IMPERIAL COLLEGE OF SCIENCE AND TECHNOLOGY
(University of London)

Department of Management Science

ASPECTS OF LINEAR PROGRAMMING AND ACCOUNTING IN A
MANUFACTURING COMPANY
by

AMIR EILON

A thesis presented for the degree of Doctor of Philosophy
in the University of London, and the Diploma of the

Imperial College of Science and Technology

June 1976



CONTENTS

Abstract
Acknowledgement
INTRODUCTION
Chapter 1 MATHEMATICAL PROGRAMMING & SHORT-TERM
CORPORATE PLANNING
1.1 Introduction
1.2 The Company
1.3 Modelling Approaches
1.4 Corporate Models
1.5 The Imperial College Model
1.6 Model Formulation
1.7 Further Sophistication
1.8 Assumptions of LP in Planning
1.9 Conclusions
Chapter 2 LONG TERM CORPORATE PLANNING
2.1 Introduction
2,2 Widespread Investment Appraisal Techniques
2.3 Capital Expenditure Formulation
2.4 Conclusions
Chapter 3 THE ACCOUNTING FUNCTION
3.1 Introduction
3.2 The Development of Accounting Principles
3.3 Valuation of Assets
3.4 Examples of Problem Balance Sheet Entries

vii

15
19
23
40
43

48

49
49
49
64

70

72
72
72
8L

97



3.5

3.6

Chapter 4
4.1
4,2
4.3
4.4

4.5

Chapter 5
5.1
5.2
5.3
5.4

5.5

Chapter 6
6.1
6.2
6.3

6.4

Chapter 7

LP in Accounting

Conclusions

ALTERNATE SOLUTIONS

Introduction

Geometry of Feasibility

Geometry of Optimality

Alternate Solution to the Primal Programme

Conclusions

DEGENERATE SOLUTIONS
Introduction
Description and Definition

Classical Tests for Optimality

Mathematical Description of the Behaviour of Degegﬁéfte LPs

Conclusions

INTERPRETATION OF LP SOLUTIONS
Introduction

Alternate Solutions

Degenerate Solutioms

Conclusions

CONCLUSION

REFERENCES

Page

103

111

113
113
113
115
119

121

123
123
123

135

155

157

157

157

163

171

173

178

ii



APPENDIX A

APPENDIX

APPENDIX

APPENDIX

APPENDIX

Al
A.2

A3

B.1

B.2

c.1

C.2

E.2

CONTENTS

THE SHORT~-TERM CORPORATE MODEL
The System in Use
Definitions of Model Data and Variables

The Model Equations

THE LONG-TERM MODEL
Definitions of Model Data and Variables
The Model Equations

The Model in Use

MATHEMATICAL FOUNDATIONS
Definitions

Basic Results

EXAMPLES OF RESULTS
Introduction
Dual Space Generation

Multiple Balance Sheets

PREVIOUS PUBLICATIONS
"VALUATION OF RESOURCES" (51A)

"NOTE ON '"MANY-SIDED SHADOW PRICES' "
(51)

195
195
200

206

258
258
259
264

266
266

269

275
275
276

287

289
289

308

iii



INDEX OF FIGURES AND TABLES.

Figure 1.1
Figure 1.2
Figure 1.3
Figure 1.4

Figure 1.5

Figure 2.1

Table 3.1
Table 3.2
Figure 3.1

Figure 3.2

Figure 4.1

Figure 4.2

Figure 5.1
Figure 5.2
Table 5.1

Figure 5.3
Figure 5.4
Figure 5.5

Figure 5.6

The Manufacturing Process

Corporate Financial Flows.

Piece-Wise Linearization of the Demand Curve
Dangers of Linear Approximations

Dangers of Linear Optimization
Isoquant Analysis

Opening Balance Sheet
Transactions
Spread Sheet Flows

Bottleneck Transference

Boundedness of the Primal Region in Direction
of Optimization

Example of Alternate Solutions

Charnes' Perturbation

Piece-Wise Linear F;nction of Z*(bi)

The Marginal Values of the Alternate Bases
Strum's Example

Geometry of Optimality

Non-Simple Degeneracy

Optimal Degenerate Tableau

20
21
42
45
46

5k

105
105
106

110

116

120

127
130
132
132
133
14k

149



Figure A.1

Figure E(.1).1
Figure E(.1).2
Figure E(.1).3
Figure E(.1).4

Figure E(.1).5

Table E(.2).1

Figure E(.2).1

The LP Model in Use ' 198
The LP Model 304
Example of a Degenerate Vertex 304

Different Balance Sheets for the Same Period 305
Different Profit Profiles 306

Different Asset Value Profiles 307

The Marginal Values of Alternate Optimal
Bases 309

Geometry of the Problem 310



P
P
P
P
P
P
P
P
p
P
P
P
P
P
P
P
P
b
P
P
P
P
P
P
P
P
P
P
P
P
P
P
P

par
par
par
par
par
par
par
par
par
par
par
par
par
par

Figure 1.3

par
par
par
par
par
par
par
par
par

par
par
par
par
par
par
par

1
2

A o e NAW RN RNRON = O -

i

o e b b e e e

OV Do NTW N

b e e s
- TV LRV I RN

[P A WRY) JVCR i SN ) l‘Jb:UN\ﬂ
LS

=~
"]

read
read
read
read
read
read
read
read
read
read
read
read
omit
read
read

read
read
read
read
omit
omit
read
read
omit
read
read
read
read
read
read
read
read
recad

ERRATA

Weriticism"
"deterministic?
".ll

Yvariables"

Il:ll

HEILON S"
Yagainst"

"academic resource!"

Mtaking"
"restricted"
""pursue
"that?

n_n
"heginning"

n £d n

Q, Q<Q2

over -
Yinstallation"
neqn

nA)n

"o

1n_n
“detecting”
"Conservatism'
1w

Illed“
"Conservatism".
"principal”
"objectively"
"to be"
"account!
"matrix"

" (BB)II

Yoptimal"

for
for
for
for
for
for
for
for
for
for
for
for

for
for

for
for
for
for

for
for

for
for
for
for
for
for
for
for
for

"eritism"
"determinstic"
"’"
"variable"
l"ll
WEILONS™
"agains"
"academic™
Uthat the"
"retained"
"persue"
Hath

"begining"
"Q1>Q<Q2"

Y'over M

"instalation"
noqn

n(

"defecting”
"Coservatism"

"1(!'.."
"Conservation"
"principle
"objectivity"
n to "
llamOuntH
"matric"
n(82)n

"optional"

g

TooowTWTT DT T TOYT T W

TWwwTYmTT oYY ST Y

4-113
L4-119
L-121

5-127
5-132
5-133
5-137
5-147
5-148
5-150
5-151
5-152
5=-155
6-158
6-159
6-161

6-161
6-162
6-169
6-171
6-171
6-172
7-173
7-174
A-199
A-205
A-210
B-262
c-269
Cc-269
D-288

par

= o e

2

-
W

-

Figure 5.3

par

- AN R =W

1

o b e b

1

[ N A I

7

Equation 6.3

Equation 6.4

par
par
par
par
par
par
par
par

par
par
par
par
par

o NN FWW e
"N

[ SIS R SR

Ll N R S N VR N

LA I CEE A RN B VR 8

-
\n

(V)

read
read
read

read
swap
read
read
read
read
read
read
read
read
read
read
road

read
read
read
read
read
read
read
read
read
read
read
read
read
read
read

ERRATA

s gt
contained"
ng M

J
Nin "
WAN  fop QM
" ( 1&3 m

YLP's which do not"

"interpreted"
"pertgibation"
Il_w A n
"non-degenerate)!
"hyperplane s"
""'perturbation"
"Interpretation®
Voptimizing"

"b, - ax > A
ERC I
"EE = £z I
"M)dﬂ.l"
"company ' s'"
"secondary"
"chosen"

"u’.\ll"
"preparation
"component'
"wasll

"Debtors"
"revenue"
Yacquisition"
Ilan ‘ll

¢ neighbourhood"
Utaking"

for
for
for

for

for
for
for
for
for
for
for
for
for
for
for

for
for
for
for
for
for
for
for
for
for
for
for
for
for
for

n 0“
"containyd"
"ﬂ . n

"il’l e"

" (&3)“

IILPISII
"interpreated"
"pertubation"
ll_w A 1]
"non-degenerate "
"hyperplanes!
Yperterbation”
"Interpreation"
Yoptimixing"
"E‘l - 2 L] }\‘ll
a a .

Mg x =z "
"Mode"
Yeompanies!

"se jondary"
Yclose"

llall
“preperation"
Weomparent"
"were"
"Debitors"
"rescrves"
"asquisition"
"an E"

"e neighbourhood®
"mnking"



vi

ABSTRACT

This thesis is concerned with the development of tools to aid the
management of a general manufacturing company to both plan their
activities in the short and medium term, and to evaluate their

proposals in terms of balance sheet projections.

The modelling technique used is linear programming and the two
models concentrate on the physical activities of production
planning (i.e. work-centre and labour force scheduling), purchasing,
and cashflow planning in the short térm, extended to include

capital expenditure under capital rationing in the medium term.

It has been proposed that the dual linear programme may be used
for valuation purposes and that such a procedure may overcome
some of the problems experienced by currently accepted accountancy

procedures.

This thesis investigates the conditions that give rise to (the
often experienced) alternate and/or degenerate solutions to

corporate models formulated above.

These particular linear programming solutions require a revision
to our previous understanding and use of the dual. In particular,
the existance of an alternate dual space at degenerate primal
solutions presents a considerable obstacle to the proposal to use

the dual linear programme for valuation purposes.
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ABBREVIATIONS AND NOTATION.

X vector x

xj the j'th element of vector x

S either'the set or matrix S (differentiation is clear from the text
J) zero where confusion may occur .(otherwise 0)

st such that

Z sums overvi

i

5,4 greater than or equal to, less than or equal to

Common notation has been used throughout this report. The following

“are the most important examples:

A the matrix of technological coefficients (dimension m x n)
b the rigH hand side vector (dimension m)

c the objective function vector (dimension n)

B the square basic matrix

I the vector of dual variables (dimension m)

X . the vector of primal variables (dimension n)

* superscipt denoting the optimal value

OyBgA scalar multipliers

References are denoted as follows:

-9 - 99 - page 99 of the thesis that forms part of Chapter 9

- X - 999 - page 999 of the thesis that forms part of Appendix X
(999) reference 999

Figure 9.99 Figure 99 from Chapter 9

Table 9.99 Table 99 from ChapterAg

Equation 9.99 Equation 99 from Chater 9

Chapter 9.99.1 Subsection i of Section 99 of Chapter 9

Jrn. journal



INTRODUCTTION

The need for planning a company's affairs is now well accepted.
We proceed from that basis to propose a particular model that
may help management govern a company's activities in the short
and medium term and then investigate a method for evaluating the

company's performance.

The first part of the thesis is concerned with the development

of a Linear Programming (LP) model of a company's activities. In
Chapter 1 we confine these activities to the short—term management
decisions of production, sales and short-term financing. In Chapter
2 we propose a formulation of longer-term decisions involving capital
expenditures, changing the product mix and changing the amount of
value added during production, under conditions of capital rationing
that overcome problems experienced by previous capital budgeting

formulations.

The second part of the thesis is concerned with the valuation process.
In reporting to the parties interested in the company's affairs
(shareholders, employees, creditors, bankers, government, etc.) the
company presents a balance sheet drawn up to give a picture of the
company at its year end. In Chapter 3 we inspect the currently accepted
accounting procedures and point to a number of problem areas. It

has been suggested that the dual LP from a corporate LP model of the
type described earlier may provide a means to apply an opportunity
valuation to the company's resources in the context of their use

in achieving the company's goals.
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However, this proposal is itself not problem free and we investigate
the meaning of the dual LP under two commonly experienced conditions;
namely that the optimal solution; are Primal Alternate and/or
Primal Degenerate. In Chapter 4 we discuss the geometry that
gives rise to alternate solutions. In Chapter 5 we show that the
Kuhn—-Tucker Necessary Conditions for optimality need
not apply to degenerate solutions. Furthermore, the generally
accepted two—-sided nature of the dual variable at the degenerate
solution is shown to be a gross simplification of the behaviour
of the dual LP: we shall show the existence of an alternate dual
space at the primal degenerate optimum and the collapse of this
space, under simple degeneracy, to the two-sided dual variable under

sensitivity analysis.

In Chapter 6 we discuss the implication of these results to the
proposal to use the dual LP for valuation. We suggest the introduction
of a '"Holding Value'" to highlight the company's over-—availability of
some resources (corresponding to the slack of certain constraints).
Making the problem totally degenerate appears attractive in that it
allows the LP to allocate the objective function value over all the
resources (and represents the ideal determinstic economic system).
However, the existence of the alternate dual space allows the user to
construct an infinity of different balance sheets that all purport

to portray the same physical solution. The resulting loss of information
leads us to question the use of the dual LP (even for non-degenerate

problems) for valuation.
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CHAPTER 1

MATHEMATICAL PROGRAMMING & SHORT-TERM CORPORATE PLANNING

Introduction

This thesis takes as read the justification of the need for
systematic planning (see (4), (47) ); the discussion wiil
_concentrate on the use and respective merits of various
analytical techniques in helping to construct short~term

corporate plan (or budgets).

Planning may be identified with many different aspects of the
company's activities: it can concern itself with the solution
of particular problems, such as the raising of finance (3); the
selection of product mix (90); the scheduling problem (52),

and many others, Or it may concern itself with establishing

the global corporate strategy (see (96), (101) ).

This thesis is concerned with the latter aspect of corporate
planning, and in this chapter a global corporate model is

developed and tested for the particular company described below.

The Company

The test company being modelled, is a wholly owned subsidiary

of a small conglomorate holding company. It is a medium-
engineering company making earth-moving equipment of two

distinct types: a 360-degree tracked excavator (termed a HYMAC,
since that company is the market leader for this product in the
U.K,) manufactured at Rhymney and a 180~degree wheeled excavator
loader (termed a JCB) manufactured at Great Yeldham. The company

also markets (and manufactures some) spare-parts for its primary



-1 =4 =
products, and in the course of business it also undertakes some
part-exchange of customers' old machines which are then resold

on the second-hand market.

2.1 Product Range

By inspection of the value and volume of units of separately
identifiable products seven different HYMAC and six
different JCB models were identified. These 13 models
accounted for the major proportion of all sales. (Products
excluded consisted of one HYMAC model of which only one

or two were sold annually, and some wheeled-shovels which
could be similarly ignored), The market for these

products was split into two sectors, namely '"HOME" and
"EXPORT'", Further subdivision of these markets could not
be identified by specific marketing factors. However,
sales of JCB's in Germany required different production
specifications, , so three extra 'special' JCB models

were included in the product range. These were sold in the

specific market sector "GERMANY' only.

Consideration of spare-parts proved to be a more difficult
problem: each finished product is made up of some thousands
of component items and.it would be impractical to try to
treat each one individually, Attempts to combine a number
of parts to form a pseudo-unit spare-part proved impossible;
nor was there any information to relate the sales of
spare-parts with the population of machines already sold.
Explicit treatment of this facet of the company's activities

had therefore to be shelved.
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Since the number of products -16- is small, no grouping
of products was required and this greatly eased the data

collection exercise.

Manufacturing Facilities

The manufacturing process at both factories is similar:
raw materials are processed in the machine and fabrication
shops, then assembled with other bought-in components,

and finally painted and tested prior to despatch. This

is shown schematically in Fig, 1.1 At Great Yeldham

the progress of work is more along the line-system than

at Rhymney, where scheduling is more batch oriented,

but the difference was n&t.so marked that separate
treatment was required. At both factories the manning

of work-centres can be done by more than one labour

group,

The differentiation between labour groups was initially
ignored but on subsequent discussions with the management
it was felt that distinction between skilled, semi-
skilled and unskilled labour would better represent their

operations.

When required production.exceeds capacity, there exists some
facility to subcontract at both locations. At the time of
writing, there is no interchange of work between the

two factories, but this need not always be the case.
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The Company's Objectives

The difficult task of making an explicit statement of the
company's objectives is exacerbated by the fact that the
objectives appear differently to the different people in
the hierarchy of the company, Discussion with the
managing director revealed .that he was under pressure
from a variety of sources that tried to pull him in a
number of different directions: due to the previous
disasterous record of .the company (requiring them to be
bailed out by the parent) he was concerned to report good
results, However he was aware that an attractive long
term strategy might be to sacrifice present results and
aim for a high turnover in order that in later years he
might capitalise on the sale of spares to a high 'captive'
market. But he was also aware of the'fierce competitive
nature of the business and forecast that a number of
companies might be forced to the wall in the forthcoming
recession and was also considering the possibility of

growth by acquisition.

Above all, the company is conscious of being a subsidiary:
every year it has to present to the parent company a
proposed.budget plan for the coming year. Since its
actual performance will be judged against its proposals,
is is important that, while the budget must appear
attractive in order that the company receive any finance
it requires from the parent in the coming year, the budget
be feasible, Shortfalls are regarded disfavourably, even

if the actual performance is a 'good' one!
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It is for this reason that we searched for a process to
model the company encompassing as many of its activities
as possible, and model them in sufficient detail to help

management in their budget preparation,

Modelling Approaches

From the wide variety of modelling techniques our objective was

to chose the technique that
(i) allowed us to model the company in the detail required;

(ii) allowed explicit recognition of the stochastic nature of

real life, or allowed easy sensitivity testing;

(iii) allowed us to test a number of alternative strategies
quickly (in order that management could then impose on
the model, and test the effect of, a variety of assumptions

about the future);

(iv) allowed us to present the results of the model in

recognisable managerial accounting format.
3.1 Simulation

GERSHEFSKI has found (67) that the major proportion

of corporate model builders use simulation, as opposed
to mathematical programming techniques, BAIT &
GRINYER tentatively conclude from their survey (9)
that the majority of such models are top~downm,

deterministic simulation finance models (in effect
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input=-output models) and this has since been substantiated
by other surveys (74). The reasons for this is that

such corporate models are ;heap and fast to develop (giving
a quick return on the effort invested), easy to understand
(an important criterion for acceptance by management)

and flexible, Inclusion of statistical relationships

is hampered by the lack of data, but when that can be
encorporated (e.g. Chapter 4 of (55) ) simulation proves to
be the only method to tackle the problem of risk

evaluation in large systems.

The disadvantage of simulation.is that it merely evaluates
a particular solution (in light of a number of uncertain
variables), and that the evaluation is done according to
given precepts, The technique cannot search for a solution
that may result in best attainment of the goal(s) of the
company, Nor can the technidue itself suggest a manner

for evaluating the particular solution selected.

Stochastic Programming

This technique aims to incorporate recognition of random

events into the analytical solution of model.

Despite the difficulty in doing so, numerous (small)
models have been developed dealing with a variety of

problems (see Chapter 4 (131) ).

BEALE ( (13) and (14) ) has noted that the technique

places an enormous burden on the management for more
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data; for example in production planning the assumptions
have to be clearly stated about the variation in demand
for each product, and the correlations in demand between
the different products. This factor alone would present
an insuperable obstacle to widespread use of this

technique for corporate planning, were it even possible

to solve the large, detailed model envisaged above.

Linear Programming

Linear Programming (LP) is a technique that can handle very
large models (of the order of several thousand constraints
and hundreds of thousands of variables) with ease and
speed, Furthermore it is a procedure that searches among
all the points that comprise the feasible set.(defined by
the constraints) for the. 'best' solution to the stated
goals of the enterprise., The well developed computer based
LPs also allow the user to test, with ease, points close to
the chosen solution to gauge the sensitivity of that

solution. In standard form the model can be expressed as

Hax cx
s,t Axeb
(1.1)
x >9

where x is the set of variable (activities); c x 1is the
objective function and A x ¢b define the structural

constraints on the model.

There are two further attributes of this technique. The
first is the well known economic interpretation of the

dual LP which attributes an opportunity valuation on



* This arises from the relationship %% = T: marginal changes in
the availability of a resource are valued by the effect such changes
have on the overall achievement of the goal z. This in *urn results
in variables having an associated "reduced cost" ( = f,é?- E)'

The reduced cost derived from the optimal solution can be considered
as an opportunity cost in accounting terminology: the cost
associated with basic variables is zero, whereas the cost associated

with non-basic variables (which are not active - i.e are set to

zero) is negative. If some non-basic variables are introduced to

the solution (to satisfy some other objective than that expressed

in the objective function) the achievement of the stated goal will

be reduced in accordance with the associated reduced/opportunity cost.
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the assets that comprise the enterprise when these assets

»
are encorporated as constraints on the model.

The second is the manner in which the simple formulation
can be extended to broaden the scope for application of
this modelling technique, These are described in the

following subsections, -

The problems associated with the technique are dealt

with in Section 8.

3.3.1 Linear Fractional Programming

Many companies use financial ratios as expressions of goals
or for purposes of control, GOLD has shown (69) how the
commonly used ratio of 'profit to total investment' can be
broken down into a series of simple ratios such as 'profit
to output', 'output to capacity', etc. These simple ratios,
made up of variables that relate to the activities under
the direct control of a manager, can then be used to set
targets, compatible with the overall objective, for the

various echelons within the company,

The modelling of ratios used for target—setting can be
transferred to a standard LP.

X
ﬂ)

Targets, such as xq t, can be included in the model

as

x ~tx. > 0; X ,x 30 (1.2)
p q
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The treatment of ratios used as objectives is more

complex: CHARNES AND COOPER (39) tranmnsfer such a model -

M . X
ax (g S xj+ o)

(1.3)

to the standard form -

Max Zec tx. + ot
j J ]
.t. . . = . > .
s.t ? a1J txJ tb1 0 (1.4)
Zd, tx. + tp=1
3 J J

tyx. >0
J

Thus by suitable modification the standard LP model
formulation (Equation 1,1) can be extended to deal with

linear ratios in addition to linear coustraints,

3,3,2 Goal Programming

Goal programming, a term first coined by CHARNES &
COOPER (41), is a technique that allows the mathematical
programme to more closely approximate managerial

behaviour in real life.

Goal (or target) setting is widely used as a means
of motivating and controlling management (see (80) ).
The task that confronts the enterprise is then to
achieve a plan that meets (or comes as close as
possible to) that goal:

Min U+ 0

s.t. Ax 2b (1.5
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where U is the extent by which the goal G X underachieves
the target g; O the extent by which it is overachieved

(termed "underage" and "overage').

IJIRI (88) points to the considerable psychological

difference between these variances in target achievement,

"For managers, there is a qualitive difference between
profit and loss,.although arithmetically.the two are on
the same continuous scale, For them the difference
between $1000 profit and $1000 loss seems to be greater
than the difference between. $10000 profit and $8000 profit

or the difference between $10000 loss and $8000 loss",

To account for this the model requires that the underage

and overage are weighted differently, These weights would
need to be non-linear if the model is to take account of the
further difference in appreciation of achieving 1, 100, or

1000 over (or under) target.

It has long been recognised that companies pursue a number
of goals simultaneously (see (22) ), and that these may
even be conflicting, Optimizing methods described above,
epitomized by LP, consider only one objective and this

is a serious limitation on the applicability of such
techniques. In attempts to overcome this obtacle

modellers resort to

i. Optimizing in tandem, The goals are ranked in

order and the programme is then optimized with
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respect to the first, then the second, etc. It
is an extremely lax model that has sufficient
degrees of freedom to cater for more than a very

small number of goals in this fashion.

ii, Trade-offs of one goal vis—a=-vis another, In this

way a single objective function is built up of the _
weighted sums of all the others. This suffers

from all the drawbacks of utility functions and

presents severe problems for practical applicatiomns,

iii, Converting goals to constraints by setting targets.
The goal programming formulation appears to be
ideally suited since it can cater for any number
of goals. It would appear that a definition of
terms is required: MAO states (114) that one should
"be clear about the distinction between ''goals =~
which refer to management desire - and constraints -
which refer to environmental conditions under |
which management makes its decisions' EILONS,
disagrees (54) =~ "Essentially all constraints
are goals since they express desirable (or
undesirable) modes of operation'" KENDALL agrees
(95) and has formulated the LP in terms
of 'Hard' and 'Soft' constraints to represent

'"Musts' and 'Wants' constraint/goals.



Consider the multiple-goal programme:

- - + 3+

¥k

where M;, M; are the weights representing the
difference between overage and underage; Dkl is
the weight representing the desirability of
attaining goal k in preference to goal 1
(i.e. an ordering of goals). The objective function
is beginning to collect-some of the unfavourable
attributes associated with utility functions and
trade-offs, Furthermore, the validity of the
assumption of additivity becomes questionable -
can one add the (weighted) deviation from one goal
to that from another? The remarks made by EILON S.
highlight this problem and he goes on to advocate
the approach of satisficing - any feasible solution
satisfying the 'do' and 'don't' requirements is
acceptable, (If there is no feasible solution then

that itself is information.useful for management

to set them thinking about their conflicting goals!).

The problems of setting the target (or norm), of
dealing with the inevitable internal pressures to

achieve always a better performance than previously

-1- 14 -

(1.6)
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(ultimately coming up agains the ceiling of the

'optimal' solution) remain. But the attractiveness

of the techniqué has led it to be used widely:

starting with breakeven analysis (42) it has

encompassed. merger modelling (93), production

planning (71), and in many areas involving non- °

financial attributes -~ e,g. medicare, government, -

and academic planning (104).

Clearly a modelling technique that allows complex
fractional, multi-goal models to be solved

with ease goes a long way to meet our objectives
and this forms the basis of our selection of this

[}

technique,

3.4 Integer Programming

In reality, a number of the variables in any corporate
model, require to be integral (e.g. number of products
made or sold, investment projects, etc,). Many computer
based mathematical programming systems can now cater

for large mixed-integer problems (see Chapter 2, (63) ),
but the solution process still remains cumbersome and
lengthy (see Appendix in (147) ). Furthermore, the

economic interpretation of the dual programme is lost.

4, Corporate Models

Before developing our own model we inspected a number of models

described in the literature,
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The KROUSE Model

The global corpérate model, developed by KROUSE (101),
centres on a "multi~attribute.criterion function to
measure financial ﬁerformance, and state-transition
equations to impose a variety of behavioural, techmnical
and accounting-identity relationships which set out

the firms financial process from one period to the

next'.

Let the state of the system be defined by a N-vector X(t).
The state variables X(t), defining the company's profile
at a moment in time t, are attributes such as profitability,

liquidity, capital structure, etc,

Let d(t) be the M-vector of decision variables open to
management control, e.g. increase long—term debt pay out
dividend, etc, Let u(t) be some disturbance vector to

reflect uncertainty. Then the model formulation is:=-

Optimize E(G) The expected value of some

mlti-objective performance index

X (t+l) = £(X (t), d(t), u(t), t )~ the financial process

0 . .
initial state

X(0) = x
h (X(t), d(t) ) >0 policy/institutional

constraints.

(1.7)
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The above model is not constrained to be linear, nor
deterministic, and KROUSE claims to have established

procedures for solving such general models in his thesis.

We have rejectéd this model as being too abstruse. The
decision variables described above are too far removed
from the activities over which the management can
excercise direct control (eg. a production plan, stock
levels, levels of drawdown of finance facilities etc).
The behavioural and regulatory constraints suggested
(e.g. the share price and stock market valuations, etc)
are too ill defined to be expressed explicitly, Furthermore,
while the quadratic objective function propounded by
KROUSE may have certain appealing attributes for the
management scientist ~ it can encompass diminishing
marginal returns and trade-offs between objectives~it was
felt that the resulting complexity would further deter

management of the company from accepting the model.

The LAHIRI Model

LAHIRI developed (103) a basic linear production-planning
model for a manufacturing company, The large number of
products - 80 -~ made by the company were collected into a
smaller number of product groups, and these were processed
through their production facilities, The company aimed

to maximize the contribution from production, subject to

capacity and demand comstraints,
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This approach appears to be amenable to the application
we described above (Section 3) and this model will be

compared with our own model formulation described below.

The BP Model

BP have developed (17)a mixed linear-integer model of

their refining and marketing operations. The model

incorporates

i) a description of currently available resources
ii) estimates of demand and price for each product
i11) estimates of marginal costs

iv) capacity required by existing processes

v) future investment possibilities.

The model determines the optimal production and marketing
plans together with the required investment profile for

the entire planning period that will maximise the present
value of the net after-~tax cashflow (that the account of

debt and equity servicing).,

We adopt a similar direct approach in modeling the
company's activities., The model described below is
retained to short-~term planning (assuming a given
capacity availability) and we extend this to the medium=-
term in the following Chapter. A point of divergence
between the models lies in the definition of the goals

pursued by the Company.
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The Imperial College Model

The corporate model that we have developed (first formulated by
KORUBLUTH (98) and since augmented ( (70) and (24) ) is based

on a similar approach to LAHIRI'S,

The model is a multi~-period, deterministic, linear model of the
activities of the company, These activities centre on the
production required to meet some sales demand, and the financial
implication of any selected plan., Since the function of this model
is to aid budget preparation and control, time periods of one
month have been chosen. This is long enough to render unnecessary
the need for attention to the finer details and problems of day-
to-day scheduling, and yet is short enough to give a detailed

plan of the coming year's activity.

The physical activities are shown in Fig, 1,1: raw materials flow
through a series of identified work-centres, which are manned by
some labour group, end up as finished goods, and are Fhen
despatched to the customer,

,
The financial activities, shown in Fig, 1.2, are modelled in
accordance with the marginal costing concept. Financial flows

are distinguished between five types:

a. Fixed ("Overhead") costs required to keep the facilities
open for business. This includes rent, rates, possibly
electricity (though this could be included in type b),
and normal time wages if the company does not act omn a

hire~fire basis, While in the final analysis no cost
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can be considered to be irrevocable, in defining a cost
to be 'fixed' the assumption is made that the business

intends to operate,

b. Operating Costs, These are costs incurred which depend
on the volume of production, but which cannot be.allocated
to the individual finished.product - e.g. overtime

payments, subcontracting costs, maintenance, etc,

C,- Marginal or unit costs, This is made up of material costs,
warranty, etc., = all costs that can be identified with

each unit of production,

d. Revenues from the sales of finished goods,

e, External financing arrangements, In this test case the
company has only one source of external finance (namely
its parent) and this can be considered as a (bank) loan

facility,

Having defined these costs, one is left with the problem of
extracting this marginal costing data from the information
available to the firm, usually in standard cost form. This is
not an insignificant problem, but it is not one that I wish to
persue here (see RAINE (126) for a full treatment of associated

problems and solutioms).

All of these financial activities are considered explicitly in
the model since the timing of these flows influence the

optimal plan, (i.e. a plan made when only some of these flows
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had been considered, as in the LAHIRI model).
In this way the financial aspects of the company are directly
linked to the physical activities undertaken by the company:

physical events that the management controls.

Model Formulation

The following sections give a detailed explanation of the
structure of the model and the modifications required to ensure
that it can be implemented., Details concerning the problems of
implementation are to be found in Appendix A.l, and a summary of
the equations, together with definitions of the variables used

and data required by the model, are given in Appendix A.2 and A.3.

6.1 The Production Function

(1) Workcentre Capacity Restrictions

Production required by any plan must comply with capacity
restrictions. For each factory a number of distinct
work~centres was identified and the time required by a

unit of product on that work—centre was established.

This time was established from standard times in hours
(used in calculating the standard costs). While it is
true at marginal utilisation may result in different
times, it was felt that using such 'average' times

was reasonable for short medium term planning purposes.
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At the time of formulation there was no interchange of
production between the similar work-centres at both
factories and so they are considered separately: welding
at Rhymney and Great Yeldham comprise two work-centres -
JCB model production will make use of the latter, while

HYMACs will only be produced at the former.

The model will compare the requirement for a particular
work-~centre against its capacity and ensure that only
feasible plans are allowed.. This simple statement must

be qualified by the following points:

Firstly it was deemed desirable to split the HYMAC
products into three constituents sections - Crawler,
Platform and Front-end. This was done in an attempt

to be able to cater for the number of different options
available with each product (e.g, a wide-tracked Crawler

with a long~armed Front~end)

Secondly it is necessary to establish the length of the
production cycle for each product and then to establish
the requirement by each product for each work-centre in
each period of its production cycle. Then the total
work~centre requirement.in. any period is calculated from
the production planned to be completed in that period
multiplied by the requirement for that work-centre in
the last period of the. production cycle, added to the
product of the production planned to be completed in the
next period and the requirement in the last but one

period of the production cycle etc.
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Thirdly, normal work-centre capacity is calculated by
multiplying the number of hours in the normal shift time
and the number Sf units that comprise the work-centres.
The number of units need not be integral - if there are
three good lathes and one poor one, which is seldom used
because of breakdown problems, then this latter machine
may be included by considering it as a fraction of one -
of the good machines. The resultant work-centre capacity
is finally down~graded to take account of activities that
lie outside the scope of the model: emergency breakdown
and maintanance; manufacture .of spares and of the

exceptional product not included within the product range.

The equation then reads:

Requirement for work-centre M in period I

must not exceed the normal~time capacity (1.8)
of that work-centre in that period plus

any overtime worked plus any subcontracting

done,

(ii) Labour Force Allocation.

In order that work-centres be available for production
they must be manned. The number of men of any
labour-type (i.e. skilled, semi-skilled, or unskilled)
required to man each work-centre was found and was
found to be independant of the product being worked at
the time., It was established that some work-centres

could only be manned by a particular labour group,
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whereas other work-centres could be manned by more than one
type. In these circumstances a direct allocation of men

to work—centres is required. The equation reads:

Total in~house production (i.e., total work-centre
requirement less any work subcontracted out) on
work—-centre M in period I must be allocated amongst

the labour groups capable of doing the work,

Physical Constraints

(1) - Production

Production is also limited by the availability of

jigs required to load the job onto the work-centres,
(The problem concerned with production cycles that are
greater than one period are dealt with in Section 8,3).
This may be considered to be a 'soft' constraint

since the limit could be increased fairly easily

(by the acquisition or manufacture of extra jigs).
However, this does not detract from the validity of
constraint being imposed in the model ~ if this
constraint were to.limit the achievement of the
objectives severely then this ought to be reflected

in the dual LP, The equation reads:

Limit production (of division J) of product K in

period I by some upper bound.

(1.9)

(1.10)
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(ii) Labour Force Capacity

Having allocated the in-house labour requirement

amongst the labour groups, the model further

requires that the Labour Force Allocation does not

exceed available capacity. Observation has shown that
the company is not a 'hire-fire' type and is thereby -
committed to a given labour force (which may be augmented
in a regular fashion in periods of heavy demand).
Overtime variables are explicitly included in both

this equation and the Work-Centre Capacity equation

to ensure that when either the labour force

requirement or the work-—centre requirement reach

their respective upper bounds then both machines and

men switch to working overtime. The equation reads:

Requirement for labour group L in period (1.11)
I must be less than or equal to the work

scheduled to be done in overtime plus

that scheduled to be done in normal

shift time.

(iii) Labour Overtime Capacity

Clearly the labour force will not accept too great

an over—time burden, Thus the equation reads:

Limit the total overtime load oun labour- (1.12)

group L in period I by some upper bound.
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If some minimum overtime scheduling has been promised
to the labour force then this requirement can be

included as a lower bound.

(iv) Market Constraints

The model tries to construct a plan to meet some -
demand condition. This is a forecast made by the

company of their expectation of their share of the

market for the goods they produce. To give the

model some freedom these conditions are expressed

as upper bounds on the sales variables. (The possibility

of dealing with situations.where the elasticity of demand

differs from one, is discussed in Section 7.4).

The possibility exists that the model will yield

a solution that declares a particular product to

be undesirable in terms of the stated objectives.

In other - words the model suggests that no volume
of that product.be made nor sold, If this is
unacceptable for any reason (for example the company
may desire representation in all sectors of some
market) then the Market Constraints can be augmented
by some lower bound condition to ensure such
representation as is deemed necessary. The equation

reads:

Limit sales of product K in market O (1.13)
in period I by some upper (and possibly

lower) bound.
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(v) Storage Capacity

Storage of raw materials and finished goods requires
space and the available space is limited. If these
different items are kept in different storage modes,
then a number of different storage areas can be
considered separately. A problem might also exist
with work~in-progress as it moves through the
production process (especially at Rhymney which is
batch oriented). No such problem was found to exist:
work—-in-progress can be stored anywhere on site
(even gangways if necessary); finished goods are
stored outside as are most.raw maférials. However,

a general company model would include the equationm.,

Storage space required in period I must be

less than or equal to storage space available,

Financial Flows

(1) Cash Position

The model considers that all cash transactions
resulting from the physical activities pass through
some central cashbook. The cash transactions are

of two types:

a, Those that relate directly to activities within
the scope of the model e.g, purchase of raw
materials resulting in some outflow of money;

a bank loan resulting in some inflow etc.
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(1.14)
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b. Those that relate to activities outside the
scope and direct control of the model. These
extra-model cashflows comprise all overhead
payments (including normal payment of the
labour force), net income from sales of spares,

trade—~ins, etc.

Both the quantity and timing of these flows are
important facets of the plan. For this reason time-
lags obtained before paying creditors and time-lags
to debtors have to be established to the nearest

integral number of periods. The equation reads:

Cash at the close of period I equals cash

position at opening of period I plus inflows

resulting from sales made in previous periods

and loans negotiated, less outflows resulting (1.15)
from loans .repayed; overtime payment for

work done in that period; subcontracting costs,
purchases and bank charges incurred in previous

.periods and net out-flows from extra-model

actlivities,

(ii) Creditors Account

Because of credit facilities that the company has
been able to establish, it will owe money for
activities previously under—taken but not yet paid
for, The credit account is reflected by the

equation:



6.4

-1 -31 -

Credit at close of period I equals purchases

of raw materials made but not yet paid for,

plus subcontracted work carried out but not (1.16)
yet paid for, plus interest charges

outstanding, plus any extra-model credit.

(iii) Debtors Account

Similar credit facilities are allowed to the company's

clieﬁts, and so the debt .position is modelled by:
Debt at the close of period I equals (1.17)
revenue due, but not yet received,
from sales made in prior periods plus

any extra-model debt.

Inter~period Continuity Equations

These equations are included to ensure internal consistency

of the multi-time period model.

(i) Cash Continuity.,

The cash position at the close of one period equals
the cash position at the opening of the next. There
is no need to explicitly model this equation since
suitable substition in the Cash Position Equation
abové.(l.15) will result in the elimination of the

variable "cash at opening of period I".
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(ii) Finished Goods Stock.

There is a physical requirement that product be in

stock in order that it can be sold. 1In other words, .

the number of items in stock must never be negative.

A further assumption is made that a unit of product

completed in any period is eligible for sale in -

the same period. This is expressed as:-

Stock of product K at the close of any period
equals the stock at close of previous period (1.18)
plus newly completed production less sales

made in the period.

(1ii) Raw Materials Stock

A similar 'restriction' applies to the stocks of

raw materials:

Stock level of raw material R at the close

of any period equals the stock level at (1.19)
close of the previous period plus any new

purchases less any amount used in production

during the period,

6.5 Objective Functions

Three different objective functions were proposed and tested:



(1) Profit Earnings.

The concept of ﬁrofit is one that will evoke
considerable discussion in Chapter 3, but since this
short—-term model assumes a constancy (or some known
expansion) of the physical resources endowed to the
firm, the amount of cash, or cash equivalent,
accumulated during the planning horizon can be
attributed as profits earned as a result of the
planning decisions accepted at the begining of the

year, Thus:

Maximise cash plus debtors less creditors

positions at the close of the planning period.
(ii) Turnover

Maximise total sales revenue accrued during

the planning period,

(iii) Sales Penetration

This objective function was proposed with the view
of increasing market share in order to market spares

in the future:

Maximise the total number of units of primary

product sold during the planning period.
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(1.20)

(1.21)

(1.22)
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Modification Required

The equations of the model just described above relate

to a general period within the planning horizon. However,
periods at the beginning and the end of the model will
have to bear some extra conditions in order that they be
a more realistic representation of the activities of the

company,

6.5.1 Starting Conditions

In order that the planning process be an on-going
system the first. (few) periods of the model must
reflect conditions as they exist at that time,
Certain decisions taken in periods prior to the
commencement of the modelled period will control
the levels of a number of the variables of the

model:

a, Production variables, If the production
cycle is greater than one period then work
started in previous periods already determines
the level of finished product output in the
first (few) periods of the model, For
example, if the production cycle is 2 periods,
then the amount of finished product that can
be completed in the first period of the
planning horizon will depend entirely on
how many units were started in the previous

period. Even if the production cycle is
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only one period long, a lower bound on
production is determined by the amount of
work in progress at the beginning of the

planning horizon.

b. Stock levels. The number of items in stock
at the begining of the planning period of
both finished goods and raw materials is

fixed by previous actions,.

c. Purchases, The model takes no account of
the lag encountered between ordering and
receipt of raw materials - a lapse of time
that may in fact be quite substantial.
Therefore purchases may well be fixed for a

number of periods into the planning horizon.
d. Financial position, The opening debt, credit
and cash positions will be fixed as will the

extra~model financial flows,

In practice these starting conditions are quite easy

to establish,

6.5,2 - End Conditions

If the model were left to run in the state described
above, the solution would suggest that the company run
itself down at the end of the horizon. In other

words the stock levels would be reduced to zero and



-1 - 36 -

no new production would be undertaken. This problem,
relevant to all multi-time period models, is clearly

critical.

GRINOLD (72) and HOPKINS (84) (among others) have
tried to circumvent this problem by formulating an

infinite horizon model., As a prototype GRINOLD uses

®
Max tgé at Xt
t-1
. £ + I
s-t. AX < b o+ o KX
¥t
>0
xt

where Kts X represents same inter—temporal relationship.

The dual programme is

Min ®
20 TPy
£ [a o]
Set. TA >a + I

tt t s=t+1usKst

(1.23)

(1.24)
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He shows that the dual solution only has meaning when
converges -~ a rather arbitrary restriction
g 1Rt ges 7

on the problem!

HOPKINS attempts to solve the problem of equipment
replacement with an infinite horizon approach. His
procedure for solution.is as follows: having formulated -
the infinite horizon model, truncate at some finite
horizon date T. This requires some statement about

the terminal wealth to.be included in the objective
function which is done according to a specific

formula, Then the solution to the finite problem can
(under certain sufficient conditions) be used as a
solution to the infinite problem, In the model he
describes, it becomes clear that GRINOLD's convergence
requirement becomes translated as the need for expanmsion

of capacity.

It seems unlikely that our corporate model will satisfy
the condition of convergence of the intertemporal
relationships, Instead we have tried to overcome the
horizon problem by demanding that certain end conditions

be met:

a, Stock levels, A minimum level can be imposed
on the final stocks of finished goods and raw

materials,
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Production. If the production cycle is longer
than one period, then in order that there be
continuity, the model is forced to start
production within the planning horizon so that
the flow of finished goods may continue in
post-horizon periods. This is ensured by

either of two approaches:-

One is to make some forecast of the production
required to be completed in the first (few) post-
horizon periods and then reduce the capacity of

the production facilities in the last (few) periods
of the model by the amount required to have work

started on that production.

This would mean that post-horizon production
requirements are met in the normal shift time.

But owing to the possibility of allocating different
labour groups to man the machines it is not possible
to reduce the normal-time labour capacity by the
required amount. The simple solution to this dilemma
is to introduce a dummy product that will only be
produced in.the last (few) periods of the model,

and that will require the use of production
facilities to the extent that is determined by the
post-horizon production forecasts. In this way

the work is allocated among the work-centres and

labour groups in the same manner as all other work,
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The second approach is to make use of unequal time-
periods. This was first suggested by ORGLER (124)
in a model formulated to aid cash management
decisions. The planning period of his model

spanned a year but required day-by-day decisions.

Since the model would be too big to handle on
that basis, he suggested that the length of the
period should increase as the horizom is

approached,

This method could be adopted with our model:
periods close to the horizon would be longer

than those at the start, with the length of thg
last period being at least as great as the longest
production cycle of the products produced, 1In
this way continuity of post~horizon production

is ensured since production can then be completed

within a single period.

Clearly these end conditions that are imposed on the
model are quite arbitrary in nature and will interface
to some degree with the planning freedom of the model,
The extent to which the plan proposed by the model
differs from the 'optimal' plan due to the imposition
cannot be determined and a great deal more theoretical
work needs to be done in this area, The manner in

which this problem has been met in three-fold:
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Firstly extend the planning horizon and hope that
the deviations will iron themselves out by the time
they work back from the extended horizon to the

4

desired planning period,

Secondly alter the end conditions and use only those
plans that can handle the widest variety of situationms,

i.e., stable solutions are sought,

Thirdly use the plan for the first few periods only,
The model has been designed for budget preparation
and control and it is envisaged that it will be

rolled forward and rerun every period.

A report on the results of using this model in the

test—-case company is included in Appendix A.

Further Sophistication

Section 5 above reflects the current status of the model, The
activities of the firm that have been modelled are quite general

in character and the model can form the basis of a gemeral
manufacturing company model, Topics that have not been expanded,
owing to the particular nature of the company use as the case-study,

are the following.

7.1 Managerial Constraints

As the case-study company is left very free to make its own

decisions, this area has not been developed to the extent
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that it might. Other companies may be required to report
on a number of different criteria and may therefore wish
to include certain minimum achievement levels of these key
factors. They might include a minimum debt to credit
ratio, a minimum turnover level, some maximum interest
payment, etc, Other managerial constraints may reflect a
desire for a smooth production plan, a growing profit
profile, etc. These requirements self-imposed by the
management, are quite easy to establish in practice and to

include in the model.

External Financing

As the company is a wholly owned subsidiary, it has only one
source of money, This has been modelled as '"Bank Loans'.
The general company will have a number of sources of

raising money (and a number of alternatives of investing

any excess cash) and these can be incorporated without too
much difficulty (see Chapter 4 (142) ), Assessment and
payment of taxes (and dividend payment) can also the

included,

Inflation

Prices have been assumed to be constant over the planning
horizon but these can be factored by some inflation rate
if desired. The rate (either the Retail Price Index or
a more specialised sector price index) may be constant,

or may itself change over the planning horizon. The prices
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of one's own products may or may not be allowed to

rise depending on Price Commision controls.

7.4 Sales

The model acts on a given, fixed demand and price vector.
However, if the demand curve can be ascertained this can
be included in the model by piece-wise linearization. The
demand curve is approximated to the step~wise function
shown in Fig. 1.3. The product is then subdivided into a
number of pseudo-products, each having a production and

materials requirement identical to the original product.

Q Q Q Q QUANTITY OF
1 2 3 4 SALES

PSEUDO PRODUCT 1:(qQ ¢ Ql) :
P, + P,

No of units for sale ¢ Ql at price 5

PSEUDO PRODUCT 2:(Q1> Q(Qz):
No of units for sale ¢ Qs Q, at price .2 ; Ps
ete

FIGURE 1.3 PIECE~WISE LINEFARIZATION OF THE DEMAND CURVE
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Each pseudo-product will be priced in accordance with the
demand curve shown,.and their sales will be similarly
restricted to tﬁe levels. Then provided the demand curve
is downward sloping, the hill climbing search process of
the simplex algorithm (used for solving the LP) will ensure
that the higher priced pseudo-products are sold first.

8. Assumptions of LP in Planning

Three major assumptions have been made in the formulation of our
corporate model and these must be borne in mind when interpreting

the results of the model.

8.1 Determinism

The model makes no. attempt to deal with the stochastic
nature of real life: unique values (for sales forecasts,
productions times, etc.,) are used in place of samples

from some probability distribution, It is maintained

that post-optimal sensitivity analysis will test

stability of the solution to variations in certain elements
of the data. However, this is, in general, limited

(e.g. (16), (98) ) to parametric programming on the right
hand side (RHS) vector b of the matrix (corresponding in

the main to data on capacities).

Due to the very nature of the model being multi-time period,
variations in other data will typically change a number
of elements of the A matrix simultaneously. This makes

sensitivity analysis much more complex:
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FLAVELL shows (62) how the effect of change in any underlying
datum on the objective function realization can be

measured. It has been shown that at any basic feasible

solution
2z = de.x -~  E dA.x + I db (1.25)
da da da do

where Z = c,x subject to A x § b, x %o with corresponding

duals %. & is any parameter.

If &« is chosen to be the datum then if dz = 0
det

small changes in « will not effect the solution, (Similarly,
if « is known deterministically then sensitivity analysis

is not reéuired). But if « is uncertain (with a standard
deviation O, about.a mean value that has been uged to
calculate the relevant coefficients in A) then

dz

4z | is a measure of the importance of the
do

o

datum, and allows datum to be ranked so
that management can know on which particular index to focus

their attention.

Linearity

The error produced by linearizing a non-linear environment
need not provide a solution better than a randomly selected
initial point, This is hardly a surprising result but
serves to focus attention on the critical problem of

linear approximations.
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First the case when approximations are made with too

little evidence. Fig. 1.4 shows a common example:

FIGURE 1.4 DANGERS OF LINEAR APPROXTMATIONS

experience offers data about two locatioms only. If the
true demand curve were A then the linear approximation
may be acceptable, but if it were B then serious errors

would be introduced into the model.

Secondly, BAUMOL & BUSHNELL (10) show (see Fig. 1.5) the

result of imposing a linear model on a non-linear programme.

The iso—-profit curves rise to a peak at M, A profit

maximising linear programme would select point C. Yet

any point inside the iso~profit curve 2 would yield a

better solution!
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1.5 DANGERS OF LINEAR OPTIMIZATION

Much of the structure of the corporate model described in
Section 5 is based on input-output relations (which are
linear). The number of 'potential' nonlinearities which

are constrained into a linear form is small:

(i) Batch production and setup times, This cannot be
modelled explicitly without recourse to integer or
separable programming. Instead, assumptions about
average batch sizes have been made and the setup
times, divided amongst the bafch, have been
included in the work-centre requirement for each
product., This approximation is not thought to

present too severe a distortion in this company.

(ii) Indivisibility. Linear programmes assume that the
problem is continuous over all its variables.
Yet in practice the number of items sold or
produced must be integral and interpretation of

fractional solutions is difficult.
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Passage of time

The passage of -time over the planning horizon is assumed

to progress in jumps from one period to the next. All

the events within a period are considered to occur the

split second before the period is over  there is no

fiow of time. In reality, however, production is a continuous
processs with new products being started, completed and

sold throughout the period.

This incorrect modelling of real life behaviour may

result in the number of any product being completed in any
period being wrong since the model can only recognise
production being started at the beginning of any period.
This in turn results in the Work Centre and Labour Force
Requirements (Equations 1.8 and 1,9) and the Stock

Equations (1.18 and 1.19) being incorrect.

Using a very long time period would reduce the error since
the number of products actually in process of manufacture
at the close of any period would be small compared to

the number of units completed. However, long periods
result in a loss of detail (that might hide, for example,
a peak in stockholding which would exceed the available

storage capacity).

Using a very short time period would also eliminate this
problem since the start of production may be accurately
pinpointed. But this too has its problems: a short time

period involves modelling the day-by—~day variabilities
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(and necessary contingency actions) of the production

process, Some compromise must be reached:

8,4 ‘Constant Returns to Scale

-

The construction of the Objective Function (OF) implies that

- the problem is concerned with optimizing a function of

constant returns to scale, In our particular model this
causes no problems since the formulation requires the
optimizing of a (number of) variables. Where non-constant
returns to scale may apply (e.g. the demand curve), the
formulation can be adjusted to include such factors -

see Section 7.4 above,

- Conclusions
sonc usons

Our objective in this chapter was to search for an appropriate
formulation of a corporate model that would aid management in
their task of budget preparation and control. Such a model has
been constructed and despite the presence of some non-linearities,
we have opted to use Linear Programming as the model solution
technique. This choice is based on the ease with which large
models can be solved and the sensititity of the solution tested
to a variety of assumptions about the future, and the derivation

(from the dual LP) of a means to value the inputs to the model.
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CHAPTER 2

LONG-TERM CORPORATE PLANNING

Introduction

Long—term planning has been researched by both qualitative and
guantitative approaches. The former concentrates on the system
of planning (92) the methodology (5) and control (53) aspects of
the task of deciding where one wants to go and how, in general,
to go about it. It encompasses analysis of business goals, of
strategic business policy and of liaison and communication

within the organisation.

The latter approach, with few exceptions (e.g. (128) ), has
concentrated on the tactical decision concerning acceptance or
rejection of individual long-term ventures, and it is with this

area that this chapter is concermed.

We first inspect investment appraisal methods that are widely
used, but that are found deficient in practice. The corporate
model described in the previous chapter is then extended
to encompass long-term decision—making in the framework of the
manufacturing company as a going concern. The detailed

equations are contained in Appendix B.

Widespread Investment Appraisal Techniques

2.1 Payback

The payback period is the number of time periods that
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elapse from the initiation of the project till the

capital outlay in recouped. Used as a selection
procedure it recommends acceptance of projects in order
of increasing payback. As a.means of evaluating long
term investments it has been widely condemmed by

academic writers since

- it only considers flows of funds for a portion of

the life of the project

- it takes no explicit account of the time-value of

money

- it takes no account of the relative sizes of the

projects.

Despite this, payback is widely used and WEINGARTNER (146),
in an attempt to assess the reasons for this, makes the

following points:

i. It is important to note the difference between
using a single figure of merit as the sole basis
on which the decision is made and using it as a
means of communication within the organization.

In addition it is important to differentiate
between use of a merit figure as the criterion for
choice and its use as a constraint (in conjunc-

tion with others) on the selection of projects.
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LEVY proved (107) that, in the (artificial) case
of an infinite project with regular return, the
payback ﬁeriod is the reciprocal of the internal
rate of return. Thus for long-lived projects
having regular income, minimising the payback is
approximateiy equivalent to maximising the
internal rate of return. The increasing
importance of capital tax—allowances which
distort the cash flows in the first (few) periods,
has resulted in fewer projects approximating to

the infinite, regular project.

iii. Acceptance of projects with short paybacks is

a manifestation of the company's desire to
maintain liquidity. In minimising his 'lost
opportunity risk'.the investor attempts to
return to his original situation as quickly as
possible in order to be in a position to accept
other attractive investment possibilities that
may arise. This approach, however, takes no
account of the (hopefully improved) change in
company's circumstances resulting from previous

investments.

iv. Payback seems to be used widely as a break—-even
concept: it identifies that point of indifference
beyond which the management expect an accounting
profit to be generated. The qualification of
'accounting profit' is used advisedly since

break—even analysis implies an (arbitrary)
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allocation of overhead costs and managerial
effort over some portion of the life of the
project. However, it must be noted that for
projects of a given net present value the shorter
the payback period of the selected project, the
sooner will profitability be known (enabling

the manager to receive the reward of his wise

decisionl!).

v, Payback is a relatively stable measure under
random variations of the cashflows. It is
arguable whether this represents an advantage =
stable measurements, while reassuring, are
useless if they are insensitive to changes in

the events they attempt to illuminate.

It is clear that payback can yield useful information

to management, but when used as a criterion for project
selection it represents a simplistic analysis of long~
term investments and must remain in the class of rule~

of-thumb techniques.

Discounted Cash Flow (DCF)

In an attempt to take account of the time-value of
money arising over the entire lifetime of the project,

two measures have been proposed:
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Net Present Value (NPV)

NPV = T t (2.1)

T t
z e = 0 (2.2)
t=1 (1+R)

where c, is the net flow of money in period t; T is the
lifetime of the project; r is the discount (interest)
rate (kept constant for simplicity), and R is the internal

rate of return.

Proponents of the DCF approach argue that the firm
should act to maximise its NPV in order to best
represent the interest of its shareholders. HIRSHLEIFER,
in his classical paper (83) on the theory of optimal
investment decisions, emphasises Fisher's conclusion

that no search for "a rule or formula which would
indicate optimal investment decisions independently of
consumption decisions" can succeed. Investment takes
place‘gélz:ﬁécause one is able to consume more (than

one could if no investment occurred) at a later date.



HIRSHLEIFER's approach was to use isoquant analysis:

consumption
isoquant

L

Z pogaed ur swoduy

Investment at
rate r

income in period 1

FIGURE 2.1 ISOQUANT ANALYSIS

Fig 2.1 shows 'typical' indifference curves of
consumption over two periods. Transference of
consumption from one period to the next is at a rate

of interest r, and the point of tangency is the

optimal pattern of consumption and investment, The
analysis is extended for market imperfections of
different borrowing and lending rates and HIRSHLEIFER
concludes that maximising NPV is correct for independent

projects.

With this crucial qualification HIRSHLEIFER excludes the
most important category of investment opportunities from

his analysis. Furthermore, he gives no hint as to the
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manner in which the isoquants can be established, and
he makes no distinction between the company/entrepreneur
and its sharehoiders - due to market imperfections these
people will be treated differently (i.e. different
interest rates will apply) resulting in a multiplicity

of solutions-

Realisation that market imperfections play a substantial
role in investment decision making has led to a great
deal of discussion ((58), (30)) about the validity of
the conéept of the 'cost of capital', and methods of

calculating the discount rate.

This in turn led to emphasis being focused on the IRR -
it is calculated independently of any 'cost of capital'
and is easily understood by management as the 'return'
that the project will yield. However the IRR suffers

from a number inconsistencies:

i. Calculation of the IRR assumes that excess funds
can be re-invested for the life of the project
at an interest rate exactly equal to the IRR
rate. This is extremely unlikely to occur in

practice.
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* In two classic papers (119A and 119B) MONTALBANO, ROBICHEK and
TEICHROW attempted to answer the problems posed by multiple roots
by proposing that such projects were "mixed" projects - projects
that were alternately pure financing projects (i.e sources of
finance for the company) and pure investment projects (i.e sources
of return for the company). They advocated that cash inflows

should be treated differently from cash outflows.

Had these arguements been put forward to improve the methodology
of calculating NPV's-I would wholeheartedly concur but I can see

little merit in trying to explain away multiple roots which arise

directly from the algebra of Egquation 2.2.
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ii. Solution of the IRR equation yields T (the number
of time periods that make up the project horizon)
different values for R (see equation 2.2).
Ignoring imaginary solutions one is left with

as many real solutions as there are changes in
sign in the net—qash flow vector, and the analyst
is left in a quandary about which rate to

accept, and about the meaning of the other rates.

In a strong attack on the widespread use of DCF
techniques ADELSON (1) emphasises the (often ignored)
assumptions that must be shown to hold before DCF
techniques can be used.

These are:-

i. that the cashflows can be forecast over the life

of the project with certainty. Very little

work has been done (see Chapter 1.3.2 and Chapter
8, (114) ) dealing with situations where this
assumption is recognised not to hold true - thus
excluding from analysis the vast majority of

all 'real' investment decision—making.

Hy
e

that a perfect capital market exists. The DCF

requirement that a firm acts to maximise its
NPV on behalf of its shareholders (who for the
purpese of arguement arrange their ownm

financing) should result in a certain uniform
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Price-Earnings ratio applying to all companies.
That this is not so is manifestly obvious.
Capital markets are imperfect: they differentiate
between lender and borrower and according to

the 'quality' of the market entrant; rationing
exists; and they take account of the time span

and riskiness of the ventures presented.

that the projects are strictly independent. In

e
o
e
L]

his paper ADELSON shows how a project reacting
with itself, interferes with the DCF calculation.
The problem concerns the acquisition of extra
capacity to cater for a steadily increasing
demand. The 'optimal' size of capacity increases
selected will depend on whether each purchase

is considered individually or whether the increase
is considered to be made of a number of equally
sized blocks over time. FLAVELL has shown (61) that
the total present value of all the installations
will never equal the present value of a single
instalation except for a single installation

of infinite size! In general projects will

interact to an even greater extent.

A further problem encountered when using DCF methods is
that the technique takes no account of liquidity
requirements. Consider the selection to be made between
two projects which are independent, where there is a
perfect capital market and where the cashflows are

known with certainty. Investment A would yield a
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steady income over its life, whereas investment B yields
no income till the end of its life when it recoups its
return in a largé lump sum. Even were investment B to
come ahead on a DCF basis, many investors would prefer

A to B because of liquidity pressures.

Capital Budgeting

Analytical methods to cater for cases that are known to
violate the necessary assumptions for DCF analysis have
centred on dealing with the problem of the market
imperfection of limited capital resources. The problem
was first posed by LORIE & SAVAGE (109): select project j
in period t while ensuring that the total expenditures
ctj do not exceed the budget Ct for each period t.
In the single period — t=1 - (and ignoring problems of
indivisibility) their solution was to rank projects in
decreasing order oﬁ_Zi, where yj is the Net Present
€3
Value of project j, and to accept K project in that
order till the budget 1s exhausted.

So 1 (2.3)

| U o B
[¢]
I
Q

At the marginal project K they propose a value A

such that

Yo AlclK = 0 (2.4
and that

75 T Meix >0 ¥ accepted projects

<0 ¥ rejected projects
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This procedure is not so simple in the multi-time period
case (see example on p59 (100) ) and LORIE & SAVAGE have
to resort to a process of trial and error to find values

Al’ 7\2 )T to establish the cut off project (as 2.4 above)

T
. = . > | .
y‘J z }‘tctj 0 ¥ accepted projects (2.5)
t=1 <0 ¥ rejected projects

The inadequacy of this selection process provided the
impetus for the decisive work in this area by WEINGARTNER
(144). He formulated the capital budgeting problem as

a linear programme:

jt . X
t=1 j=1 (1+r)t
J .
s,.t z c. . x. ¢C ¥t (2.6)
j=1 Jjt ] t

where ajt is the net income from project j in period t;
J is the total number of projects under consideration;
r is the discount rate; T is the horizon; and xj is the
fraction of project j undertaken. This is limited to be
less than one to prevent the programme selecting only

the most favourable project and investing in it till

the capital is exhausted.

This formulation, taking an overview of the problem,
overcomes the deficiencies of LORIE & SAVAGE's procedure

but highlights a number of other problems discussed below:
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Indivisibilities.

In the sfrictly linear formulation, the budget
will be used to its full extent, resulting in
proposals that may include factional projects.
(The number of such fractional projects is
bounded by the number of constraints in the
model).  WEINGARTNER examines this in two ways.
First he suggests a relaxation on the rigidity
of the expenditure constraint. Then "it is
possible to regard fractional acceptance as a
signal for expansion of the ceiling by an amount
sufficient to permit acceptance of the marginal
project in toto, or to reject it, leaving some
funds unemployed". Secondly he suggests that
fractional projects are less disconcerting that
it may appear at first glance - "in the case of
two basically different bridge designs, for
example, the solution may appear to call for, say,
two-thirds of a steel bridge and one-third of a
wooden one. While construction of such an object
is a patent absurdity, this outcome may be
interpreted in a way that provides still further
information on a possible 'optimal' bridge which
may be better than either the steel or wooden
one..." Such rationalisations are clearly
unsatisfactory, and, as we have seen in Chapter
1.34, the procedure calls for integer programming

to cater for the problem of indivisibility.
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The discount rate. Consider the dual of the

linear programme (2.6}:

T J
Min 5 Tt C + I «
g=1 °© ¢ j=l J
T T
. I =n , HL, > I . ) .
5t ML TR I it @7
(1+1)
V

dj arises from the limitation on project acceptance
(xj 1) and it can be shown to relate to the
cutoff factor ( ) in LORIE & SAVAGE's selecting
procedure. Wt is used to 'evaluate' the t'th
budgetary constraint - it is the marginal (or
opportunity) value of capital in that period.

This poses the question of what value to use as

the discount rate?

ELTON argues (57) that the budgetary constraint

is externally imposed on the company and (following
HIRSHLEIFER's isoquant analysis) proceeds to

relate the discount rate to the shareholders'
jindifference curves. BAUMOL & QUANDT (11) take
precisely the opposite view: they argue that
capital rationing is internally &etermined and

that the discount rate ought to be the true
marginal opportunity rate ( Wt) which can only

be determined after the programme Ras been run.
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To overcome this they propose the following

model.

J . @.8)

where Wt is the withdrawal for owners' consumption
(c.f. dividends) and Ut is the marginal utility

of consumption in period t. How these utilities
are to be established is not explained. Nor, as
WEINGARTINER (143) points out, does it cater for
different share-holders, nor how they can

be expected to determine their utilities for
consumption prior to the withdrawal possibilities

being known.

CARLETON suggests (29) that distinctions be drawn
between the investor's requirements, the
requirements of the firms as a going concern, and
the characteristics of the specific set of projects
being evaluated. Care must be taken to ensure
that the capital investment decision fits in with
some larger corporate objective (e.g. maximising
the present value of ordinary shares). In this
event, capital budgets more closely resemble an
administrative device (as suggested by WEINGARTNER)

and MYERS demonstrates (122) the close connection
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between the 'utilities of consumption' and the

cost of capital. This resolves the dispute between
BAUMOL & QUANDT's and WEINGARTNER's models, but

is no help in determining the discount rate that
will be consistent with the ensuing marginal

value for capital.

LUSZIG & SCHWAB propose .(110]) the use of sentivity
analysis to overcome the problem: first
(intuitively) select a value for the discount
rate; then solve the programme and inspect the
rate of return of the most attractive proposal
foregone. Using this as a new discount rate
recalculate the present valﬁes of all the

projects (i.e. re—establish the objective

function at this new rate) and check to see if

the previous proposal is now violated. If it

is not, then the solution is the optimal one; if
the previous solution does not hold, then start
the procedure again. AMEY & WHITMORE point out
(3) that despite the arbitrary starting point,

a consistent price will be attained, but that

it is not unique! Other information is required -
resolution of the problem concerning the owners'
collective time preferences — before a unique

economic discount price can be established.

Despite these problems WEINGARTNER's model provides the
basis for all work concerning capital budgeting. The

model has been considerably sophisticated ( (144) and

(19) ) to include tax and dividend payments and sources
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for extra investments and loans. It also provides
the means for dealing with some degree of interdependence
between projects. In particular, the model can be

augmented to include

N
mutually exclusive projects z X, ¢1 =

j=t 1 (2.9)
and contingent projects Xe ¢ xg

Capital Expenditure Formulation

‘WHile the previous analysis may be relevant for particular

companies (e.g. investment or holding companies; conglomerates,
and giant industrial companies) it is, in our view, quite
unsuited for the analysis required by an average manufacturing
company (such as our case-study company). The loné-term
proposals that such companies consider are the possibility of
increasing production capacity, the possibility of some vertical
integration (i.e. manufacturing some of the components presently
being bought-in), and the possibility of expanding their product
range. Such companies are far more concerned with the manner

in which these projects will integrate with their day-~to-day
operations, and as such with the detailed physical returns of
expenditure (e.g. the acquisition of a new lathe for the machine
shop; an extension of the storage facility; etec). It is impossible
to draw boundaries such that the monetary returns for such

projects may be identified.

3.1 Capacity Expansion

Previous work in this area (notably by MANNE (113) )inspects
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the problem of additional capacity size—increments to
cater for (linearly or exponentially) increasing demand
for that capacity. 'Capacity' is left loosely defined -
e.g. pipeline capacity for oil shipments, telephone line
capacity or chemical plant capacity. To the average
manufacturing company this concept would be too abstruse:
the management are concerned about increasiﬁg the number
of lathes, drills, etc. and they wish to know in what
numbers and when these ought to be purchased in order to
achieve an increase in the production capabilities of
the plant to cater for the expected increase in sales.
We have formulated this problem as an extension of the

company model described in the previous chapter.

i. The Production Function

If Amt is the technological matrix concerned

with the production of the product vector x on
work—centre type m in period t, then the Work—
Centre Constraint restricting that the work done

be less than the available capacity Cmt (cf Equation.

1.10) is

A x 2« C ¥m, ¥t (2.10)

Now allow for an increase in the available capacity

by an amount Imt' The new equation is

A x - I_<cC ¥ m, ¥t (2.11)
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Note that while the equation is designed to allow
for an increase in capacity, it will also cater
for a decrease, and that a similar expression

can be constructed for the Labour Force Capacity
Constraint to model the hiring (or firing) of new

staff.

The Projects.

The increase in capacity occurs as a result of
the company having undertaken a project in any
previous time period. The resulting addition

of capacity may depend on the lapse of time
between the initiation of the prbject and the
period t under consideration. This allows the
model to take account of the ordering period,
learning curves, or projects with limited
lifetimes. Let P; be project j initiated in
period d,and let Y?m be the increase in capacity
type m resulting from project j being undertaken B
periods prior to the current period. Then the

increase in capacity m in the current period is

t .
I P, .Y ¥ om,t (2.12)
x=
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In general there is no need to limit acceptance

of any project by any amount (unlike WEINGARTINER's
model).-However, in practice, it is unlikely that
management would wish to undertake more than a
certain number of new ventures simultaneously (for
administrative reasons). It is clear that the
variables representing the projects need to be
integral, and that the model can incorporate

project dependence expressed in Equations 2.9.

Financial Implications.

The cost of a project may also be dependent on
the time lapse between initiation of the project
and the current period.This will cover leasing
arrangements as well as credit lags. If °§ is
the outlay required to service project j

undertaken B periods prior to the current period

then

t
I P..c. ¥V ot (2.13)
=

This outflow of money will be included iIn the
Cash Position Equation. Note that sources of
cash to fund (capital) expenditure are already
included in that equation, that these sources

may be bounded by such external Budgetary constraints
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that exist, and that internal restrictions on
the amount spent on capital in any period can be

easily included.

This formulation allows the company to evaluate
their investment proposals with available
information (project costs and physical returns)
and ensures that expansion (or contraction) is

triggered to respond to sales demand.

Vertical Integration-

Whether the company ought to manufacture some of the
components it presently purchases is a very complex
question. Furthermore, it must be recognized that, the
decision to undertake such a venture may be irrevocable -

the supplier may not accept intermittent ordering.

i, Manufacture

Consider the particular bought—in component
explicitly as a raw material type. Now
introduce to the product range a dummy product
(having its own raw material and production
requirement) thgt has no sales outlets. Instead,
this ftem s included in the Raw Material Stock
Equation as another source for this component:
Let St be the stock level of this component

at the close of period t; let U_ be the useage
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and R, be the purchase of the component in the
period; and let Pr be the amount of the dummy

product completed during the period. Then the

revised Stock Equation can be written

s, = 8§ -U_  + R+ Pr ¥t (2,14)

ii, Irrevocability

" Once the project is undertaken the sole source
for this component will be in—house manufacture,
(If this is not so then this equation can be
ignored). This is modelled by the introduction
of a dummy relationship., If ﬁz represents this

project undertaken in period , then

t
R + M.ipP¥eo0 ¥t
t

a=1

(2.15)
M > 0

The decision to extend the in-house manufactured
content of the company's products is now taken
'simultaneously' yet 'independently' of capacity
considerations, since that is now considered

elsewhere in the model.

Product Range Expansion

Extension of the product range is done by simply including
the new proposals in the product vector. With bounds
limiting the sales to expectations of the market, the
model will include these new products in the final plan‘
only if they make suitable contribution to the achievement

of the objectives,
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If it envisaged that sales of the new products will
correlate (either help or hinder) with sales of other
products, this too can be included in the model. Let
Sj be the sales of product j, bounded by Bj’ and let

ij be the cross—correlation of demand for products j

and k. Then
S. + F.. S Z B, 2.16
i ik Sk 5 (2.16)

The equation can be extended to take account of lags
between the sales of a product and its effect being

felt by another.

Conclusions

Manufacturing companies considering investment are concerned
with how such projects will fit in with their current operationms.
They may not be able to identify the monetary returns of
individual projects explicity, thereby nullifying traditiomnal
appraisal techniques, even were we happy that the assumptions

underlying these techniques were met otherwise.

For these reasons we have extended the corporate model to cover
a longer planning horizon and to include investment proposals,
whose returns are expressed in physical terms. In this way

long—term investments are considered as part of the on—going

system, and are accepted only if this helps the company achieve
its stated global objective. This also enables investment

appraisal in the context of goals other than maximising NPV
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of the company for its shareholders. A detailed formulation
of the model and our experience in its use is contained in

Appendix B.
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CHAPTER 3

THE ACCOUNTING FUNCTION

Introduction

The purpose of the accounting function has become ill defined
and there has been little, if any, development in the.
accounting report to take account of the different needs of

the various users., It is widely accepted (119) that users of
accounts are interested-in, aﬁongst other matteré,the changes in
the value of the company's net assets and of its profits

and it is on this 'basis' khat present—-day reports are

drawn up., This begs the question ~ what does 'value' and
'profit' mean? Do universal definitions for these

concepts exist?

In this chapter, we begin with a brief history of the
development of the accounting function, This will lead to a
statement of the principles of presently accepted accounting
practice and we shall highlight some major problem areas which
arise, This in turn will require that we address ourselves to
the question posed above, The chapter will conclude with

a discussion of the role that LP may play in accounting.

The Development of Accounting Principles

2.1 History

The earliest recorded objectives of the accounting
function (dating back to the era of the Babylonian Empire)

were to present the owner with a record of the extent
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of his belongings, in the form of lists of objects. With
the advent of trade and business the accounting system
developed to enable the owner to keep track of the flow
of his belongings. (A detailed description of the
history of accounting development may be found in (23)

and (27).

The concept of control arose with the appointment by the
owner of a steward to take care of the owner's business
affairs, In the need fdr an independent check of the
steward's actions the control process reflects a basic
trait of human naturé. As companies grew in size

three processes took place:

i) The double-entry-book-keeping system was invented,
It is widely accepted that the double-entry system
forms the foundation of modern accounting and
that its absence would have severely hindered the
growth of business activities. It 1is as well to
bear in mind that the device merely ensures

control over the accounting process itself,

(EDWARDS (page 38, (2)) points out that double-
entry book-keeping '"can never add anything to the
original data, though it may well present data
in such a way that information becomes available

which would not otherwise be disclosed".)

ii) Ownership in the business entity was diluted-among
many shareholders resulting in a weakening of
control by the owners over the managers, TFear

of divulging information to competitors; belief
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in caveat emptor with respect to shareholders; the
heritage of entrepreneurial attitudes and the
disavowal of the rights of the public to knowledge
about the company's affairs all these led to
management refusing to publish (accurate)
information about their performance in managing

the company (see (81) ).

1ii) With éhe associ;ted increase in the complexity
of the organisation arose the problem of control
by the stewaFd of the activities entrusted to his
care, The response to this has been the use of
formal budgeting procedures: control is exercised
by comparing the predictions with the accounts
of actual performance "with the object of
defecting to what extent errors have been made,
controlling the work of different me;bers of the

organisation and providing material for further

forecasts about the future' (49).

Pressures- from creditors, from the public, and from
government (in the form of legal requirements of
disclosure) led to an awareness of the professional
responsibilities of accounting and resulted in the
following concepts, now accepted as fundamental principles

of the accounting process (85):

2,2 ~The Accounting Precepts

1., Boundaries are drawn in order to define the
business entity on which the accounting-function

focuses,
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2, The entity is considered as a going concern.
3. A single (monetary) unit of measurement is
applied.

4, Consistency requires that 'generally accepted
accounting principles be applied on a basis

consistent with that of the previous year".

5. Realisation - under historical cost accounting this
results in the changing value of an asset béing
recognised only in the period when revenues from

the sale of the asset are deemed to be earned.

6. Objectivity requires that accounting entries be

subject to verification. ,

7. Conservatism requires that measurement be undertaken

anticipating losses but not predicting gains.

\Critiques and Comments

One might expect that accountants, guided by the
principles outlined above, could report on the economic
activities of the company to the satisfaction of

all concerned parties. Such is not the case. Some of
the problems experienced by users of accounting reports
stem~from the specific way in which accounts report

on the 'value' of the assets of the company - we shall
deal with these in more detail in Sectiom 3, Other
problems derive from dissatisfaction with the precepts

themselves}
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The Business Entity

The business entity postulate states that a
distinction can be drawn between the business and
the owner. This is in contrast to a possible
view of the corporation as an association of
owner shareholders, a social institution, or
merely a prescribed set of legal relatioﬁs (see
(133) ). The accounting function concentrates

on relatiqnsbof the business with its environment
(includi£; the oﬁners amongst other'factors).
This does not provide sufficient guidance to
establish.on-what basis the accounts should be
drawn upg- that is left to the discretion of

the directors and auditors.,

The Going Concermn

When considering a company it is usual to view

it as a going concern rather than as a seriously
embarrassed or insolvent enterprise. (86). Despite
this, the procedure of valuing the assets of

the company at their realisable market value has
become an accreditted method among the 'generally
accepted accounting procedures' (to the delight

of the company's creditors, one of whose major
concerns is the realisable asset cover of their

exposure) .
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A Single Unit of Measurement

It has been advanced that in order that diverse
objects (and events) may be classified, some
common attribute must be perceived to pertain

to them all.

CHAMBERS states (34) that in a 'monetary economy'
buyers, holders and sellers of non-monetary
assets are concefned with the numbef of monetary
;nits given or received in exchange for the

asset. "The monetary scale is simply a scale

of numerosity of monetary units".

For the concept to operate satisfactorily the
units of measurement must be stable. TIERNEY
identified (137) two factors that may affect this
requirement. The first is that in an environment
of a stable monetary unit, prices for individual
items will still change in response to supply and

demand conditions.

The second factor is that in an environment where the
'value' of the monetary unit is itself time
dependent, measurement using an 'uncorrected' unit

will distort the situation that it aims to portray.

The question of corrected units of measurement was
brought up by the Accounting Standards Steering

Committee in May 1974 when they attempted to provide
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the means for accounts to deal with inflatiomary
conditions. Their suggestion (in essence that the
units be 'updated' by the Retail Price Index) were
wholeheartedly rejected by the Sandilands
éommittee (129) : leaving aside the objection that the
RPI is not a good measure of the change in company's
(or their shareholders) purchasing power; it is
extremely doubtful whether a single index can be
used to reflect the changes effected over the

spectrum of activities undertaken by a company.

However, the-b;sic premise that man utilises a

single dimension for the basis of comparison is

itself questionable - six apples are more tham five
but are they better?. Nor is a single unit of
measurement required by the philosophy of double-entry
book~keeping; IJIRI proves this as follows (page

83 (88)):

let A be an asset account, with a 'value' ZA

let E be an equity account of amount XE‘
then

ry = I X
A E

since asset or equity partition is simply a
different way of apportioning the same total
vélue éf aéseéé:_ALet a transaction (i.e. anv
action causing change) to am account be
designated by

+ + - -
I A or z E (Z A or I E)

for the amount by which the account is
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increased (decreased).

Then

I - I o= I - ) (3.2)
or after rearranging

i;'gx + égﬁ = f&_{z + é‘g-Er (3.3

resulting in the double-entry addage that every
transaction is a two-~fold aspect i,e. debit

and credit flows result from each transaction..

It is clear that the vectors Y and Y_ are no
c c Y, LS} t

constrained to be uni-dimensioned in equation (3.1).

Consistencz

Clearly, bad procedures applied consistently would
have no inherent quality worthy of upholding.
Nevertheless, it is also clearly undesirable to keep
changing the basis on which the evaluation is
undertaken since this robs the resulting figures

of much of their significance. (An example is

cited of a major U.S, steel company who changed the
basis on which depreciation was calculated, with the
resulting lowering of reported profit against a
background of general business bouyancy, enabling
the company to press for highgr prices. Yet later
in the decade a further change was made to the
assessment of depreciation, and the resulting

increased reported profits, enabled the company to
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stave off a take-over bid. But the overriding result
was that no understanding could be derived about the

performance of the company!)

Realization and Matching

Problems of matching are tied up with the
periodicity in accounting reports. This

becomes a considerable problem in industries with
very long producfion cycles (such as ship building
and contracting) but is less of a problem with
manufacturiné companies since the component of costs
paid in one period but carried over to the next (in
the form of w.i.p. or stock is small). The concept
of realisation proves to be a problem for
investment companies since the 'value' of- the
investment is only recorded when that investment

is realised (135).

In a period of rapid inflation in value of long
term assets (e.g. property) the under-valuation
of these assets in the accounts leads to
companies being vulnerable to asset stripping

take-over ventures,

This problem has led to a fundamental re-examination
by the Sandilands Committee (129) of the question
"what is business income', and how it should be

measured = should it include holding gains, or
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should the principle of realization be upheld?
We return to deal with this question more fully

in Section 3.2,

- Objectivity

The concept of objectivity has let to confusion
and controversy in the literature. The component
of independence (expressed by BIRD (23)) is clear:
no reliance may be placed on reporfs prepared by
auditors where colusion with one of the intgrested
parties is suspected, This established the ethical
responsibilities of accountants, but in no way
indicates how the process of measurement might

proceed.

VATTER argues (141) that in preparing accounts one
should only recognise those figurés that are
amenable to verification ~ he views objectivity

as being intrinsically linked with the principle of
realisation, This view is of no help, as ARNETT
(7) points out, since accountants will accept a wide
range of evidence as being objective. While the
amount of cash in the bank is easily verifiable,
depreciation charges and cost allocations are
subjective factors that cannot bertreated as

'arms length' transactions without seriously
damaging the view of the entity as a going

concern (e.g. by including depreciation

only when the asset is retired from service).
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Furthermore, insistence on linking objectivity to
realization would damage the postulate of matghing
expense to revenues:~ views must be taken about
tﬁe future in allowing for deferred taxation,
depreciation and allowances for bad debts.
(Acceptance of the accrual approach recognises
that some subjective allocation of costs

or revenues may be appropriate under some circumstances.)
ARNET concludes that the ultimate test for the
acceptance (or rejection) of data is whether

it helps to reflect the entity events - it is
better to be approximately right than precisely

wrong.

This brings us to the crux of the question:
‘CARSBERG, HOPE & SCAPNES point out (32) that
accounting reports are intended to satisfy
some useful purpose and the efficacy of
reports can gglz be judged when their purpose
is clearly understood. They suggest that
accounting reports attempt to satisfy the

following objectives;

(a) provide information to assist shareholders
decisions whether to sell, buy or hold

shares in the company;

(b) provide information to shareholders about the

(legal) use of their funds;
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(¢} provide information to creditors to decide

on future credit allowances;

(d} provide information to employees about future

relationships with the company;

(e) provide information to managers to aid

management;

(f) provide information to society to check whether
activities are consistent with national

objectives}

(g] provide information to government for the levy

of taxationj

(h) provide information to financial institutions

for negotiated financial assistance;

CHAMBERS, postulates (p384 (35) ) that since the
number of individual actors within the system,
enumerated above, have different wants (which
themselves change over time) and since the
information processor must proceed without full
knowledge of these, he does best to process the
information neutrally, What does neutrality mean?
If it means accounting recognition of economic data
only when arms length (verifiable) transactions
occur (i,e, realization), then the conclusion
does not help the information processor in

those areas where strict neutrality leads to
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clearly unsatisfactory results (as indicated
above), Nor is the conclusion derived from
the full set of pgecepts: better results might
be obtained with more study about the needs of
the classes of users listed above - a study
that might indicate that each objective ;equires,

ideally, different accounting procedures for

its satisfaction (32}!

8. - Gomservation
The adage 'anticipate no gain but provide for all
possible losses .,...,..,1if in doubt write it off'
conflicts with the principles expressed above
(specifically those of realisation and objectivity)
to an extent that the theoretical objections are

clear,

3, ~<Va¢uatiqn~of\Assets

The principle concern of all parties concerned with a company
G.e, workers; managers, shareholders, creditors, debtors, etc.)
is the general welfare of the company and the expectation that
payments (in the form of monies, goods or services) due will

be met,

Since the qualitative nature of the criterion 'stability' and
lwelfare! defies quantitative measurement, the accounting
function has concentrated on the measurement of income (from

which the parties' stake in the business can be serviced).
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Definition of Profit

The transference of Hicks' classical definition of
income - that an individual's income may be defined

by the maximum amount that he can consume during a

week and still expect to be as well off at the end

of the week as he was the beginning - to the |
corporate enviromment remains the subject of fierce
debate amongst economists (Chapter 5 (82)). Measurement
of corporate income is aftempted by two distinct

approaches:

(1) Profit and Loss Accounting

An attempt is made to match revenue in any stated
period with the costs of achieving that revenue.
'"Profit! pertaining to the period is defined as
the difference between revenues and costs.
This process is fraught with the problems of
identifying the relevant costs (discussed above
in Section 2.2,5), and one is left with the problem of
deciding what proportion of the profit should
be properly allocated to capital maintenance

) in order that the company be 'as well off at
the end of the period as it was at the

beginning'.

(i) Balance Sheet Accounting

In a dynamic enviromment, where companies may
take advantage of changes in the environment
and chose to replenish their asset base by

technically more advanced plant or by the
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acquisition of assets that will work in a
new area, profit in any period may be defined
as the change in net assets that takes place

during that period.

This procedure concurs with EDEY's conclusion
(50) that no unique or objectivity deterﬁined
"true' figure of profit exists, and that

profit must emerge from the valuation process
rather than contfibute to it. (Henbeforth, any
reference to profit will imply this process of

measurement) ,

Proposals for Asset Valuation

This brings us to the crux of the problem - namely the
process whereby assets may be valued. This is an area
rife with proposals and counter proposals where
supporters vehemently defend their respective positionms,

These concepts may be summarized (8) as follows:

1. HISTORIC COST

The most widely used basis for constructing
accounts is to record the cost of the asset at the
time of purchase and to write down that value over

some pre—~specified life.

2. ADJUSTED HISTORIC VALUE

To account for general inflation, monetary units
are factored to take account of the age of the

assets to which they are linked.
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REALISABLE VALUE

It has been widely suggested that the value of an
asset can be established by referring to the
market place to find the price at which exchange
will be effected, However, this value,

when it can be ascertained, can only be used as

a guide:; the purchaser of an asset clearly values
the item at more than—the price agreed since he
would otherwise not involve himself in the
exchange, Simiiarly, the seller mﬁst value the
item at less than the price agreed, Due to the
principle of.conservatism market price is often
used adjunct to historic cost (e.g. in stock
valuation) when market valuation would be less

than the depreciated historic value,

REPLACEMENT COST

This would value the assets at the current (often
(depreciated) purchase price) i.e. the basis for
valuation is the cost of replacing the asset with
an identical replica in the event that the asset

is lost to the business.,

ECONOMIC VALUE

This is defined as the present value of all
associated future cash flows. We find this

measure particularly unsatisfactory since:

(a) the discount factor remains undefined
(despite continuing ingenius attempts

€.,8, (28) );
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.(b). forecasts of future éash flows cannot be
objectively determined (this factor alone
should, -but often does not, prevent widespread
apélication of this approach). 1In particular
it is not clear whether the cash flows are to
ascertained with the view that the asset will
continue to be used in its existing or its

alternative use;

(c] it may be very difficult =~ if not impossible =~
to allocate cash flows to individual assets

(as discussed above in Chapter 2).

The Sandilands Committee, before putting forward
their own recommendations, searched'to define
which basis for valuation is most appropriate for
inclusion in'balance sheets, From the weight of
evidence presented to them, they concluded that the
process of valuation should be undertaken from the
view of Yvalue to the business as a going concern'.
From the choice of different methods (summarized
above) they decided on three principle contenders:
net realizable value (NRV); present (economic) value
(PV), and replacement cost (RC). The respective

valuations may be ranked in six ways:

1. NRVY > PY 3>RC
2, NRV 3 RC 3> PV
3, PV 3 RC >NRV
4, PY 3 NRV 3 RC
5. RC 5 PV >SNRV

6, RC > ©NRV ® PV
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In cases 1~4, where either the net realisable
value or the present value (or both) are more than
the replacement cost, the value of the asset to the
business can be recorded as the replacement cost
since this is the amount that would be required to
replace the asset in order to reap the benefit
of either the realisable or present valué. Only in
cases 5 and 6 will it not be worth replacing the
asset, since no benefit to the company will ensue.
The Committee tobk the (intuitive) view that these
cases are relatively unlikely to occur in practice
and thereforé opted for the replacement cost method
of valuation. (In theory the value of any asset
to the optimally efficient company as a going
concern should be limited by the purchase price of
the asset at fhe lower end and by the realizable
value at the higher end, since if either limit is
violated the asset should not be a member of the

set of assets that comprise the company,)

The Committee proceeded to outline detailed
proposals for revision to the currently accepted
accounting procedures starting from the premise
that holding gains be seperated from operating
gains. The important features of the Sandilands

Committee recommendations are:;

i) That land and buildings be valued regularly

on an Yexisting use'" basis,
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ii) That for other fixed assets, the Government

Statistical Service should publish a series

of capital goods price indices to provide a
standard reference for estimating replacement
costs of such assets, Directors may include

their own valuations in balance sheets if they
deem it desirable, but must show (iﬁ a note)

how such valuation differs from the standard

reference,

iii) That no change is immediately required to the
existing bases used to value stock (since
FIFO, used in the majority of cases, is a

reasonable approximation to current value),

iv) That stock , when consumed, be valued at
“wyalue to the business" for inclusion in the

Profit and Loss account,

v)  That depreciation be provided on all assets

| except land, The level of depreciation
should be calculated on the basis of
the value of the asset to the business
at the end of the period - the purpose is
to charge the Profit and Loss account with the
value of the assets consumed during the year,
and not to finance replacement of assets.
However, for comparative purposes, the
historical cost figures for depreciation

should be included as a note to the accounts,
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Some Problems with Accounting Valuation Processes

Dissatisfaction with the accounting process of valuation
has been brought to a head by the realization that
valuation procedures based on historical cost are
totally unsatisfactory in inflationary conditions.

Such few defenders of historical cost that now femain
argue that historical valuation is objective and should
be retained since alternative procedures rely on
subjective valuation. Further arguement is propounded
(e.g. (116)) on the basis that it is incofrect to say
that accounts prepafed on historical cost basis are of
no use since they are widely used by all (ignoring the
fact that while no alternative exists one must make do
with what is available). The widespread acceptance of
the Sandilands Committee recommendations will ensure

that this problem will be overcome to some extent.
However, other problems still exist:

1, Multiplicity of reports

This, problem, highlighted in the main by SPACEK (132),
concerns the large variety of accounts that

may be drawn up, all of which claim to

represent with a "true and fair view' of

the same set of transactions. Practitioners

who rely on the fact that in preparing these

accounts they do not break the 'accepted'

principles outlined above, and that their



-3-92-

own brand of calculation is explained in
(cursory) footnotes attached are shirking their
auditing responsibility. His clear message is

that a more unified approach be sought.

Additivity

CHAMBERS points (34) to the assumption of additivity
and questions whether measures made under
different conditions (or according to different
procedures) can, in fact, be added. How can one
add "the amount of cash held by a company today
to the amount of cash paid 20 years ago for a
piece of freehold land which the company still
holds''? How different is the notion of adding
values calculated according to one procedure

for one item (e.g. fixed assets by historical,

or even replacement cost) and values for another
item calculated according to different principles

(e.g. debtors by book value less some provision)?

Standard Costing

The long run objective of business survival can

be translated to the requirement that the

company must ensure that costs are met. Absorption
costing is the generally accepted manner of
accounting for manufacturing costs, and specifically
for fixed overhead costs (25). The widespread

acceptance of standard costing has been
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helped by the advent of budgetary control systems.
The calculation and the application of standards,
corrected by variances, (discussed in Chapter
15; (2)), is a long and complex operation, The
commitment involved on the part of the company
makes it tempting to overlook some of the

disadvantages and inherent assumptions:

i) The level of standard set has an effect
on the motivation of workers affected by

that standard,

ii) Despite the oft stated principle that
underage cannot\pecessarilz be viewed as
'gain' (and overage as 'loss') to the
system, this is very often the way in

which managers are judged,

ii1) No level of intricacy of calculation will
negate the fact that allocation of overheads
is arbitary in situations where more than
one product is produced from common
manufacturing facilities, This has been the
subject of much research (see Chapter 6 (2)
for a review) with results ranging from
simple formulas to suggested LP models
(94) . We show in Chapter 6 that even

such sophistication is to no avail,

(iv) Standard costs are calculated on an assumption

of a particular level of throughput and
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resource utilisation. Once calculated the
costs are often used out of context in
situations where the utilisation and throughput

bear no resemblance to the base used.

The case for marginal costing to replace standard
costing is now being put forecibly forwarﬁ (87)- with
the argument that cost control is best effected

if identified with the responsible manager -
allocating arbiﬁrary cost will side-track
management into arguing amongst themselves how
those allocations may be done 'fairly'., Clearly

a separate exercise of control needs to be carried
out on those costs central to the organisation
(such as payments of rates or central management
emoluments) and management needs to ensure that
prices will be sufficient to cover these additional

'fixed' costs over the period.

Advocates of standard costing argue that the full
unit cost needs to be known when determining the
unit price to be charged: this is countered by
the fact that in many industries the price is
determined by considerations external to the

firm.

Furthermore, since overhead allocations is subject
to a variety of 'acceptable' methods, the price
would become a function of the methods, and not

of cost, It is further argued by standard costing
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proponents that it is correct to include overhead
recovery in stock valuation. This is a moot
point in terms of philosophy - advocates of marginal
costing argue (page 15 (87)) that fixed costs
may be identified with a period in time and
should not, therefore, be carried forward as part
of the cost of an asset into subsequent ﬁeriods
unless the unit of asset is very large (such as
exists in the ship building and contracting
industries). It.is also moot whether inclusion
of overhead recovery in stock valuétion is an
efficient syétem: BULL (page 160 (25))
illustrates this with an example of‘a company
operating over three years with no changes in
price, sales volume, marginal or overhead costs.

The only change was in volume of production.
Standard costing resulted in fluctuating
income whereas under marginal costing the

income is steady,

Modular Valuation

A further implication of the standard costing
approach is that accounts approach the task of
valuation from a modular standpoint. In other
words, having found the value of a unit of asset
(stock for example), the value of ownership of
that asset is calculated by multiplying the

value of each unit by the number of units present.
Unless the 'value' of each unit truly represents

the average value, such a procedure is patently
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wrong since it does not reflect the decreasing

utility for more of a particular class of item,

This attitude is extended to viewing each class of
asset individually, whereas in fact assets need to
be brought together to be of use to a company,
Plant and machinery are to no avail if tﬁere is

no factory to house them, and likewise, an empty
factory is of limited value to a manufacturing

company.

5, ’§§?;ua;ion\pf'a'5ubset»of Assets
The accounting process concentrates on those
components of the business that are measurable.
This ignores vital resources - for example the

human asset,

Failure to measure and report on the value of the
human resource may lead to decisions being made
that may appear beneficial, but that would lead to
an unintended depletion of human resources (by way
of reduced motivation, higher turnover, etc.)

(64} .

It may be argued that since the company does not
own the individual it cannot lay claim to
ownership of the human asset., This is denied by
LEV & SCHWARTZ (106) who counter the argument by
stating that ownership of the individual is
immaterial with respect to the labour force as a

whole,
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The problem of how to attribute a value to the

ﬁuman resource has been the subject of much
research (reported by GILES AND ROBINSON (68) )
and it is clear that much work in this field

remains to be dome,

6. \ﬁultiple:Goa;§
While there is éurrently widespread acceptance
that a company does not pursue a single goal
(and that different companies may pursue
different set of possibly conflicting goals)

\ this realisdtion has not permeated through to
the accounting function. BEDFORD & DOPUCH
argue (15) that the accounting profession
must consider means of broadening its scope
to report on the effectiveness with which
non~income-oriented goals are attained and ™
that the area to start with is that of the
measurement of the nature and extent of
benefits that would accrue to the participants
where alternative, additional, goals are

adopted,

4, \Exampies\oforoblem\BaIance\Sheet~Entries

Before proceeding to discuss a technique that aims to deal with
- some of the problems listed above, we shall consider the
particular problems concerning the valuation of inventory,

depreciation and goodwill,
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Inventory Valuation

This single item has given rise to much, contradictory,
literature, with advocates ranging-from those who insist
that the LIFO view represents the only realistic approach
to the problem (117); those who argue against (120);

as well as others who press for a variety of other
methods = FIFO or standard (historical) costs (see (105) )
replacement at market prices (21) or a multiple
combination .of these (eg (73), (121} ). The practitioner
is left with such a bewildering array of tools at his
disposal, but with }ittle direction about their use
resulting in the ability to value inventory by whichever
method is convenient - UNDERWOOD has calculated (137)-
that over 108 methods are accepted by the Institute

of Chartered Accountants,

The overriding emphasis of establishing some idea of the

cost of inventory appears to be ignoring the very essence
for the presence of stock. Inventory is held in order to
cater for the possibility of a variety of outcomes in the

future:~-

(a) inventory holdings smooth out the random

variations in demand;

¢:)) inventory acts as a substitute for production
capacity when demand temporarily outstrips that

capacity.
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Both of these functions demand that the valuation for
inventories be measured by looking forward to the use
that such stocks will be put to — a utility that has
little, if any, connection with the historical means

of producing and holding the inventories.

Depreciation

Practitioners may approach the problem of calculating
depreciation by adopting a variety of rule of thumb
measures — straight line; fixed proportion; rule of
years etc - on the value of the relevant asset

(which may itself be measured according to cost;
replacement; economic; opportunity; market prices, etc.)
This seeming complexity obscures the fact that the
single figure in the accounts serves three distinct

functions:

(a) The entry in the profit and loss account represents
a "fair" cost to the process of manufacture of goods
using the asset. (To some extent this cost will be

borne whether or not the assets are used.)

(®) It is a means to accumulate funds necessary to
repurchase a replacement at such time as that is
required (thereby preventing any temptation to

distribute such income as dividend).

(c) It is used in the balance sheet to give a net
measure of value of the asset. WRIGHT maintains
(148) that to find value one needs, perforce, to

reject all accounting conventions since they
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merely attempt to allocate cost over the life
of the asset rather than value its services.
He argues for particular valuation based on a
minimum cost or loss suffered by the owner

of the asset by its absence. There are
problems connected with this approach. We
show later, in Section 5.2.ii that such é cost
allocation procedure results in an overvaluation
of the enterprise. A further point to note is
that the value placed on the asset by
sequencial losses of the asset to Ehe business
will depend‘dn the order in which the assets

are lost!

From that it becomes clear that the figure need not

be the same for each purpose.

(a)

(b)

It can be argued that the cost of the "physical"
depreciation of the asset is linked with the
historical cost of acquisition. This still
leaves the accountant the task of allocating
such cost over the life of the asset - an
allocation that will be inherently arbitrary

in nature.

The provision of a replacement fund requires
to be linked with the costs of replacing the
asset. This is extremely difficult to define
in view of the changes in price levels and in

the technology of production.

- 100 -
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(e) We have argued above that value will depend
on the utilisation of the asset and is divorced

from concepts of costs.

Goodwill

The concept of goodwill, and the role that that entry
plays in the balance sheet, is still the subject of a great
deal of discussion. The concept was initially conceived
to take account of the good relatioms a pzoprietor of

a business established with his customers ; a
relationship that could be expected to endure (to

some degree) even after the departure of this
entrepreneur. It was at this juncture - the sale

of a share of the business - that the vaiuation of
goodwill arose. To this day, a point on which
accountants agree is that purchased-goodwill represents
the excess of the purchase price paid over the fair
value of the net assets when the business is acquired.
(Care must be taken in the reading of accounts since

the amounts shown for acquired goodwill may sometimes
be more as a result of bookkeeping or consolidation

techniques than of supportable concepts'.)

The existence of goodwill is now recognized to exist at

all times and not merely at those moments in time when

sale is considered. SPICER & PEGLER consider (132) goodwill
to be "that element arising from the reputation

connectionor other advantages possessed by a

business which enables it to earn profits greater than

the return normally to be expected on the capital



-3 -102 -
invested in the tangible assets employed in the
business'. GYNTHER agrees (75) - ''goodwill exists because
assets are present, even though they are not listed
with the tangible assets. For example, 'special skill
and knowledge', 'high managerial ability' ... are

assets in this category".

There remains the difficult problem of finding a method
of valuing such goodwill - a procedure that will require
neither the subjective.valuation by the ménagement of
their own skill and performance, nor the speculation

of a price that wili be set by a mythical purchaser

of the business. A method often quoted expresses
goodwill in terms of excess or super profits. But
GYNTHER makes it clear that this will not do:-
""goodwill is not 'the discounted value of the

estimated excess earning power - the amount of the

net income anticipated in excess of income

sufficient to clothe the tangible resources involved
with a normal rate of return'. This is not what
goodwill is. This is merely a rationalization of the
method commonly used to calculate the wvalue of

Goodwill".

Research undertaken by the American accounting profession,
into the nature of goodwill, and the manner in which it
ought to be treated in the accounts (a matter that
appears to take up an inordinate amount of accountants'
attention (e.g. (56) ) to the detriment of an
understanding of other aspects of goodwill),

concluded by characterising goodwill - as distinguished

from other elements of value in the business - as follows:
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i. The value of goodwill has no reliable or
predictable relationship to costs which may have been

incurred in its creation.

ii. Individual intangible factors which may contribute
to goodwill cannot be valued. This results from the
inability of such factors to exist apart from the business

as a whole.

iii. Goodwill attaches only to a business as a whole.
It forms an inseperable part of the business and cannot

be realised seperately. \
iv. The value of goodwill may, and does, fluctuate
suddenly and widely because of the innumerable factors

which influence that value.

LP IN ACCOUNTING

LP has been applied to the analysis of numerous accounting and
financial problems. The applicability of the technique rests
on its ability to overcome the disadvantages of other valuation

processes (discussed in section 3.3) in the following ways:

i) LP takes an overview of the company and enables a
valuation of all the component assets in their existing
usage. This overcomes the problems of additivity of
valuations made under different procedures, and the
problems arising from valuing the assets individually
and attempting to arrive at a value of the whole by

merely summing the value of the parts.
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ii) LP models, utilising a marginal costing approach, obviate
the need for arbitrary allocations of overhead or fixed

costs.

iii) LP models can take some account of such assets as the
labour force by .the inclusion of equations modelling the
scarcity of such resources.

iv) LP models can take account of multiple goals.

When LP is applied to the process of valuation two

distinct approaches have been adopted.

5.1 Spread Sheet Planning

This approach, initiated by CHARNES, COOPER & IJIRI (42)
and developed and extended by the latter author (88), is
founded on the double-entry book-keeping system. The
mathematical basis for double-entry system, generated
from equation (3.1), i.e. % XA = & Y
arises from the fundamental observation that the equation
is time independent. Changes that do occur over a time

period to the asset accounts are balanced by counter-

changes to the equity accounts.

Let the accounts be numbered sequentially (1, 2, ....n,
n+l, ... n+m) starting with the asset accounts and
followed by the equity accounts. Let Wij represent a
transaction debiting account i and crediting account j.

Then

nS? w = oy w (3.4)
i=1 i3 ij
mirrors equation 3.2

[Py
Il
=

’
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Since a large number of transactions may involve any single
account the net flow for any amount may be found by
establishing an incidence matric T: a matrix having only
two non-b entries in each column:-

for the kth element of E-(wij) the kth column of T has an
entry 1 in row 1 and -1 in row j; O elsewhere

Now Tw= d the net flow for any account (3.5)

It is simpler to visualise the process of transactions in
terms of a network with accounts represented by nodes and

transactions by arcs.

IJIRI gives the following example (page 91 (82) ) as an

aid to understanding.

Let the opening balance of the accounts be as shown below in

Table 3.1, and the transactions undertaken in the

period shown in Table 3.2

ACCOUNT

t:l1b<

L9

1. CASH 30 4. EQUITY =

2, FINISHED GOODS 10
3. MATERIALS 10
50

g

TABLE 3.1 OPENING SALANCE SWEET

Purchase of Materials in Cash

(S}

Consumption of Materials . 2
Fixed Operating Expenses 2.5

Cost of (Cash) Sales

(¥

Profit on Sales of Finished Goods 3

TABLE 3.2  TRANSACTIONS



Then w = —W3J 5
Wog 2
W1 = 2.5
Wi 3
| Y14 | |3
ad T =1[-1 0 -1 1 1]
0 1 0 -1 0
1 -1 0 0o o0
0 o 1 1 -1
Tw = [ ~1.5]]
-1
3
—-.5 -

which can be shown as Fig. 3.1

N

1.5
1.CASH . ’ 4 EQUITY

\

/ / 23 \.3 .MATERTALS

. 2,FINISHED
/’ coods

FIGURE 3.1  SPREAD SHEET FLOWS.
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Spread sheet models allow the analyst to investigate the
effects on the balance sheet of pursuing different, or
multiple goals. Furthermore, the skeleton model of the
company in terms of its balance sheet components and the
accounting flows between them can be further extended to take
in multi~time period horizons and other managerial,
technological and environmental constraints (895. The
apparent versatility and wide ranging scope for the
technique and the straightforward manner in which results

are presented are its major advantage.

A fundamental critiéism of the spread sheet approach
is that it provides no new information, neither to
management nor to the analyst. Balance sheet entries
may be linked (through any particular view-point) to
the results of a model of physical activities of the
company at a report writer stage: GAMBLING very
neatly demonstrates this (66) by taking the same
example used by CHARNES, COOPER & IJIRI to exemplify
their spread sheet approach, and solves it with a
direct LP model of the physical activities and

constraints.

Furthermore, claims for the use of the dual interpretation
of the model are suspect: in the spread-sheet model many

of the accounting flows are linked to the physical flows

of goods or materials by some (arbitrary) standard costing
system. However, some of the dual variables extracted from
the optional solution of the model will also, 'price'

the flow of goods and materials. If the dual 'Brices'
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and 'standard costs' are different we are presented
with a problem comparable with that of pricing the

value of money under capital rationing (see Chapter 2.2.3.ii).

Valuation by the Dual LP

The interpretation of the dual variables of an Lf

as an opportunity evaluator is well established

(developed by DANTZIG (46) from the concept of the dual as
a pricing mechanism for inputs). The basis for this

interpretation lies in the Strong Duality Theorem.
*
9. = x b =2

(The mathematical foundation for this interpretation

is to be found in Chapter 5.2.2.)

This combines the aspect of marginality with average

value: each unit of resource input is valued by the amount that
the optimal value attributed to the company as a whole
would phange by the addition (or decrease) of a single

unit of that resource, (see HADLEY, page 484,(78) ).

This marginal valuation is attributed to the entire
availability of the asset. The value is thereby determined
at the margin of a known and given availability, and in a
given combination, of other assets. A necessary

result from this is to value at zero resources which have
slack (space capacity) since any marginal increase or
decrease in availability will not effect the

solution.
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The general use of this interpretation is to inspect

the solution to a2 (maximising) LP and argue for the

increase in availability of resources with high

positive duals — with a decrease in requirement for

activities with negative duals. (e.g. (48) ).

WRIGHT argueé (147) that the dual LP is a viable system

for imputing values to assets, the sum of which comprises

the business as a "'going concern". As we have seen previously
(Section 4.2.c). he argues that valuation should be on an
opportunity value basis but discards the approach of
'discounting the future stream of income', because of the
difficulty of allocating income to a part of a large

and complex man-machine organisation.

The straightforward acceptance of the dual variable as the
opportunity evaluator for the inputs to the company (or as the
allocation of the value of the enterprise as a whole over the

constraining inputs) is not problem free:

(1) Limited range of validity

BERNHARD, (20) in commenting on SAMUEL's proposal (128A) to
bill departments (on the basis of opportunity costs)

for deviation in profit achievement due to their

variance in planned performance, points to the

problems of changes in basis. The example used is

shown in figure 3.2.
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FIGURE 3.2 BOTTLENECK TRANSFERENCE

The model is defined by 3 constraints,

constraint BB being redundant.

Interpreting the solution of the dual programme
would lead to efforts being made to improve

the performance of constraint AA. If this were
successful and resulted in the constraint being AA'
Samuels would value the improvement of performance
by the entire change multiplied by q& (the old dual
value). However, we can see from Figure 3.2 that
AA' is now redundant and some of the apparent
improvement is to waste since overall performance

is now constrained by BB.

(i1) Degeneracy

STRUM notes (135) that in degenerate solutions the duals
are asymmetric and must be interpreted according to
whether the change in asset availability is an increase

or decrease.



-3 - 111 -

It has been argued that valuation of inputs may be accomplished
by denying the organisation each asset in turn and equating the

value of that asset with the change in attainment of the goal(s).

*
i.e. Value of asset i = z -2 Where 2 is the optimal
solution of the programme

missing resource 1i.

It can be shown (91) that such an attempt results in the sum of
the values of the inputs greatl& exceeding the valﬁe of the
company as a whole. CARSBERG demonstrates this phenomenon (31)
by the use of a simple exaﬁple and concludes that the cause

is due to jointness in the production process. The particular
example he uses is degenerate - "unfortunately this problem
with dual prices may occur frequently in practice since
comprehensive formulations of a firm's operations will often

be degenerate'.

Conclusions

One of the principal concerns of accounts is the ability to
report to the participants on the value of business, and
from this valuation to derive the profit earned by the
business during the accounting period. We have shown that
despite the development of guiding principles and
postulates to accounting procedures over a long period of
time, the reporter of the company's affairs is left with

a bewildering array of tools at his disposal, with little
guidance concerning their appropriate use. Acceptance of

the Sandilands Committee report goes a long way to
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providing a unifying approach to the task of drawing up
balance sheets, but a number of problems remain. These
centre on the modular ‘approach to valuation, the 1agk of
recognition of the different goals pursued by the

company and the valuation of only some of the assets that

comprise the business.

We have seen that LP models offer the possibility of allocating
the overall value of the busingss as a whole (in terms of the
stated objectives of the company) over the constituent assets.
An average value for the uqit of asset can be determined at the
margin of a given availability of that asset, and in a given
combination with other assets. However, such a system is

not devoid of problems (namely those arising from degeneracy
and from the limit of validity of the dual to the optimal

basic solution). We shall return to deal with these problems

in greater depth in Chapter 6.
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The solutions to multi=period LP planning models (of the type

(1)

(ii)

CHAPTER 4

ALTERNATE SOLUTIONS

alternate primal solutions).

the solutions are often primal-degenerate,
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formulated in Chapters 1 and 2) have two prevailing characteristics:

the solutions are often primal-alternate (i.e, there exist

We shall discuss the derivation and definitions of primal-degenerate

solutions in the following chapter,

of the dual LP's will be dealt with in Chapter 6.

In discussing the conditions pertaining to primal-alternate
solutions we first deal with the geometry of primal-feasible

solutions and then with primal-optimal solutions,

in an explanation of how alternate solutions arise,

The implication of interpretation

This results

(The basic

mathematical foundation for the analysis is to be found in Appendix C).

Geometry of Feasibility

Consider the LP,

1)

(ii)

S.t. ; aijx. + Si =b. 1=1,,.0..,m

S.,x. O 3=l 0000.,n

M=m+n

(4.1)
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The set of equations (i) are termed "structural" equations,
equations (ii) are the '"nmon-negativity" constraints on the
variables; xj are the "'structural" variables and Si the "slack"

variables,

In matrix form this is summarized as

s.te Ax+IS=050 (4.2)

where A is the matrix of structural equations and I is the mxm unit

matrix
or
Max Z =cX
s.t. AX<b (4.3)
X %o
where A = (A_L ID; X= x
S

These equations define a feasible convex region F in E

i.e. F =[ X/ AX =b; X5 0]

Let S be the set of extreme points of F. Then F, if bounded,

is the convex hull of S (see Appendix C.1.8).

The question of feasibility is concerned with whether F is
empty or not., This can be determined geometrically by -
considering the column vectors of A (let these be Ej). A solution

to Equation 4.3 exists if the vector b can be expressed as a
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convex combination of these column vectors (thereby

taking account of the non-negativity requirements).

This condition defines an interior ray to a convex cone
formed by the vectors Ej (Theorem C.5) and leads us to

state the following Theorem on feasibility.

THEOREM 4.1: The problem is feasible if the vector b

is contained by the m dimensional cone
formed by the column vectors of the matrix

of equations.

Proof; b is m dimensional and there exist in the set of
column vectors Qis) m unit vectors spanning EX
(from the slack variable). b 1is therefore
dependent on this set and we have shown above
that if this dependency is convex then b lies

interior to the cone formed by the columm vectors.

Since b is m dimensional only m vectors will, in general,
be required to describe it, All the other multipliers (Aj) will
be zero., This represents a basis, and HADLEY proves (78) that each

basic feasible solution corresponds to an element of S,

Geometry of Optimality

LEMMA 1: If the feasible region is not empty, and is closed
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in the direction of optimization, then the programme

will yield a finite optimal solution,

PN

FIGURE 4.1 BOUNDEDNESS OF THE PRIMAL REGION IN
DIRECTION OF OPTIMIZATION.

In the simple example shown in Fig. 4.1, maximising the
objective function entails moving that line as far away as
possible from the origin; minimising requires that the objective
function be brought as close to the origin as possible. Clearly
the latter problem does yield an optimal solution for the
example shown, whereas the problem is unbounded for the

maximising case.

LEMMA 2: The optimal solution exists at the extreme point

where the objective function forms a supporting

hyperplane to the feasible region.,

This follows directly from the definition of a supporting

hyperplane (Theorem C.2.)
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Consider the feasible region F defined in ok (eliminating the
slack variables and converting the structural equations to

inequalities) by the intersection of M feasible half-spaces.

LEMMA 3: An extreme point to the feasible region F in ER
is defined by the intersection of n linearly
independent hyperplanes from the M hyperplames

defining the region.

Proof This follows from the requirement that the rank
of a matrix must be equal to the dimension of
the vector x for a single solution to exist for
the equations A x = b,

COROLLARY: More than n hyperplanes passing through the same

point will be linearly dependent.

Since we have shown that the optimal objective function hyperplane
forms a supporting hyperplane then it follows that the objective
function is linearly dependent on the hyperplanes intersecting

to form the optimal vertex. i.e.

R

Im® a.,. R3>n (4.3)
. 1 _l
i=1

jo
u

THEOREM 4,.2: Optimality exists when the inward normal to the
objective function is contained by the cone formed
by the inward normals of the intersecting hyperplanes

at a point,
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Proof: Consider the objective function hyperplane at the
optimal point x* e x = 8%
we have shown that the objective function forms

supporting hyperplane at the optimal vertex

i.e. there exists no point y such that

cy=g* (4.4)

- aiY<bi ¥

(i.e. no point on the objective function hyperplane is

an interior point of the Primal feasible space F.)

Note that we can restrict the inequalities in Equation 4.4

to those satisfied at equaltiy at the optimum (Ei X* = bi)

since for any y in the neighbourhood of x* the other constraints

will still be satisfied.

Assuming, on the contrary, that some y exists satisfying

Equation 4.4, and substituting for ¢ = %n. a

i=-1
and for Z* = n b (from the Strong Duality Theorem)
z * *
LTy 2 Y T Imgby
i i
(4.5)

3y <% %

Now substitute for bi =ay+ A A. >0 ¥,

* 1 1 1
Irpayy = DompaQgy tAp o (4.9
1 1
Simplifyipg yields
Iom, A, = 0 (4.7)
i 1 1

Since'?\i > 0 a solution to Equation 4.7 may exist if some

n. < O.



-4 - 119 -
We have shown above that no solution to Equation 4.4 may exist.

Therefore we conclude that

. )
. >0 ¥,
1 1

and so the vector ¢ is contained by the convex cone

of wvectors ai.

A further discussion on the conditions of optimality is to be

“found in Chapter 5.

Alternate Solution to the Primal Programme -

Let a supporting hyperplane that touches the feasibile region
in more than one point be termed an "extremal supporting

hyperplane",

LEMMA 4: Alternate solutions occur when the optimal

objective function forms an extremal supporting

hyperplane to the feasible region.

In other words alternate solutions occur when more than
one point on the optimal objective function hyperplane is

a member of F.

THEOREM 4,3: Alternate solutions occur when the inward
normal to the objective function is containyd
by some sub-cone of the inward normals of

the intersecting hyperplanes,

Let there be R hyperplanes intersecting at the optimal vertex,

then
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i=1,,4.,r

jo
1
He vt
a
w
a
v
(o]

(4.8)

. =0 i=r+l,..,R

Proof: Since the objective function is an extremal supporting
hyperplane it must be coincident with a face of a feasible
region., All faces are formed by the intersection of

r (< n) supporting hyperplanes,

A simple example is shown in Figure &4.2.

VAN

FIGURE 4.2 EXAMPLE OF ALTERNATIVE SOLUTION

In this two dimensional problem the objective function

is parallel to constraint 2, Therefore the objective function
is described as a convex combination of this line alone.

Basic solutions to the problem exist at vertices A and B,

but the other lines (constraints) intersecting at these

points play no part in determining the optimality

of the vertex.
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LEMMA 5: If x; (# i € I) is an optimal vertex, then
any point contained by the convex hull of the

points of the set I is also optimal.

Proof: Let X = iEI A{ET 3 Ai >0 ; iglxi =1

Sinceﬁzi = b then so doesAX =1b i,e. X is a feasible
point, And since o, = #* then so does X yield the

*
optimal value z .
In terms of the Fig 4.2. any point between A and B is also optimal,

Conclusions

The geometry of the primal LP solutions reveals that each basis
represents an extremal point of the feasible region.

Expressed in the geometry of cones, the requisite that the
solution be feasible may be expressed by the statement that

the r.h.s. vector b must be internal to the cone formed by the
column vectors Ej of the matrix of equations in Equation 4.1
Since b is m—dimensional, different m—cones containing b will

represent different feasible (basic) solutions,

From the dual LP we determine that an optimal solution exists
where the vector c is contained by the cone formed by the internal
normal a; to the hyperplanes forming the particular (feasible)
vertex. (With the problem expressed in En, at least n hyperplanes
(of the M that define the problem) will intersect to form the

vertex; i.e. the cone formed is an n—cone).
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An alternate primal solution exists where the objective function
is itself an extremal supporting hyperplane to the feasible
region. In that event, the vector ¢ may be expressed by a sub-cone

of the n-cone defining the 'optimal' basic vertex.

Other cones may be formed with the same subcone representing
other feasible vertices) resulting in alternate optimal

solutions,

From HADLEY'S definition (78) of a degeneréte solution:

"A basic solution to A x = b-is degenerate if one or more

of the basic variables vanish" we may infer the analogy that

A Primal Alternate Solution is Dual-Degenerate,

We shall investigate this more closely in the following

Chapter.
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CHAPTER 5

DEGENERATE SOLUTIONS

Introduction

In this chapter we start by deriving a simple definition of

degeneracy in terms of the geometry of the primal solution.

‘Recognition of the existance of degeneracy has in the past

been mainly focused on theoretical problems that may

arise in the procedural search for the optimum. We show that
optimal degenerate solutions'result in non-unique dual optimal
solutions*. The results require that we inspect the behaviour of
the dual LP around the optimum with care and we show how the
non—unique duals conform to the well known "two-sided dual
variable", The economic interpretation of these results is

left to Chapter 6.

DESCRIPTION AND DEFINITION

We have already shown (by Theorem 4,1) that primal feasibility

requires that the resource vector b be contained by the

m—dimensional cone formed by the column vectors of the matrix

of equations. CHARNES & COOPER state (page 415 (38)) that
"Degeneracy is present whenever, at some stage of a simplex

iteration, the right-hand-side vector can be expressed as a

(positive) linear combination involving fewer than the m matrix
column vectors which are needed for a basis spanning the dual

space."

*

Some of the results presented in this chapter have been published (51)
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R
b= 2 A, a. 3 A, 30 3 O0O2R<m
- jeq 11 i

In this Chapter we shall be using the formulation of the

LP defined by Equation 4.1 with the added conditions that
the equations i = 1,...m refer only to the equations that
are tight (i.e. the slack Si = 0) at the optimum‘zf.

This is not a restrictive condition since our investigations

of the behaviour of the problem will be confined to points

in the neighbourhood of the optimum.
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(5.1

The solution is defined by m (tight) equations and n non-negativity

constraints, The number of the non-negativity conditions
satisfied as equalities is n-R (corresponding to that number
structural variables being zero - there being no positive
slack variables!). Therefore the total number of tight
constraints is

m + (n-R)

In terms of the geometry of the primal space defined in En, t
that is described by the basic solution reached at this stage

of the simplex iterations has m+n-R hyperplanes satisfied at

of

he vertex

equality - i,e. the vertex occurs at the point of intersection

of these m+n-R hyperplanes, Since m~R > O we derive the

following simple definition of a degenerate vertex:

DEFINITION: A vertex in E° is degenerate when it is formed

by the intersection of more than n hyperplanes.

DEGENERACY DURING THE SEARCH FOR OPTIMALITY

DANTZIG (46) became aware of degeneracy, when in terms of his
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simplex algorithm, the search procedure is presented with a
choice of pivot elements. This results in a halt to the
progressive change in the value of the objective function, and
in such circumstances a particular basis may be repeated. This
raises the spectre of an infinite cycle preventing the algorithm

from completing the search for optimality.

HOFFMAN created such an example (of 3 equations and 11 variables)
where resolving the ambigﬁity of choice by selection of the

first potential pivot element results in cycling. BEALE
constructed a second example (believed to be the simplest possible
with only 3 equations and 7 variables) where the same phenomenon
can be observed. Yet despite the '"common experience, based on the
solution of thousands of practical linear programming problems

by the simplex method, that nearly every problem at some stage

is degenerateh DANTZIG observed no examples of cycling other

than the two specially constructed examples,

However, for the sake of mathematical completeness, two methods

were developed, independantly, to resolve the degeneracy problem.

i, DANTZIG, ORDEN & WOLFE'S Lexicographic Rule (pl183(78))

A vector x is lexicographically positive if its first
non-zero component is positive. To resolve degeneracy
the procedure constructs a generalized L.P, as follows:
The variables xj are replaced by a m+l component row

vector Xj having xj as the first component.



-5 - 126 -

The resource vector b is replaced by a m-by-(m+1) matrix
P where
P= (E,Em)
Em is the m~dimensional unit matrix, and P is lexico-positive.

The set of constraints A x =D becomes AX =P,

The objective funtion value is replaced by the (m+l)

vector

The generalized LP problem is now defined as:

Find a set of lexicographically non-negative variables Zﬁ
which maximise the objective vector z in a lexicographic
sense (i.e. z*-z is lexico-positive for all other feasible

solutions) and satisfy the constraints A X=P.

It can be shown that the selection of the pivot element
is unique in the lexicographic sense, and that degeneracy
never arises, thus allowing the generalized simplex
algorithm to reach an optimal solution in a finite number

of steps.

Charnes' Perturbation Method. (37)

Figure 5.1 shows a 3-dimensional example of the geometry

of equation 5.1.
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FIGURE 5.1 CHARNES'! PERTURBATION

2.2

In this example the vector b is expressed as a
positive linear combination of 5% and a, alone,
The perturbation method shifts the vector b as shown

by creating

n .
b =b+ 1 g
i=1

Care is taken to ensure that this perturbed vector
remains enclosed by the cone of column vectors. CHARNES
then shows that the polynomial in e requires that b(e)
be expressed by a positive linear combination of a full
set of basic vectors, and that the perturbed problem is

never degenerate.

DEGENERACY AT THE OPTIMUM

With the resolution of primal degeneracy in the mathematical

sense, the behaviour of LPs that are degenerate at the
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optimal solution has received little attention. This is a
reflection of the fact that degeneracy is considered as an
obstacle in the path of solution, and has resulted in

important properties of degenerate optima being overlooked.

1. ‘The Primal Solution

In one of the few papers concerned with this

topic, GAL & HABR (65) attempt to differentiate between
programmes that are degenerate (i.e., have zero basic
variables) in slack or structural variables., However,
the very nature of degemeracy results in the
existance of a number of bases. Each basis can be
formed from the previous basis by the interchange

of a zero basic variable by any non-basic variable
leaving the numerical values to all the variables
unchanged, This renders the distinction proposed
above void., Problems may be distinguished as

follows:

Class 1 - Those with no structural variables at
zero level
Class 2 -~ Those with some zero value structural

variables,

(In GAL & HABR'S terms Class 1 problems conform
to their catagory of degeneracy of slack variables;
while Class 2 problems comprise of both their

catagories).

This differentiation of problems will be of only

minor use in understanding the phenomena of degeneracy.
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Problems that fall into the catagory of Class 1 are
optimal at some interior point of the positive orthant
and sensitivity analysis can be applied to all the
constaints active at the optimum. Class 2 type
problems are optimal at some boundary point of the
positive orthant, thereby limiting sensitivity analysis
to some subset of the active equations. In the
mathematical formulation there is no difference between
structural constraints and the non-negativity conditionms,
but since the latter have been introduced to represent
the behaviour of the variables in the real world this
condition muét be recognised by any post-optimal

sensitivity analysis that is undertaken.

The Dual Solution

The most interesting aspects of degenerate primal

LPs comes to light by inspecting the associated

dual programme. Our interest in the dual programme
stems from the proposal to value the inputs to the
company by their respective dual variable (see Chapter
3.5.2). Now consider the sensitivity of the solution
value to changes in the availability of a particular
resource - i,e, consider the effect on the objective
function value when a particular constraint is
shifted, CHARNES & COOPER prove (39) that for the

programme

s.t Ax¢b (5.2)
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z* (b) is a convex function of b; is (finitely)

piecewise linear in b, and that the partial derivatives
(where they exist) are equal to the dual variables. This
result is shown in Figure 5,2 (the points of discontinuity

representing changes in the basis).

X/

FIGURE 5.2 PIECE-WISE LINEAR FUNCTION OF 2" (b,)

An increase in the availability of a

resource results in an increase of the

objective function value but at a progressively
diminishing rate till no further increase in value
can be obtained. This occurs when the amount of
resource is increased (i.e. the hyperplane is
moved in the direction of the outward normal)

to the extent that the constraint is no longer

binding!
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Lét the actual availability of resource i in the programme
be atlgi. The value of the objective function (from Fig
5.2) is. ;* and the sensitivity of that value to increment
changes in the level of bi is ﬂj. This leads to the

well known interpretation of the dual variable as the

marginal evaluator of this resource at this level,

However, with availability of the resource at the level
Qi the programme is degenerate and the sensitivity

of the objective function value is direction dependent.

oz* =
ob b+ “k
1 1
(5.3)
0z* _ T
3. [b- ~ Y
1 .
1

This two-sided nature of the marginal evaluator was
brought to the attention of accountants by STRUM (135)
who stressed the difference between the "gain in
having one more unit of resource" as opposed to the

"loss in having one less unit",

EILON A, & FLAVELL have shown ((51)-see Appendix E.2)
that this statement is a gross simplification of

the true behaviour of the dual linear programme when
the problem is primal degenerate. Using the same
example as STRUM (shown in Figure 5.3) they pointed
to the existance of a third, hitherto unconsidered,

basis (shown in Table 5.1).
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Basis . (X.)'. ‘l) ‘Xd’. ’l) (x.y. ’l)
L 1 3 ' 1 13 4 11 1
| Marginal value (0,6, — 3~ 26, + -ia) (%t‘ - 3’:..0. -3+ ;cﬂ.) (5'-'; — 3T gh + 58:.0)
" Marginal.value 11 . 17
(e, eg=3) (033 503! (=539
. 1 6. 3 1 _¢ ) 3 o
u - -— - — - —
Limitation 2‘(‘,‘4 2‘6;‘3 4<c‘<3

Table 5.1 THE MARGINAL VALUES OF THE ALTERNATE OPTIMAL BASES

(3

1 I
50  ~60

1 1
4] 0\ 20 30 40\

Figure 5.3. STRUM's Example

Each basis representsa particular set of independant
'Hyperplanes_that form the vertex by their intersection.
In the example in E2 shown in Figure 5,3, the number
of ways of selecting two independent lines from the

set of three that passthrough the optimal vertex

A is three., Each basis results in a new set of

dual values giving rise to the non-symetric nature

of the dual values that does not, however, conform

to the generally accepted non-negativity requirement on

the dual variables.
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Negative dual valuescan arise in an optimal solution
in the following manner! consider the cone C formed
by the inward normals of the hyperplanes (lines iﬂ
Fig 5.3) that form the optimal vertex (A) . Since the
vertex is the optimal point of the problem, the inward
normal to the objective function is included by the

cone C (by Theorem 4,2)., This is shown in Figure 5.4,

FIGURE 5.% GEOMETRY OF OPTIMALITY

A basic solution corresponds to the description of

the vertex by a n-ray subcone from C. 1In this

example (from Figure 5.,4) the subcones formed by rays
(142), (&3), and (2&3) correspond to the three

bases given in Table 5.1,
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The first two subcones (corresponding to the bases
produced by STRUM) themselves contain the inward normal

to the objective function.

a
1]
o

= L X

(5.4)

! a + tta

Equations 5.4 result in different sets of

non-negative dual values,

The third subcone does not itself contain the
objective function vector c (although it

adequately represents the vertex A) and
the relationship

A A A
c = n232 + 1t3 a3, nl—o (5.5)

results in a new set of dual values that are

not non-negative,

This startling result requires a revision of previous classical

tests for optimality.
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3. CLASSICAL TESTS FOR OPTIMALITY

3.1 The Simplex Algorithm

Acting on the programme (Equation 5.2) the simplex algorithm tests for
the need for further iterations by checking the revised objective
function for the existance of negative components, HADLEY (78) gives

_the following definition for the completion of the simplex search:

. -1
" : : : - . =
Given a basic feasible solution X B b with zo Sp¥p to
the linear programming problem Ax = Db, x >0, max z=cx such that
zj—cj 50 for every column Ej in A. Then z, is the maximum value

of z subject to the constraints, and the basic feasible solution

is an optimal basic feasible solution',

Clearly this statement holds true but results in all final optimal
bases being those that correspond to subcones that themselves
contain the objective function normal, and neglects the other
optimal bases., It follows that, this condition may require a
number of iterations to be undertaken that do not move the final
location of the primal solution - the algorithm continues its
search merely because it cannot recognise that the optimum has

been reached,

3.2 'Classical' Derivation of Necessary & Sufficient Conditions

for Optimal L.PS

CURRY & TAHA (44) transformed the standard LP (Equation 5.2) by
expressing the (non-negative) variables as perfect squares,

and applying the Jacobian method to the resulting non-linear
programme, Their analysis led to the construction of the

following conditions.
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"The necessary condition shows that a candidate for the
optimal solutioﬁ is a basic feasible solution. The

sufficiency condition on the other hand, stipulates that
for every nonbasic variable xj the optimality indicator
(cj-zj) must be non-positive (non-negative) in order for

a maximization (minimization) linear programme to be

optimal".

Clearly these results do not conform to our findings above.

RAIKE & TAYLOR point out (127) that optimal solutions need not be basic
solutions (in the case of alternate optima) and that degenerate
problems result in the disappearance of the Jacobian matrix, thereby

taking our problem outside the scope of CARRY & TAHA's assumptions,

(In a rejoinder (45) CURRY & TAHA state that the aim of their paper
was to show that 'classical' optimization techniques may be used
when investigating the behaviour of IPs — their aim was not to
develop rigorous optimality conditions since that would "only be

a repetition of results well known in the literature'),

The KUHN-TUCKER Conditions

KUHN & TUCKER, in their classical paper (102), generalise the optimality
conditions from the LP to conditiomns for local optimality for
mathematical programmes that are differentiable continuous, and

that satisfy a Comstraint Qualification by adapting classical

calculus methods that are normally applied to constrained
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equations, The (linear) problem

Max X) = C.X.
g(x) %3
S.t. fi(X) = bi— aijxj >0 1=1’lo’m (5.6)
= 5 0 j=1,,.,n

is transformed into an equivalent saddle value (minimax) problem by
constructing the Lagrangian function
B(x,u) = g(x) + 3 u.f.(x).

KUHN & TUCKER state that, subject to a constraint qualificationm,

"a particular vector x° maximises g(x) subject to the m+n
constraints if, and onlyif, there is some vector u°® with
nonnegative components such that

B(x,u’) ¢8(x°,u®) ¢8(x°,u) (5.7)

for all nonnegative x,u",

Clearly the necessary condition has been shown not to hold for

degenerate LP's fall outside the constraint qualification:

THEOREM 5.1 All linear programmes (including degenerate systems)

comply with the KUHN-TUCKER Constraint Qualification.

Proof: The KUHN-TUCKER constraint qualification has been

defined as follows (79):

For each line originating at the optimum x* and

lying in the convex set (the feasible region)

there is an ¢-neighbourhood of x* a continuous
differentiable curve also in the convex set and tangent

to the line of x*.
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For the general system min £(x)
st 4(x) >0

then at the optimal solution x* to the system define

the following sets,

|
It

(active equations at x*)

o
1

(zero variables of 3*)

The Constraint Qualification may be translated to

mathematical requirements as follows:
(i) There must be more than one feasible solutiong

(ii) The neighbourhood surrounding x* will satisfy the
constraints imposed by the inactive equations, and
the non-negativity requirements of the non-zero

*
variables at x ;

*
(iii) Consider any feasible point y ( # x )

then gi(z) >0 ¥ iel

Now define ho =y - x*
(5.8)
and h = A.hoj; A 30
where A=0 represents h=x*
Now the Constraint Qualification can be written as
VE(x*).0%0 ¥h s.t g (x¥).h >0 ¥ iel (5.9)

h>0 ¥ jeJ

Our system is a degenerate linear programme, Substituting for

n
f x) = Z c. X.
j=1 3
gi(l‘) = a; (x) -bi 50 ¥i(=l,...m) € I
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Equation 5.9 becomes:

ch>0 ¥ s.t, -ia-iE 50 ¥iel ( 5.10)
h., 30 #3j eJ
J —
For h. =0 h = x*
J -— ——
and a. =0
—1—
ch =0

all_-n >0 since h is feasible (from 5.8)

and ¢ h>0 since ¢ x* = 0 is the minimum value!

There is no restriction on the number of elements in I,

Therefore all LPs satisfy the Constraint Qualification.

MANGASARIAN makes the point (112) that the multipliers are non-
negative due to the problem (5.6) being expressed in terms of
inequalities, Problems with equality constraints impose no
restriction on the sign of their respective Lagrangian multipliers.
(This follows from the treatment of equality constraints as

two opposite inequalities,) We have shown that the non-negativity
condition can be excluded for inequality problems that are

degenerate,
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Farkas' Theorem states that for any fixed mxn matrix A and some

. . n
fixed vector cin R™ then

either
I

20

(B3
I%

x>0

4

. . n
has solution x in R

but never both,

MANGASARIAN uses this theorem (112) to derive the necessary

or

IT
Aly= ¢
y >0

has solution‘z in R®

optimality conditions for the LP

cx* =Max ¢ x

i. Ax* <b
i, Aluk=c )
)
iii. u*>0 )
iv. cx*=5D u*
Derivation:

(primal feasibility)

(dual feasibility)

(strong duality)

(5.11)

(5.12)

Define the index sets I, J, and M as

IUJ =M = (1,...,m)
= (3} * =
I = (i/ax*=b)
J = (j/a.x* < b.)
- J -J- J
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so that Ax = by the active eqns, (5.13)
* . .
é@f. SEj the inactive eqns, (5.14)

If I is empty analysis shows that ¢ = 0

If I # ¢ then analysis asserts that

A}E %0 ; cx > 0 has no solution x ¢ R" (5.15)
A
If there were a solution, say x, then {% 3 A >0 would also be a

solution., 1In that case the point §f+&£ would yield
c(x*+AD)> cx* from 5.15 (5.16)
A (*+ AR)- b <0 from 5.15 & 5,13 (5.17)
Ar(x*+ AR) = boe -ae + AALR <0 (5.18)
from 5.15 & 5.14,
where e is the unit vector anda is defined as
—% = Max (a;x*¢ = b,) <0 ; @0 (5.19)
jed
Equations 5.17 and 5.18 imply that x* + &g e X but Equations
5.16 denies that x* is the optimal solution in X. Hence the

system 5,15 has no solution.

By Farkas' Theorem the systems

A'ly=c ;3 y?>0 (5.20)
must have a solution‘zf € RI.
If § ¢ R0 then
v 3 = K = E3
by* + b8 = y*Ax* = cx (5.21)

from 5,20 & 5,13

becomes condition 5,12-iv, and
Aiz# + A&Q =c; y*s0 (5.22)

yields conditions 5,12-ii and 5,9-iii.
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This last statement takes Farkas' Theorem too far, While it
is true that some y*>0 does satisfy Equation 5,22 there is no

exclusion of some y*< O also satisfying the equation.

A more careful interpretation of Farkas' Theorem leads VAJDA (110) to
state the following Necessity Theorem for the existance of a LP
solution:

"If X minimizes e¢'x subject to b-Ax<¢0O, then there exists a

vector y> O such that c-A'y°=0 and (b—Axo)'y°=0".

As we have seen above (page134) this statement is correct as
far as it goes, but does not bring to light the existence of
other solutions where the dual multiplier need not be constrained

to be non-negative,

MATHEMATICAL DESCRIPTION OF THE BEHAVIOUR OF DEGENERATE LPs

It is clear that the characteristics of degenerate - primal
solutions do not confirm to previously accepted precepts.
In this section we investigate the behaviour of such
optimal solutions, by inspecting the structure of the

solution at points close to the optimal vertex.

For problems of the type:

Find x*, if it exists, s.t 8(x*) = Min 6(x) ; X =(x/g(x) 20)
xeX

where 8(x) and g(x) are differentiable continuous functions, the
Kuhn-Tucker conditions for optimality can be expressed as follows

(p94,(112)):
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From the Lagrangian B(x,8) = 6(x) + az(x)
v Px*,1%) = 0 VO(x*) + g(x¥) = 0 (5.23)
V B(x*, %)< 0 g(x*) <0 (5.24)
TV _B(x*, %) = 0 mg(x*) = O (5.25)
™ >0 > 0 (5.26)
_For the Linear Programme the functions 8(x) = -¢ X
g(x) =Ax-b
are clearly differentiable, Substitution yields the following
conditions:
-cj + )13 n?_ai_j:: 0 71lyee,n ;
(a;x* = by) <0 i=1,..,M )
) ( 5.27)
)
n%(ii_zi* - bi) =0 i=1l,..,M g
)
mit >0 i=1,..,M )
For degenerate problems (dropping the non-negativity condition
and) considering only the m (m>n) active equations, the system
c=rA )
) (5.28)
0= 1 (Ax*b) )
)
cx=Ib

has no unique solution 7%, Equations 5,28 define the alternate

dual space overwhich the dual variables & are free-ranging.

The discussion of the economic implications of the existence

of this dual space is left till the next chapter, To understand
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more about the behaviour of the dual variables we shall
demonstrate the behaviour of degenerate problems under small
perturbations of the resource vector., It will be helpful to
make the following distinction between 'simple' and "non-simple’

degeneracy:

- DEFINITION: Simple degeneracy occurs when all sets
of n hyperplanes of those that intersect at the degenerate
vertex in E are linearly independent,

This can be expressed in the form of two assertions,

ASSERTION 1. Any set of n hyperplanes of the active
equations is linearly independent,
This ensures that the vertex may be defined uniquely by any
sufficient set of hyperplanesand precludes the type of problem
shown in Fig, 5.5, where the three planesin E3 are dependant

and do not define a unique point,

WEAR

el .

FIGURE 5.5 NON-SIMPLE DEGENERACY
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ASSERTION 2, Any set of n-1 hyperplanes of the active
equations and the objective function hyperplane is linearly

independent.

This precludes the existance of alternate primal solutions
(for the sake of simplicity),
Unless otherwise stated all further analysis will assume that

these assertions hold.

It is convenient to restate at this point terminology that will

be used in the following analysis.

J is the index set of inactive eqnms., §j§f<bj
I is the index set of active eqns 3i§f=bi

P is the set of extremal supporting hyperplanes

Q is the set of nonextremal supporting hyperplanes
Let ép €p, 2, €Q; then I = U (p,q.)

RK is an index set such that the n~ray cone formed
by the inward normals of the indexed (active) hyperplanes contains
the objective function normal:Z nikii = c; nik> 0

R is the family of such sets, R = Uk(Rk)

T 1is the set of indices common throughout R

T =n
o R

4.1 BEHAVIQUR OF THE PRIMAL PROBLEM UNDER SMALL PERTURBATION OF b,

THEOREM 5.2 Perturbation of the r.h.s. vector b at a degenerate
optimum will resolve the degeneracy, under 'simple'

degeneracy.
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i. Change in the Availability of Resource s in the Direction of

the Inward Normal.

B =b -9

s s s
now ax*x=b > G
—C— s s

so x* is now infeasible, Therefore remove from consideration

all non-extremal hyperplanes (other than s iff ES€Q) since they
intersect the feasible region at x* only,

Degeneracy is resolved by such perturbation since either:

a. f%e P and /P/=n., 1i.e. there are only n hyperplanes now active.

This condition follows from the definition of degeneracy.

or
b. The system a.;x = b, Va €P ; i#s (5.30)
ax=b
—-= s

where /P/> n or ac« Q, has no feasible solution,

This can be shown to hold by application of Farkas'
Theorem. There will be no solution to the set of Equations

5,30 if there exists a non=-zero solution to the system

a Y%+ YeEs <O ; (5.31)
)
o )
EigPyibi T YgPg T & 3C 0 )
now a = ZA.a.’b =3A.b. ' AZO (5.32)
S1—1 s s1 1
a.¢P a.eP
-1 -3
Hence 'gigP(yi t Y 1028 7O (5.33)

EigP(yi * ysxsi)bi —asys s«
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A possible solution to Equations 5.33 1is

ol
Yg = "B # 0
+ =
Yy ysx'si 0 Vgiep
Since a solution y # O exists for the system 5,31 there can

be no solution to Equations 5.30.
Solutions do exist for sets of equations comprising of equation
s and any n-1 equations from the set P, By definition, these

solutions are non-degenerate.

ii., Change in Availability of Resource s in the Direction of

‘the Outward Normal,

A

b =b + 0
s s s
A - * .
Now "axkx=b %b - i,e. x* remains feasible,
- s s =

While x* remains feasible under such perturbation it need not remain

optimal,

Iff s ¢ T then x* will not remain optimum,

The objective function normal is contained by subcones indexed

by the sets Rk' Furthermore T is contained byall these

sets, so the exclusion from the vertex x* of a hyperplaﬁe in T results
in no cone containing c. The resulting dual infeasibility is

interpreated as primal non-optimality,

(
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For pertubation of any s ¢ T it remains for us to show that new non-
degenerate vertices are formed, enabling a new optimum to be

established, Consider the set Z formed by the n vectors
a ;P elements from P; and n-p-1 elements of Q

The intersection of the hyperplanes of this set will yield a feasible
point if that point is contained in the feasible half-space of all the
other hyperplanes, Furthermore, this point will be non-degenerate

if it is contained by the open half-space of the other hyperplanes,

Let z be defined by a_z = bs +as one s e T )
)
32 = by 3i€P ) the set 2 (5.34)
a.z = b, a.c
-J= ] -] Q )

For 2 to be non degenerate we need to show that such z results in

i{E—(bk ng,(z :

b +3
Let equations 5.34 be summarised as B z = P_i S
b.
—J
b
-]bs * as and x* = B -lbs
Now z=23B =1
b. b .
b.
4 5.35
‘_'l ) L ( )
x = ] i 1 =
From ax bk substitution yields bk 3kB :D_i (5.36)
=i
- bs+a -1 bs
Thus 3 _z<bk reduces to E&B bi < 3kB :D-i
. b.
J =]

Since a = &kB g _)_»_k # 0 equation 5.36 reduces to il
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b +0 b
b5 ® 17 I

AT bt < -ATb.b I is the unit matrix (5.37)
-J ) .

This results hold only if?\ks< 0.

Thus the set of hyperplanes £ will form a feasible non-degenerate

. » A <
vertex if and only if ks 0. for all a ¢ 2,

iii, Summary

The previous analysis, using the geometry of the cones formed
by the inward normals of the hyperplanes (intersecting to form
the degenerate vertex) can be summarised by the matrix algebra of

the LP.

Consider the simplex tableau (shown in Fig. 5.6) describing

the optimum x*,

-:—(basic
b
Eslaclg -
1 1 n m
A g | 1 (5,)
n =
N B (8,)

tLo

FIGURE 5.6 OPTIMAL DEGENERATE
TABLEAU. '




The basis B is constructed of all the structural variables and
m—-n of the slack variables: .in effect the vertex is described
by the first n hyperplanes. (This basis is of quite general
construction since all the non—negativity constraints are

included explicitly).

-1
x*=3 b
: £l g

Where the inverse of the basis takes the form WA I
Under Assertion 1 W=AA;;A#0
so that x* = (A—lb : —WA—]' b + b._)

= LYSE AT 2w
becomes x* = (A—lb b._.-A.b.)

- =AY =W =A

and since the slack variables are zero ( - all the equations

are active)

a. Perturbation of bS €eb

..tlw + 0. where ai=o ¥ i#s

éo‘)

(ds unrestricted in sign)

Clearly from 5,40 if as >0 then the slack of hyperplane s becomes

positive while all the others remain unchanged (i.e. the basis B

is still feasible but degenerate). Ifas<0 then the slack of
hyperplane s is negative and the basis can no longer remain

feasible,
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(5.38)

(5.39)

(5.40)
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b, Perturbation of b € b
S ~—A

N .
b,=b,*+9% ; 02.=0% i#s (5.41)

Such perturbation will not affect the feasibility conditions

of the structural variables: from Equation 5.38 A_1

>
b, 0.
Segmenting the matrix A so that all the non-negativity

constraints come together:

Aa Aw -1 A;1 AwAa1 b
A=|g" -1" | ; AT = : EA = —a (5.42)
g -1 ¢
Ifb €eb thenx = A -13 remains strictly positive for small 9
s  =a - a -a s

while all the zero variables remain unaltered, If bS =0
then only that variable constrained by that equatioﬁ

is altered by such perturbation. (In the mathematical sense
the perturbation may be in eiﬁher direction; physical
interpretation of perturbation in the direction of the

outward normal for the non-negativity constrainst may be difficult!)

The basis B remains feasible (and becomes non-degenerate

if
-A0 > 0 (from 5.39) (5.43)

4.2 BEHAVIOUR OF THE DUAL PROGRAMME UNDER SMALL PERTURBATION OF b.

Similar analysis applied to the feasibility of the dual programme

leads to the following theorem:

THEOREM 5.3. Under simple degeneracy perturbation of a
hyperplane in the direction of the inward normal results
in the associated dual variable taking its maximal value
defined by the alternate dual space; perturbation in the

opposite direction results in the dual variable taking its
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minimum, non-negative value.

Proof: The values of the dual variables may be extracted
from the simplex tableau shown in Figure 5.6°
-1

T -

I =% B (5.44)
Previous theory relating to the simplex algorithm has
proved that the dual variables associated with equations
having their slack variables in the basis take a zero value.
Therefore IR = (n,9) ; £ =cA =1

Now select the set of n hyperplanes A (represented by the

matrix A) such that AeR, whence zx5>0.

i, Let se Aand -A .7 >0
=g

Now perturbation of hyperplanes will result in the selected basis
remaining optimal and becoming non-degenerate. Furthermore the
vector % remains unchanged, and now becomes the unique set of

feasible dual wvariables.

Instead perturb hyperplane r .

a. re A and _&rnr >0, In this event the selected basis still
remains optimal, leaving ns unchanged.,

b. r {4 or -&rnr< 0. Now one (or more) hyperplane(s) from
the set A must be replaced in order that the condition for primal

feasibility be attained - i.e. pivoting must occur.

If in the course of pivoting hyperplares is removed from the set A
its dual variable will take a value of zero (since the slack
variable will enter the basis), In that event it is clear that the

Theorem holds,



In the general case consider

for hyperplane 1 with hyperplane s remaining in

will be extended to the case

required in A.)
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the change (pivot) of hyperplane t

the basis. (This

when more than one row change is

Now X = (A + E) where =0 ¥ ifl ; E
€
- - )
“137 %3715 ) (5.42)
a..c A¥ ién
1]
a..ce W¥ i>n
1]
Al - g+ mah ™t = (1 + EA Yy 7T (5.46)
Lettingaija Afl, and F = EA_1
fi' =0%i#1 ) )
T4 ) ) (5.47)
£15 T d1Cuc2 % ) ¢ F ;
%.a
5 A S Bij whereﬁij =0% i#j)
Pis™t )
Under Assertion 1 a. = .E—Atlail’ Ati A0
tl ieA
Substituting into 5,47
15 = F Meeeg A% By (5.48)
“Aes _Bij
Letting G = (I+EA-1) g.. =B.. ¥i#1 )
ij ij )
gij =Atj ) € G (5.49)

In general Equation 5.49 can

one (say q) change(s).

g

G T

be extended to include more than

G can then be partitioned

J where I is the n—-q unit matrix
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To ease invertion of G further partion the matrix* into a qxq matrix

A

A g and a gx(n-q) matrlx.zR.'Then

¢l | &g =R=Q
8

Returning to Equation 5.43 perturbation will result in the dual

variables taking new values:

L - (5.50)
ﬁQ = nakai are Fhe 'values' of the newly

introduced hyperplanes.

(ny refer to the old, now removed, variables).

-Q

Note that ﬁbs O ensures dual feasibility,
f =—sAAr"l g
—R  —Q~R—Q -R
f=wnh 41 5.51
R "R =R (5.51)

are the values of the dual variables of the hyperplanes, remaining

in the basis. Since hyperplane s remains in the basis

ﬁ=r;-‘2n.A.

s s 1ieQ Qi is

The assumption made at the beginning of this section (4.2.i) of
the proof (on page ) needs amplification:

a. Hyperplane s is perturbed in the direction of the inward

normal i.e. 9 <O requiring A > O.
s -5

A
In that event T <

T when any other resource r is perturbed.
—s—s
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b. Hyperplane s is perturbed in the direction of the outward
normal i.e. as>0 requiring &s<0.

In that event %s:>ns when any other resource is perturbed,
ii. s £ A.
This can only apply for s ¢ T (since A ¢ R) and is deemed to apply
for all such hyperplanes. Furthermore such a basis can only remain
feasible under perturbation in the direction of the outward normal
(see Section 4.,1,iii,a on page ). In that event resource s
becomes nontbinding with the resuit that the associated dual

remains at zero.
5. CONCLUSION

We have shown that degeneracy can be defined by over definition
of the primal vertex., This results in the dual programme
having alternate solutions (while maintaining the strong duality

condition) that are not confined by non-negativity constraints,

Under conditions pertaining to 'simple' degeneracy small
perterbation of any of the defining hyperplanes in the
direction of the inward normal will always resolve the
degeneracy by defining a new optimal vertex., Perturbation

in the oﬁposite direction leaves the originally optimal vertex
feasible and, unless the hyperplane moved belongs to a special
identifiable set, optimal, Perturbation of hyperplanes that are

members of this special set results in a new, non-degenerate

optimum,



..5_156-

The dual 'space' (over which the dual vector is free ranging)

collapses to a single point when degeneracy is resolved., For
perturbation of hyperplane s in the direction of its inward normal

the dual solution point-vector is characterised by the s'th dual variable
having its maximum value (over the 'space'); for perturbation

(n the direction of the outward normal the s'th variable takes

its minimal, non-zero, value.
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CHAPTER 6

INTERPRETATION OF LP SOLUTIONS

1. Introduction

Having shown the underlying geometry of alternative and degenerate
solutions, and their behavionr under small pertubations, we now
discuss the economic interpretation that can be read into such

solutions.®

Dealing first with alternate solutions we show how these may be
resolved, and how such resolution can introduce new and important

measurement to the valuation process.

Degenerate solutions are showan to be economically desirable, and
would appear to have an attraction for valuation procedures. However
the existence of the alternate dual space causes insurmountable
problems by denying the valuation process the ability to divulge

information to the user of the accounts.

2. Alternate Solutions

We have shown in Chapter 4 that alternate solutions arise when

the objective function can be expressed by a positive linear
combination of less than n intersecting hyperplanes that

form 'EEE' optimal vertex in EY., 1In fact, any point on the face of
the primal polytope formed by these intersecting hyperplanes

will be optimal and these hyperplanes represent the sole constraints

that restrict the programme.

* Some of the material in this chapter was first presented to the

Uperations Research Society Annual Conference in October 1974.

(See Appendix E.1).



2.1

- 6 - 158
The'simplex search procedure always moves from vertex to vertex of
the primal feasible space in search of the optimum. The only
way to determine whether the optimal solution is a member of
the set of alternate solutions is by inspection of the dual.
If the oétimal vertex 1s non-degenerate then those tight
constraints that do not in actual fact restricé the solution
will have duals of zero (since marginal alteration in the
availlability of that resource will not affect the objective
function achievement). 1In this manner a number of basic
dual variables are zero resulting in alternate primal problems .
being dual degenerate (118). (If the optimal solution selected by the
simplex algorithm is primal-alternate-degenerate, then
simple inspection of the dual programme may not identify the
alternate~hyperplanes because the dual solution is itself
alternate — we describe a procedure for overcoming such problems

in Appendix D.2).

Physical Interpreation of the Primal—-Alternate Solution

The existence of alterunate optima presents the decision maker

with an infinity of possible optimal solutions. Given this choice,
at which point should he choose to operate? WNo definative

answer can be given to this question, but in general it is clear

that some other guidelines must be used to assist the decision.

(i) Secondary Objectives

The manager might be in a position to define a

secondary objective that he would wish to pursue, given
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that he achieved a maximal performance of his primary
objective. While it is theoretically possible that this
second optimization procedure would also result in alternate
solutions, allowing the pursuit of tertiary objectives

(and more), it is unlikely that a large number of objectives
can be dealt with in practice in this manner. The

procedure of ranking objectives and optimixing the

programme with respect to each in turn is termed

Optimization in Tandem (see Chapter 1.3.3.2.i.).

Utility Functioms

The manager may chose to impose some utility function of
his own, These, in general, will attempt to reflect
'qualitative' aspects relating to the variables under
his control For example, he may prefer a solution

with a smooth cashflow profile; with a growing profit

profile; with even shop-loading; etc.

Stabilitz

A possible requirement may be that the desired solution
be stable., In other words, the search is for a solution
that can allow for some (maximal) degree of alteration
in the availability of the resources without the
necessity of changing one's operating plan, thereby
avoiding the commotion invariably linked with such a
change. Refering back to Fig 4,3 we see that change

in availability of resource 1 will necessitate a change

in the operating plan from A to A', and that the new

159 -
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plan still yields the same objective function value,
No account is taken of the disruption caused by the
move from A to A', Only changes in availability of
resource 2 will actually affect the attainment of the

objective,

One can extend the desire for stability to include the
restrictive resource too if the manager can stipulate some
percentage of attainment that he wou;d be prepared to
sacrifice to this end -~ i.e. revert from an optimiser to

a satisficer,

The stability requirement is encompassed into the
programme as follows. Consider the normalised hyperplane

x=5h (6.1)
| lal

a
a

b is the distance of the hyperplane from the origin, and
a

a is the unit normal to the hyperplane. The distance
a
of any point y to this hyperplame is found by

substituting the point into the normalised equation:

distance A =lb -

b y (6.2)
lai |

a
a

In a linear programme each constraint divides the linear
space into a feasible closed half-space and an infeasible
half-space. With the inward normal pointing into the
feasible half—space, and ifA is constrained to be
positive then Equation 6.2 can be written omitting the
modulus sign, This enablesus to write the problem

of maximising stability as a new linear programme.
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To maximise stability, while maintaining optimal objective
function attainment, maximise the minimum distance from

all non-vital constraints of the original programme,

5 A ¥ i "non-vital" (6.3)

A more general formulation would extend the desire

of stability to all constraints, while ensuring

that some given proportion of the optimal objective
function value is achieved, Furthermore, stability
should be measured in terms of some percentage of

the resource availability allowing all constraints

to bé treatod in a comparable manner. This is done by
weighting the distance by the amount of resource

b.. The resulting programme is:

a
Max A
s.t. bi —~Ei§-shbi ¥ i (6.4)
X, A > 0
cx=z*

Equation 6.4 places equal weight on the stability on each
constraint, It may be possible for the various parties concerned
with the company's affairs to negotiate an uneven weighting

that would plare a greater requirement for a stable solution

on the availability of some resources (e.g. availebility of

capital) then others (e.g. availability of man-pcwer),
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The examples (based on a simplified version of the

16

2]

=1

Corporate Mode described in Chapter 1) used hereafter will have

selected amongst the alternate solutions in order to

ensure a maximally stable solution,

Implications of a Selected Solution on the Valuation of the Assets

Clearly, whichever solution is finally accepted to be implemented,
certain resources will not be used to their full capacity. In
effect the company is overstocked with certain resources, and

this it is prepared to accept in order to be able to operate the

. . L 2
chosen plan — a hedge against uncertainty.

Whether this is an explicit acceptance or not — even when the
situation is unavoidable (due to the necessity of purchasing
assets in block amounts) — is irrelevant. The fact remains

that the compény has an overabundance of assets pald for but not

being used.

We propose that this situation ought to be reflected in the
accounts by reference to the difference between the value (to the
company pursuing its chosen plan) of that portion of the

assets that are fully utilised, and some external reference value

of the stock of assets available to the company.

Tt would appear reasonable to use Realisable Value (since the

excess resource availability cculd always be sold!) as a measure

of valuation that can be ascertained by reference to the environment

in which the company operates. Reference to such an

external, objective basis for valuation would surely find

* - . - - 3 » - V
The introduction of such economic inefficiencies has a price and

we propose a method to value this 'overcapacity!'.
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favour with the accountants! To find the value of the assets in the
context in which they will be used, our proposal is that

the programme be rerun with just the required availability

of assets present, and the value of the selected plan

attributed via the dual LP, The programme so constructed is

totally degenerate, and the interpreation of such a programme

is discussed in the following section,

The difference between the value of the assets in use, and
the assets as stock could be reflected as "Holding Value" of
the assets, and form the type of entry as Goodwill in the
Balance Sheet, This value clearlycannot constitute a part of
the Goodwill of the business since that is attributable

to the company as a whole (see Chapter 3.4.3) whereas the
Holding Value is identifiable with each asset, We feel that

this information will be useful to readers of the accounts.

Degenerate Solutions

We have mentioned previously that the solutions to Corporate

LP models (as described in Chapter 1 and 2) ave almost
invariably degenerate, In Chapter 5 we have shown that
degenerate primal solutions result in altermate dual solutioms.
This would appear to add to the problems of using the dual LP

as a means to value the assets of the company that were
discussed in Chapter 3.5.2. Before proceeding with a discussion
of the economic interpretation of the optimal altermate dual
soltuion, we shall inspect the desirability of degenerate

primal solutions.
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3.1, Desirability of a Degenerate System

In two papers (65) and (76) GAL & HABR brought the desirable
attributes of degenerate solutions to the attentions of LP
modellers who were accustomed to viewing degeneracy disfavourably.
The desirable attribute of a system that results in degenerate

solutions is that it represents a more perfect economic system.

in that there is less wastage than would be encountered in a non-degenerate

system.

The production process is built up by the joint acquisition of
resources of different types, each of which plays a vital
role: wvital in the sense that the absence of any particular
resource would bring a halt to the process of production,

In general, however, acquisition is achieved by purchasing

the resources in different block sizes with the result that
capacity 1s not equal throughout the production process, Rather,
particular 'bottlenecks' can be identified. TFurthermore, the
easing of that bottleneck by the acquisition of more of

the offending asset results in the bottleneck moving to some
different function (and in general, only some portion of the
newly acquired asset is used — the remaining capacity is un-~

utilised owing to the existance of this new bottleneck).

Degenerate solutions are tight in more constraints than are
required by the geometry of the problem. The resulting system 1is
at capacity equilibrium in more than the 'normal' number of
resources with the corollary that there is less slack capacity
being under—utilised., The perfect economic system is the wholly
degenerate system where assets are present just to the extent

that is required — a system with no waste!

It must be accepted that the price paid for such perfection
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is that the system is more vulnerable to changes in availability

of resource, With over—availability (i.e. the presence of more
resource capacity than originally conceived) the solution will

remain acceptable (with the possibility that a bétter goal attainment
might be available if a change in solution were undertaken), On the
other hand, under-availability of any resource (rather than the

fewer tight constraints found in non-degenerate solutions)

render the solution infeasible and require a change in the planned
activity. This 'perfect' solution is totally inflexible: it applies

to a single product mix and a given set of costs and prices,

‘Desirability of Degeneracy for Valuation Using the Dual.

The application of the information that can be derived from the

dual LP for the purposes of valuation has been described in

Chapter 3.5.2. A major obstacle to the widespread application of this
melthod of valuation arises from the inherent foundation of

marginal costing on which LP is based.

A marginal evaluation scheme views the contribution that
resources advance to the attainment of any stated goal (or goals)
for the enterprise as whole. This contribution is valued at

the margin - ie. the valuation is based on the amount by

which the last (or next) unit of resource has increased

the achievement of that goal. As a result resources with spare

capacity have a marginal value of =zero.

The problem of convincing management (and accountants) that
the ownership of fully paid up assets (even though they may not
be fully utilised!) have a zero value is extremely difficult!

Indeed there is a paradox contained by this view (first propounded
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by WRIGHT (149): consider a particular asset - say stock -~ which
is available in greater quantity than required. Accordingly
its value is zero, But if the excess amount alone were to be
lost then the remaining quantity (of stock) would have a

value since the programme is now restricted by this condition!

Since a primal-degenerate solution is tighter in more than the
'normally required' number of constraints, the value of the
company's goal attainment can be spread over a larger set of the

the company's constituent resources.,

Proposed Valuation Procedure

Our intention was to provide a facilityfor allocating the
value of the firm over all the constituent resources by means of

the dual LP,

Such a procedure would be to solve the corporate model (described

in Chaptecs 1 and 2); to include any other subjective criteria

to resolve the alternate solutions (we have used the desire for
maximum stability); to restate the problem with resources allocatcd
suck that the solution would be attained without slacks, and

to re-solve the resulting totally degenerate problem. In this

way, the value of the firm can be allocated over all the

constituent inputs (with the Holding Value ascribed to the difference
between this value and some measure of value made with reference

to the cxternal enviromment, such as the Realisable Value

if that is applicable.).

Such a valuation process would overcome many of the problems

associared with other technmiques (discussed in Chapter 3.3.3):
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- Consistent valuation is achieved over all the modelled resources
(e.g. including labour) thereby resolving the problems of

additivity.

- Rather than build up the value of the company as a whole
by the sum of values of the individual resources, this
procedure allocates the value of the firm over the
constituent resources. The value so attributed is
the average value for the given amount of resource
available in the programme and calculated in a given
combination with the other resources. This is particularly

relevant for such resources as stock.

- By choosing an interior point of the alternate dual space

non-zero value may be attributed to all the resources.

- Valuation of assets in the context or their use to the
company obviates the need for depreciation for any purpose
other than as a "charge' to profit made in order to build

up a fund with which to replace assets worked out in service.

- The valuation is undertaken recognising the particular

goals pursued by the company.

However the existence of the alternate dual-space results in

two problems that must be resolved before the proposed procedure

can be considered viable:

(i) Dual Variables Exist as a Vector

We have shown that the alternate dual space collapses to
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a point on the resolution of primal-degeneracy. We
have linked the previouslynoted two-sided nature
of the dual variable to changes in availability of that
particular resource., However, the analysis makes nc statement
about the behaviour of other dual variables under such
perturbation, Clearly, reduction in availability in resource
s (resulting in ﬂs taking its maximum value) need not
require that ﬂr (for any resource r) be at any particular

value,

This results in the requirement that the‘dual variables always
be treated as a cohesive set. It is wrong tc use

a value of ﬁs relating to the last unit of resource s
availability, together with a similar value for Wr if both

these values do not appear together as elements in a dual vector!

Explanation of the Difference between Alternate Dual Vectors

An interpretation of the difference betwesn alternate dual
vector remains an unsolved problem. We do not understand
the basis for the difference between dual vectors, nor the

meaning of negative variables.

It may be thought that resolution of the choice of
a dual vector may be effected in a similar manner to the
resolution of the alternate primal solutions, In other

words, select a dual vector that

- allocates positive values to all the resources

(if possible)
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- results in the balance sheet showing a steadily
increasing profit
- debt/equity ratios shown in the accounts

remain with certain bounds ete,

It has proved possible to draw up a large number of

balance sheets by selecting different dual vectors, and this
is shown in Appendix D. Thisresults in the possibility
that the company can construct different balance sheets for
presentation to different interested parties., In
constructing a balance sheet for presentation to
shareholders ithe directors may feel that they would like

to show large investment in resources, and steadily
increasing profits with no running down of the

assets, TFor presentation to the labour force, management
may wish to show a declining profit with an increasing
committment to the labour resource, Government may be
shown a steadily increasing working capital requirement
with increasing depreciation against a background of

declining profits.

All of these different presentations of the companies
affairs may be drawn by appropriate selection of dual
vectors from the alternate space. Yet all the different
representations are derived from the same underlying

physical solution,

It may at first appear that the different balance sheets
take account of and refleci the different views adopted

by the interested parties in the company's affairs,
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This is not so. FEach valuation is made on the basis of

value to the company (as a going concern): management

now has the opportunity to present its affairs to outsiders

in numerous different ways.

This brings up a basic question: does the use of

the dual vector to 'price' the inputs actually impute
value to the assets under conditions of degeneracy?

Our previous understanding of the dual was that it
represents the marginal value to the programme as a whole,
of the last (or next) unit of the associated resource.
Given a linear system , we can attribute this value

to the entire availability of the resource, although

we know that the range over which the dual is valid is

more limited,

However, the dual in a degenerate problem occurs at a point

of discontinuity. 1In effectéﬁ?fdoes not exist. What

we have is an average value ]-that may not be linked in any
way to the effect on the programme of change in

availability of the resource in question. The dual

vector represents an allocation of value of the whole over
the constituent inputs. But it is not unique., By analogy
given a value V to be allocated over imputs a and b then

V=V« A (6.5)

does not define unique values to Va or Vb.

Selection of dual vectors from the alternate dual space

implies a particular allocation of the objective function

170 -
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value over the resources, Different vectors result in
different allocations, each of which is consistent, However,
attempting to derive information from such an allocation is
futile. In our example (Equation 6.5) there would be no
basis for any interpretation of what to do about resource

a were a particular allocation to give a high value Val

This result, deriving from the fundemental existence of
jointness, should also make us look more closely at our
interpretation of the dual for non—degenerate problems.

The allocation of value by the dual has been shown to

have drawbacks since the value is valid over a limited
range and it invariably allocates zero value to resources
with slack. The fact that this allccation is based on a
valid marginal valuation approach should not prevent
realisation that other allocations of value may be as valid,
and that allocation by the dual LP may not be useful Ffor

application to balance sheet construction.

Conclusion

We have shown that alternate-primal solutions may be resolved
by imposing other goals on the problem, These may be sejondary
objectives; subjective selection based on ‘quality' factors
(such as even work-loading; smooth buildup of certain financial
measures, etc) or on a desire for a solution that will remain

feasilie under variation in availability of the resources,

Realisation that the company holds an overabundance of assets in

order that it way operate at its clcse solution has led us to

171 -



suggest that the difference between some value ascribed by reference
to the external environment, such as Realisable Value, and the
value to the company of that amount of asset in actual use,

should be included in the balance sheet as a Holding Value.

We have suggested that in order to find the value to the company of
assets in use in the business, the problem be restated as a totally
degenerate problem and that the dual LP be used to give

an allocation of value of the overall objective function

attainment to the constituent inputs. A totally degenerate

system has the attractive attribute that firstly it represents

a economically desirable system since there are no slacks (no
wastage), that secondly by appropriate selection of a dual vector
from the alternate dual space, non—-zero value may be

attributed to all the inputs.

However, we have found that the d/7ferent valuations resulting

from selection of different dual vectors, while being equally
valid, are arbitrary allocations and do not allow the user the
ability to put an interpretation on the results and thereby gain an
understanding of the underlying factors affecting the results.

The different valuations that may bs constructed all represent

the same physical solution. This result has led us to question

the validity of using the dual LP (for both degenerate and

non—degenerate problems) for the valuation process.



CHAPTER 7

CONCLUSTONS

Our objectives in this thesis were two-fold, First we set out

to test a model formulation representing a company's short—term
activities, Our intention was then to extend this formulation

to the medium—term to encompass the capital investment under
capital rationing problem. Our second objective was to investigate
the application of the dual LP for valuation in constructing

balance sheets for the company.

In Chapters 1 and 2 we have put forward a LP formulation that
models the company's affairs in sufficient detail to be of use

to management in budget preperation and planning. We have
maintained this approach (of directly wmodelling the flows of

cash and physical goods) in extending the model to the medium
term. Encorporating capital expenditure in terms of projects
that result in changes to the physical structure of the company
overcomes two problems: the problem of linking financial returns
to the project and the problem of relating the discount rate

to the opportunity value of money (given by the dual LP) encountered
by classical capital budgeting formulations.

"field' application to

We managed to test the short—term model in a
a certain degree but data collection difficulties resulted in the
final test on the cntire company, having to be cancelled. There was

no opportunity to test the medium term model, nor to consider the

effect on the model of different objective functions.
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Use of the dual LP for valuation has been proposed as a means
of overcoming some of the problems recognised to pertain to
currently accepted accounting conventions. The attributes of

the LP approach are that

- it overcomes the problem of modular valuation. Since
tl.e LP takes an overview of the company as a whole, the
value of the company is not built up as the sum of
values attributed to the comparent units in isolation;
rather the value to each unit arises from the contribution
that the resources plays in attaining the value of the
whole company.

- units of resource are valued as part of a company as a
going concern., This is a view recognised by accountants
being the ideal but which has proved immensely difficult

to compute.

However, use of the dual LP has been limited since the dual

evaluator'! is recognised to hold only over the range of the

associated basis. While this in no way detracts from the information
about the marginal value of increasing (or decreasing) the availability
of a particular resource, it has proved to severely limit the application

of the dual for wvaluation purposes,

It has been argued that since the system is linear, (resuliing in
marginal values being equal to average values) one could use the
dual variable as an average evaluator — the value of resource

i being ﬂ; bi' Unfortunately, a marginal valuation process results
in resources not being used to their full availability being valued
at zero and this has been a difficult concept to include in balance

sheet preparation!



To take account of the limited range of validity of the dual
variable, and to overcome the problem of zero valuation for

some resources it has been suggested that the resource availability
be segmented, and each portiom be valued at its corresponding
marginal value. It has been shown that such a process is
unsatisfactory since it results in the sum of such values being
much greater that the value of the company as a whole (except

for a company that has only one resource). We have shown, further,

that such a procedure is likely to be incorrect.

In investigating the possible application of the dual LP for
valuation purposes we have noted that corporate models (of the

type formulated earlier) often yield alternate and/or degenerate
solutions. We have shown in Chapters 4 and 5 how these solutions
avise in terms of the geometry of the problem, This has led us

to conclude that the KUHN-TUCKER necessary cendition for optimality
— that the dual variables be non—negative — does not apply to
degenerate solutions. Furthermore we have shown that primal

degenerate zolutions are dual alternate (and vice versa),

Our proposed valuation procedure was to run the corporate model,
to resolve the cxistance of alternate solutions (if they arise) by
resorting to scme secondary objective and to rerun the model with
revisced resource availability so that the new "optimal' solution

cun be attaired but without any slack. The revised, totally-

degenerate, problem appeare to have a number of advantages:



(1)

(ii)
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it allows the slack of the original ('real') problem to

be valued, and this value - termed Holding Value - to be
included in the balance sheet. This will show the extent to
which the company is prepared to overstock itself with certain

assets in ordsr that it can operate at its chosen solution,

the totally degenerate system is the ideal deterministic
economic system since there are no unused resources, (The

price paid is that it is an inflexible system!)

(iii)since there are no slacks, the dual LP can attribute an

average value to all the resources,

However the implications of the alternate dual space that

exists at primal degenerate solutions are:

1. The dual variable must be considered as an elemsnt
of a set of values. It is incorrect to pick a dual
variable to value a certain resource (say ﬂi) with another
dual variable for a different resource (ﬁj ) unless they

are both elements of the same set (7.,%. e 7).
1 J -

2. The infinity of different sets of dual variables
enables us to construct different balance
sheets that all purport to reflect the same physical
solution. The resulting loss of information to the user
of the accounts renders our proposed valuation process

invalid.
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Our conclusion is that the dual LP cannot provide a tool to
break down the problem of valuing joint components - any

consistent allocation of values is valid, but arbitrary.
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APPENDIX A

. THE SHORT-TERM CORPORATE MODEL

This appendix discusses the use of the genéral manufacturing company
planning model described in Chapter 1., The discussion is divided

into five parts:

i. Use of the planning model.

ii. Definition of the variables and ‘data used in the model formulation.

iii. A detailed construction of the equations forming the model. i

iv. A listing of the Matrix Generator Program (with examples of the
data requried).

v. A listing of the Report Writer Program (with examples of

output).

1. The System in Use.

The planning model described in Chapter 1 (and detailed below)
portrays a typical manufacturing company: the flow of raw
materials through the manufacturing process is activated in
order to satiate (as far as is possible) the expected demand for
the finished goods produced, while taking account of a number of

environmental, financial and managerial constraints.

In order to aid the corporate budget preparation exercise the
model has been designed to reflect these activities in some
detail. 1In the text case company we are modelling a firm over

16 periods, making 16 products, each sold in two outlets, on some
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30 work-centres (with half of these having some sub—contracting
facility) with 6 different labour groups from some 20 raw
materials. This would result in a model of some 2500 rows by
8000 variables. 1In order to handle a IP model of thisc size, we used

the MPSX system on an IBM 360/70.

However it is clearly unrealistic to expect management to

have the detailéd and technical knowledge required to manipulate
the matrix of equations. It is envisaged that this job will

be undertaken by a suite of computer programmes to the extent

that requests made by the user will be translated into answers
presented in intelligible user-oriented reports. In this way
information requested by the factory manager will be reported
baék in terms of shop-loading; the finance director would receive
cash-flow or projected profit/loss reports,.etc. Examples of

the type of reports envisaged are included in Section 5 of this

Appendix.

The fundemental component of such a system is the data base

and the adage "Garbage in ... Garbage out" must be borne in

mind, The model requires (as will be shown in Sections 2 and

4) a substantial amount of detailed information: some say

a requirement that places an intollerable burden on management.

This is a weak critisism - the information, although voluminous,

is the same as that used for decision making in the various
departments of the company (accounts, sales, productiqn,

etc.) This model merely requires that this information be brought
together and maintained,* while noting that any data that is suspected

by the local users remains marked as suspect. In this

* It must be reported that this requirement proved too onerous a task

for the test—-case company.
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respect the importance of ranking the data sensitivities described
in Chapter 1 becomes clear: local data problems may be shown

to be globally unimportant (and vice versa).

It follows that the data bank maintenance systems will be
company—dependant and will be structured round the

company's other control systems.

Modification to the data bank by the user will be either
permaneﬁt (due to updated knowlédge) or temporary

1what—if' information (i.e. the user wants to run

the planning model on the basis of some speculative data),;

The data-bank/user interface will be able to differentiate
between these distinct operatidné'and will then generaﬁé a
complete re—-run of the model, or merely'a revision of the
existing model, depending on the extent of'the new information.
The new (or revised) matrix is fed to the MPSX Linear'Programming
Package to be solved and the solution is interpretted for the
user by a Report Writer. It is anticipated that the planning model

will be run as shown in Figure A.l.

The state of application at the moment is limited to a Matrix
Generator Proéram (MGP) (reading data in arbitrarily chosen format
from card) which generates the entire matrix for the LP

Package, and a Report Writer (RP) which generates séts of specialist
reports. The programs are listed in Sections 4 and 5. For reasons
of confidentiality the examples of data input and of output

reports attached are from a specially constructed (simple)

test problem.
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The model was tested by collecting real data from the
test—case company for the year just ended, and comparing
the actual results with the results of the model in a

number of dimensions.

The test was protracted owing to difficulties in convincing

the management that the required data were available (e.g.

the length of the production cycle, the usage of raw materials
through that period, etc), and other internal political

activities that diverted management attention. Tests were
conducted in each factory location individually and the resulting i
raw material usage; étock levels; subcontracting and overtime
schedules were shown to compare with the actual results. TFinancial
indicators such as profit and cashflow, could only be judged to be
correct since the company had combined the écéounting function for
béth loéations aﬁd could not break the consolidated accounts down.
No test of the entire company was undertaken before the project

terminated.
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2,1 Data Definition

alphlg No. of periods lag obtained before payment
of interest charge required.
alpha ' Percentage interest charge (per period).
caplf(I,L) Normél—time capacity (in hours) of labour
type L in period I. This is calculated from
the numbef of men in group L and the number of
hours available for work in normal shift time in
the period, and should take account of reductions
to capacity due to holidays, absenteeism, etc,
caplo(I,L) Overtime capacity (in hours) of labour typg:
L in period I. |
capst(I) Storage capacity available in period I:
The defined "unit of storage" (e.g. sq feet) is also
used in vol(R) and space.(K;J,I). We have assumed
that only one distinct type of storage faciliﬁy
exists.
capwe (I,M) Normal-time cgpacity (in hours) of workcentre
M in period I. This is calculated from the number
of machines in group M and the number of hours
available in normal shift working time (fagtored
by expected holidays, shutdowns, etc). The number
of machines in the group need not be integral: machines
known to be used in emergency only can be included as
fractions of a whole machine. Workcentres such as
PAINT need careful examination to ensure inclusion of
preparatory work being done outside the paint booths.
ASSEMﬁLY and WELD are also very difficult to ascertain

correctly: the equivalent "number of machines in the



cashi

erti

dbti

excash(I)

excrt(I)

exdbt (I)

ifbl

kdiv(K,1)

kdiv(K,J,1)

‘group" has been defined to be the number of products on

which work can in general be carried out simultaneously.

Finally, capacity is factored by an amount to

take accounf of any extra-model production
activities ( - in the case of the test-case

company tb take account of the production of

spares and of products being phased out by the
company with expectea actual production of only one
or two‘units).

Value of the bank balance at the beginning of the
modelling period.

Value of the creditors account at the beginning of the
model.

Value of the debtors account at the beginning of the

.model.

Extra—model cash flow in period I. This total
can be broken down into any number of

items that are normally detailed in the accounts
e.g. wages; management levies; tax bills;
receipts from sales of spares, etc.

Extra-model credit in period I.
Extra-model debt in period I.

This takes a value of 1 if the model is allowed
to accept overdraft facilities.

No. - of sections which make up product K.
(Section 1 refers to the complete product.)

Two letter name identification for section J of

product K,



knout (K)

lagexcrt

lagéxbdt

list(K,J)

market (I,K,J)

mereq(I,K,J,M)

month (I)
nlf
nm

nout

nprod

nrm
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No. of sales outiets.for product K. Each outlet

is identified as an area in which either the product
specification or the net price differs from elsewhere.
No. of periods lag before extra—model credit is paid.
No. of periods lag befére extra-model debt is

received.

. Gross price for product K in sales outlet J.

Market forecasts for sales of product K in
outlet J in period I. These act as upper bounds
on demand. Lower bounds can also be included

in the model to cater for a management constraint
of reﬁresentation in certain (if not all) sectors
of the market.

Machine time required on workcentre M by

section J of product K in pefiod I of the
pfoduction cycle; This time (in.hours) is
derived from the standard times, available

from the production control department, to

which is added a component representing the
set—up times (making some assumptions about
batch sizes). In practice, work is done at a
faster rate. The required factor by which the
'standard' time is multiplied is found from the
wages department.

Name of period I.

No. of labour force types considered by the model.
No. of periods in the planning horizon.

Total number of sales outlets encompassed by

the model.

No. of products in range.

No. of different raw materials.
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nsub No. of workcentres that can be subcontracted.
nwe No. of distinct workcentres.

owage (L) Overtime rate for labour type L.

prod(K,J) Limit on prqduction of section J of product

K in any period. This limit i; the smallest
bottleneck created by the scarcity of jigs
required by certain jobs in the prodﬁction
process.

prodi(I,K,J) Amount of production of section J of product K
completed in period I. This data is determined by
the work in progress underway at the beginning of
the planning horizon. If no limit exists the entry
is infinity.

rmb (R) Net price per unit of raw material R.

rmlag(R) - No. of periods lag obtained before payment
.for supply of raw material R is required.

rmp'(I,R) Fixed amount of raw material R due for delivery
in period I. This is determined by existing activities
at the beginning of the planning ﬁorizon. If no
limit exists the entry is infinity.

rmreq(I,K,J,R) Units of raw materiél R required for the
production of section J of product K in period
I of the pr;duction cycle.

sblag (M) No. of periods credit obtained before payment
required on work subcontracted to subcontractor
M.

slag(K,J) No. of periods credit given on the sale of
product K in.out}ét J before payment collected,

space (K,J,I) Storage space required by section J of

' product K in period I of its production

cycle.
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spred(X,J) Length of production cycle of section J of
product K,
stockcf(K) Desired minimum stock levels at horizon of

finished godds product K.
stocker(R) Desired minimum stock levels ét horizon of
raw material type R.
stockif (K) No. of units of finished goods product K in
stock at the beginning of the planning horizon.
stockir(R) No. of units of raw material R in stock at
beginning of model horizon.
subed(K,J) Two letter name identification of sales outlet
J for product K,
subp (M) Net price (per hour) charged by subcontractor M,
subwc (M) List of workcentres whose capacity may be
enhanced by’ subcontracting.
welf(L,M) ‘ . No. of men of type L required to man workcentre
M. A value of infinity indicates that labour
of this category cannot man a particular workcentre.
wecload(M) Scheduling efficiency in loading ﬁorkcentre
M. This is calculated as the ratio of busy time
(i.e. total less idle time) to the total time available,
and is used to factor the times given in mcreq(I,X,J,M)
to obtain éhrealistic prodiuction time.
wenm(M) Two letter name identification of workcentre M,

vol (R) Storage space required by a unit of raw material R.
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2,2 Definition of Variables

BANKL (I) ' Bank loan taken in period I.

BANKR(TI) Bank repayment made in period I.

CASH(I) Cash position at the élose of period I.
CRT(I) _ Creditoré position at the close of period I,
DBT(I) " Debitors position at the close of period I.
LABOT (I,L,M) Overtime scheduled in period I for labour

type L manning workcentre M.

LABREQ(I,L,M) Total required labour time for labour type
L manning workcentre M in period I.

PROD(T,J,K) No. of units of section J of product K
completed in period I.

RMB(I,R) Units of raw material R purchased in period I.
(Assume no lag between purchasé and delivery.)

SALES (I,K,J) No. of units of product K sold (and delivered)
in market J in period I.

STOCK(I,K) No. of completed units of product K in stock
at the close of period I.

STOCKR(I,R) ‘No. of units of raw material R in stock at
the close of period I.

SUB(I,M) Amount of work subcontracted out for workcentre M

4

in period I.
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The Model Equations

Production Function

i. Workcentre Capacity (cf. Eqn.1.10) ’

Requirement for workcentre M in period I must
be less than or equal to the normal time capacity
of that workcentre in that period plus any overtime

worked plus any subcontracting done.

nprod kdiv(X,1) spred(K,J)-

i )
: sy PROD (I-1,J,K) .mereq(T+1,K,J,M)-
K=1 J=1 1=0 - - (ALD)
nlf
_ _ LABOT (I,L,M)
SUB (I,M) % T welf(L,M)
L=1

€ capwe(I,M) ¥ I,M
Initial condition:
PROD (I,J,K) = prodi (I,K,J) ¥ prodi (I,K,J) # oo

Labour Force Allocation (cf. Eqn. 1.11)

|
[ mhd
.

Total in~house production (i.e. total workcentre
requirement less any work subcontracted out) on
workcentre M in period I must be allocated

amongst the labour groups capable of doing the work.



- A - 207 -

nprod kdiv(K,1) spred(K,J)-1

A
5 5 5 PROD(I-I,J,K).mcreq(I+l,K,J,M)
K=1 J=1 10

- SUB(I,M) ) . (A.2)
nlf
5 LABREQ(I,L,M)

= welf (L,M) ¥ I,M
L=].

B. Physical Constraints.

i. Production (cf. Eqn. 1.12)

Limit production (of division J) of product K in

period I by some upper bound.

PROD(I,J,K) < prod(K,J) ¥ I1,K,(J) (A.3)

ii. Labour Force Capacity (cf. Eqn. 1.13)

Requirement for labour grouﬁ L in period I must be less
than or equal to the work scheduled to be done in overtime

plus that schedulednto be done in normal shift time.

nwe
PN LABREQ(I,L,M) - LABOT (I,L,M) ¢ caplf(I,L) (A.4)
M=1 : '

¥ I,L
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iii, Labour Overtime Capacity (cf. Eqn. 1.14)

Limit the total overtime load on labour group L

in period I by some upper bound.

nwe
% LABOT(I,L,M) < caplo(I,L) ¥ I,L (A.5)
M=1 :

iv. Market Constraints (cf. Eqn. 1.15)

Limit sales of product K in market J in period I

by some upper (and/or lower) bound.
SALES(I,K,J) ¢ market (I,K,J) ¥ I,K,J ‘ (A.6)

v, Storage Capacity (cf. Eqn. 1.16)

Storage space required in period I must be less than

or equal to the storage space available.

nprod kdiv(X,1l) spred(X,J)-1

A A
z % z PROD(I-I,J,K).space(X,J,I)
A
K=1 J=1 I=0 (AT

nrm

¥ STOCKR(I,R).vol(R) 2 capst(I)
R=1

¥1

C. Financial Flows

i. Cash Position (cf. Eqn. 1.17)

. Cash at the close of period I equals cash position



- A -209 -
at the opening of period I plus inflows resulting
from sales made in previous periods and loans
neéotiated, less outflows resulting from loans
repayed; payment for overtime worked in that period;
subcontracting costs; purchases, and bank charges
incurred in previous periods and net outflows

from extra-model activities.

CASH(I)= CASH(I-1) + BANKL(I) + exdbt (I-lagexdbt)

nprod knout (K)

Z z SALES (I—slag(K,J),K,J).list(K,J).discp(K,J)
K=1 J=1
alphlg-1l A A
- BANKR (I) - AL BANKL (I-I)-BANKR(I-I) .alpha
I=0
- excash(I) - excrt(I-lagexcrt) (A.8)
- nlf nwc
z ¥ LABOT(I,L,M).owage(L)
L=1 M=1
- nrm
% RMB (I-rmlag(R), (R).rmb(R)
R=1
-  awe :
Z SUB(I-sblag(M), (M) .subp(M)

M=1 ¥I

Initial Condition:

CASH(0) = cashi
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ii. Creditors Position (cf. Eqn. 1.18)

Credit at close of period I equals purchases of raw materials
made by not yet paid for, plus subcontracted work carried
out but not yet paid for plus interest charges outstanding

plus any extra-model credit.

lagexcrt-1 -
CRT(I) = I excrt (I-I)

I=0
nrm rmlag (R)-1 ~
+ I . AL RMB (I-I,R).rmb(R) (A.9)
R=1 I=0
alphlg A A
+AZ (BANKL (I-1) - (BANKR(I-I)).alpha
1I=0

¥1

Note - the credit account does not include the outstanding

overdraft.

Initial Condition:

excrt {(0) = crti.

iii. Debtors Position (cf. Eqn. 1.19)

Debt at the .close of period I equals reserves due, but not yet
received, from sales made in prior periods plus any extra model
debt.

lagerdbt—-1

DBT (I) = T exdbt(I-I) (A.10)
’ I=0 '
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npod knout (K) slag(X,J)-1

- ~
+ % Az SALES (I-I,K,J).list(K,J).discp(X,J)
K=1 J=1 1=0
¥1

Initial Condition:

exdbt (0) = dbti
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D. Inter-Period Continuity

(i) Finished Goods Stock (cf. Eqmn. 1.20)

Stocks of product K at the close of any period equals
the stock at the close of the previous period plus
newly completely production less sales made in the

period.
STOCKF(I,K) = STOCK F(I-1,K) + PROD (X,1,I)

knout (K)
- 5 SALES (K.0.)
0=1 ‘ (A.11)

¥ K,I
initial Condition:
STOCKF(0,K) = Stockif(K)
Closing Condition:

STOCKF(nm,K) > Stockef(K)
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(ii) Raw Material Stock (cf. Eqn. 1.21)

Stock level of raw material R at the close of any period

equals the stock level at the close of the previous period

plus any new purchases less the amount used in production during
the period. .

STOCKR(I,R) = STOCKR(I-1,R) + RMB(I,R) (A.12)

nprod kdis(K,) spred (K,J)-1
- I b} % PROD(I-L,J,K).rmreq(I+1,X,J,R)
K=1 J=1 T=0

¥i,R
Opening Conditions:
STOCKR(O,R) = Stockir(R)
RMB(I,R) = rmp (I;R) ¥ rmp(I,R) # 0O
Closing Condition:
STOCKR(nm,R) > Stockfr(R)

E. Alternative Objective Functions

(i) Profit Earning (cf. Eqn. 1.22)

Max cash plus dehtors less creditors positions of the close

of the planning period.

Max CASH(nm) + DBT(nm) - CRT {nm) (A.13)
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(iii)
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We have used this objective function in all the examples
that follow.

Turnover (cf. Eqn..1.23)

Maximise total sales revenue acquired during the planning period.

nprod knout(K) nm
Max o z % SALES(I,K,J).list(K,J).discp(K,J)
K=1 J=1 I=1
: (A.14)

Sales Penetration (cf. Eqn. 1.24)

Maximise the total number of primary products sold during
the planing horizon.
prod knout (K)

nm
Max b 2 z SALES(IL,K,J) (A.15.)
K=1 J=1 I=1
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1YPE=L

LALU FLC oty KONRM 1y TYPE y CIEFF) )

CONTANUZ

CONTINJE
:".'..::::;.'.'.E;:;;I‘O,.‘.';A:::,I"..'I.I..I.I'.'.;;;;;;;...:

I¥P:=1 QS S8 3 85 00 A D S B SN PP s AG et SR 588 G0N eSS te AR SRS IEeE s aesds

1 YFL=55400

AMEZCLOUL (8)

GU will I=31, .t

CALL COLuh(uULNHy Ly NAMC,TYPE,STY?E)
G O PO & 80 PO I E A ED FA Y PP E GO Ge P st e L] * e *6S 8 5o asPs e LI N ]
L TCASY CONTINOTTY cereer .

COEFF=-1..II.III.I.'.."..IIl....l.ll‘I...."...".-".‘I.-'.“..‘
ROAWFEROOJIE (6)

VALL FLICOL A4 nGilM,1,TYFL,COEFF)

AFCI-Hi602y wudsoud

L4=itl

COEFF=1

CALL FLICOLNMAy20unNtyI14TYFEH4GOEFF)

CONTLNUL
88 S8 S 0008 TN IE0 SN NsEt NANGEASCEGASEIE TN OO P It EBRTE ST ICOSDRNAES
o EARNLINOS J8JECTIVL .
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LF(Il.LTaneld) LO TO 602

COZFF=1 ’

AU M=RCOUE (1)

CALL FI(COLNH9RTHNM,1,TYPE3COEFF)

CUNTINUE

It (1FbL.e4.0) 6C TU 9993
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TRy BANK L OANS P TY - .

‘qAHEzccG;éz;;.....“‘.'..-..'..‘...'.'.‘.-.".‘.........‘..'....-..
STYPcC=5Ua3UD
TYPE=1
Qu 701 I=t,nH .
CALL COLUN(CULHM, I, NAHE,TYPE,SIYPE)
:‘Ié;Eaii" '.l‘lll.....ll.ll!:l..I‘Q.lll.‘lllll.'-'l'll.':
TYPF:i 8 4 6 8 6 68 PR EP S LA SEGP LG R PO ARSI ISR NEG G CE SO HBOP I $0C S
nOWNE=RCUUE (D)
CUEFF =1
LT IMe=1
LALL P2 (COLNMyOWNidy L Tore 4 NMy TYPE,COEFF)
:-.6R§;":u"ri;‘6ii";'....".'..-"..‘."....‘-.?..'.....“‘:
TYPE=1 .‘.l‘l"ll.‘l|l..l..'..‘.IIOOICO""COIOI OB ¢ 468 80 & sa 000 *
ROW¥=RCGDZ (8)
CObrF=1
CALL PL(COULNM,ROWM, I, TYFE, COEFF)
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TYPE=1
COEFr=-ALPHAC
LT.AME=1
CALL F2(COLNJAyROWNH, TINE, NA,TYPt,GOtFF)
CUNT1NUG
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I‘A‘1t=bcu;éza;tl‘.'..'O‘I.l.‘n.l ® ¢ 2 G850 0TI EONTENEDTANE SR P EPO SO ST
STYPL=5U,500
TYFE=1
DU Bu1 1=1,HM
Call LCLUL(COLI, Iy HAMLTYPLE,STYPE)
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R B BN B B B BB B R R BN I B B B RE AR BN N B R B RE Y N B Y N R S Y BN N N B BB AR B B A BN
TyPi=1
RQhi,F=ELODE (7)
COEFF=—1 .
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e LASH LONILHWUiY .
4 0 88 20 0 00 0081 20 05 89 69000 PO BT AD AT IPBTEEIL NSy S sRAatsee e
TyPE=1"
COLFrs=-1
rlbal=nl0Lz(8)
CACL F1UICOL Ay Dalidga s TYrt ,CIEFF)
BB ES 00 PP e CEPE ISP IT A EPIERO PSP B IPTETSEP LN ess
«  LUAW« CHARGES .
B 90 28T A TG ESE PR AP NS BE RN SR TP A B0 SR AN PP I8 E e
TrrPE=1
G H=RKC0LZ 19)
LCc Fr=ALPHAC
LTIti=1 .
LALL F2O0LHy AUnNM LT i Moy sy TYPE9yGOEFF)
CONTINUE
:l.Il.l;;;;;.'-“{:5&]:':;;{5:(6&%!.-.l...l'.'..'l.C";;"‘ - :
HAIL=CCUlE 13) .
TyocC =1
STyt r=SL2J0
0 9ul a=1,id
LALL CCuUNleuldnylyNANES,TYPE,STYPE)
PO S F AT I N NSV NS PRSP Aas el aDeSesB IO s4 s 0 vP s et OOv
L] ckEiI‘ .
A...!..Il‘!'...l‘..lll-ll'l‘l...'.ll'l'.lll'l'."l'.-.“."
IF(A_FLE)TLS5,905,302
hMI1I%:=14#ALFLL-1
LhE (b AME=HM) U4, 304,303
HEI&EC= M .
ROhiM=xGCOCEL7) .
TYPE=1
COLFF=1
LTIneg=1 .
GALL FZ2 (COLNMagOWHM, LTIy T LHE,TYPE,
Cull L NUL
e 9 50 P ® 60 02 o0 BN OEB LRSS OLesnae 50 e B PG IDE S s g
. CA:H uOdTIHUII? i .
- ll'l.ll""l........l".ll...'I-..'\....ll.llI-.l...'...l.
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Ir(LI‘HF)QGS 906 u7
HORiIIN=RC0DE
TYPE=1
COEFF=—1 R A
CALL +1(COUNH320A 4311, TYFEyGO0CFF)
GOLTINUE
5 @ 8 00 88 0% 28 08 4 4GP PSS UR AITASE S P QS0 P9 Q e tPSEeTacsste e
« LOAN ULHAKGES .
. S0 4T S 4P PE DS P B AES DS E0 O EVOD 8By 208 SD AP IS AN ITE DA RIS S s
TYPE=1 :
COEFF =1
KL hil=RUUGE(Q)
CALL PLICOLNMyXOWNMy1,TYFELCIEFF)
LUNTINUE
LONT L NUE
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TYPE=] _
STYP{=35U3by
HAMI=CCODE(13)
L0 1L01 I=1,0M
vt COLUMICOLNA, Ly NAHE,TYPLySTYPE)
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CO<Fr=-1
CALL FLUICOLNIy 2N, L s TYPE,COEFF)
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1790=1

S YEC=Sush)

L 2ot oF (131

v 11el L=i,aH

CALL Cunur {uul
e« ® sa s
« ULt

. sevans

LA Cluc (u)

Cutti=-1
LaLe #1(CO0uiniy

Atgag itz 1Y2E,S1YPC) -

2 0P E 8 28 ¢ 860 4C S90S R0 EEEENESLISIOPEIILRSLs I IBETIPEIVOOS
3 .

808 90 600 0 CEIVES TS AQATPEDPLPCEOIB LI ITLLENNIVITBIESIOSIERTED
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LF(T.LTent) o0 10 1101
CUI:!‘F:I
ROMNA=RGOUE (1<) o
Cale ¢1{C0eNy tunlidygsy IYrE,C)erFF)
CunTinvc: .
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HaTe 15,52410)

se s b

260 80698 00 5398050000 062000 000208280y EIRELCOVOT o an
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WaITo (345¢57) WOLEFT
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« FACLTOR FUT SATRA=-103EL Pio2ucTi0n ANT AKFAKDGCWN .
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00 30do i=1,un .

uv0 Jouob L3l iikg .

UFu]i(I,L)=((130.H-HCLEFI)'C?CTY(I.L))/(10&.‘ISCQLE)

JO Joul =1, Ng K

HR1TE (093¢ S0 HCLF (NLF#1,L)y (CPCTY(L,L}ys=14NM)

WRLTZ LSy 2d0l)

WklTe (045300)
® O 8 5 U S BE CR TON SS9 L ] L ) €@ D &S A et &8N
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DO 3402 J=1,iinC

LU 3003 I=1,MNuL

Doy (11=0

30 3004 rn=1,HPROO
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UL SGut nF1=1,XKP

1I=oPucl(N,KP1) =1

sF (aeaEGaC) 20 TO 3004

D0 suug I=1,II

RTINT=SFREU (A XPL) =1

w0 3Ud8 LL=1,yhllde

TaME=libi L ~SPrLI(KyKPL)

CUATY LT IAE ) =0UMNY (T130) +FCAST (L 4K} *HOREW(LL y J9 Ky KP1)

LOITIKUE

CunTINVUE

ul ouldy 1=1,:

CPLTY (2,0} =2 5CALE*CPCTY (L, J)-DUMMAY (L]

Coany (112t inavilr sisdacs

nRaTe (S ues2)hiLk (HLF+H1yd)y (OUMMY (1) 41=1,NA)

uu 2ddJ9 1=2y 1

1I=h=tl-1

IF(CYCTYLII ). Gcelell) GU TO 3009

le=is-1

1r(isettsB) o0 TO &

PO (a1gu) surc T r I ) +CFCTY{ILEL, )

HGTY(LIIel,d)=devn

_LnTNUE

20 Suly 121y

Carrl llyd)=GPllY (T, J)

Ol lrioe

MRlTE(340317)
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ROnNL=PLCDE (L)
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MGP 032
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e
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€9 0 U 1 00 FLEGIEI I N INDIIAUdS PIBERNI NI EIEI I INOLISGB PSR IR BRATIRAN DA

DG 3C2u» L=1yuF
Abableyaisas) (CPJiY (apidyl=iyn)
el b (89335200 *

. FALTux FUa 2X1fAd=luont PatieClIny

A~) 2= ALuihin

LI BN O BN N S S RPN W A B B B R N B N R Y B B RN R BE B R R R B R S R IR A B B B B B N N Y

v Judk 1=1,n1

Lu 24729 L=,

LPC??(:,_)=((1)J.u-uuLLP1)*P7C]Y(I Lty)s134.

VOB LN ITISION P

CALL s (rudt ity B L HE p NGyl F 4 CPTTY)

Dy .27 I=1ylH

0 3227 L=1,.LF

CPLTY Ly L)I=CRSTY (L, ,L)7I5CALS

00U 5321 o=14%r

WRIT 10,523 VL, (CPLIY (1,0, 121, NY)

wElTe (3,900
. vhaLuwdrny OJERiali CAFALATLES .
.Il!..l"..l.l...!.'...‘.'....l.‘..."‘..l.!‘.......‘.'I'.

uG 3335 M=1,:sLF

D ARG ats ) NPTy (i 121,000

1T (oy2343)

Alral=ro00L (10

AL Pa(\OhNit,L leE gy NIy NLF 3 82CT YD

Du 3T3¢ I=1,1h

D0 sud2 =1y NF

CFLTY (1,0 =6eCTY (e, M) /2SCALE

CO duol ni=1,'LF

danh(o,SZﬁU) A,(CQLTY(I,F),I=1,NH)

NRiTZA(3,5060)
. STORAGL GaAPACLTILS .
'.‘.'..‘l......l....C.-.....-...........I'IIIOI L BN B S BE BRI BN A

dtkD(2791of)(LPUTT(;,l),l=1,N

nOHNA= LUt (8)

Catt PLARURN LTINE ¢, LTI T4, CPCIY)

IC 3ubl o=1,%4

GPGTI(l,;)=hrCI((Ig1)/13bﬂLf

WRLTCL333350) (CPCTY (Ty1),0=1, NM)

HlToc (0,y,5310)
'.“..'l‘..C"...O.........‘..'lIIQ,IIIIIII.'CII..I.‘ll'...
o ANITTIAL AW HATERIALS STICLKS .
T W 0L B BV AT AI NS PO LE YO TR OSSO LE PN ENE S0 B BESe Y

WEAD(Zy120) (CPCHY Ll =1 yiddn)

RRITe (33,5270

W ITc (3,5300)

Cu_Jub2 Q=11HR

ht\I]L,(q,g-SﬂJ)? yCPCTY L, H)

niaTe (Sy204L9)

Anadl {3900 10)

HRITL (0,9253) ISCALE

WRITZ (3,5263)

Ml Te 433527069 ol TH

WR1Te (3922045}
. ~  AUJUST FOG POsT HOTLZG0W PROUUCTION "EQUIREATIHTS «

DO 34bLH J=1, NP

UUAMI (L) =04

DU 3ub3 1=24 4N

LPC1Y (LyJ)=uaD

DUKHY (L) =049

L0 3uby K=1,.4P20D

NPERoIY (R,1]

00 3uii% nP1=1,4P

L1=5kRCO(x, <310 -1

iFlalab2eu) 00 TO 5354

UU olb0 i=1yaI .

hliHo=SkFaeT{xyKP1) ~1

D0 9ub3 L=1,kTide

LS=aati+LL =S N{kynPlL)

SUPTHIY (TERE) = JubaY LHIVE) +FCAST UL 4K *ParREQLL K 4KP1,J)

LONTLnbs

COLTa vue

CuiniTiNUE *
ul 3.%0 1= 1M
Ul EC57L Toi=1yNit

COUIP {anso) =LrCIY Lany J)-CU Y (L)
anz o lagogiyl)=Nuany ()
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Pddui RGO ()

EP
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Japs
ol o

LalL T4 (ROWaMe LA TuEsitntgntk 1,700 1Y)
nAlTZ(3y501u)

06 08 0580 00 8PP VE BSOS I IPISIOI IR NLINNNBIOIT RIS TSP BTN OES

s SALZ wiP FloUnE

6 80064808588 55458 00100V es 8 80 0essNBsIISEEBEIRROIENNPILS

REAL(Z2,ulol) AsaP

e ILulladl FlulIdnEy 473305 STNCAS
AERG U2y 81300 (LC2CTY Ly KD yn=1y..1°x0J)
ul $3ck  K=1,NPrJD
STUCRL (L) =uraT{1,K)
Wil T (3 40020)
kraTZ03545537)
vl 3d0eRk=1y{FdU
WRITL (3953 KyLPITY (L, K)
KaaeTe (3554u0)
rurh = L0yt (3) . ;
CALL Pu (xORoiMy L TaMe,  LTLiH0IPRJJ,S2CTY)
. EATRA=AGALL w81 aGlulld
. -  AuJULT SALHILGA FGR
" p o aseebeon s
rREAGL2,4120) DUBIY L) 4 DURYY ()
nRITe (5,5550) uyUany [3),0uNkAY (L)
AEALLL,91oC) (CHFCIY (L, 1) 511,40
WR1T: (392540)
WneToloy52551 ISCALE
rxITE (oot 70)
WRLTC{3,545) 11uNTH
inlTe(335L72)
UD 311¢ 1=1,MM
CroTY {1l ,L)=UuPCTY(I, 1SCALE
nR1T{(3,5u95){CrCiY 1) 5sI=1,KHM)
w0 SI11 [=1,nH
CFGIY(.,1)=bRCT¥(1,1!‘(-LSCALE)
AUnni=XGO0E (o)
LALL ru(rubic LTINS, LTI, CPCTY)
WkaTets,556d)
e EATRm=agDilL U~REDLT awgooUNT
.. -  ADJUST CASHrLUW
REAGL2,4130) uwlHAY(5),0UMHY (3)
FRLTe (S,595d) JU4nT (5) 4 UMY (6)
PELL(2,y 41300 (CPECTY(1,1) 121,411
WriTZ(5,9260)
nnile {(3y225%) I5CALE
wmLTE(3,5670)
et (3,548U)HONTH
WRITE(395470)
DO 3122 Lt=1,hH
WeCTY(1,1)=0CFCTY(1,1)/ISCALE
WE1Te (094 9u) (CPCTY (4,1),0=1,NM)
WHLEITE(S,5500)
CC 3121 1=14NH
LFCTY (Ly1)=CrCTY (L, 1!'(-LSCALE)
rGahnz2tube (7)
CiatL F‘i(KUhl“'ﬁ,LTI"IE HH’L]IHE’CPCTY)
« EXT!A={LUD_L LASH-rL
. - IGITIAL LASH nOLﬂlﬂG
REAU{2,4150) OuMayY (L)
WRLle (3,542d) SUHNMY (1)
S R @0 P o EB 00 T4 0O eSO abe s boaoe
. - LLFFEXENTIATE SETALEN
brD(2y4i88) KIXG, (CLiY(1,2) ,0PC0TY {1,
KCXCZKTXC#>
U0 S.3¢ J=u,KEXS
PEALIZyUW130) (CFCIY(1,J),I=1,NH)
CullTiNuc N - :
AT KC=KLXG=-02
il (3y5ubd)
rR 112 (3,2259) ISCALE
WRLIT (34504 740)
arI e (3,50 234)LUNTH
WHITC(3,547])
LG 3639 a=3,KH
LFCT1(Ly1)=9.0
UL ludd J:i,sE(C
LFCTI Ty 1) =CFuT ey D) # (LLFLTY LUy ) *CPLTY(I,J83))
Lol 1t
WPoTY Ly L)=CrlTY L, 1) -0UMMY (L)
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Input Data.

i. Base data - line MGP 140
NO. OF PRCCUCTS 2 MO. OF OUTLETS 1
NO. OF WORK CENTRES 3 NCe CF TYPES OF LBOUR 2
NO. OF SUBCOMTRACTEG 0 AC. OF REn VATERIALS 2
NC. CF PERIOLS &
ii. Raw material data - line MGP 142

CATA ON RAW MATERIALS

PRICE/UNIT LAG ON PAYMENT VCL/UNIT
1, 000 1 0.0
3,000 1 0.C

- A - 23

RS B
N 1543
RS PR
PLELL AT
PRE1T e
MLe1569
Yok1uh]
MGE15 51
“Le1552
A RE2
GRS,
FEF1955
VeP1550
vei-1557
nn21538
vGF1559
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Labour force data - line MGP 145

-~

WORK CENTRE LABOUR FORCE REQUIPENENTS FRS/HR

M/Cl 1,000 0.0
M/C2 1.000 2.00C
»/C3 1.000 1.500
OVERTIME RATES
3,000 1.000 )
iv. product data - line MGP 161

PROOUCT 2 1S MAOE OF 1 SECTICAS
THE NUMBER OF OUTLETS FOR THIS PROCUCT IS 1

SALES DATA BY MARKET QUTLET

COoE LIST PRICE CISCCUMNT LAG ON P AYMENT
MK 50,000 0.C 2
OIVISION 1 CF PRACUCT 2

MACHINE TIME REQUIREMENTS MINS/UNIT

M/C1 64000
M/C2 © 10,000
¥ C3 0.0

RAW HATERJAL QEJUIREMENTS UNITS/UNIT
A 20.000
8 2. 000
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INPUT OF RAW MATERIALS
AEEXERAARKRAEIE I 34203

I 1 ¢
1 TYPE 1 INPUT |
I 1 1 200.01
12 I 30.Cl

E3 22323332 23ttt 2 il ) ]

* THE UNITS ARE [N 10C S =*
AREFARKERAEESR VXA P ARRIR ISR NN E

1 1 I 1 ¢ 1 1 1
1 1 P 1 P2 1 P3 I P4 I PE I Fb 1
1 1 1 I 1 1 1 1
I A1 0.0 0,0F 0.1 C,01 C.CI 0,01
I 8 I 0.0l 0.0 2.0 0.0 0.01 0,01

1

MOCEL FIR EXTRA MODEL ACTIVITIC

V. Production capacity data - line MGP 802
‘**;\'tﬂit!“‘ﬁ*'*.k’*tﬁ“tki*’t.t'
* THE UNITS ARE IN 100 § =
lﬁ"V!‘**‘V#*.*$f‘f$*¥*¥$¥*$$J"
CAPACITY CF PRCUNCTICN FACILITIES
BEATPEREERNS SR A SRR RPCE PR b X xRNk
NOTE=== 0.0 PERCENT OF CAPACITY IS LEFT CUT OF
1 I 1 I 1 1 I
1 I PL I P2 1 P3 I P4 I F5 1 F5 1
l I | 1 1 1 A 1
I RCRK 1 1 1 I I 1 1
1 CENTREI 1 I 1 1 1 I
1 M/CL 1  0.81 0,81 0481 0.71 0,701 0,71
I M/€21 Q.81 0,81 0,71 0.71 0.71 0.6l
1 P/C3 1 0.601 0440 0.6 0430 0,31 Q.31
1 1 1 1 I .
REDLCTICN IN WORK CENTRE CAPACITY FOR-POST FOR IZON PRODUCT ION
I M/€1L 1  0.01 0.0 0.0 0.01° 0.01 0.01
I W/C2 1 0.0 0.0l 0,00 Q.0[ €00 (.0l
I #/¢31 0,00 0,01 0,0l 0,00 0.01 0401
1 LABDURL 1 1 1 1 1 I
1 FORCE 1 1 1 I I . 1 .1
1 1 I 1.51 1.51 151 1.5[ © 1.5 1.5@'
1 2 I 1451 1,50 1¢S1 1 51  1.SI  1.51
1 1 1 I 1 1 I 1
I LABOURI I I 1 1 I 1
I FORCE I I I 1 1 1 I
I O/TIMEL I 1 1 1 1 1
1 Al 0.11 0.1I  0.11 DJll  0.11 Q.11
1 B I 0.1 0.l 0.1 0.11 Ostl 011
1 1 1 I 1 1 1 1
ISTORAGE] 1 H 1 H 1 1
TCAPACTYI 0450 0451 0.51 0.51 0.5 0.SI
vi. Raw material stock data - line MGP 909
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vii. Finished goods stock data - line MGP 958

INPUT OF FINISHED FROCUCT
EICRRLI SR ARSI EE SRS RSN D

I I
1 TYPE [ INPUT I

D Iy

1 1 [ 5.01
1 2 1 Sa C1

- B e .- ————————.

viii. Debt data - line MGP 972

IHITIAL DEBY COWED TO COMPANY 5CCe0 PAYED DOVER 1, FPERICCS

EXTRA VODEL DEBT
EEERERKEERARIRES I FRRIREK

KERPERIRBELLREIRRK ORI R KRGRARR

* THE UNITS ARE IN 100 S »
BEEERERAT RN KRR IRRE S RERERARRRIRED

ix. Credit data - line MGP 992

INITIAL CREDIT OwED BY CCMPANY 400.0 PAYED OVER 1. PERIQDS

EXTRA MGDEL CREDLT
xp*tt#tt*tt{ttattttt*#st

HERXF ARG MARFEX IS AR IR SR bt AR Nk

¢ THE UNITS AFE IN 100 5 *
KPR TN R KR RPERAR IR IR DA hkh

1 1 1 1 1 I 1
I P I P2 1 P3 I pPe I PS5 1 P56 1

1 1 1 I 1 1
1 0.01 0. 0! C. 0] 0.0( 0.01 C. 01

- A - 235 -
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X Cashflow data - line MGP 1012

IMITIAL INPUT OF CASH 100.0
PERETEIRAIREX RN RREREEE

OUTFLCWS CF CASH
LTI TR PP RS PIN Y

-

KRBEAEO VIR RS A ARNR AT ARG RES RV ¢S

¥ THE UNITS ARE IM 100 S *
REENXNREERR R RIS I TR RN D RRR

1 1 1 1 1 1 1
I PL T P2 1 P3 1 P4 1 PE 1 P& 1
1 1 1 1 1 1 1
TINJGDBTE 5,01 0.01 0,01 0.C1 0.01 0.01
1 1 1 1 1 I I« 1
IEXPN 1 1,01 1,01  1.01 1.1 I.¢01 1,08
TINJCRTI 4401 0,01 0,01 0,01 0401 0,01
1 1 1 1 1 1 1 1
I TCTALl -1.01 1.01 1,001 1,00  Il.¢l 1.0l

xi. Sales data - line MGP 1118

UPPER AHD LOVER SALES BOUKDS FOR PRODUCT

50
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2

REPORTA

PRODUCT
1

2

PRCCUC TION SCHEDULE FCR PERIOD Pl

OPENING PRCOUC TICN SALES CLOSING
5,00 20,56 20.00  5.56
5,00 3,86 0.0 €. S

PRODUCTIOM SCHECULE FCR PERIOD P2

OPENING PRCCUCT ION "~ SALES CLOSING
S¢56 19. 67 0.31 24.92

8489 3.67 2.52 10,03
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APPENDIX B

THE LONG-TERM .CORPORATE MODEL

The model described in Appendix A assumes that the company will
continue to operate within the framework laid down by capacity
constraints, product mix, and current purchasing patterns. In the
longer term all these factors may tﬁemselves be changed by
management. In this Appendix we intfoduce modifications to the

previous model to incorporate these activities.

1.1 Data Definition

budget (I) Limitation on amount of capital expenditure in
period I.
cost (K,I) The capital outlay required to service project K

in period I after initiation of the project.
excapm(K,I,M) The amount of additional capacity of work centre M
that results from project K, I periods after project
initiation. This allows a finite lifespan to be
accomodated. Positive entries refer to additions
in capacity; negative entries for reductions in
capacity.
excapf(K,I,L) Additional capacity for labour group L resulting
from project K, I periods after project initiation.

nproj No. of different projects considered
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1.2 Variable Definition

2.1

COST (D) The capital spent on all projects in period I

of the planning period.

EXCAPM(I,M) The total addition to normal—time capacity of
workcentre M in period I of the planning period.

EXCAPF(I,L) The total addition to normal time capacity of labour
group L in period I.

PROJ(K,I) Project K initiated in period I of the planning
period. The life span of the project is defined
from the point of initiation in order to take
account of possible ordering and planning delays
before the first physical or financial activity is

effected. This variable is integral.

The Model Equations

Three different additions to the basic corporate model may be adopted
to model extension of the product range; extension of existing
facilities and an extension of 'vertical integration' (namely
in~house manufacture of some raw materials currently bought-in).

Each of these facets may be considered in isolation = encorporation
in the model may allow the relevant decisions to be made in

the framework of all the other activities that are simultaneously

selected.

Extension of the Product Range

This is done simply by extending nprod and the SALES (I,K,J)
vector to take account of the potential new products that may be

manufactured by the company. (This will have to be accompanied

by the appropriate 'mcreq' and 'rmreq' data).



2.2 Extension of Production Facilities
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(i) Work-Centre Capacity (cf Eqn. 211)

Let the left hand side of Eqn. A.l (the production
requirement to be worked in normal time) be represented
by MCAP(I,M). Then Equation A.l. would read

MCAP(I,M) 2 capwc(I,M)
The revised equation 1is

MCAP (1,M) - EXCAPM(I,M) 2 capwec(I,M) (B.1)

(ii) Labour Force Allocation

It is conceivable that management may wish to increase

(or decrease) the labour force. This decrease shall be taken
in recognition of the fact that the current labour force
availability (caplf(I,L)) is not constant - due to
retirements and staff turnover - and against a requirement
for manpower to accomplish a production programme in

order to satisfy the sales demand.

Let the left-hand side of Equation A.4 (the labour force

capacity constraint) be LCAP(I,L). The equation reads

LCAP(I,L) 2 caplf(I,L)

The revised equation is

LCAP(I,L) - EXCAPF(I,L) ¢ capf(I,L) (B.2)
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Note that the overtime capacity may be linked to
the normal time labour capacity. If the overtime
is some fraction_of such normal time capacity (i.e. is
linked to the number of men working) then the Labour
Overtime Capacity equation (A.5) would also requi?e

reformul ation.

(iii) Capacity Expansion (cf. Eqn. 2.12)

An increase to capacity of (for example) work—centre

M in period I can come about through the possible
adoptioh of a number of projects in previous periods.
This equation sums the cumulative effect of undertaking

these projects.

nproj I-1 1.3 A
EXCAPM (I,M) = y g PROJ(X,T) .excapm(K,I,M) (B.3.)
k=1  1=0

To take account of the increase in labour capacity substitute
EXCAPL(L,L) and excapf(K,I,L) appropriately in the above

equation.
(iv) Cost (cf. Eqn. 2.13)
Projects undertaken in any period may require financial

servicing in suceeding periods

nproj I-1 a ~
COST(I) = 2 AZ PROJ(K,I-I).cost(K,I) (B.4)
K=1 1I=0

COST(I) is now included as an outflow of cash in the Cash

Position Equation (Eqn. 1.17, A.8)
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() Budget Constraint

Many companies operate in an environment of .capital budgeting.

This may be a total constraint on spending in any period.

i.e. COST (I)e¢ budget (I) (B.5)

or it may be a constraint imposed by the company on
spending on new projects
nproj

i.e. X PROJ(K,I).cost (K, 1) ¢ budget(I) (B.6)
K=1

2.3 Vertical Integration

1) Substitute Production (cf. Eqn. 2.14)

In order to consider the possibility of making in-house
components presently bought-in, these components must

be considered as separate, identifiable, raw materials.
Extend the vector of products to include 'pseudo' products
corresponding to these raw materials. The only

difference between these 'psuedo' products and the

others is that no sales outlets will exist for them:

in all other respects similar data definition (e.g. mcreq
and rmreq) will be required. There is no need to

restrict the work—-centre requirement to those work-centres
available: if the manufacture of a certain 'pseudo' product
requires work done on a work-céntre not currently owned,
then the programme will have to consider, simultaneously,

the asquisition of such work-centre capacity!)
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The new in-house production is now considered as an

extra source of the particular raw material. Let

Equation A.12 be expressed as
STOCKR(I,R) = STOCKR(I-1,R) +RMB(I,R) - RUSE (I,R)
where RUSE (I,R) is the amount of raw material R used in

production in period I.

The revised quotation is

STOCKR(I,R) = STOCKR(I-1,R) +RMB(I,R) +PROD(R,I)-RUSE(I,R) (B.7)

where PROD(R,I) is the amount production of 'pseudo' product

corresponding to material R completed in peirod I,
(1i) Cost

Clearly the cost (Eqn. B.4) and budgeting (Eqn.B.5 or B.6)

constraints still apply.

(iii) Irrevocability (cf. Eqmn. 2.15)

In the event that a supplier will not accept intermittent
ordering or management impose the constraint that the

decision to extend the amount of in-house production be

made once and for all (to take account of the once off (labour)
cost of getting such a project under way) the irrevocability

constraint may be modelled as follows:
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nproj I
RMB(I,R) + M Z I PROJ (KR, I) ¥ M W (B.8)
K=1 I=1
Where M is a large multiplier, and PROJ (KR, I) is

a project to produce raw material R in-house undertaken

in period I.

The Model in Use

This model formulation has been transfered to a computer model

by WILSON (147) who experienced a number of difficulties in getting
the model to run. One of the problems he encountered was simply
that large mixed integer programmes (the number of projects

is clearly an integral variable!) are difficult to solve.

Clearly more work needs to be done on the model formulation

to resolve a number of remaining problems. These centre

on firstly how to deal with projects that extend beyond the
planning horizon - will the introduction of unequal time

periods be sufficient to cater for the problem or will some post
horizon terminal value ascribed to each project have

to be included in the objective function -~ and secondly on the
definition of a long term profit maximisation objective function.
The definition of profit in the short term model was the difference
in the sum of cash plus debtors less creditors positions at the horizon
from the position at the beginning of the planning period. This
will not do for the long term case since the physical environment

is not held constant! Following our definition of profit in
Chapter 3.1.ii we will define a profit maximisation objective

as the change in the value of the "Shareholders Account"

over the planning period. But this in turn requires that we ascribe

prices to the assets and liabilities in the balance sheets, which
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to be consistent with the methodology, should be linked to

the dual variables associated with the respective constraints.
However, in Chapter 6.3.3.ii, we show that the dual variables
themselves form an arbitrary pricing mechanism. This dilema
will require resolution before the model can become a useful tool

for long-term strategic planning.



This Appendix may be split into 2 sections.
with definitions of terms and the second with establishing some

basic theorems in Linear Algebra and the geometry of cones,

1.1

1.2

APPENDIX C

MATHEMATICAL FOUNDAT IONS

Definitions

Vector Space. (108)
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The first is concerned

Let K be some given field of scalars, and V be a non-empty set

such that for any u,v elements of V the sum u + v is also an
element of V, and for any u ¢ V, A ¢ K the product Aue V.

V is termed the vector space over K,

i. u+v=yv+

ii. (E_+_!)+y_

u

=u+ (¥+w

iv. alu + v) = au + av
v.  (ap)u = aBw)

vi (¢ )u=au + Bu
vii. l.u=u

Subspace of a Vector Space. (123)

The following axioms hold:

A subset W of a vector space V is a subspace of V if W is itself

a vector space with the binary operations defined in V.

if x,y ¢ Wthenx +y e W

zt_ew

thenax e W, and @ ¢ W
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1.3 Coset (123)

If W is a subspace of V and X is a vector in V then the sum

W + [}g]is termed a coset of W.

A coset is not a subspace of V unless x is an element of W.

1.4 Dependancy (115) -

The vector y is linearly dependant on a subset X of V if there are
points X5 Xpseeens ceeeX, of X and (real) scalars Kl,...., Ar such
that
y = 7\1_}51 S PR | Arg_c_r
y is affinely dependant on X if in addition
A ® 0 & 9 0 g3 =
1 + + Ar 1
y is convexly dependant if
A, 30 ¥ i also holds.

1

1.5 Convex Sets. ( 60)

A set M is termed convex if M contains every segment joining a

pair of points from M.

if x,y e M then Ax + (1-A)y ; 02 A2 1 e M

1.6 Cone (60)

A set C is termed a cone if @ is in C and for all x e C

x e C for all non—negative scalars .
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A subset of V, closed under the operations of taking non—negétive

linear combinations is called a convex cone.

For_ﬁl,......, Er e C
X = A% + Lee. * Arzr 3 A.s 0 ¥ 1
If x ¢ C then C is a convex cone.

<

1.8 Convex Hull. (77)

The 'smallest' convex set which contains A is called the convex

hull of A.

A more precise definition in (115)is that the convex hull of a set A

is the set of all convex combinations of (finite) subsets of A.

1.9 Convex Polytope (115)

The convex hull of a finite set of points is termed a convex

polytope.
1.10 Basis (123)

A basis B of a vector space V is a linearly spanning set for V.

1.11 Dimension (123)

A vector space is said to be 'finite-dimensional' if it has

a finite spanning set.
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2. Basic Results

2.1 Convex Sets.

THEOREM C.1. If L is a family of convex sets in a real vector

n . . .
space E= then the intersection of the sets 1s alsoc convex.

Proof: Suppose X;9X, € A (L) .so that X 5%, ¢ C for all
Ce L, Since C is a convex set Axl + (1—7\)x2 e C (for

0¢A% 1) for all C in L. Therefore Axy + (1—7\)x2 e » (L).

Interior and Boundary Points. (77)

An e neighbourhood about a point a is defined as the set of points

inside a hypersphere with centre at a and radius ¢ >0.

N=(x/ [xalee; €¢>0)

A point a is an interior point of a set A if there exists an e

neighbourhood about the point which contains only points of

the set A,
A point a is a boundary points of a set A if every e neighbourhood
about that point (regardless of how small ¢ >0 maybe) contains

points which are in the set and points which are not in the set.

A set is closed if it contains all its boundary points; open

if it contains only interior points.

Support Properties. (115)

A hyperplane divides a real vector space E" into two half-spaces:

Let the hyperplane be H=(xc¢ En/ a.x =q ) (a#0)
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The set of points lying on, or to one side of, the hyperplane

is called a closed half-space.

s

H' = (x¢ E"/ a.x > a)

If the inequalities are replaced by strict inequalities, (i.e.

removing the boundary points from the set), the set is termed

PN

an open half-space.

The vectors a and -a are the normals to the hyperplane, pointing

in either direction. Conventionally, witha positive and the

half-space defined as

a.x > o the a is the inward normal

i.e. it points into the defined half-space.

Consider a closed, bounded convex set K in EY . A hyperplane H

is said to support K if H N K# @ and K is contained in one

of the closed half-spaces defined by H. H is termed a supporting

hyperplane of K.

Proof:

THEOREM C.2. Given any closed convex set K, a point y either
belongs to the set or there exists a hyperplane H which contains
y such that all of K is contained in one open half-space formed

by H.

(77) Assuming that y is not a member of K find the point w

in K that is closest toy i.e. |w-y| = min ]gfz£ Yue K

(note that only one such point exists, since the line joining two

points is included in K, and by the triangle inequality the midpoint
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would be closer to y than either of the two.) Constructing a hyperplane
passing through y with the vector joining w to y as the normal,

it can be shown that the entire set K lies in one open halfspace.

THEOREM C.3. (115) Every closed bounded convex set K in E® is

the intersection of all its supporting half-space.

THEOREM C.4. (115) Through every point x on the boundary of

a closed convex set K passes a supporting hyperplane H.

Convex Cones. (60)

The dimension of a convex cone is defined as follows:

The smallest subspace S(C) of the vector space E" which contains
the cone C (i.e. the intersection of all subspaces containing C)

has dimension d(C). This is termed the linear dimension of the

cone C.

A ray (or vector) x of a convex cone C is an extreme ray of C
if x is not a positive linear combination of any two linearly

independant rays of C.

Clearly any ray which is the only ray in the intersection of
a supporting hyperplane and a convex closed cone is necessarily an

extreme ray.
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THEOREM C.5. 1If x is an interior ray of a convex cone C and y
is a boundary of interior ray of C then every ray ( ax + By)

with o,B positive scalars, is an interior.ray of the cone.

A cone is termed polyhedral if it is the convex hull of a finite
number of rays. The polar of a polyhedral cone is the intersection

of a finite number of half-spaces.

S

Convex Polytopes. (115)

If H is a supporting hyperplane of a closed bounded (n dimenstional)

convex set K then H N K is called a face of K.

Every face F of K is convex and 0<% dim F € n-1.
The 0-faces of K are called vertices, the 1-faces are edges, and the

n—-1 faces are termed facets.

THEOREM C.6. A polytope has only a finite number of distinct

faces, and each face is a convex polytope.

THEOREM C.7. A convex polytope is the convex hull of its set

of vertices.

It follows that the vertex vector of a convex polytope P is a vector

of P which is not a convex combination of the other vectors in P. (123)

THEOREM C.8. If a n-polytope in E® has d facets, then it can be

written as the intersection of d closed half-spaces.

This follows from the fact that a convex polytope is a Bounded

polyhedral set.
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THEOREM C.92. Let Fl be a face of a polytope P and F2 be

a face of the polytope Fl' Then F2 is a face of P,

THEOREM C.10., Let Fl,FZ,... Fr be a family of faces
r

of a closed bounded convex set K. Then " Fi is also

i=1
a face of K. (For this purpose the null set is considered

a face, but is clearly of little interest.)

-

Special Polytopes:

Simplicies. If V is any set of n+l affinely independant

points in En, then s™ = conv V is called an n-simplex.

THEOREM C.11. Every k-face (0 *k *n-1) of a n-simplex
s is a k-simplex, and every k+l vertices of s™ are the

vertices of a k-face of SV,

Pyramids. A n-pyramid P is the convex hull of a (n-1)-
polytope Q (termed the basis of P) and a point x which is
not a member of the affine hull of Q. (x is termed the

apex of P)
2.4 Basis (77)

THEOREM C.12. The unit (g) vectors form a basis for

E".

" Proof: The set of unit vectors is linearly independant since
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I
s

}\19_1+.....}\ngn = (Al,....}\n)

1 =O,CCI’.An =O.

Any vector X can be written in terms of the unit vectors

implies that A

as

X =xe +xe +zx,e,+ ,.00.00%8

-1 2—1 2 - nn

with the scalars x; equal to the components of x in each

dimension. Hence the set of unit vectors form a bhasis.

THEOREM C.13. The representation of any vector in terms of

a set of basic vectors is unique.

Proof: Assume the contrary. Then

x=Aa, + .... + Aa
= n=n

-1

and X= ma; + ...+ na

Then ()\1 -Ttl)g_1+ ceene (Ah-nn)_an'—'(a
Since the basic vectors are independant O‘i—ﬂi) must be

zero for all 1i.

THEOREM C.14, Any two bases for E" have the same number

of basic vectors.

It follows that a basis has precisely n members (from
Theorem C.12), and that any set of n linearly independant vectors
from E® will form a basis. Furthermore, any n+l or more

vectors are linearly dependant.
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APPENDIX D

EXAMPLES OF RESULTS

Introduction

In this Appendix we present some results from test runs of the
corporate model formulated in Chapter 1. To preserve the

anonimity of the test-case company the results shown here arise
from a constructed example where a mythical company sells two
products through a single marketing outlet. The production process
coverts two raw materials through three work-centres, that have

no sub-contracting facilities, manned by two different labour
groups. The company has no facility to borrow or to lend funds,
and the planning horizon, over which the model is rum, is six

periods.

Section 2 of this Appendix details the procedures and programmes
used to construct the alternate dual space from the optimal
solution of the model. In Section 3 we discuss the attempts

made to resolve this space.
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2. Generation of the Alternate Dual Space.
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EEEEREEERENRENRF NN NNNENNIEEIE NI NN IR N I I N I N NI NI RN NN
FREECSRE
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CENTALTN - see line 146.
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FIXIT - see line 161.
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DEGENTOT - see line 178.
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TRANS - see line 197.
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Multiple Balance Sheets

As discussed in Chapter 6.3.3.1ii, arbitrary selection of dual
variable vectors from the alternate dual space allow us to
construct different balance sheets from the same optimal period
solution. These results have been published and are included

in Appendix E.l: FigureE(.1l).3 shows three different balance
sheets constructed for the same period, and Figures E(.1).4

and 5 show different profiles over the planning horizon for
Profit and Asset Value. It has been this multiplicity of results
attempting to portray the same 'physical' solution that has led

us to draw our conclusions in Chapter 7,

We attempted to impose secondary conditions on the alternate

dual space in order to resolve the alternate dual solutions to
select particular dual vectors that would reflect certain desirable
attributes, for example, we imposed a variety and combination of

conditions that

- the shareholder account (in the balance sheet) grow

by at least same specified amount;

- the value of stocks be positive;
- the acid test yield a value greater than one;
- the fixed asset valuation be non—negative;

- the return on assets yield at least some specified
level;

etc
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The results of this experimentation were disappointing:

We found that the dual space generated was unbounded. The imposition
of a variety of the conditions mentioned above resulted in the
solution to the 'revised' dual programme switching unstability from
an infeasible to an unbounded solution. Furthermore selection of
computer solutions (making an unbounded solution) often resulted in
many assets taking a zero value, thereby negating one of the prime

objectives of this work.

To overcome this problem, one would have to resort to goal programming.
By including a number of secondary conditions (that would otherwise
result in infeasibility) one can aim to select a point that satisfies

these conditions "as closely as possible',

A formulation that may overcome the zero value attributed to assets is

shown below:

Min Z
s.t. Ax 2 b
T-£x
gY +u. > G
i~ J J
u. - 2 €0
d
YJ. > 2

where Y is same variable (e.g. profit, stock valuation) linked to
the physical variables of the model (X) by seme function fj’ to
which same special performance Gj is sought, and where some under

achievement (uj) of the goal is permissible.
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However, selection of a particular dual vector, resulting in
a particular balance sheet will not give a third party reader
of the accounts any particular 'true' view of underlying physical

activities of the firm.
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APPENDIX E.1

VALUATION OF RESOURCES

A, EILON, R. FLAVELL, & G.R. SALKIN

Paper read to Operations Research Society Annual Conference October 1974
Paper submitted for publication to 0.R.Q.

ABSTRACT

This paper presents an overview of results of research into problems

of financial reporting faced by an average manufacturing company.

The paper demonstrates how Linear Prograsming can be used to overcome
some of the shortcomings encountered by standard accounting procedures.
However, the widespread occurrence of degenerate solutions to

such LP corporate models requires a fundamental revision to our
interpretation of the economic meaning of the dual variables:

a revision that may be extended to the dual of non-degenerate optimal

solutions,
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INTRODUCTION

The purposes of this paper is to present an overview of some
results of research that has been undertaken in the area of

financial reporting in a typical manufacturing company.

Some problems of present-day accounting procedures are demonstrated
first, It is then shown how Linear Programming (LP) can be used
to overcome scme of these shortcomings, drawing to the attention
of the reader the problems of interpreting degenerate solutions.
The problems of interpretation will be demonstrated with the aid

of a simple model of a manufacturing company.

It is currently accepted that using different, but equally
acceptable, accounting assumptions very different balance
sheets can be produced from the same basic economic data.
This has been clearly established in the current debate over
inflation and how it should be recognised. A number of the
assumptions and problems associated with producing accounts

are enumerated in Section 2 below.

ACCOUNTING PROBLEMS

_The currently accepted accounting procedures can be shown to

possess a number of shortcomings, viz

(a) The allocation of revenues or, more usually, overheads
amongst joint production facilities is arbitrary. Yet
the procedures play a central role in standard accounting

methods.



(b)

(c)

(d)

Generally accepted accounting procedures normally approach
the task of valuation in a modular fashion - each class of
asgset is valued individually. The value of the entire
enterprise is then assumed to be the sum of the values
of the component parts. Yet in actual fact, the usefulness
of any particulgr asset is often affected by the holding of

others,

There is continuing disagreement about which of the

plethora of techniques for valuing stock - LIFO, FIFO,

and inflation accounting techniques ~ is the most appropriate,
or presents the 'truest' picture., Yet all of these methods
are based on the central concept of historical or

replacement cost: a concept at variance with the purpose

of stockholding. Companies generally hold stock because of

their expectation of demand and variation of demand in the

future - demands that they may not be able to meet with their

present or expected manufacturing capacity. This idea, that
'future usage is the relevance of stock' is totally divorced

from that of cost.

Depreciation hides two very different functions when
presented as a single figure in the balance sheet: firstly
it represents the means for retention of profits to be

used for the replacement of the assets worn out in sgervice,
and secondly it gives a value to the remaining assets,
(Depreciation serves a further function where it is used

in the Profit and Loss accounts as a charge against the

revenue produced by the assets). In practice depreciation
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is calculated according to some arbitrary function related
to cost, But valuation ought to reflect the usefulness

of the assets to the business as an on-going concern.

Once again, such a valuation would be totally divorced

from cost.

(e) Traditioqal balance sheets do not value all the assets
that comprise the company — for example labour (an
essential input to the company's activities) does not
appear on the balance sheet, Furthermore it is not yet
widely accepted that the labour force may have a value

over and above its wage bill.

(£) In traditional accounting practice the process of valuation
is undertaken without reference to the objectives of
the organisation. Two similar businesses pursuing
different goals would yield similar valuations - a result

that is unsatisfactory.

We have searched for an alternative valuation technique in an

attempt to overcome these shortcomings.

LP MODELLING

In this section we have assumed that the activities of a firm
may be accurately represented by a linear deterministic model,
so that LP may be used as the model solving technique, (This
assumption is primarily for discussion purposes, the conclusions

are equally valid for any mathematical programming model.)

-E - 292 -



The advantages are:

(a)

(b)

()

LP is an optimizing technique producing a solution that
maximises an objective, or satisfies a set of goals,
pursued by the company. If the objective function
represents profit over the time period being considered
then, through the dual LP, it is possible to allocate
such profit to the various inputs used to generate

the profit. These allocations can be considered to be
valuations of the inputs relative to the objective of
the company and to the interactions in their use. From
such valuations balance sheets can be constructed with
the profit attributed to each period being the difference
in the Shareholders' Account between any two consecutive

periods.

Financial flows are modelled adopting the marginal costing

approach, thereby obviating the need for an allocation
of joint costs and revenues. It has also been argued
(4) that the dual LP gives a 'realistic' allocation of

overheads if that be required (e.g. for pricing purposes).

Despite the assumption of a linear system the average
value chosen (the dual variable) for valuation purposes
does reflect the phenomenon of decreasing utility

in that the value is calculated at the wmargin of a fixed
and known combination of the entire set of assets and this
marginal value has been shown to decrease with

increasing availability of resource (1).
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(d) LP takes an overview of the company as a whole, thereby
allowing valuation of component inputs to be made in
accordance with the contribution they make in reaching the
stated objectives of the company. In this magner
valuation is related to the opportunity value and not

to the concept of historical cost!

(e) The model can recognise the role played by inputs not
normally acknowledged by generally accepted accounéing
procedures (e.g., the labour force) by the inclusion of
extra comstraints portraying the scarcity of such

resources.

With these principals in mind we have modelled 2 manufacturing

company as shown in Fig. 1. This is a multi-time period model

which concen&rates on the physical flows (from purchases

through to sales), Financial flows are linked through the
marginal costing approach so that overheads (including rent,
rates, wages etc.) are paid centrally, and only direct costs
(such as purchases and overtime payments) and revenues from
sales are directly linked to the finally selected plan. A
more detailed description of the model is to be found in the

Appendix.

DEGENERACY

The optimal solution of practical models of this type are almost
invariably degenerate, and-this renders the normally accepted

economic interpretation invalid.



Degeneracy occurs when the solution vertex is overspecified
e.g. vertex A in Fig. 2. This could occur, for example,
uAen a product is being manufactured on two machines, one of
which is being used to capacity and thereby limiting
production, and when the storage capacity is simultaneously
being fully utilised: thus the factcr that is uniquely

limiting the plan cannot be identified,

Degeneracy, although often regarded an an undesirable feature
of LP; has.a number of desirable attributes. Consider the
optimal solution of the LP-model. 1In general there will be a
certain number of resources being used to full capacity, with
others being under-utilised. The dual LP will.only attribute .
value_to those resources without slack: in other words any
resource not being used to full capacity is valued at zero.
This is consistent with the marginal costing concept, but is
obviously unacceptable when trying to construct a balance
sheet: no management will accept that some of its resources
are totally valueless. Indeed, if the slack of a particular
resource were to be removed, then the resource would be used
to its full capacity, and should therefore have a non-zero
value. By eliminating all the slacks the problem is made
totally degenerate, thus providing the opportunity to

value all the resources. Furthermore, the totally degenerate
system represents.the ideally desirable (deterministic) economic

eyqtém (3), since there are no wasted inputs!
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Now let us turn to the problem of interpreting the dual
programme. We know that some of the dual variables are
asymmetric at a degenerate point (1) but deeper investigation
shows that the problem is more complex (2). In fact, it

may be shown that, if the primal optimal solution is
degenerate, there exists an infinite number of sets of dual
variables that satisfy the Strong Duality Theorem (that the
optimai value of the dual programme equals the optimal value
of the primal). These sets form a closed polytope which

may extend beyond the positive orthant.
The implications of this are:

1. We can only consider the dual variables as elements
of sets. It is incorrect to use one dual from one
set and another dual from a different set since

this would lead to non-comparable valuation,

(In non-degenerate solutions the set of duals in

unique so that this condition is met.)

2. Using different sets of duals to construct balance
sheets (as suggested in Section 3 (a) above) will
tresult in different valuations of the same physical
(primal) solution: Fig. 3 shows three different

balance sheets constructed to portray events in the

same period; Figs 4 and 5 show how different profiles

of profit and asset value emerge over the time
horizon. Taking advantage of this, different balance

sheets can be drawn up that will show the company
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in entirely different lights.

The different combinations (all of which are equally
acceptable) of values of inputs appear to rule out any
unique or meaningful balance sheet for a company.

If, however, the idea of a unique balance sheet at one
moment in time is rejected-in favour of the view that there
are many participants in the subjective interpretation

of the economic effects e,g. creditors, bankers, workers
ahareholder; as well as management, then it may be

possible to impose constraints on the space of dual
variables. Further constraints may also be desired, for
example the very practical ones of gnsuring that the
valuation given to real resources are neverlnegative.

These ‘constraintg will reduce the dual space, but the
multiplicity of choice within the resultant subset may still
be too large for the selection of a valuation vector which
may be used to construct a p;esently acceptable balance
sheet. Furthermore, a third party could retrieve information
from a balance sheet constructed in this manner only if

he knew the subjective basis on which it is based.

The attempt to allocate a given (and known) value of the
entgrprise as a whole over its component, joint facilities
is inevitably arbitrary (whether the model solution is
degenerate or not!). The view that valuable economic
information can be gained by inspecting such an allocation

of value is clearly in need of revision,
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CONCLUSIONS
The shortcomings of standard accounting procedures, when applied
to valuation, have been discussed; particularly in light of their

cost and modular foundation.

We have shown how a linear deterministic model of the manufacturing

company can illuminate some of these problems.

It has been argued that a totally degenerate system is (ideally)

" economically desirable, and enables us to value all the resources.

However, we have shown that at degenerate solutions the duals

are not unique; that they need not all be non-negative (even at

the optimum); that they must be considered in terms of coherent

sets and not as ind%vidual elements. These sets result in different
a{locations of the value of the company over its component assets,

and all such allocations are equally valid.

Allocations may be selected so that the resulting balance sheets

will satisfy the various interest parties' anticipated requirements.

This leads us to question the economic significance of the dual
LP since any allocation of value over joint inputs is necessarily

arbitrary, as in reality it must always be.
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. APPENDIX

The structure of the multi-time period corporate model is based on the

following relationships:

1. The Production Function

(i)

Production Capacity

The requirement for each work-centre in each period must
not exceed the normal-time capacity of that work centre in
that period, plus any overtime worked plus any subcontracting

done (if applicable).
Labour Force Allocation

Total in-house production (i.e. total work-centre
requirement less any work sub—contracted out) for each
work-centre for each period must be allocated amongst

the labour groups capable of doing the work.

2. Physical Constraints

(i)

Production Limitations

Limit the production of each product in each period by some

upper bound (e.g. availability of jigs).
Labour Force Capacity

The requirement for each labour group in each period must



(iv)

)

not exceed the work scheduled to be done in overtime

plus that scheduled to be done in normal shift time.
Labour Overtime Capacity

Limit the total overtime load on each labour group in

each period by.some upper bound.
Market Constraints

Limit the sales of each product in each market outlet in

each period by some upper (and lower) bound.
Storage Capacity

Storage space required in each period must not exceed

the space available,

3. Financial Flows

)

Cash Position

The cash balance at the close of each period must equal the
balance at the opening of the period plus inflows resulting
froﬁ sales made in previous periods and loans taken up, less
outflows resulting from loans repaid; overtime payment for
work‘done in that period; sub-contracting costs, purchases
and bank charges in;urred in previous periods and net

outflows resulting from extra model activities. (This
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latter factor includes payment of overheads, and net flows
from sections of the company not modelled e.g. sale of

goods taken in part exchange etc.).
(ii) Creditora Account
Credit at the close of each period must equal purchases of
raw materials made plus sub-contracting work carried out
but not yet paid for, plus interest charges oﬁtstanding.
(iii) Debtors Account
Debt at the close of each period must equal revenues due
(from sales made in previous periods) but not yet

received.

Inter-Period Continuity Equations

1) Cash Continuity

Cash balance at close of each period must equal the

balance at the opening of the next period.
(ii) Finished Good Stocks
The stock of each product of the close of any period must

equal the stock at the close of the previous period plus

newly completed production less salés made in the period.



(iii)

Raw Material Stock

The stock for each type of raw material at the close of
each period must equal the stock at the close of the
previous' period plus any new purchases less the amount

used in production during the period.

Objective Functions

A number of objective functions have been used e.g.

(i)

'Profit' earnings

Max cash plus debt less credit positions at the close of

the flowing period.
Turnover

Max Turnover.
Penetration

Max number of units of preduct sold.

This simple structure can'be considerably extended to include

inflation, investment of cash surplus, dividend payment,

investments in production facilities, as well as taking account

of any managerial constraint, such as ensuring that certain

financial ratios are adhered to.
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FIGURE 1 THE LP MODEL
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FIGURE 2 EXAMPLE OF A DEGENERATE VERTEX
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CREDITORS . 687.56 DEBTORS ) 638,89
CA3H : 122.33
STOCK R/H UNITS VALUZ
1  446.1 446.11
. 2 0.0 0.0
STOCK F/G
1 40,9 817.78
2 3.4  169.44
1433.33
VIORK CENTRE CAPACITY , 308,00
' ' LABOUR FORCE CAPACITY 0.00
SHAREHOLDERS A/C 2414.97 STORAGE CAPACITY 599.57
3102.52 . -3102.52
*PROFIT THIS PZRIOD* 1405.19 '
CREDITORS . 687.56 DZBTCRS 638.39
CASH 122,33 |
'STOCK R/M UNITS VALUE :
1 446.1 446.11
2 0,0 0.0
STOCK F/G
1 40.9 817.78
2 3.4 169.44
1423.33
WORK CENTRE CAPACITY 148,93
) .. LABOUR FOPCE CAPACITY 158.94
SHAREHOLDERS A/C  2190.69 STORAGE CAPACITY 387,77
2888.24 2888.24
*PROFIT THIS PERIOD® 2183.55 i ]
CREDITORS 687.56 DEBTCRS 638.89
CASH 122,33
STOCK R/M UNITS  VALUES
1 446.1 446,11
2 0.0 0.0
STOCK F/G
1 40.9 817.78
2 3.4 169.44
1433,33
WORK CENTRE CAPACITY 306.57
LABOUR FCRCE CACACITY 0.09
SHAREHOLDERS A/C 1963.69 STORAGE CAPACITY 150.93
25651.25 . - 2651.25
*PROFIT THIS PERIOD® 772.93

FIGURE 3 DIFFERENT BALANCE SHEETS FOR THE SAME PERIOD
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FIGURE 4 DIFFERENT PROFIT PROFILES
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FIGURE 5 DIFFERENT ASSET VALUE PROFILES
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APPENDIX E.2

OMBEGA, The Int. J1 of Mgmt Sci., Vol. 2, No. 6, 1974

Note on “Many-sided Shadow Prices”
A EILON, R FLAVELL

Imperial College, London
(Recelved May 1974; in revised form June 1974)

It has been previously shown, with the aid of a simple example, that lincar pro-
grammes may have two different non-negative marginal values at the optimum if the
solution is degenerate. It is demonstrated in this note that other marginal values
exist which may take negative values.

STRUM [1], in his paper entitled ‘Note on two-sided shadow prices’, brings to

the attention of linear programming (LP) users, and particularly accountants,
the fact that, at the optimum, a resource may have two marginal values, These
may be shown to relate to the change on the objective function (OF) due ‘to
increasing a resource by one unit’ and also ‘to decreasing the resource by one
unit’, If the optimal vertex is degenerate, then these changes are asymmetric;
if it is non-degenerate, the changes are of course symmetrical.

This view is however an oversimplification of the problems that a degenerate
LP can cause. As a vehicle for our discussion, let us consider Strum'’s example;
namely

Maximise P = 2x + 3y
s.t. x4+ y
3x 4+ 4y
x 4+ 2y
X, Y

48 (D

120 (2)
56 (3)
0

VAKNA

Basic optimal solutions to this problem yield P = 88 with x = 8, y = 24 (point
0 in Fig. 1) and with the three constraints all being exactly satisfied; hence the
problem is degenerate at this point. The alternate optimal bases are (x, y, sy),
(x, y, s5) and (x, y, 5;) where s,, 5, and s, are the slack variables in the three
constraints respectively. The question is: what are the marginal values of these
three bases? ' :

Let us consider this question indirectly by examining the more general problem
of maximising P = ¢,;x + ¢,y, subject to the same set of constraints and subject
also to the proviso that ¢;, ¢, > 0. At the optimal vertex, we may construct
Table 1. The limitation row is calculated from the usual condition that, at the
optimum, all the marginal values should be non-negative.

821 H

-~ E - 308 -~



- E - 309 -

Eilon, Flavell—Note on *“ Many-sided Shadow Prices”

TABLE 1. THE MARGINAL VALUES OF THE ALTERNATE OPTIMAL BASES

Basis . Gy, ) (x, 7, 22 (x,7.5)
R 1 3 1 1 3 4 1 1 1
Marginal value (0,0, — 3= 2e, + ic,) (?’-c, - 3&.0. -t gfz) (;t'n —3e—gat 5‘:-0)
Merginal value 11 1.7 17
(=2, em3) .33 (503 (-5%9
1 _¢ 3 1 _¢ ’ 3 ¢
Limitation ~gdg= —g 2ca
25453 3 < o <3 i < Py |3

The first two sets of marginal values in Table 1 are those obtained by Strum;
the last is the set generated by the third, hitherto unconsidered, basis. This last
set contains a negative marginal value, and yet it is derived from a feasible basis
describing the optimal vertex. The result would appear to be a direct violation
of the Necessity Theorem for defining an optimal point in a LP; for example,
Vajda [2] proves the following theorem, ‘If xo minimise ¢’x subject 10 Ax>5,
then there exist a vector yo >0 such that c=A"y, and (b— Ax0)'yo=0". Clearly,
in a degenerate LP where there exists more than one xo (i.e. alternate bases),
it is not necessary for yo =0 for all the alternate Xo. Briefly the condition foran
optimal vertex is that the inward normal to the OF is internal to the cone of
inward normals to the planes defining the vertex. If the vertex is degenerate,
-then there exist 2 number of combinations of plancs that dcfine the vertex, and
it cannot be guaranteed that each cone generated by a combination wiil contain
the normal to the OF; as demonstrated in the above example. Work on this
problem, and on similar problems arising from degzneracy in LP’s, is continuing
and will form part of a forthcoming PhD thesis by one of the authors.

Our concern at this point is the interpretation of the three marginal sets. and
in particular the final set. Strum is correct in his interpretation of the marginal
values he derives; they do reflect the resultant change in the OF were an indi-
vidual resource increased or decreased by a small amount. They may however
be interpreted somewhat differently by regarding each set as representing the
marginal values that would result were that constraint (whose slack is in the
particular basis), completely omitted from the problem. As an example, consider
the third constraint (3). Strum pointed out that this constraint has two non-zero
marginal values associated with it. This implies that the optimal vertex always
lies on this constraint, for any small perturbaiion. Hence it foliows that the
omission of this constraint entirely would result in a different optimal vertex.
This is of course precisely what the negative marginal value reflects; omission of
the third constraint implies that s, should enter the basis and a higher optimal
value of 90 (at x =0, y = 30) will result (i.e. the optimum will move from 0 to 4
in Fig. 1) Omission of either of the other two constraints still results in non-
negative marginal values and hence the optimal vertex will remain stationary.

822



Omega, Vol. 2, No. 6

(301
o
y 40
I:P=2x+ 3y
: \ IF: Pe3x + 3y-

F16. 1. Geometry of the problem. *

If the value of ¢, is increased to 3, the optimal vertex remains the same but
the set of marginal values retating to the first basis now ccntains a negative
value and the other sets contain only non-negative values. This result is of course
expected from the limitations calculated carlier and demonstrates one method
of determining all the feasible bases that dPscrzbe the optimal vertex through
the use of the Simplex algorithm.

This note highlights some of the problems that arise in degenerate LP’s.
Firstly, there exists a number of alternate bases that define the optimal vertex.
Seccndly, each basis has a different set of marginal variables associated with it
and these may not be all non-negative. Hence, at any degenerate vertex, it is
possible for any one marginal variable to take a number of different values.
Consequently, the use of a LP to value resources at the margin is not as straight-
forward as Strum indicated because the shadow prices (marginal variables) are
many sided.
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