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Abstract

Parameter estimation of a sinusoidal signal in real-time is encountered in applications
in numerous areas of engineering. Parameters of interest are usually amplitude, frequency
and phase wherein frequency tracking is the fundamental task in sinusoidal estimation. This
thesis deals with the problem of identifying a signal that comprises n (n > 1) harmonics from
a measurement possibly affected by structured and unstructured disturbances. The structured
perturbations are modeled as a time-polynomial so as to represent, for example, bias and
drift phenomena typically present in applications, whereas the unstructured disturbances are
characterized as bounded perturbation. Several approaches upon different theoretical tools
are presented in this thesis, and classified into two main categories: asymptotic and non-
asymptotic methodologies, depending on the qualitative characteristics of the convergence
behavior over time.

The first part of the thesis is devoted to the asymptotic estimators, which typically con-
sist in a pre-filtering module for generating a number of auxiliary signals, independent of
the structured perturbations. These auxiliary signals can be used either directly or indi-
rectly to estimate—in an adaptive way—the frequency, the amplitude and the phase of the
sinusoidal signals. More specifically, the direct approach is based on a simple gradient
method, which ensures Input-to-State Stability of the estimation error with respect to the
bounded-unstructured disturbances. The indirect method exploits a specific adaptive observer
scheme equipped with a switching criterion allowing to properly address in a stable way
the poor excitation scenarios. It is shown that the adaptive observer method can be applied
for estimating multi-frequencies through an augmented but unified framework, which is a
crucial advantage with respect to direct approaches. The estimators’ stability properties are
also analyzed by Input-to-State-Stability (ISS) arguments.

In the second part we present a non-asymptotic estimation methodology characterized by
a distinctive feature that permits finite-time convergence of the estimates. Resorting to the
Volterra integral operators with suitably designed kernels, the measured signal is processed,
yielding a set of auxiliary signals, in which the influence of the unknown initial conditions
is annihilated. A sliding mode-based adaptation law, fed by the aforementioned auxiliary
signals, is proposed for deadbeat estimation of the frequency and amplitude, which are dealt
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with in a step-by-step manner. The worst case behavior of the proposed algorithm in the
presence of bounded perturbation is studied by ISS tools.
The practical characteristics of all estimation techniques are evaluated and compared

with other existing techniques by extensive simulations and experimental trials.
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Notation

3 there exists

v for all

€ is an element of

[\ define

! factorial

R real numbers

R non-negative real numbers
R>o strictly positive real numbers
R" real valued n-vectors

Rmxn real valued m X n-matrices

C complex numbers
Z the set of integers
Zsy non-negative integers
Zs strictly positive integers
0 empty set _
imaginary unit, —1
x| Euclidean norm of x
n
Ixlh  Linorm  [x

=1
Ixllo  sup norm over a time-varying vector, sup t=o|X(f)|

inf infimum or greatest lower bound
sup supremum or greatest upper bound
arg argument or solution of an optimization problem
P projection operator
/ the identity matrix
0 the null matrix
d

g u(t) i-th derivative of u(f)
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Chapter 1

INTRODUCTION

1.1 Background and Motivations

Consider the signal

U

S-'(t) = " aisin(@id) - bet' + d(d)

b0 :5; - (1.1)
- $10) = ¢,

where for a given positive and known integer ng, the term )’”;:1 byt“~! represents a time-

polynomial structured exogenous measurement perturbation ! , with by unknown for any
k € {1,..., ng}, and where d(f) characterizes an unstructured perturbation (referred to as
measurement noise in the thesis). The structured measurement disturbances have a practical
interest because they may incorporate bias and measurement drift up to any given order,
the presence of which are commonly acknowledged in several practical applications (see
[35]). For example, physical transducers and A/D converters are often affected by offsets that
correspondto ng= 1, while several sensing devices are influenced by temperature variations
that cause drift phenomena (i.e., Nng = 2). Note that in principle nq is the expected order of
the structured perturbations, chosen a-priori by the designer (see Figure 1.1 for examples
with ng =1 and ng = 2, respectively).

The problem of estimating the amplitudes a; € Rs, the frequencies w; € Ry and
the phases ¢i(f) € R, € Ry on the basis of the perturbed measurement (1.1) has drawn

!The given time-polynomial representation includes all the possible structured perturbation in a unified
way. A reasonable SNR within a bounded time interval is ensured by proper weighting factors bk. In the

following chapters, we will show that the influence of the structured uncertainty (though unbounded as t — o)
is removable.
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Fig. 1.1 Examples of structured perturbations: (a) ng = 1, by = 2 (i.e., Bias). (b) ng =
2, by =1, b, = 0.1 (i.e., Drift). (¢) A sinusoidal signal affected by the bias (a). (d) A signal
affected by the drift (b).

considerable attention in the past few decades (see, for instance, the recent contributions
[2, 8, 18,28, 106]). In Fig. 1.2, this task of detecting the characteristics of sinusoidal signals,
which is also referred to as an AFP problem in this thesis is illustrated. In the majority

unstructured
perturbation
n d(t ai estimated
N @ Sinusoidal " amplitudes
aisin(wit+ ¢ i) o estimation "
i=1 T »(1) algorithm wi estimated
—> o — :
e L ,) frequencies
signal g the objective Pi estimated
bktk_l phase
k=1
structured

perturbation (e.g. bias, drift)

Fig. 1.2 Basic scheme of the sinuosidal estimation.

of the AFP problems, real-time frequency estimation is the fundamental issue since the
amplitude and the phase can be identified afterwards. Contributions can be found with impact
on specific application domains like vibrations suppression (see for example [10] and the
references therein) and periodic disturbance rejection (see [9, 13, 68, 82, 109]) and power
quality assessment (see for example [91] and the references cited therein). Specific examples
ofapplication can be found in the system of micro-power grids, the control units need to track
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the frequency and phase variations of electrical signals with fast dynamics in order to ensure
effective synchronization of the distributed power generators [11, 25, 26]. Moreover, the
massive use of switched-mode power electronics circuits—that inject higher-order harmonics
in the system—requires the development of phase-frequency-tracking techniques that, besides
being fast compared to the time constants of the micro-generators, are robust with respect to
large harmonic distortion and measurement noise. Another example is continuous casting
which is a very important stage of the process of steel manufacturing. A typical setup of

the control architecture in continuous casting plants is depicted in Fig. 1.3 (see [40]). One

Ladle

Stopper-Servo-System
Hydraulic

Mold Level Drive
Reference  |Mold Level Servo
it ™ g Stopper
Controller Controller H

[3 rary

N— " . Tund. Level
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Fig. 1.3 Mould level control scheme in a steel continuous casting process (drawn from [40]).

of the most significant control problems in this setup concerns mould level control against
disturbances that may affect the quality of the final products. In particular, the disturbance
caused by the bulging phenomenon generates serious periodic level fluctuation, especially
at high casting speed (see [40] and the references cited therein). Substantial research has
been recently carried on in terms of advanced control schemes improving the rejection of
bulging disturbance. An important component of these control architectures is the estimator
of the bulging disturbance exploiting on-line measurement of the mold level fluctuations. In
this thesis, we concentrate on the design of AFP estimators that are robust against various
disturbances appear in the highlighted challenges, such as structured perturbations modeled
as time-polynomial functions, harmonics and unstructured noises.
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In the signal processing community there is a rich literature on the problem of frequencies
detection, among which the Prony method, Fourier transform (e.g. FFT and DFT), Chirp
Z transform, the contraction mapping method, adaptive least square methods and subspace
method represent frequently used tools. The principles behind the methods are conceptually
off-line in most cases or are devised for complex exponential sinusoidal signals, hence a
detailed discussion of these methodologies is beyond the scope of the present work and the
reader is referred to [39, 93, 102] and the references cited therein.

On the other hand, a wide variety of approaches for sinusoidal parameter estimation are
already available in the systems and control community. These exploit concepts and tools
such as phase-locked-loop (PLL), state-variable filtering, adaptive observers, adaptive notch
filters (ANF) or Kalman/extended Kalman filters (KF/EKF). A comprehensive review of
some techniques in these categories is carried out in next section.

1.2 Literature review

1.2.1 Kalman Filtering

The Kalman filter appears as one of the most attractive solutions, which has numerous
applications in entire areas of engineering. Ever since the KF and EKF were applied in the
field of frequency detection [101], a large amount of EKF-based frequency trackers have
been proposed in the literature (see, for example [6, 97, 99] and the references cited therein).
In principle, EKF is the nonlinear version of the KF, whereas its process essentially linearizes
the nonlinear dynamics around the previous state estimates without any stability guarantee.
As an example, a representation of the stochastic model for the parametric estimation of a

single sinusoidal signal may be written as

00 0 0 00

a(k+1) 100  ak
O 1 T 00 ¢k) O+wik) 12
WK+ 1) 00 1 w(k) (1.2)

Yk = a(k)sin ((k)) + wak)

where k denotes the discrete time step index with sampling period T, a(k), ¢(k), w(k) and
y(k) represents the amplitude, phase, angular frequency and the extracted sinusoid at the time
step index K. The random process w;(k) and w,(k) within the state and output equations
are usually white noise characterized by their covariance matrices. In view of (1.2), the
sinusoidal parameters can be retrieved iteratively by implementing the extended Kalman
filter in a straightforward way.
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Since the Kalman filter is extremely susceptible to model parameters, the relationship
between its behavior and the tunable parameters has been investigated in [6, 97] to gain
some heuristic guidelines. In the power system community, the KF or EKF still remain the
preferred choice in several applications [91]. For instance, the EKF algorithms proposed
in [50, 95] are shown to be effective in coping with the severely distorted signal in power
systems, although the EKF frequency estimators are characterized by local stability only (see
[98]). Recently, anew EKF-based frequency identifier that relies on a higher order state space
representation, embedding the dynamics of amplitudes is presented in [44]. Compared to the
standard EKF models, the integration of the amplitude’s dynamics significantly improves the
frequency tracking accuracy, especially in the case of a time-varying amplitudes. Last but
not least, structured uncertainties, such as bias or drift, have not been addressed so far in the
context of KF or EKF algorithms.

1.2.2 Phase-Locked-Loop

The Phase-Locked-Loop method and its many variants still represent the most used
approach in many application contexts of electrical and electronic engineering for its ease of
implementation in digital signal processing platforms and its robustness to environmental
and measurement noise (see [3, 41, 48, 103] and the references cited therein). However,
the conventional PLL exhibits the well-known double-frequency ripple phenomenon, which
causes undesired oscillations on the reconstructed signal. In this connection, several modified
PLL architectures are devised in the literature with the aim of improving the conventional
PLL, such as magnitude PLL (MPLL) [110], enhanced PLL (EPLL) [59] and quadrature-
PLL (QPLL) [57]. More specifically, the MPLL consists in providing the PLL of an outer
adaptation loop which is in charge of estimating the amplitude of the input signal, while the
QPLL is based on a mechanism that estimates quadrature amplitudes and frequency of the
input signal. The applicability and benefits of the QPLL in the power and communication
systems are surveyed in [53]. On the other hand, the enhanced PLL (EPLL) [59] along with
its variants [62, 116] represents another class of successful approaches with particular focus
on power and energy applications. A block diagram of the EPLL architecture is shown in
Fig. 1.4, highlighted by the dashed rectangle. The dynamics of the amplitude, frequency and
phase-angle estimates of the EPLL are given equations:

0.
S D = sin (o) e(d),
L Au(t) = cos (@t)) e(t), (1.3)

BB —wo + Aa + 15 cos (8(1)) (D),
Yoty =wt) — &b sin (A1),
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Fig. 1.4 Detailed scheme of the modified EPLL. Compared to the nominal EPLL scheme it
contains an additional integrator for estimation of the DC component (highlighted by the red
rectangles).

with the initial conditions a(0), ¢(0), A,(0) and where A, (t) represents the frequency
correction term generated by the algorithm with respect to the nominal frequency wg, such
that the estimated frequency is given by w(t) = A, (t)+wo. Substantial evaluations involving
simulations and experiments can be found in [54] and [60], which justify their effectiveness
in practical implementation. The stability properties of the EPLL dynamics have been studied
in [61] resorting to the periodic orbit analysis by which local stability is proved. It is worth
noting that in [115], mathematical analysis has been performed to evidence that the three
PLL approaches emerging from different areas (see [110], [59] and [70] respectively) are
intrinsically equivalent.

To address the structured disturbance shown in Fig. 1.2, the nominal EPLL has been
augmented in [58] by another outer loop to estimate and reject the bias term through an
additional integrator designed by (see Fig. 1.4):

bi(t) = woe(t), (1.4)

where e(t) = v(t) — a(£)sin($(£)) — by (t).

Finally, in multi-sinusoidal scenarios, a chain of PLLs are usually used. In [ 55], the de-
vised multi-EPLL methodology that links n EPLL units within one “external" loop succeeds
in extracting the harmonics and inter-harmonics from a multi-sinusoidal measurement. The
problem becomes more challenging in case of an input with two frequencies that are close to
each other. It has been shown in [88] that any two nearby frequencies can be discriminated
by a two PLL configuration that is equipped with a de-correlator module. An alternative
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solution is given in [43], where the estimates from two identifiers are separated by enforcing
a minimum frequency interval. However, such de-correlation methods are hardly applicable
for a number of harmonics larger than two. In spite of the popularity of the PLL techniques,
the stability results available for the PLL nonlinear AFP algorithms provide, in most cases,
only local stability guarantees, or, when averaging analysis is used, global results are valid
only for small adaptation gains [61, 82, 110].

1.2.3 Adaptive Notch Filtering

Another significant category of techniques is the one concerning algorithms based on the
adaptive notch filtering model that is characterized by constrained poles and zeros. In [92], a
very important ANF estimator is proposed in a lattice-based discrete-time form, while the
continuous time version is introduced in [9] for a typical application to sinusoidal disturbance
rejection with unknown frequency. As reported in [5], the standard ANF model is either
sensitive to the initial condition or subject to biased estimates depending on the positions of
the poles and zeros. To remove such restrictions, a modified ANF-based frequency estimator
that is capable to provide reliable estimates in the presence of colored noise, is presented in
[5]. Thereafter, on the basis of [92], the first globally convergent ANF estimator (i.e., scaled
normalized ANF) has been developed in [49], although the global property is guaranteed
only for sufficiently small adaptation gain. In [71, 72], an improved version of the scaled
normalized ANF that is also known as a second order generalized integrator (SOGI)-based
frequency-locked-loop (FLL) is discussed. The stability results obtained by averaging theory
only ensure local convergence. As can be seen in Fig. 1.5, the DC bias in the measurement
can be handled by an augmented integral loop in addition to the nominal FLL, the revised
ANF turn out to be a SOGI-based orthogonal signal generator (OSG-SOGI) [34, 58]), the
associated frequency adaptation law of which is given by:

hi(t) =ko &gt) e(t),

Vi(f) = -t v2(f) + k Ggt) e(d),

72(8) =W vi (D), (1.5)
W) =—ye(va(9),

e(t) =v(t) — vi(t) — bi(t).

The OSG-SOGTI structure is also studied in [28] and [31] for biased sinusoidal signals. In
particular, the frequency adaptation law is integrated into the OSG-SOGI in [31], thus leading

o g1

OO

to a new extension, namely a third order generalized integrator-based OSG (OSG-TOGI).
Moreover, the estimation problem for a multi-sinusoidal signal is addressed in [29] resorting
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Fig. 1.5 Detailed scheme of the enhanced ANF. Compared to the nominal ANF scheme it
contains the an additional integrator for estimation of the dc component (highlighted by red
rectangles).

to a bank of such FLL filters, which ensures unbiased frequency estimates in the presence of

a white noise.

It has been recently shown that the ANF is an effective alternative of PLL in many
applications. More specifically, in [74] the ANF approach reported in [71, 72] is numerically
evaluated and compared with the QPLL [53] in terms of some typical power system signals.
To address a three phase system, three identical ANFs reported in [74] are combined in [77],
the integrated architecture permits the use of all three-phase signals together, thus achieving
a unique and accurate estimation of the frequency. It has been evidenced that such a new
ANF based scheme significantly improves the performance of the conventional three-PLL
mechanism (see [56, 94] and the references cited therein). Following the preliminary work
(see [73, 75]), an improved work reported in [76] concerning a bank of ANF schemes
has been shown advantageous from a computational perspective in comparison with the
counterpart with respect to the PLL (see [55]). In order to avoid the interference, frequency
limiters that determine the range of individual frequencies are exploited based on the a priori
informations (i.e., precise bound of the frequencies) which, however, impose additional
restrictions thus limiting the generality. Moreover, in [64, 81], multiple ANFs are linked
in series rather than in parallel in order to prevent two or more estimators to converge to
the same frequency. It is worth noting that this cascaded architecture works only when
the amplitudes of the sinusoids can be sorted hierarchically, and it suffers from a so called

“beating phenomena”, due to the mutual interaction between the estimators.
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For the sake of digital implementation, the discrete-time versions of the continuous-
time FLL filters is introduced in [30] and [105], where the influences of sampling periods
and discretization policies are studied. Although the discretization from a continuous-time
algorithm is a fairly straightforward task, such an analysis is instrumental for the practical

implementation in embedded systems.

1.2.4 State-Variable Filtering

In recent years, significant research activities have been devoted to nonlinear AFP
algorithms involving the use of state-variable filtering (SVF) techniques. The SVF technique

can be illustrated as follows. Consider a linear oscillator generating a single sinusoidal signal:

aH=—-Qu), (1.6)
where }(f) /'. Asin(wt+¢o) and Q /'. w?. Auxiliary filtering techniques are used to
generate the filtered input’s derivatives for the construction of the frequency adaptation
mechanisms. In this respect, the squared angular frequency is adapted, and then the frequency

is estimated according to 1
&)= max{0, X)}. (1.7)

A simple third-order estimator is presented in [1] for pure sinusoidal signals, and later
it was modified in [2] by adding a leakage correction term to the adaptation law (i.e., the
so-called switching 0 modification technique) to prevent estimation drifts in case of perturbed
input. The main drawback of this approach is that the boundedness in a predetermined set
is not guaranteed (“soft projection” is used [51, Chapter 3]). In [90], a minimum-order
frequency estimator for biased sinusoidal signals is introduced; the method offers attenuation
of the high-frequency noise in steady state thanks to the use of switching strategies. However,
the switching algorithm has to be reset if the nominal frequency changes. Finally, in [8],
the same research group presented a fourth-order frequency estimator bringing significant
improvements in robustness compared to [90].

Another class of approaches based on SVF techniques concerns a specific pre-filtering
module composed of a set of identical-cascaded first-order low pass filters. A method
coping with a large class of structured perturbations parameterized in the family of time-
polynomial functions is proposed in [86]. In the spirit of previous work on estimation
of unbiased harmonic signals (see [89]), the robustness of the method against bounded
unstructured perturbations (noise or additive exogenous signals having bounded amplitude)
is characterized by Input-to-State-Stability analysis (also referred to ISS in this thesis). The
ISS-Lyapunov tool also allows to assess the influences of the tunable parameters on the
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transient performance of the frequency-estimator and on the practical convergence of the
estimates toward a neighborhood of the true values in presence of non-fading perturbations. In
[19, 23], a parallel pre-filtering system (extending the pre-filter used in [86, 89]) is designed.
This enhanced structure allows to simplify the adaptation law introduced in [ 21, 86], while
maintaining the stability properties.

1.2.5 AdaptiveObservers

Methods based onadaptive observers yielding the simultaneous estimation of states and
parameters constitute valid alternatives to the aforementioned techniques. The theoretical
properties ofthese observershavebeenextensively characterizedleadingto global or semi-
global stability results (see [7, 45] and the references therein). For example, the recent
paper [20] extends the results presented in [21] (where both structured and unstructured
uncertainties are addressed using suitable pre-filtering techniques) and deals with a “dual-
mode” estimation scheme, in which a switching algorithm (depending on the real-time
excitation level) is integrated into an adaptive observer-based sinusoidal estimator. In
addition, the robustness against bounded unstructured disturbance is proved resorting to ISS
arguments. The dynamic order of this estimator is equal to 6 + ng with ny the order of the
time-polynomial structured perturbations (see(1.1))thatareassumedtopossibly affectthe
input signal.

It is worth noting that the approaches based on adaptive observers can be extended to
address multi-sinusoidal signals by state augmentation. Specifically, the frequency estimation
problem is addressed by introducing a state space representation of the measured signal,
in which the unknown frequencies are incorporated by a suitable linear parameterization.
Typically, these algorithms do not provide direct estimates of the frequencies. Instead, the
parameter adaptation laws are applied to a set of coefficients of the characteristic polynomial
of the autonomous signal generator system:

n

P(s)= (S*+w)=8"+6, 18" 2+...+6,8+6, (1.8)
k=1

where Sis the Laplace variable and (6o, 0y, - - - , 8,—1) are the parameters undergoing adapta-
tion. The frequency estimates are determined as the zeros of the characteristic polynomial.
The first global adaptive observer-based estimator for estimating n frequencies is proposed
in [67] with dynamic order 5n — 1 (5n for the biased case), whereas the dimension of the
adaptive observer is reduced to 3n (3n+1 for the biased case) in [46, 47, 80, 111] at the price
ofa slight degradation of the convergence properties. Moreover, on the basis of the algorithm
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given in [15] dealing with a methodology with minimum order 3n — 1 (3n with bias), the
frequency estimation problems of single sinusoidal signals [l 6] and multi-frequency signals
[17, 18] with saturated amplitudes are addressed via hybrid systems tools (see [42]).

Alternative schemes in multi-frequency estimation are based on multiple ANFs and PLLs
in parallel. The major issue of such schemes based on banks of adaptive filters in parallel
is the interference between estimators. The adaptive observer approach circumvents this
restriction by estimating the frequencies in a single adaptive system framework, thereby
resulting in an indirect frequency adaptation. The drawback is the computational burden in
the presence of a large number of sinusoids, thus restricting the application in practice. In
this respect, a direct adaptation scheme is designed in [22] with semi-globally exponential
convergence guaranteed thanks to an adaptive observer framework with state-affine linear
parameterization (see [84]).

Theoretically, an arbitrarily large number of sinusoids can be handled by multi-sinusoidal
estimators with properly set order. However, it is commonly acknowledged that the perfor-
mance deteriorates as the number of sinusoids grows. In addition to the above limitation in
multi-sinusoidal estimation, the parameter estimation (e.g. frequencies) problem of a generic
periodic signal with a possibly infinite number of harmonics can not be recast in a traditional
adaptive observer or be solved by multiple PLLs and ANFs. In this respect, most research
efforts only focus on the detection of the fundamental frequency. The PLL and ANF tools,
that are originally conceived for parameter extraction of a single sinusoid, are shown also
to be effective in the presence of a generic periodic signal comprised of arbitrary (possibly
infinite) number of harmonics (see [71, 72, 110]). On the other hand, the internal model
principle proposed by Francis and Wonham [37, 38] also plays an important role in periodic
signal estimation. In [12], an adaptive internal model parametrized by the frequency of the
periodic input is embedded in a fictitious closed-loop system, giving rise to a novel estimation
algorithm. Moreover, the stochastic analysis performed in [113] verifies the robustness of
[12] with respect to additive white noise. Alternatively, [32] deals with an adaptive ‘quasi’
repetitive control (RC) scheme for asymptotic tracking of the fundamental frequency of a
periodic signal. The time-delay of the RC is steered on-line to the period of the input by a
FLL, thereby improving the accuracy by mitigating the effect of the harmonics other than
the fundamental. Nevertheless, the stability analysis of the aforementioned methods is local
and is based on singular perturbation or averaging theory. Recently, a globally convergent
fundamental frequency estimator is proposed [69] using an adaptive observer of order 10 (see
[67]). Moreover, it is shown in [ 24] that another adaptive observer framework presented in
[21] can be generalized, producing a valid alternative for global frequency estimation where
the minimum-dynamic order is reduced to 8.
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1.2.6 Estimators with Finite-Time Convergence

Despite the numerous sinusoidal estimators available in the literature, only a few of
them can drive the estimation error to 0 within a finite time, which is a desirable feature
in control applications. A deadbeat frequency estimation method is first proposed in [107]
based on the concept of algebraic derivatives, and this methodology is extended in [106]
by processing a measured signal corrupted by an unknown bias. Although the method in
[106] is capable to address the AFP problem with instantaneous convergence by taking
quotients, re-initialization may needed due to the presence of singularities at certain time
instants. This issue has been tackled in [65] and [66] by means of recursive least squares
algorithms, while preserving the deadbeat property. In [108], the algebraic identification
approach [107] is further extended to address the parameter estimation of two sinusoidal
signals from a perturbed measurement. Besides, a modulating function (MF)-based approach
is presented in [33], which allows non-asymptotic frequency detection by processing the
input with suitably truncated periodic functions. Moreover, it has been shown in a recently
proposed FLL framework [34] that the convergence speed and steady state accuracy are
enhanced by employing the MF method [33] for the adjustment of the resonant frequency.

As shown in the very recent papers [83, 87] (dealing with non-asymptotic continuous-
time systems identification), Volterra operators turn out to be an effective tool for finite-time
estimation. Resorting to such kernel based-linear integral operators, a novel finite-time
frequency identifier is presented in [85], implementing a variable-structure adaptation law
based on a sliding mode technique. Instantaneous convergence gets lost in this way, but
a major improvement in robustness to measurement noise is attained while keeping the
deadbeat property with tunable finite-time convergence rate. This is the first finite-time
convergent frequency estimator, the behavior of which is analyzed also in the presence of
unstructured (though bounded) measurement perturbations.

1.3 Aims and Contributions

1.3.1 Research Challenges in Sinusoidal Estimation

We now list the most significant challenges in sinusoidal estimation that this thesis will
address.

* Global stability. Global stability is an important property for sinusoidal estimators.
Although global or semi-global stability has been theoretically proved in methods
based on adaptive observers, this property is not available in some practical AFP tools,
e.g., PLL and ANF due to the use of averaging analysis.
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* Robustness and accuracy. The works concerning the AFP estimation in the presence
of bias is vast, yet there is a lack of a comprehensive investigation for the perturbations
other than the bias, e.g. drifts, harmonics and unstructured perturbations, which are

also often encountered in practice.

* Digital implementation. In most cases, AFP methods are devised in a continuous-time
setting which is useful in terms of a possible analog implementation in electronics
and power engineering application contexts. In this connection, one of the issues that
deserve further investigation from a practical perspective is the steady-state bias in the

frequency estimate caused by the discretization of the continuous-time algorithms.

* Persistency of excitation. The persistency of excitation (PE) assumption usually
plays a key role in AFP estimation. It is assumed in standard estimation tools to
guarantee that the estimated sinusoids are sufficiently informative in the presence of
additive disturbances. The loss of excitation is a phenomenon that has not been widely
addressed.

* Multi-sinusoidal signal estimation. Existing methods in the literature are either locally
convergent (refer to PLLs and ANFs in parallel) or less efficient due the indirect
estimation (refer to AO methods).

* Finite-time (instantaneous) estimation . Despite the large number of AFP techniques,
the currently available literature is still short of the deadbeat AFP estimators. This
type of estimators are needed in typical scenarios where the estimates are required
to converge in a neighborhood of the true values within a predetermined finite time,

independently from the unknown initial conditions.

1.3.2 Contribution of the Thesis

The main objective of this thesis consists in providing reliable tools to estimate the
amplitude, frequency and phase of sinusoidal signals in real time from a given perturbed
measurement (1.1) with known n. This includes AFP estimation of a single (i.e., n=11in
(1.1)) or multiple sinusoidal signal (i.e., ] <n < +o0), and even fundamental frequency
tracking ofa generic periodic signal thatis the sum ofanarbitrary (possibly infinite) number
of sinusoids (i.e., 1 — ©0). The thesis consists of two main parts. Part I regards estimators
with asymptotic convergence property, whereas Part 11 is devoted to the non-asymptotic
detection of a sinusoidal signal. The contribution of each chapter is briefly outlined in the
following.

In Chapter 2, a specific state variable filtering tool, which plays an important role in
the presented AFP approaches, is introduced (see for example [20, 86]). Thanks to the
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pre-filtering stage that is configured by cascaded 1-st order low-pass filters, structured per-
turbations with arbitrary order are addressed in a consistent way. Thereafter, we propose
a fundamental frequency estimator that is based on a suitable adaptive observer, which is
characterized by ISS properties in the presence of a class of disturbances, such as structured
perturbations modeled as time-polynomial functions, harmonics and unstructured distur-
bances [20, 24]. The estimator is equipped with a switching criterion enabling the adaptation
only when the excitation condition is fulfilled, thus preventing a possible drift of the estimates
in poor excitation conditions. Although the discretization gives rise to a biased equilibrium,
a post-correction scheme for the proposed methodology is proposed.

In Chapter 3, the basic AO method is extended to identify n unknown frequencies
embedded in a biased signal. In contrast with existing methods, the nonlinear AO allows
the frequency estimates to be updated directly while guaranteeing semi-global stability
property (proved resorting to ISS tools). Moreover, the proposed algorithm is able to tackle
the problem of overparametrization (when the internal model accounts for a number of
sinusoids that is greater than the actual spectral content) or temporarily fading sinusoidal
components by a specific switching criterion: the parameter adaptation scheme with respect
to n frequencies is controlled by an n-dimensional excitation-based switching logic, that

enables the update of a parameter only when the measured signal is sufficiently informative.

Chapter 4 deals with an enhanced pre-filtering configuration, in which the signals pro-

duced by the pre-filtering modules are employed directly for constructing estimation algo-
rithms. In contrast with the AO approach illustrated in Chapter 2, this simplified algorithm
relieves the computation burden whilst still enjoying ISS stability properties with respect to
bounded measurement perturbations.

Finally, in Chapter 5, a deadbeat parametric identifier for biased and perturbed sinusoidal
signals is presented (see [85]). Thanks to Volterra integral operators with suitably designed
kernels, a set of auxiliary signals (regardless of the unknown initial conditions) are produced
by processing the measured signal. These auxiliary signals are exploited for the amplitude
and frequency adaptation, yielding a sliding mode-based methodology that ensures finite-time
convergence of the estimation error. It is worth noting that another significant contribution
consists in the investigation for the worst case behavior of the algorithm in the presence of
bounded additive disturbances; this analysis is currently missing in the literature.

1.3.3 Publications

The research results illustrated in the thesis have been published or are currently under
review in several archival journals . These results have been also presented in several
international conferences. The list of these publications is reported in the following.
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* Papers in international journals

1. G. Pin, B. Chen, T. Parisini, and M. Bodson, “Robust Sinusoid Identification
with Structured and Unstructured Measurement Uncertainties,” IEEE Trans.
Automatic Control, vol. 59, no. 6, 2014, pp. 1588-1593.

2. B. Chen, G. Pin, W. M. Ng, C. K. Lee, S. Y. R. Hui, and T. Parisini, “4n
Adaptive Observer-based Switched Methodology for Identification of a Perturbed
Sinusoidal Signal: Theory and Experiments,” IEEE Trans. Signal Processing, vol.
62, no. 24,2014, pp. 6355-6365

3. B. Chen, G. Pin, W. M. Ng, S. Y. R. Hui, and T. Parisini, “4 Parallel Pre-
filtering Approach for the Identification of a Biased Sinusoid Signal: Theory and
Experiments,” International Journal of Adaptive Control and Signal Processing,
2015

* Papers included in proceedings of international conferences

1. B.Chen, G. Pin, and T. Parisini, “Adaptive observer-based sinusoid identification:
structured and bounded unstructured measurement disturbances,” in Proc. of the
European Control Conference, Zurich, 2013, pp. 2645-2650.

2. G.Pin, B. Chen and T. Parisini, “4 Nonlinear Adaptive Observer with Excitation-
based Switching,” in Proc. of the Conference on Decision and Control, Florence,
2013, pp. 4391-4398.

3. B. Chen, G. Pin, and T. Parisini, “An adaptive observer-based estimator for
multi-sinusoidal signals,” in Proc. of the American Control Conference, Portland,
OR, 2014, pp. 3450-3455.

4. B. Chen, G. Pin and T. Parisini, “Robust Parametric Estimation of Biased Sinu-
soidal Signals: a Parallel Pre-filtering Approach,” in Proc. of the Conference on
Decision and Control, Los Angeles, California, 2014.

5. B. Chen, G. Pin, and T. Parisini, “Frequency Estimation of Periodic Signals: an
Adaptive Observer approach,” in Proc. of the American Control Conference,
Chicago, IL, 2015.

6. G. Pin, B. Chen and T. Parisini, “The Modulation Integral Observer for Linear
Continuous-Time Systems,” in Proc. of the European Control Conference, Linz,
2015.
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7. G. Pin, B. Chen and T. Parisini, “Deadbeat Kernel-based Frequency Estimation
of a Biased Sinusoidal Signal,” in Proc. of the European Control Conference,
Linz, 2015.

8. G. Pin, Yang Wang, Boli Chen, and Thomas Parisini, “Semi-Global Direct
Estimation of Multiple Frequencies with an Adaptive Observer having Minimal
Parameterization,” in Proc. of the Conference on Decision and Control, Osaka,
Japan, 2015.

* Papers currently under review

1. B. Chen, G. Pin, W.M. Ng, S. Y.R. Hui, and T. Parisini, “An Adaptive Observer-
based Estimator for Multi-sinusoidal Signals,” IEEE Trans. Automatic Control.

2. G. Pin, B. Chen, and T. Parisini, “Robust Finite-Time Estimation of Biased
Sinusoidal Signals: A Volterra Operators Approach,” Automatica.

3. B. Chen, G. Pin, W. M. Ng, T. Parisini, and S. Y. R. Hui, “4 Fast-Convergent
Modulation integral Observer for Online Detection of the Fundamental and
Harmonics in Active Power Filters,” IEEE Trans. on Power Electronics.

1.4 Preliminaries

The purpose of this section is to provide the reader with the basic notations, definitions and
assumptions that are employed throughout the thesis, in order to set a consistent framework.
More specific definitions and assumptions that are not included in this section will be
introduced in the relevant parts of the thesis.

Let M € R™™ be a matrix. M" denotes the transpose of M while o(M) denotes the
set of singular values of M. Let 0(M) be the maximum singular value of M, whereas a(M)
be the minimum singular value of M, then ||M || denotes the induced 2-norm of M, that is
IMI| =o(M).

Let M € R"" be a symmetric matrix, such that MT = M. The notations M~!, det(M)
and tr(M) are used to respectively denote the inverse, determinant and trace of M. The set of
eigenvalues values of M is denoted by A(M). Similarly, A(M) is the maximum eigenvalues
value of M, whereas A(M) is the minimum eigenvalues value of M.

Definition 1.4.1 (Positive Definite Matrix) [96] A symmetric matrix M € R™" is positive
definite if and only if any one of the following conditions holds:

1. A(M)>0,i=1,2,- - - ,n.



1.4 Preliminaries 17

2. There exists a nonsingular matrix My such that M = M\M7.
3. Every principal minor of M is positive.

4. x"Mx = alx|? for some a >0 and Vx € R"

A symmetric matrix M € R"™" has n orthogonal eigenvectors and can be decomposed as
M=UTAU (1.9)

where U is a unitary (orthogonal) matrix (i.e., UT U = /) with the eigenvectors of M and A
is a diagonal matrix composed of the eigenvalues of M. Moreover, a matrix M is negative

definiteif —M s positive definite.

Theorem 1.4.1 [52] Let M € R™". The following statements are equivalent:
1. all the eigenvalues of M have negative real part;

2. for all matrices Q = QT > 0 there exists an unique solution P = P > 0 to the

following (Lyapunov) equation:

MTP+PM+Q=0

Definition 1.4.2 [63] A continuous function a(r) : R>g — Rx¢ belongs to the class K ifit
is continuous, strictly increasing and a(0) = 0. If, in addition lim,~e a(r) = o then it

belongs to the class K.

Definition 1.4.3 [63] A continuous function B : Rso X Rso — Ryxo belongs to the class KL
if, for any fixed t € Ry, the function B( -, t) is a K-function with respect to the first argument

and if, for any fixed r € R, the function B(r, t) is monotonically decreasing with respect to
t and limyse B(r, £) = 0.

Definition 1.4.4 (Piecewise Continuity) /63] 4 function f : [0, 00) — R is piecewise
continuous on [0, o) if  is continuous on any finite interval [ty, t;] C [0, 00) except for a
finite number of points.

Definition 1.4.5 (Lipschitz) /96] A function f : [X;X] — R is Lipschitz on [ X; X] if | f(x1) —
f(x)| < K|x1 — x2|, VX1, X2 € [X,X], where K = 0 is a constant referred to as the Lipschitz
constant.
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Consider the following dynamical system
X = f(x, u) (1.10)

withx € R",u € R™, f(0,0)=0and f(x, u) locally Lipschitzin R” X R™.

Definition 1.4.6 (ISS) /63] The system (1.10) is ISS (Input-to-State Stable) if there exist a
KL-function B( -, +) and a class K-function such that, for any input u € R™ and any initial
condition Xy € R", the trajectory of the system verifies

Ix(H)| < B(Ixol, )+ y(llull ) (1.11)

Definition 1.4.7 (ISS-Lyapunov Function) /63] A function V : R" — R »¢ of'class C! is
an ISS-Lyapunov function for (1.10) if there exist three Keo-functions a(+), a(+), a(-) and a
K-function X (- ) such that

a(lxl) = V) < a(lx), vxeR” (1.12)
and oV
IxIzX(lul)= 5 fix,u)<—a(|x]), VXER", VueR" (1.13)

Theorem 1.4.2 ([63]) The system (1.10) is ISS if and only if it admits an ISS-Lyapunov
function. D
Definition 1.4.8 [96] The set L, q € {1,2, - - + }, q < oo, consists of all the measurable
functions F : Rso — R that satisfy

r -

1f(®)]]9dt < oo

)

Moreover ((OOO ()| 9dt qlis the Ly norm of the function f € Lq. If q = oo, the set L ,

consists of all measurable functions F: R>o — Rwhich are bounded, namely
SUP ||f(b)] <
SUP (D) < oo

withnorm || f|lco = supyer., I F(@)l

Lemma 1.4.1 (Bellman-Gronwall’s Inequality-differential form) Let T =[t,, t,]. Sup-
poseg: T — Randh: T — R are continuous, and suppose u: T — Risin CY(T) and
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satisfies
u(t) < gu(t)+ h( forte T, and u(ty) = up.
Then

r;
u(t) < e oS + e {99 ps)ds (1.14)
to

Moreover, let us introduce following assumptions on the main problem formulated in (1.1):

Assumption 1 (Boundedness of the Disturbance) 7he unstructured measurement noise
d(t) defined in (1.1) is subject to an a-priori known bound d, that is

ld(®)] <d, t€ Rs. (1.15)

Assumption 2 (Boundness and Uniqueness ofthe Frequencies) Thefrequenciesofthesi-
nusoids in (1.1) are all unique strictly-positive time-invariant parameters, bounded by a

positive constant w, such that w; >0, W= wj for/ = Jand

wi<w, Vie{l, - ,n} (1.16)
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Chapter 2

ADAPTIVE OBSERVER APPROACH: THE
SINGLE SINUSOIDAL CASE

2.1 Introduction

In this chapter, the AFP estimation of a single sinusoidal signal from a measurement
affected by structured and unstructured disturbances is addressed. Let us recall the generic
sinusoidal measurement (1.1) and let n = 1, consequently forming the available signal as

follows:
Nng

v =+ b +dt), tERy, 2.1)

k=1

where j(t) represents the stationary sinusoidal signal described by

O %) = asin(g(D),
o) = w, t € Rx, (2.2)

~ $(0) = ¢,

with unknown amplitude, angular frequency and phase respectively denoted by a, w, and ¢,
wherein W < @ according to Assumption 2. Note that the choice of ng is not unique. For
instance, a bias is involved with all ngy > 1. Therefore, in case of a sensing devise affected by
uncertain perturbations, a proper choice of ny has to be carried out depending on the a-priori
knowledge about the possible structured uncertainties in the specific application. In addition,
d(f) is subject to the constraint (1.15) given in Assumption 1.

In the works [21, 86, 89], a set of cascaded first-order low-pass (LP) filters, called “pre-
filter” is exploited with the aim of both canceling the effect of structured “time-polynomial”
perturbations (such as bias and linear drift) and obtaining auxiliary signals for AFP detection.
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The said signals can be used either directly (see [89] and [86]) or indirectly (see [21]) to

estimate the unknown parameters of the measured sinusoid with high noise immunity.

This chapter deals with a class of sinusoidal estimators that employ the auxiliary pre-
filtered signal indirectly resorting to a specific adaptive observer system. The behavior of
the approach against various types of disturbances is characterized by a comprehensive
robustness analysis. In Sec. 2.3, we will start from a problem formulated by (2.1) based
on some preliminary results in [21], a “dual-mode” estimation scheme is dealt with by
incorporating a switching algorithm (depending on the real-time excitation level) into an
adaptive observer-based sinusoidal estimator. In comparison with the typical adaptive
estimators relying on an integral-type persistency of excitation condition (see, for instance,
[8, 67, 111]), the devised method allows to check the excitation level in real-time which
might be advantageous from a computational perspective. The stability properties of the
devised method are rigorously analyzed in terms of ISS arguments thus coping with bounded

measurement noise.

In Sec. 2.4, we study the behavior of the introduced AO estimator in the scenario where
the input is corrupted by a series of harmonics of the fundamental. Consider a bounded
piecewise continuous periodic signal y(f) of unknown frequency w, that can be expressed in

terms of its Fourier harmonic components as follows:

yt) = 2+ [ay5cos(nwt) + @ ,sin (nwh)]
B ™ 2.3)

[ +aj pcos(wi) +as psin(wi) + h(l)

_ ﬁza + aj,+a;,sin(wt+ @) +h(t), tERso

in which @y = arctan (&, »/a,,») and h(f) collects all the high order harmonics of y(f). We
assume that aj | + a3 , > 0. Our objective consists in estimating the fundamental frequency
of y(f) from a noisy measurement v(f) = y(f) + d(f), which can be subsumed into (1.1)
with the number of the frequencies tend to infinity: n — +00. Assuming that the amplitude
of the fundamental is /arger than that of the high-order harmonics, we will investigate the
convergence of the AO technique by considering the high-frequency content as a bounded
perturbation (i.e.,||hll < h, h € Rs() whose effect on the estimated frequency can be
bounded by adopting a deterministic worst-case viewpoint. Compared with [69], where the
availability of a pure periodic signal y(1) is assumed, the ISS analysis performed in this work
encompasses also the presence of a bounded measurement noise, i.c., d(f) other than the
harmonics. By explicitly expressing the ISS asymptotic gains of the estimator in terms of the
tuning parameters of the algorithm, it is possible to highlight the influence of each parameter
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on the accuracy of the estimates. The practical characteristics of the estimator are evaluated

and compared with other existing tools by extensive simulation trials in Sec. 2.6.

2.2 The Pre-Filtering Scheme

2.2.1 Nominal Pre-Filtering System

To deal with the structured perturbation term)’r;(":1 bit“™! appearing in (2.1), we extend

the state variable filtering tool proposed in [89] (see also the alternative GPI observer
approach [27]) to compute the unavailable time-derivatives of y(t) that are needed to remove
the effect of structured perturbations from the AFP estimates. To this end, we first address
the problem for the noise-free signal

ldl

y(t) =y(t) + but"!, teRs. (2.4)
k=1

A block diagram of the proposed pre-filter’s architecture [86] is shown in Fig. 2.1. In the

—_— T —> »— - - - gfilters = = = = - > >
s+ ac s+ e s+ ac

> x4(t)
—T—> (%)

() :
> I
|

—1 » ﬂ
aXa(t)

Fig. 2.1 Detailed scheme of the proposed pre-filtering system.

simplified setting given by (2.4), we adopt a n,-th order pre-filter, the dynamics of which
obey
X 1(1) = wc(Key(t) —xa (1))
X k(1) = wc(Kex-1(t) —xi(1)), Vk € {2,...,np},

where xx(0) = xko, k € {1,...,n,}; wcand K, are positive parameters to be selected by

2.5)

the designers. In qualitative terms, w. determines the cut-off frequency while K. € (0, 1]
acts as a damping coefficient. More details of parameter tuning and the benefit of using a
non-unity DC gain K. will be discussed in Sec. 2.6 (see Fig. 2.5). In the following, we will
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show that for all n, > ny, there exists a class of computable auxiliary signals derivatives that
are independent of the structured disturbance in steady state.

Defining x(f) /". [ xi(f) ... Xn,(f)]", a state-space %ealization of the filter evolving from
P

arbitrary initial conditions Xo /". [ X1y ... Xn,0]' €R s

x() = Ax(t) + B y(t)

(2.6)
Xn,(£) = Cx(¥)
where 0 0
-~ _wC 0 0 _
0 . 0 0 Ke®c 7D
Al Swe —w . B= : 2.7)
- 0 0 0 : O
o » ) 0
g - - 0
0 0 Kewe We
and I 1
C=0.---01 . (2.8)
In view of the proposed filter’s structure, it follows that
CA¥B=0, Vke{0,...,n, —2}.
o? dp
Then, the time-derivatives Xn,(f), z2Xn,(f), * =+, 5m Xn,(f) can be computed as follows:
ax X
_Xn (t):CA X(t), Vke{l,...,np_l},
e 2.9)
LA ! (Ax(t)+ By(t)
dt”Pan(t) =CA ’

Now, the Laplace transform of x,, VK €{1,2, - - -, np}is

LIx](S) = H(S)LLY](S) with Hy(s)= _ WKE
(s+ wc)k )

Neglecting the initial conditions of the internal filter’s states, the Laplace transform of the
auxiliary signal is:

S sin(@) + w cos(dg) " 1

L[xn,1(s) = Hn,(s)a _
2+ w? * Hng(9) btk = Dl
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and hence
d'Xn ssin(¢o) + w cos(do) " ik
L i (®=Ha(9)a 2t w2 $S+Hp(S)  byk—1)s -

k=1

which implies that for all ny < i < nj the time-polynomial perturbation vanishes asymp-
totically due to the time-derivative operations. Clearly, <x n,(f) tends asymptotically to a

: dt
sinusoidal regimed—‘t",' Xn,(t) given by
da
4% (D = aisin(@(1),
where _ -
ai=aw' |H, (Dw)|, ¢piy=¢()+ 2H, (Dw)+ _i . (2.10)
P P 2

It is worth noting that the order of the pre-filter n, (subject to n, > ngy) can be set arbitrarily,
whereas the use of higher-order filters is not encouraged mainly due to following reasons:

1) higher complexity; 2) decrease in convergence speed (the pre-filter is a cascade of scalar
low-pass filters); 3) excessive attenuation that may lead to numerical issues. In thisrespect,
the filter’s order is fixed at the minimum value in the rest of this section, thatis n, =1+ ny,
and then we introduce a pair of auxiliary derivatives for the sake of further discussion:

| 1: 4
zt= z@ z@ /. Y i+ T
1 2

e X1na (D gpieng Xi+na (D

J

inwhich z(f) tends asymptotically toasinusoidalregime Af)=[Z (t) z(f)] " givenby

and
Z(t)= mend(f) = az sin(¢;(1)),
2(H)=azwcos(¢,(1)),

with

a;=aw"|Hyp (Dw)|, ¢(6)=¢(t)+ 2H in (Dw)+ an ) (2.11)

d d
2
Inlview of (21.9), the auxiliary derivatives z(f) can be written in a compact form z(f) =
@ y(t) x(H)T ', with ® given by
|
0 CA"4
O =
CA" B CA!'""4
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As a final remark, it is immediate to see that the sinusoidal regimeAf) can be described

in terms of the following simple state equations:
z(t) = Az A1) + QG A1)

2= C.t) (212

by setting the initial conditions as

| ( \ (
A0)= azsin ¢o+ LHi+n (Dw)+ gnd azwcos o+ LHrn (Dw)+ g VT
Ny ;

I | 1
withQ=w?A,= ¢ 1.G,= ¢ ¢ ,andC,= 1 0
| -1 0

00

2.2.2 Stability of the Pre-Filtering System

Consider again the perturbed measurement signal v(f) given by (2.1), we denote by X(f)
the actual state vector of the pre-filter, driven by the noisy signal v(f) and evolving from an
arbitrary initial condition % as follows:

x(t) = Ax(t) + Bv(b),

Xi+ng(t) = CX(1) . (2.13)

Introducing the error vector with respect to X(f), which is driven by a choice of the filter’s
initial state % such that auxiliary signal derivative z(f) matches the stationary sinusoidal
behavior since the very beginning,

Xt) /' Xt — X1
and noticing that d(f) = v(f) — y(f), thedynamics of X(f) can be written as:

x(t) = Axt) + Bd(),

2.14
X0) =% —X%. 219

The following results can be proved:
Theorem 2.2.1 (ISS of the pre-filtering system) Given the sinusoidal signal (t) and the

perturbed measurement V(t) (2.1), the error dynamic of the pre-filtering system (2.13) is ISS
w.r.t. any additive disturbance signal d(f) € L., D
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Proof: Being A Hurwitz, there exists a positive matrix P that solves the the Lyapunov
equation PA+ATP=—/. Let W(%) /'. X' PX, then there exist two positive scalars
a;, &> € Ry such that

a|X? < X" Px< a|X?, VX

The derivative of W along the system’s state trajectory satisfies

ow )
ax (Ax+Bd) < —[x*+2 I[Pl |B]| |dl .

Forany 0 <€ <1, let
2P| |B
X(s)/'. 1_€ r-

with r € Ryo. Itis easy to show that

aw
%= X(dl) = g5 (AX+Bd) < — %7,

and that the system is ISS with asymptotic gain
Vx(n) = ai " a, X ().

In view of the ISS property of the linear auxiliary filter (2.36), for any arbitrary v € R
and for any finite-norm initial error X, the error vector Xf) enters in a closed ball of radius

Vx(ldlleo) + V < yx(d) + v in finite time Ty, ,.
Now, let %(t) be the vector of the computable perturbed counterpart of z(f):

AH=@[v() X", (2.15)
the boundedness of Af) is characterized by the following corollary:

Corollary 2.2.1 Given the sinusoidal signal (t) and the perturbed measurement v(t) (2.1),
if the pre-filtering system (2.6) is applied, then the available auxiliary signal vector 3(1‘)
derived by (2.15) is bounded. D

Proof Using (2.1) and (2.15), it is immediate to conclude that the vector Af) /'. Xt) — At
enters in finite-time T5, = Ty, (for the sake of simplifying the notation, we have dropped
the dependence of the reach-time T, on initial conditions) in a closed hyper-sphere of radius
yz(d) + & centsred at the origin, with

V2(S) = @(yx(n) + 1), Vr € Rso, 6 = @u (2.16)
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where ¢ > || ®]|.
From the equality i(t) = At) + A?), it turns out that the proven boundedness of both
ZAt) and Af) implies the boundedness of the At), thus ending the proof.

2.3 Estimation of a Single Sinusoidal Signal

Inview of(2.12), by introducing the estimated squared-frequency f{t) =@ft)?, the filter

output %(t) isusedastheinput forthe followingadaptive observerhavinginternal state A f):
0 . . . .
A =M = LGy H O + C-HDED + EeD
M. z z z ~ Z

H Q)= —pét)T(ab) — At))

, 2.17)

where U € Ry is an arbitrary positive constant and L is the observer gain such that
(A; — L,C;) is Hurwitz. Roughly speaking, increasing U corresponds to an acceleration
in the convergence rate of the estimation error, whereas the accuracy is degraded due to a
typical trade-off between asymptotic accuracy and convergence speed (see Fig. 2.4). Finally,
n__
W= max{0, CXt)}. (2.18)

Given CXt) and Xf) and assuming, for the moment, that

Qb >0, Vt, (2.19)

then, the filtered regime amplitude and phase (a_, ¢,) defined in (2.11) are estimated by
n__
at) = (QhHz(t? + 2()AXD), (2.20a)

¢.() = £ [2() + LuHz (D] . (2.20b)

Thanks to the availability of &, &y @, related to the auxiliary signal Z(f), from (2.11), with
the assumption (2.19), we obtain the following estimates of the original parameters:

an=_a® 1 , (2.21a)

o)™ |Hin (D06t)) In
&) = ¢(t) — 2H1n, (D 0gE)) — ndzf (2.21b)
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After some algebra, we finally get:

) 0 t 2 % 1+ng
qt) = %t()—?d % ) (2.22a)
(t m
&t = @.(t) + (1 +ng)arctan wf ) _ nd;- (2.22b)

Assumption (2.19) is needed for (2.20a) and (2.21a) to be well-posed at any time-instant ¢.
Let us remove the need for (2.19) by resorting to the following adaptive amplitude estimators.
To this end, from the equality (2.20a), we define the time-varying residual that depends on

the frequency estimate fxt) and on the instantaneous values of the filtered signals Z(f) and
2(0; :
R@:(D), 1) /. 3(haet) —  XDZAD? + 2 (D2,

the following adaptation law stemming from gradient algorithm [96] can be designed

~ oR(az t) _ —
az(t) = _IJa _a(%)R(a27 t) /

R \ (2.23)
= —paltt) wha(n - SO RO

where the estimates is clipped by: &(f) = max{0, a,(f)}, &(0) =a,(0)=0and y; € R>
is atuning gain set by the designer to steer R(& (1), f) to 0 asymptotically. Itis worth to point
outthat g plays asimilarrole as y doesin (2.17), hence the ways of tuning are likewise
referred to Fig. 2.4. Thanks to (2.23), the estimate of the filtered amplitude &(f) can be
computed through (2.23) without the need of assuming (2.19). Using &(f) provided by
(2.23), the following adaptive algorithm can be finally used to estimate the original amplitude:

a,(f)
[ Hiing (D0D))]

with a simple clipping: ) = max{0, a(f)} and Z0) = a(0) = 0. In Section 2.6, the
amplitude estimate given by (2.24) is evaluated by simulations.

a(t)= —paldt)™  a(hugh™ - ) (2.24)

2.3.1 ISS Property of the Adaptive Estimator

In order to address the stability of the adaptive observer, let us introduce some instrumen-

tal error variables: Af) /'. At) — At), Xt) /'. Xt) — Q, and {t) /'. At) — E(BCY). Then,
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we have:

Z(H=(A; — L,CHAt) +(L,C,+ {sz)%(t) +\§It)Gz%(t) + &(b) ‘), (2.25a)
Q) = —pE(D T EDQAY +pEdT At — L) (2.25b)

() = (A, — L,CHQb) + (L,C, + QG)AY). (2.25¢)

The followingassumptionisneededtoaddress the convergenceanalysis ofthe estimator.

Assumption 3 The solution E(t) of € () = (A, — L,C,)E(t) + G, At) is instantaneously
persistently exciting (IPE) in the sense that there exist a positive constant € such that

EHTEM) >€ VE=0. (2.26)

It is worth noting that, instead of the typical integral type of persistency of excitation
condition (see, for instance, [8]) that requires on-line buffering by a moving time window, the
exploitation of the above IPE condition in the switching algorithm presented in Section 2.3.2
greatly enhances the on-line implementation of the adaptive estimation technique, because
the IPE condition is easily computable at each time instant without any delay (the reader is
referred to Example 1 in Section 2.6 for an instance).

Now, the following basic stability result is given and proved.

Theorem 2.3.1 (ISS of the adaptive observer system) Suppose that Assumption 1, 3 hold.
Then, given the sinusoidal signal Yt) generated by (2.2) and the perturbed measurement
model (2.1), the adaptive observer as well as the frequency estimator given by (2.13),
(2.15) and (2.17) are ISS with respect to any additive measurement perturbation such that
ld(t)] < d.

D

Proof: Consider the candidate Lyapunov function V; = 46T Qt), where Qs a positive
definite matrix solving the linear Lyapunov’s equation:

QA; — L,C))+ (A, — L,C,)"Q=—1. (2.27)

In view of the dynamics of {(f) obeying (2.25¢), the time-derivative of the Lyapunov function
verifies the inequality

Vet < —1qoP+211Qll 1L G +6 11 101 140 2.28)
a( z Z zZ
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Hence, V;isanISS-Lyapunov function for {(t) w.r.t. the Af). Moreover, the dynamics of Zf)
isISS w.r.t. disturbance d(f), so that {(f) is, in turn, ISS w.r.t. d(f) such that | d(f)| < d. Now,
let V=" %{t‘)2 beacandidate Lyapunov function ofthe frequency-estimation subsystem.
Then, the derivative of Vverifies the inequality

%ﬁt) < —plED 21D 12+ pl €0 13D — LD 1520 (2.29)

Inview 0f(2.29), Assumption 3, and the boundedness of | §(f) | (itis immediate to show that
the dynamics of §(f) is ISS w.r.t. the bounded input X £)), we have that C¥f) is ISS w.r.t. {(f)
and A ), whichareallproventobeISS w.r.t. d(f) suchthat | d(f)| < d.
Finally, the identity At) = {(£) + £(£)CXt), and the boundedness of | £(f)| together imply
that also the state-estimation error Af) is ISS w.r.t. d(f) such that |d(f)| < d. .

Next, we are going to establish the relationship between the excitation condition and the

observer poles location.

Lemma 2.3.1 (Observer Poles and Excitation) Assume that in the noise-free mode of be-
haviour (that is, d(f) = 0), the poles of A; — L,C; are assigned to (p1, p.), where p1, p> =
e+ e, withe, € R«, € € R, such that

eZ 2
1 >6,, e € Ry, & €R. (2.30)

Then, the IPE condition (2.26) is verified for any t >0 by any sinusoidal signal.

Proof: In stationary conditions, by defining Bs =[0 — 117, the dynamic equation of (), in
absence of noise can be rewritten as

E(t)= (A, — L,C)E(t) + Bez(b),

with §(0) = 0. Then, in the Laplace domain we have (S) = Hex(S)Z(S), k € {1, 2},
where Hg«(S) = 1'(sl — A, +L,C;)™'Bs and Ix denotes the i-th unit vector.

Now, letting ps /. p1 +p2 and pp, /'. p1P2, by a simple algebra we obtain
_ S=Ps
1 Hgﬁ) = S~ Ps

J

H&l(S):_Sz_pss"'p m Sz_pss+pm

and i 3
—PsW P W —pmw+w

¢s 1 = arctan ,  @er=arctan _s

Pm —w? PsPm
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Owing to the structure of Hg; and He, the following inequality holds

2
SO = hz@ sin’(9:+ Pe)

k=1

where /7; k= |He k(O w)| and @¢ i represents the phase shift of He «(S) at the frequency of the
sinusoid.

Now, we show that @¢1(wY'= ¢er(w), Yw > 0 by contradiction. Let us assume that
there exists w > 0, such that ¢¢; = ¢¢>. The hypothesis is verified if and only if

b P Pmtw’
Pm— w? PsPm
which is equivalent to
w*+ (P> = 2pmw*+p> =0. (2.31)
S m

Il} Vievg of (2.30), lzjq. (2.31) does not admit positive roots in the variable w (since p%3— 2pm =

,+p, >0and p,, >0). Therefore, we can conclude that ¢¢ /= ¢¢,, Vw > 0. Finally, due
to the phase separation property, the following inequality is verified forall { > 0

ET(HE) = ’ hy @’ sin2(¢z + ¢§k) >0
k=1

and there always exist a constant € € R that fulfills (2.26), thus ending the proof.

2.3.2 Switching Mechanism Based on Excitation Level

Note that the excitation condition (2.26) might not be satisfied on certain time-instants,
especially when the magnitude of the sinusoidal signal (2.2) is small compared to magnitude
of disturbances and higher order harmonics. In order to avoid the estimate drift phenomena,
the adaptation parameter U is switched based on the following normalized excitation level

(D= (f(t)Tf(l‘) +P)

—1
EDTED),
where p is a given positive scalar. We introduce a pre-defined excitation threshold o so that

u=0 if X(f) <d (poor excitation).

The normalized IPE signal X({) is easily accessible for all f due the availability of §(f), Vit >
0, thereby permitting an switching adaptation law in correspondence with the excitation level
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in real-time. In Example 1 demonstrated in Section 2.6, we will show the behavior of the
estimator along with the time-varying switching signal determined by X({).
Clearly, it is important to show that the estimation error remains bounded even during the

poor excitation scenarios. This is carried out in the following

Lemma 2.3.2 (Boundedness in dis-excitation phase) Assume that 4 = 0, Vt > t > 0,
where t denotes the time-instant at which the adaptation is switched off. Then, the dynamics
of the adaptive observer-based sinusoidal estimator given by (2.17) is ISS w.r.t. d(t) such
that |d(t)| < d and w.rt. the value of the frequency estimation error before the adaptation is
switched off (that is, XXt )).

D

Proof: In the suppressed identification phase, 22( t)=€X(t)= 0, such that {Xf) = (Xt ) and
the error dynamics Af), {(f) evolve according to the following differential equations:

Z(t) = (A; — L,C)At) + (L,C, + QG)At) + YOG, AL,

C()=(A; — L,CHJt) + (L,C, + QG,)A¥L).
Note that the ISS properties of (f) and {(t) are preserved in this scenario. Due to the identity

At) = {t) + E(HCXT), we conclude that the dynamics of A ) admits a bound that depends
on the disturbance level d and on the initial parametric error Qan).

Remark 2.3.1 (Robustness during dynamic switching) It is worth noting that some stabil-
ity issues may affect the behavior of the estimator under alternate switches unless additional
constraints are introduced on the minimum duration time between consecutive switching
events. A detailed discussion of this subject is carried out in Chapter 3 concerning the
estimation of n frequencies (N > 1), in which we prove that a simple time-based switching
constraint derived from Lyapunov stability considerations guarantees the stability of the
adaptive observer (a minimum finite duration between transitions is ensured).

2.4 Estimation of Fundamental Frequency of a Generic Pe-

riodic Signal

2.4.1 Problem Formulation and Preliminaries

In this section, we show that the simple adaptive observer method (2.17)-(2.18) originally
conceived to estimate the frequency of a single sinusoid is valid for retrieving the fundamental
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frequency of a generic periodic signal (2.3). Thanks to the analysis performedin Sec. 2.2, a
2-nd order pre-filter is enough to annihilate the dc component ay/2 asymptotically, whereas
we adopt the nominal pre-filter of order 3 (i.e., N, = 3) herein in order to avoid a direct
feedthrough from the noisy measurement, thereby giving rise to a lower sensitivity to the
additive disturbance (see (2.9)).

For the sake of further analysis, let us define the bias-plus-fundamental signal
|

nw /' a2+ @i+ aj,sin(wt+ ¢o), (2.32)

in order to split the pre-filtered signal x(f) in two parts: x(f) /'. ng(t) + he(f), where
ne@® /'. [Nt ne(t) ne(t)]" is the state of a virtual pre-filter driven by n(t):

n:(t) = Ans(H) + Bn(t (2.33)

with arbitrary initial conditions ns, € R*. By analogy with (2.6), it is immediate to obtain

M 0
: _wc O O -~ : :

A— - Kto® | 1
o .o B=0 0 o0, ¢c= 001
chwc _wc 0 [ O

O chc - wc

Moreover, let g (f) = Cn#(f) be the output of the virtual pre-filter. Introducing the vector
of auxiliary derivatives
| 1+
zh= z@ z@® /. . T R2, (2.34)
9 et =
1 2 nes(f) LY

we have that z(f) tends asymptotically to the stationary sinusoidal regime, which are offset-
free due to differentiation. It is easy to show that the vector of stationary sinusoidal derivatives

At) = [Z(t) 2(f)]" can be assumed to be generated by the linear matginally stable exosys-

tem (2.12). Furthermore, letAt) /'. [Z(f) 2(f)]" = X3(f) d_225(3(t) be the vector of the
df

perturbed filtered derivatives, computable from the accessible state vector of the prefilter:

I
. . CA
At) = dXE), with = o (2.35)



2.4 Estimation of Fundamental Frequency of a Generic Periodic Signal 37

2.4.2 ISS Property of the Adaptation Scheme
Stability of the pre-filtering scheme

From the analysis performed in the case of single sinusoidal signal, it turns out that the
ISS property of the pre-filtering scheme holds inevitably due the boundedness of h(f) and
d(t). However, the following investigations are carried out to gain a less conservative error
dynamics’ bound, which is also instrumental for the tuning of parameters.

First, observe thatthere existan (unknown) initial state NA0)=Fp, of the unperturbed
virtual pre-filter (2.33) giving rise to an unknown state trajectory Fy(f) whose projection
on the subspace containing z(f) (see (2.34)) matches the stationary sinusoidal behavior

since t = 0. Introduce the error vector X(f) /'. X(t) — Fp(f), and owing to the fact that
h(t)+ d(t) = v(t) — n(t), the dynamic of X(f) is given by:

x(f) = AX(t) + B (h(t) + d(t))

2.36
X(0) = % = =0

We can split the error in two vectors as X(f) = X,(f) + Xy(f), where X,(f) and Xy(f) obey
the two concurrent dynamic equations:

Xn(t) = A%, () + B h(?), (2.37a)
Xa(t) = Axy(t) + B d(t). (2.37b)

Owing to the structure of the pre-filter, let us denote byH;(S) the transfer function from the
input to the j-th state variable:

H(s)= ‘“’_K* (2.38)
(We + sy

suchthat L[X,](S) = H;(S)L[h](S), and then by defining ¢, = arctan(nw/w), in steady
state we get

(o) K Vi
X, (1) = 0 [y cos(nWEtj@n) + @ psin(nwt+ jgn)], Vi=1,2,3
n=2 c +nw

(2.39)
which can be rewritten in a compact form:

X, () = Z(HTRT (2.40)
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where
>(f)=[cos2wt sin2wt cos3wt sin3wt - - - - - - 1,
s J
R =block diag[R, Ry - - -], :
J
WK cosfP, sinjp,
Ri= “w 22

ctnw —sinj¢, cos jPn

and
I=[aip apaizas - -] .

In view of (2.40) and letting 0(R’) be the maximum singular value of R/, we have:
2 J2 2 j2 2
1% (O] =< o(R) [ZOF] =a(R) [h@®)] .

In order to determine an upper bound to the largest singular value of the R/, we first compute

the maximum singular value among all the sub-blocks R/,.Vn=1,2, - - asfollows:
- . /4—'%\ we K / weK, J .
oR)= AR R = o < c — o(R). (2.41)
n n . n — 2 ———
cThw w,+4w

The overall high-order harmonic error vector | ¥,(f)| can be norm-bounded as shown in (2.42)
below:

I) 1
'3 ~,
Bl = i XD
| . !
< DRyl
0 l chc 2y 27
= U — OO
i— w: +4w
) Jj=1 Z ) \ O, (2.42)
- 2,,2 é
. WK, 1- W*,‘ff .
— i|h(t)|2 o 2 2 2
c T4w — wK,
weK;
S 2 p Z|h(t)|

wl
c T4w — wK,

in which w? +4w? — w?K? > 0 for any non-zero angular frequency w.
(o Cc c

As far as the dynamics of the filtered disturbance Xy() is concerned, it is immediate
to show that Xy(1) is ISS, thereby it will enter in a closed ball of radius yy,(||d||) +V <

Yx,(d) + v in finite time Tx,,, by analogy with the analysis given in Sec. 2.2.2. By linking
the available bounds on X;(f) and Xy(f), we can establish the following asymptotic bound of
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the actual filtering error:

Xt =< XD+ [Xg(D)]
WcAc

= h+yx (d)+v

w? 2 2.2 d

cHAw —w K,

= VX(th)

Thanks to (2.35), the vector Af) /'. At) — At) will enter in finite-time T5= Tx,vina
closed ball of radius y,(h, d)+ & centered at the origin, with

5=V, vin=@yxn, Vre Ry, (2.43)

where (; is suitable upper bound on || ®|| such that ||®|| < (; Such a bound can be expressed
in terms of the tuning parameters of the algorithm and will be used to analyze the effect of

the above parameters on the accuracy of the frequency estimate. In order to determine @, it is
worth noting that I

D)= ADTD) <  r(@TD),

The trace of ®T® follows that tr(®T®) = | CA|* +| CA2|” , wherein the square-power of
A can be calculated by applying the block-Jordan matrix multiplication rule. After some

algebra, we obtain:

CA’= [(KcOUc)2 2(Kewo)(—we) (— wc)z] .

Therefore, we get the following bound:

tr (@' ®) < 2w’ +6w*.
Cc c

and thus, finally:

10 <@/ we 2+6w3. (2.44)

Denoting by wck(wc) the right-hand side of (2.44), the comparison function y(r) in (4.30)
can be taken as

V(1) = Wek(We) Yx(r), Vr € R%, - (2.45)

In view of (2.45), the slope of the function y,( - ) can be made arbitrarily small by reducing
the parameter w, of the pre-filter, thus allowing to attenuate the effect of both the bounded
perturbation and high-order harmonics. Note that the extra attenuation of the uncertainty is
obtained at the price of decreasing the speed of convergence of the estimator.
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Stability of the adaptive observer system

Analogously, we have the error variables At) = Xf) — At), Q) = Q) — Q, {t) =
At) — E(H), obey the differential equations (2.25a)-(2.25¢). In order to prove the
convergence of the estimation error, let us recall Assumption 3. The IPE condition (2.26) is
verified in noise-free scenario with properly assigned poles, the reader is referred to Sec. 2.3.1
for a detailed discussion on this subject. In case (2.26) gets lost in a noisy environment, the
robust (conservative) excitation-based switching (see Sec. 2.3.2) can be employed likewise

to avoid the estimates diverge in weakly excited interval.

Theorem 2.4.1 (ISS of the adaptive observer system) If Assumption 3 holds, then given
the periodic signal y(t) generated by (2.3) and the perturbed measurement V(t) the adaptive
observer as well as the frequency estimator given by (2.17)-(2.18) are ISS w.r.t. the bound
of harmonics |h(t)] < h in the periodic signal and to any bounded additive measurement

perturbation |d(t)| < d. D

Proof: Consider a Lyapunov function V; = dBTQQt), where Q is a positive definite
matrix that solves the linear Lyapunov’s equation (2.27). In view of the {(f) dynamics
(2.25c¢), the derivative of the Lyapunov function verifies the inequality (2.28). Hence, V;isan
ISS-Lyapunov function for {(f) w.r.t. Af). For the sake of the further analysis, let us define

q/"NQ), g/ AQ)

and
ps /' (p1 +p2) < —AL.C, +QG;).

Then we rewrite (2.28) by completing squares:

TVetw<-1a0P - 1aoP2llQll L +aG || ol 140

h
EY4 4 4

W

3 5 (2.46)
<=4 Ve(t)+4qlps| |at)]
=—B; (V¢ () — v (A1)

where we have posed B; /'. 3/4q and y(s) /'. (4qTp|VB;s% Vs € R 5. By the Gronwall-
Bellman Lemma, the value of the Lyapunov function V; can be bounded as follows

Ve(t) < e PVe(0) + (1 — e Pye(aty). (2.47)
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Now let V= lglt)z be a candidate ISS-Lyapunov function for the frequency-estimation
subsystem. Then the derivative of Vverifies the inequality

—Q(t)< —HIEDIPIXDI> +pIEDAD — JD] 1<)

< —(u— eI IDI* ~ l}lf(t)l X 17+ plEd 112 — qpl 1)

~w-elgoP@o+ ey - 2or
- ek + %fzm + Ve,
€ q

(2.48)
where €; € R such that €7 < p. In view of (2.47) and Assumption 3, we get to:

WVodyty < —(u - eyelaani+ Faty + P ety o)+ (1 — e By i)
ETe) | e ge ¢

~

- 6q |psl -
- eelanp+ P oA+ Xt +6;
! £ _3%pl-

~

¢
Ho ogpps 10Ka San’+s

— (1 — el 2+
(b — €)el<xD)| € 3

(2.49)
in which &, denotes the exponentially decaying initial condition and kq /'.Q/q. Hence, Vi is
an ISS-Lyapunov function for CXf) with respect to the pre-filtered auxiliary derivative vector
ZAf), which, in turn, has been proven to be ISS with respect to the higher-order harmonics
|h(t)| and the uncertainty |d(f)|. We can conclude that the overall frequency estimator is ISS
with respect to h and d. Finally, Zf) is ISS evidenced by Af) = 4t + E(H)CXT) and the
boundedness of é(1). .

Although the analytical results are, in principle, similar to the counterparts in Sec. 2.3.1,
proofs are reported above to gain more insights in the influence of all the parameters.
According to the performed ISS analysis of the AO estimator discussed in this chapter, the
accuracy of the frequency estimation is adjustable by the tuning parameters: w,, K¢, U, more
details pertaining the tuning of we, K, U are provided in the next section by simulations.

2.5 Digital implementation of the proposed method

2.5.1 Discretization of the AFP algorithm

For the sake of analysis, the main algorithm is established in continuous-time domain,
which also permits flexibility in the discretization method and sample-time choice. Due to
the discrete nature of the switching dynamics, it is worth to address the discretization of
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the algorithm for digital implementation in order to gain more insight into this important
practical aspect. In the following, we provide a counterpart in the discretized version that
is obtained by Euler method with a fixed sampling time T as a simple instance. Thanks
to Assumption 2, an admissible set of sampling time that meets the Nyquist criterion is

determined, i.e., Ts € (0, T/w].

Given a measured signal v(f) sampled at fxy = kTs, k=1,2, - - -, without loss of gener-
ality, we denote by v(k) the sample collected at k-th sampling instant, then the discretized
on-line algorithm is given as follows with a choice of the tuning parameters K;, w,, U and
P, 0 (if the dynamic switching is adopted):

Defining x(K) /'. [ X1(K) ... Xn,—1(K)]", the pre-filter that evolves from arbitrary initial

ng—1

conditions Xo /'. [Xis ... Xnyl" €R is

Xk)y=Xk—- 1)+ Ts(Axk — 1)+ Bv(k))

(2.50)
de—l(k) = Cj((k)

where A, B and C are give in (2.7) and (2.8). Then, we immediately get:

|
CA"4x(k)

A= C aneaxci + Buik))

The frequency is iteratively adapted by the adaptive observer in the discrete-time domain:
(]
. Ak)=2ak—D+T ((Az — L,CH)xk — 1)+ LCAK) + G, A k)Sxk — 1)\
—§(k — DpEk — YT @k — 1) — k)
&) = E(k— D)+ Ts (A, — L,Co)é(k — 1)+ G, k)
(2.51)
The excitation signal is checked at each sampling instance by

( )1

(k)= ERTER o ER)TEK),

which determines a switching dynamic on the adaptation gain y

0 if X(k)<6

K)=
Hk) U, otherwise

Thereafter, the frequency is estimated by

Qk) = Qk — 1) — Tsp(KEK) T (Ak) — Zk))
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n__
Wk)= max{0, Cxk)}
withan initial frequency setto ¥0) =¢0)>. Finally, by using Af) and é¢k), the amplitude

and the phase are estimated straightforwardly by the discretized equations of (2.23), (2.24),
(2.20b) and (2.22b).

Estimation bias due to discretization

In the practical digital implementation of the proposed continuous-time AFP methodology,
a bias on the frequency estimate has to be expected due to the discretization [86]. In order
to evaluate this bias, let us assume that the filter equations (2.5) are discretized by a Euler

method with sampling-time Ts. We immediately get

(wCKcTs)l+nd
(z—1+wd gy’ (),

X1+nd(z) =

where Y (2) represents the discretized measurement. After discretization and some simple

algebra, the Z-transforms of the auxiliary derivatives z;, z, are given by

(z—1"
— 1+ny Y
Zl(z) (chc) Ts (Z 1+ wCTS)H”d (Z)
and (z — 1)t
Zz(Z) = (chc)Hnd Y(Z) .

(Z - 1 + wcTs)l+nd
Owing to the asymptotic sinusoidal steady-state behavior, the squared frequency after dis-

cretization is computed by
z—12x2)

Q iscr /'- - -
¢ Ts Z](Z)

—1) 2 . .
After some simple algebra, we get Qqiser = — (% and then, for a given measurement with
true frequency w, we have

~ Re[(@”)] 2 cos(wTe)(1 — cos(wTy))
discr — T32 - T82 .

Thus, the steady-state value of the frequency after discretization is

Waiser = 2 cos(wTs)(1 — cos(wTs))/Ts. (2.52)

The relationship (2.52) may turn out to be useful in practice to correct the effects of dis-
cretization after convergence of the estimator.
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2.6 Simulation and Experimental Results

2.6.1 Simulation Results

In this subsection, some numerical examples are given to illustrate the effectiveness of the
proposed AO-based methodology. The Forward-Euler discretization method with sampling
period Ts= 1msisused in all simulations.

Example 1: Consider abiased sinusoidal measurement affected by a high-order harmonic
and a bounded perturbation:

V(t) = 1 + a; () sin 3t + ax(f) sin 12t + d(?),

where a;(f) and a,(f) are step-wise changing amplitudes of the sinusoid and harmonic term
respectively: a;(f) =5, ax(f) = 0.5 for t € [0, 15), a,(f) = 0.5, ax(t) =2 for t € [15, 30),
a|(f) = 5, a,(f) = 0.5 for t = 30, while d(f) is a unstructured uncertainty with uniform
distribution in the interval [—0.5, 0.5]. With the tuning parameters set: we = 2, K; =
0.7, p1 = —4, p» = —6, the results for the algorithm without switching for 4 = 5 and
U = 2 are depicted in Fig.2.2 (red and green dotted lines respectively). For comparison, the
estimates obtained in the same situations with the switching rule characterized by p = 1
and & = 0.1, is plotted in the Fig. 2.2 as well (blue and black dotted lines respectively). In
the same figure, the switching time-instants are enhanced by vertical dotted lines, while the
availability of the excitation level in real-time is verified in Fig. 2.3.

Estimated frequency from a biased and noisy input signal
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c 5
S 24 : -~
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L 15 u=5 with switching
’ ———- u=2 without switching
1 ———-u=2 with switching
K ******* switching transitions
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Fig. 2.2 Estimated frequency obtained by using the proposed AFP method with and without
switching. The switching time-instants are shown by vertical dotted lines.
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Excitation level {(I)Tg(t) Normalized excitation level ¥(t)
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Fig. 2.3 Left: Instantaneous excitation level &(f)"€(t). Right: Normalized instantaneous
excitation level X({).

Frequency estimation error from a perturbed input
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Fig. 2.4 Time-behavior of log |w(t)| in the presence of the switching.

Asexpected, during the time-windows in which enough excitation is present, the proposed
AFP estimator is able to provide reliable estimates. On the other hand, during poorly-excited
scenarios, the estimated frequency is frozen at the value taken immediately before turning-off
the adaptation whereas, in case of no switching, the estimate shows a drift, as expected.
Moreover, the influence of the adaptive gainy is highlighted in Fig. 2.4, which shows that a
larger value of  improves the convergence rate at the expense of weaker noise attenuation
(typical trade-off between asymptotic accuracy and convergence speed). Finally, we observe
that the harmonic disturbance does not influence significantly the estimation performance
due to its relatively small amplitude. Larger amplitudes clearly would have generated an
attractive different equilibrium regime for the estimator.

Let us now address two important aspects, namely, guidelines for the tuning of the
parameters w, and K. and the effects on the estimates of the discretization.
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Tuning rules for w; and K,

Consider a signal v(f) = b;(f)+ 3 sin 5t+ d(f), where b(f) = 2 for t € [0, 10), by(f) = 1
for t > 10, while d(f) is subject to uniform distribution in the interval [—2.5, 2.5]. First, we
apply the nominal estimator with a constant ¢/ = 5 (no adaptation), and after we tune w, and
K with the constraint of keeping constant products wcK; = 4 and w:K; = 6, respectively.
The results that have been obtained are shown in Fig. 2.5. For the sake of comparison, the
results obtained with the same election of parameters but without d(f) are plotted as well.

Estimated frequency from a noise free input signal
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Fig. 2.5 Frequency tracking behavior based on the three sets of w, and K for a biased
sinusoidal signal (top row:w:K; =4, bottom row: WK, = 6).

As can be noticed from the plots given in Fig. 2.5, the robustness against d(f) depends on
the product of w, and K;: smaller values of this product give rise to better suppression of the
disturbance but worse convergence speed and vice versa. Moreover, for a given value of the
product of w, and K, a reduction of K typically yields better transient performance.

Example 2: In this example, a biased signal with two frequency steps is employed to
compare the proposed AFP technique with two techniques available from the recent literature:
the AFP method presented in [28] and the PLL-based technique in [58]. Let us assume that
the signal that is perturbed by the same signal d(f) as the one considered in the previous
example:

v(t) = by () + 3 sin(w(H)f) + d(1),
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with .
T4, 0<t<10 ( <2
wl= 6, 10=<t<35 , b= L 0=
H 235 <t<50 320 < <50

All the methods are initialized with the same initial condition &0) = 1. Method [58]
is tuned with: yo = 1, uy = 1, g, = 3, y3 = 0.8, while method [28] is tuned with:
Ks=1,A=1, ws =4, Qy=(1/A)l. The adaptive parameters of the proposed method are
chosenas: w, =15, K. =0.7, y=4, p; = —4, p, = —6. The simulation results are shown
in Fig.2.6.

Estimated Frequencies from a biased and noisy input signal
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Fig. 2.6 Estimated frequencies from a biased and noisy input signal.

As can be noticed, all methods are capable to track the step-wise changing frequency with
the similar response time to the first frequency value, however the PLL method [58] suffers
from relatively larger overshoots for new values of the frequency and requires quite a long
response time to deal with the considerable frequency drop. The AFP method [28] shows
the best robustness against the disturbance at the cost of slowly tracking the intermediate
frequency. Meanwhile, [28] is more sensitive to a bias variation. The proposed method shows
the best transient performance and satisfactory capability of noise attenuation. In addition, it
is worth noting that the PLL method is likely to be more sensitive to the adjustments of the
tuning parameters than the other two methods.

For the sake of completeness, the behaviour of the amplitude adaptation scheme (2.23) is
compared in Fig.2.7 with the outcome of the direct equation (2.20a). The adaptive mechanism,
besides resolving the division by 0 issue of (2.20a), significantly improves the estimate in
correspondence of the jumps in the frequency estimates.
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Estimated Amplitudes from a biased and noisy input signal
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Fig. 2.7 Comparison of the behaviors in terms of amplitude estimation with adaptive mecha-
nism (blue line) and unadapted algorithm(red line).

Example 3: Let us consider a measured signal corrupted by a drift term:

Wb = 5sin(3t+ m/4)+ 1 +0.5t+ d(b),

where d(f) has the same characteristics as in the previous example. The tuning coefficients
are set: w¢ = 2.5, K; = 0.6 and p = 10, while the observer poles and initial condition are

the same as givenin previous example.

The results of the simulation are shown in Fig. 2.8, where we observe successful detection
of the sinusoidal signal in the presence of bounded noise and an unknown drift term.

Sinusoidal signal reconstruction

20 |
» Undrifted input signal
8 15 Actual drifted and noisy input signal
()]
N —— Estimated sinusoidal signal
O
Q
=
®
£
=
7]
()
©
c
@®
—
>
Q
£
-10 | | I
0 5 10 15 20
Time [s]

Fig. 2.8 Estimated sinusoidal signal by the proposed AFP method.
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Example 4: In this example, the method presented in [69] is compared with the algorithm
described in Sec. 2.4 by resorting to the same example reported in [ 69], with the exception
of adding an unstructured perturbation term to the measurement. The periodic signal to be
estimated is represented by a biased square waveform (see Fig.2.9) with unitary amplitude
and frequency w = 3 rad/s:

() = sign(sin (3f) — 0.5)+ 1+ d(b),
where d(f)isabounded disturbance with uniform distributionin the interval [ —0.25,0.25].

The order of the prefilter for the method described in [69] is | = 1, yielding a total state

25 Measured square wave
- T T T

Magnitude
1

0.5 -

-05 L L |
0 5 10 15 20 25 30

Time [s]

Fig. 2.9 Measured square waveform.

dimension of 10 for the overall dynamics ofthe adaptive observer. The adaptive coefficients
of the estimator [69] take the same values reported in the Example section of [69]: y =
10000, d, =4, d3 =5, ds =2, AAi=A=ky = 1.

The AO method presented in this chapter is tuned accordingly to w; = 1.2, K, = 0.5, u=
15000, while the poles are placed at (—2, —1) to ensure that both approaches have similar
response time with identical initial condition fIO) =(0.1. Note that the overall dimension of
the proposed periodic signal estimator is 8.

According to the results illustrated in Fig.2.10, both the estimators succeeded in detecting
the fundamental frequency in the presence of bounded disturbance. Indeed, the proposed
estimator shows slightly better transient using a estimator characterized by a lower dynamic
order.
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Estimated Frequency from a noisy square wave
4 T T T T T T T

Method [26]
Proposed method

Frequency [rad/s]

‘ | 1 1 1 1 1 1 1 1
5 10 15 20 25 30 35 40 45 50
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Fig. 2.10 Estimated frequency from a noisy square wave.

2.6.2 Experimental Results

Now, a practical implementation depicted in Fig.2.11 is conducted in order to evaluate

the response time and accuracy of the proposed approach. Fig.2.11 also shows a picture

Wind Turbine | Electric Load
Generator .

e

Rotor |

J -
| | '. .
| | \
; - . n Y .
| y ind Turbine i
| l f |
s s dSPACE i |

a_o
A - dSpace Real
Time Processor

Fig. 2.11 Experimental setup and a picture of the experimental setup based on Lab-Volt Wind
power training system.

of the actual setup based on the Lab-Volt wind power training system, wherein the prime
mover drives the wind turbine generator with a transmission belt, thereby producing an ac
voltage across the generator windings. It is worth noting that the rotational speed of the
prime mover to maintain the generator output AC frequency of S0Hz is 665 rpm. During the
experiment, the speed of the prime mover is programmed to emulate the intermittent nature
of wind power. As a result, the generator output voltage and frequency are not constant.
Moreover, the resistive load is applied as the electrical load. The instantaneous line voltage
across the generator windings is measured by an analog-to-digital-converter (ADC) with
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a sampling frequency of 60kHz, while a digital-to-analog-converter (DAC) is utilized to
generate the estimated frequency. Such estimates are iteratively produced by the proposed
estimator, which is integrated in a digital real time processor. Finally, the measured prime
mover rotational speed and the estimated frequency are captured by an oscilloscope and
recorded by a high precision digital-multimeter (DMM) with 5 digits resolution.

+—>55Hz

50H s & M
Estimated frequency
8Hz —
‘4‘
| ———— % 731rpm 665rpm —>—
Tachometer ‘-“"\_\ s o =
~ -

106rpm —

Line voltage

Fig. 2.12 Experimental results. Chl. (bule) Estimated frequency obtained by using the
proposed AFP method (20Hz/Div), Ch2. (pink) Output voltage from the analog tachometer
(500rpm/Div), Ch3. (yellow) line voltage across the wind turbine generator (50V/Div). Time
base: 5s/Div.

The dynamic behaviour of the proposed AFP algorithm is shown in Fig.2.12, where
we observe that the estimated frequency tracks the fluctuating rotational speed of the wind
turbine from 8Hz to 55Hz closely with almost identical profile. Fig. 2.13 shows the values of
the identified frequency and prime mover rotational speed. The subtle differences between the
frequency estimates and reading from tachometer (less than 0.25mV) are due to the instrument
tolerance and noise generated by the prime mover drive. Therefore, these results show that
the accuracy of the proposed algorithm is limited by the resolution of the measurement
equipment. It is important to note that the proposed AFP algorithm achieves high precision
frequency estimation with an accuracy of 0.05Hz resolution in this setup.

2.7 Concluding Remarks

In this chapter, a novel dual-mode adaptive observer-based technique for estimation of
the amplitude, frequency and phase of sinusoidal signals from perturbed measurements has
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Plot of the Estimated Frequency and Measured
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Fig. 2.13 Comparison of the estimated frequency obtained by using the proposed AFP method
and measured prime mover rotational speed.

been presented. The estimator embeds a switching criterion that disables the adaptation in
real-time under poor excitation conditions, thereby the behavior of the estimator in “dis-
excited” time interval is characterized. The ISS analysis is carried out to enhance not only
the robustness properties, but also the roles and the impacts of the adaptive parameters. This
chapter also offers a comprehensive investigation on the influence of different types of per-
turbations, including structured, unstructured and harmonic disturbances. More specifically,
the structured disturbances are modeled as a time-polynomial so as to represent bias and
drift phenomena typically present in applications, whereas the unstructured disturbances
are modeled as bounded noise signals. Harmonic disturbances are addressed through a
fundamental frequency identification problem, where the harmonics are treated as a part of
the generic periodic signal. Extensive simulations and real experiments have been carried
out to show the effectiveness of the proposed adaptive algorithm.



Chapter 3

ADAPTIVE OBSERVER APPROACH: THE
MULTI-SINUSOIDAL CASE

3.1 Introduction

In chapter 2, we presented an AO method for single (fundamental) frequency estimation
that is one of the basic issue arising in numerous practical applications. Nevertheless,
particular applications require online frequency estimates of harmonics and inter-harmonics.
In this respect, various types of methods emerge in the recent literature, such as [29, 55, 75,
76], which stem from the PLL and ANF concepts. As a consequence, only local stability
can be guaranteed in the most cases because of the averaging tools used for analysis. On the
contrary, the AO techniques [17, 46, 80, 100, 111] relying on a system model parametrized
by the coefficients of the characteristic polynomial, usually ensure global or semi-global
stability. The main drawback of the AO methods is the indirect frequency estimation
(computed as the zeros of the characteristic polynomial) which might result in an excessive

on-line computational burden.

In this chapter, the AO method discussed in Chapter 2 is extended to a solution for multi-
sinusoidal signals by proper model augmentation. In spirit of the initial results presented
in [22], the presented method deals with a direct adaptation mechanism for the squares of
the frequencies with semi-global stability guarantees. In contrast with [22] that is equipped
by a scalar switching signal globally regulating the adaptation of the frequency parameters,
the new estimator adopts a n dimensional excitation-based switching logic. Thanks to the
suitable matrix decomposition techniques, this novel switching criterion enables the update
of a parameter when the signal is sufficiently informative in that direction, thus enhancing the
practical implementation and avoiding unnecessarily disabled adaptation in the scenario that
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only parts of the directions fulfill the excitation condition (e.g. over-parametrization). The
stability analysis proves the existence of a tuning parameter setting for which the estimator’s
dynamics are ISS with respect to bounded measurement disturbance.

The chapter is organized as follows: Section 3.2 is devoted to the formulation of the AFP
problem in the multi-frequency scenario. In particular, the nominal linear multi-sinusoidal
oscillator is transformed into an observable system with state-affine linear parametrization,
in which the parameter-affine term depends on the unknown frequencies. In Section 3.3, the
design of the adaptive observer-based estimator is treated. The embedded excitation-based
switching dynamics permit the analysis in case of poor excitement by freezing the estimates
under certain circumstances. Then, the stability of the presented approach is dealt with in
Section 3.4 by ISS concepts. Section 3.5 gives an example of the discretized algorithm for
digital implementation. Finally, in Section 3.6, simulations and practical experiments are

carried out to evaluate the behavior of the algorithm.

3.2 Problem formulation and preliminaries

Consider the following perturbed multi-sinusoidal signal:

0 n

HSvity=b+  asin(git) + d(t),

) . Sin (3.1)
Pi(t) = wi

with ¢40) = ¢;,, where b is an unknown constant bias, the amplitudes of the sinusoids verify
the inequality a; = 0, Vi € {1, ..., n}, ¢;, is the unknown initial phase of each sinusoid,
while the term d(f) and the frequencies comply with Assumption 1 and 2 (see page 19)
respectively. Now, let us denote by y(f) the noise-free signal

n
y(t)=b+ a; sin(wit + ¢;,) 3.2)
=1
which is assumed to be generated by the following observable autonomous marginally-stable
dynamical system:
D n
Jx() = Ax(®+  Ax(6*; x(0)=Xo

=1

(3.3)
Y = Cex(d
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with x(f) /". [xi(f) -+« Xon1(H)]T € R¥™! and where X, represents the unknown initial

condition which leads the output to match the stationary sinusoidal behavior since the
very beginning. The new parametrization 8, ..., 8" used in (3.3) is related to the original
1 n

frequency parameters by the relationships
6 =a;+Q;, Vie{l,---,n} (3.4)

with Q; = w?, Vi€ {l, - - - ,n}and where a;, a,, - - -, a, are non-zero constants that are
designed with the only requirements to satisfy o/ = a; for /= j. The matrices of the linear
multi-oscillator (3.3) are given by

J

Sd O s O O i
Y 02x2 (1 n AT A
A= . N = oL
- S A

1 02x n 0 L Cp L

0 v v 0 0 I

where 0,xs represents a r X S zero matrix, for generic indexes rand s

|
| 1
J,':Ol,Ci:lO
a 0

Moreover, each A; in (3.3) is a square matrix having the (2/, 2i — 1)th entry equal to —1.
Letting

|
J() = 0
98
A, and A, for instance are given by:
I U
| 0 0 _
J 0 _ . x2 2%2 2%(2n-3) 0
A= 0 2x@n=1) , A= *[ 025, Jo 02x(2n-3) 0
0n— 002n— _
@iz Henmhxen=h O2n-3)x2 O@n-3)x2  O@n-3)x(2n—3)
Thanks to (3.3), the noisy signal v(f) can be generated by the observable system
X(6) =Axx(t) + Gx(x(1))6*, x(0)= X, (3.5)

v(t) = Cxx(t) + d(t)
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in which I 1
Gx(X(D)= G (x(t) - -+ Gy(x(D) - - - Gy, (X)) (3.6)
Gx,(X() = [01x@i-1) X2i-1(f) O1x@n+1—2p], Vi=1,2,- - ,n, (3.7)
and * € R” denotes the true parameter vector [6% - - - 6*]". According to Assumption 2,

there exists a known positive constant 6", such that |6*] < 6 . More specifically, in the

remaining parts of this chapter we consider 8* € ©*, where ®* C R” is a hypersphere of
radius 6 . It is important to stress that the constraint on 6” is instrumental for proving the

stability of the parameter adaptation law introduced in the next section, but is not needed in

the actual implementation of the algorithm.

Itis clear from (3.6) and (3.7) that the elements of G,( - ) are globally Lipschitz continuous
functions due to the linearity of Gx( - ). Moreover, the true state X(f) is norm-bounded for any
initial condition, i.e. |x(f)] < X, Vt € Rxo. Both the Lipschitz condition on Gx( - ) and the
bound X allow to establish the following further bound

|Gx(x(@®)|l < x; Vi€ Rxo.

Now, assuming that the estimates X(f) and é(t) are available, then the full AFP estimates

are obtained by
n__
Q(f) = max{0, 8(t) — a;}, @D = max{0, &) — aj, (3.8)
/¢ \
a(t= <C2DXx, (D> +X (D> Ly, (3.9)
and
¢l(t) =Z (5(21(t)+ D&f(t)j(Zl—l(t))’ I: 1’ 2’ e, N (310)

In addition, the estimates of the offset is obtained directly by b = %+1. Note that the
possiblesingularity issue ((t) =0 affecting (3.9) is addressed by the following adaptive
amplitude estimators (3.11) inspiritofthe previous treatmentreported in Section 2.3 onthe
estimation of a single sinusoidal signal:
0 7 \
C A= —patdt) ava@n - CXDX, (07X D7

: (3.11)
= 3(t) = max{0, @}
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where 3(0) = ai(0) =0, u, € R>ois an adjustable gain subject to the trade-off between
accuracyandconvergencespeed (seeFig.2.4).

3.3 Filtered-augmentation-based adaptive observer

Recall the biased multi-oscillator (3.5), in which n unknown frequencies are embedded.
In order to address the frequency estimation task by means of an adaptive observer approach
(see [84] for a special case), let us first augment the dynamics of the observed system with a

synthetic low-pass filter driven by the noisy measurement:
ve(t) = Arve(f) + Brv(D), (3.12)

where Arand Byare set by the designer such that As is Hurwitz and the pair (A, Br)
is controllable. v¢(f) € R" denotes the accessible state vector and with arbitrary initial
condition Vg, such that the dimension nr of the augmented dynamics verifiesns=n — 1.

For the sake of the forthcoming analysis, it is convenient to split the filtered output into

two components:
ve(t) /', yr () + de(D),

where yr(f) and dr(f) can be thought as produced by two virtual filters, driven by the
unperturbed output and by the measurement disturbance, respectively:

V() = Arye(t) + Bry(t), dr(t) = Ards(t) + Brd(t). (3.13)

Consequently, in view of (3.5), (3.13), the overall augmented system dynamics with the
extended perturbed output measurement equation can be written as follows:

O 2(t)=Az(t) + G(2(H)6 *
n(t) = C,z(t) , (3.14)
= Kb = n(t) + dy(h)
with z(0) = zo0 € R™, n, = 2n+1+nf = 3n, and z(t) /'. [x" (&) y4O]", 2 /.
X0 § 17, 70 /' V() VIO, d) /" [al) o7 (6]

| |
A,/ Ax O@n+1)y(n=1 , C, /. Cx le(n_l)
B.Cy Ar On—nyx@nity  lin—1y
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and

Gx(T2xz(1))
G(z(t)) /.

O(n—l)xn

with the transformation matrix given by Tk /'. [hn+1 O@ni1yx@n—1)]. It is worth noting
that G(z(f)) is also Lipschitz, with unitary Lipschitz constant as Gx(x(1)), and can be
norm-bounded by x. Moreover, the assumed norm-bound d on the output noise implies the
existence of dj, such thatd,, >0: |d,(f)| < d,, Vt € Rso.

Now, we introduce the structure of the adaptive observer for obtaining estimates of the

unknown parameter vector 8%, and in turn frequency estimates f}, i=1, -+ ,n. Besidesthe
measured output filter (3.12), the architecture of the estimator also includes three dynamic

components (3.15), (3.16) and (3.18), which are described below:

1) Augmented state estimator:

2(t) = (A; — LCHAD + Lit) + G(At)At) + E(D) qt) (3.15)
with 20)= % and where Z(f) isdefined in (3.17). The gain matrix L is givenby
|
L /'_ Lx O(2n+1)x(n—1)

O(n—l)xl O(n—l)x(n—l)

where Ly is a suitable gain matrix such that (Ax — LxCy) is Hurwitz. Additional constraints
on the poles’ selection are discussed in Theorem 3.4.1.

2) Parameter-affine state-dependentfilters:

Let G, (z(1)), - - -, Gz, (z(1)) be the columns of G,(z(f)), that is
I 1
Gz(z(t)= GZl(Z(t)) o Gy(Z(b) - - - Gy, (z(1))

Then, we introduce a set of auxiliary signal &(f), i=1, - - - , n, whose dynamics obeys the
following differential equations driven by the available (estimated) counterpart of G,(z(f)):

&0 = (Az - LC)E(D) + Gz(AD), Yi=1,- - ,n, (3.16)
with &i(0)=0,,x; . By collecting all the filters’ states, we get the auxiliary signal matrix

EM=[&(®) -+ - &0 - -+ &a(D], (3.17)

used in (3.15).
3) Frequency adaptation unit:
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Herein, an projection operator P is utilized to confine the estimated parameter é(t) to the
predefined convex region ®*

; I 1
O(t)=P Epre(¥(D), 1) |5 (3.18)

with QO) = § set arbitrarily, and where bpre is the unconstrained parameter’s derivative,
whose explicit expression is given in (3.21); W(f) € R"™" represents a diagonal matrix
consisting of binary (1: on, 0: off) on-off switching signals which enable or disable the
adaptation of a specific parameter:

() /. diag[yn(®), -, wid), -, wa(D)]. (3.19)

The adaptation-enabling signals wi(f), Vi=1,2, - - -, n will be specified later on. For the
sake of brevity, we write Q,e(l‘) instead of @Z,re(‘P(t), t), dropping the dependence of Q)re on
Y(?) in the rest of the section. The parameters’ derivative projection operator in (3.18) is
defined as [52]:

S 6 ane () -
P o) | ) OO Gy Gr(® (320)

where 1(0) denotes the indicator function, defined as:
1, if @) =6"and T Dy (1) >0,
pre

0, otherwise.

1(8) /.

Now, the unconstrained derivative is given by:

Bpro(t) /'. —HUs(B) (P(OS(D) UT(OU=(0S=(0UT(HET(CT (C.t) — A(D) |
(3.21)

with Uy, Sy, Us, & defined in the following. The matrices Uy and Sy are obtained by the
SVD of Zy(E(f)):

Te(Z(1) /" (ET(t)E(t) + p2/)‘1 ET(t)CZTCzE(t)

= Us(HSe(DUg ()

in which Sy(f) is a diagonal matrix comprising all the eigenvalues of Zy(Z(f)). Analogously,
Uz and Stz are obtained by the SVD of the matrix Xz(Z) defined as:

Z=(E(t) /. ET(f)CZTCzE(t) = Uz(t)Sz(l‘)UET(f)-
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Thanks to the above decomposition, let us define the matrix S(f) /'. diag {%,(f)} where

A(S=() 7", ifwh =1,
(H = : 3.22
==, if ity = 0 R
The binary switching signal wi(f), i=1,2,..., nthatdetermines the activation/suppression
of the parameter adaptation possesses the following hysteretic property:

0 _
01, if A (Z(E®)) = 6
wih= 0O, if Ai (E(E®)) <o (3.23)

S (), if &< ACED) <5

The transition thresholds 9, 5 are fixed by the designer such that 0 < & < 5 < 1. The
introduction of the hysteresis is motivated by the need to ensure a minimum finite duration

between transitions (see Fig. 3.11).

Remark 3.3.1 To avoid the possible interference between the estimators (e.g., two or more
estimators to converge to the same frequency value), we may apply distinct frequency ‘clips’
in different ranges of frequency based on a priori knowledge on the nominal frequency values
(a similar idea of frequency separation can be found in [76]).

3.4 Stability analysis

Before we carry out the stability analysis, let us define the augmented state-estimation

error vector

A /. At — z(D).
Moreover, in order to address the case of overparametrization (that is, the number of model
parameters N is larger than the number of sinusoids ne(f) € N : 0 < ng(f) < n that at time ¢

are adapted), it is convenient to define two parameter estimation errors, one accounting for

all the parameters
qt /. qt) — 6* €R”,

and the other considering the ne(f) components that are adapted at a given instant

‘ ne(t)(t) /'. &e(f)(t) — ejle(t) c Rne(t)’

where 979(1«) (t) and 9: ® collect all and only those scalar components of the estin(lt?ted and
e Nel

true parameter vectors for which i(f) = 1. In this connection, let E, ) € N be a set
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containing the integer indexes of all and only those components for which the adaptation is

enabled at time {.

As said above, the case of overparametrization herein corresponds to a situation in which
the number of frequency parameters of the observer, n, is larger than ne(f), the number
of dominant sinusoids in terms of amplitude with unique frequency forming the measured
signal' (more details of overparametrization in the context of adaptive control can be found
in [104]). In this case a minimal realization of the generator of the measured signals is a
multi-harmonic oscillator of order 2ne, composed by the collection of exactly ne unique
harmonic oscillators [37]. Accordingly, a non-minimal realization for such a signal generator
can be taken as the union of the said minimal multi-harmonic oscillator with an augmented
dynamics formed by (n — ne) harmonic oscillators with null-states and arbitrary frequencies.
The possibility to assign arbitrarily the frequency of the augmented null-amplitude multi-
oscillator is the key for proving the stability in this context. For the sake of the further
discussion, without loss of generality, let us take the frequency parameters of the augmented
dynamics equal to the present estimates produced by the filter for the components not adapted

due to poor excitation, achieved by
6 =8, Vie{l,2,- -, nN\Enq, (3.24)

which implies N . .
a /. et -6 =0, Vie{l,2,- - -, n\E, . (3.25)

For the sake of the further discussion let us also define the linear time-varying combination

of state and parameter vectors {(f) /. "', E(t)8(f) — Af), The state-estimation error
evolves according to the differential equation:

2(0)=(Az — LC)AD + Ldy() + Co(AD)8H + Gx(AD)O" +  &(1) D)
~(A; — LC)AD + LD+ GAt)O"+ G (ADfAD + (D (D),

i€ Ene(t)
(3.26)

where G,(Xt)) /'. GAAt) — G,(z(t)). Meanwhile, the auxiliary variable {(f) evolves
according to

O = & + 2B — 2(1), (3.27)

ie Ene(t)

IThe residual sinusoidal signals not accounted for by the adaptation are masked and implicitly treated as a
disturbance.
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which, after some algebra, leads to

. \ .
(= ((Az — LCHEDB) + G, (A1)B(t) +E()O(H) — (A, — LC)AL)
i€ Epg(t)
~G; (A8 — Ldy(t)— G (2(H)8)— G, (A1)6*-E(1)B(D)
= (A; — LCHQt) — Ldy(t) — G(t)6" .
(3.28)
In Fig. 3.1, we draw the overall excitation-based switching scheme, which is instrumental
for the forthcoming analysis. In principle, the adaptation is deemed activated as long as
ng/= 0, which means at least one component is updating. An active identification interval
always starts from a transition to active identification time-interval, and ends up with a
transition to dis-excitation time-interval, while the dis-excitation interval is the opposite.
More specifically, let ke(f) be a counter for the transitions to excitation, described by the

T -
excitation-based transitions

() = moma =/ _—>
A A
Te active. / active
identification identification
. A~ A~

S~
disexcitation - disexcitation
mterval - interval :
. A N~ AP, a

(k —1)-th window  k-th window

Fig. 3.1 Scheme of the excitation-based switching scheme for enabling/disabling the param-
eter adaptation. The transitions to dis-excitation (a) and to active identification phases (b)
have been highlighted.
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jump dynamics given below:

ke(t")+1, ifE, (t7)=TandE, (ty=0,

ke(t) — e e
ke(t), if Ep (t"Y=QDand Ep ()= .

Analogously, let kj—o(f) be a counter with respect to the transition from excitation to dis-

excitation;

kot )+ 1, ifE, (tY=QandE, (H=0,
k(@) ifEp,(t7) =D and En,(tf=D.

Moreover, let ty(k) and to(k) denote the transition time-instants:

kq(t) =

to(k) /. inf(t = 0 : ke(f) = k), ta(k) /" inf(t = 0 : ko(t) = K).

Without loss of generality and taking into account that the system starts from zero-excitement,
then

te(k) > ty(k), Vk € Z5.
and the counters are initialised by ke(0) = 0, kq(0) = 1. Hence, the integer k always

1dentifies a two-phase time-window made of a dis-excitation interval followed by an active
estimationinterval (seeFig.3.1).

Since (A; — LC;) is Hurwitz, for any positive definite matrix Q, there exist a positive
definite matrix P that solves the linear Lyapunov equation

(AZ - LCZ)TP + P(AZ - LCZ) = _ZQ.

In the following, we analyze the behaviour of the adaptive observer in two situations by a
Lyapunov candidate that accounts for all the parameters:

v 1L opan + & 0an e 0PAY (3:29)

where g € Rx.

i) Active adaptation interval of finite duration, i.e. in which ne(f) = 1 = ne, Vt €
[te(K), to(k + 1)] (we omit the time-dependence of ne assuming that for the whole interval it
remains constant). In this case the set Ep, (f) is non-empty, V (f) defined in (3.29) shrinks to
the following positive definite function, considering the sole components actively adapted:

Vi) ', S OPAD T 080+ T OPAY . (3.30)
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In this interval, we prove that V,,_ is an ISS-Lyapunov function for the system comprising
all states and only the parameters undergoing adaptation, that will converge to the true
values. The present scenario comprises, besides the overparametrization case, also the
full-parametrization case, which yields to the ISS of the whole dynamics.

ii) Total dis-excitation, i.e., none of the parameters is adapted due to poor excitation. In
this scenario the set Ep, s is empty. In this case we show that the overall function (3.29)

remains bounded.

Afterthat, the Lyapunov analysisinthese two scenarios are linked properly and we are
abletoprovethatthealternate occurrence ofactive identification phases and poorly excited
phasesyieldstoconvergence,provided thattheactiveidentificationphases haveasufficient
duration. Tosimplify the analysis, we will consider thatthe number ofadapted sinusoidsne
isfixed (i.e., En.t is aninvariant set) within a whole excitation/dis-excitation interval (see
Fig. 3.1), thatisthe set Ep,; may be either the empty set{0} during the dis-excitation phase,
either a set E,/= @ for an arbitrary active adaptation interval. Note that this assumption
does not limit the applicability of the adaptive observer to this very special case, being it
just a technicality needed to render the problem tractable in a simple analytical way (an
active adaptation phase with time-varying ne(f) can be regarded as a combination of multiple
excited intervals).

3.4.1 Active adaptation interval of finite duration

Consider an arbitrary active identification phase to(k) < t < tg(k + 1) (see Fig. 3.1) and

let ¥y, () be the binary matrix in this scenario with only wit) = 1, Vi € E,,. The upcoming
analysis is carried out in order to exhibit the benefit of using the derivative projection on

the parameters’ estimates. Thanks to (3.20), in the presence of the projection 1(68) = 1 and
|Qt)| = 6%, we have
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Owingtothe convexity oftheadmissibleset, itholdsthat 8" (HQf)= O (t)—6*T Qt) =

0. Now, we recall the triggering condition of projection g (b AGP,e(t) >0, which implies that
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@QT(t)&t)QT(t) Opre(t) = 0.
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Finally, we can bound the scalar product o (t)é(t) by:
g (o) = é’T(l‘)Ae(l‘) =6m, (®.

pre

For instance, a 2-dimensional pictorial representation of the projection-based adaptation is
shown in Fig. 3.2 to enhance the influence of the derivative projection on the parameters
estimates. In virtue of the fact that

Opre (t)

Fig.3.2 A 2D pictorial representation of the projection-based adaptation. When | @(t) | = g
and B, (f) points out of the feasible region, then the derivative of the parameter vector is
obtained by projecting Qpre (t) to the tangentlal hyperplane. To visually compare the values

of the scalar products —8" 9pre (f) and — O 6(1‘) consider the projected vectors (a) and (b)
respectively.
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the unconstrained derivative @p,e(t) can be expanded as follows:

9pre(t)——u("T(t) (l‘)+92/) Uz() (¥n(H)Sz (l‘))UT(l‘)U~(l‘)&(l‘)UT(l‘)
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Thanks to (3.25), the following inequality holds in the presence of overparametrization:

5@, 08.0) = ~u318.01+ L3, (110,014 18,0110,
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wherec /" ||C,||.
The following result can now be proven.

Theorem 3.4.1 (ISS of the dynamic estimator) If Assumption 2 holds, given the sinusoidal
signal y(t) defined in (3.2) and the perturbed measurement (3.1), then in an active adaptation
interval to(K) < t < tg(k + 1), there exist poles of (Ax — LxCx), 4 € Rspand p € Rx
such that Vi (t) is an ISS Lyapunov function with respect to any bounded disturbance d, and
in turn ISS w.rt. bounded measurement disturbance |d(t)| < d. Thus At) and é,e(t) are ISS

w.r.t d. D

Proof: In view of (3.24), we immediately have |§f)| = |8, |, which implies V/ (£) = V,, (),
and makes it possible to study the time-derivative of V,,_(f) in place of V(t)'
1( ) g(~ .
Vo () - - ZT(t)PZ(t>+2 OPAD) + 8. ene<t)+ S oPa TP .
(3.32)
By letting /_/'. LI, g /" AQ), p /'._A(P), after some algebra, V (f) can be bounded as
follows:

2 ) - 2 2
Vie(H) < —a|1t)] —2al{| — ubl6,. (1t +pllat)|Idy(D] +plAD)] |6(D)]
+px|«1)| |81)| + pO* | At)|* + upc® | AB)|* + ppel At [dp(B)]
+u © Iene(t)lld,,(t)|+p5" 18, (t)IIC(l‘)|+gP/f(l‘)|Idn(t)|+g,09* EGULGIR

2p 20

In view of the inequality | &,,(f)| = |@t)| < 26* and by re-arranging the above inequality to
putinevidence the square monomial and the binomial terms, we get:

2 * ( ) gCI~ 2 gq
Vino(t) < —(q — ppc —3p9)|2(t)| +p/+uc|2(t)||dn(t)| IC(t)I s Ié’(t)l
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Now, we complete the squares, thus obtaining
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Finally, the following inequality can be established:

. | — |
Vi () < —B1 Vi (H) — vi(dp) , (3.33)

where
( _ - _
(@-HpC —3p8") g (=) 3XP w5 ¢  3uc
,81 / .2min 2'5 _qﬁ 9 - %; 97 2'5_ SgT(S_ﬁ (334)
and - ) .
1 p* 1+ uc ’ 3uc 8‘2_/ 2
p— =+ +
yi(r)/ Bi 2q _ppe _ 3P0 8p%0 gP r,VreRs. (3.35)
Hence, the proof is concluded if
B1 > 0. (3.36)

In view of (3.36), all the components involved in (3.34) should be positive, wherein gé/2 >0
can be immediately verified by choosing a positive y. Now, we set the excitation threshold
0 and the Q matrix arbitrarily, determining . Then, assume the poles of (Ax — LxCy) are
placed such that p is sufficient small. Letting p < u, we determine a sufficient condition to
ensure the positiveness of the first term in (3.34):

(@- ¢ -3u6")  (-),
28

3x*
—u 6

— >
) @ Hos 0. (3.37)
Being the Lyapunov parameter g > 0 arbitrary, let us fix g = 1 for simplicity. At this point,
with any fixed regularization parameter p € R~ (we do not pose limits on p now) we can
alwaysdetermine asufficiently small value of p for which the inequality holds true. Next, by
suitably allocating the poles, we compute the output-injection gain L that realizes the needed

p. Finally, torender B, strict-positive, we choose a sufficient large p such that
aq 3uct
—— >0
2p  8gpp*d

thusendingtheproof.

Remark 3.4.1 (Parameter tuning) To avoid the increase of the worst-case sensitivity to
bounded noises, instead of excessively reducing the value of p that leads high-gain output
injection through L, and high values of [ and y1 correspondingly, we can set p = u and
increase the regularization parameter p.
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3.4.2 'Total dis-excitation phase

Clearly, it is important to show that the estimation error remains bounded also during the

time-intervals in which no excitation is present (e.g., fg(k) < t < ts(k) as illustrated in Fig.
3.1). This is carried out in the following result.

Lemma 3.4.1 (Boundedness in dis-excitation phase) Under the same assumptions of The-
orem 3.4.1, consider an arbitrary dis-excitation interval ty(k) < t < to(K) in which
E, (t) = O. Then, under suitably chosen U € Rso, p € Rs and the poles of (Ax — LxCy),
V (t) is an ISS Lyapunov function w.r.t. d(t) (where |d(t)| < d) and w.r.t. V (t,(k)). D

Proof: In the considered dis-excitation scenario, the estimation is totally unexcited in all
directions,i.e.””? | wt)=0, Vt > t4(k) >0, thus yielding 8(t) = 0, x1, and ¢) = &t ).
In this respect, the time-derivative of the Lyapunov function V (f) satisfies

: - — g4 gq _ i
V(t) < —(a.—3p6")|A8)1> +pllAD)| | da(B)| — S 11 = 1401 +2po* | 2D)] QD)
gg_~ 2 ~ ~
|
PGl _
+gpl {(t)|1dn(t)| +px|2D)|16(H)] .

Applying the inequality |Qty(k))|> < 2V (ty(t)), Vt = ty(k), we have:

| _ _ ea o
V() < ~(a— 398" 201 +PIIADN o] = =136~ 1301 + 8" |20) 1 %0
O .

~ 2

- el -
4 +gPl ()] [dn(t)] — 16()]  +2V(ta(k))+PX|AD)|16()I.

By completing squares, we obtain the following upper bound for V/ (f):
|

| @-309) g (=) 3% N .
V(< — _ 2 g 1Z2)|° _ 1an > +
O , P 0, Mg, i) ’
PP L gpp
Y s @ ol
and hence, after some algebra, it follows that
V(t) < —,BO(V(t) — LoV (tq(k)) — yo(d_,,(t))) (3.38)
where L /". 2/B,,
( L _
(@-3p8) & (), 3PX

Bot2min T 5O
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and _ .
1 PP N g _2/‘2 2
L == p
The positiveness of By can be justified by following the same steps taken in Section 3.4.1. It
is easy to show that By > 0 is ensured through a suitable design of y and p, thus concluding

the proof.

3.4.3 Robustness Under Alternate Switching

At this stage, the stability of the adaptive observer under alternate switching is charac-
terized by linking the results obtained for the two excitation phases. Thanks to the Bellman
Gronwall lemma, we are able to prove that the alternate occurrence of active identifica-
tion phases and poorly excited phases may yield to convergence provided that the active
identification phases have a sufficient duration.

Theorem 3.4.2 Under the same assumptions of Theorem 3.4.1, consider the adaptive ob-
server (3.12), (3.15)- (3.18) equipped with the excitation-based switching strategy defined in
(3.42). Then, the discrete dynamics induced by sampling the adaptive observer in correspon-

dence of the switching transitions has the asymptotic ISS property if the excitation phases
last longer than B~" In(Ly). D

Proof: By the B-G Lemma, the value of the Lyapunov function (3.38) within the dis-excitation
intervals can be bounded as follows:

V() <V (tyk)) + (1 —e‘ﬁo(f‘ffﬂ) (LOV (t4K)+yo(dy)— V (td(k))) ,

V't € [ta(K), ta(K)), VK € Zop.

Instead, during the excitation phases, the Lyapunov function (3.33) can be bounded as

V(t) < V(te(k)) + (1 — e‘Bl(t"e(k)))(yl(d;) — V(te(k))),

Vte [tok), tadk+ 1)), Vk € Zs.

In order to link the two modes of behaviour, let us denote by Vi = V (f4(k)) the value of the
Lyapunov function sampled at the k-th transition to dis-excitement, occurring at time fq(K)

(or equivalently, at the end of the (k — 1)-th active identification phase).
Due to the poor excitation during the interval [{4(K), t(k)), at the transition time ts(K)
we can establish the (possibly conservative) bound

V (ts(K)) < LoVi + vo(dh).
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Such a bound holds for any duration the disexcitation phase. For any subsequent active
identification time t = to(K) + At with At < ty(k + 1) — to(K), we get the inequality:

V() <V (gg(k))+(1 — e—ﬁﬂf-fe(k))) (yl(oTn)— v (te(k)))

=Yi(dy)—e Wy (dy ) +e MV (1K)
< Vl(dn) _ e—B1(t—te(k))V1(dn) + e—B1(t—te(k)) VO(dn) + LO Vk
= yi(dy)+e P yo(dy) — vi(dy) + LoVi .

Now, let us arbitrarily set 0 < k < 1 and let AT, = —87'In
1

)

(

L_IK). If the active
0

identification phase is long enough to verify the inequality ty(k+ 1) — to(k) > AT,, then we
can guarantee the following difference bound on the discrete (sampled) Lyapunov function

sequence:
K

— ( - — )
Vil < vi(dy) + L, Yo(dn) — vi(dyp) + KV

which can be rewritten in the following compact form:

Vier — Vi < —(1 = K)Vic+ Y(dy),

where y(S) = yi(S) + KL} (Yo(S) — Vi(S)), Vs > 0.

We can conclude that Vj is a discrete ISS Lyapunov function for the sampled sequence,
with samples taken at the end of the excitation phases assumed always to last longer than

R~ lln(LO) .
Now, we recover the ISS properties for the continuous-time system by studying the inter-
sampling behaYiour of V(). Lgt k(f), Vt > 0 denote the index of the current time-window:

k(ty=k : t € ty(k), tq(k+ 1) and consider two positive constants Af;, Af,, such that

At < to(k) — ty(k), Aty < t4(k+1) — to(k). Between two samples, the Lyapunov function
is bounded by:

{ ( _poat) 222
V(D) < ma;( V{k(t) +1 — e A Vi + yo(dy) — Vi
At1€R>q
+ max yi(dy) — e P2 yi(dp) — vo(di) — LoVi
A2eR=0 | (3.39)

| B _ _
=< (1+Lo)Vkwy+vo(dn) + vi(dn)+VYo(dn)+LoVia
=(1+2Lo) Vi + yY1(dn) +2yo(dy).

If we let k() — & (i, an infinite number of active identification phases occurs

asymptotically or a single excitation phase lasts indefinitely), then the estimation error in
the inter-sampling times converges to a region whose radius depends only on the assumed

disturbance bound.
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Remark 3.4.2 It is worth noting that the thresholds & and & play important roles in the
behavior of the estimator under alternate switches. Because of the hysteretic property, the
values of & and & have to be properly set to avoid the excitation signals of the adapted
frequencies being confined in the transient interval (i.e., [§, 8]). Suitable choices can be
found off-line by a priori information of the inputs.

Remark 3.4.3 In practical applications, in order to the improve the speed of convergence, a
robust provision can be adopted consisting in re-initializing the parameter-vector with the
value estimated by a previous sufficiently long identification phase (i.e. fy(k + 1) — to(k) >

rr!In(Lo)) after any insufficiently long excitation interval. In this respect, let kK* beacounter
for the sole active identification phases lasting more than the minimal duration B, "n(Lo)

and consider Vi« = V (t4(k™)). In this case, Vi~ is a discrete ISS Lyapunov function for the
sampled adaptive observer, with samples collected at the end of the sole excitation phases

lasting longer than B, " In(L).

3.5 Digital implementation of the proposed method

In this section, we show a counterpart of this switched algorithm in the discrete-time
domain to enhance the applicability. Similar to the one presented in Section 2.5, the first
step consists in selecting a set of parameters As, By, Qi, Oz, U, P, Ha, 0, 0; after that, Euler
method is employed with a sampling period is Ts, thus resulting in a discretized algorithm
given as follows, provided a measurement v(k), k=1,2, - - -

Ve(k) = ve(k — 1) + Ti (Asve(k — 1) + Brv(K)) , \ (3.40a)
AK)=2Ak — 1)+ Ts (A, — LC)Ak — 1)+ LK)+ G(xk — 1)8k — 1)  (3.40b)
+2(k - D@k - 1) - 8k -2)),

(3.40¢)
S(k) = Z(k — 1)+ Ts (A, — LC)E(k — 1)+ G,(2k))) , (3.40d)
Bro(K) = fre(k — 1) (3.40¢)

+Ts —uUs(k) (F(K)Se(k) %T(k)Us(k)és(k)l{T(k)ET(k)gT (C2k) — (k)

(3.40f)

i A X X k — D& (k- 1)
k) =8k — 1)+ Gre(k) — Qre(k — 1) — 1(6) (67 \ (3.40g)

~

X Opre(k) — Opre(k — 1) > (3.40h)
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where A(k) /'. [V(K) vT(K)]", Us(k), Se(k), U=z(k), S&(K) are obtained by the SVD of
2¢(E(k)) and X=(Z(k)) at the corresponding sampling instant, that is

Zp(E(K) = (ET(k)E(k) +P2/)_

| ET(K)CTCE(K) = Us(k) Su(k)UT (K)
2=(E(K) /. ETHCTC:E(K) = U=(kS=(UT (k)

Furthermore, in view of (3.22), we have (k) = diag {&,(k)} where
A(Sz(k) ™", if witk) =1,

(k)= , 3.41
&K 0, if wi(k)=0 (341)
and the binary switching signal wi(k), i=1,2, ..., nis determined by
l —
01, if Ai (2(2(k)) = 0
wiky=_ 0, if Ai(Z2(E(K))) <o : (3.42)
S k= 1), if 8.< A(S(EK)) <8
The indicator function is given by
L if Bk— D=6 and Tk~ 1) gy (k) >0
6) /' i ’
"0, otherwise.
Thereafter, the estimates of the frequencies are obtained as follow by using ak):
__
&(K)=max{0, (k) — aj}, (3.43)
Finally, the amplitude and the phase of the sinusoids as well as the offset are estimated by
/
O (@ \
— — R _ 2 + 2
L ai(k) = ailk — 1) — TsualdK)  dk)aik) — S)I._(k)f(y_l(k) Sgi(k)
D . s
g(k) = max{0, ai(k)}
(3.44)
and
P(k) = 2 (%i(k) + LK) %oi-1(k)), 1=1,2,- - ,n. (3.45)

In addition, the offset is estimated directly by

b(k) = %n1(K).
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3.6 Simulation and Experimental Results

3.6.1 Simulation Results

In this subsection, some numerical examples are given to illustrate the effectiveness
of the proposed multi-sinusoidal estimator. The Forward-Euler discretization method with
sampling period Ts=3 X 10~ *sis employed in all simulations.

Example 1: In this example, we compare the proposed method with two techniques
available from the literature: the adaptive observer method [67] and the parallel AFLL
method [29], all fed by the following signal composed by two sinusoids:

y(t) = sin 2t + sin 5t.

All the methods are initialized with the same initial conditions &y(0) = 3 and (0) = 4.
Method [67] is tuned with: y; =y, =8 X 10°, k=1, d>» =9, d; =27, ds = 27, while
method [29] is tuned with: Ks; = Ks, =1, Vs, = 0.3, Vs, = 0.5, ws; =3, wWs, =4. The
tuning gains of the proposed method are chosen as: a; =0, a, = —0.5, Ar= -5, Br=

4.5, u=6,p=0.2, ya = 0.15 with the poles placed at (—2, —0.7, —0.5, —0.2). The
simulation results are reported in Fig.3.3.

Estimated frequencies from a noisy-free input
10 | | | |

Frequency [rad/s]
> B
|
\

0 20 40 60 80 100
Time [s]

Fig. 3.3 Time-behavior of the estimated frequencies obtained by using the proposed method
(blue) compared with the time behaviors of the estimated frequencies by [67] (green) and
[29] (red).

It is worth noting from Fig. 3.3 that all the estimators succeeded in detecting the frequen-
cies in a noise-free scenario, after a similar transient behavior (throuhg a suitable choice of

the tuning gains), though method [67] is subject to a slightly larger overshoot.
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Let us now consider the input signal y(f) corrupted by a bounded perturbation d(f) uni-
formly distributed in the interval [—0.5, 0.5]. As shown in Fig. 3.4, the stationary performance
of method [67] deteriorates due to the injection of the perturbation. Moreover, as shown in
Fig. 3.5, where we plot log |&ff)| with respect to one frequency w = 5 rad/s as an example
to appreciated the behavior of [29] and the proposed observer in detail, the presented method
exhibits a slightly better immunity to the bounded uncertainty.

Estimated frequencies from a perturbed input

10 ‘ ‘ ‘
8_ -
)
®
Z 6 1
>
(@]
g M
S 4 1
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o
w |1 e S
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O | | | |
0 20 40 60 80 100

Time [s]

Fig. 3.4 Time-behavior of the estimated frequencies by using the proposed method (blue line)
compared with the time behaviors of the estimated frequencies by the method [67] (green
line) and the method [29] (red line).

Frequency estimation error from a perturbed input
| | | |
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Fig. 3.5 Time-behavior of log |Gft)| with w = 5 rad/s by using the proposed method (blue
line) compared with the time behaviors of the estimated frequencies by the method [29] (red
line).

The estimated amplitudes obtained by applying [29] are compared with the outcome
of the proposed adaptive observer in Fig. 3.6 and 3.7 (the algorithm proposed in [67] is
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not considered here, since it deals with frequency estimation only). Thanks to the adaptive
scheme (3.11), the proposed method offers enhanced transient and steady state behavior with

a similar convergence speed in the presence of d(¥).

1.2

Magnitude
o o
(o2} @ N

o
~

Estimated amplitude from a perturbed input

| | | |
20 40 60 80 100
Time [s]

Fig. 3.6 Time-behavior of the estimated amplitudes by using the proposed method (blue

lines) compared to

the estimates by the method [29] (red lines).

Frequency estimation error from a perturbed input
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Fig. 3.7 Time-behavior of log | & ()| with a; = 1 rad/s by using the proposed method (blue
lines) compared to the estimates by the method [29] (red lines).

Moreover, resorting to the estimated amplitudes and phases, the input is reconstructed by

the next equation

Ht)=a®)sin g () + &0 sin g(D.

Some periods of the estimates are plotted for observation in Figure 3.8, where the accuracy

of the phase estimation is verified.
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Reconstructed sinusoidal signal
3 I T T T T 1
Noisy input
Estimated input

_3 l 1 1 1 1 1 l
50 55 60 65 70 75 80
Time [s]

Fig. 3.8 Estimated sinusoidal signal by the proposed AFP method.

Now, we instead consider a more aggressive disturbance d(f) that obeys uniform distribu-
tion in the interval [—2.5, 2.5] in order to observer the influence of the coefficients p and p.
The results are given in Fig. 3.9, and for the sake of comparison, the root mean square of the
frequency estimation error within a time-interval in steady state is calculated and presented
in Table 3.1. As can be seen, for a fixed value of either p or y, the tuning of other parameter
is subject to the typical trader-off between accuracy and convergence speed.

Table 3.1 Comparison of frequency estimation with different valued coefficents.

Tuning Parameters | Root mean square of the frequency estimation error (60s-100s)
fixedy | p=0.25 | frequency 1 | 0.0141 | frequency 2 0.0107
p=0.15 0.0282 0.0324
fixedp | =4 | frequencyl | 0.0135 | frequency 2 0.0095
u=28 0.0264 0.0183

Example 2: In order to evaluate the performance of the method in the presence of a DC
offset and of a partial dis-excitation, consider a biased signal consisting of two sine waves
that turn into a pure single sinusoid after a certain time instant:

V(t) = 4 sin 3t + Ax(f) sin 2t + 1 + d(f)

where A,(f) obeys a step-wise change: Ax(f) =3, 0 < t <120, Ax(f) =0, t > 120 and
d(?) has the same characteristics as in the previous example. The behavior of the proposed
estimator is recorded in Figs. 3.10-3.12 with the tuning gains chosen as follows: Af =
—6, Bf=6, a0y =-2, b =—1, u=70, p=0.3, ua=0.1, 6=3x10"% §=3x10"°
and the poles’ location [—0.6, —0.5, —0.3, —1, —10].
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Estimated frequencies from a noisy input signal
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Fig. 3.9 Frequency tracking behavior with different values ofp and u for a noisy input. Top:
P =0.25 (blue lines), p=0.15 (red lines). Bottom: =4 (blue lines), p = 8 (red lines).

More specifically, in Fig. 3.10 the excitation signals A;(®(Z(f))), A(P(E(1))) are shown
together with the correspondent switching signals ;(f), @»(t), to enhance the availability
of the individual excitation level in real-time, thus in turn allowing to disable the parameter
adaptation in directions with poor excitation conditions.

Moreover, it follows from Fig. 3.11 and Fig. 3.12 that all the initialized parameters includ-
ing the offset are successfully estimated. After time = 120s, the system is characterized
by overparametrization. The vanishing of the second sinusoid is captured by the associated
amplitude estimate, that fades to 0 eventually, though the frequency estimate is non-zero.
Conversely, the parameters of the excited sinusoidal components remains at the accurate

estimates after a transient response.
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Fig. 3.10 (a) Excitation level A;(D(E(f))); (b) Excitation level A (P(E(f))); (¢) Switching
signal @ (f); (d) Switching signal ().
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Fig. 3.11 Time-behavior of the estimated frequencies by using the proposed method. One of
frequency estimates diverges after 120s due to the loss of excitation in one direction after
120s (see the description on page 77).
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Fig. 3.12 Time-behavior of the estimated amplitudes (blue lines) and the estimated bias (red
line) by using the proposed method. One of the sinusoid vanishes after 120s, therefore its
amplitude decays to 0, resulting in a dis-excitation phase in one direction (see the description
on page 77).

3.6.2 Experimental Results

In this section, an experimental example is illustrated to investigate the behavior of the
approach in a real-time digital implementation. The proposed method has been deployed
on a dSpace board connected to a programmable electrical signal generator (see Fig. 3.13):
Tektronix AFG3102 dual channel function generator, which produces a voltage signal, given
by

y(t)=4sin7t+ 2 sin 5t

affected by unknown bounded uncertainties. Fig. 3.14 shows some periods of the noisy
sinusoidal signal generated by the programmable source. Computation burden is one the
most important aspects of implementation in practice. For the sake of simplicity, all the
dynamic equations of the estimator are discretized by the forward Euler method, avoiding an
excessive load for the dSpace system. The parameters of the estimator (4th order for two
frequencies) issettoa; =0, adr = —1, Ar= -2, Br=1, y=20, p=1, ua = 0.2 with
thepolesplacedat(—0.7, —0.4, —0.5, —1).

The dSpace board computes the estimates in real-time with a fixed sampling rate of
10KHz based on the Maltab/Simulink platform. The results are captured by an oscilloscope
with 4 channels respectively allocated to dual frequencies and amplitudes. The measured
signals are then imported in Matlab for carrying out the post-analysis. As shown in Fig. 3.15
and 3.16, the estimator is capable to gather the frequency and amplitude contents with great
accuracy, despite the unavoidable measurement noise due the limitation of the measurement
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Fig. 3.13 The experimental setup.

Practical input signal generated by the source
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Fig. 3.14 A real-time noisy signal generated by the electrical signal generator.

devices. Note that the limitation on the dSpace processor puts a restriction on the practical
comparisons, since the computing power is not enough to handle more than one algorithms
simultaneously.

3.7 Concluding Remarks

The problem of estimating the amplitudes, frequencies and phases of a biased multi-
sinusoidal signal is discussed in this chapter. A typical signal generator is formulated, thus
allowing direct frequency adaptation by a novel adaptive observer approach that is based
on the AO technique for singular frequency (see Chapter 2). Compared to other adaptive
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Fig. 3.15 Real-time frequency detection of a single with two frequency contents by using the
proposed method.
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Fig. 3.16 Real-time amplitude detection of a single with two frequency contents by using the
proposed method.

observer methods (e.g., [47, 67]) that estimate the characteristic polynomial’s coefficients
of the signal-generator system, the proposed algorithm significantly enhances an on-line
implementation feature, thereby addressing one of the challenging issues in multi-frequency
estimation. On the other hand, thanks to the excitation-based switching dynamics that freeze
the estimates as long as a weak excitation condition is detected in real-time, the phenomenon
of poor excitation is approached, and the proposed estimator is proven to be ISS with respect
to bounded disturbances and overparametrization. The tuning criteria of the adaptation
parameters of the estimator are obtained analytically as a result of the ISS based analysis.
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The effectiveness of the proposed algorithm has been shown by extensive simulations and

real-time experiments.



Chapter 4

STATE-VARIABLE FILTERING-BASED
APPROACH

4.1 Introduction

In this chapter, following the treatment introduced in Chapter 2, we also use a pre-filtering
technique in order to obtaining a set of signals, independent of the structured perturbation,
for the constructions of the frequency adaptation law. Nevertheless, the pre-filtered signals
are directly exploited for AFP estimation to achieve a simpler algorithm in terms of dynamic
order. Consider

V(t) = Xt + b+ d(f), teRsg (4.1)

where j(1) is the stationary sinusoid given in (2.2), and the order of the structured perturbation
nqis setto 1 without loss of generality. In fact, in the next section, we show that the arbitrarily
higher order perturbation (compared to (2.1)) can be addressed by augmenting the order of
the pre-filters by analogy to the nominal pre-filtering system given in Sec. 2.2.1.

Recent works [86, 89] have shown that the derivative signals generated by the single
pre-filtering action (2.6) of order 4 can be directly used for robust frequency detection from
biased measurement (4.1). Let us choose from [86] the frequency adaptation law for the

reader’s convenience:

: f | 1
Q)=—p [20D22(t) + ZIDZ3(D]  Cxt)zo(H) — zlz(t) Zo(t)

I (IR
+ (2o +(z1(D)* ADzi(H) - z3(H) zi(D) , (4.2)
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where the vector of auxiliary derivatives are defined w.r.t. the filtered signals x4(f) generated
by a 4th order pre-filter in the form of (2.6):

o o T
20 = 2002020201 I i, 00, - ot ey~

The method presented in [86], where the pre-filter was conceived as a cascade of first-order
low-pass (LP) filters, is generalized by proposing a parallel pre-filtering scheme in which two
LP filters with different pole locations are used to generate auxiliary signals that are directly
used to estimate the parameters of the sinusoid. This enhanced structure allows to simplify
the adaptation law (4.2) without violating the ISS property against the exogenous disturbance
d(f). In contrast with other methods [2, 8, 21, 90] that are also based on a single pre-filter
system, this novel mechanism permits the squared-frequency parameter to be adapted directly
without resorting to intermediate variables or tools as in [2, 8, 21, 90]. The ISS analysis
also makes it possible to obtain useful tuning guidelines, since the dissipation rate and the
ISS-asymptotic-gain are both expressed in terms of the estimator’s parameters. Finally, the
effectiveness of the proposed technique is shown by comparative numerical simulations and
by a real experiment addressing the estimation of the frequency of the electrical mains from

anoisy voltage measurement.

This chapter is organized as follows: In Section 4.2, we introduce the parallel pre-filtering
scheme with dual filters characterized by distinct poles. Starting from the generalized parallel
pre-filtering estimator presented in Section 4.3, a minimum order configuration characterized
via a specific stability analysis is introduced in Section 4.4. The associated amplitude and
phase detection method is given in Sec. 4.5. Section 4.6 gives an example of the discretized
algorithm for digital implementation. Finally, Section 4.7 is dedicated to the simulations and

the real-time experiments.

4.2 Parallel Pre-Filtering System

The parallel pre-filtering scheme consists in combining a pair of independent low-pass

filters (2.5) and indexed by k € {1, 2}. The architecture is shown in Fig. 4.1 by a block
diagram. Without loss of generality, assuming we adopt an,-th order pre-filter, in such case
let us denote by

I I
Xi(t) = Xi1(®) -+ Xen,(H T € R™ ke {1,2}
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Fig. 4.1 Detailed scheme of the proposed pre-filtering system.

two “virtual” state vectors (i.e., not implemented in practice but instrumental to carry out the
stability analysis) of the k-th filter, driven by y(t) !:. y(t) + b (not measurable) in place of
v(t) and evolving from arbitrary initial conditions:

X k(t) = Apxp(t) + Bry(t), Vk=1,2teR

20

) 4.4
xk(0) = xk, 9
where Ay € R™*™ and By € R™, Vk € {1,2} are givenby

[ 1

) — 0 - 0 ‘

| |
|| K _— KCk(‘)Ck
A= | Ka®a —oq : |, By = ||| 0 I,Vke{l,Z}.
|0 e 0 L J
: 0

0 e 0 KCkak _ka
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The parameters We,, We, € R, With We/= ws, represent the poles of the low-pass filters,

while K¢,, K¢, € (0, 1] play the role of damping gains. For the sake of further analysis, let
us introduce the combined virtual state vector x(f) = [x(£) X2(f)] ', which is governed by

the following differential equation, taking on the same form as in the nominal case (2.6):

X(t) = Apx(t) + Bpy(D), t € Rxo, 4.5)
with x(0)=[x",x"]" and
lo 20
|
A 0

Ap= B,= B

P 0 A2 ’ P ] !

B,

Following the same procedure as in Sec 2.2.1, it is readily seen that in the time-domain the

derivatives (%,X knp(f), 1 < i < Np are available and tend asymptotically to the sinusoidal

regime as f — o0. Let us consider the stationary sinusoidal conditions

di
Jxk,,,p(t) ~ a;sin(@x (1), Vt >>0, k € {1, 2}, (4.6)
where , T
aki=aw' |Hen (Dw)|, ¢ei)=@d&)+ 2Hkn (Dw)+ i, 4.7)
p p 2
Hk’np(s) = (S n wck)np .

Clearly, the derivative signals (4.6) are directly computable from the filters’ states (see (2.9))
and can be used as auxiliary signals to retrieve the frequency, the amplitude, and the phase of
the input sinusoid. It is clear that a high order perturbation can be dealt with by a sufficient
large np, following the same procedure (see Section 2.2 for more details).

Theorem 4.2.1 (ISS of the parallel pre-filtering system) Given the sinusoidal signal )
and the perturbed measurement V(1) (2.1), the error dynamics of the parallel pre-filtering

system (4.5) is ISS w.r.t. any additive disturbance signal d(t) € Ll D

Proof: The proof is trivial due to the fact that A, < 0. It is thus omitted here (the reader is
referred to the single-filter case dealt with in Sec 2.2.2).

Although the selection of np is not unique, the use of higher-order filters is not advisable
unless needed (e.g., in the presence of higher order perturbation, see Chapter 2) because of
the drawbacks of the higher order filtering (stated on page 27 in Sec. 2.2). To this end, in
the rest of this chapter, we first characterize the stability properties of a generalized parallel
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pre-filtering-based estimation scheme, where each filter has order equal tonp; the order can
be minimized to a 3+ 3 configuration characterized by the same unified convergence analysis.
Then, in Section 4.4, we further reduce the order yielding to a simplified 2 + 2 scheme the
stability analysis of which has to be carried out in a different way. Practically, the choice
of pre-filter’s configuration is determined by the designer depending on the performance
requested to the estimator. Indeed, in Section 4.7, we show that, at the cost of increasing
the order of the pre-filter, the 3 + 3 algorithm can provide an enhanced noise immunity in
contrast with the 2 +2 technique.

4.3 Generic Order np + np Pre-Filtering-Based Frequency

Estimator

4.3.1 Underlying Idea

Without loss of generality, let us start from considering a parallel pre-filtering stage

having two pre-filters each of order np, where n, > 3. In correspondence to the available
auxiliary vectors

gne—2 dne—2 T de de T
2= —— - 2= — -
1( ) dtnp—25(1’np(t) dtnp—z 5(2!’751 (t) ’ 2( ) dtnpj(ly”p(t) dtnp 5\(2"7;)(1‘) 4
(4.8)

formed by the derivatives of the internal pre-filter’s states, we introduce the counterparts in
the noise-free conditions:

gne—2 dne—2 T dne d’e T

Z](t): , Zz(t) =

dtnp—z Xl,np(t) dtnp_z X2,np(t) Jxl,np(t) Exz,np(t) 3

which have the sinusoidal regime Z (), z(f). For simplicity, let us create the combined
vectors At) = [Z(f) 2()]", Ab) = [Z(f) z(H)]', and the error vector in the presence of
d(t): At) = At) — At). The vector of auxiliary signals Af) can be expressed directly in
terms of the available input y(f) and the n,-th order filter’s states, X (f) and % (f):

| 1,
A=, Wt 3O @O (4.9)



88 STATE-VARIABLE FILTERING-BASED APPROACH

with

[ _ [
0 CAT™? 0
- np—2 [
@np = 9 np—l Onp CAZP =
T CA,. B CA 0 O
CAnp—l np

2 Bz 0 CA 2

I I
Accordingly, the “virtual” combined auxiliary derivatives Zf) = z ()T 2(f)T ' can be
expressed as I 1
.

A=, yb) X7 %@ - (4.10)

Moreover, the stationary sinusoids Z(f), z(f) defined in (4.10) satisfy the equality

Qz(H+25()=0.

We propose to obtain the unknown frequency of the measured signal by enforcing the above
constraint on the estimated one. To this end, the following gradient-based adaptation law
represents the core of the methodology, which exploits the available pre-filtered signals
Z(t), »z(t) in place of the unavailable pure sinusoids Z(f) and z(f):

. (. \
Q)= —pz)T EDADO+20) . 4.11)

Besides the frequency-adaptation mechanism just described, the pre-filter-based AFP scheme
also involves an amplitude and phase estimation method that will be described later on in
Section 4.5.

4.3.2 Stability Analysis of the Frequency Estimator

Assume the unknown sinusoidal regime X(f) induced by the initial filter’s state % gives
rise to a “virtual” signal vector Af) that matches the stationary sinusoidal behavior since the
very beginning, when driven by the unperturbed sinusoid y({), that is:

| 1+ l 17
Xty: @, y@ X7 =AH= z®O" O"  yieRr,, (4.12)

The ISS ofthe error dynamics X(f) claimed in Theorem 4.2.1 immediately implies that

At) /'. At) — At)isISS due to the identities (4.9) and (4.10). The error trajectory will enter
in finite-time in a closed ball of radius y,(d)+ 0 centered at the origin, where

Vz(r) = ®p,(yx(N + 1), VI € Rsq, 6 = Dp,u (4.13)
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and where d_)np > || Dy, |l.
Introducing the frequency estimation error CXt) /'. f{t) — Q, and applying the identity

5 (t)= —QZ(1), the dynamics of the frequency estimation error CIt) evolves according to
Q) = —pEO +20)T CIOED +2(D) — QAD + 2D

) ) (4.14)
= —uCH (O 7 () + A (t, 2 + uh(t, 2),

where

fitt,2=-2za®"za() -z 2@

h(t, 2 = Q(fi(t, 2+ z(D)"z() — 2() " 2(D).
Note that the functions fi(, 2) and (&, 2) verify fi(t,0) =0, f,(t,0) =0 forallt € Rx,.
Moreover, owingto the boundedness of z(f), there existtwo Keo-functions yr (- )and yza( - )
such that

it 21 < yia(12),  [6(E 2] < yra(12). (4.15)

The following assumption is needed to prove the convergence of the estimation error.

Assumption 4 The signal Z(t) is persistently exciting in the sense that there exist a constant
0 > 0 such that

z2(Hh"z(f) = € Vt>0. (4.16)

In the following derivations, we show that Assumption 4 is verified under a suitable choice
of we, and we, in the nominal (noise-free) condition. Let us expand Z ()" Z(£) as follows:

dnp—25(1 2 dnp_2X2 n,
20TAO= g, @M + —cﬁ—z—(ﬂ
2 ( m \
= agn,_28in® @O+ P, —, _
P © =2

where ay n,—2 = aw"? |Hinp,(Dw)| and ¢y n, denotes the phase of Hy n,(Cw). After some
algebra, we get

w w
®1,n, = Nparctan — $2,n, = Np arctan —

Wt W2
Thanks to the fact that [@) n, — @2,n,| < o, Yw >0, Z(t)TZ(t) is strictly positive for
t>0if
|¢1,np - ¢2,np,}/=jrryj E [07 1727 LERE] [nﬁ)/zj)i V(,U E R>() (4.17)
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with | - | beingthe floor operator.

In view of (4.17), it is readily seen that [@1n, — @20, V=0, i.c., §1,n/= @20, Y >0
as long as we, and wy, are distinct. Next, we show a choice of the pre-filters’ parameters such

that
2 2 2

w
o TWe, —(2+4a )we, W, <0, (4.18)

where a = tan(17/n), implies that the condition |1 n,— @20,V =j7,j € [1,2,.... | np2)), Vw >
0 is satisfied. Let us suppose that there exists W € R, such that |¢; 5, — ¢2.n,| =j77. Such
hypothesis holds if and only if

w Jm

w
arctan — _—_—garctan —  +— -
wCl (UCZ np

Taking tan( - ) on both hand side of the above equation, and owing to the property of trigono-
metric functions, we get

w w 2

—_ — / 1+ =+ i
W~ W e, W, =+ tan(j17/np)
which can be rearranged as follows:
tan(jm/np)w* + (We, — We )w + tan(jr/Np)ws we_ = 0. (4.19)

Note that equation (4.19) does not admit any real root in the variable w as long as

2 2 2

Yo+ w,, — 2+ 4tan(T/np) Ywe we, <0,

which is always true if (4.18) holds since 0 < tan(1/np) < tan(jri/np) < tan(17/2).
Therefore, by contradiction, the condition

|¢]ynp - (p2’np,l/:j77,j E [O, 1,2, ....[anJ), V(U E R>()

can be ensured by proper selection of we,, We,. Finally, due to the phase separation property,

there always exist a positive constant &, such that excitation condition (4.16) is verified for
all t > 0.

Theorem 4.3.1 (ISS of the adaptive frequency identifier) Under Assumption 4, given the
sinusoidal signal y(t) and the perturbed measurement model (4.1), the frequency estimation

system made up of the two filters (4.4) of order n (n = 3) and by the adaptation law (4.9)
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and (4.11) is ISS w.r.t. any additive disturbance signal d(t) € L, such that

(

- )
ldl, <d <y;' 'V, , (4.20)

where Y, and Yr\ are given by (4.13) and (4.15), respectively. D

Proof: According to (4.13), for any positive & € R there exists a finite time-instant T5 such
that |Af)| < y,(d)+ 9, Vt > Ts, which implies

Vi (120]) < yri(v(d) + 5), Vt= Ts. 4.21)

If the bound (4.20) on the disturbances holds, then, for some & € R, the following
inequality is satisfied

€ — Vri(y2(d) + 6) > 0. (4.22)

Thus, inview of (4.14),(4.15) and Assumption 4, the following bound on the derivative of
candidate Lyapunov function V = 51 3 can be established for any t > T:

. — \ ~
%\éﬁt) < —,u\e— v £1(vz(d) + 6) |1 + pyra(|1t) )| Sxb)l (4.23)
< —Ay QD1 + pyra(12DDIQDI, t= T,

I — I -
where A, /'. u € = yr1(y-(d)+0) isapositive constant. Thus, CXf) is ISS w.r.t. Af) and
inturn, ISSw.r.t. d.

4.3.3 Pre-Filter of Order3+3

In this paragraph, we specialize the previous scheme to the case np, = 3. Considering
np=31n(4.8), the auxiliary vectors are:

I 1 3
K K a? T
A= a0 Jaa® T m(h= Txsl) G

formed by the derivatives of the internal pre-filter’s states of order 3. For simplicity, let
us consider the combined vector of auxiliary signals Zf) = [%(f) 2(f)] " which can be

expressed directly in terms of the available measurement v(f) and the pre-filter’s states
% eR3 k=1,2:
I 1+
AH=@3 v(t) (O xHT (4.24)
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with 0

0 0 CA,
©, = ca2B, CA> 0 0
CAiBz 0’ oA

O
0 CA O -

Finally, the frequency is estimated by the recursive algorithm (4.11) on the basis of the
updated z (f) and (f). The stability analysis of the 3 + 3 frequency estimator is a special
case ofthe one givenin Section4.3.2 and is therefore omitted.

4.4 Order 2 + 2 Pre-Filtering-Based Frequency Estimator

4.4.1 Underlying Idea

In this section, we aim to further reduce the dynamic order of the estimator, by decreasing

the order of the two pre-filters to n, = 2. Let us choose ch = K;, = K. and then introduce
the auxiliary signals z;(f) = X1,2(f) — X2,2(f) and z,(f) = X ] 2(l‘) — O’_ZZX2 2(l‘). It is easy
az 1, az 2,

to show that both z; and z, tend asymptotically to a sinusoidal regime given by:

z() == z(t) = auo sin(@1,0(f) — a2, sin(@,0(1)) , (4.25)

t—oo

2 () — z({®=-Qz(,

with Q= w? isthe true (unknown) squared-frequency, and where

ako=alHi2(Dw)l, ro(®)=@O+ £Hio(Dw). (4.26)

with
W2
Hia(s)= o ¢ 5
(8+wg)
In view of (4.25), Z(f) turns out to be a pure single sinusoidal signal having frequency w
and amplitude I
az = yp + Yq ; (4.27)

in which

Yp=aj0cos ZH y(Hw) — aocos £H, (Dw),

Yg=ai0sin ZH, ,(Dw) — ayosin ZHx(Hw).
Similar to the order n, + np algorithm, the following gradient-based adaptation law that
exploits the available pre-filtered signals Z (f), z(f) in place of the unavailable pure sinusoids
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Z(t) and &(t), is adopted for the frequency estimation:
. (. \
Q)= —pzf) XDAM+20 (4.28)

with > 0 being a user-defined adaptation gain aimed at tuning the convergence speed of
the estimator.

4.4.2 Stability Analysis of the Frequency-Adaptation Scheme with 2+2
Pre-Filter

Letusintroduce the combined vector Af)=[%(f) 2(f)] ' thatcanbe expressedas

| 1,
Anp=D; v @O xOT (4.29)
where () = [%.1() - - - %201, () =[%.(f) - - - %2(B)]" and
I
0 C C

D, = -
C(AB, — A,B;) CA% —CA}

By analogy to the foregoing analysis illustrated in Section 4.3.2, we immediately conclude
that the trajectory of Z(f) will enter in a closed ball of radius y,(d) + & centered at the origin
in finite-time, where

Y2(r) = Do(yx(N) +1), Vr € Rsp, 6 =Dyv, (4.30)

being ®, > ||®,||. Thanks to the relationship 2z (f) = —QZ(f), let us rewrite (4.28) in terms
of the errors Z and 2:

&) =~ 50 + 20 AOED + 2(D) — Q&D + 2D

= _/JEZ(t)Z + /Jffl(t, 2)+ /JfZ(t; 2,

)
(4.31)

where
fi(t, 2 = —2z(Ha(t) — z(t’,
hL(t, 2 = Q(fi(t, 2 + 2Dz () — (A @) +za()z().

It is not difficult to see that there exist two Keo-functions V¢ (- ) and yr2( - ) such that

Ifit, 2| < yri(12), |6 2| < yia(l2). (4.32)



94 STATE-VARIABLE FILTERING-BASED APPROACH

The following result characterizes the stability properties of the frequency estimator.

Theorem 4.4.1 (ISS of the adaptive frequency identifier) Given the sinusoidal signal v(t)
and the perturbed measurement model (2.1), let the bound on the measurement disturbance
d verify the inequality:

R wKai1 In ((1 — Ka)/K)

Cegevs v , 4.33
[d||eo <d<yz £1 utmkaz, — 2w In (1/K) 39

where az, is given by (4.27), K : K € (0, 1) is chosen arbitrarily, Kn € Rsg is such that

1 — Ka > K, and [ is chosen large enough to verify the following two inequalities:

w In (1/K)uKa’,) < 1T (4.34)
and
cos? WU/ _ > wkin((-KaV/K) | (4.35)
2pKa;, HTTK&Z, — 2w In (1/K)
Then, the frequency estimation system given by the two filters (4.5) withn=2 and by (4.28)
and (4.29) is ISS w.r.t. d(¥). D

~ 1~
Proof: Consider the following candidate Lyapunov function V(€)= 3 (Z.Inviewof(4.31)
and (4.32), the time-derivative of V (f) along the system’s trajectory satisfies:

oV z ~ 2 ~ 9 ~
a_NQ(t) =QHQH < —pEd v (12D1) Q)+ pyea(|2DHDIQDH],  (4.36)
Q

in which the stationary sinusoidal signal Z (f) appears explicitly. Now, under the assumption
of d given by (4.33) and the inequalities (4.34) and (4.35), then the period of the squared
sinusoid 221(1‘) can be partitioned in three intervals: P, in which it holds that

(21(1‘)2 — Vea(yz(d) + 5)) > Ka’,

and P;, P;, in which this inequality is not guaranteed. In the following, we denote by f,
t; and t, the transition time-instants between the aforementioned modes of behavior, as

described in Fig.4.2. Without loss of generality, the duration of P, is denoted by T that is
subjectto Te < ”, while the duration of P; and P; are identical denoted by Tg= " _— Te

— _

w 2w 2
We prove that there exist a suitably specified constant, such that if the interval P, lasts for

more than T, then the discrete-time Lyapunov function obtained by sampling the continuous-
time Lyapunov function at the end of the three phases is a discrete-ISS Lyapunov function.
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Fig. 4.2 An example plot of the excitation signal Z(f) (blue line) induced by the station-
ary sinusoidal signal Z(f) with amplitude a,, (dotted red line), as well as two horizontal
thresholds s 1(yz(d) + 0) (dotted green line) and yr1(y2(d) + &) + ka?,, (green line).

Moreover, we show that the required duration To of P, can be guaranteed if the disturbance
verifies inequality (4.33) reported in the statement of the theorem.

During P,, we have:

V() < —pka, Sty + py (120 €D . (4.37)

By completing squares, we get:
Ka*

Vi) = —p P00+ S ya(a0))? @38)
< —pKraz(V () — ye(d)),

with ye(d) = (2K a’,)"'vr2(121)[)*. Analogously, during P and P, we obtain the follow-
ing upper bound for V()

V() <wpyndan)) (V(l‘) + Vd(a)) . (4.39)

sz( n?

where yq(r) is a K-function such that ya(r)ys(r)* > ,Vr=0.

Applying the Gronwall-Bellman Lemma to (4.38), the value of the Lyapunov function

during P, (t; < t <t,) can be bounded as follows:

Vit)+(i-e Han () (yo(dy - V)
g WV () +ye(d)(1 — e et W), Vte[t,t).

IA

v (4.40)
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Taking the same steps as above, we obtain a further bound of V/ (f) during the “dis-excited”
intervals P; and Ps:

V() < V(1) (00—t 4 (gumalx0Di=t) _ 1)y q)
’ m

Vte [t(), tl), 1fp=0 or Vte [tz, t()+ ;), 1fp=2 (441)

Due to the poor excitation during P; and P4, at the end of these intervals we can establish a
(possibly) conservative bound
V(te) < V(120D Ta (V(tp) + yd(a)), te=t, if p=0(i.e.,in Py)
ort =t + ", ifp=2(iec,inP). (442)
e 0 w 3
Then, in view of (4.40), assuming that the mode P, occurs for a time T, (we do not pose a

lower-bound on T, at this point, possibly T, =0), we get the inequality:

(

2

2 | —
V() < e HanTe gtvn(laDTa V(to>+vd(d7 + Ve(d)(1 — e M @xTe)  (4.43)

Finally, denoting by Vi /'. V (to +k ) the value of the Lyapunov function at the end of each

k-th P; interval, and considering that t, is arbitrary within the set ty € {t: Z(f) = 0}, from
inequalities (4.42) and (4.43), we can easily get the following expression:

2 2

Vi < evir(ahTa—pkaz Teys, 4 Ve(d)(1 — e HKkaz Te)epyﬁ1(|z(t)|)7'd
2 —_—
+ (e2lJVf,1(I?(l‘)|)Td—uKazl Te 1 equ,l(lf(l‘)I)Td)Vd(d) . (4.44)

We now show that a minimum time-duration of phase P,, denoted by T, is ensured as long
as the bound (4.33) is verified. Indeed (4.33) implies that

) < U I =
utKa;, — 2w In (1/K) (4.45)
In ((1 = KA)/K)
2u(m2w — In (1/K)/uKa?z) -

Then, thanks to (4.35), there exists a positive constant Ty that bounds the length of the

dis-excitation interval (Ty < ?d) :

e ( 2 2 ZMI_/K)

' . I
Tq/' . min t < ;) ZZ(to+t) = 8, COS 2,UK8§1
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Owing to the fact that Z (ty + T 4)* = @, sin*(wW(fo+ T 4)), then T4 canbe computed as the
minimum positive solution of the equation:

w In (1/k)
a2 smz(w Td) 2,COS 7211’(3%1
From (4.34), it holds that
— m In (1/K)

2w 2uKa

Hence,

3

_ In (1/K) _T
Te= ; —2Tq4= 'UKa; e

Combining T ¢ and (4.45), we also get

e2vr(20DTs < g2uvia(laohTe « (L= Ka)
K

Next, we prove that the Lyapunov function with discrete dynamics induced by sampling
the frequency estimator in correspondence of the transitions is ISS with respect to the
measurement disturbance d(f). Since

In(1/K)
pKa;,

J

tz—tlzTeZ

picking € € R such that 1 — kK, <€ <1, then we can guarantee the following bound on
the discrete (sampled) Lyapunov function sequence:

_ 1 1 _
Vil < €Vie+ ye(d)(1 — K)VT( +(1+ JKT)yd(co.

In compact form:
Vk+1 — Vk < —(1 — €)Vk+ VV(d):

where the function Y, ( - ) is a K-function defined as

1 1
Vu(r) = ve(N(1 = K) \7?+ (1+ \7K_7yd(r), Vr e Rsg.

Hence, we are able to conclude that Vj is a discrete ISS Lyapunov function for the sampled
sequence.

Finally, we show the ISS for the continuous-time system by using the continuity of V ()
and the boundedness of its time-derivative in the inter-sampling. Thanks to the periodicity
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of the excitation signal Z(f)?, let us denote by ty(k), t;(k) and t,(K) the transition time-
}nstants of'the f(—th period of Z ()?, and k(f) the index of the current period: k() =k : t €
to(k), to(k+1)". Between two samples, the Lyapunov function can be bounded (possibly
in a conservative way) by,

1 _ _ - _I
V() < \/KIV(t0)+yd(c0|+| KV (to) + va(d) +ve(d)
1 1
+ V)tV Ve(d) 1+ Jya(d)
1+ w+ 1 2

= Ve VotV V@ 2+ Jya(d). (4.46)

ce ki) T ,
Since K(f) __, o, an infinite number of excited phases with length T, occurs asymptoti-
cally; the estimation error in the inter-sampling times converges to a compact region whose
radius depends on the bound on the disturbance (assumed to exist), hence concluding the

proof.

4.5 Amplitude and Phase Estimation

Finally, we propose a unified algorithm for estimating the amplitude and the phase that

applies to all the np + np (Np > 2) methods presented in this chapter. Following the same
procedure carried out in Section 2.3, the amplitude and phase (&x, g, Pk q) of the g-th derivative
of the n,-th state variable of the k-th pre-filter (see (4.6) and (4.7)) can be estimated as follows
by using ) obtained by either methods illustrated in this chapter:

I _A ai! 2 oAl 2
o= XD GrTXn,(O T gEaXen,(® , (4.47a)
i il
Prq(D)= 2 X wh , Vg <np, (4.47b)
k.q dtq)qcnp(t)JrD“ét)dtq—lxﬂnp(t) P
and
1 ’
at) = Guall) w2 H e AKs we) (4.48a)
&Qt)q Ck k k
T

) = Gi,q(H) + np arctan(&ft)/we, ) — 2_q. (4.48Db)
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The “ill” defined non-adaptive formulas (4.47a) and (4.48a) (they are not defined when
t) = 0) are amended by the following adaptive mechanisms:

_ I [ O
Bog(=—a 5~ 1 g1 2 2
Q(t) Xn () + Lx,@ 0O (449
R dta "
dtq—l P
and
|l o 1,
at) = —paidh)?  w)It) — Bog(t) Wi T WHAK, we) (4.50)

with initial condition & 4(0) = 0, §0) = 0 and tunable parameters Uz € R>( that determine
the rate of convergence. The above adaption laws makes it easy to enforce, simply by a

clipping(e.g., (3.11)), the positivity constraints &> 0.

4.6 Digital implementation of the proposed method

In this section, we briefly illustrate the digital implementation of the introduced algo-
rithms. Consider a measured signal v(k), k = 1,2, - - - sampled by Tg, we firstly make a
choice of the tunable parameters We,, We,, Ke,, Ks,, M. It is worth noting that both methods
rely on the filtered signals obtained by the parallel pre-filtering system (4.5), which in the
discrete-time domain is represented by

X(K) = x(k — 1)+ Ts (Apx(k — 1) + Bpv(K)) , (4.51)
where x(t) = [x1(£) x2(H]", % (t) = [X%.1(f) - - - X201, () =[%1() - - - %6,2(0)]" .
Thanks to (4.51), the auxiliary signal A k) for the method 1 (see Section 4.3.3) is obtained by
I 1+
AK)=D; v(k) x(k"T x(kT

with 0

0 CA 0

0 0 CA"

® =0cas cA 0 U
CA:B, 0 CA}
On the other side, for method 2 (see Section 4.4), we get

| 1+
=Dy v(k) x0T x0T,
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with !
0 C C
(Dz = -
C(A\B, — AB,) CA% —CA3
The frequency adaptation laws for both methods have the same representation, which in the

discrete-time domain writes:

. . (, \
Qk) =k —1) = Tspz(k) Xk —Dak)+zk) ,
n__
Wk)= max{0, f{k)}
where z,(k), zx(k) for method 1 are vectors, however for method 2 they are scalars.
Finally, by using Zf) and &k), it is straightforward to estimate the amplitude and the
phase by the discretized equations of (4.49), (4.50), (4.47b) and (4.48b).

4.7 Simulation and Experimental Results

4.7.1 Simulation Results

In this subsection, the behaviour of the proposed methods are evaluated and compared
with three recently proposed AFP techniques [58], [28] and [90]. All the algorithms are
discretized by Forward-Euler discretization method with fixed sampling period 1 X 107%s.
The algorithms considered in the comparative analysis have been tuned to have a similar
response time when fed by a unitary-amplitude sinusoid of frequency 1/217), when initialized
with zero initial conditions (indeed, the initial transient of the frequency-estimates shown in
Fig.4.3 putin evidence that the considered methods share the same rise-time). The evaluations
are conducted in the case of a biased sinusoidal signal, undergoing both frequency and offset
steps-wise variations.

Let us consider a sinusoidal measurement corrupted by a bounded disturbance:
v(t) = b(t)+ 3 sin(w(t) t+ 11/4)+ d(1), (4.52)

with g
04, 0<t<l10
w®= 8§, 10=<t<35 , b=

J0 35 <t<50

(
1, 0< <20
320<t<50
d(t) is a bounded disturbance with uniform distribution in the interval [-0.5, 0.5]. All the

methods are initialized with the same initial condition &f0) = 1. Method [58] is tuned
with: yo = 1.5, uy =3, U =3, u3 = 0.8, while method [28] is tuned with: Ks =1, A =
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1, ws =4, Qy = (1/A)]. For method [90], we set yo = A3 = 8, y1 = 6, k = 0.18. Finally,
the tuning parameters of the proposed methods are selected by: w¢, =6, W, =3, K¢, =
0.6, K,=0.8, u=1and we; = 9, W, = 2, K¢y = K, = 0.6, U = 4 respectively
(heuristic tuning guidelines of the pre-filtering parameters we,, K, and the adaptive gain
can be referred to the Figure 2.4 and 2.5). The frequency-estimation trends obtained by the
simulations are depicted in Fig.4.3.

Estimated Frequencies from a biased and noisy input signal
10

AFP method [91]
—— AFP method [29]
8 PLL method [59]
Method 2 ('2+2)
Method 1 ('3+3’)

Frequency [rad/s]

0 5 10 15 20 25 30 35 40 45 50
Time [s]

Fig. 4.3 Time-behavior of the estimated frequency by using the proposed AFP methods (blue
and red line respectively) compared with the time behaviors of the estimated frequency by
the AFP methods [28] (black line), [58] (green line) and [90] (cyan line).

All the methods are capable to track the initial frequency satisfactorily, with similar
response time (the constraint for choosing parameters). The PLL method [58] exhibits a
good noise immunity in stationary conditions, but is quite slow to track frequency variations,
specially in the low-frequency range. The AFP method [28] is the more sensitive to the
bias change, however, it performs the best noise attenuation at the cost of slow reaction to a
significant frequency change. The proposed methods can handle considerable frequency vari-
ations with relatively fast response time and acceptable robustness against noise. Compared
to the single pre-filter-based method [90] (note that the switching dynamic consists in this
algorithm is switched off in order to consider the time-varying frequency), in this example
the presented methods equipped with parallel pre-filters show certain improvements in terms
of noise immunity without deteriorating the transient performance.

The amplitude estimates of each method are reported in Fig.4.4 ([90] is excluded, since
it only deals with frequency estimation). Among the three recursive algorithms, the PLL
method [58] is the simplest in terms of dynamic order, but it is prone to be affected by the
parametric perturbations. On the other hand, the proposed methods estimate the amplitude
in a relatively smoother manner, in particular, method 1 (see Section 4.3) provides the best

noise immunity in the stationary phases.
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Estimated Amplitudes from a biased and noisy input signal

<—OQvershoot over18

Amplitude

——— AFP method [29]
PLL method [59]
Method 2 ('2+2)
Method 2 ('3+3')

0 é 1b 1‘5 Zb 25 36 I;S 40 45 5‘0

Time [s]
Fig. 4.4 Time-behavior of the estimated amplitude by using the proposed AFP methods (blue
and red line respectively) compared with the time behaviors of the estimated frequency by
the AFP methods [28] (black line) and [58] (green line).

Thanks to the availability of the phase estimation, the sinusoidal signal reconstructed
by the proposed method is depicted in Fig.4.5, in which the unbiased signal is recovered
successfully in a smooth manner even the input is affected by a bounded uncertainty.

Sinusoidal signal reconstruction

Unbiased input

0 6 Biased input

2 Estimated sinusoid

2

n 4

gl

o

© 2

=

g o

2

& —2

3 |

g™ |
_6 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50

Time [s]

Fig. 4.5 Estimated sinusoidal signal by the proposed AFP method 2 (blue line). To appreciate
the time-behavior of the estimated signal, the biased noisy input is depicted (red line), as
well as the same signal without the time-varying bias term (green line).

In order to complete the comparison of the proposed methods, in Fig.4.6, the time-
behaviors of the estimated frequency are shown in another case in which higher level of
noise affects the input. It can be observed that method 1 with an order 3 + 3 configuration
(see Section 4.3) offers slightly better steady state performance at the expense of increased

complexity.
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Estimated Frequencies from a biased input signal with intensive noise: noise u.d.in [-5,5]
10 T T T T T T

T T
Method 2 ('2+2’)
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Fig. 4.6 Comparison of the behaviors of the proposed AFP method 1 (blue line) and 2 (red
line) in the presence of a bounded perturbation within the interval [—5, 5].

4.7.2 Experimental Results

In order to evaluate the robustness of the proposed algorithm in practice, we have
deployed the method 2 introduced in Section 4.4 on a dSpace system. In order to confirm
the simulation results on an experimental test-rig, the two prior methods [58] and [28] have
been implemented in the same system, with the task of estimating the frequency, the phase
and amplitude of an electrical voltage signal generated by a programmable power supply
able to reproduce the perturbations typically experienced in micro-grids. Note that all the
methodologies are discretized by Euler method with sampling rate set to 60kHz. Fig. 4.7
shows some periods of the noisy sinusoidal signal generated by the programmable power
supply. The large voltage ripples superimposed on the measured sinusoid correspond to the
perturbations that may arise from the switching actions of grid-connected power electronic
devices. On the other side, voltage-injected spikes are used to reproduce the large voltage
transients due to the sudden change of electric loads or to severe radio frequency interference
such as those caused by lightning.

Inthe first test, the frequency of the supply is varied according to the following pattern:
50-48-50-52-48Hz (whichislikely to occur onasmall-scale power system such as amicro-
grid). In particular, the frequency changes are composed of multiple steps in order to
imitate the inertia of electro-mechanical generators. The tuning gains of the methods [58]
and [28] are set to the following values: uy = 15, yy = g = 300, ys = 0.07 and
Ks=1,A=10, ws=2150, Q) = (1/A)1, while the parameters of the proposed estimator
are: We, = 320, we, =250, K¢, = K¢, = 0.6, u; = 50. The dSpace board computes the
frequency estimatesinreal-timeand convertsthemtoanalogsignalsthatarecollectedbyan
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Practical sinusoidal input
25 T T T T T T

1 1 1 1 1 1 1
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
Time [s]

Fig. 4.7 A real-time 50 Hz sinusoidal voltage signal corrupted by ripples reproducing the
perturbation due to a typical switching device and 4 large spikes per cycle to reproduce RF
interference.

oscilloscope whose plot is given in Fig. 4.8. The estimates show that all the methods can be

adjusted to achieve a similar response time to the given frequency step-wise variations.

2Estimated frequency from a practical input with spikes and step frequency changes
52.5 T T T T

52

515

Frequency [Hz]
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N
©

48.5
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475 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20

Time [s]

Fig. 4.8 Real-time frequency tracking of a sinusoidal signal with a step-wise changing
frequency (50-48-50-52-48 Hz): the time behaviors of the estimated frequency by the AFP
methods [28] (greed line), [58] (red line) and the proposed method 2 (blue lines).

For the sake of completeness, with the fixed parameter setting the robustness against bias
variations is tested by introducing a measurement offset with step-wise changes (0-0.5-0)
over the alternating current voltage signal given in Fig. 4.7 . According to the results shown
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in Fig. 4.9, the proposed method shows an enhanced transient behavior with only minor loss
on the stationary accuracy compared with the other two approaches.

5 Estimated frequency from practical input with spiks and step bias changes

Frequency [Hz]

a8 .

a7t i

46.5 1 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

Time [s]

Fig. 4.9 Real-time frequency tracking of a sinusoidal signal with a step-wise changing offset:
the time behaviors of the estimated frequency by the AFP methods [28] (greed line), [58]
(red line) and the proposed method 2 (blue lines).

4.8 Concluding Remarks

This chapter deals with an AFP scheme based on the parallel pre-filtering paradigm
with the aim of reducing the dynamic order of the adaptive observer approach introduced in
Chapter 2. The parallel pre-filtering methodology consists in filtering a noisy-biased sinusoid
with a pair of two low-pass filters of a given order, whose inner states are used to estimate
the frequency, the phase and the amplitude of the original sinusoid. The robust stability
properties of the presented methods with respect to additive measurement perturbations are
characterized by an Input-to-State stability analysis, which also provides basic tuning rules
for the parameters of the adaptation laws. Numerical simulations and practical experiments
on a laboratory test-rig confirm that the proposed method is robust with respect to additive
measurement noise and is able to track large and sudden frequency variations. Finally, the
ease of implementation of the pre-filter-based method makes it a valid alternative to existing
AFP methodologies for the task of electrical network monitoring and synchronization with

mains.
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Chapter 5

FINITE-TIME PARAMETRIC
ESTIMATION OF A SINUSOIDAL SIGNAL

5.1 Introduction

In the previous chapters, we elaborated a few types of AFP techniques which ensure
asymptotic convergence of the estimates. The purpose of this chapter is to present a method
that can accomplish finite-time parameter estimation of a single sinusoidal signal possibly
corrupted by an offset.

Let us consider

y(®) =b+asin(§(®), ¢ =w, ¢0)=d (5.1

where b € Ry, @ € Ry, ¢ and w € R,y are the unknown offset, amplitude, phase
and frequency, respectively. Our objective consists in providing the AFP estimates of the
sinusoidal signal (5.1) in a deadbeat manner. After that, we also show that the estimation error
is ISS with respect to the measurement noise, provided a noisy signal, i.e., V(f) = y(f)+ d(f),
in which d(f) is a bounded disturbance.

Substantial numbers of tools are currently available in the literature for estimating the
characteristics of a biased sinusoidal signal (referred to Sec. 1.2 for more details). However,
only a few of the algorithms are capable to achieve the convergence of the estimates to
the true values within an arbitrarily small finite time, which is a very desirable feature in
several application contexts like, for example, micro-grids power systems that are affected
by severe frequency fluctuations due to low inertia of generators, and vibration suppression
in high-value mechanical systems. Typically, algebraic derivatives (see e.g. [66, 106])
and modulating functions [33] represent two main tools for constructing a non-asymptotic
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estimator. Nevertheless, a comprehensive investigation concerning the stability properties in
anoisy environment is still missing so far.

In this chapter, we propose a robust parametric finite-time estimation methodology for
biased sinusoidal signals by employing a class of kernel based-linear integral operators. The
use of such integral operators allows to annihilate the effects of the unknown initial conditions,
which produce an asymptotic behavior in terms of estimation error convergence. In the spirit
of preliminary work on the sole frequency estimation problem (see [85]), this chapter deals
with a finite-time convergent estimation scheme in which the frequency, amplitude and
phase of a sinusoidal signal are estimated in finite-time. Volterra integral operators [83] with
suitably designed kernels are exploited and, in contrast with existing works, the behavior of
the estimator in the presence of a bounded additive measurement disturbance is rigorously
characterized by ISS arguments as well. To the best of the author’s knowledge, this is the
first finite-time convergent sinusoidal estimator the behavior of which is analyzed also in the
presence of unstructured and bounded measurement perturbations.

This chapter is organized as follows: Section 5.2 introduces several useful notations and
basic definitions regarding a typical linear integral operator. In Section 5.3, the Volterra
integral operators are characterized whereas in Section 5.4, the finite-time estimation tech-
nique is illustrated. In Section 5.5, the stability and robustness properties of the proposed
estimation tool are dealt with. Section 5.6 gives an example of the discretized algorithm
for digital implementation. Extensive simulation results are provided in Section 5.7 and

Section 5.8 draws some concluding remarks.

5.2 Preliminaries

In the following, for the reader’s convenience, some basic concepts of linear integral
operators’ algebra (see [14] and the references therein) are recalled. More specifically,
we use transformations acting on the Hilbert space Lz/ochzo) of locally square-integrable
f(mctionszwith domain Rx¢ and range R (i.e., u(+) € Ljpe(R20) < (U(+) : Rz = R) A

g lu(®)| dt < oo, ¥V compactB C Rxg). Given a function u € L,(Rxo), its image
through the Volterra (linear, integral) operator Vk induced by a Hilbert-Schmidt HS Kernel

Function K(-, +): R X R — Ris usually denoted by [Vxu]( - ), and is defined by the inner

roduct:
p r,

[Vkul(t) /. K nu(r)dr, t€ Rxy. (5.2)
0

Any explicit function of time u(f) : t — u(f) € R, such that u(+) € L3(R>0) will be

addressed in this paper as a signal. Then, given two scalars a, b € Ry, with a < b, let us
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denote by Upa p)( - ) and Ua py( - ) the restriction of a signal u( - ) to the closed interval [a, b] and

to the left open interval (&, b], respectively. Moreover, let u(f) € R, Vt > 0 be an i-times
differentiable signal, we denote by u(! the i-th order time-derivative signal. The operator
sign( - ) used in this chapter is defined by

(]

1 ifx>0,
sign(w) /. 1 ifx <0, (5.3)
“e[-1,1] ifx=0.

Given a kernel function K(-, -) in two variables, its i-th order weak derivative with
respect to the second argument will be denoted as K? j € Z s, For obvious practical
implementability reasons, it is convenient to devise a differential form for the operators.
By applying the Leibniz differentiation rule to the Volterra integral, the transformed signal

[Vix](f), for t > 0, can be obtained as the output of a dynamic system described by the
following scalar integro-differential equation:
app "o
&) = K(t, Hx(t) + 9Kt 1) x(r)dr, t€ Rx
I o ot , (5.4)
[Vkx] ()= &(t)
ro
with (0) =&, = K(0, m)x(r)dr. Now, we introduce some useful results dealing with
0

the application of Volterra operators to the derivatives of a signal.

Lemma 5.2.1 (Volterra image of a signal’s derivative) For a given i > 0, consider a sig-
nal u(-) € L*%(Rs,) that admits a i-th weak derivative in Ry and a kernel function

K(-, -) € HS that admits the i-th derivative (in the conventional sense) with respect to
the second argument, V't € Rx. It holds that:

i—1

'vKu(”I H= (—D)7 WKt 1)
J=0
i—1

, i I I
+  (=DTuPOKTIE 0) + (= 1) Vo u(f), YEER 5o (5.5)
j=0
I I
thatis, Vxu™ () is non-anticipative with respect to U( - ) and its first (i-1)-th derivatives
uD(+),. .., U=, D
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Proof: Integrating by parts, we have:

r ¢

Vi@ = Kt nud(rydr
0

re

= UK, B — U)K 0) — KO DUTH(mdr. (5.6)
0

The integral operator on the right-hand side of (5.6) can be further split by parts:

r:
- KO, ryu™(r)dr
0 r P
= — UKL, )+ U)K, 0)+ KOt Hu=D(r)dr .
0

Proceeding by induction we obtain

r; i
K, nu?(rydr=(—1Y"u DK™V, b+
0

J=1
. r .

(— YU D)KI= Dt 0) + (—1) KOt Hyu(ndr, (5.7)
0

j=1
that is, the function obtained by applying the Volterra operator to the /-th derivative is non-
anticipative with respect to lower-order derivatives. The identity (5.5) can be verified by
rearranging indexing of the summation in (5.7), thus completing the proof.
Lemma 5.2.1 allows to identif§( a class of kernels such that for each derivative u®, j €
{0, - - -, n— 1}, the image signal V,u® (f), t > 0 is independent from the initial states

u(0), u(0), - - -, u""1(0), according to the following definition.

Definition 5.2.1 (i-th order non-asymptotic kernel) Consider a function K( -, ) satisfying
the assumptions of Lemma 5.2.1; if, in addition, for a given i > 1, the kernel verifies the

condition
KY(t,0)=0,Vte Rs, Vj€{0,...,i—1} (5.8)

then, it is called an i-th order non-asymptotic kernel. D

Assuming that K(-, -) is an n-th order non-asymptotic kernel function, (5.7) can be
further simplified by removing the initial condition-dependent term on the right hand side, it
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holds that:
i—1

IVK u<'>I H= (—=D""TuOOKTTIE )+ (=D [Veoul®), i €{1,...,n— 1}
FO (5.9)

Considering the case /= 1, by some trivial manipulation of (5.9) we have that
I I
Viu™D () = u(K(t, t) — [V u] (f). (5.10)

Moreover, changing the kernel K with K and and performing the substitution of u') for

u, foranyj € {1,..., n — 1} we have that also the following integral equation holds

I A . I I
Vo U™ () = UKt B — Vg t® (D). (5.1D)

5.3 Bivariate Feedthrough Non-asymptotic Kernels

At this stage, we introduce a typical non-asymptotic kernel for the sake of further

discussion.

Definition 5.3.1 (i-th Order BF-NK) /87] A kernel K(-, +) € HS that satisfies the assump-

tions given in Lemma 5.2.1 and that, for a given i > 1, also verifies the conditions

KOt ty=0, Vi=0, Vje{o,...,i— 1}, (5.12)
is called I-th Order Bivariate Feedthrough Non-asymptotic (BF-NK) kernel.

Here, we introduce a BF-NK that fulfils (5.12), expressed in the following lines:

F(t,1)=e Pt — e Ty, (5.13)

which is parametrized by the constants 8 ¢ Ry and ,E . In View( of (5.13{, all the non-
_ n

asymptotic conditions up to the n-th order are metby the factor 1 —e~#7  regardless
of the choice of 8 and ,é . Forany i € {0,1, - - - , n}, the T derived kernel functions read
(an exmaple of BF-NK is depicted in Fig. 5.1 showing the behavior of the kernel and its
derivatives): _ B
FOt 1)=e Pt d_’_eB’(1 — e Fryn, (5.14)
dar
Specializing (5.4) to the kernel (5.14) with respect to the sinusoidal signal y(f), we have that
the transformed signal [V y] (f), forany i € {1,2, - - - , n} can be obtained as the output of
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Fig.5.1Plots ofthe Bivariate Feedthrough Non-asymptotic Kernelsanditsderivatives(see
(5.14)), forB=B=1and n = 3.

alinear time-varying scalar system. Letting §(f) = [Vewy] (f), we have that
r
. t
EO=Ft by + g;/:(')(l‘, T) y(ndr

0

=FO(t, ty(t) — B&(H), t € R

(5.15)

with §(0) = & =0. Being F(t, f) bounded, and B strictly positive, itholds that the scalar
dynamical system realization of the Volterra operators induced by the proposed kernels is
BIBO stable with respect to y/(1).

5.4 Finite-time AFP estimation in the presence of bias

It is worth noting that the biased sinusoidal signal y(f) given in (5.1) is generated by the

undamped linear oscillator:
Yy =—-Qy M, (5.16)

where Q = w?. Taking the Volterra linear integral operator on both sides of (5.16), we obtain

IVK s ) =-Q Iva“)I (1. (5.17)
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In view of (5.11), we can expand both sides of (5.17) by

I I I I
Vky® () =}|/<2)(l‘)K(l‘,I B — Vkwy®
= Vkay" (—y (KD H+yP (K, b
= YK, ) — [Vka ¥l () — YOOKD(E H+y2(OKE, £

and | I
Viy!V () = y(OK( t) = [V yl (D).

After some algebra, we get

[V yl () — K@@, Hyh) + KV, Hy V()
— Kt hy?(6) + Q([Vkwyl () — Kt iy®) = 0. (5.18)

Consider three BF-NKSs (5.13) denoted by F, F, and F; with n= 3, thatis
Fa(t, 7) = e Pt=D(1 — @=Frry3,
where B, € R5g, Vh=1{1,2,3}and ,Eh are set by the designers such that

Bf=Bj, fori=j (5.19)

while ,E, and ,é, may possibly coincide. Then let us rewrite (5.18) with respect to F;, F, and
F, obtaining the following three equations:

| |
Veay () — F2 by + Fl“zl(t, t)y“>1<t> — Fy(t, tyy <2>((>

| | +Q V. a b — Fi(t Hy(t) =0, 5.20
Veoy 0-F oy +Fe @8y & P ()t (5:202)
2 (1) @)) 2) )
2 (I 1 \
| | +Q V. _a D — F(t Hy(f) =0, 5.20b
Ve oy (0-Fs oy Fs @8y & it ()t) (5.20b)
?2) (1) (D) 2)
3 (I 1 \
+Q VF3(1)y (H) — F3(t, Hy(H) =0. (5.20¢)

Now, it is convenient to introduce the following auxiliary signals that are kernel-dependent
(and thus a-priori known functions of time) and are computable by processing the measure-
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ment by the Volterra operators:

| |
Kan(®) /. Ve @y () = F2(t (),
O AR(R))
Ken(®) /. Fat ),
K n(t) /. VF,Sl’y (&) — Fu(t, Hy(H, Vh=1,2,3.

I 1
I I
In the following, we show that the signals Vg )y (f)and .Y (f) appearing in Ka,n(f)
h

(5.21)

and Kq n(f), respectively, can be obtained as the output of a linear time-varying system. To
this end, let us define the internal state vector

| I,
EB /' & (DT & (DT Ep(DT T ERC

with &g, (f) € R?, Vh €{1,2, 3} in turn defined as
I 1 | 1 1+
(D) /' Vemy ) Veay @

In view of (5.15), the time evolution of the internal state vector (f) of (5.15) is described by

¢() = Ge&(t) + E¢(ty(d), (5.22)

with §(0) = 0 and where Gg is a diagonal, time invariant and Hurwitz matrix. More
specifically, G¢ = blockdiag[Gg,, h = 1,2,3] € R®*®, with Gg, = diag(—Bn) € R 22
while the time-varying input matrices E¢(f) € R® can be expressed as

| 1

.

Esty= E,(O" Eo(T Esm™

| 1

2 M @) '
where Eg,(f) € R aregivenby: Eg, ()= F, (tt) F, (1) . Finally, Kz n(f) and
Kq,n(f) can be expressed in terms of the scalar elements of §(f) = [ (1), &(E), - - -, E(D]T €
RS:

Kan(®) /' &n(®) — Bt Dy(D) (523)

Kan(t) /. &En—1(t) — Fa(t, (), Vh=1,2,3.
Substituting (5.21) into (5.20a)-(5.20c), after some algebra we can eliminate the variables,
yI(t) and y@(t) from the system, obtaining equation (5.24) that has Q as the only unknown



5.4 Finite-time AFP estimation in the presence of bias 117

(for brevity, we have dropped the dependence of all variables on f):

2 2
Ka,3Kb,2Kc,1 — Ka,3Kp,1Kc1Kc2 T Ka, 1Kb,3Ke, 1 Kc2 —Kg ) Kb,3K; | T Ka,2Kp,1Ke,1Ke,3
2
— Ka,1Kp2Kc, 1Ke3 T 2 Kp3Ke 1Ke2Kd1 — Kp3K™ ¢ 1Kg2 +Kp,1Ke 1 Ke3Kd 2

—Kp,2Ke,1Ke,3Kq,1 T Kp,2K%c,1Kd3 — Kp 1 Ke,1KcaKas” = 0. (5.24)

Let us rearrange the left-hand-side of (5.24) by extracting the variables indexed by a and d
respectively, thereby getting

2 2
Ka,1(Kb,3Kc, 1Kc,2 — Kb 2Kc, 1K, 3) T Ka 2(Kp,1Kc,1Kc,3 — Kb,3Ko 1) T K a3(Kb2Kg | —Kp 1 Ke,1Kc,2)
>
+ Q Ky 1(Kp3Ke,1Ke2 — Kb,2Ke,1Kc,3) + Kd2(Kp,1Ke,1Ke,3 — Kp3K™ ¢ 1)

)

2 —
TKa3(KpoKe1 — Kb, 1Kc1Ke2) =0,

which, in turn, can be rearranged in vector form as follows:

a (OF(, ) = —Qk, (HF(E D), (5.25)
KT T

with Ka(f) = [Ka,1 Ka2 Ka3]", Ka(f)=[Ka.1 Kd2 Ka3]T and
g O
0 Fi(t, l“D 0 Kp,3Kc,1Kc2 — Kb,2Kc,1K20,3 0
F(t, = "_Ext,t) = . Kb, 1Kc,1Kc3 — Kp3K O
U U c, Ll

Fa(t, £) Kb,2K3 | — Kb, 1Ke,1Kc,2

that depends only on the kernels F(t, f), h = 1, 2, 3 in correspondence with Kp 5(f) and
Ke n(f) defined in (5.21). By rewriting (5.25) in a compact form, we finally obtain the
following equality:
Ki(t) = —QKy(b) (5.26)
with k1(f) = KT ()F(t, 1), ka(f) = KTg, HF (¢, ). Note that, due to the positivity of the
a

squared frequency, it also holds that:
|Ki(D)] = Qka(D)] . (5.27)

Applying to both sides of (5.27) the linear operator Vi,, with kernel Ky(t, 1) = e~ 9477 ¢ ¢
R0, we have that

Q[V, | K2()[1(t) = [V, | Ki(D)]1(D). (5.28)
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Defining yi(f) /'. [Vk, |Ki(£)I1(t) and ya(t) /'. [Vk, |K2(D)[1(D), it follows that y,(f) and y(f)
obey the differential equations:

Vi) = kOl — gyi(®), i=1,2 (5.29)

with y{(0) = 0, i = 1, 2. Finally, in view of (5.28) we have that Q verifies the following
constraint forany t:

yi(D=y2(D)C.
When an estimate €Xf) of the squared frequency is available, we have that the constraint is

not met when $¥= Q and a residual term can be introduced:

Ra(b) = vi() — v2(HXD).

The following assumption is needed in order to propose a sliding mode-based adaptation law
for frequency estimation. Note that a modified excitation condition is employed instead of
the standard PE condition (see, for instance, [96]) to facilitate the upcoming analysis only.

Assumption 5 (Persistency of Excitation) The signal K, is persistently exciting in R with

a level of excitation € > 0, i.e. At > 0 such that

r

tl lko(T)|dT =€, Vit (5.30)
€  t—tc

Under Assumption 5, thanks to (5.29), ya(f), driven by |kx(f)|, is ensured to be positive for

all t > t, as follows: -

t
y2(H) = e 9D | ky(1)|dr
t_ter ¢

531
e 9 |Kk(n)ldr (31

> tee 9k,

Let 8¢ /'. t.ee™ 9%, then the following adaptation law on the basis of the second order sliding

1Ende technique, exploiting the residual signal R(Q f), is proposed: \

v, n +L IR isign(R, (1) — Xty () +y, (B, ify (=3,
Q=
. 0 0, otherwise.

~ Ao = Losign(Ra(h)
(5.32)
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with €X0) > 0 set arbitrarily and nNo(0) = 0, L, L, € Rsg are constant gains set by the
designer, such that L; > 8L,. The operator sign( - ) is defined by (5.3) and the solution of
(5.32) is understood in the Filippov sense [36] (this applies to all the sliding mode algorithms
introduced in this chapter).

Later, in Section 5.5, we will show that the frequency adaptation algorithm (5.32) is able
to identify the squared-frequency in finite-time in a noise-free scenario, while the estimation
error is ISS in the presence of measurement noise. Compared to the preliminary work [ 85]
that exploits a first order sliding mode-based adaptation law, the use of a second order sliding
mode (see [78] and [114]) allows a significant suppression of the chattering phenomenon,
which will be highlighted in the simulation results provided in Section 5.7. Moreover, the
time-based switching condition in [85] is enhanced by a more robust switching mechanism
that depends on a known signal and the above excitation condition.

Remark 5.4.1 The constraint L; > 8L, is imposed in order to facilitate the forthcoming
convergence analysis only. In fact L, and L, can be set as arbitrary positive constants, which
is sufficient to ensure the stability of the estimator.

Now, with the aim of estimating the amplitude of the sinusoid in finite time, we exploit a
further structural constraint verified by the derivatives of the measured signal. Indeed, thanks
to (5.20a)-(5.20c) and introducing the signals

P(Q, 8) = Kan(t) + QKan(®), h=1,2,3,

it follows that the derivatives verify the following identities:

M
YO = Ryt 00, 1) = Fo(t Hoi(Q )
ko m(t HF(L, ©) — Fy(f, HF, (tt) (5.33)
o (t, DA, D — F>(E, Doy (€, B
Oy (t)_ F (§9)

1 (GO — Fi(t, l‘)sz(t, )

) (@))
TF OFa(t b — Fut, F, (=0, and
1
Y= Fi(t00x€. ) — Fi(t, Dpi(Q
Fa m(t DFs(t, ) — Fy(t, OF; (1) (5.34)
0 o (&, D3(Q, 1) — F3 (t, DP1(L2, D)
D .y t) F(l) (1)
1 (t’ t)F3(t, t) - Fl(tJ t)F3 (t, t)
=0 (1

L (LHFR(EH — Fi(tLHF, (1 =0.
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It is worth noting that the above expressions are always well-posed (singularity-free) for
any t > 0 thanks to the condition (5.19) on the parameters of the three kernels.

By deriving (5.1) twice with respect to time, we obtain that the true squared-frequency Q
verifies the following structural constraint:

QyD()? + yI(t)? = a’Q>. (5.35)

Applying to both sides of (5.35) the linear operator Vi, , with kernel Ky, (t, 1) = e~ 97" g,
R0, we have that
1
2
Vi, QO +y@®” (t) = a[Vi,QI(0). (5.36)

We have that the constraint (5.36) is in general not met unless &) = a, when only the
estimates (¥f) of Q, X f)ofaand yf')(t) of y(t)areavailable. Assumingthatthe frequency
estimation error vanishes within a finite time, bounded by T o (see the proofin Section 5.5),
the estimated derivatives can be obtained from (5.33), (5.34) by using f{t) inplace ofQ,
thus becoming exact in finite time after f{t) has converged to Q2. Following the same steps
taken forthe frequency adaptation, we introduce atime-varyingresidual that depends on the
frequency estimate CXf) and on the signals y(Al)(t) and y&)(t) obtained by (5.33) and (5.34)

1
Ralt) /' Vs, KDY +y (2 (1) — &bV, DD

= Vai(t) — &DYar (D), VE=t+Tgq

in which

Vay () = w(t)( Qoy(t) +\yf2><t>2 — Ga¥Yar(®)
Vax(H) = w(t) C¥t) — gaVar(D) |

with Va,(0) = Va,(0) = 0, @(f) a binary on-off switching signals: w(f) =1, Vi > t. + To,

w(t) =0, Vt <t + Tq. The following adaptation law based on the second order sliding
mode is designed

\
A =w(t)ya (O~ na(®+Ls R’a(t)isign(l?a(t)) —&HYa (D+ya (D),
2 2 ' (5.37)
Na(t) = Lasign(Ra(t))

with &0) = 0 and where L3, Ly € Rs are tuning gains set by the designer to steer the
residual term R,(f) to 0 in finite-time. Note that the invertibility of ya, () is verified for any
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t > t.+ Tq due to the positiveness of CXf). Finally, the phase of the sinusoidal signal can be
easily estimated as follows:

| 1
Aty = 2 yO) +jagt)y() , Vt=t+Tq. (5.38)

5.5 Finite-time convergence and robustness analysis

In this section, we first address the convergence properties of the proposed estimator in
absence of external perturbations. Subsequently, the stability properties in the presence of a
bounded measurement disturbance are analyzed.

5.5.1 Finite-time convergence

The main result consists in the following theorem.

Theorem 5.5.1 If Assumption 5 holds, given the pure sinusoidal signal y(1), the estimated
frequency f{t) that is governed by the adaptation law given by (5.32) converges to the true

value Q in finite time. D

Proof: Assuming that the noise-free measurement y(f) is available, we show that the residuals
Rgand R4 convergeto zeroin finite-time. Underthe P.E. condition (see Assumption5),
the finite-time convergence of the residuals implies also the deadbeat convergence of 915
and A(t) to Q and A, respectively. The dynamics of Rq(f) obeys the following differential
equation:

R© 1) = y1(f) — y2(HXD — ya(t) QD) - (5.39)

For t > {,, by substituting the adaptation law in (5.39), we have

Ro(H)=—na(t) — L1 |Ra(®)lsign(Ra(?). (5.40)

Consider an auxiliary variable vector {(f) = [{1(t) {x(£)]T, where

Gi(H = |Ra(Hlsign(Ra(b), &(b) =na(d),

then: 1

$O= Mz, YRo(tY=0 5.41
R0 ¢(® a(ty (5.41)
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where - _
S TR
M=t 27t 2L (5.42)
L, 0
J_
- _ —lL4% L1—8L . . . ..
with spectrum A{M} = =5.=—1—=2. Being M Hurwitz, there always exists a positive

symmetric matrix P that solves the linear Lyapunov equation MT P + PM = —2ql. Re-
sorting to the following upper bound on the maximum solutionP of the Lyapunov equation

XTP+PX=—Q,for XHurwitzand Q>0 (see[112]):
I 1 1
p/' AP) < 2A(—QX_ ),

in our case we have

o

pP<gA-M"H= .

IQ

where @ /'. min eig(—M). Now, let us introduce a quadratic function Vo = {" P, which
can be expanded as

Va(®=pi1lRa(®) | +pa:na(t)’ +2p12 Ra(® Isign(Ra(t)na(d), (5.43)
with p; the components of the matrix P. Note that, by taking the limit

lim V() = paana(t)’

{1—0

we can rewrite (5.43) as follows:

(

_ TP, ifGtY=0
\/ —
o= 2 ifam =0

After some algebra, the time-derivative of Vo(f) along the trajectories of the system (5.41)

can be written as:

? _ 29

2
\'/Q(t): 5 o E(t)l Ul 1f(1(t)/= 0,
0, if C(H=0.
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Clearly, {;(t) will stay in 0 when it crosses zero. In case {;(fy= 0, using the facts that
|Ra()] ™2 =121(H)]~! > |(t)] " and Vo(t) < pT(H)|2, Vo(t) can be bounded as
2q

Va(t) < — A7 141
|2(<§t)| ) (5.44)

<—V=Va(h
< —2\Pg_qvg(t)£.

In view of the Lyapunov-based finite-time convergence result presented in [4], then (5.44)
implies that {(f) — 0 with a guaranteed reaching-time Tq(V(l¢)) verifying the inequality:

Vo(t)
To(Va(t) < 7@/'. Ta. (5.45)

Finally, noting that {(f) — 0 implies Rqo(f) — 0, then we can conclude that {{f) — Q in

finite-time.

In the noise-free condition, the frequency estimate coincides with the true frequency,
i.e. Xty =Qforall t > t.+ To(Va(t:)), which makes it possible to prove the finite-time
convergence of the estimated amplitude &) ruled by (5.37) to a. By defining

Ca(t)=[ |Ra(Isign(Ra(®), na(H]",

then 1
Ca()= ———M,.(t), VR{=0,
Rat)|
where - B
L =R
Ma="- 2 2 4. (5.46)
Ly 0

Consider a positive symmetric matrix Pj, that solves the Lyapunov equation
ME Pa+ PaMg = —2qal,

and @, /'. min eig(—Ma,). The convergence time verifies the upper bound:

Va(te + Ta(Va(to))

Ta(Va(te + Ta(Va(t)))) < Ja (5.47)
“aa
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Thus, the finite time convergence of the amplitude estimate occurs at time:
t=te+ To(Va(t))+ Ta( Va(te+ Ta( Vﬂ(te)))) -

This result can be proved by following the same steps taken to prove the finite-time conver-
gence of the frequency estimate and is therefore omitted.

5.5.2 Robustness in the presence of a bounded measurement distur-

bance

Now, we consider the scenario in which the sinusoidal measurement is corrupted by a

norm-bounded additive noise d(f): |d(f)| < d, such that v(t) /". y(t) + d(b).
Let us rewrite (5.22) introducing the noise term d({):

&(t) = Ge&(D) + Ec(D(y(D) + d(D) (5.48)
and theerror &t)=&t) — £(f). Then, the error dynamicscanbeexpressed by

E(D) = Ge&t) + Es(td(b). (5.49)

Being the matrix G¢ Hurwitz, and E¢(f)d(f) bounded, &t)isISS w.r.t. E¢(Hd(t). Each

component in the vector variable §f) /'. [&(t) &(t) - - - &(h)]7 verifies the inequality:
~ _ ~ 1 _ e—ﬁht —
|Gxi(f)| <€7hnt&, (0)+ —=  SUp Epu(n)d
Bn  osr<t T
<ot (0)+ L sup KO, m)d, Vhie{1,2,3}x{1,2}, Vt= .
h o<r<t

Let us denote the upper bound of |&x(f)| by &x;, such that
_ Bute™ 1 W
Gxil'.e”  Enxil(0)+ sup K, (1,1)d.

h 0<7<t

From (5.23), introducing the error signals Ko n(t) /'. Kon(f) — Kan(t), Kin(t) /'. Kgn(t) —
Ka,n(f), it follows that

[Kan(®] =1&n(t) = F2(t, HA(D] <&, + sup F7(1,1)d

IKan(®] =1&n-1( = Fa(t, (D] <& lféﬁtp F(1,1)d

o<sr<t
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and then |k (f)|, | k()| are ISS bounded with respect to &f) because

K| = k() — ki (D)l

=K (OF (L, bl
Slkagt)th(l‘,l‘)ll 3
= 1~2h + sup F,gz)(r, nd sup Fu(1, 1),
=1 o<r<t ey O<7<t
k(D] = |k(t) — Ka(D)]
= [Kg (OF (L, bl

S|7@gt)|1|F(t,t)|1 ,
= & + sup Fh(T’ nd sup Fp(7, 7).

2h—1
o=sr<t
h=1 osr<t h=1

Moreover, &(f) and the kernels are bounded, thus implying the boundedness of K (f), Kx(f)
and ki (f), k(t). For the sake of further analysis, let

3 3
K (d) /" ‘~2h + sup F,Sz)(r, nd sup Fun(7,7)
h=1 O=r<t L o<r<t
h=1
and X X
#(d) /" -~ +sup F(1,1)d sup Fu(7, 7).
h—1 o<r<t o<sr<t
h=1 < h=1

Under Assumption 5, for all t > {, it holds that

L0 lkmldr = 4 "¢ )] - [R(mldr

€ t—t, —te

"
Z€- 3 . |K(7)|dT
> € — k(d)
=€ — 0(67)
where
a(d) /. Fe(d). (5.50)

Now, consider {4 (f) and f4(f) (i.e., the noisy counterparts of y;(f), y2(f)). The following dy-

namic filters driven by the norm of the noisy auxiliary signals |k (f)| and |k(f)|, respectively,
are introduced:

Vilh = K] — gw(d), i=1,2. (5.51)
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By analogy with (5.31), we have

r

B =
> t.e 9%(e — o(d)), V= L.

e 9| k(1) dr
te

To make {4(f) strictly positive for t > f., we impose another constraint on the noise bound:
d<071(€). Letusdenote by & /'. t.e9'(e — 0(d)) the transition threshold that determines
the triggering time of the adaptation. Then, the following frequency adaptation law in the

noisy case with respect to realizable signals is proposed:

D (Il

. T m®+L " TR®Isign(Ra(t) — QY0 + (), if D) = §,
Q)= 0, otherwise.

1

7 Aa(t) = Lysign(Ra(h)
(5.52)

where Ra(f) = (1) — W(DEXD).
The following result characterises the stability properties of the adaptive estimation
law(5.52).

Theorem 5.5.2 [If Assumption 5 holds, then, given the sinusoidal signal y(t) and the per-
turbed measurement V(t), the estimated frequency f{t) that evolves according to the adap-
tation law given by (5.52), converges in finite-time into a closed interval that contains
and the frequency estimation error CXt) = fIt) — Q is ISS, with respect to any disturbance
signal d(t) € L., such that d< o~ (€), where 0( +) is defined in (5.50).

D

Proof: Consider the error variables: ¥i(f) /'. ¥i(f) — yi(f) and B(t) /'. () — ya(b). (5.29)
implies that the dynamics of the error variables obeys the following differential equations:

Vid) = ki + k(D) — |kt — gw(t), i=1,2.
By using the triangle inequality, we obtain
Vi) < |K(8)| — gw(d), i=1,2

that, in turn, lead to the following bounds V't > f.:

1_ S .
Wl = e7op0)+ KD, 1=1,2-
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Finally, it turns out that ¥ (f) and y(f) are ISS with respect to &) and d.

Following the same steps taken in the noise-free condition, we introduce the noisy
counterpart of the auxiliary variable vector 6'(1‘) = [a(t), ﬁz(t)]T, where
__
GM= R lsign(Ra(t), &1 =),

and &'(t) obey the differential equations:
1

=0 M, VRu(ty=0. (5.53)
|Ra(d)]

Analogously, the residual Ry(f) can be proved bounded and decays to O with a constant rate.
From the equality Ry(f) = Wi (t) — §5(H)<Xt), we have that

~ AU
t = ] = tE+T (V tE 1]
Qt) (6 vt > a(Va(te))

inwhich To(Vq(fe)) is the time of convergence. It turns out that the proven boundedness of
i (D), 15(f) and Assumption 5 implies the boundedness of flt) for all £ > 0. Moreover, the
frequency estimates flt) will enter into the compactregion

Q)€ inf i’im, sup n@ yis gy To(Va(t)).
osr<t 5(T) o<ret $5(T)

which contains Q. Hence, the estimation error C¥f) = f{t) — Qis ISS with respect to d. -

Concerning the amplitude estimation in noisy conditions, analogously to the noise-free
case, we introduce the perturbed residual signal

. 2

R(t) /' Vi SXOYD®) TyO®? (t) - &bV, AD](E)

= Vo, () — &AD ey (D), V= e+ To(Va(te))

with

J

f/al(t) = (b ( f;’a)(t)z N in)(t)z — Gala, (D)
Var (D) = W) Q) — Galea(D)

and YO (8), y(t), computed by (5.33)-(5.34) with the substitution of 2, () /. ke n(£) +
Qt)kyn(f), h=1,2,3 in place of Pr(Q, 1).
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Then, the amplitude adaptation law in the presence of noise d(f) is given by
0

CAO=wOR" " BOLs  |R(b)sign(R() ~ AV e O+ (B

. (5.54)
Aa(t) = Lasign(Ra(t))

with %0) = 0.

Thanks to the boundedness of the f)[t), Ko n and Ky p, it 1s straightforward to show
that yzl)(t), yzz)(t) arebounded whentheinputis perturbed. Following the samestability
analysis with respect to the frequency estimation, we immediately prove that¥f) converges
to 4, (6)/Va,(f) in finite-time, which is bounded due to the boundedness of yfl)(t) and

Yoo,

5.6 Digital implementation of the proposed method

Herein, we provide a discrete-time counterpart of this algorithm, which is sampled by
Euler method with a fixed sampling period Ts. More sophisticated discretization methods
may be chosen depending on the computation power and the required accuracy (see Sec. 5.7
for more details).

It is worth noting that, kernels to be used at each time sampling instants can be computed
off-line, thus alleviating the on-line computation burden. By choosing a set of tuning
parameters Ly, ,éh, h=1,2,3,9, ga, L1, Ly, L3, Lyand &, then the discretized on-line
algorithm is described as follows, given a measurement y(k), k=1,2, + - -

§(k) =&k = )+ Ts (Geb(k — 1) + Ec(ky(K)) ,

Egk)= Ea(’ IEfz K" Es(k™

2 M 3 ' '

where Eg,(f) € R aregivenby: Eg,(K)= F, (k,k) F, (k k) . Then, we immedi-
ately have

T

2)
Kap(K) ['. En(k) — F, (k Ky(k),
kon(k) /. ROk, k),
Ken(k) /'. —Fu(k, k),
Kq n(K) /. én—1(K) — Fr(k, K)y(k), Vh=1,2,3.
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After that, k1(k) = KT (K)F(k, k), ka(k) = K (k, k)F(k, k) are available thanks to the
a d

relations

Ka(K) = [Ka,1(K) Ka,2(K) Ka,3(K)]", Ka(K) = [Kd, 100 Ka,2(K) Ka,3(K)] "

and
CRKRD 0 K (Ra00 — K0 (R0
K Kc Kc — K KC KC
k=" =itk D: RS o e
F3(k, k) Kbyz(k)Kcyl(k)2 — Kb,l(k)Kcyl(k)KC,z(k)

Moreover, the auxiliary signals y; and y, are computed by

Vilk) = vitk = D)+ Ts (k)| — gvitk — 1)), i=1,2,

which gives rise to the residual term

Ra(k) = yi(k) — y2(K)<Xk — 1).

The estimated frequency adapts according to

( \
ﬁ DD "(k H+T V (k)_ Na(k — 1)+ L, mign(Rg(k))
g _
(xk)= 8k~ 1)) — yatk— 1)+ (i) — ik — 1), i ya(k) > 5%
1 Qk — 1), otherwise.
U

Na(k) = Na(k — 1) + TsLysign(Ra(k))

By using the frequency estimates at each sampling instant, the estimated signal derivatives
y(l)(k) and y(z)(k) are obtained from the discretized version of (5.33) and (5.34), that is

U
o Rk p@ k) — Fatk e @ )
(= N
R o — F g F Tk
0 y(2)(k) (k K)p2(2, k) — F, (K, k)Pl{f)Q, k)

1 (k KFa(k, k) — Fi(k, KF, (k k)
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if F(l) (1)
1 (k, K)Fa(k, lé\ — F.(k, KF, (k, k)’z 0, and
en Fi(k, K)p3(Q k) — F3(k, K)p1(Q k)
ml ’
ny (k)=FU)

vk FOFs(k, k) — Fiff, KF, (k k)
u()k, K)ps(Q, k) — F; (K, k)p{ (@ k)

1 (k’ k)Fg(k, k) - Fl(k’ k)FS (k’ k)

0y =1

if FD (D
1 (k, KFy(k, k) — F(k, kF, (k, k) =0, and where

Pr(Q K) = Ka,n(k) + QKgn(k), h=1,2,3.

The following steps are carried out for amplitude and phase estimation

I _ A A
Var(K) = Vay (K — D+ Tsw(k)  SxkyM(k)> +y<2><\k)2 — GaVar(k—1)

Var(K) = Vas (k — 1)+ Tsw(k)  Q(K) — gaYm(k— 1)

in which w(k) = 1, Vk = (tc + To)/Ts, w(k) =0, Vk < (. + Tq)/Ts. Based on the
residual depending on Yz, (K), Va,(K)

Ra(k) = Yay (k) — &k — 1)Yay(K), Yk > (te+ To)/Ts,

the amplitude is adaptively calculated by
N I ( \
S ak)=ak— 1)+ k) TsVa ()™ Natk—1)+Ls  Ra(k)sign(Ra(k))
_%(k - 1)(Vaz(k)_ Vaz(k - 1))+(Va1(k)_ Va1(k o 1))] ’
= Na(k) = Natk — 1)+ TsLusign(Ra(k))

with &0) = 0. Finally, the phase of the sinusoidal signal is identified as follows:

| 1
k) = 2 yO(k)+jagk)yD(k) , Yk = (t+ To)Ts.

5.7 Simulation results

Three numerical examples are given to illustrate the effectiveness of the proposed AFP
methodology.
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Example 1: Let us consider the following measured sinusoidal signal:
v(t)=2+3sin5t+ d(?),

where d(f) is a bounded disturbance with uniform distribution in the interval [—0.25, 0.25].
In this first example, we compare the proposed method with the very recent one (based

on first order sliding mode) given in [85]. In addition to show the performance, we also

address the effects of discretization enhancing the superiority of the algorithm in the case of

asimple digitalimplementation. More specifically, welet Ts=1 X 10*sand evaluate two
discretization procedures:

1. Eulermethod

2. 4-thorder Runge-Kutta

55 : :
1st order SM algorithm
5] 2nd order SM algorithm
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Fig. 5.2 Time-behavior of the estimated frequency by using the proposed method and the
method [85] in noise-free scenario: Top: 4-th order Runge-Kutta method, Bottom: Euler
method.

The proposed method is equipped with three BF-NKs having parameters: 81 =1, 8, =
2, 3=3,B8r=25 h=1,2,3alsoweletg = gs= 25 L =30, L, =2, L; =
300, Ly = 5 and & = 1e — 5, while the algorithm considered in [85] is tuned by the same
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initial condition and similar transient under Runge-Kutta discretization in absence of noise

(i.e. d(f) = 0). The following facts are used for tuning this deadbeat AFP approach: 1)
In view of (5.49), large values of B, h = 1,2, 3 that result in a fast convergence of the
error variable &), correspond to a higher noisy sensitivity because of (5.5.2); 2) In order
to increase the convergence speed, we can instead enforce the eigenvalue of M and M,
(defined in (5.42) and (5.46)) respectively) far away from the imaginary axis by manipulating
L, L, L5, L4, thanks to the analysis carried out in Section 5.5.

~
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Fig. 5.3 Time-behavior of the estimated frequency by using the proposed method and the
method [85] in noisy scenario: Top: 4-th order Runge-Kutta method, Bottom: Euler method.

With reference to the results reported in Figs. 5.2 and 5.3, the proposed technique shows
superior performance compared to the one in [85] when a simple Euler discretization is

employed whereas using a Runge-Kutta discretization, the two algorithms show similar
performance.

InFigs. 5.4, the estimated sinewave reconstructed by j(t) = Asin (t) are shown using
the Runge-Kutta discretization procedure. Itis worth noting that the proposed method
succeeds in detecting the amplitude and the phase, thereby recovering the pure sinusoidal
signal by the amplitude and phase estimates within a very short transient period and a high
level of noise immunity in the presence of bounded disturbance .
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Fig. 5.4 Time-behavior of the reconstructed pure sine-wave by using the proposed method in
noise-free and noisy scenarios.

Example 2: In this second more challenging example, the behavior of the proposed
method is compared with the modulating function-based estimator proposed in [33] and the
first order sliding mode approach [85].

Consider a biased and noisy sinusoidal signal
v(t) = Ao(t) + A(H) sin21Tf(H) ) + d(F),

where the amplitude, frequency and the offset change over time according to the follow-
ing pattern: A(f) = 10, f(f) = 50Hz, Ay(f) = 1, 0 < t < 0.5, A(®) = 12, f(H) =
52Hz, Ao(f) = 0.8, 0.5 < t < 1. d(f) is a signal with uniform distribution in the interval
[—0.5,0.5]. The parameters of the method in [33] are setas T = 11/10, n = 500, y =
0.99, K = 6. Method [85] implements three kernels having parameters: §; = 50, 3, =
80, B; = 100, ,E = 60, while g = 30, L = 1.2 X 10°. The proposed method is equipped
with the same kernels as the 1-st order SM algorithm [85], whereas g =30, g, =100, L, =
2 X 10% L, =20, Ly =1 X 10° and L4 = 50.

In principle, the method given in [33] identifies the true frequency “instantaneously" as
it is enabled, whereas the proposed method achieves finite-time convergence with tunable
convergence rate determined by the parameter L, L,. It is worth noting from Fig. 5.5 that
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54 T I I I I
| Volterra method with FOSM adaptation [32] ‘
Modulation function method [31]
53 Volterra method with SOSM adaptation
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Fig. 5.5 Time-behavior of the estimated frequency by using the proposed method (blue line)
compared with the time behaviors of the estimated frequency by the finite-time method [33]
(red line) and the 1-st order SM method [85] (green line) respectively.

they are tuned with similar response to the initial frequency and the same initial condition
f(0) = 48Hz for fair comparison. Although all the methods deal with the frequency
step in a very fast manner, the proposed estimator performs slightly better in terms of
robustness against bounded disturbances. Indeed, the chattering phenomenon in steady state
is significantly mitigated by using a higher order sliding mode adaptation scheme.

Example 3: In this example, a comparison concerning the frequency estimation is carried
out between the presented method and a recently proposed method [79] also addressing
finite-time frequency estimation. Consider the biased signal used in the example reported in
[79]

y(f) =2+ 3sin(4t+ m/4) (5.55)

with unknown sinusoidal parameters. The adaptation law of method [79] is initialized
by ®(0) = [0,0,0]", while the learning gain and other coefficients are set as I’} =
diag([50, 500, 500]), A, = 2.5, A, = 5,1 =1, k = 0.001. On the other hand, the pro-
posed method is tuned by B, =1, B, =2, B3 =3, BZ&.S, g=3,L,=30,L,=2, 8=
1 X 10~*and the same initial frequency estimate &f0) = 5. The behavior of both methods

is shown in a noise-free scenario and in the case of noisy measurements where the noise has

the same characteristics as in the previous example (see Fig. 5.6). As can be noticed, the

proposed method compares favorably with the one in [79].

Unlike the algorithm illustrated in [79] where the (unknown) initial conditions of the
signal generators’ state significantly affect the estimates during the transient, the proposed
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Fig. 5.6 Time-behavior of the estimated frequency by using the proposed method (blue line)
compared with the time behaviors of the estimated frequency obtained by the method [79]
(red line) respectively. Top: noise-free case. Bottom: noisy case.

estimation methodology inherently annihilates the initial conditions. To enhance this signif-
icant feature, in Fig. 5.6 two simulations referred to different initial conditions but using
the same input signal (5.55) are reported. As can be noticed, the proposed method yields in
finite-time the same estimate of the frequency, irrespective of the initial conditions.

5.8 Concluding Remarks

In the this chapter, the problem of AFP identification from a noisy and biased measure-
ment has been addressed. With the aim of addressing the challenging issue, we introduce a
novel deadbeat estimator, which can provide reliable frequency estimates within an arbitrary
small finite time. The method consists in processing the measured signal with Volterra opera-
tors, to obtain auxiliary signals that are used in combination with second-order sliding mode
adaptation laws to estimate the frequency, the amplitude and the phase of the original signal.
This algorithm has been proved to be finite-time convergent in nominal condition and enjoys
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Estimated frequency with different initial conditions in noisy free scenario (method from Automatica)
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Fig. 5.7 Time-behavior of the estimated frequency with different initial conditions and in a
noise-free scenario. Left: the estimator proposed in [79]. Right: the proposed method.

ISS stability properties with respect to bounded measurement perturbations. Numerical
examples have been reported showing the effectiveness of the proposed method compared to
recently published results.



Chapter 6

CONCLUSIONS AND FUTURE
PROSPECTS

6.1 Concluding Remarks

Parameter estimation of a sinusoidal signal perturbed by additive disturbances has been
accomplished by a wide variety of techniques in the literature including extended Kalman
filters, phase locked loop tools, adaptive notch filtering and internal model based techniques.
This thesis first of all provides a thorough review of the literature with special emphasis
on several representative approaches, such as KF, PLL, ANF, SVF and AO, which are all
characterized by asymptotic convergence. On the other hand, AFP estimators that can
converge within a (possibly very small) finite time represent a special category that is seldom
discussed and solved so far. The available methods are mainly devised by two strategies:
algebraic derivative and modulating functions, whereas there is a lack of the theoretical
investigation for the convergence properties in the presence of bounded measurement noise.
Besides, as mentioned in Chapter 1.3 research challenges also consist in other aspects (e.g.,
global stability, accuracy, multi-frequency estimation), which are studied herein.

In this thesis, the problem of adaptive estimation of the characteristics of a single sinu-
soidal signal from a measurement affected by structured and unstructured disturbances is
addressed. Thanks to the proposed pre-filtering technique, the structured disturbances that
belong to a class of time-polynomial signals incorporating both bias and drift phenomena
can be tackled in a unified manner. We basically propose two asymptotic methods designed
respectively by adaptive observer and state variable filtering tools. In the estimation context
presented in the thesis, the “instantaneous” persistency of excitation condition is embedded in
the proposed algorithms rather than the standard “integral” type PE condition. This is a very
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significant feature in terms of on-line implementation, since it makes it possible to enhance
the performance when the system is weakly excited resorting a typical excitation-based
switching algorithm without the need for on-line approximate computation of integrals. The
stability of the devised AFP systems are analyzed by an ISS analysis, whereby we induce a
few tuning guidelines for the adjustable parameters of the proposed algorithms, depending on
the assumed noise level and on the required asymptotic accuracy. More specifically, the AO
scheme has been shown robust even in the presence of multi-harmonics, while the ISS bound
depends on the power of the total harmonic contents. The SVF approach provides advantages
in terms of implementation due to the reduced complexity. From a practical perspective, the
discretized algorithm is subject to a steady-state bias, motivated by which a post-correction
formula is devised for the compensation under Euler discretization method.

The AO system for a single sine wave has also been extended into a generic structure
for estimating amplitudes, frequencies and phases of biased multi-sinusoidal signals in the
presence of bounded perturbations on the measurement. The key aspect of advantages over
existing tools is the realization of direct detection of the unknown frequencies with ISS
stability guarantee. On the other hand, thanks to the individual excitation-based switching
logic embedded in the update laws regarding each frequency component, the problem of
overparametrization is addressed.

Finally, a novel finite-time convergent estimation technique is proposed for AFP identi-
fication of a single sinusoidal signal. Resorting to Volterra integral operators with suitably
designed kernels, the measured signal is processed, yielding a set of auxiliary signals, in
which the influence of the unknown initial conditions is removed. A second-order sliding
mode-based adaptation law—fed by the aforementioned auxiliary signals—is designed for
finite-time estimation of the frequency, amplitude, and phase. The main contribution lies
in the characterization of the worst case behavior in the presence of the bounded additive
disturbances by ISS arguments.

The effectiveness of the proposed estimation approaches has been examined and com-
pared with other existing tools via extensive numerical simulations. Experimental results are

provided as well for the sake of evaluation in real-time.

6.2 Future Work

This section is devoted to highlight possible extensions of the presented methodologies.
These extensions can be explored in two directions: more comprehensive theory and possible
applications. From a theoretical point of view, the robustness characterization carried out so
far only accounts for the measurements corrupted by bounded disturbances. Future research
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efforts could be devoted to a probabilistic analysis of the algorithms with respect to white
and colored noises with the aim of establishing a relationship between the accuracy and
signal-to-noise ratio (SNR). Moreover, it is worth to establish the discrete-time counterparts
ofthe devised algorithms in an entire discrete-time framework, so that we can avoid problems
due to discretization (e.g., discretization error in state state, performance discrepancy due
to distinct discretization policy). In the context of deadbeat AFP estimation, future work
includes the design of novel kernels as well as the comparative analysis in terms of few
aspects, such as robustness, tuning of weighting factors and complexity. This may lead to the
evaluation in some real-world scenarios.

Concerning the potential application of the proposed techniques, two main research
directions can be pursued in the future: output regulation of a linear or nonlinear system
and condition (vibration) monitoring of mechanical systems. More specifically, in many
practical situations, the frequencies of the external signals are not precisely available, for
example, the periodic disturbances in rotational machinery. In this respect, it turns out that an
adaptive learning scheme for updating the profiles of unknown sinusoidal or periodic signals
is a premise of disturbance cancellation strategies, thus motivating us to embed the proposed
estimators in regulators, such as internal model principle and feedforward compensator.
On the other hand, the process of oscillations of a machine in operation is described by
mechanical vibrations, which reflect the condition of the system. A typical example is a ball
bearing that is a type of rolling-element bearing widely used in various of machinery. The
healthy monitoring of a ball bearing system consists in identifying the bearing faults induced
by different factors, such as excessive loads, over heating and corrosion. The cornerstone
behind this idea is the vibration analysis based on the on-line frequency detection that can be
dealt with by the multi-sinusoidal estimator. Finally, in the specific applications that require
the estimates to converge in a neighborhood of the true values within a predetermined finite
time, independently from the unknown initial conditions, the deadbeat AFP estimator may
turns out to be very useful by providing nearly instantaneous estimates.
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