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We prove functional central and non-central limit theorems for generalized variations of the
anisotropic d-parameter fractional Brownian sheet (fBs) for any natural number d. Whether the
central or the non-central limit theorem applies depends on the Hermite rank of the variation
functional and on the smallest component of the Hurst parameter vector of the fBs. The limiting
process in the former result is another fBs, independent of the original f{Bs, whereas the limit
given by the latter result is an Hermite sheet, which is driven by the same white noise as the
original fBs. As an application, we derive functional limit theorems for power variations of the
fBs and discuss what is a proper way to interpolate them to ensure functional convergence.
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1. Introduction

Since the seminal works by Breuer and Major [7], Dobrushin and Major [9], Giraitis and
Surgailis [10], Rosenblatt [27], and Taqqu [28, 29, 30, 31], much attention has been given
to the study of the asymptotic behaviour of normalized functionals of Gaussian fields, as
these quantities arise naturally in applications, e.g., where models exhibiting long-range
dependence are needed. The aforementioned papers focus on nonlinear functionals of a
stationary Gaussian field, for which one can derive a central limit theorem (in a finite-
dimensional sense or in a functional sense) if the correlation function of the field decays
sufficiently fast to zero; see [7] for a precise formulation. However, if the correlation func-
tion decays too slowly to zero, then only a non-central limit theorem can be established,
meaning that the limiting distribution fails to be Gaussian; see, e.g., [27].

In particular, these results apply to functionals of the fractional Brownian motion
(fBm). Let By := {Bg(t) : t € R} be a {Bm with Hurst parameter H € (0, 1), which is
the unique (in law) H-self similar Gaussian process with stationary increments; see (3.2)
and (3.3) below for the definitions of these key properties. The behaviour of the so-called
Hermite variations of By, depending on the value of H, can be described as follows. Let
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k €{1,2...} and let P denote the k-th Hermite polynomial, the definition of which we
recall in (2.6) below. Applying results from [7, 9, 10, 31] one obtains that:

(a) If H € (0,1 — 5), then

fwzpk( (Bu (%) = Bu () === N(0,03(H, k).

n—oo

(b) If H=1— %, then

2k’
(nlog(n)) "/ Z ( (Bu(4) - BH(j—))) —£ 5 N(0,0%(1 — &, k).
(c) If H € (1—5,1), then

n1—2H Zn:Pk (nH(BH(%) _ BH(%))) o, Hermite; x (1 — k(1 — H)).

n— oo

Above, £, denotes convergence in law, N (O,Uf(H , k)) denotes the centered Gaussian
law with variance o%(H, k) > 0, whereas Hermite; ; (1 — k(1 — H)) stands for a so-called
Hermite random variable given by the value of an Hermite process, of order k with Hurst
parameter 1 —k(1—H) € (%, 1), at time 1. Such an Hermite process can be represented as
a k-fold multiple Wiener integral with respect to Brownian motion, as proven by Taqqu
[30, 31]. Moreover, the process is non-Gaussian if & > 2. (More details on the Hermite
process are provided in §2.4.) The key observation here is that there are two regimes:
Gaussian, subsuming cases (a) and (b), and Hermite, case (c), depending on the Hurst
parameter H and on the order k.

The convergences in all cases (a), (b), and (¢) can be extended to more general func-
tionals, which we call generalized variations in this paper, obtained by replacing the
Hermite polynomial Py with a function

=> arPi(u), ueR, (1.1)

where k is the so-called Hermite rank of f. (Naturally, conditions on the summability
of the coefficients ag, ax+1, ... have to be added.) In this setting, the prevailing regime
(Gaussian or Hermite) will depend on the Hurst parameter H and on the Hermite rank
k analogously to the simpler setting discussed above. In addition, functional versions of
these asymptotic results (under additional assumptions on the coefficients ag, ag+1, - -)
can be proven in the Skorohod space D(]0, 1]); see [28, 31].

In connection to applications that involve spatial or spatio-temporal modeling, pro-
cesses of multiple parameters are also of interest. Recently, there has been interest in
understanding the asymptotic behaviour of realized quadratic variations and power vari-
ations of ambit fields [5, 21]. An ambit field is an anisotropic multiparameter process
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driven by white noise, or more generally, by an infinitely-divisible random measure. The
problem of finding distributional limits (central or non-central limit theorems) for such
power variations is, however, intricate because the dependence structure of an ambit field
can be very general; only a “partial” central limit theorem is obtained in [21]. As a first
approximation, it is thus useful to study this problem with simpler processes that incor-
porate some of the salient features of ambit fields, such as the non-semimartingality of
one-parameter “marginal processes” (see [21, §2.2]) and strong dependence. A tractable
process that incorporates some key features of ambit fields is the fractional Brownian
sheet (fBs), defined by Ayache et al. [1], which is a multi-parameter extension of the
fBm. In particular, it is a Gaussian process with stationary rectangular increments.

For concreteness, let Z := {Z(t) : t € [0,1]?} be a two-parameter anisotropic fBs
with Hurst parameter (Hy, Ho) € (0,1)?; see §2.2 for a precise definition. In view of the
asymptotic behaviour in cases (a), (b), and (c) involving the fBm, it is natural to ask
what is the asymptotic behaviour of Hermite variations of Z with diﬁerent values of H 1
and H,. Consider, for example, the “mixed” case where H; < 1 — ﬁ and Hy > 1 — Qk,
which has no counterpart in the one-parameter setting. Because of the structure of the
fBs, it is tempting to conjecture that in this case the limiting law is a mixture of a
Gaussian law and a marginal law of an Hermite process. However, as shown in [25], this
is not the case and once again only two limiting laws can be obtained:

() Tf (Hy, Hy) € (0,1)2\ (1 = 5, 1), then

2k
~\ —1 i), [zt g
o(n, Hi, Hy) > > Pk( H1+HZZ<[ ) X {
Ji=1ja=1 neon nen
£ 2
WN(OaOQ(HlaH%E))'

(") It (Hy, Hy) € (1= 3=,1)%, then

~ v et ([ =1 7 j2—1 ja
so(n,Hl,Hz)ZZPk<n Z([n n)x[n n)))

Jji1=172=1

# Hermite, k(l —k(1—Hy),1—k(1- Hg))

n—roo
Above, Z([ — ,%) [” L Jz)) stands for the increment of Z over the rectangle
[%, %) X [32;1 J—) defined in §2.3 below, and ¢(n, Hy, H) is a suitable scaling

factor; see [25, pp. 9-10] for its definition. The limit in the case (b’) is the value of
a two-parameter Hermite sheet (see §2.4), of order k with Hurst parameter (1 — k(1 —
Hi),1—k(1—Hs)) € (3,1)?, at point (1,1). Contrary to the one-parameter case, the re-
sults obtained in [25] are proved only for one-dimensional laws; neither finite-dimensional
(except in the particular setting of [24]) nor functional convergence (i.e., tightness in a
function space) of Hermite variations has been established so far. (In particular in the d-
parameter realm with d > 2, tightness is a non-trivial issue, which has not been adressed
in [25] or in the related paper [24].)
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The first main result of this paper addresses the question about functional convergence
in the general, d-parameter case for any d € N. We prove a functional central limit
theorem, Theorem 2.11, for generalized variations of a d-parameter anisotropic fBs Z.
(As mentioned above, generalized variations extend Hermite variations by replacing Py
with a function f of the form (1.1).) This result applies if at least one of the components
of the Hurst parameter vector H = (Hy,..., Hq) € (0,1) of Z is less than or equal to
1— 2, where k is the Hermite rank of f. A novel feature of this result is that the limiting

— >
process is a new {Bs, independent of Z, with Hurst parameter vector H = (Hl, ... 7Hd)
given by
1 1
ﬁy — 29 Hl/ S 1- ?7
1-k(1-H,), H,>1- 4,

for v € {1,...,d}. Note, in particular, that if H € (0, 1— ﬁ]d, then the limit reduces to
an ordinary Brownian sheet. The proof of Theorem 2.11 is based on the limit theory for
multiple Wiener integrals, due to Nualart and Peccati [20], and its multivariate extension
by Peccati and Tudor [22]. To prove the functional convergence asserted in Theorem 2.11,
we use the tightness criterion of Bickel and Wichura [6] in the space D([0,1]¢), which is
d-parameter generalization of D([0,1]), and a moment bound for non-linear functionals
of a stationary Gaussian process on Z¢ (Lemma 4.1).

The second main result of this paper is a functional non-central limit theorem, Theo-
rem 2.19, for generalized variations of Z in the remaining case where each of the compo-
nents of H is greater than 1 — ﬁ In this case, the limit is a d-parameter Hermite sheet

and the convergence holds in probability and also pointwise in L?(£2). Assuming that Z
is defined by a moving-average representation with respect to a white noise W on R?, we
can give a novel and explicit description of the limit; it is defined using the representation
introduced by Clarke De la Cerda and Tudor [8] with respect to the same white noise
'W. This makes the relation between Z and the Hermite sheet precise and constitutes a
step further compared to the existing literature (see [15, 25]), where the limiting Hermite
process/sheet is simply obtained as an abstract limit of a Cauchy sequence, from which
the properties of the limiting object are deduced.

As an application of Theorems 2.11 and 2.19, we study the asymptotic behaviour of
power variations of the fBs Z. As a straightforward consequence of our main results, we
obtain a law of large numbers for these power variations. We then study the more delicate
question regarding the asymptotic behaviour of rescaled fluctuations of power variations
around the limit given by the law of large numbers. In the case of odd power variations,
the rescaled fluctuations have a limit, either Gaussian or Hermite, but with even power
variations, the fluctuations might not converge in a functional way if d > 2. We show that
this convergence issue does not arise at all if one considers instead continuous, multilinear
interpolations of power variations.

The paper is organized as follows. In §2 we introduce the setting of the paper, some key
definitions and the statements of Theorems 2.11 and 2.19. The proofs of these two main
results are presented in §3 and §4, the former section collecting the finite-dimensional
and the latter the functional arguments. Finally, the application to power variations is
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given in §5.

2. Preliminaries and main results

2.1. Notations

We use the convention that N := {1,2,...} and Ry := [0,00). The notation |A| stands
for the cardinality of a finite set A. For any y € R, we write |y] := max{n € Z : n < v},
{y} =y — |y], and (y); = max(y,0). The symbol v denotes the standard Gaussian
measure on R, i.e., v(dy) := (27)"'/2 exp(—?/2)dy. From now on we fix d in N.

For any vectors s = (s1,...,54) € R and ¢t = (t1,...,tq) € R? the relation s < t
(resp. s < t) signifies that s, < ¢, (resp. s, < t,) for all v € {1,...,d}. We also use the

notation
st = (sity,...,sqtq) € RY, s :(ﬂ,...,s—d)ERd,
t t1 tq
|_SJ ::(L81J1~"7LSdJ)EZd7 <S> ::Sl"'sdERv
. d . d
Is| := (|s1],. .., |sqal) € RE, {s} = ({s1},---,{sq}) €10,1)“
Further, when s € Ri, we write st = (s’il7 ceey szd) € Ri, and when s < t, we
write [s,t) = [s1,t1) X -+ X [sq,tq) C R Occasionally, we use the norm ||s||s :=
max(|s1],...,|sq|) for s € R4,
For the sake of clarity, we will consistently use the following convention: i,7(}), i ...
are multi-indices (vectors) in Z¢ and j, ji, jo, . .. are indices (scalars) in Z.

2.2. Anisotropic fractional Brownian sheet

We consider an anisotropic, d-parameter fractional Brownian sheet (fBs) Z := {Z(¢) :
t € R} with Hurst parameter H € (0,1)?, which is a centered Gaussian process with
covariance

d
R (s,t) = BZ(s)Z(t)] = [[ R (s0,1.), s, t R, (2.1)
v=1
where )
R (sy,t,) = 5 s P - P — s, =6, ), su, 1, €R,

is the covariance of a fractional Brownian motion with Hurst parameter H,,.

In what follows, it will be convenient to assume that the fBs Z has a particular
representation. To this end, let us denote by Bo(R?) the family of Borel sets of R? with
finite Lebesgue measure. Let (2, F, P) be a complete probability space that supports a
white noise W := {W(A) : A € By(R?)}, which is a centered Gaussian process with
covariance

E[W(A)W(B)] = Leby(AN B), A, B € By(R?),
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where Lebg(+) denotes the Lebesgue measure on R?. The process Z can be defined as a
Wiener integral with respect to W (see, e.g., [19] for the definition), namely

Z(t) == /G%) (t,u)W(du), teR? (2.2)
where the kernel .
¢ (tu) =[] 6%t w), t,ueR?, (2.3)
v=1

is defined using the one-dimensional Mandelbrot—Van Ness [13] kernel

1

H,—1 H, -1
el CeE

G(}}Z (ty,uy) == > —(—wy)y 2), t,, u, € R, (2.4)

with the normalizing constant

PR S

We refer to [1] for a proof that the process Z defined via (2.2) does indeed have the
covariance structure (2.1). The fBs admits a continuous modification (see [3, p. 1040]),
so we may assume from now on that Z is continuous.

2.3. Increments and generalized variations

Given a function (or a realization of a stochastic process) h : R? — R, we define the
increment of h over the half-open hyperrectangle [s,t) C R¢ for any s < ¢ by

h(ls, 1) = > (=0T X p((1 —i)s + it).

ie{0,1}¢

(Note that i, above stands for the v-th component of the multi-index i.) This definition
can be recovered by differencing iteratively with respect to each of the arguments of
the function h. Thus, the increment can be seen as a discrete analogue of the partial

d

. . 9
derivative o610t

Remark 2.5. It is useful to note that if there exists functions h, : R — R, v €
{1,...,d}, such that h(t) = hy(t1) - ha(tq) for any t € R, then

d
h([S,t)) = H (hu(tu) - hu(su))7

which is easily verified by induction with respect to d using iterative differencing.
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Let us fix a sequence (m(n)) C N? of multi-indices with the property

neN

m(n) := min (my(n),...,ma(n)) ——

and a function f € L?(R,v) such that [, f(u)y(du) = 0. Our aim is to study the

asymptotic behaviour of a family {U J(c") : n € N} of d-parameter processes, generalized
variations of Z, defined by

vl = Yy f(@@)ﬂZQ%,%))), tef0,1% neN.

1<i<|m(n)t]

In this definition, (m(n)#) = my(n)* - mq(n)# according to the notations and con-

ventions set forth in §2.1. The realizations of U }n) belong to the space D([0,1]%), which for
d > 2 is a generalization of the space D(]0, 1]) of cadlag functions on [0, 1]. We refer to [6,
pp. 1662] for the definition of the space D(]0,1]%). In particular, C([0,1]%) c D([0, 1]%).
We endow D([0, 1]¢) with the Skorohod topology described in [6, pp. 1662]. Convergence
to a continuous function in this topology is, however, equivalent to uniform convergence
(see, e.g., [21, Lemma B.2] for a proof in the case d = 2).

2.4. Functional limit theorems for generalized variations

We will now formulate two functional limit theorems for the family {U }") tn € N} of
generalized variations, defined above. The class of admissible functions f needs to be
restricted somewhat, however, and the choice of f and the Hurst parameter H of Z will
determine which of the limit theorems applies. Also, we need to rescale U ](c") in suitable
way that, likewise, depends on both f and H.

To this end, recall that the Hermite polynomials,

W2 dE e
2

Po(u) :=1, Pp(u):=(—1)*e ¢ 7 uER, keN, (2.6)

form a complete orthogonal system in L?(RR,~). Thus, we may expand f in L?(R,) as

flu) =" arPi(u), (2.7)
k=k

where the Hermite coefficients ay,ap+1,... € R are such that a; # 0 and
o0
Z kla; < oc. (2.8)
k=k

The index k is called the Hermite rank of f, and the proviso [, f(u)y(du) = 0 ensures
that £ > 1. We will assume that the Hermite coefficients decay somewhat faster than
what (2.8) entails.
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Assumption 2.9. The Hermite coefficients ay, axy1,... of the function f satisfy

ad k
Z 32 VE!|a| < oc.
k=k

Let us define a sequence (c(n))n en C Ri of rescaling factors by setting for any v €
{1,...,d} and n € N,

my, (n)? 2RO H e (1 - g5,1),
cv(n) :== S my(n)log (my(n)), H,=1- i7
m, (n), H, € (0,1-5).

()~ 56 and that, in fact, lim,, e ?V"((:)) =0

cy(n)

Remark 2.10. Note that limsup,, .
if H, € [1-3,1).
Now we can define a family {U;n) :n € N} of rescaled generalized variations as

750 = o

Our first result is the following functional central limit theorem (FCLT) for generalized
variations. Its proof is carried out in §3.2 and §4.2.

, tel0,1]%, neN.

Theorem 2.11 (FCLT). Let f be as above such that Assumption 2.9 holds and suppose
that H € (0,1)%\ (1 — &,1)%. Then

2k
(2.T) —~= (2, Ajy,;Z) in D(0, 1), (2.12)

where Z is a d-parameter fBs with Hurst parameter H € [%,1)(1, independent of Z
(defined, possibly, on an extension of (Q,F,P)), and

Agp= Y Kap®)eR. (2.13)
k=max(k,2)

The vectors H € [%, 1)d and bF) € Ri, k > max(k,2), that appear above are defined by
setting for any v € {1,...,d},

1 _ L
ﬁy — {23 Hu i (071 Zk%’ (214)
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and
g + 12 — 2] |5 — 12\ "
Z( 5 : H, € (0,1— ),
JEZ
2% —1)(k— 1)\
b(yk) — 2((2]12)) = L(E)7 Hy =1 271&’ k = k,

Hy(2H, — 1)

_ 1 -

=R1- A2k - Hy)) "ok el =ap 1) b=k

0, Hl,e[l—i,l),k>@.
(2.15)

Remark 2.16. (1) The counterpart of the convergence (2.12) for finite dimensional
laws holds without Assumption 2.9, see Proposition 3.15, below.

(2) We may use max(k, 2), instead of k, as the lower bound for the summation index k
in (2.13) since ¢(1) = 0 and

o P 2P 1
2

JEZ
B VT S T VS VRS T
_ 2 2 _

JEL JEZ

for any H € (0,1). (Then, Yjez |M| < 0o by the mean value theorem.)
(3) The convergence (2.12) can be understood in the framework of stable convergence
— 1~
in law, introduced by Rényi [23]. Equivalently to (2.12), U ;n) converges to A7 . Z as
n — oo stably in law with respect to the o-algebra generated by {Z(t) : t € [0,1]9}.

Theorem 2.11 excludes the case H € (1 — 2—116, 1)d. Then, the generalized variations do

have a limit, but the limit is non-Gaussian, unless k = 1. To describe the limit, we need
the following definition, due to Clarke De la Cerda and Tudor [8].

Definition 2.17. An anisotropic, d-parameter Hermite sheet 7 = {2(15) 1t e R‘_i._}

of order k > 2 with Hurst parameter He (%, 1)d is defined as a k-fold multiple Wiener
integral (see §3.2) with respect to the white noise W,

Z(t) == //é(ﬁ];) (t,u(l), . ,u(k))W(du(l)) ---W(du(k)) =1V (ég) (t, )) (2.18)
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for any t € R%. In (2.18), the kernel @g"k) (t,-) € L2(R*) is given by

@g) (t, u(l)’ . 7u(k))
k d s
= )@%Ot) (yu_u(ﬁ));%fl kH dy, u(l),.,,7u(k) G]Rd7
’ ) k=1v=1

using the normalizing constant

d (%_IH 2(1?1,;—1)) 3
X H :H< i, 0, 1) )

where B stands for the beta function.

The Hermite sheet 7 is self-similar and has the same correlation structure as a fBs with
Hurst parameter H.In the case k = 1, the process 7 is Gaussian (in fact, it coincides with
a fractional Brownian sheet with Hurst parameter H) but for k > 2 it is non-Gaussian. In
the case k = 2, the name Rosenblatt sheet (and Rosenblatt process, when d = 1; see [32])
is often used, in honor of Murray Rosenblatt’s seminal paper [26]. See also the recent
papers [12, 33] for more details on the Rosenblatt distribution, including proofs that this
distribution is infinitely divisible.

As our second main result, we obtain the following functional non-central limit theorem
(FNCLT) for generalized variations. The proof of this result is carried out in §3.3 and
84.2.

Theorem 2.19 (FNCLT). Let f be as above such that Assumption 2.9 holds and sup-
pose that H € (1 — i, 1)d. Then,
77(m) 5
U; ———+A§f in D([0,1]%), (2.20)

where Z is a d-parameter Hermite sheet of order k with Hurst parameter ]?i:, given by
(2.14), and Ag 5 is given by (2.13).

Remark 2.21. (1) The convergence (2.20) holds pointwise in L?(Q2, F, P), even when
Assumption 2.9 does not hold, see Proposition 3.27, below.
(2) Unlike in Theorem 2.11, the non-central limit Z is defined on the original probability

space (2, F, P). In particular, 7 is driven by the same white noise W as Z.
(3) In the special case k = 1, the limit in (2.20) is Gaussian. In fact, then Ay = a?

and Z = 7.

Remark 2.22. Our method of proving the convergence of finite-dimensional distribu-

tions of U}n), using chaotic expansions, is particularly suitable for providing estimates
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on the speed of convergence (for example in the Wasserstein distance) as is done in [18]
following the original idea presented in [16], which combines the Malliavin calculus and
Stein’s method. In addition, the study of weighted variations of the fBs is still partially in-
complete, especially with regards to functional convergence (see [24]). To keep the length
of this paper within limits — and since proving functional convergence of weighted vari-
ations requires slighly different methods — we have decided to treat these two questions
in a separate paper.

3. Finite-dimensional convergence

In this section, we begin the proofs of Theorems 2.11 and 2.19. To be more precise, we
prove the finite-dimensional statements corresponding to (2.12) and (2.20), see Proposi-
tions 3.15 and 3.27, respectively. As a preparation, we study the correlation structure of
the increments of the fBs Z and recall the chaotic expansion of functionals of Z.

3.1. Correlation structure of increments

In what follows, it will be convenient to use the shorthand

Z™ = (m(n)H>Z<[H, ’n)>) 1<i<m(n), neN. (3.1)

m(n) " m(

For any n € N, the family {Zi(n) 1< < m(n)} is clearly centered and Gaussian. We
will next derive its correlation structure.

To describe the correlation structure of the rescaled increments (3.1), let {By(t) : t €
R} be an auxiliary fractional Brownian motion with Hurst parameter He (0,1). Using
the kernel (2.4), we may represent it as

By (t) ::/RGg)(t,u)dB(u), teR,

where {B(t) : t € R} is a standard Brownian motion. Recall that By is H-self similar,
i.e.,
{Bj(at) : t € R} £ {aﬁBH(t) :t€R} for any a >0, (3.2)
and has stationary increments, i.e.,
{By(ls,s+1)):t € R} £ {By([0,t)) : t €R} for any s € R. (3.3)

The discrete parameter process

By(l5,i+1)), Jjei,
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which is stationary by (3.3), is called a fractional Gaussian noise. Its correlation function
can be expressed as

. 2H _ o|;12H . 1|2H
ral) = B[Ba (i, + 1)Ba(0,1)] = LAV g

One can show, e.g., using the mean value theorem, that there exists a constant C'(H) > 0
such that

ra ()| < CHE)||720-0)) jez. (3.4)

Thus, 1fk;>2andH€(0 1-— ) then
S ra()IF < oo (3.5)

JEZ

If H e [1 - ﬁ, 1)7 then the series (3.5) diverges. In this case it is still useful to have
estimates for the partial sums corresponding to (3.5). Using (3.4), one can prove that
there exists a constant C'(H, k) > 0 such that

_ C'(H,k)logl, H=1-2+,

E "5 (IF < { . 1-2k(1—H " (3.6)
—2k(1—H

ot C'(H, k)l ), He (1—5,1).

We can now describe the correlations of the rescaled increments (3.1) using the corre-
lation function of the fractional Gaussian noise as follows.

Lemma 3.7 (Correlation structure). For anyn € N, and 1 <i(M, i®) < m(n),
w128 = T e (42,

Proof. Using first the linearity of Wiener integrals and then the product structure (2.3)
of the kernel Gg?) and Remark 2.5, we obtain for any s, ¢ € [0,1]% such that s < ¢,

d
Z([s,)) = / GD ([s, ), u)W(du) = / TG (50t w)W(du).  (38)
v=1

Thus, by Fubini’s theorem,
1. i (1) i(2) _ i(2)
7 i 17 1 7 1 1’ 1
m(n) ~m(n) m(n) ~m(n)

= ﬁ /G(l) i(yl) 1 7@',(,1) v G(l) i(VQ) 1 i(f) v |dv
v m,(n) 7m,,(n) ’ v m,(n) 7my(n) ’

E

g E o )
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For any v € {1,...,d}, the fractional Brownian motion By, is H,-self similar and has
stationary increments, cf. (3.2) and (3.3), so we obtain

sl 5 i1 5 WP 1 P oy, () — i)
B\ Umu(n) mum) ) )7\ mu () mu(m) ) ) |~ my ()2
from which the assertion follows. O

3.2. Multiple Wiener integrals and central limit theorem

The proofs of Theorems 2.11 and 2.19 rely on particular representations of generalized
variations in terms of multiple Wiener integrals with respect to the underlying white
noise W. We will now briefly review the theory of multiple Wiener integrals and how
these integrals can be used to prove central limit theorems. As an application, we take
the first step in the proof of Theorem 2.11 by establishing the convergence of finite-
dimensional laws.

In what follows, we write 3 := L2(R?). Recall that H is a separable Hilbert space
when we endow it with the usual inner product. For any k € N, we denote by H®¥ the
k-fold tensor power of H and by HO* C H®* the symmetrization of H®*. Note that we
can make the identification H®* = L2(R*9). For any h € K%, we may define the k-fold
multiple Wiener integral I;N(h) of h with respect to W. This is done, using Hermite
polynomials, by setting for any x € N, any orthonormal hq,...,h, € H, and for any
ki,...,ke € Nsuch that ky +--- + k. = k,

v ( J@l hj?’“J) = k!jf[lPk]. (/hj(u)W(du)>, (3.9)

where ® denotes symmetrization of the tensor product, and extended to general inte-
grands h € H®F using a density argument. It is worth stressing that the multiple Wiener
integral is linear with respect to the integrand and has zero expectation. Moreover, by
(3.9), for h € H one has

V() = / () W(du), (3.10)
and if ||h]|5c = 1, then for any k € N it holds that h®* € HO* and
PTY (1) = 1V (h°5). (311)

Multiple Wiener integrals have the following isometry and orthogonality properties: for
any ki, ky €N, hy € HO%1 and hy € HO2,

kil(h, ha)geor, k1 = ko,

(3.12)
0, k1 # k.

E[LY (h) 1Y (hs)] = {
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Recall that any random variable Y € L?(2,F, P) has a chaotic expansion in terms of
kernels FY € HO¥ k € N, as

Y = E[Y] +§:I;N(F,3’), (3.13)
k=1

where the series converges in L?(Q,F,P) (see, e.g, [11, Theorem 13.26]). Since the ap-
perance of the seminal paper of Nualart and Peccati [20], the convergence of random
variables admitting expansions of the form (3.13) to a Gaussian law has been well un-
derstood, based on convenient characterizations using the properties of the kernels. To
describe the key result, recall that for any ki, ko, r € N such the r < min{k;, k2}, the
r-th contraction of hy € H®*1 and hy € H®*2 is defined as

(hi @, o) (t1), ... tkrtha=2m)

= <h1 (t(1)7 ce ;t(kl_r)’ ')7}7/2(. 7t(k1_r+1)7 s 7t(k1+k2_2r))>%®r

for any t(1), ... tkit+k2=2) ¢ Rd The following multivariate central limit theorem for

chaotic expansions appears in [4, Theorem 5|, where it is proven using the results in [22].

Lemma 3.14 (CLT for chaotic expansions). Let k € N and suppose that for any n €
N, we are given random variables Yl("), .. .,Y,.;(") € L?(Q,F,P) such that for any j €

{1,..., Kk},

v =S REY )
k=1

where F,ﬁ") (4,-) € HO% k € N. Let us assume that the following conditions hold:
(a) For any j € {1,... K},

lim sup Z k!|’F,§")(j, )Hi@k —0.

K—oo

(b) There exists a sequence ¥,%1, X, ... of positive semidefinite d X d-matrices such
that for any (j1,j2) € {1,...,k}? and k € N,

k'<Flgn)(Jlu )7F]§n) (j27 )>g{®k m Ek(jhjZ)a

and that Yy X = .
(¢c) Foranyje{l,...,k}, k>2,andr € {1,...,k—1},

HF]E”)(L ) Qr Flgn) (.]a ')|‘§{®2(;€,T) — 0.

n—oo
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Then we have
(™. vy £ N (0, %),

n— oo

where N (0, £) stands for the k-dimensional Gaussian law with mean 0 and covariance
matriz .

We apply now Lemma 3.14 to establish the following finite-dimensional version of
Theorem 2.11.

Proposition 3.15 (CLT for finite-dimensional laws). ~Suppose that H € (0,1)%\ (1 —

2k, ) Let k € N and (t(l ,t(“)) € ([O7 1}‘1)&. Then,

k)Y 77 e L =0
(ZW”%~wZU(UlG wU%””Uf(ﬂ)»—:—+N%<Q[O 2}), (3.16)

where E is the covariance matriz of the random vector (Z(tW),..., Z(t*))) and
E(j1,J2) = AH,fRS)(t(jl),t(h)% (1, 52) € {1, w}%
Remark 3.17. In the case H € (0, 1- Q—Ik]d, the convergence

(n) 771 (s £
(U5 (¢ ©),..., T (") === Nu(Z)
follows from the classical results of Breuer and Major [7].

Proof of Proposition 3.15. By (3.10), we have Z(t) = I%/V(G(I_?)(t,')) for any ¢t €
[0,1]%. In particular, by (3.8) and linearity, we find that for any n € N and 1 < i < m(n),

Z" =1V (h{™),

where

i—1
B = Hy ) g gl (P2 ) 3.18
% <m(n) >gz ’ 9i H m(n)7 m(n) ’ ’ ( )
satisfying th(.n)H% =1, due to the relation (3.12) and Lemma 3.7. The expansion (2.7)
and the connection of Hermite polynomials and multiple Wiener integrals (3.11) allows
then us to write

T Z Y(EM ), telo,1]% neN, (3.19)

where - ar (@
F () = ——s h;" k> k. 3.20
k ( ’ ) <c(n)>1/2 . Z ( i ) ) % ( )
1<i<[m(n)t]
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For the remainder of the proof, let s, ¢ € {t(), ... t(*)} Let us first look into condition

of Lemma vy Lemma and the re atlon , we obtain for any n € N an
f L 3.14. By L 3.7 d he rel 3.12 btain f N and
k >k,

(R G50 1 B ) yeon = iy 20 > {0E)TBE)™), ..

1<) < [m(n)s] 1<i® < [m(n)t]

a? .
=y 2 Sk,

1<iO < m(n)s] 1<i < [m(n)t |

lmy(n)sy | [my (n)t, ]

=illom XX rmli-al

v=1 Jji=1 jz2=1

(3.21)

Let ky € N be large enough so that H, € (0,1 — ﬁ) for any v € {1,...,d}. Then we
have for any k > ko,

d 1 my (n)sy] Lmy(n)sy | 1 my, (n) my, (n)
S H cu(n Z ra, (1 _]2)k = H ) 7, (J1 _j2)|k0
v=1 =1 j2=1 v=1 " ji=1 ja=1
T oy M)
<11 (S“p V ) Irar, ()P < oc,
v—1 neN Cu(n) jez
which follows from Remark 2.10 and the elementary estimate
sup Z ra, (Gr—52)17< > Irm, (G)I%, LEN, geRy. (3.22)
1<J1<Pj2 1 i<t

Thus, by (2.8), we have for K > ko,

11 (e

0 < limsup Z l<:!||F,£")(s)||§{®,C < Z kla

)Zv G 0,
K—oo

n€N Cl/

and the condition (a) is verified.
To check condition (b) of Lemma 3.14, note that we can write for any v € {1,...,d},
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assuming without loss of generality that ¢, > s,,

[my (n)sy | [my(n)ty ]

() Z Z i, (1 — j2)*

Lmv (”)tuj Lmv (n)t,,J

> > ru, (G —j2)"

Jji=1 j2=1

o
e (1) Z > rm, G- ) +Cy(n)

1 \_my(n)t,,jil_mu(n)syj \_m,,(n)t,,jil_mu(n)sl,j
- rm, (J1 — j2)k> :
cv(n) = jam1

(3.23)

We will now compute the limit of (3.23) separately in the following three possible cases:

(i) Hy € (1= 351),
(11) Hl/:]-_ia
(iif) Hy € (0,1 - 55).

In the case (i), we obtain, by Lemma A.1 of [25],

1 [mu(n)sy ] [mu(n)sy |

i, (j1 — j2)k

o) = A
Ly (1) 5] 2—2k(1—H,) [mu(n)sy] [mu(n)s, |
_ (Lmw)se] —242k(1-H)) ik
(Fnit) ot XX b
1= 2=

— E(HV7E)83_2E(1_HV) = H(Huaﬁ)sfluv
n—oo
where k(H,, k) is given by (2.15). (In fact, Lemma A.1 of [25] requires that k > 2, but
it is straightforward to check that the limits stated therein are valid also when k& = 1.)
With k£ > k we may choose € > 0 so that k 4+ ¢ < min (ﬁ, k), whence

[my(n)sy | [my(n)s, ] my (n) my(n)

1 . . 1 . .
c (n) rHu(]l _]Q)k S c (n) Z Z |rHy(j1 _32)‘E+€
v =1 j2=1 S O |
1 -\ |k+e
= m (n)1_2ﬁ(1_Hu) Z |TH"(])|7 n— oo 0
v [71<m. (n)

(3.24)

by the estimate (3.6). Treating the other summands on the right-hand side of (3.23)



18 M. S. Pakkanen and A. Réveillac

similarly, we arrive at

Lmy(n SIJ Lmv n)tvj

lim ra, (J1 —JZ)
mowm X X
B (sl i f — (1, — 5,)P) = K(H, KR (su,1), =k,
0, k>k

In the case (ii), rearranging and applying Lemma A.1 of [25] yields

[mu(n)sy] [mu(n)s, |
ru, (j1 — j2)%

cy(n)

Jji=1 J2=1
Lm,,(n)syj

O o A W L GO L P CO N S < A
(“ log (m, (n)) >Lmu(n)8uJ10g(Lmu(n)sVJ) 2 2 rmli-p)

Jji=1 J2=1
—— u(k)s,

n—oo

where ¢(k) is given by (2.15). When k > k, we have H, € (O, 1-— le) and, consequently,

|my(n)sy] [my(n)s, |

Z Z TH, (]1—32) ‘

ji=1 j2=1

E ‘TH —> 0.
p n—00
]6

cu(n)

Again, a similar treatment of the other summands on right-hand side of (3.23) establishes
that

- 1og m, (n

Lmu(n)suj \_mu(n)tvj
I L)k
A ) ra, (71 = 52)

Ji=1 J2=1

ﬁu
0, k> k.

{L(Zk) (sv 4ty = (t = ,) = B)RY) (s0.10). K=k,

Finally, in the case (iii), we deduce in a straightforward manner that for any k > k,

[moy(n)sy ] [my(n)t, |

lim r, (1 —32 r, (j s,, +t,— (t, — sv)
n—oo CU(TL) =1 jam1 ]% )
= Z’I’H R( ) S,,, 1/)
JEL

using Lemma A.1 of [25].
Returning to the expression (3.21), we have shown that for any k > k,

R (5), B (1)) geon o Blak 6 R s, 0) (3.25)
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When k£ = 1, we need to check, additionally, that the covariance matrix appearing in
the limit (3.16) is block-diagonal. To this end, note that it follows from the assumption

He (0,1)%\ (3, 1)d, that by = 0 for some v € {1,...,d}, which in turn implies that

[P eI ——

n— oo

By the Cauchy—Schwarz inequality, we have then

<F1(n)(53')ﬂG51?)(t7')> — Oa

H n—oo
which ensures block diagonality, and concludes the verification of condition (b).

In order to check condition (c) of Lemma 3.14, let k > max(k,2) and r € {1,...,k—1}.
Using the bilinearity of contractions and inner products, we obtain

I (8, ) @0 B () csnn
a4 n)\ Kk n)\ Kk n)\ ®k n)\ Qk
=i 2 GBI e ()T ()T e (), e
1< < m(n)t]
j€{1,2,3,4}

—~
3

=

=

a4 n n)\7 n) n)\" (n (n)\k—1 n n)\k—r
- <C(Tf)>2 Z <hz('(l)) ’ hz('(2)) >}c<hz('(3) ’ h§(4) >J—C<hz‘(1)) ’ h¢<3)) T <hz('(2)) ’ h§(4) >J—f
1<i@ < m(n)t
7je{f,2L,3,(4}) :
d 1 Lm (n)ty |
=aj, H PN EOE Z ra, (1 — J2) ra, (s — ja) e, (1 — 3)F " rw, (2 — 3a)F T
v=1" J1,J2,J3,Ja=1

Following the proof of Lemma 4.1 of [17], we apply the bound
e, GOV i, ()77 < s, GO + [, ()1 1, 52 €2,

which is a consequence of Young’s inequality, and use repeatedly (3.22) to deduce that

d
[F () @ BV ) oemsin < 16%a0

v=1

my (n)dy (1)

S OEE (3.26)

where
Gu(n):i=" > lre,GOl" D G Y e, Gs)lE
l71]<my (n) 72| <m. (n) 73] <m. (n)

We need to analyze the asymptotic behaviour of ¢,(n) as n — oo. This can be ac-
complished by considering separately the three possible cases:

(") Hy e (1—5,1),
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( ) H =1-

111 v € ( —)

In the case (i’) we have clearly H, € (1 - 2(T17T), 1) N (1 - %, 1), and by the estimate
(3.6), it follows that

1
2k>

¢’/(n) < C”(HV7 k.’,,,)m’/(n)3*4k(1*Hy)’
where C"(H,,k,r) := C'(H,,r)C'(H,,k — r)C'(H,,k). Since H, € (1 — 5,1) C (1 -

i, 1), we obtain

: mV(n)¢V (’ﬂ) . C//(Hya k7 T)
D e = P T (- BT

< 00.

Let us then consider to the case (ii’). We have still H, € (1 — ﬁ, 1) N (1 — 217, 1), SO
by (3.6) we find that

bu(n) < C"(Hy k), (m)>~ 205 og (my, (n)) = C"(Hy, k, ) (n) log (m (n)).

Necessarily H, € [1 — i, 1), whence there is an index ng € N such that ¢,(n) >

my (n) log (my, (n)) for all n > ny. We deduce then that

i To0)6(0)

n— 00 Cy (n)2

1
< lim C"(H,,k,r)

A Tog (mu(m)

In the remaining case (iii") we have >, [rmu, (j j)|¥ < oo. Since there is ng € N such that
¢y (n) > my(n) for all n > ng, we find that

(), (n)
n—o0o c, (n)2

< lim
n—o00 My, n)

Yo lrm GO YD s, G Y ra, (s)F =0

|71]<my (n) lj2|<my (n) J3€EZL

by Lemma 2.2 of [17].
Finally, let us return to the upper bound (3.26). The crucial observation is that the

assumption H € (0,1)%\ (1 — ﬁ, 1)d implies that there is at least one coordinate v €
{1,...,d} that falls within case (ii’) or (iii’). Thus,

HFlgn)(ta ) Qr F( H:}(@Z(k T 0,

n—oo

concluding the verification of the condition (c), and the convergence (3.16) follows. [
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3.3. Convergence to the Hermite sheet

We prove next a pointwise version of Theorem 2.19 in L?(€). The argument is based
mainly on the chaotic expansion (3.19) and the isometry property (3.12) of multiple
Wiener integrals. However, compared to the proof of Proposition 3.15, we need to analyze
the asymptotic behaviour of the associated kernels more carefully.

Proposition 3.27 (Pointwise NCLT). Suppose that H € (1 — ﬁ, 1)d. Then, for any
t €10,1)%,

77(n) L2(Q) i 5
Up (O) —— My g 2(0), (3.28)

where Z is the Hermite sheet appearing in Theorem 2.19.

Proof. Fix t € [0,1]%. By the chaotic expansion (3.19), we have for any n € N,

o0

TP =10 (FP @)+ Y. ().

k=k+1
Using the property (3.12) and Parseval’s identity, we find that

o[ S )] = 3 sl

k=k—+ k=k+1

Since H € (1 — i, 1)d, we may choose ¢ € (0,1] so that H € (1 — m, 1)d. Combining

(3.21) and (3.24), we find that

) o) d
PN CR] S DY | e = e YL Irm ) pavndll
k=k+1 k=k+1 ve1 |7l<m. (n)

where convergence to zero is a consequence of the bound (3.6). Thus, it remains to show
that

n L3(Q o L5
R (FM() s 1Y (A5, 69 (1)) = A, 200,

n—oo

which follows by (3.12), if we can show that

n FHOE % Nk
F{" () = A ,GR(t,). (3.29)

In the special case k = 1, the convergence (3.28) follows already. Namely,

1 (7(0,)) = a2 () 29, 00700 0] 200 = 0} 200

m(n) n—00 )

by the L2-continuity of Z. Thus, we can assume that k > 2 from now on.
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We will prove the convergence (3.29) in two steps. First, we show that (Fk(n) (t, ~))n€N

is a Cauchy sequence in H®E, Later, we characterize the limit. Let ny, ny € N and
consider

1E 8 ) = FE () e
= [|EIV () aeor + IET () |[eon — 2(ES (8, F™) (8, )) gen- (3:30)

By Definition (3.20), we have

<F&(n1)(ta ')a Fk(nz)(ta )>g—c®k
— — n n k
= a2 (m(n1))E (m(no))k ! S o g e
1< < [m(na)t] 1<i@) < [m(na)t]

(n)

where g; " is given by (3.18). Mimicking the proof of Lemma 3.7, we obtain

(n1) (n2)
<gi(1; 791‘(2? >g{®ﬁ

f[/c <[z’£1)—1 i) )U)G(1)<[¢£2)—1 il )U)dv
v\ my(ny) my(ny) )’ He\ | my(n2) my(ng) )’

(o)) [y )|
1

() (2

d
=1
d mVV("N mVV(nz)

IUl — ’U2|_2(1_H”)d.’l)ld’UQ7

(1)
H
E|Bu,
H HV<2H D1 i1

v
v=1 my(ny) my (ng)

where the final equality follows (see, e.g., [14, p. 574]) since H, > 1 — le > % for any
v €{1,...,d}. Adapting the argument used in [15, pp. 1064-1065], we deduce that

lim (B (), F () geon

ni,n2—>0o0 -

t t
=aj H HE(2H, — 1)E/ / o1 — |22 H2) dy, dusy
o Jo

I
S
BN
—=
~+
NN
o
N
X
—
=
=y
N
I
S
BN
—
=
=
~
=
&
—~
N>

Thus, by (3.25) and (3.30),

im [ EV () — ESP () = 0,

n1,n2—>00
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whence (FE(") (t, '))neN is a Cauchy sequence.

To characterize the limit of (FE(H) (t, )) let us consider for any s(M),... s ¢ R

neN’?

Fﬁ(n)(t, 8(1),...78(@) _ a7<m(n)>kfl Z H (d)<|:l— 1 W/Lém)’s(li)

1<i<|m(n)t| k=1

)
—apmm)E Y HHG ([ mi?m)’s(”ﬁ))

1<i<|m(n)t| k=1v=1

B '“f[l m:(n) Lm(z) J ﬁ (7 ([riu_(;) ’ mJ <n>)’5(”ﬁ))’

j=1 k=1

where the second equality is a consequence of Remark 2.5. Since

i ([731_0; ’ mj<n>>()> - S ((myjm) _5'(’&))?_%_@;(;) ‘55“))?%),

it follows from Lemma 3.33, below, that

B () —— " (ag, H E)GP (1) ace. on RY (3.32)

- n— oo

for some constant C"(ay, H,k) > 0. By the Cauchy property of (FE(W) (, '))neN’ the
convergence (3.32) holds also in H®E. Clarke De la Cerda and Tudor [8, pp. 4-6] have
> Ak 2 d .
shown that E[Z(t)?] = E!HG%) (t)|[500n = R%)(t,t). In view of (3.31), we find that
C" (ag, H, k) = Kla? (o) = Apr ,
whence (3.29) follows. O

The following technical lemma was essential in the proof of Proposition 3.27.

Lemma 3.33. Suppose that k > 2, H € (%, 1), and v > 0. Then,

I_nvj k AH-1 1 H-1 1 E o k .
(1)) o) et
+ n + n—oo 2 0 re1

7j=1 k=1
(3.34)
for almost any s = (s1,...,s,) € RF.
Proof. We may assume that 3 := max(sy,...,s5) < v, as otherwise (3.34) is trivially

true. In fact,
k

v k . v
H-3 7_3
[ -0t = [ Tl sty
0 11 5

k=1
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We split the sum on the left-hand side of (3.34) for any n € N, such that |nv| > |ns|+3,
as

j=|ns)+1 k=1

1 L"i” 1 ((J >H (j—l >H>
== n| [ = —sx - — Sk
n n n +

j=|ns|+3 k=1
= S’Sll) + 5722)

Using the mean value theorem, we obtain for any y € R and n, j € N, such that % >y,
the bounds

(o)™t ) () () e
()0 ()G

Since we are aiming to prove (3.34) for almost any s € R¥, we may assume (by symmetry)
that 3 =s1 > s, for any x € {2,...,k}. Then we have for j € {1, 2},

hmsupﬁn«msiﬂ _SH>H; ) <L7”LSJ';J—1 —35>Hé> .

n—o0 k=2 +

by (3.35), and

e R CLECEE S R

n

Hence, we find that Sr(Ll) —0asn— oo.
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Finally, invoking (3.35), we obtain

1Nk ok =1 H-3
s <(m-1)L ~ 5
no- 2) n Z ]-_-[ n 5

j=|ns]+3 k=1
vl
n
1+2

(=) Lo T ()

lnv]—1

goplnel-1 g .o
- 1 n o3 N 1 s
< Y - —_— —
- <H 2) Lns]41 li[l(y sw)" 2 dy oo (H 2) L | |(y 5.)" " 2dy

and similarly by (3.36),

(2) 1 kl L] k J -3
5 .

> _Z) = E I | J_
S, (H 2) <n sn)

j=|ns]+3 k=1
k Jlnvl g r_3
S A SLYES z
_(H_2> mp<n_8”> dy
1\l § INE o K )
> Iv{—f _ H-3 I:I—f B g_3 .
_( 2) JESIEE) g(y se) Ry S ( 2> /SE(Q sx)" 2dy

1
(The convergence of the bounding integrals above, as n — oo, is ensured by Lebesgue’s
dominated convergence theorem.) Thus, the convergence (3.34) follows from the sandwich
lemma. O

Ln
ns

4. Functional convergence

To show that Theorems 2.11 and 2.19 indeed hold in the functional sense, we need to
establish tightness of the relevant families of processes in the space D([0,1]?). To this
end, we use the tightness criterion due to Bickel and Wichura [6, Theorem 3]. To apply

this criterion, we need to bound the fourth moments of the increments of U;n) uniformly
over n € N.

4.1. Moment bound and diagrams

As a preparation for the proof of tightness, we establish a moment bound for non-linear
functionals of stationary Gaussian processes indexed by N¢. The bound is a multiparam-
eter extension of Proposition 4.2 of [29], albeit under more restrictive assumptions.

Lemma 4.1 (Moment bound). Let f be as in §2 and {Y; : i € N?} a Gaussian process
such that E[Y;] = 0 and E[Y?] = 1 for any i € N%. Moreover, suppose that there exists a
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function p : Z¢ — [~1,1] such that E[Y;o) Y] = p(i) —i®) for any iV, i € N¢. [f
p €{2,3,...} and the Hermite coefficients ay, ag+1,. .. of the function f satisfy

C’””(f,p) — <p _ 1>k/2\/H|ak| < 00,

M8

=~
Il
|

then for any | € N?,

B|(0 % sm)

1<i<l

/2

<2d0//// f7 Z |p |k>

lil<l

The proof of Proposition 4.2 of [29] is based on a graph theoretic argument that
involves multigraphs. We prove Lemma 4.1 using slightly different (but essentially analo-
gous) formalism based on diagrams, defined below. Breuer and Major [7] used diagrams
to prove their central limit theorem for non-linear functionals of Gaussian random fields
via the method of moments. In fact in the proof of Lemma 4.1, we adapt some of the
arguments used in [7].

Definition 4.2. Letp € {2,3,...} and (k1,...,kp) € NP be such that k1 + --- + ky
is an even number. A diagram of order (k1,...,kp) is a graph G = (Vg, Eg) with the
following three properties:

P
(1) We have Vg = | J{(. 1), (. )}
j=1
(2) The degree of any vertex v € Vi is one.
(3) Any edge ((j, k), (', k")) € Eq has the property that j # j'.

We denote the class of diagrams of order (ki,...,kp) by G(ki,...,kp). For the sake
of completeness we set G(ki,...,ky) := & when k1 + --- + k, is an odd number (no
diagrams can then exist by the handshaking lemma of graph theory). Let us also define
two functions Ay and Ao of an edge e = ((j, k), (j',k')) € Eq, where j < j', by setting
Ai(e) :=j and a(e) := 7.

Diagrams are connected to Hermite polynomials and Gaussian random variables via
the so-called diagram formula, which is originally due to Tagqu [29, Lemma 3.2]. Below,
we state a version of the formula that appears in [7, p. 431].

Lemma 4.3 (Diagram formula). Let p € {2,3,...} and let Y1,...,Y, be jointly Gaus-
sian random variables with E[Y;] = 0 and E[Y?] = 1 for any i € {1,...,p}. For any
(k1,...,kp) € NP, we have

E[Hij(Yj)] = > I EM0 Y]

GEG(ka,....kp) e€EG

where a sum over an empty index set is interpreted as zero.
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Remark 4.4. The diagram formula can be used to estimate the cardinalities of classes

of diagrams. As pointed out by Bardet and Surgailis [2, p. 461], using Lemma 4.3 and
Lemma 3.1 of [29] in the special case Y :=Y; = --- =Y, we obtain

P
m@h”q@>=F{I1mxyﬂs<p—n%ﬁ““w”MML-wu. (4.5)
j=1
Proof of Lemma 4.1. Fix | € N, Let us define for any K > k, a polynomial function
K
fx(x) = ZakPk(x), z €R.
k=k

By Fatou’s lemma, Lemma 4.3, and inequality (4.5), it follows that

oo

E[[f(Vi) = feW) 1< > law, - an, ISk, . Kp))|

k)l,...,kp:K-‘rl

st p
< —_ 1)k/24/1
S I —
k=K+1

for any 7 € N¢. Thus, if £ > 0, then there exists K(I) € N such that

(0 3 sm) | -5 (07 2 smom)

1<i<l 1<i<l

E —-E <e, (4.6)

by Minkowski’s inequality and the fact that X, O, x implies E[X?] — E[X?] when
p €{2,3,...}. Lemma 4.3 yields now the expansion

p
B|(077 Y o)
1<i<l
K(1)
= (1)~P/? Z Z Ak, - Ak, Z H E[Yon @) Yiouen]
1< <p b1y kp=k GeG(ki,....kp) e€EEc
J€{1,...,p}
K()
= Z ay, -+ ay, Z I (1),
E1yeeoskp=k GeG(k1, - ,kp)
where

Ie() =077 Y I p((M =iy G e Gk, ... k). (4.7)

1S7;(J')Sl ecEqg
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By Lemma 4.8, below, and inequality (4.5), we obtain the bound

K1)
Z Ay * " CLkp Z Ig(l)
Eiyoookp=k GEG (k1 ,kp)
K(l) P p/2 p/2
< ( S - 1>’“/2¢H|ak|> (2T b)) < (2erar X o)
k=k lé|<tl li|<l
In view of (4.6),
p p/2
Bl 5 r00) || < (22 Sok) +e
1<i<l i<l
and letting e — 0 concludes the proof. O

The key ingredient in the proof of Lemma 4.1 was the following uniform bound for
the absolute value of the quantity I (l). We will derive this bound by adapting the
asymptotic analysis of the moments of a non-linear functional of a Gaussian random
field, carried out in [7, pp. 435-436].

Lemma 4.8. For any ki,...,kp >k, G € G(k1,...,kp), and [ € N¢,

p/2
L6(0)] < (zd ) |p<z'>|’f) 7

i<l
where Ig(1) is defined by (4.7).

Proof. As pointed out by Breuer and Major [7, p. 435], the quantity I (1) is invariant
under permutation of the levels of the diagram G. More precisely, if ¢ is a permutation
of the set {1,...,p}, then we define a new d1agram G e (ks (1)s -+ kg(p)) such that
((4.k), (', k")) € Eg if and only if ((c7(j),k), (071(j'), k")) € Ec. For such a diagram
G it holds that Ig(I) = I5(1). Relying on this invariance property we assume, without
loss of generality, that

ki <hy <o <hpoy < Ky (4.9)

Let us introduce the notation kg(j) := [{e € Eg : Mi(e) = j}| € {0,1,...,k;} for any
je{l,...,p}. Since A\i(e) < Az(e) for any e € E¢, we have

Ie < @2 Y H I o9 =ity

1<itW <y J=1 e€lq
k€{l,...p}  Ml(e)=j

— <l>*P/2 Z H H 7,()‘2(6 Z H (1 Az(e)))|

1<i “)<l j=2 e€Eqg 1<1(1)<l ecEq
Kk€{2,....,p} A1(e)=j Ai(e)=1

(4.10)
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Using Young’s inequality (see [7, p. 435]) and the trivial estimate

sup Y [p(i® =i)|[T < Y Ipli)e, g0,

Isish i« li] <t

one can show that

sup Z H ]p(i(l) — Z‘()\2(G)))‘ < Z (@) |Fe ™).

1< <l i< eeEG li] <1
kE€{2,...,p} A (e)=

Applying this procedure, mutatis mutandis, to (4.10) repeatedly we arrive at

] < 2 T3 Ioo)ew) (4.11)

J=1|i|<l

By Holder’s inequality, we have for any j € {1,...,p},

k - N k kg (j)/k;
S p)[Fe@ < (a1yi-ko)/ (Zp |>

li|<l li| <l
ke (G)/k;
21 ke g)/k k c(3)/ J
< (20) > lp()E :

l7l<t

where we use the proviso k; > k to deduce the second inequality. Returning to (4.11),
we have thus established that

/2 ) . 381 ka(9)/k;
[a(D] < (29)"7(20)P/2~2im ke O)/E; ( > p(i)|k> (4.12)
li]<l
Breuer and Major [7, p. 436] have shown that whenever (4.9) holds, we have
P .
ka(g) _»

£>9 4.13
DL (4.13)

Jj=1

(see also Remark 4.15, below). By (4.13), we may use the rough estimate 3_; _; [p(i )k <
(21) to deduce that

(S wor) e (o) St (3 o) "

li| <l li| <l li| <l

, p/2
< (21)25=1 ke ()/ki —p/2( Z |p(2)|k> )

|2]<t

(4.14)

The assertion follows now by applying (4.14) to (4.12). O
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Remark 4.15. Strictly speaking, the inequality (4.13) is shown in [7] as a part of a
more extensive argument that uses the assumption that the diagram G is not regular (see
[7, p. 432] for the definition of regularity). However, the assumption of non-regularity of
G is completely immaterial concerning the validity of (4.13) and, in fact, not used in the
proof in [7, p. 436].

4.2. Tightness

Furnished with the moment bound of Lemma 4.1, we prove the following lemma that
enables us to complete the proofs of Theorems 2.11 and 2.19.

Lemma 4.16 (Tightness). Suppose that H € (0,1)¢ and that Assumption 2.9 holds.
Then, the family {U;n) :n € N} is tight in D([0,1]9).
Proof. The assertion follows from Theorem 3 of [6], provided that

E[T"([s,1))%]

sup  sup ’ < 0. (4.17)
neN? 5 teo,1]¢ (t—s)?
s<t

But since for any n € N, the realization of U(fn) is constant on any set of the form

izl 1 <i<m(n)
m(n) m(n))’ - ’
it suffices to show (see [6, p. 1665]) that

E|\U S
sup sup 207 (5]

neENs, te&, <
s<t

—~
3
N2
—
~+
N
N
IS
[

< 00, (4.18)

~ |

where &, := {i/m(n) : 0 <i <m(n)}, instead of (4.17).
Using Lemmas 3.7 and 4.1, we arrive at

(n) 4 2 4
E|U ,t n
sup sup il kA (Is 2)) ] = sup<m(n)> sup E (<l>_1/2 E f(Xl( )))
nENS,ti(ctln <t - 5> neN C(n) 1<I<m(n) 1<i<l

< sup (2dc““( £,4) ﬁ wu(n))Q,

neN



Limit theorems for the fractional Brownian sheet 31

where
1 .
g () 12K T1) Y. rmGE<C(HE), Hye(1-g,1),
Y 1 [7l<my (n)
- HE < C'(H,, k), H,=1- 2L,
Vuln) = log (m,,(n)) j|<;(n) = B *
o IrmDESY ra, (G)E < o, H, € (0,1 - 5).
l7]<mu (n) JEZ

(The first two inequalities above follow from the estimate (3.6).) We have, thus, verified
the tightness condition (4.18). O

Proof of Theorem 2.11. Recall that, for a family of pairs of random elements, tight-
ness of marginals implies joint tightness. Thus, it follows from Lemma 4.16 that the family

{(Z, U;n)) RS N} is tight in D([0,1]¢)2. The assertion follows then from Proposition
3.15 and Theorem 2 of [6]. O

Proof of Theorem 2.19. Analogously to the proof of Theorem 2.11, above, we de-

7z 77(n)

1
duce from Lemma 4.16 that {(A% 12, Uy ) :n € N} is tight in D([0,1]¢)2. Moreover,
Proposition 3.27 implies that

77(n) P R

Uy (t) —— Ajp p2(1), teo, 1],
which, in turn, implies the corresponding convergence of finite-dimensional laws. Thus,
by Theorem 2 of [6], we have

~

(i 2. TF) = (Mjyy 2. Ay g Z) i D([0,1]%). (4.19)

n— oo

f f

Since the limit in (4.19) belongs to C([0,1]4)? and since substraction is a continuous
operation on C([0, 1]%)? (with respect to the Skorohod topology), the continuous mapping
theorem implies that

+(n) I 5 & .
U;" = Ay ;Z ——0 in D([0,1]"). (4.20)

n—oo

It remains to note that the convergence (4.20) holds also in probability as the limit is
deterministic. O

5. Application to power variations

5.1. Convergence of power variations and their fluctuations

As an application of Theorems 2.11 and 2.19, we study the asymptotic behaviour of
signed power variations of the fBs Z. Let p € N be fixed throughout this section. We
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consider a family {Vp(n) :n € N} of d-parameter processes, given by

VM (t) = <m(n)PH1>1<i<§(n)tjz<[m,%>>p, te0,1)9, neN.

The realizations of Vp(n) belong to the space D([0,1]9), as was the case with generalized
variations. To describe the asymptotic behaviour of Vp(”), we introduce

vp(t) i=p(t), te[0,1]%
pp(y) ==y’ —vp, YER,

where 7, is the p-th moment of the standard Gaussian law, that is,

0, p is odd,

= P d = p/2
T /Ry 1(dy) [1(25—1), piseven.

Jj=1

Since the function p, is a polynomial, it belongs to L*(R,~) and is a linear combination
of finitely many Hermite polynomials. Moreover, it is easy to check that the Hermite
rank of p, is given by

k=k, = {1, p?s odd,
2, pis even.

Thus, the Hermite coefficients of p, satisfy Assumption 2.9. In what follows, we denote
by Ag,,, the constant given by (2.13), substituting f with p, therein.
As a straightforward application of Theorems 2.11 and 2.19, we can prove a functional

law of large numbers (FLLN) for Vp(n) as n — 0o, namely,

v L0, i D([0,1)%).

n—oo

It would then be natural to expect that the rescaled fluctuation process

mWw) S, te ) (5.1)

has a non-trivial limit as n — oco. In fact, we can write for any ¢ € [0,1]¢ and n € N,

<m(n)> (V(n) (t) _ Up(t)) _ U(p:) (t) _ 5;") (t), (52)

where
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If the remainder 51()“) were asymptotically negligible in D([0,1]?), the limit of the fluc-
tuation process (5.1) when n — oo would be easy to deduce from Theorems 2.11 and
2.19. If p is odd, then indeed ﬁpn) = 0 = v, for any n € N. However, when p is even,
the situation is more delicate. In the special case d = 1, it is not difficult to see that

1(7") (t) < ¢(n)~2 — 0 when n — oo for any ¢ € [0,1]. But when d > 2, the fluctuations

of 61(7") may be non-negligible or even explosive when n — oo, as the following example
shows.

Example 5.3. Consider the case where p is even, d > 2, m(n) := (n,...,n) for any
ne N, and H € (0, %)d. Then we have by the mean value theorem,

d
5;"><t>=nd/2-1z(Hsgnwt)){nty}, te 0,19 neN,

K#V

v=1
where £(™)(t) is some convex combination of n=1|nt| and t. We will now show that 85"
cannot converge to a continuous function in D([0,1]%) as n — oo (similar, but slightly
longer, argument shows that a discontinuous limit in D([0, 1]¢) is also impossible).

To this end, suppose that ﬂ,()n) — Bin D([0,1]%), where 8 € C([0, 1]¢). Then, it follows
that ﬁén) — [ uniformly. By the continuity of 5, there exists an open set £ C [%, 1]d
such that

sup 16(s) — B)| < =

Sup 5 (5.4)

Note that there exists ng € N such that ENE,, # & for any n > ng, where £, = {i/m(n) :
0 < i <m(n)}. Moreover, we can find ny > ng such that

1
i () () > >
tlélg 1;[ &M (L) > 5d=1 for any n > nj.

Thus, we find that for any n > n,

nd/2—1

(n)
sup BV (t) > , 5.5
teIE) P () 2d_1 ( )
while

; () () —

tlélgﬂp (t) =0. (5.6)

But when ﬁlﬁ") — [ uniformly, the estimate (5.4) is not compatible with (5.5) and

(5.6), which is a contradiction. (This also shows that ﬁ},”’ cannot converge to /5 along a
subsequence.)
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5.2. Multilinear interpolations

We have just seen that the rescaled fluctuations (5.1) of the power variations Vp("),
n € N, around their FLLN limit v, do not necessarily satisfy a functional limit theorem

in D([0,1]%) when d > 2 and p is even. Note that it is implicit in the definition of Vp(n) that
the corresponding partial sums are interpolated in a piecewise constant manner. Such an
interpolation can have very poor precision in higher dimensions. In fact, interpolating
Vp(n) using a more appropriate, multilinear method enables functional convergence in the
general case.

Definition 5.7. For any n € N, we define a (piecewise) multilinear interpolation
operator L, : RO C([0,1]%) acting on a function g : [0,1]¢ — R, sampled on the
lattice €, by

L= X o O a0, ve (53)

, m(n)
i€{0,1}4
where the weights

o™ () := ({m(m)t} (1 = {m(n)t})' =), i€ {0,137,
belong to [0,1] and satisfy

S oo =1. (5.9)

i€{0,1}4

Remark 5.10. (1) In the cases d = 1 and d = 2, the definition (5.8) reduces to the
well-known (piecewise) linear and bilinear interpolation formulae, respectively.
(2) The definition (5.8) involves slight abuse of notation. Namely,

[m(n)t| +1

) ¢ [0,1]¢ (5.11)

when ¢, = 1 and 4, = 1 for some v € {1,...,d}. But then al(-n) (t) = 0, whence (5.11)
is of no concern.

The fluctuation process, analogous to (5.1), obtained by substituting the power vari-

ation V™ with its multilinear interpolation V,\") := L, V™ satisfies the following func-

tional limit theorem. In particular, it applies with any d € N and p € N.

Theorem 5.12 (Interpolated power variations). (1) If H € (0,1)%\ (1 — 5, 1)d,
then ’

) g ) o
<Z’ ez p>) = (28w, Z) in (0,17,

where Z is the fBs of Theorem 2.11.
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(2) IfH e (1- i,l)d, then
Amn) (G ) —— w2 in C(10,1]),

where Z is the Hermite sheet of Theorem 2.19.

Remark 5.13. As mentioned above, the remainder term 6,(,”) in the decomposition
(5.2) is asymptotically negligible in D([0,1]%) if d = 1 or p is odd. In these special cases,
multilinear interpolations can be dispensed with, to wit the convergences of Theorem 5.12
hold also with the original power variation V" in place of V™, in the spaces D([0, 1]¢)2

and D([0,1]%), respectively.

The proof of Theorem 5.12 is based on the following two simple lemmas concerning
the multilinear interpolation operators. First, we show that the function v, is a fixed
point of the operator L,, for any n € N.

Lemma 5.14 (Fixed point). We have Lyv, = v, for any n € N.

Proof. Let t € [0,1]¢ and n € N. By rearranging, we obtain that

Lov)t) = 3 %<W<">ﬂ+"{m<n>t}i<1 - {m(n)t})l-i>

i€{0,1}4 m(n)

d .
o [T 3 LR g, 1~ ot

_ my, (n)
v=13€{0,1}
It remains to observe that for any v € {1,...,d},
I_m'/ (n)tVJ +.7 j 1—j5 Lmu(n)tuj + {mu(n)tu}
e v tl/ (1 - v tl/ = = tua
> R (Y (1~ {m )t ) e
je{o,1}
and the assertion follows. O

Second, we show that convergence in probability in the space D([0,1]¢) can be con-
verted to convergence in probability in C([0,1]¢) via interpolations.

Lemma 5.15 (Convergence and interpolation). Let X1, Xs,... be random elements in
D([0,1]%) and X a random element in C(]0,1]%), all defined on a common probability

space. If Xy, 2 X in D([0,1]%) as n — oo, then

LoX, —— X in C([0,1]%).
n—oo
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Proof. By (5.9), we can write for any ¢ € [0,1]¢ and n € N,

(LX) () - X = 3 (Xn (Lm(m”zfj)“) _X(Lm(nzw>>a§")(t)

i€{0,1}4 m(n)
Lt +1\ _ o) o
+{Z} <X< m(n) > X<t>> ).

Thus, invoking (5.9) again, we obtain the bound

sup [(LnXn)(t) = X(H)] < sup | Xy (t) = X(8)] + wx (m(n) ™),
tel0,1]4 tef0,1]4

where
wx (u) :==sup {|X(s) — X ()| : s, € [0,1]%, ||ls — tl|loo <u}, u>0,

is the modulus of continuity of X, which satisfies lim,, o wx (u) = 0 a.s. since the realiza-
tions of X are uniformly continuous. Thus, lim,, ., wx (m(n)_l) = 0 a.s. Finally, since
convergence to a continuous function in D([0, 1]¢) is equivalent to uniform convergence,

it follows that sup,e(g,1ja | Xn(t) — X (2)] B oasn— oo O

Proof of Theorem 5.12. We have for any n € N, by Lemma 5.14, decomposition (5.2),
and the linearity of the operator L,

m (V3" = vp) = Ln <m (v~ vp)) = LU + LB,

(588

coincides with v, on &,,. Since L, g depends on the function g only through the values of
g on &,, we find that
[m(n)-] )

m(n)

Note that the function

Lypv, = anp(

o m) (L (lm) YY)
Enl = ey 2 (L’”’ (S )) o

The assertion in the case (2) follows now from Theorem 2.19 and Lemma 5.15. In the case
(1) one can apply Theorem 2.11, Lemma 5.15, and Skorohod’s representation theorem
[11, Theorem 4.30]. O

whence
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