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Abstract

The main objective of this thesis is to propose approximations to option sensitivities in
stochastic volatility models. The first part explores sequential Monte Carlo techniques for
approximating the latent state in a Hidden Markov Model. These techniques are applied to
the computation of Greeks by adapting the likelihood ratio method. Convergence of the Greek
estimates is proved and tracking of option prices is performed in a stochastic volatility model.
The second part defines a class of approximate Greek weights and provides high-order
approximations and justification for extrapolation techniques. Under certain regularity
assumptions on the value function of the problem, Greek approximations are proved for
a fully implementable Monte Carlo framework, using weak Taylor discretisation schemes.
The variance and bias are studied for the Delta and Gamma, when using such discrete-time
approximations.

The final part of the thesis introduces a modified explicit Euler scheme for stochastic differential
equations with non-Lipschitz continuous drift or diffusion; a strong rate of convergence is
proved. The literature on discretisation techniques for stochastic differential equations has been
motivational for the development of techniques preserving the explicitness of the algorithm.
Stochastic differential equations in the mathematical finance literature, including the Cox-
Ingersoll-Ross, the 3/2 and the Ait-Sahalia models can be discretised, with a strong rate of

convergence proved, which is a requirement for multilevel Monte Carlo techniques.
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Introduction

This thesis is split in three parts, with links tying numerical methods, stochastic analysis,
statistics and finance together. A focus throughout is the use of stochastic differential equations
for the modelling of financial instruments and the volatility of a process. A recurring theme is
the computation of option price sensitivities, referred to as the Greeks, in various frameworks
and models. The Greeks are a practical necessity for trading, hedging and risk-warehousing of
financial products. Each chapter concludes with notes on applications to mathematical finance.
The first part of the thesis explores particle filtering techniques, also referred to as Sequential
Monte Carlo (SMC). The filtering problem has its origins in signal processing and estimates
a hidden state based on observations of a noisy system. A Hidden Markov Model (HMM)
set-up is considered in which the asset price is an observable process, and the volatility is the
latent driving process of the asset price. Greeks are approximated using a likelihood ratio
method, where a smoothing algorithm is applied to approximate the score function (derivative
of the log-likelihood of the density function given a set of observations). The method relies
on a forward step of the hidden and observed variables to generate a sample path of the
observed process; this is followed by a backward pass to compute the score function using
particle filtering. A forward-only implementation is considered for applications. It is shown
that Greeks in a stochastic volatility framework can be computed using this approach, and
convergence results are adapted for such applications.

The second part of the thesis introduces a general technique for approximating option price
sensitivities. There are closed-form solutions under some modelling assumptions; Monte
Carlo, trees, quadrature (Fourier) and finite-difference methods have been exploited for
approximating option prices in full generality. Pricing involves a forward process describing
the asset price evolving through time and a backward component describing the option value
with appropriate terminal conditions representing the payoff. The option price is the solution
to a partial differential equation (PDE), with appropriate boundary conditions. The aim is
to compute Greeks alongside option prices by exploring the value function of the PDE and
by finding suitable weights. This is achieved by multiplying the payoff by a functional of the

increments of the driving Brownian motion. Convergence results are studied with an emphasis
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on the smoothness requirements of the value function.

The third part of the thesis studies numerical schemes for discretising stochastic differential
equations driven by Brownian motion. The focus is to move away from the classical setting
where the drift and diffusion functions are assumed to be globally Lipschitz continuous. Such
stochastic differential equations are integral to the modelling of financial markets, with the
aim of improving the fit of volatility smiles and term-structure exhibited by option prices. A
modified explicit Euler scheme is introduced to approximate scalar stochastic processes, for
which strong rates of convergence are proved. A family of SDEs considered include those
with solutions defined in a domain. For applications inspired by finance this domain is
typically the positive half-line (in the case of asset prices, volatility, intensity rates), but can
be generalised. Applications include the CIR model, the 3/2 model and the Ait-Sahalia model.
A demonstration of multilevel Monte Carlo (MLMC) techniques allows this modified Euler

scheme to be used efficiently.

0.1 Preliminaries

The seminal thesis of Bachelier, Einstein’s introduction of Brownian motion to physics and the
work by Wiener and Lévy provided the foundations of the modern analysis of related topics
that followed. An m-dimensional Brownian motion W = (W;);>¢ is an adapted stochastic
process on a filtered probability space (Q), F, (Ft)¢>0, P) such that Wi(w) : [0,00) x O3 — R™.
It is a Gaussian process, with continuous sample paths. For all times s < ¢, it follows that
W; — W; is independent from the filtration F; (assumed to be right continuous and containing
all P-null sets). As this thesis is largely concerned with the simulation of stochastic processes,
Brownian motion is an important building block for applications. By having an independent
and identically distributed (i.i.d.) sequence of random variables with mean zero and unit
variance (readily generated by tossing a coin!), a trajectory which converges in the weak sense
to the distribution of a Brownian motion can be constructed.

A process X defined on the probability space equipped with the natural filtration of X, namely
FX = o(Xy|u € [0,t]) (the sigma-algebra generated by the process), is said to be Markovian if
and only if for all bounded, measurable functions ¢ we have that E[¢(X;)|FX] = Eo(X;)|X;]
for all s < t; in other words a Markovian process is memoryless and the process in the future

only depends on the knowledge at the present time. Later, hidden Markov models for the
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evolution of the asset prices and their driving volatility processes will be considered. The use
of stochastic differential equations is present in a wide range of applications in the natural
sciences, economics and finance. A time-homogeneous It6 diffusion in R is a solution to the

stochastic differential equation

dX; = f(X)dt +y(X)dW,,  Xg=x€eR?, Vt>0, (0.1.1)

for some f : RY — RY, v : R? — R¥™. A strong solution of the above SDE is a continuous
process X, adapted to the natural filtration of the Brownian motion W, and for all t > 0 it holds
that

[ (151 + 170 ) d 012

is finite, almost surely. Furthermore, with probability one for all t > 0, it holds that
t t
X; = x+/0 f(Xu)dqu/O (X)) d W, (0.1.3)

By imposing Lipschitz continuity and linear growth conditions on the drift and diffusion
functions, existence and uniqueness of a strong solution are guaranteed.

The notion of a weak solution to the SDE is the triple consisting of the filtered probability
space, the (F;)-Brownian motion W and F;-progressively measurable process X satisfying the
stochastic differential equation with probability one, and being such that (0.1.2) is finite, a.s. for
allt > 0.

0.1.1 Financial option theory

In the mathematical finance literature, an option is a contract between two parties with value
based on the future price of an underlying price. A buyer of an option has the right to exercise
the contract, but is under no obligation to engage in a transaction. Option specifications
are typically described in a term sheet, with characteristics including the exercise type and
the payoff. The exercise type describes how the option is exercised (European, American,
Bermudan) [Hul14]. The payoff function of the option is based on the price of the underlying
instrument throughout its lifetime and on key parameters such as the strike price, K; it can
be a combination of path dependence, barriers, Asian/averaging, look-back, digital/binary

and many other flavours. Replication of such a derivative, is the formation of a self-financing,
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hedging strategy. A portfolio is self-financing if there are no external infusions or withdrawals
of capital. By the principle of no-arbitrage opportunities, a self-financing portfolio which
perfectly replicates the payoff of a derivative has the same value as the derivative. Consider
an asset price process X = (X;);>0. A European call option is a contract that gives the holder
the right to purchase one unit of the asset at a fixed strike price at a fixed expiry time, T. The
terminal payoff is thus max(Xt — K,0). A European put gives the right to sell the stock at a
strike price, i.e. the terminal payoff is max(K — X, 0). Options can be exchange traded (typical
for vanilla options) or “over-the-counter” transactions for bilateral transactions. The latter tend
to be at the more exotic spectrum of products and consist of specialised option transactions.
The Black-Scholes setting is a quoting mechanism and an important modelling framework
arising from the seminal paper [BS73]. The model assumes that the underlying asset price
is log-normally distributed with a constant drift and volatility. In addition, it makes several
assumptions such as the Efficient Market Hypothesis, infinite liquidity of markets, price-
continuity, lack of transaction costs and the ability to trade continuously. In the Black-Scholes
setting, the underlying asset evolves through the stochastic differential equation (0.1.1), with
f(x) = px and y(x) = ox, for some constant drift parameter, i1, and some strictly positive
volatility, . The construction of a self-financing portfolio and the put-call parity are vital
concepts in derivatives pricing and structuring, especially given the importance of calls and
puts as building blocks for more exotic products.

Ito’s Lemma states that for a stochastic process X satisfying (0.1.1) and some functional
F:[0,00) x RY — R taken to be sufficiently smooth (F € C1?), then

1LY O

oF oF

F= (% + for
d (8t Trox T
implying that F is itself an Itd process. The Black-Scholes PDE can be derived using Itd’s
Lemma and closed-form calculations for the price of vanilla products are well known [Hul14].

In general, let X = (X;);>0 be the solution to (0.1.1), g : RY —» Rbea payoff function at time T

and define the option price V(x), as the expectation given the initial condition Xy = x,

V(x):=E[g(XT)| X0 = x] . (0.1.4)
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0.1.2 Stochastic Volatility

The instantaneous volatility of the underlying asset price is an important consideration when
modelling the dynamics. A stochastic volatility model is a way of introducing dynamics to the
volatility driving the asset price and several stochastic volatility models are reviewed. Options
can have extreme sensitivities to future volatility levels; for example cliquet contracts have
higher sensitivity to volatility, compared to plain European contracts [Wil01, IO05]. The asset
price is typically known, however the volatility of an instrument is not directly observed and
later a HMM is adapted to the computation of Greeks. The volatility of a financial asset exhibits
variability over time, so it is intuitive to consider a stochastic process for its evolution. There
are numerous ways to model the future instantaneous volatility [Cox75, HW87, Sco87, Hes93,
Cox96, Wil01]. The simplest suggestion is to treat the volatility ¢; as a Brownian walk or a
geometric Brownian motion. An undesirable outcome of treating the volatility process as a
random walk is that it could become negative.
The Feller diffusion is a mean-reverting stochastic process [Fel54], defined as the unique strong
solution to

doy = x(0 — v)dt + &\/v dW, vg =0 >0, (0.1.5)

where W is a Brownian motion and x, 6, ¢ are strictly positive constant parameters (also referred
to as the CIR process, named after Cox, Ingersoll and Ross [CIR85]). This process has been
widely used in the mathematical finance literature, both for interest rate modelling and as
dynamic for the instantaneous variance of a stock price as in the Heston model [CIR85, Hes93,
JM11].

In financial markets and options, the skew represents the slope of the implied volatility curve
for a given expiration date and the term-structure refers to the implied volatility for different
expiration dates. Various types of skew in option prices stem from liquidity constraints,
regulatory rules, government intervention and dependence on the asset class [Wil06]. A
common feature of stochastic volatility models is the correlation between the Brownian
motions of the underlying instrument and of the driving volatility. This correlation is often
necessary in calibration in order to fit the skew commonly exhibited in equities, FX and
interest rate markets; parameters are fitted to market prices of calls and puts, or other liquid

instruments [MNO03]. For example, in the Hull-White model both the asset and the volatility
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follow a geometric Brownian motion with correlated Brownian motion drivers.

The Heston model is a stochastic volatility model where the instantaneous variance follows a
Feller diffusion [Hes93]. In this model, option prices admit (semi-)closed form solutions and
sensitivities. In practice during market calibration, it is often found that the speed of mean-
reversion, x, is small, as high values of x reduce the skew exhibited by the model. Additionally,
calibration often suggests that the volatility of volatility, ¢, is large. The Feller condition
ensures that the variance process in (6.4.1) is positive; if 2k > &2, then P(v; = 0) = 0 for
all t > 0 [Fel54]. This makes the Feller condition difficult to satisfy in practice when calibrating
to market data [Jac05]. The correlation parameter between the driving Brownian motion of
the underlying and variance, p, is often negative, because a decrease in the underlying price is
often associated with an increase in the variance.

The constant elasticity of variance (CEV) is a stochastic process used for modelling assets using
an elasticity factor, 0 < a < 2 [Cox75, CR76, Cox96]. The CEV process is the solution to the
following SDE for t > 0:

dXt = ]/lXtdt + O'X;.X/Zth , XO =X,

with instantaneous variance of dX;/X; being 02X* 2. Note that when a = 2, this is just the
Black-Scholes model. Additionally, the instantaneous variance is inversely proportional to the
underlying, making the model particularly suitable for fitting empirical data [Bec80]. Using a
geometric Brownian motion for the volatility and a CEV process for the underlying asset, the
so-called SABR model is widely used in the interest rates industry [HKLWO02].

There has been a growing interest in stochastic volatility models in all areas of mathematical
finance in recent years. Important considerations when comparing stochastic volatility models
are the ability to compute option prices in a closed or semi-closed form, the ability to fit market-
observable phenomenon such as skew and finally the ease of calibration to the market. Under
the Heston model, European options can be computed efficiently using Fast Fourier Transform
algorithms; in addition the model can reproduce a wide range of volatility surfaces implied
from the markets [MNO3]. The CIR component of the Heston model often breaches the Feller
condition when calibrating to the market. Additionally, the original Heston model struggles to
create a skew as large as that observed in the market for small T [Gat11, Chapter 5]. It is often

necessary to consider time-dependent parameters in order to perform well on calibrating for a
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large set of options with different maturities and strikes, over a long period of time [MNO3].
Stochastic models for the volatility are required because option prices calculated with simple
models are generally not supported by market prices for the whole range of strikes and
maturities. As a result, calibration is in practice performed daily, suggesting time-dependent
parameters.

In this thesis, a model-agnostic framework is considered for approximating the Greeks using
several techniques, focusing on models that have a (semi-)closed form solution to verify
the computations; the finite difference methods and Monte Carlo simulations shall also be
considered. There are alternative stochastic volatility models that could be studied such as the
Scott model, stochastic volatility jump-diffusion processes (SVJD) or SABR alternatives [Sco87,
CLS99, RVO08].

0.1.3 Discretisation of SDEs

In situations where the solution of an SDE cannot be written in a closed-form, it is important
to approximate the solution akin to the numerical integration literature. Let n € N be a fixed
positive integer and T > 0 a fixed time horizon. Define the partition of the interval [0, T| by
m:={0=t <t <...<t, =T}, withmaxi—g_ , 1(tiz1 —t;) = h = O(1/n). A first-
order approximation is the Euler-Maruyama approximation, when a grid 7t is used to create an

approximation X of X, defined via

thqu — Xti +f(Xti)hi+1 + ')’(ij)AWj+l ’ XO =X,

where AW; 1 = W;

t € [0, T]. The quality of the approximation improves with increasing 7, although errors can

i1 — Wy and hjq = tjy1 —t;, which can be interpolated linearly for all
potentially propagate and explode in certain scenarios. The measures of error are either based
on the strong error — how close the process X is tracked by the approximation X — or the
error in the distributional sense of a particular function. The strong error is referred to as
E[| X7 — X7|], and the focus of Part III is proving strong rates of convergence for families of
SDEs with non-classical assumptions. Sufficient conditions are imposed, so that for a linearly

interpolated approximation X it holds that for # > 0 small enough

E[|X, — %P]"P <chr,  vielo,T],
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with some rate of convergence, r > 0, for some p > 1. The weak error for a function g, defined
as |E[g(Xr)] — E[g(X7)] |, is a key measure when the focus is evaluating functional driven by
diffusion processes. As this is often a requirement in financial derivatives pricing, it will be the
focus of Part II.

An explicit Euler discretisation of the instantaneous variance in (6.4.1) on the partition 7 is:

@ti“ = ’(’)\ti -+ K(Q — ﬁti)hi+1 -+ C\/ ﬁtiAWi—i—l , ’(]AO =0.

Assume that 9y, is strictly positive; by conditioning, the probability of the discretised process

being negative at time ¢, 1 reads

ﬁf — Q)hi+1 — ﬁt, N K(@t, — 9)]’1 — ﬁt-
i L by > O = i i ,
¢ V vAti ! ‘5\/ 6tfhi+1

where @ is the cumulative density function of a standard normal distribution. The probability

P(%,, <0[oy, >0) =P (AWiJrl < it

of a negative variance approximation is positive, even if the Feller condition holds. Upon
discretisation, it is possible for approximations to become negative since the continuous-
time variance process is approximated with a discrete-time Gaussian process. In an extreme
scenario, observe that as ¢ gets larger, the probability of a negative approximation for the
variance process approaches 1/2. Enforcing max(?;,0) ensures that the instantaneous variance
is non-negative and is a possible solution. The emphasis of Part Il is to consider a modification
of the explicit Euler scheme, for which a strong rate of convergence is proved.

Classical weak and strong convergence results for discretisation schemes of SDEs assume that
the drift and the diffusion coefficients are globally Lipschitz continuous (see [KP92]); however
many models in the literature violate this assumption e.g. CIR, CEV, Ait-Sahalia models.
Typically, in financial derivative pricing weak error is sufficient for applications. Strong
convergence rates are important when using multilevel Monte Carlo methods, as the strong

rate of convergence can be used to optimise computation of functionals [Gil08b, GHMO09].

0.1.4 Greeks

One aim of the thesis is to approximate Greeks for a wide class of stochastic volatility models.
A necessity in option trading is the fast and reliable computation of sensitivities of financial

derivatives. These sensitivities shown in Table 1 are computed with respect to parameters
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Spot (x)  Volatility Expiry (T) Interest rate (r)

Value (V) Delta (A) Vega (V) Theta (O) Rho
Delta (A) Gamma (I')  Vanna Charm
Vega (V) Vanna Vomma Veta

Gamma (T) Speed Zomma Color

Table 1: Greeks: price and risk (row headings) differentiated with respect to the underlying
parameter (column headings).

intrinsic to the option contract, such as the initial underlying price or expiry time of the
contract, as well as parameters arising from the modelling assumptions, or parameters from
the stochastic volatility model. Greeks are hedging ratios that explain how the profit and loss of
a position evolve with changes in the market. Their computation is well studied using different
mathematical techniques (for a comprehensive treatment refer to [Gla03, Hul14]). Closed-form
Greeks for the Bachelier and Black-Scholes models are known, and Greeks can be computed
in semi-closed form for the Heston model [BS73, Hes93]. Monte Carlo methods are commonly
used to compute option prices and Greeks through simulation, often making use of classical
variance reduction techniques [Cap08, Gla03]. In recent years, Malliavin-inspired techniques

have allowed efficient Monte Carlo schemes for Greek computation [Ben01, FLL99].

0.1.5 Monte Carlo techniques

Monte Carlo techniques approximate solutions of problems that have difficult or intractable
analytical solutions. Suppose that IP is a probability measure on some measurable space ((), F),
and X is a random variable with support R. Monte Carlo methods are commonly used as a tool
for integration, where for example we are interested in the expectation of a random variable
with respect to the probability measure, IP, or of a functional g. By generating {x(")}i:L.._,N,

ii.d. random samples of X according to IP, we can approximate the integral

I(g) = Ep[g(X)] = [ g(x)P(x)dx

by IN(g) := N71YN, ¢(x)). The Law of Large Numbers, makes convergence of [N(g) to
I(g) precise. Provided that the variance, Vp[g(X)], is finite, the Central Limit Theorem implies
that /N (IN(g) — I(g)) converges in distribution to N(0, Vp[g(X)]). The convergence rate
is O(1/+v/N), independent of the dimension. In multi-dimensional settings, Monte Carlo is
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superior to numerical integration [RC05]. Generating i.i.d. samples from IP can be difficult if
the probability measure is known only up to a normalising constant. Two methods to handle
such a problem are rejection sampling and importance sampling. As rejection sampling is
usually only possible in low dimensions, therefore importance sampling will be relied upon
for the sequential Monte Carlo methods considered in Chapter 1. The popularity of Monte
Carlo has grown due to its versatility; the ability to be used as a method to integrate, optimise
and deal with non-linear problems.

One of the main tasks in mathematical finance is the pricing of option derivatives. Typically,
the underlying assets are modelled by multi-dimensional SDEs, which rarely admit closed-
form solutions and need to be numerically simulated. Therefore, Monte Carlo techniques
are used to approximate the prices of options, by simulating sample paths of the underlying
assets and estimating functionals to price the financial derivatives of interest (see [Gla03]
for a comprehensive overview of such methods with applications to financial engineering).
A Monte Carlo approximation of the option price using N simulated trajectories (assuming

that the process can be simulated), where path j is denoted by (XEJ ))te[O,T], is computed by
VN(x) ;=N N g(X¥))~

0.2 Contributions of this thesis

In this thesis simulation techniques for stochastic differential equations inspired by
applications in mathematical finance are developed. The thesis is split into three distinct parts
and the contributions are as follows.

The first part of the thesis studies sequential Monte Carlo techniques. Chapter 1 begins with
an introduction of the sequential Monte Carlo methodology, with a focus on sampling from
a sequence of posterior densities. An observed sequence conditional on a latent process is
assumed, to infer the posterior density. Smoothing algorithms are presented to approximate
the density in a Hidden Markov Model. The main contribution of the chapter is to consider
a novel approach for approximating Greeks using such smoothing algorithms in a setting
of unobserved stochastic volatility. This extends the work on SMC methods for option
pricing [JDM10], where the use of smoothing algorithms is suggested (but not pursued)
for approximating the Greeks. The score vector for a given realisation of an underlying

price path is inferred, in order to compute the Greeks under a general stochastic volatility
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setting. The technique is analytically intractable for most models, therefore SMC is used
to perform Bayesian inference. Inspired by likelihood ratio techniques for Greeks, additive
functions that appear due to the structure of the models are derived. Upon simulating a
volatility path and an underlying path, the volatility is immediately “forgotten”. Filtering then
recovers a particle approximation of the density, in order to approximate the log-likelihood
and the score vector. Such a set-up lends itself to further considerations about hedging of
derivatives in general stochastic volatility models. The approach highlights the difficulty in
approximating Greeks upon observing the underlying, and moving away from a volatility
process behaving as a discrete-space Markov chain. In this set-up, an existing SMC algorithm
for smoothing is applied and provides a framework to approximate Greeks [DGA00, DMDS09].
Such techniques are used in the parameter estimation literature [Poy06, Poyl1]. Using this
approach, convergence results for the Greek estimates are proved in terms of the number of
Monte Carlo paths, the number of particles and the number of time steps; the theoretical
results are confirmed by numerical examples. The application discusses the tracking error
for options using Black-Scholes Greeks and Greeks in a stochastic volatility model. A major
drawback of such techniques for Greek approximations is the numerical cost compared
with the various alternatives. SMC algorithms are numerically intensive; their inherent
propensity to parallelisation has been a well-studied topic in recent years, however there
remain challenges in using such techniques.

In Part II, a general technique is proposed to compute option Greeks using Ito-Taylor
expansions. The aim is to multiply the payoff by some Jj-measurable weight, for a small
time h—this differs from the Malliavin setting, in which the weight is Fr-measurable. The
variance of the weights increases as h decreases and for convergence the mean squared
error (MSE) is controlled. This technique allows Greeks to be approximated under various
stochastic volatility models. In Chapter 3, a numerical approximation is demonstrated for
the Delta of a contingent claim. An approximate class of weights are considered to compute
high-order approximations of the Delta using weak Taylor schemes. Furthermore, by deriving
expansions of these approximations, high-order Greek approximations are extrapolated. In
Chapter 4, a family of functions for approximate weights is introduced for the Gamma, with
higher-order and extrapolated approximations computed. This part concludes with proposing
several directions for future research. Greek approximation under a perturbed model are

considered, with an application for the Vega of an option. A brief review of the backward
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stochastic differential equation (BSDE) literature is provided and a proposed scheme for high-
order approximations of the Gamma for non-linear pricing is suggested.

The third part of the thesis is on the discretisation schemes with strong rates of convergence of
SDEs with non-Lipschitz continuous coefficients. Upon commencing the research, there were
several discretisation schemes for such SDEs, including the implicit families and the various
tamed schemes [DNS12, HJ12], which built on the earlier literature of approximations for SDEs
admitting a solution in a domain [HMS02, BD04, BBDO08]. This approach utilises a projection
to ensure that the discretised process stays within a domain of interest. Chapter 6 provides
strong convergence rates for a new modified Euler scheme applied to certain SDEs with non-
globally Lipschitz continuous coefficients. The scheme introduced uses a projection in the state
space, based on the locally Lipschitz continuous coefficients of the drift function of the process.
This approach is naturally suited to SDEs with solutions within a domain, as it considers the
behaviour at the boundary of the state space. The novelty is to consider the behaviour of the
drift function both at zero and at infinity, in order to define the discretisation scheme. This
approach relies on first studying the true process of the SDE and then selecting the scheme
according to the problem. Examples of SDEs considered include the CIR model, the 3/2-
model and the Ait-Sahalia model, all widely used in mathematical finance. A contribution
is the extension of the parameter range for which strong rate of convergence holds, compared
to the implicit schemes in the literature. Furthermore, for many choices of parameters in the
Ait-Sahalia model, an implicit scheme poses significant computational difficulty compared to
an explicit scheme. Numerical results supporting the theoretical results are provided. The
modified Euler scheme is motivated by an application of multilevel Monte Carlo and an

acceleration technique.
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Part 1

SMC Greeks
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1. Sequential Monte Carlo Greeks

Sequential Monte Carlo (SMC) methods are model estimation techniques based on simulation,
for approximating expectations with respect to a sequence of densities of increasing dimension.
In this chapter, the use of SMC methods in the field of mathematical finance is explored, and
the main contribution is the approximation of Greeks for a general stochastic volatility model.
SMC methods have gained popularity in the last decade, with applications in engineering and
applications to State Space Models. The algorithm is adapted to compute Greeks in a general
stochastic volatility setting, with convergence results provided. Tracking option prices is
discussed, which has implications in validating stochastic volatility models and their calibrated
parameters. A specific application is the tracking of an S&P 500 call option price over a period
of a month in the Black-Scholes model and of the Greeks in a stochastic volatility model, where
the volatility is a hidden process. An aim is to discuss the practical applications in frameworks
with uncertainty, where filtering can be used to compute the Greeks akin to the likelihood ratio

method.

1.1 Introduction

Real-world phenomena can produce large time series data, evolving either continuously or
discretely in time. Observations are typically discrete in time, with attempts made to describe
the processes using models. An increase in computational power has enabled statistical
inference for models which aim to describe the dynamics accurately. A common objective is
estimating posterior distributions as observations arrive sequentially in time; however, these
posterior distributions rarely admit closed-form solutions. The Kalman filter computes a
Bayesian estimate for the state of a hidden variable in a linear dynamical system, providing an
explicit solution for a linear Markov model perturbed by some Gaussian noise [Kal60]. There
have been numerous extensions to this family of methods, such as the extended Kalman Filter
for non-linear systems and the Unscented Kalman filter [JU97]. Developments in the 1990s of
simulation-based techniques led to approaches consisting of the evolution and the updating of
discrete sets of sampled values, with an associated weight [GS593, Wes93]. In the literature, it

has become common to refer to the sampled values as “particles”.
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Particle filters are reminiscent of Genetic Algorithm (GA) techniques [SD08]. General steps

involve:
e Initialisation - drawing from an initial prior distribution;

e Sampling (exploration of the space) - “selection” in the GA literature, according to some

fitness/likelihood function;
e Weights - update weights for the “reproduction step”;
e Resampling - “mutation-selection” in the GA literature.

Over the past 20 years there has been an explosion in the number of particle filtering
techniques [DJ08, CGMO07]. Those methods include Sequential Importance Resampling (SIR)
and smoothing [GSS93]. There have been various modifications to the original particle filters,
such as an auxiliary family of filters which increase the dimension of sampling [PS99]. Other
modifications include the Probability Hypothesis Density filter and Approximate Bayesian
Computation techniques for particle filtering [WSG10, JMMS12]. Additionally, particle filters
can be modified to maintain multi-modality, which is especially desirable for tracking multiple
objects [VDP03]; an extension of this is tracking using the Boosted Particle filter [OTdF*04].

A summary of applications specifically in finance is provided by [Crel2]. Other applications
include using Kalman filtering to track the state of the “true” order book, assuming the
existence of noisy orders [JN11]. A bootstrap particle filter has been applied to estimate spot
prices from future tenors in commodity markets [ABT08]. There have been attempts to use
particle filtering techniques for inferring the US interest rate, using a monetary model for
the economy [LS07]. Other applications include optimal portfolio allocation under stochastic
volatility models and estimating default probabilities for collaterised debt obligations [BMV06,
Koell]. In option pricing, SMC methods are used for pricing contingency claims [JDM10].
Inference for stochastic volatility models is considered in [JSDT11]. This work provides
inspiration for the smoothing algorithm shall used to approximate option Greeks.

In recent years, there have been huge developments in proving convergence results for SMC
algorithms [BC09], including bounds and central limit theorems [CD00, Cho05, HSL08]. The
difficulty in analysing convergence comes from the interaction between particles, making

them statistically dependent. As a result, classical results from the Monte Carlo literature
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on convergence cannot be directly applied as the independence condition is not satisfied.
Additionally, there is often accumulation of error with time, unless strict mixing conditions
are imposed. In real applications, the constants bounding the convergence rate can be very

difficult to compute, and can grow exponentially fast with time.

Notations: Capital letters denote random variables and lower case letters denote particular
values, particles or realisations. For generic realisations, (zj)rez, use z;;j to denote the vector
(zi,ziz1,- - -, zj). This definition extends naturally for sequences of random variables (Zy)ier
as Z;j. For integration, dz;;; = dz; dz;;1... dz; is used. Throughout, the convention of n
k =0,...,n. Let X,Y be two random variables. Let X' —valued variable X with f(x) being
its probability density function for all x € X. For random variable X, X ~ f reads as X is
distributed according to density f. Write X o Y if there exists a finite constant Z > 0, such that
X~Y/Z.

Summary: The rest of this chapter is organised as follows. In Section 1.2, existing
methodologies within the State Space Model literature and Monte Carlo methods tracing
the origins of the particle filtering literature are reviewed [CMRO05]. Section 1.3 describes
smoothing and motivates the approximation of score vectors. Section 1.4 introduces a general
framework for computing Greeks. In Section 1.5, convergence in the SMC literature is
reviewed, and convergence results are proved for the proposed Greek approximations. In
Section 1.6, numerical results for the tracking of an S&P 500 call option using a Taylor expansion
consisting of the Greeks under a stochastic volatility model are presented. The chapter

concludes with discussion and possible extensions.

1.2 Inference for State Space Models

State Space Models are a broad family of models describing processes including the Hidden
Markov Models. HMMs are a class of models that can be non-linear and non-Gaussian, making
them suitable for applications in engineering and finance. Suppose that X and Y are random
variables with supports X and ). The following model covers a wide range of scenarios
and applications: consider an index set Z (typically IN) and let X = (Xj)xez be a Markovian

unobserved process and Y = (Y} )xez be an observed process, conditional on X [WH97]. Denote
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by 6 € ® C R a set of fixed model parameters:

Definition 1.2.1 (Set of initial parameters, ®). Define ® C R? to be a family of parameters for a
HMM assumed. Let 6 € © be 0 = (64,...,6;).

The following densities are for the evolution of the Markovian process X and the conditional

process Y:

1. The Hidden Markov process X is defined by its initial density Xy ~ p4(.)—as convention,
fo(-|x—1) := pg(-)—and the transition density Xi|(Xx_1 = x¢_1) ~ fo(-|xx_1);

2. The process X is not observed directly, but via the observations of the process Y. For
0<k<n:
Yk|(X0, .. .,Xk = Xk, - - .,Xn) ~ gg(-|xk) .

The goal of HMM in a setting where 0 is fixed is to filter the density of the unobservable
Markovian random variables X, given the discrete observations y.; i.e. to infer the sequences
of filtering densities 7ty (xy|vo.x) for k > 0.

The broad idea of particle filtering is to gradually build up the target distribution using a large
set of random particles. The particles’ location and likelihood are used to construct an empirical
distribution and to perform inference of the hidden state, given the observations yy.,. Suppose

that 6 is a known parameter; then the posterior density is

,  where  7p(youm) = /

xn+l

7Ty (xO:nz ]/Ozn)

7T (X0:1, Y0: ) AX0:1
770 (o) 0 (X0:n, Youn ) dxg

70 (X0:n|Yoin) =
and the joint density is

70 (X0:1, Yorn) = 7o (X0:n) 7o (Youn | X0:n) = | [ fo(xklxi—1)80 (yilxk) -
k=0

SMC methods aim to approximate the posterior distribution, 79(x0.;|Y0:n). An important
feature of HMMs is the ability to apply SMC for filtering, smoothing and prediction. These

densities are categorised depending on how much information is available:
e Filtering - state density given past and present observations, 7ty (X, |Vo.n);

e Smoothing - state density given past and future observations, pg(xk|yo.n) for k < n;
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e Predicting - state density given past observations, py(xx|yo.n) for k > n.

The following two steps update the filtering densities upon the arrival of new observations,
and (1.2.1) and (1.2.2) construct the forward filtering density. After initialisation, Bayes’

theorem and marginalisation are used to update this recursion:

LEICAED)
To (X |yor) = ——2———po(x1|V01_1) , 1.2.1
o (Xk|vo:x) Pf)(]/k|y0:k71)p9( Kl Yok—1) ( )

and the following predictive density is used to forecast:

Po(Xes+1Vox) = /Xfe(xk+l|Xk>7T9(Xk|y0:k>ka- (12.2)

Applications of SMC include computing expectations using the approximated densities. Let ¢ :
X+l Yyntl s R be a function of the hidden state and the observations, and suppose that one
wishes to compute its expectation recursively in time. E;[X] and V [X] denote the expected
value and variance of a random variable X, with respect to the probability measure 7r. Suppose
that ¢ is integrable with respect to 7g(x¢., |Vo.n). By approximating the posterior, the particle

approximation can be used to approximate integrals of the form:

I(QD) - IE’71’9(X0;,1|}/0;71) [(P(Xo:n/ yO:n)] = / QD(XO:n/ yO:n)TCB(XO:nWO:n)dXO:n . (1.2.3)

xn+l

A possible choice for the function ¢ is ¢(xo.n, Yo:n) = Xu, for the terminal value of the hidden

state, so that I(¢) approximates the average, final, latent state.

1.2.1 SMC Algorithms

SMC algorithms provide posterior estimation using a series of predicting and updating
recursions. The Sequential Importance Sampling technique can be seen as a general framework
for particle filtering. Importance sampling is well studied in classical Monte Carlo literature,
and can be used as a variance reduction technique. Large variance reduction can be achieved
for instance when calculating the Value-at-Risk of large portfolio losses [GHS00]. Importance
sampling can also be applied to the efficient calculation of deep out of the money options.
In SMC methods, importance sampling is used as a way to associate importance weights to

individual particles, to overcome sampling from the “wrong” distribution too often.
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Sequential Importance Sampling (SIS) [GSS93]: Suppose that paths x(()li ~ 119(Xo0:n|Y0:n) can

be generated given a set of observations yg.,, fori = 1,..., N. Thus, the marginal density of
the hidden model given some observations can be approximated. Suppose that particle paths
(xé?c_l)izll_“,]\] are available at time k — 1, weighted equally. An N-particle approximation of

the posterior density is

o

M=

1
N -
Ty (X0k—1|Yok—1) N -

(xé{l)el) ’

Il
—_

i

where ¢ is the Dirac measure. By sampling xk ~ fol. |x,(21) fori =1,...,N, a prediction for

the density at time step k is

1 N
P (xox|yox-1) = 25 (1.2.4)
121 :k—l’ k
The target distribution at time step k is
726 (X0 Vo) = 86 (Vi xi) po (xo:x|Yox—1) (1.2.5)

L 86| xi) po (X0 | Youk—1)dx

The notation used throughout is {(xk ,wk )} . 1, denoting the set of particle positions and
corresponding weights at time step k. A set of particles, weighted according to their likelihood
give the following approximations of 7g(xo.x|yox), for time steps k > 0. Substituting the
predicted density in (1.2.5) by the approximation (1.2.4) yields

N (x0:x|vox) = Zwk xol:k ,

where the weights (w,((i))i:LWN satisfy

w,((i) x gp (yk]fl({i)) and Z w” =

The weighted approximations, 7t} (xg|yox), are then propagated through time, up to the
terminal time step n. A feature of the SIS algorithm is that the path trajectories (xél;z,)izl ,,,,, N

are independent and identically distributed. Define

Nig) =Y o(x), you )l
i=1
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as the SMC estimate of I(¢) in (1.2.3). SIS is usually successful for small n, however after
several iterations most paths will have a negligible weight [DdAFGO01, Section 1.3.2]. Eventually
one particle will dominate and be used to approximate the expectation, which illustrates the

weight degeneracy problem.

Resampling: The variance of the weights increases with the number of time steps, and for a
fixed accuracy, the computational cost grows exponentially [KLW94]. To stabilise the variance
of weights, resampling methods have been proposed. Resampling consists of choosing a new
set of particles based on the original set. The common idea is to increase the number of particles
with higher weights, and reduce the number of particles that have low probability. At each time
step, k, N particles from the current particle set could be sampled with replacement according
to:
E [N lxy] = N

The new particle set consists of N,gi) realisations of particles x((]f])c, with weights reset to 1/N
for each resampled particle. Details for resampling schemes and examples of the empirical
measures are presented in [Dou05, DMD]J12]. Multinomial resampling draws N new particles

from a multinomial distribution according to the normalised weights (wl(j) )i=1,..N- Systematic

resampling uses a single random uniform draw to generate the new particle set. It is
often preferred due to computational simplicity, however the method is sensitive to the
ordering of particles [Dou05]. Other methods include residual resampling and stratified
resampling [BC09, Dou05]. More complicated schemes have been studied, where the number
of particles follow some evolutionary process [CDML99]. Resampling at each discrete time
step can be harmful, so metrics such as the effective sample size (ESS) can be used as a trigger

for performing a resampling step [LC98].

Definition 1.2.2. Define the ESS approximation for a set of particles with weights (w,({i) )i=1.. N as:

L epNpker
YN (wz(cl)>

N,fr approximates the equivalent number of i.i.d. random samples needed for an estimate,

Neff =

such that its Monte Carlo variance is that of the N-particle weighted approximation. A

threshold can be set such that when N, (¢ drops below it, a resampling step is performed. In
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the literature, this threshold is commonly chosen as N /2 or N /3.

Intuitively, particles with high weights are more likely to be resampled, and particles with
low weights will eventually cease to exist upon successive resampling steps. The effect
of many successive resampling steps at time n leads to a loss of path diversity at time
n — k for some lag k > 0, which is referred to as the path degeneracy problem. Attempts
have been made to minimise this problem by careful resampling and monitoring of the
ESS [LC98, Whi, CDML99]. Path degeneracy is induced from resampling, and eventually
approximations of the distribution would be just using one path. The trade-off in resampling
can be summarised as controlling the variance of the weights, whilst not dramatically reducing
the diversity of particles. Many paths will have the same history when looking through the
path of the particles and ultimately all paths will coalesce to a single path [DJO8].

In situations where the consecutive distributions are very different, interpolating distributions
have been proposed to reduce the need to resample particles as often [GCO00]. Such techniques
are often computationally expensive as the number of intermediate distributions could be
prohibitive [BLB08].

Particle Filter with Resampling: In Algorithm 1.2.1, the most general particle filter with a
resampling step is described. The ESS metric is used as the trigger to resample, according to a
user-set resampling scheme. This method is based on the SIS algorithm, with the inclusion of

a resampling step.

Algorithm 1.2.1 Particle Filter with Resampling (SIS/R)
Step 0: Initialise

a) Fori =1 — N, sample xéi) ~ u(-).
b) Fori =1 — N, calculate normalised weights w(()l) x g <y0|xél)>.

Step 1: Main recursive step. Fork =1 — n

a) Resample Step

if Neff < N/2 then
Resample set (x;((lzl)izl,...,N according to weights ({xlgl_)l, w;((lzl})izl,...,N-
Fori=1- N,setw\), := 1/N.

end if , ,

b) Propagate particles. Fori =1 — N, sample x,((l) ~ fo (Xk|x]£1_)1>.

c) Fori =1 — N, compute normalised weights, w,(ci) o wlglzl <0 (yk|x,ﬁi))-
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The families of SIS algorithms are “online”—the complexity of the algorithm does not increase
as the number of time steps increases, and only a fixed memory is required for a fixed number
of particles. This is due to the fact that only a forward pass is required. Smoothing algorithms

requiring a forward and a backward pass are classified as being “offline”.

1.2.2 Convergence Results and Bounds

SMC methods are highly versatile techniques for Bayesian inference. These methods are very
useful for dynamic models and are used to estimate a sequence of distributions of growing
dimension. A frequently quoted application is the sequential Bayesian inference, which aims
to approximate the target distribution 79(x0.|y0.n). For convergence results, the number of

particles required for a fixed level of precision increases rapidly with the time steps. For p > 1,

1/
p<Cp,n
~ VN’

IL ,-bounds of the type

<E

have been shown, where C, , is a constant which grows exponentially fast with the number of

p

N . .
)y fp(x(gil)w%l) - /X”+1 @ (Xo0:1) 700 (X0:|Y0:1 ) d X0:n
i1

time steps, n [DM04]. This makes the error increase for fixed number of particles, N. Provided

that resampling is used, central limit theorems such as

(N )y () D
N Z(p(x():n)wn _/Xm @(Xon) 700 (Xo:n Yo )d X0 | = N(0,02),
i=1

hold as N increases to infinity. The variance, 02, is a complicated expression, and varies for
different SMC algorithms and resampling schemes [DM04, Cho05]. SMC filters and their

convergence properties are generally very difficult to study.

1.3 Smoothing

Smoothing is a filtering technique used to approximate the density of a hidden state given past
and future observations. The Forward Filtering Backward Smoothing (FFBS) and Forward
Smoothing only (FS-SMC) implementations will be summarised. The latter is applied to
approximating Greeks (for more details of both algorithms, see [DMDS09]).

Smoothing, in its simplest form, can theoretically be performed alongside a generic particle
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filter. The Filter-Smoother consists of a standard particle filter which approximates 7ty (x0.,| 0.1 )

using the weighted paths {(x(()zl, wgi) ) tiz1,..n [Kit96] . The joint smoothing density,

7T9(x0:n|y0:n) & gé(yn|xn)f9(xn|xn71)7T9(x0:n71|y0:n71) ’

is marginalised yielding the smoothing density

po(xk|yom) = /Xn 709 (X0:n|Y0:n ) dX0:k— 1A X4 1211 - (1.3.1)

(i)

This method requires storage of the newly sampled particle, x,’, in order to construct paths

x(()l])( = (xé{?()_l, x,((i)), where j; will be some resampling indices; note that x((){;()_l are resampled

from (x(()l;;(q)i:l,.-.,N- The algorithm requires the same O(N) computational cost of the filter.
The particle filter provides accurate approximations for 7g(xx|yox), however resampling
reduces the number of distinct paths. This suggests that examining paths of the particles over
time, many paths will have coalesced into a single path. Resampling less frequently can reduce
this problem, however for increasing n — k, the approximation of (1.3.1) will deteriorate as
eventually only one path will have any significant weight [FWT10, DJ08].

Let s : R x R — R be a sequence of functions for k € IN,and S, : R"t! & R, forn € N, be the
corresponding sequence of additive functionals, defined as S, (xg.,) := Y }_1sk(xk_1,Xk). An
objective is computing S, known as the smoothed additive functional, which is the expectation

of the functional given the observations v.,:

82 = IE[Sn(XO:n) |y0:n] ’ (1.3.2)

which is assumed to be finite. The dependency on 0 is due to the fixed parameters in the HMM

setup. The aim is to construct an SMC estimate of Sf.

1.3.1 FFBS Recursion

To mitigate the path degeneracy that afflicts the previously mentioned smoothing techniques,
SMC approximations of the FFBS algorithm have been developed [DGAOQ0]. This procedure
computes the forward filtering densities (7rg(x|yo.x))k=0,. n using Bayes’ theorem, followed

by a backward pass approximating the marginal smoothed density (pg(xk—1, Xk|Vo:n))k=1,...n-
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The forward filtering step,

80 (Vi1 xk41) [ fo(xira i) 7o (X your ) daxk
Sz 86 Wrra X q) fo (Xgq 1%7) 7m0 (X W0 ) Ay q

700 (Xkt1|Yok+1) =

is followed by a backward pass

)fe (x| xx—1) 7m0 (Xk—1|Y0:k—1) .

Xk—1,% m) = X n Xk— k—1,Xk) = X n ;
Po(Xk—1, Xk|Yo:n) = Po(x|yon) Po(Xk—1|Y0:x—1, Xk) = Po(Xk|yo Do (xelox1)

(1.3.3)
together these steps approximate the smoothing density. In order to obtain pg(xx_1|yo.n), the
backward pass is marginalised with respect to x;. The algorithm is based on the following
recursion formula
So(xelxe1) o (xk1[yox—1) 4

po(Xk|yox—1)

po(xk-1(yon) = /Xpé)(xk‘]/O:n) Xk s

which was initially introduced by [Kit96]. The forward pass requires computation and storage
of (7Y (xk|yo:x))k=0,..,n, Which are the approximations of (709 (x| Yo:k) ) k=0,...n- Let the SMC
approximation of pg(x¢|yo.) be pY (xk|yon) = LN, wk‘ , for k < n, with initialisation

()
at the terminal time step k = n, by defining wfjﬁn = w,(q). The rest of the weights are defined

recursively using the backward pass (1.3.3):

() ¢ ()00 N
N i) wy”y fo(x )

Po (Xk—1, Xk|Yo:n) = : w5 0

6 121]2 k|n leilw]((l_)1f9(xl(<])|xlgl—)) (xk 1xk ; k—1] > )

where the weights are defined as

wlgizlf(?(xlij) |x,(21)

: . . 1.3.4)
k 1| Z k| I ] (
R =T WA w,i_)lfe(xl(c’) |x,({_)1)
Finally, the SMC approximation of Sf is defined via
N n
Sii=) /){2 sk(xXk—1, %) o’ (Xk—1, X [Youn ) doxk_1:5 - (1.3.5)
k=1

Algorithm 1.3.1 is an implementation of the FFBS algorithm to compute the weights of the
particles for approximating 32 . This method uses the entire history of each particle, which

requires memory proportional to the number of time steps, which makes the algorithm
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“offline”. As a result, the next section considers an online implementation of the FFBS

algorithm to circumvent the growing memory requirement.

Algorithm 1.3.1 Forward Filtering Backward Smoothing Algorithm
Step 0: Initialise.

a)Fork=0—n, ({x,((i), w]((i)})izl,...,N is the SMC approximation of 7ty (x¢|yo.x)-

b) Fori =1 — N, define wsl)n = w,(f).

Step 1: Main recursive step. Fork =n — 1

Fori = 1 — N, compute SMC approximation, (xlgijl, w;(ciznn)i:l,‘..,N/ for po(xx_1|vomn)
using (1.3.4).

1.3.2 Forward-only version of the FFBS recursion

The forward-only implementation of the FFBS algorithm avoids the backward pass [DMDS09].
The auxiliary function reviewed allows an online implementation [CMRO05]. Define the

forward smoothing recursion as

T (Xy) = /Xk Sk(Xo:x) po(Xok—1|Y0sk—1, Xi)dXok—1 - (1.3.6)

and using this recursion it can be shown that ! = [, T¢(Xy)me(Xk|yox)dXs. The
approximation p) (x¢_1|vox_1, xk) of pa(Xk_1|yox_1, Xk) is substituted in (1.3.6) to compute
T9(xx), which is the N-particle approximation of T¢(Xy). For completion, the proposition

justifying the updating of the forward smoothing recursions is presented:

Proposition 1.3.1 ((DMDS09, Proposition 2.1]). Define T¢(xg) := 0. For k > 1, the smoothing

recursion for the auxiliary functions TY (xy) is defined by

Tf (xp) = /X [Tz?_1(xk71) +5k(xk—1/xk)} po(xk—1|Yox—1, Xk)dxx_1 -

Algorithm 1.3.2 will be used to approximate the smoothed additive functional, S.

1.3.3 Discussion on Smoothing Methods

The computational cost of FFBS is O(N?) for each time step, compared to O(N) for methods
such as the path-space and fixed-lag approximations [OCDMO08]. Fixed-lag smoothers require
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Algorithm 1.3.2 Forward Smoothing SMC algorithm (FS-SMC) [DMDS09]
Step 0: Initialise

a) Create initial SMC approximation, ({x[()i), w(()i)})i:LWN, for 7t9(x0|yo).

b) Fori = 1 — N, initialise the forward smoothing recursion, T} (x(()i) ) :=0.
Step 1: Main recursive step. Fork =1 — n

a) Compute new SMC approximation, ({xlgi), wlgi) Bi=1...n, for mo(xk|yox)-
b) Fori =1 — N, compute new smoothing recursion:

1 w]Ej_)lfg(xl((i) |x]£]_)1) [Tl?—l (xl((]_)l) + Sk(ngj_)p Xz((i))]

Tlf(xl(ci)) = ] i i i
N w)) folxl 1))

c) Approximate smoothed additive functional, S?, as é,f =yN, 17 (x,({i))w,((i).

tuning, rendering them somewhat unattractive, as it is often difficult to gain apriori intuition
about the tuning parameters. Other techniques rely on the forgetting properties of the
model [KDSMO09, (17)], but again custom tuning is required [DdFGO01].

The drawback of the FFBS algorithm is that the backward pass gets longer with each
consequent time step; the storage requirement of the algorithm is increasing as the number
of time steps grow. The use of past data means that the FFBS is an offline algorithm [DMDS09].
The FS-SMC also has computational cost of O(N?), however it is online, in the sense
that the storage requirements does not increase with the number of time steps. Both the
FFBS and FS-SMC can be implemented more efficiently to reduce the cost from O(N?) to
O(NlogN) [KdFDO05]. These algorithms has been used to approximate the score vector
required for parameter estimation in a sequential Monte Carlo framework [Poy06, Poy11].
The Filter-Smoother provides degenerate results when smoothing, however it is a
computationally cheap technique [FWT10]. In terms of convergence, the asymptotic variance
for FFBS estimates grows linearly in the time-steps, n [DGMOL11]. This suggests better results
when compared to the results for the path-space methods, where error increases at least

quadratically in time, under favourable mixing conditions [DMDO3].

1.4 Greeks and Stochastic Volatility

In this section, an implementation of a smoothing SMC algorithm is used to approximate
option Greeks [DMDS09, JDM10]. The setting is that of a HMM where the volatility is a latent
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process. A cascade of additive functions are defined for Greeks and convergence results are
proved for the FS-SMC algorithm. The aim of the section is to suggest a novel approach for
approximating Greeks in a general stochastic volatility setting.

Throughout, (xx)x—o .., shall denote the latent process path (the unobserved volatility) and
(Vk)k=o0,.,n the observed asset price realisation (recall that (Xj, Yj)r>o denote the random

variables). The density of the asset price path can be written as

po(Yon) = /XW+1 ]IIfE)(Xk’Xk—l)gG(]/k‘Xk)dXO:n : (1.4.1)
=0

As before, consider n equidistant time steps for the discretisation of the time interval [0, T].
A general set-up to approximate Greeks using the likelihood ratio method with respect to
parameters § € ® C R is described. Consider options with terminal payoff ¢(y;.,) and

value

V= /IR o @ W) po(Yo-n)dYoun - (1.4.2)

Suppose that one can differentiate V through the integral with respect to 6; to obtain

v ) dlog po(yo:n)
Fr /IR w1 98, P W1 )Po (Youn)dyon + /IR v W) =50 =0 (Yom)dyos - (143)

For simplicity, assume that a%.(l)(ylzn) = 0. A Monte Carlo approach for approximating the
Greeks is to sample M paths of the underlying, according to pg(yo.,) and approximate (1.4.3)

by
D)) 57 108 (po(vi)))

<

Ing
<
Q/‘\

The difficulty in this strategy lies in the computation of a%i log(pe (yéjzl)), which in general is not

known. The marginal likelihood can be decomposed using Fisher’s identity into an additive

function [DMDS09]:
d d d
96, 108 Polyon) = | 55 1og pta(Xo)lyou | + Z]E 26, 108 fo (Xl Xi—1) [yon
(1.4.4)
+ Z]E{ -log g yk|Xk)|y0n} :
In (1.4.4), 2logpe(yon) is the score vector, whose i component is %. It is a
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vector of derivatives of the log-marginal likelihood of the path yq.,, with respect to the
model parameters, 6;. The score vector also has direct applications to gradient descent
algorithms [CDMO09].

By considering the additive form discussed above, it is possible to numerically approximate the
score vector for any fixed path yy., [DMDS09]. This is achieved using Algorithm 1.3.2 for path
Yo.» with N particles, namely computing the additive expectations in (1.3.2), with the additive
functions defined specifically by the structure of the HMM. In fact, this is performed for M
Monte Carlo paths (y(()],)1 1.
step n [DMDS09]. It should also be noted that the techniques is suited to parallelisation across
multiple payoffs and strikes, since the bulk of the computational effort is spent on creating and

updating the particle approximations and score vector approximations.

1.4.1 Additive Functions for Greeks

From the decomposition in (1.4.4), it is apparent that additive functions appear when
approximating Greeks using the SMC approach. In this section, a cascade of these additive
functions are derived under a general framework. As before, suppose that a%i(P(yl:n) = 0, for
i=1,...,d. Let pg(yo.n) be the likelihood of a path of the underlying and for brevity define the
following partial derivatives of the log-likelihoods fori,j,k =1,...,d:

;. . 91og po (o)

. 9logpo(yon) ;. 9logps(yon)
P 90; ' '

C 89189] ’ bk a@iaejaek

The following proposition defines additive functions for approximating Greeks with respect to
different parameters. Recall that ¢ is the option payoff, and pg(yo.,) is defined in (1.4.1). These

functions allow Greeks to be expressed as

/_)(n+1 g0(]/1:”)4)”‘(yO:”)pe(yOIH)d]/O:n ’

for some additive functions
v "V

Po = 50 = B0, .00,

and a multi-index « = (aq,...,a,) € {1,...,d}". The next few results have been adapted from

the early discrete-event literature [Rub89, (4) and (7)].

Proposition 1.4.1 (First-order additive functions). Foranyi=1,...,d, then ¢; = I;.
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Proof. Observe that 5 5
po(Yo:n) 55108 po(Yomn) = 55p6(Youn);

for 0;, differentiation of the initial option value V' yields

1% d
TR TR ¢(Y1:n)po (Yo )dyo:n = /X oy @Wrn)lipe (Yo ) dYoun -

This follows from (1.4.3), and the assumption that B%(P(yliﬂ) =0. ]

Differentiating V for higher order Greeks, yields further additive functions:

Corollary 1.4.1 (Second-order additive functions). Foranyi,j € {1,...,d}, then
¢ij = Pipj +1ij -

Proof. From the proof of Proposition 1.4.1, [Gly89, Section 3] and the product rule

aZ
ngj = B%ja%i rett (Y1) po(Yon) dYoun
= a%]. ro1 @(Y1n)lipo (Yo )dY0:n (1.4.5)

= Jreer @(Yr)1ilipo (Yo.n)dY0un + [raur @(Yeiu) i jpo(Youn)dYoun
which concludes the proof. O

Note that /; is re-used to calculate the second-order Greeks. Assuming that first-order Greeks

were approximated, there is just one new term, [; j, to be calculated.

Corollary 1.4.2 (Third-order additive functions). For any i,j,k € {1,...,d}, then Pijk =
lilile + i jle + Ligelj + 1 eli + L j ke

Proof. Differentiating (1.4.5) yields

83V0 0
a@iaejaek ':a_gk /IR”H ¢ (Y1) [lll] + li,j} po(Yo:n)dYoun

- p . aPG(YO:n) 0 [lll] + li,j}
= ¢ (Y1) ([lzl] +1; ] 90, + 20, po(You) | dYo..

Rn+1

3Ll +1;,
= ¢ (Y1) ([lil]’ +1ij] I + [léTkl]]> po(Y0.n)dY0un

Rn+1

= (Vi) [Liljli =+ Li jli + Ligi + Ll 4 1 j i) po(Yon)dYoun -

Rn+1
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Again, note that higher-order additive functions contain previously evaluated terms.

Remark 1.4.1. As a slight abuse of notation, denote I, as the component of the additive function with

respect to e, for all elements e € 6.

Remark 1.4.2. The likelihood ratio method for computing Greeks in the Black-Scholes framework is
treated in [Gla03, Chapter 7.3]. The validity of this approach relies on the ability of changing the order
of integration and differentiation, which can be justified for smooth probability densities—unlike the
pathwise technique for Greeks computation, no smoothness conditions are imposed on the option payoff.
To compute Greeks using this approach, suppose that

2k, [9(X)] = [ 9(X) 2 pa(X)aX.

The likelihood ratio method usually produces estimates for the Greeks with increasing variance, as the
number of time steps increases—this feature is particularly unattractive in a sequential Monte Carlo

framework, since the MSE of the algorithm increases with n, as shall be seen in Section 1.5.

1.4.2 Greek Calculations for stochastic volatility model

In the general introduction, several models for stochastic volatility were mentioned. The Black-
Scholes model can be thought of as a “THMM”, with a constant volatility. This is to motivate the
subject of HMM: s for the price dynamics of the underlying, conditioned on the volatility which
is unobserved. This Black-Scholes formulation is used to test the technique and compare the

Greek approximations to the known closed-form values.

Example 1.4.1. For the Black-Scholes model, sensitivities with respect to parameters 0 := (x,c,1,T)
are computed, where x is the initial underlying price, o is the initial volatility, r is the interest rate (or

drift) and T is the expiry time of the option.

Example 1.4.2 (Random walk for log-volatility). A Brownian walk is now considered as the dynamic
for the log-volatility process driving the asset price that follows a geometric Brownian motion. W) and
W®) are independent Brownian motions. The model can be written as the solution to the stochastic

differential equation

Hidden: do; = You?dt+ (Tﬂyth(l), 0y =0,

2) (1.4.6)
Observed: ds; = rsidt + o5 dW, ™7, Sp =X
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This model has parameters 0 := (x,c, 1, T,n), where 1 is the “volatility” of the log-volatility process.

Assume the following Bayesian set up where 0., is the volatility path and sg.,, is the underlying
asset price path. Suppose an equidistant time discretisation with time steps of size h := T/n,

and define a :=r — 013/2.

Remark 1.4.3. Consider (Wy)x—=1. n, and (Zy)x=1,. , being iid. N(0,1) distributed random

variables, and let

ocr = drexp (ViAW) 0 =0,
Sk+1 = Skexp ((7 — 3000 + a'k\/EZk> , S0 =x,

where (8x)k>0 and (0 )x>o are the discretised processes for the underlying and volatility. The following

results on the additive functions is expressed in terms of the random variables (Wy, Zy)x=1 ... n-

Once a stochastic volatility model is chosen, the score vector for each sensitivity is
approximated according to (1.4.4). This translates to calculating the additive function for the
different Greeks. The additive functions are separated by the contribution from the transition
densities fp and gy; denote by 15, the contribution from the latent process transition density
fo(ok|ok_1), and I as the additive function contribution from gg(si|oy), for the sensitivity with

respect to parameter x (initial underlying). Define

1 0 n d
1 = Y E 8—108f9(0k|(7k—1)|50:n , B:=YE a—logge(SkIUkHSo:n ;
k=1 LOX k=0 LI

the definition extends to 15, 12, and other parameters.

Proposition 1.4.2 (Delta). The additive function for the Delta in Example 1.4.2 is

f_ 24
Y xovh

Proof. From Proposition 1.4.1 and one time step,

(,bx:lx:l

po(soa) = [ polsalo, o) faorlon)don

Generalising this for the n steps, and following on from (1.4.4), observe that all terms apart

from % log pe(s1]oo, s0) are null. Using Fisher’s identity (see [DMS14, Appendix D.3, p.495])
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yields

0 0 0
alog pg(S();n) =E |:$ 10gfg(0'1|0')|5();n} +IE {a log p9(51|0', S())|S();n

0

which demonstrates that lfg = 0. It follows from [Gla03, (7.33),(7.34)] that
_ log(s1/x) —agh

71 = N(0,1),
1 v (0.1)
therefore
) 9| 1 [log(s1/x) —aph\*| o | Z}|  Z
51"‘%’79(5”””‘)_5[ (T “ax | 2| wevi

O

Remark 1.4.4. It is rather intuitive that l£ provides no contribution to the additive function ly; the
density of the latent state differentiated with respect to the initial asset price is zero, since the volatility

drives the asset, and not the other way around.
The additive functions for other sensitivities can be similarly computed:

Proposition 1.4.3 (Vega). The additive function for the Vega in Example 1.4.2 is ¢y = I, = l{: + 18

where

B UU\/E/ k=1

Proof. Recall that fork = 1,...,n, Wy := IOg(U");\I/(%;(Uk‘l) ~ N(0,1); upon differentiation of

log fo(0x|0x_1) with respect to o, observe that analogously to the Delta computation, just one
term is left, namely Wi/ (c57v/h). For the proof of I$, see [Gla03, p.405 (7.37)]. O

W no (721
l{;:— ! l(gf:zz<k0 —Zk\/ﬁ>.

The sensitivity with respect to the drift parameter, 7, and the expiry time of the option, T, are

now computed:

Proposition 1.4.4 (Rho). The additive function for the sensitivity Rho of Example 1.4.2 is

¢r:lT:zg:iM.

k=1 k-1
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Proof. Differentiation for l{ clearly yields zero, since the interest rate does not play a role in
the transition density for the latent state in the model. To obtain [$, observe that 9Z;/dr =
—+/Ii/0y_1, which concludes the proof. O

Proposition 1.4.5 (Theta). The additive function for the Theta of Example 1.4.2 is ¢ = It = lJTC +13,

where ,
f_ v WM g _ v
=) 50 =)

k=1

Zkllkfl\/E 4 Z_,%
01T 2T

Remark 1.4.5. There is a particular difference in the forms of the additive functions. For the case of
the Delta and Gamma, the additive functions consist only of the first time step contribution, whereas
additive functions for o, r and T have a summation across all time steps. The Gamma additive function,
l§,x is derived in [Gla03, p.411 (7.45)], and li{x := 0 for the stochastic volatility model considered.

Proposition 1.4.6 (Vanna). The additive function for the Vanna of Example 1.4.2 is ¢y o = Iy, + lIxls,

where Iy, = l;/a + l§,g and

lf — 0 18— i - 274
x,0-— Yy X,0 Yo xUZ\/E'
Proof. Combining the results for lfz and l,];, the additive function l{U is zero. For lﬁlg observe
that
o e 0 7 _aVidz) -z 1 oz
Y90t Ao xovh x202h x0 xe2Vh
and the proof is concluded using Corollary 1.4.1. O

Corollary 1.4.3 (Random walk for the log-volatility). Suppose the model in (1.4.6), for some fixed 6.

Then, the additive function components for the first and second-order Greeks are in Table 1.1.

The results are derived continuing from the previous five propositions, hence omitted. From
the previous conventions it follows that [, , := Z(J;IU + l(gw, and similarly for I, and I, .
Consequently using Proposition 1.4.1 and Corollary 1.4.1 the Greek additive functions can be

explicited:
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Order | Name Value
1 1 Z0
1 13 x(wlm
1 1 1
aq\/ﬁ
n ZZ -1
1 18 Y < kU - szE)
k=1
1 i 0
! k=1 Ok—1
n W2
k
1 A k[‘i >
n ZZ
1 8 y Ziag_1Vh 42
| T T
2 i 0
8 1 log(s1/x) — aph
2 X C x202h x202h
2 | U, L0
g L 1
2 13 o e
2 | 1, 0 ,
ag 1
2 18 _ _
2 1 -1 W
o0 0-2172h 0,217\/%
g " (3VhZyoy — hot —3Z2 +1
2 13 Y. 5
k=1 Tk
5 f = Wi(0k—1 — 0%)
! i21 Towo_invh
5 18 i % Y L T(ax_1+ 0} +a_1Vh) A =
o, T =1 T(Tk,1 T\/ﬁ 0']%_1’1-'2 O'k_lT\/E

Table 1.1: Components of additive functions for the stochastic volatility model in Example 1.4.2.
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Corollary 1.4.4. The additive functions for the second-order Greeks are:

Gamma: ¢y = lyx+ Lely,
Vanna: ¢ro = lyo + lelo,
Charm: ¢,7 =l 7+ LT,

Vomma: ¢oo =gy + loly,

Veta: ¢y17 = lo1 + lolT.

Remark 1.4.6.

(i) Observe that the variance of the additive functions increases as the step size, h, decreases. This
shall be observed in the numerical results section, where the error for Greeks with respect to the

latent volatility is considerably higher than that for Greeks with respect to the underlying.
(ii) The additive functions in the likelihood ratio method are agnostic of the option payoff-.

(iii) The choice of the stochastic volatility model is somewhat arbitrary; although tables for other models
are not included, it is straightforward to derive the additive functions following the steps prescribed

from the previous claims.

1.5 Convergence

This section reviews particle filtering convergence results in discrete time, which are adapted
for the proposed approach [BC09, CD00, CD02]. The main results for convergence of the
FS-SMC algorithm are shown for bounded payoff functions, however the approach can be
extended for a general class of unbounded functions [HSLO8].

Recall that the latent process, X = (Xi)ren, Xk € RY, is a stochastic Markov process defined
on the probability triple (Q, 7, P). For shorthand, denote by ¢/ the density go(y|-) and f; for
fo(xk|-). There exists a recurrence formula for the distribution of the random variable, X. For

A C X, define the random density 7'[,{01" as

T (A) 1= P(X € AlYoy)

and the expectation with respect to function ¢ as rrlfo’kgo = E¢(Xy)|Yox]. Particle filtering
approximates the random measure 712(0:", which can be used to calculate the expectation with

respect to any bounded function ¢. From now on, fixed paths Y., = yo., are taken. For each
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individual realisation, yo.,, the conditional density and expectations are

" (A) == P(Xp € AYox = Yox) » 7% = Eo(Xp) Yok = voux] -

To ease notation, the explicit dependence on the path v is omitted. Define the empirical

measure created from the position of the N particles {x,((i) }ic1.. N as
N1
7Tk = N Zié(xk(l)) ’
1=

where the samples are generated from an SMC method (for example, using Algorithm 1.2.1).
The weighted measure and the predictive empirical measures are
N .
77.'}?] = . 1w,(<1)(5(xk<,-)) , pli\] =
=

1 N
N 20y 7
i=1 7k

where X,((i) ~ fo <]x,(21> is the particle position after the predictive step.

Definition 1.5.1. Let p be a measure (non-null everywhere) and let ¢ be a non-negative, bounded

function. The projective product associated with a function, ¢ : R — R, is defined as p(¢p) =

Jra ¢(x)p(x)dx. Furthermore, suppose that p(¢) > 0. The projective operator  is the set function

defined by

_ Jae@)p(xd
p(e)

The next result establishes the recurrence formula, consisting of a predictive and updating step:

,  forall A€ B(RY).

pxp(A):

Proposition 1.5.1 ([BC09, Proposition 10.6]). For a fixed path vy the probability measure nzoz"

satisfies the recurrence relation 0% = ¢/ x ( £,/ 1), Py, — almost surely.
k 8k k7T 1 0k Yy

The term fknﬁ"l’l is the prediction step, occurring before the new observation y; becomes
available. The second step updates the density taking into account the new information vy.

N

Intuitively, for the fixed observation case 77,Y converges to 71 S0k

/% and pY converges to p}

almost surely if
° 7'(6\[ tends to the correct initial distribution;
e the limit of the distance between the predictive sequence pY and fi7tl | is zero.

Throughout, assume that the following conditions are satisfied:
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e pY and 7Y are random, non-null everywhere measures;
o pNg/* > Oforall N > 0 and time steps k.

Convergence for the SMC method presented in Algorithm 1.2.1 is proved inductively, with

bounds in terms of the number of particles and a stochastically increasing constant with time:

Lemma 1.5.1 ([BC09, Corollary 10.28]). Suppose that ¢ is bounded. Then, for all k = 1,...,n,

E[(7N ¢ — /" ¢)?] < Cx/N, for some constant Cy. depending on time.

1.5.1 Convergence for Greeks

For the application proposed, consider the family of simplified additive functions S, (xg.,) =
Y i—o5k(xx), where s : R — R. Define ||si|| := sup, . [sk(x)|, and denote the oscillation of s
by osc(sg) := SUP,. R sk (x) — sk(y)|. The following regularity assumptions are considered:

(Hb): There exist 0 < p,d < oo such that forall x,x’ € X,y € Y and 6 € O,

o < fo(¥|x) <p, 6T <galylx) <9

furthermore, sy are bounded and osc(sy) < 1forallk =1,...,n.

Recall (1.3.5). The next lemma provides a bound on the mean squared error of S?:

Lemma 1.5.2 ([DMDS09, Theorem 3.1]). Assume that (Hb) holds and 6 € ©. Then,

2
A Cn+1 n+1
]E<|82_82|2) §% <1+ ) ,

N

where C is a finite constant, independent of N, 0 and the choice of additive functions.

Convergence of Algorithm 1.3.2 relies on (Hb), however the authors suggest that
numerical studies do not always require them in order for the algorithm to perform
satisfactorily [DMDS09].

The error of the approximation is bounded using the number of particles and the number of
simulated paths. Path dependence is introduced in the definition of the smoothed additive

functionals, i.e. for path j, define the expectation of the additive functional as

o .
SP) = E[Sa(Xon)lyih)]
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Denote S/ (y(()];)) as the SMC approximations of Sy (ygl), using N particles. Using
Lemma 1.5.2, the main result of this section on the convergence for approximating Greeks

follows:

Theorem 1.5.1. Assume that (Hb) holds and that ¢ is bounded. Consider Algorithm 1.3.2 with N
particles and M simulated paths. Then,

2
1 M N oan s s
IE!(M Y oSy vl - [ qo(Yo:n)sz<Y0:n>p9<Yo:n>dYozn> ]
j=1 R
2
1 n+1 1
NM (1 VN ) * M] /

where C is a constant independent of N, M, 6 depending on the choice of additive functions.

(1.5.1)

<C

Proof. Applying Minkowski’s Lemma to the left-hand side of (1.5.1) yields

2
E[(% 3 oSV ) - oo (P(Yozn)sg(YO:n)Pe(YO:n)dYO:n> ] <2(E 2] +E[V]),
j=1

where
1 M A ; 1 M
A=Y oI)SF ) — =Y oISy
M= M=
and

1 M . 0] .
Y= M]; go(y(()Jzz)Sn]<y(()]1)1) - /]RMJr1 q)(YO:n)SS(YO:n)pG(YO:n)dYO:n .

Thus, IE[A2 can be bounded using Lemma 1.5.2, the boundedness of ¢, the independence

of paths (yé]L)JAi , and the fact that the approximation Sy (3/(()]21) is an unbiased estimator of
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. 2
_ CEl(8tiniy — sty < € n+1
- M]E |:( n (yO:n) 811 (yon)) < NM 1+ N

The expectation of Y? is bounded using the Monte Carlo error by observing that

2
1 M . . C
2] _ () <0, () G _
IE[Y } - E[(MjZI(P(yO:n)S” (yo:n) o /]R"+1 ¢(Y01n)8n(YO:n)pG(YO:n)dYO:n> ] - M ’

where C := V[¢(Y0.,)S?(Yo.n)] < oo, since ¢ and S¢(Yy.,) are finite. Combining the two

bounds proves the claim. O

For general discretisation schemes, assume a weak rate of convergence 4 > 0, i.e. for

approximations (£x, 7x)x=1,..n of (Xk, Vi )k=1,..n, assume that

]E[CD(XOZW yO:n)] - ]E[q>(£0:n/ ]?O:n)] < C/nq, (1.5.2)

for all sufficiently smooth functional ® : X"*! x Y"*1 — TR. For the next corollary
D(x0:0, Yon) 1= @ (Y0:n) Sy (Youn )

Corollary 1.5.1. Assume that (Hb) holds, ¢ is bounded, and that (1.5.2) holds for some q > 0. Consider
Algorithm 1.3.2 with N particles and M simulated paths for n time steps. Then,

()~ a0 A(i
‘]E M Z (P(y(()]L)Sn](y(()]L) - ]E|:/ 4 @(YO:H)Sg(YO:n)pG(YO:n)dYO:n] ‘
j=1 R
1 1 +1 ? 1
n
< — — _
sC nf + NM (1 + N ) + M|’

where C is a constant independent of N, M, 6 and depending on the choice of additive functions.
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The corollary follows from the previous theorem. Corollary 1.5.1 suggests how parameters
N, M should be chosen for a fixed computational effort; the cost of the FS-SMC algorithm
is O(nN2M). Therefore, choosing N proportional to n* and M proportional to n for some
«, B, convergence for discretisation schemes with a weak convergence of rate g are obtained.
From the above MSE, 29 <  and 2q < 2a + B — 1 imply that it is sufficient to choose & = 1/2
and B = 24.

Example 1.5.1.

o Euler scheme with q = 1: for n = 100 time steps, selecting N = 10 and M = 10000 is a sensible
choice of parameters according to the corollary. Observe that the number of particles increases for

a large number of paths, M.

e For a higher-order scheme with a rate of weak convergence ¢ = 2, (M, N,n) = (10%,10,100) is
an appropriate choice. It seems apparent that considering weak Taylor approximations of higher
order for general stochastic volatility models would be beneficial for controlling the cost of the
algorithm, given that increasing the number of particles is particularly computationally expensive

in this framework.

1.6 Numerical Results

In this section, numerical results are presented for approximating Greeks. First, the FS-SMC
algorithm is applied to the Black-Scholes model in order to validate the technique — the setting
is taken to be a “HMM” with fixed volatility. Later, the stochastic volatility model in (1.4.6) is
considered. Finally, an indirect method to validate the Greeks for option price replication is
implemented. The aim is to track the option price through a Taylor expansion of the option
price with respect to first-order and second-order Greeks. It is shown that tracking using a
stochastic volatility model greatly outperforms tracking using the Black-Scholes Greeks. An
example of tracking an S&P 500 call option over one month is considered using the Delta,
Gamma, Vega and Theta.

Denote by (M, N, n, R) the parameters of a particular experiment, where M is the number of
simulated underlying paths, N is the number of particles used to approximate the score vector
for each path, 7 is the number of time steps, and R is the number of repeats for the experiment.

The number of repeats demonstrates the variability in the Greek approximations across runs.
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Remark 1.6.1. Upon using Algorithm 1.3.2, the bulk of the computational effort is to compute the score
vector. The efficiency is greatly improved, by only approximating the score vector for those paths that
expire in the money; otherwise the score vector is set to zero. This is particularly important for options

with a low probability of expiring in-the-money.

1.6.1 Black-Scholes

In this section the methodology is applied to the Black-Scholes model. Consider the Delta
of a European call option with parameters (x,co,7,T) = (100,0.249,0.03,30/365), and
strikes K = 80,...,120, in steps of 1. First, run the SMC algorithm using the parameters
(M,N,n,R) = (10000, 1000, 1, 1), which has a runtime of 10345 seconds (2:53 hours), displayed
in Figure 1.1 (Left). The step size for the time discretisation is h = 30/365. Observe that for
a wide range of strikes, the Delta approximation using the SMC approach is of reasonable

accuracy by comparison to the closed-form solution.

1.4

SMC
1.2+ — B-%

Delta of European Call
Delta of European Call

an a0 100 10 120 a0 an 100 110 120
Strike K Strike K

Figure 1.1: (Left): (M, N, n,R) = (10000, 1000, 1,1). (Right): (M, N, n, R) = (1000, 1000, 10, 1).

Now, the algorithm is repeated for (M, N, n, R) = (1000, 1000, 10, 1), which took 10009 seconds
(2:47 hours). The results are displayed in Figure 1.1 (Right). The step size now is h = 3/365.
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The time steps are increased from 1 to 10, and the number of paths simulated, M, are reduced
from 10000 to 1000. From Theorem 1.5.1, the discrepancy between the SMC approximation for
the Delta and the true Black-Scholes Delta is expected to increase, as the error propagates as
time steps increase and the number of particles decreases. This is demonstrated by the large
noise present in the SMC approximation in Figure 1.1 (Right).

Figure 1.1 (Right) shows how a reduction in the number of Monte Carlo paths and an increase
in the number of time steps has a detrimental effect to the accuracy of the Delta approximation
as expected by the theory. In the Black-Scholes scenario it is unnecessary to have a large
number of particles approximating the “hidden” state of the volatility, as it is kept constant—
indeed, fixing N = 1 yields the same results. Additionally, since the option is not path
dependent, n = 1 suffices. For each strike, K, the calculations are repeated and a new set of
particles approximations are created—the approach used here demonstrates the noise between

the different runs.

Example 1.6.1. Parallelisation across strikes and payoffs is possible so that Greeks for a family of
options can be computed using the same SMC approximations. This approach provides “smoother”
results as the same realisation is used as demonstrated in Figure 1.2. The run took 12 seconds, for
(M,N,n,R) = (100000, 1,1, 1), and the same Black-Scholes parameters.

Example 1.6.2. Consider a Black-Scholes model with parameters (x,o,r, T) = (100,0.3,0.03,30/365),
and a call option with strike K = 100. The closed-form sensitivities for this option are (A, V,0,T) =
(0.528569, 11.40798, —22.2988, 0.046266). Using the likelihood ratio method in the SMC framework
with (M, N,n,R) = (1000000, 1,1,1) yields (A, V,®,T) = (0.529,11.4, —22.4,0.0463), and took

166 seconds. Note that due to the absence of stochastic volatility, just one particle is used.

From Theorem 1.5.1, recall that for fixed time steps 71, and fixed number of particles N, the mean
squared error of the Greek approximations has rate of convergence O(1/M), in the number of
simulated trajectories. The algorithm is applied with parameters (N, n,R) = (1,1,100), to the
call option in the previous example, for M = (Zi)izlol,_qlg, and compute the mean squared error
over the R = 100 repeats. The results for the four Greeks are presented in Figure 1.3, with the
displayed rate matching the predicted rate from Theorem 1.5.1.
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1.6 Numerical Results
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Figure 1.2: BS vs SMC, parallelised across K = 80, ...,120. Greeks: A, V,® and I'.
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Figure 1.4: Box plots for the Greeks using Monte Carlo bumping.

1.6.2 Stochastic Volatility Greeks

Consider a call option with strike price K = 110, and the following parameters: (x,c,7, T,1) =
(100,0.3,0.03,30/365,0.3), and compute the Greeks with respect to the underlying and the
volatility using Monte Carlo simulation and finite differences. Greek computed using bumping
with (M, n, R) = (1000000, 10, 30) are shown in Figure 1.4. Each run took 40 seconds, to give a

combined total of 20 minutes.

Remark 1.6.2. The steps for the finite differences are hy := x/~/M and hy := o /+/M. There was
some level of tuning for choosing appropriate bump sizes, as picking the offsets too small or too large can
produce poor results. Asymptotically, it is well known how to select the optimal hy and h to control the
bias and variance [Gla03, Chapter 7.1.2].

For the same option parameters, consider the SMC algorithm with parameters (M, N, n, R) =
(100000, 50, 10, 30), and the Greeks obtained are summarised in Figure 1.5. Each run took 450
seconds, for a combined total of 225 minutes, which is around ten-fold more computationally
expensive compared with the bumping example above. Observe that the approximations using

the SMC approach have much wider confidence intervals for the Greeks compared to the
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Figure 1.5: Box plots for the Greeks using SMC technique.

bumping approach. In addition, the Vomma approximation is particularly bad, suggesting a
need for an increase in particles and paths. Having said that, the mean of the 30 approximations
provides a workable Greek approximation, and the bumping approximations are within the

interquartile range of the SMC approximations.

Example 1.6.3 (Resampling). The SMC algorithm included multinomial resampling and a resampling
threshold of N /3. Repeating the experiment is now slightly more expensive (mainly due to computing
the ESS at each time step), and now each run takes 510 seconds for the parameters (M, N,n,R) =
(100000, 50, 10, 30). The results are presented in Figure 1.6. The results are comparable to those without
resampling, especially as the rate of resampling is really low (an average of 0.015 resampling steps per

path). Resampling would have a greater effect for a larger n, when more resampling steps are required.

Example 1.6.4. Recall Section 1.5 (recall Corollary 1.5.1). Fix the number of repeats to R = 250
and consider n = 2,4,8,...,64. The measure of error used is the Mean Absolute Error (MAE). Fix
the number of particles N to be proportional to n'/? and the number of paths M to be proportional
to n?, since a weak convergence of order one is supposed for the explicit Euler scheme. In Figure 1.7,

convergence for the Greek approximations is observed, albeit with a slow rate for the Vomma. The rate of
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Figure 1.6: Box plots for the Greeks using SMC technique, and multinomial resampling.

log(MAE)
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resampling increases exponentially for a larger number of time steps, as expected.

1.6.3 Tracking Option prices using Greeks

In this section, an option price is tracked using Greeks, from 02/09/2010 to 28/09/2010.
Consider the S&P European call option, with strike K = 1100. Taylor expanding the option
price, V, using Greeks V;, V; ;and V; ; i, leads to

d d d d d d
1 1
dv = Z Vido; + 5 Z 2 V;,;d6,de; + c Z Z Y Vi xd6;d6;d6y + ... . (1.6.1)
i=1 i=1j=1 i=1j=1k=1
Consider the Taylor expansion
1
dV = AdS + =T (dS)* + Vdo + ©dT +¢ . (1.6.2)

2

where € denotes the error, and A, V, I and © are the Delta, Vega, Gamma and Theta.

The SMC algorithm is ran at each time step to calculate the Greeks and track the option price
with the Taylor expansion in (1.6.2). For the stochastic volatility model in Example 1.4.2
tracking is superior to that of the Black-Scholes Greeks, as shown in Figure 1.8. The initial
volatility is chosen as the implied volatility, computed every day. For the stochastic volatility
set-up, a value for 7 is required; this was approximated to 0.0042 for the option data, by
calculating the standard deviation of historical implied volatilities. For each data point,
the algorithm was ran using the stochastic volatility model with parameters (M, N,n,R) =
(100,10,1,1000) and (r,o,17) = (0.007,0.22,0.0042), with a total run time of 2:02 hours for
all 16 data points. The other input parameters are all market observed. The absolute error
terms, |€|, from (1.6.2) are studied. Denote eps as the error term in the call price after Taylor
expansion using the Black-Scholes Greeks, and egy as the error from Taylor expanding using
Greeks from the stochastic volatility model. The mean and variance of the absolute errors
compare favourably for the SMC Taylor expansion in comparison to the Taylor expansion
using the Black-Scholes Greeks. The errors in tracking using the Black-Scholes Greeks have
moments E|eps| = 6.48 and V|egs| = 9.26. For the SMC tracking, the moments for the errors
are Elesy| = 2.13 and V|esy| = 2.21. There is a considerable amount of improvement in the

tracking ability.

Remark 1.6.3. The tracking of option prices using the Greeks is highly dependent on the movement of
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Figure 1.8: Market observed call price, tracked call price using the stochastic volatility
model (SMC Tracking) and Black-Scholes tracking.
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the underlying every day, dS, as it affects the tracked price due to the Delta and Gamma. This plays a
very important role in the tracking of an option, as it often contributes the biggest change in the value
of a derivative. Other components such as the dT (change in time) are obviously predictable due to the
arrow of time, and constant expiration of the option. For weekends, and non-working day, it is assumed

that several days have gone by; in other words, time is not “stopped” over weekends.

The results show that robust Greek calculations from a stochastic volatility model can
potentially improve the tracking ability of the option price. More Greeks could be used for

the Taylor expansion, however they have very little effect on the tracked price.

1.7 Future work

A general framework for calculating option Greeks is introduced and an SMC method is
applied to a real financial application. Convergence results have been provided, and optimal
choices of the number of time steps, paths and particles have been discussed for simulation
schemes of varying weak rates of convergence.

The focus throughout has been on a forward-only smoothing algorithm. This has been with
the view that the method is “online” in the sense that the backward filter does not get more
expensive with time. As an alternative, the two-filter smoothing method has the potential
advantage of putting samples in desirable regions of the state for the particle filter [BDM10].
The trade-off for this method is that it is offline, however it would be interesting to study results

from different SMC methodologies.
Example 1.7.1 (Bermudan options). This SMC framework lends itself to computing Greeks for

Bermudan options. The pricing of Bermudan/American-style options can be separated into considering
low and high-biased estimates, and there have been important contributions in the pricing of such options
by simulation and regression techniques [BDGTO00, LS01, Til93, Car96]. The filtering density could be
incorporated into the regression functions used for providing low-biased estimates of the option price,

i.e. regression in order to decide when the option is exercised [RB10].

As we have seen in (1.6.1), the option price can be tracked with accurate Greek calculations,
with the tracking error providing a measure for different stochastic volatility models. Further
investigating is required to determine which model provides Greeks that track the option price
best. The motivation behind this approach is that one would be able to compare models using

the tracking ability of options.
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Part 11

A class of approximate Greek weights
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2. Theory

There exist several methods for estimating the price sensitivities (“Greeks”) for contingent
claims: PDE methods, finite-difference approximations through re-simulation, pathwise
techniques, likelihood ratio methods, perturbation techniques and Malliavin calculus. The
proposed approach uses Itd-Taylor approximations, and Fy-measurable weights for the option
payoff for some small time 0 < ¢ < T, that produce biased estimates for the Greeks. We derive
and analyse Monte Carlo estimators for the Greeks in a general setting, including some families
of stochastic volatility models. In certain cases, the Greek weights obtained coincide with those
arising in the Malliavin Greeks literature (Bachelier /Black-Scholes model).

Let (Q, F, (Ft)icpo,1,IP) be a filtered probability space equipped with an m-dimensional
(Ft)tejo,r-adapted Brownian motion W = (W;)c(o,r)- Let X = (Xi)1>0 be a d-dimensional
process, with components Xt(l), cee, Xt(d), f:[0, T xR¥xR® — R¥and v : [0, T] x RY x R® —
R¥*™ be two functions.

We interpret process X as the stock prices. The payoff of an option depends on X, which is the

strong solution to the stochastic differential equation

t t
X = x + / F(t, X5, 0)dt + / y( X 0,0)dw;, X3 =xeRY, (2.0.1)
0 0

where 6 € R is a set of given parameters. We shall drop x, 6 in the above notation when it is

clear from the context. For the i" component of X, interpret the above as

0 _ i), [ - [ (j)
X" =X, +/0 ﬁ(S,Xs,Q)dS+Z/() 7ii(s, Xs, 0)dWs".
=1

The use of SDEs to model financial assets is well studied for pricing contingent claims
(see [Hul14, Gla03, KN12] and references therein). Fix T > 0 as the time horizon of interest.
For some n € IN, define the grid 7 := {0 =ty < t; < ... < t, = T}. Let ¢ : R™ — R be the
payoff function, and in the classical theory of the financial markets, we define the option price

V(x) as an expectation given the initial condition, Xy = x, namely

V(x) :=E[g(Xs,..., Xs,)|Xo = x]. (2.0.2)
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A Monte Carlo approximation of the option price using N simulated trajectories (assuming

that the process can be perfectly simulated), where path j is denoted by (Xt(l] ) )i=o0,...n, 1S

Xy,

Our aim is to provide a representation of the option price sensitivities with respect to the
initial condition, %V(x). Later, we approximate sensitivities with respect to the parameter 6
the sensitivity of the option price with respect to the initial value, and the Vega (V), i.e. the
sensitivity of the option price with respect to the volatility.
For smooth payoff functions g, the Greeks can be approximated through the pathwise approach
(see [GMO2, Proposition 1.1]). An obvious constraint is the typical non-smoothness exhibited
by common payoffs.
An intuitive method to compute Greeks is through re-simulation of the option price V(x), for
different values of x, and approximating the option sensitivities through a finite difference. For
example, the Delta can be approximated by the forward difference, (VN (x +¢) — VN(x)) /¢,
for some small ¢ > 0, which has convergence of order O(N~1/4); for a central difference
scheme, (VN(x+¢)— VN(x—e¢)) /(2e¢), this can be improved to O(N~1/3) [Gly89, YK91].
Furthermore, by using common random numbers and a central difference scheme, better
convergence results up to the Monte Carlo rate of convergence O(N~!/2) can be achieved.
This approach can perform poorly for non-smooth payoff functions and exotic options [GY92].
An alternative method is the likelihood ratio method (LRM), where the computation of Greeks
is achieved by [ ¢(X7)H], for random weight H (see [BG96]). Such representation removes the
necessity that the payoff is smooth.
The connection between the pathwise and likelihood ratio methods, to Malliavin calculus is
explored in [CGO07]. Malliavin calculus allows Greeks to be expressed in the form

aV(x)

00

=FE [g(th,...,th)Tf9|X0 = X],

where 714 is some weight associated to a sensitivity in the 6 direction [FLL"99, Ben01]. Using
Malliavin techniques with Monte Carlo simulation allows convergence rates of O(N~1/2),

Malliavin weights are known for certain families of jump-diffusion processes [DJ06, EKP04].
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In a one-dimensional setting for the underlying asset, the A in a Black-Scholes framework has
a Malliavin weight of w, = Wr/(xyT), which is a function of the Brownian motion driving the
underlying process and the constant volatility, . The Vega of an option, V, can be computed
using the Malliavin weight w, = W2/ (¢T) — Wy — 1/, and more examples for Greek weights
can be found in [FLL"99].

Another family of methods for approximating option prices and sensitivities is the asymptotic
expansion schemes. The asymptotic expansion approach introduces a perturbation in the
model for approximating an option price. This method perturbs the general SDE in (2.0.1)

to

dX7OF = f(t, XFOF,0)dt + ey (t, XFO5,0)dW;, X3P =x€RY, R,  Vt>0,

(2.0.3)
for some ¢ € (0,1]. Using small order expansions, up to selected bias O(&¥), for k € IN¥,
the option price is approximated under the perturbed model [KT01, MTUO4]; there have been
extensions for stochastic volatility models in a Markovian setting [KT03]. The validity in
the Black-Scholes setting has been demonstrated for an expansion of the option price [KTO03,
Theorem 3.3]. There has been efforts to apply control variate techniques to reduce the
variance when applying asymptotic expansions [MTUO4], and more recent results on strong
convergence using accelerated schemes [TY12]. An extension to this family of techniques is
the asymptotic expansion of the perturbed first variation process. This can be used to derive
first-order Greeks [MTUO04, Theorem 2, 3].

Motivation: We shall consider a general technique and derive biased estimates for the Greeks,

using expansions of the value function u. These approximations will take the form

Greek = Hg(X1)ws] + O(9),

for some order | depending on the smoothness of the value function and the type of weight
considered. In addition, we work under fully implementable schemes and discuss the
convergence rate of the Greek approximations using either the strong or the weak rates of
convergence of the process X. The idea above will be formalised and higher-order Greek

expansions will be derived.
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Notations: In the following, denote by C a constant that depends only on T, f, v, x, 6, but
whose value does not depend on the number of steps n (its value may change from line to
line). Denote a constant by C; if it depends on any additional parameter r. Let C be the set of
continuous functions, and denote C;, the subset of bounded continuous functions. Denote by Cé
the set of continuous functions, whose first [ derivatives are continuous and bounded. Denote
by C, the set of continuous functions ¢ with at most polynomial growth, e.g. for all x it holds
that |@(x)| < C(1+ |x|7) for some g > 0. Let N ™ be the set of strictly positive integers, and
N := N* U {0}. For a matrix M, denote by M* its transpose. We shall denote by O(h*) that

the limit for small & is such that
lim O(hk)
h—0 hk

—C,

for some constant C that does not depend on n.

2.1 Introduction

Let (O, F, (F)iejo,r), IP) be a filtered probability space equipped with an m-dimensional
(F)tepo,r)-adapted Brownian motion W = (W;),c(o 1]- In the setting where f, 7, g are Lipschitz
continuous, define Y; = Hg(X7)|F;| = u(t, X;), where u : [0,T] x R — R is the solution

(possibly in the viscosity sense) to the partial differential equation

LOu(t,-)=0, te€[0,T), and u(T,-)=g(-), 2.1.1)

with the operators L), ..., L"), L(0) defined as (we use the notation 9, = %)

_ d
LU =Yy 0w, forj=1,...,m, (2.1.2)
k=1
d 1
1.(0) :=d; + kz: fkaxk + 5 . Z ak,]-axkaxj, (2.1.3)
=1 =1,j=1

and a = (ay ;) = y7". Under smoothness assumptions on the coefficients, it is possible to show
that u € CY%([0, T] x R — R) is a classical solution to the above PDE. In this case application

of Itd’s formula, yields the representation

T
Y, = g(Xr) — /t ZE AW, Yr = g(Xr), 2.1.4)
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where Y € R, Z € RY, g : RY — R is a measurable function with polynomial growth, and

Zy = ’)/(i', Xt)axu(t, Xt>, t e [0, T]

2.2 Multi-indices and Stochastic Taylor expansions

We review the multi-indices notation from [KP92, Chapter 5]. For I € N, define a multi-index
a = (j1,j2,---,j1), with j; € {0,1,...,m}. The number of elements in « is denoted by I := I(«).

Let n(a) denote the number of null components of « and M the set of multi-indices such that

M :={a= (... ji€{0,1,...,m},ie{1,...,1} forl,m e N} U{D},

where @ is the multi-index of length zero (i.e. [(®) = 0). Define the following operations
onwa, with I (&) > 1: —a = (jo,..., 1), a— = (j1,...,j1—1) and for completeness, —(j) =
(j)— = @, for all j € {0,...,m}. We define * to be the concatenation operator such that
wxd&:= (ji,...,ji,J1,---,J1)- For a such that I(«) > 1, define a* to be the multi-index a with
null entries removed. Denote by (j); the multi-index of length I, with entries all equal to ;.

The continuous and adapted process ¢ belongs to S?([0, T]) if ]E[sups co,7] |9 \2] is finite.

Definition 2.2.1 ([KP92, (5.2.12)]). Let « € M and ¢ : [0, T] — R, such that ¢ € S*([0, T]); define
the multiple It6 integrals for all 0 < s <t < T by

((P(t)/ Z_fﬁ( = @,
t
Io(-)] = / L5, [o(-)]du, if l(a) > 0and i,y =0,  fors,te€(0,T]. (22.1)

t )
/ I;X,; [q)()]dwigh(a))/ lfl(ﬂ\’.) > 0and ]l(lX) > ]_,
\ /S

For shorthand define If[¢(-)] := I ,[@(-)], for integrals beginning at time zero.
In particular, for« = (j) forallj € {1,...,m}, then It(j) [p()] = fg qo(s)dWs(j). Fora € M\ {2},
denote by L* the operator

La e L(]1) o L(]Z) o...0 L(]l)’ (222)

where L) o L)y, = L0 (L(j)u.>. We shall write It(k) = It(k) [1], and u* = L*u..
For a € M, define ko(«) as the number of null components before the first non-zero component,

and k;(a) for i = 1,...,1(a") as the number of null components in a between the i" and
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(i + 1) non-zero components. For a, € M define

I(at)
w(a, B) :==1a")+ Y (ki(a) +ki(B)), (2.2.3)
i=0
which is the number of non-zero components in «, plus the total number of null components

in &« and B. We quote a useful result, which is a simplification of [KP92, Lemma 5.7.2]:

Lemma 2.2.1. Let «, B € M. Then, forany t € [0, T},

0, if et # BT,
apfl — I(a* 2.
E [It I } pw(e,B) (I_[) Cki(lx) if(x‘F _ ﬁ‘F (2.2.4)
w(w, B)! 0 ki(a)+ki(B)” !

where C¥ := it/ (k!(i — k)!) is the usual combinatorial notation.

Ito-Taylor expansions for diffusion processes provide an extension to It6’s formula for a smooth
function. These stochastic Taylor expansions can be written concisely using hierarchical sets of

multi-indices:
Definition 2.2.2. A set A C M is called hierarchical if:

1. A is nonempty;

2. sup, 4 l(a) is finite;
3. foranya € A\ {@}, —a € A.
The corresponding remainder set, B(.A), is defined by
B(A):={ac M\ Al —ac A}.

The following result generalises Itd-Taylor expansions for diffusions:

Theorem 2.2.1 ([KP92, Theorem 5.5.1]). Let & be a stopping time such that 0 < ¢ < T almost surely,
and let A C M be a hierarchical set. For X defined in (2.0.1) and u : [0, T] x RY — R, the Ito-Taylor

expansion

u(®,Xo) = Y I§[L"u(0,Xo)] + Y. I§[L"u(-, X.)] (2.2.5)
acA aeB(A)

holds, provided that the right-hand side is well defined.
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Remark 2.2.1. The theorem above generalises It0’s Lemma; let A = {@}, since

u(®,Xg) = I3 [u(0,Xo)] + Y I§[L%(-, X.)].

aeB(D)
Clearly, B(®) = {(O),(l),...,(m)}, and hence the equality u(9,Xy) = u(0,Xo) +
foﬂ LOu(s, Xs)ds + Yt fo dW( 2 directly follows from (2.2.1).

A priori regularity assumptions will be imposed on the value function u (we sometimes

abbreviate u; := u(t, X;)).

Definition 2.2.3. Let a« € M\ {@}, and define G as the set of functions u : [0, T} x R? — R such

that L*u. is well defined, continuous and bounded.

The following assumptions on the value function impose bounds on L*u. for different lengths
of multi-index a, for some fixed | € N™:
(Hul): u € G foralla € M\ {@} such that I(a) < I.

Example

Recall the process X defined in (2.0.1), and fix d = m. The price of an option on X with payoff g
is defined via (2.0.2), and we are interested here in computing sensitivities with respect to
X(()l),...,X(()d). For r € IN, define the hierarchical set D, := {a € M|l(a) < r}, with the
corresponding remainder set B(D,) = D,1 \ Dy = {a € M|l(a) = r+1}. Let u be a
sufficiently smooth value function. Applying Theorem 2.2.1 with A = {@} to u, in terms

of the operators (2.1.3) and (2.1.2), for any ¢ € [0, T], we obtain

d M .
wr =g+ Y 1V [L0u]. (2.2.6)
j=0

Similarly, applying Theorem 2.2.1 to L, ..., L@y yields

LWy, = LU u0+21 DorWu], j=0,...,4d
i=0

and substituting these in (2.2.6), yields the expansion of u; denoted by

Uy = ug + Z I LWug] + Y IF[L*ul. (2.2.7)
]—0 DCEB(Dl)
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We motivate the sequel with a result on approximating first-order Greeks with a bias of
order O(9), for some ¢ € (0, T].

Remark 2.2.2. In a two-dimensional financial setting (m = d = 2), suppose that XV denotes
the instantaneous volatility process and X?) the underlying asset. In this setting, O.,ug
#u(s, XS)' is the Vega and dxyuy is the Delta, so that (2.2.8) allows us to solve simultaneously

s 5=0
for these first-order Greeks. Throughout, we assume that the diffusion coefficient <y is uniformly positive

definite at the initial time.
The proof of the following result is left to Appendix A.1:

Proposition 2.2.1. Assume (Hu3) and d = m. Then, for ¢ € (0,T]andj=1,...,d,

I(]) d
E|g (Xr) %] =Y 71,j(x)3xu0 + O(9). (2.2.8)
i=1

2.3 Expansion in d dimensions for general order

Fix some | € N throughout this section. Define the set of multi-indices M, jx:

Definition 2.3.1. For i,k € INT,i > r, define M; . as the set of multi-indices of length i, that have r

indices equal to k. Formally,

Mg = {ac = (j1,.--,Ji) € M\ {D} : l(a) =1, illk(jp) = r} i
p=

where 1;(j) = 1if j = k and zero otherwise.
The next proposition generalises Proposition 2.2.1 (proof in Appendix A.1):

Proposition 2.3.1. Let u be the solution to (2.1.1) and suppose that (Hué“) holds. Then, for
j=1,...,dand ¥ € (0, T],

Bl | =)+ Y, T u?
1'220(6./\/11‘,1,]'
Ji#0

+O(8h.

(2.3.1)

It is possible to obtain expressions containing higher-order Greeks using this approach. This
time uy is multiplied by I§, for &« = (j1,j2) with j1,jo € {1,...,d}. The results are presented

using the notations from Definition 2.3.1 and throughout rely on Lemma 2.2.1.
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Proposition 2.3.2 (Second-order expansion). Let u be the solution to (2.1.1) and assume (Hu, ")
holds. Then, for & € (0, T)andall j=1,...,4d,

21(] 7) 7 I+1 191'—2 |
E|g(Xr) 192 = uo ) 4 2 ) 2ugi—| + O(9"). (2.3.2)
i= 30(6/\/1,‘,2,]' :
ji70
Proof. Set B := (1,1) and use the approach from Proposition 2.3.1. O

Proposition 2.3.3 (Second-order cross terms expansion). Let (Hu}) hold. Then, for ji,jo» €
{1,...,d}, it follows that ]E[2g(XT)Il<9]1’]2)/192] = u(()h’m + O(9).

Proof. Expressing [E |:Lll91 1(91’2)} for some ¢ € (0, T], and Lemma 2.2.1 yield

192
E[uﬁllglfﬂ =y E[Ig[ug]zglfﬂ + ¥ E[zg[uﬂzlgﬂ _ ?ug“) +O(0%);
a€Dy weB(Dy)

since the terms in 3(D;) and the boundedness of L*u., it holds that

Z ]E[Ig[u“]llgl'z)] ’ S CIE|:(11(90,1,2) + 11(91,0,2) + 11(91,2,0)) 11(91,2)i| _ (,)(193)
DéGB(Dz)

Therefore, ]E[Zuﬁl /192] = (()1’2) + O(¥) and similarly IE[ZugI /192} — (()2,1) +0(9). O
Remark 2.3.1. Terms such as 1 lgj’j )
The equality fo dW() = (ngj))z/Z — 0/2 will be exploited for the MC simulation. Terms
such as Iy i) — fo W AW are difficult to compute directly; for cross terms, with j; # ja,

E [11(9]1 ]2) + 11(9]21]'1)} —F [11(9]'1)11(9]'2)} —FE [ngh)wlgjz)} will be used.

= foﬁ Ws(j)dWs(j) are easy to compute using Itd’s formula.

2.4 Convergence and regularity

This section proves convergence for Greek approximations, under certain regularity
assumptions. The mean squared error (MSE) of an estimator Y, with respect to the random
variable Y, is defined as MSE(Y) := IE[(Y —Y)?]. As a measure of error, we consider the bias
arising from the Itd6-Taylor expansion, the Monte Carlo error and the discretisation error, using
a partition 7 := {0 =ty < ... < t, = T}, such that || := max;—__,(t; —ti_1) = O(h).
These are related by suitable constants {, > 0, such that ¢ :=1/N ¢and h := 1/N", where N
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is the number of Monte Carlo paths. From Proposition 2.3.1 and Proposition 2.3.2, the bias
is based on the order of the expansion. Consider a discretisation scheme and denote by X the
discretised version of the process X defined in (2.0.1) with an equidistant partition with stepsize
|7t| = O(h). We shall say that X converges strongly with order k > 0 at time T if there exist
constants C, hy > 0, such that for all i € (0, hy), then E[|X7 — Xr|] < Ch*. We shall say that
the same approximation converges weakly with order k > 0 at time T if for each g € Cﬁ(kﬂ)
there exist constants C, hy > 0, such that for all i € (0, hy), then |[Eg(Xr)] — E[g(X7)] | < Ch*.
As an example, assume g is a Lipschitz continuous function, and the discretisation scheme has
strong rate of convergence k. For ¢ € (0,T] and j € {1,...,m}, the weight Wy/® and the

Cauchy-Schwarz inequality yield

B g%, B[s(%,) %] | < /B [(s0%) — 2(%,0)"] B[ /7]
) i
<C—.

VO

This can be extended to polynomials P such that P(¢) # 0, and multi-indices « € M \ {@} as

< c\fEl(X, — 2,7

| =

E|(s(X) ~5(8) 555 = O (1 V | 53] )

241 General convergence result

Forj=1,...,m, define the approximation for u(()j ) to be

o) .- 1 Ny
= Zg(th)—, (2.4.1)

where for the i Monte Carlo simulation, X};n is the approximation of the process X at time T,
and I lg] M= Wé] I is the ith path of the j'" Brownian motion at time ¢ (in total nN Brownian

i.i.d. increments).

Theorem 2.4.1. Assume (Hu%), g is bounded and Lipschitz continuous, and consider a discretisation
scheme with a strong convergence rate k. Then, for { = 1/3 and n > 1/(2k), the MSE of the
approximation Y1) in (2.4.1) is O(N=2/3), forj=1,...,m.
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Proof. Recall the result from Proposition 2.2.1. Forj € {1,...,m}, the bias of the approximation
(/)

of uy’ is

R (/) . ()
E{g(XT)I”ﬂ —ug

. 'E{g(XT) {;)] —u) + IE{(g(ffT) - 8(X7)) I”T] ’

0 2 .
(%) ] _ o)+ 0 (L),
(2.4.2)

from the Lipschitz continuity of ¢ and the Cauchy-Schwarz inequality. From the boundedness
()
of g, it is clear that V (g(XT)I‘?T) < T‘Z This leads to the variance of (2.4.1) being of order

< O(8) +C\/E[(Xr — X1)?] | | E

O(N¢~1). The MSE of approximation (2.4.1) is thus

O(NS™1) + O(N~%) + O(N=201) 1 O(N—¢/27),

from which it follows that { = 1/3,7 > 1/(2k) and that the MSE of (2.4.1) is of order O(N~2/3).
This concludes the proof of Theorem 2.4.1. O

Furthermore, the computational cost of the algorithm is O(N!*1/ (Zk)) therefore a log — log

plot of the MSE against the computational cost will have a slope of 32k+1)) 38 k increases, this

2k+1)
quantity approaches —2/3.

2.4.2 Romberg Extrapolation

Recall the process X from (2.0.1), with (x, #) dependence suppressed. To create a scheme with

bias of order O (') for the first-order Greeks, assume the expansion

W,
E {g(XT)Th] = y()A +dih+dph* . dp BT R O (2.4.3)

holds for some constants d; € IR. In the one-dimensional case, approximating the A can be

achieved by

(ch )] v(x)A + O(Hh, (2.4.4)
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for some Brownian motion W and /1 € (0, T/I], where c; are scheme-specific constants. Define
Zy = f (’;{h_l) , dWs fork =1,...,1, and by independence, it follows that

o] e ()5 o

i =1 j=i

The variance for bounded payoffs is controlled by

l i 2
v g(XT)ZciVZ.V,;h] < Giligll (2.46)
i=1

h

We can solve for ¢; such that (2.4.4) is satisfied. For fixed I € INT, the system has the following

structure,
€11 €12 - €1 1
€1 €92 -:r ey C2 0
=1 1|, (2.4.7)
el e cccoep C 0

where ¢; ; 1= j=1,foralli,j € {1,...,1}. The matrix [e,-,]-]i,]- is invertible, so the system admits a
unique solution (inverse of a Vandermonde-matrix, see [Pag07, LP14] and references therein).
From a numerical point of view, even though the bias is of higher-order, the variance multiple

rapidly increases. For [ =1, ..., 6, the constants in (2.4.5) read

Ci=1 (C=25 (C3=483, C4=925 (C5=1895 (Cq=42.68.

Define for j = 1,...,m, the Monte Carlo approximation for the first-order Greek with bias
O(0') as
~li 1 N A W 9
J._ q
vyl .— N Z g(Xin) q§:1 op P , (2.4.8)

where (c;) g=1,..., are the solutions from (2.4.7). The extrapolation weights are step functions.
The next theorem shows the MSE for this approximation, using a discretisation scheme with

convergence of strong order k:

Theorem 2.4.2. Assume (Hué“), g is bounded and Lipschitz continuous, and consider a discretisation
scheme with strong convergence rate k. Then, for { = 1/ (21 + 1) and 5 > 1/(2k) the MSE of Y)'! is
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of order O(N*%).

Proof. By the approach in Theorem 2.4.1, apply an It6-Taylor expansion to the value function to
Wi
obtain an expression as in (2.4.3). Forj € {1,...,m}, ]E[g(XT) (Zq 1698~ )] is an estimator

of u(()j ) with bias of order O(9"), where (cq)g=1,...1 are defined as the solution of (2.4.7). Indeed,

LWy |
g | Y ¢ q"ﬁ =ul) + 0(9"). (2.4.9)

Foralla € M\ {@} such thatl(a) =1+ 1and at = (j), applying Lemma 2.2.1 yields

‘g \/113 (13 [w])?] | E [(%) ] < %J e ]:[ Cy®) - (2.4.10)

As for the one-dimensional case, the multi-indices « € M of interest are those such that
a™ = (j). From Definition (2.2.3), w(a,a) = 2(I+1) =1 = 2(I +1/2), where I(x) = I + 1.
Simplifying (2.4.10) yields

E

As a result, the Romberg extrapolation technique can be performed, which concludes the claim

T

GRS

()i
I
Bt 5| | < Ve = o).

‘ C

in (2.4.9). Consider now the bias arising from the discretisation scheme with strong rate of

convergence k. Similar to (2.4.2), observe that

()i
LA LA .
‘]E g(Xr) Y ¢ qﬂ ] —”c()])
q=1 q
i W%)/Z . i W({;l
~ ] sttr) X eqmto | =) + | (s(3r) - g0xr) Y e |

| - ! W;Q’i | Kk
SO(&)—FC\/]E[(XT—XT)] E qch = 20(19)4-0(%)
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Consider the variance of (2.4.8). By independence and using (2.4.6), it follows that

()
. 1 o Wy Coy
V(YO = —v [ g(X 90| < =8l

(PO = & (g( DL e ) < x
therefore the variance of the approximation is O(N¢~1). The MSE is of order equal to
O(N& 1) + O(N-2E) 4 O(N-=1/2)e=k1) 1 O(N®—2k1), and from the first and second terms it
follows that —2I = { — 1, hence { = 1/(2] +1). In addition, from the first and last terms it
follows that 7 > 1/(2k), hence the MSE is of order O (N -2/ (Zl“)). O

Remark 2.4.1. By Theorem 2.4.2, the log — log plot of the MSE against the computational cost has a

slope of —%, which approaches —1 as k or [ tend to infinity.

2.4.3 Cross sensitivities

For j1,j» € {1,...,m}, define the approximation for u(()jl’h) to be

oinh) _ L wn o of{jvi2)

where for the i Monte Carlo simulation, X};n is the approximation of the process X at time T,

and [ 1(9j Vi) is the integral as defined in (2.2.1), at time ¢.

Theorem 2.4.3. Let (Hu3), g bounded and Lipschitz continuous, and consider a discretisation scheme
with strong convergence rate k. Then, for { = 1/4 and n > 1/(2k) the MSE of YUv12) is O(N—1/2),
where j1,j2 € {1,...,m}.

Proof. Continuing from Proposition 2.3.3, for ji, j» € {1, ..., m}, the bias of the approximation
(j1.72)

of u; is
(j1.72) (j1.j2) (j1.72)
L 21 P 21 N 21
’IE ¢(X71) 1392 ] _u(()h/]z) _ ‘]E g(X7) 1392 ] u(()h 2) L | (§(X71) —g(X1)) %—2] ‘
(o) \ 2 k
- 21
< O(8) + C\/E[(Xr — X1)?] IE[(%—2> —0(0)+0 (%) , (2.4.12)
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from the Lipschitz continuity of ¢ and the Cauchy-Schwarz inequality. Since g is bounded,
(142) i
then V (g(XT)ZI”—) < %, which leads to the variance of YU12) in (2.4.11) being O(N%~1).

92
Therefore, the MSE is of order O(N%~1) + O(N~2¢) + O(N%~2k1) 4 O(N—*1), from which it
follows that setting { = 1/4, 7 > 1/(2k) leads to the MSE of (2.4.11) to be O(N~1/2). O

2.4.4 Black-Scholes: Comparison with Malliavin Greeks

Consider the Black-Scholes model with zero drift, under which the asset price process X is the
solution to
dX; = ¥y X, dWy, Xo=x>0, (2.4.13)

for some constant volatility parameter v > 0 [BS73].

Lemma 2.4.1. Let (Hu3}), g bounded and Lipschitz continuous, and consider a discretisation scheme
with strong convergence rate k. Then, the weights for the Delta and Gamma of the driftless Black-
Scholes model in (2.4.13), with corresponding MSE rates in terms of the number of Monte Carlo paths

are summarised in Table 2.1.

Greek Weight Value | Bias | ¢ i MSE
Delta ot Ay | O@) [ 1/3 | >1/(2k) | O(N-2/3)
w2 -
Gamma | grfs — gdos — gbs | dxito | O(9) | 1/4 | 2 1/(2k) | O(N7172)
Table 2.1: Black-Scholes Delta and Gamma.
Proof. Follows as a corollary of Theorems 2.4.1 and 2.4.3, and recalling Remark 2.3.1. O

Observe that the weight for computing the Delta is Wy / (9x7), whilst the Malliavin weight is
Wr/(Tx7) (see [Ben01]). Replacing ¢ by T in the expression for the Gamma in Table 2.1 yields
the Malliavin weight (see [Ben01, Chapter 2.3]). In the Black-Scholes model, the Vega (V) and
the Gamma (T') are related by V = TyxT. As a result, the Vega can be approximated using the

Gamma approximation.
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2.4.5 Stochastic Volatility

We consider the couple X = (X, v), that is the solution to the following stochastic differential
equations
dX; =y X, dw', Xy =x>0,

(2.4.14)
dye = G%th(z), Yo =7>0,

where 6 € R7 is a fixed constant parameter. We study approximating the Delta (sensitivity
with respect to x), the Vega (sensitivity with respect to ) and the Gamma. This is a specific
example of the SABR model, with skewness parameter and correlation set to zero (ie. p =1
and p = 0 in the notation of [HKLWO02]). Since, E g(XT)Ilgl)/ﬁ] = u(()l) +0O(9) = yxA+ O(9),

(1)
it follows that A = IE{g(XT)I”—w} + O(9). Similarly, the Vega can be approximated as
(2)

V= lE{g(XT)é‘?Y—ﬁ} + O(9). For the Gamma, consider

21§

E|s(X1) =5 ] = 1" +0(8) = 7x(a +T) + O(9),

(11)
so that the Gamma can be expressed by I' = IE{g(XT)i} —240(9).

V2x282

Corollary 2.4.1. Let (Hu3), g bounded and Lipschitz continuous, and consider a discretisation scheme

with a strong convergence rate k. Then, the weights for the Delta, Vega, Gamma, Vanna and Vomma are

presented in Table 2.2.
Greek Weight Value | Bias | n MSE
M
Delta s detg | O®) | 1/3 | >1/(2k) | O(N2/3)
(2)
Vega . d,ug | O®) | 1/3 | >1/(2k) | O(N-2/3)
G W2 1 Mg | o) | 174 ] > 1700 | o2
aMmma | gr.707 T gx2aZ T gazy | Oxxl0 (¢) > 1/(2k) ( )
W@ W >
Vanna e T 20 dxytig | O(9) | 1/4 | > 1/(2k) | O(N~1/2)
Vi e M g w00y | 174 ] > 1/(26) | o(N-172
omma | “gr. 257 ~ go292 — 9,26 | Y1740 (9) > 1/(2k) ( )

Table 2.2: First and second-order Greeks for SV model (2.4.14).
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3. Numerical Approximation of the Delta

The focus in this chapter is the approximation of the first-order sensitivity of the value
function u, solution to the Cauchy problem in (2.1.1), with respect to the space variables. We
demonstrate two approaches to approximate the Delta (A) of an option with high-order of
convergence.

The first technique is inspired from the BSDE literature on numerical methods and consists
of multiplying the option payoff by weights based on the driving Brownian motion. We
describe y-functions, that characterise such weights, and discuss the variance properties of the
Delta approximations, using weights characterised by polynomials ¥, ; and step functions ¢; |,
within the y-family of functions. We state approximation results when using a discrete-time
approximation for process X. By studying such fully implementable algorithms, we obtain
order 1 approximations for the Delta, improving the rate 1/2 proved in the backward stochastic
differential equation (BSDE) literature [Chal4].

The second approach follows from the ideas of the seminal work by [TT90] and builds
on [Chal4]. The aim is to justify an expansion of the Delta allowing intuitive extrapolation
techniques to be applied in order to obtain higher-order approximations. We improve the
results from the previous chapter on convergence of the Greek approximations, by considering

the weak order of convergence upon discretisation using weak Taylor schemes.

3.1 A class of A weights

We review a class of functions which are used to define weights to approximate the A of a
contingent claim and they are inspired from the work done on the numerical approximations
of BSDEs.

Definition 3.1.1 (y-functions [CC14, Definition 1.5 (i)]). For I € IN, define Bfo ) @8 the set of

bounded, measurable functions i : [0,1] — R such that

1 1
/ p(s)ds=1,  andifl € N*, / p(s)skds =0  foralll <k <1,
0 0

The solution (X, Y, Z) of (2.0.1) and (2.1.4) is a special case of a BSDE with a zero-driver. In a
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financial context, the process Z is related to the first-order sensitivity, and Zy = (x)A at the

initial time. We define the weight HY, which is used to approximate the Z process in (2.1.4):

Definition 3.1.2 (H;lp -functionals [CC14, Definition 1.5 (ii)]). Let ¢ € Bfo % and for 0 < h < T,

define the row vector H;Ijh with entriesj =1,...,m by

gy Lot st ()
(Ht,h)j _E st IP] h dWS ’

and for shorthand HZJ = Hg) .

Recall the smoothness assumptions of the value function from Definition 2.2.3, (Hué), and the
operators defined in (2.1.2)-(2.1.3). The value function u throughout this chapter will be the
solution to (2.1.1).

Proposition 3.1.1 ([CC14, Proposition 2.3]). Fix I € IN. Let (Huifz) hold, ¢ € BfO,ll' Then, for
he(0,T],
E[(H;”)jg(xT)} =ul) +OH*Y),  j=1,...,m (3.1.1)

Proof. By an application of the conditional expectation, ]E[(H;f ) jg(XT)} = ]E[(HZ] )ju(h, Xh)] .
Consider the class of theoretical coefficients HY ; from [CC14, Proposition 2.3 (i)], we can expand
any sufficiently smooth function using a weak Taylor expansion. For u € Qé+2, (/NS Bfo 1y for

all1 <j < m, we then obtain

. | L
E[(H;/jh)ju(t +h, ijfh)] = uD (¢, x) + hulO (,x) + - + %u<f>*<0>z(t, x)+ Oy, (3.1.2)

where (X{¥) is the process at time s > t, with initial conditions (t, x) € [0, T] x R%,i.e. X|"* = x.
(7)*(0)

The result immediately follows by considering the initial time t = 0, since all terms u ! for

| € N are equal to zero from (2.1.1). O
Remark 3.1.1. The expansion (3.1.1) from Proposition 3.1.1 holds true with { = 1 in the special case
where L o L) = L) o LW for partial differential equations such that u(()o) =0.

Corollary 3.1.1. Forall j =1, ...,m, the following statements hold:

1. Let (Hu?) and vy = 1, belonging to 8?0/1]. Then, IE[(H;fO)juh} = uéj) + O(h).

2. (a) (Hu3), ¥p1(u) =4—6uc 8[10,1} implies that IE[(HZJ”’1 )juh] = u(()j) + O(h?).
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(b) (Hu3), forc € (0, 1} the function (s (u) = c(cl——l)l[lfc,l} (u) + &% is also in 6[10,1]' Then,
E|(H™)juy| = ug + O02).

3. Let (Hu}) and fix distinct ¢, ¢’ € (0,1). Define

_ 1-¢ c—1 1 1
Poolu) = c(1—c)(c— c)l[lfc'l](u) + c'(1=c")(c" — c)l[lfc/'u(u) * (1 + 1-c¢ * 1-— c’) ’
which belongs to 8[20,1]. Then, ]E[(H;lps"z)juh] = u(()j) + O(h3).

Proof. This corollary is a by-product of Proposition 3.1.1, [CC14, Example 2.1] and [CC14,
Proposition 2.4]. O

3.1.1 Variance properties

The previous corollary explicited several ., functions and the corresponding bias of the
approximation of u(()] ). For ¢ = 1, by direct calculation W[H;lp | = 1/h; we study the variance

of higher-order weights using functions belonging to BL .. and B2 The variance of these
& g g gmng [0,1]

[01)°
weights, coupled with the associated bias allows the MSE of the Greek approximations to be

studied.

Example 3.1.1 (Step function ¢ 1 € 8[10,1}). In order to simulate the weight H;l/’s,l using the step
function s 1, we fix ¢ € (0,1). From the definition of H;’lb ', it follows that

HI =y poa(s/maWs = § ) (st oa(6/0) + SR (s/m) ) dW,

- : —2 — =1 W 1 W —c)
= ey Wn = W) + e W =T 7 + e h(l(l_c) .

This weight is simulated using the Brownian motion at times h and h(1 — c). The variance of H;f o
given a fixed c, is

(c—1)2+2(c—=1)4+1/(1—¢c) c*—c—1

Ps1y
VH,") = c2h - ch(c—1)’

(3.1.3)

and the minimum variance of 5/ h is attained independently of h withc = 1/2.

1

Example 3.1.2 (Polynomial ¢, 1 € B[o 1

). We now consider ¢, 1(u) = 4 — 6u and the variance of
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the weight HZ)’”. From Definition 3.1.1, it follows that

g 1 ph 4 6 fh
H' :E/o 1pp,1(s/h)dws=ﬁwh—ﬁ/o sdW,.

To compute this weight, we sample from the vector

W, h h?/2
Y " ~ N(0,X%), where ¥ := / :
Jo sdWs h*/2 /3

By performing a Cholesky decomposition, ¥ = LL* where
. ( Vi 0 )
T\ Lz s |
>h 3 \@h

and using independent Zq,Zy ~ N(0, 1), the vector can be sampled by setting

W, Vh 0 7
h =\ 1,32 1.13/2 . (3.14)
fo SdWs zh Zl:mh ZZ

The variance of H;f] P is easily computed using Itd’s isometry and evaluates to

Von 48 M 36 M, 4
V(H,"") /d 3/05ds+ﬁ/05ds_ﬁ’

noting that it is lower than that of the weight defined using 1 in Example 3.1.1.

Example 3.1.3 (Step function ¢, € B ) For distinct (c,c") € (0,1)? fixed, the weight H;f 2 s
given by

<Wh — W(l—c)h) (1 — C/) (Wh — W(l—c’)h) (C — 1) Wi W, (1 N ! 1 + 1 ) .

Ps2 _
By = he(1—c)(c’ —c) * he'(1—¢')(c’ —¢) h 1—¢

The minimal variance W[Hlpsz] = 11.1/h is achieved at (c,c") = (0.775,0.126), independently of h.

Example 3.1.4 (Polynomial ¢,> € B ) The unique quadratic belonging to B> 0,1] is Ppo(u) =
9 — 36u + 30u?, with a corresponding welght of

br 9 [N 36 30 [,
= [ dws—ﬁ/ deS—l—h3/ dW.
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The vector has the following distribution:

Wi h h2/2 K3/3
foh sdWg ~ N(0,X%), whereX = | KW2/2 H3/3 KW*/4 |,
T s2dwW, B/3 W4 15/5

and by Cholesky’s decomposition, . = LL* where

Vh 0 0

I = %h3/2 %@hC%/Z 0
115/2 _1 3.5/2 _1 3,5/2
3h 2ﬁh 6\/5}1

Using independent Zy,Z,,7Z3 ~ N(0,1), the desired vector can be sampled by LZ where Z is the
column vector consisting of Z1, Zy, Z3. The variance of the weight is
81 1296 900 648 540 2160 9

¥p2y oL _ 7
VIR =t Y5 o T

which is slightly less than the variance of s » in Example 3.1.3.

3.1.2  Optimal function ¢

We consider the MSE of the approximations using / := 1/N°¢, where N is the number of Monte
Carlo realisations. Assume a setting where we can perfectly simulate the process without any

discretisation error. Consider the MSE bounds denoted by 9, for some fixed I, of the Greek

l
[0,1]7

convergence for the bias and variance components of the mean squared error. The MSE of an

approximations using ¢ € B given the optimal values of { which yields the same order of

approximation using ¢ € B([)O,” (i.e. p = 1) for optimal ¢ = 1/3 can be expressed as

C? C C2+C
M= AL
N2/3 N1-1/3 N2/3

where C; is the bias constant in the expansion using i = 1, and C4 is a bound on the variance
term. For weights defined by functions ¢ € 8[10,” and using the optimal { = 1/5, the MSE can

be expressed as

o Cs CiCs G+ C3Cy
L= "N4/5 " N1-1/5 —  N4/5



92 3.2 Weak Taylor schemes

1
01}’

and C3 =4 for ;1 € B[lo 1 (recalling the computations in Examples 3.1.1-3.1.2). The constants

where C; is the bias constant in the expansion using ¢ € B, ;,, C3 = 5 for the step function ¢ 1
C; and C; above are bounds depending on the higher-order sensitivities of the value function.

Therefore, by comparing the mean squared errors bounds, 9; < My holds only when

C2+CC 15/2
N > ~2 T -3+4 )
_< C%+C4 )

From this, we observe that depending on the above constants, the critical value of N for
which a higher-order scheme produces a smaller MSE can be quite large. For example, when
C1 = G = C4 =1, alower MSE occurs for ¢, 1 when N ~ 103. A slight change of the constants
toC; = C4 = 1 and G = 6, implies My < N only when N = 1010, This shows how the
optimal choice of scheme is dependent on the constants arising from the expansions and the

MSE computation.
Remark 3.1.2.

(i) The MSE considered for comparison purposes above is the upper bound, as opposed to the actual

value.

(ii) This section highlights a practical consideration which can be observed when performing the
numerical simulations: it is imperative to consider the variance increase upon the selection of

higher-order weights.

3.2 Weak Taylor schemes

We now combine the above with higher-order approximations of the process X, recalling the

iterated Itd integrals from Definition 2.2.1:

Definition 3.2.1 (Weak Taylor scheme of order r [KP92, (14.5.4)]). Consider a discretised process

A

X = (Xt)te[O,T] using a weak Taylor scheme of order r of the process X in (0.1.3). For a grid
m:={0:=ty <t <...<ty,:= T}, wedefine X using the hierarchical set D, (recall definition on
page 77) for t € [t;, tir1] as
Xi =X, + Z §* (t;, Xti)lfj,t, Xt = Xt

xeD\{D}
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f(t,x) = x, with {© = f,§1) =, and for | > 1 such that « = (jy, ..., j;), then §* = LUD§~% (for

the d = m = 1 case).
Remark 3.2.1.

(i) We have extended the usual definition of the weak Taylor scheme for all t € [0, T|] as opposed to
just defining the discretisation at the grid points of 7t.

(ii) The (continuous) Euler scheme on [0, T] is the weak Taylor scheme of order r = 1. Define (X) ;e 0,7]
on an equidistant grid 7t such that |7t| = T/n, for t € [t;, ti11] by

Re= Ry + f(R) (= 1) +9(X)(We = W), Xo = Xo.

(iii) We sometimes highlight the number of time steps n in 7t by referring to the approximation as
Xm= (X?)te[O,T}-

3.2.1 Approximation using Euler scheme

Let us observe that on [0, ], the Euler scheme is a Brownian motion with constant drift f(y)
and volatility y(y), if the process X start at y at t = 0. We denote by I:](/ ), j = 0,...,m the

operators associated to this process:

Definition 3.2.2. Define the fixed space operators ﬁ](/ ) for somey = (y1,...,yq4) € R? acting on
C12(RT x R? — R) functions ¢ by:

. d
L9} (t2) = ) 1jWanglt )  forj=1,...,m, (321)
k=1
POVt x) = | 9 3 90 + LN 10 10 o 322
{Ly 9}t x) = [0+ ) fieW)dn + 5 YLy o Ly | o(t, x). (3.2.2)
k=1 j=1

Remark 3.2.2. Consider the Euler scheme and fix y = X;: then I:](/O) is the operator associated to
the diffusion process (Xf)te[ti,ti+1]' Recall the operators defined in (2.1.1); note that L0 ¢(t, X;) =
ﬁgg)(p(t, X;) and LW g(t, X;) = ﬁggt)(p(t, X¢) for this example.

Example 3.2.1. In the one-dimensional case (d = m = 1), we consider several examples, to distinguish

between L*u(t, x) and Lu(t, x) (supposing that f = 0).
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(i) Observe that LAV u(t, x) = 42 (x)9xxu(t, x) 4+ (x)y (x)95u(t, x). Now, ﬁ(l) o (7(y)dx)u(t, x) =
v2(y)dxxti(t, x), therefore substituting y = x yields LI Vu(t, x) = ’)/2(x)8xxu( x). Combining

the two expressions yields

LAyt x) = L8V u(t, x) + 9(x)y (x)0zu(t, x). (3.2.3)

(ii) LOOu(t, x) can be similarly expanded. Consider ﬁ;o’o)u(t, x) = dpu(t, x) + 9% (y)dpxu(t, x) +
174 (Y)Oxxxxti(t, x), and setting y = x yields

LOu(t, ) = LP%u(t,x) + 372002 (7(0)7 (1)) Bext () + 77 (1)ewrie(t, ).
(3.2.4)

Recall the Euler scheme from Remark 3.2.1(ii): define (X;”),>; for (s,y) € [0, T) x R? as the
process such that X}V = y + f FX7)dr + f (X, )dW,, and X;¥ = y. For the Euler scheme,
we are able to write the operators Lg and for multl-mdlces such that I(x) < 1, we have that
Lyu(s,y) = L*u(s,y).

We now state the following result using the function ¢ = 1, for the expansion of any smooth

value function using (3.1.2):

Lemma 3.2.1. Fix | € IN and consider an Euler scheme. For any v € Qé+2 and x € R, then

. . . hli+1
]E[U(h, Xg'x)] = 7)(0, X) + L,(CO)U(O, .'Xf)h + -+ LQ(CO)I-HU(O, X)m + O(l’ll+2),
0,x 2 (j T '/ 2 (J)* hl
E{(H;)]-v(h, e )] = 1900, x) + L9V(0, x)h + - - - + LY (O)IU(O,x)H + O,

with (HY); = WY /b, forall j =1,...,m

Proof. The first part is [CC14, Proposition 2.2]. The second part simply follows since

t)((o) o ﬁ,(cl) = ﬁ,(cl) o EJ(CO), so we quote [CC14, Proposition 2.3 (iii)]. O
Remark 3.2.3.

(i) Recall the multi-variate version of Taylor’s theorem. For a multi-index « = (a1, ...,a,), and
x € R", define x* := [}, x;". Furthermore, define a! := [T/ (a;!) and

al(oc)f

o1 Ky *
axl A ax””

ouf 1=
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If f : R" — R is k times differentiable at point b € IR", then there exists some remainder R, such
that

o=y 20 pyeir

(o) <k

with R approaching zero as x approaches b.

(ii) For the value function u : RT x RY — R, I(«) = d + 1. We shall restrict the proofs tod = 1, i.e.

two-dimensional Taylor’s theorem shall be used with respect to time and space.

(iii) This multi-index « should not be confused with the multi-indices used for the Ito-Taylor

expansions.

The next result is a fully implementable technique for computing the Delta of an option, and
is the primary contribution of this chapter. We consider the Euler scheme discretisation, set

p=1¢ B?o 1 and state the main result for approximating the A using an Euler scheme:

Theorem 3.2.1. Suppose that (Hub) holds for a value function u, ¥ € BY

scheme on an equidistant mesh v, such that |7t| = h. Then,

0,17 and suppose an Euler

]E[(H;f)]-g(f(T)] = LOu(0,x) + O(h).

Proof. We begin by fixing an equidistant time grid 7t with n points of size h.
i) By a telescoping sum it follows that

n—1

(H); & {u(fmﬁ?ml) — u(t; th.)}

E|(H])g(%n)| = E| (H]); T

+1E[(H;f)]~u(t1,)2fl)}, (3.2.5)

and from Lemma 3.2.3 we note that ]E[(H )ju(h, Xh)} = LWu(0,x) + O(h), where h = t;.

ii) It is left to deal with the telescopmg series; consider

u(tiyn, Ke) = ulty R) = [ L s, R) ds+2’”1ft’“ u(s, X;)dwl) (3.2.6)
:hL() (tl,Xt + [ Ly (r,Xr)drds+R2+R1, -
where Ry := Y7 1ftl“ L u(s, X; )dW(j) and Ry = Y7 1ftl“ ft [ ]0 (r, X )dW( )ds. The

(0 )

term L (t,, X,) is zero dlrectly from the partial differential equatlon since L( ) u(t, X)) =
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LOu(t;, Xt,) = 0. We now consider the second term, which can be rewritten as

i+1 hZ &
/ / L (r, X,)drds = 5 —@(ti, Xt,) + R,

where ¢(t, x;) := I:gc(t)’o)u(t, xt) and R := fttf“ ﬁ{(p(;’, X:) — ¢(t;, Xt,) ydrds. We now combine

E|(H])i{ultin, Kiy) —u(ty %)} =E[(H) {5 ot %) + Rs+ Ro+Ri}| . (327)

It is apparent that for all i = 1,...,n — 1 it holds that ]E[(H;lp)j]Efi[Rl —|—R2]] = 0, by
taking a conditional expectation and noting that the Brownian increments are independent
An application of the Cauchy-Schwarz inequality, yields IE[( 1/)) R3] < ||[(H ) I2]|R3]|2 <
Ch?> for ¢ = 1 since ¢ € B[o i
IE[(H;IP)]-(/)(ti,Xti)] = IE[( h)j(pi(h,Xh)} by the Markov property of (Xi)i=1,.. . where
:(h, x) = E[(t;, X,)|X;, = x]. From this, we obtain E[(H;{’)jgo(ti, Xt,.)} = 199;(0,x) + O(h),

and ¢ is sufficiently smooth. Furthermore,

since we can perfectly simulate (H;f )j and

]Eti[(H;l;,h)]'v(ti-i-eri—&—l)} = ol)(t, %)+ O(h),  forvegG).

Therefore, hz—z Yiiq ]E[(H;f)]'q)(ti, Xt,-)] = O(h). To conclude, summation overi = 1,...,n—1
for (3.2.7) yields ]E[(H;lp)jg(XT)] = u(()j) + O(h).
O

In the next section, we study the case for higher order schemes, using weights defined by
functions ¢ € Bfo g for > 1.

3.2.2 Approximation using higher-order weak Taylor scheme

We now consider a weak Taylor scheme of order r, and introduce the operators ﬁg’r where
I(x) < r, and argue that these operators are such that for all « € D,, Ly u(s, y) = L*u(s, y); we

do not attempt to explicit these operators for weak Taylor schemes of higher orders.

Definition 3.2.3. Consider a weak Taylor scheme of order r > 2, a multi-index « such that & = (0);

for 1 > 1, and a smooth function u. It6-Taylor expanding u(h, Xg’x ) yields the smooth function

E[u(h, ngx)} = (0, x) + Cyu(0, x)It + Cou(0, x)H2 + ...+ Cpqu(0, x) WL + O(H+2)
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for some constants C;, and the operators LY" are defined implicitly by

2 I+1

o 0.x < (0),r ~(0,0),r h ~(0 pa
IE[u(h,Xg’ )] — u(O,x)+L,(C) u(O,x)h—i—L;(C ) u(O,X)——i-...—i—L;(C )i+1 u(0, x) I

[+2
5 +O(H*?),

Lemma 3.2.2. Suppose that (Huifz) holds for the value function u and consider a weak Taylor scheme
of order r = 1 + 1. For all & € D, such that « is a multi-index with all entries being equal to zero, and
(0,x) € [0, T] x RY, it holds that Ly u(0, x) = L*u(0, x).

Proof. Consider a multi-index of the form a« = (0); forallk =1, ..., + 1. We use the properties

of the value function to recall that

E[u(h, X,)] = Eu(h, X;)] + O(h"), (3.2.8)

given the order of the weak Taylor scheme; this follows from [KP92, Theorem 14.5.2], as we are
just considering one time step (see [KP92, p.474, (14.5.12)]). Furthermore, by extending [CC14,
Proposition 2.2], we can write the expansion of the weak Taylor scheme of order r, using the

(unspecified) operators L3":

501 2 (0),r 2(0);11,7 1 142
]E[u(h, e )] = u(0,%) + LOu(0, x)h + ... + LV 0(0, x) VR4S +2),
For the true process X, the value function can be expanded as
I+1
Eu(h, X;)] = u(0,x) + LOu(0,x)h + ... + L(0)1+1u(0,x)m + O(h'+2).

Observe that from (3.2.8), and the previous two equalities, we can compare coefficients of / to
establish that

Q = (1O 0 * 1+2
E[u(h, X,)] — Eu(h, X,)] = kzl (Lx #1(0,x) — L )ku(O,x)> o T O
and
E[u(h, X3)] — Eu(h, X3)] = O 1)
therefore by division by W fork=0,...,1+1, ﬁ,(co)"’ru(O, X) = L(O)ku(O, x) holds. O
The above lemma is required so that we can use the notation L{"u(0,x) = L*u(0,x) for

sufficiently smooth value functions with « = (0); and k < r. We have included a few examples
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throughout the following sections that explicit the Taylor expansions of the value function
using weak Taylor schemes.

We now similarly define the operators L§” for a = (j) * (0); for I > 0, using the weight (H;I'L7 )

Definition 3.2.4. For ¢ € B .., a weak Taylor scheme of order v and a smooth value function u, an
[0,1] Y

[t6-Taylor expansion yields

E[(H,;/’)ju(h, ngx)] = LOu(0,x) + Cih+ Col® + ...+ Gl + O (W),

for some constants C;, and we define implicitly the operators LY"

h! I+1
oY),

]E[(H;lp)ju(h, Xg’x)] = tﬁj)"u(o, x) + ﬁj(cl’o)’ru(O, x)h+...+ ﬁ,(cl)*(o)”ru(o, X)— T

for multi-indices « = (1) % (0)x fork =0,..., 1L

Lemma 3.2.3. Fix | € IN. Suppose (Hué“) holds, a weak Taylor scheme of order | + 1 and ¢ € BfO,l]'
Then,
£, Xy, N
]Eti {H;/;,hu(t#l/ Xt,-Htl )} = ]Efi[HZ),hu(tiJrlf Xti+1)] + O(hlJrl)-
Proof. We prove only for the weak Taylor scheme of order 2, using a function ¢ € B[o 1 We
consider the first time step, i.e. i = 0, and h := t; (equidistant grid). Fix ¢ € B[o 1 and (Hu3)
holds; the weak Taylor 2 scheme for one step (with f = 0) is

R, = x + yVhAW + %w’h ((AW)2 - h) + ;727” (hAW — AZ), (3.2.9)

where AW := I,Ej) = th dWS(j), and AZ = I}Sj,O) = foh Ws(j)ds. Apply a Taylor expansion
to u(h,X;) around (0,x) (recalling Remark 3.2.3(i)), multiply by the weight (H;f] )j =

7 fo (s/h dWS( ), and take the expectation to obtain

E| (HY)ju(h, X)| = E[(} J p(s/mawu(o, )|
+ B [T p(s/n)dw?) (R — x)0u(0, x) + hdu(0, x))J
_|_ ]E=(% fohw(S/h)dWS(] ) Xh x Zaxxu(O x)+2h(X,§ x)atxu(O X)+h atfu(O X)
_|_ E=(H¢)(Ah x)38xxxu(0x)+3h(Xh X) atxxu(()x)+3h2(xh x)attxu(ox) h38tttu(0,x)
h/] 3
+ IE(HZJ) ((Xh_x)4axx""+4h(xh_x)3afxxx+6hzi!5(h—x)zattxx-ﬁ-‘lhs(xh—x)atttx+h4atttt) M(O, x)}
+ .

(3.2.10)
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now consider the individual terms. The first term on the RHS of (3.2.10) is zero since ¢ is
bounded. For the second term, observe that by Itd’s isometry, and the properties of ¢ & Bfo,l]
in Definition 3.1.1, then

[ fo (s/h)dWyg )) ((Xh—x)axu(o x) + hou(0, x))
IE[ fO (s/h)dsy(x) + 337" (x) fo (s/h)sds| 9xu(0, x +hIE[fO (s/h)dWyg )] 911 (0, x)

= 7(x)0:u(0,x) = y(x)A.
(3.2.11)
From the third line of (3.2.10), consider

IE[ (1 /oh 1[)(s/h)dWS(7)) (X — x)9xxt(0, x) + Zh(Xhzv_ x)01:1(0, x) + 9y u (0, x)] ;

the first term evaluates to (7 — y(x), 7' — 7/ (x), 7" = 7" (x))

Xh — x)2

1
E{(H}f );‘( 5 axxu(le)} = (’r’vzh+ Zv”f'v’hz) xxtt (0, x);

since from one of the cross terms
1 3 1
IE{(HL’J)@’Y’WZ((AWF - AWh)] =57 =5y =27,

and other terms such as

1
IE[4 (H)iv'y"7? ((AW)Z - h) (hAW — AZ)} = O(1?).
Other terms evaluate to zero using fo s)sds = 0 and hAW — AZ = foh sdW!. We also

consider A
(Xp — x)°

]E[(H;f')j 3

1

which can be observed using the same properties.

For the cross-term 9, 1(0, x), observe that
py 2R =)k _ /h () 7 A & /h ()
E|(Hy); ==, =E[( [ pls/maw) (yaw + 3 ((aw)?2—h)+ 15 [ saw,

h h
= () [ (/s + 39" [ pls/msds = (x)h

by the properties in Definition 3.1.1 and a change of variables.
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Similarly, for higher order Taylor expansions, the expectation of the product with the weight

H;f is controlled by O(h?). By combining the above equalities, we can conclude that

E| (H)ju(h, )] = 7(x)2:1(0,x) + O(2),

since L0 u(0,x) = "y(x){atx + (%)Y (%) 0xx + %')/Z(x)axxx}u(o,x) = 0. The proof similarly

follows for higher order weak Taylor schemes and the corresponding functions i € Bfo,l]' 0

Corollary 3.2.1. Consider the value function solving (2.1.1), where (Hué*z) holds. For ¢ & Bfo,l]' and

a weak Taylor scheme of order r, then the operators LY are defined as

Eu(0,2) = LWu(o,x), -, ETOu(0,2) = L (0, x).

Proof. Recall, that for ¢ € Bfo % and a weak Taylor scheme of order r = I + 1, we have that for

value functions such that (Huifz),

/
E[H0u(h, X,)] = LOu(0,2) + LOOu(0, x)h + ...+ L(l)*(o)’u(o,x)% +O(H;

since the value function is such that L(®%(0,x) = 0, then E[H;lpu(h, Xh)} = LMu(0,x) +
O(h'*1). We conclude by applying Lemma 3.2.3, since lE[H;f'u(h, Xh)] = ]E[H;fu(h, Xh)] +
(’)(hl+1). 0O
Remark 3.2.4.

(i) We can similarly obtain the operators L" for other multi-indices «, by appropriately selecting a
Y p Yy approp Y 8

weight. We shall not require them, so we do not explicit them here.

(i) We see that by imposing smoothness and boundedness assumptions on L*u(0, x), these properties

can be passed on to Ly (0, x) for weak Taylor schemes of sufficiently high order.

Theorem 3.2.1 paves the way for a general result for higher-order weak Taylor schemes, which

can be justified by [TT90, Theorem 1 (iv)], where the results are shown in the d = m = 1 case:

Corollary 3.2.2. Fix | € IN. Consider a weak Taylor scheme of order | 41, on an equidistant mesh T,

such that |7t| = h, suppose (Hué+3) holds for a value function u, and let € Bfo,l]' Then,

IE[H;fg(XT)] = LWy(0,x) + O (1),
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Proof. From Lemma 3.2.3 it follows that IE[H;f)u(h, Xh)} = LWu(0,x) + O(h'*1), where h = t;.

Define ¢(t, x¢) = ij(c?)’“’ru(t, x¢), where the operator is associated to a weak Taylor scheme of

order r. From an extension of (3.2.7), then

. . Khlt2 N
E[H}lf{u(tﬂrlrxfiﬂ) - u(tir Xfi)}:| = E[H}?{mqo(tzr Xti) + R}

7

where R := I(,O),’+2 X)) —o(t, X:)]. An application of the Cauchy-Schwarz inequality,
t11t1+1 q) (P 1 pp y q y

yields IE[H;f R} < ||H;f [2]|R]]2 < Ch'*2 for ¢ € Bfo,l] and ¢ sufficiently smooth. We conclude

with a first-order expansion of the sum of IE[(H ;lp )ip(ti, Xy, )] which is treated similarly as in the
proof of Theorem 3.2.1. O

The above corollary is constructive for selecting a discretisation scheme on [0, T|, and an

appropriate function ¢ € B! .. in order to have approximations of A to a higher order of bias.
pprop Y 0,1] PP g

3.3 Extrapolation method

We now recall Section 2.4.2 and the assumed expansion. We shall prove that the expansion

in (2.4.3) holds for the X discretisation using weak Taylor schemes.

3.3.1 Euler scheme

The next lemma provides an approximation of an integral, using summations for a general

function v : [0, T] x R? — R, which is characterised by the smoothness of the function:

Lemma 3.3.1. Forov € Qg, then

n—1 T T 1
g hEv(t;, Xt,)] = /0 o (s, X;)] ds +h/0 E]E[L(O)v(s, Xs)] ds + O(1?) .

Proof. 1. First, recall that if f : [0, T] — R is C!, then we recognise an order 1 approximation of

an integral, which allows us to write

nzlhf(fi) = /Tf(S)dS+(9(h)- (3.3.1)
i=0 0
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Indeed, observe that
n—1

tit1 n=1 rt;1 r1 ,
Y e - (ti)}dS:i;)/ti /Of(ti+)x(s—ti))(s—ti)d)xds.

i=0

The results follow from the continuity of " on [0, T].

2. We now compute

T n—1 n—1 tii
/O Eo(s, Xo)]ds — Y hEo(t;, X;)] = Y /t Eo(s, Xs) — v(t;, X;,)] ds.
=0 =074

From the weak expansion in Lemma 3.2.1, we have

n=l rting z+1
g) /ti Eo(s, Xs) — v(t;, Xy,)] ds = Z / o(t;, Xy, )] (s — t;)ds + O(h?)
(h X5 [ ok, X, )}) +O(?).

The proof of the lemma is concluded by using the first step. O

We expand ]E[(HZJ )j g()A(T)} in the step size h with ¥ = 1, to justify an extrapolation method:

Proposition 3.3.1. Suppose that u € G* ¥ = 1 and assume an Euler scheme for the discretisation o
P pp b

the process X. Then,

]E[(Hilz)jg(XT)} =u(0,x) + hCijx1 + O(H?).

Proof. Note t; = h, and H, := (H});.

1. Applying Ito’s Formula, we compute successively (similarly to (3.2.6))

R . tiv1 (0) A
Bofu(tin, %) — u(t X)) =B [ Lt %)

ht@u(t,-, %) { iggtj%(r, %,)drds|  (33.2)
= L0V, %) + E10 s, ) + 00,

where to get the last equality we used also the fact that ﬁggt) u(t;, X;,) = 0, and the boundedness

i
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of the derivatives of the value function. We define

1.
925, %) = 5 L8

Oo)u(s,x) , ¢2 (s, x) 1= %ﬁooo)u(s,x).

With this notation, we obtain,

E[H{g(Xr) —u(h, Xy)}] = E

n—1
Hy, (Z Etl[hchg(ti, Xy) + B2(t;, th.)] + O(h4)>] . (33.3)
i=1

From [TT90, Theorem 1], we know that

]Etl[(rbg(ti/ Xti)] Ey, [(])e(tz,X

t, X,

)

+hei(h, Xiy) + O(1)
for some bounded function 433/1., and
E [ 2 o t1, X,
h|Pe (tii Xf,‘)] ]Etl (Pe(ter ) + O(h)

Combining these equalities with (3.3.3), we obtain

n—1
Hy Y ¢ei(t, X))

i=1

(3.3.4)
(Z Ei, [hz(,,e (b, X)) 4 122 (8, X, )] )l '

E[H,{g(Xr) — u(h, Xp)}] = O03) + KPE

+

using the Cauchy-Schwarz inequality and the variance of Hj,. Using Lemma 3.2.1, we observe
that

i=1

n—1 . — 1
E|Hy ) §ei(ti, Xy) Z [ JpLi(0,x +(9(h)} o (E) (3.3.5)
i=1 i=1
We also compute
n—1
Y hEy, [(Pg(ti/ ij’ g ] IEtl[ / 2 (s, X0 ” ] +O(h), (3.3.6)
i=1
leading to
2 Xy | 0 L0 1 2
HW2E| Hyh Z% X0 | = ( 92(0, x) +(9(hz)) o), (3.3.7)
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where @2(t, x) := ]E[ ftT P2 (s, Xs)ds] and using Lemma 3.3.1. Similarly,

T N
Zhlﬁn{cpe txx} En{/ LIC S FZEU U")qb%(s,x?'x*l)dS]+<9<h2>
1

= q)e(tlf Xfl) + (Pe (tll Xf1)h + O(hz)/

i=1

where for any (t,x) € [0,T] x RY, @l(t,x) := ]Et[ftTgbg(s,Xé’x)ds] and @l(t,x) =
IEt[ft th)ds} /2. Note that ¢! € G2 and ¢! € G}.
We compute

E| H T 1, X X”)] = L0l (0,x) + O(W); (338)

combining (4.1.6), (3.3.5), (3.3.7) and (3.3.8) we get

E[H;, {g(Xr) — u(h, Ry)}] = hLW gl (0, x) + O(?). (3.3.9)

2. We now observe that

E[Hug(X7)] = B[Hp{g(X7) — u(h,X)}] + E[Hpu(h, Xp)]
= LDl (0, x) + O(h?) + E[Hyu(h, X3,)] -

Using Lemma 3.2.1, we have
E[Hyu(h, X,)] = LDu(0,x) + kLYVu(0, x) + O(12).
Combining the above expansion with (3.3.9), we finally obtain
E[H,g(X7)] = LYu(0,x) +h (L(f)gog(O,x) + ﬁ,(cj’o)u(o,x)> +O(h?),
which completes the proof. O

We consider X"/2 = (Xf/ 2) tefo,7), the Euler scheme associated with a grid of stepsize of 2h,
recalling the notation from Remark 3.2.1(iii). The following result yields a second order

approximation of the A using the Romberg method:
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Theorem 3.3.1. Suppose that u € Gy and = 1. Using an Euler scheme we have

21E[(H}f),~g()2¥)} - E[(Hfh)jg(X§/2)} = LOu(0,x) + O(H?). (3.3.10)

Proof. The proof is a direct consequence of the previous proposition, and noting that

i;j)u(o,x) = LWu(0,x). O
Remark 3.3.1.

(i) By the above arguments, we can present a third-order scheme using the Euler scheme; following

the same steps, we can show that for (Hu3) and an Euler scheme with = 1, then

. 12
E[H;fu(h, Xh)] = Y(0)A + dih 4 dy =+ O(1);

straightforward extrapolation suggests

3E[HY 5(%9)] — JE[HY,8(R3/2)] + E[Hbg(R3/%)] = 2(x)A + 0()

(ii) The step functions defined using (2.4.4) are similar to the step functions defined using the families
Bfo,l]' Setting c = 1/2 for s 1, coincides with the scheme using (2.4.4) yielding the same step
function and weight variance. For higher-order schemes, we saw in Example 3.1.3 that the optimal

(c,c") # (1/3,2/3) which are the suggested parameters for the scheme using equidistant step

I
01]

the equidistant step functions defined using (2.4.4).

functions; therefore weights defined using ¢ € By, ., achieve a better variance bound compared to

3.3.2 Weak Taylor scheme of order 2

We extend the previous result for the Euler scheme to a weak Taylor scheme of order 2 to
perform extrapolation. Recall the scheme (3.2.9), with the drift set to zero. For extrapolation,

we proceed from Lemma 3.2.3 with an additional level of Taylor expansions (d = m = 1):

Lemma 3.3.2. Suppose a weak Taylor 2 scheme, i € 6[10,1] and (Hu}). Then, ]E[HZ] u(h, Xh)] =
ul!) + Cox th? + O(H3).
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Proof. This proof extends Lemma 3.2.3 to an additional order of Taylor expansions, up to O(h3)

terms. For a general ¢ € 8[10,1]:

N 1 1 1
]E[H;f”(h, Xh)} =7 (x)0xu(0, x) + {E'yattx + Z’yzy”Gtx + 9?7y Opxx + 573atm
13/// 33/21 12 1//3 1//4
F 7Y 0+ (57 (V) 57 | =57 (7)? +57 | g7 ) Oxxx
1
+ ’)/4’)//axxxx + g’)’Saxxxxx}u(or x)h2 + O(h3)/

therefore we can conclude. O

Theorem 3.3.2. Suppose that u € Gy. Then, for i € 6[10,1]' and a weak Taylor scheme of order 2, with
an equidistant stepsize |7t| = h
4

ZE[(H])j9(R0)] — SE[(HB)9(38%)] = 10u(0,x) + O(2),

Proof. Observe thatforj=1,...,m

E[(H]);8(%1)| = E[(H]){3(Xr) — u(h, 4)}| + B[ (Hy)ju(h, X))
= LDu(0,x) + E|(H)) {g(R1) = u(h, X))} | + Coph® + O(F),

using Lemma 3.3.2 for Taylor expanding the value function u(h, X;,) using a weight ¢ € B [10 1)
Now recall the telescoping term (3.3.2): since we are using a weak Taylor scheme of order 2,
from Lemma 3.2.2 we know that L%V (s, x) = LO9y(s, x) = 0, therefore
3 % 0,0),2 0 h* (0000)2 .
]Eti[u(ti+1,Xti+l) —u(ti, Xti)} = ZLXH M(i’i, Xti) +ﬂL§A{ti ) M(i’i, Xti) —|—O(7’l5).
The proof follows from the same argument as the proof for the Euler scheme extrapolation

(Proposition 3.3.1). For (s, x) € [0, T] x RY, we denote for our second order scheme

1
L(oooo)

1 _ L2(000)2 2 .
$s (s, x) = 6Lx u(s,x), ¢s(s,x) = o u(s, x),

where 32 is the operator of the weak Taylor scheme of order 2 for multi-index a. With this

notation, we obtain

[uy

n—

) L (Etl[h ¢s (ti, K1) + 15 (1, Xy, )} +(9(h5)>].

E|(H]);{3(%r) — u(h, X)}] = | (H}); T
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Observe that we can approximate as an integral using Lemma 3.3.1,

Zhlﬁtl{qbs tz,X“X“] Et[/ o5, ) }+ Ef[/ LOgl (s “X“)ds}wazz)

= @5 (tll th) + (Ps (tll Xfl)h + O(hz)/

where for any (t,x) € [0,T] x RY, ¢l(t,x) = [ft Pl (s, XI) ds] and @l(t,x) :=
]Et[ftT LOgpl (s, Xé’x)ds} /2. Note that with ¢} € G and ¢! € G}, we compute as before

hIE

(Hy)ih Z oLk, X, X“)] = hLWgl(0,x) + O(K?),

i=1

and similarly to (3.3.6) and (3.3.7), we have

N

n—1
(H)); Y hg?(ti, X))
i=1

PR

=1 (L0g2(0,x) + O(h})) = O(1?),

where ¢2(t,x) = [ ft P2 (s, th)ds} To conclude, observe that using the Cauchy-Schwarz
inequality, [(H;l'b) Yo 11 O(h5)} = ]E[(HZ”O(h‘*)} = O(K’/?), which enables us to conclude
that

E|(H));g(X5)] = LOu(0, %) + Gy rh® + O(1°);

by extrapolation we obtain a scheme for A approximations with a bias of O (h?). O

3.4 Simulation results

We now price contingent claims and approximate the Greeks using finite difference methods.
It is often the preferred technique for small-dimensional problems. Finite difference methods
replace the partial derivatives by their approximations on a grid, in order to reduce the problem
to a finite set of algebraic equations (for details, see [Duf06]).

We implement the explicit finite difference method, which marches-back in time from the
terminal payoff at expiry time T, to the initial time t = 0. The benefit of this technique is
the quick implementation, whilst the drawback is that in order to guarantee stability of the
algorithm, doubling the number of space steps increases the number of required time steps
four-fold.
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We consider the following smooth, Lipschitz continuous diffusion and payoff function for our

numerical examples:

Example 3.4.1 (Smooth diffusion and payoff). Suppose zero drift, diffusion v(u) = 1+ sin®(u),
and payoff g(u) = arctan(u). Consider initial condition x = 0.3 and T = 1 as the parameters. The true
price, A and T of this option are (0.155,0.503, —0.086), computed using the finite difference method,
1000 spatial steps and 4000000 time steps.

Remark 3.4.1. We compute the slope of the straight line of the mean squared error against the
computational cost (log —log scale), which is proxied by the runtime (measured in seconds) of the
algorithms. Throughout this numerical section, we include the slope and constant of the straight line
in the legend for the various plots, which are an indication of the complexity of the various techniques.
We use the weak Taylor schemes (see [KP92, Chapter 14] for more details). The parameter { determines
the size of h := 1/ NE, for which the first step is simulated, and also defines the equidistant step size.
We summarise the parameters in tables for the different techniques, explaining the scheme, weight and

convergence properties.

3.4.1 High-order A approximation

Consider N simulations, and fix the step size || to equal to the h-increment of the weight
defined; i.e. || := h. For this example, to approximate the A, the approximation ]E[H;f g(f(?)}
has a bias of O(h"), where r is the order of the scheme used (r = 1 corresponds to the Euler
scheme, r = 2 corresponds to the second order weak Taylor scheme, etc). In Table 3.1, we
explicit the implementation of the A using the different schemes, and weight requirements,
where h = |7t| = 1/N¢.

r (Scheme) | Weight ¢ MSE Cost Slope
1(Euler) | p=1 [1/3| O(N~2/3) | O(N*3) | —1/2
2(WT2) | 91, Pp1 | 1/5 | O(NT42) | O(N®/°) | —2/3
3(WT3) | ¢sp, Ppo | 1/7 | O(N®7) | O(NB/7) | —3/4

Table 3.1: Implementation and MSE for the Delta.

In Figure 3.1, we consider high-order approximations for the A, for Example 3.4.1. Observe that
the slope of the approximation improves dramatically from the Euler scheme (i = 1), to the

weak Taylor scheme 2 (with 95 1) and consequently the weak Taylor order 3 scheme with s >.



Chapter 3. Numerical Approximation of the Delta 109

MSE vs Cost(log log plot)

——— WT1 (r,c) = (-0.51649,-8.4175)
\ —— WT2 (r,c) = (-0.70609,-8.5722)
-6 N WT3 (r,c) = (-0.76792,-8.6215)

log(MSE)

log(cost (sec))

Figure 3.1: MSE vs Cost (log — log) in seconds for the Delta, each with 500 repeats. Parameters
as in Table 3.1.

For this example, for an MSE of approximately exp(—10), the weak Taylor order 3 scheme takes
20 seconds, whilst the Euler scheme takes approximately 60 seconds; even though the higher
weak Taylor scheme is more computationally demanding, the fact that { is much lower means
that the step sizes are considerably bigger, translating to a faster runtime. In addition, recall
the discussion from Section 3.1.2 on the size of N for which high-order schemes are preferred
to higher-order schemes for a fixed computational effort available: from Figure 3.1, we observe
that for runtimes of more than approximately 0.3 seconds, high-order A approximations are

preferred to the Euler scheme and i = 1 (basic approximation).
Remark 3.4.2 (Different schemes on [0, h] and [, T]).

(i) We could consider using different schemes on [0, h] and [h, T|, where [0, h] is discretised using one

time step.

(ii) The computational cost of each method is determined by the step size and scheme for the

discretisation of [h, T).
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3.4.2 Extrapolation Delta

We now consider Romberg-Richardson style extrapolation from Theorems 3.3.1 and 3.3.2.

A | B | Scheme | ¢ MSE Cost | Slope
=1 2 | 1 | Euler |1/5| O(N~*%) | O(N®%) | —2/3
Ys1 |4/31/3| WT2 |1/7 | O(N~7) | O(N®¥7) | —3/4

<

Table 3.2: Parameters for extrapolating the A using Euler and the weak Taylor scheme of
order 2, using h := 1/N¢. MSE, Computational cost and log — log slope. For numerics, see
Figure 3.3.

Example 3.4.2. We consider extrapolation with independent Brownian paths and the same Brownian
paths, for Example 3.4.1:

(i) Independent Brownian paths: the two extrapolation terms in (3.3.10) are calculated
independently. This achieves the expected strong slope of MISE vs Cost of —2/3 as expected from
Table 3.2 for the Euler scheme with { = 1/5. In Figure 3.2, we show the actual average values of

A obtained, showing the superior performance of the extrapolation.

(ii) Same Brownian paths: the two extrapolation terms in (3.3.10) are calculated using the same
Brownian path. This achieves the same strong rate of convergence, however the constant is lower,

since the variance of (3.3.10) has a smaller constant.

In Figure 3.3, we consider parameters from Table 3.2. The rate of convergence increases as
expected for the higher order extrapolation; we observe that extrapolation using a weak Taylor
scheme of order 2 is an improvement on higher-order A using a weak Taylor scheme of order 3
and 5.

Remark 3.4.3. Recall Remark 3.3.1(i). The optimal { = 1/7 for the extrapolated A yields an MSE of
O(N~%'7), with computational cost O(N®/7) and a theoretical slope of —3/4 for the log — log plot of
the MSE against the computational cost.

It is natural to compare high-order approximations from the previous section to the Greeks
using extrapolation: we compare Figure 3.1 and Figure 3.3. Comparing a weak Taylor 2 scheme
with 1, 1, and an extrapolated Euler scheme with ¢ = 1, the performance is similar. Upon

comparing the weak Taylor 3 scheme with 1 » and an extrapolated weak Taylor 2 scheme with
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Delta Approximations, WT1 extrapolation
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Figure 3.2: See Example 3.4.2(i). A values obtained against time in seconds for the extrapolated
A, the value with stepsize h, 2h and the true A. Each run is repeated 100 times, with the number
of Monte Carlo paths N = 214 ., 220 Euler scheme extrapolation with = 1/5.

MSE vs Cost for Extrapolated Delta (log log plot)

-6.
—— WT1, WT1, y=1, (m,c) = (-0.66338,-8.6781)
- —6— WT2, WT2,y_,, (r.c) = (-0.78319,-9.0532)
-7.
i -8.
n
=
> _
s}
-9.
-1
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-11 | | | | | J
-3 -2 -1 0 1 2 3

log(cost (sec))

Figure 3.3: MSE vs Cost (log — log) for the extrapolated A using WT1 and WT2 schemes with
¢ = 1 and ¢ 1, each run is repeated 100 times. Parameters as in Table 3.2.
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s 1, then the extrapolated scheme achieves an improved constant, since the variance of the
weight is much smaller. Furthermore, it is worth highlighting that the extrapolated scheme is

easier to implement, and can be further parallelised.

3.4.3 Heston Greeks

We now apply the results of the previous sections even if the assumptions required for the
proofs are not satisfied to perform numerics. Consider an asset price process S = (St)¢>o,
with So = x > 0, defined on a complete filtered probability space (Q), F, (F);>o,P), assuming
some constant interest rate » € IR. In the Heston model, the variance process is modelled as a
mean-reverting square-root diffusion stochastic process. The tuple (S, X¢) is the unique strong

solution to

ds; =rSidt + v/X:S:dBlY So=x>0,
dX; =«x(0— X))dt+&/XdB? , Xo=0> 0 (3.4.1)
d(BW, BY); = pdt, ol <1,

with x,8,& > 0, B1) = (BM);59 and B(?) = (B(?));5( being two correlated Brownian motions.
If 2k > 2, then P(X; = 0) =0, for all t > 0. This is referred to as the Feller condition, and
when satisfied ensures that the origin is unattainable for the variance process (see [RW00]). We
also mention that moments of the Heston model can explode depending on the parameters. For
exponents p > 1, [E[S}] is finite for all t > 0 if and only if p < x/(¢p) — \/(p — 1)/p [APO7].
The Heston model can be represented with independent Brownian motions W(1) = (Wt(l) )0
and W) = (Wt(z))tzo as

d (St) - ( ( & )) dt + (V L= pPVXis: pmSt) (dwf(l)> PNTN 540)
K t ’

X; o— X 0 evX: ) \dw® X = 0.

Consider now approximating the Delta under the Heston model. The difficulty in simulating
the Heston model is the CIR volatility process as it can become negative using the Euler-
Maruyama scheme; as a result, we consider several techniques for approximating the process.
We consider an explicit Euler scheme, and a drift-implicit scheme [Alf13a]. Future work could

be to consider a second-order discretisation scheme for the CIR process [Alf08]. By a suitable
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Lamperti transform, we can obtain the log-Heston model [DNS12]

dlog(Sy) = (r— 1Y2)dt+Y, <\/1 —p2dwV + det(2)> , So=x

2, (3.4.3)
v, = (2L - 5v) de+ faw), Yo = /o,

where Y := /X. Apply the Euler scheme for the log-price equation and the drift-implicit
square root scheme for the volatility process to obtain H;, which is an approximation of

log(St,) given by
k-1 k-1
- 1_ _
Ay, =log(x) + ¥ (r - EY,_?I) A+ Y Yy (\ /1- 28w}, + pAwl@l) , (344
= =0

and Sy, := exp(Hy,) is an approximation of the asset price at time ;. We now consider several
schemes for approximating the CIR process in the Heston model, in order to use the above
discretisation scheme for the log-price.

Consider a terminal payoff function g, of the asset price, and suppose that the correlation
parameter is set to zero, in a zero interest rate environment (ie. p = 0, r = 0). Applying
our previous results, a suggested scheme for the A in the Heston model is

W

¢(xp) 2

A=E
hx+/v

+O(h).

Example 3.4.3 (Modified explicit Euler scheme). One approach is to apply the modified explicit
scheme, which is the next part of the thesis (see Part III). If the Feller condition 2x6 /&> > 1 holds, then

the transformed process Y = /X is the unique strong solution to

dy; = f(Y)dt+cdW?, Yo =/,

with drift function f(x) = a/x + bx, a := (4x0 — &2)/8>0,b:= —x/2and c := ¢/2 from (3.4.3).
Example 3.4.4 (Drift Implicit scheme). The drift-implicit Euler method can be written as

_ _ _ 2 _
Yi’k+1 = Yfk +f(Ytk+1>Atk+1 + CAWIE—I—)].’ YO = \/5

We can take the positive root of the quadratic equation, solving for Yy, ,, to obtain the explicit solution

Y, = V.

Y, Vi + CAWlﬁ)l J (Y, + CAWk(i)l)z At
teyr —
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We can approximate the CIR process using X; = Ytzk . For convergence of the modified Euler

approximation to the log-Heston price in (3.4.4), refer to [KN12, Corollary 5.5].

Example 3.4.5 (Heston Call option). Consider the following parameters for the Heston model:
(x,6,¢,1,0,x,0) = (1.15,0.04,0.2,0,0,100,0.04). We consider a European Call option, with strike
K = 100, and terminal time T = 1. The true price and semi-analytic A are computed to be
(11.03,0.555).

In Figure 3.4, we consider the explicit and drift-implicit approximations, with the parameters
¢ = 1/3, with ¢ € B?O 1 Note that the schemes are quite similar, with comparable
performance as expected; in fact the drift-implicit Euler has a slightly lower constant as it is

more computationally intensive.

MSE vs Cost Heston Delta (log log plot)

—o— Explicit Euler (r,c) = (-0.53697,-6.4368)
—— Drift-implicit (r,c) = (-0.49373,-6.2407)

-5.5-

log(cost (sec))

Figure 3.4: Heston model: MSE vs Cost (log —log) in seconds for the A of the option in
Example 3.4.5, 100 repeats, y = 1, { = 1/3. Explicit Euler scheme is from Example 3.4.3,
Drift-implicit is from Example 3.4.4.

By following the same techniques, we can approximate the Heston Vega () := 9,u(0, x)) by

(Hy)2

V=E
Ve

8(Xr) +O(h),

using the second Brownian motion to define the weight—performance is similar hence omitted.



Chapter 3. Numerical Approximation of the Delta 115

3.5 Discussion

In this chapter, we have shown two valid approaches for computing the A. The first uses
specific weights which improve the order of bias; the second technique is based on the Romberg
extrapolation technique. We have shown that IE[HLP g(XT)] admits an expansion in terms
of the equidistant step size h for weak Taylor schemes of varying order. Combined with a
particular choice of ¢ functions, we can use the ideas from the theoretical expansions from
Chapter 2 to create higher order approximations, or further improve the A procedure by
Romberg extrapolation.

The main measure of error used is the MSE compared to the runtime; it is seen that
the extrapolation techniques obtain superior slope compared to just high-order techniques.
Extrapolation of the Euler scheme is particularly appealing due to the fact that it is not
necessary to compute potentially difficult derivatives of the drift and diffusion functions that
are required for weak Taylor schemes of high-order. Furthermore, it is hard to justify schemes
of extremely high orders, due to the implementation and the increasing variance constant of the
weights. Another advantage of extrapolation is that it lends itself to natural parallelisation, so
in a production environment one would divide the work effort across the two runs. Expansion
methods for the Euler scheme allow Greek computation for general models without having
to differentiate the drift and diffusion coefficients; this can really be a “black-box” in real-life
applications.

It is important to consider the function ¢ in tandem with the weak Taylor scheme used; using
an inappropriate combination can increase the variance unnecessarily. There is the subtlety of
the smoothness required of the value function; it would be interesting to consider examples of
value functions for which (Hul) holds, but (Huéﬂ) doesn’t, and then perform extrapolation
or higher order schemes for which convergence cannot be justified theoretically.

We have also considered an example for the Heston model A using a modified explicit Euler
scheme, and the more numerically demanding drift-implicit scheme, for which proving the

results is more challenging.
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4. Numerical Approximation of the Gamma

In this chapter, we extend the themes from Chapter 3 to approximate the Gamma of an option.
This quantity in a financial setting is I' := 9dy,u(0, x) at the initial time, the second derivative
of the value function with respect to the initial spot price. In this chapter, we use numerical
schemes to approximate expressions containing the I' within them. A new set of functions are

introduced to define suitable weights for these approximations.

4.1 High-order approximations

The aim now is to generalise the high order approximations for the A to approximate the I'. We
proceed with considering families of functions, which will be used to define weights l";f (vector

of length m) to approximate uéj A by

E|(T]);g(Xr)| = B[ (T])u(h, X)), (4.1.1)
where we recall that u(()j’j) = LUDu(0, x).

Definition 4.1.1 (¢-functions). Forl € N, define ICfO ) 48 the set of bounded, measurable functions
¢ :[0,1] — R such that

1
/ ¢(s)sds =1, 4.12)
0
and if | > 2, then forallk =2,...,1,

/0 " p(s)skds = 0. (4.13)

We now define the general family of weights Fz for ¢ € ICfO 1

Definition 4.1.2 (Ff-weights). Let ¢ € IC%OJ], and for 0 < h < T, define the row vector th as

1 t+h s —t . . ‘
(TPh)s ::ﬁ/t 4)( h )WS(])dWs(])fOM=1,-..,m,

and for shorthand FZ) = Fg’/h.
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1
0,1

a weak Taylor scheme of order 2 (r = 2) and that (Hu3) holds. Following from (4.1.1), u(()l’l) can be

approximated using Ito-Taylor expansions using the hierarchical set Dy and the remainder set B3(Dy);

Example 4.1.1. We motivate the family of functions defined with an example using ¢ € K i Suppose

the terms from the remainder set are bounded by O(h) from the smooth, bounded derivatives, and
IE[(FZ)jI}(Zj’j)} = 1 from (4.1.2). This concludes that IE[(Ff)]-g(XT)] = u(()j’j) + O(h).

Example 4.1.2. Suppose ¢ € IC'E-O 1 By considering an Ito-Taylor expansion of u(h, X;) (d = m =1

case) with a hierarchical set D3, observe that

E[Tfu(h, Xy)| = B|T] (uf VY 4wl R0 g OV | BZ(‘, )IE[FfIZ‘ ]
aeB(Ds

Let (Hu%), and consider the various terms individually:

(i) The first term is evaluated using the definition of Fi, [td’s isometry, a change of variables
and (4.1.2):

0,00 aD] _,an1 /h 5Y ods = (1)
e A 0 ¢ (7)sds = uf. (4.14)
(ii) The second term can be explicited using Itd’s isometry and (4.1.3):

#1(01,1) _l/h A _E/l 24 —
lE[FhIh } = s—o(P(h) 2ds- 2 ), $(s)s“ds = 0.

(iii) For the third term observe that fi:o Wydu = | MS:O(S — u)dW,, by an integration by parts
argument, therefore using (4.1.3) we obtain

E[Ff[lgl'o’l)} =h /iocp(s) /S (s —u)duds = g/ol ¢(s)s*ds = 0.

=0

The term u\""") is equal to zero from LOu(-,X) = 0. Combining (i)-(iii) and noting that

CacB(Dy) E[FZI;’;[M]} — O(12), it follows that E[(rf)jg(xT)} —u{" + 0(n?).

4.1.1 Weights and variance properties

We now consider a general result to show that the weights I“Z are suitable for approximating

u(()j A by considering higher-order terms in the Itd-Taylor expansion of u(h, Xj,):
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Theorem 4.1.1. Fix | € IN*. Suppose (Hul,"?) holds and ¢ € IC%O,”. Then, for h € (0, T| and
j=1,...,m,
E|(1]);g(Xr)| = u” +O(h).

Proof. 1. We compute ]E[Ffl,ﬂ recalling L(®y. = 0, then it is sufficient to consider multi-
indices such that I(¢) = g, a™ = (j,j) and 2 < g < I+ 1. Then, for every such multi-
index, there exists 2 € INT, such that 2 < a < g and the multi-index can be expressed as
& = (0)s—2 % (j) * (0)g—q * (j). For such multi-index, we have
1 ! D qu i)Y [©@a-2x()*(0)g—ax()
E[(rf)]-l,ﬂ - WEK/S:ﬂ(s/h)ws(”dwﬁ)) 1,20 Qe

h ' ‘
= %/ 4’(5/h)]E[IS(])IS(O)%Z*(])*(O)%%} e,
0

Since ko((j)) = k1((j)) = 0, and ko(a) = a — 2 and k1 («) = g — a, it follows from Lemma 2.2.1
that

]E[IS(]) Is(o)a72*(]')*(0)q7a] . Sq_l

Therefore, for & = (0),—2 * () * (0)g—a * (j),

elrt] = gy e/ =

unless g = a = 2, which yields 1 as seen in (4.1.4).

2. Consider an It6-Taylor expansion for u(h, Xj,) using the hierarchical set D;, 1, and remainder
set B(D;y1). The only non-zero expectation terms are those with multi-indices « such that
a™ = (j,j); therefore, a is again of the form &« = (0),—2 * (j) x (0);_, * (j), for g = 1 4 2.
Recalling (2.2.3), observe that ko(a) = a —2, ki(a) = [ +2—a, kp(a) = 0, and ko((j,j)) =
ki1((j, 7)) =k2((j,j)) = 0,1leading to w((j, j),«) = I + 2 forall & € B(D;1). From the regularity
(Hult2), it follows that Lyep(p, ) E[(rf) pe [uﬂ} — O®b). 0

1

We now consider various functions ¢ € K 0,17

and again categorise them in polynomials ¢,

and step functions ¢ ;.

Polynomial functions ¢y € Iqo,l]

We now derive the polynomials that belong to ICZ[O 1 by simultaneously solving equations from

the conditions imposed on ¢, ; by (4.1.2) and (4.1.3):
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Lemma 4.1.1. Suppose m = 1.

1. ¢p1 =2 = s 1, belongs to ,C[lo,l]' The weight defined using ¢, 1 has variance W[FZ”] = hz—z

2. ¢ppo(s) = 18 — 24s belongs to IC[ZO,I].
3. ¢p3(s) =72 — 240s + 180s? belongs to IC[30/1].

Remark 4.1.1. We can easily simulate FZP ' however for ¢p, for I = 2, we require terms foh sKWsd W
foreachk =2,...,1, which are generally difficult to simulate.

Step functions ¢ € ’Cfo,l]

Weights defined using step functions are easier to simulate. Therefore, we explicit Ffs'z, for

some fixed ¢ € (0,1):

Lemma 4.1.2. Function ¢s(u) = ﬁl[l 1) () + (2 - 2+ ﬁ) is a bounded, measurable
step function for any ¢ € (0,1) and belongs to IC[O 1 Furthermore, the minimum variance for the
weight l"fsg is attained when ¢ = 3/2 — +/5/2, independently of h.

Proof. We choose a step function ¢s» : [0,1] — R, with one step at point ¢ € (0,1). From
the properties of ¢, we require fol ¢sp(u)udu = 1 and fol ¢s2(u)u>du = 0. By forming the

simultaneous equations

1 1 1 1
A/ udu+B/ udu =1, A/ uzdu+B/ u?du =0,
(1—c) 0 (1—¢) 0

it follows that
)= —2 14 )+ (224 2
Ps2(u) = clc—1)2 el c—1 (c—1)2)°

We explicit the weight Tfs’z using Definition 4.1.2 as
L = g fo dual s/h)Wde
hzfo (CC ] 1 Cl(s/h)WS (2_%4_ C ) ) Ol(s/h)WS>dWS
I 2 _ (w2 _ 1 (W2—h)
l(ﬂ())[(W ) <W< =~ (1= )
— (Wﬁ_h) +h2 ( 12 <W2(1 0) —h(l—c )
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The weight has mean zero, so to compute the variance, we square and take expectations;

simplifying the resulting expression using

E[Wfﬂ =3k  and E[W}%W(Zlfc)h] = h?(1—¢)(3 —2¢) for c € (0,1).

Differentiating the variance of the weight with respect to c, yields a minimum variance attained

atc =3/2—+/5/2 ~ 0.382, independently of h. The minimum variance of FZs’z is hence given
by

9404/5 — 21028 242
n2(3v/5—7)(21V5 — 47)(4V/5-9)  h*

V(If?) =
]

For the step function ¢s3 with steps at distinct points ¢,/ € (0,1), we consider three

simultaneous equations from the definition of the function ¢ € IC[30 1 Their solution yields

¢s3(u) = s11p_cq) () + 521 e gy (1) + 53,

where
1 1
S1:= —2 -2 ,
! c(c—1)* cle=1)(c—¢)
—2c+2 1 2c—4 p )
= 2 —2(c -1
%2 o T c(c—l)(c’—c)+(c—1)(c’—1) (¢'=1)
and
_ _ —2c+4 )
s3:=242(c—1)2=2(c—1) 1+(C_1)(C,_1)+2(c’—1) :

Lemma 4.1.3. The weight defined using the step function ¢s 3 attains its minimal variance at c = 0.676,
¢’ = 0.104 independently of h, and W[l”is'3 | =95.7/h>.

The proof is omitted as it follows the same argument as in the proof of Lemma 4.1.2.

412 Approximating the I' using the Euler scheme

We now discretise the process using an Euler scheme, and consider approximating the I'. The

next lemma will be required for the main result in this section:

Lemma 4.1.4. Suppose an Euler scheme, ¢ = 2, and (Hu3,) holds. Then,

E[qf)]-u(h, Xh)} = 29710, x) + O(h) = 1202u(0, x) + O(h);
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assuming (Hus3 ), we have

E{(Ff)ju(h, Xh)] = L9700, %) + LY u(0, x)h + O (12).

Proof. We show the proof for d = m = 1, which extends naturally. Using X, = x + f(x)h +
v(x)AW, perform a Taylor expansion on u(h, X},) using the multivariate Taylor theorem around

(0, x), observing that when ¢ = 2, then Fi = ((I;(ll))2 — h) /W2

E[rfuuz, Xh)} :E[rfu(o, x)] + IE[ ((AW}B#) (R — x)2x1(0, x) + hdu (0, x))}

(AW)2 — 1\ (Xj, — x)?0xx1(0, x) + 2h(X}, — x)0u(0, x) + H?04u(0, x)
() ; |

+...,

where AW := foh dWw, = Ip(ll), and AZ = foh Wsds. We now consider the terms individually,
starting from IE[FZu(O, x)] = 0.

1. For the first part, we expand up to O(h) terms. Furthermore, observe that the d.,u(0, x)

terms are

W)? _
elry =P (1) = 2

i (f@h @)
1 D4 1 1)\ 2 )3 1
ol ()3 00 {0 i}
Lo ()2 _Lalyl 28 2 1oy 2
B {52 (1) = 32 b = 3w - Jrt0? = ()
using the properties of the Brownian motion. We now consider the term containing 0xxx1(0, x):
o (K= )T _pl1 sy _ L2 m)° _ ()2 MY _ o
B ] =l ((07) 3 ()= (0)7) + o (47) = ot f v

‘HEBf’YZ{ (I}(zl)>4_ (1,5”)2}11} HEB”Z{ (1}51)>4_ <I;(,1))2}h3/2} L o)

=f(x)7(x)*h + O(h?).
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For the dyxxxu(0, x) terms, we have

(Xh_x)4 15 4 1222_14 143_1222_143
41 A VA v AL Rl Oy A VA AL Rk v P

=)+ o f () (),

¢
£l

Now, we consider several of the cross terms containing d¢,u(0, x):

A

For terms relating to g 1(0, x),

p3h(Ry = %)) _p[1 o f (N ()2 MY° _ ;1372 2
]E{FhT —E|>7 <Ih ) - <1h ) I+ f(x)y(x) <1h ) — 11 {2 - o(n?)

=1(x)*h+O(h?),

and similarly we can check that the 9dy,1(0, x) terms are O(h?). For higher-order terms, we
have that terms such as [.%%(0, x) are continuous and bounded by assumption. Collecting the
terms up to O(h) proves the first part.
2. For the second result, collect the terms until O(h?), with the additional smoothness in

the value function. We continue to Taylor expand the value function, and observe that the

OxxrxxU (0, X) terms are

o (Xn =21 [ 1 s N 0\ a2 2\ _ (2.
]E{rh s | =Bl (1) — (87) |+ o) = 002)
and similarly for higher order terms, we can check that ]E[l"f(xhk—_,x)k} = O(h?) for k > 5.

A 1
E[rfu(h, Xh)} = ('}’(x)zaxx + {’)’Zatxx +f’)’zaxxx + 574axxxx}h + O(h2)> M(O, X)

= 23V u(0, x) + L8000, x)h + O ().

Remark 4.1.2.

(i) An alternative proof to Lemma 4.1.4 is to use the Euler scheme and an extension to Lemma 3.2.1.

(ii) The above proof can be shown for general ¢ € IC[lo e pick ¢ = 2 as it defines a weight with
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the smallest variance.

We now conclude the result for approximating the I' using an Euler scheme:
Theorem 4.1.2. Suppose (Hu%) and ¢ = 2. Using an Euler scheme, then

E[(rf)jg(fq)} = L97u(0,x) + O(n).

Proof. This proof follows essentially the same steps as in the proof of Theorem 3.2.1. By a

telescoping sum and the first part of the previous lemma,

.. n—1
E|(1]);g(%1)| = L¥7u(0,x) + O(h) + E|(T}); Y (1t %) = u(t X))

Applying Ito’s Formula, we compute

Eti[u(tiJrl/XtiJrl) — u(t;, Xt { z+1 L (s, Xs)ds]
= t}?) tz;Xt ) + E; [ft i ft L (r, )A(r)drds} (4.1.5)
= B20%u(t;, %) + O(1),

l

where to get the last equality we used also the fact that i(p ) u(ti, Xt,) = 0, and the boundedness

of the derivatives of the value function. For (s,y) € [0, T] x ]Rd define ¢l (s,y) := 3L, £l 0)u(s, y).
With this notation, we obtain,

E|(T});{g(Xr) —u(h, &)} = E ]_11 (En 129kt Re) | + o<h3>)] .

From the smoothness of ¢}, then Ey,[¢} (;, X;,)| = By, [473 (t;, X:;'th )} + O(h). Combining these

equalities, we obtain

. N _ t, X,
E[() (k) — u(h 21)}] =0 + E|(0]); (£ B gl ] )] e
using the Cauchy-Schwarz inequality and the variance of weight (I”i) j- We observe that,

Z NE;, [% p, x5 >] = (b, &) + O(h),
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where for any (t,x) € [0, T] x RY, ¢} (t, x) := ]Et[ftT dl (s, Xﬁ’x)ds} , noting that ¢} € GZ.
We compute

n—1 R Y
HE| (T)jh Y ¢k (t, X,) | = iLE 9L(0,2) + O(1);
i=1

therefore

4.1.3 High-order expansion for I
(1,1)

We now pursue high-order approximations, which shall lead to approximations of u; "/, as
opposed to 19'1) u(0, x) using the approximations from the previous section. In Chapter 3, we
applied weak Taylor schemes of order r used for approximating the A. The aim is to extend

these results for the '—we begin with the analogues result to Lemma 3.2.3:

Lemma 4.1.5. Fix | € INT. Suppose that (Hué”) holds for a value function and LOu. = 0,
(ONS ICfO,”, and suppose that the order of the weak Taylor scheme is | 4 1. Then,

t:, Xy, N
]Eti {Fi’hu(tiﬂ, Xtth’ ):| = IEti [Fi,hu(tiﬂ, th.ﬂ)] + O(hl),
in particular, E[Ffu(h, Xh)} = E[Ffu(h, Xh)} + O(h), when ¢ = 2, (Hu3) and a weak Taylor scheme

of order 2 is used.

Proof. We show the proof in the d = m = 1 case, and only in the case of a weak Taylor 2
scheme.
i) We first show the result for a weak Taylor scheme of order 2 (without drift), for ¢ € IC[lo 1

The proof is analogues to Lemma 3.3.2, but using weights for the I'. Recall that
R n, 1 1))? 1 0,1
K= x+ ()1 + EW’{ (1,5 )) — h} + 5727”1,5 ),

where

h h ps
i = [aw, = [0 dedw,
0 0 JO
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Now, multiply the Taylor expansion of u(h, X},) by 1"2 and take expectations:

]E[rfu(h, Xh)} = ]E[I‘Zu((), x)] + E[rf (X — 2)35u(0, x) + hdyu (0, x))]
—|—IE[1“‘£ (f(h—x)zaxxu(o,x)JrZh(X'g rx)atxu(o,x)Jrhzauu(O,x)] (4.1.7)

+...,
and we explicit the individual terms, in this case up to O(h), with

h
= hlz/ ¢(s/h) WedWs.

For the first term, IE[FZu(O, x)} = 0. The terms 9,u(0, x) are

3 1 h

E|T) (%, —x)| = E{rf (’)/I( )+ 277 { (1 )) h} + 57”72/0 sdwsﬂ
1, 2

=577 lE{h2 ¢(s/h) sds}

using a change of variables and (4.1.2). For the 0:u(0,x) and 94u(0,x) terms, we have
]E[I"ih] = ]E[thz} = 0. For the terms containing dy,1(0, x), we obtain

X, — x)? 1 4 1 3
it S ol (o ()"« S (1))
o (1 2 1 o 4o, 1 3 yi01) (1))
+1E_Fh (27 2V (V) Y, > (Ih )
i 1 1
+E|T] (—5727’11 + 57%”#’”) 1151)1
[ 9 1 2 /th_l 3./~ (0,1) 1 a0 m2 (70,12
+E| D g7 (V) = 27y h, T 4 gt () (")
— 7 " o(s/msds — [ (s/h)sd O
o (3 [ otsrmsas = [ pls/msas) | + o)

—y / s)sds + O(h) = 72 + O(h).

Higher order and cross terms can be dealt with in a similar manner. For the remainder terms,

observe that since (Hu3), then

E[riu(h, Xh)] = LDy (0,x) + O(h).
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ii) For the second result, consider a weak Taylor order 3 scheme, with ¢ € K using the

2 .
[0,1)7
property fol ¢(s)s?’ds = 0, the remainder terms are of O(h?). For this we require an additional

level of smoothness in the value function; i.e. (Huj). O

We now prove convergence for the weak Taylor scheme with r = 2:

Theorem 4.1.3. Suppose that (Hu3) holds, ¢ € ]C[lo,l]' and suppose a weak Taylor scheme of order 2,

on an equidistant time grid 7t such that |7t| = h. Then,

uf” = E[(1);8(Xr)] + O(h).

Proof. We begin by fixing the equidistant time grid 7t with n points of size h.
i) By a telescoping sum it follows that IE[(F‘hp) j g(XT)] can be expressed as

n—1
(D) Y {ultivn, Reyy) —u(ti, X2}

[Tt %1,)] = | (T); 1

—|—]E[(1"Z)ju(t1,}2tl)}, (4.1.8)

and from Lemma 4.1.5 we note that IE[(FZ)]'u(h, Xh)] = u(()j’j) + O(h), where h := t;.

ii) It is left to deal with the telescoping series. Consider

o o iv1 7(0),2 o i1 2 ()2 o '
u(tin, Ki,,) —u(t, Xe) = [ LY %u(s, K)ds + Dy [0 LY 2u(s, Xo)aw)

— hig’zu(ti, X)) + ft?“ in iggt"o)’zu(r, X;)drds + R,

and observe that since we have used a weak Taylor 2 scheme,

o o _ P00z g 5 L p
u(tivr, Xe, ) —u(ty, Xy,) = 5Ly, u(t, Xy,) + O(h’) + R; (4.1.9)

R are terms that have conditional expectation equal to zero given the filtration F;,, and for a
(0’0)’2u(t,-, )A(tl.) = L0y (¢, Xt,-) = 0 from Lemma 3.2.2. From

X:.
h4
<C 72 O(h),

this, we can conclude by summation that
from the Cauchy-Schwarz inequality, (Hu3), and observing that ||Ff |2 = v/2/h. Therefore,

weak Taylor scheme of order 2, L.

n—1

E|(T); Y {ultivn, Kiyy) — ult, X))
-1

1

n—1
(rf)j Z{u(ti+1’Xti+l) —u(t;, Xti)}

E[(0])ju(ta, X1,)| = '_1 FE[(T)u(h, )] = u +0h),
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which concludes the proof. O

Remark 4.1.3 (Simplified weak Taylor schemes). For higher-order schemes, it could be advantageous
to consider simplified weak Taylor schemes; for an Euler scheme we replace the ftij“ dWs components
by simple expressions such as the random variable AWiH, where hj 1 = ti 1 —t; and ]P(AWiH =
++/hiy1) = 1/2. For a weak Taylor scheme of order 2, also replace f t?H Wsds by %AWZ-HhiH, with

P(AW; 1 = £+/3hi11) =1/6 and P(AW; 1 =0) =2/3.

The use of such simplified schemes enables the techniques to be implemented in a deterministic manner
as a binomial/trinomial lattice; if there is no “recombination” of the tree, then the computational cost

grows exponentially.

92))

We now state a more general result for higher-order approximations of u;"":

Theorem 4.1.4. Fix | € IN*. Suppose that (Hué“) holds for a value function u, ¢ € K[o 1)’ and

suppose a weak Taylor scheme of order | 4+ 1, on an equidistant time grid 7t, such that |7t| = h. Then,

uf” = E[(T]);8(Xr)| + O().

4.2 Combination of weak Taylor schemes

We can see from Lemma 4.1.4 that for an Euler scheme and & := t;, we can write

E[rgu(h, f(h)] = 20Vu(0,x) + O(h) = 72(x)3xxtt(0, x) + O(h), (4.2.1)

(1,1)

where Ly /u(0,x) = 9?(x)dxyu(0, x), which includes the T. Furthermore, from the previous

section, using a weak Taylor scheme of order 2, then

E|T7u(h, %) | = LODu(0,x) + O(h) = 7(x)*(0,x) + 4(x)7/ (x)3x14(0, x) + O(h). (4:22)

As a result, we have several alternatives for approximating the I'. We could set ¢ = 2 and:

(a) Use an Euler scheme for the first time step, and the weak Taylor order 2 scheme for the

remainder of the time steps, yielding (4.2.1).

(b) Use the weak Taylor order 2 scheme throughout for all time steps, and approximate the I’
by rearranging (4.2.2).
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(c) Euler scheme throughout, with I approximated as in part a).

(d) For completeness, one could use a weak Taylor 2 scheme for the first step, followed by an

Euler scheme for the remainder of the steps. The I' is approximated as in part b) above.

Remark 4.2.1. Observe that using the Euler scheme has the apparent advantage of not requiring the A,

since ﬁ,(cl’l)u(O, x) contains the T.

4.3 Extrapolation

We begin by performing extrapolation for the I' using the Euler scheme, to obtain a result
similar to Theorem 3.3.1. The proof of the next theorem is very similar to that for the Delta, so
for completeness is included in the appendix.

Theorem 4.3.1. Consider an Euler scheme throughout. Suppose that u € G}. Then, for ¢ =2 € Kl

[0.1]7

2E|(1]);8(X4)| — E|(15,),0(X1/%)| = L7 u(0,x) + O(1?).

We now show an expansion using a weak Taylor 2 scheme and ¢ lC[lO 1] in order to justify the

extrapolation technique for the I":

Lemma 4.3.1. Consider a weak Taylor scheme of order 2, and ¢ = 2 € ’C[lo,l}' Suppose that (Huj)
holds. Then,
E[rfg(fq)] = u{" + Ch+ O().

Proof. i) We apply the weak Taylor 2 scheme, and consider terms in the Taylor expansion of
u(h, X;,) as in (4.1.7), expanding up to O(h?). We start with IE[TZu(O, x)] = 0. We now take

expectation of ]E[Fi(f(h — x)0,u(0, x)} to obtain

307+ (F =7 + L 0+ 30" + (= + Sy’ = hff = $hf"y?)| 3xu(0, %)
= [’w’ +h (%ff’ +3f" = 3 ff - %f”’yz)] 9xu(0, x) = 1790, x)

where f := f(x), f/ = %(xx) and likewise for 7y and higher order derivatives. We now consider

the second term in our expansion, namely IE[FZMGML{(O, x)} and expand in powers of &
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to obtain
(B2 4+3{=3m72 (V) + B2+ 3y + 302 + '} (0, %)
+ | =312 = 3Py + 3P ( 4 AR = 302 = Shfry| B (0, %)
+ (3 = § (' = k2] (0, %) + O ()
= (P + PO P47+ 3+ 2f17'}) Bt (0, x) + O(2).

We now consider IE[I“; (Xh; x)3axxxl/l(0, x)] and repeat the prescribed steps to obtain

[%h'ﬁ +3{=1hy3y + 1hfy?} + thyPy) — Lhfq? ] Oxxxtt (0, x) 4+ O(h?)
= h(37°Y + f7*)0xxxtt(0, %) + O(K?).

Studying IE[ (P( x)4axxxxu(0 x)] yields

%h’y‘laxxxxu(o, x) + O(h?),

and with further effort .
(X, — x)°

]E{Ff 50 axxxxxu(oz x)} = O(hz)

We now consider the cross terms
(X, — x)h

m[r"’z 5 atxu(O,x)] = v hduu(0, x) + O(h?),

(Xh — x)zh

JE{F;% 3 Ot (0, x)] = 'yzhatxxu(o,x) + O(hz)

and 1E[r4’3<xh I 110, x)} - 0(h2),E[rfz;(’?h;;‘)%atmu(o,x)] — O(12),
& N\27.2
E{r‘,%—(xh X)h

and ]E[Ff6(xh Z!x)h38tttxu(0, x)] = O(h®). This is sufficient to show that for this example, we
have ]E[Ffu(h, Xh)] = u(()l’l) + hCy + O(h?).

ii) We now consider the telescoping terms: using the second part of the proof of Theorem 4.3.1,
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we can conclude that

n—1
E|Ty ) {”(tiﬂfxtm) —u(t;, Xti)} = Coh + O(I?).
i=1
Therefore, ]E[rfg (XT)] — u{"Y 4 Ch+ O(h?) with C := C; + Cy. x

The next theorem extrapolates for the I' analogously to Theorem 3.3.1 for the A:

Theorem 4.3.2. Consider a weak Taylor scheme order 2 throughout. Suppose that u € Gj. Then, for

p=2¢ IC%O,”,
2| (1]);g(X4) | — B[ (13,);8(X¥/?)| = LIDu(0, x) + O(h?).
Proof. Application of Lemma 4.3.1. O

Theorem 4.3.3. Consider a weak Taylor scheme of order 3. Suppose that u € G7. Then, for ¢ € IC[zo,l],

SE[()8(RD)] — SE[(T4)8(%52)] = L0Du(0, ) + O()

4.4 Simulation results

We consider higher-order approximations of the I' and extrapolation results. We study

Example 3.4.1 throughout.

441 High-orderT

We now summarise parameter configurations in Table 4.4.1 for high-order I' approximations.

¢ Expression | Scheme | ( MSE Cost | Slope
p=2eKh, | I¥Vuy | Euler |1/4 O(NTI2) | O(NS) | -2/5
p=2€K, LDy, WT2 |[1/4 | O(N-Y2) | O(N5/%) | -2/5
gsp€ Ky | LMug | WI3 | 1/6 | O(N ) | O(N7/%) | -4/7

Table 4.1: Approximating I' in different ways, using different { and schemes.

In this example, we consider { = 1/4. The computational cost is O(N°/4) and the MSE is
O(N~1/2), which suggests a gradient of —2/5. This slope is confirmed by Figure 4.1.
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MSE vs Cost Gamma (log log plot)

—— WT2 (r,c) = (-0.41837,-5.9818)|

log(cost (sec))

Figure 4.1: MSE vs Cost (log — log) in seconds for the I', 250 repeats. Parameters as in Table 4.4.1
(ie. C =1/4).

Example 4.4.1. We consider Example 3.4.1. For the scheme configurations a),b), c) from Section 4.2,
in Figure 4.2 we use { = 1/4 and the true A (we require A for examples b) and d) above). We consider
N =218, ...,2% with 30 repeats. We see that when { = 1/4, all schemes convergence with the same
rate; the predicted value is —2 /5 since the computational cost is O(N>/*) and the MSE is O(N~1/2).

4.4.2 Extrapolation for I

We consider the three different examples of extrapolations in Figure 4.3, with the parameters
summarised in Table 4.2. The first example uses an Euler scheme, with { = 1/6. Extrapolating
for the I' using an Euler scheme approximates i,ﬁ“) = 42(x)T, which does not include the A
term. In this example, this is highly attractive, as we do not require an approximation of the
A to obtain the I'. The second example, uses a weak Taylor scheme of order 2 throughout,
with { = 1/6. The approximation now is of L")4(0, x), which is an expression containing
the A. We see that this is slightly worse compared to the I using an Euler scheme, as we have
now used the approximation of the A at each step, as opposed to the true value. For both of

these examples, the extrapolation is performed using (A, B) = (2,1), yielding a bias of O(h?).
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log(MSE)

MSE vs Cost for Gamma (log log plot)

-6.5
&= —— WT2 throughout (r,c) = (-0.51452,-5.9271)
—O©— 1st step Euler, WT2 after (r,c) = (-0.45089,-5.9751)
— —  Euler throughout (r,c) = (-0.48085,-6.0374)
_7k
-7.5
_8k
-8.5-
—_ 1 1 1 1 1 1 1 1 1 J
0.5 1 1.5 2 25 3 3.5 4 4.5 5 5.5

log(cost (sec))

Figure 4.2: See Example 4.4.1. Gamma approximated using various schemes, { = 1/4.

¢ Expression | Scheme | A | B 4 MSE Cost | Slope
p=2eKh, | L¥Vug | Euler | 2 | 1 |[1/6| O(N"23) | O(N7/%) | -4/7
p=2€Kjy | LWu | WI2 | 2 | 1 |1/6|O(N?3) | O(N"/®)| -4/7
gsp € Kfy | LUWug | WI3 [ 4/3]1/3|1/8 | O(N*/*) | O(N*/®) | -2/3

Table 4.2: Approximating I' using extrapolation, using different ¢ and schemes.



134 4.4 Simulation results

MSE vs Cost Extrapolated Gamma (log log plot)

—e— Euler, 0=2, (r,c) =(-0.6138,-4.7974
—— WT2, =2, (r,c) =(~0.5920,-4.468¢
~ — WT3, ¢, () =(-0.7259,-6.769¢

=

= =

log(MSE)

-4 -3 -2 -1 0 1 2
log(cost (sec))

Figure 4.3: MSE vs Cost (log —log) in seconds for the I', 100 repeats, using extrapolation.
Euler scheme and WT2 with ¢ = 2, and (A,B) = (2,1). Third plot is WT3, using s, and
(A,B) = (4/3,1/3). See Table 4.2.

Note that the weak Taylor 2 scheme is slightly more computationally tasking. For these two
examples, the computational cost is O(N’/¢) and the MSE is O(N~2/3), which suggests a slope
of —4/7, confirmed by the numerics. The third example uses a weak Taylor scheme of order
3, with { = 1/8 and ¢ 2. The performance is superior and even though though the scheme is
very computationally expensive. The computational cost is now O(N?/8), and with an MSE of
O(N~3/4) the theoretical slope is —2/3, which is observed.
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5. Possible extensions

Thus far, we have considered stochastic differential equations of the form (2.0.1), and
approximated option sensitivities with respect to the initial state variable, x € R“. In this
section, we approximate the sensitivity with respect to a parameter, other than a state variable.
For example, the Vega of an option in a Black-Scholes model is defined as the sensitivity of
the option price to a change in the fixed, initial volatility; the idea here is to make the constant
volatility parameter stochastic by introducing a perturbation. It will be seen that the technique
relies on the expansion of the value function with a perturbation parameter e.

Let X* = (X{)>0 be a perturbed version of process X, and let u® be the value function of
the perturbed Cauchy problem. Informally, the aim is to be able to make statements such
as X{ = X; + O(e) in some probabilistic sense, and similarly for the solution of the PDE.
In [FSW12, Theorem 1.2], it is shown that assuming (Hf1) then for all ¢,6 > 0 it holds that
E|Xf — X;|> < Ce? and lim, o P(maxo<s<¢ | XE — X¢| > 6) = 0.

5.1 General perturbation

We consider a perturbation with an independent Brownian motion. Recalling (2.0.1), consider

a driftless, time-homogeneous n-dimensional stochastic process X = (X;);<q satisfying

dX; = 7(X, 0)dW", X, =xeRY, (5.1.1)

where 6 € R? is fixed, and W) is an m-dimensional Brownian motion. Introduce a small
perturbation ¢ > 0, an independent (from W) d-dimensional Brownian motion W(?) =

(Wt(z))tzo and consider the perturbed couple X = (X%, 6°), solution to the following SDEs:

dXe = (X5 05)dW Y, X§=xeRY,

5.1.2
dgs = edw?, 05 =6 € R°. 512

Essentially, the dimension of the system has increased from R? to R*+?, whilst the number of
parameters has gone from the R? (the dimensions of ) to R (that of ¢). Supposing Lipschitz
continuity and linear growth on the driving coefficients of (5.1.2) guarantees existence and

uniqueness of the solution. We choose to continue with the expansion approach described in
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the previous section, and fix d = ? = 1 and m = 1. The new Brownian motion, W@  allows us
to compute the sensitivity with respect to 6, using a suitable Fy-measurable weight multiplied
by the payoff. In the perturbed model, consider a terminal payoff function ¢ € C,. Suppose
that (uf);c(o,7) is the value function, where uj := uj(t, Xj, 0f,¢). Formally, the option pricing

paradigm can now be represented as
uy = Elg ((¥7)1)] = Hg (X7)],

where (a); is notation for the it entry of a. It is clear that u}(0,x,0,0) = up(0,x,0), i.e. the
value function of (5.1.1) coincides with that of (5.1.2) when the perturbation parameter ¢ is
zero. However, it is not obvious how the limit of lim, 10 uB(O, x, 0, ¢) behaves, whether it exists,
and whether it equals to 1 (0, x, 6).

Throughout, we make the following assumptions on the ability to expand the value function
in terms of the perturbation :

(Hu?"): There exists a rate r > 0 such that for all ¢ > 0, u¢ = u® + C¢’ 4 o(¢’) holds pointwise

and for all multi-indices a such that /(a) < I also L*u¢ = L*u? + C¢’ + o(¢") holds pointwise.

From now on assume (Hu") holds throughout for some / > 1, although we do not attempt to
impose conditions for this strong condition to hold. The analysis will be performed assuming
the rate r = 1, and it could be repeated in the same manner for a general » > 0.

The aim is to approximate sensitivities, such as

dug(0,x,6,¢)
ox

dug(0,x,6,¢)

00 sw’

and
el0

in addition to higher-order derivatives.

Remark 5.1.1. We do not require Delta approximations, however insist on including them in the
analysis for the included perturbation. The reason behind that is so that all Greeks can be computed

with one forward pass using the perturbed stochastic differential equation.

Remark 5.1.2. Expansions for the volatility of volatility in a similar framework have been considered
in [Lew00, Chapter 3]. The author presents two expansions: in terms of the option price, and in terms
of the implied volatility, and is able to present some asymptotics for them (see [Lew00, Table 3.2], with

better performance for the second type of expansion).

In the next proposition, the aim is to approximate sensitivities with respect to x and 6, and
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compute the Greeks using (X})c[o,r], whilst ¢ tends to zero. Again, the operators LO, LM, ()
defined in (2.1.3) and (2.1.2) will be used. As a convention (and slight abuse of notation), y
denotes y(x, 0), where (x, 0) are the initial values of the driving SDEs.

Proposition 5.1.1. Consider the model in (5.1.2), and assume (Hu3) and (Hut?). Let v : R2 — R
be three times continuously differentiable, with bounded derivatives. Then, Table 5.1 shows expressions
containing the first and second-order sensitivities with respect to x and 6, by multiplying the payoff by
the given weights:

Weight Value Bias
% Ot} O) + O(e)
i g | O +00
z:%;) L0 O(9) + O(e)
52 L3228 + LD | O(0e) + O(e?)
2l 9oty O(8) + O(e)

Table 5.1: Two dimensional sensitivities and weights for the general perturbed model.

Proof. The It6-Taylor expansion in (2.2.7) can be recalled for u{; multiplying it by I lgl) yields
e 7(1 1 ¢ 1 1,0 € 1
Efusly’] =B [ [LOug] 1] + B [ [L00us) 1] + 8 [10V [L00u] 1]
= 0LWug + O(6?)
= 0LWud + O(8?) + O(%)
= 0970u) + O(8?) + O(de),

thus obtaining the weight 11(91) / (97) for 9xu) and the corresponding bias. The proof for dgu
is similar, thus omitted. In summary, the perturbed solution X is multiplied by the following

weights to approximate the first-order Greeks:

Iy = |g(XF)45| +O(e) +O(9),
2 (5.1.3)

dgu) =E |g(X5)4-| + O(e) + O(V).

For the second-order sensitivities, recall the hierarchical set D, and consider the It6-Taylor
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expansion of u% which has the following Ito-Taylor expansion:

Wy = Y IS [LMug+ Y I8 [LMu].
K€D, aeB(Dy)

Multiply the expansion by I lgl’l), and by

2] s
EugﬁzlzL@h%+owy
we obtain
E[g(x%)zlél’l)/ﬁz] = LOVyE + 0(8) = LYV + O(9) + O(e). (5.1.4)

Similar analysis can be performed for the weight 21 1(92’2) /92 to obtain an expression containing
L(Z'Z)ug :since L(2) = €dg, hence it holds that

(2,2)

g(X%)ﬂ—] = 8991/!8 + 0(19) + 0(8) (5.1.5)

E 92¢2

For the cross-terms, repeat the same computations, and recall that IE[Ilgl’z) + Ing,l)] =

IE[I 1(91) I 1(92) } from Remark 2.3.1, so that the expression

(D)

g(X5) =220 ] = L0240 + LCYy8 1+ O(0e) + O(e?) (5.1.6)

E %

holds, assuming smoothness for the functions 7 and uj. Combining expressions (5.1.3), (5.1.4),
(5.1.5) and (5.1.6) proves the results in Table 5.1. O

5.1.1 Example: perturbed Bachelier model

Consider the perturbed Bachelier model:
Definition 5.1.1. The driftless perturbed Bachelier model is (5.1.2) with v(x,0) = 6.

The strategy is to approximate sensitivities with respect to x and 6, and compute the Greeks
using the perturbed process (Xj);c[,r], whilst the perturbation ¢ tends to zero. We proceed

with a corollary (proof in Appendix A.2), which is a consequence of Proposition 5.1.1.
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Corollary 5.1.1 (Perturbed Bachelier Greeks). Suppose that (Hu3) and (Hul?) hold. Then, the
following expressions for the first and second-order Greeks from Table 5.2 hold:

Greek Weight Value Bias
M
Delta b 3,1l | O(9) + O(e)
(2)
Vega % dgu | O(8) + O(e)
(11)
Gamma % dxxtt) | O(8) + Ofe)
W@ o .
Vanna | Lt — S8 | dgyuy | O(9) + O(e)
(2.2)
Vomma 2;”;—82 dger | O(8) + O(e)

Table 5.2: Bachelier Greeks using two-dimensional uncorrelated Brownian motion for the
underlying and the volatility.

We now prove convergence results for the Bachelier Greek approximations in Table 5.2, when
using a discretisation scheme with a strong rate of convergence of order k. We proceed as in
Section 2.4 to compute the MSE of the Greek approximations, including the error introduced
from the perturbed SDE using the parameter e. The parameters , 77 are chosen as before (recall
definitions on page 80), and the perturbation is set to e := 1/N".

Consider an approximation for the Delta with N paths under the perturbed model to be
Ag =Ly N, g(f(%i)llgl)’i/(ﬁe), where X%/ is the i simulated path.

Proposition 5.1.2 (Delta). Assume (Hu?) and (Hu?), g is bounded and Lipschitz continuous, and
consider a discretisation scheme with strong convergence rate k. Then, for { = 1/3 and v,kn > 1/3
the MSE of A%, is O(N~2/3).

Proof. The bias of the approximation of the Delta is E[Ay] — A = O(8) 4+ O(e) + O(Ve).
By using a discretisation scheme with strong rate of convergence k, it follows that E[A§,] =
A+ O(h*) + O(9) + O(e) + O(Ye). The variance of A%, is O(1/(N®)). The proof then follows
from observing that the MSE of Aj is

ONS™ M+ O(NZN) L O(N2) + O(N~2) + O(NVF)y £ O(NF1=6) + O(NE7Y).

From the first and the fourth terms it follows that { = 1/3. To match the other errors, it is
necessary to have v, ky > 1/3. With such choice of parameters, the MSE is of order O(N -2/ 3).
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This concludes the proof of Proposition 5.1.2. O

. i
The next Greek of interest is the V and its approximation is Vy; := % N, (X7 II’W. Similarly,
the bias of this approximation, when using a strong-order scheme with rate k is IEW]S\,} -V =
O(HK) + O(9) + O(e) + O(¥e).

Proposition 5.1.3 (Vega). Assume (Hu?) and (Hu?), g is bounded and Lipschitz continuous, and
consider a discretisation scheme with strong convergence rate k. Then, for  =v =1/5, kn > 1/5 the
MSE of V%, is O(N~2/5).

Proof. For the Vega, the variance of Vj; is

v (sqpn”) (k)

VON) = — e N
Combining this with the bias, the MSE is proportional to
ONT21) L O(N~H1) + O(N2) + O(NZ) + O(NVF) £ O(N~FI=8)  O(NE7Y).
From this, it follows that 1 — { — 2v = 2v = 2, therefore { = v = 1/5. In addition, if ky > 1/5
is chosen, the MSE is of order O(N—2/5). m

Consider now the second-order Greeks, namely Gamma, Vanna and Vomma, referring to them

asI', V, and V,. Their corresponding approximations in the perturbed model are defined by

A 1 N A .21(1,1),1'
Ie — el ¢
N Ni:lg( ) 9202’
. 1 N . I(l),il(z),i 1(1),i
e 1 eiy [1o to " Ly 5.1.7
. 1N 20
Vg,N :Nzg( %l) 92¢2

N
I
—_

Proposition 5.1.4 (Gamma, Vanna, Vomma). Assume (Hu3) and (Hu?), g bounded and Lipschitz

continuous, and consider a discretisation scheme with strong convergence rate k. Then,
1. for { = 1/4and v, ky > 1/4 the MSE of [, is of order O(N~1/2);

2. for{ =v =1/6and kn > 1/6 the MSE of VX \ is of order O(N~'/3);
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3. for { = v =1/8and kn > 1/8 the MSE of V¢ is of order O(N~1/4).

Proof. All three proofs follow in the spirit of Proposition 5.1.2 and 5.1.3. The different
parameter constraints on {, v, ki arise from the variance term, so that the MSE can be controlled.
1. The variance of [%, is O(1/(N®?)). The MSE for the approximation of the Gamma
is O(N%~1) + O(N=21) + O(N=%) + O(N~2%) + O(N—V=kn) + O(N—k1=¢) + O(N—¢V).
Therefore, to balance the error from the first and the fourth terms, 1 —2{ = 2( yields { = 1/4
and the MSE is O(N~1/2) when ki, v > 1/4.

2. The variance of V;N is O(1/(N®%€?)). From the MSE, 1 — 27 —2v = 2v = 2 yields
{ = v = 1/6. By choosing ky > 1/6, it follows that the MSE is O(N~1/3).

3. The variance of ]A/(f’N is O(1/(N®?¢*)). From the MSE of the Vomma, it follows that
1 -2 —4v = 2v = 2( therefore { = v = 1/8, and for kn > 1/8 it follows that the MSE is
O(N—1/4), m

A summary of Proposition 5.1.2-5.1.4 is included in Figure 5.3.

Greek ¢ v kn MSE
Delta [1/3|>1/3|>1/3] O( )
Vega |1/5| 1/5 | >1/5] O( )
Gamma | 1/4 | >1/4| >1/4 | O(N"1/?)
( )
( )

Vanna |1/6| 1/6 | >1/6| 0O
Vomma | 1/8| 1/8 | >1/8 | O

Table 5.3: Parameters and constraints, with MSE.

5.1.2 Numerical results: Vega with perturbation

We now consider the Bachelier model with parameters (x,60, T) = (100,20,1), and consider
a European call option with strike K = 105. Our focus is to compute the Vega, and from
Table 5.3, we use an Euler scheme and fix ({,v,n) = (1/5,1/5,1/5). In Figure 5.1, we show

the improved approximations for these Greeks against N.

Remark 5.1.3. For this example, it is not necessary to include a perturbation to compute the Delta and
Gamma; the plots simply demonstrate that even with the e perturbation, we can compute these Greeks

using the perturbed model.
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Figure 5.1: Bachelier model Delta, Vega, and Gamma, using a perturbation. MSE vs N using
antithetic variables and an Euler scheme.

In Figure 5.2, we plot the mean squared error against the computational cost (measured in
seconds), in a log —log scale. The slope of this is —0.73, which is an improvement on the

predicted value of —1/3 (since the computational cost is O(N®/5) for { = v = = 1/5).

5.2 High-order Greeks for non-linear pricing

Backward stochastic differential equations (BSDEs) have been widely used in stochastic
control, and in mathematical finance for pricing problems, see e.g. [EKPQ97, MY99, PP92,
EKHMO08] and references therein. The solution of a (decoupled) forward-backward stochastic

differential equation consisting of the adapted processes (Y, Z) satisfying

dXt = f(Xf)dt + 'y(Xt)dW,g, XO = X, (521)
—dYt = h(Xt, Yt, Zt)dt — Z;.def, YT = g(XT), (522)

where 1 : R? x R x R4 —>1Risthedriver,andf:IRd — IRd,'y:]Rd —>]Rd,g:IRd — Rand K
are some Lipschitz continuous functions.

The approximation of the forward X process is well studied, and in the BSDE literature the
focus is on approximating (Y, Z) in a backward, recursive manner. Recent methods extend the

setting to a broader class of BSDEs (with drivers) based on Euler approximations [BT04]; other
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MSE vs N for the Vega (log-log), (r,c) = (-0.73178,-3.0279)

log(MSE)

0 1 2 3 4 5 6 7
log(cost (sec))

Figure 5.2: Bachelier model Vega: MSE vs Cost (log — log) using antithetic variates and an Euler
scheme.

work considers multi-step and Runge-Kutta schemes [Chal4, CC14]. A variance reduction
technique is considered in [AA13]. A possible extension could be extending the solution of a
BSDE, to include process G = (Gt);c[,7]- Formally, define G; := LAYu(t, X;), for t € [0, T],
and consider a solution (X, Y, Z, G).

Consider an equidistant mesh 77 with n time points 0 = tp < t; < ... < t; = T and denote by
(Yi, Z;, G;) the approximation of (Y}, Z;, Gt,) fori =0, ...,n, where h := T /n.

On this time grid, we suggest a one-step fully-implementable approximation:

(i) Initialize the terminal conditions, (Y, Z,, G,), which are F; -measurable, square-

integrable random variables.

(ii) Let approximations (Y;, Z;, G;) be given by

Y; = By [Yiar + (tin — t)h(t, X0, %0, 2], Zi =By [HY Y], Gi=Ey [T} Y],

where the coefficients H;/J , and F‘f , are Fi.  -measurable random variables, such that for



144 5.2 High-order Greeks for non-linear pricing

some positive A

hlE[|HZ’/h|2] <A, EyH,]=0 and hzlE[|rf;h|2} <A, E Y] =0
Such schemes have been considered in [FTW11, CSTV07]. The value of (Y}, Z,, G,) is given by
(8(X1), ¥(X7)0x8(XT), ¥(XT)0x (7(XT)02g(XT))) extending the notion of a solution in [PP92].
Convergence properties for (Y, Z) are well studied for one-step, multi-step and Runge-Kutta
schemes [Zha(04, Chal4, CC14].

Future work in this general direction would be to adapt what has been done in the previous

sections to the non-linear setting (extrapolation method, Gamma approximations).
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Part 111

Explicit Euler scheme for SDEs
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6. An Explicit Euler scheme for financial SDEs with

non-Lipschitz coefficients

We propose here a modified explicit Euler-Maruyama discretisation scheme for a class of
stochastic differential equations with non-Lipschitz drift or diffusion coefficients. This scheme
yields strong convergence, with a rate, which, under some regularity and integrability
conditions on the coefficients of the SDE, is actually optimal. We then apply it to some widely
used diffusion models in the mathematical finance literature, including the Cox-Ingersoll-Ross,
the CEV, the 3/2 and the Ait-Sahalia models, as well as to a family of mean-reverting processes

with locally smooth coefficients.

6.1 Introduction

One of the main tasks in mathematical finance is to evaluate complex derivative products,
where the underlying assets are modelled by multi-dimensional SDEs which rarely admit
closed-form solutions. Monte Carlo techniques are therefore needed to approximate these
prices, and Glasserman’s book [Gla03] has become the main reference for a comprehensive
overview of such methods with applications to financial engineering.

Classical weak and strong convergence results for discretisation schemes of SDEs assume that
the drift and the diffusion coefficients are globally Lipschitz continuous [KP92]; however many
models used in the literature, such as the CIR, CEV, Ait-Sahalia models, violate this assumption.
For pricing purposes, weak error is usually sufficient, but strong convergence rates are needed
when using multilevel Monte Carlo methods (MLMC), in order to optimise the computational
complexity [Gil08b, GHMO09].

In traditional Euler-Maruyama discretisation schemes, the constructed approximation can
potentially escape the domain of the true solution of the SDE. In recent years, a lot of effort has
been focused on deriving schemes staying in restricted domains for SDEs with non-Lipschitz
continuous coefficients [Alf13a, BBD08, BD04, HMS02, HJK12, NS12]. Several modifications
have been introduced such as the drift-implicit [DNS12] and the increment-tamed explicit Euler

schemes [HJ12, Theorem 3.15]; in the context of mathematical finance, a thorough overview of
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these can be found in [KN12].

A now classical trick is to apply a suitable Lamperti transform in order to obtain an SDE
with constant diffusion coefficient, thereby translating all the non-smoothness to the drift.
In the context of non-globally Lipschitz coefficients, this idea, introduced by Alfonsi [AIf05],
was further exploited in [Alf13b, NS12] to obtain strong LP-convergence rates for implicit
“Lamperti-Euler” schemes, in particular for the CIR and the Ait-Sahalia models, and for scalar
SDEs with one-sided Lipschitz continuous drift and constant diffusion [NS12].

Under sufficient differentiability conditions, modified Ito-Taylor schemes [JKNO09] of
order 1 > 0 provide pathwise convergence results of order i — ¢ (for arbitrarily small € > 0).
This approach relies on a localisation argument similar to that in [Gy698], with an auxiliary
drift and diffusion function chosen upon the discretised process exiting a sub-domain. For
irregular coefficients, some strong rates of convergence have been obtained under more
restrictive conditions in [Gy©98, GR11, Yan02, NT13].

Motivated by these different approaches, our main contribution is to provide an efficient
numerical approximation of SDEs with non-globally Lipschitz coefficients.

We first present an explicit Euler scheme with a projection for SDEs with locally Lipschitz
and globally one-sided Lipschitz drift coefficient, which has a computational cost of the same
order as the explicit Euler-Maruyama scheme. We prove strong rates of convergence for a
wide family of SDEs, often exceeding the parameter range of the implicit schemes available
in the literature. Under suitable assumptions, we are able to obtain fast convergence reaching
the optimal rates of convergence. The scheme shares some of the features of the tamed-scheme
family. Its analysis however does not require heavy technical tools. Having in mind application
to mathematical finance, the analysis is made for SDEs whose support is included in (0, o).
Nevertheless, the techniques used here can be extended to the multi-dimensional cases under
some suitable assumptions. An important contribution is the choice of the scheme in relation to
considering the rate of explosion of the drift function at the boundaries of the domain through
a locally Lipschitz continuous condition. To the best of our knowledge, thus far in the literature
of tamed schemes, only the exploding behaviour at infinity has been considered.

We then turn our attention on SDEs with non-globally Lipschitz diffusion coefficients, as often
encountered in finance. We apply a Lamperti transformation to the process of interest in order

to shift the non-Lipschitz behaviour from the diffusion to the drift function, before using the
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modified scheme. This allows us to prove rate of convergence for the original process in the
L'*¢-norm for e > 0. The rate of convergence for the value ¢ = 1 can then be used for MLMC
applications.

The remainder of the chapter is structured as follows. In Section 6.2, the modified Euler-
Maruyama scheme is introduced. In Section 6.3, the main convergence result is proven for
the scheme. In Section 6.4, the scheme is applied to families of SDEs, such as the CIR, the 3/2
and the Ait-Sahalia models, widely used in mathematical finance, and the Ginzburg-Landau.
In Section 6.5, numerical results for the rates of convergence obtained are shown and discussed.
Notations: In the sequel, D is the interval (0,00). We denote by D, the domain [, o), and
D := Dy. Furthermore, we define the interval D; := (—oc0, (] and DV/,C = D, NDyg, fory < ¢.
We denote by C?(D) the space of twice differentiable functions with continuous derivatives
on D, and by C2(D) the space of functions in C?(D) with first and second bounded derivatives.
We shall denote by IN™ the set of strictly positive integers. For m > 0, we denote L™ the set of
random variable Z such that || Z||, := IE[|Z|m]1/m < +oo.

6.2 Definitions and assumptions

Let (O, F, (Ft)t>0, P) be a filtered probability space, and W = (W;);>¢ a standard (F;)-adapted

Brownian motion. Consider a stochastic differential equation of the form

dY; = f(Y3)dt + y(Y:)dWy, Yo = Yo- (6.2.1)

Throughout this article, we shall assume the following;:
(Hy0): the SDE (6.2.1) admits a unique strong solution in D = (0, c0); the drift f is locally
Lipschitz continuous and globally one-sided Lipschitz continuous on D, namely there exist
&, > 0,K > 0, such that for all (x,y) € D?:
)= FWI <K (1wl + o+ s l—ul (622)
(x =) (f(x) = f(y) < Klx =yl (6:2.3)

furthermore, the diffusion function v is K-Lipschitz continuous on D for some K > 0: for all

(x,y) € D?, the inequality |y(x) — v(y)| < K|x — y| holds.

Remark 6.2.1. The function 7y could as well be defined on D. However, assuming the Lipschitz
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continuity of -y on D would lead to a natural extension of vy on D.

Remark 6.2.2. In many models used in practice (in particular the Feller/CIR diffusion in mathematical
finance, see Section 6.4.1), these assumptions are not met. A suitable change of variables, however,

allows us to bypass this: consider an SDE of the form

dXt = }I(Xt)dt + U(Xt)th, XO = X0, (624)

where the process X takes values in some domain Dx C R. If o(x) > 0 for all x € Dx, the Lamperti
transformation of X is defined as F(x) = [* o(z)~'dz, and Itd’s Lemma implies that the process defined
pathwise by Y := F(X) satisfies (6.2.1) with f = F'y + 1F"0? and v = F'o is constant.

Let n € IN™ be a fixed positive integer and T > 0 a fixed time horizon. Define the partition of

O(1/n).
For a closed interval C C R, we define p; : R — C as the projection operator onto C. For ease

of notation, we define also p, = pp,, for x € R,

(

nkvx An¥ , Dn:f)n,knk/ ifa >0,>0
—k ~ .
n"*Vvx , D,=D,_ ifa =0,>0
pn(x) = o Tt p . (6.2.5)
XAn , Dn=Dp ifa >0,=0
X ’ Dn:D 1f“:ﬁ:0

\

In the following, we denote by C a constant that depends only on K, T, «, 8, yo, but whose
value may change from line to line. We denote it by C,, if it depends on an extra parameter p.

We now introduce our explicit scheme for the discretisation process Y:
Definition 6.2.1. Set Yy := Yp and fori =0,...,n—1,

Yti+1 = Yti + fﬂ(Yfi)hiJrl + 7(Yfi)AWi+1'
with hi—H = ti—i—l —t;, Awi—i—l = Wti-s—l — Wti' fn = f O Pn and Y:i=7yo PbD-
Remark 6.2.3.

(i) For some applications, it may be interesting to force the scheme to take values in a domain, e.g.

intervals D, DU, Dg or even f),],g. To this end, we introduce some extensions of the previous
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scheme. For all i < n, we define Vi, == pp(Vy,), Y, = PD”(Yti)/ Yi = pD{:(Yti) and
Y; = pDM(Yti), for some 17, > 0 to be determined later on, see Corollary 6.3.1 for details.

In Proposition 6.3.3, we prove finite moments and finite inverse moments for these modifications.
(ii) Observe that for « = p = 0, Y is the usual Euler-Maruyama scheme, up to a projection onto D.

The following lemma shows how the properties of the initial drift f translate into the new
projected drift f,:

Lemma 6.2.1. For any n € N, the composition f, = f o p, is Lipschitz continuous with Lipschitz
constant L(n) = 2K(1 + n*P1 (p>0y T nk'aq {a>0}), and one-sided Lipschitz continuous with the same

constant K as the one-sided Lipschitz continuous constant of f.

Proof. The fact that f, is L(n)-Lipschitz continuous is straightforward. We prove the one-sided
Lipschitz property in two steps below.

Step 1. Let r > [ > 0 such that D, C (I,r). Assume that f is C'(I,r). From (6.2.2), we have,
forz,z/ € D,,z > 7, % < K, and letting z’ — z, we retrieve that f'(z) < K. This shows
that f = g + ¢, where g is a non-increasing function and ¢ is K-Lipschitz continuous, setting
e.g. g(x fm u)1p(y)<oydu and £(x fm )1y p(y)>01du. Since p, is non-decreasing
and 1- L1psch1tz on lR we have f, = gop, + 6 P, w1th g o pn non-increasing and ¢ o p, K-
Lipschitz continuous on R. This shows that f, satisfies (6.2.3) as well on R.

Step 2. We now deal with the general case using a smoothing argument. Let [,r € D, r > |,
such that for all D, C (I,r). We consider a sequence ((pm)m>1 of mollifiers whose supports are
included in [—%, [] and define f" = @ f = f 1] u)f(x —u)du as the convolution of

fi

¢m and f. We observe that, forall x,y € (I,7),
(x=y)(f"(x) = ")) = /[, , P =y) (f (c —u) = fy —u))jdu

23]
<Klx—y* [ , Pn(w)du < Kix -y?,
22
where we used (6.2.3) and the fact that [, ¢,;(u)du = 1. Since f™ is smooth, we can apply
Step 1 to obtain, for all (x,y) € R?,

(x =) (f"(pa(x)) = f"(pu(y))) < Klx —y[*.
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Letting m go to infinity, we then obtain

(x —y) (f(pu(x)) = f(pu(y))) < Klx —y[*,
for all x,y € R, which concludes the proof. O

Remark 6.2.4. For any n € N, since f, and vy are Lipschitz continuous, an easy induction shows

.....

in n, since the Lipschitz constant of f, depends on n.

We now introduce the following assumption, which implies that L(n)?h < C, foralln € N,
and which relates the locally Lipschitz exponents a and p to the size of the truncated

domain D,;:
(Hp): the strictly positive constants k, k" satisfy 2k < 1 and 2ak’ < 1.

We require additional assumptions to prove the strong convergence rate of our scheme: below
(Hy1l) imposes a condition on the moments of the process Y in terms of the locally Lipschitz
exponents « and 8, to obtain a minimal convergence rate. We shall further impose regularity

conditions on f and vy to obtain a better rate of convergence.

(Hyl): (Hp) holds and there exist ' > 2(a + 1) and g > 2§ such that IE[]Yt]”f/] and IE[| Y| 7]
are finite for all t € [0, T].

(Hy2): (Hy1) holds, the drift function f is of class C?>(D), and

OO FO)E+ |F ) + L0 iy

2
sup E
te[0,T]

< co. (6.2.6)

For an implicit scheme, strong rates of convergence have been derived in [NS12]
assuming (Hy2); inspired by this paper, our motivation is to recover strong rates of

convergence for the explicit scheme in Definition 6.2.1.

6.3 Convergence results

In this section we prove strong rate of convergence for the scheme in Definition 6.2.1 under
some of the assumptions stated above; this result follows from estimates for the regularity

of the processes Y and f(Y), and the discretisation error of the scheme. Below, we give the
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results for the general case o, B > 0, but in the proof we restrict to the most complicated case
x>0,p>0.

6.3.1 Preliminary estimates
Our first two results concern the error due to projecting the true solution Y on D,,.

Lemma 6.3.1. Assume that (Hy0) and (Hy1) hold. Then, for any t € [0, T],

2 1 1 _.
]E[|Yt — pn(Y1)] } < Cq (Wl{;bo} t f o Heo0} ) = Ki(n,q,9"),

where q,q" are given by (Hy1).
Proof. For any t € [0, T], we can write

1 1
E[[Y: = pu(¥)P] < P (Yt < ﬁ) +E|ViP1 e | -

Sety =¢q'/2and 0 = q'/(q' — 2), its conjugate exponent. Holder’s inequality yields

[Py, < B[] g3 > 1

Using (Hy1) and the set equality {Y; > nF} = {Ytq/ > 1k}, Markov’s inequality implies
]E|:|Yt|21{Yt>nk/}] < Cq/n*k/(qlfz). Likewise, since {Y; < n~*} = {Y; 7 > nM}, Markov’s in-
equality yields P(Y; < n=*) < C,n %, and the lemma follows. ]

Lemma 6.3.2. Assume that (Hy0) and (Hy1) hold. Then, for any t € [0, T],

2 1 1 .
]E[\f(yt) — fu(Y1)] } < Cyq (ml{ﬁw} + ml{wo} =:Kz(n,49,9),

where q,q’ are given by (Hy1).
Proof. Using (6.2.2), we observe that
FO) = fa(0DP < € (14 %72+ 1Y) 1Y = pu(¥)
1
-2 2 2
<C (14 vi7) Lyt +C (14 Y)Y Py

= A1+ Aj.
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Setn :=q/(2B) and 6 := q/(q — 2p). Holder’s inequality then yields

C 11/ _
A, < H—Zz{]E[|Yt| P {Y, < k318,

and (Hy1) together with Markov’s inequality imply E[A;] < Cyn Ka-2(B=1)_ Setting 1 :=
2(zx+1) and 0 := LI_Z'Z—D‘H) a similar computation gives [ A;] < Cp n—K (@' =2(a+1)), 0

The following lemma provides a regularity result for the process Y and will be required for
the main convergence result. For a given stochastic process X on (Q, F, (F¢)¢>0,P) and the

partition 7r, we define its “regularity” by
n-l et )
RalX]:= Y /t [ X — X, ] dt 6.3.1)
i=0 V"

Lemma 6.3.3. Assume that (Hy0) and (Hy1) hold. The regularity of Y satisfies R[Y] < Cgah,
where q,q’ are given by (Hy1).

Proof. For t € (t;,t;11], since  is K-Lipschitz, (Hy1) implies

(/t:f(Ys)ds)z + /t;(|ys|2 +1)ds

For t € (t;,ti11], we now compute

v ([ soagas) | <[ [ ronral

1

<2| [ e[l - fur ] ds [ B[00

E[m - Ytﬂ < CE

<c(1+

(o))

< Ch (KZ(”/ q,q9) + L(n)2 sup IE[l + \Yt\z] ) )

te(ti tiva]

Using (Hyl) and the inequality L(n)?h < C, which holds under (Hp), we obtain
E[|Y; — Y;,?] < Cy o for t € (tj, tiy1], and the lemma follows from the upper bound

= E/ﬁtiﬂ ]E[|Yt - Y| } dt <C max  sup IE[|Yt Yy, | ] < Cyyh-

=0, =1L et by
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We now compute upper bounds for the regularity of f(Y).

Lemma 6.3.4. Assume that (Hy0) and (Hy1) hold.
(i) Then R[f(Y)] < C (Ka(n,q,q') + L(n)*h), where q,q" are given by (Hy1).
(ii) If moreover (Hy2) holds, then R [f(Y)] < Ch.

Proof. The inequality in (i) is a direct consequence of the following computation:

/tlti+1 IE[]f(Yt) _f(Yti)H dr < C(/tltiﬂ IE[‘f(Yt) —fn(Yt)|2i| dt

1 1

+ [0 - fur) ) a

i

+ HE||fa(Ye) = F(43)P] ) < Ch (Kaln,q,) + L(n)?h)

where we used Lemma 6.3.2, Lemma 6.3.3, and (Hp). Let us now prove (ii). The drift function f

is of class C?(D) by (Hy2), and It6’s Formula on the interval [t;, t;,1] implies

fVy) = f(Yy) = /ti+1 (f’(Yt)f(Yt) + %f”(Yt)“Y(Yt)Z) dt + /t'ti+1 f1 () (Yr)dWs.

i

Squaring and applying the Cauchy-Schwarz inequality the yields

2 fi1 / 2 / ')’2(Yt) 1" ’
E1f (Y, = FO0)P] < [ B[l () P+ n | (£ + T )| |,
and (ii) follows from (6.2.6), direct integration on [t;, t; 1] and summation. O

6.3.2 Convergence result

We consider here the discretisation error between the true process Y and the discretised

process Y. Let us introduce the following notations:

oY= Yl‘,' - Yti/ 5nfl = fH(Yfi) - fH(Yt;‘)/ 571‘ = rY(Yti) - '7(?1‘,) . (632)

The following key proposition provides a bound on the squared differences |5Y;|?, which
depends on both the partition size and the regularity (in the sense of (6.3.1)), and which will be

refined further below in Theorem 6.3.1.
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Proposition 6.3.1. Assume that (Hy0) and (Hy1) hold, then

iir(}??fnlE“(SYiH < C(Ka(1,4,9") + Ralf(Y)] + Rr[Y]) , (6.3.3)

where q,q’ are given by (Hy1).

Proof. 1. We first show that the global error between the scheme and the solution is controlled

by the sum of local truncation errors defined below. Indeed, observe that

YtH—l = Yfi +f”(Yti)hi+1 + T(Yfi)AWi—s—l + g?—s—l + Cz?ill

fori <n—1, where

o= [ (00— falv)

= [ )~ 30n) aw = [ (400) 40, aw

ti ti

The last equality comes from the fact that Y takes values in D and ¥(Y;,) = (Y3,), foralli < n.

Therefore, squaring the difference 6Y;; gives
16Y; 112 =[0Y;|* + 20Yi0 fihiy1 + 26Yi07iAWiyq + 20Y:0% 4 +26Y:%,
+ |8ufiltisn + 0vidWigq + 0y + 8417 -

Using the simple identity IEti[25Yi5'yiAWi+1 + 25Yi§f"+1} = 0 and an application of Young’s
inequality yields

|]Eti gd |2
E[|5Yi+1|2} < (1+ Ch)lE“(SYiH + CE| [0 filti1]* + |67i|*hia + % + 122412+ 125412

2,2\ 2 (]Eti[gzdﬂ])z d |2 w |2
< (14 Ch+ CL(n)*H?) E[|oY;[2] + CE S T

since f, is one-sided Lipschitz continuous (Lemma 6.2.1), locally Lipschitz continuous with

Lipschitz constant L(n) and < is Lipschitz continuous. Under (Hp), L(n)?h < C and an
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iteration yields

r 2
d
12 - (Et{g]}) 42 2
max | |§Yi[?] < cgm S g 1 (63.4)
- -|€Jd‘2 w2
<CY Bl ——+15P|. (6.3.5)
=

2. We now provide explicit errors for the global truncation. As 7 is K-Lipschitz, we have
E[|z¥ 2] <C ftt,”l E[|Y; — Yy,|?] dt, and hence

L K] < CRolv) 636

We now compute an upper bound for E[|77 ,[?]. Since

o= [0 - = [0 - e+ [0 - )t 637)

The Cauchy-Schwarz inequality yields
E|[¢f1| < Ch ( / E[|£(¥) - f(Y,) ] dt + HE]|£(Y,) —fn<mi>|2}) :

and Lemma 6.3.2 implies E[|77,[?] < Ch(ft?+1 E[|f(Y:) — f(Y3,)|?] dt + hKa(n,q,q")) and
E[|79]?] < C(Ka(n,q,9") + R=[f(Y)]). Combining this with (6.3.5) and (6.3.6) concludes
the proof. o

We have kept the above result general, without a priori assuming that the drift function belongs
to C2(D). If we consider a constant diffusion and (Hy2), we can recover a better upper bound
using (6.3.4) instead of (6.3.5) in the first part of the previous proof and prove a first-order
strong rate of convergence. This will be illustrated in Proposition 6.3.2 below.

We now state the main result of our paper, namely a strong rate for §Y; defined in (6.3.2).

Theorem 6.3.1. Assume that (Hy0) holds, then the inequality

max H§Yi||2 < Cq q/hr (6.3.8)
i=0,...,n !

holds with r = min(% — B L %) > 0 under (Hyl) by setting (k, k) = (-1,

2 7 ) and
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r = min(3, % -2 ‘7/4;2 — 1) > 0 under (Hy2) by setting (k,k') = (ﬁ, ).

[y

Proof. 1. Assume (Hy1). Combining Lemma 6.3.3 and Lemma 6.3.4(i) with (6.3.3) yields
max E|[0Y;| < C(Ka(n,q,q') +L(n)*h+h);
i=0,...,n

< Cq/q,(hl—Zﬁk + hk(q—i—Z)—Zﬁk +h1—20¢k/ + hk/(q/—Z)—Zock/ +h) _

To balance the error terms, set k = qﬁ and k' = 7 —1, observing that under (Hyl), (Hp)
holds for this choice of parameters. Thus, we obtain max;—g,. . [|0Yjl2 < C, k', with
r:min(%—q%,%— 7 %), with r > 0.

2. Assume (Hy2). Lemma 6.3.3 and Lemma 6.3.4(ii) with (6.3.3) imply

.....

Setting k = 2/3, k' = yields max;—,. [|0Yil[2 < Cpqoh", wherer = min(1/2, q44;32 — 1/2, 4a

1/2). Since (Hy2) implies (Hyl), we observe that r > 0. O

We now state the convergence results associated to the extensions of the scheme defined in
Remark 6.2.3.

Corollary 6.3.1. Assume that (Hy0) holds. Then the approximations (Yy,)i<, and (Yy,);<, defined in
Remark 6.2.3 satisfy

max (HYt Yilla 4+ 1Ys — Yello+ 1Y — Yill2) < Cooh,

holds with r = min(% — %,% — q‘"—z) > 0 under (Hyl) by setting (k,k') = (-15, 1) and

r = min(3, 'Z;Z Y q;f — 1) > 0 under (Hy2) by setting (k, k') = (2/5, o), where == h¥/9 and
g :=h"2/d-2),

Proof. The proof follows by computing upper bounds for each of the three quantities on the

left-hand side. For all i < n, since pp is 1-Lipschitz continuous, we can write
E||Y; — Vi P| = B|lpp (%) — po (Vi) 2] < B[, — ¥, 2] = E[ovif?,

and the upper bound for ||Y;, — Y;,||2 follows from Theorem 6.3.1.
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Set now 1 = h¥/9. Fori < n,
E|| Yy — Y4l?] <2 (| I¥;, = pp, () | +E[lpp, (%) — po, ()]
<2 (K[|, — pp, (Ye)1?] + | 1¥;, = Y, )
< Co (E[IYs = pp, (Vi) P| + 1), (6.3.9)

where the last inequality follows from Theorem 6.3.1. A straightforward adaptation of the
proof of Lemma 6.3.1 yields IE[|Yti —Pbp, (Y3,) |2} < C4n1, which gives the second bound.

Similarly, for i < n, the equality E[|Y;, — pDé(YtiHZ] = E[|y;, — 21 {Yfi>5}] holds, and an
application of Holder’s inequality gives E[|Y;, — ng(Yti”Z] < Cq,gf(‘i/*z). Choosing { =
h=2/(4'=2) concludes the proof. O

Remark 6.3.1. For SDEs defined on the whole real line, strong convergence rates have been proved using
tamed explicit schemes [H]K12, Sab13]. The authors assumed that the drift satisfies (6.2.2) and (6.2.3)
with locally Lipschitz exponents & € (0,00), B = 0, D = R and that the diffusion is K-Lipschitz.
Under these assumptions, (6.2.1) has a unique strong solution [Kry90]. Our modified scheme and a

slight modification of the projection, namely, p,(x) = —nK v x A nk' can be applied to cover this case.

We now show that, as for the classical Euler scheme, our modified scheme may have a first-
order strong rate of convergence if the diffusion coefficient is constant. This can be observed
in practice, as shown in Section 6.5.1. This also suggests that a similarly modified Milstein
scheme, when the diffusion coefficient is not constant, will have a first-order strong rate of

convergence.

Proposition 6.3.2. Assume that y(x) = v > 0 for all x € D, and that (Hy0) and (Hy2) hold, with
g >6B—2andq > 6a+2. Then,

max (N6Yill2 + 1Y, = Ve llz + [1Ye, = Y ll2 + 1Yy, — Yy ll2) < Cogrh,
where we set 1 := h*/1 and { := h=2/\0'=2) in the definition of Y and Y.

Proof. The proof is similar to Step 2 in the proof of Proposition 6.3.1, but uses the sharper upper
bound (6.3.4). Since the diffusion function is constant, Y/ ; E[|?|?] is null, and using (6.3.7),
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we can write

d 1)2
|€;i+1 2, (Efi[g;;rl}) ] (6.3.10)

ek ([ 00 - 00 e )2] .

1

n—1
max]E[|(5Yi|2} <Y E
! i=0

n-1 i+1
<Kol o)+ L E|| [ (06) - 7))

Moreover, It6’s Lemma implies

= o= [ ([ 7 0g06) + 3 tdu s [ F (), ) dr

i
which we can rewrite as

/t;m </tt F ) f(Ya) + %f”(Yu)vzdu> dt + /;Hl(tm — B (Yi)ydWe.

Under (Hy2), we then obtain easily, recalling (6.3.10), that

maxE||6Yi?| < C(Ka(n,q,q') +1?) .

The proposition then follows by setting (k, k') = (ﬁ, »-) and using the fact that g > 6 —2 and
g’ > 6a + 2, from Lemma 6.3.2.

The statement for || Y, — Y3 |2, ||Y:, — Yti ll2, 1Yz, — Yti |2, follows from the same arguments as in
Corollary 6.3.1. O

6.3.3 Moment properties of the schemes

For later use, we show that our approximations have uniformly bounded second moments,

which completes the result of Remark 6.2.4.

Lemma 6.3.5. Assume that (Hy0) and (Hy1) hold. Then, for q,q’ given by (Hy1),
max E|[Y;, P+ %24 |V 2+ [V, ) < Cyy
i=0,...,n

with for Y, { == h=2/@=2) and for Y, 5 := h*/4, recall Remark 6.2.3, and with r = min(} —

q%,% - qﬁ%z) > 0, under (Hy2) r = min(3, % -1, ”7/4;2 — 1) > 0, and if moreover, g > 6B — 2,

g >6a+2andy(-)=y>0,r=1
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Proof. Since |Y;|? < 2(|Y;, — Y4|2 + |Y|?), (Hy1) and Theorem 6.3.1 imply that
E[|Yti|2} <2 (E[mi - mz] +]E[|Yti|2D < Cpy(B +1) < Cpy
holds for any i < n, which proves the claim.
The statement for Y, Y and Y follows from Corollary 6.3.1 or Proposition 6.3.2. O

We now consider the modifications Y and Y defined in Remark 6.2.3 and prove some finite

moments or inverse moments for them, extending the previous result.

Proposition 6.3.3. Assume that (Hy0) hold and let { := h=2/~2) and 5 := h?/9, where q and q'
are given by (Hyl).

(i) if (Hyl) holds, then max,_q _,E|Y'| < C,, . forallp € [1,(qd —1)V2];
y oo f P4 p q

.....

Proof. 1. We first prove (i). We remark that the result for p € [1,2] follows directly from
Lemma 6.3.5. We now assume that 1 < p < g —1 and we introduce the sets A := {Y;, < (}
and B := {|8Y;,| > 1}, where §Y := Y — Y. We then observe that

YV = Ve + VL arpe + Vg

and deal which each terms in the right hand side separately.

Since Y < { by definition, we compute, for the first term,

]E[Y/[juc} < E[Y[j] <C,. 6.3.11)
For the second term, as [0Y},| < 1 on B¢, we obtain
E[ /140 | < C,(1+E[Y]]) < C,. (6.3.12)
For the last term, we first observe that for non negative y, y and 0 # 1,

1
(v)' -y’ = 9/0 (1= Ay +Ay)" Ay —y). (6.3.13)

Using the above equality for ' = Y;,, ' = Y;, and 6 = p we compute that

v op—1 -1
VYl < G g o
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Then since, Yf: Tang < Yf; + |Y£ — Yf: |14np, we observe that

B[V Lans| < Cp(1+ 7 E[|0Y; oy, 1o1] < Cpl(1+ 87 ] joY, 2]

Applying Corollary 6.3.1, we thus obtain

E[Y;ﬁ AQB} <C,(1+07 ) <C,. (6.3.14)

The proof of the first statement is concluded by combining the previous inequality with (6.3.11)
and (6.3.12).

2. We now prove (ii). We assume that p € [1,4 — 3] and that ¢ > 4. We introduce the set
A ={Yy, >n}and B = {|6Y| > n?}, where §Y := Y — Y. We observe that

Ytjp = YtjplAC -+ YtjplAch -+ YtjplAﬁB .
We are going to upper bound separately the expectation of each terms appearing in the right
hand side of the above equality.

For the first term, since on A€, Y}, < Yti holds by definition, we get

E[YtjplAc] < E[YtjplAc} <C,.

1 _
Yfi Yfi Yfi 4

For the second term, observing that % - we compute

Y, |P

E[Y, "1anp] < CPIE{Yti_p +

1AﬁBC} < Cyp,
ti Lt

since on A N BS, |0Y;,| < 7% and % < % For the last term, we compute that

i

E[Yti plAﬂB] < CP]E[Yti_p +[7 7 - Yt,-_p‘lAﬂB}
and using (6.3.13), we get
- c—p—1 | \—p-1
IE[Yti les} <C,(1 +]E[(Yti Py, )|5Yti|1AmB]

< Cp(l + ;7_(P+1))]E[|(5Yti|1{|5Yti|>172}i| .
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Using the Cauchy-Schwarz inequality and then applying Chebyshev’s inequality, we obtain

]E[Yt?plAﬁB} < Cp(l + 1,/_(174-3))}121’ < Cp ,

which concludes the proof for this step. O

6.4 Applications to financial SDEs

We now apply our results to various stochastic differential equations widely used in the

literature.

6.4.1 CIR model

We consider the Feller diffusion [Fel54], defined as the unique strong solution to

dX; = k(0 — X;)dt + &V X, dW;, Xo=x9 >0, (6.4.1)

where W is a Brownian motion, and x, 0, ¢ are strictly positive constant parameters. This
process has been widely used in the mathematical finance literature, both for interest rate
modelling [CIR85] and for the instantaneous variance of a stock price process [Hes93]. Under
the Feller condition w := 2x6/¢> > 1, X remains strictly positive almost surely, and Itd’s

Lemma implies that the Lamperti transform Y = /X satisfies

dYt = f(Yt)dt + Cth, Y() = \/x—() > 0, (642)

where
f(x) =a/x+ bx, a:= (4K9—§2)/8, b:=—x/2, c:=¢/2; (6.4.3)
furthermore, 4 > 0 when the Feller condition holds. Since X = Y2, proving a rate of

convergence for a discretisation scheme for the process Y will allow us to obtain a rate of
convergence for the process X. In the following corollary, we apply Theorem 6.3.1 to provide
bounds for ||6Y;||2 and |6X; |1, where 6X; := X;, — X, = Ytzl, — 1727.
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Corollary 6.4.1. For w > 2, maxj—q,_, (||0Y; H2 + [[6X;|l1) < C:h" holds, where
( ; > , if2<w<3,
_1y 3 < w <5, (6.4.4)
=1, ifw > 5.

Proof. Consider first the bound for ||6Y;||2. The drift of Y is one-sided Lipschitz continuous and
locally Lipschitz continuous with exponents « = 0 and B = 2, and the diffusion is constant,
hence Lipschitz continuous. From [DNS12, page 5], we know that sup,(, E(|X¢|P) < 400
for all p > —2x6/&2, and therefore

sup E(|Y;| ™) < 4o forall £ < 46/ = 2w. (6.4.5)
te[0,T]

In the case 2 < w < 3, we choose g € (4,2w) and fix k = 1/(gq + 2), so that (Hp) holds (no
condition on k' is required since « = 0) and (Hy1) holds as well. From Theorem 6.3.1 it follows
that the convergence rate is given by v := 1/2 — /(g + 2). We compute easily, since p = 2,
thatr € (¢, 5 — o7
Consider now the case 3 < w. We compute that E(|f(Y:)f'(Y:) + 3c2f”(Y1)[?) < CE(|Y:[> +
|Y¢]|7%) < Chold. Combining the previous inequality with (6.4.5), we obtain that (Hy2) holds.
Fix g € (6,2w) and set k = 1/4, it follows that » = min(1/2,(q+2)/8 —1/2) = 1/2 from
Theorem 6.3.1. The case w > 5 follows directly from Proposition 6.3.2.

), depending on the choice of g € (4,2w).

We now prove the corollary for the difference 6X;. The Cauchy-Schwarz inequality and the

result above imply

E[6X;1] = E [| (¥, — T) (Y, + ¥3)[] < \/E(SY2)E |, + Vi,

< G \JE(Y,[2) +1E<|Yfi|2> <G,

since E(|Y4|?) and E(|Y;,|?) are finite from [HMS02, Lemma 3.2] and Lemma 6.3.5. 0
Define 55@ = Xy, — th., where Xt,- = Yfi, recall Remark 6.2.3. We now consider a general

L'¢-norm for convergence of the discretisation scheme of process X.

Corollary 6.4.2. Suppose that w > 2 and fix € > 0.Then

'H(}ax ||5Xi||1+s < Cr,shr/(prs)/
i=0,...,n
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with r defined as in (6.4.4) and where we set { := h_fl’%, with ' = 3 + 4e in the definition of X = Y?,
recall Remark 6.2.3.
Proof. For all i > 0, we have
||5)V(l||%i§ = E[|X;, — X, |17¢] = E[|Yy, — Yy, ||Yy, — Vi, [ Ys, + Ve, |1
gmﬁﬁm¢unﬂnWW]

From (6.4.5), we have that E[|Y;,|*™] < C.. Similarly, since E[|Yti|q/} < 400, we obtain
from Proposition 6.3.3(i), that IEUYGI.PHS} < Cye. This moment bounds, combined with
Corollary 6.3.1 (or Proposition 6.3.2, when r = 1) and the above inequality, leads to [|6X;([;¢ <
Cr el O

Remark 6.4.1. We obtain above a rate of convergence for a larger set of parameters compared to the
results using an implicit Euler scheme in [NS12], where rates of convergence are proved for w > 3;

however, we only achieve a convergence rate of 1 when w > 5.

6.4.2 Locally smooth coefficients

We now consider a stochastic differential equation of the form (6.2.4), with drift function
u(x) = pp(x) — pa(x)x, where p1, up : D — R, and diffusion function o(x) = yx", with
v > 0and v € [1/2,1]. This model encompasses the Feller diffusion (see Section 6.4.1) and
the CEV model [CR76], both widely used in mathematical finance. For the special case v = 1,
the diffusion function is K-Lipschitz and our scheme applies directly to the process X as long

as (6.2.2) and (6.2.3) hold for the drift function p.
We now focus on the case v € [1/2,1). The Lamperti transform reads F(x) = [“dy/c(y) =

7(11_V)x1_‘/, with inverse F~1(y) = [y(1— v)y]l%v. The process Y = F(X) is the solution to
dYt = f(Yt>dt + th, with YO = F(X()) and
_w(F'w) 1,
)= sy 2 (F1w). (6:46)

In order for the functions y and ¢ to satisfy the required conditions, we assume:
(Hs0): v € [1/2,1), and py, yp are bounded and belong to CZ(D); furthermore y is non-
negative and non-increasing, and y is non-decreasing.

We distinguish between two cases for parameter v:
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(Hs1): v e (1/2,1) and p1(0) > 0.
(Hs2): v = 1/2 and there exists ¥ > 0 such that 2u;(x) /9% > 1 forall 0 < x < X.

We now prove a rate of convergence as a corollary of Theorem 6.3.1.

Proposition 6.4.1 (Locally smooth coefficients). Assume that (Hs0) holds. Then,

max (%2 + 81 + 8% 1) < G, €20,

—=V,...,

with
1. If (Hs1) holds, r = 1.

2. If (Hs2) and 2u1(0)/7* =t w > 3 hold, r € (3,1/2—1/w) if3 < w < 4, r = 1/2if
4<w<6andr=1ifw > 6.

_r .
In both cases, we set { :=h 72, with ' = 3 + 4e in the definition of X = Y?, recall Remark 6.2.3.

Proof. In [DM11, Proposition 3.1], De Marco proves that under (Hs0), there exists a unique
strong solution to (6.2.4), which stays in [0, c0) almost surely. In addition, he shows that (Hs1)
and (Hs2) further imply that IP(1p = c0) = 1, where 19 is the first time the process X reaches
zero. We recall that once we perform the Lamperti transformation, the diffusion function is a
constant.

We divide the proof in several parts: in (i) we show that the drift function f is one-sided
Lipschitz continuous; in (ii) we show that f is locally Lipschitz continuous, and hence conclude
that (6.2.2) and (6.2.3) hold.

(i) From (6.4.6), it follows that, for all (x,y) € D?,

(=) (F) = F00) = (=) (A=) — 3o () = e} 4 () )

Since ¢/ (F~1(x)) = v/[(1 — v)x], we observe that

=) (57 (F ') ~ 3¢ (F'®) ) = 550 (- 3) <0
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Now, consider the remaining terms, namely

(F'0) _ #(Fw)
) (5(F1<x>) - 5(“(5))) ‘

x — )y (7 - (x—y) %) — 1 (7
=) () ~ ) ey O - m @ <0

since y is non-negative and non-increasing, v/(1 —v) > 1, and using the fact that the map

0 o Flisincreasing. Additionally,

=) (8~ t55)
= 1-v)(x =y @) (y—x) +x(x —y) [p2 (§) — p2 (2)] < C(x — )%,

since 0 (F71(x)) = v [y(1 —v)x] 7, and since 12 is bounded and non-decreasing.
Combining these results shows that the function f is one-sided Lipschitz continuous.

(i) We now show that f is locally Lipschitz continuous. By differentiation, it is clear that
o (F1(x)) = (F‘l)/ (x), and hence

7o) = (1) - () e (). e

By (Hs0), the first term on the right-hand side can be bounded as follows:

W (E @) < (B 60) D (F7 @) [+ (B ) E7 )] < € (1 [ V00).

and

(I—v)x’

we see that

) (6.4.8)

p (P ) o (P ) |
c(FI) |
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where Cy, Cy, C3,Cy are positive constants. By (Hs0) it follows that (6.4.8) is bounded by
C(l+xP), forp=1/(1—-v).
We finally consider the last term on the right-hand side of (6.4.7). Observe that

o (F7(x)) = yv(v = 1) [y(1 = v)x]

N

v—

N

v—

,_.
Juy
<

v =—Cx

and |3 (F‘l)/ (x)o” (FY(x))| < C/x* < Cx7P, since v € [1/2,1). These three bounds
yield [f'(x)] < C(14 x/(=v) 4 x~1/(=v)) "and hence the drift function is locally Lipschitz
continuous, with « = = 1/(1 — v). Combining this with (i) allows us to conclude that (6.2.2)
and (6.2.3) hold.

We now prove statements 1 and 2 in the corollary.

1) Assume (Hs1). Since the locally Lipschitz exponents are « = p = 1/(1 —v), fixk = k' =
(1 —v)/2,so that (Hp) holds. By [DM11], ]E(Supte[O,T] 1X7|) and ]E(SuptE[O,T] | X¢|~F) are finite
for all p > 0; therefore [E(sup,¢o 1y |Yt|™7) is finite for all g > 0 [DM11, Lemma 3.1]. We note
that f belongs to the class C2(D) and (Hy2) holds, therefore r = 1 from Proposition 6.3.2.
The proof of the statement for ||6X;||1 . follows from the same arguments as in the proof of
Corollary 6.4.2.

2) Assume that (Hs2) holds and let 2j1(0)/9? =: w > 3. Here, « = 0 an B = 0. Then,
max;¢(o,7] E(| X¢| ) is finite for all p < w —1[DM11, Lemma 3.1], and so is max;c[o 7] E(|Y:|~ )
forall ¢ < 2(w —1). Fixqg € (4,2(w—1)) and setk = 1/(gq + 2), so that (Hp) and (Hy1) hold.
From Theorem 6.3.1,7 = 1/2— B/(qg+2) € (3,3 — 1) holds.

Further assume that 4 < w < 6. Note that the drift function f belongs to the class C?(D). Fix
g € (8,2w) and k = 1/4, so that (Hp) holds. By the assumptions on the parameters it follows
that max;co, ) E(|Ye|~ 6) = max;e(o, 7] E(| X¢|~ ~3) is finite, and therefore (Hy2) holds. From The-
orem 6.3.1, ¥ = min(1/2,(q+2)/8 —1/2) > 1/2. Finally, in the case w > 6, we can apply
Proposition 6.3.2, to conclude that » = 1.

The proof of the statement for ||6X;||1 . follows from the same arguments as in the proof of
Corollary 6.4.2. O

In the CIR model, we obtain r = 1/2 for 3 < w < 5, using finite inverse moments of the
process Y from [DNS12]. For the general case in Proposition 6.4.1, we assumed that4 < w < 6

for r = 1/2. In the next corollary, we impose additional assumptions in order to recover the
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same parameter constraints as for the Feller diffusion in the previous section.

Proposition 6.4.2. Assume (Hs0) and (Hs2), and let a*,b* > 0 be such that ui(x) > a* and
ua(x) < b* forall x € D = (0,00). Then,

max (||(syi||2 10X + ||5X||§ig) <G, €>0,

7

withr =1/2if3 < w :=2u1(0)/y* <5,and r = 1if w > 5.
2 Y -
Weset { :=h 72, with q' = 3 + 4e in the definition of X = Y?, recall Remark 6.2.3.

Proof. From the assumptions on y; and py, there exists a*,b* > 0 such that the inequality
n1(x) — ua(x)x > a* — b*x holds in the domain D. We define Z as the process with drift
a* —b*x (instead of y1(x) — ya(x)x), and diffusion (x) = yx!/2. Therefore, by the Comparison
Theorem (see [KS91, Section 5.2]) the inequality X; > Z; holds for all ¢ € [0, T] almost surely,
and hence E(|X¢|77) < E(|Z¢| ") is true for all p > 0. Now, Z is clearly a Feller diffusion and,
from the assumption on w, it follows that max;c o 77 E(|Z¢| ~3) is finite. The result then follows
directly from the second part of Corollary 6.4.1.

The proof of the statement for ||6X;||; ¢ follows from the same arguments as in the proof of
Corollary 6.4.2. O

6.4.3 3/2 model
The 3/2 process X = (X;)¢>0 [Hes97] is the solution to

dX; = c1 X¢(cy — Xp)dt 4+ c3X3/2dW;,  Xg = x9 > 0, (6.4.9)

with ¢y, ¢p,c3 > 0. Introduce the quantity w := 2 + 2¢;/ c%. The Feller diffusion and the 3/2
process are related as follows: the map F(y) = y~'/? yields the Lamperti transformed CIR
process Y := F(X), as in (6.4.2) and (6.4.3), with parameters, a := (4c; +3¢3)/8, b := —c1c2/2
and ¢ := —c3/2. Existence and uniqueness can be retrieved from the properties of the Feller

diffusion, and max;¢(o 1) E(|X¢|?) is finite for all p < w.
Corollary 6.4.3 (3/2 model). Let Y := X~V2. Then, maxj—q,_,|[6Yil. < CH, with r €
(33— ifwe (23, r=1/2if3<w<5andr=1ifw > 5.

Proof. In terms of the CIR coefficients, we have w = 2 + 2¢1 /3 = 2x60/¢>. We directly apply
Corollary 6.4.1 to get the desired results. O
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We now establish a convergence result for the 3/2 process X, using the modification X (recall
Remark 6.2.3).

Proposition 6.4.3. Let w > 3 and fixe > 0. If 3 4 2e < w, then

‘n[)lax HXti - XtiHl-‘rs S Cr,£h2<1r+€)/
i=0,...,n

withr = 1/2 for w < 5and r = 1 for w > 5, where n = h'/(2?),

Proof. It follows that

HXfi - XtJHii IEUXf Xt'yl—l—s}

(Yfz’ +Y’ti )2-+4e
Y ‘4+4sf/4+4€
i t;

< CellYs, - Yt,-||2\/1E{

< CellYy, — Y, ||2\/1E[|Yt,-|’(6+4€) + E[| Yy, | ~(6+4)]];

since 3 4 2¢ < w it follows that IE[|Yt |~ 6+4‘€)] is bounded by a constant. Furthermore, for

n = W/ (g is such that § < 2w), it follows that IE[]Yt] 6+4€)} < 5674 therefore

\/ E |Ytl.|* 6+4€)} < Cg,wh’r/ 2 which together with 3 +2¢ < w and Corollary 6.3.1 (or
Proposition 6.3.2, if r = 1), conclude the result. O

Remark 6.4.2. The last corollary proves LP-bounds (p > 1) for the 3/2 model. In [NS12,
Proposition 3.2] the authors prove strong convergence for the 3/2 process using a drift-implicit scheme

when w > 6 holds; our results above improve this by yielding strong rates of convergence for w > 3.

Alternatively, we could indeed use Proposition 6.3.3 for a higher rate of convergence, however

the parameter w required is larger:

Corollary 6.4.4. Let w > 25 /5 for some fixed ¢ > 0. Then

‘n(}ax ||Xti - XtiHHs < Ce,whl/(1+£)-
1=0,...,n
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Proof. From the computation in the proof of Proposition 6.4.3, we have

X, = R 4% < Cell Y, = Yo llay/E[ |5 |=6+4) + E[| i |- +49)] ]
Using Proposition 6.3.3(ii), the term E[|Yti|’(6+4€)] is bounded by a constant depending on w
and ¢, since 6 + 4e < g —3 < 2w — 3. Moreover, since w > 5, we get that ||Y;, — Yti |2 < Ch,

from (6.4.4) and the same arguments as in the proof of Proposition 6.3.2. 0

6.4.4 Ait-Sahalia model
In the Ait-Sahalia interest rate model [AS96], X is the solution to

dX; = <“X_1 —ag+ a1 X; — azxf) dt +¢XVdW;, Xo=x9 >0, (6.4.10)
t
where all constant parameters are non-negative, and p, ¢ > 1. From [SMHP11], there exists a

strong solution on (0, ), and the Lamperti transformation Y := X!~ satisfies

dY; = f(Yy)dt+ (1 p)ydW,, Yo=1x, © >0, (6.4.11)

with

~1-p =3 oo 0y
x)=(1-— a_qx 0 —apx'* +a1x —apx P ——x .
P 2

Corollary 6.4.5. If o + 1 > 2p, then max 16Yi||2 < Ch.
i=0,...n

Proof. Straightforward differentiation yields

r—1

2
f1@) = =1 (14 )37 +appxr T +ar(1-p) —ax(—p+o)x 71— (p—1)x 2

We have lim, o f'(x) = limye f'(x) = —00, hence sup,_,_., f'(x) is finite by continuity and
therefore f is one-sided Lipschitz continuous. In addition, |f'(x)| < C(1 + X Tt xflg%) for
x > 0, so f is locally Lipschitz continuous with « = 2/(p—1)and g = (0 —1)/(p — 1).
The diffusion is constant, hence Lipschitz continuous. Using the locally Lipschitz continuous
properties of the drift, fix k = 1/(2p) and k' = 1/(2a). We recall that if 0 +1 > 2p, then
max;c (o 1) E(|X¢[P) and max,c(o 1) E(|X¢[~F) are finite for all p # 0 [SMHP11, Lemma 2.1] so
that (Hy1) holds. Differentiation yields

— 3— 2— _ _ _2
friey = —2aalp+ 1) =y aop = (Epr (el SR L 2 gy

p—1 p—1 p—1
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Since f belongs to C?(D) and (6.2.6) is finite by [SMHP11, Lemma 2.3], then (Hy2) holds.
Fix ¢ > 6 — 2 and q' > 6« + 2. Then, by Proposition 6.3.2, the statement is proved. O

We now compute a strong rate of convergence for the Ait-Sahalia process X. We need to

control the behaviour of the approximation near 0 and at co. In order to do that, we introduce
. L1 . . .

modification X, := Y1 where Y, = pp, © ng(Yti) = pDM(Yti), for 17 and { to be determined

later on.

Corollary 6.4.6. If 0 +1 > 2p, then for e > 0,

max [ X, — Xy, [l14e < ChT
i=0,...,n

_2
withy :=h*9,0=h 7 2andq=3+4p(1+¢€)/(1—p),q =4e+1.

Proof. A similar approach to Proposition 6.3.3 yields

1
]E[|5Xti|1+€] <C <]E [|Yfz’|4p(1+€)/(1_p) + |Yti|4€ + |Yti|4p(1+€)/(1—p) + |Yti|4€] ) ’ (]E|§Yti|2)%/

where (5th. = Xy, — }v(tl. and (51@ =Y, — Yti. Sincep > land 0+ 1 > 2p, 1E[|Yti|4p(1+€)/(1_f’) +
\Yti\‘*e] is finite. Observing that Y <Y+ 1, %/ < % + % and using Proposition 6.3.3, we get
]E[\Yti|4p(1+€)/(1_9) + |1V/tl.|4€] < C. Also, we compute

Yt = Y3, < Vi, = pp, (Vi) + [pp, (Vs,) = pp, 0 Py, (V1)
< ‘Yti - pD”(YtiH + |Yf1 - PDg(Yti)‘ + |Yti - Yti|

recalling that p D, and p D; are 1-Lipschitz. Using similar arguments as in the proof of Corollary

6.3.1, we then obtain (E|5Y;, |2)% < Ch and the result follows. 0

6.5 Numerical results

In this section, we numerically confirm the strong convergence rate of the modified Euler
scheme for the CIR model, the one-dimensional stochastic Ginzburg-Landau equation with
multiplicative noise, and the Ait-Sahalia model. For a process X, denote by X(T] ) the modified
Euler-Maruyama approximation at time T and X(T] ) the closed-form solution (or reference

solution), using the same Brownian motion path (the j™ path). The empirical average absolute
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error £ is defined by
L ¢ x)_ g
€= 21 2 1X7 = X7,
j=1
over M sample paths, which we will set to M = 10000. An equidistant time grid is used,
with step sizes h := T/2VN, for different values of N. The strong error rates are computed by

plotting £ against the number of discretisation steps on a log-log scale, and the strong rate of

convergence r is then retrieved using linear regression.

6.5.1 CIR model

The Lamperti-transformed drift-implicit square-root Euler method (see [DNS12, NS12]) has a

unique strictly positive solution defined fori =0,...,n —1by

Y+ AW \/(Yt,- + cAW;11)? ahi

Y;

i+1 2(1 — bhi+1) 4(1 — bhi_i_l)z 1— bhiJr]/ YO = \/x_O > O/

with a,b, ¢ defined in (6.4.3). The CIR/Feller diffusion is recovered by setting X; = Ytzi for
i < n, and we compare the modified explicit Euler scheme with this implicit scheme used as a
reference solution (with a large number of time steps).

We compute the strong rates of convergence for the CIR process, where the implicit scheme is
used as a reference solution. Set (x,0,¢, T,xy) = (0.125w,1,0.5,1,1), such that 2«0 /& = w.
The cases w = (1,1.5,2,2.5,3,3.5,4) are considered. The reference solution is computed using
N = 12. Figure 6.1 shows the rates of convergence r achieved for the CIR process, where
k = 1/4 in the modified scheme, according to Corollary 6.4.1. In the corollary, we prove a
strong rate of convergence of 1/2 when 3 < w < 5,and r = 1 for w > 5. The coefficient of
determination R?, for the goodness of the fit of the straight line, is above 0.998 for all w. We
observe that numerically order 1 is achieved by our scheme for w > 1, which is better than the

bound we proved.

Remark 6.5.1. The projection introduced in Definition 6.2.1 can be modified to p,(x) := Ln=Fv
x AURK, with L, U > 0 suitably chosen constant. This is beneficial if the process has extreme initial

conditions or average state, and does not impact the convergence results.

For small x, it is intuitive to use the projection in Remark 6.5.1 to achieve faster convergence
(albeit without affecting the asymptotic behaviour). Set (x,0,¢,T) = (0.375,1,0.5,1), such
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CIR: Strong Error - 10000 repeats for each stepsize

Br
[w,r]=[1.00 0.95]
ol ———[o,r]=[150 0.96]
[o,r]=[2.00 0.95]
[o,r]=[2.50 0.96]
1) [o,r]=[3.00 0.96]
= - ———[a,r|=[3.50 D.96]
& .r]=[4.00 0.96]
=
s
5 12
Z
2
o3
14
_15 1 1 1 1 1

1 1 L
6.5 7 7.8 g 8.8 9 9.4 10
M, where 2M Steps used

Figure 6.1: CIR model: £ against number of steps (log, scale).

CIR: Strang Error for different x, and prajections
[hd,M]=[10000,10]

-9.5 T T T T
! B
T L= |
-105 B

Strong error (log2 scale)
i

3.5 L L L | | L
i] . . . .

Figure 6.2: Absolute error (log, scale) for N = 10.
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that 2x0/¢? = 3. In Figure 6.2, we let xo vary between 0.05 and 1.2 in increments of 0.05.
We compare the errors achieved for k = 1/4, using the projections p,(x) = n~*V x and
pu(x) = /xon ¥V x. By using the projection f,, smaller errors can be achieved for small

X0.

6.5.2 Ginzburg-Landau

Consider the one-dimensional stochastic Ginzburg-Landau SDE [KP92, Chapter 4], where the

process X is the unique strong solution to

1
axi= |=xp+ (A +502) X de+oXedWs, Xo =10 >0,

for A, > 0, which admits the closed-form solution
xg exp (At + oWy)

Xy = .
\/1 + 2x3 fot exp(2As 4+ 20W;)ds

(6.5.1)

This SDE is a special case of the Ait-Sahalia process with (a_1,4a9,41,a2,0,p) = (0,0,A +
d2/2,1,3, 1). For this choice of parameters, 0 +1 > 2p, hence the moments and inverse
moments of X; are finite for all ¢+ € [0, T], and the solution stays in (0, c0) almost surely. The
drift function satisfies (6.2.2), with («, ) = (2,0), e.g. set k' = 1/4 in the modified scheme.
In addition, the drift is one-sided Lipschitz continuous and the diffusion is K-Lipschitz. As
a result, theoretical convergence for this example can be obtained with rate r = 1, recall also
Remark 6.3.1.

Ginzburg-Landau strong convergence: For this SDE, the closed-form solution is used in the
definition of £ to compute the strong rate of convergence r. Figure 6.3 shows the average
absolute error £ using the modified scheme, for parameters (o, A, T, xo) = (1,1/2,1,1). The
empirical rate achieved of 0.53 (same as the standard Euler scheme) which is lower than the
predicted rate of 1. This can be explained since we are approximating the integral in (6.5.1) as

a summation.

Ginzburg-Landau Euler-Maruyama divergence: We consider an example of the Ginzburg-
Landau SDE for which the standard Euler-Maruyama scheme diverges, and compare the

results with the modified explicit scheme. Fix parameters (0,A, T,x9) = (7,0,3,1) as
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E-M vs true solution (2N): Average absolute error, [re,rm]=[0.53082,0.53082]. M=100.

Classical Euler
-1 ~ © — Modified Euler ]|

Average absolute error (log2 scale)
1
()]

L L L L L L
4 6 8 10 12 14 16 18
N, where 2N Steps used

Figure 6.3: Ginzburg-Landau model: average absolute error £ vs N (log, scale).

in [HJK11], for which the authors prove moment explosion for the classical Euler-Maruyama
scheme, see [HJK11, Table 1]. Figure 6.4 shows the error &£ for the classical and the modified
schemes, for different N. For the modified scheme, set k' = 1/4. The modified Euler scheme
converges with a rate r,, = 0.43. For a range of step sizes, the classical Euler scheme explodes,
as proven in [HJK11] (N.B. very large and NaN values are set to 2% in the figure, to illustrate

the explosions for the classical scheme). The modified scheme appears to be more robust.

6.5.3 Ait-Sahalia model

The strong rate of convergence for the Ait-Sahalia model is computed using a reference solution
with a large number of steps. Consider the parameters (a_1,4a0,41,a2,7, %) = (1,1,1,1,1,1),
and (0,0, T) = (2,3/2,1). From these parameters, note that « = 4 and B = 2. Fix k and k/, such
that 2k = 1 and 2ak’ = 1, so that (Hy1) holds. Figure 6.5 shows & against the number of steps
(log-log plot), where 2!2 steps are used for the reference solution. The Ait-Sahalia empirical
rate of convergence r = 1.25 could be justified by the fact that we used a reference solution

instead of the true solution.
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E-M vs true solution (2N): Average absolute error, r =0.43004. M=100.
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Figure 6.4: Average absolute error £ vs number of steps (log, scale).

hodified E-M ws refarence (212 steps): Strong eror rate. =1.256. M=10000.
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Figure 6.5: Ait-Sahalia model: average absolute error vs N (log, scale).
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7. Examples and extensions

Let || x|| be the Euclidean distance of a vector x € RY,

We consider a d-dimensional drift vector function f : R? — R? and a d x m-matrix diffusion
function 7 : R? — R%*"™_ We denote 7" the vector function that returns the ith column of +;
in other words 7 : RY — R?. Let the process Y = (Y});>0 be the solution to the stochastic

differential equation

dY; = f(Yi)dt + (Yr)dW,, Yo = yo € RY, (7.0.1)

where W is an m-dimensional Brownian motion. We shall consider the following assumptions:
(HD): the solution of (7.0.1) takes values in D C R?, almost surely.
(Hf): f is locally Lipschitz continuous and globally one-sided Lipschitz continuous on D,
namely there exist a, > 0 and K > 0, such that for all (x,y) € D*:

1F() — F@) ) < KL+ (2]l + ] + W+L>nx—yn,

yll?
(x =y, f(x) = f(y)) < Kllx -y

(H7y): 9 is Lipschitz continuous on D for all dimensions i = 1,...,d: there exists K > 0 such
that for all (x,y) € D?,

Iy () = ()l < Kllx =yl -

7.1 Singularities on the closure of D

In the one-dimensional case, we introduced a projection map of the state-space to an
interval D;,. The projection map in a multi-dimensional example is p,, 4 : RY — D, 4, with
Dyg:={(x1,..., %) €ERY:x;,>0,i=1,...,dand n=* < ||x|| < n¥'}. Consider a sequence
of convex sub-domains, D,, », such that the set-theoretic limit of D, exists and equals to D, and

a one-Lipschitz projection map p, 4. In Figure 7.1, we consider D, for D = (0,00)?2, with
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Xy Peeees i

"uy
......
e

.
------
.

Figure 7.1: Sub-domain D,, 5, with singularities at the origin, and at points A and B.

singularities on the closure of D.

7.2 Domain D = (—o0, 00)

We define the sub-domain D, := D, UD; where D, := [—nX, —n~*] and D;" := [n*, n¥].
We also introduce E, := E; UESUE;, where E; := (—co,—n¥), E0 := (—n~%,n%) and
E;f := (nF, o). However, the projection map

(

X if x € Dy,
—nf ifx e E;,
pn(x) =< n¥ ifx € Ef,
—nk if0>x>-—nk

nk ifo<x<nk

\

is not one-Lipschitz and D, is not an interval.

Example 7.2.1 (SDEs on D = (—o0, 00)). We consider the stochastic differential equation

dY; = ]/lf(Yt)dt + odW;, Yy = y e R, (7.2.1)

where y and o are positive constants and
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The first derivative of the drift function is

—1/(2v/x) ifx >0,
flx)=<¢ —1/(2v/—x) ifx <0,
undefined ifx =0.

We require the projection map to allow the process to “cross” the singularity at the origin. For
the Euler scheme y = p,(x) + f(pn(x))h + v(pn(x)) AW, we require |p,(x) — pu(y)| < [x —y|,
i.e. the map to be one-Lipschitz. The two regions D, and D;}, are separated by EJ.

Definition 7.2.1. In the case where D = IR, we define the projection map py x : R — Dy, using the
next step y given by y = x + f(x)h + v(x) AW— using strictly positive k, k" and x € D,, — by

y ify <€ Dy,
n—k ify € E9,x € D,
pux(y):=q —n* ifyeE),xe D,
nk ify € Ef,x € Dy,
| ¥ ify € E;,x €D,

Remark 7.2.1.

(i) Forx € Dy, sety = x+ f(x)h+ v(x)AW; ify € Dy, the projection p, . (y) is the identity map.
s

(ii) Fory € En; if y € Ef (or E;), then py.(y) = n¥ (resp. —n¥), ify € EY, and x € D; (or
x € D), then py »(y) = n=* (resp. —n=F).

(iii) As we increase the number of steps, n, the region EO becomes smaller. The aim is to allow a
transition of the process from D, to D,; and vice versa, and the projection allows the process to

cross EY in one time step.

For x € Dy, note that |p, x(x) — pnx(y)| < |x —y|, and we now define the discretisation scheme:
Definition 7.2.2. Set YO =Yy € Dyandfori=0,...,n—1,

?fiﬂ = p”rYti,l (?ti) + f”yti,l (Yti)hi+1 + ’)/n,YtFl (?ti)AWi—&-lr

with hjyq =ty — ti, AWjq == Wiy — Wi, fux = fopuxand ynx =Y 0 Pux
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Example 7.2.2. Consider the SDE in (7.2.1), with parameters (u, o, Yo, T) = (2,2,1,1). The diffusion
function is Lipschitz continuous and we apply the discretisation scheme in Definition 7.2.2. Fix x = 0
and B = 1/2 as the scheme parameters, and choose k = 1 (the upper bound, since 2x < 1), and
k" = 10 (arbitrary choice).

Sort-like drift: E-M projection vs proxy
100 repeats for each stepsize

2 Error for Y[
2k % Error for || b

Average maximurm distance (log2 scale)
o

1 1 1 1 1 1 1
2 4 5 a 10 12 14 16
M, where oM Steps used

Figure 7.2: Example 7.2.2: Mean absolute error and MSE for process Y, using different step
sizes.

In Figure 7.2, we show the rates of convergence for the mean absolute error (MAE) and the

MSE, using a reference solution with 21 steps. The rates obtained are 0.45 and 0.90.

7.3 Discontinuous drift function

We consider the stochastic differential equation

dY; = uf(Y)dt +odW;,, Yo €R, (7.3.1)

where y and ¢ are strictly positive parameters and f(x) = 2(1/2 — 1,>9). Clearly, we have a
discontinuity at x = 0 for the drift function; more so, the function is one-sided Lipschitz.

We consider an approximation using the drift function, f, using a cubic spline in an e-
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neighbourhood of the discontinuity at the origin. We define this approximation by

1 ifx < —g,
3 :
fel(x) =9 53 if —e<x<e
-1 ifx>e.

Note that f/(x) < C¢(1 + |x|?). For this example the locally Lipschitz parameters are « = 2 and
B = 0. Fix the explicit Euler scheme parameters such that 0 < k¥’ < 1/4, and k arbitrarily. For
e = n~¥, the map p,, x will project points in EY to D;} or D, . We consider the SDE in (7.3.1)
with parameters (i, 0, Yo, T) = (2,2,1,1). The MAE and MSE rates for this example are 0.47
and 0.96.
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8. Monte Carlo Acceleration

We present applications using the strong rate of convergence for the modified Euler scheme
introduced in Chapter 6. We consider the multilevel Monte Carlo (MLMC) technique which
requires this strong rate of convergence, and an accelerating scheme for a stochastic volatility

model.

8.1 MLMC

We combine the modified Euler scheme and the multilevel Monte Carlo approach introduced
by Giles [Gil08b, GS12]. The original paper focused on approximating the expected value of
Lipschitz continuous payoffs. The MLMC method has also been justified for digitals, lookback
and barrier options [GHMO09]. Multischeme MLMC techniques use different discretisation
schemes in order to further improve the computational efficiency [Abell]. The use of MLMC
techniques has also been applied to compute Greeks [BG12].

We target a root mean squared error (RMSE) of O(e) for the option price. Using an Euler-
Maruyama scheme, the MSE of an option price is C;/N + Cyh?, where N is the number of
Monte Carlo paths, and # is the step size of the discretisation. By choosing N := O(e2), and
h := O(e), the total cost is O(¢73).

The idea behind MLMC is to use different time steps, at different levels of the simulation. We
increase the number of time steps at each level by a factor M, where level I uses M’ steps of
size hj := T/M'. We define P, to be the numerical approximation of the payoff at level I, for
I =0,...,L, where L is the maximum number of levels. By linearity of the expectation operator

we note that
L

E[Pr] =E[P]+ ) E[P—P 4], (8.1.1)

I=1
where the difference in the payoff approximation on levels | and I — 1 is estimated using
the same Brownian path, for both levels. The variance of the payoff difference, V; :=
V(P — P;_1), decreases quickly with increasing levels, and it has been shown that for

European options with Lipschitz continuous payoffs, V; converges to zero twice as fast as
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the strong convergence rate of the scheme. At each level I, we simulate N; paths and
estimate IE [P, — P;_1]. The multilevel estimator has variance 1/N; Y\, V}, and N; := C\/Vjii;
minimises the computational cost [Gil08b], to achieve a RMSE of O(¢). The strong convergence
rate is required for the MLMC techniques, and the complexity theorem provides a general
result for the computational cost of the MLMC method [Gil08b]. MLMC methods have been
shown to improve the computational efficiency using an Euler-Maruyama discretisation to
O (¢2(loge)?), and O(¢2) for a Milstein scheme [Gil08b, Gil08al].

8.1.1 CIR model ZCB with MLMC

We consider the Cox-Ingersoll-Ross model (6.4.1) for the process (v¢);>o [CIR85]; the price of a

zero-coupon bond (ZCB) with maturity T, at time ¢, reads

B(t,T) = E [exp (— /tT vsds> ‘Ft} ,

which admits a closed-form solution [CIR85, BM07]. This solution at time zero is B(0,T) =
Aexp(—Cuvy), where A := \/x? + 2¢? and

aoe [ 2hepk+NT/2) N*T L 2(exp(TA) — 1)
o (2A+ (k+ A)(exp TA — 1)) ’ TO2A+ (k+ A)(exp(TA) — 1)

We consider a CIR model with parameters (x,0,¢,v9,T) = (2,1,05,1,1), (N,M,L) =
(2000000, 4,5), and RMSE thresholds (0.001, 0.0005,0.0002, 0.0001, 0.00005).

In Figure 8.1, we compute the standard Monte Carlo, and MLMC approximations for the ZCB.
The first plot demonstrates the average variance for the approximations P; and the differences
P; — P;_1. Observe that the variance of the differences decreased roughly twice as fast as the rate
of weak convergence of an Euler scheme. Also, the variance of P, is asymptotically a constant.
The second plot shows the mean of P; and the mean of P, — P;_;. The third plot shows how
decreasing the target ¢, require more steps N; and the number of levels increasing from 3 to
5. The fourth plot shows the ratio of savings between the standard Monte Carlo approach for
approximating the bond price (Std MC), and the MLMC counterpart. The ratio of savings is a
factor of 27 for ¢ = 0.00005 between the standard Monte Carlo and the MLMC approach. We
adapt code freely available from [Gil08b].
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Figure 8.1: CIR model, and ZCB pricing using MLMC.

8.2 Accelerating the modified Euler-Maruyama scheme

Accelerated Euler-Maruyama schemes are studied in [TY12]. Suppose that the process X*
depends on some small parameter ¢, and consider a discretisation X¢. Let X° be another
process with parameter ¢ = 0, and let X° be its discretised process. Suppose that the bias
of the process X¢ — X¢ is similar to the bias of X? — XY; then we can consider X¢ — X? 4+ X? as

an approximation of X¢, which is a control variate method.

Example 8.2.1. Consider the solution to the stochastic differential equations

ds; = mSPdB!, So=s0>0, 621)
da;y = eoct(detl +4/1— pdetz) , ug>0. o
We define ¢ := §¢ — 59 + 59, where $¢ is the discretised version using the modified Euler

scheme, for some ¢, and (SY);> is simulated using the Milstein scheme. We compare (5¢);>¢
and the accelerated (S¢);>0 against S¢ (using a large number of time steps and the Milstein

scheme). In Figure 8.2, we consider the model with with parameters (Sp, B, xo,¢,0,T) =
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(100,0.9,0.4,0.1,—0.7,1). We compute the strong error using M = 10000 and o1l steps for
the Milstein scheme which is used as a reference solution. The constant for the accelerated

scheme is much smaller, demonstrating the merit of this approach.

Modified E-M vs Acc. k=1.v: Strong Error [re, ra]=[0.47485,0.54427].
3 T T T T T T T T
E-M
ol — — ~ Accelerated ||

Average L' distance (log2 scale)
|

I~ I I I I I I I I

1 2 3 4 5 6 7 8 9 10
N, where oN Steps used

Figure 8.2: Strong convergence for the modified Euler and the Accelerated scheme.
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A. A class of approximate Greek weights

A.1 Proofs from Chapter 2

Proof of Proposition 2.2.1: We show the d = m = 2 case, which naturally extends to the d-

dimensional case. Note that uy = E [g(XT)|Fp] from the conditional expectation. Multiplying

the Ito6 expansion of uy by weights I 5,1) and 1(92), taking expectations and using Lemma 2.2.1

yields
Euly| = E[1 [u] 1
B (100 [00] 1] 4 B [100 0] 1] 1[5 [u0] 9]
= ﬁu(()l)
+E '11(90,0) 'u(()0,0)+150) 1(0.00) +Is(1) u(1.00) JrIS(Z) u(200) Iél)
1 E 'IlgO/l) 'u(()O,l)JrIS(O) u(001) +Is(1) u(101) JrIS(Z) u201) 11(91)
LE '11(91,0) 'u(()1,0)+150) u(100) _Hs(l) u(11,0) JrIS(Z) u(210) Ilgl)
_ hu81)+%2 'uéo,1)+u(()1,o)
+E (1700 [u00)] zg”} +E [ 170 [u010] V] 48 18 [u00)] V]

= oulV + 0(82).

Dividing through by ¢ yields the first result IE[uy] 1(91) /9] = u(()l) + O(9). Similar analysis yields
E[ugl 1(92) /9] = u(()z) + O(9) and this completes the proof of Proposition 2.2.1. O

Proof of Proposition 2.3.1: Using Lemma 2.2.1 and an expansion similar to (2.2.7), with g = (I)
and k;(B) = 0 (for j=0,1), it follows that

W) ! a o) (a7 Ki(a)
E s | = ) + 3 (S ecan, i S 15 o)) + O (89
] i (aT) ki
u(()) + 119 Zi‘(:Z Z(XGMi,l,l ug% Hj(IO ) Ck;éﬁ) +0 (ﬂk)
! a '
u(()) + 11—9 (2;{:2 ZaeM,-,l,l Uy %) +0 (ﬂk) !

where the convention YI_, i = 0 is used. The proof is completed by noting that ug*(o) is equal
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to zero for all « € M, from the partial differential equation (2.1.1). O

Proof of Proposition 2.3.2: By continuing from (2.2.7) and recalling the hierarchical set D,, 1 has
the following Ito-Taylor expansion:

up =y Igugl+ Y I§[u]. (A.1.1)
a€D, weB(Dy)

Using Lemma 2.2.1 to simplify the expectation of E[uyI§], for « = (1,1), it follows that

E [uﬂg;)} — E [11(91,1) [u(()1,1)} 11(91,1)} T E [11(90’0’0) [u'(0,0,0)] 11(91,1)] T E [Iél,o,()) MLOD)} 11(91,1)}
1E 11(90,0,1) u(001) 11(91,1) L E [[00D) u(LO'l? 11(91,1)

Iy
(0,1,0) (1,1,0) 1,1)
+E | I

u.(O,l,O) Ilglrl) +E 119
1E 11(90,1,1) u(O11) 11(91,1)

1,1 1,1 1,1 ar,ar (L1
= E [, gV g+ B[]

DCGM3/2,1

4(1,1,0)

Iy

In addition, the following equalities can be shown

11) (1,1 82 (1,1,0) ,(1,1) (1,0,1) 7(1,1) (0,1,1) ;(1,1) 8
E|VE =5, B[R =B VY| = E ] = 2
1,1,0,0) (1,1 1,0,1,0) /(1,1 0,0,1,1) /(1,1 o
E || =B 0] = L= B[] = 4
and the expansion of ]E[l/llgllgl'l)] simplifies to %zu(()l’l) + O(8?). It follows that
21§
E |uy—2—| = ul' + 0(9). (A.1.2)

We can continue to do further expansions, in addition to noting that ug*(o) is equal to zero for

all x € M. This concludes the proof of Proposition 2.3.2. O
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A.2 Proofs from Chapter 4

Proof of Theorem 4.3.1: i) By a telescoping sum it follows that

n—1
= E|T? Z {u(ti+1,Xti+1) —u(t;, )A(ti)} + E[Ffu(tl,f(tl)} ,
- (A.2.1)
from the second part of Lemma 4.1.4 note that E[Ffu(h, Xh)} = Izg(cl’l)u(O,x) + C1h + O(h?),
where h = t;.

ii) We recall (3.3.2). For (s, x) € [0, T] x RY, define

E[rfs(%r)] = E[Tu(ty, %,)]

1. 1.
945, %) = L0%u(s, %), 925, %) i= 2L u(s, ).

With this notation, we obtain,

n—1
— E|r? (Z Ex, 1294 (b, Ri,) + W92 (, Ry)| + O(h4)>] . (A22)

i=1

E|T}{g(Xr) — u(h, %)} ]

From [TT90, Theorem 1], we know that

IEtl [‘Pg(ti/ Xti)] IEfl [‘Pe(tzzx

ty, th

)} TR (1, 1)+ O0)

for some bounded function ([33’1-, and
2 o o 2 t1, X,
]Etl|:¢e(ti/ Xfi)] - ]Ef{(l)e(tirxti )} + O(h)'

Combining these equalities with (A.2.2), we obtain
E[Tf{g(Xn) — u(h, )} =002 + h3IE[r<” yy 43;1@1,&1)]
+]E[F‘P (z Ey, [h2<pe (£, X, Y s (t;, th A )] )} ,
(A.2.3)
using the Cauchy-Schwarz inequality and the variance of weight I’f. Using a natural extension
to Lemma 3.2.1, observe that

i [LODG,(0,x) +O(h)| = 0(%)

i=1

n—1
E(T? Y ¢Li(t, Xn)
=1
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We also compute
X b'¢ N
203,70 =] [ 265 30 0s] + 0 = 20 %) + O,

leading to

WE|T?h Z 92 (ti, X, &

i=1

)] = K2 (L(j'j)cpg(o, x) + 0(1)) = O(h?),

where ¢2(t, x) := ]E[ftT P2 (s, Xs)ds] . Now we have, using Lemma 3.3.1,
nz HE,, [% (1, X)) 1 lEtl[/ oL (s, X7 } + o, [/ LO gl (s, X2 Xfl)ds] + O
i=1
= @o(t1, Xpy) + @y (t1, Ko ) + O(1?),
such that ¢} € G2 and ¢} € G}. We compute

n—1 o o
E|TIh Y ¢l(t, X" >] = hLUD 9} (0, x) + O(?);
i=1

combining the above results yields

E|T] {g(Xr) — u(h, %)} ] = hLO 9} (0,x) + O(2). (A24)

The proof is completed since (A.2.1) and (A.2.4) justify the extrapolation. O

A.3 Proofs from Chapter 5

Proof of Corollary 5.1.1: Multiplying the value function by Ilgl) and 11(92), taking expectations,
applying Lemma 2.2.1, and expansion in ¢ yield

Eusly”| = B (1)) [LOug] V] + 8 [0 [L00uf] V] 4+ [ [LO0Due] 1]
= 9LWud + O(8e) + O(9%) + O(%),
E[uy”] = B [17 [L@u] 17 + 8 [170 [Le0u] 1] + B [17 [LO02ue] 1]
(

= oL®uy + E |17V [L0Puf| 1], (A3.1)
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since u satisfies (2.1.1): L(O)ug = 0. Thus, the Delta of the perturbed system reads

(1)
I

A:=0u)=FE g(X%)% + O(¢e) + O(9) + O(Ve).

1t

To compute the Vega, one needs an expansion of [E {g (X%) %} {uﬂ o ] obtained by
expanding (A.3.1) up to at least orders O(%¢?), O(9%¢) and O(9#?¢?) terms. First,

L@ us = edguf = ¢ dgu + €dg (0eu) | + (9(52)] , (A.3.2)

el0

then
LO2)y8 = LO) [edguf)]

= 01 (e0guf) + 30%0xx (e0gus) + 2e%0pp (edgu§) + 020, (0pus)
= edggufy + %s@zaxxgug + O(&?)
= edspu) + 3€0%0xpul + O(2),

and similarly L L@ L) ys = O(e), thus

0/2 i 2 2 e 0,0,2 & 2
B[] 7] = ¢ [10] -5 1 ] ) .
= 19725 <8t9u8 + 20%0,xpul) + 0(8)) + g—?L(O'O'O)uS + O(%%).
Therefore, combining (A.3.2) and (A.3.3), it follows that
(2)
E {u%%} = & (00@ug + B [, [LO2e| 1))
= dpud + O(e) + 5. (O(8%€) + O(9%e2))
= dgu) + O(e) + O(8) + O(¥e).
(2)
Thus, the Vega of the perturbed system is V := E [g(XS ) 5= } + O(9) + O(e).
For higher-order Greeks, multiply the It6-Taylor expansion of uj by Iy (11 t6 obtain
E[ugly ] = B[(1" [L00u)) V] +E | 1900 [ } 1! }
+E [ (1) [LOy s]) ) +E | (1 L0 8}) Y] (A3.4)

_ B[ [c0]) 107 + B [(10 [t0n]) 107
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The following expansions,

LU = 629l = 6%0xcud + 6%€0e (dnatt)) | + O(e7)

el0

and LOY g = 020ud + 16%0xxxxul + O(e), yield
E [11(91,1) [L(l,l)uta] 11(91,1)] _ E [11(91,1) [L(lfl)ug] I( )] E [1(011) [L(O'l'Uu?] If,l’l)]

5 (A.3.5)
= S LDy + O0(8°).
Rearranging (A.3.5) yields an expression for the Gamma:
21(1 1)
= 0xu) = E |g(X%) 19292 + O(9) + O(e) + O(e).
Now, multiply uf by I 1(92’2), and consider the non-zero terms in the following expansion
E [”5911(92/2)} _ E [(11(92’2) {L(Z’Z)ufb 11(92,2)} LE [ 11(90,0) [L(O,O)M'SD 11(92,2)}
+E (1“’ 2) [L(O'Z)u?]> 1(2'2)] +E (Ifff(’) [L(Zfo)u?D Iff'z)} (A3.6)
_E [ 11(92,2) [L(z’z)ufb 1(2 2)} E [ 11(90,2) |:L(0,2)u's:|) 11(92,2)} _

Consider the expansion

IéZ’Z) [L(z,z)u'g} _ 11(92,2) [L(z 2)y ] + 1(022) [L(ozz) } 4 I(l 2,2) [L(l,z,z)u.s] + 11(92,2,2) [L(z,z,z)u.s} )

(22)

and multiplying it by I, yields
E [(11(92’2) [L(z'z)ufb 11(92,2)} _ %ZL( 2) ¢ +]E [1(022) [L(O,Z,Z)ufa] Ilgz,z)] .

Use the following expansions,

L(Z,Z)ug = 82899”8 e (aegug + Sas(aeeuﬁ)

+ (’)(82)> ,
e\

and

L(o,z,z)ug _ at 1,22 e) 1923xx ( > 4 Bedyg ( (2,2) ”0) + 182899 < L2 2)”6>
2 (0poul + 306 axx@@“g) +0(),
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it can be shown that the expansion of [E [(I 1(92’2) [L(Z'Z)u:&} ) I 1(92’2)} is

% (899u8+ (’)(e)) L E [Ilgo,z,z) [L(O/Z?)uﬂ Ilgz,z)
_ O () O(0) + 102 1 E 19922 [L08221] 22
= TE0pgul + O(0%) + 57 (Dugpud + 3620,00018) ) + O(6%6%) + O(8%¢?).

We now consider the second term in (A.3.6), after expanding and taking expectation with I é2,2)’
to obtain
E| (1% [LO02u] ) 1P| = L2028 g | (1307 102 ) 122]

With the aid of the expansions

L@O2yE — 230000 + O (), L0202) e — O(e2),

one can obtain the following expansion for (A.3.6):

E [g(xg)sz'z)} — 2295010 + O(9%63) + O(93¢2) + O (83¢).
(2.2)
Therefore, the weight for the Vomma approximation is 2&’;—82, so that

(2.2)
Vomma := dggu) = E {g(XST)Zég—SZ] + O(e) + O(9) + O(0e). (A3.7)

For cross-terms, multiply the value function by I 1(91’2)

E [g(X*})Ilgl’z)} —E [ Ilgm) [L(l,z)uﬂ) Iy,z)} TR [ 11(90,0) [L(O/O)MTED 11(91,2)}
+E | (177|102 ) | 4B | (1570 [L20u|) ] (a38)
—E [ Ilg1,2) [L(l’z)uf‘zD Ilg1,2)} TR [ 11(90,2) [L(O’Z)M?D 11(91,2)} _

and consider the expectation

By considering the expansions,

L2 ys = 0ed gu = Oe | dyoud + €9 (dxpul)

+ (9(82)) ,
eNo0
2
L(O’Z)ug =t (atgu‘é + %axx9u8> + 0(32)/
L(l,O,Z)uS — an [E(atgl/lé + %2axx9u8) =+ 0(82)}

3
=¢ (Qatxeug + %axxx9u8> + 0(82)/
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the expansions of the two terms in (A.3.8) are computable. Using

E [11(91,2) [L(M)u?} 11(91,2)} _E [11(91,2) [L(l’z)uﬂ 11(91,2)} LE [11(90,1,2) [L(o,1,2)uﬂ Iy,z)}
— L0284 BLO12)ye 4 O(d)
— 809 guf + O(9%¢)
= 225 (9,9u) + O(e)),

and

(1,0,2) E [ 7(002) [L(o,o,z)u.g} 11(91,2)}

E [11(90,2) [L(O'%?} 11(91,2)} —E |1 {
—E |1 +O(8%)

- 03_?)'& <Qatxx”8 + Gz_saxxx()ug) + 0(19382),

1,0,2)

L(102)ye 11(91,2)
11(91,2)

1.(102) u

we can express (A.3.8) as
E [g(XST)Ilgl’Z)] = Py ud+ O(8%) + O(6%2) + O(6%2),

from which it follows that

(1,2)
E [g(xg){ggge } = 9 ul + O(8) + O(e) + O(8).

For the second cross term, consider

E [g(XST)Il(gZ'l)} _ IE[ 11(92,1) [L(Z'l)u?} 11(92,1)} —I—IE[ IlgOO) [L(O'O) E} Ilgz,l)}
+E | (17 |10V ) 2V ' | (51 [L00u| ) 12V (a9)
— E [<Il(92,1) [L(z,1)u§D 11(92,1)} T E [ Ilgo,l) [L(oll)ulg}) 11(92,1)}

The following expansions hold:

LYy = e(09,pu§ + 01l

= ve (E)xgug + €0¢ (dypuf)

+ (’)(82)> +e (E)xug + €0¢ (0xu)
e\

+ 0(52)> ,
eN\0

and
LOVye = Gatxu8+9—;8xxxug> + 023 pitt§ + O(e2),

L(z'ofl)ug Ofe).
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Now consider the two terms in (A.3.9) and compute their expansion. Using

2,1 2,1 2,1 2,1 0,21 2,1
E 18 [1eVue| 1PV] = [V [LeDu] 13Y] + B 102D [L020us) 13Y]
= S L@y 4 10208 4 O(8%)
= %z(esaxgug + edyu§) + O (%)
= ‘972 (¢00pud + edxu) + O(€?))

and
E [11(90,1) [L(O'Uu?} 11(92,1)} _E 11(92’0’1) L201)e 11(92,1) LE [Ilgo,o,l) [L(O'O'”u?} 11(92,1)}
= E [130 [L@o | 12V 1+ 0(ok)
= O(8%),

we can expand (A.3.9) as

192
E [g(X%)Iézfl)} — ?(geaxgug +£d,u)) + O(8%) + O(9%e%) + O(8°?).
By recalling Remark 2.3.1, the cross-term sensitivity can be approximated by

Iél)IéZ) Ilgl)

Vanna := Bxgug =E
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