus assumption is a lower 

bound one. This assumes the material to be homogeneous and isotropic 

in all directions which, although nd true, if observed with the guide 

lines laid down in BS.4991 would produce a structurally sound product. 
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From this simple beginning a sample of each distinctive 

layer or solid can be specified and the general behaviour of 

the complete structure can be predicted as discussed below. 

5.3.2. Preparation of test specimens., testing equipment and Procedure 

(i) The Samples  

A number of deep short beams, samples (D1, D2, D3, D1+) 

made of three distinctive layers are cut from a block which is 

layered up from three distinctive layers, as shown in Figs. (5.5a), 

(5.5b), (5.6a) and (5.6b). 

The block is made during the laying of the layers by installing 

plastic insulation sheets after the completion of each layer, as 

shown in Fig. (5.7), the layers being made from woven roving and 

uni-directional glass polyester material as shown in Fig. (5.8). 

Each layer is then cut into specimens and carefully marked to show 

the principal natural axis of the material as shown in Figs. (5.9), 

(5.10), (5.11) and (5.12). 

(ii) Test procedure  

Two longitudinal and two transverse strain gauges of two 

rosette strain gauges type FRA-6-11 made by T.S.K. Ltd. gauge 

resistance 120 ± 0.5Q, gauge length 6mm were stuck at the top 

and bottom surfaces. The adhesive used was CN adhesive made by 

T.M.L. Ltd. of T.S.K. Ltd. 

The two longitudinal strain gauges were arranged as a 

'half-bridge' and fed with 3.V through a Brueland and Kjaer strain 

gauge amplifier, type 1525. The output was fed back to the 

amplifier which indicated the total strain (microstrain). 
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Fig. 5.5a. Actual dimensions of composite deep beam No. Dl. 

Fig. 5.5b. Composite deep beam specimen 
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Fig. 5.6a. Composite deep beam specimen 

Fig. 5.6b. Composite deep beam specimen 
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Fig. 5.7. Layout of multi G.R.P. layer samples 



Fig. 5.8. Woven roving and unidirectional glass layers. 

Fig. 5.9. Individual layer specimens 
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Fig. 5.10. Individual layer specimens. 

Fig. 5.11. Individual layer specimens. 
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Fig. 5.12. Individual layer specimens. 



The transverse strain gauges were arranged in the same 

manner using another amplifier of the same type. Four point bend 

testing of the G.R.P. beams was carried out to establish the 

elastic moduli by applying the load through a load cell as shown in 

Figs. (5.13) and (5.14). Figs. (5.15) and (5.16) are a sample of 

the results for layer A. Figs. (5.17) and (5.18) are a sample of 

the results for layer B. Figs. (5.19) and (5.20) relate to layer C. 

The two strains were plotted against the central deflections and 

Figs. (5.21) and (5.22) are a sample of the results for layer A. 

Figs. (5.23) and (5.24) relate to layer B and Figs. (5.25) and 

(5.26) to layer C. 

Two more strain gauges, one longitudinal and one vertical, of 

the same type of rosette were stuck to the sides of the test specimens 

at approximately one third of the beam depth using the same adhesive. 

Two dummy gauges of the same type were stuck on another specimen and 

arranged with the active ones into two half—bridges using two 

amplifiers of the same type as before. This is shown in Figs. (5.27), 

(5.28), (5.29) and (5.30). The two readings were plotted against one 

another. Figs. (5.31) and (5.32) are examples of the results for 

layer A. Figs. (5.33) and (5.34) relate to layer B and Figs. (5.35) 

and (5.36) to layer C. Figs. (5.37) shows a minimum group of samples, 

i.e. two per layer and the apparatusused is shown in Fig. (5.38). 
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Fig. 5.13. 4-Point testing of G.R.P. beam specimens. 

Fig. 5.11+. 4-Point testing of G.R.P. beam specimens. 
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Fig. 5.15. Load vs. deflection in direction 1 - Layer A 

249. 



0, 
O 

Lo
ad

 l
b.

  X
 

3 

0.1 

inch Central Deflection 

Fig. 5.16. Load vs. deflection in direction 2 - Layer A 
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Fig. 5.17. Load vs. deflection in direction 1 - Layer B 
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Fig. 5.19. Load vs. deflection in direction 1 - Layer C 
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Fig. 5.20. Load vs. deflection in direction 2 - Layer C 
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Fig. 5.26. Longitudinal & transverse strain vs. deflection 
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Fig. 5.28. 4-Point bend testing of G.R.P. beam for v13  & v
23  
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Fig. 5.29. 4-Point bend testing of G.R.P. beam for "13 & v~3 

Fig. 5.30. Actual size of specimen. 
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Fig. 5.37. Minimum set of specimens 

Fig. 5.38. Apparatus used for 4-point bend testing of beams. 
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5.3.3. Elastic constants of the specimens  

Using Equation (2.104) with Q1 = 4" and Q2 = 2" as shown 

in Figs. (5.13) and (5.27) and Equation (2.105) gives:- 

E= s x 22 x bld3 lb. in. 

and measuring all specimens accurately to ± 0.001", E33 was 

assumed to be lower than E11 and E22 and taken to be 1 x 106 psi 

as suggested by a reliable manufacturer. G12 was assumed to be 

2 x 105 psi and G13 and G~3 were assumed to be the same proportions 

as the relevant elastic moduli. 

(i) For Layer A 

From Fig. (5.15) E11 = 1.274 x 106 psi ± 7i% 

From Fig. (5.16) E22 = 1.565 x 106 psi ± 7 % 

From Fig. (5.22)v12 = .163 ± 5% 

From Fig. (5.23) v21 = 0.99 ± 4% 

From Fig. (5.31) v13 = .48' ± 2% 

From Fig. (5.32) v23 = .438 ± 2% 

E33 was assumed to be 1 x 106 psi, 

G12 was assumed to be 2 x 105 psi, 

G13 was assumed to be 1.3 x 105 psi, 

G23 was assumed to be 1.6 x 105 psi. 

(ii) For Layer B 

	

From Fig. 	(5.17) E11 	= 

From Fig. 

	

g. 	(5.18) 	E22 = 

1.62 x 10-6 psi ± 7z% 

-6 
1.8 	x 10 	psi ± 7z% 

From Fig. 	(5.23) v12 = .159 ± 3% 

From Fig. 	(5.24) v21 = .128 ± 2% 

From Fig. 	(5.33) v13 = .325 ± 2% 

From Fig. 	(5.34) v23 = .29 ± 2% 
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E33  was assumed to be 1 x 106  psi, 

G12  was assumed to be 2 x 105  psi, 

G13  was assumed to be 1.11 x 105  psi, 

G23  was assumed to be 1.68 x 105  psi. 

(iii) For Layer C 

From Fig. (5.19) E11  = 1.62 x 106  psi ± 6% 

From Fig. (5.20) E22  = 1.66 x 106  psi ± 6% 

From Fig. (5.25) V12 =  .128 ± 1%  

From Fig. (5.26)v21  = .128 ± 1% 

From Fig. (5.35) V13 
	

.49 ± 1% 

From Fig. (5.36) v?3  = .4+0 ± 2% 

E33  was assumed to be 1 x 106  psi, 

G12  was assumed to be 2 x 105  psi, 

G13  was assumed to be 1.2 x 105  psi, 

G23  was assumed to be 1.95 x 105  psi. 

5.3.4. Finite Element Idealization of G.R.P. Test Beam 

A finite element mesh as shown in Fig. (5.39) was arranged 

to suit the different average thicknesses of all three layers, 

to suit the supporting arrangement of the test, the location of 

the strain gauges on the test beam and to allow the application 

of a load off the centre so as to cause a complicated case of 

torsional bending as well as pure bending. The mesh consisted 

of 14+4 elements and 260 nodes. The properties of each element 

were read individually as E71, E22' E33' V12' v13' v23' G12, G13,  

and G
23. 

 v21 was used to check the accuracy of the experimental 

results. 
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Fig. 5.39. Finite element idealization of G.R.P. test beam.
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The program would give values for v21 , v31 , v32  using 

Equations (3.14a) (3.14b) and (3.14c). In calculating stresses 

the average of the values from all elements adjacent to the node 

is used. If the node is at the interface of two layers, the 

average of the elements in one layer is calculated separately 

from those elements meeting at the node from another layer. 

5.3.5. Experimental Work on G.R.P. Test Beam 

(i) Test specimen  

The test on the multilayered beam from the end Block D, 

No. D4 is described in this section. Its measured dimensions 

were 2.86" x 1.86" x 9.78", considering the average thickness 

of Layer A to be 0.84", Layer B - 1.06" and Layer C - 0.98". 

Six rosette strain gauges type FRA-6-11 made by T.S.K. Ltd. 

Gauge resistance 120 ± 0.5Q, gauge length 6mm were stuck 0.5" 

away from the support as shown in Figs. (5.40a), (5.40b) and 

(5.41) and their location on the finite element mesh is shown 

in Fig. (5.44). The gauges were located near the support and 

a cantilever arrangement was adopted to give higher and more 

readable strains from the equipment available. 

The upper surface of the specimen had to be filed smooth 

to stick rosette No. 1 which reduced the thickness of Layer A 

by 0.14" for a length of 0.78". 

The specimen was clamped to a heavy table as shown in 

Figs. (5.41), (5.42) and (5.43). The loads were applied through 

a free hook into a shallow dent in the upper surface of the 
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Fig. 5.40a. Location and numbers of strain gauges. 
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Fig. 5.40b. Location and numbers of strain gauges. 
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Fig. 5.1+1. Experiment arrangement of G.R.P. test beam. 
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Fig. 5.42. Experiment arrangement of G.R.P. test beam. 

Fig. 5.43. Experiment arrangement of G.R.P. test beam. 
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specimen 0.5" from both edges equivalent to Node 24 on the 

finite element mesh, so as to introduce combined torsion and 

bending. 

(ii) Testing procedure  

(a) Stresses  

The 18 gauges from the six rosettes were arranged 

with 18 dummy gauges from six similar gauges stuck on 

other specimens of the same material so that each 

active gauge and the corresponding dummy gauge were 

connected to a channel of a Brueland and Kjaer switching 

unit type 1542 from which they were arranged in a half 

bridge and fed with 3.OV through a Brueland and Kjaer 

strain gauge amplifier type 1526. The output was fed 

back to the amplifier which indicated the total strains 

in microstrains on a L.E.D. display. The highest strain 

recorded was 630 microstrains with the accuracy of the 

equipment of ± 30 microstrains. 

The stresses were calculated using the first terms of 

Equations (3.13a), (3.13b) and (3.13c). 

The equivalent stresses to those occurring at the corner 

of the relevant elements in the relevant layer were plotted 

on Figs. (5.45), (5.46), (5.47), 	(5.48), 	(5.49), 	(5.50), 

(5.51), (5.52), (5.53), (5.54), 	(5.55) 	and (5.56) 	against 

the results from the finite element solution. As can be 

seen the results were very satisfactory. 
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Fig. 5.45. Comparison of stresses in direction 1 at Node 203 
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Fig. 5.46. Comparison of stresses in direction 2 at Node 203 
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Fig. 5.47. Comparison of stresses in direction 2 at Node 210 
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Fig. 5.48. Comparison of stresses in direction 3 at Node 210 
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Fig. 5.49. Comparison of stresses in direction 2 at Node 215 
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Fig. 5.50. Comparison of stresses in direction 3 at Node 215 
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Fig. 5.51. Comparison of stresses in direction 1 at Node 218 
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Fig. 5.52. Comparison of stresses in direction 2 at Node 218 
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Fig. 5.53. Comparison of stresses in direction 2 at Node 211 
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Fig. 5.54. Comparison of stresses in direction 3 at Node 211 
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(b) Deflections 

Three dial gauges were set up to measure the deflections. 

Two vertical directions at the equivalent locations of 

Node 1 and 45 on the finite element mesh and one horizontal 

at the equivalent location of Node 30, as shown in Figs. 

(5.41), (5.42) and (5.43). 

As the clamping length was short a fourth gauge was located 

0.5" away from the support to indicate any rigid body 

rotation. 

The deflections measured were plotted against the finite 

element predicted deflections in Figs. (5.57), (5.58) and 

(5.59). The relative deflections in the three directions 

corresponded closely to the theoretical predictions although 

the absolute magnitudes were somewhat different. It should 

be remembered that the deflections were small and difficult 

to measure accurately. 

5.4. G.R.P. Blade of an Ordinary Butterfly Valve  

A 60" nominal diameter G.R.P. butterfly valve as shown in 

Figs. (5.60), (5.61), (5.62) and (5.63), made of isophthalic 

polyester resin reinforced by woven-roving glass fibres as the 

main material and chopped strand mat as another material around 

the shaft hubs. The blade is retained and driven within the 

body of the valve, which is made from woven-rovings and chopped 

strand reinforced polyester resin of the same type, by stainless 

steel stub shafts located in the disc by stainless steel inserts. 

The dimensions shown in Fig. (5.60) were calculated so as to 

satisfy the maximum allowable deflection for sealing the valve 

using the work done in Chapter 2. 
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Fig. 5.58. Load vs. deflections in direction 3 at Node 45. 
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Fig. 5.60. G.R.P. butterfly blade 



Fig. 5.61. G.R.P. butterfly blade. 

Fig. 5.62. G.R.P. butterfly blade 
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Fig. 5.63. G.R.P. butterfly blade. 
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A finite element analysis using (BFSOLID) was carried out. 

The blade was idealized into 44 elements, 9 of which were given 

the stainless steel mechanical properties, 11 were given the 

chopped strand woven glass reinforced plastic mechanical properties 

as a homogenous material as shown in Figs. (5.64a) and (5.64b). 

The deflections predicted were very satisfactory. 

For the allowable design stresses the factor of safety was 

calculated in accordance with BS.4994, Ref. 	(63) as follows:- 

Factor relating to method of manufacturing k1 	= 	1.6 

Factor relating to long term behaviour k2  = 1.2 

Factor relating to temperature k3  = 	1.1 

Factor relating to cyclic loading k4  = 	1.1 

Factor relating to curing procedure k5  = 1.3  

Overall design factor:- 

k=3xk1  xk2 xk3 xk4 xk5  = 9.06 

Adopted factor = 10. 

All the stresses predicted by the finite element analysis 

were lower than the allowable stresses. 

An experimental programme for determining the stresses is 

planned in the near future. The location and direction of the 

strain gauges has been chosen to suit the finite element analysis, 

as shown in Figs. (5.65a) and (5.65b). The deflections will also 

be checked. The testing arrangement is shown in Fig. (5.66). A 

fair comment on the test results will be given in Ref. (70), by the 

eventual users of the valve, two of which will be put into actual 

service by the C.E.G.B. before the end of 1980. 
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CHAPTER SIX  

CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER WORK 

6.1. The Analysis of Ordinary Blades 

6.1.1. Conclusions 

Prior to this research there has been no really serious 

attempt to study the structural problems of ordinary butterfly 

valve blades. The work described in Chapter 2 is considered 

by the author to be a major contribution to the advancement 

of knowledge in relation to the design and operation of valves 

of this type. 

The use of the finite element method as a technique for 

obtaining design coefficients represents a major break through, 

since the majority of practical cases have no mathematical 

solutions. This is because there are a great number of combin-

ations of complex loading and support conditions which are required 

in practice. 

The very important problem of predicting the behaviour of 

blades can be solved by adopting this method. The tapering con-

figuration must then be expressed as a function of the radius or 

alternatively as a fraction of the thickness of the theoretically 

embracing flat blade. This would lead to savings of material and 

also better meet the hydraulic requirements. 

The finite element solution requires a large computer to 

carry the mathematics involved in inverting the stiffness matrices. 

On the other hand storing a large number of tables on the floppy 

discs of very small desk top computers is a much cheaper and more 
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practical proposition, which justifies the approach and the 

use of coefficients which has been emphasised throughout this 

thesis. This work should contribute to possible relaxation of 

the standard minimum required thicknesses at present demanded 

by the various authorities and, with improved quality control, 

to the testing procedures. 

Since the deflections could be predicted with greater 

accuracy by the methods described in this thesis, a significant 

saving in the cost of seals and the use of different materials 

for resilient seals should be possible. 

The effect of the length of the arc of the periphery 

occupied by the shaft is clear from reading through the tables 

of Appendix 3. This knowledge can be used to optimize the cost 

of blades and their operating equipments and actuators. 

Finally, this work could lead to a complete set of structural 

models to cover all possibilities of behaviour for the ordinary 

butterfly valve blade, on which some confidence can be placed in 

tee-rns of the extensive experimental comparisons which have been 

made. 

6.1.2. Further work 

The major area of further work should be in the field of 

simulating real valves to the different structural models presented. 

In real valves the clearance between the shaft and the body is a 

parameter whose importance has not been sufficiently appreciated 

and identified in the past. A study of the effect of this clearance 

(generally specified in "thous per in." of shaft diameter) on the 

structural behaviour of the blade should be made. 
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In this study the following factors should be considered:- 

(i) The length of the supported part of the shaft. 

(ii) The type of bearings used. 

(iii) The type of shaft used and the effect of the 

clearance between shaft and blade, bearing in 

mind the method of attachment. 

In the present day, with the introduction of microprocessors 

and minicomputers for the control of machine tools (as can be 

seen from Ref. (71)) it is no longer difficult or expensive to 

attain near-perfect clearances. 

Another factor which has not been covered in this study is 

the effect of the eccentricity of the shaft centre line from, the 

middle surface of the blade. This is not important for thin 

blades. As the blade and shaft humps increase in size, eventually 

they clearly indicate when the blade should be considered as being 

a thick plate problem. 

A criterion for the effect of the eccentricity has to be 

developed and the only clear method is the use of solid finite 

elements. 

Finally it must be remembered by any structural analyst 

working on the subject that a close relationship exists between 

any structural changes and the flow characteristics of the valve, 

particularly in relation to the ever-increasingly important 

problem of noise and the requirements of the operating equipment. 
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6.2. Fibre Composite Blades 

6.2.1. Approach for optimal design 

An approach towards the design of fibre composite blades 

can be seen from the work done in Section 5.3. There, it was 

shown that it is possible to assess the stresses fairly accurately 

by using the measured values of the various moduli. The butterfly 

valve blade is an ideal structure to be made from fibre composite 

materials since it is governed by a failure criterion based on 

very low deflections (conditioned by the requirement for sealing). 

This means that high strains need not be considered as a criterion 

for failure and yielding of the structure is therefore nota factor 

to be considered. 

The major cost in fibre composites is directly related to 

the fibre content, especially when the fibres or woven-roving 

layers have to be hand laid. Therefore, their distribution through 

the thickness of the blade should be optimised according to the 

particular requirements of the loading and geometrical arrangement 

of the blade. In this way, a blade which has the minimum deflection 

and adequate strength can be optimally designed so as to have minimum 

cost. 

The main concern in fibre composite structures is the fear 

of failure due to shear or lap stress at interfaces and it is 

inadequate to assume that the material is homogeneous in order 

to estimate strains at these surfaces. This is true even for 

thin blades and it is always necessary to make a three-dimensional 

analysis, even if a homogeneous equivalent material is assumed for 

the purpose of obtaining a lower bound for the strains as, in a 

three dimensional analysis, the inter-laminar stresses or lap shear 
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will be revealed. 

Young's moduli and Poisson's ratios can easily and cheaply 

be obtained experimentally in a layer as has been demonstrated in 

this work and, although the through-thickness properties are more 

difficult to obtain experimentally, they can be estimated con-

servatively by using the properties of the resin matrix which are 

provided by the manufacturers. 

The method of selecting samples for a multi-layered fibre 

composite demonstrated in this thesis, from which the various 

moduli and Poisson's ratios were estimated, coupled with their 

use in predicting the stresses and deflections of a structure 

(a cantilever) subjected to a complex loading situation, indicate 

the feasibility of the optimal designing of a blade using these 

methods. Also, with the use of the finite element program, the 

optimal combination of metallic and fibre composite materials can 

be achieved, provided that the interfacial conditions are adequately 

defined. In particular, the bond should be examined independently. 

6.2.2. Further work 

Two full-size fibre composite butterfly valves have been made 

and are being tested for use in service at the Fawley Power Station, 

by the Central Electricity Generating Board (C.E.G.B.). These 

valves have been designed, as regards their structural integrity, 

by the author and their behaviour in long-term use will be a final 

justification for the procedures described in this thesis. Further 

research is required in the more accurate determination of through-

thickness properties and shear moduli of the various fibre composite 
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layers used in such structures. In addition to this, much 

development is needed in the manufacturing techniques required 

for the laying-up of structures of this type. Laying-up manually 

is both costly and inaccurate and any methods which could be 

devised for automatic laying-up are highly desirable and should 

be actively pursued. Such investigations are at present being 

carried out under the supervision of the author and this will 

facilitate accurate determination of through-thickness and shear 

moduli at a minimum cost. 

Some work of this type has been done in aero-space industries, 

mainly from the point of view of optimising strength-weight ratios. 

However, the present objectives are different, being mainly concerned 

with minimising corrosion, cost and maximising reliability. Therefore 

it would be very desirable to survey the literature already available 

from the aero-space industries, with these different objectives in 

mind. 
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APPENDIX 1  

Coefficients tables for the calculation of deflections 

and forces in circular plates simply supported on two 

points at opposite ends of a diameter. 

qa2 
W = C1 D 

Mr  = C2  q a2  

Mt  = C3 q a2 

Mrt= C1  q a2  

Qr = 
C5  q a2 

Qt  = C6  q a2  

in the tables coefficients C1  to C6  are listed under W, 

MR, MT, MRT, QR and QT respectively. 
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APPENDIX 2  

Listing of computer programmes. All programmes are in 

FORTRAN IV computer language. 

APPENDIX 2A.  

Computer programme for the creation of tables of coefficients 

for the deflections and forces in circular plates simply 

supported on two points at opposite ends of a diameter. 

APPENDIX 2B.  

Computer programme for the deflections and forces in circular 

plates simply supported on two points at opposite ends of a 

diameter. 

APPENDIX 2C  

Computer programme for the creation of tables of coefficients 

for the deflections and bending moment forces in circular 

plates simply supported on two lengths of arcs at opposite 

ends of a diameter. 

APPENDIX 2D  

Computer programme to obtain principal stresses from micro-

strains rosette strain gauge readings at a point on the 

surface of structures. 

APPENDIX 2E  

Finite element programme. BFSOLID listing. 
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APPENDIX 2A. 

AI = I 
SUN = 1.0/(AI4-.(AI-1.))+.-2.u=1-)RR/(Ai AI" (AL-1.)) - r;2/(AI' (Ai +..) ) 
SUN- ^ SU N-* ttū*`-I- 4.- COS IaI4- HTHETA) 	--•_- 
SUN1=(Rt•;1+(2./,:kI)) 	(1-2) *CTS: (A i=i- A THL:TA ) 
SlJ112=(RP.14't121+(2./AI)4P,22) 4- (-0-)4--(I-2) 1:CS(A IA=A TriET;;) 
SUt13= 	+2./AI) 4RO*4-- (1.-.) 4-SIt1(AI4-A-THETA)  
SUN4=RO* 4- (1-1) UUS (AIYAT HET A) 
SIJNS=;?O~~z(I-1 	(AI}AT HET A) 
SUll = iJ(" +  

SU'~.:=.; U11.3+:,•U N-3-=-
St_114=.~Uii4+SUiv4 
SU115=SU:15+SU1v5 

I -SJt11 - 	Uh'11 + 	--- 
= 	(-i1 - — Jl.`:1) / -(.i.0 + P- 

ri- 	_ +- t1 2 
R 12=0. 5'- Pr),2÷3U;11 
T -11=(Yf23 - (i.+3.4.,PR) 	/ .6. 

RH=1 11+ī? 12 
M_-T;1-2 -- - 

1~ J-- .5-(L./PR3) SU M4  

	

(b, 56) 	''J,A,:•:i1, 7;1, 1:T M, +.::-', ,1 
I1= (r'0. LT . 1:: )-- uti --TU-=1v  

1F (THt_T1-, .LE.-,j) 0O Tu 20 
IF (t' is; . LT 	-Tip 33 _ - - 

_ 	FOW1A-) (11.- X, F5.2 ,6 	) ) -- 
STOP 
END 

PP,Our.uM -SLA;;( INPUT ,DUTPUT,T 	= It-1PUT,TAPE& =._U:JTt-UT) 
PI = 6.141591 
r1) _ 6- 21:1- 
 = -+.J='-- AL-O,(2.0) 

- 	__ t . U. 

Pro= (3.+P {) 
-PRR _ (1 	 1 .-==_ -_PR) 

/P RR 
v+RIT=("lU,1i) 
FOPt1AT (1H1) 
TUET A = ,).,; 

A THE TH 	'META *- PI / 183 . 
i:ri ITi_(ō, 4j) - PR ' THETA 

40 FORMA.) (///1 X,"POISS01•I,`=-RATID="'•F'J.3/1  
(b, bj)  

bi FOR.1AT.(/ 12X 	2Ūf1 4-8X4-UEFL ECT ION-*g A4- t;fi1L/ ~Mi :4Xri ('.TY14X~C~n~" 4X 
1Tr/) 	__ 
RU = RU + L .1 
R2 = FU 	F;0 
UL__1= (.. -Ps2) 
r".22=1. +R2 	- 

1 - =( 
	/C1+.. - -((5.+Pi-:)/=(-1=.+P;)---r?2) 

;JI = HA/ (1.J-PR) - 	PRR / 1?. 	- ~. 
•:i.= (PR3 4 (1. -R2.) ) /16. 	_ _- 

Sv1•1 - J .L 	 - 	
I /4 

 
SUN: = J V:1~ = SJi13 = -.~u 14 	= _ĪU115 - 
Di)_1 I=2,10, 2 
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eLAoE.poRTnow;PnOGnoML 

PROGRAM PLATE 
WRzTE(5,10) 

zn FORMAT(3x.50nImPuT YOUNG'S MODULUS, POISSON'S 04TIO. RU* .THE 
*TA,//,3x,30n TnzCKwsSR, Roozu4s 'PRESSURE ,//) 
Rcoo(5,20) E,v,no.T*,T,R,p 

20 FUnMAT(7F10.0) 
PI = 4.*ATAw(1.0) 
AA = AL00(2.o)*4. 
pn3=o.+v 
pn2=(1.+v)/Pn3 
pR=(1'+v)/(1.-v) 
RR=1'/pR 
T*zT*~Tx*Pz/180' 
R2=no *PO 
n21~1'-*2 
n22~1'+no 
w1=(1.-R2)/6+.*((5.+V)/(1.+V)-n2/ 
wz=m*/(1'0-V)-pI»PI*Pn/12.-1' 
Rm1=(pn3oR21)/16, 
aoM=n. 
Sun1=0, 
SuM2=o. 
F;uM3=o' 
oUn4=o. 
aUM5=0. 
DO 1 1=2.100,2 
AI=I 
Su=1./(AI*(Az-1'))+2.*pn/(oz*Az*(nz-1'))-R2/(A/*(Az+1.)/ 
nU=So*no**z*COS(oz*TxzTA) 
aU1=(oR+(2./AI))*R21*n0**(I-2)ICoS(AI*THlTA) 
oU2~(RR*R21+(2/oz)*n22)*R0**(I-2)*COe(Az*THzTn) 
SU3~(RR*R21 +2,/oz)*R0**(z-2)*azN(Az*TnITo) 
SU4~R0**(1-1)*COa(Az*THzTA) 
So5=R0**(z-1)*SzN(AI*THzTA) 
aUM=Sun+au 
Sun1=auM1+aU1 
SuM2=ouM2+SU2 
SUn3=aun3+SU3 
Sum4=SUw4+aU4 
aun5=aUM5+SU5 

1 	CONTINUE 
w2='5*(Wz-oUn)/(3.+V) 
w=w1+W2 
nn2~'5*Pn2*SUM1 
Tm1=(PR3-(1,+3.*v)*R2)1 /16. 
TM2=.5*PR2*aUM2 
nw=nnz+nm2 
TM=TMz-TM2 
RTM~.5*PR2*mJM3 
oR=-.5-(2./Pn3)*SUw4 
@T=(2./pn3)*aom5 
D=s*T**3/(1.-v*V) 
D=D/12. 
R4=R**4 
oEF=W*no*P/o 

- 	
WR[TE(3,70) mO,TH,DEF 

70 rOnnAT(10x,22HTnE DEFLECTION AT nOH=.F5,3,3x,9nu THETA =.F7.2, 
*3x.9HcsGREEa =,//20x,F12.5/) 
END 

APPENDIX 2B. 
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STRESS. Fī iRTRAN: PROGRAML 

PROGRAM STRES 
E=4. !•E05 
V=. 37E: 
E1=E/(1.-V*V) 
READ(3,1) NN 

J. FORMAT(I5) 
WRITE(5,2) NN 

2 FORMAT (/, 5X, :3OHTHE TOTAL NUMBER OF  READING=,  =,I5,/) 
DG 11 N=1,NN 
WRITE(5,50) N 

`0 FORMAT(1OX, S 'HINF'UT THE STRAINS OF READING NīJ. , I5, / ) 
READ(3,4) EX,EY,EXY 
EX=EX*1.OE-06 
EY=EY* 1 . OE-06- 
EXY=EXY*1.0F-06 
X=. 5* (EX+EY ) 
Y=.5*(EX-EY) 
Z=X-EXY 
R=SORT(Y*Y + Z*Z) 
EE1=X+R 
EE2=X-R 
_:1=E1*(EE1+V*EE2) 
S2=E1*(EE'+V*EE1) 
WRITE(5,10) N,EX,EY,EXY,EE1,EE2,S1,;2 

10 FORMAT(2X,I3,_X,SF10.8,tiX,2F10.2,/) 
11 CONTINUE 

4 F:,RMAT (: 3F 10. 0 ) 
_:TOP 
END 

APPENDIX 2D. 

P
R
E
S
S
U

R
E
 ./

/)
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N J1.=(i1T0T - n•NV(/(: 4 11J.113) 
I° (dE•(Ejl.LT.N,  N111 Ild'jO=tIE1d1 
IF (N .:G?.LT.J1295) II NJ=ilc lc2 
IF (lE 19 B.LT.NEQ31 NEQJ=NE113 

OVERLAY I1SHE 0 C) 	 IF IME10+.LT.(1E3U) NEU3=I1E)u. 
P? 	H OARA SOL ID ( INPUT OUTPUT , TAPE5=IIJPUT,TAPE6=OUTPUT, 	 N:1G=1 

1 	 TAPE1 , TAPL2 	TAPE3 ”, TAPE4 , 	 723 C 1,J II11:1F 
2 	 TAF c.7 , TAPEO 	TAPES , TAPESL , TAPE/1 ) 	 IJlLCC_ _ (14113-11/NEQ3 +1 

Gl.1MON /JUNK / HED (121,JUK(215( 	 I 	 IF (NcJO.CE.11E•U NEd.I=IUE7 
C)ilk)) /:LPAR/ NPA 4 (14),NUINP,MlA170.NELTTPrll1,N2,N3,ll4,N5,MTOT,NEO I 	K°īH = 1,11 
C1.(13.) /EX/ (1O]( 4 344( 	 )4TJT = IICLUCK'1IEUi3•I1F + <RCH 
Cl(11311 /JYN/ 	EjU5fol.110Y(1 	 318'412T.LT.NTOTI 
011111 /TAP-S/ (135(6) 	 ")WRITE (6,320 

C0(131 /SJL/ 
	
NpWGK,NEUUrLL NF ,IOU),NE15,NAD,ANORM ,JV,NFO 

C91IJI 1)124C1)

C1ItJ1 /E(TR2/ HOO.X.NTd, ISV,NT'0,KE3D,NUMEL,T(1.1) 
	 731 G

6

tl

`
'

i
1  1 11 100 
12

T U 

 7N: J 
IT)1=1Z42.3 	 - 	1113 = NC ,. 
Ill 2 = d 	 11' l ,i = I MTOT-NN2-N143- (EC -'19AND)/ 12•t132)10.11 
RC.h(D IIB 	 11:13G = (1TOT -MOA(ID -2.(Nt12'n.131 -5•NEL)/(11DA10411 
Nr: 6= 13 	 IFI'JJJ:.LT.NF.3N) NE13 = NF:01 
R'4I;10 NT1L 	 IFINE)J2.LT.NLGO1 NE23 = NEJIJA 
NI=: 	 I=f •4=113.6T.lIED1 	NE13 = NE1 

5 [ALL SCCChD(TI111 	 NILUCK = INEd-:)/NE7] +1 
F.= 'D (5,130) HED,WM'IP,IJELTYP,LL, IIF,NDYN,HOOEX,NAO, KE00,NICSV 	 1112 = 10 
I=(l)7= X.GT.J1 MOTEX = 1 	 1)3 = .3 
IF (NU:1N?.El.C) STOP 	 N14 = 0• 3U;1NP I. 2"14N2•NEQ 
1 ?IT (6.2331 HED,NU•IIIP,IJELTYP,LL ,(IF,NDYN,MODEX,NAD,KE7O,N10SV 	 I=(11)N.GT.NT31) 
I1 (K '11.LT.2( KcOd = 92999 	 . LT:. (6,32C) 
IE  (.310.N-0.1) LL=: 	 NI4 = NF:`2.l1132,1) • NN2• (142•Nt131 
I=(LL..,E.11 GO TO 10 	 IF(N;14.61.11T 0 T) 
61113 (6,301) 	 •rJ?ITE (6,32G) 
STJP 	 790 C)1TINJE 

C••• DATA PJRTr(OLE SAVE 	 NT=h2.,.EC3•LL 
— 10 I E(:i)JEX•Eu.1) 	 1J 4='13+0•LL 

•SIITE (I1Td) 	HED,IJUMNP,IIELTYP,LL,NF,NDYN 	 +',ITE (6,211) NE0,110ANO,N013,N2L0.:1; 
C 	 CALL SECCIO'(T(3)) 

K'1YN = IA95(NOYN) +1 	 CALL INLIA(N1 ),3(N2),1(03),.1( 114),NJlIIP,NEQO,11) 
IEIKUYcU.LE.5( G 0 TO 14 	 CALL J:2340(T(4)1 
0117E (6,311) NOYN 	 11623= 2 •NE13 
STJP 

14 IFINDYO. LT.0) GO TO 20 	 IJi=N2 +•IE )d•LL 
N2=N1.6•NUn NP 	 N4= O31.4•LL 
11 3= N 2 • lUIN1P 	 II'I3=N 1.11130 `IIIA(2D 
N4=33 FNU1INP 	 N73=11'I:+h[DU•LL 
M4=N4+1UII1IP 	 tJ'1-='NI3.4•LL 
n5=h5+NUIINJP 	 GALL AJO3TF (A (11),2(11)2)pAI)1N3),2)1116), NUHEL, IIIILOCK,NE2d,LL,MJANO 
IE('I,.31.1101) CALL ER2UR(N6-HTOT) 	 1 A W?`I,r111) 
CALL INDATA(a(13),2(1l2),21113),A(l.),A(115),NUHPrHEQ) 	 (ALL SCCOND(T(5)) 
GILL SECOND(T(2)) 	 20 C1NT1NOE 
n34r 7=i 	 3? CALL 04ERLAY(4r1TSN2,12,G,6,IRECALL) 
N'11EL=d 	 C1LL SECOND (T(6)) 
3:.1I13 1 	 C') 33 I=7,10 
R-HI'I3 2 	 33 T(1) = T(6) 
011 933 H=1,14ELTYP 	 9) TT = 3.0 
8,.213 (5,1031) 111.12 	 01 35 1=1,9 
IFIM'1DEA.E(1.1) NRITE (NT8) ('PAR 	 T(I) = T(I+1) -T(I) I=(t(330X.05•2) ORITE (1) 	('PAR 1 	 TT = TT • T(I) 
N'LICL=0UHAL+NPAR(2) 	 ' 	 95 C91T 11U0 
HTYPE=NPAR(1) 	 N?ITE (6,233) (T(K),< 1,9),TT 
CALL TAIGK0(HTYPE) 	 60 T O 3 

30) G)I71N'1C 	 101 F(1322 T (1226/915) 
Il= 10.(JTJT - 4•LL)/(1dAND + LL + 1)/2 	 200 FNAiATl1,1:,1230/// 
IE(K: U1.LT.IIF(17) NEQ3 = KEUd 	 1 31H C O N T R O L 	I N F O R M A T I C U, // 4X, 
61 T3 	(2'30,738,733,7)J,73)), KQYN 	 2 27,1 NU,1?ER OF OCTAL POINTS 	=, IS / 40, 

69^. G1NT:N'J0 	 3 27)1 NU11IER OF ELEMENT TYPES =, 15 / 4X. 
J'OO'=(HTOT - I11010)/(24 IH'AND+LL) • 1) 	 4 27H NUMIIER OF LOAD CASES 	=, 15 / 4X, 
U'.112=1NTCT - 112Ah3 - LL.(A?AtffD-2))/(3"LL + IIOAND 4. 1) 	 5 	7H (U1208 OF F-E0'JENCIES 	=, I5 / 4X, 
IF ('1_10'.LT.1IE11tI tl:(13=riEi(01 	 6 27,1 ANALYSIS CODE (um. 	=, 15 / 4X, 
IE (NFT9?•LT.UEJ:',1 IlEQAr11E2E12 	 7 16H 	EC.)., 	STATIC. , 	 / 4X, 
1))L Jt.K = ❑IE7- I)/11103 +1 	 6 	'6r) 	00.1, 	lOCAL EXTRACTION, 	/ 4X, 
IFIU:u3.GT.NE11 1092=010 	 9 2511 	cO.2, FO'r.CEU RESPONSE, 	/ 4X, GI TJ 79, 	 A 27H 	E0.3, 	RESPO ISE 'PLCTRUH, 	/ 40, 

713 IE (IE3J.LT.NE01 GO TO  713 	 • 28:1 	00.4, 	DIRECT INTEGRATION, 	/ 4X. 1101=3 	 D 27H SOLUTION (100E (HOUEX) 	_, 15 /,/, 60, N:=11, • NIH 	 C 	lyH 	El.)., 	- XOCUT ION. 	4X. '.1 1=6 	 D 	,1 	EJ.1, DATA CHECK, 	4X, 
11 	If1•MIh3(HpAI3C,NC) 	 E lyn 'JUM3ER OF 51d5PACc, 	 / 42, NT)T=11GA + 4•Ilcr1 + 2'NJH'UīC + 5•NC 	 F 	7H ITERATION 403100:, INAU) 	_, I5 / 48, 
NrIG=S 	 G 27:1 COUAT1013 PER JLCCK 	- . I E  / 42 )  jr ('JMT. L_.nT OT) GO Ti) 720 	 H 27H Tdr>E:J SAVE FLAG (N:' S)I - 	I5 / 4 x) 711 •0=M111:12•NF,IIF+A) 	 231 F7.99T (33t11F 9 U A T I C 1J 	P A 1( A M E T E P.  S, // IF (NAJ.'1c.0) !01.1•AO 	 • 	34M TOTAL 1)01010 OF E3UAiIJIIS 	=,IS, N- 'lJ:=(nTOT - :1 r...NUI/(2'n DA ND • 1) 	 1 	/3411 	OAI,U+IUTH 	 =,I5, NE 1U2=fHT0T - lOAr10 - 2•115 - N'J•Ut 32110-2))/(3.11V • MAAND • 1) 	 2 	/34H NUMDER OF EQUATIONS IN A DLOCK =,I5, N..115.(HICT - 3')i1•1(5 - S';IVI/f2•I11 • 1) 	 3 	/34H N011130 OF BLOCKS 	 =,I51 
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231 FT-1 3T (Ip: i HU V E R' L L 	1 1 1 C 	L 0 0, // 

1 ':r. i,J•In LEMEJT JSTIFFIF.1 F".RHATICJ =, Fd.2 / 
3 c*,i;6ti JJAL ICAO IN'UIJ 	 _, 18.2 / 
4 ;2,33,13 TOL ..TIFFN=SS FU?IAT ION 	=, 18.2 / 

	

4 	5 60,'J.1;IATIC AJOLYOIS 	 = Fd.2 / 
6 6X,SIHEIGcN4ALUE EXTRACTION =, Fd.2 / 
7 =2 ,3: 	N 	IJ IF0.CFJ NPON:1 	ALYOIS 	= F8.2 / 
d iX,3J11gE'3F0l,E SPEUFRUH ANALYSIS 	=, F8.2 / 

	

Al 	 • SV,3JHSTJP-JY-STEP INTEGRATION 	=, 10.2 // 
✓ 50,3)ITJTAL SOLUTIO.) TIME 	 = 18.2 /1 

113 F'1)1.T (// 43H •- ck400. 	(AT LEAST unE LOAu CASE IS RE0UIOEO), 
• SI ,: 11?HAT 1/1 5311•• E'101. AIIOLY01:J 	G OOF (lOYN =,13.'4(l) IS lAD., 

32) 1)0(1AT (// 47H •• IJA?TJING. 	1I8310 OF 310100L FOR A OYNAHIC, 
1 	 32H ANALYSIS CXUEEDS A4..ILAOLE CURE, // 12) 

1)01 F1RHA.T (14I5) 
r11

0 	 /1JJT I6E IND4Td(ID. X, Y,2, T, NUHNP, 1110) 
001EIS ī0N k 141,7(1) .2('), IJ(71UVUP,u), T(1) 
C)MYUN /CXTPA/ 1IOCE2,NT8 
0?:1EN3107. IPPCf41 
G•irt. IP-C;/'n ,IH.),1h•),1bc/ 
I0'. = IP1 II) 
4A0 = ATAN(1.4)/ 45.J 
N?ITC (6,23;13) 

• ..?ITE (6,7)01) 
N)LO=I,  

10 0-.13 (i,1031) IT,N,JP2,1/0(1I,I),I=1,6),X(U),Y(N),Z114)11K 71, T(l (  

• 
01 1_ (6,24 2) 11.14, )PR,IIl)U ,1) ,I=1,6P,%(N ) ,Y UI).Z(N(,KN,T(UI 

11(1.0-1.11 IPR = JP4 
F( 1T.•1_.IPRC (4) ) GO TO 15 

011 = Z('.1• RAJ 
Z(11 = )(IN,. C')SICUM) 

• — 	X((1) = X(()• SINIOUH) 
15 0) 110(130 

IFINOLJ.E0.01 GO TO 50 
D) 2, :=16 

• IF (ICIf,II.Ef:.G.AND.IOINCLJ,II.LT.J ) IJ(Nt 11=I0(NOLC,I) 
2) Cl JTI;..J 

IF(K•J.EQ.G) GO TO 50 

	

UJ 	 • 	 h'1 1= L1-711101/K;1 
▪ -• 	 NII il.'1X1-1 
▪ " 	 I1 (Ni('J.LT.1) GC TO 53 

XN)M.NJY 

	

40 	OX= IX (:11 -1(TJOLD) 1 /OtIOH 
^Y= (f (t1) -Y (:JJLO) 1 /03'33 
)?= (1 ((I)-Z (NIL))))/X7JJN 
01=(T (;)(-T)NJLI)I/XNJH 

• K =,)OLD 
CO iJ J.1,NUON 
KK=K 
K= K • <3 

• X(<)=X(KK)•Ox 
Y(0=TIKK).0Y 
2f<1=2I.4<1•02 
Tl0  (=1('( (401 

• 
 I)(< IJ=TOIKri I) 
J1 3. 1-1 ,6 	 1 
IF )I0(K,1).0E.1) ID(K,I)=IDfKK,II•KU 

37 0.1:11 i:IJE 

5) 711LD=3 
IFIU.N-.N'JIU?) GO TO 10 
IFIL".E7.IP'C(2) .01. IPR.E1.IPRC(4)) GO TO 52 
N?ITE (6,20;3) 
42ITE (6,2021) 
H ?ITE (6,261E) IN, III(N,I ), I=1, E1 ,X(11),Y(N),Z(11),T(N),N=1,NUNNP )  

52 Cl 4TI11JE 

4  C 161 'I=:, T.J'UJP 
01 ' 1' I=1,6 
I i('1 ,1J )-1)  5(11,I11

0 
 

57;4.71.1= -4+' 
)'11:1,!)= 1F4 
G1 TO E' 

59 11(1,1)=3 
Cl' Ti 0. 

5) I1(;J,I)=-IDIII,I) 
6i G)1TI.LJE 

,1 1TKR(6,t31141 ( (
)
I,(I)(6,S1),I

O
1,6)C11=1,UU7JP

O 62 

62 0 -ilTLIJF 
IF(.I1U'2.EQ.i.1 GO TO 72 

T, (N17) 1 ( IC 174, 1), 0.1,J I /71=10'41 ItIPI  

n?[r;f (NTH) (4(N),JJ=1,NU•1(IPI 
r1?I ic ((Jrd) 	(Y IN) ,N=0,3111'JP) 
.-711.7 (Nil) (Z(J1).N=1,r.UHNP) 
0.—!ITC (Nrn) (1. 114),;4 1,NUIINP) 
E'11/L2 Aid 
R--.A1.3 2 
d°.IT- (2) ID 
R-T11?1J 

73 C11TINJE 
R'Oi;1O 8 
.0.11. (d ) I7 
4F 100;) 

0006 10,0AT 1214 - ,I41 5Iī,3F1..; 10 F1.'.C) 
NJ) F1R.1.1 ( /123,1 ORAL POINT I NPuT OAT ,. ) 
2u61 F7.<n..T n.iH3NOOE 3X 24l10UU3d2T CUN0ITI.174 COOLS 110 

• 23.1:1001L PCI(IT 00)0O:NAT'S / 7H 3UHuOR 2X 11- 0 44 'HY 4% 1HZ 3% 
. 

1.100 SA OHYY Jd 2HZ112X 1HX 2X :HY 2X HZ 1.10 111T 1 27C?1121AT 1•X,A1,Ir,A: i3r515,3F13..T,15,F13.2l 2)0) F1,?H.,T (//210 5E10 2J17E0 :0J AL 0A7A) 
2024 1'1?HA7 (//17n EQUATION Nu7oE0S/ 

1 35H 	N 	X 	Y 	2 	XX 	YY 	ZZ /17I5)) 20J5 1)7,1A1 (10,6I5,4F13.3) 
ENO 
S - I)R ,)UTINE TNICKSUITYPE) 

J CALL 301 
3 =TU7 
F 'IJ 

113KKOUTI:JE SOT 
IIIIENS IHN 14+3(10 ),SIGn(10) 
OI'I:h - ICN I KGO%ld) r  AOI.. 17 Jw, 6),SNO(723) 
C1'1.1)3 /ELPA.,-/ IiPA1((14) 7)13:1 JP,HJG:JJ,NLLTYP,11l,7)2,NS,7I4,N5,MTOT,NEO 
C)I3014 / 21/ TIS,IJD,Ld(63 Ī,7(4J,03),.,0(63,4) 
Cif:UJR /JUIN. / LT1Ln,L , S IG)43),716,17,N8,Ny,NI:,N17,N12,N13,N14, 1 	 N1,0160117 
C1I-04 /EXTRA/ HCli%,TJTd,N17OV,(JTli 
CiI:IJ,J 	A(l) 
Di 32 I=1.10 
°AShaIJ=).' 
SI5vIIU=J.0 

3 C)NTIN'IF 
07 d17 I=1 t,740 
1 818 

808 A ;IGII,JI =4a 
313(1)=0.3 

80' CI JTIUJE 
1F(11?A ✓ (1).£I.0) GO TO 500 
1,1110 IE,1u0'1 
I° (II.'A1(2).GT.0) GO TO I - 
NIITC (a)131 0) (NFAk(K1,K=1,17 ) 

IiC (b I2)0) 
CALL EXIT1  

1) IF(NRA?131.GT.0) GO TO 2G 
11IT2 (6,10C 1 ) (NFAR(KI,K=1,10) 
N?ITC (6,1003) 
CALL EXIT 

21 1'INFA2(4).10.)) 4:PAQ(4) = 
IFINPA4(7).E:.0) NPAO(7) = 21 
I'INPAR(7).GE.d ANO. JPAR(7).LE.2:) GO TO 30 
(?ITE 16,1011) I NPAR(K),K=1,1J1 

417112 (0,1064) 
CALL EXIT 

31 IFINrI1(4).EI.)) N7A?(91 
IF(;IPA0(-1).GC.2 A(D. IJPAR(9).LE.-.) GO TO 40 

(6,1001) INPAR(K),K=1,10) 
+?ITE (6,1505) 
CALL :VIT 

45 1F(N'd0(1)).111 (3.0) 4P404(10) = 2 
IFINPA'(13).GE.ZA7)3. KPAR(17).LE.4) GO TO 50 
'AITE (6,131) (NPAR(K),K=1,:J) 
N?ITC (6,1005) 
C1LL E<IT 

SO 146 = ;15 • WIN(' 
(:' 	= .46 	• (WAR (2) 
N9 = .41 • 1JPA4(3) 
N1 = 7)d t IIPAR(3) 
NO) = TN • IJPAR(3) • 1)PAR(4) • 13 
N!: _ 

 

;11/1J! Z =   
	

•  N d
3R50) • d 

N13 = 312 • :JP:.R(6) 
.11 3 • NPAR (6) • 7 

TII Si='J14+NPAR(d) •d 
T:10 = .115 • NPAR(3) 
74'.7 = 7415 • NPAR(7) • 139 
IF(N17.GT.HTUT) CALL EHROR(N17-HTOT) 
CALL 0/14141 1 4HTSIIC, 7,ri,6H.?CL4LLI 

f• 

• 

• 

• 

• 

• 

• 



C 

;S) .4-!:Tc: 1,,23_1) 
= (4,-,.)R E2) 

01 n)1 r"=1,NUMC 
CALL ST=C I-IN1),AIN3),NEU,).1NO041 
IFIN13;V.EG.:1 

(VT141 NS 
I▪ FIN11.)3.1l 10 TO 803 
▪ SITE (4,4335:) 
,,) 733 L=LT,LH 
CILL .,TFSC (A(111),.1 :13),N04,1,INCON) 
1.1.;  = IS/o 
K1 = -5 
Cl 4)5 '1=1,LOC 
I1;=1'i2)l(N) 
SV;(3)5)==4.5(IAS).1.0 
K: = K1 • 6 
':' = C. • 5 
IF(V.E).1) * ITE (,,)061) (1,1,1,11,ISIG(I),I=K1,K2) 

	

F (N. GT.11 ..'ITE (6,'.)):) 	tJ, l~IGII7 ,1=KS. K2l 
Dl d22 IK=K:,K8 
1 =-K-C:•: 

IT,1 1,.3,I)=ASIG(IAS,I)•SIG(IK) 
832 CliTINUE 

'411TC (NT:J) MM,L,N,(SIGII),:=K1,K2) 
63; C1VTI'IJE 

7;1  C
.1.IT (6,5001) 
`1'1TI'1'1E 

80) C1ITI:IJE 
01 8)3 I=1,NUMVP 
C'1 613 N.11 6 

— 	IFf3131Il.E6.H G0 Tu 855 
8'(Ii ,NI=,:511,11,(1)/INS(I l 

8 31 C l iTI'IJE 
W7IIE(1,9C4) 

144 F).:1)T( 
	

'3H AJER AGE STRESS AT NJJC,// 

3
:,4H
,1S(l-iY,9X,6HSIG-YZ,9X,briiĪG-ZA,// 1X1

N:4= CC U,18X,o15Iu-XX 9A,o.51 YY,'X,6MSIG-ZZ, 
21 o.6 T= 1 ,1•QRAP 

83 F l '=T(Ii,Iu,1X,0E:5.6) 
'i,66  1).T 0:141 

:1 Fl:m4T122t. PRINCIPAL STRESSES Al EACH IIOOE,//,6H 9CUE,:9X, 
171PRI'1-: ,88,7HPR111-2 18X,7HPRIN-3 r8,C,94(MA% SHEAR) 
Dl 21 I=1,7.ui7IP 
S'= 4;I,1I,11 
Si=4;:Gf1,2J 
S3=A;;;1',31 
54.01 3I:A1,4) 
- = 4I;(I,5) 

30=31.52.52•S3•S1'S3-S4•'2-S5•'2-;6'.2 
C=- ( 31.1?';3•2.3'S4'S5'S6-S:•S6.•2-52'S5" 2-53.56.'.2) 
X=J.3 

331 Fx=1" 3.4,•X•'2•D9•X•C 
F''X=1.J•d••2.2.3*A3•X•34 
0=1-F%/FPA 
IF(A3S(FX).LE.1.1E-11 GO Tu 2;'1 
Cl TJ 331 

231 C7'1TI'IJE 
F=.1)•A 
G=1 3•4 i•X•X•• ? 4!'. 1-F.3.12T IF••2-4.C`G) (/2. ) 
41= (-F-SJl l (F"2-4. 0• 1) )/ 2. 0 
xl1=.:3,) 81-L13(8%) 
x):=.1J5(1C1) 

x)!...3,(Xi2) 
IF(x22.=C.,C:l 801.432 
XIJ=:.JSIX[1 -LJ~1X 31 

(F(102.33_•110:)X01=XU2 

J 
-!X=X01/2 
• iT ( ,•1)I,X,12,X3,-SXX 

31 F 1-0101(18,I i, 14/, 4c1•i.61 
P9=AJ:.1/..) 
IF (4J;t(J1. ī.. PMI P9=A35)82) 
1(.,)/3(.61.Pn) P(1=AU3(X3( 
115A11)' ;)=I 
',911„1=PH 
O1 -- d=:,d  

FT =.1*1 
D,Ī -1 J=.11,L1. 
Ir(.,I,i,l(4).G1..SIGMIJ) 1 CO TO 13 
ZT=MA('I)'4 

Htx NI41=1101 IlIJ) 
S118(4)=31GM(J) 
HIXNIJI=I1 
51511J1=SIT 

11 C1NTI:IUE 
12 C'1'JTINJE 
21 C'):IT1N,11 

I'..[TCC) 3)45) 
3.05 F32M,T(3LH: OUTPUT FIRST TEN MAX1.IJ.1 PRINCIP,L STRESSES 	ITN UECE 

1t11I(:5 JRI7 =.2 	// 6311 	:1Q41 ((0 	 MAX PR 
- .01 ICI.'AL 5TRE3S 	//) 

Cl 44 1 =1,13 
ITE(o,5,146)t1AX(I)I),SIGM(l) 

44 C.LITINJ< 
1006 FO-41ATI15X,15,85A,E12.4) 

FFTl12.'I 
1000 1` 1:1AT 153H121 -NODE 	S 0 L 1 J 	ELENENT 	INPU T, 

11)H 	D .1 T A,//3IHIC C (1 T R 0 L 	I (1 F 0 R M A T I 0 0,1 1%) 
1301 ~ FO21AT (4iHCERROP DETECTED NHILE P.AOLESSIIJG VASTER ELEMENT, 

1 12H0INTRJL CARJ,//15X,1Hf,1115,1H),/:() 
1)02 FilIAT )32M VO 3/0 SOLIC ELEMENT; _,FLCIFIEU,/IX1 
1141 F'7:1:.T (23H NO HATi RIALS RE :'JESTLO, / lx) 
1004 10.>.:1,1 (4911 430IMUM IUM4E✓  OF NO3ES MUST 3E C'E.3 .4013. LE.21,/SX) 
1005 F1Z'3T (42H INTEGRATION ORUER r05T 34 6E.2 .ANO. LE.'.,/:x) 
2E01 11;114T (54H121 -NODE 	SOLID 	ELENINT 	S T R E S, 

1 1HE 3,// 
2 '.3H ELE 1ENT 	LOAD L')CATI0:i, 14, " ,1;IG-x'X,9X.6HSIG-YY,%<,6HSIG-ZZ, 
3 1,( 01H3Iu-XY,9A,6HDI3-Y2,9A,*HS G-LA,//1X) 

3031 1)1)81 118,IL,I1,6E15.6) 
4111 FORMAT I 14X,I9,6E15.61 
5333 FN{MIT I / ) 

Eli 
SOOR1UTINE IHL(IC,d,TR,TMADS,NUMIIP,Vc30,LLI 

C?1'151JN ID(NU.1NP,6),3(N=10,LL),T2(G,LL),TMASS(NEU9) 
C)140:1 / JUNK / 111 1b1,1XM(1) 
C7'113N /EXTRA/ 1103EX,MTd 
N7.3 
401.1IND NT 
KSHF3 

(T_
? 

(4,20)2) 
IF(:1JJEX.EU.' ) GO TO 50 
CO 753 I=1,NEQ3 

C1 70: K=',LL 
751 UII,<)=J.S 
51 01 3.4 NN=1,NUMVP 

01 134 1=1,6 
TKMII)=J. 
C') 1)0 J=1,LL 

SO] 
IF( 'i.EO.ii GO TO 300 

151 IF(N.tIE.N:I) GO TO 400 
J1 232 I=1

0
,6 

IF (LI 14,180,19; 
181 	

O G') 
11(T(I1=Rf))) 

2) 
19) T?(I,L1=H(I) 
205 G1IT(:103 
301 8E40 (5,1)01) 1, L,R 

I~ IN.CQ.3) co f0 150 
...ITEEI,23JL7 N,L,R 
C) 1) :5 4 

403 IF(10DEX.EQ.1) GO TO 903 
011 8() J=1,6 
I'S' I4 (,1(4, 3) -KSHF 
IF (II) d.2,83.,,SCC 

509 01 4i) .:=1,LL 
634 D(IE,K1= (F)J,d) 

T'(AS;1II1=TX11IJ)  
610 IF II[.t'.E.(1ECJ1 G0 TO 800 

WRITL ONT) A,1:1850 
KSIIF=<SHF•llI O 
0 1 72 3 I'.1, II..QD 	 i 
('II53(I1=3. 

701 137 713 K=1.LL 

801 Cl ITINUE 
900 C17IT(NUF  

=F(,1,11EX.EQ.1) RETURN 	 1 
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...IT,: 1NT) D,T".SS 

1.121 Fl?'II.T 13I5,7F1u.4) 
2 )31 F11:1.1. (C(Ix,I41.6E15.5) 
21J? FIR IAT 14/H1M U D A L 	L U A U S 	(S T AI I C) 	0 R r , 4 	 MM A' S E S 	(D Y Il A 'I I C), /// 

5 	30, 41'NODE,3x, 4HLOAJ, 
1 ?(3X,F,H4-AXIS,9X,,..Y-AXI5,94,uHZ-AXIS(. / 7M IIUMOER,3X,4MCASE, C ((1JX,5IFOP.E,, 3(9*,oMMO,IENT(, / IX) 
END 
G1 )1)UTI'.E F'ROR(W) 

(o,233;) N 
2500 F )1H1T (// 2u11 :UTORAGE EXCEEDED 3Y 	16) - TAP 

E.'u 
31.ROUTINEE ADD;TF (A,3,STR,T:IHSS,;IJHEL,NdLOCK,NE28,LL,MaANU,ANORM. 

11)12 ) 
lit AE .1S ION A(13123,°.0.taD) 1('1123,LL1,STR(I.,LLI,I1063(111201,SS(11 
C)t1J'l /JYN/ 	)0,40T , A LFA, 3T, SE 1.5,NF 11,NGM, NAT 'NOYN 
C11:13:1 /ī7/ 	~LRC, 111,L31(11 
13) IF.)) /EXTua/ HCC= X,NTo 
= iiIVALENCE (SS,113) 
N.7 13=N:2II/1 
K='71. 7 J•1 
X= .1JLOLK 
M9=G7?T1X1 
4 f=M1/2•I 
N .13-MJ•NE2b 
M1=1 
1 1 -_=7 
NVV-) 

1.;y IFT=; 
4:.1I,1J 3 

.?IT_ (0,2CA1) 
U) 51 L=:,LL 
k=13 	(5,1,:2) 	(STIII,L),I=1,4) 

53  
vii- T;: 1,7,2u.12) L. (5TM(I L ) , I=1,.) I1.1)1J:.x.1i..) WRITE (3 ) 1TR 
IrIMJvM.NE.4) G0 TO 95 
.R=.:31 	(5,10:4) UFN, N il, NAT, 111,110T,3 T, ALFI,OETA 
*I7 	(6,2234) NFN,1I; 11,NAT, NT,:ICT, IT,ALFA,OETA 
IF(:13T.E•)..) NAT = 1 
IFI.IJT.E1.1) 1107 = 1 
IF (DT.0T.:.:E -12) GO TO 55  

• 	

Ti , SC]:) 
GT 1,, 

53 T:r.. = 1. 
JT' = TET3'UT 
01. 2 	DT1'•2 
A) 	_ (6..3.•ALFS•OTI)/IO2•3.'dETA•UT11 

65 IF(111D X.c(1.I) HETUR:1 
U) 1.)); :1=1 ,::JLCCK ,2 
31 ,u I=1,TE23 
Jl 13A J=1,;1JAt1U 

10) A(1,..1)=.::.  
R-.43 (3) I(3(I,L) I=',NE,13),L=1,LL),(TMA35(I),I=1,IIE^.U1 
IF (.1.E.7.113LOCK) GU TO 210 
R= AD (3) ((0)1,L) ,I=K,31E20) ,L=S,LL) , (THASS (3), I=K,NE2d) 

231 Ci1TI')JE 
4_.111,0 7 
o 1:.13 2 
N1=7 
N') iE='1'JM7 
I F (1.1.I(E.1I GO TO 71 
).1=1 
Ill IF=11UM_L 
6)17 =, 

75 01 7)) 11=;,60ME 
k'1ī1 

 
POI L?il, 13;12 P. I=1,LN7) 

111JK='U• Ir•D•11/2 
3 1 6:6 I=1,•.O  
L1I=I-L'1 (I(  
11=L1(II-N;HIFT 	 , 
IF (II.L_..G-I•A.OT.111231 6J TO 6,-; 

TI";;(1I1=ryAS;f III• Si(I•Y.*I  
31 37: L=',LL  
'll 3.3 Jr,..1  

33 33 ( II,L ( 'II(II,L1•SS(1•KK)'STR)J,L) 	 1 
0 ) F , 

J=1,GJ 	 l 
J1=L9(J) •LAN 

IL- 1.11) 5. 11515.3(. 
i9) IF(J-I) )oo 314,34 
394 KK=1•N,i•I-(1-1)•I/2•J 

GO TJ +dJ 
396 KK=1..1J• J-1J-11 • J/2•I 
4 00 (1 3 JJ)=.:(II,JJ ) •GS(KK) 
553 C ) ITI'IUE 
61, C1H1I:(UE 

IF 11.1.61.1) GO TO 711 
J ) 13;J I = 1,NJ 
It'LlIII -11;61FT 
I F (II.t,T. '4E20.Al1D.II.LE.NE60) GO TU 66,I 

653 C'1 'III'IUE 
GO 

 
TJ 73.) 

0E; .1 (IT: (7) LRD,(15(I1,I=1,LRC1 
IllI.17=t1J317.1 

71)0 C'MITIUJE 
31 711 L=1,NkQ0 
4'1 IS M=AN.l1H • a(L,11 
IF (A(L,1).TIF. u.) tIOr.G'IIUEG • 1 
IF l) L,11.EJ.,.) A(L,;1=1.E•2C 
IF II 1336 IL) • ::E. 3.) 'IV I NVJ • 1 

71.) 0O411:HIE 
IF (I:01'9046.4) GO TO 716 
D•1 714 I.1 tIlQU 

714 a(I,1) = 111,1( • A..• TMA;S(I) 
14I ((u (I,J1.I=1 01101) ,J=1,1Jut10) 

3,1 TO 7:6 
716 .11113. 141 ((a(I,J) I= 1.1(EO3),1=1,T11AN0 ), I101I,L),I=1,NEC31,L=.1,LL) 
719 	'ITE (91 	(TMASSIĪI ,I=1,N.=CJ1 

IF(1.E3..,9L0JK1 GO TO 1:10 

33 72.ī L=K,11E20 
Ā'1JK.1=AT1G ,, M • AIL,1) 

IF IAIL,:I.T.E.C.) NJEG=t10EG 
IF (.(L,II.E1;.3./ AIL,11=1,E.ZC 
IF (T 1..33(L).NE. 3.) 1VV=110/ • 1 

721 CONTINUE 
IF(NJYN.11E.4) GU TU 726 
C) 724 I=K,:1L23 

724 3)1 1) = A11,1) • AU. THAS;(I) 
WRITE (41 ((1(I,3).1=K,t1E23),J=1,MIAUD1 
GO TJ 72d 

726 WRITE (4) ((1(IF3) I=K,11E2J),J=1,Mda110),((O(I,L),I.K,NE23),L=1,LL) 
724 ''ITE Cl) )TMA,,S( I ),I=K,llE2ll) 

IF (MI.E4 .M3) 11M=3 
.'1=M 1.1 

1.301 NS.IIFT=IISHIFT•NE20 
IF 1)0313.131...) GO TO 730 
WRITī. (6,1012) 
UTJP 

730 	l )l'1=(ANCRM/IICEG).1.E-8 
R= TU?:I 

1002 FORH.T (4F10.C) 
1004 11*3141 (5I5,371J.3) 
1511 FORMAT (SIHSSTRUCTURF WITH ND DEGREES OF FREL000 CHECK DATA 	) 
2305 F12H.T (/// 1"H "TRUCTURE,13X,7HELENEIIT,4X,4HLO)D,-.X, 

1 1 LHIULTIPLILS, 10.1 LCAD CASE,12X,1HA,9X.1HO,9X,1HC,9X,1H0,/ 1X) 
2012 FORMAT 1Io.TX,4F1].31 
2304 71411)T (.5H113 T E P- 1] Y-; T E P 	S O L U T I J N 	, 

37HC O N T R O L 	INFORMATION. ///  /// 
2 SX, 35HNU313_FR OF TIME VARYING FU43T1Ol)S 0, I: 	// 
3 54, 3SHGRCUNU HOTI01 IN'CIG'TOR 	=, I5 	/ 
4 9X, 15,1E0.3, NOME, / 
5 1A, 29HGT.C, READ ACCELERATIONI INPUT, // 
6 X, 35HNUEUER OF ARRIVAL TIME3 	=, I5 
7 9X, 2611113.3, ALL FUNCTION: ARRIVC, / 
d 94, IAN 	AT TIME ZEPO, //  
9 iX, 35HNU)IOF.R OF SOLUTION TIME STEPS 	=, I5 	// 
A '0, 150011TPIIT (PRINTI INTERVAL 	=, I5 	// 
O ;A, 35HSCLUT10N T1:13 INCREMENT 	=. L14.4 // 
C +X, 3.HVASS- 	PRJPORT IJNAL DA.IPIIIG, / 
0 =X, 35HCJEFFICIEIIT (ALPHA) 	_, 114.4 // 
F. =X, 3,R IIFFII,3S-P,JPURTI06.11. 0AUPIMC, / 
F 5*, 35OCOEFFIOI0NT (BETA) 	 E14.4 /// IX) 

3.Lin F00.1AI 12711..• " ERROR 	ZEKO TI°E STEP, / IX)  
L'10  
S'Idk0UTI1E P910TO (I),0 0,U160,NU11P,EL,NBLOCK,)IEJ,NT,1(0) 
IIT,IE.1"ION ID(NU.UIP,6) ,3 1NEJ9,LL),0(6,LL) 
R3,1 1.10 d 
R330 Id) ID 
M=0E 1 
N I=:IL.J, • UJLCCK  
IF (9•I.E6.E) GO TC 5J 
IF (1 (.111.3) GO TO 55  
R:H100 NT 

gib 

c 
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< •TM 	~±4'7 	.`•YT r n' 	 : F~~~~ ~~•• 	G••J+'• 	A•`'Y7.r4 J,.~~~~~•~~,y;S7 ~~~•'~~4i:~a•e~s̀!S4•;d'1;;, 	 . !I"?'   '1, ia 	. 	~  
~:?f.,. 	 r~ V'` 	.•E,. . • {1'E 	;.y.t•i~!r '~~; \~({•"'i~"r; }• -s` .( T•. 

,.~ ~) 	.•. r•, 	•1.t; 3~, 	.r:.1. ,iry"+, r: ~SSj 1..~U4 ;)i• 	•4,r t 1 it tl ~tYd,'!. 	 ' 
.. 	 - -'.. -•.•.i 	'  

q 	

Tc (L.11L).LT.MIN) MII=LM(L) 

wl 	LU.:U 	
1)03 CI1TI IUI 

= .'I 	CASE 	
,I II F='1AX -.1I N•1 
IF 1 NIIF.'T. 3AOl iIJAN0=t1J1F 

61 10 i, 	 Ic(1J)Ex.10.11 GC TO A10 
5) N1 = 'i:_(6Eo- 	 L?J=1 • u•:.0 • I+0•(NJ•1 ) /2 

Al = 6.1VCCTCF' 	 N•1IT 12J LI+O,r+D,( LM (II,I=I,NJ),f(S(LJIrJ=I,t:JI.I=1,'1 0) 
55 6) TJ6h lOO E 
	

1 (lP(I,Jl,I=1,NUt.J=1r41+(Xti(Il,I=:rN01 

6Hr+:JMDLR  
n' 0 	

d1J 1'.ITr: III I!0,NS,(LM(I1,I=1,11 0) 
d(3 N1 	 R=rut:1 

:AJ (,IT) 	 C'IJ 
6) :?IIi (6,20G31 31,02 cAIRJUTINi ''I Ct)TR,U,1.C1),::TAG,I's,:TII 

N='lU'1)1 	 6•47.4310N S T,_14 	),OINL0, 11,INCC'. t t 
01 

 I=6 
50 K<=1,NUHhP 	 C LIH.1! /JUNK/ LT,L40L,aG(2.),SIGId1)LXTRA(15C) 

0l 253 I1=1,6 
Cl 1,0 L=1,LL 

131 CIC,L) u. 
Il,'.,T.NN) GO TO 150 
IF (h.:.0.0) GO TO 150 
R=.30 INT) 
il'1=,1:1-IIE 10 

15'5 Ic(Io),), I).LT.1) GO TO 250 
A= 1- I 1 

I 
01 Z v L=1,1.L 

21) DII,L1=9(K,LI 
25/ I-I-• 

.i ITE (6,2004) II, IL, (0(I,L),I=1r6I,L=),,LL) 
51C  

n•. Tu'.'1 
2013 FORMAT (1H1,301-r1 0 0 E 	0 I 3 P L A C E M E N T S/,  

17.R U 1 A T I 0 'I S,// 3X,4HNOUE.2X,A6,2(12X,21X-,121, 
2 	24Y-,12X,2HZ-1 	/ 7H 1IUHJC1,2X,AO,3(3X,111(TRANSLATIOrJ), 
3 	 a(6X,iP4OTATION), / - X) 

2314 F1P•M4T (1,1,216,I116E14.5 / (/5,11,6E14.5) ) 
Ell 

'UE, R)JTINZ 

 

SIPE33(3Ta. D,0,:JE')d, Ll,LL,A = O,NpLOCK ) 
011-11IJ\ 0L.E1,L•?1 J1r:c33,LL),ST~t14,LLJ 
CO IM1:1 /CLPAu/ IJPAk (1'.),NU Ir.P,:10ANJ, NELTYP,Iii, 112.03.N4,U5,ITOT.HE3 

(-V 	 C / I11.1 /JUNK/ LT, LH 
CI11101 /EXTRA/ M00EX,:ITd,N:JSV, Nr12 
R=AJ (d) STR 

. 	 NT= (LA-1)/LB +1 
L 1=0 

Il Tc: (Ort;) N_LTYP,YT 
Cl 1 : 11=1,NT 
LT =LH.1 
LLT=1-LT 
L'1=LT•L2-1 
IF(L-1.',T.LL) LH=LL 
RIAIOU 2 
IF(1;)31.E9.11 

'.I ?I TE ItITIG) LT,LH 	 ~ 
'I 1='JC) s•:I :LJCK  
C) 215 NN=1,N6LCCK 
rCAJ 121 3 
N=1001 
IF (1. 1.F ).1) H=MEC-U )•NEO3 
N1=V1-NE 1d 
01 213 J.10 
1=11•J 
01 31J L=LT,LH 
K=L•LLT 

23) C(1,41=51J,L) 
LK. LH-LT.1 
/-01.1J 1 
Cl 115: "_' AIC LTYP 

..J (1) f.1147 
);41.ETI.1) 

•+'I T.: 	(01.11•) (+PAP 
Y 1'C=':P :'(1 1) 

C'•IL TuIC,J(IITYPE) 
1301 C litt I(1JC 

C'C) 
1.'1 IF 11TI1:1 CALDArl (r19Ar1C,:IJIF,LF.X I,S,P,N0,NC11,I1S1 
CC ILO1ICr. 1111) X:)111 3(::D'I,:IJII ) ,PC101!,4) 
Cl 1.1III /£/)PA/ ROCEX, lIT5 
11 1 1= 11:: 10 

:)7 o'J L=100 
Ic (L3(L).F1).31 GC T9 d;,, 
lc (L"II).1,1. ,1A/I °AX=Lr'1L) 

C),I,1J'I / EM/ N3,110,L.1(53),J(4d.63),TI(u3,4) 
Ic (NTA..E11.9) GO TO 6d3 
L1.=L-LI •1 
U I 315 I=1,IJS 

Jn90 J=1,4 
30) 3r(Ī)=SG(I1•TIII,J)•STR(J,L) 

0) 5)3 0=1,60 
0 1=Lrl(J) 
Ic(JJ.c).0) GO TO 504 
On 410 I=1,NS 

4011 ,III=JG(I)•J(I,J)`U(JJ,LLI 
51)) 	 'I ITU0 

C
C
) 1J

IN 
9J 

82) R.A.3 	(1) IIU,NS,1111)1),I=1;I(D1 • (( Jl1.01 I=i,NS),J=1,ND), 
11(1I(I,01,I=1,r151,J=1,.4 ),I1NCO1(IDrl=l,BĪ 

1J1 R`.101:1 
E• .] 
CY,:RLAYITSHE,7,ul 
P?JG.3:1 =LTd 
'11110') /ELPAP/ NPAP(141,lJUYNP,KI,K2,s71,N2r03J14rV5,K 3 ,K4 
Cl:)HO'I /JUI1K/ DUM(51),J6,11?,05,N 3,'113.1111,010,1413, 11.,N15,t116 
C),IMOII 	 (11 
CALL TMOFE(A(Nl),A1.'i2),A(NJ),A(N4),AIN5),AIiialrAU171 41Ndl 0(091, 

1 	A(:J1J),A(N11) ..)012),3l:) 1,AIN:47,A1:1.51,A(0.5), 
2 	NPAR121, I10/(3),VPAR(41,I:PAR(5),r:PAR(6T,NPAR (71 , 
3 	IIPAR(dl,'IPAR(31,IIPARt1J),IIUI111P) 
RETUttt 
C') 
S')l/UUTII.E THDFE(ID,X,Y Z,T,CFN,RHJ,IITP,EE, 

1 	334,1FACC LT,P.lA,LUC,IIAXPTS,SS. 
2 	 11U 1"NUM:I.ĪT,IIAXTr1, lIO'IIHO,rlJLS,MAX 1113, 
3 	r1u1SCT,I:)TIS,I:JTT,NUMNP) 
C1N.J:1 /JUNK/ DX'I.1,XLF(4) YLF(4),ZLF(4),TLF(4),PLFl4 ), 

FILL'1221,'o2(3), 
1 	FILL2(12),L3(4),KLSl41,N0D(2:1,):0DdI1(131 ,K0J121). 
2 	 TAGr l11EAD,E(12) 
Cr1AH0.1 /ELPA1/ FILL3( 1 51 HJA'ID 
CO1MJl/EH/ LH(631,10,TIS,RFI63,4) X1 ( 63),SF149,41)IIIEL,NEL, 

1 	 MOIS,KDIS,IJXYZ,<< YZ,:JiIAT,K.'IAT,HAXAS, KAXCS.IOP, 
2 	 KIOP,TZ,1T2,N?SIilT,KRGIiiT,IJTIIJT,KTI:JT.IREUSC, 
3 	KREUSC ,K1 r K0,30,RATI0,0I6,bl TFIP(6,6),00'1t6,61, 
4 	 ALPIA(6).11(3,211• J1o,63),H(2:1,P(3,211 , 0I501(6), 
5 	UELT(211,FT1631,0L(21),PL(631,LUCOP(d),VIS(6). 
6 	SOT(4d,o3) 
CIIMO•I /GAUSG/ XG(4,4) r1GT(4,4),OTPTS127,31 
Cn1IHJ•I /0111 / FILL4(i),NDY) 
CAOMJl /EXTRA/ HOOFX, NTd 
OI:IC'J3I0N IDCNUM::P111,X(1),Y(1),Z(1),T(11,DEN(1),RHC(1), 

1 	 UTP (1),E=(1IAXTP,'3, 11) 3SA(3.3,1),HFAGE(1 ).LI(11, 
2 	P1A17,1),LUCId, 1), 1AXFTS(1),SSlo,,:l 
DATA STPT3 / 1.r-1.11-1.1 1., -• 

	
-1. 1. 	O.,-1.. i. 	C., 

1 	-1•, C., 1., 1.,-1.,-1 	., 1.,-_ 	., L., J.. 2., 
1•, 1.,-1.,--   	_ 	). -1., C. 1•, 

3.,-1., 3., 1.,1. 1 -i.,-1..-1.:-.):: 	 r 	r-1., 0. .. 
4 	 1.,  

    1. 

	1.,1.,-,....,-1.,-/.,-1.,1., 
0
. 	. 	1.,-1., 

514TA 
XG/

-1.,-1.1 -1.,J. .•, 	 J., 3., 0, ., 	 .; J., 1.,-1 ./ 
3.. 

 

	

'3., 	C., 	')., 
1 	7735J269:d'e6, •57ll5C269!8So. 	C., 	O.. 
2 -.77.i?6Eoy,41ī, .0))CALJJC)uJ), .7745966692415, 	.. 
3 - ao11301115'.41,-.439J61J4_5d41, .33:181043514'3, •851:3631'-5'141/ 
USIA i+GT / 2.51)3, 	C., 	1•. 	 3., 

1 1•Jli1J.)JGJ1L4,:•).^ 2Je 3Jc5, 	3., 0., 
2 •05555555J5550, .di6dd56455139, .555555555555b. 	1.. 
3 .3./7854145'375, •652145104do25, .6521451540525, .3478548451375/ 
:1Ta7V = m000( 
09 IL I=40 
01 lu J.1,63 

13 0(1,1) = 0.0 
On 14 I=1,4d 



0." 71 

NREAJ = A 
IF( »AX:I0J.Gf.5) IIi[GJ = 21 
.1 0.11E )6,3:141  
F (.1.13UJ.GT.5) 
•.'1T. 16.311o) II,I=J,21) 
N_/ = 
rR.7:. •? 	(5,13J(') INEL,t10IS,NXYZ,04ATOAXES,IOP,TZ,KG,N•ISINT,NTINT 

• 1,3 (0JOE, (L3(I),I=1, 4) 
R=40 	(5.1:OX) IUCD( /) .I=1,11?EAO) 

tF(IN=L.E3.1) GO f0 51 
• 0'.•T_ (0,4.14) INLL 

..(IT, (•),,L14) 
CALL ExIT 

51 RFAJ 	(5,1C :A) INEL,,IJIS.i1XYZ,)IMAT,IIAXES,IOP,TZ,KG.N?SITIT,NTINT 

• T 2E'J3,, I LS I Il . I= 1,») 
s'Oo 10,133'1) (NCO(II,I=:.NREAO) 

S1 1'(( 310.E^ 1) MOIS = 71.17N0J 
1F1:1JI3.LE.7'1XN011) GO TO 5551 

• .,?Ifc 16,3;15) IKEL, IDIS,NXYZ,NMAT,MAXES,IOP,TZ,KG,NRSINT,NTINT 
1,IXOU3E,(10(II,I=3,41 

'.ITE (6,4315( N010,1533.00 
CALL EXIT 

535' IF (':JI G.::r. (( Gn TO 52 
I.'..130 (6.4,7231 NUIS 
GILL EXIT 

S2 IF(:L,YZ.E1...) i1XY7 = NDIS 
• .=l'0(YZ.IE.NDIS1 GO TU 5:52 

TE (o,4:16) I.XYZ,IIDIS 
;+=I15 (6,41y51 
711EX . 

• Cl TJ 55• 
53.50 17IY(YZ.',ī.5) GO TO 53 

U) 

	

	 .5: PE (6,3.324) (3.XYZ 

• MI.J •. x. = 1 
CO 	 53 I'IN443.3E.1 ANO. 9AAT.LE.NUM9111 GO TO 54 

d'ITE (5,3C15) 13)03..'1DIS, Is YZ,t(531, 1AXES, IOP,TZ,KG, 1185INT, KTINT 
1,1'.F UO-, (10 (I) ,1=1,5) 

(=,4).7) 
513TE (6,4355I 

54 i
?:TO I 3.3C 1;)RĪ riEL ,'(UIS,NāYZ,t15AT,MAXES,IOP,TZ,KG,NRSINT,NTINr 

:,3.(O JOr,(LS(3),1=1,4) 
.1 Ti (6'4,,11) 
.4 0 11,. (3'•.49a) 

= : 
55 IF(I7'.Gi_.: .AND. IOP.LE.NOPSETI G) TO 56 

..'IT_ (5,33 1 '.) I0EL.0JIS,t1XYL,NMAT,MAXES,10P,TZ,KG,NRSINT,NTIlt 
1,t1 J E) (151I),I=1,4) 
..II 	(.5,4613) 
.+11rE  
(11)0J 1.1 

56 
CF(L3(1)1..,E.,_ .1110. LS1I1.LE.!10LS1 GO TO 57 
4'IT3 (6.3115) INOL,'I015,NAYL,1)IA1,t1GXES,IOP,TZ,KG,KREINT,NTINT 
T''TUOF, (LS(J),J=1,4) 

65IT3 (.,,5J2.) LSlI) 
(6,4'41'7) 

:3

▪ 

2)01 = 1 
57 C0'1T LI'J= 

IF)K .c:•)I KG = 1 
IE) ,s3.1'IT .E :.il 11?SINT = INTRS 
IF(IITIIT..,;.LI 11TI11T = INTT 
C l 57 I=1,8 OA 

	AN). N00(I) LE.NI711NP) GO TO 58 
n 	?I1E (9.::151 INEL,1035,3.551,:IMGf,103ES,IUP,12,KG,NR5IN1,11 TINT 

15 ).(, (LS (3) , J=1, 4 ) 

G▪ AL L •0111 
59 C' t T t_t1l;_ 

F) t•.X + O I.11.3) GC Ti 63 
It. = 
1 

ĪTI,0 )B1:.Lū.1! GO T.) 59 I! = II • : 
11r1 711(II) = I 
IFIN9JIII.LE.NUMNPI GO TO 59 

.4:IT1,(c ,5J15) In5L r'IJI S. NX YZ..I'IAT..1.1x_,;,IO^,T2.,:G.:1,!S IN(, (lI I4( 
,' =VO. , IL511) ,J=1 ,»1 
'Ir. (0,»G2;( I,.0U(I) 
CALL EXIT 

59 C').1 iI:I3.°_ 
I = II • 9 
3 F l I.ī (.3.JI5) GO TO 69 
N?If- 15,4C2>1 I,1DIS 
C'+LL EXIT 

61 NFL = N=L • 1 
ML = :1=L - NEL 
IF)`tL) 15,7,,A3. 

65 ,I1TE (6,4;221 INF./ 
CALL EXIT 

7) 0513 = NDIS 

K1.iiT 	= NI1T 
)(03E3 = MAXES 
KTJP 	= IUP 
TTZ 	= TZ 
K! i 	= KG 
01 03NT = NRSINT 
KTINT = t1TINT 
KASUSE = I9EU5E 
UJ 7' 1=1,4 

'72 KL'1II) = LS(I) 
U') 7.. I=1,N2,AJ 

74 K5J( I ) = 500(I) 
TA' TJ 1~• 

d9 Dl So I=1,NOEiD 
IF(031(I).LT.11 GJ TO 85 
K1J(I) = 00011) • KKS 

85 T 4 
^'1'ITIIIUE 

9) No = 3 • K015 
TA) = 5.0 
CO 95 K=1,KXYZ 
I = K03(KI 

95 TA)/ = TOO • T(I) 
TAJ = TA,/ / KXYZ 
NT = ,ITP(K:14T( 
IF(I4T.,,T.1) GO TO 1)1 

97 01l 93 1=1,12 
95 ī(3.) .. E'.111,I.1,KSOT) G ) TJ 112 

101 IFlTGJ.Gc.ccl1,1,KyAT11 GO TJ 1)4 
102 H1.I(3 (6,413J1 TAJ,NEL,KMAT 

CALL ExII 
134 IF(T.id.GT.EE ()IT,1,'•C.3T1) GO TO 102 

IF(TAO.EI.EE)1,1,KMAT)l GO TO 97 
IF(:1))F.X.Ey.1) GO TO 112 
0') 1)5 K=3,11T 
K' = K 
K' = K-1 
IF)T=V. ST.EE(K 1,1.0MAT) .G110. TAV,LE. EE(02.1,KMAT)3 G0 TO 13.8 

105 C1NTINUE 
108 

O ATIJr = ( (TAO
0
- EE)K1,1,KMAT )1 RA / UT 

CO 1.13 I=1,:i 
111 (TIC = FT(K1,I.1,K$AT) • RATIO ' (īE(K2,I4.1,KMAT(-EE(K1,I.:,KMAT)) 
112 51,+TIN'JE 

IF CM1355.Ea.3) 
'CALE 	3.LA.1 (0,E,TEMP,DCA(1,1,KAXE3),.(AXES. KMAT,NEL,DUM,ALP,1A1 
IF(5)-1īX s 0.l1 GO TO 910 
3.'1 13) I=1,,(UIS 
II = KOJ(1) 
IF(I.LT.A) GO TO 125 
JI = NUDs:(I-8) 
II = 030)33) 

125 XX(1,I) = XIII) 
X1(2,I) = 7)111 
5( 3 0,1) = Z(II) 

13) Cn NOE 
U'1 17C I=1,63 
C1 173  

170 RII,J)=J.• 
IFIancUSE. 0.1) GO T0 306 
0) 1o3 I=1,KUI3 

155 ILII) =J.1 
CO 1 1J I=1,NU 

3.9') FT(I)-3.3 
KIL  
01 1X   
U') 2]3::; 12  1,4 

J=_,4 
1. 	 F(I'J 1=, 

?IT 	(5 r
3G 
0)1) t+UM,:r'IUtIMAT, 1̀ aXTP,f17?T HO, NO LSr MAXVOJ'NOPSE T, IN 1^.S, 

1 
CALL 101.21 IN INUI 	MAT, MAX TP, NOP.Tr1)lNDLS,NOPSET,71T 9SV tt NU'1NP,A 

1 	 Y,7.301.?N0,11TP“.E,UGAA,Nf ACE,LTOKA,LOGOAXPTS) 



21) ;'II. _ :r•I. • 4DS(TLFII)) 
~F I,IJX. 	-- 'o) KrL = 1 

I1Jr1 1 CT.Jl KTL=J IF(..IL.:. i .06. 6JY1.GT. U ) GU TO 235_ J1 	I=1,o 
c r3(lifll 	u.0 J) 2)5 K=1,6 

'.i5 	1G,.ITlII = 1GUT(I) • OII,K)• ALPHAIK) 21 : Cl I T I .1'3 
01 2i; I=1,KCIS I' - KIJ(I) IFII.LT.,1 CO TO 230 J = 'I OJ,,I II-d) r 221 	 K ). 

23) Cn1T•13c 
235 U'IA -j.: 

Cl 1 51 1=1,4 
25C D'l.. = JUA • :.JS(XLFIII) • Ad3(YLF( i)J • Ad5(ZLFIII) KiL = IE1DU3.GT.1.3E-6) KGL = 1 

I= (4J(N.GT.0) KGL=3 KMS 1E1NiJYl.GT.s, <MS = 1 
0 1 27; <=1,143 27) 391 <1 = Cl 2i)  
Di 60 K.I1 1U 239 iII,K) = .9 CALL STi021 (0,3,SS,Xi(,)i009M,H,P,3I3JT,DELT,FT,DL,XH,MEL,NJ,KOIS, 1 	KXYZ,KTL,KGL,KHS,KRSI:/ T,KTINT,CE)(KHAT ),RHO(KIAT)) _313 IF (KIL .EB.,;) GO TO 325 Cl 32) I.1,t.7 0 1 31) <=1,. :') RFII,41 = FT(I)• TLF(KI 

12) 1)1 11.133 
325 IF I<.,L.3].J1 GO TO 35C 

CS J4•Ī 1,KDIS 4! 	KJ-1 
W 	 K!_ <2-1 

Ci 133 L=1.4 
lp 	 2-(41,L) = RFIK1,L1 • XLFILI• DLII) RF(K2,L) = R7( <3,1) • YLF(LI• Jill) 135 RE1<i,L) 	'F(43,L) • ZLF(L)' DLIII 340 CO( T1i)i33 

3S3 IF(14JL3.IT.:.OR.NDY'. GT.: 1 GJ TO 425 
07 	. L=1,.. I°(PLFILI._C.I.C) GO TO 402 
H - <L;(L) I`(M.LT.11 GO TC 43) U1 3•.) K=1,:iO 

361 PI . (KJ _ ALL FACEPR ('IEL,KDIT,KXYZ,XX,N0J9:1,H,),PL,NFALE1MI,LTlM1, Pl1A(1,9),M) 
371a.'(Ī,L) 1 =1CF(I,L) • PLII)• PLF(L) 43G CII01:4)3 
431 Cl ITI•IUE 
41: K = -3 

Cl 422 I=1,KUIS 
I1 • <J0(I) I'I I.LT..) GO TO 415 J1 	lAD I:1(I-5) 

415 1r - <JJIJJ) = <. On 4 -3 L=1,J 
_ <•L 

424 Ll("1 	IC(II,L) 
(•,('1M.,I.L1 I S = 6•HAXPTSI( IOP) 

IF(KIJP.: :..1 OS = 6 
=(:1JIN.;T.3) N-=4d C3LL ~w 161., I .1JJN0 IU IF,LY,JM,SS,RF,I(D,63,N3) 
I' IUJYN.LT.11 GO 10 425 3. )•'. = i 
))) .33 1='ri 420 LOG ).'(() =1 • 36 

42`'• '= 1.,) J'.E~,.u) CO TO 44• 3.1.' _ ,I AiI'IC(<IOP) 	V 
1) 41: I=1, 1„P 

43' L IG I'1;1 = LUC II,KIOP) 
Al T i 15, 

44' 111P = L•L.JPII) _ 21 

45) IF(HO)c X.FD.11 GO TO 51C 
).) 3..7 L =1, i.JP 
M = LJJPIL) 
31= S T.'7';(IlG33 
71= CTNT;C1I,c) 
6i1 iTE T,,IM,3 1 	XX,3,DET,E1,E2rE3,IIUU,iH,H.P,K0IS,KXYZ1 CALL )pR f LS U1El. 
iii 4 73 1=1,6 u•IL-=(•I 
C) .,o5 J=1,NU 
U = 1.., 1 4 UJ <.1,6 '.61 - " •1 • U(I,r1. 61K,J) '.6S 51T(1,JI = .4 47) Cl'IT1:IJE IF IKIL.EC.) .0R. NOTl.GT.01 GO TO 53L 
0 = 1... 
0) 411 K.1,KUIS 485 '1ii) = .5 15 K=1r6 • M(KI • DELT(K) 

435 V1S(4 1 	-A • 5B4OT(K) 
0') 4e3 I=1,6 

495 1 F(N,✓ ) K• VIS(I)" TLF(K) 501 Cit=TINUE_ 
511 C 1'IT I•IIJ3 
- 	IF(AJO:X.EQ.el 

1d'1ITE ( 1) ND,NS,(LMII),I=1,143)t ((SJTII,J),1=1,315),J=1.11))1, 
21(.,F(I JI I=1 A ( J=! 41, (<CJ111 I=1,9) 
'6,'1 T.. (6,311i) :EL,KIIS,KXYZ,K'IAI,KAAES, KIOP,TTZ,KKG,KySINT,K.TINT. 

1 	KREUS <LS 
" IT_ (6,3017) (KCOII1,1=1,N'EAD) IF I N14.8.30.1) 

1.•4ITE CATS) 	NFL,KJI3.Y.XYZ,'<MAT,KAXES,KIOP,TTZ, 	KRSIgT,KTINT, 
2 	K REUSi,<LS, II?_.U, 
3 	tK)Jf1lr2=1,4REAO) IF(NUIE-NEL) 65,63,,,53E 531 IF(ML) 	53, 10, 63 

603 RE.TUt 1 
10Ci Fi-,iAT (6I6 FIE.0,4I5,412) 
13.1 9 603'101 (1 EI5) 	P 	~• -IIUJ_ ELEMENTS 	= I6 // 3331 F'7RHAT 1 73,34HY,U dEd CF 	= 

1 	7X,34HNUrC.R OF 'IITERIAL S:T5 	= 16 // 2 	7X r .nh1l4XMUM NUMiAER OF MATERIAL, 	 / 
3 	 7X,4- iIEMPE•?AT0F.E IAPIJT , '32NT3 	 = I6 // 
4 	

7X,19H1UPUE t OF 1.154111, 	/ 
73,34hAXIS OKIENTATIO:I SFTS 	• I6 

• 7X,34HNUM3E3 CF 7[AT13II3U T=J 1OAC SETS = I6 // 
iX,3-R14XA,1M I.U91E' OF CL =NENT NODES = IE // 

7 	7X,34HNUMdER OF 'TRESS OUTPUT SETS 	= (6 // 
d 	7X,341R,S C10RGflAIE INTEGRATION O60ER = I6 // 9 	7X,14HT 	C')ORDII4ATc 19T3vdATICN ORDER = I6 // 11) 

3014 FO RMAT (521113 / D 	8 	T 1 	1 	11 O U E 	SCLIA 	EL 1, 
1 	1ii H E N T 	0 A T A, // Sri FLE9ENT 2)2X,5M1JOUES) ,2I2X, 
2 	5HHATL.I,2.(,6HSTPE'S,4X,t,HS7 ,2E3S, 2K,»NN0JE,2I2X,,.HSAUS.:l,6X, 
3 29<-,31.HLSA,3A,irILS3,1A °HL5v X,3HLSD / 
4 Sri 1033cR,7.1 -NUI3-,7r1 -MXYZ-,SX,SHTA3LL,3X.4HAXF3,2X,6HOUTPUT. 
5 	6X,4HF'EE,2X,4HI116.,3(3X,4HPTS. ),2X,6MMAT<IX,2X,412X,4H-OP-1, / 
6 260,3H10.,.X 3HSET,5X,3HSET,5X,5HTEMP.,2X,4H-KG-,2X,5H-R,S-,'.X. 
7 3H- -,2X,oHRL-USE,2X, 3(33 L,1N-,I21 1 

7015 FOtMAT IId,4I7,h,F1J.l,I6,217.L1,3.K,4IG1 
11,16 FOP,MAT (n4X,G(2X,2HA-,I2) / 64X,6 (T.X,2HN-,I2( ) 
3317 FIRHAT ('i.X r HIl, / 8..X,6 10,/ 141,5101 
4314 F3RMAT ( 43HC31ROR••• 	LIICJUITER.J ELEMENT (.13,13H), BUT EXPECT, 

1 	 21h 10 RF an ELEMENT 7,IE., / •3) 
4015 FORMAT (-.3li1RKOR••• 	NUMICR OF 01 iPL4CEMENT NODES (.15,4H) IS, 

1 	 3)31 LAR3ER 'NAN '1)31 ('3:1 ALLJI:E7 ( •15,2)1)., / 13) 
4016 F'1RMAT 14 )H2: RROR••• 	NUM33.R OF C JO00INATE (.00ī 0 1,15,6H1 MUST, 1 	3.H NE .LE. NUMCE. R CF UISPLACENENT NO05 (,I5,Its>.1 
4017 FORMAT 139H0=SROP••• 	ILLEGAL MATE<IAL NUMJER. 1 
431i F'1R11AT (44h;353OR••• 	ILLEGAL MATERIAL AXIS REFERENCE. 	) 
4019 F11RM4T I'.114)t 2ROR•'• 	ILLEGAL OUT,'JT SFT Rt FEPE'CE. 	) 
4320 F'7R)14T (41HJERRG'•'' 	PHES53t: LUA7 SET REFERENCE 1, h,4H) IS, 

Ail ILLEGAL. 1 4)21a FORMAT (16HCFR.C6••• 	THE ,I2,13H-TH ELEMENT NODE (.15,4H) IS, 1 	4M ILLEGAL.,/ IY) 
4022 FORMAT (enh9E1RO1•'• 	ELEMENT NIJ:13ER (,I5,1111) IS OUT OF, 

15H FF:.UF.NGE. , / IX) 
4J211F10:1AT (42H731613"' 	KU9.(ER OF 01.;PLACEMENT NODES (,IS, 

1 	 2511) MUST SE AT L3511 EIGHT. 	) 
402'. F-R.1AT (..IICE,2RŪX'•• 	I1UmIER OF 50)RUINATE NOOFS 1,I5, 

'5l1) MUST dE AT LEA - T EI;i1T. 	) 
4125 FORMAT (Aih;ERROR'•• 	NU9c,Et OF I17t1-ZERO 1100ES (.13,5H1 REAL) , 

1 	 5.)H DOES NOT EQUAL THE NU0.3,:R OF OI:,PLACEM3NT NUDES I, 
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Lk) 	' 
Vl 
O 

	

r • 	I',2!11. / 1<1 
4,3,F12MAT (13Hu,?R:To•'• 	AVE.A.,E TE;IPEPATUKE (,F1('.2,5'1) FJR, 

	

) 	u n ,LEMCNI (,I5,29H1 OUT OF PANGE FOR MATERIAL 1,13, 
ill., / lx) 

• 4,34 11214T 112X.3111PROD It• DATA C•IFC,; ONLY HOUC, / IX) 
E 1J 
51.14,1Uf II.E INP21 (NO );IAT, IIA AFP,(IJHT 10,NDLS, aOPCF 1,11315, t1U•INP, X, 
i 	 Y [ ,0E11, 21lO,NTP,_E, 0CA,NFACē,l.T,Pa•1,LOl,NAxPT:: ) 
C)1MJN /JUNK/ ;)X;11GI,xLF(.),YLF(4),LLF(4),TLF141,PLF(4), 

	

1 	FILL1132) V2(1) 
311:11:1 /EXTRA/ M0J5x.ATS 
DTIC'S/ON 	x(11 Y(11,21'1,JF:1I1),RHO(1),NTP(1),EF(IIAXTP,13,1), 

2 
DjAtd,3,11,AF 

	
), T111,p4A17,11,LOC(8,1), 

▪ IE51I01. 	1110(61 
a'.ITL (o.301.,1 
D1 1J - - rNU.U(6i 

' ri=1D 	(5,1361) M.NTP(I),OF.J (I),3H7(I),(HEU(N),U=1,6) 
I°('i3(I).L3.1.31 RnJ(I) = 11(1(1) / 385.4 
rr(:JT1(1).13.11 NTP(I) 	1  

(6,344:2) M , 5TPl1),JENl1),RHU(11,(HEO(N)04=1,61 
- 'F(I.Ei.$) 60 TO 2 

..?IT. (0,4021) 
CALL EXI T 

2 IF (VTP(.1).LE.MAXTP) GO TO 4 
,.;IT- (5,....2) MLXTP 
CALL CIIT 

4 NT = 'ITP(:!( 
3) 

4 
K=1,AT 

• x-1J(5,1.:2 /FE IK,1,'I1,F,VG,VP,GG,GP,EG,EP, (EE(K,L01 .L=11 pl. 3) 
EPP=cF/2.075 

- _E(d,2,N)=F•70+1.25.2PP 
C,:(✓.,3,N)=EFO•EG/(F•EPa40.25•EG•0.)3751 

E'(K,o r N)=EE(K, ,r)•cE(K,2,M)/EEtK,3tMl 
E_1K,701=E0Kt50•( 

ETC I, 	 K.1,") 

o:T. (6,3X33) IE,(K,L,M),L=1,13) 
6 C) 1TIN31 

'F(51.31.1) GO TC IC 
D1 i J=2,'17 
IE(X-(J,I :I).GT.EE(J-1,1,I1)1 GO TO d 

(5,Z1.r3) 
CALL EXIT 

9 CO1TI 1JE 

• ., C711TIUJE 
'F (rit3V.E'3.11 GO TO 12 
C') I=' (.UN:1AT 
.,?ITS (1JT 71 11,N TP(M),OEN(H) ,AHC(:1) 
NT = NTP IM) 
"'ITE. (NTd) 1(CE(K,L,M),L=1,13(,X =1,NT)  

11 C l I T 1 1 3 0  
12 

d21 jo (6,3404)Hr. . ) 
G 	TH 21 

1') 26 .1=C,11C'•THO 
.3°C) (5,1L33) N,NI,'1J,11K 

11,NI,4J,N3 
IFIUTA,J.63•1) 

	

i
• 	

,Ā 7ICC INTi) 	CiAt73,:IK 
IF((1.E:.M1 GO TO 13 
411T_ (5,40,4) 

 
11 

 
CALL EXIT 

	.8;;J. NI.LE.NUM0P) GO TO 5315 
L AI 

501 1, .,A.IT,_ (5 4 ;4 ) L 
;'LL EXI T 

 .AND. NJ.LE.NUMUP( GO TO 5116 
L = BIJ 
0l T:1 1,14 

5115 IF ('I,:. ,T. I •..i10. NK.LE.I(UHNP) GO TO 14 
L = :I! 
▪ l C) 	14 

14 010111f 
L'LL /':CTP2 CD1,A(1,1;M1,XIJII.Y17(I1,Z(7I1,X(IIJ),Y(')J1 r1(NJ),IERR) 
IF(R".El. I1 ,0 1 0 15 
-ITr (5.4,36) 

,;ALL :,IT 
15 CALL J:Sf-'2 ( ✓:,2(:111'I(NI),Z(III),X(10),Y(I!K),2(NK),IERR) 

s,U TU 17 
.',TT ~( ,41J/1 
CALL 	T 

17 0ALL 	('0.(1,1,11),V?, OCA(1,3,11),IEPP,)  

IFIi_d:.L7. JI 00 TU 1d 
h?Ifc (6,46011) 
:ALL EXIT 
,,ITE (5,430d) 
CALL FXIT 

lA CALL Cdu'S2 (DCAII 3,H),IJCA(1,1,M1,ULA(1,2,IU.ICRK) 
IF(I:1R.53.8) GO Tb 2J 
.+'.ITi (5,4109) 
CALL EXII 

2') C C IT 013E 
21 IG(NCL :.E7.J1 GO TO 31  

(6,3t)15) 
'1 31 .1=1,N1LS 

- R?AJ 	f5,144',4) N,NFACC(M), LT WI 
. ItITE 16,33(.7) N,NFACC(M),LT(M) 
IF(:J,EC.li( GO TO 22 
„1lTc (6.4111) 
CALL EXIT 

22 IF(NFL'= (M) .GE.1, .6110. NFACE01).LE.5) GO TU 23 
10,ITE (0,41,11) 
CALL EXIT 

23 IF I LT (1) .CS. 6) LT (11) = ' 
I FlLT(1).GE.1 .ARC. LT(li).LE.2( GO TO 24 
1,.11Ifc (o,4ū12) 
CALL EX)) 

24 IFtL116l.EU.21 G0 TO 26 
5`:10 (5,1u85) (PhA(I,0),I=1,4) 
n') 25 102,4 

25 IF(PAA(I,1).EQ.2.0) PNA(I tII) = PHA(10) 
°IC (5,3LUd) IP..8(1,M),1=1.41 
G0 TU 31 

25 P.Ad (5,1135) (PoA(1,1),I=.,7) 
lil i- (6,3169) (P.,1(101), I=1,7) 

'31 T 0;J T 111.1E 
IF(NTi;v.1U.L) GO TO 5J31 
C'1 5)3, "=',NOLS 
,1?IT (NTd) KFACE(9),LT(M),(116A(I,1),I=1,71 

5)33 C')vT1lJĒ 
5431 C1111I(31 

31 IFC(,JPĀET.E(1.7) GC TO 49 
d'ITcf0,3,1,) I I,1 1.2) 
J'l 4) A=1 IJCPSET 
RTLJ15,11J61(LOCIT,'I),I=1 0) 
'd?ITE(0,3')11)5,(LOC(I,51,Ī=1,d) 
L 	c 
3 1 'i J=10 
!E(LJC(J,1).EQ.X ) GO TO 36 

ĪF(LJCIJ,41.GE.1 .1113. EOC ( J,M(.LE.271 GO TO 35 
H?ITE (5,4113) J 
MOJ`X = 
G') TO 36~ 

35 CJNTIIUE 
36 IF(L.GT.)1 GO TO 37 

L = 1 
LHC (1, 7) = 21 

37 NAX P T;(M) =  
40 C)'ITIIIJE 

1E(0753V.E0.1) 
• ,AITE)nT A(I (LOCI I,J) ,I=1,81 ,J=1,(IOP3CT) 

49 '.ITE (6,312) 
P_:.2 (5,1117) XLF,YLF,ZLF,TLF,PLF 

(6,3c.13) XLF,YLF,ZLF,TLF,FLF 
IF IIJTd3J.E0.1) 

(NT31 	XLF,YLF,LLF,TLF,P4F 
35 TU111 

1211 F0RAAT (215,2F141.;,6461 
10J/ 1133AT(8F1C.I/3F10.u) 

F 1RMcT (4IS ) 
10^4 F']-!r!. T I.15) 
1835 F1.;(..,T (7110.1) 
1025 F15041(215) 
1037 F')R:IAT (4F13.0) 
3111 F')-:!..T (//48F '1 A T R I A L 	P i 0 P E K T Y 	T A O L C S) 
1002 1-0:10,4T (//231,GM.AT7RIAL lUMJE1 	= (.13,111),, 

1 	l i i t1UM0.irt UF,  
2 	2311 ict!F_oATU,!c PC1(5T5 = 1,I3,110,/ 
3 	23H ;,EIG.IT 015:11Y 	= (,F1c.4,1n),/ 
4 	23)1 MASS /0E55ITY 	=  

5 	23H IOFICTIFICATIJtC 	= (,E4u.111),// 
6 •X,_'HT=NPF•,41URE,3X,3,lE•" ,JX, i E,12,'JX, 3.1L3/,4 X,3'1V12,4X,3HV13, 
7 4X, ■i1223,AX, 314012, 01, 3Ci0 13,3X,311523, 33, 7(IaLP117.-1, 3X, 711ALPH A-2 , 
K CX,7H=LPHA-3,/1X) 

3303 F')RMAT (F12.2,3F12.1,3F7.3,3F11.1,3C10.3(  
101. Fn1IUT  	A X I 	ORIFNTATIO M, 



1 ix, 31r J d L F I // 
.'f.1 	SET 	( ,,UE 	NJCE' 	110.3E, / 

3 '..8.) N0M0,- r' 	NI 	NJ 	NK, / IX) 
!Jug F1?84T ('.17) 

• 3,25 FAK18T (//51H D I S T R I I, U T E U 	S U k F A C E 	LOAD 
1 	11,1T A P L E 5, /'x1 

3317 F)4831 (//7z,27hL0.D SE T 1IUM0ER 	- 16 / 
1 	71,27HLCS0 `UKFALF ELE•IENT FACE = 16 / 
1 	74,27HL0A3 TYPE 1200/ 	= 15 / IX) 

• 3)36 F1RMAT (1211 DI5T1'I1UT EU, 	1 11,4HP(11 114,414(4),1: X, 411P(3), 11X. 
.HP(4) / x,dHF'HESSJ4L,»F15.31 

1039 Fr1RMAT (.2H HYGFOGTATIU,13X,5H6A.IN4,11X,4NX ( S),1IX,4HY(S1,11X, 
1 	 4HZIS ),118,41x(11),1:X,4MYUI),11X,411L(1F1, / 
[ • 4x,driPKESSUKF, 7115.3) 

3115 F03:13T (/15211 S 1 1) 12 S 12 	UUTPUT 	6 	11 U 12 3 1 	TAU L, 
1 20 1,2/ 
2 80 	lET 912X,5H)'OINTI, / 8H NU:I3ER ,8 ( 4X,11If,(1,1H11./ IX) 

1311 Frd:AT (18,817) 
5)12 F13 )aT (///.1'.H 4 L E M E N T 	LOAD 	CASE,38 , 

I ?1H)1 U L T I P L I E K 5,// 311,5,11345E A,4X,6HCASE J,4x,6HCASE C. 
2 61,ar1„I;E 0,/IX) 

3313 F' 'HAT ( 
1 37H X-J14ECTIOII GRAVITY = 	, 4FI(.2 / 
2 '7.) Y-01KECTIUN GRAVITY = 	, 6E14.2 / 

,?7.1 	(-JIRECTICU GRAVITY E. 	, 4F1,.2 / 
4 '7') TMdK)'lL L02JING 	= 	, 4F:4.2 / 
'7.1 PRESSUkE LOID ING 	, 4F:'.2 // IX) 

4001°F1?MIT (+IH;cKROR••• 	HAT=3I4L CA _P.U5 OUT OF ORDEZ.1/1X) 
4432 F1RN)T (52H,EX80R••' 	)IJilE3 OF T_)IPERATURE CARUS EXCEEDS USER, 

61331 F11HN'4T4 
8

51H1E 8P0
6"01 ., 

TEl[4=dATO,'.C. MUST UE INPUT IN ASCEAOINC, 
'H 93JER., / 121 

'.376 F1311AT (47H:LRROn••• 	AX13 ORIENTATION CARO OUT OF OCOER.,/:X ) 
4J35 F14 I..T 13;H»ERkOK••• 	U)IOtFINED ) ))DE NUM3EP - 	I5 / 1X1 
4., 6 FO?HRT (3iHIE81OR•'• 	VFCTOR ĪJ HAS ZERO L_tIGT1i.,/1X1 
6157 71?94T (liIt, '.ROR••• 	VECTG( IK 1163 ZERO LEFIGTH.,/1x1 
4001 F'-CH..T (43H4 RRO4••• 	IJ r'( IK 'I CTOKS ARE PARALLEL.,/Ix) 

W 	
4L14 F')?:1.T 14:H:F R,(14'•• 	F3 A11J Fl VECTORS ARE PARALLEL. ,/181 
4111 F)R:14T (,41, E?RUR••• 	SET I;3 11245 lUST 0E IN ASCENDING ORDEP,/1X) 
431 1 F'1-5XAT (A3HXERRCP••• 	IN'JALIJ SURFACE FACE NU'18ER../14) 
4C12 F1115T (3,Ha?POR••• 	IIIV4LIO LIAO TYPE.,/1 8) 

• 4311 FOR MAT 1'.2)1JEXaJa•'• 	INVALID OLTPUT POINT NUNOER = , I6 / ix) 
L13 
543ROUTINF C^OSS2 I3,3,C,IERRI 
0IIEN5ION 3(31,4(31,0(3) 
X = A(21 • J(3) - 4(1) •• 3(21 
Y = 8 (3) • U(1 ) - l') • 1(3) 
Z = .111) • 3(2) - A(2) • 0111 
xl.'I]4T(z•X/Y•Y(.L-Z) 
I=4' =~1 
IF(xL'I.LF.I.:E-18) RETURN 
xLN = 1.) / ALN 
C(3) = Z • XLN 
C( 2) = Y • ALN 
C(1) = X • XL11  
IFRR = 0 

f K- 16,111 
Ell 
5,137101%E VECTR2 (V,XI,YI,ZI,XJ,YJ,LJ,XERR) 
UT.IE'ISID:F V(3) 
%:= 1~ 1 

XI 
F = YJ- YI 

ZJ - ZI 
~. 	 xl l = SC•8TIX'XtY'Y(.ZLZ) 

IFIXL11.LE.1.TE-00) RETURN 
X1.'1 = 1., / XLN 
I"RR = 

2(0) = Y • ALN
N 

 
% • 8LN 

u°ĪV'N 
ENJ 
. 11,111111.E 55LA'A (O,(;,TEMP,CCA,KAXES,KMAT,NF.I,UUM,ALPHAI 

0' (/1.5101 3(4,61.1(1 2),TLFIP(o,6),0,.A(1,3),IPPM(3),DUII(6,6). 
1 	ALPHA(6) 
1114 1484 / 2,3,1 / 
01 2; 1=1,5 
.,LI'•,41:) 	= 1(1491 
31_PH 6 ((r 0 = G.2 
IF(F(I).GT,1.1(-44) GO TO 15 
d'.III (5,31341 I, I.K(AT,NEL 
"TOP 

3105 FOK•IAT ( 2347FRPORL•' 	HODJLUS Ef,2I:,16H) FOR MATERIAL 
L 	144) III ELEMENT (,15,13.1) L7 ZCPC., / IX)  

S 141H"II,TI = 1.4/E(I) 
f'7  .0:11:1n41 

~T'r1•'(1,2) _ -E('.)• T_MP12,2) 
T,10(8,1) = 	11 44 (1,2) 
(':14(1,31 = -12(1)' 17HP(3,31 
1E11(1,1) = 	T41411,1) 
TF.14(2,11 = -E(6)• 1E44(3,3) 
TF.MP(3,2) 	TE11P(2,3) 
U1 a~ '1=•)13 
x = 1.J/1LHP1N,[I) 
Di 3J J=1,3 

31 l40P('I,J) _ - TEMP(N,J)• X 
1.') 5) 1=1,3     
(FIII.EJ.1) GO TO 51 
01 41 J=1,3 
IF(N.F..1.J) GO TO 44 
T=11P(I,J) = TFIIPII,J) • TEMP(I,II)• TEMP(N.J) 

41 Gl1TINJE 
59 T4:1'(I,N) = TEHP(I,N)• X 

T,.:IP IN,III = X 
E] C111TI.Nt 

0') 7, =1,6 
ii 7J J=1,6 

71 D(I.J) = 2,8 
D') n» 1=1,3 
ON I I J=1 3 

31 4(1,3) = ftP)'II,4l 
D(4,6) = F(71 
0(5,51 = E1 )1 
Clo,o) = ((J) 
IF(K1445•L7.1) PETURN 
01 1:1 I1=1,3 
IT = 1431M1 

312 i]I 4R 
	1,3 

r•(31) 
17.12)N ,J1 ) = DCA(JI,I:)•JCAIJ:,I11 
T=)IP(I:•3.3: 	) = DCa(J1, I11•DCA (21,I2) • 2.0 
17:14(11 ,J1.3) = (ICA(J:,I1l.3SKJ2,I1I 
1SII'(11.43,31.3) = DCa(31,11('D44(34,122) • 

1 	 OC8(JA,III•OCA(J.,12) 
91 CONTINUE 
id) 6'ATINUE 

31 111 I'1,6 
3) 12, J=1,6 
X = J., 
Dl 11. K=1,6 

1 11 x = X • J(I,K)•TEMP(K,J) 
12] 011(1.J1 = X 
131 CINT INJE 

01 .o6 I=1,6 
Cl 15. J.I,a X = i.J 
0') : 2 K=1,5 

14, X = x • TEMP( K,I)'DU1(K,J) 
0(1,J) = X 
D(1,I) = X 

151 61111137. 
160 .O:IT;'lUE 

0) 25, I.1,6 
x = 3.4 
5') 114 K=1,3 

195 x = X • IENP(K,II•E(4•3) 
IC(I.GT.3) X = X.2.3 

201 ILP-3(I) = X 
RF1)13:) 

5I Ī]ROUTINE ST8321 (E,0,5,XX,NOJ•I,N,4,SIG01,DELT,FT,DL x'1,NEL,ND, 
1 	 IFLU .1 EL 1,KTL ,K.,L,Kt'S , r1 I 'IT ,:IINT Z 	TOE 'I, ,150114 )  
0IM405ICK 	4(6,1,61=1,11,51',5,11 Xx12,11 11U59 1 1( .11 11,P 1 1,1), 

1 	5103111) 1LL11Il ,1 T11 1,3L (1) ,/H (1), U 011,51T (al, 
2 	 21(63 1 2)5,3).1)12 K3, 1),1,DX13),LUX(3l 
Ch:1:14111 /1,11151/ xGl'.,A1,,sTl'.,41 
1..L :1111') 
UATA IPERM / 1,'.,6, 4,2,5, 6.5,3 / 
JlL = 4.5 
I'll = 3.) 
11 2i I=6,6 
J = I-1 
C') 21 K=:.J 

27 0.11 = 504 , AD5(11K,I)) 
111 = 1 
ICI,IUY.GT.1.41-01 IS•) = 0 
I°(I.,u.E'J.J) GO TC 2'. 
011 22 I=2,3 
04l = JuM (. 143(1(I 	.I 	) - 12(I-1,0-:Il 



/. 

r 

22 'll = JL'1 • 0d;(i(I.3,(+3, - _((42,1+211 
JU1 • w9:,(r (1 	,2 	) - c(3 	,.. 	)) 

J'll = 'n19 + G.D,;IE(2 	.3 	1 - 1(3 	' S 	11 
("(+U 1.GT.1 .50-01 ISO 

24 C') 1T 13'JE 
Cl 1: Lx=1 5INT 
EI=AC(LX,NIST) 
CO 1) LY=1,NI'JT 
L2=A':,ILY,NI UT) 
01 1_ L7=1 NINT2 
c3= X,;(LZ.t.TNiZ) 
tiT=.,5T (L A,NINT I'.GT (LY,NIut )•IST (LL•IIItJTZI 
CALL')?,'.05 (NlL,AX,),DET,E1,E2,73,0009,H,P,IELU,IELX) 
FAJT = .IT' 011 
F45T2 = SU-'T(FACTI 
01 ZJ 

;I 
I=',1ELU 

K T =  
K? = K'-1 
K1 = 
8'1()<.) =2(1,)(1)' FACT2 
0/(<21 = 2(2,)(21' FA.JT2 
3J(<3( = 013,K31• FA.;T2 

25 Cl1TI31'JE 
Cl 3., I=1,10 

35 

 
01 32 

	Jl • U.4(I1• UVIJ) 'VAL = 401 • FACT 
I"1<;L.C'J.0 1 GO TO 15) 
3') 11.1 K=1,IFLO 

137 1(() = 01(K) + HIN)' FACT' HTDEN 
153 I"(KTL.E1.0) Go TO 190 

JT = .5 

01 16J K=1,I1.10 
160 Or = JT 4 8(K)' DEL1(K) 

Or = 01' FACT 
0) 17) K.1,6 

17) 	)r(n( - SIG0T(K)•DT 
Ul 133 ✓,=1,1.0 
J1 175 I=1,6 

175 FrIK) = FTIK) • d(I,K)• 5DTII) 
CVYT11UJE 

19'~ L1.ITISJ= 
C (I T INJE 
01 35 IA1,2 
I = '13-I 
51 35 J=1,IC 
1i=J4I 

35 (1,J1 ' S(J,HI 
IF(I;0.F).01 GO TO 75 
0 =  
37 	_(1,?) 
C; A C44,40 
00 63 I= I,IELD 
K3 = 3.1  
K' = KI-1 
K1 = K_S-1 
K1 = K1-1 
C1 65 J=(,IELO 
LT = 3'J 
L' = L3-1 
L! = L2-1 
L)_ = L'-1 I, = 1 

Cl .) II=1,3 
• = II4 K 
0) 4. JJ-1,3 
N = JJ• LJ 
I' = IS. 1 
OfICI A S(4,4) 

49 C 1ITI.IJC 
5)<5,11) = 0(1)' 
5(<5,12) = 0(5)' 
SIK3,131 = 0(1)' 
S(<',L21 = U12)• 
5((2,1,) = 0(4)• 
:,(42,Li1 = 0(r)' 
5(<3,1.2) = 5(8)' 
5(43,1:) = (1(71• 
S(.;1,L;) = 0131• 

E, C)')TI.1,E 
G 1 T) 11 

75 0l 11'3 l=1,IELD 
41 A 3'I-3 
01 1)5 J=I,Iī.LO 
Ll = i'J-3 

L'1 8,1 11=1,3 
N = ll• '.J 
01 A. JJ=1,3 
A = JJ4 L1 
((II J1) = 5(H,0) 

83 C(II INJ1 
0) 1,0 K.1,3 

= K)4.< 
0 '2 I3=1,3 

82 KlX(IJI-I.'cB0fIJ,K1 
01 95 L=.,3 
S' = L,4L 

83 L1X(IJĪJIrPaRH(IJ,L) 
51,1=3.J 
C) IJ 11=13 
K_ = KDA(II) 
01 n; JJ=1,3 
K'' = L)X(JJ) 

85 Si) = SUM • (f SI, JJ)'E (Kl,K2! 
31 C1111•150. 

5(11,i2) = SOS 
95 C1'ITINUE 

131 51(1INUE 
11.1 C UII(FJI 

DA 2., C I=1,00 
01 252 J=I,NJ 

216 	fJ,I) 	i(I,J1 
Ī' (K IS.E,..CI RETURN 
FACT - VOL' HS.JEI/ ICLD 
C) 223 K=1,FJ0 

22; X4(1) = FACT 

.1HO1U72EIE 	FACEPR 	(NEL,KUIS,KXYL,XX,0009,H,P,FL,31FACC,LT,P3A,KLS) 

J1AE;IJI011 	xx(3,1),530'J('),HI1> 	P13,11 	PL(:),Pdaī1) 
01;11,(510h 	XJ13, 3), ET 513),4FAL-(E,e1 rKL?016)•FVAL RJ),IPR4143)• 

PR(8), NOCES(31,I8d4(4) 
•51,1:135 	/31US5/ 	XK14 r 41,6GT(4r4) 
DATA 	KFACC 	/ 	1, 	2, 	1, 	4, 	lr 

1 	 AV 	i, 	5, 	1, 	6, 
2 	8, 	7 1 	6, 	7, 	3, 	7, 
3 	Sr 	6, 	2, 	3, 	4, 	1, 
4 	12, 	13, 	17, 	2 	9, 	13, 
5 	20, 	5). 	13, 	- 	V 	1., 
0 	1E, 	14, 	13, 	1), 	II, 	'Sr 
7 	17, 	53, 	9, 	', 	10/ 
DATA 	KCRD 	/ 1, 	2, 	2, 	3, 	3/ 
U'.T4 	FilL 	/ 	1.,-1., 	1.,-),., 	1.,-1./ 
OATA 	(PR4 	/ 	2, 	2, 	1/ 
OAT) 	00,4 	/ 	2, 	1, 	4, 	1/ 
O.) 	2 	I=1.4 

01 	4 (0(53 • 013)1• 03 
0i 	• (0(1) • 0)'111' 03 
01 	• (0)51 + 	U(1)1• U3 
02 	• D(4)' 03 
U2 	• U(2)' U3 
02 	4 0(31' 03 
52 	• J(6)• U3 
U2 	• JI31• U3 
02 	• 0(7)' D3 

K1r3(I I = KFa,CF1NFACE,I) 
U I1,1E1(I+4) _ .+ 

2 C 1.I I I3I10 
I"I4J(5.LT.91 GO TO 9 
1,19 = K015-8 
Cl 8 K=5,8 
90 4 I=1,,IN9 
J = I 
IGI<FA;E(NFLCE,KI.EQ.N009(I11 50 TJ 6 

4 CLIT LIJE 
U1 TO 8 

E. 1)3;3I0 = J 
3 CIUTIIIUE 
9 CliiTIYJJF 
FACT = -FOAL(NFACE) 
6'1 TA (10,35), LT 

1.3 01 25 =1,5 
(C(:ĪJD,S(1).=.1.2) GO TO 25 
IFIK.GT.41 GO TO 15 
P?(K) _ 0*A(KI • FaCT 
G) TO 25 

15 J = K-4 
L = 110.13) 

IP+:.(J) • 04(4(1)) • 5.5 • FACT 
25 C);IT:'IUF 

6) TA 73 
3,1 G1.UIL =~0.14(1)• FACT 

3L'1 A L..3 
C1 ST' =.,3 
LrA(K) = )',,4104) - PHA(K41) 

35 XLI = XLN • -TL(K)'•2 
)(LI) = C,551(3531) 



• 
~.~,..,.._,yiā±;-ii~•'~f^

'
tr. 

X1I12,7,I=U1311 (-XJ(1rl)1XJ(2,l1 • XJ((1,3)'XJ(2.1)I 
III(1,3) 0UM'I XJ(1,17 •XJ(2,21 - X111,[1•XJ(2.111 
0.) 1i, K=1, ILLU 
112=K•3 
Cl Ill L.1,3 

i1)L,K2-1) = 3.3 
115 DIL,K? 1 = 5.3 

CI 123 
	=3J(1,K2-31 ♦ XJ1(1,I)• PII,K) 

rI..T.41 NJJ = NJJ ♦ 8 	
2(2,K2-11 = 3(2,1:2-11 • 031(_3,I)• PII,KI 

IFI 12') 013,r.2 	) = 3(3,K2 1 • XJ1(3,11. 1'(I,K) 
C) 51 I=1,3 	 J14,K2-2) = d12,K2-1) 

50 AL I = ALI • (A3(3 ,NO3) - PuA(I.1))• [TA(I) 	 - 	J1+„C,2-1) = bli,K2-2) 
P1(111 = ILII• 31,1M2 	 B45,K2-11 = b(3,K2 1 
IcIXLY.LT.L..) PRIN) = 0.3 	 13(3,r12 ) = 212,1(2-11 

7^ C11TilIJi 	 U(o,32-2) = .313,K2 1 
75 C 1.IT(flu 	 13) 311,K2 	1 = d(1,K2-21 

VI. = ':r?.3(NF3CE) 	 R=TUIN 
MM = •d71(11L) 	 E li 
MI = IPR9(MM1 	 S•I,1 0JUTINE FNCT (3,S,T,H,P,1:009,XJ,3ET,XX,ItLO J £LX,NE LI 
=TA(AL) = FIALINFACEI 	 o?1:uG:orl 11(11,P(3,11, NOD 1l'),IPL3'1(3),XJ(3,3) 'XX Ii,1) 
13 3:4 LA =113 	 31TA IPERM / 2,3,4,1,6,7,8,1 / 
ETAI,IM) = AK(L3,J) 	 I-:_ = IELD 
C) 1 P1 LY=1,3 	 •I'1D9= IELD-8 
: TS (,3')) = XKILY,3) 	 RP.1.3 • k 

' T = 431(LI01' NOTILY,3) 	 5'=1.1 • 
C1LL FNCT IC1A(1),LTA(-I,ETA(3),H,P,(IOU9,XJ,OET,XX,KOIS,KXYZ,.NELI 	 T1'=1.2 4 T 
Al = XJUV1,21' 33(111,3)- XJI1.1,3)• XJ11114,2) 	 31=1.2 - R 
1? - XJIMM,31• XJ(•N1,1)- XJ(HN,1). XJ(MN,31 	 S1=1.3 - S 

— Al . X11°I1,1I 6 XJ('14,2)- XJ(M,1,2). XJ(MN,11 	 T1.1.5 - T 
AA . SIRTI11••2 • A2'•2 • Ai'•2) 	 P1=1.5 - R•R 
1IlS4.GT.7.1;.-.3( GO TO 1u.1 	 = 1.3 - S.S. 
'ITT: (3,3;A01 I;FICE,NEL 	 TT=1.3 - T*T 

• 301C F')HJT (.,oHJEKFOP'•• 	UINDEFINED IIOKMAL IN FACE I,I1,511) FOR, 	1-.111.5.12=•RP•-P•TP 
1 	 1;11 ELEMENT 1,I5,211)., / 1x1 	 M(CI=5.125•PII'SP•TP 

TJP 	 r1(3) =2.125•kA•SM•TP 

	

L,1) - 	10.: F1CT = 1. 1 /AA 	 H(4I =6. 12ī•RP•St:•TP 
Al = 31 • FACT 	 M(ī1..•125•RP•EP.PI 

W 	 A? = A,. FACT 	 H(61=0.125*ktt'SP'TM 
Al = A2* FACT 	 hI 7)=i1. 1 25•K:1•,,H• 1M 

• Al . 5.0 	 M(3I=2.125•3TM 
01 - 3.1 	 P(1,1)=.127•5P•TP 
CC = 2.3 	 P(1,2)=-PI1,il 
01 121 I=1,3 	 P(i,31.-...1:5•SII•TP 
A^ = Al • XJIHM,I)•*2 	 P(1,'.)r-PI1,J) 

	

C 	 CC ♦ XJIMII,I)•'2 	 P(1,31= 0 .1[5 3P•T,1 
12) 31 = 23 • XJII1M,I)* XJCMN,II 	 Ff1,=l=-P(1tt.4 

C = S3 TIAS•CC - 03'•21 	 P(1,71=-u.125'S11•T11 

	

.t 	
F?E 53 = 0.'. 	 P(1,i1=-P11,71 
01 131 K=1,n 	 P12,11= ,.125•FP*TP 
IFINZJESIK).E0.11 GO TO 131 	 P(2,21= 0.1251P.M.TP 

NOD = 301ESIK) 	 P1.,3)=-P12,2) 
Ir(K.GT.=1 NO0 = (IOJ • 8 	 1 	F(2,41.-P12.1) 
P?"5; It PRESS • H(110J1' PRIK) 	 r 	P(2,1;1= 11.125•RP•TI1 

131 C1ITIN11E 	 P(2,A)r J.125•RH*TM 
FACT = WT. C. PRESS 	 F(2,7)=-'I: o) 
Cl 161 L=1,8 	 P(2,6)=-Pc, rl 	
IFISOJ=:(L).E0.0) GO TO 163 	 PI1,1)= 2.125'RP•SP 
I%(L.S1..) GO TO 140 	 P(3,21= 0.125•P'1.5P 
(I = NIJES(L) 	 P(3,31= J.12A•0•3M 

	

~~ 	1 = 3.1I 	 P(3,.1= o.125'RP•SM 
3') TO 15', 	 P(5,3)=-P13,1) 

14r,• J = 113.313(11 	 P(3,ot=-P13,[I 
(1 = J.9 	 Pf3,71=-P13,31 

159 NM/
K = 3' MOD9(J) 

	

n 	C1 = 1201' MI 	
P15o)=-1'(3,41 
'% IIEL.EJ.b) GO TO 51 

FI_IK-21 = PLIK-21 • ''TO• Al 	 I 
PLI,-1) = PLIK-I) • 93' A2 	 2 I=I • 1 

	

It 	1E1 
	I = FLAK 	I • .10• A3 	 II (i.GT.NNU )1 VO TO 3= 

16) CI ITIIlil_ 	 I1=NJJ,I II - 8 
- 323 11111:430 	 1) TO 19,10,11,12,13,14,15,11,17,1tl,I:.23,21) ,NN 

R=.TU 1..1 	 9 H(91 =1..[ī•3:t•SP•TP 

	

,• 	El) 	 P11,1) =-'1.5J•R•SF•Tr• 
I1?)UTI:E C-R'OS OAMl'oX.3r 1°10v,;;11. 130U9rH,P,IEL3,IELx1 	 F1,,,)) _ 	.25•=•TP 

0 , 12 I21311 	XA(3,1),dlb,1r1 NU33(1(,H(1),P13,11 	 F1) 11 = 7.25•''.P•SP 
0 •.1F:1-:014 oJf3,3111 .1 ..,!) 	 El 11 2 

• CALL FNCT (3,'„T,h,P,r70Jir.J.OET,XrG,IELU,IEL%,NEL1 	 1) h(13)=..25•Kl1•_::♦7P 
1)I1=:.:70FT 	 P(1,-0)=-J.23'3.,•(P 
X1111,11=11U'1•1 XJ(2,21•XJII,II - Xl(2,3)'XJl3,2l1 	 P12,111=-5.3::•R.•S•TP 
XII (1',11=1)U1. I-X.1(2,1)'AJl1JI • XJf[.3)•XJ(3,11) 	 PI ;,,...)1= ).25•r!1*SS 

• XIII S,1)=iIUH•( 33(2,1) .13(3,21 - AJ (2, 2)•AJ(3,1)) 	 Gl Ti 2 
I1II1,21=JUM'(-XJ11,21•AJ(_._1 • $J(1,1)•XJ13.[1) 	 11 H)111=1.25'PK'SM•TP 
X II12,.I=JUN•1 AJ11.11•XJ13, 1.1 - X 1(1,3)•X113,i11 	 PI.,111=-1.5;•r'.'S•"•TP 
A11I3,..)=;U'1• (-Xi (1,1) • 1J 11,2) • XJ (1,3)•X...113,111 	 P1',11)=-'.1 A,.TP 
31: (1, 11=rPJr1• I AJ 11. 2) '/3 (2, %) - XJ(1, 31 'Xi (2. 2)) 

'i lo,S;r ) KLG Nr.L 
312 1 F•i;MIT (J1r1LERKOR•1• 	PRE 33U-.E LOAD GET C.I3,11(4) F)' FLEOCIIT I, 

1 	15,43H) HAS UIIDEFIN=J MYDRJuTATIC SURFACE NORMAL., / 131 
_'op 

41 01 4i K=1.3 
45 LT+(<) = ,11)K)/ XLN 

D' 7J I1=1,., 
IFllJJ£SINI.E).C) GO TO 7) 
All = 3.1 

1311D = NODr_SIN) 



•. "~ir 'iZr • ~trt,a~ j;~' FY!.1 ~Qs (~.i+~~''C'3t'L~a 	+~i~ ~ '„l' ""r•''c1! 	w~?,c r$11N..4 ' l̀,!t 	,̀  sx 	 1Y• 	.wi""`' 	^f=w "'k' 

P( 3,11) =  1.25'2):•511 
GI T,; 2 

12 1.(:2)=..25•kP•SS•TP 
P(1,.2). :i.2i•SS•TP 
Pt_',121=-J.5•:•RP•S•T1, 
P() :2)= 3.25•RP•SS 1l Ti 2 

13 P( :3)=..25•Pr•SP•1,1 
P1. ,:31=-3.5:•R•5P• 1.1 

Pf i :3)=-C.25•RR•SP 
G 1 	1.) 

14 Ht1+1=1 .25•P:1•CS•TH 
Pf1 ,14).-.J.25•GS•TN 
P(.,:4)=-I•SC 	I•1•T'1 
P(i, .4)=-3.25.1'.11.15 
G) TU 2 

15 H(l5)=:.25•RR•1H•T11 

P12,151=-J.25•1H•T11 
P(S '_)=-0.25•RR•SH 
G 1 Li 

16 P(10)r .256 RP•i5•TH 
P(1,:0)= 0.25`3S•1H 
212,1o)=-J.5:•RP•S•Trl 
P ~3, ~0) r -3. 2i•RP•SS 

17 4t.71=6.25`kP•1P•TT 
P(1,17)+ 0.25•SP•TT 
F(2,17). 0.25•KP• TI 
P(3, 1 7)=-3.5;•RP•SP•1 
GT T) 2 

19 1.(1 i1=,.25•R1•1P•TT 

P(',14). ).25•dM•11 
PCI{ ~ d1r-D.5;•RM•SP•T 

19 P: 
	)? 	1 I)11W 	 ( ,:J = 1.25•S  

sal 	 P(:,:9)=-:.25•RN•TT 
P(S 1)1=-6•5C.42945I.T 
G) 1J 2 

20 Hf2)1=Z.25•ZH•;H• TT 
P11,211. d.25.111•TT 
P)2,161=-6.25•RP•TT 
P(3 11 21 	~ )=-J.S•i1P• S~1 • T 
0) IJ 

21 H(21)=HR•S1.•TT  
P11,21)=-2.5•R•SS•TT 
P(2,21)=-2.1-3•RR•TT 
P13,21)=-2.C•T•HP,•SS 
G1 1J 2 

40 I•(=. 
41 

TF ( IM.G T.t.tID91 GO TO 5C 
I I= I i + 7 
IF (II.EJ.IELX) GO TO 51 

42 11=:l10, t 111) 
IF (:'4.GT.16) GO TO 46 
It=I,I - 3 
I'.=IPERHII') 
M(II)=M1I1) - 3.5.11(1)1) 
+t121=MII21 - E.5.11(IN) 
ItI,u31=MIIN1 

P1J,I11=PIJ,I11 - 0.5•PLt,ID) 
P1J,I2)=P1J,I21 - 6.5•P)J,IN) 

45 P(J,IH+71=P(J,IN) 
01 TO 41 

44 IF (I'I.EU.21) 60 TO 36 
I:=I I - 15 

M(I 1 1=.1(111 - G. 5•4 (I t11 
• P((2)=,(112) - 0.5•HI(N) 

M(:11•d 1=rl l!.) 

P)J,(11
J
=ptJ,T1) - G.9•P(J,IN) 

P(1,12I=P(J.12) - 0.5•PC3,t11) 
47 P13,11.-It P(J, III) 

G 1 TJ 41 
3. IM=._ 
31 I!=iu • 1 

I I= J131(1H) 
IF (IN.E ).2:) GO TO 35 
IF ll•J.;T.:.,1 ,U TO SS 

I:=I1 - I 
I 2=I 0 ,'.P(I') 
1111 .t IIt11) • 5.125•4(21) 
H1(2)=MII21 • 0.125`)(21) 
0') 3: J=1,3 
P1J,I11=P(J,I1) + 0.125•P(J,21) 

32 P(J,121=0(J,I2) • 0.125•P(J,21) 
Gl 1J 31 

33 I := LI - 16 
1 1.=I1 • 4 
NIDI=•11I11 • 0.125`4(2:) 
M(12)=11(21 • 3.125•41411 
0) 3. J=1,3 
PIJ,I11=P(J,I11 • 0.125•PtJ,211 

34 P(Jt i2)=P(J,I2) • J.125•P(J,21) 
GI TJ 31 

35 It 30 I.1,.2 
M(II=H(II - 0.125•M(21) 
DO 36 J=1,3 

36 P(1,I1=P(J,I) - 0.12i•PCJ,21) 
1.1=110, • 7 
IF (l.1.21.i) GO TO 5; 
U1 3J 1.4,141 
11(I1=H(I1 - 6.25•1- 1211

.13 
39 P11,L1=P1J,I1 - 0.25•P(J,21) 

Hl W13.41=H1211 
CI I1 J=1,3 

39 P(J,'J'JJ3.91.P(J.21) 
.1 IF (.OLX.L1.1ELU1 RETURN 
51 01 1L4 I=1,3 

31 1J., J..1,3 
00 1= 1..) 
Dl 1, K=1,ITLX 

95 U 1:1=1U)1 r P(1,41•2311,(I 
107 X1(I,J1=0UM 

C01 = XJ(1,11•XJ(2,21`XJ(3,3) 
1 	• XJ11,21"XJ12,3)•XJl 3, •1 
7 	• XJ11,31•XJ12,:1•4Jt3,21 
3 	- 23(:,31•XJ12,21•XJ(3,:) 
4 	- XJf1,21•XJ(2,1).XJ(3,31 
5 	- XJ(1,1t•XJf2,31•XJ(3,21 
IF10:T.61.1.-E-31 GU TJ 11. 

10,2060 1t4,14,5,1 
5T3)' 

111 IF (I=LX.LT.ITLU1 GO TU 42 
R ETOtA 

2301 FI4H4T 143)10ERRCR••• 	NFGATI30 OR ZERO JACOJIAN DETERMINANT. 
1 	23M COMPUTED FOR ELEMENT (,11,.H), / 
2 	12x. 3MR =, F111.5 / 
3 	 121, 	345 =, F1..5 / 
4 	12X, 	3MT =. F10.5 / IX) 
E7,1 
1/20431 ( TIHE, 14,6) 
P:')3-(AM 1UL114 
C)ININ 2111 
43 (.131 /:CPAP/ NP(14),NUMNP,)1dA)IO,.IILTYP,N1.I12.N3,54,N5,HTOT,NEC 
C11.13t1 /3CL / N0LOCK,NEp3.LL,NF 
Dl10111I0.1 TT141 
CALL 3200'IJ (11)1)) 
NS.1= (VIA HD+LL 1 6 11E J9 
N ;.10=:IE 3')6LL• (2+ (1301(.1-21 /11 0 33) 
I F(N.,3J.LT.t(1G) N303=NS0 
1.4= )11.413 13 
HI - - I_,4NJ + NFOD -1 
CALL 3ESUL 121N1),4( 1 131,At141,NEG, 1JANU,LL,NCLOCK,11E33,NSO,HIs 

1 	,3,2.71 
CALL SECOND ITT(2)1 
U S.ill+ lUJ11P•6 
N' 3=N3.0•LL 
CALL Pr•f:TO 1A(111),A(N2).A11131,NEQJ,NUNIIP,LL,NOLOCK,IIE9,2,11 
GILL SECOND (TT13)) 
145111•4•LL 
143=:4.+!IF JJ•LL 
L 1= (.IT,)T -731 / (:JC : 1 121 
C1LL .iT421;(31141).2112),A(,15),NE3T,13,LL,NL9,'3OLOC<) 
GALL 1LC1Ui1 (TT1411 
01 S. K=1.3 

51 IT(t) = TftK+11-1t(K) 
4 1 1T2 (6,3")l) CITILI L=1,3) 

2331 F 71:1..T (///I 	4+M S I A T I  C 	2 3 1. U 1 1 ON 	TIME 	LO 0, 
1 	//5X,2111E1JATIi') S'1 LJTICN 	=, 13.2 / 
2 	50, 21110I+PL0CEIIE'IT O'JTPUT =, F8.1' / 
3 	5X,211.1TKE;11 REC'tIcHT 	=, F3.2 /1 

• 



1 	 ti{Ed,NL, )JK1 	 2d; 	r 1= 1I(1.3 (iJ,NM) 
9I4cN:IJ'l AINAVl,U(NAJI,iAXA(11I1 • 	 <'1=1 • IC 

M 1=1 
1 A ? = 1L1 - 2 	 14 .i)J KK={L T KU,INC 

IF( 1a2.E 1.1) (132=1 	 300 	C =G + a(K).)'0.(1KK•ICI 
I'IG='7._3I - 1 	 A I e N1= A (K t:1 

- C 
14.1.1FU3•n3 	 249 	tG=IG • NEJu 
'IT J= 1'13-21 /IIEI)3 • 1 	 ✓,=1 + 11+4 
'ILJ.:IT:1.NEJ•J 	 7:) 431 L=1,IIV 
'10 )T=.1Ef + 11E00 	 KJ=K 
J..V=Ac OJ-NV 	 o... 

'I.) J,I ='JE 31 N1 	 - 	I H, INC 
4:=hL 
N2 =!1r, 4.)

0
IKJ1

,.3.1TN1 NJTIF 
'E..GN N1FO 	 1.33E.1i'1'1 NI 203

11 ;,) 	NJ=I,NJLOCK n{♦tIJ).GI.((41 00KI GO TJ 1.01 
IF INJ.NF.1( GO TU 10  
,_40 (NSTIF) A 	 IF (INJ.03.1).OR.(NK.EC.IITB)) NI=N;TIF 
IT  9-7.,1•=1.1) GO TO 115 	 '0 .l (511 9 
M1(4(1)=: 	 4L=11K`Nc~9 • 1 

C'l 
>Ud•0UTINc 31;01 (A,O,HAX: NF•J,MA,MV,NuL0CI(,uc•Jtl,NAJ,11I,n5TIF, 

r{=ri'J 
M ~1=MI:1; ('1 	KM ) 
0 	TO 	14 ) 

131 	<(1=03 	• 	1 
<0=03 
IF 	(0-NE30) 	140,143,136 

136 	41=1A 	- 	1 
141 	)U 	13. 	K=1,HM 

IF 	(0)KK)) 	110,160,111 
163 	r<=,:K 	- 	INC 110 	434.(:1)=0K 	 i 

IF 	(A(1)) 	172,174,176 174 	<,:.=61J-1)•NcQU 	+ 	1 
IF 	(<<.1T,11rQ) 	GO 	TU 	590 
WITE 	Io,10JC) 	KK STJP 

172 	<<=(1J-1).52.10 	• 	1 
ĪtITE 	10,1010) 	KK,Al1) 176 	10 	443 	1=2,NE'0O 
(-1= 134A (3) 
IF 	(Ar1-u1 	266,210,210 

210 	KL=.1 	• 	INC <=N 1=0, 
19 	22) 	KK=KL,NH,INC 
= Cd IKK1/AIKI 

1=3 	• 	C+AIKK) 
220 	5(K{1=L 

Al.)l=..1•U 	- 	0 
IF 	(3(10) 	222,224,200 

224 	(4=fli-I)'I._10 	• 	N 
TF 	({{...T.A*J1 	GO 	T) 	590  ~aIi: 	15.1uG6I 	KK 
ST3' 600

122 	0-.=('J1-1I'NE'Ji1 	• 	tJ 
ltIT_ 	(o,1Llw) 	KK,AINI 

23J 	I.: 	lU 
11 	'41 	J=1,442 41=i.. r.A(:l.2)-IC 
IF 	(9/-'l( 	2•.G,24J.2n7 

Ic(3(1)1 	1,174,3 
1 	0<=1 

4)ITL(6,1)111 	KK,A(1) 
3 	01 	5 L=1,NY 
5 	A(1,L1=A(1+L1/A)1) {)_1 • JJ 

IA1KK),KK=2,KR) 
0= TU'.O 

10 	IF 	(UT3.00.1( 	00 TO 	100 
T0.II'IJ 	Ili 
?Zh1 I'J 	n2 
..E.) 	1:11) 	A 

LA) 	133 	<1=1 
v7 	{ 1=4IN1 Era ,t1E19) 
3n 	44X3(1(=1 n0 	111 1.20I IF 	123,122,133 

121 	'(U=OU 	• 	0031 

'IA =+01.3 f (NK,11• HFOB.VI) 
/01)13.10.1) "L=ei! 
11=.1I - `IL 
<1..=N0.0 + 1rIK-11 450110•NP03 
'1=1 
90 50_ 4=M1.,HR 
'I,) 1MXA (4) 

L=K NEC3 
F (N01-

, 
KLI SC5,510,511 

51J 	,.=N:-.1O
1=3. 
10 i2• KK=KL,NM,INC 
C=..(<K)/AIKI 
=J + C•A(KKI 

A(K<1 =C 
520 	<=K - 1 

1(NI=l(n) - 9 
IF (I01 582,581,530 

530 	TC =110)3 
)0 54' J=1,.11) '(1='I.30A 1..J) 	— IC 
IF foJ-K1) 54.),55u,A50 

551 	rU='I I~1J I.'J,Ilhl 
<.I=:1 • IC 
Cr.,. 
IJ 575 KK=KL KU, INC 

575 	=C + AIKK1•:~IKK•IC1 
9In:11=0fK;I1 - C 

541 	1 0 0 • N-qc 
5d3 	✓,.I=.( + 1,41 

r=tJ_)J • IJWH 
10 61.. 1=1,NV 
KJ=K 

J.IO . 33 K LI,M7 
NG 

'I=G • 
A 	J 

623 	<JrI(J - 1 
i)K:1)=:(K11) - C 
K I=K 1 • 11003 

610 	v=K I. 1lE00 
`1)5 	93=30 - 1 
5u0 	' 1=N • 1 

IF INT1.NE.1) GO TO 561 
1,0 11E (3)00) A,MAXA 
10 37,: I=1,N1V 

570 	1(I)=o(1) 
J TO E1) 

560 	0..IT1 (33) 0 
41; 	COOl0(100 

'1=t11 
11=:12 
!!!,!::::tg,401,1naxaSol 01) A,HAXA 

=1 ,Nd JY 
73.) 

=1,'IJLOCK 
c Ilr-U 

'-..n (1.0.01 E,r.,1XA 
i.J< ; .7L (NEU-0 IT 
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APPENDIX 3  

Part of coefficients tables for the calculation of deflections 

and bending moments forces in circular plates simply supported 

on two short lengths of arcs at opposite ends of a diameter. 

W = C 

qa2 

1 D 

M
r = C2  q a2  

Mt  = C3  q a2  

Mrt= C4  q a2  

in the tables coefficients C1  to C4  are listed under W, 

MR, MT and MRT respectively. 
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POISSON'S RATIO= 	.052 

	

THETA 	= 	 0 /0EGREE3 
ALFA = 	2.50/DFGREES 

	

RON 	OEFLECTICN 	 NR 	 MT 	 ~•1RT 

	

7 	.237805 	.518971 	-.136923 	0 

	

.11) 	.235176 	.515300 	-.141139 	n 

	

.20 	.22731E 	.536929 	-.159213 	n .30 	.214302 	.492847 	-.167642 	0 

	

.4.. 	.196268 	.472321 	-.193494 

.55 	.17 340 2 	.446365 	-.229557 	n 

	

.t3 	.145952 	.412272 	-.273635 	0 

	

.72 	.114238 	.367240 	-.344301 	0 .81 	.178634 	.302509 	-.431513 	1 

	

.30 	.039914 	.196454 	-.539934 	0 

	

1.60 	-.001022 	-.030000 	-.660799 	0 

POISSON'S RATIO= 	.350 

	

THETA 	= 	15.30/0EGREES 
ALFA = 	2.50/DEGREES 

	

ROH 	DEFLECTION 	MR 	MT 	MRT 

	

0 	.237305 	.474268 	-.092959 	.161726 .19 	.235408 	.470656 	-.C95217 	.165940 

	

.20 	.223250 	.459952 	-.191149 	.169073 

.30 	.216439 	.441306 	-.111173 	.176106 

	

.40 	.200154 	.414078 	-.124629 	.186603 

	

.50 	.179E64 	.376601 	-.140549 	.201151 .60 	.155338 	.326585 	-.157069 	.220265 

	

.70 	.127673 	.261374 	-.171149 	.243366 

	

.8) 	.097316 	.179E05 	-.179721 	.267664 .90 	.065080 	.335733 	-.176189 	.283956 

	

1.00 	.731891 	.010000 	-.164773 	.270025 

POISSON,S RATIO= 	.150 
THETA =_ _ 30.00/1EGREES 
ALFA = 	2.50/DEGREES 

	

ROH 	DEFLECTION 	1R 	MT 

	

0 	.237305 	.354352 	.026899 

	

.10 	.236040 	.349596 	.027318 

	

.20 	.233792 	.335229 	.325789 .30 	.222205 	.310996 	.331935 

	

.40 	.21,3526 	.27E674 	.037751 

	

 
.57 	.196109 	.232462 	.047441 
.60 	.177375 	.179677 	.062081 .711 	. 16 3834 	.121725 	.182958 

	

 .30 	.141214 	.065157 	.106376 
.90 	.123934 	.021250 	.132122 

	

 1.30 	.100496 	-.020300 	.154734 

HRT 
.283582 
.284305 
.286303 
.289990 
.291235 
.230992 
.285105 
.269719 
.240973 
.199329 
.157646 

PCISSCN,S RATIC= 	.050 

	

THETA 	= 	45.00/0EGREES 
ALFA = 	2.50/DEGREES 

	

?OH 	DEFLECTICN 	 MR 	 MT 	 MRT 

	

.1 	.237805 	.150625 	.196625 	.327453 

	

.10 	.236301 	.136337 	.192_ 300 	.325877 

.20 .234233 	.173774 	.197250 	.320914 

	

.3n 	.223927 	.153895 	.205112 	.311871 .40 	.22413E 	.128462 	215117 	.297998 .50 	.217268 	.100 143 	.22585E 	.278379 

	

.60 	.203458 	.072387 	.235142 	.253518 

	

.70 	.201037 	.048734 	.240098 	.225123 

	

.80 	.112242 	.031576 	.237674 	.196675 .90 	.183244 	.018859 	.225828 	.171747 

	

1.30 	.174175 	.220300 	.205E80 	.148533 

POISSON,S RATIO= 	.350 

	

THETA 	= 	60.19/HEGREES 
ALFA = 	2.50/0EGREES 

	

ROH 	DEFLECTION 	MR 	'1T 

	

0 	.2 3780 5 	.026839 	..354 351 

	

.10 	.237761 	.025460 	.354893 

	

.22 	.237641 	.J21521 	.356235 

	

.30 	.237485 	.016109 	.357602 

	

.40 	.237347 	.010573 	.357941 

	

.50 	.237281 	.606395 	. 356235 
•60 	.237  331 	.003178 	. 352275 

	

.77 	.237527 	.330937 	.346541 

	

.83 	.237987 	-.301716 	.343978 

	

.90 	.233437 	-.334512 	.339044 

	

1.00 	.233195 	.370000 	.333353 

MPT 
.283533 
.280166 
.279086 
.253990 
.232644 
.2C7831 
.131237 
.154421 
13305 
.1 13393 
.982362 
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e‘ 

POISSCN,S 
THETA 	= 
ALFA 	= 

RRH 

RATIO= 	.300 
0/t)EGREEJ 

2.50/DEGREES 
DEFLECT ION MR MT ORT 3 •277258 .508896 -.C9539E 0 .10 

.20 .274305 
.263454 

.515839 
.436625 

-.101543 
-.113195 

r 
0 	

_. 

.36 .25)797 .-+81123 -.134372 0 .43 .23)401 .459076 -.16714E n .50 .204411 .429943 -.211921 .63 .173302 .392721 -.272396 0 .70 	- .13.5383 .344454 -.354033 .30 .094420 .277993 -.463978 0 
•90 .343694 .176060 -.611211 0 1.00 	-- -.001328 -.013000 -.394539 0 

POISSON,S RATIO=300 

	

THETA 	= 	15.00/DEGREES 
ALFA = 	2.53/DEGREES 

	

ROH 	- 	DEFLECTION 

	

0 	 .277258 

	

.10 	 .274595 

	

.23 	.265637 

	

.33 	.253478 

	

.40 	.235277 

	

.50 	.212275 

	

.60 	.184301 

	

.7J 	- 	- 	.15.3305 

	

.80 	.113388 

	

.90 	.080822 

	

1.30 	.J41530 

'1R 
.468349 
.484673 
.453517 
.434474 
.416760 
.369092 
.319604 
.256134 
.177501 
.046935 

-.000000 

MT -.1',55849 
-.1258940 
-.167833 -.382679 
-.103247 
-.128895 
-.15825E 
-.189719 
-.216011 
-.234201 
-.236873 

MRT 
.151323 
.152564 
.156381 .1 63 0:71 
.173146 
.187336 
.236479 
.231138 
.26[589 
.2'33547 
.308939 

POISSON,S RATIO= 	.300 

	

THETA 	= 	33.03/1EGREES 
ALFA = 	2.50/DEGREES 

	

ROH 	DEFL:=CTICN 	MR 	MT 

	

0 	 .277258 	 .307573 	.054927 

	

.10 	 .275338 	.352973 	.754327 .20 	 .269426 	 .330094 	.352699 

	

 .30 	.2b3721 	 .315760 	.051576 .40 	 .241321 	 .232812 	.049231 

	

.50 	 .232985 	 .240458 	.049916 .60 	 .215130 	.189307 	.054279 .70 	 .195475 	.133552 	.363709 

	

 .80 	.174513 	.J77324 	 .974439 .90 	 .152958 	 .029135 	.10145E 

	

1.30 	 .131400 	-.030033 	.121677 

3 T 
.262099 
.262935 
.265325 
.268357 
.272723 
.275417 
.274532 
.256730 
.248380 
._217799 
.130394 

POISSON'S RATIO= 	.300 

	

THETA 	= 	45.00/DEGREES 
ALFA = 	2.50/DEGREES 

	

ROH 	DEFLECT ION 	1R 

	

0 	 .277258 	 .205256 .10 	 .276469 	 .202173 .20 	 .274148 	 .190195 .30 	 .27943E 	.171121 

	

.43 	.265553 	.146422 .50 	 .259786 	.113313 

	

.60 	 .253461 	 .049655 

	

.70 	.246904 	 .183461 

	

.80 	 .240406 	 .141722 

	

.90 	 .234192 	 .J23233 

	

1.00 	 .223426 	-.000205 

1T 	 '1RT 

	

.206250 	 .302646 
• 277015 	 .301570 .209511 	 .298144 .213710 	 .291323 

	

"'30 31 	 .281863 

	

.224909 	 .267643 .229E22 	 .249149 .231279 	 .227538 
▪ 225859 	 .205411 .213355 	 .186015 
.185974 	 .169965 

POISSON'S 
THETA = 
ALFA 	= 

ROH 

RATIO= 	.300 
60.00/DEGREES 
2.50/DEGREES 
DEFLECTION MR MT MRT r .277 258 .054927 .;;57573 .262099 .10 .277547 .353387 .357839 .259429 .20 .273432 .049079 .353439 .251534 .30 .273961 .042847 .358810 .238404 

.40 .28.2232 .335613 .358174 .221972 .50 .285233 .028976 .355775 .212134 .60 .2.81111 .922761 .351241 .180596  .70 .295499 .316736 .345919 .158527 .80 .293642 .109927 .539769 .135554 .00 .396394 .332495 .335459 .114788 1.10 .314222 .J30030 .339791 .194247 
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POISSON, S 
THETA = 
ALFA = 

ROH 

RATIO= 	. 30 0 
75.0]/)EGREE3 
2.50/DEGREES 

DEFLECTION 	AR MT MRT 
0 .27/258 -.05584.3 . 468 349 .151323 

.10 .273335 -.054283 .466930 .149757 

.20 .281544 -.u49712 .452584 .142558 

.33 .286822 -.742532 .455657 132648 

.43 .2940E7 -.J33432 .445965 . 120 466 

.50 .303148 -.Z23342 .4.33774 .137222 

.60 ..S1)915 -.13259 .419134 .993997 

.70 .325209 -.004033 .401620 .001672 

.40 .331472 .003527 .379903 .070967 

.90 
1.00 

.354750 

.37)712 
.J07345 

-.000000 
.351333 
.312404 

.ī:62402 

.355704 

POISSON,S 
THETA = 
ALFA = 

ROH 
0 

.10 

.20 

.30 

.40 

.50 

.60 

.70 

.83 

.90 
1.00 

RATIO= 	.330 
90.00/DEGREES 
2.50/DEGREES 

OEFLECTICU 
.277258 
.271623 
.282679 
.289311 
.293347 
.309575 
.322767 
.337704 
.354202 
.372132 
.391421 

MR 
-.096396 
-.093434 
-.334977 
-.372212 
-.355126 
-.340726 
-.025856 
-.314104 
-.035995 
-.2 04315 
.300)00 

MT 
.599896 
.506599 
.499909 
.409373 
.475735 
.459114 
.4422494 
.424953 
.439062 
.397735 
.394601 

MRT 
.090031 
.00000; 
.010000 
.000000 
.000009 
.930000  
.033000 
.000010 
.300000 
.00C3C 0 
.030900 

POISSCN,S 
THETA = 
ALFA = 

RATIC= 	.353 
0/DEGREES 

2.50/DEGREES 

RON DEFLECTICN MP. MT MRT 0 .290494 .507504 -.0 88754 0 .10 .287427 .504393 -.093063 0 .20 .273244 .495018 -.106196 0 
.30 -  .262998 .479243 -.128818 .40 .241781 .456698 -.162202 0 
.50 .214712 .427210 -.208520 0 .60 .181946 .389340 -.271239 r .70 .143665 .345447 -.355937 0 
.80 .1 00099 .273629 -.470331 0 
.99 .951540 .172400 -.624945 7 
1.00 -.301419 -.179003 -.331271 0 

POISSON,S 
THETA 	= 
ALFA 	= 

RATIO= 	.35C 
15.00/DEGREES 
2.50/DEGREES 

ROH DEFLECTION MR MT IRT 
3 

.13 

.20 

.39 

.299494 

.2437735 

.273488 

.265342 

.467562 

.403367 

.452633 

.433484 

-.941112 
-.051981 
-.061 445 
-.C77297 

.149364 

.150292 

.154070 

.162698 
.44 .246955 .405663 -.099298 .173696 
.50 .223056 .367934 -.126703 .184120 
.60 .194458 .318512 -.158494 .203979 
.79 .161632 .235323 -.192050 .220912 
.10 .125134 .177218 -.223159 .259300 
.90 .095742 .057260 -. 245t55 .291794 
1.00 .044382 -.000000 -. 250577 .316984 

POISSON,S 
THETA = 
ALFA = 

RATIO= 	.350 
30.00/•)EGREE3 
2.50/DEGREES 

?0H DEFLECT ICN '1R 4T MRT 
3 .290494 .358440 .26031,1  .258107 

.10 .283576 .353865 .359508 .259943 

.20 .282871 .)40071 .G57299 .261505 

.30 .273528 .316882 .354293 265231 

.41 .26)799 .234165 .051525 .269.350 

.50 .245047 .242124 .050436  .272581 

.60 .22574E 131831 .752753 .272594 

.70 .206476 .135967 .060235 .256196 

.80 

.90 
1.00 

.184900 

.16277 

.140529 

.1 79643 

.0.30877 
-.000000 

.374977 

.395472 

.123372 

.249740 

.221163 

.184536 
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( 

( 

POISSON'S 
THETA = 
ALFA 	= 

RATIO= 	.350 
45.00/9EGREES 
2.50/D=G ,, EES 

ROH 0EFLr_CTICN MR MT MRT n .230494 .209375 .203375 .298129 
.10 
.20 

.289723 .205334 .217061 .297144 

.30 
.297457 .1'33454 212117 '34070 
.281840 .174513 .215481 .23.1172 

.40 .273110 .149924 219990 .273941 

.50 .271531 121932 224617 .(255683 

.60 .267471 .032979 .221594 .249353 

.70 .261260 .066276 .221541 .227971 

.80 .25523 .043670 .22463. .267002 

.90 .249538 .024082 .217329 .138613 
1.00 .244437 -.003300 .193018 .173869 

POISSON,S RATIO= 	357 

	

THETA 	= 	60.00/1EGREES 
ALFA = 	2.50/DEGREES 

	

ROH 	DEFLECTION 	IR 	'3T 	`RT 

	

ū 	.290494 	.260311 	.35/439 	.258137 

	

.10 	.2978667 	.05d750 	.359647 	.255653 

	

.20 	.292004 	.354365 	.359186 	.248156 

.30 	.293955 	.04797C 	.359235 	.236055 

.43 	.296793 	.340644 	.358362 	.220029 

	

.50 	.31)3596 	.033354 	.355751 	.201097 

.60 	.305437 	.326524 	.351031 	.150479 

.70 	.311375 	.319761 	.344611 	.159273 

	

.80 	.313463 	.012148 	. 3 38119 	.138056 

	

.90 	.326764 	.313822 	.334690 	.116863 

	

1.00 	.336354 	.1)0000 	.333312 	.096411 

PCISSCN'S RATIO= 330 
THETA = 75. C•0/DEGREES 
ALFA = 2.50 /DEGREES 

ROH DEFLECT ICN MR MT MRT 
0 .290494 -.348812 .457562 1 49055 .10 .291703 -.04735: .466200 .146911 

.20 .295337 -.743036 .462118 .140591 

.37 
---.40 

.30.1243 
- 	.309406 

-.336403 
-.327965 

.455338 

.445942 
.131209 
.119532 .50 .319666 -.013672 .434747 .105105 

.60 .331369 -.009491 .419550 .094055 

.70 .345853 -.J01255 .402990 .082126 _ 	.37 .361457 .005237 .383552 .071721 

.90 .373520 .707996 .351616 .063392 
1.00 .396900 -.301000 .311318 .055994 

POISSON'S 
THETA = 
ALFA 	= 

71 

ROH 

RATIO= 	.350 
91.30/9EGREES 
2.50/DEGREES 

DEFLECTION 	MR MT MRT 
0 .290494 -.088754 .507524  .030170 

.20 .296512 -.:77809 
.505314 .00333  

.30 .303887 -.365760 .438825 .110900 

.40 

.50 
.313958 
.325509 

-.351175 
-.335979 

.475677 

.463208 
.000330 
.200190 .60 .341305 -.022049 .443219 .0 J fl n 9n 

.7J .351123 -.31215 .425807 .929000 

.80 .376773 -.004956 .409819 .110100 

.90 .397119 -.073111 .399262 .303010 
1.00 .419092 .310000 .395423 .000000 

POISSON,S 
THETA = 
ALFA 	= 

RATIO= 	.473 
0/9EGREFS 

2.50/DEGREES 

KOH DEFLECTION MR MT MRT 
0 .306406 .506244 -.291 244 2 

.10 .303203 .533081 -.085714 0 

.20 .293600 .4)3546 -.'9'3332 n 

.30 .27'654 .477592 -.122779 n 

.40 .255442 .454614 -.1 57357 n 

.50 .227069  .424588 -.225293 6 

.00 .192655 .386118 -.270219 0 

.70 .152379 .336695 -.357878 C 

.33 

.90 
.106389 
.154934 

269428 
.168865 

-.476592 
-.638219 

0 
n 

1.30 -301525 -.000000 -.,i51401 ī) 

361. 



POISSON,S 
THETA 	= 
ALFA 	= 

RATIO= 	.400 
15.00/0SGREES 
2.57/DEGREES 

ROH DEFLECTION MR MT :IRT 
0 .306406 .466890 -.0.41392 .146872 .10 .303529 .463163 -.145234 .148797 .21 .294928 .451862 -.057272 .151827 .30 .293690 .-132607 -.071935 .158334 .40 .26)965 .4)4674 -..:9i240 .168318 .51 .235976 .366880 -.124553 .182.378 .60 .205036 .317511 -.153733 .271553 .70 .171573 .254582 -.195326 .226751 .80 .133164 .176977 -.229984 .258050 .90 .031569 .187556 -.255937 .292366 1.00 .247719 -.611000 -.264056 .322371 

POISSON,S 
THETA 	= 
ALFA = 

RATIO= 	.400 
30.00/DEGREES 
2.52/DEGREES 

ROH DEFLECTION MR MT MRT 1 .306406 .353372 65629 .254390 .10 .364427 .354322 .364632 .255266 .20 .29854G .341103 .361845 .257797 .30 .288896 .318055 .057871 .261643 
15 .4r) .275751 .285555 .053752 .266089 .50 .25)471 .243810 .057964 .269829 .60 .241541 .1 93854 .051333 .270715 .70 .213556 .138260 .055921 .265659 .83 .197199 .081921 .069182 .251051 .90 .174193 .032527 .C89532 .224427 1.00 .151212 -.J00000 .113042 .198557 

POISSON,S 
THETA = 
ALFA 	= 

ROH 

RATIO= 	.400 
45.07/0EGREES 
2.50/DEGREES 

DEFLECTICN 	MR MT MRT 0 .366416 .212570 .212530 .293744 .10 .305651 .278492 .213028 .2"32848 .20 .303437 .196725 .214623 .289977 .30 
- .40 

.299919 

.295377 
.177338 
.153497 

.217265 

.227773 
.284629 
.276115 .50 .239932 .125315 .254593 .263791 

.60 	.. 	_ .234135 .096264_ .227539 .247581 .70 .273274 .369756 .227811 .228405 
.3  .93 	-- 

. 	9  --- 	.267573 
.045594 

- 	.6 24324 
.222385 
.217552 .205546 

.1 91134 1.00 .263167 -.331170 .173975 .177657 

POISSON,S 
THETA 	= 
ALFA 	= 

RATIO= 	.400 
60.26/)EGRETS 
2.50/DEGREES 

ROH DEFL^CTICN MR MT ART 0 .306406 .L65628 .359372 .254390 .10 	- 
.20 

.306872 

.308292 
.064046 
.159585 

.359521 

.359795 
.251988 
.244877 .30 .31)717 .353026 .359714 .233397 .40 .314224 .04541G .359592 .213143 .50 .313838 .337673 .355750 .2 73 790 .60 .324816 .130235 .350819 .180366 .70 .332044 .12744 .344171 .151993 .80 .347541 .114337 .337394 .139514 .90 .35)676 .J05128 .333625  .118377 1.00 .362239 .070000 .337662 .398512 

POISSON,S 
THETA = 
ALFA = 

ROH 
0 

.17 

.20 

.30 

.41 

.50 

.60 

.70 

.30 

.90 
1.01 

RATIO= 	.403 
75.10/DEGREES 
2.57/DEGREES 

DEFLECT ICN 
.306436 
.307765 
.311920 
.311505 
.327717 
.333319 
.35315E 
.363263 
.396870 
.4016413 
.427527 

MR 
-.141890 
-.646530 
-.036566 
-.130.370 
-.0 22581 
-.,.14070 
-.005775 
.001487 
.J16929 
.308645 

-.703000 

MT 
.455890 
.465511 
.461648 
.455096 
.445969 
.434335 
.420143 
.462889 
.311398 

351759 
.317091 

IRT 
.14673 
.144878 
.138878 
12`3813 

.13626 

.126407 

.094112 

.J825o8 

.072454 
.064333 
.058225 
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.7  

POISSON,S 
THETA = 
ALFA 	= 

ROH 
0 

.10 

.20 

.30 

.40 

.50 

.6U 

.70 

.83 

.90 
1.00 

2ATIC= 	.409 
90.09/1EGREE3 
2.50/DEGREES 

DEFLECTION 
.316406 
.301091 
313106 

.321.332 

.332587 

.346E43 

.363277 

.382239 

.41.5339 

.426433 

.451452 

MR 
-.081244 
-.378564 
-.37.921 
-.159414 
-..4 5614 
-.,.31302 
-.',;18295 
-..108363 
-.002944 
-.091925 
.110003 

NT 
.506244 
.534156 
.493951 
.48.1360 
.475E67 
.460E14 
.44i915 
.426531 
.411450 
.396E43 
.3559C7 

.1RT 
.311009 
.010070 
.0043000 
.0ū0ūū0 
.U 33 	.3 0 
.000930  
.1391000 
.030010 
.000 n2n 
.000000 
.290132 

POISSON,S 
THETA = 
ALFA = 

ROH 

RATIO= 450 
9/DEGREES 

2.50/DEGREES 

DEFLECTION `IR MRT 
0 .325672 .575112 

IT 
-.4373862 1 

.10 .322298 .101896 -.0734943 C 

.20 .3121943 .492223 -.792587 

.30 .295390 .475493 -.115848 9 .40 .271965 .452696 -.152605 2 .50 .242003 .4221439 -.202.137 n 

.60 .205605 .333047 -.269199 43 

.70 .152893 .332921 -.359766 0 .10 .113976 .265360 -.482735 0 

.90 .35.3019 .155449 -.651315 0 1.00 -.601651 -.000000 -.882956 0 

POISSON,S RATIC= 	.450 
THETA = 15.00/3EGREES 
ALFA = 2.50/DEGREES 

ROH DEFLECTION AR HT MRT . 0 .325572 .466328 -.035078 .144744 
.10 .322651 .462575 -.:_33596 .145946 
.20 .313617 .451201 -.043159 .149549 .31 .293654 .431838 -.6E6773 .156157 
.40 .277904 .403791 -.091339 .166108 
.50 .251582 .365923 -.122442 .190018 
.60 .219991 .316597 -.153972 .199198 .73 .183546 .233909 -.193559 .224652 
.80 .142812 .76776 -.236791 .256835 
.99 .19.1542 .387856 -.256527 .294104 
1.00 .051E75 -.373000 -.27732E .329658 

PlISSON,S 
THETA = 
ALFA = 

ROH 
0 

.10 	- 

.20 

.30 

.40 

.50 

.60 

.70 

.80 

.91  
1.00 

RATIO= 	.459 
30.10/DEGREES 
2.52/DEGREES 

DEFLECTION 
.325E72 

- 	.323617 
.317501 
.307478 
.29;898 

- 	.276865 
.257144 
.235257 
.211914 
.187976 
.163869 

`1R 
.366369 
.355840 
.342193 
.319276 
.206981 
.245515 
.1)5976 
.140533 
.034169 
.034147 
-.100106 

MT 
.070191 
.069696  
.156338 
.961410 
.055961 
.051590 
.649946  
.053453 
.054151 
383635 

.112631 

'1RI 
.259763 
.251599 
.254197 
.259131 
.262913 
.267156 
.261990 
.265145 
.252323 
.227597 
.192461 

PCISSON,S 
THETA = 
ALFA = 

RATIC= 	.450 
45.23/DEGREES 
2.50/DEGREES 

ROH DEFLECTION MR MT MRT 
.32:672 .215E25 .211E25 .2194,17 

.11 

.)0 
.324933 
.3227E7 

.211649 

.139949 
.215997 
.217136 

.231677 

.296371 
.30 .313327 .181248 .213C54 .281188 
.40 .31485E .156362 .92'673 .273352 
.57 
.60 

.313674 

.304144 
.128766 
.699511 

.224524 

.22567E 
.261148 
.246331 

.70 .293643 .071801 . 2260 39  .223119 

.80 

.90 
.293511 
.213111 

.147495 

.025759 
. .3 23121 
.204726 

.21"^45 

.193533 
1.09 .285354 .1006)0 .174.378 .131335 
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OCTSCH,S 
THETA 	= 
ALFA 	= 

ROH 

2ATTn= 	751 
15.01/n'=G7FE`' 
7.50/f 7GR5E 

075L7rT T_ C'J {n MT 7/5T 
0 .7:-;73739 .465551 -.050311 .152095 .10 .251t77 .457115 -.9553077 .153290 .20 '4350' .451 773 -.071341 .156911 

.30 .231337 .4177 97. -.095044 .161750 

.40 .713131 .40.;199 -.197956 .17'586 

.50 .1112.32 .16'771 -.177513 .19'5770  

.50 •164310 .71R7g5 -.154525 .201040 't) .134728 .25624t -.137R15 .774514 

.3n .i01361 .170.(1 16 -.239075 .749203 

.90 .n59555 .n11325  -. 723117 .772140 
1.10 .021117 -.000090 -•.231448 .230914 

PCISSCM,S RATIO= 	750 
THETA = 30.01/05G955'; 
ALFA = 7.50/fFGRE. S 

ROH OEFL=CTIc'J HT MoT 
0 .293739 .355729 .051030 .263436 

.10 .251917 . 150552 .050591 .2_64133 

.20 .245497 .335319 .049419 .25632? 

.30 .237624  .313745 .049119 .259431 

.40 .725541 . 231134 .047544 .7775g5 

.50 .210595 .7.19'75 .048111 .77459? 

.50 .193215 .1192r1 .053835 .273204 

.70 .174106 .111741 .063335 .765746 

.80 .1535721 .177830 .071235 .747586 

.10 .132409 .020621 .091317 .219758 
1.10 .111727  -.000000 .122255 .13 5155 

RCISSOH,S 
THETA 	= 
AL5A = 

ROH 

RATIO= 	.7511 
45.011/9=G955S 
7.53/CFGF57.S 

1]EFL7--CTTON 	M^ MT ,a oT 
0 .753779 .297125 .203125 .304190 

.10 .757131 .191194 .204049 .393033 

.20 .750550 .187752 .206792 .299175 

.30 .746710 .151389 .711218 .292697 

.40 .241612 .147141  .716958 .232292 

.50 .237,631 .11505? .223240 . 75 7556 

.60 .22903' .987495 .271711 .249429 

.70 .222053 .061224 .231439 .225877 

.30 .715957 .039341 .228717 . 20 7131 

.90 .209231 .121155 .711276 .180158 
1.00 .201752 -.000000 .197871 .160787 

FCISSOH,S 
THETA 	= 
ALFA 	= 

9f1H 

24TTO= 	.759 
60.00/175 	EE5 
7.50/1EG?E57 

1EFLErTTOM 	MD *4 -1- MPT 
0 .2537.31 .151031  ..395219 . 25 3436 

.10 .251142 .041575 .35499 .'50700 

.20 •254557 .n45~55 .356140 .2525.7 
•30 .755550 .011101 .35x519 •239~47 
.40 .757794 .177517 .355074 .227031 
.50 .251511 .975151 .353121 .?77167 
.50 ,n .?67404 

.766117 
.92015 
.914148 

.149311 

.342995 
. 1A 012a 
.15'S44 

.10 .770175 .909121 .335974 .117537 

.90  .0'17129 .730735 . 11 4354 
1.00 . 231 q5? .009000 .3'1404 .094983 

DCIS7;011,S 
THETA 	= 
ALFA = 

ROH 

RAT?n= 	.750 
75.00/f5r9r5S 
7.50/fFr,20FS 

OEFLFCTT CM H T H P T 
.753779 -."5031.1. .456551 .152095 

.19 754531 -.051708 .465116 .14Q801 

.20 .7x74/7 -.054174 .451799 .143'13 
.30 .26/994 -.11 4567p .451670 •171147 
.40 
.50 .261495 

.775718 
-.9377 6r, 
-.I757 99 

.443177 

.431616 
.170740 
.107215 

.'.10 . 71 7525 -.11673(1 .417055 .093568 7n ?26'40 -.906591 .4000?0 .110975, 

.10 .307193 .901111 .779553 .9597Q9 

.10 .120749 .095301 .3542a4 .060561 
1.10 .114311 -.009100 .321926 .053011 
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FcIiicN,S 
TH=.TA = 
ALFA = 

?0H 
7 

.70 

.10 

.40 
50 

.60 

.70 

.9n 

.00 
1.00 

PATTO= 	.759 
95.07/n=GPCF•- 
7.50/9FGPE S 

OEFLECTION 
.'S3~7q 
.254252 
.25957. 
.264478 
. 777411 
.212319 
. 21191.3  
.305188 
.321359 
.33,210 
.353541 

MD 
-.101155 
-.099071 
-.081501 
-.075533 
-.160117 
-.044245 
-.079777 
-.015075 
-.007759 
-.003997 
.000790 

MT 
.707315 
.504979 
.4111711 
.4874-1 
.477530 
.417501 
.439955 
.422024 
.411153 
.1914?7 
.313016 

MPT 
.000001 
.000000 
.000000 
.no0oo0 
.000009 
.000010 
.000100 
.n10000 
.000000 
.000000 
.700000 

PCISSOtl,S PATIO= 	.300 
THETA = 	0/9E'GDF=S 
ALFA = 	7.50/9EGC=E1 

?0H 	OEFLECT'_ ON 

0 . 	. 2.519 79 
.21 
10 

.2n 	
.212305 
.'37752 

.40 	.217527 

.50 	.191753 

.70 	.124448 

.80 	.913476 

.90 	.731021 
1.00 	 -.011059  

MP 
.505831  
.502721 
.413344 
.477934 
.454975 
.425063 
.715547 
.375773  
.2G3507 
.157111 
-.910000 

MT 	MPT 

	

-.093331 	0 

	

-.097315 	0 

	

-.109710 	0 

	

-.130951 	- 	0 

	

-.152147 	0 

	

-.295155 	0 

	

-.762857 	0 

	

-.339550 	0 

	

-.441194 	0 

	

-.574954 	0 

	

-.74785E 	0 

PCIT3CN,S 
THETA = 
ALFA = 

RATTO= 	.351 
15.00/OFG0EES 
7. 70/nE_G"E-S 

	

ROH 	OEFL=OTTOPI 	MP 

.10 	.251356 
.754010 	.495694 
.251356 	.457004 

	

.20 	.213455 	.450111 

	

.30 	.740407 	.411737 

	

.40 	.27.2339 	.404037 

	

.50 	.122517 	.1655' 

	

.50 	.177715 	.317529 

	

.70 	.141910 	.291374 

	

.80 	.105359 	.173477 

.911 	.959046 	.919425 

	

1.00 	.929955 	-.000090 

MT 
-.013194 
-.056116 
-.064954 
-.079525 
-.099877 
_-.125297 
-.154749 
-.185151 
-.215118 
-.739989 
-.252752 

MPT 
.149790 
.150954 
.114157 
.150348 
.170725 
. 11 3274 
.200505 
.222510 
.243090 
.273351 
.237724 

PCIS50N,s 
THE'4 = 
ALF'1 = 

P9k 
0 
.10 
2
0 

.4n 

.50 

.50 

.70 

.90 

.10 
1.00 

PCTSSCN ; 
THETA = 
ALFA = 

ROH 
7 

.11 

.?0 

.30 

PATTn= 	.300 
30.0n/(1rGPG 
7.69/OFGPEES 

5EFL=CTICN 
.754010 
.76?151 
.255571 
.247565 
.215239  
.719154 
.702777 
.182719 
.15150? 
.140101 
.118345 

PATIO= 	.300 
45.00/99GDF=S 
7.51)/9r.G'Fc' 

./FFLCTTOi 

.754010 

.7672.'1 

.250199 

.25718] 

.777731 

.245484 

.749199 

.'13484 

.276905 

.'70615 

.214791  

,40 
.3Sti040 
..'.51498 . 737q n7 
.314119 
.787477 
.740875 
.191701 
.1 15158 
.090057 
.031259 
-.010090 

MP 
.206250 
. 2977 54 
.1900A 
.171'75 
.14'440 
.119562 
.099832 
.164017  
.041367 
.17'195 

-.000009 

.A T 

.0cA460 

.055114 

.054062 

.051755 

.049827 

.n49541 

.057410 

.019181 

.073041 

.092117 

.115596 

MT 
.20525n 
.907015 
.209293 
.212992 
.21'127 
.723113 
.2''577 
.729574 
.275511 
'▪ 1G502 
.194145 

MPT 
.259444 
.?60219 
.757411 
.25704 
.'59275 
.271312  
.271211 
.754527 
.?4893? 
.222569 
.1.39543 

MDT 
.799181 
.29°517 
.215145 
.798958 
.779300 
.255540 
.747182 
.225714 
.703785 
.182877 
.154585 
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PrIS^>OM,S 
THETA 	= 
ALFA 	= 

RON 

°ATTn= 	.300 
60.00/oFGaT 	S 
7.50/Orr;PEFS 

9EFLErTTn9 	M° HT HOT 

0 .754010 .955460 .155040 .750445 
.10 •264'81 .054944 .756263 . 75 6854 
.20 765140 .050585 356747 .2481 ,̀1 3 
.30 .26E512 .944474 .155910 .23E829 
.45 261773 .017374 .156735 .720441 
.50 •2715,17  .970370 .151780 .7810"0 
.60 .775457 .077951 .749173 
.70 • 210095 .917818 .147518 .1 5R 785 
.10 .715570 . 011 71 9 .7;290 .1379°1 
.90 .217978 .00L.096 .329474 .115454 

1.00 .799175 .000010 .327143 .097285 

POT'ISON,S 
THETA = 
ALFA = 

ROH 

RATIO= 	.399 
75.00/0FG9T47S 
7.50/DEGREES 

07FLEr,TTr11i 	M9  PIT •"9T 
0 .264910 -.0571.94 .465694 .149791 

.10 .265158 -.951695 .454309 .147599 

.20 .261222 -.947320 .450161 .141302 

.30 .27340q -.040445 .453791 .1316E8 

.40 .280531 -.931777  .443805 •119774 

.50 .28Q467  -.022964 .431865 .106777 

.60 .300067 -.012461 .41797? .093720 

.70 .112180 -.007843 .400704 •091441 

.80 .325558 .007906 .380357 .07f584 

.90 .340359 .006047 .354674 •051586 
1.00 .15E151 -.000000 .?21105 •0 54295 

PCISSCN,S 
THETA 	= 
ALFA = 

PATTO= 	.307 
90.70/0EGFEES 
7.50/0E5REES 

RON nEFLrfTTnm H9  MT 110T 
0 .254019 -.097171 .505431 .900000 

.10 .255753 -.18147° .503615  .0000000 
.20 .9;97145 -.09'377 .497111 .000000 
.30 .775976 -.159994 .4.85.15.3 .030000 
.40 .714779 -.055139 .473572 .500000 
.50 .295343 -.0384 30 .497874 .090060 
.60 .101157 -.924870 .440697  .009900 
.70 .323582 -.013167  .47?945 .000000 
.80 .339873 -.09575q .406033 .000000 
.90 

1.00 
.7.57562 
.37A575 

-.002.7 54 
.on0000 

.392096 

.393778 
- 	.000000 

.000000 

PCI730M,S 
THETA = 
ALFA = 

ROH 

°ATIO= 	.350 
n /rFGarrS 

7 .F0/0EG07r5 

n5FL=lCTT0'1 	'1^  MT M PT 
0 .77613q .704484 -.019734 '0 

.10 .273795 .501324 -.091152 0 

.20 .254182 .491791 -.107783 0 

.30 .749058 .475774 -.L87 0 

.40 .778018 ,c59102  -. 157277 0 

.50 .201191 .472425 -.201949 0 

.50 .1.68752 .787369 -.261891 0 

.70 .130902 .2.37872 -.741621 0 

.80 .117904 •264544 -.447647 0 

.9n .040123 .1639 37 -.c8S378 0 

1.00 -.711428 -.901090 -.777217 0 

0CIS`CHH,S 
THETA 	= 
ALFA 	= 

RON 

RATI5= 	.157 
15.97/nEr39!=FS 
7.50/oEGPEri 

D"FLFCTTOH 	Ma 'IT "DT 
n .'76139 	.4F 4947  -.945197 .1 4 7555 

.10 .771500  .461737 -.C49317 .148717  
.20 .9557413 .449971 -..15867F, .1' ?287 
.3n . 291.17 0 .430790 -.074943 .158517 
.43 . 233177 .407988 -.095877 .157178 
.50 .'09417 .369444  -.1?31?4 
.60 .1!11951 2.1.658 -.154974 .499744 
.70 .144491 .254413 -.119412 .2931453  
.8n .112771 .1710 8 5  -.973016 .?4ū8a 8  
.1n .07 3161 . 099541 -.250161 ./7 4521  
1.10 .132129 -.100109 -.766814 . 79 417 0 

- 
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2CTSSiN,S 
THSTA 	= 
ALFA 	= 

21H 

2ATIn= 	.179 
39.00/'1=Gp=cS 
7.50/1EGR5=S 

")EFL'CTTr,') 	M° IT 90T 
n .17E119 .155139 • 961820 .255572 

.10 .27441? . 1r24l1 .050982 .25615Q 

.70 

.1P 
.251751 
.:7,19471 

.379716 

.315(145  
•059646 
.0".371 

.251656 

.262018 
.41 .245111 .293770 .912011 .255951 

'31133 .2424q9 .050113 .259019 
.50 .212911 .1 91144 .051025 .26929? 
.70 •192571 .179171 •955496 .254026 
.10 .171108 •012252 .067916 .250141  .10 .141169 .032148 . 1861 31 .22578?  
1.10 .12E581  -.009000 .111116 .193991  

FCI SSCN, S 
THOTA = 
ALFA = 

9ATTO= 	.350 
45.3911FG2575 
7.00/, 	rpEEs 

?OH DEFLrCTION M2 MT HCT 
0 .275119 • 201171 .209375 .22E109 

.10 .275567 .205412 .27°98? .294135 

.20 

.10 .2695077 
.197756  
.175146 

.21199? 

.214782 
.291042 
.2AD1F0 

.40 .264920 .159917 .21870/ .?76796 

.50 .259719 . 1 279 51 .?230'4 .?53594 

.5n .253206 • O'34129 .226558 .?46769 

.70 245923 .05690? .??7868 .?26718 

.80 •240780 .047167 .224216 .205392_ 

.90 .237012 •023025 .2127?6 .195516 
1.00 .229168 -.000000 .190344 .158467 

"CISSON,1 
THETA 	= 
ALFA = 

ROH 
9 

.10 

.20 

.10 

.40 

.50 

.60 

.70 

.90 

.90 
1.10 

8ATTO= 	.350 
50.9'1/n5195ES 
7.59/155166; 

OEFLFCTION 	MD 

	

.275339 	. 1618 ?1 

	

.27E700 	.050282 

	

.277/01 	• 055945 

	

.771512 	. 949579 

	

.282445 	.342190 

	

.295131 	•Q34777 

	

.290945 	.027706 

	

.296627 	.129885 

	

.793536 	.111481 

	

.311621 	.10;343 

	

.720161 	-.001000 

'AT 
3';h92(1 

.3'37094 

.117419  

.717427 
755449 

.351763 

.348961 

.7.42209 

.734677 

.329533 

.327111 

MPT 
.255572 
.253114 
.24581.3 
.?34094 
.218505 
.200030 
.179850 
.159104 
.178555 
.118491 
.099519 

pr,I1911I,S 
THETA 	= 
ALFA 	= 

ROH 

°ATTO= 	.3;0  
75.00/1FGp6FS 
7.50/OEf9F=S 

D-6L517TO') 	'lo MT MDT 
0 .775179 -.114;197 .'+54947 .147556 

.10 '77527 -.94'010 .463616 •145463 

.2.0 .281972 -. ̂h0727 .459624 .111448 

.30 .215912 -.334341 .452911 .111214 

.40 .214947 -.026275 •443719 •119937 

.50 .195950 -.917401 .432110 •106352 

.60 .717074 -.011597 .418065 .093770 

.7P  • 139165 -.0011)41 .401774 .081192 

.80 .145259 .004673 .719944 .071345 

.90 .153140 •095778 .754919 .062578 
1.00 .111355 -.011000 .720219  .055543 

GCI5 ,̂CN,S 
THSTA 	= 
ALFA = 

9OH 
0 

20 
.10 

r11 
.50 
7 

.90 

.90 
1.00 

PATIO= 	.359 
90.00/OFG8e1 
7.50/97;PC7; 

OEFLFCTT7M 	I.~ D 
.275179 	-.09,1734 

	

.277130 	-.09111 7 7 

	

2.12255, 	-.075?73 

	

.21°57? 	-.053156 

	

.219451 	-.149451 

	

.111818 	-.114h91 

	

7?F44 0 	 -. 021059 

	

.141045 	-. 010217 

	

./5145? 	-.003757 

	

.111549 	-.00161? 

	

.403225 	.090000 

MT 
.704414 
.502362 
.495151 
.41672? 
.473465 
.458?50 
.441429 
.423704 
.435720 
.392511 
.314311 

mor 
.000000 
.119000 
.000000 
.700000 
.000099 
.000000 
.900009 
.000000 
•100900 
.000000 
.090000 
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PCTSSC_N,S RATIO= 	.4n0 

	

THETA 	= 	0/DE,-,T;5 
ALFA = 	7.50/r1:-,ac^S 

	

ROH 	nEELFCTT01 

	

0 	. 29119 1  
.10 	.'19007 

	

.20 	.278491 

	

.30 	.267r,67 

	

.40 	. ?40 AL3 

	

.511 	-.21.7730 

.5 0 	.178473 

	

.70 	.139549 

	

.3n 	.091774 

	

.90 	.142549 

	

1.00 	-.012715 

.503269 

. nn058 

.49(1173 

.474150 

.470759  

.419935 

..390t45 

.3207?? 

.260734 

.160799 

.000000 

MT 	MPT  

	

-.079259 	 0  

	

-.012649 	 0 

	

-.015979 	 0 

	

-.118876 	 0 

	

-.1575n7 	0  

	

-.118915 	 0 

	

-.26ng35 	 a 

	

-.34367 	 0 

	

-.453994 	 0 

	

-.601530 	 0 

	

-.791154 	 0 

PCTSSCH, S 
THETA = 
ALFA = 

ROH 
n 

.10 

.20 

.30 

.40 

.50 

.70 

.90 
1.00 

PCT_SSOM, 
TH":TA = 

ALFA = 

ROH 

0 
.in 
.20 
.10 
.40 
.9n 
.50 
.70 

.90 
1.00 

PCTSSEN,S 
THETA = 
ALFA = 

ROH 
n 

.10 

.70 

.30 

.40 

.50 

.5/0 

.70 

.80 
.9x1 

1.00 

PCISSOPI, S 
TH7T,A = 
ALFA = 

pOH 
n 

.79 

.3f! 

.40 

.50 

.60 

.79 

.10 

.10 
1.11) 

RATIO= 	.4 01 
15.11/nGP'F7' 
7.50/1- EGPE7.S 

0E L5nTIO'I 
.211198 
. 289 331 
.979797 
.265660 
.94E098 
.2:21111  
.191619 
.157442 
.112342 
.178046 
.134444 

, P 
•454314 
.450574 
.449743 
• 429959 
.40704 7  
.364431  
.31578 
.253713 
.177717 
.009571 

-.000000 

MT 
-.039314 
-.042609 
-.052501 
-.058930 
-.091937 
-.120992 
-.155199 
-.192619 
-.229835 
-. 251550 
-.280547 

9QT 
.14 5705 
.146576 
.150075  
.155775  
.155E?1 
•17aGn? 
.195951 
.718487 
.245931 
.2751x9 
.300743 

PATIO= 	.400 
30.0(1/ncGDCCs 
7.511/ 1Ff,PF=S 

nESL^CTIC9 
.291138 
.919271 
.783171 
.273784 
.750717  
.?44513 
.775558 
.204725 
.1 87377 
.159392 
.136226 

174TTO= 	.401 
43. 00/07G0  E^ 
7, 50/n7G0E'7S 

0 ^5ITT09 	M0 

.?57156 	.945342 

.74774 	-.010100 

 
.774694 
.769902 	.097188 
.792953 	.061586 
.251979 	.971945 

. 291198 

.788217 

.78 4594 

.28 0163 

.220433 

.126499 

.196997 

.171500 

.154352 

.219S00 
.201569 

.277996 

.221904 

.209900 

.214317 

.225652 

.226111 

.185471 

.?16507 

.212700  

.719957 

.219616 

9T 

PATTQ= 	.40n 
60.11fB ,A-=5 
7.50/nEG2EES 

n-SLECTT59 

. 	3 34406 	.001,5571 

.795394 

.701111 	.0.31799 

.315191 	. 0779 41 . 124 595 	. 1156 70 

.345597 	-.009000 

.919101 	.045171 

. 311356 	. C3,075 

.291118  

.711647 

.993021 
.0 r,4r, 99 

.06711r1 

. 0611 39 

.055555 

MD 

.177977 
.796918 

.15 7894 

.157979 

.141749 

.156687 

. 75 7769 

.341759 

.711919 

 
.157990 
.358152 

'a T 

..p  
.157895 
.15318.8 
..339844 
.117173 
.295146 
.244142 
.195090 
. 1403 55 
.084415 
.03441-,  

-.001000 

MT 
.057115  
.056086 
.057180 
.050949 
.054375 
.'351685 
.949573 
.95z147 
.052357 
.080113 
.105517 

MPT 
.751814 
.257632 
.254993 
.250579 
.257738 
.256308 
• 2574'3 
.263443 
.271315 
.7'8899 
.197'24 

MDT 

.290769 

.289883 

.297060 

.291919 

.277578 

.'51596 

.2 45980 

.79713C 

.20 8950 

.199075 

.172137 

MPT 

.25 1914 

.749485 

.'49591 

.771440 

.716619 

.199019 

.179717 
.15 9801 
.139975 
.120459 
.101687 
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910 
.351903 
.154427 
.340941 
.718341 
▪ ?16553 
.245/05 
. 1970 37 
.142772 
. GA65t.1 
.035158 
-.000900 

MT 
.072147 
.171171  
.067660 
.162486 
.00656? 
.951263  
.048757 
.049363 
.057862 
.174139 
.093391 

40T 
.2481 ,,1. 
.?L9097 
.201435 
.255171 
.25°611 
.2536'S 
.'r.0607 
.262371 
.252454 
.23192r, 
.207121 

PCT5SCN,5 Ol TIO= 	.491 

	

THFTA 	= 	75.00/r)EGOr7c5 
ALFA = 	7.50/nF,QF7S 

	

ROH 	9=FLFf;TTr,N 

	

0 	.?'11198 

	

.10 	.297525 

	

.20 	.295517 

.30 	.303100 
•40 	.317174 

	

.50 	.371508 

	

.52 	.317251 

	

.70 	.372950 

	

.1n 	.370541 
•30 	.3119973 

	

1.70 	.410811 

.e 0 
-.039113 
-.03°017 
-.034239 
-.129173 
-.129909 
-.117105 
-.104366 
.00'1726 
.016471 
• 017509 

-.110000 

TT 
.464313 
.461072 
.4591A4 
.452768 
.443121 
.472411 
.411577 
. 401313 
. 731430 
. 755025  
.719176 

McT 
.145785 
.143389 
.137r4R 
.12884? 
.117921 
.105940 
.093819 
.0~'730 
.07?084 
.063541 
.056753 

PCTSiCM,s 
THF.TA = 
ALFA = 

PATTf= 	.400 
'10.99/OFGRFFS 
7.50/fEGPFF_S 

	

ROH 	DEFLFrTIO4 

	

0 	.791.131 
.10 	.292149 

	

.20 	.297791 

	

.30 	.305900 

	

.40 	.117122 

.50 	.330979 

	

.60 	.14729' 

	

.71 	.366030 

	

.80 	.31687.9 

.99 	.409693 

	

1.00 	.434389 

MP 
-.978259 
-.175591 
-.06A118 
-.557244 
-.041902 
-.070011 
-.017121 
-.0974664 
-.011304 
-.000727 
.C90000  

4T 
.F01269  
.591244 
.495315 
.435373 
.473451 
.45P657 
.44209? 
.424575 
.407441 
.717990 
.384684 

MPT 
.000000 
.000000 
.000000 
.200000 
.000000 
.000000 
.000000 
.000000 
.090000 
.000000 
.009000 

PCISSON,S RATIO= 	.49 

TH A
= 	0/f1 ErPEES 

T =  7.50/rl7 P7=75 

	

ROH 	O7FLFCTTON 

	

0 	. 30 9194 

	

.10 	.39591.7 

.20 	.795120 

.11 	.779160 

	

.40 	.25591? 

	

.50 	.226257 

.60 	.199236 

	

.70 	.14891E 

	

.99 	•011763 

	

.90 	.045733 

	

1.10 	-.013769 

PCI SSON, S OATTn= 	.452 

	

TH=TA 	= 	15.99/n71;97ES 
( 	ALFA = 	7.51/0F ,REFS 

	

ROH 	t1E6LF0T23N 

	

0 	.379194 

	

.10 	.306137 

.20 	.297'33 

	

.30 	.28?187 

	

.40 	.261904 

	

.50 	735700 

	

.60 	.214376 

.70 	.169241 

	

.80 	.1 27143 

.90 	.713901 

	

1.10 	.937327 

POISSCM,S PATIO= 	.450 
THETA = 	30.00/[1EG077S 
ALFA = 	7.50/fFGREES 

rF
5L7CTIr.`! 
. 10 9194 
.707152 
. 3010 76 
.%91115 
.27'724 

260668 
.241129 
.'1?'.01 
.1'4G971 
.171 -'11. 
.147643 

ROH 
0 

.10 

.20 

.32 

.40 

.50 
•60 
7n 
.10 
.90 
1.30 

MP 	HT 	MPT 
.702180 	-.070970 	0 
.49.3919 	-.975459 	0 
.1+92013 	-.28°783 	0 
.477107 	-.111001 	0 
.441872 	-.147820 	0 .417585 	-.191770 	 0 .77-46 	-.260024 	 0 
.12,;,712t 	-. 345676 	 0 
.257068 	-.450241 	0 
• 11.77 'r7,9 	-.5144?9 	 0 

	

-.000000 	-.927412 	0 

M° 
.467719 
.460075 
.441622 
.429737 
.401'10 

.

▪ 1

14684 
• 253012 
.1'7437 
.089114 
-.103000 

9T 
-. 032539 
-.036001 
-.046426 
-.963103 
-.09106..9 
-.118/?? 
-.155424 
-.197777 
-.216520 
-.272056 
-.294251 

.143278 

.144419 

.147926 

.1540=? 

.163271 

.176220 

.193725 

.216563 

.244904 

.277057 

..306969 
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PrIS3C'1,~ 
THETA = 
ALFA = 

ROH 
0 

.10 

.20 

.30 

.49 

.50 

.6n 

.7n 

.80 

.99 
1.10 

PC T SCM, S 
THETA = 
ALFA = 

9OH 
0 

.10 

.20 

.30 

.40 

.50 

.60 

.70 

..80 

.90 
1.00 

PATT9= 	.471 
45. n0/nrr,PFF,7,, 
7.50/DFGPE=S 

n55L=CTT9M 
.0q194 
.70945,5, 
. 30 r.288 
.792940 
.79839, 
.793177 
.287745 
.211960 
. 7767?8 
.77213E 
.76939; 

?ATTO= 	.4q0 
60.nn/PE,°Ecs 
7.q0/n,,GRPFg 

07_Fi_ ccrTn4 
.309194 
.3097n15 
.211457 
.314359 
.113510 
.17.4972 
.211057  
.339;19 
.349599 
.351471 
.174986 

.21r625 
?117 22 
.200211 
.181840 
.157795  
.179915 
.111611 
.077435 
.047291 
.124856 
-.701000 

ND 
.177341 
.070764 
.166279 
.'15956F 
. 051601 
.043266 
.97;043  
.074798 
. 017726 
.107790 
.100000 

AAO 
-.0I'S39 
-.031340 
-.127851 
-.972416 
-.017671 
-. 108275 
-. 001294 
.004459 
.001152 
.091777 
-.000000 

MT 
.215525 
.215973 
.715940 
.711409 
.220544 
• 227912 
.'24687 
.774372 
.219576 
.207026 
.187579 

MT 
.358907 
.359963 
.358943  
.358491 
.355973 
.353798 
.341534 
.341298 
.1331I9 
.72644n 
.325159 

MT 
.453789 
.452554 
.458135 
.457517 
.441899 
.4312705 
•418987 
.402383 
.781418 
.754909 
.317981 

9pT 
.285577 
.785754 
.293192 
.778429 
▪ '70842 
.259843 
.245714 
.?27730 
.2004E4 
.190551 
.175701 

'l OT 
.248164 
.245950 
.239473 
.228854 
.214787 
.198022 
.179588 
.150479 
.141355 
.122319 
.103793 

MDT 
.143278 
.141376 
.1/5900 
.127490 
.117849 
.105539 
.093866 
.08?756 
.172801 
.064477 
.057928 

PCISSC'I,S PATIO= 	.451 

	

THFTA 	= 	75.00/n5Ga 5c; 
ALFA = 	7.507o=GrF'tS 

	

ROH 	DEEL7CTTxl1 

	

0 	 .399114 

	

.10 	.11070F 

	

.70 	.115715 

	

.3n 	327550 

	

.40 	.732131 

	

.G0 	.14511.4 

	

.50 	.771475 

	

.70 	.379337 

.80 	.3994;3 

	

 
.90 	.47167? 

	

1.00 	.447695 

PCISSQIJ,S aATTO= 	.450 
THETA = 	91.00/95GDESS 
ALFA = 	7.50/'l7G0=75 

	

?ON 	O FLrrTTC9 	Ma 	MT 	MOT 

	

0 	. 70 1194 	-.171979 	. 70 719 0 	.090000 

	

 .10 	.21115? 	-.078487 	.710747 	.000000 

	

70 	•315585 	
-.171511 	.494575 	.010090 . 

	

5 	-.071022 	.497503 	.000000 .40 	.338141 	-.019439 	.477498 	.000000 

	

.50 	.757751 	-. 077,414 	.450165  

	

.60 	.37 295 	-.011674 	.14 749 	.000000 

	

.70 	.193484 	-.004668 

.10 	.417145 	.100174 	.407990 	.0
0
00000 

	

.90 	.447113 	.000559 	.393208 	.000000 

	

1.10 	.47179, 	.000000 	•384846 	.000000 

i 

OrIS;ru,S O.A TIO= 	.507 

	

TI- TA 	= 	0/9EGDS; 
ALFA = 	7.171/DTf;PF= 

	

99H 	n-FL-DTT')Fi 	r4a 	MT 	MPT l 	1 	.331758 	.501712 	-.073712 0 

	

.10 	.327795 	.497901 	-.058408 	0 .20 	.31705n 	•437915 	-.087699 	 0 

	

.3n 	.212760 	.1.71.090 	-.117710 	0 

	

.4n 	.274555 	.447104 	-.141225 	0 

	

.50 	.243155 	.415751 	-.197749 .6x1 	 .234673 	• 7477c 	-.252146 	 0 

	

.70 	.1 50455 	322663 	-.347680 

	

.80 	•117692 	.777579 	-.455391 	 0 .90 	.949477 	.154843 	_.527098 	 0 

	

1.00 	-.01.035 	-.000000 	-.8452.93 	 0 
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POISSON,S RATIC= 	.259 

	

THETA 	= 	15.00/UEGREES 
ALFA = 	9.50/DEGREES 

	

ROH 	 DEFLECTION 	 MR 

	

J 	 .240052 	 .464737 

	

.12 	 .243498 	 .401762 .20 	 .235868 	 .441914 

	

.30 	 .223263 	 .430908 

	

.40 	 .205841 	 .4)3326 

	

.50 	 .183855 	 .366G27 .60 	 .157643 	 .317408 .70 	 .127E49 	 .255612 .80 	 .094460 	 .179450 

	

.90 	 .054812 	 .09U827 

	

1.00 	 .021581 	 -.u]0000 

NT 
-.058487 
-.36_216 
-.:.69388 
-.'82935 
-.111 A56 
-.125153 
-.152119 
-.180997 
-.208852 
-.23'0E2 
-.247331 

MRT 
.151042 
.1 52112 
.155673 
.161725 
.170632  
.183015 
.199993 
.218886 
.241028 
▪ 261908 
.267752 

POISSON,S 
THETA 	= 
ALFA = 

RATIC= 250 
5.00/[JEGR G ES 

9.50/DEGREES 
ROH 

0 
DEFLECTION 

.246052 
MR 

.354167 
MT 

.652293 
'IRT 

.261612 .13 .244236 .343638 .751618 .262322 .20 
- 	

.233937 .335994 .3503E4 .264335 .30 .223996 .313099 .048933 .267261 .40 .217954 .283870 .047320 .270328 .50 .203052 .239558 .048749 .272217 .65 .185733 .19.22007 .352636 .27.,:909 .7 0 .165532 .155332 .061800 .253711 .80 .145150 .079716 .074012  . 247813 .90 .124911 .331262 .092214 .221945 1.00 .103672 -.13000- .11+345 .197339 

POISSON' S RATIO= 	.250 	 - 

	

THETA 	= 	45.40/0Ef,REE3 
ALFA = 	9.54/D=GREES 

	

ROH 	 DEFLECTION 	 ;JR 	 MT 	 MRT 

	

0 	 .245152 ?)3125 	- 	203125 	- 	- 	.302184 

	

.10 	 .245243 	 .1 39150 	 .203993 	 .370936 

	

.20 	 .24286' 	 .187457 	 .226568 	 .297317 .30 	 .233037 	 .158641 	 217726 	 .230740 - 	 .144645 	 .216129 	 .280537 

	

-_ -T -.50 	 .227958 	 .116926 	 .222181 	--- ---- -.265120 

	

.60 	 .221283 	 .88327 	 .227377 	 .247364 

	

.7) 	 .214269 	 .0b1696 	 .210236 	 .225050 

	

.89 	 .20'217 	 .139166 	 .223413 	 .221170 .93 	 .201331 	 .120446 	 219525 	 .178362 

	

1.07 	 .193821 	 -,333300 	 .201930 	 .157171 

POISSON,S RATIC= 	.250 

	

THETA 	= 	60.50 /DEGREES 
ALFA = 	9.50/DEGREES 

	

ROH 	DEFLECTICN 	MR 	MT 	IRT 

	

0 	 .246352 	 .052083 	 .354167 	 .261613 .10 	 .246248 	 .050605 	 .35441.6 	 .258941 

	

.20 	 .24851 	 .04E458 	 . 35499 2 	 .251041 .31 	 .247903 	 .041427 	 .355326 	 .238295 .40 	 .243481 	 .0 33577 	 .354749 	 .221411 

	

.50 	 .251641 	 .926910 	 .352456 	 .201447 .60 	 .254453 	 .322980 	 .347994 	 .179717 

	

.70 	 .257969 	 .115609 	 .341425 	 .157534 .90 	 .26222.8 	 .010007 	 .333686 	 .135880 

	

.90 	 .267271 	 .3)3831 	 .326544 	 .115301 

	

1.00 	 .275143 	 .010000 	 .322017 	 .096652 

POI3SON,S RATIO= 	.25) 

	

THETA 	= 	75.00/1EGREES 
ALFA = 	9.50/DEGREES 

	

ROH 	 DEFLECTION 	MR 	mr 	MRT 

	

) 	 .240052 	 -.338487 	 .464731 	 .151;42 

	

.10 	 .246982 	 -.636930 	 .463317 	 .148900 

	

.20 	 .24)751 	 -.052381 	 .459169 	 .142352 .311 	 .25+303 	 -.)45217 	.452352 	 .132477 

	

 .40 	 .263535 	 -.„:36095 	 .4424[•1 	 .120270 .51 	2611333 	 -.J20922 	 .43 1 321 	 .116916 

	

.64 	 .277555 	 -.015735 	 .415991 	 .293487 

	

 .70 	 .2.43054 	 -.3)6526 	 .391354 	 .482833 .80 	 .299E38 	 .J10751 	 .379823 	. 26?576 .30 	 .372330 	 .014508 	 .855127 	 .0 60998 

	

1.00 	 .325879 	 -.370000 	 .326551 	 .552239 
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POI OSCN, S RATI3= 	.25.3 
THETA = 	90 . 00/1EGREES 
ALFA = 	9.50/O=GREES 

ROH 

.1c 

.20 

.33 

.41 

.511  

.63 

.73 
▪ 3+ 

DEFLECT IC N 
.246052 
.24/2.50 
.251308 
.256627 
.264C24 
.274322 
.2955C0 
29''744 
.312939 
.323384 
.4.481+7 

.1R 
-.0 38959 
-.3'36340 
-.0 37585 
-.3759.12 
-.053627 
-.643353 
-.028064 
-.015458 
-.J06992 
-.002930 
.J33032 

MT 
.505209 
.592923 
.495251  
.485752 
.472129  
.4561 9' 
▪ 4 73757 
.420724 
.41 3284 
.39905E 
.375799 

MRT 
.60000(J 
.905009 
.000000 
.0 03000 
.0005+Jfl 
.000000 
.0"000e 

.01000'  70 00 

.010900 

.000300 

POISSON,S 
THETA = 
ALFA = 

ROH 

RATIO= 	.370 
0/HEGREES 

9.50/DEGREES 

DEFLECTION 11R MT MRT 
0 .255837 .533757 -.091257 r 

.16 .252920 .500614 -.095250 0 

.23 .244192 .491127 -.117398 C 

.30 .223716 .475117 -.128242 

.4`) .293603 .452227 -.158795 04 

.50 .133995 .421792 -.290717 0 

.60 .153097 .382491 -.256531 0 

.70 .117196 .331478 -.337155 0 

.80 .076494 .262445 -.425553 9 

.90 .031562 .161600 -.551936 0 
1.03 -.316920 -.003393 -.712182 0 

POISSON,S RATIO= 	.300 
THETA = 15. 0/)EGRE ES 
ALFA 	= 9.56/DEGREES 

ROH CEFLECTTO1 MR MT MRT 
J .255337 .453809 -.351399 .148753 

.10 .253206 .460199 -.0543)8 .149883  

.20 .245344 .448935 -.363323 .153344 

.33 .232346 .429881 -.077514 .159754 
-.40 .214374 .402197 -.797631 .168274 
.53 .191669 .364837 -.12297E 1'36583 
.60 .164559 .316259 -.152334 .196750 
.70 .133482 .254680 -.1942E8 .21E903 
.80 .099012 .178946 -.215311 .240032 
.90 .061877 .3)0826 -.243062 .262358 
1.03 .022949 -.330009 -.2E1849 .274243 

POISSON,S RATIO= 	.300 
THETA 	= 	30.70/9EGREES 
ALFA 	= 	9.53/DEGREES 

ROH DEFLECTION HR MT NRT 
.255837 .355004 .0 5749E .257648 

.4 0 .253985 .353499 .756825 .253732 

.20 .248476 .336932 .1754985 .263676 

.30 .233455 .114176 .052494 .263569 

.40 .227163 .232159 .753215 .260945 

.53 .211945 .241128 .349338 .2 69358 

.60 .194247 .192005 .151263 .268933 

.70 .174614 .137477 .957399 .263359 

.80 .153662 .381860 .063844 .248961 

.90 .132933 .332632 .28604E .225158 
1.30 .110315 -.J)0090 .173594 .194953 

POISSON'S 
THETA 	= 
ALFA 	= 

ROH 

RATIO= 	.300 
45.30/7EGRE:S 
9.5C/J'EGREES 

DEFL=CTICN 	119 MT IRT 
J .255837 .276250 .20E257 .2 9750 7 

.111 .255447 .232338  206963 .295451 

.20 .2.2724 .130716 .209075 .2)3116 

.33 .2439)1  .172212 . 21 2514 .287073 

.41 .244092 .148122 017012 .277557 

.5.7 .238274 .120417 .221979 .2641:4 

.60 .23196E 031645 .226342 .245514 

.73 .229194 .064554 .229444 .225434 

.80 .218562 .14124 .226783 .232929 

.30 .21221E .721437 .21575E .18119 3 
1.07 .206348 -.377000 .199302 .161638  
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APPENDIX 4  

Use of the coefficients for bending moments from finite 

element solution. The finite element solution using a 

quadratic plate element as shown in Fig. (2.-7) produces 

the bending moments at the centroid of the elements and 

related to its own local axis. 

The local axes of the elements are defined from the co- 

ordinates of the nodes of the element and they are 

dependent on the numbering directions. (The connection 

matrix as follows): 

The x axis passes through the centroid of the element 

and the middle point of the fourth side of the element 

as it is numbered in the connection matrix of the 

elements, i.e. the side connecting node No. 4 with Node 

No. 1 as in Fig. (2.6 ). 

The y axis is perpendicular to the x axis and passes 

through the first side of the element, i.e. the side 

connecting Node No. 1 with Node No. 2 as in Fig. (2.6 ), 

as all elements must be as near as possible to a rectangular 

shape. 

Mx, and M are positive when causing tension stresses on 

the top surface of the element as in Fig. (2./ ). Thus the 

coefficients obtained from a finite element solution would 

produce Mx,  My  and Mxy  when multiplied by qa2. To transform 

these moments into global polar coordinates the following 

equations canbe used. 
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M 	= M cos2  Y' + M sine  Y' + M 	sin 2 Y' M
r 	x 	y 	xy 

Me 	 x = Mx sine  Y' + M cos2  Y' - M sin 2T 
Y 	Y 

Mr0 = - 2 (Mx  - MY) sin 2Y' + x 
xy 

Where Where Y' is the angle between the polar direction and the 

element local axes x-y. as shown in Fig. (A4.1). 

For a given principal moment M
1 

M
2 
 the following equations 

can be used:- 

Mr  = x costs. + M sines 

Me = Mx  sines + y costs 

Mre  = 2 (Mx  - My) sines 

Where s  is the angle between the polar direction and the principal 

directions 1-2 as shown in Fig. (A4.1). 
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x 

 

Fig. A)4.1. Global, local and principal directions 
for a thin shell element. 
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APPENDIX 5  

According to the following linear interpolation function 

f1 = a1 + a2 +a3 fl+at C+a5 ~n+a6 fl +a7+a8 n~ 
	

(A5.1) 

we can represent the shape of any three dimensional paralfelp.piped 

with lengths 2a, 2b and 2c. Fig. (A5.1). 

Where the local dimensionless coordinates E n 	referred 

to the centroid (x , y , 3c ) c c c 

= (x - xc)/a 

= (Y - Yc ) /b 

= (3 - 3c)/c 

Solving for a's in the following way:- 

x1 = a1 + a2 + a3 + a4 +a5 + a6 + a7 + a8 

y1 = a1 +a2+a3+a, +a5+a6+a7+a8 

x1 1 1 1 1 1 1 1 a1 

x2 1 -1 1 -1 1 1 -1 -1 a2 

x3 1 -1 -1 1 1 -1 -1 1 a3 

x4 1 1 -1 1 -1 -1 1 -1 a4 
(A 5.2) 

<X5 
). 1 1 1 -1 1 -1 -1 -1 a5 

x6 1 -1 1 -1 -1 -1 1 1 a6 

x7 1 -1 -1 -1 1 1 1 -1 a7 

x8 1 1 -1 -1 -1 1 -1 1 a8 
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Then replacing i's by nodal coordinates using the 

substitutions x = x1  at 	= n = 1 etc. Equation (A 5i.) 

is produced. 

x 

y 

z 
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Fig. A5.1. 
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