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The evolution of the three-dimensional planar Richtmyer-Meshkov (RM) instability
during a two shock wave interaction (i.e., reshock) is investigated by means of com-
paring numerical simulations and analytical modelling with experimental results of
low Mach numbers (M < 1.5) and fairly high Atwood numbers (A ∼ 0.7). The study
discusses and analyses the differences in the evolution of the mixing zone for two dif-
ferent types of initial perturbations, namely, multi-mode random initial perturbation
with a narrow or wide bubble size distribution. More specifically, the study is focused
on the agreement between numerical simulations and experiments performed with
an unknown random initial perturbation. Using a large set of experimental results
with different reshock arrival times and Mach numbers, the numerical simulations
results are compared to the experimental results for a variety of different scenarios.
This methodology allows a constrained comparison, while requiring good agreement
for all cases. A comprehensive parametric study is conducted, examining the evolu-
tion of the mixing zone (MZ) for different initial amplitudes and wavelengths. It is
found that in order to achieve a good agreement, the numerical simulation must be
performed using a wide enough initial spectrum, which enables a dominant, efficient
bubble merging process to take place within the MZ. The numerical simulation results
are compared to a model, based on classic single bubble RM evolution formulation,
combined with high amplitude effects consideration and phase reversal treatment in
case of heavy to light reshock passage. The model is also extended for the case of
multi-mode fronts, accounting for a bubble merging process, determining that the MZ
evolution after the reshock can be classified with high confidence as governed by an
inverse cascade bubble merger, approaching self-similarity. C© 2014 AIP Publishing
LLC. [http://dx.doi.org/10.1063/1.4893678]

I. INTRODUCTION

The Richtmyer-Meshkov (RM) instability1, 2 occurs when a shock wave passes an interface
separating two fluids of different densities, causing small perturbations initially present on the
interface to grow in the form of light bubbles floating into the heavy fluid and heavy fluid spikes
penetrating into the light fluid, eventually forming a mixing zone (MZ). Due to its importance
in a variety of scientific and engineering fields such as inertial confinement fusion (ICF3, 4) and
astrophysics (e.g., super-nova5–8), the RM instability has been investigated extensively in the past
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decades. In many cases, the interface interacts with more than one shock wave. For example, during
the capsule implosion in ICF, the interface interacts first with the ablative shock wave propagating
towards the capsule center, and then with the rebounding shock wave (reshock) reflected from the
center.

The RM evolution due to a single shock wave interaction was investigated intensively in
the past decades for single- and multi-mode initial perturbations, both theoretically1, 9–29 and
experimentally.2, 30–37 Many models, providing a comprehensive description of the evolution of
a single-mode RM instability for the single-shock case exist in the open literature. The most updated
study was presented in Dimonte et al.,28 along with a detailed review of existing models, and this
case is well understood.

In spite of the experimental studies that were conducted regarding the evolution of the RM
instability MZ when it is accelerated by multiple shock waves,38–46 the governing mechanisms in
this case are not yet fully understood, both for single-mode and the random multi-mode initial
perturbations. This is especially true for the latter case, since experimental results often provide only
integral data about the MZ, (i.e., the change of its width in time) and do not provide information about
the inner small scale structure of the MZ or about the nonlinear interaction between different bubbles
or spikes. Moreover, the majority of the experimental data for the multi-mode initial perturbation case
was collected in shock tube experiments, where the initial perturbations are formed randomly on a thin
membrane, separating the two gases.38–41, 45, 46 For this type of experiments, in which the membrane
is randomly ruptured by the shock wave, the possibility of a classical single-mode initial perturbation
is small, and the initial perturbation on the interface can be characterized as a random multi-mode
one. As a result, the exact initial perturbation’s spectrum is unknown, and a comprehensive analysis
of the experiments becomes a challenging task. In the case of a wide initial bubble size distribution
in the initial perturbation spectrum, the MZ evolution can be typically categorized as dominated by
bubble merging dynamics. For a wide enough initial bubble size distribution, the MZ evolution will
reach a self-similar regime.26 In the extreme case of a very narrow initial distribution, the evolution
of the mixing zone will loose the bubble merging mechanism dominance, and a pseudo single-mode
regime will govern the MZ evolution.

When the RM instability MZ experiences a second shock wave (reshock), additional energy
is deposited in the mixing process. As a result, the growth of the MZ increases dramatically and
the mixing process is enhanced.31, 38, 39, 41–43, 45–47 The interface shock-reshock interaction is more
complex than the single shock interaction, mainly because of two elements: first, when the reshock
interacts with the MZ, the perturbation amplitude is usually significantly larger than the small
amplitude assumed in most of the present models; second, when the reshock interacting with the MZ
passes from a high density to a low density fluid, a complex phase reversal takes place, especially
if the MZ amplitude is high. It should be noted that the vast majority of experimental setups
used to study reshocks using shock tubes, and therefore the reshock direction was opposite to the
direction of the incident shock. Therefore, a phase reversal took place in all the cases of a light/heavy
configuration (e.g., air - SF6 was used in many of the experimental studies).31, 38, 41–43, 45, 46

During the past years, several models were developed in order to grasp the different stages
of the reshock process, and to obtain a comprehensive understanding about the nature of the MZ
growth.22, 40, 48, 49 Unfortunately, all these models are semi-phenomenological, and they assume that
the MZ amplitude remains small throughout the entire process,40 that the reshock is fairly weak
compared to the incident shock48 (which is not the case for heavy to light, air - SF6 shock tube
experiments, such as the experiments of Leinov et al.,46 that are discussed below), or that the model
contains one or more free parameters which has to be calibrated.22 Moreover, the predictions of
these models were recently compared to experimental results46 and poor agreement was evident.
The best agreement was obtained using the Mikaelian model,22, 49 which underestimated the growth
rate of the MZ after the reshock by about 23%.

There are some numerical studies, where the effect of the initial spectrum on the evolution
of the multi-mode RM instability was investigated for one or two shock waves interaction.47, 50–53

However, the comparisons to experiments were done for a single given configuration (i.e., shock
wave Mach number, shock tube dimensions, etc.). Moreover, these studies did not present a com-
prehensive parametric study of possible initial conditions, which could successfully reproduce the
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experiments. As a result, the uncertainty in the experimental results and the initial conditions was not
removed.

In the present study, we present a comprehensive numerical research, in order to better classify
the evolution of the MZ under reshock conditions in the experimental results of Leinov et al.,46

which will be described subsequently. The study is performed over two types of initial multi-mode
spectra, which are different in their initial spectral distributions. A large variety of initial conditions
is simulated (i.e., initial average wavelengths and amplitudes) and compared to the experimental
results, with several shock tube dimensions and shock wave Mach numbers.

Due to the complexity of the full three-dimensional numerical simulations, it is hard to separate
the basic mechanisms governing the evolution of the MZ. Hence, an additional goal of the present
study is to better understand the evolution of the bubbles’ height, both for the single- and multi-mode
initial perturbation cases, while using a simple model based on classical, well known RM physics, as
was done previously for the single shock case.15, 26, 28, 31 Since accurately extracting this data (bubble
front position relative to the one-dimensional surface position) from the available experimental
results is difficult due to experimental uncertainties, the study will rely on the numerical simulations
when evaluating the model.

The methodology used in the present study is presented subsequently following the presentation
of the experimental results of Leinov et al.46 In Sec. II we present a general numerical analysis of
the evolution of the reshocked MZ in the single- and multi-mode cases. In Sec. III the comparison of
the numerical simulations with the experiments is discussed. Finally, the present model is described
in Sec. IV, along with an analysis of the MZ evolution in the reshock case for the experiments and
simulations at hand.

A. The experiments of Leinov et al.46

Leinov et al.46 presented a comprehensive experimental study of the reshock effect on the MZ
growth rate and amplitude. The study was conducted using a square shock tube, having an 80 mm ×
80 mm cross section. The research was done in a light/heavy configuration, using air and SF6 as the
light and heavy fluids, respectively (A ≈ 0.67). The two gases were separated in the test-section of the
shock tube using a thin membrane having randomly distributed small scale perturbations, which have
random wavelengths ranging up to λ ∼ 1 mm. The upper limit of the wavelength (i.e., λ ∼ 1 mm)
was established by collecting and analyzing the membrane fragments after each experiment. How-
ever, this post-shot analysis does not mean that larger fragments (i.e., larger wavelengths) were not
present at the beginning of the experiments. Therefore, in order to cover this point, the numerical
parametric study of the initial conditions (see Sec. I B) included larger wavelengths as well. Upon
the rupture of this membrane by the shock wave, the mixing process commenced. As mentioned
in Sec. I, a perfect single-mode initial perturbation is highly unlikely due to the random nature
of the perturbations on the membrane edges, and the growth of the MZ is expected to be multi-
mode governed. The length of the test-section was determined by positioning the rigid end-wall at
a location of 80–235 mm downstream of the membrane. The experiments were recorded using a
schlieren diagnostic system with high-speed rotating-drum camera having time resolution of 56 μs.
The experiments explored the reshock effect on the MZ growth in two aspects:

� The dependence of the post reshock MZ growth rate on the MZ amplitude at the reshock arrival.
This was achieved by changing the shock tube end-wall position, and as a result allowing the
MZ to grow for a longer time before the reshock arrival.

� The dependence of the post reshock MZ growth rate on the incident shock wave and reshock
strengths. This was achieved by changing the incident shock wave Mach number (Mi) that in
turn changed the reshock strength as well.

A summary of the experimental cases is given in Table I. The experiments were proven to be highly
reproducible, with an experimental measurement error of about 2% (for further details, see Leinov
et al.46). For a given end-wall position and incident shock wave Mach number, the experimental
dispersion was less than 0.4 mm over one standard deviation (1σ ). The overall difference between
the different experiments that were conducted with different end-wall positions and fixed Mi = 1.2
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TABLE I. MZ width prior to the reshock arrival and post reshock MZ growth rates (for the first 0.5 ms after the reshock),
measured in the experiments of Leinov et al.,46 for end-wall positions of 80, 172, and 235 mm and Mi = 1.2, and for an
end-wall position of 80 mm, with Mi = 1.15 and 1.3.

End-wall position MZ width at reshock MZ growth rate after reshock
Case Mi Mref (mm) (mm) (mm/ms)

1 1.2 1.3 80 4.3 ± 0.7 23.1 ± 1.0
2 1.2 1.3 172 6.7 ± 1.1 23.0 ± 1.0
3 1.2 1.3 235 6.3 ± 1.0 23.8 ± 1.0
4 1.15 1.2 80 3.5 ± 1.0 13.1 ± 1.5
5 1.3 1.47 80 5.0 ± 0.5 34.6 ± 3.0

was found to be less than 0.3 mm in the measured MZ width at the reshock arrival, over the range of
two standard deviations, mainly due the uncertainty of ±0.02 in the incident shock Mach number.

The post reshock growth rate of the MZ increased dramatically for all the tested configurations
(compared to the growth rate prior to reshock passage), reaching a constant growth rate for the first
0.5 ms after the reshock. It was also found, that the growth rate of the MZ width after the reshock
passage was independent of the MZ width prior to its arrival (Cases 1-3 in Table I). The maximal
difference in the growth rate after the reshock between the experiments conducted with different
end-wall positions was about 3%. The growth rate was found to strongly depend on the reshock
Mach number, Mref. A change of about 25% in Mref resulted in a change by a factor of 2.6 in the MZ
growth rate (Cases 1, 4, and 5 in Table I).

It was also found that the MZ growth rate after the reshock could be scaled with the reflected
shock wave Mach number Mref, and that the width evolution of the MZ could be scaled for different
Mref with the distance travelled by the interface �ut, where �u is the overall velocity change
following the reshock passage. Multi-mode numerical simulations presented in the study46 indicated
that the MZ dynamics after the reshock passage is dominated by an inverse cascade process of
bubble merging, resulting in a large increase of the average wavelength. However, the numerical
simulations were done with one specific initial perturbation, and were not meant to check whether
other types of initial conditions could reproduce the experimental results.

B. Methodology

Since the experimental study contained results that were obtained with different initial param-
eters, which could be used as constraints over the numerical simulations, it could be used to resolve
the perturbation dynamics in the experiments. As was discussed in Sec. I A, the breaching of the
membrane results with multi-mode initial perturbations. It should be noted again that these initial
perturbations are unknown in all the three-dimensional, multi-mode random experiments conducted
in shock tubes39–41, 45, 46 or in the LEM system.25

In general, bubble merging is expected when the initial condition is a multi-mode one. However,
the typical merging rates increase/decrease as the perturbation spectrum width increase/decrease.
Therefore, the three-dimensional numerical simulations done in order to resolve the experimental
initial condition issue were performed using two sets of possible initial perturbations: multi-mode,
with a wide spectrum and multi-mode, with a narrow spectrum. First, the agreement to the ex-
perimental results for the two sets of initial perturbations was examined for Case 1 in Table I. A
parametric study covering the possible initial conditions range (initial wavelength and amplitude)
was performed, and the specific initial condition, which optimally matched the experimental results
of Case 1 (over a 2σ range) was found for each set. The agreement with the experiments was deter-
mined by comparing the experimental MZ width to the numerically simulated one, and the optimal
initial condition for each set was chosen as the one resulting with in the minimal divergence from
the experiments.

After determining the optimal initial condition to Case 1 of the experiments (end-wall at 80 mm)
for each set, it was used to reproduce the experimental results under the experimental constraints,
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FIG. 1. Schematic illustration of the numerical simulations setup. L - initial distance of the contact surface to end-wall. W -
domain width, the same in both the x and the y directions.

i.e., the experimental results for the end-wall positions of 172 and 235 mm (Cases 2 and 3 in
Table I), and if further needed, the experiments conducted with Mi = 1.15 and 1.3 (Cases 4 and
5 in Table I). An initial condition will be defined as an admissible one only if it reproduces the
experimental results under all the available mentioned constraints. Initial conditions for sets which
did not result in a good agreement to the experiments were disqualified with high confidence.
Naturally, in the case that only one set was found to be in good agreement to all the experiments,
it was possible to classify the initial conditions and the flow regime dominating the experiments
with high confidence. Finally, the present model was used to better analyze the evolution of the
instability.

II. NUMERICAL ANALYSIS

The numerical simulations were carried with LEEOR3D,54, 55 a finite volume ALE (Arbitrary
Lagrangian Eulerian) hydrodynamic code with interface tracking capability.56 The code solves
the Euler equations (viscosity effects are neglected), using the leapfrog method. The Lagrangian
scheme used in the code is based on a simple force balance equation for computing the mesh
velocities. All the simulations to be presented were initially fully Lagrangian, gradually trans-
ferring to fully Eulerian cubic mesh cells in the perturbation region after the incident shock
passage.

A schematic drawing of the simulated shock tube setup is presented in Fig. 1. The examined
end-wall positions (defined as “L” in Fig. 1) were 80, 172, and 235 mm, as in Leinov et al.,46 and the
SF6 and air properties are given in Table II. The domain width (defined as “W” in Fig. 1) was varied
in the simulations according to the requested wavelength. The heights of the fronts of the bubbles
and spikes were calculated by taking the 1% and 99% edge of the one-dimensional average volume
fraction of the air and the SF6, respectively. After the positions of the fronts of the bubbles and spikes

TABLE II. SF6 and air properties (adiabatic constant, γ , molecular weight, M, initial density, ρ0, and initial temperature,
T0) used in the numerical simulations.

Molecular Initial Initial
Adiabatic weight density temperature
constant M ρ0 T0

γ (g/mole) (g/cm3) (K)

SF6 1.1 146.04 6.2517 × 10−3 300
Air 1.4 28.95 1.225 × 10−3 300
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were obtained, the MZ width was obtained as their difference, and their heights could be calculated
relative to the contact surface position. The latter was obtained using a time integral over the contact
surface velocity �u. It should be noted that in the case of interest (reshock), one has to consider
two contact surface velocities, �u1 and �u2, for the incident shock and reshock, respectively. The
boundary conditions used in the simulations were all reflective, except for the upstream side of the
domain, where an inflow boundary condition was implemented, in order to describe the mass inflow
behind the in incident shock.

A. Single-mode evolution

Although a simple single-mode initial condition can be ruled out as a possible candidate for
the experiments due to the nature of the membrane breaking (see discussion above), it is useful to
analyze this relatively simple case first. Also, as will be described further below, an understanding
of the single bubble behavior in the reshock case is essential for the building of the model, described
in Sec. IV. The single-mode numerical simulations were performed using a numerical resolution
of 40 numerical cells per wavelength. In order to reduce the computational time, the simulated
domain held only one quarter of the total cross section area, with reflective boundary conditions
(20 × 20 numerical cells in the cross section). However, in all the figures to be presented, the total
area domain will be shown for clarity. As discussed, the simulations were initially fully Lagrangian,
gradually transferring to fully Eulerian cubic mesh cells in the perturbation region while keeping
the Lagrangian description of the shock movement down the tube. The transition to a Eulerian
mesh was initiated only after the perturbations reached an amplitude to wavelength ratio, a/λ, of
0.1, and was done at a/λ ∼ 0.2. In the case of an initial amplitude to wavelength ratio greater than
0.1, the transitions started after reaching the limit of �ut > 5 mm. Hence, the initial growth of the
perturbation was described with a satisfactory precision. The initial perturbation amplitude for the
single-mode simulations was defined by a square mode initial perturbation, used also by the alpha
group collaboration:58

a0(x, y) = a0

2
[cos(φx ) + cos(φy)], (1)

where a0 on the right-hand side is the initial bubble amplitude and φx = πx/W , φy = πy/W . We
shall discuss now the characteristic evolution of the MZ in a typical simulation, with λ = 3 mm,
a0/λ = 0.03, and Mi = 1.2, and will present the comparisons to the experiments in Sec. III and to
the model predictions in Sec. IV.

Four typical frames from the simulation are presented in Fig. 2. For this setup, the reshock
interacts with the contact surface 0.78 ms after the passage of the incident shock wave. Prior to
the reshock arrival, a typical RM instability bubble and spike formation is evident (Fig. 2(a)). The
interface is built from one bubble evolving around the centerline (x = y = 0), and four spikes, located
in the domain corners. During the phase reversal (Fig. 2(b)) the bubble collapses through its center,
forming a new spike that evolves towards the negative z-direction (Fig. 2(c)). It is convenient to
address the time of minimal amplitude during the phase reversal as a reference point, and therefore,
from here on, we shall note this time as t = 0. The phase reversal completes in about 0.1 ms,
with four bubbles evolving in the positive z-direction, and one spike evolving towards the negative
z-direction. This formation is maintained until the arrival of the rarefaction wave (Fig. 2(d)). In-
specting Figs. 2(a)–2(c) indicates that the phase reversal occurs through the center of the bubble,
while the spikes keep their shape initially and eventually disintegrate. This kind of behavior was
previously observed in two-dimensional experiments.34 By comparing Figs. 2(a) and 2(c) one can
also observe that the interface after the reshock contains small scale structures, indicating an en-
hanced mixing rate due to a large shear deposition during the passage of the reshock. It should be
noted that the use of numerical simulations in the present study was not for describing small scale
turbulence that occurs inside the MZ, but only to obtain a physical understanding of the large scale
evolution.
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FIG. 2. The interface between the air (bottom) and SF6 (top) in four typical frames, in a single-mode numerical simulation
with Mi = 1.2 for the incident shock wave, λ = 3 mm and L = 80 mm. t = 0 denotes the minimal MZ amplitude time.

The MZ width and bubble and spike absolute heights as a function of time are presented in
Fig. 3. Also presented are the velocities obtained by the linear impulsive model, given by

URM = A�uka∗
0 , (2)

where �u is the shock induced interface velocity, k =
√

k2
x + k2

y is the wave number, a∗
0 is the

initial post shock amplitude, and A = (ρ2 − ρ1)/(ρ2 + ρ1) is the post shock Atwood number.
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FIG. 3. MZ width (dotted line), bubble height (solid line), and spike height (dashed line) as a function of time, obtained from
the 3D numerical simulations with Mi = 1.2 for the incident shock wave, λ = 3 mm and L = 80 mm. The vertical dashed
lines represent the times of the reshock interaction with the bubble tip, the end of the phase reversal, and the arrival of the
rarefaction wave. t = 0 denotes the minimal MZ amplitude time.

Until the arrival of the reshock to the interface (t < −0.05 ms), the heights of the spike and the
bubble evolve according to the classic RM evolution, forming an about 5-mm wide MZ, with spike
to bubble amplitude ratio of about 3 (see Fig. 2(a)). When the reshock interacts with the bubble
tip, the MZ width and the bubble height decrease sharply, due to the Lagrangian compression
and phase reversal (see Fig. 2(b)). When the reshock passes the z-position of the contact surface,
the spike amplitude begins to decrease as well, and the bubble amplitude begins to grow. When
the new spike evolving from the collapsing bubble completes its formation (t ∼ 0.1 ms, see also
Fig. 2(d)), the bubble amplitude continues to grow in a decaying rate until the arrival of the rarefaction,
at t ∼ 0.4 ms. The bubble velocity is presented in Fig. 4. It can be seen that after the passage of
the incident shock wave (t = −0.75), the bubble velocity reaches the linear velocity URM (Eq. (2)),
marked with horizontal line in the figure, and after that it decays, reaching the asymptotic regime of
ub ∼ λ/t. During the phase reversal (−0.05 < t < 0.08) the velocity reaches a negative value first
due to compression and phase reversal, and then it levels out to an approximately constant value
(0 < t < 0.08). When the phase reversal is complete, the velocity decays rapidly, reaching again
the asymptotic regime until the arrival of the rarefaction. When comparing the bubble velocity after
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FIG. 4. Bubble velocity as a function of time, obtained from the 3D numerical simulations with Mi = 1.2 for the incident
shock wave, λ = 3 mm and L = 80 mm. The vertical dashed lines represent the times of the reshock interaction with the
bubble tip, the end of the phase reversal, and the arrival of the rarefaction wave, respectively, from left. The horizontal blue
dashed lines represent the linear velocities URM before and after the reshock, derived from Eq. (2).
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the reshock to the linear velocity URM obtained by using Eq. (2) with the proper bubble height,
Atwood number, and contact surface overall velocity jump |�u2 − �u1|, one finds that the bubble
velocity after the arrival of the reshock is about 1/3 of the expected linear value. This effect is
related to the fact that upon the interaction of the reshock with the MZ, the bubble amplitude to
wavelength ratio reaches a large value of about 1/2, and therefore the bubble initial velocity is
decreased.

It can be summarized that the total evolution process can be divided into three stages:

� Pre-reshock stage, in which the classical RM models are valid.
� Phase reversal, governed by the bubble evolution with an approximately constant growth rate.
� Post-reshock phase, in which the growth rate returns to the asymptotic ∼λ/t behavior.

B. Multi-mode evolution

All the multi-mode numerical simulations were performed using a minimum of eight numerical
cells per wavelength at t = 0 (128 × 128 numerical nodes in a cross section), again starting as fully
Lagrangian and then gradually rezoning to cubical mesh cells in the perturbation region. Hence, a
satisfactory numerical description of the growing instability was achieved. As was noted, this basic
setup was used in an earlier study46 to reproduce the experimental results. It is noted that numerical
convergence was evident by comparing the numerical simulation results to those obtained in a 256
× 256 simulation with the same initial perturbation. The initial perturbation amplitude for a given
spectrum in the numerical simulations was defined by

a0(x, y) =
∑
kx ,ky

[ak cos(φx ) cos(φy)

+ bk cos(φx ) sin(φy)

+ ck sin(φx ) cos(φy)

+ dk sin(φx ) sin(φy)], (3)

where φx = 2πkx x/W , φy = 2πky y/W , and ak, bk, ck, and dk are random coefficients. The initial
distribution of the wavelength was controlled by the range of the mode numbers, kx and ky, and
the desired initial amplitude was obtained by multiplying the result with a constant. This definition
exhibits in a flat spectrum, having a non-zero amplitude in the range of the chosen mode numbers.
Using this, one could define the average wavelength as 〈λ〉 = √

S/N , where S is the area of the
total domain and N is the number of bubbles, initially equal to about 650 in all the simulations. In
order to select a desired initial average wavelength for a given initial distribution, the total area was
changed while keeping the range of mode numbers. In a similar manner, the characteristic length
of the i-th single bubble was defined λi = √

Si , where Si was calculated using a simple watershed
algorithm.57 The watershed algorithm is a standard key tool developed within the framework of
mathematical morphology for segmenting images. It detects the watershed lines on the bubble front
image by detecting the catchment basins of all minima in the gradient image. Hence, by analysing
the bubble front, one could obtain the size distribution of the bubbles. It should be noted here that
the present definition of the wavelength, λi, defined here is not consistent with the classic definition,
k = 2π /λ. However, it fairly represents the typical length scales of the bubbles. Finally, the initial
average amplitude was defined as the ensemble average 〈a0〉 = ∑N

i=1(a0,i Si )/S, where a0, i is the ith
bubble initial amplitude, defined by its peak’s height.

As discussed earlier, the multi-mode numerical simulations were conducted with two different
initial distributions, a narrow one and a wide one, defined using Eq. (3). The ranges of the mode
numbers kx and ky were 4-32 and 8-16 for the wide and the narrow distributions, respectively. The
initial average wavelength was varied for the parametric study by simply increasing or decreasing
the domain cross section, W . Hence, the study was done while keeping �λ/〈λ0〉 constant. It should
be noted that the numerical simulation results were found to be insensitive to the random factors in
Eq. (3). The initial distributions and the corresponding initial contact surfaces for the two distributions
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FIG. 5. The initial number of bubbles vs. normalized wavelength (a), and the initial interface between the air and SF6 in
arbitrary units, for the wide (b) and narrow (c) initial distributions used in the numerical simulations.

are presented in Fig. 5. It can be seen that the value of �λ/〈λ0〉 is about 2 and about 1 for the wide
and narrow distributions, respectively.

Four typical frames obtained from the simulation of a wide distribution, Mi = 1.2, 〈λ0〉= 0.4 mm,
〈a∗

0 〉/〈λ0〉 = 0.2, and L = 80 mm are presented in Fig. 6 (note that the frames are not to scale). The
number of bubbles is decreasing with time due to bubble merging,15, 26 both before and after the

FIG. 6. The interface between the air (bottom) and SF6 (top) in four typical frames, in a multi-mode numerical simulation
with Mi = 1.2 for the incident shock wave, 〈λ0〉 = 0.4 mm, 〈a∗

0 〉/〈λ0〉 = 0.2, and L=80 mm. t = 0 denotes the time of
minimal MZ amplitude.
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FIG. 7. (a) MZ width (dashed–dotted line, black), spike front height (dashed line, red) and bubble front height (solid line,
blue) and (b) average, maximal, and minimal wavelength (blue circles, black squares, and red triangles, respectively) as a
function of time, obtained in the wide distribution multi-mode numerical simulations with Mi = 1.2, 〈λ0〉 = 0.4 mm, and L=
80 mm. t = 0 denotes the time of minimal MZ amplitude.

passage of the reshock. As a result, the average bubble size grows in time, while small bubbles are
washed away by large bubbles.

In Fig. 7(a), the heights of the fronts of the bubbles and spikes and the MZ width are presented.
It can be seen that the MZ evolves after the passage of the incident shock, reaching an overall width
of about 4.5 mm, with bubble to spike fronts amplitudes ratio of about 1/3. After the passage of
the reshock, the growth rates increase sharply for both the bubbles and the spikes, and after a short
period of having constant velocities (during the phase reversal), the bubble front amplitude continues
to grow in a decaying fashion. The average, minimal and maximal bubble wavelengths are presented
in Fig. 7(b). The maximal and minimal wavelengths are simply taken as the maximal and minimal
wavelengths over the bubble front, respectively, and the average wavelength is extracted using the
relation 〈λ〉 = √

S/N . It can be seen that the wavelength grows throughout the entire simulation,
due to bubble merging. However, the rate (i.e., d〈λ〉/dt) increases sharply after the passage of the
reshock, as it linearly depends on the bubble front velocity. The average and maximal wavelength
growth is by a factor of about 4, when most of the increase is evident after the reshock, indicating an
enhanced bubble merging. Note, that the amplitude to wavelength ratio predicted in the simulation
reaches a constant value of ∼1.2 at t ≈ −0.4 ms. This indicates that the merging rate in the simulation
reaches a constant value as well.

Fig. 8 presents the bubble front amplitudes of the MZ prior to reshock (Figs. 8(a) and 8(b)) and
at the arrival of the rarefaction from the end wall (Figs. 8(b) and 8(c)), for the two initial bubble size
distributions used in the multi-mode numerical simulations (i.e., narrow and wide distributions, with
〈λ0〉 = 0.35 and 0.4 mm, respectively). Both simulations were done with the same 〈a∗

0 〉/〈λ0〉 ratio,
of 0.2. It can be seen, that both simulations predict a decrease in the number of bubbles as a result of
reshock passage. However, the narrow distribution simulation shows a larger number of bubbles than
the wide distribution one. This suggests that the effect of bubble merging in the narrow distribution
case is smaller than the one obtained with the wide initial distribution. This result is expected, since
the typical merging time depends upon the merging bubble wavelengths ratio, and naturally, this
typical ratio is larger in the wide distribution case. The MZ widths and average wavelengths obtained
in both simulations are presented in Fig. 9. It can be seen, that the MZ width obtained with the wide
distribution is larger than the one obtained with the narrow one, both prior and after the reshock. This
is a result of the bubble merging dominance in the wide distribution case, previously discussed. One
can see that the average wavelength in the narrow distribution case reaches a lower value than the one
obtained in the wide distribution case (Fig. 9(b)). The merging rate in the wide distribution simulation
is greater than the rate in the narrow distribution simulation by a factor of about 2. By that we conclude
that the wide distribution simulations are dominated by bubble merging, compared to the narrow
distribution ones. As will be discussed further below, this fact impacts the initial condition (i.e., initial
average wavelengths and amplitudes) required for obtaining good agreement to the experimental
results.
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FIG. 8. Bubble fronts obtained from multi-mode numerical simulations done with the narrow (a,b) and wide (c,d) distribu-
tions. Mi = 1.2 for the incident shock wave and L = 80 mm. 〈λ0〉 = 0.35 and 0.4 mm for the narrow and wide distributions,
respectively. A view from downstream the mixing zone, at t = −0.05 (a,c) and t = 0.25 (b,d) ms. t = 0 denotes the time of
minimal MZ amplitude.

III. NUMERICAL SIMULATIONS COMPARISON TO EXPERIMENTS AND INITIAL
CONDITION DECIPHERMENT

In this section, the parametric study that was performed in order to resolve the best matching
initial conditions of the experiments to be used in the simulations is discussed. We start by comparing

FIG. 9. (a) MZ width and (b) average wavelength as a function of time, obtained in the narrow (blue) and wide (black)
distribution multi-mode numerical simulation with Mi = 1.2 and L = 80 mm. 〈λ0〉 = 0.35 and 0.4 mm for the narrow and
wide distributions, respectively. t = 0 denotes the time of minimal MZ amplitude.
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TABLE III. Multi-mode narrow distribution numerical simulations summary, Mi = 1.2, L = 80 mm.

〈λ0〉 Amplitude at reshock arrival MZ growth rate after reshock
(mm) 〈a∗

0 〉/〈λ0〉 (mm) (mm/ms)

0.35 0.2-0.8 2.5-5.0 11 ± 1
0.5 0.13-0.4 2.6-4.9 13.5 ± 2
0.7 0.06-0.32 2.7-5.0 15.5 ± 2.5
1.4 0.04-0.11 3.1-5.0 19.5 ± 2
2.8 0.03-0.06 3.4-5.1 23.1 ± 1.5
5.6 0.02-0.03 3.2-5.0 23.5 ± 2

with the experiments conducted with an end-wall positioned at 80 mm, and then turn to further
comparisons, for end-wall positions of 172 and 235 mm, and different incident shock wave Mach
numbers.

A. End-wall position at 80 mm

As discussed in Sec. I B, the first stage of the simulations was carried out with an end-wall
position of 80 mm, in order to find the best matching initial wave lengths and amplitudes for each
set of initial perturbation (i.e., multi-mode with a wide or a narrow distributions) to the experimental
results. The range of initial wavelengths used in the simulations was chosen based on the post-
experiment analysis of the membrane fragments, discusses in Sec. I A.

The multi-mode narrow distribution numerical simulation data and results are summarized in
Table III and Fig. 10. It can be seen, that good agreement is evident for initial average wavelengths
in the range of 1.4–5.6 mm. However, the agreement is achieved over a very narrow range of initial
amplitudes. It is also evident that the growth rate after the reshock increase with the increases in
the initial average wavelength, and lower initial amplitudes are needed for larger 〈λ0〉 in order to
agree with the experiment. This result is expected, since the terminal velocity of a single bubble is
proportional to its wavelength, ub ∼ λt−1. The growth rate after the reshock is weakly depended
upon its amplitude at reshock arrival, as was evident in the experiments of Leinov et al.46

The multi-mode wide distribution numerical simulations data and results are summarized in
Table IV and Fig. 11. It can be seen, that good agreement is evident for initial average wavelengths
in the range of 0.3-0.5 mm, for a relatively large range of initial amplitudes to wavelength ratios
(〈a∗

0〉/〈λ0〉 = 0.12-0.33, 0.125-0.2, and 0.09-0.15 for λ0 = 0.3, 0.4, and 0.5 mm, respectively). Again,
the MZ growth rate after the reshock increases with the initial average wavelength 〈λ0〉, and lower
initial amplitudes are needed for larger 〈λ0〉 in order to agree with the experiment. Similar to the
narrow distribution numerical simulations, the MZ growth rate weakly depends on the MZ width at
the reshock arrival for all initial wavelengths simulated, except for the 〈λ0〉 = 0.2 mm case. For 〈λ0〉
greater than 0.2 mm, the variance in the MZ growth rate after the reshock passage is about 10%.

This section is summarized by observing that both initial conditions sets were capable of
reproducing the experimental results that were obtained with Mi = 1.2 and L = 80 mm. Good
agreement to the experiments was evident for the 〈a∗

0 〉/〈λ0〉 = 0.025 − 0.1 and 〈λ0〉 = 1.4 − 5.6 mm
for the narrow distribution multi-mode simulations (5.6 mm is chosen for further comparisons), and
〈a∗

0 〉/〈λ0〉 = 0.1 − 0.25 and 〈λ0〉 = 0.3 − 0.5 mm for the wide distribution multi-mode simulations.

B. End-wall positions at 172 and 235 mm

Since the numerical simulations that were performed with both initial condition sets resulted in
good agreement with the experiments that were conducted with end-wall position of 80 mm, another
set of numerical simulations was performed, in order to check their validity for end-wall positions
of 172 and 235 mm. For each set, the numerical simulations were performed with the specific initial
conditions that obtained good agreement over a two standard deviations (2σ ) range, in order to
include the experimental uncertainty of the incident shock wave Mach number. The main difference
between the three end-wall positions after the reshock is the arrival time of the rarefaction wave to
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FIG. 10. MZ width as a function of time, obtained in the narrow distribution multi-mode numerical simulations (Mi = 1.2,
L = 80 mm, smooth lines) and the experiments.46 t = 0 denotes the time of minimal MZ amplitude.

the MZ (0.4, 0.9, and 1.2 ms for the L = 80, 172, and 235 mm cases, respectively). The reshock
arrival time was also different in the three cases, 0.78, 1.58, and 2.11 ms for the L = 80, 172, and
235 mm cases, respectively.

TABLE IV. Multi-mode wide distribution numerical simulation summary, Mi = 1.2, L = 80 mm.

〈λ0〉 Amplitude at reshock arrival MZ growth rate after reshock
(mm) 〈a∗

0 〉/〈λ0〉 (mm) (mm/ms)

0.2 0.12-0.7 2.6-5.2 13.0 ± 3.0
0.3 0.12-0.5 3.5-5.4 21.6 ± 1.5
0.4 0.065-0.72 2.7-8.0 22.3 ± 1.0
0.5 0.06-0.2 2.7-3.0 24.5 ± 1.0
0.6 0.03-0.24 2.6-8.0 29.0 ± 3.0
0.8 0.035-0.375 2.7-9.7 32.3 ± 2.5
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FIG. 11. MZ width as a function of time, obtained in the wide distribution multi-mode numerical simulations (Mi = 1.2, L
= 80 mm, smooth lines) and the experiments.46 t = 0 denotes the time of minimal MZ amplitude.

The comparison between the numerical simulations and the experimental results is presented
in Fig. 12, in reference to the time of the reshock arrival in the L = 235 mm case. For reference,
the results for the L = 80 mm case are also presented. When examining the agreement between the
multi-mode narrow distribution numerical simulations (〈λ0〉 = 5.6 mm) to the experimental results
(Fig. 12(a)), one finds that while the agreement after the passage of the reshock is reasonable, the
MZ evolution does not agree with the experiments before the reshock arrival. Therefore, we can
rule out the multi-mode, narrow distribution as the possible initial distribution in the experiments.
Note that although we present here only the results for 〈λ0〉 = 5.6 mm, the conclusions are similar
for other initial wavelengths which agreed well to the experiments done with L = 80 mm, e.g., 〈λ0〉
= 1.4 mm.

The comparison to the experiments for the multi-mode wide distribution numerical simulations
results (〈λ0〉 = 0.4 mm) is presented in Fig. 12(b). In contrast to the multi-mode narrow distribution,
the wide distribution numerical simulation agrees well with the experiments for the three end-wall
positions. The good agreement that is evident allows one to determine that the wide distribution
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FIG. 12. MZ width as a function of time for Mi = 1.2 and L = 80, 172, and 235 mm (smooth lines), obtained in the
experiments46 and in the numerical simulations with, (a) narrow distribution multi-mode with 〈λ0〉 = 5.6 mm and (b) wide
distribution multi-mode with 〈λ0〉 = 0.4 mm. t = 0 denotes the minimal MZ amplitude time in the 235 mm case.

multi-mode initial condition characterizes the experiments with high confidence. This will now be
further validated by comparing the multi-mode wide distribution numerical simulations with the
experimental results for different incident shock wave Mach numbers (Mi = 1.15 and 1.3).

C. Different incident shock wave Mach numbers

After ruling out the multi-mode narrow distribution as characterizing the experimental MZ
evolution, a further validation of the multi-mode wide distribution case was carried out. The 〈λ0〉
= 0.4 mm numerical simulations are compared to the experiments done with Mi = 1.1 and 1.3
in Fig. 13. The obtained good agreement confirms the ability of the numerical simulations with
the multi-mode wide distribution to reproduce the experiments over a wide range of constraints. It
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FIG. 13. MZ width as a function of time for L = 80 mm and (a) Mi = 1.1, (b) Mi = 1.3, obtained in the experiments46 (blue)
and in the wide distribution multi-mode numerical simulations (black) with 〈λ〉 = 0.4 mm. t = 0 denotes the minimal MZ
amplitude time.

should be noted that the numerical simulation results showed the same dependencies on the post
reshock growth rate as the experiments, namely, weak dependency on the MZ amplitude at the
reshock arrival and high dependency on the incident shock wave Mach number.

In summary, by concluding that although the two types of initial perturbations could reproduce
the experimental results for Case 1 (L = 80 mm, and Mi = 1.2, see Table I), only one type could
reproduce the experiments under all the chosen constraints (Cases 2-5 in Table I). This allows to
classify with high confidence the experimental initial condition as a multi-mode, wide distribution
one, with 〈λ0〉 ≈ 0.3 − 0.5 mm.

IV. A SIMPLE MODEL FOR RESHOCKED RM BUBBLE DYNAMICS

After the analysis by means of the full numerical simulations, we turn to an attempt to better
understand the bubble evolution dynamics, by deriving a simple model. Such a model can assist
in analyzing the numerical simulation results, and therefore in better understanding the MZ typical
flow regime. We now discuss the details of the model, giving a summary of its main features in
Table V. It was found earlier that the large scale evolution of the single-mode shock-reshock
interaction could be divided into three characteristic time periods:

1. From the incident shock wave passage until the reshock arrival at the bubble front.
2. Phase reversal, during which the bubble velocity is approximately constant and similar to the

spike velocity, but lower than the linear velocity.
3. From the end of the phase reversal until the arrival of the rarefaction wave. At this period the

bubble velocity quickly decays to the asymptotic solution of ub ∼ λ/t.

These three stages allow the definition of time markers; the time of arrival of the incident shock
wave (ti), the reshock (tr), and the rarefaction wave (te). These time markers can be easily determined
using the velocities of the shock and rarefaction waves and the bubble amplitude, which is obtained
by the model. Another required time marker is the time at which the phase reversal ends, (tp), which
helps defining the phase reversal time scale (tp − tr).

TABLE V. Summary of the different expressions, time scales, and initial amplitudes used in the model presented in this
table, at each phase of the interaction. The bubble velocity reduction factor, F = ubi/URM is described in Eq. (5).

Initial condition Before rechock Phase reversal After reshock

Bubble velocity ub = F · URM
1+Bt

1+Dt+Et2 ub = ±F · URM ub = F · URM
1+Bt

1+Dt+Et2

Time period tr-ti tp-tr te-tp

Initial amplitude a∗
0 (ti ) a∗

0 (tr ) a∗
0 (tr )

Relevant equations 2,4,5 2,5 2,4,5
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The bubble velocity, ub, for each time period can be obtained using the well-known formulation
of Sadot et al.,31 multiplied by a high amplitude reduction factor, F:

ub = F · URM
1 + Bt

1 + Dt + Et2
, (4)

where B = FURMk, D = (1 + A)FURMk, and E = FU 2
RM k2. It can be seen that at the limit t → ∞,

Eq. (4) yields the correct asymptotic velocity of ub ∼ λ/(2π t). The reduction factor F = ubi/URM

represents the ratio between the actual initial bubble velocity and the velocity obtained using the
impulsive model1 (Eq. (2)). This formula was validated in past studies against two-dimensional
experimental results31, 44 for the F = 1, single shock case and was found to be robust. Dimonte
et al.28 presented a model including a correction term for high initial amplitudes, again for a single
shock, which was validated against numerical and experimental results. The reduction factor in their
study was fitted to numerical results, as a function of the initial amplitude to the wavelength ratio.

In the present model, the reduction factor, F, is obtained using the model of Rikanati et al.,27

which analytically gives the initial velocity, ubi, as a function of the initial amplitude a0, the
perturbation wavelength, λ, and the fluids properties:

ubi = − Re

{
f (M, ρ1, ρ2, γ1, γ2, p1, p2)·

λ∫
0

1

2λ

sin α−(x)

cos α+(x)
·

cot

[
π

−x + i f p(a0 − y(x))

λ

]
dx

}
, (5)

where alpha+(x) and alpha−(x) are the pre and post rechock angles between the shock an the
interface, respectively, and fp is the shock compression factor, fp = (us − �u)/us. Dividing Eq. (5) by
Eq. (2) yields the reduction factor, F. One should note that in order to use Eq. (5), the bubble should be
assumed to be axially symmetric. In addition, it should be assumed that the bubble/spike asymmetry
at the reshock arrival could be considered by using y(x) = a0[1 − y0]{1+max[-sign(y0), 0)]} in
Eq. (5), where y0 = cos (2πx/λ). The velocity reduction factor, F, as a function of the bubble
amplitude to wavelength ratio is presented in Fig. 14, for a symmetric (dashed line) and asymmetric
(solid line) perturbations. It can be seen that a/λ = 0.5 yields F ≈ 1/3 for the asymmetric case, in
good agreement with the numerical simulations results presented in Sec. II A (see Fig. 4).

For the first time period (ti < t < tr) Eq. (4) is simply used with the initial post shock amplitude
from the numerical simulations (computed separately). For evaluating the phase reversal time period
(tr < t < tp) its time scale (tp − tr) should be assessed first. This can be obtained by considering the
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FIG. 14. The velocity reduction factor F for a symmetric (dashed line) and asymmetric (solid line) perturbation as derived
using Eq. (5).
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absolute value of the bubble velocity at this stage to be constant, and therefore, tp − tr = [hb(tr) +
hs(tr)]/|ubi|, since the phase reversal takes place on the overall MZ width. The velocity magnitude
at this stage can be determined from Eq. (4), by considering the amplitude that was obtained at the
end of the first stage, hb(tr), as the initial bubble amplitude. Naturally, the obtained bubble velocity
will be negative until t = 0, and positive after that. The MZ width hb + hs was simply estimated by
taking the spike amplitude (for A ∼ 0.7) to be about 3hb. The bubble velocity during the last time
period (tp < t < tr) was estimated by using Eq. (4) with the appropriate velocity reduction factor,
and tp as the initial time. After the bubble velocity was obtained for all the time periods, the bubble
height could be derived with a time integral over the velocity.

In order to expand the model for the multi-mode case, bubble merging must be considered.
Following Oron et al.,26 the 3D bubble size distribution f(λ, t) was obtained using

N (t)
∂ f (λ, t)

∂t
=−2 f (λ, t)

∞∫
0

f (λ′, t)ω(λ, λ′)dλ′

+
λ∫
0

f (
√

λ2 − λ′2, t) f (λ′, t)ω(
√

λ2 − λ′2, λ′)dλ′, (6)

where N (t) = ∫ ∞
0 f (λ, t)dλ is the total number of bubbles at time t, and ω(λ, λ′) is the merging

rate between bubbles having wavelengths λ and λ′.
Equation (6) was used to compute the bubble size distribution during the above mentioned time

periods while assuming that the merging rate between every two bubbles is governed by the large
one, and therefore defining:

ω(λ, λ′) = ub(λ)

λ
ω̄(q), (7)

where ω(λ, λ′) in Eq. (7) is the merging rate, ub(λ) is obtained for each wavelength using Eq. (4),
and ω̄(q) is the non-dimensional merging rate,26 that depends on the wavelength ratio, q = λ/λ′, of
the merging bubbles. In the present study, ω̄ was computed using the two-dimensional potential flow
model of Hecht et al.,11 as was done by Oron et al.26 After the bubble size distribution was obtained
throughout the entire process, one can obtain the average wavelength 〈λ〉. The average wavelength
of the rising bubbles, 〈λu〉 can be obtained by calculating the average wavelength while considering
only the wavelengths with a constant or growing number of bubbles. For each size distribution,
f(λ, t), the bubble front velocity is given by Eq. (4) and using 〈λu〉 as the wavelength. Hence, the
increasing wavelength effect could be considered in the model.

A. Model comparisons to the numerical simulations results: Single-mode

In the following, the model predictions compared to numerical simulation results are presented
for the single-mode initial perturbation. In order to test the ability of the model to capture the physics

TABLE VI. Single-mode numerical simulations done for model evaluation. Incident shock wave Mach number: 1.2 and 1.3
for air/SF6 and SF6/air configurations, respectively. End wall position L = 80 mm. The initial bubble amplitude values given
in the table are the compressed ones, calculated using a∗

0 = f pa0, where fp = (us − �u)/us, and us is the shock velocity.10

λ �u1 �u2

Case Configuration (mm) a∗
0/λ (mm/ms) (mm/ms)

1 3 0.002
2 3 0.016
3 air/SF6 3 0.025 67.9 − 24.4
4 3 0.033
5 6 0.025

6 SF6/air 3 0.018 89.6 31.9
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FIG. 15. Bubble height obtained from Case 1 (a∗
0/λ = 0.002) numerical simulations (solid line) and model (dashed line).

of the bubble evolution, several simulations were performed, summarized in Table VI. The notations
�u1 and �u2 refer to the contact surface velocity before and after the reshock, respectively.

In order to check the ability of the model to deal with the reshock problem in a simple case, the
model prediction is compared first to Case 1 of the numerical simulation results (see Table VI). Since
a∗

0/λ in this case is very small, the bubble amplitude remains in the linear regime (and therefore
the bubble and spike symmetry is maintained) until the reshock arrival. As a result, both the phase
reversal time scale and the high amplitude effect are negligibly small (i.e., tp − tr ≈ 0.01 ms, F ≈
1). The comparison is presented in Fig. 15. Good agreement is evident, confirming the ability of
Eq. (4) to reproduce the bubble evolution for this simple case.

The bubble height as obtained from the numerical simulation of a heavy/light (Case 6,
Table VI) single-mode run and the model is presented in Fig. 16. In this case, when the reshock
passes through the MZ, no phase reversal occurs. Also presented is the model prediction, when the
high amplitude effect is not considered (i.e., F = 1). It can be seen that the model prediction is in
good agreement with the numerical simulation. When the high amplitude effect is not considered,
the bubble amplitude after the reshock is overestimated, due to the overestimation of the predicted
velocity. Note, that the amplitude to wavelength ratio at the reshock arrival reaches a value of 0.4.
The good agreement between the model prediction and the numerical simulation after the reshock
further validates the use of Eqs. (4) and (5).

The model prediction for Case 3 (Table VI) is compared to the numerical simulation prediction
in Fig. 17. Also presented are the predictions obtained by the impulsive model (Eq. (2)), and the

FIG. 16. Bubble height obtained from numerical simulations (solid line) and model (dashed line), SF6 − air configuration.
The dashed-dotted line corresponds to the model without considering the high amplitude effect (Eq. (5)).
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tr tp

FIG. 17. Bubble height obtained from Case 3 (a∗
0/λ = 0.025) numerical simulations (solid line) and model with (dashed

line) and without (dotted line) phase reversal. Dashed-dotted line represents the linear solution (Eq. (2)). Left and right dashed
vertical lines represent the time of reshock arrival (tr) and the end of phase reversal (tp), respectively.

present model prediction, when the phase reversal is not considered at t > 0. It can be seen that the
model reproduces well the numerical simulation result, while the linear solution predicts a much
larger bubble amplitude. Also, when implementing the model without considering the phase reversal
after t > 0 (dashed line), the predicted bubble amplitude underestimates the numerical simulations
result. This result confirms that the use of Eq. (4), combined with the phase reversal estimation and
the high amplitude effect captures the physics of bubble evolution. The fact that good agreement is
achieved only when the phase reversal is considered, demonstrates its necessity and importance in
the model. The predicted growth rate following the phase reversal (marked with the right vertical
dashed line) is very similar to the growth rate obtained by the model without considering the phase
reversal. This result is expected, since in both cases the model used tr (marked with the left vertical
line) as a time mark, and hb(tr) as an initial amplitude.

In order to examine the initial amplitude effect, the bubble height, as obtained from the model
and the numerical simulations are presented in Fig. 18 for λ = 3 mm and initial amplitude to
wavelength ratios of 0.016, 0.025, and 0.033 (Cases 2-4 in Table VI). It can be seen that the model
well reproduces the numerical simulation results. As expected, the different initial amplitudes yield
differences in the bubble heights of about 0.1-0.3 mm at the reshock arrival. The predicted post
reshock growth rates (during the phase reversal) in the model and the numerical simulation are very
similar for all the initial amplitudes. This results in two competing effects. Since the pre-reshock

λ

λ

λ

FIG. 18. Bubble height obtained from the λ = 3 (Cases 2-4) mm and a∗
0/λ = 0.016 (circles), 0.025 (triangles), and 0.033

(squares) numerical simulations and model (dashed corresponding lines).
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λ

λ

FIG. 19. Bubble height obtained from the λ = 3 mm and 6 mm, a∗
0/λ = 0.025 numerical simulations (solid line) and model

(dashed corresponding lines).

bubble amplitude grows with initial amplitude, the linear velocity, URM, also grows. However, the
velocity reduction factor due to the amplitude at the reshock arrival grows as well, and therefore
reduces the initial bubble velocity. These two effects partially compensate for each other, resulting
in similar growth rates during the phase reversal. The main difference between the presented three
cases is the phase reversal time scale, which grows with the amplitude (i.e., tp − tr ∝ hb + hs). After
the phase reversal is completed, the bubble growth rate decays quickly for all initial amplitudes, and
reaches the asymptotic regime. Since all simulations were performed with the same wavelength, the
bubble growth rates are very similar for all the amplitudes.

In Fig. 19, the bubble height as obtained from the numerical simulation and the model is plotted
against time for the λ = 3 and 6 mm numerical simulations and the model, with a∗

0/λ = 0.025 (Cases
3 and 5 in Table VI). The agreement between the numerical simulation and the model is good. Before
the reshock, the bubble growth rate depends on the wavelength and the amplitude, reaching a higher
amplitude in the λ = 6 mm case. After the reshock and during the phase reversal, the bubble
growth rate is similar for both wavelengths. This can be expected, since the ratio between the two
bubble velocities is (λ2/λ1)(a1/a2)(F1/F2) = (6/3)(1.2/2.1)(0.37/0.41) ≈ 1. However, due to the
difference in the MZ width at the reshock arrival, the phase reversal time is longer for the λ =
6 mm case, and the bubble amplitude at the end of the phase reversal is larger. After the phase
reversal, the λ = 6 mm bubble grows faster than the λ = 3 mm bubble, since the bubble growth rate
increases with wavelength, as expected for the asymptotic regime.

B. Model comparisons to the numerical simulation results: Multi-mode

The normalized bubble size distributions obtained by the model and the multi-mode numerical
simulation that obtained the best agreement with the experiments (wide spectrum, 〈a∗

0 〉/〈λ0〉 = 0.2,
〈λ0〉 = 0.4) are presented in Fig. 20. The non-dimensional distribution was calculated using f(ξ ) =
[〈λ〉/N]f(λ) and ξ = λ/〈λ〉. The asymptotic self-similar size distribution that was predicted by the
model is also presented for each sub-figure. The bubble size distribution obtained in the numerical
simulation converges towards the self-similar distribution upon the reshock arrival (Figs. 20(a)–
20(d)), in good agreement with the model predictions. After the passage of the reshock the distribution
is diverted from the self-similar one due to a sudden rise in the bubbles velocities (Fig. 20(e)), and
then converges to self-similarity (Fig. 20(f)). This result confirms again the dominancy of the inverse
cascade process in the wide distribution simulation after the reahock passage. Considering this and
following the methodology described in Sec. I B, the good agreement with the experimental results
that was obtained only with the wide distribution, implies that the inverse cascade of the bubble
merging in the experiments increases due to the passage of the reshock, dominating the flow. By
examining the normalized bubble size distribution that was obtained in the numerical simulation
with L = 235 mm (Fig. 21) and comparing it to the asymptotic distribution obtained by the model,
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ξ
ξ

ξ λ λ

ξ

ξ λ λ

FIG. 20. Normalized bubble size distribution obtained by the numerical simulation (bars) and model (solid line). Dashed
line: the asymptotic size distribution obtained by the model. (a) t = −0.75 (initial condition), (b) t = −0.6, (c) t = −0.3,
(d) t = −0.05 (reshock arrival to bubble front), (e) t = 0.1, and (f) t = 0.3. Mi = 1.2, L = 80 mm, and 〈λ0〉 = 0.4 mm.

one can conclude that the bubble size distribution converge towards self-similarity in the range of
the end-wall positions that were experimentally investigated by Leinov et al.46

In order to demonstrate the convergence to self-similarity in the model and the numerical
simulation, the bubble front power law coefficient, θb, was extracted from the numerical simulation

FIG. 21. Normalized bubble size distribution obtained by the numerical simulations (bars) and the asymptotic size distribution
obtained by the model (dashed line). (a) t = −0.05 ms (at reshock arrival), (b) t = 0.3 ms after the passage of the reshock.
Mi = 1.2, L = 235 mm, and 〈λ0〉 = 0.4 mm.
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θ

θ

θ

θ

FIG. 22. Power law coefficient θb obtained by the numerical simulations (solid line) and model (dashed line) before (upper
frame) and after (lower frame) reshock passage. The horizontal solid line represents the asymptotic coefficient obtained by
the model. Mi = 1.2, L = 80 mm, and 〈λ0〉 = 0.4 mm.

λ

FIG. 23. Bubble front amplitude 〈hb〉 (upper frame) and average wavelength 〈λ〉 (lower frame) obtained by the numerical
simulations (solid line) and model (dashed line), for 〈λ0〉 = 0.4 mm, Mi = 1.2, and L = 235 mm.

FIG. 24. Bubble front amplitude 〈hb〉 (upper frame) and average wavelength 〈λ〉 (lower frame) obtained by the numerical
simulations (solid line) and model (dashed line), for Mi = 1.15 and 1.3. L = 80 mm and 〈λ0〉 = 0.4 mm.
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and the model results, using the relation θb = d(log 〈hb〉)/d(log t). The comparison is presented
in Fig. 22. Good agreement is evident, and it can be seen that the bubble front converges to the
asymptotic value of θb = 0.25 before the reshock arrival (upper frame), as predicted by Oron et al.26

The value of θb increases due to the passage of the reshock (bottom frame), but converges again to
the self-similar asymptotic value at t ≈ 0.1 ms.

To further establish the model validity, the model prediction was compared to the numerical
simulation results (〈λ0〉 = 0.4 mm) in the runs with the different end-wall positions (Mi=1.2, L =
235 mm, Fig. 23) and the incident shock wave Mach numbers (Mi = 1.15, 1.3, L = 80 mm, Fig. 24).
For each run, the bubble front height and the average wavelength were compared. It can be seen that
the model agrees well with the numerical simulation results. The growth rate, both prior and post
the passage of the reshock strongly depends on the incident shock wave Mach number. This result
is consistent with the experimental results presented for the overall MZ width in Leinov et al.46

V. CONCLUSIONS

In the present study, the reshock experiments of Leinov et al.46 were analysed using a full
3D numerical simulation and a simple model. The study was mainly performed for the light to
heavy configuration (air/SF6), for low Mach numbers (M < 1.5) and fairly high Atwood numbers
(A ≈ 0.7).

The study examined the initial perturbation distribution effect on the agreement of the numerical
simulation to the experimental results, and by that tried to determine the most possible initial
perturbation that initiated the MZ evolution in the experiments. The numerical simulations were
compared to the experimental results for three end-wall positions, and three incident shock wave
Mach numbers. It was found that the numerical simulation could not reproduce the experiments if
the initial perturbation was chosen to be multi-mode with a narrow distribution. It was found that
good agreement with the experiments for all end-wall positions and shock Mach numbers could be
achieved only when the initial perturbation was chosen to be a multi-mode one with a wide enough
bubble size distribution.

A three-dimensional model was presented, and was validated against the simulation results,
with good agreement. The model was developed using the formulation of Sadot et al.31 for the
single bubble velocity, the model of Rikanati et al.27 for high initial amplitudes, and the bubble
merger model of Oron et al.26 for the case of a multi-mode random initial perturbation. The model
predictions were compared to the results of the numerical simulations results for different initial
wavelengths and amplitudes, and also for a single-mode, heavy to light (SF6 − air) configuration.
Good agreement was evident for all cases, confirming the above mentioned analysis.

In the wide distribution multi-mode random perturbation case, it was found that the bubble front
evolution was governed by the bubble competition dynamics, both before and after the passage of
the reshock. The bubble front characteristics (amplitude, average wavelength, and non-dimensional
size distribution) were extracted from the numerical simulation results, and were compared to the
model predictions for several cases (different end-wall positions and different incident shock wave
Mach numbers, which in turn results in different reshock Mach numbers) with very good agreement.
The non-dimensional size distribution of the bubble front approached self-similarity before the
reshock arrival, and converged to self-similarity a short time after the reshock passage. The power
law coefficient, θb, was found to converge to about 0.25 both before and after the reshock, with
agreement to previous studies.26 It is concluded that the use of the bubble merger model of Oron
et al.,26 along with the formulation of Sadot et al.31 while considering high amplitude effects27

captured the physics of the front evolution both before and after the passage of the reshock.
The good agreement with the experiments that was obtained by the wide bubble size distribution

numerical simulations on one hand, and the lack of agreement for the multi-mode, narrow bubble size
distribution numerical simulation on the other hand enables one to rule out the possibility of a single-
bubble dominated evolution in the experiments. This conclusion is enhanced by the comparisons to
the presented model, which confirmed the bubble merging dominance in the simulations done with
the wide distribution initial perturbation.
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