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Abstract. The semi-classical stability of several AdS NUT instantonsis studied.
Throughout, the notion of stability is that of stability at the one-loop level of Euclidean
Quantum Gravity. Instabilities manifest themselves as negative eigenmodes of a modified
Lichnerowicz Laplacian acting on the transverse tracelessperturbations. An instability is
found for one branch of the AdS-Taub-Bolt family of metrics and it is argued that the other
branch is stable. It is also argued that the AdS-Taub-NUT family of metrics are stable. A
component of the continuous spectrum of the modified Lichnerowicz operator on all three
families of metrics is found.

1. Introduction

Motivated by the AdS/CFT conjecture [1], there has recentlybeen much interest in the
two parameter AdS-Taub-NUT family‡ of Riemannian biaxial Bianchi-IX metrics satisfying
the Einstein equations with negative cosmological constant and non-trivial NUT charge
[2, 3, 4, 5, 6, 7].

Upon the imposition of a regularity condition such metrics divide into two one parameter
classes. The first class (AdS-Taub-Nut) have self-dual Weyltensor and contain a nut.
The second class of solutions (AdS-Taub-Bolt) contain a bolt, this class splits further into
two branches. This is analogous to the case of AdS-Schwarzschild solutions at a given
temperature, where the rôle of AdS is played by the AdS-Taub-Nut. The AdS-Schwarzshild
solution with a smaller mass (and smaller horizon) is unstable and it’s action is greater than
that of both AdS and the other AdS-Schwarzshild [8, 9]. We finda similar situation for AdS-
Taub-Bolt.

In [4], Hartnoll and Kumar conjectured, based on the Klebanov-Polyakov version of
the AdS4/CFT3 correspondence, that the global minimiser of the action forthe AdS-Taub-
NUT class of metrics should be stable. In [10], the stabilityof some of these spaces against
scalar perturbations and brane nucleation was discussed. By considering a one-loop correction
to the bulk gravitational partition function, we shall investigate the semi-classical linear
stability of such spacetimes, using techniques developed by Hu [11] and applied to the case

‡ Following [2], we refer to the full two parameter family as AdS-Taub-NUT, reserving AdS-Taub-Nut for the
regular solution containing a nut

http://arXiv.org/abs/hep-th/0602127v2
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of Euclidean Taub-Bolt by Young [12]. These techniques havealso been applied to the case
of Lorentzian Taub-NUT recently by Holzegel [13]. The criterion for instability is that the
modified Lichnerowicz operator

∆̃Lhab = −∇e∇ehab − 2Racbdh
cd (1)

acting on transverse, trace-free symmetric tensors shouldhave no negative eigenmodes. We
shall investigate the spectrum of this operator on metric perturbations of the AdS-Taub-
instantons which preserve theSU(2) symmetry. We find a negative mode for one of the
instantons indicating instability for all values of the cosmological constant. We also find part
of the positive spectrum of the modified Lichnerowicz operator for all instantons in the class
under consideration.

In Section 2, we give a brief overview of the AdS-Taub-Nut andAdS-Taub-Bolt spaces,
stating some results which we will later require. In Section3, we introduce the method used
to examine the stability of the spaces and we present an instability for one branch of the AdS-
Taub-Bolt spaces and argue that the other spaces are linearly stable. In section 4 we present
an alternative viewpoint, confirming the claims of section 3. In Section 5 we investigate the
continuous spectrum of the operator∆̃L.

2. NUTs and Bolts in AdS space

The metric for both AdS-Taub-Nut and AdS-Taub-Bolt in four dimensions can be put into the
form:

ds2 =
1

A(r)
dr2 + 4N2A(r)σ2

3 +B(r)(σ2
1 + σ2

2), (2)

whereσi are the left-invariantSU(2) one-forms. The functionsA(r) andB(r) are given by

A(r) =
r2 +N2 − 2mr + ℓ−2(r4 − 6N2r2 − 3N4)

r2 −N2
,

B(r) = r2 −N2, (3)

whereN is the NUT charge andm is the mass. This metric is Einstein, withRµν = − 3
ℓ2
gµν .

The fixed point set of theU(1) action is given by the solutions,r = r+ of A(r) = 0. If
B(r+) = 0, the fixed point set is of zero dimension and is known as a nut. If B(r+) 6= 0,
the fixed point set is two dimensional and is known as a bolt. Asr approachesr+, we will in
general have a conical singularity unlessA(r) satisfies the regularity condition

|A′(r+)| =
1

2N
. (4)

This amounts to a relation betweenm andN , which can be solved and we find that the number
of solutions depends on the value ofℓ

N
.

For all values ofN andℓ there is a solution, called the AdS-Taub-Nut solution where

rn = N, mn =
N(ℓ2 − 4N2)

ℓ2
. (5)
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Clearly we haveB(N) = 0, so we have a regular nut atr = rn. We can also find two bolt
solutions, which I shall call the AdS-Taub-Bolt± solutions. They are given by:

rb± =
ℓ2 ±

√
ℓ4 − 48N2ℓ2 + 144N4

12N
,

mb± =
r4
b± + (ℓ2 − 6N2)r2

b± +N2(ℓ2 − 3N2)

2ℓ2rb±

. (6)

Clearly these equations only make sense if the quantity under the square root in the first
equation is positive. This restrictsℓ/N to the range

ℓ

N
≥ 2

√
3(2 +

√
3) ≈ 6.69. (7)

Thus we find that requiring that the metric (2) be regular restricts the freedom quite
considerably. For any given value ofℓ

N
, there are either1 or 3 regular metrics in this family,

excluding the critical case whererb+ = rb−. It is possible to calculate the action for these
spaces, but we shall postpone this until section 4.

It is useful to consider the limitℓ→ ∞, as we expect to recover the Euclidean Taub-NUT
and Taub-Bolt solutions. For the AdS-Taub-Bolt+ case, this limit does not exist asrb+ → ∞
asℓ gets large. However, for the other two cases we can take this limit and we find for the nut
case:

mn → N, A(r) → r −N

r +N
, (8)

which gives the well known form of the metric for the self-dual Taub-NUT instanton. For the
AdS-Taub-Bolt− case, we find:

rb− → 2N, mb− → 5

4
N, A(r) → r2 − 5

2
Nr +N2

r2 −N2
, (9)

which gives the metric for Euclidean Taub-Bolt. This will provide a useful check on our
stability results as for vanishingΛ, Taub-NUT has a self-dual Riemann tensor, and hence is
linearly stable [14]. In [12] an unstable mode for the Taub-Bolt instanton was found.

3. Stability

3.1. A criterion for instability

Instabilities of a physical system may make themselves known as an imaginary part of the
partition function for the system [15, 16]. The partition function for Euclidean quantum
gravity is given by:

Z =

∫
d[g]e−S[g], (10)

where the integral is taken over all Riemannian metrics subject to appropriate boundary
behaviour and periodic in Euclidean time. The Euclidean action is given by:

S[g] = − 1

16πG

∫

M

dV
√
g (R − 2Λ) − 1

8πG

∫

∂M

dS
√
hK. (11)
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Unfortunately this is not positive definite. Under a conformal transformation of the metric,
g′ = Ω2g, where for simplicity we assumeΩ = 1 on a neigbourhood of∂M the scalar
curvature transforms like:

R′ = Ω−2R− 6Ω−3∇a∇aΩ. (12)

Thus we find

I[g′] = − 1

16πG

∫

M

dV
√
g

(
Ω2R + 6Ω,aΩ

,a
)
− 1

8πG

∫

∂M

dS
√
hK. (13)

So by takingΩ to vary quickly, we can makeI[g′] as negative as we choose. This problem can
be circumvented by an appropriate choice of contour, but only in the semi-classical (one-loop)
approximation [17]. For a semi-classical approximation, we expand the integral (10) about
the critical points ofS[g], where we expect the dominant contributions to the integral. These
satisfy

δS

δgab
= 0 → Rab = Λgab,

i.e., the classical Riemannian vacuum Einstein equations.Thus in order to find the semi-
classical approximation toZ, one expands in small perturbations about the classical solutions:

g̃ab = gab + hab,

S[g̃] = S0[g] + S2[h] +O(h3), (14)

whereS2[h] is second order in the small perturbationhab. We truncate the series forI[g̃] and
integrate overhab to get

Z ∼= Z1 loop = Ne−S0[g]

∫
d[h]e−S2[h], (15)

where the integral is to be taken over physically distinct perturbationshab. The actionS2[h] is
invariant under gauge transformations which correspond toinfinitesimal diffeomorphisms:

h′ab = hab + ∇aVb + ∇bVa.

In order to deal with this, we follow [18] and use the Fadeev-Popov gauge fixing technique.
The gauge fixing condition will be:

∇a

(
hab − 1

β
gabh

)
= W b, (16)

whereW is an arbitrary vector,β is an arbitrary constant andh = ha
a is the trace of the

perturbation. The standard Fadeev-Popov method allows us to re-write the functional integral
(15) as an integral over all fieldshab, but with an altered integrand:

Z1 loop = Ne−S0[g]

∫
d[h](det C)e−I2 eff.[h]. (17)

We now decompose the metric perturbation into a transverse,traceless partφab, a longitudinal
traceless part generated by the vectorñ and the traceh. Further, a Hodge-de Rham
decomposition can be performed onñ so that

ña = ηa + ∇aχ, with ∇aη
a = 0.
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We can then write the effective action as:

I2 eff. = − 1

16π

∫
dV L2, (18)

with

L2 = −1

4
φabGabcdφ

cd +
1

2
hFh− 2γDab(χ)Dab(Fχ) − γDabe(ηe)Dabf ((C2)

fdηd) (19)

whereγ is a constant related toβ by β = 4γ/(1 + γ) and we have defined operators

F =
1 − 3γ

16γ
∇e∇e − 1

4
Λ,

Dab = 2∇a∇b −
1

2
gab∇e∇e,

Dabe(V
e) =

1

2
(∇aVb + ∇bVa) ,

(C2)abV
b = − (∇e∇e + Λ)Va,

Gabcdφ
cd = −∇e∇eφab − 2Racbdφ

cd, (20)

whereV is a divergence free vector. It is possible to write the(det C) factor in (17) as a
functional integral over anti-commuting vectors. Applying a Hodge-de Rham decomposition
one finds

(det C) ∼ (det C2)(det F ).

Finally, evaluating the Gaussian integrals in (17) we find

Z1 loop ∼ (det G)−
1

2 (det C2)
1

2 . (21)

Any zero modes of the determinants in (21) should be projected out. The determinants can be
regularised by aζ-function regularisation [18].C2 is a positive semi-definite operator on the
space of divergence free vector fields, with zero modes corresponding to Killing vectors.G
however is not positive definite and can in fact have a negative eigenmode. Such a negative
eigenmode would introduce an imaginary part to the partition function and thus herald an
instability. For example the flat Schwarzschild solution has a negative eigenmode. It is to be
expected that the partition function be pathological in this case since the canonical ensemble
for black holes breaks down due to the fact that they have negative specific heat.

Thus in our search for instabilities we can restrict to perturbationshab which are
transverse and tracefree. Our criterion for instabilitiesis that there exist negative eigenvalue
solutions to the eigenvalue equation:

(∆Lh)ab − 2Λhab = −∇e∇ehab − 2Racbdh
cd = λhab, (22)

where we have re-expressedG in terms of the Lichnerowicz Laplacian∆L [19]. This equation
is consistent with the Transverse Traceless condition.

A negative eigenmode of (22) corresponds to a direction within the space of gauge fixed
metric perturbations along which the classical solutiongab is a local maximum. The criterion
that

∆̃L = ∆L − 2Λ ≥ 0



Semi-classical stability of AdS NUT instantons 6

for stability may be arrived at from a more geometric perspective (see for example Besse [20])
which avoids the Fadeev-Popov procedure used above. There are some cases in which it can
be shown that̃∆L is positive definite. These include the case whengab has self-dual Riemann
tensor (sometimes called the half-flat condition) [14] and also the case wheregab is Einstein-
Kähler [21]. In both these cases, the existence of a covariantly constant spinor is used to relate
the eigenmodes of̃∆L to those of scalar Laplacians acting on charged fields.

3.2. Hu’s Technique

Hu [11] proposed a method for separation of variables of tensor equations in a homogeneous
space where the metric can be written in the form

ds2 = dr2 + γijσ
iσj , (23)

where i, j = 1, 2, 3 and σi = σi are again the left invariant one-forms onSU(2). This
was generalised by Young [12] to the case whereg00 is permitted to depend onr. The
metric perturbation is expanded in terms of the Wigner functions, DKM

J(θ, φ, ψ) which
are the analogue onS3 of the spherical harmonicsYl,m(θ, φ). We concentrate on diagonal§
metric perturbations with the lowest “angular momentum”,J = M = K = 0. These are
the perturbations which preserveSU(2) symmetry. The resulting equations, along with the
transverse and traceless conditions for the general metricform (2) are given in the Appendix.

We first consider the11 and22 equations. Taking the difference of (A.1) and (A.2) we
find a second order differential equation forY = h11 − h22. We can put this into Schrödinger
form:

− d2χ

dr2
∗

+ V (r∗)χ = λχ, 0 ≤ r∗ <∞, (24)

via the substitutionsY = fχ anddr = gdr∗, for some suitablef andg. When we do this, we
find thatV (r(r∗)) is a positive function forr > r+, so that no normalizable solutions to (24)
exist withλ < 0. This means that in the search for a negative eigenmode of (22) we may set
h11 = h22.

We now consider the other diagonal mode. Settingh11 = h22, we can use the constraint
equations (A.5), (A.6) with the 00 equation (A.3) to decouple a second order differential
equation inh00 from the others. If we can solve this, we can findh11, h22 andh33 from
the constraint equations. Since (22) is consistent with thetransverse traceless condition, we
know that (A.5), (A.6) and (A.3) imply (A.1) and (A.4). This can be checked explicitly. The
equation we decouple may be written:

a(r)h′′00 + b(r)h′00 + c(r)h00 = 0, (25)

where differentiation with respect tor is denoted by a prime and the coefficients are given by:

a(r) = A,

b(r) = 3A′ +
AB′

B
+
B(A′2 − 2AA′′)

BA′ − AB′
− A

B

(
2AB′2 − BA′B′ − 2ABB′′

BA′ − AB′

)
,

§ The equations for off-diagonal perturbations can be put into Schrödinger form with strictly positive potential
(see (24)), for all three metrics considered here and so cannot give rise to negative eigenmodes.
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c(r) = λ+
A′2

2A
+
A′B′

B
− AB′2

B2
+ A′′ +

3

2A

(
BA′ + AB′

BA′ − AB′

)

+
BA′B′ + 2BAB′′ − 2AB′2

B2

(
2BA′ + AB′

BA′ − AB′

)
,

the rest of this section will consist of an analysis of this equation.

3.3. AdS-Taub-Nut

In the case whereA(r) andB(r) are given by (2) with (5) we can cast equation (25) into
Schrödinger form (24) whereV is once again found to be positive on the ranger > r+. Thus
for AdS-Taub-Nut we have checked all the possible TT perturbations withJ = K = M = 0

and found that none give negative eigenvalue solutions to (22), thus there is no linear
instability due to perturbations of this type. This is in agreement with the result that the
ℓ→ ∞ limit yields a (linearly) stable metric.

One would normally expect the eigenvalues of a Laplacian operator to be bounded below
by the most symmetric modes. In our case that would be theSU(2) invariant modes. In
the case of the scalar Laplacian acting on a space with metricgiven by (2) this can be seen
explicitly:

−∇2φ = −∇2
(
φK(r)DK(θ, φ, ψ)

)

=
(
−∇2φK(r)

)
DK(θ, φ, ψ) − 2

(
∂dφK(r)

)
(∂dDK(θ, φ, ψ))

− φK(r)∇2DK(θ, φ, ψ)

=
(
−∇2φK(r)

)
DK(θ, φ, ψ) + φK(r)

(
−∇2DK(θ, φ, ψ)

)
. (26)

It can be shown that(−∇2DK) is positive for this metric form. This separation into a radial
part and an angular part does not occur for the the Laplacian acting on symmetric tensors as
there are extra terms introduced by the connection. It has not been possible to show explicitly
that theSU(2) invariant perturbations give a lower bound for∆̃L, but one would still expect
this to be the case. Increasing the spin of the perturbation modes introduces a more rapidly
varying angular dependence, which one would expect to increase the eigenvalues of−∇2 and
hence of∆̃L.

We therefore conjecture that̃∆L is positive acting on all metric perturbations and thus
that AdS-Taub-Nut is stable. This may be related to the fact that the Weyl tensor is self dual
for the AdS-Taub-Nut space. In the Euclidean case, the full Riemann tensor is self-dual and
this is known to imply stability [14].

3.4. AdS-Taub-Bolt−

In the case of AdS-Taub-Bolt−, when one changes (25) into Schrödinger form, one encounters
a divergent potential. In order to proceed, we must use numerical integration techniques. If
we make the substitutionr = xN , we find that the equations depend onN only through the
ratio ℓ

N
. We can therefore scaleN out of the problem and setN = 1 without loss of generality.

We must now consider the singularity structure of the differential equation (25). In the region
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of interest to us,r ≥ rb−, we find that the equation has 3 regular singular points, atrb−, rint.

and infinity, whererb− < rint. < ∞. Other singular points outside of the range of interest
preclude the possibility of an analytic solution.

We consider first the regular singular point atr = rb−. Near to this point, the differential
equation has the asymptotic form:

h′′00 +
4

r − rb−
h′00 +

2

(r − rb−)2
h00 = 0. (27)

Substitutingh00 ∼ (r − rb−)α, we find the indicial equation

α2 + 3α + 2 = 0,

with solutionsα = −1 andα = −2. Thus there are two independent solutions of (25) that
behave like(r − rb−)−1 and(r − rb−)−2 asr → rb−. We impose a normalisation condition
on the perturbation modes given by

∫
dV habh

ab <∞. (28)

Using the constraint equations, we can show that theh00 contribution dominates the integrand
in a region just outside the bolt. Using the fact thatdV =

√
gdψdθdφdr, whereψ, θ andφ are

the usual Euler angles onSU(2) and the form of the metric (2) with the constraint equations
(A.5, A.6) we can show that this integral coverges atr = rb− if and only if h00 ∼ (r − rb−)β

whereβ > −3/2. Thus only one of the two independent solutions atr = rb− represents a
normalisable perturbation – we must pick the solution that behaves likeh00 ∼ (r − rb−)−1

nearr = rb−. This provides us with a stepping off condition for our numerical integration.
We can perform a Frobenius expansion of the solution about the regular singular point and
then use this to calculateh00 andh′00 at r = rb− + ǫ whereǫ is some small number, taken to
be10−5. This deals with the first regular singular point.

It can be shown, by a similar method to that used above thath00 andh′00 are bounded as
r → rint., so no special considerations are required for the numerical integration through this
point.

Finally we need to take account of the regular singular pointat infinity. In the limit that
r → ∞, the differential equation has the asymptotic form

h′′00 +
12

r
h′00 +

28 + ℓ2λ

r2
h00 = 0. (29)

Substitutingh00 ∼ rα we find the indicial equation:

α2 + 11α+ (28 + ℓ2λ) = 0,

with solutions

α± =
−11 ±

√
9 − 4ℓ2λ

2
. (30)

Using the constraint equations, we find that the integrand of(28) is dominated by the
contribution fromh33 ∼ r6h00. This translates to a requirement thath00 ∼ rβ with β < −11

2
in

order that (28) is satisfied. So we see that only one of the two independent solutions at infinity
will give a normalisable perturbation. We will need to matchthe normalisable solution at
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Figure 1. A plot showing the negative eigenvalue,λ, againstℓ for AdS-Taub-Bolt− Space

infinity to the normalisable solution atrb+ and this matching, if it is possible, will determine
the value ofλ.

In order to ascertain whether there exist negative solutions forλ, we perform a numerical
integration starting atrb−+ǫ, with initial conditions determined from the Frobenius expansion
aboutrb−. This determines the solution, up to a arbitrary multiplicative constant as we can
determineh00 and all its derivatives here. Having chosen the normalisable solution at the bolt,
we need to check that the solution is normalisable at infinity. The only parameter we still have
available isλ. As r → ∞ the solution must have the asymptotic form found above, but will
in general be a linear combination of the two independent asymptotic forms.

h00(r) ∼ k(λ)rα+ + l(λ)rα
−, (31)

whereα+ > −11/2 andα− < −11/2 are given in equation (30) andk(λ), l(λ) are constants,
which we assume to depend continuously onλ. The normalisation condition requires that
λ = λ0, wherek(λ0) = 0. Since we are only performing a numerical integration, it isnot
possible to find the form ofk(λ) explicitly, but we can find an interval within whichλ0 must
lie.

If we considerf(r) = r11/2h00(r), thenf(r) will generically tend to either positive or
negative infinity, depending on the sign ofk(λ). If we can find numbersλ1 andλ2 such that
k(λ1) has opposite sign tok(λ2), then we can deduce the existence of a root ofk(λ) in the
interval(λ1, λ2), by the Intermediate Value Theorem. This procedure was implemented using
the computer package Mathematica, and negative eigenvalues have been found for values of

ℓ on the entire range2
√

3(2 +
√

3) < ℓ < ∞. A plot of these negative eigenvalues is shown
in Figure 1, together with a best fit curve.

We find that asℓ → ∞, we have thatλ → −0.20 approximately. This is consistent
with the findings of Roberta Young [12], who found that Euclidean Taub-Bolt had a negative
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eigenmode in this sector withλ ≈ −0.20. We also find that asℓ approaches the critical value
where the AdS-Taub-Bolt− and AdS-Taub-Bolt+ spaces are the same, the negative eigenvalue
tends to zero from below.

3.5. AdS-Taub-Bolt+

The final case, where the bolt is located atr = rb+ is similar in many ways to the previous
case. We find the same singularity structure and asymptotic forms for the perturbation. We can
proceed in exactly the same way as above, but we find no negative eigenvalues. We therefore
conjecture that this spacetime is stable, as it appears to have no negative eigenmodes in the
lowest “angular momentum” state.

6.69213 7.30056
l

-4

-2

2

4

6

8
S

Figure 2. A plot showing the actionsS − SNUT againstℓ for N = 1

Bolt(-)

NUT

Bolt(+)

In Figure 2 we show a plot of the action of both AdS-Taub-Bolt spaces againstℓ, with
the action for AdS-Taub-Nut subtracted. This will be calculated in Section 4. The dotted line
represents the unstable AdS-Taub-Bolt− space, the horizontal axis the Taub-NUT space and
the other curve AdS-Taub-Bolt+. The thicker line denotes the global minimizer of the action.

We see here two interesting features. Firstly we note that atℓ = 2
√

3(2 +
√

3) we have a
bifurcation, with the two Bolt families appearing, with onestable and the other unstable. We
also note that atℓ = 2

√
7 + 2

√
10 there is a phase transition from AdS-Taub-Nut as the global

minimiser of the action to AdS-Taub-Bolt+ as the global minimiser. This is the NUT charged
version of the Hawking-Page transition for AdS Black Holes [8].
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4. Another Perspective on Stability

We will now present an alternative argument, which reproduces all the features of the plot in
Figure 2.

In constructing the nut charged AdS instantons considered above, the usual technique
(outlined in Section 2) is to consider a metric of the form (2)which satisfies the Einstein
equationsRµν = − 3

ℓ2
gµν . Then one imposes the condition of regularity to reduce the number

of solutions to those given above. Here we shall consider a family of metrics which are regular
everywhere, with a bolt (or possibly nut) located atrb, which is treated as a free parameter.
The AdS-Taub-Nut and Taub-Bolt(±)-AdS instantons correspond to particular choices ofrb.
We can then calculate the action for this family of spacetimes as a function ofrb and we
expect it will be locally extremized at the already known values ofrb which give solutions
of the Einstein equations. This corresponds to taking a slice parameterised byrb through the
space of metrics containing a bolt or a nut.

Our metric ansatz will be:

ds2 =
1

A(r)
dr2 + 4N2A(r)σ2

3 +B(r)(σ2
1 + σ2

2), (32)

with

A(r) =
(r − rb)(αr + β + ℓ−2(r3 + r2rb))

r2 −N2
,

B(r) = r2 −N2.

We then impose regularity atr = rb and require the mass to bem, by considering the
asymptotics. This gives us the metric functions:

A(r) =
(r − rb)

(
4N (r − rb) rb(r + rb)

2 − ℓ2 (4mN (rb − r) + (r + rb) (n2 − r2
b ))

)

4ℓ2N (r2 −N2) rb
,

B(r) = r2 −N2. (33)

We are now ready to calculate the action. The Euclidean action is given by:

S = Sbulk + Ssurf. = − 1

16πG

∫

M

dV
√
g

(
R +

6

ℓ2

)
− 1

8πG

∫

∂M

dS
√
hK, (34)

which is the standard Einstein-Hilbert action together with the Gibbons-Hawking-York
boundary term. It is well known that this integral does not converge and so some means
of regularising the action is required. The method used was that of counterterm subtraction
proposed by Emparan, Johnson and Myers [22]. This was also found independently by Mann
[23]. The calculation proceeds much as their calculation for the action of Taub-NUT. We find
that the action of the metric defined by (32) and (33) is:

S =
4N

ℓ2
(
r3
b − 3N2rb

)
+N2 + 4Nrb − r2

b . (35)

We note that this does not depend onm, which is also a free parameter of this family of
metrics. The variation of this reduced action alone will notdeterminem, for that we require
the full Einstein equations, which forcem to take the NUT or Bolt values at the critical points.
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Settingrb = xN ,definingµ = ℓ/N , and using the additive freedom to setS = 0 for AdS-
Taub-Nut we find

S

N2
=

4

µ2
(x3 − 3x+ 2) − 3 + 4x− x2.

2 4 6 8 10
x

-2

-1

1

2

3

4

5

S
�����������
N2

Figure 3. A plot showingS/N2 againstx for several values ofµ = ℓ/N

µ = 6 µ = µ1 µ = 7 µ = µ2

µ = 7.5

µ = ∞

So we see that asµ is varied, the graph ofS/N2 will change. A plot ofS/N2 against
x for various values ofµ is shown in Figure 3. Also included is a dotted curve showing the
locus of the extremal points of the function asµ varies. We see that the pointx = 1, which
corresponds to AdS-Taub-Nut is always a minimum since we must exclude the regionx < 1

from consideration as these metrics are not regular. For small µ this is the only minimum.
As we increaseµ, we find that a pair of extrema, one maximum and one minimum appear at
µ = µ1, where

µ1 = 2

√
3(2 +

√
3), (36)

which is precisely the value we would expect from the standard constructions for AdS-Taub-
Nut and AdS-Taub-Bolt. If we think of this functionS(x)/N2 as defining the dynamics of
some system by

ẍ = −S ′(x)/N2,

then this bifurcation is of the form known as a saddle-node bifurcation, since it produces two
new fixed points, one stable (a node) and one unstable (a saddle). Of course we have no
formal dynamics on the space of metrics, but we still expect alocal maximum to correspond
to an unstable metric as it corresponds to a direction contributing an imaginary part to the
partition function. Thus we shall refer to this bifurcationas a saddle-node bifurcation. We
also find that the maximum occurs at preciselyx = rb−/N and the minimum atx = rb+/N ,
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confirming our previous result that we expect the AdS-Taub-Bolt− instanton to be unstable
while the AdS-Taub-Bolt+ instanton is stable.

We also note a global bifurcation whenµ = µ2 where

µ2 = 2

√
7 + 2

√
10, (37)

when the global minimum moves fromx = 1 to x = rb+/N , which corresponds to AdS-
Taub-Bolt+. This again accords with what we expect from previous analysis and corresponds
to the Hawking-Page type phase transition.

These observations accord nicely with the general argumentgiven in section 6 of [24]
for the production of negative modes of the Lichnerowicz operator at bifurcation points in
parameter space, in particular, from figure 1 we find that the negative eigenmode tends to zero
as we approach the bifurcation.

Unfortunately this analysis cannot replace that of the previous section, since we have
not explicitly found a normalisable negative mode of (22) for a perturbation about the AdS-
Taub-Bolt− instanton. It is possible to find the linearised perturbation of the metric at this
point using our analysis, but this perturbation is not normalisable. It is however not in the
Transverse, Tracefree gauge and it is possible that in the appropriate gauge this perturbation
does give a normalisable mode.

5. The Continuous Spectrum of ∆̃L

We have been so far concerned with looking for eigenvalues of∆̃L on the AdS-Taub-Nut
and -Bolt instantons. In the case of an elliptic operator on anon-compact manifold, the
spectrum may also include a continuum of approximate eigenvalues. As an example, the time
independent Schrödinger operator for the Hydrogen atom isa Laplacian type operator acting
onR3/{0}. As is well known, this has a countable set of negative eigenvalues corresponding to
the bound states. The spectrum however includes a continuumof positive “eigenvalues” which
correspond to free particles moving in the Coulomb potential. These are not true eigenvalues
since they do not correspond to normalisable eigenfunctions (wavefunctions). The sense in
which they may be considered part of the spectrum is given below. We shall show that the
continuous spectrum of̃∆L acting on any of the three spaces considered above includes the
ray{λ ∈ R : λ > 9/4l2}.

5.1. A Little Functional Analysis

We can think of the space of gauge fixed, finite metric perturbations as a Hilbert space, defined
by:

H = {hab ∈ T ∗M⊗S T
∗M : ∇ahab = 0, ha

a = 0,

∫

M

habh
abdV <∞}, (38)

with L2 inner product given by

〈h, k〉 =

∫

M

habk
abdV. (39)
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∆̃L is then a linear operator fromH2 toH0, where byHi we mean

Hi = {hab ∈ H : ∂c1 . . . ∂ci
hab exist and are continuous}. (40)

Hi are dense subsets ofH with respect to the norm topology, where the norm is defined as
usual by:

‖h‖2 = 〈h, h〉 =

∫

M

habh
abdV. (41)

A linear operatorA : H → H is said to be bounded if∃ k such that

‖Ax‖ ≤ k ‖x‖ , ∀x ∈ H, (42)

an operator which is not bounded is unbounded. We define the spectrum ofA, σ(A) as
follows:

λ /∈ σ(A) ⇐⇒ the following properties hold:

(i) (A− λI)−1 exists,

(ii) (A− λI)−1 is bounded,

(iii) (A− λI)−1 is densely defined (i.e. defined on a dense subset ofH).

The set ofλ such that(A−λI)−1 does not exist is called the point spectrum ofA, Pσ(A). the
set ofλ such that(A− λI)−1) is unbounded is called the continuous spectrum ofA, Cσ(A).
We shall not discuss the third condition.

Lemma 5.1. Givenλ /∈ Pσ(A), if there exists a sequencexn ∈ H such that

‖(A− λI)xn‖
‖xn‖

→ 0, as n→ ∞,

thenλ ∈ Cσ(A).

Proof. Defineyn = (A− λI)xn, by assumption asn→ ∞
‖yn‖

‖(A− λI)−1yn‖
→ 0 ⇒ ‖(A− λI)−1yn‖

‖yn‖
→ ∞,

but this clearly cannot occur if(A− λI)−1 is bounded, since if this is the case,∃ k such that

‖(A− λI)−1yn‖
‖yn‖

≤ k.

Thus(A− λI)−1 must be unbounded, henceλ ∈ Cσ(λ).
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5.2. The∆̃L Operator

We now consider the continuous spectrum of∆̃L. We will restrict attention for the moment to
perturbations of the form considered in section 3. These aregenerated by theh00 component,
which has to satisfy equation (25). We first define the functionsρn(x) by:

ρn(x) =






1 if r < n

1 −K
∫ r

n
exp

[
− 1

(x−n)2
− 1

(x−n−1)2

]
dx if n ≤ r ≤ n + 1

0 if r > n+ 1

(43)

with K chosen so thatρn(n + 1) = 0. These functions are everywhere smooth on the real
line. Forλ > 9/4l2 we definef(r) to be the solution of (25) which gives a finite contribution
to 〈h, h〉 at r+. This generates a perturbation which satisfies

(∆̃L − λI)hab = 0.

However thishab is not an element ofH since asr → ∞ we have

f(r) ∼ pr−11/2 cos(α log r) + qr−11/2 sin(α log r), (44)

whereα = 1
2

√
4l2λ− 9 is a constant. We find that for larger, counting powers ofr gives:

habh
ab√g ∼ f 2r10 ∼ 1

r
, (45)

so that〈h, h〉 does not converge. We definefn(r) by

fn(r) = ρn(log r)f(r). (46)

Settingh00 = fn generates a perturbation which we callhn
ab via the constraint equations and

we claim that ∥∥∥(∆̃L − λI)hn
ab

∥∥∥
‖hn

ab‖
→ 0, as n→ ∞.

It is easily seen that‖hn
ab‖ → ∞ since the integral in‖hn

ab‖ is bounded below by the integral

for ‖hab‖ cut off at r = en. It suffices then to show that
∥∥∥(∆̃L − λI)hn

ab

∥∥∥ is bounded as

n→ ∞. Clearly(∆̃L − λI)hn
ab = 0 on{r+ ≤ r ≤ en} ∪ {en+1 ≤ r} so we need to estimate

∫ en+1

r=en

[(
∆̃L − λI

)
hn

]

ab

[(
∆̃L − λI

)
hn

]ab

dV =
∥∥∥(∆̃L − λI)hn

∥∥∥
2

, (47)

for largen. In this limit, we can use the largen asymptotic expansions to estimate the leading
order behaviour of this term. Substituting these in, we find that:

∥∥∥(∆̃L − λI)hn
∥∥∥

2

∼ K

∫ en+1

en

(Lf̃n)2r10dr, (48)

with

Lf̃n = r2f̃ ′′

n + 12rf̃ ′

n + (28 + l2λ)f̃n, (49)



Semi-classical stability of AdS NUT instantons 16

the leading order expansion of (25) and wheref̃n is defined by:

f̃n(r) = (pr−11/2 cos(α log r) + qr−11/2 sin(α log r))ρn(log r). (50)

Under a change of variablesx = log r the integral in (48) becomes:
∫ en+1

en

(Lf̃n)2r10dr =

∫ n+1

n

{ρ′′n(x)(p sinαx+ q cosαx) + 2αρ′n(x)(q sinαx− p cosαx)}2
dx

=

∫ 1

0

{ρ′′0(y)(p sinα(y + n) + q cosα(y + n))

+2αρ′0(y)(q sinα(y + n) − p cosα(y + n))}2
dy, (51)

sinceρn(x) = ρ0(x− n). Now for alln the integrand is bounded since

|ρ′0(x)| ≤ 6,

|ρ′′0(x)| ≤ 60,

thus there exist constantsC andñ such that∥∥∥(∆̃L − λI)hn
∥∥∥ ≤ C, ∀ n ≥ ñ. (52)

We can now apply lemma 5.1 to the operator∆̃L and we find that forλ > 9/4l2, (∆̃L−λI)−1

is unbounded, hence{λ > 9/4l2} ⊆ Cσ(∆̃L).
This result makes no use of the value ofm or the location of the zeroes ofA(r), so it holds

for all three of the instantons considered here. It is also possible to perform this analysis for
the otherSU(2) invariant modes of the perturbation and we find exactly the same condition
onλ in order that it be in the continuous spectrum.

6. Conclusions

We have studied the semi-classical stability of the AdS-Taub-Nut instantons and the two
branch family of AdS-Taub-Bolt instantons and we have founda negative mode of (22) for
the AdS-Taub-Bolt− instanton, implying that this instanton is unstable. For the AdS-Taub-
Nut and AdS-Taub-Bolt+ instanton we have argued that they are (linearly at least) stable. We
have also justified this by considering a family of regular metrics, not necessarily satisfying
Einstein’s equations, which contains these instantons as special cases. This gives an intuitive
sense of how the saddle-node bifurcation in theS − µ plane arises, as well as the Hawking-
Page type bifurcation which occurs. We have also found that for all three instantons the
continuous spectrum includes the ray{λ > 9/4l2}.
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Appendix

The following are a set of differential equations governingtheJ = M = K = 0 piece of the
tensor harmonic decomposition of the equation

−∇e∇ehab − 2Racbdh
cd = λhab,

for the metric

ds2 =
1

A(r)
dr2 + 4N2A(r)σ2

3 +B(r)(σ2
1 + σ2

2).

We suppress ther dependence ofA(r) andB(r) and use a prime to denote differentiation
with respect tor. These are taken from [12], with some typos corrected.

11 Component

a(r)h′′11 + b(r)h′11 + c(r)h00 + d(r)h11 + e(r)h22 + f(r)h33 = −λh11, (A.1)

with

a(r) = A,

b(r) = A′ −A
B′

B
,

c(r) = − 2A(A′B′) +
4A2B′2

B
− 4A2B′′,

d(r) =
2

B
− AB′′

B
− A′B′

B
+

1

2
A

(
B′

B

)2

− 4N2A

B2
− 1

2N2A
,

e(r) =
1

2N2A
− 4N2A

B2
− 1

2
A

(
B′

B

)2

,

f(r) = − A′B′

8N2A
+

1

B
.

22 Component

a(r)h′′22 + b(r)h′22 + c(r)h00 + d(r)h11 + e(r)h22 + f(r)h33 = −λh22, (A.2)

with

a(r) = a(r), d(r) = e(r),

b(r) = b(r), and e(r) = d(r),

c(r) = c(r), f(r) = f(r).

Where the overbar denotes the coefficients for (A.1).
00 Component

a(r)h′′00 + b(r)h′00 + c(r)h00 + d(r)X + f(r)h33 = −λh00, (A.3)

with

a(r) = A,

b(r) = 3A′ +
AB′

B
,
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c(r) =
A′2

2A
+
A′B′

B
− A

(
B′

B

)2

+ A′′,

d(r) = − A′B′

8AB2
+
B′2

4B3
− B′′

4B2
,

f(r) =
A′2

32N2A3
− A′′

16N2A2
,

andX = h11 + h22.
33 Component

a(r)h′′33 + b(r)h′33 + c(r)h00 + d(r)X + f(r)h33 = −λh33, (A.4)

with

a(r) = A,

b(r) = − A′ +
AB′

B
,

c(r) = 8N2AA′2 − 16N2A2A′′,

d(r) =
16N4A2

B3
− 2N2AA′B′

B2
,

f(r) = − A′′ +
A′2

2A
− A′B′

B
− 4N2A

B2
,

andX = h11 + h22.
Constraint Equations
The above system of equations is consistent with the transverse and tracefree conditions

onhab. This gives us the constraint equation

Ah00 +
1

4B
(h11 + h22) +

1

16N2A
h33 = 0, (A.5)

coming from the traceless conditionha
a = 0, and

Ah′00 +

(
3

2
A′ +

AB′

B

)
h00 −

B′

8B2
(h11 + h22) −

A′

32N2A2
h33 = 0, (A.6)

which comes from the transverse condition∇ah
ab = 0.
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