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CORRECTIONS.

tThe last sentence should read "...in solving a Stefan

problemssa"e

Equation (21) should obviously be

* ® 7 %

.y - e
KJH vj Viel = /53. vj vJ._1 + 0(e).

Zguakbions (22) and (23) are cach missing a factor 0(£)

in the 2: term.

Page 30. The quantity P, requires defining. The third line of this

page should read 02 = AT.p, -

Page 59. Line 3 : ..{e.g. if Dyf{x) = x y(x) + y(x))e..

Pare 62.

Line 15: ..here Qo(x) is either —F or #x...-.

Line 10. A factor + should be attached to the first term.

Lines 7.8,9,10. The term y2 appearing in the denominator

should bs ;3y2.

Pagze B8. Cases g) and h) at the bottom of this page should be deleted.
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"ABSTRACT

This research started out as an attempt to find the eigenvalues

of the Laplacian operator on a ceriain dozain. In order to do this
a variation of the well-Xmown Larczos minimised iteration technigue
was devisad for isolating the eigenvalues of larze sparse non-symmetric
matrices. The required eizepvalues -were then found via the usual
finite difference approach.

| The Laplace and Foisson equations were thea solved on domains
of a certain {ype by means of the method of lines and the lanczos-tzu
method. Some error analyses are given. The errors incurred by a previous
author in solving a Steffan equation by a similar technique are

considered.
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20DUCTTN

The original rurvose of this work was to f£ird the eigenvalues,

W+ AP =0 ' - (1)
on the donain [T of figure 1, subject to the conditions A

and AY + cly=0 on s, (3)
ERY ' '

The equation defined by (1), (2) 2z=d (3) occurs in the study of ine
21 theory of neutron chain reactors (see e.xz. Vieinberg and

c
[31] ). -Tae sinplest case is that of a bare ho-ozeneous reactor having

thz skare of an inFinitely hizh cylindzsr of radius R with an orff-centre

-

control rod of radius a (the cenire of the conirol rod iz at a distance

IEN

b fron the cenire of the reactor). The nethod of lordihein and Scaletter
n

([ 31] o 770) for this prodlen enteails replacing tae control rod by
a point singularity in the neutron density - such a roint singuwlarity

- 5 Ata

corrssponds to 2n absorber of a csriain strength, Folar coordinate

[N

are iniroduced, the cigenfunctions ars apnroximaied using Bezsel
functions of both thke first and sscond kinds and thz eigenvaluss
obtainsd. Conirol rods of non-zero radius only were considered in

4
v

, the differential opsrator was approximated in the

n

this wwork. Fir
usual manner by means of a difference oparasor (see e.g. Fox [9‘}
Collatz [5] ). The resulting larze sparse banded non-zymmetric mairix
was reduced to tridisgonal form by zsans of a modified Lanczos
(pinimized iteration) metihod.

In the first chapter of par® one we give en account of this modified

method. Sone examples illusirazing various aspsects of the béhaviour

of this algoritha are given. The rcots of the resultiug tridiagona

matriz are isolated by the method of Laguerre — this method being

-~

chosen because of its supericr convergence properties —see chapier



2 .

two for this. An abortive attempt at findiﬁg the eizenvalues using
a variational method (Mikhlin [22] , Mikhlin and Smolitsky [25])
was made. This technique was abandoned because of the vast amount
of computational effort required. At the time this work was done
(1969-1971) the finite element techniques were not yet fully in
vogue, hence their non-appearance.

Originally it was planned to extend the Lanczos tau
method (in the form proposed by Ortiz [24]) to find the eigenvalues
of the given problem. Inspired by Wragg's [37] solution to the Stefan
problem, a combination of the method of lines (Berezin and Zhidkov [2]
p 580) and various Lanczos tau methods were used to solve the equation
of Lapléce. Initially we met with 1little success, but then developed
a matrix type technique which works exiremely well on domains of a
certain type. Error equations were set up and solved for most cases
(including that of Wragg).

The layout of the second part, briefly, is as follows : We
first give a generﬁi introduction to tau methods. In chapter two
some unsuccessful attempts at solving Laplace's equation are
outlined. The successful matrix type technique is then given for
both the Laplace and Poisson equations and also the eigenvalue problem.
Examples are given.

Some points regarding notation are necessary. Frequently

we use [r), where r is real, this indicates the largest integer less .
than or equal to r. Entries aaaa and .qqqqp in tables mean .aaaa and
«Q4qq x 10p respectively. An integer n appearing in the body of a
table means 10°. Entries in the bibliography are referred to by [m),
the different uses made of square brackets are always clear. The
Chapters in each of the two parts are numbered consecutively from one.
Different numbering systems operate for equations, tables and figures
in each of the several chapters, for example equation 21 of chapier 2
of part two is referred to as equation (21) in that chapter and
~ equation (2.21) in other chapters of that part. There are no references

from one part to equations etc. of the other.

-

1




PARY 1

: TEZ METHOD OF LAYNCZ0S FOR NOU-SYLIETRIC MATRICES

CHAYTER 1
1.1 Yilkinson {35 describes satisfactory methods of computing

eigensystems of non-symmetric mairices of reasonable ord

[¥)
13
=4
[o]
i3

very large systens the situation is sonmgwhat different in thaid

available methods are not eatirely setisfactory.

o2
w

Tewarson [28 29! does howsver describz a
Gaussien siwmilarity transformation by neans of which the nunber of

zero elements that becone non-zero in reducing a very larze sparse

ratrix to Hessenbarz form is minimized

Lanczos [18] sugsested 2 method of mirinized iteraticns for
reducing a matrix {o tri-diasonal forma, This nethod has bzen further
v THlkinson ([533],[351). Faize [25] has described a

-

exrounded b

-y
ct

variation o

here propose an extension of Faize's algorithz ained at

natrices. ie

producing the cizenvalues of large arbitrary rcatrices.

The usual zeneral Lenczes (mininmized iteration; elgoritin is:-
3 : *
Chooze v and vo t0o be null vectors and gselect vi and v1

aroii rhrll" (but not orthogonal), then compuie for j=1,2,--.,0%

/)"
Av./{(v.) .
R VAR M

*

(vj)‘

o
<
1}

Av, -, V. —-B. V. .
i %5V TPy Ve 0

. * T * )
By = (5ol 2vy/lvg vy,

* v* T v+ * ¥ R IO */( *)
. = L =R V. =B . V. .=V, A v /v v
Tger Vaer =2 V5 TR V5 7P Vim0 2 j i
. . .
3 3—1) J—1

*—

The constants Xj and Xj are suitable scaling factors. In ¢

absence of rounding and cancellation errors this alorit
BA N

oS
Ce %
Il
<
ct C-ih *
-
ba
<
~
o

11 ensires

~ ’

that the two sequences of vectors, viz. 1, v ,...,\1, v2,...

are bilorthozonal.

T * .-
v, Vg Vvanishes -

TFor soze value of jsn (sey s) it aay harzen ihat the scalar product
thi
Causey and Gregory [4] describve how %o restart the alzsoriihz in such

s always occurs wien the natrix is derosriory.

circunstances. men the algorithn does fail in this vray it follows
hat AV=V2 s Where J—[v1,...v J » T is tridiazonal and every

g also an eizenvealue of M. In this woriz w2 will

M=

eigenvaluec of 7 i
not bs interssted in restarting the z2lhoritin if failure seurs, as
T will locate sone of the

certain circunztances ithe eigenvalues of 7, the leadin

nis nsthod specifically cuited to larze sparze syrmeiric



n

part of T, are likely to be good armrorinaiions to some of the extrexe
eigenvalucs of A (sze 1.7 and also chavier 2). Lenczos indicatved this

vL
and Kaniel (12] and Paige [25] have given sozme results for syimeiric
natrices.

Seyeral authors, inéluding Lanczos [18] ,‘7ilkinson[33] and
Gresory [11] have mpointed out thai the orilwjonz2lity of the two seis
of vectors is soon loszt completely as a rasult of the cancellation
errors which occur in the inplementaticn of the algorithm. As a cure
for this ill Vilkinson has suggested re-orihonormelizing each vector
(as it is commuted) against the previcusly couruted vectors, waile
Gregory has rronosed the retention of furiler non-zero terns in the
recurrence rolations =~ theorsiically theze terns should be zero,
but in vraciice turn out not to be so. leither of these technigues

provides an efficient cure to the ills of the aljorithn when it is
applied to very larze sparse nairices. In ihe next scction we propose
a newr variation of the Lanczos algorithm wihich goes a lonz way

toward solvinz the orthosonality rroblems encountered in its

application to the problems of finding the eijenvalues of larze

B8

general notrices.

1.2 . "he gensralized Lanczos aljoritna of 1.1 may be phraced

songvhet differently as :-
. * . . . T + -\
1) Choose v, and v, arbitrarily, btut zuch that v~ v, = -1 (=5,) ard
: 1 1 = o s 1 1 1
cormpute u,=A v u, = V,e
5 1 12N 1

2) For j=1,2,....5% , comrute i~
- *p

°<‘J = V.L AV, ! (1)

o]

|
<
=

or aj (2)

3 3 3 (3)
% % % _
Wj = uj - ij Vj (4)

¢j+1= LA . ' (5)
s, = sis(d,, ) » (6)
$00= (Fyq )7 : (1)

1 .o



5017 5 ¥ g
* *
Vet = V5 By
B+t = Y3 * Vard
.l v
i3
/5j+1 vi A Vit
.7y,
i3
Uipg = 3+1 §3+1 75
*
W0 = & Vg = B VS

This defines the algorlohn.

Usinz (8) and, (9)

#0 *T

v.‘v.—w =g, = 1 =8. (=%
Pl ey e e )
2
. . . S.
LE ¥; 83 3
Aso, by (13)
% A *  ¥q
V.T A=u.” + p v.©
J J J 3
. . . *3
and, sudbstituting for u, fronm (4)
*m wp WP *  ®P
V.S A=vw, +d. V. + 5. V. .
J J J d fea -1
Hencz, by (10), (14) and (15)
29 *7 *p * %9
. =S, v. A v, = S.{v. +ck, V.  + v.” v, .
Bt =575 j+1 a( i TV TP 3-1) i+1

Using the bi-orthozonality proverty of tie vectors, and also (8)

(8)
(2)

(10)

(11)

(12)
(13)

(14)

(15)

(16)

By+1 T S5 5541 Xj+1 :
Sinilerly 4% S. S.., %
3 - 2 =
TERSEELT 35 3 Z3+1 % 3+
T pa ¢
Te now have the alzorithm (comraxre Taize (25) )
. * . 3 +
1) Clocse vy and v1 arvitrarily, but such that ‘vl v, =5, (==1).
B T *
Comnuse v1 1 and u, = A v1.
2) Tor i=1,2,...,% , conrute

- . e e® iy et — o —y i s o g e e e e Ll

- e —————— e



* \
. = v.O AV
O(J J Jd - J
o 5. vt
r .= 5. v. u.
X35%5 Y% %
R v,
VygE® 33
* b *
W, =1u., -R, Vv,
J J J
g
. .= Y. V.
P31 V3T
z
83+1 ([¢j+1l)
by | /5j+1
* * /
vj+1'" 3 3j+1
3 *p
ﬂ)jﬂ - Sj Vj Avj+1
°F Bi+1™ %5 P31 e
* T & *
P art™ 35 73 * Yy
or )5" =3. 5. . ¥%.
j+1 J 3+t Ui+
uj+1— A vj+1 pj+1 v
% m % * *
3+17 A V501 7D 5

Ths choices lie

or 11 , 1=12 or 13. ilthoush theora

EER
Iiunlls

b:‘f A

(21)

(a5)
(A7)

(28)
(29)

(110)

(a11)

between (1) azd (2) , (10) and (11) and (12)
and (13). Denote these 8 algo

i:jsl) y 1=

tically identical 3hese

algorithns diffor vaestly ccunutaticrally,

Using the resulis of Wilkinc
the equivalents of .(Ai1) - (45) in
are (vhere £ denoies thue rounding

*7
.= S, v.T Av, + C(L
oy 3 A (£)
%0
or .= S, VLT o, 1t
oy 5 oug ce)
w. =u, - v. + 0t
J J O(J J (&)
* -x- »*
Wj = 3 "0{ V) + O(E)

o D‘i and assuming that || Al

rTesence cf rounding errors



¢j+1 =w. w. + 0(¢) (»5)
sj+1 = Sl{,’ﬂ(fl’j+1) (RG)
+
¥s0q = [170(e) ] (}4. 1D (®7)
Vit T W'/5i+1 + 0(&) (r8)
*
Vit =‘WJ/KJ+1 + 0(€) (rS)
' S. v.o A o(e)
Pirt T%5 Y A% T (R10)
or ﬂ'j+1 = Sj 5341 Xj+1 (r11)
* L
153'” S v'j A Vst + 0(e) (r12)
* s s -
T Pt =5 S ¥an (R13)
Uiq = A v'j+1 J AV 0(_,) (314)
* * ¥* * .
= — n
Ui § /53+1 vy + 0(¢e) (r15)
4 Factors, such a3 n, have been oniited Here for the saks of
simplicity.- )
1.3 Losc of oxrthojonality occursz swaen either (or both) of =@
and vJ are soall, in which case, 23 a result of cancellation ¥. 341
will be small in (R7) and the O(£) errors in w. and ”; will be
zreatly maziified in (R3) aad (39) causing v¥  ad v to be wvery

5 R 0

different from the eipected vectors. This loss of ortheogonality is

" sinply unavoideble in any of the algorithns, However, even in +his

#7

0y . - L
case, as in the syuneiric, come noteworthy resulis involving v. v

R

still hold. In rarticular, from (1), (R3), (R14) a=d (1), (R4),

2
(R15) and (R8) and () i% follows that

Xj—i-'i Viq = X v:j - o(j vj ”/5;] Vi + 0(¢)
* n * *
Ad— . o = — — s
an V501 Vipq = 4 va &y vy v } 1 * G(&)
. =7 *7
that . . . = = - : £
so th 2’{3%—1 Vi Vi )Gj Vi Vi +. 0(¢g)
* * T *

g
2
22
)
o

o<
|

Vit TR Y5 Vit

(18)
(19)

- (20)

(21)



It follows easily, then, that

3
. *T _
¥501 V3 V51 7 Z
-f
and also that

T % a ‘81._ &F 58 ....._g("“) + ¢E)
¥ip1 Vi Vipq = ﬁ 1037 =3 (23)_
b 2 335 83-185-28355 .0 -

333% &—_2,31_3”“.3() + 0E) (22)
Zf 33-16 3-2 33 ....fr

The synvol (*) indicates that an asterisk is to be ried On;sr

iff j+1-r is even in (22) and o0dd in (23).

Using (R2), (R3) and also (R2), (R4) we have that _

Xj+1 vj‘l'i = uj —d\j v,j + O(E,) (24)
* T % *
and xj” Vipp = U c(j vyt 0(£) (25)
v I —
so that $501 V5 Vie1 = o(e) (26)
i '
and XJH 5 Vie1 = o) . 27)

(26) 2nd (27) hold for both A(2,10,12) and 1(2,11,13). The alsoritha
A(1,11,13) reoults in (22) 'md (23 ) heving the fora of (26 and (27)

S" as o = A o« .. :'I 14 .f - =
resnectivel he 15 § SJ i SJ g 3 ence, i XJ+1 o(t)
here, the ort_qo’onm "CJ of v. and v_

3 5417 a2d also of

*
vj and vj+ 1 is quite satisfactory, rezardless of any rprevious
- ats mn net dota . . A
cancellation. The algorithn A(1,10,12) is no% as satisfactory.

If we assune that everything up to and ineluding Av,

-1’
D % . * . -
A"v, , o( ’ 5 ’ 5 . is lmown exactly, then rounding exrors
J-1 J-1 N
occur in the subtractions (R3), (24) ard (R14), (R15), Let Xj’ ;;3
- - = - * W%
Y /;3 ’;O,j :'e:.-rcsent_ the computed values and Xj’ vj, vj, /Dj’,f’j
the exact values. Then
¥ AV, ,=ol: V. =R, V. o, +O0E) =Y. v, + 0(£)
Xa J =1 7 %51 V3-1 7 a1 Vi-2 (£) ¥ J (28)
_.* T % ® * * %
< = ATV, = oy Voo =2, ., V. o+ 0(L)=Y vV, +0E)
;5 V3 3=1 T%5-1 V51 TR 51 Vi-2 () 357 2
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If no errors ocecur in coopubing

B.=S. . v AT
3= Pt Vit A
and B = S T
;= D -
ﬁa J-1 vj__1 A va
- = _ . - 2 o
then ¥5P; ﬂxj‘ga + 0(e) = 551 35%5 + o(&) 29)
= 3% * v a - ,2
and xj‘QJ = Xj,’%j + 0(L) = 551 -JJ 3 +0(&) .
Since-‘gi \f Y5 o(‘,) + 0(}) it folleows ihat
. 2 <~ «
éiﬁ. _ S, S._ 1K + (L) _ 5 S._y + o(e)/ X (30)
LEE S IO RN IC B ) + o’ wj
a oz S. S 0(5_)/v '
= Bi= Zilim T . G1)

1+ 0(£)/z; + C(.)/w

ol
ed.

If 25’3.4 0(s) the alsorithm still perforas satizfactorily, but if

S §<< G(€) the numerator in each of (30] and (51) could be far sreater

than 1 and %the bounds (22) and (23) are uasatisfaciory.

The algorithas i(.,11,12) and A(.,10,13) produce obvious combinations
of the above resulis. For exasrle, using A{.,11,12) we see that (26)
a2d (27) arply. These two algorithms thereforos have the same short—

conings as i(.,10,12),

Returing to A(.,10,12), the factors (30} a2d (31) azpear in

21l subseguent expressions (22) and (231 zesnectively for orthozonality,

-

hencz, once orthozonality has been lost it i

0]
5
=~
l,‘_

r that it =riil be
recoveraed.

———ay

1.4 Zotice that the tridizgsonal natrix obiainsd in the above memner

ey oy

-

t
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has already been equilibrated (or balanced) in the sense of
Wilkinson ([35] , chap. 6 section 10) and Perlett and Reinsch (in
Wilkinson and Reinsch [36] , Contribution II/11 ), since the p-norm

of any row of this matrix is identical to the same norm of the corres—

ponding colurm (as “rl:'ﬁrl y T=25e00yk=1).

If the matrix A has real eigervalues only, then, commencing

*
with suitable vy and v1 , & symmetric Tk will be obtained ~ a3 in

example 2.

1.5 Wilkinson [35] describes the usual Lanczos method as a srecial

case of the Generalized Hessenberg process, which may be described
by -

¥pet Yy =T = AV ii-hir Ve
=

(32)
r
* * * T * * *
K:r:\i-l Vor TV = AV, - ,Z,hir Ve
- +*
where the h,_  and h, are chosen so that v is orthogornal to
ir ir b |

* * * .
v1,....., Ve and Vo is orthogonal %o vl,....,vr resnectively.

Applying the algorithm exactly he shows that

*

hil’ = hir = 0 (i=1,...1‘—2), (33)

from which it is easily inferred that if Avr igs orthogonalized with
¥* *
resyect to v and V.. it is automatically orthogonal with respect

r-1
: . * - T *
to all earlier v; - similarly for A Voo Further

N *
hrr = hrr
*
b 1 ¥241 = booret Yoy o
X . -
In our worl: el = ¥

1 vl The notation may be s1mp11f1ed in view

of (%3) so that the a.lgomthm reads

Yppg Voot S A Vp — o v "']51. ~1

(34)
XI\(‘1 vr+1—A V ~0(r vr ISI' I‘—1 .

4 ‘1:—\



1

Gregory [11]rointed out that in ihe aprlication of tris to large
matrices the factors hir and h;r (i=1y...,~2) are not exactly zero

as the biorthogonality of the vectora is not rrecsrved. In fact,

Gregory advocates the computation of the exact values of these hir’

RAS 3

*
hir and their subsequent retention in iks recursion relationship

(32). Ve now establish some interesting relationships for the h. ,

ir
j;-".."r-zl .

Assume that all computations are rerformad exactly in the first

=1 steps of the algorithn.
Noting that in the context of this work
) *7

hir= vi Avr . (35)

it is easily established from our algorithn ihat if rounding occurs
during the execution of the r-th step:

*7 P AT
Bir Z¥sat Vet A Voot T8aag Bt Vit ez "Xt Kt Vit Ve
xr Xr ) xr
*p «7 *7
TRy V3 AV 'O‘i/SM Vi Va2 TH Xng Vi Vgt
Xr xr Kr
x %7 * *7 * *
* B3 Vieg A Vet B8t Viot Vr2 "B a%n Vicg Vot
xl‘ 81‘ xr

+ 0(£) ' - (36)
XI‘

for i = 1,2y..,7-2. All vectors with negative subscripts are to he
taken as null vectors.




12

For i=1,seey7=4 this gives
b

— * -
By = ¥iag B, og T By g AT 0y
¥y P L3
LT T o
“¥549 21 VE Yoo ¥ 9‘1«-1 Vit Voog " R5 Apg Y Vmo
g g, ¥y
7 .m . 7
R Ky Y Vg T iér—-‘l Vicg Vo2 —f’i-’f(r—‘l i1 Vpeq t
xr Xr Xr

+0(&) . ' (37)

\Then i=x-3 (36) =

[0}

n 4 T .T
81‘ X xr X r
,,,.L
r-2/5r— I‘—2 Tr2o ~ Xr—2 Apt Yre2 Vet
Xr
-— vtT v -— d ‘V'-":r'13 hia —d® 'fkT v o~
i“.@‘.ﬁ;’ r-1 'r-> 'r-2 __,11:20(1‘—1 35 "r—i é:\-"%{gr—1 r=i =2
8y Iy
- +7 o(s) (38)
-ﬁ_i;:b_‘_&rﬂ Voeg Vo TV N >
L3 Lo

(A . m .
= &+ A - ,<- ** -
hr-2,r 7(r—l vr—-1 = Vo * O(r—z JrJc'—-2 A vr—-i +{g r—2 vz\-'j A Ve
¥ ¥ ¥



N ‘ m "y _
=¥t By Voo Vo2 T¥rq g YAy Trog T%n23ng Vr2 Tx-2

+ ) . (39)

Assunme now that /3“_1 and X . have been coniuted exectly, i.e.

’ m ™
- oLy \ . = .
thatlﬁ ;=5 5 T, AV and X 1 “-lvjl’a‘v s Urnder

these circunciances (38) aad (32) are, rocyectivel;
’ B J

m
- = k L +2* _h -Y LD 4 -
hr-),r I3 Cpe3,r-1 D r—3 r—4,r-l E'."-;:-_’_f‘:\-l ~2 -1
X — -
T 2fr 25:r:
VT

—BE o, VEL, v+ O(%) | | (40)

and h =3 __X 1 3 pa o1 Vo2 oy Von Vg

+ cle)y . (41)
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= OS&! * i=1,o-.’r_2 . (42). v
¥ '

ir

This result is not valid vhen either a catastrorhic deterioration in

the biorthogonality occurs or when "previous" hir's are small, igzin,

the danger of a small ¥ is highlighied.

In the exanrles of 1.7 the values of hir’ i=15e0e,7r~2 wers actually

computed,

Several authors strongly recommend intermediate reorthogo-
nalization of the theoretically biorthogonal seis of vectors (e.ze
Vilkinson [35] ). This work has not convinced us of the nezd for

reorthogonalization in this particular algorithm.

16 It is interesting to obtain results analogzous to (22) and (23)
and (26) and (27) when the vectors are reorthozonalized in our
algorithms. In the presence of rounding the algorithmas may be for-

mulated as :-

1) Chooge v, and v* arbitrarily, but such that'v*T v, = S1 (= i1).

1 1 i 1

_ AT
Conpute uy = A v1 and u?f = A Ve
2) For j=1,2,...,k compute
T
.= S, v¥ Av, 4+ 0l& RR
< 5 T Ay () (RR1)
LT
.= S, v¥ . 0 RR2
T &g 573 u3+(€) (rr2)
Wy o=y =Rk vyt 0(&) (RR3)
Tﬁg = ut -y vyt o(e) (r24)
— ‘3
vy =W, - .Ze&i v, + O(g) | (z»5)
S '
weae =W§‘ egiv;+o(a) (RR6)
ity
vhere o,. = Vi w (RR7)
Ji i 7
. _wr
and ejj*i = v w; {RR8)
g, ., = o(£)
501 —vrgw. + O(E {RR9)

RN ST N S N TR v e

| -y




L

Sj+1 = Sl?‘n (¢j+1)

(1+06)) |8

Xj—ﬂ 3+1l

<
i

541 wj/zsj+1 + 0(¢)

v %5 * 0(£)

V:'je+1

1
v
o
[
<

Pt = S5 V5 A Vi

OF Bir1 = %5 S50 ¥ 5

2 ’ T T o(s)
Firi T 5N Yo 7

‘-

Favt = %3 S j+1xj+1

3 ;- K ;
u,j+1 A vj+1 ,'?’j+1 v.j + 0(s) |

T ..
'X: = J % - * T+ O .
u;-:—i * Vi1 l‘% 3+1 v,) €)

As before, factors such as n have boeon omitted for sinylicity.

Using (2M1), (ER3), (RR18) and (221), (2#), (AR19) leads to

3 ',*
PELN prrnen L
' XJ—1X‘—-23"—) -....XI‘

(:;’mo)
(R»11)
(2r12)
(2213) |
(2r14)
(rRR15)
(2216)
(2217)
(z118)

(2319)

L m m
S 205 - - > =
¥ ( )3_'07 A 2_eri XV, _Zejivjv c(¢)
1= iz -
"=Z ﬁ XJ"'10-0:-2)'7' ) (4))
and
m 3,
x =\ 5% 0 5 G +
715 Taer S PR L8808 L AP ()
r’—}_':l/‘] a/J 1 ba—'/ Z —J .'o\)-:-l-
J (+) Ry r n J 7
+ =) A% a. e_. v. vi _N . -
Z rf_ _53-‘....vr Z i 'j i Z_‘ -ITJVI +C(£)
rea 58 -0 i (44)
The symbol (#) indicates thait on asierisik is to be aitached tor . if?

J+1- is even in (43) and 0dd in [44),
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- Using (2R2), (223) and (RR2), (2R4) leads o ihe more satisfactory

",

resuli .
™ S N I (
Xj+1 Vi s —-;ipji vE v o(£) 45)
1=1 . ’
and also to 3 .
n i '
Tyt =~ et vovr o+ 0(8) . ' 5
Xj+1 vioVE Z_eji vy Vi o(g) . (45

1
The results (29), (30) and (51) still hold nere, as do the cozments
followring thien.

“he algoritha (221), ( RR3), (R4), (2218) and 2219) can produce
surprising results even vhen 21l the ¥'s are 0(1). Ve have found
that the algoriihn (222), (WR3), (7R4) can ve lezc satisfactory than
the non—reorthosonalized form when there i3 a serious deterioraiion
in the bi-orthozonality. In fact an improvement in the
bi-orthogonality (and incidentally in %ths usper hessenbergy form)
was rare ‘when internediate reorthogonalization was usede.

In computing the examnles of 1.7 we coanuted the vi vj's
and, whers apnronriate, have tabulated thzse.

1.7 The real eigenvalues of several maitrices were approximated in
order to illusirate various features of the algorithm A(2,11,13). The
features illustrated are :- a suitable set of initial vectors leads
in the case.of a noa-symmetric matrix with real roots to a symmetiric
tridiegonal matrix; situations where roois are obtained using our
nethod without re;ular reorthogonalization wnile these roots could
not be found when reorthogonalization was used; the extireme roots
being determined after fewer than n Lanczos steps (for an nxn matrix),
leading consequently to a tridizszonal matrix of order less than n;
ill-conditioned roots being obtained when more than n staps wsre
applied and not otherwise.

The computed eigenvalues ware found using both reorthogonalization
and also without any subsequent reorthogonalizaticn, both of thess
processes on several different initial vectors - the eigeavalues
obtained from these procedures have been tabulated. The complete upper
heesenberz form obtained by arrlying the Lanczos algorithm to each
of the matrices has sometimes bee:n pabulau°d - see (32). Vhere
appropriate, somz of the values of ';«"’Jf‘v‘J have bzen taoulatzsd in order
to give an indication of whether the resulting vectors ars adequ-tly
biorthogonal. In the tables (only) any fixed p01nt integzer entry (n)

is to te understood as 10

e e e "~y
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Exancle 1 ¢ (Tilkinson [351 1 302 ) L 1 3 2
} “1t2 1 2 5
o 1 3 3 &
[4 1 2 1
The real eigenvalues of this mai-iz were Seumd ucing the sets of
initial vectors )
Inl
/ - wl
Ti(p) T —-—4 * L1, 2=107F,0,0]
T - fiof ~T ~
and Vi(p) = A9 {2x107,1,0,0; ,
Ve tabulate the reswlis below (reorthozonalization beins uced in the

first table and not the seccnd)

P 0 1 TR 3
T =1.362544 =1.362444  —1:362444 -1.35

4 5
3 3
2] 2.702373 9,703378 9.703578 9.705378 Q.

Lt ~1.352444
23578 S.703378

?

2 19.730741 94635500  9.562431
e

P 0 1 2 4 5

2
v 'A. “1 36211' i "1 .362‘1-44- ""l . 62“}4"r "‘1 '3524"’4 "1 0562‘}'44

~1.3624 3
2| 9.703378 9.703378  9.703375 S.703378  S,703378  9.703378
P 3 & |
1 —1.362174 —1.355950 —1.519 |
2 ©.703375 9,704202  9.528433 |

A question mark indicates that the relevant root could not be found.



b - 4. PN ") - b St s
Lreer haessanbeor~ forn - without raorxtheronalization

4.000 5,431
5.431 4,258
8.747

" 152451
44400

499‘;0 "-".-986 .

JATIT

~45.00
~33.7S

6.022

-12
_11044'

«823

i
n

—45S4. =T
—AT1T
1.021

=4

5(5) -5(5) -3
-5(5) =5(5) -.0478
{: -,0478 -85.619
1.022
=56
[ 5(7)
5(7)

-5(7) 3

-5(7) -.004707

.004707 -8.618
1.044

1=-8

# =~ a{n) neans a % 10™,

T prmevene 24 A

{5(4)
5(4)

5(7)
5(6)

6.735  -14
-5.102 -6.939
6.S39 3.217
2.038
=1
-424.5 -10
-486,3 -1.521
1.521 -8.841
1.105
=3
-5{4 -5
~5(4) -.1488
.1489 -8.621
1.022
=5 #
~5(6) -1
-5(68) -.01489
01489  -8,619
1.022
=T

p—

=13

-13
~2.038

3.286 |

I

-t —>
L) [

Oy =
ny o
[So I 0

1 w}’-‘



4,000
5.431

(52,51
44.00

5003,
4594.

5(5)
5(5)

5(7)
5(7)

For p=0(1)4 the vi'v

2. 431

44,458

8.747 -3.632
1.782
=0
-44,00 =12
~33.,79 -6.022
6.022 -11.44
923
=2
-4394. -8
-4985. —-JATIT

4717

~8.641
1.021

=4

- =5(5)

-5(5)
.04708

-2
~.04708
-2,612

1.022

=56

~5(7)
-3(7)
. 004707

>

-923
1,725 |

|
KN
e

1,021
1.620

1.02
4,07

Ul W
NN
SO ——

A SN

o)
—

-, 004707 8

-8.61¢
252.0

=8

m

= J

ahsolute value, for i}

-"S

!

_5(7) |

)

A9 |
[®]
N
.

i

+

(]
\D
K
»
W

(S ]
o~
. S

~—

5(6)
5(6)

S

teble 4

v}

5 the zitualion is not

0.733.
-5.102 -5.93%
6,939  3.217

-10
—1.521
-3.841
1.021

-5(4) -7
~5(4) =.1489
~. 1482 -8.621
1.022
1=5
~5(6) 0
~5{6) -.01489

01189 -8.619

«9522

z—.—?
Py

(i # 3) are 211 less than .26 x 10

as favourable,

-

-15
~14

-2.038

5.285 |

2 7]
-2
1.022
1,619

8

T s

In

-

s . . R n ee T
we tabulate the orders of nmasnitude of he vg v.'a for p>1.
! 1 2 3 4 5 6 T 8
* [
G Rax Vi v, -4 -12 -0 -7 -5 -3 0 5
"
ORI nax ngv1L1 =15 ~14 ~13 -11 -0 -9 -8 -5
i) N - v
vy o w o, —-15 ~12 - - - -
RORIO | MV Yy |~ <129 -7 5 -2
P2 VEV, L 1-15 -14 ~12 =11 -10 -8 -6 -5
L J 1
et S -
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Trantle 2 : m:(%j). 15ig520,2;Q15Lfd;a?;L
Ik=i+1(1)i+4 ; 2nd all oiher elemecnis zero.

This patrix has i

Vilkinson ( [34] zp 41-43 ) discusses this equation ot coze len~t
He shows that the root of greatest ssnsitiviiy iz

- Doe - 19 : - =~ 2 _23 .
that if the coefficieat of X is pervurded by 2 Tlen ten o

© 1.0000092C00 6.C0000G6844 10,0 3
2,002000000  6.5S9637254  11.7935633281 £ 1.652325723 i
3.000000000  8,007267603  13.992353137 ¥ 2.516035070 3
4.000000000  8.917250249  16.730757466 = 2.812324504 i
4.959959928 20,846503101  19.50243949S £ 1,9403323.7 5 .

The rez2l roois of the above natrix were determinod in the firzst
by wsing two different setu of initial veciors a:d not
reorinosonalizing the re-ultant vecsiors and in the :seccond
anplying the reorthosonalization rroces: to the veclors obiained

fron both sets of initial veciors,

; =1 1=1(2)19 5 £,=0 i=2(2)20

v§T= (€% ) 5 t¥=1 1=2(2)20 ; +¥=0 i=3(2)1% ; ti=1.

i
These vectors do not vroduce a symnetric tridia

L—
-s

e

real rootz found are o3 follovs :-—

(o)
20 Loanezos gsic:s ¢ 411 20 roots vierz found correct t0 6 decimal

rlaces.

19 1anczos sia=y ¢ 2o00is 1 throush $o 1S were found o 6D,

vhile the 20-th rcot was noi Fourd,

18 ienczos ghems @ The only roots odiained were 1.005301
1.9S9730 ; 3.012135 ; 3. S
1 °©

0
18.,0CO175 ond

A chaelr on the biorthozonality of ihe vectors v, and v# snoved

that ths worst case taa vévf = -,103 x 10_9 — an adeauate

\D

reculi. 4 check on the values of the off-iridia

the wrrer hescenbary forn shoved that all were less then 10
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except foxr Lq 50 which lay befmrsen .01 and 10. The sccuracy of the
-2
. -, -C
19-ste» solution occurs because ,19_ 215 = 10 7.
ii) The next set of initial veciors used W3S
In
i\
v, =( %) ; t.= .01 i=1(:)20
1 31 vl
ik
vit = t% ) t=.5  i=i(1)22.
These lead to a symmetric tridia-onsl mairiz. 7o pay swamarise the

follow

18 TLoanczoz zievns : Thewots 1 to 15 wer
oth2r roots are  17.1735233 ; 1G.

17 Lanczos siens Roots 1 %o 15 end 21
furthesr root of 18.598542 TS

16 l.anczos stens ¢ The Ffollowin:: xcol

1.,0000300
6.,005404
11.005770

S -

: Phe 20 roots wrere founi cerrect to 6 decim2l 1laces.

: Roote i

2.000000
7.016238

30 00'\:01 .'4,.
8,023785

throush to 15 and

33 20 were ¢bt

17 to 2J wrere obtainad-

2 Tound corrcct to G62.Th2 three
5,032 and 20,000000,
1ed to 6D, A

.
a1y

found.

5.001518
10.015711
15.0037000

13.0.5078
20,000000 .

liotice that the roots not obiained in u.

ines fewer than 20 Lanczos
the ill-conditioned roots

Ce

iteraticns. ero, roughly spealdn:,

.L’,,n

[PReas)

In 211

masriz

colwmns excent the lant entries in the uprer hecsenbexg

—"‘ . - - 3
10 7 in moduiuz, while in the lacst they ranse
4
betrean 10 In this ca ¢

-—

has the value .235 x 10 ', :

{i) above were used. Althoush the

LA

diorthojonzl, ti:we only rerl roots
found afier ovnrlirying 20 Luonczoz sians
1,000002 5
10.000016

1
As erzpected, the iridicsonal elemonts here differ vastly from those

in (2) (i). The

azonal elemats in

1an the corresponding elenents

r mves . .
they renze as follows in fac

2
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A= 1(1)15 and A =17(1)20 (ail correc

-
o
I
N
rat
o
—
(»)
|
-t
w
-

ii) Using the irdtizl vectors of (a)(ii) above it was Jfound thaoi
—10 .

<10 "7 and so only ‘19 Lanczos steps were arrlied. The roois

ck

to 6D) were found. The
biorthogonality of the vectors is satisfactoery, a3 exzacted. .

-

Ar;lying 18 steps of the algoriiinm the roots )\ =1(1)15,)\ =20,
correct to 63, A = 17.831556 and )\ = 18.9S574 wore found.
The only unsaiisfactory elemsntz in the uprer hessenbers form

occur in the 20-t: colum, where h = 10" 1 and

17 20 ©

10 The tridiagornal form is not symmeiric,

18 20

nalization we were 2ble to find all the eoigenvzlues coxrect to 6D,

o c
to 0*11./ eizt of the roots could bz fownl (the aoxiras-e

"‘ 12 '
= G » Walle sThen reorthogonalizing

L]
n
(63
f‘J
)
f=%
I
n
OA
<
Il
L ]
R
o4
A
-
-
Iy
2
o
L2
1
[&]
ot
a}
(o]
e}
]
).:.
[¢]
=~
(D
5
.
o]
et
f‘u
1.
1
(o]
3
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Prank's mairiz (Testlzize [32] » 157

PN —)
N NN
w!

4
3
5

N

4

®eseversscass

1 2 3 4' 5 eessasse (2-1) (r‘-—‘)
i 2 3 4 5 asesesss (Il—‘l) n

-d

l-'-

mn -
e choze n=12, vi = (ti) , t.= 1/;€4,

5 =1(1:12 ,

:;_T_ E

ti= 7//8%, i=1{1)12.

''yrue roots

Zio reortho.

12 stens 16 ~tevs

Reorthio,.

0.031028060544010 0.031050
0.0485074£29185275; 0.045336( 0.0.iS.186
0

0.081227659240405! 0.0&1074
0.143546519769220: 0,143844

W
[N
(49
|

-—*0.000
[59]
E.
-3

(AN
(@)
o O
ny
('I_')

)

L 1360221 0.136028

L]
—
£
3
N
e
~J

0, 284749720550+ 781 0. 264750 1102 | 0.284102]

0.643505315004856] 0.643505| 0.643505) 0.643453 '0'643!;§3i

1.553538700132 msg 1.353039 | 1.555209 | 1.553cee | 1.5558ee

5.511855948500757| 3.511056| 3.511856| 3.511855 | 3.511056

6.961553035567 xzzi 6.961555 | 6.961553 | 6.961553 | 6.951535 !
12.3110774C2368 525212.311077,12.511077 12.311077 E2 3110l7!
120. 196008645877075 | 20. 196585 110. 186569 120, 198569 £0. 1955 sz
152, 220891501572151 !3253_23392 !_33.22-:391 52.205852 '32_.___2_@_@93__}
. table 6§

The values of the condivion rumbers XV = 5 (wrere z, erd 75
the rizht 2nd leff{ hand vectors evsociaied with ths eigenvolus

H
[0}
0]
)
Fo)
e)
ct
H
<
v
l'_l
e
S
—
v,
)
o
-
l.—l
:«'\‘
I

r3A7) are exirenely cnall for the
small eigziivalues and clo to one for the larzer ones.

~he off-tridi-zonzl wvectors in both the non-rootho~onﬂ

~15 o 10 in rodulus,

..l
1
[}
1]
§2a

and
orihozonaliized forxms vory from 100
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Swrmary of resulis

Define the symmeiry ratio as the nmuiber of':ositive}ij's,
3

obtained afier aprlying Xk siers of the Larczos aigorithnd vidad by

k_1 -

L)

In both the nrevicus 2o

< &

reol sizenvelues of Y

Vo
&)

3
have only real roois in fact., The value of the symmairy ratio is 2

usecful a priori indicaior of ihe accuracy of these ronl eizanvalues.

1) Denote ithe nymnetry ratio by Z.2.

2) A cross in the column headed "h' indicoiez that scme or all of )

Yoot

the off-tridiasoral elemenis in the u-rex hessenbery form ave
large, while a "v' indicates that thoy are 211 szall,

3) A cross in the colummn hezded "=t indicaies thai the roois found

L mndy Aa oy o v - Sy AS Y ~
are not catisfezctory, while a "v' indicates the root:z 25

NS

E¢orrle 1 (44 matrix)

o= 0 1 2 3 4 5 6 7 8
SeRe | 0,67 0.33 0.33 0.33 0.33 0.33 C.33 0.33 0.33
h v v v v v x X x pa

r v v v v v v v z X
Reovhogonalizaiion used:- .

= 0 1 2 3 4 5 & 1 8 |

Sele 10,67 Cu33 0.33 0,33 0,33 0435 0,35 0.C0 0.C0

h v v v pd x X x X
v

T v v v v > x

=y
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Exazple 2 : (20x20 patrix)

a) No reor:ihogonalization

i) steps 20 19 18 |
‘ S.R. | 0.45  0.47  0.44
h X v v
r v v x
ii) steps 20 19 18 17 16
S.R. 1.00 1.00 1.00 1.00 1.00
h X x X v v
T v v v v v

b) Reorthogonalizing .

i) 20 Lanczos sieps : S.R. = 0,53 ; h=x ; r=x ithroughout.

ii) 20 Lanczos steps : S.R. = 0.84 ; h=v except in last element of last

column ; r=v.

Exanple 3 : (12x12 matrix)
no of stecs 12 16

S5.R. 0.75 0,66
no
reortho B x x -
- small rootls X v
large roots v
S.R. 0,50 0.40
h X X
reortho -+ |70 small roots;no snall roots
large roots v|large roots v

1.8 Conclusions

1) Reorthogonalization does not necessarily improve the algoritha
in the sense of preserving biorthogonality, neither does it
always assist in deiermining the eigenvalues nore accurately.

2) Fewwer than n applications of the Lanczos algorithm are sufficient
to isolate the exireme roots when the symmetiry ratio is
comparatively large -~ this is particularly advantazeous when
dealing with large sparse mairices.

3) Vaen the symmeiry ratio is particularly low, even afier n
applications of the Lanczos algorithm, the eigenvalues can still
be poorly deiermined - see chapier wwo for a férticularly clear
example., '

4)

Severe non~-biorthogonalily always has disastrous consequences,

as in exanple f{.

C e b, o s



5)
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On occasions more than n Lanczos iteraticns were performed -

see example 3 for example, hole that in this example the smaller
eigenvalues, which are badly conditioned, axre improved by using
more thaza n iterations without reorthozonalizing, while noA
improvement occurred when the two seis of vectors were continuously
reorthogonalizad. Notice. too that the symmelry ratio of the former
case is consistently greater than that of the latter. Paige, in
applying more than 8 iterations of the symmetric Lanczos algorithm
to the 8x8 Rosser matriz, found that the additional roots
generated also converged to the Rosser matrix roots, [25]. We

did not always find this to be the case with non-symmeiric

matrices.

Final conclusion : we have found a technique of some promise for

isolating the real roots of large sparse non-syrmetric natrices,

in particular the exireme roots.



. .

« i Ve require the eizenvaluss of

v?.' ~ %kp =

defined on the domain [ of fimzure 1.

figure 1

The bouadary conditions are:-

2
Y =0on S %% 4 v2 = ro°

1
oW+ clW= on 82:(x + xc)2 + y2 = ri® .

I

ar

(1)

Relocating the origin 2t 0', transforning to polar coordinates 2nd

12 substitution

k) ,
. 8(r,0) = x*Y(x,0) ,
(1) beccizs

228 132®+( 1 +>\)®=O
4

d 22 »° 3_92

(o

. - 2
subject to §=0on 2 ~2 r xc cos & = x0° - z¢

’ 3 .

and ngjé + (cxr = %) 6 =0 on r=xi.
r

xc and yec ars the coordinaies of O.

Using the usuol finife-diflerence notaticn; definin

o

J 1
where r, =ri-+ jAr,
J
0, = iA0 ;
i
and using the sinplest gecond-order caniral differonce

(4)

(5
(6

s

.
QPNXOIIITL

)
)

tion

a1 3
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i @ + 1 8 +195.:

=1,  —3 Ti,3-1
r2A g2 b2 r.2ﬂ92 . Dy

+{-2 -2 o+ 1 +>}¢.._—.o , (7)
bz? r260° 41'2 :
wvhere i a2nd j ranze over arprorriate values.
Avnlying the usual Taylor expansioa arprozch the truncetion error in
(7) is eacily seen to be
2 2
0(8x") + 0,857 . ‘ (8)
(*%5)
xr

Differentiatinz the boundary condition (8) with resyect to r gives

230 +(cr+d) B + cf =0 on reri. (9)
or* ar

Subatiinte for 0%  froa (6) into (9) to obtain
or

7P = [4.02. r2—4.c.r—1j/4r2 e (10)

ar*
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tting (10) into (4) vields

Again use ths socond-ordsr ¢

the derivative, hsre obtzining

R 291+1,1+[“°“(°‘n“”" 2,
ri A8 ri“H8 ri ri’A~3
(11)
o2

Ths truncation error is O( ) *
l2
i

The
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Label the

nodses as illustrated,
Let 05 =' ps. AT ; 03 = p3.£\ 2 H
02 = AT ; 01 = p1-AQ.
. 2 -
2 _ p) r2
+ O(Ar3) (12)
2
2 ~2

+ 0(60%) .. (13)

Substituting from (12) and (13) into ( 4) and renenbering that ¢.=0

leads to

+ o) + 0(x8 = 0,
In our moxe fanilizr nciation this is

2 ¢ 2

it1,j + ¢1,3-1 +
Py P (P1 + 173):3‘32. r (1 + ps).Arz
! 2 ie1,j +
P3 (1 p3}A92. o
+[ -2 - 2 + 1 + }\] ﬁi,,j +O4(Ar)+0(,‘.-5)=0
?, Py Ag® ¥? 13561“2 4r2 (14)

at roints nei-hbouring the boundary 31.

vWie tacitly assuzmed that p.=1.

e 18
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The order of the matrix involved was approximately nalvod by using

the symmetry of the problem at the time of discreti vatlo“. The progran
used to set up the matrix is resroduced in the appendix. The rmairix

is sparse, banda2d and non-symmetric. The method of Lanczos, as described
in chapter 1, was used to transform this matrix into tridiazonal form
for various valuss of the radius of ithe control rod ard of the distance
between the centres. This‘method was chosen because of iis suitability
for finding extrsze roots — here we sought the smallest ; because of
its rapid convergence j; because of storaze limitations we héd to
use a method which did not reguire the'storage of tﬁe full coefficient

matrix (or its equivalent) at any time.

.2 The evaluation of det(T — NI), with T a tridiasonal matoix

wac performed by the usual algoritim, [34] p 423 , where, if we

write t..=A. t. .., =8. = te the
“TOMEITTY O Yi,Ea P1+1 ’ ti+1,1 Ki+1 and denote the
leading principal minor of (? — AI) of orxder r by P (>), then

pﬁl)=(dr—-ﬂ)pp4Q) - PrXrPPQQ)(fQu-pJ
where (%) =1 , p1(A)= %, - p . : . i

Mso pl(A) = (X, ~\) ! ﬁh,;g ¥ (A) -2, . (V) | (15)

(s, = A) P2, (A - o1 (M) - 2 3!

r r r» ™1°

i -1_

Il

and  pl(}) ),

where (2 = pr(0) = P'1'(>\) =
p;(%) = -1.

The rounding cxroxs irnlherent in this algorithn are seitisfactorily

small,
243 The nethod of ILasjuerre ( Laguerre [1&] P 87—103 3046713

S

{31 , ven dexr Corput [30], Farieit [26; ,

was used to find the moros of the charvacteristic ;olynonial defi

by (15). This method was chosen since:—

a) if the chazracieriziic rolymonial,
i5 divided into as many intervals as thers are distinct

roots, then iron ony initizl roint in such an i.terv* the

successive Laguerre iterates couverse monotonically to the root

aal



b) locally, if the root is single,
it is lineor.

The first above does not extend t

does ([26]) -

roots vill %e souznte

the complex

+

T

fi
|..:.

y

zorithm as

Parlest desczibes the
T

Let the polymonial

-

ination A {o one of the roots, say A

Define

5,(\) =

l
"'l

( ) n 1
2

p,(A) A=Ay

5,00) = pp(N)?

1=t i

The next aprroxination, N,

N=X"

SaY e

Choose'tha
2 12 12 + -
IS, 7] % =]5,]%+]7]" = 2 2:(5

Re(S

»

Ofax;()=T .

Accepted roois may be suppressed by elininetin:

on 35, and 3

1 52 this is done by wnoting thas

2
I

11 ()\ - /\ i)2 '1:;4)()."' >\i)2

plane,

ollows

(A) have xoo 58 Ajseee A,

~ 7,00 2r(N) =i v
r (N° (h -2,

vhich maxinizes lS

1_‘;‘I), S0 choose

convergence is cubic, othertwis

hile the sscond

+this is not of great imporitance here as only real

Given an approi-

is obtained fron

(16)

1,J) non-nezative; when it is zero, arbitrarily talke

KRS > LU}
their influence

(17)

he followring nunericol criteriz for daciding

! R
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Let ) be ths curroni jtownzx
AL =] 2e00)] = [ 1a(

: 5
of the nunber systen us:d by the nachine and t the word length. In

>
g
L
5
ck
B
(W]
(S
[]
bt
l.l
9
é.
S
H
(4]
(N}
LB
[}
u
]
13
ck
w
ck
=
['v]
o’
EJ
H
[¢]

the woxrk of Farleit &k =10 and =0
Tost 1: |5, (M) <«

zero or sn2ll values of 1 {\) =elative to r'{A), in
o,

-

[A] (sL{A. This Sest was designed to catch
Taln srac

Pavn - -t/ -

nay be preferable 1o use o o

should also catch values 05 S. s0 2
obzervable in A to t decinal

Test 2:Let c be the molulugs of ihe larzest riot found,

' ~t/2 ~-t/2+1
|ax < & "2 mazlIng , o7 o),
For linscar converzence this tes: is not fine enoush, and

laX]< « ~*.?/2~

-~ S 2.
ansronriate,

>
T rmax(IN , &

Tvwo further czses nay occur 23 a reswlt of comrler eizenvalues
causing cycles — we are not overly interested in these as we seek
rezl roots, however see Iexlest [ 26] for deteils.

Peters and Will:inson [27] have also addrezsed 4henselves to

the problea of decidin

e
-
L
4

35
wien a conruted number is an adequate
a2l

approzination to one of tile roots of a wolynoni

2.4 In the implenen

o
)
£,
12
o}
H
o}
Hy
ck
13
)
")
UJ
o
g
(6]
a8
(%)
(o]
)
ek
1
(%3
+
4
o
12
}_
o
o
13
e}

L

necessery to scale the nairix and/or the characieristic rolymonizl
in ordsr to ensurs © e
polymonizl and its first and sccond derivitives were always within
the allowable ranze. 1S a hexajecin

icient matrix was scaled by a suitable power of 16.

o a—— -



2¢D Tumexica
Iame

The twelve eizenvelues of smallest modwlus were conputed for the
followias cases:—
Quiter radiusz egual to 1.000 in 211 cazes.

Hr= 0,1 s A9=T(/th,-.

Imer raiius
0.400 500

0,2C0
0,175
0.150 0,150
distonces 0,125
0.100 0,109
OI 075

cenires 0,050 0,050
0.025

0.000 0,000
table 1

L

The oxdic> of tho coefficient mairices used in the avove varied

fron 320 in the cace of the 0.400 hole, 0,000 bebugeen conires case

to 487 for tha 0.300 hole, 0,050 bhetween cenirs

citnation,
The eigenvaluss over domains writia holaes of srmailer radius were rot
2s ' Tolt thab 1ittle whick wad .new, eoxcept the
ctual v=lues of the eizenvealues, would be obiained. Tnheae cases
would 2lso have reguircd the use of snasller volues fox Ax and A8
and corzes_onli;ly larzer netxices — together with very nuch nors

computer tine.

It will be reneobared that in the modified form of the Lomezo

o}
algorithn, 23 discussed inL1.2, the wiper and lover diagzonal elemenis

£ L « 4 LGy G J ra = e =
of thc rezulting itridizsonal nmatriz wer

denoted by ¥ and 3 xespec-

tively., 21 cf he ¥'s are non-negative, while zoze (or 211} of the

) Q‘.-J-—
p 's are negative (ef dgoritha 41=3115 of 1.1). It was Tound, in

computing the cizenvaluids of Larlace's eguoation on the resior defined

[PRSS

above that 2 zelizbvle indicator of tlhie accuracy of the resulis

iere termed the Symmetzy

3 -~ \ ~ 3 A LR o~ o R Q3
Ratio {J.2.) 2% 2 particular peint of the Lonezos alzoriitin, vicz.
the rotio of tho numer of 3

rositive P‘s in the tridiasonal matriz.
this tridizzonal natrix., In ¢

9]
ine snellest »ooks could be compuied accurataly
from this (2:/3) = (22/3)

. : . 1S o . - . P
the cozes with immer roiius of 0,400 and distances beiroen centres

Vo l.

H
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of 00200, 00175, 00150

-

threshold vaiune the roocis wars

the ceses with immer raiius of

The resulting =izenveluas are

by
relevaont, haa 215o bozn tabulated. There any doubt whatsoever

exists sbout thie accurazy of any of the lower

approxination %o 2

&

hava been wdexlined - noie <

d d =3 - L7 e EN
remaining fisurss rovre:ent a2 rerfecily accuraje

of that eizenvaluz, Very clo:e or

indistinguishcble, hove beoen bract

means n Lanczos iterations.

root of Ihe relevant tridiazsonad nairir these

renrosentaiion

rer.eated rocti,

~

roted. The title '"m—iterations”

§ —y




1) Cuter rod

.
A
anc2 vatTzen canires

diste

2) Ar=.1; AD = T/64 = .04SNST38
3) Yatrix has order 415 end bandwidth 17.
4) 3ymnetry ratio is W77 fo and 275 Lanczos iterations.

5) tax ( \v’vfllv*gv;l) = 13.

6) 415 Lancz

7)_nﬂtﬂal vectors
were used.

276 requirad

05 iterations required from 4 to 12 Laguerxre 3

frem 3 %o

of 1, 0, 1, 0,007

10

2

d 3 to 11 resmectively.
[1, 1) 01

[$1)

L

415 its

311 its

276 its

-.001921157923

J

-.001922066512
—-e 01 030”71 1

«3551234522
6,24585259 5.$54025529
6.24 657459 } 6.246865594 | 6.245865594
12.531455C5
17.65557239
17.756042923 17.75604923 17.75504923
24.97803455 24,ST805453 24.,97825 .14
25.,967555720
30.71181545  |30.71181543  |30.71181523
44412532415 44412552285 44,12524589
55.68405610 52465184755,
56.12125595,
63. 71757142
65.92419245
66.19242042
77.08221337

—-.001822054204

Tn addi
55.87776900 -
= 4,321803241

table 2

end  88.62199263 -~

tion 7“tﬂ 276 iteraions 4 comrlex roois, naucly

i werse found.

+
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1) Cuter rziius 1.,000; inmer radius .400; distance between ceniras

2) AT = .1; A9 = T/84 = .04C08738

3) Iatrixz has order 418 a»d bandiridih 17.

4) Spmetry retio is W54,
m =
5) E.Za:.z(['\r‘*ﬁ?l,lvf"\ri})= 28414

174
l -
6) 418, 313 a2rd 278 Lancoos iieraiions raguired bohween 3 and 13,
3 and 12 a»d 4 2nd 8 Laguerre iteraticns reszectively.

7)Initial vectors: [1, Oy 15eee ] ? ::nd[l, 1, O, 1,...]T .

418 its 315 its | 2718 its
-0001921493518 | ~.001921.1¢1731 | ~. 001503650459
~-.001922438561 | =a0019224377°27 | -.001922214831
-+ 00465657598 '

o\

64246842780 ) | 6.246852057 5. 246860068
6.246355798 ] | 6.247521415 7.095980427
18,650393156 )

18.66044173 ] |18.56043575 18.65043376

24.97728544 245.8243752

e
V]

24,57803504 24, 97300751 24.9780074
31,02482C02 31.02524225 71.02524226
36.,463053355

43,27245174 4%, 27845173
52, 59455153 52.95452615
56414719381 56.14723092

64.46505(75
68253125674

table 3



1) Cuter radius 1.000; irmer raiius .4030;

2) Ar aad A8 a3 before.
3) Liatrix is of order 419 and ha: bendwidin 17.
4) 3jﬂﬂ°*”“-““t"o is J71.

5) _ha( ]v vi l [v v_])—)Z.O1 .

3 and 12 and 3 and 9 Lazuerre itsration:z resxs

i ractively.

7) Initial vectors: [1, 0, 1, 0,... = a1, 1, 0, 1,...:]T .
419 its 314 its . 279 its
—.001921852165 | -.0015223255857 | ~-.201922321634

~.001922459148 | —-.001S07403710
~. 001073157734
64246357735 ) 6246258779 6.2456832126
64245534075 ) 5.247105191, 64253545840
19.6247€259 )
9.62597705 37 | 19.62597702 19.62557702
2:.96367‘0°
24.,57811440 24.S7811417 24.97811:117
31,25051027
31.29520758 31.29320712 31.29320715
36.1511£855
£2.02771776 42,02771750
50. 52654535 50.525956381
56.14217250 56414224559
63.062.7235 63.06201531
7198414771
table 4

[
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1) Outer radius 1.050; inmer radivs .4C0; 4is%amce baiwazn cenires
.125.

2) Axr and A8 as vefora.

3) llatrix has order 427 and bandwiliy 17,

4) Symnetry ratio is .67.

) el vy llviivgl) = 2503

6) 420, 315 and 250 Lonczos i

chk

2rafincng watuive betwesz 5 and 12,

5 and 11 and 5 and 1 L2guerre itorations reg3-ectively.
) STV
7) Initial voctors as in the mrevious ‘=o cagas.
420 its 315 iss | 2C0 its
]

—.001922837949 | -.C024C224017¢ + 1224802007175
—+001924195522 | 002405303532 | -, 302403550258
64246792091 ) | 6.126782750

6.2456850138 } 64246352759 6.215382759
20,06221815 _
20,56013056 20.560323¢3 20.550323¢8
2497805017 24.97757231 2157737221
26.072353S :
31.45575050 31.45593703 31.435957903,
40, 24055707 -
40.32459958 40432437754 40.32497754
48,61705850 48.61712550 48451742533

f\)

L,

55, 14607CC5 56.1.1507458
61.,57552 %5 61457585249

75.80683635 75.80712481
T79.11355079

kable 5



1)

Cuter radius 1.000; inver radius .400; distance beiwroon ceniros

.100.

2) Ar and A8 a3 before

\

) Tatrix has order 420 and baadridth 13,
t

‘Detween 3 and 12 Lasuerre iterations were reguired.

Initial vactors as baiore.

280 its
~.001822682049

——

-.001225102892

—

6246849100
Ga 24R27C0!
21.79988273 )
21.80689794 3
24.,578%5231
31.44765392
31.47020909
38.403101¢6
4739121831 .
56, 14658571, -

[38)
(92}
s N

tahle g



1)

2)

3)
4

)

5)

6)

41

atrix hes order 422.

. n r T
Initial vectors [1, 0, 1, O, ..J" axd [1, 1, 0, 1, «. )", ifter

422 Lanczos iterations J.l.= J.40. 2o0ci:z iszolatad in between

o LAwV o Luwo

5 and 12 Lasuverre iter:iicorns.,  Caie .
Initial vectors as in 4) above — after 231 Lanczos iterntions

S.R.=0.43 . Roots found in fron 3 o 11 lLa-uerre iterations.
Case B.
Initial vectors: Both [1, 1, 1, «.. ]

after 221 sieps. 3 to 7 Lazierre iterations, Jase C.

TV e v

A B C

~-.006915915808
-.0053443752.5

=+ C23364555339

-.00237553¢8¢2

-.001919Q;:ggi
3.6562 = 12.6500
6524572208 6.215432323 0252470211
6.246853543 6.27182603
22.42241228
23.05303540 23.05311527 23.05322250
23.,0680C032 '
24.97935.71 24,97668573 24.€7551256
25.31726514
31.1602523 $1.16021609 31.1£322409
36.07283521 36437284637

46.61012717 46.512135153
56. 14509525

60.724254.L1 60.72:23806
78423357051,
185.52273201
tahle 7

1 ""1[



1) Guiter radius 1.000; i:mer raiiu

centres (,059,

2} Ar =22d A9 az befors.

Ia . T - b e~
3 0..:00; disiance betzen

3) Liatrix has order 422 and dbandwidih 15.

4) Initisl vectors : [ 1, 0, 1,

5)

T

&'li['l’ 1, O, 1,..-] .

ron 3 to 8 Lezuerre

i

—221.1259387
-134.25203;2

~0.8220045103,
-0,001
~0,001

6.2468

o)
[9))
\)I

1 8 57()

Ko
C\
R

X

. 45.11

N
-
o
.
(@]
-
N
Ul

24.231551€0
4,97805324

27.12803354
30,42029465
35.78551S41,
44,805509::4

60,.35102153
T7.S6385540

90.&34073C87

922607524
855580514 |

3406356

—

tabhlec 8

Conrpaxring the above roots witih ezc

ey e s s
1 other anl srith tiose obtainad

e ce s g an . . )
elserere it is clear that the resulis \ above are extrenaly
susyect.

- , -

s ore m - . - - co aepe e e

1=y



1)
2)

3)
4)

5)

Cuter radius
.025.

Ar and A3 as hefore.
latrix )

Initial vectors:[1, O,

After 422

Imi

-~

3.2.=0.65.3 to Laguer

tiel vectors

43

1,000; inner rodius .405; dist

125 order 122 and bandridth

0".'];

Iznczos stens S.R.=U0.43.

eees] /{‘?2 (v052). ifter 281 Lan

2o cozplex arithmetic.

v . ‘L_
bhelitroen centres

aTvAn
———

CZ03

r

-0.0018S35
6.2458°40107

495101

———T

=g p ]
-0,001923779C51
-0.0019227318%9 -0.201€22507532

52.51035535
60 OL;_,C"\. 99

T77.568504742
95.85555:455

Aads i o
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1) Outer radius 1.000; inner radiuvs .400; distance hetireen centires
0.500 .
2) Ar 2nd 89 a3 bafore.

3) latrix hos order 390 and bandwidth 13.
- 1111
4) Doth initial vectors were [1, 1, 1, 1,.... 17//320 . After 250

Lanczos steps S.R.= 0.70, Z %o

—

1 Lzzuerre iterations. The
tridiazonal natrix required sczlinz,. To cozplex arithmetic
reeded at all.

5) 3evere scalingz problems were encountered when initial vscters
D, o, 1,'0,...]T and D, 1, O, 1,...]T were used - So severe

in fzct that this atienpt was abandoned.

—0.001921723375
~0.001222607530
6.251218201
16,72C02%14
24,97205218
26.21547745
26424361155
34.94693020
59.77875325

97, 774000435
§9.4010S557
92.677255847

table 10
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— -

0.200 0. 175 C.130 0.125 0.1C0C
6424635539 | 6.2158 602453 64245382759 64246
64253545250
17.75504 18.550 19,6255 20.5503255 21.80689
24,5780545 . | 24,978 | 24,973 24.STT57251  24.978062
30.711 31.02524 31.29 | 31.4555570  |31.4476639
' § 31.47020909
36.46306 :
- 58.403101
14043249
44,12554 43,2784 42,0271
| 484617 41,3018
52,5945 50,52585331 |
56.14T1SE3 | 564142 56, 14607652 15641465897
' 61,975 '
65,534 63,032 f
T1.SC44TT1 75.50712431
77.02921337

7911355072

Xable 11
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0,075 0,050 0.9225 0,000

|

642384702117 6.245851847 | 64247503585 |

64251
16.75C0291
25.9530 | 24,33 24,978 24,97805
24.976 1 24,97806324 '25.563836  126.21547
|

26.24364165

31.16022409 ©30,42022  '29.30047339

36.5729 35.789519  -35.20637832 :34.94698020

44,2053 45,7610
46,61 46,1134
52,610

60.7242580 | .
160.3540 60,0420 159, 77875325
!

78.253570  i77.S64 77.65304
85.58270201 | :

90,5840751
95.85556 97.7740004
92,4010
99.6773
table 11

1) Omly the rositive roois are siomm as these ave the oaly ones
waich have m2aning for the diflerential ojeraior on the douadin
under conzidsravion.

L

2) Only fizuxes sbout which thers is zome measurse of certainty

are sanowm in the t=2plz.



1) Cuter radiv: 1.020; immer raitus 0,300; 4istence
betireen cenires 0.2

2) Ar 221 A9 as befere.

3) liatrix bos order 480 ond pamiwiith {4,

4) Initial vectors:[z, o, 1, o,...j- ana 0, 1, O h--]To
After 320 Teneczos 3.2, = 0.6%. 3 = 7 Lauer—ze iterations.

o complex aritrhomsiic ra

—2,103112033 |
13-19'3-7171

Ze 23008/‘ 573

hh

L% )
oV W,
-

I¥e)
Q
—‘J

U
%
L ]
2

- e e - pe e e

1) Outer radius 1.00C; inner redius 3C0; distonce between
centrea 0,150,
2). .AT cnd &3 as hafore.
3) Crder 484, band=idti 1%.
) et (4, 1, 1,...,‘3?/ AC4 and ii)
C1, 0, 1, 0, 1,.0.3° 22 (1, 1, 0, 1, . T o 50 ninutes
=

of CPU time ron out before a tridiasonal patrix with S.2.£ .60

4)Initial veciors:

cl'

or the M1l tridiajonal matzix cowld b2 found ipn boith cases.

[ §



1) Cuter radius 1.000

centres 100,

nax »eding ,300; distance bhetreen

u-
l .
[

2) Ax and AS as beoro.

3)0rder of —atrix 485, bandwidin 17. :
m mn
P i\

4‘) ]-_’11"313.1. "'G ~‘"-[1, O, 3 ,n..-_j é‘_ﬂd(1, 1, O, 1, 0,!0] ®

SeRe = 0,63 after 3235 Lonezos iterations. 3 —~ 7 lasuerre

iterations required. 70 coorlexr arithmetic required.

—1.454652056
2.082032111
13,19104035
16.81013117
24,407139E3
30.78728149
42. )211589
46.70162252
5706834123
62,68545895
€1.45435455

95.62170301

table 1
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1) Guter »2dius 1.000; inrs- radiu «>22; 4istance between centres
.0.50.

2) Or and &3 a5 bpefore.

3) I'atriz hos order 467 and bandwidih 17. -

4) Initial vaciors : as in previcus casa. STier 324 Lonczos iterations

SeRe = 0.60. & ~ 6 Laguerre ileraiic-s, (niy the complex xud%

——veia_. D8

13.1017144
13.903 2631

» 25658392
22,91187275
29.90050740
39443045071
41.91186502
5T 69509207

52,5505 2°" - i11.12541245

l\)

1) Cuter ra2dius 1.000; irrer radius 0,3720; distence betwzen
2) ar 2»d AQ as before,

3) Matrix 223 order 455 ond bangridih 13,

4) Initizl vactors as in provious case. Afisr 455 Lanczos the S.R.

wag found 1o be 0,14 . Ilo meanin~ vl zisezvalu2s could thexefore
be found,
5) At this staze the pr sras, which 22d been stored on disk,

0
':gas wnfortunziely inadvertentl v dasiroryed so that this cage could

. iy ~
[be Tuz with iritial vectors [1, 1, 1, 1,e.. J /7455 .

e Vo
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Summary of resulis for the 0,300 hole:-
0,200 ] 06100 0,050 .

2,0820302S9 | 2.0520

2.,6311935
13. 1907171 13.12104 13.190
14.23 ' 13,503

16.,8101512
' 18.27
25,772 24.41 22,51

55,620088 | 30,788 29.SC050740
3944304597
45,03 42,33 41.91188€02

£6.491 45,701623
52. 17745 ’
59.4001314 57.070 57.5959283
77.49 562.86855550
89.41909211 |81.1%

95.62170501

The cormenic after todvle 11 are relevent here too.

In oxder %o moniior the Yaccuracy® of the iridiasonalization

technigue ezach vi'“v1 and hi1’ 1=C2, 9,0 TOTE COZIL o (Initiadly
the vgv?'s wrere also caiculated, but as these were found To follow
the v§T§1 s in bexeviour, their computaclion wes Liv
persevered with). : .

ey



51

2.6 Soze comments on the above resulis. .

1) In noze of the test cases was the Lanczos iteration terminated
due to a ¥ falling below the preset threshold. This is not. entirely
surprising as one would not expect the derived tridiagonal matrix
to be derogatory.

2) These resulis again clearly illustrate the adverse effect of a
low symmetiry ratio. A low ratio resulis in excessive cancellation
error, wiich can frequently bte avoided by restarting the cycle

with a different set of initial vectors.

2.7 Practical exveriences in isolatinz the smaller roots of the

hicgh order volvnonmials associated with this eigenvalue

roblem.

Scaling of both the original coefficient matrix and the
resul:ing polynomial is essential in order to keep 21l computed
nunbers within the allowable range. This scaling was performed at two
points; first, the coefficient matrix is scaled by a power of 16 to
ensure that all the elements down the main diagonal, the super-
diagonal and the sub-diagonal are less than or equzl to one in
absolute value. Turther, if any of the intermediate values used in
the computation of pn(>0, p&(%) or pg(x) lie outside the rangze

040 46 *10°

+ . . .
—-2x1 a second scaling routine, which scales the elezents

of the tridiagonal matrix, is invoked — see the prozraam for details.

As only the smallest roots were sought, zero was always used -

as the starting voint for the Laguerre iteration.

Even though only real roots were sought it was necessary %o
regard all quantities in the Laguerre iteration procedure as complex ~
frequently the intermediate iterates of a real root (which might even

have a small coaplex part itself) were complex:
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iterations; 4th rooi. The iterates :

H

0.
0,4133845::10
0.1162117:10'2
0.15135431:21072
0.152511S21072
0.1525116x1072

“001 "::‘—l"{

—O..al::;4

At this stage the iteration ceaszd baczzusge
Complex axi
vhen the number o
the natrix :

exampla: irmex» radius .43 dis

cazirazs L2 3 415 Lanczos

-1
=102

azle] <1072,

-~ especially

rfor=2d is z=oller thon the order of

tanze batma:n roots 41755 279 Latcsos
iterations; 3rd root. Ths iteraies ars:-—
x + i ¥
0. 0.
0.4258399z107° 0,
0.1174607::1072 0.
0.142190721072 0, :
0.1495462:1072 o,
0.1516958210"> 0.
0.1523243%1072 0,
0.1524897z107% o,
o.152511311o"2 0.
0.152511521072 0.
table 17
At this stasge the iterative procziure w2s siopped, asain becauce
|az/2} < 1072
A large furction vzlue is zot necezzarily indicative of the

currcnt itzrate being far Fron

~y ey -~
ne reguirsd

does a zm2ll funciion valuz alweys

o4y distance batrazz ¢

00t — in fact

proxinity o

is sufficient to

stic poljro~1hl.

the root

enires .125; 420 Lznczos

1™

r
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iterations; 3=d »oot. A subscript n oon a pumber a (i.e. o )

neens axi0" in the Tolloring 7o tables.
root i;x:ction vole | dexzive vol,

o + iy fr o+ i £3 fdr + i Tai

_.2323192438;3 .2333059461_3 .3023 Os - .1330 Of
.8670588199"3 .1122952829_3 --.2729 —.2429 .1033 .3133
.1320851941;2 .3863212952_4 ‘1928 -.7927 -.7231 .1131
-14549335i8_2 ‘1154854038_4 .1227 -.5426 -.1431‘ .3630
.1507481796_2 .3385185392_5 -84é5 -.3525 —--3030 .6729
«1519944485_, 9913165141 g | +68,, =28, |=B1,5 4169
«1525592801_, .2?01942536_5 .5723 -.2323 --.2329 '4528
.1524660789_2 .8494632912_7 .4922 —.2022 —.6728 ’1328
«1524973358_, -2484600450_7 -4221 —-1721 ---2028 -3427
.1525064589_2 « 7199723506 _g .3620 --1420 —-5727 .1127

.1525090393_, 187417C220_5 | <30,

"01219 -0172—‘- -32 6

tabls 18

5

‘At this point the iteration was stopped becauselz>z/z[<:10- .

It is interesting to conpare the above with the convergence to the

saze root after the aprlication of 280 Lanczos sieps.
root function val. deriv. wval,
x o+ iy fr 4+ ifi fdr + i £di
—.1643611~2 .1690914_2 -.94_14 O. -.32_7 0.
.8200854~3 -8474231_3 .19_6 —-58_5 —-56_2 -14-1
.1584186_2 .7761511_4 -.45_8 .50__8 .16'__4 .3A_5
.1524907_2 .3272814_7. .16_9 .18_9 .24_5 --.28_6
«1524596 5 .7624689_16 —.23_12- .83__13 .26_5 —.11_9
1526996, W2009192_y6 | w129 419, | 4265 =26_g
table 19

The iteration ccased here because

furction value| < 1077 # | root| * |derivative of function| ..
nhe apvarent difference in the fwo above approxinetions to the sane
root is causad by the different scaling fackors used in the iwo
tridiegonal ratrices. The final root of table 19 needs to he

B R RN

o t—— e [Bat 1
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rmltiplied by only 1.0000549 in ordar %o =2le it egual to thai of
table 18 (o0 73) end yet ths funciion znd deriraiive velucs ailfer
vastly. Note too that in tadle 18 doudle precision was used and

in table 19 single precision -~ heance ths differing nuiber of

-

Ssimificant fizurss.

Deternining the midtiplicitias of %ze eizenvelues without

- -_ils

resorting to computing the corrssrondin izenvesicr

-~ a
NG e 22

[&]
e
03
3
(o]
ot
i
13

easy task. Illo conclusion in this rgzardé o2 Tte nade by consideing
the absolute vzluss of the function 2nd 1s% derivaiive in isolation,
ag these quantities are sensitive %o sca2linz, 2e2asconable corclusi
may however be droom by cceoparing tze abSscluie values of these
functions - if fthese were of tha c£anz cz=all orxdar of mazni

we concluded that multiple (or clozz) ei~envalues wa2re present,

otheririze note.

The root capturing criteria has $o be choden very carsfully
so as not to niss roots — we sonsiizes 4id (see, for exezple, *he

table on page 41 ). In this resard see also ihe voper by Peters
and ¥illinson (27

I“"“
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FINAL CCLLCHTS ON PART ONE.

We have here described a modified form of the well-kxnown
Lanczos ninimized iteration technisue for reducin
with real roots to tridiagonal form. Various nodified algorithas are
given - all theoretically equivalent, but of course computationally
different. We have indicated the most superior of these algorithns,
pointing out that even with this version failure may occur but can
be recoznized before commencing the isolation of the roots of the
tridiagonal form by monitoring the value of the Symretry Ratio. A low
ratio (approximately less than 0.6) goes haand in nand with large
cancellation error, while when the ratio is high some of the extreme
roots pay be isolated by utilizing fewer than n applications of the
theoren. Some indications of the stability have been given.

This technigue was used to solve numerically the differential
eigenvalue vproblen vzu ~ Au=0 on the domain of figure 1 of chapter
1. We used this technique primarily because considerably less storasze
than is customarily used by tridiazonalization technilquss is
required, thus obviating the need for a vast amount of fast storage
or of coantinual paging or of rolling in and out of. slower core. Two
hole sizes were used, each of these was placed at various distances
from the origin and the smallest eigenvaluss of each case ware

found.

g an arbitrary matriz:

ey
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PART 2

CHAPTFR 1 : INTRODUCTICH TO TAU 1=7THCIS.

1.1 Introduciion : Lanczos, in 1935 [17] s introduced his tau

method for ths solution of the linear differential equation with
polynomial coefficients and right hand side, say

. D y(x) = £(z) . ‘ (1)
 He further expanded this method in 1957 [20]. Rather than truncate
an infinite power series solution to this differential equation
the Lanczos procedure perturbs the differentizl equation and finds

the exact polynomial solution to this perturbed equation.

1«2 The tau method : Ve will illusirate the method by means of

the simple differential equation y'(x) + y(x) =0, y(0) =1,
which defines ¥ = e . Insert the fornal power series
approzination y*(;) =a +a X+ e+ 2+ ... to y(x) into
the differential equation and obtain the systeam of iinear algebraic
equations -

j aj + aj_1 =0 j=1,2,ooo ’ (2)

which is then solved in terms of &y The initial condition may be
satisfied by adjusting a e This formal expansion may be tested
for convergence.

The solution to this differential equation is an infinite
power series. No polynomizl solution can be obitained unless the exact
solution is a polynomial. A polynonial solution of order n may be
obtained by truncating the series defined by (2), this is however
equivalent to solvinzg only the first n equatioms in (2) with a
perturbation term of the form <x" on the right haad side of the

differentiel equation, so that in the (n+1)-th equation

(n + 1) a ., te, = T ,
&g = 0 and the cancellation of the coeificients aj’ JZn

propagates downwards instead of upwards, and the solution is preserved,
This solution is a partiel sum of the Taylor series for
y(x) around x = 0 and therefore its accuracy deteriorates as we
depart from the point of expansion. Lanczos hereupon proposed a
perturbation term which distributes the error more evenly over the
interval, J, on which the solution is required. If this intexrval

is [~1, 1] then it is natural to replace the original zero right
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hand side of the equation by its best algebdbraic polynomial
approximation of degree n, that is, by the Cnebyshev polynomial
Tn(x). '

13 The Canonica2l vpolvnomials : In 1952 [152], and more extensively
in 1957 [20] , Lanczos introduced a sequence Q = {Qm}, me,-I{o

( where N_ is the set of non negative integers), of canonical
polynonials associated with the differentizl operator D, which he
defined by means of the functioral relation
m

D Qm(x) =X , méNo. |

If the given differential equation is peruurbed by
(n-1) m

H (x) z (x)ﬂ (x) , Where f)n__r(x) Zc

T (x) Z‘C ¥ , n and r positive integers, and if
0

£(x) -Z f < s k an integer, then because of the linearity of D
m=0

the solutlon to the perturbed equation,
Dy (x) = £(=x) + H (x),

is simply y_ (x) —Zc(n—r) Z":l m+1 ;f %(x)

In particular then : assume that D y(x) = O is a
" proposed problem with initial conditions y(j)(x). = yij) s J=0yee,¥-1 ;
J being the interval on which the solution is being sought and & a
point of J. For simplicity assume further that D is a first order
operator. If the canonical polynomiels are known for all non-negative
n€ N, then the solution to the pnrturbed problea

~ Dyr(x) = T, (x) -5 c(n) 5

kzo
is simply y*(x) —-‘EZ c(n)

S0 that the initial condltlon j(ol.) y, is matched. Therefore

yix) =y, (n) Q, (x) . (3)

< clf;‘) 4 ()
k=

qk(x) « The parameter T is chosen

There are scveral advantages to expressing the
aprroximate solution in terms of canonical polynomial, First, the
whole of the computation need not. be repeated if an approximation
of higher dezgree is required. Second, they do not depend on the
initial or boundary c¢onditions, or on the interval over which the
solution iz sought. Further, canonical polynomials may be used to

solve eigenvalue problems where the parametex may enter either

g
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linearly or non:-'-linearly.

1.4 Consiruction of Canonical zolynozials :  Lanczos' technigue

for constructing the canonical polynonials Qi(x) associated with
D is to solve a sysiem of linear equationmsylixe (2),for 0<£j<i,
with a 1 on the rizght hand side of the i~th ecquation. This procedure
need not be triviel as the systen may be over—determined eand for
some subset of the index i the canonical polyronials may be multiple
or even be undefined. All these possibilities have to be taken into
account if the tgu method is to be antomized. In the next paragraph
wie give a shoxrt descripiion of a more satisfectory technigue for
their construction. : -

This recursive technique is due to Ortiz [24]. Again
consider the eguation .

D y(x) = f(x) . (4)

As Qn(x) is by definition a polynimial and D is a linear operator
which maps prolynomials into polynenials it is reasorable to start

by considering the effect of D on the monoxiel x". This is the

polynomial " .
D x" -_-.Z_af’n) x* _ (5)
r=o
of degree mZ n. Then
M-\ )

i Dxt ="+ 1 Z: ai? <~

Y aln) =

m ul

Assuming that all the Qr(x), r<n, are knowm &t this point we may

write

1 D[xn —'i’&im) Qr(x)] = 3 (6)
a(n) r=o
m

because of the linearity of D. Therelore
mM=1

Qm(x) = zn) [:xp - ;{_ain) Qr(x{] . (7)
a

rzo
m

For the particular case 7' (x) + y(x) = 0 we find that
(n) (n)
"

as m=n, a_ ‘=1, &
mn T~

. (n
=n and a_ )=O for 0 r<n~1 and n»2, therefore

Q(x) = x" -nQ_ (x),

which gives recursively Qo(x)=1, Ql(x)=z—1, Qz(x)=x2-2x+2,
%(x)=13~3x2+6x-6 etCe

Pt ewt i el
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This tec_nlque is not however entirely without its
dlfflcultles. First, m neced not be equal to n, in general it will
be greater (e.s. if D y(x) = y'(xz) + y(x) ), caa,lng a "gap" beiwesen
the. exponent of x" and the leading one of x". Second, a( n) could
be zero (e.z. D y{x) = x y'(x) - y(x) ). Both of these 81tuatlons
give rise ito undefined canonical polynonials, Qv(x)'ve S say. These
undefined canonical polynoaials aifect the possivility of gemerating
all the canornical polynonials by means of (7), as not all the Qr(x),
0£ r £n—~1 are necessarily defined. This in turn afiects the
possibility of obtaining a solution at all to the perturbed problen
D y;(x) =1:Tn(x) 2s ithere may be no canonical polynomials available
to generate the powers xv, v€S, in the expression of Tn(x).
Another problem is that of multiple canonical polynonials,
which arise in examples such as D y(x) = X
x2 y"(;) + 2(x-1) y'(x) - 2 y{x) - here Qb(x) is either —F or %i e
In order to circumvent these difficulties Oriiz heas '
introduced the following modified definition for Qn(x)
pQ(x)=x +R(x) , (8)
vhere R (x) is a polynomial generated by x' , ve&S. This
"Re31dual Polymonial® R (t) belongs to the subspace R generated by
' the powers of x which are "una tawnable" by the operator D acting
on polynoamials. Then, although z s VES, cannot be genbrabed with
"the Qn(x)‘s, their residual polynomials Rn(x), wvhich belonz te R,
will take care of that segment of the perturbation polynonial.
Far more detzil concerning undefined and multiple

canonical polynomials may be fournd in [24l.

1.5 ZIDigenvalue nroolnﬂs : Fox and Parker [18] have discussed the
gpplicetion of tne original formulation of the tau method to the
eigenvalue problems of linear differential egquztions. In the next
parazraphs we point out how the recursive technigue of Ortiz may be
used for these problems.
Here the differential operator depends on a

parameter A, hence so do the canonical polynomials. Because of
the fact that the algebraic kerzel of D, depends on the spectrunm
and may be empty for sonme eigenvaiues and not others this extension is
not entirely trivial. The advantagess of using this approach are tnat
exact polyncmial solutions satisfying the boundary corditions are
immediately detecied; the basis in which the eigenéolutions are
represented is generated recursively; the order of the \~determinant

is independent of the degree of the desired approximation; as the
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desree of the approximation increases the lower eiganvalues are
Oblainsd with rapidly increasing accuracy and the higher order
eigenvalues zive a wide rangs of the stectrum and also that if an
approximaticn of higher degree or at different boundary points is
required the previous conputational effoxrt is not entirely wasted.

Azain we illustrate via an exanpls. Consider

- Dyy(x) = x(3x% = 1)y"(x) - 2y'(x) =>x y(z) = 0 (9)
with the boundary conditions y{%1)=0.
Applying D} to X we get

= [3n(n-1) -A] x - anen)
and izmediately
(x,N) =1
T * 3n(n-1)- A

The set of indices of undefined canonical polynomials is 3 _{0}

[x + n(n+1) Q- 1(:c )x)]for n i.

In order to satisf{y the three conditions, viz. two boundary
conditions and one undefined canonical volynoniel, a three term
perturbaticn, of the form

H(x) =t T.(x)+<

m
is used. Tharefore :

yE(x,))= 3_z: jz; (n-1) Q (x:2) = g A(x,) + 7,B(x2) + 2,000,
l ° =

The apz roxlmate solution has then to satisfy the three conditions

-;OA(-1,>) + 1:1B(-1,>~) + 2'20(-1,%,' =0
z‘OA(+1,)-) + r1}3(+1,>~) + 1:20(+1,:\) =0
To & +Z, )5 +T, ¥ = 0,

where # £,¥ are the sum of res1duals in tke first, secondi and third
. terms reopeculvely. In order to get a non~trivizl solution the
A—-determinant nust vanish:
A(-1,2)  B(-1,>)  c(-1,»)
A(+1,2)  B(+1,2) c(+1,»)] =0.
% A -]

The roois of this equation give the eigenvalues of (9).
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CHAPTTR 2 : SCGIE LANCZ0S TAY — IEPH0D CF LTNZIS TECHLIGULS.
2.1 troducticn : A few methods have recently been proposed for

approxizating the solution to Darahollc vartial differential
equations usirg Chebysksv polynomials. slliott [7\ and wragg [37)
use semi-discretization techniques; Fox and Parker [10] , Znibb and
Scraton [14] , Dew and .:cra.,on 16] and Xnibb [13] assuze solutlons
of the form u(z,t) = Z_a. (¢) T (x) or ufx,t) _Za (t) = , N
fJ.nJ.te or infinite, to "the dnfe‘ ntial equation and Fox and Parker
[10_] also use a prior integration technique couplsd with the
assumption that the solution has the first form above.

Insofar as the solution to elliptic partial differential
equations is concerned, Mason }f21] has sug;ested a separation of
the variables iype solution, viz. u(x,y) = Z_a. T (x) T (y)

He also, rather tentatively perhaps, suc,.ges‘csr s; l:'collocan.lorzt method
for solving these problems.

In this ckhapter we investigate some semi-discretization
approacnes to solving an elliptic partial differential equation
"and provide error analyses to these. Also, because of the
similarity between Wrazg's technique and those of this chapter we
later, in anotner chapier, give an error analysis of his method.

The error equations derived are differential-difference equations.

2.2 Technigues : Here we will attempt an approximate solution to

Laplace's equation
qz u,=32u + 2% =0 , : (1a)
D x° 0 y2

Yy baving the bou.ndary

conditions u(x ,y) = £(y), ulx,y) = &ly),

defined on the domaﬁ%n xaszexb ’ yaé y<

(1p)
ulx,y ) = n(x), u(x,y,) = k(x).

Denote the interior of thne rec..angle by <2, the boundary by S and
let oo = 2+ S.

e -
Y.'ﬂ ‘‘‘‘ }
2 7

.} B

figure 1

et H
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2.3 Cur first (unsuccessful) atiempt at solving this problea
using the tau method was via a straightforward seai-discretizatioa
approach. The domain 12 of figure 1 was divided into N strips of

equal width, Ay = (yb - ya)/I'[, in the y-direction. Let

y

p =¥, ¥ Toty and u_ = u(x,.yr). We discretized (1) at the point

(Isyr) in the following four ways :

) 5 . : . ‘ /\.
I d u, + U 2 u_otu + o(by) = 0 _ ﬂ@
2 - 2 :
AY
2 -
II: du
21' + 2 u, - 5 w + 4 w5 - ur__3 . O(Ayz) -
-dx 2
AT
IIX: d2u | u —2u +1 2
‘ T + 41 T ~1 + 0{ay“) =0
2. ' 2
ax by
Iv: i (u + 1 T+ ou -2u_+1u +O(A2)~
i - ( ™1 r—-1> T+1 T —1 y =
dx ' 2

¥

In the sequel these discretizations will be denoted by I, II, III
and IV respéctively. I and III are the usual backward and central
difference approximetions, II (see Collatz [5] p539) is a more

exact backward difference apvroximation, while IV is en improved . f..i},

polynomial approximation u, = "/’amr) xm : _(2} ':T_"n—l
vas assumed for : (_'{,j ). In order Lo obkain (2) as a solutlon to~ -_
I - IV, perturb each of these by (Z (m—q) éri—q) x ) T*(Ef, g=0 ‘_wt o (B
for I, II; q=1 for III,IV. derea.f‘:.er we let o V7

ba)

T*(x) .-:Zc(n) % whers (n) = (-1)"%;
l(nn) = 22m-.1[2 (n+m) - (n+u—1)] ( 1)n+m E:‘ 2 3’0'00 e - VL, Nty ?
Thereafter, for I, II and IV, equzte coefu.c:.ﬂn..s, use tne first
i ‘““\ [ two boundary conditions of (1b) (which become Z,o o{r) x, = £y, ) and

- mM>
5‘ (r) x% = z(y_) respectively) and easily obtain a -system of linear

algebrc.lc equations of tho form

A 2(1'-"-(1) = ‘}.’C : (3)
foxr the required coefficients ag?iQ),...,a(r'{Q). tote that the
vector k is a function of the solution on lines prior to the

(g+r)-th. 2xplicitly, the matrices of (3) are i~
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I
1 X xz x3 eeveassscsnnesecas o 0 7
A= a a a
2 3
1 I-b x-b I-b IR R R R RN TN N4 0 0
1 0 2Ay2 0 esacerse -cl;Ayz 0
. 0 1 o 6Ay2 fSevssse e —C?Ayz -cg.Ayz
2 =n 2 =n 2
oo .0 O eeeeed ?/‘Y -cn_‘Ay, —cn—ZAy /n{vx-\)ﬁTD
N
00 o0 2 B a2
0 01 o0 ¢ 2y Chmi DY
0 O 0] 0 seeeel ‘0 1 (¢} ’ "'chyz
k=T, aly) , 2™V (02 o (x-1)_(x-2) )T -
~ [ x! 7 Byl 0 By % 2 '2353’3‘ an*}’ ] . / .
II
’T‘ p 12 13 [(EE RN N s 0 0 T
A a a a
- 2 3 0 0
1 Ib I.b I.b.......
2 0 Zbyz 0 ssesse ) "an)Ayz 0
o 2 0 6Ay2. cnsss ‘ —cgn)o.yz __c(()n)&yz
2 (n), 2 (n), 2
2 0 (n+1)nzy -c,1AY —C 25V
2
0 2 0 '°x(1n)A y —-cr(izayz
(n) 2
= 2 0 c, &Y i




N

3

It

‘g

£(y_.)

&ly,)
1)_, (r=2) _(x=3)
5a§r“ ~a e T

Sagr_1)_4a§r—2)+a§r~3)

(1) , (~2) (x3)
a1 =481 Fan
Saj(er-l )_4a%r—2;+aér—3:
r~1) ~2 3
b5 a’n+1 —4an+1 +an+1_ B
4 0 0 © o 0
1t 1 1 1 0 0
1 0 250 o o0
0O 1 0 64....0 0

L I R

0 | (n=1)na

0 1 O
0 1
|
A= Ay2/2
- £y, q) ]
Vg(ym-‘l.)

—ZAaér_” —.agr_” + 2ac(,r)
s L g1 )
~124aip1) _ aér»‘l) + Zaér)

.‘.'.'..........'.

-7 Va4 (r-1) - (r=1) (x)
n(n+1 yhag iy a ’y o+ Zan-‘l

—al(lr"” + 2 ax(lr)

(r~1) (r)
. ‘ E)’n+1 +2an+1

0

~26¢
(4]
—2ac,

n—-1 .

-2C_ A
n

0
0

~24¢C
o

=24¢

~2C A

n—~1
-2 an
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ITI, on the other hand, leads to an almost explicit expression

of ur~+1 in terms of ur and ur—i'

2.4 Error analvses : The errors incurred in perturbing I - IV by
(x+q)
(z;

f‘z§r+Q) x ) T;(x) nay be analysed by defining

z,. = ﬁ; -u, and forming the difference beiwsen the perturbed and
unperturbed forms, giving rise, in each case, to a system of
difference-differential eguations of the type

Dz +Ez = -( gﬁq) + T éﬁq) x) Tg(x). | (4)

For the methods I — III D and E represent the differential and
difference operators respectively, while in the case of IV

._.-J. 2 s o s L S DL . L
D zr =7 d [zr+1 + zrb1] and § is again the dl:;erence>operau9r

de

associated with this case. The difference-differential equations
generated by I, II and IV are of retarded type and can therefore
be solved by tﬁe process of continuation. A few applications of
this process enablesone to guess at a solution, the correctness of
which is easily checked by induction.

In each of the cases leading to a retarded equation the

solution is of the form

i i i .
zZ_ = if?, X COSAX + Y. X sinkx -
P Sl 1P izo 1P

--}_:sipw“i“”mi(-cﬁp’+z§P’x>T;<z) . ()

where [ represents, in each case, a different differential operator

and where we have assumed that 2 i=O for i positive.

The case I, in particular, starting from (5), where
now o = tay ,
and D=1/ &% + &°),
dxz

leads straightforwvardly to

7

1 —y
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- 7 3. i+1-23
pt =[i“2(2f r’l,p—1)z( =LA A

i=o J° (i+i- 23)1 (2&*)2').*'1
P.. (1 o T
) oBey; - )Z(-)J' 272 2] sin(cx) +
i=0 . Jzo (i-2j)¢ (29&) 23*
el [ o
2 by 3.— J .
+§‘o( (23, - 1)2()1 -
p [ isp- L
T / [6 zo (i-2j)} (24\)23 2
- 0(2(275. )RL‘- (- )33.. wi+1-2] cos{&x) +
P ,P-1 o 2j+1
TS J7° (3+1-23)1 (2x)
P-H 2(_ 1) 4 N )
l—
*Z“ (26, 4,5 =85 1,0-10 ¥ Popy P Fppq ¥
LT .
+F> 0, p+1 cos{®x) + 250 o+l sin(®z) (6)

", .

E: & s3
— in(zx) +
= pi' 4 £ cos(xx) + 2 Xl 1 sin(;

' +2“2(l—1) 5. prp L. ¢

J_,P-i-‘l n+1

The last expression after a suitable ordering of ithe terms of (6).

The constants /30 P and X P+ are deternined by the boundary
2 .

_ conditions Z e (O) = zpﬂ(ﬂ = 0. Obviously, a rather involved

recurrence relat:.onsh:.p ray be established, linking 'B 3, b+ and

Xi o to the previously computed values of these constants. .
4 .

S:Lmllarly,
z éjﬁrkx cosfx+ i_b’ o sin [Pxx + zé

for n+‘l

for II. The coefficients asein being obtained recursively from
those on the previous lines and the “zeroeth" ones coming from
the boundary conditions. This time D = 1/(d2 + 24).

luch the same can be said for IV. ax?

Ve later actually compute the numerical values of some
of these errors, .

The solution to the error equation J[T is obtainsd as'follcr.'rs
using Buler-Laplace transforms :-—




Y -

Let ﬁr be the solution fo III aad u_ the solubion to its periurved
~

form. Also define z, = u. - ur.
Then dzz z - 22 + z ' | . :
' r o+ vl T ~1 = = T, + ’sz)_ T;(x) . (7)
d3:2 Ayz
. & ——— e
Now define Z_(s) = fe—sx z (x) ax (8)
T A r
b_sx
and w(s) =je w(x) dx,
A (9)

where w(x) = —(‘z:"I +T5 x) 'I.‘.'I'\;(z)

and 1= &YT, » TH=0y2 T,

(7 ) may be written as (where c =Aay°) -

) | .
cdzz+%ﬂu)-a;ﬂ+zp4ﬂ=-u;+zgnyn . (10)
o ‘

Taking Buler-Laplace transforms (sce Bellmon and Cooke [‘59] and
Pinney [40] ) on both sides of (10) and using

a? Zr(s) =g 52 [s zr(a) + z;(a)] - e—Sb[s zr(b) + z;(bﬂ+;
b

+f o 5% z;(x) dx
a

we easily obtain

¢ 5%z (s) + 7, .(s) =22 (s) + 2, (s) =W(s) +
+ce o2 [s zr(a) + Z:'r(a)] - ¢ e—Sb[s zr(b) + ;'z:'c(b)]

jie€e Zri-‘l(s) -2(1 - %§2) Zr(s) + Zr_1(§) = VW(s) +

+c e—sa[s zr(a) + z;(a)] - c e_Sb[s zr(b) + z;(ba
| (11)

This difference equation has, as solution,

e e e < i 1
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z (S) (S) U{J 1 (1 cq ) _o(s) U“(1—»s )+
(£
+Z[c e Sa{s Z_ 4 (a) + N (a)}"
k=2
-c e—Sb{ s zr-1—k(b) + Z:'D_1_k(bz}+ ':'I(,s)] U,_(1—9_§_2_) -(12)
. _ = 2

vhere y=[r]- xr ,
[*] = largest integer €r ,

Ur(z) = sin{r+1)arcsin z
sin arccos 2

= Chebyshev Polynomial of the second kind.
It is easily checked that (12) is a solution to (11) by substitution
and the subsequent use of the following properiies of Chebyshev
polynomials of the second kind ( Lanczos [22]) :
(a) Ur(x) -2 x Ur—l(x) + Ur-2(x) =

(b) U (x) = 1 | (13)

(c) U1(x) = 2%,

Substituting we get

e gt () Tpagealies cs%) - Zy [29-2(8) Vpagan (1mc8 2y 4

£rl+s
cesasz (e.)+z' (a) ——ceSbsz (b)+z' (b)
DN f-e 9}
+W(s)] U (m; ) - 2(1—cs 2,194 () U[rj+1(‘l—cs ) +

Crl

+2(1—cs )Z r—[x]- 2(s) U[ ](1-Co ) = 2(1~-cs' )Z[c e sa{ Sz 1(a.)+

r X 1(a)} -c e-Sb{.s Z g (b) + Zr—1 , (b)} + ‘.’I(s)] Uk(‘L—_c_% )+

2 2
* 2o fa)-1(8) Pylimesh) - 2oz -2t3) Upmgqlies)

2
{rl—

ZE: e Sa{s 2oy (a) + z!_, _k(a)-} -c e-Sb{s o (b) + Zr—2 \ (b{}

-+ W(s) Uk(1—£_3_)
2

=ce o0 [s z_(a) + z'(a)] - o~SP [s z(b) + 3] (b)] + W(s)

(after some manipulation).

Ce—
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It is easily verified that

. ,
2P a(0) = 2K () R (g gt
k';o

k=0
b

[ P e,

b-
whenca P(s) Zr(s) =f sx

(- %

P(—“) z (I) dx + e -2 (polynomial in s) +

_Sb(poljno:lal in s) ,

whers P(s) is an arbitrary polynomi=l in s. Inserting this into

(12) gives ” :
b 2

z (s) =L°-SK[U[1-J+1("'%§}—2 ) 7,4 (=) - v 05 ;%1-2) 2, _,(x) +
try
Z U. (1—% ) w(x)] dx + e o2 Pa(s) + e-Sb Pb(s) (14)

where Pa(s) and Py {s) are polynomials in s.

" Applying the "1eore:1. If g(.c) is Lme*rable over (2,b) and is of
bounded varle;tlon in some neighbouhood of x, then for C(s) defined
by G(s) = Je_sx g(x) dx and any constant ¢

cHico e
1 G(s) e°* as = 0 x< a
CLEL S = ¥+ gla+t0) =x=a
= [g(x+0) + g(z=0)] a<x<b
=% g(b-0) x=b

‘ =0 x>b ,
we can invert (14) for a<x<b, r>»0, giving

_ 2 2
2 .. 2
) ax o ax
E Kot s sx
+ Uk(l—g_d ) w(x) + f e °%p (s) e ds +
—_— -——. a
k=o 2 dx2 21Tl xo-;go
Rt Lo
+ 1 -sb sx
—’-ZTiLO_;ae .Pb(s) e ds . _ (15)

The two integrals on the right may have their contours closed by
adding the right hand and left hand semi-circles at infinity
respectively. Since the integrands are analytic within these contours,

the integrals vanish. Therefore, for xe[a,b], rz0

| adh o
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| 2 | 2\
2p(2) = Vg (1 -2a) 2z (x) -0 501 - cd7) 7 ,(x) +
2 2 =3 2 2
+ Uk(1-gd ) w(x) .
2,2

If r takes on integral values only, then J=1r - [r:] = 0 and

) N )
Zo(x) = U, (1-gd” )z, (x) -0 (1 -ca%) z_,(x) +
2 dxz 2 dxz
+Z.Uk“._%-d_2-) w(x) | . (16)

Assuzing that Z_y =2 5= 0 and using the definitions of w(x) and c:

2 (2)= 0, (1 - S TR ORI - Om
1'% 2-3 dxz

Expllclt realisations nay be had for each X by utlllsmg the

expansions
U (x) =1
U, (x)
U (x) = 4x -1
Us (x) = 8x° - 4x (18)

U (x) 16x4 - 1212 + 1

U, (x) 32x - 3210 + 6x
Us(x) = 64x - 80x4 + 24:2 -1

[ X XN R RN NN

Expanding (17) explicitly it is seen *hen that

_ 2 m
zo(x) = AY (1:1 + ‘52 x) ;;(x)
z,(x) = (1 -_xz_cf__ )Ay2 (z, + T, x) T*(x)
1 2 > 1 2 n
dx
(19)

se(x) = (6 - 21 y% & + 35 5t —35 40 &8 + 21 %8 - 751%0

2 d12 4 dx4 8 de 16. d.z8 32 dx‘lo

12 i2
+1_y
64 12 ) ay® (z) +7, x) T*(x)

dx

LA N N AN



A

It follows immediately from these explicit expressions that
one should endeavour to use a small Ay coupled with a lo¥ n. This
is s0 since Tg(x) is a polynomial of dezree n and hence the
higher its order the more non-zerc ierms occur én zi(z) — in general
these non-zefo terms do not cancel each other out, but rather combine

to swell the magnitude of the error.

2.5 MNunmerical reéults : The impracticability of solving Laplace's
equation by the techaigues I - IV described above is vividly
illustrated by computing nunerical values for some of the previous
error expressions. Tables 1 and 2 snow the magnitu@gs of'these errors
(an entry A here means an error having magnitude 10") for the cases

I and IT with boundary conditions f(y)=h(x)=k(x)=0 and g{y)=1, with
a Chebyshev perturbation of degree 19 and steplength ay = 1/8 in
both cases. IV produces similar errors to these, while the large

errors obtained from III are easily seen by referring to (19).

y : . x .

0 .125 .250 .375 .500 .625 .750 .875 1.00
.125 % 0. 0. 0. 0. 0. 0. 0. 0. 0.
.250 | 0. 0. 0. 0. 0. 0. 0. 0. 0.

375 ;19 27 28 27 28 28 28 28 29
«500 3 37 317 38 38 38 38 38 38
625 | 9 9 9 9 8 9 9 9 7
«750 13 42 42 41 42 43 42 43 43
.875 ;| 18 17 17 17 16 17 18 18 17
1,000 | 22 26 26 26 27 27 27 21 28

- X ; n=19; A y=1/8

table 1 IS

These rather large errors are easily confirned by actually
computing the relevant approxinate solutions, we show those
associated with the above error tables in tables 3 aud 4. MNo
discernable improvement was obtained by decreasing the step size.
Similar results are obtained, too, with periurbations of
different degreé.

Some commentis on the computation of the approximate solution
are necessary. In each of the above techniques a knoyledge of the
coefficients a, on lines prior to tas r—th is necessary in order to
compute the a§r). Following a technigque described by Fox [9 ]p58~63,
values were selected for these coefficients on the first lines and

</
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Y X
.000 125 .250 .375 ,5C0 .625 .750 .875 1.00
«125 0. 0. 0, 0. 0. ©C 0. 0. o.
250 % 0 0. 0 0. ©C 0 0. o
<375 5 2 22 22 2 2 2 21 22
«500 13 23 23 23 23 235 235 24 2
625 20 24 23 24 24 24 24 24 23
750 27 21 28 21 21 21. 21 28 27
875 34 34 35 34 34 34 34 35 35
1.000 4 4 42 M M M 4 4 42
IT :n=19 : Ay = 1/8
tatle 1
y x .
2000 125 .250 .375 .500 .625 .750 .875 1.00|°
000 [0 .0 .0 .0 .0 .o .o .o .0
125 | 13 13 13 13 13 13 13 13 13
250 | .0 -1 00 -1 00 00 00 00 11
375119 19 19, 19 19 19 19 19 19
5001 .0 2 3 2 3 3 3 3 g4
625 | 5 5 5 5 4 5 5 4 5
750 119 19 19 19 19 19 19 19 149
875 | 1 7 8 7 8 8 8 8 8
1.000 | 9 9 9 9 -7 9 10 9 10
1
table 2
y X .
.000 .125 ,250 .375 .500 .625 .750 .875 1.C0
000 .0 0 .0 .0 .0 L, .0 .0 .0
125 |36 36 36 36 36 36 36 36 36
250 | L0 -3 -3 -3 45 2 3 2 .
375 118 18 18° 18 18 18 18 {8 18
500 | .0 2 3 3 3 4 5 6 7
625 | 7 7 T 1 7 7 6 8 10
750 8 8 8 8 8 8 9 1 12
875 | -1 9 10 10 10 10 11 13 14
1,000 112 12 13 13 -4 12 14 15 16
1T

table 3
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hence several solutions wers consirucied — their number being equal
to the number of sets of coefficienis required io compute the solution
on the r-th line. The constructed sclutions on the final line were
then combined in order to satisfy the boundary condition there — ithe
solution on other lines was then obiained by combining the previously

computed solutions there in the same way.

2.6 Conmment : Hason,in solving a similar problem using an

‘approximate solution of the form u(x,f,r) = rﬁ;oa s’l‘r(x)'l‘s(y), obtained
-satisfactory results. The reason for this is ikat he simultaneously
applied 211 the boundary conditions, while we have initially applied
three of these conditions and have attenpited to satisfy tke fourth
at a later stagec — obviously without any success. In the next chapter
we give a modified version of this technique which works remarkably

well.

2e1 The perturbed forms of the equations I , II and IV may be
solved using the "method of selecied points" or the prior integra%ion
method (Fox and Parker [10] ). These techniques of solution do not
alter the given error analyses. ) .

(a) Consider first the method of selected points kcollocation):

(i) Assuning the solution of the periurbed foram of I to be

n . A - -
u, = > al®) {B substitute this into the perturbed equation and then
m

mx»o

satisfy the equation at the zeros of‘T;(x), i.e. at
X, = {1 + cos (2k~1 )TT/Zn}/Z , k=1,2,44,0. As before the boundary
conditions on the r-th line are ur(xa) = f(yr) and ur(xb)Zg(yr)'

The coefficients a'®)

m 3T obtained by solving



1 x %2
a a .
2
R %
1 x (2 y2+x$) (6 y

1 x '(2 y2+x2) (6 y
i n n

(:c')T
(r)
(r)

o)

n+1

b b=

cﬁua Hos
M ot pHin

Ses e

N

2,2

2
+x X (12 yox )x, eeo{{n+1)n y

£(y_)

aly,)
Za(r—1)—a(r_2) xm
o} pul 1

o (x=13_(»2) =m
L m n n J

n+1

X
a

n+1

+x )x (12 y +x$)x eee((n+i)n y +X )A

n-1

2

+X )In -1

- (20)

Pypical of the coefficient matrices which arise is that for Ay=1/8
and n=8; correct to 2S this matrix is

.

1.0

1.0 1.0 1.0 1.0
1.0 .99 1.1 1.2
1.0 .92 .93 .9%
1.0 .78 .70 .62
1.0 .60 .45 .33
1.0 .40 .26 .14
1.0 .22 .14 .53,
1.0 .84, 1.0 .16_,
1.0 .96, .94, .18,

0 0 0 o

" 1.0 1.0 1.0 1.0
1.3 1.4 1.6 1.8

97 1.0 a1 1.1
.56 .51 .46 .42
24 8 .13 94
STy oA, o2, G11

(A8_, 5T, W17
23, 285 .33

29 , 425 56

(¢ 0

1.0 1.0

2.0 242

1.2 1.2
38 .35
6T_ .48,
55, 27,
Mg 239,
Mg 43
8B, o11_ys

e

From the wide range of coefficient sizes it is 1mmedlatelj apparent

that with this choice of n and Ay, the st en (

) is 1ll—cond1t10ned.

Evaluating the determinant confirms thls. Thn follow1ng table is

interesting:

i e@a
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n AY determinant

6 «50 ~e 2167 -1
«25 «2604 —10

12 25 —.1185_2

4' 0125 "‘8724 5

8 - «125 1475 15

8 «0625 «4158 _19
table 4

This should not be totally surprising wken the values of the xk's

are remenbered. Hence a solution by this means will produce

contaninated results.

(ii) 1z

leads to the matrix equation Az = b o The matrix A being

that of (1) above, except that terms (say2+x ) there are replaced

by (siy +2x ) here; the vector a is the previous unknown vector

-

o}

)

MO

a
m

SN

(x-1) _

jiﬁairh1) - 4a

£(y..)

ely,.)
4aélr--2)

+ aér—3{] %

)8

®eosnsebe

(x~2)
m

——

As this coefficient mairix is similar to tkhat of (i), the conclusions.
of that section apply here too.

(#11) Toe coefficient matrix arising from the application of a

collocation method to

hand side vector is

3§[}a;?—1) _

m:=0

Ba(r—1 )

t?.

2aé?"2?j x

a(r—2)] 8 A
m n

II. is Jjust that of:

£(y,.)
g(y ) el

Ay2 zz‘m(m 1)a

(RN RENN Y]
Al

n{n- 1)a
oy

Again the conclusions of (i) apply.

(ii) above, while the right

(r~2) <2
1
(r-2) xﬁ
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(v) BEach of the semi-discretized sets of +the previous sections =may,

following Clenshaw [38] , be intesrated first. An infinite Chebyshev

expansion mey then be assumed Tor u, and the coefficients of the

Chebyshev expansion may be obtaired fron a backwerd iteration on the

difference equations obtained by equating coefficients.

(i) As an example, consider the iniegrated form of I , namely

i 5 |
Ay" u, +j (ur -2u o+ ur_z) dx dx =0. (21)

Assume that u (x) =i'::1(r) 'f*(x) ’ , (22)

where thes dash indicates, in the usual way, that half the first
coefficient should be taken. Substitute (22) into (21) and use

1

[rxtx) ex = $(rx(x) + 13(x))
[rr(x) ax = (23(x) = T3(x))/8

[ra=) ax =412, (1) - T2 (2) ) ym=2,3,.e
m+1 m—1

twice, This leads to the set of difference equations:—

ay? a(()r) ) a(r) -1 a,(‘r) 1 a(rﬂ_ 2[_23(1'—1) _1_ 2=1), 13(1‘-—1)]
3

2 52 16 32 2 2° . 16!

la(r—Z) Té_agzs-z) . _laér-Z)-'J -0 23)
Ay a(l‘) 1 a(r) - 3 a(r) (1‘)] (I‘~1) (1‘-1)+ 1a(1‘--1)
8 ° 32 32
(r-2) (x-2) (r~2)
.;I_s aor_ - 3% a11\— + _1 azxk ] =0 (24)

2 (r) (x) (x) (r) (-1 (x~1) (x-1
Ay aar +[;5_% aor ——ggazr + _1: ] [ _g_a? +_4_%a3 >J+

+ ._13.(::\-2) (1’-—2) 1aér_2)] _ 0 (5)
18 .

32 © 962
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13738;? .1 a(r) ifz - (r) (r{] (r 1) gf:1)

16 m—1

_aél"'u [(2::1-1)] N -1[ ;1;2) aéz-z)
m+1 16 n-1
a’(np-z)—- an(:;” =0 . (26)
m+1 ] ) - .

= 3,4,...

Using the backward recurrence device (Fox and Parker [1 0] P 99)
e take

( ) ( ) ()

ey = a8y =a Seeee= 0
T . e
20T () ()

(in turn) for some large n to obtain three independent solutions.
Let the two general solutions be called I and TI and the particular

solution IIIr. The solution is given by the 1inear conbination
(r) (x)
A.. (Ir) + A2 (Hr) + IIIr o . (28)

. The constants A, and A, are found from the as yet unused boundary

1 2
conditions, namely

u (x )= *£(y,) %)
u (x) =gly) . ’

(ii) A similar procedure may'be followed for solving IXI and IV .

2.8  Another ‘approach to the solution of the given problem is via
the Lanczos-0rtiz canonical polymomial theoxy. ’
Following Ortiz the canonical polynomials for the

problem I are
r/,

()__ () A?.i+2 r-Zi. : '
] Z oo YT 60

The solution to the perturbed differential equation must sa’cis'fy
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(dzur tuoy ! (20 4 -, )+(t(r)+f(r)X)T*(x)

together with the boundary conditions

ur(xa_) £ly.) and u (x) = gy ).

Hence the solution is

u (x) ='__2___ Za!gr"” Q=) -1 (r"Z)Q o) +
2 2
Ay mzo Ay M=o,
+ > o gl q )+l o ) G1)

Mal

_Cgr) and ’Gér) are obtained by making the solution u (x) satisfy

the boundary cornditions. Once 'che taus have been computed the solution

is '
@ 2o D e ) ] g
Ay ay®

L (1) _ 2;:—-2) W), o) fr)] Q_(x)
Ay

1) (r~2 (n) (x)
+[ Zzar(li\; _1‘5 it F x c er] Qg (X} 2)
Ay ay



CHAPTER 3 : HATRIX ILINES-TAU IETHOD

3.1 Introduction : The previous attempt at solvirng Laplace's equation

by a combinztion of the lines and tau methods failed, as we have
previously pointed out, because of the manner in which the boundary
conditions were used. We here describs, what we have termed, a
matrix lines-tau method in which we impose the boundary conditions
even from the beginning of the procedure. Th2 matrix part in the
name cones from the vector canonical polynomials which we define.
In this chapter we describe the technique as applied +o
the solution of Laplace's eguation on regions as in figure 1. An
extension to Poisson's equation is also given. Some numerical resulis
are given for both types of equation. We give an error analysis and
an extension to the eigenvalﬁe problenm in chapters 4 and 5
respectively. It is shown also that fairly complex boundary

conditions may be handled successfully.

3.2 iiethod applied to Laplace's equation : We consider noy the

equation of Laplace on the curvilinear trapeziuz of figure 1.

The domain boundary consists of the segments AB and CD of

YA

fmtat S SR

firmure 1
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straignt lines parallel to the 0X axis and of arcs AC and 3D which
each intersect any straight line parallel to OX in at most one point.

Consider Laplace's equation

V%u =0
with boundary condition u=0 on AB and CD , (1)

u = f(x,y) on AC

u = g(x,y) on AD.

Again equally spaced lines are drawvm parallel to 0X (interval beitween
them being h). Denote these lines by ¥=¥ s ¥=¥;s =»«»¥y=¥,, s VheTe

Yo and y il coincide with AB and CD respectively. Introduce the
notation 4
v (x) = ulxy) , £ (x) = £(x,5,) » g (=) = alxy,) - @
b0,1,...,n+1.
Let the arc AC cut the lines y=y, i=0(1)n+1 at the points (ii,yi)

and let the arc BD cut the lines y=y, at (?i,yi).

. - - — ="7T = = "7 .
Deflne X = [Xl, XZ,DOQ’XIJ and X = 1’ Xz,...-,:(n L) ) .(3)
‘Mikalin [22] , quoting Faddecva and Slobedyansky, shows that the

problem (41 ) may be approximated by the systea of ordinary differential
equations )

2 up(x) + 1[uk+1 * uk-ij 1 [“k 17 Mt "k_f! *

(4)
+0(h)—-0 k—'—‘1'.-,no

Along the boundaries AB and CD uo(x) = (x) = ug(x) = u” (x) = 0,

Ynett n+1
(5)
This may be checked by considering the variables separable solution,.

Ignoring the error term in ( 4), combining these equations and uiilising
( 5) leads %o the eguation
A'TUP+ M U=0, (6) .

h2

| vhere U(X) = [P1(x), uz(x),..., un(IZ]T

o =o, 6,_...,0:]"“

[ PN
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- t t — 1 = al = .
4 (aij)’ al;=5/6» a s =3l,y,;=112 3
u= (mij) » By =72 My o5 T By = 1

AY and I are:both of order nzn. The boundary conditions associated
with (56 ) are :
(X)) = H(X) | ' - A(T7)
and u(i)—cm , . (8)
where F(X) = =L 1(x ),...,f (£ )J ‘

G(x) [ (Z,)5 00002, n)]T .

Let b = mnox ('ii,ii) and a= min (‘:Ei,?i) .
o<i<n+1 0%isn+i
By means of the linear transformation § = 1 (x - a)
b-a.

it can be ensured that a11 of the lines y, (x) i=0(1)n+1 lie within
[0, 1J « Nowlet A= _ 1 A', In what follows we will continue
2
(b-a)

to denote the bouwndary points, nanely .;-S-i = Ei—a and g i=§i—a s
b-a ) b-a

i=0,44,0+1, By ;Ei and .-J-C;i. Also, we will still denote the indepehdent-

varizble in the trensformed equation by x. The transformed equations
are still of the form '
AU"+ M U= 0.

h2
Define the matrix differential operator D by D = A dz + 1 M, The
ax® n®

field of definitjon of D is the se: of all nx! veciors with twice
differentiable elements. Define ihe nx} vectors

mo_m n7
X y X seeeyX 13:0,1’00.

and T;*(K) = -\{(x), Tx (x),...,_,l(x)j Tﬂf(x) is the shifted

Chebyshev polynonial of the first kind of degree N and
L) orx(x) = © o) 2
(.{) Z Thus X (X X) c .

M0

Let T= dlag('éf '62,....,'C'n).

Following Lanézos [ 20} define vectors Qm(X) =[qm1(x),..,qmn(1)] T

such that D Q_(X) = ) G . (9)
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Now DX®=mlm-1) A X2+ 8 X° 1m=2,3,.. "(10)
2
h
hence Qm = ‘hz L!_'1 [Xm - m(m~1) A Qm—z] : (11.)
and, fron this, it easily follo*gs that
. LM/ j ) .
Q =1 K1) ()fm n® st (12
&z (m-21)!
where S = (AM"1 Y" 5i=1,25.. and 8° = I (the unit matrix).
Perturb (6 ) by 7' TT (k) + " "‘TI?_H(X) to give
DU=t' T2x(X) + ¢z * 1 (%) (13)

The solution to this perturbed equation is obviously

M+l .

u(x) =7 Z o) Q(X) + " Z (1) Q(x) G4

MIO Mmeo
1

=t Z (N) 2 Z (_21:1! h2i Sl xm-2i +

Lzo (m 21)'

Ry >‘ (11+1) 2 Z,z_]{ )'“ 2i :Lxm—-Zi .

o (m~2i)!

In a computationally more convenient form this is -

{1 . .
u(x) =n® ¢ u! Z (-)* n?t st Z (1) I alal
izo mz=al (m-21)'
[W"’/{I A .
+ n2en Z (=)t p2t &t Z CSIH) R (5)
Py m=2i (m~-24i)!

Applying the boundary condi*ion (7 ) to (15) yields

[ﬂ/‘ A .
2zt Z )l 2i 1Z (N) o =i
=5 s (a—2i)t
2 e S(1+1) 23 |
+hez M (=)* n* ot X @ . . Ge)
ZZ m—sz _ [=1

The condition (8 ) leads to a similar result. These two boundary
conditions are of the forn
Tr K+t L=7F ., (17)
L P+g" R=G



o

in which K= [k1, LR XY k]T
ug]

12( )1 2i S:LZ (N) m! “ Xm—Qi ——\Z/

LTo mo20

&rld. Slm.lar.l.y .LOI‘ I.l = [11’000.,1 -]T

P= [p1,....,p_j

R=[r1,....,rn']

Equations (17) are equivalent to thea (2n)xz(2n) system

-— — -

i 1 1 £ (18)
|
k, 1, 5 T,
T
En 1n Zn fn
1] .
Py , T T3 gy
1]
Py T Z3 €2
® ® L ] [ ]
P oy &
] 1 = 1M e

which may easily be solved for the ‘C:'i_ and 'c_fi'_ .

3.3 As a épecial case consider ‘.:J."le square region‘:ABCD with O<x <1,
O<y<1t. We will solve the boundary value problems defined by the
following sets cf boundary conditions:

a) u=0 on AB,CD and AC, u=1 on BD;

b) u=0 on AB,CD and AC, u=sin(Ty) on BD;

¢) u=0 on AB,CD and AC, u=cos(Ty) on BD.

The boundary conditions a) and ¢) are discontinuous, while b)

is continucus. In each of these cases X =[0, 0, ...,0]T

i=[1, 1,...,1] and F =0, 0,...,0] , while for

a) 6= [1, 1,000,517,

b) G =[sin(7h), sin(27h),..., sin(zm)]?

c) é..=[cos(ﬁh),'cos(27m),..., cos(nTr‘n)_]T.

We will denote the above all by G(Z).

The boundary condition (16) now reduces to

CW&] [&'@xj

Z (- )1 21(21), c(N) S P Z( )1 21(2 ) e (AI-H) 1

im0 iso

= 0 (19}
where I = [1, 1,+-0,1]" and 0 = [0, 0,...,0]"




The other bouhdary condition is
g1

z*ﬁ’Z (- )l 21 slz T

tv=o ms2e (m‘-Zl) !

gty .
+nlz v Z_() n?t 1Z (&) ~ni__ E=G(Z) . (5)

meal (m-21) )

Bach of the ﬁrégiéﬁé defined by a) -~ c¢) and two others {defined later)
were solved for N=7(1)13 and with h=0.25 and 0.125 . Fowever only

the results for the cases N=7, h=0.25 and h=04125 and N=13, h=0.25
are reproduced. An exception is made in the case of a) where.thé
result for N=7 h=0.,0625 also appears.
3.4 MNumerical resulis : The results tabulated in sub-sections (a)-(c)
correspond to the problems (a) — (c¢) of the previous section.

Section (a!

Ve tabulate first the solution obtained by the usual separation of

the veriables technique for comparison :-~

x — values
Y .000 -125 0250 0375 0500 n625 0750 9875 1.00

« 00000 0000 0000 0000 0080 €000 0000 0000 0000 00,0000
.03125| 0000 0044 0094 0153 0249 0377 0565 084 0.1284
.06250 | CO00 0087 0187 0316 0495 0751 1124 1674 0.2484
.0937§ 0000 0129 0278 0470 0736 1118 1673 2490 0.3696
.12500! 0000 0170 0366 0620 0971 1473 2206 3283 0.4872
.15625 | 0000 0209 0452 0764 1196 1815 2717 4044 0.6002
18750 | 0000 0247 0532 09CO0 1410 2139 3202 4765 0.7074
.21875| 0000 0282 0608 1028 1610 2442 3657 5442 0,8077
.25000 | 0000 0314 0677 1146 1794 2722 4076 6065 0.9003
.28125| 0000 0343 0740 1253 1961 2976 4455 6631 0.9842
.31250 | 0000 0369 0796 1348 2110 3201 4782 7132 1.059
J34375 | 0000 - 0392 0845 1429 2238 3335 5083 7565 1.123
.37500 | 0000 0410 0845 1497 2344 3557 5325 7925 1.176
.40625 [ 0000 0425 Q916 1551 2428 3684 5516 8209 1,218
.43750 | 0000 0436 0939 1590 2488 3776 5653 8413 1.249
.46875 | 0000 0442 0953 1613 2525 3831 5736 8537 1.267
.50000 | 0000 0444 0958 1621 2537 3850 5764 8578 1.273
.53125| 0000 0442 0953 1613 2525 3831 5736 8537 1.267

(symmetric about y=.500C0)

table 1
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h =,25 u=7
000 .125 .250 L3375 .500 .625 750 L8715 1.00

«25 {0000 0350 . 0754 1275 1995 3026 4529 6740 1.0000
+50 10000 0342 0753 1275 1995 3027 4530 6740 1.0000
.75 |0000 0350 0754 1275 1995 3026 4529 6740 1.0000

T
' hnd ~e g
19235 =21360_y -e1923
£ =706, -.1206_, -.1706_,
table 2

As the solution is symmetric about y=0.5 we only show % the computed
values in the next tables. ' '
h = 4125 ¥=T

.000 .125 .250 ,L375 .500 .625 .750 .875 1.00
.125] 0000 0349 0753 1273 1992 3023 4526 6736 1.0000
.2501 0000 0349 0752 1273 1993 3024 4527 6737 1.0000
«375| 0000 0349 0752 1273 1993 3024 4527 6737 1.00C0
.500{ 0000 0349 0752 1273 1993 3024 4527 6737 1.0000

T :
! -.3562._3 _.1923__3 -.1476_3 —.1364_3 -.1476_3 -1928_; -.3‘562_3
IIT - — -— - - p— —
z .3163_4 L1712 , =.1310_, .1210_4 <1310, -.1T12, .3163_4
table 3

h = .0625 N=T
On 2ll the lines the approximate values (to 4D) are:
0000 0349 075(2 or 3) 1273 1992 3023 452{(6 or 7) 6736 1.0000

2tT 6988 5 ~.3563_ ~.2454_5 1929 _5 ~.1640_5 ~u14T6 5 ~.1391_5 = 1364_

3 3 5 3 3 3 3

"T — - - - - - - A -
F” -6205_4 -3163_4_ 02179_4 01712_4 01456_4' 01310_4 0123‘-!'_4 01211_4

—dik e

table 4

h=,125 N=13
To 4D these values are all:
0000 0349 0753 1275 1995 3026 4530 6739 1.0000

T

e 1 770-

T
‘L‘" bt ] 1770_1 e 1252_1

table 5

1 i 1
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Section (b) h=.25 =T

-000 .125 .250 .375 .500 .525 .750 .875 1.00
«25 0000 0247 0533 0901 1411 2140 32053 4765 7071
+50 10000 0343 0753 1275 1995 3027 4530 6740 1.000
»75 |0000 0247 0533 0901 1411 2140 3203 4765 7071

T
L - -
z “1360_g - =1361_5 -41360_5
Uy .
table 6

As the solution is precisely symmetric about y=0.5 only half of the
following tables areAgiven. V
h = ,125 XN=7

000 .125 .250 .375 L.500 ,625 .750 .875 1.00
»125| 0000 0133 0288 0487 0762 1157 1732 2578 3827
«250] 0000 0249 0532 0900 1409 2138 3201 4764 7071
«3751 0000 0322 0895 1176 1841 2794 4183 6275 9239
.500%{ 0000 0349 0752 1273 1923 3024 4527 6738 1.000

T
1 - — - -
T .1363_3 .1364_3 .1364_3 .1364_3
'T — -— — -
<! «1210 1 «1210 1 .1210_4 .1210_4
table 7

h=.25 7W=13

000 .125 .250 .375 .500 .625 .750 .3875 1.00
«25 0000 0247 0533 0901 1411 2140 3203 4765 7071
.50 [0000 0349 0753 1275 1995 30256 4230 6732 1,000

T
T ) - ~
. " "'012:)2_.11 "01292_11
table 8

Compare the results of this section with wvariables separable solution

given overleaf.



=¥}

y
.000C0O
03125
.06250
. 09375
+12500
+ 15625
. 18750
«21875
+25000
+28125
.31250
« 34375
« 37500
+ 40625
43750
46875
.50000

.000

125 .250

o375

- 500

«625

875

1.00

G000
0000
0000
0000 -
0000
0330
0000
0000
0000
0000
0000
0000
0000
0CCO
0000
0CQ0
0000

0000 0GGO
0034 0074
0068 Q147
0101 0218
0134 0288
0164 0355
01938 0418
0221 0477
0247 0532
0270 0581
0290 0625
0308 0663
0322 0695
0334 Q720
0342 0738
0347 0749
0349 0752

0000
0125
0248
0369
0487
0600
0707
0808
0900
0984
1058
1123
1176
1218
1249
1267
1273

0000
0195
0389
0578
0763
0939
1107
1264
1409
1540
1657
1757
1841
1907
1954
1983
1993

0000
0295
G590
0378
1157
1425
1680
1918
2138
2337
2514
2667
2193
2893
2966
3009
3024

1314
1732
2134
2515
2872
3201
3499
3764
3992
4182
4332
4440
4505
4527

00C0
0560
1314
1956
2578
3176
3743
4274
4764
5208
5602
5942
6224
6447
6608
6705
6737

0600
0980
1951
2903
3827
4714
5556
6344
7071
T730
8315
8819
9239
9569
98C8
9952
1.0000

Section gcz

(this table is symmetric about y=0.5000)

h-'—' .25

N=T

«000

2125 +250 .375

»500

«625

+ 750

875

e

00

«25 | 0000
.50 | 0000
<75 § 0000 ~-0247

0247
0000

0533 0901
0000 Q000 0000 Q000
-0533 -0901 —~1411 -2140 -3203 -4765 -7071

1411

2140

3203 4765 7071
0000 0000 Q000

These results are anti-symmetric about y=0.5, hence hereafter

we display only half of each table.

T -

TV -e1360_5 -e2373_,4 +1360 5
T -
’C" bt 1206_4 ~e 2103-20 . 1200_4

-table 9 :

[ ¥



h = .125 Y
.000 .125 '250 -375 .SOO -

L7150 .875 1.00|

»125] 0000 0323 0895 1176 1841 2793
«250 | 0000 0247 0532 0900 1409 2138
«3751 0000 0134 0288 0487 0765 1157
.500§ 00000 0000 0000 0000 0000 0000

4182 6224 9239
5201 4764 7071
1732 2578 3827
0000 00020 0000

E —02922_4 “01210-4 —.5014_5

T —03291 —05649

—02379_1

—.2111_

9

20

table 19

000 .125 .250 .375 .500 .625

750 .875 1.00

+25 | 0000 0247 0533 0901 1411 2140 3203 4765 7071
«50 | 0000 0000 0000 0000 0000 0000 0000 0000 0000

T
z' . ‘02445_10 -04264_26

T
z“ b 1252_l 1 “e 2183_27

table 11

For the purpose of comparison an exact solution appears in table 12.

y «000 4125 .,250 ,375 .500 ,.625

. 750 .875 1,00

.125| 0000 0019 0052 0118 0265 0800
.250| 0000 0028 0073 0166 0366 0804
+375! 0000 0019 0051 0116 0253 0540
.500{ 0000 0000 00CO 0000 00CO 0000

14C8 3589 1.094
1704 3370 84£8
1115 2177 4150
G000 0C00 0000

table 2

Good agreement was also obtained wiith the

conditions:—

d) u=y(y-1) onBD
e) u=yly>—1) »

£) u =y (zo-1)
g)u=%x "

h)u=y“% " .

following boundary

'y
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345_ In order to illustrate ths use of the method on non-
rectanzular regions we considered two further problems. First, Leplace's

equation on the region of figure 2 »

14 -

D
fipure 2
A B 7X

Phe vertices A,B,C,D have coordinates (0,0), (1,0), (2,1), (0,1)
respectively. The boundary conditions are u(x,y)=0 on AB, CD, AD
and u(x,y)=sin(ry) on BC. The approximaté solution was tabulated

at the coordinaies showm in table 13,

x -~ values

vyl 20 3 4 5 6 7 8 9
875]0 23437 46875 70312 93750 1.1719 1.4063 1.6406 1.8750
750|0 21875 43750 65625 87500 1.0933 1.3125 1.5313 1.7500
625|0 20312 40625 60937 £1250 1.0156 1.2188 1.4219 1.6250
500|0 18750 37500 556250 75000 93750 1.1250 1.3125 1.5000 |
37510 17187 34375 515562 68750 85937 1.0313 1.2031 1.3750
2500 15625 31250 46875 62500 78125 93750 1.0938 1.2500
12510 14062 28125 42187 56250 70312 84375 98437 1.1250

teble 13

In the following tables the entry in row y=aaa and column M should
be understood to be the approxzimate value of the solution at the point

(xﬂ’ &aa) .

‘ h=0,25 N=7
T2 35 4 5 6 7 8 9
750 {0 0076108 016260 031433 058491 10790 20065 37574 70711
500 [0 0091946 022024 043936 082959 15387 28566 53392 1.000
250 |0 006C919 015450 031035 058352 10965 20337 37854 70711
21T ~,0185673 -.0018829 -.018954

" =, 003462 ~.0034883 ~,003514
) table 14

e e ’ | ~eyy -



h=0.25 N=8

1 2 3 4 5 6 7 8 9 |
750 [0 0061210 015484 030833 058177 10826 20139 37633 70711
500 [0 0096041 022621 044136 082735 15378 28590 53351 1.000
2500 0071385 016257 031414 058711 10507 20277 37803 70711

2T .,0034730 —.0034889 —.0035015
77" ~i58370_; ~.58617_; ~.58849_;
' tavle 15
. 1=0.25 MN=12 :

1 2 3 4 5 6 7 8 9
75010 006478 015832 031165 058459 10864 20205 37714 70711
500{0 009477 022515 044113 082712 15363 28582 53346 1.000}
250|0 006744 015951 031215 058510 10871 20216 37728 70711

T
T'" =e15782 g ~+15788_g = 15793 g
T - 18783_; ~.18789_¢ ~.18796_¢
table 1%
h=0.25 H=13

1 2 3 4 5 6 7 8 g
75010 006723 015932 031193 058478 10866 20207 37718 70711
500|0 009471 022511 044110 082711 15369 28582 53346 1.000
250

0 006676 013907 031190 058493 10869 20213 37725 70711

z -e 18786—6 ~s 18789—6 ~e 18793_6

T -.20661

table 17

~.20665_, -.20669_;

T SEOPUS P
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h=,125 N=7 .
1 2 . 3 4 5 6 (4 8 9

875! 0 0042556 0086131 016511 0305619 056665 10630 20C95 33268

750|0 0072917 015610 030273 055601 10509 19688 37183 70711

625|0 0087505 019959 039324 074071 13791 25815 48685 92388

500} 0 0088069 021229 042423 080371 14997 28053 52819 1.000

37510 0077442 019423 039161 074468 13917 26016 48908 92383

250{ 0 0058391 014857 030001 057151 10692 19978 37504 70711

125;0 0032281 0080928 016250 030985 058023 10832 20325 38268
T 1792y —u1798 4 01806y —a1815_ ~.1622 4 ~.1828 )~ 1851
 -c"T —e3327_, —.3336_2 —.3350_2 =e3385_, =e3379_, —e33%1_, =e3399_,

table 18

h=.125 F=8 :
2 3 4 5 6 7 8 9

i

0 0030155 0079274 015993 030421 056975 10650 20145 38268
750:0 0058693 014876 029720 056336 10547 19766 37255 70711

0 0081123 019775 039084 073830 13814 25879 48742 92388
5000 0092093 021733 042534 080153 14988 28071 52834 1.000
0 0087950 020297 039487 074231 13875 25983 48875 92388
0 0068449 015621 0302596 056501 10635 19915 37444 70711
5:0 0037107 0084631 016410 030812 057593 10786 20277 38268

T =
T'" -u3342_, —3348_, ~.3356_, =e3365_, —.3372_, —.3378_, ~.3382_,

" =05622_; =.5631_5 ~o5644_5 =u565T_5 ~u56T1_ =.5582_; ~.5689_

¥ 3

table 1¢
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h=.125 N=12

i 2 3 4 5 6 T 8 9

875| 0 0034412 0082521 016256 030849 057237 10755 20210 38268

7501 0 0063755 015260 030047 056532 10588 19837 37347 70711

625; 0 0083608 0199561 039275 074010 13837 25922 48801 92388

S500{ 0 0090852 021632 042530 080128 14980 28063 52827 1.000

375] 0 0084231 020006 039308 074046 13842 25931 48811 92388

250} 0 0064639 015325 030035 056683 10595 19849 37362 TO0T711

125/ 0 0035038 0022976 016290 030680 057351 10743 20221 38268

T - _ —1c _ - - 8
T .1526_5 .1526_5 .1527_5 .1927_5 .1527__5 .1528“5 «152 5
'C"T "01818_6 —01818_6 “01818—6 -.1819—6 "‘01819_6 _-1819_6 "‘01819_6

tadble 24
h=,12%  1li=13
i 2 3 4 5 6 T 8 9

875;{ 0 0034216 0082359 016276 030638 057313 10737 20213 38268

7501 0 0064439 015306 030073 056651 10591 19840 37350 70711

625{ 0 0034051 019990 0%9291 074022 13832 25924 48203 22388

5001 0 0090808 021628 042528 080127 14S30 28062 52827 1.000

375]0 0083753 019974 032290 074033 13841 25928 48809 92388

2501 0 0064016 015284 030071 05658566 10594 19846 37358 70711

125! 0 0034617 0082700 016274 030659 057338 10741 20219 38268
*h —.1818_ 1818 , ~.1818_, . 1819_ ~. 1819 —.1819_¢ ~.1819_¢
Z?T —.2001_7 -.2001_7 --.2002'_7 —.2002_7 —.2002_7 —.2002_7 -.2002_7

table 21

Laplace's equation was 2lso solved on the domain of figure 3
with boundary conditions:-
(i) u=0 on AB,AD,DC;

(ii) u=sin(Ty) on ZC.

D> ' c
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The boundary lines A3 and DC have equations y=0 and y=1 respectively,
while the arcs iD and BC have equations (y — 0.5 )2 + x2 =4
and (y - 0.5)2 + (x - 6)2 = 4 respectively. The solution was tabulated

at the points of table &¢&,

1 2 3 4 5 3 7 8 9 |
875(1.9645 2.2234 2.4823 2.7411 3.0000 3.2589 3.5177 3.7766 4.0355
750 11.9843 2.2382 2.4922 2.4761 3.0000 3.2539 3.5078 3.7618 4.0157
625 |1.9961 2.2471 2.4980 2.7430 3.0000 3.2510 3.5020 3.7529 4.0039
500 |2.0000 2.2500 2.5C00 2,7500 3.0000 3,25C0 3,5000 3.7500 4.0000
375 11,9961 2.2471 2.4980 2.7490 3.0000 3.2510 3.5070 3.7529 4.0039
250 {1.9843 2.2382 2.4922 2,7461 3.0000 3.2539 3.5078 3.7618 4.0157
125 |1.9645 2.2234 2.4823 2.7411 3.C000 3.2584 3.5177 3.7766 4.035%

table 22

A value found in row y=.aaa and column n 'is to be taken as.
the approximate solution at (xn, .2aa) of figure 2, =~ for this

section only of course,

1 2 3 4 5 6 T 8 9 |

.750; 0 00218{2 0058319 013494 029715 065498 14497 32020 70711,
.500l 0 0029526 0081938 019035 042046 092758 20522 45320 1,000
+250; 0 0021812 0058319 013494 029715 065498 14437 32020 70711

— -
z! —.73162__2 --.73273__2 .73_102__2

"T — - 3 -
2" -eM33B_, = 14348, —. 14338 ,
table 23

Because of the symmetry of the solution about y=0.5 we only show

half the solution (and the taus) subsequently.

, h=.25 =8
|1 2 3 4 5 6 7 8 9

75010 0021861 0058225 013343 029715 065648 14498 32019 70711
.500:0 0031577 0032785 018301 042046 092892 20514 45289 1.000

T
< - 8 -
'Y - 14338_, -.14548

v -.25497_; ~.25505_

- 3
table 24




94

h=.25 =12

THE 5 4 5 6 7

8 9 |

]
-750'0 ©021937 0058477 013361 029702 065662 14503 32024 70711!
~}+500{0 0031099 0082715 013836 042006 092871 20511 45289 1.000J

T

‘- —-— —

$oT _.10330_¢ -.10331_¢

table 25

h=e25" 3;13

1 2 > 4 ) 6 7 8 9
.75010 0021985 0058483 013362 023702 065669 14503 32024 70711
.500{0 0031802 0082703 012896 042006 092871 20511 45283 1,000

T
T
T"% -.12062_; ~-12062 4|
table 2%
h=-125 N=
1 2 3 4 5 6 7 8 9

875
750
«625
500

0 0012157 0031303 0072457 015928 035146 078022
0 0021521 0052555 013341 028441 065040 14428
0 0027178 0074826 017398 038481 085065 18865
0 0029047 0080832 018819 041658 092108 20425

17274 38268
31943 70711
41760 92388
45211 1.000

T

n? - - -
T o 14271, 14279, = 14286_; —.14289_,

table R

‘h=,125 N=8

.875
.750
.625
. 500

1 2 3 4 5 6 1

8 9

0 0011430 0030942 0071288 015328 035263 078058
0 0021537 0057459 013192 023441 0651388 14429
0 0028595 0075370 017257 038481 085206 18860
0 0031137 0C81699 018687 041558 092240 20416

17282 38268

31942 T0T711

41746 92388
45191 1.000

Tt —,25401_

T
Z' =e142T1_, -+14219_, -.14286_, ~.14289_,

3 3

table 2.9
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+875!0 0011714 0031278 0071430 015925 035250 C78117 17259 38268
.750!0 C021656 0057708 013210 029428 065203 12434 31947 70711
.625!0 0028309 0075407 017260 038430 C=3129 15352 41741 92388
.500:0 0030647 0081623 018683 0415613 €92219 22413 45180 1.000.

h=.125 N=12

1 2 3 4 5 7 8 9

. .T - -— ‘

'T 1o d K v

table 29

.875{0 0011728 0051235 0071434 015927 035250 078118 17290 38268
.750.0 00218666 0057713 013210 029429 065208 14434 31947 70711
«62510 0028303 0075403 017260 038450 C85199 18859 41741 92388
+«500;0 0030633 0081615 018682 041618 (92219 20413 45180 1.000

1 2 "3 4 5 6 1 8 9

T '

T —.12064_, ~112084_ ~.12064_, ~.12064

table 5¢

1 —7;

3.6 Comments .and notes:

a)

b)

The approximate solution to a problem with continuous boundary
conditions ezacily matches the separation of the wvariables
solution, while the others differ by a small emount. The boundary
conditions always fit exactly.

The tau values are independent of the h values., It is4apparent
from the problem (b) that the accuracy depends however on h as
well as the order of the perturbation, however even for crude h
(namely h=.25) a result correct to 25 is attain?d with N=7. Here
the accuracy is apparently a function of log(T?).

Also,the tau value is a function of the shape of the domein. For
a particular problemn it depends too , naturally, on the order

of the pexturbation.

Smell taus alone do not indicate an accurate solution — small taus
coupled 7ith a small h do however. The reason for this is clear -

increasing the order of the Chebyshev periurbation is equivalent
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in a full discretization approach to decreasing the x step size{

In a more standard aporoach both step lengihs ouzht To be small

for accuracy. Coapare, for exanple, tables 7‘and 8 with the -
Separatiog of variables solution on page 87: on the line y=0.25

the Chebyshev solution with h=0.125, =T coxzpares more

favourably with the "exact" solution than that with h=0.25, §i=13

and yet in the latter case the taus are aboui 10~ times those

in the former. ‘ )

In the final problem considered the approximate solution arrived

at by using Chebyshev perturbations of odd and evea degres apparently

bracket the correct solution.
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3e7 Extension of method.

Consider the Poisson eguation

G = #(x,y) (a1)

on the domain ABCD of figure 4 and boundary conditions

L

u = f(x,y) on-AC

g(x,y) on BD (22)
u =0 on AB aad CD.

u

Discretizing as before, or by means of one of the formulae of Collatz

(5] ¢to obiain a different set of equations), we get the set

5 up(x) + 1 [ )+ wp @] 1w ) - 2w ) -
| - | _

£ o) = g(xy,)  sk=t,2.,m. (5)
' Again, along the boundaries AB and CD .
u (x) =w . (x)=ul(x) =ur  (x)=0 (24)

and so, ignoring the error term, the equations (23) may be written

AU + N U=¢g¢8 »
2 ‘ (25)

in which, A, U, M have the same meaning as before and

09 =[ ¢ (x,3,)s BT )eees By ) ]"

Agéin,constructing canonical polynomials and perturbing (25) by

' TIf 4ot T, (26)
" we have N Wt
B0 =y o e Y o Qv gte) (27)

as the approximate solution to (25). We have tacitly assurmed here that
the elementis, ¢(x,yi),‘of ¢# are polynomials in X - or may be closely
approximated by polynomials in X. ¢ﬁ(Qm) means that X° is to be
replaced by Qm. The steps required to evaluate ! and ¢ " using

the boundary conditions alonz AC 2nd AD in (27) are obvious - hence

the solution.
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3.8 Numerical resultis : We computed approximate solutions to the

Poisson equation '72 u = x2 - 1, using the technique described above,
on three different rezions of the type shown in figure 1. In each
case the boundary conditions are'u=0 on the boundaries AB, AC and

CD and u=1 on BD. AB and CD are the lines y=0 and y=1 respectively. .
The resulis, in eesch case, are iabulated for ¥=12, y=1/4, 1/8 and
1/16 at the tabulated coordinates. e show the results for only one
value of N because the conputed approximation is that to which the
approximations converge and only at the tabulated points so as not

t0 overwhelm with a2 nmass of numerical datae.

(a) AC : x=0
BD : x=1.

Coordinates of tebulated aprroximations :-

1

y X .
1 2 3 4 5 6 7 8 9
«250 | .000 .125 ,250 .375 .500 .625 .750 .875 1.00

2 «500 as above
3 750 as above
Yy X
1 2 3 4 5 6 7 8 9
1 1 0000 1259 1630 2107 2763 3699 5060 7057 -1.0000
0000 1563 1923 2385 3019 3923 5237 7163 1.0000
3 symmetric
. -8 | -10
All the taus lie in the range 10 to 10 .
Y = «250 table 31
Y X
1 2 3 4 5 6 T 8 9.

0000 1255 1622 2095 2748 3662 5044 7046 1.00CO
210000 1557 1912 2362 3000 3902 5217 7149 1.00CO

3 symmetric

The taus lie in the range above.

y = e 125 table —’22

y X
1 2 3 4 5 6 1 8 9
1 [ 0000 1254 1630 2092 2744 3679 5041 7044  1.00C0

2| C000 1556 1909 2365 2995 3897 5212 7146 '1}0000

3 symmetric

Taus as above.

y = 0.0625 table 33

P e
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(b) AC : x=0

BD : x=l+y.
Coordinates of tabulated approximations :-
y £ '
1 2 3 4 ) 6 7 8 9

1 .25 1 0000 15625 31250 46575 62500 18125 95150 1.0358 12500
2 .50 | 0000 18750 37500 56250 75C00 93750 1.1250 1.3125 1.5000
3 .75 ] 0000 21875 43750 65625 87500 1.0938 1.3125 1.5313 1.7500

Yy b4 ;
1 2 3 4 5 6 - 7 8 9
1 |0000 1029 1151 1351 1705 2350 3548 5787 1.0000

2 10000 1340 1460 1655 1998 2622 3778 5938 1.0000
3 10000 1028 1152 1352 1706 2352 3548 5787 1.0000

The taus lie within the ranse 10+ o 10~ °.
¥ = 0.25 table 34
Y - X ,
1 2 3 4 5 6 7 8 9

1 0000 1022 1136 1327 1668 2300 3486 5730 1.0000
0000 1331 1443 1627 1957 2568 3712 5878 1.0000
3 10000 1021 1136 1326 1668 2300 3485 5728 1.0000

The taus are as above.

y = 0.125 table 35

y X
1 2 3 4 2 6 T 8 9
1 10000 1020 1133 1321 1660 2289 3472 5716 1.0000

210000 1329 1438 1620 1948 2555 3697 5863 1.0000
310060 1012 1132 1320 1659 2288 3470 5714 1.0000

The taus are as above.

y = 0,0625  table 35

() AC:zx=/F-(y=-12

v

! 142"
BD: x=2~=/%-(y-73)

Coordinates of tabulated approximations :i—

¥y X
1 2 3 4 2 6 1 8 9
1 .25 | 43301 57476 T1551 85825 1.0000 1.1417 1.2835 1.4252 1.5670

2 .50 | 50000 62500 75000 87500 1.0000 1.1250 1.2500 1.3750 1.5000
3 .75 synmetric ’
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. X
1 2 3 4 5 6 7 8 9
08391 1182 1513 1944 2553 3451 4804 6860 1.00C0
1183 1478 1803 2223 2814 3682 4987 6972 1.C0C0
symmetric ’
A1l taus between 10-4 and 10°°,
h = 0.25 table 37
; l’
1 2 3 4 5 6 7 8 9 ___ 1
0926 1185 1487 1890 2473 3350 4693 6770 1,0000 |
1235 1487 1780 2170 2734 3581 4877 6832 1.0900
symmetric
Taus as above
h = 0.125 table 38
x
1 2 3 4 5 6 1 8 9
0935 1185 1476 1874 2449 3318 4656 6739 1.0CC0
1246 1488 1772 2154 2709 3548 4841 6851 1.0000
symmetric
Taus as above
h = 0.0625 table 39

1
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3.9 Boundary conditions more complex than those encountered in
the last few sections may be handled by discretizing Laplace's equation
by means of the simpler central difference approzination. Fox ezaaple,
consider the conditions
u(x,y) = p(x) along AB
q(x) along CD of figure 4 . Z{

and u(x,y)

Introducing equally spaced mesh lines Y=¥gr Y=Vy2ees Y=V 4 » 28

before, and discretizing in the y-direction leads %o

1 8% + uU=R(X) , . | (28)
.dx2 h2 .

where, as before, U(X) = [u,l (x), ua(x),..., un(x)] T :

M= (mij) , Wys=2, m;

i TR TR R »(n x n)

“e

fn::[xm, > xm]T , (nx1);
I the unit matrix;

R(X) = =1 [ p(x), 0, Oyeee, 0, 0, a(x)]* , (mx 1) .
.E[PI qx] nx

If p(x) and q(xz) are polynomials, or if they may be accurately represented

by polynomials, we may write

n ~
p(x) = P. xt = P. x* ’
h 1

o LTO

q ‘Ci 3 a xi
- R E:. i ’
vzO

<
W

e

.q(X)'=

-
o [a)

[ 3
[\]

where 1 = maz(n_,n ). Then R(X) = =1 E ¢.x*
P’ q 5l 1
Y- —
bt fi-i-1
- ~"i zero vectors —» +zexro vects-z .,

where Ci = pO p1 p2 se e pn [;9”9’ 9,..0---., 9, '9, e

141000 Ooeener9]”,

(@+1)xn j

® & ® & & o &

&————— nx(n+1)
0o o0 o 0

B 4 G G

is an n x n matriz, 0 is the (n+1)xn zero vector and ej is the j-th

(n+1)x1 unit vector,

The Lanczos canonical polynomials associated with (28 ) are

7

s
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=21
(X) = u2 i (=% @ pftgtxeE |
% 2 (29)

Perturd (28 ) by =° LX) + " TR LX) ,zT', T ITE and

TTﬁ%i have been previously defined s 1o zive
25 O t o n
IdU + M U=R(X)+7 Tﬁ-\*(x) + T T"“,H(X) » (30)
dx2 112 -

the solution to which is

= ~
. ' (¥) " (N 1)
U(X):_}-:;_Z:ciqi:,z Z;cm Q+ T Z * (31)

- SO

Substituting for Qm(x) (from (29 )) in (30 ) and rearranging terms .

the solution becom=s

. 31 ~
2 —
W(x) = w2z W ) (ot n i) ) g e
L=o mezz 2 (z—-2i)! .
(zna)/;’] _f_l .- .
s Y (ot ety D ny P Rq),  (32).
., s
‘=o mz=z_ (m-21)l .

where R(Q) is to be interpreted as Q substituted for Xo in R(X).
Requiring that the solution (31 ) satisfy the as yet unsatisfied
boundary conditions, R
u({x,y) = £(x,y) on AC
and u{x,y) = g{x,y) on BD,
leads to the equations

F(X) - R Q(X)
F(X) - R (%) ,

't X " L
T (53)

' V+ 2" W

where K = f_k1, kz,..., l-cn]T

(21 :
= h2 M-1 Z- (_)l h21 Z: (N) ol -}{51—-21

tzo m=2i m~2i)}
T
Ln[l“ 1psesss 1]
f_ﬂl-ﬂ)/, oy

_ 2 g Z_( ji 21 -Z cgm) nt Axm—Zi ’
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W =[W1, WZ’.." Wn-]T

N Nt '
=2 S () aat ) U R,
tco m=2L (m-2i)!
These equations ars eguivalent to:=- A
B . 7 —'C‘ = - 'R X.'
k1 1 i ‘:F [[?( )])J . (54)
G - RIQ(X

1 4

) 12 T2

3

kp nf{Za

"

¥ b 1

V2 W2 z2

Vi vxﬂ _7;;'

Solve (34) for Ziseers Tho Z'{,.;., 2 and heace obtain the solution.

The co:nputat—ionally most efficient way of computiné ?(Q) is had
by writing
: (vl

% A
_ — ~i ,m-2i i, 2d
R(Q) = ) © N E PR S S ni b
M=o =0 (m—21).
-1
= & M <
0,0
+ c. W x
1,0 1
, 2 1 2
I X H
A S + % C, X
N +.CO-'.C. . (35 )

- m
In those cases where X =£0, Op oo O:f’ s the vectors K and L

reduce to )
2 [:./3‘] 24 (Ir)
K=02K 1'% ()lhlcz.' (i)' ¥z,
=0 1
[(-JJI)/ZJ . N .
L =02 (-)* n?t cé‘.”” (21)! ¥ z (36 )
=0 L T

and R[Q(O)]: R= [51, 52,..., i-‘n] is obtained froa (35 ).

With §=U, 1’000’ 11'1‘ ,' V a.nd'i‘l become



w=n2y! Yy (o)t 1) z
. n —, (37)
L= A2l (m—-21) .

. The solution (34) may be expressed in several ways once the
- téﬁs have been established, the iwo most useful perhaps being:-—
" a) (34) as it stands taken together with (35 ) - this form minimizes
the number of times-m—i has to be computed; ‘
b) a rearrangenent of (34) into vector polynomial form, viz.
n{-2) .
u(x) = gt ! Z‘_[ MZ) (=) n™® cg;m(%'z_@_l m’n:} X+

N4 (N1 =8 )

+ hzz"Li—1Z[ Z (=) p2® o{1r1) (ix2)t ¥R | X -
. ] i+2m 31
Sy *

m3Q

LR-:v;j

%
_2— [ Z--(-)m p2o (i;:?m)! Cor Taantl e . (38)

2.10 Laplace's equation was solved on the unit square 0<x<1,
0<y <1 with the follcwing boundary conditions :—
a) u=0 on x=0, y=0, y=1 ;

u=1 on %=1
b)u=0 on x=0, y=0, y=1 ;

u=sin(Ty) on x=1:
c) u=y(y-1) on x=0;

=sinCTy) on x=1;

u=x(x~1) on y=0;

»u=x2(12-1) on y=1:
d) u=cosfiTy) on %=0;

u=sin{ly) on z=1

u=—x on y=0;

u=x on y=1.

The conditions (b) and (c) are continuous, while . (a) and (d) are not.

Approximate numerical solutiouns computed for (c) and (d) areAgiven

in the next section.
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311 Resulis : The obtained approximations are itabulated on the ¥i

mesh lines for h=0.25, h=0.125 and h=0.0625 at the z-values

x=0.,000(0,125)1.000 and for l=7 and N=13. The relevant taus are also
tatulated.

. Problen fc! :

. X
.000 L1255 .250 .375 .500 .625 .750 .875 1.00

.250 | -18750 01822 19250 33455 44572 52977 59338 ©4712 70711
.500 | 25000 -13333 -03635 03525 15504 27782 44177 67118 1.000

.750 1 -18750 -04438 8€8162 22092 35571 48818 60670 63060 70711

‘z - - [
| —e661_, -=o148 ;101 5
'[}_ _.928_5 —.764-—.5 0231_4

h=0,25 N=7

table 40

y X
.000  .125 .250 L375 .500 .625 .750 .875 1.00

«125 | -10938 17352 39210 51867 54744 49371 39621 32311 38268
«250 | ~18750 ~10151 03142 03393 10449 19117 30733 47090 70711
<375 | =23438 -12564 -03626 04754 13868 25119 46243 61570 92588
.500 | -25000 —-13352 ~03758 05258 15085 27237 43589 66659 1.000
«625 | -23438 -12564 -36256 04754 13868 25119 40243 61570 92388
750 | 18750 -10161 -31415 03393 10449 19117 30733 47090 70711
.875 | -10938 13487 37603 60372 78421 87268 83002 64736 38268

e 7-3 e 2_3 bt 2_3 ~e 2_3 -3 ~3

tz "01_3 "09_5 "09_5 —09_5 "-9 5 "09_5 —.3

/

h=0,125 U=T7
table 41

i

-
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y

0625
.1250
- 1875
« 2500
3125
«3750

<4375
«5000

<9375

.000

«125

.250

x
«500

«750

<875

1.C0

-05859
~-10938
-15234
-18750
-21484

~24609
~25000

51221
~06031
~08322
~10163
-11573

~-23438 12568

~13160
~13356

91524
-02087
-02710
-03161
-03463
-03653
-03755
-03788

99354
05457
08053
10377
12316
13772
14675
14981

.-05859 30940 70037

1.262

33587
16515
24026
30631

36063
40107
42500

43442

06340
25510
36915
47009
55300
61464
65261
66544

13509
38268
53557
70711
83147
923<8
28078
1,000

19509 |

.[l -.4

———

LL “.8

) -3
=3

—02 ~e 2_

-.9

bt ) 2_
-.9

3 _.2-

_.9-

3
‘_09 _5

-5 -5

3 e 2-

5 ~*9s

N=T7

table 42

The dots indicate symmetry.

000 .125 .250 .375

X
500

625

.750  .875

©1.00

«250
.200

.750

-18750 01822 19250 33455
~25000 -13328 -03 6322 05526
-18750 -04483 83143 22089

44574
15502
35567

52980
27777
48312

50341 64715
44170 67111
60663 69053

70711
1,000
70711

"'02
-l

. Z[ "'.1-

10
t:. _08__12

-10-
-12

h=0,250

N=13

table 43
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Y p'd
000 .125 2250 375 . 500 «625 « 150 875 1.00

«125 | =10938 17353 39216 51878 54763 49389 39658 32348 33268
«250 | -18750 -10163 -03143 03392 10450 19120 30737 47093 70711
375 | 23438 —12562 -03624 04755 13357 25117 40240 61568 $2388
«500 | =25000 —-13349 03755 05259 15084 27234 43584 66654 1.000

«875| -10938 13436 37569 69370 78461 87353 83125 64367 38268

TI -01_9 --3_10 ‘-u3_10 ‘-.3_1000--.6_9

ZZ. "'01_10 “.9_12— ‘--9_12 —.9_12000‘--3_10

h’-:O. 125 }I=13
table 44

' x
f 000 125  .250 .375 L5000  .625 L.T50 .875 1.00

.0625 705859 51216 91332 1.077 99406 71053 33656 06454 19509
.1250!—10938 ~06034 -02070 01572 05456 10195 16519 25415 38268
.1875! ~15234 ~08325 -02713 02478 08054 14884 24031 36920 55557
.2500] 18750 —10165 -03163 03347 10578 19025 30634 47012 70711
.3125! -21484 ~11573 -03464 04106 12316 22443 36064 55301 83147
.3750: —23438 ~12566 -03652 04694 13772 24993 40105 61462 92383
.4375] 24609 ~13157 -05753 05066 14674 26567 42596 65257 98072
.5000. -25000 —13353 03785 05193 14980 27099 43437 66539 1.000

.9375! -05859 ' 30704 69884 1.054 1.264 1.218 87695 37826 19509

'C', "'07_9 "-3_10 "-3_10 -'3_10 “-3_10 -.3_'10 —.3_10- .-.5—-8

2 - - - - - e oes™a
Lz 08_10 .9_12 09_12 09_12 01_12 o9_12 9—12 3_9
. h=0,0525 - N=13
" table 45
Problem (4)
h] %

L0000  .125  .250  ,375 .500 .625 .T750 .875  1.00
.25 | 70711 33067 04028 -17003 -29437 ~31410 -19505 11751 70711
501 O 03677 07903 13302 20673 31108 46153 68037 1.000
.75 170711 -27260 07153 35814 58665 75389 84756 84449 70711

f, —03__3 —-1_3 -9_4 '

z-z'—o4-_4 ""01._4 03_4

=.25 N=7  table 46

— e

- ——— e e i - —————— o
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v
{ + 000

«125

. 250

«375

X
.500

.625

« 750

.875

1.C0

.125; 92388
«250! 70711
375 38268

.500% 0

09¢86

» 50254

29112
03534

«625: 38268 ~22581
«750:=70711 =45252
.8751-92388 -07276

- =59348

37548
24445
07615
-10372
=26775
65180

—1.147
30633
23546
12872
00238

~12429
1,246

28440
26278
20113
10885
0
1.685

30633
33061
50455
23210
12429
19209

37548
44942
454973
39113
26775
1.875

50254
63751
67542
61046
45252
1.424

38268
7711
92338
1.000
92388
70711
38268

Z, -2
Z:s_—. 2_

2—

bt ] 1_3
4 "y

_02

"-7_5 e -20

=3

e 3_3 .2

o2

-2

-3

h=oo 125
table 47

N=T7

y
« 000

«125

«250

« 315

«750

875

1.00

. 0625
.1250
.1875
« 2500
«3125
5750 38268
43751 19509
«5000 0

+5625! 19509
«6250]-382588
.6875! —55557
. 7500{=70711
.8125} ~83147
87501 92388
1,9375! ~58078

98078
92388
83147
70711
55557

-59121
63613
57292
50142
40363
29032
16584
03498

-09721

-22556

-34542

-45189

~-54099

-68S30

60489

1.584
44752
41872
37382
31454
24316
16242
07544

-01444

~10375

~18906

-26710

~33486

~38975
2,013

-3 141
32863
32273
30443
27442
23386
184390
12765
06610
00202

-05214

-12330

-18089

—-235C93
3.191

=3.594
24315
31452
37382
41877
44763
45928
45328
42984
38938
33492
26710
18960
10366
4.171

-2.649
29032
40362
50142
57997
63623
66805
67418
65440
60945
54107
45189
34535
22555
2.911

1.951
38268
55557
70711
83147
92368
98078
1,000
98078
92388
83147
70711

Ul
» [ IER)]
O N WU
Ut
ounle

W
[ 3RS
0 =

—

2

3
_02

.7

-2

4

"03_3 _03_3 e 5_3 '8

-l

-2 -

2

5 "07-20 06_5 (2 _4

"'03_4 _.2_4 “02_4 _02_4 _-1_4 _.‘-4

. 9_3

h=0, 0625

N=T
48

table

!
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table 50

"I 1000 .125 .250 .375  .500 .625 .750 .75 1.0
.25 70711 33056 04029 -16999 -29428 ~31396 ~19488 11768 70711
.50] 0 03580 07905 13301 20670 31103 46146 68031 1,000
.75|~70711 27852 07150 35810 58660 75382 84748 81442 70711

T =00 20 t2q0
Za=ebiqy =9 Iy
1=0.25 N=13 |
table 49
J X
.000 125 .250 .375 .500 .625 .750 875  1.00
.125[ 92388 09964 —59350 —1.147 —1.531 ~1.687 —15263 —90663 35268
.250| 70711 50256 37551 30635 28442 30635 37551 50256 TOT11
375] 38268 29112 24444 23546 26277 33060 44940 63750 92388
500 O 03536 07617 12872 20112 30452 45488 67538 1.000
.6251-38268 —22579 ~10371 00238 10884 23208 39111 61044 92388
JT50{-70711 -45256 ~26779 -12431 O 12431 256719 45256 70711
-875|-92388 -07258 65190 "12455 1.684 1.920 1.874 1.424 38268
2 ~3_13 Apg —1_10 210 ~3_10 ~*5_10 —3_g.
%200 2y ~2q g ~Te O 2
n=0.125 N=13



x
.5C0

.625 750

875

1,001

y
.000

00625; 880738
.1250 92383
1875, 83147
.2500. 70711
3125, 55557
.3750' 38268
4375 19509
.5000 0

.5625!-19509
.6250' 38263
.6875; -55557
.7500: ~70711
.8125!-83147
875092388
-9375;-98078

73,969
26096
27703
28246
27703
26096
23486
19973
15693
10809
05511

0 01239

-55510

- 61049 -00202
4.047 4.443

Z33251 ~39923
23385 24316
27442 31454
30445 37384
32278 41877
32870 44761
32199 45825
30290 45324
27218 42981
23099 33386
18093 335493

26713

18507

10374

4.169

06214

TN reee—s.

-26462
25032
40363
50144
57997
63622
66801
67414
65436

60843

541C8
45194
34543
22564
2,909

19509

38268
55557
70711
83147
92588
98078
1,000
28078
92383
83147
70711
55557
38268
19509

Z; _02 -3_

"'.1_10 "'.2—10
"'.8 _02

s 2—

10

~-10 ~*“°-8
“» 2—11 e 1_‘1 e

241 %10

1

-11

h=0,0625 n=13

table 51

" The computed approximate solutions to

satisfactory.

problems (a) and (b) were alsa
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CHAPTER 4 : EXTENSICIHS OF MER:IOD.

4.1 Introduction : In this chapter we show how to solve eigenvalue

problens and also more general elliptic eguations using the

techniques of the previous chapter.

4.2 ZEigenvalues problem : The eigenvalue prodlem YV u —Xu=0, with

u=0 on the boundary , will be solved here on the region of figure 3.1.
Using the notation introduced there, this equation may be
discretized to give

AU 4+ M TU-ATU=0 (1)
2 o

=

together with the boundary conditions
u(X) =
u(X) = o,
The ":uaatrices A and M and vectors U and U" were defined previously.

The canonical polynomials are easily seen (by induction) to be

Q= 57" Z;( - (EszT (4 5)% X2 (2
where S =[N - Ah° ] . ' (3 )

Perturbing (1 ) suitably (as before) we now have to solve

AU" & 142 U - A U=rz" TT§(X) + z" TngH
h°

(x) . (4.)

The solution to which is

U(x) = Z ) Q(X) + ¢ 2—_ (N+1) Q () ,

M=o

wvhere, as before, the céN) and c(N+1) are the coefficients of the

N-th and (N+1)-th Cnebjm.ev polynomials of the first kind

respectively.
so U(x) = nz+ Y M) "‘Z() aasTh
Mao L= (m""21)|
° NIy £21 )
T — L . ;_ - - -
+ nlgm Z_ CS'H) s~ E (-)*_mt _ n% (a5,
‘M=o 1

LD (m~21)!

Rearranging this
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[43
w =25 ) (f 21As>z m
HEY ) m3a2L (m 21): )
. LN*Q j N o+ .
+n?zn g > (Pt asT) Y (WU m
S ee mezt (m-21)7 ’

-1

Denote S ' by P. The n x n matrix P = (p,.) may be constructed by tke
PlJ

following algorithn:i=
1) Let d =0, d,=1 and construct

dr(7\) =={2 + 7\h2.) dx\-i()\) - d1-2(>‘) for rt-2(1)n .

2) By = (T 4, s=1(0n,

3) Define -1—30;] =0, 1<£j<$n and coasiruct
P..= & d + {2+ A h2) T -7
i3 n i-1,5 " Pi-2,3 ,

1] i-1,J

i=2(1)n, j=1(1)n.

—

1
d
n n

The amount of computation is minimized if use is made of the fact

that P is symretric abeut both diazonals.

In terms of P then , the solution is

- [31 ~ ]
Ux) =nézr e Y (=)f n?t (ap)i OV
pzo‘ ,;L o - (z-21)
Uy~m&, N4
+ b2 ‘C"PZ_() p? (ap)d Z (et) oy gm2i gy
ivo M=zl (m";-’l)t

The, as yet unsatisfied, boundary conditions require that

t'PZ (-)* 2® (ap)? )_ SCUIETIIES cac e

=3 oot (m-21)!
t(”‘ﬁ)’l] MNAL L.
. PZ_ (=)} p2i Z (B+1) o 32 _g
Ltz 0o lel— m-2l)‘

and a similar condition at X. The A terms in thes denominator
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of the boundary condition may be caacelled by multiplying by

a_(n) [(n+1)/2]+ 1

to give
153 ”
t‘ P (_)i h21 [(LI“!“I )/21" i (AP)- c(ll) 1 ?—21
LZS m.—_Zi:. = (m-::21)'
E”*;')/‘J . Nl .
+7" B Z( )i p2i g I'(n+2)/2 -1 (45t Z (1), gme2i g
t=o Nvory) (m—2i)!

and a similar condition at X. These two boundary conditions are of the

form

T R(X) + =" L{(X)

TP R(X) + 2" V(X) =0,
Whel‘e K()‘) = £k],o-o’1\]3
. ‘ n _
-7 Z( yi 2t g [(1r+1)/2]—1 45y Z LW, gme2i,
L m —-——-?-_‘
izo . b2 2 (m—2:1.)l
- T
and similarly for L(X) = [11""’111] ’
T
R(’}‘) = [Il,...,rn]
V(A) =[vyseeesv )"
Equivalently then
B ar T
§ —
k, 1, T} =0, (7)
ks 1, T3
kn ' 1n —51'1
1 V4 i
2 \F Z2

Equating the determinant of the coefficient matrix to zero, the
eigenvalues are found by isolating the roots of this determinantal
equation. Having obtained the eigenvalues, the taus may be obtainad

from ( 7 ) and the eigenfunctions from ( 6 ).




114

Because of the inefficiency of this method compared with /7
other techniques for solving this eigenvalue problem we did not

perform any nurerical computations.

4.3 The eigenvalue problem of the above section méy also be solved:
using a central difference approach rather than the more elaborate
approximation employed there. In fact the analysis and technique
remain largely unaltexred, the one major difference is uhat the matrix

A has to be replaced by the unit matrix.

4.4 General elliviic boundary value problen : This problen, viz.

Lu] =au_ +c u o+ du_+e u, + fu=g (8a)

on a region such as that of figure 3.1 subject to the conditions

u(x:y) + o u (x:y) =1 on A3,

ab
u(x,y) + 3 u (x,y) =u on CD,
cd (8b)
u(X:y) + ¥ ux(x.y) = ubc on BC,
u(z,y) + & ux(x,y) =u, onCD -

the functions a, b, c, 4, e, £, g being polynomial-type functions

in both x and y - may be solved by the method of the previous sections,
subject to certain conditions being satisfitd by ¢, e and f. Introducing,
as before, n+1 equally spaced mesh lines (a distance h apar:) in the
y—direc%ion and discretizing the differential operaitor of (8) by

the usual central difference operator yields

[——+——-—l“k1 *'f = +fk-15uk+{i}£———uk—l

n® 2 J n?  2hA

P vy akui;? & * 0(h%) , %=0,1,000,n¢1 &

The notation 2 Cpreens w indicates that these functions are ito be
evaluated at (x,yk) » The dashes mean differentiation with respect

t0 x, Introducing imag;na:y lines Y1 end Ypio? discretizing the first
two boundary conditions of (8b) and using the previously defined

U, U*, U" we now have

AU +BU'+CU=0D3

ox [Ag_z_ +BQ.__+C:;U=D; ' (9)
2 e | .
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wher = diag a .
e A J(ao’ 1,0. » a.n, a.n_i_‘)

-B = dia:g(dO’ d1,ﬁnc’ dn’ d ) H

n+1
c = (cij) ’

- - - - 232
and c11 = 2co ( 1- _ 1 ) +f° 32 ’ g 2ci_1 + €5 4 22isn+1i,
R & & & w2 on

Che2,n42 T =20/ 11 ( 1_ + 1 ) * Taet1 T Cna ,
h p n A
Cit1,i T E; T%  i=t,..,n n+2,n+1 2Che1
h2  2n n?
ci,i+1 = C; 4 + ei_1 i=2,..,0+1 ’ c12 = 2co H
n2 2h n2
D =[g + 2 ( 32.— 52) 3 U= u .
h 2
bt
g1 4
: .
€y u
n
8y ~ g‘°n+1 M enﬁl) Yt

Define the matrix differential operatoxr DD by

DD = A 3

4a + B
2

dx

which has as its domein of definition the set of n-dimensional

vectors with twice differentiable elecents. Following 0rtiz[?4uj

the Lanczos cenonical polynomials
Q = ¢ Ex‘“ R BQ_, -alz1) A Qm_z])m:O,I,Z,....
are easily obiained. This recurrerce relationship is only valid if

C is non-singular - an ill-conditioned C could xresult in the computed

approximate solution being inaccurate. An explicit relationship for
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Qm' namely
m . 5 ’ . I
Qm(x) Zﬁ'm i % i(S'T) X ) (10)
HE-T) { ’ . '
where §_ . =_ m! , S=AC—1,T=BC—1 and G_ .(S,T) is a

matrix polynomial in S and T, is obtainable from the recurrence relation-
ship.

Now write each element of D =(5i) as a polynomial, where

e kK - X
bi=2 Py * = D Py ¥
"% ¥ kro
and n = max n. ... =03if k> n..
L‘_Lﬁﬂiz( 1) ? Plk 7

—

Then 1| =(pik) is an (n+2)x(n+1) matrix. As before, define
_—]TLQ gy ~, ei+1’ 9’.0-' 9]’ then

D =Z Trk Kk is a vector polynomial of desree n.
k=
The solution to the differential equation (9) perturbed by

1 ]
T IoE(X) + " T \m(X) .

'is then

u(x)

| ]
?L rd1
3
g
el
+
x?< o
b -
=
™ E_;IO’\
2 Z
e
&’ +
Bog
‘ —r -
>4
P
M
4 8%
s
C.L =
1z o7

N4 Nt
rr ¢ g I I T)}Xl y

kaw

A simple application of the two remaining boundaxy conditions of

.

(8) 1eads to an equation of the form
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o - o ‘ - N -
ko l° o 1 ro
t
n+1 ln+1 ‘Zn+1 rn+1
Po qo 7;3 %o
8 pn+1 q-n+L __L ﬁ+ 1 | sn+1

again, vhich is easily solved for the taus, and the solution follows.

Once more, we do not give any numerical results.
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CHAPYER 6§ ¢ Al ¥OROR AWALYSIS

51 In*roduciion : We give here an error analysis for the ceniral
o

difference semi-discretization of equation (3.28). That was the

case where nore complex boundary conditions could be handled.

5.2 Analysis : The ervor B(X) = U(X) - u(X) 1ncurred by perturbing

equation (3.28) inito the form (3.30) satisfies

d2E + ¥ E=-t! TT*(X)--—"T” (x) ' (1)

Y H+1
dx h
with E(0) = B(1) = O.
Note that the additional  0(h?) error has been ignored in this
equation. An approxinate solution to {1) may be obtzined via a

Picard type procedure — i.e. by solving (1) recursively in the

form
— e - ] * n
Ty =B Bmetmyo- oMy, (@
ax? n® '

Starting fron E°=0 and using the well-known identity

T* dx dx = _1 1 T -1 TE+ 1 T*_] s (3)
fm 16 [(k+2)(k+1) 22T e K |
we have
E, = ~1-z TTX - _2 X+ 1 TTX -} -
1 {'(J;z")“( 1) e o, o e
n 1 TT* 2 TP + 1T
{(::+3)(N+2) He3 T N(H+2) frl (I-1)N B 1}
+ A(gi)' z s+ Agn‘ X : - (4a)
==z £, (X)) -7 (%) + A( 1) I+ A(i) X say. (4p)
1 o2

Af)” and A%” are constant diagonal matrices which are easily evaluated
from the boundary conditions as followsi-
) L ;
AT E=17 £,(0) + 0 £,(0)
and so

A(1) 2 (ﬂlN *:.+ %4&_23*1 - v, (5)
° (N+2)(N+1)(-a—1)(ﬂ—-2) o (M+3) (+2) (1) (i)
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Also A (1) = 't (E) +'?:" t (I) - A(1) I ancd hence
(1) . 3 N ] 2 \N "
AL = T (1=(=)") 2t + = (1+(=)") z .
1 (1+2) Gi+1) Q1=1) (11=2) (14+3) Crr2) G -1y (6

The next iteration gives

E (X) = Mgt 1 TT§+4(X) _
196n° Girt) Gir2) Gie3) (5+d)

- 4 TTE, (X} + 6 T2(X) -
(N-1) (H+1) (M+2) (2i+3) ! (M=2) (Gi-1) (N+1) (m+2) °

- 4 (x) + 1 ()
55 =2) G Giet) -2 (E-4)(5-3) (-2, Ci-1) g }

() -

1
196n2 Y { (1_~'+2>(N+3)(1~1+4)(:\I+5) s

- 4 Tr# _(X) + 6 X) -

(
NE+2) (5+3) (5rd) T2 (=1 (3 ) (i+2) (:;+3) i

- V 4 TP 1(X) + 1 TTX 3(x)}
(W=2) -1 (N (Fe2) (H-3) (i=-2) (=1 )y 7

~ 7' £, (X) =" (%) -.?LA(()” X2 - Agt) “ . A(()Z) - Agg) x

2h? 6n°

=Mf SI(X) + Mo 32(7{) - t1(x) -z" 1:2()() +

(2) (2) o (1) 3

1 Ag1) X2- ¥ AI X* say. (7)

2n° 6h°

+ A £ + A

E2 is required to satisfy the boundary conditions 32(0)=32(E)=0,

from which it is easily established thas

A2 ) o8 n?) o
[o] 0 . (8)
Agz) = Ag‘) e A s A Lo
2 T2 °
6n 2h

and
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Alnost equival ently then

E(X) = z's (X) + Uzt s (X) -z u1(X) -z" tz(x) +
I (2) _
& °Al . (9a)
where now, A(2) -, 0) , A(2) _ J}‘(1) - A(1) A1) -
o (o} 1 1 2 —_ 0 »
s L o . 6h 2n2
Agz) =___M_A(()ﬂ i AéZ) _ . —E-Aﬁ” . : (9b)
2h? 6h°

From the above it may be conjectured that

E (X) = uet s, (X) + Mg s (x) -Z! t (x} - ‘.:Z(X) +
+f_ A(P) x> ‘ - (10)

By (9 ) and ( 2)

—6 _2 . ’ " :_.-u-! (P) i
Ep+1(x) =0 " h “)I+ UNT si(X) + Me" 32(1() - I+
n® =3 1(1-1)

+ _AgP“) I+ Agpﬂ) X =zt (%) =" (%),

i diti E = I)=0it
Usmg thg boundary conditions p+1(0) Ep+1( ) = 0 it may be seen

that ’
,A(()P”) = Af)” + o~ n~?)

' | 11
) (11)

L 3

(p+1) _ (1) = (p) ~6
A =l + 1 A%+ ol

n? 57 1(i-1)
Approximately, therefore

Ep+1(x) = XN<! SI(X) + " sz(K) -7t t,l(x) - tZ(X) +

2p+!

£ 5 alr) i (12)
vhere, in the dnflnltwon (11) of A(p+1) and A(PH) the

error terms are now discarded, and

(p+1) _ ('o)
U R

? i=2’3,loo’2P+1 .
i(i—1)h2 '
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(12) outlines an obvious algoritha for computing the Ep’s.
‘The above aralysis clearly shows the dangers of coupling a saall
h with a sm2ll I = in fact in this case the approxiratiors made in

the error analysis may not be acceptable.

A:§11J)= (572 (@2l (p-Gi/27)

Thus, for i=2,3,..,20~1,

e 1—2 fi/2) °?
11n2G7/2) /
from which, two cases arise:—
(i) i even (=Zj say) then
Aég) (- ) u. A(p--a)
(25)¢ n2d
! ZJ w A (1) approximately — by 11. (13)
(2;))'11 '

(ii) i odd (=2j+1 say)

A(p) j 5 (p=3)
(Zj+1)!h J

= _____(:)_3__ Mj F(H, A§1)’ Ai”) appI:oximately. c(14)

(25+1) 1029

Both Aép) and Aép_?_i approach the null matrix as j—»eo .
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CHAPTER 6 : AN ERIOR ATALYSTIS OF THZ ETHOD COF WRAGG.

6.1 Introduction. In the paper [37] by Wragsg he numerically solves

the following particular Stefan problem,

wo=w_, 0<x<x(t), t>0, . (1)
u (0,t) = =1, t>0 ' (2)
u{x(t),t) =0, x = x(t), >0 , (3)
i ax(t) _ g (x(t),8) , >0, (4)
' x(0)'= 0 , (5)

using an extension of the Lanczos-tau a2lgorithm,

Uo(x), Uj(x) are assumed to be approximations to u(x,to), u(x,ti)

and the points (xo,to),(x1,t1)Ato lie on the moving boundary. If x,

and Uo(x) are knowmn then finite-difference representations of (1), (2),

(3) and (4) yield the equations :-

d2U1(x) N A CO R U (x) _g
ax? | At ot
'-51._ v, (X)] = -1 ;
dx

L Jx=0 (6)

[Ul(x)] X=X,

x, - X =[:dUo(x):]
At dx x=x
o

These equations are solved by Tragsg using the Lanczos-~tau nethed
(Lenczos [19) ) after the first equation of (6) has been perturbed
. (n) m .
t . . m¥f) — z L
by (¢' +2" x ) TE( x ) , where Ln(k) = Zcm x is the n-th
11 11 rh:o .

shifted Chebyshev volynomizal of the first kind. Wrazg compares the

numerical resulis obtained in this way with those obtained by solving
(1) - (5) using the Douglas-Gallie method. The followingz table has ’

been extracted from his paper. In both cases At = Ol.i.



|==0.8  1.0415  1.0408

Virasg D-G
p

x=0.4 0.4062 004659

x=1.2  1,7061 1.7051
x=1.6  2.4500  2,4488
x=2.0 3.2668 342654
x=2.4  4.1517  4.1502
x=2,8  5.1011 5.0996
x=3.2  6.1122  6.1107
x=3.6  7.1826  7.1812
x=4.0 8,3102 8,30390

time

req'd 44,25s 72s

The results from these two methods are obviously in good agreement,
with Vragz's method requiring consideravly less computer time than
the Douglas—Gallie method.

62 In this section we set oui to analyse the errors introduced
into the first equation of (6) by perturbing it by (=' + " x )T;(x).

The first two equations of (6) are

2 .
=0 (7)

[dUi+1 ] = 0 .
dx x=0

Let Ui+1 be the exact solution to (7). Perturbing (7) by (z' +-:"x)T§(x)

leads to

dzU. U U

it] - i+t + _di=(T* +¢" x) T;(x) . (8)

ax2 At At

Replace U in (7) by ] s subtract (8) from it and let zi=ﬁ; - Ui’

Then

)
+
i

fde
+

—nb
4
¥
!

= ~(z' + " x)2(x) 5

= -w(x) say. (9)

TV T LT LIRIT S VS e e g = e Y g— remren S SIS SR L it 1 Dt aaliebes SRS

T -
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The solution.

_ 2 \-[iJ-1 '
Zi0q(2) = (-t d ) Ziqag-1 =L
ax

1]
+ At Z (1 - At a® )--k"'1 w(x)
k=0 ax®

is obtained by applying the Euler-Laplace transform to (9) , as
in §,14 and then inverting. Restricting i to the set of ron-

negative integers, the solution reduces to

(x) = (1 =pt a2 )™ z_y(x} + & Z (1 —at @@y ge).
2

dx2 k=0 ax

z.
i+t

If we assume that z_1(x) = 0 it follows immediately that
L

)
zi(x)gi.At.w(x) + At Z{‘l + Z ("iz_)} Atk = w(x) . (10)
k= iz s |
6.3 As o particular realisation of this, setz! =" = 10"5 and
At = 0,01, 0,04 and 0,10 ( all these are typical values, tsken from
the paper by Vragg) . We then calculated the zi‘s for £%< t4£1.00

at the 9 points x=0.000(0.125)1.000 for T*(x) with n=3(1)8. Table 1
sunmarizes, very briefly, the many results compuied — we have

shown the error given by (10) at x = 0,500 and t = 1.

pay
n .01 04 .10
3 .606_4 .620_4 .636_4
4 .840_2 .912_2 .107_“1
5 -.669_2 --.729__2 -.855_2
6 "01031 "01211 "01641
T .1_161 .1371 .1861
8 .1903 .2503 .4103
table 1

The conclusions to be drawn from this (and our mény unpublished
results) are:- »
a) The errors incrsase wifh increasing n (!);
b) The error increases with increasing %, as tables 2 and 3 illusirate .

c) The error (for a fixed n) is not dramatically improved



by decreasing At.

FAN S

t «01 <04 «10
0.1 .636_6 - -
0.2 | .275.,. 250 o  .120.
0.5 | .55, - .480_
0.4 | 982 102,  .960_g
0.5 | a5, - .156_,
0.6 | 219, .27, 228,
0.7 -298_4 - 0312_4
0.8 | .38, L399, 408,
0.9 | am, - 516_,
1.0 | .606, .620_,  .636,

n=" table 2
fa3n

t «01 «04 .10
0.1 | o585, - -
0.2 «101 . 289 .1251
0.3 .628 - 440,
0.4 .2381 .4401 .1172
0.5 .6811 - .5222
0.6 .1622 .2502 .5222
0.7 .3392 - .9532
0.8 .6452 .9042 o1633
0.9 .1143 - .2543
1.0 .1903 .2503 .4093

=8  table 3
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We collect togethsr, in this appendix, some of the programs used in
thé zain body of this thesis - npamely that used in Chapter two of
Part one for the numerical determination of the eigenvalues of a
certain differential operator defined there and that used for the

solution of the Poisson equation in sections 3.7 and 3.8 of.
Part two. |



I : Progr

e~s used in the isolation of the eiccnvalues of the

differential overator defined in Part 1: Chapter 2.

COLDIT produces the coefficient patriz in sezmented form.

COL1 trianzulerizes the coefficient matrix, then produces iis smallest

(in nodulus) 12 eigzenvalues.

More detailed descriptions of the activities of various segments

of these prosrans aprear alonzsile and after Then.

Progren

1001
1002

1000
666

1023

1024

CCLOIT :

DIMENSION A{20,3),AU{20)+FMTI(3)

DIMENSION BDR{65, 2),ABDRY(2964)1RAD(65)7YODE(63)
INTEGER BAND

COMMON A,AU,RAD,ABDRY,BDR,HSG, THETA2,B,ROUT,RIN,H,PI,THET/
COMMON ABDR1,AEDR2+D13sROUND, Ny NODE,N2P1,4\N1,IRAD,K
COMMON NMAX,N2,BAND

HRITE(6,1001)

FORMATI(®* WANTS OUTPUT FORMAT..MUST BE (IXv****)')
READ(9,1002)(FHT(I),I=1,3]

FORMATI( 2A4)

ARITE(S,666)

FORMAT(?' REQUIRESeees NTHETA,IBsNHes/++RIN:ROUT,B,BINC')
READ(9, 1) NTHETA,I3,NH )
FORMATI(3Y)

IB=IB8+1

READ(9,4)IN,ROUT,B,BINC

FORMAT(4Y)

ROUND=2.E-5

F=1./RIN

PI=4.*ATAN(1.)

THETA=(2.%P1)/FLOAT(NTHETA)

H=RIN/FLOAT(NH)

HSQ=H>A

THETA2=THETA*THETA

N1=NTHETA/ 4+1

N2=NTHETA/2

N2P1l=N2+1

Cl=-1./HSQ

C2=2., /HSQ

CON=2./THETA2-0.25

D1==1./(THETA2®RIN**2)

ABDR1=-Fx(F-1./RIN}-2.%*D1l

ABDRZ2=D.

DO 1022 NB=1,I8

WRITE{6,1023)ROUT,RIN,.B :
FORMAT(' JUTER CIRCLE RADIUS',F7.3,6X,* INNER CIRCLE RADI!
WRITE(641024)H,N2,THETA

FORMAT( ' RADIUS STEP LENGTH',Ell. 4;6X:'ANGULAR STEP LENGT!
DO 3 I=1,N1

AA=FLOAT(I-1)*THE TA

AA=COS(AA)

DD=SQRT(B*Bx( AA%AA-1.)+ROUT*R0UT)

AA=B*AA

R1=ABS(AA+DD)

R2=ABS{AA-DD)

NODE(I}=(R1~- RIN+RDUHD)/H+1.

RAD(I)=R1

IFII.EQ.N1)GO TO 3

K=N2+2-1



30
600

99

220

31

300

301

102

1019

1021
1020

1025

110

RAD{K)=R2
NODE{K)=(2-RI#+ROUND)/H+1.
CONTIMNUE

N=NCDE( 1)

NMAX=NODE{ 1)

IMAX=1

DO 30 J=2, hZPl
IFI(NMAX.GT.NODE{J)})IGO TO 30
NMAX=MIDE(J)

IMAX=J

N=N+NCDE{J)
HWRITE(6,620)(NODE{I),I=14N2P1)
FORMAT(2CI5)

DO 99 J=1,0NMAX

AU(J)=0.

DO 220 I=1,NMAX

DO 220 J=1,3

A{l,J)=0.

DO 31 J=2,NMAX
R=RIN4FLCAT(J-1)=H
AlJ,1)=C1 :
A{J+2)=C2+CON/{R=R)
A(J,3)=C1
AU(J)=-1./(THETAZ*R*R)

DO 301 J=1,2

DO 300 I=1,N2P1

BDR(I,J}=0.

DO 301 I=1,N2

ABDRY{J,1)=0.

DO 102 IRAD=1,N2P1
K=NODE(IRAD)

CALL DEFINEINPS)

N=N+NP6

NODE( IRAD)=NODE( I1RAD) +NP6
IF(NP6.LT.OINODE(IRAD)=-NODE( IRAD)
CONTINUE
IFINODELIMAX) oL T. OYNMAX=NMAX~-1
BAND=2=NMAX+1
FFF=ABS{A(2,1))

DO 1019 I1=2,NMAX

DO 1019 4=1,3
IF(FFF.LT.ABS(A{]1,J)))FFF=ABS(AlI,+J))
CONTINUE
FFF=ALOG(FFF)/ALDOG(16,)
IFFF=FFF+1

FFF=16.%*1FFF
IF(FFF.LT.1.)FFF=1.
D1=D1/FFF

ABDR1=ABDR1/FFF
ABDR2=ABDR2/FFF

DO 1020 1=2,NMAX

DO 1021 J=1,3

All,J)=A(1,J)/FFF
AULTI)=AU(I)/FFF

DO 1025 IRAD=1,N2P1

DD 1025 J=1+2
IF(IRAD.EQ.N2P1)GO TO 1025
ABDRY (J, IRAD)=ABURY(J,IRAD)/FFF
BCRIIRAD,» J)=BDRIIRAD,J)/FFF
WRITE(6,110)N

FORMAT(® MATRIX IS OF ORDER's14)

Coefficients

scaled if
necessary.
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WRITE(5,113)

FORMAT(/)
WRITE(6,108)ABOR1,ABDR2,D1,sFFF
WRITE(6,113)

. DO 112 IRAD=1,NZP1

112

111

1070
108

200
202
1022

32

30
31

vt

WRITE(6,108) (BDRIIRAD,JI)»J=1,2)
WRITE(6,113)

DO 111 I=2,HNMAX
WRITE(64+108)(AlLI,J)yd=1,3)
WRITE(6,113)
HRITE(6,108)AULJ),J=1,NMAX)
HRITE(6,+113)

DO 1070 f=1,H2 |

WRITE(5,108) (ABDRY(J,1)J0=1,2)
FORMAT(13E10.3)
WRITE{(9,202)4,N2P1,NMAX,N2+BAND

:WRITE(9:ZOO)(NODE(I)1I=1’N291)
HRITE(gyFMT)ABDRI1ABDR21DI:FFF -

WRITE(Y,FMT)I({BODR(IRAD,,J),J=1,2),IRAD=1,N2P1)
HRITE(O,FMTI((AIT,Jd)yJd=1,3),1I=1,NMAX)
WRITE(9,FMTI{AU(I )y J=1,4NMAX)
HRITEII,FMT)((ABDRY(J+1),J=152),1I=1,N2}
FORMAT(1X,2513)

FORMAT(1X,514)

B=B+B IMNC

sSTOP

END -
SUBROUTINE DEFINE(NPS) : . -
DIMENSION A(20,3),AU(20) '
DIMENSION ABDRY(2,64),BDR(6552)3RADI65),NIDE(65)
INTEGER BAND

L£0M4MON ArAUyRAD,ABDRYyBDR:HSQ:THETAZnBvRDUT,RINyH,PI,THE#A

COMMIN ABDR1,ABCR2,01,ROUND,N,NODE,N2P1sN1,IRAD,K
COMMGN NMAX,N2,BAND
R=RIN+FLOAT(K-1)#*H

NP6=0

P5=(RAD(IRAD)-R)
IF(ABS(P5).GT.ROUNDIGO TO 32
NP6=NP6~-1

GO TO 8

Pl=1.

P5=P5/H

CONS=1,

IF(IRAD.EQ.N2P1)GO TO 6
IF(K.LELNODE(IRAD+1))G0 TO 6
AA=ABS( (B*B+R=R-ROUT*ROUT )/ (2.*B%R))
IF{AA.GT.1.)GO TO 30
AA=ATANISQRT(1./AA~AA))

GO To 31

AA=0.

IF{IRAD.LE.N1)GO TO 5
AA=PI-AA
PL=AA/THETA-FLOAT(IRAD-1)
IF(P1l.LE.{1.+ROUND))CON5=0.
P3=1.
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.

AAA=2 ./ [R*¥R=THETAZ2%(p14+P3))}

BDR{IRAD, 2

}=2./(P5*HSQI+( 2. /{ THETA2*PL*P3)+0. 25)/(R*R)

BDR(IRAD,1)=2. /IHSQ*#{PS+1.))%(~1.)
1F(IRAD.EQ.M2PLIGO TO 70

ABDRY (1 IRAD)=—AAA®CINS/PL
IF{IRAD.EQ.1)CO TO 8
ABDRY(2,1RAD~1)=-AAA/P3

RETURN

END

The computational details of this prozran

read in conjunction with the expressions (7), (11), (14) of

Part 1: Chapter 2 and the following symbol table.

SYLBOL
ROUT
RIN
B
BIIIC
1B

NTHETA

MH

THETA
THETA2
H

H3Q
RAD(I)
NOD=(I)
N

BAND
FFF

LERANTIG
radius of outer circle
radius of hole
distance betircen centres
increment in distance between centres

numnber of tines distance betiwreen centres is to be

increnented
nunber of angula- step-lenzths in 20, i.c.n8= 21
' ITHSTA
nunber of radius steps in hole, i.esar = RED
1531
pi¥a]
262
AX
Ar2

radius of (i+1)th xray

nuiber of nodes along (i+1)ih ray
oxrder of coefficient matrix
bandswidth of coafficient matrix

scaling factor

are clear if it is



CCL1

200
201
202

2019

2020

301

300

1001
1003
1004

1002

31

33

40

7
IMPLICIT REAL*8(A-H,0-2}

REAL*4 P(20,500),BOR{65:2),A012,3),AU(12),ABDRY(2,64)

1, ABDR1,ABDR2yDL FFF 4 RINSDIST

DIMENSIGN VI(500),VISTA(500),U1STA{500),ALPHA(SCO)
l, GAM(DOO),N(S“O)ynSrA(DOO),VJPl(bOOl,VS]AJI(SOO):VV(SOO)

1,vvST(500),Ul{530),iGDE(65)
INTEGER BAND
INTEGER®2 SIGNI{500)

COAMOGN A, AU, ABDRY 80R, ABDR1,A3DR2,D1,NODE,N2P1,NMAX N2

COMMON/STORE/P/DF2/ALPHA,GAM, FFF, S IGN
COMMON/PROD/VIPL,,UL/PRODA/VSTAJL  ULISTA
EQUIVALENCELL™, M)
READ(5,232 )My N2PYL , NMAX,N2,BAND

READ{5,2C0) (N3DE(T),4I=1,N2P1)
READ(5,201)A3D1,43022,01,FFF

READ(5,231) ((B8DRIIRAD,J) +J=1,2),1RAD=1,N2P1)
READIS,201)({A(T1,J),J=1,3),1=1,MNMAX)
READ(5,201)(AU(T)sI=1,NMAX)
READ(5,201)RIN,DIST

FORMAT(1X,2513)

FORMATI{1X,8ZM

FIORMAT{1X,514)

CALL COLMAS(N, BAND)

NB2P1=BAND/2+]

ISN=1

KIP=0

ARITE(6,2019)RIN,DIST

FORMAT(® INNER RADIUS',F6.3,3X4'DISTANCE®,F6.3)
WRITE(6,2020Q)FFF

FORMAT (' SCALING FACTOR IS*',£14.7) -
RATLY=,.500 '

DO 300 I=1,N . -1

IF(1/72%2.EQ.1)GO0 TO 301
V1i(I)=1.DO
VISTA(I)=0.D0

GO T2 30D
vVi(1)=0.n0
V1STA(I)=1.D0
CONYINUE
V1ISTA(L1l)=1.D0

GO TO 1002
IF(KIP.LT.C)STOP
DO 1003 I=1,N
vi{Ii)=1.00
V1ISTA(I)=1.0D0
KIP=-1
WRITE(6,1004)KIP
FORMAT(? KIP=t',13)
ALPH=0.D0

DO 31 I=1,i -
ALPH= ALPH*VI(I)*VlsTA(I)

S1=DABS(4ALPH) /ALPH

ALPH=DSQRT{DABS [ALPH))

DO 32 I=1,.N

VI{(I1)=Vv1(I)/ALPH

VISTA(I)=VISTA(I)/ALPH

DO 33 I=1,N o -

vvil)=vl(I)
VVST(I)=VLISTA(])

DO 40 I=1,N ' 7]

VJPLIT)=vi(1)
CALL MULT(N,BAND)
00 41 I=1,N

Scaling
of v

& v¥.

of u1

8) 11:1‘ o

Construction




41

70

72

71

710

12
13
131

132
134

135

130
37

133

- IF{J.EC.NIGU TO 13

DO 8 I=1,N

8

VSTAJL(I)=V1ISTALT)

CALL AMULT (N, BAND)

D3 13 J=1,N

ALPH=0.D90

DO 6 K=1,N
ALPH=ALPA+VISTA(K]}*UL (K)
ALPHA(J)=ALPH*S1

L W

00 7 I=1,N

W(I)= Ul(I)—ALDHQ(J)*Vl(I)

ASTA()= dlSTA(I)—ALPHA(J)vVlSTA([)
ALPH=0.DD

ALPH=ALPH+WSTA(T)*W({])
IF(J.EG.1.AND.DASS{ALPH).LT.1.D-20)G0 TO 1001
IF(J.NE.1.AND,DABS(ALPH).LT.1.D-20)G0 TO 131
$2=DABS{ALPH) /ALPH

GAH(J+1)-JSPRT(OABD(ALPH)l Lanczos
DO 9 1=1,N iteration
VJPl(H-.\'(H/f‘A\(J+1) procedurs,
VSTAJI(I)—hSTA(I)/GAW(J+l) ' .
AA=0.D0 . *
AASTA=0.00

DO 70 I=1,N

AA=AA+VV{ 1) *VSTAJL(T)
BET=S1¥S2%GAM{J+1])

JPl=J+1

IF{S1%S2.GT.0.D0)GO TO 72
ISN=ISN+1

SIGNIISN)I=J+1

IF(J.LTL(2%N)/31GD TO 71
RATIO=1.D0-DFL3ATIISN=-1)/DFLOATI(J)
IFIRATIS.GCT.RATLMIGO TO 131

CALL MULTIN,BAND)

CALL AMULT (N, 3AND)

DO 710 I=1,N
AASTA=AASTA+VYST(I)*=ULLI)
WRITE(5,130)AA,AASTA )
DO 12 I=1,N : ' ' .
UL{I)=UL{T)-BET=VI(I)
ULSTA{I)=ULSTA(I)-BET*V1ISTA(I)

VigIy=vJPLII)

VISTA{I)=VSTAJLI(I)

S1=52

COMTINUE

GO TO 132 -
N=J :
WRITE{6,134)RATIO

FORMAT(' SYMYETRY RATIO IS*,F5.2)
WRITE(6,135)N

FORMAT (14, ¢ LANCZJS ITERATIONS WERE PEPFJRMED')
WRITE(6,130) (ALPHA(IL)},I=1,N)

CWRITE{6,130)(GAM(1),1=2,N)

FORMAT(1X,9D014.7)
FORMAT(213,014.7)

SIGN(1)=ISN

NRITE(()) 133](516-"1(1 )1I=1|ISN)
FORMAT(3014)

CALL COLDF2{N)

sToP

END
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SUBROUTINE CjLMAS(‘yBA\D)

DIMENSION KiDJE(565),48DR(65,2),4A(12, 3).AU{12),ARDRY(Z,64)

1,P{22,500)

INTEGER RDI‘C,BH"( V ’

COMMON A,AU,ASDRY 4 EDR,y ABDR1 ,ABDR2,D1 NODE,N2P14NMAX N2

COMMOMN/STORE/P

NB82=BAND/2+1

NB3=NB2+1

NB1=NB2-1

. WRITE(6,200) M, NMAX

. 200 FCORMATI{214)
MPI=4+1 R ’
DO 100 I=1,BAND
D2 100 J=1,MP1

100 Pt(1,J)=0.
RON=0
DO 120 K=1,N2P1
FACLl=1. .
FAC2=1.
IF(K.EQ.N2)FACLl=2.
IF(K.EQ.2)FAC2=2.
N=TA8S(NODE(K))
Nl=N
IFINIDEIK) JLT.0) N=N+1
IF(KGT.L)NMB=TABS({NODE(K-1})
IF(NDDE(K) .LT.0.AND.I.EQ.N)GO TO 12
ROw=ROwW+1
IF{1.GT.1)GO TO 2
P{NB2,R0OW) =ABDR1
P{N83,ROn)=A(2,1)
IF(K.EQ.N2PLIGO TO 1
PINB2+N1,RUOW)=D1*FAC1

1 IF(K.EQ.1)GY TO 12
P{MNB2-NB,ROW)=D1*FAC2
GO T3 12

2 IF(1.GT7.2)G0 TO 4

IFINL.EQ.N.AND.IT.EQ.{N-1))GO TO 7
P{NB2,ROW)=A(2,2)
P{NB1,RO#)=ABDR2
IF(NIDE(K).LT.0.AND.I. EQch)"O TG 20
P{NB3,RUX)=A(3,1)

20 IFIK.EQ.N2PL1IGO TA 3
PINBZ2+NL1,ROw)=AU(2])*FACL

3 IFIK.EQ.1)GO TC 12
P{NB2-NB,RGw)=AU(2)*FAC2
GO TO 12

4 IF{I1.GE.IN-1))GD TO 7

P{NBZ2,ROwW) =A(],2)
PINB1,ROW)=ALI~1,3)
IF{1.EQ.2)P(44R0OA~)=ABDR2
PINB3,RU4A)=A(I+1,1)
PI{NB2+M1,RCA)=AULL)*FACL

6 IF(K.EQ.1)GO 10O 12
PIN32~-NB,ROWI=AU(I)*FAC2
GO TN 12

7 IF(1.EQ.NIGY TO 10

PINB2,ROAI=A(1,2)
PINBL,ROA)I=ALI-1,3)
IF(I.EQ.2)P(4,RO4)=ABDR2
IF(MNODEIRKYLLTLO)GO TO 8
P(NB3,RO04)=8DRI{K,1)

8 IF(K.EQ.N2PL1)GD TO 9
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10

11

110
12
120

10

PINB24+N1,ROWI=AULT) *FACL
IF{K.EQ.1)GD TD 12
P{NB2-NB,RCH) =AU(T)*FAC2
GO TO 12 _
1F(NODE(K).LT.C)IGO TO 12
PINB2,R0A)=BIR(K,2)
PINBL,ROJI=AII-1,3) -
IF({K.EQ.N2P1I30 T 11

IFINLLGT.TA3SINODE(K+1)))G0 TO 11

PINB2+NL,ROAI=ABDAY (2,K)#FACL
IF(K.EQ.1)G0 TO 12
IF(NODEIK-1).LT.0.0R.N8,GT.N1)GO TO 110
PINS2-NB,ROW)=ABDRY (1,K—1)*FAC2

GO T2 12

PINB2-N3,RCW) =AUl 1) *FAC2

CONTINUE

CONTINUE

RETURN

END

* 001213 massages input data into ba anded matriz fO“ﬂ.

.

"SUBRIUTINE MULTI(M,B8AND)

REAL%*8 AP(500),Q(500)
DIMENSION P(20,500)

INTEGER BAMD
COMMON/STUORE/P/PROD/Ay AP
NB2P1=BAND/2+]

DO 1 K=1,M

KK=K+N32P1

AP{K)=0.

D3 1 1=1,8AND

L=KK-1
IF(L.LE.Q.OR.L.GT.M)GD TO 1
IF(P(I,L).NE. 3.)AP(K)-AP(K)+DULE(P(I L)¥xQ(L)
CONTINUE

RETURN . *

END

Y/ith the banded matrix denoted by P LULT forms \P =P ¥ Q in

double procision,

SUBROUTINE AMULT (M, BAND)
REAL*8 AP{1500),Q(500)
DIMENSION P(20,500)
INTEGER BAND
COMMON/STIRE/P/PRIDA/Qq AP
NB2P1=8AND/2+1 '
DO 1 K=1,M

AP(K)=0.

“L=K-N32P1

IF(L.LT.0)L=D

DO 1 J=1,BAND

IF((K+J) . LE.NB2PL1.OR.{K+J).GT.{M+NB32P1))G] TO 1
L=L+1

IF(P(J,K).NE. O.)AP(K)"AP(K)+DBL&(P(J K)i=Q(L)
CONTINUE

RETURN

END

AULT forns 4P = PT # Q.
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992

993
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6000
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SUBROUTINE COLDF2(N)
IMPLICIT REAL*8(A-t,0-2)

COMPLEX*16 Z4POyPL,PCD,PLD,P00D,P1D0,AMZ,P2,P2D,P2DD,AD,AD

COMPLEX%®16 TCysS14S52,S5,WsSOLILS) 45

DIMENSION ALPHA(500),GAM{500)

REAL®4 FFF .

INTEGER#:2 SIGH{500)

COMNON/DF2/ALPHA  GAM, FEF, SIGN/COM/S, SRy SI/SOLN/SOL
CALL ERRSET(203,0,-1)

NO=12

IRITE=] This is the Legusrre root

- FF=DBLE(FFF)

EPS=2.D-4% 1nduk,al sorithn,.
ACPT1=2.D-8 :
ACPT2=1.D-5

ACPT3=1.D-8

DN=DFLOAT (N)
¥ARG=DATAN(1.DO)
DPI=4.DOFWARG

ITER=30

PQ=1.D55

PS=2.D-40
WRITE(6,9930)ACPTL,ACPT2,ACPT3
FORMAT(3D1C.3)

C=0.D0

D0 992 [=2,N .
GAM(I)=GAM([)}*GAM(])
KK=SIGN({1)

IFIKK.LE.L)GO T 994

DO 993 1=2,KK

KL=SIGNI(I)

GAM(KL)=-GAM(KL)

D0 800 NRODOT=14sNO
WRITEL(S5,6003)NROOT

FORMAT (' N=1,14)
L=DCMPLX({D.D0,0.D0)

NSCAL=0

GO 1O 6005

CALL SCALE(Z,FF,NRDUT,1,IR, NSCAL:N)
GO T3 6002

CALL SCALE{Z,4FF,NRIDT,2,IRsNSCAL,N)
ARITE(6,55)P2,P2D,P2D0,IR
FORMAT(' AT 6003',6010.3,15)
IF(NSCAL.GT.5)GD Ta 600
DIF1=1000,0D0

D0 7 NOIT=1,ITER
PO=DCMPLX({1.D0,0.0D0)
P1=DCMPLXLALPHA{1),0.D00)~-2
POD=DCMPLX{0.DC,0.D0)
PID=DCMPLX(-1.D0,0.0D0)
PODD=DCHPLX(C.D0O,0.D0)
P1lOD=DCMPLX(C.D0,0.D0)

DO 3 IR=2,N
AHZ=DCMPLX(ALPHA{IR),0.D0})-Z
P2=AMZ%PL-GA{IR)*PO ’
P2D=ANMZ¥P1lD-P1~-GAM(IR)*POD

1 -y
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. P2DD=AMZ*P1DD-2.D0%P1D-GAM(IRI*P0OOD

IF{CDAGS{P2).LE.PS.OR.CDABS(P2D).LE.PS.OR.
1CDASS(P2DD).LE.PSIGU TO 6004

- IFI(CDABS(P2).GT.PQ.CR.CDABS(P2D).6GT.PQ.0OR.

1CDABS(P2DD) .GT.PR)GI TO 6002
PO=P1

POD=P1D

PODD=P1DD

PL=P2

P10=P2D

P1DD=P2DD

AP1=CDABSI(P1)
AD=DCMPLX(0.D0,0.D0)
ADD=DCMPLX{0.50,0.00)
IF(NROOT.EQ.1)GO TO 5
NN=NROOT-1

DO 4 I=1,NN

G=2Z-SOL (1)

T=CDABS(G)
IFI{T.LE.3.D-15)1nRITE(6,6001}1,NRQOT

6001 FORMAT(* ROOT',[4," AND AN ITERATE UF ROCT',[4,

51

52
53

.91

1+ ARE PATHALOGICALLY CLOSE®'")
IF(T.LT.2.D-20)G=DCMPLX[1.D03,0.D0)
TC=1.D0/G

ADD=ADD+TC

AD=AD+TC*TC
IF(APL.LE.2.D-30)}WRITE(6,54)AP1
FORMAT(' AP1 TOO SMALL..'sD10D.3}
S1=P1D/P1} -
S$2=S1%S1-P1DD/P1L—- '
S$1=S1-ADD
W=(DN-1.,00)*(DN*S2-51%S51)
WU=CDSQRT (W)

S=DCONJGI(S1)

S=S=yl

CALL RLIM
IFIDABSISR).GT.2.D-6)G0 TO 51
HWMOD=CDABS (A)

SR=WwWMOD+DCOS (ARG
SI=WMOD*=DSIN{WARG)

GO T0O 52

IF{SR.GT. 0 DOYGO TO 53

S=¥

CALL RLIM

SR=-SR

SI=-S1

W=DCMPLX(SR,SI)

W=DN/(S1+¥4)

2=7-4%

AZ=CDABS(2)

AvI=CDABS ()

C1=CDABS(P1D)
IF(IRITELEQ.LYWRITE(H,91)Z,P1,P1D,;P1DD, H
FORMAT(2D18.10,8D210.3)
IF{APl.LE. (ACPTLX AZ*CI))GO TO 81
IFLAY.GEL.EPS)IGD TO 6
IFIAW.GT.DIF1)GO TO B4

DIFl=AY

1 —
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83
84.
20
21
800
600

601
801

802

803
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IF{AZ.LE.2.D-5)5G0 T3 60

WMOD=AW/AZ

IFIWMOD.LT.ACPTZ2)GO TO 82
IF(AA.LEL{ACPT3*CYIGD TO 83
CONTINUE »

KK=99 :

GO 1D 20

KK=1

GO TD 20

LK=2

GO 10 20

KK=3

GO 19 20

KK=4

IF{C.LT.CDABS{Z))C=CDABS12Z)

SOL (NRDOT) =12
WRITE(6421)KK,Z5P1L,PLD,P1IDD,y",NOIT
FORMAT( 144201479/ +412X42010.3),14)
CONTINUE

GO 1O 601

NO=NROOT-1

IF(NO.EQ.O)STOP

DO 801 I=1,N0

SOL(1)=SOL{I1)=FF

HRITE(4,802)N0

FORMAT(///4+2X,13,' OF ROOTS ARE...')
WRITE(6,803)(SOL{I),I=1,ND)
FORMATI(3(4X,2D17.10))

STOP

END

SUBROUTINE RLIM
REAL*B XY, FR,FI
COMMON /COM/X,Y3FR,HFI
FR=X

FI=Y

RETURN

END

RLII extracts the real and imaginary paris of 2z =X + 1 Y
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SUBROUTINE SCALE(Z,FF,NROOT+KIP,JyNSCAL,N)
IMPLICIT REAL*8(A-H,3~-2)
DIMENSION ALPAALS00),GAM(500)
COMPLEX®16. SOL(15),2Z
REAL%*=4 FFF -
INTEGER#%2 SIGNI509D) :
COMMIN/DF2/ALPHA ,GAM, FFF,SIGh/SOLN/bOL
NSCAL=NSCAL+1
IFINSCAL.GT.S5)RETURN
IF(J. LE.(N/Z))P) 30.D0/0DFLCATIJ}
IF(JI.GT . (N/2))PQ=20.D0/DFLOAT(J)
PQ=10.D0%%PQ
IF(KIP.EQ.2)GO TO 992
F1=PQ
GO TD 993
992 F1=1.D0/PQ
993 ALPHA{1)=ALPHA(1)/Fl
D3 995 1[=2,N
ALPHA{I)=ALPHA(I)/F1
995 GAM{I)=GAM(I)/Fl**
WRITE(6,901)
901 FORMAT(///) - ‘
WRITE(6,920) [ALPHA(I) ,I=1,N)
WRITE( O, 300)YIGANIT), =2,N)
900 FORMAT(2X,12D10.3)
FF=FF*F1
IF{NRDOT.EQ.L)GO TO 3
NN=NROOT -1
DO 1 I=1,NN
1 SOLII)=SOLI{I)/F1
1=1/F1
3 WRITE(6,2)FF,F1 ‘
2 FORMAT (' SCALING FACTOR [S..%,2D17.10)
RE TURN
END

If, for some reason or other, the value of the deterninant, or of

- the first oxr second derivative of the characieristic polynonizal
of the tridiazonel get out of ranze, then the tridiazonal matriz,
the roois alrealdy found and the current esiinate are scaled hers

-
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The folloring synbol table is useful in the interpretation of the

progran COLi

SYIBOL

vi

V1STA
VJF1

VSPAT1
Ut
U1STA
7

WA -

ALFPHA

AASTA

ACT
ACETR2
ACPT3
C
NRO0T
yA

STBCL

A1 the symbols listed in the symbol table of CCLIIF have
the same meaning here, excert B which is called DIZ?
here. )
V.

J
v

J
Vi+1
J of the generolized
vE Lanczos nethod
i+ S
of chapter 1,

Yﬁ!‘
vector containing o.'s

, J
vector containing Y.'s

J
vector containing sizns of the Pj‘s

stores v1

stores v?
syzxnetry ratio at that specific point
V*Tv

value of h,.
. 13

de

coefficient matrix in messeged fora

SUBROUITTE  COLDF

constants for the stonping criteria 1,2,3 of 2.3.

Se? Nt s St

maxirzun value of the moduli of the zoots already found
nunber of »oot currently being sought

nresent approxization to root
% S
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r0 Pro ;
Pt P g
FOD L 2 ;
|
P1D DI g
PODD ’ P" " ) ,1:2,3’000,31 - 3ee 2.2
A P )
1
P1DD Py 4 g .
P2 _ P. ;
1
2D P ;
P2DD ! ) )
PQ - upper threshold on P p;, Y
" L e t "
P3 ) lowexr threshold on P Pro Poe
s1 5, )
) of 2.3
52 82 )
w defined in 2.3
S0L this vector holds the accepted approxinations to the
roots

Pro~ren descrintion: The routine (AT of COLY initially reads in
the finite difference coefficients pessed to it from CCLDIF.
Control passes alnost imnediately to the routine termed CCLIIAS,
where the input data is massaged into banded natrix form,

This matrix has not been densely paclked as nizght
easily (?) be done in the case of an extremely larze matrix (or 2
small computer sysiem) — sce Tewarson [é9jfor details of pecling

technigues. On returning to !AT! the initial vectors v, and v#
(&

1 1
are defined so that vTv? = S1. After having formed uy and u? the
execution of the Lanczos algoritha conmences.

The Lanczos algoritun of chapter | is applied as deseribed

there, If X1¢<10~20 the algorithm is recommenced with new

.

. s . . —~20
different initial vectors - if any other ¥ is less than 10
control is passed to COLDF2 where the roots of the tridiagonal

. . o . —20
natrix obtained thus far are sought. If (with no ¥ 10 )

ter 2n/3 or rniore Lanczos steps have been carried out the symmetry

ratio (redefined later) is found to be sreater then 0.6 conirol
is transferred to COLD¥2. During the execution of this section of

the 2lgorithm the values of v?v?, i=1,.4,n 25 w7ell as h

Y=33.0,71 (ses= chapter 1 for the definition of hi“) are comnpuzed

1,x 7

and printed as a ruaning cieck on the biorthojonclity of th

conputed vectors and on the tridiazonality of the supposedly uipe

heszenbers forn.

1 -y -
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11

Program for the solution of zhe Poisson ecuation by the matrix—
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