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1 Introduction

The theory of large dissipative systems has a long and growing mathematical
history. Some of the classical literature one could find e.g. in [24] and [37]; see
also references there in. In this paper we focus on dissipative dynamics with non-
compact configuration space and their counterparts in noncommutative algebras.

A construction of Markov semigroups on the space of continuous functions
with an infinite dimensional underlying space well suited to study strong ergodicity
problems can be found in [51] in case of fully elliptic generators. More recently it
was extended to subelliptic situation in [16], [31] and Lévy type generators [35].
An interesting approach via stochastic differential equations one can find in [15]
and some recent extension to subelliptic generators in [50] (see also [4], [3] and
references therein). Another approach via Dirichlet forms theory which is well
adapted to Ls theory, can be found e.g. in [I], [45] and reference therein.

For symmetric semigroups, after a recent progress in proving the log-Sobolev
inequality for infinite dimensional Hormander type generators £ symmetric in
Lo(p) defined with a suitable nonproduct measure p ([32], [25], [28], [26], [27],



[43]), one can expect an extension of the established strategy ([51]) for proving
strong pointwise ergodicity for the corresponding Markov semigroups P; = e'~,
(respectively in the uniform norm in case of the compact spaces as in [24] and refs
therein). One could obtain more results in this direction, including configuration
spaces given by infinite products of general noncompact nilpotent Lie groups other
than Heisenberg type groups, by conquering a (finite dimensional) problem of sub-
Laplacian bounds (of the corresponding control distance) which for a moment
remains still very hard.

The ergodicity theory in case when an invariant measure is not given in ad-
vance, in noncompact subelliptic setup is an interesting and challenging problem
which was initially studied in [I6] and was extended in new directions in [31] de-
veloping further strategy based on generalised gradient bounds. We remark that in
fully elliptic case a strategy based on classical Bakry-Emery arguments involving
restricted class of interactions can be achieved. In case of the stochastic strategy
of [15], the convexity assumption enters via dissipativity condition in a suitable
Hilbert space and does not improve the former one as far as ergodicity is concerned;
(on the other hand it allows to study a number of stochastically natural models).
In subelliptic setup involving subgradient this strategy faces serious obstacles, see
e.g. comments in [6].

In noncommutative setup the development of mathematical description of in-
finite dissipative systems is much less developed. Some description of infinite
dimensional dissipative dynamics of jump type which are not symmetric with re-
spect to a given Gibbs state as well some results on theirs ergodicity can be found
in [54]; see also references therein and [23], [38], [14] on constructions associated to
classical Gibbs states (where interaction potential is classical). In [40] a construc-
tion and ergodicity results were provided for an interesting class where generator
of jumps part corresponds to a classical potential, but additionally the genera-
tor contains a conservative part corresponding to a different possibly nonclassical
potential. In general for an infinite dimensional system still no construction of
jump type dynamics exists which would be symmetric for a Gibbs state associated
to a generic nonclassical potential. Some interesting general constructions, based
on application of Dirichlet form theory [13], are provided in [44], [14] (see also
references there in).

A study of diffusion type dynamics providing a construction and ergodicity
results were given in [34], including generators associated to a family of noncom-
muting fields, but not apriori symmetric with respect to an Lo scalar product
associated to a given state.

Another recent examples of dissipative dynamics for infinite boson systems can
be found in [41] , [7].

One of the important techniques developed to study ergodicity of dissipative



dynamics of infinite classical interacting systems is based on use of hypercontrac-
tivity property or its infinitesimal form encoded in Log-Sobolev inequality ([24]
and references therein). A noncommutative basis for such theory was introduced
in [42]. Since then, in noncommutative setup some progress was achieved in study-
ing certain directions ([9], [12], [I1], [2]) with interesting new results emerging in
connection to quantum information theory ([29], [30]). Still many important tech-
nical aspects necessary to effective implementation of the theory remain elusive in
noncommutative world. (This includes e.g. product and perturbation properties
of Log-Sobolev inequality.)

In Section 2 and 3, we study finite and infinite dimensional systems for which
we construct dissipative dynamics described by Dunkl type generators and provide
certain basic ergodicity results. In section 4 we give an example of such dissipa-
tive dynamics in noncommutative setup. In section 5 we discuss some nonlinear
classical dissipative dynamics and theirs noncommutative counterparts. In Ap-
pendix we provide some discussion of monotone convergence in noncommutative
L, spaces.

2 Dunkl type Markov Generators and Semi-
groups

In this section we discuss linear dissipative dynamics associated to Markov gener-
ators of the following form
L= L

i€ER
defined on a dense domain of the space of bounded continuous functions C(£2) on a

product space Q) = X;cr€2; with ; ~ Qg is a smooth manifold of finite dimension
n, where the indices 7 form a countable, possibly infinite, set R, and

Li=T; - BT
with T; = V; + A; , where V; denotes the gradient operator and
K
(Aif)i=—(f = fooiy)
Ti]
with 0,00, =id  0y(x;) = —x;; , l =1,...,n, are both acting on i-th coordi-

nate, while ;’s are dependent possibly on many coordinates and are continuously
differentiable. First of all we notice that we have

Ce,(f) = (67 = 2Lif) = IVif P+ o (Af)? = Bi- 5(Aif* — 27 Aif)
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We note that, unlike as in the diffusion case, the first order term gives a nontrivial
contribution. Since for A type component, we have

Aif? = 2f A f = —((f* = f2 o)) = 2f(f — fooip)

4,0

K

= (f = fooi)* =~

x“ K

Zi)

(A’i,lf)27

SO we get

Te(f)= <|vif|2 +Y 22[(1 + B xi,ﬂ(Ai,lf)?)
l

)

which is nonnegative if for all ¢, we have
1+ By -2y >0

Next we note that at a minimum point & for which components are outside reflec-
tion set, we have

i,Bi,l . Al,lf = +B’L,l . xi,lK/l <f o Ui,l(fQ) - f((:}))
%,

)

Thus, assuming V; ;x;; = 1, we have

(T? =B Tiy) f = (@)
V?,lf@)*’?vuf@ﬂ%(foffu(@)—f(@))—ﬁi,z-vmf(@)*-ﬂi,rfﬁi,z%(fovi,l(@)—f(@))

5l i, il

~ K] ~ ~
= Vi f(@)+ 2 (It B zig)(foou@) — f@) = 0
il
under the same condition for the coefficients as before. Using suitable limiting
procedure, one obtains similar result if any component of the minimum point
belongs to the reflection invariant set.
Hence we get the following condition for £ being a Markov generator.

Theorem 1
Suppose for all i,] we have
1+ Biwig >0

Then
Le(f) >0



and L satisfies the minimum principle, i.e. at a minimum point w € 2

(£f)(@) =0

Remark 1
Note that positivity of canonical quadratic form implies minimum principle for
functions f for which (f — min f )1/ 2 is in the domain of the generator.

Example 1
Suppose Q@ =RR and

Aif = —(f = fooy)

K
Wi
with £ > 0 and 0;(w); = (—1)%iw;. Supose

Bi = agn1 Wi+ Z am W™ + Mw; + Z bo H s(wg)
m=2,..,2n 0:031 keO

where a1 > 0, a, € R, n > 1, and bp € R, with finite sets O, and
Sup; ZO:OBj |bO| < 00, where §(ZL‘) = TXze[-1,+1] + Xze[+1,00] — Xz€(—o0,—1] and
with M > 0. Then conditions of the above theorem are satisfied provided the
coefficients a,,, m = 2, .., 2n, are sufficiently small in absolute value. (It should be
clear that one can add to such 3’s a sufficiently small continuous bounded func-
tions without harming the conditions of the theorem.)

Since L is densely defined and vanishes on constants, it is a Markov (pre-)generator.
Thus one can expect that, the corresponding semigroup P; = et~ can be well de-
fined Cp-Markov semigroup on the space of bounded (uniformly-)continuous func-
tions. If the dimension of the space is finite this is fine; in infinite dimensions this
requires more arguments which will be discussed later.

3 Generalised Gradient Bounds

Given a Markov semigroup introduced in the previous section and assuming that
it provides some mild smoothing properties, it would be interesting to consider a
problem when the following generalised gradient type bounds can be satisfied

D(P.f)? < Ce ™ PBI(f)1

where T is a quadratic form involving first order operators, C € R™, m € R and
q € [%, 1] are constants independent of f and ¢ € RT. In particular one could ask
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this question for the canonical I" form associated to the Markov generator or a
form |Tf|> =3, |T;f|*. Similar bounds involving differential operators may have
a variety of applications including ergodicity theory (cf. [16]) or certain smoothing
properties of the semigroup (see e.g. [5], [17], [36], [6], [27] and references therein).
Even in the case of diffusion operators in finite dimensions it is a hard problem for
which a relatively satisfactory solution currently only exists in case of (products
of) Heisenberg type groups; for ¢ = % the other groups constitute a formidable
challenge. Therefore one can expect that our case is even more challenging. Thus,
to gain at least some intuition, we discuss here a simplified situations starting from
a case of single field and one reflection.

With a function 7 such that n oo = —n and X7 = ¢, for some constant
e € (0,00), we set

_f—foo
o

Ay (f) = A(f) T=X+A

and
L=T?—pnT, with 8 > 0.

Then one has
(Tf)oo=-T(foo), (Lf)oo =L(foo).
Now for fs = Psf, we have
OsPs|Tfs|* = Prs(~LITfs|> + 2T fs - TL)

= Ptfs(_QF(Tfs) + 2Tfs : [Ta L]fs) < Ptfs(2Tfs : [T, ‘C]fs)
with use of —2T(T'fs) = —L|Tfs|* + 2T fs - LT fs < 0. Next note that

[T, Llg = [T, T = BnT)g = —BIT,nTg = —B(eTg + 2(Tg) o 0)
Thus
OsPro|Tfo]> < =2BPo(Tfs - (eTfs +2(Tfs) 0 7)) (1)
Repeating our computation for f, 0o = (P,f) o o,
OsPi—s(|(Tfs))? 0 0) = Pros(=L(Tfs 0 0) + 2(Tf5) o o(TLSfs) 0 0)  (2)

= P (CO0((TF) 00) + 2T F) 0 o(TLS) 00 — £(Tf, 00))
=P s(=2T((T'fs) o o) + 2(T'fs) o o ([T, L] f5) 0 0))
< =28P—s((Tfs) oo (2Tfs) +e(Tfs) 00)))
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Adding & , we obtain
0sPrs (TP + [(TFo) 0 0) < =22+ )BPs ((T )P + (T )P 0 0).
Integrating this differential inequality, yields
((TF )P+ [(Tf)P o 0) < e 2P PT 2 +|Tf|? 0 0).

Next, (although there is no doubt that what follows below can be done for general
case of classical (finite) Coxeter groups of Dunkl theory), to focus our attention
we consider the case of products of real lines each with a single natural reflection.
That is we consider

with V; denoting partial derivative with respect to i-th coordinate and

f—foo;

Wi

Az‘fElﬂ}

with a reflection defined by
(oiw); = (—1)%w;
In this setup we note the following relation, in which we set f; = Psf,
0sPrs|Tifil” = Pros(=LIT fi|* + 2T, fs - TL)

= P (=20 (Tifs) 4 2T fs - [T, L] fs)
< Ptfs(QTifs : [Tla ‘C]fS)

where in the last step we have used the fact that
_QF(Tifs) = _ﬁ‘Tifs‘Q + 2Tifs . ﬁTifs S 0.

We remark that in the current setup where all directions in the tangent space are
represented in the generator, we can afford to disregard otherwise vital nonpositive
term —2I'(T; fs). Next we note that, by our current assumption

T3, Lilg = [T, TF — BiTjlg = [T, BilTig
= —(ViB)T;9 — Ai(B;)(T9) o 0.

Combining this with our previous bounds, we obtain the following relation
OsPo—s|Tifs|? < 2P s (ViB)|Ti fs|*)=2Pis (Ai(8:) Tifs - (Tifs) 0 o)
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=23 Py (ViB)) Tifs - Tj )2 Prs (Ai(B)) Tifs - (T5fs) 0 07)
J# J#i
As compared to a conventional situation, where reflections are not in the game,
we have now got a trouble in the form of terms containing reflected factors. In
case when f3; = >, Gjpwi + 1 with Gy > 0 and G, sufficiently small, and 7; are
sufficiently small cylinder functions, at this point we could use quadratic inequality
to separate terms containing |7} fs|? and get the following bound

as]Dt—S‘EfS‘Q S _2aPt—s‘Efs‘2 + Pt—s (Az</81) |Tzfs o 0i|2)

3 P (VBT 1P+ P (JAB) (T3 £2) 0 03f?)
J#i J#i
with a constant

. 1 1

a<inf | Vif -3 Z IViBil =5 Z |Ai(8;)]
JF#i J

Solving this inequality with respect to P;_|T;fs|?, after integration with respect

to s € [0,t] and using supremum bounds for the coefficients, we arrive at

t
Tifi> < e RIT;f)? + HAz'(Bz')Hoo/ ds e =) P_|T; fs 0 0y
0

t
1A o [ ds e P(T ) 0o

i 0
At this stage, if P; is a Markov semigroup, one can pass to the following supremum
bounds

t
ITi fellse < eI Tif 1% + IIAz'(Bi)Iloo/O ds eI T £

t
I o [ ds e T
i 0
This relation allows us to show existence of a semigroup in infinite dimensions as
well as uniform ergodicity in sup norm if additionally o > 0 ([52], [16]).

Unbounded Drifts.

In what follows we would like to improve on that above by allowing nonlinear
unbounded drifts 8;’s as well as getting suitable pointwise bounds. To this end
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we will keep on an assumption that symmetric parts (8; + ; o 0;) are zero or
sufficiently small. Now we propose to consider simultaneously reflected terms, as
follows

asptfsu—‘ifs o 0i|2 = Ptfs(f‘cu—‘ifs o Ui|2 + 2(Efs) SE A (E'Cfs) o Ji) =
Pt—s(_QF(T%fs o Ui) + 2(Tzfs) oaj- ([Tla 'C]fs) o0+ 2(T1fs) o0y (('CTlf8) ©0; — *C(Tlfs © Ul)))
= Ps(=2D(T3 fs 0 i) + 2(Ti fs) o oi - {(=(ViBi) Ti fs — Ai(Bi)(T5fs) 0 o) © 03 })
+ D 2P o((Tify) 0 0 - {(=(ViB) T fo — Ai(Bj)(T;f) 0 0i) 0 0i})

J#i
+P;_ 2 ((Tifs) 00;- ((131' + Bi 0 o) Ti((Tifs) 0 00) + Y (Bj + Bj 0 o) Ty((Tifs) o Ui)) ) :
i
Since with some constant C' € (0, c0), one has

Tig|* < CTi(g),

as long as v = sup,; > y |1B; + Bj o 0il|2, < oo, with the use of quadratic inequality
we see that

_2F(TI7,fs o Ui)

+2 ((Tifs) 00 ((51‘ + B0 o) Ti((Tifs) o 0i) + > (B + Bj 0 o) Tj((Tifs) Ui)) )
i

C
< EV‘TZJCS o Ui‘z

This allows us to get
2 c 2
asPt—s|Tifs o Ui| < _2Pt—s (vzﬁz) 00; — Z’Y ’,Tzfs o O'i’

—2Ps((Ai(Bi) 0 0i)(Tifs) 0 0 - (Tifs))

—2 P (Tifs) 0 04 - {(((ViBy) 0 0) (Ty fs) 0 0 + As(B;) 0 04 (T} f))})
J#
This together with similar bound for s P;—4(T; fs) obtained before, yields

OsPi—s(ITi fs|”> + |Ti fs 0 0%

< 2P (ViB)I T o) = 2P (((viﬁn 00— Zv) [ Tifs 0 aili’)
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—2P_5 ((Ai(Bi) + Ai(Bi) 0 03) Ti fs - (Ti fs) 0 04)
—2> " Prs (ViBy) Tifs - Tj f)=2 Y Pios (Ai(B)) Tifs - (Tj fs) © 07)
J#i j#i
_2ZPt s vﬁj Oaz) (Tfs)oo'z’(Tfs)oo'z QZPt s ’(5j)00'i (Tzfs)oo'z(rjfs))
J#i J#i
We can simplify that by using the quadratic inequality to have

Os Pr—s(ITi fo* + | T fs 0 04*) < —=2M Py (|T3 fo]* + | Ti fs 0 04
+ 2 i Pres (T f + (T ) o i)
J#i
provided that

1 1 C
(Vi) + (Vi) 0 03 — S| Ai(Bi) + Ai(Bi) 0 03] — 5 Z%’j -z M
J#i
and where we set

Yij = [IViBjlloo + [14i(85) 0o

Now we are in much better shape than before. This is because the first condition
allows for (; other than linear, for example including

Bi = agnp1wi™ + Y awi+ Mwi+ Y Gawe+ Y bo [] s(wk)
1=2,.,2n ki 0:03i  keO

where ag,+1 > 0, n > 1, and a;, bp € R, with finite sets O, and sup; ZO:OBJ- lbo| <

o0, where () = ¥Xge[—1,41] T Xae[+1,00] — Xae(—o0,—1] and finally with M > 0.
Thus for such drift coefficients (;, integration with respect to s of our differential
inequality yields the following.

’Tift\Q +|Tift o Uz‘\Q

< e PMP(Tf1? + |Tif 0 0if?)

+ Z%J / ds e_gM(t_s)Pt—S(‘ijs’Q + (T fs) o Uilz)
JF#i
From this we get the the following bound as a simple implication.

Lemma 1

t
IT; £13 §2€_2Mt!Tif\|§o+22%j/0 ds e MO |1T £ 13
J#i
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With this inequality via standard arguments, (see e.g. [16], [49], [51] and refer-
ences therein), one obtains finite speed of propagation of information which allows
to show the existence of the semigroup in infinite dimensions and under additional
assumptions existence of invariant measure and strong ergodicity. That is one has
the following result.

Theorem 2

Suppose M, ~;; € R with ~;; > 0 and sup; Zj vij < 00. Then the Markov semigroup
P, is well defined in infinite dimensions. Moreover, if M > 0 and sup; Zj Yij >0
is sufficiently small, then there exists m € (0,00) such that

ITfellZ, < 2e ™| T2
with
ITgll% = > I Tigll%
i

In this case there exists a unique measure p with finite moments such that

I / faul% < e 2O ([T fo0)

for any cylinder function f with bounded ||T;f||%, with some constant C(|Tf|ls) €
(0,00) independent of t € (0,00).

Now we get back to our symmetrised with respect to o; inequality in our claim and
notice that, at least when our Coxeter group generated by reflections is finite, one
could consider full symmetrisation to get after resummation the following Gronwal
type inequality

. t .
HTft”(Qfor < 6_2MtPt||Tf||g’om + Z’%] / ds e_QM(t_S)Pt*SHTfSH(%om
J#i

with

ITglEo. =Y > ITigocl

i c€Cox

A simple application of this yields the following bound.

Claim With some m € R

ITfellZor < € ™ PITS||Zo
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One may expect that similar bound could be possible for square of a seminorm
in which we sum over i and composition with ¢ is replaced by projections (on
subspaces obtained via symmetrisation subordinated to Coz). One may hope that
the last could possibly survive also in the case when the Coxeter group is infinite
(at least on some smaller class of functions which are sufficiently quickly decreasing
to zero with the size of ¢ € Cox). This is for a moment an interesting, challenging
and widely open problem.

Remark 2 A theory of dissipative semigroups generated by Dunkl type operators
associated to noncommutative groups was recently developed in [52] and [53)] .

4 Quantum Dunkl Type Generators.

In this section we provide a description of linear dissipative semigroup with Dunkl
type generators in a noncommutative algebra A. While the principal objective
here is to provide a new noncommutative model, one could also potentially hope
for a possible application of such models to quantum information theory.

Let 05 € A, j € Z, be such that o7 = 0y, O'j2- =1 and {o0j,0,} = 0. Define maps

A>3 f— ij(f) = O’ij‘k e A.

Then we have

6% =1 and &;1(fg) = &;1(f)Skr(9) = &;;(f)S;r(9)-
Define

AL (f) = ke(f = G (f)) and AL (f) = (f — S;r(f) Rk
with &,;(kjr) = —rjr and Sy (Kji) = —Kji . Then we have
AR(AR() = Af (ki (f — S5r(f)))
= k(R (f — Gk (f)) — Sjk(kik(f — Gk (f))))-
Since
Sik(rjk(f = Gjk(f)) = —rjn(Sjk(f) — 6% (f)) = —rk(Sk(f) — f)
= ki(f — Sk (f))

we obtain

Af(AR(f) =0.

Similarly we have
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AR (AR (f)) = 0.
We also note that

Iijk

AR(AL() = AR (ki (f=S5k(f)) = (kin(f =S5k () =S (kin(f~S5x(f))))
= (rjn(f = G(f)) = (Rjr(f = &1 () Rjk =0
and similarly
AL (AR(f)) = 0.
Next consider a derivation 0;(f) = [0y, f],which satisfies

01(0j) = 20105(1 — ;).
Then, for [ # j, k, we have

0(&;k(f)) = dilojfor) = di(oy) for + a;01(f)ok + o falor)
= —20j0,for + 0;0/(f)or + 0;f20101, = —0;6(f)ok
= —6k(d(f))-
That is &j;is a reflection in the sense of [52], [53] (in the direction of “tangent
vector” d).

Using this we can introduce the following generalised derivations

Tf=Vf+A(f)

with components T; = V;+ A; , [ € Z, defined by V; = §; and

Ay =Ab + AR

We define an operator

Lif =T2f = (67 + 07+ A6 f =Lof +{Vi,A}f

and its associated quadratic form

Ur,(f) = 5(L(f*f) = Li(f*) f = FLi(f))-
Note that
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e, (f) = = (&) a(f) + L5, (f)

where

Lo (f) = %({%/Az}(f*f) — {0, Ay (f)f = {01, Ai ()

- 1i[cMAf}(f) + F{al,AlR}(f)-
Since, using reflection property 61(6jk(f)) - —ij(5l(f)), we have

{01, AL H(f) = 2660 (f) + 81(kji) (f — Sji(£))

S AR )~ (6 AP — 1 (00 AFY) = 2l )+
5 Gils) (7 = Sa(F° 1) = ilsgn) (= S3u(F)) f = F0ilea) (F — S3u())).
The second part on the right hand side can be represented as follows
5 Gls) (7T = S 1) = 6ulsge) (F* = S f = S0 — S3u()
= 0l (7~ S (f —~ S3()
s (NS — Sl) + () — S35 (F)S ()
5 ([0s0), 17~ S(1))

In particular we see that for a special case j = k, we obtain

% G1(ke) (ff = Gu(f7f)) — dulkje) (fF — Gk (f*) [ — fro1(kj)(f — Gjk(f)))

1 1

= =50k (f = G55(N))" - (F = 645(F)) + 5 ([aulky), fI(f = 655(f)))

and hence, we have
Uisary () = =2([k55,. /1) a(f) - %&(Hjj)(f =&, (f —65;(f))
5 ([0si), £~ S55()).
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Similarly, we have

Uisam (f) = 200(f)[Fjn, f1+

5 (P = Sl F Nags) — (5 = S (FN Gl f = £7(F — S £)ulisn))

and

% (ff =Gu(f fNO(Fr) = (f = G (f) 0(Rjr) f — [ (f — Gr(f))di(Rjn))
= ("~ SN — S1)Biln)

+i (S () (Sj(f) — Srr(f)) + (S (f7) — G55 (7)) G (f)) di(Rjk))

5 = S(F D), f]

Again, for j = k # [, we can simplify this expression as follows

(ff =G (f f)o(Rjn) — (fF — S (f)) du(Fjw) f — [*(f — Gjw(f))0i(Fjr))

N |

= (" = SN — S (NalRss) + 37" = S35 Bi(s), 1

Hence we get
Pty (1) = 2060000 s, £~ 5 (F ~ 85500 - (F — 55(F)bi(is)

1 * * ~
+5 (7 = G (f)IaE;), f]
Assuming
kjj = Koy and Kjj = Koy,
combining our calculations we arrive at

U (f) = =(1 =25 = 28)(6u(f)")0i(f)

which is nonpositive provided 2x + 2k < 1. Thus an operator
Lf=Tf =T}/

is Markovian. We remark that in general the operators T; may not commute
(and thus we are in general setup of [53]).
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5 On Nonlinear Dissipative Dynamics.

To begin we mention first that in [48] an interesting nonlinear dissipative dynamics
of jump type was introduced and studied for infinite interacting systems of classical
spins on a lattice. The generator of this dynamics is formally given by

Li=% (BT
where
Eif = §log Ex e/

with Ex.; denotes a conditional expectation given a configuration of the system
in Z%\ {X + 1} associated to a Gibbs measure and 8 € R\ {0}. (The elementary
operator in the sum can be understood as a Glauber type generator corrected
by the relative entropy part.) One can show that the corresponding semigroup
P, = e~ preserves unit and positivity and it was demonstrated there that ,under
suitable mixing condition, the corresponding dynamics is exponentially ergodic
([48]. Without getting into more detail, (a more extensive description can be
found in [55]), such kind of dynamics could prove to be interesting in relation to
certain optimization problems, (see also a work [39] for some other application of
nonlinear averages to economy).

A desire to construct and understand nonlinear noncommutative dissipative
dynamics led to the paper [33] where in particular the following result was proved.
For E;,i = 1,...,n, being linear, positive and unital operators on a C* algebra A,
we define £ : D(F) — A,

L(x)=>1" ajlog Ei(e*) — x,
with
D(F)=AunNK(@x,r)={ye A:||z—y|<r}, r>0,

and o > 0, 7" | oy = 1. Note that £—(e"—1)I is strictly dissipative, because

| log Ei(e™?) —log Ei(e™) [|< € [| g — a1 |,

and so,
Vo € J(xg — x1) = (tangent functionals at xo — 1)

R(p, Flrz) — F(21)) = 3 aidhlp, log Bi(e™?) — log Ey(e™))— || a5 — a1 |
=1
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n
<Y ailllog Ey(e™) —log Ey(e™) || = | w2 — 21 < (¢ = 1) w2 —au ||
1=1

Moreover, one point dissipativity also holds
Vx € D(F)\{0}Vp € J(z)

R(p, F(z)) = Y aii(plog (€)= ||z |< Y ai || log Ei(e") || = ||z | < 0.
i=1 i=1

Hence we have the following result (see [33] for details).

Theorem 3 The operator
n
L(x)= Z a;log Ei(e") — z,
i=1

generates a Lipschitz semigroup Sy : D(F) — D(F) which is contractive and
preserves unit and positivity, i.e. (S¢)i>0 is a conservative Markov semigroup.

It is a challenging problem to obtain an infinite dimensional extension of this result
and ergodicity theory for the corresponding semigroup.

Remark 3 It is also an interesting open question, if it could be possible to extend
a classical nonlinear annealing algorithm of [55] to study a challenging problem of
determining ground states for large interacting quantum systems.

A theory of nonlinear dissipation for infinite dimensional interacting systems has
been developed over time in [21I], [I8] and recently in [I9]. In particular in the
last work we have used log-Sobolev inequality to provide a solution of Reaction-
Diffusion type problem when, first of all the underlying space is infinite dimensional
and secondly, when one can have different type of mixing. That is we have studied
a system

q q
Opu; = Liui + (B; — o) kHu?“ —1 Huﬂﬁ] ’
Jj=1 Jj=1

wherei =1,...,q; a;,8; € RT, 8; # ay;and L; an operator which models how the
ith substance diffuses, with a key assumption being that these generators satisfy
log-Sobolev inequality



with a given probability measure p and a constant ¢; € (0,00) independent of a
function f.

This inequality played in the past an essential role in development of ergodicity
theory for infinite spin systems on a lattice, (see e.g. [47], [24]), and it is expected
that it will be similar in the discussed case of R-D systems ([20]).

As we mentioned in the introduction a general theory for log-Sobolev inequality
and associated hypercontractivity property for corresponding linear dissipative
semigroups in noncommutative algebras was introduced and initially studied in
[42]. In general there is still a number of elements well known for classical case,
but hard to get in the noncommutative case. One of them, the equivalence of log-
Sobolev inequality to Sobolev-Orlicz type inequalites (as introduced in [§]), was
recently obtained in [2], but still there are many other (including perturbation and
product property) awaiting to be understood. One of possibly promising direction
of the progress should be the one including the systems with classical potentials
for which jump type dynamics can be well defined for the infinite system. In this
case one can expect that for any local observable f we have the following limit

where E; denotes a completely positive map given by a generalised conditional
expectation which is symmetric in Ly ; o(w) space, with suitable sequence (ix)ren
”going infinitely many times through each site of a lattice” in the sense of [51].
(In the Appendix at the end of the paper we discuss briefly some matters related
to this and other type of limits involving generalised conditional expectation given
by completely positive map.)

Appendix. Towards the Martingale Convergence Theorem
in Noncommutative L, Spaces:

At this point it is interesting to notice the joint monotonicity inequalities for
IL,, 1 /2(w) norms obtained in [2], with w = Tr(p-) = Tr(P~!.) where P = P* > 0
with TrP~! = 1.

Theorem 4 : VYa € [0,1],Vr =2n,n € N

Tr|p(P) "o (f)p(P) /7|7 < Te| P~ P = | fll pos g
where ¢ is a Completely Positive Mapping.

Let
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(,9) P = TR(P070) [ Pretg) = Ty(Po/2 [ P01y (P2 p=(1=e)/2)
and
Exo(f) = Trx(Vx 0,0/ VX 0, R)
with
YX,a,R = p~(1-a) (TTXP_I)_(I_O‘) = 7;(71—0@ . Then we have
(Ex (1) Ex.a(0) £x o (Pra = TH(Ex a(P) " Ex o(f) Ex.a(P) ™ Ex.a(9))
with
Exo(P) = Tex ((Tex P~1) =) P~ PP (Tex P 1) ~(179)) =
=Trx((Trx P~ = (Tex P71~ L
In particular for a = %, we have that Ex (-) is a completely positive map.

The Product Case.

We consider first a product state given by

P=®} Py
where P, = Px, € Ax,, k = 1,...,n, are commuting positive matrices s.t.
Terkij1 =1, and for n > j € N set P>; = @_,Ix ®p—ji1 Pr and Pop = 1.
Then, we have

[lici Exya(P) = Exja(P) = Py
In the current situation vx, o,r = P_(l_a)(TerP_l)_(l_o‘) = P);IE

—_ —(1— —

Exialf) = Trx (P Py ™) = Tex, (Px f).
In a special case a = %, we will omit the index a writing Ex, (f) = Ex, 1/2(f)
and || f||» = [|f]l1/2,,- The monotonicity result above, yields

1B25 (Dl ey, py-1 0 = 1B B2 j—1 (Dl by, Boyor (P10

< NEzj-1(Nlles;_y(p)-1r

1—a)

For j = n, we have
1E=n () B, py-1.r = 1E=n ()]l 1,
and
Bon(f) = Ti(P~Lf) = w(f).
Naturally this can be generalised to infinite product states with the claim that
Mmoo [| B> (Nl B (p)-1,r = [w(f)]
for any local observable f.
Next consider a family of completely positive operator of the form
Ex(f)=Trx(vxfrx), X CCR
which are symmetric in Lo(w) = L, 1(w) and unital. Let us assume that there
2
exists a commutative subalgebra A. such that vy € A. and Ex(A;) C A. .
Suppose a family
{Ex}xem,, for some countable Ry C R, is ergodic in the sense that
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Vf e A, nhﬁnolo EXn R EXl(f) = w(f) (3)

and

Vg € Ap , with a dense subalgebra A4y C A, I3n € N Ex,...Ex, (g9) €
AN Ap.
Then, for f = Fx,, ... Ex,(g9) € A. N Ay given by g € Ay with some m € N, we
have

limn_mo EXn e EX1 (f) = w(f) = w(EXm e E'X1 (g)) = (]l, EXm SN EX1 (g)>2,w'
Since by our assumption Ey are symmetric and unital, by induction we get

<EXm (]1)7 Ex,, ... Ex, (g)>2,w = <]l7 Ex,, ... Ex, (g)>2,w = <]l>g>2,w = w(g)'
In particular this idea can be used for system with classical interaction, i.e. when
for f € Ay

w(f) =limp_; Tr(e Urf)/Tr(e=Un)

with

Un =X xnnzp Px, and @x € AN A with supjem D x o, x5 [[Pxlla < oo;
and one is given a family

{Trx : X CR,|X| <oo|Tr(Trx(f)) = Tr(f), TrxTrx(f) = Trx(f), Trx (1) =1} .
When restricted to A., the corresponding structure reduces to the one known
in the classical Gibbs measure theory. In particular all EFx act as the classical
conditional expectations and one can formulate for them conditions which assure
the ergodicity (3) holds (cf. [24]).

In similar spirit one can also discuss more general sequences (Eyp,, : Ay, C Apy1).

(0]
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