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1 Introduction

The AdS/CFT correspondence (see e.g. [1-4] for reviews) relates a string theory on a
d-dimensional anti-de Sitter space (AdS;) to a conformal field theory (CFT) on its (d —1)-
dimensional conformal boundary, 0AdS,. This correspondence is a particular realization

of the more general concept known as holographic duality. In general, the latter relates

gravity theories with gauge field theories in a large-N limit [5], where N is associated with



the rank of a gauge group. Powerful tools introduced by holographic duality have found
interesting applications, not only in string theory but also in as diverse fields as nuclear
and condensed matter physics.

Essentially, the power of holographic duality lies in the fact that it often relates a
perturbative regime of a theory on one side of the correspondence to a strongly coupled
regime of a theory on the other side and vice versa. This, in turn, allows one to extract
information about the behavior of the theories at strong coupling, to which the perturbative
methods do not normally apply.

Instances of holographic dualities include the AdS;/CFTy_; correspondences [6] for
d = 2,3,4,5. The most developed and the best understood example is the AdS;/CFTy
correspondence between type IIB superstring theory in an AdSs x S° background and
the SU(N), N' = 4 supersymmetric Yang-Mills (SYM) theory on the four-dimensional
conformal boundary of AdSs. A striking feature of this correspondence, based on the 4-
dimensional superconformal group PSU(2,2[4), is the integrability of both the AdSs x S°
superstring theory and the planar limit (N — oo) of the SYM theory [7, 8]. It connects
the regime of perturbative gauge theory with the regime of perturbative string theory.
Integrability has also been observed in other instances of the AdS/CFT correspondence.

Integrability manifests itself in various features of the theory. For instance, it is believed
to be at the core of the relation between planar scattering amplitudes and Wilson loops
at strong and weak gauge coupling in the SYM theory, and is related to the existence of
a hidden dual superconformal symmetry of gauge theory scattering amplitudes which acts
on the momenta as ordinary conformal symmetry acts on coordinates and associates each
amplitude to a string worldsheet in a dual AdS space (see [4] for a review and references).

On the string theory side, the existence of the dual superconformal symmetry is at-
tributed to the self-duality of the superstring sigma model under (Buscher-like) T-duality
transformations of fermionic and bosonic string modes on the worldsheet associated with
certain (anti-)commuting isometries of the AdS; x S° background [9, 10] (see also [11]).
In turn, this self-duality is an immediate consequence of the important property that the
combined bosonic and fermionic T-dualities do not change the values of the AdSs x S°
background fields, in particular the Ramond-Ramond flux and the dilaton (see [12] for
review and references).

Fermionic T-duality and its relation to the dual superconformal symmetry are pretty
well understood and studied in detail in the case of the AdSs x S° superstring and cor-
responding dual N’ = 4 SYM theory [9, 10, 12]. However, the manifestation and role in
the AdS/CFT correspondence of the fermionic T-duality of the sigma models describing
superstrings in less supersymmetric integrable! AdS backgrounds which give rise to other
examples of AdSy/CFT,4_1 correspondence, such as AdSs x.S% x M6 AdSz x93 x M* (where
MY0=24 s a compact manifold, e.g. 710724 or S x T10-39) and, especially, in AdS, x CP3
are much less understood.

!The classical integrability of the (full) superstring in these backgrounds has been analyzed in [13-18]
and recently a general construction for all symmetric space Ramond-Ramond backgrounds preserving some
amount of supersymmetry was given in [19].



In particular, the AdS,; x CP? background, which preserves 24 out of 32 supersym-
metries of the type ITA superstring theory remains the most challenging case, since it
seems to face obstructions in performing the fermionic T-duality of the corresponding su-
perstring sigma model [20, 21] and the supergravity background itself [21-24]. On the
other hand, results in the dual field theory indicate that the AdS; x CP? string model
should be self-dual under bosonic and fermionic T-duality transformations. In fact, dual
superconformal symmetry appears in the planar amplitude sector of the ABJM model
both at the tree level [25, 26] and at the loop level [27, 28], Yangian invariance has been
observed at the tree level [29], and the amplitudes/Wilson loop duality has been found
up to two loops [30, 31]. In [21] it was assumed that an obstruction in performing the
fermionic T-duality may be caused by the presence of worldsheet fermionic fields associ-
ated with 8 broken supersymmetries [32] in the complete superstring Lagrangian. Indeed,
the role of the ‘broken supersymmetry’ fermions still needs to be better understood and
reconciled with other issues caused by a singularity of the bosonic and fermionic T-duality
transformations along CP?3 isometries, as observed for example in [20, 24, 33].

We will leave aside the AdS, x CP? case in this paper, concentrating rather on the study
of remaining issues of the T-duality of superstrings on AdS; x S x M'0~24 hackgrounds,
with the hope that the better understanding of the latter may also provide new insights
into the issues of AdSy x CP3.

So far T-(self-)duality has been demonstrated for supercoset sigma models associated
with strings propagating in AdS; x S? (d = 2,3,5) upon imposing a partial gauge fixing
of the kappa symmetry of the sigma model actions by putting to zero a quarter (complex
spinors) of the supercoset fermionic modes [9, 10, 20]. In [9], the T-self-duality of the
AdSs x 8% superstring was demonstrated in the pure spinor formulation, which does not
possess kappa symmetry but is instead BRST invariant. The proof used BRST cohomology
arguments to extend the kappa-gauge fixed result of the Green-Schwarz formulation to the
whole set of the fermionic modes of the pure spinor string. As was mentioned in [9], if the
T-dualised Green-Schwarz action could be written in a kappa-invariant form, in order to
directly prove the T-self-duality of the pure spinor action, one could use the prescription
of [34] which relates the Green-Schwarz kappa symmetry transformations with the pure
spinor BRST transformations.

In the cases of the AdSy x S¢ supercoset models (with d = 2,3) an additional issue
arises. It is related to the fact that the supercoset models describe only particular sectors
of the complete superstring theories on the AdSy x S¢ x M1972¢ backgrounds. In the
d = 3 case, these backgrounds preserve 16 of the 32 supersymmetries in ten dimensions,
while in the d = 2 case the number of preserved supersymmetries reduces to 8. Therefore,
respectively, only 16 and 8 fermionic modes on the string worldsheet can be associated
with the fermionic directions of the corresponding coset superspace, while the remaining
16 and 24 fermionic modes correspond to broken supersymmetries. The supercoset sectors
of the theory are non-trivially coupled to the non-supercoset directions M0~2¢ via these
fermionic modes.

In the d = 3 case, one can use kappa symmetry to put all the 16 non-supercoset
(‘non-supersymmetric’) fermionic modes to zero, but this gauge fixing is not admissible



for a wide class of classical string configurations (including those when the string moves
only in AdS3 x S3, [35]). Moreover, though the AdSs x S? supercoset sigma model with
16 fermions possesses kappa symmetry with 8 independent parameters (see e.g. [20]), this
kappa symmetry is broken when the supercoset model is coupled via the Virasoro con-
straints to the T? sector of the complete superstring action in AdSs x S% x T4 [13] in
which the 16 non-supercoset fermions have already been kappa gauge fixed to zero. In
other words, the kappa symmetry of the AdSs x S supercoset subsector is part of the
kappa symmetry of the complete 10-dimensional superstring and is lost when the latter is
completely gauge fixed.

In the d = 2 case kappa symmetry allows one to remove (for certain classical string
solutions) only 16 of the 24 non-supersymmetric fermions, so at least 8 non-supercoset
fermionic modes are always present in the AdSs x S? x MY string spectrum (see e.g. [13, 15]
and references therein for the discussion of these issues). In these cases the self T-duality of
the corresponding supercoset models has been proved in a (partially) fixed kappa symmetry
gauge where some of the fermionic coset coordinates are set to zero [20]. However, when the
supercoset models are used to describe a gauge-fixed sector of the superstring sigma model
where kappa symmetry has already been used to remove (part of) the non-supersymmetric
fermions, one cannot use kappa symmetry anymore for proving the self T-duality of the
corresponding supercoset sectors of the AdSy x S¢ x M19~2¢ superstrings.

In view of the above mentioned issues, it is important to demonstrate explicitly the
T-self-duality of superstring theory on the AdSy x S x M'0~24 backgrounds without fixing
kappa symmetry and taking into account the non-supercoset fermionic modes. This is the
main goal of this paper. Specifically, we verify the combined bosonic and fermionic T-self-
duality of Green-Schwarz supercoset sigma models on AdS; x S? backgrounds (d = 2,3,5)
without fixing a kappa symmetry gauge. Furthermore, we prove the same for AdS,x.S%x §¢
backgrounds (d = 2, 3) described by supercoset sigma models with the isometries governed
by the exceptional supergroups D(2,1;«) (for d = 2) and D(2,1;a) x D(2,1; «) (for d = 3).
In these supercoset models (which, by the way, do not possess kappa symmetry), in order
to map the dualised actions to the original ones, the T-dualisation of d — 1 directions
in AdSy and of 2(d — 1) fermionic directions should be accompanied by T-dualisation of
(complexified) d — 1 directions of one sphere.

We also prove the T-(self-)duality of complete type IIA and IIB Green-Schwarz su-
perstring actions on AdSz x S% x T* and AdSs; x S? x T® backgrounds with different
Ramond-Ramond fluxes, by taking into account (up to the second order) the contribution
of their non-supercoset fermionic modes. An important consequence of the presence of these
non-supersymmetric fermions is that for the actions to be invariant under the combined
fermionic and bosonic T-duality transformations, the latter should involve the dualisation
of half of the torus directions. This is in accordance with results of [36] in which the com-
bined bosonic-fermionic T-duality of some of AdSy x S x M0~2¢ superbackgrounds was
studied from the supergravity perspective.

In this respect, for completeness, in section 7 we extend the results of [9, 36] (see
also [22-24] for the AdS; x CP? case) and prove (using the T-duality rules [37-39]) the
invariance under the combined T-duality of the whole class of the AdS; x S¢ x T10-2d
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Figure 1. The idea of self-duality we study is that a sequence of fermionic and bosonic T-dualities
returns us to the same background. This is depicted here for the case in which we start with type
IIB AdSs x 52 x T supported by F(®) Ramond-Ramond flux, in which the bosonic duality is along
the only boundary direction of AdS and along three torus directions. The other cases are similar,
although the number of Killing spinors varies, and for AdSy x S% x S¢ x T1073¢ cases some of the
four bosonic dualities are along complexified Killing vectors of one sphere.

superbackgrounds with Ramond-Ramond fluxes (see figure 1). The combined T-duality
involves the directions along the (d — 1)-dimensional Minkowski boundary, half of the 7%
torus directions and 2(d—1) complex fermionic T-dualities. For the AdSyx S%x §¢ x 710-34
cases we also find it necessary to perform bosonic T-duality along complexified directions
of one sphere.

2 General setup

In this section, we recall some basic facts about superstring sigma models and their T-
dualisation.

The conventional form of the Green-Schwarz action describing the propagation of a
superstring in a generic 10-dimensional type II background is [40]

S=—-= / (*EA ANEPnap + 26By). (2.1)
2

Here, T' denotes the string tension and ¥ is a 2-dimensional worldsheet with a curved
metric hyy(7,0) of Lorentz signature so that the corresponding worldsheet Hodge duality
operation * squares to one (¥?> = 1) when acting on one-forms.? The £4 = £4(X, ©) with
A,B,...=0,...,9 are vector supervielbeins where (X, ©) are target space coordinates (10
GraBmann-even (bosonic) coordinates X and 32 Grafimann-odd (fermionic) coordinates
©) and (nap) = diag(—1,1,...,1) is the 10-dimensional target tangent space Minkowski
metric. In addition to 4 = SA(X,G)), the description of the geometry also involves
spinor supervielbeins £4 = £4(X, ©) with &, B,...=1,...,32. Furthermore, By(X,0) is
the worldsheet pullback of the Neveu-Schwarz-Neveu-Schwarz 2-form gauge superfield. In

*Explicitly, in local coordinates (7,0) on , *€4 A £F = \/—det(h,s) hPIESED.



the models in which we are interested, it has vanishing field strength at © = 0, that is,
dBsle=p = 0. Kappa symmetry invariance requires the coupling constant x to be £1. In
what follows, we shall choose k = 1. Note that for generic supergravity backgrounds, the
action (2.1) is known explicitly up to fourth order in © [41].

We will be interested in (bosonic) symmetric space backgrounds of the type AdSy x
S x 719724 g =2 3 5 and AdSy x S x S x T19734 g =2 3. As shown in [15] for d = 2
and in [19] in general, the full type II superspace corresponding to these backgrounds
contains a sub-superspace which is a supercoset space G/H = {gH |g € G}, G being the
superisometry group and H the isotropy subgroup of the background in question. For
a background with no Neveu-Schwarz-Neveu-Schwarz flux, G/H is, in fact, a so-called
semi-symmetric superspace meaning that the Lie algebra of G admits a Zs-automorphism
Q) : G — G whose fixed point set is H, that is, 2* = 1 and Q(H) = H. Correspondingly,
there exists a truncation of the Green-Schwarz string action to a supercoset sigma model.
If the background admits at least 16 supersymmetries, this sigma model can be viewed as
a kappa symmetry gauge fixing of the full superstring (for configurations where this gauge
fixing is consistent). Below we give the coset superspaces relevant for our discussion.

Zs-graded coset superspaces. For the AdSy x S x T10~24 hackgrounds, we have the
following supercosets?

P 2,2|4
d=5: SO(lS,Ii)( >’< S|O)(5) = AdSs x S° + 32 fermionic directions,
P 1,112) x P 1,12
d=3 SUéI}(L i)xx SS[IJJ((Q; 2 = AdS3 x S + 16 fermionic directions,
P 1,1]2
d=2: SU(, 1]2) = AdSy x S% + 8 fermionic directions . (2.2a)

SO(1,1) x U(1)
while for AdSy x S x §% x T1073¢ we deal with
D(2,1;a) x D(2,1; )
SO(1,2) x SO(3) x SO(3)
D(2,1;a)
SO(1,1) x SO(2) x SO(2)

d=3: = AdS3 x S x S2 4 16 fermionic directions,

d=2: = AdSy x 8% x S% 4 8 fermionic directions, (2.2b)
where 0 < o < 1. Note that while for d = 5 the coset superspace describes the full super-
string theory, for d = 2,3, the listed coset superspaces describe only those subsectors of
the full superstring theories in which the non-supersymmetric fermions have been removed
by truncation/gauge-fixing and the string does not fluctuate along the torus directions.

Maurer-Cartan form. The Zjs-automorphism © : G — G induces a corresponding
automorphism on the Lie superalgebra g of G, which we shall again denote by Q : g — g (see
e.g. [42] for a classification). We therefore have a decomposition g ® C = @fnzo g(m) into
the eigenspaces of €, that is, Q(V,,)) = i" V() for Vipny € g In addition, [g(m), 8n)] €
9(m+n mod 4) and g(g) is the Lie algebra of H. Furthermore, g comes with a Zj-grading,

3Note that since all these coset superspaces are smooth supermanifolds, they naturally fiber over their
bosonic part, that is, they are smooth vector bundles with bosonic base and fermionic fibers.



and the generators of g) and g(y) are bosonic while the generators of g(;) and g(3) are
fermionic. For various general properties of the Lie superalgebras associated with the Lie
supergroups appearing in (2.2), we refer the reader to e.g. [43].

Next, we consider maps ¢g : ¥ — G from a 2-dimensional worldsheet Riemann surface
Y with an (arbitrarily chosen) Lorentzian metric into G and introduce the (pull-back to X
via g of the) Maurer-Cartan form

J = g ldyg. (2.3)

Here, d denotes the exterior derivative on ¥.* By construction, the g-valued differential
1-form J is invariant under global left G-transformations g — gog for go € G and satisfies
the Maurer-Cartan equation, dJ — J A J = 0. Using the Zj-automorphism €2 : g — g, we
may decompose J into the eigenspaces of €} according to

J=Joy+Jay+ o)+ Iz with  Q(Jn) =" J ). (2.4)

It is then straightforward to check that under local right H-transformations g — gh for
h € H, the part J) behaves as a g(p)-valued connection 1-form, Jig) hilJ(O)h +
h~1dh, while the Jmys for m = 1,2,3 transform adjointly, J,) — hilJ(m)h. Since the
physical fields will take values in the coset superspace G/H = {gH |g € G} for (2.2), the
corresponding action must be invariant under such local right H-transformations. This, in
turn, implies that the action will involve only the J,,) for m = 1,2,3. Correspondingly,
G/H is parametrised by d}, bosonic local coordinates X and dy fermionic local coordinates
v, where dy, + d¢ := dim(G/H) = dim(G) — dim(H), so that we will be dealing with maps
(X,9) : ¥ — G/H. Furthermore, J3y play the role of bosonic supervielbeins while J;y and
J(3) play the role of fermionic supervielbeins.

Supercoset action. The supercoset string action for a Zs-graded G/H coset superspace
is constructed from the 1-forms J,,y for m = 1,2,3, and it has the following form (see [13,
44-49] and references therein)

T
S = _T/EEG/H = 3 /E Str(*J(Q) A J(Q) + J(l) A J(3)). (2.5)
where Str denotes the supertrace compatible with the Z4-grading,
Str(Vim)Viny) =0 for Vi) € ggm)y and m+n # 0mod 4, (2.6)

As in (2.1), in the non-exceptional cases the relative coefficient of the two terms in (2.5)
is fixed by kappa symmetry, while in the exceptional cases the action (2.5) is not kappa
symmetry invariant [50, 51]. In the latter cases, the relative coefficient gets fixed by their
relation to the original Green-Schwarz action and/or by integrability of the sigma-models.
Clearly, the action (2.5) is invariant under rigid left G-transformations and local right H-
gauge transformations. The Wess-Zumino term (the second term in this action) was first
given in the above form in [47]. Comparison with the Green-Schwarz action (2.1) tells us
that By = %Str(J(l) A J(3)).

4In our conventions, d acts from the right.



Schematic form of the superconformal algebra. The T-dualisation of the
action (2.5) is performed along certain bosonic and fermionic directions of the G/H super-
coset which correspond to an (anti-)commuting (that is, Abelian) subgroup of the isome-
tries of the underlying coset superspace. To identify these isometries, one chooses a basis
of the Lie superalgebra g of G which is associated with the superconformal group on the
Minkowski (conformal) boundary RY%=2 of the AdSy space. In this basis, g is described
schematically as follows. The bosonic conformal algebra and the R-symmetry on R 4~2
are given by (we only display non-vanishing commutators)

[P,K]~D+M,
[D,P]~ P, ID,K]~K, [M,P|~P, [MK]~K, (2.7)
(M, M] ~ M, [R,R] ~ R,

where P are the (d—1) translation generators, M are the 3 (d—1)(d—2) Lorentz generators,
K are the (d — 1) conformal boost generators, and D is the dilatation generator. In the
AdSy x S case the R-symmetry generators R are associated with the SO(d+ 1) isometries
of §¢, while in the case of AdSy x S% x S¢ they correspond to the SO(d + 1) x SO(d + 1)
isometries of S x S¢.

The superconformal extension of the algebra (2.7) contains the fermionic generators
Q, Q, S, and S which are the complex supersymmetry and superconformal generators
related by Hermitian conjugation (the specific form of the conjugation rules depends on
the chosen superalgebra), each being 2(d — 1)-dimensional. The additional non-vanishing
(anti-)commutation relations have the following schematic form

D,Q~Q, [MQ~Q, I[KQ~S, [RQ~Q+aQ, (2.80)
[D,S]~S, [M,S~S, [P,S]~Q, [RS]~S+al, '
and similarly for Q and S , plus
{Q,Qy~P, {SS}~K, {Q,St~aR, {Q,S}~aR (2.8b)

{Q,S}~D+M+R, {0, ~D+M+R.

In these relations, « is the parameter appearing in the coset superspaces (2.2b). Note that
the d = 2,3 coset superspaces in (2.2a) are obtained from those in (2.2b) by taking the
limit o — 0. Hence, in the case of the AdS, x S x T'10~2¢ hackgrounds we simply set o = 0.

In summary, the Lie superalgebra g is generated by g = (P, K, D, M, R, Q, Q, S, S) and
described by the (anti-)commutation relations (2.7) and (2.8).

Choice of Z4-grading. As we shall see below, the specific choice of a Z4-grading and its
superconformal splitting onto Abelian sub-isometries are crucial when performing the T-
duality transformations — an inappropriate choice would make the proof of the self-duality
of the complete superstring actions much more complicated if at all possible. Decomposing
the R-symmetry generators R as R = (R, R2)) with Ry € gy and R € g(g), the
Z4-grading we shall be using is formally of the form

g(O) = <P+K7 M7 R(O)>7 9(2) = <P - K7D7R(2)>7

A U (2.9)
g1 = (Q—-5,Q-5), g3 = (Q+5,Q+5).



We emphasize that the specific form of the decomposition R = (R(g), R(2)) will depend on
the particular form of the superconformal algebra, and we shall say a few things about this
in the next paragraph.

Coset representative and associated current. In the AdSy x S x T19724 case, the
form of the superalgebra (2.7) and (2.8) (with a = 0) implies that the (d — 1) generators
P and 2(d — 1) complex supercharges @ are in involution, and, hence, a maximal Abelian
subalgebra of g is simply (P, Q). Thus, the (anti-)commuting isometries of the G/H Green-
Schwarz sigma model can be associated with (P, Q).

In the AdS, x S¢x S¢ case, the situation is somewhat more complicated, and as we shall
see in section 6, a maximal Abelian subalgebra of g is again generated by P and @ but also
by some of the R-symmetry generators which we denote formally by L. To jump ahead
of our story a bit, we will have one complex generator L = L}k for d = 2 and two complex
generators L, = Li’z for d = 3. Hence, the (anti-)commuting isometries are associated
with (P, @, L) in this case. In the following, we shall denote the Hermitian conjugate of
Ly by L_ and we have [L},L'] ~ Ly ~ [L2,L2]. In view of the Z4-grading (2.9), it turns
out that LY + L' € g, L} — L1 € g2y, L2 — L% € gg), L3 + L* € g2), and L3 € g(z)
will be the appropriate choice. See section 6 for details.

Motivated by this discussion, to perform the T-dualisation of the action (2.5) along
these isometries, it is convenient to take the supercoset representative g in a form similar
to that of [9, 10, 51]

g = e”P+6Q+\/a’\+L+eBe55, eB = eéQ+éé|y|De_‘/a’\3L3Aa(y) , (2.10)
where z are the coordinates of the Minkowski boundary and |y| is associated with the
radial (bulk) direction in AdSg. In the AdSy x S% x T'0~2¢ case (a = 0) the coordinates y
parametrize S¢, whereas in the AdS; x S% x S? background (« # 0) one S¢ is parametrized
by y and the second one is described by A; and A3. The latter coordinates are assumed
to be complex (we will explain this in more detail in section 6). Moreover, the specific
form of A, = An(y) will depend on the chosen background. The set of 2(d — 1) (complex
conjugate) fermionic coordinates (0,@,5 ,é) parametrize the Graimann-odd directions of
the coset superspace. In order to achieve the form (2.10) of the representative, we have
employed local right H-transformations, and since P, ), and Ly are in involution, this
choice of the representative ensures that the action (2.5) will depend on x, 6, and \; only
through their derivatives dx, df, and dA,.

So far, the proof of self-duality of supercoset sigma models (2.5) under bosonic and
fermionic T-duality has been performed in a fixed kappa symmetry gauge, the most conve-
nient choice being £ = 0 [9, 10, 51]. However, as already explained, if the supercoset model
describes the gauge-fixed version of the corresponding superstring action, the kappa sym-
metry has been already used to (partially) gauge away the non-supersymmetric fermions,
and cannot be used once again in the T-dualisation procedure. Moreover, for sigma mod-
els based on the exceptional Lie supergroups (2.2b), the rank of the kappa symmetry is
zero [13, 50, 51] and one cannot put any of the fermionic coordinates to zero. Therefore, in



what follows we are not going to (partially) fix kappa symmetry to get rid of some of the
fermionic coordinates. All the fermionic coordinates in (2.10) will be taken into account.
In the realization (2.10) of the coset element, the current (2.3) has the following form

J =g 'dg=e 5 Jef5 4 qes, (2.11)
where J(© is the current at & = 0. Writing the currents J and J©) as
J=JpP+JgK+-- and JO=Jg9p4 /WK ... (2.12)

the components of J©) are given by

IV = [e7B(deP + d0Q + Vadr, Ly)eP],, T =0,
JJ(DO) = [e7Pde"] JJ(\E) = [e7%de"],,

IO = [ PdaP +d0Q + VadrLy)eF], . S0 =0, IO = [cFaeP]

L3’

Iy = [e7P(daP +d0Q + VadriL)eP] o, I8 = [e7Pde?] .

I =0, I = [e7PaeP] 4, (2.13a)
where |- - - | p etc. indicates the projection onto the generators P etc., while the components
of J read schematically as

Tp=d9, Jo=J0, 1, =72,
Ip=J9 + ¢, Ta = Jy) + IS¢
Jp=JY + IS¢, Jry = ) +ady)€
JQ:JQ JP57 ngJS, —i—aJL £,

Tk =JQ¢+all), T =al¢+alp)e,
Js=de+ (I + 9 + I + adf e+ IS

We note that thanks to the appropriate choice of the coset representative (2.10), the current
J depends on & at most quadratically. This will drastically simplify the T-dualisation
procedure.

Finally, decomposing the current J according to the Z4-grading (2.9), the supercoset
sigma model action (2.5) takes the following schematic form

S = 2/2[*(JpJK)/\(JPJK)+*JD/\JD+*JR(2) AJR(2)+

U

-1
+ D+ Ty + () A Ty + (20T ) + Ty A Jre+ (2.14)
1

B
Il

-l-(JQ/\’)’JQ—Jg/\’ng—Js/\’st-f-JQ/\ﬁ/JQ)
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Here, v in the last four terms stands for a constant symmetric matrix being part of the G-
invariant bilinear form contracting the spinor indices of the fermionic currents. The form of
this matrix is related to the value of Ramond-Ramond fluxes supporting the corresponding
AdS; x 8% x M19724 background.

T-duality procedure. In the a =0 case, we T-dualise the action (2.14) along x and 0,
following the discussion of [9, 10]. For the o # 0 case, we dualise also along A, following
ideas of [51].

According to the standard procedure [37-39], starting from the action (2.14) we first
make the substitution (dz,df,d\;) — (Ay, A, A+) and modify it according to

S — Sto. = S[(dz,db, dAy) — (A, Af, AL )] + / (#dAp + 0dAs + Vad dAL)  (2.15)
b
Here, { Ay, A¢, A4} are auxiliary differential 1-forms and {Z, 6, 5\+} are Lagrange multipli-
ers. The latter enforce the constraints dAp, = 0, dAs = 0, and dA4+ = 0 or, equivalently,
Ay = dx, Ar = df, and A, = d)A;. Consequently, upon integrating {5:,@, 5\+} out, we
recover the original action (2.14).

To derive the dualised action S, we instead need to integrate out the differential 1-
forms {Ay, As, A+}. Once done, the Lagrange multipliers {i,é, 5\+} shall be interpreted
as T-dual coordinates. In order to perform this operation, we make a simplification by
noticing that

e B(AyP + A4Q +Va A L )eP = AJP + AjQ + Va A Ly (2.16)

since the Abelian algebra (P,Q, L) is invariant under conjugation by the group element
eB. Equivalently,

AP + A4Q + Va Ay Ly = eP (AP + A{Q + Va A L )e B, (2.17)

Thus, we may consider the field re-definition (A, A, A1) — (A}, Af, A',). Note that the
on-shell relations dz = Ay, df = A, and dA; = A4 together with (2.13) imply the on-shell
relations A} = Jp, Af = Jg, and A/, = Jp, .

Upon substituting

Ap = [P (AP + ALQ + Va A Ly)e™ ],
Ap = [P (AP + AIQ + Va AL Ly )e ] (2.18)
Ay = [P (AP + AQ + Va A Ly)e™ ]

into the action (2.15) and integrating out {Aj, A}, A’ }, one obtains the dualised action S.
The main goal is to show that the action S (upon certain field re-definitions) is again of
the Green-Schwarz form (2.5), however, in a coordinate system which is associated with a
different choice of the coset representative

§im TKHIMTISIVAA Lo gBeF(©) | o o QTS |y De—vaNalap (y)  (2.19)

9
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where M := Str(QS). Note that e” in the representative (2.19) is the same as given
in (2.10). Furthermore, in the AdSs x S° case, F(€) is of the schematic form

F(&) ~—-[¢+&]Q+ [ +£7]S, (2.20)

while for AdSy x S? and AdSy x S2% x S2, F(£) contains only the first linear term in ¢ and
for AdS3 x S% and AdSs x S x S3 it consists of both linear and cubic terms. Because of
the presence of F(&), the current J = §~'dg arising from the representative (2.19), will, in
general, not be quadratic in the fermionic coordinates £. However, as we will show, upon
further complicated field re-definitions (X,0) — (X’,©’), the dual coset element (2.19)
can be nevertheless brought to a form similar to that of (2.10), i.e.
§= oF K0 MTIS+/a N L B' ,~€£'Q (2.21)
To see the explicit result of T-dualisation, in the subsequent sections we turn to the
detailed consideration of the superstring in different backgrounds. We begin by considering
the AdSs x.S® background. This is the most involved example since, without partially gauge
fixing kappa symmetry by putting £ = 0, we can have terms up to O(£%).
The results of the T-dualisation of the less supersymmetric cases AdSs x S3 and AdSs x
S? can be then obtained upon an appropriate truncation of the AdSs x S° supercoset sigma
model. The T-duality of superstrings in AdSy x S x T'024 in the presence of fluctuations

T10-2d 3nd non-coset fermionic modes v will also be considered.

along
Finally, we discuss the T-duality procedure for the superstring sigma models on AdS; x

S x §¢ for d = 2,3, which turns out to be also technically quite involved.

Comment on the self-duality at the quantum level. Since the duality transforma-
tions can be performed via a Gaufliian path integral, they can be promoted to a duality
of the quantum sigma model. A priori, the path integral measure could change upon in-
tegrating out the auxiliary fields {A}, Af, A’ }. However, this is not the case, since the
corresponding Berezinian is equal to one provided one also regularises the bosonic and
fermionic determinants in the same way (e.g. by using heat kernel methods as in [38, 52]).
Therefore, there will be no shift in the dilaton (see also section 7) and we may thus conclude
that the self-duality of the Green-Schwarz sigma models under consideration also holds at
the quantum level.

3 Self-duality of AdSs x S° superstrings

3.1 Supercoset action on AdSs x S°

We begin by focusing on the AdSs x S° superstring sigma model. The coset superspace
PSU(2,2/4)
SO(1,4)xSO(5)
describes the full type IIB AdSs x S° background parametrized by ten bosonic coordinates
(XM = (2™, |y|,y?) with m,n,...=0,...,3 and a,b,...=5,...,9 and two 16-component

10-dimensional Majorana-Weyl spinor coordinates ©% = %(1 +T'e? with 4, 4,... = 1,2 of

solves the type IIB 10-dimensional supergravity constraints and hence, it

— 12 —



the same chirality.” In this parametrization, the AdSs x S° line element has the form [9]

1 o
(ds)? = e (dz™dz" Ny, + dy®dy® + dgdg) , (3.1)

where (y%y? 4+ 49) = |y|?. For simplicity, we have set the radii of AdSs and S® to one.
The AdSs x S® background is supported by the self-dual 5-form flux Fy with the
non-zero components

Fo1934 = —Fhers9 = 4, (3.2a)
or, equivalently,
Fy =4(1 4 %) Volags, =4 (1 +%) P A - Aet. (3.2b)
and by the dilaton field that for simplicity we choose to be zero.
Lie superalgebra psu(2,2|4) and Cartan forms. The general form of the superisom-
etry algebra for a symmetric space supergravity solution was determined in [19]. Inserting

the form of the fluxes for the AdSs x S° background given above we obtain the following
form of the psu(2,2|4) Lie superalgebra

[Mag, Mcp) =nacMpp —napMpc — npcMap +npMac ,
1
[Pa, Pp| = —§RABCDMCD,

[Mag, Pc|l =nacPp — npcPa, [MaB, Qail = —=(9Ql'AB)ai » (3.3)

1
2
1
[PA7 Qai] = _§(Q5P01234FA)042' s

. i
{Qui, Qpj} = 16:j(TN) 0 Pa — §Eij(TAT01234FB)a5 Mag ,

where e = —J? (¢! = 1), (Map) = (Mu, M,;) with a,b,... =0,....4 and a,b,... =
5,...,9 generate the SO(4, 1) x SO(5) rotations, (P4) = (Pa, Pa) generate AdSs x S° trans-
lations, R.% = 2551 5?] and Rdi)éd = —2(5[% 523 are, respectively, AdSs and S° curvatures,

and Q,; are the supercharges. The corresponding Maurer-Cartan form
1 .
J(X,0) = 5Q"‘BMAB + EAPy + EYQ,, (3.4)

is made of the superconnection Q48(X,0) and the supervielbeins E4(X,0), E*(X,0)
that satisfy the type IIB supergravity constraints of [41].

To obtain the psu(2,2|4) Lie superalgebra in the superconformal form (2.7) and (2.8),
we define new bosonic generators as follows (a = m,4 with m =0,...,3):

D =Py, Ppy =P+ Mg, K i= =Pm + M,

an y R& = Ig, R.; = _Mdi) .

(3.5)
ab

5See appendix A for conventions on (16 x 16) gamma matrices used in type IIB superspace.
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The non-vanishing commutators of these generators are

[P, Kn) = =200 D + 2Myn,  [D,Pp] = Py, [D, K] = —Kp,
[Py Myp] = TImnP + NpPr s [Kims Mip] = —0imnKp + Nimp Ko
[Minn, Mpq] = rpMng — 1hmgMnp = 1npMing + g M , (3.6)
[Ra, By] = &5 ) [Rab’ Regl = —0ac Ry + 05385, + 6. Ry g — 0 Rac
[Raa R ] = 5acR

The new independent fermionic generators are defined by setting

= (@R, Qi ——=(QHQYP_

1\/§ 1 2 & f 2 (3.7)
S = —(9Q +iQ)P_, S::—Q—iQ P_,
where we have introduced the projectors acting on the indices « of the supercharge Q,;
1
Py = 5(1 4 i00123) (3.8)

The commutators involving these supercharges are

[DaQa] = %Qa» [D,Sa] :7%‘51047
[Kma Qa] = (Srm4)a s [Pm7 Sa] = (Qrm4)a 5
1 1 1 (3.9a)
[Mmru Sa] = _i(srmn)a y [Mmru Qa] = _i(QFm’n)a; [Rfu Sa] = i(SF(M)a
1 1
[Rda Qa] = _i(QFEA)a ) [Rab7 S, ] (SFai))a ) [Rdz}v Qa] = i(QFdé)a
and the same with (Q,S) < (Q,S5). We also have
{Qa, QpY = i(T™P )0 Py {SasSs} = —i(TPy)0p Ko , (3.9b)

. . a 1 mn 1 ab
(S0.Q5) = —(I"By o D~ (I )os o — (T4 o Mo — S(TT'B ) Ry
{Sa, 05} = —i(T*P_)as D — i(T9P_) 05 R — %(rm"rm_)ag M, — %(FdBF4IP’_)a5 R.;.

Finally, the non-vanishing components of the invariant form on psu(2,2[4) that is
compatible with the above choice of the basis is

Str(KnPrm) = —20mn, Str(DD) =1, Str(SaQp) = 2i(T"*P4)aps - (3.10)

Currents and supercoset action. In the parametrization we have chosen, the explicit
form of the coset representative (2.10) is

" Pnt0°Qa Bt Sa  oB . (0" Qa+éSa )y Doy Ra/lul (3.11)

g:=e

where, as a consequence of the definitions (3. 7) the spinorial variables satisfy the projection
relations P 0 =0, P & =& P =0and P_E=¢.
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Following the general procedure described in section 2, we can derive the explicit form
of the psu(2,2|4) currents (2.13). Concretely, using the (anti-)commutation relations (3.6)
and (3.9), we obtain the components of the current (2.11) which do not depend on £¢,

Jp,, = [e P(dz"P, + dGQ)eB]Pn, Jo

Jg, = [e7Pde” 4,

= [e7P(d2"P, + d0Q)e"] , |
L Ao, (3.12a)

«@

the currents which depend on &% linearly (the label ©) indicates, as before, the current
components which do not depend on &)

Iy = =T Jg . Jp=J5 —i0%)adq., Jr, =Jiy —i(T%)alq, .
0 «
Jp = é) + (Tmad)*JIp,, (3.12b)
1 i "
Tt = i = 5™ Ta)a Jau s Try; = Tfe), = (€T T Jq,

and the current Jg which has a quadratic dependence on £¢

1 1 1 1
Js, = A€ = 20T = S (Cam&)*Tyg), + 5(Card) T + 5 (T8) T, +8%5Ja,
= J) + 80, (3.12¢)

where we have defined
8% = L6 (€M) + J(M'Tad)™ (€05 + L (Dmn€)* (€07 Ta)5 — 5 (056)* (0T
(3.12d)
Note that ST = —T'*ST.

Comparing the Maurer-Cartan current (3.4) with the corresponding coset expres-
sion (2.12) and exploiting the definition of the superconformal generators (3.5), (3.7) in
terms of the 10-dimensional ones, we can read off the relation between the 10-dimensional
geometric objects and the components of the supercoset current J. Explicitly, we find

E™=Jp, —Jk,,  E'=Jp, E* = Jg,
o (3.13a)
Q=200 O™ =Jp, +Jk,,, QP =-2Jp
and 1 .
1_ e — 2_ Y g, _J.
E' = ﬁ(JS +Ig—Jo—Jy), E*= \/i(Js Jg+Jog—Jg) (3.13b)

Note that B! = J(1y and E? = J(3), 1.e. they have Z-grading 1 and 3, respectively.
In terms of the currents (3.12a)-(3.12c), the Lagrangians (2.1) and (2.14) for the
PSU(2,2[4) supercoset sigma model take the following form

1
L= -+xE*\EBnap —iE' AT 2
2
1 1 1
= ¥ = Ik) N IRy = I )imn + 5*Jp A Jp + S IRy N TR, — (3.14)
i 4 i, 1 4 i
—§J5/\F JS—§JS/\F JS+§JQ/\F JQ+§JQ/\F JQ,

,15,



where we used (3.13b) and the projection properties of the generators (3.7). The explicit
expression for the Neveu-Schwarz-Neveu-Schwarz 2-form By = —iE' A T01234E2 has been
determined from the type IIB supergravity constraints corresponding to the particular
background (3.2b).

3.2 T-duality transformations

In order to T-dualise along =™ and 8%, we carry out the procedure described in section 2.
Upon introducing the auxiliary 1-form fields A™ and A’® (2.16) together with the dual
variables " and 6,, the Lagrangian takes the form

L=L1+ Lo+ L3 (3.15a)
where
1 1
Ly:= §*A;n N AL ™ — 5A’m ANA™ Mo + A™ N T (3.15b)
Lo:= %A’O‘ NAPN,5 — %*A"" ANAB(NL)ag + A A T, (3.15¢)
1 1 1
L3:= §*JKm A JK, Mmn + 5*‘]1()0) A Jl()o) + §*J1(%0ﬁ) A Jg;)—
Ay iy a0 a0
575 AT = STg AT T+ 2 J ) AT ) (3.15d)
with
n _ ~ _ . (0
Tni=—d&" [P Pre™"], = dba[ePPre™] o +105 T ++JK,, (3.15¢)
T = —di™ [eBQae_B}Pm + df [eBQae_B] 0"
—ix P (1) o — 1% TR (T0)q — i(JST1S)a (3.15¢)
and
Map =1lapl'4€, (3.15g)
Nog = (T'(1+8%) 50 (NL)ag = i(T€)a(T€)s +i(T%)a(Tal)s - (3.15h)

Next, after some algebra, the equations of motion for the auxiliary fields A’ and A’ that
follow from the Lagrangian (3.15a) are given by

A = T = MU TM( = M),

Ala — 1[(1 . L2)71N71j]a o I[L(l - L2)71N71 « j]a ' (316)

Upon plugging these back into the Lagrangian (3.15a), we obtain the Lagrangian of the
dualised model

L= [‘,1 + Ez + L3 (3.17a)
with
1 1
Lyi= 3+ T" AT (0 = M) + 5T AT ML = M) (3.17b)
Ly:= %j/\ (N-NL>)"'7 + %*j/\L(N—NLz)_lj : (3.17¢)
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and L3 being the same as in (3.15d), since it is a function of currents that are not involved
in the dualisation process.
We now notice that £; can be cast in the following simpler form

_ 1 ) !
£1 = 5 <1 - 4Md(}Mab> (*jm A jnnmn VAR jan”) : (3'18)

To arrive at (3.18) one should use the projection properties of £ and the Fierz identity

1 o
(T €)a(€0m)s = =5 (P-T3T)ap (TT4E) (3.19)
to show that 1 A
MGy = Mo = Mo Miy = mn Mg M (3.20)

To cast (3.17a) in a form similar to the original Lagrangian, we first notice that, using
the invariant form (3.10), we can identify the quantities appearing in (3.15¢), (3.15f) as
follows

dz" [eBPmefB] +dé,, [eBPme*B] =

Pn Qa

1 i~
— Str{ — ida:«"eBPme*BKn + ;d@aeBPmeB(F4S)°‘}
= [e7P(d7" K, —iddr*S)eP], =T

di"™[ePQae™ "], — dlslePQue™"], =

O o 7(1)
i) Timé = Jp (3.21)

1 i~
= Str{ — §di"eBQae*BKn — ;degeBQaeB(F4S)5}
= —ilhs[e P(AF" K, —iddD'S)e”] o = —i(T1I)a.

As a consequence, the quantities (3.15¢e), (3.15f) appearing in the dualised Lagrangian
take the form

T = Tp) = T + T,
Joo = i(T* T, — iJkglﬂ)ngsva — i IO ([48) — i (T8

a

(3.22)

The expressions (3.21) can be interpreted as Maurer-Cartan forms coming from a different
(dual) choice of the coset representative, whose appropriate form turns out to be

J=57dg, §i= o KnmilltS B —(6Q 508" 58" (1-§ My M) T (3.23)

where the factor (1 — iMaBM&i’)_l appearing in the last exponent is the same as the
scaling factor in (3.18).

Let us now show that upon a complicated change of variables, the dual coset ele-
ment (3.23) can be brought to a form similar to the original coset element (3.11), that
is, with the last exponent to the right being e¢@Q only. This is achieved by writing the
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following chain of equalities where we use the Baker-Campbell-Hausdorff formula and the
psu(2,2|4) superalgebra (3.6) and (3.9),

Gi= ea”c"Kn—iéF‘lSeBe—(§Q+Sa$aﬁgﬁ)(1_iM&EMaﬂ)q

_ egz"Kn—iér4seBe—;D(§F4sg+0(§8))—%Ra fF‘iS{e—SaSO‘5§5+O(£7)e—g’QeH 7 (3.24)
where & = ¢+ O0(€%,¢7) and H = —1M,,, IS¢ — gR&l;fgr&B‘lsg takes values in the
stability subalgebra so(1,3) @ so(5). The last exponent in (3.24) can be removed by a
corresponding local gauge transformation of the supercoset element, so we have

g~ oE"EKn—i0T*S (B .~ § D(ET*SE+O(E")) — 4 Ra (€77 S€) (=SS pE7 +O(67) ,—€'Q

_ oE"Kn—i0T1S B’ (=SaS% 567 +O(£7) ,—€'Q

T _r4 r_ a _¢f N R It
oA Kn—i0T%S (eBe SaS*36P+0(7T) B)eBe ¢Q

FM T4 n w3 i g & 4 o\ 1l
o Kn—i00S " (y,0,6,6) Kn—ifa (y.0.£.)(119)* (B (—€'Q

— " Kn—i0'TtS (B e_ﬁ/Q, (3.25)

where e8’ = 8 eféD(im‘S&*O({S))*%R@(Erd‘sg), =G f(y,0,€,6), 0!, = Ou+faly,0,€,€)
and f™ and f, are certain functions of the coordinates y® of S°, the radial direction |y| of
AdSs and the Gramann-odd coordinates 6, £, and &.
The choices (3.23) and (3.25) of the dual coset element are associated with the Zj4-
automorphism
PmHKm, D—)—D, R&—>—R@,

S —iQ, S—-iQ, Q— —iS, Q— —iS
of the psu(2, 2|4) Lie superalgebra (3.6) and (3.9) together with field re-definitions that can
be read off by comparing (3.11) with (3.23) and (3.25). Instead of mapping the Lie algebra
generators as above one can use the induced transformation on the currents

(3.26)

JanHJan, JRM;HJRM;, meHJKm, Jp < —Jp, JR&H—JRa, (327)
JQ — —iJs, JS — —iJQ, JQ — —iJS, ‘]5‘ — —iJQ.

The choice (3.23) of the dual element g, implies that the &-independent components

jg)), jéo), jl(jo), jg)d), jj(%o; and j](&)m of the currents are the same as the ones without tilde,

whereas the full expressions for the dual currents Jp, , Jx,,, J, g, and jQ are

_1
Jp, = J5) (1 - iMaaM‘ﬁ)) . (3.28a)
_1

T = (79— re ey (1 2 ) 3.28b
K = i, = S M) 1= Mg ; (3.28D)
Jo=JY 4 Jg (T4Tmé) + L e M Trme) (1 + LRV (3.28¢)
S~ Y Knp\1t4lm 9 Ky nm 16 ab ) .

T = 7O 4 150 papney g (14 S pb (3.28d)
Q Q 2 P nm 16 ab : .
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Likewise, the dual currents JNRg = (jD, de), jQ, and Jg read

7 7 T —11a i a -
Tr, = Jp, —i(J§T! = JLTAS) (N = NL?) 7% + SJR)ErL(N — NL?)7'Thé —

1, - 1

= SUE + SIDINEETELIITE) + S ST TSE(EN,LITE), (3.25¢)
Jo=[N2(1— 1] 2 (JY =8P, JP = -1 - O rir,e), (3.28f)
Js = [N2(1 = £2)] 2 [T = $TY + (25 - TN L) (3.28g)

Next, upon substituting (3.28a) and (3.28b) into (3.22), we get the following expression

for Jm
1
1 ab 2 m
MaM b> + xJg,, — e, Mp™ . (3.29)

Also, by using (3.28), we find the relations

J" = (Jp, — JK,,) (1 -

=150 g 1
— 5 §F4JS + % éO)I‘4Jé0) _ J( ) JKnnmn + - JKmJKnM §JKmJKann (330&)
and 1 i ,
i ;5 _ls s 5050
2P e M = ST = ST (3.30b)

Furthermore, upon combing (3.29) and (3.30) with the Lagrangians £; and L3 defined
n (3.15d) and (3.18), we find the following form for £; + L3

[,Nl + L3 = f*(jpm — jK )/\ (jpn — an)nmn — %jg /\F4jg + %JQ /\F4JQ+

N —

*J(O) A J(O) *J}(%) A J(O) Jél) A F4J(;) o (331)
— JKm A\ Jpann — Jl(gni A JK,J7mn~

In addition, with help of (3.28¢), the Lagrangian Ly as given in (3.17c) becomes

£o= el L 0

-5 s >) AN = NLA T 4 s70)

(3.32)
1A (T + SISML(N — NL2)'T4é +
+ %J}Q ATPELG(N — NL2TIDyE
Finally, summing up (3.31) with (3.32) and using (3.28f) and (3.28g), we obtain
L=L1+Lo+Ly=Ls+L +L", (3.33a)
where
1 - - -
Ly := —x(Jp, — JK,,) N (Jp, — JKn)nmn+ *JD/\JD+**JR /\JR
2
i i . (3.33D)
R NS o A NS o3 S A 7
2JS/\ Js 2JS/\ JS+2JQ/\ JQ+2J JQ
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is constructed in terms of the % currents built from the dual coset element (3.23)

while £" and L” are given by

£ =1J$) AN = NLYTINTITY) — g ATIS(V - NL2) ST +

- 1 o (3.33¢)
+ Ti A TS D <1 + M M;M‘“’)
and R
£ =iJO AN =N TUNTSs =S — 0)J{) —
. (0 =(0 _ _
— /) AN = NLHTINTITH (28 — TN L), - (3.33)

. - 1 o
~ T AT Mo (14 MM ).

We note that (3.33b) has exactly the same form as the initial Lagrangian (3.14). Therefore,
the action of the superstring on AdSs x S is self-dual provided that £+ L£" is a total deriva-
tive. One can indeed show that this is true by performing quite involved computations,
using Fierz identities and the Maurer-Cartan equation projected on the SO(1,3) x SO(5)
generators

(dJ = I AR, = (dJ = T A )|, =0,

... ... (3.34)
(dJ — J/\J)|R&é =(dJ—=JNJ)|m,, =0.
The results are .
E’ = —id |:Jé1)1—‘4£<1 + 4MdBM&b>:| (335&)
and 1 1 X
£ = =3[ Mo (14 7MMP)] (3.35b)

where the matrices M, and M,; have been defined in (3.15g).

Altogether, [ L, = [L£; and we have thus proved the self-duality of the AdSs x S°
superstring action under the worldsheet duality transformation on (2™,60%) coordinates,
without gauge fixing kappa symmetry. The worldsheet T-duality transforms the superstring
sigma model action (3.14) constructed with the use of the supercoset representative (3.11)
into the action constructed using the supercoset element (3.23).

The duality makes use of the automorphism (3.26) of the psu(2,2|4) Lie superalgebra,
which in particular exchanges supercharges  and S. When dualising the gauge-fixed
action, one is indeed forced to change the kappa symmetry gauge when mapping the original
lagrangian to the dual one [9, 10].

4 Self-duality of AdSs x S2 x T superstrings

The AdSs x S3 x T? solutions of type IIB supergravity preserve 16 supersymmetries
which generate the superisometries forming the PSU(1,1|2) x PSU(1, 1]2) supergroup (see
e.g. [53]). The AdS3 x S? curvatures are taken to be

b b ab o N b
RZdSS =—ec"Ne’, R‘;g =e’Ne’, (4.1)
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where e = e%(z) for a,b,... = 0,1,4 and €% = €%(y) for a, b,...=5,6,7 are the vielbeins
of (unit radius) AdS3 and S2, respectively.® One such background is supported by constant
Ramond-Ramond 5-form flux

1 A
Fys = g(Ecbae“ Aeb et + €456 N e® N ed) A (dp? Adp® + de® A dy?), (4.2)
where d(pa/ (a',b,... = 2,3,8,9) are the flat vielbeins along 7. Note the change in the

form of the Fs-flux (4.2) as compared with its value (3.2) in the AdS5 x S® solution. This
difference results in changing the geometry of D = 10 space-time and breaking half of the
32 supersymmetries.

Since only half of the maximal supersymmetry is preserved, the fermionic modes of
the string in these backgrounds split into 16 fermions ¥ which are associated with the
preserved supersymmetries and 16 fermions v associated with the broken ones. Explicitly,

the splitting is realized by using the additional projectors %(1 + I'?389) as follows
. 1 . . . 1 .
9= S(1-TH9)e", vl =1+ 16’ (4.3)

Like in the AdSs x S° case, the fermions ¥ can be regarded as Grafmann-odd directions

of the supercoset space PSUS%’H%X XPSS[}J((;)’”Z) which contains AdSs x S? as the bosonic sub-

space. The T directions and the non-supercoset fermions v extend this supercoset to a
full solution to the 10-dimensional type IIB supergravity constraints.
For certain classical string solutions in AdS3 x S2 x T one can use kappa symmetry

to gauge fix to zero all the non-supercoset fermions v. In this gauge, modulo the Virasoro

PSU(1,112) xPSU(1,1[2)
SO(1,2)xSU(2)

modes (see e.g. [13] for details). Consequently, the superstring action reduces to its super-

constraints, the oscillations of the string along T decouple from the

coset part, which can be obtained as a truncation of the AdSs x S° action, once we select
the PSU(1,1|2) x PSU(1, 1|2) subgroup of PSU(2,2|4) and reduce to it.

To this end, we first identify the 10-dimensional indices 2, 3, 8, and 9 as associated
with the T? directions (ap“/) = (ol ") (I, J,...=2,3;I',J,... = 8,9). Then, we remove
from the algebra all the bosonic generators with the indices m = 2,3 and a = 8,9, and
halve the number of fermionic generators by acting on the original 32 generators defined
in (3.3) with the additional projector introduced in (4.3)

1.
Q' =591~ 289 i=1,2. (4.4)
Consequently, the generators (Q, Q,8, 8 ) defined in (3.7) are subject to the same projection.
The algebra psu(1,1]2) & psu(1,1]2) is then given by (3.6)—(3.9b) with m,n,... = 0,1,
a,b,...=5,6,7 and the projectors P replaced by %Pi(l — 2389,

From a geometrical point of view, this truncation corresponds to obtaining the AdSs x
S3 x T* background from AdSs x S by formally compactifying two directions of the 4-
dimensional Minkowski boundary of AdSs and two directions of S® onto T% = T2 x T?, as
well as deforming the value of the F5 flux as in (4.2).

5This particular choice of the tangent space indices associated with AdSz x S x T* is related to the
way we obtain these solutions by truncation of the psu(2,2|4) superalgebra to psu(1,1|2) & psu(1,1]2), as
we will see shortly.
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Self-duality of the supercoset model. Given that the worldsheet sigma model on

PSUS%%E%)XXPSS&%’W) can be described as a truncation of the AdSs x S° supercoset one,

we can use the results of the previous section to easily show that it is self-dual under
T-dualisation of the bosonic coordinates along the 2-dimensional Minkowski boundary
of AdSs plus four fermionic directions associated with a commuting subalgebra of the
PSU(1,1]2) x PSU(1,1|2) isometries.

In fact, the PSUS%’%P%)X XPSSLIIJ((;)’M) supercoset sigma model Lagrangian has the same form

as (3.14) with the currents constructed with the coset element having a form similar
to (3.11). Proceeding exactly as in section 2, the T-dualised Lagrangian turns out to be
equal (modulo a total derivative) to the AdS3 x S® sigma model Lagrangian constructed
in terms of the supercoset element

J=gidg,  §imoT el SeBem Q4SS e (45)

where §%g was defined in (3.12d). Since in this case at most ¢4 powers can appear, the
factor (1— iM&BM&b)_I which was present in the dual supercoset element of the AdS; x S°
case does not enter the expression for g.

As in the AdS; x S5 case, the dual element (4.5) can be brought to a form similar
to the initial coset element (3.11), i.e. with the last factor to the right being simply e~¢<.
Specifically, the following chain of equalities hold”

Gi= eann—iér4seBe—(£Q+Sasaﬁg5)
egan,,L—iér4seB e—%D§F4S§ e—sasaﬁgﬂ o—€Q

~n T4 r a _¢B

oI Kn—i0l1S (B’ (80857 —€Q

~n _ a4 r_ a ¢f _pt /o

o Kn 10FS(eB o~ SaS5€" B)eB o—€Q

T _:oT4 n w3 s w3 4 Q\a r
o Kn =101 f7(y,0,6,6) Kn—ifa(y,0,£,£)(T*9)* B ,—£Q

— (M Kn—i0'T4S (B —6Q : (4.6)
where eB' = eB e~ 3DEISE gm — gn 4 F(Y,0,€,€), 0l = 0 + fal(y,0,€,€) and f* and f,
are certain functions of the coordinates y® of S3, the radial direction |y| of AdSz and the
GraBmann-odd coordinates 6, é , and &.

We have thus shown that in the kappa symmetry gauge in which the sixteen non-
supercoset fermions v are set to zero the AdSz x S3 x T* superstring action is self-dual
under the combined fermionic and bosonic T-duality. However, this gauge is not always
admissible, for instance in the case when the classical string moves entirely in AdSzxS® [35],
so it is important to understand how T-dualisation works in different gauges or without
fixing kappa symmetry. To this end we should know the structure of the AdSs x S3 x T*
superstring Lagrangian in the presence of the fermionic modes v. To all orders in v this
dependence is rather complicated, so in what follows we will restrict only to the quadratic

"Note that in contrast to (3.24) no stability group elements efl appear and hence no compensating gauge

transformation is needed due to the symmetry properties of the gamma-matrices in this case. For the same

_epa
reason, no terms of the form efa IS¢ appear.

— 22 —



order in v. In particular, we will see that the presence of the fermions v requires that the
T-dualisation is also performed along two of the torus directions.

Non-supercoset fermions. To derive the explicit form of the Green-Schwarz super-
string Lagrangian (2.1) in the AdS3 x S3 x T% background, we need expressions for the
supervielbeins £4(X, 9, v) and the Neveu-Schwarz-Neveu-Schwarz 2-form By (X, 9, v) as se-
ries in powers of v?, which can be determined in the same way as the ©-expansion derived
in [41] (see for example [19]). To quadratic order in v one finds

&4 = BA(X,0) — iET 4 — %D’UFA’U, (4.7)
and®
. .
By = B§™(2,y,9) —iE" A ELa0®v — SET0 A BT 0™ - %EA ADul 400,  (4.8)

where E%(z,y,9) = $(1 — 28923 B5 (2, y,9), E%(z,y,79), and E%(z,y,1) are the super-
PSU(1,1|2) x PSU(1,1]2)
SO(1,2)xSU(2)
while E% = dy® is the flat vielbein along T*. The Pauli matrix 0;3]- contracts the indices
i,7 = 1,2 of the spinors. Moreover, the Neveu-Schwarz-Neveu-Schwarz gauge potential

vielbeins constructed in terms of the supercoset currents, as in (3.13b),

B$°*®* has again the form as in (3.14), and for the background under consideration the
covariant derivative D is given by
i
16 - 5!

Dv = Vo EAFBl...B5FBl"'B5FAU2U _ Vv—iEA(l — 2P0 52, (4.9)

PSU(1,1]2) xPSU(1,1]2)
SO(1,2)xSU(2)

where V := d — 1Q45T 45 and Q45 (2, y, 1) is the spin connection on
defined in terms of the currents as in (3.13a).

Upon substituting the expressions (4.7) and (4.8) into the string action (2.1) and using
the projector properties (4.3) of ¥ and v, we find

]_ / ! ’ / 1 /
L = Leoset + §*d¢a Adp® —ixdp® A ETgv —idp® A ETgo3v — 5*Era vAET v —

- %EF“’U A ET o030 — %*EA ADul 40 — %EA A Dol 4030 .
(4.10)
Here, Leoset has the same form as (2.14) (with v = I'*) and is similar to (3.14). In the
gauge in which v are non-zero, the above Lagrangian contains a lot of v-dependent terms
which contribute to the T-dualisation along the supercoset directions (z, ).

Ihe general eXpIess'o or BQCOset l‘S
.
BCOSet — 71 E’CO’s E

where K is 8 times the inverse of the matrix that appears in #' of (7.3) (dropping the projector). For type
ITA &® is replaced by T'11. See [19].
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Self-duality up to second order in the non-supercoset fermions. Since we have
not used kappa symmetry to get rid of non-supersymmetric fermions, we are still free to use
it to simplify the dualisation procedure. We find convenient to impose the gauge £ = 0 on
fermions in the coset representative (3.11). Then, in view of (3.12), the current components
Jk,, and Jg vanish.

We begin by focusing on the part of the Lagrangian which is linear in v. Expressing the
10-dimensional geometric objects in terms of the coset currents (as done in (3.13b), (3.14)),
replacing B = d¢® and defining v+ = %(vl + iv?), the Lagrangian at the linear order
in v reads

1 ’ ’ . ’ . / _
L = Leoset + i*dgoa N d(pa + l*d(pa VAN JQFa/UJr + 1dg0a VAN JQFG/U — (4.11)

—ixdp? A (Jg — Jo)Twv™ —idp? A (Jg — Jo)Tyvt

If we apply the general dualisation procedure described in section 2, this action gets mapped
into its dual counterpart constructed with the use of the dual coset representative (4.5) at
& = 0, provided that we use the Z4-automorphism similar to (3.27), supplement the duality
along ™ and 6 with an extra T-transformation along the T isometries parametrized by
the coordinates ¢! (I = 2,3) and make the following field re-definitions (which are complex
in the case of the fermions)?

o = =l Pt = Pt Pt o iP_oT, (4.12)

where Py are given in (3.8).

The technical reason requiring the T-dualisation of ¢! is the following. The gamma
matrices I'? and I'® appearing in terms like JT'v of (4.11) do not commute with the
projectors P4 which define the supercoset currents in accordance with (3.7), namely

PoJg=Jo, P Jss=Jg

o 0.5, P’ =T'Pz. (4.13)

As a result, the corresponding terms do not map to themselves upon dualisation along the
supercoset directions. This gets corrected by the further dualisation of the 72 coordinates
©!. Note that these T2 directions are exactly the ‘descendants’ of the Minkowski boundary
of AdSs which we T-dualised in the AdSs x S° case. On the other hand, if we were to
choose the gauge in which all the non-supercoset fermions are put to zero (v = 0) we
would not directly see the need to T-dualise half of the torus directions, since in this gauge
the T* sector almost decouples from the supercoset sigma model (the two sectors are only
related via coupling to the intrinsic worldsheet metric, or, equivalently, via the Virasoro
constraints [13]). The need to T-dualise half of the T directions is also in agreement with
the results of [36] on the T-self-duality of the AdS3 x S3 x T* backgrounds (see section 7).

We then proceed by considering the part of the Lagrangian which is quadratic in v.
From (4.10), again expressing the 10-dimensional geometric objects in terms of the super-

9The overall sign in these re-definitions is only fixed once we consider terms of the form dy A vdv, which
arise for example in the AdSs x S? x T° case considered in the next section.
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coset currents, we have

1 1
£®:54&—&»AW“ﬂ@—@ﬂiﬁ%Awﬁi%—ﬂ%—bwwv*%—
1 _ 1 _
— i(Jg — JQ) AWT <']S’ — JQ) + §JQ/\W+ JQ-F
h .
+iué—ﬁyA(W++—W”jQy—%EAAvaMf— i
; : : 4.14a
— %*EA AVo T vt — %EA AVUTT ot — %EA AV T v —
1
-—yEAAEB@++vjrm1—r%”WM%ﬁgw+—uv+
1
+ gEA A EB (U+ + U_)FB(l _ F2389)F01234FA(U+ _ U_)
where
WEE = (40%F) (viTy), W = (I40%) (vTTy). (4.14b)

Upon a somewhat lengthy calculation, one can prove that this expression maps into
itself when we dualise along z, 6, ©?, and >, and use the mapping (4.12).

This proves the self-duality of the type IIB AdS3 x S2 x T* superstring sigma model
with F5-flux under a T-duality transformation that involves two coordinates x™ of the
Minkowski boundary of AdSs, four fermionic directions # and two torus directions .

To conclude we have checked that the Green-Schwarz string action is T-self-dual also
in the case in which the AdS3 x S3 x T* background is supported not by the Fy-flux (4.2)
but by the Ramond-Ramond 3-form flux

1 N ~ N
= g(scbae“ Aeb A e + €556" N e® A e). (4.15)

In this case, the fermionic vielbeins of the supercoset split as follows

. .
E'= —(Js+Js—Jg—Jp), E*=—T®(Js—Jg+Jg—Js). (4.16)

V2 V2
This is consistent with the fact that the two backgrounds are related by toroidal T-dualities.
Moreover, by T-dualising an odd number of toroidal directions of the type IIB background,
one gets superstring sigma models on type IIA AdS3 x S x T* backgrounds with an Fy-flux,
which are also invariant under the combined fermionic and bosonic T-dualities.

5 Self-duality of AdS,; x S2 x T® superstrings

AdSs x S§? x T% backgrounds are solutions of type IIA and type IIB supergravity related
by T-duality [54-59]. They preserve only 1/4, that is, 8 of 32 supersymmetries in ten
dimensions that generate the PSU(1,1|2) isometries. As above, we set the radii of AdSs
and S? to one, so their curvatures are

GA%S,Z = "N, R‘gg =l neb. (5.1)
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The complete Green-Schwarz AdSs x S? x T superstring action is not a % super-
coset sigma model, since, in addition to four bosonic and eight fermionic supercoset modes
it also contains non-trivially coupled bosonic modes associated with the T directions and
24 fermionic modes associated with broken supersymmetries [15]. Note that in this case 16
independent kappa symmetry transformations are not enough to put the 24 non-supercoset
fermions to zero. The theory reduces to the %
decoupled T%-sector if we put these string fermionic modes to zero by hand.

We will consider T-dualisation both in type ITA and type IIB backgrounds. While

self-duality of type IIB solutions easily follow from self-duality of the master AdSs x S°

supercoset sigma model plus the

model as before, the type IIA case requires a separated treatment.

5.1 Type IIB backgrounds

One of the examples of a type IIB superstring in AdSs x 52 x T can be obtained by a
formal ‘compactification’ to T of two spatial coordinates of the AdS3 x .S3 x T* background,
the coordinate 2! of the AdS3 Minkowski boundary and the coordinate 37 of S®. This
background is supported by the following Ramond-Ramond 5-form flux

1
F5 = 5(1 + *)eqpe”’ A e’ A Re(Vols), (5-2)

where a,b = 0,4 and @,b = 5,6 are now the AdSy x S? indices and Vol = d(p! +ip™) A
d(¢? +1ip®) A d(p3 —ip?) is the holomorphic 3-form on T°.

To split the 32 fermionic modes (4.3) into 8 supercoset and 24 non-supercoset ones we
use the additional projectors (1 + I''?"®) and write

1 ; ; '
9 — Z(l LTI B9 gi = pe,  oi = (1 - PO, (5.3)

where Py is a projector of rank 4 and (1 — Py) is its complementary of rank 12.

The psu(1,1]2) superalgebra can be obtained by a truncation of the psu(1,1|2) &
psu(1,1|2) algebra, exploiting a procedure similar to the one that gives psu(1,1]|2) @
psu(1,1|2) as a sub-superalgebra of psu(2,2]4). We select the AdS3 direction associated
with the index m = 1 and the S3 direction associated with & = 7 as those to be compacti-
fied on an extra T2. Then we remove from the psu(1, 1|2) @ psu(1, 1|2) superalgebra all the
bosonic generators carrying the indices m = 1 and & = 7 and halve the number of fermionic
generators by projecting the fermionic psu(1,1]|2) @ psu(1,1|2) generators with the addi-
tional projector %(1 + T'278) We are then left with eight supercharges Q = (Q,Q, S, 5)
associated with 9, obeying the projection property

with P4 given in (5.3). The algebra turns out to have the same form as (3.6)—(3.9b) where
we set m,n,... = 0 (oo = —1), a, b,... = 5,6 and project the supercharges with the
P4 projector. For the reader’s convenience, we give the explicit form of the algebra in
appendix B.
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Verification of self-duality and dual representative. The action for the type IIB
superstring in AdSs x S? x T6 with Ramond-Ramond flux given in (5.2) has exactly the
same form as (4.10) in which the fermionic fields are now assumed to be projected as
n (5.3), £ is still given by (3.14), while the covariant derivative D takes the form

1 :

Dv:=dv+ 5 (Jp + Ji)TT 4 + Jp, T500 — %EAP4F01234F A0, (5.5)
Because of the same structure, the proof of the self-duality of the Sg(%% supercoset
part of the AdSy x S? x T® action is exactly the same as that of the AdSs x S° and
AdS3 x S3 actions. Since now ¢ is a two-component Grafmann-odd spinor, the super-
coset element (3.23) which is the building block of the dual AdS; x S? supercoset action

simplifies to
Pt ~ FOK—ifI*S_B_—£Q
g:i=e e’e >, (5.6)

Similarly, the analysis of the T-dualisation of the type IIB AdSy x S? x T action in the
presence of the non-supercoset fermions proceeds in the same way as for the AdSz x 2 x T
action (4.10) (again in the gauge ¢ = 0). At the first order in v, the AdSy x S% x T
Lagrangian has the form (4.11), in which o (a' =1,2,3,7,8,9) parametrize T°. Together
with the supercoset sector, it is not hard to see that this part of the string action transforms
into itself under combined T-duality of the time direction 2z, two fermionic directions 6
and three torus directions ¢! (I = 1,2,3), upon the re-definition (4.12). Then, one can
check that the self-duality also persists when the second order terms in v are taken into
account in the type IIB AdS, x S? x T superstring action.

5.2 Type ITA backgrounds

For completeness, we will now consider examples of strings in type IIA AdSs x S? x T©
backgrounds.

Background with F5- and F4-flux. Let us start with the background which is sup-
ported by the following Ramond-Ramond 2-form and 4-form fluxes (see [15, 16] for more
details, modulo signs)
Fo= Seweb Aet, Fi=te b Acin 5.7
2—§5abe €, 4—55[11,6 € 25 ( . )
where as above a,b = 0,4, d,lA) = 5,6 and o/, =1,2,3,7,8,9 are the AdS,, S? and T
indices, respectively, and Jy = %dgpb/ /\dcpa/ Jo is the Kihler form on 7°. For our purposes
it is convenient to choose a basis in 7% in which!'®

JopyT?Y = (017 41728 — 139, (5.8)

The type ITA AdSs x S? x T superstring action is obtained by substituting into the generic
form of the Green-Schwarz action (2.1) the worldsheet pullbacks of the supervielbeins
£4(X,0) and the Neveu-Schwarz-Neveu-Schwarz 2-form Bo(X,©) that describe the type

198ee appendix A for the realization of 10-dimensional (32 x 32)-matrices I'* used in this section.
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ITA AdS; x S? x T® background. As in the type IIB cases, to find an explicit form
of £4(X,0) and By(X,0) we split the 32-component Majorana spinor ©% into an 8-

component spinor ¢ corresponding to eight supersymmetries preserved by the AdS; x §2 x
PSU(1,1[2)
SO(1,1)xU(1)’

and a 24-component spinor v corresponding to the broken supersymmetries as follows

TS background and parametrizing the Grafmann-odd directions of the coset

9=PsO, v=(1-Ps)0O ="PyO (5.9a)
where 1
Psi=2(2- 1y DY) with 47 = {01278 (5.9b)

is the rank-8 projection matrix.
The fermionic 32-component supervielbeins £ split accordingly as follows

58(X, 19, ’U) = 7385, 524(X, ’19, ’U) = 73245 . (5.10)

If we set v = 0 in (5.10), the supervielbeins £y4 vanish, while the 8-component Es,—g =
E(z,y,9) describe, together with the bosonic supervielbeins £%|,—o = E%(x,y,9), the ge-

%. Finally, at v = 0 the vielbeins £ along the T

directions reduce to the differentials of the T°-coordinates 5’“/\7,:0 = Y = dcpa/. As a

result, when the non-supersymmetric fermionic modes v are set to zero the T sector com-

pletely decouples and the Green-Schwarz action reduces to the S&%% sigma model.

ometry of the supercoset

We begin by discussing the T-dualisation of the supercoset action (v = 0). As a
consequence of the particular definition of the PSU(1, 1|2) generators given in appendix C,
the PSU(1,1/2) currents are related to the supervielbeins £ E% and the components of
the spin connection Q% as

1 1
AdS, : Jpzi(EO—i—QM), JK:—i(EO—QM), Jp = E*,
) 1
S?. Jg, = E%, JReg = 7956, (@4=5,6),
1 1 123 12 1 1 123 12 (5.11a)
Jo=———=P (F' —iI'"»E?), J,=——P_(E'+iI'"'BE?),
1 1
Jg = —P,(E' +iT'?3E?%) Jo = —=P_(E' —il"?3E?).

V2 2

Here the fermionic vielbeins E? with (i = 1,2) are Majorana-Weyl spinors with opposite
chiralities

1 1
El .= 5 +TYhYE, E?.= 51— M"hHEe (5.11b)

and Py are the projectors given in (3.8).
Note that each of the fermionic currents has two independent spinorial components
only, and upon inverting the fermionic part in (5.11a), we get

. .
- E(JS +Jg—Jo—Jg), E?= \/%FUS(JQ —Jg+Js = Jg). (5.12)

Since the identification of the PSU(1,1]|2) currents as given in appendix C corresponds
to the form of the psu(1,1]2) superalgebra in the type IIB case, eqgs. (B.1a) and (B.1b),

El
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the AdSy x S? supercoset Lagrangian Leoset has the form (2.14) with v = I'* (similar to
that in the type IIB cases (3.14)). Therefore, as in the other AdSy x S? cases, the proof
of the T-self-duality of the PSU(1, 1|2) supercoset model is carried out using the generic
procedure described in section 2 with the dual coset element (2.19) being of the form (5.6).

We now turn to the complete superstring action (v # 0). In order to find out how the
T% sector couples to the supercoset sector via v, one should know the explicit dependence
of EA, €% and B, on v. For the case under consideration the expression of £4 and £% up
to the quadratic order in v was derived in [16] and the explicit form of By can be easily
computed following [41]. We thus find that the expressions coincide with (4.7) and (4.8)
with the matrix o2 in (4.8) substituted by I''! and the covariant differential of v given by

1 1 1
Dv =Vuv+ —EA fFBcI‘BCPH + fFBCDEFBCDE T'pgv
8 2 4!
X (5.13)
=Vu— §Ea’7>8ror4r11ra,u.
Moreover, we have _
Bt (2, y, 4) = %ETOF‘*PSE. (5.14)

Upon substituting the expressions for the supervielbeins into the action (2.1), we get the
following Lagrangian for the type IIA AdSs x S? x T superstring to the second order in
the non-supercoset fermionic modes v

1 / I ! ! 1 ’
L = Leoset + §*dgp" Adp® —ixdp? A ETgv —ide® A ET, Ty — F*E A ' v ET yv

- %E AT v EDy Ty — %*EA ADul g0 — %EA ADul ATy .

(5.15)
Remarkably, this expression has the same form of the Lagrangian (4.10) for the AdSs x
83 x T* and type IIB AdSy x S? x TO cases, with 02 — I''!. Therefore, the T-dualisation
of the part of the action which includes the fermions v is carried out in a way similar to
those cases. In particular, the projectors (3.8) commute in a different way with the two
sets of the gamma matrices along 7%, namely P4I'23 = F1’2’3]P>3F and P,I'789 = T7:89p
and for the action to be mapped to itself, the combined bosonic and fermionic T-duality
has to include the T-dualisation of three torus directions ¢! (I =1,2,3).

In conclusion, the type ITA AdSy x S? x T% background supported by 2-form and
4-form flux (5.7) is self-dual under a suitable combination of bosonic and fermionic T-
transformations. This is consistent with the fact that this background is related to the
previous type IIB one by a bosonic T-duality transformation along torus directions.

We would like to point out that the choice of the relevant Z4-automorphism of the
psu(1, 1]2) superalgebra (see appendix C) associated with the appropriate splitting (5.12) of
the supercoset currents is crucial for the proof of the self-duality of the string actions in the
presence of the non-supercoset fermions v. A different (inappropriate) choice of Zy-grading
would make the proof of the self-duality of the complete superstring actions in AdS; x S2 x
T% much more complicated if at all possible. For instance, if the projectors P4 were to
commute in the same way with all the 76 gamma matrices one would encounter serious
problems with the proper T-dualisation of the non-supercoset part of the string action.

— 29 —



F4-flux background. Finally, let us mention the type ITA AdS; x S? x T background
which can be obtained by T-dualisation along ¢! of the type IIB background with the
Fs-flux (5.2). This type IIA background is supported by the Fy-flux

1 1 -
Fy, = 5gabebe“ A (dp3 A dg? — de® Adp?) + 52’:‘&561)6(1 A (dp? A de? +de® Ade?). (5.16)

In this background, the covariant differential (5.13) of the fermionic modes v and the
supercoset part BS® of the Neveu-Schwarz-Neveu-Schwarz form take the following form

1

Dv = Vv — 5Ea’7>8r02i">4ra,fu, B (z,y,9) = —= ETO%IP U DB (5.17)

i

2

while the supercoset parts of the fermionic supervielbeins split into the currents JQQ, 5.8
as follows

11

2

1
V2
i

V2

With these definitions, the proof of the invariance of the string action in this background

E (AI+THE = —=(Js+J5—Jg —Jgy),
(5.18)

1
E?=_(1-THE=

5 Fl(JQ—JQ—i-Js—JS).

under the combined bosonic and fermionic T-dualities proceeds exactly as in the previous
cases.

6 Self-duality of AdSy x S¢ x §¢ x T10~34 guperstrings

In this section, we will extend the previous discussion to the cases of superstrings on
AdSg x 8% x §¢ x 710734 (d = 2,3). As their AdSy x S x T10~2¢ counterparts, these back-
grounds preserve 1/4 and 1/2 of the 10-dimensional supersymmetry and can be supported
by either Neveu-Schwarz-Neveu-Schwarz or Ramond-Ramond fluxes [58, 60-63]. Here we
will consider the latter ones. For instance, a type IIB AdSs; x S% x $3 x S! background
can be supported by the following F3 flux

Rags 5 b s Radgs
E456" N e’ A et +

1
Fy== (501,&6“ Ael Aef + R, i

3 Eclb/alea/ A eb/ A 66/>, (61)

where a and o’ are, respectively the tangent space indices of the two three-spheres and R
are their radii.

Upon the T-dualization of the above background along the S! one gets the type IIA
AdS3 x 83 x §3 x S! with the Fy-flux

Raq

1 R O
Fy=dp’ A= <€cbaea ANel Aef + %aéi)aea Aeb A et +

Sac/b/a/e“, Ae? A ecl>. (6.2)
3 " _

Because of the technical complexity, in these cases we will put the ‘non-supersymmetric’
fermionic modes of the string to zero (v = 0) by fixing a kappa symmetry gauge in the
d = 3 case and ‘by hand’ in the d = 2 case. Then the 719 3%-sector decouples (modulo
the Virasoro constraints) and we may concentrate on the AdSy x S x S sectors described
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by supercoset sigma models with the isometries governed by the exceptional Lie super-
groups D(2,1;a) (for d = 2) and D(2,1;a) x D(2,1;a) (for d = 3). In particular, we shall
show that they are also T-self-dual under combined bosonic and fermionic T-dualities, pro-
vided that T-dualisation involves one of the spheres S¢, the latter causing some additional
technical difficulties.

6.1 Self-duality for AdSz x S% x S?

Supercoset structure. The sigma model on AdS, x 5% x S? is based on the supercoset

D(2,1;«)
SO(1,1) x SO(2) x SO(2)

(6.3)

To construct the corresponding action and analyse its T-duality properties, let us discuss
the Lie superalgebra 9(2,1;a) of D(2,1;«). For general properties of the exceptional Lie
superalgebra 0(2, 1; «) see e.g. [43, 64]. For the 10-dimensional supergravity solutions under
consideration, the values of the parameter a are restricted to the interval [0,1].11 They
determine the relation between the radii of AdSy x Si x 82,

R% R?
azﬁTfS and 1—a= ]%‘:S. (6.4)

In order to avoid confusion between the parameter a and the spinor index «, in what

follows we will set a := cos?(7) := ¢? and 1 — a := sin?(7) := 52, respectively.

Lie superalgebra (2, 1;c?). The maximal Gramann-even subalgebra of the Lie su-
peralgebra 0(2, 1; ¢?) is s[(2, R) @ su(2) @ su(2), and we set s[(2,R) := (P, K, D), 5u(2) :=
(Lq), and su(2) := (R%g), respectively, for a,b,... = 1,2,3 and «,f3,... = 1,2. The

corresponding commutation relations are'?

[D,P] =P, [D,K]=-K, |[P,K]=2D,
[Ly,L_]=—2iLs, |[Ls,Ly]=+iLy, Ly:=iL,+ Ly, (6.5a)
[Rag, R’Y(;] = i((WﬁRa(; — 5a5R75) .

Furthermore, 0(2, 1; ¢?) contains eight fermionic generators which we denote by Q., Qa, S,

and Sm respectively. Letting Ui’g’?’ be the Pauli matrices,'® the remaining non-vanishing

"For superbackgrounds whose isometries are governed by 9(2, 1; o) with other values of « see e.g. [65, 66].

20ne could also start from the 10-dimensional form of the algebra analogous to (3.3) for the psu(2,2|4)
case. This form follows directly from the general construction of the symmetric space superisometry algebras
of [19] upon inserting the form of the fluxes.

13We lower and raise Greek indices using €,s = iaiﬁ and € =

ic2*% with €*7e,5 = 8%, so that

1 c 2ay 1 : lay 2
eg. o “gi=ic" o,z = —ioc” Vol
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(anti-)commutation relations of 9(2, 1;¢?) are given by

{Qaa@ﬁ} = _O—gl/jpa {Sa,Sﬁ} = _JiﬁK
{QOM S,B} = _620-(2)46L+ ’ {Qav Sﬂ} =cC Ua,BLf 3

{Qa,Sp} = —Uaﬁ(D+IC2L3)—IS R,
{Qa, Sg} = aaﬁ(D —ic’L3) + is? MR% ,

[P’ SO‘] - _Qa ) [P’ SO‘] = _QOH [K7 Qa] = _Soz s [K7 Qa] = _Saa
1 R 1. 1 A 1. (6.5b)
[Dquz] - 5@04 ’ [D Qa] - 7@017 [D7Sa] = _5801 ) [Dvsa] = _581):7
[L37Qo¢] = ;Qa , [L?nQa] = _%Qa, [Lg,Sa] = —%Sa , [L37‘§a] = %S’O“
[L+a5 ] Sa 7[ Sa] = Saa [Lvaa] = Qa > [L+aQo<] = *Qaa
[R%,T,] = —i(0%,Tp — %5%@), for To € {Qa,QasSa» Sa -

The bosonic generators P, K, D, and L, are skew-Hermitian while (R4 )Jr = R22 and
(R'9)T = —R2. The fermionic generators enjoy the reality conditions QT Q, QQ =—-Q
and S}L = -5, Sg = 5. Tt is straightforward to check that the superalgebra (6.5) is
invariant under these reality conditions. Notice also that in the limit ¢> — 0, we recover
the superalgebra psu(1,1|2) discussed in section 5.1 (modulo some obvious re-definitions)
since in that limit the generators L4 and L3 decouple.

Furthermore, the non-vanishing components of the invariant form of 9(2, 1; ¢?) that is
compatible with the above choice of the basis are

Str(PK) =2, Str(DD) =
2
Str(L+L-) = ——, Str(LsL3) = — ,
C C
o s 2 (e Lo o (6.6)
Str(RgR"5) = ) ((5 5075 — 5(5 30 5) ,
Str(QaSp) = —2025, Str(QuSs) = 2024

Zg4-grading and order-4 automorphism. In order to formulate the supercoset action
based on (6.3), we need to fix a Zs-grading of the superalgebra d(2, 1; ¢?)® C = @?71:0 I(m)-
In view of (2.9) we choose the following decomposition

= (P+K, Ly + L0}, Rg),

= (Qa — 0'70595,Qa — 0 7055) ,
=(P-K,D,Ly —L,,Lg,a}/(amﬁ)>,
=(Qa+to 18,85, Q0 +a'? Sg>

(6.7a)

where brackets (respectively, parentheses) indicate normalised anti-symmetrisation (re-
spectively, symmetrisation) of the enclosed indices. Notice that we have indeed g0) =
50(1,1) @ s50(2) @ 50(2). The order-4 automorphism €2 : 9(2,1;¢%) — (2, 1; ¢?) associated
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with this Z4-grading is given explicitly by

QP)=K, QK)=rP, Q(D)=-D,
QLs) = —Ls, ULs) =Lz, UAR)=0'M0gR"y, (6.8)
Q(Qa) = _10-1/3 S/J’a Q(Qa) = _lalﬁagﬂa .
Q(S,) = —ic'?,Qp, Q(S,) = —ic'?,Qp .
Furthermore,
Str[(P+ K)(P+ K)] =+4, Str(DD) =1,
4 1
Str[(L+ + L )(Ly+L )] = ]F.? Str(Lals) =
1 2
1
Stl‘[( ,u(aR'u ] - 2 aﬁa'yﬁ Jé’ygéé - Uéégiﬂ) )
Str[(Qa + 0 7aSW)(QB + ol ,355 ] = :F410a6’
Str [(Qa + Ulfyagfy)(Q/g F ol gS(s ] :|:41(7aﬁ

which follow from (6.6).

Coset representative and associated current. Next, we need to choose a coset rep-
resentative g for the supercoset space (6.3). In view of (6.5b), the generators P, Q,, and
L are in involution'* and, consequently, are associated with the directions along which we
will perform T-dualisation. Following our general discussion in section 2, an appropriate

form of the coset representative is!®

g = e$P+9aQa+>\+L+ eB efaSa ’

o . (6.10)
B = 69 Qa+E¥Sa |y|D e_>\3L3 e_p aR B

€

Here, we assume that both A and A3 are complex. This is merely a technical assumption
which will facilitate the T-duality transformations below. Hence, we are essentially deal-
ing with the complexification SL(2, C)/C* of the coset SO(3)/SO(2) = SU(2)/U(1) = S2,
and from the point of view of fermionic T-duality, such a complexification is rather nat-
ural (see [9] for a similar case in AdSs x S°). Note that the resulting line element on

SL(2, ©)/C* is

(ds)? = L [(ds)? + €@ (dA,)?]. (6.11)

4c2

! Note that the maximal Abelian subalgebra of (2, 1; ¢?) has two bosonic and two fermionic generators.

'5To obtain the coset representative for AdSe x S? x T2 from the representative (6.10) in the limit ¢ — 0,
one first needs to re-scale the coordinates Ay — cAi, A3 — cAs, and p®5 — sp”; and then perform
the limit. In this limit, the second sphere S?, whose metric becomes flat, decouples from the AdSs x S2
supercoset and re-compactifies into 72 which is part of T° of the backgrounds discussed in section 5.
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Upon performing the change of coordinates (Ay, A3) — (¢, ),

A = 2 tan(g) sin(¢p)
1+ 2itan(Y) cos(p) — tan?(3)’ (6.12)
i 1+ tan?(9) '
1+ Zitan(g) cos(p) — tan2(g)
for ¢, v € C, we find the line element
1
(ds)® = 1z [(d¥)? + sin®(9) (d¢)?] (6.13)

which, upon considering the real slice ¢* = ¢ and ¥* = ¢, becomes the standard line
element on the two-sphere S2.
The Maurer-Cartan form J = g~'dg corresponding to the coset representative (6.10)
is of the form
J = e &% J(0)g%% 4 qeag

. 6.14
IO g5, IO 4 Lo s (55,00} pags,,

where, as before, J(© does not depend on the fermionic coordinate €%, and we have set
£ = iaiﬁﬁ"fﬁ. The explicit form of the components of the current J is given in the
appendix D.

Using the Z4-grading (6.7a), the coset current J decomposes according to J = Jooy +
J(l) + J(z) + J(g) with

1 1 N
Jioy = 5(JP + Jg)(P+ K) + 5(JL+ +J_)(Ls + L_) — Jpa,o! ’YaghRém ,

Ty = 5(Jgu = 0" 575,)(Qa — 0" aS5)5 (Jg, — 0" 575 )(Qa — 0 PaSp).
J —1<J —Jg)(P=K)+J D+1(J —Jp )WLy — L)+ Jp,Ls— (6.15)
2 = 5P K D o\ Lyt L)Ly — L33

- JR%UMVU(%(WR(SB) ’

1 1 i i
o) = 5(Jau + 0" %5J5,)(Qa + 0" aSs) + 5 (Jg, + 0" 55, )(Qa+ 0 aSp).

Supercoset action. Upon using the Zjs-grading (6.7a) together with the invariant
form (6.6) and the currents (6.15), the sigma model action (2.14) becomes
T

S——2/{—*(JP—JK)/\(JP—JK)+*JD/\JD+
b

1 1
+ 2 (Jop —Jo )N (I, —Jr_) + C—Z*JL3 A JLs +

1 (6.16)
+ 5 (- TRey N Tps, — 0" Voggrpe, Ar,) -

.
_ 1004/3(‘]@& A\ JQB + Jsa AN JSB — JQQ A JQﬁ — JSa A Jgﬁ)}.

Note that as in the ‘non-exceptional’ cases (see (3.14)), the matrix (—o') can be identified
with the matrix I'*P along the AdS, radial direction with P being the projector which
singles out eight unbroken supersymmetries of the background under consideration.
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T-dualisation. Now, performing the T-dualisation of the action (6.16) following the
general procedure described in section 2, upon some technically involved algebra, a field
re-definition and using the Maurer-Cartan equations one can check that the resulting dual
action has the same form as the initial one but with the currents (see appendix D) con-
structed with the different coset element
g:= oTK =100 0a S+ A L o B (01707 Qp ) (6.17)
where, e is the same as in (6.10). Therefore, the supercoset sigma model on AdSg x 52 x S?
is self-dual under the combined T-dualities along x, ¢, and A,.
In the limit ¢> — 0, upon an appropriate re-scaling of the Jr-currents, the action
q to the _PSUQL2)
reduces to the s 20y
the dualised sphere S? gets ‘decompactified’ into a T2 torus which completely decouples

supercoset sigma model considered in section 5.1. In this limit,

from the AdSs x S? and fermionic sector.

6.2 Self-duality for AdS3 x 82 x §3

Considering the subsector of the AdS3 x S3 x $2 x S! theory in which the string moves only
in AdSs x S2 x S3 while its non-supersymmetric fermionic modes are gauge fixed to zero
and the S!-fluctuations decouple from the rest (modulo the Virasoro constraints), the T-
dualisation process is almost identical to the just-presented discussion in the AdSy x 52 x S?
case, though the explicit calculations are technically more involved. Therefore, we refrain
from giving any details here and instead, we just outline the basic steps and refer to
section 7 for a supergravity treatment of this case.

The supercoset sigma model on AdSz x S3 x S3 is based on the supercoset

D(2,1;¢%) x D(2,1;¢?)

SO(1,2) x SO(3) x S0(3) (6.18)

The Lie superalgebra 9(2, 1;¢?) (2, 1; ¢?) (whose 10-dimensional form analogous to (3.3)
can be found in [17]) has {Pm,D,Km,Lai,Riij} form=0,1,a=1,2,3, and 4,5 = 1,2
as its bosonic generators and {Qiq, Sia, Qia, S’W} for a = 1,2 as its fermionic generators,
respectively. Here, the LT and R*?; are the generators of s0(3) @ s0(3) @ s0(3) @ s0(3).
Furthermore, the generators { Py, Qia, LT := iLf+L§t} are in involution'® so that the coset
representative (2.10) will have the left factor of the form e Pm+0"QiatA+ LTH+A-L™ 17 The
coordinates ™ parametrize the 2-dimensional Minkowski boundary of AdSs. Furthermore,
as in the AdSy x S? x S? case, we shall work with the complexification SO(4, C)/SO(3, C)
of SO(4)/S0(3) = [SU(2) x SU(2)]/SU(2) = SU(2) = S3 and consequently, the coordinates
A+ are assumed to be complex. The resulting line element on SO(4, C)/SO(3, C) will be
of the form

(d8)2 — %62 [(d)\g)Q + e2i)\3 (d)\+)2 + 821)\3(d>\7)2] ) (619)

Y5Note that the maximal Abelian subalgebra of 9(2, 1; ¢*) $0(2, 1; ¢*) has four bosonic and four fermionic
generators.
17See also our general discussion given in section 2.
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Upon choosing an appropriate Zg4-grading for (6.18), T-duality is then performed along
the bosonic directions 2™ and Ai and the fermionic directions #°® following the same
steps as in the previous subsection. The T-self-duality of the supercoset sigma model on
AdS3 x S3 x S3 then follows. We have explicitly checked this up to the second order in
the four-component fermions £, like in the AdSy x S? x S? case. We believe that the
invariance holds to the highest (4th-order) in £“. This is supported by the fact that at
a = 0, the model reduces to the AdSs x S? supercoset sigma model times the torus sector,
which have proved to be duality invariant. In the next section, we will also give additional
evidence for the T-self-duality of the complete AdS3 x S3 x S x S! theory by proving the
invariance under the combined T-duality of its supergravity background.

7 Combined bosonic-fermionic T-duality of the Ramond-Ramond
AdS; x §¢ x M'°~24 backgrounds

In this final section, we shall prove (without alluding to the superstring sigma models)
the invariance under the combined bosonic and fermionic T-duality of the AdS; x S¢ x
M19=2¢ superbackgrounds with Ramond-Ramond fluxes by applying the T-duality rules
directly to the corresponding supergravity component fields. We will thus extend earlier
results of [9, 22-24, 36] to the whole class of the Ramond-Ramond AdS; x S x M10—24
superbackgrounds.

7.1 Rules for fermionic T-duality

Killing spinors. The T-dualisation of the component supergravity fields along the
bosonic directions is carried out following the conventional rules [37-39].'% The gener-
alization of these rules to fermionic T-duality was given in [9]. Specifically, the fermionic
T-duality acts on the dilaton ®(X) and the Ramond-Ramond p-forms but leaves the metric
and the Neveu-Schwarz-Neveu-Schwarz 2-form invariant. The directions along which we
dualise are specified by the (Gramann-even) Killing spinors, denoted by Z,(X) in the
following (with p labelling their number), that generate the Abelian superisometries. This
implies that the Killing spinors ought to satisfy the additional condition

E 4=, =0 forall A p,v with A=0,1,...,9. (7.1)

This condition has non-trivial solutions if the Killing spinors are complex, thus manifesting
the fact that they are associated with complex Grafimann-odd directions in superspace.

The Killing spinor conditions themselves have the following form

= 1 = 1 =
OME — ZQg‘f(x)r BE = —gmﬁ(X)rA:,
) (7.2)
—TAfT42 =
gl

8For the generalization of the T-dualisation rules to the whole superspace supergravity see [67].
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where Q4'P(X) and £{(X) are the spin connection and the bosonic vielbeins of the 10-
dimensional background, and F' denotes the contribution of the Ramond-Ramond fluxes

[ lF(2) FABF lF(4) FABCD IIA

F=1° (3Fap u+ g8 apep ) type (7.3)
= . _ . )

A+ T (U402 + LFE) 148Gt o L pQ) 1AEg2)  type TIB

Note that the equations in (7.2) are obtained by requiring that the supersymmetry trans-
formations of the gravitino and the dilatino vanish and are determined by the geometry
of the background and the values of the Ramond-Ramond fluxes. The requirement of the
integrability of the first equation determines a projector Pg(4_1) singling out the 8(d — 1)
fermionic isometries of the backgrounds of interest, as we discussed from the superalgebra
perspective in the previous sections. The second equation in (7.2) is then identically sat-
isfied. Incidentally, in the backgrounds having non-zero Fj-flux only, the second equation
in (7.2) is actually identically zero because of gamma matrix identities.

Fermionic T-duality rules. Upon solving for the Killing spinor equations (7.2), one

can derive from!?

EAZ T THE,  type ITIA
OCp = { M=H (7.4)

EQZE,T40%E,  type 1IB

the matrix C = (C,, (X)) which is formed by the components of the Neveu-Schwarz-Neveu-
Schwarz 2-form By along the Abelian fermionic isometries, that is,

do" A d0¥ B, (X, 0)|le=o := do* AdO”C,,(X). (7.5)
Knowing the matrix C,,, one obtains the shift of the dilaton under the fermionic T-duality
AP =9 - = %log(det C) (7.6)

and of the Ramond-Ramond fields, which in our conventions is
AF =} — F=85,(C"H"E,T, (7.7)

where I' is a certain product of gamma-matrices which has been used to split the fermionic
E(2) currents into four pieces corresponding to the splitting of the superalgebra generators
Qinto Q, Q, S, and S, respectively. In particular, for the backgrounds with only F5-flux,
we have I' = 1. For the AdSy x S% x M'0~2¢ (with d = 2,3) backgrounds with F3-flux
(see (4.15) and (6.1)), we have I' = —T'?3. This can be read off (4.16). For backgrounds with
both Fy- and Fy-fluxes, as in (5.7) and (5.12), we have I' = I'''T"!?3 while for backgrounds
with Fy-flux only, as in (5.16) and (5.18), we have I' = T'L.

19Equations (7.4) determine the components H sy, of the field strength Hs = d B of the Neveu-Schwarz-
Neveu-Schwarz 2-form for the superbackgrounds under consideration.
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Explicit form of the Killing spinors. As explained in [9], a direct way to get a form of
the Killing spinors, associated with the anti-commuting fermionic isometries along which
one performs the fermionic T-duality of the supergravity backgrounds, is to read them
off from the corresponding components of the fermionic currents Jg (2.13) associated with
the generators ) of the superisometry algebra (2.7)—(2.8b). Concretely, the Killing spinors,
which by construction satisfy the defining relations (7.1) and (7.2), are the components of
the matrix J,”(|y|, ¥, A3) in

|
Jo.lo=o = A0* T, (lyl, v, As) = 8¢ PQuel|, 5e o = AO'E,", (7.8)

where e? was defined in (2.10), (3.11), and (6.10).
The Killing spinor condition, which is a particular form of (7.2), is obtained by simple
differentiation of (7.8)

A=, + [e Pde”, E,]le=0 = 0,

~ (7.9)
e Pde”lo—o = Q(y/ly))R,; + Jp(|y)D + Jr,(As)Ls.

Note that the index p should be regarded as an external one, labelling the number of the
Killing spinors.
In view of the structure of the coset element eB(¥¥:43) and the commutation relations

(D, Q] = %Q, [Rs, Q] = —%QI}F‘LP, and [L3, Q] = %Q, we have the following generic form

of the Killing spinors in question?®®

- « « -1 i, af, a
20 = Tyl ys As) = [yl 726240, (4" /|y]) , (7.10)

where 0,%(y%/|y|) := (e*Frals ya/(Q\yD)ua is a Spin(d + 1)-matrix associated with the coset
S92 80(d+1)/SO(d) and P := P4 Pg(g—1) is the projector matrix which singles out the
2(d — 1) anti-commuting isometries Q = QP for each case of AdSy x S¢ x M2 as was
described in the previous sections (see (3.8) for the form of P). By definition, we have

o'r,0 =1yP, (7.11)

The structure of the matrix C,,, see (7.5), is immediately read from the form of the WZ-
term of the Green-Schwarz superstring action (2.14), which in our conventions has the
generic form

. !
B,uu‘@zo = IJMVF%Y(SJV&(‘M» Y, )\3) = Cuu . (7'12)
Using (7.10) and (7.11), we find that

Cow = ily| 1l (TUP) ., (7.13a)

and its inverse is
CTlm = _j|yleiAs (PP | (7.13b)

20T have a smooth limit from AdSg x % x S x T10734 to AdSy x S¢ x T1°724 at ¢ — 0, we have rescaled

the coordinates A+ and A3 of the second sphere as explained in footnote 15.

— 38 —



From (7.13a) we can read off the shift (7.6) of the dilaton
1
AD = 5 log(detC) = —(d — 1) log|y| +i(d — 1)cAs (7.14)

and from (7.13b) we read off the change (7.7) in the Ramond-Ramond fluxes upon the
fermionic T-duality for all the considered cases

AF =8J,C7 " J,T = —8iPT'T = —(1 + i) . (7.15)

Explicit form of the Ramond-Ramond fluxes. For completeness, let us give more
details on the form of the Ramond-Ramond fluxes characterized by (7.15) in some of the
exceptional AdSy x S x S x T1073¢ cages:

(i) For AdS3 x S3 x S x S!, we can consider the type IIB theory with an F3-flux (6.1)

as e.g. in [68],
Fy =2 (T + /al® 4+ /1 — aI®%7) = 4PgI. (7.16)
In this case, I' = —I'?3 as in the corresponding non-exceptional o = 0 case. Alterna-

tively, we can T-dualise this background along the S'-coordinate ¢? to get the IIA
background with only Fy-flux (6.2) as written in [18], and use the same Pjg with
I =T%9

(ii) For AdSsx S?x 8% xT* with Fy-flux, we can write the corresponding projector of rank
8 as a product of two rank-16 projectors, Pg = P; P», as in [18]. Re-numbering the F}-
components of [18] such that 0, ...,3 are the directions along which we dualise (with
2,3,8,9 the T* directions, one sphere being parametrised by 27 = A3 and a! = A\,
and the other sphere directions labeled by 5, 6) this reads

Py = 4P P,T92

1 1 (7.17)
P 5(1 4 T9%8) Pyi— 5(1+\/a1ﬂ047123+\/mlﬂou)ﬁgs)
and T = I'239,

In all the cases under consideration, the shifts (7.14) and (7.15) are undone by the
corresponding bosonic T-dualities, as we shall show next for the considered examples of
the AdSy x S x M'0~2¢ hackgrounds.

7.2 Compensating bosonic T-duality

General case. The complete Buscher rules for bosonic T-duality are part of the O(D, D)
symmetry of generalised geometry [69]. However, for the cases of interest here the antisym-
metric Neveu-Schwarz-Neveu-Schwarz B-field vanishes and the metric is diagonal, which
simplifies the rules greatly. Letting Z be the set of directions along which we dualise, the
new metric has the components

, 1

- teT 7.18
tt Gtt ( )
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and remains unchanged in all other directions. The shift in the dilaton is given by (minus
half the log of) the determinant of this block, that is,

1 1
A® = —logdet Gyn = —5 ;lotht. (7.19)

Allowing the slight abuse of notation that ¢ refers to flat directions here, we can write the
change in the Ramond-Ramond forms simply as

FU _ <H o Ft) F/, o= {1—1 fort=0 (7.20)

eT else,

where F is the result of the fermionic T-duality (see (7.7)).

This change was written in terms of the potentials in [70] (where the need to include
factors e® if the dilaton is non-trivial was also noted) and in [71] in terms of the field
strengths (whose formulae simplify here because we still assume the B-field vanishes and
the metric is diagonal). Time-like T-duality always leads to imaginary forms [72]. The
overall sign is not physical, and clearly depends on the order in which we perform the
dualities.

Now let us apply this to the backgrounds of our interest. The T-dualisation was
performed along the directions labeled by ¢ € {0,...,3}. So the T-dualised Ramond-
Ramond fluxes (7.20) take the form

F' =By, (7.21)

Substituting into the above equation F' = F + AF with the shift AF produced by the
fermionic T-duality as in (7.15), we see that the combined bosonic-fermionc T-duality
leaves the Ramond-Ramond fluxes intact, i.e. F” =F.

AdS4 metric. Let us now consider the T-dualisation of the background metric and the
dilaton. With our choice of the coset element and corresponding AdS; x S% metric, as
in (3.1), the effect of the dualising along all d — 1 boundary directions of AdS,; on the line
element on AdSy is

2 _ —(dz%)? + Zf;f dzidzt + Zﬁ:} dy"dy"

ds
() P
d+1
i . d T’d ‘s
w2 = (d2®)2 + 92 daidat | + W (7.22a)
and the dilaton shift is
AAdS(I) = (d — 1) 10g|y| . (7.22b)
We can return the metric to its original form by defining ¥ = 3"/|y| which sends

ly| = \/ng yryr — ﬁ Dualising along some torus directions has no effect on the
metric or the dilaton.
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S% metric. In the exceptional cases AdSy x S% x S x T10-34 of section 6, we also dualise
along some directions of one of the spheres: Ay for d = 2, and Ay for d = 3. The effect on
the line element on S? (see (6.11), (6.13), and (6.19)), rescaled as in footnote 15, is

1 : .
(d8)2 — |:(d)\3)2 + e21c>\3(d)\+)2 + e?lc>\3 (d)\7)2:|
4 —_——

only for d=3
o i [(dA3)2 FemBieda(d),)? 4 e~ 2N (dA,)Q} (7.23a)
only for d=3
and we recover the original metric by defining A5 = —\3. The effect on the dilaton is
Ag® = —i(d—1)cAg+ (d—1)log2. (7.23b)

Together Axgs®+Ag® cancels the fermionic duality’s shift in the dilaton, (7.14), mod-
ulo the constant term which can be ignored, since its only contribution is as an overall factor
multiplying the action in the path integral and hence will not affect the classical supergrav-
ity argument. In summary, we have thus shown that the AdSy x S x M19~2¢ backgrounds
with (d = 2,3,5) are invariant under the combined fermionic-bosonic T-duality.

8 Conclusions and outlook

In this paper, we have proved the self-duality of the supercoset sigma models describing
strings in AdSg x S¢ backgrounds (d = 2,3, 5) and in an AdSy x S x S (d = 2, 3) under a
combined T-duality along Abelian bosonic and fermionic isometries of these backgrounds
without gauge-fixing kappa symmetry of the sigma model actions.

When d = 2 and d = 3, the corresponding sigma models describe only subsectors of the
complete superstring theories in AdS;x 5S¢ x M19~24 backgrounds which also include 8(5—d)
non-supercoset fermionic modes associated with the 10-dimensional supersymmetries that
are broken in these backgrounds. In the d = 3 case, the 16 non-supercoset fermions can
be put to zero by gauge fixing kappa symmetry, though this gauge is not admissible for all
classical string configurations. For instance, this gauge is not admissible if the string moves
entirely in AdSs x S3. In the d = 2 case, there are not enough kappa symmetries to remove
all the 24 non-supercoset fermions. So one should prove the invariance of the AdSy x S? x
M10~2d guperstring actions under the bosonic and fermionic T-dualities in the presence of
the non-supercoset fermions v. We have shown that for the type IIB AdSy x S x T10-2d
backgrounds supported by F5- or Fs-fluxes the actions remain invariant (to the second order
in v) in the gauge £ = 0 for coset fermions but without imposing any kappa symmetry
gauge on v. The presence of the v-fermions in the string actions requires to perform the T-
dualisation not only along (anti-)commuting bosonic and fermionic isometries of AdSy x S¢
but also along half of the torus directions. This provides evidence for the invariance of the
complete type IIB superstring actions on AdSy x S x 71024 ynder the combined bosonic
and fermionic T-duality. We have also demonstrated that the T-duality invariance naturally
persists also in the type ITA AdSy x S% x T19-24 bhackgrounds, which are T-dual to their
type IIB counterparts. The proof of the self-duality requires the appropriate choice of the
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Z4-grading of the generators of the superisometry algebra (descending from the structure
of 10-dimensional supergravity constraints, see e.g. [15, 18]) which ‘feels’ the presence of
the non-supercoset sector, i.e. the torus directions and the fermionic directions along which
the supersymmetry is broken.

In this respect, let us note that there is a hybrid formulation of the AdS, x S% x M10-2d
superstrings for d = 2,3 [47] in which the AdSy x S¢ supercoset sector is completely
decoupled from the M1972¢ sector and the non-supercoset fermions get replaced with the
Ramond-Neveu-Schwarz spinning string variables. The supercoset sectors of the hybrid
sigma models differ from the kappa symmetric Green-Schwarz supercoset models considered
here. The former are similar to the structure of the pure spinor action for the AdSs x S°
superstring which has proved to be invariant under the T-duality [9]. We thus expect that
also the hybrid models of the AdSy x S x M10=24 superstrings will be self-dual, but their
complete equivalence to the Green-Schwarz superstrings is yet to be proved (see e.g. [73]
and references therein).

Having acquired an experience of working with contributions of the non-coset fermionic
modes of the string, it would be of interest to see whether and how the presence of these
modes determine the combined bosonic-fermionic T-dualisation of the AdSs x CP? back-
ground and corresponding string sigma model. In particular, whether the T-dualisation of
complexified CP? directions is required.

It would also be of interest to address an important problem of the combined fermionic
and bosonic T-duality of AdSy; x 8% x M19~24 backgrounds for d = 2,3 in the presence
of Neveu-Schwarz-Neveu-Schwarz flux, as well as to find a manifestation of this T-duality
on the CFT sides of the correspondences for the Ramond-Ramond (and Neveu-Schwarz-
Neveu-Schwarz) d = 2,3 backgrounds.

We hope to address these issues in future work.
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A Clifford algebra in ten dimensions

In this section we briefly list our conventions on gamma matrices, both for the type ITA
and type IIB superspace.

Type 1IA superspace. Let © be a 32-component Majorana spinor in 10-dimensional
type IIA superstring theory. The Clifford algebra is defined as

{14, 17} = 29% (A1)

where (nap) = diag(—1,1,...,1).

We use the realization of the 10-dimensional (32x32) gamma matrices I'4 for A, B,...=
0,...,9and """ = —T9...T9 in which T'4 are real and CT# are symmetric (with C' being
a charge conjugation matrix used to lower (or raise) the spinor indices):

crict = (T, (A.2)

For our purposes it is convenient to choose a realization in which the AdS, x S2 x T
structure becomes manifest. The re-distribution of the 10-dimensional indices A = (a, a’)
among the AdSs x S? directions (a = 0,4,5,6) and T° directions (a’ = 1,2,3,7,8,9) has
been chosen in accordance with the type IIB notation of section 5.1.

Type IIB superspace. In this case the 10-dimensional fermionic coordinates ©%, i =
1,2, are Majorana-Weyl spinors whose indices «,f3,... take 16 values. The (16 x 16)-
matrices Fﬁﬁ and T4%8 obey the Clifford algebra (A.1) and share the following symmetry
properties

I, 0578 418 147 = 250 pAB |

A A A A ABCDE _ 1ABCDE
Iy =Th,, DA =r  144 =154 . T ene =Tisens -
FABBC _ _PEXBC [ABCaf _ _pABCfa (A.3)
o [0 ) )
1 1
ABC ABCD, D ABC ABCD;--D
(PABC)eS = e ABOD DTl s (A ap = et PP PN (p,p Yo

B The psu(1,1|2) algebra for type IIB AdS, x S; X T® background

As explained in the text, in this case the psu(1, 1]2) algebra can be obtained as a truncation
of the psu(1, 1]2) @ psu(1, 1|2) one, or directly as a truncation of the psu(2,2|4) algebra. Its
explicit form can then be read from egs. (3.6)—(3.9b) where we set m,n,... =0 (no = —1),
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a,b,...=5,6 and project the supercharges with the P, projector (see (5.4), (5.3)). For the
reader’s convenience we list here the resulting non-vanishing commutators (P = Py and
K= K())

D,P|=P, [D,K]=-K, [P, K] = 2D,
[Ra, Ry] = —e,3R56,  [Rse, Ra] = —¢3 1,
1 1 A .
D, Qal = 5Qa,[D, Sa] = —55a. K, Qo] = (SToa)a, [P, Sal = (QTo)as 5 1)

1 1
[Ra, Sal = 5(5Fa4)a, [Ra, Qo) = _§(Qrd4)a7
1 1
[Rs6,50) = 5(5F56)a7 [Rs6, Qo) = §(QF56)CM7
and the same for (@, S) + (Q, S) Furthermore,

{Qa, Qp} =i(T°PyPy)as P,  {Sa,Ss} = —i(T°P 1 Py)as K ,
{Sa,Qp} = —i(I'"P1Ps)as D — i(T*P4 Pa)ap Ra — (LT P4 Py)ap Rse (B.1b)
{S0,Qp} = —1(TP_Py)ag D — (T P_Py)op R — i(TTP_Py)0s Rss

where Py have been defined in (3.8).

C The psu(1,1|2) algebra for type ITA AdS, X S, X T background

To perform the worldsheet T-duality of the type IIA AdS, x S? supercoset sigma model it
is convenient to choose the psu(1,1]2) Lie superalgebra in the form similar to that of the
type IIB case (B.1a)—(B.1b), where the indices 0, 4 label the AdSy tangent space directions
and a, I;, ... =5,6 label those of S2.

We consider the derivation of the form (B.1a)—(B.1b) of the psu(1, 1|2) Lie superalgebra
from its 10-dimensional type ITA counterpart used in [15] to construct the superstring action
in type ITA AdSy x S? x T background with F»- and Fy-flux.

The bosonic s0(2,1) @ so(3) subalgebra is generated by translations (P,) = (Pa, Ps)
and so0(1,1) ® so0(2) rotations (Mga) = (Map, M,;) in AdS; x S?

1
[ng P,] = _§R@gM@a [MlLb’ Pﬂ = U@PQ_ UEP@ [Mavacd] =0, (C-l)

where

(Rab@) = (Rab0d7 R&[}éd> = (26@55}7 _26[6[15(}]) (02)

is the AdSy x S? curvature of unit radius. The fermionic part of psu(1,1|2) is generated
by eight GraBmann-odd operators Q = PgQ associated with eight fermionic degrees of
freedom ¥ = PgO of the string (see (5.9a)). They satisfy the following (anti-)commutation
relations

1 1
[ng Q] = 7QF04FQFH ) [M(Lba Q] = 77QF@7

2 : 2 (C.3)
{Q, Q} = 2 CT*Py Pa— CT T TPy Roy* Mg -
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Now let us make the form of the algebra (C.3) closer to that of the AdS5 x S° case (3.3).
To this end let us split Q onto the chiral and anti-chiral parts

Loa -y, (C.4)

11 11 2 _
Q —QQ(1+F ), @ =3

For these generators the (anti-)commutation relations are
i1 _ L ijoipoa i L i
[Pa, Q] = 56V QI T [Map, Q' = —5QT'w,

{Q', Q') =iCTe(1 + TPy P, {Q% Q%) =iCTe(1 — TPy P, (C.5)
{0, 0%} =iC(1 — TPy Mys—iCT5(1 — TH)Pg Mg .

We now convert the anti-chiral spinor Q2 into chiral one by multiplying it with I''?3 (note
that T''? commutes with the projector (5.9b) with J,/ defined as in (5.8))

. 1 1 -~
2 _ 21123 2 11
Q \/éQ 5 (L+17) (C.6)
For these generators (with Q1 = L9 the algebra takes the form similar to (3.3
V2
=i 1 ij A7 01234 =i 1 ~;
[PQ,Q]:*E QP PQ, [M@,Q]:—*Qraib,
o P : (€.7)
{Q, '} =0V CT*Py Py — & CT TPy My~ 5 CTTT Py My
where we have defined the projector
- 1
Pyi=(1+ rhpg (C.8)

which reduces the number of the components of the initial 32-component supercharge down
to four. It is similar to the type IIB projector (5.3).

Now we can relate the generators of (C.1), (C.3) to those in (B.1a), (B.1b). We start
with the AdSs generators P, and My, (a = 0,4). From (C.1), (C.2), we deduce their
commutation relations

[Po, Ps) = —Mos, [Py, Mos] = Py, [Py, Mos] =D (C.9)

Therefore, we can identify the above generators with those in (B.1a)—(B.1b) as follows

1 1
szi(P—K), Py=D, M04:§(P+K)- (C.10)

In the SO(3) sector we have
[Ps, Ps] = Mse, [Ps, Ms¢] = —Ps, [Ps, Ms¢] = Ps. (C.11)

Thus,
Ps=Rs, PFPs=Rg, Mss= —Rsg. (C.12)
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Finally, in the fermionic sector we have

1 =« ~ N 1 = ~
Q= —ﬁ(gl —iQ*Py, Q= —2(91 +i0H)P_,
(C.13)
7( +i0%)P,, = 7( Q' —iQ*)P_,
where we have defined 1
Py = (1 +ir%%). (C.14)

2

With this definition the corresponding currents have the form (5.11a). Accordingly, the
resulting supercoset part of the type IIA AdSy x S? x T superstring action with the Fy-
and Fy-flux has exactly the same form as its type IIB counterpart.

D D(2,1; a) supercoset currents

Due to the structure (6.5) of the superalgebra 0(2, 1; ¢?) and the chosen coset element (6.10),
the coset currents .J(©) and .J have the following components (see (2.13)):

JO = [e7B(dzP + d0°Qu + dAy Ly )e”] JO — 0, 7O _ [ BaeP]

T = [e B (daP + d0°Qa + d)\+L+)eB]]; ;I =000 = [ePde”] L3D,
T, = [e7Pae”] . (D.1a)
Tor = [e7P(dzP +d0°Qa + dAsLy)e"], I8 =[e7Pde"],
JO o0, T = [e7Pde”] g
and

+
Jp=J5 +02505)€7, = T +icta2505)e0,
']Raﬂ = JI(%O"?B - oz’yJQO)SB aiééaﬁ‘]@w 567
_ 0 1(0) e _ 10, 1(0) (D.1b)
o =g, = Ip €%, g, =g + I8,
T = =025 T &7 + < J(0)§2 Ji ==l S’ = SPIpe
_ 10 i(O)a~(0),B a 19 (0),2
Tso = =5 €% = S0 — i) € e — o8 TER

In these expressions, we have made all the é-dependence explicit.

Dual currents. The Maurer-Cartan form J = §~'dj constructed from the dual coset
representative (6.17) is of the form

J = 0"atQs j(0) o0 Pat?Qs 4 ;18 d€“Qp

) (D.2)
= O — 1,285, JO) - L2290 (s, 155, FO} + 01 0deoQs.
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where, as before, J© does not depend on the fermonic coordinate €%, and we have set
£2 = iaiﬁfo‘fﬁ . A calculation similar to the one that led to (D.1) yields

JW =0, JO=[eB(diK — 020,85 + dN\, L_)eP JO = [e=BaeB
P K B D

K D>
T =0, JY =[eP(dZK —i0**Pd0aSs + ANy Lo)eP], T = [e7Pde], |
JI(%O,E = e_BdeB]Ra ,
70) _ 70) _ r.—B3.B
JQa_O’ JQa_[e de ]Qa’
jgl) = [e_B (da?K — iJQa'BdéaSg + djurL,)eB]Sa , jéo) = [e_BdeB] &
(D.3a)
and
jK:j[((('))v jSa:jé,'El)7 jL_:j[(JO_)7
Jp=JY —iols e, Jry = I + Palgde,
. - . 1 -
Trey = I, + (08 18] — 3a1s T €7
: (0 o 50 = (0 o 50 (D.3b)
T, =I5+t T el Jg, =Ty —atg g ¢,

Jp = —iaéﬂjngﬁ — %jé(i)§2, jL+ = —icZUéﬁjéi)&B + %cQj[(?)§2,

- W (15 i , i,
Jo. = 0% (2J§30)§5 + I+ dgﬁ) —io' ) &+ 58 TE

As before, in these expressions, we have made all the £&-dependence explicit. Note that

7(0 0) 70 0) 70 0) 7 0 7(0 0
I = a8, I = a0 Ty = Iy g = ), and Ty =g

« @ Sa

respectively.
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