Kolmogorov Superposition Theorem and Its
Applications

A thesis presented for the degree of
Doctor of Philosophy of Imperial College of London
and the

Diploma of Imperial College of London
by

Xing Liu

Department of Mathematics

Imperial College London, UK

Supervisor: Professor Boguslaw Zegarlinski

September 2015



I certify that this thesis, and the research to which it refers, are the product of my own work,
and that any ideas or quotations from the work of other people, published or otherwise, are

fully acknowledged in accordance with the standard referencing practices of the discipline.



Copyright

The copyright of this thesis rests with the author and is made available under a Creative
Commons Attribution Non-Commercial No Derivatives licence. Researchers are free to
copy, distribute or transmit the thesis on the condition that they attribute it, that they do not
use it for commercial purposes and that they do not alter, transform or build upon it. For
any reuse or redistribution, researchers must make clear to others the licence terms of this

work.



To my mom Fengqing Wang, for her love throughout my life.



Abstract

Hilbert’s 13th problem asked whether every continuous multivariate function can be written
as superposition of continuous functions of 2 variables. Kolmogorov and Arnold show that
every continuous multivariate function can be represented as superposition of continuous
univariate functions and addition in a universal form and thus solved the problem posi-
tively. In Kolmogorov’s representation, only one univariate function (the outer function)
depends on and all the other univariate functions (inner functions) are independent of the
multivariate function to be represented. This greatly inspired research on representation
and superposition of functions using Kolmogorov’s superposition theorem (KST).

However, the numeric applications and theoretic development of KST is considerably
limited due to the lack of smoothness of the univariate functions in the representation.
Therefore, we investigate the properties of the outer and inner functions in detail. We show
that the outer function for a given multivariate function is not unique, does not preserve the
positivity of the multivariate function and has a largely degraded modulus of continuity.
The structure of the set of inner functions only depends on the number of variables of the
multivariate function. We show that inner functions constructed in Kolmogorov’s represen-
tation for continuous functions of a fixed number of variables can be reused by extension
or projection to represent continuous functions of a different number of variables.

After an investigation of the functions in KST, we combine KST with Fourier trans-
form and write a formula regarding the change of the outer functions under different inner
functions for a given multivariate function. KST is also applied to estimate the optimal
cost between measures in high dimension by the optimal cost between measures in low
dimension. Furthermore, we apply KST to image encryption and show that the maximal

error can be obtained in the encryption schemes we suggested.
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Chapter 1

An overview of Kolmogorov

superposition theorem

1.1 Hilbert’s 13th problem and its positive and negative answers

In 1900, Hilbert [21] posted a list of 23 problems which he considered important to the
development of mathematics in the 20th century. The 13th problem in Hilbert’s problem
list is as follows: “ The equation of the seventh degree f* + xf* + yf> +2f +1 =0
is not solvable with the help of any continuous functions of only two arguments.” As is
known, the solution of an algebraic equation " + a,_ 12" ' + --- + ay = 0 of degree
n < 4 1is given by a formula involving only algebraic operations, i.e., addition, subtraction,
multiplication, division and radicals (fractional power). For n > 4, it can be reduced to
the form y"™ + b,_4y" * + --- + by + 1 = 0 by means of Tschirnhaus transformations
[63]], which uses only algebraic operations. It follows that the solution of an algebraic
equation of degree n < 6 can be represented by superposition of continuous functions of
2 variable and for n > 7, the solution can be represented by superposition of continuous
functions of n — 4 variables. In particular, the solution of an algebraic equation of degree
7 is a superposition of continuous functions of 3 variables and a further reduction seems
impossible.

Hilbert’s problem list has attracted enormous researchers and stimulated various solu-

tions. Some of the problems on the list have not been solved completely so far. Studies on
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Hilbert’s 13th problem bloomed around 1960s. Using a technique on functional trees by
Kronrod [31], Kolmogorov [28]] claimed that every continuous function can be represented
as a superposition of continuous functions of 3 variables. Then Arnold [2], Kolmogorov’s
student, proved that any continuous function of 3 variables can be represented as a super-
position of continuous functions of 2 variable in 1957. Kolmogorov and Arnold’s results
together show that any continuous multivariate function can be represented as a superpo-
sition of continuous functions of 2 variables and thus Hilbert’s conjecture was incorrect at
least for continuous functions. Shortly after this, Kolmogorov [29] found a new construc-
tion, avoiding functional trees, and improved the proof significantly, which formed the
Kolmogorov superposition theorem (KST): every continuous function f of n variable can
be represented as a superposition of continuous functions of one variable and the additive

operation:

2n n
F@n ) =Y gg [ D tuglan) |, (1.1.1)
q=0 p=1

where g, and ,,, are continuous univariate functions on R and 1),,,’s are independent of f.

On the other direction, the irrepresentability of multivariate functions by superposition
of univariate functions and additive operation was studied at the same time. Hilbert’s 13th
problem were understood in different ways and it was not sure if it was continuous function
class which Hilbert was concerned about. For example, the problem can be understood as
to solving algebraic equation of degree 7 by superposition of smooth or analytic functions
of two variables. In this sense, Hilbert’s conjecture could be right, as there are analytic
functions of 3 variables which cannot be represented by finite superposition of analytic
functions of 2 variables [66]. In fact, the number of partial derivatives up to order p for a
function of 3 variables is proportional to p3, whereas the number of partial derivatives up
to order p of functions of two variables is proportional to p?. Hence a function of 3 variable
f that can be represented by superposition of functions of two variables has to satisfy some

algebraic partial differential equation. That is,

of of of gt g

=0
’ 81’1’ 8@’ 81‘37 ’ 8x§'18x’2’28x§3 ’

P(f

where P is a polynomial with constant coefficients in the function f and its partial deriva-
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tives up to order p. Therefore there are “more” functions of 3 variables than superposition
of functions of 2 variables [[66]].

Generally, it is showed by Vitushkin [69] that if the complexity of a function is mea-
sured by the ratio of the number of variables to the order of smoothness, then almost every
function of a given complexity, except for a first-category set of functions, cannot be rep-
resented as a superposition of functions of lower complexities. This reveals the inevitable
decrease in smoothness of functions as the number of variables of functions decreases in
superposition.

Vitushkin’s proof [65] used the concept of variations of sets designed by himself. A
simpler proof, using e-capacity, is given by Kolmogorov and Tihomirov [60]. For more
specific examples of irrepresentability by superpositions of functions from certain classes

see [44] [67] [69] and references therein.

1.2 The motivation and structure of the thesis

In the thesis, we focus on the positive answer to Hilbert’s 13th problem: Kolmogorov
superposition theorem. We study topics around Kolmogorov superposition theorem in both
theoretical and applied aspects.

Techniques and methods generalising concepts and results from lower dimensions to
higher dimensions have been explored both in theoretical and practical research. In gen-
eral, mathematical problems in high dimensions are generally more difficult than those
in low dimensions. For example, the optimal transport maps between measures in high
dimensional spaces are generally not easily obtained, while they are explicitly solved for
measures on the real line. Another example is typical partial differential equations (PDEs)
describing physical processes involving time and space. When the dimension of spaces
involved increases, more complicated techniques and methods are needed to tackle the so-
lutions to the PDEs. In view of Kolmogorov’s result, superpositions of functions of one
variable and the additive operation exhaust the set of all multivariate functions. One may
say that there are essentially no continuous functions of multiple variables except the addi-
tive function, f(z,y) = x + y, and thus no high-dimensional problems at all. This intuitive

prospect looks over optimistic, as we will see later in the thesis. Nevertheless, the evident
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advantage of KST in representation still motivates us to explore its possible applications to
problems in high dimensions.

Next we introduce the structure of the thesis with more detailed motivation in each
chapter. In the remaining part of Chapter 1, researches closely related to Kolmogorov
superposition theorem from the publication of KST in 1957 till now are briefly reviewed.
Specifically, we examine the improvements and generalisations of KST, its topological
implications, its numerical implementations, approximative versions of KST (particularly
neural network), and applications of Kolmogorov’s theorem in image processing and other
fields.

In chapter 2, we introduce the background knowledge needed in chapters that follow,
such as the main types of proofs of KST, especially the constructive proofs. We also intro-
duce general concepts and theorems from optimal transport theory which will be used in
Chapter 6, such as cost functions, the optimal cost between two probability measures and
the dual problem of optimal transport problems. The Wasserstein distance induced from
optimal transport problem is also introduced, which is used to estimate the difference be-
tween multivariate functions obtained from superposition of different inner functions with
a shared outer function.

It is notable that the inner functions 1), in KST are independent of the functions to be
represented and thus KST allows a universal representation for all multivariate continuous
functions. In other words, KST separates the topological structure of the domain /™ from
the value information of the multivariate function in its representation. This requires strong
point-separability properties [59] of the inner functions, which impairs their smoothness
significantly. As mentioned in section Vitushkin’s negative results [66] also leads to
this conclusion. Moreover, the special structure of the inner functions also has “bad” effects
on the smoothness of the outer function. Since the inner functions are independent of any
multivariate function f, information of f is totally stored in its outer function g. Naturally,
one expects smoother g for smoother f; however, the domain /™ is mapped by the inner
functions to the real line in a highly “non-linear” way such that the neighbourhoods of 1"
are no longer preserved in the real line (see figure [7.1). This implies potentially that the
analytic properties of f are not well preserved in g in Kolmogorov’s representation.

In Chapter 3, we investigate the set of inner functions in Kolmogorov’s representation
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formula. Originally, the inner functions are constructed for continuous functions defined
on I™ with a fixed dimension n > 2. We show that if the inner functions are constructed to
separate a sequence of 2n + 1 families of little cubes which covers [™ at least n + 1 times,
then it is possible to extend the inner functions in dimension n to dimension m > n or
project the inner functions in dimension m to dimension n. In this way, the inner functions
can be reused in different dimensions.

In Chapter 4, we investigate the problem how the analytic properties of f are preserved
in the univariate function g. For a given family of inner functions in (I.1.1]), we show that
the outer function g for a given f is not unique and g does not preserve the positivity for
f = 0. The modulus of continuity of f is drastically lost in g. In particular, we gave a
sharp lower bound for the modulus of continuity of g with respect to that of f in Sprecher’s
constructive proof of KST [7/].

In KST, the outer function of a continuous function of several variables depends not
only on the multivariate function, but also on the inner functions 1, chosen in the repre-
sentation. In Chapter 5, we try to understand the change of outer functions under different
inner functions for a given multivariate function using the techniques from Fourier trans-
form. As shown in (I.I.1I), the inner functions are served as the argument of the outer
functions g. Fourier transform can separate the argument y of a function g(y) from g by

moving y to the exponent of Fourier basis ¢!, that is, formally,

g prq(xp) :/Q(t)ez’ri@?:l%q(mp))t_
p=1 R

Despite the undesirable performance of KST in preserving analytic properties, KST in-
deed provides a way to reduce the dimensionality of functions. Probability measures with
continuous density functions in n dimension can be transformed to probability measures
in one dimension using KST. Thus the transport problems in n dimension can be studied
in its equivalent problem formulated in one dimension. In chapter 6, we estimate the opti-
mal transport cost in  dimension with certain cost functions by the corresponding optimal
cost in one dimension. Similarly, the Wasserstein distance between two probability mea-

sures in n dimension can also be bounded by the Wasserstein distance of their equivalent
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counterparts in one dimension.

The main disadvantage of KST, its high non-linearity, can be turned into an advantage
from a different point of view. In fact, the highly “non-linear” dependence of g on f
inspires us to apply KST in encryption. Suppose we have some data to be transmitted and
the data is considered as values of a multivariate function f on a discrete set. First, choose
a family of inner functions and encode f as its outer function g, then transmit g publicly.
The chosen inner functions are served as secret keys. The authorised users with secret keys
can reconstruct f from the public data g. It is hard to crack f directly from g, since they are
connected in a highly non-linear way. Different versions of KST, such as Lorentz’s (1.3.1))
and Sprecher’s versions, give different types of keys. It is difficult to construct a key
even knowing the type of the correct keys because the construction of the keys are complex
due to their high non-linearity. Some experiments and simulations of image coding have
been conducted very recently by Leni et. al [34] [33] [35], which we will give more details
in section 1.6. In Chapter 7, we estimate the error of reconstructing f from g with wrong
keys measured in L,-norm and Wasserstein distance. It is showed that the error can be
maximised in some cases. For example, a greyscale picture can be wrongly restored as any
random picture between a purely black and purely white picture. Therefore, the encryption

based on KST generally guarantees a high-level security.

1.3 Improvements of Kolmogorov superposition theorem

There have been many comments and refinements of Kolmogorov superposition theorem
and its proof. Fridman [15] shows that the inner functions 1, in can be chosen to
satisfy a Lipschitz condition] This turns out to be the best possible smooth property for
the inner functions v, in the sense that if 1, in is replaced by some continuously
differentiable functions, then there are even analytic functions which cannot be represented
by formula [66]. To simplify the form of representation (I.I.1]), Lorentz [40] re-
placed the (2n + 1)n inner functions 1), by 2n + 1 functions ¢, multiplied by n constants

* We say a real or complex-valued function f on n-dimensional Euclidean space satisfies a Lipschitz
condition, or Lipschitz continuous, iff there is a real constants C' > 0 such that | f(z) — f(y)| < Clx —y| for
all z, y in the domain of f.
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Ap. He also showed that the dependence of outer function g, on g can be removed by a shift
of their arguments. Thus the number of both inner and outer functions are reduced. More
precisely, Lorentz [40] in 1966 showed the existence of continuous and monotonously in-
creasing functions ¢, such that for any f € C'(I") with I := [0, 1], there exists a continuous

function g such that
2n n
flan,oan) =) g (Z Apd)q(xp)), (1.3.1)
q=0 p=1

where A\, > 0,p = 1, ..., n are rationally independentﬂ

Sprecher [48]] made a further simplification of the inner functions by replacing ¢, in
with one single function v and proper shifts in its argument. He [48] proved that
there exist positive numbers a, b, A\, \pg. p = 1,...,n,q = 0, ..., 2n, and a real, monotonic
increasing function ¢/ : I — I satisfying a Holder conditionﬂwith exponent log 2/ log(2n-+

2), such that for any given f € C'(I") and all (xy,...,x,) € I,

2n n
flxy,.yxy) = Zg (Z ApU(x, + aq) +bq) , (1.3.2)
q=0 p=1

or
2n n
fay, mzn) =) g (Z qu¢(xp+aq)> (1.3.3)
q=0 p=1

holds with some continuous function g. Note that the values a and the functions g can differ
in the two representations. Moreover, Sprecher [S0] also showed that the inner functions in
(1.3.2) and (1.3.3) can be Lipschitz continuous. In fact, following the insight by Fridman
[13] and Kahane [24], any tuple of (¢, ..., ¢2,,) in with ¢, continuous and increasing

can be re-parametrized to satisfy a Lipschitz condition [26].

Hedberg [20] and Kahane [24] gave a proof of KST totally different from Kolmogorov’s.
Using the category theory, they show that Ay, ..., A\, can be chosen such that the represen-

fA1, ..., Ay, are rationally independent, if for any rational numbers ¢y, ..., t, with Y7_ #,A, = 0 it follows
thatty =---=1¢, =0.

A real or complex-valued function f on n-dimensional Euclidean space satisfies a Holder condition
with exponent «, or is Holder continuous, iff there are real constants C > 0 and 0 < « < 1, such that
|f(z) = f(y)] < Clx — y|™ for all z,y in the domain of f.
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tation in (1.3.1) holds for all tuples (¢o, ..., ¢o,,) With ¢, continuous and increasing , except
for a subset of first category. The first category here is with respect to the metric space ¢"
with the ordinary maximum metric, where & C C'(I) denotes the metric subspace of C'(I)
of all increasing functions ¢ : I — [I. Using their idea, Doss [12] showed that the inner
sum D7, 1py(2p) in formula (1.1.1) can be replaced by a product of univariate functions:

HZ:l Ppg(Tp)-

1.4 Extensions and generalisations of KST

We now introduce some generalisations and extensions of Kolmogorov superposition the-
orem which provide a deeper understanding of superposition of functions. Ostrand [43] in

1965 showed that KST holds on compact metric spaces.

Theorem 1.4.1 (Ostrand [43]). Let X, ..., X; be compact metric spaces with X, having
dimension d,. Let X = X; X --- x X;andn = Z;Zl dy. Then there are continuous
functions V,, © X, — I, forp =1,...,land ¢ = 0, ...,2n, such that each f € C(X) is

representable in the form

2n+1 l
f(xy, . xp) = Z 9q ( wpq(a:p)) : (1.4.1)
q=1 p=1

where the functions g, are real and continuous.

Doss [13]] and Demko [[10] in 1977 generalised KST to R" for unbounded and bounded
continuous functions, respectively. Feng [14] in 2010 generalised KST to locally com-
pact and finite dimensional separable metric spaces (or equivalently, spaces homeomorphic
to a closed subspace of Euclidean space). He gave a full characterisation of spaces that

admitting the superposition formula (1.4.T).

Theorem 1.4.2 (Feng [14]). X is a locally compact, finite dimensionalﬁ separable metric
space, if and only if for every m,n € N, there is an v € N and v,, € C(X,R"), for

$Dimension here refers to topological dimension, which is also called Lebesgue covering dimension. A
topological space X has Lebesgue covering dimension n if and only if n is the smallest natural number such
that for every open cover of X, there exists a refinement of the open cover such that any point in X is covered
by at most n + 1 sets of the refinement. If a space does not have Lebesgue covering dimension n for any
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g=1,..,rand p=1,...,m, such that every f € C(X™,R™) can be written as

f@n, am) =g, (Z ¢pq(xp)> , (1.4.2)
q=1 p=1

for some g, € C(R",R™).

In particular, for n = 1, Feng [14] states Kolmogorov’s representation formula for
C(R):
Theorem 1.4.3 (KST for C'(R) [14]). Fix m € N. There exists 1,, € C(R), for ¢ =
0,...2m and p = 1,...,m, such that for any function f € C(R), there can be found
functions gy, ..., gom in C(R) such that:

2m
f(x) = qu 0&,(x), where & (T1, ..., Tm) = Y1g(x1) + -+ + Vimg(@0m).
q=0

Further, one can arrange it so that the co-ordinate functions, qq, ..., Gom, are all identical

(say to g), and that 1,, (and hence £;) are Lipschitz (with Lipschitz constant 1).

Representations of functions from other function classes are also investigated in the lit-
erature. For example, the representability of bounded functions or even arbitrary functions
are studied in the series of paper of Sternfeld [S7] [59][58] and Ismailov [23] respectively.
It turns out that the representability depends on the structure of the inner functions with

respect to the domain, which has geometrical interpretations (see [27] [62]]).

1.5 Cardinality of basic families of a space and its dimension

Kolmogorov superposition theorem implies more topological properties of the spaces in
question, in particular the dimension of the space. We first introduce the concept of basic
family of a space.

Let X be a metric space. A family of continuous functions, {{, : X — R|¢ =1, ...,m},

is said to be basic for X iff each f € C'(X) can be written as f = Z;”:l gq © &, for some

n € N, it is said to be infinite dimensional. An open cover {U/};cs’ of X is a refinement of another open
cover {U; }ies of X iff U] C U, for some j € S depending on ¢ holds for all ¢ € S”.
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915 9m € C(R). Thus {377, thpe(x,)}oly in (1.1.1) is a basic family for I". The
cardinality of basic family relies on the topological structure of the space X. Doss [11]

shows that the cardinality of basic family for /™ in , 2n + 1, cannot be reduced when
n = 2 and 1), is monotonously increasing. Sternfeld [38] and Levin [36], with a shorter
proof, show that for n > 2, the dimension of a compact metric space X is no greater than
n if and only if the cardinality of the basic family for X is less or equal to 2n + 1. Feng
[[14] generalised this characterisation to locally compact, separable and metrizable spaces.

Using the duality between function spaces and measure spaces, Sternfeld [S9] charac-
terised the basic family by its property in separating points in the topological space X. For
example, {1, ..., &} is a basic family for X if and only if it is a uniformly measure sep-
arating family; that is, there exists some 0 < A < 1 such that for every measure p in the
dual space C'(X)* of C'(X), || o & |lrv > A|[p||rv holds for some 1 < ¢ < m, where
(C(X)*, || - ||rv) is actually the space of Borel measures on X with total variation norm.
We will use this observation to show that the outer function g in Kolmogorov superposition

theorem is not unique in Chapter 4.

1.6 Numerical implementation of KST and its application to neural

network

From a practical viewpoint, those basic families which are superposition of univariate func-
tions are of our interests.

Let X3, ..., X; be locally compact and separable metric spaces with X, having dimen-
sion d,, p=1,...,1. Let X = X; x --- x X;and n = 22:1 d,. We call a basic family
{&,..&n} for X, m > 2n + 1, a Kolmogorov basis for X or K-basis for X as abbrevia-
tion, iff forevery 1 < ¢ < m, §, : X — R can be written as a sum of continuous univariate

functions, that is, there exist continuous v, : X, — R, for p = 1, ..., [ such that

l
o1, .., mp) = Z¢pq(xp)- (1.6.1)
p=1

In practice, we consider the special case when X; = --- = X,, = [ and X = [", which
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is also the most investigated case of Kolmogorov superposition theorem.

As a matter of fact, most of the proofs of KST are not “implementable” in the sense
that the construction is an infinite process. Sprecher contributes a series of papers [S3]
[52][51][54] concerning the computability and numeric implementation of KST for C'(1™),
where the functions in the K-basis are simplified as translations of a single function .
Sprecher’s construction had minor mistake which was noticed and corrected by K&ppen
[30] in 2003 without proof. Braun [7]] in 2009 implemented the details of the construc-
tive proof and verified Koppen’s result, whence a totally constructive proof of KST was
presented. Despite the constructive version of KST, the application of KST in real compu-
tation as an exact representation is impossible, because the outer function is computed by
an infinite number of iterations and the construction of functions in K-bases is also a limit
process. Approximative versions of KST are investigated in a series of literatures, such as
[6] [22] [32] and so on, where smoother and simpler functions are used to approximate the
inner functions or the outer functions or both of them.

KST has applications in various fields, such as non-linear control circuit and system
theory, statistical pattern recognition, image and multidimensional signal processing, neu-
ral network and so on, see [33] [35] [3], etc.

The application of Kolmogorov superposition theorem to neural network has been
mostly discussed since Hecht-Nielsen [19] explained KST as a feedforward neural net-
work in 1987. Briefly speaking, a neural network is a structure to perform computations by
a network of interconnected neurons. A neuron produces an output from a certain number
of inputs through an activation function. The outputs of some neurons can be sent as inputs
to some other neurons. Hecht-Nielsen states that any continuous function f : /™ — R can
be represented as a neural network with one hidden layer with inputs (1, ..., x,,) and activa-
tion function 1 (the K-basis), and a single output layer with activation function g (the outer
function) that produces the output f(x1, ..., z,,). Although the highly non-smoothness of the
inner functions proposed doubts on the realisation of Hencht-Nielsen’s network, Kurkova
[32] noticed that instead of exact representation, Hecht-Nielsen’s network can be realised
in an approximate way by increasing the number of inner functions and approximating
both the inner functions and outer functions with sequences of smooth functions. There are

various approximation schemes [41] [25] [42] for Hecht-Nielsen’s network, for example
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perceptron type network [41] and projection pursuit algorithm [16]. Particularly, Igelnik
and Parikh [22] in 2003 proposed an algorithm of the neural network using spline func-
tions to approximate both the inner function v and outer function g. They show that any
continuously differentiable function f can be approximated with any given accuracy and
the approximation order (the number of net parameters needed for a given approximation
error) in their algorithm is better than general approximation schemes for Hencht-Nielsen’s
network.

In signal processing, most of techniques are applied in 1 dimension or 2 dimension
and cannot be easily extended to higher dimensions. Therefore, KST can also be used in
image processing in higher dimensions: instead of applying operations directly to signals
in high dimensions, such as signal compression, approximative versions of KST allow
one to apply the operations to an equivalent representation of the signal in one dimension.
Using Igelnik’s spline network [22] combined with wavelet transform, Leni, Fougerolle
and Truchetet conducted simulations on image reconstruction [34], compression [33] and
transmission [35] and produced improved results in image processing. Moreover, they [35]]
also designed a progressive transmission of secured images by encoding the image as a

univariate function with changing K-bases in different resolutions.
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Chapter 2
Preliminaries

We introduce two main subjects: the general ideas in the proofs of KST as well as ba-
sic concepts and problems in optimal transport theory, which we think are necessary to

understand the contents of the thesis.

2.1 Notations

First we introduce some notations and definitions used through this thesis.

N:={1,2,..}, Ny ={0,1,2,...}.

R is the set of real numbers, R, is the set of non-negative real numbers, and Q is the set of
rational numbers.

I := 0, 1] is the unit interval. ™, n € N, is the Cartesian product of I.

C(A): the set of all continuous functions defined on aset A C R, n € N.

CP(A),p > 1: the set of of functions with continuous p-th partial derivative functions on
A.

Co(R) :={f € C(R) : lim, o f(z) = 0}.

C.(R) :={f € C(R) with compact support}.

flA] := {f(x) : © € A} is the image of A under the map f, if f : A — B is a function
defined on set A C R", n € N with values in set B C R™, m € N.

P(X) : the set of probability measures on a Polish space X.

(X, || - |loo) is @ normed function space and || - || is the maximum norm of functions in X'.
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A permutation o of {ay, as, ..., a,} is a bijective map on {ay, as, ..., a, }.

o = (ay,as, ..., a,) denotes a cyclic permutation of {ay, as, ..., a, } defined by

o:{ay,as,...,a,} — {ay,as,...;a,}
ola;)) =aj1, 1=1,...,n—1

o(a,) = ay.

Next we introduce three definitions: Kolmogorov basis, Kolmogorov map with respect
to a Kolmogorov basis and superposition operator with respect to a family of continuous

functions.

Definition 2.1.1 (Kolmogorov basis and Kolmogorov map with respect to Kolmogorov
basis). Let X1, ..., X; be locally compact and separable metric spaces with X, having di-
mension d,. Let X = X; X --- x X;and n = Z;Zl d,. If there exist continuous functions
Upg: Xp > R p=1,..,1,¢g=1,....m, such that every f € C(X) can be represented as

[, m) = Zg <Z 77/}17!1(xp)>

with some g € C(R). Then we call the family £ := {&, ..., &} defined by

!
E(x, ) == prq(xp), g=1,..m (2.1.1)
p=1

a Kolmogorov basis or K-basis for C(X).
For a given K-basis & = {&,,....&n } for C(X), if K : C(X) — C(R) is a well-defined
linear operator such that for all f € C(X), f = Zgl:l(Kf) 0 &, Then we call K a

Kolmogorov map or K-map with respect to the K-basis &.

For example, in the constructive proofs of KST [29] [40] [7], a unique outer function g
is constructed for any given f € C'(I™) and thus a Kolmogorov map is well defined.
On the other hand, we can define the superposition operator with respect to a given

family of functions, particularly with respect to a K-basis.
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Definition 2.1.2 (Superposition operator). Let m € N and X be a locally compact, finite
dimensional separable metric space and & = {1, ..., &y} with continuous functions &, :

X =R, q¢=1,..,m, then we call the linear operator S¢ : C(R) — C(X) defined by

Se(9)(x) ==Y g(&y(x)).
q=1
the superposition operator with respect to £ or the superposition operator when there’s no

confusion.

2.2 Proofs of KST

There are two main types of proofs of Kolmogorov’s superposition theorem: the proofs
using category theory and the constructive proofs.

Kahane [24] and Hedberg [20] around 1970 used the Baire category theorem to show
the existence of the inner functions 1/, in the superposition formula (I.3.1). Despite their
proofs were not constructive, they showed more than KST, i.e., Ay, ..., A,, in (1.3.1]) can be
chosen such that all tuples (¢4, ..., Pa,41) With ¢, continuous and increasing make the KST
formula hold, except for a subset of first category]

Based on Kahane’s idea [24]], Sternfeld [58]] in 1979 used a general duality argument in
functional analysis and proved KST and Ostrand’s [43] generalisation of KST in compact
metric spaces. Let X be a compact, separable metric space and £ := {&1, ...&,,, } be a family
of continuous functions defined on X. £ is a Kolmogorov basis on X if the superposition

operator S¢ with respect to § is surjective, which is equivalent to that its dual operator

S¢ + C(X)" = C(R)”

m

p— Y poé,

q=1

is isomprphism into, i.e., 5¢ is injective and its inverse, mapping range of S* onto C' (X)),

*The first category here is with respect to the metric space ®", the corresponding metric product space of
® with the ordinary maximum metric, where & C C'(I) denote the metric subspace of C'(I) of all increasing
functions ¢ : I — 1.
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is bounded (see Appendix). Note that C'(X)* is equivalent to the space of Borel measures
with bounded total variations on X . Then S is isomorphism into iff {&;, ..., &, } uniformly
separates the Borel measures on Xﬂ Sprecher then showed by Baire category theorem the
existence of families of functions {¢, ..., &, } that uniformly separate Borel measures on
X and thus proved KST.

The other type of proofs, given by Kolmogorov [29] Lorentz [40], Sprecher [48] and
others, is constructive. The constructive proofs consist of two parts: the construction of the
independent inner functions and the iterative approximation of the outer function. First,
divide the unit cube [ into disjoint sub-cubes and then shift the sub-cubes along some
vectors a certain amount of times such that every point in /™ is covered several times by the
union of all the shifted families of sub-cubes. The inner functions are constructed such that
the images of all disjoint sub-cubes from all families are mapped into disjoint intervals on
the real line. Second, approximate the multivariate function f on these squares by defining
proper outer function g, on the disjoint intervals iteratively at each step r. The infinite
series of functions g, converges to the outer function g for f.

We illustrate the general routine of the constructive proofs in more details with Sprecher

and Braun’s construction.

Theorem 2.2.1 (Sprecher-Koppen-Braun’s constructive version of KST [48][30] [7]). Let
n > 2,m > 2n and v > m + 2 be given integers and let x = (x1,...,x,). There
exists strictly increasing and continuous function 1) : I — R such that for any arbitrary

continuous function f : [" — R
m

f(x) = qu 0&y(x), with & (x) = Z At () + qa),

q=0

and g, : R — R continuous, where a := [y(y — 1)]75 Ay = 1, A, = Y00 4~ P~ DE0) for
p>1landpB(r)=(n"—1)/(n—1).

The detailed construction of ) in Theorem will be discussed in Chapter 4. We

f¢ .= {&,..., &, } is said to uniformly separate Borel measures on X, iff there exists some 0 < \ < 1
such that for every Borel measure 4 in the dual space C'(X)* of C(X), || o & |7y > Al|ul|rv holds for
some 1 < g < m, where || - ||y is the total variation of a measure.
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assume that v is constructed for now. Write the numbers between 0 and 1 in digits with

base . For each integer & € N, let Dj, be the set of numbers with £ digits:

k
Dy, = Di(7) = {dk €cQ:d, = Zirﬁy*’”,ir € {0,...,v— 1}} )
r=1

Let
v—2
(v — ™

Then for all dj, € Dy, the pairwise disjoint intervals

(Sk =

Ep(dy) := [di, di + 03]

are mapped by ¢ into disjoint image intervals (see Corollary 3.6 in [/]). Furthermore, by

the definition of \,’s the pairwise disjoint cubes

n

Sp(di) == [ | E(dip)

in I™ are mapped by { = >, A\,¢)(,) in Theorem into disjoint intervals contained
in Yy := &[] (see Lemma 3.7 in [[7]]).
Now shift the family of intervals of EY(dy) by %7’“. Forq =0, ...,m, let

Bl(d) = e — L7 e — Lo )

and
n

Si(dy) = | | Ei(dr,).

p=1
Pairwise disjoint cubes S} (dy) are mapped by &, into disjoint intervals contained in
Y, := &,[I"]. For each fixed rank & € N and every point = € I, there are at least m values
of ¢’s such that x is covered by some g-interval E}(dy) and thus every x € I" is covered
by at least m + 1 — n of g-cubes S{(dy).
Let || - || denote the usual maximum norm of functions and f € C(I™) be given. Let

@ and ¢ be fixed real numbers such that 0 < m;_ﬁ“le + 7311 < 6 < 1, which implies
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e<1-— We construct iteratively g, at step  and K f will be the sum of the infinite

_n
m—n-+1"°
series g := >~ | gr.

Starting with fy = f, for r = 1,2, ..., iterate the following step: given the function
fr_1, determine an integer k, such that for any two points x,x’ € I"™ with |x — x| < y~*r,

it holds that
’fr—l(x) - fr—l(xl)‘ < 6”f?"—lHOO'

1

—L- f(dg,). We can extend g,

On each interval {,[S] (dy,)], take g, to be constant
linearly into the gaps between ,[S] (dy, )] and obtain in this way a continuous function on
¥, for all g such that [lg, e < =151/ lr Let £2(%) i= F(x) = S0y S0y g5 0 &(X).
This completes step 7.

Let x be an arbitrary point of /™. For at least m + 1 — n values of ¢, x € S} (dy, ) for

some dy, ,’s at every step . For these g,

1
go&y(x) = m—_Hfr—l(dkr,q)

and thus

() - g0 &) £

m+1

Hfr—lHOO'

For the remaining values of ¢’s of which x is not contained in the cubes S}, (dy), g» 0 &,(x)

is less that —— || f. 1|« in absolute value. Thus it follows that

= m—n-+1 2n

091 = 1109 = S 0500 < (P et 2 ol < 6l
Inductively,
1 1
roo<— r— o<3<—91ﬂ71 o]

lgeloe < ——l1fr-slloe < ——=0" ]

and
[ frlloe = Hf(X) =X D ok <Ofllx
q=0 j=1 00

Therefore > | g, converges uniformly and let g be its sum, then K f = g.
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2.3 Optimal transport theory

One of the main topics of optimal transport is the optimal cost of transference plans. We
first introduce the mathematical formulation of the problem.

Let u, v be two probability measures defined on some measure spaces X, Y respec-
tively. A cost function ¢(z, y) is a measurable map form X x Y to RU {+o00}. P(X X Y))

is the set of probability measures on X x Y. The set of all transference plans

O(p,v) :={mr e P(X xY);m(AxY)=u(A),n(X x B) =v(B),
V measurable A C X,BCY.}

is nonempty, since the tensor product p ® v lies in I1(u, v).

I[n] ::/X Yc(x,y)dﬂ(x,y), m e (u,v)

is called the total transportation cost associated to 7w. The optimal transport problem is to
minimize the transportation cost I[r] for all 7 € TI(u, v).

To(p,v) = inf I«

mell(p,v)

is called the optimal transportation cost between . and . The optimal 7’s, if they exist,
will be called the optimal transference plans. For quadratic cost function ¢(z,y) = |z — y|?
on R", the structure of optimal transference plan is simple and elegant. Here are some

results on optimal transference plans.

Theorem 2.3.1 (Optimal transportation theorem for quadratic cost. Theorem 2.12 in [64]).

Let i, v be probability measures on R", with finite second order moments, i.e.,

lzldu(z) + | |y[Pdv(y) < oc.
Rn RTL

We consider the transportation problem associated with a quadratic cost function c¢(z,y) =

|z — y|?. Then,

(i) (Knott-Smith optimality criterion) m € 11, v) is optimal if and only if there exists a
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convex lower semi-continuous function ¢ such that
Supp(m) C Graph(0¢)
or equivalently:
for dr-almost all (x,y), y € Jp(x).

Moreover, in that case, the pair (¢, ¢*) with ¢*(y) := sup,cpn (T - y — ¢(2)) has to

be a minimizer in the problem

inf{Rn¢du+ bdv V@,y),x.y@@)w(y)}.

R

(ii) (Brenier’s theorem) If 1. does not give mass to small sets (sets with Lebesgue measure

0), then there is a unique optimal , which is
dr(z,y) = dp(z)dly = Vé(x)],

or equivalently, 1 = (Id x V¢)#u, where NV ¢ is the unique(i.e., uniquely determined
du-almost everywhere) gradient of a convex function which pushes p forward to

v : Vo#u = v. Moreover,

Supp(v) = V¢(Supp(u)).

(iii) As a corollary, under the assumption of (ii), V¢ is the unique solution to the trans-

portation problem:

[l = Vo@ldute) = int [ o= TP duta)

=v

or equivalently,

/ & Vo()dp(r) = it / o T()dp(r).

TH#p=v
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In the case of real line, R, the solution to the optimal transportation problem can be ex-
pressed in terms of cumulative distribution functions. The cumulative distribution function
of p € P(R)is F(z) := [*__dp = p[(—o0,z]]. One can define the generalised inverse of
Fon[0,1] by

F~Yt) =inf{z € R: F(z) > t}.

Theorem 2.3.2 (Optimal transportation theorem for a quadratic cost on R. Theorem 2.18
in [64]). Let u,v be probability measures on R, with respective cumulative distribution
functions F and G. Let m be the probability measure on R? with joint two-dimensional

cumulative distribution function
H(z,y) = min(F(z), G(y)).

Then, m belongs to 11(u,v), and is optimal in the transference plans between i and v
for the quadratic cost function c(x,y) = |x — y|*>. Moreover, the value of the optimal

transportation cost is

E(u,u)z/o IF7H(E) — GY(4)2dt.

2.3.1 Duality

The optimal transport problem can be studied in its equivalent dual problem.

Theorem 2.3.3 (Kantorovich duality. Theorem 1.3 in [64]). Let X, Y be Polish spaces, let
pwe€ P(X)andv € P(Y), andletc : X XY — R, U{oo} be a lower semi-continuous

cost function.
Whenever 7 € T(u,v) and (¢,1) € L' (du) x L'(dv), define

Mol = [ copiny) J00) = [ odu+ [ v
XxY X 1%
Define ®.. to be the set of all measurable functions (¢,1)) € L'(du) x L'(dv) satisfying

¢(x) + ¥ (y) < c(z,y)
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for all du-almost all x € X and dv-almost all y € Y.
Then

inf I[n] = sup J(¢,¥). (2.3.1)
o

el (u.v)
Moreover; the infimum in the left-hand side of is attained. Furthermore, it does
not change the value of the supremum in the right-hand side of (2.3.1)) if one restricts the

definition of ®. to those functions (¢, 1)) which are bounded and continuous.

When the cost function is a metric: ¢(x,y) = d(z,y) on X = Y, then there is more
structure in Kantorovich duality principle. Note that this distance need not be the distance

defining the topology of the space.

Theorem 2.3.4 (Kantorovich-Rubinstein theorem. Theorem 1.14 in [64]). Let X = Y be
a Polish space and d be a lower semi-continuous metric on X. Let Ty be the cost of optimal

transportation for the cost function c(x,y) = d(x,y),

Ta(p,v) == inf /Xyd(a:,y)dﬁ(x,y).

rell(u,v)

Let Lip(X) denote the space of all Lipschitz functions on X, and
[16]|Lip := sup == —==
P rH#y d(l’, y)
Then

7;<u,u>:sup{ [otn—vr  oerdn-v), |I¢>Hmp§1}-

Moreover, it does not change the value of the supremum above to impose the additional

condition that ¢ be bounded.

2.3.2 Wasserstein distances

When the cost function between two mass points is measured in their distance, the optimal
transport cost between two probability measures defines a metric on the paces of probability

measures.
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Let X be a Polish space. Consider the cost function ¢(z,y) = d(x,y)?, for 0 < p < 0o
and d(x,y)" := 1,,. Use the abbreviation 7, (i, v) = Ta (11, v). Denote by P,(X) the set

of probability measures with finite moment of order p, namely
P,(X) = {u € P(X): / d(xg,x)Pdu(x) < oo, for some and thus any xy € X} :
X

If d is bounded, then P,(X) coincides with the set P(X).

Theorem 2.3.5 (Wasserstein distances. Theorem 7.3 in [64]). (i) Forallp € [1,00), W,

T.M'? defines a metric on P,(X).
(ii) Forallp € [0,1), W, = T, defines a metric on P,(X).

Wasserstein distance has wide applications in shape recognition [17] and image pro-

cessing [47].
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Chapter 3

Kolmogorov basis

In this Chapter, we investigate the set of Kolmogorov bases and formulate a sufficient
condition for a family of continuous functions to be a Kolmogorov basis. Generally, the
construction of a K-basis depends on the dimension n of the domain /". Let m > n > 2
be natural numbers. In general, a K-basis on /™ cannot be generated by adding some new
functions to a K-basis on /™ and a K-basis on [" cannot be obtained by subtracting some
functions from a K-basis on /™. Similar construction process of K-bases is repeated for
every different n > 2. Here we show that under certain conditions, a K-basis on /™ can be

extended to a K-basis on /™ and a K-basis on /™ can be reduced to a K-basis on /™.

3.1 Kahane’s set of K-basis

Let & C C(I) denote the metric subspace of C'(I), endowed with the ordinary maximum
metric, of all increasing functions ¢ : I — I. ®" is the metric product space of ®. As
mentioned in Section the set of continuously increasing functions (¢, ..., ¢a,) € 2"

which can form a Kolmogorov basis is of second category.

Theorem 3.1.1 (Kahane [24], Hedberg [20]]). Let A\, > 0 with 22:1 Ap < 1 be rationally
independent numbers. The set K C ®*"! for all such tuples (¢y, ..., ¢2n) € > which
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has the property that for any f € C(I") there is some g € C(R) satisfying

[y, @) = Zg (Z Ap(bq(xp))

is of second Baire category

To investigate paths between K-bases {§, := >~ A0, oo with (¢o, ..., ¢2,,) from

Kahane’s set, we first fix the functions (¢y, ..., ¢2,,) and change the parameter \,’s. It turns
out that the set of parameter \,’s are dense but not connected. Second, we find that the all

K-bases in Kahane’s set can be generated by any K-basis in the set.

Proposition 3.1.2. The set of parameters,
A:={(A\1,..s ) 2 A1, oy, A > 0, rationally independent and Z)\p <1}
p=1

is dense in the set {(A1,...; \n) + A1,y Ay > 0, withy 0 A, < 1}. A is not connected
and thus not simply connected.
Any (¢g, ..., oon) € ®* VL generates all other elements in ®*". Precisely, for any

(G0, ..., Pan) € DL, there exist homeomorphisms Ly : ¢4[I] — 4[] such that

éq(xp) = Ly o ¢g(yp), Vg

Remark 3.1.3. Proposition[3.1.2]implies that one cannot build a continuous path between

Kahane’s K-bases by continuously changing only the parameter \,’s.

Let
Ay i=A{(\1, ..., A\n) A1, .., A\, rationally independent }.

When n = 2,

Ao ={(A1,A2) A € QA & QFU{(A1, A2) : M € Q, 00 ¢ M QF.

*A set K is said to be of second category if it is not included in a countable union of nowhere dense sets.



3.1 Kahane’s set of K-basis 34

Generally,

Ap ={( A1, )t A €R A € MQ, A3 ¢ MQ+ XQ, .0, ¢ MQ+ -+ X, 1Q}.

Proof of Proposition[3.1.2} Given any n rationally independent numbers A}, ..., A% € I, the
set {(A1, ., An) 1 A € INAN)Q, p=1,...,n, with 377 A, <1} € Ais dense and thus
Adsdense in {(Ar, s An) © Aty oy A > 0, with 300 A, < 1}

Let

A={( A1, \) EA: A <X} and B :={(A1,.., \n) €A A > Ao},

then A and B are open in the relative topology induced on the A. A = A U B. Therefore,

A is not connected.

For any (¢o, ..., ban), (G0, .., Pon) € P let L, = ngogbgl, then ¢, (2,) = L,0d,(x,)
for all q. u

Moreover, given two K-basis (g, ..., ¢an) € ", (@g, ..., pan) € ®>"H1, consider the

matrix of homeomorphism L of size (2n + 1) x (2n + 1) from ®*"! to ®2"! guch that

éo LOO LOl T L0,2n ¢0
95'1 _ L'IO L.ll ' Ll.,2n Qs'l 7 (311)
&Qn L2n,0 L2n,1 T LQn,2n ¢2n

that is,
~ 2n
Pg = Z Loygo¢g, Vg
q'=0

The matrix L between given two K-basis (¢o, ..., ¢an), (@0, ..., don) € 21 is not unique.
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For example, L can be

gz;gogbgl 0 0
0  drogr! - 0
0 0 Gon0y

or

L= (az‘jﬁgi ° ¢;1)(2n+1)><(2n+1)7

where (a;;)(2n11)x(2n41) is an arbitrary stochastic matrix (see the definition in Appendix).
On the other hand, for any (¢, ..., ¢2,,) in Kahane’s set and matrix of homeomorphisms
L,if Lo (¢o, ..., P2,)" separates a Kolmogorov cover (see next subsection [3.2(for detailed
definition), then it forms a K-basis in Kahane’s set. As some simple examples, if L is the
elementary matrix obtained by changing two rows of the identity matrix or by multiplying
a positive numbers to any row of the identity matrix, then Lo (¢, ..., ¢, )T generates a new

K-basis.

3.2 Projection and extension of K-bases among dimensions

As a special case, Sprecher [51]] constructed a universal function ¢ such that ¢ can be used

to form a K-basis for all dimension n > 2.

Theorem 3.2.1 (Sprecher [51]]). Let {\;} be a sequence of positive rationally independent
numbers. There exists a continuous monotonically increasing function ¢ : [0,1 + %] —
0,1+ é] having the following property: For every real-valued continuous function f :

I — R with n > 2 there are continuous functions g, such that

2n n
flan, oan) = g (Z Ap(, —i—qan)>, (3.2.1)
q=0 p=1

for a suitable constant a.,.

One can separate the domains of definition of the 2n + 1 outer functions g, in (3.2.1)
by adding a suitable constant to the argument §, = >~7_, \,¢(z, + qa,,), and thus replace
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the g,’s with a single g. This was observed first by Lorentz [39] and remarked in Sprecher
[51].

In general, the univariate functions ¢, constructed in a K-basis for a given dimen-
sion n cannot be reused in another dimension m # n. In fact, for a given dimension
n > 2, the minimal number of K-basis for C'(I™) is 2n + 1 [57], which clearly de-
pends on n. The construction of the functions (¢, ..., ¢2,,) in the corresponding K-basis
§q(T1, s Tn) = 32, 1 Ap@y(7p) also depends on n. To investigate the conditions under
which ¢,’s constructed for dimension n can be reused in another dimension m # n, we

first examine the properties needed for {¢, 220 to be a Kolmogorov basis in dimension

n > 2.

3.2.1 Kolmogorov cover

Definition 3.2.2. Let n > 2 and Dy be the Cartesian product of Dy, where D), C Nis a

finite set. We call a sequence of 2n + 1 g-families of disjoint closed sets
{Sf;i rie Dz,q =0,..., 2n}k€N

Kolmogorov cover of 1", iff
(i) Diameter ofo;i goes to 0 with k — oo,
(ii) For any fixed k € N, the family of cubes {Sf;”i :ie€ Diq=0,...,2n} covers I™ at
least n + 1 times.

We say that a family of continuous functions {&, ..., {an } with €, : I"™ — R separates a

Kolmogorov cover {Séfi}keN iff for any fixed k € N, the image of cubes

{Skie D' q=0,..2n}

qi>

under {&, ..., o, } are all mutually disjoint.

As the routine of the constructive proofs of KST, one first sets up a Kolmogorov cover,
then constructs a family of functions that separates a Kolmogorov cover and this family of

functions is naturally a Kolmogorov basis (see section [2.2)).
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Lemma 3.2.3. Let n > 2 be a natural number. For ¢ = 0,...,2n, let § : I" — R be
continuous. If {£,}2", separates a Kolmogorov cover for I", then {£,}2" is a Kolmogoorv

basis on I"™.

Moreover, let Ay, ..., A\, > 0 and rationally independent, and ¢, : I — R continuous
and strictly increasing. If § := {> ", Apq ol separates a Kolmogorov cover, then &
belongs to Kahane’s set of K-basis, e.g., Lorentz’s K-basis.

Let D), C N be a finite set. Suppose that there exists a sequence of 2n + 1 families of
disjoint sub-intervals

{I¥,C1:i€ Dyq=0,...2n}pen

such that for any x € I, x is not covered by ¢-intervals /. (’; ; forat mostone of ¢ € {0, ..., 2n}.

One can generate a Kolmogorov cover of /™ by the Cartesian products of /. (’; i
Sg,i - Hfiz-pa i:= (i1, ..., i) € Dj. (3.2.2)
p=1

Since for any x € I™ there exists at most n of ¢’s such that x is not covered by g-cubes
S(';i, it means that x is covered by at least the other n + 1 g-cubes. Therefore, {Sf;i} defined
as in is indeed a Kolmogorov cover for I".

A Kolmogorov cover constructed as in (3.2.2) is called a Kolmogorov cover of Carte-
sian type. For example, the Kolmogorov covers constructed by Kolmogorov [29], Lorentz[40]

and Sprecher [48]] are all of Cartesian type.

Lemma 3.2.4. [f Let m > n > 2 be natural numbers and

m

{Skm) =[] 1k, ci€ Dg=0,....2m}pen

p=1
be a Kolmogorov cover of Cartesian type for I, then

n

{Sz];,l<n) = H];ip 1€ DZ,(] = 07 ceey 2n}k€N

p=1

is a Kolmogorov cover of Cartesian type for I".



3.2 Projection and extension of K-bases among dimensions 38

Proof. By the property of I*

gi» 4 =0,...,2n, for any x € I", there exists at most n of ¢’s

such that x is not covered by g-cubes S(';“"i(n), then x is covered by at least the remaining
n + 1 g-cubes. Therefore, {Sy; :=[['_, I}, :i€ Di,q=0,...,2n}xen is a Kolmogorov
cover of Cartesian type for /™. [

On the other hand, a Kolmogorov cover of Cartesian type in a low dimension cannot
always be extended to high dimension by adding more shifted families of the sub-cubes.

We take Lorentz’s [40] construction of Kolmogorov cover in dimension 2 for example.

Example 3.2.5. (1) Fork e N,i=0,...,10 Y and ¢ = 0, ..., 4, let
IE =i - 107" £ 107% 5 - 107F + 9. 107H]

and

k k —k
Replace by I N I 51' those intervals I ;‘; that are not entirely contained in I. Then any x € |
is not contained by at most one q-interval. Therefore

k
X Iqi2

S(’;’i(Q) = I*

qi1

with i = (iy,i3) € {0, ..., 10571}

is a Kolmogorov cover of Cartesian type for I>. However, S (’;i(2) cannot be extended to a
Kolmogorov cover to dimension 3. If we allow q = 5,6, then I¥. = I}, —10-107% = I{{ifl
and I, = I, — 12 -107% = I, |, which are repetitions of g-intervals for ¢ = 0,1
respectively.

(2) If we let

I8 =i 147" 4 1a7F . 147F 1£13.147%], keN, i=0,.., 14"}

and

Ih=15—2q-147% ¢=0,..,4.
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Again replace by I N I 51- those intervals I 51' that are not entirely contained in 1. Then

k
X Iqi2

Sk(2) =1}

qi1

with i = (iy,iy) € {0, ..., 1457 1}?

is a Kolmogorov cover of Cartesian type for I°.

Moreover, adding ]Z;Z- =1k —2¢-147% g=5,610 {Ié“i, q=0,...,4},

x I*

k
x I gis

qi2

S;i(:s) = JF

oir withi = (iy,1a,13) € {0,...14571}3

is a Kolmogorov cover of Cartesian type for I extended from {S, 5,1(2)}
(3) More general, let m > n > 2 and fork € N,i =0, ..., (4m + 2)*71,

5 =i (4m+2)7" ™+ dm +2)7F i (dm +2)7* ! + dm + 1) - (dm +2)7]

and
Ih =15 —2q¢- (4m+2)™" ¢=0,..,2n.

In a similar way, the Kolmogorov cover for dimension n,
Skin) =18 withi= (i1, ...in) € {0,..(4m +2)*"'}", ¢ =0,...,2n
p=1

can be extend to a Kolmogorov cover for I',n < | < m by adding 2(I — n) new q-shifts of

k
qu-

3.2.2 Projection and extension of K-basis

From the projection property of Kolmogorov cover of Cartesian type in Lemma [3.2.4] the

projection of K-basis from high dimensions to low dimensions follows:

Theorem 3.2.6 (K-basis projection theorem). Let m > n > 2 be natural numbers and

{S(I;,i(m) = H[;ip,i €D q=0,..,2m}ren
p=1
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be a Kolmogorov cover of Cartesian type for I™. Let A1, ..., \,, > 0 be rationally inde-
pendent numbers, and ¢, : I — I, ¢ = 0, ..., 2m, be monotonously increasing, continuous
functions such that {3_7" | \yog(p) : ¢ = 0,...,2m} forms a K-basis on I"™ that sepa-
rates {Syi(m)}. Then {3°7_) \py(xp) : ¢ = 0,...,2n} also forms a K-basis on I" that

separates

{Ski(n) =] 1k, i€ Di.g=0,....2n}pen. (3.2.3)
p=1

Proof. For any k € N,q = 0,...,2n and i € D7}, since the image of S;i(n) under
> o1 Apg(p) afterashift Y7 1 N0, (0) is contained in the image of Sy (n) x (1)) "
under » " | A0, (), the disjointness of the images of Ski(n) x (IF,)™ ™ implies the dis-
jointness of the images of S};(n) after the shift D peni1 Ap?q(0), and thus the disjointness
of the images of S}';(n).

More precisely, for any fixed k& € N, (¢4, ...,7,) € D}, and any cubes
Skin) = Ty It T

stm =TT, < TT
p=1

p=n+1
then . . .
D el )+ D A6a(0) € D Mol
p=1 p=n+1 p=1
where 4,1 = --- = i,,, = 0 and the plus “+” in the left hand side means a shift of the set

> o1 Apgl I, ] by the constant 337" 1 A,(0).
Therefore, {} | \y@¢(zp) : ¢ = 0,...,2n} separates the new Kolmogorov cover
(3.2.3) and thus forms a Kolmogorov basis. O

The extension of K-basis requires more on the K-basis. Let

{5%:(n) =[] 1, -i€ D g =0, ... 2n}ken
p=1
be a Kolmogorov cover of Cartesian type for /™. {ZZ:1 Mog(z,) g = 0,...,2n} is a

K-basis on [ that separates {Sf;l(n)} For any fixed K € Nand ¢ = 0, ..., 2n, write

k k k :
I(Li = [Oéqi,ﬁqi}, 1€ Dk
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Define for: € Dy, 0 < ¢ <2nand k € N,

1
551' = 5(%( 51) - ¢q(a§i>>7 and € := {Ielgzi {551}‘ (3.2.4)

0<g<2n

Theorem 3.2.7 (K-basis extension theorem). Let m > n > 2 be natural numbers and

{Ski(n) =TIy 1y, 1€ Di,q = 0,...,2n}ken be a Kolmogorov cover of Cartesian

type for I". Let Ay, ..., \,, > 0 be rationally independent numbers, and ¢, : I — I, ¢ =
0, ...,2n, be monotonously increasing, continuous functions such that {Zzzl M@y ()

q = 0,...,2n} forms a K-basis on I" that separates {Sy;(n)}. Suppose that {I};,i €

qi’
Dy,q =2n+1,....,2m} can be added to {Ié“i,i € Dy,q =0, ...,2n} such that every point

x € I is not covered by at most one of the 2m + 1 q-intervals Ié“i.

Let €. ¢, be as in (m) If there exists \yi1, ..., A\, > 0 such that \y, ..., \,, are

qi
rationally independent with Zgil Ap < land

> [(Balahs,) + b)) = (Blal ) + by ‘} > 2 (32.5)
p=1

min
0<q,q’<2n
Tptq lip—ipl#0

holds for infinitely many k € N, then we can add continuous functions ¢, : I — I,q =
2n + 1, ..., m, monotonously increasing such that {Z;ﬂ:l Apbg(xp) = ¢ = 0,...,2m} also

forms a K-basis on I that separates
{Skim) =] 1F, ;i€ Dy'ig =0, ... 2m}ren.
p=1

We first show the idea of the proof of Theorem by the extension of Lorentz’s

K-basis from dimension 2 to dimension 3.
Example 3.2.8. In Lorentz’s K-basis in dimension 2, suppose the Kolmogorov cover for I*

is

{SF(2) =1k x IV :i=(i1,i2) € Df :={0,..., 14"} ¢ =0,...,4}pen.

qi1 qi2
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As shown in Example (2), it can be extended to a K-cover in dimension 3:

{85:(3) = I,

qi1

x I x IV :i=(i1,i,93) € Dy, q =0, ..., 6}pen. (3.2.6)

We first show that under some assumption on the structure of ¢,’s, the family of func-

tions {\1¢q(x1) + Aoy (x2) + A3pq(x2), ¢ = 0, ..., 4} separates the cubes
{Sk(3):i€ D},q=0,..,4}

forany k € N.

Denote the endpoint of intervals by 1 éﬁi = [a’;i, (’;”z] From Theorem 1 in Chapter 11,
[40], ¢4,q = 0, ..., 4, are defined iteratively on the set of endpoints of[(fi at step k € N and
then extended continuously to the whole interval 1.

Suppose for all | < k, {¢q(cl;), ¢(BL;) - i € Di,q = 0,...,4} have been defined. At
step k, first let ¢4 be a constant on intervals IF, = ok, BY], i.e., ¢g(ali) = ¢q(BL) = oF;
such that gb’;i,i € Dy,q = 0,...,4 are rational and distinct and ¢,’s are monotonously
increasing on the defined set. Since \1, \o are rationally independent, the values

Mdk + Aok, ¢=0,..,4, i,j€ Dy (3.2.7)
are distinct. Choose 65 > 0 so small that the 20%5-neighbourhood of the points (m are
disjoint and contained in [¢4(0), ¢4(1)]. This allows one to amend the values on ¢, on
the endpoints O/(;m B(’;i to make it strictly increasing. For each I (]]‘ii, select gzﬁq(oz’;i), bq 52) in

the 6%-neighbourhood of ¢§¢ such that ¢, (a’;i) < gbgi < (;Sq(ﬁé“i). Then the images of any
squares {S}:(2),q =0,...,4} fori = (i, j):

[)‘1¢q(0‘§i) + )‘Q(bQ(alz;j)? AMq( 51) + A2, ( fj)]

are contained in the 265 -neighbourhood of \, qb’;i + )\ggbf;j and thus disjoint.
For any fixed A3 > 0 such that A1, Ao, A3 are rationally independent with A1+ o+ A3 <
2, the points
Mo+ Aok + Nk, q=0,..,4, 4,j,l€ Dy (3.2.8)

qb>
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are distinct.

Now we assume that 65 chosen before is so small that the (A + Mo+ )\3) 05 -neighbourhoods

of point are disjoint. That is, condition is satisfied with ¢;, = 255.
The image of cube S(';i(?)) withi = (i, 7,1) under \1 (1) + Aoy (x2) + A3dq(x3),q =
0,...,4:

P\ﬂbq(a@) + )‘Q(bq(al;j) + )\3%(04’51)7 A1¢y( f;) + A2y ( fj) + A3 ( 51)]

is contained in the (\; + Xy + \3)05-neighbourhood of and thus the 256%-neighbourhood
of Alqb’;i + )\gqb];j + Ag(é];l. Thus, the images of cubes {S;i(?)),i € D} q=0,...,4} under
M Pg(x1) + Aoy (x2) + A3dy(x3) are disjoint.

Second, we need to construct ¢, : I — R,q = 5,6, continuous and monotonously
increasing such that {\1¢,(z1) + Aa¢y(x2) + Asdy(x2),q = 5,6} separates the cubes
{S5.(3):i€ D}, q= 5,6}

Since for ¢ = 0,...,4, 0 < ¢,(0) < ¢4(1) < 1, one can define 0 < ¢,(0) < ¢,(1) <
1,q = 5,6, in such a way that {¢,(0), ¢,(1) : ¢ = 5,6} are rational and distinct and

(Uq:5,6[¢q(0)7 qu(l)]) N (U0§q§4[¢q(0)> ¢q(1)]) = 0. (3.2.9)

Applying Lemma 1 in Chapter 11 of [40], there exist strictly increasing, continuous
functions ¢, : I — I,q = 5,6, such that for each fixed rank k € N, the intervals

3 3
ARB) =D Moa(af, ).  Mog(BE)|, ¢=5,6,i€ D}
p=1 p=1

are all disjoint.

Forq =0, ...,6, ¢, is strictly increasing on 1. Then by , Pgll] = [04(0), pg(1)],q =
5,6 are disjoint from Ug<g<sdq[l]. Therefore, AL:(3),q = 5,6 are also disjoint from

k _
Ai(3),¢g=0,...,4

In summary, we find \3 and construct ¢s, ¢g such that

{Mdg(z1) + Xagy(22) + A3y(2), ¢ = 0, ..., 6}
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separates the Kolmogorov cover and thus is a Kolmogorov basis in dimension 3.
Now we show the extension of K-basis in general case.

Proof of Theorem[3.2.7] 1If {IZ,@' € Dy,q = 2n+ 1,...,2m} can be added to {Ig’i,i €
Dy,q=0,...,2n} such that every point x € I is not covered by at most one of the 2m + 1

g-intervals I*

i then the family of cubes

{Skm) =[] 1k, ci€ Dg=0,....2m}pen
p=1

forms a Kolmogorov cover of Cartesian type for /™.
Suppose there exists A\,i1, ..., A, > 0 such that Ay, ..., \,, are rationally independent

with 37" A, < 1 and condition (3.2.5) is satisfied. The image of S¥;(m) = [['_, I}, is

p:l q,ip

€Q[S§7i<m>] = Z >‘p¢q(a’;,ip)7 Z )‘p(bq( ;ip) , ¢=0,...2n.
p=1 p=1

For any two cubes Sy;(m) = [['_, IF; and S} ;(m) = [[", If%, condition (3.2.5)
implies the distance between the middle points of intervals &, [S¥;(m)] and £ [S), ;(m)] is
greater than sum of the half lengths of the two intervals. Therefore, the image intervals

&q [Sg,i(m)] and §y [Sk

¢ (m)] are disjoint.

For ¢ = 2n + 1,...,2m, ¢, can be constructed as in Lorentz’ version of KST such
that the image of {S(’;i(m), g = 2n+1,...,2m} are mutually disjoint under the map of
(D0 Apg(p), ¢ = 2n + 1,...,2m} and also disjoint with the images of {S};(m),q =
0,...,2n}.

More precisely, by Lemma 1 Chapter 11 [40], there exists 2(m — n) strictly increasing,
continuous functions ¢, : I — I, ¢ = 2n + 1, ..., 2m, such that for each fixed rank k& € N,

the intervals
Abi= 1D XNbg(0f ). Ndy(BE )| g=2n+1,...2m, i€ Dy
p=1 p=1

are all disjoint.
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In fact, at step & € N, ¢,’s are first defined as rational constants on the intervals 7, (fi =

k k

[, Bgils e

¢q(a§¢) = ¢q(a§7;) = ¢];z
kA

disjoint from ¢,[! (’;Z-], i € Dy,q = 0,...2n. Since \,’s are rationally independent, the values

q = 2n + 1,...2m, can be so chosen that they are distinct from each other and also

STneh . a=0,..2m, (i1, i) € DY’ (3.2.10)
p=1

are distinct. Choose 05 so small that the 24,-neighbourhoods of the points (3.2.10) are
mutually disjoint and disjoint from » ™" | A, &, [Iiip], (i1y..y3p) € Dfyq = 0,...2n. Then
amend the values of ¢, at the end points o/;i, Bé“i to make ¢, strictly increasing. Select

dq(ak), dq(BL;) in the dx-neighbourhood of ¢} ; in such a way that

¢‘1(0‘§i) < ¢§,i < ¢q(5§¢)a g=2n+1,...,2m.

If gF; = 1, then the inequality should be ¢,(al;) < ¢F, = ¢,(B);). Similarly, if of; =
0, then define ¢, (af;) = ¢F, < ¢q(fB). Then the images of the cubes, A; with i =
(41, ..., im ), are contained in the 20,-neighbourhoods of the point Z;Ll /\qu’;ﬂ»p and thus are
mutually disjoint.

Therefore, we show that the extended family of functions,

{Z )‘pqﬁq(wp) g = 07 A 2m}7
p=1

forms a K-basis on ™ that separates

{St];,l(m) = H [;zpal € DlT? q= Oa () Qm}kGN-
p=1
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Chapter 4
Kolmogorov map

In this chapter, we investigate how the properties of f are preserved in its outer function g
under given K-bases. We show that for a given K-basis, the outer function g for a given f is
generally not unique and g does not preserve the positivity of f. Taking Sprecher’s K-basis
as a particular case, we also show that the modulus of continuity of f is significantly lost

in its outer function g.

4.1 Shape-preserving properties of Kolmogorov maps

The universal presentation formula in KST is not obtained without a price. Fridman’s result
[1S]] with Vitushkin’s counterexample [66] gives a sharp upper bound for the smoothness
of the inner functions; that is, the inner functions v, in can be at most Lipschitz
continuous. If we consider the set of superposition of continuous univariate functions with
continuously differentiable inner functions, then the set is nowhere dense shown by the

following statement of Vitushkin and Khenkin:

Theorem 4.1.1 (Vitushkin and Khenkin [69]). For any continuous functions p,,(x,y) and
continuously differentiable functions q,,(x,y), m = 1,..., N and any region D C R?, the

set of superposition of the form

me(l’, Y) fn(@m (2, ),

m=1
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where f,, are arbitrary continuous functions, is nowhere dense in the space of all continu-

ous functions in D with uniform convergence.

Moreover, Vitushkin’s [68] and Kolmogorov’s result [60] also gives a general upper
bound for the smoothness of all functions involved in representing functions of given
smoothness in superposition. For example, for the superposition of continuously differ-

entiable functions, we have

Theorem 4.1.2 (Vitushkin [68]] and Kolmogorov [60]). Let Aga be the set of all continuous
functions of n variables that have uniformly bounded continuous partial derivatives of
orders < p, and additionally those of order p have moduli of continuity not exceeding
Mh* with some constant M > 0.

Let xo > 0 be given and L be the union of all classes A, with x := (p + a)/n > Xo
and p + o > 1. Then not all functions of a class N0, with xo = (po + ao)/no can be

represented as superposition of functions of L.

Roughly speaking, not all functions of a given “complexity” can be represented as
superposition of functions with less “complexity”.

Back to the superposition in KST, from many graphs simulated in the numerical im-
plementation of KST, we can see that g is highly oscillating. For example, Figure 6.2 and
6.3 in Bryant [8]]. This motivates us to have a close examination of the outer function g:
given a K-basis, what is the best possibility of g for a given f? If g is not unique in the

presentation formula, can we then choose relatively better ones from all available ¢’s?

4.1.1 Non-uniqueness of outer functions

Let X be a compact separable metric space. Let S¢ be the superposition operator with
respect to a K-basis {&p, ..., &} on X. For a given f € C(X), there are generally more
than one g € C(R) such that
Seg: =Y go& =1
q=0
Theorem 4.1.3 (Non-uniqueness of outer functions). Let X be a compact separable metric

space. Suppose {§, : X — R| q = 0,...,2n} is a K-basis such that Y := U2 Y, =
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Uzt o&q[ X is not connected in R, then the superposition operator S with respect to {£,} is

not injective.

Remark 4.1.4. For Sprecher’s [[7] K-basis {£, : I — R| ¢ = 0, ...,2n}, the image of 1"
under &, are mutually disjoint, i.e., Y, N Yy = 0 forany q # ¢'. Thus Y = Ugiqu is not
connected.

In fact, for any K-basis {,}22, on I" with Y := U2, [I"], we can choose a real
constant aq such that Yy := & [I"] — ay is disjoint with Ugilfq [I"]. Let o = & — ag, then
&I = Yo and {&y, €1, ..., E2,} is also a K-basis on I™. Since {£, on . is a K-basis on I",
for any given f € C(I™), there exists a g € C(Y) such that f = Zzlog o &, Define
9(y) = g(y) fory € U2 &1, G(y) = g(y — ag) fory € Yy and extend § linearly into the
gap between Yy and Uz2 &g, Then f =g o o + Zzzl g o&,. Hence {&y, &1, ..., )} is
a K-basis on I™ with Yo U Y] U - - - U Y5, not connected.

Proof of Theoremd.1.3] To show the corresponding superposition operator S : C(Y) —
C'(X) is not injective, by duality of adjoint operators (see Appendix), it is equivalent to

show that the range of its adjoint operator

S*.C(I")" — CY)”

2n
po— Y pog’
q=0

is not dense in C'(Y)*, where C(X)* and C(Y)* are the dual spaces of C'(X) and C(Y)
respectively. We identify C'(X)* and C(Y)* with the spaces of regular Borel measures
with the total variation norm on X and Y respectively. Since Y is not connected, then Y
must contain at least two disjoint intervals. Without loss of generality, assume that Yy U Y3
is disjoint with U2",Y,.

Let v be any Borel measure supported in Yy U Y7 with v(Y) # 0. We show that there
does not exist any ;1 € C(X)* such that S*(u) = v. Assume that there exists some
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p € C(X)* such that S*(u) = v. Since (Yo UY1) N (UZ2,Y,) = 0,

0 = p(UZLY,) = S () (ULY)

2n 2n
= Y po& MUY =) po& M (Yy) = (2n — u(X). (4.1.1)
q=0 q=2
On the other hand,

V(Y) = v(YyUY) = S () (YU Ys)

2n
= D po& M (YouYy) = po & (Yo) +po &t (V1) = 2u(X)  (4.1.2)
q=0

By (.1.1) and (4.1.2), 0 = u(X) = 3v(Y") # 0, which is a contradiction. Hence the set
ofallv € C(Y)* supported in Yo UY; with v(Y') # 0, which is an open set, is not included

in the range of S*. Therefore, the range of S* is not dense and thus S is not injective. [

Actually, the non-uniqueness of outer functions does not essentially depends on the
disjointness of the images Y;, as we will see in Remark [4.2.6] for the outer functions with
respect to Sprecher’s K-basis (I.3.2). We think that the outer functions are not unique for
any K-basis, which we leave as an open problem.

The non-uniqueness of outer functions does not contradict with the definition of Kol-
mogorov maps, because for every continuous multivariate function, one can restrict its
outer function to be chosen in a definite way. For example, in the proofs of Kolmogorov
[29], Lorentz [40] and Sprecher [48]], for a given continuous function f of several variables,
a unique outer function ¢ is constructed for f in a specific way described by the authors.

Moreover, for the Kolmogorov maps in their proofs, we have

Proposition 4.1.5. The Kolmogorov map with respect to a K-basis defined in the construc-
tive proofs of KST (see section[2.2))

K :C(I") — C(R)
f— Kf
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are bounded and continuous with respect to the maximum norms. That is, there exists a

constant ¢ > 0 such that || K f||c < ¢ f]| -

4.1.2 Non-positivity-preserving of K-maps

In an attempt to study Markov semigroups in high dimensions defined by the corresponding
semigroups in one dimension through KST, we checked the positivity preserving property
of K-maps. It turns out that K-maps do not preserve the positivity, the prove of which is

simple but gives some insights about the distribution of the values of g.

Theorem 4.1.6 (Non-positivity-preserving of K-maps). Let X be a connected compact
metric space and K be a K-map with respect to K-basis {&, : X — R| ¢ =0, ...,2n}, then
K does neither preserve positivity nor strict positivity; that is, Kf > 0 does not follow
from f >0, for some f € C(X), and Kf > 0 does not follow from f > 0, for some

feC(X).

Proof of Theoremd.1.6] Assume that K preserves positivity, i.e. for any f > 0, we have
K f > 0. Since f(x) = Y2 (K f)(&(x)).

(Kf)(&(x)) =0 Vg, whenever f(x) = 0. (4.1.3)

For ¢ = 0, ..., 2n, choose any continuous curve C;, connecting the maximum and mini-

mum points of §, on X, then define

0, if x € U2, O,
fO(X) e ) ) ‘ q q
distance(x, U;2,C;), otherwise.

Then fy € C(I™). Thus by (4.1.3)
(K fo)(&4(x)) = 0, forx € UZ2(C,.

By continuity of ,, it maps connected set X and C, to closed intervals &,[X] and &,[C,]

respectively. Since &,[C,] contains the maximal and minimal points of £,[X | and ¢,[C,] C
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&, X, & X] = &,[C,] for all g. That is

(Kfo)(y) =0, Yy e Ule& ",

which implies fy(x) = Zzzo((K f0)(§,(x)) = 0. This is a contradiction. Therefore,
K-map does not preserve positivity.

Again assume K is strictly positivity preserving. For any 0 < f € C'(X), there exists
a sequence of f,, > 0 converging to f as n — oo in the uniform norm. By assumption,

K f, > 0. Using the continuity of K, we have
Kf=lim Kf, >0.
n— o0

This means K is positivity preserving, which is a contradiction. Therefore A does not

preserve strict positivity . 0

4.2 Moduli of continuity of outer functions

Next we investigate the analytical properties of the outer functions, such as differentiability
and moduli of continuity. Superposition of Sprecher’s K-basis with a differentiable outer
function g results in a singular (with partial derivatives 0 almost everywhere) or constant
multivariate function. Therefore, it is reasonable to study the modulus of continuity of

outer functions instead of their differentiability.

4.2.1 Analytic properties of K f

First we mention the Sprecher’s version of KST:

Theorem 4.2.1 (Sprecher-Koppen-Braun’s constructive version of KST [S3[[[30][7]). Let
n > 2,m > 2nand~y > m+2 be given integers and let x = (x4, ..., x,) € I". There exists

continuous and monotonously increasing function 1) : R — R such that for any arbitrary
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continuous function f : I — R,

f(x) = Z Gq © fq(X), with fq(x) = Z )\q@/)(% + qa),
q=0 p=1

hold for some continuous functions g, : R — R, where a :== [y(y — 1)1, Ay = 1, )\, =
>z PV forp > 1and B(r) = (n" = 1)/(n — 1).

In order to substitute g, with one g, we modify £, to be

§y(x) = Z A (zp + qa) + by, (4.2.1)
p=1
where b > > | A, is a constant. Thus the images of /" under {,’s are pairwise disjoint
and ¢ can be defined separately on each Y, := &,[I"]. In [6], £, is modified to {,(x) =
> pe1 Qb (p+qa) + Ay, although A, defined there is actually not a constant as the author
stated and it tended to O as the iterative step 7 goes to infinity (see Section |2.2)).

Y(x) constructed by Sprecher [53]] in 1997 is neither continuous nor monotonously
increasing. This was noticed by Koppen [30] in 2002 and corrected without proof. Braun
[7] in 2009 proved that the modified ¢(x) by Koppen is indeed continuous and strictly
monotonously increasing on /. Moreover, the corrected ¢ satisfies a Holder condition with
exponent log7 2 by Theorem 1 in [48]]. With a minor modification of Theorem 1 in [49]], one
can show that ¢)'(z) = 0 for all z € I excluding a set with 0 Lebesgue measure. Therefore,

we have

Theorem 4.2.2. Let & := {&o, ..., & } be Sprecher’s K-basis in ,andY = UpL Y, =

Uneo&q [I"]. Under the superposition operator S with respect to &, we have:

(i) If g € C(Y') is Holder continuous with exponent o, 0 < « < 1, then Sq is Holder

continuous with exponent alog,, 2.
(ii) If g is almost everywhere differentiable with bounded derivatives, then Sg is almost
everywhere differentiable with partial derivatives 0.

In particular, for allp > 1 and g € C?(Y'), Sg is almost everywhere differentiable

with all partial derivatives 0.
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Proof of Theorem[.2.2} Given Sprecher’s K-basis §,(x) = > | A\;¥(z, + qa) + bq, ¢ =
0,...,m.

1. Assume g is Holder continuous of exponent a, 0 < o < 1. Since ¢, is Holder
continuous of exponent log, 2 for each ¢, g o §, is Holder continuous of exponent « log,, 2.
Hence S, := Z;”ZO g o &, is Holder continuous of exponent «log,, 2.

2. Assume g is almost everywhere differentiable with bounded derivative, then by chain
rule and the singularity of v,

0go&y 9go&y Mpdip(xp+aq) 0Ogof,

or, 0 dz, =g, 070

almost everywhere and hence also J(Sg)/0x, = 0 almost everywhere. O

Next, we illustrate the moduli of continuity of the outer functions with respect to

Sprecher’s K-basis.

Theorem 4.2.3. Let ws(5), 0 < 6 < 1 be the modulus of continuity of f € C(I™). Under
the Kolmogorov map K with respect to Sprecher’s K-basis with v > m + 2, the modulus
of continuity of g := K f, wy(0), can be at most wy(y(log, -1 8"*' + 1)77"")), where p :=
logyn <1, ie.,

wg(8) > Ofuy((log, 67D + 1)),

For example, if w;(0) = d and 6 = y " for k > 2, w,(0) = wy(v™*) > O(y((n+1)k+
1)_p71). With Theorem , one can obtain the following corollaries by investigating the

moduli of continuity of different function classes.

Corollary 4.2.4. Under the K-map with respect to Sprecher’s K-basis with v > m + 2,
(i) There exists differentiable f € C'(I™) such that K f is not differentiable.
(ii) Forall p > 1, there exists f € CP(I"), such that K f is not differentiable.

(iii) For all 0 < o < 1, there exists f € C(I™) Holder continuous of exponent o such

that K f is not Holder continuous of any exponent.
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4.2.2 Proof of the modulus of continuity of K f

To prove Theorem 4.2.3] we introduce the construction of inner function % in [7] [30].

Sprecher-Koppen’s K-basis is first defined on a dense set D := UgenDy, where

r=1

k
Dk = Dk(’Y) = {dk € Q : dk = Zir/y_rvir € {07a7_ 1}}7

by
dy, fork =1,
Yi(d) = ¢ Yi-a(d — %) + it for k> 1and iy <7 — L,
: (@sz_l(dk = 2%) + -1 (di + 7%) + %) fork > land i, =~y — 1,
4.2.2)
where 5(k) = ’;f__ll. Then extend ¢ continuously to all x € I. Every x € [ has a
representation
00 k
o= = Jim ) = Jim d

For such an z, define

k
¢(x) = lim g (dy) = lim @m; iw7")-
1 thus defined is continuous and monotonously increasing on [ [[7]. See Figure
Assume v > m + 2,i.e. v —m — 2 > 0. For all £ € N and d € Dy, recall in section
that the ¢-intervals are defined as:

Let
-—m—-2 _
Ey(di) = MgLo By (dy) = |dy, di + %7 .

and
Sk(dk) = Ek(dk,l) X X Ek(dk,n)
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()
()

9] 0.2 0.4 0.6 0.8 1 .0,45 0.47 0.49 0.51 0.53 0.55
x x

Figure 4.1: Image of ¢» with n = 2 and v = 10. The left graph is ¢)5 and the right is 1,.
Similar graphs can be found in Braun [7]].

with dk = (ko ce dk,n)

For any given increasing sequence of natural numbers {k, }°°, define
F := {x € I|3 sequence {dy, }>2, such that x € N>, Ey, (dg,.)},
and
F" = {x € I"|3 sequence of vectors {dy, }°, such that x € N2 ,S;, (dg.)}.

We claim the following lemma.

Lemma 4.2.5. For any given increasing sequence {k,}°°, of natural numbers, F is a
Cantor set, that is, the Lebesgue measure of F', m(F), is 0 and F contains uncountably
many points. Hence F'™ C I" is also a Cantor set.

Moreover, for any given f € C(I"), let {k,}>2, be the integers determined at iterative
steps r in the construction of the outer function g for f (see Section[2.2)), then

1

g6 (x) = ——f(x).

forallx € F"andall0 < g <m.

Remark 4.2.6. (i) Let {k.}>2, be an increasing sequence of natural numbers. For any

given x € F, suppose x € N2, Ey, (dy, ) for some {dy.}°,. Then {Ey, (dg. )},
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(ii)

forms a sequence of nested intervals with diminishing diameter and thus
x =2 B, (d,)-

Moreover, from the definition of F, dy,, dy, + =75 12~k < F for all v. Actually,
For any k € N and any dy, € Dy, let k, = k—i—r—landdk = d forr € N,
then dy, € NP2, By, (dy, ) and thus dj, € F. Forany k € N, and dy + =" M2k with
dp € Dy, letk, =k+r—1,dy, =dyanddy, = dy+ (y—m — 2)2 fy (k+0) for
r > 2. Then dj, + 1= ml 2~k € N2 | By, (dy, ) and thus dy, + 1= ml 2y ke F.

From the construction process in [[7] and [53|], the outer function g for f € C(I™)
depends on the choice of {k,}22,.

For any given f € C(I™), observe that at step r = 1, for all dy, € (Dy,)" and all q,

g1 © gq(dkl) = ;f(dkl) and f dk1 Zgl © gq dk’1 -

m+1
Then the residue at dy,, f2(dy,), equals 0 and so g o &,(dg,) = mLHfg(dkl) = 0.
Inductively, g,.(dy,) = 0 for all r > 1. Hence

1

go&(dy,) : Z!]r dy,) = g1(dy,) = ——f(dy,).
— m+1

Now assume that g does not depend on the choice of ki, then

1

go&(x) = m—Hf(X) (4.2.3)

forany x € (Uzozlek)n, which is a dense set of I". Since f and g o &, is continuous,
4.2.3) holds for all x € I"™, which is not true. For example, there exists X, # Xo but

éq(xl) = &y(x3) for some q. Choose a f € C(I") with f(x1) = f(x2). If #2.3)
holds for all x € 1", then

1 1
) =g g x) = g0 (xs) = o f o)
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which is a contradiction. Therefore, K f depends on the choice of ki at least, for

every [ except constant function.

For a given f € C(I™), there are different outer functions ¢ depending on choices of
k.. Thereom shows that all these outer functions g constructed with different £, lose

their modulus of continuity from f drastically.

Proof of Theorem We investigate the modulus of continuity of g(u) when u € UL &, [F™].
For any x € F'™, there exists a sequence of numbers {d, }°2, and the corresponding

nested closed cubes { Sk, (dy, ) }°2, such that
X = m;.‘ozvskr (dkr)

Then these dy, , di, + 577 ’y"“ v € F", where v := (1, ..., 1) is an n dimensional vector.
Write x := (1, ,:vn) and x, := (2,1, ..., Tpp) € ", 7 €N,
Case 1. If x, ¢ U2 Dy forall 1 < p < n,lety, = dy,. There exists a subsequence of
Y, X :=Y;, such that

= . — (ki +1
Ty — Ty = X1 — Y1 1= dkzm =y (ki )

Notice that

Yy—m—2

0<zp—app < p— vy P 1 <p<n.

Then

et < ] < VAT
fy JE—

and by the definition of {,(x) := 22:1 A\pU(x, + aq) + bg,
1/2 00
My D < g (30) = () < (Z V) =m=2) > ). @24
I=ks, +1

Case 2. Else if there exists some P C {1,...,n} and some k € N such that =, € Dy, for
allp € P. Forthese p € P, let x,,, = dj, + 1= ml v~k Forp ¢ P, let z,, = z,. Define
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X, = (Zp1, ..., Ty p), then x, € F". For all r with k, > k,

Y—m—2

- X, | = P ,
x—x] = VP

where | P| denotes the cardinality of set P and thus
1/2 ~
Eo(xr) — &(x) = <Z A;f) (y—m—2) ( > 7—5@) . (4.2.5)
peP I=kr+1

In both cases, it holds that
x—x,| =O(7) and |§(x) — & (x,)| = O(yPEr+D),

for some some increasing sequence of natural numbers {7, },en.
By Lemma[4.2.5] since x,x, € F™,

99 €4(x2) = 90 &) = ——17(x,) = (). @2:6)

Therefore, if | f(x,) — f(x)] = O(w;(|x, — x|)) = O(ws(7y77")), then
we (Y70 2 O(lg 0 &4(x,) — g 0 &(x)]) = Owy(v™)).

Note that B(k) := (n* —1)/(n—1). When § = 4~ #*+1 4% = y(log. , 6"~V 1)),

where p := log, n. Hence,
wy(8) = Ofwy(y(log, 60D + 1)),

]

Proof of Lemma[d.2.5] For any given increasing sequence {k, }>°, of natural numbers, we
show m(F) = 0 by computing the length of all gaps contained in N} E}, (dy,) for some
{d,};—} ateach step r, the sum of which amounts to 1.

For r € N, denote by a, the total length of intervals Ej, such that F, C ﬂ{:—llEkl (d,)

for some {d, ?;11 Denote by b, the total length of gaps between Ej, and contained in
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ﬁl:ll E,(dy,). The number of Ej, contained in each Ej, , depends only on k,; — k,. We
denote it by N, ., and

r=1, the length of Ej, (dy,) is 7;—’11;27_’“ and the number of Ej, intervals is v*'. Then

:7—m—2 k| k1:7_m_2

a1 - 1 v Y v — 1 )
and
1
b1 =1- a1 = E
v—1
r = 2, the length of Ej, is *=7 2~k2_ Hence
y—m—2 _
e
’}/—m—2 kg kl

by =a; —as =

At step r > 3, the length of Ej, is %7—73_27*’“. Then

-m—2 _
o= I N N N
b’l” — a,,,,_l — a/r > O
y—m —2

N y—1 Niy oyt o Nty Nigogyy ™ Fr 750 (1 = Ny, oy~ )y,

Notice that a, — 0 as r — oo, then

Zb’" =b + Z(ar_l —a,) =1
r=1

r=2

That is m(F°) = 1 and thus the Lebesgue measure of I is 0.
Next, we show that F' is not countable by establishing a surjective map 7" from F' onto

I. From the definition of F', x = Zfil ¢yt € Fiffforallr € N,
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(i) 0<cpp1 <y—m—2.

(ii) If there exists [, such that k&, < [, < k,4; and ¢;, > 7 — m — 2, then there exists

some k, < r < l,.suchthatc, <~y —m — 2.

Define
T:F—1
0 oo krg1
T (Z cw_i> Zcm + Z Z cm_(z ")
i=1 r=1 i=k,+2

Since 0 < ¢; < v — 1 for all ¢, the infinite series above convergent absolutely. In fact, ex-
press x = 0.¢1Ca...Cp, ---Cp, ... in base 7, then T'(x) = 0.¢1Ca...Ck, Chy 42+ -Chy Chps2--., Obtained
by removing the k, 4 1-th digits from .

T defined above is a surjective but not injective. First, notice that forall z = > ¢,y
with ¢, 1 < v —m — 2 for all » € N, they belong to F' and their images T'(z) =
0.c1C9...Cky Chy 4+2---Chy Chy 2. cOver all points in /. Thus it is surjective. Second, let x =
YT A (v —m =2y ® ) 4 (y —m = 2y and o = S ey 40
AUt D) o (y —m = 2)y~ ) then o # 2/, 7,0’ € Fand T(x) = T(2') = S0 ey +
(y —m — 2)y~%*+2) 50 T is not injective.

F'is a subset of /. By Schroder-Bernstein theorem (see appendix), cardinality of /'
equals the cardinality of I and thus F'is a uncountable.

Finally, for any given f € C(I"), let {k,}>°, be the integers determined at iterative
steps 7 in the construction of the outer function g for f (see Section [2.2).

For any x = NS, (dy,) € F",

go&(x Zgrogq (dy,) Zfr

holds forall 0 < ¢ < m.
Since 3" g0 &, (x) = f(x),

1

go&(x) = ——7/(x), VO<g=m.
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Chapter 5
Kolmogorov-Fourier transform

In KST, a continuous function of several variables has different outer functions correspond-
ing to different Kolmogorov bases used in the representations. In this chapter, we inves-
tigate the change of outer functions using Fourier transform. For any given continuous
function of several variables f and two different K-bases & and 7, let g¢ and g, be the corre-
sponding outer functions of f. We obtain a formula to transform g, to g,. We also combine
Kolmogorov bases in n dimension with bases of function spaces defined on 1 dimensional
domain R and thus obtain new bases for function spaces defined on n dimensional domain

.

5.1 Kolmogorov-Fourier transform

5.1.1 Kolmogorov-Fourier kernel

In KST, f is represented by sums of compositions of an f-dependent outer function g and
an independent K-basis {,’s. It would help us to understand the dependence of g on f
by separating the independent K-basis from the argument of g. Fourier transform is one
technique to serve the purpose.

In the following we investigate the combined operator of inverse Fourier transform and
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Kolmogorov map. We denote the Fourier transform of a function g by .% g or g:
Folt) = i) = [ gla)e s
R

whenever the integral converges in Lebesgue sense.

Definition 5.1.1 (Kolmogorov-Fourier transform). For a given K-basis & := {fq}gﬁo on 1™,

let ke(x,t) = 2n1+1 Zzio e?™&X)t - Define the Kolmogorov-Fourier (K-F) transform with

respect to K-basis &,

KFy: Li(R) — C(I")

mwﬁK&@@wzéawwmmw

We also write K F(G) when there is no confusion about the underlying K-basis.

Note that the kernel k¢ (x, ¢) is uniformly continuous in (x,t) € I"™ x R and |k¢(x, )| <

1. We describe some properties of K-F transform.

(i) If g € C(Y)isreal and g € L'(R) then K F§ is a real function, since

KF(g) = /R G)k(x, t)dt = / G k(x, —t)dt

R

- /Rg(—t)k:(x, —t)dt:/Q(t)k(x,t)dtzKF(?J)-

R

(i) If g € L'(R), then K F§ is uniformly continuous.

In fact, by the uniform continuity of k¢ (x, t) with respect to x, for any € > 0 and any
x,x’ € I™ within [x —x'| < J, there exists a § > 0 such that |k¢(x,t) —ke (X', 1)| < e.

Therefore, for |x — x'| < 9,

|KF(x) - KF(x')| =

4%@@—%@%M®ﬁ<de

(iii) KF is a bounded linear operator from L'(R) into L°°(I") and thus into LP(I™) with
1 < p < oo, since |ke(x,t)] < 1.
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The classical Fourier transform can be extended to L, 1 < p < 2. First we mention

the Fourier transform on L2.

Theorem 5.1.2 (Plancherel Theorem [36]]). The Fourier transform F : L'(R) — Cy(R) is
an unitary on L*(R); that is, F maps onto L*(R) and ||§||*> = ||g||*. Furthermore,

g = 1im [ gle)e i
R—o0 |J?‘<R
and
gle) = lim [ §()e " da,

where the limits are in L>.

Then F can be defined on L'(R) + L*(R) :={g = g1 + g2 : ¢1 € L}(R), 9o € L*(R)}
by F(g1 + ¢2) = Fo1 + Fgo. I gy + 95 = g1 + go with g} € L'(R), g5 € L*(R),
then ¢ — g1 = g2 — gb € L'(R) N L*(R). The definition of F coincides with that on
L'(R) N L*(R) and thus §; — ¢1 = go — §5. Thatis, i + ¢» = ¢} + g5. Hence, F is
well-defined on L}(R) + L*(R). Since LP(R) C L}'(R) + L*(R), 1 < p < 2, F is well
defined for all g € LP(R), 1 <p < 2.

Moreover, applying Riesz-Thorin interpolation theorem (see Appendix), we have the

following Hausdorff-Young inequality.

Theorem 5.1.3 (Hausdorff-Young Inequality, Corollary 1.20 in [70]). If g € LP(R), 1 <
p <2, then § € L (R) and
191l < llgllp,

where 1/p+1/p' = 1.

Furthermore, F can be defined as a linear functional acting on tempered distributions.

The extension of classical Fourier transform from L!'(R) to L*(IR) depends on its nice
properties on convolution and multiplication of functions as a consequence of the simplic-
ity of the exponential kernel e=*. If g;,go € L'(R), then F(f1 * fo) = (Ff1)(Ffo)

(see Theorem 1.4 in [56]). However, in the case of K-F transform, the kernel k(x,t) :=

S S oo €27 ¢ (x) is not linear in x, and the sum over ¢ in k(x, t) also makes the
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relation between convolution and multiplication more complicated. For example, K F(§; *
G2) = K f(g1) K F(g2) no longer holds in K-F transform.
We introduce a new norm on L'(R) for K-F transform. Let § := {£,}2", be a K-basis

on /™ and

2n
. . 1 2mi(€q(x)t—& 7 (x)s
Age(t,s) = /I ke (x, 1) ke(x, s)dx .zmggo/me (€0()t=6,009) g (5.1.1)

Proposition 5.1.4. For any g1, g € L'(R), let A¢(t, s) be as in , define
< g1, o >ei= / G1(t)Ae(t, s)ga(s)dtds.
RQ

The sesquilinear operator < -,- >¢ defines a semi norm on L*(R) by

lglle =< g.9 > .

Proof of Proposition[5.1.4] By Fubini’s theorem (see Appendix), since for any g;, > €
L'(R),
/2 |91 (8) ke (x, 1) g2 () ke (x, s)|dxdtds < [|gi[[1]|da]l1,
r2 Jn

we have

— /I n ( /R k:g(x,t)g}(t)dt) ( /R ke, s)gz(s)ds> dx

_ /R i) ( /I el e, s)dx) Go(s)dds

= < 01,02 >¢ .

Thus [|g[le = [KFgll2 > 0.
By Holder inequality (see Appendix),

< g],g} >§ = KFgl(X)KFg}(X)dX
I’I’L

1K FG||2[l I EGal2 = llgallellg2lle-

IN
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Then
< g1+ G2, g1+ G2 >¢
= <g1,01>¢+ <9202 >+ < g1,02 >¢ + < G2, G1 >¢ -
< |lgillg +2lgullellgzlle + llg2ll¢-
Therefore
191+ Galle < llgille + llgzlle- (5.1.2)
Finally, for any complex number a, ||ag||¢ = ||(aAg)||§ = |a| - [|g]|e-
Therefore, || - ||¢ is a semi norm on L' (RR). O

5.1.2 Change of K-bases

Given two different K-bases & := {£,}2" and 17 := {n,}:% on I", let Y := U2 (& [1"] U
ng[1"]). Let ke(x,t) and k,(x, t) be the kernels of K-F transform corresponding to £ and 7
respectively. By KST, for k¢(x, ), let by = K, (ke(-, 1)), then b, € C'(Y) and

2n
1
he(x.1) = o — > bing(x), vxelm (5.1.3)
q=0

bi(u) is defined on u € Y. We make an extension of b;(u), still denoted by b;(u), such
that b,(u) is supported on a bounded open interval Y O Y and b,(u) € C(R). There
are many such extensions and suppose that we can pick one of them such that Et(s) =
o be(w)e=>mudu € L'(R). Since both b, b, € L'(R), by Corollary 1.21 in [56] (see
Appendix), we have
b(u) = / by(s)e*™ 5 ds
R

for almost all u € R in Lebesgue sense. Hence,

he(x, 1) = /R b5k (x, 5)ds, (5.1.4)
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for almost all x € I™ in Lebesgue sense and thus all x € (0, 1)” since both sides of
are continuous functions on (0, 1)".

Because |k¢(x, t)| < 1,by Proposition |br] < c|lke(x,1)]|o < ¢ for some constant
¢ > 0. Since by(s = [; be(r)e > dr with Y as a bounded open interval, b;(s) is
continuous and bounded in both ¢ and s. Then we can define the outer function transform
operator, which transforms the outer function g; under K-basis § to the outer function g,

under 7 for a given multivariate function f:

B: L'(R) — L™(R)

9(t) = By(s) == /R by(s)§(t)dt.

B is a bounded operator by the boundedness of Bt(s) with respect to ¢.

Theorem 5.1.5. Let & := {{,}22 and n := {n,}" be K-bases on I™ such that &, n, are
strictly increasing with respect to xp, p = 1,...,n. Let Y 1= U™ (§,[I™] Ung[I7]) and by(s)
be as in (5.1.3). For f € C(I"), there exists gc € C(Y) such that f = Sege. Suppose that
ge € L'(R) and bi(s) € LY(R, ds) with ||b;||, uniformly bounded in t € R. Then

f(x) = KFe(ge)(x) = KE)(Bge)(x), vx e (0,1)"

Proof of Theorem Since ||b||1 uniformly bounded in ¢ € R, there exists a ¢ > 0 such

[ s <.
([ 1dcoiomx oias) ae < e [ 1aecon

that

Hence
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By (5.1.4) and then Fubini-Tonelli theorem (see Appendix), we have:

KF(G)(x) = / e (t) ke (x, )t

= Lo ([ borm . spis) e
_ /R ( /R z;t(s)gw)dt) o (x, 5)ds

= [ Bl sk x5
— KFy(Bi)(x)

By Corollary 1.21 in [36], for almost all u, € Y, ¢ = 0, ..., 2n,

ge(uy) = / Je(t)e*™ et dt. (5.1.5)
R

Notice that the left hand side of (5.1.5)), g(u,), is continuous in the interior of Y;, and the
right hand side is continuous on R. Therefore (5.1.5) holds for all u, in the interior of Y.
For u, = £,(x), since &, is strictly increasing in x,, p = 1,...,n, §[(0, 1)"] is included in

the interior of Y, for ¢ = 0, ..., 2n. Thus,

2n1+ 1 (Z gs(éq(X))> = /R Qg(t)znl_’_ : (Z emeq(x)t) dt

q=0

holds for all x € (0, 1)™. That is,

f(x) = KFe(ge)(x) = KE)(Bge)(x), vx e (0,1)"
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5.2 KST combined with Fourier basis and wavelet basis

5.2.1 Kolmogorov-Fourier basis
Let {£,}2, be a K-basis on I"™ such that U;",&,[I"] C I. For any f € C(I"), the domain
of its outer functions g will be the unit interval /. Extend ¢ periodically to R by

g(u) :==glu—m), form <u<m-+1, méeZ.

Thus we can consider the Fourier series of g(u):

. 1 '
Y cml(9)e™™,  with  cn(g) = / glu)e > du,
meZ 0

Definition 5.2.1 (Kolmogorov-Fourier series). For g € C(1), its Kolmogorov-Fourier se-

ries (K-F series) with respect to a K-basis {&, 2’:‘0 is defined as

2n
2n1—|— 1 <Z eml(9) ) ezﬂi’iQ(x)m) :

meZ q=0

Let S¢(g) := 2n1+ - (Zzio go §q> , then by the convergence of Fourier series of g, we

have the convergence of K-F series of g.

Proposition 5.2.2. Let g € C(I).

(i) Dini test: By Theorem 6.8 [/1], if g is Holder continuous with exponent 0 < o <1

on I, then its K-F series converges uniformly to S¢(g) on I".

(ii) Dirichlet-Jordan test: By Theorem 8.6 [71|], if g is of bounded variation on I, then

its K-F series converges everywhere to S¢(g) on I™.

5.2.2 KST with wavelet basis

In [34]], Leni, Dougerolle and Truchetet design an image compression scheme using KST

and wavelet decomposition. Consider a grey-scale image as a function of two variables:
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the horizontal and vertical coordinates of a pixel. The value of the function is the grey
level of each pixel, which changes between white, f = 0, and black, f = 1. They first de-
compose the image into four sub-images using wavelet transform. One sub-image contains
low frequencies and the other three contain high frequencies of the original image. Then
each sub-image is represented by a univariate function through KST. Ingelnik’s [22] spline
network approximation scheme is used to implement Kolmogorov’s representation. Sub-
images of high frequencies are represented with relative high accuracy by using less pixels
of the sub-images, while the sub-image of low frequencies are represented with the high-
est accuracy by using more pixels of the original. In this way, they compress the original
image.

In this subsection, we combine wavelet basis in 1 dimension with Kolmogorov basis in
n dimension to develop a new basis in n dimension. In particular, we take Haar wavelets
as an example.

Letag > 1, b9 > 0 and ¢ € L*(R). Suppose that
V() = |ag| "™ (ag™x — nby) (n,m) € Z x Z,

is an orthonormal wavelet basis for L*(R). For a fixed g, the discrete wavelet coefficients

of g are given by

< Gyt >= |ag] / o(2)b{ac™s — nbg)da

and then

g@) = Y <gYum > Yom(@) (5.2.1)

(n,m)€EZXZ

in L? sense.
Given a K-basis £ := {£,}2% on I". Let Y := U2 &, [I"]. By KST, forany f € C(I"),
there exists g € C(Y') C L*(R) such that

2n
F=Y g0&
q=0
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Thus if {e;}?2, is an orthonormal basis for L*(R), then {Z;ZO er 0§41, 1s possibly a
Schauder basis for proper function spaces defined on /™. In particular, any f € C(I")

could be approximated by finite linear combinations of { £, := Zzio ex 0 &g o

N N 2n
Z<K5f,ek>Ek::Z<K§f,ek>(Ze;m@),
k=1 k=1 q=0

in proper topologies.

Example 5.2.3. Take the Haar wavelets for example [9]. The Haar function is

1 0<z<i
YE)=q -1 t<z<1

0 otherwise.
Taking ag = 2,by = 1, then

Ymn(x) = 2_m/21/)(2_mx —n), m,n€cZ

constitutes an orthonormal basis for L?(R), which is called Haar wavelet basis.
We claim that for any given K-basis {£,}2", on R" (see Theorem , if for any fixed

J1 € N, the Lebesgue measure
mi{x: §,(x) € <2745, 205 K)}) < 0(2K), g =0,....2n,

then C'(R™) can be approximated by linear combinations of
2n

\Ijj,k = Z%,k o £Q7 .ja k € Z7
q=0

in LP sense, 2 < p < o0.
Since any g € LP(R),2 < p < oo, can be approximated by a function with com-
pact support which is piecewise constant on [1277, (I 4+ 1)277), we can restrict ourselves

to consider piecewise constant functions only. Assume g is supported on [—2”71,271] and
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is piecewise constant on (1277, (I + 1)277), where J;, Jy can be arbitrarily large. Using
the techniques of multiresolution analysis and notations in section 1.3.3 [9)], we approxi-
mate g with linear combinations of Haar wavelets. Denote the constant value ¢° = g on
(12770 (141)277) by ¢. Represent ¢° as two parts, g° = g, + 1, where g* is the approxi-
mation to ¢° which is piecewise constant over intervals twice as large as originally; that is,
9 (r2—to+1 (k1)2-70+1) = constant = gj. := 5(g%. + 9541)- The function 8" is a piecewise
constant with the same stepwidth as ¢° and

1
5;l = 9[2)1 - gzl = 5(931 - 981+1)

and
1
5§z+1 = QSZH - 911 = §(ggl+1 - ggl) = —551.

It follows that 6, is a linear combination of Haar wavelets:

2J1+J071_1

= > s —1).

l:_2J1+J0—1

We have
2J1+J0—1_1
0
g=9 =g+ E C— Jo+ 1,1~ Jo+1,15

|—_9J1+Jo—1

where g' is of the same type of ¢° , but with stepwidth twice as large. We can repeat the

J1+K

procedure till we have g = gt K 15700 L ST o iWm 1, where support of g7t

J1+K oJ1+K
—92J1 ’21 ]

is | , and

Jo+J1+K _ o—K _ Jo+J1

g |[0,2J1+K) =2""¢, )
Jo+J1+K _ o—K _ Jo+J1
g |[—2J1+K,0) =2 -1 >

and g°*7" is the average of g over [0,27") and ¢g”%"™"" is the average of g over [—271,0).
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Then

J1+K

9&) = D D> cmithma(&(x)

/R” m=—Jo+1 1

= [l g o) ax

Sy o pax+ [ "7 ) dx
{x:€q(x)€[0,27115)} {x:€g(x)€[-27115,0)}

< 2m({x &(x) € [T 2 (g P g ). (523)

p
dx (5.2.2)

The sum over [ in dependsonm: | € {—1,0}, ifm > Jy, andl € {=27—™ .. 27i—m—
1}, lfm < Ji.

Therefore, if the Lebesgue measure
m({x: & (x) € [-27TE 2N < O(2PF),

then can be made arbitrarily small by taking sufficiently large K. Hence g o &,
and thus [ = Zzio g o &, can be approximated in LP norm to any precision by a finite
combination of ¥, ,,.

In the case of C(I"), let {£,}2" be a K-basis on I" and Y := UZ2&,[1™], then C(I™)
can be approximated by linear combinations of V,,,, = Z;ZO Ymm ©&p m,n € Zin

LP(I™) for 2 < p < oo, since m(I™) = 1 < O(2rK).
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Chapter 6
KST and optimal transport problems

In this chapter, we introduce 1 dimensional measures induced from n > 2 dimensional
measures and relate the optimal transport cost between measures in n dimension with the

corresponding optimal cost between measures in one dimension.

6.1 1 dimensional measures induced from n dimensional measures

Let 1« be any Borel measure defined on the Borel sets of /™ and {gq}ggo be a K-basis on I".

Forq =0, ...,2n, let

vy = pok,
be the measure defined on the algebra of subsets of Y, := ,[I"] consisting of all sets
E C Y, such that ,'[E] is a Borel subset of I".
Let ' o R
V= 2n+1;m] = 2n+1;uo§q1. (6.1.1)

We list some properties of v, and v induced by a Borel measure y on the Borel sets of 1™:

(i) Let |-||7v denote the total variation of a measure. We have ||vy||7y = |0, |lrv <
[[llrv and thus |[v|[7v < [|pllzv.

(ii) By Theorem 1.1 in [59], if Y, := &,[I"], 0 < ¢ < 2n, are mutally disjoint, then there

is a constant 0 < ¢ < 1 depending only on the K-basis {&, 220, such that for any
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Borel measure 4, there is some 0 < ¢ < 2n such that ||v,||rv > ¢||lp|7v.

If g is measurable on Y := UgiOYq with respect to v, then [ := 2n1+1 ZZZO go&,is

measurable with respect to p and

[ 100dutx) = 5 [ 3 ol dnt)

2n—+1

= 51 | S ewint) = [ sy,

For a K-basis §, (21, ..., n) := D | Upg(w,) on I", if the n-dimensional measure

M(xh X $n> - :ul(x1> o Mn(xn)

is a product measure with Borel measures p” on I, p = 1,...,n, then for any bounded

v,-measurable function g,

[ stwan) = [ gl m)dutar )

q

_ / - / 9 (W1g(a) + -+ Vg (2)) it (1) -~ A" ()
- /y /Y 9(ng + -+ yng)d(p 0 03 - d(u™ 0 ).

Thus, v, == po§, ! is a convolution of measures p? o wp‘ql (see page 237 in [46]). Namely,
forq=0,...,2n,
vy = (n' oy ) % -k d(u" o dry).

6.2 'Two variations of KST

In this section, we introduce two varied versions of KST, which we will use in the next
section to compare the optimal transport cost between measures in high dimension and
measures in 1 dimension.

This first version of KST enables one to represent a continuous function on /2" using a

K-basis on ™.
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Proposition 6.2.1. Let n > 2 be natural number and {fq}gio be an arbitrary K-basis on
I™, then for any f € C(I*"), there exists a g € C(R?) such that

f(xla'-'7xn)xn+17”‘ax2n) = 2n+ 1 (Zzg 5(1 xla"'7xn)7€q/(xn+17"'71:2”)))
q=0 ¢'=0
(6.2.1)

holds for all (x1, ..., Tn, Tpy1, ..., Tap) € I

Proof of Proposition[6.2.1) For any x € [*", write X := (Xy,Xs) with x;,%x2 € [". For
any f(x) € C(I*"), f(x) := f(x1,%X2) = fx,(x1) € C(I™). Since {£,}7", is a K-basis on
C(I™), there exists hy, € R such that

fro(x1

(gre)

By Proposition 4.1.5} the Kolmogorov map with respect to {fq ", 1s strongly continuous,
and thus hy, (fq(xl)) = he,(x1)(x2) € C(I™). Then using Kolmogorov’s representation

again,

2n
1
he,(x1) (X2) = T 1 (Z geq(xl)(fq'(xﬁ))
q'=0

holds for some g¢,(x,) € C(I"), allx; € I" and g = 0, ..., 2n. Therefore,

f(X) = f(XlaXQ) = 2n+1 (Zzgfq (x1) fq X2 ))

q=0 ¢’=0

= 2n+1 (ZZggq kbl X2)>>7

q=0 ¢'=0
with g € C(R?). O

The second version KST tries to represent a continuous function on 72" by a redundant
K-basis on /". The number of summed items in the second version is 4n + 1, compared to

(2n + 1)? in the first version.
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Proposition 6.2.2. Let n > 2 be a natural number and D), C N, k € N be finite sets. Let
{Stl;,i i S DZ7 q= 07 veey 4n}k€N (622)

be a Kolmogorov cover of 1™ which covers I" at least 4n + 1 — n = 3n + 1 times and
{&, 3’;0 be a K-basis on I" which separates the Kolmogorov cover . Then for any
f € C(I?"), there exists a g € C(R?) such that for all (1, ..., Ts,) € I*",

1
4dn + 1

f(x17 "'ani ‘/L‘n+17 "‘7‘/1727'7,) -

an
(Z 9(&(21, -0y ), &g (Tngns oo,y £U2n))> . (6.2.3)
q=0

Remark 6.2.3. In fact, if we take a Lorentz’s K-basis {1y}, on I*":

n 2n
77q($17 "'>$n>$n+1> LA xQTL) = Z >\P¢Q<IP) + Z APQSQ(xp)’
p=1

p=n-+1

then KST, for any f € C(I*"), there is a g,, € C(R) such that

1 an n 2n
J @1y B Tt s 20) = g (ZMZ Noboly) + 3 Apebq(xm) .
q=0 p=1

p=n+1

Define g5 € C(R?) by g2(y1,y2) := gy(y1 + y2), then

1 4n n 2n
f(xb s Ty T 1y ey x?n) = 4n + 1 (Z gQ(Z )‘p¢Q($p)7 Z )‘p¢fJ(xp>>> . (624)
q=0 p=1

p=n-+1

If we take a redundant Lorentz’s K-basis &, := 22:1 ApPq(xp),q = 0,...,4n on I",

(6.2.3) becomes

1 4n n n
F(E1s oo Ty T 1 ooy Tag) = yr— <Z 90 Mby(r,), Y Ap¢q(xp+n))) . (6.2.5)
¢=0 p=1 p=1

The number of summed items in (6.2.5) and ({6.2.4) are both 4n + 1, but the latter has more

)
parameter \,’s.
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Proof of Proposition For any (z1,...,z,) € I™, there are at most n of ¢’s such that
(1, ..., T,) is not covered by these g-cubes S} ;. Therefore, for any
(T1y ooy Ty Ty, oo, Top) € I*™, there are at most 2n of ¢’s such that (zy, ..., z,) is not

covered by the g-cubes S(';i X S(';j. In other words,
{Sk xSk i,j €D q=0,...4n}pen (6.2.6)

is a Kolmogorov cover of /2" and covers I?" at least 4n + 1 — 2n = 2n + 1 times. Notice
that {&,(z1, ..., 25) + &(Tnt1, -y :):gn))}fllio does not necessarily separate the Kolmogorov
cover lb and thus not necessarily a K-basis on / 2n However, for any fixed £ € N, the
images of the Kolmogorov cover (6.2.6) under (&,, &,),

5‘1[S§7i] X §Q[S§,j]7 (17.]) € Dlzn; q = 0, ...7471,

are all disjoint in R,

Now for any given f € C'(I?"), we construct iteratively a g € C(R?) such that (6.2.3)
holds in a similar way as Sprecher’s proof of KST [48]].

For any small enough € > 0, let § > 0 such that

2 1 4
nt + n <0<l

< i TS

Let fo := f. Atstepr € N, choose k, € N such that for any two points x,x’ € [*"

contained in one cube SF; x SF., (i,j) € D", q =0, ..., 4n, it holds that

q.J°
’f?‘*l(x) - fr71<xl)‘ < 6Hf?"leoo- (627)

This can be done by the uniform continuity of f._; on I*", since the diameter of S(’;i X S(’;J
goes to 0 as k goes to infinity.

Let f2 be the value of f at any point of S¥; x S¥;. On each square £,[S¥;] x &,[SF],
we take ¢g.(y1,y2) constant and equal to f;;j. We can extend g, linearly into the gaps
between the &,[SF;] x &[SF]’s such that ||g]lsc < [ fr—1llcc. In this way, we obtain a

continuous g,. Write x = (x1,X) € I[*" with x;,x9 € I". Let f,(x) = fr_1(x) —
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4n+1 Zq 09(&(x1),&(x2)) for all x € I*". Then replace r with  + 1 and repeat the
process.

Next we show that

e = [ Fra0) = o S onl€060), €60 < o e

Let x = (x1,X2) be an arbitrary point in 7?". For at least 2n + 1 values of ¢, denoted by ¢/,

X € £u[Sh ;] % &[Sk ;] for some (i, j) € D" For these ¢/,
9r(x) = g (& (1), &g (%2)) = fo7;

and by (6.2.7)
[fro1(x) = g0 (&g (x1), &g (x2))] < €]l fraloo-

For the remaining ¢’s, denoted by ¢”, |g, (&, (x))| < || fr=1|cc- Therefore,

|£-()]
1 4n
= |fra®) = g ;gr@q(xl),fq(xm
4an
= 4n1+1 Z<4n+1)fr 1 Zgr gq Xl gq X2 Zgr gq” Xl fq”(XQ))
q=0
1
< o |2 +Z fraa (%) = g, (6 (1), &y (x2))) | + HHfr il
2n+1
(et oy ) Ul <6l
Thus,
|f<x> 4n+1121§gr &%), &(x2))| < Ol foilloe < O 1
and

lgrllse < fr-tlloe < Ollfrm2lloc <+ < 07| .
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The series Y - g, converges uniformly and thus we define g := Y = g, and (6.2.3)
holds. -

6.3 Optimal transport cost

For a fixed K-basis {¢, 220 on [™ and two probability measures p1, o € P(I™), let vy, 15
be defined as in (6.1.1). For any given cost function ¢; : R x R — R , there exists a cost
function ¢, (x1,x2) : I"™ x I"™ — R, such that the optimal transport cost between i1, fiz
with cost function ¢, is greater or equal to the optimal transport cost between vy, v with
cost function ¢;. On the other hand, for any given cost function ¢, (x1,x3) : I" x I" — R,
there exists a cost function ¢; : R X R — R such that the optimal transport cost between
11, o With cost function ¢, is greater or equal to the optimal transport cost between 1y, 15
with cost function ¢;.

Recall the definitions and notations in optimal transport problems introduced in section
Let iy, o € P(I™") and ¢(xq,%2) : I" x I™ — R, be a continuous cost function.

Denote

M(pg, po) :={m e P(I" x I");m(A X I") = p1(A), 7(I" x B) = po(B),
V measurable A, B C I".}

Then
72(”1,/112) = inf / C(Xl,Xz)dﬂ'(Xl,Xz).
InxIn

mell(p,p2)

is called the optimal transport cost between 11 and fio.

Theorem 6.3.1. Given a K-basis {£,}22 on I"™ and any two measures jiy, s € P(I™),
define v, v by . Denote by Y, := &,[I"], the image of I" under &, and Y := U2 Y,

For any continuous cost function c,(y1,y2) : Y2 — R, define

1 2n
Cn<X1,X2) = mqqzo Cl(fq(X1)7€q/<X2)), V(Xl,XQ) eI x I". (631)

Then the corresponding optimal transport cost in 1 dimension is less or equal to the cost in
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n dimension:

T (v1,v2) < To, (pa, pi2).

(6.3.2)

Moreover, given any continuous cost function ¢, (x1,Xz) : I" x I — R, by Proposi-

tion there is a continuous ¢, € C(R?) such that

1

Cn(X1,X2) 1= @2n 112 WZ:O E1(&q(x1), &g (x2))-

Then for this ¢,
Ty (v1, 1) < T, (i, ph2).

Proof of Theorem Firstly, for any 7, (x1,x2) € II(11, j12), we have

T1(Y1, yo) == L <Z Wn[ﬁql(yl)fq/l(m)]) € (11, vs).

2
(2n+1) vt

In fact, for any measurable sets C, D € Y := U2 &, [1"],

n(CY) = — - (Z m[éq‘l[CL&;l[Yﬂ)

@1 | 2,
B (2n1+1>2 <Z W"qu[c]’[no
- (Zm(&;l[CD) — (@)

Similarly, (Y, D) = v,(D).
Secondly,

/ e (X1, X2) (X1, %3)
ImxIn

2n

- /I"x[n m (Z Cl(fq(xl>7£q/(x2))> dm, (X1, X2)

q,9'=0

- / c1(y1, y2)dmi (Y1, yo)
%

XY

(6.3.3)

(6.3.4)
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Combining (6.3.3)) and (6.3.4), we have

inf / Cn(X1,X2)dm (X1, X2) > inf / (Y, y2)dmi(yi, yo)-
ImxIn Yxy

T €11(p1,p2) m €(v1,v2)

That is,
Te, (1, pi2) > Toy (1, 19).

]

Using Kantorovich’s duality theorem[2.3.3] we can define a simpler cost function c,, for

any given continuous cost function ¢; such that (6.3.2) holds.

Theorem 6.3.2. Given a K-basis {¢, 2’:‘0 on I"™ and any two measures ji1, s € P(I™),
define vy, vy by (6.1.1). Denote by Y, := £,[I"], the image of I" under &, and Y :=
Ug’;OYZJ. For any continuous cost function ¢, (y1,ys) : Y? — R, define the cost function

Cp I" X I = Ry,

1 2n
Cn(x1,X2) == 1 Z c1(&y(x1), &4(x2)). (6.3.5)
q=0
Then
T (vi,v2) < Te, (pn, o). (6.3.6)

Proof of Theorem[6.3.2] First note that v, € P(Y) and ¢,(x1,x2) is continuous. By
Kantorovich duality theorem [2.3.3] it is sufficient to show

sup (/ gldV1+/ g2dV2) < sup </ fidp +/ f2d,li2),
(91,92)€Pc, Y Y (f1,f2)€Pey, In In

where @, contains all (¢,v) € L' (dvy) x L*(dvy) with ¢(y1) + ¥(y2) < c(y1, y2), for all
dvi-almost all y; € Y and dis-almost all y € Y. @, is defined similarly. One can restrict

the functions in ®,,, ®., to continuous and bounded functions. Thus for g;,g2 € C(Y)
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with g1 (yl) -+ g2 (yg) S C1 (yl; yg), we have

2n1+ 1 (qzzo g1(&(x1)) + qzzogg(fq(xz))>

2n

1
= 2n +1 ch(gq(xl)’éfJ(X?)) =1 Cn(X1,X2)
q=0
That is,
1 2n 1 m
1 P, 6.3.7
(%H;ﬁofq’ 2n+1;9205q>€ . (6.3.7)

By the definition of vy, 1, and (6.3.7)),

sup (/ gldyl+/92dy2>
(91:!]2)64%1 Y Y
1 2n 2n
— s [ > gotm+ [ 3ot

< sup ( f1dM1+/ f2dﬂz>-
(f1,f2)€Pc,, m I

That iS, 7;1(V17V2) S 7;1(“17/1/2)' [

If the cost function ¢, is a distance function on Y x Y/, ¢, defined by (6.3.5)) is also
a distance function on /™ x I"™. Then one can also use Theorem to show inequality
(6.3.6).

The cost function ¢, in for a given cost function ¢; is simpler than the one in
(6.3.1). We can also obtain a simpler cost functions ¢ for a given ¢, such that (6.3.2)) holds
by using the redundant version of KST.

We need to modify the definition of the 1-dimensional measures v first. Given a redun-

dant K-basis {&,}3" on I" and two probability measures /i1, p12 € P(I"), let

4n
1
U = E [L; © 5;1 (6.3.8)
4dn + 1 s
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be measures defined on the algebra of the subsets £/ C Y such that § - 'E] is j;-measurable,
1=1,2.

Corollary 6.3.3. Let juiy, 12 € P(I") and {&,}3" be a K-basis on I". vy, v, are defined as
in . Denote by Y := &[I"], the image of I" under &, and Y = U}",Y,. For any

continuous cost function ¢, (y1,v2) : Y — R, define

1 4an
Cn(x1,X2) == proS] ch(fq(xl),gq(xﬂ), V(x1,X%q) € I" x I". (6.3.9)
q=0

Then Te, (71, 7) < Te,, (11, i)
Moreover, given any continuous cost function ¢, (x1,xz) : I" x I" — R, by Proposi-

tion[6.2.2} there is a continuous c, such that

an

S (€ (x1), E(x2):

Then for this cy,
T, (01, 19) < Te, (p1, p2)-

Apply Theorem [6.3.T]and Theorem[6.3.2] one can prove Proposition [6.3.3]
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Chapter 7
KST applied to image processing

In this chapter, we investigate an encryption scheme developed by using Kolmogorov’s
superposition theorem. We estimate the maximum error caused by decoding the original
image by using wrong K-bases. The error are measured in LP-norm and Wasserstein dis-
tance respectively. Another modified encryption scheme using K-basis and additionally
embedding maps is also presented.

The independence of K-basis inspires us to use KST in encryption. Suppose there is
some information stored in the form of a multivariate function. For example, a piece of
video is a functions of three variables: time and two coordinate variables. Now we want
to send the information to someone else confidentially. Instead of encrypting the original
information as a multivariate function f directly, we choose a K-basis ¢ and represent f by
a univariate function g through the corresponding K-map , then send g publicly and keep
¢ as secret keys. When the authorized users receive g, the original information f can be
reconstructed from g with the authorized secrete keys &.

A natural question is how secure is the KST cryptography described above? First, there
are infinitely many (a set of second Baire category) K-bases of the form (1.3.1). Therefore
it is impossible to crack the keys by exhausting the set of all K-bases. Second, due to the
high “non-linearity” of K-basis (see figure [4.1]and [7.1)), the construction of a K-basis takes
most of the time in the numeric implementation of approximate versions of KST, while the
iteration of outer function g converges rapidly. Third, the error caused by decrypting the

message with wrong keys could be large.
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Figure 7.1: The image of ¢ = 0 family of squares under Sprecher’s K-basis for n =
2, A = V2/101 and Ay = > °° 4~ "=1_ (Here we do not choose \; = 1 because the

r=1
distance between A; and A, would be much bigger than the distance between A; and A,
and it is difficult to show them on one axis properly.) We see that under the map of the
K-basis A1 (z1) + A2t (x2), some neighbourhoods in / 2 are not neighbourhoods on R any
more, e.g, 51 and Sy.

We mentioned some algorithms to implement the approximate version of KST in sec-
tion[I.6] Now we give more details on Kolmogorov’s spline network designed by Igelnik
and Parikh [22].

Theorem 7.0.4 (Estimate of the rate of convergence of Kolmogorov Spline network to the
target function [22])). For any function f € C*(I™) and any natural number N, there exists

a Kolmogorov spline network defined by
N n
Fraw(3) =D | D Aty (@p,77),7%)
qg=1 p=1

where g (, b, g 7P9) are cubic spline univariate functions defined on I with param-
eters v', 7P, and )i, ..., \, > 0 are rationally independent numbers with 2;21 Ap < 1,

such that

1
IF = Foawllee = O(55).
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The number P of net parameters W := {1 v, N} satisfies
P = O(N%?).

This result compares favourably with the approximation order O(1/+v/N) for general
neural networks [y and class of functions C''(I™) requires O(N?) degrees of freedom to
achieve the same error. One can compare also [[1]] [4] [61] and the references cited therein.

Leni et al. [34] implement the idea of encrypting data using Kolmogorov network and
approximate the inner and outer functions in KST by splines. Using Igelnik’s Kolmogorov
Spline network, Leni et al. [35] conducted experiments on greyscale pictures and shows
that if the keys are incorrect, the reconstructed pictures have random gray values at every

pixel.

7.1 Error in L”-norm
The property of being a K-basis is a topological property.

Lemma 7.1.1. Let {£,(x)}2" be a Kolmogorov basis on I"™ and T be a homeomorphism

on I, then
{6 ()}em, = {&(T) ),

is also a Kolmogorov basis.

For any f € C(I™), there exist f € C(I") such that f = f o T For this f, by KST.
there exists a § continuous such that f(x) = Zzlo §(&,(x)). Thus,

F(x) = F(T(x) =Y 3(&(T()) =Y §(&(x)).

By the definition of K-basis, {{,(x)}2", is a K-basis.
If we decode images encoded by {,(x)}2~, with the wrong key {€,(x) o> what is the
possible error between f and f ? We show that the error can be maximised when measured

in L”-norm and Wasserstein distance respectively.
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Given a homeomorphism 7" and a probability measure x on [”, we say 7' admits a
measure decomposition with respect to ,, iff there exist y-measurable sets A, B such
that

I"=AUT[A]UB, withpu(B)=0 and ANT[A]=0.

Theorem 7.1.2. Ler {£,(x)}22, be a K-basis, ;1 be a probability measure on I"™ that is

absolutely continuous to Lebesgue measure, and T' be a homeomorphism on I". Let

{6,(x) = &(T ()}, , then

2n 2n
sup (1Y g (&%) = D gr(6(x)) =1, 1<p<oo (7.1.1)
fEC(I") q=0 q=0 p(In
0<f<1 Lp(I™,u)

if and only if T' admits a measure decomposition with respect to [i.

Theorem [7.1.2]implies that the function reconstructed can be just the “opposite” of the
original function in an extreme case. In general cases, all intermediate error is possible,

which explains the observation of random greyscale pictures in the reconstruction in [35]].

Proof of Theorem Suppose T" admits a measure decomposition of I with respect to
%
I"=AUT[A]UB, withu(B)=0 and ANTIA

Then T[A] N T[T[A]] = 0, since ANT[A] = () and T is a bijection.
Define

1 ifxe AUB,
f(x) = _
0 otherwise.

f defined above is a measurable function and thus theres exist a sequence of f, € C'(I")

such that
lim [ 1:60) = F(9)ldu(x) = 0.

n—o0



7.1 Errorin L”P-norm 88

Let g, := K¢f,,r € N.

lim
n—oo

(&) - igr@q(x)) e
= Jin [ 109 - £TC0)dn(x)

-/ 160 ATt

= [ ) = srelauto + | 69 = FT 6l

- / 11— 0ldpu(x) + / 10— 1dpu(x)
A T(A)

_ / ldu(x) = 1
AUT(A)

Therefore, the supreme error in L' is maximised. Similarly, the supreme error is max-

imised in LP norm for 1 < p < oo.

On the other hand, suppose (7.1.1) holds, then | f(z) — f(z)| = 1 almost everywhere.
That is, for mostly all x, either f(x) = 0 and f(7'(x)) =1, or f(x) =1 and f(7'(x)) = 0.
Thus define A := {x € I"|f(x) = 0and f(T(x)) = 1} and B := I"\(A U T[A]). Then
ANTIA] = 0 and pu(A) + u(T[A]) = p(I™). That is, T admits a measure decomposition
of 1" with respect to . 0

We illustrate the decomposing property of I' with respect to Lebesgue measure m when

T' is the homeomorphism that permutes the coordinates in dimension 2.

Example 7.1.3. T : I* — I? such that T(x,13) = (x9,71). Then let A := {(x1,15) €
Iz < 29} and B = {(x1,22) € I"|x1 = 22}, then ANT[A] = () and (B) = 0. See

figure

For dimension n > 3, let o be a permutation of {1,...,n}, then T,(xy,...,x,) =

n
p:

basis on /", then by Lemma- fq ol = Zp 1 ApPq(To(p) = ZZ:l Ao=1(p) Pq(Tp) 18

also a Kolmogorov basis on I". There are n! of permutations of the coordinates (z1, ..., z,)

(Z5(1), ---» To(ny) is the homeomorphism on [™. If {,(x) = Y | A,d4(x,) is a Kolmogorov

and thus n! homeomorphisms 7,. Not all these homeomorphisms maximise the error in
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Figure 7.2: Measure decomposition of /2 under the homeomorphism T'(z1, 7o) = (29, 71).

(7.1.1)). If a permutation o admits a cycle with even length in its cycle decomposition, then
T, admits a decomposition of /™ with respect to Lebesgue measure.
For example, if 0 = (1, 2)«, where « is a permutation of {3, ...,n}. The cycle (1,2) is

of length 2. Then let
A={(z1,...,xn) € I"w1 > 22} and B = {(z1,...,2z,) € ["|x1 = 22}.

One can verify that m(B) = 0, T,(A) = {(x1, ..., x,,) € ["|z1 < 22} and thus ANT[A] =
Pand I" = AU T[A]U B. Else if, o does not admits a even cycle in its decomposition, then
the maximal error cannot be obtained. For example, for o = (1,2, 3), by Theorem(7.1.2} to
obtain the maximal error, for almost all x := (1, 29, x3) € I, (f(x), f o T,(x),fo T, o
Ty(x),foT,0T,oT,(x)=1(0,1,0,1) or (1,0, 1,0). Notice that T, o T, o T,, = I. Thus
f(x) = foT,oT,oT,(x) forall x € I?, which is a contradiction. See Figure [7.3]

7.2 Error in Wasserstein distance

Next we show that the error between the original functions and the functions reconstructed

with wrong keys can also be maximised in Wasserstein distance.
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z3

Figure 7.3: The image of a cubic C' under the permutative homeomorphism 7'(z1, x5, x3) =
(29, 23, x1) goes back to itself in odd steps, i.e. 3 steps.

Recall that on a Polish space (X, d), the Wasserstein distance [64] is defined as the

optimal transport cost

1/p
Wy () o= T (0, ) :=( we [ dp<x,y>dw<x7y>)
XxX

nell(p,v)

where d is a distance function and p, v are probability measures in
P,(X) = {,u € P(X): / d(zo, z)Pdp(z) < 0o, for some and thus any xy € X} :
X

Notice that when the distance d is bounded, then P(R") = P,(R™), p > 1. In the following,
we assume that the distance function d is bounded.

Let {&}22, be K-basis for C(R") (see Theorem [1.4.3). We use {£,}72, to encode
images f € C'(R"). Suppose the wrong key is of the type {, = {, 0T for ¢ = 0,...,2n,
where 7' is an area-preserving homeomorphism on R". Then images decoded with the
wrong key {éq}gio willbe f = foT.
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Let (R", d) be a Polish space and

P(R") := {f € C(R")|f > 0and / f(z)de = 1} .

n

If f € P(R"), then f(z) := f(T(z)) € P(R™).

Theorem 7.2.1. Let T' be an area-preserving homeomorphism on R™ and d be a bounded
distance function on R™. For any f € P(R") and fi=foT,

sup W,(f, f) = sup d(z, T(x)).

feP(R™) z€R"

The supremum is attained when f is supported on the set {x € R" : d(z,T(x)) =
Supyern d(y, T'(y))}-

Proof. We first claim that: for any J,, € R", there exists a sequence {f; € P(R")}en
such that
lim Wy (f;,8,) = 0. (7.2.1)
—00

In fact, by Theorem 7.12 in [64],
Wp(,uk:u) - 07 as k — 00,

is equivalent to y, — p in weak sense and {1} satisfies the following tightness condition:

for some zg € X,
lim lim sup/ d(xg, z)Pdp(z) = 0.
d(zo,x)>R

R—=0o0 koo

For ¢,, choose f; € P(R™) such that f is supported in a neighbourhood of = with radius

27!, then f; converges to §, in weak sense and

lim lim sup/ d(xz,y)? fily)dy = 0.
d(zy)>R

R—oo |00

Thus f; converges to 9, in Wasserstein distance.
For any given = € R”, let {f; € P(R")};cy such that (7.2.1) holds. Let f, :== f; o T,
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then
lim W, (fi, 67(z)) = 0.
l—o0

By triangle inequality,
Wy (fi, fl) < Wp(f1,62) + Wip(6s, 5T(z)) + Wp(fla 5T(l’))

and
Wp(flJ fl) > Wp(5$7 5T(a:)) - Wp(fl7 53:) - Wp(flu 5T(q:))
Then

lim W, (fi, fi) = W (b, 0r(a)- (7.2.2)

For the homeomorphism 7', there exists a sequence {2 }ren C R” such that

lim d(Ik,T(xk)) = sup d<I7T<‘T))7

k—o0 reR™

and thus
kh_{ilo Wp((gl‘ka 6T($k)) = sup d(x7 T(I‘))

reR™

For each z;, k € N, by (7.2.2), there exists a sequence { fy; };en in P(R™) such that
lliglo W, (frity fra) = Wp(0a,, O7(zp))s
where ka = fryoT. Then

klggo W (fiks fkk) = klggo Wy (0, 01 (ay)) = sup d(z, T (z)).

TER?

Therefore,
sup W, (f, f) = sup d(z, T(z)).

feP(R™) z€R™
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7.3 Encryption involving embedding

Consider the embedding of C'(I™) into C'(I™), m > n > 2, by a continuous injective map
U: 1" < I"™. Forevery f € C(I"), there exists F' € C'(I"™) such that

Fyi, ey ym) = f(U(x1, ..., 70)), Y(x1,....my) € 1™,

This provides another way to encode f. First, embed f as F', then encode F’ as an its outer
function under a K-basis in dimension m. As in the direct KST encryption method, keep
the K-basis in dimension m as secret keys and send the outer function of £’ publicly. Then
to obtain the original function, both the secret keys and the embedding map are needed,
which makes the coding scheme safer.

Suppose 7' is an embedding map from dimension n into dimension m,

U:1"—= 1"
(@1, ey ) = (Ur (T ey )y ooy U (T1, ey ) ).
Given Ay, ..., A, and (o, ..., ¢a,, ) such that {EZZO Ap®q(Tp) 2’:‘0 and {E;”ZO Ap®q(Tp) 320
are K-bases on I and /™ respectively. This is feasible by Theorem Choose any
F € C(I™) such that

Fur (1, o )y ooy U (X1, oy 20)) = f(21, 00y p), V(21,0 2,) € T

By KST, there exist g,, depending on f and g,, depending on the chosen F’ such that

flxy, .y, =

2n n
1
Z In Z )‘quq(wp))
2n+1 oy (p()
and

F(up (21, ooy Tp)y eoey U (21, oy )

1 2m m
- 2m -+ 1 qzogm (% )\p¢(1<tp(x17 7xn)>> .
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Suppose one receives the public signal g,,, and decodes F'(uy, ..., u,,) successfully with
the right key {fq}gﬁo. Now he or she needs to choose a right slice of hypersurface R C 1™
and map the value of F' on R to values of f on I" = U~'[R]. If he or she chooses the wrong
embedding map U with wrong hypersurface R:=U [I""]and reconstruct wrong f=FoU,

then

(21, ) = fl@, s xn)| = |F(U (21, ... 2,)) — F(U(zq, ..., )]
= |F(ug, .o tp) — Fiig, .., )|

- le—l— 1 qz_; (97“(; Apq(up)) — gm(pz_; >‘p¢q(ap))> ‘ :

The error between f and f could be large. For example, for any f € C (I"™) and
f = foT with any homeomorphism 7" on /", there is a wrong embedding map U=UoT
such that F o U = . Figure 7.4 compares the original image and the reconstructed image

with the right hypersurface but wrong embedding map.

- — —

Figure 7.4: Left is the image f of a historic site of Michigan. Right is the reconstructed

image with wrong embedding map U = U o T with T(zy, z5) = (T2 %)
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Chapter 8

Open problems

There are several open problems related to our research, which we would like to list here:

e K-basis {¢, }-, can also be in the form of a product, that is, §, (21, ..., 7n) = [[_; dpq(p)
[12]. This provided a possibility to consider KST on spaces endowed with certain

group structure. For example, Kolmogorov representation on compact Lie groups.

Suppose (G, o) is a compact Lie group and C(G x @) is the space of continuous
functions on G x G. For each f € C(G x G,R), one can try to construct a g €
C(G,R) such that

f(z1,22) Zg P1q(a1) © Pag(w2))  V(21,22) € G X G,
q=0

with some m € N and m + 1 continuous inner functions ¢, : G — G, ¢ =0, ..., m.

e Although Sternfeld [59] gave a necessary and sufficient condition of a family of
continuous functions {{,}7_, to be a K-basis for C(I™), it cannot be readily checked
if {ﬁq}gio satisfies his condition, i.e., separating the Borel measures on /™. In chapter
3, we only have a sufficient condition for a family of continuous functions {@}320 to
be a K-basis. Namely, if {f'q}gio separates a Kolmogorov cover, then it is a K-basis.
All the constructive proofs of KST by now are based on this property. It is an open

question whether this condition is necessary.
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e The extension or projection of K-bases among domains of different dimensions is
proved only for special cases. The open problem is whether there is a general way to

extend or project any K-basis from one dimension to another.

e Vitushkin [68] [67] [66] presented negative results of representation of one function
classes by another function class in superposition. He only answers the question
when such a representation does not hold, but does not give any description on when

does it hold. This is still an open area.

e The non-uniqueness of the outer function in Kolmogorov’s representation is only
proved when the image of /™ under K-basis £ is not a connected interval. We infer

that it also holds for any K-basis.

e The KST encryption schemes with public outer function introduced Chapter 7 can
be implemented. A quantitative description of the error between original image and
images constructed with wrong keys can be further discussed. The author and Zegar-

linski are working on this [38].

In the neural networks established using KST, the inner functions and outer functions
are approximated with smooth function. The approximate error partially depends on
the analytic property of the outer functions in KST. The moduli of outer functions
can be used to estimate the approximate error in Kolmogorov’s neural network. See

[37].
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Appendix

In the appendix, we list the concepts and theorems used in the main content of the thesis in

alphabetical order.

Concepts

Holder continuity
Let (X,dx) and (Y, dy) be two metric spaces. Let f : X — Y be a function. f is
said to be Holder continuous or satisfy a Holder condition, if there exists 0 < o < 1
and ¢ > 0 such that dy (f(z), f(2')) < c¢(dx(z,2"))* for all z, 2" € X. The number

« 1s called the exponent of the Holder condition.

Lipschitz continuity
A function that is Holder continuous with exponent o = 1 is said to be Lipschitz

continuous or satisfy a Lipschitz condition.

Stochastic matrix
P = (pij)nxn is called a stochastic matrix iff forall 1 <i,5 <n,0 < p;; < 1and
Z;”:l pi; = 1. A stochastic matrix describes a Markov Chain X, over a finite state

space S. p;; is the probability of moving from state ¢ to state j in one step.

Theorems

Adjoint operators (Corollary after Theorem 4.12 [46])

Suppose X and Y are Banach spaces and 7' : X — Y is a bounded linear operator.
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Then
(i) The range of T"is dense in Y if and only if 7™ is injective.
(i1) T is injective if and only if range of 7™ is weak*-dense in X *.

(iii)) The range of 7' is all of Y if and only if 7™ is isomorphism into, i.e., 7™ is

injective and its inverse, mapping range of 7™ onto Y*, is bounded.

Fubini-Tonelli Theorem (Theorem 8.8 [45]])
Let (X,S,u) and (Y, 7, \) be o-finite measure spaces, and let f be an (S x T)-

measurable function.

(1) If0 < f < o0, and if

M@=£jmwwwh1mn=Lfmmw@)w€Xy€K

then ¢ is S-measurable, ¢/ is 7 -measurable, and
/ odp = fd(p x X)) = / Wd. (.0.1)
X XxY y
(i1) If fis complex and if

wmzlummwwzm AWWSw

then f € L'(u x \).

(i) If f € L'(u x A), then f(z,y) € L'(Y, A(y)) for almost all z € X, f(x,y) €
LY X, u(z)) for almost all y € Y'; the functions ¢ and ) almost everywhere are
in LY(X, pu(x)), L' (Y, M(y)) respectively and (.0.1)) holds.

Holder inequality (Theorem 3.5 [45]])
Let p and ¢ be conjugate expoents, i.e., % + % = 1. Let X be a measure space with

measure . Let f and g be measurable functions on X with range in [0, cc]. Then

/X Jgdu < ( /X fpdu> " ( /X quu) l/q- (.0.2)
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When p = 2, (.0.2) is known as the Schwartz inequality.

Minkowski’s integral inequality (A.1 [55] or Inequality 202 [18]])
Let (X,S,u) and (Y, 7T, \) be o-finite measure spaces, and let f be an (S x T)-

measurable function. Let 1 < p < oo, then

([ ([ o) o) < [ ([1swraw)” e

Pointwise convergence of inverse Fourier transform (Corollary 1.21 in [56])

If both f and f are integrable on R" then

)= [ Fermietat
RTL

for almost every x.

Riesz-Thorin Interpolation Theorem (Theorem 1.19 [70])
Let 1 < pg, p1,q0, 1 < o0, and for 0 < # < 1 define p and ¢ by

1
_|_ —_
p Do Y41 q qo0 q1

If T is a linear operator from LP° + LP* to L% + L9 such that

1T fllgy < Mollfllp, for f e L

and
ITfllg < M|l fllp, for fe L™,

then
1Tfllq < M(}_(;Mf”fnp for f € L”.

Schroder-Bernstein Theorem (Bernstein [5])
If there exist injective functions f : A — B and g : B — A between the sets A

and B, then there exists a bijective function 7 : A — B. In terms of the cardinality

of the two sets, this means that if |A| < |B| and |B| < |A|, then |A| = |B].
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