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SUMMARY

A brief introduction to the types of problem occurring in the
stress analysis of Water Valves of the butterfly type is given
to show the need for developing a design method for these

structures.

The analytical work which has been undertaken for establish-
ing a closed form 'solution to the problem is given, with

comments.

A description of the anisotropic characteristics of the
fibre composite material is presented in the form needed to
allow the use of matrix algebra and practical examplés of

these materials are given.

A general finite element is derived in detail to show how it
represents the structure in a plate or shell shape made of
Isotropic, Orthotropic or Anisotropic material. Also a
finite element method is suggested to investigate the struct-
ural strength and behaviour of different types of blades made
of different materials and the advantages of the method are

shown.

A method for the optimal design of fibre composite structures

is suggested and recommendations for future work are given.

The computer program and the numerical results are presented.
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CHAPTER ONE

INTRODUCTION

1.1. General

The butterfly valve constitutes a very special case for
structural analysis due to its geometrical shape which is determined
by complex loading and boundary conditions during operation Ref. (1)
which are very difficult to model mathematically.

In addition to this, its main function is as an engineering
structure for sealing pipes, where deflections play an important
role in defining the criteria for its efficient operation and
possible failure.

Existing methods of analysis and design are based generally
on approximate idealized "closed form" mathematical models for
circular plates.

A long history of empirical formulae and experimental
studies of butterfly valves exists, but as sizes of valves and
industrial installations became larger with higher pressures, the
desirable closing characteristic of the butterfly valve and new
sealing methods led to its taking a greater share of the valve
market and its replacing other types of valve. Ref. (2) (3) .

Due to the traditional methods of design which did not
give confidence either to the buyers or to the manufacturers, very
strict standards were demanded. Ref. (L) (5) (6) (7) . These
specified minimum thicknesses for blades, bodies and shafts and

required test pressures that seldom occur in practice.

23.



As a consequence of this, very expensive test procedures
had to be carried out in the manufacturing workshops rather than
in the actual installations.

The use of butterfly valves in cooling systems employing
sea water introduced corrosion as another major parameter to be
considered in their design. This led to the use of coatings and
linings and although this was satisfactory in temperate climates
such as are found on European and North American coasts where
sea water termperatures are low, i1t proved unsatisfactory in warm
sea water Ref. (8) . In such environments the use of materials
that provide good corrosion resistance, such as 18/8 3% molybdenum
stainless steel, aluminium bronze or ni-resist cast iron becomes
mandatory if metals are to be considered.

Fibre composite materials should therefore be seriously
considered as alternatives, from the point of view of offering
both corrosion resistance and cost savings.

Since such materials do not possess isotropic properties,
analytical analysis becomes very complicated. More and more
alternative combinations of fibre and matrix materials possessing
high strength, high modulus and desirable corrosion properties
(such as glass fibre reinforced plastic (G.R.P.), boron—epoxy,
graphite—epoxy and boron-aluminium) have become available. Ref. (9)

In contrast to the engineer who has traditionally designed
a structure from a designated metal, in the field of composites the
designer has freedom to design both the material and the structure

as illustrated in Fig.(1.1)Ref. (10)

2k,
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The need for numerical methods of analysis using modern
computers to aid the design function becomes inevitable and the
finite element method as applied in this study gives great confidence
in such techniques. These techniques provide the necessary expertise
and confidence to designers and their governing manufacturers, who
have to take responsibility for guaranteeing efficient operation of
their products, to promote and guarantee the application of butterfly
valves in such applications. The overall concepts of product design
and structural proportions have thereby been redefined and reviewed
for the valve components and the possibility of using working stresses
much closer to the yield point of the material, as in modern methods
of designing other structures. This has consequently reduced the
cross—sectional dimensions and weights of valves eventually. The
reduction in size of the structural proportions of valve components
is seen in the valve industry as the greatest single factor which can
tilt the balance in favour of a better market share for products-

designed in this way. Ref. (11)

26.



1.2. Description of the Structure of Main Interest.

The butterfly valve essentially comprises a disk or
blade which can rotate at right angles in a wing-like structure,
about a diametrical axis within a pipe section body. A 90°
rotation of the disk opens or closes the valve.

This basic simplicity provides a compact structure
which has the least amount of body metal of any valve type,
having few component parts (disk, shaft, body, seating seals
and operating equipment).

Fully open the valve disk is the only obstruction
which occupies the minimum amount of flow line space and
causes very little head loss across the valve Ref. (18).

The valves are usually either resilient or metal to
metal seated; the resilient seating may be in the body or
attached to the periphery of the disk.

Butterfly valves are available in diameters from
2.5 cm to to 10 m and even larger sizes are presently being
considered for tidal and ocean thermal energy conversion schemes

Ref. (2 ) for pressures that range from vacuum to 300 psi full
differential, depending on the valve size.

The 90° turn offers quick opening or closing with ease
of operation and the pressure shut-off capabilities require
modest actuator power compared to other types of valves, since
the butterfly valve is balanced in the closed position against
upstream and downstream line pressures. Dynamic flow"torque does
not re;ch a maximum until somewhere between 30O to 750 open. Thus

the peak dynamic flow torque does not occur at the same time as

the higher torque which is required to unseat the valve. Ref. (19).
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Butterfly valves can be installed in systems with
constant-head sources such as nearby reservoirs or in pumping
systems where pressure falls off with valve opening. During
the closing movement the rate of cut—off of the flow diminishes
as the disk moves towards the closed position, making the valve

well suited for flow regulation purposes, (e.g. throttling).

1.2.1. The Disk or Blade

The disk or blade of the valve is the most important
component of the valve, as its configuration has the
greatest effect on:-

(i) the head loss across the valve,

(ii) the torque applied on the shafts,

(iii) cavitation of the system,

(iv) the sealing efficiency,

(v) the noise.

The blade could be a simple flat disk of constant
thickness Fig. (1.2) A Disk, or a solid or hollow
tapered disk, Fig. (1.3) A Tapered Disk, or a lattice
supported disk. As the size of the shaft varies
according to the torque applied, the connection
between the shaft and the blade varies from;
shaft through the disk, Fig. (1.4), two shafts fitted
in humps on the disk Fig. (1.5), and shafts as integral

casting of the disk Fig. (1.6) and (1.7).
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Fig. 1.3b. A Hollow Tapered Disk
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1.2.2. The Shaft

The governing factor in the design of the shaft is

the torque applied to it. The torque analysis of
butterfly valves is a major subject which has received

a fair amount of research and development in the past
and has therefore not been tackled in this work.

One of the most significant observations in this

study is the effect of the type of connection between
shaft and blade or shaft and body, on the structural
behaviour of the blade. No attempt to establish a
criterion is made but it is left to the designer to
assume the most suitable idealisation for the

connection because this depends on working practices,
allowable clearances, bearing arrangements and materials
and empirical assumptions established by different design

methods.

1.2.3. The Body

The body is the second most important component of

the valve and it divides the valves mainly into two
categories Ref. (2)

Wafer: this is a valve for clamping between pipe
flanges, using through bolting. The body may be single
flange, flangeless or "U" section, as illustrated in
Figs. (1.8), (1.9) and (1.11) respectively.

Double flanged: this is a valve having flanged ends
for connection to pipe flanges by individual bolting
Fig.(1.10). A wafer type with "U" section body will also

come within this category if it is suitable for the
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Fig. 1.11: Flangeless body
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individual bolting of each flange to the pipework.

In smaller valves the body could be in two sections.

Fig. (1.7).

An unconventional body is the body of a L-way butterfly

valve which is the intersection of two pipes with an
elliptical blade. The design of the body is governed

by the piping system and the flange design. It is

mainly a ring with two holes where a concentrated

load causing shear, with or without correct installation
and alignment, is another design factor to ensure non—
interference between the blade and the piping system
Ref. (19) . The design of the body is not part of this

work.

1.2.4. Seating Seals

These are either resilient or metal to metal seated.
The latter will normally provide longer life than
resilient seated designs but are more difficult to
make completely leak-tight. They are better suited
for higher temperature duties as they do not have the
temperature restrictions imposed by resilient seatings.
Regarding the former, an extensive range of synthetic
elastomer and plastic materials for use as resilient
seatings have been developed. Positive shut-off with
repeatability of performance is assured and the wide
choice of seating materials provides the butterfly

valve with a comprehensive range of service applications.
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The mechanical interference between the metal and the
elastomeric seat requires a torgue to unseat the valve.
This depends on the type of seat material, the seat
shape and the shape of the disk edge profile. Without
the interference, of course, the valve could not be
made leak-tight against high line pressure. The design

of seats for sealing is not part of this study.

1.2.5. Operating Equipments

These generally comprise a gear box connected to the

shaft of the blade at one end (or both ends) coupled

with a manual and/or electrical/hydraulic actuator.

These equipments are very important, especially in

large installations, for the safety and control of any
process. They can be controlled from a console in the
hall of the plant and at the moment are undergoing

great developments, introducing microelectronics processors
as detectors and remote control systems, which will make

a great change in this field. Such developments are not

covered by this study.

1.3 Review

Engineering literature in the English language on the
topic under discussion is very sparse. There is only one book
Ref. (12) , on the design of valves, to the knowledge of the

writer and this does not mention butterfly valves at all.
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Hydraulic handbooks Ref. (13), (14), (15), & (16), contain

a few brief references to the butterfly valve, describing its
geometrical shape, the characteristics of special installations
and methods of operating the valve. They make no reference at
all to the structural design of such valves.

Again the butterfly valve is described in most handbooks

Refs. (2), (3) & (17), on choosing valves in ; minor way with

no mention at all of structural analysis.

Reviewing existing books on the design of turbines, pumps and
piping systems, Ref. (15), it may be observed that the valve

is considered mainly in respect of 1ts hydraulic characteristics
with very brief guidance to methods of calculating torque on
shafts and no guidance is given about structural analysis or
design.

The British Hydromechanics Research Association have published, Ref:(20)
for their members a bibliography on butterfly valves, covering
the period from 1929 to 1966. This has been reviewed by the
present writer, who subsequently extended the bibliography to
cover the years from 1967 to the end of 1979, covering all known
relevant engineering publications in this field.

Nowhere in all that literature is there to be found any study
about the structural analysis of the valve components generally
or on the blade or disc of the valve, which is the component
whose dimensions and strength are of most importance in the

overall design of the wvalve.

38.



Reviewing structural analysis handbooks for the analysis of

rings, circular, and other plates, Ref. (33),(3L), it became

evident that there is a great need to develop a body of

knowledge with which to guide designers and structural analysists
devoted to this task. Such a body of knowledge has been developed
by the writer and is described in Chapter 2.

In considering new anisotropic materials and the more complex

shapes of butterfly valve disc now required, the need to develop
finite element programs for the purpose became evident. This has
not been done before and has therefore been developed by the writer,

as described in Chapters 3, 4, 5 and 6.

1.4, Materials

Valves are manufactured from a wide range of materials chosen to

meet different operating requirements such as high or low temperature,
corrosion, impact of particles cérried in the flow, vibration
characteristics, etc., subject to their availability. The materials
to be discussed in this thesis are metallic alloys, glass reinforced
plastic and perspex (for the experimental work). It is known that
blades are made of polymers and fibres other than glass for the
reinforcement of the matrix material with the result that Young's
Modulus and Poisson's ratio can have virtually any value. In the
analytical work (to be discussed in Chapter 2) Poisson's ratio has
been varied from 0.05 to 0.5 to allow the designer to consider all
possible alternative materials. In glass reinforced plastic Poisson's
ratio 1is in the vicinity of 0.1, for pol&mers it is 0.35 - 0.4 and

for metals it is 0.25 - 0.35.

39.



1.5. Limitations and Scope of Study

The study is concerned with the structural analysis of the
blades of butterfly valves, simulation of the loading applied
and all possible boundary conditions occurring at the supports.
It does not cover the very important subjects listed below
since there is already an extensive literature in existence
covering them.
1. Hydraulic analysis.
2. Torgue analysis and design of shafts. Ref. (21) & (22).
3. Cavitation analysis. Ref. (23) & (24).
L. Analysis and design of the valve body. Ref. (25).
5. Noise analysis. Ref. (2) & (26).
6. Design of sealing, interference provisions and methods

of installation and alignment. Ref. (27).
T. Vibration analysis. Ref. (28).

.

8. Temperature effects. Ref. (29).
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CHAPTER TWO

ANALYTICAL PROCEDURE FOR THE STRUCTURAL ANALYSIS

OF THE BLADES OF ORDINARY BUTTERFLY VALVES
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CHAPTER TWO

ANALYTICAL PROCEDURE FOR THE STRUCTURAL ANALYSIS OF THE

BLADES OF ORDINARY BUTTERFLY VALVES

The search of an approximate "closed-form" solution for
estimating the deflections and stresses in such blades 1s based
on the general solution Equation (2.9) given by Clebsch Ref. (1)

to be derived later. Now:

8) = + 2.
w(r,0) wb LA 9
in the governing differential equation of a circular plate,

namely:

Vv =-QL%L91 ' 2.8

which has to be solved with suitably defined boundary conditions
and loading.

In Equation (2.9) wp represents a known particular integral
solution of the governing differential equation which is added
to a complementary functilon v, which 1s the solution of the

simple (Poisson) homogeneous equation

to satisfy the case under consideration.

The procedure is developed in detail as follows

2.1 The Governing Differential Equation for Circular Plates

To obtain the differential equation of a circular plate
the starting point is to use the expressions for bending moment
and transverse shear which are known for a cartesian system of

co—ordinates, as illustrated in Fig. (2.1) (from Szilard Ref. (31)).
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MX = =D (BXZ +\)W 2.1a
32w 32w
M = =D (/% +v—7> 2.1b
Y (ayZ axz)
_ _ _ 32w
MXy = Myx == (1-v) D 373y 2.1c
oM oM
Q = —== + 2.1d
X 9x ay
oM oM
Qy_ = _X + ——yx 2.18
oy ox

In the polar co-ordinates system shown in Fig. (2.2) the

relationships between cartesian and polar co-ordinates are as

follows:—
X = 1r cos O 2.2a
y = r sin 0 2.2b
r = y’ XZ + y2 2.2.¢c
& = tan _1(§) ' 2.2d

The derivatives of w(r,0) with respect to x can be derived
from the derivatives with respect to r & 6 as follows:-

ow _ ow Or ow 96

9T 3K T3 2.3
3r _ cos 6 and 30 _ _ l-sin 3] 2.4
ox ox r
or . 36 _ . 1
5;—— sin 0 and 5;—— + - cos B 2.5

The expressions for internal moments and shear forces in
Equation (2.1) can be converted into polar co~ordinates

using Equations (2.2, 2.3, 2.4 & 2.5) thus,
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Fig., 2.1: Expressions for bending moments and transverse
shear in cartesian coordinates.

y
|

g X

Fig. 2.2: Polar coordinates
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_ [13w 1 3%w 32|
Mt =-D [; ar T 12 362 v ariJ
M, =M, =-(1-v) D |1 2% _ 1
rt Or lr dra® r2 236
- _ 9 g2
Qr =-0D ar Ve ¥
- -n L 9 g2
Qe =D r ab Vr v

Considering an infinitesimally small plate element in the
polar co-ordinates of Fig. (2.3) summing the moments (with
correct signs) and neglecting moments due to the external
load on the element as small quantities of higher order, we
obtain the equilibrium equation in the 'r' direction of the

element as:—

aM

by
(Mr+ ™ dr) (r+dr)d8—Mrrd8—Medrd8

+ -
Qr r d6 dr 0

hence
oM

r —
Mr + 37 T Me + Qr =0

Substituting Equation (2.6) for Mr - M, and Qr and taking

0

the derivatives with respect to r, Equation (2.7b) becomes
V2 (V2 ) = 9La8)
r r D

where

Ls,

2.6a

2.6b

2.6¢c

2.6d

2.6e

2.7a

2.7b

2.8
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Fig. 2.3: Plate element in polar coordinates
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and

Equation (2.8) is the governing differential equation for

a thin ecircular plate of isotropic material.

2.2. The General Solution of the Governing Differential Equation

The general solution of this biharmonic equation
vt o = Az,0) 5.8
r

can be taken as the sum of the two functions on the right-
hand side of this equation:—

w(r,9) = wp W 2.9
in which wb is a known particular integral solution of

Equation (2.8) and v, is a compl mentary function which is

the solution of the homogeneous equation

The solution of Equaticn(2.10) for a circular plate was

obtained by Clebsch Ref. (30) in the form of the following

series:
[s 0] [s 0]
w =F + Z_ F cos nb + Z_ F' sin nb 2.1
c o} n=1"n n=1"n

Where each term of the series is a harmonic of order n.
Fach summation is for a particular value of n and extends
over as many terms as are necessary for a proper represent-

ation of the loading.
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The Fl’ Fz" Fn are functions of r only, which is the

radial distance to any point on the disc Fig. (2.2), and

they represent the symmetric components of the loading

system. The F;, F;.. Fn are functions of r only and apply

to the antisymmetric components of the loading system.

FO is a function of r only and is completely independant

of the angle 8 unlike the other functions which are symmetric

or antisymmetric. Substituting these series into Equation (2.10)
leads for each of these functions to an ordinary differential

equation of the following kind.

( 32 + L3 _ n? (Ban + 1 9Fn _ n?Fn

3r2  r 3r r2 ar? r 3r r2

) =0 2.12

the solutions of which are:

= 2 r 2. L =
Fo=Cpp #Cpp " +Cyp In 2+ Cyy  rIn (forn=0)
F, = C +C Y+ -1 L =
1 =Cpy 1 21 T 31 ¢ +Cyyr In = for n = 1) 2.13
The general solution of n > 1 is therefore
_ n z+n -n -n+2
Fn = C1n r + CZn r + CSn r + Cl+n r

Similar expressions can be written for the functions Fﬂ.
Substituting these expressions for the functions Fn and FA
into the series Equation (2.11) we obtain the general solution
of Equation (2.10). The constants Cipn».Cpopo C,,andC in

each particular case must be determined so as to satisfy the

given boundary conditions.
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2.3. The Solution for Stresses and Deflections in a Circular

Plate of Uniform Thickness Subjected to a Uniform Normal

Pressure and Supported at two points at Opposite ends of

a Diameter.

2.3.1. Analytical Work

In this case a circular disc of uniform thickness "t"
is assumed, subjected to a uniform normal pressure "q" and
supported at two points at opposite ends of a diameter.

The reaction of this loading, which develops at each of
the support points (trunnions in the case of a valve blade),
depends on the degree of fixity of the shafts, as will be
discussed later.

If the support reaction is simulated in this analysis
by a triangularly distributed load (illustrated in Fig. (2.La))
which 1s replaced by a reaction R acting at the centroid of the
triangle so that the point of ;imple support is assumed to be
at a distance a + a' from the centre of the disc Fig. (2.Lb).

This system of loading can then be replaced by two systems,
the effects of which are added together, as follows:

(1) Two diametrically opposed moments as illustrated in

Fig. (2.Le) with

M=Ra' 2.14

(These moments act in a plane perpendicular to the
disc and pass through the points of support).

(ii) A uniformly distributed load of intensity q acting all
over the area of one face of the circular disc, supported
by two diametrically opposed equal reactions R acting

at the periphery of the disc Fig. (2.k4d) where
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R=gq 2.15

2

This loading occurs only when the valve is totally

closed of course.

The effect of the first case of loading (pure bending)
on a plate of non-uniform section Fig. (2.5) will now be
considered.

The radial moment per unit length of any section can
be obtained by dividing M (given by Equation (2.1L4)) by the
appropriate chord length. The deflections along the diameter

between the supports can be found as follows:-

9%w M . :
SE? = -5 (as given by Szilard Ref. (1)) 2.16
where
__2ytd
1= 20D =

Substituting Equation (2.17) in Equation (2.16) gives:

%w _ =6(1-v3) M

3%z = T3 Y 2.18
Since x = a cos 6 and y = a sin 6, (from Equations (2.2a)
and (2.2b)).
dx = -a sin 6 40.
Integrating Equation (2.18) with respect to x leads to
6
éfy(i 0o 4 6(1-v2)M a sin 0 a8
ox2 X T Et3 a sin O
LN
2
dy _ 6(i-v2m  (°
3x - C1 * T mes as
™
2
_ _6(1=v3)M  m
=C, =03 (- 8) 2.19
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Pig. 2.5: Pure bending on circular plate supported
at two points

J

Fig. 2.6: Quadratic plate finite element
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At 8 = %3 = 0 so C, must be zero

SES

Integrating Equation (2.19) along x,

—y2 9
w=C, + 6(;t§ M a J (g—- 8) sin 6 48
T
7z
) 6
=C2+6—8M_é71—_§y_) [:(-1;—0058+80058—Sin8ﬂ
| T
2
a2
=C, - 6aMé;3u ) [} 1+ (2—— 8) cos 6 + sin é] 2.20
At 8 = 0, w = 0 thus
aM(1-v?) 1 Ma ,T
C, = Tt 3 (z-1) 55‘(3‘ 1)
and
W '1\24_3%"(%- )cose—sineﬂ 2.01
Maximum w occurs at 6 = g-so that
- Ma m _ - Ma
Woax = D (2 1) = 0.285L48 D 2.22

The deflection of the disc at any point due to the second
case of loading, Fig (2.4d) can be determined as the sum of the
deflection of the disc simply supported along its entire
periphery (as a particular solution) and the deflection due to a
system of forces distributed along it periphery to satisfy the
loading of Fig (2.4d) with the boundary conditions of the disc
being also fulfilled.

In what follows the complementary function and the particular
integral have been solved together and dealt with in the various

derivations as the single function w of Equation (2.8).
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In Equation (2.9) wp

the deflection of a disc simply supported along its entire

periphery) given by Timoshenko et al. Ref. (39 as

£
|

p 6
where

p:

(L]

This is a symmetrical case of loading and deflections are
measured from the diameter on which the two supports are
positioned, i.e. the condition of geometrical symmetry

satisfied so that sin terms of the series Equation (2.11)

may be omitted and the complimentary function may be written

as

Substituting Equation (2.25) into Equation (2.10) and

solving we obtain Equation (2.13) which must be satisfied
by the constants Cln, C
at the centre of the plate the deflection, the slope and the

internal moment are finite, at r

C =
30

31

in

o

ga’

a
LD

40

b1

4n

)(5;"1)_

14V

0

(the particular integral solution for

cos nB

and C for this case.
n un

5k,

2.23

2.24

2.25

Since,



and Equation (2.13) can be written as

n 2+n
= +
Fn (Cln r Con T ).

Using Equation (2.25) and multiplying the first part by

n n+2
E; and the second part by an+2 there results the equation
a a

- 1 1 2y .1
= +
Fn (Cln CZn p )p
where
cl = anC1 (a new constant)
n n
and

n+2
c! =a"7°c (a new constant)
2Zn 2n

Substituting these into Equation (2.25) and multiplying by

D .
Egr glves:

850~ 8

—Dt w o= (An + B, 02)po" cos nd

qa’ ¢ =0

where An and Bn are constants and p = r/a

At the boundary of the disc the radial bending moment is

zero. Assuming the following relationships:-—

-
d = a P
2. .4
or a
82 d2
ar2 a2

1 9 _14a_1 4__4a.
r Oor ra ap & a?p
dl =_a_

26
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and using Equation (2.29) with Equation 2.6a) gives:

- 2 I L -
Mrp=1 =D [;LZ v (r2 902  r Br) (w)p=1 *0
2 1 14
= =D l:—z' v (a2 '2+a_p-;):[(w)p=1 =0
hence
M = 2 d2 + v (g'. +d_"_2) (W) =0
rp=1 a2 o o p=1

Applying Equation (2.30) with Equation (2.23) gives zeros
for v, and applying Equation (2.30) with Equation (2.28)

for v, gives:

BO = B1 =0
and

n(n-1) A+ (n+1) (E2) B =0

n B n
n > 1
where
1T -V
B= T+v

At the supports the deflections are zero, 1i.e. Wp =0

At p =1 for6=0¢&T

Putting 6 = O, p = 1 and using Equation (2.31) in

Equation (2.28) there results:
(e e}

0= X A +B
n=

or

2.30

2.31
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Putting 6 = m, p = 1 and using Equation (2.31) with
Equation (2.28) results in
o0
+ + Z + B =0
A, A1 =23 (/% n) cos nm

Solving Equation (2.22) and Equation (2.34) with

cos nm = +1 (for even n)
cos nm = -1 (for odd n)
gives -
Ao _§=2,u (A +3)
and o
1— —§=3,5 (An *B)

The reactions R at the supports can be found from the

Equations:
cos nf)

and

R 1,7 _
= (2 + o, cos n(6-1))

as given by Timoshenko et al. Ref (39.

The value of the intensity of the vertical reaction at the

boundary is the sum of these expressions

r Ta 2 n=1 n=
p

since cos n{(6-1) = cos nd cos nT

cos n8 (for even n)

- cos n® (for odd n)

(Vr) = %g (1 +2 g )y cos nd)
=1 ’

5T.

(V) == E+Z cosn6+%+21cosn(6—‘nil

2.3k
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The differential equation for Vr as given by Timoshenko

et al. Ref. (32 (p.28L4) is

9 Mre
(Vr)_ = (Qr - ;‘7§;) = 0 2.4%0
p=1 p=1
Using Equation (2.29a)
- - =
(Vr)_ - (Qr pa d MrB)p=1 0
p=1
From Equation (2.6d) we get
- p 2 (8,13 1 3%
Qr =D or (8r2 * r or + r2 882) (w) =1
—p( 1 13 1 3% 3,1 3%
Qr D (8r3 r orZ 72 ar | rZ 962 or 2 rs 82)(w)p=1
Using Equation (2.29a)
_—__]2 3 gi_i dd'z_ d12
Q=57 (@ + - S+ S -2 ) 2.41
From Equation (2.6c)
- L= - B o) g L (00 4 2.h2
pa rf a p2 p?

Substituting Equation (2.41) and Equation (2.42) into

Equation (2.40) gives:

-D 2 _ 4 , (2-v) (v=3) ]
v =— [d% + = - = +-3%2433'%2 + 12
) I: o p2 p? S

as wW=wW + w 2.43
P
To carry the solution further we have to obtain the differentation
of wp and W, from Equations (2.23) and (2.28)
L

Assuming g%_ is a constant = k, then

y
9;—= Kk 2.43a
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and

and

N LR
- 5 [0 - I B - 5
- & [0 -0 CR - )]
0w
- agn o
= :§§g (6:f3 - 20%)

:;gg (%{% p?)

_ .9 Xk xr 3y _r?

“°% 16a (tw  a?)

59.

dd'z(wp) = 3%23'(w )
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Similarly, fo

e’
~

£

1]

o
w

£

1]

and

Q0
£
1]

r (n=2,4,...%) we get

k z nA + (n+t2) B pz:lpn—1 cos nb
| n n
k }([n(n-1) An + (r1+2)(r1+1)Bnpz:lpn—2 cos nb

_ 2 n .
x )(n A +nB p o sin nb

= -k Z(n2 An + n? Bnpz)pn cos nb

= 3 3 2y
k })(n An + 10’ B o sin ©

= -k Z n? An + n(n+2) Bnpz:lpn—1 sin nb

dd'z(wc)= -k z n? An + n2(n+2) Bnpz:]pn—1 cos nb

a%d' (v )= -k )|n? (n-1) An + n(n+2)(n+1)

Bnpz:]pn—2 sin nb

Using Equations (2.44 to 2.56) in Equation (2.43) for

(w +w ) =1
P c

<}
1]

+

and using Equation (2.31) for B., B

0 1 we get

D (B LB gy 1, I3
;kam(w 30?) © + 730 -p?)

rzl=2,3 {El(n-ﬂ(n—E) + n(n-1) - n - (2-v)n3

(v-3)n€}An + [}n+2)(n+1)n + (n+2)(n+1) - (n+2)

(2-v)n? (n+2) - (v—3)n€] Bnp% pn_3 cos %E}

60.

k }(n(n-1) An + (n+2)(n+1)n Bnpﬁ]pn—3 cos nb

p=1

na

.49

2.57



o]

a
l}—nﬁ—\))j[Bnpz} pnta cos %
. p=1

) - = k€ el {—nz(n—1)(1—\)) A

E;—n( 1-\))]B§ cos n%ﬂ

=D
g=1 TaTk é + §=2’3 {-nz(n—1)(1—\)) An

n

From Equation (2.15) we have 2R = ma?q and k

SO

_ I
Dy._wtD_ =
a D a ma
Using this in Equation (2.58) leads to

o]

r n=2,3

[T-n(1-v]] Bn} cos n{[

p=1

The coefficients of cos nb in Equations (2.59) and (2.39)

should be equal, thus

“n2(n-1)(1-v) An + n(n+1)[§—n (1~vI]Bn

n(n+1)

n(n+1)

(v ) 1 = %g [}+2 z {-nz(n—1)(1—v) An + n(n+1)

for n =2, 4, 6...

and

-n2(n-1)(1-v) A+ n{n+1)[L-n (1—vI]Bn

0

forn=3, 5, T...

Solving Equations (2.32) and (2.61) gives

A =B =20 forn =3, 5, Teu.

Hence from Equation (2.36) we get
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Solving Equations (2.32) and (2.60) gives

A == (n+2/8)

n  2n2(n-1)(3+v) 2.62a
oY as
_ =1 1 1
Ay T 2(3+v) E}(n—ﬂ * an(n—1£] 2.62b
Also,
Bn = 1 _ 2.63

Therefore,

-1 1 1
BT IR [;(n2-1) ¥ an(n—Ti] 26

Equations (2.62a, 2.62b, 2.63 and 2.64) are for

n=2, 4, 6... etc.

Using Equation (2.64) in Equation (2.35) gives

gy} I
0 3+v n=2,4 [n(n2-1) Bn2(n-1)
Considering ln series,

2

AO=#(ln2-%)+%(ln2—%ﬂ)

or
2

B = Ty [211—11)2'213'%] 2.65
Hence, Equation (2.28) since A1 = B0 = B1 = 0 can be
written as

o
EET w, = Ag+ §=2,h (An + Bn 02)p" cos nb (2.28)
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Using Equations (2.62b) and (2.65) gives

D 1 2in2 =2 _ 1l _ 17} 1
e’ e 3+ 1-v 2k T 2 2 n=2,4 W(n-1)

2 Qiﬁ n
T B2 (n-1) n(n+1)‘[ P cos n(ﬂ

and for the complete expression of deflection

wW=w tw

P (o4
4 )
=92 1 . 2y 2tV _ 2y, 92 1
v.= 5 ey (7P —0%) + 75 33m)

4 in 2 mw? ) 1
{ 1—~v 128 1} n=2,h{;1(n—1) *

2 _ p2 n 6
Bn®(n-1) n(n+12[p cos 1

or

R[]

wD _ 1=pZ 5tV _ o 1 -
" (6u)(1+\) D)+2(3+\)){21n2 1

(o0}

14 2 1
+ (—1-_—:)))(2 ln 2 - %) - 12]::2,)4 E](n—T)

2(1+v) 2
T (@-1)n? "~ n(Qn+1£] p" cos “%

which is the complete solution.

The expression for the radial moment Mr’ using

Equations (2.44 to 2.56) with Equation (2.30) is

- 22 (3 g2y LY (3R
Mp =~k 3z 1 (1+v 30%) 16 14y P {1

+

121=2,u {E](n—‘]) + \)(n—nz)] An + li(n+2)(n+1)

) 2:[ Bn pz} pn—2 cos nb

+
<
~
=]
4+
no
I
<
=]
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- —Dk [‘(;I’)g\)) (1_02) + §1=2,l¥ {n(n—‘l)('l—\)) An

+ n(n+1) [(1—\)) +% (1+\)):l B pz} pn_2 cos nG:]

Substituting for k, An & Bn from Equations (2.42a),

(2.62b) and (2.63) leads to

8

Mr 1
o5 =g (317 +

B~

1 A+ 2
2 3r) neo,y (B )
(1—p2)pn_2 cos nb

The expression for the tangential moment Mt’ using
Equation (2.43) to (2.52), Equation (2.29) and

Equation (2.6Db) is

+ §=2 , {El—nz + \)n(n—1)] An + |:(n+2) - n?
\)(n+2)(n+1)] Bn pz} pn_2 cos 19

+

or

|

{n(n—1)(1—\)) An + n(n+1) |:(1—\))

(1+\){l Bn p% pn_2 cos nb

Substituting k, A & B from Equations (2.42a, 2.61b

and 2.62) leads to

00

_ 1 i IRFAL.NY)
= =T ) (wae?| - L AR L

{3(1—02) +;21‘ (1+02)} pn_2 cos nb

6h.
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The expression for the twisting moment Mre’ using
Equations (2.43) to (2.52), Equation (2.29) and

Equation (2.6¢)

©o

M =k é% (1-v) g=2J+ %—n2+n) An +

En(n+2)+r] Bn p;} pn—2 sin n8

—(1-v) 2_2 L {}n(n—1) A -

n=

n(n+1) Bn p%} pn_2 sin nf
Substituting for k, An & Bn from Equations (2.42a,

2,61b and 2.62) leads to

pn 2 sin nf

500

g&i. l.(1+V) Z B(1-p2) +
a?q 2 '3+v’ n=2,L
The expression for the radial shear Qr’ using
Equations (2.43) to (2.52), Equation (2.29) and

Equation (2.64)
_ . D /3 1 3% _,v1. 1
e = ka.TQD 16(1+\) 3p)p+16

(%E% -p2) %-+ g=2,h {[%(n—1)(n—2) +

n(n-1) - n - n? + 2n€] An + [}n+2)(n+1)n

2.73

2.7k

+ (n+2)(n+1) - (n+2) - n%(n+2) +2n€}Bnp% pn_3 cos n§>

o4}

__.D1p ) n-1
Qr = -k 7|5+ k4 n=p,l n{n+1) Bn p cos né]
Q 5 -
x_-1__2 ] -
qa 2 (3+v) n=2,h P cos nd

65.
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The expression for the tangential shear Qt’ using
Equations (2.43) to (2.52), Equation (2.29) and

Equation (2.6e)

8

S~

D
Q ko3

n2(n=1) — n2 3
=2} l:n(nﬂ n+n:[An

+ l}n(n+2)(n+1) - n(n+2) + n3:[ }Z*»np2 pn_3 sin nb

D - .
Qt = -k Es-h §=2,h -n(n+1) B o™ 1 sin nb 2.77
Q 00
t __ 2 ) n-1 _.
22 - (349 n=2,k p sin nb 2.78

In Equation (2.68) the right-hand side would give a constant
coefficient for a defined Poisson's ratio v at a defined
location (p,8) on the plate. This coefficient can be
converted into a deflection due to the uniformly distributed
load by multiplying it by

Y

aa
D

This further lends itself to the development of a hand table
of coefficients which is shown in Appendix (1). In Equations
(2.70, 2.72 and 2.T4) the right-hand side would give a
constant coefficient for a defined Poisson's ratio v at
a defined location (P,0) on the plate. This coefficient can
be converted into stresses due to the moments by multiplying

it by
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as the value of the moments acting in the radial and tangential
directions, taken with respect to the centre of the plate, are
claculated per unit length. Thus in the radial and tangential
directions along sections described by 6 = 0° ang 6 = 90° this
procedure produces stresses in the principal directions whilst
the radial and tangential moments acting along any other section,
as described by OO<6<9OO, produce only stresses in the given
directions, the twisting moment Mre not being zero. Along 6 = 0°
and 6 = 90O the stresses caused by the couples in Fig. (2.k4e)
should be added directly to the stresses acting in the radial
and tangential direction as appropriate.
In Equations (2.76) and (2.78) the right—hand side would give
a constant coefficient for a defined Poisson's ratio at a
defined location (p,B) on the plate. These coefficients
can be converted into shear stresses by multiplying by
qa
Equations (2.68, 2.70, 2.72, 2.7h, 2.76 and 2.78) were written
in two small computer progranms.
(i) To produce a complete hand table of coefficients

for deflections, moment and shears as shown in

Appendix.(1). A FORTRAN listing of the program

is in Appendix (2.4).
(ii) To suit a top desk microcomputer Ref. (36) where

the designer interacts directly through the

computer screen, feeding in t, a, E, v, p, 8 and q
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in a free format and immediately obtaining the
deflection at the point and all the stresses due
to moments and shears.

A FORTRAN IV listing of the program is given in Appendix (2.B)

This completes the analytical werk of this case.

2.3.2. Finite Element Analysis

The first step was the analysis of a circular plate
simply supported around the periphery and subjected to a
uniformly distributed load which is a well documented case
in many texts such as Ref. (31), (32) & (35).

An existing finite element program for the analysis of
plates was used, Ref. (38). It employs a quadratic plate
element as shown in Fig. (2.6).

A sufficiently fine mesh, as determined by convergence
criteria consisting of 160 elements, 184 nodal points per
half circular plate was adopted as adequate for this study
as shown later and illustrated in Fig. (2.7). The degree
of symmetry in this case calls for quarter of a circle but
lesser degrees of symmetry, called for later in this work,
required the use of half a circle.

A comparison of results for a typical example of this
simply supported case is shown in Table (2.1). This leads
to the conclusion that the finite element model is adequate
and useful for predicting the deflections and stresses in

circular plates.
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LOCATION CENTRE POINT p = 0.5
alo au
FINITE ELEMENT 0.065ks A 0.061hT A
DEFLECTION
CLOSED FORM qa® qa®
SOLUTION EQUATION | 0:065622 =5 0.04628 =5
FINITE ELEMENT 0.2014 g a® 0.1586 q a?
M, M
X r
CLOSED FORM
2 2
SOLUTION EquaTIOy [ ©-203125q a 0.1523  q a
FINITE ELEMENT 0.201h q a? 0.17545 q a?
M, Mg
CLOSED FORM 2 )
SOLUTTON EquarToy | ©-203125 aqa 0.17578  q a
Dimensions of example used for the finite element solution:
a =100, t=5, E=2x 10% v =0.25, q=2.
Table 2.1. Deflections and moments in a circular plate simply supported around the

periphery and subjected to a uniform pressure.




The second step was to adopt a boundary condition
representing the case in hand, i.e. simply supported at two
points at opposite ends of a diameter. Using the finite
element results provides an independent method from the
"closed form" theoretical solutions of 2.3.1. and also allows
the production of design coefficient tables.

The use of these coefficients is valid when the plate is
to be considered as a stiff plate which is also a thin plate,
i.e. t/2a < 1/8 with flexural rigidity, carrying loads two-
dimensionally mostly by internal (bending and torsional)
moments and by transverse shears, as in Fig. (2.1).

Deflections can be assumed to be a function of the
uniformly distributed load q, the flexural rigidity of the
plate per unit length being expressed in the usual notation
by

Et3

D = 3o 2.79

and a" (a being the radius) in the following form:-—

L
= a8 _
W C1 D 2.80

Similarly the bending moments per unit length can be written

as:—
Mx = C2 q a? 2.81
My = Ciq a? 2.82
Mxy = Ch q a? 2.83

A table of coefficients C1 to Ch at the 12 locations as

indicated in Tables (2.2) and (2.3) can then be produced.

T1.



El;ﬁ?nt Location 02 C3 Ch
.a y.a
1 .95 |0.062 +0.0004 |-0.3667 |+0.01k42
2 .85 10.055 +0.0014 |-0.3882 |+0.0165
18 .788 |0.527 -0.2835 {+0.0018 }-0.1280
22 .495 10.3675 |+0.0351 |-0.3835 [+0.1088
27 .45 10.05 +0.0422 |-0.4649 }-0.0076
35 .5998[0.7128 |-0.1228 |-0.0745 [-0.25
53 .252 {0.55 +0.1743 }-0.3905 [-0.0767
57 .3047510.8977  {+0.1154 |-0.0424k |-0.2522
70 .05 {0.05 +0.08k4k4 1-0.5031 [-0.0011
75 .05 [0.55 +0.2335 |-0.4087 |-0.017h
79 .025 0.875 +0.6334 [-0.2192 |-0.072k
Table: 2.2. Moments design coefficients for circular plate

Symmetrical around x & y

\Y

M

0.

C

simply supported on two points at opposite ends
of a diameter and subjected to a uniform pressure
obtained from finite element method.

T2.

378

q a?



F.E. Location
< Cq x
Node No. A
X/a y/a From F.E. |[From Equat.
1 1.0 0.0 0.43767 0.43948
2 0.9 0.0 0.41438 0.41596
6 0.8 0.0 0.39277 0.39420 |
Symmetrical around
19 0.866 0.5 0.35216 0.35346 X &y
v = 0.378
28 0.707 0.707 0.2582 0.25786 v G gat
1 D
29 0.5 0.0 0.3395 0.35638
32 0.5 0.3 0.3150 0.322L87
56 0.3 0.5 0.2427 0.22729
80 1.0 0.5 . 0.2265 0.226k427
85 0.0588 | 0.898 0.0585 0.06
87 0.0 0.0 0.30195 0.30245
92 0.0 0.5 0.2245 0.224809

Table: 2.3. Comparison of deflection coefficients obtained by
the 'closed-form' equation and finite element in
circular plate simply supported on two points at
opposite ends of a diameter and subjected to a
uniform pressure.

3.



The accuracy of the coefficients is directly dependent on the
degree of refinement of the finite element mesh, i.e. the number
of degrees of freedom in the considered plate. For this
purpose, a number of meshes were used with increasing numbers

of degrees of freedom until no significant change occurred

to the resulting coefficients. This asymptotic convergence

is an established procedure in finite element solutions.,

Thus in the solution E is extracted from the answers
through the flexural rigidity D as described above. The
deflections and bending moments (MX,'My, Mxy) can be worked
out using the coefficients for a specific value of say Vi.

Then the effects of another Poisson's ratio Vv, can be estimated

from:- Szilard Ref. (31).

W, (x,y) = '1:_3%‘% (x,7) 2.8}
o0}, = ]}1-\)1\)2)(MX.)1 + (o= ), | 2.85
(My)2 =~ 1—_1\7{ I:(\)z—\)l)(MX)1 + (1—\)1\)2)(My)1:[ 2.86
(Mxy)2 1—:’)% (Mxy)1 2.87

This case was run using a typical plate having values of

E = 0.46 10% 1b/in% and v = 0.378, a = 12in. The coefficients
for deflections at twelve nodes are compared with the coefficients
from Appendix (1) in Table (2.3). The coefficients for moments
are compared in Table (2.4), the conversion from local x-y
coordinates of the finite element mesh té global polar coordinates

being described in Appendix (L4).

Th.



The practical application of these coefficients is in
day-to-day work, since they provide a reliable and simple
technique for calculating deflections. In fact, they can
predict to within 10% the measured deflections obtained in
testing valves. However, it is not a good method for
calculating the stresses especially in the vicinity of the
support, because in reality the point support is a hypothetical
point and can not be simulated in tests. Mathematically the
coefficients obtained from the finite element solution would

be a more accurate simulation of a point support for the stresses.

5.



.92‘

] emend Location 02 02 C3 C3 Ch Ch

No F.E. Equ . F.E. Equ. F.E. Equ .

x/a y/a

1 0.946 [0.05L +0.000Lk | +0.000 | -0.3667 0.39 +0.0142 0.00

2 0.846 |0.056 | +0.0014| +0.004 | -0.3882| -0.40 +0.0165 0.00

18 0.788 |0.527 -0.2835| -0.32 +0.0018 0.0018 | -0.1280 | -0.10

o7 |o0.450 |0.050 | +0.0k22| 0.043 | -0.4649| -0.467 | -0.0076| -0.033

70 ]0.05 [0.05 0.29L 0.21 0.294 0.21 0.252 0.2935

75 |0.05 |0.55 +0.2334f 0.24 -0.4087| -0.4087{ -0.0174 | 0.0

Table: 2.L4. Comparison of moments coefficients obtained by the 'closed-form'
equation and finite element in circular plate simply supported
on two points at opposite ends of a diameter and subjected to a
uniform pressure.



2.4, The Solution for Stresses and Deflections in a Circular

Plate of Uniform Thickness subjected to a Uniform Normal

Pressure and supported along two short lengths of Arc at

two opposite ends of a Diameter.

2.k.1. Introduction
This idealisation, shown in Fig. (2.8a), is a more practical
one as the shafts occupy a short length of the periphery of any blade
This becomes significant when the valve is used for regulating
the flow and the torque loads are significant. This removes
the singularity at the support of 2.3. and enables the calculation

of the stresses and deflections at any point, including the points

of attachment.

2.h.2. Analytical Work
The same analytical work done in 2.3.1. applies, from
Figs. (2.8a) and (2.8b). The boundary conditions would be:
(i) At the boundary of the disc the radial bending

moment is zero. Thus the work up to Equation (2.32)

is applicable.
(ii) At the supports the deflections are zero at two points

given by:-—

0 =0 and 8 = 7-Q
Putting ® = a, p = 1 and using Equation (2.31) in

Equation (2.28) there results:-

o

AO + A1 cos o + n=2,3 (An + Bn) cos nB =0 2.88

TT.



Fig. 2.8a. Plate simply supported on two arcs.

L
q ‘ !
Tao
T %
o a T T T+, 270 o1

Fig. 2.8b. Reactive forces on plate simply supported on
two arcs and subjected to uniform pressure.

- 6=0

Fig. 2.8c. Plate supported on two clamped arcs.
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Putting 6 =TT - o, p = 1 and using Equation (2.31)

with Equation (2.28) gives:-—

e o]

AO - A1 cos o + n=2,3 (An + Bn) cos no con nm = 0 2.89

Solving Equation (2.22) and Equation (2.93) with

cos nt = + 1 (for even n)
cosnf = - 1 (for odd n)
gives
o
Ao = - =2} (An + Bn) cos no. 2.90
And o
A, cosna = - §=3’5 (An + Bn) cos na 2.91

(iii) The intensity of the reactive forces on the boundary

can be expressed by a fourier expansion, see Fig. (2.8b)

[eo]
_-R 1,7} sin no
(Vrg=1 P P n=2,4 ( no. ) cos n?_
_ ) sin ng N
= - ga [; + =2l ( e ) cos n?J 2.92

This is equal to Equation (2.39) and proceeding

similarly using Equations (2.40) to (2.56) leads to:

e o]

1
(Vrf)’=1 = - ga <§ + 12':1:2,3 _n2(n_1)(1_\)) An

+ n(n+1) li(h-n)ﬁ—\))jl Bn cos n> 2.93
o=1

Equating the coefficients of cos n8 in Equation (2.91)

and Equation (2.97) gives:
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-n?(n-1)(1-v) A+ n(n+1) I}—n (1-\))] B,

sin no
= >=—=— for n = 2,k...
nd

-n%(n-1)(1-v) A+ n(n+1) F&—nﬁ—\)):[ B =0

for n =—;,5
The constants An & Bn are determined, as follows:-
Solving Equation (2.32) and Equation (2.95) gives

A = Bn =0 for n = 3,5,7

Applying this in Equation (2.91) leads to

Solving Equation (2.32) and Equation (2.94) gives:

_ —(n+2/8) (sin na/na)
n~ 2n2(n-1) (3+v)

B = sin na/na
n  2n(n+1) (3+v)

_ —sin na 1 2 _ 1
An * Bn T 2(3+v)na [;(n2—1) * Bn®(n-1) n(n+1£]

Equations (2.96, 2.97, 2.98) are for n = 2,L4,6... ete

Using Equation (2.98) in Equation (2.90) gives

_ 1 Z sin no 1 2
Ao T 2(3+v) n=2,4 ( no. ) n(n-1) * Rn?(n+1)
. R
TTar1)] C©OS no

2.94

2.95

2.96

2.97

2.98

2.99

Proeeeling with the solution as in 2.3.1 we obtain similar

equations as follows:
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o

. .
qa" Sy z sin no
W= <1 6] )(1+\) P ) + 2a(3+\) n_E,L} ( n )

o

(ot et - nﬂ}
s )

sin no.
(&40 na,

cos né1:>> 2.100

= qa’ <'1%(3+\))(1—p2) + (A Z (8in no,

cos no - 2)4

T BnZ(n-

=
!

T 200 "3+v’ n=2,4 n
(B+%)(1—p2) pn—2 cos nb 2.101
-2 S _ 2] _ 1 1w ) sin na
M, = qa <16 [:(3+\)) (1+3\))p] 70 3! g2 O )
2 2 2 n-2
B(1-p*) +';(1+p VYo cos nb 2.102
2 i -2
= -qf&—(;—:’;) §=2,h (2828 {p(1-p2) + 230" sinn  2.103

These equations were written in two small computer programs
similar to those of 2.3.1. to produce hand tables of coefficients
for deflections and moments. The program for the generation

of the tables is listed in Appendix (2.C) and the relevant

parts of the tables are given as a sample in Appendix (3).
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The same mesh as used in 2.3.2. of Fig. (2.7) was used
to simulate a boundary condition of simply supported arc of
angle o = 7.5° by restraining nodes nos. T4, 86, 98, 110 and
122 in the z direction only and following the same procedure
adopted in 2.3.2.. Similar coefficients were obtained. The
coefficients for deflections at 12 locations are given in
Table (2.5) compared with the equivalent ones obtained from
Appendix (3). The coefficients for moments were obtained
at 11 locations and are shown in Table (2.6). The coefficients
for moments are compared with the equivalent ones obtained
from Appendix (3) in Table (2.7). For comparing more coefficients
the conversion from local X,y coordinates of the finite element
mesh to the global polar coordinates-must be observed as
described in Appendix (L4).

From this a method of simulating real boundary conditions
and providing a more accurate value for the deflections and
stresses is clearly possible using the finite element model.

In this way coefficients can be obtained for cases which are

very difficult or impossible to simulate mathematically such

(i) Plates simply supported on two short lengths of arc
and subjected to point load acting at a specified
point. Table (2.8a).and (2.80b).

(ii) Plates which are clamped on a short length of arc
at two opposite ends of a diameter Fig. (2.8c). and

subjected to:
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F.E. Location C1 C1
Note No. x/a v/a From F.E. |From Equat.
1 1.0 0.0 0.3715 0.403225
2 0.9 0.0 0.3509 0.381545
6 0.8 0.0 0.3318 0.361L462
Symmetrical around
19 0.866 0.5 0.2915 0.320969 x &Y
~ o]
28 0.707 0.707 0.20L43 0.229868 o = T.5
v = 0.378
29 0.5 0.0 0.2856 0.311838
A
ga_
wo= ¢ 75
32 0.5 0.3 0.2625 0.2908k45
56 0.3 0.5 0.1976 0.212901
80 1.0 0.5 0.185 0.201193
85 0.0588 | 0.898 0.0Lk15 0.0L45
87 0.0 0.0 0.2535 0.28376
92 0.0 0.5 0.183L 0.21253
Table: 2.5. Comparison of deflection coefficients obtained by

'closed~form' equation and finite element in circular
plates simply supported on two short lengths of arcs
at opposite ends of a diameter and subjected to a
uniform pressure.
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F.E. Location 02 C3 Cu
Node No. x/a y/a

1 0.95 0.062 -0.0002 |{-0.3543 |+0.01k1
2 0.85 0.055 -0.0008 [-0.3745 [+0.0163
18 0.7865 |0.527 -0.2667 [+0.0007 [-0.1215
22 0.495 0.3675 +0.0229 |-0.3607 |+0.1097
27 0.45 0.05 +0.0261 [-0.4k16 10.0057
35 0.5988 |0.7128 |-0.0877 |-0.0T710 |-0.2468
53 0.252 |0.55 +0.1468 |-0.3534 |-0.0392
57 0.30475[0.8977 |[+0.2498 |-0.0694 |-0.223k4
T0 0.05 0.05 +0.0515 [-0.4697 [-0.0007
T5 0.05 0.55 +0.1480 |{-0.3536 |-0.0048
79 0.025 {0.875 +0.07T60 |-0.05kh4 }+0.0u482

Table: 2.6.

Symmetrical around
X &y

a

Vv

1

0.75°
0.378

C aq a?

Moments design coefficients for circular plate simply

supported on two short lengths of arcs at opposite
ends of a diameter and subjected to uniform pressure
obtained from finite element method.
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£l emen Location C, Cs Cq 03 C, C,
No- | x/a y/a | F.E. Equ. F.E Equ. | F.E. Equ.
1 0.946 |0.054 0.003 0.008 -0.35 -0.658 0.03 0.0
18 0.788 [0.527 0.031 0.03 0.294 0.0861 0.179 0.190
27 0.45 J0.05 0.434 0.401 -0.02 -0.149 0.057 0.003
1 0.35 0.35 0.133 0.123 0.2044 0.233 0.2k0 0.264
TO 0.05 0.05 0.211 0.2064 0.211 0.209 0.261 0.295
75 lo.05 [0.55 [-0.153 [-0.0279 | 0.323 0.449 | 0.050 0.0
Table: 2.7. Comparison of moments coefficients obtained by the 'closed-form!

equation and finite element in circular plate simply supported on

two short lengths of arcs at opposite ends of a diameter and
subjected to a uniform pressure.



F.E. Location c
Node No. x/a v/a L
1 - 1.0 0.0 0.47975
2 - 0.9 0.0 0.43k35
6 - 0.8 0.0 0.390k5
19 - 0.866| 0.5 0.3605
29 - 0.5 0.0 0.2668
32 - 0.5 0.3 0.2L71
56 - 0.3 0.5 0.15095
85 - 0.0584 0.898 2.117
87 - 0.0 0.0 - 0.11275
109 0.0584 0.898 0.01485
128 0.3 0.5 0.0291
146 0.5 0.0 0.01175
149 0.5 0.3 0.06735
17h 0.8 0.0 0.0372
182 0.9914 0.13 0.0671
18k 1.0 0.0 0.0679
Table: 2.8a.

0.8a

Coefficients for deflections in circular plates

simply supported on two short lengths of arcs at
opposite ends of a diameter due to point load at
the shown location.



Bl ement Loca't ion C c c
- 2 3 L
Q
x/a y/a ’
P
1 0.95 [0.062 [-0.0256 |0.L473 [+0.0196
] H
1 T

2 0.85 [0.055 |-0.1086 |-0.5193 {+0.0057

18 0.788 10.527 [-0.1058 |+0.0021 |-0.1LL6

o2 0.495 |0.3675 |+0.0555 |-0.1814 [+0.1636

Symmetrical around x-axis

27 0.4s fo.05 |+0.2304 [-0.3278 [+0.0112 | P &t 0.8a
a = T.5

o}

35 0.5998|0. 7128 |+0.1522 |-0.0363 |-0.199k
M = C.p

53 0.252 |0.55 +0.2503 |-0.1T719 |+0.1005

57 0.3047]0.8977 [+0.L4888 |-0.0688 [-0.1348

70 0.05 {0.05 +0.1263 |-0.1979 {+0.0121

75 0.05 |[6.55 +0.1641 |-0.1335 |+0.1Lk9

79 0.025{0.875 |+0.1338 |-0.0011 |+0.3485

90 ~0.02510.875 {-0.0185 |-0.0068 |+0.301

124 -0.45 J0.05 +0.0391 |-0.0924 |+0.0068

137 -0.495{0.3675 | +0.0272 |-0.0784 |+0.001L

142 -0.99980.7128 | -0.0261 | -0.059k | ~0.0371

160 -0.95 |0.062 |+0.0161 | -0.051 -0.0008

Table: 2.8b. Coefficients for moments in circular plates simply
supported on two short lengths of arcs at opposite
ends of a diameter due to point load at the shown
location.
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(a) Hydrostatic load (which is a very important
case occurring during the use of the valve
for throttling in large valves).
(b) Point load acting at a point perpendicular
to the shaft line (which is used to unseat
the valve with a screw) an example being
given in Table (2.9).
(¢) The all important uniform pressure. Table (2.10)
and (2.11).

(iii) Plates which are supported on clamped or simply
supported arcs plus short length of the diameter in
simple or clamped manner as shown in Fig. (2.9)
subjected to loading conditions (a), (b) & (c) above.
A sample is given in Table (2.12a), (2.12b) and (2.12¢).

(iv) Plates which have a non-circular configuration
generally, in this appliéation the elliptical blades

of butterfly wvalves.

2.5. Experimental Work

Although the two theoretical approaches which have been
discussed are sound, since the problem has been solved
independently by closed-form mathematical solutions and by
finite element methods, it was felt that experimental work
was necessary as a confirmation especially in the cases where
it was not possible to check the finite element solutions
by "closed-form" mathematical solutions. A number of
experiments was carried out and this section which follows
is to describe the procedure and give a sample result for a
plate supported on two short arcs at opposite ends of a

dlameter.
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Fig. 2.9. Plate supported on two short lengths of
arc and short lengths of diameter
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F.E. Location
Node No.| o /e <
1 - 1.0 0.0 0.33
2 - 0.9 0.0 0.294
6 - 0.8 0.0 0.2592
19 - 0.866 0.5 0.2362
29 - 0.5 0.0 0.160L45
32 - 0.5 0.3 0.14615
56 - 0.3 0.5 0.0753
85 - 0.0588 0.898 0.00025
87 - 0.0 0.0 0.04155
109 0.0588| 0.898 0.0001
128 0.3 0.5 |- 0.00965
146 0.5 0.0 - 0.03055
149 0.5 0.3 - 0.0309
174 0.8 0.0 - 0.0661
182 0.9914 0.13 |- 0.08825
18k 1.0 0.0 - 0.089k45
Table:

vX

Symmetrical around x

w=_e, E%i
a=7.5
v = 0.378
p at 0.8a

2.9. Coefficients for deflection in circular plates clamped
on two short lengths of arcs at opposite ends of a
diameter due to point load at the shown location.
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F.E. Location o
Node No. x/a y/a 1
1 1.0 0.0 0.17hk
2 0.9 0.0 0.1606
6 0.8 0.0 0. 1475
19 0.866 0.5 0.1300
28 0.707 0.707 0.0834
29 0.5 0.0 0.1143
32 0.5 0.3 0.1029
56 0.3 0.5 0.0659
80 1.0 0.5 . 0.0560
85 0.0588 | 0.898 0.00k41
87 0.0 0.0 0.0896
92 0.0 0.5 0.54Th
Table: 2.

- - >y'

Symmetrical around

X & ¥y axies.

4

_ . 92"
w=C 73
a=7.5
v = 0.378

10 Coefficients for the deflection in circular plate
supported on two clamped short lengths of arc at
opposite ends of a diameter and subjected to a
uniform pressure.
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Element Location C2 C3 Ch ¥
No. x/a y/a
1 0.95 0.062 -0.0003 [-0.1789 [+0.007T
2 0.85 0.055 +0.0007 |-0.1873 [+0.0086
18 0.788 0.527 -0.1002 |+0.0011 [-0.0597
Symmetrical around
22 0.495 0.3675 |+0.0413 {-0.1413 [+0.0528 X & y axis
a= 7.5
o7 0.ks 0.05 +0.0494k 1-0.2092 |-0.0036
v = 0.378
35 0.5988 |0.7128 [+0.0516 |+0.0031 |[-0.0855
53 0.252 0.55 +0.1676 |-0.0k25 [-0.0223
57 0.30k75 [0.897T {+0.3230 |+0.0882 |+0.0669
70 0.05 0.05 +0.1014 |-0.2176 |-0.0006
75 0.05 0.55 +0.2264 |-0.0128 [-0.0056
79 0.025 0.875 +0.3Lk75 [+0.5795 [+0.0275
— 2 — 2 —_ 2
Mx—nga,My—C3qa,Mxy—Chqa
Table: 2.11. Coefficients for moments in circular plate supported on

two clamped short lengths of arc at opposite ends of a

diameter and subjected to a uniform pressure.
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F.E. Location
Node No. x/a v/a 1
1 1.0 0.0 - 0.108L
2 0.9 0.0 - 0.0963
6 0.8 0.0 - 0.08L5
19 0.866 0.5 - 0.0299
28 0.707 0.707 |- 0.0505
29 0.5 0.0 - 0.0528 ’
32 0.5 0.3 - 0.0473
56 0.3 0.5 - 0.0213
80 1.0 0.5 - 0.0096
85 0.0588 | 0.898 |- 0.0000
87 0.0 0.0 - 0.0266
92 0.0 0.5 - 0.0079
Table: 2.12a.

b

Coefficients for deflections in circular plates

supported on two clamped arcs at the end of the
diameter and two short lengths of the diameter
as shown and subjected to uniform pressure.

93.



F.E. Location , X Ch
Node No. X y
1 0.95 0.062 -0.0002 {-0.0879 |+0.00k4k
2 0.85 0.055 +0.0022 [-0.09 +0.00L47
18 0.788 0.527 -0.0248 | +0.0012 |-0.0311
22 0.495 0.3675 | +0.0497 | -0.0323 [+0.0261
27 0.h45 0.05 +0.075 |-0.0847 |-0.0032
35 0.5988 ]0.7128 |+0.0863 [+0.0143 }-0.0302
53 0.252 0.55 +0.1772 | 4+0.1190 |-0.0053
57 0.30475 [ 0.8977 |+0.21 +0.0146 | +0.0247
70 0.05 0.05 +0.1736:1{-0.0838 | -0.0011
75 0.05 0.55 +0.4250 | +0.2617 |-0.0323
79 0.025 0.875 +0.0753 | +0.0318 |+0.0319
Mx = C, qa?, My = C a?, Mxy = C, qa?
Table: 2.12b.

Coefficients for moments in circular plates supported

on two clamped arcs at the end of the diameter and

two short lengths of the diameter as shown and subjected
to uniform pressure.

ok.

Symmetrical around x & y

b
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F.E. Location o
Node No.| x/a y/a !
1. - 1.0 0.0 - 0.30065
2 - 0.9 0.0 - 0.2654
6 - 0.8 0.0 - 0.23115
19 - 0.866 0.5 - 0.2139 Symmetrical around x-axis
_ 2a
b=
29 - 0.5 0.0 - 0.13305
a = 7.5°
32 - 0.5 0.3 -0.121145 v = 0_378
t 0.8
56 - 0.3 0.5 - 0.05545 pea &
W = C1 pa.2
85 - 0.0588{ 0.898 |- 0.00095
87 - 0.0 0.0 - 0.01355
109 0.0588| 0.898 0.00085
128 0.3 0.5 0.02945
146 0.5 0.0 0.05795
149 0.5 0.3 0.0556
174 0.8 0.0 0.0941
182 0.9914] 0.13 0.11715
184 1.0 0.0 0.11875

Table: 2.12¢c. Coefficients for deflections in circular plates
supported on two clamped arcs at the end of the
diameter and two short lengths of the diameter
as shown due to point load at the shown location.
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2.5.1. Introduction

As the number of experimental tests required in this
programme of checking was large, a great deal of consideration
went into the design of the test arrangements, so as to
simulate as many cases of loading as possible with minimum
delays and maximum flexibility, to give_as many cases of
supporting conditions within the time available without
damaging or replacing many samples.

A one inch thick 'perspex'¥® sheet simulating the blade

was used because of ease of handling, availability and economy.

2.5.2. Four Point Bend Testing of a Perspex Beam

i Aims

i.1 To determine the Young's modulus of perspex and
Poisson's ratio.

i.2 To examine the effect of creep on the properties
of perspex.

i,3 To assess the reliability of using strain gauges
to measu?e strains in perspex.

i.l To determine the effect of low strain rates on the
behaviour of perspex and to see whether it is
possible to simulate the behaviour of a metal using

perspex.

% 'Perspex' is a trade name for polymethylmethacrylate (p.m.m.a.)
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i1 The Test Beam

The dimensions of the perspex bar were as shown in Fig. (2.11)
This was machined from a large sheet of 1 in. thick perspex and
the rest of the sheet is being used to machine a circular diaphragm
which will be used to simulate the blade of a large butterfly
valve. (Fig. (2.19).

A1l dimensions of the beam were accurate to within * 1.0%

11l The Testing Equipment

The beam was supported on two mild steel rollers which were
10 ins. apart as shown in Fig. (2.13). These rollers were screwed
on to a mild steel plate to prevent them from slipping. The load
was applied to the beam through a load cell and another pair of
rollers to give 4-point loading with a constant bending moment.
Two strain gauges (PL-10 made by Tokyo Sokki Kenkyoso
Co. Ltd. (T.S.K. Ltd.) gauge resistance 120 * 0.30, gauge
length 10mm) were stuck longitudinally and another two perpend-
icular gauges to measure the transverse strain were stuck to
each face of the centre of the beam as also shown in Fig. (2.12).
The adhesive used was CN Adhesive made by T.M.L. Ltd. of T.S.K. Ltd.
The load cell was used solely for applying the load to the
metal plate. The load readings were obtalned from the scale
of the 60,000 1lb. maximum capacity Avery testing machine used
for the experiments. The scale used for these experiments
was 0—-3,000 1bs. with each small division being equal to 5-1bs.
The two longitudinal strain gauges were arranged in a half
bridge and fed with 3.V through a Bruel and Kjaer strain
gauge amplifier, type 1526. The output was fed back to the

amplifier which indicated the total strain in 'micro strains'#*

* Note:— 1 microstrain = 1 x 10 ® strain
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Fig. 2.11: UL-Point bend testing of a perspex beanm
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Fig. 2.13. L-Point bend testing of a perspex beam
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in a L.E.D. (Light Emitting Diode) display. (Although the gauge
factor quoted by the manufacturer was 2.07, it was found that
to obtain the theoretically correct readings on the display unit
the gauge factor on the amplifier had to be set at 1.8L4 with the
same arrangement for the two transverse strain gauges).

The deflection of the beam was measured by means of a 0.0001
in., smallest division dial gauge placed directly underneath the

centre of the beam, as shown in Fig. (2.14).

iv_Theory

From Fig. (2.10) it can be seen that the loading of the beam
is equivalent to a cantilever subjected to two point loads.
This similarity can be used to calculate the central deflection
of the beam (8) when it is subjected to a total load of W.

Therefore,

[iq.x23 Ex23 H_Q'Z
_ e 1 _ 2 2 2 2 _
§ L_ 3EI | 3EI 2EI (21 22)
woo|ed 23 22 .-2.)
= —= "1 _ "2 _T2 (772
EI % z n 2.10k
However, 21 = 5 in. and 22 = 3 1in.
Therefore,
s = M {125 _ 21 _ 18
EI 6 6 b
and
6 EI
W = —77— § 2.105

Referring to Fig. (2.10) the bending moment in the region BD

- %,.) which is equal to

is constant and is equal to Eu (21 5

2

W, if 21 and 22 are measured in inches.
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Fig. 2.14. A plot of total load vs central deflection
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Using

at the surface of the beam where d is the depth of the beam.

W (1bf.in. if W is in 1bf.
example)

for

I
=
—

R

_12)=

-2 _ 9
R y

is the distance from the neutral axis.

g - Wd

Therefore max = o1,
a

£ max
However, max = 5

€ _ W
Therefore max = SET
Substituting for I using Equation (2.105)

£ = 3

max = o §.d
However, d = 1 in.

€ . _ 38 jias s s
Therefore max = 3 (if § is in inches).
For the beam

. 1 3 s n

I = o x bxd’ in.

where b is the width and equals 1.5 ins. Hence

1

12

b -

x 1.5 x 1% in" 0.125 in"
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v_Experimental Procedure

The beam was loaded to a maximum deflection of 0.150 in.
(assuming Callowable = 0yield for perspex is 3000 1bf./in? and
E for perspex is 0.4 x 108 lbf./in?), 8allowable = 0.0075.
Therefore Gmax, using Equation (2.109) is approximately 0.180 in.
All tests were carried out at the very low speed of 12.5 X 10_3in.
central deflection/min. to avoid strain-rate effects (approxi-
mately equal to 500 p~strain/min.). The load and the total
strain were recorded at 0.005 in. intervals of the central
deflection. Then, the beam was unloaded at the same speed and
similar readings were taken. Figs. (2.14) and (2.15) show the
results obtained.

The experiments were repeated at different speeds up to
strain rates of .002/min., but no significant difference was
observed. However, these results are not valid for suddenly

applied loads. The error in such a case can be about * 5%

vi Calculations

Using the gradient of Fig. (2.14)

W o_ 6EL _ 6 -
s = i T 71Ex0.125-l+850
Therefore
E = 0.459 x 10% 1bf./in?
The gradient of Fig. (2.15) = 8ma.x/G = 0.0k42h4 ?%

The theoretically correct gradient (from 2.109)

= 2 1 - o.ohe3 -
n. in.
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Therefore the gauge factor should be set at 1.84.

The ratio between the transverse and longitudinal strains

is Poisson's ratio and this was measured by taking the ratio

of the gradients shown in Fig. (2.15).

vii Discussion and Conclusions

(1)

(2)

(3)

The Young's modulus of perspex is approximately
0.46 x 10® 1bf./in?

The Poisson's ratio of perspex is approximately
0.378.

The experiments have shown that perspex creeps

at room temperature.

Therefore, for comparing experimental results the readings have

to be taken either instantaneously or after fixed time delays.

Provided this is remembered, perspex can be used to simulate

metals or other elastic materials.

(L)

(5)

It is possible to stick strain gauges on perspex and
obtain reliable results.

Perspex is not seriously affected by low strain
rates — i.e. up to about .002/min. -. However,
unlike metals, the sudden application of a load

can lead to unreliable results, even if sufficient

time is given to reach steady state conditions.
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2.5.3. The Testing Equipment

To simulate a uniformly distributed pressure a 632" length
of 12" diameter pipe with 3/8" wall thickness was used as the
basic pressure container. A 2" thick plate at the bottom and
a 2", 18" nominal diameter flange were welded to the pipe with
a rubber O ring fitted at the upper side. Small pipes were
welded to the bottom for air bleed, water drain, water or air
inlet and a connection to the pressure gauge Fig. (2.16) and
(2.28).

A 1" thick, 18" nominal diameter and 12" diameter flange
was machined to fit on top of the pipe flange Fig. (2.17) and
(2.20). Two short lengths of flange were provided to clamp
the supports of the specimen in location as shown in Fig. (2.17)
and (2.21). The whole assembly was bolted to a table 30" x 30"
wide and 30" high from the ground, which can be levelled by
screws fitted to its legs. ‘

The frame was made up of 13" steel angles and the top was
made of 30" x 30" x 3" steel plate bolted to the angles. A L"
diameter hole was provided at the centre of the plate for the
small pipes which come from the panel attached to the table.
The panel carries a pressure gauge, alr and water valves and
regulator for the air supply Fig. (2.18) and (2.22).

The dial gauges (with 0.0001 in. division) could be placed
over the sample to measure the deflection by fixing them to a

three-legged frame which can stand above the diaphragm Fig. (2.22),

(2.23) and (2.2L4). As the relative strength of the steel to the

106.



Fig. 2.16 Testing Equipment
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Fig. 2.19., Testing equipment and control panel
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perspex is high, there was no need to measure the uplift of the
flange due to the pressure as it would be insignificant. This
is not the case if the body and blade of a real valve are
made from the same material.

The point load is applied through a calibrated load cell
by turning a screw when it is attached to a frame which can
be fixed to the flange of the rig as in Fig. (2.25), (2.26)
and (2.27). The location of the load can be changed by turning
the frame or using different holes in 1it.

The line support for a circular plate is provided by two
short sharp-edged pieces of metal of known lengths attached
to a plate which can be fitted to the two clamps at the support.
The contact between the supports and the surface of the specimen
can be controlled by the screws shown in Figs. (2.28) and (2.29).

Nine rosette strain gauges type FRA-6-11 made by T.S.K. Ltd.
Gauge resistance 120 * 0.5 Q, géuge length 6mm were stuck to the
upper surface of the perspex plate as shown in Figs. (2.20) and
(2.32). Another nine dummy gauges of the same type were stuck
to a beam of perspex from the same sheet. Fig. (2.30). Each
gauge and the corresponding dummy gauge was connected to a
channel of two Brueland and Kjaer switching units. An automatic
selector, type 1542, which can switch from one gauge to the
other at varying speeds down to 0.5 second and a twenty point
panel type 1543 was connected to the other Fig. (2.31). This
arrangement made it possible to read the 27 gauges in 13.5 seconds

(to avoid creep effects).
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The active gauge and the dummy one were arranged in a half
bridge and fed with 3.0V. through a Brueland and Kjaer strain
gauge amplifier, type 1526. The output was fed back to the
amplifier which indicated the total strain in micro strains on
a L.E.D. display. Because of the speed of switching this had
to be fed in to S & P twelve-twelve U.V. recorder. Fig. (2.33)
shows a plot at two known strains which was obtained at the
beginning to provide the scale. Fig. (2.34) shows a typical
full-scale result. All gauges were balanced within * 50 micro strains
at the beginning of every experiment and a 'no-load' plot was
obtained for corrections as shown on page

The results were converted into maximum and minimum
principal stresses using the Mohr strain circle principle as

in Fig. (2.32) where:-

£ + E
= X ¥
x_
2
€ =€
= X ¥
yo= 2
Z=X-€h5
R = y""+z2
= +
81 b4 R
e . =x-R

and the principal stresses

E

;T vz (g +vey)

g, = —317 (e, + ve,)
2 1-v 2 1
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Fig. 2.19. Perspex blade sample

Fig. 2.20. Sample blade with strain gauges connected
fitted in testing flange



Fig. 2.21. Short flange for clamping

Fig. 2.22. Testing rig.
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Dial gauges during testing

2.23:

Fig.

Dial gauges frame

2.2k;

Fig.
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Fig. 2.25. Point load cell

Fig. 2.26. Point load cell attached to testing rig.
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Fig. 2.27. Point load testing.

Fig. 2.28. Line support
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Fig. 2.31: Complete testing equipment
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Fig.
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2.32. Location of strain gauges.
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Where Ex’ Ey’ EhS are the strains read from the plottings to
the nearest 0.25mm multiplied by the scale of the u.v. recorder
and fed into a small computer program listed in Appendix (2.D)
which converted them from micro strains to strains and prints
out the rosette number, the strains, the maximum and minimum

strains €, and 62 and the principal stresses g, and 02.

2.5.4. Testing a 12" Diameter Disc_supported on_two clamped

short arcs subjected to a uniform pressure.

(i) Deflections

Measuring the deflections at five locations as shown
in Fig. (2.36) and (2.23) initial loading and unloading readings
were taken and the results plotted on Fig. (2.37) and (2.38)
against a plot of the deflections obtained from the finite element
solution for a clamped and simply supported arc. The similarity
between the two results is clear and satisfactory.
(ii) Stresses

The strain gauges were read in 13.5 seconds after the
load was reached to avoid the creep effect on the reading. The
creep would stop in 5 to 6 hours if the load was kept constant
but this proved to be an impractical procedure.

The results plotted on the u.v. recorder are given on pages 130
to 136 reduced photographically. A full scale copy of the beginning
of these records is shown in Fig. (2.34). The computer outputs for
the principal stresses at the rosette locations is given on pages

137 to 42, The maximum stresses are plotted for each gauge against
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the maximum principal stresses obtained from the finite element
solution for clamped arc support and simply supported arc. The
program provides the principal stresses at the centre of the
elements. The location of the strain gauges on the finite element
mesh is shown in Fig. (2.39). Gauges 3 and 4 are shown on the
equivalent location due to the symmetry. This case is symmetrical
around x axes and Y axes.

The results in Figs. (2.h40), (2.41), (2.42), (2.43), (2.4}4),
(2.45) and (2.46) show good agreement with the finite element
solution and therefore with the solution based on the coefficients
derived from it.

As in real valves it can be seen that the support was not
100% clamped. The degree of fixity is a major quality control
problem in the clearances between the shaft and the body and

the type of bearing used.

2.5.5. Testing_a_ 12" Diameter Disc supported on two Clamped

short arcs subjected to a point load.

Increasing loads of 200, 400 and 500 1lbs. were applied
through the pressure cell and then reduced similarly. The location
of the applied load is shown in Fig. (2.47) and (2.26).

(1) Deflections

The deflections were measured at six locations as shown in
Fig. (2.47) and (2.27). The results are plotted on Fig. (2.48)
(2.49), (2.50a) and (2.50b) against a plot of the deflections
obtained from the finite element solution for a clamped and a
simply supported arc. The similarity between the two is clear

and satisfactory.
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(ii) Stresses

The strains were read in the same manner as before,
the results plotted on the u.v. recorder are given on pages
151 to 156.

The computer outputs for the principal stresses at
the rosette locations is given on pages 157 to 161.

The maximum stresses are plotted for each gauge
against the maximum principal stresses obtained from the
finite element solution for clamped arc support and simply
supported arc, as shown in Figs. (2.51), (2.52), (2.53), (2.54),
(2.55), (2.56) and (2.57).

The results show good agreement in the vicinity of the
applied load and give higher stresses than expected-by the
finite element solution. This is considered satisfactory because
in practice this load is small in comparison with the uniformly

dibtributed pressure on the valves.

2.5.6. Testing 12" Diameter Disc_supported_on two_clamped short

—— e e R e e e L L el

(i) Deflections
The deflections were measured at the locations shown in
Fig. (2.58). The results are plotted on Figs. (2.59) and (2.60)
against the finite element solution. The results are self—
explanatory. From the finite element solution it can be seen
that the deflections are governed by the diameter support and
the effect of the arc being clamped'or simply supported is

insignificant
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(ii) Stresses

The strains were read in the same manner as before, the
results plotted on the u.v. recorder are given on pages 173
to 180.

The computer outputs for the principal stresses at the
rosette locations 1is given on pages 181 to 187.

The maximum stresses are plotted for each gauge against
the maximum principal stresses obtained from the finite element
solution for clamped and simply supported arcs. This 1s shown
in Figs. (2.61), (2.62), (2.63), (2.64) (2.65), (2.66), (2.67)
and (2.68).

The results show good agreement with the finite element
solution and therefore with the solution based on the coefficients

derived from it.
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Fig. 2.36a Dial Gauge Locations
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AY AXIS

Fig. 2.36b: Dial gauge locations
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THE TOTAL NUMBER OF READINGS = 2
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of clamped support.

Finite element solution

of simple support.

Experimental readings.

Gauge No. 3. & T.

P E—— 2. I

2.h2.

] A L Y a
200 Loo 600 800

Comparison of principal stresses.
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1200
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1400 1600 1800
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Applied Pressure psi
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10

Fig.

Iy

-

—

Finite element solution
of clamped support.

Finite element solution
of simple support.

Experimental readings.

Gauge No. b.

2.43.

200

500

600

800

Comparison of principal stresses.
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/ of simple support.
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5 1 , e Lxperimental readings.
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Applied Pressure psi
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/
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s
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s
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/
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’ Finite element solution
7 =— - -= of clamped support
s
// Finite element solution
/ of simple support
/ .
/
// e Experimental readings
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/
/7
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/
/
/7
s
/
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260 koo €00 800 1000 1200 14co 1600 1860
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Applied Pressure psi
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15

10

Fig.

Finite element solution
————— of clamped support.
Finite element solution
of simple support.

. Experimental readings.

Gauge No. 9.

2.h46.

hbo 660 800

Comparison of principal stresses
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i 8

Fig. 2.47. Dial gauge and point load locations.
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STRESZ

THE TOTAL NUMBER OF READINGS = 9

INFUT THE STRAINS OF READING NO. 1
97,34, .43, 27.51

1 LDO0ORTI4 00002343, 00002751 L QO01S3ES

INFLIT THE ZTRAINT OF READING N, =

129,05, 0,0

faa)

LO0OILISE L 000

IMPUT THE STRAINS OF READING N 4

417 .15, 3A1.53, —S5.47

4 LO0041715 L000361T3—, 00005542, 00OSIS 17~

INFUT THE STRAINZ OF READING NO. =
41715, 132,94, —-194,47

n

LO0041715 . Q001SEPA=. 00019467 . QO07E26T~

INFUT THE STRAINS OF READING N &
0.0, 0.0, 0.0,

INPLIT THE STRAINS OF READING MNO. >
~55, A7, —-23,43, 514,47
7 ~. OOQOSESAR—, QQOOEI4E | 00051447 00051 444—

INFUT THE STRAINS OF READING NO. a

417,15, 95.42, —289.34

LOO04L715 L O000ESAZ—, OO0

INPUT THE STRAINS DOF READING NO, 4
BOS.PL, -S54, 554020

157.

LO0O0O074

RAF AR AR [P

00024417

L OO0R1EER

L 00041405

[ ule

ZET7 B0

74.0%

122,11

44.71

0, Q00

—I44, 4T

~4&. 60

-142.74



THE TOTAL NUMBER OF READINGS =

i

INPUT THE STRAINS OF READING NO. 1

12%.0%5, 27.:21, —23,43

1 LOD0LZ205 00002731 -, 00002243, 0005%%

120,41 PERCA

INFUT THE STRAINS 0OF READING NO. 2
444 . '77/:-1 ':“-77. 341 “:é-q' " 2(:)

= L QOO444%4 Q0007 34~ Q00026420 00022401 -. 00022171

12. 44

INFLIT THE STRAINS OF READING NO. 2
1237.5%, 031,29, 1001.14

] LOOI23755 00303129 J00100114 L QQZIET7REL L QQOASIZD 2OLO,PE 1094, 07

INFUT THE STRAINS OF READING NOI. 4
1070, 4%, 45,54, -556.Z0
4 S0010704% (00094554~ 000SE4L20 | OOZT7 365~ 00005745 1263, 14 22294

INFUT THE
1015,07, 132,05, =2

STRAINT OF READING NCO. =

.21

b= ] LOO101507 ,00013905—. 00024221 L 00Z04L212~, 0001400 924050 —=70.%3

INFUT THE STRAINI OF READING NO, &
0.0, 0.0, 0,0,

P L, OOOCAO000 ., QOOOOOOAO0 . OOOOOHNND, QOOOOOOAN ., QCOOAGOHD 0. 00 0. 00

INPLIT THE STRAINS OF READING N, 7
=472.77, —1292.17, 1112.4,

7 = . QOQ47277-, 00129217 00111240 . G0115413- 00292007 27.02

INFUT THE STRAINIS 0OF READING NO. b
1034 5%, —22.43, -1444.12

hx)

00102345, Q0ODEI4E3—- 00144412 ,QO252299-, 00153 10453, &6 —Z0E, TS

INFUT THE STRAINS OF READING NO. &4
472,77, —S00. 58, —-17S2.03
£ 00047277 -. QDOTOOTS—. Q0175205 , Q1791 07~, 00181 A ~-£12.8

ETOF
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THE ToOTAL NUMBER OF READINGS = 2

INFLUT THE ZTRAINT OF READING NO. 1

L&, 26, S0.42, —2R,42

1 OO0 AASA L OOOOESAT -, QOOORI4S L0001 2370-, OO0 122 149, 05

b

N
—
=Y
~
hs

INFUT THE ZTRAINZ OF READING NO. 2
SO0, 53, 111024, 305,91
P LODOSO0SE L 00011124~ QOOI0STL |, QOOPATI5-, O00TIA1E A401, 5k 11.71
INFUT THE STRAINS OF READING NO,
G.0, 4.0, 0.0

0

QL 000000000, O0OADA0O00, OGOOOAA00, AO00000O00 . OQOOOO0H0 0. 00 .00
INFUT THE ZTRAINZ DOF READING NO. 4
1207.07, 1195.332, —~&95.25

4 LO01LEO707 00119325~ 00042525 L 00312294 —, 000ATAOL 159759, 62 275,40
INFLIT THE =STRAINS OF READING N, =
1237055, 139,05, —-1042,383

5 CODUEET7SS L O001EP08~, 00104288 L 00RS045T—, 001127 1115, 32 -27, 05

INFUT THE ZTRAINS OF READING NO. &
0.0, 0.0, 0.0

A O, Q0O0QQODOON0 .. NOOXOAO00, GOAOCODCD ., DOOOONCAC ., ADOOO0O0 QL 00 0, 00

INFUT THE STRAIND OF READING N, 7

05420, —12307.45, L1RA2, &9

7 = 000OISEZ0-, DALZO7AS L QO12AZAT L 00142849—, QUIR0OZE4 SET 1742085

INFUT THE STRAINDS 0OF READING NO. 2
1207.07, —152.94, —1833. 44

LO0LE0OT707-, 000152246~ 001E3544 L QO30P7 A0 00194247 ZEEL 1A —-414. 44

INPUT THE STRAINS OF READING NO, E
l&bozb, —2462.10, 2044, 04

o L0001 AARA— QOOSART L -, 00204404 | 00142509~ Q0D212034 TRG ., AT -S43, 25

159.



THE TOTAL NUFBER OF READINGES = W
INPUT THE =TRAINS OF READING RNO. 1

139,05, 27.81, 23,042

i LOO0L1LZ205 00002751~ 00002243 , Q02522 —-, Q0009244 120.41 i D

INPUT THE STRAINS OF READING N, 2
472,77, 22.4%, 205,09

2 Q0047277

Mslalslax: 411.17 .17

INPUT THE STRAINS OF READING NO. =
—-S5.47, 1112.40

0
£
~
bAX
o~

i LOO1ES7246—-, 00002247 00111240 00142213, 00014525 D44020 245080
INFLUT THE STRAINS 0OF READING NI, 4
1307.07. 1142.02, —695.25
4 LOOLEO707 L0011 4202 000422 L 00RL71%97 - 00QLAZESO 1560,.34 252,61
INPUT THE STRAINS OF REAGING NG, =)
1195, 22, 139,05, —1015.07
5 L0011 LPSET 00013705, 00101507 002432097 -.0010%460% 1032, 20 —-95.0%
INPUT THE STRAINIZ OF READING NO, &
0.0, 0.0, 0.0,

& O, QODOOODO0O0, DOOOOONOD, QOOCOQQOON , OOO0COQOC, DOQOOQOO0 0.00 Q, 00

INFLUT THE STRAINT OF READING NO. 7
-524,.01, —-12E5.44, 1279.24

7 — 00052401 -, 00183544 00127924 Q0135471 -. Q0E7741E —37.94 17510322

INFUT THE STRAINS OF READING NI, =
1292.17, ~1329.0%5, —-177%.24
= LOO1ETEL7-. Q0012705 —, 00177224 00204035, 00128423 1249, 0% RG]

INFLIT THE STRAINZ OF READING NO. v

205,91, -B0& 4D, —Z057.%4

! L OO030EY L~ O0020A4Y-, QOZ05724  ,A014640%%-, Q0214157 445,24 -

fua)
[
[k
I
N
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FETRESS

o
THE TOTAL NUMBER OF REALRINGS =
INFUT THE STRAINS OF READING
22043, 55,462, 13,91

i L OOOO0EZAD JO0005SAR L Q0001371

INFUT THE STRAINS OF READING

FOS.P1, 111.24, -125.1%
z LQ0020591 L 00011 124~, 00012515
INFUT THE STRAINS OF READING
1325, &4, RESO,SI, S97.92

QO 2ERAL (DOZRBOTE L 00059798
INFUT THE STRAINZS OF READING
21,44, B4L2.11,

4 LO00221464 L Q002421 1-. 00045207

INFUT THE STRAINZ OF REALDING
DE2011, 1E&.24, —597.92
S COOGEEZ2L L L0001 ALSA~, DOOSBS TS

CINPUT THE STRAINS OF READING
0.0, 0.0, 0.0

I 0L QOOAQQOO0 ., QAOCOOCO0, AOOOOAQQ0,. QOQOOQOO00

N,

1

L0001 2aS

N

L QOOSSLZ20~, 00012205

NCH. ]
LOOZEDOZE

N,

LOOZ225207-,

N,

q

=
pul]

LOQLAT792d~, QO0ASODT

NI,

INFUT THE STRAINZ OF READING
—444 .95, —-1501.74, 723.C4

7 = Q0044 424L—, 00150174 Q0072204

INFUT THE ZTRAINT OF READING

LD 5, 0.0,

= L OO0ASRSA0, QOOO000O0~, QOLOZS97

INPUT THE STRAINZ OF READING

D2L 20, —EB0S.71, —-11AZ.OZ2

9 L OOOSEAZ0—, OOOI0SY ] —, 001 LAZ0Z

SR AN

NO.

MO,

. 001 45

161.

&

7

L=, QOLZ2L797

70,55

270,20

1114&£.00

0, ng

707.1%

210,54

in
o~

0.00

—-1312.%7
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T0.02"

lo.01"
Node No. Node No. Node No.

9 8 14 22 31 Lo 53 65 7 8p 101 113

148

——
"./"'/ *

3 3 A - "
T T T T T T T ] 1

}0.08"

200-1b

-————o—
-—-—-
#*

7 .- e— 159 168 176 17T 183

Finite element solution
of clamped support.

Finite element solution
of simple support

Experimental readings

Fig.

2,48, Comparison of deflections due to point load at Node 6 along x-—axis.
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Node No.
1 22

31

*

148 ’.’—

137 _ o=~ 159 168 176 177 183

—o Finite element solution
of clamped supgort.

-+ ——o Finite element solution
of simple support.

# Experimental readings

2.h9,

Comparison of deflections due to point load at Node 6 along x—axis.




n

0.01

Node No.
87 88 89 90 91 92 93 9k 95 96 97 98
0.0 d (] ol ‘1 —
[ . .- -
0.01 ___.,_0-‘
———-.—-
e
0.028~--¢"——°° —e— o Finite element solution
of clamped support.
0.03 %+ o — —o Finite element solution
of simple support.
0.0k ¥ Experimental readings.
200-1b.
0.05"
Fig. 2.50a. Comparison of deflections due to point load
at Node 6 along y—axis.
0.01"L
Node No.
0.0 871 8§ 89 90 91 92 93 9k 9596 97 98
. } : ' 1 t —t +
/0’—7
- ’/
0.01 "_____._____‘_/-—0——-"" e
* 7
0.024 et
0.03 e
——
p—— —o— — — %7
0.0k ¢ Finite element solution
of clamped support.
0.05 -
———— PFinite element solution
0.06 ] of simple support.
0.071 ¥ Experimental readings.
400-1b
0.08"
Fig. 2.50b. Comparison of deflections due to point load

at Node 6 along y-axis.
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Applied load 1b.

Applied load 1b.

1000

800,

600 |

400

200

Fig.
1000

800 |

600 |

400 -

200

- -—

Finite element solution
of clamped support

Finite element solution
of simple support.

Experimental readings. i

Gauge No. 1.

2.51.

100 200 300 400 500
Maximum principal stresses

Comparison of principal stresses

Fig.

Finite element solution
of clamped support

Finite element solution
of simple support.

Experimental readings.

Gauge No. 2.

2.52.

100 200 300 500 500
Maximum principal stresses

Comparison of principal stresses
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Applied load 1b.

1400 4
1200
1000
800 ¢
600 P
g
7
7
s
7~
,/,/
400 1 s
7
-~
-
rd
s
Ve
Ve
200 e - Gauge No. b.
Ve
7~
-
7 .
P
'l
v
o 1 ] + s
100 200 300 koo 500
Maximum principal stresses
______ Finite element solution
of clamped support.
-~ Pinite element solution
of simple support.
] Experimental readings
Fig. 2.53. Comparison of principal stresses
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Applied load 1b.

Finite element solution
| e of clamped support.
1400 Finite element solution
i of simple support.
. Experimental readings
1200 A1
1000 A
8oo {
600
koo |
200 4
Gauge No. 5.
0 .

100 200 300 koo 500

Maximum principal stresses

Fig. 2.54. Comparison of principal stresses
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Applied load 1b.

1800 A
1600 T
1400 %
1200 1
1000 1
800
600 t
400 |
Gauge No. T.
200
0 , . . .
100 200 300 oo 500
o~ — — — Finite element solution Ma%imgm
of clamped support principal
Finite element solution stresses.

of simple support

e [Fxperimental readings

Fig. 2.55. Comparison of principal stresses.
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Applied load 1b.

Finite element solution
~— — —— of clamped support.

Finite element solution

1400 ¢ of simple support.
. Experimental readings.
1200
1000 A /‘
7/
/
800 /s
/7
/
V4
7/
7/
600 1 /
rd
/
74
400 4 /4
/,
/4
yy/
y/
V,
200 y7 Gauge No. 8.
V/
V/
V4
0 . . .
100 200 300 400 500
Maximum principal stresses

Fig. 2.56. Comparison of principal stresses.
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Applied load 1b.

Finite element solution
______ of clamped support
1400 L Finite element solution
of simple support. //
/
. ] /
L Experimental readings Y
1200 ¢+ /
/
/ -~
/
1000 § //
/ )
J /
/
8001 ,
/
/
’
/
600 4 /
/
/
/,
/
/
Loo V4
4
Y,
Vs Gauge No. 9.
/
200 1
0 , . —
100 200 300 400 500
Maximum principsl stresses
Fig. 2.57. Comparison of principal stresses
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— X AXIS

Fig. 2.58. Dial gauge locations.
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Node No.

o
c,
co
3
=
.l
O\
D
N1
3
=
(e
N
hNO
N
[O
—3
(xS}
N
B )

Finite element solution -e—e—
of clamped support.

| Finite element solution e— — o —
of simple support.

Experimental readings. ¥

0.05Y 10 psi

Fig. 2.60. Comparison of deflections due to uniform
distributed pressure along x-axis.

it .
0.01 XTax1is Node No.

0.0"8 T v L ¥ T T T T
L

JFinite element solution -e—e-
of clamped support.

lFinite element solution e— _
of simple support.

{Experimental readings. ¥

0.054 5 psi

Fig. 2.59. Comparison of deflections due to uniform
distributed pressure along x-axis.
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THE TOTAL NUMBER OF READINGES = @

INFUT THE ZTRAINS OF READING NO, 1

0.0, 129,05, 223,72

i O, 000000a0 00013705 |, 000

INPUT THE STRAINS OF READING NG, 2
44,06, 155,74, 289,24

> L00004404 (00015574, QOOZSPI4 L, 00039445 -. D00 19453

INFLT THE ZTRAINZ OF READING NO.
164,02, —372.46%5, —434.47

L0001 A402-, 00027245~ 000458AL7 | OOOS&DC 057143

INPUT THE ZTRAINS OF READING N, 4
—-2lw.E2, —-211.25, 111.24
4 —LQOQZLPE2-, 00021135 00011124 (000115152~ Q004442
INPUT THE STRAINS OF READING NO. S
=Z200.2%, 111.24, 472.77

5 —. 00025027 00011124 (00047277 J00050Z210-, 00044115

INFUT THE STRAINS IF READING NO. &
0,0, 0.0, 0.0

& 0, 0O0OCOANO .. OOOOOOO0A, HAOOOO0O00D, AOCAAN000 . OOOO0CO0

INFUT THE STRAINZ OF READING N, 7

19,22, -500.58, -453,54

IR

7 OO0 PEZ— . 000T0OSS—~, AQ0ASIS4 |, O00LQLZS—, QOOT72710

INFLIT THE STRAINS OF REALDING N, =
—27.581, 194,47, 404,03
o= =, 0000Z721 00019447 (00040403 00042447 - Q002578

INFLIT THE ZTRAINZ OF READING N, @
-12,%0, 155,74, ZRI,7Z

2 -, QCOO1Z90 LOO01S574 00032272 00034707 - 00005523
STOP
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THE TOTAL NUMEER OF READINGS = Ed

INFUT THE STRAINS OF READING NO, 1
=~111.24, 222,435, L1182

1 —.00011124 Q002248 L 000AL1E2 . 0006R6Z1-. 00052507
INFLT THE STRAINS OF READING NO. 2
—2E9.22, F11.36, L9525

2 —=. Q0023

LOO021T124 JOO0APS2S (00072474~ Q001 4LD

INFUT THE ZTRAINS OF READING NO. b
=400, 4L, —S11,70, 734,94

3 =L 00040044, 000511 70~, 0007 346%4—, O001&P75—. 00074241

INFUT THE STRAINS OF READING NO. 4
—792.5%, -526.79, 97.34

4 = QOQO7 2259 —, 00053472 00009734 L O0010404—, OO 1485

INFUT THE STRAINS OF READING NO. b

—&31, 35, 23,43, 834,320
= = QQOASLIS L 00G0S3I4E L 000SI4T0 L, GO0R9708~, 001 4¥E00

CINPUT THE STRAINS OF READING NO. &
0.0, O.10, O.0

& Q. DOOOOOOAC,. OOOOOA0O0, OOOOOOOO0 ., Q00000000 ., OOOAONON0

INFUT THE =STRAINS OF READING NO, 7
i —1112.40, -1054.73

i
I3
o
X
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oo

7 LO0052283% -, 00111240~ 00105472

INFUT THE STRAINS OF READING N, =
=194, 57, 250,29, &L£54.022

= —~ Q0019467 0002502 L O00LSLDE

INFUT THE STRAINS OF READING No. 2

=L 53, 211034, 500,52

= = 00004252 00021134 (00050058, 000S2295—, 00033111
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THE TOTAL NUMBER OF READINGE = 7

INFUT THE STRAINS OF READIING MNO. 1

—-250, 29, TR, 72, wL7.73

1 —, QOOREO2D L, Q003

200091773 J0009AD 12000221 &%

INFLIT THE =ZTHRAINS OF READING NO. 2
- 0L, 2E5.27, 10%64.73

s — QOOSHPERL LO00022527 00105478 L0011 1550, 00142932

INFLIT THE STRAINS OF READING N
—EPEG AT, 706,37, 1001, 14

= O00LP247~ 0007047 -, 001001 1A~ 000227 40—. 00100124

INFOT THE STRAINS OF READING MO, 4
—1112.4, -100=,94, S0.4L2
4 —.00111240-, 00100224 , 00005542 , 00005494, 00217322

INFUT THE 3STRAINS OF READING N, o

—13195.832, 0.0, 1192%,82

= —. 001195330, Q0000000 001 19522 . Q0

o~

INPUT THE STRAINS OF READING N,
D0, 0,0, 0.0 -

INPUT THE STRAINZ OF READING N, 7
A31.35, -1A%A.41, —1412021

7 L0000 LEE—, 00142441001 41321 . 00092012, 00200512

INFUT THE

STRAINT OF READING NO. =
—41.7.1%, 2%2.01, % z

ol
(R

= =, 00041715 00022201 00092352 00090502~ 00111047

INFLIT THE STRAIND OF READING N, W
—130.74, 264,90, 775,42

@ -, QQO1E074A L O0Q2ALZO L, OQ07 7265 00051 198, 000725504
STOP

183.

—410.32 ~11354.2

0. 00 0.

~277.

—107%2,

—224.

40

L 05

S.01

0
ot

A

Qo

s

Fa



FETRESE

THE TOTAL NUMBER OF READINGS = #

INFUIT THE STRAING OF READING N, 1

R

200120974 00127204

INFUT THE

23%.17,

STRAINZ OF READING NO. =

el —. Q001741 S001L2A2EY 00144514

INFUT THE STRAINZ OF REANING
—11%1, 23, —1 14

N, e

—1123.52,

3 - 00L1EIEE-, 0011513, 0012931 4—. Q00P21G7~

INFUT THE STRAINS OF READING
S.42, 42,53

NG, 4

~Z071. 85,

4 —.00Z07185-. 00151242 ,00004%T0 |, QQQQETI5

INFUT THE STRAINE

DF READING NO, b

0014246529 Q01771252

INPUT THE STRAINS 0OF READING NO. &
0.0, 0,0 ’

INPUT THE STRAINS 0OF READING NO. 7

ZEw, PR, ~Z183.0%, —1793.79

7 » QO PE—LQOZISZ09-, 00179275 (00127092

INFUT THE STRAINZ

o OF READING
F47.432, 143,14

[N o
=723, 08,
= = QOO7 2504 Q0124214 00134245~

INFUT THE STRAINS OF READING NO, &

275,22

w2 —. 0001 ea]

e SIRINICH AL LO0L12AR
STOR

LOOOQERTERZ

18k,

L0011804%~, 00112202

001254

LO012R272

LOOZARDRZ

L DOZEP01)

201,99

““““““ Q.00

L QO2ELA0P 1&41.%1

LOOL 7

-11
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DT TR
DL 3B
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0. 00
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~E47 .63,

1

—-1807.45,

4

—1585.17,

=5

0.0,

784,72,

—&i31, 35,

@

STOP

THE TOTAL NUMBER OF READINGS

INFUT THE STRAINS OF REALDING N

— 000NRETLEE L QQ1QZ7 S, 0010745

INFUT THE STRAINS OF READING N,

= 00074613 00019744 S00LE7172-.001%

INFUT THE SZTRAINZ OF READING N,

—. QOOY14%5—, LQO1LORE4%

INFLT THE
—1Q43, &5,

OF READING NO.

- DO1E0G7465—, LOQOOT734 00014424~ QQR%YT754

INPUT THE OF READING

— 0O0133517-. 000055462 L00114302 00131002~ 0O2YS0ET

- INPUT THE STRAINT OF READING

INFUT THE STRAINS
—17532.032,

OF READING

LO007 L4723~ Q017 T203—, QQ1LEY050

INFUT THE OF READING

— OOQASTRS 00024420 Q0115470

INFLIT THE OF READING

L O0ZYET7Y Q0101 AAT - 00101 S
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THE ToOTAL NUMBER OF READINGS = £

INFUT THE STRAINZ OF READING N, 1
—~2ELL B, 264,20, 772042

1 = D002

L00026420 000773462 00021240, 00072072 2720w0 —0TEL 34

THE STRAINS OF READING NO. - 2

=
o Wi

hel — ODOSAZIZ L O00LARAS |, OO L OOOPE0OSY—, Q0134524 226L65 —SR0.74

INFUT THE STRAINZ OF READING NO. 2

= — L OO0OASO7S—, DOO7 a9

-4, 10 —577.24

INFUT THE STRAINS OF READING NO. 4
=127%. 24, —&£QO, &9, &2,353

4 =, DOL 27524, O0DAOOLT |, OODOARSD |, D001 ZSOT—, QOZ00497 -, A4 ~1050.47

INFUT THE STRAINS OF READING N, ]
—1140.21, 0,0, 1140.21

5 =, 001140210, 00000000 , 00114021 . 0013

130,197 —1022.44

CINFUT THE STRAINS OF READING NOL. &
G, 0,0, 0.0

& QL QOOORNO00, OOOOOOO00 , QOOODNOO ., QOOOOOONNC . OOCOANCO0 O, 00 Cr, OO0
INFUT THE STRAINZS OF READING N, 7
25,73, —1195.33, —~1001. 14

7 LO00ERE73-, 001 195E3-. 00100114 L O00D7354~-, 00144344 175,95 —0R7.57

INFUT THE ESTRAINE OF READING M. 2

=SEn, 2w, 205,55, 934,40

B - Q00SZEDY L 000Z0S5E L 000TRA4Z L QO0FIATI-, 0011440 267.20 ~S03.72
INFUT THE STRAINZ OF READING NO. E
~2E2, 43, 239,17, 77%.68

i

o —. O0OZZE4E L, 0002RS

STbP

17 00077248 L 000E1252~, Q0O7 2533

278 L2 262,328
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THE TOTAL NUMBER OF READINGS = 4

INFLT THE

STRAINS OF READING NO. 1

1 L OONZOSEE 0005 PRRIRIO T IAstrE) 209, 2 —114, 465

INFUT THE STRAIMZT OF READING MO, 2

=033, 141,84, SR7,92

s —.QOQZOZ1E 00014124 L000%9722 , Q00AZE4EA—, QOO72475 172,74 —2¥0. 02
INFUT THE STRAINS OF READING NO. 3
—B7ELAS, <S5, 13, —S42.09
—315.92 =399, 80

INFUT THE STRAINS OF READING N 4

2.4

4 =, 0O0O75027-, 0002024 L, DOQOSIAS L 00012207-.001131 43 —174.20 ~ =07, 40

INFUT THE STRAINS OF READING N, =]

—~&DT AT, AV.DR, 778,465

] =L DOQAZDAZ L Q0QQLPSE QOQ7 72463

00140622 142,49 ~-SE5.11

CINFUT THE ZTRAINZ OF READING NO. &
D0, 0.0, 0.0,

o O, 000000000, QQOAGAGOO ., OOOQOOONGO ., OODOOGONO0, QODOOO0ON0 Q.00 O, 00

INFUT THE STRAINS OF READING Ni. 7
Sl4.4%, —254A, 20, -554.01

7 L0051 447, QUOSSAZ0-, 00053101 L, 0007S5L15~. 00075754 ZRELPD =274.20
INFUT THE STRAINS OF READING NO. ]

—~RIHLTE. 1IRL05, 454

= —, QQOXZZ7E 00012205 000445422 L OQOATEEZ—, O00ORST7 1LY 1%
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e
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INFUT THE STRAINIS OF READING N 4

~12&.14, 122,55, 542,320

£l —. 00012414 00012355 00054220 0005451 5—, 00050773 200,20 -157.24
STOF
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CHAPTER THREE
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CHAPTER THREE

RELEVANT PARTS OF THE THEORY OF ANISCiROPIC ELASTICITY

3.1. Introduction:-

It is proposed to consider a general class of complex
materials 1.e. composites in which non-woven fibres are
deliberately orientated in a matrix in such a way as to
increase 1ts structural efficiency. An imaginary general
square solid with fibres embedded in a matrix in three
directions, coinciding with its axes is shown diagrammatically
in Fig. (3.1).

In practice a filamentary composite is normally made
up of several plies or laminae. One lamina of a filamentary
composite consists of one row of parallel filaments surrounded
by the matrix. Considering this case, as illustrated in
Fig. (3.2), the laminae are stacked with various orientations
of the filament directions betweén laminae to obtain a laminate
which has the desired stiffness or strength properties.

It is evident that each individual ply or lamina of a
filamentary composite has three mutually perpendicular planes
of symmetry for the material constants. The intersection of
the three planes forms the axes of the co-ordinates system as
shown. Since the lamina has three perpendicular axes it can
be considered to be an orthotropic material on the macroscopic
level. Also, the lamina may be considered homogeneous on the
macro scale. The set of axes which are parallel and perpend-
icular to the filament directions are termed the material

natural principal axes. These orthotropic properties if
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Fig. 3.2. TIllustration of an orthotropic material in its -
‘ laminated and lamina forms.

Fig. 3.1. A 3-dimensional solid of fibres embedded in matrix
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translated into other convenient axes will produce an aniso-
tropic solid in the new axes. To describe the mechanical
constitution of the material a generalised Hooke's Law for
the stress strain relationships is required. Ref. (39), (k0),
(k1) & (h2).

3.2. The Generalised Hooke's Law for Anisotropy
[

To obtain the stress strain relationships 1n an elastic
body of this type the generalised Hooke's Law for anisotropic
material will be derived first, then simplified so as to apply
to orthotropic material. First consider the three—-dimensional
stress state illustrated in Fig. (3.3), in which 1t 1s assumed
that the components of strain are linear functions of the
components of stress. The equation which expresses the
generalised Hooke's Law in rectangular orthogonal cartesian

co-ordinates X, X, Xg (or has xyz) the generalised form

.. =20C.,. .
1] 1Jkl OiJ
in tensor notation, with the repeated suffixes i and j taking
values 1to 3, kand 1 1 to 9 and Einstein's summation con-

vention applying. This equation may be expressed in matrix

form, using engineering shear strains such as Txy ete.
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€] [C1111 C2233 C1133 C1123 C1131 G112 Cii3z Ci113 Crrzr | P |
€1 [C2211 Caze2 C2233 C2223 C2231 Caziz C2232 o213 G221 | Py
sZ C)-Z
Y | | Py
Yyq= - ' ’ Cyz
YZX . ' . sz
Yl | ‘ |
Yoy . . . Coy
Yxqd |“2111 C2121 C2133 Ca123 C2131 Ca112 Ca132 Cani3 C2131 | [xs

or

{e} = [¢] {a}

The [C] matrix is the ‘complianée‘ or 'flexibility' matrix
which gives the strain stress relations for the material.
The inverse of the flexibility matrix is the stiffness matrix,
and it gives the stress—strain relsations.

Since there are only six independent stresses and strains,

because the stress and strain tensors are symmetric, i.e.

Y =Y s T = T

Xy yX Xy X
sz = Yzy ? Tyz = sz
Yox = Yxa ? Tox T %z

The 81 constants in the flexibility matrix are reduced to 36

elastic constants and Equation (31c) can be written as:
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{ey = [c] (o} 3.2
6x1 6x6 6x1
Where the shear components of {€} are the three engineering
shear strains rather than the tensor shear strains and the
components of oare Ok’ o& and Oi (normal stresses) and
T._ T and T _ (shear stresses).
Xy yx ZX
The solution of the above equations will give an equivalent

form for the equations of the generalised Hooke's Law, namely:

te} = [2] (&} 3.3
where [D] = [C]—q, the stiffness matrix.
Assuming that an elastic potential exists equal to the potential

strain energy density (strain energy per unit volume) (Q) of

deformation 1.e. § is a function of strain then:

1
Y - ) (OlJ ElJ) 3.14
in tensor notation

i,j = 1 + 3

with the property that

1Y)
%5 T Te.. 3.5
13
using Equation (3.2a) we have
1Y)
%; T %e.. T %im Sk 3.6
1J
k,l =1 + 3
Differentiating this equation with respect to € gives
320
— = C.. 3.7
8Eij8€kl 1kl
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in the same way we can

SZQ

3 ~
€1°€55

but

hence

This symmetrical property of the elements of the

elasticity matrix reduces the unknowns to a total of 21

elastic constants.

for anisotropic materials may be written as:

c,y C
c,, ¢C
[c] =
Cig C

12

22

26

Ce1 3

CK1i;

3

920
o€

askl .

1

prove that

J

3.8

3.9

The most general form of this matrix

C

13

23

36

C

C

C

1l

oh

L6

where all the elements are populated.

3.3. Elastic Symmetry and Orthotropic Case

c

c

15

25

56

16

26

66

Considering one layer Fig.(3.1b), if the density of

fibre is uniform, then the assumption that the three

orthogonal planes. of elastic symmetry can pass through any

point of the body is a valid assumption.
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Considering an element of the body in the form of a
rectangular parallelopiped with sides parallel to the planes
of elastic symmetry, after a deformation due to the action
of the stress g, it will remain a rectangular parallelopiped
as shown in Fig. (3.4).

As the three principal directions apply to each point
of the body, We can assume that the normal and shear stresses

are all uncoupled, 1i.e. C1h’ C15, C16’ Czh’ C25, C26’ C3h
and C36 are all equal to zero.

By essentially the same reasons the coupling between

the shear stresses will also vanish, i.e. Ch5’ Ch6 and C56

are all egual to zero. The coupling between normal stresses,
however, are expected to remain Tsai Ref. (39).

By directing the axes of the co—ordinates perpendicular
to these planes, we obtain the following equations for the

generalised Hooke's Law.

€& = Oy % * Cpp 9, * 0G5 g
€ = Cip G * Cp ot Cy3 9,
€& = Ci3 % * Cp3 9 * C33 9
ny = Chh Txy
Yyz T 55 Ty
Yox © C66 Tox

and the compliance (flexibility) matrix becomes

203.
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Fig. 3.3.

Fig. 3.L.
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C11 C12 C13 0 0 0
C22 C23 0 0 0
C33 0 0 0
[c] = 3.12
Symmetrical Chh 0 0
C 0
55

C

L 66 |

and nine independent elastic constants remain. They are
called the principal constants and can be expressed in
terms of "technical constants'. Adopting the notation

E, E, E (Young's moduli), G

, G, G _ (Shear moduli)
X y Z Xy zZX

vz
. . .
and Viss Vpqs v13, V3q> Vo33 Vao (Poisson's ratios)

Equation (3.11) may be written in the form:

Y) v
- _ 21 -3
& = B % E O& E 9 3.13a
e N z
v v
_ V12 1 Vs
sy = 3 Ok + B o& B CE 3.13b
X Ng z
v Y)
__3 23 e
sz B Ok B o& + B CE 3.13c
z N z
y == 3.134
X G X )
¥ xy i
vy, o=—— 1 | 3.13e
Yz Gyz Nz
= T 3.13f
sz G zZX )
zZX
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where

and

21

32

13

<3 N
|

<
N

=
<

<
)

mlé ml

<
o)
no

i

mlé

I

Xy

Ol“

Yz

ZzX
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The body which has three orthogonal planes of elastic symmetry
at each point is called orthogonally-anisotropic, or for
brevity, orthotropic. This form of elastic symmetry is very
important because it occurs in fibre composites. If such a
material 1s considered in any other co—ordinates it becomes
anisotropic and since the properties will be identified together
with the finite element locations in eleven local axes the

orthotropic properties are all that is required.

3.4. Transformation Rules for an Orthotropic Body

3.4.1. Stress Transformation

Knowing the stresses in three mutually perpen-
dicular planes or directions, which are referred to
as the material natural axes (1, 2, 3), the stress
which acts on any plane passing through the same point

can be determined. Hence

(), = o cos (n,1) + T, cos (n,2) + Ty3 cos (n,3)
(Oy)n = 1_'12 cos (n,‘]) + 0'22 cos (n,2) + T23 cos (n,3)
(oz)n = 113 cos (n,1) + 123 cos (n,2) + 033 cos (n,3)

where (o) , (0 ) and (0 ) are components of stress which
x’'n v'n z’'n

act on any plane with the arbitrary normal direction n and

cos (n,1) is the direction cosine between the n-direction and

the 1-direction, for example. By projection, using equations

dpoves it is possible to find the normal and tangential

components of stress acting on any arbitrary plane.
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Considering, for convenience, the reference cartesian
system x, ¥y, 2z, the position of this system with respect to
the 1, 2, 3 system is determined by the Table (3.1: ~f direction
cosines, where 1, = cos(n,1), m, = cos(n,2) etc. Equation (3.1h4).
(o
y)

reference axes (i.e. on to the planes normal to the x, y, z axes),

(o) 1in the direction of

By projecting (OX) n’ 2

n’

we obtain

= 2 2 2
Ox =0, 11 + 0, m“ + 0, n 2 Tis 11 m, + 2 T3 1, n

+2 T, n m, 3.15

and

T = 61 11 m

+
Xy 02 ml m

+0. . n, . n +T l1m +1m
1 1 3 71 1 12 (11 2 2 1)

+ Ty, (mln +mn1) + T

) ) (nll2 + nzll) 3.16

31
The expression for Gy and o, are obtained by means of cyclic
permutation of the suffixes of 1 m and n in Equation (3.15).
Similarly, Tyz and T, Way be obtained from Equation (3.16).

The general formula for the transformation from 1, 2, 3 to

X, ¥, z systems, in matrix form, will be:—

a, 12 m? nl 21 m, 2m,n, 2n,1, o,
oy 1% mg ni 2l,m, em,n, en,1, 9,
o | 13 mi n? 21,m, 2m,n, 2n,1, ay
Txy B 1ymy mn; n;1;  (1,m,+1l,m,) (mn,+m,n,) (n;1,+n,1, Tio
Tyz l,m, myn, n,l1, (12m3+13m2) (m2n2+m3n2) (n213+n312 Tog
T 1my myny nyly (1,m+1my) (mgn +mn,) (n,1,+n,1, T3y
| - d L
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P 1

b'd ¥ Z
1 1 m n
1 1 1
2 1 m n
2 2 2
3 l3 m, n,

Table: 3.1. Direction cosines between two sets of coordinates
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or

R By

{o} = {o} 3.17a
By By

{c} = [R] {o} 3.17b

3.4.2. Strain Transformation

Let aij be the coefficients of strain for the system
1, 2, 3 of the elements. It is required to determine the
coefficients for the new global system x, y, z which will
be denoted by Cij' For this new system the equations of the

generalised Hocke's law are:

{e} = [c] {o} 3.18
The elastic potential, which is considered as a funection
of the components of stress, is determined by Equation (3.Lh4),

and its expression is:

1 T
Q = > [C] {o}” {o}, 3.19
whilst the elastic potential for the natural axes of the

original element is given by the expression:
= 13714z p
e = 3 [c] {o} {o} 3.20

Equating the two expressions for the elastic potential

we obtain the following:
% [c] ()" {o} =% [c] {o}" {o}. 3.21

since

Gy = [E] (&)
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and
{o} = [c] (e}
Equation (3.21) gives:
& G} = (e} o)
Using Equation (3.17b) we get:
& G5y = &' [¥] ©)
e} =877 &
{e} LR ] {e}

This gives the strain transformation rule.

3.22

The matrices

[}EI & Eg] each have the property that the inverse of

one eguals the transpose of the other, i.e.

F" R’ J = [

and

3.4.3. Constants of Elasticity

3.23

The stress—strain relations may be written in either

coordinate system as:-

{o} [D] {e}

I

in one and

{o}

It

[5] &)

in the other
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Suppose [ﬁ] is the elasticity matrix related to the material

natural axes, and [D | is required.

We are dealing with orthotropic materials where the
elastic properties are known in the principal directions
1, 2, 3 but these properties are needed in global coordinates
X, ¥, 2 to generate the element stiffness matrix as will be
discussed.

Transformation of Eﬁ] is also needed for the isoparametric
shell element of Chapter Four.

The transformation is derived from the arguments -that
during any loading process the resulting strain energy density

must be the same regardless of the coordinate system in which

it is computed, thus from Equations (3.19) to (3.22):

= 1T =
g = 5 {e}” {o} =

2 & (3 3.26

Substituting from Equations (3.24) and (3.25) leads to:

(e}’ {0} = 1e}" [r T [5] (&

(e)" ]:{o} - 08, 1% 051 [r] {e}] - 0 3.27

As the latter relation must be true for any {e}, the

coefficients of {€} must vanish. Thus we obtain:

{c} = [[p] {e}

where the coefficients of D are as follows:

[>] = [rJ" [31 [r.] 3.28
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CHAPTER FOUR

VARIABLE NUMBER NODE THICK ANISOTROPIC

SHELL ELEMENT

4.1, INTRODUCTION

In this chapter a general formulation for a quadratic,
isoparametric, anisotropic element of a thick shell is
developed which permits the analysis of any arbitrarily
layered curved shell or solid structure.

The use of general shell theory to derive doubly curved
elements involves geometric complexities that make shell
theory difficult. These difficulties are avoided with gained
economy by appropriately specialising a three—-dimensional
solid element which has suitable doubly curved surfaces.

To achieve this, an isoparametric element is chosen,
Ref. (45) with the same interpolation functions to define
the element shape as those used to define displacements

within the element.

.2, Geometrical Representation of Various Elements in Natural

and Global Coordinates.

In this work, all elements will be geometrically represented
according to its global nodal coordinates. On the other hand each
one of them should be represented according to the orthotropic
properties of its material. Therefore, it is necessary to define
the natural axes of each material with respect to the global axes

to obtain a general representation.
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Consider the linear interpolation function

f1 =

oy + a2£ + a3n + ahC + a5€n + a6n;

+ aTEE + a8€n§

To represent a linear 8-node hexahedron Fig. (4.1), where

£, N, § are the isoparametric (natural) coordinates of the

elements, then the boundary conditions are as follows:—

€, N> T

0 (at the centroid of the element)

and &£, n, & = 1 (at the surface). See Appendix (5).

A more warped element with doubly curved surfaces Fig. (4.2)

L.2

could be adequately represented by the quadratic interpolation

function

- 2 4 2 2 2
Ty = I v agh® +agn” + 0oy 0" FaE

2 2 2 2
+ a13£ z + a1hn E + a15n T + a16; I3

+ 0‘-17C2n + 0‘-1852“C + a19n2€C + aeozzgn

The global coordinates of any nodal point (x, y, z) would

then be

X -

-—
He
(=]

1=

Where (Ni) the mapping or shape functions are

N, =
1

for i

FO+EE,) (140, ) (1422, ) (EE  +nn +2E. -2)

=1 to0 8

Ny = 3 (1-82) (14nn, ) (14z,)

for i1

=9, 11, 13, 15

215.

L.3

b.L

L.5a

L.5b



Ny = p(1-n?) (14€E, ) (1422,

for 1 = 10, 12, 14, 16 © h.5¢
I T

for i = 17, 18, 19, 20 4,54

This mapping is an interpolation scheme that yields the
global xyz coordinates of any point in the element when

the corresponding natural &nf coordinates are given.

The natural coordinate axes &nZ are in general not orthogonal.
They are orthogonal, of course, when the surfaces are planes
and the element is the basic rectangular parallelepiped.

Fig. (4.32).

4,3, Displacement Fields

The displacements within the element are defined by the
same interpolation (shape) functions as are used to define the

element shape. Thus

20
u = N. u
1=1 "1 1
20
v = z N. v 4.6
i=1 71 1
20
W=Z N. w.
1=1 71 1

In which u, v and W are measured along the global coordinate
axes X, y and z and the ui, vi, Wi are measured along the

natural coordinate directions &ng
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8

Fig. L.1. B8-Node first order Fig. L.2. 16-Node Element
hexahedron

(c)

Figs. L4.3a., 4.3b & 4.3¢c  General elements (natural coordinates).
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Global
axes

Fig. L.4. Twenty node quadratic hexahedron
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The relationships between derivatives in the two cordinate
systems are established by the chain rule of differentiation

as follows, for example (where, e.g., X,p means %%)

( )|£ X'E Y'E Z'E ( )'X ( )'X
g = B Yy 2| O = DI Oy
O] [rg T 2] | Oy (),

Where [:J:] is the summed Jacobian matrix, defined by the

following:—

Lo = §=1 <—aﬁl_> ]:Xi Y5 Zi:[

The differential volume of the whole element transforms to

d (volume) =

det [[J]

of the summed Jacobian matrix.

det [J:[l a4 4 d,

in which = the absolute value of the determinant

Since (J]is a variable, numerical integration is un-
avoidable. Three dimensional gaussian quadrature is used.

The nodal variables are translations (without derivatives
and the coordinate transformations have the same form as those
of the displacements.

To ensure convergence

219.
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4.4, Strain Displacement Relationships

For the three dimensional solid the field of total

strain is expressed as:

{e}

Substituting
du

9x

v

oy

oW

9z

Ju ov
3y | ax
v | 3w
3z T oy
3w , du
9x 9z

{ b 31_1-
Ex 9x
E v
Yy 3%
€, ow
3z
= ¢ ) 4,11
Y Ju 9V
Xy 3y T ox
Y v | 9w
yz 3z ' oy
Y v . du
2x 3x+3z
L) | _
Equation (L4.6) into (L.11) gives:
20 3w,
N S
1=1 o9ox i
20 IN
- i
i=1 3y i
20 an.
N
i=1 9z i
L,12
20 9N, 20 3N.
N S e
i=1 3y i i=1 9x i
20 3N. 20 5N
i S N
i=1 9z i i=1 3y i
20 9N, 20 3,
S N S A T
i=1 9x 1 i=1 dz i
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Thus

—B-J-C— 0 0
BNi
0 == 0
dy
3N, N
0 0 ==
22° oW, AN,
b =i I w0
aN. ON.
0 1 1
9z oy
N, 3N,
1 0 1
{ 92 ax |

or

20
{e} = §=1 [B], {6},

The interpolation functions Ni are defined in terms of the

natural curvilinear coordinates &, n, T, so that a change in

the derivatives of [:B:]i is required to relate global to natural

derivatives thus:-

—_Q__ __Q__
Ix 9
9 _ -1 9
Ay - [:J:] on
9 3

| 9z | 97 |

Where [ﬁ] is as defined in Equation (L4.8).

Hence
20

e} = L, [o77 [, (&)

Where [:Bf] is given by the Equatioﬁ.

221.
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_aNi -
7;; 0 0
aNi
0 7;; 0
aNi
0 0 7;;
[#7-
oN. oN.
T S 0
an 13
oON. oN.
0 X _2
14 an
oN. oN.
i 0 i
B 9T & n

Equation (4.16) can be written as:

{e} = [B] ({8} b7

Which is the required strain-displacement relationship

h.5. Stress—Strain Relations

For an orthotropic material whose natural axes are

1-2-3, the stress strain relations are: Ref. (46).

- SN
(94 ] Div Prp Dy O 0 O 511
Ops Dy, Dy O 0 0 | |ess
03 D O 0 0 | |esg
{ T | Gp 0 O <Y12
f3 Symmetrical G23 ° Y23
L 31 ; ] G31_ LY31)
or
{o'} = [D'] (e} _ 4.18
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4.6, Derivation of the Stiffness Matrix

The stiffness matrix of the element is

det[i]l d€ dn dg
4.19

1
- | | ] oo
21 L1 4

The Jacobian matrix and its determinant are computed directly
from Equation (4.8), whilst the integration of the above
Equation is carried out numerically.

Gr uss quadrature with respect to £ n and ¢ completes
the integration.according to the required degree using two,
three or four integration points, which are controlled in the

present program.
For thick shells the through thickness interpolations,

in g can be evaluated less accurately than those in-plane
(i.e. in the & and n plane), for which the number of points
may be L,

Integration can be achieved by integrating first with
respect to one coordinate and then with respect to the other

two. Thus, integration is as follows:

1 (1 1
I = J J J £(g€,n,z) 4¢ dn dg

~1r 1 1

o
= im0 =1 = M My T8 g gy)

where n = the number of integration points and W = their
associated 'weights'.
It is possible to use the same number of points in each

direction, but it is not essential to do so, for the reasons

explained above.
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Where

Dyp = By/C

D = (/) Dy

D13 = G Dy

Do = Ey/Cp + (C/C) Dy,

Dpg = V5o By/Cy + (Cy/Cy) Dyg

D3z = By * V3y Dyg vy, Dyg
where

C, = 1- Vi, (E2/E3)

€ = ve; t Vg Vg (By/ES)

0y = 1= (my/my) [+ ((y/my) (c3/0))]

Cp = vz * vy (Gy/C))

in which E1, E2, E3 are Young's moduli of the material in
the directions of its natural axes 123, v12, v23, v13 are

and G_,. are the moduli of

. ' .
the Poisson's ratios and G12, G23 31

Rigidity Constants.
If the directions of symmetry of the material do not
coincide with the global reference directions the matrix

[:D:] has to be transformed, as discussed in Chapter 3.



4.7. Flow chart of solid finite element computer programme

The equations in Chapter 3 and the work done in this chapter
were written in a computer programme (BFSOLID). The following is

a flow chart and the listing in FORTRAN IV is given in APPENDIX 2E.

1 START )

Input job data.
Heading and control cards,
number of nodes, degrees of freedom,
cases of loading and nodal coordinates.

Input element data.
Number of elements, number of materials,
material properties (nine values).

Form element stiffness matrices.
(Element matrices are stored on tape and
used in formation of the overall stiffness
matrix and in the stress calculation)

Input nodal loads.
Loading can be applied as surface pressure
hydrostatic loads, point loads in 3 directions
and thermal loads.

Formation of overall
stiffness matrix.

|
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Solve equations.
Equations are solved using
standard semi-banded width technique.

Output results which includes

- Deflections

— Six global stresses at the
eight corners of each
element.

- Average stresses at each
node.

- The first ten nodes with
maximum stresses.
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CHAPTER FIVE

IDEALTZATION OF FINITE ELEMENTS FOR STRUCTURAL DESIGN,

NUMERICAL AND EXPERIMENTAL RESULTS

5.1. Introduction

The finite element program (BFSOLID) was used to solve the
challenging problems of large water valves more accurately,
especially when the blade dimensions were such as to exclude
the work done in Chapter Two, i.e. outside the assumption of
thin plate theory, such as when the thickness-diameter ratio
is more than 1/8. An example of an ordinary cast iron blade
is discussed in 5.2.

The program, or any equivalent isotropic solid finite
element program, proved to be the only accurate method for
structural analysis and design when the large diameter and
high pressure necessitated the blade to take the form of a
thick plate supported on a lattice which could take different
complicated configurations as shown in Figs. (5.1a) and (5.1b).
Ref. (50).

For anisotropic material of the fibre composite type, the
various elastic cpnstants have to be inserted into the computer
program according to Equations (3.14a) to (3.141). For isotropic
material the same equations are used but with only three elastic
constants E, v and G to which all others are equal as explained

later in 5.2.
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Blades of throughflow valves

5.1b.

Fig.

Blades of throughflow valves

5.1a.

Fig.



The analysis of fibre composite material is a vast subject
of a complex nature and theories have been developed whereby,
knowing the properties of the fibres the matrix and their volume
fractions in a composite, one can estimate the elastic constants
and strength properties of unidirectional laminates, unidirect-
ional laminates with orientated fibres, balanced laminates and
multilayer, multidirectional composites.

The ability to predict the elastic properties of various
types of laminates and composites has been verified experimentally.
A great deal of theoretical and experimental work on predicting
strength properties and failure modes in composite materials
subjected to various types of loading has also been done.

Refs. (L2), (43), (51), (52), (53), (5k), (55), (56) and (57),
give a good impression of the underlying difficulties of the
subject.

Various factors of manufaéturing technology, as well as
temperature, chemical and environmental effects that influence
the strength and modes of failure have also been covered extensively in
Refs. (58), (59), (60), (61) and (62).

To develop a practical approach to analyse stresses and
strains in the elastic region where the environmental problems of
temperature, chemical and time dependent factors are covered by
complying with standards, Ref. (63), only partial experimental
verification of the elastic properties of such composites has been
obtained up to the present time. A great deal of work is still in

progress to overcome this problem where, by specifying the fibre
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content and alignment of known types it 1s possible to predict
the elastic constants of the end product as though it were an
anisotropic continuum.

An attempt to give a practical approach for stress analysts
and designers is discussed in 5.3.

The program was also used to analyse a 60" butterfly valve
made up of three materials, namely; woven roving g.r.p., chopped
strand mat g.r.p. and stainless steel shaft inserts. This 1is

described in 5.k.

5.2. Cast _Iron Blade of an Ordinary Butterfly Valve.

A 72" diameter, 6" thick blade of a butterfly valve, shown
in Fig. (5.2), made of cast iron GR17 which is fitted in a body
made of the same material, is to be checked for a design require-
ment of a maximum deflection of 0.125" for sealing under a test

pressure of T5 psi. Using Appendix 3:

v = 0.26
c, = 0.386
Q@ = T5 psi
a = T1.2"/2
t = 6"

0.386 x 75 x 71.2" x 12(1-0.26%)
16 x 18 x 108 x 63

0.134"

Deflection due to the reaction couple

= MR ,m _ - t
W o= D (2 1) M R x 3
2R = 298614 1b.
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Fig. 5.2. 72" dia. Cast iron butterfly valve — blade
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29861 x 71.2 x 12(1—\)2)(% - 1)
2x2x 18 x 108 x 63

W =

Total W

0.134 + 0.008 = o0.1k2"
Idealizing the blade into 34 21-node elements with a total

of 94 nodes as shown in Figs. (5.3a), (5.3b) and (5.3c) and giving

= = —1 6 1 — = —
By = Eyp E33 18 x 10° psi and Vi = Vi3 = Vg 0.26 and

= = = —E—— = 6 1 1 1
G12 G13 G23 2(14v) T.14 x 10° psi the maximum deflection
occurring at node 92 or 89 was - .10387".

The valve was pressurised up to 75 psi and the deflections
measured at locations shown on Fig. (5.hka) relative to the body.
The total deflection was 0.095" as shown in Figs. (5.4b) and (5.bc)
which also shows the deflected shape in the two perpendicular

planes of interest.

5.3. Test Samples of Composite Materials.

G.R.P. can be taken as a good example of fibre composite
material which is widely used in an increasing number of manu-
facturing industries. One major use is for manufacturing pipes
and pipe fittings which can combat the corrosive effect of sea
water., Ref. (6L4).

A great deal of literature on G.R.P. is available. Ref. (61),
(62), (65) and (66) are given as samples of this literature.

Many G.R.P. manufacturers are now prepared to give reliable
basic mechanical properties as shown in Table (5.1). Ref. (67).

In these tables the flexural (elastic) modulus of a composite
consisting of continuous, aligned fibres in a softer matrix is
given by simple elasticity theory using

Ec = ECV

+ -—
T Em(1 Vf)
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Fig. 5.3c. Finite element mesh of the cast iron blade.
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Fig. 5.4a. Deflection test of cast iron blade.

Micrometer
Measurements
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Fig. 5.Ub. Deflection at centre relative to bearings.
5 4 T 2 1
0.04"
1

Fig. S5.hkc. Deflection at wings relative to centre.
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R

Fibre Tensile Tensile Compressive Flexural Flexural
Content by Density Strength Modulus Strength Strength Modulus
Material Weight Mg /m? GN/m? GN /m? MN /m? MN/m? GN /m?
%
Uni-directional glass
Wound epoxide 60-90 1.7-2.2 530-1730 28-62 310-480 690~-1860 34-48
Uni-directional polyester 50~T5 1.6-2.0 410-1180 21-h41 210-480 690-12L40 27-k41
Bi—directional glass
Satin weave polyester 50~70 1.6-1.9 250-400 14-25 210-280 207-450 17-23
Woven roving polyester L5-60 1.5-1.8 230-340 13-17 98-140 200-270 10-17
Random glass mat
Preform polyester 25-50 1.4=1.6 T0-170 6-12 130-160 70-240
Hand & spray up polyester 25-40 1.4-1.5 63-40 6-12 130-170 1L0-250 5-8
Moulding compounds
DMC polyester 10-40 .8-2.0 3k-70 12-14L 140-180 L4o-1Lo
SHC polyester 20-35 8-1.85 50~90 v9 240-310 140-210 9-14
Glass filled nylon 20-40 1.3-1.5 120-200 6-14 110-170

Table:

5.1. Material properties as given by manufecturers. Ref.

(67).

1 GN/m? = .14508 x 10° psi



where the subscripts c, f and m refer to composite, fibre and
matrix and Vf is the fibre volume fraction. This expression
is strictly true only for the case where both fibre and matrix
are isotropic and it assumes that the two components are con-
strained to deform together. This elementary "Rule of mixtures"
is in fact a lower bound.

Such moduli will generally be exceeded by an amount depending
upon the difference in Poisson's ratio of the two constituents,
as a result of the lateral elastic constraint which the two phases
exert on one another. The equivalent theoretical expression for

the shear modulus can be written as follows:-

- c -
_t £ _
G, G-+ 1)+ (3 ) Ve
T = m m
m Gf £
G+ - (G- )Vf
Gc
Which shows that the ratio T 1s a function of Vf depending on
m
Gf
the value of stiffness ratio,-a—, after Tsal, Adams and Doner
m
Ref. (68).

As discussed in Chapter 3, an aligned composite is highly
anisotropic. A lot of work is based on the assumption that the
material is transversely isotropic. However, if the material is
being used in plate form, as is frequently the case with laminates,
the assumption of a plane stress state reduces the number of

elastic constants to four, E11, E2 /E11 or \)21/E2 and G

2> V1o ) 12°

which can be easily established by a simple testing procedure for

the first three carried out on a test coupon supplied by the
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manufacturer. This would be an improvement on the manufacturer's
information and is covered in the present work.

To test the solid finite element experimentally an attempt
to establish as many elastic constants as possible to satisfy
Equations (3.1hka) to (3.141) was made. In many texts, Ref. (69),

E ~ E__ where E22 1s < E From the tests v and Vv can be

33 22 11° 13 23
easily obtained and, using Equation (3.14b) and Equation (3.1kc),
most of the remaining elastic constants can be estimated.

The shear modulus proved a more critical factor to assume
without the difficult and expensive experimental measurement which
would otherwise be necessary. One of the most serious limitations
of fibre composite materials is that the shear strength parallel
with the fibres can be as low as that of the matrix or the fibre
resin interface, either of which may be an order of magnitude (or
more) lower than the maximum tensile strength of the composite.
Consequently the composite may fail at low loads if tﬁe stress
system is such as to cause a high shear stress on these planes
of weakness. A bar loaded in flexure will fail in shear at the
neutral plane before it breaks by tensile fallure of the outer
fibres 1if the ultimate shear stress, Toax is reached before the
outer fibre failure stress Opax" Thus a short composite beam was
used as a test sample to ensure that no shear failure occurred in
the elastic region and the shear modulus assumption is a lower
bound one. This assumes the material to be homogeneous and isotropic

in all directions which, although nat true, if observed with the guide

lines 1laid down in BS. 4994 would produce a structurally sound product.
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From this simple beginning a sample of each distinctive
layer or solid can be specified and the general behaviour of

the complete structure can be predicted as discussed below.

5.3.2. Preparation_of test_specimens, testing eguipment and procedure

(i) The Samples

A number of deep short beams, samples (D1, D2, D3, Dh)
made of three distinctive layers are cut from a block which is
layered up from three distinctive layers, as shown in Figs. (5.5a),
(5.50), (5.6a) and (5.6b).

The block is made during the laying of the layers by installing
plastic insulation sheets after the completion of each layer, as
shown in Fig. (5.7), the layers being made from woven roving and
uni-directional glass polyester material as shown in Fig. (5.8).
Each layer is then cut into specimens and carefully marked to show
the principal natural axis of the material as shown in Figs. (5.9),
(5.10), (5.11) and (5.12).

(ii) Test procedure

Two longitudinal and two transverse straln gauges of two
rosette strain gauges type FRA-6-11 made by T.S.K. Ltd. gauge
resistance 120 * 0.50, gauge length 6mm were stuck at the top
and bottom surfaces. The adhesive used was CN adhesive made by
T.M.L. Ltd. of T.S.K. Ltd.

The two longitudinal strain gauges were arranged as a
'half-bridge' and fed with 3.V through a Brueland and Kjaer strain
gauge amplifier, type 1525. The output was fed back to the

amplifier which indicated the total strain (microstrain).
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Fig. 5.5a. Actual dimensions of composite deep beam No. D1.
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Fig. 5.5b. Composite deep beam specimen
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Fig. 5.6a. Composite deep beam specimen

Fig. 5.6b. Composite deep beam specimen
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Fig. 5.8. Woven roving and unidirectional glass layers.

Fig. 5.9. Individual layer specimens

2L,



Fig. 5.10. 1Individual layer specimens.

Fig. 5.11. Individual layer specimens.
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The transverse strain gauges were arranged in the same
manner using another amplifier of the same type. Four point bend
testing of the G.R.P. beams was carried out to establish the
elastic moduli by applying the load through a load cell as shown in
Figs. (5.13) and (5.14). Figs. (5.15) and (5.16) are a sample of
the results for layer A. Figs. (5.17) and (5.18) are a sample of
the results for layer B. Figs. (5.19) and (5.20) relate to layer C.
The two strains were plotted against the central deflections and
Figs. (5.21) and (5.22) are a sample of the results for layer A.

Figs. (5.23) and (5.24) relate to layer B and Figs. (5.25) and
(5.26) to layer C.

Two more strain gauges, one longitudinal and one vertical, of
the same type of rosette were stuck to the sides of the test specimens
at approximately one third of the beam depth using the same adhesive.
Two dummy gauges of the same type were stuck on another specimen and
arranged with the active ones into two half-bridges using two
amplifiers of the same type as before. This is shown in Figs. (5.27),
(5.28), (5.29) and (5.30). The two readings were plotted against one
another. Figs. (5.31) and (5.32) are examples of the results for
layer A. Figs. (5.33) and (5.34) relate to layer B and Figs. (5.35)
and (5.36) to layer C. Figs. (5.37) shows a minimum group of samples,

i.e. two per layer and the apparatus used is shown in Fig. (5.38).
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Fig. 5.13. U-Point testing of G.R.P. beam specimens.

Fig.

5.1k,

L-Point testing of G.R.P. beam specimens.
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Fig. 5.15. Load vs. deflection in direction 1 - Layer A
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Load 1b. X 10°

w

0.1

inch Central Deflection

Fig. 5.16. Load vs. deflection in direction 2 - Layer A
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Load 1b. X 103
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Fig. .18. Load vs. deflection in direction 2 - Layer B
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Fig. 5.19. Load vs. deflection in direction 1 - Layer C
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Load vs. deflection in direction 2 - Layer C
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Fig. 5.21. Longitudinal & transverse strain vs. deflection
direction 1 - Layer A.
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Fig.
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Longitudinal & transverse strain vs. deflection
direction 2 - Layer A.
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Fig. 5.27. L-Point bend testing of G.R.P. beam for Vi3 & Vos

Fig. 5.28. L-Point bend testing of G.R.P. beam for Vig & Vog
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Fig. 5.29. L-Point bend testing of G.R.P. beam for Vig &V,

A AP GAT S NEO
NAAAAAAN

2, WAV

»&vb4 *&‘

AN A YN

2

Fig. 5.30. Actual size of specimen.

262.



3

Longitudinal Strains x 10

2L

23

22

21 f

Fig.

5.31.

3 L 5 6 T 8 9 10 11 12
Vertical Strains X 10 3

Longitudinal vs. vertical strains in direction 1 -

Layer A
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Longitudinal Strains x 10 3
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Fig. 5.33. Longitudinal vs. vertical strains in direction 1 -
Layer B
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Fig. 5.34. Longitudinal vs. vertical strains in direction 2 -
Layer B
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Fig. 5.37. Minimum set of speciment

Fig. 5.38. Apparatus used for L-point bend testing of beams.
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Using Equation (2.104) with 21 = 4" and 22 = 2" as shown

in Figs. (5.13) and (5.27) and Equation (2.105) gives:—

E = X — X ™ 1b. in.

W22 12
) 3 b 43

and measuring all specimens accurately to * 0.001", E33 was

assumed to be lower than E11 and E22 and taken to be 1 x 10°% psi

as suggested by a reliable manufacturer. G12 was assumed to be

2 x 10% psi and G13 and G23 were assumed to be the same proportions

as the relevant elastic moduli.

(i) For Layer A

From Fig. (5.15) E 1.274 x 10% psi % T3%

11

From Fig. (5.16) E 1.565 x 10°% psi * T73%

22

From Fig. (5.22) Vio = .163 = 5%
From Fig. (5.23) v, = 0.99 # 4%
From Fig. (5.31) Vi3 = .48 £ 2%
From Fig. (5.32) Vo3 = 438 £ 29
E33 was assumed to be 1 x 10° psi,
G12 was assumed to be 2 x 10° psi,
G13 was assumed to be 1.3 x 10° psi,
G23 was assumed to be 1.6 x 10° psi.

(ii) For Layer B

1}

From Fig. (5.17) Ei, 1.62 x 10~ psi * T3%

From Fig. (5.18) E 1.8 x 10 psi + T3%

22
From Fig. (5.23) Vip = -159 % 3%
From Fig. (s5.2L) Voy = .128 * 2%
From Fig. (5.33) Vi3 = -325 27
From Fig. (5.34) Voy T +29 % 23
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E33 was assumed to be 1 x 10° psi,
G12 was assumed to be 2 x 10° psi,
G13 was assumed to be 1.11 x 10° psi,

G23 was assumed to be 1.68 x 10° psi.

(iii) For Layer C

From Fig. (5.19) By = 1.62 x 10° psi % 6%
From Fig. (5.20) E22 = 1,66 x 10° psi + 6%
From Fig. (5.25) Vi, = 128 £ 17

From Fig. (5.26) Vo, = .128 + 1%

From Fig. (5.35) Vig = Lo 219

From Fig. (5.36) v23 = .40 * 29

E33 was assumed to be 1 x 10° psi,

G12 was assumed to be 2 x 10° psi,

G13 was assumed to be 1.2 x 10° psi,

G23 was assumed to be 1.95 x 10° psi.

5.3.4. Finite Element Idealization of G.R.P. Test Beam

A finite element mesh as shown in Fig. (5.39) was arranged
to suit the different average thicknesses of all three layers,
to suit the supporting arrangement of the test, the location of
the strain gauges on the test beam and to allow the application
of a load off the centre so as to cause a complicated case of
torsional bending as well as pure bending. The mesh consisted
of 144 elements and 260 nodes. The properties of each element

were read individually as E11, E22’ E33, v12, v13, v23, G12, G13,

and G23.

results.

v21 was used to check the accuracy of the experimental
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Fig. 5.39. Finite element idealization of G.R.P. test beam.

272.



The program would give values for Vyqs Vg5 V using

3 32
Equations (3.14a) (3.14b) and (3.1b4c). 1In calculating stresses
the average of the values from all elements adjacent to the node
is used. If the node is at the interface of two layers, the

average of the elements in one layer is calculated separately

from those elements meeting at the node from another layer.

5.3.5. Experimental Work on G.R.P. Test Beam

(i) Test specimen

The test on the multilayered beam from the end Block D,

No. D4 is described in this section. Its measured dimensions
were 2.86" x 1.86" x 9.78", considering the average thickness
of Layer A to be 0.84", Layer B - 1.06" and Layer C - 0.98".

Six rosette strain gauges type FRA-6-11 made by T.S.K. Ltd.
Gauge resistance 120 * 0.5Q, gauge length 6mm were stuck 0.5"
away from the support as shown in Figs. (5.40a), (5.40b) and
(5.41) and their location on the finite element mesh is shown
in Fig. (5.44). The gauges were located near the support and
a cantilever arrangement was adopted to give higher and more
readable strains from the equipment available.

The upper surface of the specimen had to be filed smooth
to stick rosette No. 1 which reduced the thickness of Layer A
by 0.14" for a length of 0.78".

The specimen was clamped to a heavy table as shown in
Figs. (5.41), (5.42) and (5.43). The loads were applied through

a free hook into a shallow dent in the upper surface of the
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Fig. 5.40a. Location and numbers of strain gauges.

Fig. 5.40b. Location and numbers of strain gauges.
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5.41. Experiment arrangement of G.R.P. test beam.
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Fig. 5.42. Experiment arrangement of G.R.P. test beam.

Fig. 5.43, Experiment arrangement of G.R.P. test beam.
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specimen 0.5" from both edges equivalent to Node 24 on the
finite element mesh, so as to introduce combined torsion and
bending.

(ii) Testing procedure

(a) Stresses

The 18 gauges from the six rosettes were arranged
with 18 dummy gauges from six similar gauges stuck on
other specimens of the same material so that each
active gauge and the corresponding dummy gauge were
connected to a channel of a Brueland and Kjaer switching
unit type 1542 from which they were arranged in a half
bridge and fed with 3.0V through a Brueland and Kjaer
strain gauge amplifier type 1526. The output was fed
back to the amplifier which indicated the total strains
in miecrostrains on a L.E.D. display. The highest strain
recorded was 630 microstrains with the accuracy of the
equipment of * 30 miecrostrains.
The stresses were calculated using the first terms of
Equations (3.13a), (3.13b) and (3.13c).
The equivalent stresses to those occurring at the corner
of the relevant elements in the relevant layer were plotted
on Figs. (5.45), (5.46), (5.47), (5.48), (5.49), (5.50),
(5.51), (5.52), (5.53), (5.54), (5.55) and (5.56) against
the results from the finite element solution. As can be

seen the results were very satisfactory.
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Fig. 5.45. Comparison of sitresses in direction 1 at Node 203
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Fig. 5.46. Comparison of stresses in direction 2 at Node 203
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Fig. 5.47. Comparison of stresses in direction 2 at Node 210
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Fig. 5.48. Comparison of stresses in direction 3 at Node 210

282.



Stress in psi

100

80

60

Lo

20

i

Fig.

100 150 200 250

50
Applied load in 1b. at Node 24
Layer C -- -~ -Layer B Finite element solution
© Layer C ® Layer B Experimental results

5.49.

Comparison of stresses in direction 2 at Node 215

283.



Stress in psi

-1000 T

-800 1

- 600

-400

-200

i j " I " U S— Lk
\s

T
L

50 100 150 200 250
Applied load in 1lb. at Node 2L
Finite element solution

e Experimental results

Fig. 5.50. Comparison of stresses in direction 3 at Nede 215
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Fig. 5.51. Comparison of stresses in direction 1 at Node 218
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Fig. ©5.53. Comparison of stresses in direction 2 at Node 211

287.



Stress in psi

-800

=600

-400

=200

-1000 7T

R A A + el i s S n I S S I 2. P

Fig.

5.5h,

.
T T v

50 100 150 200 250
Applied load in 1b. at Node 24
Finite element solution

e [Experimental results

Comparison of stresses in direction 3 at Node 211

288.



Stress in psi

5'00 +

400 1

300

200

100

A % ek i PR + 1 L A i : 2 k. " 3} MY " L.
+ +

50 100 150 200 250

Applied load in 1b. at Node 24
Layer A — — ~-Layer B Finite element solution
e Layer A O Layer B Experimental results

Fig. 5.55. Comparison of stresses in direction 2 at Node 206
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Fig. 5.56. Comparison of stresses in direction 3 at Node 206
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(b) Deflections

Three dial gauges were set up to measure the deflections.
Two vertical directions at the equivalent locations of

Node 1 and 45 on the finite element mesh and one horizontal
at the equivalent location of Node 30, as shown in Figs.
(5.41), (5.42) and (5.L43).

As the clamping length was short a fourth gauge was located
0.5" away from the support to indicate any rigid body
rotation.

The deflections measured were plotted against the finite
element predicted deflections in Figs. (5.57), (5.58) and
(5.59). The relative deflections in the three directions
corresponded closely to the theoretical predictions although
the absolute magnitudes were somewhat different. It should
be remembered that the deflections were small and difficult

to measure accurately.

5.4. G.R.P. Blade of an Ordinary Butterfly Valve

A 60" nominal diameter G.R.P. butterfly valve as shown in
Figs. (5.60), (5.61), (5.62) and (5.63), made of isophthalic
polyester resin reinforced by woven—-roving glass fibres as the
main material and chopped strand mat as another material around
the shaft hubs. The blade is retained and driven within the
body of the valve, which is made from woven-rovings and chopped
strand reinforced polyester resin of the same type, by stainless
steel stub shafts located in the disc by stainless steel inserts.

The dimensions shown in Fig. (5.60) were calculated so as to
satisfy the maximum allowable deflection for sealing the valve

using the work done in Chapter 2.
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Fig. 5.5T. Load vs. deflections in direction 3 at Node 1
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Fig. 5.58. Load vs. deflections in direction 3 at Node 45.
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Fig. 5.61. G.R.P. butterfly blade.

-

Fig. 5.62. G.R.P. butterfly blade
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Fig. 5.63. G.R.P. butterfly blade.

297.



A finite element analysis using (BFSOLID) was carried out.
The blade was idealized into L4 elements, 9 of which were given
the stainless steel mechanical properties, 11 were given the
chopped strand woven glass reinforced plastic mechanical properties
as a homogenous material as shown in Figs. (5.64a) and (5.6L4b).
The deflections predicted were very satisfactory.

For the allowable design stresses the factor of safety was

calculated in accordance with BS.499L4, Ref. (63) as follows:-

Factor relating to method of manufacturing k1 = 1.6
Factor relating to long term behaviour k2 = 1.2
Factor relating to temperature k3 = 1.1
Factor relating to cyclic loading k, = 1.1
Factor relating to curing procedure k5 = 1.3

Overall design factor:-

9.06

k=3x k1 b 4 k2 b 4 k3 b 4 kh x k5

Adopted factor = 10.

All the stresses predicted by the finite element analysis
were lower than the allowable stresses.

An experimental programme for determining the stresses is
planned in the near future. The location and direction of the
strain gauges has been chosen to suit the finite element analysis,
as shown in Figs. (5.65a) and (5.65b). The deflections will also
be checked. The testing arrangement is shown in Fig. (5.66). A
fair comment on the test results will be given in Ref. (70), by the

eventual users of the valve, two of which will be put into actual

service by the C.E.G.B. before the end of 1980.
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CHAPTER SIX

CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER WORK

6.1. The Analysis of Ordinary Blades

6.1.1. Conclusions

Prior to this research there has been no really serious
attempt to study the structural problems of ordinary butterfly
valve blades. The work described in Chapter 2 is considered
by the author to be a major contribution to the advancement
of knowledge in relation to the design and operation of valves
of this type.

The use of the finite element method as a technique for
obtaining design coefficients represents a major break through,
since the majority of practical cases have no mathematical
solutions. This is because there are a great number of combin-
ations of complex loading and support conditions which are required
in practice.

The very important problem of predicting the behaviour of
blades can be solved by adopting this method. The tapering con-—
figuration must then be expressed as a function of the radius or
alternatively as a fraction of the thickness of the theoretically
embracing flat blade. This would lead to savings of material and
also better meet the hydraulic requirements.

The finite element solution requires a large computer to
carry the mathematics involved in inverting the stiffness matrices.
On the other hand storing a large number of tables on the floppy

discs of very small desk top computers is a much cheaper and more
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practical proposition, which justifies the approach and the
use of coefficients which has been emphasised throughout this
thesis. This work should contribute to possible relaxation of
the standard minimum required thicknesses at present demanded
by the various authorities and, with improved quality control,
to the testing procedures.

Since the deflections could be predicted with greater
accuracy by the methods described in this thesis, a significant
saving in the cost of seals and the use of different materials
for resilient seals should be possible.

The effect of the length of the arc of the periphery
occupied by the shaft is clear from reading through the tables
of Appendix 3. This knowledge can be used to optimize the cost

of blades and their operating equipments and actuators.

Finally, this work could lead to a complete set of structural
models to cover all possibilities of behaviour for the ordinary
butterfly valve blade, on which some confidence can be placed in
terms of the extensive experimental comparisons which have been

made.

6.1.2. Further vork

The major area of further work should be in the field of
simulating real valves to the different structural models presented.
In real valves the clearance between the shaft and the body is a
parameter whose importance has not been sufficiently appreciated
and identified in the past. A study of the effect of this clearance

(generally specified in "thous per in." of shaft diameter) on the

structural behaviour of the blade should be made.
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In this study the following factors should be considered:-
(i) The length of the supported part of the shaft.
(ii) The type of bearings used.
(iii) The type of shaft used and the effect of the
clearance between shaft and blade, bearing in
mind the method of attachment.
In the present day, with the introduction of microprocessors

and minicomputers for the control of machine tools (as can be
seen from Ref. (T1)) it is no longer difficult or expensive to

attaln near—perfect clearances.

Another factor which has not been covered in this study is
the effect of the eccentricity of the shaft centre line from the
middle surface of the blade. This is not important for thin
blades. As the blade and shaft humps increase in size, eventually
they clearly indicate when the plade should be considered as being
a thick plate problem.

A criterion for the effect of the eccentricity has to be
developed and the only clear method is the use of solid finite
elements.

Finally it must be remembered by any structural analyst
working on the subject that a close relationship exists between
any structural changes and the flow characteristics of the valve,
particularly in relation to the ever—-increasingly important

problem of noise and the requirements of the operating equipment.

307.



6.2. Fibre Composite Blades

6.2.1. Approach_for optimal design

An approach towards the design of fibre composite blades
can be seen from the work done in Section 5.3. There, 1t was
shown that it is possible to assess the stresses fairly accurately
by using the measured values of the various moduli. The butterfly
valve blaae is an ideal structure to be made from fibre composite
materials since it is governed by a failure criterion based on
very low deflections (conditioned by the requirement for sealing).
This means that high strains need not be considered as a criterion
for failure and yielding of the structure is therefore nota factor
to be considered.

The major cost in fibre composites is directly related to
the fibre content, especially when the fibres or woven—roving
layers have to be hand laid. Therefore, their distribution through
the thickness of the blade should be optimised according to the
particular requirements of the loading and geometrical arrangemert
of the blade. In this way, a blade which has the minimum deflection
and adequate strength can be optimally designed so as to have minimum
cost.

The main concern in fibre composite structures is the fear
of failure due to shear or lap stress at interfaces and 1t is
inadequate to assume that the material is homogeneous in order
to estimate strains at these surfaces. This 1s true even for
thin blades and it is always necessary to make a three-dimensional
analysis, even if a homogeneous equivalent material is assumed for
the purpose of obtaining a lower bouna for the strains as, in a

three dimenslonal analysis, the inter—laminar stresses or lap shear
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will be revealed.

Young's moduli and Poisson's ratios can easily and cheaply
be obtained experimentally in a layer as has been demonstrated in
this work and, although the through-thickness properties are more
difficult to obtain experimentally, they can be estimated con—
servatively by using the properties of the resin matrix which are
provided by the manufacturers.

The method of selecting samples for a multi-layered fibre
composite demonstrated in this thesis, from which the various
moduli and Poisson's ratios were estimated, coupled with their
use in predicting the stresses and deflections of a structure
(a cantilever) subjected to a complex loading situation, indicate
the feasibility of the optimal designing of a blade using these
methods. Also, with the use of the finite element program, the
optimal combination of metallic and fibre composite materials can
be achieved, provided that the interfacial conditions are adequately

defined. 1In particular, the bond should be examined independently.

6.2.2. Further work

Two full-size fibre composite butterfly valves have been made
and are being tested for use in service at the Fawley Power Station,
by the Central Electricity Generating Board (C.E.G.B.). These
valves have been designed, as regards their structural integrity,
by the author and their behaviour in long-term use will be a final
justification for the procedures described in this thesis. Further

research is required in the more accurate determination of through-

thickness properties and shear moduli of the various fibre composite
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layers used in such structures. In addition to this, much
development is needed in the manufacturing techniques required
for the laying-up of structures of this type. Laying—up manually
is both costly and inaccurate and any methods which could be
devised for automatic laying-up are highly desirable and should
be actively pursued. Such investigations are at present being
carried out under the supervision of the author and this will
facilitate accurate determination of through-thickness and shear
moduli at a minimum cost.

Some work of this type has been done in aero—space industries,
mainly from the point of view of optimising strength-weight ratios.
However, the present objectives are different, being mainly concerned
with minimising corrosion, cost and ﬁaximising reliability. Therefore
it would be very desirable to survey the literature already available
from the aero—space industries, with these different objectives in

mind.
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APPENDIX 1
Coefficients tables for the calculation of deflections
and forces in circular plates simply supported on two

points at opposite ends of a diameter.

2

W= oo A
Mr=C2qa2
Mt = 03 q a?
Mrt= Ch q a®
Qr=C5qa2
Q = Cgaa’

in the tables coefficients C1 to C6 are listed under W,

MR, MT, MRT, QR and QT respectively.
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APPENDIX 2

Listing of computer programmes. All programmes are in

FORTRAN IV computer language.

APPENDIX 2A.

Computer programme for the creation of tables of coefficients
for the deflections and forces in circular plates simply

supported on two points at opposite ends of a diameter.

APPENDIX 2B.

Computer programme for the deflections and forces in circular
plates simply supported on two points at opposite ends of a

diameter.

APPENDIX 2C

Computer programme for the creation of tables of coefficients
for the deflections and bending moment forces in circular
plates simply supported on two lengths of arcs at opposite

ends of a diameter.

APPENDIX 2D
Computer programme to obtain principal stresses from micro-
strains rosette strain gauge readings at a point on the

surface of structures.

APPENDIX 2E

Finite element programme. BFSOLID listing.
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RLLADE. FORTRAN: FROGRAML

1

FROGRAM PLATE
WRITE(S, 10)

10 FORMAT CZ2XG SOHINFIT YOURG TS MODLLLS, POISSONSS RATIO,
#TAL /752X, Z0H THICKMNES=, RADIUAS FREZZURE .//)

READN(D, 20) E. VRO, TH, TR F

20 FORMAT(TF10.0)

FL = 4,#OATANCL.O)
AA = ALOC(Z,0)x4g,
FPRIZ=2, 4V
(1.+V)/PRZ

FR=(1.+VY/{1,.-V)
RR=1./FRK
THITA=TH*F1/120.
RZ=RO #RD

Wi={1.-R2Z) /&4, #( (5. 4V /(1. +V)-RE2)
WI=AA/(1.0-V)-PIxFI+FR/12Z.-1.
RM1=(PRI*RZ21)/14.

SM=0,

SUM1=0.

SUMA=0,
SLIMS=0.

oy 1 I=2,100,2
AI=1

=S RO T HCOS(AITHITA)
=(RR+H (2. /A1) ) #R2L xR (T —2) <12

SZ{ATXTHITA)

Z=(RR¥REL 42, /AT #ROeex (I-2 ) INCAI#THITA)
SL4=RO## (I-1)#C0Z (AT THITA)
SUS=RO## (I-1)#IIN(AIX*THITA)

CONT TNUE
W= . S (U T—S0UM) /(2. +Y)
W=l 1 +W2

RMZ2=.S#PRE2*SLIML
THI={(PRI— (1., +3. #V2#R2) /14,
TMZ=. S#FR2+SLIM2
RM=RMF1+RM2
TH=TM1-TM2Z
RTHM=.S#PRZ#ILM2
HR=—, 5= (2. /FRZ) #3LIM4
HT=(2. /FRZ) #+SUMS
D=E#THxZ/{1.-VxV)
OD=0/12. .
R4=R*x%4

DEF=WaRdxF /0

WRITE(D, 70) RO, TH, EF

70 FORMAT (10X, 22HTHE DEFLECTION AT ROH=, FD. 5 32X 2HE

#2X, PHOEGREES =, //2Z0X.F1z.5/)
END

APPENDIX 2B.
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(RR#RZ1+(2/AT) #RZZ) #RO=#x (I-2) #0035 (ATHTHITA)

THETA

ROH - THE

CEl=1. /ATE(AT -1 ) )R #PRZCAT*ATIX (AL-1. ) —RE/(AIx(AL+1.))

=y F7 e



QEQGRAﬂ"StABLINPdE OUTPUI,TAPLS = INPUT,TAPES = 2QUTPUT)
PI = 3.141591
=N3 =6 = =" - .

JEnSstp—— E =25
_70_AALFA=AALFA+.5
_—.P"“‘—"—‘&_._ ga:’ =L = - -
3T PR =ZPR ¢+ U—.UB T T T
:::TPR3"‘L3L+PR)_ LT LT

PRR = (1. + PR) 7 (1. = PR)
EEEEEPQPe;./PRRQ%;;:.Fi:&.'I S -
:wﬁm T T —— _ s o S Im o T - - - S

NO> 4T
AL FORMATGIHD) . . .
HETA-=-0.0=_ LoTL s

S HAETA-= .0
_ o0 AUFA. —AALFA*PI/
==—ATHETA—= THETA-
NRITE(E,40) PR
. A 3

:tx!:A

____ _WRITE(6s60)

=HRO-FORMAEL/ 12X 5 *ROH*
T0 RO = RO ¥~

BX*DEFLECT TON* GX*MR* 14X *MT*1UX*MRT*) )

=== (L 0-R2I/B40 % (5. 4PRI/LLW*PR). = RR) T- 0 T T

——R¥i= 2416 T T e e = T o
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2 /)

SURE

+ PRES!

STRESS, FORTRAN: FROGRAML

10
11

PROGRAM STRES
E=4.LEQS

V=, 575
E1=E/(1.-Yx)
READ(Z,1) MN
FORMAT (15)
WRITE(S.2) NN

FORMAT (/-5X, 20HTHE TOTAL MUMBER 0OF READINGS

00 11 N=1-NN

WRITE(S,Z0) N

FORMAT (10X, Z2ZRINFUT THE STRAINZ 2F READING
REALDN(Z,4) EX-EY.EXY

EX=EX#1.0E-0Q&

EY=EY#*1.0E-0&

EXY=EXY®»1.,0E-0Q4

X=, S (EX+EY)

Y=, S3# (EX-EY)

Z=X-EXY

R=SORT (Y#Y + ZxZ)

EE1=X+R

EEZ=¥-R

S1=E1#(EE1+VHEEZ)

SE=Elx# (EEZ+VXEEL)

WRITE(S,10) N,EX.EY-EXY,EEl1.EE2,%1,52
FORMAT(2X. 12, 23X, SF10. 5. 323X, 2F10.2, /)
ZONTINUE

FORMAT (2F10.0)

ITOF

ENLD

APPENDIX 2D.
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APPENDIX 3
Part of coefficients tables for the calculation of deflections
and bending moments forces in circular plates simply supported

on two short lengths of arcs at opposite ends of a diameter.

wo= ¢ -
Mr = 02 o] a?
M, = 03 q a?

vt~ Oy 2 a®

in the tables coefficients C1 to Ch are listed under W,

MR, MT and MRT respectively.
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APPENDIX b

Use of the coefficients for bending moments from finite
element solution. The finite element solution using a
quadratic plate element as shown in Fig. (2.77) produces
the bending moments at the centroid of the elements and
related to its own local axis.

The local axes of the elements are defined from the co-
ordinates of the nodes of the element and they are
dependent on the numbering directions. (The connection
matrix as follows):

The x axis passes through the centroid of the element

and the middle point of the fourth side of the element

as it is numbered in the connection matrix of the

elements, i.e. the side connecting node No. 4 with Node

No. 1 as in Fig. (2.6 ).

The y axis is perpendicular to‘the X axis and passes
through the first side of the element, i.e. the side
connecting Node No. 1 with Node No. 2 as in Fig. (2.6 ),

as all elements must be as near as possible to a rectangular
shape.

M&, and M& are positive when causing tension stresses on
the top surface of the element as in Fig. ( 2./ ). Thus the
coefficients obtained from a finite element solution would
produce M&, My and Mxy when multiplied by ga?. To transform
these moments into global polar coordinates the following

equations canbe used.
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M = M cos? V¥ +M sin? ¥ +M sin2 V¥
X y Xy

T
Me = M sin? Y+ M cos?¥-M_ sin2V
X N Xy .
M = —l(M - M)sin2¥Y + M cos2V
rd 2 X y Xy

Where ¥ 1is the angle between the polar direction and the
element local axes x-y. as shown in Fig. (AL.1).

For a given principal moment M1&_M2 the following equations

can be used:—

M

2 . 2
+
. Mx cos“B. My sin“B

1l

- 2 2

Mg Mx sin“R + My cos“B
1 - ‘02

Mre 5 (Mx My) sin®g

Where B is the angle between the polar direction and the principal

directions 1-2 as shown in Fig. (Ak.1).
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Fig.

Ak, 1.

Global, local and principal directions
for a thin shell element.
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APPENDIX 5

According to the following linear interpolation function

£, = oy + 0, Evog oy L+ En+o ng+o EC+ag Eng (A5.1)

we can represent the shape of any three dimensional paralle! o piped

with lengths 2a, 2b and 2c. Fig. (A5.1).

Where the local dimensionless coordinates £ n 7 referred

to the centroid (xc, Yo» 3c)

= (x - xc)/a

= (y - v )/b

(3 - 3c)/c

Solving for q's in the following way:-—

= o, + 0. +0. +0Q + 0O
3 Tk

1 > +(].6+O!.

> T

= a1+a2+a3+ah+a5+a6+a7+a8

’x1’ [ I R I S S B N o]
X, L B e
Xs e e R | I R
(A 5.2)
x), LA B B RS B B B ¥ N (79
st, - ,1 L R B LT
xg L e e P R B | B [V
X L R L A R
xg) L B B B B 1 |%




Then replacing

substitutions x = X,

is produced.

[¢0]
X = Z N. x
1=1 "1 71

[¢0]

)
y o= =Ny

[¢0]
z = Z N. z
i=1 1 "1

at &

n:
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1 ete.

t's by nodal coordinates using the

Equation (A51%)



-

/n
2a

/ 1 (1,1,1)

7-—-—————— —_———— b5(1;1:_1)
/ I/_/_. ________ /

y; ——
/ L
1,-1,
f /1/)’ (1;_1:1)
/
2c /
/s
l y
7 (_1:_15_1) 8 (13-1:—1)
Z
y
—a X
Fig. A5.1.
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