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Abstract

The Flux Reconstruction (FR) approach offers an efficient route to achieving high-order accuracy on unstructured grids. Addi-
tionally, FR offers a flexible framework for defining a range of numerical schemes in terms of so-called FR correction functions.
Recently, a one-parameter family of FR correction functions were identified that lead to stable schemes for 1D linear advection
problems. In this study we develop a procedure for identifying an extended range of stable, symmetric, and conservative FR correc-
tion functions. The procedure is applied to identify ranges of such correction functions for various orders of accuracy. Numerical
experiments are undertaken, and the results found to be in agreement with the theoretical findings.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.
org/licenses/by/4.0/).
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1. Introduction

High-order methods for computational aerodynamics on unstructured grids offer the promise of increased accuracy
at reduced cost, within the vicinity of complex engineering geometries. As such they have garnered continued interest
over the past decades. However, to-date, their ‘real-world’ adoption in both industry and academia remains limited [1].
In 2007 Huynh proposed the Flux Reconstruction (FR) approach to high-order methods [2]. Based on a differential
form of the governing system, it is hoped FR (also referred to as Lifting Collocation Penalty [3] or Correction
Procedure via Reconstruction [4]) will facilitate adoption of high-order methods amongst a wider community of
fluid dynamicists.

Various properties of FR schemes, including their dispersion and dissipation characteristics [5,6], their associated
Courant—Friedrichs-Lewy (CFL) limit [2,5], and their fundamental stability [7], are all determined in full or in part
by the form of their associated FR correction functions. These correction functions act to lift inter-element flux
jumps from the boundary into the interior of each element. Building on the work of Huynh [2] and Jameson [8],
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Vincent, Castonguay and Jameson recently identified a one-parameter family of correction functions that lead to
stable FR schemes for 1D linear advection problems [7]. Identification of these correction functions, henceforth
referred to as Vincent—Castonguay—Jameson—Huynh (VCJH) correction functions, provided significant insight into
stability properties various FR schemes. However, further work is required in order to determine a full specification of
the necessary and sufficient conditions that should be imposed on correction functions in order to guarantee stability.

In this study we develop a procedure for identifying an extended range of stable, symmetric, and conservative FR
correction functions. The procedure is applied to identify ranges of such correction functions for various orders or
accuracy. In all cases the original one-parameter VCJH correction functions are found to be a sub-set of the extended
ranges. Numerical experiments are undertaken in order to verify the theoretical findings.

2. Flux reconstruction
2.1. Overview

FR schemes are similar to nodal DG schemes, which are arguably the most popular type of unstructured
high-order method (at least in the field of computational aerodynamics). Like nodal DG schemes, FR schemes utilise
a high-order (nodal) polynomial basis to approximate the solution within each element of the computational domain,
and like nodal DG schemes, FR schemes do not explicitly enforce inter-element solution continuity. However, unlike
nodal DG schemes, FR methods are based solely on the governing system in a differential form. A description of the
FR approach in 1D is presented below. For further information see the original paper of Huynh [2].

2.2. Preliminaries

Consider solving the following 1D scalar conservation law
du 0
— + _f =0
ot ax
within an arbitrary domain 2, where x is a spatial coordinate, ¢ is time, u = u(x, t) is a conserved scalar quantity

and f = f(u) is the flux of u in the x direction. Additionally, consider partitioning 2 into N distinct elements, each
denoted £2,, = {x|x;, < x < x,+1}, such that

2.1)

N-1 N-1
0= U ?,. ﬂ 2, =90. (2.2)
n=0 n=0
The FR approach requires u is approximated in each 2, by a function ufl = uﬁ (x, t), which is a polynomial of

degree k within §2,,, and identically zero elsewhere. Additionally, the FR approach requires f is approximated in each
12, by a function f,f = f,f (x, 1), which is a polynomial of degree k + 1 within §2,,, and identically zero elsewhere.
Consequently, when employing the FR approach, a total approximate solution #® = u®(x, t) and a total approximate
flux £ = f9(x, r) can be defined within £2 as

N-1

N-1
W= . =) I 23)
n=0

=

where no level of inter-element continuity in u® is explicitly enforced. However, f° is required to be C continuous at
element interfaces.

Note the requirement that each f,f is one degree higher than each ufl, which consequently ensures the divergence
of f,f is of the same degree as u‘fl within £2,,.

2.3. Implementation

From an implementation perspective, it is advantageous to transform each 2, to a standard element 25 = {x|—1 <
X < 1} via the mapping

f=I0) =2 (m> —1, (2.4)

Xn4+1 — Xn
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which has the inverse

PN 1—x 1+x
x=Fnl(-x)=< ) )-xn‘l‘( ) )xn+l- (25)

Having performed such a transformation, the evolution of ufl within any individual £2,, (and thus the evolution of u°
within §2) can be determined by solving the following transformed equation within the standard element {2

~8 £s
T ATy, (2.6)
ot 0x
where
=G 0 =ud(I7NR), 1) 2.7)

is a polynomial of degree &,

Sop—1,2
ﬁ=ﬁ@o=ﬁ@f&3

is a polynomial of degree k + 1, and J,, = (x,41 — x,,)/2.
The FR approach to solving Eq. (2.6) within the standard element 25 can be described in five stages. The first
stage involves representing 7° in terms of a nodal basis as follows:

(2.8)

k
=0

1

where /; are Lagrange polynomials defined as

ke s
= ] <f_x’), (2.10)

j=0.ji N T

X; (i = 0to k) are k+ 1 distinct solution points within §2, and ﬁf = ﬁf () (i = 0to k) are values of ° at the solution
points X;.

The second stage of the FR approach involves constructing a degree k polynomial f 8D — f 8D (%, 1), defined as
the approximate transformed discontinuous flux within §2g. Specifically, f 3D is obtained via a collocation projection
at the k + 1 solution points, and can hence be expressed as

k
=3P 2.11)

i=0

where the coefficients fi‘SD = fi‘SD () are simply values of the transformed flux at each solution point x; (evaluated

directly from the approximate solution). The flux f 3D is termed discontinuous since it is calculated directly from the
approximate solution, which is in general discontinuous between elements.

The third stage of the FR approach involves evaluating the approximate solution at either end of the standard ele-
ment 25 (i.e. at X = +1). These values, in conjunction with analogous information from adjoining elements, are then
used to calculate numerical interface fluxes. The exact methodology for calculating such numerical interface fluxes
will depend on the nature of the equations being solved. For example, when solving the Euler equations one may use
a Roe type approximate Riemann solver [9], or any other two-point flux formula that provides for an upwind bias.
In what follows the numerical interface fluxes associated with the left and right hand ends of §25 (and transformed
appropriately for use in £2g) will be denoted fl‘jl and f 1‘31 respectively.

The penultimate stage of the FR approach involves constructing the degree k + 1 polynomial f 3, by adding a
correction flux f 8¢ = f 3C (%, 1) of degree k + 1 to f D such that their sum equals the transformed numerical
interface flux at X = =1, yet in some sense follows f 3D within the interior of 2. In order to define f 3C such that it
satisfies the above requirements, consider first defining degree k + 1 correction functions g; = g (x) and gg = gg(x)
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to approximate zero (in some sense) within §2g, as well as satisfying

gL(=1) =1, gL(l) =0, (2.12)

gr(=1) =0, gr() =1, (2.13)
and

gL (%) = gr(—%). (2.14)

A suitable expression for f 3C can now be written in terms of g; and gg as

FC= (= 7PyeL + (F) — faP)gr, (2.15)

where f gD = f 3D(—1,1) and f ,‘gD = f 3D (1, 1). Using this expression, the degree k + 1 approximate transformed
total flux f % within £25 can be constructed from the discontinuous and correction fluxes as follows:

P=FP+ = PP+ = iPe+ R = ek (2.16)

The final stage of the FR approach involves evaluating the divergence of f % at each solution point %; using the expres-
sion

3 f° di; . . ~sp.d
]i(xl Zf“) LG+ (= AP G+ - AP . 2.17)

These values can then be used to advance 7’ in time via a suitable temporal discretisation of the following semi-
discrete expression

da; — af® .

T - oz Xi). (2.18)

2.4. Comments

The nature of a particular FR scheme depends on three factors, namely the location of the solution points %;, the
methodology for calculating the interface fluxes ff’ and f 8/ "and the form of the correction functions g; and gg.
Huynh [2] showed previously that a collocation based nodal DG scheme is recovered in 1D if the correction functions
g1 and gg are the right and left Radau polynomials respectively. Also, Huynh [2] showed that SD type methods can
be recovered (at least for a linear flux function) if the correction functions g7 and gr are set to zero at a set of k points
within 25 (located symmetrically about the origin).

Several additional forms of g7 and gg were also suggested by Huynh [2], leading to the development of new
schemes with various stability and accuracy properties. Building on this work, and the study of Jameson [8], Vincent,
Castonguay and Jameson recently identified a one-parameter family of VCJH correction functions that lead to stable
FR schemes for 1D linear advection problems [7].

3. Stable-symmetric-conservative correction functions
3.1. Preliminaries

If the f(u) = au where a is a constant scalar (i.e. if the flux is linear), then Eq. (2.18) can be written as

d
dt

aZ”‘ ’(x»—(fL “L

%) — (ff —aik %), (3.1

where d = a/J,, 1} = °(—1,1) and il% = @°(1, 1).
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Eq. (3.1) can be written in matrix form as follows:

da? - ST An 251 an
5 =AD& — (fpf - aipger — (fR' - aipgir, (32)
where
0[] =al, (3.3)
. dgr . o dgr .
grlil = G, mealil = G, (3.4)
and
ood
D[i][j]1= dA(xz'). (3.5)
X
On defining a Vandermonde matrix V as
Vi1 = L), (3.6)
where L ;(X) is a Legendre polynomial of degree j (normalised to unity at ¥ = 1), one can multiplying through
Eq. (3.2) from the left by V! to obtain
dv—'a’ N NPT ) SEPOY S| I ~ns\y—1
Qi =—aV ' Du’ — (fp" —aug)V— g — (fg' —aup)V™ g:r, (3.7
and thus
dv—la’ —— 18 SISyl P8I ~nd y—1
5 =—aV 'DVV 0’ — (f) —aup)V g1 — (fr —aip)V ™ "gig, (3.8)
which can be written as
d_ﬁs — _ADRS _ (PSL _ AnSNg. (O] _ AnSNG.
KT abDu® — (f;" —aup)gzp — (fg' — aug)Bir, (3.9)
where
W=V, gy =Vigw. &=V g (3.10)

are vectors of modal Legendre expansion coefficient for the solution, left correction function derivative, and right
correction function derivative respectively, and

D=V 'DV (3.11)

is the modal Legendre differentiation matrix.

3.2. Stability

Theorem 1. For all k, 1D FR correction functions are stable for a linear flux if
g =-M+ Q'L (3.12)
gir=M+Q 'R, (3.13)

where M is the modal Legendre mass matrix defined as

1
MIi][j] = / L;L;dz%, (3.14)
—1
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Qs a real square matrix of dimension k + 1 that satisfies

Q=Q",
Qb +B7Q =0,
M+Q >0,
and L and R are defined as
Llil=Li(-D) = (D",  Rlil=Li()=1

Proof. On multiplying Eq. (3.9) from the left by o T(M + Q) one obtains
35T N1 1 O d ~ZSTNIRAS _ A%8T ATYAS
1] (M+Q)E = —au’’ MDw’ — au’’ QDu
— (ftf = aa)RT M+ Qe — (fy — aaf)’" M+ Qi
Eq. (3.15) implies that M + Q is symmetric, hence (3.19) can be written as

1 d X v N A AR e A AR N A
Ed—tu‘ST(M + Qi = —aa®”MDW’ — au®’ QDu’

—(fY = ai)®T M+ Qe — (fY — ail)6®T M + Q).

Eq. (3.16) implies that QD is anti-symmetric and hence
7 QDa’ =0,
and Eq. (3.17) implies that
o' M+ Qe = —a). 0T M+ Qger = .

Hence, Eq. (3.20) can be written as

Ldzxsp o~ % A X ST TR A 2 AAS A 2 AAS N A
zau‘ST(M—i—Q)u‘S = —aw’TMD@® + (f)1 — aad)ad — (F3 — aidy)is,

which using the fact that

ﬁ”Mﬁ@:i/Iﬁdmd£=lm”_a&)
_y df 2R LY

can be written as
d X v A\ A 2 A A A 2 A A A~
o M+ Qe = 2f) —ant)ad — fY — andy)is,
and hence
d o sre 7 = 2 a A TN A Y N
au‘STV TM+QV e = fff —anhHad — @fe! — an%)is,.
On rewriting Eq. (3.26) in terms of physical space quantities from the nth element one obtains

d ~ ~
EuﬁTV‘T(M +QVv I

1 1
= ]—[Zf,i” — aud (x,)1u’, (xn) — J—[Zf,fil — aud (Xp 1)U (Xn1),
n n
and hence
d - -
5Jnu;iTV—T(M +QVv'u}

= 2727 — aud o) lud (xn) — 221 — aud (ep o)1l (1),

253

(3.15)
(3.16)
(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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where ufl is a vector of the physical solution at the solution points inside the nth element, and f,f’ and rf fr] are physical

numerical interface fluxes evaluated at x, and x,; respectively. If the numerical flux at each internal interface x,
(1 <n < N —1)is defined to have the form

8 8 8 _ 0
f,fl =da [M”(xn) +2un—1(Xn):| _ |a|(1 — K) [un(xn) 2un—l(xn):| ’ (329)

where 0 < « < 1 (with ¥ = 0 recovering a fully upwind scheme, and x = 1 recovering a central scheme), and if for
simplicity the domain §2 is assumed to be periodic such that

§ § § §
ug(xo) +ufy_;(xn) ug(x0) — ufy_(xn)
6”=f;3’=a[ - o }—Ial(l—x)[ 0 S : (3.30)
then summing Eq. (3.28) over all elements leads to
d N-2
1P == D lal(h = i)l 4y Const) = 4 (o)1
n=0
— lal(1 = ©)[ug(x0) — uly_; (w1, (3.31)
where
N—1 B B
= | Y LuT VT M+ QV-'u, (332)
n=0

which by Eq. (3.17) is a broken norm of the solution. Finally, since 0 < ¥ < 1, Eq. (3.31) implies
d 5,
— <0, 3.33
gl = (3.33)

hence the broken norm |[#®|| will remain bounded, and hence all norms of the solution will remain bounded via
equivalence of norms in a finite dimensional space. [

3.3. Symmetry

Theorem 2. For all k, 1D FR correction functions of the form defined by Egs. (3.12) and (3.13) are symmetric if

JQ=QJ, (3.34)

where

JElj1=8;(=D" 0<i<k 0<j<k (3.35)

Proof. Given that M is diagonal, Eq. (3.34) implies

JM+Q) =M+ Q). (3.36)
Using J~! = J one obtains

M+Q ' =JM+Q '], (3.37)
on multiplying from the right by L one obtains

M+Q~'L=JM+Q'JL, (3.38)
using R = —JL one obtains

~-M+Q 'L=JM+Q 'R, (3.39)
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finally using Eqgs. (3.12) and (3.13) one obtains

g1 = J&r, (3.40)
and hence
grlil = (=D"gerlil 0<i <k, (3.41)

which implies symmetry since, as defined, g;; [i] and g; p[i] are the ith mode coefficients in a Legendre expansion of
the left and right correction function derivatives respectively.  [J

3.4. Conservation
Theorem 3. For all k, 1D FR correction functions of the form defined by Egs. (3.12) and (3.13) are conservative if

1 -
g:.[0] = —3 g:rl0] = = (3.42)

where, as defined, g;;[0] and g;r[0] are the zero mode coefficients in a Legendre expansion of the left and right
correction function derivatives respectively.

Proof. Using the orthogonality of Legendre polynomials, Eq. (3.42) implies

Vdgr . . ! R
grL(l) —gr(=1) = 5 df = g;,[0] Lodt = —1,

—1 ~1

14 1 (3.43)
gr(h) —gr(-D = [ “Eai= }R[O]f Lodi = 1.

-1 -1

If g2 (—1) = 1 then Eq. (3.43) implies that g; (1) = 0, and if gr(1) = 1 then Eq. (3.43) implies that gr(—1) = 0.
Hence the schemes will be conservative. O

3.5. Summary

For all k, correction functions defined by Egs. (3.12) and (3.13) will be stable, symmetric and conservative provided
the conditions defined by Eqgs. (3.15)—(3.17), (3.34) and (3.42) are satisfied.

4. Identifying stable-symmetric-conservative correction functions when k = 3
4.1. Derivation

For reference, when k = 3

20 0 0
02 0 o 010 1
N 3 - o0 30
M=lo 0 2 o' P=looo0 s .1
>, 0000
00 0 =
7

By inspection, the most general form of Q that simultaneously satisfies the stability conditions defined by Egs. (3.15)
and (3.16), and the symmetry condition defined by Eq. (3.34), is

0 0 0 0

5
- 0 0 0 —§ q1
Q=19 o q 0 4.2)
5
0 —zq1 O q0

3
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Substituting Eq. (4.2) into Egs. (3.12) and (3.13) leads to

1
321go+35q1+6)
gerlll=— = ,
) 5 = 4.3)
g (2] = —m,
21 (5q;1 +2
g (3] = — L0+
and
girlil=(—=DMge[i] 0<i <3, (4.4)
where
E=175q7 — 424y — 12. 4.5)

Egs. (4.3) and (4.4) naturally satisfy the conservation conditions defined by Eq. (3.42). Finally, in order to satisfy the
stability condition defined by Eq. (3.17), the matrix M + Q, and all three of its upper-left square sub-matrices, must
have positive determinants, leading to the following constraints on gg and ¢

4 8
Vit -2+ 30+ 0 50 o
—— — - — — — > 0.
g 41T oy VAT AT g dr T 590 105

In summary, when k = 3, correction functions defined in terms of go and g via Eqgs. (4.3) and (4.4) will result in
stable FR schemes if gg and g satisfy the constraints defined by Eq. (4.6). Examples of such correction functions are
shown in Appendix A, Fig. 5. Also, for reference, the differential form of the norm defined by Eq. (3.32) when k = 3
is given in Appendix B, B.1.

4.2. Recovery of Vincent—Castonguay—Jameson—Huynh schemes

If g1 = 0, then Eq. (4.3) collapses to

1 3 5 7
¢7[0] = —=, 1] = =, 2] = —=, 131 = s 4.7
ng[ ] ) ng[ ] 2 ng[ ] ) ng[ ] 7qo+2 ( )
and Eq. (4.6) collapses to
2
_Z 4.8
a0 >~ 4.8)

These define VCJH correction functions for k = 3, parameterised by go, with go = 0 recovering a DG scheme,
qo = 3/14 recovering the energy-stable SD scheme described by Jameson [8], and g9 = 8/21 recovering the g»
described by Huynh [2]. We note that this description of a VCJH correction function, in terms of a modal Legendre
expansion of its derivative, is similar to that presented previously by Huynh [10].

4.3. Numerical experiments

Numerical experiments were undertaken to demonstrate that, when k = 3, correction functions defined in terms of
qo and q; via Eqs. (4.3) and (4.4) result in stable FR schemes if gg and g satisfy the constraints defined by Eq. (4.6).

Specifically, an equispaced sampling of 451 different schemes within a region of g9 — g1 space bounded by
—1 < g9 <4and —1 < g1 < 1 were used to solve Eq. (2.1) with the following linear flux function

f(u) = u. (4.9)

For each of the 451 numerical experiments the computational domain, defined as §2 = [—1, 1], was subdivided into
ten elements of equal size. A fully upwind flux was prescribed between adjoining elements. Gauss—Legendre points
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1.0 2.0 3.0 4.0
~® © 06 0 06 06 0 06 0 0 06 0 0 0 0 0 0 0 0 0 o

Fig. 1. Plot comparing theoretical and numerical results when k = 3. The shaded grey area bounded by a black dashed line highlights the
theoretically stable region in gy — g7 space. Solid circles denote schemes that were found to be numerically stable. Hollow circles denote schemes
that were found to be numerically unstable.

were used as solution points within each element. Periodic boundary conditions were applied at the ends of 2, and
the following Gaussian profile was prescribed within 2 atr = 0

u(x,0) = =200, (4.10)

Time integration was performed using an explicit low-storage five-stage fourth-order Runge—Kutta method [11].

A scheme was deemed to be numerically unstable if the solution at any solution point attained a value of 1000 or
greater before + = 300. Otherwise the scheme was deemed to be numerically stable. A plot illustrating which of the
schemes were found to be numerically unstable, and which were found to be numerically stable, is shown in Fig. 1. Re-
sults of the numerical experiments are in agreement with the theoretical results of Section 4.1, since all schemes within
the theoretically stable region of gg — g1 space, defined by Eq. (4.6), were found to be numerically stable. Additionally,
it can be seen that all schemes outside of the theoretically stable region were found to be numerically unstable.

5. Identifying stable-symmetric-conservative correction functions when k = 4
5.1. Derivation

For reference, when k = 4

2 0 0 0 07
2
0 3000 01 010
i 2 o030 3
M=|0 0 5 001" H=10o0 0 5 0 5.1
2 0000 7
000?(2) 00000
00 0 0 =
L 9_

By inspection, the most general form of Q that simultaneously satisfies the stability conditions defined by
Egs. (3.15) and (3.16), and the symmetry condition defined by Eq. (3.34), is

_ 35 _
0 0 0 0 T @
5
0 0 0 @ 0
- 7 4
Q= 0 0 q2 ~3 q1 — 56]2 . (5.2)
5
0 30 0 q1 0
35 7 4
- q2 0 ——q1—zq2 0 q0
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Substituting Eq. (5.2) into Egs. (3.12) and (3.13) leads to

175q2 f(q1.92) 1

2201 = ;
ZeL[0] g(qo. 91, q2) 2 (5.3)
_ 15q f(qq) |1 '

girl0]=———""+—,

£(qo, q1, q2) 2

and
h(q1, q2)

L[] = gegll] = —, 5.4
g:r 1] = grrll] a1, a0 54

where the specific forms of f(q1, g2), 8(qo, g1, q2) and h(q1, g2) are omitted for brevity. In order for Eq. (5.3) to
satisfy the conservation conditions defined by Eq. (3.42) it is required that ¢» f (g1, ¢2) = 0, which requires g» = 0 so
that the denominator in (5.4) is non-zero. Substituting Eq. (5.2) into Eqgs. (3.12) and (3.13) with g» = 0 leads to

g:.10] = ;%,

g ll] = 5

g:[2] = > B4 +33 i 10), (5.5)

g [3]= Ta 2

gl = 2 O0ED
and

gerlil = (—D)'*'ge li] 0<i <4, (5.6)
where

5 = 44147 —90qo — 20. (5.7

Finally, in order to satisfy the stability condition defined by Eq. (3.17), the matrix M + Q. and all four of its
upper-left square sub-matrices, must have positive determinants, leading to the following constraints on go and g

2 — >0,
59 105~ 5:8)
196 5 8 gy 6 162 '
- — - — — — > 0.
75 1T 135 VAT T 5541 T 5590 T gu5

In summary, when k = 4, correction functions defined in terms of gg and ¢g; via Egs. (5.5) and (5.6) will result in
stable FR schemes if gg and ¢ satisfy the constraints defined by Eq. (5.8). Examples of such correction functions are
shown in Appendix A, Fig. 6. Also, for reference, the differential form of the norm defined by Eq. (3.32) when k = 4
is given in Appendix B, B.2.

5.2. Recovery of Vincent—Castonguay—Jameson—Huynh schemes

If g1 = 0, then Eq. (5.5) collapses to

1 3 5 7
g:.[0] = 5 A o g:[2]1 = —3 g:.[3]1 = >
9
S 9go+2

5.9



PE. Vincent et al. / Comput. Methods Appl. Mech. Engrg. 296 (2015) 248-272 259

5t

1.0
l ____.—r'c".‘;_o—_o
i ’_,—t’o‘—o—; e e 0606 0 0 0 o
05t e 50 0000 0 0 e o060 0 0 0 o
e o 0 0 o o o 0 o

1.0 2.0
® 06 06 06 0 0 0 0 0 o

Fig. 2. Plot comparing theoretical and numerical results when k = 4. The shaded grey area bounded by a black dashed line highlights the
theoretically stable region in gy — g7 space. Solid circles denote schemes that were found to be numerically stable. Hollow circles denote schemes
that were found to be numerically unstable.

and Eq. (5.8) collapses to

2
qo > ~5 (5.10)

These define VCJH correction functions for k = 4, parameterised by go, with g = 0 recovering a DG scheme,
qo = 8/45 recovering the energy-stable SD scheme described by Jameson [8], and gg = 5/18 recovering the g»
described by Huynh [2]. We note that this description of a VCJH correction function, in terms of a modal Legendre
expansion of its derivative, is similar to that presented previously by Huynh [10].

5.3. Numerical experiments

Numerical experiments were undertaken to demonstrate that, when k = 4, correction functions defined in terms of
qo and g1 via Egs. (5.5) and (5.6) result in stable FR schemes if g and g satisfy the constraints defined by Eq. (5.8).

Specifically, an equispaced sampling of 451 different schemes within a region of gp — g; space bounded by
—1 < go < 4and —1 < g1 < 1 were used to solve Eq. (2.1) with the flux function defined by Eq. (4.9). For
each of the 451 numerical experiments the setup was identical to that described in Section 4.3. A scheme was deemed
to be numerically unstable if the solution at any solution point attained a value of 1000 or greater before ¢+ = 300.
Otherwise the scheme was deemed to be numerically stable. A plot illustrating which of the schemes were found to
be numerically unstable, and which were found to be numerically stable, is shown in Fig. 2. Results of the numerical
experiments are in agreement with the theoretical results of Section 5.1, since all schemes within the theoretically
stable region of gg — ¢ space, defined by Eq. (5.8), were found to be numerically stable. Additionally, it can be seen
that all schemes outside of the theoretically stable region were found to be numerically unstable.

6. Identifying stable-symmetric-conservative correction functions when k = 5
6.1. Derivation

For reference, when k = 5

2 0 0 0 0 0-
2
0580 010101
00500 0 00050 s
M=160020 o/ P loooo7o0 (6.1)
T, 000009
0000§0 000000
2
0000 0 =

I
—
—

L
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By inspection, the most general form of Q that simultaneously satisfies the stability conditions defined by Eqs. (3.15)
and (3.16), and the symmetry condition defined by Eq. (3.34), is

-0 0 0 0 0 0 .
21
0 0 0 0 0 S @
7
0 0 0 0 —5@ 0
Q= 9 4 ) (6.2)
0 0 0 q2 0 —=q1—zq
; 7 5
0 0 —ng 0 q1 0
21 9 4
0o = 0 —Zqgi—- 0
L 5 q2 76]1 5612 q0 i

Substituting Eq. (6.2) into Eqgs. (3.12) and (3.13) leads to

g:[0] = —
" 15 (4455q7 — 7 (385q0 — 2871q; — 392) g2 + 220993 — 770g9 — 140)
gLl = = )
5(45¢1 + 63¢, + 10) -
g:L[2] = q; & ,
44143 — 90g; — 20 61
35(77 (81q1 — 8) g2 + 24255¢3 — 770q0 — 990g; — 140) 6.3)
g:L[3] = = :
45 (192 +2)
gLl = —— :
4413 — 90g; — 20
385 (44192 — 90g; — 20
g:1[5] = (414, = )
and
gerlil = (—D)'*'gg [i] 0<i <5, (6.4)
where
Z = 713097g3 + 4455047 — 70 (385g0 — 7921 + 70) ¢2
+220990¢3 — 77000 — 1400. (6.5)

Egs. (6.3) and (6.4) naturally satisfy the conservation conditions defined by Eq. (3.42). Finally, in order to satisfy
the stability condition defined by Eq. (3.17), the matrix M + Q, and all five of its upper-left square sub-matrices, must
have positive determinants, leading to the following constraints on g, g1, and g3

8 16
152" 105
196 58 g 5 2, 6 32
75 T3 VN TR T 55 T s AT gus 7
P28 s B (385 g0 + 1287 g1 + 532) 8036 4216 5 (6.6)
625 127 4125 00 an a2 + 375 2 245‘] '
48
801942 — 1386 g9 — 8118 1 — 2056) 1qgo+2 7
7425 ( qi q0 q1 q; + 1155 (I1go+2)q1 — 5459
b (9 (385 g0 — 106) g1 — 7128 g2 + 770 +140) + 2 6 o
—_— - - — — > 0.
51975 0 a @ o 2+ 5459 10395
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Fig. 3. Plots comparing theoretical and numerical results when &k = 5. The shaded grey areas bounded by black dashed lines highlight the
theoretically stable regions of gy — ¢ space with fixed g = —0.2 (a), g = 0.0 (b), and g = 0.2 (c). Solid circles denote schemes that were
found to be numerically stable. Hollow circles denote schemes that were found to be numerically unstable.

In summary, when k = 5, correction functions defined in terms of qo, g1, and g, via Egs. (6.3) and (6.4) will result in
stable FR schemes if g, g1, and ¢ satisfy the constraints defined by Eq. (6.6). Examples of such correction functions
are shown in Appendix A, Figs. 7-9. Also, for reference, the differential form of the norm defined by Eq. (3.32) when
k =5 is given in Appendix B, B.3.
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Fig. 4. Plots comparing theoretical and numerical results when k = 6. The shaded grey areas bounded by black dashed lines highlight the
theoretically stable regions of gy — g1 space with fixed g = —0.2 (a), g = 0.0 (b), and g = 0.2 (c). Solid circles denote schemes that were
found to be numerically stable. Hollow circles denote schemes that were found to be numerically unstable.
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6.2. Recovery of Vincent—Castonguay—Jameson—Huynh schemes

If g1 = g2 = 0, then Eq. (6.3) collapses to

1 3 5
gﬁL[O] =% g,\?L[l] =7 g)?L[Z] =57

2 2 2 6.7)

Bl =_ 4] = —2 (5]= — 1 '
gL —2» g3L - 2, giL - 116]0—‘1-2’
and Eq. (6.6) collapses to
2

q0 > TR (6.8)

These define VCJH correction functions for k = 5, parameterised by gg, with gg = 0 recovering a DG scheme,
qo = 5/33 recovering the energy-stable SD scheme described by Jameson [8], and g9 = 12/55 recovering the g»
described by Huynh [2]. We note that this description of a VCJH correction function, in terms of a modal Legendre
expansion of its derivative, is similar to that presented previously by Huynh [10].

6.3. Numerical experiments

Numerical experiments were undertaken to demonstrate that, when k = 5, correction functions defined in terms of
q0, q1 and g via Egs. (6.3) and (6.4) result in stable FR schemes if g, g1 and g3 satisfy the constraints defined by
Eq. (6.6).

Specifically, an equispaced sampling of 1353 different schemes within a region of go — g1 — g2 space bounded
by -1 < g9 <4, -1 <g; < 1,and —0.2 < g» < 0.2 were used to solve Eq. (2.1) with the flux function defined
by Eq. (4.9). For each of the 1353 numerical experiments the setup was identical to that described in Section 4.3. A
scheme was deemed to be numerically unstable if the solution at any solution point attained a value of 1000 or greater
before ¢+ = 300. Otherwise the scheme was deemed to be numerically stable. Plots illustrating which of the schemes
were found to be numerically unstable, and which were found to be numerically stable, are shown in Fig. 3. Results
of the numerical experiments are in agreement with the theoretical results of Section 6.1, since all schemes within the
theoretically stable region of gg—¢g1 — g2 space, defined by Eq. (6.6), were found to be numerically stable. Additionally,
it can be seen that all schemes outside of the theoretically stable region were found to be numerically unstable.

7. Identifying stable-symmetric-conservative correction functions when k = 6

7.1. Derivation

For reference, when k = 6

2 0 0 0 0 0 0-
2
0000 0 0
3, 0 1 01 0 1 07
00200 0 0 003030 3
i 2 ~looos505 0
M=|0 00 - 0 0 0 H={00007 0 7 7.1)
2 0000009 0
000 035 00 000000 11
0000 0 2 o 00 000O0 0]
11
2
00000 0 =
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By inspection, the most general form of Q that simultaneously satisfies the stability conditions defined by Eqs. (3.15)
and (3.16), and the symmetry condition defined by Eq. (3.34), is

r 0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 q3
- .
Q 0 0 —s @ 0
21 9 4
0 = 0 — g —-
5 q3 7 q2 3 q3
231 0 99 + 48 0
L™ 75 q3 35 q2 3 q3 . i
0 0 5B (7.2)
0 21 0
5 q3
7 0 99 n 48
5 q3 35 qz2 3 q3
0 2 4 0
742~ 5493
0 11 4 44
q2 A AT &
0 q1 0
11 4 44 0
g N 502 543 40 ]

Substituting Eq. (7.2) into Egs. (3.12) and (3.13) leads to

0 = 18918943 f(q1.92.93) 1

A [ 9
8iL 8(q0, 91, 92, q3) 2 (1.3)
189189 g3 f(q1,92,q3) 1 .
g:r[0] = — +3
g(q0, 91, 92, q3) 2
h(q1, g2, q3)
geo[l] = gigll] = 4L 92 43) 74)

a1, a2, 43)°
where the specific forms of f(q1, g2, 93), £(qo, 91, 92, ¢3) and h(q1, g2, g3) are omitted for brevity. In order for
Eq. (7.3) to satisfy the conservation conditions defined by Eq. (3.42) it is required that g3 f (q1, g2, ¢3) = 0, which

requires g3 = 0 so that the denominator in (7.4) is non-zero. Substituting Eq. (7.2) into Egs. (3.12) and (3.13) with
g3 = 0 leads to

1

3
gl = 5

0] 35 (55055 ql2 — 9 (4095 qo — 19877 q1 — 1944) g» + 175851 q22 — 8190 ¢gp — 1260)
giLlel = — =

3

=
—
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7 (77q1 +99¢> + 14)

A [3] = — ,
g:L[3] 89142 — 1544; — 28
63 (585 (1211 — 8) g> + 196911 g3 — 8190 g — 10010 g1 — 1260)
gir[4] = — = ,
77 9¢2 +2)
gi,[5] = ——— g ,
89143 — 15441 — 28
4095 (89143 — 15491 — 28
g:.[6] = (8914, — ),
and
gerlil = (=" gg il 0<i <6,
where

Z = 10320453 g3 + 770770 4% — 630 (819 gy — 1144 4, + 126) g

+2461914 g3 — 114660 gy — 17640.

265

(7.5)

(7.6)

(7.7)

Finally, in order to satisfy the stability condition defined by Eq. (3.17), the matrix M + Q, and all six of its upper-left

square sub-matrices, must have positive determinants, leading to the following constraints on g, g1, and g2

6 %2
— — >
105 22 945
26 5, 16 o s 2y R o6
—_— [ > .
a5 2T s VN TR T s BT a5 9T 10305
1058508 5 24 . 36072
2900008 s _ 4095 o + 8437 g1 + 3204
60025 92 T 111475 (09340 T8437q1 + 3209 45 + o= 4
1936 8 ,
- 86515 g% — 12870 g — 47762 g1 — 10664
8505 11 T 525525 ( g 0 a ) 2
410 (11(819q0—82)q1—12584q2+1638qo+252)q2
945945 1
64 32 352 , 128

0.
8505 11 T 135135 ~

(13g0 +2)q1 —

* 10395 % 1 12285

(7.8)

In summary, when k& = 6, correction functions defined in terms of gg, g1, and g5 via Egs. (7.5) and (7.6) will result in
stable FR schemes if g, g1, and g satisfy the constraints defined by Eq. (7.8). Examples of such correction functions
are shown in Appendix A, Figs. 10-12. Also, for reference, the differential form of the norm defined by Eq. (3.32)

when k = 6 is given in Appendix B, B.4.

7.2. Recovery of Vincent—Castonguay—Jameson—Huynh Schemes

If g1 = g2 = 0, then Eq. (7.5) collapses to
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1 3 5

g;?L[O]:_E» g)?L[l]:E’ g}L[Z]:_E,
(3=~ [4]=—2 (5] = = (6= ——— "

giL - 2’ giL - 27 8iL - ) ) 811 - 136]0 +2v
and Eq. (7.8) collapses to
2

= 7.10
90> —13 (7.10)

These define VCJH correction functions for k = 6, parameterised by go, with go = 0 recovering a DG scheme,
qo = 12/91 recovering the energy-stable SD scheme described by Jameson [8], and g9 = 7/39 recovering the g»
described by Huynh [2]. We note that this description of a VCJH correction function, in terms of a modal Legendre
expansion of its derivative, is similar to that presented previously by Huynh [10].

7.3. Numerical experiments

Numerical experiments were undertaken to demonstrate that, when k = 6, correction functions defined in terms of
qo0, q1 and g via Egs. (7.5) and (7.6) result in stable FR schemes if qg, g1 and g, satisfy the constraints defined by
Eq. (7.8).

Specifically, an equispaced sampling of 1353 different schemes within a region of g9 — g1 — g2 space bounded
by -1 <gp <4,—1 <gq; <1,and —0.2 < g < 0.2 were used to solve Eq. (2.1) with the flux function defined
by Eq. (4.9). For each of the 1353 numerical experiments the setup was identical to that described in Section 4.3. A
scheme was deemed to be numerically unstable if the solution at any solution point attained a value of 1000 or greater
before + = 300. Otherwise the scheme was deemed to be numerically stable. Plots illustrating which of the schemes
were found to be numerically unstable, and which were found to be numerically stable, are shown in Fig. 4. Results
of the numerical experiments are in agreement with the theoretical results of Section 7.1, since all schemes within the
theoretically stable region of go—q1 —g> space, defined by Eq. (7.8), were found to be numerically stable. Additionally,
it can be seen that all schemes outside of the theoretically stable region were found to be numerically unstable.

8. Conclusions

Building on the work of Huynh [2] and Jameson [8], Vincent, Castonguay and Jameson recently identified a
one-parameter family of VCJH correction functions that lead to stable FR schemes for 1D linear advection
problems [7]. In this study we developed a procedure for identifying an extended range of stable, symmetric, and
conservative FR correction functions. The procedure was applied to identify ranges of such correction functions for
various orders of accuracy. In all cases the original one-parameter VCJH correction functions were found to be a sub-
set of the extended ranges. Numerical experiments were undertaken, and the results found to be in agreement with the
theoretical findings. Future studies should extend the approach presented here to simplex elements in 2D and 3D.
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Appendix A. Correction functions
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Fig. 5. Plots of left correction functions g; when k = 3 with gg = 0 (a), gg = 3/14 (b), g9 = 8/21 (c). For each plot g; = —3/140 (dashed lines),

g1 = 0 (solid lines), g; = 3/140 (dotted lines).
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Fig. 6. Plots of left correction functions g7, when k = 4 with gy = 0 (a), gg = 8/45 (b), g9 = 5/18 (c). For each plot g; = —8/450 (dashed lines),

g1 = 0 (solid lines), g1 = 8/450 (dotted lines).
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Fig. 7. Plots of left correction functions g7 when k = 5 with g9 = 0 (a), g9 = 5/33 (b), g0 = 12/55 (c). For each plot g; = —5/330, and
g = —5/330 (dashed lines), g» = 0 (solid lines), g = 5/330 (dotted lines).
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Fig. 8. Plots of left correction functions g; when k = 5 with gy = 0 (a), gg = 5/33 (b), g9 = 12/55 (c). For each plot g1 = 0, and go = —5/330

(dashed lines), go = 0 (solid lines), go = 5/330 (dotted lines).
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Fig. 9. Plots of left correction functions g7 when k = 5 with g9 = 0 (a), gg = 5/33 (b), g9 = 12/55 (c). For each plot g = 5/330, and
g = —5/330 (dashed lines), g = 0 (solid lines), g = 5/330 (dotted lines).
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Fig. 10. Plots of left correction functions g7 when k = 6 with gg = 0 (a), g9 = 12/91 (b), g9 = 7/39 (c). For each plot g; =

© g0 = 7/39.

g = —12/910 (dashed lines), go = 0 (solid lines), go = 12/910 (dotted lines).
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Fig. 11. Plots of left correction functions g7 when k = 6 with gg = 0 (a),

(dashed lines), go = 0 (solid lines), g = 12/910 (dotted lines).
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Fig. 12. Plots of left correction functions g;, when k = 6 with gy = 0 (a), g9 = 12/91 (b), g9 = 7/39 (c). For each plot g

q> = —12/910 (dashed lines), go = 0 (solid lines), go = 12/910 (dotted lines).

Appendix B. Differential form of norms
Bl k=3

When k = 3, M + Q can be decomposed as

M+Q =M — ¢;(D"MD* + D"*MD) + e,D"’MD? + ;D" °MD?,

gr, (%)
10p
- S e 10
(b) g0 = 12/91.
== 05 _—___4;{0 ’
= 12/910, and
(B.1)
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where
=1
1 2= g
q0 — 5q1
€ =—
450
Hence, ||u®|| can be written in differential form as
N-1 2 2
= |3 /mlwaﬂ _2adyduy e (ST e (diy
= Jx, " JH dx dx3 JH\ dx? JO\ dx3
B2. k=4

When k = 4, M + Q can be decomposed as

M +Q =M — ¢;(D"*MD* + D™*MD?) + &;D"*MD’ + e3D"*MD*,

where
€] =€ = an
'T R T 4s50°
q0 — 1q1
€ =—.
22050
Hence, ||u®|| can be written in differential form as
| = Ni fxm(ué)2 L o (@u) e (@)
N . " JO dx? dx* o\ dx3 J8 \ dx? '
n=0 n n n n
B3. k=5

When k =5, M + Q can be decomposed as
M+ Q =M+ ¢;(D"MD’ + D"°MD) — &,(D"*MD* + DT*MD?)
+e3DPMD? — e4(DT3MD’ + DT°MD?) + sD7*MD* + ¢,D7°MD?,

where
===
450
4= es— q1 —7612’
22050
€6 = qo — 9q1 + 359>
1786050

Hence, ||u®|| can be written in differential form as

2

B T T P T M A W

bt o (S (S,
JE dx3 dxd I8\ dx* JIO\ dxd '

N‘I/ml i) 2y dul dud 26y d2ud dul e (d%ﬁ)
Xn

8 —
= | =D
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(B.2)

(B.3)

(B.4)

(B.5)

(B.6)

(B.7)

(B.8)

(B.9)
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B4. k=6

When k = 6, M + Q can be decomposed as
M + Q =M+ EI(I”)TZMI”)6 + ]~)T6M]~)2) _ ez(ﬁT3Mﬁ5 + f)TSMf)3)

+esDT*MD* — e4(DT*MD’ + DT°MD?) + esDTMD’ + D7 °*MDP, (B.10)
where
€gE =€ =c¢ =2
1 =€ = 3—32050,
q1 — 992
—e5 = — = B.11
4= = 1786050 ®B.11)
S (e 11q1 + 549>
6= 216112050
Hence, ||u®|| can be written in differential form as
N=l e 2er A2l dOub 26 Ul Bud e [dud\?
Z/ (u6)2+_1 n_n__z_n n+_3 n
I 3” _ = Jx n J§ dx? dx© J§ dx3 dx? JE\ dx* (B.12)
wi= 4 5 16,8 5.6 2 6,8\ 2 )
264dundun+65 duy +e6 d’u;, d
JI0 dx4 dx6 JIO\ dxd J12\ dx6
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