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Abstract

The main result proved in this thesis is an existence theorem for asymptotically conical Ricci-flat
Kahler metrics on C? with cone singularities along a smooth complex curve. These metrics are expected
to arise as blow-up limits of non-collapsed sequences of Kéhler-Einstein metrics with cone singularities.
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1 Introduction

The first three subsections in this introduction are meant to explain the words in the title, to provide
background and to motivate the topic. The fourth subsection states the main result of the thesis and
outlines the strategy of proof.

1.1 Metrics with cone singularities

We introduce the concept of a Kéhler metric with cone singularities along a divisor. There is a model
metric g(g) and several ways one can proceed to give distinct definitions, measuring the deviation from
the model in different norms. The one we give is well suited for the development of a linear theory. Our
reference is Section 4 in Donaldson’s paper [I5].

Fix 0 < 8 < 1. On R?\ {0} with polar coordinates (p, ) consider the metric

gs = dp® + B*pdo*. (1.1)



This is the metric of a cone of total angle 273. The apex of the cone is located at 0 and gs is singular
at this point. We give two geometric pictures of gg:

e Take a wedge of angle 273 in the Euclidean plane and use a rotation to identify the edges.

e Take a coordinate axis in R? and a ray which starts at 0 and makes an angle 1) with the axis. We
ask that 0 < ¢ < 7/2 and siny = 8. Consider the surface of revolution obtained by rotating the
ray around the axis.

2xfl

Figure 1: The holonomy of gz along a simple loop around the apex is an anti-clockwise rotation of angle
27(1 — B) in the sense of the metric ggs.

The metric gg induces a complex structure on the punctured plane, given by an anti-clockwise rotation
of angle m/2. A basic fact is that we can change coordinates so that this complex structure extends
smoothly to the origin. Indeed, set .

2 = pt/Pe? (1.2)
to get
95 = B2z [P 2 dz . (1.3)
Denote by Cg the complex plane endowed with the singular metric
We are concerned with metrics which are modeled, in transverse directions to a divisor, by gg. To

begin with we take the product of Cs with C"~!. If (21,...,2,) are standard complex coordinates on
C™, what we get is the model metric

98 = B2z [P da ) + ) ldzl% (1.4)

=2

with a singularity along D = {z; = 0}. Set {v1,...,v,} to be the vectors

vlz\z1|1—ﬂa%1, vjzaazj forj=2,...n. (1.5)
Note that, with respect to g(g), these vectors are orthogonal and their length is constant. We move
on and consider the situation of a complex manifold X of complex dimension n and a smooth divisor
D c X. Let g be a smooth Kéhler metric on X \ D and let p € D. Take (z1,...,2,) to be complex
coordinates centered at p such that D = {z; = 0}. In the complement of D we have smooth functions
9,7 given by gz = g(v;, 7;).



Definition 1 We say that g has cone angle 23 along D if for every p € D and holomorphic coordinates
as above the functions gz admit a Holder continuous extension to D. We also require the matriz (gﬁ(p))
to be positive definite and that g5 =0 when j > 2 and z; = 0.

We make two remarks on this definition

e [t requires a simple computation to check that the definition, in particular the vanishing condition
on g;5 for j > 2, is independent of the choice of coordinates. In a coordinate chart as above we
can define a symmetric tensor h by means of the equation

g=9p +h
We get a Hermitian matrix (h7), where h;z = h(v;,v;). At the point p € D we can rescale z; and
perform a linear transformation in the 22,..., z, variables so that h;;(p) = 0 for all 1 <4d,j <n ;
but it is interesting to note that- contrary to the case for smooth metrics- this requirement doesn’t
fix the coordinates up to first order. Let {01,...,0,} be some other frame field of vectors in the
complement of D such that, with respect to gy, the length of the vectors v,...,v, is constant

and the vectors are pairwise orthogonal. For example we can take @, = ¢’?v; with 6§ = arg(z1) and
¥; = v; for j > 2. We can define functions 95 = 9(0;,0;). The vanishing condition 97 =0 for
j > 2 implies that the functions g;7 extend Holder continuously to D and hence the definition is
independent of the frame field of vectors chosen.

e There are two types of coordinates we can take around D. The first one is given by holomorphic

coordinates z1, ..., z, such that D = {z; = 0}. In the second one we replace the coordinate z; with
pe'? | by means of and leave 23, ..., z, unchanged. We refer to the later as cone coordinates. In

other words, there are two relevant differential structures on X in our situation. One is given by the
complex manifold structure we started with, the other is given by declaring the cone coordinates
to be smooth. The two structures are equivalent by a map modeled on[I.2]in a neighborhood of D.
The notion of a function being Holder continuous (without specifying the exponent) is independent
of the coordinates we take. Let f be a function on X and « € (0,1), we say that f € C* if it
belongs to this space, in the usual sense, in the cone coordinates. We can incorporate the exponent
a in Definition [I| by requiring the functions ;5 to be C'*. It is interesting to note that the notion
we get is independent of the complex coordinates z1,...,z, only if we add the restriction that
a < B! — 1. Indeed let g be a metric in a domain of C?, with standard complex coordinates
(21, Z2), of cone angle 27 along D = {Z; = 0}. Write G5 » 1 <4,j <2, for the coefficients of g
as we defined previously; so that g;; are smooth functions on the complement of D which extend
Holder continuously to D . Set Z; = z; and Z5 = 21 + 29, so that

9 _0,0 9 _20
0z 0% 0% Oz 0%
In the coordinates (z1, z2) we get that
917 = 917+ 4l TGz + 6o0) + 14 P8, gz =iz a0 9 = 0n
The function |z;|'~# belongs to C% only if a < g7 — 1.

Next we provide examples of metrics which satisfy Definition We begin with a local description
of a general type of metric with cone singularities. Let F' be a smooth positive function and let 1 be a
smooth Kéhler form, both defined on a domain in C™ which contains the origin. Consider the (1, 1) form

w =1 +i00(F|z|*). (1.6)
Straightforward calculation gives us that
185(F|21|2ﬁ) = ‘Zl|2ﬁi85F + ,8|Z1|2ﬁ72 (Elidzl AOF + 2190F N d?l) + 62‘Zl|2ﬁ72Fid21 Ndz.

Let I be the complex structure of C* and g = w(.,I.). Let v1,...,v, be as in We want to compute
9; = 9(vi,v;). We write n = szzl n;7idz; A dz;. Note that the coefficients 7,; are given by the



contraction of 7 with the standard coordinate vectors 0/9z;, 9/0%;, while to obtain g,z we must contract
g with v;, ;. It is easy to check that

O%F oOF OF
J— 2—-28_ _ 2 . 2
= i or . P
o1 = |2l it | 021071 b (Zl 0z -1 321) +5
62F oF oOF
- = 1-8 — 1+p_~ & B—1 _ f s 9.
917 = =zl g + = 92107, + B2 (Zl o, +7Z1 5'Zj) ory = 2;
°F
95 =5+ |21\25m forj, k > 2.
j

It is then clear that, in a neighborhood of 0, g defines a K&hler metric with cone angle 273 along
D = {z = 0}. Indeed this metric is C* for & = 37! — 1. There is a useful way of thinking of the metric
g: On C™*! with standard complex coordinates (21, ..., 2,+1) consider the (1,1) form

[ =n+id0(F|zns1|?).

This form defines a smooth Kihler metric on C**! in a neighborhood of 0. Let us delete a ray in the
complex plane corresponding to the z; variable and define

<I>(zl,...7zn):(zl,...,zn,zlﬁ),

so that w = ®*I". The pullback of I by ® is independent of the branch of zlﬁ that we take and we can think
of the metric g in the complement of D as the restriction of the smooth metric defined by I' to a smooth
complex hypersurface in C"*!. A well-known principle says that the holomorphic sectional curvature
of a complex submanifold of a Kéhler manifold is less or equal than that of the ambient manifold, see
Section 0.5 in Griffiths-Harris [I8]. We conclude that we can restrict g to a smaller neighborhood of 0 if
necessary so that its sectional curvature is uniformly bounded from above.

Remark 1 It is easy to see from the expressions of the coefficients g;7 that in order that w defines a
Kahler metric with cone singularities in a neighborhood of 0, it is enough that n is a closed (1,1) form
such that (n,3)2<j.k<n is a positive matriz at 0. In this more general situation we can not conclude the
upper bound on the sectional curvature of g. A good example to have in mind is the following: Let a be a
real number with |a] < 1. Consider the metric defined in the unit disc of the complex numbers given by

9o = (a+ |21|*72)|d [*.
The Gaussian curvature of this metric is equal to
|Z1|2745
(1 +[z1[>~2Fa)®

If1/2 < B < 1, then K, is unbounded below when a > 0 and unbounded above if a < 0. Of course we
can take the product of g, with a flat euclidean factor C"1 to fit this example into our discussion.

K,=—-4(8-1)%

The following lemma compiles our results into a global form.

Lemma 1 Let (X,n) be a smooth compact Kihler manifold and D C X a smooth divisor. Let h be a
smooth Hermitian metric on the line bundle [D]. Let s € H°([D]) be such that D = {s = 0}. Fore >0
set w =mn+ 6i85|8|i’6. If we take € small enough then the form w defines a Kdhler metric with cone
singularities as in Definition[1, The metric w is, up to quasi-isometry, independent of the choices of n,
€, s and h. The bisectional curvature of w is uniformly bounded from above.

Proof: Indeed we have shown that 1 + iag\s\iﬁ is a Kéhler metric in a sufficiently small tubular neigh-

borhood U of D with cone angle 273 along D. We take € > 0 small enough so that n > —ei(95|s|i’3 in
the complement of U and we check that w has the desired properties. Il

The statement about the bisectional curvature in Lemma[I] is a little bit technical at this point, but
it will be relevant in the next subsection. We don’t need to recall the definition of bisectional curvature
right now. We just say that on a Kéhler manifold a uniform (upper) bound in any of the following three
quantities: holomorphic sectional curvature, sectional curvature, bisectional curvature; implies a uniform
(upper) bound in the other two quantities. In this direction we mention the following



Conjecture 1 If there is a ‘polyhomogeneous’ Kdahler metric with cone angle 2w along D, bounded
sectional curvature and 1/2 < 8 < 1, then there is a holomorphic splitting

TX|D =TD D VDp;
where vp = TX/TD is the normal bundle.

In Subsection [6.2] we touch on ideas related to this conjecture. We haven’t defined the notion of poly-
homogeneity. We simply mention that the reference metric w in Lemma [I] is polyhomogeneus as well
as any metric with cone singularities as in Definition [1| which is Einstein in the complement of D (see
Jeffres-Mazzeo-Rubinstein [20]).

We change gears and discuss the foundations of the linear theory for metrics with cone singularities.
We introduce the space of C%“ functions. First we work on C" with standard complex coordinates
(21, .+,2n) endowed with the model metric g(gy. In the complement of D = {z; = 0} there is (up to a
factor of v/2) an orthonormal basis of the (1,0) forms given by ¢; = B|21°1dz1, 2 = dza, . .., €, = dzy,.
Let n be a (1,0) form and write n = 2?21 nje;. We say that n is C if the components 7; are C* for
j=1,...;nand m =0 when 2; = 0. If nis a (1,1) form we write n = >_, . n,76; A€;. We say that 7
is C if the components 7,7 are C® for ,j = 1,...,n and 75 = 7,7 = 0 when z; = 0 and j > 2. These
definitions can be compared with Definition [I| and similar remarks apply. A (real) function f is said to
be C%2 if f,0f,00f are C*. Let us point out that -in contrast with the standard 8 = 1 case- we are
not requiring all the second derivatives to be C®. The function spaces C® and C%? clearly depend on
the parameter 3, in the literature it is usual to find the notation C*# for the space C* and C%# for
C?%<, In the setting of a compact complex manifold X, a smooth divisor D C X and a fixed parameter
0 < B < 1 it is straightforward, by using a finite collection of charts in which D = {z; = 0}, to define
the function spaces C%, C*“ and to endow them with norms so that they become Banach spaces. Let
w be a C* Kahler metric with cone angle 273 along D and write A, for the Laplace operator of the
metric. The following result is of fundamental importance:

Theorem 1 Assume that o < =1 — 1. Then A, : C** — C% is a Fredholm operator with zero index.

In order to illustrate some of the applications of Theorem [I] we consider the functional F : U — C*,
where U is a neighborhood of 0 in C%® and F(u) = log (w?/w™), with w, = w + i0Ju. The derivative
at 0 of F is given, up to a constant multiple, by A,. We can use Theorem [I| together with the implicit
function theorem, to conclude that for any function f which is sufficiently small in C* and such that
[x efw™ = [ w" there exists u € C** such that w} = e/w". Theorem [1|is proved in [I5]. First one
works with the model metric gz in C". Let p ¢ D = {z; = 0}. Denote by I', the Green’s function for
the Laplacian A of g(z) with a single pole at p. One uses separation of variables, together with a check
of convergence, to write a series expansion in a neighborhood of 0

Ty =Y ajk(y)p” ™7 cos(ko),
3,k>0

where y = (22,...,2,), 21 = p1/56i9 and aj, are smooth functions. The expression for the coeflicients
aj, i, is explicit in terms of Bessel functions. One then writes G(z,y) = I';(y) and differentiates twice (with
some care) the integral representation u(z) = [ G(z,y)Au(y)dy to obtain interior Schauder estimates for
A. In the setting of Theorem [I]one can patch these local estimates together and use standard arguments
to obtain a parametrix for the operator A,. We will discuss related topics and the content of [15] with
more detail in Section [l

1.2 Kahler-Einstein metrics with cone singularities

Let X be a compact complex manifold, D C X a smooth divisor and 0 < 8 < 1. We are interested in
Kéhler-Einstein (KE) metrics with cone angle 275 along D. These are metrics with cone singularities,
as in Definition [I} such that the Ricci tensor is a constant multiple of the metric in the complement of
D. Among the precedents which motivate this topic we mention the following ones:

e Riemann surfaces with conical singularities and constant Gaussian curvature. This is a classical
topic (see [33], [29]). It has strong connections with the study of polyhedral shapes in three dimen-
sional space forms ([32], [27]). The study of constant Gaussian curvature metrics on the Riemann



sphere with three cone singularities is essentially equivalent to the study of the hypergeometric
equation ([I6]).

e Three dimensional hyperbolic metrics with cone singularities along a knot. See [19].

e Anti-self-dual-connections on four-manifolds with cone singularities along an embedded surface,
[24]. Holomorphic vector bundles with parabolic structures, [5].

In the context of Kahler geometry we can say that, if we fix the parameter 0 < 8 < 1, it is expected
to find relations between algebraic compactifications of moduli spaces of pairs (X, D) and the metric
degenerations of the corresponding KE metrics with cone angle 27/3. Understanding the differential
geometry of the limits should give us information on the possible singular pairs (W, A) which arise in
the algebraic compactification. As a prototypical of example we consider the space M of four distinct
unordered points in CP' modulo the action of Mdbius transformations. It is well-known that M has
the structure of a Riemann surface and that M = C. The Riemann sphere is the only algebraic
compactification of M and it is obtained by adding a single point to the space. On the other hand
we can fix 1/2 < 8 < 1 and consider the space P of spherical metrics on CP' with cone singularities
of angle 275 at four distinct points modulo isometry. It is well-known that to each point of M there
corresponds a unique point in P, and that this map is an homeomorphism if we endow P with the
Gromov-Hausdorff distance. If P is an algebraic compactification of M, then it would follow that there
is only one possible limit for any sequence of metrics in P which degenerates. A little of thought shows
that this limit should correspond to a spherical metric with two cone singularities (‘american football’)
of angle 27y with v = 28 — 1. Algebraically this corresponds to two distinct points in CP' counted
with multiplicity two. If we fix 8 = 1/2 (or 0 < 8 < 1/2) then the discussion involves limits of flat (or
hyperbolic) metrics with cone singularities.

Now we state a general existence result for KE metrics with cone singularities, similar to the the
well-known Calabi conjecture for smooth metrics. Note that a Kahler form with cone singularities is
Holder continuous in cone coordinates and it is straightforward to see that it represents a de Rham
cohomology class. The next theorem summarizes work of [6], [20] and [26] among others.

Theorem 2 Let X be a compact complex manifold, D C X be a smooth divisor and 8 € (0,1). Assume
that

e ¢1(X)— (1= B)er([D]) < 0. Then there exists a unique Kdihler metric wxg on X with cone angle
27 along D such that Ric(wxg) = —wkg in the complement of D.

e ¢1(X)— (1= pB)cei([D]) = 0. Then in any Kdhler class on X there exists a unique Kdahler metric
wi g with cone angle 2w along D such that Ric(wk ) = 0 in the complement of D.

e There exists a Kdahler-Finstein metric on X with positive scalar curvature, D € |)\K§1\ with A > 1
a rational number and 3 > 1 — X\71; so that ¢1(X) — (1 — B)c1([D]) > 0 . Then there ezists a
unique Kdhler metric wigg on X with cone angle 2w along D such that Ric(wkg) = wkg in the
complement of D.

Theorem [2| requires ¢;1(X) to be ‘more positive than usual’. For example, in the second bullet we
require ¢1(X) = (1 — B)c1([D]) rather than ¢;(X) = 0 for the existence of a Ricci-flat metric. This
can be justified heuristically by thinking of KE metrics with cone singularities as having a big lump of
positive Ricci curvature concentrated along D. A consequence of Theorem [2] is that every projective
manifold has a KE metric with cone singularities of negative scalar curvature. Indeed take any 8 € (0, 1)
and let H be an ample class in X. If we take m = m(S3) sufficiently large we can guarantee that
c1(X) — (1= pB)ea(mH) < 0 and, by Bertini’s theorem, that there is a smooth divisor D € |mH|. The
hypothesis of the first bullet in Theorem [2] are then satisfied. Let us give a sketch of the proof of this
first bullet, the main reason being that the techniques we use are relevant to our future work.

Proof: The hypothesis that ¢;(X) — (1 — 8)e1([D]) < 0 implies that there is a smooth Kéhler form 7
such that —(2m)71[n] = c1(X) — (1 — B)c1([D]). Take s to be a holomorphic section of [D] such that
s71(0) = D and let h be a smooth Hermitian metric on [D]. Fix ¢ > 0 so that we have the reference
metric w = n + ei85|s|iﬁ, as in Lemma |1l We claim that there is a C* function f on X, smooth in
the complement of D, such that Ric(w) = —w +id9f. Indeed, the cohomology condition on 7 implies



that there is a smooth function F on X with i09F = n + Ric(n) 4 (1 — 8)iddlog|s|?. We use that
Ric(w) — Ric(n) = id01og (n™/w™) to obtain
100 (1 5 1o [ 18l e 5
Ric(w) = Ric(n) + 00 log (w”) = 100F — 1 — 190 log hT = —w +1400f;

where

2-28, n
2 |s| w
f=F+es2 ~log () -
Ui
It is easy to check that f is a smooth function in the complement of D which extends as a C* function
to X, as we claimed.

We want to find v € C%? a solution of

(w +i00u)™ = el tuw™. (1.7)

It is easy to argue that if we set wxp = w + i00u, then wg g defines a Kahler metric with cone angle
27 along D and Ric(wxg) = —wkg in the complement of D. In order to solve equation we use the
Aubin-Yau continuity method. A novel feature is that the path we use doesn’t start with the reference
metric w, as we shall explain.

Consider the functional F : U — C®, where U is a neighborhood of 0 in C%® and F(a) =
log(w?/w™) — 1, with wg = w + i007u. It is clear that F(0) = 0 and that the derivative at 0 is given by
DoF (1) = A, — @, with A, the (negative definite or ‘analyst’) Laplacian. Integration by parts shows
that DgF has no kernel, so that the implicit function theorem together with Theorem [1| implies that
there is € > 0 such that for every h € C* with ||h|o < € there is & € C*“ such that F(@) = h. Recall
that in a compact manifold for any C® function f and o < & there is a sequence of smooth functions
which converges to f in the C® norm. It is then easy to argue that there is a smooth function f; (in the
complex coordinates) such that ||f — fol|lo < €. We call h = f — f; and take 4 € C%® with F (i) = h, so
that wy = w-+i000 satisfies Wl = ey, The improvement is that now we have Ric(wg) = —wg+i99 f,
with fo a smooth function.

In order to solve equation it is enough to find u; € C%* such that (wy + i@gul)” = ef°+“1wg;
because then u = @ + w1 is the solution that we want. We use the Aubin-Yau continuity path

(wo + 10Duy)™ = etfotueyn (1.8)

and consider the set
T = {t € [0,1] such that there exists u, € C** a solution of [L8]}.

If we denote w; = wp + i00us, then Ric(w;) = —wy + (1 — t)iddfo. We start the continuity path at ¢ = 0
with ug = 0. The goal is to show that 7" is open and closed.

Theorem [I] implies that T is open. The fact that T is closed follows from the following a priori
estimate: There is a constant C, independent of ¢ € T, such that |lu]2o < C. The proof of this
estimate is divided into three steps:

e (Y estimate. This is an application of the maximum principle. If u; attains its maximum at
p € X\ D then implies that ¢fo(p) + we(p) < 0, so that supu, < max{—inf fy,0}. If the
maximum is attained at p € D then one considers 4, = u; + d|s|§, for a suitable choice of § and
€ positive and small. The function u; attains its maximum outside D, one gets a uniform upper
bound on the supremal of 4; which indeed implies a uniform upper bound on sup u;. Similarly one
gets a uniform lower bound on infu;. As a result ||ulo < C.

e (2 estimate. The technique is the maximum principle again. Since the reference metric w has
bisectional curvature bounded by above, there is a constant Cs such that Bisec(w) < Cs. In the
complement of D, equation gives us Ric(wy) = —w; + (1 — t)iddfy. Since fo is smooth there is
a constant Cy > 0 such that i09fy > —Cow. Set C; = 1 so that Ric(w;) > —Ciw; — Cow. Write
w; = w + 1000, and A = Cy + 2C3 + 1. The Chern-Lu inequality tells us that

Ay, (try,w — Aty) > —Ch — An + try,w. (1.9)



Note that @; = @ + w4, so the previous bullet gives us a uniform bound on ||a||o. We use and
the maximum principle (as in the previous item) to get the uniform bound tr,,w < C. This bound
together with the equation imply that C~'w < w; < Cw.

o O%« estimate. This is a local result. We want to appeal to the ‘interior Schauder estimates for the
complex Monge-Ampere operator’. In the case that § = 1 (no cone singularities) there is a large
literature on this topic; we mention, among others, the work of Caffarelli and Safanov for the real
Monge-Ampere operator. More recently, Chen-Wang ([I0]) gave a new proof of these estimates by
means of a ‘blow-up’ argument, similar in spirit to Leon Simon’s proof of the Schauder estimates for
the Laplace operator. This technique works in the setting of metrics with cone singularities. Our
previous C? estimate together with Theorem 1.7 in [10] gives us that ||lul|z.» < C. Alternatively
we can refer to Evans-Krillov theory and its analogue for metrics with cone singularities, see [20].

O

Another important result concerning KE metrics with cone singularities is the regularity theory for
such a class of metrics. More precisely, the result we want to refer to says that these metrics are
‘polyhomogeneous’. The basic reference for this is [20]. We proceed to the statement of the theorem.
Let p € D and (z1,...,2,) holomorphic coordinates centered at p in which D = {z; = 0}. We write
z1 = pl/ﬁew and denote by y = (22, ..., z,) the other coordinate functions.

Theorem 3 Let wip be a Kdihler-Einstein metric on X with cone angle 23 along D and B € (1/2,1).
Then for every p € D we can find holomorphic coordinates (z1, ..., zn) as above such that wx g = 1009,
with

¢ = ao(y) + (a1 (y) cos(8) + aro(y) sin(6))p"/” + as(y)p® + O(p***). (1.10)

Where ag, ag1, a10,a2 are smooth functions of y and e = ¢(8) > 0.

When 8 € (0,1/2] the same statement holds if we replace 1/8 with 2 in the expansion [.10} The proof
of Theorem [3| uses tools from the ‘Edge Calculus’.

As shown in the paper of Song-Wang [30], Theorem implies that the norm of the Riemann curvature
tensor of a KE metric with cone angle 274 is bounded by p'/#~2. The energy of such a metric ¢ is defined
to be ) )

Blo) = gz [ R = gt [ R
where U, is a tubular neighborhood of D of radius €, Rm(g) denotes the Riemann curvature tensor of g
and we integrate using the volume form defined by g¢. It follows that E(g) is finite by comparison with
the integral fol p?/B=3dp < oo. There is a topological formula for the energy which can be compared
with the Chern-Weil formulae in [24] for connections with cone singularities.

Theorem 4 [30]. The energy of a Kdhler-Finstein metric of cone angle 2w/3 along D is finite and can
be expressed in terms of c1(X),ca(X), B8, c1([D]) and the cohomology class of the Kdhler form.

Next we state a compactness theorem. Let X be a smooth Fano manifold, D; C X smooth divisors
with D; € |AKy'| for some fixed rational number A > 1. Fix 1 — A~} < 8 < 1. Assume that there
exist KE metrics g; on X with cone angle 2743 along D;, we normalize so that Ric(g;) = pg;, with
w=1—(1=p)\ It is well-known that under these conditions there exists, taking a subsequence if
necessary, a Gromov-Hausdorff limit W of the sequence g;. Indeed, one can approximate the metrics g;
by smooth metrics with a uniform lower bound on the Ricci curvature and a uniform upper bound on
the diameter; then one can appeal to the standard Gromov’s compactness theorem (see [7]). The set W
is initially a metric space (W, d). A major theorem asserts that W is indeed homeomorphic to a normal
projective variety. The normalization condition on the metrics g; allow us to think of their respective
Kéhler forms as the curvatures of correponding (singular) Hermitian metrics on K)}l. A consequence is
that for any pair of natural numbers 4,m there is a map T} : X — CPY with N = N(m), defined up to
the action of U(N + 1), given by an orthonormal (w.r.t. g;) basis of H°(—mKx). -More precisely, the
maps T; are defined using the smooth metrics which approximate the sequence g;-. Kodaira’s Theorem
tells us that for m large enough the T; are indeed well-defined maps in the whole of X and indeed these
are embeddings. The theorem we want to quote reads as follows:



Theorem 5 [8] There is a Q-Fano variety W and a Weil divisor A C W such that:
e The pair (W, (1 — B)A) is KLT

o There is a weak conical KE metric for the triple (W, A, ) which induces the distance d on the
Gromov-Hausdor(f limit (W, d).

o There is m € N with the property that, up to a subsequence, we have embeddings T; : X — cpY
and T : W — CPY such that T;(X) converges to T(W) as algebraic varieties and T;(D;) — T(A)
as algebraic cycles.

We refer to [§] for the definitions of the terms in the statement of the theorem. The proof of this
compactness result uses ideas from convergence theory of Riemannian manifolds and the Hérmander
technique in complex analysis. Theorem [4]is not used in the proof of Theorem[5} On the other hand one
might expect that -as in the case of smooth metrics- the bound on the energy should give us, at least
in the case of two complex dimensions, more information on the differential-geometric structure of the
limits (W, A).

Finally we mention the celebrated work of Chen-Donaldson-Sun which establishes the existence of
Kéhler-Einstein metrics with positive scalar curvature on K-stable Fano manifolds ([7], [8], [9]). KE
metrics with cone singularities play a key role in this work. It would take us a long digression to explain
the meaning of K-stability, so we will limit ourselves to say that this is an algebraic concept (i.e. that
it makes sense for varieties defined over some other fields rather than C), whose definition is motivated
with ideas coming from Geometric Invariant Theory. The strategy to prove the existence of a KE metric
on a K-stable Fano manifold is a variant of the continuity method, which resembles the ‘opening of an
umbrella’. First one fixes a natural number A > 2 and a smooth divisor D € |- AKx|. They consider KE
metrics in the cohomology class 2mcy (X) with cone singularities along D of cone angle 275 along D and
then they let 8 — 1. It is a consequence of Theorem [I|and the fact that there are no holomorphic vector
fields on X tangent to D that the set of 8 for which there is a KE metric with cone angle 273 along D is
open. As a starting point in the continuity path one can take 8y = 1 — A~!, so that there is a Ricci-flat
metric wg, in 2meq (X) with cone angle 278y along D. The hard work is to derive two compactness
theorems on sequences (X;, D;,wp,) of KE metrics with cone angle 273; along D;. (In practice, for the
application we are describing, the pair (X;, D;) is independent of 7). The first compactness theorem
concerns the case that lim; .., 5; < 1; the second one regards the case when lim; ,., 3; = 1. These
compactness theorems are formulated in such a way that one can conclude that either there is a smooth
KE metric on X or there is an algebraic variety W with a divisor A C W which one can use to contradict
the definition of K-stability of X. In the simplest case when X = CP' and A = 2 we start with the flat
metric of a regular tetrahedron and deform through spherical metrics with cone singularities to finally
get the round metric. It is interesting to see what happens when X does not admit a smooth KE metric.
For example we consider the case when X is the blowup of CP? at ¢; = [1,0,0] and g, = [0,1,0]. Let
D C X be the proper transform of a smooth cubic C ¢ CP? which passes through the points ¢;, g2 and
meets the line at infinity at a third distinct point g3. We would have to digress into a discussion on
toric geometry and Futaki invariants to justify the following speculations, so we will simply state them.
Consider the one parameter subgroup of biholomorphisms my of X induced by the action on CP? given
by [u,v,w] = [Au, Av,w]. Let A = limy_,omx(D) C X . Then A C X is a singular curve which is
the proper transform of three lines in CP? meeting at p = [0,0,1] -the lines pqi, pga and a third one-.
There is a critical angle 8y = 21/25. For any 8 € (0, 8y) there should be a KE metric gg on X in the
class 2mc1 (X) with cone angle 273 along D and Ric(gg) = Bgg. There should be a KE metric gg, on
X with cone angle 27/, along A in a suitable sense, so that gz — gg, as 8 — [o. Let p be the point
in X which projects to B, so that A is singular at p. Consider the re-scaled metrics (X, Rgggs, p), with
Rg = |Rm(gg)|(p). We expect that Rg — oo as 8 — fp and that the rescaled metrics converge to a
Ricci-flat metric on C? with cone angle 273, along a smooth cubic with three different asymptotic lines.
The main result of this thesis proves the existence of these model Ricci-flat metrics on C2.

1.3 Asymptotically conical Ricci-flat Kahler metrics

We give a brief review of material on asymptotically conical Ricci-flat Kéhler metrics. This subsection
is merely expository and has the purpose of providing context. There is a large literature on the topic



we want to discuss. The sequence of articles of Conlon-Hein [12], [13] and [I4], gives a good panorama
of what is known in this area to date and provides adequate references.
Let (L,q) be a compact Riemannian manifold. On (0,00) x L consider the metric

ge = dr? + 173,

where r is the coordinate on (0, 00). We say that g. is a Riemannian cone with link (L, g). The function r
is then characterized as the intrinsic distance to the apex of the cone in the metric completion. Let p be
a negative number. A Riemannian manifold (M, g) is called asymptotically conical (‘AC’), asymptotic
to g. at rate p, if the following condition holds: There exists a diffeomorphism @ : (R,00) x L — M\ K,
for some R > 0 and K C M is compact, such that |V’ (®*g — g.)|,. = O(r*77) for all j > 0. We have
denoted by V the Levi-Civita connection of g.. When g, is a quotient of the euclidean flat space by a
finite subgroup of the orthogonal matrices which acts freely on the unit sphere, the corresponding AC
metrics are called ‘asymptotically locally euclidean’ or ALE.

In the case that g. admits a parallel complex structure I, i.e. that it is Kéhler, the pair (L,g) inherits
ths structure of a so-called a Sasaki manifold. We have a Kéhler form w. = g.(I..,.) and it is not hard to
check that w. = (i/2)09r%. We use the embedding of L into the cone -given by setting r = 1- to think of
Icg as a vector field on L, known as the Reeb vector field. There are two types of Sasaki manifolds. If
the Reeb vector field generates an S! action then (L, ) is said to be quasiregular; otherwise it is called
irregular. The term regular is used for the quasiregular ones in which the S! action is free. Of particular
interest is the case when g, is Ricci-flat. Moreover, we assume that we have a holomorphic volume form
Q. and that w? = ¢, A Q., where n is the complex dimension, ¢, = 1 if n is even and ¢, = i if n is
odd. Tt is not hard to prove that this can only happen if (L,q) is an Einstein manifold with positive
scalar curvature. In the case of a regular Ricci-flat Kéhler cone, the Kihler quotient of g. by the free S*
action at r = 1, is a Kéhler-Einstein metric of positive scalar curvature. The inverse proccess is known
as the ‘Calabi ansatz’; it produces a Kéhler Ricci-flat cone metric in complex dimension n out of a KE
metric with positive scalar curvature in complex dimension n — 1.

Consider now the case of a Kéhler manifold (M, g,w, I) of complex dimension n with a non-vanishing
holomorphic volume form . Let g. be a Ricci-flat K&hler cone metric as in the previous paragraph.
Let p be a negative number. We say that (M, g) is an asymptotically conical Ricci-flat Kéhler metric,
asymptotic to g. at rate p, if the following two conditions hold:

o W =c, QA

e There is a diffeomorphism ® : (R,00) x L — M \ K, for some R > 0 and K C M compact, such
that |V7 (®*g — g.) |5, = O(r*77), |VI (®*w — w,) |4, = O(r*=7) and |VI (®*] — 1) |, = O(r*=7)
for all 5 > 0.

The prototype of an AC Ricci-flat Kéhler metric is the Eguchi-Hanson metric on T*CP', asymptotic
to C2/ &1 . The metric has cohomogeneity one, is explicit and admits different descriptions: via an
ODE, as a Kéhler quotient of a linear representation or via the Gibbons-Hawking ansatz. The most
general existence result for AC Ricci-flat Kahler metrics, to the author’s knowledge, is Theorem 2.1 in
[12]. Roughly speaking it says that given a complex manifold (M, I) with a holomorphic volume form
Q, a Ricci-flat Kéhler cone metric g. as before and a diffeomorphism ® : (R, 00) x L — M \ K such that
|VI(*Q — Q) |4, = O(r*=7) for some v < 0 and all j > 0; then every Kéhler class in H35(M) which
satisfies a mild technical condition has an AC Ricci-flat Kéhler metric. The proof of this result is PDE
based and goes along the lines of Joyce’s work on the Calabi conjecture for ALE manifolds, see Chapter
8 in [21].

A good reason for studying AC Ricci-flat Kéhler metrics is that these can arise as bubbles when a non-
collapsed sequence of Kéhler-Einstein metrics (X;,w;) develops an isolated singularity. For simplicity
let us assume that the underlying topological space is fixed and that Ric(w;) = w;, so that the non-
collapsed condition is automatically satisfied. It follows from Gromov’s compactness theorem that, up
to a subsequence, the sequence converges to a metric space (X, d). Under the hypothesis we are working
with, some deep results of Cheeger and Colding imply that there exists a metric tangent cone to X at
Zoo for any xo, € X. Suppose that the tangent cone at z, has a smooth link (L,g), so that we have
a Ricci-flat Kéhler cone metric g. as the ones we have described before. Moreover, assume that x
is an isolated singularity in X, so that there exists a neighborhood of z., in which all points distinct
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from x,, have the flat space C™ as a tangent cone. Then, at a heuristic level and true under some
additional technical hypothesis, there is a sequence of points x; € X; with x; — =, such that if we
let \; = [Rm(w;)|(z;); then (X;, Awqi, z;) = (M, w,p), where (M,w) is an AC Ricci-flat Kéhler metric,
asymptotic to the tangent cone of X at x.,. We refer to Theorem 5.1 in Bando-Kasue-Nakajima [3] for
a precise result along these lines in the situation in which ALE spaces arise as bubbles. A good example
that fits in this context is provided by Ricci-flat metrics on a Kummer K3 surface which degenerate to
the flat orbifold 7%/ 4+ 1. The Eguchi-Hanson metric arises as the blow up limit of the metrics at the
singular points. We discuss convergence theory with more detail in the case of two complex dimensions
and related results of Anderson [I] in Section @ The Bishop-Gromov volume monotonicity theorem
underpins many aspects of the theory.

There should be a parallel to the theory of AC Ricci-flat Kéhler metrics in the setting of metrics with
cone singularities. Our main result is an existence theorem which provides interesting examples. We
restrict to two complex dimensions. This restriction is irrelevant in our analytic work but it simplifies
the constructions in Sections 2] and Bl

1.4 Content of the thesis

We work on C? with standard complex coordinates z,w. Let P = P(z,w) be a degree d (> 2) polynomial
such that C' = {P = 0} is a smooth complex curve. We restrict to the case in which C has d different
asymptotic lines. Write

P=P;+ Q)

where P, is the homogeneous degree d part of P. Our restriction means that the zero locus of P; consists
of d distinct complex lines L1, ..., Lg. See Figure

w

Figure 2: For example we can consider the curve C' = {zw(z — w) = 1}. As a topological space C' is a
torus with three points removed.

We fix a number 8 such that

2
— - <p<L (1.11)
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By results of Troyanov [33] and Luo-Tian [27], under condition there is a (unique up to scale)
compatible metric g on CP! with constant positive Gaussian curvature and cone angle 273 at the points
corresponding to the lines Ly, ..., Ly. Write L = nglLk- In Section We construct a flat Kahler metric
gr on C?\ L. The starting point in the construction of the flat metric g is the existence of the spherical
metric g. The link between these two metrics is given by means of the Hopf bundle. The metric g is
singular along L. More precisely, around each point 0 # p € L we can find holomorphic coordinates
(21,22) centered at p in which gp agrees with the model metric g(g) = B2|21[**72|dz1|* + |dz2|>. The
property of gr that we shall exploit the most is the one of being a metric cone, with its apex at O.

We denote by D the set of all diffeomorphisms H of C? for which there exists a compact set K such
that H(C'\ K) C L and are asymptotic to the identity in the following sense: there are constants A; such
that |H(z) —z| < Ay, |[DH(z) — Id| < Ay|z|~" and |D*H (z)| < Aj|z|~ for all z € C? and j = |a| > 2.
It is elementary to prove that D is not empty, see Subsection (3.1

Our main theorem states the existence of a Ricci-flat Kihler metric grr on C? \ C asymptotic to
gr. Write wrp for the Kahler form associated to grr. Let r be the intrinsic distance in gr to 0 and set
Q = (v/2)7'dz A dw. Our main result is the following

THEOREM 1 There is a Kéihler metric grp on C? with cone angle 2w along C and H € D such that

whp = [PPP2Q A0 (1.12)

|(H ") grr — grlg, < Ar? (1.13)

outside a compact set, for some constants A > 0 and v < 0.

Equationimplies that grp is Ricci-flat. Indeed, the Ricci form of gg is given by —idd log det(grr)-
This is zero since, up to a constant factor, det(ggrr) is equal to |P|??~2 and P is holomorphic non-
vanishing in the complement of the curve. The asymptotic behavior indeed holds in a stronger
C“ sense, as will be clear from the proof of the Theorem. In the case that d = 2 we can assume that
C = {zw = 1}. Then grp is invariant under the S action €?(z,w) = (¢?z, e~ w) and it agrees with
the metric described, by means of the Gibbons-Hawking ansatz, in Section 5 of [I5]. When d = 3 and
B = 1/2 the metrics are quotients of Kronheimer’s D4 gravitational instantons by an involution. See
[22].

We briefly give some context for THEOREM [1} along the lines of Sections 5 and 6 of [15]. Consider
a compact complex surface X and a family of smooth curves C, which converge as ¢ — 0 to a curve C
singular at p € X. Assume the singularity is modeled on {P; = 0}. Let 3 be fixed as in and suppose
that we have Kéahler metrics w, with cone angle 273 along C, and Ric(w.) = w, say, on the complement
of the curves. We would expect that (under favorable conditions) after re-scaling w. around small balls
centered at p we will get a metric ggp in the limit, of the kind given by our THEOREM [1] We say more
about this conjectural picture in Section [6]

We will now outline the strategy we follow to prove THEOREM [1| In a few words we can say that
our approach is PDE based and goes along the lines of Yau’s proof of the Calabi conjecture. The work of
Yau has been extended to the context of metrics with cone singularities by Brendle [6], Jeffres-Mazzeo-
Rubinstein [20] and to the context of ALE metrics by Joyce [2I]. Our work is a mixture of [6], [20] and
[21].

In Section [3| we construct H € D and a reference metric w which has cone angle 273 along C and
is asymptotic to wp. In Subsection we construct another metric, wg, which is quasi-isometric to w.
We prove that wp has bisectional curvature bounded from above. This follows the lines of Appendix A
in Jeffres-Mazzeo-Rubinstein [20]. Later on we will use this bound to get our C? estimate. We finish
Section [3] by proving a Sobolev inequality for the reference metric w.

Our analytic work begins in Section [4] where we develop the linear theory we need. First we review
some foundational material from [I5]. We state the interior Schauder estimates (Theorem @, which are
of fundamental importance in our analysis. Having the interior estimates at hand, in subsections and
we set up a theory of ‘weighted Holder spaces’. Our main references in doing this are Pacard [28] and
Bartnik [4], see also Chapter 8 in [3I]. The main result of Section |4 is Proposition [5] which establishes
good mapping properties for the Laplacian acting in our weighted spaces. This parallels known results
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in the case of asymptotically conical smooth metrics as stated in Theorem 2.11 of Conlon-Hein [12].
In subsection [£:4] as an application of Proposition [f] and the implicit function theorem, we show the
existence of a metric wy asymptotic to wg such that

wi =eP|PPP20 A Q, (1.14)

with fo a smooth function of compact support. What will be important for us, apart from the fast decay
of fo, is that implies that wy has bounded Ricci curvature. The bound Ric(wg) > —Buwy for some
B > 0 is what we will use to derive the C? estimate.

To prove the theorem it is enough to show that there exists u € C?’O‘ (our notation for the weighted
Holder spaces) such that

(wo +100u)? = efouw?.

We set wrp = wo +i00u to be our solution. Standard elliptic regularity theory implies that wu is smooth
on the complement of the curve. The positivity of wgp follows from the equation, the decay of ddu and
the conectedness of C2\ C. In order to solve the equation we use the continuity method and consider
the set

T={te[0,1]:3u; € C;* solving (wp + i0du;)? = etfowd}. (1.15)

We want to prove that 1 € T. Proposition [5| implies that T is open and 0 € T trivially (up = 0). The
closedness of T follows from the a priori estimate ||u;||2,a,5 < C for some constant C' > 0 independent
of t € T' . This is the content of Proposition [7] We prove this proposition into several steps. First we
estimate the C° norm of u, to do this we use the Sobolev inequality (for the metric wp) and then we run
a Moser iteration following Chapter 8 of Joyce [21]. To estimate the C? norm of u we use the maximum
principle and the Chern-Lu inequality (in a slightly different way than in [20]). Here it is crucial that
we have an upper bound on the bisectional curvature of wg and a lower bound on the Ricci curvature of
Wy = wo + 100uy in the form of Ric(w;) > —Awg, for some A > 0. This bound holds for wy by and
it holds for w; since along the continuity path

Ric(wt) = (1 — t)Ric(wp). (1.16)

The C? estimate gives us the unform bound C~'w < w; < Cw. Then we can apply the interior C%©
estimate given by Theorem 1.7 of Chen-Wang [10] . Finally we proceed to the weighted estimates. We
start by proving a bound on |ju¢||o,, for some 0 < p < 0. The technique is again Moser iteration and we
follow [2I]. Finally the bound on ||ut|2,q,s follows from the linear theory developed.

2 Flat metrics

We continue with the notation from the Introduction. Let Ly = {l; = 0} with I} linear functions of z, w
fork=1,...,d. Weset L = UzzlLk ={Py;=1;...13 =0}, where P; is the homogeneous degree d part
of P. Recall that Q = (v/2)7'dz A dw. The main result of this section is the following

Proposition 1 There exists a Kihler metric gr on C?\ L with Kdhler form wr such that

wi = |PyPP2a A Q. (2.1)

t

The metric is a cone with apex at 0, is invariant under the S* action e (z,w) = (e z, e''w) and

i
wp = 586r2, (2.2)
where r = r(z,w) is the intrinsic distance to 0.
As we said this result is a consequence of the fact that under the condition there is a compatible

metric g on CP! with constant positive Gaussian curvature and cone angle 27 at the points correspond-
ing to the lines L. It will turn out at the end that g is a Kéhler quotient of gr by the S! action. Note
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that (d — 2)/d < 8 is a necessary condition for the existence of such a metric g. In fact, Gauss-Bonnet
tells us that

1
24+df—d=— KqdVy. (2.3)
2T CP?
Finally we state some other properties of the metrics given by Proposition [I| that follow from the
proof of it

e For every p ¢ L we can find holomorphic coordinates (z1, z2) around p such that the metric is given
by |dz1|? + |dz2]?. Because of this we refer to these metrics as ‘Flat metrics’.

e For every 0 # p € L we can find holomorphic coordinates (z1, z2) on a neighborhood U around p
such that UNL = {z; = 0} and the metric gr agrees with the model g(g) = 82|21]**~2|dz1 >+ |dz2|?.

e Let A > 0 and denote my(z,w) = (Az, \w). Write ¢ = 2 + dff — d. The neighborhoods in the
previous two items can be taken to be invariant under m) and

r? omy = \r?

for all A > 0. Note that [[LI1] means that 0 < ¢ < 2.

2.1 Spherical metrics with cone singularities on CP*

This subsection is a review of well-known material. Our main references are [33] and [27]. Our purpose
is to state, without a proof, Theorem [6] below.

First we give a local model for a spherical metric with a cone singularity. Let W be a wedge in the
two-sphere of radius 1 defined by two geodesics that intersect with angle 7. Consider the model metric
given by identifying two copies of W isometrically along their boundary. The expression of this metric
in geodesic coordinates (p, 6) is

dp* + B%sin®(p)do>. (2.4)

induces a complex structure on a punctured neighborhood of the origin given by an anti-clockwise
rotation of angle 7/2. The fact is that we can change coordinates so that this complex structure extends

smoothly to 0. Indeed, if we write n = (tan(p/?))l/’g e our model metric takes the following form
[n|*°—2 2
(EEaTEE =

Let L1, ..., Ly € CP' be d distinct points. We want to define the notion of a spherical metric g with
a cone singularity of angle 273 at the given points. There are two equivalent points of view

432

e ¢ is a metric on the two-sphere minus d points which is locally isometric to the round sphere of
radius 1 . Around each of the singular points there are polar coordinates (p, 8) such that g is given
by The metric g endows the punctured sphere with the complex structure of (CIP’l\{Ll, .o, Lat}.

e ¢ is a compatible metric on CP* \{L1,..., Lg} of constant Gaussian curvature equal to 1 . Around
each singular point we can find a complex coordinate n in which g is given by

The content of the Gauss-Bonnet theorem in this setting reads as follows
Lemma 2 Let g be a spherical metric with cone angle 278 at d distinct points. Then the total volume

of g is
Vol(g) = 2n(2+dp — d). (2.6)
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Proof: Denote the standard round metric of radius 1 by go and write ¢ = e®gy. Let w and wy be the
corresponding area forms. Since Vol(gg) = 47, we need to show that

1
— w—wy=dp—d.
2T CP?
The function ¢ is smooth away of the d given points and the fact that the Gaussian curvature of both
metrics is 1 implies that w = wy — 190¢. Let p be a singular point and C¢ be a circle that shrinks to p
as € — 0. By Stokes’ theorem it is enough to prove that

7 —
— i 0p=p-—1.
1m/CE ¢o=p

27 e—=0

This is an easy computation if we use coordinates in which g is given by

The main result we want to recall is the following

Theorem 6 ([33], [27]). Let Ly,...,Lq € CP' be d distinct points, d > 2. If (d —2)/d < B < 1 then
there exists a unique spherical metric with cone angle 27 at the given points.

We mention that when d = 3 and 1/3 < 8 < 1, the metric g is given by doubling the spherical
equilateral triangle T" with interior angles equal to gn. If G is a conformal equivalence between the
upper half plane and T, then g will be the pull back by G of the smooth constant curvature metric on
T, extended to C by requiring the conjugation map to be an isometry. The construction of such a map
G is related to the study of the hypergeometric equation. See Chapter 15 in [I6]. The techniques used
to establish Theorem [6] are not used in this thesis. We give a brief sketch of the two different proofs of
[6] given in our references.

e Luo-Tian [27]. First they prove the uniqueness of a spherical metric with cone angle 273 at
Ly,...,Lg € CP!. 1f g1 and go are two such metrics, then g, = ewgl for some function . They
show that the gradient of ¢ (w.r.t. any of the metrics) is an holomorphic vector field which vanishes
at the given points. The condition that § < 1 is needed. If d > 3 it follows that g; = go.

To prove existence they define P, to be the space of all boundaries of labeled d-vertex convex
polytopes in the round S® with total angle of 273 at the vertices, modulo the ambient isometries.
The space Py is endowed with the Hausdorff topology. The condition that (d — 2)/d < § ensures
that P, is not empty. Let M, be the space of labeled d points in CP* modulo the action of Mobius
transformations. The manifolds P,; and M, have the same dimension.

Each element of P, represents a spherical metric on CP! with cone angle 273 at d distinct points.
This is the metric induced by the round metric on S3. There is a natural map II : Py — My
obtained by recording the complex structure given by the metric. The uniqueness they proved
implies that IT is injective. They use an elementary argument to show that II is proper. Since My
is connected, it follows that IT is an homeomorphism. This concludes the proof of [6}

e Troyanov [33]. This only deals with the existence part. He starts with an arbitrary metric gg which
has cone angle 273 at the points Lq,...,Lq € CP'. The goal is to find a continuous function ¢,
smooth in the complement of the d given points, that solves the equation

Nodp = Ko — 22, (2.7)

Where 4\ is the Laplacian of go and K is the Gaussian curvature of go. Then g = €??gq is
the desired spherical metric. In order to solve 2.7 Troyanov uses the variational method. The
hypothesis (d — 2)/d < < 1 implies that the appropriate functional is bounded below. The
relevant technical point is to establish the Trudinger inequality and compute the value of the
Trudinger constant.
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2.2 Spherical metrics with cone singularities on the 3-sphere

This subsection contains the first step towards the proof of Proposition [II We construct metrics on the
3-sphere with cone singularities of angle 273 transverse to the Hopf circles corresponding to L. First we
describe a local model for the singularities.

Write R* = R? x R? and take polar coordinates (rq,61), (r2,62) on each factor. Consider the product
of a standard cone of total angle 278 with an Euclidean plane

9(s) = dr} + B*rido} + dr3 + r3do3. (2.8)

We want to write g(z) as a Riemannian cone. Recall that if (L, gr) is a compact Riemannian manifold
then the Riemannian cone (with link L) is the space (0, 00) x L with the metric dr?+72gy. The coordinate
r is then characterized as the intrinsic distance to the apex. In our situation L is the 3-sphere and we
allow gy, to have mild singularities. More generally we could speak about metric cones. The general fact
is that the product of two metric cones is a metric cone. In our case this amounts to checking that if we
define r € (0,00) and p € (0,7/2) by

ry=rsinp, T9 = TCOSp;

then we get g(g) = dr? + 7‘2§(ﬂ), where

9 = dp? + B%sin’(p)db? + cos®(p)dh3. (2.9)

We think of J(p) as a metric on the 3-sphere with a cone singularity of angle 273 transverse to the circle
given by the intersection of {0} x R? with the unit sphere. Alternatively we can also say that g(p) is the
restriction of g(gy to the unit sphere.

Let S3 = {|2|*> + |w|> = 1} C C? equipped with the S'-action e’(z,w) = (e''z,ew) and let
H : S3 — CP' be the Hopf bundle. Denote by ¢ the compatible metric on CP! with constant curvature
K, =4 and cone angle 273 at the points corresponding to L. (Note that this is 1/4 times the spherical
metrics we considered in Subsection [2.1])

Lemma 3 There is an S'-invariant metric g on S*\ L such that
o H:(S*\L,g) — (CP'\ L,g) is a riemannian submersion.
e G is locally isometric to the round 3-sphere of radius 1.
e Each p € L has a neighborhood in which'g agrees with gg).

Proof: First we write g in complex coordinates. W.l.o.g. we assume that L; = {z = a;w} with a; € C
for j=1,...,d—1and Ly = {w = 0}. Set £ = z/w, then g = €>?|d¢|? with ¢ a function of £&. Consider
the function

d—1
u=¢—(B—1)> log|¢ —ajl.
j=1

The point of defining u in this way is that around each a; there is a complex coordinate 1 centered at
a; in which

28-2
n
o= g,

(14 [n[*?)

so that ¢ = log 8 + (8 — 1)log || — log(1 + |n|?#). Tt is easy to check from here that u is a continuous

function on C and that 5
. U
glgglj € — aj|a*£ =0

forj=1,...,d—1. On C\ {a,...,a4-1} define the real 1-form

ap = é(au — Ju), (2.10)
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where ¢ = 2+ df — d. It follows that, for j =1,...,d — 1,

lim ap =0, (2.11)
e—0 Cf(a]‘)

where Ce(a;) = {|{ — a;j] = €}. On the other hand

2 = 1
dag = — = 00u = ~K,dV, (2.12)
c c
so [2.3] gives us that
! [ dag =1. (2.13)
ap = .
o 0
On the trivial S*-bundle C \ {a1,...,a4-1} x Sl with coordinates (&,e) consider the connection
a = dt + ap and the metric
_ 02 2
Let p = (o, e') € C\ {a1,...,aq_1} x S, we want to prove that g is isometric to the round sphere of

radius 1 in a neighborhood of p. There are polar coordinates (p, 8) around &; in which

2
g=dp* + Sm4( 2) gg2.

In these coordinates doyy = (1/¢) KydV, = (2/c) sin(2p)dpdf. Doing a change of gauge if necessary we can
assume that ag = (2/c) sin?(p)df. It follows that (c/2)a = (c/2)dt+sin®(p)df. If we assume to € (—m, 7),
say, and define t = (¢/2)t we get

sin?(2p

g=dp*+ )d92 + (dt + sin?(p)d6)>.

This can be recognized as the round sphere of radius 1. We use the map

it _ § it _ 1 it
(6 “(“We S )

to think of g as a metric on S2\ L. The S! invariance and the first item of the lemma are clear from
the definition of g. We already checked the second item so let’s prove the last one.

Assume first that p € L; for some 1 < j < d— 1. Write p = (a;, eito). There are polar coordinates
(p,8) around a; in which

g=dp2+628m ( )d92

In these coordinates dag = (1/¢)K,dV, = (2/ ) bm(2p)dpd0 It follows from [2.11] that we can perform
a change of gauge so that ag = (2/c)Bsin?(p)df. It follows that (c/2)a = (c/2)dt + Bsin®(p)dh. If we
assume to € (—m, ), say, and define ¢ = (¢/2)t we have that

in?(2 _
G=dp® + ﬂQWW + (dE + Bsin?(p)do)>.

Write 0, =7, 0, = 0487 to get g = dp? + 3 sin?(p)db? +cos? (p)dh3. This matches with the expression
of the metric J(p)- Finally consider the case of p€ Ly = {w = 0}. In the coordinates

( is) N 1 s n is
n,e 7= ——e", W= ———=¢
V1 [nf? V1 n?
we have p = (0,€*0). These coordinates are related to (£,e®) via n = 1/€ and e** = (£/|¢])e®. So that
a=dt+ ay = ds+ By with By = d(argn) + ap. Now lim,_,o flnlzﬁ ap = — limy_ o0 f\g\:N ag. It follows
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from and Stokes’ theorem that limn_s oo f\&\=N oo = 2m. As a result lim._,q fm=e Bo = 0. From

here we can proceed as before, finding polar coordinates in which g = dp? + 52%6192 and changing
gauge so that By = (2/c)Bsin?(p)db.
O
We have set
c=2+dp—d. (2.15)

This number will appear frequently in the following sections.

Remark 2 The proof above gives us that the fibers of H have constant length we. Since Vol(g) = (7/2)c
we have Vol(g) = (72 /2)c?.

In a coordinate free way we can say that the metric of Lemma [3] is given by . Where « is
the unique connection, up to gauge equivalence, on the Hopf bundle with da = ¢~'H*(K,dV,) which
satisfies the following condition:

e If p € CP' is a point in L and . is a loop that shrinks to p as € — 0, then the holonomy of a along
e goes to the identity as € — 0.

2.3 Proof of Proposition

Having Lemma [3] at hand we prove Proposition [I] in this subsection. We set gp to be the Riemannian
cone with (S%,7) as a link and we check that it has the desired properties.
On (0,00) x C\ {ay,...,aq_1} x S with coordinates (r,¢, ) define

gr = dr? 4+ r%g. (2.16)

We use the notation introduced in Lemma [3] and we write & = = + 4y. Consider the almost-complex
structure given by

d o 290
1oz = oy Tor = ot
where
o _o (0o o _o0 [(o)0
dr  Ox Ox ) ot’ oy Oy Oy ) ot

are the horizontal lifts of 9/0x and 9/9y. Finally set wp = gr(I.,.).

Claim 1 ((0,00) x C\ {a1,...,a4-1} x S*,gr,I) is a Kdihler manifold. ILe. dwp =0 and I is inte-
grable. Moreover,

wp = %857“? (2.17)
Proof: We compute in the coframe {dz, dy, dr,a} where
wp = r2e®®dx A dy + %dr A a,
so that dwp = 2re??drdxdy — (cr/2)(4/c)e?*?drdxdy = 0. The integrability of I amounts to check that

0,0 0 .20
! Zcrat

2z Voy ar =0

Finally dId(r?) = d(2rldr) = —cd(r’a) = —2crdr A a — 4r2e*¢dx A dy. Using that 2i00 = —dId we
deduce
U
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Claim 2 Set A to be the constant (c/2)'/¢. The functions

z=¢w, w= Ar¥cet/ceit (2.18)

give a biholomorphism between (0,00) x C\ {ay,...,aq_1} x St with the complex structure I and C?\ L.
If we write Q = (v/2) " 'dzdw, then

wi = |PyPP2a A Q. (2.19)

Proof: It is easy to see that the pair (z,w) defines a diffeomorphism between the corresponding spaces.
The Cauchy-Riemann equations for a function A to be holomorphic with respect to I are given by

Oh 20k Oh oh_ (00 on
or  erot oxr Oy dxr Oy) Ot
If we ask h to have weight 1 with respect to the circle action the equations become
on_2, %m@)hm‘h.
or cr o€ o€ c o

From here we see that see that z and w are holomorphic.
Now we compute the volume form of g in the complex coordinates z,w. First define a basis {1, 72}
of the (1,0) forms

T =dr+ i%a, Ty = e¢rd§. (2.20)
Up to a factor of /2 this is an orthonormal basis for the (1,0) forms in C2\ L, i.e.

wp = (i/2)1171 + (i/2)1275.

Define a two by two matrix (a;;) by means of

dz = a111 + a19T2, dw = as1T1 + A92To.

From here we get -
QA Q= |det(ay)|*ws.

Since z = &w we have that a11 = €as; and aig = Eaga+we?r~1. Tt follows that det(ai;) = —we %r~lag.
We can easily compute, from the formula given for w, that as; = (2/¢)r~tw. We put these things together
to get

wi = (2 /4)|w|"*rte??Q A Q.

Now we use that r* = (4/c?)|w|?*®e™2%, ¢ —u = (8 —1) Z;tll log |(z/w) — a;| and 2¢ — 4 = 2df — 2d =
26— 24 (d—1)(28 — 2) to conclude that

wh =z —aw/*72 .z — ag_ w2 lwPP2Q A Q.

This is formula 2.19
O

The proof of Proposition[I]is now complete. Note that we have two natural systems of coordinates: the
complex coordinates (z,w) and the spherical coordinates (r, ), where 6 denotes a point in the 3-sphere.
For A > 0 define Dy(r,0) = (Ar,6) and m(z,w) = (Az, Aw). Equation [2.18] gives that Dy = myz/. and
Equation [2.17]implies that mjwr = A°%wp. In our derivation, the number ¢ comes from the Gauss-Bonnet
formula lterna‘cively7 assume that miwr = Nwp for some & > 0. If we pull back the equation
by my) we get that ¢ must agree with c.

We summarize the results of this subsection in the form of a recipe which allows us to go from the
metric gr on C? in Proposition [1] to the corresponding g on CP' in Theorem |§| and vice versa. From

218 we get
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2
r? = “Jwle. (2.21)
c
We recall that i
u:¢—(6—1)Zlog|§—aj| . g =e>?|def (2.22)
j=1

Where ¢ a function of { = z/w. We are writing the lines as L; = {z = a;w} with a; € C for
j=1,....,d—1and Ly = {w = 0}. together with allow us to write gr explicitly in terms of g
and vice-versa.

2.4 Explicit examples and quotients

In this subsection we write explicit expressions for the metrics gr in the particular cases of d = 2,
0<p<landd=3,[=1/2. We take this as a chance to test the equations and

Let us begin with the case d = 2 and 0 < 8 < 1. It turns out that the local model for a spherical
metric with angle 273 at 0 given by

e e (2.23)
(L4 fgPo)2> '
defines globally a metric on CP' with angle 273 at 0 and co. This space is also known as the ‘rugby ball’
since it is obtained by removing a spherical wedge of angle 27 (1 — /3) delimited by two geodesics joining
antipodal points and gluing the sides. We use our formula to get 2 = B72(|2]?# + |w|??), so that
gr = |2/*$72|dz|? + |w|?’~2|dw|?. Up to a constant factor this is the space Cs x C5. When 8 = 1/k with
k a natural number, the metric gr is a global quotient of the euclidean metric. Indeed, let A, C SU(2)
be the cyclic group generated by (z,y) — (e2™/*x, e=2™/ky). The functions z = ¥, w = y* and t = xy
are invariant under the action of Ay and give a complex isomorphism

g=p?

C?/A), = {zw =t"} C C3.

Consider the group G C U(2) generated by Ay and (z,y) — (e*™/*2,9). Then Ay C G is normal
and G/A, = Zj acts on C?/A, via (z,w,t) — (z,w,e*/¥t). The functions z, w give a complex
isomorphism C?/G = C2. We can push forward the euclidean metric since G C U(2). If we take
care of the normalization of the volume form we get the same expression for gr as the one we derived
before. Note that the map ® : C> — C2? , ®(z,y) = (2*,y*), maps complex lines to complex lines.
® ({z =ny}) = {z = n¥y}, therefore ® induces a map F on CP' given by ¢ = F(n) = n*. We can
pullback the metric (with 8 = 1/k) under F to get F*g = (1 + |n|?)~2|dn|?, the round metric on
the sphere of radius 1/2.

Now consider the case when d = 3 and § = 1/2 . We take our lines to be Ly = {z = 0}, Ly =
{# = w} and Ly = {w = 0}. Let Dy C SU(2) be the subgroup generated by (z,y) — (iz,—iy) and
(r,y) — (—y,x). The polynomials z = (22 + y?)2, w = (2% — 3?)? and t = 2(2°y — y°x) are invariant
under the action and give the complex isomorphism

C?/Dy = {zw(z — w) = t*}.

Let G C U(2) be the subgroup generated by D4 and (z,y) — (y,z). Then D, C G is normal and
K = G/Dy & Zy acts on C?/Dy as (z,w,t) — (z,w,—t). The functions z,w give an isomorphism of
complex manifolds C?/G =2 C2. We can push forward the euclidean metric we,. = (i/2)09(|z|> + |y|?) to
obtain a flat Kéhler metric with cone angle 8 = 1/2 along L. From the formulas for z,w we have that
|z| + |w| = 2|z|* + 2|y|* and |z — w| = 4|z|?|y|? so that 2(|x|? + |y|?)? = |z| + |w| + |z — w|. From here
we get that

2 = a(|z| + [w]| + |2 —w])'/?, (2.24)

where a = 8v/2 is determined by the normalization condition We can now use the equations
227 to get

1
€11 = 11+ €I — 1]+ [€llé -

1 2
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Indeed, the map ® : C* — C? given by ®(z,y) = ((2* + y*)?, (¢ — y*)?) maps lines to lines and induces
F : CP' — CP' given by

(n* +1)°

(n* —1)*
Then one can check that F*g = (1 + |5|?)~2|dn|? (the smooth metric with constant curvature 4). The
map F has degree 4 and has six critical points at 0, £1, 47, co. It maps the spherical triangle T' = {|n| <
1, 0 < arg(n) < w/2} to the upper half plane H = {Im(§) > 0}. Then we recognize g as the metric
obtained by gluing two copies of T" along the boundary.

€= Fy) = (2.25)

2.5 A different approach

We mention another approach to Proposition This fits our work into the setting of the so called
‘Calabi ansatz’ (see page 11 of LeBrun [25]). In this subsection we view a Kahler metric as the curvature
form of a Hermitian metric on a complex line bundle.

We think of C? as the total space of Ogpi(—1) with the zero section collapsed at 0. The bundle
projection is given by IT : C2\ {0} — CP', II(2,w) = [z : w]. We can then identify (smooth) Hermitian
metrics on Ogpr (—1) with (smooth) functions h : C2 — Rsq such that h(Ap) = |A|?h(p) for all A € C,
p € C? and h(p) = 0 only when p = 0. The first basic fact we need is that an area form w in CP! induces
a Hermitian metric h,,. We use coordinates £ = z/w, n = w/z on CP'. Write w = ¢2?(i/2)dédE with
¢ = ¢(&) on U =H{w # 0}) and w = €*¥(i/2)dndny with ¢ = ¥(n) on V = II({z # 0}). Then h,, is
given by

hy, = |w|?e™®, if w#0; hy, =277, if z#£0. (2.26)
The second basic fact is that a Hermitian metric h gives a 2-form wj, on CP* by means of

wp, = i001log h(€,1) on U, and wy, = iddlogh(1l,n) on V. (2.27)

We also mention that k induces Hermitian metrics on the other complex line bundles over CP'. If we
regard P, as a section of Ogpi(d), then we have |Py|? = h(£,1)7%¢ — a1]?...]¢ — ag—1]|*> on U and a
corresponding expression on V.

One can then rephrase the existence of the spherical metric with cone singularities g on CP* by saying
that there is a Hermitian metric h, continuous on C? and smooth outside L such that

h= Pl 'hy, (2.28)

Where by |P4|, we mean | Py, oII. Here we could be more precise and instead of saying that h is merely
continuous we could give a local model for h around points of L. From [2.28|one gets that wy, has constant
Gaussian curvature equal to ¢ = 2 + df — d outside L and one can also argue that (27)~! fC]P’l wp = 1.

The potential for wg is then given by 72 = ah®/? for some constant a > 0 determined by

3 Reference Metrics

Recall thet we denote by D the set of diffeomorphisms H of C? which, outside a compact set, map the
curve C to the asymptotic lines L and are asymptotic to the identity in the following sense: H(x) =
z+h(x), with Dh(z) = O(|z|~1%!) for any multi-index a. The main result of this section is the following

Proposition 2 There exist H € D and Kdhler metrics w, wp on C? with cone singularities of angle
2783 along C' such that

o [(H ) 'w—wplg, = O(r~?/°)
e Bisec(wp) < Q1
e Q;'wp <w < Quwp

for some positive constants Q1, Q2.
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We review the definition of a metric having cone singularities in Subsection The statement about
the singularities will follow from the fact that around points of C' one can write the metrics as (smth)
+i00(F|z|??) with F a smooth positive function and where (smth) denotes a smooth (1, 1) form positive
in the direction tangent to C. (See Remark 1] in the Introduction and Lemma [12]in this Section). The
metric w is isometric to the flat metric wg in a neighborhood of C' at infinity. In the notation of the next
subsection this neighborhood is Us /3 2R-

3.1 A diffeomorphism

Let C = {P = 0}. The homogeneous degree d part of P is Py =l ...l5. We write [; = z — ajw, for
j=1,...,d—1and lg =w. W.lo.g. let us assume that a; #0 for all j =1,...,d — 1. First we look at
the piece of C which is asymptotic to Ly = {w = 0}.

Lemma 4 There exist R,6 > 0 and ® = ®(z2) : {|z| > R} — C bounded holomorphic, which depend only
on P, such that

CNUasr={(z,2(2))},

where Ugs.r = {|w| < d|z|, |z| > R}.

Figure 3: In the region Uy s r the curve can be written as a graph.

Proof: For j =1,...,d — 1 let S; be an orthogonal linear transformation that takes Ly to Lj;. Write
Ujs.r = Sj(Ussr) and Us g = U;llej;é,R Taking ¢ small enough we can assume that the sets U s r
are pairwise disjoint. Write

P=P;+Q (3.1)

with @ a polynomial of degree d — 1. On the complement of Us g we have that |Py(x)| > C;|z|? for some
C1 > 0. Since deg(Q) = d — 1 we can find Cy > 0 such that |Q(z)| < Ca|z|¢~L. It follows that for R big
enough

Cn{|z| > R} C Usg. (3.2)

For each z with |z| > R we write
P(z,w) = P,(w) = a(w — h1(2)) ... (w — hq(z)). (3.3)

With a = (=1)?"ay...a4-1 # 0 and h; : {|z| > R} — C holomorphic. It follows fromthat for each
J, {(z,h(2)), |2| > R} C U;¢,r for some i = i(j). In particular this implies that there is a constant
A > 0 such that

|7 (2)] < Al (3-4)
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for j =1,...,d. We want to show that we can label the functions h; in a way such that i(j) = j. First
we note that if i(jo) = d then hj, is bounded. Indeed |ly...lg—1(z)| > c|z|?~! for some ¢ > 0 and all
x € Ugs R, so that |hj,(2)] = 1Q|/|l ... la—1] < Cz/c. From [3.3] we get that the coefficient in front of w
in the polynomial P,(w) is given by

d
(—1)d_lazﬂi¢jhi(2)- (3.5)

On the other hand and Py = w(z — ajw)...(2 — ag—1w), imply that is a polynomial of degree
d — 1 in z (with leading term z9~!) . If we had i(jo) = i(j1) = d for some jo # ji then hj, and hj,
would be bounded. This together with the bound would imply that the absolute value of would
be bounded by a constant times |2|¢~2, contradicting being a degree d — 1 polynomial.

Changing coordinates we can argue the same way for the other asymptotic lines. We conclude that
the map j — i(j) is injective and we can perform the desired labeling. The lemma follows by setting
® = hq. In fact hj(z) = (1/a;)z + ¢;(z) with ¢; bounded for j =1,...d — 1 so that [3.3] gives

P(z,w) = (ll +¢1)...(Zd_1+¢d_1)(w—‘1>) (36)
O

Lemma 5 Let § > 0 be small enough and R > 0 big enough, then there exists a diffeomorphism H € D
such that H is holomorphic in Us/s 2r and H is the identity outside Us gr.

Proof: Let x = x(t) be a smooth cut-off function with x(t) = 1 for t < 1 and x(¢) = 0 for t > 2. We first
define H in the region asymptotic to Ly. Let

h(zw) = x (f;'f”l') 1 - (E ). (3.7)

It follows that h = 1 on Uy s/9.2r, h = 0 outside Uy s r and |[D¥h(z)| < Cjqf|z|~1¢! for any multi-index
o. We set
Hy(z,w) = (z,w — h®). (3.8)

Since ® is a bounded holomorphic function of z and in the region Uy s r we have |z| > ¢|(z, w)| for some
¢ > 0, we conclude that there are constants A; such that |Hg(z) — 2| < Ao , |DH4(z) — Id| < A|z|™?
and |D*Hgy(z)| < Aj|z|™7 for all z € C? and j = |a| > 2. We proceed similarly for the other asymptotic
regions, and in an obvious notation we set

H=Ho.. . oH,. (3.9)

O
From now on we fix §, R > 0 and H.

3.2 Construction of w
We start by deriving some consequences of
r? omy = \r? (3.10)

for all A > 0 and ¢ = 24 dp — d. First of all we get that miwr = A°wp. Since wr is positive we can find
a > 0 such that wp > aweye on the euclidean unit sphere, the scaling property then gives

wr(p) > alp|* *weue- (3.11)

For every p € C2. (|p| denotes the euclidean norm). On the other hand, from the continuity of r one
gets

b p|® < r?(p) < bp|° (3.12)
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for some b > 0. Differentiating equation on C?\ L we get that D% omy = \°~|®I D% for any
multi-index a. For € > 0 denote U, = U, o, with the notation as in the previous subsection. From the
smoothness of  on the complement of L it follows that

|Dr?(p)| < Alp|® 1! (3.13)

on C?\ U, where the constant A depends on € and |a|. It follows from and that in the
complement of U, there exist a. > 0 such that

Qe |p|c_2weuc <wr(p) < a;1|p\c_2weuc. (3.14)

Let us denote by I the complex structure of C2 and let G be the inverse of H.

Lemma 6
G T —1I|,, = O(r~2/°). (3.15)

Proof: First we note that |G*I — I, .. = O(|p|™!), since G*I — I is basically given by dG. From
we can replace O(|p|~!) with O(r~2/¢). Secondly, there exist ¢ > 0 such that G is holomorphic in Us..
(More precisely this is true outside a compact set). So G*I = I in Us.. In a vector space with an inner
product the norm of an endomorphism doesn’t change if we multiply the inner product by a positive
constant. Hence |G*I — I|,e-2,4.,. = O(]p|™!). Finally gives the lemma.

O

We move on and define
n= %35(7"2 oH). (3.16)
Lemma 7 There exists a compact K such that n > 0 outside K. Moreover,
|G* 1 = wrlge = O(r~?/°).

Proof: Denote H(z,w) = (u,v), so that r? = r?(u,v). Write U = Us g and U’ = Us/2,2r, the subsets
introduced in the previous subsection. We remove compact sets whenever necessary. Note that G*n = wp
in H(U'), clearly we can pick € > 0 such that U. ¢ H(U'). In C2\ H(U’) we are then able to use the
bounds Set po = (ug, vo) = H(zo) with g = (20, wo) ¢ U’. First we compute 1(zg)

0 or?ou  Or20u  Or?dv Or?ov

(2 _ g ye g yr Y Yr ., Yrve
2 e = Y re: T v a: T oo
0? (2 o H) 9?12 Ou du N 9%r? du du N 9%r? Qv du N 9?r? 9v ou N or? 9%u
O = - _— _— _— _—
020%Z " 0%u 0z 0z  Oudu 0z 9z  Oudv 0z 0z  Oudv 0% Oz ou 020z

(),

where (...) consists of 15 terms that the reader can figure out. The second term is equal to

827"2
oudu

(po) (1 +O(|™)) -

The first, third and fourth terms can be bounded by A|x|2|z|~! and the fifth by A|x|°~!|z|~2 for some
constant A > 0. It is easy to see that the remaining 15 terms can be bounded by A|z|°~2|z|~! (the ones
which contain second derivatives of 72) or A|x|*~!|z|~2 (the ones which contain second derivatives of
H). We conclude that we can bound all this terms by a constant times |z|°~3. We argue similarly for
the other derivatives in 9(r? o H) to conclude that

G*n(po) = wr(po) + O(|x\c’3)dzd2 + O(|x|c’3)dzdﬁ + O(|x|c’3)dwd§ + O(|x\c’3)dwdw

Note that dzdz = dudu + v where v is a 2-form with |V|eue = O(|p|~!). From we get |duduly, =
O(]z]?>=¢). We argue equally for the other terms to conclude that
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|G*1 = wrlgr (o) = O(|pol ™). (3.17)

[3:12] then gives the result.
(]

Remark 3 As we already said, G*(n) = wr on a region Us: g/ for some §',R' > 0. In the complement
of this region one can extend[3.17 to

V(G = wr)lgr (po) = O(r™ /970, (3.18)

where V is the Levi-Civita connection of gp.

We continue with the construction of w. Let h be a cut-off function with » = 1 on By (the euclidean
ball of radius N, say) and h = 0 on Bf,; where N is large enough so that C' N Bf, C U’ and n > 0
outside By . Consider

W = %65 (h|P]?® + (1 —R)(r* o H)). (3.19)
Note that w’' =7 >0 on Bf, ;. On the other hand
W = S0P = | P[**~220P A OP > 0
on By. Finally consider the annulus By \ By

Claim 3 There is a > 0 such that w' > —aweye. on Byi1 \ By

Proof: Indeed, for x € C'N (Byy1 \ By) we can find holomorphic coordinates (z1,z2) such that C' =
{z1 =0} and r% 0 H = |2|% + |22/2. In this coordinates P = fz; for some non-vanishing holomorphic
f. Then we have 2w’ = 90 (h(|f[*’|21|*") + (1 — h)(|z1]*® + |22/*)) = (smooth) +iddu, where u =
|z1|?2(R|f|*® + 1 — h). On a smaller neighborhood we can assume |f|?) > ¢ > 0 so that i00u =
iudlogu A dlogu + uiddlogu > uiddlog F where F' = h|f|?” +1 — h. Note that F is smooth and
F > min{e, 1} to conclude the claim. O

Lemma 8 There is a Kdhler metric w on C? with cone singularities of angle 2w along C such that
w =n outside a compact set.

Proof: Let x = x(t) be a smooth cut-off function with x(¢) = 1 for ¢ < 1 and x(¢) = 0 for ¢ > 2. For
L>0and x € C?let xz(z) = x(L7t|z|). Set ¢ =log(l + |z|? + |w|?) and define

wr, =w' +iK00(x19) (3.20)

with K > 0 such that Ki00¢ +w’ > 0 and L > N + 2. If L is big enough we can assume that on the
annulus on Bor \ Br, w’ = 1. Recall that |1]cue > C1|2|°~2 on the other hand, on Bsy, \ Br, we can bound
|00(X19)|ewe < Calx|~2log|z| (With Cy independent of L). Taking L large we get that wy is positive
everywhere. Fix such a large L and define w = wy,. The statement about the cone singularities follows

from Lemma [12
O

For reference in the future we say something about the volume form of w. Define a function f in C2
by means of the equation -
w=el|PPPZa A QL (3.21)

Lemma 9 Outside a compact set [ is a smooth function with

D f(2)] < Al (3.22)
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Proof: Consider first the complement of Us g, where H is the identity and n = wr. Compare and
[B21] to obtain

2-28

of =[PP = ‘1 7
Py

In the complement of Us r we have constants b, such that
ID*(Q/Pa)|(x) < bjag || 71712,

then follows from f = (2 —2f)log |1 4+ Q/Py|. Secondly we consider the region Us/s 2r, where H
is holomorphic and = H*wp. We see that e/ = [P/(P;o0 H)|>72f. We focus in Uy /225 and use
to get P/(Pgo H) = (1 +41(2))...(1 + ¢4-1(2)) where 1,;(z) are holomorphic with |¢;(2)| < Alz|~
for some A > 0. Note that in Uy s/22r We have |z| > a|(z,w)]| for some a > 0. As before we get [3.22
Finally consider the region Us r \ Us/2.2r- By Lemma (7| we can write n = H*wr + & where £ is a 2-form
with [£]g, = O(|z|™*). We conclude that n? = (1 + O(|z|™!)) H*w% and we can proceed as before.

(|

At this point we have proved the first item in Proposition [2} We call w our reference metric. In the
future we will need a metric with bisectional curvature bounded from above. The author was not able
to prove that w has this property. To remedy this we introduce another metric, wp. This is the content
of the next subsection.

3.3 Upper bound on Bisec(wg)

First we define wp. Fix 0 < § < ¢. Note that the function p — [p|° is plurisubharmonic in C2. In fact,

a p|° " 2wene < i00Ip|° < alp’ 2weue

for some a > 0. The diffeomorphism H is asymptotic to the identity, so that there is K > 0 such that,
outside a ball of radius K, a ™ |p|° 2weyue < i00|H|® < a|p|’ 2weye. In the construction of w (Lemma
we take L >> K. Let 1) = () be a smooth convex function of one real variable which is equal to the
identity for large values of ¢ and is constant when ¢t < K. Define h = 1 o |H|?, then h is smooth and
v =i00h = ¢"i0|H|° N O|H|® ++'i00|H|°, since the first term is non-negative we have that v > 0 in all
of C2. Moreover, outside a compact set there is a > 0 such that

—1),16—2 §—2

a” [P weue < v(p) < alpl’ weue

We define wp as

wp =w+ Av, (3.23)
where A > 0 will be specified later on. From the definition it follows that
Qy'w <wp < Qaw (3.24)
for some @2 > 0. The goal is to prove the following

Lemma 10
Bisec(wp) < Q1.

Let us start by recalling the definition of bisectional curvature. Let w be a K&hler metric on an open
subset U of C2. For x € U and v,w € T»°C? with |v|, = |w|, =1 we set

Bisec,, (v, w) = R(v,7,w, W),

where R is the Riemann curvature tensor of w. Recall that if (21, 22) are holomorphic coordinates around
2 in which w = Z?’j:l gijidzidij and v = v10/0z1 +v20/0z1, w = w10/02z1 + w20/Dz5 then

2
Bisec,, (v, w) = E R 5005wy,
ik, l=1
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where

2
ST
Rijkf =—95mt Z g9’ it kY9s51°

s,t=1

Indexes after the comma indicate differentiation and (¢*) denotes the inverse transpose of the positive
Hermitian matrix (gﬁ), the index ¢ being for the rows and j for the columns.

In Appendix A of [20] it is shown that if 7 is a smooth Kihler form in the unit ball B; C C?, say,
and F' is a smooth positive function such that

w =1+ i00(F|z1**) (3.25)

is Kéhler on Bj \ {z1 = 0}. Then there exist a number C' such that Bisec(w) < C on By, \ {21 = 0},
say. We choose A > 0 in such that wp can be written in the form around the points of the
curve. Then [20] gives us an upper bound on Bisec(wp) on compacts sets. In order to extend this bound
to C? we use the ‘asymptotically conical’ behavior of wg.

At points © € C where xr(z) = 0 the metric w in Lemma |8 can’t be written in the form
(Compare with the one in Lemma. The author hasn’t been able to get an upper bound on Bisec(w)
around such points.

To prove Lemma [10] it suffices to bound from above Bisec(wr + G*v) in a region Us, g, for some
80, Ry > 0. Note that outside a compact set G*v = i99|p|®. Let 0 # ¢ € L and B a neighborhood of ¢
where there exist coordinates (£1, &) which map B to the unit ball in C? in which wp = |€,]?#~2id¢,dE, +
idéad€,. We might also assume that |g| > 2 and that B is contained in the euclidean ball of radius half
the euclidean distance from ¢ to 0. Let my : B — AB for A > 1 be the multiplication by X in C2. We
simplify notation and write v for G*v. Then

mi(wp + v) = X (wp + X0 °).

We will show that we have an upper bound for the bisectional curvature of wr +A™“m}v on By, which
is independent of A > 1. By a covering argument this gives the desired bound on Us, g, and hence proves
Lemma [T0l
i I o 9
Write vz = v(gg, 8&7)

Q71(0ij) < (v7) <Qy); igal <@ vsul <Q (3.26)

on By, Write w = w(g)y + ev with v a smooth Kéhler form in the unit ball in C?2,0<e<1,

. Let @ > 0 be such that

wig) = |61 72ide1dE, + id€2dE,

and

2
V= Z I/ﬁidﬁidgj.

ij=1

The desired bound then follows from the following

Lemma 11 There is a constant C, independent of € > 0, such that Bisec(w) < C on Bys. In fact C
depends only on Q, where Q > 0 is such that, on By, , Q ' weue €V < Queye and |1/i37k|7 IVZE’kﬂ <Q
for any 1,35, k,1.

Proof: This follows the lines of Appendix A in [20]. Write
— 2 —
w =& id6dE, + ) Gyidéds;,
i,j=1

so that

011 = €17, 13 = €13 Gop = 1+ evy3.
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Let = (z1,22) € Byj2 \ {& = 0}. Define new coordinates (21, z2) around z via

&i=n

a c
§o =2+ 5(21 —21)? +b(z1 — 1) (22 — 22) + 5(2’2 — x2)%,

where
a= —(§2§(x))_1§]1571(x), b= —(§2§(w))_1§1§ 2(®), ¢=—(993(2)) " Goz 2(7).

In this new coordinates we have

w= |21 idzndz + ) §zidzidz;.

0,J
Claim 4 ;5 ,(z) =0 when j # 1.

Indeed, write dé; = Adzy + Bdzs, with A = a(z; —x1) +b(2z2 —x2) and B = 14+b(z1 —21) +c(22 —x2).
A straightforward computation gives

013 = §13B + 3:3AB, G5 = | B|*gy3.

From here we get

9151() = 9131 (%) + Go5(T)a,  G139(%) = G132(2) + Goz ()b, Go3.2(T) = Goz 2(@) + Goz(@)c.

Our choice of a, b, c implies that these three numbers are zero. The Kahler condition gﬁ’ = gk;, , implies
that g3 1 (%) = §;32() = 0 and the claim follows.

We compute the bisectional curvature of w at = using the coordinates (z1,22). Let v = v10/02z1 +
v20/0z1 and w = w10/0z1 + w20/dzy € THC? with |v|, = |w|, = 1. Note that this implies that
lv1], Jwi| < Clz1]* 77 and |va], |wa| < C. Write w = Z?,j:l 9;7idzdzj . So that g5 = g,7 when (i,7) #
(1,1) and g, = |21]?#72 + §,7. Write Bisec,, (v, w) = Ty + T, where

Ty =~ Y 95a(@)vivjwim

1,5,k
and
2 —
To= Y g (@)gip(@)g,57(x)vi0wim;.
s,tyi,5,k =1
Claim 5

Ty <C— (8= 1)z~ o1 [|un .
In fact gy1,7 = (8 — 1)%|21/*™* + §y1,17, and we have
911 = 011 + Ador + Zgﬁ + |A|2§2§-
From here we compute
gﬁ,ﬁ(x) = gﬁ,ﬁ(z) + agﬁj(x) + agli,l(x) + |a|2§2§.

Since the differential at x of the change of coordinates between (£1,&2) and (21, 22) is the identity, we
have that . 5 92 52

; 9ij Vi 5 Yij Vij

= p(x) = x) = x), G55 == )= —= x).

gz],k‘( ) 8€k ) aé-k ( ) g],kl( ) aflagk 8§la£k( )

From this fact, and |a| = | — (§yz(x))~
(Z.uj? ka l) # (17 ]., 1, ].) we have |g*

ij,k

G131 (z)| we get that |g;7,7(2)| < C. Similarly, when
| < C, and the claim follows.

<
—
8
— =

Claim 6



Define a non-negative bilinear Hermitian form on tensors a = [a;5, ] satisfying a7, = a,7; by

<[ai§k]v [bygr]) = quj (33)(wiaﬁkvk)(wz)bp§7')vf')~
Then
T, =D+ E|?
with Dij, = §;5 and Eyji = (B8— 1)|21|?#~*77 if (ijk) = (111) and E;j = 0 otherwise. We first estimate
IE? = (8 = 1) [** 09" (@) [or [* w2,
where ¢! = det(g) 1 gy3.

det(g) = (121 + 417)dos — |93l = doslz1 [P (14 () ™" det(@)]za[*7)

Unwinding notation we have that at the point z, o5 = 1+evyz(z) and det(§)(z) = evy7(z) +€2 det(v)(z).
We conclude that (go5) " det(g) > Q e, so

9" (@) < (L+8) Mz
with § = Qte|z1]?>725. We get
IEI? < (1+8)71(8 = 1)z P~ o1 *uon [*.

Next we do a trick

ITl* < (@ + 6~ HIDI* + (1 + 0| Bl

The claim (and the lemma) will follow if we can bound ¢!z |26=2|| D||%.

2 2
IDIP =" > ¢ (@)dgp(@)igi@vivjwsmi = Y g (@)g1 4 (2) 5151 (2) 00w,
siting k=1 i ei=1

(The second equality follows from the first claim.) Since ¢'(x) < |z|>2f and 19:5.1(x)] < Ce, the
estimate follows.
O

3.4 The Sobolev inequality

Recall that the Sobolev inequality says that there exists a constant C' such that for every smooth function
¢ in R* with compact support, we have

( /. |¢|4>1/2 <c | v (3.27)

Let g be a Riemannian metric on R*. We can ask about inequality for some constant C, if we replace
the euclidean measure by the measure defined by g and the euclidean gradient by the gradient with respect
to g. It is clear that holds if g is quasi-isometric to the euclidean metric, i.e. A™1g < geye < Ag for
some constant A > 0. Consider now the case of the Flat metric g on C?\ L given by Proposition Il We
claim that there exists a diffeomorphism ® of C2?\ L such that A~ 1geue. < ®*gr < Ageye for some A > 0.
This is indeed clear from the construction of g : The spherical metric with cone singularities on CP" is,
up to a diffeomorphism, quasi-isometric to the round metric and the same is true for the singular metric
g on the three-sphere; finally, the euclidean metric on R? is the cone over the round three sphere of radius
one. We conclude that the Sobolev inequality [3.27 holds for gr. Here we remark that we have established
the inequality for compactly supported functions ¢ which are smooth in cone coordinates. This means
that ¢ is a smooth function of pe®, zy; whenever z; = p'/#e?, z, are holomorphic coordinates around
a point of L\ {0} such that L = {z; = 0}. Consider now our reference metric w, given by Lemma
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We claim that there exists a diffeomorphism W of C?\ C such that A~ weye < ¥U¥w < Awey, for some
A > 0. Indeed ®o H will do the job outside a compact set. It is easy to patch this with a diffeomorphism
supported in a tubular neighborhood of the curve, modeled on pe?® — p'/Pei? in transverse directions to
C. The claim follows. As a result of the discussion we have the following

Proposition 3 There exists a constant C' such that the Sobolev inequality [3.27) holds for the reference
metric w and all functions ¢ with compact support, smooth in cone coordinates.

4 Linear analysis

In this section we define Banach spaces of continuous functions on C? in which the Laplacian of the
reference metric w acts as a Fredholm operator. The main result is Proposition Our references
are Pacard’s notes [28], Bartnik’s article [4] and Chapter 8 in Szekelyhidi’s book [3I]. To set up the
corresponding linear theory for ALE metrics, Joyce [21] invokes the explicit expression of the Green’s
function of the euclidean space. We avoid those arguments by means of some others conventional methods
used in the study of AC manifolds. In a few words we can say that, provided we know the interior
Schauder estimates (Theorem , the standard techniques used to establish the linear theory for AC
manifolds work in our setting.

4.1 Interior Schauder estimates

This subsection is a review of material in [I5]. The main point is to state, without a proof, Theorem lﬂ
We also recall the definition of a metric with a cone singularity.
Consider the singular metric gg) = 5%[21/*°72|dz1|* 4 |dz2|* on C?. We want to define Holder

continuous (1,0) and (1,1) forms. Note that under the map z; = ri/ﬁewl we have g(g) = dri+2ridb3 +
|dza|?. Set € = dry + iBridf;. A (1,0) form 7 is called C% if n = fie + fodw with f1, fo C% functions
in the usual sense in the cone coordinates (r1€?, z;). It is also required that f; = 0 on {z; = 0}. If we
change € by ¢ = e¢%¢ = f|21|°~'dzy, say, in the definition; then the vanishing condition implies that we
get the same space. In order to define C'* (1,1) forms we use the basis {¢€, edw, dwe, dwdw}, as above
we ask the components to be C* functions and we require the components corresponding to edw, dwe to
vanish on the singular set. Finally we set C%® to be the space of C® functions u such that du, 90u are
C®. We define the C* norm of a function || f||, as the sum of its CY norm ||f||p and its C® semi-norm
[f]a; in the cone coordinates this last semi-norm agrees with the standard

[f]a = sup ‘f(x) — f(y)‘

z,y |z —yl*

To define the C** norm of a function f we simply add || f||«, the C* norm of the components of df in
the basis {¢,dw} and the C* norm of the components of i9df in the basis {¢e, edw, dwe, dwdw}.

We are interested in the equation Au = f, where A is the Laplace operator of g(g). We define L?
on domains of C? by means of the usual norm ||ul|z2 = [ |Vul> + [u?. In the coordinates (r1e™, z),
B2Gene < 9 < (1+B2)geue, , so that L2 coincides with the standard Sobolev space in these coordinates.
Let u be a function that is locally in L?. We say that u is a weak solution of Au = f if

[wuve —- [ 1o

Theorem 7 [15]. Fiz o < = — 1, then there exists a constant C such that if u is a weak solution of
Au= f on By and f € C%(Bg) then u € C**(B;) and

for all smooth compactly supported ¢.

lullczey < C (IIfllcems) + lullcos,)) - (4.1)
We mention 3 differences between Theorem [7 and the standard Schauder estimates

e We don’t have estimates for all the second derivatives of u. (E.g. 8%u/or?).
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o If Au € C?; then the component of Ju corresponding to € needs to vanish along the singular set.
e The estimates require o < 371 — 1.

There is a geometric explanation for the second point. The metric g5y has non trivial holonomy. If
~ is a simple loop around the singular set then parallel transport along v is a rotation of angle 27 (1 — 3)
on the Cg factor and it is the identity on the C factor. If u is a function with bounded Hessian then the
component of its gradient along the Cg factor must vanish; because parallel transport of the gradient of
u along small loops around the singular set that shrink to a point must leave the gradient unchanged in
the limit.

More technically, the three points can be explained by the fact that if p is a point outside the singular
set and 'y = G(.,p) , where G is the Green’s function for A; then around points of {z; = 0} one can
write a convergent series expansion

Tp= Y ajulz)ri™ D% cos(kh) (4.2)
j,k>0

with a;j smooth functions. The proof of Proposition 7| given in [I5] uses classical methods. The
expression is proved by separation of variables and a check of convergence. The coefficients a; ; are
given in terms of Bessel functions. If w is a function with compact support such that Au = f, then

ulz) = / G, 9) 1 (y)dy. (4.3)

To show the estimate [.1] one has to differentiate[4.3]twice. The proof then follows the one of the standard
Scahuder estimates. There are modifications due to the fact that A is not translation invariant.

We move on to give the definition of a metric with cone singularities. But first let n be a (1,1)
form on By with [|9||ce(p,) < €. Assume that 1 has support contained in B; and consider the operator

Lu = Au+ (09u,n). If € < 1/(2C) we can use |4.1{to get the estimate

ullc2.opy) < 2C (|| Lullcapy) + llullco(ss)) (4.4)

for all functions u € C%%(By). Now let C be our smooth curve in C? and let w be a (smooth) Kihler
metric in the complement of C'. We say that w is a metric with cone singularities along C' of angle 275
if around each p € C' we can find holomorphic coordinates (21, z2) such that

w=uwpg +1n (4.5)

with n € C% and n(p) = 0. More precisely, n(p) = 0 means that the coefficients of n in the basis
{€€, edw, dwe, dwdw} vanish at p. This agrees with the Definition [1| given in the Introduction, as follows
from the first remark after Definition [II

Given our curve C' and a bounded open subset U of C? we can define the space C%%(U) by taking
a finite cover of U with coordinates in which C' = {z; = 0}. Let p € C and write w as in After
a dilation and multiplying by a cut-off function we can assume that in a smaller neighborhood of p we
have A, = L with L as in From here we get that

[ullcze@y < C ([Awtllcay + lullcowy) (4.6)
for all u € C%*(V). In we assume that U is compactly contained in V. The constant C depends on
w,U, V.

Finally let us say that the metrics we have constructed in the previous section have cone singularities
in the sense of [4.5] because of the following

Lemma 12 Let w be a Kihler metric on C?\ C such that around each p € C we can find holomorphic
coordinates (z1, z2) such that B
w = Q +i00(F|z1|*)

with Q a smooth (1,1) form such that Q(0/0z2,0/0Z2)(p) > 0 and F a smooth positive function. Then
w has cone singularities in the sense of [{.5
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Proof: This follows from the computation

Z@g(F‘Z1|2ﬁ) = |21|2’8i65F + ﬂ|21|2ﬁ72 (?1id2’15F + ZlaFdzl) + ﬁ2F|21|2’872id21d§1.

Set £, = az1, £ = bzy with a = F(p)*/? and b = (9(6/822,0/822)(;0))1/2 to get

4.2 Weighted Holder spaces

Now we begin to work in a direction adapted to our needs. We introduce weights to the previous Holder
spaces. In this subsection we work with the flat metrics g from Section |2} The property we shall exploit
the most is the one of being a metric cone. If v is the weight parameter in our space of functions, then
a function in the space is bounded by 7. In particular, if v < 0, we allow our functions to blow up at
the apex of the cone.

Let gr be the flat metric. Write Bg = {r < R} for the metric ball of radius R around the origin.
Consider the annulus A; = By \ By and the bigger one A, = B, \ Bi/; . We know that around each
p € LN Ay we can find coordinates (21, 22) in which gr = g(g) and that gr is locally isometric to the
euclidean metric outside L. We fix a finite cover of A; by such coordinates and define the spaces C*(A4;)
and C%%(A;) in the obvious way . Alternatively (in more intrinsic terms) we can define the space C*
functions in any domain by considering the distance induced by gr and applying the standard definition.
To measure the C** norm of a function we can take an orthonormal basis for the (1, 0) forms {71, 72}, for
example by applying Gram-Schmidt to {dz,dw} over A; \ L, and sum the C* norm of the components
of Qu and ddu with respect to 7; and 7,7; respectively. It follows from the first bullet after Definition
that this is independent of the choice of orthonormal basis {71, 72}. One can replace A; with A, in the
above discussion without any change. It follows from the standard Schauder estimates and Theorem [7]
that there is a constant C' such that for every u € C>*(4,)

lullozecan < € (I lonciy + lelloog ) - (4.7)

where Au = f is the Laplacian of u with respect to gp.

Let v € R, we want to define the space C’i;‘. For A > 0, denote Ay = By \ Bx. In other words
Ay = Dx(A;) where D) is the map given in spherical coordinates by Dy(r,6) = (Ar,6). Note that in
complex coordinates Dy(z,w) = (A\*/¢z, \>/°w). Let f be a continuous function on C?\ {0} . Define
fay =A77.(f o D,) and think of it as a function on A;. Finally we set

Hf”OCKY = Sup ||f>\,7||Ca(A1)' (4.8)
A>0

It follows that if f € C2 (the space of functions in C*\ {0} for which the above norm is finite), then
|f(z)] < Ar(z)Y for some constant A. In fact, if we let ||f]loy = supy~o [ fxy]lcoca,) we clearly have
I fllo,y < Iflla,y and || f]lo,y is easily seen to be equivalent to sup, r(x)~7|f(z)|. It is clear that if we use
A instead we would get an equivalent norm, i.e, there exist a constant C' such that

sup || fx.~ ‘CG(AI) < Clfllay-
A>0

Having said what is the space C?® on A; we can define the space C?’a to be the space of functions
on C?\ {0} for which

[ull2.0.6 = sup [luxsllc2a,) (4.9)
A>0

is finite. As above § is any fixed real number.
With these definitions we claim that A defines a bounded operator from C5® to C§' ,. Indeed, from
the expression

9?2 30 1
A=gat g Tl (410
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we get that Auy = A\2(Au)y. We denote uy = uo Dy. Now take u € C’g’a, write Au = f and let A > 0.
Then

f)\75_2 = /\75+2(Au)>\ = )\7§AU)\

and our claim follows from the fact that A : C%%(A4;) — C%(A;) is a bounded operator.

Let us give an equivalent norm in Cg’a which will make evident the fact that if u belongs to this
space then |99ul,, = O(r°~2). In order to do this we note that on C2\ L we have an (up to a factor of
V/2) orthonormal basis (w.r.t. gr) of the (1,0) forms given by {71, 7} (see[2.20) such that Dir; = Ar;.
Given a function v we write Ou = ), u;7; and 00u = Zw. u;7i7;. We claim that
[ull2.0.6 = lullos + > Ntillas—1+ D ug]

5]

052 (4.11)

defines an equivalent norm as the previous one. (Our claim justifies the abuse of notation since
is not exactly equal to . Since Au = u,7 + uy; we see again that A : C(?’a — C§ , is a bounded
map. We compute [|uys||c2.a(a,) using the basis {71, 72}. Since Dy is holomorphic we have that duy =
D30u =AY, (u;)ami and that 0uy = D;00u = \? Zi,j(uiE)ATi?j' Our claim then follows from

lunsllczean = A uallcocary + Y IA T (widalloaay + >IN (@g)allcacay)-

.
In arguments in which the Hélder exponent « is not crucially needed we will say that a function is in

C? if the components u,7 are continuous. Similarly we can give a definition of C%.
We are now ready to state our first main estimate

Lemma 13 Let a < 37! —1 and § € R. Then there is a constant C = C(«a, ) such that for every
2, .
u € C5" with Au= f
[ull2,0.6 < C (II.f]

as—2 + |lullos) -

Proof: Write § =+ 2. Let A > 0 we apply the interior estimate to uys = A 7%uy to get

uxsllczaiay <C (H/\_‘S“fAHca(A'l) + ||>\_6UA||CO(A”1)) -

Note that the first term on the r.h.s. is bounded by || f||,y and the second term is bounded by ||u/g 2.
U

Remark 4 In fact we have proved that if u is locally in C**, Au € C¢ , and ||u
u € C?’O‘ and the above estimate holds.

0,5 is finite, then

Our next goal is to bound ||ullp,s in terms of || f||a,s—2. It turns out that this is true, except when §
belongs to the discrete set of ‘Indicial Roots’. In order to explain what is this set we digress a little and
discuss some basics of spectral theory for Ag, the Laplacian of the singular metric on the 3-sphere.

First we note that on (93,7) there is an obvious definition of the spaces L? and L?. Since there is a
diffeomorphism y of S3\ L such that x*g is quasi-isometric to a smooth metric on S* we see that L? and
L? correspond under x to the usual spaces. In particular we have that L? C L? is compact. If we write
the norms as || f||3. = [ f? and ||u||2L§ = [u?+ [|Vul® we see that f € L? defines a bounded linear
functional T on L} by T(¢) = [ f¢. If u is such that T = (u, —) 2 then u is said to be a weak solution
of —Agu+u = f. The map K(f) = u is a bounded linear map between L? and L?, composing this map
with the compact inclusion we have a map K : L? — L? which is compact and self-adjoint. It follows
from the spectral theorem that we can find an orthonormal basis {¢; }i>¢ of L? such that K(¢;) = s;¢;
and s; — 0. Unwinding the definitions we get that Ag¢; = —Ai¢; with 0 = Ao < Ay < A2 < ... and
Ai = (1—s;)/s; — oc. For each ); define 6> to be the solutions of {s(s +2) = \;} with &;" non-negative
and 6, non-positive (in fact < —2). The set of Indicial Roots is set to be I = {6,7 > 0}. With this
definition we can state the following

Lemma 14 Let u € C% be such that Au=0 and § ¢ I. Then u = 0.
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Proof: Write u(r,0) = 377 wi(r)¢i(0), where u;(r) = [4s u(r,.)¢;. It follows from Hoélder’s inequality
that if [u| < Cr? then |u;(r)| < C(Vol(g))*/?r. On the other hand the equation Au = 0 implies
/

Ai
u) +3uzf—ul 0,
r2

so that u; = Ar®’ + Br® for some constants A and B. Since § #* 5? we get that u; = 0.

Proposition 4 Let a < 371 —1 and § € R\ I. Then there exist C = C(a,§) such that

[ull2,0.5 < Cl[flla.5-2 (4.12)
for every u € C3™ with Au = f .

Proof: If the result was not true then we would be able to take a sequence {uy} with ||ugll2,06 =1,
Auy = fi and || fx|la,6—2 — 0. It follows from Lemma.that lukllo,s > 2€ for some € > 0. Hence we can
find 2y such that r(xx)~°|ug(zx)| > e. Consider the sequence iy = (uy)r, s where Ly = r(x;). Write
xy, = (r(zy),0), then |y (7%)| > € with ©% = (1,0;). On the other hand f, = Ay, = L T2(fi)n, =
(fe)Lr,y- (Where v = § —2). The key point is that ||u|2,a,6 = ||uL,s]/2,0,6 and || flla,y = ||fLﬁ||aﬁ or
any L >0 and f, g any functions. So that ||tik|2,a,s = 1 and | filla.s—2 = 0. Let K,, = B, \ By for n
an integer > 2. Arzela-Ascoli and the bound |t ||2,a.s = 1 imply that we can take a subsequence ;™
which converges in C’Q(Kn) to some function u, such that Awu, = 0. The diagonal subsequence Un(”)
converges to a function u in C? \ {0} which is in CZ and Au = 0. Since |y (7%)| > € we see that u # 0,
but this contradicts Lemma [[4]

]

In practice we will only use the estimate [I.12] for functions u with support outside B;j. For these
functions we can give another equivalent definition of the norms [4.8 and [£.9} Slightly abusing notation
let us set

[flloy = [1flloy + [flay—a (4.13)
for functions f with supp(f) C Bf , where

[flajy—a = S}Emin{r(x)ﬁ(y)}f T dmy)e
)

when v < 0. (If v > 0 we replace min{r(x),r(y)} by max{r(z),r(y)} .
Claim 7 [/.8 and[[.13 define equivalent norms

Proof: We prove that is bounded by a constant times Consider the case of v < 0. Take z,y € C?
with r(z) < r(y) such that
—v+a ‘f(.’L') _ f(yﬂ )

(1/2)[]8]04-,7*01 S r(x) d(l‘ y)a
Assume first that r(y) > (5/4)r(z), say. Then d(z,y) > d(y,0) — d(x,0) > (1/4)r(z), so that

(1/2)[flar—a < (@) f (@) + (@) f ()]
When v < 0, 7(2) 77| f(y)| < r(y)~7|f(y)| and this last term is bounded by When r(y) < (5/4)r(x)
we write © = (r(x),0) and y = (r(y),¢). Let £ = (3/2,60) and § = (;’:—Eg;,d)). Set A = (2/3)r(z) so that
Dy (%) =« and Dy(g) = y. Note that Z,7 € Ay (r(g) < 15/8 < 2), so that gives us a bound for

N [F @) = f(y)] o lf (@) = fY)]
d(z, )" d(z,y)>

From this we get that is bounded by a constant times The reverse inequality follows similarly.
O

= (2/3)77r(x)
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Putting and together we get that the norm we defined is equivalent (for functions u
with supp(u) C Bf) to the commonly used [2I] [12].

Finally let us point out that (—2,0) NI = ¢ independently of §. In fact, for this range one can give
an alternative proof of [f.12 which does not use the spectrum of Ag.

Lemma 15 Let u € C? with supp(u) C B{. Assume Au = f € C§_, for some & € (—2,0) and that
u € C’g for some p < 0. Then

l[ullo,s < esll.fllo,5—2
with cs = —(6 +2)7 1671
Proof: From we have that Ar® = (§ +2)0r°~2 = —Qsr°2 with Qs = —(6 +2)§ > 0. On

Ur = Bg \ By consider the function h = u — Ar® — mp where mp = supyp, u and A = || f|lo,5—2/Qs-
Then

Ah = f+ | fllos—ar®2 > 0.

h < 0 on 0B, since u has support outside By. By our choice of mg, h < 0 on 0Bg . The maximum
principle implies that h < 0 in Ug, i.e. for every z € Ur we have that

u(@) < ([fllo,5-2/Qs)r(x)° + mp.

Since u € 02 for some pu < 0 we get that limg_ ..o mr = 0. We let R — oo and get the desired upper
bound on u. The lower bound, and hence the lemma, follows by applying the upper bound to —u. [

Let us explain how one can use the maximum principle in the context of metrics with cone singular-
ities. Let A = Bgr, \ Br, C C2\ {0}. Let h € C?(A) be such that Ah >0 and h|pa < 0. We claim that
h <0 on A, if this was not the case we can find p € A such that h(p) = supy h =2m > 0. If p ¢ L this
would contradict the usual maximum principle. Then p € L. Let € < 8 and ¢ be small enough such that
§|P4)?¢ < m on OA. Consider the function H = h + §|P4|*¢. By our choices H has a local maximum at
some point ¢ € A. Since 1'85|Pd|2E > 0 we still have AH > 0. Since € < 8 and h is a C! function, we
have that ¢ ¢ L, contradicting the usual maximum principle. In fact this argument can be adapted to
other situations. For example the same holds if 4 is C%*, smooth outside L with Ah > 0 (one then needs
to take € < af3).

4.3 Main result

In this subsection we study the mapping properties (between weighted spaces) of the Laplacian of a
metric w with cone singularities along C' asymptotic to wp. We fix w given by Lemma

We want to define our weighted Holder spaces. The notation is the one of Subsection[3.1] Fix N large
enough such that C'N By, C Usg s/2- Let x be a smooth function equal to 1 on Bf,,; which vanishes on
By. For a function v : C?> — R we write 1., = xYu o G. We change notation and introduce a ’ on the
norms of the previous subsection. The space C(?"o‘ ( CY) is defined to be the set of functions u (f) such
that the norm

||’U, |2>C¥75 = ||u||C2‘°‘(BN+1) + Hu00||l2,a,5 (414)

£ llay = IfllceBysn) + 1fscllay (4.15)

is finite. The fact is that these are Banach spaces.
Write A for the Laplacian of w. We apply the estimates of the previous two subsections to get the
following

Corollary 1 Let § ¢ I and oo < 37! — 1. Then there exist a compact set K and a constant C such that
for allu € Cg’a with Au = f we have

lull2.a6 < C (lullcogry + 1 fllas—2) - (4.16)
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Proof: The key point is that if v € (C§7a)’ with support on B¢,

[AGegv = Apvlas-o < crllvlly o (4.17)

with ¢, — 0 as L — oo, where g is the metric corresponding to w and Ap is the Laplacian of the flat

metric. Since G*g = gp in a region Us: g and |G*g — gr|y, = O(r*) for some p < 0 with derivatives on

the complement of Us/ g, holds. The corollary then follows from and the interior estimates.
U

Lemma 16 A : C?’O‘ — C§ 5 has finite dimensional kernel for any § and closed image when 6 ¢ I.

Proof: Let us start by proving the statement about the kernel. Assume first that 6 ¢ I and let uy € C§’a
with Aup = 0 and |lugl|2,a.6 = 1. By Arzela-Ascoli we can take a subsequence which converges in
C°(K) to some function. We apply the estimate m to conclude that the subsequence is Cauchy in
Cg’o‘ and hence ker(A) is finite dimensional. In the case that & € I just take & > 8, 6 ¢ I and note that
cyeccoe
4 5
To prove that the image is closed let us write Cg’a =V @ ker(A) for some closed subspace V. We
claim that there exist a constant C such that ||u||2 a6 < C|f|la,6—2 for every u € V. If this was not true
then we would get a sequence such that [[ugl/2,a,6 = 1 and || fg|la,6—2 — 0. It follows from Arzela-Ascoli
and |4.16[ that, after taking a subsequence, we can assume that wu converges in Cg’a to some function u
with Au = 0. Since v € V then u = 0 and this contradicts ||ug||2,a,6 = 1. Finally let fi, = Auy with
fr = fin C§ 5. We can assume that uy € V. The estimate we just proved implies that {us} is Cauchy
and converges to some u € C’?’O‘ with Au = f.
O

Let H be the the completion of the space of compactly supported functions ¢, smooth in the cone
coordinates, under the Dirichlet norm [ |V¢[?. (In a more precise notation we should write [, [V*¢|w?).
We recall the content of Subsection [3-4] in the form of the following

Lemma 17 (Sobolev inequality.) There exists C such that
1/2
(fio1) " < [ 1o (1.19

Proof: This follows since we can find a diffeomorphism of C? \ C' under which w is quasi-isometric to the
euclidean metric. (]

Let f € L*3. Tt follows from m that Ty(¢) = [ f¢ defines a bounded functional on H. A weak
solution of Au = f is a function u € H such that — [(Vu, V) = [ f¢ for every ¢ € H. It follows from
Theorem [7] that if f is locally in C® then u is locally in C%.

for every ¢ € H.

Lemma 18 Let f € C& and u € H be a weak solution of Au = f. Then u € C(?’a for any § > —2

Proof: Take ¢ = 9(t) to be a smooth non-decreasing function of one real variable with 1 (¢) = ¢ when
t > 2 and ¢¥(t) =1 when t < 1. Define p =t or and let

25 —
Julf3y = [ o207

Since u € H we get that [ |u|? is finite (in fact it is bounded by || f||4/s). From Holder’s inequality we

have that
1/2
iy < ([1t) ([ o)

If 6 > —1 we conclude that [lul|2 is finite.

1/2

In the interior Schauder estimates one can replace the C° norm in the r.h.s by the L? norm. Using
the interior estimates in this form one gets that if u is locally in C*“ and ||u||L§ is finite, then u € C?’a
and
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lullzas < € (1 g2 + lulz) -

Hence u € CY for any § > —1. One can then use Lemma [15] to show that in fact this is true for any
0> —2.
O

Proposition 5 A : C?’O‘ — Cf , is an isomorphism when § € (—2,0) and is surjective when 6 €
(0,2)\ 1.

Proof: The fact that A is injective when § < 0 follows from the maximum principle or by integration
by parts. The key is to prove that the map is onto. By lemma [16]it is enough to prove that the image
is dense. We know from lemma |18] that the space of C'* functions with compact support is contained in
the image, one detail is that this space is not dense in C§* ,. But this can be overcome as follows: Take

feCs,andd < 6 < 2 with [0, 5] NI =¢ . Let h, be a sequence of smooth cut-off functions with
hn =1 on B, and h, = 0 on B ;. The sequence of functions f,, = h,f — f in C?_Q so that we can
find u GN Cg’a with Au = f. It follows from the proof of lemma |16 that we can take u € C(?,’a for any
8" € (6,9] and with |[ull2,a,50 < C| flla,s with C independent of ¢’. By taking the limit as &' — § we get

that v € C(?’a
O

Remark 5 Let w, = w + i00u be a Kihler metric on C*\ C with u € Cg’o‘ for some 6 < 2. Then
Proposition[J holds for the Laplacian of w,.

Finally we mention some properties of these weighted spaces that will be useful to us later.

e Multiplication gives a bounded map

Cﬁl X C:le - C%Jr”/z
o Let {f;}32, C CF with [|fj[la,, < C for some constant C. Then, after taking a subsequence, we
can assume that f; — f uniformly in compact subsets to some function f. Moreover f € CJ and

[fllay < €.

e Let f € CY and o < &, 5 <. Then for every e > 0 we can find h € CZ° such that [|f — hlla,, <€

4.4 Application

In this subsection we use Proposition [5| and the implicit function theorem to prove the existence of a
metric wy with bounded Ricci curvature. In fact wq is Ricci-flat outside a compact set. It is not hard to
see that the metrics w and wp constructed in Section [3| have unbounded Ricci curvature. One can easily
adapt the proof of Proposition [f] to show that in the general setting of a compact Kahler manifold with
a smooth divisor D C X there are metrics with cone singularities along D and bounded Ricci curvature.

Proposition 6 There ezists ug € C’?’a for some § < 2 such that wy = w + iO0uq is a Kdhler form on
C2%\ C with -
wg = e P|PPPZQAQ

and fo € CZ°.
Proof: Write B
Wwr=e P20 A0

We claim that there exists 0 < & < 7' — 1 and ¥ < 0 such that f € Cg‘. The fact that f € C% on
compacts subsets follows from the expression Lemma |§| then proves the claim. (We can take any
¥ > —2/c.) Let 0 < o < & and § <+ < 0 such that § = +2 ¢ I. Then there exist {h;}72, C C°
such that lim; o || f — hjlla,y = 0. We can assume that v ¢ I.

Consider the bounded map F : U C C?’a — C§' , defined in a neighborhood of 0 and given by
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(w + 100u)?

w?

F(u) = log

So that F(0) = 0 and DF|o = A. By[5|and the implicit function theorem, we can solve F(ug) = f — hy
for some N >> 1. We get that

(w4 100ug)? = el 7?2

and the proposition is proved with fo = hy.
O

In Proposition [] the function fy is smooth with respect to the complex coordinates. One can use the
same proof, with the obvious modification, to get a Kéhler metric @y such that @f = e=/°|P|*/72Q A Q,
with fy a compactly supported function, smooth in the cone coordinates. What will be relevant for us
in the next section is that 199 fy is bounded with respect to wp; the metric &y would do the job as well.

5 A priori estimates for the Monge-Ampere equation
Let wy be given by Proposition [6] Recall that

wi =e o |PPP2Q N Q,

with fo € C°. Fix 0 < a < 871 —1 and —2 < § < 0. The main result of this section is the following
Proposition 7 There exists a constant C independent of t € [0,1] such that if u; € Cg’o‘ solves

(wo + 100u;)? = etfows?,
then ||ul|2,a,6 < C.

In the next subsections we derive a priori estimates on different norms of ||u;|| which can be stated in the
same form as Proposition[7] To avoid repetition we only state the estimate proved. We simplify notation
and write f = tfy and v = u;. We hope that this simplified notation doesn’t cause any confusion at
the end. The set up for this section is then a smooth function with compact support f and u € C(?’O‘, a

solution of B
(wo + 100u)? = e/ wd. (5.1)

We denote by w,, the corresponding Kihler form wg + i00u.

5.1 (" estimate
The goal is to prove the following
Proposition 8 |jullp < C .

We follow [21] (pages 188-190). The technique is called Moser iteration. Note that u € C? implies that
u € LP for p large and |lu|jo = limp_, ||u|/zr. The proof of Proposition |8 begins with

Lemma 19 Let p > 2 with p§ +2 < 0. Write ¢ = ulu|P/>~. Then we have

/ |V¢>|2w8 < p/ u|u\p*2(1 - ef)wg. (5.2)
c? c?

Proof: This goes along the lines of Joyce’s book [21I]. We have to check that the relevant integration by
parts arguments hold in our context of metrics with cone singularities. Define a 3-form n by

n = u|ulP~%i0u A (wo + wy),

where w,, = w+iddu. This form is C! on C?\C. Fix R, e > 0 and consider the region U = Bg\ {|P| < €}.
By Stokes’ theorem [, dn = [,,, 1. Use the equation 5.1/ to get
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dn = (p — 1)|uP~2i0u A du A (wo + wy) + u|ulP~2(ef — 1)w?.

For R fixed we let € — 0. Write Ce = {|P| = €} N Br. Note that lim._,o Areay, (C.) = 0 and that ||y, is
bounded. We conclude that we can take U = Br and OU = Sgr. Now note that Volg (Sg) < CR3 and
Inlgy < CRP=DIT9=1 on Sp. The choice pd < —2 gives limp_, 00 Js,,m=0and we get [, dn=0. The
lemma follows from i0u A du A wg = |Vu|*wi, [Vé|? = (p?/4)|ulP~2|Vu|? and iOu A Ou A w, = Fwi with
F = |Vul? (w2/w§) > 0.

O

Now we prove Proposition [8]
Proof: The Sobolev inequality for the metric wy tells us

1/2
( / ¢|4w3> <c [ vopat, (5.3)
Cc2 Cc2

Apply this to ¢ = u|ulP/2~! and use to get
ullf2, < Cpllulf,t. (5.4)

The next step is to estimate ||u||z»1 for some p; > 2. In order to do this we fix some py > 2 such that

pod +2 < 0. Use[5.2] -3 to get

1/2
( / |u|2p°w3) < [ L=l

Let r > 1 be given by r(pg—1) = 2pg and ¢ by 7! + ¢~ = 1. Let p be a function > 1 that agrees with r
outside a compact set, as in the proof of Lemma We replace |1 —ef| < Cp7. (With v = § —2). From
the choices it follows that ||p7 ||« < C. Holder’s inequality then implies that ||ul|L»1 < C with p; = 2pg.
Using the bound on ||ul|ze1, and an induction argument we get a uniform bound (independent of p)
on ||ul|zr. Finally ||ul|co = limp 0 ||ullzr < C. O

5.2 (? estimate
In this subsection we prove the following
Proposition 9 C~twy < wy, < Cwp.

To prove Proposition@we use the maximum principle. Our main tool is the Chern-Lu inequality (Lemma
below). In Yau’s proof of the Calabi conjecture, the constant C' in Proposition |§| depends on a lower
bound on the bisectional curvature of a reference metric. In our case we don’t know of any reference
metric with bisectional curvature bounded from below and there might be obstructions to the existence
of one. The use of Lemma |20 allows us to overcome this problem. Our methods in this subsection are
highly inspired by Jeffres-Mazzeo-Rubinstein [20], although we use the Chern-Lu inequality in a slightly
different way than in [20].

Lemma 20 Let g and g be two Kdhler metrics on X such that Ric(g) > —Q2§ and Bisec(g) < Q1 for
some Q1,Q2 > 0. Set ¢ = try(§). Then

where Q = Q1 + Qo.
Before going to the proof we mention two points:

e Lemma 20]is a particular case of Proposition 7.1 in [20].

e There is a similar formula for Ajlog ¢ if we assume an upper bound on the Ricci curvature of §
and a lower bound on the bisectional curvature of g. See Chapter 3 in [31].
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Proof: Let x € X and (z1,...,2,) be holomorphic coordinates around x. The metrics are then given by
n by n Hermitian matrices (g;7) and (g;5). At the point x we require that (g,5) is diagonal , (;7) is the
identity and all the first derivatives of (g;7) vanish. The function ¢ is then given by

where (g’;) is the inverse transpose of (gij). First we compute Ag¢. At the point x we have Ayj¢p =

> 9"P050p¢, where

05050 = > (050,035 + (050,0,0)9°" =Y 050,977 + (050,797
j.k J
We write Ay,¢ =1+ 11, with

I = Z Al P ) Z G 050,977 .
P.j P.j

Subindices after the comma indicate differentiation. Since the coordinates are adapted to § at x and the
bisectional curvature of g is bounded from above by @1; we have that for every p and j, —g,5 5 < Q1.
It follows that

I>-Q1) g"g" = -Qi¢*. (5.6)

p,J

Since (gﬁ) is diagonal at x, we get
5, 2
1=~ a5
P.J
Denote by R the Riemann curvature tensor of g, given by
R = ~9.+ D 9" 919,51
T8
We conclude that
~9i795 = Rigpp — >_ 9" 915.p9r7.5-
.8

We obtain o
II = ngp(g”)QRj;@ + P, (5.7)
J:p

where o
P =Y (¢")97g"|gjm |-
D:J5T
Note that Ric;; = Zp g”ﬁRﬂpﬁ is the Ricci curvature of g. Since Ric(g) > —Q2g, we bound first term
in [5.7] by

D 9@ Ry, = Y (97) Ric;; > —Qa6”. (5.8)
Jsp J
Now we bring in the logarithm to get
Ngp | Vol?
Aglog ¢ = (Z — | ¢2| .

It follows from and that to prove the lemma it is enough to show that |[Vé|? < ¢P. At the
point x we have
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‘V¢|2 = ngﬂap(lea 8p¢ = - Z(gjj)Qgﬁm-
P J
So that

‘V(i)‘Q = Z gpﬁ(gjj)2gj3’p(gr7)2gri§ — Z(gjj)2(ng)2 (Z gppgjj’pgrr’p> .
D:JsT Jr P

For each j and r fixed, the Cauchy-Schwarz inequality implies that

1/2
> 9795 95 < (Z 91955, |2> (Z g””lgw,pl2>
p P P

We use the Cauchy-Schwarz inequality once again to obtain

1/2

2

1/2 1/2
2) =) ()" (Z(Q”)?’gpplgjj,p 2)
P

J

2

Vo2 < [ Y (g7)? (Z 9719575
p

J

<o | D (@Pglgs, 1P | <o | D (67) 97 g gimnl* | = 6P,

J:p J,Tsp

The proof of the lemma is now complete.
O

We are now ready to prove Proposition [9}

Proof: We set g and g to be the Kdhler metrics corresponding to w,, and wp, respectively. First we check
that the hypothesis of Lemma [20| hold. The upper bound on the bisectional curvature of § is given by
Lemma Recall that w? = efow?, where Ric(wg) = i00fy. It follows that Ric(w,) = (1 — t)Ric(wp).
Since fy is smooth we clearly have i00fy > —Qowp for some Q2 > 0. We conclude that the bound
Ric(g) > —Q2¢ holds.

Write w, = wp + 100v. Note that u and v differ by a fixed function. Take the trace w.r.t. w, to
get 2 = ¢ + Agyv. Consider the function H = log ¢ — Av, with A = Q + 1. We want to show that H is
bounded above by a uniform constant. Since H(y) — log2 as y — oo, we can assume that H attains its
global maximum at x € C2. If x ¢ C, by Lemma [20| we have

0> AgH(z) > —Q¢d — Al v = ¢(x) — 2A.

Proposition [§ gives us a uniform bound on the C° norm of u and hence of v. We conclude that at the
point x the function H is bounded from above by a uniform constant. Since z is a maximum point of H
the bound holds in all of C2.

If z € C we can assume H(z) > log2 + 3 and take R > 0 so that H|sp, < log2 + 1. Fix some
0 < € < B and consider the function H = H + (1/N)|P|?*, where N > 0 is big enough such that

(1/N)|P|?¢ < 1 on OBgr. By our choices max H = H(&) with & ¢ dBg. Since H € C* and € < f3,
we have that ¢ C, hence

YyEBR

0> A H(E) = AH + (1/N)AL|P]* > ALH(E) > ¢(Z) — 24

We used that A, |P|?¢ > 0 since 99| P|** > 0. Note that H(z) < H(z) < H(&) to get the estimate.

We have proved that H is uniformly bounded from above. We use Proposition [§ once again to
conclude that ¢ = trgg < C. Therefore wp < C’wu. Since the metrics wp and wq are fixed there is a
fixed constant A such that A~ wy < wp, hence wy < ACw,. Finally we use the equation w? = efw? to
get the desired bound C~lwy < w, < Cuwy.

O
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Figure 4: Pushing the maximum outside the curve.

5.3 (%“ estimate

In this subsection we prove the following
Proposition 10 |ul2,, < C.

Proposition is a direct consequence of Theorem |8 below. The technique we use is known as ‘the
blow-up argument’. When g = 1, the content of Theorem [§] is well-known and is a consequence of the
so-called Evans-Krillov theory. The proof we sketch here uses different methods than the ones in that
theory and also works in the case of § = 1. This subsection does not contain any original work and
is included here for the sake of completeness. Our references are: [I0], Sections 3, 4 and 5 in [II] and
the proof of Theorem 2 in [8]. We mention that in Yau’s work on the Calabi conjecture, Proposition
was proved by means of the maximum principle -a step known as Calabi’s third order estimate-; while
Theorem [8 is a local statement. Calabi’s third order estimate was carried over to the context of metrics
with cone singularities, under the assumption that 8 < 1/2, in Section 6 of [6].

We work on the space Cg x C"~! with complex coordinates z1,...,2,. If p € C" and r > 0, we
denote by B,(x) the metric ball with center at x and radius r -in the distance induced by g(g). When
x =0 we write B, = B,(0).

Theorem 8 Let oo < o/ < 71 —1 and ¢ € C>* (By) be such that
K_lw(ﬁ) < 285¢ < KUJ(ﬁ)

and B
det(90¢) = |21 > 2/

Then there exists a constant C, which depends only only on K and the C* norm of f in By such that
[i00¢]a,B,,, < C.
Proof: This is Theorem 1.7 in [I0]. We only sketch the proof. There are three main ingredients:

e Fact 1: Let A > 0 and A= < r < A. There exists a constant C' which depends only on A with
the following property: If 7 is a real closed C* form on B, of type (1,1), then there exists a real
function ¢ € C2’Q(BT/2) such that i00¢ = n on B, /5 and \|¢||2’Q,Br/4 < Clnlle,B.-
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o Fact 2: Let wo be a C* Kahler metric on C” such that wl = w?ﬁ) and K‘lw(ﬁ) < Weo < Kw(g)
for some K > 0. Then there exists a linear transformation L, which preserves {z; = 0}, such that
Woo = L*w([.;).

e Fact 3: There is a § > 0 such that Theorem [8 holds when K =1+ 6.

Fact 1 is proved by analyzing the standard proof of the local 99-lemma, see Section 4 in [IT]. Fact
2 is proved by means of the maximum principle in Section 5 of [I]; in the case that ws is known to
be a Riemannian cone see Proposition 25 in [§]. Fact 3 is proved in pages 228-229 of [§], it follows
from the interior Schauder estimates and the fact that the Laplace operator is the linearization of the
Monge-Ampere operator.

Now let us proceed with the proof of Theorem |8 We write w = i09¢. For q € By, denote by d, the
distance from ¢ to the boundary of B;. Define the Hélder radius as the supremal of the h € (0, d,) such
that [w]a, B, (q) < doh™*, where dy is a small positive number which depends only on K. To prove the
theorem it is enough to show that there exists a constant ¢y > 0, depending only on K and || fla.5;,
such that hy, 4/dq > ¢o for all ¢ € B;. We argue by contradiction and assume that there are wy = 1000y,
qr € B such that:

K ws) < wi < Kwgg), det(wn) = 217772, | fullars, <1 (5.9)
h., he e he

etk — g 5 (), —mdk <9 jpf kA (5.10)
qu qr qEB, dq

We rescale and define
5 = h_l/ﬂ — P h_l . — - f = 2
A1 ool (21— 21(qr)), 7 onan (25 — 2i(qr)) for j e T

Write this change of coordinates as & = Ty (z). Let T be the inverse of Iy and consider @y, = h_2

; wrran L KWk
fx =T fx. Tt follows that

det(@r) = [51]*2ef*, hg, o = 1. (5.11)

Note that T’y (Ba,, (qx)) = B1/¢, (0), so that the wy are defined on larger and larger balls. It is not hard
to show, by means of the Arzela-Ascoli theorem and a diagonal argument, that together with
Fact 3 and Fact 1; imply that @, converges in C'* , up to a subsequence, to a Kéhler metric ws, defined
on C" as the one in Fact 2. It follows that ws, has constant coefficients, so that hg_ o = oo. Since
Wk — Woo In C | for k large enough we get that hg, o > 2 and this contradicts

O

5.4 Weighted estimates

This subsection completes the proof of Proposition [7] Our main results are Proposition [IT] and Proposi-
tion Our reference is Chapter 8 in Joyce’s book [2I]. Proposition [11| corresponds to Theorem 8.6.6
in [21] and Proposition |12 to Theorem 8.6.11 in [21].

The first result is a weighted version of Proposition |8} The proof uses Moser iteration and follows
the same lines as the one of 8] We fix u such that § < pu < 0.

Proposition 11 [[ufco < C.

Let ¢ be a smooth convex function of one real variable with ¢(¢) =1 for ¢ <1 and ¥(t) = ¢ for ¢t > 2.
Recall that r is the intrinsic distance in the flat metric to 0 and define p = ¢ o r. In order to prove
Proposition |11 we introduce the norm

lulgy = [ o o,
C2

Because u € C§ and § < p we have that u € C?

1, u € LY for all p>1 and ||U||Cﬂ = lim,, ||uHL5.
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Lemma 21 Forp > 2, pu < —2 we have
-1
s, < Cp (Il + llull? ) - (5.12)

This lemma corresponds to Proposition 8.6.8 in [21]. is a weighted version of inequality To
prove the lemma we have to use the Sobolev inequality for the metric wy together with an integration
by parts argument. We refer to pages 190-192 in [2I]. The only work we have to do is to check that
the relevant integration by parts hold in our context of metric with cone singularities -as we did in the
proof of Proposition [8}; this is straightforward and we omit the details. To prove Proposition [I1] we note
that if po = (—4/p), then [[u|z0 = [[ulzro and we already have a bound on this quantity. Finally, an
induction argument using gives the desired bound on [|ul|cs.

We move on to state our second result, Proposition[I2] The proof uses the linear theory we developed
and follows the lines of pages 193-195 in [2I]. We pause for a moment to touch on a technical point:
There is a mistake in the definition of the weighted C'* semi-norm given by formula 8.6, page 179 of [21].
The problem is that the semi-norm only compares points which are at distance less than the injectivity
radius. This forbids the use of the interior Schauder estimates and scaling arguments needed to establish
the linear theory, see the proof of Lemma The arguments in pages 193-195 of [21I] deal with this
wrong semi-norm; it is not hard to adapt the arguments to prove what we need.

Proposition 12 ||ul|2,a5 < C

Proof: Write w2 = efw? as i00u A (2w + i00u) = (ef — 1)w?. We get

Nou = (el — 1)+, (5.13)

with ¢ = u% We could also have written

Au = H(e! —1), (5.14)

where A is the Laplace operator of the metric w, /> = wo 4 i09(u/2) and H = wi/Z/wg. Since wy o =
(1/2)wo + (1/2)w,, > (1/2)wp and we have a bound on the C*“ norm of u, we conclude that

lulloza By @)y < C (AUl 020 (By(ay) + lullco(Baay)) » (5.15)
with a constant C' independent of . We multiply by p(z)™* to get

|uz(x) — uz(y)|
d(z,y)>
Take p < i < 0, i = p+ « such that 21 < —2. At this point we impose some restrictions on the

choices of §, u, 1. We start with —2 < § < —1 — «, then we take § < u < —1 —«a and i < —1. We claim

that implies that [|u;[a,z < C. In fact one only needs to consider the case of d(z,y) > 1, let’s say
that p(z) < p(y) and estimate

ou<C, plx)™* < C whenever d(z,y) < 1. (5.16)

||u¢3

o—ta luz(z) —uz(y)l
p(z) Ay

We use and Proposition|5|to conclude that [ul|2,q,2+25 < C. Then [[u;zlla,2z < C, so that [[¢)]|a,4 <.

Since 41 < —4 < 6 — 2, we can use and Proposition [5| again to obtain ||u/|2,a.s < C.

< pla) (Jugg(2) + luz(y)]) < 2C.

O

5.5 Proof of THEOREM [

We are ready to give the proof of our main result, THEOREM
Proof: Let wy be the metric given by Proposition@ Take any 0 < a < 371 — 1, € (—=2,0) and consider
the set

T={te[0,1]:3u; € C;* solving (wo + i0du;)* = etfou2}. (5.17)
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Clearly 0 € T, with ug = 0. Note that if t € T, then w; = wg + 100w, is a Kihler metric with cone angle
213 along C. The positivity follows from the equation, the decay of i90u; and the connectedness of
C2\C. Proposition and remark together with the implicit function theorem, imply that the set T is
open. Proposition [7] gives us that the set 7" is closed. We set wgpp = wy. It is easy to check that wrp has
the desired properties. It follows from this proof that we can improve the statement on the asymptotic
behavior and we can say that, outside a compact set, wrr — H*wp € C for any v > max{—2/c, —4}.
O

6 Conjectural picture

6.1 Convergence theory

We review well-known material, for which our reference is Anderson’s survey [I]. The energy of a
Riemannian manifold is the quantity given by

1 2

It plays a significant role in the study of Einstein metrics on 4-manifolds. If (X4, g) is closed and Einstein,
then F is equal to the Euler characteristic of X; after Chern-Weil. A consequence of this conservation
law is that solutions to Einstein’s equations can degenerate, in the non-collapsing situation, only by
developing orbifold singularities at a finite number of points. The blow-up limits of the solutions are
Ricci-flat manifolds asymptotic to a quotient of R* by a finite subgroup of SO(4), i.e. Ricci-flat ALE
spaces. We put these results together, in the form of the following

Theorem 9 [i|]. Let (X,g;) be a sequence of Einstein metrics on a smooth four manifold X with Ricci
= 41 or 0. Assume that the diameter is uniformly bounded from above and volume uniformly bounded
from below. Then there exist {j} C {i} a subsequence and a compact Einstein 4-orbifold (Xoo, goo) with
a finite singular set S = {x1,..., 21} C Xo (possibly empty) such that

¢ (X,95) & (Xoo,goo) in the Gromov-Hausdorff sense.

o For any x4 € S there is a sequence o ; € X with im0 Taj = Ta such that if we set r; =
|Rmyg, |(24,5); then 7; — 0o and

(X’ Tjgj7 xa,j) — (Ma7 haa xapo)

in the pointed Gromov-Hausdorff sense; where (Mg, hy) is an ALE manifold, possibly with orbifold
singularities.

o Let E be the energy of (X, g;), which by Chern-Weil is independent of j. Then we have that

"
E > E(goc) + Y E(ha). (6.1)

a=1

We make some remarks on Theorem [0} The convergence in the first two items can be strengthened to
convergence of tensors. The hyperkdhler ALE spaces are well understood and classified due to Kro-
nheimer’s work [22], [23]. It is possible to get equality in if one takes into account ‘bubble tree’
phenomena.

Consider now the case of metrics with cone singularities. Let X be a closed complex surface with a
Kahler-Einstein metric with cone angle 273 along a smooth complex curve C'. Then, by Atiyah-LeBrun
[2] and Song-Wang [30], we know that

E=x(X)+(8-1)x(C). (6.2)

This gives us some evidence that there should be a parallel to Theorem[J]in this context. The degeneration
of the curves is a new feature of the theory. In order to fix some ideas let C. C X be a smooth complex
curve for each ¢ > 0, with C. — Cy as ¢ — 0, where Cj is a curve in X which might be singular.

45



Fix 0 < B < 1 and assume that there are Kéhler-Einstein metrics g, with cone angle 273 along C¢,
for simplicity also assume that the Ricci curvature is a fixed positive constant. First we focus on the
case where the curves C, develop an isolated singularity. Let p € Cp and (u,v) complex coordinates
centered at p such that Cy = {P; + (h.o.t.) = 0}, where P, is a homogeneous degree d > 2 polynomial
and h.o.t. means higher order terms. For the sake of definiteness suppose that in these coordinates
C. = {P; + (h.o.t.) = eQ}, where Q is a polynomial such that Q(0) = 1. Rescale the coordinates and
define u = €'/4z, v = ¢"/dw. Let C = {P; = 1}, a smooth complex curve in C2. In the (z,w) coordinates
we have that C. — C. Let grp be the Ricci-flat metric with cone angle 275 along C given by THEOREM
We would expect that (under favorable conditions) after re-scaling g. around small balls centered at
p we will get the metric grp in the limit. We give a detailed example of this situation in Subsection [6.3
It would be interesting to extend the previous discussion to the case of convergence with multiplicity. In
this case we expect to find Ricci-flat metrics with cone singularities along a smooth complex curve whose
asymptotic lines are not necessarily different. We say more on this in Subsection[6.4] To include ‘bubble
tree’ phenomena into the discussion, one should consider the case of a general curve, not necessarily
smooth. To take account of degenerations which involve the curves and the ambient surface at the
same time one should replace C? by a complex surface Z. The general problem would then be to study
asymptotically conical Ricci-flat Kahler metrics on a complex surface Z with cone singularities along a
complex curve C' C Z.

To finish this subsection we note that there are compactness results for Kéhler-Einstein metrics with
cone singularities. For example, the ones in Chen-Donaldson-Sun’s work [8]. However the main theme
in [8] is to endow the limit with an algebraic structure. It should be possible to say much more on the
differential geometric strucure of the limits in the case when the curves degenerate to a singular one or
converge to Cy with multiplicity.

6.2 Energy of the metrics
Let (M, h) be a smooth ALE manifold asymptotic to R*/T’, where T is a finite subgroup of SO(4). It is
known (see [2]) that the energy of (M, h) is finite and is given by

(6.3)

Now let grp be the metric in THEOREM [I] We have a formula for the energy of ggp, which is a
mixture of [6.2] and 6.3t

Proposition 13
Vol(q)
o2

E=1+(B8-1)x(C) (6.4)
Recall that g is the corresponding singular metric on the 3-sphere and we know that Vol(g) = (72/2)c?
(see Remark [2). The Euler characteristic of C'is x(C') = 2 — 2g — d; where g = (d — 1)(d — 2)/2, by
the degree-genus formula. Putting these facts together we obtain a formula for E which only involves
d and $. In the case that d = 2 we can prove [6.4] by direct computation, using the Gibbons-Hawking
description of the metric. Proposition [13] follows immediately if we establish the following two items:

e Let (X, g) be a compact Kéhler-Einstein surface with boundary X =Y and cone singularities of
angle 270 along a smooth complex curve C C X. Let II be the second fundamental form of ¥
in X and R the restriction of the ambient curvature operator to Y, thought as a symmetric two
tensor by means of the three dimensional Hodge operator. Then the energy of g is given by

B = (X) + (8- 1)x(C) - # /Y (det(1) + (11, Ry (6.5)

e Let X be a large ball in (C% ggr) of radius R. In the limit when R — oo we can replace the
boundary integral in [6.5| with Vol(g).

Consider the flat metric g on C? and let Y = Sg be the set of points at distance R from the appex. Since
the ambient curvature vanishes, the integral appearing in formula reduces to f Sk det(II). Around
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each point y of Sg \ L there is a neighborhood in C? \ L which maps isometrically into R* with the
Euclidean metric and identifies Sg with the standard round three-sphere of radius R. It follows that the
integral is independent of R and [ s, det(I1) = Vol(g). Therefore, in order to establish the second item,
what one has to prove is that the convergence of grr to gr as R — oo is strong and fast enough so that
one can replace the integrals. We don’t say anymore on this item and move on to discuss the former.
From now on we take X to be a large ball in (C2, ggr).

There are two main steps in the proof of First we show that our Ricci-flat metric has cone
singularities in a stronger sense; at points of the curve grr approaches the model g(g) with derivatives.
In particular this implies that the energy and the integral in formula [6.5] are finite. The second step
is to fit into a more general setting of connections on the tangent bundle of X \ C, viewed as a
complex rank 2 vector bundle. We write [6.5] as a Chern-Weil type formula. We prove the independence
of the formula for an appropriate class of connections, which contains the Levi-Civita connection of grp.
Finally, we construct a model connection in our class for which the relevant Chern-Weil integral can be
computed explicitly. We follow closely [17], the approach is similar to the ones in Atiyah-LeBrun [2] and
Kronheimer-Mrowka [24].

We use that grp is Ricci-flat to improve its regularity. We appeal to Theorem 2 in [20]. Let p € C
and z1, zo holomorphic coordinates around p in which C' = {z; = 0}. Write z; = pl/ Pei?  In small
neighborhood of p the metric grr has a potential ¢ which has a polyhomogeneous expansion

Njk

¢~ Y a0, 22)p" P (log ).

jk 1=0

The functions a;x; are smooth and there are no terms of the form r%(logr)! with { > 0 and a < 2. In
particular it follows that grp is locally in C® for & = f~' — 1. Denote the normal bundle of the curve
by vo = TX/TC. The metric grr induces a Hermitian metric on TX|¢, equivalently it gives us the
following data:

e A Kéhler metric go on the curve. Indeed this is simply the restriction of grr to T'C.

e A smooth splitting TX = TC @ v¢ along the curve. In other words, there is a notion of a normal
direction to the curve. See Lemma 24

e A Hermitian metric on vc. See Lemma 23]

Let g be a C® metric with cone angle 273 along C and a = f~! — 1. Let II : P — X denote the CP*
bundle given by the projectivisation of TX. Let U = II"1(X \ C). Since we are assuming that the metric
is smooth on the complement of the curve we have a smooth bundle map L: U — U, given by taking
the orthogonal complement. The Holder condition then gives us the following

Lemma 22 The map L has a continuous extension 1: P — P.

Proof: Let p € C. Take z1, 22 to be holomorphic coordinates centered at p such that C' = {z; = 0}. The
metric ¢ is represented by an Hermitian matrix

0 0\ _ 282 9 0\ i ppt 9 9\ _
g<8217821>a21| ) g<8217852)b|21 y 9 822’852 =cC

We are assuming that the functions a,b,c are C* and b = 0 when z; = 0. We can scale each of the
coordinate functions and suppose that a(0) = ¢(0) = 1. The condition on the Holder exponent and the
fact that b vanishes when z; = 0 gives us that the limit

fim o (9.9
q—>ng 62:17 0%

is finite. The proof of the lemma is now an easy computation, for simplicity we show the case of the
directions tangent to the curve

aN _,0 (8 9\ 0
i(<a@>)—<azl ¢ g(aa)a>
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O
We use the notation in the proof of Lemma In the coordinate chart 21, 22, the line bundle v is
trivialized by the section [8%1} . We set
0 1/8
— = . 6.6
’ {331} h ¢ (66)

Lemma 23 defines a C* Hermitian metric on vc.

2

Proof: Let Z;, 23 be another coordinate system such that C = {Z; = 0}. Then 2z; = fZ; for some
holomorphic non-vanishing f. Then
0 0
— | =fls1-
821 82’1

9< . >:d|51|262-

0% 0z,

Write

At the curve we have that
alz1?P 2z |? = al PP B PR P dE P = al g PR dE )P

Then @ = |f|*?a and the lemma is proved. O

In the case that g is our Ricci-flat metric, lemmas 24 and [23] indeed provide us with a smooth splitting
TX =TC & ve and a smooth Hermitian metric h. We use this data, together with the induced metric
gc, to define around points of the curve what we call adapted coordinates. This concept is parallel to
the notion of normal coordinates for smooth Kéhler metrics. From now on we assume that 1/2 < 8 < 1,
the discussion when 0 < 8 < 1/2 is easier.

Lemma 24 Let p € C. Then there exists holomorphic coordinates z1, zo around p such that
9= 95| = O(Y/7), [Vl = O@Y/P7Y), [V2g] = O(p/772), (6.7)
where 12 = |21[*® + |22|? and p = |21 |°.

It is a consequence of Lemma [24] that [Rm(g)| = O(p'/#~2). Since 8 < 1 the energy of the metric is
finite, by comparison with the integral fol p*/B=%pdp. Note that h gives rise to a connection V¥ on v¢.

Write s for the local section [6%1} In adapted coordinates we have that |s|,(p) = 1, V?s(p) = 0 and 2z

is a standard normal coordinate for go at p. We omit the proof of 24

Now we bring in the Chern-Weil formalism. Let V be a connection on the rank 2 complex vector
bundle T(X \ C). Let z1,22 be adapted coordinates. Consider the locally defined coordinate £ = zf
Write T' for the Christoffel symbols of V in the coordinates &, zo. Write F' for its curvature. We say
that V is an adapted connection if for every point p € C' and (z1, 22) adapted coordinates centered at
p we have that || = O(r'/#~1) and |F| = O(p*/#~2). The Levi-Civita connection of g is an adapted
connection. In our case, since X is a ball in C?, we have a natural trivialization of the bundle T'(X \ C).
An adapted connection V is represented by a matrix of 1-forms A. We define

1 1 2
I(V):—/ tr(FvAFv)——/dAA/H-—AAAAA. (6.8)
871'2 X 87T2 Y 3

The second term in the r.h.s. of can be recognized as a Chern-Simons invariant. It follows from
the definition of adapted connection that the integrals are well defined. The standard arguments of
Chern-WEeil theory apply to give that, in fact, I(V) is independent of the choice of adapted connection.
In the case that V is the Levi-Civita connection of a Kahler metric g, it is a well-known fact that
tr(Fy A Fy) = |[Rm|? — |Ric|?. It should be the case that the boundary integrals in formulas [6.5| and
agree. Therefore, to prove it is enough to show that I(V) = x(X) + (8 — 1)x(C) for some adapted
connection. The construction of such a connection takes place in a tubular neighborhood N of the curve.
For each p € C, let V}, be the affine complex line going through p which is orthogonal with respect to
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g to the curve. If IV is sufficiently small V,, N IV is biholomorphic to the unit disc A C C. We have a
map j : A = V, NN, well defined up to rotations. The derivative dj gives us an isomorphism between
C and the fiber of vc at p, v,. The composite j o (dj)~! is well defined. The collection of these maps
as p varies over C give rise to a diffeomorphism ¥ from a neighborhood of the zero section of v to V.
The map ¥ is holomorphic when we restrict it to the fibers v,,. Let V' be the image under the derivative
of ¥ of the tangent spaces to the fibers of v. Then V is a distribution of complex lines in N. The
connection V" induces a distribution H of horizontal subspaces in vp. Since W is not holomorphic, the
image under the derivative of  don’t need to be complex subspaces of C2. However, if N is sufficiently
small, this image will lie in a tubular neighborhood of CP* ¢ Gr(2,4). Then we can project to get a
distribution H of complex lines in N which agrees with T'C' over C. Over N we have the decomposition
TC? = H® V. Let a be the 1-form with kernel H and which agrees, after pulled back with ¥, with
the canonical 1-form on the fibers of vc. Let P be an endomorphism of TC? which is zero outside N
and equal to the projection on the V component in a smaller neighborhood of C'. We use the splitting
TC? = H@V, the connection V¥ and the Levi-Civita connection of gc to get a smooth connection over
N, we can extend it to a smooth connection Vg on T'X. Finally we define

V=Vo+(8-1axP.

It requires some technical work to show that V is an adapted connection and we omit the details. It is
easy to check that I(V) = x(X) + (8 — 1)x(C). One has to use that I(Vy) = x(X) and that da is, up
to a constant factor, a representative of the Poincare dual of C.

6.3 Cubics in CP?

We illustrate our previous general speculations on convergence theory with an example. In CP? with
homogeneous coordinates [xg, 21, 2] consider the family of elliptic curves

Ce = {xor129 — e(xg + x? + x%) = 0}.

These curves are smooth when € > 0 and Cj is the union of three lines. Fix 0 < § < 1 as before.
It follows from the third bullet of Theorem [2] in the Introduction, that for each € # 0 there exists a
Kihler metric g on CP? \ C. with cone angle 273 along C, and constant positive Ricci curvature on the
complement of the curve, let’s say Ric(g.) = g.. Take a decreasing sequence of positive numbers ¢; — 0.
For different values of the parameter e the curves Cc are different complex tori. The metrics g, are
pairwise non-isometric. Denote by d. the distance induced by g.. It follows from Gromov’s compactness
theorem that there exist a metric space (X,d) such that (CP?, de;) — (X,d) in the Gromov-Hausdorff
sense, after taking a subsequence if necessary. In fact, there is a natural candidate for (X, d). The S*
action e (g, 21, 22) = (€, €21, e xy) preserves the metric of (Cz)3. Taking an appropriate Kihler
quotient we get a Kahler metric gy on CP? with cone angle 273 along Cjy and Ric(gg) = go on the
complement of Cy. When S = 1/k the metric go is (up to a constant factor) the push forward of the
Fubiny-Study metric under the map [zg, 71, 72] — [2&, 2%, 25]. The metric g induces a distance dy and
our candidate for (X, d) is (CP?, dp).

Formula tells us that E(g.) = 3. On the other hand the energy of the metric go can be computed
directly (in the case when 8 = 1/k it is 1/k? times the energy of the Fubini-Study metric) and is given
by E(go) = 38%. If our conjecture that (CP?, de;) — (CP?, dp) is true, then we are losing an amount of
energy equal to

E(ge) — E(go) =3 - 38> =3(1 - 8%). (6.9)

Let p denote any of the points [1,0,0],[0,1,0] or [0,0,1] and write A\; = [Rm(ge,)|(p). Let grr be
the metric in THEOREM [[] when C' = {zw = 1} and write a = |[Rm(grr)|(0). We expect that A; — oo
and that (CP?, AjGe;>P) — (C?, agrr,0) in the pointed Gromov-Hausdorff sense. Alternatively, consider
the embedding of C? into CP? given by (u,v) — [u,v,1]. In these coordinates the point p = [0,0,1]
corresponds to 0 and

C. = {uv = e(v® + v +1)}.
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Write u = y/ez and v = y/ew so that C, = {zw = €3/22% + /2w + 1}. Write (u,v) = F.(z,w). We can
omit the discussion above on convergence of metric spaces and say that we expect that |Rm(g.)|(p)F.*ge —
agrr as € — 0 in the sense of tensors. Our conjectural formula [6.4] allows us to compute the energy of
grr. In this case C = {zw = 1}, so that x(C) = 0. The corresponding metric on the three-sphere has
total volume 272 32. We get that E(grr) = 1— 2. The total amount of energy lost in the convergence of
the metrics g. to the metric gg is given by This can be explained by the formation of three bubbles
with energy 1 — 32, according to our conjectural picture. (Note that E(agrr) = E(grr) since the energy
is scale invariant.)

One can write many other families of smooth cubic curves in CP? which degenerate into a singular
curve. From the point of view of the metrics, the author believes that the degeneration we have described
is the only possible one. Denote by M the space of all smooth cubics in CP? modulo the action of
PSL(3,C), it is a classical fact that M carries a natural structure of a Riemann surface and that
M = C, see Chapter 6 in [16]. Fix 0 < 8 < 1 and let P be the space of all Kéhler-Einstein metrics in
CP? of normalized volume with cone angle 273 along a smooth cubic curve, modulo isometry. Endow
P with the Gromov-Hausdorff topology. The theory of existence and uniqueness of such metrics, see
[20], establishes an homeomorphism between M and P. One can use the Gromov-Hausdorff distance to
compactify P. It should be the case that this is homeomorphic to an algebraic compactification of M.
In our case, the Riemann sphere is the only algebraic compactification of C. It is obtained by adding
only one point to M, this point should correspond to the metric gy with cone singularities along the
three lines. It would be interesting to discuss the case of higher degree curves in CP?, in the next section
we say something about the degree four case.

A simpler situation would be to study the behavior of spherical metrics on CP! with cone singularities
as two of the singular points come together. The case of four points can be related to our discussion in
the previous paragraph. We think of M as the space of four unordered points in the Riemann sphere
modulo the action of Mdbius transformations. Fix 1/2 < 8 < 1 and denote by P the space of spherical
metrics on CP' with cone angle 27 at four distinct points, modulo isometry. We can replace P by P
in our previous discussion without any change. This time, the metric gy corresponds to the spherical
metric on CP! with two cone singularities of angle 28 — 1.

6.4 The case of a general smooth curve in C?

An interesting project is to extend THEOREM [1] to the case of curves for which the asymptotic lines
don’t need to be different. Let us consider the example of C' = {w = z?}. In this case we think that for
any 1/2 < 8 < 1 there should be a Ricci-flat metric with cone angle 275 along C asymptotic to the cone
C, x C, with v =28 — 1. A way to work out this relation between 8 and + is to cut two disjoint wedge
shaped regions of angle 27(1 — ) from the plane, identify the corresponding sides to get a space with
two cone singularities of angle 278 and then let the singular points come together. See Figure 5| In the
case that such a metric exists, formula [6.4] allows us to compute its energy

E=1+(B8-1)—-y=1-48. (6.10)

We expect to find these metrics in the situation of C. — 2Cy. Let us illustrate our speculations with an
example, coming from a classical discussion involving Riemann surfaces of genus 3. (See Chapter 12 in
[16].) Let Q be a non-degenerate quadratic form in three variables, so Cy = {Q = 0} C CP? is a smooth
conic. Let F be a generic polynomial of degree 4 and let C. = {Q? + ¢F} = 0. Write Z = {F = 0}, so
that for a typical F' the intersection ZNCy consists of 8 distinct points py, ..., ps. For small and non-zero
€ the curve C¢ is smooth and one can think of it as an approximate double cover of Cy, branched over the
points p1,...,ps. Fix some 8 > 1/2, assume that there exist KE metrics w, with cone angle 273 along
C. and a KE metric wy with cone angle 27y along Cy. In this situation we would expect that w. — wy.
We can compute the energy of the metrics using [6.2]

Ewe) =3+ (8 -1x(C) =3+ (B -1)(-4) =7-48

E(wo) =3+ (v — 1)x(Co) =3+ (28— 2)2 =48 — 1.

The total amount of energy lost is given by
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23(1-f)

Figure 5: 1 — = 2(1 — §). This picture models the behavior as € — 0 of the metrics w, in a transverse
direction to Cy.

E(we) — E(wo) = 8(1 — f). (6.11)

We expect that re-scaling the metrics w, around the points p; we get a Ricci-flat metric on C? in the
limit with cone angle 273 along a parabola, as described above. Then [6.11] can be explained by the
formation of eight ‘bubbles’ with energy given by

Consider now the curve C' = {wz? = 1}. We can ask for the existence of a Ricci-flat metric with
cone angle 273 transverse to C' asymptotic to C, x Cg. Let Cy C X be a curve with a normal crossing
singularity at p, so that there are complex coordinates (u,v) centered at p in which Cy = {uv+ (h.o.t.) =
0}. Assume that the curves C. converge to Cy as € — 0 with multiplicity 2 on the {u = 0} axis and with
multiplicity 1 on the {v = 0} axis. Suppose that there are KE metrics g. on X with cone angle 273
along C.. Under suitable hypothesis one might expect that re-scaling the metrics g. around small balls
centered at p one gets a Ricci-flat metric on C? with cone angle 273 along C' = {wz? = 1} asymptotic
to (ny X (Cg.

It is straightforward to state the case of asymptotic lines with higher multiplicity. If C' = {w = 2"},
we set 2=1 < 8 <1 and vy =nB — (n—1). We ask for the existence of a Ricci-flat metric with cone
angle 273 transverse to C', asymptotic to C, x C. The author believes that there is a general existence
theorem for the case of any smooth complex curve, provided that the angle is such that the appropriate
flat cone metric exists. The work on the linear theory in Section [4 and the a priori estimates of Section [j]
should carry over immediately to this more general case, the asymptotically conical regime is the crucial
property we use in those sections. The work one has to do to extend THEOREM [If to the case of any
smooth curve is in the construction of the reference metric. On the other hand, the metrics corresponding
to C = {w = 2"} should be invariant under the S* action €% (z,w) = (%2, e%w). One can then ask
for a more explicit construction, similar in spirit to the Gibbons-Hawking ansatz.

References

[1] Anderson, M. A survey of Einstein metrics in 4-manifolds, Handbook on Geometric Analysis, Vol.
I, 2010

[2] Atiyah, M; Le Brun C. Curvature, cones and characteristic numbers, Mathematical Proceedings of
the Cambridge Philosophical Society, 2013

[3] Bando S; Kasue A; Nakajima H. On a construction of coordinates at infinity on manifolds with fast
curvature decay and maximal volume growth, Inventiones mathematicae, 1989

o1



[4] Bartnik, R. The mass of an Asymptotically Flat Manifold, Communications on Pure and Applied
Mathematics, 1986

[5] Biquard, O. Sur les fibrés parabolique sur une surface complexe, J. Lond. Math. Soc; 1996
[6] Brendle, S. Ricci-flat Kdhler metrics with edge singularities, arXiv: 1103.5454v2, 2011

[7] Chen X; Donaldson S; Sun S. Kdhler-Einstein metrics on Fano manifolds. I: Approximation of metrics
with cone singularities, Journal of the American Mathematical Society, 2014

[8] Chen X; Donaldson S; Sun S. Kdhler-FEinstein metrics on Fano manifolds. II: Limits with cone angle
less than 2w, Journal of the American Mathematical Society, 2014

[9] Chen X; Donaldson S; Sun S. Kdhler-Finstein metrics on Fano manifolds. III: Limits as cone angle
approaches 21 and completion of the main proof, Journal of the American Mathematical Society,
2014

[10] Chen, X; Wang, Y. C?*“-estimate for Monge-Ampere equations with Hélder continuous right hand
side, arXiv: 1406.5852v1, 2014

[11] Chen, X; Wang, Y. On the long time behavior of the Conical Kdhler Ricci flows, arXiv: 1402.6689v1,
2014

[12] Conlon, R; Hein, H. Asimptotically conical Calabi- Yau Manifolds, I, Duke Math. J; 2013

[13] Conlon, R; Hein, H. Asymptotically conical Calabi-Yau metrics on quasi-projective varieties, Geom.
Funct. Anal; 2015

[14] Conlon, R; Hein, H. Asimptotically conical Calabi- Yau Manifolds, III, arXiv:1405.7140, 2014

[15] Donaldson, S. Kdhler metrics with cone singularities along a divisor, Essays in Mathematics and its
Applications, 2012

[16] Donaldson, S. Riemann Surfaces, OGTM, 2011

[17] Donaldson, S. Chern-Weil formulae for metrics with cone singularities, unpublished, 2012
[18] Griffiths P; Harris J. Principles of Algebraic Geometry, Pure and Applied Mathematics, 1976
[19]

19] Hodgson C. and Kerchoff S. Rigidity of hyperbolic cone manifolds and hyperbolic Dehn surgery, J.
Differ. Geom; 1998

[20] Jeffres, T; Mazzeo R; Rubinstein, Y. Kahler-Einstein metrics with edge singularities,
arXiv:1105.5216v3, 2014

[21] Joyce, D. Compact manifolds with special holonomy, Oxford Mathematical Monograph, 2000

[22] Kronheimer, P. The construction of ALE spaces as hyperkéihler quotients, Journal of Differential
Geometry, 1989.

[23] Kronheimer, P. A Torelli-type theorem for gravitational instantons , Journal of Differential Geom-
etry, 1989.

[24] Kronheimer, P; Mrowka, T. Gauge theory for embedded surfaces I, Topology, 1993
[25] Le Brun, C. Fano manifolds, contact structures, and quaternionic geometry, Internat. J. Math., 1995

[26] Li C. and Sun S. Conical Kdhler-Einstein Metrics Revisited, Communications in Mathematical
Physics, 2014

[27] Luo, F. and Tian, G. Liouville Equation and Spherical Convex Polytopes, Proceedings of the AMS,
1992

[28] Pacard, F. Connected sum  constructions in  geometry and mnonlinear  analysis,
http://www.math.polytechnique.fr/ pacard/Publications/Lecture-Part-I.pdf

52



[29] Picard E. De lintgration de l’quation Au = e” sur une surface de Riemann fermée Crelle’s J; 1905

[30] Song, J. and Wang X. The Greatest Ricci lower bound, conical Einstein metrics and the Chern
number inequality, arXiv:1207.4839v1, 2012

[31] Szekelyhidi, G. An Introduction to Extremal Kdahler Metrics, Graduate Studies in Mathematics,
Volume 152, 2014

[32] Thurston, W. Shapes of polyhedra and triangulations of the sphere, Geometry and Topology Mono-
graphs, 1998

[33] Troyanov, M. Prescribing curvature on compact surfaces with conical singularities, Transactions of
the American Mathematical Society, 1991

53



	Introduction
	Metrics with cone singularities
	Kähler-Einstein metrics with cone singularities
	Asymptotically conical Ricci-flat Kähler metrics
	Content of the thesis

	Flat metrics
	Spherical metrics with cone singularities on CP1 
	Spherical metrics with cone singularities on the 3-sphere
	Proof of Proposition 1 
	Explicit examples and quotients
	A different approach

	 Reference Metrics
	A diffeomorphism
	Construction of 
	Upper bound on Bisec(B)
	The Sobolev inequality

	Linear analysis
	Interior Schauder estimates
	Weighted Hölder spaces
	Main result
	Application

	A priori estimates for the Monge-Ampere equation
	C0 estimate
	C2 estimate
	C2,  estimate
	Weighted estimates
	Proof of THEOREM 1

	Conjectural picture
	Convergence theory
	Energy of the metrics
	Cubics in CP2
	The case of a general smooth curve in C2


