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‘Abstract

The present work is concerned with the problems of hypothesis
testing and region estimation concerning subsets of components of the
parameter vector in nonlinear regression models.

A fundamental approach to these problems is to devise methods for
indicating when the use of usual linear theory results as approximations
is justified. Measures of nonlinearity are proposed in Beale {1960)
for this purpose. In the present work, the problem of finding bounds
for these measures of nonlinearity within which it is justifiable to
use linear theory results is investigated. The use of nonlinear trans-
formations of the parameter vector for making a model more nearly linear
is also discussed.

The main approach considered here is based on general maximum
likelihood (m.l.) ratios. The derivation of truncated series expansions
of the significance probabilities and power functions of the general
m.l. ratio tests is considered. The use of a computer to do the
algebraic manipulation involved in this derivation is also illustrated.

The above approaches are then compared by means of numerical

examples.
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" CHAPTER 1

INTRODUCTION

;
~

Section 1.1 Nonlinear regression model

The present work is concerned with hypothesis testing and region
estimation concerning one or more components of the parameter vector
in the nonlinear regression model which can be described as follows.
Suppose that we have a set of observations Yy (u=1,2,...,n) and a
set of corresponding theoretical mean values which we may write as
n(gu,g). This notation indicates that the theoretical mean values
depend on the conditions under which the uth observation was taken,
represented by a vector §u of independent variables, and also on the
parameter vector 8 = (61,62,...,GP)T which is assumed to lie in a
certain set , the parameter space. Then the model can be expressed

as

(1.1.1) Yu = 'ﬂ(gurg) + Eur
where €4 are random errors with zero means and some statistical distri-
bution.

It is convenient to consider a set of observations y, as a point
Y= (yl,yz,...,yn)T in an n-dimensional Euclidean space. Within this
space there is a subset consisting of points each of which fits the
theoretical model exactly for some value of §. We call this subset
the Solution Locus. In symbols a point in the solution locus has its

uth coordinate N, defined by

(1.1.2) n_ = n( ,0) for all u,



for some values of 8. Let P(8) denote the point whose coordinates
are defined by (1.1.2). - The least squares estimate for 8 is then the
value of 8 for which P(8) is nearest to the observed sample point y.
In the present work we make the assumption that the €, are independently
normally distributed with a common variance 02. This assumption implies
that the least squares estimate of the parameter vector 8 is also the
maximum likelihood estimate §.

Each of the function n(gu,g) can be either linear or nonlinear

in 6. If

(i) al1 n(gu,g) are linear in 8,
(ii) all real 8 are in Q,
: In(g ,8)
(iii) the (nxp) matrix {cuj} = {——sé%L—- } is of rank p,
J
then the corresponding solution locus is a p-dimensional hyperplane in
sample space. Furthermore the components of 6 define a Cartesian, i.e.
uniform, system of coordinates in this hyperplane. If one or more
n(gu,g) are nonlinear in 68, then the derivatives cuj may become
functions cuj(g) of 8. The solution locus may then be a distorted
hyperplane. We refer to this solution loéus as an "unconstrained"
solution locus, and the corresponding model as an "unconstrained" model.
This solution locus is to be distinguished from one which has boundary
points, in which case the solution locus and the model are "constrained".
It is important to realize that not all models are unconstrained.
Typically parameters must lie between zero and infinity, and the solution
locus may have a definite boundary where a function of 8 tends to a
limit. For example consider the models with n(gu,g) given by
e1 _ezgu -elgu

- (e - e )
Bl 92

(a) n(gurg) =



where O < el< o , 0 < 62 < o, and

Eu = 0.25, 0.5, 1, 1.5, 2, 4,

-8 . -8.&
1 27u 1°u
5 =0 (ele - 62e ),

(B) n(€ ,8) =1 -
ue 1772

where O < 61 < w, 0< 62 < o, and

Eu =1,2,3,4,5,6.
(c.f. Guttman and Meeter (1965)).

We observe that as 61 or 62

and (B) tend to finite limits. This implies that the solution loci of

tends to zero, the n(gu,Q) in models (&)

these models are constrained. In particular as 62 tends to zero, the
n(gu,g) in model (A) tend to finite limits which depend on 61. Thus the
solution locus of model (A) has a boundary where 6, tends to zero. An
important feature of this boundary is that the Cul(Q) tend to zeros as

62 tends to zero. We next note that as 6, tends to infinity, the

1
n(gu,g) in models (A) and (B) tend to finite limits which depend on 62.
This implies that each of the corresponding solution loci has a boundary
whe?e 61 tends to infinity. For each of these models, the Cul(g) tend
to zeros as P(§) approaches this boundary. We also observe that P(6) in
the solution locus of model (B) remains the same if we interchange 61
and 62. This suggests that we may impose the cgnstraint that el > 65

Furthermore we note that as (9, - 62) tends to zero, the n(gu,g) tend to

1
finite limits which depend on el. Therefore the solution locus has a
boundary where (6l - 62) tends to zero. Finally we note that the
matrix {cuj(g)} becomes of rank one, which is less than p, as (61 - 62)
tends to zero. We can examine the solution loci of these models more

closely if we apply an orthogonal transformation of coordinates in sample

space. The details of this transformation will be déscribed in Chapter 2.



The effects of this transformation are that the point P(QT) associated
with the true value QT of §, where for these models we choose
QT = (1.4, 074)T, becomes the new origin corresponding to the transformed
coordinates z = O, and the plane tangent to thg solution locus at P(QT)
consists of points for which z, = O for i = 3,4,5,6. In_Fig. (1.1.1)
and (1.1.2) we display the first two coordinates 2 and z, of a number
of points in the solution loci of these models. Each line in these
figures corresponds to some constant value of 61 or 92. The values of
R are for indicating the severity of an aspect of nonlinearity of the
model.

The problems of hypothesis testing and region estimation for a
model with a constrained solution locus are still open questions.
Similar problems for a model with an unconstrained solution locus are
less difficult. The present work is mainly concerned with the discussion

of methods appropriate to the latter problem, and situations under which

these methods may be applied if the model is constrained.

Section 1.2 The problems of hypothesis testing and region estimation

Many computer programs, using a variety of numerical methods, have
been written to find point estimates of the parameter vector § using
the least squares criterion. Attention has also been paid to the
problems of hypothesis testing and region estimation concerning k*

(1 < k* < p) components of interest in the parameter vector, treating
the other components, if any, as nuisance parameters. Although large
sample methods have been proposed, and justified asymptotically as n
tends to infinity, these problems are known to be rather intractable
when n is small and the functions n(gu,g) have no special properties

that simplify the analysis.
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We first explain the following phrases before outlining some
approaches to these problems. We refer to a model as being "approximately
linear in the parameter vector 8" if and only if the solution locus can
be approximated, for statistical purposes, by a p-dimensional linear
manifold in which the components of 8 define a uniform system of
coordinates. We next refer to a model as being "approximately intrinsi-
cally linear" if and only if the solution locus can be approximated, for
statistical purposes, by a p-dimensional linear manifold in sample space.
We further refer to a model as being "approximately intrinsically linear
in the parameters ei ’ ei roeeey ei ", where k* < p, if and only if

1l 2 p-k¥
the set of points in solution locus such that 6; = eTi_ for all
j > p-k* can be approximated, for statistical purposes,be a (p-k*)-
dimensional linear manifold in sample space.

If the model is approximately linear in the. parameter vector g,

these problems are straightforward. If not there are two approaches

that can be considered:

either make nonlinear transformations of the original parameters in
such a way that there are at least k* of the transformed
parameters which depend only on éhe original parameters of
interest,

or carry out general maximum likelihood ratio tests and derive
region estimates based on general maximum likelihood ratio

criterion.

The former approach is based implicitly on the assumption that the
model is approximately linear in the transformed parameter vector. The
latter is based implicitly on the assumptions that

(a) if kx* = p, then the model is approximately intrinsically linear,



(b) if k* < p, then the model apart from being approximately
intrinsically linear, is also approximately intrinsically

linear in the nuisance parameters.

Section 1.3 Layout of the thesis

In Chapter 2, we investigate the former approach. A more efficient
and more illuminating method of computing Beale's measures of nonlinearity
using Householder transformations is first described. Then nonlinear
transformations of the parameters, in particular power transformations,
are used to reduce the nonlinearity for inference purposes.

In Chapter 3, we investigate the latter approach. General m.1l.
ratio tests are used to test a number of composite nonlinear hypotheses
for making inference about subsets of components of the parameter vector.
The derivation of the significance probabilities and power functions of
the tests for these hypotheses is considered. The estimation of the
coverage probabilities of the region estimates based on these tests is
also discussed.

In Chapter 4, the derivation of series expansions of the power
functions of the tests in Chapter 3 using a computer is discussed.
Computer programs for deriving these series expansions truncated after
some finite number of terms are presented.

Chapter 5 is devoted to the comparison of the methods of constructing
interval and region estimates in Chapters 2 and 3 by means of numerical

examples.



CHAPTER 2

MEASURES OF NONLINEARITY

Section 2.1 Definitions of measures of nonlinearity

Throughout this chapter, we make the assumptions that the
L
particular observation ¥ that we have obtained is such that 6 obtained

by minimizing the residual sum of squares

n 2
s(@) = I {Yu - “(guag)}
u=l

is the unique unconstrained minimum, and for each éu' n(Eu,B) is

1Dy

continuous in 6 at 8 = 6.
A point P(0*) associated with a feasible 8* will be referred to
in the present work as a "nonsingular point" in the solution locus if
and only if
(a) P(8*) = P(QA) implies that 6* = @,

(b) there exists an g > 0 such that

le-erl<e
implies that § € Q
(c) for each Eu' n(gu,e) is a function of § differentiable up to
the second order at 6 = 6*

and (d) the (nxp) matrix{cuj(g*)}is of rank p.

o -
Thus the point P(9) associated with the § is a nonsingular point in the

»

solution locus if and only if (b), (c) and (d) with 6* replaced by 6

hold.
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In Beale (1960), numerical measures of nonlinearity in a
sufficientl§ small neighbourhood of a nonsingular point P(§) in the
solution locus are introduced as functions of the experimental design,
the parameterization of the model and the least-squares estimate §.

The original and revised versions of the definitions of the
measures shall now be introduced. First we note that the linear
approximations of n(gu,g) as a function of 0, valid in the neighbourhood

a
of 8, can be written as

p
- 8 2
(2.1.1) n(gur.e_) = n(g ,0) + zl cujtj + O(t ).

where c.=¢c .(6),
N
(2.1.2) t. =6, -0,
J
b
and t = I t. .

The plane tangent to the solution locus at P(§) is then defined para-

metrically by

“ p
(2.1.3)  n, = n(g.0) + jil S5t

Let T(9) be the point whose coordinates are given by (2.1.3) when

tj = ej - 6.. Further, let T*(g) be the point on the tangent plane such
that the line joining T*(9) and P(0) is perpendicular to the tangent

plane. Next, consider a set of parameter values gl’gz""'gw near

a . .th _ _ 4
0. Let twj ( = 1,2,...,p) be the j component of t, = Qw 8 and

=

we’ Ma (w=1,2,...,n) be the values n(gu,gw), n(gu,g) respectively.

We can regard the expression
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won ~ _F 2 _ 7 2
.1. = - - .t )= L |P -
G-l gg= T E ng, B E gty I lpey) -]

as a crude measure of the total nonlinearity of the model in terms of
~
the parameter vector 6 in the neighbourhood of P(8). This Qe is
essentially the sum of squares of distances from the points P(Qw) in
the solution locus to the associated point T(Qw) on the tangent plane
-~
at p(9).
As the measure Qe depends on the number of points P(Qw) that one

N
uses and on their distances from P(8), it is necessary to normalize

- P
this measure. In the neighbourhood of P(6), n___ = ﬁ - c .t .
~ uw u j=1 uj wj
can be expected to be roughly proportional to the square of the distance
n
of P(6 ) from P(§) i.e. proportional to I (n_ - n )2. So it is
“w - w=l W u
natural to divide Qe by
\ n w
~ 2.2 3
(2.1.5) D= Z{Z(n_ -n)Y =1 [p() - p(e)|4.
uw u “w -
w=1 u=1l w=1

As Qe has the dimensions of the square of an observation, and D has the

dimensions of the fourth power of an observation, the quantity
A 2
(2.1.6) Ne = ps QG/D'

where 52 is an estimate of 02, is a dimensionless quantity, and can be
regarded as an estimated normalized measure of the total nonlinearity
of the model in terms of the parameter vector 8 in the neighkourhood of
P(§). The reason for the factor p in (2.1.6) is given in Beale (1960).

The empirical measure of nonlinearity N given by (2.1.6) has the

8

theoretical measure of nonlinearity Ne as its counterpart. In Beale

is derived from N by altering 52 to 02, and changing the

(1960), Ne 6

finite set of values of Qw to an infinite set of values of 8 such that
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the points T(0) have a p-dimensional spherical normal distribution
about P(§) with an arbitrarily small variance. But it now seems
preferable to replace the set of points T(8) by the points T*(Q).
This ensures that no transformation of the parameter vector 8 can
change the chosen set of points P(8). Both N, and ﬁ are invariant

8 )

under any linear transformation of 8 (for ﬁe, the values 91'92""'§W
are held constant in these transformations), and also invariant under
any orthogonal transformation of coordinates in sample space.

Now suppose we fix the model and the experimental design and then
make arbitrary transformations of 8, say ¢ = $(8). Suppose the minimum
value of Ne under these transformations is attained by using the trans-
formation ¢ = g(g), and is denoted by N¢. In Beale (1960), N¢ is

referred to as the intrinsic nonlinearity of the model in the neighbour-

hood of P(§). The geometrical intefpretation of N, is that it is the

¢
value of Ne when the parameter vector 8§ is transformed in such a way
that T(6) is always at the point T*(6). The difference Ne - N¢ may be

called the removable nonlinearity of the model in terms of parameter
vector 6 in the neighbourhood of P(é).

The theoretical measures of nonlinearity Ne and N¢ are derived in
Beale (1960) from the first and second partial derivatives of n(gu,g)
with respect to the ej. These theoretical measures together with the
empirical measures were investigated by Guttman and Meeter (1965).

These authors concluded that the empirical measures may significantly
underestimate the nonlinearity of the model, and are therefore unreliable,
but that the corresponding theoretical measures give an indication of the
severity of the nonlinearity - although the interpretation of the
measures suggested in Beale (1960) is unduly conservative. In latter

sections and in Chapter 5 we will continue the investigation of the

theoretical measures of nonlinearity.
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Section 2.2 Computation of theoretical measures of nonlinearity

A method based on Householder transformations for computing the
theoretical measures of nonlinearity for a given model in the neighbour-
hood of a nonsingular point P(§) will now be described.

As each n(gu,g) as a function of 8 is differentiable up to the
second order at 6 = §, we can obtain second order approximations to

n(gu,g) as a function of 6, valid in the neighbourhood of P(§), as

o]

P p

A 2
(2.2.1) n( _,6) =n(g ,6) + Z c . t. + & I c ., t.t +o(t7),
<u - u -~ j=1 uj j j=1 k=1 ujk j k

where c = l
ujk 2

th

»
Now let n, n, Ej and c., denote the (nxl) vectors whose u

-Jk

components are n(gu,g), n(gu,§), cuj and ¢ respectively. Further,

ujk
let C be the (nyp) matrix {cuj}' and H an (nxn) orthogonal matrix

such that HC is an upper triangular (pxp) nonsingular matrix D with an

((n-p)xp) zero matrix beneath it. H can be written as a product of p

(p) ,;(p-1) (2) @)

orthogonal (nxn) matrices H ! ’ corresponding to p

Householder transformations. Each g(J) can be written as

B9 o 1o )T

where the (nxl) vectors y(J) are computed as shown in Appendix 1.

We then apply an orthogonal transformation
(2.2.2) Hly -1 = z

of coordinates in sample space such that the point P(§) in the solution

locus becomes the new origin z=0 and the planc tangent to the solution
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"~
locus at P(g) consists of points for which z; = 0 for i = p+l,p+2,...,n.
We refer to z as the rotated coordinates of the sample point v.
For a point P(8) in the solution locus, the rotated coordinates

are given by

b p b 2
4 t.t 4 i = 2,000
z, =
1 P P 2 )
r rd . t.t +o(th), (i=p+l,p+t2,...,n),
. ijk 3 k
j=1 k=1

where dij and dijk are the ith components of the (nxl) vectors H Sj and

H Sjk respectively.

If we apply the linear transformation
(2.2.4) T = Dt

of parameter vector t, then (2.2.3) becomes

: P P 5
.2, + i = cee
(2.2.5) . + zil mil fizmrzrm o(t™), (1 =1,2, +P)
zZ, =
R
b b "2 .
zil mil fizmTsz + o(t”), (i = p+l,p+2,...,n),
P .

where 12 = I r.z,

. 1

i=1

g m .

(2.2.6) £, = £ = %L I d__kdjzdkm ,

* j=1 k=1

and djz is the (j,2) entry of the inverse of D.

For the purpose of deriving the measures, we consider that ui given

by
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rp P

2
u, =z, =71, + L L £, T T + o(17)
i 9=1 m=1 ifm 2 m

are independently normally distributed with mean zero and variance V

where V is arbitrarily small. As Qs is given by

T (r % 12 + o(th
0. = L (L I f£.,7.1T)%+o0(t
° sl gelge AR
n p p 2 A
= ¥ (¢ I f, uu +of{u’),
i=l gelmey RET
where
p
u4=(2 uz)zr

the mean value of Qe is given by

- 2
© © ) n p ho) P -y =u,/(2V)
Q=f [ - [ Lz(r zf wu)+ oty n e 3
U, =-eoly,_ =-o u_=-ei=1 £=1 m=1 j=1 v21v
1 2 ho)
dulduz...dup

(: (% 1 )2 4y
E T (z £, uu + o(u’)
Y i=1 g=1 pey MMET

- 2 » P P 2 2
(2.2.7) @, =V I ¥ I (£, £. +2f7, ) +o0(V).
8 . if22 imm ifm

i=1l 2=1 m=1

Next, as the fourth power of the distance £from P(g) to P(§) is given by

- P
[P - 2@ %= (z7,9%+06h
i=1
p
= (g uiz)2 + o(u4),

i=1
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the mean value of this fourth power is given by

- p
D = E{(Z ui2)2+o(u4)}

11.>(p+2)v2 + o(vz).

Then we see that

02 n P P 5
ebae = e-— f . .
(2.2.8) No = LI I (f 08t 2

i=1 £=1 m=1

We next derive N¢. As Ne is based.only on second order approximations
of n(gu,g) as functions of 8, valid in the neighbourhood of §, the terms
of order higher than two in the expansions of the arbitrary transformations
wi = wi(Q), valid in the neighbourhood of §, are not relevant as far as

reduction of total nonlinearity by means of the transformation y is

concerned. Therefore, in general, we can write wi as

2
3
o= e Y fami ke (T3

As Ne is not changed by any linear transformation of parameter vector,

we can restrict our attention to ? such that

and
W,
[W] AT
J - 8=0

Then ¢i can be written as
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After applying the transformation T = Dt, we can write wi as

P P

(2.2.9) g, =1, - L I q,,.T,T
i i 2=1 m=1 ifm & m

+ o(fz),

where gilm = giml'

If we apply this transformation, then (2.2.5) becomes

P p
2 .
’ -

(2.2.10) ¢i + I I (film + gilm)wlvm + o9, (1 =121,2,...,p)

2=1 m=1
z, =
i

p p 5

z L fimll’llpm + O(IP ), (i = p+1,p+2’...’n)

2=1 m=1 .

p

where ¢2 = I wiz'

The theoretical measure of total nonlinearity in terms of parameter

vector ¥ in the neighbourhood of P(§) is

s2(P P P 5
Ny = 2{.2 oL 49 o) B i ¥ 2ot I am) ]
i=]l 24=1 m=1

n p p 2
+ T ¢ % [f, £, +2f° ]}.
i=p+1 2 =1 m=1 128 imm ifim

Minimizing N‘p with respect to 95 om (i,2,m =1,2,...,p), we obtain

the theoretical measure of intrinsic nonlinearity in the neighbourhood

of P(§) as

"2 n P P )

(2.2.12) N, =—>— § © I (£ £, + 2f° ).
¢ pt2 i=p+l =1 m=1 i22 imm igm
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The theoretical measure of removable nonlinearity in terms of

parameter Q in the neighbourhood of P(§) is now given by

( ) A 2
2.2.13 N, - N, =—— L z L (£, £, + 2f] .
8 ¢ p+2 i=1 g=1 m=1 1227 imm iftm

If we set gplm (&,m=1,2,...,p) in (2.2.9) to be zeros so that
the last component wp of the transformed parameter vector y is a linear
function of ep, and choose gu'm (i=1,2,...,p~1; &,m=1,2,...,p) such
that the total nonlinearity is minimized, then the resulting minimum
value of the total nonlinearity may be called the measure of nonlinearity
associated with ep in the neighbourhood of P(§) and is given by

.2 n p p 5

(2.2.14) N, =—2— 5 I I (f + 282 ).

. .
ep p+2 i=p 2=1 m=1 ifg imm igm

By permuting the positions of the components of 6, each component ei
(i=1,2,...,p~1) can be in the last position and Ne (i=1,2,...,p"1)
i

can be obtained in a similar way as Ne .
P

Section 2.3 Significance of measures of nonlinearity

We now investigate how the total nonlinearity in terms of the
parameter vector y, where ¥ is either the original or the transformed
parameter vector, can be used to conclude, or to indicate, that the

model is approximately linear in the parameter vector y.

~

Suppose 02 is known and all P(§) are nonsingular points. Further,

let N be the value such that if N, at the true value QT of Q is
I‘bcrit v
less than Nw . then the use of linear theory results as approximations
crit

is justified. Now if all N evaluated at feasible { is less than N

14
v ¥max
then N ~at Y, is less than N, . Thus if N is less than N '

v vmax lpmax lpcrit
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then we can conclude that the model is approximately linear in the
parameter vector Y. The problem of finding this Nw . will be
crit

considered in Chapter 5.

In practice, we may use Nlp evaluated at the least squares estimate
@ of ¥, and 02 = s2 to estimate Nw at ?T' Information concerning the
reliability of this estimate may be derived from Nlp evaluated at feasible
? in the neighbourhood of @, and 02 in the neighbourhood of sz. Suppose
this estimate is small enough and is reliable. Then it is plausible to
believe that linear theory results can be applied, with negligible errors,

to make inference about VY. The estimation of Nw at wT when Y is the

original parameter vector 6 will be investigated in Chapter 5.

Section 2.4 Reduction of nonlinearity for inference purposes

The total nonlinearity Ne in the neighbourhood of P(é) may be large

but the corresponding N, of intrinsic nonlinearity may be fairly small.

¢
In these circumstances, we can apply nonlinear transformation of the
parameter vector 8 to reduce the total nonlinearity. The choice of
transformation depends on the type of inference that we want to make
about 8. If we want to obtain region estimate for the last k*

(k* = 1,2,...,p) components of the parameter vector 8§, then it is
convenient to use a one to one transformation y = Z(E) of the form

(2.4.1) Yy = Yi(E)’ (i =1,2,...,p) in the case when k* = p,

and in the case when k* < p,

(2.4.2) Yi Yl(t—)r (i =1,2,...,pk*),

(2.4.3) v, = (i = p-k*+1,p-k*+2,...,p),

Yi(tp—k*+l'tp—k*+2""'tp)'

where Y, are differentiable up to the second order.
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We choose y = Y(t) to be such that the nonlinearity NY in terms
of the transformed parameter Y is minimized. For reasons similar to

those given in the derivation of N, in section 2.2, we can restrict

$
our attention to Yi of the form
3 z
(2.4.4) vy =ty - Lo9imtatn T O
2=1 m=1
where g =g . Suppose g = g(k*) are such that the corresponding
ifm imf ifm ifm
*
Y achieves maximum reduction of nonlinearity. Then we refer to gétm) as
. . (k*) . .
the optimal 95 om” To £ind Iiom ¢ W first write (2.4.4) as
(2.4.5) ¢, = vyt I L 9iom e Vm ¥ oY),
2=1 m=1
P
where Yz = X Y.z.
. i
i=l
Substituting these expressions for ts into (2.2.3), we obtain
P P P , 2
.z' di-Y' + z z dijijYk + O(Y )I (l = llzl‘°'lp)

j=i M) §=1 k=1

(2.4.6) z, =
PP 4 2, .
I I di'kY'Yk + o(y"), (i= pt+tl,pt2,...,n),
j=1 k=1 *I% )
where
P
d:.ij + E. dizgzjk ’ (i=1,2,...,p)
2=1
+
(2.4.7) dijk =
dijk R (i = ptl,p+2,...,n).

We now apply the transformation 3+ = Dy so that (2.4.6) becomes



21

P P 4 44 +
r.+ + I I filmrzrm + o( (T )2), i=1,2,...,p)
1 2=1 m=1
(2.4.8) z, =
* P P .9
r & £ s o), (A = ptl,p+2,....n),
ifm & m
2=1 m=1
where
L m .
(2.4.9) lem = I z dz.kdjldkm ,
* j=1 k=1 I
and
p
+ + 2
«hH? = & «,Hi
N 1
i=]

The total nonlinearity in terms of parameter vector yin the neighbour-

~
hood of P(8) is then given by

2 n p p
o + _+ + 2
(2.4.10) N =—— T X r [£,, £, + 2(£,, )7,
Y p+2 i=1 g=1 m=l 124 imm igm

NY is now minimized with respect to gijk (i,5,k = 1,2,...,p). It

(p)

i3k are given by

can be shown that if k* = p, g

> (
p) _ L i o
(2.4.11) dijk + zii dizgzjk = 0, (i,5,k = 1,2,...,p),

. (k*) .
and if k* < p, gijk are given by

j k
pX X s,, d .d_, (i,j,k=p-k*+l,p~k*+2,...,p
g=p-k*+1 m=p-k*+1 1fm 23 mk
(k*)_
(2.4.12) gijk
0 v (i=p-k*+l,p-k*+2,...,p;

jyk=1121 LY 'p"k*) ’
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P (k*) : .
(2.4.13) diﬁk + I dizgzjk =0, (i=12,...,p~k*; j,k =1,2,...,p),
=i
( p ) p p P
2.4.14) 2(f,.. + L d.,s ..) + L £, + I L 4. .s =0,
ijj k=i ik kjjJ 2=1 ifs m=p-k*+1 k=i ik kmm
(i'j = P-k*+l’P-k*+2'. .o ’p) r’

and
P
(2.4.15) f om + kEldiksklm =0, (i,&,m = p-k*+1,p-k*+2,...,p and & # m).
We note that if k* = 1, then from (2.4.12) and (2.4.14), we obtain
d p-1
(2.4.16) g(l) =-LB2 (3 £  +38 ),
PPP 3 oy pmm PPP

and the nonlinearity associated with YP in the neighbourhood of P(g) is

given by
(2.4.17) =zt £ )" +2 L I £ - 2f
Ny =pt2 (37, p22 =1 m=1 P¥ TppP
p
n P P )
+ % I I (£, f + 2f% ) ].
J

i=ptl %=1 m=1 128 imm ifm
Now the task of finding y will be complete if the terms of order
higher than two in (2.4.4) can be found. For the case when k* = 1 and

0_ is non-negative, it is convenient to use a power transformation of

the form
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A
8 P
L2 _ if A_#0
A P
%
(2.4.18) Yy o=
p
In 6 if A =0,
p p
where the parameter of transformation AP is defined in terms of g;;; by
the equation
&~
(2.4.19) A = 1-2gM% .
p PpPp P

We need a further linear transformation to derive Yp from wp. The
parameters Yi for i < p are yet not found. But as far as finding an
interval estimate for BP is concerned, we need not find these Y5 explicitly.
In fact an interval estimate of BP is readily seen to be the set of feasible
values of BP which lie in the following interval:

A -1 /A

P log 1 P<o <IB
P - P P

A A A -1 /A
- 2 P &P o)
[ e _}\ A e +k 7

p al P P otl}‘pep IGeP]

2 .
A 0; is k
(2.4.20) A, #0i o nown)

a a ’ ’ a a
Lexp[ln 6 =k 05 /0 1<8 <exp[ln 6 +k op /9 1]
P p Ka00p/ 0] <B sexplin 8tk og /0,1
2 .
(A_=0; o~ is known)

or

A A -1 1/x
.[‘ P_t - T % bt
Oy ~to P [A0.7 [ogy)

(2.4.21) j (AP # 0; 02 is unknown)

aN ~ A ’ o ) A
expll -t (n- X +t -
p(ln ep (!( P)O’ep/epliepf_exp[ n ep (I(n P)Uep/epl ’

(AP = 0; 02 is unknown),
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where

[a®®]o,

o = &) [s®)/m-p :

k, is the 100(1 - %-a) percentage point of a standard normal distribution,

QqQ
@
|

qQ?
|

and ta(n—p) is the 100(1 - %-a) percentage point of a t-distribution
with n-p degrees of freedom.

For the case when the ei are not non-negative, the terms of order
higher than two in (2.4.4) are not yet found. However if we are satisfied
with the second order approximations of Y. then a region estimate of
ep—k*+1'ep—k*+2"°"ep is seen to be the set of feasible values of these

components which lie in the following region:

P . P P P * s &
I (% a.e-8)- =& z gftm’(eﬁ-e£)<em—em)]}2
isp=k*+1 j=i 9 3 I gop k%41 mep-kr+1 I
(2.4.22) .
"< 02X2 if o2 is known,
- k*,a
orx
P . P " p p . 5
I {ra re-8) - T T g,(];m) (6,-8,) (0 -6 )1 )
i=p-k*+1 j=i 7 3 I gep k41 mep-k*+1 J
(2.4.23)
| k* A ce 2 .
E-H:E'S(Q)Fa(k*’n-P) if ¢” is unknown,
where
2

Xpt o is the 100(1-¢) percentage point of a xz—distribution with k*
14

degrees of freedom
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and

Fa(k*,n-p) is the 100(1-0a) percentage point of an F-distribution

with k* and n-p degrees of freedom.

Whether an interval or region estimate derived in this section will
cover the true values of the corresponding components of 6 with the
nominal probability (1-a) depends on the adequacy of the approximations
that the model is linear in the corresponding y.

In Chapter 5 we shall investigate the estimates in this section by

means of some numerical examples.

Section 2.5 Region estimate of a different subset of components of

" ‘the parameter vector

Suppose now we are interested in the region estimate of a different

subset of k* (1 < k* < p) components 6. ,8, ,...,0, . For any component
- 1 12 Ty

for which is does not satisfy p-k*+1 E_is < p, we interchange its

/0

. . T .
position in the vector (6 ,...,ep) with another component ej

1

(where p-k*+1 < j < p) which are not of interest so that in the resulting

2

vector, 6, ,0., s...,0, form the last k* components, and the methods in
1 2 Tk*
section 2.4 for obtaining region estimate can be applied. A method for

doing the above interchanging of the position of ei with ej will now be
s
described.
Define

[i_] i) (3]
(2.5.1) H ° = I-1ly "1y ° ]



to be a Householder transformation such that

DO e O

(i}
s i is+l

ux

d, i
i +1 1S+1

Qeee O

. : . th
is a column vector whose only nonzero entry is at i,

(ig)
Let z be given by
p P p 5
([ d,.t. + § ¢ 4,.t.t + of(t),
521 233 gmy ke PRI
(i)
(2.5.2) z, S =4
P P ( 2
T rd,, t.t +o(th),
j=1 k=1 13K 3K

If we apply the transformation

(i) (i)
*}S-z-s =

(is+1)
Z

of coordinates in sample space, then (2.5.2) becomes

26

position.

i-= 1121---19)

(i = pt1,p+2,...,n)

p (i 41) (i +1) p p (i_+1) (i_+1) (i +1)
(34,5 €% + 3% 1a.® £° &£ °5 4o,
. 13 j ‘21 k=l ijk 3 k
(2.5.3) = I=2 X
i+l ;
Z(S ) - (i =1,2,...,p),
i
p p (i +1) (i +1) (i +1)
I I d,_i £, ° £, S 4 ot?),
j=1 k=1 * ]
L

(i = p+l,p+2,...,n),
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where
ti +1' I =3
s
(is+1)
(2.5.4) t. = t., j =i +1
] ls s
tj’ otherwise.

We note that an effect of this transformation is to interchange
the position of t, with th t component t in (t, t,...t, t ..ot ).
ep no i e next componen i+ n ( 1 B2 i is+l p)
. .t ‘s
We then repeat the above process until ti is at the j h position.
s

Section 2.6 Conditions for the existence of the power transformation

which achieves maximum reduction of the nonlinearity

associated with an individual parameter

In section 2.4 we have shown that the power transformation given
by (2.4.18) achieves maximum reduction of the nonlinearity associated
with the pth parameter in the neighbourhood of a nonsingular point P(§).
And in section 2.5 we have discussed how the corresponding power
transformation for reducing nonlinearity associated with the ith parameter,
where i < p, can be found. As for some models, e.g. models (A) and (B)
in Chapter 1, the solution loci are bounded, it is of interest to
investigate whether these power transformations for reducing the non-
linearity in the neighbourhood of P(8) will exist as the parameter vector
0 tends to a value which may correspond to a point on a boundary of a
solution locus.

Let {Qm} be a sequence of feasible value of the parameter vector
converging to QB' It can be shown that the following conditions are a
set of sufficient conditions for the existence of Ai = Ai(gm) of the

power transformation which achieves maximum reduction of the nonlinearity
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associated with the ith parameter in the neighbourhood of P(Qm), as m

tends to infinity:

{1} the cuk(Qm) can be expressed as products of two functions of Qm as

follows:

Cuk(gm) = c;k(gm)hk(gm) ’ (u=1,2,...,n; k = 112,---1P)p

where c* (0 ) are functions with
uk ~m

. N -
lim cuk(Qm) c

[ 4
<o uk

and the Sk are finite numbers,

y

[2] the (nxp) matrix C ='{cuk} is of rank p,

c .. (8)
. ujk ~“m - = _— =
[3] ;iz hj(Qm)hk(Qm) hi(Qm)emi = quijk, (u=1,2,...,n; jek = 1121-~IIP)1
2
1|2 ﬂ(gu,Q)
where c_ .. (0 ) = & lg5—eg— '
ujk *m 2 laejaek Q=9m

8 . is the ith component of 9 _,
mi ~m

and the quijk are finite numbers.

To show that these are the sufficient conditions, we first let gm
be the (nxn) matrix such that gmgm’ where Ch = {cuk(Qm)}, is a (pxp)
upper triangular matrix Qm = {dik(Qm)} with an [(n-p)xpl] zero matrix

beneath it (c.f. (2.2.2)). H can be written as

food
i
=

_ o FLmd) (P+1-3) 4T
(T - Iy (8 )11y (0 21 .
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(J)(Qm) are (nxl) vectors whose uth components are V(J)

whexre v
~ u

0 )

We note that (c.f. Appendix 1)

and

cul(Qm)

’ (u=2,3,...,n),

(1)
v1 (Qm)rl(gm)

where

n 2
xr,(8) = L [e (6 )]
u=l

is chosen to have the same sign as c (Qm). Then because of condition [1],

11
we have
c
(2.6.1) limv ) = [1+ 2L
1 “m r
m-»o 1
and
(2.6.2) lim V‘gl) (Qm) = : .ul ’ (u = 2,3,...,1’1) '
m>e
. cll
1+ 'r—— rl
1l
where
n
2
r1 = z cul .
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r # O because C 1is of rank p. Therefore the limits in (2.6.1) and

(2.6.2) are finite. Similarly because of conditions [1] and [2],
lim V(J)
u

(Qm) for 3 = 2,3,...,pand u =1,2,...,n are finite.
mroo

Next we have

(1)
u

. 0) =c.0)-vPo) 5 c (6)v
11 '~m 11 -m 1 ~m ul ~m

).
u=1l m

This together with (2.6.1), (2.6.2) and condition [1] imply that dll(Qm)

can be expressed in the form
b—3 *
(2.6.3) dll(gm) dll(Qm)hl(Qm),

where dll(Qm) is a function with

(2.6.4) lim a% (8 ) = @

e 11 11

and dll is a finite number. Similarly it can be shown that dik(gm) can

be expressed in the form

= g* i = =
(2.6.5) dik(Qm) dik(gm)hk(gm), (i=1,2,...,p, k=2,3,...,p, and
i< k)

where d* (6 ) are functions with
ik ~*m

(2.6.6) lim d* (6 ) =4
ik ~m

. ik

and the dik are finite numbers. Further because of [2], D is nonsingular

and consequently dii # 0 for all i =1,2,...,p.

Now for any Qm such that Qm is of rank p, Qm is non-singular and its

inverse Qm—l = {dlk(Qm)} is given by



31

ii 1 .
d (Qm) = m’ (l = 1,2,...,p),
ii '~m
and
ako ) = - —1 § a, .6 )a%e ), (i=1,2 -1, k = 2,3
in 3.0 i3 °m  n’ = Llyd4eee,p-l, = 4y344044P

ii'*m’ Jj=i
and 1 < k).

Then because of (2.6.3) and (2.6.4), dlk(gm) can be expressed in the

form

ik _ Lt -1 . _
(2.6.7) d (gm) = dik(?‘m) [hi (Qm)] 1) (i,k = 1,2,...,p),

where df (6 ) are functions with
ik **m

. + -
(2.6.8) lim dik(gm) =g

e ik

and the sik are finite numbers.

Define

gjk(gm) = gmgjk(gm) v Gk =1,2,...,p)

(8,)

where Sjk(gm) is the (nxl) vector whose uth component is c

Then because lim véj) th
Mmoo

can be expressed in the form

(gm) are finite, the i~ component of d,

jk

n

(2.6.9) a,. (6 ) = uzl vijku(gm)cujk(gm),

where vi u(em) are functions with

ik
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(2.6.10) lim vijku(gm) = vijku
and the v, are finite numbers.
ijku

Applying the method in section 2.4 for finding AP at § to find the

corresponding AP(Qm) at Qm for which gm is of rank p, we obtain

p-1 2 L

A (e)—1+3-d p@) | EEToa yadt (e 1a¥* (e )
g=1 j=1 k=1 PIK M m "
(2.6.11)
P P .
+3 5 1 a(g)1aP@ )1a%a@) |6 .
j=1 k=1 PI P

Then by using (2.6.3)-(2.6.10), we obtain

p-1 2 L n

r I I I v, c . (8)

2
lim A (8 ) =1+ =4 limgh(g)
p ~m 3 mo| e j=1 k=1 u=1 piku ujk ~m

S PP e | P
(2.6.12)

S p n ) ..
jl kl +3 I 5. @ ) Jp kp

] I v 5} 6
h(e)h(e)rmp Jlklulpjkuujkmh(e)h(e)mp,

J

From (2.6.12) we see that lim A (6 ) is finite if
me P70

cujk(gm)
lim hp(8 )@
hj(Qm)hk(Qm) m’ “mp

is finite for u=1,2,...,n and j,k =1,2,...,p.

Similarly lim Ai(Qm), where i < p, is finite if

xn—)@)
©)
. ujk ~m
Lim ENCIRENCR hy @0

e

is finite for u=1,2,...,n and j,k =1,2,...,p.
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We now show that in models (A) and (B), the sufficient conditions
for the existence of the power transformation which achieves maximum
reduction of the nonlinearity associated with the first parameter are
satisfied when 61 tends to infinity. By differentiating the n(gu,g) of
these models with respect to 61 and 62, we see that [1l] and [2] are

satisfied. Next we can show that for model (&),

= 1
hl(gm) = o2 ’
ml
h2(§m) = L
e (8) Va1 &
ull ‘*m e3 '
ml
c (6 ) a1z O
ul2 ~m 2 !
0
ml
a22n) = V2o )

where vﬁij(Qm) are functions which converge to finite limits as m tends

to infinity, and for model (B),

1l
hl (Qm) = ;T ’
ml
h2 (Qm) = 1,
c 0 ) = wull(gm)
ull '~m e3 !

ml
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(6)

Yu12 m

culZ(Qm) = e2 !
. ml
cuzz(gm) = wu22(§m) '

where wuij(gm) are functions which converge to finite limits as m tends
to infinity. Condition [3] can then be readily shown to be satisfied
in each of these models.

For model (B), the matrix C for the case when QB is such that

eBl - eBz = 0 is of rank one, which is less than p. However, if we let
81 1 1 61
= - r
82 1 1 62

then the corresponding sufficient conditions for the existence of the
power transformation of 82 are satisfied. This indicates that whenever
[2] is not satisfied, there may exist a linear transformation 8 = L8,
where L is a (pxp) non-singular matrix, such that the corresponding
sufficient conditions for the existence of the power transformation of Bi

are satisfied.

Section 2.7 Alternative transformations to reduce nonlinearity

In many situations, it will be much easier to appreciate the
physical significance of transformations of individual parameters rather
than transformations such that the new parameters are functions of more
than one original parameter. We therefore investigate transformation B

of the form

B. = Bi(tl)' (i = 11210--1P)-
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We choose B, = B.(t.) to be one such that the total nonlinearity is
i i i
reduced as much as possible. For reasons similar to those given in the
derivation of N¢ in section 2.2, we can restrict our attention to Bi of

the form
2 . '
(2.7.1) B, =¢t, - g,t." +oft, ), (Li=1,2,...,p).

Suppose gi* are such that the corresponding B achieves the maximum
reduction of the total nonlinearity. To find gi*, we first apply the

orthogonal transformation H (c.f. (2.2.2)) of coordinates in sample

(8)

space and then use the linear transformation T = DB to obtain

) 2 n p p
(2.7.2) N_ = g T T T [f't' fT + 2(fT )2]
where
(2'7'3) £, + - I 4, -g.djzdjm ’ (i = 112,...1P)
+ hm i<j<min(%,m] 13
film =
film , (i =p+l,p+2,...,n).

By differentiating (2.7.2) with respect to the gj, it can be shown

that the gj* are given by

p min(j,s] p . p
(2.7.4) T [ I a, [0z di.(aJk)z)( r @%%?
j=1  i=1 k=3 3 %=s
p .
+24,.( I dJ”as’L)z]]gj*

lqumxﬁ,ﬂ
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P P

@2 +2 5 1 £ &M -0
ifm

s p
+ L 4, [(Z £,,,)(L
i=1 18 gy M 2=s m=s

(s=1,2,...,p) .

For the case when the ei are non-negative, the power transformations

R
ei -1
- L A # O,
ol
(2.7.5) \pi = ’ (i = 1121---IP)I
1ln 6l ’ Ai =0

where Ai =1 - Zgi*gi, and the transformations Bi given by (2.7.1) with
9, changed to gi* are equivalent in the sense that they reduce the total
nonlinearity by the same amount.

Interval and region estimates based on these power transformations

are investigated numerically in Chapter 5.

‘Section 2.8 Effects of design of experiments on nonlinearity

This section is concerned with the effects of design of experiments
on nonlinearity.

It is geometrically obvious that if the number, n, of observations
is less than or equal to the number, p, of components of the parameter
vector §, then the solution locus of the model is a subset of an
n-dimensional linear manifold. If n is larger than p, but the number, s,
of distinct experimental conditions adopted in the model is less than or
equal to p, then the sclution locus can be shown as follows to be a subset
of an s-dimensional linear manifold.

Let y be the observed value of the u th of r responses in the
u,u 2 u

172 1
u of s (s < p) distinct experiments. We then have



(2.8.1)

(2.8.2)

and

(2.8.3)

gk =

+
H =

21 1 L
Yk Yk vk
2 L -0
V2 Y2
1 1 2
¥2x3 Y2x3 Y2x3
..-1..-- . i-: ‘--.: . ....1. .
{(k—l)k Y (k-1)k Y (k-1)k
L W
Yr, \
§r2 N
SN Y
l/ \\ \\
i Voo,
u 1,
s

Further, let y* be the (nxl) vector given by

x = - i oo
b4 [yy1¥y5-- ylrl ROIREY Y2r2

37

2 1
vk Yk
c .. O o}
0.. © o}
177 =(k-1)
Y(kx-)k Y (k-1)k J

:YSIYSZ"'yer

]

T
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If we apply the orthogonal transformation

(2.8.4) wmhyr ="

of coordinates in sample space, then (2.8.1) becomes

1,2,...,8; u

Yr n(g_ ,9), (v, = = 1)
u u 1 2
+ 1 1
(2.8.5) El(y ) =
h %
0 ' (u. = 1,2,.ce,8: 4, = 2,3,...,x_),
1 2 u
1
u
+ ! th +
where y isthe (Z r, - r +u,) component of y .
u.u . i u 2
12 i=1 1

From (2.8.5), it is clear that the solution locus of the model is a
subset of an s-dimensional linear manifold.

We next investigate the effects of replication of experiments on
the measures of nonlinearity in the neighbourhood of a non-singular

N

point P(0).

Let s, r, and n be changed to n, r and nr respectively. We have

P P

A P 2
8) + L c .+ L Zc t.t. + ol(t%),

(2.8.6) Ely ) = n(g .
u 2 oy W3 3 j=1 k=1 uljk jk

(ul =1,2,...,0; u, = 1,2,...,%).

Let n* be the (nrxl) vector wvhose ((ul - r + uz)th component is
n(gu r§)-
1

After applying the orthogonal transformation

of coordinates in sample space, (2.8.6) becomes
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T R (£?
LyYrc .t.+ I X rc¢c .. t.t +o(t%),
(2.8.7) ( 4=1 Wil =1 k= 1k Ik
+
E(y‘gru)) = < (ul=l,2,...,n; u2 = l)
12
[ O R (ul=l,2,...,n; u2=2,3,...,r),
where y(r+) is the ((ul—l)r + u2)th component of Y(r+).
172 )
Let En(r—l) be an (n{r-1)xn({r-1l)) identity matrix and Y(r) be
the (nrxl) vector given by
'y(r) _ (r+) (x+) (x+) T
- [Yil y21 coe Ynl 00...0] .
If we apply the orthogonal transformation
(2.8.8) H o ( ) X(r) =z (c.f. (2.2.2))
OE *n (r-1)
of coordinates in sample space, then (2.8.7) becomes
P P p 5
(2.8.9) I ffdi t.+ LI I /ra, q it FolET), ) = 1,2,0.0,p;
=1 Ml d gl k=1 RIF
i, = 1)
E( ) J r Y (2
z, ., ) = T vYra, . t.t + o(t9),
i
i1, 5=1 k=1 1le j k
(il=p+l,p+2,...,n; i2 = 1)
L 0 r (il=1121-‘.1n7 i2=213l"‘lr)l

where z, ., is the (i, + (i —l)n)th component of z*,
1112 1 2 <
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After applying the linear transformation

(2.8.10) ) 2 K,
(2.8.9) becomes
P P
(2.8.11) ri(r)_+ r § Lg 2mT2(.r)Tn(1r) +o(rFh?),
1 g=1lm=lYfr )
(i, = 1,2,..0,p1 iy = 1)
E(z ) =<
h1t2 P P (£)_(x) (), 2
r
T I —f, mrzr 'rmr +o((r "),
2=1 m=1 /x "1 . .
(i1=p+l,p+2,...,n; i2=l)
i o) e (471,2,000m5 1522,3,...,7).
We then have
"2 n P P
l ag 2
(2.8.12) N =—[—— T I I (f £ + 2f° )}
® r |pt2 1)=10=1 m=1 22 i,mm i)
and
2 n .p p
1|0 2
(2.8.13) N, = = |—— I L L (£, . .f. + 2f° )].
$ r [p+2 il=p+l 9=1 m=1 1122 i,mm 112m

Therefore replication of each of the experiments r times shrinks the
measures of total nonlinearity and intrinsic nonlinearity in the neigh-

bourhood of P(§) by a factor of r.

(k*)
ijk

section 2.4 and gi* in section 2.7 do not change due to replication of

We next see from (2.8.10) and (2.8.11) that the values of g in

each of the experiments r times.
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CHAPTER 3

HYPOTHESIS TESTING AND REGION ESTIMATION BASED

ON GENERAL MAXIMUM LIKELIHOOD RATIOS

Section 3.1 Introduction

In this chapter, we consider the problem of testing a number of
hypotheses for making inference about subsets of components of the
parameter vector in nonlinear models. General maximum likelihood
(m.1.) ratio tests are used for testing these hypotheses. The
estimation of the coverage probabilities of the region estimates based

on these tests is also discussed.

Section 3.2 Hypothesis testing in unconstrained nonlinear models

We shall restrict our attention to unconstrained nonlinear models

and consider the problem of testing the null hypothesis

Hi that (Q,o) e QHi

against the alternative hypothesis

Ki that (9,0) e QKi ’ i =1,2,...,5),

where

H

Q . = {(g,0): ej=eoj for j = p-k*+1,p-k*+2,...,p, and 0 = oo} '

(k* = l,2,o-.,p_l),



)
~0

.th
J

{(8,0):
{(8,0):
{(8,0):
{(8,0):
{(8,0):
{(8,0):
{@,0:
{(e,0):

.{(9,0)3

component of 8
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ej¢eoj for j = p-k*+1,p-k*+2,...,p, and o = o },
§=§O, and g = 00},

@ # 8, and 0 = a },

ej = eoj for j = p-k*+1,p-k*+2,...,p},

ej # eoj for j = p~k*+1,p-k*+2,...,p},

8 = QO},

8 # QO},

o= 00}'

o # a ks

0

and 00 are particular values of 8 and 0 respectively, and er is the

The usual monotonic functions of the general m.l. ratios for testing

these hypotheses are given respectively by

T

l(y)

T

2(y)

T, (y)

T,{(y)

and

Tg (y)

(s™ (o

s(8),

ts™ (o

[4

Op-k*+1

Op-k*+l,e

o ) - s@1,

Op_k*+2 gescey eOp

[sta) - s,

Op—k*.*.z"' * ’eop) - S(g)]/s (Q) ’

[s(e,) - s@1/s(®
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n 2
where s() = & {y_ - nlg.0)}",
: u=1 u u

M

and s (6 resesB p) is the minimum value of S(g)

0p-k*+l'60p-k*+2 o)

with respect to 8 where 6 are such that (g,oo) € QH .
1

Acceptance regions of the general m.l. ratio tests are

o
o, = {z ¢ s2(2) <a*®), (1=1,2,...,5),

where
D .M A 2
S102) = [ (8 w17 O0p-yrazr " r80p! ~ S(8)1/05
D 4 A 2
S,(z) = [s(8,) - s(8)1/0,",
) k*F (k¥n-p)
D _ M o a 2
S;(z) = Is (GOp—k*+1'90p-k*+2"‘"60p)'(1 + o )8 (8)1/0y
k*Fa(kfn-p) n 2 9
+ ——;_———-— X Z./O'o ’
P j=p+1
pF_(p,n-p) . PF_(p,n-p) n
shiz) = [s@ - + ———)s@/e?+ —2—— 1 2207,
P P j=p+1
D e 2
S5(z) = s(8)/0 %,

-

(90100) € QHl . (1 =121,2,3,4,5),
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_ Xk*'a ’ (l = 1)
2 .
i=2
xp,a PN ¢ )
k*F (k*,n-p) n -
a*? = @n?=q —2— z z.z/ooz (1= 3)
pFa(p,n-p) n . 5
n-p z z, /00 , (1= 4)
J=p+l
2 3 =
- Xn_p'a , (L =25),

and the zi are rotated coordinates of a point y in sample space with
P(go) as origin (c.f. section 2.2).

A number which is not larger than the probability

Ii(go,oo) = Pr{g € w, 8= 90 and ¢ = ¢

i 0}

for all (Qo,oo) € Q. is the significance probability of the test for the
i
hypothesis Hi' and the probability

By (8pr0y) =1 - Pr{z € w, [ @ =8, and ¢ = oplt

where (QA,GA) e QK , is the power function of this test.

i
2 2
F *, . n- F —~ d
Note that we have chosen i, . Xp,o! o K p),F_(p/n p) an
xi_p o E© be the corresponding constants appearing in the expressions
’

for di*z. A reason for choosing them is that if the model is linear,

then a is the level of significance of each of the tests.



Section 3.3 Significance probabilities of the general m.l. ratioc tests

In this section we restrict our attention to the n(gu,g) which
are functions of g differentiable up to the third order and consider

)

the derivation of approximations of the probabilities Ii(eo’co
(c.f. section 3.2), where eo is such that P(eo) is a non-singular point
in the solution locus.

The functions n(gu.g) can be written as

P
T
(3.3.1) n(,8) =nE 8, + I cujtj +ECct+
J=1
P 3
 [tTC .tlt, +o(t"), (W=1,2,...,n),
iy - o~ud~
J_
where
. ' .th .
f is a (pxl) vector whose j component is tj = ej - eoj.
gu is a (pxp) symmetric matrix whose (j,k) entry is cujk
guj is a (pxp) symmetric matrix whose (k,%) entry is cujkz
and
3 P 232
tT=(z t.) . Though t., ¢ ., c_., are also used to denote
J° uw) ujk

i=1

the corresponding terms that arise in expanding n(gu,g) in the neighbour-
hood of § in Chapter 2, we hope that no confusion should arise.

Let U be the (nxl) vector whose uth component is n(gu,go). Further,
let H (c.f. section 2.2) be an (nxn) orthogonal matrix such that HC,
where C =.{cuj}' is an upper triangular (pxp) matrix D with an ((n-p)xp)
zero matrix beneath it.

As in section 2.2, we can apply the orthogonal transformation

H{y - n5) = 2
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in sample space and the linear transformation

of parameter vector t. After these transformations, the rotated

coordinates zi* of a point P(8) in the solution locus can be written as

R G 3
(3.3.2) T, t TEST + I [tF,.1lt, + o(t™), (i =1,2,...,p)
~ %i= 51 - 3T
z,* =
i
“ P 3
TE T+ & [t°F,..tl1, + o(t7), (i = ptl,p+2,...,n)
aRE SRR S h
j=1
where
p
3 2,.3/2
P= o(x )Y,
i=1
and
By = Uiqde

iy = (Eygp)
are (pxp) symmetric matrices.

After applying the nonlinear transformations
(3.3.3) ¢, =T, *TE T+ Iz F.jE]Tj + 0(13), (i =1,2,...,p),
of the parameters Ty (3.3.2) becomes

, (L =1,2,...,p)

*
(3.3.4) z, =

g58105 + 07, (& = prLpr2,..m),
1l
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where A. =F,,
~1 ~1
P
B3 T Eiy 72 2 fapd
2,3/2,

and ¢ = Z ¢
i=1
The sum of squares of the residuals of an observed sample point z

is given by

(3.3.5) s= I (a 600+ P Az, bA- : e 2, ;8185 + ol 312,
i=1 i=p+l j=
a®
Approximations of the least squares estimates ¢m for the components ¢m
of the parameter vector ¢ can be obtained by minimizing § in (3.3.5) with

respect to the ¢i, and it is found that

- n p
(3.3.6) ¢m =z + 2 I X a,.mziz.
i=p+l j=1 % 1
n n b . b
+ 4 I z z L a.,. 2.2 2
i=p+l h=p+l j=1 k=1 SLREE
n P p P
-2 I X X Z a,,a, 6 z.z2z
i=ptl §=1 k=1 p=1 i3k m3kcd
I o: ’ 3
+ 3 a, z,z.z, +o(z”), (m=1,2,...,p),
f=p+l =1 p=y HIMETEIE
3 P23/ .
where z7 = (X 2z,7) . The corresponding sum of squares of residuals is
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(3.3.7) s = L z5-2 I I I

a, ,kZiZ ,Zk
j=p+l 7 i=ptl j=1 k=1 € *J

n p p P P
+ X z r L I

a.,.. a., 2.2 %.2
i=ptl §=1 k=1 p=1 p=1 13K itm 3k 4m

n n P p p o
-4 X X X L L a z.2.2
» ) 2 L3 13
heptl feptl §o1 kel o DI IRERTLESK
n P P P 4
- + .
2 X X L X aijklzizjzkzl o(z")

i=p+l j=1 k=1 &=1

Under the hypothesis H, or Hy, the components Tj (j = p~k*+1, p-k*+2,...,p)

1

are zero, and consequently (3.3.2) becomes

p-k*

Ky T 3 . ' N
L] - » + » . - + = L I 4 - *
(3.3.8) T.‘L -‘EMEMJ.IM + jil [-'EMEMJ.]-‘EM]TJ O(TM)I (i 1,2, Pk*)
V *
zZ, =
i
T p-k* o 3
i = -1k -l &
TEnity t jil [IMgMijEM]Tj + o(TM), (i = p-k*+1,p-k*+2,...,n)
where
_ o T
LTRSS P ---Tp_k*] '

-l &
3_ P k (2)3/2

i=1

and
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are ((p-k*)x{p-k*)) symmetric matrices.

After applying the nonlinear transformations

p-k*

' T 3
= z + i = e s ~k*
Pui = Tt DBt 4=1 (TyEysgTe! Ty + 0l (G = 102,000, k")

of the parameters Ti, (3.3.8) becomes

(3.3.9) ¢Mi e (L =1,2,...,pk%)
* =
zi e
T p-k T 3
SPuity * I [hPyyydultug * ol0y) (= pkNLpkt2,...0m0),
j=1
where
~Mi ng'
p-k*
= ..-2 L f . F
AMlJ Mij k=1 ijk=Mk
and
-k
62 = (T 62,32
M oy i :

A
For the same observed sample point z, we can find the values ¢Mm

of the ¢Mm such that the sum of squares

p-k* s P pok* g 3.2
I (z.-¢,.)° + L {z,~¢ A .6 - L [$ A . 616, . +0( )}
i=1 1 'Mi i=p-k*+1 1 *M~Mi*M j=1 ~M~Mij<iM" "Mj M



is minimized, and it is found that

~
(3.3.10) ¢, =z +2

i=p-k*+1 j=1

n

)

p-k*

a,, 2.2,
ijm i3

50

n n p—k*p_k*
+ 4 L X z z a, . 2.2 Z
i=p-k*+1 h=p-k*+1l j=1 k=1 13m hik 1"h "k
n p-k* p-k* p-k*
-2 L X z X a,.,a,. 2.2 2
i=p-k*+l j=1 k=1 g=1 0K 1AmIKAL
n p—k* p—k* 3
+ 3 z z X .. 2,2,z + of(z"),
i=p-k*+1 j=1 g=1 aMljml 1398
(m = 1'2100. ,p—k*) ’
and
(3.3.11) s (8 : 6 )
T Op-k*+1’ Op-k*+2'° "' op
n i 2 n P—k* p—k*
= L z, - 2 z L a, o 2 2.2
J=p-k*+1 J i=p-k*+l j=1 k=1 1Jk 1 7]

n  p-k* p-k* p-k* p-k*

L L b b ! a..a,, 2.2.2.2
I3 3 K] 2 0]
i=p-k*+1 j=1 k=1 gf=1 m=l IF ¥ Ik Im
n n p—k* p_k* p- k*
: : z LI I3 seie®h%i%5%

2

h=p-k*+1l i=p-k*+1 j=1 k=1 2=1

n p-k* p-k* p-k*
L bX bX pX
i=p-k*+l j=1 k=1 £=1

“Mijk2

zizjzkzz + o(z4).
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Provided that 00, the ahjk' and the ahjk% or athkz are sufficiently

. . . " M
small, the quartic approxlmat}ons of s(8) and S (eOp-k*+1'90p-k*+2""'60p)

are adequate for most of the z, and Sg(g) (i =1,2,...,5) can thus be
approximated by the following expressions for most of the z:
p

z z?/o
j=p-k*+1 I

D 2
(3.3.12) Sl(g) o

P p-k* p-k*

- 33 X ET at,zozoz
o i=p-k*+l j=1 k=1 3% 1
2. 2

+ = I a*, z.z.2
3. . ijk ik
o l=p+1 J’k=1’2,.oo,p lj J

and at least one of j,k is equal to p-k*+l or
p-k*+2,... or p

p  p-k* p-k* 2
z (2 X a?.kz,zk)
i=p-k*+1 j=1 k=1 1I%J

n N - -
1
A . E: zZ.2. Z, 2
i ] k72 m
i=p+l j,k,%,m=1,2,...,p ljk 12m 3

and at least one of j,kAm is equal to p-k*+l1 or
p-k*+2,..., or p

p-k* p-k* p-k*
-4 2 DX T apab mozzoe
h,i=p-k*+1,p-k*+2,...,n 3=1 k=1 g=1 .
Y and at least one of h,; is equal to
p-k*+1 or p-k*+2,..., or p
4 n n 2:
—_ I z ar zZ Z.2.,2
4 . ) :
UO =pt+l i=p+l j,k,%=1,2,...,p hjz lkz hijk

and at least one of j,k,f is equal to
p-k*+1l or p-k*+2,..., or p
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n P P P
I I I
i=p-k*+1l j=1 k=1 2 1

2.2, 2

2
ot Imcijks % JTR7L!
0

where

* =
835k = 215x%"

2 . . - . . - . - - - -
a’MCijkl = aMijka' (i = p-k*+1, p-k*+2,...,p; 3,k,% =1,2,...,p-k*),

= O '] (i = p_k*+l,p_k*+2,.-o’p; j,k,l = l,z,--.,p
and at least one of j,k,% is equal to
p-k*+l or p-k*+2,..., or p)

SMcijkL

2 2
mcijkt © “Mijke®o T 2i5x2% ¢

(i = ptl,p+2,...,n; j,k, %2 = 1,2,...,p-k*)

and

. i . ) .
.. = -a,,, ,0 (i =p+l,p+2,...,n; j,k,2 =1,2,...,p and at
2 ’ ’ !
aMCle ijkL0 least one of j,k,% is equal to p-k*+1l or

p-k*+2,..., or p);

p
(3.3.13) Sz(z) = I z%/6%
- j:l j 0
2 n p p
+ = I X % a*
og i=p+l j=1 k=1 13k i 3 “x
) ., M P P P P
- I I I LI fa*.,a* z.z zz
Ug i=p+l j=1 k=1 %=1 m=1 ijk itm j 'k &'m
4 n n p p p
+= I z Z Z x| Z.Z.%2.2

n P P P
Z X Z L a* Z.2.%2. 2

{=p+l j=l k=1 g=1 DORE LT3R

O pl” :



where

(3.3.14) s)(2)

1 P
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2 p  p-k* p-k*
= z z X

a*, z.z.2z
0 i=p-k*+l j=1 k=1 IKi13Kk

n  p-k* p-k*
r ¢ ¢ KF

i=p+l j=1 k=1 7P

*
aijkzizjzk

i =
2 P  + )

-p' 2ix%1%%k
0> i=p+l j,k=1,2,...,p n=p 1J J

and at least one of J«kK is equal to p-k*+l or
p-k*+2,..., or p

p-k* p-k* ) 2
I (L I at,z.z)
i=pk*+l j=1 k=1 I Ik

D p-k* pok* o -

L o (r x /k_ at_ 2z.2)7
g, i=p+l j=1 k=1 7P I3

)

n *
L z: - {1+ %:E)a
i=p+l jlkrzrm=1121---tpr P

* *
ijkaizmzjzkzzzm

and at least one of j,k,%,m is equal to p-k*+l1
or p-k*+2,..., or p

p-k* p-k* p-k*
Iz T
h,i=p-k*+1,p-k*+2,...,n j=1 k=1 2=1

* *
®hyeike ®n%i%5%

and at least one of h,i is equal to p-k*+l or
p-k*+2,..., or p
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4 n n  p-k* p-k* p-k* K*E
+ — I z b P z z z, z z,
22 L
gh—p+l i=p+l j=1 k=1 g=1 0P *h32% 5K 70"
n n - o
-4 - k*F
+ = I z 2: (14 —)a*, a* z =z, z Z,
g h=p+l i=p+l j,k,2=1,2,...,p P “hig’ike"n"s
and at least one of j,k,% is equal to p-k*+l1l oxr
p-k*+2,..., or p.
n P P P
- '2'&' z z L e greZi%5%k3e
0y i=p-k*+l j=1 k—l g=1 T3 ]

where

F = Fa (k*ln"P)l
2 . ' o :
qurijke = Amijrefor (1= PrEMLpk*2,..0.pr Fiki0 = 1,2,...,p7k%),

aMFijkl =0 + (i = p-k*+1,p-k*+2,...,p; j,k,2 =1,2,...,p and
at least one of j,k,2 is equal to p-k*+l or
p-k*+2,..., or p),

2 k F 2 '
Ariske - Biawxe - I+ T—Ha. . 0, (i = ptl,p+2,...,n;
ijke ~ “mMijkeo nop’ CigkeTo’ T Ly,
Aypiang = - (1 1;-3)a1 e g, (1 = pHL,p+2,eeeins G0Ks2 = 1,20 0000p
J P J and at least one of j,k,% is equal to
p~k*+1l or p-k*+2,..., or p);
D p
(3.3.15) s,(z) = I =
j=1
n p
+2—3 IoL z(1+1-';-)*k z,
0y i=p+l j=1 k=1 nop i3k i

n b b P b
I . I % z(1+9—)*

1l
03 i=p+l j=1 k=1 %=1 m=1 1Jk 1£m j 2 %9 %m
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n n P P

4 EL_.
g =p+l i=p+l j=1 k=1 %=1 ahjl iki®n®i® 3 2
+ — I Py X T 2222,
g i=ptl j=1 k=1 £=1 P 1Jkl i“37k7e
where
F =F_(p/n-p);
and

L
(3.3.16) sp(z) = I z§
j=p+l
, B P D
- = I L L a*,z.,z.z
og i=ptl j=1 k=1 K LIk

n p p P P

‘1
+ =— I I L I I at.,a* z.z z 2z
o2 jmpsl 3=l kel p=l mer PIEVMI KA
..4f n n P P g )
- — I % Py % * at z z z z
og h=p+l i=p+l j=1 k=1 %=1 “n32 ike k

n p P p
Py Py Py L a* z,2.2 2

Y 2 I3 . .
f=ptl §=1 k=1 g=1 TIRL 1T KA

1
a v
(o] blr:

Given that 6 = Qo and 0 = Oo, zj/oo (3 = 1,2,...,n) are independently

distributed as N(0,1). Therefore as far as deriving approximations of

the probabilities Ii(Qo,oo) is concerned, we can set 0 _ appearing in

(@)
D
the expressions of Si(g) given by (3.3.12)-(3.3.16) to be one while
. . ) 2
. et *
leaving the oo appearing in the expressions of the di ijk'aljkl aMClel
and a . . unchanged, and treat the z, as being distributed as N(O,1).
MFijkL s )J

Let z;s) denote z?. Each of zj is then distributed as Xi' and

conditional on zJ being negative (or non-negative), z( s) is still
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2 . '{f(zi 12, aeeerZy )}
. 1&, LA N
i i, lk 1 2 k

distributed as xi. Further, let Ez

denote the expectation of f(z, ,2, ;...,2, ). The probabilities
i i i
1 2 k
I.(6_,0.) can now be written as
i~0" O

(3.3.17) I.(8.,0) =E
i-~0"0 zp+1,zp+2,...,zn,zl,zz,...,zp_k*

sp_k*+1=—1,+1 s K*+2 1,41 sp=—1,+1
1 ~/~ Jf Jf 2 () 2, (s) 2
[2k* (s) (s) e J % B X Pponagd M (2
Zp-k*+l  Zp-k*+2 b
(s) _(s) o (s) ¥
(zp—k*+1'zp—k*+2'...'zp )ezi

(S) (s) (s)
a s
X zp'k*+ldzp‘k*+2.'.dzp J , (1 =1 and 3),

(3.3.18) I,(0,,0,) =E

0] zp+l'zp+2"°°'zn
{ sl=-l,+l 52=—l,+l sp=-1,+l
2, (s), 2, (s) 2, (s)
[% f f f xl(zl )xl(z2 )...xl(zp )
2 ?1(5). 22(S) z(S)
(s) _(s) (s)
(zl 'z foeot ez;

x dZis)dz(S) (s) ] } » (i =2and 4),
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and
(3.3.19) I.(8_,0.) =
50’0 zl,zz,...,zp
{ > ) .z
sp+l=—l,+l sp+2=—l,+1 sn=—1,+l
1 f f f 2 (s) (s) 2, (s)_ (s) (s)
cen cee dz ' ldz
[2“‘9 ) ) ) Xy ( p+1)xl( p+2) Xy (2 ) o+l
zp+l zp+2 zn
() _(s) (s)
(zp+l'zp+2""'zn ) € Zg '
where

_ (s) (s) (s), .
(3.3.20) 2# = {( o Fpogcraat ey )

SD(z z z z(s) s z(s)
i\ZB1r%ars 1P w5 gx4d [Pp-k*+1’ p-k*+2 [“p-k*+2'° "’

(s) < g
sp zp ,zp+l,zp+2,...,zn) —-di },

(i = 1 and 3),

. (s) _(s) (s)
(3.3.21) Z; = {(z1 12, ,...,zp ) ¢

D [ {s) ’ (s) f (s) %2
si(s1 zy ' s, 02, ,...,sp zp ,zp+1,zp+2,...,zn) j_di },

(i =2 and 4),

ST

njj
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- (s) _(s) (s)y .
(3.3.22) z_ = {(zp+l,zp+2,...,zn )

D, [ (s} [ 1s) [y . 4a2
SS(Zl’ZZ""'Zp’Sp+1 zp+l'sp+2 zp+2,...,sn zn ) f_ds },

-1 if z; <0
{ B ' (i =1,2,...,n),

+1 ifz, >0
1=

(3.3.23) S;

and for k > 1,

k
) ~t/2 2
X2 (t) = . (£>0) .
k 2%/2 1 (x/2)

For i = 1 and 3, we apply the transformations

b .
(3.3.24) LU 28
j=p-k#*+1 I
and
(3.3.25) E;S) = is) z;s) for j = p-k*+l, p-k*+2,...,p-1l.
r
For i = 2 and 4, we apply the transformations
P
(3.3.26) L
j=1
and
(3.3.27) Zis) oL (s for j = 1,2,...,p-1.
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For i = 5, we apply the transformations

n

(3.3.28) G z;s)
j=p+l
and
;45) ] _1““ “(s) o ]
(3.3.29) zj = r(s) zj for j = p+1,p+2,...,n-1.

The probabilities Ii(Qo,do) can then be written as

IG)=E

(3.3.30) 1.(8,,0,

ZP+1,ZP+2,... ,Zn,zl,zz,...,zp_k*

{ sp_k*+l=—l,+l sp_k*+2=l,+l sP=-1,+1
1l 1 1

s o d

2 ;;(s) _~=(s) _={(s) ;;(s)_:-(S)

p-k*+1 70 Zpkh+2 Zp-krsl Zp-1"Zp-2

p-1
2 ~(s) 2 —(s) 2 =(s), 2, _ —(s), . 2 -1
X, (zp—k*+l)xl (zP__k*+2) .- -xl(zp_l)xl 1 j=Pfk*+12. ) [xpy (1]
x ([ x2, e ®haw )
R¥*
h§

—(s) —(s) ' 4(5) . _
X dzp—k*+1dzp—k*+2 cen dzp_1 ' (i = 1 and 3),



(3.3.31)
(e ' O ) = E
~0 O p+1,zp+2,...,zn
{ sl=-1,+1 sz=-1,+1 sp=-1,+1
1 1 1
l f J‘ . f 1( ](.S)) (S))
2p 7(8) o Zis) _Z(s) Zz(s) _=(s)
1 %2 1 p -1 p-2
p-1 _ -
x Xo(1 -3 2 2™t
je1 3 P
x (f 2 ®hae )
R¥ P
(S) (S) -(S) -
X l 2, . p 1 ] } ’ (i = 2 and 4),
and
(3.3.32)

I.(6 ,0 = E
5(~0’ 0) zl,zz,...,zp

=z X

pa= ¥l s =14l s =-1,+1
1l 1 1l
[1 f f f REDEED..
n-p _ _ _ _ 1 1
2 (S)_o z(S) z(S) (s) _—(s)

p+l p+2 p+l zn-—l n-2

n

2 (s)
X Xl(l - _p+1 3 ) [x (1)]

-1

1(

2

60

( (s))

(s))
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x (f )(2 (r(s))d(r(s)))
R* n-p
5
—(s) —(s) —(s)
x dzp+l d 2 dzn_l ] } .
where
(3.3.33)

_ . (s). D ' 1) (51=(s)
RY = {r =Si(zl’22’°°"zp-k*’sp-k*+l r zp-k*+l'sp-k*+2 r zp_k*+2,...,

p=1 ’
’ (s)=(s) /(s) _ =(s) < g2
...,sp_l r zp_l,sp r-' @ j=§—k*+1zj ),zp+l,z 2,...,zn) -di }

(3.3.34)
. - . p-1
) b, [EI=(s) _ [BI=(e) (s)=(s) j<s) Pl g
R; = {r :Si(sljf zy ,szj;V z, ,...,sp_l r zp_l ’ sp r (1 jzlzj ),
z z 4 .z ) < d*z}- (i = 2 and 4)
p+ll p+2I"'ln -— i r ’
and
(3.3.35)
(s) D (s)=(s) (s)=(s)
Rg = { :Ss(zl,zz,. "Zp'sp+l/r zp+l, sp+2 r pi2’
: . n-1
«eesS r(s);{s), s jr(s)(l- I ;{s))) < d*z} .
n-1 n-1" n j -5
p+l

To the extent that the approximations of S?(g) given by (3.3.12)-
(3.3.16) are adequate, we can obtain a truncated series expansion of

the probability Ii(Qo,co) as follows:
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(3.3.36)
n* n* n*

1
= - * -— ka*
Ii(go’oo) (1-a) + I Iia* at + 3 DR X Iiaﬁ ar 332

j=1 @3 J j=1 k=1 %3 % J

where n* = %‘p(p+l)n,

{a;,a*,...,a;*} is the set containing all the aﬁjk for which j < k,

2

LA !

3j 9 a* a*=0

3 ar=y
2
- 3.11(90,00)

Iiatar =

Jak 8a§‘ 8a§ a*=0

, and the a¥*

* 3 *
and a* is a column vector whose“com?onents are the ahjk hke’
aMChjk£ or aMthkR for which j <k < 2.
and I can be derived. We first note

We now consider how I, .
& Ila* ia*a*

3 jk
that provided that the magnitude [g*l of a* is sufficiently small, the

sets R; can be written as

Rt = {r&) ; 0< 8 < ré*S)}

1 —— —

(*s)

where ri are such that

(3.3.37)

SD(z z z s L(*s);(s) s r (*S);(s)
1717727 " Tp-k* " Tp-k*+1 [ p-k*+1’ .p—k*+23 i p-k*+2," "
: 3
(*s)—{(s) j (*s) P —(s)
eee;sS r. z s |r, (P - I z.°'),2 z seeer2 ) = 4*
! p—lf i p-1""pl"i Smp-kt+l I "“p+l’'“pt2 "“n i
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(3.3.38)

D (*s)—(s) (*s)—(s) , (*s)—(s)
Si(sljfi z1 ,szjri 22 ""'Sp-l ri zp—l'

p-1
(*s) _ —(s) _ A%l
sp/ri (1 jil zj ), zp+1,zp+2,...,zn) = di '

(i = 2,4),

and

(3.3.39)

D , (*s)—=(s) ’ (*s)=(s) ’ (*s)—(s)
Ss(zl,zz,...,zp,sp+1 r5 zp+1,sp+2 r5 zp+2,...,sn_1 r5 zn_ R

n-1
snjr_,f*s’ a-t N =a?, 6= 9.

The equations (3.3.37), (3.3.38) and (3.3.39) are of the form

n%* n* n*

* * *
(3.3.40) ré sV, 3 ht(ri Shat + 1 1 htk(ri s))a%a; + b* = a*?
j=1 J I §=1k=1 J i
* * * .
where h* (r.( S)) and h¥* (r.( s)) are functions of r.( s), the z, and z(s),
Jj 2 jk i i m

and 5* is a function of the z, and ;;S)

3 , and the a¥%*,

iske’ Mcijke °F

Note that as b* does not depend on the ag, we have

MFijka’
- a * .
[3_:%] = 0, (3 = 1,2,...,n%),
j) a*=0

and
3%pt

= 0, (j'k = 1,2,...,1’1*).
* gak
aaj aak} a*=0
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By differentiating both sides of (3.3.40) with respect to ag,

we get
(*s)
* LI . * .
arf s) (*s) n* ahjl(ri ) aré s)
(3.3.41) —z5— + hi(z, ') + I o) a*
a3 J j.=1 3r da* |
1 b J
(*s)
* *
n (*s) n* n* ahjlk(ri ) arf s)
+2 I hy (rp"Dat+ I X ) e at at
= ¥ 7 j=l k=1 or S a A
db*
ar(*s)
Hence | —pi— = -nrard) |
3o Jax=0 7

By differentiating both sides of (3.3.41) with respect to aﬁ and
subsequently setting a* to O, we get
(3.3.42)

* * * * *
a2, (") [ong e 2 [* ant (z{*S)) 2 ")
i S s T i ki i —2ht (d*z)
* * * * * . i *
% Jare [ P Jareo 05 aar farmg N2

From the integrability and continuity of the function xi(r(s)) and

*
the differentiability of ri s) with respect to the ag, we have
*
£ (*s)

. (*s)
{_a' [ e®)ae®) = x2(a#?) i
Baj“.* r(s)=0k a*=0 ki sa* a*=0
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and
(*s)
. 32 -1
dakdar f Xi(r(s))d(r(s))}
ok (s)_o a*=0
. s (*s) . . (*s) 2 . (*s)
TRl Gt oert ) s WS i R
ki 2 dzZ 2 Bag Bai §*=9 a;B i a*—O

where k = k*, p or n-p.
Then by showing that conditions similar to those which justify

the validity of

[2—a J‘g(z,a)dz} = [ia%(si)} az
- a=ao -C0 a=ao

o«

where f g(z,a)dz exists, are satisfied, we get
-0

(3.3.43)
I, &« =E , -
1 j Zp+l, p+2,...,z ,Zl,Zz,...,Zp_k*

L D

sp_k*+l=—l,+l Sp—k*+2=—l'+l sp=—l,+l

1 1 1 o
1 . . 2 —~(s) 2 —(s)
{’F f f e f X1 (zp-k*-!-l) X1 (zp—k*+2
27 ey o e _—(s) Z(s) _z(s)
p~k*+1 p-k*+2 “p-k*+1 p—l p-
2 ,—(s)
.es xl(zp_l)
... (Xg)
p-1 or,

Jl~p-k*+1 3 i ar=0

)



66

~(s) .=(s) - =(s) .
X dz o k*+ldzp-k*+2 coe dzp-l ] } , (i =1and 3),
(3.3.44)
Iia* = Ez z z
3 p+tl’“p+2'°°"""n
{ s,=-1,+1 =-1,+1 s,=-1+1
1 1 1 '
[—11) o 2eEhEh. o del)
25 =s) o i) () =(s)_(s) T
1l 2 1l p-1 p-
(*s)
p-1 ar,
2 —(s) 2 -1 2 2 i
x x2@ - £ 2 pdan ™t 2 (e [ ]
—(s) =s)  .=(s) .,
X dzl dz2 . dzp_l } } ’ (i =2and 4),
(3.3.45)
ISag = Ezl,zz,...,zp
{ sp+l=-l,+l sp+2=-l,+l sn=-1,+l
L : 1 I Sa 22 EEh 2@t
Sh™P ot 1 7 p+1l° "1 p+2 1
—( ) -0 ';(s) -z-(s) ;(s) —(s)
P+1 pt2 ptl n-1 ?n-2
(*s)
n-1 or
2 —(s) -1 2 { 5 ]
X 1 - T \ * —_——
Xl( jl=p+l le )[X n-p (1)] X, p(dS ) aag a*=0



—(s) (5) —(s) .
zp+1 dz cen dzn_1 J } ' (i =5),
(3.3.46)
Iiagaﬁ =E, R Ve, { :E: :E: e 25:
pri p+2 %2 pok* k*+1 ~l#l s k*+2=-1'+1 SP—_lil
_ 1 1 1
= [
25 ) o Fls) _=(s) E(S)<—(s)
p-k*+1 p-k*+2 “p-k*+l p-1l p-2
—(s) —(s) 2 —(s)
X @ k*+1)X1( pokre2) o0 Xy (Zpy)
. (*s) (*s)
2 pzl or, or,
X x, (1 - 5 (s) -1.2 k* ___1_L1 i
1 1] (d* )( 1)
Jl=p—k*+1 )[X ( X [ diZ 2][ aag aa}*( §*=Q
azr(*s)
i
* [aagaa;' ']§*=Q}
—(s)  =(s) —(s) L '
X dzp-k*+1 dzp—k*+2 ces dzp_1 ] } ; (i=1and 3),
(3.3.47)
I, .« =E
ia* ak ZP+IZP+2,-..,Zn
{ sl=-1,+1 52=-l,+1 sp=-l,+1
: 1 1 1
[15 J. .- J.' xl(z(S)) 2zis)y | 1(z(fi)
27 ols) g Fls) _ot(s) =(s)_=(s) P
1 2 A p-1 “p-2

67




p-1 N ar (") 5 (*S)
2 —(s),,.2 -1.2,..2 [ P 1751 i
1- I 7z, ax -l)— - =
X A o e | (& 1)d*2 =] T R
32 (*s)
+ [aa*aa* ] §*=Q]
(s) d'z'z(S) . d'z—;f; } } , (1 =2 and 4);
and
(3.3.48)
I.a*a* = E
579k zl,zz, ,zp
{s p+l=-1,+1 p+2=—l’+l s _=-1,+1
... 1 1 1
r];-p _r f f xl(z(S))xl(z(S)) e X
2P —ts) o =(s) _=(s) —(s)_=(s)
ptl p+2 p+l n-1 n—2
x xj Q- T Zhod_ e e [<—P- 04 - 2
j;=p+l g P g
e (*s) (*s) 2_(*s)
1 as* = I [2 :g 3 ]
£ % at=0 723%% assg
—(s) .—(s) —(s) .
zp+l dzp+2 dzn-l } } (1 =05).

=N

68

83 o~
I

=t~
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ivi a1, we can make use of
In deriving Ii an jatar’

®
arn ]k

m m,

m
(3.3.49) L 2 i
! : sen? ey —(s)
eae - . Z, Z cee | Z,
f o f f [ ll] [ i2] [ lq]
Zis) o  Fls) _Fls) Z(s) _z(s)
1 2 1 m—l “m-2
x e ZEE) L. xl( ez ‘s’ az) ... aze)

25007

X
k)=t Y21 m+I m
=1

(1) ,

where
m = 2,3'...’

l,2,-..,m,

q:
m, = 0,1,2,..., for L=1,2,...,9,
iz =1,2,...m for 2 =1,2,...,9 and these iz are all distinct,
and
m-1
A T
=1
The derivation of Ila* and Il xak is shown in Appendix 2. From
» Jk
the expressions of Ilag and Ila; « ¢ it is found that Il(go,oo) given by

(3.3.36) is

(3.3.50)
22 2 _[PTlpPl

JW L (2

I (6 ,0 = (1- + -
1085790 = (1-) °ox3[x1 @[ 521 oy Copdk apjjapkk)

n 2 Pr-1 2
- I [a, _+2( % (2a;. -a,..a, N1|, (> 2; k* =1),
j=ptl PP 4o 3P 133 dipp =



70

(3.3.51)
5 p p-k* p-k*
] z z I (2
i=p-k*+l j=1 k=l

2.2

: 2
0¥ k*+2 Xy o

8 ,0.) = (1- -
I,(8,:9) = (1) + o 35 5k aijjaikk)

n P P "
- L [ I L (22

o .san )
i=ptl  j=p-k*+1 k=p-k*+1 ijk "ijJ ikk

p-k* p >
+ 2 L z (2a;

ma, . .a, )]
j=l k=p-k*+1 ijk "ijj ikk

(@ > 3 k* > 2).

The derivation of Ii(go,oo) (1 =2,3,4,5) given by (3.3.36) is

similar to that of Il(go,oo) and it can be shown that

(3.3.52) 4
: .. n p p
22 .2 2
I.(0 ,0) = (1-a)-c o z )X L (2a,, -a,..a,
281%) = (Lma)=0ox 5 [Xs, ]i=p+l A k=l( T TREL TP
(3.3.53)
5 2 p-1 p-1 5
I c) = (1- -
3@r%! ¥ (=) + 904 5 ) jil kil (22 5k 2p3 3%pkx]
. n p-1p-1
-2 2 ) I I I (2 2

0 n-p Y0,3,n-p 339k 21552 1Kk’

i=p+l j=1 k=1

5 n
+oo z [ (1+F
i=p+1l

2
)(3Fl-l)U (Fl)-3(l+Fl) U (F.)

1 2,3,n-p 2,5,n-p Fl

2
+ 3(1+F_)U p(Fl)]aipp

l 0,5,1’1—

+[4(1+F1)FlU p(Fl)-4(l+Fl)(2+F )U (Fl)

2'1,1”1- 1 2,3,n-P
p-1 2
+
+ a0 Fl)Uo'3'n_p(Fl)]jil 2% 5p
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+ F + +2(1+F_)U F
[2r, F1)U2 l,n- (Fl) 2( 1) 0,3,n—p( 1)
p-1l
- +F F . ..l
2F, (14F,)0, o 1)1j=l 3, 55%ipp }
, (p>2; k*=1),
(3.3.54)

p  p-k* p-k*
F,) I r ¢ (2
i=p-k*+l j=1 k=1

2

I, (6 A )= (1- a)+o U ijk-aijjaikk)

O 0,k*+2,n-p

n  p-k* p-k*
X bX r (2a
i=p+l j=1 k=1

2 k*

(F.,) 2 )
0 n-p O k*+2,n-p 2

~% ik 2135%ikk

2 n
to5 I [(4F,) (3F

2
. (Fz)—3(1+F2) U
i=p+l

-1)u

27192, x*+2,n-p 2,k*+4,n-p " 2!

P
F)] I a),

+3(1+F2)U 194
j=p-k*+1 *3J

0,k*+4,n-p

"2
(F)=2(14F2) Uy yayg,n-pF2!

(F,)] 2 o
3, k=p-k*+1,p-k*+2,. ..,ﬂ
and j#k

*12(14F ) (Fp=W)Uy yus2,n-p

+2(1+F2)U0,k*+4,n—p

2 2
+[(1+F,) Uzlk*+2’n_P(F2)—(1+F2) Uz'k*+4’n_P(F2)

(F )] 2

j ik=p-k*+l,p-k*+2,...,p
and j#k

+(1+F2)U0,k*+4,n—p aijjaikk

+[4(1+F,)F. U -

[ (1+F,)F, 2,%*,n (Fz) 4(1+F2)(2+F2)Uzlk*+2'n_p(F2)
p-k* P
(F )1 ¢ I a

j=1 k=p-k*+l

+4(1+F2)U

0,k*+2,n- ijk
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F
L2, U4V, v nmp T2 P2 14006 i nop F2)
p-k* p
=2F, (1+F,)U_ . . _(FN) Z a,..a,
2 2°72,k*+2,n-p " 2 J=1  k=p-k*+l ij3 ikk
’ (P137 k*iZ) ’
(3.3.55)
U 2
I,4(85005) = (1-a)+ay i=§+l[(l+F3)(3F3—1)U2’p+2’n_p(F3)-3(l+F3) Uz’p+4’n_p(F3)
P
+3(1+F3)U0,p+4,n-p(F3)]j=l aijj
' 2
+[2(l+F3)(F3—1)U2'p+2’n_p(F3)-2(l+F3) Uz’p+4'n_p(F3)
2
+2 (14F.)U (F.)] > as,
-p* 3
3'70,p+4 ,n-p 3,k=1,2,...,p ijk
and j#k
+[ (1+F )2U (F,)=(1+F )2U (F.)
3" "2,pt2,n-p " 3 3 2,pt4,n-p " 3
+(1+F,)U (F,)1 > a,..a,
3 -p 3,
O,p+4,n-p 3,k=1,2,...,p ijj ikk
and j#k
and
(3.3.56)
2 2 2 n.rp P 5

] ¥ I I [2a
i=p+l j=1 k=1

15(90’00): (L-a)+o |

Oxn—p+2[xn—p,a i3k 2133%ikk

where

e Fa(l,n-p)
= _— 14
1 n-p
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k*F  (k* ,n-p)

F, = = '

PF, (p,n-p)

Fy = — s ,
- k1 2 k3 2
u (v) =~ [z,7%x, (v Z 2z )],
kllk21k3 zi,zi ...Zi lj k2 j*=1 J*
1l 72 k3
(kl = 0’1,2'.- H k2'k3 = 112,.00,; j = 1,2,--.
k2—2
5 k2+k3—2
. v T( 5 )
(3.3.57) Uo,k X {(v) = T '
2’73 2 73 " X
2 2 3
2(1+v) F(2 )I‘(2 )
k. -2
Ty e
. . . Ktk
: S A R -N'-_z_'__)
(3.3.58) UZ'k2'k3(V) = %1k I}
-T2 3 .. .
2 i k2 k3
k3 (1+v) T (2—) T (-2—)

and v is a constant.

We further find, after some reduction, that

(3.3.59)
2 p-1l p-1

2
= (L-a)+o U F 2a%, -a_..
I3@50,) = (Lma)+og O,3,n—p( l) jil kil ( ik apjjapkk)

. i' n p-1p-1
- —_— 1 ) r (2a%. -a,..a, .)
n-p i=p+1 j=l k=1 ljk 1]) ikk
n-ptl 2 Lo,
- poptl r [a7 +2( % 2a%. -a...a, 1| .,
np ijp i3 ipp

i=ptl PP 5=
(p > 2; k*=1)

Ik3) 14
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(3.3.60)
. 2 P p~k* p-k¥*
I3(Qo,oo) = (1-a)+0"U (F.,) X X L (2a

2
)

* -

0°0,k*+2,n-p " 20 [, o x#41 5=1 k=1

i3k 2134%kx

: n  p-k* p-k*
-<— & &I & (2
7P jop+l j=1 k=1

2

19k 21952 k]

T p p
. popik* [ X I (2a°

n-p 25 5% %1 592Kk’
i=ptl ‘jep-k*+1 k=p-k*+1

p-k* P 5
+ 2 I X (2ai.k—a...aikk)]]
j=1 kep-k*+1 0% 13J

» (P> 3; k*>2),

and
(3.3.61) »
o) n_ 2 no P P,
1, (Qo,oo =(l-a) - H‘? coUo'p+2’n_p(F3) I I I (2aijk-aijjaikk)°

i=p+l j=1 k=1

Note that the approximations of Iz(Qo,co), 14(90,00) and IS(QO,UO) given
by (3.3.52), (3.3.61) and (3.3.56) respectively agree with the correspond-

ing approximations derived in Beale (1960).
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Section 3.4 Power functions of the general m.l. ratio tests

This section is concerned with the derivation of approximations
of the power functlons Bi(QA.UA) {(c.f. secticn 3.2). Note that 9 = %
if i =1 and 2, and % # Go if i = 5.

The acceptance regions

D o ax2 :
wy = {z : s;(2) <at’}, (i=12,...,5)

defined in section 3.2 can also be written as

: DA PR .
oy = {z : S302) <}y, (4 =1,2,...,5),
where
DA M a 2
= e e -
Sy (2) = 1S (0 1 ay1 Oopponsnrsee8op) = S@1/9,%,
DA, . _ a 2
S, (2) = [s(8,) - s(8)1/0,%,
) k*F_(k*,n-p)
DA oM : o ! A 2
S5 (z) = Is (eoP-k*+1'60p-k*+2""'60p) (1+ p 15(8)1/0,
t 3ol * -
k Fa(k N-p) n 2 2
- + = X z./cA ’
PF_(p,n-p) PF_(p,n-p) n
DA
S, (2) = [5(8,)- 1+ —= s/ef + ——— 1 /a2,
DA a2
s, (z) = s(8)/0; ,
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and
o2 .
Xi# o r (1=1)
Xe o ;= 2)
2 k*F_ (k*,n-p) n -~
a = @h?= < & L 22702 = 3)
1 h 3 n-p ’
j=ptl
PF_(pyn-p) n
R , (i = 4)
P gepn TR
2
9" 4, ‘= 5)
| o 2 xn—p,a ! e
A

The corresponding approximations of S?A(z) (i=1,2,...,5) can be

expressed respectively in terms of the right hand side of (3.3.12)-(3.3.16)

with o, a* and a_,_ . changed to O aT_ ' a+

o’ ., ar, laM-' . . a7
ijk ijke Cijke MFijkye ijk ijke

aMCAijkz and aMFAijkz respectively.

-~

Let n, be the (nxl) vector whose uth component is n(gu,QA). Given
that 8 = QA and g = Op zj/oA (3 = 1,2,...,n) are independently

distfibuted as N(zAj, l), where z

. +th 1
A is the j~ component of = H(n, QO)-

A

As far as obtaining approximations of the si(e ) is concerned, we can

A%
. . : DA . :
set O, appearing in the expressions of the Si (z) to be one while leaving

2 +

~ . . . + +
the O, a@ppearing in the expre551on§ of the di ' aijk’ aijkz' aMCAijkz and

AMFAijkz unchanged, and treat the zj as being distributed as N(zAj’l)'
(s)

Each of the z is then distributed as non-central X2 with one degree of

freedom and parameter kj = zij. Conditional on zj being negative, i.e.

s. = -1 (or non-negative, i.e. sj = +1), the probability density function

3
(p.d.f.) of z;s) is
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1 ’ (s) _1 (s) _ 2
1 expl[- zﬁsj zj —ZAJ, .[. - expl 2(?j zj ZAj) ] dzss)
J
2Y2m ’zfs) (s) ZSS)
J J J

The power functions Bi(QA,cA) can now be written as

(3-.4.1)

B,(®_ ,0.) =1 -E ' '
i'-a’"a zp*l,zp+2,...,zn,zl,zz,...,zp_k*

{Z > 3

sp_k*+l=—1,+1 sp_k*+2=—1,+1 sp=—1,+1

[f f f [ ; [1 expl- —(sjj_j(?)- zAj)‘?]”

. (s) L (8) (s) S=p-k*+1 2/2m ( (s)
p—k*+l p—k*+2 zp zj
tz (S) (s) (s) ezt

p k*+l’ p—k*+2"”'zp )

(s) (s) (s)
dzp—k*+1dzp-k*+2 ese 4z p } }

r (1 =1 and 3),
(3.4.2)

By (8,0, ) =1 - E
i p+1 p+2,...,zn

[z, Z.Z

sl=—l,+1 52=—1,+1 sp=-l,+1
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[ S ] [ et

, (&) 5 (s) L(8) 3=l 2/2m (_zgs)
1 -T2 - P J
(s) (s) (s) +
(zl 12z, ,...,zp )ezi
dzl(s)dzz(s)...dz;s)]} , (i = 2 and 4),

and
(3.4.3)
BS(QA’UA) =1- Ezl,zz,...,z

' = .3

sp+1=—1,+l sp+2=-1,+l n=—1,+l
o 1, [(s) 2
[f S N el 30507 Ty ]]]
(s) (s) (s) “j=p+l 22 (s)
zp+l zp+2 zn zj
(z(s) z(s),...,z(s))e Z+

ptl’ “pt2 n 5 . .
(s) (s) (s)
dz 1 dzp+2 cse dzn } } ’

) + . D
vhere 2; are given by the right hand side of (3.3.20)-(3.3.22) with Si
DA + .
and d; changed to Si and di respectively.
After applying the transformations given by (3.3.24)-(3.3.29), the

power functions B, (8,,0,) can be written as



(3.4.4)
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B, (0 ,'o )=1-E
i*~a’'"a zp+l,zp+2,...,zn,zl,zz,...,zp_k*
{sp_k*+l=—l,+l sp_k*+2=—l,+l sp=—l,+l
1 1 1
[;(s) f o T / S =(8) (e
p-k*+l p-k*+2 p-k*+l p-1 p-2
CES, 2ED, 2@ - T e,
1 p-k*+1° "1 Tp-k*+2 1 p-1"%1 J=p-k*+1 j
_ K 2 [51=(=)
5 -1 p -z, /2 s [r'7 'z Zak
x[fel/ze-::(s‘)/:z[r(s)]2 N ]dr(s)J
A k=p=k*+1 :
R,
i
x gols)  =(s) ols)
dzp—k*+l dzp-k*+2 . dzp_l ]}
r (1L =1and 3),
(3.4.5)
B, (8,,0,) =1-E_
i ~A" A zp+l,zp+2,...,zn
sl=—l,+l 52=—l,+l sp=-1,+l
1 1 1 o1
[ f f f xi(?{s))xi@és” ...xi(z(s))xz(l— I
p-1""1 .
—(s) —(s) _—(s) Z (87 (s) 3=1
2 =0 z, =z, p-1l p-2
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. P _ 2 (s)=(s)
x[fel/ze—r(s)/z[r(s)]Z 1B g /2 s zAk]dr(s)]

+

R,
i

x dEl(S) d'EZ(S) d;};f)l ] }

, (i =2 and 4),

(3;4.6)

8,,0) =1-E
Bs("'A' A) Zl,zz,...,zp

{ = > -z

p_‘*_l=-1,+1 sp+2=-1,+l sn=—l,+l
fl 1 1
—~s)_ . =ls) _=ts)  —(s)_=(s)
24170 Zpe2 %p4l n-1"2n-2
: - -1
2 —(s),,2 —(s) 2, =(s),,2,, _ 5 =(s)
Xy (Epan 1% (Bpya) o X (o 0%, 1 j=f)+l 25 )

e

o _(s) BP ) n -2is2s (817080,
x[[ M2E /2T T LA kT %k Ak]dr(s)}
+
5

~(s) .—(s) ~(s)
x dzp+l dup+2 cee dzn_l ] }

where RI are given by the right hand side of (3.3.33)-(3.3.35) with S?

+
and d; changed to S?A and di respectively.
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We can obtain a truncated series expansion of the power function

Bi(QA,UA) as follows:

. n* 1 n* n*
+ +_+
(3.4.7) g.(6.,0.) 2a_ + L B. + a, +3 L z B. + a. ¢
LR -\ a +
A a j=1 1aj 3 2 =1 k=1 1aj ak jak

e+ + + . < +
where {al ; az.,...,aq*} is the set containing all the ahjk'

aA = [Bi(QA'UA)] + ’

_ 381(~A,GA)
8ia+ B ry + !
3 da. 1a =0
J - -
2
ia® + +
3% |eal da e

and a’ is a column vector whose components are the a;jk' and the
* i i < k <
ahjkk’ aMCAhjkz or aMFAhjk£ for which j < k < .
We now consider how Bia+ and £, .._4+ can be derived. We first note
. N -

J J
that provided that the magnitude [§+[ of at is sufficiertly small, the

+ .
sets Ri can ke written as

Y =0 =0 < N
i - — i
+ x * -
where r; s) are given by (3.3.37)-(3.3.39) with S?, ri s) and di changed
+
to SgA, r$+s) and di respectively. We next note that the equations

(+s)

defining the r, are of the form
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n¥ nw* n*
(3.4.8) )4 ¢ hT(ri*S%aT + I I hfk<ri+5))afa; +pt=at?,
je1 ) } 4=1 k=1 3
where hf(r$+s)) and hf (rf+S)) are functicns of r(+s), the z, and E*S),
J 1 jk . i m

—(s)

and b’ is a function of the =g and z

MFAi kL
(*s)

As for r,
i

+
m ¢ 3nd the a;. 00 Beasgxe OF

in section 3.3, we have

(+s)
or
+
(3.4.9) L |, =-nidah
da, a =0 3
b I Rl
and
. a2r$+s) fahﬂzr‘*s’) ar(+s)
(3.4.10) |~ =~ | J 1 i
) ] +8 + a+—0 a:‘*s’ 3a+ a+=0
a3%% 2 L9%31 x J27=
+, (+s) (+s) 7
Sy (x; ) 3xy -t @*?
8r§+s) aaf' a+=0 L
- J J-~ -~
Using the arguments similar to those in deriving Iiat and Iiaﬁa*'
j jk
vie obtain
(3.4.11)
Bia+ = -Ez z ceesZ 42,2 z
3 p+Ll Tp+2" 7T T TL 27" M pakk

=1, + - —
Sp-k*+l 1,+1 sp-k*+2 1,+1 sp 1,+1



[ I 1 1 fl
=(s) _, =(s) _=ts) F(s)_=(s)
Zp-kr41 70 Zp-k*42 Zp-k*+1 %p-1"%p-2
p-1
—(s) —(s) 2 ~—(s),, 2 —={s}
X (z )X (z e X7 (27 )XT(L - z z.7 )
1 p-k*+1" "1 “p-k*+2 1" p-1""1 jup-kt+l 3
+2 k* 2 + —-(s)‘ (+s)
-4, /2 -— -1 p 1 -z./2¢d 1 [,
< o/2. "% (a2 AT VA ST AkJ[1+ ]+
=p-k*+1 8aj a =0
—(s) —(s) ~—(s) _
dzp-k*+l zp-k*+2 cne dzp-l :I } ¢ (1 = 1 and 3),
(3.4.12)
B, + =-E
.saj zp+l,zp+2, c e ,zn
- DD
sl=—l,+l sz=—1,+1 s ==),%1L
1 1 1
{—(s)_ - —(s)_=(s) —(s) _=(s)
zl =0 22 —zl p-l p—
-1
2 —1s) (s) 2,=(s), 2,  FTt _s)
2 P (s) (+s)
-4, /2 -1l_p. /2 s d 22z Jr,
. M2 [d;:’]z . %e %y %Ak [ i ]
k=1 sat *=0
J -~ -
(s) —(s) ( .
z, 2 dzpf; | } ‘ (i = 2 and 4),
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(3.4.13)
B + == E
Saj zl.zz,. .,zp
> L o3
sp+l=—l'+* sp+2=—l,+l sn——l,+l
[ ‘fl J'l .1
—=(s) —=(s)_—(s) —(s) 7 (s)
zp+l=o zp+2 zp+l © Zp-1%n-2
n-1
—(s) —(s) —(s) —(s)
x (z )x ) ...x (z )x (L- & =z77)
1 @pe1 %1 42 n-1'"1 5mptl
2 n-p (s) (+s)
12 957/2 73 clromo /2 Skdsj Zax ][ °Fs
x e [ag"1 l I ge - +
k=p+l 3aj a =0

(3.4.14)
B, +.+
la; = - E
Jak Zp+l'zp+2'---rz rzllzzlo--rzp_k*
{'sp_k*+l=-l,+l SP__k_"+2 1,+1 Sp——l +1
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1 1 1

[ T
—s) o e T .gle) ~(s) 7 (s)
p-k*+1 p-k*+2" p-k*+l »-1 p—2

- p-1
—(s) —(s) 2,—(s), = «w =—(s)
X (Z * )X (Z * ) eeeX (Z - )X (l - 4 Z, )
1 %p=k*+1" "1 " "p-k*+2 1 p-1"M j=p-k*+1 j
k* - [ (s)
_df2/2 w23 1 P 1 /2 skd 2 Zpy
X 1/2 1 [d ] I - e
e e i 2
k=p-k*+1

K, 1 1.1 P f—() ETses WA U
x[[(z_-l)-TZ—5+—T Lo Sy® Az][ ¥, I+

a 2d; f=p-k*+1 2y a, a'=0
(+s)
3 r.,
]
da.da a =0
J k va
—(s)  —(s) =1s) .
X dz p-t+1 dzp—k*+2 e dzp_l J } = (i =1 and 3),
{3.4.15)
B, + - E
:Lajak p+l"p+“""'zn
{ Z Z PR Z
s.=-1,+1 s.==1,+l s =-1,+1
1 2 P
1 1 1
—(s) —(s) —(s) -(s)
[ f f f X EEE @ ol @ xg a- 'Elzj )
=(s) o glsdzls)  Zls) () =

1 2 1 Zp-1"2p-2
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i} P i} + /.?(s)
172 "9 72 4o 5TIr By Eay /2 s, 8,05 2,
X e e (a,”1 e

i i v : x 279

—(s) .=(5) —(s) . _
xdzl dz2 ee. Az P'l ] } , (1= 2 and 4)
and
(3.4.16)
2.+ +=-E
quak zl,zz,...,zp
sp+l=-1,+1 sp+2=—1,+1 sn=—1,fl
1l 1 1
f X3 EEIGESD G @I o T3
p+l 1 1
{8y F8) (s} ~(s) _—(s) - ®
p+1 p+2 ptl n-1 2n-2

gt n-p _ 2 < + Z(s)
12 95 /2 2 ZoClpom zAk/z $950%  Zax |
x [dg”] T Ze
2
k=p+1
+s) (+s)
n v or )
g [[(9—22 - _‘172- ) %4. ;;11: . Z+1 s“’;és) Ai‘,[ 35+ 35+ ] * o
5 5 *°P a 4 27
a2 (+s)



x dz

In deriving B

(S)

—(s)

dzp'*_2

«es Gz

—(s)
n-1

1}

3 J "
(3-4.17) Ez‘(zj) = zAj'
- J
(3.4.18) Ez_(zj) =1+ 22,
J .

R 3, _ 3 2 )
(3.‘4.19) Ezj (zj) = ( + zAj (4
- 4, 4
(2.4.20) Ezj (zj) = 3 + 62 + zAj’
(3.4.21) . > DY

s.==1,+1 sz=-l,+l sk=-1,+l
( (S))xl( z(s)) e xl(z(s))
+2 k
-4 /2 - -1 k -
« e1/2 o [d+2]2 [ 1 %e
j=
b —(s) ma/2 d nc
x[II [z.s] ] [ Il [s. z.s] ]
a=1 1a c=1 el Jc
(s) (s) -(s)
dz, d“k—l

2t and B atatr We can make use of

1 1
J I
E}S)=o E;S)=Efs)
.d+!§.(s—)z
s A A

LI )

87

1

J

—=(s) _=—(s)
Zy-1"%k-2
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b d
-Im-3%n
® d & _.c
cee I [ 1 (z,, ) %onc ] gty ¥t o

L A
i*=0 1%=0 13=0 “c=1 Je

X
2 2
* [“ 2x2+2i*(‘Ae)]
e=1 e

b a
+2
2 @[ ][ 1 oa]
x[x kt £ m+ § (ngH-g )42 & 1x ]a=1 Ulemy ©

where

a1l c=1 c e=1
k-1
20y e,
j=1
k=2,3,..0y

b,d=1,2,...,k,

il'iz""’ib' jl'jz""'jd are distinct elements cf {1,2,...,k},

m, =0 or even positive integer,
n, = O or odd positive integer,
o - 1 if m, = o}
a m_/2
a
I (2£-1+42i* ) if m_= 2,4,6,...,
1 a
f=1 a
and
1 if n, = 0 and 1
qc =
(nc+l)/2
I (2g-1+42i* ) if n_ = 3,5,7,...;
J (o
g=2 c
(3.4.22)
[ © [ k
2 2 2 +2 2
T T e.. X [ n 2y . x (2 )] Xptan k 54 (@) = X7 x 2 (d
13=0 {*=0 j%=0 Le=1 2+2:Le Ae k'+2 T le k', 5 er
1 2 k e=] e=1

where k = 1,2,... ¢nd k' > k;



(3.4.23)
~ o -] 2 k 2 2
I L ... [n 1% (4% -1)...(i% -r, )] [n PAUNT
i*=0 i*=0 i*=0 ls=1 s s Jg Jg | le=y ~2¥2i% Re
1 2 k
22 r +1
A
; s s 2 +2
=1 — X" . Kk oo @),
s=1 k'+2 T (r. +1), T er
s=1 s e=1
where
k=2,3,i0e¢
k' >k,

2 =1,2,....k,
jl,jz....,j2 are distinct elements of {1,2,...,k}

and r, =0,1,2,... ;
Ig

(3.4.24) [ ko
2.2 .
G P e®h? ) we®hae®
r' =0 1’ 1 27 2
ko k2+412-2
R B 2 v 2
= I L 2 Xoro: AN, (X)) ———
il=o i2=0 2+£il 1l 2+212 2 ko+xl+nzr2;l+212 2
’ (1+v) 2
(ko+kl+k2+211+212-2 )
X r 2
kl+21l k2+212 ,
I3 2

ﬂx

89

2 -
k"+2 § i*(
e=l €

d

+2,

¢
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where ko is an integer,

k k2=1’2,.a-,

1’

~A1’A2 are the parameters of the non-central xz distributions,

and v is a constant.

The evaluation of the approximations of Bi(QA,cA) using a computer

will be considered in Chapter 4.

Section 3.5 Region estimation in unconstrained nonlinear models

Consider the problem of finding region estimates for

(1) 9 .9 reeer8 _, vhere 1 < k* < p, when ¢ is known to be
p-k*+1’ “p-k*+2 p =
equal to 0o’

(2) 8 when ¢ is known to ke equal to Ip*

(3) ep—k*+1'ep—k*+2""'ep' waere 1 < k* < p, when ¢ is unknown,

(4) 8 when ¢ is unknown,
and

(5) 02 when § is unknown.

For each i = 1,2,3,4, let Ri(z) be the totality of values

9 /0

Op-k#*+1 ,.}.,eop (where 1 < k* < p if 1 = 1,3 and k* = p if

Op-k*+2

i = 2,4) for which Hi is accepted when the general m.l. ratio test is

‘carried out for the observed z,

l.€.
( = SM ) S(‘)
Rl E) = {ep—k*"‘l’ep—k*‘l'z'...’ep. (Bp_k*_'_l:ep_k*_'_z,--uep 9
< 2\2 }
—OO '(k*,d !
R,(z) = {g: S(8) - s(B3 < ox° }
2V2) = 19s v 9! _UOXP'a ’
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M -~
RyE) = (0, a8 enare e 81 O 11 uipeeeni®)) = 5@

- k* = e * -
_\_n_p b(g)Fa(k 28} P)}l

Ry(z) = {g. S(©) - 5B < B s@r,pn-p).

We next denote Rs(g) to be the totality of values cg for which Eg is

accepted when the general m.l.. ratictest is carried out for the obsexved z,

l.€Co.
2 2 2.2
: < .
o . S(g) =e Xn_p'a

Then Ri(g) can be regarded as a region estimate for the parameters in (i).

If the true value of ¢ is ¢ thern the region estimate Ri(g) will cuver

!
the true values of the corresponding parameters with prchabiliity Ii(QT,GT).
This probability isc an important quantity associated with the region
estimate Ri(g). Usually we do nct know this probability as we do not

know QT and Orpe In the case when O is known. to be equal to oo, we could
use Ii(§,00) to estimate this prcbability; Information concerning the
reliability of this estimate could be derived from Ii(gf,oo) where gf

a
are feasible Q in the neighbourhood of 9. The estimation of the prxobability

Ii(QT,GO) will be investigated in Chapter 5.
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Section 3.6 Inference of functions of the parcmeter vector based

on general maximum likelihood ratios

In previous sections, we have considered the problem of making
inference about subsets of components of the parameter vector 8 in an
unconstrained nonlinear model. In practice we may ‘also be interested
in making inference about nonlinear functions of this parameter vector 8.
For example, we may be interested in hypothesis testing and interval
estimation concerning n(£*,8) where &* # gu for allu=1,2,...,n. In
general we can denote these functions of 6 by

9),a ©),eee,
p -~

®p-k*+1 ~k¥+2

cp(?), where 1 < k* < p. We shall restrict our attention tc the ai(Q)

which have the following properties:

(a) ai(Q) are differentiable up to the third order:

(6} if k* = p, then @ = a(8) = [a;(9),a,(87,...,a, (@)1" is a one
to one function of 9; and if k* < é, then there exist
differentiable functions ai(Q), where 1 < i < p-k*, such that

the resulting @ is a one to one function of 8.

We now consider the problem of testing the hypothesis

(a)
H, "' that (¢.0) € QH(ia)

’

against the alternative
(a)
Xy

that (C!,G) c QK(Q) '3 (i = 1.'2'3’4)'
i

and QK (cf.

where QH(a) and QK(c) are respectively the same ac QH
i i i i
section 3.2) if we change 6 to o and 8 to dye I we can find the

expressions ei(a) for the ei in terms of a, then the model is one in which
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the theoretical means of Yy are n(gu,g(g)), where

0(a) = [el(g),ez(g).-..,ep(g)]T, and the problem of testing the
hypotheses Héa) is similar to that of testing the hypotheses Hi. In
practice, it is not nccessary to find the expressions ei(g) for the

purpose of testing the hypotheces H . We note that the appropriate

(a)
i
quantities wiiich nead to be computed are Q(go), §, S(Q(go)), s(§),

and SZ(a rees s P) which is the minimum value of S(8(a))

op-k*+1’ Zop-x*+2 o)

-~

with respect to @ where & are such that (g,co) e QH{a) . This could be
achievéd by using some technique qf constrained and unconstrained
minimization. The remaining quantities which need tc be computed are

the significance probabilities and the power of thz general m.l. rétio:tests.
To derive approximations of these probakilities, it suffices to express
n(gu,g(g)) as cubic functions of the &g = aj - a0j similar to (3.3.1),

as then the problem of deriving thece approximations under the parameteri-
zation é is similar to that under the parameterization §.

As ai(g), where p-k*+l < i < p, ere differentiable up to the third
order, we can obtain cubic approximations of the corresponding &; as
follows:

T

[t

*
(3.6.1) o, =

B,.t1t, + o(t3),
i j ~ij=" 73

[ e o]
o
ot
+
1t
1]

Po
tet
+

It o3

1 ijj
(i = n=k*+1,p=k*+2,...,p),
where B, = {bijk} and Bij = {bijk

As there exist differentiable functions c, (@), where 1 < i < p-k*,

2} are symmetric (pxp) matrices.

such that the resulting a is a one to one function of g, we can find the
numbers bij' where 1 < 1 < p-k* and 1 < j < p, such that the {(pxp) -
matrix B = {bij} is non-sincular. After finding these numbers, we

define
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. P ’
(3.6.2) a* = I b,.t, , (1 =1,2,...,p-k*).

Let Hy = {thk} be a (pxp) orthogonal matrixz such that Hy B is an

upper triangular (p#p) matrix E =‘{eij}. Next, let Yy be the ith

component of

(3.6.3) Y o= Hot.
Further, let éjk and ijl be the (p#l) column vectors whose ith components
are bijk and bijkz respectively if p-k*+1<i<p, and zeros if 1<i<p-k*.

Then from (3.6.1)-(3.6.3), we have

P T P oo 3

(3.6.4) Y. = L e,.t.+ £ E.t+ I [tE,.tlt, +o0(t”),

i 3=1 i3 3 < =i~ j=1 ~ =ij~" 73

(i = 1'2,.-.,P)'

where

By = o5k

Eyy = leggeet:
'hese e and e are respectively the ith components of H_, b.. and

ijk ijke “B Ik

Yp 2y

Let T = Et. Then we have

(3.6.5) t = E'T,

P P
(3.6.6) v, =, + TR+ I [TR . TI[ I e

'3
.1 +o0(t7) (4 =1,2,...,p),
1 ~ ~ij~ k=j k
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where

_ -l -1,
(3.6.7) R; = (E ) gi(g ) = {ri. Y,

jk
) _ =1 T -1, '
(3.6.8) Ry, = (E7)EET) = {rijkz}'
P .
and 3= (z 1.2)3/2 .
j=1

p k .
T T ik 3
3.6.9) T, =Y, -YRY- EIy(Ze R,.-2 I r . RJI)yly +o(y")
i i i k=1 j=1 ij j=1 ijk~j ~" 'k
, W= llzl--orp)l
p
2.3
where Y3 =(Z v,) /2 .

=1 3
Finally, by using (3.3.1), (3.6.5), (3.6.9) and (3.€.3), we can
express the n(Eu.Q(g)) as cubic functions of the mi*. In what follows,

we present these functions truncated after the guadratic terms:

p b p jljz ]~ *
(3.6.10) n(g ,6(a)) = nlg ,6(a)) + Z [ I L c.e ho. sle,

Su'~ - <u -~ ~0 ._ s o1 s = uj Bj, ) ]

j=1 jl 1 32 Jl "1 2
@ o - p p i3
+ () TiH (B LWice™a - T % c. e 25TR, mla* + o((@h)),
~ ~B "~ ~u~ -~B s 9 s s Uj ~B~j,~B" =

31—1 32—31 ) 2

p
where (a*)> = ( X (a;)2)3/2.
i=1
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Section 3.7 Hypothesis testing and region estimation in constrained

rnonlinear models

iIn previous sections we have considered the problems of testing
nonlinear hjypotheses and obtaining region estimates in the case when
the solution locus is unconstrained. In some models, for example
model; (a) and (B) described in Chapter l; the solution loci are
constrained. However, if the pcint P(QT) is sufficiently far away from
any houndary of a solution locus of these models, and the standard exror
O of the observations is sufficiently small, then we can still treat
this solution locus as being unconstrained, and cbtain inference based
on general maximum likelihood rvatios. Thus if the number p of para-
meters is at most two, then we can first attempt to display the first
p rotated coordinates of the points in the solution locus of a constrained
model (c.f. Fig. (1.1.1l) and {i.1.2)} in order to find out in what way
the sclution locus is constrained; We can then attempt to judge, from
tlie point P(§) and the value S(§)/(n—p), whether the model could be
treated as being unconstrained for statistical purposes.

In the case when we cannot treat the constrained nonlinear models
as being unconstrained for statistical purposes, thre problems of hypothesis
testing and region estimation are still open questicns for most of these

models.
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CHAPTER 4

DERIVATION OF APPROXIMATIONS OF THE PCWER OF

THZ GENERAL MAXIMUM LIKELIHOOD RATIO T=STS

USING A COMPUTER

Section 4.1 Intrcduction

In Chapter 3, the power functions Bi(gA'OA) of the general maximum
likelihood ratio tests for the various nonlinear hypotheses (c.f. section
3.2) are approximated by series expansions truncated afier some finite
number of terms (;.f. (3.4.7)). These trunca;ed series expanszions can

also be written as .
(4.1.1) Bi(QA,UA) = oy + 8
where
n p DO
eil) = I I I B,

and

@ _y ° » B P P P

Bl =2 ¢ x & = X S
i 4 = L = 1 = =9 l J k h')] k
hy=L hy=1 §,=1 k =3; 3,=1 k ahljl lahzjzkz 19151 7232

In this chapter, we consider the case when i = 1 and 2, i.e. the casa
in which the corresponding hypotheses are concerned with une or more

cocmponents of the parameter vector 8 when ¢ is known to be equal to ¢

o)

An outline of how the approximate values of the corresponding Bi(QA,UA)-

can be calculated is as follows. Initially we hzve the model and the
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*® 3 4 =
values k%, (90,00) and(@A,GA), where in this case UA 00. We can
next calculate the values n(gu,QA) - n(§u:90) and tie first and second

. . . . _ a
derivatives cuj(go) and cujk(go) ?rom the values n(g ,8,)-n(g .8.)
we can calculate z, (c.f. section 3.4), and from the values cuj(Qo)
and cujk(go)’ we can calcula?e ik (c.f. section 3.3), where

h=12,...,nand j,k = 1,2,...,p. Then from the values o.,

]
+2 _ .2 2 (1) (2}
d;” = Ky o OF xp,a' z, and the 235k we can calculate 8,”" and B.
(c.f. ¢3.4.11)-(3.4.16)). With these values of Bil, and B;z), the

approximate value of Bi(gA,cA) can be found if we further calculate an
and the right hand side of (4.1.1).

For the purpose of illustrating how we can use a computer to do
the algebraic manipulation and calculation involved in finding

Bi(gA,GA), we shall not consider all the calculation outlined above.

Tnstezd we assume that we already know the values of

(i) n, p, k*,

(1) o, »
(111) &,
(iv) z,
and (v) the 35 ik’
and we wish to calculate Bil) and Biz). There are two.stages in the
calculation of 851) and 3i2>. First we derive alrebraic expressions

(+s)

for the first two dcrivatives of r; (c.f. (3.4.9) and (3.4.10)). The

details of this derivation are described in sections 4.2-4.11, and the

programs for actually deriving the derivatives of r;+s) are given in
Appendix 3. We then make use of the derivatives of ré+s) and the
(1) (2)

equations (3.4.11)-93.4.23) to calculate 8 and Bi . The programs

for deriving Bi(QA,cA) in terms of aA,Bil), B£2)

i
and g, are given in

Appendix 4.
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Section 4.2 Representation of algebraic expressions by one

dimensional arravs in a computer

We note that the algebraic expressions that we are dealing with
in derivirg the coefficients Bia+ and eia* + are mainly sums of a

3 3
numberr of terms each oi which is of the form

: m zi
constant x I B
; i
i=1
whare m is a positive integer, 2i are integers and Bi are symbols which
ara common for all the terms. Each term can be represented in a computer

by storing the corresponding constant, 21,22,...,£m in one dimensional

arrays.

Section 4.3 Algebraic maripulation done on a computer

The addition of two terms with the same values of zl,zz,...,zm
can be achieved by adding together the constants of these terms and
storing the sum of these constants, as well as zl,zz,...,gm in one
dimensional arrays.

The multiplication of two terms represented by

constant A4, zAl'iAé""'zAm
and
constant B,

zBl'”BZ""'zBm

can be achieved by calcuiating

constant = conetant A x constant B

, T QBiI 3y =1,2,...,m),
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and storing constant, £., &,,.-., & in one dimensional arrays.
2 m

1

. . . DA . +2 , )
Section 4.4 Representation of the equation Sl (E) = dl2 in a computer

The case when i = 1 shall be chosen to illustrate the ideas behind

the derivation of B at and B, jatat’ where 1 = 1, 2. Suppose we are
3 3%k

interested in finding Bl + ' Bla and Bla+ « To find

i31% 1x39%, 13,k 1 2j

these coefficients, the equation

+2

(z)] + + + = dl
all components of a’ other than a, ., ; and a, . are zero

) 1% 2

DA
s,

is first represented in a computer as follows

(i) set II to be 1,

(ii) £find out the IIth term (in S (z)) ‘containing a+

+ + 13
+
a, . or a, . al . . s
1,3%, 130k 453y

(iii) a term found out in (ii) is of the form

m
constant -4 1 222 caea Z n X aI L ; 2
131%y 1235%,

and can be represented in a computer by storing

constant in AC(II),

21p2 p---,ln in AZ(11,1) ,AZ2(11,2),...,AZ(II,n)

2

1772
(iv) Increase the current value of II by 1 and ccrtinue the process

same as for II = 1 until all the terms {(in SgA

+ + + +
a, . , a, o or a, have been found out, and
i3k 3% i3k 1535k,

(E)) containing
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represented by storing the appropriate values in AC(II),"

Az(11,1), Az(11,2),...,AZ(II,n),AA(II,1),AR(ITL,2).

Section 4.5 Representation of the equetion

SDA(z z z s r(+S)ES) S £T+S)E;5
1 51520t %pokk Ppkrel 1 “p-k*+l Tp-k*+2[ 1 “p-k*+2,...,

+5) =) _ L*+2
N zp'zp+1,zp+2,...,zn) = dl

in a computer

For each II, store 1.0 in each of SIzZN(II,l), SIZN(II,2),...,SIZN
(II,p-k*), SIZN(II,p+l), SIZN{II,p+2),...,SIZN(XYI,n) and CER in

SIZN(II,e) for e = p—k*+l,p-k*+2,...,zp, where
1.0 if AZ(II,e) is even

-1.0 if AZ(II,e) i ocdd.

Further, store [AZ(II,p-k*+l) + AZ(II,p-k*+2)+...+ARZ(II,p)] in R(IT).

Then the terms in

[SDA (z,,2z o] r(+s)2s’ s r *s ES’
1 P1rFarc et rfpyetFpopxl [T1 0 Fpk*+l Tp-kr+2/71  Fp-kx+2’

, (+s)—= ]
sve S _ | zZ ¢+ 2 rZ I"-Iz_)
P/t P ptl pt2 a all components of g+

other than aI 5 x and
at | X 17151
1232%

are zero
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involvin a+ or a+
g 3 i .k

. are represented by
H3:% 2722

Ac(II),Rr(II),3IZN(II,1),AZ(11,1),SI2ZN(1I,2),AZ(I1,2),...,SI2ZN (I1,n),

AZ (II,n),AA(II,l1) ,AA(II,2)

where II = 1,2,...,IIMAX and IIMAX is the total number of such terms.

Br;+s) , 3r{+s)
Section 4.6 Representation of -—1r' S huremns
d9a, . +_ da, . +_
S EI LA NP PL N i
a2r(+s)
1 .
and in a computer
3al . . dal . +
i35k ia3gk, {270

By using (3.4.9) and (3.4.10), we can obtain this representation

straightforwardly from the representation of the equation in section 4.5.

Section 4.7 Computation of B, _+ and B. 4 + in a computer
13; 3.k a2y 5.k %1 3.k
1711 17171 *2d2%2
By using (3.4.11)-(3.4.23), we can find the vaiues of 81a+ and
i j.k
Bla+ + from the representation of the derivatives 11l

. a’ , . :
i3k 130%

in section 4.6.
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Section 4.8 Partition of the set of zll possible af. into subsets

ijk
such that in each subset, different aiﬁk have similar
expressions of B, _+
1245k

It is not necessary to derive all the Bla+ because different a:jk
. ijk
may have similar exproessions of B-a+ . For example for the case when
ijk

k* > 2, p~k* > 2, i ,i_ belong to STz = {p-k*+1,p-k*+2,...,p} , g3,

- 1
belong to ST = {1,2,...,p-k*} (note that ST3 = {p+l,p+2,...,n}), L 0#4,

and j1 # j2, we have

P '2

2 2 42
(4.8.1) B, _+ ==z . (1+2z )x', (d,7), where X = Tz .,
lay 3,3 All Ay k*+2,2 j=p=k*+1 A)j
1°1°1
and
_ 2 2 L2
(4.8.2) BlaT .= zAiz(l 4 zAjz)xk*+2,A(dl ),
123232
and these expressicas can be summarised by
(4.8.3) B+ =1L, U.d/k, G=4,,473 =13/, k=73;.3,1 3 =Kk,
ijk
I _ 2, 4,2 - .42
where £,(1,j,k) = -z,,(1 + zAj)X k*+2,1(d1 ).
We refer to aT . and aT . as being in the same subset provided
i.i,k i,j.k
1°11 27272
that il’iz belong to the same STi, (i = 1,2,3)
jl,jz belong to the same STi,
kl,k2 belong to the same STi,
and if the expressions of 8, 4+ and B, + are represented by
lay j.k lag 3%
1"11 27272

fll(il'jl'kl) and flz(iz,jz,kz) respuetively, then fll(i,j,k) = flz(i’j’k)‘



104

) DA
It is straightforward to see from the expressions of S; (2) that the

and a

i

to be in the same subset

“ ¢

(i = 1,2,-;-'6);

sufficient conditions for az 3.k
1°1'1
are that
Jp(l,i) = Jgp(2,1i),
where 1 if im € ST1
JP{m,1) =9 2 4if im e ST2
3 if i e SsT3
m
. 1 if jm e STl
JP(m,2) ={ )
2 if 3 € sT2
m
1l if e STl
JP(m,3) ={ km
2 if kx_ € sT2
m
’ rl if im = jm
I (m,4) =1
0 if i # i
1 il i =k
JP {m,5) =<[ n m
~ c 4
o it in # km
and .
1 if jm = km
JP(m,6) ={
o if g # km

(m = 1,2),
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Section 4.9 Partition of the set of all possible tal j.x ,aI

. )
121%0 *232

K,

into subsets such that in each subset, different

+

(ai

) have similar expressions of B, + -+
la, . a..k

+
a

ik i 3.k
"1l T2R22 13Kk 230K,

£ 8
As for 1a , we refer to (a - 12312 12) and (ai

. ’
ijk 19 21921521
+

a, . )} as being in the same subset provided that if the expressions
122322%22

of Bla+ 2t and 81a+ 2t are represented by
1310k 112910k 11921%21 122722%22

£21(dy073090Ky g0t 503 50K 0) and £55 (450035 ikyyedyedgyrk

then f21(1l l,kl,lz,jz,x ) = 22(il,jl,kl,12,j ,k ). It is seen from the

expressions of S (z) that sufficient conditions for (a

(i

22 ) respectively,

+
L} a. [

N 11030381 1103104,
and (a . a, . } to be in the same subset are that

1,1301%01" 1pp350%as

)

Kp(l,i) = Kp(2,1), (i=1,2,...,21),
where
| 1l if iml € STl
KP(m,1l) = 2 if iml e SsT2 . m=11,2),
3 if i _ € sT2
ml
' 1 if 3 € STl
KP(m,2) = { ml
2 if Jml e sT72 ,
1l if kml € STl
KP(m,3) = {
2 1if ® € sT2 ,



KP(m,4)

KP(m,5) =

XKP(m,6) =

kP (m,7) =

KP(m,8) =

KP(m,9) =

KP(m,10) =

XP(m,1ll) =

XP(m,12} =

—A——

{

ey

ol

if

if

if

if

if

if

if

if

if

if

if

if

if

if

if

if

if

if

if

o

ml

il

€ STl
€ ST2

€ ST3

€ STl

€ ST2

€ STl

€ ST2

Jml

ml

‘ml

m2

m2

m2

m2

ml
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and

KP(m,13)

KP(m,14)

KP (m,15)

KP (m,16)

¥P (m, 17)

KP (m,18)

KP (m, 19)

KP (m, 20)

KP (m,21)

——NN—

if

if

if

if

if

if

if

if

if

if

if

if

if

if

if

if

Jml

jml

Jml

jml

Jml

Jml

kml

ml

ml

i
m2

J‘m2
m2
m2

Jm2

Jm2

m2

m2

Jm2

Jm2

kmZ

km2

m2

m2

Jm2

Jm2

km2

m2

Jm2

J m2

m2

m2

m2

# km2
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ar§+s) 8r$+s)
Section 4.10 Proqgrams for deraiving n x +*
3a da, . +
Lhhky,  ixik, |2=0

The programs for deriving these expressions are programs PARTIT
and POWPRO, subroutines POWSUO, POWSUA, POWSUB and POWSUC as shown in
Appendi# 3. Note that these programs can also be used to derive the
evpressions for the case when k* = p. Further, if POWSUC is replaced
by SIGSUC (c.f. Appendix 3), the resulting set of programs can also be
used to derive the approximations of the probabilities Il(QO,U ) and
Iz(go,co). These probabilities aire equal to Bl(Qo,Go) and BZ(QO,UO)

respectively.

ar{+5) ar{+s)
Section 4.11 Expressions of n y
sa da +
=0
i)k 13k, 229
a2r(+s)
and 1
aa; 3.k aa+ : % _+=g
1715 132

Each of these expressions has one or more terms. Fach term is of

the form

2
2 2 2 2 — _k*..'.l
constant  [a'] °, 1.2 p-k* Ig 1 °F
Zy %2 ¢ Ppogx p-k*+1 p-k*+1'

D k*+2 [
[ L) 1P F p+l foe2 , P
p—k*+2 '\—k*+2 L‘+1 p+2 A n b
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These terms obtained by using the programs in section 4.10 are presented
in Table (4.11.1)- Table (4.11.20). The numbers in columns [1L] to [31]

of a table are the codes XP(-,°) for the suicsats containing elements

whose correspending expressions are norzero. The subscripts il'jl'kl'
. ' + + :
12,32,k2 of a typical element (ailjlkl,aizjzkz) or a subset are in

columns [5] to [10]. Each number in column [2] is the total number of

terms of an expression. The numbers in columns [3] and [4] are respectively
20 and constant. Each number in column [i;] (where i; = 32,34,36 ard 38)

is such that if it is j+, then the number in the next column (i.e. column

+ ' 9’k+
[il + 1]) of the same row is 2k+ of z + where

- il if j =1
j, if it =2
(4.11.1) k' = < K, if it =3
i, if 5t =4
Jp if it = 5
.+

and il'jl'kl'iz'jz'kz-all belong to sTl. All values of 21,22,...,2

other than those in columns [33], [35], [37] and [39] are zeros. These

p-k*

; : .+
values are not presented in the tables. Each number in column [12]
+
(where i2 = 40, 42, 44 and 46) is such that if it is j+, then the number
. . s)f'k+ + na 5t
in the next column of the_same row is 2k+ of Sy 4|21+ where k and ]

are related as shovn in (4.11.1), and il'jl'kl'iz'jz'kz in (4.11.1) all

belong to ST2. All values of 2p 2 ,...,lp other than those in

—k*+1" “p-k*+2

columns [41], [43]}, [45] and [47] are zeros. These valiies are not
presented in the tables. Each number in column [i;] (where i; = 48, 50,

52 and 54) is such that if it is j+, then the number in the next column
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&
-+
of the same row is zk+ of =z t+ whexre k+ ana j+ ave velated as shown in

. T -

(4.11.1) and 11,31,kl<12,j2,k2 in (4.11.1) all belong to_ST3. All
L

values of lp+l: p+2

and [55] are zeros. These values are not presented in the tables. Fox

,...,zn other than those in columns [49], [51], [53]

example from Table (4.11.1), we get

.\r(+S) . 4
T2 4 () 2
A ——— = *
o o 4a3 [51 Z ] Zy
3211 ]2 =%
ard
ar(+s) ar(+s) i 4
2 2 _ 4 (s)
= 4d* s, |z ZnZm o
aa+ aa+ a+=o 2 V71 2”3
L 211 311 -~ -
While from Table (4.11.2), we get
[ 2_(+3)
3%x 4 2 —_4
2 sl S| _ aqe2l[. =0 2 20 Fls)] . 2
[ v = 243 [sl/zlt j] 8ds [slﬂzlt ’] z2 + 8a3 [sljzl ] z5
da +
211 la'=
and
I .2 (+s) 4
9 x 2 *2 {s)"
2 - —Sdgz[é jz}ui]zzz3 + 8aj [slle | 223 -
3 + + + Ji 2
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Table (4.11.1) Representation of the terms in the expressions of
the product of the first partial derivatives of r§+s) for the case

when p=l1 and k*= . -
i I"Iﬁ'o 4,0 sz?Tf“3223§2n01001011011001 GO00N000 2460GL000 12000000
2 1 4,0 4.0 211313 $22522000001033011001 00030000 29000000 114108LY

Table (4.11.2) Representation of the terms in the expressions of

the second partial derivatives of r§+s) for the case when p=1 and
k*=1

8,0 2.0 211211 322322001001011011001 0040000 24002000 00BOCOOL
2.0 3.0 211211 322322001001011011001 40A0ECO0 22000000 12000R00
2.0 8.0 211211 322322001003011011001 00309000 24000CLC 12060CGC0
2,0 =80 211311 3223220000601011011001 00006GJI00 22000000 11410000
2,0 8.0 211311 322322000001011011001 00000GO0 24000000 11410000

EUN -
NN O

Table (4.11.3) Representation of the terms in the expressions of
the product of the first partial derivatives of r{*s) for the
case when p=2 and k*=1 '

-
<
&
L]
=
~o!
—
-
n
—
-

211211ynlapinlinllogl 2un0n0o00 12900000 GO0N0ECH
211312 2113120000110l 006000 232000060 1200080 41002704
4,0 211322 211322q006111000u000an1 22000000 13000000 100D
16,0 312312 3323%312p01n0n0)000lang 22g0ugan0 320nn0an 120napC0
B,0 312322 312322ap1gannnonnilanl 21g0an0n0 32anannn 12000nCCe
0 322312 322312an10p0inolanciony 51090060 23000009 12000000
0 322322 322322g01nn1pllallnnl anrqgnnnno 24pndonn 120nnn00
0 312412 312312ag0n0nplonglaong 22900000 32000000 11%1pp00
0
v
o

e« s o
o0
)

w

.

[=1

T O o00D

312022 31232240090 600u0110n1 21000000 330ennpn 1141000
322412 222312y90a010n10Cl0nn 51308000 23unonnn 11410000
322422 322322p003010110ltnnl pnananno 24%o0nanan ti%ianfl

- I DMNNNE NN -

Pl et heh et et ed b s A d pes
E WU EWLUNDWNON

g
=

Table (4.11.4) Representation of the terms in the expressions of

the second partial derivatives of rf+5) for the case when p=2 and
k*=1

1 3 0 <2,0 213211 211211nnignicllnlindl 2uannnp0 nouoenc0r 0nonondC
2 3 2,0 9,0 211211 211211an100191lgllanl 22009000 12000000 OnnoNGEC
3 3 0 9.0 211211 211211gn19a1c11a119a1 2491931000 12060000 0000CHTY
8 1 1,0 8,0 211311 211311anpaniolinllanl 22Gdonau 110an500 “100ned0
5 1 0 -R.0 211312 2113125000l 1al00lannn 23400000 120nacan Y1gnpen?0
6 1 1,6 -h,0 211322 211322ann111000000n091 22500000 13nannon 41005052,
7 2 1.9 4,0 311312 311%120010n1616019000 27994000 61076696 000Acsel |
8 2 1.0 -8,0 311312 311312901951 6120Y1900 21902000 €1006000 12000097
3 1 2,n 2,0 311322 311322a010n1000000021 229900600 S200n000 00000nC0
o 2 1,0 9.0 312311 31231lantaancllgnnanl 23969000 31003000 nonngs”o
11 2 1,9 -2,0 312311 3123115¢laca511a9r0nl 2vag0000 31005200 12002300
12 %  2,n0  A,u 312312 3123120nlaganlgnglann 2Zansann 320an29n 06annntt
13 4 0 -R8.,0 312312 312312n9lnnennlanplang 22000000 nNONANAON 12000053
14 4 2,n =R, 3123172 312312aalyannliaglagnn aenoanan 32aagnan 120nn0%5%
15+ 4 6 16.9 312312 312312an19nnnlgnolang 22a3annono 320nu000 120n6r"0
16 3 3,n 4,0 312322 312322n313arnpualianl 21agnone 33aangan 0o0oase?U
17 3 1,0 -A,0 312322 212322aa010anr00allpel 21002000 31090000 12pnrn"C
ia 3 1,0 12,0 312322 312322n0l19raancallngnl 21a0q600 33aacc0n 1?200np2%
19 1 2.0 2,0 322311 322311anlanigannananl S2annnnn 22an0rion nnogegnC
2p 3 3.0 u,gy 322312 2:2312aalnloaliodlann 3ianaano 239naCen 009nontl
21 3 1,0 -R,0 322312 322312anlanlopla0lnng S1000000 210anann 12ngnatD
22 3 1,0 12,0 322312 322312anlactantanlang 51996000 230eng00 12000700
23 3 4.0 2.0 3223522 322322n01anlallallnnl nannnnno 2sanncae pannan’s
203 2. g 7,0 322322 322322pnlanianllalinal aannpang 22aa0rng 12099090
25 3 2.0 8,0 320322 222%200tanlellallunl nroooned 240n01an 12aane”U
26 1 1,0 =%,0 311412 3113120n0)0%010910900 2106360730 61025709 11417370
27 1 1.0 -2,0 312411 3123119027000 1093001 21009000 310000 40 1141 n00
28 3 n =08,.0 312412 312317g00aenolanalann 22a0n000 nopnnanfun 11410070
29 3 2,0 -%,0 312412 3128120pnannnlygantiaggn nennnnad 3201annn 11410000
30 3 6 16,0 512612 31231%ang030addna0lnas 22006040 326190600 114 1achn
31 2 1,0 =8.0 312622 312322anpg0n06aallgal 216500000 31000009 11419000
32 2 1,0 12,9 312422 3123220nn001n60011aa91 21000000 330n0q00 t141ppn0
3 2 1.0 =7.0 322412 322312an004010016010a0 »1000000 210annun 114 1pp0e
3y 2 1,0 12,0 322412 223120000100 001 900 S1ann000 23unnnon 1181aa08
35 2 2.0 -R.0 322027 322322640na01011911061 n00nanon 220nnnun 1181a(00
3 2 2.0 Rou 322422 322322000001 01101)ng1 noana0no ?Hasnnnn llﬂlnwﬁﬂ
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Representation of the terms in the expressions of

case when p=2 and k*=2

for the
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Table (4.11.6)

Representation of the terms in the expressions of
the second partial derivatives of rﬁ*S)for the case when p=2 and

k*=2
1 3 4.9 2,0 311311 322322g901001011011001 90009000 29090600 00pnannO
2 3 2,p -B,0 311311 322322pptaninlipllonl onnnpne0 220nnpoo 1200np00
3 3 2,0 8,0 311311 222322nn1901nlt0110nl 9nnncoed 25000290 120004600
4 3 4.0 4,0 311312 3223%22pn1g9tn1n0lnonn 0noaoorn 235410000 000nneG0
5 3 2,0 8,0 311312 322322ap1n0tplantndny 0n00nR000 21510090 12pnnend
6 3 2,0 1A,0 311312 322322p010n101001n0nn nnpo00CN 2351an0p 1290000
7 2 8,0 2,0 311322 322%22na10010050000a) anP0ANNd 22571500 0npnn500
&2 2,0 A,u 311322 322322nn10n1000n00001 Nan0n0no 2252n9an 12p0nnn0
9 3 4. 4,0 312311 322322g01nn0nllnnononl onocnnnn 23310000 onooonC?
1g 3 2,0 -3,0 3172311 322322n¢13n00310na0n1 Na000ano 2131n09p 120n0n00
11 3 2,0 16,0 312311 322322g9p1anngtinonoatl 0n0agnen 2331annn 120nna00
12 4 8.0 8,9 312312 3223225901annn0100910n0 Nanoaonn 2232pg00 gpooaeato
13 4 2,0 -8,0 312312 322322091 annalnaglnat anonann0 220aanun 12gnondl
16 4 2,0 <B,0 312312 322X229n19nqarl0001Ang nannnary 32¢annan 12anerN0
15 4 2.0 32,0 312312 3223224n1n0n016403000 0ngonnro 223%an0p 1200000
16 3 4, 4,0 312322 3223%2gntgannnenllcnl 9agnnceo 1335030 0onncof0
17 3 2,0 <B,0 312322 3223%322pg10nnn00altoal angonont 213104600 12000000
18 3 2.0 16,0 312322 322322pn1n9necanligal aanaoncen 2133%n0pn 12nnan00
19 3 4,0 4,0 322312 322322n0lnnlorlaulonn nagoanng 5123%nppa 00000009
ep 3 2,0 8,0 322312 3z2322n013Mania0inrn ne3onnco S121nnag 12060406
2 3 2,0 16,0 322312 322322q010010010030G¢0 nnd0oa0coe 51236200 12pnan"0
22 2 2,0 -A,0 311811 322322qg00ani¢llollyal 00nanoeo 22006000 114100760
23 2 2,p A, 311411 32232200p00)011n1lGnl 0r0fnnco PY4nanpgn 114%1paa00
24 2 2.0 ~R,0 311412 322322;500an101001000n 0AnaNGan 21613000 1341qa00C
25 2 2.0 1,0 311812 322322gnngni1glanlaonan Qpannogng 2341nann 1i41nanu
26 1 2.0 A,p 311422 3223224000n010G0N0n0a1 NAN0J0ACO 2252nnpp 1141qgp0a
27 2 2.p -Bf,0 312411 2223220upacnnlin0annl arauone0 213inena 11815309
28 2 2,n 16,4 312411 3223220an00rullgonnnl ganonoen 2331p0an 11410300
23 3 2,0 <t,0 31217 2A22302naggunnlnnglonn andnadnr0d 220cnngn 11%1arpd0
3n 3 2.0 <8.0 312812 322302nganreplonplaen annanonh 3290pa00 1191pa00
31 3 2,0 32,0 312412 #22322quonanplonnlonyg nngngorg 2232n6np 11410600
32 2 2,0 -B8,0 312822 3223220n09000r0011001 An0te0nn0 2131n0pp 114)paN0
33 2 2,0 16,0 312422 322322000400 590010001 Aaannenp 21%%rcan 11410000
g 2 2.0 =B,0 322412 322%22q00000tuntaplonn auannnee S12100gn 118%1a900
3h 2 2.n 16,0 322412 322322ppnunignlaolnnn 0nq00000 D12%annn 11410000




Table (4.11.7)

the case when p=3 and k*=1
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Representation of the terms in the expressions
of the product of the first partial derivatives of rj

(+s) for

— . -
1 1 2.0 B, 311311 2112110n1antaltnllanl 24n0a000 12aan0nf gnoennl0:
P | 2.0 8,0 311312 211211gnlanintualngne 23510000 120000¢0 00000000
31 2.0 4,0 311322 211211nalapigennaonat 2252a0a0 12000000 00000400
41 2,n  #,0 312311 211 3a010g0utlacant 2 lanns 120a0000 C60eCGYD
5 1 2,0 1A.g 312312 21121aalaaroloaninng 2252e0n0 12000000 0Npnnn00
6 1 2.0 6,0 312322 211211nalonocnnolleal 2133n0n0 12000000 0on00oh0
T 1 2,0 A,y 372312 211211aglonleulonlong H323nap0 12000090 000nooB0
B8 1 2,0 -A.,0 311413 211312n000t10t00Yagan 232000060 12070000 YtapnafiD
9 1 2.0 8,0 311823 211312pn00ttoucnonnns 22%ta0nr0 12000000 Y1a0pnftl

ip 1 3,0 -4,0 311433 211322000111 0090000001 22000000 13003600 ‘tlooe000

11 1 2.0 -16,n 312413 2113129y001n01000a0n0 22310000 12000000 41000900

17 1 2,0 -16,0 312423 211312000010000010000 21320000 12000000 41006000

13 1 3,0 ~9%,0 312433 21132200011000000000) 21330000 13000000 Y1g0nglY

14 1 2,0 16,0 413413 31°31Zpolnunnloonlon0 2200n00u 32000000 12000000

15 1 2,0 16,0 413423 312312n01000000001an0 21510080 32000000 12000000

16 1 3,.n 8,0 413433 312322n001000n000110a1 21000000 32000008 12000000

17 1 3.0 R,u 433413 3223124nlgoincto0inno 51000000 2300ncnn 1200000

18 1 4 4.p 83343% 322322001001 ntlollynl napaoac0 240n00nn 12000n60

19 1 2.0 16,0 413513 3123120009an0l10n0innn 2260n0a0 32000000 114310000

20 1 2,0 16,0 413523 31231200029n000081000 2151n0n0 32000000 114910000

21 1 3.0 B,0 413532 3123229c090000001109Y 21000000 3300000 11410000

22 1 3.0 8,0 433513 3223120u00a1001001000 1000000 230000nn 11%10000

2% 1 4.0 4,0 433533 3223229900n1011011001 0pNONNQOO 24000000 11410000

Table (4.11.8) Representation of the terms in the expressions

of the second partial derivatives of r1(+s for the case when

p=3 and k*=1
103 0 -2.0 311311 211211gnlaningllallnal 24000000 QNONNA0O0 00000670
2 3 2,0 8,0 311311 211211galnniallnlinnl 22nacac0 12nnpncun ooonnron0
3 3 0 u.p 311311 21121100t ntinlignl 2390nhgQ0 12000000 0nnQOCIC
4 3 0 4,0 313312 213211an10atntu0lnnna 23514000 0000NCUO an00ONAC
S 3 2.0 A,0 311312 211211aanlealinilnnlaong 2151agac 12000GC0 000nenC0
6 3 0 8.0 311312 2112119n1n9a1nl0nlagnn 23 1ngac 120nnGan 00000000
7 2 0 =2.0 311322 211211palanig6oannonl 22524000 a00nn00n 0nnngs0C
8 2 0 4,9 311322 21121lantgnlpoo0n0noal 2252pnn0 12080000 000n0e0C
9 3 0 =4.,0 312311 21121ln0lannntlinangal 23310006 600nad0n 0aananno
ig 3 2.0 8,0 312311 211211aplgan0llanapnl 21 3lannc 3201a0¢00 00000GN0

1 3 n 8,0 312311 2112119n1nnnatilngnngl 2331aann 120annog 0000nNTS

12 4 n -8,0 312312 21121laniananlnnglong 2232nan0 o0o00nngno ononnndC

12 4 2.0 A,0 312312 211211nnlannnlgnolann 22a0n000 12nn9eng 000nn0AY

14 4 2,n A£,0 312312 211211na0100n0100916n0 32001060 120080000 0ngnonhQ

15 4 n 16,0 312312 211211a91n0nnlnnoloan 2232n0n¢ 120900un 000n0CNT

16 3 0 =4.0 312322 21121lgntannponnliignl 2133agnn onanncupe angnpn0@

17 3 2,0 8.0 312322 211211nnl009n300linnl 21310000 12006006 00000NNC

iR 3 0 R,0 312322 211211gplgunonnilianl 21330000 120ranun 0Q0NOECNG

19 3 N =4,0 322312 2112119919n1001001n90 S123anna nooangan 0n0nnndd

2n 3 2.,n R,0 322312 211”21lunlnntenloninan S121a0nc 12gnnc0n 0000903GC

21 3 0 8,0 322312 21121ipalonigclanlnan 5123nnne 120r0000 Q0ONNNAIN

22 1 1.0 R,0 311411 211311399001 011al1aal 22a0a0p0 1102000 41000000

23 1 1,0 8,0 311912 211311na0001610010000 21516000 11annnno 41n0naCS

24 1 0 -A,0 311413 211312apnattatnalinnn 230nn0eo 12000000 “1nann”d

25 1 0 =8.0 311423 211312a9n01)1000000000 2251000 12000006 41000000

26 1 1.0 =6,0 311433 211322900113 060000001 220npnn0 130rnean Y1009000

°r 1 1,0 A,0 312411 211311qgananngliconanl 2131carn 110527000 410nncH0”

en 2 1,n 5.0 312412 2113 ynngnnnlanndann 22n0nrnro tinnnnun 41gonncd

29 2 1,0 A, 312412 21131 taanqanalannieig 22auenro 11000000 410anann

3p 1 n =16,0 312413 2113512n0nnlneton0nann 22310000 12000600 ﬂlonqnﬁq

’
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8.0 312%22 211311agednaoonoliand 21310006 17009000 Y1gnopnU
-6, 312423 21131200601 6000010000 21320000 12000000 41000000
~12,0 312433 211322n0011a9c0ran50001 213100600 130n0ran #1gannnt

27412 21131 apnantoglyggioag S121a0n0 110nccan Y3panpa
411413 311312001 0c¢101n001009n 23004000 &10nA0ND00 DOONORYT
411413 3N312gntagiclonlanng 21900000 610anonn 12a00n00
411423 311312nnlantpovooanan 225lgnno é1onaabn 0nonpnl?
411433 3113220010n1p000000001 220nnn000 2000060 0000NNNG
412413 3t11312nnlanpgnionnnean 2231anen Alonnnne ooonpadnd
412413 311312qp)anrrglaoonnan 31000600 610600000 12000000
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413413 312312a91000010001030 22600000 32¢nn0ut 00000000
413413 312312anlannaloo0loan 22anp000 anpnnonn 1200000
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«8,0 413433 312322001 900000011001 21000000 31000000 12008000
12,0 413433 312322001000000011001 2130anpo 33pnacoo 12000020

8.0 423412 312311n0lananginonnno S122n0n0 31000000 QOONONGO
<8,p 423412 312311anlg0no0igooonn S100a0n0 310a0nn0 12000000
433411 325311n02001000000001 52n9n0a0 27(AN0U0 00BGAONU
433412 322311anl9n1npoo0nann S16lrone 22000000 0NONOGNDY
433413 3223120nl1pnigntoninn0 S100n0n0 23000000 0NNNGONGC,
433413 3223129nlgninnipplern S100n0r0 210q000N 12000000
433413 322312n0lgnignlp0lnn0 S100a000 230n0nu0 12000000,
433432 32232239n1001n11n1lnnl gnnonnng 240an00n 0NRNpN0O
433533 322322601n01511511001 91000000 22040600 1200001CH
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411513 311312910001010010000 21000000 61000000 11410n0C,
412513 311312000000010000000 31000000 A~1oennnn 11%1pg00,
412523 311312ng0900600510076 29300ncs 6100003 11410000
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-8,0 413533 312222nap30ann00llnal 21anaa00 316apnnn 1181600,
12,0 413533 312322n90n007000011001 21000900 330nann0n 11419060
<A,0 423512 312311angynn0dlnooann S1annnng 310anpnnp 131410n00]
<A 0 433513 322312a50901001001000 S1007000 21nannon 11“Innfﬂ
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Table (4.11.9) Representation of the terms in the expressions of 115
the product of the first partial derivatives of r1(+s for the case
when p=3 and k*=2

11 2,n B0 211211 21i2ttgataniplinllant 24an0060 1"annn0n 0nnnpaCol
2 1 2.0 4,9 211311 2112110092103t 0110l 24000000 V1410000 0000GCOD
3 2.0 =60 211412 2113 20000V 0vanleann 23090000 T2unonon 41oonaltl
LI § 2,0 <A,0 211413 21131 2ng00nlntotnann 2300a000 110h100np 41pyunpt
S | A.a0 =0, 211402 211 322analttlaanzannal 220paun0 Faoeanpn Sippnaty
6 1 3.0 =0,0 211923 211322900 000a0000003 2200000 12816000 41000000
7 1 3.0 =8,0 211433 211322a00901¢00000061 22nsaand 11920000 “1napn60
(Y 3.0 =B,0 311423 21132 2apaartounananag 22000000 S11%20000 %10nn0f0
9 1 2,0 16,0 412012 312312aalpunelnnaloang 22004000 320pn00n 12000000
ip 1 2,0 16,9 412413 312312a0lnnnglanongng 22000000 3V610gna 12000000
11 3.0 8,0 412422 312272navaannnncilnal 21030000 3¥pagaan 120n0n00
12 1} 3.0 16,0 412421 F128720p100n0092160a0 210460000 3001 page 120n0nuu
13 1 3.0 R,0 412432 3123229n190n0039n00001 2ingnncg 319520900 12000900
14 1 3.0 16,0 413423 312322q9n%g0a00n0uinan 21000000 51520000 12000000
15 1 3.0 8,0 422412 322312na1921001001000 51001000 23un0d00 120ncn0U
16 1 3.0 8,0 422413 32231 2aalantpouannnan S1no00pn 2261aa000 120n0p00
17 1 4,0 4,y 422422 322322311991011011001 0on0nanno 24000000 1200nnNC
1A 1 4,0 8,1 422623 3223020a1a0101001 0000 OnnonOnGg 2361ann0 12000000
19 1 4.0 Y4,y 422433 322322¢0010n1c00000Cal anndnond 2252nnan 12000000
20 1 3.0 16,9 425412 3223120alg0rc001000000 St000a000 2231n000 12000000
21 1 3,0 16,0 423613 322312np100n0a00001000 S1099000 21320000 129n0n00
22 1 4.0 8,0 823822 722322an1an0011000001 0noonone 2331a000 12000000
23 1 4.0 16,0 423423 3223220n01a00010001000 0nn0oo0n0 22320000 12000000
24 1 b4.n 8,0 4236833 322322p01000n504a11001 36n0non0 21330000 12000000
25 1 4,0 8,0 433423 322322an01antonlgnlnag orooannn 51230000 12000000
26 1 2,0 16,0 412512 312312qg900n90landlanu 2200n000 32000000 11430000
27 1 2.0 16,y 412513 312312ap0n00a01099¢000 22000000 31A1p000 11410000
28 1 3,0 8,0 412522 212322pp09n900a0011001 210000r0 33009000 11414000
29 1 3.0 16,0 412527 3123220¢00000001010000 21000000 3261n0nn 114910n00
3n 1 3.0 8,0 41253% 312322000000009000001 21000000 31920006 11410000
31 1 3.0 16,0 Y13523 312322¢900un0000n01000 21000006 S132n000 11410000
32 1 3.n 8,0 422512 22231200G63n1001031000 S100~000 2%0annne 114)anph0
33 1 3,0 8,0 422513 322312900001000000000 1003000 22610000 11410000
34 1 4.0 4,y 422522 322322gn000l011a11¢nl nnononoo 240n0000 11410000
35 1 4.0 8,0 422522 322322pq009ninl091gunn 0nnon0ono 23hAtpaonn 114%31an00
36 1 H4,p  H,0 422533% 322322gngo0l000nnnanl onncnon0 2252n0nn 11410500
37 1 3,0 16,0 423512 322312y0g00nnn0laannno 91000000 2231n000n 114810400
38 1 3.0 16,0 423513 32231290n000000001000 51000000 21325000 1141pn" Y
39 1 4,n  B,p 423522 322322q0n60nr011700001 nanonnas 2331n000 11410000
4p 1 U.p 16,0 423523 322322ann3nno0lnnglonn opnonoc0 2237annp 11410000
41 1 4,0 8,0 423532 322322p000an0000110al nononond 21330000 13416000
42 1 4,0 8,0 423523 322322¢g00001001001000 2rno0000 S1230000 11410500

Table (4.11.10) Representation of the terms in the expressions
of the second partial derivatives of r; +S) for the case when
p=3 and k*=2

211211 211211nnlnantntintinnl 2400r000 009NN00D nnnnnqﬁﬂl

1 3 0 =2.0

2 3 2.0 8,0 211211 211211a01001031312na1 22000000 12090000 O0nonAnRCNG!
3 3 0 4,0 211211 211211p019n1nl1gllanl 24nnnpet 12000000 0000CETT |
4 2 2.0 3,0 211311 2112119p00an1011611nal 22n0ane0 11%10000 goonennyd’
5 2 0 4,0 211311 211211ana001011911931 2a40gnnng 11%1naan ounnnpfh:
6 1 1.0 A,0 211411 211311¢nn3atolinlinal 229046000 110060C0 4100nn00
7«1 0 ~8,u0 211412 211312000011 glnntngnn 23nnn0n0 12006000 4100nn0C:
8 1 0 =A.0 211413 211312np0aninloninont 23gnnnno 11610006 41000006
3 1 1.0 «h,0 2114722 2113223n011100000a011 22002000 12en6090 41000600
1g 1 1,n -12,0 211423 211322panlutonnanocan 22anangn 12630000 410n0n0C
11 1 1,0 -A,0 211433 211322000091 000u009a1 22a030r0 115927000 410npa" U
12 1 1.0 =12,0 311425 211322an031taugudnoeg 22n3anan 91170000 41000260
13 2 1,0 4,0 411412 311312001nn1n1n0tannn 23990000 610n0000 00000NGY
14 2 1,9 -3,0 411412 311312493133 k10010069 21330000 61000000 12007500
18 1 2,0 2.0 H11422 311322001001 000300001 22900000 200000 gonanenG
16 1 2.0 .y H11423 111322001 000000990900 22509000 Hinlocan 000nCnnC
17 2 1,0 H,0 412611 312311951940 01000a901 ?2%rananc 31nnnlao 000ngarne
18 2 1,0 -A,0 412411 312311anlaenntinoanal 21naan0n 21nanonn 12anrcfu
19 4 2.0 8,0 412412 31231 2an1ananlanalang 22990000 32gnnnon 0o0nanpty
2p 4 0 -"e0 412412 310312001nanuluaoleng 22000060 anannngns 1200pn00
A 2,0 =f,u 412412 312312p01nanalgnnlang aasaaayuni 32gaannp 1200030
22 4 0 16,0 %12412 3123120nl1angntneglenn 22000000 320pnedn 120nanl'0
23 3 2.0 A,u M12413% 312312001 agnntnganngag 22996000 3151nonn aaonneld
24 3 2,0 =B.0 M12417% 312312a0190anYaneana0 aagnanon 3thiaana 12g0an00
25 3 0 16,0 41291% 31231 20atnnaninadnnag 223000900 3hignon 12000600
26 3 3.n 4,0 412422 112322001 gnaqnanlinnl 21gnnnng A3anooon annpaptt
27 1,0 =0,0 126822 3123220 anqnpouallnnl 21ggan00 31anonan 1209annpd0
20003 1,p 12,0 H12422 M28%200 v gaae0naliont 21gan000 tnnneno 12000000
29 3 3.0 8,0 %1223 322200l gupnnealabgn 21naanen 32610000 oaaapi0d
3np 3 1,0 <R.u 12023 3124220utangnonnionan 21a0a000 Hlasonon 12opaphe
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Table (4.11.10) contd.

s 3 1,0 28,0 912023 2% 2nutannnaontngng 21005000 2261nnnn 12000700 |
3> 2 3.0 .o 812933 312322an10arngaannnal Diaapang 3vhToeoane gnanpete
33 2 1,0 12, 81203% 2123522001 a0n00gnnnant 21anenag 219%0an 120000
3y 3 I.n Ay 813423 312272001000 000gleeg 2104aanng S13%0nun 00nen.00)
35 3 1,0 <R,0 4134923 332322ant000500001090 21ananag Sinnsoenn 12apnat 0l
36 3 1,0 29,0 4134235 3123220010000n0001000 21000000 “1320000 12000060
37 1 2.0 2,0 422411 322311nnludYacunanonnl S»naan00 220a000n nnunnﬂ00§
3R 3 3.a .0 #22412 222312pc10nlcnlanlnng SYL0ea0e0 23500048 00000000
39 3 1,0 8,0 422412 322312 plonlnulaulang Sisaaso0 210nanan 12gagnun
4o 3 1,p 12,y 422412 A22312gn0lantentaniong Stoancao 23000000 12000030
43 2 3.0 8,0 422413 322312qnlgr)nounnnnen S1enpnna 22610000 0000anAl
e 2 1,0 12,9 422013 322312001001600000000 5310000060 22610006 12000300,
43 3 4 g P,y 422422 3223%2a¢1npinllallonl genoanc0 24000000 000nno00]
4q 3 2.0 =8,0 422422 322322qan1nyliplinllonl npognono 220r0000 12000775,
45 3 2.n B,0 422622 322322na19n1n1lallonl anAnnocu 24n0an000 12000000
46 3 4 g 4,p 422423 322302gplaalaturiagng onogooons 2361pa0n 0000an00
47 3 2,0 -B,0 422423 32232290190101401000N0 AnONONN0 2161A000 12000000
48 3 2,p 16,0 "22423 322302na1ncinla0lnnnn 0ooanno 23A1nonn 12006000,
49 2 4.p 2,0 422433 322322nalunl000000001 unanopoo 22520000 0gnnpn0U)
50 2 2,5 8,0 422433 322322antonlnoonndnal annanpng 225%an00 12000000
51 1 2,0 4,9 423411 322311anln000000006a1 S20%0000 21310000 00000300
52 3 3,0 8,0 423412 322312q0lo00n0tnannan 51730000 2231n0un 00on0a0C
53 3 1,0 -8,0 823412 322312nnl1pnao0lnannnd Stanoneo 3io0roron 12000070
54 3 1,0 24,0 423%12 322312n01p00001000000 S100n0an0 22315000 12000900
55 3 3,0 8,0 423413 322312pala00000001600 51030000 21320600 00000200
56 3 1,0 -%,0 423413 32231299100000000104a0 S1n0pnc0 21000000 12000000
57 3 1,0 24,0 4234173 322312antonnaoanolone Stonaann 2132000 12000000
58 3 4,9 4,0 423422 322322pynioon0lln0onant nagnoon0 23310000 ouonnn00
59 3 2,0 -A,p H23422 322322;3n1000011000001 andanono 2Y31nann 1200nr00
60 3 2,0 16,0 923422 322322nytgu0nllaonant onnnonno 2331nao0 12000000
61 4 4. g 8&,p 423423 322322p01ancclnnolung nnofnan0 22320000 0CnNNGOD
62 4 2.0 =8,0 423423 322322ann1pan0lanalong ongonnng 220000 12p¢npn00
63 4 2.n -8,0 423423 322322gntnnnnlaanlonn annnonno 320n0000 120ngn00
64 4 2. p 32,0 423423 3272322q01000010001000 A0NNOGOOO 2232g0a0 12000000
65 3 4,9 4,0 52343% 3223220p1n09000011001 gr00Nno0 21330006 00000200
66 3 2,n -8,n 423433 322322n01gncn00nllonl onnoono0 2131nann 12000000
67 3 2.5 16,0 423433 322322pp10nnnnpnllonl goonnono 213%3ponn 12000n00
68 3 4.0 Y,0 33423 3223729a39610010010100 0nganoon S123n0000 000n0on00
69 3 2,0 9,0 433423 3223220319001001591000 3r00A0AA0 51210400 12600000,
Tg 3 2,0 16,0 433423 322322n019n010010061090 0Noonnno 512320 120npa00
71 1 1,0 -%,0 411512 311312n00901010013000 21000000 610,0GAN T143p0AC
72 1 1,0 <8,0 412511 312311agnannpilnnanal 21900000 31070000 11410900
73 3 g =8,0 412512 312312an019000100010n0 22030000 0nenonon 1141645796
74 3 2,p -P,0 412512 312312g0nnn00t0n0long 0naNngng 32070000 11410060
75 3 0 16,0 412512 3123123009360100010n0 22000000 32nnnnan 11410250,
76 2 2,0 =-8,0 412513 31231299014030100000706 30091300 3141000 11417000,
77 2 0 1A,0 41251% 312312qhgun0a0103000n0 22¢00000 31é1nnnn 11410700
78 2 1,0 -%.0 412522 312322300002000211001 21300060 310a6000 11410700
79 2 1,0 12,0 412522 312322nn0nurno3altlagl 21ganes0 33060000 llulrwJCi
8n 2 1,0 <8%,0 41252% 312322ganganpnaalgenn 21001060 €1ananon 11418000
81 2 1,0 24,0 412523 312322apnansavantaognn 21900000 32610n0p L148tnan0C
82 1 1,0 12,0 412%3% 3)23%2pp2300053009an1 21500000 31525000 1141927¢L
83 2 1,0 -9,0 #13523% 312322annnance6nadlnag 2100a000 Stuiapan 11410500,
84 2 1,0 24,0 913523 31232200003320000910900 210A0000 S1320anp 11410390
85 2 1,0 -R,u %22512 322312qunanlooloolnno 51000000 21Can000 1141n900
86 2 1,0 12,0 422%12 322312a0000310017091000 51060000 23030090 11410500
87 1 1,0 2.0 422513 322312gnannlonnnonani S100006G 22510000 1181n005
88 2 2,0 «R,0 422522 322322pnnaniplinllonl aaguonno 22070000 11410rCC
89 2 2.0 R,0 H22%22 322322pap10to0ltallinal anannnan 2%nnppnge 11410~06
90 2 2,0 =R,y 922923 322322nna0anininnlauan nannoand 2161annn 11416260
9T 2 2.0 16,0 422%2% 322%22annnn1ntaalaang ORGOO300 23510000 11410000
92 1 2.0 8,0 42293% 222322003001 00000%001 0nINAOCLH 2292a0nn 11410300
93 2 1,0 4,0 4235172 322312400000001000090 S1ganans 3100n0n0 11410030
94 2 1,0 28,0 422512 322312qcn9000010010n0 Stoonana 22316000 1141¢ntu;
9y 2 1,0 -%,0 423513 3223120n0000630001090 S153990600 210nnnnn 11%1p370
%6 2 1,0 2%,y 423513 3223120000unnn0101000 S1000060 21320600 114107730
a7 2 2.0 -8,0 4923522 3223220nanaratlanannl anaan0ng 21%0n0gn 11410100
98 2 2.0 16,0 W23522 3223223a0n00011009001 0anannoo 2331nn0n 11910390
yg 3 2,0 =R.,0 423923 322%322nppanantanolnang nnnnouro 220nanan 11410090
1aon 3 2.0 Sh,0 423523 325322qqnqnnnlanglonn aannnnnd 320nnann 11M1nnpN0
101 3 2.0 32,0 W2382% 3223%2g0nanr0laonlonn aengnonn 2233poen 1141pa00
1y> 2 2,0 <f,0 823533 322322,3000an009511001 gananoro 2131aanr 114104000
1p3 2 2,0 16,0 823533 302322an0uaa0m0nitaonl annonane0d 213%nanp 1i41nn00
1o 2 2,0 8,0 H33523 223320 0n0nt00)00lang pannnnn0 S121nnnn 11%1na03
tnhy 2 2,0 16,0 H33523 322422aanantonindlono ondonnan HS123npnn 111000
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Table (4.11.11) Representation of the terms in the expressions
of the product of the first partial derivatives of r2(+s for the
case when p=3 and k*=3

1 1 4on “en MITULY R22822pn 1At alinllanl nanon0r0 Panapnan 120nnn0t
2 1 4,0 AU 411ML2 322322p0190tn10ulnnnn ooosanne 2361npan 12n0ngf0
31 Hen .0 %11422 322322palaunlpaonsnnnl oaaogacn 225npne 12pa0r 0
4 ) 4.n Rop 411428 32232724n1an1000000a040 0nOnO0n0 2291610 12000020
5 1 4.9 A,0 412611 322322p0019a0011660037 600000CH 23310000 120000
6 1 4.0 16,0 412012 322322a01ananlonnlonn neonnope 2232npa00 12anaphc
71 G YR L,0 MISHET 3223 2 aptaanptyu0nonn nrasnona 22316t 1200, %
a 1 4.n A,0 412422 322322pn19unnnuallonal agaaonnpnn 2133a0n0 120aq0n" 0
9 1 4,0 16,0 412423 3223220n1300000010000 Q0000000 21326100 12000060
10 1 4.n 8,0 412433 322322¢pn1ang000n00001 0a090000 213152an 120annh0
11 1 4,0 16,0 413927 322322q0a190n000001000 0n0unang 21913200 120npnf
12 1 4,0 8,0 422412 322322;pn1061001001000 Onnnenoo 5123nana 12annaht
13 1 4,0 1R, H234172 322322501 900001000000 0000000 S1273140 12000000
14 1 4,.n 4,0 %11511 322322ann601011011g0l aaa9annGo 24%unponon 11410000
15 1 4,.p 8,0 411512 3223224h50nan1010010000 NNOGODOO 23Atpnan 1141apn6
16 1 4,0 4,0 "11522 322322p90001000000001 OA0ANDBN0 2257ppan 1141000
17 1% 4,0 8,0 411522 322322nn0yeioe0oonnnn annonann 229161aa 11410000
s 1 4,0 8,0 412511 322322a0n0000012000001 00000000 23310000 114100000
19 1 4. g 14,0 412512 3222322nnnnnn0l0001000 0n0000P0 22325000 118309060
20 1 i,n 16,0 %12513 322322apnaneQlannnnnn ongannat 223161a0n 114tapn0,
21 1 b.n 8,0 412520 322322qp0n00000n11onl angnpoco 2133 nnnn 1141404000
22 1 4,0 16,0 412823 3223220n3000N00001A0NAN NeODOO0D P13261ap 11410000
23 1 4.9 8,0 412533 322322pnannnnnbagnoanl npgnnoan 21315200 11410000
24 1 4.9 16,0 413523 322322qn0003000001000 00NN0000 219132an 11%1pgnd
25 % b,n 8,0 422512 32232200an01001001000 anngnnno S123o000p 11810060
26 1 b0 16,0 423512 32232200000rn001000000 06000NND 51223109 114%1qp0hU
Table (4.11.12) Representation of the terms in the expressions
of the second partial derivatives of rj +S) for the case when
p=3 and k*=3 :
1 3 4.0 2,0 411411 322322pp1anlnlindlionl nannngaro 24000000 ononnn051
2 3 2,0 =8,0 411411 3223220100101 10l1nnd 0nnpann0 22000000 120n0n00 !
3 3 2,0 A,0 411411 32232235at0a1n01101100L 0ANOAOGO 24GNhN000 1200nr 00
4 3 4.0 4,0 411412 322322001001019010000 AnORANNG 2351AN0N 000PAG0!
5 3 2,0 <B,0 811412 322322g9n1nniqgtapntaonan gnnonanc 2i161annn 120000680°
6 3 2,0 16,0 411812 3723223n1nn1n1natannd onannoen 23451an0n 120000090
7 2 Y,.0 2.0 %11422 322322901930160000n001 0rNANOCO 22920000 000003706
8 2 2.0 8,0 411422 322322anlgnloounoonnl onnernano 2252agann 120nng0C:
9 2 4,0 4,0 411423 3223220901003 n00NJ0nN0 0NNNNRNOO 229161gn aonnnaGs:
1o 2 2,0 14,0 4114272 322322301001 000000000 Ocounnen 2251%1na 12ungcld
11 3 4.0 4,0 412411 322322341n01011000001 Onnanond 2331n0nn 0nonQrdb
12 3 2,0 -8,0 H124%11 322322n0100003109n001 apnonnng 2131na0nn 12a0nana00
13 3 2.0 18,0 412411 3223220011091011490001 Aangonnco ¢3%*tannn 12p060°30
14 4 4.0 8,0 412412 322322qn1annalnaolnng onnpanen 223”noan 0o0nopn0
19 4 2,0 8.0 412412 322322gn1naanlunolang onnnnpoau 220nnnon 12pn0oct
16 4 2,0 ~-%,0 412412 322322anlnanalanalang nnnonnnd 22anon0o L200cn0U
17 4 2,0 32,0 412412 322322001100019001000 npannnro 2232nana 12anpgafl
1a 3 4.0 8,0 412413 322322n0tnnnnalngdngny nnonaarg 22316100 0nonoaNn
19 3 2,0 -A,0 4124913 322322nnl100n0100000n00 nnannono 3té1nnpn 12n00a30
2n 3 2,0 32,0 412412 322322001001001G200060 0000anG0 223161ap 12n0Gall
21 3 u.n 4,0 412422 322322301 0nannanlioal onopnony 213%p0p 000n0n"C:
22 3 2.0 <B,p 412422 320302qntinaracnnnllnal aapnganrn 213tnnae 1290pnn0
23 3 2.0 16,y 4124822 3223224n1 0nnaaullaal aannagnn 2133%1n00g 12000000
24 3 4.q A,0 412423 322322351anan0anlo0na anoanann 21324150 gonnonfo,
2 3 2,0 =%,0 412423 322322491 0nnp000laonn Annanong 21A1anra 120Ana00
26 3 2,0 32,0 412427 322322pn1lnn0n0antonen naghngen 213261na 12gn0anG |
27 2 4.0 4,0 412433 22322h0tneannannannl annnangne 2131%2nn annpanid,
s 2 2.0 16,0 %12433 322322001a0n000u0d001 9a0000C00 21319200 120n0an"0]
29 3 4.n A,0 13423 322322nn1gnannnonlann apnunnnra 21513200 paonnnhio|
3n 3 2.0 «R,0 413423 322322g901000000001000 gnopann0 21%1naan 1200ap00

!}
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“Table (4.11.12) contd.

31 3 2;0 32,0 413628 322302 pnta0nnnannlipnan nnannnn0 219137%an 120anpn00
32 3 ", 0 fou 422412 322322 110601031000 nasanang 12 3naan gquganaly
33 3 2,0 =B,y 422412 3205220000100 00 000 Goananonr HY121p000 120nnn0u
ay 3 2,0 V6,0 #22412 327322p010alanlyalong nepaaong St2inaan 12000000
35 3 U A, 423417 322%22ngtaanqutnnnonn anngeonp “12231gn nnnnnnﬂ“ﬁ
36 3 2.0 <A,y 423917 322322n01000001000000 1000300 St3tgann 12yonn0y’
37 3 2,0 32,9 423412 322322n01nnno0lodnnhnu nanaaang S12231n0 12aanp00
38 2 2,0 oB,p 411511 322322¢paant0llallonl ppeanang ?2arnnng 11410q05:
39 2 2,0 B,o 411911 32232¢a00001011011001 nARING00 28uannnn 11%1aa00!
40 2 2,0 8,0 "11512 32232200019010100W0000 nannnonn 21h1n0nn tt4taalo:
Y102 2,0 1A,0 411512 322322000001010010000 n0000NA0 23A1C0np 11410p0G:
42 1 2.0 B,0 411522 3¢2322p0n0n100000000t anannneo 22%7nanp 114810000,
43 1 2,0 1A,0 411523 322322n00000100808000000 Ann000n0 225146lag 11410400
44 2 2,0 =3,0 4129131 322322300000011000001 deaonont 213100nn 11410000,
4y 2 2,0 16,0 4912511 3°2322g50n00011000001 an0oaon0 23316000 11410660
46 3 2,0 <B,0 912512 32232Z2qannnn0lonolnag aananpaen 220nnn0n 1141ng0c!
47 3 2,0 <R,0n 412512 322322gan0nn0lo00lnan npvnanano 320nnpoo 1141qa600
48 3 2,0 32,0 412912 3223220000n0010001000 609000006 22320000 11%1g000|
49 2 2,0 8,0 412513 322322300000010000600 0rNON0GO 31ATnnaa 11481900N0]
50 2 2,0 412513 322322n00000010000000 06000000 223161ap 1141n0N0]
81 2 2,0 412522 322322ap000n000011071 0n00NNN0 21310000 11410060
$2 2 2,p 412522 3223220n0yni0nnaltonl annnanno 213%nann 114100060
53 2 2,0 412523 3223220n0039000010900 0000r6n0 21410000 11410000
S5 2 2,0 412523 322322¢00000000010090 anunnngn 21326lnp 11410900
85 1 2.0 412533 322322a000an006000001 annnageo 213152n0 11410000
5% 2 2.n 413523 322322qnnunnononnlonc nnonnono 235i1nngn 1141000
57 2 2.0 413523 322322000000060001000 ANOKNONN 21513200 11410000
58 2 2. 422512 322322pn00n1001001600 aanacora S171na00 11410000
59 2 2,9 422512 322322)nr)01001001000 00900000 91238930 3141000
6bn 2 2,0 423512 322322nng9na00l00n000 onugarno S131papn 11419000
61 2 2,q 423512 322322000000001000000 0n0aN0R0 S12231pp 11419000

Table (4.11.13)

Representation of the terms in the expressions

of the product of the first partial derivatives of rj +S) for
the case when p=4 and k*=1
1 1 2.0 4,0 411411 211211nalaginttallnnl P4nonnet 12000500 Gnooep00
2 1 2.0 8,0 411412 211211gpligntotontangn 2361gnp0 120600000 09000000
3 1 Z.0 4,0 411422 211211gntgutaunangnnt 2252ann0 120nn000 opanonCl
4 1 2,0 8,0 411423 211211g5n10510000000n0 2251610 12Gn0c0n 00009600
5 1 2,0 8,0 412411 211211gnlapa0110900al 23311an0 120nnaup 000nerCC:
6 1 2.0 16,0 412412 211211g93onn0ingolony 2232nan0 12000990 aoanpct0’
ST 1 2,0 16,0 412413 211211aglaanotongannen 22314110 12079000 00Gn0n”d
8 1 2,0 8,0 412422 211211gntacannonlingl 2133aanc 120r900c 9nanannn!
S 1 2,0 16,0 812422 211211qalanaponntonnn 2132A1na 12000090 0nonnnCO;
10 1 2.0 3.9 412432 211211n91q9aan00930001 2131%2np 12n0an000 oncnonll
11 1 2,0 16,0 413423 21121 1nctyannnylgtaong 215132,0 12nnapge 000nNA0N
12 1 2,0 8,0 422412 2311211591301 0013010n0 S123a0ng 12635300 Gaoonnsly
13 1 2,n 16,0 4234912 211211g0 500061090000 2122316 12590000 00000100
14 1 2,0 -B.0 411514 2113¥2ap0onttalgelaono 22900000 12gnn0an Sigpest)
15+ 1 2,0 -8,0 411524 2113129ng0t1000n00000 225100r0 120rnnan 41000100
16 1 3.0 -%,9 Y118%4 231322a9a11106003%0001 22909000 13070030 410010903
17 1 2,0 =15,0 412514 211312n0n3ln0innnnnan 2231nan0 12006090 410nnelf,
18 1 2.0 -16,0 412524 211312n000tngnontannon 21320000 172900000 Y1gnanno
19 1 2,0 =1F,0 412534 211312004010 060:03000 213 %1en 12090300 %10a0n 09,
20 1 3.0 =%.0 B12%44 21172245n110007030001 2131anpg 13002050 4106a000
21 1 2.0 16,0 914514 312312aalnganalnaglong 22ngpan0 *2eannn0 12000000
22 1 2.0 16,0 514524 312312anl0annan0ninong 2151anen 320nnnan 120¢nnn0!
23 .0 8,0 S145%4 312322un1anpnangnilanl 21a0annn 33gancen 12000000
2u 3.0 A,0 544518 32031 2enigatnisntann S1904000 2*nnanny 12gnnr00
25 1 4.n 4,0 SUNSun 322302an1n01nllnllngl nnnnanng 24anrnpn 12000160
26 1 2,0 1A, 918410 31231 2anaaranglanglonn 22aannpn 32nnnnnn 114100304
21 1 2,0 16,0 S14u24 312312p0n0gr0nnnnlnnn 21 inang 32090000 114%1an0d
28 1 3.0 AL0 914684 3123223560000606011an1 21000060 33006000 11410307
29 1 3.0 8,0 944614 322312h00nninninnlang Si1a00n0u 2%gnngon 1141000
35 1 4,0 N, 0 S4nun 3223220p0n0n010110l1001 anv0onny P4ognnonn 1191gnCU
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Table (4.11.14) Representation of the terms in the expressions
of the second partial derivatives of r1(+5) for the case when
p=4 and k*=1

1 3 6 -7,0 %11%11 211211gntaninlinllonl 24000000 0ONKOBOL 0NDOONADD
2 3 2,0 8,0 411%11 2112110010010l 10llnnl 22pannn0 12000000 000ONNNNT.
23 u 4,0 H114911 211210010010l 101lnal 200 yapn0 12009000 00a00H7
4y 3 0 =4,0 H11%12 211211gnlna1ntgnlnonn 23=1aonn nonnaqon ononnnic
3 2,0 B,0 411412 21121lpnlgalntantanpn 21610000 12000000 600N0UDY.
6 3 0 B,0 411412 ?11211nnlnnipianlopan 23%1nna0 12000000 000nQn~0"
17 2 0 -2,0 413422 213211lpalanlognnnannl 2252a000 6060NCR0 GOOODADY |
8 2 0 4,p 411422 211211a010710000000n1 2253nnr0 12000000 ongapal!!
3 2 g 4,0 %11425 211211lnanlaatanaonnnag 22516100 gonnudon ooonenit.
19 2 0 B.0 411623 211 21lnnlgolgunoononn 229161t 12000000 000NN9NL |
11 3 n <4,0 412411 211211p01a92nn1lp0nnnl 2331nee0 nonno0on o0onoo0e |
12 3 2.0 A0 412911 211211901non011090n0n1 2131gnr0 12000000 000QONDT
13 3 0 8,0 412411 211211gniapnaltponanl 2331annn 120n00up 0OONONND!
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Table (4.11.15) Representation of the terms in the expressions
of the product of the first partial derivatives of r1(+s) for
the case when p=4 and k*=2
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Representation of the terms in
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the expressions

of the second partial derivatives of r1(+5) for the case when
P=4 and k*=2
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523512 312311g0l10an00t0nnnap S1gannng 310nonne 12annn00
533511 322311n0100100673090001 S2nannea 22000000 gppnann0
533512 322311111901000000n00 S151anng 22nNn000N 0BCNNNAQ
533513 322312n01901001001000 S109n0r0 23002000 ODONRRND
533513 322312nn12301001001000 S100N0N0 210aR0AN 129nnanD
533313 322312151001901N0010a0 S100cApe 23040200 120nnnNG
533514 322312191911000N020000 S190anpn 22414600 000n0n00
533514 32231290103010033000030 S1N0aneD 22610nnn 12000000
$33%33 322322a9106101)3110an1 00119000 280ANAGAN ONOANNTD
533533 322322nn1ar1n11011001 0pnlaceg 22nnaG0n 129nnrnC
53333 3222224017351 111111n01 anga0r g 248neange 12000000
533%3n 322322001a0talnnlnann fnpnannd 23A1A0NRN DOONONRG
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534511 322311an10nnan3000901 S2naa0nn 2131nag0n 0nONOP"~0
534512 372311an1000Nn0N20NNNN S161nann 2131a0ar 0NOnEnAn
938513 3223120010000 1003000 SIcnnane 22311000 a0ANGHAG
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5345913 322312nnl00nn6tnnnnan Stannonn 2231annp 12an0pnnn
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Table (4.11.16) contd.

123 X 1,0 =8.0 534%14 32231200100ncana0inng S10an0Dnd 210n0rnQ 12000720
122 13 1.0 24,0 S34%1u 322312na1nnannnnglnng Stgannpd 2132%2anap 12aann0i
1?32 3 4.0 4.0 S5345%% 22235200190001100anN3Y naannnoan 23310000 0nannn0Q
124 3 2,0 =8,0 5349533 3223220010000110000%Y 2000000 21310000 12000000
125 3 2.0 16,0 534533 322322a01n0An11000n001 poann0NeD 23s51raan 12n0nn00
126 4 4.n 8,0 524534 322322nn10an0010001900 non)n0nd 2222aa0n OpAnnnfin
127 4 2.0 1,0 5345354 322322aqn1a00nlar010n0 annna0e0 22n0ar0nn 12npnan{
12n 4 2.0 =8,0 5349534 322322an100n011aplano nnapngp0 32000000 12000000
129 4 2.0 32,0 S534534 322322001N000010001000 nan0nnN0 2232n00n 12p000N0
13p 3 4,n 4,0 534544 3223>52921000900911001 annnaprg 21337690 gonnacno
131 3 2,0 8,0 S345u4 322322001000000011041 QnN30NND 21310000 1200nn00
132 3 2.0 16,7 S5345un 325322qn1a900n00110nY anannnno 2133ac0n 120000
133 3 4,0 4,0 SU86534 322302001001 0010010N0D Aan0n0n0 S12innnn 000nnn0Q
134 3 2.0 =A,0 544534 322322921001001N001000 0ANNNNN0L H12108000 12000100
135 3 2,0 145.0 5448%34 3223229n1001001001000 20000ANN0 S1234000 12000000
136 1 1,0 =8.0 5136132 311312900201 030010000 21000000 61009000 11410000
137 1 1,0 ~-8,0 512613 311312000000010000NAN 31000000 A1NNNAAN 1141AN00
133 % 1,n =8,0 512623 3113120n00000000010090 21000900 630710000 114101700
139 1 1.0 8,0 513511 312311000000011000001 21a0nNND 310n0ANn00 11410000
14n 1 1.0 <8.,0 513612 312311000000010000000 A1000NN0 310000NN 11410NN0
141 3 0 =8.0 5135413 312312000900010001000 22000000 ONCANDON 11410000
142 3 2.0 =8.0 51381% 31231290090003010010N00 0nNONNQN0 22000000 11470700
143 3 0 16.0 513A17 312312n0000N010N0010NNA 22030000 32010300 1143ne0D
14 2 2.0 -8,0 513614 312312000000010000000 ONDDNDC0 31410000 11410000
145 2 0 16,0 513411 31231200n0000100000N00 22000000 31610000 11410000
14 2 0 -8,0 513627 3312312000000000031N0NN 21512000 00NNOCON 1141nnnN
147 2 0 16,0 513623 312312000070000003900 2153nnpQ 3200cnnn Y141nntn
148 1 0 16,0 B13624 3123120009003000300000 2151n060 31410000 11410070
149 2 1,0 «8.0 513633 312322a000000000011001 210an000 31000000 114100800
150 2 1,0 12,0 513633 312322pan0n00nn5110nl 21000000 330nGCNN 1141p000
151 2 1.0 -B,0 513634 312322np0a300000N01NNNN 210000N0 A10NNBON 11410P00
152 2 1,0 24,0 5135634 312322000000000010000 21000000 32A10000 11430000
153 1 1,p 12,0 513644 312322000000000000001 21000000 31520000 11410000
154 2 1,0 «f,0 51463 31232202006N00200310910 21000000 S10MCNNA 1141000
155 2 1.0 24,0 S14634 3123220000000N00A01ANN 210N4ANN S13200800 1141ArAN
156 1 1,0 -8.0 523612 31231100000000100000A 51000000 31090000 1143nAT0Y
187 2 1,0 =R,0 533513 3223120000010010010N00 51004080 21000090 11410000,
1528 2 1,0 12.0 533413 322312000001001001000 S1naan00 2300nnna 1141nr0Q
159 1 1,0 12,0 533614 3223120)n001n000000ng S1n0naArn 22A1n0nn 1141nnnG
160 2 2,0 -8,0 533533 3223229n9901911011001 93099000 22010000 $1416e00
161 2 2,0 R,0 533633 322322a00001111011001 arnnQNEe0 24000000 11“1rr“ﬂ
162 2 2,0 «8,0 9533634 3223220n0001013010000 9nNann00 21A1060Nn 1181ar 0N
163 2 2.0 16,0 533634 3223220n9001010010090 NrAAPON0 235107000 11410000
160 1 2.0 8,0 533644 322322q00001000000041 116990A0 2252a7rn 118150 00)
165 2 1,0 =3,0 H34513% 3223129a0000CN10000N0 31030000 31010000 11810000
166 2 1.0 24,0 534613 3223120017000001a000100 S100nnnQ 2231anan 114)npnM
167 2 1,0 -8,0 53461u 32231270000N0C0NANNTAND S10AANF0 21000500 11410070
168 2 1,p 24,9 534614 322312300000000001990 H190aA00 2132907 11810000
169 2 2.0 -B,0 S34433 322322n0n009N00110000N01 ANNANARD 2V310ANNNn 114160r20
170 2 2.0 JA.0 534633 122222700067011700021 JNGOANAC 2321nrAn 11410700
171 3 2,0 <R,0 S34s34 322322nnannnnlinnnlinan nnpnanng 22annnnn 1141nen0Q
172 3 2,0 ~AR.0 53463y 322322080040010001000 NepnANN0 320460000 11410000
173 3 2,0 32,0 534634 322322q00000010001090 AnAnpAANn 2232n090 11410000
174 2 2,0 ~8.0 S34644 322322(405000000Nn1110721 annannol 2131nrnna 11481000
176 2 2.0 16,0 S3u6uy 322322000000000011001 DANQNORE 2132ACAP T1430rN0
176 2 2.0 8,0 S44634 322322000071C01001000 0ONNNNOOD S512110an 11418000
177 2 2,0 16,0 SU45634 32232200n001061001000 NNIBNORO S123009n 11410000
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Table (4.11.17) Representation of the terms in the expressions
of the product of the first partial derivatives of rl( S) for
the case when p=4 and k*=3

VDN E WYY

4,0 211211 2112110n3nnvatinllant 2apanpnn 12panpetn 0nnaanu(
4,0 211411 2121 10nn0anv0l10llonl 2anpnach 114 p0o0 0anponno
«8,0 2119172 211312nnnn1in10ntanap 2300n0an0 1200000 41000000
=8,0 211513 211312000001 0119010010 230001900 114108000 #100~n00
4,0 211922 21132200011 10900000101 22a0an00 130ArA0N0 Y410nnanD
9,0 211224 23113722a0n010100003000a0 22900000 12~1006490 41000000
«H,0 211533 211322n0nnn166n000nnt 22n310en 11520000 41Annene
=A.0 211534 21132200009010020000NN0 2200800 Q 11514100 410000 AN
-A,0 311522 211322nnnn11030N000000 2200a0Nn0 St12nnn 4100000
14,0 512512 312312np10nnntannloan 22000000 320000030 120nnn00
14,0 512513 312312nnlnfnninannnng 220ananng 31410000 12npannhd
A,0 512522 3123220810090 0ant10ntl 21000000 33000000 120nnr 20
16.7 £12523 3123220010000 00010000 21000000 32411200 12000700
512532 312322n0010000000000NT 21100066 31520000 12000aN0
12534 312322n0010000009000n0 21000030 31514100 120600000
513523 312322001000000001N090 21090000 S51320000 12060600
522512 3223127019010010010A00 S16340n0 230n00r500 22000000
522513 322312a010010000000N03 S100n0n0 22A10nnn 120pnn0C
522522 322322901n01n0110110021 Nnndnannd 24000000 120nrn0?
522523 3223220n10061010010000 po00R0RN 23A1AGNN 12AnnN00
522533 322322001003100N0000N0N1 AANANQANRQ 22524000 120nnrND
522534 322322n010N1000nN00000 naa0naaN 22%161n0 1200ne00
523912 322312n0100001000000 S100ann0 2231naa0 12060000
523513 322312001600000001000 S1001000 21320000 120000060
523511 322312001020000000003 S100NQN0 21314100 120pnn0G0
523922 32?2322nn1ann6110000n1l oannnan0 2331arnn 1200nn0o
523523 322322n01nnn010n01%an aannanen 2232aqnn 120n000N
523524 3223>2nn10nnaina0nnno orpgonapn 22314100 12a0nennC
523533 3223220010N0Nn0NN110nL anppanagQ 2133ranp 120n00NC
8522534 %2232200100/N0nN0N1000ON NNAONNNG 213241p0 12000000
523544 3223220010000000000N01 NNADONQN0 2131%2nn0 120nnntn
525534 322322n0100600CNN010NN DNOONNGO 21513200 12000000
533523 3222322n01001001001000 nNANDNANAG 5122nnAaNn 120nnn0o0
5343523 2223229010000 01000N00 0r0CA0N0Q S12231ng 12npnnne
512612 3123120000061 0001000 22000000 32000000 1141nen0
512613 312312000901%030000n9nNn 22001000 31A1nana 1141nn00
512622 3123220n0000n00001109n1 240067000 3300000 11410060
512523 312322004890000N0710000 21091000 324117500 11410500
512533 312322n0000n0000000NNT 2100000 3152n000 1141ap0n
512434 3123220000N0C00N00NNNY 2107%a0nn 31S1721ne 1181nrn?
513523 312322n00n0n0nnnnlnnn 2100nnan0 S5132n0nn 1148%1cnecC
522A12 322312nn000103010010¢0 S10000n0 230nnr000 11410000
522A13 322312nnannincnnonnan S10n0nnna 22A1nnan 1181nan00
522622 322322nan0001011011901 arnsn0e0 24000600 1141erc?
522623 3e2322000001010010000 NDANNNONRD 2%41000n 1i8lnann
522533 322322nnn0nto00nnnanl pnnnnon0 2252naaan 11481naNnec
522534 3I22322AAnNN1000000500 An00nnn0 2251510 Y143n( 00
5235612 3223120nnQNnNG01IN00NN0 5100n0n0 22210000 1181a0"0
522AR13 322312n060400C0N001000 51000000 21329nanp 11810500
5235614 322312an00nnC0NN0ONNAT S10NANNG 213141np 11410500
523422 32232203907°71130N0371 Anngnpnp 2231000 118 )1n000
523523 322322nnnpanolonolonn nanapond 2232nan00n 11410000
5234214 322322qnn0nnG1000n0nan onnnannn 223141laon 1141praC
522632 32232200n09n000011001 0n00nnA0 21236200 114810000
5236304 322322a00039r4,000100070 Neann0np 21232¢1np 11410000
H23844 322322000000 000000001 aAannnhing 213152an 1181pnf
S2453 3223220000700 000010N00 AAODNNG0 21513200 1141nAn0C
533523 322322a000031001001000 AnoonnnD S123ngaa 116810000
S34A23 322322nnnnannnla0anan fanonant S17231nn 11“1nnnq
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Table (4.11.18) Representation of the terms in the expressions
of the second partial derivatives of rl(+5) for the case when

p=4 and k*=3
1 3 0 «2,0 211213 211211anipgninlinllnal 2uanaant aO0aN000 OnOREANRD
2 3 2,0 8,0 211211 2112119nlqgninlipgllanl 22pannc0 12090000 Qnonpnhi
3 3 0 4,0 211211 211211nantqgniniinlianl 2ennannt 120an000 0nannanA
4y 2 2.0 ,0 21131 2112110000101 1a11nal 22anapnp 19 1an0n gagnrne it
5 2 0 4,0 211311 211211n900n1011011001 2anaanrp 1ti41ap0on 0npnpn~e2C
6 1 1,0 8.0 211511 2113110900011 101101 22000000 11000000 410n00a00
7 1 f =R.0 211512 211312annn11riaa1nann 230a0n0p0 12nananp 41napnnd
8 1 0 8.0 211513 211312q0000n101r010000 2300NCN0 1151n0c0 %10nepnC0
9 1 1,0 -6,0 211522 211322qnn011100000010N01 22ananan 13aanagn 410pn0P0
10 1 1,0 -12,0 211523 211322anp1n1006000900 22a0annp 12A1apnn %1pnandt
11 1 1,0 =6,0 211533 21132290n001000000001 22anannn 1152anng 41ang5n00
12 1 1,0 -12,0 211534 2113220000010000000910 22000000 11516100 430nnn00
13 1 1.0 =12,0 31152% 211322a00011000000000 2200A0N0 S1120000 41000NN0
14 2 1.0 4,0 511512 311312nn1nnintaninnna 23000000 61000000 0NONAQIST
15 2 1.0 =8.,0 511512 3113129010n1n10n1Nnnnn 21000000 &10nn0nn 12000000
s 1 2.0 2.0 511522 311222nn1001na0nnangal 22ananng S2nnngnn ananapnne
17 1 2.n 4,0 511523 3113220010010000000010 22900000 S1630n00 00nnnanC
18 2 1.0 4,0 512511 312311nclnenniigonnnnl 23gonnn0 3r1o0nagnn onnpnrnnge
i9 2 1,n ~8,0 512511 312311pnainnn0110gnnnt 210060000 31000000 12000000
20 4 2.0 8,0 512512 312312g01lqgnrnntaannlang 22000060 320ann0n 0nonand0
21 4 0 «R.0 512512 3123120010020100010N0C 22009000 NOONNCND 12QnanDNG
22 4 2.0 -8,0 512512 312312nglnnnnlnanlnnn 9nadnnnd 320nn000 120007000
23 4 0 16,0 512512 312312001000010n610a0 2200000 32007000 120nn300
24 3 2.0 R.0 512513 312312nn1nnag1000n0nn 220089000 31A100600 0000CNN0I
25 3 2,0 =3,9 512913 312312n0190)3020090500C 0rA0QOCH0 JIAYTA000 12000~0G
26 3 . p 14,0 512513 312312nalonanntanfannn 22nonnnn 31410300 12000000
271 3 3.0 "0 512522 312322nn0160n0000110n1 219nnace 33n0anpoc onnnnn?e
28 3 1,0 -R,0 512522 2123220010066009011001 21nann60 31600000 120npadc
29 3 1,0 12,0 512522 312322ant'graannnilaonl 21nganco 33anennn 12000000
30 3 3.n 8,0 S12%27 312322q0100ra0nnlnnnp 2109n0ap0n 32610000 0000QNNNO
31 3 1,0 <R,0 512523 312322n01000n00010000 21000000 630NNAND 12000100
32 3 1.0 24,0 512522 312322n01009000010%30 21009000 3241n00n 120nnn0G
33 2 3.0 4,0 512533 312322an1900000000031 2030000 3152n000 0nononoc
34y 2 1,0 12,0 512533 31232220197090290009091 219nn0ce 31%2npan 12007700
35 2 3.9  a,0 512538 312322q11000000000000 21900000 315151nn 0oGnenC0
36 2 1.0 24,0 512534 31232235019000000000n00 213nn0nge 21514100 12apnnsn
37 3 3.0 8.0 513523 312322pnipnennonniann 21999n0n0 51320000 000acnd°
g 3 1,0 -A,97 513523 312322p01009n02001Cca0 21900900 S10nnnga 12060550
33 3 1,0 24,0 S13S23 312322n0100n000001000 21000000 51320000 12000796
bnp 1 2,0 2,0 522511 32231150100100000ANA1 52000000 22n30a00 ON0ONC~TD
41 3 3.0 4,0 522512 322312an1n010ninolann S100nna6 230nnpnn onnnnaCo
42 3 1,0 =2,0 522512 322312001001001N001n00 S13anQnp 210nanan 1290~~920
43 3 1,0 12,0 522512 322312n0100100100100N0 S1N0N0NG 2A0nAnng 120nnank
44 2 3.0 4,9 522513 322312n01001000700900 Stonnacp 22&éincnn 0nonentl
45 2 1,n 12,0 522%13 3223120010010000090000 51009000 2261000 1200n70C
46 3 4,9 2,0 522522 22322aninninlinllinnl nnnnannn 2unhneon ponopnc0C
47 3 2,0 =8,0 522322 322322n01901n1inllnnl annnanno 22000600 120nc2°0
48 3 2.0 8,0 522522 322322an1901nlinllinnl pnrannneQ 24pnnonn 12gnnnfl
49 3 4,0 4,0 522523 322322n01021010N01A0NNN NARINANAE 23A1EANN 0ANNNCTE
So 3 2,0 =R,0 522523 222372n019n1n01001N0030 0r00anen 2151nnnn 12000078
51 3 2.0 15,0 522522 322322npn1401ininninnng nronanng 23410000 120000n0f
52 2 4,0 2.0 522533 322322ani1nniunannnoatl nannanan 2252a000 000rCC0C,
53 2 2.0 £,0 522533 32232209101911009009011 a°n010n0 22%2rnnp 12gnnnaG,
sS4 2 u,n 4,0 ©22%34 322322091001000100000 AnAnnara 22%151nn gnnnnane
55 2 2,0 14,0 522934 322322701001900000070 630790000 225141an 120nannf:
56 1 2.0 4,0 523511 3223110n1000n300000Nn1 52nqann0 21310000 000r0H00
57T 3 3.n a,n 523%12 222312~p10nrn0indnnan 31090000 22310001 nnnnrﬂvq
S 3 1,0 <R,0 523312 3223120n1a00001n00nn0 5100pnn0 310nanan 120ncnnd
59 3 1,0 28,0 523512 322312npl0nannlannnan sinnnnen 22%1ppan 120nnn0(
6np 3 3.n R,6 523512 322312nn1nnnnnnnnlnag =innannn 2132e00n 0pONNNGG
61 3 1,0 =80 9235%13% 2223120010NNNNorNn10ng S1a0nAnQ 210nafnn 1200"20N
62 3 1,0 24,0 523912 222312n010n0000001nan Stannnn0 2122nrnn 12naran(|
63 2 L)) R.0 523%1u 32231200100000000N00NA S100nN0nAN 213141nn panpnae”
64 2 1.0 24,0 573514 225312101000000000000 51601000 213141an 120rnn 0
3 4.n

6% 4,0 523522 3223220gnm1annnlinnnnal nannnann 233tnanp anoranne
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Table (4.11.19) Representation of the terms in the expressions
of the product of the first partial derivatives of ro (+8) for
the case when p=4 and k*=4
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Table (4.11.20) Representation of the terms in the expressions
of the second partial derivatives of r2(+5) for the case when
p=4 and k*=4

3 511511 222322nn10n01011011001 0ongoannd 2u4nnn0qn ononnnrtn
511511 322322901p01011011001 0nnnngne 22n01000 12000000
€115%11 3223220019n1n11011091 gnanoonrG 24000006 120n00L 0
511512 3223220n1001n1CNn1l00n0 Nn0DNONR0 23A1rC0N0 0N0NONNG
511312 322322001001016R10090 60000000 21&15C6N 120007730
511512 322322n01901016010000 0nnQ0n0na 2361annn 12000660
511522 322322a01001000000001 0nnnonnn 22520040 0n0ONOC30
511522 %223220010010C0000001 nenNnanco 2252nn0an 12000600
11523 322322391031639030000 0A0annP0 22515160 gngngnrno
511523 322322a010a81002050000 0000N0ON0 22516100 12000000
512511 322322001ann31tnnanni nannaoong 23310000 0NONCANS
512511 322322nn1a0n0110000Nn1 NA0I6000 2131000 1200AN0R" )
512511 322322na1071701102A701 nn03nann 2331ngcan 12002000
512512 32232200100501n0351010 ancaanrn 22320000 0NGrnnnn
512512 322322001079nlan0lnon neadennd 22a0na04an 12npana’t
512512 322322anianrnlanglagn annnaneo 320rn000 12000070
$12%12 32232200100Nn010001000 0n0ONNA0 2232°nan 120nnahy
512512 322322001n00a61n03anpg nennanC 22314100 gnpng~ad
-8,0 512512 322322n0100n0010H1300A0 Nnannnan 314t1afinn 12annnll
32,0 912513 322322n01aa0010a00000 dednanaag 223151nn 12000000
4,0 5125922 222322pqg100en0ntlnnl annpagan 2133a0an 00Rps Yo
-R,0 512522 32232236G1097063011031 Annanaag 213rnenn 12900770
16,0 512522 322322nntannnennllinonl annonngn 2133nnne 12000000
AN 512923 322322an1n0a~n00010nnan naannnnn 21324190 gnpepnc?
R, 512523 322322n0100000NN100NR NAdanNNn 216100 12000~ "0NY
32,0 £12527% 322322a01005000210000 nronnann 213241lna 12000000
4,0 912532 322222n01g0r0GannnGn1l AnnRnane 21315290 gnoegnny
1A,0 512933 322322pnlaannnangnnnl anananen 213152an 12pnnnif
A,0 912%3u 322322an1gannuidndnnen annannpd 2131° 141 annnansn
32,0 512534 322322031000009000000 0on0nnco 21215141 12p0nn00

* & o o o
- 1

e o & o o & & o

DONNTE WD -

o o
[

-0
BN DENDNEDI2IVNDEDDDODN

[N o BTI PN o B e B o =R = R B o I o B oe i i =« P |

[ 2 |
» >

32,

5 & & # a4 o ® & a o 8 & &6 8 s & o
]
-

N EVNEVVEVNVNENVNVENVDNDLERNVENENNDFODNVDENNDNDE

MDDV WNNNRWW NN EEEEWNWWOUONONDWWWOW
D DO DDDIODODIIDIDODIIDODIPDO2LODIODDIDODD




129

Table {4.11.20) contd.
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Section 4.12 Programs for deriving Bl(QA,GA

The programs for deriving Bl(QA,GA) are program POWCAL and
subroutines COEFll, COEFl, COEF2, E1000, E2000, etc. as shown in

Appendix 4. Note that these programs can alsc be used to derive

62 (?_AIGA) .

Section 4.13 Numerical exampleé

In this section, we make use of the computer programs in

(1) (2)

section 4.12 to evaluate Bi and Bi (1 = 1,2) in models (&)

and (B) described in Chapter 1. For all the corresponding hypotheses
in these models, we choose 90 to be (1.4, O.4fl For the case when
the hypothesis is concerned with el = 1.4, we consider 8a of the form
(1.4, eAzf, and for the case when the hypothesis is concerned with

T
62 = 0.4, we consider QA of the form (6A1’0'4)' If the hypothesis is
T
concerned with 6 = (1.4, 0.4), we consider QA of the forms (1.4, eAzf
T
and (6A1’0'4)‘ In Fig. (4.13.1)-(4.13.16), the variation of Bi(l)
(2)

and 81

(1 =1,2) with respect to QA is shown.
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FIGURE (4.1%.1 )

BETARI(J) IN THE SERIES EXPANSION OF THE

POWER FUNCTION OF THE GENERAL MAXIMUM

LIKELIHOOD RATIO TEST CONCERNING THETA I

HHEN SIGMA IS KNOWN

MODEL IS .

E(Y)=({THETA1/(THETA1-THETA2)
w(EXP(-THETAZxX1)-EXP(-THETAIxX1))

XI= 0.25.0.5.1.0.,1.5,2.0.4.0
THETAI ZERD ARE 1.4000 0.4000
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FIGURE(4.13.2)
BETAI(J) IN THE SERIES EXPRNSION OF THE

POWER FUNCTION OF THE GENERAL MAXIMUM

LIKELIHOO0 RAT]O TEST CONCERNING THETR 1

HHEN SIGMR 1S KNOWN '

MOOEL IS

E(Y)=C(THETRI/({THETAI-THETAR2))
®(EXP(-THETR2®X] )-EXP(-THETRI=X]))

X1= 0.25.0.5.1.0.,1.5.,2.0,4.0
THETAI ZERO ARE 1.4000 0-4000
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FIGURE(4.13.3)

BETAI(J) IN THE SERIES EXPANSION OF THE

POWER FUNCTION OF THE GENERAL MAXIMUM

LIKELIHOOD RATIO TEST CONCERNING THETA 2

HHEN SIGHMA 1S KNONN

MODEL 1S

E(Y)=(THETA1/( THETA1-THETA2})
®(EXP(-THETA2rX])-EXP(-THETAI®X1)}

XI: 6.25,0.5,1.0,.,1.5.2.0.4.0
THETAI ZERO ARE 1.4000 0.4000
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FIGURE(4,13.4.)

BETRI(J) IN THE SERIES EXPANSION OF THE

POWER FUNCTION OF THE GENERAL MAXIMUM

LIKELIHOOD RATIO TEST CONCERNING THETR 2

HHEN SIGMAR 1S KNORN

MODEL 1S

E(Y)=(THETARI/(THETRI-THETA2))
x(EXP(-THETRA2=X])- EXP(-THETRI!XI)]

XI= 0.25.0.5.1.0.1.5.2.0.4.0
THETAI ZERO ARRE 1.4000 0.4000
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FIGURE(413.5)

BETRI(J) IN THE SERIES EXPANSION OF THE

POWER FUNCTION OF THE GENERAL MAXIMUM

LIKELIHOOD RATIO TEST CONCERNING THETR

WHEN SIGMA IS KNOKN

MODEL IS

EC(Y)=(THETA1/(THETA1-THETA2))
w(EXP(-THETR2xX1)-EXP(~-THETRI=X1))

XI: 0-251005l1'001-sl2-004-0
THETRA] ZERO RRE 1.4000 0.4000
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FIGURE (4.13.5)

BETRI(J) IN THE SERIES EXPANSION OF THE

POWER FUNCTION OF THE GENERAL MAXIMUM

LIKELIHOOO RATIO TEST CONCERNING THETR

HHEN SIGMA IS KNOWN

MOOEL 1S

ECY)=(THETAI/(THETAI-THETAR2))
w(EXP(-THETA2=X])-EXP(-THETRI=xX1))

Xl: 0-25.0-5.1-0ll-502-0v4-0
THETAI ZERO ARE 1.4000 0.4000

3.60

.00

1.20 140 1.60 1.80
THETRI

2.00

2'20

36



.00

137

FIGURE(4.13.7)

BETRI(J) IN THE SERIES EXPANSION OF THE

POWER FUNCTION OF THE GENERAL MAXIMUM

LIKELIHOOD RATIO TEST CONCERNING THETA

WHEN SIGMA 1S KNOHWN

MODEL IS

E(Y)=(THETA1/( THETA1-THETA2))
(EXP(-THETA2xX1)-EXP{-THETAL=X]))

X]-‘- 0-25-0-5-1-0-1-5-2'0l4'0
THETAl ZERO ARE 1.4000 0.4000
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FIGURE(Z.13.8)
BETAI(J) IN THE SERIES EXPANSION OF THE
PONER FUNCTION OF THE GENERAL MAXIMUM
LIKELIHOOD RATIC TEST CONCERNING THETA
HHEN SIGMA IS KNOWN
MODEL IS
E(Y)=(THETA}/(THETAI-THETR2))

% (EXP(-THETA2%X11-EXP(-THETAI=X]))

XI: 0-25-0-5110[]-1-5'2-0-4-0
THETAI ZERO ARE 1.4000 0.4000
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FIGURE(4.12.9)
BETAI(J) IN THE SERIES EXPANSION OF THE
POWER FUNCTION OF THE GENERAL MAXIMUM
LIKELIHOOD RATIO TEST CONCERNING THETR 1
HHEN SIGMA IS KNOWN
MODEL 1S .
E(Y)=1-( THETAI®EXP(-THETA2RX] )
-THETA2®EXP(-THETAL=X1))
/U THETR1-THETA2)
XI= 1.2.3.4.5.6
THETA! ZERO ARE 1.4000 0.4000
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FIGURE (4.13.10)

BETAI(J} IN THE SERIES EXPANSION OF THE

POWER FUNCTION OF THE GENERAL MAXIMUM

LIKELIHOOD RAT]IO0 TEST CONCERNING THETA |

HHEN SIGMAR IS KNOHN

MODEL IS

E(Y)=1-(THETARI=EXP(-THETA2xXI)
~-THETAZ2=EXP( -THETARInX]))
/(THETAI-THETA2)

Xl= 1.2,3.4.5.6

THETAl ZERO ARRE 1.4000 0.4000
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FIGURE(4.13.11) '
BETRI(J) IN THE SERIES EXPANSION OF THE
POWER FUNCTION OF THE GENERAL MAXIMUM
LIKELIHOOD RATIO TEST CONCERNING THETR 2
WHEN SIGMA IS KNGWN
MODEL 1S
E(Y)=1-({ THETRI®EXP{ -THETR2=X] )
-THETA2=EXP(-THETA1xX11)
/U THETR! -THETAR2)
XI=  1.2.3.4,5.6
THETAI ZERO ARE 1.4000 0.4000
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FIGURE (4.13.12)

BETAI(J} IN THE SERIES EXPANSION OF THE

POHER FUNCTION OF THE GENERAL MAXIMUM

LIKELIHOOD RATIO TEST CONCERNING THETR 2

HHEN SIGMA 1S KNORWN

MODEL IS

E(Y)I=1-(THETRI=EXP(-THETA2=X]I ]
-THETR2=EXP( -THETAIxX] )}
/U{THETA1-THETRA2)

XI= 1.2.3,4,5.,6

THETAI ZERO ARE 1.4000 0.4000
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FIGURE (4.1213)

BETAI(J). IN THE SERIES EXPANSION OF THE

POWER FUNCTION OF THE GENERARL MAXIMUM

LIKELIHOOD RATIO TEST CONCERNING THETA

WHEN SIGMA 1S KNOKWN

MODEL IS

E(YI=1-{THETRI®EXP(-THETA2=XI]
-THETRAZ2=EXP(-THETAI=X]))
/{THETR1-THETR2)

X1z 1.2,3.,4.5.6

THETAI ZERO RRE 1.4000 0.4000
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FIGURE(4.13.14)
BETRI(J) IN THE SERIES EXPANSION OF THE

POWER FUNCTION OF THE GENERAL MAXIMUM

LIKELIHOOD RATIO TEST CONCERNING THETA

HHEN SIGMA 1S KNOWN

MODEL IS

E(Y)=1-({THETAI=EXP(-THETAZ2rX] ]
-THETA2=EXP(-THETAI =X11)
/UTHETAL-THETA2)

XI= 1.2.3,4.,5.6

THETA] ZERO ARRE 1.4000 0.4000
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FIGURE(4.13.15)
BETRI(J) IN THE SERIES EXPANSION OF THE
POWER FUNCTION OF THE GENERAL MAXIMUM
LIKELIHOOO RATIC TEST CONCERNING THETR
HHEN SIGMR IS KNOWN
MODEL 1S
E(Y)I=1-(THETAl=EXP(-THETA2=X] )
-THETAZ2=EXP(-THETAI=X1]]
/I THETRI-THETA2)
XI: l|203-4|5'6
THETAI ZERO RRE 1.4000 0.4000
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FIGURE (4.13.16)

BETAI(J) IN THE SERIES EXPANSION OF THE

POWER FUNCTION OF THE GENERAL MAXIMUM

LIKELIHOOD RATIO TEST CONCERNING THETA

HHEN SIGMA 1S KNOWN

MODEL IS

E(Y)=]-(THETAI®EXP(-THETA2=X1)
-THETAZ2EXP(-THETAI=X1))
/(THETA1-THETA2)

Xl= 1.,2.3.4.5.6

THETAI ZERO ARE 1.4000 0.4000

5240
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CHAPTER 5

COMPARISON OF VARIOUS METHODS OF OBTAINING

REGICN ESTIMATES BY MEANS OF NUMERICAL EXAMPLES

Section 5.1 Introduction

In Chapters 2 and 3, various methods of obtaining region estimates
for a subset of k* (1 < k* < p) components of the parameter vector 8
have been described. We refer to these methods as methods 1-4 as

follows:

Method 1 is based on the approximations that the model is linear
in the original parameter vector 8.

Method 2 is based on pcwer transfo;mations of all the individual
parameters (c.f. section 2;7);

Method 3 is based on general transformations in which the
transformed parameters of interest depend only on the
original parameters of interest; but the remaining
transformed parameters may depend on all the original

parameters (c.f. section 2.4).

A}
L

Method 4 is based on general maximum likeliliood retios (c.f.

Chapter 3).

In this chapter we restrict our attention to the cass when ¢ is known,
and apply the four methods to obtain region estimates in models (A) and

(B) described in Chapter 1. These regions are compared in two aspects:

(i) the estimation of the coverage probabilitv and tlie values of
nonlinearity associated with the regions,

(ii) the boundaries of these regions.
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In comparing (ii) wa see how we can suggest bounds for the values of
nonlinearitv within which the use of linear theory‘to obtain the

corresponding region estimates is justifiable.

Section 5.2 Estimation of coverage nrobability and nonlinearity

The coverage probability of the region estimate given by method 4
for k* (1 < k* < p) components of the parameter vector 8 is an important
quantity associated with this region. As QT is not known, we usually

do not know the value of the coverage probability. In this section, we

shall investigate the feasibility of estimating the actual coverage

10y

probability by using the coverage probablllty evaluated at 6 = 9.
We choose 8, = (1.4, 0.4) . We then set a = 0.05 and uge (3.3.50)

and (3.3.52) to calculate the coverage probabilities I (8:0) and I, (a,c)

for various values of 8. 1In Fig.(5.2.1)-(5.2.6) we display tlie absolute

values of

- ¢ I - :
(x;8,0) -~ 1,(84,0)1/[2; (8,,0) - 0.95]
for i = 1,2. Theses absolute values are classified into five categcries

each of which is represented by a symbol (c.f. footnotes of the figures).

'
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FIgure (5.2.1)
ROTATED COGROINRTES OF POINTS iN SOLUTICN LOCUS
MODEL IS
E(Y)={THETR1/ITHETA]-THETAR2 N
w(EXP( -THETRAZ2=XI 1-EXP1-THETAl=X] 1))

XI: D-ZSquSnl-0-1~S'200.4-0
THETARI TRUE BRE 1.4000 0.4000

S I1(THETA TRUE.SIGMA}-0.85= -451 »SIGMA SQUARE/ 100
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Fioure (5.2.2)

RUTRTEC CO2RDINRTES OF POINTS IN SOLUTION LOCUS

MODEL IS

E(YI=(THETRI/(THETR1-THETR2)}
w(EXP(-THETAZ2»X1)-EXP(-THETR1=XI 1}

XI= 0.25.0.5.1.0.1.5.2.0.4.0
THETR! TRUE RRE 1.400C 0.4000

I1(THETA TRUE.SIGMRI-0.85= 282 wSIGMAR SCURRE/100 |
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FIGURE (5.2.3)
ROTATED COURDINARTES 0OF POINTS IN SOLUTICN LOCUS
MOBEL IS
ECY)={THETRI/Z(THETRI-THETA2)
®(EXP{-THETARZ2»X] )-EXP(-THETR1»X11)

XI: 0-25-0-5-1-0.1-5-2-0'400

THETAI TRUE ARE 1.4000 0.4000
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FIGURE (5.2.4)
RCTATEL CCOROINATES OF POINTS IN SOLUTION LOCUS
MODEL 1<
ELYI=1-(THETAI=EXP( -THETARZ»X])
~THETAZ2=EXP{-THETAI=X]1]
Z{THETRAI1-THETR2)
XT= 1.2-3.4.5.6

THETAI TRULE RRE 1.4000 0.4000

IT1(THETA TRUE.SIGMR1-0.9E= -7865 =SIGMA SQURRE/ 100
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FIGURE (5.2.5)
ROTRATEQ COORDINRTES OF POINTS IN SOLUTION LOCUS
MODBEL IS
E{Y ,=1-{ THETRI®EXP{ -THETA2x=X!]
~THETR2=EXP( -THETAI=XI})
/U THETALI-THETR2])
X]= 1.2.3.4.5.6

THETRI TRUE RRE 1.4000 0-.4000

I1{THETA TRUE.SIGNR)-0.85= -6830 =SIGMAR SQUARRE/100
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FIGURE (5.2.6)
ROTATED COORDINRTES OF POINTS iN SOLUTION LOCUS
MODEL IS
E(Y)=1-(THETRI=EXP(-THETARZ2»X]]
~-THETR2=EXPI -THETARIxX] 1]
/{THETA]-THETAR2Z)
X1= 1,2,3,4.5,6

THETAI TRUE ARE 1.4000 0.4000

I2( THETA TRUE.SIGMR)-0.95= -5241 »S[{GHMA SQUARE/10C
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These fiqures indicate that provided that ¢ is sufficiently small,
the difference bet.ween Ii(QT,U) and Ii(ﬁ,c) is small for mcst of the §,
and the. estimation of Ii(gT,c) using Ii(§,c) can thus be regarded as
feasible. Ior example consider model (A) with o = O;l and model (B)

with ¢ = 0.02. These figures indicate that for most of the 3,
e .
|z, 8,0) - 1,(8,,0)] < 0.00C05
for model (aA), and
: 3 .
|Ii(§.cf) - Ii(é,r,c)l < 0.00032

for model (B). Thus if we use Ii(é,c) to estimate Ii(QT,c), the errors
involved are small for most of the §.

In practice, after calculating § and Ii(é;c), we may wish to get some
indication of whether ¢ is small enough for the éstimation of the unknown
value of Ii(QT,c) to be feasible. One suggestion is to e#amine the
values of Ii(Q,c) evaluated at g which are such that the distance between
the point P(8) and P(g) is less than 8, where § > 0. A plausible value
of § is 20,

Suppose we have obtained a particular § and there is indicaticn that
g is small enough for the estimation of Ii(QT,c) to be feasible. Then we
may refer to the region estimate based on this particular § as an

AN
"approximately 100 Ii(Q,c) ~ ¢c%" region estimate, where ¢ is any number

which can be regarded as negligible, in particular, c = 0.
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We next consider tihe estimation of the following values of nonlinearity

which are multiples of the measures of nonlinearity:

(5.2.1) Mg - 100(p+2)x (2 )N

p+2 P a
_ 2
(5.2.2) M, = 100(p+z)xp+2 Xg, 6Ny
(5.2.3) M, = 100(p+2 )xp+2( p’a)nq’

(5.2.4) M. = 100(p+2)X> (x> N, ,
0 : 3IV1,a" 70
i . i
and
(5.2.5 = 100(p+2) X2 (2 N
.2.5) M‘pi = 00(p+2))(3 xl,a) wi '

where ? is the transformaticn based on method 2 and the ¢i are trans-
formations based on methods 2 and 3. Note that the values of MS’ h¢
and M¢ evaluated at 8 = QA are the upper bounds of [JZ(QA,G)[, and the

values of Me evaluated at 8 = QA are the upper bounds of the corresponding

i

lJl(gA’o‘)l ’ Where

(5.2.6) Ji(gA,O') = IOO(Ii(.e_A,O') - (1 - C!)), (i-= 1:2)1

and the Ii(QA,c) are evaluated by using (3.3.50) and (3.3.52). In fact
(5.2.7) Mg > M, > My > |3,(8, .00

Furthermore we have

(5.2.8) Mei _>_M¢i > |~71(?.Ar°)l
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if the transformation ¢i is based on method 3.

We choose 8., = (1.4,0.4)T. We then set @ = 0.05 and calculate
these values of nonlinearity at various values of 8. Let these values
ofmﬂmﬁﬂWbehmdeM&Q,%@me@,%(@ammw@L

i i
In Fig. (5.2.7) to (5.2.24), we display the absolute values of

Mg (8) - Mgy (8,)

Mg ()

where 8 =60, ¥, ¢, Gi and wi;

These fijures indicate that, for a given B, provided that O is
sufficiently small, the difference between MB(§) and MB(QT) 1s small
for mcst of the §, and the estimation of MB(QT) using Ms{g) can thus be
regarded as feasible. Note that the value of o needs tc be much smaller
in the vresent case than in the case when we estimate Ii(QT,c). Further,
the larger the value of MB(QT)/cz, the smaller the value of o should be

for the estimation of MB(QT) to be feasible.
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FIGURE{S.2.7)
ROTATED CCORDINATES OF POINTS IN SOLUTION LOCUS
MODEL IS
E(Y)=(THETAI/(THETR]-THETAR2]))
w»(EXP{-THETAZ2%X] J-EXP(-THETA1=X1 )

Xi= 0.25.0.5,1.0,1.5,2.0.4.0
THETAI TRUS BRE 1.4000 0.4000

MTHETA[ THETA TRUE )= 81.073870  =SIGMA SQUARE
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FIGURE (5.2.8)

ROTATED COORCINRTES OF PGINTS M SOLUTION LOCUS

MOCEL IS

E(Y)=(THETALl/(THETARI-THETRZ) ]
w(EXP(-THETR2»=X[J-EXP( -THETR1wX1])

Xi= 0.25.0.5.1.0.,1.5.2.0.4.0
THETAI TRUE RRE 1.4000 0.4000

MPSI(THETA TRUE)= 36.157486 xSIGMA SQUARE
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FIGURE (5.2.9)

ROTRTED COORCINATES OF PQINTS IN SQLUTION LOCUS

MODEL 1S

E(r)=(THETA]/({ THETAl-THETAZ]
w(EXP({-THETR2%XI J-EXP{ -THETH]=X! )

XI: 0-25-0-5:1'0'1-5v2-004-0
THETAI TRUE ARE 1.4000 C.4000

MPHICTHETA TRUE )= 25.200733 =»SIGMA SQUARE
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FIGuRe ¢5.2.10)
RNDTATED COORDINRTES OF POINTS IN SOLUTION LOCUS

MOBEL IS
E(Y)=(THETARI/(THETA]-THETAZ))
[ SXP(-THETRZ2=X] )-EXP(-THETRI»X]))
XI= 8.25.0.5,1.0.1.5,2.0.4.0
THETAI TRUE ARE 1.4000 G.4000

MTHETAI(THETA TRUE)= 93.753006 »SIGMA SQUARE
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FIGURE (5.2.11)

ROTATED COOROINATES OF POINTS [N SOLUTION LOCUS

MOODEL 1S

EtYI=(THETARI/(THETRI-THETA2))
m{EXP({-THETR2=X1)-EXP{ -THETRIxX] )]

X1= 0.25.0.5.1.0.1.5.,2.0,4.0
THETRI TRUE ARE 1.4000 9.400C0

MPSI1(THETA TRUE]= 42.653977 =SIGMA SQUARRE
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FIGURE (5.2.12)
ROTATED CODRDINATES OF POINTS IN SOLUTION LOCUS
MOOEL IS
E(Y)I=(THETA1/( THETRI-THETAZ2))
®{EXP(-THETAZ2xXI )-EXP(-THETAl=X11)

XI: 0-25p0-5»1-0n1-5.2-0.4‘0

THETAI TRUE ARE 1.4000 0.4000

MPSI1(THETR TRUEI]:= 42.185118 xSIGMA SOUARRE
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FIGURE (5.2.13) :

ROTATED COCRODINRTES OF POINTS IN SOLUTICN LOCUS

MODEL IS

E(Y)I=(THETRI/(THETRI-THETR2 ]
w(EXP(-THETAZ2=X])-EXP( -THETAl=X]1]

XI= 0.25.0.5,1.0,1.5,2.0,4.0

THETAI TRUE ARE 1.4000 0-43800

MTHETR2(THETA TRUE)= 64.24819% =SIGMA SQUARE
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FIGURE (5.2.14)
ROTATED COORDINRTES OF POINTS IN SOLUTION LOCUS
MODEL IS
EtY)=(THETR1/(THETRI-THETR21)
*(EXP(-THETAR2=XI )-EXP(-THETAI=XI )

XI: 0-25’0-5'100-1-5-2000400

THETRI TRUE RRE 1.4000 0.4000
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FIGURE (5.2.15)

ROTATED COOROINATES OF POINTS IN SOLUTION LOCUS

MODEL 1S

ECY)=( THETAL/( THETA1-THETA2))
w(EXP(-THETAZ2X11-EXP(-THETRI=X11]

XI:- 0-25-0-5.1-0-1-5.2-0-4-0

THETAI TRUE ARE 1.4000 0.4000

= MPS]12({ THETA TRUE)= 51.572254 »S]ICMA SQUARE
-1
(e }
N
o .
@
) \ “l‘. N
D -
2 ““ ;
N e
NO
2 “l.
: \\
o
LT
R
s 9 |
5. \ ‘ 1
10 AN .
20 _ p
g ~
< T T —
-1.20 -0.80 -0.40 0.00
Z1

R=RBRSILUTE VALUE CF((iFSI2(THETARI-MPSI2(THETA TRUEII/MPS]I2{THETA TRUE))
PS12 1S POWER TRANSFORLWTICN BASED ON METMOD 3

+:0<Rs0.5 ;X:0.5 <R<] :A:1 <Rsi0 ;@10 <R<100:4:R>|00C

1

166

.20




.00 1.40

!

0.60

FIGURE (5.2.16)
RCTRTED COOROINARTES OF POINTS IN SOLUTION LOCUS
MGUEL IS
E(Y)=1-(THETRI=EXP{-THETR2x=XI]]
-THETA2»EXPI-THETAI=XI )}
JITHETARLI-THETAR2)
X1z 1.2.3.4.5.6

THETRI TRUF ARE 1.4000 0.4000

MTHETARITHETA TRUE)=  36234.290000 xSIGMA SQUARE
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FIGURE (£.2.17)
ROTATED CCCRDINATES OF POINTS IN SOLUTION LOCUS
MCOEL IS
E(Y)z1-(THETRI=EXP(-THETP2xX1)
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FIGURE (5.2.19)
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FIGURE (5.2.20)
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FIGURE (5.2.23) .
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Section 5.3 Region estimates of 8

In this section we compare the boundaries of the region estimates
given by the four methods. The levels of ¢ are set to be sufficiently
small to ensure that models (A) and (B) with QT = (1.4,0.4)T can be
treated as unconstrained models for statistical purposes. For model (A),
we consider three values of §, namely (1.4, 0.4)T, (2.0,0.2)T and
(l.O,O.B)T, while for model (B), we consider (1.4,0.4)T, (2.0,0.4)T and
(1.0,0.35)T. For a value of §, we find two observations Y (i=1,2)

such that the rotated coordinates are

s, S, S, S,

i i T
2= OO g g g g )
vhere 5y = 0.01, s, = Y0.02 in model (A), and 5, = 0.0001, Sy = Y0.0002

in model (B). With the y,, this value of § is a least squares estimate
of € and the residual sums of squares are siz. We then set o = 0.05 and
apply the various methods to obtain region estimates of 6. The boundaries

of these regions are shown in Fig. (5.3.1)-(5.3.12).
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FIGURE (5.3.4)
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FIGURE (5.3.7)
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FIGURE (5.3.8)
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FIGURE (5.3.9)
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FIGURE (5.3.10) .
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FIGURE (5.3.11)
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FIGURE (5.3.12)

REGIUN ESTIMATES IN THE MODEL

E(Y!=1-(THETAI=EXP(-THETAZaXI)
-THETAZ2=EXP(-THETAI»X]))
/(THETARI-THETAR2)

XI= 1.2.3.4.3.6

188

R

- P L ey

THETAIl HAT RRE 1.0600 0.3500
RESIQUAL SUM OF SQUARES = 0.0002
SIGNR = 0.00il ~sloma = 0.0034
MIHETP = 0.1000 KTHETR = 1.0000
KPS - = 0.0013 . WSl = 0.0133
o) mPHL = 0.0001 o nPHl = 0.0013
wn o™
o o’
T m ) w
owm @
T oNO
x a
'—
s
N
T EEv
—~ ™
géwf o
'—
N o~
T (12]
. T T 1 o T T 1-
“b.96 1.00  1.04 1.08 0.87 0.97 1.07 1.17
THETAI THETARI1
SICMA = 0.0078 SIGMR = 0.0107
MTHETR = 5.0000 + KIHETR = 10.0000
[T - 0.0564 nPsl = 0.1327
c nrHy = 0.C055 m neHl = 0.0131
e <~ {121 THETA HAT.SIGNMR)-0.S51a100=-0.0048
o o’
W ©
(¢} (10]
(VO] O
a (a g
— —
(BN 1l
3:N 3:",
'—m '—m
o] o]
® ‘©
~ X
T LI ] .
.70 0.30 1.10 1.30 “b.40 0.80 1.20 1.60
THETRI THETARI1

¥GICY ESTIMATES (MCMINAL 95.97.5.59 PEICENT) GIVEN BY METHCD
REGIUON ESTIMRTES (NCMINAL 95 PERCENTI GIVEN BY METHCO I 11:2,.3.41

PRER LY .




189

.3
We note that for each of the 6, M, is very much larger than

0

Ll
IJZ(Q,U)[ while M, and M, are fairly close to this number. Furthermore

v ¢ _
as shown in the figures, the order given by (5.2.7) with QA = § is fairly
well preserved in the closeness of the region estimates given by methods

1, 2 and 3 to that given by method 4. Ve also note that the change in

: . . 2
the residual sum of squares of an observation from s

2
1 to s, has very

slight effect on the region estimate given by method 4.

We next observe that at these levels of 0, the absolute values of
the differences between J2(§,0) and J, (8,,0) are small fractions of a
percent. This implies that our choice of the values of o, § and QT has
resulted in situations in which we can refer to the method 4 region
estimates based on these values of § as approximately 100 12(§,o)% region
estimates.

We further observe that the four methods give almost identical
region estimates when Me = 0.1l. As the region estimates given by method 4
are approximately 95% region estimates, the region estimates given by
methods 1, 2 and 3 are also approximately 95% region estimates.

When M, = 1, methods 1 and 4 give slightly different region estimates,

0
and whenever the corresponding M¢ and M¢ are less than 0.1, methods 2, 3
and 4 give almost identical region estimates. This observation is
consistent with the observation in the case when Me = 0.1.
When Me > 1, the region estimates given by methods 1 and 4 are
fairly significantly different. The region estimates given by method 2
or 3 differ slightly from those given by method 4 whenever'Mw or M¢

is less than 1. This observation is consistent with the observation in

the case when Me = 1.

The above observations indicate that for these models with QT near

(1.4,0.4)T and the levels of ¢ similar to those considered before,

a region estimate of the parameter vector g based on method 1, 2, or 3
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is an approximately 95% region estimate provided that the value of
the corresponding nonlinearity MB' where B =6, ¥ or ¢, is less than

or equal to O.l.

Section 5.4 Interval estimates of Gi

In this section we compare the limits of the interval estimates
~
given by the four methods. The values of QT' 6, Yir s; and o are
chosen to be the same as in section 5.3. The various methods are then

applied to obtain interval estimates of 8. The limits of these

intervals are shown in Fig. (5.4.1)-(5.4.24).
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FIGURE (5.4.1)
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FIGURE (5.4.2)
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FIGURE (5.4.3)
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FIGURE (5.4.4)

INTERVAL ESTIMRTES IN THE MOOEL
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FIGURE (5.4.5)
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FICURE (5.4.6) .
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FIGURE (5.4.7)

INTERVAL ESTIMATES IN THE MODEL
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FIGURE (5.4.8)

INTERVAL ESTIMRTES IN THE MODEL
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FIGURE (5.4.9) )

INTERVAL ESTIMATES IN THE MODEL
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FIGURE (5.4.10)

INTERVAL ESTIMRTES IN THE MODEL
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INTERVAL ESTIMATES IN THE MODEL
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F IGURE

(5.4.12)

INTERVAL ESTIMARTES IN THE MODEL
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FIGURE (5.4.13) '
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FIGURE (5.4.14)

INTERVAL ESTIMRTES IN THE MODEL
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FIGURE (5.4.15)

INTERVAL ESTIMATES IN THE MODEL
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FIGURE (5.4.16)

INTERVAL ESTIMATES IN THE MODEL
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FIGURE (5.4.21)
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We note that for each of the §, the order given by (5.2.8) with
QA = § is fairly well preserved in the closeness of the interval
estimates given by méthods 1 and 3 to those given by method 4. We
also note that the change in the residual sum of squares of an
observation from 512 to 522 has very slight effect on the interval
estimate given by methed 4.

We next observe that the values of Jl(QT;U) and Jl(§,c) as shown
in the figures are fractions of a percent. This implies that our choice
of the values of 0, § and QT has resulted in situations in which we can
refer to the method 4 interval estimates based on these values of § as
approximately 100 Il(§,0)% interval estimates.

We further observe that the four methods give almost identical

interval estimates when Me‘ S_O;l. As the interval estimates given by
method 4 are approximatelyl95% interval estimates, the interval estimates
given by methods 1, 2 and 3 are also appro#imately 95% interval estimates.

When M¢. < 0.1, an interval estimate based on the transformation wi
is almost id:ntical to that given by method 4. This interval estimate
based on ¢i is therefore an approximately 95% interval estimate.

The above observations indicate that for these models with QT near
(1.4,0.4)T and the levels of ¢ similar to those considered before, an
interval estimate of the parameter ei based on method 1, 2, or 3 is an
approximately 95% interval estimate provided that the value of the

corresponding nonlinearity M_, where B = Gi or ¢i, is less than or equal

B
to 0.1. Note that this value of 0.1 for the bounds of M. is the same as

B
that for the case when p = k* = 2 (c.f. section 5.3).
For other models which are unconstrained or which can be treated as
unconstrained for statistical purposes, we can likewise obtain bounds
for the values of nonlinearity within which it is justifiable to use linear

theory to obtain the corresponding interval and region estimates. It is

expected that the values of these bounds are fractions of one.
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Let ¢, be the ith column of the (nxp) matrix C of rank p. We wish

i

to find the Householder transformations

AU O T L LI R F R

such that g(p)g(p'l) (1)

((n-p)xp) matrix beneath it.
(1) (1)

We first find v

one nonzero component, and this component is at the first position

computational procedure involved in finding the components vgl) of

3

is as follows

(i) compute r, =

‘s (1) ST e Tro
(ii) compute vl i+ cll/rl,

(1)

(iii) compute vj

(1)
1

cjl/(rlv ) for j # 1.

Now let
crr(‘J) LG LR LG L Lt b D
~= - ~ - ~3
) .
céa = 0 for u < j,
and
(3) (3) .
o= >
cMu cTu for u > 3,
vhere j = 2,3,...,p, and céa) and céi) are the uth components of c

gij) respectively.

such that H <, is a column vector with only

...H 7'C is a (pxp) upper triangular matrix with an

The

eN

~

(3)
T

which is chosen to have the same sign as c

and

i e ¢ ———- ———.
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(3) (J) (J)

We next find v . where j = 2,3,...,p, such that H is a

column vector with only one nonzero component, and this component is
at the jth position. The computational procedure involved in finding

Y(j)

is as follows

n . .
(1) compute r, = z (c(J))2 chosen to have the same sign as c(?),
j u=g MU Mj
(ii) compute V;J) = [1 + (J)/r '
(iii) compute véj) = ég)/(r v(J)) for k # j.

With these v(J), the corresponding E(J) are the required Householder

transformations.
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. Appendix 2 Derivation of Ilag and Ila;ai in (3.3.43)-(3.3.48)
Let
sTL = {1,2,...,p~k*}
ST2 = {p-k*+1,p-k*+2,...,p}
and
sT3 = {p+l,p+2,...,n}.
Let i € ST2 and j € ST1. We have
3 *
ar{ s) 57 2
- = 2di s z.S zZ. .,
Ja... |a¥*=0 J
L 133 1= -
[ *
2% )" (s) 4 4 2—(s) 2
= 2[2z.S z, -z, + 4di 7.z 1.
aai'f. a*= i J
S ~ s
Ila'.‘.. = o
133
and
_ .2 2
Tiar,.ax, . = Pywg @17 -

218



Let i € ST2 and j,k € STl where j # k.

- * *
Br; s) o) Br; s)
—_— =4 Sg / S diz 2 —_—
da* a*=0 i J da¥ ., .,
L ijk ~ - 133
(321_(*5)
—-’ —

—r = 16z'" ) 2 2-82222 + 8255)

Ba*z at= 1 3 k ik i
L Tijk -~ =
a2 (*s)

97y —(s) 2 2 2 2
— = 4z, "z z" - 227z ,
da*..da*  la*=g + JK 1k

ij3 “ikk J~ ¢

* -

Ilaijk o]

2 2
I = 8X, 4., (3%¥7)
laijkai " k*+2 "1
and

2

I * x* (ax”).
la lJJalkk k*+2'71

Let i € ST3 and j,k € ST2 where j # k.

r *
Br; s) 2' —(s)
—_— = -2d*“z 7.9
da*., |a*=0 L3

ij3 J< =

Brl(*s)w

3a* *e
qijx 20

P 2r(*S) ]

1 = 8z ( (s)) _ 2;;5)

dax*x’, a*=0
L 13] 4= ®

2 2
* -
dl (421

We have

a*=0

2 2
*
dl (zj+zk),

We have

—=(s) ,,2
zj dI ),

219



2

* 3
%% 5k

(*s)

(*s)

*
813k

da*, dar
199735 %ixk |

I1a’.‘..
13]]

*
1a* 5k

a*, .a%*, .,
]3] 133
*
lal]k ijk
and

* o
1ats5%ixk

Let 1 €

'ar(*s)W

da¥ a¥*=Q
L ijyg J-~ =

. (*s) ]

a*=0

_ (s)=(s)
32z zj X 1"
a*=Q
822 (s) (S)di
a*=Q
2
X
2xk*+2(d1 )
sxk*+2(d1 )
2
X
k*+2(dl ) -

= 2X

il

o,

—43%
4dlzizj

o,

k

ST3, j € ST1 and k € ST2.

—(s)

82 (z

~(s )

+ 22(5) (g)
J

(s)

1

We have

)d*

[4

+ 8z,

Z(s)-(s) 4

3

“x

220



221

—azr(*s)
—r = le?z?E*s)— 8(z?z%+z?2‘s)d*2 - z%E*s)d*z),
k> at= i“j k ij ik 1 7k 1
| ijk -~ =~
( 2_(*s) i :
3 r
...___l___._. = 2z§;}£5)d12 ’
9% da* *=0
R GF RS R
Tiax . .ax,. = O
1JJ 13])
2 2
= - *
Tyax, a*, BXyeryn (97 )
ijk ijk
and
2 2
= 2% (a*7) .
* * *
laijjaikk k*+2 1
Next, it can be shown that all the I and I other
la'f.k 1a§ sk a; —_—
+J 17151 +292%

than those already derived are zero.
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APPENDIX 3 Programs PARTIT, POWPRO, and subroutines POWSUO, POWSUA,

76709717

oo0000B
oy606UDB
oVe60s60B
oue06Us
0060610
ove0628

0060748
006U748

0060768
Qvé1058
0061058
0061068
0061078
QVs11uB
0061118
0061128

0061138
0061168
0061208
ov6l233
ovée1248
0061268
0061278
0061328
0061348
0V61348
0061353
0061378
Quéel4ug
0061418
0061428
ov6144B
QU61l44y
0061528
Quelv6eB
0Us1628
0ubl65Y
0061668
0061718
0v61728
0Vb1758
00620uB
yu62u1n
gue2u3y
gu62048
0U62078
gue21uB

IMPERIAL COLLEGE FORTRAN COMPILER

MNF (BSPAKTLT)

1.

Se
Ye
Se
6

T.
8,

10,
11,
12,
135,
14,
15,
lbe

17.
18,
19,
20,
21e.
22,
25,
24
25,
26,
27,
28,
29,
30,
31.
32
33,
34,
39
36.
5’.
38,
39,
40
41,
42.
435,
44,
45,
46
47,

POWSUB,

POWSUC and SIGSUC

(2]

C
C
C

(s Nz NN zNz]

[z Nz X3l

aonn060

KRONOS 2.1.X PSR2+ 77705703, 21,22.28.

PROGRAM PARTIT IS FOR PARTITIONING THE SEY OF ALL
(A+11U1K11A+1202K2) INTO SUBSETS(CeFe SECTION (4.9))

PROGRAM PARTIT(INPUT,QUTPUT,TAPES=INPUT,TAPE6=0UTPUT,TAPET)

COMMON/MSKP/MS(6) «KP(500+21)
IREAD=S )

IPRINT=6
ITAPET=T
READ(IREAD+2) KCHyINyNPARNOBS+KSTAR

NPAR 1S TOTAL NUMHBER OF COMPONENTS IN THE PARAMETER VECTOR
NOBS IS TOTAL NUMYQER OF OBSERVATIONS -
KSTAR IS NUMUER OF CUMPONENTS OF INTEREST IN THE PARAMETER VECTOR

2 FORMAT(A6,1441415)
CALL CHECINU(KCH, 1N .6HNPARQE ,0)

ROUTINE CHECIN CHECKS THAT DaTa CARD IS CORRECT

WRITE(LPRINT 43) NPAR,NOBS KSTAR
FORMATU/1XsSHNPAR=¢I12¢1H/ e SHNOBS=¢1241H/16HKSTAR=127)
- NPMK=NPAR-KSTAR
NPMKP1=HNPMK+1
NPARP=NPAR+}
NPMKP2=NPMK+2
NPARP2=NPAR+2

1P=

0

THESE DU LOOPS ARE FOR PARTITIOQNING THE SET OF ALL
(A+I1ULIK1LWA+I2U2K2) INTO SUBSETS.

D0 160 I1=NPMKP1.NOBS
DO 150 I2=HHMKPl.+NOBS
DO 140 J1=1+NPAR

DO 130 K1=J1,NPAR

DU 120 JZ2=1.NPAR

DO 110 K2=J2.NPAR
IF(NOT.(I2.LELI2)) GO TO 110
IP=1P+1

MS(1)=11

Ms(21=J1

MS(3)=K1

MS(41=[2

MS(5)=J2

MS(6)=K2

00 10 IM=1,6

I=MS(IN)

IF({l+GEaleANDs I LE.NPMK)
IF (1 GENPMKPl «AHD el sLEJNPAR)
IF LI «GE NPARPANUCLLEHOBS)

KP(IP,iM)=]
GO0 TO 10
KP(IP lM)=2
GO 70 10
KP(IP,1M)=3
CONT LNUE

1T=

6

D0 16 IM=1.5
IMPL=IM+]
DO 15 UM=IMP1,6

1T=17+1

IF(MS(IM) ,EQ _MS(UM)) GO TO 12

GO YO 7

THE SUBSETS ARE INDEXED BY 1P

GO TO 8
GO 70 9



0062138
0062148
pub22uB
0062218
0062248
0062268

0062318
0062338
oV623338
062348
0062378
0062418
ov6241B
ov625u8
ou62548
0062548
0062558
0062613
0062628
0062628
0062638
0062658
0063118

0063118
0063118
0063128
0063368
0063368
0063368
0063628
0063628
0063648
00635678
0063728
0063758
ouesLLy
0o64038
0064068

0000008

0141408
0141408

0141408
- 0141408

0141408
0141408

0141408
0141408
0141408
0141408
0141408
0141408

48,
49,
50,
S1.
92,
55,

St
35,
S6.
$7.
58,
59,
6Ue
60.
62,
63,
635,
65,
66,
6l,
68,
69
704

71,
72¢
75,
T4,
15,
764
77
78,
7Y«
80,
8l
82
35,
84 .
859,

1.

2e
3e

e
S.

6o
Te

8

1U,
11,
1<
15.

ONno

[sEzNaEkaNaNaks]

223

IF(MS(IM)JNE.MS(JUM)) GO TO 13
12 KptiIpsli)=1
G0 TO 15
13 KPUIP.1T)=0
15 CONTINUL
16 ConTinvE

(KP(IP+1T)¢1151421) COMPLETELY SPECIFY THE IP-TH SUBSET

1IF(IP.EQ.1) GO TO 40 R

KSAML=U

IPM1=IPe1

D0 20 IPM=1,IPM1

DO 18 IT=1,21

IF(KP(LPM,iT) JNELKP(IP,IT)) GO TO 20
18 CONTINUL

KSAME=1

GO TU 3u
20 CONTINUL
30 IF(KSAME,EG,0) GO TO 40

IP=IP-1

GO TU 11g
40 LSKIP=1

IF(IPNE,1) GO TU 5S4

WRLITLCIPRINT 500 IP+(MSCIB) +IB=!+6)e (KP(IPeIB)1IB=1421)
50 FOKMAT(1X¢SHIP=¢1541H/+21H110U10K1112,020K2 ARE6(1201X) 42171 121KP

1UIPs*) AKE211I141X))

GO TU S8
5S4 LSKIP=1

WRITLCIPRINT56) IP¢(MS(IB)IBZ146)¢(KP(IPvIB)+IB=1421)
56 FORMAT(LXy3HIP=e15¢1H/121X06013+1X) s1H/+12X+21(11+1X))
S8 LSKIP=1

WRITL(ITAPE7460) IP.(MS(IB)IBZ146)4(KP(IP¢IB)IB=1421)
6U FUKMATU1X 2814)
11U CONTINUE
120 CONTINUL
150 CONTINUL
14y CONTINUE
150 CONTINUL
16U CUNTINUE

STUP

END

PROGRAM POWPKO 4SUBROUTINES POWSUO,POWSUA,PO®WSUB AND POWSUC ARE FOR
REPRESENTING (1) PRODUCT OF FIRST PARTIAL UERIVATIVES OF {R+)*x2
WeKoeTe A+I1ULlK1 ANU A+]202K2 EVALUATED AT A+=0 AND (2) SECOND
PARTIAL OERIVATIVES OF (Re)xe2 WeR,T. TO A+I1J1K1+A+I2U2K2
EVALUATEO AT A+=U(CF  SECTIONS (442) TO (446))

PRUGKAM POWPRO(INPUT (OUTPUT,TAPES=INPUT,TAPE6=0UTPUTTAPESTAPE10+
1TAPEZ+1APELL)

COMMON/MSKP/MSI6) «KP(30421)
COMMUN/ACAANZ/ZAC(30)4H(30)+D(30)4,AAC(30)AAL3042)SIZN(30+10)+AZ(3
10+10)

COMMUN/ZNKPP/Z/N(2:¢24¢3) KPP (B846)
COMMUN/ACLIAAL/ACL(4410) ¢D1(4¢10) AAL(44¢1042)+SIGNI(H410+10)¢AZ2(4
110+10)

COMMUN/Z IGIGMX/ZIGLY) « IGMAX(H)
COMMUN/ACGAAG/ACL(4410)+OG(%410) ¢ AAG(Y44¢10+2),SIGNGLH4410410)¢AZG (4
110+10)

COMMUN/AKSTAR/ZAKSTAR(S0) +DEGREE (50) «GAMMA(10)
COMMUN/ZIKREAUZIREAD ¢ IPRINT ITAPE
COMMUN/NUBS/ZNHOBS ¢NPAR JKSTAR (NPMK NPMKPY ,NPARP
COMMUN/KS/KS 4 IP 1 IMAX 1]

COMMUN/ZLL1J1IK1/7110J1eK10120J24K2

COMMUN/ZLPRINTZLPN(5S0)

—— e



0141408
0141408
0141408
0141408
0141418
0141428

0141548
0141548

0141568
0141658
0141658
0141668
0141678

0141708
0142038
0142058
0142208

0142228
0142228
0142378

0142518
0142518
0142518
0142538
0142628

0142648
0l43uls
0143038
0143128

0143148

0143238
01435258
0143258
0143258
0143268

14,
15.
16,
17.
18,
19,

20,
21.

22,
23,
24.
25.
26,

27,
28,
29.
30

31,
32
33,

34,
35,
36
37,
38.

39.
40.
41,
42

43,

L X
45,
46,
47,
48,

o000 o0n

oo0on

oo0oo0on

o000

oo0oo0o

aoocCc o0

oo
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COMMUN/ZIQAH/ZIVA,IUH
COMMUN/KPOWER/KPOWER

IREAL=D

IPRINT=6

ITAPET=T7

READC(IREAD«4) KCHoINNPARNOBS+KSTAR

NPAR 1S TOTAL NUMBER OF COMPONENTS IN THE PARAMETER VECTOR
NOBS IS T10TAL NUMHBER OF OBSLRVATIONS

KSTAR IS NUMuER OF COMPONENTS OF INTEREST IN THE

PARAMELTER VECTOR

4 FORMAT(AB+I441415)
CALL CHLCINCKCH IN,6HRNPAROB,0)

ROUTINE CHECIN CHECKS THAT THE DATA CARD IS CORRECT

WRITE(IPRINT,5) NPAR.NOBS.KSTAR
S FORMAT(/1X+1dNPAR+NUBS«KSTAR AREQ«3(I3+1X))
NPMKSNPAR*KSTAR
NPMKP 1=SHNPMK+1
NPARP=NFAR+1

READ(IREAD4) KCHoINo (LPNII)eI=1,7)
CALL CHECIN(KCH¢IN«6EHLPNIL) o)
READ(IREAD4) KCHoINo(LPNU1)+¢I=8014)
CALL CHECIN(XCH IN«6HLPN(8)40)

LPN(‘)AUECIUE WHETHER THE INTERMEDIATE RESULTS WILL BE PRINTED
ouTt

KAAC=6 ’
READ(IREAD«6) KCH¢IN, (AACIT) «I=14KAAC)
WRITEUCIPRINT 8) (AAC(I) «I=1,KAAC)

AAC(%) ARE SUME NUMBERS ASSOCIATED WITH THE EQUATION
SDAY(2)=(D+)*s2 (C,F, SECTIUN (4.4)), THEY ARE RESPECTIVELY
2¢00=2400=1sUe1sUe4¢0 AND =4,0

6 FORMAT (A6,I4,7F10.6)

8 FORMAT(/1X,0AACI%) ARED6(F1lU.4¢1X) /)
CALL CHECINIKCHsIN«6HAAC(I)0)
READ(IKEAD«4) KCH 1IN KPOWER
CALL CHECIN(KCHsIN+6HKPORERy)

NORMALLY KPOWER=1 EXCEPT IN THE CASE WHEN WE WANT TO USE POWPRO.
PONSUL +POWSUAWPONSUB AND SIGSUC TO ULERIVE I1(THETAWSIGMA)

READ(IKEAD«4) KCHoINJKSELEC+IS1+US14KS14IS52¢JS24KS2
CALL CHECINIKCHsIN16HKSELEC,U)

READ(IREAD«4) KCHo INJKSTART

CALL CHECIWN(KCHsIN'BHKSTART «U)

NORMALLY KSELECS0(KSTART=0 AND IS1,4,JS1:¢KS1¢1524U52+KS2 ARE ANY
POSITIVE IMTLGERS EXCEPT IN THE CASt WHEN WE WANT TU CHECK SOME
PARTICULAR PART OF THE PROGHAM

READ( IREAD«4) KCHo IN,IOMAX

I0OMAX IS TOTAL NUMBER OF SUBSETS GENERATED B8Y PARTITIONING THE SET
OF ALL (A+T1ULK1A+1202K2) (C.Fe PROGRAM PARTIT)

CALL CHECIN(KCHIN«SHIOMAX«0)
Ip=0

IQA=y

fus=y

DD 1910 10=1.10MAX
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0143318 49, IP=1P+)
0143328 S0, IF{KPONEREW,1) [P=1
0143368 .51e READCITAPE7+10) 1DDy(MS(IB)4IB=146)4(KP(IP+IB)1IB=1421)
c
c (KP(IP+IB)+1B=1421) COMPLETELY SPECIFY THE IP=-TH SUMLSET
c
0143618 52, 10 FORMAT(1X,2814)
0143618 53, IFCeNOT o (KSELEC £ Qe0.0Re (I1sEQeIS1eANDeJ1ENLJS
1012.E001S2eANDWJ2,EWJ32,ANDeK2.EQeKS2)))GO TO 191U
0144038 S4, IF(LPNLL1) s Lwe0) GO TO 35 )
0144048 55 WRITE(IPRINTe33) (MS(I)eIZ1e6)
0144158 S6. 33 FORMAT(/1X+21HI1vJ1eK10124J2+K2 ARL6(1241X))
0144158 S7. WHLITECLPKINT34) IPo(KP(IPeI)el=1421)
0144328 58, 34 FORMAT(IX SHIP = ¢I3v1H/¢12HKP(IPyI) ARE.21C¢I141X))
0144328 59, 4% LSKIP=1
0144328 60, I1=MS(1)
0144338 61, J1ZMS (2)
0144358 62 K1=MS(3)
0144368 63 12=MS(4) -
0144408 644 J2=MS ()
0144418 69 K2=MS (6)
0144438 664 KS=0
0144441 67. IF(I1,EQ,I2,ANDeJ1.EQ.J2. AND K1, EQ.K2.ANDeJ1,EQ.K1) KS=1
0144558 68, IF111,0,12.ANDeULEQeU2AND KL, EQK2.ANDsJL NEK1) KS=2
0144668 69, KI1=30
0144668 70. - DO 38 LI=1.KII
0144708 71. 00 36 1Z=1.NOBS
0144738 72, AZ(11412)=040
0144738 73, 36 CONTINUE
0145018 73. 38 CONTINUE
c
c TO KREPRESENT THE EQUATION SUA1(2)=(D+)*s2 IN A COMPUTER
c (CoeFe SECTION (4,4))
c NONLINEAR TEKMS IN SDA1(Z) ARE INDEXED 8Y Il
c
0145048 79 11=0
0145048 76, IF (WNOT o (KPUIP 1) oEQ,2.ANDeKP (IP42),EQ,1,AND.KP(IP+3).EQ,1)) GO TO
R 144
- c i
c TO REPRLSENT 2,0(SUM FROM I EQUAL TO P=KSTAR+1 TO P) (SUM FROM
(o J EQUAL TO 1 TO P-KSTAR) (SUM FKRUM K EQUAL TO 1 TQ P=KSTaR)
c OF A+1JKZIZJZK :
C
0145158 77. 11=11+1
0145168 78. IF(J1,EU.K1) AC(II)=AAC(])
0145228 79. IFCUL NE K1) AC(II)=2,05AAC(1)
0145268 80. AALIL10=1,0
0145268 81. AA(IL42)=0.0
0145308 82, 00 4u 12=1,NOBS
0145333 83e IF(IZGEWLIL) AZ(ITvI2)=A201T1412041.0
0145428 84, IF(1ZebUedl) AZ(IIvIZ)SA2(ITvIL) 4140
0145508 85, IF(IZebUeKL) AZ(LIIZ)=A2(L1+12)4+1.0
0149568 86 40 CONTINUE
0145608 87. IFCLPH(S) JEW.0) GO TO 43
0145618 88, WRITE (APRINT 41) (MS(I)+I=146)
- 0145728 89, 41 FORMAT(/1Xe21HI1eJ10K10120J2¢K2 ARE+6(1241X))
0145728 90. WRITE CLPRINTWU2)1T0ACITII) eANCTI 1) JAACIT 2) v (AZ(II+1B1+1B=1,NOBS)
0146168 91, 42 FORMATU/1X 4 SHIT = JI2,1X,9HACULI) = Fl,142X,11HAACITe1) = F4e142
IXO1IHANCIT02) = 1F4el02Xe13HAZ(ITv1I2) ARE«10(FY,101X))
0146168 92, 43 LSK1prs1
0146168 95, G4 IF(oNOT, (KP(IP4) EU,2.ANDKP (IP(5) . EQ,1,AND KP(IP+16).EQ.1)) GO TO
1110
0146278 94, 1F(,NOT,KS.EQ,0) GO TO 110
0146318 ys, L1=11+1
0146338 96 IF(J2.8WeK2) ACLLII=AACIY)

0146378 97 o 1IF(J2eNteK2) AC(L1]1=2.,02AAC(1)



0146438
0146438
0146458
0146508
0146578
0146658
0146738
0146758
0146768
0147078
0147338
0147338
0147348

0147468
0147478
0147548
0147608
0147608
0147628
0147658
0147748
0i50uu28
0150108
0150128
0150138
0150243
0150508
015us08
0150538

0150658
0150668
0150728
0150768
0150768
0151008
0151038
0151128
01512uB
0151268
0151308
0151318
0151428
0151668
0151668
0151678
0151728
0151748
0151768
01%2918

98,

99,
10U,
101.
102.
103,
104,
1uSe.
1Ube
1u7.
108
109.
11U

111,
112,
113,
114,
115,
116.
117
118,
119
120.
121.
122,
125
124,
125,
126,

127,
128,
129,
130,
131,
132,
133
134.
135,
136
137.
138,
139
140,
141,
142,
143.
144
149,
146

aOO0000n

S0

60
11lu
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AACII1)=0.0

AA(IL2)=100

DO 5U IZ2=1.NOBS

IF(IZetweI2) AZ(IT0IZ2)V=AZ2(I1+12)41.0

IF(IZeEQeU2) AZ(IIWIZ)=AZ(1I012)+1.0

IFUIZEWeK2) AZUILWIZ)=AZ(IT014)+1.0

CONTINUL

IFLLPRID) EWe0) GU TO 60

WRITL(IPRINT«41) (MS(I)e+I=146) .
WRITL(IPRINT42)I10ACIIT)vAA(TITI*1)sAACTITI2)¢(AZ(IIIB)IB=14NOBS)
LSKIP=1

LouT=1

IFCeNOT o ((KP(IP 1) (EQ43) e ANDo (KP(IP+42),EQe2.0R,KP(IP+3).EQe2))) GO

1 70 124 ) :

TO REPRLSENT «2,0(SUM FROM 1 EQUAL TO P+1 TO N) (SUM FROM J EQUAL
TO 1 TO PeSUM FROM K EQUAL TO 1 TO P+ AND AT LEAST UNE JF Je«K IS
EQUAL TU P=KSTAR+1 UR P=KSTAR+21e¢0+0R P) OF A+IJKLIZUZK

I1I=1I+1

- IF(J1.EQ.K1) AC(II}=AAC(2)

120

122
124

130

132
180

191v

IF(Jl1.NE.K1) AC(I1)=2,0%AAC(2)
AA(Ile1)=1,0

AA(II«2)=0,0

DO 120 12=1+N0OBS

IF(IZet@eIl) AZ(IT012)=A2(1I1012)41.0
IFUIZeEUeJL) AZUITWI21=AZ(I1+I27+1.0
IF(IZeEUeK1) AZ(I1412)=AZ(I1¢1Z21+1.0
CONTINUL g
1IFLLPNIS) ,Ew,0) GO TO 122
WRITE(LPRINT 41) (MS{I)eI=146)
WRITE(LPRINTW42)ITI0ACIITI) eAACTIIv1)sAACITI12)e(AZ(II+IB)IB=14NOBS)
LSK]IP=1

IF(.NOT (KS,EQ,u)) GO TO 180

IFCNOT JUIKPOIP ¢4 (EQ,3) JAND((KP(IP(5) ,EQ,2,0R,KP(IP+61,EQ.2))) GO

1 TU 18U

II=11+1

IF(U2.£Q.K2) AC(II)=AAC(2)
IF(J2,NLK2) AC(11)=2,0%AAC(2)
AALIL1)S0WU

AA(IL2)=1,0

DO 150 12=1,NOBS

IFUIZeEUGIZ2) AZIUITIWIZ)I=AZ(I1012)41.0
IF(1ZeEQeU2) AZ(IIeIZ2)=A2(]1T014)+1.0
IF(IZLWeK2) A2(II+12)=A2(11+12)+1,0
CONTEINUL

IFLLPNID ) EW,0) GO TO 132
WRITE(LIPRINT ¢41) (MS(I)eI=146)
ARITECLPRINT «42)I10ACCII)AACITIe1)eAA(IT12)e(A2(11«IB)1IB=14NOBS)
LSKiP=1

Lour=1

CALL PUWSUU

CALL PUWSUA

CONTLNUE

STOP

END



0000008

ovgoous
oocouolp
0000038
gogoooesB
0000168

0000168
oogo208

1.

anon

100
110

9u00

e et m—————— - e
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SUBROUTINE CHECIN(XA414KB4J)
ROUTINE cHECIN CHECKS THAT DATA CARD IS CORRECY
1F (KAWNEKHB)GO TO 100

IF(I.EW.J) GO TO 9000
IF({letWe0enANDeJobdal) GO TU 9000

WRITE(6+4110) KAWL «KBsJ

FOKMAT(23H ERROR IN.CARD LABELLED,2X¢A6¢1442X+15HPROGRAM EXPECTS 2
2XeAB614) - -

RETUKN

END

NUMBER AND NAME CKOSS KEFERENCE MaP (/Nz N REFERENCES 1IN STATEMENT)

VARIABLE AND ARRAT NAMLS SUKTLp BY AppRESS (B=RELATIVE ApDDRESS)

0000008 9.
c
c
c
0000008 10,
ouoouLB 11,
0000008 12.
0000008 13.
0000008 14,
0000008 15
0000008 16
00000UB 17,
vvogouuB 15,
oogouuy 19.
00000UB 20,
ooooous 21.
0000008 22,
00VLOUB 23,
00000UB 24,
0ucsoUB 25.
c
c
c
c
c
0000178 26,
0000218 27.
0000238 28,
0000258 2%,
0000338 30,
0000428 31.
0000518 32,
ouo06UB 33,
0UUUAUB 34,
0000628 35,
0000648 364
000073A 37.
0001018 38.
000107y 39,
0001158 40,
0001178 4l
ouol2ug 42,

41
42

220

(C= RELATIVE TO //)

SUBROUTINE POWSUO
ROUTINE POWSUQ IS CALLED IN POWPRO

COMMUN/MSKP/MS (6) +KP(30,21)
COMMUN/ZACAANZ/ACL30) 4R{30)4Dt30: AAC(30)AA(30,2)+SIZN(30:10)A2(3
10+10)

COMMUN/NKPP/N(24¢24¢3) KPP (846)

COMMUN/ACLAAL/ACL(4¢10) eD1¢He10)sAAL(H410+2) e SIGNLItY420410)A21 (Y
110+.10)

CUMMUN/Z IGIGMX/Z1IG(4) « IGMAX(4)
COMMON/ACGAAG/ACG(4+10)eDGLUs1C ¢ AAG(4910¢2)¢SIGNG(4¢10+¢10)¢AZG(U
110+10)

COMMUN/AKSTAR/AKSTAR(S0) DEGREE(50) yGAMMA(L10)

COMMON/ IREAUZIREAD+IPRINT « 1 TAPE

COMMUN/ZHNOUS/NOUBS «NPARVKSTAR«NPMK ¢ NPMKP1 ¢ NPARP
COMMON/KS/ZKS 4 IP1IMAXWII

COMMUN/ZIL1JIRY1/Z11eJd1eK1e]124J2eK2

COMMUNZLPRINTZLPN(SO)

COMMUN/ZIGAB/IUA,1WB

FORMAT(/1X121HI14J1eK14124J24K2 AREL6(1241X))

FORMAT(/1XeOHLII = ¢I2¢1XeSGHAC(LIL) = oF4e102Xe11HAACILI 1) = +Fle142
IXe1IHAA(II42) = oF4¢1¢2X413HA2(I1,12) ARE«10(F4,1¢1X))
IFCeNOTo(KPUIP ¢1) eEWe2e ANDeKP (1P 02) eEQel e ANUKP(IP+3) eEQeleANDeKP(
1IP14) eEQe2¢ ANDeKP{IP¢S) sEWele ANDoKP(IP¢6) eERL1)IGO TO 304

TO REPRESENT «1,0(SUM FROM I EQUAL TO P-KSTAR+1 TO P) OF (SQUARE OF
(SUM FRUM U EQUAL TO 1 TO P<KSTAR.SUM FROM K EQUAL TO 1 TO P<KSTaR)
0F A+1unsulK)

IF(«NOT (KS.EG,0)) GO TO 244

IF(I1NE.I2) GO TO 304

II=11+1

IF(J1.b0 K1 AND.J2,EQK2) AC(II)=2,0%AAC(3)
IF(J1 ,NE K1,AND,J2,L0,K2) ACII1)=4,0«AAC(3)
JF(Uleb e KloANDeJ2eNEK2) AC(I1)=4.0%AACL3)
1F(J1 NE KL ANDJ2,NE.K2) AC(11)=8,0%AAC(3)
AA(ITI 1)=1,U

AA(Ll42)=1.u

DU 220 I1Z=1.4i108S

IF(IZebWodl) N2(LI41Z)=A2(11¢12)42,0 '
IF(I1ZebWeKL) AZ(IT+12)=A201T1 01204140
IF(IZebWed2) A2(114J2)=AZ11T1412)+1.0
IF(12ebWeK2) AZ(IL0I2)=AZ(1]014241:0
CONTINULE

IF(LPNLD) LW ,U0) GO TO 230

WRITEC(LAPRINT ¢41) (MS(1)eI=1.6)
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0001318 43, WRITE(LIPRINT42)IT+ACCTII) sAACTII 1) 0AACIT42)e(AZ(IT+1IB)«IB=14NOBS)

0001558 44, 230 LSKIP=1

0001558 45. GO Tu 304

Quol1568 46, 24% IF(NOT.(KS.EQ.1)) GO TO 252

0001628 47, 11=11+41

0001648 48, AC(I1)=AAC(3)

00016"‘8 q’. AA(1101,=ZUU

0001658 S0 AACIL+2)=0,0 )

0001668 S1. 00 248 [2=1.NOBS = )

0001718 S2e "IF(1Z2e0EQedl) AZ(ITI41Z)=AZ{IIV12)+1.0

ouod20ua S35e IF(IZetWaKl) AZUIIIZ2)=AZ(11¢14)41.0

v002V68 S4. IF(14eEWed2) AZIILIIZ)SAZIITI1L)+41e0

0002148 5% IF(IZetWeK2) AZ(LIeIZ)=AZ(LITeIL)+140

0002228 Sbe 248 CUNTINUE

0002248 57 IFLLPNLIS) EW.0) GO TO 250

0002258 S8. WRITECIPRINT +41) (MS(I1)sI=146)

0002368 59. WRITECLPRINT «42)1I+ACIII)+AACTILe1)eAACLIT2)+(AZ(111B)+1B=14NOBS)

0002628 60, 250 LSKIpP=1 .

0002628 61, GU TU 3uy -

0002638 62, 252 II=11+1

0002658 63, AC(11)=4,0%AAC(3)

0002668 64. AALI1¢1)=2,0

00027U8 65, AALIL1+2)=0.0

00027uB 66, 00 256 14=1+NOBS

0002738 67 IFC(IZeEWedl) AZ(IIWIZ)=A2(11¢12)+1,0

0003028 68 T IFCIZeEUWeK1) AZ(II«IZ)=AZ{I1412)+1.0

0vo3i1uB 69. IFtIZeEWad2) AZ(III2)=AZ2(1141L)+140

0003168 70. IF(IZ2.tWeK2) AZ(1I412)=AZ(I1412)41.0

'000324B 71. 256 CUNTINUE

0003268 T2 IF(LPNtS) ,EuW,0) GO TO 260

ouo0d278 T3 WRITEUIPRINT 41) (MS(I)+1=146)

0003408 T4 WRATECLIPRINT +42)IT4ACCII)¢AACIL 1) sAA(LIT42)¢(AZ(II+IB)+1IR=1+NOBS)

0003648 75 260 LSKIP=1 :

0003648 76 Su4 LEND=1

0003658 17, IF(QNO‘O(KP(IP!I,QEQQSQANDOKP(IP‘“,.EQ-S.ANDQ(KP(IP‘Z).EQ.Z.OR.KP(

1IPe3)eEWe2,URKP(IP«S5)EQe2.0RsK PULIP16)4EQe2))) GO TO 410

c .

: c TO REPRESENT 1.0(SUM FROM 1 EWUAL TO P+1 TO N) (SUM FROM J EQUAL TO
C 1 TO PySUM FROM K EQUAL TO 1 TO P.SUM FROM L EQUAL 10 1 TO P+SUM
c FROM M EQUAL TO 1 TO P+ AND AT LEAST ONE OF JsKsL+M IS EQUAL TO
c P=KSTAR+1 OR PeKSTAR+214e420R P) OF A+IUKA+ILMZUZKZILZM
c .

0004U6B k- IF(.NOT+ (KS.EQ,0)) GO TO 344

ooou1uB 79 IF(I1.NE,I2) GO TO 410

00041208 80. 11=11+1

ouo4138 81, IF(JU1,EQ.K1sANDsJ2.EQ.K2) AC(II)=2,0%AAC(Y)

0004228 82, IF(JL NEK1.ANDGV2.EQeK2) ACLIL)=4,0%AANC(Y)

0004318 83. IF (ULt WeK1oANDOJ2NECK2) ACLIL)I=SH.0%AACKY)

ovo44uB 84, IF(J1 NEK1oANDGJ2.NEWK2) AC(I1)=8,0%AAC(Y)

0004478 8%, AA(II«1)=140

0004478 86. AALILE 2)=1,60

ouQ4518B 87. DO 320 1Z=1.NOB8S

0004538 Bbe IF(IZetWedl) AZULIVIZI=AZITIIN12)+41.0

ovou4628 89 JFUIZeEWaKL) AZCUET+12)=A20110]14)4160

0oou47vuB 9U. IF(IZ EWed2) AZULITCIZ)=AZUIT01L)4160

0004768 91. IF(IZ,tWeK2) AZUIT1eIZ)ZAZUII1L)41,.0

0005048 92. 320 CONTINUE

0005ue6B 93 LF(LPNIS) ,Ew,0) GO TO 330

ugosu78 4 WRITECIPRINE +41) (MS(I)4I=146)

00052uB 95 WRITLCEPRINT «42)LT0ACITII) o AALIIN1) +AACTIT2)e(AZ(XI+IB)+IB=14NO8BS)

0005448 96, 330 LSKIP=1

0005440 97, GO TOU 410

ouuUduLhE J8. 344 JF(.NOTJIKS.EW,1)) GO TO 552

0005518 99 11=11+1

0005528 100. ACLLII)=AACLY)

0005538 1ule. AACTL41)=240



0005548
0005558
oo0oseuB
0005678
0005758
0006038
oguélis
0006138
0006148
0006258
0006518
0006518
0006528
0006548
0006558
00065738
0006578
0006628
0006718
0006778
0007058
0007138
0007158
00V7168
0007278
0007538
0007538
0007548
0007578

gooooor
000000R
. gooooon

0000008
0000308

000000R
0000008

0000008
0000008
000000R
000000R
0000008
0000008
0000008
000000R
0000003
0000003
0000023
0000037
0000047
000005R
000006p
000010R
0000118
0000133
000014R
0000U14n
- 0000168

102,
103.
104
105,
106.
107.
108.
109.
110.
111.
112.
113,
114,
115.
116,
117.
118,
119
120.
121,
122«
123.
124,
125,
126+
127,
128,
129.
130

6
T

8e

10
11.
12.
13.
14,
15.
16
17.
18.
19.
20
21
22
23
24,
25.
26
27.
28

a0

OO0O0O0O0O0O0

348

350

352

356

360
410

229

AALIL1+2)=0.0

DO 348 12=1NOBS

IFCI2eEWeJLl) AZ(ITe12)=AZ2(11¢1I2)+1.0
IF(IZEQeKL) AZ(L1T012)SAZ(IT+12)4140
IF(I2,8W0eJ2) A2(IT4IZ)=AZ(ITVIZ)41,0
IF(IZeEWeK2) AZ(ITeI2)=AZ(LIT 124140
CONT INUE

IFCLPNLS) EW,0) GO TO 350
WRITE(LIPRINT 441) (MS(I)sI=146)
WRITE(LIPRINT o421 IT+AC(IT) vAALILI 1) eaAlITe2)¢(AZ(IIV1IB)«IB=14NOBS)
LSKIP=1

G0 TU 410 ¢ -~

1I=I1+1 - -
ACUI1)S4.0%AACLY) .
AA(I1,1)=2.0

AALII2)=0.0

00 356 IZ=1,NOBS

IFCIZeEWaJL) AZIITIZ)I=A2(11+112)+1.0
IFCIZWEWeK1) AZCITVIZISAZ(1Iv1L)+140
IF(ICZ,£Q.J2) A2(II4I2)=A2(IX412)41,0
IFCIZbWeK2) AZ(IIvIZ)=AZ(1T012)4140
CUNT INUE

IFtLPN(Y) EW,0) GO TO 360
WRITE(LIPRINT ,41) (MS(I)},I=1,6)
WRITECIPRINT «42) LIvACCII) s AA(ITv1)+AACITIe2) 9 (AZCITIIB)+IB=1+NOBS)
LSKIP=1

LouT=1

RETURN

END

ROUTINE POWSUA IS CALLED IN POWPRO

SUBROUTINE POWSUA
COMMON/MSKP/MS(6) +KP(30+21)
COMHON/ACAAAZ/AC(3U);R(3n)!D(SU).AAC(30)QAA(30.2)QSIZN(30 IO)QAZ(S.
10410}

COMMON/NKPP/N(24:24¢3) +KPP(84+6)
COMMON/ACIAAL/ACL(Y+10) 4D1(4410) 4 AAL{4,10+2)SIGNLIIH10+10)sAZ1(H,
110.10)

COMMON/IGIGMX/IGI4) s IGMAXI(Y)
COMMON/ACGAAG/ACG(4410) +DG(4410) s AAG{441042)4SIGNG(4¢10+10)¢A2G (4
110.10)

COMMON/AKSTAR/AKSTAR(S0) s DEGREE(S0) « GAMMA(10)
COMMON/IREAD/IREADIPRINTITAPE

COMMODN /HOBS/NOES s NPAR sKSTAR 4 HPMK ¢MPMKP1 4 NPARP
COMMDN/KS/KS+IP«IIMAXs 1]

COMMON/T1J1K1/114J1,4K1,124J24K2

COMMON/LPRINT /LPH(50)

COMMON/IQGAB/IQA, IGR

COMMON/KPOWER/KPOWER

N{ls141)=11

N(l,41,2)=J1

N{lel,3)=K1

N(1|2|1)=Il

N(1+242)=K1

N{l1¢2,3)=J1

N{2.1.1)=12

N(241,2)=3J2

N(2+1,3)=K2

N{2+241)=12

N{2:2:2)=K2

N(2¢243)=J2

IF{eNOT (KO (IP11) eI el e ANDJKPIIP s 4) (NEL1)AND L (KP{IP+1),EQe2,0R K
LPLIP 4 EN2) dANDGKP(IP2) ED 1o ANDKPIIP13) 4EQs1sANDSKP(IP+5)oER,
11.AHDKP(IP+6).,£EQ,1)) GO TO S10

T0 REPRESEMT 4,0 (SUM FROM H £QUAL TN P-KSTAR+1 TO N.SUM FROM

I EGUAL TO P=KSTAR+1 T0 M AND AT LEAST ONE OF H.J IS EQUAL TO
P-KSTAR+1 OR OR P=KSTAR#2+.4,10R P} (SUM FROM J FQUAL TO 1 TO
PeKSTAR(SUM FROM K EUHAL TO § TO P=-KSTAR,SUM FROM L EQUAL TO 1} TO
P=KSTAR) UF A+HJULA#+IKLZHZIZJZK



000N42R
000045SR
000045R
000050R
0000528
000053R
0000SHR
0000558
000056R
0000578
0000609
000061R
0000638
000065R
0000748
000076R
p00100R
0001058
0001068
0001138
000114K
000115R
000116R
0001178
0001218
000123R
0001238
0001321
000136R
000136R
0001378
0001438
000144R
pootuug
0001458
000147R
poo1son
0p001s18
000152R
0001551
000164R
0001728
000200g
0002060
0002108
0002118
000222R
0002228
0002468

000246R
000246R
0002518
0002540
0002578
0002600
0002A3p
000264R
go026SRP
000266NR
000267R
0002724
000301R
000307n
000315n
0003234
000325n

29,
30
31.
32.
33,
34,
35.
36
37,
38.
39.
“0.
41.
42,
43.
Gy,
45,
46
47
48,
49,
S50.
51,
52
S3.
5“.
55,
55.
57,
S8,
58,
60
61
62
63,
644
65
664
67.
68
69.
70.
71
72.
73.
T4.
75.
76«
77

78.
79.
80.
81,
82,
83,
R4,
8S.
86
87.
88.
AT
90.
91.
92.
93
94 .

420

424

426

428

430

432
434

436

438

440

442

4yy
446
450
454

460

470
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IF(.NOT.(KS.EQ,0)) GO TO 460

IPP=0

DO 4S5S4 IPERM=1,2

IF(IPERM,EQ.1) 60 TO y20

IF(IPERM.EQ.2) GO TO 424

IPER1=1

IPER2=2

GO TO 426

IPER1=2

IPER2=1 : -~ -

LSK1IP=1

DO 450 J=1.,2

DO 446 K=1.2

IF(M(TIPERLvJ43) JNEJN(IPER2,K+3)) GO TO 446
IPP=IPP+1

DO 428 IM=1.3

KPP{IPP IM)=N(IPERL+JsIM)

IN=IM+3

KPP (IPP,IN)=MN(IPER2KsIM)

CONTINUE : -
IF(IPP.EQ41) GO TO 436 4

KSAME=0

IPPM=1IPP=1

DO 432 I=1.IPPM

00 430 L=1+6 )
IF(KPP(IPP,L) JMNE. KPP(I.L)) GO TO 432
CONHTINUE

KSAME=1

GO TO 434 :

CONTINUE co.
IF(KSAME.EQ.0) GO TO 436

IPP=1PP-1

GO TO 446

LSKIP=1

1I1=11+1

ACLII)=AACLS)

AA(ITI.1)=1.0

AA(1T.2)=1,0

DO 438 12=1,NORS

IF(IZLEQKPPUIPPs1)) AZ(TIT2)=AZ2(11+12)+1.0
IF(IZJEQ.KPPUIPP12)) AZ(TI+T2)=AZ(T1,12)1+41,0
IF(IZEQ KPP (IPP,4)) AZ(TT+12)=AZ(IT,17)+1,0
IF(IZ.EQeKPPUIPP+S)) AZ(II+I2)=A2(11+12)+1,.0
CONTINUE

IF(LPN(S) ,EQ,0) GO TO Huy

WRITE(IPRINT440) (MS(I) I=146).
FORMAT(/1X421HI1yJ1sK14124J2,K2 ARELE(TI241X))
HRITE(IPR'HT-Q“Z)II.AC(II)-AA(II-l).AA(II-z).(A?(II-IB)-IB 1+MORS)
FORMAT(/Z1XsSHIT = 4I241X,91IACIIIY) = (FUL142X¢11HAALTIT V1) = Fie142

1X 11HAACTIT12) = (F4al42X¢13HAZ(IT,12) ARE(1G(F4.141X))

LSKIP=1

CONTINUE

COMTINUE

CONTINUE

GO TO S10

IF(,NOT,(KS,EQ.1)) GO TO 480

II=11+1

AC(II)I=AAC(S)

AACTI 1)=2.0

AA(IT«2)=0.0

00 470 12=1.,NOBS

IF(IZEN.TI1) A20IT12)=AZ01T112)41.0
IF(TZ.EQaT12) AZ(TTI+T12)=A2(1I1412)+1.0
IF(I2,EN,J1) AZ(IT.IZ)=A7(11412)41.0
IF(12.,EQ,J2) AZ(IT 12)=A2(114T12)+4140
CONTIMNUE

IF(LPN(S)EQ.0) GO TO “474




. 0003260

000337AR
00036383
0003638
0003648
000366R
0003678
0003708
0003718
0003748
00040313
ooou4118
ooo4178
0004258
000427R
0004308
000441R
0004658
000465R
0004678
0004708
ooo471R
0004728
00N475R
000sS04n
000S5S12R
0005208
000526R
00053083
0005318
000542
0005668
000566R

0006078

0006133
0006148
000616R
000620R
000621R
0006228
0006238
000624R
000625R
00062683
0006270
000631R
0006338

- 000642R

nonNeuun
0nosu6n
000653R
0006543
0006618
0006621
0006530
000664R
0006651
000667R
000671R

9S5S.

96

97.

98.

99,
100
101,
102,
103,
104,
105.
106,
107,
108,
109.
110,
111,
112.
113,
114,
115,
116,
117.
118,
119.
120.
121,
122.
123,
124,
125,
126.
127.

OOOOOO

474

480

490

491

492

S10

512

S14

S1é

518
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WRITE(IPRINT 440) (MS(I) I=146)

WRITE(IPRINT 442} IToACCIT) sAACIT 1) AALTIT¢2) ¢ (AZILIIIB)+IB=14NORS)
LSKIP=1

GO TO S1io

I1=1I+1

AC(II)I=AAC(S)

AR(II+1)=2.,D

AA(II42)=0.0

DO 490 12=1,MOBS . o

IF(IZJEQeTIl) AZ(TITWIZ)=AZ(IT+12)+1.0

IF(TIZ.EQeT2) AZUITWI2)=AZ(IT+T2)+1.0

IF(IZ,EQeJl) AZ(II412)=A2(11412)+1a0

IF(TIZ.EQed2) AZ(IT2IZ)I=AZ(IIs12)+1e0

CONTINUE

IFILPM(5).EQ.0) GO TO 491

WRITECIPRINT+440) (MS(I)eI=146)
WRITE(IPRINT«442) ITeACIII) +AACIT 1) ¢AAITTI2)2(AZIIIIB)IR14NOPS)
LSKIP=1

II=1I+1

AC(II)=AAC(S)

AA(IL,1)=2,0

AA(IL,2)=0,0

DO 492 1Z=1,H0RS

IFUTIZWEQeIl) AZ(IIWIZ)I=AZ(II12)+1.0

IF(IZJEQeI2) AZ(ITI412)=2AZ(TI14T72,41.0

IF(IZ.EQ.KL) AZ(I1,12)=A2(I1412)+1.N

IF(IZ.EQeK2) AZ(II+I2)=AZ(11+12)41.0

COMTINUE

IF(LPN(5).,EQ,0) GO TO 510

WRITE(IPRINT 440) (MS(I)eI=16)

WRITECIPRINT UU2)IToACIIT)AA( i s1) sAA(TTe2) 4 (AZ(I14IB)+IB=14NORS)
LEND=1 .

IF(oNOT o ((KP(IP41) ., EQ 3 AND.KP(IP4),EQ,3)ANDJ(KP(IP+2).EQ.2,0R.K
1PUIP¢3) JEQ.2.0RKP(IP45) ,EQ,2,0R KP(IP,6).,EQ,2))) GO TO 610

TO REPRESENT ~4,0(SUM FROM H EQUAL TO P+1 TO N) (SUM FROM T

EQUAL TO P+1 TO N) (SUM FROM J EQUAL 1 TO P.SUM FROM K EQUAL TO 1
TO P4SUM FROM t EQUAL To 1 TO P+AND AT LEAST ONE OF JsKsL IS
EQUAL TO P=KSTAR+1l OR P=KSTAR+421s04¢0R P) OF A+HJULA+IKLZHZIZJZK

IF(NOT,(KS,EQ,0)) GO TO 540

IPP=0

DO 536 IPERM=1,2
IF(IPERM,EQ,1) GO TO 512
IF(IPERM.EQ.2) GO TO 514
IPERL=1

IPER2=2

GO TO S16

IPERL1=2

IPER2=1

LSKIP=1

D0 S34 J=1.2

DO 532 K=1+2
IF(NC(IPERL1J13) NELN(IPER2,K+3)) GO TO 532
IPP=1PP+1

D0 S18 IM=1,3

KPP (IPP (IM)=M(IPERL+J+IM)
IN=TINM4+3

KPP(IPP IN)=M(IPER2+K¢IM)
CONTINUE

IF(IPP.EQ,1) GO TOo 528
KSAME=0

1PP1=1PP -1

DO 524 I=1.,IPPH

DO 520 L=1.+6

IF (KPP (IPP L) MNEJKPP(I4 L)) GO TO %24y

e — ——— . .

| .



0006718
000700R
oo070u4R
o0o70u4n
0007058
0007118
000712R
0007123
0007130
000715R
0007168
000717R
000720R
0007238
0007328
00074073
000746R
0007548
0007568
0007578
000770n
0010148
0010143
001017R
001022R
0010258
001026R
0010318
001032R
0010338
001034R
001035R
001040R
001047R
go10ssep
0010633
001071R
001071
0010738
001074p
0011058
0011 31R
001131R
0011328
0011348
0011358
001136R
0011378
0011420
0011518
001157R
0011658
001173n

0011758

0011768
001207R
001233R

.001233R

0012358
001236R
0012378
0012408
00124301
001252R
ovi1260n
0012661

15S.
15S.
157,
158.
158.
160.
161.
162.
163,
164.
165.
166
167,
168.
169,
170,
171.
172.
173.
174,
175,
176.
177.
178,
179.
180.
181,
182.
183.
184,
185,
186,
187.
188,
189,
190.
191.
192.
193,
194.
195,
196.
197.
198,
199.
200.
201,
202‘
203
204,
20S.
206
207.
208,
209.
210,
211.
212
213.
214.
215,
216,
217,
218
21Y9.
220,

520

524
526

528

530

531
532
534
536

540

550

554

560

570

S74
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CONTINUE
KSAME=]1

GO TO S26
CONTINUE
IF(KSAME.EQ,0) GO TO 528
1PP=1PP-1
GO TO 532 R
LSK1IP=1 - -

11=11+1

AC(II)=AACL(6)

AA(I1.1)=1,0

AA(II.2)=1,.0

DO 530 1Z=1.H0BS

IF(IZ.EQ.KPP(IPPe1)) AZ(IT+1Z)I=AZ(I1+12)+1,0
IF(1Z.EQ.KPP{IPPe2)) AZ(TII41Z)=AZ(I1412)+1.0
IF(IZLEQ.KPP{IPP+4)) AZ(TI+IZ)=AZ(TI.,12)+1,.0
IF(1Z.EQ.KPP(IPP+S)) AZ(IT+1Z2)1=AZ(I1,12)+1,0

CONTINUE

IF(LPN(S),EG.0) GO TO S31

WRITE(IPRINT«440) (MS(I)sI=1+6)
HRITE(IPRINT.”QZ)II!AC(II)vAA(IIol)QAA(IIOZ)Q(ﬁZ(II!IB)vIB=1'NORS)
LSKIP=1

CONTINUE

CONTINUE

CONTINUE

GO 70 5810

IF(LNOT,(KS.,EQ,1)) GO TO S60

11=11+1

AC(II)=AAC(6)

AA(IT.1)=2,0

AA(II.2)=0.,0

DO 550 1Z2=1,M08S

IF(IZ.EGaI1) AZ(II¢IZI=AZ(1T+TZ)4140

IF(IZEQel2) AZ(ITWIZ)=AZ(IT41Z)+1.0

IF(IZ.EQeJ1) AZ(ITW1Z2)=AZ2(11+12)41.0

IF(1Z+sEGaJd2) AZ(IL1+12)=AZ(I1+¢12)+1.0

CONTINUE

IF(LPN(S) ,,EQ,0) GO TO SS4
WRITEC(IPRINT 440) (MSII)eI=1e6)
WRITE(XPRINT.QHZ)II.AC(II)vAA(II.l)vAA(IIvZ)v(ﬂZ(IIoIB)-IB:lcNOGS)
LSKIP=1

GO 70 610

II=1I+1

AC(II)=AAC(6)

AA(ITI1)=2,0

AM(I[e2)=0,0

DO S70 1Z2=1.MNOBS

IF(IZ.EQ.I1) AZ(ILI¢TIZ)=AZ(TIT412)41.0
IF(1Z.EQe12) AZIITWIZ)I=AZ(I1412)41.0
IF(IZ.EQaJ1) AZ(I141IZ)=AZ(IT1412)41.0
IF(IZ.EQ2.J2) AZ(I1412)=AZ(1I1e¢12)41.0
CONTINUE

IF(LPN(S).EQ,0) GO Tn S74
WRITECIPRINT«440) (MS(T)eI=146)
wRITE(IPRIHT.qQZ)II-AC(II)vAA(II-l)'AA(IIv?)c(ﬁZ(IIoIB)cIB=1qN0nS)
LSKIP=1

II=11+1}

ACLII)I=AAC(H)

AAR(TITI, 1)=2.0

AA(TIT 2)=0.0

DD S8 12=1,M08S

IF(T2.EQI1) AZIITWIZ)I=AZIIT12)41.0
IF(T1Z.60e12) AZ(TITWIZISAZ(TTITI2Z)+1.0
IF(TI2.EQ0.K1) AZ(IT I2)=A7(11417)2+41.0
IF(IZWEQGK2) AZ(TITII2)=A2(ITe1Z2)+140




001274R
001276R
0012778
001310R
0013348
0013348
0013358

001336R
0013418
001343R

Qoo00UB
ovoouus
0000008

0000008
oyooous

0000008
ogooous

0goo00B
ovooo0uB
oooo00VUB
ouovguB
ogooous
00000 U
0o0000UB
ovoouuB
goooouB
0000028
pooouse
0000058

0000068
0000161
0000168
ovou2uB
0000278
ooou278
04005ua
0000538
0000661
000U66B

221.
222,
223.
224.
225,
226.
227.

228,
229,
230,

1,
20
3e

LY
Se

Te

8.

9.
10.
11,
12.
13,
14,
15,
16
17.
18.
19,

20.
21.
22
25,
244
25
29,
27.
zu.
29

o000

onan

aonon
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580 CONTIMUE
IF(LPN(5).EQ.0) GO T0 ‘584~ .-
WRITECIPRINT440) (MS(I)esI=1e6) ° -
WRITE(TPRINT«442) I1 AC(II).AA(II.l).AA(xx.z).(AZ(II.IB).IB 1+NORS)
S84 LSKIP=1
610 LOUT=1 -
1IMAX=11

NOW WE HAVE AC(IT)¢AA(IT41)+AA(TI2) AND AZ(II+12) WHERE II=1,IIMAX
AND 12=1+NOBRS

CALL POwWSUB
RETURN
END

ROUTINE POWSUB IS CALLED IN POWSUA

SUBROUTINE POwWSUB ' LR
COMMON/MSKP/MS(6)KP(304+21)
COMMUN/ACAAAZ/AC(SO)'R(SOloD(SO)-AAC(SO).AA(30.2)'SIZN(30c10)|AZ(5
10.10)
COMMUN/NKPP/N(2424¢3) «KPP(846)
COMMUN/ZACL1AAL/AC1(4¢20)+D2(4¢10):AAL(441042)+SIGNL(4¢10¢10)e¢AZ1( 4
110+10)
COMMUN/ZIGIGMX/ EGU4) « IGMAXTY)
COMMON/ACGAAG/ACG (4+410) 4DG(4+10) JAAG(441042)4+SIGNG(4¢10+10)AZG(H
110+10)
COMMUNZAKSTAR/AKSTARIS0) +DEGREE(S50) s GAMMA(10)
COMMUN/IREAU/IREAD (IPRINT L TAPL
COMMOUN/NOBS/MNOBS {NPAR (KSTAR (NPMK (NPMKP1 NPARP
COMMUN/KS/KSy [P T IMAXCII
COMMUN/I1ULK1/T1eJ1eK1leI2eJ20K2
COMMUNZLPRINT/ZLPIN(S0)
COMMUNZIUAB/ZIUA, LUB
COMMON/KPOWLR/KPUKER
IF(.NOT,1IMAXEUWsy) GO TO 628
IP=1IP-1
GO TU 812
628 LSKIP=1

TO REPRLSENT THE EQUATION IN SECTION (4.5)

DO 66U IV=1yIIMAX
1I=1v
IF(NPMKJEUWU) GO TU 633
DO 632 IZ=1 HPMK
SIEN(EL412)=1.40

632 CONTINUE

653 LSKIP=1
VO 634 I1Z=NPARP,NOBS :
SIZN(IIV 1212140

634% CONTINUE




0001078
00011UB
0001230
0001328
0001438
0001528
0001548
0001638
0001758
0002068
0002078
ovo022us
0002258
' 0002318
0002338
0002533
0002568
0002658

0002658
0002568

0003568
0003578

0oodesSp
0003658
0003748
0003748

ovou2us
ooo4218
0004248
0004248
ovousUB
0004538
0oo4658
0004768
0005068
0005248
0005418
0005448
0005478
0005548
0005548
0005568
0005768
0006058

0006058
0006148
0006178

0007058
0007108
0007158
0007168
ouor2uy
goo7278
0007278

000753y

29.
31l.
32
33.
4,
35.
36
37
38
39.
40,
41,
42,
45,
LL Y
45,
46
47.

48,
49,

50,
51,

52,
53,

55,

56,
57,
58,
59.
60,
61l
624
63,
64
65,
664
67.
68,
6Y,
700
12
72
75

T4
75
7160

77
78,
19,
8U.
81,
82,
[ED

84

aaaaan
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TS=0.,0

DO 654 IZ=NPMKP1«NPAR

TS=TS+AL(I112)

IFCINTUALGILIZ)) sEWO) GO TO 640

NTESI=INT(AZ(II«12)72,0)

VNTEST=NTEST

VIESI=(AZ(I1¢12)/72.0)=VNTEST

IF{VTEST«GTo040) SIZN(II1«I4)==140 -

IFLNOI«(VIESTLGT, 0.0)) SIZN(II+12)=1.0

GO TO 654 -
640 SIZN(11.]12)=1,0 : =
654 CONTINUE

RULIIDI=IS

IFILPNLIY) EQ,0) GO TO 659

WRLITECIFRINT «803) (MS(I)41=146)

IF(eNOTeIletWel) GO TO 658

WRITE(LPRINT«657)
657 FORMAT(/1Xe60HII«I1eR(IIIWAC(II)oAA(TIL 1).AA(II.2)-SIZN(II-#) A2(1

11+%) AKE)
658 LSKIK=1

WRITE(IPRINT +806) II'II-R(II).AC(II).AA(II'I)oAA(IIo2)'((SIZN(II-I

12)¢AZ2(11412))«12=14NOBS)
659 LSKIP=1
660 CONTINUE

TO REPRESENT FIRST PARTIAL UDERIVATIVE OF (R+)*22 WeRaTe A+I1J1K1

_ EVALUATED AT A+=0+FIRST PARTIAL UERIVATIVE OF (R+)%22 WeReTe
A+I2U2K2 EVALUATED AT A4=0 ANU SECOND PARTIAL DERIVATIVE OF (R+)=s2
WeReTe A+I1JLIK1¢A+I2J2K2 EVALUATED AT A+=0 (C.F, SECTION (4.6))

I11=9
DO 700 IV=1.1IMAX
I1=1v
IFCeNOT o (UINTUAA(TTI 1)) EQelsANDSINT(AA(IT12)).EQ.0),OR. (INTIAA(LL
101))eEU.UANDSINT(AA(ITV2)).EQ.L))) GO TO 700
111=111+1
DO 670 IRD=1.4
VIRD=IKD
D1({IRDYII1)=R(ITI4(VIRD=2,0)
ACLUIRUYII1)=0,5#VIRD*AC(IL)
AAL(IRUIT1¢1)=AA(I1,41)
AAL(LIRD+112+2)=AALIT,.2)
D0 666 LZ=1.NUBS
SIGNIULRO111402)=SIZN(IT12)
AZ1CIRD«II14IZ)=ALUIT V1)
666 CONTINUE
670 CONTINUE
7u0 CONTINVE
I11MAX=111
IFILPNt6) EU.0) GO TO 709
WRITECLPRINT«803) (MS(I)¢I=116)
WRITE (LFRINT,702)
702 FORMAT(/1X1Y8HIRU ¢ EKUWO1CIRDVI11)+ACILIRD I IT1) ¢AALCIRD¢IT102) 1AALY
1IRDvII142)¢SIGNLCIROII1¢#) AZ1ILIRDITI10#) AKE)
DO 7u8 I111=14II1MAX
DO 706 1KUSL.4
WRITEC(LPRINT+806) IROeIRD+DICIRDVITI1)¢ACIUIRDYITI)sAALUIRDIITL 01D
IAALUIRUII102) 0 ((SIGNLI(IRO+II1¢1B)¢AZIC(IRO+I1141IB))IB=1,NOBS)
TU6 CONTINUE
7U8 CONTINUE
T0Y LSKIP=21
LII=11MAX
DO 730 LV=141IMAX
11=1vV
IFCNOT o LUINTLAACTLI 1)) aEQe1oANDGINT(AALIT2)),EQeD) OR. (INTLAA(IL
101))EG UANDLINTIAACTIL,2)),E0.1))) GO TO 720
LDULIISKROLT)

[



0007578

0007658
0007748
0007756
0010038
0010148
0010318
0010478
00105668
0010778
0011238
0011478
go11518
0011568
0011578

0011658
0011748

0011738
0011778
0011778
0012138
0012238
0012408
0012538
0012668
0013028
0013038
0013058
0013058
00139068
gul31lus
0013128
0013128
0013148
0013158
0013178
0013178
ov132uB
0013228
0013248
0U15248B
0013258
0015428
0013568
0013718
0014028
001414B
0014238
0014418
0014518
0014548
0U1l46UB
0014628
001462B
0014768
001501y
0015018

85,

86,
87
88,
89
90,
91l
92.
YS.
Y4 e
95
96,
97,
9y,
99,

100,
101,

102,
105,
104,
104,
106
107.
108,
109,
110.
111.
112,
113,
114,
115,
116,
117,
118,
119,
120,
121,
122,
1235,
124,
125.
126
127.
128,
129.
130.
131.
152
155,
1354,
159
156
137,
1358,
138
140,
141,

000
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IFCINT(R(1II)).EQ.Q) GO TO 730
AC(II)+AA(IIv#) SIZN(II+IZ) AND AZ(Il«1Z) ARE NOT CHANGED

00 714 II11=1,II1MAX
I11=111+1
IRD=K(11)
OD(II1)=Ul(IRU,II1)
AC(III)=AC(II)=ACI(IRDI1L)
AALIII1)=AALLTW1)+AAL{ILRUYILL01)
CAALTELW2)=SAA(IT2)+AAL(TIKRDIT12)
DO 710 1Z=1.NnUBS
SIZN(I11e¢12)=SIZN(ITI+I2)*SIGN1(1RD+II112)
AZCIL1Iv1Z2)=AZ0TIIvIL)+ALICIRDI114]2)
710 CONTINUE
T14 CONTINUE
GO TU 7350
720 D(II)=KR(II)

ACCII)eAAUIL %) SIGNCIIIZ) AND AZ(I1¢12Z) ARE NOT CHANGED

730 CONTINUE
II1IMAX=L1I]

PARTIAL UERLVATIVES OF (R+)+x2 ARE INDEXED BY KKG
FIND 1G(I)=TH TERM OF THE I-TH DERIVATIVES

DD 740 J=1le4
I6(J)=0
740 CONRTINUE
DO 800 I=1+.11IIMAX
IFCINTUAACTIN1)) eEQeleANDSINTIANL{TI12))¢EG.Q) GO TO 750
IFCINTIAA(I 1)) oEQeQ ANDLINTIAALI1Z))eEQ.1) GO TO 760
IFCINTUAACTL 01)) JLQ 2. ANULJINTIAA(I2)),EQ,U) GO TO 770
IFUINTCAACTI 1)) eEQelaANDSINTEANILI42))eEQ1) GO TO 776
G0 TU 8u0 : :
750 IG(1)=1G(1)+1
116=1G(1) .
KKG=1
GO TUL 780
760 IG(2)=1G(2)+1
116=1G(2)
KKG=2
GO TOU 780
770 1G(3)=10(3)+1
116=16L3)
KKG=3
GO TOU 78U
T76 1G(4)=106L4)+1]
116=1GLY)
KKG=4
780 DUGIKKG1IG)=0(]D)
IFIKKGebEWe3) ACGLKKGIIG)=2,0=AC(])
IF(KKRGeNE s 3) ACGIKKLLIIGISACKLI)
AALIKKLy[ILel)z=AA(104]1)
AAG(KKLIIIL2)=AA(TIW2)
DO 790 I£=1.+NOBS
SIGNOGIKKLeLLILe1Z2)=SIZN(TI,12)
ALOGIKKLeIIGe[L)=AL(14]12)
790 CONTINUL
8UU CONTINUE
DO BU2 [=1led
loMax(l)=IutI)
8U2 CONTINUL
IFILPNLS) ,£W,0) GO TO 812
KPRINT=0
DU 810 XKG=1.4
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0015058 142, IF(IGMAX(KKG),EQ,0) GO TO 810
0015128 143 DO 808 IIG=1+IGMAX(KKG)
00152583 144, KPRINT=KPRINT+1
001526R 145, IF(JNOTL (KPRINT.EQ,1)) GO TO 805
001531R 146, WRITE(IPRINT,803) (MS(I)sI=146)
0015528 147, 803 FORMAT(/1Xe21HI1eJ1eK1e12+J2+4K2 ARE+6(1241X))
0015528 148, WRITE(IPRINT,.804)
0015618 149, 804 FORMAT(/1X.53HKKG.IIG.DG(KKG.IIG).ACG(KKG.IIG).AAG(KKG'IIG.-).StGN
IG(KKG'IIG-*)oAZG(KKGoIIG.*) ARE)
0015618 150. 805 LSKIP=1
0015628 151, WRITE(IPRINT,(806) KKG,TIGDG(KKG,T16) JACGIKKGTIG) +AAGIKKG+IIGs1)
1 AAG(KKGsIIG42) e ((SIGHG(KKGsITG112) AZGIKKGTIGe12))¢I12=1+H08S)
001661P 152. 806 FORMAT(/1Xe2(1H/ 1 I3)¢2(1H/«F841)¢1H/32(F4¢141X)e100(1H/eF4aly 1x.r3.
11))
0016618 153, 808 CONTINUE
001665R 154, 810 COMTINUE
001670R 155. 812 LSKIP=1
001672n 156. IF(KPOWER,EQ,1) CALL POWSUC
0017018 157, IF(KPOWERWNE.1) CALL SIGSUC
0017068 158, RETURN
0017108 159. END
C
c ROUTINE POWSUC IS CALLED IN POWSUB .
C
00000UB l. SUBROUTINE POWSUC
oguoous 2e _ COMMON/MSKP/MS(6) +KP(30+21)
00000UB 3. COMMONZACAAAZ/ZAC(30) ¢RI30)+D(30) ¢ AAC(30) 1AA(3042)1SIZN(30+10)4A2(3
10101
0000008 4, COMMON/NKPP/N(2¢243) KPP (846)
0000008 Se COMMONZACLIAAL/ACYL (4410) 401 (4e10) JAAT (H¢10+2) +SIGN1(H¢10+410)0AZ21 (4
110+10)
ogoouuB 6o COMMUN/IGIGMX/ZIG(4) + IGMAX(Y)
000000UB Te COMMON/ACGAAG/ACG(4¢10) +DG(4410) 4AAG (4, 10'2).SIGNG(Q.IO-IO)oAZG(u-
110410)
0000008 8. COMMON/AKSTAR/AKSTAR(50) «DLGHREL (50) «GAMMA(10)
0000uUB Y COMMON/IREAU/ZIREADIPRINT,ITAPL
goououB 10. COMMUN/NOBS/NOBS 4 NPAR JKSTAK  NPMK { NPMKP 1 ,NPARP
vogouus 11, COMMUN/KS/KS (IP 1 IMAX, 1T
oduoouB 12 COMMUN/IIJIRL1/T1vJd1eK1eI2eU29K2
ougouuy 13, COMMUN/LPRINT/ZLPN(SU)
vopuuus 14, COMMON/1WAB/IUVA,]UB
ooguuus 15, COMMUN/MS143/Ms1lu).MSZ(u).Msstu).MM51(Q).MMsz(u).MMSS(u)
0yoo00UB 16 IF(IIMAX,EW.0) GO TO 1020
C
c WE HAVE FIRST AND SECONU ORUER PARTIAL DERIVATIVES OF (K+)*=%2
c TO FIND PROLUCT OF THE Two FIKRST OQORUER UERIVATIVES
C
0000018 17. ic=0
0vogyo01g 18, I1A=1
ovoguuzg 19, IF(KS.EW,0) uB=2
goouuLbs 20, IFIKS t@,1) ub=l
00001V3 21. IF(KStWe2) Jb=1
0000138 22, IF(aNOTW(KS.EQ.0)) GO TO 814
gouulss 23, IGMAX2Z 1GMAX (2)
0vo0158 24, IFLIOGMAX(1) LR 0ORIGMAX(2)+EV0) GO TO 864
ouov2ug 29, GO TU 84148
ooou218 26, 814 LSKIP=1
ooov223 27. 16MAX2ZI6GMAX (1)
000024 284 IF(IGMAX2,.EU,U) GO TO 864
. guou2ss 29, 818 LSKIpP=1
oovu27s 30, DO 860 I=14IGMAX(1)
guvooysus Sl 00 850 J=1ls1iGMAX2
ovo05uB 32 IC=1C+1
ouousiy 335, DCIC)I=UG(IAVI)+0G(JBeJ)
ovQu7UB 34, ACLIC)ISACGUIACTI)#ACG(UBIY)

gugilus 30 DO B22 1Z=1+N0OBS
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- 0001218 36 SIZN(IC+IZ)=SIGNG(IAsI4IZ)*SIGNG(JBJeIZ)
0001468 37 AZU1Ce1£)=ALGLIACIIZ)+AZG (U8 Ue1L)
0001748 $8e 822 CONTINUL
0001768 39, IF(IC.tW.1) GO TO 830
guoz2008 40 ICM1=IC=1
0002018 41, I1SAME=0
0002018 42, DO 826 IADD=1,]CM1
0002118 LED 1F CINTLO(IAUD) JoNESINT(DC(IC))) GO TO 826
0002248 44. DO B24 I1Z=1.NOBS - .
0002338 45 IFCINTUSIZNUIADUCIZ) ) «NELJINTISIZNIICIZ))) GO TO 826
0002568 46. IFCINTCAZCIADD I4) ) oNELINTIAZ(ICIZ))) GO TO 826
0002568 47,  B24 CONTINUE
0002718 47. 1SAmME=1
0002768 49, 1AUDS={ADD
0002778 S0. G0 TO s28
0002778 5le 826 CONTINUL
0003018 5le 828 IF(ISAME.EQ.0) GO TO 830
ovos1uB 53. AC{IADUS)=ACIIADUS)+AC(IC)
0003218 54, IC=IC-1 -
0u03228 55, 830 LSKIP=1
0003248 56«  B50 CONTINUE
0003328 $7. 860 CUNTINUE
0003368 S8. 864 LSKIP=1
0003378 59, ICMAXM=IC
c
C "~ NOW THE TERMS IN THE EXPRESSION OF THE PRODUCT OF THE FIRST
C PARTIAL UDERLIVATIVES OF (R+)*32 WeReTe A+I1J1IK1 AND A+12J2K2
c EVALUATED Al A+=0 ARE KEPRESENTED BY
c ((D(JC) +AC{JC) ¢ ((SIZN(JCIB)+AZIJCIBI)«IB=1¢HOBS)) +JC=1y ICMAXM)
c
0003418 60+ IF {ICMAXM,EW,D) GO TO 869
000342p 61, IFILPN(11)4EQ.0) GO TO 869
0003438 62, WRITE(LPRINT865) (MS(IB)+IB=146) .
0003633 63, DO 868 JC=1+¢ICMAXM
0005728 6t WRITE(LPRINT+866) JCsD(JC)+ACIJC) ¢ ({SIZN(JCeIB) +AZ(JC11B))+IB=1,NO
188) )
0004418 65. 868 CONTINUE
0004458 66¢  B65 FORMATI/1X+21HI1¢J141K1012:J24K2 AREL6(1241X))
0004458 670 B66 FORAATY 1Xs1H/v3HICS11241H/¢6HULICISsF4e101H/ v THACLIC)=4F401/1X +2
13HSIZNUIC ®x) s AZ(ICe*) ARE+10(F4.1¢1H*F3.141H/))
0004458 68,  B69 LSKIP=1
0004468 69, IF(ICMAXM, EW,0) GO TO 93¢0
ouo4sUB 70, U0 924 IC=1¢ICMAXM
0004578 71, DO 882 1=1.4
0004628 72, Msit1y=v
0U04 6683 73, MS2(1)=u
000472 T4 MS3(1)=0
0004768 75, MMS1(1)=0
0005028 76, MMS2(1)=0
0005068 77. MMS3L1)=0
0005128 78, 882 CONTINUE
00U5158 79 IH=0
0005158 80, 1IF (NPMK,EW.0) GO TO 887
0005178 8l, DO 886 IZ=1+NPMK
0005268 82, IFUINTUAZ(IC«IZ) ) EU.0) GO TO BB6
0005378 83, DO 884 L=1+6
0005423 B4 1IF IMS(1)eNE.12) GO TO 884
ouosLHUB 85 IH=1H+1
10005518 86, MS1CIHI=]
0005568 87, MMS1UIHISINT(AZ(ICeI2))
0005638 B8, GO TU b6
0U05638 BY, 884 CONTINUE
0005658 89, 886 CONTINUL
0005758 Y1,  B87 LSKIP=1
0005768 92, 1H=y
0005778 93, DU 890 IZ=NPMKP1.NPAR

0006128 Y4 IFUINTLAZULIL«12)).EQ,0) GO TO 890
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0006238
0006268
0006348
0006358
0006428
0006478
0006478
0006518
0006618
0006618
0006748
oco70S8
0oou71uUB
0007168
0007178
0007248
0007318
0007318
0007338

0007438
0007448
0007458

0010278

0010278
0010308
0010328

0011608
001160
0011648

0011658
0011718
0011768
0011778
0011778
oul2ues
0012078
0012248
0012u42Q
0012568
0012748
00130438
0u13238
001344y
0013638
0014048
0014118
001412y
oul4138
00lu14p
0014238
001436y
001445y

95,

Y6,

9l

94,

99,
100,
101.
101,
103,
104,
105,
106,
107,
108
109.
11lU.
111,
112,
112,

114,
115,
116.

117.

118,
119,
120,

121,
122.
123,

124,
125
126
127,
128,
129
130
131.
1352,
135.
134,
135,
136.
137
138,
139.
14U,
141.
142,
143,
144,
145,
146
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DO 888 [=1.6
IF(MS(I)NE.IZ) GO TO 888
IH=IH+1
MS2(iHI=]
MMS2(IH)SINT(AZ(ICVI2))
GO TU 890
888 CONTINUE
890 CONTLINUE
IH=Q
DO 894 IZ=NFARP,.NOBS — .
IFCINTULAZ(ICIZ) )4t @ 0) GO TO 89y
DO 892 [=1+6
IFIMS(L1).NELIZ) GO TO 892
IH={H+1
MS3(1H)=]
MMS3(IH)=INT(AZ(1C+I2))
GO TU u9y
892 CONTINUE
894 CONTINUE
NOW A TeRM IN THE EXPRESSION OF THE PRODUCT OF THE FIRST PARTIAL
DERIVATLIVES UF (R+)+22 W,R,T, A+I1J1K1 AND A+12U2K2 EVALUATED AT
A+=0 IS REMPRLSENTED By
D(IC)eAC(IC) o ((MSL(I) s MMSL1(L))el=1e8)e((MS2(]1)eMMS2(I))e1=144)
AND ((MSS(I)eMMS3(I))el=1e4)

IUA=1QA+] .
IF{LPNL12) EwRe0) GO TO 901
WRITE (LPRINT «900) IUAW((MSL(IB)«MMSL(IB))eIB=1e4) ¢l (MS2(IB) MMS2(]
18))4IB3144) ¢ (EMSSUIB) ¢MMSS(I)) IB=14Y)
900 FORMAT(LIX 4HIQA=1I5422HMS1(*)-11AS1(x) LTC ARE«1H/ ¢4 (I1lelH®eIle1H/)
1e2H/Z o4 (I1ellno Il o111/7) ¢2H/77 ¢4 (11¢1HReI141H/)¢2H//)
901 LSKIM=1 .
ITAPLY=Y
WRITE(LTAPEY 910) IGA(ICMAXM,(MS({IB) (IB=146)(KPIIP«IB)sIB=1e¢21)
L(MSLOIB)WvMMST(IB) )4 IB=14) o (IMS2(IB) «MMS2(IB)) ¢ IB=1el) s ((MS3I(IB)M
IMSS(IB))IB=144)D(IC)WAC(IC)
910 FORMAT(1X,I5,15,5112,2F%,.1)
924 CONTINUL
939 LSKIP=1

T0 REPRESENT THE EXPRESSION OF THE SECOND PARTIAL DERIVATIVE OF
(Re)5%2 W R,T, A+L1J1K1 AND A+I2J2K2 EVALUATED AT A+=0

IF(KS,EW,0) IGMAX4=IGMAX (4)

IF{KStRe1eUReKSeEWe2) LGMAXY=IGMAX(3)

IFULIGMAXY,EWQ,0) 60 TQ 986

IC=0

DO 984 1=1,1GMAXY

IC=1C+1

IF(KS.EWe0) DLIC)=DG(44])

IFIKS EWe1e0RKSeEW2) V(IC)I=DG(3+I)

IF(KSLWe0) ACIIC)I=ACG(4,41)

IFIKSLUWelURKSeEWe2) ACLIC)=ACGI3,])

DO 970 1Z2=1.N08S

IF(KS,EWe0) SIZNUICVIZ)=SIGNG(H+I4I2)

IF(KSobWel sURSKSsEWs2) SIZNIIC1Z)=SIGNG(3+¢1e12)

IFIKSbUWe0) AZIICIZ)I=ALG(NVINLL2)

IF(KSsEWelsORKSeEU2) AZIICI2)=ALG(341012)
Y70 CONTINUL

IF(IC.EUe1) GO TU 984

ICM1=]C~-1

1SaML=0

D0 976 1ADDU=1.ICM1

IFLINTIO(TIAUD)) JNESINT(D(IC))) GO TO 976

DO 974 12=1.108S

IFUCINTUSIZNCIADD o IZ2) Ve NEGINTISIZN(IC12))) GO TO 976



0014708
ovl47uB
0015038
ouls51us
0015118
0015118
0015138
0015228
0015568
0U154UB
0015453
0015468

oulssus
0015518
0015528
0015548
0015568
0015658
0015658
0016058
0016148

0016638
0v16678
pula7uB
oul70ULB
0017038
0017078
0017138
0017178
0017238
0017278
0017338
0017368
0017368
00174yB
0017478
0017608
0U17638
0017718
0017728
0017778
0020048
0020048
ou2uues
0o20168
oo2u178
pv202ug
0020338
00204483
0020478
0020548
0020568
0020638
0020708
po2o7u
0020728
vu21uzs
vo21028
0021158
0021268

147
148,
148,
150,
151,
1224,
152,
154,
155,
156,
157.
158,

159.
160
161,
162.
163,
lo4e
169
166,
167

168,
1Y,
170,
171,
172,
173,
174,
175,
176,
177,
178,
179,
180.
181,
182
183,

. 184,

185
186.
187.
184
189,
ld’.
191.
192
195,
194,
195,
196.
197,
198,
199,
200,
201.
201,
2U3.
204
209
206

noOoO0n

974

9176
978

84
986

987

990

994
996

9917

998
1000
BYI1TDY

1vo02
1004
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IFCINTUAZ(IADDIZ) ) eNELINTC(AZ(IC+12))) GO TO 976
CONTINUE

ISAME=1

IADDS=1ADD

GO TO 978

CONTILINUL

IF({ISAME.EQ.,0) GO TO 984
ACLIAVUS)=ACLIADLU)+ACLIC)
IC=IC=-1

CONTINUE

LSKIP=1

ICMAX=1C

NOW THE TERMS IN THE EXPRESSION OF THE SECOND PARTIAL DERIVATIVE
OF (R+)%%2 W.R.Ts A+I1J1K1 AND A+I2J2K2 EVALUATED AT A+=0

ARE KRLPHESENTED BTY
(D(IC)4AC(IC) o ((SIZNIICIZ)1AZ(1IC+1I2Z))+12=1,N0OBS)

IF{ICMAX ,NE,u) GO TO 987
GO T0 1020 )
LSKIP=1

“ IFILPN(11),.,EQ,0) GU TO 996
WRITL(LPKINT.990)
FORMAT(/1X+22HSELOND DERIVATIVES ARE)
WRLTE(LPRINT +865) (MS(IB)+1B=146)
DO 994 1C=1,ICMAX

WRITEC(IPRINT +866) IC+D(IC)eAC(IC) + ((SIZNIIC«IB)+AZIICIB))eIB=1,NO

18S)

CONTINUE

LSKIP=1

DO 1ul4 IC=1,1CMAX

00 997 1=1+4

MS1{1)=U

Ms2tl)=o

MS3(1)=¢0

MMS1(1)=0

MMS2(1)=0

MMSS(1)=0

CONT {NUE

IH=0

IF(NPMK,EQ,0) GO TO 1001
DO 10gu I[Z£=1,NPMK
IFLINTUAZUILW12))4EQ40) GO TO 1000
DO 998 1I=1+6
IF(MS(1).NE,12) GO TO 998
IH=1H+1

MS1I(IHI=I
MMS1(IH)=INT(A2(1Cs+I2))

GO TO 1000

CONT INVUE

CONTINUE

LSKIP=1

1H=0

U0 1004 12=NPMKP1NPAR
IFUINTUAZGIL I2))eEQ,0) GO TO 1UO%
00 102 [=1+6
IFIMS(I)eNEeIZ) GO TO 1002
TH=1IH+1

MS2(1H) =]
MMS2(IH)SINTI(AZLIC12))

GO TU 1004

CONTINUE

CONTLNUL

lIH=U

DO 1008 I2=NPARPNOBS
IFUINTUAZLIL1Z))ebWe0) GO TO 1008
DO 1006 1=1.6



0021318
0021378
0021408
0021458
0021528
0021528
0021548

0021648
0021658
0021668

QuU2250g

0022508
0022518
0022538

0024y18
V024058
0024068
0024118

0000008
ovoooug
0000008

ooooo0B
.ooooouB

oogooun
ovgooos

ooogooB
gogoouB
oooouus
ouvoouuB
ouvoouvuB
gugouug
guooQuuRn
0000008

0000018
govoulB
gogouzs
goooudbs
00001V
0000138
0000148
0000158
ouoo2vue
oovo2iB

2U7.
208,
209.
21U,
211,
212.
212,

214,
215,
216

217.

218,
219,
220,

221,
222,
223,
224,

16
17.
18.
19,
20,
21,
22,
23,
24,
29,
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IF(MS(I).NE.IZ) GO TO 1006
IH=[H+1
MS3(iH)I=¢
MMS3(IH)=INT(AZ(ICe12))
GO Tu 1uus

1006 CUNTINUE

10U8 CONTINUE

NOW A TEKM IN THE EXPRESSION OF THE SECOND PARTIAL UERIVATIVE OF
(Re) %52 WoReT, A+I1JU1IK1 AND A+I2U2KZ2 EVALUATED AT A#+=0 IS
REPKESENTED BY

DCIC)sALCIC) s ((MS1(I)oMMSL(I))oI=1e4) e ((MS2¢(I)MMS2(I))eI=144)
AND ((MS3(I)eMMS3(I))4I=144)

OO0OOO0O0

IUB=(UBel
IF(LPNt12)4EW.D) GU TO 1010
WRETE (LPRINTL1009)IQ8¢ ((MS1(IB)sMMS1(IB))oIBS144)¢((MS2(IB) MMS2(I
1B)),IBS1,4) ¢ ((MSSCIB) MMSI(IB)),18=1,4) -
1009 FURMAT(1X44HIUBS1I5+22HMS1 (%) ¢MMS1(%) ETC AKE«1H/o4(I141H® eI ¢1H/)
1¢2H//7 44 CT1 0 H o114 1H/ ) 420177 0% (114 1H® e 11 41H/ ) ¢2H/ /)
1010 LSKIM=1
ITAPE1U=10
KRITE(LIAPELY,910) IGB,JCMAX (MS(IB) ,IB=1,6),(KP(1P¢IB)+IB=1+21)4¢(
1(MS1UIB) +MMSTIIIB) ) e IB=14v4) s ((MS2(IB) 1 MMS2CIB) ) «IBS114) e ( (MSICIB) M
1MS3(IB) )« IB=1, u).DtIC).AC«lC)
1014 CONTINUE
102y LSKIP=1
RETUKN
END ‘

ROUTINE SIGSUC IS CALLED IN POWSUB AND IT IS FOR DEKIVING
I1(THETASIGMA)

(2 X2 Xz N 2]

SUBROUTINE S1GSUC

COMMON/MSKP/MS(6) +KP(30+21)

COMMUN/ZACAAAZ/AC(30) ¢R(30)+D(30)eAAC(30)AA(3042)+SIZN(30¢10)eAZ(3
10410)

COMMON/NKPP/N(24243) KPP (846)

_COMMON/ACIAAL/ACL(4410)+0D1¢4410), AA1(4.10'2).SIGNI(“.IU‘IO)vAZI(Q'
110'10)

COMMON/ IGIGMX/IGIU) s IGMAX(Y)
COMMON/ACGAAG/ACG(4410)+DG(4410) ¢AAG(441042) ¢SIGNGI4¢10410)4AZG(YU
110+10)

COMMUON/AKSTAR/AKSTARIS0) +DLGKEE(S0) + GAMMAL10)

COMMUN/IREAD/ZIREAD, IPRINT,ITAPE
COMMON/NOBS/NOBS yNPAR (KSTAR (NPMK {NPMKP1 (NPARP
COMMON/KS/KS 1P IIMAX, I

COMMON/I1JU1IK1/71eJd1vK1v]I20¢J24K2

COMMON/LPRINT/ZLPN(50)

COMMON/IUAB/IVA,L1UB

IF(IIMAX ,ER,0) GO TO 19010

TO REPRESENT (U ((KSTAR/2)=1)/((DE)*%2))=0.5)*FIRST DERIVATIVE OF
(R*)#%2 W,ReT, A®11J1K1 EVALUATED AT Ax=0*FIRST DERIVATIVE OF
(Re)e#2 W,ReT, A*1202K2 EVALUATLD AT A$=0

aaonn

I1C=0
1A=1
IF(KS,EW,0) JB=2
IF(KS,LW,1) uB=1
IF(KS.LWe2) UBB=1
IF(,NOT.(KS,ER,0)) GO TO 814
IGMAX2=16MAX(2)
IFCIOMAX(1)ebWe0,0Re IGMAX(2) 4EW,0) GO TO 864
GO TO ©18
814 LSKIP=1

e =

e e e m— c——— P o



0000228
0000241
0000258
0000278
0000408
00005U8
0000518
0000598
0000758
0001168
0001278
0001548
0002028
0002048
0002063
0002078
0002078
0002178
0U02328
0002443
0002548
0002768
0002768
0003118
0003168
0003178
0003178
0003218
0U03308
0003418
0003428
0003458
0003518
0003738
0004148
0004258
000452p
oUgSuUB
0005028
0005048
0005058
0005058
0005158
0005308
0005428
0005518
0005748
0005743
0006078
0006148
0006158
0006158
0006178
0006268
0006378
00064UB

- 0006438

0006478
0006718
0007138
Q007248
00075Uy
0007768
vvivuus
voloves
001UuU3B
uolouss

26,
27,
28,
29.
30
31,
32.
335,
34
35,
360
37
38,
39,
40,
41,
42,
43,
44,
45,
Y-
47
48
48,
50
51,
52
52,
54,
55.
56,
57
58,
59
60
61,
624
63,4
64,
69
66,
67,
68,
69,
70,
1250
72
73
73.
735,
764
77,
77,
79
8Ue
31,
82,
835,
84.
89
864
87
88
89
U
9l.
924

818

822

824

826

828

830

832

834

836
838

84g

842

e e amees e —

.
i

!

IGMAX2=IGMAX (1)

IFUIGMAX2,EU,0) GO TO B6Y

LSKIpP=1

DO 860 I=1.1GMAX(1)

00 850 J=1+IGMAX2

I1C=]1C+1 :

AKSTAR(IC)I=U,.0

DCICYIZUGUIAGII+DGLUB ¢J)
ACLIC)I==0.5¢ACG(IAVI)*ACG(YBIJ)

DO 822 1.=1+NOBS
SIZN(ICW12)=SIGNGIIAGIVIZ)*SIGNG(JB U412}
AZUICe12)=ALGITIAVICIZ)+A2G(JBJI2)
CONTINUE

IF{IC,EQ,1) GO TO 830

ICM1=IC~-1

I1SAME=Y

D0 826 1ADD=1,ICM1

IF (INT(AKSTAR(IAUD) ) JNE,INT (AKSTAR(IC))) GO TO 826
IFCINTOD(IAUD) ) JNELINT(D(IC))) GO TO 826
00 824 12=1.,NOBS
IFUINTUSIZNCIADDI2) ) JNEJINT(SIZN(IC12))) GO TO 826
IFCINTUAZ(IADDCIZ2) ) eNELINTIALZ(ICVI2))) GO 10 8256
CONTINUVE .

ISAME=]

LADDS=1ADD

GO TO uz28

CONTINUE

IFLISAME EQ,p) GU TO 839
AC(1aDUS)=AC({IADUS)+ACI(IC)

1C=1C-1

IC=IC+1

AKSTAR(IC)=0,0
DCIC)ISVGUIALII+D6(JUBWJ)=2,0
ACLIC)==ACGIINAI)*ACG(UBJ)}

DO 832 12=1.NOBS
SIZNGICIZ)=SIGNG(IA,TI+IZ)*SIGNGIUBJ+I2)
AZCICI12)=ALGITAI¢IZ)+A2G(UBIJ12)
CONTINVE

IFLIC,tW,2) GO TO 8490

ICM1=1Ce~1

ISAME=U

00 846 1ADD=1,ICM1
IFCINT(AKSTAR(TIADD) ) JNE, INT(AKSTAR(IC))) GO TO 836
IFCINTIULIAUD) ) JHNEGINT(D(IC))) GO 10 836
D0 854 [2=1,NHO0BS
IFCINTUSIZHNUIADDIZ) ) JNELINTISIZN(ICI2))) GO TO 836
IFCINTUAZ(IADD 1)) oNEINTIALZIICA12))) GO TO 836
CONTINUE

1SaME=1

IADDS=1ADD

G0 TU BS8

COUNTINULE

IFCISAME EQ,0) GO TD B840
ACLIADUS)=AC(1ADDS) +ACHLIC)

1C=ICe1

IC=IC+1

AKSTAR(IC)I=1,0
OUIC)IZDGITIALI)+DGIUBIJ) =240
ACLIC)ISUGS*ACG(IASL)®ACGIJUBJ)

00 842 14=1.NOBS
SIZN(IC+IZ)=SIGNGIIATI+IZ)*SIGNGIUBJe12)
AZUIC L12)=A2GHIAVTIZ1Z)+AZGIJBU]12)
CONTiHUL

IFLIC.LQ.3) GO TO 850

IcMi=IC-1

ISAML=U

L0 846 IADD=1,ICM1

241




0010138
0010268
0010408
0010478
0010728
0010728
00110%8
ool11128
0011138
0011138
0011138
0011248
0011358
0011368
0011438
0011478
oull1sus
0011528
0011538

T, 0011548

0011748
0011748
0012038

0012578

0012578
0012638

001264B
oul27u8
0012758
0012768
0013048
0013058
0013118
0013268
0013448
0013608
0013768
001405p
0014258
0014468
0014658
0015078
0015138
0015148
0015158
0015168
0015258
0015408
0015528
0015618
0016048
0016048
0016178
0016248
0016258
0016258
0016278
0016368
0016528
0016548

93,
946
95,
96
97
8.
98
100.
101.
102.
102,
104,
105,
106,
107,
108,
109,
110
111,
112.
113,
11%.
11Se

116

117.
118,

119,
120.
121
122
1235
124,
125,
126,
127.
128,
129,
1300
131.
132.
133,
134,
135,
136,
137.
138
139,
140,
141,
1420
143.
144,
144,
146,
147,
148,
148,
150.
151.
1524

OoO0O0O0

IFCINTIAKSTAR(IADD) ) JNELINT(AKSTAR(IC))) GO TO 846
IFUINT(D(TIADD) ) e NESJINT(DCIC))) GO TO 846
DO 844 IZ2=1.,NOBS
IFCINTUSIZNCIADDIZ) ) o NELJINTISIZNIICIZ))) GO TO 846
IFUINTUCAZUIADDIL) ) oNEJINTIAZIIC«IZ)))IGO TO 846
844 CONTINUE
I1SAME =)
1AUDS=1IADD
GO TU 848
846 CONTINUE
848 IF(ISAME,EQ,0) GO TO 850
ACLIADUS)=AC(IALULS)I+ACIIC)
IC=ICe1
850 CONTINUE
860 CONTINUE
64 LSKIF=1
ICMAXM=IC
IF{ICMAXM,EQ,Q) GO TO 868
IFILPNUT7)EWQ.0) GO TO 868
WRITE (LPRINT «865) (MS(IB)+IB=146)
865 FORMAT(/1Xe421HI1eJ1eK1el2¢eJ2eK2 ARE6(I241X))
00 867 JC=14ICMAXM

242

WRITE (IPRINT 48661 JCoAKSTAR (JC)sD(JC) ¢AC(UC) ¢ ((SIZNIJCIB)I1AZ(JCHI

18))+18=1+NOUS)

866 FORMAT(/1Xe1H/ ¢3HIC=412¢1H/ ¢11HAKSTARCIC)I=4FU4101H/e6HDIICI=oFG, %0
11H/ ¢ THACKIC)I=eF4e1/ 1Xe23HSIZN(ICs#)sAZ(ICe*) ARE+10(F4,14F3¢101H/

1)) .
867 CONTINUE
868 LSKIp=1

TO REPRESENT SECOND PARTIAL DERIVATIVE OF (R*)#22 WeR.Te
AxT1J1lK1leA®]12U2K2 EVALUATED AT Ax=9Q

IFIKS,EQ40) IGMAX4=IGMAX(Y4)
IF(KS,LWe1eORKSEQe2) IGMAX4=IGMAX(3)
IF(IOGMAX4.EW,0) GO TO 886
DO 884 I=1,iGMaXY
1C=1C+1 | .
AKSTAR(1C)=0,0
IFIKS,EQ.0) D(IC)=DG(441)
IFIKS,E@,1.0R,KS,EQ,2) D(IC)I=DG(3,I)
IF(KSeLWe0) ACUICIZACG(UID
IF(KSEWeleORKSsEWe2) ACLIC)I=ACG(341])
DO 870 12=1.NOBS
IF{KSetWe0) SIZN(ICIIZ)=SIGNG(4vIv12)
IFIKSeEWole0RIKSeEWe2) SIZN(LCeIZ)=SIGNG(341012)
IFIKS.tWe0) AZ(ICIZ)=A2G(441412)
IFIKSEQe1eORKSEW2) AZ(ICILISALZG(341412)
870 CONTINUL
IFLIC,LQ,1) GO TOU 884
ICM1=]C=-1
ISAME=0
DO 876 IADD=1.ICM1
IFCINTIDCTIADUD) )L NELINT(D(IC))) GO TO 876
IFCINTUAKSTAR(TIAUD) ) JNELINT(AKSTARLIC))) GO TO 876
D0 874 IZ=1+NOGS
IFCINTUSLIZH(IADBD«IZ)) e NEJINT(SIZN(IC12))) GO TD 876
IFCINTUAZ(TADD«JZ) )« NESINTUAL(IC«IZ))) GO TO 876
874 CONTINUE
ISAME=1
1ADDS=1ADD
GO TO 878
876 CONTINUE
878 IF(ISAMEL.EQ,0) GO TO 884
ACLIADUS)=ACLIALDUI+ACLIC)
IC=ICe1
884 CONTINUE




0016618
0016628
0016648
0016658
0016668
ovi67uUs
0016718
0016748
0016768
0017168
0017178
0017268

0020028
0020068

0020078
go2ut78
0020178
po2u228
00203uB
0020418
0020458
0020468
0020528
- 0020568
002¢628
0020638
0020768
0021078
0021138
0021148
ov21208
0021248
ov213uB
002135
0021358
ov215u8
0021618
0021628
0021628
0021648
0021728
021778
0022018
0022u38
0022038
pu221u8
ov22108
0022118
0022138
0022158
0022178
ov222ug
0022238
0022248
0022373

153,
154.
155
156
157.
158.
159.
160.
161
162,
163,
164

1654

166,

167,
168
169,
170,
171.
172.
173,
174
175.
176.
177.
178,
179
180.
181,
182+
183,
184,
1895,
1864
187,
188,
189,
190,
191,
191.
193,
194,
19%.
196,
197,
198,
199,
200,
201
202,
2034
204,
202
206
207

oo 0 00

886

ua7

888

e ——
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LSKIP=1

ICMAX=IC

IF(ICMAXeNE.Q)} GO TO 887

IPSIP=1

GO T0 1010

LSKIP=1

IF(ICMAX,LE,ICMAXM) GO TO 889 o R
IF(LPNU7).tH.0) GO TO 889 .
WRITE(IPRINT+865) (MSLIB)+1B=146) ’ ’
ICMXMP=ICMAXM+1

D0 888 IC=1+.ICMAX

WRITE(LPRINT +866) ICeAKSTARCIC) +D(ICIeACIIC) o ((SIZN(ICIIB)+AZ(ICs]
18} ) +18214+N0UBS)

CONTINVE

889 LSKIP=)

890
894

900

910
920

930

NOW ((({KSTAR/2)=1)/((D*)2%2))=0,5)*FIRST PARTIAL DERIVATIVE OF
(Re)=*2 W,R,T, AsI1J1K1 EVALUATED AT A®=0sFIRST PARTIAL DERIVATIVE
OF (R*)*%2 W,R,T, Ax12J2K2 EVALUATED AT As=0+SECOND PARTIAL
DERIVATIVE OF (R®)222 W,R,T, AsIlJ1K1.A%[2J2K2 EVALUATED AT A==0
ARE REPHESENIED BT

(AKSTAR(IC)D(IC)sAC(IC) «SIZN(ICIIZ)AZ(ICI2Z) WHERE IC=1+ICHAX)

TO REPRESENT I1A*I1J1K1AxI2J2K2

00 960 IC=1,ICMAX

TP=1.0

IFINPMK.EQ.0) GO TO 894

D0 890 I1Z=1.NPMK
IFCINTCAZ(ICIZ)).EQ.0) GO TO 890
IFCINTUAZ(1Ce12))sEWel) TP=0.0
IFLINTLWAZ(IC,12)).,EQ,2) GO TO 890
IFUINTUVAZ(IC1IZ) ) EQeS3) TP=0.0
IFCINTUAZUICI2))EQet) TP=3.0%TP
CONTINUE

LSKIP=1

DO 9v0 IZ=NPARP,NOBS
IFCINTCAZICWIZ))eEQL0) GO TO 900
IFCINTUAZIIC12))eEWel) TP040
IFCINTLAZ(IC,12)),EQ.2) GO TOU 900
IFCINTOAZUICIZ) ) eEWe3) TP=040
IFCINTUAZCUICIIZ) ) eEQeld) TP=3.0%TP
CONTINUE

ACLIC)=TP=*AC(IC)

KSIGN=0

00 910 I<4=NPMKP1.NPAR
IFUINTUSIZNIICIZ) ) NE,=1) GU TO 910
KSIGN=1

GO TO 920

CONTINUE

IF(KSILN.EQ.O0) GO TO 930
AC{IC)=U.0

GO TO Y60

TP=1,0

15=0.0

RTPIZSURT(3,1415926536)
GAMUA(L)SRIP]

GAMMA(2)=1.,0

GAMMA(3)=RTH]I/2.,0

GAMMA(4)=2.0
GAMMA(S)I=3.U%RTPL/4.0

GAMMA(6) =24,V
GAMMA(7)=15.,0=RTPI1/8,40
T1S0.3989022404

DO 950 IZ=NPMKP1.NPAR
T220.59(AZ(1C12)41,0)




0022478
0022508
0022628
0022648
0022668
0022748
0023U1iB

go23148
0023208
0023248
go23318
0023328
0023528
0023618
0024168

0024168
0024228

0024238
0024248
0024268
0024368
0024468

0025018
..0025128
0025128
ou25148
ova2s2u8
ou253uB
0025418
002552
0025648
0025728
0025748
0025748

0025748
0026048
0026128
0026218

0027058
0027058
0027058
0027128
0027138
0027158
0027178
0027228

208,
209.
210,
211,
212.
213
214

215.
216,
217.
218,
219,
220.
221,
222,

223,
22%

22%5.
226
227,
228 .
229,

230,
231.
232
232,
234,
235,
256,
237
238,
259,
240
241,

242,
243
244 .
245

246
247,
248,
249
25V
251.
252+
253,

ancaoaonononoann

950

960

962

J64
967

—_—— .
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IGAM=AZ(ICe]I2Z)+1.0

TP=TP#(2.,0%sT72)*GAMMA(IGAM) =T

TS=TS+AZ(IC12)

CONTI1HUE

AC(IC)=TP=AC(IC)

UEGREE(IC)=TS

IF(NOTo (INT(DEGREL(IC)) EQ,2.AND+INT(AKSTAR(IC)) €EQel)) GO TO 96

10

AKSTARLIC)=0.0

DEGREE(IC)=U.0

CONTINUE

IFILPN{(B) ,EU,0) GO TO 967

WRITE(IPRINT «865) (MS(IB)e+183146)

D0 964 IC=1.ICMAX

WRITE(LIPRINT+962) ICsAKSTAR(IC)«D(IC)AC(IC)DEGREE(IC)
FORMAT(/1X ¢ SHICS 412¢1H/ ¢11HAKSTARCIC)I=oF441¢1H/16HULIC) = eF4elelH/
17HAC(IC)=+¢FU4e191H/ ¢ 12HDEGREE(IC)=Fl41)

CONTINUE

LSKIP=1

THE IC=TH TERM IN I1A«I1J1K1A=12J2K2 IS OF THE FORM
(KSTAR*®AKSTAR(IC) ) #((D*)xsD(IC))=x(AC(IC)«DENSITY OF CHI SQUARE
DISTRIBUTION ON KSTAR DEGRELS OF FREEDOM EVALUATED AT (D=)*2)=

.(DENSITY OF CHI SWUUARE DISTRIBUTION ON KSTAR + DEGREE(IC) DEGREES

vyes8

976
Y18

979

980

1u00

1010

OF FREEUOM EVALUATED AT 1)/(CENSITY OF CHI SQUARE DISTRIBUTION ON
KSTAR DLGRELS OF FREEDOM EVALUATED AT 1)

11C=1

IF({ICMAX.EQs1) GO TO 978

DO 976 1C=2.ICMAX

D0 968 [ADD=1.]1IC
IF(INTUIAKSTAR(IAUD) ) JNEJINT(AKSTAR(IC) ) ORINT(D(IADD) ) NESINT(D(I
1C)) ,ORLINTIDEGREL(IADD) ) NE,INTI(DEGREL(IC))) GO TO 968
ACUIAOD)=ACULIADD)+AC(IC)
GO TO 976

CONTINUE

JitzlILe]

AC(ILCI=ACLIC)
AKSTAR(IIC)=AKSTAR(IC)
pDl(IIC)I=L(IC)

DEGREEC(IC) =DLGREE(IC)
CONTINUE

IICMAX=IIC

KZERO=Q -
FORMAT(/1X¢68HIP 1 I10J1eK1eI20J24K2¢KP(IP«*)+AKSTAR(IC)+D(IC)AC(IC
1) «DEGRLE(IC) ARE)

00 1u0u IC=1,IICMAX

IFUINTUACUIC) ) EWU.U) GO TO 1000

WRLITE(LPRINT979)

WRITE(SPRINT ¢980) IP(MS{I)eI=146) s (KP(IPel)I=1421)AKSTARCIC) +D{
11C) «ACLIC) JUEGREE(IC)

FORMAT(/Z1X o 1301/ 06C012¢1X)01H/Z023(1101X) o 4(1H/F10.9))

KZERO=1

CONTINUE

IF(KZERO.EWs1) GO TO 1010

IP=IP=]

LSKIP=1

RETUKN

END



000000R
0101008
0101008
0101008
010100R8
0310100g
0101008
0101008
0101008
010100R
01010083
0101008
010100p
010100R
0101008
0101008
01010083
0101008
0101008
010100R
0101008
0101248
010125R
0101268

0101278

0101378

0101378
0101378
0101418
0101508
0101528
010143p
010163n
0101658

010174R
0101740
0101758
0101768
0101778
010200R
0102018
010215p
010217R
010232
010234n
010236R

0102360
010241R
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APPENDIX 4 Programs POWCAL, and subroutines COEFll, COEF2, COEF1,

25.

26
27.
28,
29.
30.
31.
32.
33.
34.

35.
36.
37.
38.
39,
40.
41,
42,
“3.
By,
4S,
46.

47.
43

(s NaXaXe

(2 X2 X2NzXsl

[a X NeNaXel

E1000, E2000, etc.

PROGRAM POWCAL,SURBROUTINES COEF11,COFF2,CNEF1,E1000+E2000,ETC ARF
FOR CALCULATING BETAL(THETA A+SIGMA A)

PROGRAM POWCAL ( INPUT,OUTPUT,TAPES=IMPUT,TAPEE=OUTPUT s TAPE9TAPE10)
COMMON/MSKPAB/MSA(23,6) 4MSBIT7346) «KPA(23421)1KPB(73.21)
COMMON/MMSA/MHSAL (2344 ) o MMSA2(2344) +MMSAR(2344)
COMMON/MSARL2/MSAL(23,4)MSA2(23,4),MSA3(23.4)
COMMON/MSB/MSB1(73.4) MSR2(73,4) MSB3(73,4)
COMMON/MMSIB/MMSHL(T3,4) +MMSB2(7344) +MMSB3(7344)
COMMON/DAC/DA(23) ACA(23),08(73)ACR(T3)
COMMON/ICMAXM/ICMAXM( 50)+ICHMAX(100)
COMMON/MSKP/MS (/) eKP(21)

COMMON/NPAROB/NPARINOBS +KSTAR

COMMON/DPLUS/CPLUS

COMMON/KSTRP/KSTRP (20)

COMMON/CHINON/CHINON(12)

COMMON/FACGAN/FAC(150) +GAMMALL150)

COMMON/ZA/ZA(10)

COMMON/A/AIS(343)

COMMOM/LPN/LPN(LY)

COMMON/IPRINT/IREAD, TPRINT,ITAPE7,ITAPER,ITAPESITAP1O
COMMON/SIGMA/SIGMA
DIMENSION ZAS(20)
IREAD=5
. IPRINT=6

ITAPE9=9

1TAP10=10
READ(IREAD+4) KCHe¢INDPLUS

DPLUS*2 IS (((SIGMA ZERO)*%2)/(SIGMA A)%+2))={(1=ALPHA)100 UPPER
PERCENTAGE POINT OF A CHI SVUARE DISTRIBUTINN ON KSTAR DEGREES OF
FREEDOM)

4 FORMAT(AG6+I4+7F10.4)

6

10

11

FORMAT(AG+I4+10F6.3)

CALL CHECIN(KCH,IN,SHDPLUS0)
READ(IREAD4) KCHIN,SIGVA

CALL CHECIN(KCH«IN+SHSIGMALQ)
READ(IREAD10) KCH INNPARLNOBS,.KSTAR
FORMATIAS ¢ IU414I9)

CALL CHECIN(KCHqINeAHNPAROBO)
WRITE(IPRINT,11) NPAR(NOBS+KSTAR

NPAR IS TOTAL NUMBER OF COMPONENTS IN THE PARAMETER VECTOR
NOBS IS TOTAL NUMBER OF ORSERVATIONS
KSTAR IS NUMBRER OF COMPONENTS OF INTEREST IN THE PARAMETER VECTOR

FORMAT(/1X¢ONPAR=D,1341X,ANOBS=3,:13,41X,AKSTAR=D+13)
NPMK=NPAR-KSTAR

NPMKP1=NPMK+1

NPMKP2=NPMK+2

NPARP=NPAR+ 1

NPARP2=NPAR+2

READCIREAD,4) KCHIN,(ZASUIN) IB=1,5)
CALL CHECIN(KCHIN¢3HZASQ)
REAN(TIREAD4) KCH INL(ZAS(IR) IB=6410)
CALL CHECIN(KCH,INJ4HZASS,0)

DO 12 108S=1.MOBS
ZA(I0BS)=2AS(I0BS)/SIGMA

ZALT) ARE ZAl

12 CONTINUE

READ(IREAD«10) KCH+IN'IQAMAX « JOBMAX




0102528
0102548

0102638
0102658

0102748
0102768
0103118
0103138

0103268
0103308
0103328
0103358
0103608
0103628
0103628
0103638

0104078
010411B
0104138
0104158
0104158

0105178

0105179
010521n
0105238

S0
St

32,
53

Sie
5Se.
56
ST

58,
59.
60
61e
62
63.
64,
65

66
67
68.
69
70

71

72
73
The

oo0o0n

onn

onn

o000

OO0 0O0O0ON000

o000 n00n
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10AMAX ‘IS TOTAL NUMBER OF TERMS IN THE EXPRESSIONS OF THE
PRODUCTS OF THE FIRST PARTIAL DERIVATIVES OF (R+)*%2 W.R,.Te
A+I1J1K1 AND A+I2J2K2 EVALUATED AT A+=0

IOBMAX IS TOTAL NUMBER OF TERMS IN THE EXPRESSIONS OF THE SECOND

PARTIAL DERIVATIVES OF (R+)%*52 WeR.Te A+I1J1K1.A+12J2K2 EVALUATED
AT A+=0

CALL CHECIN(KCH,INJEHIQAMAX,0)
READ(IREAD+10) KCHeINKCHIMX

KCHIMX IS THE NUMBER OF TERMS USED IMN REPRESENTING NON=CENTRAL
CHI SQUARE DISTRIBUTION BY A LINEAR COMBINATION OF CENTRAL CHI
SQUARE DISTRIBUTION

CALL CHECIN(KCH+IN¢6HKCHIMX,0)
READ(IREAD«4) KCHe IN+VSMALL

VSMALL IS SOME SMALL POSITIVE NUMBER

CALL CHECIN(KCH«IN«6HVSMALL0)
READ(IREAD10) KCHeINWILPN(I)I=147)
CALL CHECIN(KCH.IN+6HLPN{(1}.0)
READ(IREAD+10) KCHeINe(LPNII)eI=B414)

LPN(=) DECIDES WHETHER THE INTERMEDIATE RESULTS WILL BE PRINTED OUT

CALL CHECIN(KCH+INJ'6HLPN(B8)40)

00 14 108S=1.NOBS

IF(NOT.NPAR,GE.4)} GO TO 13

READ(IREAD6) KCHeINW((A(IOBS+JB«KB)+KB=JUBWNPAR) +JB=1.NPAR)
CALL CHECIN(KCH+IN+6HA(*2%),10BS)

60 TO 14

13 LSKIP=1

READUIREAD+4) KCHoIN: ((A(IOBS,JByKB)KB=JUB+NPAR) +JB=14NPAR}
AlI+«JsK) ARE A+IUK

CALL CHECIN(KCH.IN'6HA(*%*),I0BS)

14 CONTINUE

D0 24 IQQA=1+IQAMAX

IQA=1QQA

READ(ITAPES«20) IQA+ICMAXMIIGA) «(MSALIQA+TI)I=146)¢(KPA(IQAT) I=1
1¢21) 0 ((MSALT(IQATI ) ¢MMSAL(IQACI)) «IZ2 48] o ({MSA2(IGACI) sMMSA2(IRAL])
1)eI=1el) e ({MSAS(IQACT) +MMSAZ(IGA«I))¢I=144)+DA{IGA}ACA(IQA)

20 FORMAT{1X+15:¢154511242F5.1) ’

(KPA(IQA+INI=1421) COMPLETELY SPECIFY A SUBSET GENERATED

BY PARTITIONING THE SET OF ALL (A+I1J1K1.,A+12J2K2)

(CoeFs SECTION (4.9)) )

(MSA(IQA+I)eI=1¢6) REPRESENT A TYPICAL ELEMENT OF THIS SUBSET
ICMAXM(IQA) IS THE TOTAL NUMBER OF TERMS IN THE EXPRESSION OF
THE PRODUCT OF THE FIRST PARTIAL DERIVATIVES OF (R+)*%2 W.R.T,
A+I1J1K1 AND A+I2J2K2 EVALUATED AT A+=0

A TERM IN AN EXPRESSION IS REPRESENTED BY ACA(IQA)(C,F.COLUMN{(u4) IN
SECTION (4,11)) DA(IQAI(C.F.COLUMNI3))I((MSAL(TQAI) +MUSAL(IGAT) )
1=1+4)(C.F.COLUMNS (32) TO (39))(MSA2(IQA«I) +MMSA2(IQAVT)I) e I=144)
(CoF«COLUMNS (40) TO (47)) AND ((MSAZ(IQAI)+MMSAZ(IOAI))eI=1el)
(CsFos COLUMNS (48) TO (55))

2% CONTINUE

00 28 1UuQR=1.IQBMAX
168=106B




0105238 5.
0106308 76
0106328 77
0106338 784
0106378 79
0106378 80.
0106438 81,
0106438 82,
0106458 83
0107418 84,
0107418 85.
0107438 86.
0107478 87.
0107478 88,
0107518 89.
0110458 90.
0110478 91.
0110538 92.
0110538 93.
0110538 94,
0110538 95.
0110538 96,
0110558 97.
0110568 98,
0110618 99.
0110613 100
0110638 101,
0110648 102.
0110668 103.
0110678 106,
0111008 105.
0111008 106
0111038 107.
0111058 108.
0111068 109.
0111078 110.
0111138 111,
0111158 112.

0111168 113

o000
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READ(ITAP10+20) 1QB<ICMAX(IQB)s (MSB(IQB«I)e1=146)«(KPB(IQBJI) ¢I=1
1¢21) ¢ (I{MSBL(IOR+I) ' MMSRI(IGBI))¢I=144) 4 ((MSB2(IGBI)MMSR2(10B,I)
1)eI=144) 4 ((MSB3(ICBVI)MMSB3I(IQAB.1))+I=14).0B(IQB) ACBIIQB)

(KPB(IQB+I)e1=1+21) COMPLETELY SPECIFY A SURSET

GENERATED BY PARTITIONING THE SET OF ALL (A+I1J1K1.A+I12J2K2)
(CoF SECTION(4,9))

(MSBIIQB,I)sI=1+6) REPRESENTS A TYPICAL ELEMENT OF THIS SURSET

----JCMAX(1IQB) IS THE TOTAL NUMBER OF TERMS IN THE EXPRESSION OF THE

SECOND DERIVATIVE OF (R+)=x2 WeReTe A+I1ULK1¢A+I2J2K2 EVALUATED AT
A+=0

A TERM IN AN EXPRESSION IS REPRESEHTED BY ACB(IGB) (C.F. COLUMN (4)
IN SECTION (4,11))+0B(IGB) (CsFe COLUMN (3))«
((MSB1(IQBI)'MMSBL(IOR+IN)I+I=1+4)(C.F.COLUMNS (32) TO (39)).
((MSB2(IQB+I)MMSB2(IQBeI) ) sI=1+4)(C,F.COLUMNS (40) TO (47)) AND
((MSB3(IQB+I)MMSB3IIGB«IV)+I=1¢4)(C,F,COLUMNS (48) TO (55))

28 CONTINUE :
IF(LPNI13).EQ.,0) GO TO SO
WRITE(IPRINT«30) -
30 FORMAT(/1X+QIGA«ICMAXM(IQA) «DAIIQA)«ACATIQA) +MSA(IQA.*) KPA(IQA,x)
1eMSALIIQA+*) +MMSAL(IQA%)+ETC AREQ/)
WRITE(IPRINT«31)
31 FORMAT(/1X+21QB«ICMAX(IQR) +DOB(IOB)+ACB(IQB) «MSBIIQBs*) +KPBLIQB4x'M
1SB1(I0QB.*x) MMSE1(IQB. %) +gTC ARED///777)
© DO 3% IQA=1,10AMAX ’
WRITE(IPRINT«32) IQA.ICMAXM(IQA)+DA[IQA) ACA(IQA) ¢ (MSA(TIQAWI)¢I=10
16} o (KPA(IQALT) eI=1¢21) e ((MSAL(IQAI) MMSAL(IQAI))sI=14t) ¢l (MSA(I
10A«I) ¢MMSA2(I0AI)) eI=2144) ¢ ((MSAZ(IQACI) +MMSAZ(IQAI))eI=144)
32 FORMAT(IX s I3 ¢l ¢12¢1H +2(FS5¢1¢1H 2 ¢e6I1+1H ¢21T1¢1H «3(8I141X))
34 CONTINUE
WRITE(IPRINT +36)
36 FORMATIU///7/777+1X+1H )
DO 42 10B=1.,1QBMAX
WRITE(IPRINT+32) I108,ICMAX(IQB)s DB(IQB)ACB(1QB)+(MSBIIQR«I) eIzl
16) 4 (KPB(IGBI)e1=1421)¢((MSBI(ICB I) MMSBI(TIQRB«IN)eI=1e4)((MSB2(L]
10B¢ 1) s MMSB2(I0BeI1) )20 I=148) v ((MSBI(IQBI) «MMSB3I(IGBI))oI=1+4)
42 CONTINUE
WRITE(IPRINT «356)
43 FORMAT(1IX«AFAC(x) ARED+10(F10,5:1X))
44 FORMAT(1X.2GAMMA(x) ARED,10(F10.5,1X))
45 FORMAT(/1X+2VNAMOA=QF1l0,510EXP(=0.5xVNAMDA) *EXP(=0,5¢DSTAR*xDSTAR)
172eF10.5/1X02ZA1*x) AREQDW10(F10,541X) /)
S0 LSKIP=1
KCHIMP=KCHIMX+13
FAC(1)=1.0
D0 52 I=2,.KCHIMP
IM1=1=-1
VIM1=IM]
FAC(I)=VIMIxFAC(IML)
52 CONTINUE

FAC(I) IS FACTORIAL OF (1-1)

IF(LPNI1),.EQ.0) GO TO S3

WRITE(IPRINT 43) (FAC(I),I1=1410)
53 LSK1IpP=1

GAMMA(1)=SGRT(3,1415926536)

DO 54 I=3.KCHIMP«2

IM2=1=2

vi=1

GAMMA(I)=0.5¢(VI=2,0)*GAMMA(IM2)
54 CONTINUE

DO 56 I=2KCHIMP.2

J=1/2

RO —
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0111168
0111208
0111228
0111238
0111348
0111348
0111358
0111408
0111408
0111448
0111448
0111518
0111568
0111578
0111618
0111758
0111758
0111778
0111778
0112008
0112018
0112058
0112058
0112068
0112118
0112138

0112458
0112468
0112548
0112548
0112568
0112608
0112648
0112658
0112758
0112758
0112758
0112768
0113108

0113108
0113108
0113108

0113138
0113138
0113168
0113208
0113238
0113248
0113268
011327p
0113278
0113318
0113328

114,
115,
116.
117.
118,
119,
120,
121.
122.
122.
124,
125.
126.
127.
128.
129,
130.
131.
132,
133,
134,
135.
136,
137,
138,
139,

140.
141.
142,
143.
144,
145.
146,
147,
148,
149,
150.
151.
152,

153,
154,
155,

156.
157,
158,
159,
160.
161.
162,
163,
16U,
165.
1664

OOOOOOOOO0O0O

56

57

58

59

60

61

62
64
66
67

68
70
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[

GAMMA{I)=FAC(J)
CONTINUE
IF(LPN(1),EQ.,0) GO TO S7
WRITE(IPRINT+44) (GAMMA{I)eI=1¢10)
LSKIP=1
Tv=0.0
DO 58 10BS=1.NOBS
TV=TV+(2ZA(IO0BS)*«ZA(I0BS))
CONTINUE
VNAMDA=TV
T1=EXP(=-0,5%VNAMDA)
T2=EXP(=-0,5«DPLUS*DPLUS)
TT12=T1=*T2
IF(LPNt1) ,EQ.,0) GO TO 59
WRITE({IPRINT«45) VNAMDAWTT12:(2A(1IB)+1B=1+NOBS)
LSKIP=1
DO 70 ICHI=1,12
VICHI=ICHI
TC=0.0 .
:.1 -
I=1+1
V1=l
IP1=1+1
T3=0,5«(VICHI+2,0sVI)
TCPRV=TC
TC=TC+(T1#((,S*VNAMDA) %I ) /FAC(IP1) )+ { {DPLUS*DPLUS) *%(T3=1,))sT2/(
1(2.,0*«T3)*GAMMA( ICHI+2+1))
IF(LPN(1),EQG,0) GO TO 61
WRITE(IPRINT«67) TCPRV.TC
LSKIP=1
IF({I.LE.20) GO TO 60
IF(I GELKCHIMX) GO TO 64
IF(ABS(TC=-TCPRV) «6GT.VSMALL) GO TO 60
CHINON(ICHI)I=TC
WRITE(IPRINT+62) ICHIJCHINON(ICHI)
FORMAT(1X+QICHI=A+[2+ACHINON(ICHI)I=2+F12.6)
GO TO 68 w
CHINON(ICHI)=TC '
WRITE(IPRINT466) ICHIKCHIMX.TCPRV.TC
FORMAT(1XyQAICHI=A+412¢1H/ ¢AKCHIMX=2¢TU4e¢1H/¢ICHINON(ICHI)I=2+2(F12,61
11X))
FORMAT(1X+2TCPRV=24F10.5¢2TC=0+F10.5)
LSKIP=1
CONTINUE

NOW DENSITIES OF NON-CENTRAL CHI SQUARE DISTRIBUTIONS OF 1+2vseee12
DEGREES OF FREEDDM AND PARAMETER VNAMDA EVALUATED AT (D+)ss2
ARE FOUND

TO CALCULATE (SUM FROM I1 EQUAL TO 1 YO N)(SUM FROM 12 EQUAL TO 1
TC N)(SUM FROM Jl EQUAL Tn 1 TO P)I(SIM FROY K1 EQUAL TO J1 TO P)
(SUM FROM J2 EQUAL TO 1 T0 P)(SUM FROM K2 EGUAL J2 TO P) OF
0s5*BETALA+TIUIKLIAHTI2U2X 2« A+I1U1KLIsA+T2U2K2

TS=0,0

DO 290 I1=NPMKP1.NOBS
DO 280 I2=NPMKP1.NOBS
DO 270 J1=1+NPAR

DO 260 K1=J1..NPAR

DO 250 J2=1.NPAR

DO 240 K2=J2.NPAR
msS(1)=I1

MS(2)1=J1

MS(3)=K1

MS{u4)=I2

e -



0113348
0113358
0113368
0113418
0113428
0113438
0113448
0113458

- 90113468-

0113478
0113508
0113528
0113528
0113618
0113678
0113748
0113768
0113778
0114018
0114018
0114058
0114068
0114138
0114158
0114178
0114228
0114228
0114258
-011427A8
0114278
0114348
0114408
0114408
0114418
0114468
0114468
0114528
0114538

0114578
0114728
0114758
0114758
0114768
0115018
0115038
0115038
0115108
0115148
0115148
0115158
0115228
0115228
0115268
0115278

0115328
0115468
0115518
0115518

167.
168.
169.
170,
171.
172.
173.
174.

176
177.
178,
179.
180.
181,
182,
183,
184,
185.
186,
187.
188,
189.
190.
191,
192.
193,
194,
19S.
196,
196,
198.
199,
199.
201.
202,
203.
204,

20S.
206.
207.
208,
209,
210.
211,
212.
212,
214.
215,
215.
217.
218
219.
220,

221.
222,
223
224

©17Se---

[z Xz NaXg]

0000

72

74

78

80

90

110
120

MS(5)=J2
HS(6)=K2
IF(I1.LE.I2) GO TO 72
Ms(1)=12
MSt(2)=J2
HS(3)=K2
MS(4)=I1
HS(5)=J1

SMBEEITKE- - = rem mmmemee mcm e o e lee s me e e ees o

LSKIP=1

DO 74 IM=1.6

I=MS(INM)

IF(I «GEe1eANDeILEJNPMK} KP(IM)=1

IF(I «GE«NPMKP1.ANDe I sLE.NPAR} KP(IM)=2
IF(1.GE.NPARP,AND.I+LE.NOBS) KP(IM}=3
CONTINUE
IT=6

DO 80 IM=1.5
IMP1=IM+1

DO 78 JUM=IMP1,6 -
IT=IT+1

IF(MSUIM) ,EQ MS(JM)) KPIIT)=}
IF(MS(IM) (NEJMS(JUM)) KP(IT)=0
CONT INUE

CONTINUE

IQAYES=0

DO 110 IQA=1.IQ0AMAX

DO 50 1=1.21

IF(KP(I) .NEKPA(LIQA+I)) GO TO 110
CONTINUE

IQAYES=IQA

GO TO 120

CONTINUE

IF(IQAYES.EQ.0) GO TO 130
I=IQAYES

00 124 IC=1+ICMAXMLL)

* ISIQAYES-1+1C

124
130

170

180
190

194
200
240

CALL COEF11(I.UNDEF}

ROUTINE COEF11 CALCULATES BETA1A+I1U1K1A412J2K2 ASSUMING THAT
SECOND PARTIAL DERIVATIVE OF (R+)==x2 IS ZERO

TS=TS+UNDEF*A(I1+1J14K1)*A(124J24K2)
CONTINUE

LSKIP=1

IQBYES=0

00 180 IQB=1.+I0BMAX

00 170 I=1.,21
IF(KP(I)NE.KPB(IQBsI)}) GO TO 180
CONTINUE ’

IQBYES=1QB

GO TO 190

CONTINUE

IF(IOBYES.EQ.0) GO TO 200
ISI0BYES

DO 194 IC=1,ICMAX(L)
I=IQBYES=-1+1IC

CALL COEF2(IUNDEF)

ROUTINE COEF2 CALCULATES BETALA+I1J1K1A+12J2K2 ASSUMING THAT
PRODUCT OF FIRST PARTIAL DERIVATIVE OF (R+)»*2 IS ZERO

TS=TS+UNDEF*#A{I1+J14K1)I*A(124U24K2)
CONTINUE

LSKIP=1

CONTINUE

249



011554B
0115578
0115628
0115658
0115708
0115738
0115768

0115768
011601B
0116048
0116058

0116108
0116178
011622B
0116248
0116278
0116318
0116328

0116438

0116438
0116458

0000008
0000008
0000008
0000008
.000000B
-0000008
0000008
0000008
0000008
0000008
0000008
0000008
0000008
0000008
0000008
0000008
0000008
oooco008
0000008
0000008
0000008
0000008
0000028
0000348

0000348
0000438

0000438

0002208

225,
226
227.
228
229,
2304
231.

ooonn

232.
233,
234,
235.

236,
237,
238
239,
240,
241,
242
243,

244,
245,

2.
3.

Se
.- -6w-
Te
8¢

10.
11.
12.
13.
14.
15.
16,
17«
18.
19.
20.
21,

23
24 .

25
26

27.

28,

o0on
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250 CONTINUE

260 CONTINUE

270 CONTINUE

280 CONTINUE

290 CONTINUE
TS=0.5¢TS*SIGMASSIGMA
TS2NEG=~TS

TO CALCULATE (SUM FROM I EQUAL TO 1 TO N){SUM FROM J EQUAL TO 1
TO P)(SUM FROM K EQUAL TO J TO P) OF BETA1A+IJK*A+IJK

DO 350 I=NPMKP1.NOBS
DO 340 J=1.:NPAR

DO 330 K=Je«NPAR

CALL COEF1(I.J4+K'UNDEF)

ROUTINE COEF1 CALCULATES BETAIA+IUK

TSSTS+UNDEF#A(I+JeK)=SIGMA
330 CONTINUE
340 CONTINUE
350 CONTINUE
TSINEG==(TS+TS2NEG)
TS12NG==TS
WRITE(IPRINT«360) SIGMATSINEG+TS2NEG +TS12NG
360 FORMAT(/1X+3SIGMA=2+F20.6+3POWER=ALPHA A +(D¢F10.613)+(3+F10.643)=
1ALPHA A Q¢34(3+F10.643)3) : ’
sTOP
END

ROUTINE COEF11 CALCULATES BETALA+I1J1K1A4I2J2K2 ASSUMING THAT
SECOND PARTIAL DERIVATIVES Of (R+)xs2 IS ZERO

SUBRQUTINE COEF11(IX.UNDEF)

COMMON/MSKPABR/MSA(2346) +MSB(T7346)KPA(23+421)4KPB(73421)
" COMMON/MMSA/MMSAL1{23,4) MMSA2(23,4) MMSA3(23,4)

COMMON/MSABL12/MSA1(23,44)4MSA2(2344) MSA3(2344)

COMMON/MSB/MSBL1{73+4) eMSB2(73,4)MSB3(T7344)

~-- « --COMMON/MMSB/MMSBL{T7344) yMMSBE2{73 ¢4} MHSA3(T7344) ottt

COMMON/DAC/DA(23) «ACA(23)+DB(73:ACB(73)

COMMON/ZICMAXM/ZICMAXM( SO0) . ICMAX{100)

COMMON/MSKP/MS(6) +KP(21)

COMMON/NPAROB/NPARINOBS+KSTAR

COMMON/DPLUS/DPLUS

COMMON/KSTRP/KSTRP(20)

COMMON/CHINON/CHINON(12)

COMMON/FACGAM/FAC(150) «GAMMA(150)

COMMON/2ZA/ZA(10)

COMMON/A/ZA(S543+3)

COMMON/LPN/LPN(14)

COMMON/NS/ZNS (4)

COMMON/IPRINT/IREADIPRINT«ITAPE7«ITAPES,ITAPE9+ITAP10

COMMON/TP/TP

I=11

IF(LPN(8),EQ.0) GO TO 8

WRITE(IPRINT,2) (MS{IB),18=1.6)+(KP{1B),1B=1,21)

2 FORMAT(1XeQI1vJ1vK1412¢J2+eK2 ARED+6(I141X)e1H/aKP(%) AREDs21(I1,1
1X))

WRITE(IPRINT +4)

4 FORMAT(LIX+sQIsICMAXMIT) «DA(IIWACA(I) MSA(®) KPA{%) MSAL1(]I %) MMSALL
1I+5) ETC AREQ)

WRITECIPRINT.6) I,ICMAXMIT)},DALTI) ACALT) {MSA{I«IB)+IR=1,6),(KPA(I]
1+IB)eIB=1021) ¢ ({MSAL(T+IR) «MMSALI(T+IB)) o IB=1,44)¢((MSA2{IIB) MMSA2
1(1+4IB)) o IB=144) ¢ ((MSAS(ILIB)MMSAZ(ILIB))eIB=1,4)

6 FORMAT(L1XeISe2H/eI2¢1H/02(F40101H/) 4611 01H/ 0211101 H/ e384 (T11¢1H%,I1




0002208
0002218
0002338
0002358
0002608

0002608

0002618
0002658
0002768
0003038
0003108
0003158
0003248

0003318
00033uB
0003358
0003458

0003458

000346B
0003528
0003638
0003708
0003758
0004028
0004118
0004168
0004218
0004228
000432D

0004328

0004338
0004428
-000444B

29,
30.
31,
32.
33.

34,

35.
36,
37,
38.
39.
40.
41

42
43,
44,
4S54

46,

47,
48.
49,
S0
S51.
52
53
St
55,
56,
57

58,

59.
60.
61,

o000

o0n

(s X Nalel
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1¢1H/))42RH//)
8 LSKIP=1
_ TP=(DPLUS=®+DA(I))*ACA(])
IF(LPN(9),EQ.0) GD TD 12
WRITE(IPRINT«10) DPLUSDA(I)ACA(I) TP
10 FORMAT(1X.3(OPLUS**DA(I))®ACA(IIZ(D1F10,5+2HoeoFUoLles2H)*FUelelHZ0
1F10.5)
12 LSKIpP=1

TO CALCULATE EXPECTATION OF (2(1)#sL(1))%(2(2)ssL(2))%,,0%
(Z(P=KSTAR) #*L {P=-KSTAR))

DO 14 TH=1.4
IF(MMSA1(I+IH).EQ.0) GO TO 14
IH1=MSAL1(I+IH)
IH2=MS(IH1)
TZ=2A(1IH2)
MMSz=MMSA1(1.41IH)

- CALL EXPZ(TZ+MMS+TP)

ROUTINE EXPZ CALCULATES EXPECTATION OF Z+Z%%2¢2%%3 AND Z=xsl

14 CONTINUE
IF(LPN(9) . EQ,0) GO TO 18
WRITE(IPRINT+16) TP
16 FORMAT(1X+3(DPLUS**DA(I))=ACA(I)*EXPECTATION OF PROOUCT OF FIRST P
1=KSTAR ReVe =3+F10.5) :
18 LSKIP=1

TO CALCULATE EXPECTATION OF (Z(P+1)%sL(P+1))*(2(P+2)sL(P+2))%c00t*
(Z(N)sL(N))

DO 20 IH=1.4

IF(MMSA3(I.IH).EQ.0) GO 7O 20

IH1=MSA3(I.1IH)

IH2=MS (IH1)

TZ=2A(IH2)

MMS=MMSA3(I«IH)

CALL EXPZ(TZ+MMS«TP)
20 CONTINUE

IF(LPN(9),E£Q,0) GD YO 23

WRITE(IPRINT+22) TP
22 FORMAT(1X.2(DPLUS=«DA(1))*ACA(I)*EXPECTATION OF PRODUCT OF FIRSY P

1=KSTAR R.Ve AND LAST NP R,Ve =3+F10.5)
23 LSKIP=1

70 CALCULATE EXPECTATIDN OF ((S(P=KSTAR+1)SQRT(ZBARS(P=KSTAR+1)))
2% (P-KSTAR+1) ) #((S(P=-KSTAR+2)SORT(ZBARS(P-KSTAR+2)) }esL (P-KSTAR+2)
Y2403 (S(P)SQRT(ZBARS(P))) sxL(P))

CALL COEG11(IT.UNDEF)
RETURN
END




0000008

0000008
0000008
0000008
0000008
0000008
0000008
0000008
0000008
0000008
0000008
0000008
0000008
0000008
0000008
0000008
0000008
0000008
0000008
0000008
0000008
0000008
0000038
0000068
0000068
0000238
0000258
0000338
0000338
0000378
--0000378
0000538
0000578
0000628
0001018
0001048
0001108

0001168
0001238
0001308
0001358
0001438
. 0001508
00015s8
0001638
0001708

0001768

—_— e ——— e —

62,

63
6.
65,
66
67
68,
69,
70
71,
72,
73,
T4,
7S,
76
77
78
79.
80,
81l.
82,
83,
84,
85.
864
86
88.
89,
90.
91.

92
94,
95.
96
97.
98,
99,
100.
101.
102,
103.
104,
105,
106,
107.

108.

(2 X s Nz Xz Nz Ng)

o000

24

- 30

40
50

252

SUBROUTINE COEG11(II . UNDEF)

ROUTINE COEG11 CALCULATES EXPECTATION OF
(LS(P=KSTAR+1)SART(ZBARS(P=KSTAR+1)) ) 3L {P=KSTAR+1) )¢ ((S(P=KSTAR4+2)
SORT(ZBARS(P=KSTAR+2) ) ) sx (P~KSTAR+42))%,,+*((S(P)SQRT(ZBARS(P)))=s
LiP))

COMMON/MSKPAR/MSA(23¢6) «MSB(T73¢6) «KPA(23:21)KPB(73.21)
COMMON/MMSA/MMSAL (23 +4) ¢MMSA(2344) MMSA3(23,4)
COMMON/MSABL12/MSAL1({2344) MSA2(23+4) MSAZ (2344}
COMMON/MSB/ZMSBLI73¢4) +MSB2(7344)MSB3(7344)
COMMON/MMSB/MMSBL (73 44) MMSB2(T73,4) 4MMSB3(T7344)
COMMON/DAC/DA(23) +ACA(23).0B(73).ACB(T73)
COMMON/ICMAXM/ICMAXM( S0) ICMAX(100)

COMMON/MSKP/MS(6) «KP(21)

COMMON/NPAROB/NPAR«NOBS+KSTAR

COMMON/DPLUS/DPLUS

COMMON/KSTRP/KSTRP (20)

COMMON/CHINON/CHINON(12)
COMMON/FACGAM/FAC(150)+GAMMA(150)

COMMON/ZA/2A(10)

COMMON/A/Z/A(S¢3,43)

COMMON/LPN/LPN(14)

COMMON/NS/NS (4)
COMMON/IPRINT/IREAD«IPRINT+ITAPE7+ITAPES8ITAPES«ITAPL1O
COMMON/TP/TP o

I=11 :

NPMKP1=NPAR=KSTAR+1

D0 24 II=1.20

KSTRP(II)=KSTAR+1I

CONTINUE

VKSTAR=KSTAR '
OPLSA=((0,5*VKSTAR=1,0)/(DPLUS*%2)}«0,5

DPLSB=0.5/DPLUS

00 30 II=1.4

NS(II)=0
CONTINUE
DO S50 IH=1.4%

DO 40 TIIH=1.4
IF(MMSA2(TI«IH)JEQ.IIH)
CONTINUE

CONTINUE

IF(NS(1) eEQel1eANDNS(2) sEQe 0 ANDNS(3)sEQe0.ANDNS(H4)},,EQ.D)
160 70 100

IF(NS(1)eEQe0eANDNS(2) ¢EQel1eANDNS(3).EQe0+ANDNS(4).EQ,0)
160 70 120

IF(NS(1) EQ,2,ANDNS(2) ,EQs0,AND.NS(3) ,EQ.0,AND,NS{4).EQ,0)
1G0 70 140 :

IF(NS(1) eEQeO0ANDNS(2) EQe 0+ AND NS (3).EQ.14ANDNS(4)EQ.O)
160 TO 160

IFINS(1) e EQel1 e ANDeNS(2)EQe1.AND NS(3),EQ.0.AND.NS(4),EQ.0)
160 TO 180
IFINS(1)EQe3.ANDNS(2)EQe0+ANDNS(3).EQ.0.ANDNS(4),EQ.0)
160 70 200
IF(NS(1)sEQ,0sAND NS{2) ¢EQe Qs AND NS(3) EQ. 0. ANDNS(4) EQ,.1)
160 70 220

IF(NS(1) sEQe1 e ANDeNS(2) ¢EQaO0ANDNS(3)EQ1.ANDNSI(4),EQ,0)
1G0 TO 240
IFINS({1)sEQ.0+ANDNS(2) EQe2.AND NS(3) EQ.0.AND NS(4),EQ,.0)
160 TO 260

IFINS(1) eEQ 2 ANDeNS(2) eEQe1 . AND NS (3) EQe 0. ANDNS(H)EQ.0)
160 TO 280

IF(NS(1) EQ 4o ANDNS(2) ,EQe0+AND NS (3),EQ.0.ANDJNS{4).EQ,0)
1G0 TO 300

NS{ITIH}=NS(IIH)+1

1000




0002028
0002148
0002218
0002268
0002268
0002418
- 0002578
0002718
0002778
0003048
0003108

0003118
0003248
0003318
0003368
0003368
0003518
0003638
0004018
0004078
0004148
0004208

0o0ou218
0004348
0004418
0004528
0004578
000464B
0004648
0004778
0005168
0005348

0005578
0005658
0005728
0005768

0005778
0006128
0006178
0006248
0006248
0005378
0006518
0006678
0006758
0007028
0007068

6007078
8007225
0007278
0007408
0007453
6007548

0007558

109,
110,
111,
112.
113,
114,
115,
116,
117.
118,
119,

120,
121.
122,
123,
124,
125,
126,
127,
128,
129,
130.

131.
132.
133,
134,
135.
136,
137,
138,
139,
140,

141,
142,
143,
144,

145,
146.
147,
148,
149,
150,
151,
152,
153.
154,
155.

156.
157,
158.
159.
160
161.
162,

aonn

ann

an0n

[e X2 X

253

100 IH1=MS(MSA2(1+1)) ) }
T2=2A(1IH1) ' '
CALL €1000(T2+7S1)

TS320,0

DO 110 IPAR=NPMKP1,NPAR

IF (IPARGNEJIH1) CALL E31100(ZA(IH1)+ZA(IPAR)TS2)
IF(IPARLEQ.TH:) CALL E2000(ZA(IH1)+T52)
TS3=TS3+ZA(IPAR) sTS2

110 CONTINUE . -
TP=TPs(DPLSA*TS1+DPLSB*TS3)
GO TO 420
2000

120 TH1=MS(MSA2(I+1)})
TZ2=2A(IH1)
CALL €2000(T2,7TS1)
7S3=0,0
D0 130 IPAR=NPMKP1.NPAR
IF(IPAR.EQ.IH1) CALL E3000(2A(IH1)+TS2)
IF(IPARJNE.IH1) CALL E2100{ZA(IH1)+ZA(IPAR)TS2)
TS3=TS3+ZA(IPAR)*TS2
130 CONTINUE
TP=TP*(DPLSAsTS1+0PLSB*TS3)
GO TO 420

1100

180 IH1=MS(MSA2(I.1))
T2122A(IH1)
IH2=MS (MSA2(1+2))
1222280 1H2)
CALL E1100(T21+722+TS1)
1S320,0
DO 150 IPARSNPMKP1.NPAR
IFULIPARLEQ,TH1) CALL E2100(ZA(IH1)ZA(IH2),TS2)
IF(IPARLEQ.IH2) CALL E2100(ZA(IH2)¢2A(IH1)TS2)
IF (IPARSNE«IH1+AND+ IPARCNEo IH2) CALL E1110(2A(IH1)+ZA(IH2) +ZA(IPAR
1).752)
TS3=TS3+ZA(IPAR) *TS2 : :
150 CONTINUE :
TP=TP#(OPLSA*TS1+DPLSB*TS3)
GO 7O 420

3000

160 IH1=MS({MSA2(I.,1))
TZ=ZA(1IH1)
CALL E3000(T2:TS1)
783=0,0
DO 170 IPAR=NPMKP1,NPAR
IF(IPAR,EQ.IH1) CALL E4000(ZA(IH1),7S2)
IF(IPARGNE.IH1) CALL E3100(2A(IH1)+2A(IPAR)+TS2)
TS3=TS3+ZA(IPAR) = TS2
170 CONTINUE
TP=TP+ (DPLSAxTS1+DPLSBsTS3)
GO TO 420

2100

180 IH1=MS(MSA2(1.+1))
TZ1=ZA(1IH1})
IK2=MS(MSA2(1.2))
TZ2=ZA(1H2)
IF{MMSA2(141).,EQ.2) GO TO 184
IIH1I=INY
I1IH2=1IH2



0007578
0007578
0007618
0007628

0007648
0007648
0007668
0007708
0007758
0007758
0010108
0010278
0010458

0010708
0010768
0011038
0011078

0011108
0011238
0011308
0011418
0011468
0011608
0011658
0011728
0011728
00120%B
0012308
0012528
0012748

0013258

0013338
0013408
. 001344B

00134sSB
0013608
0013658
0013728
0013728
001405B
0014178
0014358
00144383
0014508
0014548

0014558
0014708
00147583
0015068
0015138
0015228
001523g
0015258
0015258
0015278
0015308

163,
164,
165,
166
167.
168.
169,
170.
171.
172,
173,
174,
175.

176
177.
178,
179.

180.
181.
182,
183,
184,
185.
186,
187.
188,
189.
190.
191,
192,

193.

194.
195.
196

197.
198.
199.
200,
201.
202
203.
204 .
205.
206

207,

208,
209.
210
211.
212,
213.
214,
215.
216,
217
218,

(>
(>

c

c
c
c

C
C
C

184

190

, ' , 254

IH1=11IH2

IH2=11H1

TT21=T21

T722=722

T21=TT722

T22=7TT721

LSKIP=1

CALL E2100(TZ21+7224TS1)

7S3=0,0

DO 190 IPAR=NPMKP1 +NPAR

IF(IPAR.EQ.IH1) CALL E3100(ZA(IH1),2A(TIH2)},TS2)
IF(IPAR,EQsIH2) CALL E2200(2AC(IH1)+ZA(IH2)4+TS2)
IFUIPARGNE«IH1eANDeIPARJNESIH2) CALL E2110(ZA(IH1)ZA(IH2)+ZA(IPAR
1).TS2)

TS3=TS3+ZA(1IPAR) 2TS2

CONTINVUE

TP=TP*(DPLSATS1+DPLSB=*TS3)

GO TO 420

1110 ' .

200 JH1=MS(MSA2(I.1))

TZ1=ZA(IH1)

IH2=MS(MSA2(1,2))

T22=2A(IH2)
 IH3=MS(MSA2(I+3))

T23=2A(IH3)

CALL E1110(T21+T22+T23+TS1)

753=0,0

DO 210 IPAR=NPMKP1.NPAR

IF(IPARL,EG.IH1) CALL E2110(ZACIH1)¢ZA(TIH2)4ZA(IH3)TS2)
IF(IPAR,EQ,TH2) CALL E2110(2A(IH2)ZACIH1) +ZA(IH3) ¢ TS2)
IF(IPAR,EQ.IH3) CALL E2110(ZACIH3)+ZACTIH1) +ZALIH2) 4 TS2)
IF(IPARNE.IH1,AND.IPAR NE 1112 AND 4 IPARLNE . TH3) CALL Ellll(ZA(IHl)
-1¢ZACIH2) e ZACIH3) ¢ ZA(IPAR) 4 TS2) - -- -- e e~
TS3=TS3+ZA(1PAR) *TS2

210 CONTINUE

220

230

240

TP=TP=(DPLSA*TS1+DPLSB2T7S3)
60 7O 420

4000

IH1=MS(MSA2(I.+1))

T2=ZA(IH1)

CALL E4000(T2+TS1)

783=0.0

D0 230 IPAR=MNPMKP1,NPAR

IF(IPAR,EQ, IH1) CALL ESO00(ZA(TIH1),TS2)
IF(IPAR.NE.IH1) CALL E4100(ZACIH1)¢ZA(IPAR)+TS2)
TS3=TS3+2A(IPAR)*TS2

CONTINUE

TP=TP«(DPLSA®TS1+DPLSB*TS3)

GO TO 420

3100

IH1=MS(MSA2(I+1))
TZ1=ZA(IH1)
IH2=MS(MSA2(1.2))
TZ2=ZA(1IH2)
IF(MMSA2(1+1).,EQ.3) GO TO 244
IIH1=]H1

IIH2=1H2

IH1=I1H2

IH2=11H1

TTZ1=T21

TT22=722




0015328
0015328
001534B
0015368
0015438
0015438
0015568
0015758
0016138

0016368
0016448
0016518
0016558

0016568
0016718
0016768
0017078
0017148
oc17218
0017218
0017348
0017538
0017718

0020148
0020228
0020278
0020338

0020348
0020478
0020548
0020658
0020728
0021048
0021118
0021208
0021268
0021338
0021368
0021378
0021378
0021418
0021428
0021438
0021438
0021458
0021468
0021518
0021528
0021528
0021548
0021558
0021568
0021568
00216038
0021628
0021678
0021678
0022028
0022253

- e — —

219,
2204
221.
222.
223.
224%.
225,
226,
227.

228,
229,
230,
231.

232,
233,
234,
235,
236
237.
238.
239%.
240.
241.

242¢
243
244,
245,

246,
247
248.
249,
250
251,
252,
253,
254,
255
256,
257
258,
259,
260,
261,
262,
263,
264,
265,
266
267,
268,
269,
270
271,
272,
273.
274
275,
276
277,

C
C
C

(s Xz Xg]

244

250

260

270

280

282

284

288

255

T21=1722

T22=T721

LSKIP=1

CALL E£3100(T21+722+7S1)

7583=0.0

DO 250 IPAR=NPMKP1.NPAR

IFC(IPARLEQ.INY) CALL E4100(2ZACIH1)+2A(TIH2).TS2)
IF(IPAR,EQ,IH2) CALL E3200(2A(IH1)+2ZA(1H2).TS2)
IF(IPARNE+TH1 e AND IPARJNE.IH2) CALL E3110(ZA(IH1)¢ZA(TIH2)+ZA(IPAR
1):7S2)

TS3=TS3+2A(IPAR)=TS2

CONTINUE

TP=TP*(DPLSA=TS1+DPLSBsTS3)

GO YO 420

2200

IH1=MS(MSA2(1.1))

TZ1=ZA(IHL)

IH2=MS(MSA2(1.2))

T22=2A(1H2)

CALL E2200(T21+7T2247T51)

153=0.,0

DO 270 IPAR=NPMKP1.NPAR

IF(IPARLEQ.IH1) CALL E3200(ZA(TIH1)+ZA(IH2),. TSZ)
IF(IPAR.EQ.IH2) CALL E3200€(ZA(IH2) «2ZA(IH1)+T52)

IF(IPARCNE« IH1+AND+ IPARONEIH2) CALL E2210(ZA(TH1)+ZA(IH2)42A(IPAR
1)TS52)

TS3=TS3+ZA(IPAR) *TS2
CONTINUE
TP=TP*(DPLSA®TS1+40PLSB*TS3)
GO TO 420

2110

TH1=MS(MSA2(Is1))

T21=2A¢IH1)

IH2=MS(MSA2(1.2))

T22=ZA(1IH2)

IH3=MS(MSA2(1.3))

TZ3=ZA(IH3)
IF(MMSA2(141).EQ.2) GO TO 288
IF(MMSA2(1,2),EQ.2) GO TO 282
IF(MMSA2(1¢3),EQ.2) GO TO 284
T121=721

TT22=T22

TZ1=17T22

T22=1T121

IIH1=IH1

IIH2=1H2

IH1=ITH2

IH2=1TH1

GO TO 288

T121=121

1723=123

T21=T123

T23=T121

IIH1=TH1

IIH3=IH3

IH1ISTIH3

IR3=1IH1

LSKIP=1

CALL E2110(T21+7224T723.751)
753=0,0

DO 290 IPAR=NPMKP1.NPAR
IFC(IPARLEG, IH1) CALL ESllO!ZA(IHI)cZA(IHZ).ZA(IHB)‘Tﬁa)
IFCIPARGEQ.IH2) CALL E2210(ZACIH1) «ZALIH2)+ZACTIH3) ¢ TS52)



0022478
0022718

0023228
0023308
0023358
0023418

0023428
0023558
0023628
0023738
0024008
" 0024128
0024178
0024318
0024368
0024438
0024438
0024568
0025058
0025338
0025618
0026078

0026468
0026548
0026618
0026658
0026678

-—0026718 --

0026738
0027038

0027038
0027048
0027078

0000008
0000008
0000008
0000008
0000008

-~ 0000008
0000008
0000008
0000005
0000005
0000008
0000008
0000008
0000008
0000008
0000008
000000p
0000008
0000008
0000007
0000008
0000028
0000218

256

278, IF(IPAR,EQ.IH3) CALL E2210(ZA(IH1)+ZA(IH3)+ZA(IH2)+TS2)
279. IF(IPAR(NE+IH1.ANDs IPARNE«IH2,ANDs IPAR,NE,IH3) CALL E2111(ZA(IH1)
102A(TH2)+ZALTIH3) 4 2A{IPAR)«+TS2)
280, TS3=TS3+ZA({IPAR)=TS2
281, 290 CONTINUE
282 TP= TP‘(DPLSA:TSI*DPLSB‘TSS)
283, GO TO 420
c
c 1111
c

284, 300 IH1=MS(MSA2(1.,1))

285, T21=ZA(IH1)
286, IH2=MS(MSA2(142))
287, TZ2=ZA(1H2)
288, IH3=MS(MSA2(143))
289. T23=ZA(IH3)
290. IH4=MS (MSA2(144))
291, TZ4=ZA(IHY)
292, CALL E1111(TZ1eT22+T23+TZ4+751)
293, 153=0,0
294, DO 310 IPARSNPMKP1,NPAR
295. IF(IPAR,EQ,IH1) CALL E2111(ZA(TH1)¢ZA(IH2) ¢ZA(IH3) ¢ZA(THE) TS2)
296, IF(IPAR,EQ.IH2) CALL E2111(ZACIH2)+ZA(IHL) ¢ZA(IH3)+2ZA(TIHYE)TS2)
297. IF(IPARLEQ,TH3) CALL E2111(ZA(IH3)vZA(IH1)ZA(TIH2)4ZACTIHY) ¢ TS2)
298, IF(IPAR,EQ,IH4) CALL E2111(ZA(IH4)«ZACIH1) ¢ZA(IH2) ¢ZA(TIH3)4TS2)
299, IF (IPAR.NEWIH14AND IPARGNE. TH2. AND TPARGNE . TH3. AND. TPAR W NE o THS ) CAL

1L E11111(ZACTHL) ZA(TH2) ZACTH3) 1 ZALTHE ) ZALIPAR) 4 TS2)

300, TS3=TS3+42A(IPAR) *TS2
301, 310 CONTINUE

" 302, TP=TP«(DPLSA*TS14DPLSBeTS3)
303, 420 LSKIP=1
304, UNDEF=TP
305e- - -~ -IF(LPN(9)4EQs0) GO TO-4UQ -+ -~ - = - emmmme sommm coecsimaae o oo oo
306, WRITE(IPRINT,430) TP

307. 430 FORMAT{1X,2(DSTAR**DA(I))*ACA(I)*(EXPECTATION OF PRODUCT OF FIRST
1P=KSTAR ReVe AND LAST NeP R,V.)8/1X+3*%EXPECTATION OF PRODUCT OF MI
100LE KSTAR R.Ve)=2+F10.5)

308, 440 LSKIP=1

309. RETURN
310. END
c
c ROUTINE COEF2 CALCULATES RETA1A+I1J1K1A+12J2K2 ASSUMING THAT
C PRODUCT OF FIRST PARTIAL DERIVATIVES OF (R+)==2 IS ZERO
c
1. SUBROUTINE COEF2(IIUNDEF)
2¢ COMMON/MSKPAB/USA(2346) «MSBIT73¢6)+KPA(23421) «KPBI(73421)
3. COMMON/MSAB12/MSAL(2344) MSA2(23+4) +MSA3(2344)
4. COMMON/MMSA/MMSAL(2344) +MMSA2(23+4) «MMSAZ(2344)
Se COMMON/MSB/MSBL(7344)+MSB2(73,4) «MSB3(7344)
o COMMON/MMSB/MUSHL1(73+4) +MMSB2(7344) «MMSRE3(T7344)
7. COMMON/DAC/DA(23) «ACA(23)4+DB8(73) «ACR(73)
8. COMMON/ ICMAXM/ICMAXM{ S50)«ICMAX(100)
Ye COMMON/MSKP/MS(6) «KP(21)
10. CONMMON/NPAROB/HNPAR«NOBS«KSTAR
11. COMMON/DPLUS/DPLUS
12. COMMON/KSTRP/KSTRP(20)
13, COMMON/CHINON/CHINON(12)
14. COMMON/FACGAM/FAC(150)+GAMMA(150)
15, COMMON/ZA/ZA(10)
16. COMMON/A/A(S+343)
17. COMMON/LPN/LPN(14)
18, COMMON/NS/NS (4}
19. COMMON/IPRINT/IREAD IPRINT ITAPE?7,ITAPES,ITAPEY,.1TAP10
20, I=11
21, IF(LPN(10).EQ,0) GO TO 8
22, WRITE(IPRINT2) (MS(IB)«IB=146)¢(KP(IB),IB=1.,21)
23 2 FORMAT(IX QI10J1eK1¢124J2.K2 ARER+6(I1e1X)+1H/+AKP(®) ARED«21(1141

1X))




0000218
0000258

0000258

0001318

0001318
0001318
0001368
0001408
0001528

" 0001528

0001528
0001548
0001618
0001638
0001658
0001668
0001718

0001748
0001768
0001778
0002048

0002048

0002048
0002068
0002138
0002158
0002178
0002208
0002238
0002268
0002308
0002318
0002368

0002368

0002368
000240B
0002u0g@
000242B
000244
0002468
0002568
0002608

28
25,

26,

27

28
29,
304
31.
32.

33.

34,
35.
36
37
38,
39.
40

41,

42,
43.
44,

45

46

48,
49,
50.
S1.
52
53.
S4e
55
56

57«

58
5%
60
60
62
63
64
65

o000

o000

o000

OoO0O000n

257

WRITE(IPRINT4)

4 FORMAT(1X«QI+1CAMX(I)+DB(I)+ACB(I)sMSB(%)KPB(*) MSBL1{I %) MMSB1(I
1+%) ETC AREQ)

WRITE (IPRINT6) I,ICMAX(T)DB(I)} ACB(I),{MSB(I+IB)+IB=1+6)¢{KPBIIs
1IB)¢IB214¢21)+ ((MSB1(I+I0) +MMSBI(I418))¢IRS1464) 4 ((MSB2(I+1B) . MMSB2I
110IB)) 0 IB=104) o ((MSB3(1418)MMSB3(T+IB})IB=144)

6 FORMAT(1Xs15+42H/v1211H/¢2(F4e1e1H/)¢6I1141H/4211101H/+3(4(12¢1H*,]11
1¢1H/))22H/7)
8 LSKIP=1

TP=(DPLUS*=DB(1}))=ACB(1)

IF(LPN(11).EQ,Q0) GO TO 12

WRITE(IPRINT.10) DPLUS.OB(I1).ACB(I),.TP

10 FORMAT(1X+2(DPLUS*=0B(I))=ACB(I)=(,F10,5¢2H*3+sFUs1s2H)%Flo1elH=0
1F10,5)
12 LSKIP=1

T0 CALCULATE EXPECTATION OF (Z(i)*‘L(l)i‘(Z(Z)“L(Z))*ooo‘
(2(P=KSTAR)*«L(P=KSTARY))

DO 14 IH=1.4 .
IF(MMSB1(1+.IH).EG.D) GO TO 14
IH1=MSB1(I+IH)

IH2=MS(IH1)

T2=ZA(1H2)

MMS=MMSB1(I+1IH)

_CALL EXPZ(TZ+MMSsTP)

ROUTINE EXPZ CALCULATES EXPECTATION OF 2,2%#22.,2%%3 AND 2ss4

14 CONTINUE
IF(LPN(11),EQ,0 )GO TO 18
WRITE(IPRINT16) TP .

16 FORMAT(1X+9(DSTAR**DB(1))*ACB(I)=EXPECTATION OF PROOUCT OF FIRST P
1-KSTAR ReVe :a-FlO.Sl . ’

18 LSKIP=1

T0 CALCULATE EXPECTATION OF (Z(P+1)=sL(P+1))*(2(P+2)xL(P+2))%,q0ex
(Z(N)=L(N))

00 20 IH=1.4
IF(MMSB3(I+IH).EQ.0) GO TO 20
IHY=MSB3(I+IH)
IH2=MS{IH1)}
TZ=ZA(IH2)
MMS=MMSB3(I+IH)
CALL EXPZ(TZMMS«TP)
20 CONTINUE
IF(LPN(11).EQ.,0) GO TO 23
WRITE(IPRINT.22) TP
22 FORMAT(1X+d(DSTAR*=DB(1))*ACB(I)*EXPECTATION OF PROOUCT OF FIRST P
1=KSTAR ReVe AND LAST N=P R,Ve =3+¢F1045)
23 LSKIP=1

TO CALCULATE EXPECTATION OF ((S(P«KSTAR+1)SQRT(ZBARS(P=-KSTAR+1)))
22l (P=KSTAR+1))s((S(P=-KSTAR+2)SQRT{ZBARS(P-KSTAR+2}))s2L(P=KSTAR+2]}
)00 o* ((S(P)SQRT(ZBARS(P)) ) =2 (P))

00 30 II=1.4

NS(II)=0
30 CONTINUE

DO 50 Tii=1l+4

00 40 IIH=144

IF(MMSB2( T+ IH) sEG IIH) NS(IIH)SNS(IIH)+1
40 CONTINUE
50 CONTINUE

—e—— -
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0002638 66 IF(NS(1) (EQ.0.AND.NS(2) EQ.0.ANDNS(3) ,EQ,0.ANDNS(4).,EQ.0)
: 160 TO 80
0002708 674 IF(NS(1).EQ.1,AND.NS(2) (EQ.0.AND.NS(3).EQ.0sANDNS(4).EQ,0)
160 TO 100
0002758 68, IF(NS(1) JEQ.0,AND.NS(2) EQ1.AND.NS(3)EQ.0¢ANDNS(4),EQ.0)
160 TO 120
0003028 69, IF(NS(1)EQ.2,ANDNS(2) (EQ.0.ANDNS(3),EQ,0.ANDNS(4),EQ,0)
160 TO 140
0003078 70, IF(NS(1) ,EQ.0,ANDNS(2).EG.0,AND,NS(3),EQ,1.AND.NS(4).EQ,0)
160 TO 160
0003148 71, IF(NS(1)oEQe1,ANDJNS(2) (EQe1+ANDJNS(3),EQe0.ANDNS(4).EQ,0)
160 7O 180
0003228 72, IFINS(1) EQ¢3,AND.NS(2) 4EQ,0.ANDNS(3),EQ.0.AND<NS(4)EQ.0)
160 TO 200
0003278 73, IF(NS(1).EQ.0,AND.NS(2) .EQ.0.,AND.NS(3) EQ,0ANDNS(4).EQ,1)
160 TO 220
0003348 T4, IF(NS(1)+EQe1.AND.NS(2) ,EQs 0. AND.NS(3) EQ. 14AND NS (4) .EQ,0)
160 TO 240
0003428 75, TF(NS(1) o EQ.04ANDLNS (2) sEQs 2+ ANDANS (31 +EQ400 ANDSNS(4) (EQL0)
160 TO 260
0003478 76. IF(NS(1),EQ,2,ANDJNS(2) 4EQ.1.AND NS(3) ,EQ.0.AND.NS(4).EQ.0)
: . 160 TO 280
0003558 77. IF(NS(1) .EQ.4.ANDJNS(2) sEQ.04AND.NS(3),EQ, 04 AND.NS(4)EQ.0)
160 TO 300
¢ -
c 0000
c
0003628 78. 80 TP=TP+CHINON(KSTAR)
0003638 79, GO TO 420
c
c 1000
c
0003648 80, 100 IH1=MS(MSB2(1.1))
0003678 81. T2=ZA(IH1)
0003708 82, CALL E1000(7Z,TS)
0003738 83, TP=TP*TS
0003748 84 GO TO 420
c
c 2000
¢
0003758 85. 120 IH1=MS(MSB2(I+1))
0003778 86. TZ=ZA(IH1)
0004008 87. CALL E2000(TZ.TS)
0004038 88, TP=TPsTS
0004048 89. GO TO 420
c
¢ 1100
¢
00040SB ----- 90+ --180 -THIZMSIMSBRLT 1)) <= - -=ec = =oris comsiicmimmm oo ool oo e o s e
0004078 91, TZ1=ZA(IH1)
0004108 92, IH2=MS(MSB2(1,2))
0004128 93, - T22=ZA(IH2)
0004148 94, CALL E1100(TZ14TZ2,TS)
0004178 95, TP=TP*TS :
0004208 96. GO TO 420
¢
c 3000
c
0004218 97« 160 IH1=MS(MSB2(I,1))
000423g 98. TZ=ZA(IH1)
0004248 99, CALL E3000(TZsTS)
0004278 100. TP=TP#TS
0004308 101. GO TO 420

2100
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0004318
0004338
0004348
0004368
0004408
0004428
0004438
0004448
0004458
0004468
0004508
0004538
0004548

0004558
0004578
0004608
0004628
0004648
0004668
0004708
0004738
0004748

0004758
0004778
0005008
0005038
0005048

0005058
0005078
0005108
0005128
0005148
0005168
0005178
0005208
0005218
0005228
0005248
0005278
0005308

0005318
0005338
0005348
000536R
0005408
0005438
0005448

0005458
0005478
000550n
0005528

—— s . ———

102,
103.
104.
105.
106.
107,
108,
109.
110.
111.
112,
113.
114,

124,
125.
126,
127.
128,

129.
130.
131,
132,
133,
134,
13S.
136.
137
138,
139,
140.
141,

142,
143,
144,
145,
146,
147,
148,

149,
150.
151,
152.

0o0o0n

o000

aon0n

(2 XsXg]

(s N e Xl

180

184

200

220

240

244

260

IH1=MS(MSB2(I.1))
T21=2A(IH1)
IH2=MS(MSB2(1.:2))
TZ2=ZA(IH2)
IF(MMSB2(1+,1),.,2Q@,2) GO TO 1864
T721=721

T722=722

T21=T722

1T22=TT21

LSKIP=1 :
CALL E2100(T21:T722+TS)
TP=TP=*TS

GO TO 420

1110

IH1=MS(MSB2(I+1))
T21=ZA(IH1)
IH2=MS(MSB2(1+2))
T22=2ZA(IH2)
IH3=MS(MSB2(1+3))
T23=ZA(IH3)

CALL E1110(T21+4T22¢72347S)
_TP=TP=TS

60 TO 420

4000

IH1=MS(MSB2(I.1))
T2Z=2A(1IH1)

CALL E4000(T2.,TS)
TP=TP=TS

GO0 TO 420

3100

IH1=MS(MSB2(I+1))
TZ1=2A(IHD)
IH2=MS(MSB2(1+2))
T22=ZA(1H2)
IF(MMSB2(I+1),EQ.3) GO TO 244
TT21=T21

T1Z22=T22

T21=TT722

122=TT721

LSKIP=1

CALL £3100(T21.TZ2+7S)
TP=TP=sTS

60 TO 420

2200

IH1=MS(MSB2(1.+1))
T21=2A(IH1)
IH2=MS(MSB2(1.2))
T22=ZA(1H2)

CALL £2200(TZ21+T722.TS)
TP=TPsTS

GO TO 420

2110

280 IH1=MS(MSB2(I.1))

TZ21=2A(IK1)
IH2=MS (MSB2(142))
T22=2A(IH2)

259



0005548
0005568
0005608
0005628
0005648
0005658
0005668
0005708
0005708
0005728
0005728
0005738
0005758
0005758
0005778
0006008
0006038
0006048

0006058 ..

0006078
0006108
0006128
0006148
0006168
0006208
0006228
0006248
0006278
0006308
0006318
0006328
0006348
0006418

0006418
0006418
0006448

0000008

0000008
.0000008
0000008
0000008
0000003
0000008
0000008
000000
0000008
0000008
0000008
0000003
0000008
0000008
0000008
0000008
0000008
0000008
0000008
0000028
0000038

153
154,
155,
156.
157
158.
159.
160
161.
162,
163,
1864,
165,
166.
167.
168
169.
170,

171.
172
173.
174,
175,
176
177
178.
179.
180.
181,
182

183

184.
185,

186.
187.
188,

189.

190,
191.
192«
193,
194.
195,
196.
197,
198,
199.
200.
201,
202,
203,
204 .
205,
206,
207.
208,
209,
210

[2 XX o]

o ——— ————

282

284%

288

300

420

IH3=MS(MSB2(1.3))

T23=2A(IH3)
IF(MMSB2(1+1),EQGe2) GO TO 288
IF(MMSB2(1+2).,EQ.2) GO TO 282
IF(MMSB2(1+3).,EQe2) GO TO 284
TT21=T21

TT22=T22

T21=TT22

T22=TT21

GO TO 288

TT21=T21

TT23=T23

T21=TT23

T23=TT21

LSKIP=1

CALL E2110(T21+T22+4T2347TS)
TP=TP*TS

60 TO 420

1111

TH1=MS(MSB2(141)) )
T21=2A{1H1) v gRnome
IH2=MS (MSB2(142))

T22=2A(1H2)

IH3=MS(MSB2(1+3))

"T23=ZALIHI)

IH4=MS(MSB2{1+4))

T24=2A(IHY)

CALL E1111(T21+T22+T23:¢T24+TS)
TP=TP=TS
LSKIP=1
UNDEF=TP
IF(LPN(11).EQ.0) GO TO 440
WRITE(IPRINT430) TP

260

430 FORMAT(1X2(DSTAR=*DB(I1))*ACB{I)«(EXPECTATION OF PRODUCT OF FIRST

440

LSKIP=1
RETURN
END

SUBROUTINE COEF1(II+JJeKKsUNDEF)

ROUTINE COEF1 CALCULATES BETA1A+IUK

COMMON/MSKPAB/MSA12346) +MSBIT3+¢6)+KPA(23421)«KPB(73421)
COMMON/MMSA/MMSAL1(23¢4) eMMSA2(2344) yMMSA3 (2344t
COMMON/MSABL12/MSAL1(23+4) MSA2(23¢4) ¢ MSA3 (23041
COMMON/MSB/MSB1(7344) +MSR217344) 4MSB3(73+41}
COMMON/MMSB/MMSBL(T7344)«MMSB2(T73,4) MMSB3(7344)
COMMON/DAC/DA123)4ACA(23)4081731,4CR(T73)
COMMON/ICMAXM/TICMAXM( S50)ICMAX(100)
COMMON/MSKP/MS(6)+KP(21)
COMMON/NPAROB/NPAR +NOBS +KSTAR
COMMON/DPLUS/DPLUS

COMMON/KSTRP/KSTRP (20}

COMMON/CHINON/CHINOM(12)

COMMON/FACGAM/FAC(1501 «GAMMA(150)
COMMON/2ZA/ZA(10)

COMMON/A/A(S54343)

COMMON/LPN/LPN(14)
COMMON/IPRINT/IREADIPRINT«ITAPET?ITAPEBITAPES«ITAPLO
I=I1

J=JdJd

K=KK

NPMK=NPAR=KSTAR

1PeKSTAR R.Ve AND LAST N=P R.V,)}3/1X.3*EXPECTATION OF PRODUCT OF MI
1D0DLE KSTAR R,V.)=2¢F10,5)



0000058
0000068
0000078
0000108

0000228
0000268
0000318
0000358
0000378
0000438
0000448
0000458
0000528

0000628
0000668
0000738
0000748

0001058
0001108
0001158
0001168

0001268
0001318
0001368
0001428
0001438
0001478
0001528
0001558
0001568
0001578
0001608
0001638

i
.

0000008
0000008
0000008
0000008
0000008
0000038
0000058

emm— v
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NPMKP1=NPMK+1
NPARP=NPAR+1
1S=0.0
IF{NOT o (I ,GE_NPMKP1,ANO,T¢LE NPAReANDsJoGEs1 ¢ ANDeJeLENPMKoAND Ko
1GE,1.ANO.K,LE.NPMK)) GO TO 30
CALL E1000(ZA(I).TSY)
IF(.NOTL(JJNELKI) GO TO 10
TSSU0%ZA(J) ¢ZA(K)*DPLUS=TS1
GO TO 20
10 7S=2.0%(1.,0+2A(J)*ZA(J))sDPLUS*TS]1
20 LSKIP=1
G0 TO 100
30 IF( NOT.(1.GE.NPARP.ANDeT1.LE.NOBS))GO TO 100
IF(eNOTe((JeGEQ 1o ANDeJoLE NPMK) s ANDo {KosGE«NPMKP1+ANDeK, LE-NPAR)))G
10 TO 40
CALL E1000(ZA(K)TS1)
TS==l,0«ZA(1)*ZA(J)*DPLUS*TS1
GO 7O 100
40 IF(eNOT el (JeGEJNPMKP1oAND s JoLE«MPAR) JAND ¢ (KsGEs10ANO«KoLENPMK) })
160 70 SO
CALL E£1000(2A(J)TS1)
TS=wlo0xZA(I)*ZA(K)«DPLUS*TS1 .
GO 1O 100
SO IF(NOT ol (J,GE JNPMKP1 JAND oJ LE«MNPAR) ¢AND 4 (K.GE NPMKPloﬂNDoK LENPA
1R))) GO TO 100
IF(NOTe(JsNELK)) GO TO 60
CALL E1100(ZA(J)+ZA(K)TSY)
TS:-H.O#ZA(I)-DPLUS'DPLUStTSI
GO TO 70
60 IF(.NOT.(J.EQ.K)) GO TO 70
CALL E2000(Z2A(J)+TS1)
1S==2,0%ZA(I)=DPLUS*DPLUS*TS1
70 LSKIP=1
100 LSKIP=1
UNDEF=TS
RETURN
END
SUBROUTINE E£1000(TZ.TS)
COMMON/KSTRP/KSTRP(20)
COMMON/DPLUS/DPLUS
COMMON/CHINON/CHINON(12)
COMMON/NPAROB/NPAR+NOBS+KSTAR
TS=(TZ/D0PLUS)*CHINON(KSTRP(2))
RETURN
END

NUMBER AND NAME CROSS REFERENCE MAP (/N= N REFERENCES IN STATEMENT)

VARIABLE AND ARRAY NAMES SORTED BY ADDRESS ) (B=RELATIVE ADDRESS)

000000Cc CHINON

oooo0o00R
0000008
0000008
0000008
goooooR
o0oo0008
0000073
0000128

9.
10.
11.
12.
13.
14,
15,
16.

(C= RELATIVE 70 //)

000000C DPLUS 000000C KSTRP 00n000C NPAR 000001c NOBS

SUBROUTINE £2000(T2.7S)

COMMON/KSTRP/KSTRP(20)

COMMON/DPLUS/DPLUS

COMMON/CHINON/CHINON(12)

COMMON/NPAROR/NPARNOBS +KSTAR
TS=(1.0/(DPLUS*%2) ) * (CHINON(KSTRP(2) ) +TZaTZ*CHINDN(KSTRP(4)))
RETURN

END



0000008
0000008
000000B
0000008
0000008
000000B
0000048
0000078

NUMBER AND NAME CROSS REFERENCE MAP (/N= N

VARIABLE AND ARRAY NAMES SORTED BY ADDRESS

17.
18.
19.
20
21.
22,
23,
24,

000000C CHINON

0000008
0000008
0000008
0000008
0000008
0000008
0000108
0000138

25.
26,
27.
28
29,
30.
31.
32,

e i

SUBROUTINE £1100(TZ1.T722,TS)
COMMON/KSTRP/KSTRP(20)
COMMON/DPLUS/DPLUS
COMMON/CHINON/CHINON(12)
COMMON/NPAROB/NPAR+NOBS«KSTAR
TS=(TZ1%T22/(DPLUS**2) )*CHINON(KSTRP(4))

RETURN
END

000000C DPLUS

REFERENCES IN STATEMENT)

(B=RELATIVE ADDRESS)

{C= RELATIVE T0 /7)

000000C KSTRP

SUBROUTINE E3000(TZ.TS)
COMMON/KSTRP/KSTRP(20)
COMMON/DPLUS/DPLUS
COMMON/CHINON/CHINON(12)
COMMON/NPAROB/NPAR «NOBS+KSTAR ’
TS'(TZ/(DPLUS::S))‘(S-O‘CHINON(KSTRP(“))+TZ*TZ‘CHINON(KSTRP(6)))

RETURN
END

000000C NPAR

NUMBER AND NAME CROSS REFERENCE MAP (/N= N REFERENCES IN STATEMENT)

VARIABLE AND ARRAY NAMES SORTED BY AODRESS

000000C CHIMNON

0000008
0000008
0000008
0000008
---0000008
0000008
0000078

" 0000128

33,
34,
35.
36

C3Te---

38,
39.
40.

000000C DPLUS

{B=RELATIVE ADORESS)
{C= RELATIVE TO0 /7)

000000C KSTRP

SUBROUTINE £2100(T21.+T7Z2.TS)
COMMON/KSTRP/KSTRP(20)
COMMON/DPLUS/0PLUS
COMMON/CHINON/CHINON(12)
---—-~COMMON/NPAROB/NPAR+HOBS «KSTAR-
TS'(TZZ/(DPLUS"S))*(CHINON(KSTRP(“))#TZI‘TZI*CHINON(KSTRP(G)))

RETURN
END

000000C NPAR

NUMBER AND NAME CROSS REFERENCE MAP (/N= N REFERENCES IN STATEMENT)

VARIABLE AND ARRAY NAMES SORTED BY ADORESS

000000C CHINON

0000008
0000008
0000008
0000008
0000008
0000008
0000058
0000108

NUMBER AND NAME CROSS REFERENCE MAP (/N= N

VARIABLE AND ARRAY NAMES SORTED BY ADDRESS

41l
42,
43,
44,
45,
46
47,
48,

000000C CHINON

00000083
000000R
000000R
0000003
000000R
000000R

gooolup
0000178

494
50
Sl
52
53,
34,

55,
564

000000C OPLUS

SUBROUTINE £11101T721:722,T723.TS)

{B=RELATIVE ADDRESS)
(C= RELATIVE TO //)

000000C KSTRP

COMMON/KSTRP/KSTRP120)
COMMON/DPLUS/DPLUS
COMMON/CHINOM/CHINON(12}
COMMON/NPAROB/NPAR +1NOBS+KSTAR
TS= (TleTZZ‘TZSI(DPLUS“S))*CHINON(KSTRP(6))

RETURN
END

000000C DPLUS

000000C NPAR

REFERENCES IN STATEMENT)

(B=RELATIVE ADDRESS)
(C= RELATIVE T0 //)

000000C KSTRP

SUBROUTINE E£4000(TZ+TS)
COMMON/KSTRP/KSTRP120)
COMMON/DPLUS /DPLUS
COMMON/CHINON/CHINON(12)
COMMON/NPAROB/NPAR«NOBS «KSTAR
TS=(1.0/(0PLUS*44) )¢ (3,0¢CHINONIKSTRP(4))+6,0%TZ¢TZxCHINON(KSTRP (6

1))4TZ»TZ2T2xT2*CHINONI(KSTRP(81}))

RETURN
END

————

000000C NPAR

262

000001Cc NOBS

000001c NOBS

000001C NOBS

000001C NOBS
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0000008 57 SUBROUTINE E3100(TZ1+722.7TS)

0000008 S8. COMMON/KSTRP/KSTRP(20)

0000008 S9. COMMON/DPLUS/DPLUS

0000008 60. COMMON/CHINOMN/CHINON(12)

0000008 61. COMMON/NPAROB/NPAR«NOBS ¢« KSTAR

0000008 62 TS=(T21%TZ2/(DPLUS*%4) )% (3,0*CHINON(KSTRP(6))+T2Z1#T2Z1#CHINON(KSTRP
1(8)))

0000118 63, RETURN

0000148 6l END

NUMBER AND NAME CROSS REFERENCE MAP (/N= N REFERENCES IN STATEMENT)

VARIABLE AND ARRAY NAMES SORTED BY ADDRESS (B=RELATIVE ADDRESS)
. (C= RELATIVE TO0 //)
. 000000C CHINON 000000C DPLUS 000000C KSTRP 000000C NPAR i 000001c NOBS
0000008 65. SUBROUTINE E2200(T21.722.7S)
0000008 660 COMMON/KSTRP/KSTRP(20)
0000008 67« COMMON/DPLUS/DPLUS
0000008 68e COMMON/CHINON/CHINON(12)
0000008 69 COMMON/NPAROB/NPAR+NOBS «KSTAR
0000008 70 18=(10 /(DPLUS#‘M))'(CHINON(KSTRP(Q))#(TZI:TZI*TZZ'TZZ)tCHINON(KST
1RP(6))+T21%T21T22%T22«CHINON(KSTRP(8)))
0000158 Ti. " RETURN
0000208 72 END

NUMBER AND NAME CROSS REFERENCE MAP (/N= N REFERENCES IN STATEMENT)

VARIABLE AND ARRAY NAMES SORTED BY ADDRESS (B=RELATIVE ADDRESS)
(C= RELATIVE TO //)
000000C CHINON 000000C DPLUS 000000C KSTRP 000000C NPAR 000001Cc vOBS
0000008 T3 SUBROUTINE E2110(T21,T22+723.79)
0000008 The COMMON/KSTRP/KSTRP(20)
0000008 75 COMMON/DPLUS/DPLUS
00oo0008 76 COMMON/CHINON/CHINON(12)
0000008 77 COMMON/NPAROB/NPAR +NOBS+KSTAR
0000008 78 8= (TZZ‘TZS/(DPLUS"“))*(CHINON(KSTRP(G))*TZI‘TZI‘CHINON(KSTRP(B))
1)
0000118 79 RETURN
0000148 80. END

NUMBER AND NAME CROSS REFERENCE MAP (/N= N REFERENCES IN. STATEMENT)

VARIABLE AND ARRAY NAMES SORTED BY ADDRESS (B=RELATIVE ADDRESS)

(C= RELATIVE TO //) .
000000C CHINON 000000C DPLUS 000000C KSTRP 000000C NPAR 000001C NOBS
0000008 81. SUBROUTINE E1111(T21,722,T23.T24,78)

0000008 82 COMMON/KSTRP/KSTRP (20)

0000008 83. COMMON/DPLUS/DPLUS

0000008 84, COMMON/CHINON/CHINON(12)

0000008 85. COMMON/NPAROB/NPARNOBS+KSTAR

0000008 86 TS=(TZ1#T225T23%T24/(DPLUS**4) ) xCHINON(KSTRP(8))
0000068 87. RETURN

0000118 88 END

NUMBER AND NAME CROSS REFERENCE MAP (/N= N REFERENCES IN STATEMENT)

VARIABLE AND ARRAY NAMES SORTED BY ADDRESS (B=RELATIVE ADDRESS)
. {c= RELATIVE TO //)
000000C CHINON 000000C DPLUS 000000C KSTRP 000000C NPAR 000001¢c NOBS
0000008 89. SUBROUT INE E5000(TZ+TS)
0000008 90. COMMON/KSTRP/KSTRP (20}
0000008 91. COMMON/DPLUS/DPLUS
000000 92. COMMON/CHINON/CHINON(12)
000000g 93. COMMON/NPAROR/NPARWNORS+KSTAR
0000008 4. TS=(TZ/(DPLUS**5) ) * (15, 0¢CHINON(KSTRP(6))+410,0%TZeTZ&«CHINON(KSTRP (
18))¢T2sT2oT2«TZ«CHINON(KSTRP(10)))
000014p 95, RETURN

000017g 96 END

e —a—
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0000008 97, SUBROUTINE E4100(T21,T22,TS)
0000008 98, COMMON/KSTRP/KSTRP {20)
0000008 99, COMMON/DPLUS/DPLUS

-—--0000008 - 100+ ------ -COMMON/CHINON/CHINON(12) S e e SIETPR see e -
0000008 101, COMMON/NPAROB /NPAR +NOBS ¢ KSTAR
0000008 102, TS=(T22/(DPLUS*%5) 1% (T21sTZ1sT219T21#CHINON(KSTRP(10))46,0*T21*T21
. 15CHINON (KSTRP(8))+3,05CHINON(KSTRP(6))) :
0000158 103, RETURN
0000208 104, END

NUMBER AND NAME CROSS REFERENCE MAP (/N= N ﬁEFERENCES IN STATEMENT)

VARIABLE AND ARRAY NAMES SORTED BY ADDRESS (B=RELATIVE ADDRESS)

({C= RELATIVE TO //7) R
000000C CHINON 000000C DPLUS 000000C KSTRP 000000C NPAR 000001¢c NOBS
0000008 105. SUBROUTINE E3200(T214T22.TS)

0000008 106, COMMON/KSTRP/KSTRP(20)

ooooo008 107, COMMON/DPLUS/DPLUS

0000008 108, COMMON/CHINON/CHINON(12)

0000008 109. COMMON/NPAROB/NPAR+NOBS +KSTAR

0000008 110 TS=UTZ1/(DPLUS*55) )% (3,0sCHINONI(KSTRP(6))+TZ212TZ1*CHINON(KSTRP(8))

143,0%T22*TZ2*CHINON(KSTRP(8) ) +T21#T21*T22*TZ2*CHINON(KSTRP (10)))
0000168 111, RETURN

.0000218 112, END

NUMBER AND NAME CROSS REFERENCé MAP (/N= N REFERENCES IN STATEMENT)

VARIABLE AND ARRAY NAMES SORTED BY ADDRESS (B=RELATIVE ADDRESS)
(C= RELATIVE TO //)
000000C CHINON 000000C DPLUS 000000C KSTRp 000000C NPAR 000001c NOBS
0000008 113, SUBROUTINE E3110(T21+T224T2347S)
0000008 114, COMMON/KSTRP/KSTRP(20)
0000008 115. COMMON/DPLUS/DPLUS
0000008 116, COMMON/CHINON/CHINOMN(12)
0000008 117. COMMON/NPAROB/NPARWNOBS+KSTAR
00oooo0B 118, TS=(TZ1¢TZ2+T23/(0OPLUS*%5) ) #(3,0*CHINON(KSTRP(8))+T21*TZ1+CHINON(K
1STRP(10)))
0000138 119. RETURN
0000158 120. END

NUMBER AND NAME CROSS REFERENCE MAP (/N= N REFERENCES IN STATEMENT)

VARIABLE AND ARRAY NAMES SORTED BY ADDRESS (B=RELATIVE ADORESS)
(C= RELATIVE TO //)
000000C CHINON 000000C DPLUS 000000C KSTRP 000000C NPAR 000001c NOBS
0000008 121. SUBROUTINE E£2210(T21.722,T23.,7TS)
0000008 122, COMMON/KSTRP/KSTRP (20)
0000008 123, COMMON/DPLUS/DPLUS
0000008 124, COMMON/CHINON/CHINON(12)
0000008 125. COMMON/NPAROB/NPARNOBS+KSTAR
0000008 126, TS=(TZ3/7(0PLUS*25) ) s (CHINON(KSTRP(6))+(TZ1sT21+4T22+T22)*CHINON(KST
: 1RP(B))1+TZ1+T21+T22¢TZ2«CHINON(KSTRP(10)))
0000158 127« RETURN

0000208 128, END



0000008
0000008
0000908
000000B
0000008
0000008

0000128
0000158

129.
130.
131.
132,
133,
134,

135.
136
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SUBROUTINE E2111(T21,T22,T23,:T24,4TS)

COMMON/KSTRP/KSTRP(20)

COMMON/DPLUS/DPLUS

COMMON/CHINON/CHINON (12)

COMMON/NPAROB/MNPARWNOBS+KSTAR

TS=(T22¢TZ35T2Z4/ (DPLUS*$5) ) # (CHINON (KSTRP(8))+TZ1#TZ1#CHINON (KSTR
1(101)) . o
RETURN :

END

NUMBER ANO NAME CROSS REFERENCE MAP (/N= N REFERENCES IN STATEMENT)

VARIABLE AND ARRAY NAMES SORTED BY ADDRESS (B=RELATIVE ADDRESS!)

000000C CHINON

oogooo0B
Q000008
0000008
0000008
0000008
0000008
0000078
0000128

137
138.
139,
140,
141,
142,
143,
144,

(C= RELATIVE TO //)
000000C DPLUS 000000C KSTRP 000000C NPAR 000001C NOBS

SUBROUTINE E11111(T21¢722¢TZ23+4T244T25+TS)
COMMON/KSTRP/KSTRP(20)

COMMON/DPLUS/DPLUS

COMMON/CHINON/CHINON(12)
COMMON/NPAROB/NPARNOBS «KSTAR
TS=(TZ14TZ22%TZ34T24%TZ5/(DPLUS**5) ) *CHINON(KSTRP(10))
RETURN ’

END

NUMBER AND NAME CROSS REFERENCE MAP (/N= N REFERENCES IN STATEMENT)

000000C CHINON

0000008
0000008

145,
146,

VARIABLE AMD ARRAY NAMES SORTED BY ADDRESS (B=RELATIVE ADDRESS)
(C= RELATIVE 70O //)
000000C DPLUS 000000C KSTRP 000000C NPAR 000001Cc NOBS
SUBROUTINE EXPZ(TZZ+MMSTPP)
T2=T22
TP=TPP

0000008
0000028
0000068
0000138
0000208
0000278
0000278
0000328

147.
148,
149,
150.
151,
152,
153.
154,

IF(MMS,EQ,1) TP=TP%T2

IF(MMS.EQ,2) TP=TP*(1,0+T2%T2)

IF(MMS.EQ.3) TP=TPx(3,0%TZ+T22T2%T2)
IF(MMSEQ,4) TP=TP#(3,0+6.0TZsTZ+T2*T2sT22T2)
TPP=TP

RETURN

END
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