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'Abstract 

The present work is concerned with the problems of hypothesis 

testing and region estimation concerning subsets of components of the 

parameter vector in nonlinear regression models. 

A fundamental approach to these problems is to devise methods for 

indicating when the use of usual linear theory results as approximations 

is justified. Measures of nonlinearity are proposed in Beale (1960) 

for this purpose. In the present work, the problem of finding bounds 

for these measures of nonlinearity within which it is justifiable to 

use linear theory results is investigated. The use of nonlinear trans-

formations of the parameter vector for making a model more nearly linear 

is also discussed. 

The main approach considered here is based on general maximum 

likelihood (m.1.) ratios. The derivation of truncated series expansions 

of the significance probabilities and power functions of the general 

m.l. ratio tests is considered. The use of a computer to do the 

algebraic manipulation involved in this derivation is also illustrated. 

The above approaches are then compared by means of numerical 

examples. 
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' CHAPTER 1  

INTRODUCTION 

Section 1.1 	Nonlinear regression model 

The present work is concerned with hypothesis testing and region 

estimation concerning one or more components of the parameter vector 

in the nonlinear regression model which can be described as follows. 

Suppose that we have a set of observations yu 	= 1,2,...,n) and a 

set of corresponding theoretical mean values which we may write as 

u
,e). This notation indicates that the theoretical mean values 

- 

depend on the conditions under which the u
th observation was taken, 

represented by a vector Cu  of independent variables, and also on the 

parameter vector 6 = (01
,02'

...,0 )
T 

which is assumed to lie in a 

certain set 0, the parameter space. Then the model can be expressed 

as 

(1.1.1) 	Yu  = n( u,0) + Cu , 

where u 
are random errors with zero means and some statistical distri-

bution. 

It is convenient to consider a set of observations yu  as a point 

Y = (171,Y2,...,Yn)
T 

in an n-dimensional Euclidean space. Within this 

space there is a subset consisting of points each of which fits the 

theoretical model exactly for some value of 0. We call this subset 

the Solution Locus. In symbols a point in the solution locus has its 

uth  coordinate n
u 
defined by 

1 

(1.1.2) 	nu  = n( u,(2) for all u, 
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for some values of 0. Let P(0) denote the point whose coordinates 

are defined by (1.1.2). The least squares estimate for 8 is then the 

value of 2 for which P(0) is nearest to the observed sample point y. 

In the present work we make the assumption that the eu  are independently 

normally distributed with a common variance a2. This assumption implies 

that the least squares estimate of the parameter vector 8 is also the 

maximum likelihood estimate g. 

Each of the function n( u,e) can be either linear or nonlinear 

in 2. If 

(i) all n(§11,0) are linear in 0, 

(ii) all real 0 are in 0, 

an(E12,0) 
(iii) the (nxp) matrix 

{
c ) uj 	ae. 	

is of rank p, 
3 

then the corresponding solution locus is a p-dimensional hyperplane in 

sample space. Furthermore the components of 0 define a Cartesian, i.e. 

uniform, system of coordinates in this hyperplane. If one or more 

n( u,8) ,8) are nonlinear in 8, then the derivatives c 
uj 
 may become 

- 	-  

functions c.(0) of 0. The solution locus may then be a distorted 
u3 - 	- 

hyperplane. We refer to this solution locus as an "unconstrained" 

solution locus, and the corresponding model as an "unconstrained" model. 

This solution locus is to be distinguished from one which has boundary 

points, in which case the solution locus and the model are "constrained". 

It is important to realize that not all models are unconstrained. 

Typically parameters must lie between zero and infinity, and the solution 

locus may have a definite boundary where a function of 0 tends to a 

limit. For example consider the models with n(Eu,0) given by 

(e
2u 

 - e-01 c1) 
1 

(A) 	n(E ,e) = u 	08
1
-0
2 
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where 0 < e
1
< m , 0 < 6

2 
< 	and 

E
u 
= 0.25, 0.5, 1, 1.5, 2, 4, 

-0
2
E 	—e1u (B) 	n( u  ,e) = 1 0

1
-0 

(8
1
e 	u 

- 02e 	), 
1 2 

where 0 < 0
1 

< =, 0 < 02 < =, and 

Eu = 1,2,3,4,5,6. 

(c.f. Guttman and Meeter (1965)). 

We observe that as 01 
or 62 tends to zero, the n(E u

,e) in models (A) 
- - 

and (B) tend to finite limits. This implies that the solution loci of 

these models are constrained. In particular as 02  tends to zero, the 

n(E 
u 
 ,0) in model (A) tend to finite limits which depend on 81. Thus the 

solution locus of model (A) has a boundary where 62  tends to zero. An 

important feature of this boundary is that the cul (0) tend to zeros as 

2 tends to zero. We next note that as 01 
tends to infinity, the 

n( u,0) in models (A) and (B) tend to finite limits which depend on 02. 

This implies that each of the corresponding solution loci has a boundary 

where 81 
tends to infinity. For each of these models, the cul(2)  tend 

to zeros as P(8) approaches this boundary. We also observe that P(0) in 

the solution locus of model (B) remains the same if we interchange 01  

and e2' This suggests that we may impose the constraint that 01  > 0 — 2' 

Furthermore we note that as (01 - 82
) tends to zero, the n(E u,6) tend to - - 

finite limits which depend on 01. Therefore the solution locus has a 

boundary where (01  - 02) tends to zero. Finally we note that the 

matrix {c 
u3  
.(0)} becomes of rank one, which is less than p, as (81  - 02) 

tends to zero. We can examine the solution loci of these models more 

closely if we apply an orthogonal transformation of coordinates in sample 

space. The details of this transformation will be described in Chapter 2. 
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The effects of this transformation are that the point P(0T 
 ) associated 

with the true value 0T 
 of 0, where for these models we choose 

eT 	(1.4, 0.4)T, becomes the new origin corresponding to the transformed 

coordinates z = 0, and the plane tangent to the solution locus at P(0 T) T 

consists of points for which zi  = 0 for i = 3,4,5,6. In Fig. (1.1.1) 

and (1.1.2) we display the first two coordinates 	andz2  of a number 

of points in the solution loci of these models. Each line in these 

figures corresponds to some constant value of 01  or 02. The values of 

R are for indicating the severity of an aspect of nonlinearity of the 

model. 

The problems of hypothesis testing and region estimation for a 

model with a constrained solution locus are still open questions. 

Similar problems for a model with an unconstrained solution locus are 

less difficult. The present work is mainly concerned with the discussion 

of methods appropriate to the latter problem, and situations under which 

these methods may be applied if the model is constrained. 

Section 1.2 	The problems of hypothesis testing and region estimation  

Many computer programs, using a variety of numerical methods, have 

been written to find point estimates of the parameter vector 0 using 

the least squares criterion. Attention has also been paid to the 

problems of hypothesis testing and region estimation concerning k* 

(1 < k* < p) components of interest in the parameter vector, treating 

the other components, if any, as nuisance parameters. Although large 

sample methods have been proposed, and justified asymptotically as n 

tends to infinity, these problems are known to be rather intractable 

when n is small and the functions n(c u
,0) have no special properties 

that simplify the analysis. 
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We first explain the following phrases before outlining some 

approaches to these problems. We refer to a model as being "approximately 

linear in the parameter vector 0" if and only if the solution locus can 

be approximated, for statistical purposes, by a p-dimensional linear 

manifold in which the components of 0 define a uniform system of 

coordinates. We next refer to a model as being "approximately intrinsi-

cally linear" if and only if the solution locus can be approximated, for 

statistical purposes, by a p-dimensional linear manifold in sample space. 

We further refer to a model as being "approximately intrinsically linear 

in the parameters 0. , 0. , 	
0i
p-k*

", where k* < p, if and only if 
11 12 

the set of points in solution locus such that Oi = OTi  for all 

j > p-k* can be approximated, for statistical purposes, by a (p-k*)- 

dimensional linear manifold in sample space. 

• 
If the model is approximately linear in the parameter vector 0, 

these problems are straightforward. If not there are two approaches 

that can be considered: 

either make nonlinear transformations of the original parameters in 

such a way that there are at least k* of the transformed 

parameters which depend only on the original parameters of 

interest, 

or 	carry out general maximum likelihood ratio tests and derive 

region estimates based on general maximum likelihood ratio 

criterion. 

The former approach is based implicitly on the assumption that the 

model is approximately linear in the transformed parameter vector. The 

latter is based implicitly on the assumptions that 

(a) if k* = p, then the model is approximately intrinsically linear, 
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(b) if k* < p, then the model apart from being approximately 

intrinsically linear, is also approximately intrinsically 

linear in the nuisance parameters. 

Section 1.3 	Layout of the thesis 

In Chapter 2, we investigate the former approach. A more efficient 

and more illuminating method of computing Beale's measures of nonlinearity 

using Householder transformations is first described. Then nonlinear 

transformations of the parameters, in particular power transformations, 

are used to reduce the nonlinearity for inference purposes. 

In Chapter 3, we investigate the latter approach. General m.l. 

ratio tests are used to test a number of composite nonlinear hypotheses 

for making inference about subsets of components of the parameter vector. 

The derivation of the significance probabilities and power functions of 

the tests for these hypotheses is considered. The estimation of the 

coverage probabilities of the region estimates based on these tests is 

also discussed. 

In Chapter 4, the derivation of series expansions of the power 

functions of the tests in Chapter 3 using a computer is discussed. 

Computer programs for deriving these series expansions truncated after 

some finite number of terms are presented. 

Chapter 5 is devoted to the comparison of the methods of constructing 

interval and region estimates in Chapters 2 and 3 by means of numerical 

examples. 
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CHAPTER 2 

MEASURES OF NONLINEARITY 

Section 2.1 	Definitions of measures of nonlinearity 

Throughout this chapter, we make the assumptions that the 

particular observation Y that we have obtained is such that 6 obtained 

by minimizing the residual sum of squares 

S(2) = 	E {Yu  - n(Eu,0))
2 

u=1 

is the unique unconstrained minimum, and for each 1.1, n( 11,0) is 

continuous in 0 at e = 6. 

A point p(e*) associated with a feasible 0* will be referred to 

in the present work as a "nonsingular point" in the solution locus if 

and only if 

(a) P(0*) =) implies that 0* = 0 -A 	 A 

(b) there exists an z > 0 such that 

le — e*I < 

implies that 6 e 

(c) for each Eu, , n(E 
u
,0) is a function of 0 differentiable up to 
 

the second order at 0 = 0* 

and (d) the (nxp) matrixlc.(0*)lis of rank p. 
U3 

Thus the point P(6) associated with the 4.4 is a nonsingular point in the 

solution locus if and only if (b), (c) and (d) with 2* replaced by 0 

hold. 
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In Beale (1960), numerical measures of nonlinearity in a 

- sufficiently small neighbourhood of a nonsingular point p(9) in the 

solution locus are introduced as functions of the experimental design, 

the parameterization of the model and the least-squares estimate O. 

The original and revised versions of the definitions of the 

measures shall now be introduced. First we note that the linear 

approximations of n(cu,0) as a function of 0, valid in the neighbourhood 

of g, can be written as 

(2.1.1) 	ng ,e) 	ng ,g) + 	c t. + o(t2), -u 	-u 	j=1 uj  

A 
where 	c 

u3  . = c .(0), 

(2.1.2) 	t. = 0. - g. 
3 	3 	3 

and 
P  2 

t2 = E t.2. 
j=1 3  

The plane tangent to the solution locus at P(g) is then defined para-

metrically by 

(2.1.3) 	nu = 	u ;a) +  E c .t. . 
j=1 U] 

Let T(0) be the point whose coordinates are given by (2.1.3) when 

t. = 0. - 0.. Further, let T*(0) be the point on the tangent plane such 

that the line joining T*(0) and P(0) is perpendicular to the tangent 

plane. Next, consider a set of parameter values 01,02,...,0w  near 

g. Let t
wj (j = 1,2,...,p) be the jth  component of t-w  = 0w  - g and - 	- 

A  
n uw  , n Cu = 1,2,...,n) be the values n(E u  ,0 w  ), n(E u  ,0) respectively. 

We can regard the expression 
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W n A 
(2.1.4) 	Q

o
= E 	E (n 

uw 
 - nu 

 - E cu 
 
.t 
wj
)2 = E 1P(0 w  ) - T(6 w)12  - 	- 

w=1 u=1 	j=1 	w=1 

as a crude measure of the total nonlinearity of the model in terms of 

the parameter vector 0 in the neighbourhood of P(8). This Qo  is 

essentially the sum of squares of distances from the points P(ew) in 

the solution locus to the associated point T(0w) on the tangent plane 

at P(!). 

As the measure Qo  depends on the number of points P(eW) that one 

uses and on their distances from P(g), it is necessary to normalize 

this measure. In the neighbourhood of P(g), n - n 	E c t uw 	u j=1  uj wj 

can be expected to be roughly proportional to the square of the distance 

of P(0w  ) from P(8) i.e. proportional to E 
(nuw  - n u)

2  . so it is 
 

u=1 
natural to divide Q0  by 

W n 
A 

(2.1.5) 	D = E { E (n 	- n )2 }2 	E 1P(0 w  ) - po)14. 
w=1 u=1 uw 

	u w=1 

As 	hass the dimensions of the square of an observation, and D has the 

dimensions of the fourth power of an observation, the quantity 

(2.1.6) 	N0  = ps Q0/D, 

where s2  is an estimate of a2, is , s a dimensionless quantity, and can be 

regarded as an estimated normalized measure of the total nonlinearity 

of the model in terms of the parameter vector 0 in the neighbourhood of 

P(EI). The reason for the factor p in (2.1.6) is given in Beale (1960). 

The empirical measure of nonlinearity Ne  given by (2.1.6) has the 

theoretical measure of nonlinearity No  as its counterpart. In Beale 

(1960), N0  is derived from N by altering s
2 to a2, and changing the 

finite set of values of 0w  to an infinite set of values of 0 such that 

n 

2 



12 

the points T(0) have a p-dimensional spherical normal distribution 

about P(0) with an arbitrarily small variance. But it now seems 

preferable to replace the set of points T(0) by the points T*(0). 

This ensures that no transformation of the parameter vector 0 can 

change the chosen set of points P(0). Both No  and No  are invariant 

under any linear transformation of 0 (for No, the values 21,22,...,2w  

are held constant in these transformations), and also invariant under 

any orthogonal transformation of coordinates in sample space. 

Now suppose we fix the model and the experimental design and then 

make arbitrary transformations of 0, say T T(0). Suppose the minimum 

value of Ne under these transformations is attained by using  the trans-

formation T = g(0), and is denoted by N. In Beale (1960), N4  is 

referred to as the intrinsic nonlinearity of the model in the neighbour-

hood of P(A). The geometrical interpretation of 114)  is that it is the 

value of N
0  when the parameter vector 0 is transformed in such a way 

that T(0) is always at the point T*(0). The difference N
0 
 - N may be 

c) 

called the removable nonlinearity of the model in terms of parameter 

vector 0 in the neighbourhood of P(0). 

The theoretical measures of nonlinearity No  and Nct)  are derived in 

Beale (1960) from the first and second partial derivatives of n(Eu,e) 

with respect to the 03. Thesetheoretical measures together with the 

empirical measures were investigated by Guttman and Meeter (1965). 

These authors concluded that the empirical measures may significantly 

underestimate the nonlinearity of the model, and are therefore unreliable, 

but that the corresponding theoretical measures give an indication of the 

severity of the nonlinearity - although the interpretation of the 

measures suggested in Beale (1960) is unduly conservative. In latter 

sections and in Chapter 5 we will continue the investigation of the 

theoretical measures of nonlinearity. 
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Section 2.2 	Computation of theoretical measures of nonlinearity  

A method based on Householder transformations for computing the 

theoretical measures of nonlinearity for a given model in the neighbour-

A 
hood of a nonsingular point P(6) will now be described. 

As each n(E u,e) 
as a function of 0 is differentiable up to the 

second order at 0 = g, we can obtain second order approximations to 

n(E u
,O) as a function of 0, valid in the neighbourhood of P(g), as 

P p 
(2.2.1) 	n( ,0) = 	+Ec.t. +E 	Ec. t.t + o(t2), u  

-u 	j=1 u3 3 	j=1 k=1 u3k 3 k  

1 132n(CuM 1 
where c 

ujk 2 ae.ae 
3 k )0=0 

Now let D, D, ci  and cik  denote the (nxl) vectors whose uth  

components are n(Eu  ,e), n(Eu 	cuj 
and  c

ujk 
respectively. Further, 

-  

let C be the (nxp) matrix {c.}, and H an (nxn) orthogonal matrix 
u3 

such that HC is an upper triangular (pxp) nonsingular matrix D with an 

((n-p)xp) zero matrix beneath it. H can be written as a product of p 

orthogonal (nxn) matrices H(p),H(p-1),...,H
(2),H(1) 

corresponding to p 

Householder transformations. Each H(j) can be written as 

H(j) = I - 	 [v (j) 	, 

where the (nxl) vectors v(j) are computed as shown in Appendix 1. 

We then apply an orthogonal transformation 

(2.2.2) 	H(y - n) = 
•••■ 	•■■• 	••■• 

of coordinates in sample space such that the point P(g) in the solution 

locus becomes the new origin z = 0 and the plane tangent to the solution 
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A 
locus at P(e) consists of points for which zi  = 0 for i = p+l,p+2,...,n. 

We refer to z as the rotated coordinates of the sample point y. 

For a point P(6) in the solution locus, the rotated coordinates 

are given by 

 

P P 
E d..t. + 	E d. t.t + o(t

2
), (i = 1,2,.. .,p) 

j=i 13 3 	j=1 k=1 ljk 3 k  
(2.2.3) 

  

P P 
E 	E d. t.t + o(t2), (i = p+1,p+2,...,n), 

j=1 k=1 lik k  

where d,. and d 	are the 	components of the (nxl) vectors H c. and ijk 	.th 
13 	 - -3 

H c.3k  respectively. - - 

If we apply the linear transformation 

(2.2.4) T = Dt 

of parameter vector t, then (2.2.3) becomes 

	

P P 	2 

	

(2.2.5)T.1  +E 	E f.12,MT  r + 0(T ), (1 = 1,2,•••,P) 
2,=1 M=1 

Z. = 1 

	

P 	P 	2 
	(i E 	

1 
f. 

2= 
 T T 

M 
 4. OCT ), (1 = 

k=1 m=1 

2 
	Ti

t, 2 
where T = E T. , 

M 
(2.2.6) f

itm 
= f. =E Ed djtdkm  

	

1mt 	
j=1 k=1 

ijk 

. and djt  is the (j,9.) entry of the inverse of D. 

For the purpose of deriving the measures, we consider that ui  given 

z. 1 

i=1 

by 



15 

P P 
u1  .=z1  . = Ti1 

 4 E 	E f
itm

T
Z
T
m 

0(T2) 
L=1 m=1 

are independently normally distributed with mean zero and variance V 

where V is arbitrarily small. As Qe  is given by 

n p p 
Q = E ( E 	E f

itm
T
m
)2 + o(T4) 

i=1 Z=1 m=1 

n p p 
= E ( E 	Efitmuk

u
m
)2 + o(u4), 

i=1 Z=1 m=1 

where 

P 
u4 = ( E u.

2
)
2 

i=1 1  

the mean value of Q6  is given by 

	

co co 	con p p 	p 1  -u
2
./(2V) 

Qo- =f 	f 	1km 
Ef.u

t
u
m
)2 + o(u4){11-----e 3  

u1=-cou2=-co 	
u =-0i=1 k=1 m=1 	j=1 /i7,7 

du1du2...dup 

n p p 

	

= Eu{ E ( E 	E f ikm  uk  u )
2 
+ o(u4)} m i=1 t=1 m=1 

i.e. 

V2 
 n p p 

(2.2.7) 	7;:i.  = 	E 	E 	E (f 	f. 	+ 2f2  ) + o(V2). 

	

0 	i=1 k=1 m=1 	1mm 	ikm 

Next, as the fourth power of the distance from p(e) to PM is given by 

P 2 
(P(0) - P(6)14  = ( E T. )

2 
	0(1'4) 

i=1 

• = (E u

• 

	
2)2 + oku 4,  ), 

i=1 
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the mean value of this fourth power is given by 

	

P 	2 2 
D = E {( E u. ) + o(u4)) 

i=1 1  

= p(p+2)V2 + o(V2). 

Then we see that 

a2 n p p 
(2.2.8) 	N — 	E 	E 	E (f 	+  2f2 

kk imm 	ikm)  
. 

6 p+2 	i 
i=1 k=1 m=1 

We next derive N. As Ne  is based only on second order approximations 

of n(Eu,6) as functions of 8, valid in the neighbourhood of 9, the terms 

of order higher than two in the expansions of the arbitrary transformations 

*i  = *.(0), valid in the neighbourhood of g, are not relevant as far as 

reduction of total nonlinearity by means of the transformation ti  is 

concerned. Therefore, in general, we can write *i  as 

{ 	

2 , 
P a*i  1 P 	P 	[ a Iiii  I 

*i  =*io  +E 	-57 At4  + TE 	E 	ae.ae  , 	t4tk  + o(t2). 
j=1 	3 6=0 J 	j=1 k=1 	3 kj ...,2 J  

	

.. - 	u: '' 

As N6 
 is not changed by any linear transformation of parameter vector, 

we can restrict our attention to * such that 

10 = 0 

and 

[ae .1 = 
d.. . 3 0=0 

Then *i  can be written as 

	

11)1.  = E d..t. + 1 P 	2  f  32\ij.  

j=i 13  3 	7 4 E 	E 	n3  r 	
t t 	2 

j=1 k.irivvk 0=0 k (:)(t  
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After applying the transformation T = Dt, we can write *i  as 

P P 
(2.2.9) 	*

i 
= T

i 	
E 	E g. T

k  Tm 	
O(T

2), 
iLm  

L=1 m=1 

where gitm  = 

If we apply this transformation, then (2.2.5) becomes 

P P 
(2.2.10) 	Ii  + E 	E 

(fikm 
 + g. )*

k 
 * m + 0(*2), (i = 1,2,...,p) 

ikm  
R=1 m=1 

Z. = 

P P 

	

E 	E f.
ikm

4, 4, + 0(4,2), 	(i = p+l,p+2,...,n) 
k m 

k=1 m=1 

P 	2 
where *2 = E *J.  . 

i=1 

The theoretical measure of total nonlinearity in terms of parameter 

vector 4,  in the neighbourhood of P(e) is 

2ppp 	 2 
N* p+ - _21 E E E [(f ikt+g. )(f 

 immimm +g 	) + 2(fikm+9ikm)  2 	ikk  
i=1 k=1 m=1 

(2.2.11) 
n p p 
E E E [f, f +2f.2  )}. i 

i=p+1 £ =1 m=1 ikkmm ism  

Minimizing N11)  with respect to gitm  (i,k,m = 1,2,...,p), we obtain 

the theoretical measure of intrinsic nonlinearity in the neighbourhood 

of P(6) as 

a2 n p p 2 
(2.2.12) N 	 + 2fik 

	

¢ - p+2 	E 	E 	E (f
ikt

f
imm 	m

.
)  

i=p+1 k=1 m=1 



18 

The theoretical measure of removable nonlinearity in terms of 

parameter 0 in the neighbourhood of P(g) is now given by 

a2 p p p  2 
(2.2.13)N . f 

i 	
+ 2f

1
. 0 -N4) = 	ZEE(f 

1 p+2 	21 mm 	2,m 
.
) 

i=1 k=1 m=1 

If we set 
gpit= 

(k,m = 1,2,...,p) in (2.2.9) to be zeros so that 

the last component IP of the transformed parameter vector T is a linear 

function of 0 , and choosegam  (i = 1,2,...,p-1; k,m = 1,2,...,p) such 

that the total nonlinearity is minimized, then the resulting minimum 

value of the total nonlinearity may be called the measure of nonlinearity 

associated with 0 in the neighbourhood of F(64) and is given by 

a2 n p p 2 
(2.2.14) Ne  - 	E 	E 	E (f.ufi 	+ 2fikm). 

p 	i=p k=1 m=1 1  

By permuting the positions of the components of 0, each component Oi  

(i = 1,2,...,p-1) can be in the last position and N
ei 
 (i = 1,2,...,p-1) 

oi  

can be obtained in a similar way as Ne  . 

Section 2.3 	Significance of measures of nonlinearity 

We now investigate how the total nonlinearity in terms of the 

parameter vector T, where T is either the original or the transformed 

parameter vector, can be used to conclude, or to indicate, that the 

model is approximately linear in the parameter vector 1p. 

Suppose a2 is known and all p(e) are nonsingular points. Further, 

let N 	be the value such that if N at the true value TT  of 1k  is 
''crit 

less than Nth 	, then the use of linear theory results as approximations 
'crit 

is justified. Now if all N, evaluated at feasible 1k is less than Nth 	. 
Y 	 ''max 

thenN p  ., at tpT  is less than Nth 	. Thus if N 	is less than N 	, 
''max 	'max 	4'crit 
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then we can conclude that the model is approximately linear in the 

parameter vector P. The problem of finding this N 	will be 
'cr it 

considered in Chapter 5. 

In practice, we may use 1111)  evaluated at the least squares estimate 

$ of *, and a2 = s2 to estimate N4'  at *T" Information concerning the 

reliability of this estimate may be derived from N4'  evaluated at feasible 

4' in the neighbourhood of 4', and a2  in the neighbourhood of s2. Suppose 

this estimate is small enough and is reliable. Then it is plausible to 

believe that linear theory results can be applied, with negligible errors, 

to make inference about *. The estimation of 114  at *T  when * is the 

original parameter vector 6 will be investigated in Chapter 5. 

Section 2.4 	Reduction of nonlinearity for inference purposes 

The total nonlinearity N
0 
 in the neighbourhood of p(g) may be large 

but the corresponding N,, of intrinsic nonlinearity may be fairly small. 

In these circumstances, we can apply nonlinear transformation of the 

parameter vector 8 to reduce the total nonlinearity. The choice of 

transformation depends on the type of inference that we want to make 

about 6. If we want to obtain region estimate for the last k* 

(k* = 1,2,...,p) components of the parameter vector 0, then it is 

convenient to use a one to one transformation x = y(t) of the form 

(2.4.1) 	yi  = y.(t), 	(i = 1,2,...,p) in the case when k* = p, 

and in the case when k* < p, 

(2.4.2) 	yi  = yi(t), 	(i = 1,2,...,p-k*), 

(2.4.3) 	y. = y.(t p-k*+1
,t
p-k*+2"'"tp)' (i  = P-k*+1'P-k*+2'""P)1  

where yi  are differentiable up to the second order. 
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We choose y = y(t) to be such that the nonlinearity N1  in terms 

of the transformed parameter y is minimized. For reasons similar to 

those given in the derivation of Ncl)  in section 2.2, we can restrict 

our attention to yi  of the form 

P P 
(2.4.4) 	y. = t. - E 	E g. t t + 0(t2), 

1 	1 
 

£=l m=1 lkm  k m  

(k*) 
where gitm  = giro,. Suppose gikm 

= a  
'ikm 	

are such that the 

I achieves maximum reduction of nonlinearity. Then we refer 

(k* 
the optimal gift. To find 

giLm) 
 , we first write (2.4.4) as 

corresponding 

(*) 
to gikkm as 

P P 
(2.4.5) 	t. = y. + E 	E g. 	+ 0(1

2
)f 

1 
 

£=1 m=1 14 m  

where 2 	2 
Y = E• Yi i=1 

Substituting these expressions for ti  into (2.2.3), we obtain 

P P 
E d..y. + E 	E d.. yy + o(y2), 	(i = 1,2,...,p) 

j=i 13 	j=1 k=1 13k .  k 
(2.4.6) z. 

1 

where 

(2.4.7)
+ 
dijk  

(i = 1,2,...,p) 

(i = p+l,p+2,...,n). 

+ E d 	, 
ik Ljk 

k=i 

P p 
E 	E d:J'Yk 	°(Y2). (i = p+1,p+2,...,n), 

j=1 k=1 13 3  

We now apply the transformation T
+ 
= Dy so that (2.4.6) becomes 
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P P +  
T.+  + E 	E f. T

+ T+ 	
o((T

+
)
2
), (i = 1 

	

	12m m 
L=1 m=1 

(2.4.8) z. 
P P 	 + + E 	E f.

+ 2m 	+ 0((T+)2), 	(i = p+1,p+2,...,n), 1 	m 2,=1 m=1 

where 

m 
(2.4.9) 	film = E 	E

+ 	jt
dkm dijkd 

j=1 k=1 

and 

(T+)2 = E 	(T.+)2• 
i=1 1  

The total nonlinearity in terms of parameter vector xin the neighbour- 
A 

hood of P(8) is then given by 

a2 

2 n p p + (2.4.10) NY 	p+ = 	E 	E 	E (f + . f. 
mm  + 2(f

+
iLm)  2

1. . 	, 	122, i 1=1 k=l m=1 

Ny  is now minimized with respect to gijk  (i,j,k = 1,2,...,p). It 

(p) can be shown that if k* = p, 
gijk  are given by 

(2.4.11) 	 jk di 	+ E 	dik g
(p) = 0, 	(i,j,k = 1,2,...,p), Ljk  

(*) and if k* < p, gikjk are given by 

	

E 	s.0 	(i,j,k=p-k*+1,p-k*+2,...,p 
k=p-k*+1 m=p-k*+1 1"m  '3  "I' 

(2.4.12) (k*)._ 
gijk 

0 	, (i=p-k*+1,p-k*+2,...,p; 

j,k=1,2,...,p-k*), 



(2.4.13) 

(2.4.14) 

di 	
+ 

jk 

2(f... 
ljj 

P 
E 	

dit g
(k*) 
 tjk t=i 

+ 	E 	d. 	s
k  ..) k=i 	J] 

= 0, 	(i = 1,2,...,p-k*; 

+ 	E 	
f 	

E 	E 
2,=-1 	i" 	m=p-k*+1 k=i 

j,k =1,2,...,p), 

i 
d s 	= 0, k kmm 
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(i,j = p-k*+1,p-k*+2,...,p), 

and 

(2.4.15) film + E dik
s
ktm = 0, (i,.,m = p-k*+1,p-k*+2,...,p and t 	m). 

k=i 

We note that if k* = 1, then from (2.4.12) and (2.4.14), we obtain 

d 	p -1 
(2.4.16) g 	- 	( E f 	+ 3f 	). 

PPP 	3 m=1 Pmm 	PPP 

and the nonlinearity associated with y in the neighbourhood of P(g) is 

given by 

p-1 	P• P 

	

Q2 .11  E 

fP" )

2 4. 2 E 	E  f2 	- 2f2 
PPP (2.4.17) N 	= p+2 3' 	ptm 

Y 	t=1 	k=1 m=1 
P 

n p p 
2 + 	E 	E 	E (f 

itt  f.  Lmm  + 2fitm) i=p+1 .Z=1 m=1 

Now the task of finding x will be complete if the terms of order 

higher than two in (2.4.4) can be found. For the case when k* = 1 and 

0 is non-negative, it is convenient to use a power transformation of 

the form 



(2.4.18) 

A 
P - 

if X 	0 

1 X  

P 

= 
P 

In 8 	if X = 0, 
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where the parameter of transformation X is defined in terms of g
(1) 

by 
PPP 

the equation 

(1)4  (2.4.19) 	X 	= 1 - 2g 	e 
PPP P 

We need a further linear transformation to derive y from X13. The 

parameters yi  for i < p are yet not found. But as far as finding an 

813  Y1 explicitly. 

In fact an interval estimate of 8 is readily seen to be the set of feasible 

values of 0 which lie in the following interval: 

.A -1 	1/X 	X 	X -1 	1/A 
(0p13-kaIApep P  la° 	P<8 

P"-  
<Ig 

 P 
 P+k 

 a 
 IX 

 P  *
a 
P
P  loop) 	P. 

(X 	0; a2 is known) 

exp[ln 6p  -kaaep/(1131<ppr<exp[ln gp+kaaepAplf 

(X = 0; a
2 is known) 

xp 	A -1 	1/A . 	A 	A -1 
(e --t (1-p)lx e PP<0 <[a P+t (n-p)IX 	P  lecie] 	P  P a 	PP 	 P a 	PP p  

or 

(2.4.20) 

(A 	0; a
2 is unknown) 

exp[ln 8p-ta(n-p)4,30p/6p1<e13iexpfln 613+ta[n-p)44p/6p1, 

2  (A = 0; a is unknown), 

(2.4.21) 
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where 

ao 

ce 	= I dpp  l Is(g)/(n-p) 

ka is the 100(1 - - 
1 
-a) percentage point of a standard normal distribution, 2 

1 and ta(n-p) is the 100(1 - Ta) percentage point of a t-distribution 

with n-p degrees of freedom. 

Porthecasewhenthee.are not non-negative, the terms of order 

higher than two in (2.4.4) are not yet found. However if we are satisfied 

with the second order approximations of y, then a region estimate of 

Op-k*+1ep-k*+2 	is seen to be the set of feasible values of these 

components which lie in the following  region: 

P 	P 
E 	E E 

E 	(k*) g 	-e )(e 	)))2 

i=p-k*+1 j=i ij 	
3 3  

k=p-k*+1 m=p-k*+1 3km ZZ mm  

(2.4.22) 
2 2 
a Xk*,a if a2  is known, 

or 

P 	P 
E 	E d..[(0.4.) - 	E 	g!k*)  0 4 )0 4 )] 12 39..m 	mm i=p-k*+1 j=i 13 	3 3 	£=p-k*+1 m=p-k*+1 

(2.4.23) 
• k* 	

2 i S()F 	crO 	(k*,n-p) 	if 	is unknown, — n-p - a 

where 

2 
x
k*,a is the 100(1-a) percentage point of a

2
-distribution with k* 

degrees of freedom 
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and 

Fa(k*,n-p) is the l00(1-a) percentage point of an F-distribution 

with k* and n-p degrees of freedom. 

Whether an interval or region estimate derived in this section will 

cover the true values of the corresponding components of 6 with the 

nominal probability (1-a) depends on the adequacy of the approximations 

that the model is linear in the corresponding y. 

In Chapter 5 we shall investigate the estimates in this section by 

means of some numerical examples. 

Section 2.5 	Region estimate of a different subset of components of 

**the parameter vector  

Suppose now we are interested in the region estimate of a different 

— s — 

position in the vector co1,e2'...,ep
)T 

with another component 6j 

(where p-k*+1 < j < p) which are not of interest so that in the resulting 

vector, 6. ,O. ,...,e. 	form the last k* components, and the methods in 
1
1  12 	k*  

section 2.4 for obtaining region estimate can be applied. A method for 

doing the above interchanging of the position of 	 with 0. will now be 
1s  

described. 

Define 

iis3  
(2.5.1) 	H 

 ]
s
1 

T 
= I - 

subset of k* (1 < k* < p) components 

for which is does not satisfy p-k*+1 

e. ,e. l•••10. . For any component 
1
1 

12 k* 
< i < p, we interchange its 
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to be a Householder transformation such that 

0 

0 
d1  . 	4 

'L 
 +1 

s
s '6  

• 

0 

is a column vector whose only nonzero entry is at is
th position. 

(is) 
Let z 

	
be given by 

!is (2.5.2) 	z 1 

E 	d..t. 
j=i 13 3  

+ 
P 	P 
E 	E 	d., 	t.t 	+ o(t2), 

j=1 k=1 	ijk j k 

P 	P 
E 	E d., 	t.t 	+ o(t2), 

j=1 k=1 13k 	k  

(i = 1,2,...,p) 

(i = p+l,p+2,...,n) 

If we apply the transformation 

[is] (is) 	(is+1)  H 	z 
 

= z 

of coordinates in sample space, then (2.5.2) becomes 

H 

p (i +1) (is+1) 	p 	p (is+1) (is+1) (is+1) E d.,
s 	

t. 	+ E 	E d, 	t. 	t
k 	

+ o(t2), 
j=i ij  j=1 k=1 13k 	3  

(i = 1,2,...,p), 

P p (is+1) (is+1) (is+1) 

	

E 	E d.4, 	t. 	tk 	+ o(t2), 
j=1 k=1 1-J ì  	3  

(2.5.3) 
(is+1) 
zi  

(i = p+l,p+2,...,n), 
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where 

 

j  = is 

j = is+1 

otherwise. 

 

(is+1)  
(2.5.4) 	t. t. 1

s 

t., 
3 

 

We note that an effect of this transformation is to interchange 

the position of ti  with the next component ti +1  in (t1  t2...ti  t
1  
. 	). 

P 
th S s 
j Wethenrepeattheaboveprocessuntilt.is at the 3 position. 

Is  

Section 2.6 Conditions for the existence of the power transformation 

which achieves maximum reduction of the nonlinearity 

associated with an individual parameter  

 

In section 2.4 we have shown that the power transformation given 

by (2.4.18) achieves maximum reduction of the nonlinearity associated 

with the pth parameter in the neighbourhood of a nonsingular point P(6). 

And in section 2.5 we have discussed how the corresponding power 

th 
transformation for reducing nonlinearity associated with the 

. parameter, 

where i < p, can be found. As for some models, e.g. models (A) and (B) 

in Chapter 1, the solution loci are bounded, it is of interest to 

investigate whether these power transformations for reducing the non-

linearity in the neighbourhood of P(0) will exist as the parameter vector 

2 tends to a value which may correspond to a point on a boundary of a 

solution locus. 

Let {0 } be a sequence of feasible value of the parameter vector 
-m 

converging to OB. It can be shown that the following conditions are a 

setofsufficientconditionsfortheexistenceofX.=X. (0 ) of the 1 	-m 

power transformation which achieves maximum reduction of the nonlinearity 
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associated with the ith parameter in the neighbourhood of P(2m), as m 

tends to infinity: 

[1] the c
uk 

 (0m) can be expressed as products of two functions of 8 as 
l 

follows: 

cuk(2m) = cL(2
m)hk(E2m) 	(u = 1,2,...,n; k = 1,2,...,p), 

where c*uk (0m) are functions with - 

lim c* (0m) = cuk
, 

uk - m4co 

and the cuk 
 are finite numbers, 

[2] the (nxp) matrix C = {cuk 
is of rank p, 

c ,,(0 ) 
l [3] im 	-m 	O 

h.(0 )hk 	) 
hi
(-m

) 0
mi = quiik' 	Cu = 

1,2, 	,n; j,k = 1,2, .. ,p) , 
m4°° j 	-m 

h 
 

a
2ME ,G)  where c

ujk (0-m ) 	ae.ee  
k 

0
mi 

is the .th component of, -m 

and thequi k are finite numbers. 
j 

To show that these are the sufficient conditions, we first let H -m 

be the (nxn) matrix such that Hm 
 C 
m 
 , where C

m 
 = {c

uk 
 (0m)}, is a (pxp) -- 	- 	- 

upper triangular matrix Dm  = {dik(0111)} with an [(n-p)xp] zero matrix 

beneath it (c.f. (2.2.2)). Hm  can be written as - 

P, (p+1-j) 	(p+1-j) 	T 
H
m  = 
	11 (I - [v 	0 m  )][v 	0m  )]) , - 

	

	 - 	- 	- j=1 

0=0 
-m 
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where v(i) m ) are (nx1) vectors whose u
th components are v(u

i)(6 
m
). 

We note that (c.f. Appendix 1) 

and 

where 

v(1) (6 ) = .11 + ) 1 -m 

c (6 ) 

1 -m 	r 
11 -m  

v(1)  (0 ) - 	cul (6 )  
u -m v(1) (6 m 

 )r
1  
(0 ) 

1 -m 

, 	(u = 2,3,...,n), 

n 
r1  (6m) ) = 	E [cul  (0 )]

2 
- 	-m u=1 

is chosen to have the same sign as c11(2m). Then because of condition [1], 

we have 

(2.6.1) 
c
11 

lim v(1)(6 ) = 	1 + 
1 -m 	r

1 m403 

and 

(2.6.2) 1im v(1) (6 ) 
m403 

 

cul 

 

(u = 2,3,...,n), 

   

  

where 

2 

u1 
rl = E cul = 
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r
1 

0 because C is of rank p. Therefore the limits in (2.6.1) and 

(2.6.2) are finite. Similarly because of conditions [1] and [2], 

lim v(j)  (6 
m
) for j = 2,3,...,p and u = 1,2,...,n are finite. 

u - m4c0  
Next we have 

d 	) = c 	(E) ) - v (1) (6 ) 	E c 	) v (1) (6 ). 11 -m 	11 -m 	1 	-in 12 	ul 	u =1 

This together with (2.6.1), (2.6.2) and condition [1] imply that du(2m) 

can be expressed in the form 

(2.6.3) 
	

d11 - (0 m1 ) = d11(
-m 

 )h1 (0-m  ) , 

where d11m) 
 is a function with 

- 

(2.6.4) lim d*1 (8m) = d11 1  m+co 

and du  is a finite number. Similarly it can be shown that dik(8 ) can  -m 

be expressed in the form 

(2.6.5) dik - (6  m  ) = d' 	m  )hkm), (i = 1,2,...,p, k = 2,3,...,p, and ik 	- 

i < k), 

where d*k (8m) are functions with i  

(2.6.6) lim d* 	) 	d 

	

dik -m 	ik 
m7*°3  

and the dik  are finite numbers. Further because of (2], D is nonsingular 

and consequently dii  0 for all i = 1,2,...,p. 

Now for any Om  such that Cm  is of rank p, Dm  is non-singular and its 

inverse Dm 1 = {dik  (8m)' is given by 
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1  d 	(6 ) 
	= -m 	d..(6 ) 	

(i = 1,2,...,p), 
11 -m 

and 

ik  d (e 
m  ) 
	

d.. (e ) 
- 	d..(0 m  )djk(0  m  ), 	= 1,2,...,p-1, k = 2,3,....P .-  13. -m 3=1 

and i < k). 

Then because of (2.6.3) and (2.6.4), dik(e 
m) can be expressed in the 

form 

(2.6.7) 	dik(A mi  ) = d+ k m 	0m
-1  )(11. 	)] , 	= - 	- 	- 

where d.1k (8m) are functions with - 

(2.6.8) 	lim d
i 
 (em ) = 
k - 

	s 
m+03 

and the sik  are finite numbers. 

Define 

d.jk (e  m  ) = H me.k (0m  ) 	(ilk = 1,2,...,p)  --j  

where c. (6 m  ) is the (nx1) vector whose u
th component is cujk (e 

m). -3k - 	 - 

Then because lim v(i) 	) are finite, the 1th  component of d (e ) . 
u m 	 jk m 

(2.6.9) 
n 

dij.. 	) = E v 	(0 )e . (0 ), k -m 	ijku -m ujk -m u=1 

m4m 
can be expressed in the form 

where v.. (0 ) are functions with ijku -m 



(2.6.10) lim v..13ku (0 ) = vijku /11440 
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and the 
vijku 

are finite numbers. 

Applying the method in section 2.4 for finding X at g to find the 

corresponding A (Am) ) at m  for which Cm 
 is of rank p, we obtain 

	

P " 	- 	- 

p-1 
X (0 ) = 1 + 217d (A ) [EEEd 41,(0 )diZ(6 )d""(0 ) 
• P "m 

	

	3 PP -m  t=1 j=1 k=1 PJA.  -m 	
-m 	-m 

(2.6.11) 
P P 

+ 3 E 	E d 41,(0m)dj9(0m)dkP(em) Amp. 
j=1 k=1 PJ- 

Then by using (2.6.3)-(2.6.10), we obtain 

p-1 R t n 
limX(0 ) = 1 + 27rd 	limh(0 

P "m 	
) [EEEEv 	c 	(a ) 

• • rit+co 

	

	3 pp m÷co P -m 	k=1 j=1 k=1 u=1 pjku ujk in 
(2.6.12) 

p n 
x 	" 	 0 + 3 E E. E v

pjku 	m 

	

c
ujk 
0— ) T--12— sj--2

h (0 ) 
e 	

• h.(0 ) h 	) , mp 3 m k m 	j=1 k=1 u=1 	m k m mp  

From (2.6.12) we see that lim A (0 ) is finite if 
P -m m+co 

cu3k 
. (Am) 

lim   
h.c 	

hr 	
)Amp m+op 3 m )h  k  ( -m 	

ae 
) 1-‘-m  

is finite for u = 1,2,...,n and j,k = 1,2,...,p. 

Similarly lim X.(0 ), where i < p, is finite if 

m+°D 1 m  

c .,(0 ) 
lim 	1131" -m 	 )0 

h.(0 m  )hk 
 (Am ) 

	(0  
) i -m mi m+0* 3 - 	- 

is finite for u = 1,2,...,n and j,k = 1,2,...,p. 
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We now show that in models (A) and (B), the sufficient conditions 

for the existence of the power transformation which achieves maximum 

reduction of the nonlinearity associated with the first parameter are 

satisfied when 0
1 
tends to infinity. By differentiating the n( u,8) le)  of 

these models with respect to 01  and 62, we see that [1] and [2] are 

satisfied. Next we can show that for model (A), 

h1 (0
-m 

 ) - 
62 
ml 

h2 -m ) = 1, 

cull( 
 
em) 	

• 	

(0  ) 

	

0 ) — 	
-m 

-m   
e3 ml 

✓ (6 u12 -m  c 	(0 ) = 
u12 -m 	e2ml 

cu22 (0-m ) = vu22 - (0 m) , 

where vuij.(0  ) are functions which converge to finite limits as m tends  -m 

to infinity, and for model (B), 

h
1  (6m) - 

h2  (9m) = 1, 

w co _ 	ull -m)  

cull (-m) 	
0
3 

1 

ml 



sl 	[3. 	1 	Al 
 

1 	-1 	62J 
2 
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w 	(0 ) 
u12  

c 	(6 ) 
u12 -m = e

2 
ma 

c 	(0 ) 	w 	(0 ) , 
u22 -m 	u22 -m 

where w
u13  
..(0 ) are functions which converge to finite limits as m tends 
 -m 

to infinity. Condition [3] can then be readily shown to be satisfied 

in each of these models. 

For model (B), the matrix C for the case when e
B 
 is such that 

0Bl 
- 0

B2 
= 0 is of rank one, which is less than p. However, if we let 

then the corresponding sufficient conditions for the existence of the 

power transformation of S2 are satisfied. This indicates that whenever 

[2] is not satisfied, there may exist a linear transformation 2 = L2, 

where L is a (pxp) non-singular matrix, such that the corresponding 

sufficient conditions for the existence of the power transformation of Si 

are satisfied. 

Section 2.7 	Alternative transformations to reduce nonlinearity  

In, many situations, it will be much easier to appreciate the 

physical significance of transformations of individual parameters rather 

than transformations such that the new parameters are functions of more 

than one original parameter. We therefore investigate transformation 13 

of the form 

Si = o(ti), ti 
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We choose S. = 13.(t.) to be one such that the total nonlinearity is 
1 1 1 

reduced as much as possible. For reasons similar to those given in the 

derivation of N,
9 
 in section 2.2, we can restrict our attention to Si  of 

the form 

(2.7.1)0.=.t. - g.t.3.2 +0(t..12), 	
= 1,2,...,p). 

Suppose gi* are such that the corresponding § achieves the maximum 

reduction of the total nonlinearity. To find gi*, we first apply the 

orthogonal transformation H (c.f. (2.2.2)) of coordinates in sample 

space and then use the linear transformation T(0) = la to obtain 

a2 n p p 
(2.7.2) 	N-- E 	E 	E If f. m  + 2(fikm)2  ) 0 p+2 i=1 k=1 m=1  ikk " 

where 

f
ikm 

+ 	E 	d..s.d
jk
d
jm 	

(i = 1,2,...,P) 13 
i<j <min[k ,m] 

(2.7.3) 

f
ikm 

f
ikm 
	 , (i = p+l,p+2,...,n). 

By differentiating (2.7.2) with respect to the g., it can be shown 

that lamg .* are given by 

p min[j,s] 
(2.7.4) 	E 	[ 	E 	d. (( E d..(d

jk
)
2
) ( E (d

sk
)
2
) 

Is 	13 
j=1 i=1 	k=j 	k=s 

	

p 	jR, sk 2 

	

-1-2(VE 	
a 	. 

g  
) 11  

k=max[j,s] 
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P P 	 . + E d
iS 
I( E f)( E (d

sk
)
2
) + 2 E 	E fikmdsk  d 

sm
J = 0 

i=1 	Z=1 	k=s 	£=s m=s 

(s = 1,2,...,p) . 

Forthecasewhenthee.are non-negative, the power transformations 

A. i  
ei 	- 1 	.. A 
	' Ai u  i   

(2.7.5) 	= 	 , 	(i = 1,2,...,p), 

ln A., 	X = 0 

where X. = 1 - 2g.*8., and the transformations 
Si 
 given by (2.7.1) with 

gi  changed to g.* are equivalent in the sense that they reduce the total 

nonlinearity by the same amount. 

Interval and region estimates based on these power transformations 

are investigated numerically in Chapter 5. 

'Section 2.8 	Effects of design of experiments on nonlinearity 

This section is concerned with the effects of design of experiments 

on nonlinearity. 

It is geometrically obvious that if the number, n, of observations 

is less than or equal to the number, p, of components of the parameter 

vector 0, then the solution locus of the model is a subset of an 

n-dimensional linear manifold. If n is larger than p, but the number, s, 

of distinct experimental conditions adopted in the model is less than or 

equal to p, then the solution locus can be shown as follows to be a subset 

of an s-dimensional linear manifold. 

Let y 	be the observed value of the u2
th of r

ul 
responses in the ulu2  

ul
th  

of s (s < p) distinct experiments. We then have 
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(2.8.1) 	E(y 	) = n( ul4.), 011  = 1,2,...,s; u2  = 1,2,...,ru  ; l  .uu2  
1 

E 	ru = n). u1=1 1 

Let Hk  and U
+ 

be the (kxk) and (nxn) orthogonal matrices given by 

1 	1 
1/7 	/lc 

1 	_ 1 
• • • 

(2.8.2) 	Hk  = 

  

1 

 

2 0 . . 	0 

     

/FY 	)S75-  

• 

• 

*":1 	1 • 	'-(k-1) 
• • • 

and 

(2.8.3) 	H+  = 

Further, let y* be the (nxl) vector given by 

T 
y* = Ey11Y12..-Ylr 1 	'''Y  2r2 	:YslYs2-17sr

s 



(u1  = 1,2,...,s- u2  = 2 3 ... ru  ), 1 
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If we apply the orthogonal transformation 

(2.8.4) 	I!+y* = y+ 

of coordinates in sample space, then (2.8.1) becomes 

.2), 	(u1 
	' = 1,2,...,s- u2  = 1) 

1 1 
(2.8.5) 	E(y

121112 

1 
where y

+ 
is the ( E r. - r

ul 
+ u2)

th component of y+. 
u1n2  i=1 1  

From (2.8.5), it is clear that the solution locus of the model is a 

subset of an s-dimensional linear manifold. 

We next investigate the effects of replication of experiments on 

the measures of nonlinearity in the neighbourhood of a non-singular 

A 
point P(g). 

Let s, r
u 

and n be changed to n, r and nr respectively. We have 
1 

 

P P 
(2.8.6) 	E(y

ulu2
) = 1-1(1.11 	

+ E c .t. + 	c
u,jk

t
j
t
k 
+ o(t2), 

- 
j=1 u13 3 	j=1 k=1 

(u
1 
 = 1,2,...,n; u2  = 1 2 . r). 

Let D* be the (nrxl) vector whose (Cul  - 1)r + u2)
th component is 

n( 	,16). u1  

After applying the orthogonal transformation 

+(Y* 	D*) 
 = (r+) 

 

of coordinates in sample space, (2.8.6) becomes 



(2.8.9) 

E(z.. ) = 
1
1
1
2 

(2.8.7) 

E(y(r+)) 
ulu2 

P 
E tfr c 	.t. + 

j=1 	
U1] j 

0 

P 	p 
E 	E 

j=1 k=1  
)4E c 	t t

k 
 + o(t2), 

u1
jk j 

(11' =1,2,...,n- 	u2  = 1) 

(u1 
 =1,2,...,n- 	u2  =2 	3 	... 
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r) 

(r+) is 
	 th 	(r+) 

where yla u 	s the ((u
1
-1)r + u2) 	component of Y 	• 

1 2 

Let In (r_1) be an (n(r-1)xn(r-1)) identity matrix and y(0 be 
 

the (nrxl) vector given by 

y(r) 	( 
Y21r+) 
	

(
1 	Yn1r+) 

 00...01 

If we apply the orthogonal transformation 

  

(2.8.8) y (r) 	F* 	(c.f. (2.2.2)) 

  

of coordinates in sample space, then (2.8.7) becomes 

P P 
Eter 	 .t. + E 	E 	di jktjtk + o(t2), (ii  = 1I 2 	p- 

j=1 	11] ] 	j=1 k=1 	1 
i2 = 1) 

P P 

	

E 	E "F&.,t,t, + o(t2), 
j=1 k=1 	113" J  

(i1=p+1,p+2,...,n; i2  = 1) 

0 	, (i1=1,2,...,n; 

where z. . is the (i1 + (i2-1)n)
th 

component of z*. 
1
1
1
2 
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After applying the linear transformation 

(2.8.10) 

(2.8.9) becomes 

(2.8.11) T 	E 	E 1 f. 	(r) T  (r ) 	0 c(T  (0 )2)  , 

11 	£=1 m=1 /r iikm k  m 

= 1,2,...,p; i2  = 1) 

P 	P 	1 	(r) (r) 	(0 2 
E E 	

1
T f. 

R=1 m=1 c i2P  k 
T 
 m 	°"T 

 ) ), 

E(z
ili2

) = < 

(i 
1
=p+1,p+2,...,n; i2=1) 

0 	 , (i
1 
 =1,2,...,n; i2 	" =2,3,.. r). 

We then have 

(2.8.12) N = e r p+2 
E 

p P 
E  E (f

.1 u
fi mm  + 2f2iitm)] 

n 

1.19„.1 m=l 1 	 1  

and 

r a2 n 	p p 
(2.8.13) N= — 	E 	E 	E (f. 	f 	+ 2f2  i km) . 

1 
r Lp+2 	t=1 m=1  11k9, ilmm 	

1 

Therefore replication of each of the experiments r times shrinks the 

measures of total nonlinearity and intrinsic nonlinearity in the neigh-

bourhood of P(g) by a factor of r. 

(* 
We next see from (2.8.10) and (2.8.11) that the values of gijkk) in  

section 2.4 and gi* in section 2.7 do not change due to replication of 

each of the experiments r times. 



CHAPTER 3 

HYPOTHESIS TESTING AND REGION ESTIMATION BASED 

ON GENERAL MAXIMUM LIKELIHOOD RATIOS 

Section 3.1 	Introduction 

In this chapter, we consider the problem of testing a number of 

hypotheses for making inference about subsets of components of the 

parameter vector in nonlinear models. General maximum likelihood 

(m.1.) ratio tests are used for testing these hypotheses. The 

estimation of the coverage probabilities of the region estimates based 

on these tests is also discussed. 

Section 3.2 	Hypothesis testing in unconstrained nonlinear models 

We shall restrict our attention to unconstrained nonlinear models 

and consider the problem of testing the null hypothesis 

H. that (0,a) e H. 

against the alternative hypothesis 

K. that (2,a) e
K 	

(i = 1,2,...,5), 
K. 

where 

nH  = {0,0: ei=e0i  for j = p-k*-1-1,p-k*+2,...,p, and a = ao} 
1 

(k* = 1,2,...,p-1), 

41 
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nK = {(6,a): 6.0Oj  for j = p-k*+1,p-k*+2,...,p, and a = a }, K 	 3
1  

PH  = {(6,a): 8=00, and a = 
2 

K

• 

	
= {(0,a): 6 	00, and a = 

2 
 

• = {(2,a): 0. = 6 . for j = p-k*+1,p-k*+2,...,p}, 
H3 3 	03 

• = {(6,a): 0. 	6 	for j = p-k*+1,p-k*+2,...,p}, 
K3 3 	03 

0
H 

= {(0,a): 0 = 60}, 
4 

n
K 

= {(2,a): e 	Q0}, 
4 

n
H = {(0,a): a = a0} 
5 

 

n
K 

= {(0,a): a V ad, 
5 

 

20  and a0  are particular values of 0 and a respectively, and 60j  is the 

.th 3 component of 60. 
0 

The usual monotonic functions of the general m.l. ratios for testing 

these hypotheses are given respectively by 

T1(y) = [SM(00p_mc+1, 00p_kt+2,...,00p) - S(q)], 

T (y) = [S(0 ) - SObl, 2 	0 

T3(y) = [S (e 

	

	 - S(6)]/S(6), Op-k*+1, Op-k*+2"."80p)   

T4 (y) 	(S (00) - s(q)1/s(e) 

and 

T5  (y) = S (0), 



43_ 

where 	S(e) = E 
u=1 

Y 	ri(E11,2)}2, 

and 	S (00p_kc4.1,00p_k*.4.2,...,000p) is the minimum value of s(e)-  

with respect to 0 where 0 are such that (0,a0) e c . H1  
Acceptance regions of the general m.l. ratio tests are 

w. = {z : SD(z) < d.*2}, 	(i = 1,2,...,5), 

where 

SD(z) = [SM(eOp-k*+1 eOp-k*+2,..•,00p) - S(;))/ao
2
' 1 - 

An  S (z) = [so - so/a 2 - 	0 	0
2 
 ' 

k*F (kIn-10) 
SD (z)tsM Op-k*W°Op-k*+21-40p)-(1 	

a 	- 
n-p 	

)S(e)]/0.(27) 

+ 
k*F(kIn-p) 	n 2 2 

n- 

	

	 E z./an  p j=p+1 	s' 

pFan-p 

(p,n-p) n 
S4  (z) = (S(00  )- (1 + 	)S(0)]/a02 + 	

n-p 	
E 	z.2/a 2, 

	

 j=p+1 	° 

 
S (z) = S(2)/a 5 	02 ' 

(00  ,a0  ) e H. , (i = 1,2,3,4,5), 



2 	. 
Xk*,a 

X
2 

Pia 

44 

d
.
1
*2 

= (d.
1
*) 2  = < 

k*Fa(k*,n-p) n - 
2 2 

E z./an  n-p 	j=p+1 3  - 
(i = 3) 

pFa(p,n-p) 

E z py 2 

=p+1 	° 

 

n-p , (i = 4) 

2 
- Xn-p,a • (i = 5), 

and the z. are rotated coordinates of a point y in sample space with 

P(0
0 
 ) as origin (c.f. section 2.2). 

A number which is not larger than the probability 

I.(e0  ,a0  ) = Pr{z e w. I e = e0  and a = ao}  - - 

for all (0
0 
 ,a
0  ) 
	Q

H. 
is the significance probability of the test for the 

 1 
hypothesis Hi, and the probability 

6.
1
(0

A 
 ,a ) = 1 - Pr{z e w. 	6 = 0A  and a = aA} A 	- 	- 

where (4,aA) G AK., is the power function of this test. 
1 

Note that we have chosen 
xk*,a
2 	

, 
xp,a
2 

, F 
a
(k*,n-p),F

a
(p,n-p) and 

x
n-p
2 	to be the corresponding constants appearing in the expressions 

,a 
 

for d.*2. A reason for choosing them is that if the model is linear, 
1 

then a is the level of significance of each of the tests. 



45 

Section 3.3 	Significance probabilities of the general m.l. ratio tests  

In this section we restrict our attention to the n(,,0) which 

are functions of e differentiable up to the third order and consider 

the derivation of approximations of the probabilities yeo,a0) 

(c.f. section 3.2), where e 
0 
 is such that ri(e

0 
 ) is a non-singular point 

in the solution locus. 

The functions n(E11,0) can be written as 

p 
(3.3.1) 	n u  ,0 ) = n u  ,e0 	j 

) + E1 cuj  
.t. + tTC 

u
t + 

- 	-- = 

p 
E (t

TC t]t. + o(t3), (u = 1,2,...,n), 
j=1 	-uj- 

where 

th t is a (px1) vector whose j 	component is t. = 0j 
	j - 0 t O 

C
u  is a (pxp) symmetric matrix whose (j,k) entry is cujk - 

Cuj is a (pxp) symmetric matrix whose (k,t) entry is c
ujkl. - 

and 

t3 = E t.
2
)
3/2

. Though t., cuj, c 	are also used to denote 
j=1 3 	j uj ujk 

the corresponding terms that arise in expanding ri(Eu,0) in the neighbour-

hood of g in Chapter 2, we hope that no confusion should arise. 

Let no  be the (nxl) vector whose uth component is n(cu  ,60  ). Further, 

let H (c.f. section 2.2) be an (nxn) orthogonal matrix such that HC, 

where C = 
{cu p .}, is an upper triangular (pxp) matrix D with an ((n-p)xp) 

zero matrix beneath it. 

As in section 2.2, we can apply the orthogonal transformation 

1.1 (X 	Do) 
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in sample space and the linear transformation 

T = Dt 

of parameter vector t. After these transformations, the rotated 

coordinates :z.* of a point P(6) in the solution locus can be written as 

(3.3.2) 	r T
i 
 + T 1 F.T + E (T F..TiT. + 0(T3), (i = -- 	- -1J-  3 j=1 

Z.*  = 
1 

P  , T 	, 	. 3. 	,_. TTFiT+ ELI F..TJT + OlT i, 11 = p+l,p+2,...,n) - 	13-  i j=1 

where 

3 = ( E Ti
2
)
3/2 

i=1 

and 

F. = { fijk)  

F = { -ij 	fijkL)  

are (pxp) symmetric matrices. 

After applying the nonlinear transformations 

(3.3.3) 	cpi  = Ti  + T
T
F.T + E (T

T
1  F..jdTj  + 0(T

3), (i = 1,2,...,p). 
-1- 	- --  

j=1 

of the parameters Ti, (3.3.2) becomes 

, (i = 1,2,...,p) 

(3.3.4) 	z. 

P  T 
-1 + E (.42 	+ o(4)3), 	(i = p+1,p+2,...,n), j=1  -13- 



where 	A.
1  = F., - 	-1 

A . = F.. -2 E f.. F 
-i3 -13 	13kk 

k=1 

and 4)3 = ( E 4).
2
)
3/2
. 

i=1 1  

The sum of squares of the residuals of an observed sample point z 

is given by 

n 	 1 (3.3.5) 	S = E (z.-4).)2  + E {z.-t
T
A.t- E 
-1 	-

T
A.. 04)

j 
 + 0(4)

3 
 )1
2  . 

	

i=1 	i=p+1 	j=1 1)  

Approximations of the least squares estimates $111  for the components cbm  

of the parameter vector t can be obtained by minimizing S in (3.3.5) with 

respect to the 	and it is found that 

n 	p 
(3.3.6) 	$ =z+ 2E 	Ea.. z.z. 

m m  i=p+1 j=1 13"  

n 	n p p 
+ 4 E 	E 	E 	E ai

. a. . z.z z 
pm nj k1 h k 

i=p+1 h=p+1 j=1 k=1 

n p p p 
- 2E 	E 	E 	Ea.. a.zzz 

i=p+1 j=1 k=1 Z=1 13k 1km j k 

n p p 

4' 3E 	EEa.. z•z.z + o 
i=p+1 j=1 Z=1 13m2' 1  

, 	= 1,2,...,p), 
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where z3 = ( E z.
2
)
3/2

. The corresponding sum of squares of residuals is 
i=1 1 
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n 2 	n p p 
(3.3.7) 	S(pA..) =Ez. - 2E 	EEa.. z.z.z 

	

j=p+1 3 	i=p+1 j=1 k=1 ijk j k 

n 	P P P P 

	

+E 	E 	E 	E 	Ea..k ikm kkm a.z j
zzz 

ij i=p+1 j=1 k=1 k=1 m=1 

n n p p p 
-4 E EEEEah4taikkzhziyk  

h=p+1 i=p+1 j=1 k=1 k=1 

n 	p p p 
-2EEEEa

ijkt
z
i
z
j
z
k
z
t i=p+1 j=1 k=1 t=1 

+ o(z4). 

Under the hypothesis H1  or H3, the components Ti 	= p-k*+1, p-k*+2,...,p) 

are zero, and consequently (3.3.2) becomes 

p-k* 	
3„ (i . - 

	

(3.3.8) 	T. + TTF T + E [TT  F 	1* ]T. + O(T)1 	= 1,4,...,p-k*) 

	

i -M-Mi-M 	-M-Mij-M 3 	M  j=1 
* 

z, 
3. 

p-k* T 3 
TMFMiTM + E (TM- FMij-TM3 IT. + 0(T

m), (i = p-k*+1,p-k*+2,...,n) -  j=1 

where 

TM  = (T1T2 ...rp-k* 

p-k* 

	

3 	2 3/2 
TM  = ( E Ti) 	, 

i=1 

and 

F = f }, Mi 	ijk 

F 	= { 	} -Mij 	fijkk 



are ((p-k*)x{p-k*)) symmetric matrices. 

After applying the nonlinear transformations 

p-k* T  
. 	. = T 	T F T 	E [T TF .T ]T. 	0(T3  ), (1 = 1,4,...,p-k*) 

i Mi 	-M-MI-M 	-M-Mi3 -M 3 j=1 

of the parameters Ti, (3.3.8) becomes 

(3.3.9) 	cl)Mi 	 , (i = 1,2,...,p-k*) 

z* = 
p-k* T  3 

4/Zimitm  + E 

	

	]4) . + o(4)14), (i = p-k*+1,p-k*+2,...,n), m ma.3 M M3 j1 

where 

A = F , -Mi -Mi 

p-k* 
Iij = !-Mij - 2 kE1  fijj.Mk = 

and 

3  p-k* 2 3/2 
M = ( E Mi ) 	• 

i=1 

For the same observed sample point z, we can find the values ;14m  

of the 4)Mm  such that the sum of squares 

p-k* 	 p-k* 
3 2 

E 	)
2 	

E
T
A .4) 	E 	(4)A 	.4) ]4) . + o(4)

m
)) 

Mi 	M-Mi-M 	-MMi3-M M3 i=1 	i=p-k*+1 	 j=1 

49 
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is minimized, and it is found that 

n p-k* 

	

(3.3.10) ;mm 	= z
m 
+ 2 	E 	E 	a.4  z.z, 

i=p-k*+1 j=1 ism i 3  

n n 	p-k*p-k*  

	

+ 4 	E 	E 	E 	E 	a.. a. 	Z.Z Z 
3m njk 1 h k 

i=p-k*+1 h=p-k*+1 j=1 k=1 

n p-k*  p-k* p-k* 

	

- 2 	E 	E 	E 	E 	e 	a. z.z z 

i=p-k* 	
i 

	

+1 j=1 k=1 2=1 	
jk 12m k 2 

n p-k* p-k* 

	

+ 3 	E 	E 	Eamijmeizjzt  + o(z
3
), 

i=p-k*+1 j=1 2=1 

= 1,2,...,p-k*), 

and 

(3.3.11) SM(6
Op -k*+11e0p -k*+2"."60p)  

p-k* p-k* 
2 

	

= 	E 	z. - 2 	E 	E 	E 	a.. z z z 

j=p-k*+1 	i=p-k*+1 j=1 k=1 13k i j k 

n 	p-k* p-k* p-k* p-k*  

E 	E 	E 	Ea.. a.zzzz 

i=p-k*+1 j=1 k=1 2=1 m=1 13k IZmjktm 

n n 	p-k* p-k*  p-k*  

- 4 	5 	5 	E 	E 	Ea. azzzz 
h32 ikkhijk 

h=p-k*+1 i=p-k*+1 j=1 k=1 2=1 

n p-k* p-k* p-k*  

- 2 	E 	5 	5 	
5a k2 

i .zizzkz2 + o(z
4
). 

M j 
i=p-k*+1 j=1 k=1 2=1 	

3 
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Provided that ao, the ahjk, and the Nilo,  or amilikt  are sufficiently 

small, the quartic approximations of Sea 	M  ) and S (0 
Op-k*+1'60p-k*+2"."e0p)  

are adequate for most of the z, and Si(z) (i = 1,2,...,5) can thus be 

approximated by the following expressions for most of the z: 

P 
2 (3.3.12) S (z) = 	E 	z.2  /a 1 - 	3 0 j=p-k*+1 

2 	p 	p-k* p-k* 
E 	E j 

 z z. k - 
3 
ao i=p-k*+1 j=1 k=1 1k i j  

n 
2 + —5- E 	I2 	alevkzizizk  
a
o  i= +l j,k=1,2,...,p 	J  

and at least one of j,k is equal to p-k*+1 or 
p-k*+2,... or p 

1 p 	p-k* p-k* 
E 	( E 	E at.tkzjzk)

2 4.  

a4  i=p-k*+1 j=1 k=1 

1 - 	E 	a'. a," z.z z z 
4 . 	13k itm 3ktm 
ao 

1=p+1 j,k,t,m=1,2,...,p 

and at least one of j,kAm is equal to p-k*+1 or 
p-k*+2,..., or p 

4 
E 	

p-k* p-k* p-k* 
- — 	 E 	E 	E a*. af z z.z.z 

4 	 h3t ikt h 1 3 k a, h,i=p-k*+1,p-k*+2,...,n j=1 k=1 Z=1 
' and at least one of h,1 is equal to 

p-k*+1 or p-k*+2,..., or p 

+ 4 a* a* 	z z.z.z 
hjt ikt h 1 3 k 

and at least one of j,k,t is equal to 
p-k*+1 or p-k*+2,..., or p 

ao h=p+1 i=p+1 
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2 n P P P 

EE 	E 	E 	z z. 
kt
z z, 

• 4 	a  a
o 

i=p-k*+1 j=1 k=1 Z=1 MCijkki 3  

a*. = a . a , 
i3k 	i3k 0 

= 
2 

aMCijkt aMijk0' (i 
. 
= ( 	p-k*+1, p-k*+2,...,p; 	=1,2,...,p-k*), 

aMCijkt = , (i = p-k*+1,p-k*+2,...,p; j,k,L = 1,2,...,p 
and at least one of j,k,Z is equal to 
p-k*+1 or p-k*+2,..., or p) 

where 

and 

2 
aMCijkt = aMijkta0 	aijkLa0 	(i 	p+1,p+2,... ,n; j,k,R = 1,2,...,p-k*) 

= 
2 

MCijkt -aijkita0' (i  = p+1,p+2,...,n; j,k,t = 1,2,...,p and at a  
least one of j,k,52, is equal to p-k*+1 or 
p-k*+2,..., or p); 

P  2 (3.3.13) S (z) = E z/an  2 
j=1 3  

n P P • 2EEEatikzizzk a3  i=p+1 j=1 k=1 	
j 

 

• P P P P 
14 	E 	E 	E 	E 	E at. aitm3k*  z.z_ zX  z

ra  13k  ao i=p+1 j=1 k=1 t=1 m=1 

• n p pp + —7 E 	 a*  
h=p+1 i=p+1 j=1 k=1 t=1 

n PPP 2 EEEEat4ktzizjzkze  
a(

• 4

)  i=p+1 j=1 k=1 2,=1 



where = a.. 	a
2 
; 13kk 	13kk 0 
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2 (3.3.14) SD(z) = 	E 	z.
2 
 /a 3 - 	3 0 j=p-k*+1 

2 
p 	p-k* p-k* 

_ 	E 	E
j 
 z.z. 

k 3 a
o 
i=p-k*+1 j=1 k=1 ik 1 j  

n p-k* p-k*
k*F 2 	E 	E 	E 	a*. z•  . zz 

a3  i=p+1 j=1 k=1 n-p 13k 1 k 

n 
F + 2 	E 	(1 + 	i z.z.z 
n-jk 	k 1 3 a3 	
k p 

 i=p+1 j,k=1,2,...,P 

and at least one of J,k is equal to p-k*+1 or 
p-k*+2,..., or p 

1 	
p 	P-k* p-k* 
E 	( E 	E at4kzjzk)2 

a-  i=p-k*+1 j=1 k=1 

n p-k* p-k* jk*F  
2 

E 	E 	E 	— . z .z % 

a
0 
i=p+1 j=1 k=1 n-p 13k 3 k  

E 1 	 k*F 
A

_ 	E 	(1+ ---)aI. a* z.z z z 
4 ...-1_, 4 1.. 0 2; n .., J.7e,... J,A,,,,m=.1.,4,...,p, 	n-p 13k ikm 3kkm 

0 

and at least one of j,k,k,r1 is equal to p-k*+1 
or p-k*+2,..., or p 

4 	 p-k* p-k* p-k* 
_ 

4 	>2 	E 	E 	E a* 	z z• z.z 
hjk ikk h 1 3 k a

o h,i=p-k*+1,p-k*+2,...,n j=1 k=1 t=1 

and at least one of h,i is equal to p-k*+1 or 
p-k*+2,..., or p 
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n 	n p-k* p-k* p-k* k*F  
4.  4 	E  

E 	E 	E 	E --a*. a* z z.z.z 
n-p h32,  lkt h 1 k a4  h=p+1 i=p+1 j=1 k=1 2,=1 

4 n 	n 
	 k*F + 	E 	I] 4 	 =1;)Ilitatktzhzizjzk 

a
o h=p+1 i=p+1 j,k,t=1,2,...,p(1+ 

7 
 

and at least one of j,k,Z is equal to p-k*+1 or 
p-k*+2,..., or p. 

2 	P P P 
- 4 	E E  E  aMFijkeizj zkz, 

ao i=p-k*+1 j=1 k=1 t=1 

where 

F = F (k*,n-p), 

aMFijkt = amiikka, (i = p-k*+1,p-k*+2,...,P; j,k,t = 1,2,...,p-k*), 

aMFijkt = (i = p-k*+1,p-k*+2,...,p; j,k,t = 1,2,...,p and 
at least one of j,k,2, is equal to p-k*+1 or 
p-k*+2,..., or p), 

2 	k *F 	2 
aldIFijkt = aMijkta0 	(1+ 	(i = p+1,p+2,...,n; 

P 13 	- 	= 1,2,...,p-k*), 

	

,,... k*F, 	2 	,.. 
= -1„1.-1-  ---,a.. a , 0. = p+1,p+2,...,n; j,k,2 = 1,2,...,p aMFijkt 	n-p 13kt 0 and at least one of j,k,k is equal to 

p-k*+1 or p-k*+2,..., or p); 

P  (3.3.15) S(z) = 	z. 4 j=1 3  

n P P 2 	E  (1 2.12 

	

+ — E 	E 	-)at .  z.z.z 3 a
o i=p+1 j=1 k=1 	n-p 13k 	k  

• • 	• 

n PPPP 1 	 s - 	E 	E 	E E 	E (1+ 	a, a,* z•zzz 2.1:_
np) 1* jk aim 3ktm a4 i=p+1 j=1 k=1 L=1 m=1 0 
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n n ppp 
+ 4 z 	E 	EEE (1 + 21:-)a*. a* z z.z.z 

(144:1)  h=p+1 i=p+1 j=1 k=1 X=1 	
n-p 	ikthijk 

n p P P 	
2EEEE(1+ 

n-pijkL1  
z.z.zkzZ, 

3  
G
o 

i=p+1 j=1 k=1 2•=1 

where 

F = Fa(p,n-p); 

and 

n 2  
(3.3.16) S(z) = 	E 	z. 5 j=p+1 3  

n p p 
- 3-EEEat4kzizjzk  

cr()  i=p+1 j=1 k=1 

n P P P P 
+EEEEat4katurizjzkzem  
a4
0 
 i=p+1 j=1 k=1 k=1 m=1 ' 

n n p p p 

4 	
E E E all,142,atkehzizjzk  

a
o 
h=p+1 i=p+1 j=1 k=1 L=1 " 

1-P4 j

n P PP ..:2- 
4 EEEEatikeizizkzk. 

asp 	
1 =1 k=1 Z=1 

Given that 9 = 9.0  and a = ao, zj/ao  (j = 1,2,...,n) are independently 

distributed as N(O,1). Therefore as far as deriving approximations of 

the probabilities Ii(00,a0) is concerned, we can set ao  appearing in 

the expressions of S.(z) given by (3.3.12)-(3.3.16) to be one while 

leaving the ao  appearing in the expressions of the dt
2,atjk,a... a_ 13ke MCijkZ 

and a 	unchanged, and treat thez, as being distributed as N(O,1). 
MFijkk 	

j 

Letzdenotez2j.Eachofz!s) is then distributed as x
2
l, and 

_ 	3 

s(s)  conditional on 	being negative (or non-negative), 	is still z. 	 zj 



• 
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distributed as X2. Further, let E z. ,z. ,...,z. 1 1 	1k 1 2 k 	
11  12   

denote the expectation of f(z. ,z ,...,zi  ). The probabilities 
11 2 

I.(00  ,a0  ) can now be written as 

(3.3.17) 1.(0 ,a -0 0) = E z 	,z 	.,z ,z p+1 p+2 .' • n 	z 2" —"z  k* P- 

2:  
sp-k*+1-1,+1  sp-k*+2=-1,+1 	s =-1,+1 

[ 	-/ 	••• I x p 
2 
(z 
(s) 	

) X 
2 
(z 
(s) 	

-X 
2 
(z 

(s)
) 

2 	(s) 	z (s) 	z (s) 1 
	-k*+1 1 	p-k*+2 	1 	p 

zp-k*+1 p-k*+2 

(z(s) 	z (s) 	(s) 	* 
)ezi  

x dz (s) dz(s) 	d (s)  

	

p-k*+1 p-k*+2—• zp 	(i = 1 and 3), 

(3.3.18) ii(20'a0)  = EZ  p+1,Z  p+2,—"zn 

E r 400 
E 

	

S

1P 
=.4,44 	s2=-1'+1 	s =-1,+1 

	

f 	f 	". 	f 4(z1s))4(4s))...4(z1(:)) 
L 2 	z(s) 	z(s) 	z (s)  1 	2 

	

s) 	(s) 	(s) 
(zi  ,z2  ,...,zp  ezi  

(s) 	(s ) X uZi dz , (i = 2 and 4), 
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and 

(3.3.19) i,(0 ,a ) = E 
D "0 0 zi  z2 	,zp  

sp+1=-1'+1 sp+2=-1,+1 
• • • 

Sri--1,+1 

• • I
1 

1.2n-P z 	z (s) 	(s) p+1 p+2 

f X2(z(s) )X 2(z(s) )...X2(Z s)dz(s) dz(s)  
1 p+1 1 p+2 	1 n p+1 p+2 	n; 

Z 
(s)  
n 

(s) 	(s) 	( 
(z13+1/zp+2"—,2ns) ) e Z* 5 

where 

(3.3.20) Zt (z() 	() 	(s)1  
p-
s
k*+1/z  p-

s
k*+2,—/zp 	: 

S.(z ,z 1 2" z(s) 	(s) 
zp-k*, sp-k*+1 p-k*+1/ sp-k*+2 zp-k*+2"." 

s 
(s) z p z  p 	p+11zp+21-1zn)  < 

(i = 1 and 3), 

(3.3.21) Zt = (s ) 	(s ) 	(s) zi  ,22  ,...,zp  ) 

Si
p(s z(s) 
 1 1 	s2 z2 ,...,sp z(s)  ,zp+1,zp+Z 	

) < d* 
n 	i2//  

(i = 2 and 4), 
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(s) * 	{(z(s) 	) (3.3.22) Z5  = 	p+i,  p+2 	n 

	

SD(z 	s 
5 l
zz 

'' 2' 	p' p+1 
z(s),s p+2 p+1 	1zp+2 

(s) „snWis)) < }, 

(3.3.23) si  = 
	-1 	if zi  < 0 	

(i = 1,2,...,n), 

+1 if z.1  > 0 

and for k > 1, 

k , 

2 
(t) 

-t/2 
, 	(t > 0) . 

	

e 	t 

For i = 1 and 3, we apply the transformations 

(3.3.24) 
	

r(s)  = 	E 	
z(s) 

j=p-k*+1 3  

and 

(3.3.25) ;-(s) = 1 
(s) 

z
j
s) for j = p-k*+1, 

For i = 2 and 4, we apply the transformations 

(3.3.26) 
	r(s)  = E z!s)  

j=1 3  

and 

2
k/2 r(k/2) 

(3.3.27) (s) z  (s ) 
r  (s) 	j 

for j = 1,2,...,p-1. 
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For i = 5, we apply the transformations 

(3.3.28) r(s)  = 	E 	z(.$)  
j=p+1 3  

and 

(3.3.29) —(s) z 	= 
r( s) zjs) 	for j = p+1,p+2,...,n-1. 

The probabilities Ii(20,00) can then be written as 

(3.3.30) I.(6a ) = E 1 -0' 0 zp+1'zp+2'.."zn'zliz2"."zp-k* 

s 	 ll,+1 { p-k*+1  sp-k*+2=1,+1 	s -- -1,+1 
P 

1 f 	 f 
2
k* 

T(s) 	=0  T(s) 	--2 T(s)=;(s) 
p-k *+1 	p-k*+2 p-k*+1 p-1 p-2 

2 --(s) 	2 --(s) 	2 --(s) 2 	p-1 --(s) 	2 

	

)X1  (z 	)...X (z 	)X1  (1- 	z. 	)[Xk*(1)]
-1 

x1(zp-k*+1 	p-k*+2 	1 p-1  j=p-k*+1 

2 	(s) 	(s) Xk*(r )d(r )) 

X 
 d

(s) 	d;(s) 	d7(s) I 	
, 	(i = 1 and 3), p-k*+1 p-k*+2 	p-1 
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(3.3.31) 

I (0 	= E i -0 0 	z 	,z p+1 p+2 	n 

1EE 

	

	E 	... 
s ._i,+i 	s2=-1 ,+1 	s 1 	 P=-1 ,+1  

1 
f l 	1 

[1 	f 	
... 	2 —(s) 2 —(s) 	2 —(s) 

J 	x (z1  )x (z 	) ...Y (Z 	) 
1 1 	1 2 	-1 p-1 

2P -z-(s).0  T(s)=-E(s) 	-z-(s)_,-E(s) 
1 	2 	1 	p-1 p-2 

p-1 —( x X1(1  - E z.s)  )(X 2  (1)1-1  
j=1 J 

x (f 	X2 (r (s) )d (r (s) ) ) 
R* 

—(s) —(s) 	—(s) I } x dz 	dz 	...dz 	 , 	(i = 2 and 4) , 1 	2 	p-1  

and 

(3.3.32) 

,e 	= E 5 -0 0 	z1,z2,...,zp 

sp+1=-1,+1 sp+2=-1,+1 sn=-1,+1 

1 	1 	1 
1 	f 	f 	f 	2 —(s) 2 —(s) 

[   	
7    2—Cs)  

n-3 — 	i 	— 	—sX1(zp+1)X1(zp+2 ).••X1 (zn_1 ) 
2 	 i 	

= -p+1=- p+2= p+1 zn-1 -n-2 

 

n-1 
x  X1(1  - 	E -z1s) ) (i( 211.13 (1)] 

j=p+1 



x ( f 
R* 
5 

2 	(s) 	(s) 
Xn-p(r )d(r )) 
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(s) 
dz 

 (s) 
x dz 	. dT(s)  

p+1 p+2 	n-1 ] I. ' 

where 

(3.3.33) 

(s)—(s) RI  = fr(s):spi(zi,z2,...,zp_k*,sp_k*4.1  jr zp-k*Wsp-k*+2 1 
Ir(s)z(s) 

 
p-k*+2''''' 

(s)—) 	I (s) 	P-1 	--(s) 
...is

p-1
ir 	z

p-1
,s
p 

/ r 	(1- E 	z. ),z 	,z 	z ) < d*
2
1 p+1 p+2 	n 	i j=p-k*+1 3  

, (i = 1 and 3), 

(3.3.34) 

(s) D 	(s)—(s) 
RI = {r 	:S.(s r 	z 
i 	i 3. 	1 	r(s);(s)

s)( ) 
2 ,.",sp-1Jrr 	spjr(s)  (1_ 13-E17 (s))  

j=1 3  

- 	2, 

	

zp+1,zp+2,...,zn) fdt 	(i = 2 and 4), 

and 

(3.3.35) 

(s) D 	(s)—(s) (s)—(s) 
5 

R* = {r 	:55(zi,z2,...,zp,sp+1  r 	zp+1, sp+2jr 	zp+2, 

(s)—(s) 
sn  I

r(s) (1- nil-(s))) < d*52) 
zn-1'   

p+1 3  

To the extent that the approximations of 5.(z) given by (3.3.12)- 
1 - 

(3.3.16) are adequate, we can obtain a truncated series expansion of 

the probability i.
1
(e
0 
 ,c
0  ) as follows: 
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(3.3.36) 
n* 	n* n* 

i.(0 ,a ) = (1-a) + E I. 	at 	
1 

+ — E 	E I. 	ata* 
j=1 

lal 	2 
j=1 k=1 1aj ak  

*J k 

where n* = 1 — p(p+l)n, 2 

Ca*,a*
2
,...
'  a* ) is the set containing all the 

a*hjk  for which j < k, 

laj 	D at a*=0, 

a2i.(e ,a ) 0 0 
i 	

_ -
ata* 
3 K 	ae Da* 	a*=0 k 

and a* is a column vector whose components are the aciik, and the apokt, 

Z. aMChjkZ or  aMPhjkit for which j < k <  

	

We now consider how I. 	and I. 	can be derived. We first note 
la* 	lea* 

3 k 
that provided that the magnitude la*I of a* is sufficiently small, the 

sets Rt can be written as 

11, = {r.(s)  : 0 < r(s) < r!
*s)
} — 

where r!*s)  are such that 

(3.3.37) 

	

O*0—(s) 	(*s)—(s) S.(z l z' 21—"zp 	zp_k*.1.1, 	ri 	zp_k*+2,.. 

	

(*s)—(s) 	(*s) 	p1 
—4s) ...,s 	Ir. 	z 	,s r. 	(1 - E 	z. 	),z 	,z 	) = d*2 

P -1 	p-1 p 	p+1 p+2 	n 	i j=p-k*+1 3  

, 	= 1,3), 
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(3.3.38) 

D 	(*s)-4s) 	(*s) -4s) 	(*s) (s) 
S.(s 1 ,s2 ri 	z2 

,...,s 	jr. 	z 1 1 
Jr.i 	p-1 	p-1 

p-1 --( s irr!*s) (1 - E z.s) 	i ), zp+1,zp+2n) = d 2 
P 1 	j=1 3 

 

(i = 2,4), 

and 

(3.3.39) 

(*s)—(s) SD(z 	, 	I 	j(*s).(s) 	ir(*s)-(s) 
5 l z' 2 	p s  p+1r 	z 5 	p+1 s1  p+2 r  5 	p+21-1s  n-1 5 zn-11  

n-1 
s n 

 jr
5  
(*s) 	

_asl 

5 	
. (1 - E 	1)) = d*2' 	(I = 5). 

j=p+1 3  

The equations (3.3.37), (3.3.38) and (3.3.39) are of the form 

n* 	n* n* 
(3.3.40) r.!*s)  + E ht(r!"))at + E 	E h* (r!*s))ata* + b* = d*2  1 	 ' j=1 	1  	j=1 k=1 jk 

	3 k 

where h*(1'!*s)) and h* *s)) are functions of r!*s), the z,  and z 
--(s) 
m 1 	jk 	 1 

( and b* is a function of the zit and zm
s)  , and the at 	, aMCij or ijkLk2, 

:MFi kSt. 	 3 
Note that as b* does not depend on the at

' 
 we have 

a j  

• ab* 
kat 31 a*=0 

and 

laat 	3a! 	
= 0, 	(j,k = 1,2,...,n*). 

3 K a*=0 

a2b* 



By differentiating both sides of (3.3.40) with respect to at, 

we get 

Pr (*s) 	n* 	
ato (r *s)

) Pr (*s) 3 1  
(3.3.41) 	1 	+ 11/!(r *s)) + E 1  

Pat 	1 	(*s) 
j1=1 Pr.1 	Pat 31 

 3 

Ph, (r(*s)) (*s) n* 	n* n* 3 k 	ari  
+ 2 E h* Cr!*s))a* + E 	E 	1  

k=1  jk 	j =1 k=1 Pr!*s) 	
aat 

1 	1 

ab* 
Pat 	

0. 
 
3 

8r (*s)  
Hence 	

Pa* 	= -ht(d*
2 

 
1  a*=0 
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a' a* 
31 

By differentiating both sides of (3.3.41) with respect to at and 

subsequently setting a* to 0, we get 

(3.3.42) 

'Ph*(r(*s)) Pr!*s)  
a2r(*sr 

[ 

1  

Pataa* j k ,4*=0 	

a1v1 (r .(*s))  ar (*s) 
i 	i  

Pr *s) 	aat 	a*=9.  1 	
(*s) ark. i  1 

	 1  

Pat 
3 , 

-2h*  
a*=0 (dt

2
). ik 1 

From the integrability and continuity of the function X2(r(s)) and 

the differentiability of r!*s) with respect to the at, we have 
3 

r!l*s) 	 n  (*s) 

[ a  Da; 	1 (s).();k(r 	)d(r 	) 	0 

(s) 	(s) 	

1 	a*=0 a*= =  X

2

(ke

2

) 
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and 

r(*s)  
2 	i 2  

[Da@a* 	Xk(r
(s)  )d(r(s)  ) 

3 k r(s)=0  

	

*s) 	.(*s) 	2r  (*s) 

* 

	

= 	
k 	1 

X (d ) 	-1) k i 	2 
2 2 [ 	

1 tri *s) 

21[ 	De 	Da* 	J 	13a4a* I 2 

	

3 	k a*=0 	k a*=0 

where k = k*, p or n-p. 

Then by showing that conditions similar to those which justify 

the validity of 

g(z,a)dz] 	f paiElaLl dz , 
a=a 	a=a Da j 
0 	0 

where f g(z,a)dz exists, are satisfied, we get 
CO 

(3.3.43) 

I. 	= E le! 	zp+1,zp+2 	n'
z  

sp-k*+1 -1,+1 	sp-k*+2
=-1,+1 	s =-1,+1 

a*=0 

1 

f -:;-(s) 	=0  
p-k*+1 

J.1c7  2 

1 	1 
f 	(7(s) 	) _2 ((s) 	) 

T(s),...(s) Al pk*+1 
Al p-k*+2 

3T(s) 	=.7(s) 
p-k*+2 p-k*+1 	p-1 p-2 

2 --(s) x1(zp-1) 

r i!*s)1  p-1 
2 	

E 	(1)]-14(*(dr) a,* .1 x x1(1  - 
j  =p-k*+1 '1 	-j 	a*=0 1 



X dT(s) 	d7(s) 	. d;(s) 	, (i = 1 and 3), p-k*+1 p-k*+2 	p-1 

(3.3.44) 

I. 	= E la
3  
t 	zp+1,zp+2n 

s1=-1,+1 	s2=-1,+1 	s =-1,+1 

f 	f 
 A 

,--(s)  1,
'A2 

 (E(s) ...x2 (--(s)1
1 -  2P  —(s) 	—(s) —(s) z1 =0 z2 =z1 	z  z 	

l l 1 	 l 2 1 1  

p-1 

' p

p-2 

ar 

aat  

(*s) 
— 	2 X x2

1 
 (1 - p-1 E 	z . ) EX

2 
 (1) 

-1 
 XP 	

2 
(d* ) [ 	1 	I 

3 a*=0 j1=1 

3(s) 

1  

X cg(s) dE(s) 	cq(s) 	(i = 2 and 4), 
1 	2 	p-1 ] ' 

(3.3.45) 

I5at = E zi,z2,...,z 

sp+1=-1,+1 
	sp+2=-1,+1 	sn=-1,+1 

1 	, 1 
Jr 	

jr 	... 	)(2(.(s)),21-z-(5))...,2(7(s))  
1 p+1 Al' p+2 	Al n-1 2 	17(s)=0  Vs).„-,;(s) 	-z-(s)=-E(s) 

p+1 	p+2 p+1 	n-1 n-2 

(*s) - 2 	n 	—( 
X X1(1 - 	E

1 	
z.s)  )(X

2 
 (1)1

-1 
X
2 
-p5 	L (d*2) [ 	aa* 	j 5 	1 n 	a*=0 

j1=P+1 31  n-p 	
• ••• 

66 



	

xd
z  
-(s) c17(s) 	d7(s) 

	

p+1 p+2 	n-1 ] 
(i = 5), 
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(3.3.46) 

I.a*
3
a*
k 
 = E  z , n2 

	

p+1z  p+2 	
,z z

'...,z p-k*/s
p-k*+1

=-1,+1  s
p-k*+2-1'44 	

sp=-1ft1 

1 

• .1 

(s )  
p-k*+1=0 zp-k*+2=Zp-k*+1 	p-1 p-2 

—(s) 	2 —(s) 	2 —(s) 
X1
2 
 (z p-k*+1)X1(zp-k*+2

) ... X
1
(z
p-1

) 

x  X
2
(1 - 	P-1 	, 	

ai(*s) n -(*s) 

j 	-T) )IXI2c1,(1)]-1X2  (d*2012-1)!;y111 	-raja*  

k a*=0 1 	1 	
k* i 2 

3 

a 
2
r 
 (*s) 

l i +l
aapapc  Je.2] 

d7(s) 	c17(s) 	/ 	
, (i = 1 and 3), 

p-k*+1 p-k*+2 	p-1 

(3.3.47) 

la*a* 
= E
z z 3 k. 	p+I p+2 	n 

LE: 

	

s
1
=-1,+1 
	

s2=-1'+1 	s =-1,+1 

1 	1 
[L. 5 5 

... 
2P  

7(s)  =0 -E(s)  -7(s  ) 
1 	2 - 1  

f. 	2/-(s) 2 --(s) 
7(si,_7

(
s)  Xitz, )xl(z2  ) 	

X2(7(s)) 
1 p I 

p -1 -p -2 



Z-uz=i-uz  
(s).- (s).- 

(T-u 
T Z-Fd T i+d T z) X '" ( z) X( z) X 	

f 	
... 

(s)—z 	(s)— z (s)— z 	f 	f 	- 11 I 

I+d 	Z+d z= 	z (s).- 	(s).- 
4-01 0=1 	z 

(s)-- 

• Cs = T) 	' Z+dzr, T+d 
(s)—F 	(s).—c" (s)—zp x  

rO=4i
r  x

p  
r 4c ee imel 
I „-] 

	e  	 
s 	"se  ?` 

(s40-z` 	(s 	(s (so ae 

Tc  T+d=T[ u 	• 	T T  4 4T OP)d- 	
- 

tz 	
d 

zXT-I 	z)(]((si.E. 3 	-T)z)( x tau 
 

T+1T-= s 
	

T+1I-=Zs 	
T+1T-=

T+d 
 s 

a 
z,...,Zz,Tz   

a = *PitV I 

puP 

puv z = T) T-d . Z T 
(s).EP 	(s)ZP (s).53  x 

  

[(5=* 	'IveFfve]  

(s*)'xze  

61=4 	p 

7 7413 	
Tr c  I= u 
• T 	][.1 	(JP)c;XT_I(Ty)( .2 	- (s).- 2  'le 	'ae 

	ta
d (Sf) 	(SO 

89 



m_ +1 
kl 	rnk1+1  

2 
2 --T- r 	) 

2 
X 

(1) 
q k1

=1 
/27 	m+ E m 
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In deriving  I. and Iia*a*, we can make use of 
j k 

(3.3.49) 
ml 	m2 

1 	1 	1 	2 	. 	2 

f 	. f 	
f 	{-;10] [-c(s) 	[Tics) ]  

2 	q  
z-1s)=0 -z- s)=E1s) -i(s1="E(s2) 1  

2 —(s) 2 —(s) 	2 —(s) —(s) —(s) 	—(s) x x1 (z1 )X1 (z2 ) • • • X1 (zm )dz1 dz2 	• • • dzm-1 

2,=1 

where 

m = 2,3,..., 

q  = 1,2,...,m, 

mt  = 0,1,2,..., for k = 1,2,...,q, 

it  = 1,2,...,m for 2, = 1,2,...,q  and these it  are all distinct, 

and 
- —(s) m 

zm = 1 - E
1 
 7(s)  Z 	• k=1 

The derivation of Ile 
and Ilea* is shown in Appendix 2. From 

3 	3  k 
the expressions of Ila*  and Ila*a*  , it is found that Ii(00,a0) given by 

J 	3  k 
(3.3.36) is 

(3.3.50) 

I1 - (e ,a0  ) = 
(1-a) 2 2 	2 + a0x3[X1,a 

p-1 p-1 
E 

j=1 k=1 
(2a2 	-a 	a 	) pjk 	pjj  pkk 

n 	p-1 2 	2 - 	E 
(a1PP 	• 

 +2( E (2a.
3P 

 -a.
3 
 .a. PP )))

J
. 	(p > 2; k* = 1), 

13 1 i=p+1 j=1 1  
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(3.3.51) 

2 2 	2 	 2 ,a ) = (1-a) + a0xk*+2 k*,a 
, 	p-k* p-k* 

[X 	E 	E 	E (2a.. -a...a. ) ilk 133 ikk i=p-k*+1 j=1 k=1 

n 	p 	p 
- E [ 	2 E 	(2a..,-a...a 	) 
i=p+1 j=p-k*+1 k=p-k*+1 I3x 133 ikk 

p-k* 
+ 2 E 	2 .._-a 	a 	)]] 

j=1 k=p-Ek*-1-1 
(2a

I3x ijj ikk 

(p > 3; k* > 2). 

The derivation of Ii(20,a0) (i = 2,3,4,5) given by (3.3.36) is 

similar to that of I
1 
 (8
0 
 ,a
0  ) and it can be shown that 

• 	(3.3.52) 
n p p 

,a ) = (1-c)-a2x2  [X2  a] E 	E 	E (2a2. 	a -a... O  p+2 E), 

	

	 ikk) i=p+1 j=1 k=1 i3k 133  

(3.3.53) 
p-1 p-1 

,a0  ) 	 0 (1-a) + c2U
0,3,n-p 

(F
1 
 ) E 	E (2a2  3 -0 	 -a 	) 

j=1 k=1 	pjk pjj pkk 

n p-1 p-1 
a 	u  21 " 	OF ) E 	E 	E (2a2 . - a—a'kk) 0 n-p 0,3,n-P 1  i=p4.1 j=1 k=1 	

ijk 133 ikk  

2 n 
+ao E {[(1+F1

)(3F1
-1)u

2,3,n-p
(F
1
)-3(1+F

1)2U2,5,n-p(F1)  
i=p+1 

2 + 3(1+F
1
)U0,5,n-p

(F  1)]aipp 

+[4(1+F1
)F
1U2,1,n-p(

F
1
)-4(1+F

1  )(2+F1)U2,3,n-p(F1) 

p-1 2 
.. p 

+ 4(1+F
1)U0,3,n-p(F 

 1)] 
j=
E 
 1 aij 
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+(2F
1
(1+F

1
)U
2,1,n-p

(F
1
)+2(1+F1)U0,3,n-p(F1)  

p-1 
)] E a...a. -2F1(1+F1

)U2,3,n-p 1j=1 133 ipp 

(p > 2; k* = 1) , 

(3.3.54) 

	

p 	p-k* p-k* 2 
I (e ,a )=(1-a)+aU0,k*+2,n-p(F  ) 	E 	E 	E (2a.. -a...a. ) 
3 -0-  0 	 ik 133 Ikk 

2  i=p-k*+1 j=1 k=1 	 - 

n p-k* p-k* 
2 k* 	 2 

	

-a0 71=i U0,k*+2,n-p(F2) 	E 	E 	E 	 .. -a...a.ic  ) k Inlk i=p+1 j=1 k=1 (2a13  

 n 
+0
0 . 

E H+F2)(3F2-1)U2,k*+2,n-p(F2)-3(1+F2)2U2,k*+4,n-p
(F2) 

l=p+1 

2 
+3(1+F

2
)U
0,k*+4,n-p

(F2))  . E 	a... 
3=p-k* 

+12(1+F ) 	-1)U
2,k*+2,n-p

(F2)-2(1+F2 	2,k*+4,n-p(F2) 

+2(1+F
2
)U
0,k*+4,n-p

(F2)]  . 	>2 	
2 a.41, 

J fk=p-k*+1,p-k*+2,...3,4." 
and Vk 

+[(1+F
2
)2U

2,k*+2,n-p
(F
2
)-(1+F

2
)2U

2,k*+4,n-p
(F
2
)  

+(l+F
2
)U
0,k*+4,n-p(F2)]  . 	

a...a
33 kk 3,k=p-k*+1,p-k* 	1 i +2,...,p 

and j1( 

+[4(1+F2)F2U2,k*,n-p(F2)-4(1+F2)(2+F22,k*+2,n-p(F2) 

P-k* p 
+4(1+F

2
)U
0,k*+2,n-p(F2)] E 	E 	2 

j=1 k=p-k*+1
aijk 



F
1 
 = 	 

n-p 

Fa (1,n-p) 
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4.(2F2(1-1-F2)U2,k*,n_p(F2)+2(1+F2)U0,k*+2,n_p(F2) 

p-k* 	p 

	

-2F2(1+F2)U2,k*+2,n-p
(F2)].

E 	E 	a...a. 
j=1 k=p-k*+1 ijj  

, (p>3; k*>2), 

(3.3.55) 

I (0 ,a )=(1-a)+a2 
o 	E [(1+F3)(3F3-1)U 	(F )-3(1+F3  ) 2U  

2,p+2,n-p 3 
i=p+1 

P 
4.3(1+F3)U0,p4.4,n-p(F3)] j=E  1 aijj 

+[2(1+F3)(F3-1)U2,p+2,n-p (F3 
 )-2(1+F3)2U2,p+4,n_p(F3) 

+2(1+F )U 	(F )] o,
13-1-4,n-p 3 j,k=1,2,...,p 2 

aijk  

and 

+[(1+F
3
)2U2,p+2,n-p(F3)-(1+F3)2U2,p+4,n-p(F3) 

(F1)] 	aijjaikk .1. (1+F3)Uo,p+4,n-10 

and 

and 

(3.3.56) 
n p p 2 2 2 I (0 ,a )=(1-a)+a0Xn-p+2[Xn-p,cc] 	E 	E 	E [2a.. -a. a.  ] , 5 -0 0 	 ilk ijj 

i=p+1 j=1 k=1 

where 



F2  = 	 
n-p 

k*Fa(k*,n-p) 

F3  = 	 
n-p 

pFa(p,n-p) 
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k
3 
z 

k
1 2 

(z. 	
2
(v 
j*:1 ij*

)1, 
k1,k2,k 

U 	= E 	Iz 
11  1 	

k
2 

(k1  = 0,1,2,...; k2,k3  = 1,2,...,; j = 1,2,...,k3), 

k
2
-2 

2 	k2 	
 +k

3
-2 

. 	r( 2 

k k 
2(1+v) 	2 	r (-) r 22 (23)  

(3.3.57) U0,k2,k3
(v) k2+k3-2 

 

•
k
2
-2  

 

2.. 3 . rc 
k 	

) 2' 

 

(3.3.58) U2,k2,k3(v) 

    

k3(l+v) 

k • 2.k  3 . k 	k 
2 r (72) r 

and v is a constant. 

We further find, after some reduction, that 

(3.3.59) 
p-1 p-1 

13(20,a0) = (1-a] 440,3,n-p (F 1 j=1 k=1 
) 	E 	(2a2  -a .a ) 

pjk pjj pkk 

	

1 	n p-1 p-1 	2  
E 	E 	E 	(2a.

jk 
 -a...a. 	) 

	

n- 	i P  i=p+1 j=1 k=1 

n 	p-1 
_ n-p+1 E [a2 +2( E 2a.. -a. .a. 	)] 	, n-p i=p+1  ipp J.1  17P 133 1PP 

(P > 2; k*=1) 
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(3.3.60) 
* p-k* 

I (0 ,a ) = (1-a)+aU
0,k*+2,n-p

(F2) 	Pik 	E (tai  -a. .a. ) 3 -0 0 	 jk ijj ikk i=p-k*+1 j=1 k=1 

n p-k* p-k* 
E E E (2a. -a. a. ) 

i=p+1 j=1 k=1 	
ilk ijj ikk n-p 

- 	
E  E 	(2a.. -a 	

kk
a 	) 

i i np i=p+1 j=p-k*+1 k=p-k*+1 ijk jj  

p-k* p 
+ 2 EE 	(2a. .,-a 	aikk )11 

j=1 k=p-k*-1-1 13'  

, (p > 3; k* > 2), 

and 

(3.3.61) 

4 (00' a0  )=(1-a) - 
n p p 2 n 

a2U 	(F ) 	E 	E 	E (2a.. -a...a 	). 
Ijk 133ikk n-p 0 0,p+2,n-p 3 

i=p+1 j=1 k=1 

Note that the approximations of 12(20,a0), I4(00,a0) and I5(00,a0) given 

by (3.3.52), (3.3.61) and (3.3.56) respectively agree with the correspond-

ing approximations derived in Beale (1960). 

k* 
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Section 3.4 	Power functions of the general m.l. ratio tests 

This section is concerned with the derivation of approximations 

of the power functions 0.(eAA) (c.f. section 3.2). Note that aA = a0  

if i = 1 and 2, and aA a0 if i = 5. 

The acceptance regions 

1 
= {z : e(z) < dt2} ,  - 	— (i = 1,2,...,5) 

defined in section 3.2 can also be written as 

wi  = (z : S. (z) < e2), - 	— (i = 1,2,...,5), 

where 

DA(z) = [S0 

	

	 2 0 Si - 	Op-k*+1' Op-k*+21— ,eOp) - s(2)]/aA ' 

SDA  (z) = [S(50  ) - 5(5)liaA  2  2 -    

k*Fa(k*,n-p) 
. 	ti

"4. 	n-p 
SD (z) = [S14(0 

.. S3 	Op-k*+1 e0p-k*+2'."Opi  	)S(6)]/a2 

k*F (k*,n-p) 

	

a 	2 2 E z.a , n-p 	j=p+1 3 A  

pFa(p,n-p) 	PFa(Pin-P) n2 2 2 S4 DA (z) = [S(00 	n- 
)-(1+ 	 S(0))/eA 	n- 

	 E z./a , 

	

p 	p - 	- 	3  j=p+1 A  

SDA( 2  z) = souaA  , 5 - 	-  
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and 

2 -. 
Xk*,a 

2 
X
1),(1  

  

di = (di)2 = k*F.a  (k*,n-p) 	n -
2 2 	 E zda 

n-p 	j=p+1 3 A  
• (i = 3) 

pFa(p,n-P) n  2 2 
E z./an  

j=p+1 3  - 
n-p • (i = 4) 

2 
c0 2 . 
2 xn-p,a 

- 
a
A 

• (i = 5). 

The corresponding approximations of Si
DA 
 (z) (i = 1,2,...,5) can be 

expressed respectively in terms of the right hand side of (3.3.12)-(3.3.16) 

4-+  with ao, atjk, atjkz, amcijkzand amFijkz  changed to aA, aijk, a ijkz, 

aMCAijkt and amFAijkz  respectively. 

Let nA  be the (nxl) vector whose uth component is n(E11,020. Given 

that 0 = AA  and a = ak, zjiaA 	= 1,2,...,n) are independently 

.th 	1 distributed as N( 	1), where z
Aj is the j component of ---E(n -n ). zAj, 	

a
A 

	-A -0 

As far as obtaining approximations of the $1.(0A,aA) is concerned, we can 

set aA appearing in the expressions of the S. (z) to be one while leaving i - 

the cA  appearing in the expressions of the dig, aijk, aijkt, 

A
MFAijkt unchanged, and treat the zj  as being distributed as N(zAj 

Each of the 2:!s)  is then distributed as non-central x2 with one degree of 

freedom and parameter X = z2
Aj  . Conditional on zj 

 being negative, i.e. 
 

s
i 
 = -1 (or non-negative, i.e. s

i 
 = +1), the probability density function 

(p.d.f.) of z(s) is 
j 

aMCAijkt and 
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CO 

exp(- .L(s.7-z )2] 	ex-r- 1-rs.1:77  - 	12  
1 	2. 3 3 	Aj 	

2‘ 3 j 	zAii 	dz
7
s)  

2  /TT- J—T z(s) . 
3 	z_!sLO 

The power functions 01.(0A,aA) can now be written as 

(3.4.1) 

8i(2AraA)  = 1  - E  

s 
p-k*+1 -1,4-1  

s
p-k*+2

=-1,+1 	s =-1,+1 

s)  
[J
r 
	f 	 n 	

1  . exp[- 	z )21 
2 	3 	Aj  

z(s) j=p-k*+1 2 
z(s.) 	z(s)  
p-k*+1 p-k*+2 	 .7r 

(s) 	z(s) 	(s) 
p_k*+2,...,zp  )eZi  

dz(s) 	dz(s) 	dz
(s) 

 
p-k*+1 p-k*+2 

(i = 1 and 3), 

(3.4.2) 

Bi(2AraA)  = 1  - E  

s1=-1,+1 	s2=-11+1 	s =-1,+1 
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-- 	,_ 1.(s 	z (s),_ 	)2 
[ I 	} 	... f [ ID [ 1- exP 	;17 zAJ  ]  11  
.(s) 	z(s) 	z(s) j=1 2/TF 1:Fr 1 	. 2 	- P 	J 

	

(z(s) z(s) 	z
(s)

)ez
+ 

1 ' 2 '.. " 	i 

dz1(s)dz2
(s) 

• ..dz 
(s)] 	, 

(i = 2 and 4), 

and 

(3.4.3) 

0 (0a ) = 1 - E 5 -A' A 	z1,z2 

1 [ 
n 

Sp+1=_1,+1 	sp+2=-1,+1 

[ Jr [ 
(s) z  (s) z  z(s) j=p+1 2/ 
p+1 p+2 n z.  

(z +1 
(s) 
p' 

(s)
—  z p+2''xn 

,+ 
"5 

sn=-1,+1 

1 (sj z
1--(7 	2 

exP (- -2- i 	zAi)  

TET 

	

dz(s)  dz(s) 	dz(s)  

	

p+1 p+2 	n 

where Z. are given by the right hand side -of (3.3.20)-(3.3.22) with S. 

andd*changedtoS.DA  and d. respectively. 

After applying the transformations given by (3.3.24)-(3.3.29), the 
• 

power functions a. (AA  ,aA  ) can be written as 
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(3.4.4) 

Bi(9-A'aA)  = 1  - E  zp+1,zp+2,...,zn,zi,z2,...,zp_k*  

s 
p-k*+1 -1'+1  sp-k*+2=-11+1 

• • • 

(s) jr-IL:=7(s) 	

f1

p-k*+2 p-k*+1 	p -1 p -2 

- 	• 
X2  (z —(s) 	2 —(s) 	2 —(s) 2 	 —(s) 

	

p_k*+1) (zpk*+2) ... x1  (zp_i) Xi 	- 	
p E1 	

z. ) 
j=p-k*+1 3  

k* 
-1 

x [f e1/2e-r (s)/2 Ir  (s) 

R. 

-z2 /2 s r(s) z(s) Ak 	ki 	k z Ak]dr(s)]e  2 [ 	
1 

k=p-k*+1 

x cs(s) 	dE(s) 	
cf-(s) 	/ p-k*+1 p-k*+2 zp-1 

(i = 1 and 3), 

(3.4.5) 

131.(.9-A'aA)  = 1  - E 
 
Zra,Zr+2,...,Zn  

E E E 
s1  =-1,+1 
	s2=-1,+1 	s =-1,+1 

• • • 

1 
. f 	2 —(s) 2 —(s) 	2 —(s) 2 	13-1  —(s) 

4).-E(s) Xl(zi )X1(z2  ) —X1(zP-1)X1(1-  .E zj ) _(s)-_(s) 	 P 
zp-1 p-2 
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X  [J r e1/2e  -r(s)/2cr(s4 -1  ( ID/ 	
-zik/2eskir(s);)!s)  z__ 

AK  ) dr 1  
k=1 2 

R. 

x cs(s) di-(s) 	dT(s) 

	

1 	2 	p-1 

, (i = 2 and 4), 

(3.4.6) 

	

8 (8 a ) 	1 - E 5 -A' A 	Z1,z2p 

sp+1 =-1,+1 	sp+2=-1,+1 	sn=-1,+1 

[. jr1 " 

	

;(s)=0 T(s)=Z(s) 	z --(s) = (s) zn p+1 	p+2 p+1 	n-1 n-2  

2 (s)) X2 —(s) 	2 (s) 2 	n-1 	(s) X1(zp+1) X1(zp+2) ... X1(zn-1)X1(1 - 	E 	) 
j=p+1 3  

e1/2e-r
= 	• 2 

k (s)/2
(r
(s)

]12
2
2. 1 	n 	-zA  /2 sk  fr(s)-z-(ks)z 1 	Ak dr(s) Jr  

R
+ 	k=p+1 2  
5  

x  

	

d; (s) 	d7,.:(s) 	. 

	

p+1 	p+2 — 
d.;(s) 
n-1 

/ 

where R. are given by the right hand side of (3.3.33)-(3.3.35) with S. 

DA anddtchangedtoS.and d. respectively. 
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We can obtain a truncated series expansion of the power function 

8
1 
.(0A A ,a ) as follows: 

-  

E* 
	n* n* 

+ 1 	+ + 
(3.4.7) 	0;(8A,aA) = a + E 	0. 	a. + — E 	E 	a. 4. 4. a.a. 

k  j=1 laj 3  2  j=1 k=1 Ja
i 
 ac  3 K 

+ 	+ . 
where 

{al 
 , a2 '

... a } is the set containing all the a. n* 	 njk' 

aA = [0.0 la )] -A A 
a=0 

 

aai(2/1.,°A)  1 
a. 	= 

	

la. 	I 4. 

	

3 	aa. 	la ...-9, 

0. 1ajak 	aat a _+ 

	

3 -uk 	a =0 

. and a+  is a column vector whose components are the at.k 
 , and the 

n3 

for which j < k < X. 
aMGAhjkk °r aMFAhjkk 

We now consider how 0iat  and a. , + can be derived. We first note Iajak  

that provided that the magnitude la-11 of a+  is sufficier.tly small, the 

sets11.+ can be written as 1 

f (s) 	(s) 	(+s) R.=4 ir 	= 0 < r 	< r
1. 	1 14. 	—  

* 	• 
where r!+s)  are given by (3.3.37)-(3.3.39) with e. r!")  and d.1  changed 1 	 1 3.  

+s) 

	

to SDA, r.
( 	

and (14.-1 
 respectively. We next note that the equations 

1 	1  

defining the 
+s) are of the form 
1 

a
2
a.1(e .a 



i+ 	-‘ 

= -h.(d.
+ 
 ) 

3 1  
+ 2 

ar (+s) 

pa 	4 =9 
) 

(+s) 	
n* 

(3.4.8)r.+ 1; 1 j=1. ''' 

n* 	n* 
+ 	E 	E 	1144.1.(r4(4's))a+ 	+ 13+  

j=1 k=1 	
jak 
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= d+2  
i 	' 

+ (+s) (4s) 	--(s) 
1  

where h.(r. 	) and h
+
jk 

 (r!
+s)

) are functions of ri 	, the zz  and zm , 
3 	1 	. 

--( 	+ 
and b+ is a function of the zit and zms)  , and the aijkz, aMCAijkZ or  

4.MFAijkt" 

As for r1 !
*s) in section 3.3, we have 

(3.4.9) 

and 

[3

2

:

1+s) 

(3.4.10) + + Da.aak  

rahl(r1")) (+s) 

a
+
=9. 

- 	(+s) 3a
+ 
	a+=0 

311+(r(+0) 	
+s) 

k i  - 2h+  {d+2) 
ar (+s). 3a

+. - 	
a.+=0 jk i 

Using the arguncnts similar to those in deriving Iia*  and Iic.ica*, 
j k 

we obtain 

(3.4.11) 

Sial ,z z zp+2 	n 1,  2"'"z  p-k* 

sp-k*+1 	sp-k*+2=-1,+1 	s
p
=-1,+1 
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1 	 1 

[ 	 f 	
... 

;.(s) 	--(s) 	--(s) 	-1(s)=.7(s) 
p-k*+1

=0 z
p-k*+2=zp-k*+1 	p-1 p-2 

	

P-1  2 —(s) 	2 --(s) 	 is` ) .. • 
2 
(
—(s ) 2 

(1 - 	E 	z! 1) X1 (zp-k*+1) X1  (z 	*+2) 
	X1 zp-1) X1 

j=p-k*+1 3  

* 	 17;) 	(+s) 
.,,, 1/2 -d

12
/2 

+2 2 -1 [ 	p 	1 -z2 /2 .• d z 	z n 	T  e  A k e-k i k Ak ] [  ari 	1 ." e 	e 	RI. ] 

	

1 	 + 	+ k=p-k*+1 	 8a.
3 	

a =0 

X dz —(s) 	--(s) 
p-k*+1 dzp-k*+2 	d'i (Dfl 

I 	, 	(i = 1 and a), 

(3.4.12) 

5.= - E 
la. z ,z 3 	p+1 p+2 	n 

• • • 

E 
s 1

= s -1,+.1. s2=-1'+1 

 

Ts)=73(s) 	;-(s)=-;(s) 
p-1 p-2 

2 —1,$) 2 —(s) 	2,-_-(s), 2 	p-1 
 -E(s) 

	

Xl(zi )xl(z2 	X1 ‘4p-11)(1".  - 
E 	. ) 

j=1 3  

+2 -d. /2 	.- -1
( 
 p. 	 -z2  /2 s 	n  (+s) 1/2 	l 	„+2,2 	[ 	1 	Ak 	k i k 	°ri x e 	e 	n — e 2 

	

k=1 	 + ] a+=0 3a. 

x  di-(s) ciT(s) 	d7(s) 	/ 
1 	2 	"' 	p-1 jl (i = 2 and 4), 



1 . 	sp+ =-1,+1 
• " E 

sp+2=-1,+1 	sn=-1,+1 

r 	1 

[ 1 
7(s), 	7(s).__7(s) 

p+1 	p+2 p+1 
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(3.4.13) 

5a; 	Ezl.z2 ,...,zp  

n-1 2 (s) 2 —(s) 	2 (s) 2 	—(s) X (z 	)X (z 	) ... 1 'X2  (z 1 )X(1 - 	E 	z. ) 1 p+1 1' p+2 j=p+1 

-d5 /2 	 1 r n 	-z 	s  /2 dr 	r 5 Aklz 	a (+s) [ x e1/2  e 	(d+2] 2 	I 11 	1 	5 e  Ak e k 5 k 	
+ 

k=p+l 	 3a. J a+ 
- 

	

x dzp+(s)  dz (s) 	d7(2) 	/ 

	

1 p+2 	n-1 

(3.4.14) 

f31.a+ak+  = - E z 	, p+1 z  p+21z  n'
zz 

 2' • szp-k* 

s 	+1 p-k*+1=--' 
• •• 	E 

sp-k*+2=-1,+1 	s =-1,+1 



J 1  
cs) 	-E(s) 	.:z-(s) 
p-k*+1 	p-k*+2 p-k*+1 

 

1 
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••• 

 

2 —(s) 	2 —(s) 2 —(s) 2 	
p-1 — 

X1 (zp-k*+1 ))(1 (zp-k*+2) ...x1(zp-1 1
(3. 	 z.(s)  ) 

j=p-k*+1 

	

+2 	k*  -1 -z2 /2 s 	z (s) z 

x e 1/2 

	

-d. /2[d  +2] 	 e 2 { 9  1 Ak k k Ake.  e  
k=p-k*+1 

(+0 (+s) 
r k* 	1 	1 	1 	

• 	2r. 

41.(-2 -1)  +2 	4' 	
s 7(s).. 	r  i  

	

"R. `Atli + 	
1  
+ I + 

	

d. 	2d+  k=o-k*+1 	 aka . 	2. 	a =0 
i 	 a3, 

a  2r  (+s) 

+ + + = i  aa.aa 	a 0 

	

k 	- 

 

} 

 

X dz (s) 	—(s) 	 (s) 
p-k*+1 dz 	 dz p-k*+2 	p-1 

(i = 1 and 3), 

  

(3.4.15) 

5. 	+ = - E 3.a.a 	z 	,z k 	p+1 p+2' 	n 

1  E 
	E 

	

s1.-10-1 	s2=-1,+1 
••• 	E 

s 

1 	1 	 1 

[ I 	I 	Jr 	2 —(s)  
x1(z1 )x1(2 )...x1 (zp-1)x1(1- E zj ) 

-E(s).;E(s) 	.E(s)=-E(s) 	
j=1 

1 	2 	1 	p-1 p-2 
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2 	 s) -d. /2 	P-1 p 	-z  /2 s d. 	z 1/2 	+2 2 { ..
k=1 1 
	Ak 	k 	k x e 	e 	(d. ] 	e 1 	2 

	

(+s) 	(+s) 
1 	1 x{H. -1) +2 	

1 (s) j{  i 8r 
zz  zAz 	

ar. 

8a 	

(+s) 

 ja=c) d 	
+ 
 2d j. L=1 1 	 k 

a2r (+s) 
r  
L aa+aa+ 	a+=01 

j k 

dE(s)dz() 	--(s)  I / 2 	dz p-1 

and 

(3.4.16) 

+ + = - E 5a.a 	z z 	z k 	2' 	p 

, 	= 2 and 4) 

• • • 

sp+1 =-1,-1-3 	sp+2 -1,+1 	sn= -1, 

[ 	fi 	 (s) 
Jr

i 2 (s) 

-i (s)=0 7(s)=7(s)  p+1 	p+2 p+1 	n-1 n-2 

X2 (z 	)x-(7. 	) 	2 -(s)2 	n  ...x (z 	)x (1_ Z-1  (s) ) 

	

- 	- 	
1 n-1 1 j=p+1 3  

+2 	 /7CIT 
1/2 -d5 /2 	1 1:2- 	[ n 	2 /2 s  +2 2 	 Ak 	kd+  z z k Ak 

X e 	e 	[d  I 	
1 	1 e 

-z 
2 - k=p+1 

Dr+s) 	(+s) 3r
5+ 	4-

=2 

x [fdl:E 	1) 1 	1 	1 	s) ] 	 E szjzt  zra [ 5+ 	 P 2 d5
+2 - 	2d5 L=p+1 	 aa.a k  

a 2r (+s) 

5  +[ + + + 3a.3a 	a =0-  j k - 
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cg(s)  ez(s) cg(s)  1 . p+1 p+2 	n-1 

In deriving B. 	and R. + +, we can make use of aa. 3 	3 K 

(3.4.17) 

(3.4.1P) 

(3.1.19) 

(3.4.20) 

E (z.) = zAi, z. J 

	

2 	
z2Aj, EZ. J (z.) = 1 +  

3 

Ez. j 
(z) = ZAJ. (3 + A3 

4 E (z.) = 3 + 6z2 . + z4 

	

z. 3 	A3 Aj,  

1 	1 	 1 

(3.4.21) 	E 	 .• . 	E 	 .., 
__(sco  -E(s).7(s) 	7(s) _.:E(s) s1 	2 =-1,+1 s=-1,+1 	s =-1

' 
 +1 z1 k 	2 1 	k-1 k-2 

2 —(s) 2 —(s) 	2 —(s) X1  (z1 )x1(z2 ) 	x
1
(z
k 

) 

2/2 	+F() 
Aji 1 

-d+2/2 	— -1 k 1  -zA  . 	z 3 .1 
s 

x e1/2 e 	(d+2] 2 	[ 	a 	e
sd z 

j=1 

ma/2 	 nc x f 11 	{_(s)] 	1 	n  r s.  17(s 3C)-1 
la=1 L la 	J L c=1 L  Jc,1 

(s) --(s) --(s) 
1 

x dz 	dz
2k-1 
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b 	d 
-Em-En co 	.. 	0* 	 a 	c 

(el  a=1 c--1 = 	E 	E 	... 	E [ n (z  . )1-(so c  ] 
i=o c=1 i*=o i*=0 	

A)
c 

1 	2 	k 
r 

e

k 2 	
2 x  [ n1 

 2X2+2i*(4Ae)  
= 

X 

	

k+ E 	m + 
[),( 2 	b 	, 	+1_6 

	
)+2 a 	‘nc 	On
c a=1 	c=1 

i* 
e 

(d
+2
) 

j 
1(H 

b 
pa] 

a=1 
H 

c=1  
q
c 

where 

- 

	

—(s) 	— z
k 	

= 1 - k E1 z. (s) 

j=1 3  

k = 2,3,..., 

b,d = 1,2,...,k, 

il,i2,...,ib, ji,j2,...,jd  are distinct elements cf {1,2,...,k}, 

ma = 0 or even positive integer, 

nc = 0 or odd positive integer, 

1 if ma = 0 

ma
/2 

Jr 	(2f-1+2i, ) if ma = 2,4,6,..., 

	

f=1 	a  

i

1 if nc  = 0 and 1 

(Alc+1)/2 

	

n 	(2g-1+21.* ) if nc = 3,5,7,...; 

	

g=2 	3c 

(3.4.22) 

co 	co 	k 
E E 	E H 2x

2 
. (z ) x 
	,2 

	

i^=0 i*0 	i*=0 e=1 	
2+21* Ae 	k'+2 k ** k"  ) = Xs 	k 2 (d

+2), 

	

iii i2 0 	le e=1 	
x , 	z 

eE1 Ae = 

pa 
 

and 

q 

where k = 1,2,... LInd k' > k; 
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(3.4.23) 

£ 
E 	E 	E I fl 	(i* -1)...(i* -r. )] 	n 244.2i*(z2 	k 3*(a+2) 

i* s 3s e=1 	e Ae x E 1 2=0 	i*=0 s=1 3s 3s ' e=1 

z2 	r. +

f

1 . 
A3s  3s 

,2 (d
+2
) 

2 
	

+1), E  zA  (r 

	

'+2 
X 	k 2 s=1 	k'+2 E  (r. 	 e  

s=1 3s e=1 

where 

k = 2,3,..., 

k' > k, 

ji,j2....,j are distinct elements of {1,2,...,0 

and r. = 0,1,2,... 
35  

	

(3.4.24) 	. 	0 k 

f Ir (s) 	2 
(s)-0  1r 

	
j  xlc

, 	(s) 
X (r 	N2 x (rr(s))dr

(s)  

r 1,  1 	2' 2 

. E 
i2=0  
E 22 

i1=0 

. co --+1 2 
k 	 k2+2i2-2 0 

X2+2i1  (X1)x2+2i2 
(X2) 	k0  +k1  +k,+2i-1  +2i2 

 -2 
, 	2 	v  

(l+v) 
	2 

k0+k1
+k2+2i1+2i2-2 

	

r 	2 x 

r(
k1
+2i1) r(k2+2i21 • 2 	2 
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where 	k
0 
 is an integer, 

kk2 = 1,2,..., 

X
1
dt2 

are the parameters of the non-central x2  distributions, 

and 	v is a constant. 

The evalnatAcn of the approximations of $1.(91,ak) using a computer 

will be considered in Chapter 4. 

Section 3.5 	Region estimation in unconstrained nonlinear models  

Consider the problem of finding region estimates for 

(1) Op_k*.1.1,6p_k*.+2,...16p, vhel'e 1 < k* < p, when a is known to be 

equal to a0, 

(2) 6 when a is known to be equal to a0, 0 

(3) 
6p-k*+1'ep-k*+2"."0p' 

where 1 < k* < p, when a is unknown, 

(4) 0 when a is unknown, 

and 

(5) a
2 when 0 is unknown. 

For each i = 1,2,3,4, let Ri(z) be the totality of values 

e
O 	We 	

6 	(where 1 < k* < p if i = 1,3 and k* = p if 
p-k*Op-k*-1-2".  " Op 

i =2,4)forwhichil.is accepted when the general m.l. ratio test is 

carried out for the observed z, 

i.e. 

R1  (z) = 
14 in 

w+2,—,up"
0,  p—k*-1-1,0p_k*+2,-..,ep

)—s(e)  
p-k  

2 2 
< a X 	c1fi 0 k*, 

2 2 , 
R2(z) = f8: SW) — s(4) 	croxp,at 
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R (z) 3.0 	8 M 
e_4(*.1.2t---tv :S (0 p-k*+l'ep-k*+2"—'e  ) 	S(g)  

k* — S(g 
-- n- 	)F 

a
(k*,n-p)}, p  

and 

R4 (z) 	s(9) - s(;) < —2— s(e)F (p,n-p)}. 

	

— n-p 	a 

2 We next denote R5  (z) to be the totality of values as 
for which E5 is 

accepted when the general m.l. ratic test is carried out for the observed 

i.e. 

R (z) = 	2 : s(0) < a2x2 	1. 5 
r 

	 — n-p,a 

Then Ri(z) can be regarded as a region estimate fon the parameters in (i). 

If the true value of a is al,, then the region estimate R.(7.) will cover 

the true values of the corresponding parameters with probability Ii(2vaT). 

This probability is an important quantity associated with the region 

estimate R.(z). Usually we do nct know this probability as we do not 

know 2T  and aT. In the case when aT  is known. to be equal to ao, we could 

use ii(g,a0) to estimate this probability. Information concerning the 

reliability of this estimate could be derived from ii(ef,a0) where Of  

are feasible 0 in the neighbourhood of g. The estimation of the probability 

I.(0T'  a0  ) will be investigated in Chapter 5. 1   
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Section 3.6 	Inference of functions of the parameter vector based  

on general maximum likelihood ratios  

In previous sections, we have consideted the problem of making 

inference about subsets of components of the parameter vector 2 in an 

unconstrained nonlinear model. In practice we may also be interested 

in making inference about nonlinear functions of this parameter vector 0. 

For example, we may be interested in hypothesis testing and interval 

estimation concerning n(E*,0) where E* EU  for all u = 1,2,...,n. In 

general we can denote these functions of 0 by a 	(6),a 	(0),..., 
p-k*+1 	p-k*+2 

m (e), where 1 < k* < p. We shall restrict our attention to the a.(0) 
P •  

which have the following properties: 

(a) a.(0) are differentiable up to the third order, 

(b) if k* = p, then a = a(0) = Ial(9),a2(8),...,ap(0)1T  is a one 

to one function of 0, and if k* < p, then there exist 

differentiable functions a.(8), where 1 < i < p-k*, such that 

the resulting a is a one to one function of 0. 

We now consider the problem of testing the hypothesis 

a) 
H.
( 
	that (q.a) S St/i(:4) 

i 1 

against the alternative 

IC!
a) 

that (a,c) e
K
(a) , (i = 1,2,3,4), 

where Qoa) and fzida) are respectively the same ac nH.  and 0K.  (cf. 
.1 	i 	 i 	i 

section 3.2) if we change 0 to a and 20  to (20. If we can find the  

expressions 0i(a) for the Oi  in terms of a, then the model is one in which 



93 

the theoretical means of yu  are 1(tu,2(a)), where 

6(a) = [01  (a),62 	p (a)]T, and the problem of testing the 

hypotheseseg) issimilartothatoftestingthehypothesesH,In 

practice, it is not necessary to find the expressions 6.(a) for the 

hypotheses Hia). 	note that the appropriate 

quantities which need to be computed are 8(a0), 	S(2(a0)), so.), 
and Sa(acp_k*+1, aop_xt+2,...,a0p) which is the minimum value of S(6(a))  

with respect to a where a are such that (a,ao) e n (a  ) . This could be 
H1  

achieved by using some technique of constrained and unconstrained 

minimization. The remaining quantities which need to be computed are 

the significance probabilities and the power of the general m.l.ratio tests. 

To derive approximations of these probabilities, it suffices to express 

1-1( u 
 ,e(a)) as cubic functions of the a* 	3 = a. - aOj 

 similar to (3.3.1), 
 

as then the problem of deriving these approximations under the parameteri-_ 

zetion a is similar to that under the parameterization 6. 

As ai(V, where p-k*+1 < i <p, are differentiable up to the third 

order, we can obtain cubic approximations of the corresponding at as 

follows: 

PP 
(3.6.1) 	a. = E b, t, + tTB.t + E (eB .t]t. + o(t3), 

1 	j=1 13 3 	- -1- 	j=1 	 i3- 3  

(i = 

where13.={1a.}andBij 	
b = ijk  { 	d are symmetric (pxp) matrices. 

As there exist differentiable functions ai(g), where 1 < i < p-k*, 

such that the resulting a is a one to one function of 0, we can find the 

numbers bij, where 1 < i < p-k* and 1 < j < p, such that the (pxp) 

matrix B = {b..13
} is non-iiingular. After finding these numbers, we 

define 



(3.6.2) 
p 

a* = E b..t. 
13 3 

, (i = 

94 

Let H
B 
 = ,hE k  ) be a (pxp) 

orthogonal matrix such that HB  B is an j  
•  

upper triangular (pKp) matrix E = {e}. Next, let yi be the i 
th 

13 

component of 

(3.6.3) 
	

I = 

Further, let bjk  and bjkt 	
.th be the (pxl) column vectors whose 	components 

 

are b
ijk 

and 
b.Ijkt 

 respectively if p-k*4-1<i<p, and zeros if 1<i<p-k*. 

Then from (3.6.1)-(3.6.3), we have 

, 
(3.6.4) 	y. = E 	e t. + tT 	+ E ftT  E..t]t. + ott3  ), 

J=i 	j=1 
1 	3 	- -1- 	- -13-  3 

(i = 1,2,...,p), 

where 

E. . 	{e 
- 	ijk

,
)  

Eij = {eijkt 

These eijk  and eijkL  are respectively the i
th 

components of HE  bik  and 

t3 12jkt.  

Let T = Et. Thee we have 

(3.6.5) 
	

t = E 
-1
T, 

, 
where E

-1 
 = {e

ij 
 / is the inverse of E. From (3.6.4), we have 

T 	
T 	P  i (3.6.6) 	y. = Ti 	T 1R.r 	
1 

E fr R..71( E e-k  T
k] 

+ 0(T3) (i = 1,2,...,p), 
- -- j=1 3 k=j 
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where 

(E-1)TE.(E-1) {r.1 
}
, 

j 
(3.6.7) 	R. = 

1   k 

(3.6.8) 	R. = (E
-1
)
T
E. (E

1
) = { 	), -1j 	- 	-Ij 	rijkk 

and 
P 3 	( 	

j

2.3/2 
T = L T) 

j=1  

From (3.6.6) we have 

E  (3.6.9) 	 [1T( E ejkR 	- 2 E r. 	+ o(Y
3
) 

k=1 	j=1 i 	 ij 	1jk- j 	k 

, (i = 1,2,...,p), 

where y
3 
= ( E Y 2 )

3/2 
 

j=1 

Finally, by using (3.3.1), (3.6.5), (3.6.9) and (3.6.3), we can 

express the n(E11,6(0) as cubic functions of the ni*. In what follows, 

we present these functions truncated after the quadratic terms: 

P 	P 1j2 	• * 

	

(3.6.10) n (Eu  ,e (a)) = 	u ,8(a0  )) + E 	E 	E c 	e 	hB    j j=1 j1=1 j
21  
=j. C. j2 
 - 

T, " -1 T -1 	P 	P 12 

	

+ (a*) LH8 )CEH-E 	Ec
u j e 	H

TR.H]a* + 0((a*) 3), 

	

-B 	-u- -B 	 -B-j-B - 
j1=1 j2=j1 1  

where (a*)
3 
= ( E (a*)

2
)
3/2
. 

i=1 
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Section 3.7 	Hypothesis testing and region estimation in constrained 

nonlinear models  

In previous sections we have considered the problems of testing 

nonlinear hypotheses and obtaining region estimates in the case when 

the solution locus is unconstrained. In some models, for example 

models (A) and AB) described in Chapter 1, the solution loci are 

constrained. However, if the point p(eT  ) is sufficiently far away from 

any boundary of a solution locus of these models, and the standard error 

a of the observations is sufficiently small, then we can still treat 

this solution locus as being unconstrained, and obtain inference based 

on general maximum likelihood ratios. Thus if the number p of para- 

meters is at most two, then we can first attempt to display the first 

p rotated coordinates of the points in the solution locus of a constrained 

model (c.f. Fig. (1.1.1) and (1.1.2)) in order to find out in what way 

the solution locus is constrained. We can then attempt to judge, from 

the point P(g) and the value S(g)/(n-p), whether the model could be 

treated as being unconstrained for statistical purposes. 

In the case when we cannot treat the constrained nonlinear models 

as being unconstrained for statistical purposes, the problems of hypothesis 

testing and region estimation are still open questions for most of these 

models. 
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CHAPTER 4 

DERIVATION OF APPROXIMATIONS OF THE POWER OF 

THE GENERAL MAXIMUM LIKELIHOOD RATIO TESTS 

USING A COMPUTER 

Section 4.1 	Introduction 

In Chapter 3, the power functions Oi(92:11 aA) of the general maximum 

likelihood ratio tests for the various nonlinear hypotheses (c.f. section 

3.2) are approximated by series expansions truncated after some finite 

number of terms (c.f. (3.4.7)). These truncated series expansions can 

also be written as 

2 
(4.1.1) 	Si (2A'aA)  = aA "I" $i

1) a
A 	/3i

2) a
lk 

where 

Oi
l)
1) n p 

= 	+ 
h=1 j=1 	ahjk "3A.  

and 

n n p p p p 
Si

t)2) 	1  
= R+ 	. au  . 

111=1 h2=1 j 	k
1
=j
1 
j
2
=1  k

2
=j
2 

ah1j1k1-h2
j2k2ah131-1 "2D2-2 

In this chapter, we consider the case when i = 1 and 2, i.e. the case 

in which the corresponding hypotheses are concerned with ...ne or more 

components of the parameter vector 0 when a is known to be equal to a0. 

An outline of how the approximate values of the corresponding 13(0A,aA) 

can be calculated is as follows. Initially we h:ve the nodel and the 
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values k*, (0 ,a ) and(0 ,a ), where in this case aA = aO. We can 
0 0 	 A A 	 0' 

next calculate the values Tit u  ,0A  ) - rig u  ,e0 
 ) and the first and second 

 - - 

derivatives c (0 ) and c 	0 ). From the values ii( ,e )-n(E ,e ) 
uj -o 	ujk -0 	-u -A 	-u -0 

we can calculate z (c.f. section 3.4), and from the values c (0 ) -A 	 uj -0 

and c
ujk  (

0O), we can calculate a
hjk 

(c.f. section 3.3), where 
- 

h = 1,2,...,n and j,k ,--, 1,2,...,p. Then from the values ao, 

+ 	2 	 (1) dig  = xk*a  or x2  p,a, EA  and the ahjk, we can calculate ail)  and 81
2) 

(c.f. (3.4.11)-(3.4.16)). With these values of 0 1) and 0(2), the i  

approximate value of ai(OA,aA) can be found if we further calculate aA  

and the right, hand side of (4.1.1). 

For the purpose of illustrating how we can use a computer to do 

the algebraic manipulation and calculation involved in finding 

Oi(2A,0A), we shall not consider all the calculation outlined above. 

Tnstead we assume that we already know the values of 

(i) n, p, k*, 

(ii) ao ' 
+2 

(iii) d. 

(iv) EA  

and 
	

00 the  aijk, 

and we wish to calculate a!1) and 8(
2)
. There are two stages in the 

calculation of 8
1) and (3 2). First we derive alf-Pbraic expressions 

(+s 
for the first two derivatives of r.

) 
 (c.f. (3.4.9) and (3.4.10)). The 

details of this derivation are described in sections 4.2-4.11, and the 

programs 
	are given in 

Appendix 3. We then make use of the derivatives of r!
+s) and the 

equations 	 (1)uldri(2). The programs 

for deriving 8i(0A,aA) in terms of aA,$i
1) 
 $i

2) 
 and aA  are given in 

Appendix 4. 
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Section 4.2 	Representation of algebraic expressions by one  

dimensional arrays in a computer 

We note that the algebraic expressions that we are dealing with 

in deriving the coefficients 0,a+ and+ are mainly sums of a 
1  jak 

number of terms each of which is of the form 

L. 
constant x II R 

i=1 

where m is a positive integer, ti  are integers and 5, are symbols which 

are common for all the terms. Each term can be represented in a computer 

by storing the corresponding constant, £1,.£2,...,tm  in one dimensional 

arrays. 

Section 4.3 	Algebraic manipulation done on a computer 

The addition of two terms with the same values of £11/2,...,km  

can be achieved by adding together the constants of these terms and 

storing the sum of these constants, as well as Zi,z2,...,tm  in one 

dimensional arrays. 

The multiplication of two terms represented by 

and 

constant A, t 2 

constant B, t -B1'-B2'."43m 

can be achieved by calculating 

constant = cc4istant A x constant B 

L.1  = £kl .
t 

£Bi 	= 1,2,...,m), 
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and storing constant, t1
, Z

2 	
t
m 
in one dimensional arrays. 

Section 4.4 Representation of the equation S
DA

(z) = d
+2 in a computer 

1 - 	1 

 

The case when i = 1 shall be chosen to illustrate the ideas behind 

Ulederivationof$ia  
4. and $ .I. a4

., where i = 1,2. 	Suppose we are 
. 	ia. 3 	3 k 

f Ola interested in finding 
ala+ 	lai

+ 	. To find 
j at k j i

1
j
1
k
1

l 	and 0

2
j
2
k
2 	k 

these coefficients, the equation 	
1 1 1 2 2 2 

Es
DA 

 (z)1 	 = d
+2 

1  all components of a
+ other than a. • and a

+ are zero 1 
1
j
1
k
1 	

k i-2 2 

is first represented in a computer as follows 

(i) set II to be 1, 

(ii) find out the II
th term (in S

DA(z)) 'containing a 	, 

	

1 - 	
i
1
j
1
k
1 

+ 	 . at , ai
2
j
2
k
2 
or a.

1
3
1
k
12

32A2 

(iii) a term found out in (ii) is of the form 

2, 2. m
1 +

m
2 

constant 	z1
1 
 z2

2 
 ... zn

n 
 xai  . 

	a . 
1
3
1
k
1 
i232 
 k2 

and can be represented in a computer by storing 

constant in AC(II). 

ti,t2,...,tn  in AZ(II,1),AZ(II,2),...,AZ(II,n) 

and mi,m2  in AA(II,1),AA(II,2), 

(iv) Increase the current value of II by 1 and continue the process 

same as for II = 1 until all the terms (in SDA(z)) containing 1 - 

a. 
3 
. 	

, ai j k 	k or a. . 	a. 	have been found out, and 
1.3.k 1,3 

11
k
1 	2 2 2 	1. 1 A 2 2 
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represented by storing the appropriate values in AC(II),' 

AZ (II,1) , AZ (II,2) 	,AZ (II,n) ,AA (11,1) „AA (11,2) . 

Section 4.5 	Representation of the equation 

DA 	 0-s).-s) SDA 
1 	1zz,  2'' p-k* s 	r 	z' p-k*+1 1 	p-k*+1'sp-k*+2 rl 	zp-k*+2,..., 

( s jr +s)  z —s) z 	 +2 
p 1 	p,z  p+1,  p+2,•..,Zn) = di  

in a computer  

For each II, store 1.0 in each of SIZN(II,1), SIZN(II,2),...,SIZN 

(II,p-k*), SIZN(II,p+1), SIZN(II,p+2),...,SIZN(II,n) ane. sse  in 

SIZN(II,e) for e = p-k*+1,p-k*+2,...,z , where 

	

1.0 	if AZJII,e) is even 

sse  

	

-1.0 	if AZ(II,e) is odd. 

Further, store [AZ(II,p-k,(+1) + AZ(II,p-k*+2)+...+AZ(II,p)] in R(II). 

Then the terms in 

(+s)-Es) [;DA(z z 	z 	3p-k*+1 l' 2' 	' p-ks, 	1 jr(+s)Vs)  p_k*+1,sp_kci.21r1  zp
_k*+2, 

J 	

-01. ...,sp  ri
+s)  zp

, z
p+1

,z10+2,...,z1) ] 
all components of a

+ 

other than a + 	and 
a+ 	

i
1
j
1
k
1 

i2j2k2 
are zero 



3a4
i
- 	3a 	+=0k 
1j 1 1

i 2j 2k 2  a [ 

 ° 
,2_I(+s) 

and 	A in a computer 
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+ 
involving 

+ are represented by a or i
1
j
1
k
1 

ai
2
j
2
k
2 

AC(II),R(II),SIZN(II,1),AZ(II,1),SIZN(II,2),AZ(II,2),...,SIZN(II,n), 

AZ(II,n),AA(II,1),AA(II,2) 

where II = 1,2,...,IIMAX and IIMAX is the total number of such terms. 

Section 4.6 	Representation of 
+s) 8r (+s) 

+ a=0 
- 	- 

3r  (+s) 
1 

+ 0a 3a. k 
1j 1 1 

3a. jk 2 2 2 

By using (3.4.9) and (3.4.10), we can obtain this representation 

straightforwardly from the representation of the equation in section 4.5. 

Section 4.7 Computation of Bla+ 	
and 0 	in a computer 

. 
i1j1k1 	

la i
l
j
1
k
1
a 1
2j2k2 

By using (3.4.11)-(3.4.23), we can find the values of alai. 	and 

1j1
k1 

from the representation of the deriv&tives 
/731at 	a+. 3.  . 1

1
j1
k1 2

j2k2 

in section 4.6. 
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Section 4.8 
	

Partition of the set of all possibleaijk  into subsets 

such that in each subset, different aijk have similar 

expressions of 0. + laiik  

It is not necessary to derive all the Ola+ because different aijk  
ijk 

may have similar expressions of 0. + . For example for the case when 
laiik  

k* > 2, p-k* > 2, 	belong to ST2 = {p-k*+1,p-k*+2,...,P} 	71f32 

belong to ST1 = {1,2,...,p-k*} (note that ST3 = {p+l,p+2,...,n}), -11 # i2 

and ji  j2, we have 

(4.8.1) 	0 + 	= - z . (1 + z2 )X„2 	(d+2), where X = 	E 	2 

1  
la. 

13  
. 
13  
.
1 	

Ai 	Aj 	k*+2,X 1 
1 	1 	 j=p-k*+1zAj 

and 

21 2 j2 ,2 	01+ (4.8.2) 	
61a+  . . = 

- zAi
2 	zA  
(1 + 	))(k*4.2d

-,
0 1 ” 

123232 

and these expressions can be summarised by 

(4.8.3) 
	°1.a13k  = fl(j'j'k)' 	(i  = il'i2; j  = jl'j2; k  = il'j21 j  = k)' 

, where fi(i,j,k) = -zAi(1 + zAi
2

lX
,2 

 d
+2
) 1 

We refer to a 	and a+ 	as being in the same subset provided 
11
j
1
k
l 

i2j2k2 
that ii,i2  belong to the same STi, (i = 1,2,3) 

ji,j2 belong to the same STi, 

k1,k2 
belong to the same STi, 

and if the expressions of 'la' 	
and 0

1 
+ 	are represented by 

i
1
j
1
k
1 	

ai
2
j
2
h
2 

fll (ii,j1,k1) and f12(i2,j2,k
2) respectively, theil 	= f12(isi'k)* 
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DA 
It is straightforward to see from the expressions of S. (z) that the 

sufficient conditions fora 
 

and + to be in the same subset i
1
j
1
k
1 	

a+ 	to 

are that 

where 

JP(1,i) = JP(2,i), 	(i = 1,2,...,6), 

1 if i
m 
8 STI 

JP(m,1) = 2 if i
m 
e ST2 , 	On = 1,2), 

3 if i
m 

ST3 

JP(m,2) 
2 if 

1 

1 

if jm  e ST1 

jm  e ST2 

JP(m,6) 

1 if km  e STI 

{ 2 if km 
e ST2 

r 1 if i = j 
=A 	m
=0 if i j 

m m 

1 Jr i = km  m .1  
0 J.Zk 

in 	m 

1 if j = k 
m m 

0 if jk 
m rn 

JP(m,3) 

JP (m, 4) 

JP(m,5) 

and 



Section 4.9 Partition of the set of all possible (a. 	,a. 	) 
1
1
j
1
k
1 

12j2k2 
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into subsets such that in each subset, different 

(ai k  ,ai  4 k  ) have similar expressions of $ + la. . a 4 . . 
1 	2-12 2 	 3.

1
3
1
k
1 
1232k2 

+ . As for lB 	, we refer to (a 	j k ,a12312k12) and (a
I 

• k aijk 	11 11 11 	21321 21 
+ a. 	) as being in the same subset provided that if i22j22k22 
of 3 + 	+ 	and $1 

+ 	+ 	are lai11 
j 
 11 
k
11 
ai
12 
j
12 
k
12 	ai

. 
21j21

k21
a 1
2222k22 

f21(111'ill'k111112 ,j
12,k12) and f22 (i21'j21'k211122 '-1

22 'k22) respectively, 

then f
21
(i
1'
j
1
,k
1
,i
2'
j
2
,k
2
) = f

22 (il' j1 
 ,k1 ,i

2'  j2 
 ,k
2 
 ). It is seen from the 

expressions of SDAi  (z) that sufficient conditions for (a+ 	a+ 	) i
11
j
11
k '
11 12

j
12
k
12 + 	+ 

and (a. A 	, a. 	u  ) to be in the same subset are that 
121'21-

u 
 21 122-12r22 

KP(1,i) = KP(2,i), 	(i = 1,2,...,21), 

where 

KP (m, 1) = 

{

1 if imi  e ST1 

2 if i
ml 

e ST2 

3 if i
ml 

e ST3 

(m = 1,2), 

KP(m,2) = 
	1 if jmi  e ST1 

2 if jmi  e ST2 , 

KP(m,3) = 
j 1 if k

ml 
e STI 

1 2 if k
ml 

e ST2 , 

the expressions 

represented by 



KP (m,4) = 

r  1 if im2 e ST1 

2 if im2  e ST2 

3 if im2 e ST3 1 
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KP(m,5) = 

KP (m, 6) = 

KP (m, 7) = 

KP (m , 8) = 

KP (m,9) = 

f  1 if jm2  e ST1 

1 2 ifjm2  e ST2 

r  1 if km2  e ST1 

1 2 if km2 e ST2 , 

s 1 if iml  = j - 	ml 
1  0 if iml # jml  

1 1 if iml = kml 
1 0 if i '  I: , ml ml 

4 
r  1 if iml = im2 
1 0 if imi yE im2 , 

1 if im1  3m2 KP (m,10) = 	i 
, 0 if iml # 3m2 , 

f 1 if iml = km2 KP (m,11) = 
I. 0 if iml # km2 , 

r  1 if jmi  = kmi  
<; KP (m,12) = 
L C if jml  # kml  , 



. i 
m2 Kp (m , 13 ) { # 

1 if jra  

O if jmi  im2 , 

1 if kml 
O if k ml 

= i
m2 

# im2 
KP (m,16) = I 

and { 1 if jm2  = km2 

1 0 if 7m2  # km2  • 
Kp (m, 21) = 
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KP (m,14) = { 
1 if 

O if # 
im2 

jm2 

KP (m.15) 

 

{ 
1 if iml = km2 

km2 

 

= 

    

 

O if im1 # 1 

VP Cra,17) I 1 if k , = 
M.L.  

O if kml # 

im2 

im2 

KP (rn,18) = I 1 if kml 
O if kml 

= k
m2 

km2 

KP Crcl,19) { 
1 if im2 = jm2  

O if 3 	# i -m2 -m2 

KP (m, 20 ) I 
1 

3 if 

O if 

im2 = km2 

im2 
# km2 I 



Laai 	Da+ k ijk a+=0 1j 1 1 	2 2 2  

+ 

a2r(+s) 

and 	1  

and 	

2r(+s) 
1  

as . Da. . 	a+=0 
i131

k1 
1
2
32
k2 

- 

Section 4.10 Programs for deriving 
Dr(+s) 1 x 

Dr (+s) 

a+=0 Da+ 
i1ilk1 [ 

+ 
'ai2j2k2 
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The programs for deriving these expressions are programs PARTIT 

and POWPRO, subroutines POWSUO, POWSUA, POWSUB and POWSUC as shown in 

Appendix 3. Note that these programs can also be used to derive the 

expressions for the case when k* = p. Further, if POWSUC is replaced 

by SIGSUC (c.f. Appendix 3), the resulting set of programs can also be 

used to derive the approximations of the probabilities I1(20,a0) and 

12(80,a0). These probabilities are equal to 81(..0,a°) and 1320.0,V 

respectively. 

Dr (+s) 	Dr (4.$)  
Section 4.11 Expressions of 	1 	1  

a 	1 ai
1
j
1
k
1 

;a+ 
i2j2k2 

 a+ =0 

Each of these expressions has one or more terms. Each term is of 

the form 

t k P. 	2. 
p-k* 	

) 	
t
p-k*+1 

constant 	(d+] 
 0z1

1z2
2 	

• zp_k*  [sp_k*4.1  z
(s
p_k*.1.1.!  

Cs)i
p-k*+2 	° t n 

[s ji7;113  z P+1z p+2  ..z isp-k*+2,Fn-k*+2] 	p p 	2+1 p+2 • 	n 



109 

These terms obtained by using the programs in section 4.10 are presented 

in Table (4.11.1)- Table (4.11.20). The numbers in columns [11] to [31] 

of a table are the codes KP(.,.) for the subsets containing elements 

whose corresponding expressions are norzero. The subscripts i11j
1,ki, 

i2,j2,k2  of a typical element (ai 4 	k k  ,ai  . 	) or a subset are in 
1-'1 1 	232.  2 

columns [5] to [10]. Each number in column [2] is the total number of 

terms of an expression. The numbers in columns [3] and [4] are respectively 

t0 	 1 
and constant. Each number in column (1

1
] (where i

+ 
= 32,34,36 and 38) 

is such that if it is j
+
, then the number in the next column (i.e. column 

.+ 
(i
1 
+ 1]) of the same 

• 
row is t

k 

i
1 	

if 

j1 	
if 

of z
k 	

where 

3 	= 1 

. + 
3 	= 2 

(4.11.1) k
+ 
= 

k1  
if 

. 3+ = 3 

1 
. + 

 i2 if 3= 4 

j2 if  j+  = 5  

k2  if j+  = 6 

and il,j1,kvi2,j2,k2.all belong to ST1. All values of tl,t2,...,tp_k*  

other than those in columns [33], [35], [37] and [39] are zeros. These 

values are not presented in the tables. Each number in column [12] 

(where 12 
= 40, 42, 44 and 46) is such that if it is 3 , then the number 

in the next column of the same row is tk-r 	k 
, of 	ft(

+
s)  	where 	and j+  

are related as shown in (4.11.1), and i1,j1,ki2
,j
2
,k

2 
in (4.11.1) all 

belong to ST2. All values of tp-k*+1,2'p-k*+2'
...,t

p 
other than those in 

columns [41], [43], [45] and [47] are zeros. These values are not 

'+' 	
.+ 

presented in the tables. Each number in column [i31 (where 13 
= 48, 50, 

52 and 54) is such that if it is i+, then the number in the next column 



ar2  
(+s) 

ar2 
(+s) 

l'   
= 4d4 [sl  firsTI 

• 4 

+ 	4. 	2 	 1.1 z2z3 • 

and 

L aa211 
as 
	- - a =0 

110 

of the same row is L
k+ 

of z 	where k+ ana .+ 	elated as shown in 

(4.11.1) and i1 
,j112-  

pj
2 
 ,k

2 
 in (4.11.1) all belong to ST3. All 

values of p+1p+2 - 	n 
other than those in columns [49], [51], [53] 

and [55] are zeros. These values are not presented in the tables. For 

example from Table (4.11.1), we get 

(+s) 	 4 [,,r2  
= 4d 4 	is 1:27-7Th z2  + + 	2 1.1 J 2 

"a211 4 =9 

Nhile from Table (4.11.2), we get 

a2r(+s)    4   2 
2 

n  +2 
"a211 _a+=0 { 	

= 2d*4[s hi-(s)] - 8d*2k hT(sl z2  + sde[ ji794z2  
2 	1.1 1 	2 	1 4 1 	2 	- sl 1 	2 

and 

r a241.$) 

I 
n -I- 	+ 	

2 

"a211 a311 a÷=9
= -8c12  [s i :7571

3 1 z2z3  + 8d 2  Fs  1-(s)ii 
4 

" 	I .1. _I 	
z z 

2 L 11 1 	2 3 • 
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Table (4.11.1) Representation of the terms in the expressions of 
the product of the first partial derivatives of rP's)  for the case 
when p=1 and k*=1 
1 1 	4.0 	4.0 211-21-1-32'232001001011011001 00000000 24001,000 120000(.0 
2 1 	4.0 	4.0 211.313 322322000001013011001 000000(00 240011000 11410000  

Table (4.11.2) Representation of the terms in the expressions of 
the second partial derivatives of rP's)  for the case when p=1 and 
k*=1 
1 3 4.0 2.0 211211 322322001001011011001 00000000 24000000 00000000 
2 3 2.0 -8.0 211211 322322001001011011001 00000000 22000000 12000000 
3 3 2.0 8.0 211211 322322001001011o11001 00000000 24000000 12000000 
4 2 2.0 .440 211311 3223220000111011011001 00000000 22000000 11410000 
5 2 2.0 8.0 211311 322322000001011011001 00000000 24000000 11410000 

Table (4.11.3) 
the first 

k*=1 

Representation of the terms in the expressions of 
partial derivatives of ri+s) for the the product of 

case when p=2 and 
1 1 2.0 4.0 211211 211211001001011011001 2 4 000000 12000000 00000000  
2 1 2.n 211312 211312000011010010000 2'5000080 12000000 410n09(N 

3 1 3 .0 .4.0 211322 211322000111000000001 22000000 13000000 41000011  

4 1 2.0 16.n 312312 31231200100001000100U 22000000 32000000 12000000  

5 1 3 .0 8.0 312322 312 32 2 00100000001100 21000000 33000000 120000cc 
6 1 3 .0 8.0 322312 322312101001061901000 51090000 23 000009 1200800 0 
7 4.0 322322 3.29322 001001011011 001  009000n0 2 4 0(1 00;1 12000000  
8 2.0 16.0 312412 312312000000010001000 22000000 32000000 1141(1000 
9 1 3.0 8.0 3124 22 312322000008000011001 21000000 33000000 11 4100°0  

0 3.0 0.0 322412 3223120000111001001000 51000000 23000000 11 4100n 
1 1 4.0 4.0 322422 322322000001011011081 00000000 2 4 000000 114100(1  

Table (4.11.4) Representation of the terms in the expressions of 
the second partial derivatives of ri+s)  for the case when p=2 and 
k*=1 

1 3 -2.0 211211 211211n01001011111031 24 900000 0000 0 008 00000000  
2 3 2.0 11.0 211211 2112110010010110110(11 2 2 001000 12000000 00000000  
3 3 0 4.0 211211 211211001001(.11011101 24 100000 120n0000 000000 09  
4 1 1.0 8.0 211311 211311000001011011001 2 2000000 11000000 4 10000 30  
5 1 0 -8.0 211312 211312090011010010000 21000000 12000000 410000:10  
6 1 1.8 .6.0 211522 211322(100111000000091 2 2 000000 13000000 4 10099(;° 
7 2 1.0 4.0 311312 31012001001016010000 2' o010"0 610 ,6098 0000nCrl  
8 2 1.0 -g.0 311312 31131200 ,101010010000 2'009000 (1000000 12000n00 
9 1 2.0 2.0 311322 311322001001000000011 22810000 5.2000000 000001CG 

10 2 1.0 4.0 312311 31 2 311001011,00110011001 3000000 31000000 000008N; 
11 2 1.0 312511 312 31100110.101110r001 2 1 1100000 3 1 005 ,:00 12003":10  
12 4 A.0 312312 312312 n0101n010001100 2:080800 320011100 00000(110  
13 4 0 -8 .0 312312 3123120010n0010801000 22008000 08001000 1200n3 
14 4 2,0 -A.1 312312 312312001100011800,10 0")0,1000 320000on 12000 0" e,  

15. 4 0 14.0 512312 31.,312001000010001000 22 000000 32000000 120001.110  
16 3 3.n 4.J 31232? 31 2 3220,-)100r0000110n1 21100000 330.10000 0000Cr'20  
17 3 1.0 -4 .0 51232? 31 2 322001000000011001 21008000 3ira900m0 12000n -0  
18 3 1.0 1 ).0 312322 312 32200100000G011001 21008000 33nn0ron 120000 0 f. 
19 1 , 2 .0 522311 3223111101q01404000001 92nn0040 22000100 0n000nr.0  

20 3 3.0 11 .(1 322312 32312801011001r,lIngn 51800000 230n0(01 000000J0  
21 3 1.0 -P.0 322312 322312001001001001000 91000000 21080080 12009000  
22 3 1.0 12,0 32231? 322312.10111(101001000 51010000 230rnnnn 120001r0  
23 5 4.0 522322 3223220111,101 011,1110(11 00100800 24000000 000000':)  
24 3 2.0 ••• 	• 0 5?2322 322322001001011111011 or,(10 n 0 00 220,100110 12000001)  

25 3 2.0 8,0 322322 322322001001011011001 000000(10 24 040100 1200nr0 
26 1 1.n -06.0 311,411 511 .i12(100 )n101011n900 2 1 008000 E1u16 ,c1 114 1111n 
27 1.0 -4.0 312,-, 11 512311,100100011010011 21 009000 31000010 11 4 1 nwlo 

28 3 .P.0 312412 31251'00(190n010901000 22000000 nn1lnfl0.(10 11 4 10010  

29 3 2.n 51'2412 312 il 200000n0 1 0001 no0 0,00n0n0 32010n0n 1141 pn0u 

3 n 3  14.0 312412 512512 00011.o010601100 220080110 320,10(.60 1141nOn 

31 2 1.0 -8.0 312422 3123220000000011011001 21000000 31000(00 1141nno0 
32 2 1.0 1?.11 31242) 3115220n0041100 ,1110 ,11 21000000 33000100 114100"n 
33 2 1.0 322412 32312004001001001010 %1000000 2100nii110 114100("' 
30 2 1.0 1?,0 52241;) 52231,10000100100100n `.1000000 23000100 11 4 100 0[: 
35 2 2.0 .4.0 3,1242? 52232r1600010 1 1111001 (10400000 22000660 1141nCou 
36 2 ;) 	n 4,0 322422 322122000001011011001 00000000 2 4 000non 11410.100 
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Table (4.11.5)  Representation of the terms in the expressions of 
the product of the first partial derivatives of r4+s)  for the 

case when p=2 and k*=2 

1 1 4.0 4.0 311311 327122001101011011001 000000(10 24 000000 12000000  
? 1 4.0 6.0 311312 322322001nn1010n1n0n0 onnon0n0 71610000 12000000 
3 1 4.0 4.0 111522 317 i22011001000000001 1n1n:W0 22!11,.,110 1200pn0o 
4 1 4.0 0.0 312311. 527172 00100001100n0n1 on900000 21510nnn 12000000  
5 1 4.0 16.0 31231? 322322001000n1onn1000 00000000 2239 o0no 1 2000001' 
6 1 4.11 8.0 312322 322 322001000000011001 nono0000 2111n0ns lPonnoN)  
7 1 4 .11 6.0 322312 322 372001001001001000 00000000 5121000n 12000000 
s 1 4.0 4.0 311411 ',27322o0c0010110111101 10000000 24 o0n0011 11410000 
9 1 4.0 8.0 311412 122322800001010010600 00000r00 2161ncon 11410n 0 0 
10 1 4.n 4.0 311422 1223220000010000000n1 00000000 225/0000 114 10000  
11 1 4.0 11.0 312411 3;,2122 000000011000001 00000000 23510nnn 11410000 
12 1 4.0 16.0 312412 1221220000o0010001000 o0000000 22320000 11610000  
13 1 4.0 R. 312422 3223 22 1100000n00011o01 011090000 21 330000 11410000 
14 1 4,0 8.0 322417 322322000001001001010 000000r0 5123onnn 11410000 

Table 	(4.11.6) Representation of the terms in the expressions of 

derivatives of rP's) for the case when p=2 and the 

k*=2 

second partial 

1 3 4.0 2.0 311311 322122001001n11011001 10000000 24 010000 00000000  
2 3 2.n -8.0 311311 3223220n1on10110110n1 00000000 22on0000 1200000 0 
3 3 2.0 8.0 311311 3273 22001001011011001 00000000 24000000 1200n000 
4 3 4.n 4.0 31131? 3223220n1001010010000 00000000 21r,1000S 00000(1 00  
5  3  2.0 -8 .0 311312  32 212200100101001000o 00000000 21610nI0 12O0n00  
6 3 2.0 160 311 312 322 322001001010010000 00000000 23010000 1200010G 
7 2 4.0 2.0 311322 322122001001005000001 00000000 225'1 1000 0000050 0  
S 	2 20 6.0 311322 32 2122003001000000001 11n000000 22520011n 120nflo0 o 
9 3 4.0 4.0 312311 322 32200100001000001 00000000 2 3310000 000000F.0  

10 3 2.0 _8.0 312311 32 21P2001300011000001 00000000 21 110000 12000n00 

11 3 20 36.0 312311 3223220(0011b01000011 OW0qn0r.0 211100nn 12000000  
12 4 4.0 8.0 312312 322322g01n0n01110010r0 000000on 2 2 390000 00000000  
13 4 2.0 _8.0 312317 322172011000010001000 00000000 2200000n 12000000  
14 4 2.0 -8.0 312312 3223221010non10001000 nn0nonn0 32010000 12nnpr 0 0 
15 4 2.0 32.0 312312 32 2322001000010001000 n0000000 2212000n 12000( 10  
16 3 4.6 4.0 312322 3223720010000000116n1 00000000 21-'1000n 0000(000  
17 3 2.0 -6.0 312322 32212? 001000000011001 00000000 ?l3lnnon 1200nn0G 
18 3 2.0 16.d 312322 32232211010,10nC00110(11 0no000e0 21 3z r,00n 120(10;;I 0,  
19 3 4.0 4.3 322312 3223 2 200100100100100n 00000000 512',0000 00000000  

20 3  20 -6 .0 322312 322372001301on1001000 00000or0 5121n000 1200r.300  
21 3 2.0 16.0 32251? 32?322001001001001000 0000n0r0 51210100 12000n 1 0 
?2 2  2 .0 -8.0 111 4 11 322-i22 00rinn10110110 ,11 0000(1 000 2200r,00n 1141nn.1 
23 2 2.0 8.0 3114 13 32 2322o0o001011n11001 0r0000S0 24 010 00n 11 4 10f1n6  
24 2 201 -6.0 311412 322 8 72;10000101001nO8n 00000000 211, 11000 1141000 
25 2 2.n 16.0 311412 322i22000001010010000 00000000 230, 10non 114 101qt) 
26 1 2.0 8.0 311422 32237 2000J01000000001 9nnon0C0 2259 (10(In 114 10n 0,1  
27 2 2.n ..11.0 312411 3232 2 000000011000031 00100000 21110000 114 10nOn 
211 2 2.0 160 312411 32232200000001100000 00000000 211100nn 11410;100 
29 3 2.0 -8.0 312432 322322o00000010001000 01000000 220n0000 11410r00 
30 3 2.0 -s.o 312412  122 ,;720;0000o10001400 00000000 32o0n000 114101CC 
31 3 2.n 32 .0 312 4 1? 322322000000010001o0o 1100Ho11ro 22 12 nrA0 1141ciflOC1 
3? 2 2.0 _8.0 312422 322-:,22 000J000c.0011001 000000o0 2131(1000 114 300 80  
33 2 2.0 16.0 3124 7 3222200n4)(1100110r.1 0•1000c00 21'10rns 1141nnn0 
34 2 2.0 .0.0 322412 322522000001001001009 000000r0 512100)0 13 4 10.31' 0  
35 2 2.n 30).0 32241^ 32 212 2000,30100100100o 0 0900000 510n00 11410000 
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Table 	(4.11.7) 	Representation of the terms 
first partial derivatives 
k*=1 

in the expressions 
of r1(+s) 	for of the product of the 

the case when p=3 and 

1 1 2.0 4.o 511311 711211001n111011011001 240000.o0 120nnOnn 000000R0  
2 1 2,0 5.0 311312 211211001001nlonloonn 21610000 12000000 000000001 
3 1 2.0 4.0 31132? 211711011001000000001 22520000 12(1(4(10)11 00000000, 

4 1 2 .n ;1.3 3173ll 211;'11nnloo001 1,10noll ")I.'Inone 120.10400 C0nrc11,:: 0•  
5 1 2.0 16.0 312312 2112110110o0010401nnn 225200n0 12onnno0 00Onnon0 
6 1 2,n 0.0 312322 211211001000000011001 21330000 1200n000 00000000  
7 1 2,n 8.0 322312 211?11,1010o10010010n0 91 21n000 120nnn00 0o0n0000  
8 1 2,n -8.0 311413 211312n00011011101001n 230nnnn0 12010000 4 1Or0(00  
9 1 2,n _801 511473 211312onnoll000nnnon4 2 95100r0 12nonn00 41nnonnh 

in 1 301 -4.0 311433 2113220001110n000nnol 22n00000 13001000 41000000, 
11 1 2.0 _16.0 312411 211312000010010000000  P7110000 12nonnon 41000n0 01  
12 1 2.0 -16.0 312423 211312000010000010000 21320000 120n0000 4 10000 011  
13 1 3.0 -A.0 312433 21132200n110000nu0n01 213100o0 130001100 41000000 
14 1 2.0 16.0 413413 319312001400010001000 22000000 320(10000 1200001)0 
15 1 2.0 16.0 413423 312M2001000000001000 21510000 32000000 12000000 
16 1 3.n 8.0 413433 312322001000000011001 21000000 330n0non 120nonn0 
17 1 3.11 8.0 433413 32211?101001001001000 5100(1000 230rnO110 12000000 
10 1 4.0 4.0 433413 322322001001011011001 nqn00000 2 4 0n0000 1200000 
19 1 2.n 16.0 413513 3123120000000100010n0 2 2 000000 32000000 11410000 
2n 1 2.0 16.0 413523 312312000140000001000 2151n0n0 32000nnn 11410n00 
21 1 3.0 8.0 413533 312322000o412000011001 21000000 33000000 11410000 
22 1 3.0 8.0 433513 322312o00001001001000 510nnon0 230000nn 11410000 
23 1 Li e n 4.0 433533 322322000001011011001 00000000 24000000 11410000 

Table 	(4.11.8) Representation of the termg in the expressions 
derivatives of ri(-1-si  for the case when of the second 

p=3 and k*=1 
partial 

1 3 0 -2.0 311311 211211001001011011001 24  nonnon on0nHOno ononnnOo 
2 3 2.0 0.0 311311 211211001001011011n01 27000000 12noncon oonnnono 
3 3 0 4.0 311311 211211001001011011001 2 4 000000 12000000 0000000■; 
4 3 0 -4.0 31/312 21)2110010a101001n010 234,10n00 0nonnoun 00000000  
5 3 2.n 11.0 31131? 2112110n1001n1001n0n0 21^11000 12000000 0n0n08( 0 , 

6 3 n 8.o 311312 211211901 ,)01010n10000 234100ne 12000000 000110020  

7 2 0 -2.0 31132? 2112110010n100000onnl 22520000 n um nonn 0n0001)00 

8 2 0 4.0 311322 21121100100100000n011 29520000 12on0000 00000000  

9 3 0 -4.0 312311 211211001000n110n0011 21110000 00000300 00000000  
30 3 2.0 8.0 312311 211211,1010.10011000pol 2151n000 12n1n000 000000110 
11 • o 8.0 312311 211211 ,101nnnollnonno1 2111nnn0 12000000 00000nCn 
12 4 n -8.0 312312 211211,010(100140010,0 2952nnn0 onnnoonn 00000000  
13 4 2,0 8.0 312312 211211nnlon0010001000 2200onn0 120n0000 00000000 
14 4 2,n 8.0 312317 2112110010nn0100010n0 32001000 12000000 000001)10  

15 4 n 16.0 312312 211211191000n10001010 2232nono 1200n0un 000000rc 
16 3 n -4.0 312322 211211o01000000n110n1 21330000 000,10000 nnonnnoo 
17 3 2.0 8.0 3125.?2 211211nnlononn0011001 2131n000 12041-10On 00000000 

15 3 0 11.0 31232? 2112110010000001110,91 21330000 1?0nn000 000100n 0 , 
19 3 n -4,0 322312 2112111010n1001001010 51230n00 00010000 00000200, 
2n 3 2,n 8.0 322312 211211001001001001000 512100110 12000000 0000001 0' 
21 3 0 0.0 322312 2112110010n10010n1000 5123nnn0 120nn000 00000n 0 G 
22 1 1.0 8.0 311411 2113111.1q001011n1inn1 221)00000 110n;1000 41000010 
23 1 1.0 8.0 311412 2113110 ,100n1010010nnn 21:,10000 11000100 41000100 
24 1 n ..1(.0 311413 211312nonqiInloollnnn 2'ionnno0 12onoono 41n0nnr. 0 
25 1 o -8.0 311491 211312nonn1 10000010.10 29510nr0 120nnn4n 41nm-11001 
26 1 1.n -6.0 311433 21132210o11101(0000n1 27000nn0 11000000 4 1009000' 
27 1 1.n o.0 312411 21131101nnnn01100nanl 211n0p0 1101n0 41000000' 
28 2 1.n 0.0 31241? 211311)04onnnlnon1000 29o0nnr0 11nnonnn 4100001,0 
29 2 1.n A.o 312412 2111110onnonnloon1vl0 ':"nornno 110nnnon 410nnon i  
3 11  1 n -16.0 312413 211312n000100101010n0 22510000 12040nOn 4100040 
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Table (4.11.8) contd. 

31 1 1.0 P.0 312427 211311800J88000011001 21310080 11008800 4100000 v 
32 1 n 1h.o 312423 21131200001o00001(1000 21320000 12000000 41000000 
33 1 1.0 12.0 312433 211327000118008490001 21310000 13008P0n 41000000  
34 1 1.n 8.0 321,412 211311188,18 1 P011)01010 51 )18800 1104N;80 4 10008.1 ';  
35 2 1.n 4.0 411413 311 3120010o1010018080 2 8000P0 61080000 00000000  

36 2 1.0 -0.0 411413 311312091081010410480 2100(1000 61000000 1200000n 
37 1 1.0 4.0 411423 0 3113120019000000808 22510080 610n0008 0000090 
38 1 2.n 2,0 411433 311322001001000000001 22000000 52000000 0000000 0 
39 2 1.n 8,0 41241i 311312001000010000000 2^310000 41000040 00000000  
4n 2 1.0 ..t%,0 412413 311312001000010000010 31000000 (.1000000 12000000 
41 2 1,0 8.0 412423 31131200100000001000n 21i20000 61000000 0000000 1 
42 2 1,0 -8.0 4124 23 311 312801000000010080 21000000 6100000n 1200000 0 
43 1 2.0 4.0 412433 311322081008008000081 2 131n0p0 52000000 00000000  
44 2 1.n 4,0 41341] 312311001000811000081 2 3000080 310001100 00000000  
45 2 1.0 _8,0 413411 312311001000011000001 21000000 31000000 12000000  
46 2 1.0 4.0 413412 312311001000010000000 22610000 3100000n 00000000  
47 2 1.0 _4.0 41 3912 31231101 89801000n(00 4 1 900000 31000000 12000000  
48 4 2.n 8.0 413413 3123120010080100010)0 22008000 32090000 00000J00 
49 4 0 -8.0 413413 312312801888018001080 22000000 00000000 12000000  
50 4 2.0 -0.0 413413 3123120019.10010001000 0n080000 32000000 1200006 0  
51 4 0 1 6.0 413413  312312001088010001080 22000000 32000000 12000000 
52 1 1.n 4.0 413422 312311001000000000001 21520000 31000000 00000000 
53 3 2,0 4.0 413423 31 2312091o80000001000 21510000 32000000 00880000 
54 3 0 -11.0 413923 312312001000034001080 21510000 n0000080 12000000 
55 3 0 16.4 413923  312312881088008801080 215100P0 320n9000 12000000 
56 3 3.0 4.0 413433 312322001000000011001 21000000 33000000 00000000  
57 3 1.0 .8,0 413433 312322001000000011001 21000000 31000000 120nnn00 
50 3 1,0 12.0 413433 312322001000000011001 21144000 33000000 12000000  
59 2 1.0 8.0 423412 312311001001001000000 51220000 31010000 00000000  
60 2 1,0 -8,u 423412 312311001080001000909 51000080 31000800 12000000 
61 1 2.n 2.0 433413 322 311001001000000001 52000000 22680000 00000000  
62 1 2.n 4,0 433412 3223 1100100100000n0nn 5161(s000 22000000 00000000  
63 3 3.n 4,0 433413 322312 001001001001000 51000000 23000900 00000086  
64 3 1.0 _8.0 433413 3223120010810010010("0 5100n0p0 21000008 12008000  
65 3 1.0 17.0 433411 322 3120810810(11001080 51000000 2000000 1 2000000  
66 3 4.0 2.0 433433 322322 001801011011801 08000000 24000000 00000000  
67 3 2.0 ..4.0 433433 322322001801911011001 04900000 22080000 120000C 
68 3 2.n 8,0 433433 322322001001011011001 00000000 24 0n000n 12080100 , 
69 1 1,0 -1.0 411513 311312000001010010000 21000000 6108009n 11410000 
70 1 1.0 _4,0 412511 311312000000010000000 3 1 000000 410nnr100 11410000 
71 1 1,0 -8.0 412523 3113128a08011000018080 21000006 61080800 1141n900  

72 1 1.0 -4.0 413511 31 2311088080011090981 21000000 31080000 11410000 
73 1 1.0 .8.0 41351? 31231109080n01000-8000 61 000000 31000000 11410006, 
74 3 0 ..8,0 413513 312312000000010001000 22900n00 00000000 11410100 
75 3 2,n -9.0 413513 3123128880811010801000 0^0900r0 320110000 11410000 
76 3 n 16,0 41351i 312312000081011001080 2 100060 32089000 11416000 
77 2 0 -8.0 413523  312312800080090.101080 21510000 00000000 114100: 
78 2 0 16.0 413521  31212090a00000001088 21518000 32000000 114100v0 
79 2 1.0 -6.0 413933 312/22080888890011n81 2 1808000 31000000 11 6 1rn06, 
00..2 1.0 12,0 413533 3125220000r1n000811001 21000000 3 300nn0n 11410000 
8] 1 1.0 -P.O 423512 312311000000001000000 r)ilnelni0 31080000 1141080n 
82 2 1.n .0.0 433513 322312800001001001000 51001 900 2100000n 1141000G 
83 2 1.0 12.0 433513 322512000040[1001000 51000000 23088000 21410100 
84 2 2.0 .4.0 433531 322322880q41r118110n1 0 -.non0n8 22000no0 11410800, 
85 2 2.0 4.0 433533 322322000081911011001 00900000 24000000 114100001 
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the product of the first partial derivatives of r1(4.$)  for the case 
when p=3 and k*=2 

i 1 2.n 4.0 211?11 211:11001001011011001 7400000u 1'000000 00000000  
2 1 2.0 4.0 211311 2112110n0001011011401 74000000 11 4 1000n 0000000  
3  1 2.0 -0.0 21141' 2113120000110 1 001o0nn 2"c040000 12000000 410on000 
4 1 2.0 -8.0 211411 21131 20000n101011norm 23n0nron 11610000 410000)0 

5 1  3.0 -4.0  211 4 .)2  211 322000111000;: moni 27000000 l'1000o00 4101,0hL0 
6 1 3,0 .0,0 21142r 21131,000101armump,m1 22000000 12h10000 410n( 	IPo 

7  1  3 .0 -4.0 211433 211 327000041000000001 220300n0 115700nr 4 1000000  

A 1 3.n -8.0 311422 21112,000o110o0000000 27000000 "11 70000 41000000  
9 1 2,0 16.0 412412 31231 2(m1000010001000 720011000 32000000 1211np11e0 

10 1 2.0 16,0 412413 31231211010000100000q0 22000000 3161000n 12000000 
11 1 1.0 8.0 412427 312312n0,00000pn110n1 21010000 31000000 1?Onnn60  
12 1 3,0 16,0 41242.! 1 1 7i,200100400 ,o10010 21000000 3^0,10000 1211110000  
13 1 3,0 4.0 412432  3123220010n0000800001 21000000 319100on 12000000 
14 1 3,0 16.0 413423 11 2 322r01 000000001100 21000000 51370000 121100000 
15 1 3.0 8,0 422412 322312 601111001 001000 910040ro 23unnonn 120000nu 
16 1 3,0 8.0 422413 322312001001000000000 91000000 22610000 12000000  
17 1 4.0 4,0 422422 322512 0010110110110n1 00000000 24 nnnnon 120n0n00 
18 1 4,0 8.0 422621 32d312001001010010040 nni)mnDoo 2 361nonn 1200000 o 
19 1 4.0 4.0 422433 322 3120010)1000000001 00030000 2297Onnn 1200000 
20 1 3.n 16,u 423412 322312001000000000n0 510011000 22310000 12000000 
21 1 3,0 16,0 423413 322112001000000001000 91094000 21320000 12000040  
2? 1 4.0 8,0 423422 322322001000011on001 1)0000000 2331 noon 17000000  
?3 1 4,0 16,0 423423 322322001000010001000 00001000 22370o00 12000000  
24 1 4,0 8.0 423433 122322001000000411001 O0000000 21310000 12000000 
25 1 4.0 8,0 433423  127322001011001301040 0n001000 51210000 12000000 
26 1 2.0 16.0 412512 31231200000001110010n0 22000000 32000000 11410000 
27 1 2,n 16.0 412513 312312n0000001040c000 220001100 31610000 11410000 
28 1 3,0 8,0 412522 1123220000n0000011001 21000000 3301800n 1141no0n 
29 1 3.0 16.0 41252,, 31 2322000000000010000 21000000 32610000 11410000 
30 1 3,0 8,0 412532  312322000000004000001 2100n0o0 31 9'000n 11410100 
31 1 3,0 16.0 413523 312372000000000001000 21000000 51320000 11410000 
32 1 3.n 8.0 422512 222312000)610n10)1010 5100m000 24000000 11 410000  
33 1 3.0 8,0 422513 322312000001000000000 51000000 22610000 11410000 
34 1 4,0 4,0 422522 322322000001011011001 00000000 24000000 11410000 
35 1 4.0 8,0 422523 32232200080101001000n 00000000 236100(10 114)0000 
36 1 4.0 4,0 422533 3223220(10001000040001 00000000 22520000 11410000 
37 1 3,0 16.0 423512 322312000000001000000 51000(00 223)0000 1141000 0 
38 1 3.0 16,0 423511 322312 400000000001000 51000000 21 320000 11 4100'0  
39 1 4,0 8.0 42352? 3223220000000110000n1 00000000 23310000 11410000 
40 i 4,0 16.0 423523 3223220000000100010n0  00000000 22370000 11410000 
41 1 4,0 8.0 423533 322372000000000011001 00000000 2133000n 11410000 
4? 1 4,0 8,0 433523  322322000001001001010 On000000 51210000 11410000 

Table (4.11.10) Representation of the terms in the expressions 
of the second partial derivatives of r1(4s)  for the case when 
p=3 and k*=2 

1 3 0 -2,0 211211 2112110010n10110110n1 24 000000 001100000 onnnnnnol 
2 3 2.0 8,0 211211 211211001001011011001 72000000 12010000 Oonnnr 401  
3 3 0 4.0 211211 211211001001n11011001 24annnpn 1200000n 0n0000 -.0, 
4 2 2,0 8.0 211311 211211000001011011001 27000000 21410000 0000n0g0  
5 2 0 4.0 211311 211211000001011011001 24 000000 11 4 10000 00000000 
6 1 1.0 4.0 211411 21151100n161011011011 22000000 11000000 410011100 
7.. 1 Q -8.0 211412 21151200001101001(1040 21000000 12unci000 4100000 0 
8 1 0 -8.0 211413 211312n00001010010000 2100nnno 1161000n 4100000 0 
9 1 1,0 .6,0 211422 211322000111000000011 22n00000 13000000 4100000 

10 1 1,0 -12.0 211423 211322000101000000000 22011n0o3 12610n110 410o0n0 C 
11 1 1.0 _6.0 21143-i 211 2 2200:1011nnOw)olnl 2 2.iniorn 11',')nnOn 4 1onnlo u 
12 1 1.0 -12.0 311423 211 322n0n3lloo0oOrmo0 2=o020011 511,0000 41n000( ,C 

13 2 1.0 4 .0 4 114 12 3113120011)nt0l001n000 23')80000 61000000 00000000  

14 2 1,0 .4.0 41141? 311312001001010n100c0 71010000 61010000 120n0100! 
16 1 2.0 2.0 41142? 3113220010410000n0011 22800000 520n0000 09010000 
16 1 2,0 4.0 411423 1113220010i100o000000 27010(100 51111nOnn nOn11oln(I 

17 2 1.6 4.0 412411 312311.-FIlivio011annOnl 2 ,,000000 31000000 00000000 
18 2 1,0 412q11 11 23110o1w, nn1lnOrinn1 21 ,101000 1100nnOn 121lnrr 1iu 

19 4 2.0 8.0 412412 1123120010n00100010n0 22000000 32u04c00 000(00''')3 
2n 4 0 -q.0 41241 7  312312001n00010,101040 2,000000 00000090 1200000,  
21 4 2,0 -8.0 412412 3123120010.100180010r0 nr,11000n0 12000000 1 200,11 1n 
2? 4 0 16.0 412412 3123120010000100011.-10 27000000 320n0000 12040000 , 

23  3  2 .0 4.0 4 1 24 1 1  31 73120010u0010)00010 22100001) 31610000 Ononrn20 , 
24 3 2.0 -8.0 412411 312312w4ll0nn1qo0non0 0(onon0u 31610000 120000110 ' 
25 
26 

3 

3 
n 

3.n 
16.0 
4.0 

412413 
4 124 22 

312312001000010000040 
1)2 372001400404n11011 

2?J001100 

21000000 

31 (.1conn 
7, 3000onn 

1(1 20=,  

27 3 1,0 .0.0 412422 31220n1nq0nn0qlloo1 21qufl1100 310n0000 1-) 0ln11noill 
28 3 1.0 17.0 41242' 1123720010110000n11001 2100)0n0 i2.0no000 120000001 

29 3 3.0 8.0 412423 3123120010,1n00001001 10 21001000 32610000 00000008  
30 3 1,0 _8.0 412473 31 2 32201,1006000010000 21000000 61000000 12000040 
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Table (4.11.10) contd. 

31 3 1.0 74,0 412421 1123-.2001000!1000140no 210,101000 32(.10000 1200nr0C 
32 2 3.n  4.0 4124 33 31?32200100r000.100001 :,1000000 31 "fy00 001,00r°.,  

33  2 1.n 1?.0 412432  3125:2001000000000001 d1900000 31'11 0;p10 120000.),. 
34 3 3.n  801 413423 31?3:-'2001001(.00001000 210,10 0100 113',G(.00 00000.:00 
35 3 1.0 -11,0 411421 312322001000G00001010 21(100000 510h0000 12000,100 
36 3 1.n 24.0 41342 112322001000000001000 21000000 1,1 390P00 12000000 
37 1 2,0 2.0 422411 322311001001000000n01 92000000 22000000 01100000 0 
3n 3 3,,0 4,0 42241.' 1221120n1011P010:110n0 511, 	41000 2101600n 00011:7 0 v 
39 3 1.n -'1.0 422412 322312101001001,101000 51000000 211100 000 12000100 
40 3 1.0 12.0 422412  3223120n1001001001000 51000000 23000000 12000030 
41 2 3.0 4.0 42241-i 3223120010G1000000000 51000000 2261(1000 00000000  
42 2 1.0 12.0 422413 322312001041000000000 51000000 22610000 12000000  
43 3 4.0 2.0 422422 327322101001(111411001 00000000 24000000 00000000  
44 3 2.n .4.0 422422 1223220010010110110n1 00000000 220n0000 1200011  
45 3 2.n 0.0 422422 322322001J01n11011001 00000000 24 000000 12000000 
46 3 4.0 4.0 422423 322322001001010011040 00000000 23610000 00000000  
47 3 2.0 -0.0 422421 322322001001010010000 00000000 21610000 12000000  
48 
49 

3 
2 

2.0 
4.0 

16.0 
2,0 

422421 
422433 

322322001001010010000 
322322001o010000 00001 

00000000 
00000000 

216 10000 
225 2000n 

12000000 

00000000  

5 n 2 2.0 8.0 422433 3223220010010000000111 00000000 22520000 12000000 
51 1 2.0 4.0 423411 622311001000000000601 52010000 21310000 000110000  
52 3 3.0 8,0 423412 322312 00/000001000000 51100000 22310000 00000,100  

53 3 1.0 -0.0 423412 322312001000001000001 91000000 31000000 12000000 
54 3 1.0 24,0 423412 322312001000001000300 51000000 2231000n 12000100  
55 3 3.0 6.0 423413 322312 0.114o0000001000 51030000 21120000 00000000 
56 3  1,0 -n.0 423413 322112901000000001000 91000000 210rinnon 12000000 
57 3 1.0 24.0 423411 3?2312001000000001000 51000000 2132 0000 12nnn000 
58 3 4.0 4.0 423422 322322001000011000001 00000000 23310000 00000000  

59  3  2 .0 -6.0 423422  322322301030011010001 00000000 21310000 120000.00  
60 3 2,0 16.0 42342?  322322001000011000001 011000000 23314000 12000000 
61 4 4.0 8,u 423423 322322001000010001000 00000000 2232n000 00000000 
6? 4 2.0 -8,0 423423 3223220010(10010001001 00000000 22000000 12000(100 
63 4 2.0 -8.0 423423 122322001000010101000 00000000 32000000 12000100  
64 4 2.n 32.0 423423 322322001000010001000 00000000 2232 0000 12000000  
65 3 4.0 4,0 423431 322322001001000011001 00000000 213'10000 00000000  
66 3 2.0 _8.0 423431 322322091000000011001 00000000 2131nnnn 12000000 
67  3  2 .0 16.0 423433 322322001000000011001 00000000 21310000 12000000  
68 3 4.0 4.0 433423 322322001041001001090 00000000 51210000 00000n00  
69 3 2,0 -8,0 433423 3223220010C1(01001000 00000000 51210000 1200r, 00 
70 3  2,0 1 6.0 433423 322322001001001001010 00000000 51210:,00 12000 ,3 00  
71 1 1,0 -1,0 411512 311312000001010011000 21000000 61000000 11410r 0 C' 
72 1 1.0 .8.0 412511 312311000000011000001 21000000 3101000n 114)0100 
73 3 0 -8.3 412512  3123120001n0010o01000 22000000 00000000 1141nr,0G 
74 3 2.n -8,0 412512 312312000000010001000 00000000 3201000n 11410000 
75 3 0 16.0 412512 312312000100010001000 22u0n000 320011000 11410300 
76 2 2.0 -0,0 412913 312312100101010100010 00000000 31( 10000 11410000 
77 2 0 1 6.0 412513 312312 000000010j00000 22C00000 31610000 11410101 

78  2  1 .0 -8.0 412522 3123220n0000000011001 21000000 310.10000 11410 7,0 0 
79 2 1,0 . 12.0 4 12522 312322000000000011001 21000000 33010000 1141010n 
80 2 1.0 -8,0 412521 31232 '000000000010000 2100 ,1000 r10n0000 1141nn00 
81 2 1.n 24,0 412523 31232200000:v100010000 21000000 32h10000 114 10r 0 0 
Bp 1 1.0 12.0 412531 312 32 %001300005000001 21030000 315 2 C0D0 11410r9:, 
83 2 1,0 _s1.3 413521 31232 20000(■0000031n00 21000000 51 01nr0n 11410100 
84 2 1.0 24.0 413523 3123220000)0000001000 21000000 51320000 11410630 
85 2 1.0 -8.0 422512 322 312000001001001000 910011000 21000000 11410100 
86 2 1.0 12.0 422512 3223121100001001101000 51060000 23010000 11 4 10::00  
87 1 1.0 12.0 422513 322312000001000000000 51000000 220, 10000 1141nn00 
88 2 2.0 .8.0 422522 122322000001011011001 00000000 220 ,1 0000 1141nr00 
89  2  2 .0 8.8 422522 522322000101011011001 00000000 2 4 000000 11410,- 0G 
9n 2 7.n .8,u 422523 12232200000101001n000 01000000 21610000 114 10003  
91 2 2,0 16,0 422521 32212 2000001010010000 00000000 23610n0n 11410rn0 
92 1 2.0 0.0 422531 32232.n100001000000001 00000000 22520000 114 1011:0 
93 2 1.0 423512  32231200(10400014000l0 51000000 31000000 114 1n210 
94 2 1.0 24,0 42351? 32231200000000100q040 51000000 22310o00 1141er,G0 
95 2 1.0 .4.0 423511 322112n0o00n000001010 51310000 210n000n 114 10 -,0G 
96 ? 1,0 24.0 423513 1223120000000001010n0 5)001000 2132 0C,00 114 10116 
97 2 2.0 _8,0 42352? 1223220000,10011000001 00000000 21 1 10000 114 1n1nn 
98 2 2.0 16.0 423522  122 3 2 200000n011000001 00000000 21110000 11410000 
99 3 2.0 -0.0 4215?3 52212 2000000010001000 00000000 22000000 11410-90 
104 .1 2.0 423523 522322000o00010001n1n 00000000 32000000 11410010 
101 3 ?0, 12,0 423521, 3223',20000110010001000 00000000 22520n00 11410300 
102 2 2,0 -n.0 423533 1221220000n000q0110n1 On010010 2151,1000 11410 ,;00 
103 2  2,0 16.0 423531 122122000000000011001 00000000 21', '0000 1141nn1'o 
104 2 2,0 -8,0 453521 322112000001001001000 000011000 51210004 114 1000 0 
105 2 2.0 16.0 433523 3?)322000001001401000 000000(10 91210000 11410,)00 
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Table (4.11.11) Representation of the terms in the expressions 
of the product of the first partial derivatives of r2(+s)  for the 
case when p=3 and k*=3 

1 1 4 .n 4.0 411411 122322001011011011001 0400n000 240 ,140q0 1200000o 
? 1 4.0 8.0 411412 32132200inh1n10010000 00000000 23610000 1200n000 
3 1 4.0 4.0 411922 322122001001000000001 0n0000c0 22r,?0000 1200eirr 
4 1 4.0 8.0 411421 31232 d081081808880840 0(1000000 22516100 12000071 
5 1 4.0 8.0 412411 3223220014o0011000011 00000000 233100n0 1 2000 1 % 0  
6 1 4.0 16.0 412412 3223220014000100010ln nn0000(10 2232nonn 120000"1  
7 1 4.0 1 6.0 91;'11 3  )221 '110019q0010001)000 1)011000m0 2231h10n 12nn0. 
o 1 4.n 8.0 412422 322322 001000000311001 00n00000 21330000 120000'1 0 
9 1 4.n 16.0 4124.?3 322322001100000010000 00000000 21596100 12000r0r 

10 1 4.0 8.0 412433 3223220010000000000n] 00990000 21 31 520n 120nn00 e 
11 1 4 .0 1.0 413423 322322001000000001800 00000000 21513700 12008000  
12 1 4.n 8.0 422912 322322001001001001000 00000000 5121nnnn 120000r, 0 
13 1 4.0 16.0 423412 322322 001704001000000 00n00000 51:"31 0n 120000r 0  
14 1 4.8 4.0 411511 322322008001011011001 00000000 24 080008 1141n/100 
15 1 4.n 8.0 41151d 322322 000101010010000 n0000000 23610000 114 1n010  
16 1 4.0 4.0 911522 322322010001000000001 00010000 224^000n 11410c00 
17 1 4.8 6.0 411523 322322000001000000000 011000000 2251G1on 11410 	00 
10 1 4.0 8.0 412511 32232200000001100000t 00007000 23317000 11410000 
19 1 4.0 16.1) 412512 322322000000010001070 01000000 2212400n 11410001 
20 1 4.n 1r,.0 412513 3223221p0n0n0010000000 00000000 223161nn 11410000 
21 1 4.0 8.0 412522 323,322000100000011001 00000000 2133nnon 11410(00 
22 1 4.n 16.0 412523 12232200300r000010000 0r000000 21326100 11410000 
23 1 4.0 8.0 412533 3223220000nn000700001 00000000 2131520n 31 4 10000 
24 1 4.0 16.0 413523 322322000007000001000 00000000 2151320n 1141000 0 
25 1 4.0 8.0 422512 322322000401001001000 00000000 51 230000 114100t0 0 
26 1 4.0 16.0 423512 3223220000nn001000000 00000000 51223100 11410010 

Table (4.11.12) 	Representation of the terms in the expressions 
derivatives of r2(+s)  for the case when of the 

p=3 and 
second partial 
k*=3 

1 3 4.0 2.0 411411 322322 801881811011001 00000080 24080000 0008000 ! 
2 3 2.0 -4.0 411411 322322001081011011801 00000000 22000000 120n0000 1  
3 3 2.0 s.0 411411 322322:01001811811001 011000000 24 0n0000 1200000 
4 3 4.0 4.0 411412 322322001001010010000 00000000 2 1 'lnnoo 00000n00! 
5 3 2.0 -4.0 411412  322322001881010010808 00000000 21610000 12000000 
6 3 2.0 16.0 411412 322122301c01010010000 0n000000 2361000n 12000000 
7 2 4.0 2.0 411422 3223720010rOG00n00001 or0nnOn0 22520000 000003rI0  
8 2 2.0 8.0 41142? 322322001001000000001 00000000 22524000 120n000 C 

9 2 4.0 4.0 411423 322322401001000000000 en000000 2251610n 000000OG 
In 2  2 .0 16.0 411423 322322701001001000000 Or000000 22516100 12000c1r,  
11 3 4.0 4.0 412411 3223220,00090110000111 00000000 2331000o 00000000  
1? 3 2.0 -8.0 412411 322322001000011070071 00000000 2131n0nn 12000000 
13 3 ?.0 16.0 412411 322322001 717011000001 0n000000 2311nnnn 1 20n00-0  
14 4 4.0 8.0 412412 322522001.1000101101000 onnOnnon 2231 0000 nnonnorin 
15 4 2.0 -8.0 412412 3223224010,1o01nn01000 00000000 2200ncon 120000 0' 0  

16 4 2.0 -4.0 412412 32232200100nn1on11nn0 00700000 32000000 12006000 
17 4 2.0 32.0 412412 322 322n0110,1017001000 Onnonnr0 22121onn 120(100 -, :' 
10 3 4.0 d.0 412413 322 3P2no1nnnni000nono 080000r0 22316100 on0n01106  
19 3 2.0 -4.0 412413 322322001000010000000 00000000 31610000 120nno00 
2n 3 7.0 32.0 412413 32232200104170100000G0 01001)000 2231610n 12006000 , 

21 1 4.0 4.0 412422 322122001000n00011011 00000000 21310000 00000nP 0 ' 

22 3 2.n -A.0 412422 322322001nrripon011001 00000000 21 110000 1 200r0"0  
23 3 2.0 16.0 41242? 32232 -2401J00000011001 0(01001100 2133nn00 12000090  
24 3 4.0 6.0 412421 322.,22,-0100.1004n100n0 n000nnon 21326100 0000000 0, 
25 3 2.0 .).0 412423 322322001000000010000 00000000 21 610nrn 12n0nnC61 
26 3 p.n 32.0 412423 3223 220010000000100n!) 01000000 2132610n 1200000C( 
27 2 4.0 4.0 412933 322322001007000070001 00070000 21 1152nn 00000000  
Pn 2 2.0 16.0 4121 433 122322001070000o00001 0n0100(0 21315200  120007100 : 
29 3 4.n 8,0 413423 122 3220010110007001000 00000000 21513200 00000060 1 

3n 3 2.0 .P.0 413423 322322001000000001000 04808080 21510000 120001100i 
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Table (4.11.12) contd. 

00000000 31 3 201 3101 4154Pi 21,2001000004001000 21')1 1200 

52  3  4.0  0.0  4224 1:! .57, 1910.1 1n :110o1000 On0,111 070 51 70000  
33 3 2.0 -8.0 4 724 17 32 ;'372001001001001000 r;0440000 51210000 
34 3 2.n 16.0 422412 32257.'001001001001000 00000000 !.1.20000 
35 3 4.0 8.0 42641' 322;220010000011104000 o00o0000 !,1221100 
36 3 2.0 .8.0 423412 322522001000001000000 00000000 51310000 
37 3 2.n 32.0 423412 32232200100n001000000 nn030000 51223100 
38 2 2.0 .8.0 411511 322122009001011011001 00000000 22000n00 
39 2 2.0 8.0 411511 32?32c000001011011001 00000000 24 000000 
40 2 2.0 -8.0 411512 32232,? 000001010010000 00000000 ?1 610000 
41 2 2.0 16.0 41151? 322322000001010010000 00000000 23610o110 
42 1 2.0 8.0 411527 3223221)00001000000001 00000000 225'0000 
43 1 2.0 16.0 41153 322322000001000000000 00000000 22516100 
44 2 2.0 -3.0 41251) •i222200110c0011000001 011000000 21310000 
45 2 2.0 16.0 412511 3223220onn00011a00001 00000000 2 3310cor 
46 3 2.0 -8.0 412512 122322000000010001000 nnionnnn 22000000 
47 3 2.0 -ft.0 412517 322322000000010001000 00000000 32000000 
48  3  2.0 32.0 412512  322522000000010001000 n0100000 22320000 
49 2 2.0 -9.0 412513 322322 00000010000000 00000000 3161 
50 2 2.0 32.0 412513 32932200000on10000000 0000000U 22311(: (rli 
5] 2 2.0 -8.0 412522 322322000000000011011 00000000 21310000 
52 2 2.0 16.0 412522 322322000001000011001 00000000 21310000 
53 2 2.0 -8.0 412523 3223220000.10000010000 00000000 21 610000 
54 2 2.0 32.0 412523 322322000000000010000 00000000 21326100 
55 1 2.0 16.0 412531 322322000000000000001 00000000 21315200 
56 2 2.0 .8.0 413521 322322000000000001000 00000000 21510000 
57 2 2.0 32.0 413523 122322000000000001000 00000000 21513200 
58 2 2.0 -8.0 422512 322322000001001001000 00000000 5121 0000 
59 2 2.0 16,0 422512 122322 ;10(1101001;101000 00000000 5121 0030 
60 2 2.0 .8.0 423512 522322000001001000000 00000000 51 31000n 
61 2 2,0 32.0 423512 322322000000001000000 00000000 51223100 

12000000  

000001" 
120(1WD 
1200n000  
00000000 

12000000  

12000000  
11410000.

,  

11410000 
11410000 

11410000 
11 4 100(% 0  
114100)0 
11 444; 
11410000 
11 41 000C 

1 

11410000 

11410000 
1141nn00 
11 41000 0 
11410000 
1141n000 
114 10000 
11410000 
11410000 
11410n0U 
11410000 
11 4 10000  

• 

Table 	(4.11.13) Representation of the terms in the expressions 
first partial derivatives of ri(+s)  for 
k*=1 

of the product of the 
the case when p=4 and 

1 1 2.0 4.0 411411 2112110,11 ,101n1lnllnol 240(10nnG 1200n000 000000061 

1 2.0 8.0 411412 211211001001010010000 21610000 12000000 00000000, 

3 1 2.0 4 .0 411422 211211001041000000001 2520000 120n0000 000000001 

4 1 2.0 8.0 411 4 23 211211 001001000000000 225161r0 12 600000 00000000! 

5 I 2.0 8.0 412411 2 31211001001011030001 23)11000 12000000 0000000 C 

6 1 2.0 1 6.0 4124 12 211211001000010001000 22320000 1 7000000 00000000  

7 1 20 16.0 412413 211211001000010000000 2',316110 12010000 00010010 1 

8 1 20 8.0 412422 21121100100n000011001 21331000 170r0000 0000 0f,0fl! 
9 1 2,n 16.0 4 124 23 211 21100100.100001000n 2132411, 0 12000000 00001006: 

lo 1 2.0 3.0 4124 31  21 1 11011900000100001 213192n0 17000000 00000000  
11 1 2.0 1 6.0 4134 '2 1 2112110c1001000701090 21513200 1 2000 000 00000n00 , 

12 1 2.0 8.0 422412 211 211,013r1001731000 512300n0 1 2 0r, 00G0 00000000 ; 

13 1 2.n 16.0 423112 2 11211001000001000000 512231r0 12 0 110000 0000r,101  

14 1 2.0 .8.0 411!- 10 21131 2 0000110100100n0 7 10000 0 12(jn0000 4100nn0) 
15' 20 .8,0 41152 4 211312100011000000000 77510000 120r0000 4 1000100 , 

16 1 3 .0 -4 .o 411544  2 31 32,010111 000100001  29 4000ru 130r00o0 4 1000000  
17 1 2.0 .16.0 412514 21131200001001000n000 22310000 12000000 41001'n2r. 
18 1 2.0 -16.0 412524 211312000010000010000 213200n0 12000000 4 1000000 . 
19 1 2,0 _iv.0 412554 21131?00001000n600000 21 1 15100 120nno0n 4 1000nDo 
20 1 3 .0 -.1.0 412544 211 7.221001100i)00:)0001 21310000 1300,,-J000 4 100nn00  

21 1 2 .0 1 6 .0 514514 3123120:0000010001 000 27000000 20001100 120/0006 

22 1 2 .0 IA.0 514524 31 2 3121101000000001000 21 510000 3200n0nn 1 700rn00  

23 1 3.0 6.0 514 544 1123220010000000110A1 210000110 31000000 12000(109 , 
24 1 3 .0 8.0 544514  322 5120(1100 1 c:)1:D)1000 51101000 2 2 1,n1'n1 12000r00  

25 1 4.n 4.0 544544 122322001001011011n01 04000010 24000000 120nni00  
26 1 2,0 1A.0 51 4 614 312310001n001000100n 27000000 3200000n 11 4 1110, 7 r 
27 1 2.n 16.0 514b24 31 2312000000000001000 21510000 32010nnn 11 410000  

28 1 3.0 '1.0 514 644  312327060J0o0n0311001 21000000 35000000 11 4 1ro0c 

29 1 3,n 8.0 54461 4  522312000001001E101000 51000000 210000nn 1143 0000 

30 1  4 .0 4.0 5440;44 322322000001011011001 00000000 24 000000 11410000 
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Table (4.11.14) Representation of the.terms in the expressions 
of the second partial derivatives of r1(+s)  for the case when 
p=4 and k*=1 

1 3 n .2.0 411411 /11211001001011011nnl 24000000 00000000 00000000  
2 3 2.0 8.0 411411 211211001001011011001 27000000 12000000 00000000  

3 u 4.0 411 14 11 2112110010,1;01011001 74( 12000 120.14r00 000000- 0 

4 3 n -4.0 411412 P112110010)10 1 0210000 2A-10(100 00000000 00000000  
5 3 2.0 8.0 411412 211211001011010010000 21A10000 12000000 00000000  
6 3 o 8.0 411417 211211001041014010000 ,:,101100 12040000 00000000  
7 2 o -2.0 413422 211 21100100100000000 221-20000 000(0000 Ononnc0"; 
8 2 0 4.0 411422 211211001001nOonnonnl 27520000 12000000 000000041  
9 2 0 -4.0 411475 71121100)0.-11000000000 ?2516100 00000000 0000000c 

1 0 2 0 0.0 411423 211211001001600000000  2',516100 12000000 00000001  1 

11 3 0 -4.0 412411 211211001010011000001 21310000 00000000 0000000c1 
12 3 2.0 R. 412411 211211001000011000021 21310000 12000000 00000000 1 
13 3 n 8.0 412411 21121100,000011000001 2331000n 1 2 000000 00000000' 
14 4 0 -8.0 41241? 211211001002010001000 22320000 00000000 00000000  
15 4 2.n 8.0 412412 P11211001010010001000 2 2002000 1 2000000 000nonofr 
16 4 2.0 A.0 412412 2112110010r,nolon01000 32000000 12000000 00010.000( 
17 4 0 1 6.0 41241-,  211211001040010001000 72320000 12000000 00000000  
18 3 0 -8.0 412413 211211001000010000000 22116100  00000000 00000000  
19 3 2.0 8.0 412413 211211021000010000000 31610000 12000000 00000000  
P0 3 0 16.0 412413 211211001a00010000000  2 2316100 12000000 00000000  
21 3 0 -4 .0 4124 22  211211001000000011001 21 330000 0000000n 000000120  
22 3 2.0 8.0 4124?? 211 211001020000011001  21310000 1 2000000 00000000  
23 3 0 8.0 412422 211211001000000011001 21330000 120nnn0n 00000100 
24 3 0 -0.0 412423 2112110010010o0010000 21576100 0000000n 00000000  
25 3 2.0 8.0 412421 211. 211001 00000001 000n 21610000 12000000 00000000  
26 3 0 1 6.0 412423  211211001000000010000  2 1326100 12000000 00000000  
27 ? 0 -4 .0 412433 211211001000000000021 71315200 00000000 00000000  
2R 2 0 8.0 412433 211211001000000000001 21315200 12000000 0000000n 

29 3 0 -8.0 413423 211211001000000o01000 2 1513200 00000000 00000000  

30 3  2.0 8.0 4134 23 211211001000000001000 215100p0 12010000 00000000  
31 3 0 16.0 413423 2112110010v0onnn01000 21511200 12000000 00000000  
32 3 n _4.0 422412 211211001001001001000 51230000 00000000 0000000 0 
33 3 2.0 8.0 422412 211211001001001001000 51210000 12000000 00000000  
34 3 0 8.0 422412 211211001001001001000 51230000 12(100000 100001r0  

35 3 n -0.0 423412 2112110010(111001000010 51223100 00000000 00000001  

36 3 2.0 8.0 423412 211211001000001000000 51310000 12000000 00000000  
37 3 0 16.0 423412 211211001000001)000n0 51 2 23100 12000000 00000000  
38 1 1.0 8.0 411511 21131100000101011001 22000000 1101.0000 41001)0 00  
39 1 1.0 8.0 411512 211311000001010010020  21;10000 11000000 41000nrG 
4n 1 0 -8.0 411514 211 312000011010010000 23100000 12000000 4100000U 
41 
42 

1 

1 
0 

1.0 
-5.0 
-6.0 

411524  
411544 

211312000011000000000 
211322;103111020000021 

22510000 
27000000 

12000000 
13002000 

410npoc5 
410001.00; 

43 1 1.0 8.0 412511 2113110000000110000n1 21110000 11000000 41nonnOu 
44 2 1.0 8.0 412t- 12 211311ngono00111031010 2 ,000000 11000000 410000;3 
45 2 1.0 8.0 412517 P11311010120010201000 32100000 llon000n 410001(111 
46 1 1.0 5.0 412513 211311)0030001 0030010 5 1 Al0000 Iloonnon 41000.r 00 • 

47 1 O -16.0 412514  2113120001100100000no 22310000 12000000 41000000 
48 1 1.n 8.0 412522 211311100021000)1,021 21310000 11000000 4 10002r'L 
49 1 1.0 4.0 412523 211311000000000010000 ?1610000 11000000 4 100(0001  
5n 1 n .16.0 412524 211312000010000010000 7137 00r0 12600000 41000101' 
51 1 0 -1 6.0 412534 21131200001o000000010 21315100 1200,4000 410000 0 ( 
5? 1 1.0 .12.0 412544 211322000110010000001 21310000 13000000 4 100(10 0 c 
53 1 1.n 0.0 413523 2113112o0)0000n001 ,100 21510000 11000000 4 1000200  
54 1 1.n S.0 42251? 211311000001001q0102n 51710000 1100000n 410000 0(1  
55 1 1.0 8.0 423512 211.3110000000olOoonnn 51312000 1100000n 4 1000200  
56 2 1.0 4,0 511514 311312 001001012010200 2 7 000000 61000000 000000 0c1 
57 ? 1.0 -8.0 511514 311312001101010010000 2100rl000 61094000 12000060  
58 1 1.n 4.0 511924 31131200100100000001q 22510000 61000000 0000000" 
59 1 2.n 2.0 511544 311322001001006.150021 2 7 000000 010r0n 000001A(  
6n ? 1.0 0.0 512514 31)3120010o0012010000 27310000 61 011000 unnooroci 
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Table (4.11.14) contd. 

61 2 1.8 -4.0 512'14 31151,'081008010080080 31008080 (',1000880 12008r,h2' 
62 2 1.0 4.0 512524 311312081188800010000 21320000 6100000n 00800880 
63 2 1.0 -8.0 512524 311312001108000010000 21008080 f,1008000 12000880 
64 1 1.0 8.0 512534  311312801308000000000 71315100 61000000 000080 0r 

65 1 2.0 4.0 512544 311322801000000000001 21310000 52000030 0000000  
66 ? 1.0 4.0 514511 31 2311001000011000001 23008000 31080000 00000010  
67 2 1.0 ..0.0 514511 312311801800011n0nro1 21000000 .'1 0(00.00 12008r.08  
68 2 1.0 4.0 514512 3123110011)011010000000 22618080 31000000 0118800 8 G 

69 2 1.0 .8.0 51451? 312311801880010000000 61000000 31080000 12008000 

76 4  2.0 4.0 514514 312312801000010001000 22000000 32000000 000000"O 
71 4 0 -8.0 514514 312312001000010001000 22000000 00000000 1200000 0 
7? 4 20 _8.0 514514 312312001000018801008 00000000 3200080n 12800080 

73 4 0 16.0 514514 31231200100001000100n 22000000 32000000 12008800  
74 1 1.0 4.0 514522 312511801080000000001 21524080 31040000 0000non0 
75 1 1.0 0.0 514523 312311001000000100000  21',161n0 31080000 00000000  
76 3 2.0 8.8 514524 312312881000000001000 21510080 32000000 000n0na0 
77 3 0 -8.0 514524 312312001080000001080 21510000 00000000 12000000 
78 3 0 16.0 514524 312312001800008001080 2151(000 32000000 12008000  
79  3  3.n 4.0 514544 31232200130onn0o110n1 21000000 33000000 0c0n00(10  
80 3 1.0 -n.0 514544 312322001000000011081 21008000 31000008 12000000, 
81 3 1.0 12.0 514544 31232200100000081100 21000000 33088000 12000800! 
82 2 1.0 8.0 524512 312311801080001000080 51220000 31008008 00000011/ 
83 2 1.n .0.0 524512 312311021000001000000 51000000 31000000 120080rn 
84 1 2.0 2.0 544511 322311001901000000001 52000000 220nn000 000a0na 0  
85 1 2.0 4.0 544512 32231100108100000008n 51618000 22000000 00080000  
86 3 3.0 4.0 544514 322312001001001001000  51008000 23000000 00000080 
87 3 1.0 -4.0 5%4514 322312001001001001000 51000000 21000000 12000000 
88 3 1.0 12.0 544514 122312001001 001001nn0 51000000 23000000 1200000n 
89 3 4.0 2.0 544544 322322001001011,111001 00000000 2 4 0n0000 00000000 
90 3 2.0 .11.0 544544 322322001001011011001 00000000 22000000 12000000  
93 3 2.0 8.0 544544 322322001001011811001 00000000 24080000 12000000' 

92  1  1.0 -8.0 511614 3113120000.3101 0010000 21000000 Alorianoo 11410000 
93 1 1.0 .8.0 512614 311312000onno10000000 31 000000 610000nn 11410800  

94 1 1.0 -5.0 512624 3113,20oanoomm100.10 21000(100 61000000 114100001  
95 1 1.0 _8.0 514611 3123110000n0011000001 210(10000 31000000 1141n0n 0  
96 1 10 _8.0 514612 312311000100010000000 61000000 31unic00 114100(0 
97 3 0 -8.0 514614 312312800nonC10001010 22 000000 00000000 11410000  
90 3 2.0 _8.0 514614 3123120000000103010l0 00001000 32000800 11410080 
99 3 0 16.0 514614 31231240030a010001000 22000000 320n0000 1141n883  
inn 2 0 .8.0 514624 312312000o00000001000 21510000 00000004 114100CC 

101 2 0 1 6.0 514624 31231210000000s101n 0 0 21 910000 3200000n 1141000 
102 
103 

2 I.1) 

1.0 

..3.0 

12.0 

514644 
514644 

31232288800000u011081 
31 232200nalnoon011001 

21000006 
2100000o 

31000000 
330n0con 

1141nnoe 
114 )000 0 , 

104 1 in _3.0 524612 31311000000001,100000 Sionnon0 31ncIn8(10 1141nn":: 
105  1.0 -8.0 544614 322312000001001401000 51000000 21000000 11410000 
106 2 1.0 12.0 544614 32)312088801081081810 51 000000 23088008 1141nroC 
107 2 2.0 -8.0 544r,44  3223220°0001011011001 00000000 220a0000 11410000 
108 2 2.0 8.0 544644 322322 000001011011001  00000000 24000000 11410000 
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Table (4.11.15) 	Representation of the terms in the expressions 
the first partial derivatives of ri(l's) for 
and k*=2 

of the product of 
the case when p=4 

1 1 2.0 4.0 311311 011211001001011n11001 24004000 1200nonn Onnnnndin 
2  1  2 .0 4.0 511512 21121140100+010610400 2614400 1 29nnO0n 000490n0 
3 1 2.0 4.0 311322 211211001001(1000110n1 >2,,20000 120110000 000000°6 
4 1 2.0 8.0 312311 211211001000011000001 21310400 1 10001000 00000000 
5 1 2.0 16.0 312311  211211401000010001000 22124000 12000000 00000100 
6 1 2.n 8.0 112112 71121100100 0909011141 21i1nnor 1:-'0000no 00000000  
7 1 2.n 13.0 322512 21121100104100100 1 0 0n 51>3n000 12010000 00000000 
6 1 2.0 4.0 312411 2122119r00020110119n1 24000000 11410000 00000000 
9 1 P e n 8.0 311412 211211000001010010000 23410000 1 1 410000 00000000 

10 1 2.0 4.0 311422 211211000001000000041 22929n00 11 410000 00000000 
11 1 2.0 9.n 312411 2112 1 100000nnIlln0001 2xl1ninn 1 141 0000 000000.101  
12 1 2.0 16.0 312412 211711000500010001000 225200010 11420000 0000p1n0 
13 1 2.0 8.0 312422 211211000004000011041 21330000 1141000n 0000041 0 
14 1 2.0 9.0 322412 211211000001001001n40 51231000 11410000 00000000 
15 1 2.0 -0.0 311911 21131 ?0400110101100n0 21000000 12000000 410000r0 
16 1 2.0 -0.0 311514 211312000001010010000 2000000 114100 011' 41000000 
17 1 2.0 -6.0 311523 211312000011000000004 2/510000 12000000 4i0nr000 
19 1 2.0 -0.0 311524 231312000041000000004 22510000 11610000 41000000 
19 1 3.0 -4.9 311933 211122400111000040041 22000000 130000100 41000000 
2n 1 3.0 -4.0 311534 2113,3 2000101000000000 2203nrnn 12410000 410030040 
21 1 3.0 -401 311544 231322000001000000001 22000000 11520000 4100040n 
22 1 2.0 -16.0 312513 211312000010010000000 2/314000 12000000 41000000 
23 1 2.0 -16.0 312514 2111120000000100000110 221104nn 11610000 41000400 
24 1 2.n -16.0 312523 21,31200001000001000 0 21321000 12000000 41000000 
25 1 2.0 -16.0 312924 211312000000000010000 21120110n 11610000 41000600, 
26 1 1.0 -0.0 312531 211322000110000000001 2111000 0 13000000 4ionnnn0 1  

27 1 3.0 -16.0 312534 211322000100000000001 21310000 1261n000 41000000, 
28 1 3.0 -9.0 312544 211312000000000000001 21310000 119/00nn 410000001  
29 1 3.0 -8.0 411934 211322010011000400000 22010000 51 124°00 410(0000 
30 1 3.0 -14.0 412534 231322000010000000000 2131nnnn 51120000 4 , 0000°0' 
31 1 2.0 16.0 513513 312312001400010001000 22000000 32000000 120001000 
32 1 2.0 16.0 513514 312312001000010000000 2200,1000 31610000 12000000 
33 1 2.0 14.0 513523 31 2312001004000001000 21510000 32000n0n 12001400 
34 1 2.0 14.0 513524 3123120010004100000000 2191000n 31610000 12000000 
35 1 3.0 8.0 513533 312322001001000011001 21000000 31040000 12000000 
36 1 3.0 14.0 513534 3121220010440041)0010 21000000 32410000 1200040n 
37 1 3.0 8.0 513544 3123221110°0 000000041 21011000 3152nrn4 1000 0n0 
39 1 3.0 16.0 514534 3321220111 000000041040 21000000 51320000 12000000 
39 1 3.0 8.0 933513 322312001001001 0 01000 91001000 23000000 12000100 
4n 1 3,0 1.0 533914 12/312001001000000000 51040000 22410000 120norP0 
41 1 4.0 4.0 533531 329322n5lOn1 111n110n1 onnennn0 24 000000 120n/1100 
42 1 4.0 9.0 553514 321322101001 010010004 090nnnn0 21A1nonn 120rinn00 
43 1 4.0 401 533944 320 322001001000000001 00000000 22520000 12000000 
44 1 3.0 16.9 534513 32 /312 401000001000440 51000000 22310400 12000,10 
45 1 3.n 16.0 514514 322312001000 000001nnn 9100nnnn 213/0000 12000100 
46 1 4,0 1.1 534533 3223:1204100 0:111001141 00°01 000 2131 0000 1200 00°0  
47 1 4.0 16.0 534534 32/312101000010001000 00)01000 22320000 12000004 
40 1 4,0 8.0 534544 1223221010013n04111001 0 00040010 21110000 12000000 
49 1 4.0 8.0 544934 327121910n10019010n8 01011000 9121004n 120040 0 C 
50 1 2.0 16.0 513611  312312,30140001000100, 27,-Inn0P0 37000000 11410-n0 
51 1 2,n 16.0 51361, 3121120000nn0I040000p 2/000000 31410010; 1141n400 
52 •••1 2.0 16.0 513521  31231 2000000000001040 21511000 320n000n 11415000 
53 1 2.0 14.0 513624 312312000000000000444 2151n0n0 3161r100r 1141nrrIn 
54 1 3.0 8.0 513631 312322109900n00011001 21 000000 3010009 1142rr•00 
55 1 3.0 16.0 513614 1123290424n909nIonn0 21 401000 32A2n0nn 1141 0000 
56 1 1.0 13.0 913644 3121 / 2 904000000999001 21 10'190n 31520000 1141400 0 
57 1 3.0 14.0 514454  31/12200000 '011001000 21011000 51320000 1141-,100  
58 1 3,0 4.0 513623 322112990011001991100 91000400 21040000 1141000 0 
54 I 3,n 0.0 533614 3.)231 20002n1:900 001305 5140 4410 2261nonfl 1141nin0 
60 1 4,0 4.0 53341; 32232201(100 010110110n1 00004000 2 4 000000 1141nr50 
61 1 4.0 /.0 513414 322312000101016110040 0 0404004 21r,10000 11410000 
62 1 4.n 4.0 913444 322322000041000.110001 n01010190 21920004 1141010 0 
63 1 3.0 16.0 5340,1 12 )129- 0J00c01nj3nn2 5110090 0 22510991 1141000 0 
64 1 3.0 16.0 53461,4  223121000nr040091nn9 51 nqn0n9 211-mprin 11 4100°0  
65 1 4.1) 0.0 534653 122122000101011000411 0 0 140000 23310,000 114100 00 
66 1 4.n 16.0 514434  322 122404000010401040 n0000090 225200nn 1141010 0 
67 1 4.0 4.0 534644 12,31240n0onnon111011 nnnro000 21130050  11410000 

68 1 4 ,0 11,0 544634 3223220000n10010)10.)0 90900000 5121nnnn 11410000 
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Table (4.11.16) 	Representation of the terms in the expressions 
derivatives of ri(+s) for the case when of the second partial 

p=4 and k*=2 

1 3 0 -2.0 311111 2112110011101011011101 2u1,On000 n0000000 000n0000 
2 3 2.n 0.0 311311 21121120 1 nnip1 1 .111001 22ncrIPP0 12nnnOPP Ononno00 
3 3 n 4.0 311311 ')11711001001011011n01 74000000 1201 n100n 00000,100 
4 3 0 -4.0 311312 2112110000101001n0nn 2xA1pnoC 80000000 00000:'00 
5 3 2,0 8.0 311317 211211n0100Ininninnnn 21610000 1700000n onnnomon 
6 3 n . 8.0 31,312 211 ,111010010111010,100 2361nnn0 12000000 noonnono 
7 2 0 -2.0 31132, 2112lioninninonnononi 22521000 nnnnocno 00010000 
A 2 n 4.0 311322 211211nr11001000000nnt ppconnpn 12010000 00000,00 
9 3 n -4.o 312311 211211no1oonolino000i 71310000 000n0000 000001n0 

10 3 2,0 8.0 312311 211211001010011001no1 21310000 120n0000 00000n00 
11 3 0 8.0 312311 2112110q10,10011000nn1 23311000 12000000 000r0nnn 
12 4 0 -8.0 312312 211211/01000010001000 2732n000 onnnnonn 00000000 
13 4  2.0 S.0 312312 211211001w-001000100n 72000000 12010000 000n0r00 
14 4 2.11 8.0 312317 211211(1010000100010n° 3200n000 1200000n onnnnnnn 
15 4 0 16.0 31231-) 211211nnlInn010001000 2252n0n0 17000000 000nornn 
16 3 0 -4.0 312322 2117110nlonn1/0011011 2133nnn0 010n0000 00000000 
17 3 2.0 8.0 312322 2112110010n0000011001 21310000 1200000n 00000000 
18 3 n 8.0 312522 21121100100n0n0n110n1 21310000 12000000 00000000 
19 3 n _4.0 322312 211211001001001 001000 91 130000 00000000 00110000n 
20 3 2.0 8.0 322312 211211101001001001000 51 21001.0 12000001 00000000 
21 3 0 A.0 322312 21121101110n1001001nnn 5123nnnn 12000000 00000000 
2? 2 2.0 8.0 311411 2112110011001011011001 27000000 11 4 10000 00000000 
23 2 n 4.0 311411 211211010,101011011001 24001000 11410000 00000(010 
24 2 2.0 8.0 311412 2112 1 100000,010010000 21A10100 11 4 1 0000 00000000 
25 2 0 8.0 311412  P1121100000101001000n 23;1n000 11410000 00000000 
26 1 0 4.0 31142? 211211000001000000001 22520000 11410000 0000808C 
27 2 2,0 p.0 312411 211211000000011000001 2131nn0n 11410000 00000000 
28 2 0 8.0 312411  71121 1800001011000n01 23310000 114180011 00010060 
29  3  2.0 8.0 312412 21 ,211800800010101000 22000 000 1 1410000 00000000 

3n 3 2.n 8.0 31241? 21121100(100n0101010n0 3200nnop 1141000n Onnrnr,00i 
31 3 0 16.0 31241? P31211000000010001non 2232n00n 1141000p 00000100, 
32 2 2,0 8.0 312422 211211100000000 ,1110n1 21310nnn 11410000 000000 0 0 
33 2 0 8.0 3124 22 21 1 211000008000111o01 21331(100 11 4 10000 00000^0c, 
34 2 2.n P.0 322417 2112110000010010010nn 912100nn 11410800 0000n0 0 0, 
35 2 0 8.0 322412  2112118000o1001001100 51 2 300n0 11410000 0011000n0, 
36 1 1.0 0.9 311511 211311 ,100001011n11001 220011000 11000000 4100f-,001 
37 1 1.0 8.0 311912 21131100n0010100109 0 0 2161m0r0 11000000 4 10nC0n0 i 
38 1 n -$1.0 311513 211312000011010010000 23000000 1201100on 41000,00 
39 1 0 -8.0 311514 211312080001010010000 2100000 0 11610n0n 41000 ,100; 
40 1 n -8.0 311523 P11312n/00110o100000n 22 ,,,111np0 12010000 410110110e ,  
41 1 0 -8.0 311524 211312000001009n3nnnn 2251nnr0 1161P0nn 41nnpr10i 
42 1 1,0 -6.0 311533 211 32200011 1 0P19000P1 22000OP0 1300,1 000 41 0P1m 0 n1 
43 1 1.n _12.0 311534 211322000101001000rv10 2200n000 12;10n00 410011,̂0! 
44 1 1.0 -6.0 311544 211372100001000000001 22001000 115200nn 41n0010n! 
45 
46 2 

1.0 

1.n 

8.0 

'2.3 

312511 
312512 

211311000000011000011 
211 3110101010-:011n0 

2131nnr0 
270011r0 

110 

1 1 910100 44
0nC00 	

1 °nnr; 1iO 	r ;I 
47 2 1.n 8.0 312512  2113110000010110010nn 32001000 1100n090 410nr1P0' 
48 1 0 -16.0 312513 211312100011111 0000000 2251n0r0 120n0000 410n0^0c 
49 1 n -16.0 312514 211312100000010000090 22311100 1161nOn0 410nnnon 
50 1 1,P A.0 312522 21+311000PAPP0on11P.11 2131non0 1innnonn nionnnnr 
51 1 n -16.0 312573 21 1 31200(10100001)10011 2132nnp0 720110000 410nrn'lb 
52 1 0 -16.0 312524  211312nnnInnO00nlOn0n 213200n0 1161nonn 41000 ,r1 
53 1 1,0 -12.0 3 12531  2113??0n01111000(1 30Pnl 213100(10 1300n000 4100n ,r,H 
54 1 1.n .24.0 312534 21132200010.100no000in 21110000 121.1nonn 410001r0 
55 1 1.n -12.0 312544 21132710000P001910n^1 2131nrnn 11 c.2n0n0 410nn000  
56 1 1.0 8.0 3"!2512 211511nnf,OnlOn1101n10 5171nnn0 linnninn 410011.-1 0; 

57 1 1.n -12.0 411954 21i322P00311000100010 27000000 511200q0 4100rnnn 
50 1 1.0 -24.0 '412534 2113271r001(10090onn00 213100r0 511")nnnn 1410nrro0 
59  2  1.0 4.0 511''13  311 312^110n1r1P111000 7 100mnnv 61000100 00orn01I1 
An 2 1.0 _ri.0 511513 311312001011101001n000 210011.00 6101n080 120nnnno 
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Table (4.11.16) contd. 

61 1 1.n 4.0 511923 311312nnlOn10001Innonn 2 2r,Innnn 61nnnnon ononn'inn 
62 1 7.n 2.0 511511 3113120q10nlnonn0nn41 22n4n0no 92nnnoon onononno 
63 1 2.n 4.0 511514 111 32?8010010°0000000 220811400 9161 0000  00008004 
64 2 1.0 8.0 512513 111312nnlnnnnlonnnnno 2731nono 61 nnnOnn ononvnn 
65 2 1.n -8.0 512513 111512101onnninn0nn00 31nnnvnn 61nnnnon 12000000  
(,A 2 1.n 8.41 512',23 1113171n1nnr(11(.1nnal 211'onnn A1010010 Onnnp - np 
67 2 1.n -n.0 512921 311112nnlonnnnnntionn 2in8nnn0 Atonnnnn 1210nrC0 
66 1 2.n 4.0 512531 3113',2001000RURRnonnl 21310000 5200000' 0n0nnn00 
69 1 2.0 8.0 512934 111322n010onnonnoonno 2131nnnn 91610000 on000onn 
7n 2 1.0 4.0 513511 312311001nnnollo(1nlnl 23000000 31nno00n Onnnon00 
71 2 1.n -n.0 513511 3123110010nO0 1 1108001 21108000 3108nonn 12000100 
72 2 1.41 n.0 513512 31311nnlonr110)180on 2261108.0 31nnn000 0000ofs 00 
73 2 1.0 -R.0 513512 3121110010onn19000000 61000000 31000000 120nnnn0 
74 4 2.0 8.0 513513 3121120n1on8n10001000 2200n000 320n000n onnnonOn 
75 4 0 -8.0 513513 3123128olononionoln00 22101000 nnonnonn 120nrn80  
76 4 2.n -8.0 513513 112312nolonnnInnnlo0n 080410080 32onnnnn 12nnrrnn 
77 4 0 16.0 513513  31231200i080o1000lon0 22008000 320nnonn 120nnnne 
70 3 2.n 8.0 513914 312312801011001 00000n0 22000000 31610800 OnOnOnnn 
79  3  2.0 -8.0 51351u 312312nnlnnnn)0nnnl):1O nnnnnnrn 3161r0nn 12onnn00 
80 3 n ,6.0 513514 312312n01nnn01000 nnqo 22'01)000 3161r000 12008011 0 
81 1 1.n 4.0 513522 312111no10n00001000n1 2152nonn 310n000n 0nononn0 
82 3 2.n 8.0 513523 31 2 3120n1onnnn0nOlonn 2151nnn0 320in8Onn Onnnonnn 
83 3 n -8.0 513523 312312onl0n0on0001n0n 21 91non0 nOnnnOnn 128nn1n0 
84 3 0 16.0 513523 31 231200100000101011 21 91n0r0 320nnnnn 1200o000 
09 2 2.0 8.0 513524 31231208100001,00000n0 21 918000 3161(1000 000n0100 
86 2 0 16.0 513524  312312000n000nn008on 21 91nnn0 3161n0nn 120RnrC(4 
87 3 3.0 4.0 513533 11 2322001008n00011n01 21008000 11nnn000 Ononnnn0 
88 3  1.0 -8.0  513533 312322401008000011001 2innn000 31000000 12nn0nn0 
89 3 1.0 12.0 513533 112322003000880n11001 21008000 33onnoon 12000000 
90 3  3.0 8.0 913934 312322)ni0RO000R10nn0 2innn000 32A10000 OnOnenn6  
91 3 1.n -8.0 513534 312372(1 0100(1800010000 21 00m00 61 11nnonn 1200on00 
92 3 1.0 24.0 513934 91 9322401000800410080 21000000 3261nonn 1200491'0 
93 2 3.0 4.0 513544 312322001010000000001 211100080 31520000 00000000  
94 2 1.n 12.0 513544 312322101001008000001 21nnnnn0 31520000 120no8P0 
95 3  3.0 8.0 514534  312322101001000nO1010 21000000 511n0000 OnOnrPrO 
96 3 I.n _8.0 514534 31 2122nn1000008001000 2100nn0o 510nn000 12000800 • 
97 3 1.0 24.0 514934 31 2322101100000001800 21nOr0no 513211080 12nonn8 0 
98 2 1.0 8.0 523512 "112311nn10011001nOnnnn 9122nnnn 310n800n oonnvor 
99 2 1.0 _A.() 523512 3123110018nn0nlnOnnno 5innnnno 31onnrnr 12n00n0n 

300 1 2.n 2.0 513511 322311881001881n000o1 52nnnn0o 220no9on 00000,00 
101 1 2.0 4.0 533512 322311001091000000800 51510000 22008000 00080000,  
102 3 3.0 4.0 533513 322112nolonlo01001001 51010080 Ploninnn 000n08 8 0 
103 3 1.n -4.0 533513 122312nn1001polno1010 SlOnnonO 210nrnnn 1200nnon 
104 3 1.n 12.0 533513 322312101081001n010n8 91nnr0r0 21,188100 12Orinnnc 
105 2 3.n 4.0 533514 32312111011onln3nnnn 51100000 2261 8009 000nn880 
106 2 1.0 12.0 533514 3223121n1081000100n,10 510nI000 2261n0nn 12nnnnli,  
107 3 4.0 2 .0 533533 3223221ni0ol11'll1nn1 0(1118)000 2u88no8n 00onnnO0 
108 3 2.n .9.0 533533 3223220n10r1nlln11n,11 nonlnCnO 22001000 1200nrile 
109 3 2.n 9.0 533913 322A22,111)11n11111n01 1,^100r0 240^0190r 120nr ,- r8 
lln 3 4.n 4.0 533534 1221220olnolnInolnann 0n010000 21610000 00000000 1  
111 3 2.n .8.0 5335114 3220a1001011018100 nnn10onp 2161'088 120onnu; 
112 3 2.0 16.0 533534 3223229o1on3n10n110n0 08101000 236180 00 120080Cr 
113 2 4.n 2.0 533944 322322081 0nlcOnnOnnnl nnnonnno 2292n1nn fonno00C 
114 2 2.9 0.0 533544 322322nn1 7111Onnn11001  8nn)Rn00 2292n$11r 1200n800 
115  1  2.n 4.0 514c)11  3223111n10nn800o000n1 92080000 21311008 OnOnnr n 0 
116 1 2.0 n.n 534512 322311nni0nn0nn8onnn0 9141nnnn 2131nnIr onnnernr 
117 3 3.0 8 .8 534511 322112 001000r1o110P0 51f04080 22111f- on 000000'r 
118  3  1 .n -ft.) 534513  3223121n10P07r1'00R10 91010000 310nroo1 120nnnn0 
14 3 1.n 24.0 534513 322112001081801000010 91n8n0nn 2231rnnn 12nnvo0 
2n 3  3.0 4.0 534513 322312 001000000001000 51(19800 2112000n 000n0nne 
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Table (4.11.16) 	Contd. 

121 3 1.0 _8.0 534514 3223120010001,00101000 51008000 21000000 12001710 
122 3 1.0 24.0 554514 122;12091000000001000 51000000 2131,1000 1200000 0 

123 3 4,n 4.0 534531 123322001100011000011 0010000n 21310(1 00 0000000 0 

124 3 2,0 .40 534533 3?2322o01900011000811 00090000 21110000 12000000 
125 3 2,0 14.0 534533 327322001000011000001 110040000 21510000 12000000 
126 4 4.n 8,0 534534 3223,200100o01nn019n0 000)0000 22330000 00000n00 
127 4 2.0 -4.0 5310)14 322322(10110001 ,,w01000 00000000 220,10000 12nnn 1:.  
12n 4 2.n -8.0 534514 122322001100011101000 n0000000 32000 00 1200005o 
129 4 2.0 32.0 534534 322322001000010001000 n0009000 22328n00 12nopn00 
13n 3 4.8 4.0 534544 3223,2001000000111001 00010000 2131cnn 00000000 
131 3 2.0 -8.0 534544 322122001.000000nlinnl 00000000 21310000 12000000 
132 3 2.n 16.9 534544 122322901090000011001 000080n0 2131:1 000 120000nn 
133 3 4.n 4.0 544514 122322001001001001001 n0100000 51?30000 00000000 
134 3 2,0 _4,0 544534 322322101001001001000 00000000 51210000 12n00000 
135 3 2.0 16.0 544534 322322101001001001000 001000000 51231000 12000000 
136 1 1.0 -8.0 511613 311312900101010010908 21000000 61000000 11410808 
137 1 1.0 -8.0 512613 111312900000010000000 31000000 61000000 11410008 
138 1 1,0 -8.0 512.623 11131 2000009900019000 21000900 619,0000 11410100 
139 1 1.0 -e.0 513411 312311000000011000001 21800000 3100000n 11410000 
140 1 1.n -8.0 513612 3121110000000,0000000 61000000 31000000 1141(1000 
lql 3 -0.0 513413 112312000900010001000 22000000 00000000 11410000 
142 3 2.0 -8.0 513613 3123121000000109010n0 00000000 32000000 114100 0n 

143 3 0 16.0 513413 312312000000010001000 22000000 32000000 11430000 
144 2 2.0 -8.0 513614 3123120(10000010000000 00000000 31610000 11410000 
145 2 0 16.0 513414 312132000000010000000 22000000 31610000 11410000 
146 2 0 -8.0 513623  312312000000000001000 21510000 00800008 11410000 
147 2 16.0 513623 312312000000008003000 21910000 32000800 31410000 
148 1 16.0 513624 312312000900000010000 21510000 31410000 1141000 
149 2 1.0 -8.0 513633 1123220000000000110n1 21000000 31000000 11410080 
15n 2 1,n 12.0 513633 312322000000000011001 21000000 33000000 11410000 
151 2 1.0 -8.0 513614 112322000000000010000 21000000 61000000 11410000 
152 2 1.0 24.n 513634 31232200000000(1010000 21090900 32610000 11410000 
153 1 1.0 12.0 513644 312322000000000000001 21080000 31520000 11410000 
154 2 1.0 .4.0 514634 312322000000000001000 21000000 51000000 11410r00.  
155 2 1.n 24.0 51.4634 312122000000000001000 21001000 5112000n 114100 00 

156 1 1.0 -8.0 523612 312311000000001000000 51000000 31090000 1141nr.00 
157 2 1.0 .4.0 533613 322112000001001001000 51000000 21000010 11410000 
15A 2 1.0 12.0 533613 322312000001n01001000 51000000 21008n8n 11410000 
159 1 1,0 12.0 533614 1223120000011000090000 910n0800 22410900 1141n00 0 ,  
160 2 2.0 -8.0 533,33 322322900901011011001 000010 00 2201110n 11410000 
161 2 2.0 8.0 533633 323322000001011011001 80000000 24 000000 11 41rr^6  
162 2 2.0 .0.0 533634 322322000001010010000 9nn00100 21610000 11410r00 
163 2 2.0 16.0 533634 322322008001(110010090 00000000 216100nn 1141nr00 
164 1 2,n 8.0 533644 322322001001000100001 1 0 011000 22530000 11410r 0 0 
165 2 1.0 -3.0 534613 122312000000001000000 51030000 31000000 11410-n0 
166 2 1.0 24.0 534611 322312000000001800000 51000000 22310000 11411.1,00, 
167 2 1.0 -8.0 534614 322312000900000001000 51001000 21000;00 114100 '1 01 
16A 2 1.0 24,0 534614 322312100000 00 0 0 01910 51900800 21320010 11410r,001 
169 2 2.(1 -8.0 534431 322322000000011000001 00000000 21310000 114100001 
170 2 2.0 16.0 534633 32;3223000r.0011100011 J00,00100 21710000 11410-0, 0 1  
171 3 2.0 -8.0 534434 3223220000000100010nn 0000000n 22000000 114inr ,e 
172 3 2.0 -0.0 534634 322322000000010001000 ononnOPO 32000090 11410000 
173 3 2.0 32.0 534634 322322900000010001000 n01 000000 22320010 1141000 0 
174 2 2.0 -0.0 534644 32232200001C010011001 00000000 213100 30 114100 0 0  
175 2 2.0 16.0 534444 3223220000000000110n1 00000000 21 3i0000 114100.00 
176 2 2.0 -8,0 544634 322122000001.001001000 00000800 51210000 114100.0 0 
177 2 2,n 16.0 544634 322322000001001001000 00100000 5110000 1141000r 
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Table 	(4.11.17) 	Representation of the terms in the expressions 
first partial derivatives of ri(I-s)  for 
k*=3 

of the product of the 
the case when p=4 and 

1 1 2.n 4.0 711211 211211001001911011001 71009000 12000000 000nnloo 
2 1 2.0 4.0 211111 211:11000001011011011 2400001,0 1141000n 00000000 
3 1 2.0 -8.0 21153q 21111200001101 ,, 010000 21000000 1200rnr.n 41000000 
4 1 2.0 -8.0 211513 211312000001011010010 21000000 11410:Inn 41000000 
5 1 3.0 -4.0 2115,32 .,1111?onn111001000001 22000000 1100rn1in 410nnrnn 
6 1 3.0 -4 .0 211S2 ,, ?It -5'211001 0 11 0 ) 130000 27)o00r0 12,1061n 41(10,("; 
7 1 3.n -4.0 211513 2113?20000010r0000091 22011010 1lr200510 43n0nr00 
8 1 5.n -8.0 211514 211522000001000000000 22000000 11516100 41000000 
9 1 3.n -8.0 311521 21132700001 1000000010 27000000 51 1 70,00 41000000 

1n 1 2.n 16.0 512912 512312001000010001000 92000000 52000000 12000000 
11 1 2.n 16.0 512511 112112001000010000080 27000000 31(1n0nn 12000000 
12 1 1.0 8.0 512572 112372001001000011001 210051000 11000000 1200n0^0 
13 1 1.0 14„0 512521 317379n0100,3000010000 21 100000 32611000 170r0n00 
14 1 3.0 51.0 512533  312322001000000000001 21001000 51570000 120(10100 
15 1 5.0 16.0 512514 3173120010/51000000000 21000000 315161510 12000100 
16 1 3.0 16.0 513521 1171220010010000010)0 21010000 5130,1000 1700,1000 
17 1 3.n 8.0 522512 322312001001001001000 51001000 21000000 12000000 
1n 1 3.n 8.0 522513 527112001001000000009 51000000 22610000 12000000 
19 1 4.0 4.0 522922 12,172001001011011001 00010000 24000000 17000001 
20 1 4.0 8.0 522523 327372001001010010000 00000000 2161n51ai51 1200 0000 
21 1 4.0 4.0 522531 127172001001000000001 00000000 22",71000  17000000 
22 1 4.0 51.0 522514 527572001001000000090 00001000 2251(100 12000(00 
23 1 3.0 16.0 523512 3225120010010011005109 9100n0n0 2231000i0 120(10700 
24 1 3.0 16.0 523513 327512001000000001000 51001000 21370000 1200001010 
25 1 3.0 16.0 523514 3221120 01030000000000 51000000 21316100 12000700 
26 1 4.0 8.0 521522 3225720010100011000001 0 0010000 211101 0 00 12000000 
27 1 4.0 16.0 523721 3271720010010100010n0 00000000 22170000 12000 0 01 
28 1 4.0 16.0 52352u 1273720010001110000000 00000000 22316100 12000505• 
29 1 4.0 8.51 523533 32')172001000000011001 0n00g1,40  211-.:00nn 170001000 
30 1 4.0 16.0 523514 122372001000000010000 0 0101000 21376100 12000000 
31 1 4.0 8.0 523544 322122001000000000001 00000000 21 7,15000 120nnn0 0 
32 1 4.0 16.0 524534 322372001000000001000 00000000 21913200 12000000 
33 1 4.0 8.0 533523 127172001001001001000 00001000 5127conn 120nn600 
34 1 4.n 16.0 534523 12232290100g5101 0000n0 0 040 0000 E1221100 120511500 
35 1 2.0 16.0 512612 312317000100010001000 2700,1000 32001000 11410000 
36 1 2.0 14.0 512613 31 711200010n010000000 22001000 31610000 114100100  
37 1 3.0 51.0 512622 31232201 00000000011101 21100000 310nnOg0 1141nn00 
3r 1 3.0 16.0 512623 31320000n00011100n0 21001000 32(010051 11411-10 
39 1 3.0 8.0 512611 3123220000000000000n1 210010510 31520000 114151700 
40 1 3.n 16.0 512514 117172500000000000000 21000000 51916100 11410000 
41 1 3.0 16.0 513;23 1171770000010000001000 2i000000 513751000 114151003 
4? 1 3.0 8.0 522612 522312000001001001000 51 001000 211100950 114,0000 
43 1 3.n 5.0 522411 32731 2000001 00000001n 91001000 22010000 114110 0 0 
44 1 4.0 4.0 522622 327372000011011011011 000051000 20000000 1141,.r 1' 
45 1 4.n g.0 522623 3223;20000g10100100,10 00000000 2161000n 114100100  
46 1 4.0 4 .0 522631 122322000091000000001 nnqnnonn 22570nnn 11410,00 
47 1 4.0 4.9 522614 322322nnnnn109ng01000 nnonnnne 2251A1qn 114 1^1 1(] 
451 1 3.0 16.0 523612 322312001long001000110 51000000 2231nvin 1141nr^0 
49 1 301 14.0 523513 32231200 0091;030001(110 910000(10 213710/0 1141r -r0 

50 1 3.0 16.0 523614 327112100000000000000 51001000 21116100 11410110 
51 1 4.0 R.0 52322 327 3720010n^C11100011 nn0051000 2331 0110 0  1141 0 , 60 

52 1 4.0 16.0 523621 527522000000010001000 00010000 2237n010 11410000 
53 1 4.n 16.0  523624  5271720000001010000019 000010no 22116100 
54 1 4.0 51.0 57363 327372000000000011001 0^000000 21310i0n 1141rnle ,  
59 1 4.0 16.0 523414 327122000110;00110^10 0 00000510 21375100 1141r000 
56 1 4.0 R.0 5264(4 1273720000005100000001 innonnnn P111 ,2nn 11410, 0nr. 
57 1 4.0 16.0 524',14 122322o0101nc,000010n1) 5100000160 2191;200) 11410100 
551 1 4.0 80 531523 127322100001071001000 40000000 5121001n 1141nr0W 
59 1 4.0 16.0 534623  327522nn0010091100000 00000000 512231nn 1141nnr01 
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Table (4.11.18) 	Representation of the terms in the expressions 
derivatives of 1,1(+s)  for the case when of the second partial 

p=4 and k*=3 

1 3 n -2.0 211213 211211001001011011001 24000000 0000000n 00000,1 0n 
3 2.0 8.0 211211 211211001001011011001 29000000 12000000 00080n00 

3 3 0 4.0 211211 211?11001001011011001 24000000 1 9000000 00000nr.0 
4 2 2.0 1.0 211111 2)1211000001211 011001 22000020 11 1:1 22.00 0000r.,-in 
5 2 n 40 211311 211211010001011011001 2'4 000000 1141000n 00000-r2r 
6 1 1.0 8.0 211511 21131100000101101100] 2 9000000 11000000 41088000 
7 1 n -8.0 211512 211312000011010010000 2000000 12nnonn0 4190000o  

8 1 0 .8.0 211511 211312000001010010001 21000000 11610000 4109r.800 
9 1 1.n -6.0 21152.2 211322900111000000901 29000000 11000000 41000020 

10 1 1.0 12.0 211923 211322 000101000000000 22000000 12610000 410011,100 

11 1 1.0 -6.0 211933 21 1 322000001000000001 22000000 11520000 41000800 
12 1 1.0 12.0 211534 211322000001000000000 22000000 11516100 4+000:100 
13 1 1.0 12.0 311523 211322000011000000000 22000000 51120000 41000,00 
14 2 1.0 4.0 511512 311312001001010010000 21000000 61000000 000001t1  
15 2 1,0 -8.0 511512 311312101001010010000 21000000 61000000 12000800 
16 1 2.0 2.0 511522 31132200100100000000i 22000000 52000000 0000n0n2. 
17 1 2.0 4.4 511521 311122001001000000000 22000000 51E10000 0000020r 
18 2 1.0 4.0 512511 312311001000011000001 21000000 31000000 00002.2^ C 
19 2 1.0 -8.0 512511 312311001000011000001 21 000000 31000000 12002080  
20 4 2.0 8.0 512512 312312001008011001000 22000000 32000000 00000000 
21 4 0 -A.0 512512 312312001000010001000 22019000 00000000 12008-00 
22 4 2.0 -8.0 512912 112312001000010201000 00100000 32000000 12000100 
23 4 n 16.0 512512 312312001000010001000 22000000 32001000 12000100  
24 3 2.0 11.0 512513 312312001000010000000 22000000 31610000 00008000, 
25 3 2,n -8.0 512513 31231 200100 )010000000 02000000 31 61 ^200 12000n8 0 
26 3 . 	n 16.0 512513 312312001000010000000 22000000 31610000 1200000 0 
27 3 3.0 4.0 512522 312322001000000011001 21000000 33000000 00000000 
28 3 1.0 .8.0 512522 332322001000009011001 21000000 31000000 1200000r 
29 3 1.0 12.0 512522 312392001 080000011001 210011080 33002000 12000000  
30 3 3.0 8.0 51252? 112322001002000010000 21 090000 32612000 00000080  
31 3 1,0 -0.0 512523 312322001000000010000 21000000 61000000 12000100 
32 3 1.0 24.0 512523 312322001001000010/1n 21001000 32610000 12000 98 e 
33 2 3,0 4.0 512533 312322001100000000011 21000000 31520000 0000010C 
34 2 1.0 12.0 512533 112322001001000000001 2100n0r0 3199000n 1200-r.00 
35 2 1.0 8,0 512534  11 932200100000000000n 21000000 31516100 00000080 
36 2 1.0 240 512534 31 9322001000000000000 21300000 31516100 12000000 
37 3 1.0 8.0 513523 312322001000000001000 21900000 91320000 00000002  
38 3 1.0 -8.0 513523 31 9322001000000101010 21000100 51000000 1208:1.10G 
39 3 1,0 24.0 513521 312322001000000001000 21000000 51120000 1200000C 
40 1 2.0 2.0 522511 329311001001000000011 52000000 22012000 0000 85 

41 3 3.0 4,0 522512 322312001001001001000 51000000 21000000 00000800 
42 3 1,0 -;1.0 52251? 329312001001001001000 510n0080 210n0800 1200-1 

43 3 1.0 12.0 522512 322312001001001001000 51 001000 23000900 1200n00C 
44 2 3.0 4,0 522513 327312001001000900100 91000080 22610000 000001'C' 
45 2 1.0 12.0 522513 322312001001000100000 91001000 22410090 12900p,0C 
46 3 4.0 9.0 522522 22122001001011 011001 0000001,0 24000000 000n0rne 
47 3 2,0 -8.0 522522 322392001001011011001 00000000 22008000 1200r8'!cH 
48 3 2.0 8.0 522522 322 3 22001001011011001 00000000 24000000 12008800 
49 3 4.0 4.0 522523 3293220010r)1010010000 08000080 21818800 00000,or, 
50 3 2.0 -8.0 522523 322322001001010010010 02001000 21 610000 1200081C: 
51 3 2.0 16.0 522523 329322001011010010000 00000000 2361 0 000 12000001' 

52 2 4.0 ?.0 522533 122322001001000000011 00000008 22520nnn OnnorrnOi 
53 2 2.0 8.0 592531 322322001091000000011 0 2001000 22520000 1200(1000, 
54 2 4.0 4.0 522534 329322001001000100000 n8000080 2251;100 00000800 
55 2 2,n 16.0 522534 322322901001100000n10 08000000 2291 6100 1200,18 8 r ,  

56 1 2.0 4.0 523511 322311001009000000001 52090000 21310000 00000,-,0C, 
57 3 3,n 8.0 523512 322312001000001000000 51000000 22310001 0000c -.001 

58  3  1.0 -8.0 523512 3223120010090010000ln 51000000 31000000 12000 00 8 ,  
59 3 1.0 24.0 523512 3223120010n000100001n 510000rn 22310000 12002.0r,  
60 3 3.0 8.0 523513 329312001000000901010 51001000 21390000 00000080  
61 3 1.9 -8.0 523511 12231200100 0 000201000 51000000 21800000 1909,0nni 
62 3 1.0 24.0 523913 3293120010000000010nn gi0n0000 21!90000 12000 06 
63 2 3.9 0,0 521514 329112001000000000000 91000000 21311.100 000001" 
64 2 1.0 24.0 923910 322312 901090000000090 91001000 21314.100 12002m0r 
65 3 4,1) 4.0 523522 122392001000011000001 00100000 23310000 0000100r 
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Table 	(4.11.18) 	contd. 

2.0 -0.1 523522 322322n01nnnoll(11nnni nrn 00000 Pilinnnr 120p^, 110 

2.01 16.J 12252eon1n0ln1101nnll rinnivinpl! e 4 clo^n0 12001-0o 
4,0 4.0 523,,23 122322n01nololo,Inlnn11 nrloonnp 221"nonn 00001-nn 
2.8 -A.8 523523 3223 ,2n1l0n00101011110 00000nr0 220n000n 120nnr0( 
2.0 -4.0 523521 1223221010nnqi3nglni) 01000(1n0 120nnren 120nn 	n0 
2,n 32.0 523,,21 3221229n1nnl01nulno0 onnilfinr, 22320000 1200(loo 
4,0 8.0 523524 322 220010000100000n0 00000000 2111(100 000000'1 0 
2.0 ..s.0 523524 322122n01n00010400010 nvonrnnn 31610000 120nran0 
2.ri 32.3 523524 12,31,210IninnlinlnIno )n0In0rr 12pr,f,( 
4,0 4.01 523533 122592001nri(1nn0011001 on080000 21330000 000P0orr 
2,n -A.0 523511 322122nnl0n00000110n1 nnnonnnn 21310nnn 1200rrPO 
2,0 16.0 523533 322322001000000011001 00000000 21330000 120nco1111  
4,n 8.0 523534 122322nnl0innOnnl0on0 nonnonnn 21326tnn prinfonnn 
2.0 523534 322322(101011r00111001n 0rQ000(10 2, 61nnr1 1200nrno 
2,0 32.0 523534 122322,IninrnrO0nI0onn nr.0n0000 2132A1n0 1200rrInr 
4,0 4,0 523544 322122on10nnnonnon0n1 nionnnon 21315200 Onnnrnno 
2.0 14.0 523544 322322nn1onnonno00001 00000000 2131')2nn 12000000 
4.0 1.0 524514 32232200100000011010110 OrnOnnoc 21513200 0000^r00 
2.0 -8.0 524534 3223220010000nnnn1000 00000000 215100110 12000000 
2.0 32.0 52434 3223220010011r00001010 00000000 21513200 12nn0lc0 
4.0 4.0 533523 1223220010010010010n0 110000000 51210000 00000000 
2,11 -8.0 533523 3223-32o01001mn1 0010n0 nn0nnnn0 5121n000 120nn 1O0 
2.0 16.0 533523 32032200,001neln01010 000000On 5123nlyln 12nrI0, n00 
4.n 8.0 534523 322322nnlOOnnOlnO0nnn 0(100800n 51223100 00000010 
2.0 -8.0 534523 322322001000001000000 0r000000 511111000 120110r 11 0 
2,n 3203 534523 122322111110000010001150 nni00000 51223180 120nnnfi0 
1.0 -11o) 511612 311312n0000101091nGn0 21000000 6100(100n 11410100 
1,0 -0.0 512611 312311nonnon0110onnn1 21003000 31000000 1141pnnc 

n -8.0 512612 3123120000011010001n1n 22008000 nonnnOnn 114101nn 
2,0 -4.0 512612 312312nnonn001no01no0 00000000 32nInnor 1141n-00 

0 16.0 512612  31231200nnn0010nn1onn  2210n000 320n00nn 1141n000 
2,0 -8.0 512613 3123,2n0n000019000090 00000000 3161ncnn 11410n00 

0 16.0 512613 31231211000000100000110 22001000 3161nnnn 11410n00 
1.0 -8.0 512622 3123220000011000111001 21000000 310nonnn 1141r110 
1.0 12.0 512622 312322001100nn00011001 21001000 33nnn00n 11410100 
1.0 -8.0 512623 312322000001000010000 211nn000 010r,nrn0 1141-, ,00 
1.0 24.0 512623 31 2322r00000000010000 21001000 32610001' 11 41n-r0 
1.n 12.0 512633 3123221100011000000nO11 210011000 31520080 11410100 
1,0 24.0 512634 312322000001000000010 21000000 31c-161nn 1141onnn 
1.0 -A.0 513621 3123220019000n0001010 21n3n0n0 51000000 11410-n0 
1.n 24.0 513623 3123220nnnnnonnonlnon Pinonnon 513200nn 1141n1OG 
1.0 -A.0 522612 3223120000010010010An 510000110 210001100 1141ro01' 
1.0 12.0 52261? 322312nnnonlonl0olnon 51001nr0 22nninnn 1141nnG0 
1,n 12.0 522613 322312nrul00100111000110 511080(10 2261nnnn 1141nrn0 
2,0 -8.0 522622 3223220000n1011n1lnnl 1010(000 221Innn0n 1141n100 
2,0 A.0 52262? 3223220n0nn1011911011 001110000 240011000 1141nne0 
2,0 522621 322  322n00001(11191110 01001000 216180nn 1141r10e l  
2,0 16.0 52262' 322322vInv11011101no11n nr00110pn 2361n°nn 1141n1r01 
2.0 9.0 522633 322322r000010nn110091 1^1?nOr0 22520r:nr 1141r:,11 0, 
2,n 16.0 522634 32322n0000100')(100000 01010000 22161nn 1141n0nn' 
1.0 -0.0 523612 322312010onnoninonnan 5 , ngHrm0 310nnnnn 1141r -Hr,  
1.0 24.0 523,612 32,3120800000111100110 51 10r,nn0 2231n2nn 1141nr401 
1.n -A.0 523613 322312c091nrir'00010n0 61m0i000 210o11020  1141-100  
1,0 24.3 523611 322312n0rin010n)o010n9 51090000 2132nnnn 1141^ ,rn 
1,0 24.0 523614 327312nn0Onn0C0100090 51oonnr0 21316110 114101rn! 
2,0 -1.0 523622 322322000000011010801 0 ,1 40n0r0 21310090 1141rn00, 
2,0 16.0 523622 322322/0 	11  nnnonnn0 211innnn 1141nnPO ,  
2,n -11.0 523621 320322nonqpno1nn310nn n00nn0n0 220nnnnn 1141nrG6 
2,0 -11.0 523621 3221221nniOnG101116,1n n^nri9ti00 320-0,1nn 1141r-- r,  
2.n 32,0 523621 1223221000000110010n0 000010n0 2232nnnn 1141nn0 
2.0 -8.0 523624 32,322(1000110910n111110 00001000 3141nrno 1141rrre 
2.0 32,0 523624 322322110901901 019n010 nna00nr:0 223161nn 1141r , 20 
2.0 -8.0 523633 322322nn00(!n00(10110,11 11110nnul0 2131rinnp 114101r0 
2 4 n 16.0 523611 122322nnnOnnn6n011nn1 11rnnnonn 2133nnnn 1141nrrr,  
2,n -0,0 523614 322.3?2n0000n10,1 910010 nlOnnOnn 2161nnnn 1141111rr 
2.0 17.4 525634 322122nr;00nnr01110rn1 91021nr0 2132-1nn 1141rrr 	) 
2,0 16.0 523644 3223220000100001010111 000000110 21315000 1,41rr.r' 
2,0 -4.0 52.46;4 32')322000040911101nn) 0000100n 21',1nrnn 1141r - r11 
2.0  112.0 524(14 322322n0n000001101040 0,1000000 21913?nn 1141nnn0 

553.,21 3223229900,00n1n01non (11)nnnn0 5121np0n 1141nrnr,  
2.0 16.0 55367A 12232200n0n11n1n01nn1 nnonnOnp 5123onnn 1141r)rn 
2.0 -1,0 534(.23 322322 ,100000001000nnn 00100090 513101100 11 4 1011^1  

2.0 12.0 534621  32232200000909180m0n 011000(100 51223100 11410300 

66 3 
67 3 
68 4 
64 4 
7n 4  

	

71 	4 
72 3 
73 3 
74 3 
75 3 
76 3 
77 3 
7R 3 
79 3 
0n 3 
83 2 
82 2 
83 3 
84 3 
85 3 
86 3 
A7 3 
88 3 
89 3 
90 3 
91 3 
92 1 
93 1 
94 3 
95 3 
96 3 
97 2 
98 2 
99 2 

108 2  
101 2 
102 2 
103 1 
104 1 
109  2 
106 2  
107 2 
108 2 
109 1 
110 2 

	

111 	2 
112 2 
113 2 
114 1 
115 1 
116 2 
117  2 
118 2 
119 2 
120 1 
121 2 
322 2 
123 3 

	

124 	3 
125 3 
/26 2 
127 2 
128 2 
12n 2 
130 2 

	

131 	2 
3? 1 

133 2 
34 2 
3r, 2 
16 2 
37 7 
30 2 
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Table (4.11.19)  Representation of the terms in the expressions 
of the product of the first partial derivatives of r2(+s)  for 

the case when p=4 and k*=4 

4.0 40 511911 -c213,2001001011n11001 0,000000 24001000 1200r^51 
1 4.n 4.0 511912 52,1i ,20010o10101110,100 0no000nn 2,,A10ro0 iponnpro 

3 1 4.0 4.0 511c2? 3223220010o100n00000i n1400(100 22c"00,00 120n0pn0 

4 1 4.n 4.0 511,..23 3223720010,1100,1000000 00000000 22t:11,110 1?000p40 
5 1 401 0.0 512511 3223220010000111)00011 n0040000 23310000 120000;4: 
6 1 4.0 16.0 512512 322322001000010001000 00000000 22620000 12000000 

7 1 4,0 16.0 512513 322372001000010000000 00000000 27316100 12000000 
A 1 4.0 g.0 512522 3;'2322001011000,)411o01 00000'100 21300n0 12nnc"In 

9 1 4.0 16.0 512523 3273720010non00010000 n0010(100 21326100 1200000n 
In 1 4.11 8.0 512533 322322001000000000001 00000000 21315200 1)000000 
11 1 401 16.0 512534 322322091000000100000 00000000 21315161 12000600 
12 1 4.0 16.0 513523 322322001000000001010 00000000 21513200 12000000 

13 1 4.n 8.0 5226,17 322322001001001001010 00000000 51210000 12000r°0 
14 1 4.n 16.0 523512 32237200100000100000n nro00000 51223100 1200t0fAO 
15 1 4.0 4.0 511611 3223p2o00001011011001 00000000 24000000 Ii410000 
16 1 4.0 8.0 511612 3223220000010100100WA 00000000 23610000 11410000 
17 1 4,n 4.0 511622 122322000301000000001 00000000 22520000 11410n.00 
18 1 4.0 4.0 511623 322322000001000000040 00000000 22516100 11410000 
19 1 4.n 8.0 512611 322322000000011000001 00000000 23310000 11410,100 
20 1 4.0 16.0 512612 322372000000010001000 00000000 22320000 11410100 
21 1 4.0 16.0 512613 322322000000010000000 00000000 22314100 11410000 

22  1 4.0 8.0 512622 322322000000000011001 00000000 21330000 11410000 

23 1 4.0 16.0 512623 322322000000000010000 00000000 21326100 11410000 
24 1 4.0 8.0 512833 322322000000000000001 0000:1000 21315200 11410000 
25 1 4.0 16.0 512634 327322000000000000000 00000000 21315161 11410(100 
26 1 4.0 16.0 513623 322322000000000001000 00000000 21513200 11410000 
27 1 4.0 8.0 522612 322322000001001001000 00000000 51230000 11410600 
28 1 4.0 16.0 523612 322322000000001000000 00000000 51223100 11410000 

Table (4.11.20)  Representation of the terms in the expressions 
of the second partial derivatives of r2(+0  for the case when 

p=4 and k*=4 

1 3 4.0 2.0 511511 322322001001011011001 00000000 24000000 000n001'0 
2 3 2.0 -8.0 511511 322322401001011011001 00000000 22000000 1200000r 
3 3 2.0 8.0 511511 )22322001001011011001 00000000 24010000 12000010 
4 3 4.n 4.0 51151? 322322001001010010000 00000000 23410000 00000-033 
5 3 2.0 -8.0 511512 322322001101r10010000 00000000 21 11cc,0 12000-'0 
6 3 2,0 16.0 511512 322322001001010010000 00000000 23610000 12000100 
7 2 4.0 2.0 511522 322322001001000040001 00000000 22520000 000000)0 
8 2 2.0 0.0 511522 322322001001000000001 00000000 27520200 12000000 
9 2 4.0 4.0 511523 322322001011000000000 00010"00 22914101 00000rn0  
10 2 2.0 16.0 511523 122322001001003000000 0°000000 22516100 12000100 
11 3 4.0 4.0 512511 322372001100011000001 00n00000 23310000 000001'0• 
12 3 2.0 -11.0 512511 322322001010011000001 00005000 21310000 12000r- 1 
13 3 2.0 16.0 512511 32232200101011000101 (10010000 233100n0 12000008 
14 4 4.0 8.d 51251? 322322001n01010101010 C"0,011000 22320100 00600,0r, 
15 4 2.0 -8.0 512512 322322001000010001000 00000000 22000000 1200000" 
16 4 2.0 -8.0 512512 3223-12,10100r0111001000 .10000000 32000000 120001,1 
17 4 2.0 32.0 512512 322322001000010001000 00090000 2232r000 12000,00 
18 3 4.0 8.0 51251; 322322001000010010000 0000000c 22316,100 00000"r3 
19 3 2.0 -8.0 51251x 322322001000010100000 InOnnnon 31610000 12000000 
2n 3 2.0 32,0 512513 322322001100010000000 00000000 22316100 120000-0 
21 3 4.0 4.1 512.522 12232201110q0000011001 00000000 2137,000n 00003),,0 

22 3 2.0 -0.0 912522 322322101011011011 00000601 21310000 1200o 	rt 
23 3 2.0 16.0 512522 322322001000000011001 00000000 213,,0000 12000000 
24 3 4.1 0.0 512521 31232210101"0000100,10 04000000 2137410n 000000rri 

3 2.0 0.0 512521 322322001000000010000 00010000 2161 ,,000 12000,"0 
26 3 2.0 32.0 512)2; 322122001000000010000 0000000n 21376100 120011000  
27 2 4.o 4,0 512533 32272200100r00.1400011 00000000 21315202 00000,,r 0  
20 2 2.0 16.0 51203 322322001001001000001 00000000 2111'200 12008,r( 
29 2 4.0 8.0 ,)12934 32232240100000)00040n 00040000 2131'1(.1 0nn00000  

30 2 2.0 12.4 512554 322322001000000000000 00000000 21319141 12000000 
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Table (4.11.20) contd. 

33 3 4.11 8.0 513523 312312001000000001000 00070000 21'13200 00000:.,00 
32 3 2.0 -8.0 513523 3223220010000(1000100(1 (10000000 21910080 1200p0rf,  
33 3 2.0 32.0 513523 3223220n1000n00001000 00080000 21513200 120n080C 
34 3 4.0 4,0 522912 322322801001001001000 00010000 91230000 00000000 
35  3  2.0 -8.0 522512 322322001001001001000 00010060 51d10080 12000(00 
36 3 2,0 16.0 522512 322522001001001001000 00000000 51730000 1200000)) 
37 3 4.0 0.0 523512 322322001000001000000 00000000 91223100 00000008, 
38 3 2.0 -8.0 523512 322322001000001800000 0000000n 51310080 120000r.0i 
39 3 2.0 32.n 523512 32232001000001000000 00000000 51223100 120000r01 
4n 2 2.0 -8.0 513611 322322000001011011001 00000000 22000000 114108001 
41 2 2.0 8,0 511611 32232200000i011011001 00000000 24000000 11410800: 
42 2 2.0 -8.0 511612  322322000081010010000 00000000 21610000 114100001 
43 2 2,0 16.0 511612 322322800001010010000 00008000 23610000 114100001 
44 1 2.0 8.0 511622 322322000011000000001 00000000 22520000 11410000' 
45 1 2,0 16.0 911623 322322000001000000000 00000000 22516100 11430000 
46 2 2.0 -11.0 512611 322322808000011000001 08000000 21310000 11410000 
47 2 2.0 16.0 512611 322322000100011008001 00000000 23310000 11410000 
48 3 2,0 -8.0 512612 322322(100000010001000 80000000 22(100000 11410800 
49 3 2,0 -8.0 512612 322322000000010001000 88000000 32000000 11410000 
50 3 2,0 32,0 512612 322322000001010001000 00000000 22320000 114100[0 
51 2 2.0 -8.0 512613 322322000000010000000 00000000 31610000 11410,100 
52 2 2.0 32,n 512613 322322000000010000000 00000000 22316100 114100110 
53 2 2,0 -8.0 512622 322322000000600011081 00000000 21310000 11418000 
54 2 2,0 16.0 51262? 322322000000000011001 00000000 21330000 11410000 
55 2 2.0 -4,0 512623 322322n00000000010000 00000000 21610000 11410800 
56 2 2.0 32.0 512623 3223720008010001)10000 08000000 2132100 11410080 
57 1 2,0 16.0 512633 3223220000n0000000001 0000008C 21315200 11430:100 
58 1 2.0 32.0 512614 32232200000000000000n 00100000 23315161 11410000 
59 2 2,0 -8.0 513623 322322800000000001080 00000000 21910000 114101^0 
60 2 2.0 37.0 513623 322322000000000001000 00000000 21513200 11410000 
61 2 2,0 -4.0 522612 1223220000n1001001000 00013000 51210000 11410000 
6? 2 2,0 16.0 522612 322322000001C01001010 00010000 912z0000  11410100 
63 2 2,0 -8.0 523612 32232210n0n0c03009000 00000006 91310000 11410000 
64 2 2.0 32.0 523612 322322000000001000000 00000000 51223180 11410000 
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Section 4.12 Programs for deriving fil(gA,(1 ) 

The programs for deriving 1 
 (6 ,a

A 
 ) are program POWCAL and 
 

subroutines COEF11, COEF1, COEF2, E1000, E2000, etc. as shown in 

Appendix 4. Note that these programs can also be used to derive 

02 (2A,aA)- 

Section 4.13 Numerical examples  

In this section, we make use of the computer programs in 

section4.12toevaluate
(1)  

Sil 	and a.
(2) 	

= 1,2) in models (A) 

and (B) described in Chapter 1. For all the corresponding hypotheses 

in these models, we choose 60  to be (1.4, 0.4)T For the case when 

the hypothesis is concerned with 61  = 1.4, we consider 6A  of the form 

(1.4,-A2-  )' and for the case when the hypothesis is concerned with 

62 = 0.4, we consider 6A  of the form (6Al,0.4). If the hypothesis is 

concerned with 6 = (1.4, 0.4), we consider 6A  of the forms (1.4, 6A2)
T 

i  and (oAl,0.4). In Fig. (4.13.1)-(4.13.16), the variation of a 
(1) 
 

l 
and 

(2) 
. 	(i = 1,2) with respect to 6A A  is shown.  
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FIGURE(4.13.1 ) 
BETRIM IN THE SERIES EXPANSION OF THE 
POWER FUNCTION OF THE GENERAL MAXIMUM 
LIKELIHOOD RATIO TEST CONCERNING THETA 1 
WHEN SIGMA IS KNOWN 
MODEL IS 
E1Y1=(THETRI/1THETRI-THETR211 

w(EXP1-THETA2EX11-EXP(-THETA1INXII1 

XI= 	0.25.0.5.1.0.1.5.2.0.4.0 
THETRI ZERO ARE 1.4000 0.4000 

C \ I 

CD 

O 

Or  

O 

O 

O 
O 

• 

0%32 	0%36 	
1 

°O.28 	 0.40 	0.44 
THE TF12 

0.48 	0.52 
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FIGURE(4.13.2) 
BETAI(J) IN THE SERIES EXPANSION OF THE 
POWER FUNCTION OF THE GENERAL MAXIMUM 
LIKELIHOOD RATIO TEST CONCERNING THETA I 
WHEN SIGMA IS KNOWN 
MODEL IS 
E(Y)=ITHETA1/(THETR1—THETA2)) 

m(EXP(—THETR2EXI)—EXP(—THETRI0X1)) 

XI= 	0.25.0.5.1.0.1.5.2.0.4.0 
THETRI ZERO RRE 1.4000 0.4000 

O 
LT) 

I 
0% 32 	0% 36 0.40 0.44 

THETA2 
0.48 	0.52 
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FIGURE(4.13.3) 
BETRI(J1 IN THE SERIES EXPANSION OF THE 
POWER FUNCTION OF THE GENERAL MAXIMUM 
LIKELIHOOD RATIO TEST CONCERNING THETA 2 
WHEN StGMA IS KNOWN 
MODEL IS 
E(Y1=(THETR1/(THETR1-THETA2f1 

111EXPI-THETA2PXI1-EXP1-THETA1PX111 

XI= 	0.25.0.5.1.0.1.5.2.0.4.0 
THETAI ZERO ARE 1.4000 0.4000 

1  
1.20 	1.40 	1

1
.60 	1

1
.80 	2

1
.00 	2.20 

THETA I 

o 
0 

DI .00 



134 

FIGURE(4,13.4.) 
BETRI(J) IN THE SERIES EXPANSION OF THE 
POWER FUNCTION OF THE GENERAL MAXIMUM 
LIKELIHOOD RATIO TEST CONCERNING THETA 2 
WHEN SIGMA IS KNOWN 
MODEL IS 
E(Y1=1THETA1/(THETR1—THETR211 
. 	11(1EXP(—THETR20X11—EXPt—THETA1RX111 

Xl= 	0.25.0.5.1.0.1.5.2.0.4.0 
THETRI ZERO RRE 1.4000 0.4000 

CO 
CO 

C I 

O 

YA 
N 

c\I 

CE 
1— s 
Id • 
CO" 

 

  

1'.20 	1.40 1%60 	1 1.80 2.00 2.20 
THETA1 
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THETA1 

0 
0 

.00 1.20 2.20 
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FIGURE(4.1) 
BETRI(J) IN THE SERIES EXPANSION OF THE 
POWER FUNCTION OF THE GENERAL MAXIMUM 
LIKELIHOOD RATIO TEST CONCERNING THETA 
WHEN SIGMA IS KNOWN 
MODEL IS 
E(Y1=(THETR1/(THETAl-THETA211 

. 	N(EXP(-THETA2mX11-EXP(-THETR1wXIl1 

XI= 	0.25.0.5.1.0.1.5.2.0.4.0 
THETAI ZERO ARE 1.4000 0.4000 

v 

0 
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O 

•rt 

O 
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0 
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mm 

O 
(0 

Ỳ'1 .0O 1.40 	1.60 2.00 2.20 1.20 1.80 
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FIGURE(4,13,6) 
BETAI(J) IN THE SERIES EXPANSION OF THE 
POWER FUNCTION OF THE GENERAL MAXIMUM 
LIKELIHOOD RATIO TEST CONCERNING THETA 
WHEN SIGMA IS KNOWN 
MODEL IS 
E(Y)=(THETR1/(THETR1-THETR2)) 

w(EXP(-THETA210(1)-EXP(-THETRINXI)) 

XI= 	0.25.0.5.1.0.1.5.2.0.4.0 
THETRI ZERO RRE 1.4000 0.4000 

O 

THETAI 



0.36 	0.40 
THE TA2 
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FIGURE(4.13.7) 
BETR1(Jl IN THE SERIES EXPANSION OF THE 
POWER FUNCTION OF THE GENERAL MAXIMUM 
LIKELIHOOD RATIO TEST CONCERNING THETA 

WHEN SIGMR IS KNOWN 
MODEL IS 
E(Y1=(THETAI/(THETAI-THETR2)1 

x(EXP(-THETA2RXIT-EXP(-THETAlRXI)l 

XI= 	0.25.0.5.1.0.1.5.2.0.4.0 
THETRI ZERO ARE 1.4000 0.4000 



FIGURE(413.A.) 
BETRI(J) IN THE SERIES EXPANSION OF THE 
POWER FUNCTION OF THE GENERAL MAXIMUM 
LIKELIHOOD RATIO TEST CONCERNING THETA 
WHEN SIGMA' IS KNOWN 
MODEL IS 
E1Y1=1THETAMTHETAI-THETA211 

w1EXP(-THETR2RX11-EXP1-THETA1mX111 

XI= 	0.25.0.5.1.0.1.5.2.0.4.0 
THETRI ZERO ARE 1.4000 0.4000 
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FIGURE(41M) 
BETAI(J) IN THE SERIES EXPANSION OF THE 
POWER FUNCTION OF THE GENERAL MAXIMUM 
LIKELIHOOD RATIO TEST CONCERNING THETA 1 
WHEN SIGMA IS KNOWN 
MODEL IS 
E(Y)=1—(THETA1PEXP(—THETR2xXI) 

—THETA2REXP(—THETA1mXI11 
/(THETA1—THETA2) 

XI= 	1.2.3.4.5.6 
THETA! ZERO ARE 1.4000 0.4000 



FIGURE(4.13.10) 
BETRI(J1 IN THE SERIES. EXPANSION OF THE 
POWER FUNCTION OF THE GENERAL MAXIMUM 
LIKELIHOOD RATIO TEST CONCERNING THETA I 
WHEN SIGMA IS KNOWN 
MODEL IS 
EM=1-(THETAIDEXP(-THETA2NXI1 

-THETA2NEXP(-THETRINXIll 
/(THETRI-THETA21 

XI= 	1.2.3.4.5.6 
THETRI ZERO ARE 1.4000 0.4000 
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FIGURE (4.13.11) 
BETAI(J1 IN THE SERIES EXPANSION OF THE 
POWER FUNCTION OF THE GENERAL MAXIMUM 
LIKELIHOOD RATIO TEST CONCERNING THETA 2 
WHEN SIGMA. IS KNOWN 
MODEL IS 
E(Y1=1-(THETA1NEXP(-THETA2mX11 

-THETA2mEXP(-THETAlwX111 
/(THETA1-THETR21 

XI= 	1.2.3.4.5.6 
THETRI ZERO ARE 1.4000 0.4000 
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FIGURE  ( 4 .13.12) 
BETAI tJI IN THE SERIES EXPANSION OF THE 
POWER FUNCTION OF THE GENERAL MAXIMUM 
LIKELIHOOD RATIO TEST CONCERNING THETA 2 
WHEN SIGMA IS KNOWN 
MODEL IS 
Et Y )=1-( THETA! NEXP( -THETR2NXI 

-THETR2zEXP(-THETA1NX1 11  

/( THETR1-THETR21 
XI 1.2.3.4.5.6 
THETA' ZERO RRE 1.4000 0.4000 
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FIGURE(413:13) 
BETRI(J).1N THE SERIES EXPANSION OF THE 
POWER FUNCTION OF THE GENERRL MAXIMUM 
LIKELIHOOD RATIO TEST CONCERNING THETA 
WHEN SIGMA IS KNOWN 
MODEL IS 
E(Y)=1-(THETA1NEXP(-THETR2wX1) 

-THETA2NEXP(-THETRImX1)) 
/(THETAl-THETR2) 

XI= 	1.2.3.4.5.6 
THETA' ZERO ARE 1.4000 0.4000 
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FIGURE(443.14) 
BETAI(J) IN THE SERIES EXPANSION OF THE 
POWER FUNCTION OF THE GENERAL MAXIMUM 
LIKELIHOOD RATIO TEST CONCERNING THETA 
WHEN SIGMA IS KNOWN 
MODEL IS 
E(Y)=1-(THETRIkEXP(-THETR2mXII 

-THETA2rEXP(-THETA1RXI)) 
/(THETA1-THETA2) 

XI= 	1.2.3.4.5.6 
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FIGURE(4.13.15) 
BETRI(J) IN THE SERIES EXPANSION OF THE 
POWER FUNCTION OF THE GENERAL MAXIMUM 
LIKELIHOOD RATIO TEST CONCERNING THETA 

WHEN SIGMA IS KNOWN 
MODEL IS 
E(Y)=1-(THETA1nEXP(-THETA2xXII 

-THETA2NEXP(-THETAIIIXI1) 
/(THETR1-THETA2) 

XI= 	1.2.3.4.5.6 
THETRI ZERO ARE 1.4000 0.4000 
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FIGURE (4.13.16) 
BETAI(JI IN THE SERIES EXPANSION OF THE 
POWER FUNCTION OF THE GENERAL MAXIMUM 
LIKELIHOOD RATIO TEST CONCERNING THETA 
WHEN SIGMA IS KNOWN 
MODEL 15 
E1Y1=1-(THETR1NEXPf-THETA2mX11 

-THETA2AEXP(-THETA1mX111 
/(THETAl-THETR21 

XI= 	1.2.3.4.5.6 
THETRI ZERO ARE 1.4000 0.4000 
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CHAPTER 5 

COMPARISON OF VARIOUS METHODS OF OBTAINING 

REGION ESTIMATES BY MEANS OF NUMERICAL EXAMPLES 

Section 5.1 	Introduction 

In Chapters 2 and 3, various methods of obtaining region estimates 

for a subset of k* (1 < k* < p) components of the parameter vector 2 

have been described. We refer to these methods as methods 1-4 as 

follows: 

Method 1 is based on the approximations that the model is linear 

in the original parameter vector 2. 

Method 2 is based on power transformations of all the individual 

parameters (c.f. section 2.7). 

Method 3 is based on general transformations in which the 

transformed parameters of interest depend only on the 

original parameters of interest, but the remaining 

transformed parameters may depend on all the original 

parameters (c.f. section 2.4). 

Method 4 is based on general maximum likelihood ratios (c.f. 

Chapter 3). 

In this chapter we restrict our attention to the case when a is known, 

and apply the four methods to obtain region estimai-es in models (A) and 

(B) described in Chapter 1. These regions are compared in two aspects: 

(i) the estimation of the coverage probability and the values of 

nonlinearity associated with the regions, 

(ii) the boundaries of these regions. 
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In comparing (ii) wa see how we can suggest bounds for the values of 

nonlinearity within which the use of linear theory to obtain the 

corresponding region estimates is justifiable. 

Section 5.2 	Estimation of coverage probability.and . nonlinearity 

The coverage probability of the region estimate given by method 4 

for k* (1 < k* < p) components of the parameter vector 0 is an important 

quantity associated with this region. As 0T  is not known, we usually 

do not know the value of the coverage probability. In this section, we 

shall investigate.  the feasibility of estimating the actual coverage 

probability by using the coverage probability evaluated at 8 = 1. 

We choose 6T 
 = (1.4, 0.4)

T. We then set a = 0.05 and use (3.3.50) 

and (3.3.52) to calculate the coverage probabilities I1(2,a) and I2(a,o) 

for various values of 6. In Fig.(5.2.1)-(5.2.6) we display the absolute 

values of 

[I.(0,a) - I reT  ,a)]/[i.(eT  ,a) - 0.95] '  

for i = 1,2. Thew absolute values are classified into five categories 

each of which is represented by a symbol (c.f. footnotes of the figures). 
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FIGURE (5.2.2) 

RUTRTEC COORDINATES OF POINTS IN SOLUTION LOCUS 
MODEL IS 
E(Y1=ITHETA1/ITHETR1-THETP211 

x(EXP(-THETA2xXil-EXP(-THETRI■XI3 
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FIGURE (5.2.3) 
ROTATED COuRDINRTES OF POINTS IN SOLUTION LOCUS 
MODEL IS 
E(I)=(THETRI/(THETR1-THETR2)) 

w(EXP(-THETR2NXII-EXPI-THETR10XIll 

XI= 	0.25.0.5.1.0.1.5.2.0.4.0 

THETRI TRUE ARE 1.4000 0.4000 

o I2(THETR TRUE.SIGMR1-0.95= 	-444 RSIGMA SCUARE/100 
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FIGURE (5.2.4) 
RG;r.TEu COORDINATES OF POINTS IN SOLUTION LOCUS 
MODEL I~ 

E [ Y ) = 1 -l THE TA 1 - E XP [ - T HE T A2,. X 1 1 
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FIGURE (5.2.5) 
ROTATED COORDINATES OF POINTS IN SOLUTION LOCUS 
MODEL IS 
EITJ=1-(THETAINEXPI-THETA2wX1I 

-THETA2NEXP(-THETA1xXII) 
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FIGURE (5.2.6) 
ROTATED COORDINATES OF POINTS IN SOLUTION LOCUS 

MODEL IS 
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These figures indicate that provided that a is sufficiently small, 

	

A 	 A 
thedifferencebeteeer Ii(6T,Q) and 	 ,a) is small for most of the e, 

w 
and the estimation of Ii  (6T  ,a) using I.(6,a) can thus be regarded as 1 - 

feasible. or example consider model (A) with a = 0.1 and model (B) 

with a = 0.02. These figures indicate that for most of the g, 

II (g,a) 	< 0.00005 

for model (A), and 

- ii(61,,a)1 <0.00032 

for model (B). Thus if we use Ii(q,a) to estimate Ii(2T,a), the errors 
A 

involved are small for most of the 6. 

In practice, after calculating A and Ii(6,a), we may wish to get some 

indication of whether a is small enough for the estimation of the unknown 

value of I.
1
(6
T 
 ,a) to be feasible. One suggestion is to examine the 

values of I.(6,a) evaluated at e which are such that the distance between 

the point p(e) and P(g) is less than 6, where 6 > O. A plausible value 

of 6 is 2a. 

Suppose we have obtained a particular g and there i3 indication that 

a is small enough for the estimation of Ii(OT,a) to be feasible. Then we 

may refer to the region estimate based on this particular g as an 

"approximately 100 Ii(q,a) 	c%" region estimate, where c is any number 

which can be regarded as negligible, in particular, c = O. 
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We next consider the estimation of the following values of nonlinearity 

which are multiples of the measures of nonlinearity: 

2 
(5.2.1) 	M

e 
= 100(p+2)x,00.2(Xp,a)Ne, 

2 	2 
(5.2.2) 	M = 100(p+2)X

p2(Xpa)N* 

(5.2.3) 	IC = 100(p+2)X 
	

CA.
2
p  )N , T 	 2 ,a * 

2 
(5.2.4) 	2‘ = 100(p+2)X3

2 
 0(1,m)N,i, 

and 

2 
(5.2.5) 	M 	= 100(p+2)X,

2 
 (X, ,)Nth   

11)i 	.1 1,A yi 

where*isthetransformaticnbasedonmethod2andthe. 1P1  are trans- 

formations based on methods 2 and 3. Note that the values of M9, 244  

and 	evaluated at e = eA  are the upper bounds of 1J2(2A,a)I, and the 

values of M
e 

evaluated at 0 = eA  are the upper bounds of the corresponding 
i

- 

1.71  (0A  ,a)I where 

(5.2.6) 
	

J.(8A  ,a) = 100(1.0A 
 ,a) - (1 - a)), 	(i = 1,2), 

and the I.(8A 
 ,a) are evaluated by using (3.3.50) and (3.3.52). In fact 

(5.2.7) 	M > M*  > M 	IJ 0 01* M8 — — * — 2 A' 

Furthermore we have 

(5.2.8) 	Mei  > M
il 
	IJ1A (e ,a)I 
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if the transformation t is based on method 3. 

, 
We choose T = (1.4,0.4)

T  . We then set a = 0.05 and calculate 

these values of nonlinearity at various values of A. Let these values 

of nonlinearity be denoted by Mo(6), M11)(2), ye), MA  (A) and Mo  (e). 

In Fig. (5.2.7) to (5.2.24), we display the absolute values of 

Me  (e) 	
ma  (9T) 

M0 
 (AT) 

where 0 = e, 0, 0, Ai  and  t'i' 
These figures indicate that, for a given 0, provided that a is 

sufficiently small, the difference between Mo(6) and Mo(2T) is small 

for mcst of the t, and the estimation of M0  (AT  ) using M0 
 (6) can thus be 

regarded as feasible. Note that the value of a needs to be much smaller 

in the Present case than in the case when we estimate Ii(6T,a). Further, 

the larger the value of M (6T  )/a
2, the smaller the value of a should be 

for the estimation of M0  (6T 
 ) to be feasible. 
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FIGURE (5.2.8) 
ROTATED COORDINATES OF POINTS IN SOLUTION LOCUS 
MODEL IS 
EIT):(THETR1/(THETA1-THETA2)1 

w(EXP(-THETR2mX1)-EXP(-THETR1wXI;) 
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FIGURE (5.2.9) 

ROTATE] COORCINRTES OF POINTS IN SOLUTION LOCUS 

MODEL IS 
E(f)=(THETRI/(THETR1-THETR211 
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FIGURE (5.2.10) 

ROI-PIED COORDINATES OF POINTS IN SOLUTION LOCUS 
MODEL P.:, 
EM=(THETR1/(THETA1 —THETA21) 

PIIHX°(—THETR2wX11—EXP( —THETR1D/XI)1 
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FIGURE (5.2.11) 

ROTATED COORDINATES OF POINTS IN SOLUTION LOCUS 

MODEL IS 

E(1).7(THETRI/(THETAI-THETA2I) 
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FIGURE (5.2.12) 

ROTATED COORDINATES OF POINTS IN SOLUTION LOCUS 

MODEL IS 

E(Y)=(THETA1/(THETA1-THETR2)1 

m(EXPL-THEIR2NXI)-EXP(-THETRI.XIll 
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FIGURE (5.2.13) 

ROTATED COOROINRTES OF POINTS IN SOLUTION LOCUS 

MODEL IS 

E(YI-(THETPI/(THETRI-THETR2)1 

w(EXP(-THETA2NXI)-EXP(-THETP1mXI11 
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FIGURE (5.2.14) 
ROTATED COORDINATES OF POINTS IN SOLUTION LOCUS 
MODEL IS 
ElY1=ITHETR1/(THETAI-THETA21) 

NIEXPI-THETA2RXI1-EXP(-THETA1NXII1 
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FIGURE (5.2.15)  
ROTRTEO COORDINATES OF POINTS IN SOLUTION LOCUS 

MODEL IS 
E(Y1=(THETA1/(THETA1—THETR21) 
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FIGURE (5.2.16) 
ROTATED COORDINATES OF POINTS IN SOLUTION LOCUS 
MODEL IS 
EM=1-(THETA1sEXP1-THETA21.1X11 

-THETA2mEXPE-THETA1mXI11 
/(THETRI-THETR2) 

XI= 	1.2.3.4.5.6 
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FIGURE (5.2.17) 
ROTRTE0 CCCROINATES OF POINTS IN SOLUTION LOCUS 
MODEL IS 
E(Y1=1-1THETRIwEXPI-THETP2xXI1 

-THETA2NEXP(-THETRINXIII 
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FIGURE (5.2.18) 
POTATED COORDINATES OF POINTS IN SOLUTION LOCUS 
MODEL IS 
E(Y)=1-1THETA1NEXP(-THETA2mXI) 
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FIGURE (5.2.19) 

ROTATED COORDINATES OF POINTS IN SOLUTION LOCUS 
MODEL IS 
Eff(7.1-(THETA1NEXP(-THETP2mX11 
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FIGURE (5.2.21) 
R0THTED COORDINATES OF POINTS IN SOLUTION LOCUS 
NODEL 13 
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FIGURE (5.2.22) 

ROTATED COORDINRTES OF POINTS IN SOLAITTON LOCUS 

MODEL IS 

E(Y):-..1-(THETRIxEXP(-THETR2.1X1J 
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FIGURE (5.2.23) 

ROTATED COORDINATES OF POINTS IN SOLUTION LOCUS 

MODEL IS 

ElY)=1-(THETAINEXP(-THETA2mX1) 
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Section 5.3 	Region estimates of 0 

In this section we compare the boundaries of the region estimates 

given by the four methods. The levels of a are set to be sufficiently 

small to ensure that models (A) and (B) with OT  = (1.4,0.4)T  can be 

treated as unconstrained models for statistical purposes. For model (A), 

we consider three values of 0, namely (1.4, 0.4)T, (2.0,0.2)T  and 

(1.0,0.8) T, while for model (B), we consider (1.4,0.4)T, (2.010.4)T  and 

(1.0,0.35)T. For a value of 0, we find two observations yi  (i = 1,2) 

such that the rotated coordinates are 

s S. s s 
z. = (0,0, 2

;
' 2' 2

i
' 2 

i IT 
' 

where s1 
= 11571517, s2 = ATE 

in model (A), and s1 
= )C370071, s2 = /575557 

in model (B). With the xi, this value of 8 is a least squares estimate 

of0andtheresidualsumsafsquaresares.2. We then set a = 0.05 and 

apply the various methods to obtain region estimates of 0. The boundaries 

of these regions are shown in Fig. (5.3.1)-(5.3.12). 
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FIGURE (5.3.1) 

REGION ESTIMATES IN THE MODEL 
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FIGURE (5.3.3) 

REGION ESTIMATES IN THE MODEL 
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FIGURE (5.3.4) 

REGION ESTIMATES IN THE MODEL 
Erf1=(THETA1/(THETR1-THETA211 
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FIGURE (5.3.5) 
REGION ESTIMRTES IN THE MODEL 
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FIGURE (5.3.6) 
REGION ESTIMATES IN THE MODEL 
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FIGURE (5.3.7) 

REGION ESTIMATES IN THE MODEL 

E(Y1=1-(THETA1NEXP(-THETA2,XI1 
-THETR2xEXP(-THETA1AXI11 
/(THETR1-THETR2) 

XI= 1.2.3.4.5.6 
THETRI HRT RRE 1.4000 	0.4000 

RESIDUAL SUM OF SOURRES = 0.0001 

18 3 

smna 
MIHETA = 
nrsl 

OD 	nrnl . 
CD 

0.0017 
0.1000 
0.0016 
0.0004 

SIGMA 	. 0.0053 
MTITETA = 1.0000 
MPSI 	= 0.0164 
Mrnt= 0.0038 

1 
1.52 1.10 
	

1.30 	1.50 
	

1.70 

THETA1 

THETA1 	 THETRI 
III 	REGION ESTIMATES (NOMINAL 95.97.5.99 PERCENT) GIVEN 9Y METHOD 1 
III : REGION ESTIMATES (N0MINAL 95 PERCENT) GIVEN OY 11EIXO0 I 11=2.3.41 



1 .70 T̀)1 1 1.52 °1 1 .10 
1 	1 
1.36 	1.44 

THE TRI 

1 
1.30 	1.50 

THE TRI 

1.60 2.40 0.80 

THETA I 

FIGURE (5.3.8) 

REGION ESTIMATES IN THE MODEL 
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REGION ESTIMRTES IN THE MODEL 
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FIGURE (5.3.10) 
REGION ESTIMATES IN THE MODEL 
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FIGURE (5.3.12) 
REGION EiTIMATES IN THE MODEL 
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We note that for each of the 0, M
0 
 is very much larger than 

1J2(0,a)I while MII)  and P4¢  are fairly close to this number. Furthermore 

as shown in the figures, the order given by (5.2.7) with 941.  = g is fairly 

well preserved in the closeness of the region estimates given by methods 

1, 2 and 3 to that given by method 4. We also note that the change in 

the residual sum of squares of an observation from s1
2 
to s2

2 has very 

slight effect on the region estimate given by method 4. 

We next observe that at these levels of a, the absolute values of 

the differences between J2  (0,a) and J2  (0 ,a) are small fractions of a  -T 

percent. This implies that our choice of the values of a, g and 8T  has 

resulted in situations in which we can refer to the method 4 region 

A 
estimates based on these values of 8 as approximately 100 I2  (g,a)% region 

estimates. 

We.further observe that the four methods give almost identical 

region estimates when Me  = 0.1. As the region estimates given by method 4 

are approximately 95% region estimates, the region estimates given by 

methods 1, 2 and 3 are also approximately 95% region estimates. 

When M
8 
 = 1, methods 1 and 4 give slightly different region estimates, 

and whenever the corresponding M1  and M¢  are less than 0.1, methods 2, 3 

and 4 give almost identical region estimates. This observation is 

consistent with the observation in the case when M0 
 = 0.1. 

When M6  > 1, the region estimates given by methods 1 and 4 are 

fairly significantly different. The region estimates given by method 2 

or 3 differ slightly from those given by method 4 whenever*M11)  or Mcf)  

is less than 1. This observation is consistent with the observation in 

the case when M0  = 1. 

The above observations indicate that for these models with 8T  near - 

(1.4,0.4)T  and the levels of a similar to those considered before, 

a region estimate of the parameter vector 0 based on method 1, 2, or 3 
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is an approximately 95% region estimate provided that the value of 

the corresponding nonlinearity Mr3, where B = 0, or 4), is less than 

or equal to 0.1. 

Section 5.4 Interval estimates of 0. 1 

In this section we compare the limits of the interval estimates 

given by the four methods. The values of 0T, g, y., S. and a are 

chosen to be the same as in section 5.3. The various methods are then 

applied to obtain interval estimates of 0. The limits of these 

intervals are shown in Fig. (5.4.1)-(5.4.24). 
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FIGURE (5.4.1) 
INTERVAL ESTIMATES IN THE MODEL 
EIY1.7.(THETA1/(THETR1-THETA211 
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FIGURE (5.4.2) 

INTERVAL ESTIMATES IN THE MODEL 
E(Y)=(THETA1/(THETR1-THETA2)) 

m(EXP(-THETR2mX1)-EXN-THETAINXII) 
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FIGURE (5.4.3) 
INTERVAL ESTIMATES IN THE MODEL 
EtYl=(THETA1/(THETR1-THETA211 

KIEXH-THETR2NX11-EXH-THETRIxXII) 
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FIGURE (5.4.4) 

INTERVAL ESTIMATES IN THE MODEL 

E(Y1=(THETA1/(THETRI-THETA211 
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FIGURE (5.4.5) 
INTERVAL ESTIMRTES IN THE MODEL 
E(Y)=(THETA1/(THETR1-THETR2)) 

m(EXPI-THETR2NX11-EXPI-THETR1mXI11 
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FIGURE (5.4.6) 

INTERVAL ESTIMATES IN THE MODEL 

E(1)=(THETA1/(THETA1-THETA2)) 
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FIGURE (5.4.7) 
INTERVAL ESTIMATES IN THE MODEL 
E(Y1=ETHETR1/(THETR1—THETR211 

g(EXPI—THETA2mX1)—EXPI—THETA1mXIll 

XI= 0.25.0.5.1.0.1.5.2.0.4.0 
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FIGURE (5.4.8) 
INTERVAL ESTIMATES IN THE MODEL 
E(I)7.(THETR1/(THETRI-THETR2)) 

x(EXP(-THETR2oXIl-EXP(-THETR1NXI)1 
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FIGURE (5.4.9) 

INTERVAL ESTIMATES IN 1HE MODEL 

E(Y)=(THETRI/(THETRI-THETA2)) 

x(EXP(-THETR2xXI1-EXP(-THETR1,X111 

XI= 0.25.0.5.1.0.1.5.2.0.4.0 
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FIGURE (5.4.10) 

INTERVAL ESTIMATES IN THE MODEL 
E(Y1=(THETR1/(THETR1-THETR21) 

w(EXP(-THETR2xXII-EXP(-THETF1NXI11 
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FIGURE (5.4.11) 
INTERVAL ESTIMATES IN THE MODEL 
E(Y)=ITHETR1/(THETR1-THETR211 

x1EXP(-THETR2mX1)-EXP(-THETAliXIll 

XI= 0.25.0.5.1.0.1.5.2.0.4.0 
THETRI HAT RRE 1.0000 	0.8000 
RESIDUAL SUM OF SQUARES = 0.1000 
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FIGURE (5.4.12) 

INTERVAL ESTIMATES IN THE MODEL 
E(Y1=1THETR1/(THETRI-THETA211 

x(EXP(-THETR2xXI1-EXP(-THETA1NXI)1 

XI= 0.25.0.5.1.0.1.5.2.0.4.0 
THETA' HAT RRE 1.0000 	0.8000 
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FIGURE 	(5.4.13) 
INTERVAL ESTIMATES IN THE MODEL 
E(Y)=1-(THETA1NEXP(-THETA22XI) 

-THETA2nEXP(-THETR1AXI)) 
/(THETAI-THETA2) 

XI= 1.2.3.4.5.6 
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FIGURE (5.4.14) 

INTERVRL ESTIMATES IN THE MODEL 

EIY1=1-(THETR111EXP(-THETR2NXII 

-THETR2NEXP(-THETR1xXI)) 

/(THETAl-THETR2) 

XI= 1.2.3.4.5.6 

THETRI HAT RRE 1.4000 	0.4000 

RESIDUAL SUM OF SQUARES = 0.0002 

III : INTERVAL ESTIMATE (NC1INAL 95 PERCENT) GIVEN BY METHOD I II:1.2.3.4I 
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FIGURE 	(5.4.15) 

INTERVAL ESTIMATES IN THE MODEL 
E(Y1=1-(THETR17EXP(-THETA2XI) 

-THETA2NEXP(-THETA1mXI)1 

/(THETR1-THETR2) 

Xl= 1.2,3.4.5.6 
THETRI HRT ARE 1.4000 	0.4000 

RESIDUAL SUM OF SQUARES = 0.0001 
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FIGURE (5.4.16) 

INTERVAL ESTIMATES IN THE MODEL 

EIY1:1-(THETA1NEXPI -THETR2RXI1 
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FIGURE (5.4.17) 

INTERVAL ESTIMATES IN THE MODEL 

EIY1=1-1THETA1NEXPI-THETR2gXI1 

-THETR2NEXP1-THETA10X11/ 

/1THETAl-THETR21 

XI: 1.2.3.4.5.6 
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FIGURE (5.4.18) 

INTERVAL ESTIMATES IN THE MODEL 

EIY1=1—(THETAINEXPI — THETA2mX11 
—THETR2NEXPI—THETA1mX111 

/(THETR1—THETR2I 

XI= 1.2.3.4.5.6 
THETA) HAT ARE 2.0000 	0.4000 

RESIDUAL SUM OF SQUARES = 0.0002 
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FIGURE (5.4.19) 
INTERVAL ESTIMATES IN THE MODEL 
EIY1=1—(THETR1NEXPI—THETA2NXII 

—THETA2mEXP(—THETAINXIII 
/1THETAI—THETA2I 

XI= 1.2.3.4.5.6 
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FIGURE (5.4.20) 
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We note that for each of the 0, the order given by (5.2.8) with 

0A  = 0 is fairly well preserved in the closeness of the interval - 	- 

estimates given by methods 1 and 3 to those given by method 4. We 

also note that the change in the residual sum of squares of an 

observation from s
1
2 
to s2

2 has very slight effect on the interval 

estimate given by method 4. 

We next observe that the values of J1  (0T  ,a) and J1 
 (ti,a) as shown 

in the figures are fractions of a percent. This implies that our choice 

of the values of a, 0 and OT  has resulted in situations in which we can 

A 

refer to the method 4 interval estimates based on these values of 0 as 

approximately 100 11(0,a)% interval estimates. 

We further observe that the four methods give almost identical 

interval estimates when Me 
 < 0.1. As the interval estimates given by 

method 4 are approximately 95% interval estimates, the interval estimates 

given by methods 1, 2 and 3 are also approximately 95% interval estimates. 

When Mil)  < 0.1, an interval estimate based on the transformation 

is almost identical to that given by method 4. This interval estimate 

based on 1pi  is therefore an approximately 95% interval estimate. 

The above observations indicate that for these models with 0T  near - 

(1.4,0.4)T  and the levels of a similar to those considered before, an 

interval estimate of the parameter 0
i 
based on method 1, 2, or 3 is an 

approximately 95% interval estimate provided that the value of the 

correspondingnonlinearityM
0 	

IP,where$.0.or ., is less than or equal 

to 0.1. Note that this value of 0.1 for the bounds of M is the same as 

that for the case when p = k* = 2 (c.f. section 5.3). 

For other models which are unconstrained or which can be treated as 

unconstrained for statistical purposes, we can likewise obtain bounds 

for the values of nonlinearity within which it is justifiable to use linear 

theory to obtain the corresponding interval and region estimates. It is 

expected that the values of these bounds are fractions of one. 
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Appendix 1 	Householder Transformations  

th Let c be the i column of the (nxp) matrix C of rank p. We wish 

to find the Householder transformations 

(j) 
= I - (17

(j)
l[y

(j)
]
T 	(j = 1,2,...,p), 

such that H(p)H(p-1)...H(1)C is a (pxp) upper triangular matrix with an 

((n-p)xp) matrix beneath it. 

We first find y(1) such that H
(1) 	i ci  is a column vector with only 

one nonzero component, and this component is at the first position. The 

computational procedure involved in finding the compone 	v
(1) 

is as follows 

n 2  
(i) compute r1 = Eoil  which is chosen to have the same sign as c11, j=1 

, 	 (ii) compute v1
(1) 
 = yl + c11/r1, 

 

(iii)computev!1)=.c. /(r11 v(1)) for j 	1. 
pl  

Now let 

c(j) = H0-1)HO-2) H 
 (1) 

... 	c., 
-3 

c(j
Mu
)  = 0 	for u < j, 

and 

c (j ) 	(j) for u > j, 
Mu 

= c  

where j 	and c,IJ.1)  and cl(4! 	li  ) are the ut  components of c.())  and 

C
(j) respectively. 	 ; 
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We next find y, where j = 2,3,...,p, such that H(j)c(j) is a 

column vector with only one nonzero component, and this component is 

.th at the 	position. The computational procedure involved in finding 

v(j)  is as follows 

(i) conTute
M  3 

	

	
E (c(j))2 chosen to have the same sign as cmj (), . u=j 

( 	(j (ii) compute v.j)  = 1 + c
M  .

)
3  

/r. I 
3 	]  

(iii) compute v(j)  = c(3)/(r.v9)) for k 	j. Mk 	3 3 

With these v(j), the corresponding H(j) are the required Householder 

transformations. 
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Appendix 2 
	

Derivation of Ila* and I1jk  
aa* in (3.3.43)-(3.3.48) 

Let 

ST1 = {1,2,:..,p-k*} 

ST2 ={p-k*+1,p-k*+2,...,p} 

and 

ST3 = {p+1,p+2,...,n}. 

Let i e ST2 and j e ST1. We have 

8r (*s)  
1 	(s) 2 * 	' s. 	.. 

3 
* 	a*=0 

= 2d , aiii  

[a2r(*s) 
1 	--(s) 4 	4 	2.—(s) 2l. 

a*.0  = 2[2z. z. - Z. + 4d* z. z. 1 	3 	1 1 

I
lat.. = 0, 

133 

and 

= 2)(2 	(d*2) 
k*+2 1 

133 177 
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Let i e ST2 and j,k e ST1 where j / k. We have 

	

-3r  (*s) 	 ,_(*s) 
1 s) 	 = 2 s  iz (s)d*z2 - 4 s.d*z•z 

i 	1 3 k' 	1 	1 	1 j' as* 	a*=0 	Dat 	a*=0 1jk 

[ 

,2_ (*s) 
"1 	—'s) 2 2 2 2 	—(s) 2 2 2 = 16z ' z . z -8z .z + 8z . d* (z .+z ) , , 2 	1 	3 k 	3 k 	1 	1 	3 k aat 	a*=0 ijk 

[ 

 a 2 (*s) 

	

r1 	_ 	2 	2 2 - 4z.(  z.z„.  - 2z
j
zk ' aat..aa* 	a*=0 	1 	3 A' 13J ikk - - 

I a* . = 0 1 i3k 

= 8X2*+2 (d1 *
2 

i 	
) 1a* a* 	k ijk jk 

and 

2 = -2Xk*+2(d1
2 ). 1a..at 133 1kk  

Let i e ST3 and j,k e ST2 where j / k. We have 

3r (*s)  
1 	= -2&z.

1
7(s)  
j aat 	a*=0 

ljj 

arl(*s) 

a*=0 

a*=0 

= -4d*2z s s 	(177  z. 	z lijk 	k 

2 —(s) 	2 	2 	 (s) 	2 	2 	 (s) = 8z 	(z 	) 	d* 	- 2z, 	d* 	(4z-z. 	d*2  ), i 	7 	1 	7 	1 	1 	7 	1 

3at 
ilk 

(*s) 
1 

[32r  

3at2  177  
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32r (*s) 
1 (s)(s) 	

1  2 
	2 	 (s) 	—(s) 	2 	 (s)(s) 	

1
4 

	

= 32z.z 	zk 	d* - 8z*. (z. 	+zk 	)d* 	+ az • 	zk 	d* 3. 	3 	 j 	1 	j  
a*=0 

	

= 8z.z. 	z (s)d* 2  + 2z (s)z(s)d* 4 
a*-0 	1] 	k 	1 	j 	k 	1 

aa*. 	aa. 

[ 	

ijk 	ijk 

[ a2(*s) r  
1 

aat 	.aat 
1]J 	3.kk 

= 0, 
ijj 

Ila* 	= 0, 
ijk 

2 = -2Xk*+2 (d1.
2 

1at . 	 ) 
133 13) 

2 
10. a*  = -8Xk*+2 (d1*

2) 
ijk 3.jk 

and 

2 = 2xk*+2 (d1*
2 

ikk 	
) ..a* 

 

Ila*3.jj  

Let 

1 

i e ST3, j e ST1 and 

= 0, 
a*=0 

= -4d*z z. s li 	k a*=0 	j  

= 	Of  
a*=0 

k e ST2. 	We have 

r

aa

(*s)  

1 
ljj 

(*s)  
1 "E(s)  k 

[

3r

aai .k 

[,2_(*s) 

aat2  



a2 	(*s) 
Ll 

e=2  

2 2—(s) 	2 2 	2—(s) 	2 	2—(s) 	2. 

	

= 16z.z.z 	- El(z.z +z.z 	d* 	- z.z 	d* 	), 
i 3 k 	1 j 	1 k 	1 	3 k 	1 

2—(s) 	2 

	

= 2z.z 	d* 	, 
a*=0 	3 k 	1 
- 	- 

0, 

2, -8
2 	

(d 1 * ). )(k*+2  

42 	(d*2) k*+2 	1 

	

can be shown that all the 
Ilat. 	

and I
lat. 	a* 	. 13k 	1

1
3
1
k
1 
i
2
3
2
k
2 

[ 

	

ilk 
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other 

aa*2 

a2_(*s) 
.1.1 

aat 	aat 
[ 	1jj 	ikk 

ilat..at. 	
= 

. 
133 In 

l. 	* Iat3 	
= 

1kaijk 

and 

ilaI..aikk = t 
133  

Next, it 

than those already derived are zero. 
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APPENDIX 3 Programs PARTIT, POWPRO, and subroutines POWSUO, POWSUA, 

POWSUB, POWSUC and SIGSUC  

76/09/17 	IMPERIAL COLLEGE FORTRAN COMPILER 
	

KRONOS 2.1.X PSR2+ 	77/05/03, 21.22.28. 

MNF(B=PARTIT) 
C 
C 	PROGRAM PARTIT IS FOR PARTITIONING THE SET OF ALL 
C 	(A+11J1K11A+12J2K2) INTO SUBSETS(C.F. SECTION (4.9)) 
C 

0000006 
00606UB 
0060608 
006060E 
0060616 
0060620 

1. 
2. 
3. 
4. 
5. 
6. 

PROGRAM PARTIT(INPUTOUTPUTJAPE5=INFUT.TAPE6=OUTPuTITAPE7) 
COMMON/MSKP/MS(6).KP(500121) 
IKCAD=5 
IPRINT=6 
ITAPE7=7 
READ(IREAD.2) 	KCH,IN,NPAR,NOBS.KSTAR 

C 
C NPAR IS TOTAL NUMBER OF COMPONENTS IN THE PARAMETER VECTOR 
C NOBS IS TOTAL NUM6EK OF OBSERVATIONS 
C KSTAK IS NUMBER OF COMPONENTS OF INTEREST IN THE PARAMETER VECTOR 
C 

0060746 7. 2 FORMAT(A6,1401415) 
0060748 8. CALL CHECIN(KCH,INI6HNPAROU.0) 

C 
C ROUTINE CHECIN CHECKS THAT DATA CARD IS CORRECT 
C 

0060766 9. WRITE(IPRINT,3) 	NPAR.NOBS.KSTAR 
0061056 10. 3 FORMAT(/1Xe5HNPAR=.12.1H/.5HNOBb=.12.1H/16HKSTAR=.12/) 
0061058 11. -NPMK=NPAR..KSTAR 
0061068 12. NPMKP1=NPMK+1 
0061078 13. NPARP=NPAR+1 
0061108 14. NPMKP2=NPMK+2 
0061116 15. NPARP2=NPAR+2 
0061126 16. IP=0 

C 
C THESE DU LOOPS ARE FOR PARTITIONING THE SET OF ALL 
C (A+I1J1K1,A+I2J2K2) 	INTO SUBSETS. THE SUBSETS ARE INDEXED BY IP 
C 

0061138 17. DO 160 I1=NPMKP1,NOBS 
0061160 18. DO 150 12=NPIAKP1.NU6S 
006120B 19. DO 140 u1=1.NPAR 
0061236 2u. DO 130 K1=J1INPAR 
0061246 21.  DU 120 J2=1.NPAR 
0061266 22.  DO 110 K2=u2.NPA6 
0061276 23.  IF(.N01.(I1.LE.12)) 	GO 	TO 	110 
0061326 24.  IP=IP+1 
0061348 25.  MS(1)=.11 
0061346 26.  MS(2)=J1 
0061356 27.  MS(3)=K1 
0061378 28.  MS(41=12 
0061408 29.  MS(5)=J2 
0061416 30.  MS(6)=K2 
006142B 31.  00 10 	1M=1,6 
OU61448 32.  I=MS(IM) 
0061448 33.  IF(I.GE.1.AND.I.LE.NPMK) 	GO 	TO 7 
0061526 34.  IF(1.GE.NPMKPl.ANO.I.LL.NPAR) 	GO TO 8 
0061563 35.  IF(I.GE.NPAHP.ANU.I.LE.NOBS) 	GO TO 9 
0061626 36.  7 KP(IPIIM)=1 
0061656 31. GO TO 10 
0061666 38. 8 KPIIP.Im)=2 
0061716 39.  GO TO 10 
0061726 40.  9 KP(IPIIM)=3 
0061758 41. 10 CONTINUE 
0062006 42. IT=6 
0062016 4J. DU 16 1m=1 15 
0062U38 44.  ImP1=im+1 
0062036 45.  DO 	15 Jmr.ImP1.6 
0062076 46.  IT=I1+1 
0062106 41. IF(M5(1m).ED-mS(pM)I 	GO TO 	12 
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006213g 48. 
. 	_ 

IF(MS(IM).NL.MS(JM)) 	GO TO 13 
006214B 49. 12 KP(IP.II)=1 
0062208 50. GO TO 15 
0062218 51. 13 KP(IP.IT)=0 
0062248 52. 15 CONTINUE 
0062268 53. 16 CONTINUE 

C 
C (KPIIPIIT),I1=1.21) 	COMPLETELY SPECIFY THE IP•TH SUBSET 
C 

0062318 54. 1FIIP.E61.1) 	GO 	TO 40 
006233B 55. KSAML=U 
0062336 56. IPM1=IP•1 
0062348 57. DO 2U IPM=1,IPM1 
0062370 58. 00 	18 IT=1,11 
0062418 59. IF(KP(IPM,/T).NE.KPIIP,IT)) 	GO TO 20 
0062418 60. 18 CONTINUE 
0062508 60. KSAME=1 
0062548 62.  GO TO 30 
006254B 66. 20 CONTINUE 
0062558 63.  SU 	IF(KSAML.E(.1.0) 	GO TO 40 
0062618 65.  1P=IP-1 
0062626 66.  GO TO 110 
0062628 67.  40 LSKIP=1 
0062638 68.  IF(IP.NE.1) 	GO TO 54 
0062658 69.  WRITL(IPRINT.50) 	IP.(MS(I8).18=!,6).(KP(IP,Ig),1B=1.21) 
0063118 70.  50 FORMATl1X.SHIP=,15.1H/.2UIIl.J1.Kl.I2.J2•K2 ARE.6(12.1X)11H/112HKP 

1(IP,*) 	ARE.21(I1.1X)) 
006311B 71.  GO TO 58 
0063118 72.  54 LSKIP=1 
0063128 75. WRITE(IPRINT.56) 	IP,(MS(IB).18=l.6I•(KPIIP•I8),18=1,21) 
0063366 74.  56 FORMAT(1X.3HIP=.15,1H/121X.6(I2•1X).1H/112X121(I1.1X)) 
0063368 75.  58 LSKIP=1 
006336B 76.  WRITL(ITAPE7.60) 	IP,(MS(W),18=1.6).(KP(IP,IB),IB=1§21) 
0063628 77.  60 FORMATI1Xs2814) 
0063628 78.  110 CONTINUE 
006364B 79.  12U CONTINUE 
0063676 80.  130 CONTINUE 
0063728 81.  14U CONTINUE 
0063758 82.  150 CONTINUE 
0064008 83.  160 CONTINUE 
0064038 84.  STOP 
006406B 85.  END 

C 
C 
C 
C 
C 

PROGRAM POWPRO•SUBROUTINES POWSUO,POWSUA,POWSUB AND POWSUC ARE FOR 
REPRESENTING 	(1) 	PRODUCT 	OF FIRST PARTIAL DERIVATIVES OF 	(R+)**2 
W.R.T. A+I1J1K1 ANU A+12J2K2 EVALUATED AT A+=0 AND 	(2) 	SECOND 
PARTIAL DERIVATIVES OF 	(R+)**2 W.R.T. 	TO A+I1J1K1.A+I2J2K2 

• C EVALUATED AT 	A+=0(C.F.SECTIONS 	(4.2) 	TO 	(4.61) 
C 

000000B 1.  PROGRAM POWPRO(INPUT I OUTPUT,TAPE5=INPUT.TAPE6=OUTPUTITAPE9ITAPE10$ 
iTAPE/IIAPE11) 

0141408 2.  COmMON/MSKP/mS16)1KP(30121) 
0141408 3.  COMMON/ACAAAZ/AC(30).R(30),0130).AAC(30)4AA(3012)1SIZN(30.10).Az(3 

1011U) 
0141408 4.  COmMUN/NKPP/N(2.213).KPP(8,6) 
0141408 5.  COMMON/AC1AA1/AC1(41110)901(4•10),AA1(4.1012)1SIGN1(4.10110)1AZ1(41 

110110) 
0141408 6.  CUMMUN/IGIGMX/IG(4),IGMAX(4) 
014140B 7.  COMMON/ACGAAG/ACG(4410)10G14,10),AAG(4,1012),SIGNG(4.10110)1AZG(4,  

- 110110) 
0141406 8.  COmmON/AKSTAK/AKSTAR(50),DIGHEE(50)4GAMmA(10) 
0141408 9.  COMMUN/11(LAU/IREAO.IPH1NT.ITAPL 
0141408 10.  COMMUN/NUBS/nOBSOPAR,KSTAHOPMK,NPMKP1,NPARP 
• 0141406 11. COMMUN/KS/KSI1P.L1MAX$11 
014140B COMMUN/11J1K1/11IJI.K1eI2.421K2 
0141408 13. COMMON/LPRINT/EPN(50) 
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0141409 
0141408 
0141408 
0141406 
0141419 
014142B 

14.  
15.  
16.  
17.  
18.  
19.  

COMMON/IOAB/IWA.IUB 
COMMON/KPOWER/KPUWER 
IREAU=5 
1PRINT=6 
ITAPE7=7 
REAWIREADo4) KCHIININPAROOBSIKSTAR 

C 
C NPAR IS TOTAL NUMBER OF COMPONENTS IN THE PARAMETER VECTOR 
C NOBS IS TOTAL NUMBER OF OBSERVATIONS 
C KSTAR IS NUMBER OF COMPONENTS OF 	INTEREST IN THE 
C PARAMETER VECTOR 
C 

0141548 2U. 4 F0RMAT(A6,14.1415) 
0141548 21.  CALL CHECINIKCHoIN.6HNPAROB.0) 

C 
C ROUTINE CHECIN CHECKS THAT THE DATA CARD IS CORRECT 
C 

0141568 22.  WRITE(1PRINT 15) 	NPAR,NOBSoKSTAR 
014165B 23.  5 FORMATI/1XedNPARINO8SIKSTAR ARESlo3lI3.lX)) 
0141656 24.  NPMK=NPAR•KSTAR 
0141668 25.  NPMKP1=NPMK+1 
0141676 26.  NPARP=NPAR41 

C 
0141708 27.  READ( IREAD94) 	KCH.1119 (LPN( I 	.I=1.7) 
0142U38 28.  CALL CHECINIKCHoINt6HLPN(1)oj) 
0142058 29.  READIIREAU04) 	KCH•INI(LPN11),I=8,14) 
0142208 30.  CALL CHECIN(KCHIINIGHLPN(8)110) 

C 
C LPN(*) DECIDE 	WHETHER THE INTERMEDIATE RESULTS WILL BE PRINTED 
C OUT 
C 

0142228 31.  KAAC=6 
0142226 32.  READ(IREA0o6) 	KCHoINI(AACII),I=1.KAAC) 
014237B 33.  WRITE(IPRINTO) 	(AAC(I),I=11KAAC) 

C 
C AACI*1 ARE SOME NUMBERS ASSOCIATED WITH THE EQUATION 
C SDA1(L)=10+)**2 	(C.F. 	SECTION 	14.4)). 	THEY ARE RESPECTIVELY 
C 2.0.2.01..1.8,1.014.0 	AND 	•4.0 
C 

0142518 34.  6 FORMAT(A6.I4 1 7F18.6) 
0142516 35.  8 FORMATI/lX,dAAC(*) 	ARE@.6(F10.411X)/) 
0142518 36.  CALL CHECIN(KCHIIN06HAAC(I)10) 
0142538 37.  READ(IREAD14) 	KCH,1N,KPOWEK 
0142626 38.  CALL CHECIN(KCHIINg6HKPO:NERIO) 

C 
C NORMALLY KPOWER=1 EXCEPT IN THE CASE WHEN WE WANT TO USE POWPRO. 
C POWSUUIPOWSUA,PO4SUB AND SIGSUC TO DERIVE Il(THETA,SIGMA) 
C 

0142646 39.  REAO(IREAO,4) 	KCHIIN,KSELECIIS1IJS11KS1,1S2.JS20KS2 
0143018 40.  CALL CHECINIKCH,INI6HKSELEC,8) 
0143038 41.  REAWIREAU.4) 	KCHtINIKSTARI 
0143128 42.  CALL CHECINIKCH,INI6HKSTAKT.0) 

•  C 
C NORMALLY KSELEC=OoKSTART=0 AND IS1.JS1IKS(vIS2oJS2IKS2 ARE ANY 
C POSITIVE INTEGERS EXCEPT IN THE CASE WHEN WE WANT TO CHECK SOME 
C PARTICULAR PART OF THE PROGRAM 
C 

0143146 43.  REAU(IREA0o4) 	KCHoINoIDMAX 
C 
C IUMAX IS TOTAL NUMBER OF SUBSETS GENERATED BY PARTITIONING THE SET 
C OF ALL 	lA+I1J1K1.A+12J2K2) 	(C.F. 	PROGRAM PARTIT) 
C 

0143238 44.  CALL CHECINlKCHIlN.5HIDMAX.0) 
0143256 45.  IP=0 
0143256 46.  IWA=0 
0143256 47.  IUB=0 
0143268 48.  UU 1910 	10=1,IOMAX 
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0143316 
0143328 
0143366 

49. 
5U. 
.51. 

C 
C 
C 

IP=IP+1 
IF(KPOWER.EQ.1) 	IP=1 
READ(ITAPE7.10) 	100,(MS(I0)(10=116).(KR(IP.I6),I6=1,21) 

(KP(IP.16).18=14121) 	COMPLETELY SPECIFY THE IP-TH SUUSET 

0143616 52. 10 FORMATI1X.2814) 
0143616 53. IF(.NOT.(KSELEC.E0.0.0R.(I1.E0.151.AND.J1.EQ.JS 

1.12.1.0.152.AND.J2.1U.J32.AND.K2.EQ.KS2)))G0 TO 1910 
0144036 54. IFILP14(1).E.w.U) 	GO 	TO 	35 
0144046 55. WRITE(IPRINT.33) 	(MS(I),I=1,6) 
0144156 56. 33 FORMAT(/1X.21H111J11K1.12.J21K2 ARE.6(I2.1X)) 
0144156 57. WRITE(IPKIN1434) 	1Po(KP(IPtI).1=1.21) 
0144326 58. 34 FORMAT(1XI5HIP 	= 	.13.1H/1121(KP(IPIII) 	ARE,21(I1.1X)) 
0144326 59. 35 LSKIP=1 
0144326 60. I1=MS(1) 
0144336 61. J1=MS(2) 
0144356 62. K1=MS(3) 
0144368 63. I2=MS(4) 
0144408 64. J2=MS(b) 
0144416 65. K2=MS(6) 
0144436 66. KS=0 
0144446 67. IF(I1.EQ.I2.AND.J1.EQ.J2.AND.K1.EQ.K2.AND.J1.EQ.K1) 	KS=1 
014455B 68. IF(11.1.0.12.AND.J1.EQ.J2.AND.K1,EQ.K2.AND.J1.NE.K1) 	KS=2 
0144666 69. KII=30 
0144666 70. 00 38 	11=1,KII 
0144706 71. 00 36 li=1.NOBS 
0144738 72. AZ(11.1Z)=0.0 
0144738 73. 36 CONTINUE 
0145016 73. 38 CONTINUE 

C 
C TO REPRESENT THE EQUATION SOA1(Z)=(D+)**2 IN A COMPUTER 
C (C.F. 	SECTION 	(44 4)) 
C NONLINEAR TERMS IN SOA1(Z) 	ARE INDEXED BY II 
C 

0145048 75.  II=0 
0145048 76.  IF(.NOT.(KP(IR41).E0.2.AND.KP(IR.2).EQ.1.AND.KP(IP13).EQ.1)) 	GO 	TO 

144 
C 
C TO REPRESENT 2.0(SUM FROM I EQUAL TO P+KSTAR+1 TO P) 	(SUM FROM 
C J EQUAL TO 1 TO P-KSTAR) 	(SUM FROM K EQUAL TO 1 TO P-KSTAR) 
C OF A+IJKLIZJCK 
C 

0145156 77.  II=II+1 
0145168 78.  IF(J1.EU.K1) 	AC(II)=AAC(1) 
0145226 79.  IF(J1,NE.K1) 	AC(II)=2.0*AAC(1) 
0145268 80.  AA(11,11=1.0 
0145268 81.  AA(I112)=0.0 
0145306 82.  00 4U IL=11NOBS 
0145338 83.  IF(I1.10.11) 	Al(IIIIZ)=AZ(IIII1)+1.0 
0145428 84.  IF(IL.LU.J1) 	AZ(II/1L)=A1(II,IL)+1.0 
0145508 85.  IF(IL.EQ.K1) 	AZ(IIIIL)=AZ(II.I1)+1.0 
0145566 db. 40 CONTINUE 
0145608 87.  IFILVN15).EQ.0) 	GO 	TO 43 
0145616 88.  WRITE(IPRIN1,41) 	IMS(I),I=1.6) 
0145726 89.  41 	FOKMAT(/1X121HIl.J11K1,124J21K2 	AREo6(I2.1X)) 
0145726 90.  WMITEC(PHIN1142)IIIAC(II),AA(II,1).AAIIII2),(AZ(IIIIIB),I6=1,NOBS) 
0146168 91.  42 	FOKMAT(/1X45HII 	= 	= 	$F4.112X,11HAA(II.1) 	= 	.F4.112 

1X,11HAA(1112) 	= 	IF4.112X113HAZIII,IZ) 	AME110(14.1,1X)) 
0146168 92. 43 LSK1P=1 
0146168 93. 44 	IF(.N0).(KP(IP14).E0.2.ANO.KP(IP,5).E0.1.AND.KP(IP16).EQ.1)) 	GO 	TO 

0146276 94.  
1 	11U 
IF(.NOT.KS.10.0) 	GO 	TO 	110 

0146316 95.  11=11+1 
0146338 96.  IF(J2.EQ.K2) 	AC(II)=AACII) 
0146376 97.  IF(J2.NE.K2) 	AC(11)=2.0*AAC(1) 
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014643B 
014643B 
0146458 

98.  
99.  
100.  

AA(III1)=0.0 
AAII1.21=1.0 
DO 50 IL=1,ROBS 

0146508 101.  IF(IG.LU.I2) 	AZIIIIIZI=AZ(II.U)+1.0 
0146578 102.  IF(IZ.E.O.J2) 	AZ(IIIIZ)=AZIII.IL)+1.0 
0146658 103.  IFITZ.E.U.K21 	AZ(1IIIC)=AZ(lItIC)+1.0 
0146738 104.  50 CONTINUL 
0146758 105.  IFILFUlt).EU.0) 	GU 	TO 60 
0146768 106.  V.RITL(IPRIN1141) 	(MS(1)91=196) 
0147078 107.  II KRITLPRINT142 /I IIAC(II).AMII.1).AA(II.2) I ( AZ(IIII6),IB=1.N0BB) 
014733B 108.  60 LSKIP=1  
0147338 109.  110 L0UT=1 
0147348 110.  IFI.N01.(lKP(IB,1).E0.3).AND.(KPIIP.2).E0.2.0R.KP(IP.3).ED.2))) 	GO 

1 TU 124 
C 
C TO REPRESENT •2.0(SUM FROM I EQUAL TO P+1 TO N) 	(SUM FROM J EQUAL 
C TO 1 TO PISUM FROM K EQUAL TO 1 TO B. AND AT LEAST UNE OF J.K IS 
C EQUAL TU 	P-KSTAR+1 UR P•KSTAR+2 	OR P) OF A+IJKLIZJ1K 
C 

0147468 111.  11=11+1 
0147478 112.  IF(J1.EU.K1) 	AC(II)=AAC(2) 
0147548 113.  IF(J1.NE.K1) 	AC(II)=2.0*AAC(2) 
0147608 114.  AA(I1,1)=1.0 
0147608 115.   AA(II.2)=0.0 
0147628 116.  DO 120 1Z=1.NOBS 
0147658 117.  IF(I2.LU.I1) 	AZ(IIIIZ)=AZ(IIIIC)+1.0 
0147748 118.  IF(11.EQ.,11) 	AZIIIIIZ)=AZ(II.IL)+1.0 
0150028 119.  IF(IL.EU.K1) 	AZ(II.IZ)=AZ(IIIIL)+1.0 
0150108 120.  120 CONTINUL 
0150128 121.   IFILPNI5).EW.0) 	GO 	TO 	122 
0150138 122.  WRITE(1PRIN1141) 	(MS(1)tI=196) 
0150248 123.  WRITE(IVRIN).42)1I.AC(I1).AA(II.1),AA(II.2).(AZ(II,IB),I8=1.NOBS) 
0150508 124.  122 LSKIP=1 
0150508 125.  124 	1F(.NOT.(KS.EU.0)) 	GO TO 	180 
0150538 126.  IFI.U01.1(KP(IP,4),EQ.3)0/40.(KP(IP,5).EQ.2.0R.KP(IP16).E0.21)) 	GO 

1 	TO 18U 
0150656 127.   11=11+1 
0150668 128.  IF(J2.E.Q.K2) 	AC(II)=AAC(2) 
0150728 129.  IF(.72.4L.K2) 	AC(II)=2.0*AAC(2) 
0150766 130.  AA(III1)=0.0 
0150768 131.  AA(II12)=1.0 
0151008 132.  DO 	130 	12=1,1408S 
0151030 133.  IF(IL.EU.I2) 	AZ(II.IZ)=AZ(IItIZ)+1.0 
0151128 134.  IFI1L.EQ.J2) 	AZ(IIIIZ)=AZ(IIIIL)+1.0 
015120B 135.  IF(IL.EU.K2) 	AZ(IIIIZ) =AZ(II•IZ)+1.0 
0151268 136.  130 CONTINUE 
0151308 137.  1F(LPN(b).EU.0) 	GO 	TO 132 
0151318 138.   WRITE(IPRIN1,41) 	(MS(I),I=1,6) 
0151428 139.  WRITE(IPRIN1,42)1IIAC(II).AA(I1,1).AAIIII2).(AZ(IItI8),I8=1008S) 
0151668 140.  132 LSK1P=1 
0151668 141.  180 LUU1=1 
0151670 14. CALL PUWSUU 
0151724 143.  CALL PUWSUA 
0151748 144.  1910 CONTINUE 
0151768 145.  STOP 
0152018 146.  ENU 
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0000006 1.  SUBROUTINE CHECIN(KA.I.KB.J) 
C 
C ROUTINE CHECIN CHECKS THAT DATA CARD IS CORRECT 
C 

0000008 2.  IF(KA.NE.K8)G0 TU 100 
0000016 3.  IF(I.E0.J) 	60 TO 9000 
0000038 4.  IF(I.EU.O.AND.J.E41.1) 	GU TO 	9000 
0000068 5.  100 WRITE(6.110) 	KA.I.KBIJ 
0000168 6.  110 FORMAT(23H ERROR IN.CARQ LABELLED.2X.A6.I4.2X.15HPROGRAM EXPECTSI2 

2X,A6.14) 
0000166 7.  9000 RETURN 
Q0002UB 8.  END 

	

NUMBER AND NAME CROSS REFERENCE MAP (/N= N 	REFERENCES IN STATEMENT) 

	

VARIABLE AND ARRAY NAMES SORTED BY ADDRESS 	(B=RELATIVE ADDRESS) 
(C= RELATIVE TO 	//) 

0000008 	9. 	SUBROUTINE POWSUO 
C 
C 	ROUTINE POWSUO IS CALLED IN POWPRO 
C 

0000008 10.  COMMON/MSKP/MS(6).KP(30.21) 
0000008 11.  COMMUN/ACAAAZ/AC(30).R(30).D(30:.AAC(30).AA(3012)/SIZN(30.10).AZ(3 

10,10) 
0000008 12.  COMMUN/NKPP/N(2s2.3).KPP(016) 
0000006 13.  COMMON/AC1AA1/AC1(4110)101(4.10).AA1(4.10.2).SIGN1(4.10.10),A21141 

110,10) 
0000008 14.  COMMUN/IGIGMX/IG(4),IGMAX(4) 
0000008 15.  COMMON/ACGAAG/ACG(4.10)1IDG(4.1CA.AAG(4,1012).SIGNG(4110110).AZG(4, 

110.10) 
0000006 16.  COMMON/AKSIAR/AKSTARI50).DEGKEE(50).GAMMA110) 
0000006 17.  COMMON/IREAU/IREAD.IPRINT.1TAPE 
00000118 10. COMMON/NOBS/NODS.NPAR.KSTAR.NPMK.NPMKPIINPARP 
0000006 19.  COMMON/KS/KS,IP,I1MAX.11 
00000UB 20.  COMMON/I1J1K1/11.J11K11I2,J2.K2 
0000008 21.  COMMUN/LPRINT/EPN(50) 
0000008 22.  COMMUN/Iun/lUA.IUB 
0000006 25. 41 	FORMAT(/lXI21HI1lJ1eKleI2vJ2.K2 	ARE,6(I2.1)()) 
0000006 24. 42 FURMATI/1X.HII 	= 	.I2t1X.9HAC(11) 	= 	oF4.l,2X.11HAA(II.1) 	= 	IF4.1.2 

1)(1111HAA(II,2) 	= 	oF4.1,2X1113HAZIII.I2) 	ARE.l0(F4.111X)) 
0000006 25.  IF(.NOT.(KP(IP.1).EU.2.AND.KP(IP12).E0.1.ANU.KP(IP.3).EW.1.AND.10( 

1IP14).E61.2.AND.KP(IP,5).EJ.1.AND.KP(IPI6).EW.1))G0 	TO 	304 
C 
C TO REPRESENT •1.0(SUM FROM I EQUAL TO P+KSTAR+1 TO P) 	OF (SQUARE OF 
C (SUM FROM J EQUAL TO 1 TO P•KSTARISUM FROM K EQUAL TO 1 TO P•KSTAR) 
C OF A+1JKLJLK) 
C 

0000176 26.  IFI.NOT.(KS.EQ.01) 	GO TO 244 
0000216 27.  1f(I1.NE.I2) 	GO 	TO 	304 
0000238 28.  11=11+1 
0000258 29.  IF(J1.E0.K1.AND.J2•EQ.K2) 	AC(II)=2.0*AAC(3) 
0000338 30.  IFIJI.NE.KloAND.J2.1.0.K2) 	AC(II)=4.OtAAC(3) 
0000420 31.  IF(J1.EW.K1.AND.J2.NL.K2) 	AC(II)=4.0*AAC(3) 
0000510 32.  1F(J1•NE.Kl.AND.J24NE.K2) 	AC(II)=0.04,AAC(3) 
0000608 33.  AA(II.1)=1.0 
0000608 34.  AA(1112)=1.11 
0000621 35.  UU 220 	12=11iJUBS 
0000648 66. IF(IL.EU.J1) 	AZ(11,1/)=AZ(II.IL)+1.0 
000073R 37.  AZ(1II1L)=AZ(II,IL)+1.0 
0001010 38.  IF(IL.LU.J2) 	AZ(1I.I/)=AZ(II.1L)+1.0 
0001070 39.  IFI1L.L0.K2) 	AZ(II,IC)=ALIIIIIL)+1.0 
0001158 40.  220 CONTINUE 
0001171 41.  IF(LVNt).EU.U) 	GO TO 	230 
0001200 42.  hRITL(1PRIN1s411 	(MS(I),I=1.6) 
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0001318 43.  wRITE(IPRINT142)II.AC(TI),AAIII,1),AA(II.2).(a(IIII8),I8=LINO8S) 
0001558 44.  230 LSK1P=1 
0001558 45.  GO TU 304 
0001566 46.  244 IF(.NOT.CKS.E61.1)) 	GO TO 252 
0001628 47.  11=11+1 
0001638 48.  AD(II)=AAC(31 
0001648 49.  AA(III1)=2.0 
0001656 50.  AA(III21=0.0 
0001668 51.  00 248 I1=1.NOBS 
0001718 52.  IF(IC.EQ.J1) 	AZ(IItIZ)=AZ(III12)41.0 
0002006 53.  AZ(II.I2)=A2(II,I2)41.0 
0002068 54.  IFIIC.E0.J2) 
0002148 55.  IF(IZ.LQ.K2) 	AZ(II.I2)=AZ(IIII2)41.0 
0002228 56.  248 CONTINUE 
0002248 57.  IF ILPNlb) .EQ.0) 	GO TO 250 
0002258 58.  WRITE( WHIN.) '41) 	(MS( I) 11=1,6) 
0002368 59.  WRITE(IPRINT.42)1IIAC(II).AA(I111)1AA(I112),(A2(II,I8)1I8=1.NOBS) 
0002626 60.  250 LSKIP=1 
0002628 61.  GU TO 304 
0002638 62.  252 11=1.1+1 
0002658 63.  AC111 )=4.0*AAC(3) 
0002668 64.  AAIII .1 1=2.0 
00027UB 65.  AA(I1.2)=0.0 
0002708 66.  DO 256 IG=11NOBS 
0002738 67.  
0003028 68.  IF(I2.EQ.KI) 
0003108 69.  IFIU.EU.J2) 	AZ(IIIIZ)=AZ(II.IL)+1.0 
0003168 70.  IF(12.EQ.K2) 	AZ(lItILJ=AZIIIIIZ)+1.0 
0003248 71.  256 CONTINUE 
0003268 72.  IFILPNl51.Eta.0) 	GO 	TO 260 
0003278 73.  WRITL(IPRINT,41) 	(MS(I)II=1.6) 
0003408 74.  WRITECIPRINT.42)1ItACCII).AA(II.1).AA(II.2).(AZ(II,I8),IB=1.NOBS) 
0003648 75.  260 LSKIP=1 
0003648 76.  304 LENU=1 
0003656 77.  IFI.NOT.IKPlIP11).EU.3.AND.KP(IP.4).E0.3.AND.(KP(IP.2).E0.2.0R.KPC 

1I12,3).EU.2.UR.KPI1P.5).E0.2.0R.K PlIPI6).EQ.2))) GU TO 410 
C 
C 	TO REPRESENT 1.0(SUM FROM I EQUAL TO P41 TO N) (SUM FROM J EQUAL TO 
C 	1 TO P.SUM FROM K EQUAL TO 1 TO PeSUM FROM L EQUAL 10 1 TO P,SUM 
C 	FROM M EQUAL TO 1 TO PI AND AT LEAST ONE OF JoKILIM IS EQUAL TO 
C 	P•KSTAR41 OR P•KSTAR+2 	OR P) OF A4IJKA+ILMZJZKZLZM 
C 

0004068 78.  IF(eNOT.(KS.E0.0)) 	GO 	TO 	344 
0004108 79.  IF(I1.NE.121 	GO 	TO 	410 
0004128 80.  11=11+1 
0004138 81.  IF(J1.EQ.K1.ANO.J2.EQ.K2) 	AC(II)=2.0*AAC(4) 
0004228 82.  IF(J1.NE.K1.ANO.J2.1.0.K2) 	AC(II)=4.0*AAC(4) 
0004318 83.  IF(J1.0.1.K1.ANU.J2.NE.K2) 	AC(II)=4.0*AAC(4) 
0004408 84.  IF(J1.NE.K1.ANO.J2.NE.K2) 	AC(II)=8.0*AAC(4) 
0004478 85.  AM11.1)=1.0 
0004478 86.  AA(I102)=1.0 
0004518 87.  DO 320 12=1,NOBS 
0004538 88.  IFIIL.LQ.J1) 	AZ(II,I2)=AZ(III/Z)+1.0 
0004626 89.  IF(12.EQ.K1) 	AZ(IIII2)=AZIIIII2)41.0 
0004708 90.  IF(IL.LQ.J2) 	AZ(II.IL)=AZ(IIII2)41.0 
00047b8 91.  IFtI2.LO.K2) 	AZ(IIIIL)=AZ(IIIIL)41.0 
0005048 92.  320 CONTINUE 
0005068 93.  IFILPNI5).EQ.0) 	GO 	TO 	330 
0005078 94.  WRITECIPK1N1141) 	(MS(I)II=1.6) 
0005208 95.  WRITUIPRINT142)1I,AC(II),AAIIII1).AA(III2).(A2(IIIIB)00=1.NOBS) 
0005448 96.  330 LSKIP:1 
0005448 97.  GU TO 410 
0005458 98.  344 IFI.N01.(KS.EU.1)) 	GO TO 	352 
0005518 99.  11=11+1 
0005528 100.  AC(11)=AAC(4) 
0005538 101.  AAl11.1)=2.0 
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000554B 
0005558 

102.  
103.  

A/1(11.2)=0.0 
DO 348 1I=1,NOESS 

0005608 104.  IF(12.EU.J1) 	AZ(II.IL)=AZ(II.IL)+1.0 
0005678 105.  IP(II.EU.K1) 	AZ(II.1Z)=A2(IIIIZ)+1.0 
0005758 106.  IF(IL.E0.J2) 	AZ(11812)=42(11111)+1.0 
0006038 107.  IF(IL.14.K2) 	AZ(II.11)=AZ(IIIIL)+1.0 
0006118 108.  348 CONTINUE 
0006138 109.  IFILPNI5).EN.0) 	GO TO 350 
0006148 110.  WRITECIPKINT,41) 	(MS(I),I=1,6) 
0006258 111.  WHITE(lPHIN1142)1DIACCIDIAA(II.1).AA(II121.(A2IIIIIB),I13=1INOBS) 
0006518 112.  350 LSKIP=2 
0006518 113.  GO TO 410 
0006528 114.  452 11=11+1 
0006548 115.  AC(1/)=4.0*AAC(4) 
0006558 116.  AA(II.1)=2.0 
0006578 117.  AA(II,e)=0.0 
0006578 118.  00 356 I2=1,NOBS 
0006628 119.  AZ(1I,IZ)=A2(II,I2)+1.0 
0006718 120.  IF1IC.E0.K1) 	AZ(II,12)=AZ(IIIIL)+100 
0006778 121.  IF(I2.E.O.J2) 	AZ(IIII2)=AZ(IIII21+1.0 
0007058 1220 IF(12.E.U.K2) 	AZ(III11)=AZ(IIII2)+1.0 
000713B 123.  356 CONTINUE 
0007158 124.  IFILPN15).C6.0) 	GO TO 360 
00071613 125.  WHITECIPRIN1,41) 	(MS(I),I=1,6) 
0007278 126.  WKITL(IPKINT.42)11,AC(II),AA(I111).AA(II.2).(A2(IIIIB)tIB=1.NOBS) 
0007538 127.  360 LSKIM:1 
0007538 128.  410 LOUT=1 
000754B 129.  RETURN 
0007578 130.  ENO 

C 
C ROUTINE POWSUA IS CALLED IN POWPRO 
C 

0000008 1.  SUBROUTINE POWSUA 
0000008 2.  COMMON/MSKP/MS(6),KP(30.21) 
0000008 3.  COMMON/ACAAAZ/AC(30),R(3n).0(30),AAC(30),A4(30.2).SIZN(30,10),A2(3  

10,10) 
0000008 4.  COMMON/NKPP/N(2.2.3),KPP(8■6) 
0000008 5.  COMMON/AC1AA1/4C1(4.10),D1(4,10)0/11(4,10.2).SIGN1(4110.10),A21( 4. 

110.10) 
0000008 6.  COMMON/Ir,lGMX/IG(4),TGHA)(4) 
00,0000B 7.  COMMON/ACGAAG/ACG(4,10)10G(4,10),AAG(4.1012).SIGNG(4.10,10) 4 AZG(4,  

110.10) 
0000008 8.  COmMON/AKSTAR/AKSTAR(50).0EGREE(50).GAmmA(10) 
0000000 9.  COMMON/IREALVIRCAO.IPRINT,ITAPE 
000noon 10.  COMmON/O03S/NOESINPAR.RSTAROPMK.NRm01.MRARP 
0000008 11.  COMmON/KS/KS.IP.IImAX.II 
0000008 12.  COMmON/I1J1K1/I1,J1.1<1.12.J2.K2 
0000008 13.  COmmON/LRRINT/LRO(50) 
0000002 14.  COmmON/IQA3/I0A.I013 
00000013 15.  COMMON/KPOWER/KPOWER 
0000009 16.  N(1,1,1)=I1 
000000Q 17.  N(111,2)=J1 
000002R 18.  N(111,3)=K1 
000003R 19.  N(11211)=11 
onono48 2o. N(1.212)=K1 
0000058 21.  N(112,3)=J1 
0000062 22.  N(2,111)=I2 
0000108 23.  N(2,1,2)=J2 
0000118 24.  N(2,1,3)=K2 
0000132 25.  N(2,2.1)=12 
0000148 ?6. N(212.2)=K2 
000014n 27.  N(2,213)=J2 

-00001613 28.  IF( .NOT• ( (KP( rp, 	) •NE.l .AND.KP( IRO) 	) .AND. (KP( IP.1 	.E0.2•OR.K 

1P(IR 1 4).EO.2).AND.KR(IR.2).EQ.1.ANO.KP(IR.3).EQ.1.ANO.KP(IR.5).EQ. 
11.ANO.RP(IR.6).EQ.1)) GO TO 510 

C 
C 	TO REPRESENT 4.0 (SUM FROM H EQUAL TO R-RSTAR41 TO N,SUM FROM 

C 	I EUIIAL TO P-KSTAR+1 TO NANO AT LEAsT ONE OF M.I IS EQUAL TO 
C 	p-KSTAR+1 OR OR P-KSTAR*2 	OR P) (SUM FROM J EQUAL TO 1 TO 
C 	V-KSTAR.Stim FROM K ((MAL TO 1 TO P-KSTAR I SUm FROM L EQUAL TO 1 TO 

C 	P-KSTAR) OF A+NULA+IKL2142I2J2K 
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0009428 
0000458 
0000458 

29.  
30.  
31.  

IF(.NOT.(KS.E0.0)) 	GO TO 460 
IPP=O 
DO 454 IPERmr.1.2 

0000508 32.  IF(IPERM.EQ.1) 	GO TO 420 
0000528 33.  IF(IPERM.EQ.2) 	GO TO 424 
000053R 34.  420 	IPER1=1 
000054R 35.  IPER2=2 
0000558 36.  GO TO 426 
0000568 37.  424 IPE81=2 
0000578 38.  IPER2=1 
0000609 39.  426 LSKIP=1 
000061R 40.  00 450 J=1.2 
0000638 41.  DO 446 K=112 
0000658 42.  IF(N(IPERIIJI3).NE.N(IPER2.K.3)) 	GO TO 446 
0000748 43.  IPP=IPP+1 
0000768 44.  DO 428 1M=1.3 
0001009 45.  KPP(IPP.IM)=N(IPER1.J.IM) 
0001059 46.  IN=IM+3 
0001068 47.  KPP(IPP,IN)=N(IPER21K.IM) 
0001139 48.  428 CONTINUE 
0001146 49.  IF(IPP.E0.1) 	GO TO 436 
0001158 50.  KSAME=0 
0001168 51.  IPPM=j8p.1 
0001178 52.  DO 432 	I=1,IPPM 
0001216 53.  DO 430 L=1.6 
0001238 54.  IF(KPP(IPP1L).NE.KPP(I.L)) 	GO TO 432 
0001238 55.  430 CONTINUE 
0001329 55. KSAME=1 
0001368 57.  GO TO 434 
0001368 58.  432 CONTINUE 
0001378 58. 434 	IF(KSAME.E0.0) 	GO TO 436 
0001438 60.  IPP=IPP-1 
0001448 61.  GO TO 446 
0001440 62.  436 LSKIP=1 
0001458 63.  II=II+1 
000147R 64.  AC(II)=AAC(5) 
0001508 65.  AA(II.1)=1.0 
0001518 66.  AA(II,2)=1.0 
0001528 67.  DO 438 IZ=1,NORS 
0001558 68.  IF(IZ.E0.KPP(IPP11)) 	AZ(TI1TZ)=A7(I/IIZ)+1.0 
0001646 69.  IF(I2.EG).KPP(IPP*2)) 	AZ(II,TZ)=AZ(II,IZ)+1.0 
0001728 70.  IF(IZ.EQ.KPP(/PP,4)) 	A2(II*IZ)=A7(II,I7)+1.0 
000200g 71.  IF(IZ.EO.KPP(IPP.5)) 	AZ(IIIIZ)=AZ(II*12)+1.0 
00020613 72.  438 CONTINUE 
0002108 73.  IF(LPN(5).E0.0) 	GO 	TO 444 
0002119 74.  WRITE(IPRINT,440) 	(MS(I)II=1.6). 
0002228 75.  440 	FORMAT(/1X121HI(,J11K1,12,J21K2 	ARE.6(I2,61X)) 
0002228 76.  WRITE(IPRINT*442)II*ACCII),AA(II.1).AA(III2).(A7(IItI8),IR=11Na9S)  

0002466 77.  .442 	FORMAT(/1XISPII 	= 	= 	*F4.1,2)(111HAA(II11) 	= 	1F4.1,2 

1X.11NAA(III2) 	= 	*F4.1.2)(,13HAZ(II07) 	A9E110(F4.1.1)()) 
0002468 78.  444 LSKIP=1 
0002468 79.  446 CONTINUE 
0002518 80.  450 CONTINUE 
0002540 81.  454 CONTINUE 
000257R 82.  GO TO 510 
0002608 83.  460 	IFI.NOT.(KS.E0.1)) 	GO TO 	480 
0002630 84.  II=II+1 
000264R 85.  AC(II)=AAC(5) 
000265P 86.  AA(II*1)=2.0 
0002669 87.  AA(II.2)=0.0 
0002678 88.  DO 470 12=1,NOBS 
0002728 89* IF(IZ.E(1.I1) 	AZ(IIIII.)=A7(ITOZ)+1.0 
000301n 90.  IF(TZ.E0.I2) 	A2(IIsIL)=A7(IIITZ)+1.0 
0003076 91.  IF(I2.EN.J1) 	AZ(II*I7)=A7(IIIIZ)+1.0 
0003158 92.  IF(I7.E0.J2) 	AZ(IIIIZ)=AZ(II1TZ)+1.0 
000323,1 93.  470 CONTINUE 
0003258 94.  IF(LPrI(5).EO.0) 	GO 	TO 	474 
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0003260 95.  WRITE(IPRINT.440) 	(MS(I)II=1.6) 
0003378 96.  wRITE(IPRINT.442)II.AC(II),AA(II,1).AA(II.2).(AZ(II.I0),II3=1.NORS)  

00036343 97.  474 LSKIP=1 
0003630 98.  GO TO 510 
0003640 99.  480 II=II41 
0003669 100.  AC(II)=AAC(5) 
0003670 101.  AA(II.1)=2.0 
0003700 102.  AA(II12)=0.0 
0003710 103.  00 490 	IZ=1,INORS 	-- 
0003740 104.  IF(IZ.EJ./1) 	AZ(II.IZ)=AZ(IT./Z)+1.0 
0004039 105.  IF(IZ.E0.I2) 	AZ(IIIIZ)=AZ(II.TZ)+1.0 
0004110 106.  IF(IZ.EQ.J1) 	AZ(II.IZ)=AZ(II•IZ)+1.0 
0004178 107.  IF(IZ.EQ.J2) 	AZ(II.IZ)=AZ(II./Z)+1.0 
0004258 108.  490 CONTINUE 
0004270 
0004308 

109.  
110.  

IF(LPN(5).E0.0) 	GO TO 491 
WRITE(IPRINT1440) 	(MS(I),I=116) 

0004410 111.  WRITE(IPRIOT.442)IIIACIII).AA(II.1)1AA(I/v2).(AZ(IIIIIB)II8=1.NOPS)  

0004650 112.  491 LSKIP=1 
0004650 113.  II=II+1 
000467R 114.  AC(II)=AAC(5) 
0004700 115.  AA(III1)=2.0 
0004718 116.  AA(II12)=0.0 
0004728 117.  DO 492 IZ=1.NORS 
0004758 118.  IF(IZ.EQ.I1) 	AZ(I/eTZ)=A7(IIII2)41.0 
0005049 119.  IF(IZ.Eu.I2) 	Az(II.IZ)=Az(IT.Tz,+1.0 
0005120 120.  Az(II,rz)=Az(II.T2)+1.0 
000520g 121.  IF(IZ.EQ.K2) 	AZ(II.I2)=AZ(II,IZ)+1.0 
0005260 122.  492 CONTINUE 
0005309 123.  IF(LPN(5).EO.0) 	GO TO 510 
0005318 124.  WRITE(IPRINT.440) 	(MS(I),I=1.6) 
0005429 125.  WRITE(IPRINT.442)II.ACIIIIIAA(.1.1),AA(I/12),(A2(IIII0),I8=1.NORS) 

0005660 126.  510 LEND=1 
0005660 127.  IF(.NOT.((KP(IP.1).E0.3.AND.KP(IP.4).E0.3).AND.(KP(IP.2).E11.2.0R.K 

1P(IP.3).EQ.2.0R.KP(IP,5).E0.2.0R.KP(IP.6).EQ.2))) GO TO 610 
C 
C 	TO REPRESENT -4.0(SUM FROM H EQUAL TO P+1 TO N) (SUM FROM I 
C 	EQUAL TO P41 TO N) (SUM FROM J EQUAL 1 TO P.SUm FROM K EQUAL TO 1 
C 	TO P1SUM FROM L EQUAL TO 1 TO P.AND AT LEAST ONE OF J,K.L IS 
C 	EQUAL TO P-KSTAR+1 OR P-KSTAR+2 	OR P) OF A+HJLA+IKLZIIZIZJZK 

C 
0006070 128.  IF(.NOT.(KS.E0.0)) 	GO 	TO 540 

0006138 130.  IPP=0 
0006149 131.  DO 536 IPERm=1,2 
0006160 132.  IF(IPERM.EQ.1) 	GO 	TO 512 
0006208 133.  IF(IPERM.EQ.2) 	GO TO 514 
000621R 134.  512 IPER1=1 
0006220 135.  IPER2=2 
0006238 136.  GO TO 516 
0006240 137.  514 IPER1=2 
0006250 138.  IPER2=1 
0006260 139.  516 LSKIP=1 
0006270 140.  00 534 J=112 
000631R 141.  00 532 K=112 
000633R 142.  IF(N(IPER11J.3).NE.N(IPER2IK,3)) GO TO 532 

.0006420 143.  IPP=IPP+1 
0006449 144.  00 518 	Im=1.5 
0006460 145.  KPP(IPPOM)=N(IPER1.J.Im) 
0006530 146.  IN=IM+3 
0006540 147.  KPP(IPP,IN)=M(IPER24K.IM) 
0006610 148.  510 CONTINUE 
0006629 149.  IF(IPP.EQ.1) 	GO TO 	528 
0006639 150.  KSAME=0 
0006649 151.  IPPM=IPP-I 
0006659 152.  DO 524 	I=1.IPPm 
0006679 153.  DO 520 L=1,6 
0006718 154.  IF(KPP(IPP1L).NE.KPP(I.L)) 	GO 	TO 524 
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0006718 155. 520 CONTINUE 
0007008 155. KSAME=1 
0007048 157.  GO TO 526 
00070411 158.  524 CONTINUE 
0007059 158. 526 IF(KSAME.E0.0) 	GO TO 528 
0007118 160. IPP=IPP-1. 
0007128 161. GO TO 532 	r 
0007120 162. 528 LSKIP=1 
0007130 163. II=II+1 
000715R 164. ACCII)=AAC(6) 
0007169 165. AA(/I,1)=1.0 
000717R 166. AA(II.2)=1.0 
0007208 167. DO 530 IZ=1.NOBS 
0007230 168. IF(IZ.EO.KPPlIPP11)) 	AZ(/IIIZ)=AZIII.IZ1+1.0 
000732n 169. IF(TZ.EG.KPP(IPP12)) 	AZ(II,IZ)=A2(IIIIZ)+1.0 
0007401 170. IF(IZ.EO.KPP(IPP.4)) 	AZ(TIOZ)=A7(IIIIZ)+1.0 
0007460 171. IF(IZ.EO.KPP(IPR.5)) 	AZ(IIIIZ)=AZ(II.IZ)+1.0 
0007540 172. 530 CONTINUE 
0007568 173. IF(LPN(5).E0.0) 	GO TO 531 
0007578 174. WRITEIIPR/NT.440) 	(MS(I),I=1.6) 
000770n 175. 
001014R 176. 531 LSKIP=1 
00101413 177. 532 CONTINUE 
0010178 178. 534 CONTINUE 
0010228 179. 536 CONTINUE 
0010259 180. GO TO 610 
001026R 181. 540 	IFI.NOT.(KS.E0.1)/ 	GO TO 560 
0010318 182. 
0010328 183. AC(II)=AAC(6) 
0010338 184. AA(II.1)=2.0 
001034R 185. AA(IIr2)=0.0 
0010358 186. DO 550 IZ=1.NOBS 
0010408 187. IF(IZ.E0.11) 	AZ(I/IIZ)=A2(II.IZ)+1.0 
0010478 198. IF(TZ.E0.12) 	AZ(IIIIZI=AZ(II0Z)+1.0 
0010550 189.  IF(IZ.EO.J1) 	AZ(IIIIZ)=A7(IIIIZ)+1.0 
0010633 190.  IF(IZ.E0.J2) 	AZ(IIIIZ)=AZ(IIIIZ)+1.0 
001071n 191.  
00107113 192.  550 CONTINUE 
0010738 193.  IFILPN(5).E0.0) 	GO TO 554 
0010749 194.  WRITEIIPRINT,440) 	(MS(I)II=116) 
0011058 195.  WRITE(IPRINT.442)IIIAC(II).AA(II.1)00(I112).(AZ(IIIIB)1 IB=1, N09S )  
001131R 196.  554 LSKIP=1 
001131R 197.  GO TO 610 
0011329 198.  560 	II=II+1 
0011348 199.  AC(III=AAC(6) 
0011358 200.  AA(II.1)=2.0 
00113613 201.  AA(II12)=0.0 
0011378 202.  DO 570 	IZ=1,M0BS 
00114213 203.  IF(IZ.E0.11) 	AZ(II,TZ)=A7lIT,IZ)+1.0 
0011519 204.  IF(TZ.E0.12) 	AZ(IIIIZ)=AZ(IIrIZ)+1.0 
0011578 205.  IFIIZ.E(l.J1) 	A2(IIIIZ)=AZ(IIrIZ)+1.0 
0011650 206.  IFIIZ.E0.J2) 	AZ(IIsIZ)=AZ(IIIIZ)+1.0 
001173R 207.  570 CONTINUE 
0011759. 208.  IF(LPN(5).E0.0) 	GO 	TO 574 
0011769 209.  WRITE(IPRINT1440) 	(4S(I)II=116) 
00120713 210.  vinITE(IPRINT1442)II,ACl/IIIAA(II11),AA(II12),(A2(IIIIB) 00=11NOnS )  
0012338 211.  574 LSKIP=1 

.0012338 212.  II=II+1 
0012358 213.  ACIII)=AAC(6) 
001236n 214.  AA(III1)=2.0 
0012379 215.  AA(II12)=0.0 
0012400 216.  00 580 	I2=1,NOBS 
001243n 217.  IF(IZ.EU.I1) 	AZ(IIrIZ)=A7(IIII2)+1.0 
0012528 218.  IF(TZ.EN./2) 	AZ(II,IZ)=AZ(IIrIZ)+1.0 
0ui26on 219.  IF(II.EQ.K1) 	A7(IIrIZ)=A7(IIII7)+1.0 
0012661 220.  IF(IZ.E0.K2) 	AZ(II.12)=AZ(IItIZ)+1.0 
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• 

001274R 
0012768 
0012778 
001310P 
0013348 
0013340 
0013356 

221.  
222.  
223.  
224.  
225.  
226.  
227.  

580 CONTINUE 
• IF(LPN(5).E0.0) 	GO 	10'584--- 

WRITE(IPR/NT.440) 	(MS(I)II=1.6) 
WRITE(IPRINT092)IIIAC(IT)IAA(II.1).AA(//12).(AZ(IItI8),I8=1.NORS) 

584 LSRIP=1 
610 LOUT=1 

IIMAX=II 
C 
C NOW WE 	HAVE 	AC(I1).AA(ITI11)1AA(II.2) 	AND 	AZ(II.IZ) 	WHERE 	II=11IImAX 
C AND IZ=11NOBS 
C 

0013368 228.  CALL POWSUB 
0013416 229.  RETURN 
0013438 230.  END 

C 
C ROUTINE POWSUB IS CALLED IN POWSUA 
C 

0000008 1.  - • 	SUBROUTINE POWSUB 
0000UUB 2.  COMMON/MSKP/MS(6)1KP(30.211 
000000B a. COMMUN/ACAAAZ/AC(30).R(30)10(30).AAC(30)0A(30.2).SIZN(30.10)1 AZ(3  

10.10) 
0000008 4.  COMMUN/NKPP/N(21213).KPP(8s6) 
0900008 5.  COMMON/AC1AA1/AC1(4,10),01(4.10)T.P.A1(4,10.2).SIGN1( 4.10.10)sA21( 41  

110.10) 
0000008 6.  COMMUN/IGIGMX/IG(41oIGMAX(4) 
0000008 7.  COMMUN/ACGAAG/ACG(9.10)10G(4.10),AAG(4110,2).SIGNG(4,10.10),AZG(4. 

110.10) 
0000008 8.  COMMUN/AKSTAH/AKSTAR(50)•DEG1fEF(5O)SGAMMA(1O) 

0000008 9.  COMMON/IREAU/IREAD.IPRINT.ITAPE 
0000008 10.  COMMON/NOBS/NOBSOPAR IKSTAR.NPMK I NPMKPlINPARP 

0000008 11.  COMMUN/KS/KS,IPIIIIMAXIII 
0000008 12.  COMMUN/1181K1/11.41.K1.12,...124K2 
0000006 13.  COMMUN/LPRINT/LPN(50) 
00000U8 14.  COMMUN/IUA8/IUAtiOB 
0000008 15.  COMMON/KPOWER/KPUWEK 

0000008 16.  IFI.NO(.IIMAX.EU.0) 	GO TO 628 
0000026 17.  
00000.68 18.  GO TU 812 
0000056 19.  628 LSKIP=1 

C 
C TO REPRESENT THE EQUATION IN SECTION 	(4.5) 
C 

0000068 20.  DO 66U 1V=111IMAX 
0000168 21.  II=IV 
0000160 22.  1F(NPMK.EO.U) 	GO TO 633 
0000208 26. DO 632 IZ=IINPMK 
0000278 24.  S12(4(11112)=1.0 
0000278 25.  632 CONTINUE 
0000508 25. 633 LSKIP=1 
0000538 27. U0 634 IZ=NPARP,NOBS 
0000668 28. SIZNIII,IZ)=1.0 
0000668 29. 634 CONTINUE 
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0001078 
0001108 

29. 
31.  

TS=0.0 
DO 654 Il=NPMKPl.NPAR 

0001230 32.  TS=TS+AC(I1.12) 
0001328 33.  IF(1NTIAL(11.IZ)).EU.0) 	GO 	TO 640 
0001438 64. NTEST=INT(ALIIII12)/2.0) 
0001520 35. VNTEST=NTEST 
0001548 36. VTES1=1ACIII.IZ)/2.0)-VNTEST 
0001630 37. IFIVTEST.GT.0.0) 	SIZN(11.IC)=-1.0 
0001756 38. IFI.N01.(VIEST.GT.0.0)) 	SICN(11,12)=1.0 
0002068 39. GO TU b54 	• 	■.. 
0002078 40. 640 SIZNIII,IZ)=1.0 
0002208 41. 654 CONTINUE 
0002258 42. RIII)=IS 

. 000231B 43. IF(LPN(4).EU.0) 	GO TO 659 
0002338 44. WRITE(IPHINT1003) 	(MS(I),I=1.6) 
0002538 45. IF(.NOT.II.E0.1) 	GU 	TO 658 
000256B 46. WR1TE(IPRINT.657) 
0002658 47. 657 	FORMATI/1X.60HII.II.RIII)oAC(II).AA(II91)11AA(II.2),SIZN(II,*).AZ(1 

1Its) 	ARE) 
0002658 48. 658 LSKIP=1 
0002668 49. WRITE(IPRINT1806) 	IIIII.R(IT).AC(II),AA(II.1).AA(II02),((SIZN(II.1 

1Z)IAL(11.1Z)),IZ=1.NOBS) 
0003566 50. 659 LSKW=1 
000357B 51. 660 CONTINUE 

0003658 
0003658 
0003748 
0003748 

52.  
53.  
54.  
55.  

C 
C 	TO REPRESENT FIRST PARTIAL UERI:ATIVE OF 	(R+)**2 W.H.T. 	A.*I1J1K1 
C 	_EVALUATED AT A+=0,FIRST PARTIAL DERIVATIVE OF 	(R+)**2 W.R.T. 
C 	A+IZ.J2K2 EVALUATED AT A+=0 ANU SECOND PARTIAL DERIVATIVE OF 	(H+)..,s2 
C 	W.R.T. A+11..11K11A+I2J2K2 EVALUATED AT A+=0 	(C.F. 	SECTION 	(4.6)) 
C 

II1=0 
DO 700 IV=1,IIMAX 
II=IV 
IF(.NOT.IlINTIAA(II.1)).E0.1.AN0.1MT(AA(TI,2)1.EO.0).OR.IINT(AACII 

1.1/I.E0.0.ANO.INT(AAIII,2/).E0.1))) 	GO 	TO 	700 
000420B 56.  111=111+1 
0004210 57.  DO 670 IRD=114 
0004248 58.  VIKO=IKU 
0004248 59.  O1(IKU.II1)=R(II)+(VIHD-2.0 )  

0004408 60.  AC1 (LK/till )=0.5*VIRDIAAC( II) 
0004530 61.  AA1(1R0.111.1)=AAIII111 
0004656 62.  AA1IIRU.1I1.2)=AA(II12) 
000476g 63.  UO 666 	IC=1.N0135 
0005068 64.  SIGN1(1R0,111.IG)=SIZN(IIIIZ) 
0005248 65.  
000541B 66.  666 CONTINUE 
0005440 67.  670 CONTINUE 
0005470 68.  700 CONTINUE 
0005548 69.  II1MAX=1I1 
0005546 7u. IFILPN1b).EU.0) 	GO 	TO 	709 
0005568 71.  raciTE(1PRIN1.8031 	(M5(I),I=116) 
0005768 72.  WR1TtA/PMIN1,702/ 
000605B 73.  702 	FORMAT(/1X,98HIRD'IRD101(IRD.I11).ACI(IRDIIII1).AA1(IRD.II1.1)1AA1( 

lIKO,II1.2).SIGN1lIRD.II11*),AZ1(IRD.II11*) 	ARE) 
0006058 74.  00 708 	111=111I1MAX 
0006148 75.  00 706 IHD=1.4 
000617B 76.  wHITE(IPHINT.806) 	1RD.IHD.D1(IRD.II1).AC1(IRU.II1).AA1(IRD.II1.1)• 

lAA1(IRD.II112).((SIGN1(IRD.II1IIB).AZ1(IRDIII1tIB)),IB=11NOBS) 
0007058 77.  706 CONTINUE 
00071UB 78.  708 CONTINUE 
000715B 19. 709 ESKIP=I 
0007166 80.  III=IimAX 
0007208 81.  UO 73U 	IV=1.IIMAX 
0007278 82.  11=1V 
0007278 83.  IFl.NOT.(lINTIAAIIII1)).(U.1.ANO.INT(AA(II.2)).E0.0).0R.CINT(AA(II 

1.1)).EU.O.ANU.INT(AA(II.2)).EU.1))) 	GO 	TO 	720 
0007538 84.  U(11)=R(II) 
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0007578 

0007658 
0007748 
0007758 

85.  

86.  
87.  
88.  

C 
C 
C 

IFIINT(R(M).E0.0) GO TO 730 

AC(IIJIAA(III*),SIZN(IIIIZ) 	AND AZ(II.IZ) 	ARE NOT CHANGED 

00 714 	II1=1.II1MAX 
II1=1I1+1 

0010033 89.  DlIII)=U1(1RU,II1) 
0010148 90.  AC(III)=AC(II)*AC1(IROoli1) 
0010318 91.  AA(III.1)=AACII,1)+AAli1RDII1111) 
0010478 92.  
0010668 93.  00 710 12:11NOBS 
0010778 94.  
0011238 95.  +AL1(1110.1111IL) 
0011478 96.  710 CONTINUE 
0011518 97.  714 CONTINUE 
0011568 98.  GU TO 760 
0011578 99.  720 D(II)=R(I1) 

C 
C AC(II)tAA(III*).SIGNIII.IZI 	AND AZ(II.IZ) 	ARE NOT CHANGED 
C 

001165B 100.  730 CONTINUE 
0011738 101.  IIIMAX=III 

C 
C PARTIAL DERIVATIVES OF (K+)**2 ARE INDEXED BY KKG 
C FIND IG(I)-TH TERM OF THE I-TH DERIVATIVES 
C _ 

0011738 102.   DO 740 J=1.4 
0011776 103.  IG(J)=0 
0011778 104.  740 CONTINUE 
0012138 104. 00 800 	1=1IIIImAX 
0012238 106.  IF(INTIAA(I.11).E0.1.AND.INTIAA( I.2)).EQ.0) 	GO TO 	750 
0012408 107.  IFIINTIAA(I.11).Eu.O.AND.INTIAA(I.2)).Eu.1) 	GO 	TO 	760 
0012538 108.   IFIINTIAA(1.1)).t0.2.AND.INTIAA(I.2)).Eu.01 	GO 	TO 	770 
0012668 109.  IF(INTtAA(111)).E0.1.AND.INTIAA(1121).E0.1) 	GO TO 	776 
0013028 110.  GO TU 800 
0013038 111.  750 	IG(1)=1G(1)+1 
0013058 112.  IIG=1G111 - 
001305B 113.   KKG=1 
0013066 114.  GO TO 780 
0013106 115.  760 	IG(2)=16(2)+1 
0013128 116.  116=1612) 
0013128 117.  KKG=2 
001315B 118.  60 TU 780 
001315B 119.  770 	1G(3)=16(3)+1 
0013178 12U. I16=16131 
0013178 121.  KKG=6 
OU1320B 122.  GO TO 78u 
0013228 123.  776 	IG(4)=/614)+1 
0013248 124.  116=1G14) 
0015246 125.  KKG=4 
0013258 126.  780 	UGIKKO.IIG)=0(I) 
0013428 127.  IFtKKG.Lu.3) 	ACGtKKG.IIG)=2.0*AC(I) 
0013568 128.   IF(KKG.NE.3) 	ACG(KKU.IIG)=ACCII 
0013716 129.  AAU1KWIII(7.1)=AAIII1) 
0014028 130.  AAG(KRIJIIIb.2)=AA(I.2 ) 
0014148 131.  N 00 790 	IL=1.UOS 
0014238 142.  SIGNu(ivue111l11)=SIZN(IsIZ) 
0014418 133.  mty Acb,IIGIIC)=ALIIIIZ) 
0014518 134.  790 CONTINUE 
0014548 135.  800 CONTINUE 
0014608 136.   UU 802 	1=1.4 
0014628 
0014628 

137.  
138.  

IumAx(1)=Ib1I) 
802 CONTINut 

00147611 138.  I3 IFILPN).Lu.0) 	GO 	TO 812 
0015010 

0015018 
140.  
141.  

KVIUNI=U 
OU 810 KKG=1.4 
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• 

0015058 
0015120 
0015250 
0015268 

142. 
143. 
144. 
145. 

IP(IGMAX(KKG).E0.0) 	GO TO 810 
DO 805 	IIG=1.IGMAX(KKG) 
KPR/NT=KPRINT+1 
IF(.407.(KPRINT.E0.1)) 	GO TO 805 

0015310 146. WRITE(IPR/NT,403) 	("S(I),I=It6) 
0015520 147. 803 FORMATU1X.21NI11,11.K1II2.J2t)(2 	ARE,6(/2,1X)) 
0015528 148. WRITE(IPRINT,404) 
0015610 149. 804 PORMATI/1X,63HKKG./IG,DG(KKG,II6)1ACG(KKGIIIG).AAG(KKGIIIGI*).SIGN 

1G(KK0sIIGI*),AZG(KKG*IIGI*) 	ARE) 
0015610 150. 805 LSKIP=1 
0015620 

001661E 

151.  

152.  

WRITE(IPRINT,806) 	KKGI TIG II DG(KKGI TTG),ACG(KKG,TIG)1AAG(KKG./IG.1),  

1 	AAGIKKGIIIG.2),(ISIGNG(KKG,TTGII2),AZ0(KKGITIG,IZ)), / 2=1,NOBS)  
806 	FoRmAr(/lx,2(1)1/,'3).2(1H/.F4.1).111/.2(F4.1.1x).1o(114/.r4.1.1x.r3. 

11)) 
0016618 153.  808 CONTINUE 
001665R 154.  810 CONTINUE 
0016700 155.  812 LSKIP=1 
0016720 156.  IF(KPOWER.E0.1) 	CALL POWSUC 
0017010 157.  IFIKPOWER.NE.1) 	CALL SIGSUC 
0017060 158.  RETURN 
0017100 159.  END 

0000008 
0000008 
0000008 

1.  
2.  
3.  

C 
C 
C 

ROUTINE POWSUC IS CALLED IN POWSUB 

SUBROUTINE POWSUC 
_ 	COMMUN/MSKP/MS(6),KP(30,21) 

COMMON/ACAAAVAC(30).R(30).D(30).AAC(30),AA(30.2)41SIZNI30,10/.A1(3 
10,10) 

0000008 4*  COMMON/NKPP/N(2.2.3).KPP(8.6) 
0000008 5.  COMMON/AC1AA1/AC1(4.10).01(4110)0A1(4.10.21.SIGN1(4.10.10TIAZ1(41 

110.10) 
0000008 6.  COMMON/IGIGMX/IG(4),IGMAX(4) 
0000008 7.  COMMON/ACGAAG/ACG(4.10)10G(4,10),AA8(4,1012),SIGNG(4.10,10).A2G(49 

11011U) 
0000008 8.  COMMUN/AKSIAR/AKSTAR(50),DIGHEL)50)4GAMMA(10) 
000000B 9.  COMMUN/IREAU/IREAD,IPRINT,ITAPL 
0000000 10.  COMMUN/NOBS/NOBS,NPAR,KSTAK,NPRK INPMKP1,NPARP 
0000008 11.  COMMUN/KS/KS,IP,IIMAX,II 
00000013 12.  COMMUN/I1J1K1/11,J1IK1.12.J21K2 
0000006 13.  COMMUN/LPRINT/LPN(50) 
00.00008 14, COMMON/IUAB/IUA llUB 
0000008 15.  COMMON/MS12.5/MS1(4),MS2(4).MS3(4).MMS1(4),MMS2(4),MMS3(4) 
0000008 16.  IF(IIMAX.E41.0) 	GO 	TO 1020 

C 
C WE HAVE FIRST 	AND SECOND ORDER PARTIAL DERIVATIVES OF tRa)**2 
C TO FIND PRODUCT OF 	THE TWO FIRST ORDER UEK1VATIVES 
C 

0000018 17.  1C=0 
0000018 18.  IA=1 
000002B 19.  IF(KS.E.0.0) 	J0=2 
0000058 20.  1FIKS*LU* 1) 	08=1 
0000108 21.  IFIKS.LU.2) 	Jb=1 
0000138 2?* IFI.NOT.lKS.EU.OH 	GO TO 814 
0000149 23.  IGMAX2=IGMAx(2) 
0000158 24.  IFIIGMAX(1).E.0.O.OR.IGMAX(2).EU.0) 	GO 	TO 864 
0000208 25.  GO TO 818 
0000218 26.  814 LSKIP=1 
000022B 27.  IGMAX2=1GMAX(1) 
0000248 28.  1F(IGMAX2.LU.0) 	GO TO 864 

. 0000258 29.  818 LSKIP=1 
0000278 30.  00 860 	1=1,1GMAX(1) 
0000408 31.  UU 850 J=1.1GmAx2 
0000500 32.  IC=IC+1 
0000510 33.  0(1C)=UG(IA.1)+0G(JO,J) 
00007UB 34.  ACIIC)=ACGlIAIII)*ACG(JB,J) 
0001108 35.  DO 822 	I1=1,NOBS 
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0001218 
0001466 

36.  
37.  

SIZN(IC,IZ)=SIGNG(IA.IIIIZ)*SIGNG(J(3.J.I2) 
ACtIC,12)=ALG(IAII,12)+A2G(JUIJIIL) 

0001748 68. 822 CONTINUE 
0001768 39.  IFIIC.EO.1) 	GO TO 830 
0002008 40.  ICM1=IC■1 
0002018 41.  ISAML=0 
0002018 42.  DO 826 IADD=1,ICM1 
0002116 43.  IF(INTIU(IAUD)).NE.INT(D(IC))) 	GO TO 826 
0002248 44.  DO 824 I1=1.NOBS 
0002339 45.  IFIINTlSIZNIIAOUsIZ)).NE.INT(S12NlIC,IZ))) 	GO 	TO 826 
0002568 46.  IFIINTIAL(IADDoIL)).NE.INTIAL(IC.IZ))) 	GO 	TO 	826 
0002566 47.  824 CONTINUE 
0002718 47. ISAML=1 
0002768 49.  IAUDS=IADD 
0002778 50.  GO TO 828 
0002778 51.  826 CONTINUE 
0003018 51. 828 IF(ISAML.E0.0) 	GO TO 830 
0003108 53. ACtIADUS)=AC(IAUDS)+AC(IC) 
0003210 54. 
0003228 55. 830 LSKIP=1 
0003248 56. 850 CONTINUE 
0003328 57. 860 CONTINUE 
000336B 58. 864 LSKIP=1 
0003378 59. ICMAXM=IC 

C 
C - NOW THE TERMS IN THE EXPRESSION OF THE PRODUCT OF THE FIRST 
C PARTIAL DERIVATIVES OF 	(R+)**2 W.R.T. A+I1J1K1 AND A+I2J2K2 
C 
C 

EVALUATED AI A+=0 AKE REPRESENTED BT 
t(D(JC).ACIJC).((SIZN(JCIIB),AZIJC.IB)),IB=11.NOBS))1JC=1.ICMAXM) 

C 
0003418 60. IF(ICMAXM.EJ.0) 	GO TO 869 
0003420 61. IFILPN111).E0.0) 	GO 	TO 869 
0003438 62. WKITE(IPKIN)1865) 	(MS(I:1).18=116) 
0003638 66. DO 868 JC=1.ICMAXM 
0003728 64. WRITE(IPKINT18661 	JCIO(JC).AC(JC)II(SIZNIJC.IIDIAZ(JCIII8))1III=1,NO 

18S) 
0004418 65. 868 CONTINUE 
0004458 66. 865 FORMAT(/1X11211HI1,J1,K1.12,J21K2 	ARE.6(I211X)) 
000445B 67. 866 FOKAATt 	IX.1H/.3HIC=I12.1H/,6HO(IC)=11-4.11114/17HAC(IC)=.F4.1/1X 	.2 

13HSIZNIICO.).AZ(ICes) 	AKE110(F4.111H*oF3.1.1H/)) 
0004458 68. 869 LSKIP=1 
0004468 69. IF(ILMAXM.EU.0) 	GO 	TO 930 
000450B 70. U0 924 IC=1,ICMAXM 
0004578 71. DO 882 	1=1,4 
0004628 72. MS1(1)=0 
0004668 73. MS2(I)=0 
0004728 74. MS3(I)=0 
0004768 75. MMS1(I)=0 
0005028 76. MMS2tI)=0 
0005068 77. MMS3(I)=0 
0005120 78. 882 CONTINUE 
0005150 79. IH=0 
0005158 80. IFINPMK.EU.0) 	GO TO 887 
0005178 81. DO 886 IL=1.NPMK 
0005268 82. IFIINTIAC(IC.IZ)).EU.0) 	GO 	TO 	886 
0005378 83. U0 884 	1=116 
0005428 84. IF(MS(I).NE.IL) 	GO 	TO 884 
0005508 85. 1H=1114.1 
0005518 86. MS1IIH)=1 
0005568 87. MMS1IIH)=INI(AZ(IC,I2)) 
0005638 88. GO TO 886 
0005638 89. 884 CONTINUE 
0005658 89. 886 CONTINUE 
0005756 91. 887 LSKIP=1 
00057613 92.  IH=0 
0005778 93.  DO 890 IZ=NPMKPl.NPAR 
0006128 94.  IFIINT(AC(ILIIZ)).EU.0) 	GO 	TO 	890 
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0006238 
0006268 
0006348 
000635B 
0006428 

95.  
96.  
9/. 
98.  
99.  

DO 888 1=1,6 
IF(MS(1),IJE.IZ) 	GO 	TO 	888 
IH=IH+1 
MS2(IHf=I 
MMS211H)=IN1(AZ(ICIIZ)) 

0006478 100.  GO TU 890 
0006478 101.  888 CONTINUE 
0006518 101. 890 CONTINUE 
0006618 103.  IH=0 
0006618 104.  DO 894 1Z=NPARP,NOBS 
0006748 105.  IF(INTIAL(IC,I2)).E(2.0) 	GO 	TO 894 
0007058 106.  DU 892 1=1.6 
00071U8 107.  IF(MS(I).NE.IZ) 	GO TO 892 
000716B 108.  IH=1H+1 
000717B 109.  MS5(111)=1 
0007248 11U. MMS3(1H)=INT(AZ(ICITZ)) 
0007316 111.  GO TO 894 
0007318 112.  892 CONTINUE 
0007358 112. 894 CONTINUE 

C 
C NOW A TERM IN THE EXPRESSION OF THE PRODUCT OF THE FIRST PARTIAL 
C DERIVATIVES OF (R+)•*2 W.R.T. A+I1J1K1 AND A+I2J2K2 EVALUATED AT 
C A+=0 IS REPRESENTED 8Y 
C 0(IC),ALIIC),(0S1(1)4MMS1(1)),1=1.4).((MS2(I),MMS2(I)),I=114) 
C ANU 	((MS5(I),MMS3(1)).1=114) 
C 

0007438 114. TUA=IUA+1 
0007448 115. IFIEP1JI12).EU.0) 	GO 	TO 901 
0007458 116. WRITE(IPRINT,900) 	161At(IMS1(18).MMS1(I8)),I8=1,4),(IMS2(I8),MMS2(1 

18)),I13=1,4),((MS51I8),MMS3(18)),I8=1.41 
0010278 117. 900 FORMAT(1X14HIUA=I15122HMS1(*).11AS1(*) 	LTC 	AREt1H/01I1.1H*41I111H// 

1.2H//,4(I1.111*II1t1H/)s2H//.4(11,1H*,I1.1H//12H//) 
0010278 118. 901 LSKIP=1 
0010308 119. ITAPL9=9 
0010328 12U. WRITECITAPE9,910) 	I0/1,1CMAXMI(MS(I8),18=1,6),(KP(IPII8),I8=1.21),( 

l(MS1II8)01MS1(IB))II8=1.4),((MS2(IB),MMS2(18))1I8=114)11(MS3(IB),M 
1MS5(IB)1.I8=1.4)10(1C).AO(IC( 

0011606 121.  910 FORMAT(1X,I5,15,5112,2F5.1) 
0011608 122.  924 CONTINUE 
0011648 123.  930 LBKIP=1 

C 
C TO REPRESENT THE EXPRESSION OF THE SECOND PARTIAL DERIVATIVE OF 
C (R+)**2 W.R.T. 	A+L1J1K1 AND A+I2J2K2 EVALUATED AT A+=0 
C 

001165B 124, IF(KS.E.U.0) 	IGMAX4=IGMAX(4) 
0011710 125• 1F(KS.E(1.1.0R.KS.E(I.2) 	IGMAX4=IGMAX(3) 
0011768 126.  IFI1GMAX4.E47.0) 	GO 	TO 	986 
0011778 127.  IC=U 
0011778 128.  U0 984 	I=1,IGMAX4 
00121.168 129.  IO=IC+1 
0012078 130.  IF(KS.EU.0) 	NIC)=0G(4,1) 
0012248 131.  IF(KS.EU.1.0R.KS.E6(.2( 	D(I0)=0G(3,I) 
0012428 152. IFIKS.EU.0) 	AC(IC)=ACG(4,I) 
0012568 133.  IFIKS.LU.1.UR.KS.EU.2) 	AC(IC)=ACG(3,I) 
0012748 134.  DO 9/0 	1C=1.7108S 
0013038 135.  IF(KS.EU.0( 	SIZN(ICIIZ)=SIGNG(4IIIIZ) 
0013238 136.  IFIKS.E.U.1.UR.KS.EW.2) 	SIZN(1Co1Z)=SIGNG(3.10IZ) 
0013448 137.  IFIKS.EU.0) 	ALCIO,IL)=AZG(411,1L) 
0013638 138.  IFIKS.E.U.1.0R.KS.EU.2) 	AZ(1CoIL)=ALG(3.11IZ) 
0014058 139.  970 CONTINUE 
0014118 140.  IF(IL.LU.1) 	GO TU 984 
0014128 141.  ICM1=1C...1 
0014138 142.  ISAME=U 
0014148 143.  U0 9/6 	IAUU=11ICM1 
0014238 144.  IFIINTIWIAU01).rJE.INTfOIIC))) 	GO 	TO 976 
0014368 145.  DO 974 	IZ=(,NUBS 
0014458 146.  IFIINTISIZrJIIAUU.IL)).NE.INT(SIZNlIC.IZ))) 	GO 	TO 	976 
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0014708 
0014708 
0015058 
00151UB 
0015118 
0015118 
0015138 
0015228 
0015368 
0015403 
0015453 
0015468 

147.  
148.  
148. 
150.  
151.  
152.  
152. 
154. 
155. 
156. 
157. 
158. 

974 

976 
978 

984 
986 

IF(INTIAZIIADD,I1)).NE.INT(AL(IC.I2))) 	GO TO 976 

CONTINUE 
ISAME=1 
IAUDS=LAUD 
GO TO 978 
CONTINUE 
IF(ISAME.E0.0) 	GO TO 984 
AC(IADOSI=AC(IAUD)+ACIIC) 

CONTINUE 
LSKIP=1 
1CMAX=IC 

C 
C NOW THE TERMS IN THE EXPRESSION OF THE SECOND PARTIAL DERIVATIVE 

C OF (R+)**2 W.R.T. A+I1J1K1 AND A+I2J2K2 EVALUATED AT A+=0 
C ARE REPRESENTED BT 
C (0(IC),ACCIC)4((SIZN(IC.I2).AZ(ICITZ)),I2=1.NOBS)  

C 
0015508 159. IF(ICMAX.NE.0) 	GO TO 987 

0015518 160. GO TO 1020 
0015528 161. 987 LSKIP=1 
0015548 162. 'IFILPN(11).E0.0) 	GU 	TO 996 

0015588 163. WRITE(1PRIN1.990) 	• 
0015658 164. 990 FORMATI/1X,22HSLLOND DERIVATIVES ARE) 
0015658 165. WRITE(IPRIN1,865) 	(MS(18)IIB=1.6) 

0016058 166. 00 994 IC=1.ICMAX 
0016148 1b7. WRITE(IPRINT.866) 	ICeD(IC)1AC(IC).((SIZMIC,I8).AZ(IC,IB)),I13=1,NO 

113S) 
0016638 168. 994 CONTINUE 
0016670 169. 996 LSKIP=1 
0018708 170. 00 1014 	IC=1.ICMAX 
0017008 171. 00 997 1=1.4 
0017038 172. MS1(1)=0 
0017078 173. MS2(1)=0 
0017138 174. MS3(1)=0 
0017178 175. MMS1(I)=0 
0017238 176. MMS2(1)=0 
0017278 177. MMS3(1)=0 
001733U 178. 997 CONTINUE 
0017368 179. IH=0 
001736B 180. IF(NPMK.E6).0) 	GO TO 	1001 
001740B 181. DO 1000 	IC=1,NPMK 
0017478 182. IF(INTIAL(ILtIZ)).E0.0) 	GO 	TO 1000 

0017608 183. DO 998 	1=116 
0017638 .184. IF(MS(II.NE.I2) 	GO 	TO 998 

0017718 185.  IH=IH+1 
0017728 186.  MS1(IHI=1 
0017778 187.  MMS1(IH)=IN1(AZ(ICII2)) 
0020048 188.  GU TO 1000 
0020048 189.  998 CONTINUE 
0020068 189. 1000 CONTINUE 
0020168 191.  1001 LSKIP=1 
0020178 192.  1H=0 
0020203 193.  00 1004 	IZ=NPMKPloNPAR 

0020338 194.  IFIINTIA2(1111C)).EU.01 	GO 	TO 1004 

0020448 195.  DO 1002 	1=1.6 
0020478 196.  1F(MS(I).NL.IL) 	GO 	TO 	1002 

0020558 197.  1H=IH+1 
0020568 198.  MS2(111)=1 
0020638 199.  MMS2IIH)=INI(AZIICI12)) 

00207UB 200.  GO TU 1004 
0020708 201.  1002 CONTINUE 
0020728 201. 1004 CONTINUE 
0021028 203.  IH=0 
00210213 204.  00 1008 	IZ=NPARPoNOBS 
0021150 205.  1FlINTIALIIL'IL)).EU.0) 	GO 	TO 1008 

0021288 206.  DO 1U06 	1=1,6 
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0021318 
0021378 
0021408 
0021456 
0021528 
0021528 
0021548 

0021648 
0021658 
0021668 

0022508 

0022508 
0022518 
0022568 

0024018 
0024058 
002406B 
0024118 

0000008 
0000008 
0000006 

0000008 
.0.00000B 

0000008 
0000008 

0000008 
0000008 
0000008 
0000008 
0000006 
0000UUB 
0000006 
0000008 

0000016 
0000018 
0000028 
0000058 
000010B 
0000138 
0000148 
0000158 
0000200 
0000216 

207. IF(MS(I).NE.I2) GO TO 1006 
208. IH=IH+1 
209. MS3T1Hf=1 
210. MMS3(IH)=INI(AZ(IC.IZ)) 
211. GO TO 1008 
212. 1006 CONTINUE 
212. 1008 CONTINUE 

C 
C 	NOW A TERM IN THE EXPRESSION OF THE SECOND PARTIAL DERIVATIVE OF 
C 	tit+/**2 W.R.I. A+I1J1K1 AND A+I2J2K2 EVALUATED AT A+=0 IS 
C 	REPRESENTED BY 
C 	D(IC)IAL(IC).(IMS1(I).MMS1(1))11=1.4).(IMS2(I)114MS2(I)),I=1.4/ 
C 	AND (IMS3(IT.MRS3TIT/II=1.4/ 
C 

214. lUd=1118+1 
215. IFILPNI12).EU.0) GU TO 1010 
216. WRITE(IPRINT.1009)/00.(04S1(I8).MRS1(IB)),IB=1.4).((MS2TIB)IMMS2(1 

18)/IIB=1.4).TIMSS(IB),MMSS(IB)).18=1,4) 
217. 1009 FORMATl1X.4HIUB=.I5.22HMS1(*)•MMS1(*) ETC AKEI1H/t4(I1l1H*.I111H/) 

1.2H//$4(I1,1H..1111H/)12N//.4(I1.1H4t.I1.1H/).2H//) 
218. 1010 LSKIP=1 
219. ITAPE1U=10 

	

22U. 	WRITE(11APE10,910TIOBI ICMAX .(MS(DS),18=116).(KPCIP.IB),I8=1.21)11 
10451 1 /8T.MMS1(0))./8=1.4).((MS2(I8),MMS2lI8)),IB=1.4).T(MS3(IB)04 
1MS3(IBI),I8=114)10(IC1.AC(IC) 

221. 1014 CONTINUE 
222. 1020 LSKIP=1 
223. RETURN 
224. END 

C 
C 	ROUTINE SIGSUC IS CALLED IN POWSUB AND IT IS FOR DERIVING 
C 	Il(THETAISIGMA) 
C 

1. SUBROUTINE SIGSUC 
2. COMMON/MSKP/MS(6).KPT30.21T 
3. COMMUN/ACAAAZ/AC(30).R(30).0(30).AAC(30)0A(30.2),SIZN(30,10).AZ(3 

10.10) 
4. COMMON/NKPP/N(2.2.3).KPP(8.6) 

.COMMON/AC1AA1/AC1(4.10).01(4.10)0A1(4.1012)1SIGN1(4.10410),A21(4. 
110110) 

6. COMMON/IGIGMX/IG(4),IGMAX(4) 
7. COMMON/ACGAAG/ACG(4.10)0G(4.10).AAG(4.10.2).SIGNG(41110.10),AZG(411 

110,10) 
8. COMMON/AKSTAR/AKSTAR(50)oDEGREE(50).GAMMAT10) 
9. COMMON/IKEAU/IHEAU,IPRINT11TAPE 
10. COMMON/NODS/NOBSI NPAR.KSTAR,NPMK,NPMKPLINPAKP 
11. COMMON/KS/KS.IP,IIMAX.II 
12. CUMMUN/I1J1K1/I1.J1•K1.I2.J2.K2 
13. COMMON/LPRINT/LPN(50) 
14. COMMON/1UAB/IUA,108 
15. IFIIIMAX.EU.0, GO TO 1010 

C 
C 	TO REPRESENT (l(TKSTAR/2)1)/(CDET**2)/m0.5)*FIRST DERIVATIVE OF 
C 	(R*)**2 W.R.T. A*I1J1K1 EVALUATED AT A*=0*FIKST DERIVATIVE OF 
C 	(R*)s*2 W.R.I. AsI2J2K2 EVALUATED AT A*=0 
C 

16. IC=0 
17. IA=1 
18. 1F(KS.EU.0) J8=2 
19. IFIKS.EU.1) JB=1 
20. IF(KS.LU.2) J8=1 
21. IFI.NOT.(KS.EU.0)1 GO TO 814 
22. 1GMAX2=1GMAX(2) 
23. IF(IOMAX(1).LU.O.OR.IGMAX(2).EU.0) GO TO 864 
24. GO TO 818 
25. 814 LSKIP=1 
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0000228 
0000249 

26.  
27.  

IGMAX2=IGMAX(1) 
IFIIGMAX2.E(.1.0) 	GO TO 864 

0000258 28.  818 LSKIP=1 
000027B 29.  00 860 	1=1,IGMAX(1) 
0000408 30.  00 850 J=19IGMAX2 
00005UB 31.  IC=IC+1 
0000518 32.  AKSTAR(IC)=0.0 
0000558 33.  D(IC)=UG(IA,I)+06(.18.J) 
000075B 34.  ACIIO)=•0.5*ACG(IA,I)*ACG(JB,J) 
0001168 35.  DO 822 IL=1,NOBS 
0001278 36.  S12N(ICIIZ)=SIGNG(IA.I.IZ)*SIGNGWBIJ,IZ) 
0001548 37.  A211C.12)=A[0(IA.I.IZ)+ALO(J8.J.IZ) 
0002028 38.  822 CONTINUE 
000204g 39.  IF(IC.EW.11 	GO TO 830 
000206g 40.  ICM1=IC-1 
0002078 41.  ISAME=U 
0002078 42.  DO 826 IADD=1,ICMI 
0002178 43.  IFIINTIAKSTAR(iAU0)).NE.INT(AKSTARIIC))) 	GO TO 826 
0002328 44.  IF(iNTIU(IAUD)).NE.INT(DIIC))) 	GO 	TO 826 
0002445 45.  00 824 IZ=1.NOBS 
000253B 46.  IFIINTISIZN(IADD,IZ)).NE.INT(SIZN(IC,IZ))) 	GO TO 826 
0002768 47.  IF(INT(A2(1ADD.IL)).NE.INTIAL(ICtIZ))) 	GO 	TO 	826 
0002768 48.  824 CONTINUE 
0003110 48. ISAME=1 
0003169 50.  IADOS=IAUD 
0003178 51.  GO TO 828 
0003178 52.  826 CONTINUE 
0003218 52. 828 IFIISAmE.E0.0) 	GU TO 830 
000330g 54.  AC(IADUS)=AC(IADUS)+AC(IC) 
0003418 55.  IC=IC-1 
000342B 56.  830 IC=IC+1 
0003458 57.  AKSTAR(IC)=0.0 
0003518 58.  U(IC)=UG(IA,I)+DG(JB,J)-2.0 
0003738 59.  AC(IC)=-ACG(IAII)*ACG(JB,J) 
0004148 60.  00 832 IZ=11N0BS 
0004258 61.  SI2N(IC.12)=SIGNG(IA.I.IZ)*SIGNG(UBIJOZ) 
000452g 62.  AL(IC.12)=ALGIIA•I.IZ)+AZG(JB.J.IZJ 
0005OUB 63.  832 CONTINUE 
0005028 64.  IF(IC.E0.2) 	GO TO 840 
0005048 65.  1CM1=IC•1 
0005058 66.  ISAME=U 
0005058 67.  00 856 1A0U=1IICm1 
0005158 68.  IF(INTIAKSTAR(IAUD)).NE.INT(AKSTAR(IC))) 	GO TO 836 
0005309 69.  IFIINTtU(IAUO)).NE.INT(U(IC))) 	GO 	10 	836 
0005429 70.  DO 834 IZ=1.N06S 
0005513 71.  IFIINTISIZNIIADU,IZ)).NE.INTISIZN(IC.I2))) 	GO 	TO 836 
0005748 72.  IFIINT(ALIIADO,IL)l.NE.IN7IAL(IC,IZ))) 	GO 	TO 	836 
0005749 73.  834 CONTINUE 
0006078 73. ISAME=1 
0006148 75.  IADDS=IAUD 
0006158 76.  GO TO 838 
0006158 77.  836 CONTINUE 
0006178 77. 858 	1F(ISAML.E0.0) 	GO TO 840 
0006268 79.  AC(IAUUS)=AC(IAUUS)+AC(IC) 
0006378 80.  IC=IC-1 
0006408 81.  840 	IC=IC+1 
• 000643B 82.  AKSTAR(IC)=1.0 
0006478 83.  U(IC)=UG(IA,I)+UGIJU,J1-2.0 
0006718 84.  AC(IC)=U.5*ACG(IA.I)*ACG(JB.J) 
0007139 85.  U0 842 	1Z=1•NOUS 
0007238 86.  SIMIC.IZ)=SIGNG(IA.I,I2)*SIGNGIJO,J,IZ) 
0007509 87.  AZ( ICI 1Z)=ALG( lAsItIZ)+AZGLIU.OtI2) 
0007769 88.  842 CONTINUE 
0010008 89.  IFIIC.LU.3) 	GO 	TO 850 
0010029 90.  1CM1=IC-1 
001003B 91.  ISAME=U 
0010038 92.  U0 846 IA00=1.ICM1 
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0010138 
0010268 
0010408 
0010476 
0010728 

93.  
94.  
95.  
96.  
97.  

IF(INTtAKSTAR(IA00)).NEONT(AKSTAR(IC))) GO TO 846 
IF(INTIWIAUD)).NE.INT(D(IC))) 	GO TO 846 
DO 844 I2=1.NOUS 
IF(INTISIZMIADO.I2)).NE.INT(SIZN(IC.I2))) 	GO TO 846 
IF(INTIALIIA0DIIL)).NE.INTIAZ(IC.IL)))G0 TO 	846 

0010728 98.  844 CONTINUE 
0011050 98. ISAME=1 
0011128 100.  IAODS=IADD 
0011138 101.  GO TU 848 
0011130 102.  846 CONTINUE 
0011156 102. 848 IF(ISAME.EG.0) 	GO TO 850 
0011248 104. ACtIADUS)=ACIIAOOS)+ACIIC) 
0011358 105. 
0011368 106. 850 CONTINUE 
0011438 107. 860 CONTINUE 
0011478 108. 864 LSKIP=1 
001150B 109. ICMAXM=IC 
0011528 110. IF(ICMAXM.EU.0) GO TO 868 
0011538 111. IFILPN(7).EW.0) 	GO TO 868 
0011548 112. WR17E(1PRINT•865) 	(MS(I0).10=1.6) 
001174B 113. 865 FORMAT(/1X121HI1.J10(1.12.J2.K2 ARE.6(I2I1X)) 
0011748 114. DO 867 4C=1.ICMAXM 
0012030 115. WRLTE(IPRINT.866) 	JCIAKSTAR(JC).D(JC),AC(JC).((SI2N(4C.I0).AZ(JCIII 

18)7,10=1.NOUS) 
0012578 116. 866 FORMATI/1XelH/.3HIC=.12,1H/111HAKSTAR(IC)=.F4.1.1H/16HMIC)=,F4.11 

11“/.7HAC(IC)=0F4.1/ 	1X.23H8IZNIICI*)11A2(IC.*) 	ARE.10(F4.1.F3.1.1H/ 
1)) 

0012576 117. 867 CONTINUE 
0012636 118. 868 LsKIp=1 

C 
C TO REPRESENT SECOND PARTIAL DERIVATIVE OF (R*)s*2 W.R.T. 
C A*I1J1K1.A*I2J2K2 EVALUATED AT A*=0 
C 

0012640 119. IF(KS.EU.0) 	IGMAX4=IGMAX(4) 
0012708 120. IFIKS.E(4.1.0R.KS.EU.2) 	IGMAX4=IGMAX(3) 
0012758 121. IF(IGMAX4.EW.0) 	GO TO 886 
0012768 122. DO 884 I=1,IGMAX4 
8013040 123. IC=IC+1_. 
0013050 124. AKSTARIIC)=0.0 
0013118 125. IF(KS.EU.0) 	DIIC)=DG(4.I) 
0013268 126. IFIKS.EU.1.OR.KS.EU.2) 	0(IC)=DG(3.I) 
00134413 127. IF(KS.LU.0) 	AC(IC)=ACG(4.I) 
0013600 128. IF(KS.EU.1.014.KS.EU.2) 	ACIIC)=ACG(3,I) 
0013768 129. DO 870 IZ=1.NO0S 
0014056 140. 1F(KS.EU.0) 	SIZNIICsIZ)=SIGNG(4.1lIZ) 
0014258 131.  IF(KS.EU.1.0R.KS.EU.2) 	SIZN(1C.42)=S/GNG(3.III2) 
0014468 132.  IF(KS.LW.0) 	AZ(1CoIZ)=A2G(4,1.11) 
0014650 133.  IF(KS.EU.1.0R.KS.EU.2) 	AZIIC.IC)=AZG(31I.I2) 
0015078 134.  870 CONTINUE 
0015138 135.  IF(IC.EU.1) 	GO TU 884 
0015148 136.  
0015158 137.  ISAME=0 
0015168 138.  DO 876 	IADD=1,ICM1 
0015250 IF(INTIWIAUD)).NE.INT(D(IC))) 	GO TO 876 
0015408 140.  IF(INTIAKSTAR(IAUD)).NE.INTIAKSTAR(IC))) 	GO 	TO 876 
0015526 141.  DO 874 IZ=1.NO6S 
0015610 142.  IFIINTISIZN(IAOU.IZ)).NE.INTtSIZN(IC.IZ))1 	GO 	TO 	876 
0016046 143.  IF(INTIALIIADD,IC)),INE.INT(AL(IC,IZ))) 	GO 	TO 	876 
0016048 144.  874 CONTINUE 
001617B 144. ISAME=1 
0016240 146.  IAODS=IAOD 
0016256 147.  GO TO 878 
0016258 148.  876 CONTINUE 
0016278 148. 878 	IF(ISAME.E(1.0) 	GO TO 884 
0016360 150.  AC(IAOUS)=AC(IAUU)+AC(IC) 
0016528 151.  
0016540 152.  884 CONTINUE 
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0016618 155. 886 LSKIP=1 
0016628 154.  ICMAX=IC 
0016648 155.  IF(ICMAX.NE.0) GO TO 887 
0016658 156.  IP=IP•1 
0016668 157.  GO TO 1010 
00167UB 158.  887 LSKIP=1 
0016718 159.  IF(ICMAX.LE.ICMAXM) 	GO TO 889 	 ,. 	. 
0016748 160.  IFTLPNI7).EU.OT 	GO TO 889 
0016768 161.  WRITE(IPRINT.865) 	IMS(IBTIIIB=1,61 
0017168 162.  ICRXMP=ICMAXM+1 
0017178 163.  00 888 IC=1.ICMAX 
0017269 164.  MR1TE(LPRIN1.866) 	ICIAKSTARTICTINICT,ACTICTIITTSIZNTICtIBTIA2TICII 

16/1.IB=10NOBST 
0020029 165.  888 CONTINUE 
0020068 166. 889 LSKIP=1 

C 
C 	NOW ((((KSTAR/2)•1)/((0*)**2))•0.5)*FIRST PARTIAL DERIVATIVE OF 
C 	(R*)**2 R.R.T. A*I1J1K1 EVALUATED AT As=0*FIRST PARTIAL DERIVATIVE 
C 	OF TR*)**2 R.R.T. A*I2J2K2 EVALUATED AT As=0+SECOND PARTIAL 
C 	DERIVATIVE OF (R*)**2 R.R.T. A*I1J1K1eA*I2J2K2 EVALUATED AT A/A=0 
C 	ARE REPRESENTED BY 
C 	(AKSTARIIC)IOTICTIACTICT.SI2N(ICIIZ)02(IC,I2).WHERE IC=1.ICMAXT 

C 
C 
C 	TO REPRESENT IlA*I1J1K1A*I2J2K2 
C 

0020078 
0020179 
0020178 

167.  
168.  
169.  

DO 960 IC=1,ICMAX 
TP=1.0 
IF(NPMK.EU.0) GO TO 894 

0020226 170.  DO 890 	IL=1114PMK 
0020308 171.  IFTINTIAZTIC.IZTT.EQ.0) 	GO TO 890 
002041B 172.  IFTINTIAZ(1C.IZ)T.EU.1) 	TP=0.0 
002045B 173.  IFTINTIA2(1C,IZTT.EU.2) 	GO TO 890 
0020468 174.  IFTINTIAZTICII2TT.E0.3) 	TP=0.0 
0020528 175.  IFTINTTAGAICsIZTT.EU.4) 	TP=3.0*TP 

-0020568 176.  890 CONTINUE 
002U620 177.  894 LSKIP=1 
0020638 178.  00 900 IZ=NPARPOOBS 
0020768 179.  IF(INTTALC1C.IZ)T.EU.0) 	GO 	TO 	900 
0021078 180.  IF(INTIAZ(IC•IZ)).EIi.1) 	TP=0.0 
0021138 181.  IFTINTIAZTIC.I2TT.E0.2) 	GO T0 	900 
0021148 182.  IFIINTTAZTIL.IL)T.EU.3) 	TP=0.0 
0021209 183.  IFTINTIACTICIIZT/.EU.4) 	TP=3.0*TP 
002124B 184.  900 CONTINUE 
0021308 185.  ACIIC)=TP*ACTICT 
0021356 186.  KSIUN=0 
0021358 187.  DO 910 IL=NPMKPleNPAR 
002150B 188.  lF(lN7tSIZNIIC.ILl1.NE.•1) 	GO 	TO 910 
0021618 189.  KSIGN=1 
002162B 190.  GO TO 920 
0021628 191.  910 CONTINUE 
0021648 191. 920 IF(KSIGN.EQ.0) 	GO TO 930 
0021729 193.  AC(IC)=0.0 
002177B 194.  GO TO 960 
0022018 19b. 930 TP=1.0 
0022039 196.  1S=0.0 
0022038 197.  KTPI=SuRi(3.1415926536) 
0022108 198.  UAMMA(1)=HIPI 
00221UB 199.  GAMMA(21=1.0 
0022116 200.  GAMmA(6)=HTPI/2.0 
0022139 201.  GAmmA(41=2.0 
0022159 202.  GAMMA(5)=3.0*RTPi/4.0 
0022179 203.  GAMMA(6)=2.0 
0022208 204.  6AMMA(7)=15.0*RTPI/8.0 
0022239 208.  T1=0.3989422804 
0022248 206.  00 950 	IC=NPmKPI1NPAR 
0022376 207.  T2=0.510(AZ(IC.IL)+1.0) 
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0022478 
0022508 
0022628 

208.  
209.  
210.  

IGAM=AZIICIIZ)+1.0 
TP=TP4,(2.0**T2)*GAMMA(IGAM)*T1 
TS=TS+AZIIC.IZ) 

0022648 211.  950 CONTINUE 
002266B 212.  ACIIC)=IP*ACIIC) 
0022748 213.  DEGREE(IC)=TS 
0023018 214.  IFl.NOT.IIN1IOLGREE(IC7J.EG.2.AND.INT(AKSTARIIC)).E0.1)) 	GO TO 96 

10 
002314B 215.  AKSTARlIC)=0.0 
00232UB 216.  DEGREEIIC/=0.0 
0023248 217.  960 CONTINUE 
0023318 218.  IFILPN(8).EU.0) 	GO TO 967 
0023328 219.  WRITE(IPRINT.865/ 	(MS(18)118=1,6) 
0023528 220.  DO 964 IC=1IICMAX 
0023618 221.  WRITEIIPRINT.962/ 	ICOKSTAR(IC),0(IC).ACIIC).DEGREEIIC) 
0024168 222.  962 FORMAT(/1X.SHIC=,I2.1H/111HAKSTAR(IC)=.F4.1.1H/116HOCIC)=.F4.1.114/. 

17HACIIC7=IF4.111H/.11HDEGREE(IC)=.F4.17 
002416B 223.  964 CONTINUE 
0024228 224.  967 LSKIP=1 

C 
C 	THE IC-TH TERM IN I1A*I1J1K1A*I2J2K2 IS OF THE FORM 
C 	(KSTAR**AKSTAR(IC))*((04.)**D(Ic))*(ACCICI*DENSITY OF CHI SQUARE 
C 	DISTRIBUTION ON KSTAR DEGREES OF FREEDOM EVALUATED AT (0.)**12)* 
C 	(DENSITY OF CHI SQUARE DISTRIBUTION ON KSTAR ♦ DEGREE(IC) DEGREES 
C 	OF FREEDOM EVALUATED AT 1)/(DENSITY OF CHI SQUARE DISTRIBUTION ON 
C 	KSTAR DEGREES OF *REEDOM EVALUATED AT 1) 
C 
C 

002423B 
0024248
0024268
002436B 
0024468 

225. 
226. 

228.  
229.  

227.  

IIC=1 
IFIICMAX.EQ.1) 	GO TO 978 
DO 976 IC=29IEmAx 
00 968 	LADD=1.IIC 

» IF(INT(AKSTAR(IADD.NE./NT(AKSTAR(IC)).0R.INT(O( IADD)).NE.INT(0(I 
1C)).0R.INTIDEGREE(IADD)).NE.INTIDEGREE(Ic))) 	GO 	TO 968 

0025018 23U. AC(IA00)=AClIAD07+AC(IC) 
.0025128 231.  GO TO 976 
0025128 232.  968 CONTINUE 
0025148 232.  I1L=LIL+1 
0025208 
0025308 

234.  
235.  

ACCIILA=ACIIC) 
AKSTAR(IIC)=AKSTAR(IC) 

0025418 256.  D(I1C)=WIC) 
0025528 237. uEGKEL(IIc)=OLGREL(TC) 
0025648 238. 976 CONTINUE 
002572B 239. 978 	IICMAX=IIC 
0025748 240. KLER0=0 
002574B 241. 979 FORMATI/lX,68HIPeIleJ1,K1./2.J2IK2,KP(IP..),AKSTAR(IC)ID(IC).AC(/C 

11.0EGREFAIC) 	ARE) 
0025748 242. DO 1U0u IC=1,IICMAX 
0026048 243. IF(INTIAC(IC)).EU.0) 	GO 	TO 	1000 
0026128 244.  wRITECIPRIN1 .9791 
0026218 245. MR1TECIPRINT.980/ 	IP.(MS(I),I=1.6),(KP(IP,I)II=1,21)tAKSTAR(IC).0( 

lIE).ACIIC),UEGREE(IE) 
0027053 246. 980 	FORMAT(/1X1113,1H/16(I2.1X)/1H/121(I1g1X)o4(1H/sF10.5)) 
0027058 247.  KZER()=1 
0027058 248. lUuu CONTINUE 
0027128 244.  IFIKLER0.EQ.1) 	GO TO 1010 
0027138 250.  IP=IP-1 
0027158 251.  1010 LSKIP=1 
0027178 252.  RETURN 
0027228 253.  ENU 
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APPENDIX 4 Programs POWCAL, and subroutines COEF11, COEF2, COEF1, 

E1000, E2000, etc. 

C 
C 
C 
C 

PROGRAM POWCALISUBROUTINES COEF111COFF2,COEF1.E1000.E2000.ETC ARE 
FOR CALCULATING BETAl(THETA A.SIGMA A) 

0000009 1.  PROGRAM POWCAL(/NPUT,OUTP(ITJAPE5=INPUT,TARE6=OUTPUTITAPE9.TAPE10) 

0101001 2.  COMMON/MSKPAB/mSA(23.6).mSB(73.6).KPA(231121).KPR(73.21) 
0101001 3.  COMMON/MmSA/moiSA1(23.4)ImmSA2(23.4).mmSA3(23.4) 
01010011 4.  COMMON/MSAR12/MSA1(23.4),MSA2(2304 ).MSA3(23.4) 

0101008 5.  COMMON/MSB/MSB1(73.4),MS92(73.4),MS13(73.4) 
010100g 6.  COMMON/MMSB/MMS81(73.4)1mMSB2(73.4).MMS83(73.4) 
0101009 7.  COMMON/DAC/DA(23).ACA(23),01(73),AC1(73) 
0101001 8.  COMMON/ICMAXM/ICMAXM( 	50),ICMAX(100) 

0101008 9.  COMMON/MSKP/MS(6)1KP(21) 
0101001 10.  COMMON/NPAROB/NPAR.NOBS.KSTAR 
0101001 11.  COMMON/DPLUS/CPLUS 
010100S 12.  COMMON/KSTRP/KSTRP(20) 
010100g 13.  COMMON/CHINON/CHINON(12) 
0101008 14.  COMMON/FACGAv/FAC(150).GAMMA(150) 
0101008 15.  COMMON/ZA/ZA(10) 	_ 
010100B 16.  COMMON/A/A(5,313) 
010100B 17.  COMMON/LPN/LPN(14) 
0101008 18.  COMMON/IPRINT/IREADOPRINT I ITAPE7.ITAPE8,ITAPE9IITAP10 
0101001 19.  COMMON/SIGMA/SIGMA 
010100R 20.  DIMENSION ZAS(20) 
010100g 21.  IREAD=5 
0101241 22.  IPRINT=6 
010125R 23.  ITAPE9=9 
0101268 24.  ITAP10=10 
0101278 25.  READ(IREAD14) 	KCHIIN.DPLUS 

C 
C 
C 
C 
C 

DPLUS**2 	IS 	(((SIGMA ZER0)**2)/(SIGMA A)**2))*((1-ALPHA)100 UPPER 
PERCENTAGE POINT OF A CHI SIUARE DISTRIBUTION ON KSTAR DEGREES OF 
FREEDOM) 

0101378 26. W FORmAT(A6.I4.7F10.4) 
0101371 27. 6 FORMAT(A6.I4.10F6.3) 
0101379 28. CALL CHECIN(KCH,IN'5HOPLUSIO) 
0101418 29. READ(IREAD14) 	KCH,IN.SIGvA 
0101508 30. CALL 	CHECINlKCH,IN.5)1SIGMA•0) 
0101529 31. READ(IREnD•10) 	KCB.IN.NPAR.NOBS•KSTAR 
010163P 32. 10 FORMAT(A6.I4.14I5) 
0101631 33. CALL CHECIN(KC11IIN.61(NPAROB.0) 
010165B 34. WRITE(IPRINT.11) 	NPAR.NOBSIKSTAR 

C 
C NPAR IS TOTAL NUMBER OF COMPONENTS IN THE PARAMETER VECTOR 
C NOBS IS TOTAL NUMBER nF OBSERVATIONS 
C KSTAR IS NUMBER OF COMPONENTS OF INTEREST IN THE PARAMETER VECTOR 

C 
01017413 35. 11 FORmAT(/1X.RNPAR=9.13.1X,BNOBS=2.I311X11KSTAR=9.13) 
010174R 36. NPMK=NPAR-KSTAR 
0101751 37. NPMKP1=NPmK+1 
0101768 38. NPMKP2=NPMK+2 
0101778 34. NPARP=NRAR+1 
0102009 40.  NPARP2=NPAR+2 
0102011 41.  REAMIREA0.4) 	KCH.IN.(ZAS(I1),IB=1,5) 
010215g 42.  CALL 	CHECIN(KCH,INI3H2AS,O) 
0102178 43.  REAn(IREAD.4) 	xCH.IN.(ZAS(I1),I1=6.10) 
0102329 44.  CALL CHECIN(KCHIINg4H2AS5,0) 
0102348 45.  DO 12 	IOBS=1,NOBS 

- 0102368 46.  ZA(IOBS)=ZAS(IOBS)/SIGMA 
C 
C ZA(I) 	ARE 	ZAI 
C 

0102361 47.  12 CONTINUE 
0102419 4B. READ(IREAD.10) 	KCHIINsIOAMAXIIORMAX 
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. 

C. 
C 
C 

IOAMAX IS TOTAL NUMBER OF TERMS IN THE EXPRESSIONS OF THE 
PRODUCTS OF THE FIRST PARTIAL DERIVATIVES OF 	(R+)**2 W.R.T. 

C A+I1J1K1 AND A+I2J2K2 EVALUATED AT A+=0 
C 
C IQBMAX IS TOTAL NUMBER OF TERMS IN THE EXPRESSIONS OF THE SECOND 
C PARTIAL DERIVATIVES OF 	(R+)**2 W.R.T. A+I1J1K1,A+I2J2K2 EVALUATED 
C AT A+=0 
C 

0102528 50. CALL CHEC/N(KCH,IN.6H/OAMAX.0) 
0102548 51. READ(IREAD,10) 	KCH.IN.KCHIMX 

C 
C KCHIMX IS THE NUMBER OF TERMS USED IN REPRESENTING NON-CENTRAL 
C CHI SQUARE DISTRIBUTION BY A LINEAR COMBINATION OF CENTRAL CHI 
C SQUARE DISTRIBUTION 
C 

0102638 52. CALL CHECIN(KCH.IN.6HKCHIMX110) 
0102658 53. READ(IREAD.4) 	KCH.IN.VSMALL 

C 
C VSMALL IS SOME SMALL POSITIVE NUMBER 
C 

0102748 54. CALL CHECIN(KCH.IN.6HVSMALL.0) 
0102768 55. REAWIREAD110) 	KCH.IN.(LPN(I)II=1.7) 
0103118 56. CALL CHECIN(KCH.IN.6HLPN(1).0) 
0103138 57. READIIREAD.10) 	KCH.IN.(LPN(I),I=8.14) 

C 
C LPN(*) DECIDES WHETHER THE INTERMEDIATE RESULTS WILL BE PRINTED OUT 
C 

0103266 58. CALL CHECIN(KCH.INI6HLPN(8).0) 
0103308 59. DO 14 IOBS=1.NOBS 
010332B 60. IF(.NOT.NPAR.GE.4) 	GO TO 13 
0103358 61. REANIREAD,6) 	KCHIIN.((A(IOBS.JB.KB),KB=JB.NPAR)1JB=1.NPAR) 
0103608 62. CALL CHECIN(KCH.IN.6HA(***),IOBS) 
0103626 63. GO TO 14 
010362B 64. 13 LSK/P=1 
0103638 65. REAMIREAD14) 	KCH.INII(A(IOBSIJB.KB).K6=JB.NPAR)41JB=1.NPAR) 

C 
C A(I,J1K) 	ARE A+IJK 
C 

0104078 66. CALL CHECIN(KCHIINt6HA(***),IOBS) 
010411B 67. 14 CONTINUE 
0104138 68. 00 24 	IGIOA=1.I0AMAX 
0104158 69. IQA=IQOA 
010415B 70. READ(ITAPE9.20) 	IOA.ICMAXM(NA).(MSA(IOA.I),I=1,6)1(KPA(IOAII)II=1 

1,21).((MSA1(I0A.I)IMMSA1(IOAII)),I=1.4).((MSA2(IOAII).MMSA2(IOAII) 
1),I=1.4).((MSA3(I0A1/).MMSA3(IOA.I))1I=1.4)10A(IOA).ACA(IQA) 

0105176 71. 20 	FORMAT(1X.15.15,511212F5.1) 
C 
C 	(KPA(IGA,I),I=1.21) COMPLETELY SPECIFY A SUBSET GENERATED 
C 	BY PARTITIONING THE SET OF ALL (A+I1J1K1.A+I2J2K2) 
C 	(C.F. SECTION (4.9)) 
C 	(MSA(I0AsI),I=1,6) REPRESENT A TYPICAL ELEMENT OF THIS SUBSET 
C 	ICMAXM(IOA) IS THE TOTAL NUMBER OF TERMS IN THE EXPRESSION OF 
C 	THE PRODUCT OF THE FIRST PARTIAL DERIVATIVES OF (R+)**2 W.R.T. 
C 	A+I1J1K1 AND A+I2J2K2 EVALUATED AT A+=0 
C 
C 
C 	A TERM IN AN EXPRESSION IS REPRESENTED BY AEA(/0A)(C.R.COLUmN(4) IN 
C 	SECTION (4.11)) DA(IOA)(C.F.COLUMN(3))((MSA1(IOAIIIIMSA1(IUAtI)), 
C 	I=1,41(C.F.COLUMNS (32) TO (39))(MSA2(IOAsI).MMSA2(IOAII)),I=1.4) 
C 	(C.F.COLUMNS (40) TO (47)) AND (IMSA3(I0A.I).MMSA3(IOA,I)),I=1.4) 
C 	(C.F. COLUMNS (48) TO (55)) 
C 

0105176 
	

72. 	24 CONTINUE 
010521B 
	

73. 	DO 28 IO0B=1,IOEIMAX 
0105236 
	

74. 	IQB=I0OB 
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0105238 	75. 	READ(ITAP10.20) Ico./cmAY(I0B). (msB(I0B.I),T=1.6).(KPB(I08.1).r=1 
1.21).(0sBicIon.nimmsql(m.I)),I=1.4),((msn2(I08.1).m.s82(108,I) 
1),I=1,4),((MSB3(IQ8.I).MMSB3(I0B.Il)•I=1.41.OBlIG81.AC8(19B) 

C 
C 	(KPB(I0B.I),I=1.21) COMPLETELY SPECIFY A SUBSET 
C. 	GENERATED BY PARTITIONING THE SET OF ALL (A4I1J1K11A+I2J2K2) 
C 	(C.F.SECTIOtI(4.9)) 
C 	(MSB(IOB.I)II=1.6) REPRESENTS A TYPICAL ELEMENT OF THIS SUBSET 
-C----1CMAX(/08) 	IS THE TOTAL NUMBER OF TERMS IN THE EXPRESSION OF THE • 
C 	SECOND DERIVATIVE OF (R.)**2 W.R.T. A+I1J1K11A+I2J2K2 EVALUATED AT 
C A*=0 
C 
C A TERM IN AN EXPRESSION IS REPRESENTED BY ACB(/08) 	(C.F. COLUMN (4) 
C IN 	SECTION 	(4.11))110B(I0B) 	(C.F. 	COLUMN 	(3)). 
C C(MS81(IOBII).MMS81(I08.1)),I=1,4)(C.F.COLUMNS 	(32) 	TO 	(39)). 
C (IMSB2(I0B.I).MMSB2(I0B.I)),I=114)(C.F.COLUMNS 	(40) 	TO 	(47)1 	AND 
C ((MS83(IQB,I).MMSB3(IOBIII)),I=1,4)(C.F.COLUMNS 	(48) 	TO 	(55)) 
C 

0106308 76. 28 CONTINUE 
0106328 77. IF(LPN(13).E0.0) 	GO TO 50 
0106338 78. WRITE(IPRINT.30) 
0106378 79. 30 FORMAT(/1X.OIOA.ICMAXM(IOA).DA(I0A).ACA(IQA).MSA(IOA.*),KPA(IOA0) 

1eMSA1(I0A.0).MMSA1(IOA.*).ETC AREW) 
0106378 80. WRITE(IPRINT.31) 
0106438 81. 31 FORMAT(/1XIBI08.ICMAX(I08)108(IOB).ACB(/08).MSB(I013.*).KPB(IOBI*'M 

15131(IOB,*).MMSB1(I013.*).ETC 	AREA//////) 
0106438 82. - DO 34 	IOA=1,IOAMAX 
0106458 83. WRITE(IPRINT.32) 	IOAsICMAXM(/0A).DA(I0A).ACA(IQA).(MSA(TOA.I),I=1. 

16),(KPA(IOA,I),I=1,21).((MSA1(I0A.I).MMSA1(IOAII)),I=114).((MSA2(I 
10A.I),MMSA2(IOAII)),I=1,4).((MSA3(I0AtI).MMSA3(IOAII)),I=1.4) 

0107418 84. 32 FORMAT(1X.I3.1H 	.I2.111 	v2(F5.1.1H 	)06I1,1H 	.21I1,1H 	13(8I1111X)) 
0107418 85. 34 CONTINUE 
0107438 86. WRITE(IPRINT.36) 
010747B 87. 36 FORMAT(//////.1X.1H 	) 
0107478 88. DO 42 II:M=1110E1MAX 
0107518 89. WRITE(IPRINT.32) 	20B.ICMAXII08)• 	DB(I08).ACB(I08).(MSB(/08.1),I7.1, 

16)1(KPB(I0BoI),I=1121).((MSB1(I08$I).MMS81(I080)),I=1,4),((MSB2(I 
1013,I)oMMSB2(IOBII)),I=1,4).((MS83(IOB,I)IMMS133(IGB,I))./=1.4) 

011045B 90. 42 CONTINUE 
0110478 91. WRITE(IPRINT.36) 
011053B 92. 43 FORMAT(1X.1FAC(*) 	AREB•101Fi0.5•lXl) 
0110533 93. 44 FORMAT( 1X,OGAMMA( *) 	ARCO, 10(F10•5o 1X) ) 
0110538 94. 45 FORMAT(/1Xo@VNAMOA=a4F10.5s0EXPO.0.5*VNAMDA)*EXP(•0.5*DSTAR*DSTAR) 

1.7.@.F10.5/1Xt@ZA(*) 	ARE@I10(F10.5,1X)/) 
011053B 95. 50 LSKIP=1 
0110538 96. KCHIMP=KCHIMX*13 
0110558 97. FAC(1)=1.0 
0110568 98. DO 52 I=2,KCHIMP 
0110618 99. IM1=I-1 
0110613 100. VIM1=IM1 
0110638 101. FAC(I)=VIM1*FAC(IM1) 
0110648 102. 52 CONTINUE 

C 
C FAC(I) 	IS FACTORIAL OF 	(I.1) 
C 

0110668 103. IF(LPN(1).EQ.0) 	GO TO 	53 
0110678 104. WRITE(IPRINTI43) 	(FAC(I)II=1,10) 
0111008 105. 53 LSKIP=1 
0111008 106. GAMMA(1)=SORT(3.1415926536) 
011103B 107. DO 54 	I=3eKCHIMPI2 
0111058 108. IM2=I-2 
0111068 109. VI=I 
0111078 110. GAMMA(I)=0.5*(VI-2.01*GAMMA(IM21 
0111138 111. 54 CONTINUE 
0111158 112. DO 56 I=2,KCH/MPI2 
0111168 113. J=I/2 
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0111168 114. 
J. 

GAMMA(I)=FAC(J) 
0111201 115. 56 CONTINUE 
0111228 116. IF(LPN(1).E0.0) 	GO TO 57 
0111238 117. WRITE(IPRINTI44) 	(GAMMA(I)•1=1.10) 
0111348 118. 57 LSKIP=1 
0111348 119. TV=0.0 
0111358 120. DO 58 IOBS=1.NOBS 
0111408 121. TV=TV+IZA(IOBS)*ZA(IOBS)) 
0111409 122. 58 CONTINUE 
0111448 122. VNAMDA=TV 
0111449 124.  .T1=EXP(*0.5*VNAMDA) 
0111518 125.  T2=EXP(*0.5sDPLUS*DPLUS) 
011156B 126.  TT12=T1*T2 
0111578 127.  IF(LPN(1).(0.0) 	GO TO 59 
0111618 128.  WRITE(IPRINT.45) 	VNAM0AIITT1241(2A(IB).18=1.NOBS) 
0111758 129.  59 LSKIP=1 
0111759 130.  DO 70 	ICH/=1.12 
0111778 131.  VICHI=ICHI 
0111778 132.  TC=0.0 
0112008 133.  I=*1 
0112018 134.  60 	I=I+1 
0112058 135.  VI=I 
0112058 136.  IP1=I+1 
0112069 137.  T3=0.5*(VICHI+2.0*VI) 
0112118 138.  TCPRV=TC 
0112138 139.  TC=TC+(71*((.5*VNAMDA)**/)/FAC(IP1))*((DPLUS*OPLUS)**(73*1.))*T2/( 

-1(2.0**T3)*GAMMA(ICHI+2*I)) 
0112456 140.  IF(LPN(1).EQ.0) 	GO TO 61 
0112468 141.  WRITE(IPRINT.67) 	TCPRV.TC 
011254B 142.  61 LSKIP=1 
0112548 143.  IF(I.LE.20) 	GO TO 60 
0112568 144.  IF(I.GE.KCHIMX) 	GO TO 64 
0112608 145.  IF(ABSITC*TCPRV).GT.VSMALL) GO TO 60 
0112648 146.  CHINON(ICHI)=TC 
0112659 147.  WRITE(IPRINT.62) 	ICHIICHINON(ICH/) 
0112758 148.  62 FORMAT(1X.@ICHI=@.I2.9CHINON(ICHI)=@.F12.6) 
0112758 149. GO TO 68 
0112758 150. 64 CHINON(ICH/)=TC 
0112768 151. WRITE(IPRINT.66) 	ICHIIKCHIMX.TCPRV.TC 
0113108 152. 66 FORMAT(1XI@ICHI=Q1/2.1H/,9KCHIMX=91I4.1H/t9CHINON(ICHI)=Q,2(F12.6. 

11)()) 
0113108 153. 67 FORMAT(1X.9TCPRV=.9oF10.5.0TC=a.F10.5) 
0113108 154. 68 LSKIP=1 
0113108 155. 70 CONTINUE 

C 
C NOW DENSITIES OF NON-CENTRAL CHI. SQUARE DISTRIBUTIONS OF 1.2 	12 
C DEGREES OF FREEDOM AND PARAMETER VNAMDA EVALUATED AT (O+)s*2 
C ARE FOUND 
C 
C 
C TO CALCULATE (SUM FROM /1 EQUAL TO 1 TO N)(SUM FROM 12 EQUAL TO 1 
C TO N)(SUM FROM J1 EQUAL TO 1 TO P)(SIM FROM K1 EQUAL TO J1 	TO P) 
C (SUM FROM J2 EQUAL TO 1 TO P)(SUM FROM K2 EQUAL J2 TO P) 	OF 
C 0.5*BETA1A+I1J1K1A+I2J2K2*A+I1J1K1*A+I2J2K2 
C 

0113138 156. TS=0.0 
0113138 157. DO 290 	I1=NPMKPlINOBS 
0113168 158. DO 280 	I2=NPMKPlINOBS 
0113208 159. 00 270 J1=1,NPAR 
0113238 160. DO 260 K1=J1INRAR 
0113248 161. DO 250 U2=11NPAR 
0113268 162. 00 240 K2=J21NPAR 
0113270 163. MS(1)=I1 
0113278 164. MS(2)=J1 
0113318 165. MS(3)=K1 
0113328 166. MS(4)=I2 
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0113348 
0113358 
0113368 
0113418 
0113428 
011343B 
0113446 
0113458 
0113468• 

167.  
168.  
169.  
170.  
171.  
172.  
173.  
174.  
175.  

MS(5)=J2 
MS(6)=K2 
IF(I1.LE.I21 	GO TO 72 
MS(1)=I2 
MS(2)=J2 
MS(3)=K2 
MS(4)=I1 
MS(5)=J1 
MS(6)=K1- 

0113478 176.  72 LSKIP=1 
011350B 177.  DO 74 1M=1.6 
0113528 178.  I=MS(IM) 
0113528 179.  IF(I.GE.1.AND.I.LE.NPMK) 	KP(IM)=1 
0113616 180.  IF(I.GE.NPMKPl.AND.I.LE.NPAR) 	KP(IM)=2 
0113678 181.  IF(I.GE.NPARP.AND.I.LE.NOBS) 	KP(IM)=3 
0113746 182.  74 CONTINUE 
0113768 183.  IT=6 
0113778 184.  DO 80 IM=1.5 
0114018 185.  IMP1=/M+1 
0114018 186.  DO 78 JM=IMP1.6 
0114058 187.  IT=IT+1 
0114068 188.  IF(MS(IM).EQ.MS(JM)) 	KP(IT)=1 
0114138 189.  IF(HSIIMI.NE.MS(JM)) 	KP(IT1=0 
0114156 190.  78 CONTINUE 
0114178 191.  80 CONTINUE 
0114228 192.  10AYES=0 
0114228 193.  DO 110 10A=1.I0AMAX 
0114258 194.  DO 90 1=1.21 
•0114278 195.  IFIKP(1).NE.KPA(IOAtI)) 	GO TO 	110 
0114278 196.  90 CONTINUE 
0114348 196. IOAYES=I0A 
011440B 198.  GO TO 120 
0114408 199.  110 CONTINUE 
011441B 199. 120 IF(IGAYES.E0.0) 	GO TO 130 
0114468 201.  L=IOATES 
0114468 202.  DO 124 	IC=1.ICMAXM(L) 
0114528 203.  I=IOAYES-1+IC 
011453B 204.  CALL COEF11(IIUNDEF) 

C 
C ROUTINE COEF11 CALCULATES 8ETA1A+I1J1K1A+I2J2K2 ASSUMING THAT 
C SECOND PARTIAL DERIVATIVE OF (R+)**2 IS ZERO 
C 

0114578 205.  TS=TS+UNDEF*A(I1.JI.K1)*A(I2.J2.K2) 
0114726 206.  124 CONTINUE 
0114758 207.  130 LSKIP=1 
0114758 208.  IOEITES=0 
0114768 209.  DO 180 I0B=1.I08MAX 
0115018 210.  DO 170 	1=1,21 
0115038 211.  IF(KP(I).NE.KPB(IQB.I)) 	GO TO 	180 
0115038 212.  170 CONTINUE 
0115108 212. IC:OYES:I0B 
0115148 214.  GO TO 190 
0115148 215.  180 CONTINUE 
0115158 215. 190 IF(IG8YES.E0.0) 	GO TO 200 
0115228 217.  L=IGBYES 
0115228 218.  DO 	194 	IC=1,ICMAX(1.) 
0115268 219.  I=I0BTES..1+IC 
0115278 220.  CALL COEF2(I,UNDEF) 

C 
C ROUTINE COEF2 CALCULATES 8ETA1A+I1J1K1A+I2J2K2 ASSUMING THAT 
C PRODUCT OF FIRST PARTIAL DERIVATIVE OF (R+)**2 IS ZERO 
C 

0115338 221.  TS=TS+UNDEF*AtI11J1.K1)41A(I2,J21K2) 
0115468 222.  194 CONTINUE 
0115518 223.  200 LSKIP=1 
0115516 224.  240 CONTINUE 
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011554B 
0115578 
011562B 
0115658 
0115708 
0115738 
011576B 

225.  
226.  
227.  
228.  
229.  
230.  
231.  

250 CONTINUE 
260 CONTINUE 
270 CONTINUE 
280 CONTINUE 
290 CONTINUE 

TS=0.5+TS*SIGMA*SIGMA 
TS2NEG=-TS 

C 
C TO CALCULATE (SUM FROM I EQUAL TO 1 TO N)(SUM FROM J EQUAL TO 1 
C TO P)(SUM FROM K EQUAL TO J TO P) OF BETA1A+IJK*A+IJK 
C 

0115768 232.  DO 350 I=NPMKP1,NOBS 
01160I8 233.  00 340 J=1.NPAR 
0116048 234.  DO 330 K=JINPAR 
0116058 235.  CALL COEF1(I.J.K.UNDEF) 

C 
C ROUTINE COEF1 CALCULATES BETA1A+IJK 
C 

0116108 236.  TS=TS+UNDEF*A(I.J.K)*SIGMA 
0116178 237.  330 CONTINUE 
0116228 238.  340 CONTINUE 
0116248 239.  350 CONTINUE 
0116278 240.  TS1NEG=w(TS+TS2NEG) 
0116318 241.  TS12NG=•TS 
0116328 242.  WRITE(IPRINT.360) 	SIGMA.TS1NEG.TS2NEGITS12NG 
0116438 243.  360 FORMAT(/1XlaSIGMA=Q.F20.6.@POWER=ALPHA 	A 4.(@,F10.6,02)+(@.F10.6,@)=. 

1ALPHA 	A @,@+(@,F10.6.@)@) 
0116438 244.  STOP 
0116458 245.  END 

• 
C 	- ROUTINE COEF11 CALCULATES BETA1A+I1J1K1A+/2J2K2 ASSUMING THAT 
C 	SECOND PARTIAL DERIVATIVES or (R+)ss2 IS ZERO 
C 

0000008 1.  SUBROUTINE COEF11(II.UNOEF) 
0000008 2.  COMMON/MSKPAR/MSA(23.6).MSB(73.6),KPA(23.21).KPB(73.21) 
0000008 3.  COMMON/MMSA/MMSA1(2314)IMMSA2(23.4).MMSA3(23,4) 
0000008 4.  COMMON/MSA812/MSA1(2344),MSA2(23,4)00SA3(23.4) 
•O000O0B 5. commoNims(vmsn(73.4),ms92(730).ms83(73.4) 
•0000008 --COMMON/MMSB/MMSB1(73.4).MUS82(73.4)..uMS83(73.4) 
0000008 7.  COMMON/DAC/DA(23).ACA(231,08(73:tACB(73) 
000000B 8.  COMMON/ICMAXM//CMAXM( 	50),ICMAX(100) 
0000008 9.  COMMON/MSKP/MS(6).KP(21) 
0000008 10.  COMMON/NPAROB/NPARINOOS.KSTAR 
0000008 11.  COMMON/DPLUS/DPLUS 
0000008 12.  COMMON/KSTRP/KSTRP(20) 
0000008 13.  COMMON/CHINON/CHINON(12) 
0000008 14.  COMMON/FACGAM/FAC(150)11GAMMA(150) 
0000008 15.  COMMON/ZA/ZA(10) 
000000B 16.  COMMON/A/A(5.3,3) 
0000008 17.  COMMON/LPN/LPN(14) 
000000B 18.  COMMON/NS/NS(4) 
0000008 19.  COMMON/IPRINT/IREAD.IPRINT,ITAPE7,ITAPE8,ITAPE9IITAP10 
0000008 20.  COMMON/TP/TP 
0000008 21.  I=II 
000000B 22.  IF(LPN(8).E0.0) 	GO 	TO 	8 
0000028 23.  WRITE(IPRINT,21 	(MS(IB)eIB=116)1(KP(IB),IB=1.21) 
0000348 24.  2 FORMAT ( 	I2oJ2,K2 ARE2,6( Ill 1X) 	1H/.@KP(*) 	AREQ.21 ( 	11 

IX)) 
0000346 25.  WRITE(IPRINT,4) 
0000438 26.  4 	FORMATI1X•aIlICMAXM(I)IDA(/)4ACA(I)gMSA(*).KPA(*).MSA1(II*).MMSA1( 

00) ETC AREA) 
0000438 27.  WRITE(IPRINT.6) 	IIICMAXM(I),DA(I),ACAMOMSA(I.IB),IR=1.6),(KPA(I 

1,16),I0=1121).((MSA1(I.I8).MMSAI(/*/B))sIB=1,4)1(0SA2(IIIB)oMMSA2 
1(IIIB))III3=114),(CMSA3(IIIB),MNSA3(ItIB)),I8=1.4) 

000220B 28.  6 FORMAT( Mt I5.1H/o I21 1H/12 (F4. I 1 1H/) 46'1 	1H/12111.1H/13(4 ( 11,1Hig, 
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1,1H/)).2H//) 
000220B 29.  8 LSKIP=1 

• 
0002218 30.  TP=(DPLUS**DA(I))*ACA(/) 
0002336 31.  IF(LPN(9).EO.0) 	GO TO 	12 
0002356 32.  WRITE(IPRINT,10) 	DPLUS.DA(I).ACA(I).TP 
0002608 33.  10 FORMAT(1X.@(OPLUS**DA(I))*ACA(I)=(a.F10.5.2H**.F4.1.2H)*11F4.1111H=o 

1F10.5) 
0002608 34.  12 LSKIP=1 

C 
C TO CALCULATE EXPECTATION OF 	(Z(1)**L(1))*(Z(2)**L(2))*...* 
C (Z(P•KSTAR)s*L(P•KSTAR)) 
C 

0002618 35.  DO 14 IH=1.4 
0002658 36.  IF(MM5A1(IIIH).EC).0) 	GO TO 	14 
0002768 37.  IH1=MSA1(I,IH) 
0003038 38.  IH2=MS(IH1) 
0003108 39.  TZ=ZA(IH2) 
000315B 40.  MMS=MMSA1(I./H) 
0003248 41.  _ 	CALL EXPZ(TZ.MMS.TP) 

C 
C ROUTINE EXPZ CALCULATES EXPECTATION OF Z.Z**2.Z**3 AND Zs*4 
C 

0003318 42.  14 CONTINUE 
000334B 43.  IF(LPN(9).E9.0) 	GO TO 18 
0003358 44.  WRITE(IPRINT.16) 	TP 
000345B 45.  16 FORMAT(1X,O(OPLUS**DA(I))*ACA(I)*EXPECTATION OF PRODUCT OF FIRST P 

)•KSTAR R.V. 	=2.F10.5) 
0003458 46.  18 LSKIP=1 

C 
C TO CALCULATE EXPECTATION OF 	(Z(P+1)**L(P+1))*(Z(P+2)*L(P+2))*...* 
C (Z(N)*L(N)) 
C 

000346B 47. DO 20 IH=1,4 
0003528 48. IF(MMSA3(IoIH).EG.0) 	GO TO 20 
0003638 49. IH1=MSA3(ItIH) 
0003708 50. IH2=MS(IH1) 
000375B 51. TZ=ZA(IH2) 
0004028 52. MMS=MMSA3(I.IH) 
000411B 53. CALL EXPZ(TZ.MMS.TP) 
0004166 54. 20 CONTINUE 
0004218 55. IF(LPN(9).E0.0) 	GO TO 23 
0004228 56. WRITE(IPRINT,22) 	TP 
000432D 57. 22 FORMAT(1X.@(DPLUS**DA(I))*ACA(I)*EXPECTATION OF PRODUCT OF FIRST P 

1•KSTAR R.V. 	AND LAST N-P R.V. 	=O.F10.5) 

000432B 58. 23 LSKIP=1 
C 
C TO CALCULATE EXPECTATION OF 	((S(P-KSTAR+IISORT(ZBARS(P.KSTARal)11 

C **L(P•KSTAR+1))*((S(P-KSTAR+2)SORT(ZBARS(P•KSTAR+2)))**L(P•KSTARa2) 
C )*...*((S(P)SORT(ZDARS(P)))**L(P)) 
C 

	

0004338 	59. 	CALL COEG11(IIIUNDEF) 

	

0004428 	60. 	RETURN 

	

- 0004448 	61. 	END 
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• 

000000B 62.  SUBROUTINE COEG11(II.UNDEF) 
C 
C 	ROUTINE COEG11 CALCULATES EXPECTATION OF 
C 	((S(PKSTAR+1)SORT(ZBARS(P...KSTAR+1)))**L(P■KSTAR+1))*((S(P...KSTAR+2) 
C 	SORT(ZBARS(PwKSTAR+2)))**L(P•.KSTAR+2))*...*((S(P)SORT(ZBARS(P)))** 
C 	L(P)) 
C 

0000008 63.  COMMON/MSKPAB/MSA(23.6),MS8(73.6).KPA(23.21).KPB(73.21) 
0000008 64.  COMMON/MMSA/MMSA1(23.4),MMSA2(23.4).MMSA3(2314) 
0000008 65.  COMMON/MSA812/MSA1(23,4).MSA2(23.4),mSA3(23.4) 
0000008 66.  COMMON/MSB/M581(73.4).MSB2(73.4).MS83(73.4) 
0000008 67.  COMMON/MMSB/MMS81(73.4).MMS82(73.4)1MMS83(73.4) 
0000008 68.  COMMON/DAC/DA(23)0CA(23).08(73).AC8(73) 
0000008 69.  COMMON/ICMAXM/ICMAXM( 	50),ICMAX(100) 
0000008 70.  COMMON/MSKP/MS(6).KP(21) 
0000008 71.  COMMON/NPAROB/NPAR.NOBSoKSTAR 
0000008 72.  COMMON/DPLUS/DPLUS 
0000008 73.  COMMON/KSTRP/KSTRP(20) 
0000008 74.  COMMON/CHINON/CHINON(12) 
0000008 75.  COMMON/FACGAM/FAC(150).GAMMA(150) 
0000008 76.  COMMON/ZA/ZA(10) 
000000E 77.  COMMON/A/A(5.3.3) 
0000008 78.  COMMON/LPN/LPN(14) 
0000008 79.  COMMON/NS/NS(4) 
0000008 80.  COMMON/IPRINT/IREAD.IPRINTIITAPE7sITAPE8.ITAPE9eITAP10 
0000008 81.  - 	COMMON/TP/TP 
0000008 82.  I=II 
0000008 83.  NPMKP1=NPAR-KSTAR+1 
0000038 84.  DO 24 	II=1.20 
0000068 85.  KSTRP(II)=KSTAR+II 
0000068 86.  24 CONTINUE 
000023B 86. VKSTAR=KSTAR 
000025B 88.  DPLUA=((0.5*VKSTAR-1.01/(DPLUS**2))-0.5 
0000338 89.  DPLS8=0.5/0PLUS 
0000338 90.  DO 30 /I=114 
000037B 91.  NS(II)=0 

--000037B - .... 
0000538 92.  DO 50 1H=1.4 
0000578 94.  00 40 	IIH=1.4 
0000628 95.  IF(MMSA2(I.IH).E0.IIH) 	NS(IIH)=NS(IIH)+1 
0001018 96.  40 CONTINUE 
0001048 97.  50 CONTINUE 
0001108 98.  IF(NS(1).EQ.1.AND.NS(2).E0.0.AND.NS(3).E0.0.ANDoNS(4).E0.0) 

160 TO 100 
000116B 99.  IF(NS(1).E0.0.AND.NS(2).E0.1.AND.NS(31.E0.0.AND.NS(4).E0.0) 

160 TO 120 
000123B 100.  IF(NS(1).E0,2.AND.NS(2).E0.0.ANDAS(3).E0.0.AND.NS(4).E0.0) 

160 TO 140 
0001308 101.  IF(NS(1).E0.O.AND.NS(2).E0.0.AND.NS(31.E0.I.AND.NS(4).E0.01 

160 TO 160 
0001358 102.  IF(NS(1).E0.1,AND.NS(2).E0.1.AND.NS(3).E0.0.AND.NS(4).E0.0) 

160 TO 180 
0001438 103.  IFINS(1).E0.3.AND.NS(2).E0.0.AN0.NS(3).E0.0.AND.NS(4 ).E0.0) 

IGO TO 200 
.0001508 104.  IF(NS(1).E0.0.AND.NS(2).E0.0.AND.NS(3).E0.0.AND.NS(4).E0.1) 

160 TO 220 
0001558 105.  IFINS(1).E0.1.AND.NS(2).E0.0.AND.NS(3).E0.1.AND.NS(4).E0.0) 

1G0 TO 240 
0001638 106.  IF(NS(1).E0.0.AND.NS(2).E0.2.AND.NS(3).E0.O.ANO.NS(4).EQ.0) 

IGO TO 260 
0001708 107.  IFINS(1).E0.2.AND.NS(2).E0.1.AND.NS(3).E0.0.AND.NS(4).E0.0) 

160 TO 280 
0001768 108.  IF(NS(1).E0.4.ANO.NS(2).E0.0.AND.NS(3).E0.0.AND.NS(4).EQ.0) 

160 TO 300 
C 
C 	1000 
C . • 
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0002028 
0002148 
0002218 
0002268 
0002268 
0002418 

.0002578 

109.  
110.  
111.  
112.  
113.  
114.  
115.  

100 	IH1=MS(MSA2(/.1)) 
TZ=ZA(IH1) 
CALL (1000(TZITS1) 
TS3=0.0 
DO 110 IPAR=NPMKPI•NPAR 
IF(IPAR.NE.IH1) 	CALL 	E1100(ZA(IH1).ZA(IPAR).TS2) 
IF(IPAR.EG.IH!) 	CALL E2000(ZA(IH1)4TS2) 

0002718 116.  TS3=TS34-ZA(IPAB)*TS2 
0002778 117.  110 CONTINUE 
000304B 118.  TP=TP*(0PLSA*TS1+0PLSB*TS3) 
0003108 119.  GO TO 420 

C 
C 2000 
C 

0003118 120.  120 	IH1=MS(MSA2(I.1)) 
0003248 121.  TZ=ZA(IH1) 
0003318 122.  CALL E2000(TZ.TS1) 
0003368 123.  TS3=0.0 
.0003368 124.  DO 130 IPAR=NPMKPl.NPAR 
0003518 125.  IF(IPAR.EG.IH1) 	CALL E3000(ZA(IH1).TS2) 
0003638 126.  IF(IPAR.NE.IH1) 	CALL E2100(ZAlIH1)•ZA(IPAR)•TS2) 
0004018 127.  TS3=TS34.2A(IPAR)*TS2 
000407B 128.  130 CONTINUE 
0004148 129.  TP=TP*(OPLSA*TS1+0PLS8*TS3) 
0004208 130.  GO TO 420 

C 
C 1100 
C 

0004218 131.  140 	IHI=MS(MSA2(Io1)) 
000434B 132.  TZ1=ZA(IH1) 
000441B 133.  IH2=MS(MSA2(I.2)) 
0004528 134.  TZ2=ZA(IH2) 
0004578 135.  CALL E1100(TZ1ITZ2ITS1) 
0004648 136.  TS3=0.0 
0004648 137.  DO 150 IPAR=NPMKPl.NPAR 
0004778 138.  IF(IPAR.EQ.IH1) 	CALL 	E2100(ZA(IH1)12A(IH2).TS2) 
0005168 139.  IF(IPAR.EG.IH2) 	CALL E21n0(ZA(IH2)IZA(IH1).TS2) 
0005348 140.  IF(IPAR.NE.IH1.AND.IPAR.NE.IH2) 	CALL E1110(ZA(IH1).ZA(IH2)12A(IPAR 

1),TS2) 
0005578 141.  TS3=TS3+ZA(IPAR)*TS2 
0005658 142.  150 CONTINUE 
0005728 143.  TP=TP*(DPLSA*TS1+DPLSBsTS3) 
000576B 144.  GO TO 420 

C 
C 3000 
C 

0005778 145.  160 	IH1=MS(MSA2(Is1)) 
0006128 146.  TZ=ZA(IH1) 
0006178 147.  CALL E3000(TZeTS1) 
0006248 148.  TS3=0.0 
0006248 149.  DO 170 IPAR=NPMKPl.NPAR 
0006378 150.  IF(IPAR.E0.IH1) 	CALL 	E4000(ZA(IH1),TS2) 
0006518 151.  IF(IPAR.NE.IH1) 	CALL 	E3100(ZA(IH1)IZA(IPAR)ITS2) 
0006678 152.  TS3=TS3+ZA(IPAR)*TS2 
0006758 153.  170 CONTINUE 
0007028 154.  TP=TPs(OPLSA*TS1+DPLSB*TS3) 
0007068 155.  GO TO 420 

C 
C 2100 
C 

0007078 156.  180 	IH1=MS(MSA2(II1)) 
0007228 157.  TZ1=ZA(IHI) 
0007278 158.  IH2=MS(MSA2(I,2)) 
0007408 159.  TZ2=ZA(I112) 
0007450 160.  IFIMMSA2(I41).E0.2) 	GO TO 	184 
0007548 161.  I1H1=IH1 

.0007558 162.  11H2=IH2 
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0007578 
0007578 
0007618 
000762B 
000764B 
0007648 

163.  
164.  
165.  
166.  
167.  
168.  

IH1=IIH2 
IH2=IIH1 
TTZ1=TZ1 
TTZ2=TZ2 
TZ1=TTZ2 
TZ2=TTZ1 

0007668 169.  184 LSKIP=1 
0007708 170.  CALL E2100(721.722.7S1) 
0007758 171.  TS3=0.0 
0007758 172.  DO 190 IPAR=NPMKPl.NPAR 
0010108 173.  IF(IPAR.ED.IH1) 	CALL 	E3100(ZA(IH1).ZA(IH2).TS2) 
0010278 174.  IF(IPAR.E0.IH2) 	CALL 	E2200(ZA(IH1).ZA(IH2)ITS2) 
0010458 175.  IF(IPAR.NE.IH1.AND.IPAR.NE.IH2) 	CALL E2110(ZA(IH1),ZA(IH2).ZA(IPAR 

1)1752) 
0010708 176.  TS3=TS3+ZA(IPAR)*TS2 
0010768 177.  190 CONTINUE 
0011038 178.  TP=TP*(DPLSA*TS1+DPLSB*TS3) 
0011078 179.  GO TO 420 

C 
C 1110 
C 

0011108 180.  200 	IH1=MS(MSA2(I.1)) 
0011238 181.  TZ1=ZA(I111) 
0011308 182.  IH2=MS(MSA2(I.2)) 
0011418 183.  TZ2=ZA(IH2) 
0011468 184.  _IH3=MS(MSA2(I.3)) 
0011608 185.  TZ3=ZA(IH3) 
0011656 186.  CALL E1110(TZ1.122.7Z3,TS1) 
001172B 187.  TS3=0.0 
0011728 188.  DO 210 IPAR=NPMKPleNPAR 
0012058 189.  IF(IPAR.EO.IH1) 	CALL E2110(ZA(IH1).ZA(IH21.ZA(IH3)17S2) 
0012308 190.  IF(IPAR.E0.IH2) 	CALL E2110(ZA(IH2).ZA(IH1).ZA(IH3).TS2) 
0012528 191.  IF(IPAR.E0.IH3) 	CALL E2110(ZA(IH3)12A(IH1).ZA(IH2)1752) 
0012748 192.  IF(IPAR.NE.IH1.AND.IPAR.NE.I112.AND.IPAR.NE.IH3) 	CALL E1111(ZA(IH1) 

-1.2A(IH2).ZA(IH3).ZA(IPAR).TS2-) 	- 	- 	- 	- 	- 	- 	---------- 	- 	- 
0013258 193.  TS3=TS3+2A(IPAR)*TS2 
0013338 194.  210 CONTINUE 
0013408 195.  TP=TP*(DPLSA*TS1+0PLSB*TS3) 
0013448 196.  GO TO 420 

C 
C 4000 
C 

001345B 197.  220 	IH1=MS(MSA2(I.1)) 
001360B 198.  TZ=ZA(IH1) 
0013658 199.  CALL E4000(72,751) 
0013728 200.  TS3=0.0 
0013728 201.  00 230 IPAR=NPMKPlINPAR 
0014058 202.  IF(IPAR.E0.IH1) 	CALL 	E5O00(ZA(I)1lt • TS2) 
0014178 203.  IF(IPAR.NE.IH1) 	CALL 	E4100(ZA(IH1).ZA(IPAR).TS2) 
0014356 204.  TS3=TS3+ZA(IPAR)*TS2 
0014438 205.  230 CONTINUE 
0014508 206.  TP=TP*(DPLSA*TS1+0PLSB*753) 
0014548 207.  GO TO 420 

C 
C 3100 
C 

0014558 208.  240 	IH1=MSIMSA2(I.1)) 
0014706 209.  TZ1=2A(IH1) 
0014750 210.  IH2=MS(MSA2(I.2)) 
0015068 211.  TZ2=ZA(IH2) 
0015136 212.  IF(MMSA2(I.1).E0.3) 	GO TO 244 
0015226 213.  IIH1=IH1 
0015238 214.  11H2=IH2 
0015258 215.  IH1=IIH2 
0015256 216.  IH2=IIH1 
0015278 217.  TTZ1=1.21 
0015308 218.  TTZ2=TZ2 
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0015328 	219. 	TZ1=TTZ2 

	

0015328 	220. 	TZ2=TTZ1 

	

001534B 	221. 	244 LSKIP=1 

	

0015368 	222. 	CALL E3100(TZ1.7Z2.TS1) 

	

0015430 	223. 	1S3=0.0 

	

0015438 	224. 	DO 250 IPAR=NPMKPl.NPAR 

	

0015568 	225. 	IF(IPAR.EG.IHI.) CALL E4100(ZA(IH1),ZA(IH2).TS2) 

	

0015758 	226. 	IF(IPAR.EQ.IH2) CALL E3200(ZA(IH1).ZAIIH2).TS2) 

	

0016138 	227. 	IF(IPAR.NE.IH1.AND.IPAR.NE.IH2) CALL E3110(ZAI/H1).ZA(IH2),ZA(IPAR 
1).TS2) 

	

0016368 	228. 	TS3=TS3+ZA(IPAR)*TS2 

	

0016448 	229. 	250 CONTINUE 

	

001651B 	230. 	TP=TP*(DPLSAtTS1+DPLSB*TS3) 

	

0016558 	231. 	GO TO 420 
C 
C 	2200 
C 

	

0016568 	232. 	260 IH1=MS(MSA2(I.1)) 

	

001671B 	233. 	TZ1=ZA(IH1) 

	

0016768 	234. 	IH2=MS(MSA2(II2)) 

	

0017078 	235. 	TZ2=ZA(IH2) 

	

0017148 	236. 	CALL E2200(TZI.TZ2tTS1) 

	

0017218 	237. 	TS3=0.0 

	

0017218 	238. 	DO 270 IPAR=NPMKPl.NPAR 

	

0017348 	239. 	IF(IPAR.EO.IH1) CALL E3200(ZA(IH1).ZA(IH2).TS2) 

	

001753B 	240. 	IF(IPAR.E0.IH2) CALL E320012A(IH2).ZA(IHI).TS2) 

	

0017718 	241. 	IF(IPAR.NE.IHI.AND.IPAH.NE.IH2) CALL E2210(ZA(IH1).ZA(IH2),ZA(/PAR 
1)0.52) 

	

0020148 	242. 	TS3=TS3+ZA(IPAR)*TS2 

	

0020229 	243. 	270 CONTINUE 

	

0020270 	244. 	TP=TP*(DPLSA*TS14.0PLSB*TS3) 

	

002033B 	245. 	GO TO 420 
C 
C 	2110 
C 

	

0020349 	246. 	280 IH1=MS(MSA2(I.1)) 

	

002047B 	247. 	TZ1=ZA(IH1) 

	

0020549 	248. 	IH2=MS(NSA2(I.2)) 

	

002065B 	249. 	722=ZA(IH2) 

	

0020729 	250. 	1H3=MS(MSA2(/.3)) 

	

0021048 	251. 	TZ3=ZA(IH3) 

	

0021118 	252. 	IF(MMSA2(I11).E0.2) GO TO 288 

	

002120B 	253. 	IF(MMSA2(I12).E0.2) GO TO 282 

	

0021268 	254. 	IF(MMSA2(1.3).E0.2) GO TO 284 

	

0021338 	255. 	282 TTZ1=T21 

	

0021369 	256. 	TTZ2=T22 

	

0021378 	257. 	TZ1=TTZ2 

	

0021378 	258. 	TZ2=TTZ1 

	

0021418 	259. 	IIH1=IHI 

	

0021429 	260. 	11H2=1H2 

	

002143B 	261. 	IH1=IIH2 

	

0021438 	262. 	IH2=IIH1 

	

0021459 	263. 	GO TO 288 

	

0021469 	264. 	284 TTZ1=TZ1 

	

002151B 	265. 	TTL3=TZ3 

	

0021528 	266. 	TZ1=TTZ3 

	

0021520 	267. 	TZ3=TTZ1 

	

002154B 	268. 	IIH1=IH1 
0021558 	269. 	11H3=IH3 
0021568 	270. 	IH1=IIH3 
0021560 	271. 	IH3=IIH1 
0021603 	272. 	288 LSKIP=1 
0021628 	273. 	CALL E2110(TZ1.TZ2sTZ3ITS1) 
0021673 	274. 	TS3=0.0 
0021678 	275. 	DO 290 IPAR=NPMKPlINPAR 
0022028 	276. 	IF(IPAR.EQ.IH1) CALL E3110(ZA(IH1).ZA(/112).ZA(IH3),TS2) 

0022258 	277. 	IF(IPAR.E0.1112) CALL E2210(ZA(I111).ZAIIH2).ZA(IH3)1TS2) 
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0022478 	278. 	IF(IPAR.E0./H3) CALL E2210IZA(IH1).ZA(SH3).ZA(IH2).TS2) 
002271B 	279. 	IF(IPAR.NE.IH1.AND.IPAR.NE.IH2.AND.IPAR.NE.IH3) CALL E2111(ZA(IH1) 

1aA(/H2/1ZAIIH3),ZAC/PARI.TS2) 
0023228 	280. 	TS3=TS3+ZA(IPAR)*TS2 
0023308 	281. 	290 CONTINUE 
0023359 	282. 	TP=TP*(0PLSA*TS14.0PLSB*TS3) 
0023418 	283. 	GO TO 420 

C 
C 	1111 
C 

0023428 	284. 	300 IH1=MS(MSA2(/.1)) 
0023558 	285. 	TZ1=ZACIH1) 

	

0023628286. 	IH2=MS(MSA2( /o2)) 

	

0023738287. 	TZ2=ZA ( IH2) 
0024008  

	

288. 	IH3=MS(MSA2(I.3)) 

	

0024120289. 	TZ3=ZACIH3) 
0024179 	290. 	IH4=MS(MSA2(I.4)) 
0024318 	291. 	TZ4=ZA(I84) 
0024369 	292. 	CALL E1111(TZleTZ2.TZ3.T24.TS1) 

	

0024438293. 	TS3=0.0 

	

0024438294. 	DO 310 IPAR=NPMKPlINPAR 
0024569  

	

295. 	IFIIPAR.EO.IH1) CALL E21111ZA(IH1),ZA(IH2),ZA(IH3).ZA(TH4).TS2) 

	

0025059296. 	 )1 IF(IPAR.EO.IH2) CALL E2111(ZA(IH2).ZA(IH1)1ZA(TH3ZA(IH4).TS2) 
0025336  

	

297. 	IF(IPAR.E0.IH3) CALL E2111(ZA(IH3).ZA(IH1)1ZA(IH2).ZA(IH41.TS2) 

	

0025618298. 	 1) IFCIPAR.E0.IH4) CALL E2111(ZACIH4).2ACIH.ZAIIH2).ZA( IH3).TS2) 
0026079  

	

299. 	IF(IPAR.NE.IH1.AND.IPAR.NE.TH2.AND.IPAR.NE.IH3.AND.IPAR.NE.IH4)CAL 
IL E11111(ZA(IH1).ZA(IH2).ZA(IH3).ZA(IH4),ZAlIPAR).TS2) 

	

0026468300. 	TS3=TS342AtIPAR)*TS2 
0026548 	301. 	310 CONTINUE 
0026618 	302. 	TP=TP*(DPLSAsTS1+0PLSB*TS3) 
002665B 	303. 	420 LSKIP=1 

	

0026678304. 	UNDEF=TP 
---0026718- ---305.- ---- -IF(LPN(9).E0.0) GO TO-440 -- 

0026739 	306. 	WRITE(IPRINT,430) TP 
0027038 	307. 	430 FORMATI1X.9(0STAR**DA(/))*ACA(I)*(EXPECTAT/ON OF PRODUCT OF FIRST 

1P-KSTAR R.V. AND LAST N-P R.V.)W1X.8*EXPECTATION OF PRODUCT OF MI 
IDDLE KSTAR R.V.)=asF10.5) 

0027038 	308. 	440 LSKIP=1 

	

002704B309. 	RETURN 
0027078  

	

310. 	END 

C 
C 	ROUTINE COEF2 CALCULATES BETA1A+I1J1K1A+/2J2K2 ASSUMING THAT 
C 	PRODUCT OF FIRST PARTIAL DERIVATIVES OF (11+)**2 IS ZERO 
C 

0000008 	1. 	SUBROUTINE COEF2(II.UNDEF) 
0000009 	2. 	COMMON/MSKPARP,ISA(23.6).mSB(73.6).KPA(23.21).KPB(73.21) 
0000009 	3. 	COMMON/MSA812/MSA1(23.4)4MSA2(23.4),MSA3(23414) 
0000008 	4. 	COMMON/MMSA/MMSA1(23.4)00MSA2(23,41sMMSA3(2314) 
000000B 	5. 	COMMON/MS9/MS81(7304)1MS92(73,4),MSB3(73.4) 
0000008 	- - 6. 	 COMMON/MMSG/M".S81(73.4).uMS02(73.4),MMS03(73.4) 
0000008 	7. 	COMMON/OAC/DA(23),ACA(23).OB(73),ACN73) 
0000008 	8. 	COMMON/ICMAXM/ICMAXM( 50),ICMAX(100) 
0000008 	9. 	COMMON/MSKP/MS(6)0(P(21) 
0000008 	10. 	COMMON/NPAROB/NPARoNOBS,KSTAR 
0000008 	11. 	COMMON/OPLUS/OPLUS 
0000008 	12. 	COMMON/KSTRP/KSTRP(20) 
0000008 	13. 	COMMON/C8INON/CHINON(12) 
0000009 	14. 	COMMON/FACGAM/FAC(150)1GAMMA(150) 
0000008 	15. 	COMMON/ZA/ZA(10) 
0000009 	16. 	COMMON/A/A(5,313) 
0000008 	17. 	COMMON/ON/LPN(14) 
0000009 	18. 	COMMON/NS/NS(4) 
0000008 	19. 	COMMON/IPRINT/IREAD,IPRINT.ITAPE7.ITAPE8.ITAPE9.ITAP10 
0000009 	20. 	I=II 
0000009 	21. 	IFILPN(10).E0.0) GO TO 8 
0000028 	22. 	WRITE(IPRINT.2) (MS(IB)./B=1.6).(KP(IB),IB=1.21) 
0000219 	23. 	2 FORMAT(1)(0@Il.J11K1sI21.121K2 ARED16(I1.1X)11H/.3KP(*1 ARE2.21(I111 

1X)) 
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0000218 
0000258 

0000258 

0001318 

000131B 
0001318 
0001368 
0001408 
0001528 

24. 
25. 

26. 

27. 

28. 
29. 
30. 
31. 
32. 

WRITE(IPRINT,4) 
4 FORMAT(1X.@I$ICAMX(1).08(I),ACB(I).MSB(*).KPB(*),MSB1(I.*).MMS81(I 
10) ETC AREA) 
WRITE(IPR/NT,6) 	IJCMAX(I1,0DII)•ACBlI).(MSB(I.IB),I8=1.6).(KP8(I. 

1I8)08=1.21).(04S81(III8).MMSR1(IIIIBUtIP=1,4)1((MSB2(I./B).MMSB2( 
11,18)),IB=1.4).((MS83(I./8),MMSB3(I.I8)),,I8=1.4 ) 

6 FORMATI1X.I5.:H/.12111H/.2(F4.1.1H/).611.1H/121I1.1H/.3(4(I1.1H*.I1  
1,1H/)).2H//) 
8 LSKIP=1 

TP=(OPLUS**DB(I))*ACB(I) 
IF(LPN(11).E0.0) 	GO TO 12 
WRITE( IPRINT.10) 	OPLUS,08( 	) sACB( I ) 'IP 

10 FORMAT(1X.B(DPLUS**08(I))*ACB(I)=(@.F10.5.2H**IF4.1,2H)*.F4.1.1H=. 
1F10.5) 

0001528 33. 12 LSKIP=1 
C 
C TO CALCULATE EXPECTATION OF 	(Z(1)**L(1))*(Z(2)**L(2))*...* 

• C (2(P-KSTAR)**L(P-KSTAR)) 
C 

0001528 34. 00 14 IH=114 
0001548 35. IFIMMSB1(I.IH).E0.0) 	GO TO 14 
0001618 36. IH1=MS81(I,IH) 
0001638 37. IH2=MS(IH1) 
0001658 38. TZ=ZA(IH2) 
0001668 39. MMS=MMS81(IIIH) 
0001718 40. CALL EXPZ(TZ1MMS,TP) 

C 

• 
C ROUTINE EXPZ CALCULATES EXPECTATION OF 2.2**2.2**3 AND 2ss4 

0001748 41. 14 CONTINUE 
0001768 42. IF(LPN(11).E0.0 	)GO TO 18 
0001778 43. WRITE(IPRINT,16) 	TP 
0002048 44. 16 FORMAT(1X,,B(DSTAR**OB(I))*ACB(I)*EXPECTATION OF PRODUCT OF FIRST P 

1•KSTAR R.V. 	=B.F10.5) 
0002048 45. 18 LSKIP=1 

C 
C TO CALCULATE EXPECTATION OF 	(Z(124.1)**L(P*1))*(Z(P+2)*L(P+2))*...41  

C (Z(N)*L(N)) 
C 

0002048 46. DO 20 IH=1.4 
0002068 47. IF(MMS83(IIIH).E0.0) 	GO TO 20 
0002138 48. IH1=MSB3(IoIH) 
0002158 49. IH2=MS(IH1) 
0002178 50. TZ=ZA(IH2) 
0002208 51. MIAS=MMSB3(IIIH) 
0002238 52. CALL EXPZ(TZIMMSITP) 
0002268 53. 20 CONTINUE 
0002308 54. IF(LPN(11).E0.0) 	GO TO 23 
0002313 55. WRITE(IPRINT122) 	TP 
0002368 56. 22 FORMAT(1Xe2(DSTAR**08(/))*ACB(I)*EXPECTATION OF PRODUCT OF FIRST P 

1-KSTAR R.V. 	AND LAST N-P R.V. =atF10.51 
0002368 57. 23 LSKIP=1 

C 
C TO CALCULATE EXPECTATION OF 	((S(P-KSTAR+1)SORT(ZRARS(P-KSTAR+1))) 

C **L(P•KSTAR+1))*((S(P•KSTAR+2)SORT(ZBARS(P•KSTAR+2)))**L(P•KSTAR42) 
C )*...*((S(P)SORT(ZOARS(P)))**L(P)) 
C 

0002369 58. DO 30 	II=1,4 
0002408 59. NS(II)=0 
0002408 60. 30 CONTINUE 
0002428 60. 00 50 	IH=1,4 
0002448 62.  DO 40 	IIH=1,4 
0002469 63.  IF(MMS82(IIIH).E0.IIH) 	NS(IIH)=NS(IIH)+1 
0002568 64.  40 CONTINUE 
0002609 65.  50 CONTINUE 



258 

0002638 	66. 	IF(NS(1).E(7.0.AND.NS(2).E0.0.ANO.NS(3).E°.0.AND.NS(4 ).E0.0) 
160 TO 80 

0002708 	67. 	IF(US(1).E0.1.AND.NS(2).E0.O.AN0.NS(3).E0.0.AND.NS(4).Eg.0) 
160 TO 100 

000275B 	68. 	IFINS(1).E().0.ANO.NS(2).E0.1.ANO.NS(3).E0.0.AN0.NS(4).EC).0) 
160 TO 120 

0003028 	69. 	IF(US(1).E12.2.AND.NS(2).E0.0.AN0.NS(3).E0.0.AND.NS(4 ).E0.0) 
160 TO 140 

0003078 	70. 	IF(NS(1).E0.O.ANO.NS(2).E0.0.AND.NS(3).E(2.1.AND.NS(4).E61.0) 
160 TO 160 

0003148 	71. 	IF(NS(1).E61.1.AND.NS(2).E0.1.ANDAS(3).E0.0.ANO.NS(4 ).E0.0) 
160 TO 180 

0003228 	72. 	IF(NS(1).EG.3.AND.NS(2).EG.O.AND.NS(3).E(2.0.ANO.NS(4).E0.0) 
160 TO 200 

0003278 	73. 	IF(NS(1).EG.O.ANO.NS(2).E(2.0.AN0.NS(3).E0.0.AND.NS(4).E0.1) 
160 TO 220 

0003348 	74. 	IF(NS(1).E0.1.AND.NS(2).E0.0.AND.NS(3I.EQ.I.AND•NS(4).E0.0) 
160 TO 240 

000342B 	75. 	IF(NS(1).E0.0.AND.NS(2).E0.2.AND.NS(3).E0.0.ANDAS(4).E0.0) 
160 TO 260 

0003478 	76. 	IFINS(1).E(1.2.ANDoNS(2).E0.1.ANO.NS(3).E0.0.ANO.NS(4).E0.0) 
160 TO 280 

0003558 	77. 	IFINS(1).EG.4.AND.NS(2).EQ.O.AND.NS(3).E0.0.ANDAS(4).E0.0) 
160 TO 300 

C 
C 	coo() 
C 

78. 80 TP=TP*CHINON(KSTAR) 
79. GO TO 420 

C 
C 	1000 
C 

80. 100 IH1=MS(MSB2(I.1)) 
81. TZ=ZA(IH1) 
82. CALL E1000(TZ,TS) 
83. TP=TP*TS 
84. GO TO 420 

C 
C 	2000 
C 

85. 120 IH1=MS(MSB2(I11)) 
86. TZ=ZA(IH1) 
87. CALL E2000(TZ.TS) 
88. TP=TP*TS 
89. GO TO 420 

C 
C 	1100 
C 
-140-/H1=MS(MSB2-(I.1))-- 

91. TZ1=ZA(IH1) 
92. IH2=MS(MSB2(I.2)) 
93. - 	TZ2=ZA(IH2) 
94. CALL E1100(TZleTZ2ITS) 
95. TP=TP*TS 
96. GO TO 420 

C 
C 	3000 
C 

97. 160 IH1=MS(MSB2(I.1)) 
98. TZ=ZA(IH1) 
99. CALL E3000(TZoTS) 
100. TP=TP*TS 
101. GO TO 420 

C 
C 	2100 
C 

0003628 
0003638 

0003648 
0003678 
0003708 
0003738 
0003748 

0003758 
0003778 
000400B 
0004038 
0004048 

0004058 - 
000407B 
000410B 
0004128 
0004148 
0004178 
0004208 

0004218 
0004238 
0004248 
0004278 
0004308 
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0004318 
0004338 
0004348 
000436B 
0004408 
0004428 
0004438 
0004446 
000445B 
0004468 

102.  
103.  
104.  
105.  
106.  
107.  
108.  
109.  
110.  
111.  

180 	/H1=MS(MSB2(I.1)) 
TZ1=ZA(IH1) 
IH2=MS(MSB2(II2)) 
TZ2=ZA(IH2) 
IF(MMSB2(I.1).E0.2) 	GO TO 
TTZ1=TZ1 
TTZ2=TZ2 
TZ1=TTZ2 
TZ2=TTZ1 

184 LSKIP=1 

184 

0004508 112.  CALL E2100(TZIITZ2ITS) 
000453B 113.  TP=TP*TS 
0004548 114.  GO TO 420 

C 
C 1110 
C 

0004558 115.  200 	IHI=MS(MS82(Il1)) 
0004578 116.  TZ1=ZA(IH1) 
0004608 117.  IH2=MS(MSB2(I.2)) 
0004628 118.  TZ2=ZA(IH2) 
0004648 119.  IH3=MS(MSB2(I13)) 
0004668 120.  TZ3=ZA(IH3) 
0004708 121.  CALL E1110(TZIITZ2ITZ3ITS) 
0004738 122.  _TP=TP*TS 
000474B 123.  60 TO 420 

C 
C 4000 
C 

0004750 124.  220 	IH1=MS(MSB2(I.1)) 
0004778 125.  TZ=ZA(IH1) 
0005008 126.  CALL E4000(TZ,TS) 
0005036 127.  TP=TP*TS 
0005048 128.  GO TO 420 

C 
C 3100 
C 

0005058 129.  240 	IH1=MS(MS132(I.1)) 
0005078 130.  TZ1=ZA(IH1) 
0005108 131.  I112=MS(MSB2(I,2)) 
0005128 132.  TZ2=ZA(IH2) 
0005148 133.  IF(MMS82(II1).E0.3) 	GO TO 244 
0005168 134.  TTZ1=TZ1 
0005178 135.  TTZ2=TZ2 
0005209 136.  TZ1=TTZ2 
0005218 137.  TZ2=TTZ1 
0005228 138.  244 LSKIP=1 
0005246 139.  CALL E3100(TZ1oTZ2ITS) 
00052713 140.  TP=TP*TS 
0005309 141.  GO TO 420 

C 
C 2200 
C 

0005318 142.  260 	IH1=MS(MS82(I.1)) 
0005338 143.  TZ1=ZA(IH1) 
0005348 144.  IH2=MS(mSB2(I.2)) 
0005368 145.  TZ2=ZA(IH2) 
0005408 146.  CALL E2200(721,TZ2ITS) 
0005438 147.  TP=TP*TS 
0005448 148.  GO TO 420 

C 
C 2110 
C 

0005458 149.  280 	IH1=MS(MS132(I.1)) 
0005478 150.  TZ1=ZA(IH1) 
0005508 151.  IH2=MS(MS82(I.2)) 
0005528 152.  TZ2=ZA(I112) 



260 

0005548 
0005568 
000560B 
0005628 
000564B 

153.  
154.  
155.  
156.  
157.  

IH3=MS(MSB2(/.3)) 
TZ3=ZA(IH3) 
IFIMMS82(/.1).E0.2) 	GO TO 288 
IF(MMSB2(/.2).EO.2) 	GO TO 282 
IFIMMS82(I.3).EG.2) 	GO TO 284 

000565B 158.  282 TTZ1=TZ1 
0005668 159.  TTZ2=TZ2 
0005708 160.  TZ1=TTZ2 
0005708 161.  TZ2=TTZ1 
0005728 162.  GO TO 288 
0005728 163.  284 TTZ1=TZ1 
0005738 164.  TTZ3=TZ3 
0005758 165.  TZ1=TTZ3 
0005758 166.  TZ3=TTZ1 
0005778 167.  288 LSKIP=1 
0006008 168.  CALL E211O(7Z1.TZ2,TZ3.7S) 
0006038 169.  TP=TPIIITS 
000604B 170.  GO TO 420 

C 
C 1111 
C 

.,0006058_ 171.  300 	IH1=MSIMSB2(I.1)) 
0006079 172.  TZ1=ZA(IH1) 	• 
0006108 173.  IH2=MS(MS82(I.2)) 
0006128 174.  TZ2=ZA(IH2) 
0006148 175.  Ill3=MSIMS82(I.3)) 
0006168 176.  TZ3=ZA(IH3) 
0006208 177.  IH4=MS(MSB2(I.4)) 
0006228 178.  TZ4=ZA(IH4) 
0006248 179.  CALL (1111(TZ1ITZ2.TZ3.TZ4.TS) 
0006278 180.  TP=TP.I.TS 
0006308 181.  420 LSK/P=1 
0006318 182.  UNDEF=TP 
0006328 183.  IF(LPN(11).E0.0) 	GO TO 440 
0006348 184.  WRITE(IPRINT,430) 	TP 
0006418 185.  430 FORMAT(1X.a(DSTAR**08(I))*ACB(I)*(EXPECTATION OF PRODUCT OF FIRST 

1P-KSTAR R.V. AND LAST N-P R.VOG/1X.D*EXPECTATION OF PRODUCT OF MI 
1DDLE KSTAR R.V.)=a.F10.5) 

0006418 186.  440 LSKIP=1 
0006418 187.  RETURN 
0006448 188.  END 

0000008 189.  SUBROUTINE GOEFl(II.JJ.KK•UN0EF) 
. C 

C ROUTINE COEF1 CALCULATES BETA1A+IJK 
C 

0000008 190.  COMMON/MSKPAB/MSA(23,6),MSB(73.6).KPA(23.21).KPB(73.21) 
.000000B 191.  COMMON/MMSA/MMSA1(23.4),MMSA2(23.4).MMSA3(23,4) 
0000008 192.  COMMON/MSAB12/VISA1(23.4).MSA2(23.4).MSA312314/ 
0000008 193.  COMMON/MSB/MSB1(73.4).MSR2(73,4).MSB3(73.4) 
0000008 194.  COMMON/MMSB/MMS81(73.4)emMSB2(73.4),MMSB3(73.4) 
0000008 195.  COMMON/DAC/DA(23)1ACA(231 ,106(73),ACR(73) 
0000008 196.  COMMON/ICMAXM/ICMAXM( 	50)IICMAX(100) 
0000008 197.  COMMON/MSKP/MS(6),KP(21) 
0000008 198.  COMMON/NPAROWNPAROJOBSeKSTAR 
0000008 199.  COMMON/DPLUS/DPLUS 
0000008 200.  COMMON/KSTRP/KSTHP(20) 
0000008 201.  COMMON/CHINOWCHINON(12) 
000000g 202.  COMMON/FACGAM/FAC(150).GAMMA(150) 
000000g 203.  COMMON/ZA/ZA(10) 
000000g 204.  COMMON/A/A(5m3.3) 
0000008 205.  COMMON/LPN/LPN(14) 
0000008 206.  COMMON/IPRINT/IREAD.IPRINTI/TAPE7.ITAPE8.ITAPE9.ITAP10 
0000008 207.  I=II 
0000008 208.  J=JJ 
0000028 209.  K=KK 
0000038 210.  NPMK=NPAR-KSTAR 
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0000058 
000006B 
0000078 
0000108 

0000228 
0000268 

211.  
212.  
213.  
214.  

215.  
216.  

NPMKP1=NPMK+1 
NPARP=NPAR+1 
TS=0.0 
IF(.NOT.(I.GE,NPMKPI.AND.I.LE.NPAR.AND.J.GE.1.AND.J.LE.NPMK.AND.K. 

	

1GE.1.AND.K.I.E.NPMK)) 	GO TO 30 
CALL E1000(ZAW.7S11 
IF(.NOT.(..1.NE.K)) 	GO 	TO 	10 

0000318 217.  TS=4.0*ZA(J)sZA(K)*DPLUSsTS1 
0000358 218.  GO TO 20 
0000378 219.  10 TS=2.0*(1.0+ZA(J)*ZA(J))*DPLUS*TS1 
0000436 220.  20 LSKIP=1 
0000448 221.  GO TO 100 
0000458 222.  30 IFC.NOT.(I.GE.NPARP.AND.I.LE.NOBS))G0 TO 100 
0000528 223.  IFI.NOT.I(J.GE.1.AND.J.LE.NPMK).AND.W.GE.NPMKPleAND.K.LE.NPARMG 

10 TO 40 	. 
0000628 224.  CALL E1O00(ZAfK)•TSl) 
0000668 225.  TS=-4.0*ZA(I)*ZA(J)*DPLUB*TS1 
0000738 226.  GO TO 100 
0000748 227.  40 /Ff.NOT.H.J.GE.NPMKPl.AND.J.LE.NPARIOND.(K.GE.1.AND.K.LE.NPMK))) 

160 TO 50 
0001058 228.  CALL E1000(ZA(J),TS11 
0001100 229.  TS=.4.0s2A(I)*ZA(K)*DPLUS*TS1 	• 
0001158 230.  GO TO 100 
0001168 231.  50 IF(.NOT.(I.J.GE.NPMKPl.AND.J.LE.NPAR).AND.IK.GE.NPMKPleAND.K.LE.NPA 

1R))) 	GO 	TO 	100 
0001268 232.  IF(.NOT.(J.NE.K)) 	GO TO 60 
0001318 233.  CALL E1100(ZA(J).ZA(K).TS1) 
000136B 234.  TS.7.4.0*ZA(I)*DPLUS*DPLUS*TS1 
0001428 235.  GO TO 70 
0001436 236.  60 	IF(.NOT.(J.E0.K)) 	GO TO 70 
0001478 237.  CALL E2000(ZA(J).TS1) 
0001528 238.  TS=..2.0*ZA(I)*DPLUS*OPLUB*TS1 
0001558 239.  70 LSKIP=1 
0001568 240.  100 LSKIP=1 
0001578 241.  UNDEF=TS 
0001608 242.  RETURN 
0001636 243.  END  
. 1.  SUBROUTINE E1000(TZ.TS) 
000000B 2.  COMMON/KSTRP/KSTRP(20) 
000000g 3.  COMMON/DPLUS/DPLUS 
0000008 4.  COMMON/CHINON/CHINON(12) 
0000008 5.  COMMON/NPAROB/NPAR.NOBS.KSTAR 
0000008 6.  TS=(TZ/OPLUS)*CHINON(KSTRP(2)) 
0000038 7.  RETURN 
0000058 8.  END 

NUMBER AND NAME CROSS REFERENCE MAP (/N= N REFERENCES IN STATEMENT) 

VARIABLE AND ARRAY NAMES SORTED BY ADDRESS 	(B=RELATIVE ADDRESS) 
(C= RELATIVE TO //) 

000000C CHINON 	000000C DPLUS 	000000C KSTRP 	000000C NPAR 	000001C NOBS 

00000013 	9. 	SUBROUTINE E2000(TZITS) 
0000008 	10. 	COMMON/KSTRP/KSTRP(20) 
0000008 	11. 	COMMON/DPLUS/DPLUS 
0000008 	12. 	COMMON/CHINON/CHINON(12) 
0000008 	13. 	COMMON/NPAROR/NPAR.NOBSIKSTAR 
000000g 	14. 	TS=(1.0/(DPLUS**2))*(CHINON(KSTRP(2))+TZ*T2*CHINON(KSTRP(4))) 
000007g 	15. 	RETURN 
0000128 	16. 	END 
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0000008 	17. 	SUBROUTINE E1100(TZ1.T22.TS) 

	

0000008 	18. 	COMMON/KSTRP/KSTRP(20) 

	

0000008 	19. 	COMMON/DPLUS/DPLUS 

	

0000008 	20. 	COMMON/CHINON/CHINON(12) 

	

0000000 	21. 	COMMON/NPAROB/NPAR.NOBSeKSTAR 

	

000000B 	22. 	TS=(TZ1*TZ2/(DPLUS**2))*CHINONIKSTRP(4)) 

	

0000048 	23. 	RETURN 

	

0000078 	24. 	END 

NUMBER AND NAME CROSS REFERENCE MAP (/N= N REFERENCES IN STATEMENT) 

VARIABLE AND ARRAY NAMES SORTED BY ADDRESS 
	

(B=RELATIVE ADDRESS) 
(C= RELATIVE TO //) 

	

000000C 	CHINON 	000000C ()PLUS 
	

000000C KSTRP 	000000C NPAR 	000001C NOBS 

	

0000008 	25. 	SUBROUTINE E3000(TZ,TS) 

	

0000008 	26. 	COMMON/KSTRP/KSTRP(20) 

	

000000B 	27. 	COMMON/DPLUS/DPLUS 

	

0000008 	28. 	COMMON/CH/NON/CHINON(12) 

	

000000B 	29. 	COMMON/NPAROB/NPARINOBSIKSTAR 

	

0000008 	30. 	TS=(TZ/(DPLUS**3))*(3.0*CHINON(KSTRP(4))+TZ*TZ*CHINON(KSTRP(6))) 

	

000010B 	31. 	RETURN 

	

0000138 	32. 	ENO 

NUMBER AND NAME CROSS REFERENCE MAP l/N= N REFERENCES IN STATEMENT) 

VARIABLE AND ARRAY NAMES SORTED BY ADDRESS 
	

(B=RELATIVE ADDRESS) 
(C= RELATIVE TO //) 

	

000000C 	CHINON 	000000C DPLUS 
	

000000C KSTRP 	000000C NPAR 
	

000001C NOBS 

	

0000000 	33. 	SUBROUTINE E2100(TZ1ITZ2eTS) 

	

0000000 	34. 	COMMON/KSTRP/KSTRP(20) 

	

0000008 	35. 	COMMON/DPLUS/DPLUS 

	

0000008 	36. 	COMMON/CHINON/CHINON(12) 
--0000008 	37.- - - - - -- -- COMMON/NPAROB/NPAR 'NOBS . K STAR- 	- - 	- - - - -- - - - - - - 	- 	- - -- - - - - - - - - 

	

0000008 	38. 	TS=(TZ2/(DPLUS**3))*(CHINON(KSTRP(4))+TZ1*TZ1*CHINON(KSTRP(6))) 
000007B 	39. 	RETURN 

. 0000128 	40. 	END 

NUMBER AND NAME CROSS REFERENCE MAP (/N= N REFERENCES IN STATEMENT) 

	

VARIABLE 	AND ARRAY NAMES SORTED BY ADDRESS 
	

(B=RELATIVE ADDRESS) 
(C= RELATIVE TO //1 

	

000000C 	CHINON 	000000C DPLUS 
	

000000C KSTRP 	000000C NPAR 	000001C NOBS 

0000008 	41. 	SUBROUTINE E11lOITZ1•TZ2.TZ3.TS) 
0000008 	42. 	COMMON/KSTRP/KSTRP(201 
0000008 	43. 	COMMON/DPLUS/DPLUS 
000000B 	44. 	COMMON/CHINON/CHINON(12) 
0000008 	45. 	COMMON/NPAROB/NPAR.NOBS.KSTAR 
000000B 	46. 	TS=(TZ1*TZ2*TZ3/(OPLUS**3))*CHINON(KSTRP(6)) 
0000058 	47. 	RETURN 
0000108 	48. 	END 

NUMBER AND NAME CROSS REFERENCE MAP (/N= N REFERENCES IN STATEMENT) 

	

VARIABLE 	AND ARRAY NAMES SORTED BY ADDRESS 
	

(B=RELATIVE ADDRESS) 
(C= RELATIVE TO //) 

000000C CHINON 	000000C DPLUS 
	

000000C KSTRP 	000000C NPAR 	000001C NOBS 

0000008 
0000008 
0000008 
0000008 
0000000 
000000B 

0000148 
0000178 

49. SUBROUTINE E4000(TZITS) 
50. COMMON/KSTRP/KSTRPI20) 
51. COMMON/DPLUS/DPLUS 
52. COMMON/CHINON/CHINON(12) 
53. COMMON/NPAROB/NPAR.NOBS.KSTAR 
54. TS=(1.0/(0PLUS**41)*(3.04,CHINON(KSTRP(41)46.0*TZ*TZ*CHINON(KSTRP(6 

11)+TDIATZ*TZ*TZsCHINON(KSTRP(8))) 
55. RETURN 
56. END 
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0000008 	57. 	SUBROUTINE E3100(TZ1.T22.TS) 
0000008 	58. 	COMMON/KSTRP/KSTRP(20) 
0000008 	59. 	COMMON/DPLUS/DPLUS 
0000008 	60. 	COMMON/CHINON/CHINON(12) 
000000B 	61. 	COMMON/NPAROB/NPARINOBS.KSTAR 
0000008 	62. 	TS=(TZ1*T22/(DPLUS**4))*(3.0*CHINON(KSTRP(8))+721*721*CHINON(KSTRP 

1(8))) 
0000118 	63. 	RETURN 
0000146 	64. 	END 

NUMBER AND NAME CROSS REFERENCE MAP (IN= N REFERENCES IN STATEMENT) 

VARIABLE AND ARRAY NAMES SORTED BY ADDRESS 	(B=RELATIVE ADDRESS) 
(C= RELATIVE TO //) 

.000000C CHINON 	000000C DPLUS 	000000C KSTRP 	000000C NPAR 	000001C NOBS 

000000B 	65. 	SUBROUTINE E2200(T21,TZ2.TS) 
0000008 	88. 	COMMON/KSTRP/KSTRP(20) 
0000008 	67. 	COMMON/DPLUS/DPLUS 
0000008 	68. 	COMMON/CHINON/CHINON(12) 
0000008 	69. 	COMMON/NPAROB/NPAR.NOBS.KSTAR 
000000B 	70. 	TS=(1'0 /(OPLUSss4))*(CHINON(KSTRP(4))+17214,721+T22sT22)*CHINONIKST 

1RP(8))+1.21*TZ1*T22.722*CHINONIKSTRP(8))) 
0000158 	71. 	RETURN 
0000209 	72. 	END 

NUMBER AND NAME CROSS REFERENCE MAP (IN= N REFERENCES IN STATEMENT) 

VARIABLE AND ARRAY NAMES SORTED BY ADDRESS 
	

(B=RELATIVE ADDRESS) 
(C= RELATIVE TO //) 

000000C CHINON 	000000C DPLUS 
	

000000C KSTRP 	000000C NPAR 	000001C YOBS 

0000008 	73. 	SUBROUTINE E2110(TZ1ITZ2,TZ3ITS) 
0000008 	74. 	COMMON/KSTRP/KSTRP(20) 
0000008 	75. 	COMMON/DPLUS/DPLUS 
0000008 	76. 	COMMON/CHINON/CHINON(12) 
0000008 	77. 	COMMON/NPAROB/NPAR,NOBS.KSTAR 
000000B 	78. 	TS=(TZ2*T23/(DPLUS**4))*(CHINON(KSTRP(8))+TZ1*TZ1*CHINON(KSTRP(8)) 

1) 
0000118 	79. 	RETURN 
0000148 	80. 	END 

NUMBER AND NAME CROSS REFERENCE MAP t/N= N REFERENCES IN. STATEMENT) 

VARIABLE AND ARRAY NAMES SORTED BY ADDRESS 	(B=RELATIVE ADDRESS) 
(C= RELATIVE TO //) 

000000C CHINON 	000000C ()PLUS 	000000C KSTRP 	000000C NPAR 	000001C NOBS 

0000008 	81. 	SUBROUTINE E1111(7210.22,TZ3eTZ4,TS) 
0000008 	82. 	COMMON/KSTRP/KSTRP(20) 
0000008 	83. 	COMMON/DPLUS/DPLUS 
0000008 	84. 	COMMON/CHINON/CHINON(12) 
0000008 	85. 	COMMON/NPAROB/NPARoNOBS.KSTAR 
0000008 	86. 	TS=(TZ1*TZ2*TZ3*TZ4/(0PLUS**4))*CHINON(KSTRP(8)) 
0000068 	87. 	RETURN 
0000118 	88. 	END 

NUMBER AND NAME CROSS REFERENCE MAP (/N= N REFERENCES IN STATEMENT) 

VARIABLE AND ARRAY NAMES SORTED BY ADDRESS 
	

(g=RELATIVE ADDRESS) 
(C= RELATIVE TO //) 

0000000 CHINON 	000000C ()PLUS 
	

000000C KSTRP 	000000C NPAR 	000001C NOBS 

000000g 
0000008 
000000g 
0000008 
0000008 
0000008 

000014g 
0000178 

89. SUBROUTINE 	E5000(T2sTS) 
90. COMMON/KSTRP/KSTRP(20) 
91. COMMON/DPLUS/DPLUS 
92. COMMON/CHINON/CHINON(12) 
93. COmMON/NPAROp/NPAR.NogS.KSTAR 
94. TS=(TZ/(DRLUS**5))*(15.0.CH/NoN(KSTRP(6)1+10.04,170.2*CHINON(KSTgpt 

18))+T2•TZsTZ*TZ*CHINON(KSTRP(10))) 
95. RETURN 
96. END 
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0000008 	97. 	SUBROUTINE E4100(7210.22.TS) 

	

0000008 	98. 	COMMON/KSTRP/KSTRP(20) 

	

0000008 	99. 	COMMON/DPLUS/DPLUS 

	

---0000006 	100. ------ -COMMON/CHINON/CHINON(12) 	. . 

	

0000008 	101. 	COMMON/NPAKOB/NPAR.NOBS.KSTAR 

	

0000008 	102. 	TS=(TZ2/(DPLUS**5))*(TZ1sTZ1*T2141721*CH/NON(KSTRP(10))+6.0*T21*T21 
1*CHINON(KSTRP(8))+3.0*CHINONIKSTRP(6))) 

	

0000158 	103. 	RETURN 

	

0000208 	104. 	END 

. NUMBER AND NAME CROSS REFERENCE MAP (/N= N REFERENCES IN STATEMENT) 

VARIABLE AND ARRAY NAMES SORTED BY ADDRESS 	(B=RELATIVE ADDRESS) 
(C= RELATIVE TO //) 

000000C CHINON 	000000C DPLUS 	000000C KSTRP 	000000C NPAR 000001e NOBS 

0000008 	105. 	SUBROUTINE E3200(T21,722.TS) 
0000008 	106. 	COMMON/KSTRP/KSTRP(20) 
0000008 	107. 	COMMON/DPLUS/DPLUS 
0000008 	108. 	COMMON/CHINON/CHINON(12) 
0000008 	109. 	COMMON/NPAROB/NPARINOBSIIKSTAR 
0000008 	110. 	TS=(T21/(DPLUS**5))*(3.0*CHINONIKSTRP(6))+T21*TZ1*CHINON(KSTRP(8)) 

1+3.0*TZ2*TZ2*CH/NONIKSTRP(8))+TZ1!TZ1*TZ2*122*CHINON(KSTRP(10))) 
0000168 	111. 	RETURN 
.0000218 	112. 	END 	- 

NUMBER AND NAME CROSS REFERENCE MAP (/N= N REFERENCES IN STATEMENT) 

VARIABLE AND ARRAY NAMES SORTED BY ADDRESS 	(B=RELATIVE ADDRESS) 
(C= RELATIVE TO //) 

000000C CHINON 	000000C DPLUS 	000000C KSTRP 	000000C NPAR 
	

000001c NOBS 

000000B 	113. 	SUBROUTINE E3110(721.7Z2,TZ3ITS) 
0000008 	114. 	COMMON/KSTRP/KSTRP(20) 
0000008 	115. 	COMMON/DPLUS/DPLUS 
0000008 	116. 	COMMON/CHINON/CHINON(12) 
0000008 	117. 	COMMON/NPAROB/NPAR.NOBS.KSTAR 
0000006 	118. 	TS=(721*TZ2*TZ3/(0PLUS**5))*(3.0*CH/NON(KSTRP(8))4421*T21*CHINON(K 

1STRP(10))) 
0000138 	119. 	RETURN 
000015B 	120. 	END 

NUMBER AND NAME CROSS REFERENCE MAP I/N= N REFERENCES IN STATEMENT) 

VARIABLE AND ARRAY NAMES SORTED BY ADDRESS 
	

(B=RELATIVE ADDRESS) 
(C= RELATIVE TO //) 

000000C CHINON 	000000C DPLUS 
	

000000C KSTRP 	000000C NPAR 
	

000001C NOBS 

0000008 	121. 	SUBROUTINE E2210(721.7221723.TS) 
0000008 	122. 	COMMON/KSTRP/KSTRP(20) 
000000B 	123. 	COMMON/DPLUS/DPLUS 
0000008 	124. 	COMMON/CHINON/CHINON(12) 
000000g 	125. 	COMMON/NPAROB/NPAR•NOBS•KSTAR 
000000B 	126. 	TS=(TZ3/(DPLUS**5))*(CHINON(KSTRP(6))+(TZ14,111+TZ2*T22)sCHINON(KST 
• 1RP(B))+TZ1*TZ1*TZ24,722*CHINONIKSTRP(10))) 

0000158 	127. 	RETURN 
000020B 	128. 	END 
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0000008 129.  SUBROUTINE E2111(171.TZ2.7Z3ITZ4.TS) 
0000009 130.  COMMON/KSTRP/KSTRP(20) 
0000008 131.  COMMON/DPLUS/DPLUS 
0000008 132.  COMMON/CHINON/CHINON(12) 
0000008 133.  COMMON/NPAROB/NPAR.NOBSIKSTAR 
0000009 134.  TS=(122*TZ3*T24/(DPLUS**5))*(CHINON(KSTRP(8))+TZ1*TZ1*CH/NON(KSTRP 

1(10))) 
0000128 135.  RETURN 
000015B 136.  END 

NUMBER AND NAME CROSS REFERENCE MAP (/N= N REFERENCES IN STATEMENT) 

VARIABLE AND ARRAY NAMES SORTED BY ADDRESS 	(B=RELATIVE ADDRESS) 
(C= RELATIVE TO 	//) 

000000C CHINON 	000000C DPLUS 	000000C KSTRP 	000000C NPAR 	000001C NOBS 

0000009 137.  SUBROUTINE E11111(TZ1ITZ2ITZ3,124.T25.TS1 
000000B 138.  COMMON/KSTRP/KSTRP(20) 
0000008 139.  COMMON/DPLUS/DPLUS 
0000008 140.  COMMON/CHINON/CHINON(12) 
0000009 141.  COMMON/NPAROB/NPAReNODS.KSTAR 
000000B 142.  TS=ITZI*TZ2*TZ3*TZ4*TZ5/(DPLUS**5))*CHINON(KSTRP(10)) 
000007B 143.  RETURN 	 • 
0000129 144.  END 

NUMBER AND NAME CROSS REFERENCE MAP (/N= N 	REFERENCES IN STATEMENT) 

VARIABLE AND ARRAY NAMES SORTED BY ADDRESS 	(B=RELATIVE ADDRESS) 
(C= RELATIVE TO 	//) 

000000C CHINON 000000C ()PLUS 	000000C KSTRP 	000000C NPAR 000001C NOBS 

0000009 145.  SUBROUTINE EXPZITZZ.MMS.TPP) 
0000008 146.  TZ=TZZ 
000000B 147.  TP=TPP 
0000028 148.  IF(MMS.E0.1) 	TP=TP*TZ 
0000066 149.  IF(MMS.E0.2) 	TP=TP*(1.0+TZ*TZ) 
0000136 150.  IF(MMS.E0.3) 	TP=TP*(3.0*TZ+TZ*TZ*TZ) 
0000208 151.  IF(MMS.E0.4) 	TP=TP*(3.0+6.0*TZ*TZ+TZ*TZ*TZ*TZ) 
0000276 152.  TPP=TP 
0000278 153.  RETURN 
000032B 154.  END 
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