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ABSTRACT

This thesis is in two parts.

In Part One, we investigate the high energy behaviour of
scatteéing amplitudes in a supersymmetric field theory involving
scalar, pseudoscalar and spinor fields.

In the lowest orders in the perturbation expansion, we find
that a certain class of ladder diagrams in each oxder give the
leading logarithm behaviour of the scalar-scalar scattering ampli-
tude. The sum to all orders of these diagrams indicates the pres=—
ence of a series of fixed Regge branch cuts, coming from the
increasing number of possible two-particle exchange channels in
the higher oxrders. The spinor-scalar and spinor-spinor scattering
amplitudes are investigated in the lowest orders. It is found that
these have the same form as the scalar-scalar amplitude, demon-—
strating the preservation of the supersymmetry of the theory
in the leading logarithm approximation.

Finally we reconsider the problem ;sing a perturbation
expansion in terms of superfields. Working in a manifestly super-—
symmetric framework throughout, we show that the class of diagrams
which.give the leading behaviour is the same for any scattering

process, the only change needed in each case being the insertion

of the appropriate external wave functions.

In Part Two, we show how the famous axial vector anomalies
arise naturally in the framework of dimensional regularisation.
We consider an SU(n) symmetric theory of a spinor field,

coupling to external, scalar, pseudoscalar, vector and axial vector



fields. In arbitary dimensions there is an additional pseudoscalar
current in the expression for the divergence of the axial vector
current. This new current, which does not exist in four dimensions,
produces exactly the abnormal amplitude anomalies found using other
techniques of regularisation. A set of self consistent normal
\amplitude anomalies is also produced, which could be subtracted out
using acceptable counter terms in the Lagrangian. From the anomalous

terms a modified PCAC relation is derived.
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PART ONE

HIGH ENERGY BEHAVIOUR AND SUPERSYMMETRY




PART ONE

-I. INTRODUCTION

The possibility of a fundamental symmetry between bosons and
fermions has attracted a lot of interest recently. The idea was
first introduced in the context of dual models formulated as field
theories in two dimensionsl. This was generalised to four dimensions
by Wess and Zuminoz. They constructed a non trivial Lagrangian
field theory3 containing fields of spin zero and spin one-half,
invariant under four dimensional supersymmetric transformationms.

The theory only has logarithmic divergences, as higher divergences
expected from power counting arguments cancel among themselves.
This cancellation of divergences has proved to be a feature of
supersymmetric theories.

Many attempts have been made to produce more realistic super-
symmetric theories, in particular in the context of non-abelian
gauge theories4. One criterion for any realistic field theory is
that its asymptotic limit should be consistent yith the experimental
evidence that the high energy behaviour of scattering amplitudes,
and furthermore the particle‘states,.lie on the same straight line
Regge trajectory. The high energy limit of scattering amplitudes in
field theories is usually obtained by finding the leading logarithm
contribution in each order of perturbétion theory, and summing to
all orders. This is certainly not a rigorous method, but in theories
where independent calculations are possible it is found not to be

misleading, and so it is believed to be a reliable heuristic approach.
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We shall investigate the high energy limit of the theory of
Wess and Zumino3. As this is not a realistic model the form of the
scattering amplitudes, although interesting, are not of particular
importance. The really interesting questions are whether there are
any cancellations in each order, between the higher logarithm terms
we might expect from such a theory, which could aid possible Regge
behaviour in a more realistic model; and whether the supersymmetry
of the theory ismaintained in the leading logarithm approximatiomn.
By this we mean: Is the form of the amplitude the same in boson-bosom,
boson-fermion, and fermion-fermion scattering processes? We would
then expect this to be the case in other, more realistic supersymmetric
theories.

* Now, it has been shown in an SU(n) symmetric non abelian gauge
theory, up to sixth order, that the vector meson of the theory
lies on the Regge trajectory of the fermion-fermion scattering
amplitude, a desirable phenomenon known as Reggeisations. In a non
-abelian supergauge theory we would therefore expect these Regge-—
isation effects to occur in other scattering processes. It would,
of course be nice to show this directly, but this taskis by mno
means a trivial one!

We first look at the nature of the supersymmetric transform—
ations; and of the Lagrangian of Wess and Zumino. We then consider
the various scattering amplitudes in the theory. In the scalar
-scalar scattering amplitude we find that a particular class of
ladder diagrams gives the leading behaviour, and in the lowest
orders we show that all other diagrams are non leading. We obtain

an expression for the contribution to the leading behaviour from
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any order in perturbation theory. The amplitude turns out not to
have a Regge pole form, as there are not the necessary cancellations
of the higher powers of logarithms between diagrams representing

the various possible types of exchanges. The sum to all orders
indicates the presence of a series of fixed Regge branch cuts,
coming from the increasing number of two particle exchange channels
in the higher orders of the perturbation exXpansion:

We then investigate in the lowest orders the spinor-scalar
and spinor-spinor scattering amplitudes, and find that in these
orders the amplitudes obtained are of the same form, regardless of
which particular scattering amplitude is considered, thus demon-
strating the preservation of the supersymmetry.of the theory in
the leading logartihm approximation.

In the final section we reconsider the problem using a
perturbation expansion in terms of superfields, an approach to
supersymmetry which was initiated by Salam and StrathdeéA; they
showed that supersymmetric transformations may be viewed. as-a
realisation of a supersymmetric 'group' on some generalised fields,
which they called superfields, defined on an eight-dimensional
space, where points are labelled by (Xu’ea>’ X, denoting the
ordinary space-time coordinates and ea an anticommuting Majorana
spinor. We first look at some properties of superfields, the
construction of the Lagrangian of Wess and Zumino using them, and
the corresponding Feynman rules in perturbation theory6. Again
we find that a class of ladder diagrams are the important ones
and we obtain the same form for the scalar-scalar scattering

amplitude. We would expect the equality of amplitudes to hold as
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we work in a manifestly supersymmetric framework throughout, and
it turns out that for each different scattering process the only
change we have to make is to put in the appropriate external wave
functions. Thus using superfield perturbation theory enables us
to evaluate the high energy behaviour of the different scattering
processes just from one set of ladder graphs, showing the power

of the technique in simplifying calcu latioms.



11, SUPERSYMMETRY

Fermibose supersymmetry is a symmetry which connects particles

of integral spin with particles of half integral spin, i.e. bosons

with fermions, first introduced by Wess and Zumino™.

The supersymmetry algebra is quite simple:

[S.,B)=0

[ S«,j/-w] |

———

\ 6
1—(0//“_‘))0( S@ 2.1

{S.,5.} = - (¥ Ol

py are the usual Poincare operators, and where Su
is the generator of the supersymmetric transformation, and is a
-»
Majorana spinor.

jary fields F and G.

The simplest supermultiplet comsists of a scalar field 4,
a pseudoscalar. field B, a Majorana spinor field ¥, and two auxil-

Writing

SA = [ESA] ..

we obtain for an infinitesmal supersymmetric transformation,

SA = €Y

SB = EXS\D

i

13
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SY = Q{(A— &;B)é +(F+3¥sG)€ 2.2

SF = E¥Y
§G = EXsFW

where € is an infinitesmal Majorana spinor.
. . . .3
With this scalar multiplet Wess and Zumino~ constructed a non

trivial supersymmetric model with Lagrangian:

0{: o{o"-"{m"—%ﬂ

2.3)
1. = /fi(aa)l«v:l;(EB)%-?iTPa\P »
‘ o . A
-\-JD: F2 —x—é &
|
«zm: m(AF +BG& — i\-.bq/) 2.5

4q= 9 (FA* - FR*+ 2GAB
_.-\p (p\-—— Eg%}dj) (2.6)

These three terms each change under the supersymmetric trans-—
formation (2.2) by a total divergence, and therefore have an

invariant action integral. For example,

(25, 2n]= EA@-sBY] .,
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The auxiliary fields F and G could be eliminated using their

own equations of motion

F+ mA+g(R-B)=0 e

G+ mB +2qRB = O ®7
and the Lagrangian (2.3) would take on the more familiar form,

_ 2 LerY e LYY - ket
5( &(sa)ufae)-kl\b?!w A

.__’ 2R ”‘”LPW”S”\A(AQ gl\ (2.10)

— L R (RB) = (A= ¥sB)Y

i.e. a theory involving Yukawa couplings, and tri- and quadrilinear

-

couplings in the scalar and pseudoscalar fields, but with all the
couplings expressed in terms of one coupling constant g, and with
the scalar, pseudoscalar and spinor fields having the same mass.

*" have investigated the renorm-

Iliopoulos, Wess and Zumino
alisation properties of this theory. They have shown that there
are only logarithmic divergences in the lowest orders, any higher
divergences cancelling among themselves, and that only one (wave

function) renormalisation constant is needed common to all fields.

We will investigate this theory in the form (2.3), as it
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contains only trilinear couplings. These are much more convenient
to work with in the high energy region, as the class of diagrams
which give the leading behaviour are ladder diagrams. We would, of

course, obtain the same results with the Lagrangian in the form (2.10).
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III., SCALAR-SCALAR SCATTERING AMPLITUDE

In this section we investigate the leading logarithm behaviour
of each order in perturbation theory of the scalar-scalar scattering
amplitude of the supersymmetric theory of Wess and Zumino,described
by the Lagrangian (2.10).

In the lowest orders, up to sixth order, we find that a
class of ladder diagrams gives the leading behaviour to a particular
order and we feel that these orders are sufficiently non-trivial
for us to expect this to be true to any order in this theory, as

has been shown to be the case in ordinary ¢3 theory8.

(a) General Ladder Graph

Pn P3

kl*'p\)xl
I4

Z

Kot £ /Wit hi=Ps, B

) k\-ka\)ﬁl

k,,ffo. A

v

Ko+ 1= P3,0
kl,"'ki,)x"}, P

B e
-— e g s e - w

kN—\"\fN 28N

&

ky 2

/RntPihs, By

N
KN — Pi& )\6.»{+\

Pa fig (1). P .
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We first look at the general t-channel ladder graph of N loops
shown in fig.(l). Referring to the momentum éssignments there,we

define the variables:

s = (p1+p2)2
t = (pl-p3)2 (3.1)
u = (Pl'P4)2

The 3N+1 individual propagator denominators are all combined
using Feynman parameters, where the parameters associated with
each line are displayed in the figure. Because the sum of the
diagrams does not diverge, and as each individual diagram is
only logarithmically divergent at most, we can translate the 4N
component integration variable,(a column vector k made up of N
ki's), so as to remove the cross terms with the external momenta.
The magtrix in the remaining terms is then diagonalised by an
orthogonal change of variables. The resulting expression for an

N loop ladder is

N+l

Tl 0= MG oo e o [l

| 1(3.2)
3 (1 - St ~2 @, =28 ) N(K/ My ,5,%)

where‘N(ki',s,t) is the numerator of the particular diagram under

consideration. The determinants D(N) and C(N) can be read from the
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table in appendix two, and

A\. e O(z. + 61/ +terms involving Yj's (3.3)

cy) = AlAZ"f°'AN =C 3 D(N) =D (3.4)

k'l = ¥<§_ - %: (K\‘--—X"Lﬁv\—\‘.-“ PN)F\

5

+ JC: (Kiﬂ( ----XM\ T rL-) Pa.

(3.5)

+ terms involving other kj’ Pys OF Pys but with more Yj
parameters

4 terms involving P17P3

Equation (3.5) is a consequence of the manipulations involved in
obtaining a form of the denominator of (3.2) ameniable to symmetric
integration. With this form we can simplify N(ki',s,t) by using the

relation

Sl $0002% = Lgq flEf0%K oo

(b) ¢3 Theory

In the case of ¢3 scalar theory, N(k',s't) ~ 1, and the loop
integrations in (3.2) can be performed using repeated applications

of the integral:
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T4k o~ [Mo-2)

el —n ¢ .7)
(A +BY  ABYY Mo o
and we obtain ” N
BT s R NTE j” TT0%
To(s,9= 28 (omy) N 4RI
(3.8)
(:bJ-4
« 3 S(1- St~ 285" 2\‘\3 ISAL
. From the table in appendix two we see that:
, N+l
D — ﬁ \S‘LS + terms independent of s (3.9)
: L= ’

As s » =, with t fixed, we expect powers of logarithms to
arise from the vanishing of the coefficient of s in D. Each Yy = 0
region implies a logarithm, and if we do the calcunlationg, we

find that in the limit this is indeed the case:-

TN(s,t) vt 1™ (3.10)

(c) Wess-Zumino Theory

In this theory there will be certain differences in the calc-
ualation, due to the nature of the propagators, which can enhance
the leading behaviour of TN(s,t) in the following ways:

(i) The nq%rator contains explicit powers of s.

(ii) Powers of the loop momenta in the numerator reduce the power

of the denominator after integration.
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(iii) Powers of the determinant C in the denominator produce
extra logarithms becauseVC vanishes in certain regions of Feynman
parameter space.

(iv) Displacement of the loop momenta, as in (3.5), produces
both explicit powers of s in the numerator and increases the power
of C in the denominator.

We first consider the effects of these in the lowest orders.

N = 0, corresponding to the Born term, fig.(2),

N e rig. )
T N\

2 S

-T;)(S)Q—,—— Q ) a.& "“LL&gv (3.11)

N = 1, we find the diagrams of fig.(3) to be the dominant ones,
and we will show in the next section that all other fourth order

diagrams will be non leading. These diagrams give

T (s,0) = 31 Qe fawagan,as, Yi-w-a-b -?5)

N(K/ s t)
yﬁk (\<2+D>4'

Here C(1) =1, and D = Y1YyS ~ m + terms independent of s, and

(3.13)

k = ¥+ Yaba— ofi (b= )

The terms in N(k',s,t) which give the maximum enhancement are:
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B B Fig. (3)

A <A

N (kl)% t> ~ =21 ( kQS - SQX\\SQ) (3.14)

Terms in the numerator can at most involve products of four
momenta. In the first term of (3.14) there is enhancement both from
the explicit s term, and from the k2 term which lowers the power
of the denominator which enhances the logarithmic dependence. The
second term has an explicit s2 dependence, but this is compensated
for by the vy coefficient which in the dominant Tty ~0 region
will lower the power of s, although enhancing the logarithmic depen-
dence., Other termé in the numerator, such as kzs'ﬁ; sz-ﬁz-ﬁ; will
give a behaviour at least one power of lns down, except for the
k4 term. This is divergent, but we will show later that it cancels
with similar terms in other diagrams.

We can now perform the 1bop integrations using (3.6) and
Rtk _ -uw Me-®
(kKR+D)™ D= (o)

(3.15)
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and we obtain

T~ 2072 dctpa it o

2 (3.16)
g§_ S %25&
D D
As s > » with t fixed, we can now do the Yj integrations using

O n
5(?5\&7. X%) __S‘“@r\,s (3.17)
axt

_Tms 5

The @ and B integrations then give unity and we obtain
Y A 2 ‘ (3.18)
T (50~ (2) s
\ .

N = 2, the leading behaviour comes from the diagrams of fig.(4),

and we show later on that no other diagrams in this order contribuute.

F E__/ & G ¢
A A A A B B 3 B o . ¢
- LE L& € & &
A A B B B B a A ¢ &
- (x X Cx’ \:'— \(’
'
. A ¢ e & &
" v o v o bk s B & &
¢ & X \ 2
= G G & v

Fig. (4)
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These give

TR (S)Jc> o U Q&Bé 2 jd\o(udd;&?,é\{%l&s)dfa&\@
: (3.19)
(e i‘() Nk ke s,6)
(A K2+ Aokt + Be )7

The maximum enhancement will come from terms in the numerator

N[kbka, )t>"’4'[ QkaS -9 \6'21}3(

{<fl(9<\*-ess) \

(3.20)

ks (ot u—(SQ) (X‘g h) (o + @)oot @@]

Here the extra powers of s and C are compensated for by the extra
vy parameters, and the loss of loop momentum factors in the numerator.
We can now perform the loop integrations using repeated appli-

cations of (3.6) and (3.15):

-

Ta(s9~ - 12(aY j’rw o\wmsk

%(i-ﬁx»ﬂ\& 2\633&2 Wbes (BB }
2 D D* D

-_n b
o~ _ 1T (g) ‘Q(L4S (3.21)
C ay

We should elaborate on how (3.21) arises. We make the trans-

formation of variables
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T F ooy + R

— ol
A =

(3.22)

- - o< <l
7
oy + @i
This transformation is useful, as it has Jacobian iﬁl r. o,

and C depends on riand Yj parameters alone:

(3.23)

C(:D = (T‘-\’\g‘*\&b('ra.* \6&+\63) — \69.2

In general we find that the t dependence ie buried in the
arguments of logarithms and so the leading Regge singularities
will be fixed in t. We can therefore set t = O in our analysis,

and hence

D = Y1YoY3S m2C + terms of higher order in the vanishing

. parameters Yj (3.24)

We will just consider the effect of the first term in (3.21),

which reads

: | 6 ar, T drs A% AN2AY: g(l'{tf"{\s)
___ 2 ES T\ o X GO0
4’1‘“ ":)SJ\ Cz (X.K:Xss — m? C,B

We notice that either r, = 1 or r, = 1 in the important regions.

If we choose any other end point regions, such as Yy = 1, these
will give two powers less of lns. Using the standard procedure10

we rescale the variables:

. ‘ . N (3.26)
T = \—p T,z ot Bz pY |
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for the r, = 1 region, where p << 1. Then (3.25) becomes

. (E { 4. /d\‘S’cX\ﬁ,d‘Glg(- [_e r)
A= 23_. Sj Ta AT 08 A% av ol1-Th {*\6
divw (ﬂ) ° ¢ &() e T RR Ty )1(5& 63— el D)

-+ <"~9_=\ P&CQB (3.27)

The two dominant regions in the first part of (3.27) are the
Yl' =1 or r2' = 1 regions. We rescale again in these regions and
we are left with integrals of the form of (3.17), and on adding the

r, = 1 piece , and that of the other terms in (3.21), we obtain the

2
result there.

No other terms in the numerator will contribute, as they will
lessen the enhancement effects of, or will have too many Y para-
meters than, those in (3.20).

So up to sixth order we have a series in gzlnzs. The contrib-
uting diagrams, i.e. those of figs.(2), (3).and (4), in each order
are ladder diagrams with F and G rungs, or with rungs inside or

part of spinor loops. This is found to be the case for any order,

and we shall now consider the general term for any order.

{(d) Numerator of the General Term

We have a general expression (3.2) for an N loop ladder

diagram, with only the numerator function N(kl',..,kN',s,t)

dependent on which particular ladder is under consideration.

For ordinary ¢3 theory, N(kl,..,kN,s,t) ~ 1 and a behaviour

of s-1 1nN+1s is obtainedg.



27

In the Wess—Zumino theory we find that the terms in the
numerator whcih give the maximum enhancement of the leading behaviour

are of the form:

: 2 2 . . .
N(kl',..,kN',s,t) v kl ...kN s + terms involving the displace-

ment of all or some of the loop momenta (3.28)

where the displacements of the loop momenta are given by (3.5).
As we found in the lowest order calcw lations, these terms can
only come from ladder diagrams where the rungs are either F or G
lines, or inside or part of a spinor loop. Any other type of ladder,
e.g. one with some F lines as sides, will lose enhancement factors
and hence will not contribute.
(i) We first consider the ladder graphs where all the rungs are
either F or G lines. There must be an even number of G‘lines, due
to the nature of the G interaction term, and parity conservation.
In the lowest orders there are 2N diagrams of this type and we

can show by induction that this is generally true. The numerator

for this class of diagrams is:

V(& s ) = 2 ( 1Y (kY ()

N
~=1)s ) 2t C
C

+ ~QSMT—' ks,.-.kﬁ,‘l’r‘_,..ﬁ\,_‘ + ‘)e,nnw\-a‘w&\s

C LgN—'\ {00‘)5
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2L
6}"..\§M*4 2 2 -
_)g A N T 0+ beondelions

-\

' N
2 2
ot ~Q3\ﬁ:gﬁﬂ [ktz'r\“' kJ\T’:L“'-""‘kNTN

N
4+ [(=ds L{EER IV (3.29)

C

+ terms similar to these but of lower power of s or

with more y parameters

We will show that all the terms except the last contribute
to the leading behaviour. The last terms do not, as the extra y
parameters lower the power of lns obtained.
(ii) Next we consider the class of diagrams where one of the loops
is a fermion loop, but where all the other rungs are either F or
G lines, for example the diagram of fig.(5), where the loop with

momen€éum k. is a spinor loop.

1

¢

¢ oM

F or G lines

& all rungs either

— am e - -

Fig.(5)
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There are 2N_1 diagrams of this type. The contributing terms

in the numerator are:

N
N (ks €) ,v(;_%_s {kﬁ....-k,f C

2
TSI S By L M—ﬂ ki ™ (3.30)

In fact, (3.30) is the sum of the terms in (3.29) dependent
on klz. There is no term independent of the fermion loop momentum.
The terms derived from the displacement of the loop momentum
inside of the fermion loop do not contribute to the leading term.
This is because when we take the trace of the loop momenta, we
will always get extra powers of s due to the ordering of the

momenta inside of the trace. Here, for example we have:

tl’{ (k\/+‘>|> k\/ (\K\/-—kl/)k\/} _________ (3.31)

compared with

(Pl+ \<\/ >z(‘<\/‘ \<1/> ...... (3.32)

from the diagrams with no fermion loop, as in (3.29).
In (3.32) the terms which contribute from the first two

brackets are of the form (kl'.pl)(kl'.kz') which will give a

2y v v Y )2 which contributes to (3.29).
+1

displacement term of s 1 2( 30y
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In (3.31), we will have a term kl.pl kl'kz’ but the displacement
term will be at best 52Y12Y2(Y3----YN+1)2’ and due to the extra
Y1 factor, its contribution will be down by lns.
We find this to be the general rule, that displacement contrib-
utions form loop momenta inside a fermion loop will be non leading.
We obtain a similar result to (3.30) for all the other single
fermion loop diagrams, and summing these gives a contribution
similar to (3.29), but without the last term, the tefm independent

of any loop momenta:

N(‘ﬁl)s)k> Ng:lg;é NC\ k.o \<N2C

N= }Sl \6\\1-\-\ \(2\< 21"’..!\" o4 2rmuroadens
+ C‘ “23 ‘-——C——-——— \ N T N-\ ?(6 N -\ &OoPS

N-|

m k\ T t.... % \<N'm (3.33)

\
to v G2

(iii) The nex£ class of graphs we will consider which contribute to
the leading behaviour, are those where two of the loops are

fermion loops or one fermion loop covers two loops of the'ladder,
where again the other rungs‘are either F or G lines. Examples are
shown in fig.(6). There are ZN_l diagrams of this type for each
-pair of loops. Again we find that the important terms in the
numerator are of the form given by (3.29), but where the two loop
momenta inside the fermion loop or loops do not contribute to the

displacement terms.
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v 7 ¢
¢ " ® Al o A
AL e VR
| | : :
( ! all rungs either ) !
! F or G lines ( ‘

Fig.(6)

Summing all these diagrams gives us a contributing term in

the numerator:

N (k5,0 25180 KR e

| , _
N N-I (/9_ (_ DSK-———L“ L ‘)[k%-.\w'\ M-Ma T F‘S’Sﬂg"f‘f&i‘g_ﬁfs}

C
(3.34)

"
CI P TR z[ 4,2 ‘\e,\—\‘/ms’}
oo t Cz(‘% C +> kkamima \?&QSW& Xeops
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Note there are no terms dependent on less than two loop momenta.
(iv) By similar calcualations we can obtain the contributions from
diagrams with more and more fermion loops.

(v) Finally we consider the diagrams where there is only one

fermion loop, as in fig.(7).

AR |
ALG ¥
!
| ' .
\ ' Fig.(7)
. t | all lines either
A,B ' A or B lines
U( L
h A,Q

There are ZN-1 of this type of diagram. There will be no
displacement contributions at all from these diagrams, and the

important term in the numerator is just:

N (ki,/)s)l)'VQ'(‘?\ls (k},-..k,\;ZC) ©(3.35)

(vi) We are now in a position to sum up the contributions from

all the diagrams,

The coefficient of the klz....sz term is

(—Y's (1M + NG+ V)

(3.36)

= L\-«-\)NK—- Ve = 1) 2Vs.



33

The coefficient of the klz....kN_l2 term is:

N -
Q—g S __gszga-.-gNﬂ (H_N—-\Cﬁ_m +N ‘CN~\>

(3.37)

N N > B - Tn)
Similarly we can find the coefficients of all the terms and

we obtain the contributing terms of the numerator for the sum

of all the N loop ladders:

N(kL, )t) 1“‘(03 K2.. \m

______-‘ﬂ> \<\ —--\-<N-\ - TM—\ <+ ?e,m\v,\v O&m"

%i.-- % |
S I, o 2 C Sad (3.38)

(e) Leading Behaviour of the General Term

In principle we could calcualate the leading behaviour of
TN(s,t) by looking at the dominant regions of Feynman parameter
space. But as we saw in the two loop case, this involves fairly
intricate manipulation, and in the higher orders it becomes too
difficult as the number of scalings becomes prohibitive.

We find it is much easier when lookin at the higher orders

to use Mellin transform techniquesll. To facilitate this, instead
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of deriving TN using Feynman parameters to combine the denom-

inators, we use the integral representation:
L
k?‘—-— ml &

oo
= d\ddl)(\)[u?( (. kz“ m’Z +1€‘.§J (3.39)

©

In an exactly analogous mamner to that we used to derive T (s,t)

previously, we find that:

T, (s,V)= Qg rﬁ o, TG f‘f\"‘d\gkﬁ i,

x N (km)s)t\)QX‘?i (A f+ .+ Ak 2 3} (3.40)

Ai’ kj', D and C are exactly as defined before in (3.3), (3.4)
and (3.5).

Terms in .N(ki',s,t) cause enhancement in the same

-

ways as previously, and so N(ki',s,t) is still given by (3.38)

We can perform the loop integrations using:

5 d4\< 'LO-\KD\ ’3,'“2

"

o L (3.41)

J‘ & 2’ Aok% 9>

(3.42)

and we obtain:

N -
TNCQ)E>~/-42 ”CWC-DDM ”3’* (?.-)Q l
Meo

IL

- a——-
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N-—M43 3.43
C -+ ( )

. 2 N-® 8%
x ﬁ‘ A, ﬁld\(K (3]s e0(22)
o) o

The form of the coefficient of s in D, D = + J,

'Yl'Yz. . o'YN+1S
where J is independent of s, makes the Mellin transform method a
very convenient way of determining the leading behaviour of TN(s,t).

The Mellin transform TN(a,t) of TN(c,t) is defined by11:

N (O() EB = j@dw TN(U; ‘t) Ci'm.a(-.l (3.44)
o R

where ¢ = -s., The validity of the Mellin transform requires that
the integral should not encounter a singularity. We cannot take the
limit s - = as we would encounter the normal s Ehannel thres-
holds. If the fixed value of t is below the lowest t channel cut,
the limit s + ==, i.e. 0 * « will be taken in a singularity free
region. The dominant contributions to the asymptotic behavicur
will come from the rightmost singularity in the aplane. In
appendix three it is shown that the singularity at o = O is the
important one in each term of (3.44).

In (3.44) the leading contributions will come from small a.
and Bj regions as well as small Y regions. So we can replace the
exp (iJ/C) factor by unity, but we must keep the full parameter

—-2-0

dependence in the C factor. We again make the transformation

of variables (3.22) and take the a = O limit, and (3.44) becomes:

Tl 0 = 413(9"“’2 C 2D

" 8- - B "
XP(N -M£L) TT’V di T“CN ( Ca-w)

(3.45)
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The upper limits should be small numbers €; for the dominant regions,
but these have been scaled out in favour of unity.

We now definell,

A(«XN)F) XTTYL o™ j:T A% @icf_‘:’f Q/{\, ( (3.46)

fl

where,

= C(N) and c'(W) = c(N) - C(N-1) (3.47)

TN+1

In appendix three we derive a recurrence relation for this function
and we show that the rightmost singularity of (3.46) is a multiple

pole:

o
A(O() N)O) 7 N‘ N-H! . ;—Z_QTU; (3.48)

The leading terms in (3.46) are now,
Tty g N NED 3" i
2NN o2 M
M=0
The inverse Mellin Transform, from appendlx three, will give:

—AAR [0S (—-—DM ot
TN (S){f) Q\H’lg‘ [ ] Z (3.50)

The t channel ladder sum is:

T(S)k) = i TN (%’CB (3.51)

The double summation in (3 51) can be rearranged to give:

T~ 445 57 5 Faell

(3.52)
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where‘__ 2-@{\_1_3 \/:L
3-%3) = + (3———&“; > 0O (3.53)

Using the form of the modified Bessel function of integer order13,

V 2 \/ z’L)k
\)(2) = (’:‘fi> Z k§ ,FA"-(\)Q\&-\-I) (3.54)

we obtain:

(S Q’V 4 z (@BBBMHTNJ«\@SQ“S)@ 55)

"E G (2N
™ - SE S S Q &\sj\“'/l (3.56)

where we have used the asymptotic form of the Bessel function13:

Iv(2> ~ = Op 22 2° (3.57)

\521\'2:

The leading behaviour obtained is that of a fixed point
Regge singularity, i.e. independent of t. Each increasing value of
M in the series corresponds to leading contributions from diagrams
of higher orders, and reflects the increasing number of possible
exchanges as more and more channels open in these orders.

For completeness we must finally consider the (s,u) crossed
t channel ladder.graphs of the form of fig.(8). These are found
to give identical contributions t§ the amplitude as those of the

uncrossed ladders, and so the total amplitude is just twice (3.56),

and there are no problems involving signature factors.
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- W  r—— o

Fig.(8)  TA-.

P2



39

IV. NON LEADING DIAGRAMS

In the last section we claimed that the leading behaviour
of this theory comes from ladder graphs where the rungs are either
F or G lines, or part of a spinor loop. We will now show that this
is indeed the case up to sixth order. This we feel is sufficiently
non trivial for making us believe that this class of diagrams are

the dominant ones to any order.

For N = 0, the Born term of fig.(2) is the only second order

diagram,

For N = 1 Iliopolous and Zumino7 have shown(to all orders)
that this theory needs only one (wave function) renormalisation
constant: no separate mass or coupling constant renormalisation is
required.

Thus the logarithmic divergence of the diagrams of fig.(B),
caused by the presence of k4 terms in the numerator of (3.12),
must bé exactly cancelled by contributions from other diagrams,

which turn out to be those of fig.(9).

A B

Fig. (9)
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The remaining numerator factors Af these diagrams are down

by a factor of s, from those of fig.(3), and as such are non leading.
Due to the easier renormalisation properties of the theory,

all vertices are finite, and so diagrams fo the form of fig.(10)

. . . -1
will contribute at most a behaviour of s 1n s.

_+
W AF
v
AF F Aac
v A
Fig.(10)

- The diagrams of fig.(lla), the self energy corrections to
the Born term, are logarithmically divergent. However after renorm-
»
alisation we obtain only a 1ln s enhancement, and so these diagrams

will be non leading. All diagrams of the form of fig.(llb) are zero

as all tadpole graphs are zero.

Fig.(lla)
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Fig.(11b)

The class of diagrams of the form of fig.(12) are non leading

as there are no or not enough enhancement factors from the numerators

of the propagators.

AF F

AR AF aF RF

RE A

Fig.(12)

The only remaining types of diagram to consider in this
order are those of fig.(13). The diagrams shown are the leading
non planar graphs. With the Feynman parameterisation as illus-
trated, these diagrams will have a denominator, after diagonalisation;

(K2 + s(xy - zw) + a)”

In ordinary ¢3 theory9 this type of diagram has a leading

™~ ™~ e ~ r/

¢ ¢ F B & &

€ x
.e

>
el
@
es)

Fig. (13)
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behaviour ~ 5—2 1n23. The regions of integration which yield this
behaviour are those given by setting one of the four parameters
near one, and the other three near zero.

For the diagrams of fig.(l3), we need a factor of 52 in the
numerator. There is one. explicit power of s in any numerator, and
another comes from the displacement of the loop momentum. But
this involves the product of two Feyman parameters, and the
dominant region is that where one is large and three are small.
The numerator has at best therefore; a factor of 52 multiplied
by a small parameter, and this will reduce the power of In s
obtained, giving a leading behaviour of these types of diagrams
of 1In s.

So in fourth order we find that the diagféms of fig.(3) are

the only ones to contribute to the leading behaviour.

_ For N = 2: The logarithmic divergences from each loop of the
diagrams of fig.(4) cancel with those of diagrams of the form of
fig.(14). The remaining contributions of these diagrams are down

o

by a factor of s from those of fig.(4).

N_F | £

A A A A

Fig.(l4)

Again due to the less divergent nature of the theory we would
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expect diagrams involving vertex of self energy corrections to the
fourth order diagrams to be non leading, as these can at best

. . . 3 .
provide a In s enhancement and so will give at best a In"s leading

behaviour.

ENLLIBI e ~ -

k( ,q’a VY A’} \(:t v‘-.FS) @'
k,-
xx\;a.
kr“z“‘\h,‘",j\ ‘sz-\—b‘ ~P2,62
ks, |
(a) @

/ RN

(c) Fig. (15) G

The leading behaviour of graphs of the form of those of
fig.(15) can be easily worked out in ¢3 theory using the methods
of Tiktcpolous 8. In the Wess—Zumino theory we find there are not
énough enhancement effects from the numerator factors for these
diagrams to contribute to the le;ding behaviour. To illustrate
this we look at the behaviour of diagram (a) of fig.(15).

The Feynman parameters associated with e;ch line of the
diagram are displg;ed there. The contribution of this type of

graph will have the same form as (3.2) for N = 2, but where the

determinants D(2) and C(2) cannot now be read from the table in
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the appendix, and have to be found directly. Here:
D(2) = 871(7273 - aZBZ) + terms independent of s (4.1)

In ¢3 theory, N(ki',s,t) n 1 and after the loop integrations

we are left with:

T, (s,6)~ A%, 4%, 4%, dol, &els 03, 4. B(1 -4t~ 53 — 51 %)
| [le (,\5.9.\53" ol (’)a_ + .. ]3

-1 (4.2)
S
In the theory of Wess and Zumino we get the maximum enhance-
ment effects when the three rungs are F or G lines or part of a

spinor loop. The numerator obtained is k 2kzzs at best, and on

1

doing the loop integrations we obtain:

T ()~ (%A% 0§80, S(1-Ft—£ gD
22 e () . ] €

The behaviour of this type of integral has been investigated

by Ti‘l.ctopolous8 and using his results we obtain enhanced behaviour
from snl.‘A factor of ln s due to the lower power of the denom-
inator, and another In s from the vanishing of the determinant C
are produced, as well as the explicit factor s in the numerator;
these combine to give a behaviour of 1nzs, and so this diagram
will be non leading.

Similarly when we consider the diagrams (b), (c) and (d) fo
fig.(15) we find that they have at most a 1nzs dependence. So we
find that the diagrams of fig.(4) are the only ones that contrij
bute to the leading behaviour in this order.

In ordinary'¢3 theory8 it has been shown that the ladder



graphs are indeed dominant to all orders, and as this
in the lowest orders in the theory of Wess and Zumino

reasonable to assume that it is generally true to all

is true
it seems

orders.

45
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V. OTHER SCATTERING AMPLITUDES

In a previous section we looked at the high energy behaviour
of the scalar-scalar scattering amplitude., Because of the super-
symmetry of the theory we would expect boson-boson, boson-fermion
and fermion-fermion amplitudes to be related.,

If we look at the diagrams which contribute to the scalar
-pseudoscalar and pseudoscalar-pseudoscalar scattering amplitudes
we find that in any order they will give the same leading beha-

viour as the scalar-scalar scattering amplitude.,

(a) Spinor-Scalar Amplitude

We find that again in the lowest order the leading behaviour
is obtained from a certain class of ladder diagrams, those of figs.
(16), (17) and (18). An analysis similar to that of the scalar
-scalar case shows that these are the contributing diagrams and

so we will just consider these.
For N = 0, the Born term of fig.(16) gives

To (Q)\i> ~ TA"L(\).’D (’Vt*f/&) U/J(Je\) (_.__%1i

ns — 41%2 8% (5.1)

where we have used the relation:

TLK?) \{/A_ \L){YQ = ?\t;/&gvb (5.2)
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v

Fig.(16)

For N = 1: The leading behaviour is obtained from the diagrams

of fig.(17).

Ry
wy“e w A AR

Fig.(1l7)

These diagrams have the same denominator as those of fig.(3),
and we find that the numerator factors give the same enhancement
as there; the spinor wave functions yield an explicit power of s
using relation (5.2), and the loop momentum and the displacement
terms are the same. There is no displacement contribution from the
diagrams of type (c) due to the ordering of the spinor factors,
just as we found for the spinor loop in fig.(3). We therefore
obtain exactly the same numerator (3.14) and hence the same contri-

bution (3.18).

For N = 2, the important diagrams are those of fig.(18), which

give exactly the same contributions as those of fig.(4), namely (3.21).
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& <
nB A,B W W W
Y VR Y Ag AS AB n3
RB \y F.G b
v VALY AB AB AB W
F)CT F)CT QJ
Ao A A A KR A
Fig.(18)

So we find that up to sixth order, the spinor-scalar scatt-
eiing amplitude is exactly the same as the scaiar—scalar scattering
amplitude, and as there, we can see which class of diagrams are
dominant to any order, and we would obtain the same general term,

(3.56), by similar arguments.

(b) Spinor-Spinor Amplitude

The contributing diagrams in the lowest orders are the class

of ladder diagrams of figs.(19), (20) and (21).

For N =0

Y

Fig.(19)
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For N =1

Ap R,b WV |
AL

Fig. (20)
For N =2
W £, & F, G ng
£ G W W Ay B
AR a8 AR B Y oW b
W ~ye A,B
v
Fig.(21)

In the limit of large s we find that the helicity non-flip
amplitude dominates, and that these diagrams yield the same
leading behaviour as we obtained previously for the other scatt-
ering amplitudes, a result which no doubt holds to all orders.

It is again easy to show that no other diagram in these orders

will contribute to the leading terms.

(c) Summary of Results

The overall picture cbtained from the leading logarithm
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analysis is that of a series in lnzs, whose sum indicates the
presence of a series of fixed Regge branch cuts, coming from the
increasing number of possible two particle exchanges in higher
orders in perturbation theory.

The amplitude does not have a Regge pole form, as there are
not the necessary cancellations of the lnzs terms between the
diagrams representing the various possible types of exchanges.

The amplitude obtained is the same regardless of which part-
icular scattering amplitude is considered, showing that the super-
symmetry of the theory is preserved in the leading logarithm approx-
imation. This would lead us to hope that this last result will be
true in more realistic supersymmetric non-abelian gauge
theories, so that the Reggeisation effects which we would expect
there in the spinor-spinor amplitudes5 shouid also occur in other

amplitudes in these theories.
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VI. SUPERFIELD SCATTERING AMPLITUDES

(a) Superfields

Salam and Strathdee12 have shown that supersymmetric trans-
formations may be viewed as a realisation of a supersymmetric
'group' on some generalised fields, called superfields, defined
on an eigﬁt—dimensional space whose points are labelled by
(xu’ea>’ where x denotes the ordinary space—time coordinates and
Sa is an anticommuting Majorana spinor.

The anticommuting property of Majorana spinors implies that
any superfield ¢(x,6) is apolynomial in ea sand is fully specified
by sixteen ordinary functions of space-time, which are the coeff-
icients in tis expansion in powers of 6. The transformation
properties of these coefficients or components under the action
of the Poincare or the supersymmetry group can be determined from
those of the superfield.

i.e. for a scalar superfield,

$(x,6) = ¢'(x",0") by definition

. . 12
where (xu,ea) > (xu',ea') is given by “;

X}*/: /\,wxv + b/« 5 @o:: Q/f(’\\) (9_ (6.1)

for the Poincare group, and

X/A, = >(/L~ + %ZX/.A@ ) (9&(: Ox + &y

(6.2)
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@
for the supersymmetry group. The matrix ()TK denotes the Dirac
spinor representation of the homogeneous Lorentz transformation

A and the parameter auis an anticommuting Majorana spinor.

(b) Chiral Superfields

In the construction of supersymmetric Lagrangians one uses
the so called chiral superfield514¢+(x,e) and ¢_(x,0), which
have eight components rather than the general sixteencomponemt
superfield ¢ (x,0). They are &efined as the general solutions to the

following two linear differential equations:

_l—i\Ts D ¢+(X) ©) =

X

‘+21K‘D q{)_ (x) @5 _ O (6.4)

(6.3)

where

9

—

DO( = B o¢ 30(3’9»

(6.5)

They are given in powers of 6 by:

Py (x,0) = AL+ Bl + 2 BOFLD

A

- B L FLK + ﬁ@inXs S{E2NN A:t@.

iy
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L 50 & (1P e 0) + = BT (FFALD)
R OOEPL= T3

= pr[——%;@ 25\55‘@] {Aj:(x> + @‘P__&Q

+ %‘a@ ( | :l:{\&; © Fe (Q} (6.6)

where A*(x) and F_ (x) are complex boson fields, and ¢ _ and y_

are left and right handed Dirac spinors respectively

\//+ (XS _ 1‘65 \p&) (6.7)

It is possible to identify ¢_ with the complex conjugate of ¢+:

* c S
A=AT s W=\ SE=F

and so ¢+ and y_ are identified as the left and right handed comp-
onents, respectively, of a Majorana spinor.

The definitions (6.3) and (6.4) of the chiral superfields
leads to their being closed under multiplication and the following

laws are obtained14

¢1+ ¢2+ = ¢3+A (chiral)

b1 9, =

- = b (chiral) (6.9)

¢1+ ¢2— = ¢3 (general)
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(c) Construction of Lagrangians

The construction of supersymmetric Lagrangians is made much
simpler using this formalism. It is found that the action integral
of a Lagrangian density (¢+,¢_) is invariant under the trans-
formations (6.2) if every 6-dependent term in (¢+,¢_) has the

form of a spacetime divergence. i.e. from (6.2)

5fa% 2(,8) = Jan (& + W02 ¢)

- EB% g X< £ (¢+>ﬂ[>-) Al S‘."Sm‘%‘:"ée'm)

Salam and StrathdeelAhave shown that it is possible to
construct Lagrangians having any 6-dependent terms as a total div-

ergence,

For chiral superfields:

—(ED) ¢+ = F+ + total four-divergence (6.11)

Under the transformation (6.2), F. changes by a total divergence,
and therefore so will ( DD ) ¢+.

For general superfields:

6% ( DD )2 ¢ (x,8) = coefficient of the ( 86 )2 term for ¢(x,0)

+ total four-divergence (6312)

Again, under (6.2), ( DD )2 ¢(x,0) will change by a four-divergence,

and so from these terms we can construct invariant action integrals.
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Using these properties we can show that the Lagrangian:

Jf - :i:if&[) '%Z (tzk_t51> (t{— ¥ E%:j Ct{—AESt>(1{f

6

- - ot ) 60« 4

(6.13)

has an invariant action integral under the transformations (6.2).

If we now expand out in components, and set:

A=z (A=iB)  F=g(Fzi6)

| =
k‘//-f__:: A alxsw

we find that we obtain (2.10), the Lagrangian of Wess and Zumino.

(6.14)

Rather than working in the component fields we now do perturbation

theory in terms of the superfields.

(d) Feynman Rules

Salam and Strathdee6 have obtained the followihg Feynman
ritles for superfields from the Lagrangian (6.13). They obtain

the following effective momentum space propagators:

For a line joining a pair of vertices with the same chirality (t),
= -2 (6-8No-); A\
Zﬁ&:tﬁ A X C A

For a line joining vertices of opposite chirality,
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A+- = =xp (@)(5629 AC— (6.16)

—+

where the four momentum is directed from the + vertex to the
- vertex, In these expressions,

T
AN, =

P2~ m>+1&

(6.17)

Cx = (\ R COIC (6.18)

Ateach vertex there will be a term 2v/2g, and we must apply

the operator:

R ( —1 Bo( %
(déﬁDD) - -—ECC ) 3(9 S50 (6.19)

With each external line we associate the wave function:

7 (p = {A ) + TR

exk o L o
B e

(6.20)

where the notation is obvious, with u(p) the spinor wave function.

(e) Ladder Graphs

We now look again at the t—channel ladder graphs. In the
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lowest orders it is again simple to show that it is the ladder

graphs which are dominant, and so we will look at the general

ladder graphs, assuming those to be dominant in any given order.

In any given ladder graph, the denominator factors will be

exactly the same as we had before, and so we will investigate the

possible numerator factors to see which ones will give the max-

imum enhancement to the leading behaviour.

We first look at the diagrams of figs.(22) and (23).

—_ i m— - -

— - — = o ———

[l o o w

AN+ == -—(1”

Fig.(22)

2N

A+

Y= F 2
3 —14
5=t
| !
{ |
| |
{ 1
| 1
W ™
W4 ”’(1’) +) 1{1
Fig.(23)

These are the important ladder diagrams for the case when N is

even. The chiralities in brackets are for the case when N is odd.

For each loop, e.g.fig.(24), we will have a term in the numerator:
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\'Y
\\‘+ >
k A Y k
L|— . I3
.
k
Fig.(24)

daygkéizia )((5%1__4r?§;s_¥(CS%3ﬁr -f'?f;ngfﬁﬁq‘,_4F7§;4\<KE}14ig

= %1@133’(@24:§ (6.21)

where 913 = 91 - 93, and we have used the property of Majorana

spinors:

OXX = ’"&}(8—

(6.22)

We can write down the numerator for fig.(22), for an even number

of loops, with the notation as in equation (3.2).

N 5,0~ 2 Ol o 814k 032+ B )%,
S U AL SO PIE 1Y
B (o€t + B (i) O
X-kai—é\)?/ O, _ — Cauwa ¥ Cau 4.%

< b (p) £ () ¢+(\>Q]

0 is the vertex operator:

(6.23)
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where
\SD) = —L (VX2
SECL A HCAICEH

N+ .
The factor 2 ! arises from the extra v2 from each vertex term, over
that from the vertices in (3.2). The operator O picks out the

coefficient of the term:
‘ vertices

_ e S
o) ‘Y;K CER. s

since,

), ()= 1

We are looking for the coefficient of this term in (6.23)
which gives the maximum enhancement to the leading behaviour. The
second exponential in (6.23) can be set to unity as Py~ Py
terms cannot aid enhancement, and any 06 factors involved will
hinder the effects of other terms.

Two relations of Majorana spinors which can be easily
derived are :

(6.27)
(é@i\) 6:\;: O : | (é.28)

We use these to simplify the first exponential. The important

terms from there are:
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e*-)Nk S (:(_@w Oy _\.)( Cus (945‘3 :

(-@;N-a,:m *a(géw-\,ilu o )(@23 (923),”- (@W AN GQWN“)]

(6.29)

Any other term in this exponential will have less enhancement
effects from the loop momenta, but will have no extra effects due
to fewer 6 factors.,

The third exponential in (6.23) can be rewritten as:

@Q‘?{.‘é\@ ?(\ Oy + Oushi Gt . +”ézn,au+;'?l‘®3t~

+ G ?. Cps_*._ .+ 2)J+\ ¥ @’m—\ 2N+ }

(6.30)

X *@4" Z O C/?/\ ""/?2) @'&N-m..} |

Using (6.28) we can see that terms from the first part of the

exponential will not contribute and so the remaining terms in (6.23)

Nlk,s,0~ B[EY e Buow).
IS (N - W

(@N aon O zsens) o { G B P g )

6. 4 Dbd |
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If N is odd, we have a similar expression, the important diff-
erence being a I term in the exponential, which yields a
factor of (--1)N in the final amplitude.

The diagram of fig.(23) will give exactly the same numerator,
except for the chiralities being reversed. Any ofher ladder diagram,
e.g. fig.(25), will involve propagators of the A,, type, and
these will introduce mez factors in the numerato;-without accom~

panying momentum factors, and so enhancement effects will be reduced

and hence these diagrams will be non leading.

B )

Fig.(25)

So for the study of the leading behaviour, we need only

consider the ladder graphs of figs.(22) and (23).

~

(f) Scalar and Pseudoscalar Scattering Amplitudes

We first look at the scattering amplitude when all the external
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legs are scalars, ¢+(p) is replaced by its scalar component A+(p),
which in turn is reglaced by (1/+2) A(p). The scalar wave fun;tions
A(p) are equal to one.

In (6.31) 6 is the product of 2N+2 operators (—%BD)i from
each of the 2N+2 vertices i. There are 2N products of 90 outside

the exponential, and so we need two more products from it. Hence

using (6.27) we obtain:

Wl 50~ B[R oo, .

.. ) (_é;zu—\ AN QQM -\ :mw;) (“é’:u,@&z——)- - -

(QN 20+ G:m v+ D ( @au—} ) Sam-n +) (_@m-»z @’.m-n .J

=" k2 ks (6.52)

For general N we will have a (—l)N factor. From the diagram of
fig.(23) we obtain exactly the same result, and so the numerator

for the scalar-scalar scattering amplitude is:
N N2 2
N(k'l)s)t>‘\/a E“B l<l"""'\ls' (6.33)

The displacement of the loop momenta will give N(k',s,t) exactly
as in (3.38) which was derive& by considering the problem in terms
of the individual.fields. We have reproduced the tedious sum of
graphs there by the calcu lation df just one type of diagraﬁ.

By making the substitution in the wave functions of (6.31),

A+(p) > i(l/vﬁ) B(p), we also find that the scalar-pseudoscalar
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and pseudoscalar-pseudoscalar amplitudes will be identical.

(g) Other Scattering Amplitudes

Equation (6.31) will also give us the scattering amplitudes
for processes involving spinors, We first look at the spinor

—scalar amplitude. In (6.31) the wave functions become:

qs:t'(\)‘) - éi L*;CPQ
Cb—t_—_ (\73) — T;ﬁ\’s) ©, (6.34)

P (p) = -\%ﬁ‘iﬁ\ (p) - —\;: br(p)— =

Since,
~tr_ = + = + - +
(9‘ - 914 ’\'@45 T @2N-H
(6.35)

8&___: 813_ + @3@,__"" ... ¥ (9?\&)...

we can use (6.28) and obtain:

¢, (b)) = Tl Wb

CIS:&:(P?D - W, C\’B) N4 4 @'36)

We now require only the term involving one 62N+2’ and one 92N+1

term from the exponential, and so (6.31) now reads,

N(k,,s,¥) ~ 0 [G;jd k.. k' (G Sus)...
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—— (@y\; AN GAM AN+ __) (@;N—H C'P(\-\”%) GZU*R—B

(§QM+T ha! (YD) ( Tk;, (12 Cauva ._\ €

After operating by O, putting in the asymtotic form of the
spinor wave functions, including the (—l)N factor for the diagrams
with an odd number of loops, and adding the contribution from the
diagram of fig.(23), we obtain (6.33). So we find that the numer-
ators, and hence the scattering amplitudes are the same in the
spinor-scalar and scalar-scalar cases.

. It is now just as easy to find the spinor-spinor numerator,
by putting the spinor wave functions into (6.31). This forces the
exponential to unity, and the asymptotic form of the wave functions
will give us the same form again, (6.33).

Thus using the powerful technique of superfield perturbation
theory we have reproduced our results for both the form, and the
equality for different scattering processes, of the scattering
amplitude. We would expect the equality to hold as we work in a
manifestly supersymmetric framework throughout. For each diff-
erent procees the only change we have to make is to put in the

appropriate external wave functions.
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APPENDIX ONE

(a) Notation:

Our notation is that used by Salam and StrathdeelA. The

metric tensor 1is:

8y = diag ( +1, -1, -1, -1 )

The Dirac matrices are given by:
vyt 7 28,

and Ys is defined by:
Y5 = Yo¥1Y2Y3

- = l - . :

The matrices v, YoYur Yo%y = 23Vg oYy 2 Yol YS, YQYS

are all hermitian. The adjoint splnors are defined by Y= Yor
and the charge conjugate of } by w = C w , where C = -C and

T.
c Y C = C

jats def&ne a Majorana spinor by ¢ = ¢ . If ¢ and y are Majorana

spinors then:

(b) Feynman Rules

For the Lagrangian (2.3).

J\(Zﬂ)_4 d4ki for each closed loop.
Propagators:

<AA> = i (p2 - m2 + ie)—1 = <BB>



<AF>

<FF>

<>

Vertices:

Internal:

External:

1]

-im (pz
. 2 2
ip” (p

i+t m (p2 - me + ie)

1

- m2 +ie)” <BG>

1 <GG>

- m2 + ie)

p:. O 3
2ig ui(q) ua(p)

Co: i 3 of
2ig ua(p) UB(q) c

2ig
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= -2ig @ (p) Gf; (@ Cyy

i - . . . .
Here u™, uj are the incoming and outgoing spinor wave
functions with their respective helicity labels; and C is the -
charge conjugation matrix. The last two types of vertices arise

as we are dealing with Majorana spinors.
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The determinants C(N) and D(N), in the denominator of (3.2)

are obtained from the table belows. D(N) is the determinant of

the whole matrix, and the determinant of the matrix made up of

the first N rows and columns is C(N).

column
1 2 3 LI B A N + 1
row
Loy vy Tz) Y2 © BiP *YqPy
P l ’
2 Yy (Fy t vyt Yy Y3 BoP
3 0 "'Y3 (r3 + Y3 + Yl,) B3p
N 0 0 0 BNP = Yy41P2
N+ 1 [8,p+vp; B,p B 3P X
9 N
where: X=-m" (1~ Y1~ Y+l ) + t~§131
r, =a, + B. and P =Py = Pg
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APPENDIX THREE

Mellin Transforms

The Mellin Transform F(8) of a function f(x) is defined by the

relation:
= \
FRi= | deox ™ dx
o
It possesses an inversion formula:

—9—(7&) &“ g S F(p> x d @ a2y

where the contour C is parallel to the imaginary B axis, and F(g)

(A.1)

is analytic along C. In particular functions of the form

fo= -5 o

have Mellin transforms which are multiple poles,

_ |
F(G) - C@ + Gg}ﬂ

If F(B) is analytic except for multiple poles in some regionm,

(A.4)

then we can di;place the contour to the left and obtain a series of
contributions from the multiple poles that have been crossed over.
The dominant contributions will come from the rightmost pole in

the B plane; when x > «» in (A.3) the smallest value of BO at the
poles will give the leading term, and this corresponds to the
rightmost pole.

In order to obtain the behaviour of (3.45), we define:

o1
Rl ‘§ LY +1 it __9_
[OJN;P) T("V e V T‘NJ C'“: )QM ISNHC‘ (A.5)
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where C = C(N) and:
i
¢! = ¢(N) —Xx *\(,(M-\) = T D)%, C (N-1) .6

A(o,N,p) can be rearranged:

AEON, p) = S‘o\ﬁ’ﬁ &T'i;flrd‘é')(\é\..,kod-'

~f | '
« | A ¥y Bwf\ P[ BNﬂC(”"‘)“’ ¢ (N)]
o {C/f(N) ‘\'\GN‘\'\ CCN 'l)]l+°< \SN'H C! (N) (A.7)

We perform the Yyel integration in the region, 1 > Rea > O:

\ N (\(ﬂ ‘o- \GI\ON" (
A (0() M) F)’V gbﬁ'ﬁdﬂ"{ LA &\63 C/CN)Q C@—-\)(x F

| l , k c(N-\B] . _ |
x ,i ETQ’“ { C'(N) {o(?'\‘ﬂ @c-n)\”k;% (A.8)
k=0 '

This can be reexpressed as:

A ly- N -
A("(,N) P)"’ S lﬁT‘"’{,d&'ﬁ | dXJ‘QSI \5N> |
’ _ l‘ .
x P‘ c(N=1) xi el {OEFK*\ Qx—n)w'k*'}

k=o (A.9)

j‘\ T AT an[ cn-0
* -0 P
OX.TNC(N—D“'\SN CN- J ";IC@")‘*' X‘M-HC—@"Q

The Ty integration is now fairly straightforward:
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{ n-t N et
A(O( N)P>V g —W""‘z&"—ivd\\@')@\---xuv

\
% P‘ C(U-—\ _,OZ i&,\_\)\ o(t’ k*l (Qé-l—\)?‘-\(*]

' e c@ NS @—0}
| x oo [ ¥ CN-O

This contains A(o,N-1,k), and so we have a recurrence relation:

-\ ‘
A@(;N)@Ni ki{ lv*-n @d‘)?‘k*l Alstyn=1,k)

k=) (A.11)

This recurrence relation is valid in the region O < Rea < 1. We

(A.10)

are interesed in the rightmost poles of A(q,N,p) in the oplane

and the important term of (A.1l) is:

A(o()N)P)»uE -g e AlN-1L KD

k:: \
m.-—\-\
m, l
~ o(p-.m.—rz ,M;,'. o(‘“"““*l_”
Moz
mN-t"'\ | ! )
- (A.12)
f:QN : o{mm—}"mn}“'l A(O() © 2 Mo
LR N
M=)

Now since C(0) = C'(0) = 1,

A (e, 0,0

1

S \ci\x ! (=2 x)

P!

R (A.13)
F“\‘l

I



Therefore we have:

U R(N, p)
A(O() M) )F)N L?néax))ﬂ
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(A.14)

My Myt

" etop-50S %

(A.15)

’ M= m‘)f" \ \"’\M——- \
In order to evaluate (3.45) we require A(a, N, 0):

. R(N,o
Alof Ny 0) o ;(—(Qm}

Nt
NeDt o

Hence (3.45) becomes

]
TN (o() k> ~ Constant X —ozm

(A.16)

(A.17)

and it is analytic in the region O < Reg < 1. The inverse Mellin

transorm requires that TN(a,t) is analytic along the contour, so

we take as the contour in (A.2), the line AB in fig.

/N
C

< 2 |

(26).

ad

Fig.(26)

v



73

We analytically continue TN(a,t) as defined by (A.17) into
the region -1 < Rea < 0, except for multiple poles at o = 0. We can
now evaluate:

_ T (ot ©) Fdol ~ tmstant x Qams
C

27

- ’;lxlr‘ Al +/ + SdTN("()QA"UA'lB)
t YAB YBe YCP YDA

The contribution from the horizontal lines BC and DA vanish
as the imaginary coordinate goes to infinity, and the contribution
from the left hand vertical goes to zero as s - «, The remaining

integral is the inverse Mellin transform we require, so we have:

anN
T;\,(S/t> ~ (onsont X s (A.19)

which is the form of equation (3.56).
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PART TWO

ENTRODUCTION

The validity of the manipulation of highly divergent quant-
ities is a question which arises often in quantum field theories.
The usual technique to overcome such problems is to regularise
the divergent integrals by some method, and the most usual way
now is the methcd of dimensional regularisationl. This has the
advantage over other previously used means of regularisation in that
it preserves all the symmetries, like gauge invariance (abelian
or not) of the original field theories.

When using dimensional regularisation we define the theory
in arbitary dimensions. On evaluating Feynman integrals, the diver-
gences of the theory appear as poles in the number of dimensions,
and can be removed easily. The limit of four dimensions is taken

-
at the end of the calcualation. The actual continuation to
arbitary dimensions is trivial for theories with only scalar and
vector fields. However, in theories involving spinors or abmormal
parity objects, the generalisation requires considerable care.

One particular area in-which the manipulation of divergent
quantities turns out to be invalid, is in the divergence of the
axial vector current, defined in a number of spinor field theories.
This has been investigated by several authorsz’s, who have
shown the presence of anomalous ﬁerms in the corresponding Ward
identities, absent from the identities obtained formally from

the equation of motion of the spinor field.
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Akyeampong and Delbourgo4 have shown how these anomalous
terms arise naturally in the framework of dimensional regular-
isation. Identifying axial vectors and pseudoscalars as three
component and four component tensors in arbitary dimensioms,
an expression for the divergence of the axial vector current is

found:

- hi ]
S fy T 2P gy * P v (1.1)

where P is the usual pseudoscalar current. The new current P',
which is overall pseudoscalar, involves the antisymmetric product -
of five gamma matrices and so is zero in four dimensions. However,
the contributions from this current produce the anomalous terms

in the limit of four dimensions 4.

We consider an SU(n) symmetric theory of a spinor field,
coupling to external scalar, pseudoscalar, vector and axial vector
fields. We first look at the divergence of the axial vector current
in this theory, in four dimensionss. The existence of a minimal
set of anomalous terms in the abnormal Ward identities for the
axial vector current has been demonstrated using various tech-
niques of regularisationz’ and the e-separation method of defining
local operator productsB. We show that the contribution from the
new current P', produces exactly this minimal set. We find that
this current also produces a set of other anomalies, associated
with processes involving other external fields. These are self
consistent, and we can remove them using acceptable gauge invariant
counter terms in the Lagrangian, although whether we should do so

is uncertain. We certainly cannot do this with the minimal set as
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it is not possible to include counter terms to remove these,

without affecting the vector Ward identities, and hence the gauge

invariance and renormalisation of the theory.

Finally from the anomalous terms we derive a modified PCAC

relation, and we discuss possible implications of it, with or

without the counterterms.
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II, SU(n) MODEL IN FOUR DIMENSIONS

We consider an SU(n) symmetric theory of a spinor field
coupled to external scalar, pseudoscalar, vector and axial vector

fields, described by the Lagrangian:
— ] i a
gf:: LX) (L o — m) L{)(X) t+ %u\\o@‘) (]Si(ﬁ) (2.1)

.1 .
where the currents j a(x) are constructed from the free fermion

fields:
;)1@0() = UK _f(i AT A (2.2)

Th§'§li are a representation of SU(n); I =1, Y, Yy iYuYS
correspond to the scalar, pseudoscalar, vector and axial vector
currents regpectively; ¢t = Sl, Pl, '

i . .
a A = are their respective

u

external fields; and g, their respective coupling constants which
we will absorb into the definition of the fields, and so can be
set to unity in (2.1).

Using the equations of motion which follow naively from (2.1),

the divergence of the axial vector current is:

a/&\.)m/;(x) ': —2m :)'L;(X) (2.3)

In perturbation theory, to the lowest order in the coupling

constants, we can reexpress (2.3) as the Ward identity:

(P ARG (T
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= (gK-m) 2mYs (Fm) - \65(,}1-’»“)4 2.0
- ()p’—\-)(’m)’\\és

where k is the four momentum carried by the axial current, and
p is that carried by the incoming fermion line at the vertex,

Eqation (2.4) has been derived from the rather naive use of
the field equations, involving the formal manipulation of highly
divergent quantities. The question arises therefore as to the
validity of these manipulations.

To illustrate that in fact these manipulations are not
justified in certain cases, we consider the Ward identity for the
divergence of the axial current jius(k) to two vector currents
jvj(kl) and jok(kz)' In the lowest order of perturbation theory
the contribution from the left hand side of equation (2.4) is
that of the diagram of fig.(l), together with the diagram with

the vector currents interchanged.

v V%
kd k:.

Fig.(1l)
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The total contribution we denote by Rqudljk, where the lek

are the completely symmetric SU(n) structure constants. The first
term on the right hand side of equation (2.4) gives a contribution

which is that of a similar pair of diagrams with iY replaced

k

u's

by 2mY., and we denote it by ZmRWd1J . The remaining terms in (2.4)

5
do not contribute in this order. If (2.4) holds then:

kP Rvo’/w = dm Qw:r 22

should also be true.
Using the explicit calcualation of Rosenberge, Adler has

shown that equation (2.5) is not valid, and that instead:
‘ 2y Xy, B
\(M Q\’% - Qm R\)O’ -+ %“ \4\ kz éd@\io’ (2.6)

i.e. the axial vector Ward identity fails in the case of the
triangle graphz This failure can be traced back to the illicit
operation of the translation of an integration variable in a lin-
early divergent Feynman integral in the derivation of (2.4).

By several techniques of regularisation2 and by the e-separ-
ation method of defining local operator products3, it has been shown
that fhere are other extra terms, "anomalies", in the divergence
of the axial vector current which are not obtained when the diver-
gence is calcualated using formal manipulations of the equations
of motion of the spinor field. These arise from the couplings, "
via closed fermion loops, to various other combinations of
currents. Their results can be summarised as follows:

(a) No loops involving scalar or pseudoscalar couplings have
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Ward identity anomalies which cannot be removed by appropriately
chosen, and acceptable gauge invariant counter terms in the
Lagrangian.

(b) The only loops with'true'anomalies, i.e. those which
cannot be removed in this manner, are those with vector and axial
vector vertices, with an odd number of axial vector vertices. If
subtraction terms are chosen so that all the vector currenf Ward
identities are satisfied then the following loops have anomalous
axial vector Ward identities:- the AVV and AAA triangles; the
AAAV and AVVV squares; and the AVVVV, AAAVV and AAAAA pentagoms.
The triangle anomalies are the only ones obtained when there are
no internal degrees of freedom present. We will see that these
anomalies emerge naturally in the framework of dimensional regul-
arisation.

Adler has shown that, as a consequence of these extra terms,
the axial vector divergence is not multiplicatively renormalisab1e7.
One effect of this is that in the usual local current-current
theory of the leptonic weak interactions:

G -+ A |
«{L ~ 53 O - @n

where:

REEA NGO (Fh SR

is the leptonic current, the radiative corrections to vee and Ouu
scattering are divergent in fourth and higher orders of pertur-—
bation theory.

So we see that the presence of anomalies in a theory destroys
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its renormalisability for abnormal amplitudes, and possibly its
validity as a description of the weak interactions, and so it
is important to know whether a spinor field theory is anomaly

free or not.
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ITITI. SOME PROPERTIES OF ARBITARY DIMENSIONS

(a) Generalised Gamma Matrices

That one can generalise the gamma matrices to an n-dimen-
sional space is well known. We note some of the relevant properties

beginning with the Clifford algebra:

= (3.1)
{Tply = 28y
wherethe indices M,N run from 0,1,2,....,0~1, The metric g is

that appropriate to the SO group:
n-1,1

=1, 0, &N = —GMN where M,N,z,l

€00 &on ~

Aa usual we can lower and raise indices:

There are some differences for even and odd dimensional
spaces, but these are not relevant to our work. We work in an
even dimensional, n = 2%, space and dimensional regularisation
will correspond to analytic continuation in %£. In such a space

. . . L. 2
the T-matrices are of dimension 2 X 2, and there are n” -~ 1
2% '

= 2°" - 1 of them obtained by multiplication and these form:a

complete set. If we define the antisymmetric product of T-matrices:

permutations (3.3)
of Mr
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then the complete set of matrices are:
i. the unit matrix
ii., the vector matrices PM
iii, the matrices %M:N]
. . " 4 1] L 1—- 11
iv. the "axial" matrices K LPM]
. 1 I.TT.T 5.
and v. the pseudoscalar matrices KL MY

As in four dimensions the product of an odd number of T'-matrices

has vanishing trace:

Q-{ Tf"{ PMI ........ r;\(:k =0 if r is odd  (3.4)
TETAROL = g
Q’-L Tr i r'K r‘l— PM rt‘\l} | (3.6)

= 3w 3un ~ gkﬂgw"" 5\<u SLM etc.

Other trace form ula we find useful are:

LR I

o\
= (_- D/g‘r SgN‘ . %NJ (3.8)
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= ) Mrj —
QTFR\W. | PMJ‘R Sk \Ll
3 LN, N Ne)
| ;(_, D {—g K SLf_H.% ?:a"“'gnrj

. o ov) g%"‘ N
“%\_ S\dr\\%m Sﬂr]+3KL Mt""'%“*f} o

We also need the multiplication rules:

PN. r{p\‘ cen- r:,\‘:) PM = (’n—— Q!‘)é- Dvg:__“ﬁl;}(&lo)

| [FN ,r’[Ml...-. FM{]] = 29(\1[“‘ FMA'""'- {:4«7_) (3.11)

{'—,N) r‘m‘ N]} et EN M DI,J (3.12)

and the contraction formula:

Ny
o S Sy = () By S ey

(b) Loop Integrations

The other properties of n dimensional spaces we need are

the loop integrals. It is easily shown thatl‘
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_(fml? (Pl)g _ 2(~1 5(5*1 r‘(oéﬂﬁ D DQ—o(Jr(s.
Q)l + D)‘X T B M(x) (3.14)

The important cases of this integral are those when ¢ = 2,3,
4 and 5 and B = 0, 1, 2 and 3 respectively, when this integral

has the value:

P (2-0)
lm

where we have put & = 2 in the factor which multiplies the gamma
function.
The symmetric integration relations in n dimensions also

prove valuable:

J &QQ\) g(()l)‘) P% = 57_@ jauF ,Fz ‘K\ﬂ) (3.15)

jaﬁ% ?04 F@FKF%';(F2> = g&lk(: P‘* {}q)z>

%o(&g‘sﬁ + Oy 9&3 T %KS%B’C 319
Y (aQ+a)

(c) Axial Current in 2% Dimensions

Before we can consider abmormal amplitudes in the theory, we
nust first decide what we mean by the axial vector current in 2y

dimensions. One possible alternative is
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where P_l = FOFIFZ.... 94-1° which in four dimensions reduces to
Y55 and so will give the correcf axial vector form. But this also
involves identifying the pseudoscalr current as E(x)%kir_lw(x).
This does not give the usual PCAC relation, and we obtain a zero
answer in the computation of the no + 2y amplitude for & 3 3.

Another possibility would be to identify the pion current
with the product POrlFZPB’ which again is Y in four dimensions.
But this is non covariant, and as such unattractive.

Akyeampong and Delbourgo4 introduced a pseudoscalar tensor

I
41 q/(x) fi?‘ l—[1\<rl:’ [;r;]ljzkx)

which is correct in four dimensions, and overcomes the problems

of the current involving T Identifying the axial vector current

-1°

Yoo =2 T3, 11, T Voo

and using the equations of motion for the spinor field, the diver-

as.

. . 4
gence of the axial vector current is ,

—a ézKT;(K) r“_ I M PN:) L(’(X) = Qmﬂ:—(x) (ZK PL PM P '\Du)(x)

““’L—\Rﬂ) (a FFFJ lP(?‘) + terms of 0(g) (3.17)

This can be reexpressed as a Ward identity, which reads to the

lowest order in the coupling constants, (using the notation of (2.4)),
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(PG =m) kg M 1Dy (R =m)

-

= (P- () —m Y\ [QM PY.K r\L ﬂ,\ PN) B ’\'g (D*P‘\V\Oi

2 . \
x (EZSFILPLPM\ N)] (P k) “TV\B + P{_Kn,pﬂ PN)(('P’W\\) |

—\ (3.18)
+ (GO -m)Y Me Uy
In four dimensions, since
W™ ey Vs LA AP RS
AN = 4! Y5€ 200 and EEEuv@p = _apeku\x: (3.19)

we find that(3.17) and (3.18) formally reduce to the usual PCAC
identities, (2.3)‘and (2.4) respectively.

However in arbitary dimensions PCAC is no longer quite true.
Here the divergence of the axial vector current is the sum of the
pseudoscalar current and a new current E(xf%JRJPKPLFMFﬁV(X),
which is overall pseudoscalar, and it is this new current which

gives rise to the anomalous terms when we go to four dimensions.
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IV. THE ANOMALIESS

(a) Abnormal Amplitudes

We first consider the Ward identities for amplitudes which
are overall abnormal, taking as an example that for the divergence
of the axial vector current coupled via a closed fermion loop to
two vector currents. The right hand side of (3.18) yields three
types of graphs:

i. the usual pseudoscalar-vector-vector, <PVV>, vertex.

- " ii. two self-energy like graphs due to the contraction of
propagators.

iii. the anomalous term involving the antisymmetric product
of five I'-matrices, <P'VV>,

It is not too difficult to carry out the calcualation in
spite of the profusion of indices if we recognise that the four
dimeniional limit 2 = 2 is to be taken at the end, and that the
anomalies emerge as the product of an integral which diverges in
this limit multiplied by a kinematic term with a factor (2-2)
from the trace.of the I'matrices, which vanishes in this limit.
Other kinematic factors like Q%ﬁﬁ?RBEPIq which are zero in four

WK LMN)
dimensions must be multiplied by integrals which are not singular
as 2 > 2, These important technical aspects of dimensional regul-

arisation prove to be well substantiated by detailed computation.

i. The <P(k)V(k1)V(k2)> vertex is described by the tensor:

TU%“;} = 9 (0% T 00 pem G004
¥ 2 (P-(\;*k\-\—\(,) —\—m)}"

- -
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LT ) et md))

(4.1)

where we have used the notation {ﬁ] to denote an antisymmetric
product with n indices. The p2 term in the numerator of the inte-
grand gives a 1/(2~2) factor using equations (3.14) and (3.15),

but it multiplies a trace factor tr( RQPAPB) = 0 for all 2, and
so does not contribute. The remaining terms give a finite integral,

and the usual answer when the limit & - 2 is taken.

- _ii. The self energy like graphs give zero for all %, and so

do not contribute.

iii. The anomalous term associated with the new current,

<P'(k)V(k1)V(k2)>, neglecting the SU(n) indices is:

T = L(ap@ad Tr] Rag (Mpaw)

AT +e0) Pl e+
% [(Pl—w\1> (Q;*k\)l ~m) ((\>+\<{ +\<>,32——m1ﬂ

With the usual Feynman parameterisation this becomes:

N =L g dotsd Al jaﬂ; Q}—D)”?

-| (4.2)

319

X, (lp + k’)j—\—r{ V@@(n (\>+\<J> =+ m) ..... }

where D, k', ko' etc. are functions of the a's and the k's.
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After symmetric integration the p4 term multiplies tr (%5 APB) =0,
for all %, and so these terms do not contribute.
To simplify the p2 terms the relation
S0 = 1, Q)
QF r‘Y_SFK LPHPQJ L t’} T4)Y) 6.

proves useful. We have traces of the form:

Tlinp, it G ]

Remembering that, (summing over repeated indices),

{l”x, PQQ)} Px = 4.&’1) l”[qa ' (4.6)

this trace yields, using equation (3.15), a factor:

4/‘72(@’2) Tr[ Pm r'r-\ P-\(‘/ F@ K .sz}

The p2 integration gives a 1/(%-2) factor from equation (3.14),
and so the coefficient of the trace is finite. We can now take the
limit £ + 2 and make the substitution %§]+'Y5’ PA > Y PB > yB;

the trace becomes:
| \// ATUAY
Tr (\%xo{ y\/ \6(5)(1 > = 04(5‘6% (< \< (4.7)

and so we can evaluate the total contribution from these terms which

is: .

. S
*‘8}%'5_ 60(@\6% \(‘ \<1
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Other terms in equation (4.2), whose numerator is independent
of the loop momenta vanish for all £.

The diagram with the vector currents interchanged gives a
similar contribution, and if we include the internal symmetry

factors we obtain

<P'”0<)\/>(\<)\/ (w-— v A s

0@6%

where the dijk are the totally symmetric SU(n) structure constants.

This is just the famous axial vector anomaly and it has arisen

quité ﬁaturally in the framework of dimensional regularisation

as the contribution from the new overall pseudoscalar current P'.
If we examine the left hand side of (3.18) we can see that

we obtain this extra new term. The relation

kﬁ( L_P PN} [Wk B)—J (4.9)

simpl#fies this calcualation. So we have demonstrated the validity
of (3.18) to the lowest order of the perturbation expansion, for
the coupling to two vector currents.

By similar manipulations the other abnorméi amplitudes can
be evaluated relatively simply, despite the awesome number of
indices involved. To demonstrate the ease of the method we look
at the important features of the <AAAAA>anomaly in the SU(n)
gauge theory.

The anomalous term again comes from the new current, so we
just consider the <P'AAAA> amplitude. The important term after
Feynman parameterisation and diagonalisation of the demominator

is:
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_._. [sl

mmmm Ja% (\’ )" 2\3

KT‘_{ E’__S@]’).F )”mﬂ b PBB . b ﬂ_v,;\p‘\? Pmr\,‘?} (4.10)

where D is a function of the external momenta and the Feynman
parameters. Other terms give at most a p4 factor in the numerator
and, from equation (3.14), these integrals are non singular. They
are multiplied by kinematic factors which are zero in four dimen-
sions, and so do not contribute. So we need only consider the p6

integration. The trace involved in the integration is :

[ (P, b k™ G M ol )

- FQTJL{P‘F,PM& [’;QP.‘)QQP.FQQUP%)J b.11)

Using the symmetric integration relation (3.16) this produces

three terms:

QQ_(E,Q—_V;z r h Wﬁﬂz sl Minls FBBP% Rﬂ‘l

T PRI R NN
U (&Q-@T [EP oo o™ ol ﬁﬂ]

u-m Tel L, B ML M T P71
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From each of these we get a kinematic term of the form
A (2-2) + B, which multiplies a 1/(2-2) factor from the p6 inte~
gration. The terms B, which do not exist in four dimensions,
appear also in other parts of the equation (the self energy parts
in this case), and they cancel for all . It is A therefore which
is of primary interest.

We will look at the most complicated case, the second term,
the others are similar and simpler. Making use of the identities

in sectlon I1X.(a) throughout this term becomes:

EP@T ) Tel M, R R, bk P g 2 (g
n 3’“"‘ 4} Uts} 'z R W&JP%R{J
QQ QQ.-\—DJ “[ qtﬂ (’EQI (B ns q FL?J ﬂ 3 Ps

(4.12)
= 23,[ x) g_..;)l 1;3\—-{;) ®) P R‘_‘Q _‘—}, Px) Y-ﬂ'g t&) %}r' 1]

We can now move the I'''s through the I''s to their left,
as each g, term will give rise to a {FA’qﬁf type term with no
2-2 factor, which will add to the uninteresting term B. In A one
is left with:

DIZI%{\ [ 4T ( r'mrmi \13& e @3>

+ % (Q’«D Tr( R t&) 833 B) @Q
+ 4'((:'1@@‘@ T"(Pm) @3\?33 % Pﬂj
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% am){ A0 e (l Mila e ) P%‘m

+ %@’7‘7 Tr Vm}%@)@ﬂ@sﬂ (4.13)

As thére is an (2~-2) factor in front of both traces we can now
evaluate them with £ set equal to two and can make the substitution
{£)+ Ys5» %§)+-ixuys. The first trace is zero, and the second gives
a contribution:

—4p (Q—Q) €.

v(@??

The total contribution from all the traces after doing the

integration using (3.14), is:

.

Y
(2> €t

The anomalous <P'AAAA> amplitude is this term multiplied by

@s%

the appropriate SU(n) tensors. If there were no internal symmetry
this term would cancel with terms from other diagrams with the
axial vector currents interchanged, and there would be no anomalous
contriﬁution from the <AAAAA> diagram.

It can be easily shown that the self energy type diagrams
have the same traces, and the p4 integrations yield the same
‘structurej i.e. the calcualations are as before with identically
the same uninteresting terms B.

We can evaluate all the abnormal amplitude anomalies in a
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similar manner, and we obtain the obtain the minimal Bardeen setz,
where we denote the anomalies by <P'.....>, as they are due to

the new current P':

1 = (3 2 ijk ’Y 5
<P'VV> (i/87°) d EdBYle k2
' Py 2, ,ijk Y. 6
<P'AA> = = (i/24%7) d €GBY5k1 k2
<B'WYVs = (i/66n2)e . . (-, (ko + kDS + W (k. + k)0
oBYS 173 1 2771 2
- §
+W3(k2 + k3) )
' . 2 - § = 8
<P'AAV> = (i/1927m )eaByﬁ ( Wl(kB - kl) + Wz(k1 + k2 + 4k3)
= §
+ w3(k2 + k3) )
1 = (1 2 ' . ijklm
<p'vvvv> (i/2567 )SGSYﬁ 'e(Gklm) Z .
<P'AAVV> = (i/384n2)e ( Z1Jk1m + zlkal + zlJlkm + Zlk3m1
o8 YS
+ lekJm + 32131mk - (L m))
<P'AAAA> = (i/7681r2)euBY6 ' e(jklm) zIKI® (6.14)

Our notation is the following; the momenta from left to '
‘right are k’kl’kz’k3 and k4; the Lorentz indices are g, a, 8, Y
and 63 and the SU(n) indices are i, j, k, 1 and m. e(jklm) = +1 (-1)
for even(odd) permutations of j, k, 1 and m, I' denotes the

sum over all the permutations of j, k, 1 and m, and similarly I"

denotes the sum over all permutations of j, k and 1. The SU(n) factors
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4

§, d, £, W, W, Z and 7 are as defined in the appendix.
All the other possible abnormal amplitude anomalies, i.e. <P'V>,

<P'VSs>, etc. are zero.

(b) Normal Amplitudes

The procedure outlined previously also yields unambiguously
a host of other anomalies in the Ward identities for amplitudes

which are overall normal. In the same notation as before these are:

<P'A> = —ka(1/121r2) ( k2 - 6m2 ) 1
<P'P> = im (1/12n2) (k2 - 6m2 ) s I
<P'PS> = i(1/241%) ( 3k + 3k.key + k12 - 18mZ ) gtIk
<P'AS> = -m (1/4n2) k1 lek
o
' . 2
= k
<P'AV> 1(@1/2477) ( (kakIB + 2kdkB + 3 1ak2B)
_ 2 2 .2 ijk
gaB(Sk + k" + 3kakg ‘ 6m”) ) f

' _ 2 - _ _ 8

<P"AAA> = -(1/192 °) ( gasgya{( 3k, = 2k, - k)W, + (k) + k,

on 48 _ _ _ §
2k3) W, + ( 2k, - 3k, k3) W3} + gaygga{(k1

8 L _ ) 3
‘ 2k, + k3) W, + ( 3k1 k2 2k3) w2 + ( 2k,

- $ % - - 8
~k2 3k3) WS} + guﬁgBY {( kl 2k2 3k3) Wl
8 _ $
+ (—k1 - 3k2 2k3) Wz + ( Zkl + kz + k3) W3} )



<P'VP> = -m(1/12n2) ( kl + 2k2 )a £

<P'AAP>

<P'APP>

<P'PPP>
" <P'PSS>
<P'ASS>
<P'AVS>

<P'AVV>

<P'VPS>

<P'VVP>

| (1/1927%) ( 8
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k

. 2
im(1/327°) gaB( w1 + 2W2 + W3 )

2
(1/19277) {(Skl + 4k2 + 5k3)aw1 + (3k1 + 5k, + 4k

2 Pal2

+ (3k2 + 3k3)aw3}

-im(1/48w2) ( Wy + Wy + Wy )

2

~im(1/161%) ( Wy kW + W)

2
2. )
(1/647°) { wl(k1 + k3)a + W2(k1 + kz)a+ W3(k2 + kS)a }

m(1/327%) gep (W) = W3)

Eys

s Sep
+ 2k3) W, (2k1 + 3k, + k3) Wy 3o+ gaygss{ -(k1

J
{ 3(k1 + 2k2 + k3) Wl (k1 + 3k2

§ §
+ 2k2 + 3k3) Wl + 3(k1 + k2 + 2k3) wz (2k1 + k

2
3w, 1+ g e { k- 2+ k)W
3/ ¥ w8yt Y1 2 * kg Wy
_ 5 L8 :
+ (k1 + k2 2k3) w2 + (2k1 kz k3) w3 13
1(1/19212) { (g + 2k, + 3g) Ty + 3(k; + Ky + 2ky) T
+ (2K + Ky + 3ky) Ty )
+ W3 )

im(1/967%) g (W - 2V



<PYAVPP>

<PAAPS>

<P'VVPS>

<P'PPPS>

<P'PSSS>

<P'AAAV>

<P'AVSS>

<P'AVYV>

]

(/14477
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zijlmk 3-iimkj1 113mk ilkmj

(1/38417) gaB{ 5Z + 37

+ 'illmk_] + 3-Z':le3k F(1<«m) }

) gas{ Z1Jklm + ZlJlkm + Z113km + leJmk

ZlJmlk _ Zleml # (k)

i(1/384n2) gus{ Zlelm _ 3Z113mk + 3211m3k + Z113km

+ Zlm_] 1k 1jmlk

- 3z +(j+=k)}

-i(1/3847%) ¢ s5ztIkIm _ 4p1jkml
~i(1/25672) 5 ziiklm
—(1/384172) {g “ Ys( Z13k1m + 3Z11_]k1n kal

+ zijmkl =1ij Imk imj 1k

+ 27 + (j <« k))

=ijlkm

( Z 1k31m ij Imk

: =ijkml
+
gGYgBG + 3Z 27
zllm_]k + zunlk_] +(je=1))+g. .8 ( lek_]m
ad "By
1Jk1m ilkmj + 2zikjml + zilmk_] =imljk

+ 3Z + Z

+(l+k))}
(1/1441r2) goe{ Fijklm  zimklj | simljk _ zikjlm

+ zlkljm +2113km+ (1<+>m) }

—(1/3841%) { B By ¢ gziiklm  qzimklj  Zijlmk

spimkil 21m13k + ziljmk

437 $ (L) + o,



101

g gBa( 37 1m1k_] + 3Z1._11km ijkml + -Z-imkjl
+ 3-ilmle + zlkjml F(k<rm)) + - » ( Z1Jklm
+ zikjlm + 3Z].kal + 3Z].Jmlk z11ngk . zllkJm
FCre1))) (4.15)

It can be seen that the consistency conditions between these

amplitudes :

9

<y’ P7 = <P ps@>
BM

’5 / B /s (4.16)
Bk. <p'p>y = —<KP PV, 00>

are all obeyed

(c) The Modified PCAC Relation

The PCAC relation, equation (2.3),.is no longer true, and the
extra terms needed can be evaluated from the anomalies. The new

relation will be of the form:

ﬂpus(x) = =2m j;(x) + Abnormal + Normal (4.17)

The abnormal term is that of BardeenZ:A

SV VLI ph (P R e v a2 e 1w

B ys

(/DA% L@ PP ) + (2/3)ir%® (x) AT & )
Vv Vv
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+ D@ Y@ £ e - @@ £w V@ L)

(4.18)

where Tr, means the trace only over the internal SU(n) matrices.

' The vector and axial vector field strength tensors are defined by:

8 (x) - PV () (4.19)

FS;B (x) =
20 = v ) - PA) (4.20)
where
o = £ 00 - it v () ¥ x) . (4.21)

is the gauge covariant derivative.

The extra normal term in equation (4.17) is:

-i/rd Tr( %xi ) ( (1/6)mVuVuP(x) + moP(x) + (1/12)VvVuVuAv(x)

-(1/6)7 7T () + (1/4)7, PH7VA () + (1/2)m2VuAu(x)

/68, 8,, (37 A L GG + £ AT 4

24" ()W AP (x)AV (x) - P AM(x)AP (x)AV (x)

+

+

AV A A" @) } - mg 1A (AT R ()

AP )P (x)AY(x) } + (1/3)mP(x)P(x)P(x)

+

+

(1/6) { BVUAU(X)P(X)P(X) + 4Au(x)VuP(x)P(x)

+

SAU(X)P(X)VUP(X) + BVUP(X)AU(X)P.(X) })

(4.22)
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This has to be modified to include the scalar field S(x).

One makes the substitutions:

m->m+ S(x)

mVuVuP(x) > 1 ( 3v“vus(x)1>(x) - v“vuP(x)s(x) + 3Vuvu(S(x)P(x)))
mZVuAu(x) > A @DSESE + A SET'SE) - Pses (086
W ()P (R)P(x)  } ( 5PEOPER)PH)SE) = PE)PESEIPE) )

mAu(X)Av(X)P(X) > 1 ( A (x)A (K)P()S(x) - Au(X)A\)(X)S(X)P(X)
+ An(x)P(x)Av(x)S(x) + P(x)Au(x)S(x)Av(x)

+ P(x)Av(x)Av(x)S(x) + A (X)SE)P(X)A (%) )
and every other term like:

wP(x) » 3 ( S(X)P(x) + P(x)S(x) ), etc. (4.23)

These extra polynomial terms can be subtracted out using
acceptable gauge invariant counter terms in the Lagrangian. These
will be of the same form as the extra normal terms in the diver-
gence equation, (4.22), and will leave the minimal Bardeen term,
If we do so, then the fact that no loops involving scalar and
pseudoscalar couplings have Ward identity anomalies means that
uo + 2y and the SU(3) related processes of n - 2y and Xo > 2y,
are the only cases in which the anomalies alter the predictions

5

of the usual PCAC current algebra’ . In particular they would not
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alter the predictions of current algebra in the troublesome n -+ 3n
decays. However, if we do not subtract out these terms, the normal
anomaly <P'PPP> which is non zero, would alter the current algebra
predictions for this process. So apart from the interests of
simplicity and possible renormalisability, it is not certain that
one should subtract out the normal anomalies, and whether we should

include the expression (4.22) in the modified PCAC relation (4.17)
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APPENDIX

SU(n) Tensors

We choose as a representation of SU(n), the usual matrices

ill. Then the tensors used in the anomalies are defined by:

st = 1 r(at,2d)

abad = giptdk

{Xi,kj} = Zdijk
Wy = gL o atadiid 4 atHITERIT
W - = Tr( abdaE L o AT KL IT
W, - itk W, = eI

leklm - Tr(AlAJkallm + AITAJTAkalTme)

Eljklm - Tr(ALAJAkklkm _ ALTAJTAlelTme)
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