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In part (1) a brief account is given to the problem
of nﬁclear interaction potential and of the deuteron wave
functions. This includes another derivation of the integro-
differential equations using the properties of the spherical
harmonics and Clebsch-Gordon coefficients. Part (2) deals
with the problem of scattering of protons by deuterons.

The numerical analysis and computations of the problem
are given in part (3). This includes the results obtained
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ABSTRACT

The following points are discussed:
(a) The problem of scattering of protons by deuterons was
using the resonating group method of J.A.
Wheeler (1937). Starting from three-nucleon wave
- functions, simultaneous integrodifferential equations
were derived from Schroedinger wave equation.

The s~ and fhe D~ redial wave functions are taken in

double Gaussian form in order that we can further the

analysis.

(b) The Hamada and Johnston potential (1962) which satisfies
the N~N data up to 310 MeV is used, and the potential
function was also expressed in double Gaussian form.

(¢) A spline interpolation procedure written by Christian
H. Reinsch (Numgrisch Mathematik 10 , (1967), 177), was
used to interpolate the data given by Hamada and Johnston,
for the potential-and wave-functions, and a least'square
method was then applied to determine the constants A, &,
U and n respectively. A .reasonable accuracy for these
constants were obtained and they are given in tables
(VIII) and (IX),

(d) The (s~D) interaction terms due to the quadratic spin-
orbit force were omitted, because of their small
contributions,

(e) The resulting integrodifferential equations describing
the problem are expressed in terms of finite differnces

(Robertson, 1955;and Buckingham,numerical methods,1957),
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(g) The binding energy of

-yi-

and finally put into matrix form. Programs for
computing the direct and exchange terms, as well as
the solution of the matrix equations are all written
in Algol language. These matrix equations (A F=B +£)
are then solved for incident proton energies (Ep(c.m)

= 1.85 to 11.50 MeV ) and values of f=0,1,2 and 3.

Phase-shifts, differential and total cross-sections
were obtained from the direct solution of the integro-
differential equations and compared with previous work.

3

He has also been calculated.
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INTRODUCTION

The three-body scattering problem in nuclear physics
has been the subject of considerable theoretical .and experi-
mental studies. Initial theorftical work was done by Buckingham
and Massey (1941)employing the resonating group method of
Wheeler (1937). The work of Christian and Gammel (1953),
De Borde and Massey (1955), Burke and Robertson (1957), who
used the central force approximation, showed that simple
centfal nuclear potentials cannot simultaneously account for
the binding eneréies of the deuteron, triton, and alpha
particles, This result was subsequently attributed to the
presence of the nén-central forces.

Gerjuoy and Schwinger (1942), gave the first quantitative
calculations of the triton binding energy with the inclusion
of the tensor force. Later calculations, however, established
that a central plus tensor force was sufficiently flexible,
to fit both the existing two-nucleon data and the triton bind-
ing energy (Clapp 1949, Hu and Hsu 1951, Pease and Feshbach
1952). Bransden, Smith and Tate (1958), gave a detailed study
of the problem of scattering of nucleons by deuterons emplojing
a tensor force and taking into account the distortion of the
deuteron wave function occadsioned by the interaction, together
with the admixture of the deuteron D-state wave function.

Buckingham and Massey (1941); Buckingﬁam, Bubbard and
Massey (1952); Hochberg, Massey and Underhill (1954); Bransden,
Smith and Tate (1958); and others, applied the resonating

group method to the problem of three, four, and five nucleons
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using different kinds of potentials and wave functions.

The Hamada and Johnston potential (1962), which not
only includes one—pdbn exchange and a repulsive hard-core,
but also tensor, spin-orbit and quadratic spin-orbit forces,
was used in three-, four- and five-nucleon problems (Srébhibhadh
1966, Omojola 1968, Pramanik 1971).

This thesis extends previous work (Sribhibhadh 1966) to
the ﬁroblem of scattering of protons by deuterons and the
binding energy of Helium-three (BHe). It is hoped that solving
the three-nucleon problem with a potential which contains
both central and ﬂon—central forces and a repulsive core will
allow us not‘only to gain further insight into the nuclear
forces, but will also provide a test for the resonating group

method with Gaussian 2~body amplitudes and potential shapes.



PART (1)

THE INTEGRODIFFERENTIAL EQUATIONS FOR THE PROBLEM

OF SCATTERING OF PROTONS BY DEUTERONS
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CHAPTER I

(I.1.) THE NUCLEAR INTERACTION POTENTIAL

Many studies have been caried out aimed at improving
the nuqlear interaction potential which is considered to
include both central and non central forces. The work of
Signeii-MarshaJ§(1957), has confirmed the existence of the
tensor and the linear spin-orbit forces, The quadratic spin-
orbit term of the potential has been introduced by Hamada-
Johnston (1962), iﬁ order to produce all the available data
below 310 MeV of pp as well as np phenomena. According to
h

Hamada and Johnston, the potential between the ith and jt

nucleon must have the following form:

x X s £ J
=\ 1 . - . ..) Vr. . 5 o ,0,
V5 Z i ("W+ bB + mM,+ h Hla% (x5 3 —1’—3)
A, =1
+8.. ea see (Iolol)
1] ;—
ij

Whereezl if 1 and j are protons; 8: 0, otherwise.
Bij ’ Mij and Hij are the usual Bartlett, Majorana,
and Heisenberg projection operators. These operators are
introduced in order to take care of the exchange nature of

the nuclear forces between nucleons i and j. we have

o . T
B. . 1(1+ T. o o-.) § H, = e 1(1 +TOT) and
ij 5 =i -3 ij 5 i

Mis = Byy By



The summation over Ain (I.l.l) includes most known types
of nuclear forces (i.e. central, tensor, linear spin-orbit
and quadratic spin-orbit forces). The other summation over ¥
represents the various states (i.e. triplet even, triplet odd,
singlet even and singlet odd).

v
The fusdtion V(r,. ; 0. , 0.) is defined as:
A=ij ? it

13

; < :
V’\ ('x:'ia 3 gi ) g-j) =. .‘{\(zij){ 8(9\’1) + s(7\’2) [ B(Eis 513)(310_?_1
=
i

- g9y | ‘5(%,3? [%_ (o, + g'j) « Ly ]+ (AL

oce (101.2)

¥
‘gfrij) is the potential radial function and Lij is the

angular momentum vector given by

Lij = ('I':'i - 'I:"j),\(-gi - gj) see (191.3)

Where g} and p. are the spin and the momentum vectors

-—

. .
of the nucleon i, respectively. (A, A) is the Kronecker delta.
The parameters Uk and n, - are determined by a least

square fit to Hamada and Johnston potential and are given in

table (IX)-



(I.2.) THE DEUTERON WAVE FUNCTION

The following description is well known and can be
found in previous publication such as (Buckingham & Massey
1941; Buckingham, Hubbard and Massey, 1952; and Sribhibhadh,
1966) we are quoting it here for completeness sake and also
to define the notation so as to avoid confusion in later
chapte?s.

The deuteron éround state wave function is a mixture of
the s- and the D- states and is given by:

1
Blzys) = Blrys 3 0 4 o) X (23) oo (1.2.1)

1 m

where
2, '

and

X1(23) is the deuteron spin function in the triplet
m

state. The wave function @(raB; 95 g%) is normalized
s0 that
' 2
Z j d£23 l§(£23 i 95 2'3)! =1
spin

¢S and ¢D are the radial parts of the s~ and the D~ state
of the deuteron wave functionj and these are given in gouble

Gaussian form:

2
dslzoy) = S Ay Exp(- r55) e (1.2.3)
i=1
2 2 ! ' 2 A
¢D(£23) = Z r23 Ai Exp(- ‘I 1‘23) eee (Te2.4)

i=l



' '
The constants Ai’Ai’“i andmi are determined by the least

square method from the data given by Hamada and Johnston(1962),

the values of these constants are all given in table (VIII).

2 . .
523(323) is the tensor operator defined by

2 2
523(r23) = 3(g;, - 523)(33 . 323) / Tog = Tpe Tyeee (I.2.5)

v(I.}J) THE THREE~BODY WAVE FUNCTION

If particles.l and 2 are protons, and particle 3 is
the neutron, Particles 2\and 3 form a deuterbn.

Then the complete wave function antisymmetric in proton
in the resonating group method (Buckingham and Massey, 1941),

¢

which describes the system is given by:
 (12,3) =Y(1,23) -¥(2,13) ees (1.3.1)

In this system in which there exist non~-central forces,
the potential couples the space and the spin co-ordinates of
each pair of particles and hence couples their orbital and
spin angular momenta, As a result, the orbital-and the spin-
angular momenta are no longer constants of motion, but the
total angular momentum 'J énd its z=- components Jz are, together
with their respective eigenvalues J and M.

The wave function5¥’(l,§3) is then expanded into eigen=-
functions of total angular momenta J and its z- components

Jz’ with eigenvalues J and M respectively.



Thus
J (1,33 =::E: j#ﬁ(l,i?) cee (1.3.2)
IM
where

+.(1,73) = Z Blryss o5 0 ) P2 (1723) ... (1.3.3)
S

and
s . d=s 8 _ s
Fly(1-23) =2§: Y (1,23 5 0,¢)L £ (r)  ee. (I.3.4)
Ssms) oA r g
The function §(£23 i @ + 83) is given in (1.2.2), and
S

f (r) is the radial wave function for the incident proton,
JM
S — A
while”V (1,23;0,¢) is defined by (Blatt and weiskopf, 1952)
Jim

and given by

M+ S

s £ s
VY (1,23 5 0 ,¢) = 2: C (J Mjm M-m) Y(8,9) |X° (1,23)>
JiM w5 Ks m M-m

eee (I.3.5)

Where C (J M;m M-m) are the Clebsch-Gordan coefficients,

L5

Y(6,9) are the spherical harmonics of the solid angle (0,¢),
m

and IXS (1,53):> are the spin functions for the three-nucleon
M-m

system. The wave function ’jﬁ(l,i?) satisfies the following

orthonormality property

S . |
Z' If [ Plrys 5 95 gj)‘gxél,ﬂ i 0,9) :I [f(gaj PG, 195)
spins '
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X

o~

'I(|M.(1,§-3 : G,Cﬂ):]d_x_'23 a8 (0,9) = U L) 53,3)

x SM,M) cee (I.3.6)
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CHAPTER II

(II.1.) DERIVATION OF THE INTEGRO~DIFFERENTIAL EQUATIONS

We start from the Schroedinger wave equation of the system

3 .

( T1.23 + Z Vij) %(12,3); E¥(12,3) eee (II.1.1)
- : i>j=l .

T123 ’ Vij and E are the kinetic-, potential- and total

energy operators respectively for the three nucleon system.Thus

2
‘7 +2 NV )

I
2 2
2

= - ﬁ (_3- v + 2 V ) o e (110102)

o2 PP1 B
and

E=E + B ’ ose (110103)

P d .

Ep and Ed are the energy of the incident proton and the

binding energy of the deuteron respectively. Omitting details
of the mathematical analysis, the following sets of coupled

‘integro~differential equations are, finally obtained for the
S

radlal functions f (r) .
JLM

S
D? £, (r) = ¢, (9 Msm' M-m*) C (J Mjm M-m)
£ 34u S mom XS X3

L Rl | * ‘

{ qu [dR a0 (8,¢) [ Blrps 3 2 0 o) )’ (6,9) lx (1 23)>:]

m! Men'



-ll=

o
y .
x Z [:11:(2w = h) Ur, 59 s g) f]}(;a P8, g

A=l

IX (1,23)> + 2Z!.{:(Bb - m) V(r 12795 c‘) §(r A 53)
M-m
J— L 5

|X (2,13)>] Ve, L £ (r) + hMr Jdg dQ(e,9)
M=-m m r JfM 3ﬁ2

1

M-m!

;o
x[ $p5 1 2 ) )’(e,«p) |x° (123)>:] Q(rzyo* g5)

x |x° Q 23)> V(G,«p) 1 f (r) -fdg' d 0 (6,p) (4/3)'* Mr
M-m r J/M 'EZ

4 * 4
x [ Prpp 5 95 0 2 Y (0,9) ESié! 3> Y [atu-zm),

m-m' I
Asvu=l

xq;(.r.. ; g—l v O’ ) @(r

Iy3 P9 s 0') ‘XM_;l 23)>+ lli(b-Zm)

S T € WS e a
x g(r 2- ’ 2’2) @_{‘_13 3 2—2 ] 2‘3) ,XM-mls 3)>] A ,(P)

’ (0,0 [ ¢ | ) 5( )
x1 f(r') -{ar a2 (0,9 T, 30,4 O e,¢
[ - [ 25 3 m'

T' g a
x |10 a, 23>>] (t/3)" M Pl s 9 0 gy) X (2,13)>
Mem! M~m
12 h .
L, S L
x Y@ ,¢) 1 £ (r') + (B - Ed)fdz_' a9 (0,0) (4/3)7 mr
m T I p : ,ﬁ?

1

I *
IR CTRCAREARACHY e 23> ] by s g 0 g

Mem!

S
x |5 @,13)> )’(9 e) 1 £ (r) +[ar a0 (o) (4/3)° ¢
M~m Y I
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t(* S' — 2
x Z'(e,so) ° 1,z [ N Yag 590 2 Uzys 5 g, ) ]

Me~m!' e
S ’ L
lx (2 13)> )’(e q)) 1 £ (r) -Jdg' a2 (e,9) (4/3)
Mem T JXM

x [ Vg drpy i 5 1 2 y (©19) :l 6 0B g 13391155

M-m!'
) S —_— I (] ' S:
x | x (2,13)> Y6 , @) 1 £ (r') eee (IT.1.4)
. M-m m r' JM
where
2 2 L 2
D '= g— - !(1 + l) + K eece (IIol.E)
£ dr2 r2

and K2 is a wave number defined by

oas (II.1.6)
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METHOD OF REPRESENTATION

The resulting integrals are of two types and are
classified as direct (D), and exchange (E). All direct
terms are completely evaluated, but the exchange terms are
left in the form of integrands.

The final step in the calculation consists in solving
nuﬁerically the resulting integro-differential equations
for the radial functions £ (r). In the evaluation of the
central, coulomb,....,etcflgerms; the following caseé have
been considered:

(a) The (s-s) terms; in which both the Bra and Ket functions
are in the s-state.,

(b) The (s=D) and the (D-s) terms in which one of the
deuteron wave function is iﬁ the s-state, while the
other is in the D-state., |

(c) The (D-D) terms are neglected due to the small percent-

age of the D-state admixture ( 4%).



PART, (2)

PROTON~-DEUTERON SCATTERING
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CHAPTER III

-

DIRECT (s-s) INTERACTION TERMS

The direct interaction terms in the resulting integro-

differential equations (II.l.4) are given below:

(III.1.) THE CENTRAL TERM

|

b

The term for the direct interaction of the central force

]
c S

D, (r) is given by:

Jf M(s=-s5)

c S'

D, (r) = 4Mr ; c, ,(J Mijm' M-m') C (J Mjm M-m)
Jf M(s~s) Bﬁa " m,’m £s

s
x [ar a0 (e,0) [ ¢s® )n/l'(e,q)) IXM_él,23)>] z [ 1(2W - h)

I —— )
xV Uz - 3R lxM_;l,aa)>+ 71; (2b - m) Vv (|z - 2 R
S - X S
x [0 (2,T3>7] §(R) V(o,9) 1 £ (r ;
M-m m r J{M ﬁ 7
_ 3 S - m',m

x C, ,(J Msm* M-m') C (J Msm M-m) ?(s';s)ﬁ(m',m) ng dfi(e,a))
LS £s

£ b | |
x b (R) %n/'(e,qn .,,Zl % [(2\4 - h) + g(s) (2b - m) ]

~ £ 5
x v (lz - 2RD ¢, (R) Y(e,9) £ (x) ees (ITI.1.1)
m M .
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Where g(S) = =% for S=%; and g(S) = 1 for S=3/2.
The potential in the direct central force is now given

in double Gaussian form for two distinct cases:

(a) THE DOUBLET STATE(s=%)

c (1) '
v (|£-v}3|)=i 11? [(2w-h$-%(b-2m2)]
CTE
- 2 ec (1) c (1) 5
xv (lr - R] = U, Exp(- n_ (z-2RD)
' k=1

ease (III.a.l)

(b) THE QUARTET STATE (5=3/2)

c (2) Yo "
v(i|jr - 3 R]) =Z %[(2\4-h%+(b-2mq))]Vc(|_;‘_-%§|)
N=)
2 C (2) C (2) 2
= U, Exp(- p (zr - 3RD") ees (III.b.1)
k=1

¢ (I1) ¢ (II)
The values of the parameters ny and U, (II=1,2)

were calculated and are given in table ( IX ), .
Now, using (III.a.l) and (III.b.l), and integrating over
all coordinates with exception of r, expression (III.l.1l)

\finally becomes:

c S c v ' S
D,(x) =% TBi(x) S, B(s,8) £ (x)

J{ M(s-s) 77s JiM
’ eee (IITI.1.2)
vhere
2 . 3/2
c _ ¢ e®. .. ¥ .2
Bl(r) = 4_1;! AiAj Uy ( /7\ijk) Exp( nk(l ijk)r )
3h" i,3,k=1

eee (III.1.3)
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and

2 I ~ cuy . ¥ _ & A
. “§L+ j+ LY B uk”’ijk

(I1I.2.) THE COULOMB TERM

The interaction between two protons, is given below by:

coul S'
D (r) = hur ¢, ,(J M3m* M-m') C (J M;m M-m)
[ I U(s-s) Bha £s £s :
| I‘ yooul
x [dR 42(0,0) al ?) b_(R) g(s) |x° (1 EES Vz,,
Me~m!
£ S
x|x° (1,23)>¢_(®) V(6,0 1 1 (x) ee. (III.2.1)
M~m r JM
where
coul P
V(Ela) = - _e;_ P (III.L.Z)
T2
coul
The potential function V(£12) can be expanded in
the following way:
coul coul P. P
vir,,) =Z UP(r,R) ﬁ)lf(eR.mR) {(e,¢)... (111.2.3)
P"'\'L '
so that
coul +1 coul
U (r,R) = 2 J dn p (1) V(zp,) ees (III.2.4)
-1

Using (III.2.3) in (III.2.1) and performing the spin

summation we get:
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coul Sl 2 2'
D ,(r) 4Me Z{ A, ;E g(s) S dR R
Jf M(s=-s) 35 i3 s A
. C 2 coul
x Exp(-( >+ <JR7) U (r,R) £5 (r) }: c, ,(g Msm' M-m')
J P I £s

m',m

o Dy
X ;S(J Msm M-m) 2(S ,8) S(m',m)j dS%(GR,¢R) Y (eR,¢R)j da(6,9)

P X
x Y(6,0) Y(e,¢) ' : ees (III.2.5)
m

Integrating the angular part in (III.2.5) and then

summing over the magnetic quantum numbers, n' and m, we get:

coul S' > 2 s '
p(r) = 16T Me EZ AA EZ g(s) £° (r) ¥(s ,s)
JAM(s=s) Bﬁar "3-1 f;é JM
x S(K 'K g R™ dR Exp(-( «'+C¥)R ) eee (III.2.,6)

o
Expre551on (I11,2.6) is further 51mp11f1edm and finaly

reduced/%he following form

1
coul S coul

D (r) = B,(r) g(8) $(s' ,S) S0 £ ()
J{ M(s=~s) s JLM

eee (III.2.7)

vhere
coul 2 \ /2
B (r) = EZ BMe T AA ('l/(‘*+°<D (III.2.8)
J
i,j=1 Bﬁ T

1 1
for S =8 =% and S = 8 = 3/2 respectively.
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(III.3) THE TENSOR TERM

t S
The direct term of the temsor force D ,(r) is given

J{ M(s=-5)

in the quartet state by:

'\\

t S

D ,(r) = bMr C, ,(J Msm* M-m') C (J M;m M-m)

JL M(s-5) 3&2 s m',m £8 Ls

x Idg 4%(e,0) [ ¢ (R |x (1 23)>y (0,0) ] Z 1 [ (2u-h)

L))
x Vi (xy,) 8,(x 12

) |x (1,53)>+ (2b - mz""vt(gla) 812(£§2)

£
S =z S
x [x° (1,7%) (R) Y(e,0) 1 £5 (r) = 4

L1
x C, ,(J Msm' M-m') C (J M;m M-m) ng daQ(e,d) Y (6,8) . (R)
£'s £5 . m* S

X
(1 123)> y(e ) ¢, (R) £5 (1)

x V(r )<x (1 23) ) x
=12 Mem l 12 12 | J)(,M
eee (ITI.3.1)
where
W , 2
~ t(n 2 t
)_Z 11;(2w-h+2b-m)v(r12)_r122 U,
1";‘| k=1
t 2 '
x Bxp(-"n, r7,) .o (III.3.2)

and Sla(giz) is a tensor operator defined in (I.2.5).

The spin matrix elements of the tensor operator Sla(gia)

are expressed in terms of Y (e, ®) harmonics.
m'-m 2

The Y2(9,®)r is then written in polar coordinates
12
of r and R (Bransden, Smith and Tate, 1958)



e

' _ . . 1
< (1,23)] s, 12)lx (1,230 = g(s ,8) (4T/5)"
M-n'

2

xC, (2, m-u ; m'-M, M-m) ¥ (6, ¢) = S(S';S) (4'575)%
S S m'-m Ti2

2 2
C, (2, m'=mj m'=M , M=m) 1 [2°Y (6,0) + 2 RZY (6,0,

5 S : r2 m' -m m' -m
12
(4 z ( y Ve, 0
- 1 rR O.T[ ) C 29 ! - H ?\) Q' $ )
ki r | /3 E: . EIELEY ?( ®).%(9R R ]

A ,\]

oo (III.BOB)

' t t
where g(S_ ,S) = I 'for S =8 = 3/2,

The potential function tV(;_,E) is also expanded in

|
spherical harmonics, thus

n, n

y(r.R) = 5 bu_(r,R) Yo ,0,) Y(o,0) cee  (III.3.4)
o p p

where

t F1 t

U (r,R) = 21‘( I d}-l P ()—1) V(E,B) ese (III.}.S)

n n .
X

Therefore, in using (II1I.3.3) and (III1.3.4), expression

(III.3.1) reduces to its final form:

t s t , _ 3/2
, (r) = 2: B,(r) AL 3/2 5 £3/2) £ (r) ... (II1.3.6)
J! M(s-s) 7 JLM
where
2 3/
£ 2 “:“) ;
gfr) = gﬁ% IEZ AiAJ ‘/ (a % le
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t 2

X Exp(- “1”{ (l - Mk /l+ k ) - ese (IIIoBc?)

and

U J-3/2 - ' %
AR 3/2 3 £3/2) = B(-1) [(21 + (2 + 1) ] c, (2)
KL

x w(k's/a s £3/2 5 J2) eee (III.3.8)

c, (2) = ¢, (2,0;00) and W(I'B/Z s £3/2;52are the
£y £y -

Clebsch-Gordan, and Racah coefficients respectively.

(III.4.) - THE SPIN-ORBIT TERM

This is given by

]
860 S

D ,(r) = hMr E: ¢, ,(J Msm' M-m') C (J M;m M-m)
J{ M(s-8) Bﬁa £,5 m',m XS ) £s

.[dR a0 (e, m)[@ (R)]xM
m'

I -
2 3
(1 3)>Z'(9 d))] Zl

x [(w - 1Y (2 1 (g + e L, %S (1,230 +(2b-m)
5.0 2 M-m

LID)

— 4
x "V o(z,) L(g v o) LT (2, I3 (R ﬁ(e'@ .

E.0 2 M-m

S (r) = hMr ;: C, ,(J Msm* M-m') C (J M;m M-m)
S m',m

JIM 3h2 £ s £8
2 I8
x EE AA. J dr 42 (0,0) Y (0,0) Exp(~ % %) ]x (1 123)>
1 3 M_ml
i’j=l
L ' "
x }: % (2w = h + 2b + m% g 0(212)% (g7 + &) Ly
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fs (I') ese

L
x |x° (1,23)>Exp(- % R%) Y(e 0)
JfM

s
M-m r

The operator L has the following form

12
£121= 1(x-2RAG2 -2) e
i 2 pr oR :
= -15r,2 oo
2 or
+1_I:A_a__ eee
2R
+ 31 R,y 2 von
I ?r
_.ll-R-/\E.- oo
2 [

i

(IT1.4.1)

(IIT.h.2)

(III.4.2a)

(I11.4,2b)

(IIT.h4.2¢)

(I1T1.4.24)

The potentials in the doublet and quartet states

are given by:

I o 2 B.O (II)
}:_ % (2w - b + 2b - m) y (r;,) E:
J=1
s.o0 (II) > | s.0 (II)
x Exp(- m, r;,) = vir,,) (I1=1,2) oo (III.4.3)
s.0 (II)
The potential function V(Ela) is now expanded in
spherical harmonics
8.0 (IT) S, o (11) L
V(_x;,_13)=z (rR)Y(e ¢)Y(9®)
‘ L M
4 oen (III.l‘l‘ol{")
where
s.o0 (II) +1 s.0 (II) .
Uy (r,R) = Zﬁ}. dn p; () V(r,R) ... (III.%.5)

-1
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Using (III.4.2) and (III.4.%4), we finally write the

spin-orbit interaction in the doublet and quartet states as:

s.o s s.o (II) o ,
, (r) = B, (r) A(IN) 5 (2) B(s ,8) DY L)
Jl M(s~s) s JIM
eee (III.L.6)

where

s,o (11) 2 s.0 (II) a 3/2

B,(r) = y E: AiAj U, x/ } i)
72 +d
Be0O (II) s.0 (II)

x (1= F /2 (- om Qom0 06%)

- eee (III.H.7)

and A(Jf) is given for the doublet satet (S'= S= 1) by:

AL(IL) = 1L19(T + 1) = (£ + 1) -3 eee (ITT,4.8)
! 3[ E]

and for the quartet state (S'z S = 3/2) by:

J = 2 1 - 1 - 1 oo e (III.L"Og)
A, (30 3,[ J(J +1) = L(L + 1) Eé ]
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(I11.5.) THE QUADRATIC SPIN-ORBIT TERM

The direct term of the quadratic spin-orbit force
]
QS
D, (r) is given in both cases (s=% and s=3/2) by the
Jf M(s-s)

following expression

S
D ,(r) =4 My ;: EZ c, (J Mim' M-m') C (J Mjm M~m)
S

EY4 M(s~-s) ) £s

Mem?

L
dede(g ) Y (0,4 $_(») gx (1_,53'))][ [%(Zw-hz’
=1

) 'S —_— v S —
x"o(z),) Lo(12) [X° (1,23)> %F(Zb - m) Vo (x, ) Lo(12) IXMSi’HD]

< M-m
|
x ¢ (R) g(e $) 1 £° (z) ’ eee (IIT.5.1)
r J/M
where
> .

LQ(].Z) = (_q_lo 9:2) _I_-I_lz - ﬂlz . sos (III.S.Z)

and

My, = % [ (g;- L,) (g, L)+ (ge L)y L) ]

eee (II1.5.3)

THE SPIN SIMPLIFICATION

(IIT.5.,2.) THE DOUBLET STATE

It has been shown (Sribhibhadh, 1966) that the spin
matrix elements in the direct interaction reduce to the

following form:



1
< X% (1,23)]

Mem?

L

£y (@ - m) Vo(z,,) L

=1

2 ' Q (2)
x[-%}_lEJS(m"m) + V(£12)[3

~25=-

I+ v
[ Z (24 - n) VQ(r

2
Q(l

) L (12)[x2 (1,23)>

M=m

Q (1)

1
3 — _
)IXM_m(2,13)>'| = V(£12)

2
.1112 ] S (m? ’m)

eee (IiI.S.a.l)
where
Q (1) %_ J
v(zy,) = > _L_J;(aw -h+ 2b - m% VQ(ng)
=1
2Q (1) Q (1) >
X U, Bxpl- a  xl5) eeo (III.5.2.2)
Kz,
and
Q(2) & 2 Q(2) Q(2) ,
v(z,,) = E: i (2v - m) VQ(rlZ) = E: % Exp(f o Lo, )
=l k:l
ee. (ITI.5.a.3)
we have also
I"-lZ = o= é_i_ (E - %B)/\-—a— o= (_g - %B)A _a___ eeos (IIIogoaoll')
2 or oR
Using (III.5.2.1) we get from (III.5.1)
D ,(r) = ﬂ‘(_g AL A ; ¢, (3 Mzm' M-m')
1
JI M(S"S). 3112 ’J l m! ’m I 2

xC(JMmMm) > (m*

L%

Q (1)
x vV (rla) [

2
-4L Exp
3 12]

,m) [ [dg_j’dsz(e,(b) Exp

1
m'

(—Q’R ) }/(e $) 1 f"“ (r) + [dR
r J{M

4
(«R),V(e(b)

ng(O o)
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' N Q (2) 2
X Exp(—uR ) Zﬂ\e ) v(z,,) [ 3Ly, | "] Exp(~ ocR ) ;;(e ¢)
R
X _:_1._ f2 (r) soe (III-goa¢5>
r JM '

(IIT.S.b.) THE QUARTET STATE

; . S - ' .
The spin functions [X (1,23)> in this case, need no
M=m' .
’simplification because they are symmetrical in 1,2 and 3.

Thus, the direct term is written as:

D ,(r) = LMr 2: ¢, (J Mzm" M=m') C (J Mjm M-m)
J{ M(s-s) 352 7 m,’mf 3/2 : £3/2

e Q) 32
x (nt,m [ar[aR0e,0) Y (0,0) §.(®) vz )<X (1,23
n' M=-m

2  3/2 £ 3/2
x Ly, [X (1,230 ¢_(R) Y(6,0) 1 £ (r) = lyr Z
M-m m r JM ﬁZ mtom

£
x C, (J Msm' M=m') C  (J Mjm M-m)fdg[ an (0,0 ¥y (e,)
L 3/2 £3/2 m"

Q (1) 3/2 3/2
Cx (R vz, )<x (1 23)| My, |x (1 23> ¢_(R) gk(e cb) 1

3/2 4
x £ (r) eee (ITII.5.b.1)
JM
Q (1)
where ﬂlZ and V(£12) were given in (III.5.3) and (III.5.a.2)
respectively.

' To solve equation (III.5.1), we consider the integrand

involving the operator L in both the doublet and quartet

12

states. Thus,
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2 R
U, (r) = A, A, C, (J M-m' M-m') 4 M
Lla Z' 1 ;_ Z I'S' m m!

1!-]:1 TS m‘ ’m

\
=

x ¢ (J Mijm M-m) S (s',3) 2(m' ym) gdgj an (e,9) Exp(—of.Ra)
£ *

° Em> ?XL 0 1 I( 9) Exp(-«R%) 1 £5 (r)
x V(r e, L 9, Exp{-«R") 7 (r
_ =12 o 12 % j I

i
r

<

eoe (III.5.4)

f

-2

The operator L., operates on the functions Y(©,0)
P

=12

2 2

Exp(-«R7) 1 f (r) and we eliminate the function Exp(-«R")
J T am J

first. Thus,
|

2 £
2 2 S 2
(i)" L., Exp(-xR") ¥(0,0) 1 £° (r) = Exp(~-xR°)[ -9 L
- % (1L.RA2)-9GRAZ 4L)+9 (R.2I)R4D)
or 8 or 16 or or
-9 R%( 2 .0 ) + (6 x° - _)(g 2__)+ (-6, r.R
16 2r or J ¥ or 3=
+ 3‘*-R2- 3) (z.2 ) - 4"‘.2(r.R)(r.R) + (3%, Ra— X r.R - 40(_r2
i35 5T j o=rEees 3 3 J
+ hx® 2p2) T 2 £ (r) _ eee (III.5.5)
r JiM
The other operations on the functions Y(6,$) 1 5 (r)
a T JLM

are carried out in the following way (Edmonds, 1960; Rose,

-+ 1957; and Brink and Satchler, 1967). Thus,

£ () ese (III.5.6)

£
(e,9)
4 L

4
10 () = LUf+1) V(0,0
r

£ 1
' JIM r
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£
(£e2 ) Y(0,0) 1 5% (r) = (£5 (r) =1 £° (ﬂ)%(e )
pr " r JAM I r J/M

(I11.5.7)

£ s nS S

(3 _ .2 ) Yo, 1 £ (r) = (1f (r)- L) £ ()
>r or " r JQu r JIM IR ¢
4
x ¥(8,0) v ees (I111,5.8)
I ’ S - 4
(R.2) YO, 11 (r)==-R KT/ 3)2 Z ¢ )
' 0 r J{M —~n w L1

W0 40
"
nou

£
x Cy ([m ymq ) y" (e 1¢ ) Y (e (D) _‘i 1 f (r)
L1 R {: m'" ’ dr r Jfu ]

" ) 4
+[6I(1+1>(2x/+1>] WL L ;115310 (0,4) 12 fI (r)}
. m'! JIM

LA (1110509>

we also have,

£ :
(R .2 )R.2) Y(G¢))lf(r)]=4TREZ c (L)
dr 2r m r JfN ,

2
x Cy (L)) 4 4 5 () 6 £ (v 1)L+ 1)
R i ! 1 {:‘g;a T J[M ] [ ¥ " ]
" 1"t . S %
x WL, s11;1L)14d 17 () |+ 64 + 1Y(2F + 1)
1 , T dr [ r J{M j [ ]

xv(lf ;1151048 [ £ () [+ 6 [ AU+ 1L+ D)
dr 2 JIM

] 1" 1t % 1" 1" "
x (£ + 1)+ 1)/ ] WL L 311510 WL 5 1151/)

" 1l 1
x 1 5 () C (Lmy v m Y(o_,9_ ) Y(e_,p )
~ J[M :}Zm,q,m" Lyi a ©F o RUR
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1
x Z%e,@) ee. (III.5.10)
- Q (11)
Using the above results, we finally obtain for U (r)
=12
Q (11) Q (1I1) 5 s
U, (r) = By (r) UL+ ) £ (p) =(30.. + 0, ,
Lo g 12 [ M JAM 2 ¢13k 3k

x (1 -3 5 AL Bt %) 5 () + (3(1 + J,.,, -3 52 r
n gk F oy

4 ijk  J 2 i jk
-3« r)d £5 (r) - 9 23 £5 (r) :]... (II1.5.11)
= dr JM 162, . 52 Jf
ijk _ 1] dr
where
Q (I1) 2 Q (11) 3/2 .
géla(r) = 2 A Aj Uy (T / 2ijk) : ;g_
i1,J4k=1
Q (I1) |
x Exp [ - QuiII)) fa ] (11=1,2) eee (ITI.5.12)
Ak
Again, the integrand involving the operator ﬂlE is given by
Q (1)
Uy (r) = = 4Mr ;: C, (J Mjn' H-m')
=12 3ﬁ ,J,k 1 o L 3/2
% , @ (1)
x C (7 M;m M-m) g 4R R Exp(~ er ) V(r ) j dfz (e ,¢ )
£3/2 0
| g 3/2 3/2
qun(e,d» Y (e, ¢)<§_m'(1 )] 1y, 12)|x (1,23)>
, £ 3/2
x Exp(-% R7) ¥(6,0) 1 £ (r) ees (III.5.13)
J r JfM

4
Operating by M , on the function Exp(-=XR ) %(6 ) 1
3/2 r
f (r) we obtain:
JIM



(r..) Exp(-= R%) £ o) 7 ) (= o R)

M r Exp(~x R 0, 1lf r) = Exp(-« R

1e=1e J m r J{u

xd 9 (ge L)oo L) + 9(gye L) (i ope Rp2 ) +9(3 oo oR 2 )
{4 1 2 £ A i

x (g5e L) =9 (i oce RA2 )G o B, D) = 3a,(i 950 £aR)
=2 16 1 Ab 2 5 2 A

x (g L) + 3 qj(ga. A 3)(3-1. R,2_

d ) =3 (ge o)(x «2)
2 55§ L2 oT
4 _)3; (__2. ;)(9_’1. %_) + _g_(_l- §2)(§ .5__;) - %(_1. g__)l(_c_sé. R)
2 .
+ % o [ W5 (r7) - W, 5(x,R) ] + %‘xj(—l' zA R (g,e g,\g_;)
+ 2 ¥ ( r « R =2 ra) (0ne o0o) = & 2 (e r, R)(0=e r, R)
3 4V 0= =1° =2 I Tt | —A——}
£ 3/2
xY(©,0) 1 £ (r) cee  (III.5.14)
m r JIM - .

All terms in (I11.5.14) are then worked out separately
using the results given in (II1.5.7) to (III.5.10). Thus

equation (III.5.13) is finally given by the following expression:

(1)

QD , , 3/2 Q (2)
Uy ()= [ By () H L) & £ (r) + B, (r)
=12 %—L =12 a 2 J{M -12
9 r .
3/2 Q (3) 3/2 Q (W) 3/2
xd £ (r)+ L +1) By (r)f (r) + B, (r)f (r):[
ar JUM =12 JIM -12 JM
x 8({', £0) (111.5.15).
where
Q (1) Q (1) 1/2 2
By (r) =254 (n x/ 2yt (17 A ) V(wssy2) § A.A,
=12 ¥ 2 1) —_ L 1
. Y(L+3/2) 1,3?}{:1
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Q (1) _ 3/2 Q (1) q (1) 5
v, (1/ %ijk)(lt/ ?i\jk) Exp(~ p (1- a /1+3\ T Ve (II1.5.16)

Q (2) 2 Q (1) s A 3/2
By (r) = gg 'Z AiAj v, (1/ /ijk)(a/ ijk)
1ydsk=1

_ -12
Q (l) Q (1) Q (l) Q (1)
x Exp(- pk(t /1+7\ )r ){ 2 5 n

+ T A.

L
2 ijk

Q (1) L/2

L [
5Cm 7/2)0 (/40 Y TGwes)) [ 16 5 1603 1000 T

eee (IIT.5.17)
| w0

Q (3) 2_ Q (1) 3/2 Q (1)
BMla(r) A Z_ AiAj U, 4 ?ijk) (2- 5r my /b ?\i,:ik)
¢ 1,3,k=1
Q (1) Q (1) 5
x BExp(- n, (1 - n /4 Aijk)r ) ees (IIT,2.18)
and |
Q () Q (1) 3/2 Q (1) L/2

2
By (r) = M Z AiAj U, (\T/?\ { 5C n, r/2)t (l/?\.
i,

Q (1)
1 A - A
x ;Eﬁ;g;) [: 16(o«j/ijk) H5(!.I)+3 HB(I,L) :[ +1-(5 n /k ijk)

-2 0.1
- (1/2r @)ij) + (rO(J./Z /}jk)+ (‘*"‘J./B) [ 2r 4+ (1/ n )

. Q (1) , /
- (uy /4 A W) ]A([ 3/2 5 A3/2) } ees (III.5.19)

and where
-1

Lo‘\ A AN
H,(L,L) = (-1) . L L, c (L)c (L) c (n)c (L)
1 2 i Y f il 4 n
L+, 1
xW({13L1,1,L L)Wll;1ll;1L) eee (III.5.20)

A

H,(£,1) = 1 Ly 1 L(£-1) = L,(L,+ 1) | C (L,)
L%L [ :|
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x C (La) v (L Y ¢ (L) w(f 1 L1 5 1L, L) w(l13211;1L)
LL L1 11

eee (III.S.Z].)

- Lo a-l,
;HB(K,L) = % E: (-1) 1, L, L{ESL1+ 1) [ Ly (Ly+ 1)+£(f+1)

-L(L+l):] K(K+1)[2+L (L+1)]:}C(L)2L(LZ)

xC (L) C (LWL ;L

f
Lll 11

513 Ly L) w1 ;11 ;1 L)A

see ‘(III.5.22)

H4(K’,L)=Z (1>L'£’i (L.) ¢ (1) ¢ (L) ¢ (L)

c
f1 1 L2L 1 £l e 11

Lysly
x W(Lll : L21 s £ 1) w(ll; 113 10L) eee (III.5.23)
and
LA A
HS(K,L) = % E: (-1)7 1, L [ Lf+ 1) - Ll(L + 1) ;1(L )
L1$L2

x ¢ (L) C (L) ¢ (L) W(L.1 3 Ll 5 £ 1) w(llg 11;1L)
AL £1 11

eee  (III.5.24)

From equations (III.5.11) and (I1I.5.15), the direct
term of the quadratic spin-orbit interaction is given in

the doublet state by:

Q (L) Q (2)

% () = -4 U (r) + 3 U (r) eee (IIT.5.25)
I M(s-8) 3 =12 =2

and in the quartet state by:

e , (r) = QU(l)(r) + QU;l)(r)

L ese (III.5.26)
I M(s-s) =12 -12
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CHAPTER IV

THE ENERGY TERMS (s-s) INTIRACTION

-

(IVe.l.) THE W-KERNEL

I

i
i

The w~kernel is given in the douiblet and quartet

¢

states by the following expression:

() = (/5" Hr (B - B, S G (3 )
J{ M(s-5) 2 T s mm K8

' £y
x € (J Mjm M-m)‘[dz' a2 (0,0 ¢ ) $ (V) Y (0,0) |x® (1 25))>
XS M-m!

| 14
x|x° (2, 15)>y(9 0) 1 £5
M-m ' JfM

(r') eos (IV.l.1l)

Sumuning over spins and expanding the functions ¢S(u)

¢§(V) in a series of spherical harmomics

De v B
pg(w) o (V) = Z p (ryr') Y(0 0 ) Y(0,0) eee (IV.1.2)
' TTp P R

where

+1
p (r,r') = aﬁj a ) o (w (V) eee (IV.1.3)
: -1

hence (IV.1l.1l) becomes

S -
W, (r) (Lr/B) Mr (E - E,) ¢, ,(J Mjm' M-n')
Ik Mgs-s) ’ﬁ sS40 m' I 5

t oo
x ¢ (J Mym' M-m') 5(3 ,8) g r' dr' P (r,r ) £ (rt)
£s A JIM



~3la
t
P n, , , K N £ n
x[agie’,0") yle',0h) Yo' [ano,p ¥ 0.0 Vi)
Y m m! Y
eee (IV.lal):
Which after performing the angular integration and
sum over all qﬁantum numbers, with the exception of f and S,

finally becones:

s o2

W, () = dr! "e 1(rert) g(8) (s 8) I (b, . rr')

Jf M(s=-s) Tis o . L% *

! S
x ¥ £ (e) eee  (IV.1.5)
JM
where
b & 3
e (r,r') = 211‘»241' (E - Ey) (y3)" Z Aihg (af/bijrr')
h i,j=1
x Exp(- eij o fij rfa) oo (IV.1.6)
(IV.2.) THE KINETIC ENERGY TERM
The kinetic energy term denoted by Ts,(r) is
JL M(s-s)

given by:

g (1) s’ 2) s’ ,
7, (r) = ,T (r) + 7 (v) : ees (IV.2.1)

Jf M(s~-s) J{ M(s-8) JIf M(s~s)

where

(1 s 3
,T (r) (l+/3) ; c, ,(J M;m' M-m')
J{ M(s~-s) S wim '



=55

L
x ¢ (J Mjm M-m)Jdr' daa(e, ®))’(9 o) [x (1 23)\ 1‘{/
L3 M-m!

2 4 — £ v
x ¢S(u) 0. (V) + 1V ¢_(w) ¢ _(V) ] IXS (2,135 Y( )
{ 2 T M-m m

X _.:L_ fS (r') - see (IVoaoa)
v JLM
I

Which after summing over spins becomes:

(l) s( ) = (4/3)3 r Z 'c, (I M3m' Mem')
J( M(s=~-s) S wrom £ 8

£
t
jme ) "
% ¢ (3 Mimrem) B (s,3) 5ot ym) (6) fax Y (e, 1 [vr. ()

j'V2<>4>>/(" S (xr
x (V) + V¢ _(u) § (v :l Zl(e ,4))%' §IM(r)

sos (IV.203)

Operating on the functions @s(u) ¢S(V) first by

2 2
Vzu and then by‘v; yield the following results:

2
1V _ 2 2
5 Voo P w p (V) = (w) § (V) [-_32_ TR PR
2 2
+ % 124 3 ' o+ 125 5 lbla r.rt : eee (IVi2.h)

and

5 271ij

2 .
2
%Vr bl (V) = § (W $ (V[ - 30051 2%

. .
+ 2alj 1b1j £or ] ' oo (IVoaos)
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Combining the above two results we get:

2 2 |
%[Vr: (@) ¢ (V) +V __(w) ¢_(V) 1= ¢ _(w) ¢_(V)

' B2 2 .2 2 2 ,.,2
[ (15/4) TR UTR LI AL PR BLRL

'
1
1

T.r! (IV.206)

ST BT PP LIPS U

Substituting (IV.2.6) into (IV.2.3) and summing over m.

(1) s’ r
T (r) = (4/3)° eSS Co W Mgmt demt) © (3 Mym' Mem)
J{ M(s=38) Tos o £S5 L5

i
! 1

‘ 1 ¢ 7 v v I*
x g(8) (s ,8) j dr! r‘I ag(e ,¢ ) aa(o,d) Y' (e,¢) ¢S(u)
m
(o]

a?.)r2 +1( a?. + b?.) rt
ij T2 ij 5 171ij 11ij

x [ - (15/4) 1byg l(lb 2

£
« (a,, b, + .a,. b..)g.y]¢>s(v>>/(e,qf) £5 ()
ml

174 174 2°ij 2713 I

eoe (IV.2.7)

(2) st
Also, we have from (IV.2.1), the expression for ,T(r)
JL M(s=-s8)
which is given by:
]
(2) s
T (r) = OV ; c, ,(J Mjm' M-m') C (J Mjm M-m)
J{ M(s-s) S wom £s

L, 2 2
xjdzv aQe,p) Y (o,9) [_:ag ¢ MV, ¢ (w) + _:2L_ b (w) V, cbs(v)]

m'

]
x<X> (1,23) |x (2,13)>>/(9 $) 1 5 (r1) ... (IV.2.8)
M-m' M-m r' J{M
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After the spin summation is carried out, (IV.2.8)

becomes:
@) s 4

T (r) = =(4/3) r z c, ,(J Msm' M-m') C (J M3m'M-m')
J{ M(s-s) S £ 8 £s

' ' k* e
x g(s) 5(s',8) jdy 49 (0,0) ¥ (0,0) [% b (V6 (w

) / 2 £ c. t
+ 1 ¢>sﬁ(u)'\7V q>S(V) ] Y6 ,0)1 £5 (r1) eoe  (IV.2.9)
2 ' r' JLM
Again, operating on the functions ¢s(u) and ¢S(V) by
the laplacian operators §7i and Y%Z » Thus,

\r{f ¢S(u) = 4>S<u) (4°§L2 v - 6=) ees (IV,2,10)
and

2 2 2
A 4>S(V) = 4>S(v) (4"3 Vo~ 603) . eee (IV.2.11)

Combining (IV.2.10) and (IV.2.11) we get

ol

2 2
[ 0% b0 + b @) 7 4. = @) 9,0 [ - 27
: 2 2 .
X by iy T ow ey T 4 gdy g Ter ] cee (IV.2.12)

Using (IV.2.12), in (IV.2.9), thus

(2) s' 3
,T (r) = (4/3) z: C, ,(J Msm' M-m') C (J M3m' M-m')
J{ M(s-s) s o LS £s

]
[-]

(4 1 ) I*
x g(S)'S(S',s) J r drtj af (e ,¢')£ a2e,p) Y (6,9 ¢S(u)
m'

o
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x [(9/%) by 5 =(4/3)a, ® -(4/3),a r'° -(/3)3855 zox' ]

[ t [ o
x ¢S(V) Y (8 ,6) £° (") eee (IV.2.13)
m' JLH i

From (IV.2.7) and (IV.2.13), the total energy term

TS,(r) is now given by:
Jf M(s=s)
Sl
T, (r) = (l+/3)3 E: C, ,(J Msm' M-m') C (J Mjm' M-m')
J{ M(s=-s) 5w L8 ~

‘ 1 S s | 1] l [;
x g()5(s',s) jdr' rr! f)(/ (r-)j af (e ,¢ )Jdn (6,0) Y (8,0)
J M ml

4
2 2 1 o
x ¢S(u) [—(3/2)lbij + wij r +‘+;jr' + ¢ij re.r ]V¢S(V) ﬁf@ )

eoe (IV.2.14)

putting
Mroet) = (4/3)° b (w) ¢_(v) [- -(3/2) b, . + wijra ¥, ot
+ ¢ij r.r' cee (IV.2.15)

and this can be expanded

Tlz,r') = .2: Tlryr') Y ', y(e $)  ee. (IV.2.16)
rr' P »

where

+1
q%(r,r') ='27IJ dng(j)'T(;,;') ees (IV,2.17)

Using (IV.2.16), (IV.2.14) can be written as:

TS.(r) ;2: C, , (0 Msm' M-m') C (J Msm' M-m') g(S)
J{ M(s-s) S,y W ap LS LS
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| 1 I3 s 1 1 ] 1’* 1 t K ] 1
x 57,9 [ T 2 e fade' 0" vlo' 0 ¥ ' 4"
o JfM o m!
]

| ¢ 5
xjdg(e,qa) v (0,0) Y(e,) C ee. (1V.2.18)
m! n -

performing the angular integration part and then
summing over v, m', and n, equation (IV.2.18) is further
reduces to the following final form:

-]

| :
™ (r) = art 5 (2v) g(8) (s ,8) [ Te§1>(r,r->
Jf M(s=-5) s JIM

]

xI b;j rr') +‘Te§2)(r,r')

/(I;E (1b;j rr) ] S0

eee (IVe2.19)

where

2

T (L)) 2 ' R .
e; (ryr') = 27 rr EE AiAj Exp( eij r - fij ')
i,J=1

= 2 2
x (270/ b, rr) [-(3/2)1bij -y ﬁﬁh o ¢ij /2l1bij ]

eve (IV.2‘20)

and
2
T (2) _ 'y2
N (ryr') = 21Crr' E: AiAj ij (21T/ 1bij rr')
i,j=1
2 2 |
- - oo ® .2.2
x Exp( eijr fij r'7) (IV 1)
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CHAPTIR V

THE EXCHAUHGE (s-s) INTERACTION TERMS

The exchange interactions of the central, tensor, spin-
orbit and quadratic spin-orbit forces in the resulting integro-

differential equations (I.l.%) are given below:

(Vol.) THE CENTRAL TERM

]
The central force term denoted by cES,(r) is given
Jf M(s=s)
below by:
]
B r) = -3 ur § TGy . My Hem)
J{ M(s=-s) #2 “s wiom £ s

]
Ko v
x ¢ (J M3m M-m)[d_:g_' ae (e,0) ¢ () Y (e, [x° (1,29)%
£s ° om Memt T L

' o s — ) S — '
x[% (2w - .13 v (¢) [x° (2,T3)>+ %(b - 2m2, vc(t)lxM_(1,23)>:|

M-m
I ! ] S :
x YO, )¢ (V)1 £ (x') eee (V.1.1)
m BT B 7Y

Summing over spins yields

1
c S

E ,(r) = -(4/3)4 Mr }: ¢, (J Msm' M-m')
Jf U(s-s) - 22 g L A's

' £ "
x ¢ (3 Mgmt Mem') B(s',8) [axt a2(0,0) Y(0,0) ¢ (w) v (w)
LS m?

X ' t 8
xY (0 ,0)¢ (V)1 1 () (II=3,4) .e. (V.l.2)
" 5 T oam
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where L .
¢ : v
v(t) = Z % [(b - 2m) + g(s) (2 - h%:l v, ()
.\):1 .
2. ¢ (1) ° (II)
= Z Uk Exp( t ) ene (VolOB)
k=1

and t = 2 (|r - x'I)

1
{
I

¢ (II)
Defining the function Q (r,r') by:

QI (g,p1) = syt by ¢ (w) e (I1) (4 b (V)
gt eor  (Vol.h)

which can be expanded

c (II) ' _ %* 1 { A

O ) =) L DG y e 0" Yee,d)

"lﬂ\ A N 1
LN (V.l.s)
where
+1

CP(II)( r') 2‘—‘-rr|j dq p(q) CQ(II)( ' 1) (q: r,-]-::')

A -1 A rr!

eve (V.l.6)

where p(q) is the Legendre polynomial,
A

Using (V.1.5) in (V.1.2) we get

°ES,(r> = -(4/3) ¢, ,(J Msm* M-m')
J{ M(s-s) m, . £s

¢ (3 Mim M—m)J art oI (p pry £5 () S(5',8) St ,m)
s o a JM



w2
fl 'A ] 1 t 3‘ t ] k t '
x| a0 0,00 ¥ (6,0 Y(o,0) [ad 0" 0"y y (0" 0" Yo" ¢
m' 1 1 m

ces (Vela?7)

Now, performing the angular integrations w.r. to
af(e,$) and d!i(G',Q'), and then summing over all gquantum
lnumbers, expression (V.l.7) for the exchange interaction
of the central force, is finally given in the doublet and

auartet states by:

' o0 : ‘
c._S c (I1) :
E '(2) = I dr' ) 1 C ) '
3£ MCs-8) %;S X e; (ryr') I+%( ijk T )o(s ,8)
1 S A
X WU L £ () eee (V.1.8)
JM
where
2
e (IT),. .,y _ 3 e (11),, 5 3
e, " (ryr') = ~(4/3)7 21 M EZ ks oy 27/ S ik rr')
ﬁz i,3.k=1 :
2 2
x Exp(~ aijk r - bijk ') eee (V.1.9)
and
- (11)
a5, = % (°§ + 4°% + | )y
(11)
and
) ()



(Ve2.) THE COULOMB TERM

1
coul S

The exchange term of the coulomb force y E(r) is
Jf M(s-5)
givewn by:
1
coul S

CE () = -3 s N Y Co i Mgmt )
Jf M(s=-s) 252 £ s

S m' ym
\J

Ls
x C (J Mjm M-m) j ar' 4@ (e,¢) ¢ (u) Y (0,0)<x" (1 123)]
[ LS M=-m?

. .
2/ 0z - D (@ I3)>¢_(V) y(e W1 £ )
Mem T JM

eee (Ve2.1)

Performing the spin summation, we get

coul S '
E (r) = ¢, ,(J Mjm' M-m') C (J Msm' M-m')D(S ,S)
J{ M(s=s) s w £ S £s .

]

i t f* £ '
x.g dr' rr'} 42(6,d) aQ(e,0 )Y (6,4) G(r,r*) Y (® :¢')
mt m!

o)

x £ (r') cee  (Ve2.2)
JfM

where

Glr,z') = ~(b/3)" 3Mez g(8) §_(w) 1/Uz-r' D) §_(V
: 2h

L X X J (V.2.3)

The functuin G(E!E') can be expanded in series of

spherical harmonics, Thus,

n, , n '
Glzox’) = EE: 1 glr,et) Y(6',0 ) V(0,0) .e. (V.2.4)
rr'

nyp p 2
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so that
+1
gn(r,r') = ZTI'rr' j d'\‘LPn(Tl.) G(E,E')ooo (Voats)

Using (V.2.4) in (V.2.2) and then summing over m',
the coulomb exchange interaction is given in the doublet
and quartet states by:

0

1
coul S coul

E (r) = g ar' (rrt) e (ryrt) g(s) 3(s',s)
I M(s-s) s 0 ‘
x U 2 () cee (V.2.6)
JAM
where
cod o . 2 & ( 2 2
gl(r,r ) = = (4/3)" 3T M e Z Ay Ay Exp(= ey 27— £, 2'7)
%E i, =1
+1 2 2 -%
x J’ le(r +r' =2 rr'ql) QK(*[) Exp(brr‘vl)
-1

cee (V.2.7)
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(V.3.) THE TENSOR TERM

The exchange term of the tensor force denoted by

t‘ES,(r) is given below:
Jf M(s=-s)
' ; ’
tEs,(r) = -(4/3)4 Hr 2:, zi c, ,(J M;m' M-m')
Jf M(s=-s) 52 s miom £ s

£
x ¢ (J M;m M-m) Xdz' a(e,9) ¢_(w) Y (6,0)<x" (1 23)

£S M-m'
- (W=2h+ b -2 (8) 5. D) [x5 (2, D bW
X Z T - + b - mv Ve 10t ‘Xm-m ) 3> s
=1
X Y(g ,q) ) 1 f (r') ' see (Vo3.l)

' JpM

The spin matrix elements can be evaluated by expressing

them in terms of y2 (e
m' -m

t’@t) spherical harmonic as follows:

S+m

Y — 1
<xz~§]2’1,23)| slz(;c_"-’)1x§_;2,13>>=(4n’/5> g(s',5) (-1)

2 1 S+M=-m"'
xC @m-mi-mm) Y (6.,0) = 4T/ 5)% (s ,8) (1)

S 8 m! -m

2 2 22 4o
xC (2m-m ;3 m'-M M-m) 4 [r Y (0,0) + " Y (8 ,p)
58 2 mt -m n'-m

9t

1 1, |,
- rr' (4OT/ 3)%' }E C (2 m'-m 3 qp) Y(e,9) Y(6 ,¢ ) ]
=y 11 q P

ees  (Va3.2)

Using this result we then obtain from equation (V.3.1l)



Lifm

S
) ==ty STy My ew)
J{ M(s-s) EB s o m £s
| S+M-mt
x ¢ (Jd Mjm M-m) C, (2 m'=m 3 m'-M, M~m) (-1) g(s ,s)
£s S S ‘

% C N I:: r (W)
x (4TT/5) [ dr! (rr‘)j al(e ,0 ) ¢_(w) Y (&,4) v (t) _&_
[} m*

9t2

5 2 22 4 5
X [:r Y (6,0) + »*“ Y (6 ,0 ) = rr' (4OTT/3) C (2m'-m;qp)

, m'-m m' -m 11
: U PRY
1 Loy £ 1 g
x Y(6,0) Y(e ,0) ] $ (V) Yo ,0) £ () e (V.3.3)
q P m JM
£ (&)
Where V (t) is the potential function given by
t (4) b | J 2 2 t (%)
vV (t) = 5: %(w -2h + b = BmL v.(t) =t EE: U,
oj:l k=1
t(4),
X Exp(- Hkr.::m'-t ) ec e (V.3.4)

Expression (V.3.3) is further simplified as follows.:
1
t S
E ,(r) = E: c, ,(J Mjm' M-m') C (J M;m M-m)
HEICONE SR i £s
S+M-m' 3 -~
x ¢, (2 m'-m; m*'=M, M-m) (-1) g(s ,s8) (47T /5) J' dr'
S S

] t 2
5 () ad e’ ") faae,0) y o) [ Lt Y (69)

JM m'-m
t (2) 2 t (3)
+ U (z,z") Y (o' ,¢ )+ (407r/3)?'§E: C (2, m'-m, qp) U(r,r')
m'-m 4Pt
1 1 ] 1 I 1 | ] '
x Y(8,0) Y6 ,§ ) ] Y(e ,¢) eee (V.3.5)
q p m
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where '
t (I) I t (&) e
S U (zezt) =~ (/3T H b (w v (e) ¢ (V) A rT(=1)
1.12 9t2 5
‘ r' (I=2)
~rr' (I=3)

| eee (Ve3.6)
T (I) ‘
The function U(r,r') can also be expanded

t (1) ~ t (1) L,

1 1 L “
1] . t - s 1 . ’ soe alde
(r,r') 5: E(r r') X(e o ) {(e $) (V.3.7)
Ly
so that .
t (1) +1 t (1)
p(r,r ) = 2wrr! j d'\'lp(’?) Ulz,z') = rx')

ess (V.3.8)

Using (V.3.7) in (V.3.5) and performing the angular
integration; the sum over all gquantum numbers (m',m and?)
may then be carried out, so that the exchange term of the

tensor force is finally given in the quartet state by:

) ]
t S

[27]
, (1) = E drt (rr!) £° (r') A(I‘j/a s X3/2)
JX’ M(s-5) A JfM
t (1) _ t (2)
X: e.(r,r') I(C., rr) + e (r,r') I, (C,. rr')
[ 1 f}% ijk 1l K 3 ijk
t (3) (
+ (r,r ) Z FF K X L) L+§_(Cijk rr ) ] eece (V03.9)
where .
t (1) 2 t (4)

el(r,r') = - (4/3)"’ 8£1§ Z AiAj U, (2w/c. i 5k rr )‘
oh" i,3,k=1



X Exp(—aij r2 - b, r'7) r2 (I=1)
2
r! (I:Z) ses (V-}.].O)

~rr'(I=3)

and

FF(X'!,L) = (-1 (150>% fc@ec (/¢ ]
VAR ¥ LA

x Wl £ 421 | eee (V.3.11)

The sum over L in equation (V.3.9) is limited by the
Clebsch-Gordon Coefficients,so that C (L) and C , (L) satisfy
: ¥ ¢ 1/

the triangular inequality.

(Vohi.) THE SPIN-ORBIT TERM

The term for the spin-orbit exchange interaction

is given by:

860 S‘ - L
VE(r) = -(4/3)" Mr ¢, ,(J Msm' M-m")
_ JX M(s=5) % T pp XS

L 8.0
x ¢ (J Msm M-nm) gq;' aQe,0) Y (e, ¢ () V()
IS m! 5 .

SR— ' S ;5 =% L oo
x<X (1,23)] S, - le|x (2,I3)> ¢ (V) Yo ) 1
M—m' Mem m T

X fs (I") ) ee s (V.I'*‘ol)

JM

8.0
The potential function V(t) is given by:



~Lg-

4 2  s.o {II) 5.0 (II) >
2 1 (w-2h + b - 2m3) Wie) = Z U, Exp(-  m £°)
=1 Se0 k=1

s.0 (II)
- V(t) ese (V.l"’oa)
and

S1p0 Lip =1 (g +0)e| (2-2da23 ~(z -2 02 ]
21

oee (V.LI'OB)

Now, using (V.4.3) in (Voliol) we get:

S.0 S 2
E ,(r) = -(4/3) A.A T Cy (I Mim'Mem')
JL M(s-s) ,hZ ‘%,k -1 13 f"s m'zm £s

) s.0 (II)

Le 2
x ¢ (J Mym M-m) gdg'J.d§1(0,¢) Y (8,0) v(t) Exp(-¥ u")
" ls -’ i

1 =2

x<X (1 2| T1(om + ) [z =12 ~(x-2),0 ]
M—m* 2i or or'

x Exp(=o ) 71 e, 13)>>’(e B 1 £ )
Mem ' JfM
eoe  (Vole )

In operating by 2 and @_ on the functions és(V)

2r or'
L. se.0 (II)
x Y(G ,¢ ) 1 £5 (') and o (WY (8,§) v(t) , we first
T OJM s m! '
differentiate wers.to r
5 S0
j dr' Exp(~-«u”) v(t) 1 (g& + gé).(g - ')A 9
1 - 21 or

£ S
x Exp(- o<v)y(e Q>)1 £7 (r')
J ' JIM

5> 8.0 (11)
obtaining 16 &, Sd_z;' Exp(=2 u") v(t) 1
EBR. 1 21 (g + &)
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/4
(x'A 1) :] Exp(- o v y<e W1 £ () eee (V.A5)
- I

Similarly, the term,

s.o (II)

j dr' Exp(=2 u2) V(it) 1 (oo + o )e(r = 2')A D
- i 5, —1 0 =2 = = o
2i ' _ ar!

2 £ t 1 S
x Exp(~ ¢ V7) Y(e ,0 )1 £° (r")
J m r' JfM

Which by integrating by parts W.r. to r' and differehtiaﬁhﬁ

we obtain:

5 BeO (11) :
3% jd_r_' Brp(-og o) v [1 (g v gp)eGap) ]
2. K v v
x Exp(= ot VT) Y(& ,0 ) 1 £° (") eee (Vali,6)
J m rt JfM

(Vok.4) becomes, using (V.4%.5) and (V.4.6)

1
5.0 8 " 2 s.0 (II)
E (r) = ~(4/3)* Z KA, U 16 (= +=) z
Jf M(s=-s) ﬁz 3 k=1 td 3 . J

K,8

x§: C, JJMm'Mqﬂ)C(JMm}bmyngdQ(m¢)

m',m £s £s

x Bxp(-o uo- av?) y 0.0)<x® (1,T)|1 (& + EANCINESY
J M-m' 2i

x Exp(- Cp 4 re r') |xM (2 13))>y(e 0) i' §£M(r ) —IEZ
S,L

. 0
X E: ¢, ,(d Mym" M-m') C (J Mjm M-m) i rt2 gpt
m',m,p s £s o]

sy0 (II)

I'
x| plryen) | a0 e, V" (0,0) >/<e,4>>jdn(e ") Y<e )
L



x<X° (1,73) ]1 (o + &) L_ xS (2 13)>ry(e 6 1 £° (o)
M-m?* M- Tt JM

ees (V.4.8)

Where use is made of the fact that

1 (o + o)e(r'ar) Bxp(= C .. rer') = = 1 1 (o + o)er' 2
5; —1 2 ili s 53 fl 2 /\ar‘
! 1J -
x Exp(- ckij r.r') eee  (V.4h.9)
and
8.0 +1 540 (II)

plr,r') = 27 dw p(m) V(z,r') ees  (V.h,10)

1 L} 8 j ‘YlLIYI L
where

| BeO . 4 2
V(z,r') = + (4/3)F e 16 (4+ ) b (@ ¢_(n)

2
5 To5=1 2Ckij
cee (V.Ll".ll)
We now consider the expression involving the operatof L

Tt

K'
S [aace,0 Y @) Y(e $faace’, ) >’(9 4

n’P

5 (r*)

. £,
‘x<x (1, 23)] 1(o— + cr). L IXS (2,13)> Y(e ,cp') f
M-m m vJM

1
M~m* r

lA(J;(’)S(S s)'z‘a(x/ J) S (mtym) L £ (') eee (Vole12)
T JIM

Where A(Jf) was given in (III.4.8) and (III.4.9) respectively.
Using (V.4.12) and summing over m',m; expression (V.4.3)

finally becomes:

1

5.0 S ® s.0 (II) '
E ,(r) [ dr! el(r,r') 1A 1 (€ . rrt)
o) 9=y ) 2 ey i
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S (x0) 3(s' s)S(/( ) | eee  (V.4,13)
JIM
where
s.0 (II) 2
e (r,r ) = -(4/3) 2T Mrr! 16 (x+x) A A,
= e M K e
4 i,j.k=1 Chs
ij
Se0 (II) _%_ 2 2
x U% (ZTI/Ckijrr') Exp(- 33 5k r - bijk rt)

i
i

eee (Volo1h)

(V.5.) THE QUADRATIC SPIN-ORBIT TERM

The interaction due to the quadratic spin-orbit

force is given in the doublet state by:

S'(II)
E ,(r) = -(4/3)4 Mr E: E: ¢, (J Mzm' M-m') C (J M;m M-m)
J{ M(s-s) £2 T wrom & L5 :
Q (11) I
x[az 490, ¢_(w) (o) 4 (0,0)<x® (1,75)| (- /3 L,
M-m*

¢
A @D )’(9 W01 ) - 3 e T S

M-m T I hz nya
Q (11)

¢, (J Msm' M-m') C (J Mim M-m)‘[dr' aq (e, ¢ (u)  v(t)
e £

£. N AU

x ¥ (0,00<xF (1,3)|3L5, [xF (1,Z3>y (e 0"y 9 (V) 1

m' Menm! M~m m? r!
X f—% (r') (II=3,’+) se e (Vosol)

JiM

and in the quartet state it is given by:



~53a

Q8 (3) |
B, (r) =-(b/3" Mr Z c, (J Mzm' M-m')
Jf M(s=-s) o L 3/2

Q (3) ¢,
x ¢ (J Mjm M-m) ng' a0(0,9) ¢_(u) v(t) Y (6,¢)
£3/2 : m*

5/2 £ 3/2 4
x<X (1,3 L, |x (2 FEP)Y /(@,0) O (V) L T (r1)e (4/3)
M-m' ' JM

X Mr E: (7 M; m'l -m') C (J Msm M-m) [dg' daQ(e,0)
Ea )(/ 3/2 £3/2

Ly Q (3) 32 2 32 __
x Y (6,0) v(x) ¢ (WI<X (1,23)]g, )X (2, TH>¢ (V)
m! . M~m M-m

£ 3/2
X Y(e ,d) ) 1 f (r') ove (V.5.2)
T JfM

Q (1II)
The potential function V(t) (II = 3,4), has already been

defined in (III.5.a) and (III.5.b). Thus, from equation
(Ve5.1) and (V.5.2), we consider a general expression involving

. L2
first the operator £12 and then the operator 912(32) respectivelye.

Thus,

Q s'(II)

_E () :Z ¢, ,(J Msm' M-m') C (J Mjm' M-m') S(5 ,3)
Lo Tis w X 3 £s

£, Q (II) 14
jdr- r 42(0,9) Y (0,0) o) b () L2, ¢ (1) y CRE

x 1 £ (zv) (IT=3,4)  eee (V.5.3)
r' JfM

where iie is given by:

[ (r - r! )A [ (r - r )A 3

br' ar
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-[(_1:-3'),\%]-[%/\(3-3')]

- iA(_l:-_I:‘)]-[i.Mz-z')]

o or'
- ..5_ (r-r') . (r"'r'i) —5 oo (V-5.L|’)
[ Ev A== :l [ == A -5?—_
£ QI) , ., A, o £,
Y (8,0) ¢ (w) v (8) LT, 9 M YO 0D 1 £ () =Y (e,0)
m' m r' JfM m'
Q (11) 5 >
x f () V() [8 8, rre o b s 5 ) e 6 ] e
-8 (ror)? ¢(v)5(9¢)1 £5 (r1) (V.5.5)
lgij el ] s m' [ ;' JKM eee aJe
P&tting
Q (II) Q (II)
I (zsr') = ¢s(u) v(t) [ 8 15 3 r2 oy Iiiijk (r%s r'2)
.2
+ 6 - 2§ijk _I_'_.Z:' -8 lglj (2-3') ]4’5(") oesn (V.506)

Using this result, enables us ' to write equation

(Ve5e3) in the following form:

Q s’ (11) .
E, (r) = z C, (J Mim' M=m') C (J Mjm' M-m')S (s ,8)
=12 Ts o £ s | £s
S R £, Q I1) A .,

x[ar (x) [ ad (0,0 [ a2 (6,0) Y (0,0) T (z,z') ¥ (6 ,0)

JLM m' m!

oo (V0507)
@ (IT)

The function I(r,r') is again expanded

Q (II) Q (I1) Yo 4 W
I(r,r') =1 i(ry,e') Y0 ,0 ) Y(0,0)  eee (Ve5.8)
v 1 A

rr!
pIPRN
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where

Q (II)” Q (I1) -
i(ryr') = 27 rr' S Wp(q) I(r,r') eee  (Ve5.9)

Substituting (V.5.8) into (V.5.7), and integrating
1 ]
wer.to the solid angles (© ,§ ) and (6,9), and then summing

over all magnetic quantum numbers (m',n and?), we finally

Qs (11)

Sbtain for E (r) the following expression:

L12
QES (EI; fo | ® (r1)T(s',8) U L0 tot
L..(r) = dr! r! S 'S ’ e '
]
( ) : (I%) ) ( ) ’ (IIZ )
xI (C..rr') + e (ryr') I (C ..rr') + e r,r!
14g KH Lyp £+ KA Lo
x }:%(Ckijrr‘) ]' | (II=3,4) ae. (V.5.10)
where
1 (11) 2 Q (II) > >
eélér,r‘) = 2rrr' Ez: AiAj U, Exp(~ aijk r - bijkr. )
i k=1

2 .2 2 2
x[8lgij rp! -Aliijk (r"+ r'7) 4+ 6 =( 2§ijk/

5 .
2 (I1) 2 Q (I1) PO 5
' - ' - - '
el{lér,r ) = 27 rr Z AiAj U, Exp( aijk r bijkr )
373 k=1 |

x[ aiijk - (2 / ckij> ] | eee  (Ve5.12)
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and
3 (1I) 2 Q (I1)
1 -— —— ] T
eélér,r ) = 16re zz AiAj' U, 184 3
iyd.k=1
2 ,2
x Exp(- aijk r - bijk r'7) eee (Ve5.13)

géx) is the modified Bessel function of the first

kind of orderAand is defined as:

-2

Ia(x) = (1) J)(iX) eoe (V.5.14)

1 n
and Im(X) and I%(X> denote the first and second derivatives

wer. to X.

Similar procedure is also applied to calculate the
expression containing the gperatorAQla(Ea). Thus,
1
Qs (3)

E, () =% }: c, (J Mim' M&m') C

o
(5 Mjm M-m) j dr!
Jf M(s-s) f‘s e £s )

, ‘. Q (3)
x (rr?) [ade' 0" (a0, ACREAC i< (1,3

M~m!

. 4 s
x Q5 (t° )Ix 2, 13> (V) Y(8,0) L §m<r'> eee (V.5.15)

where

), (%) =%_ (g « L0e o Ly) + (g« L) « L

]
]
Ia
)
H
I
N
I@G
L1
1
J9
5
t
I
>
L_d
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+[g‘ .(r—r)Aﬁj[_a

c(z -z a3
2, ]

e (2 =102
v

. (r -5'),\%' ]

[a-e-snE [

+l:9;l e (z -2 3

L 1l=
i

Thus, the first part of (V.5.16) is

(V.5.16)
L

-Y(QQ)) V(t)(b(u) _c_r.(r-r)?) O'.(r-r)—g)_’_
[= ~2 10 > ]
£

X ¢ (v) Y(e 01 £

Q (3) :
(') =Y (6,4) v(t) ¢_(w) [— (16/3)% «°
T JIM m' S
x (on o 2'ATIGS » 20 E) = 16 ¢ £'° 5 _(£'2) 4 16 o(zert)
l L J - = -2 [ ) — A — —9- j 12 _ _9- . _.
el ,;),_3_% w (g o+ @) zer') % (g » ) r'aj
L s
x ¢ (V) YO, 1 £° (x') eer (V.5.17)
S n r' J{M
The second part of (V.5.16)
( )Q @ (u) | ( ) b ( )
;”90) V(t)d)su[:_q-l. r—r.,\ ][ar',\g-g '92]
| £ £,
x ¢_(V) Y e, 0)1 £°

Q (3) >
(r') =Y (6,9) v(t) ¢ (u) [—(16/3)
T JAM m" &
x é‘i % (o7 e 2'ar)(g; « 2'A L) - _2_7 (= 2% + 405. +GB')
X Sl

I"

Q2 2
27

(r)—8(—2°<+l+°(+u)r' 512( )+l6(°‘+°(+1;.n)

27
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Q (3) >
x (r.r') S (r,r ) + 16 (- 2 i + b ? oy )(G‘. o‘) r

27

£, .
- 2(o e o) zer) TO M Y )1 £ () ee. (V.5.18)
1 2 ] s m @ o I

The third part of (V.5.16)

A
y'(e,¢>> V(t) ¢ (u)[gr'A(r - g [ e @ >Aar ]

¢<>( b') (r') /( Y §3>¢(> (16/3)°
x v e, 1 £ = ) v(t -(16/3
u r'J)(/Mr su[

r'a £)(og. £'A 1) j ¢ (v) Y(G ,@ )1 £ (20)

x ‘i‘?(c' r
' JfM

=1

| ‘ oo (Vo5019)

and the fourth part of (V.5.16) is

A
- £'(9,¢) V(t) ¢ (u) [ Ale - '), ] [ §£|A‘(£_£')' Qé]

I Q (3)
x gb (V) }’(e ,tb ) 1 £ (p! ) = Y (e,9) v(t) ¢s(u) [—(16/3)20<2

T I
x (gex'a D) (gyer'a 1)+(16/9) & (2.x') 8.,(x,x")=(16/9) r® 5., (%)
: ) (
- (32/9)% (g, -3;) (ror') + f2 (g0, ]4> (V) ¥(e',0") L
fs (r') ceoe (V0502O)
JiM

Collecting all terms we obtain:

L 5
z'(e,m V(t) b (w [ N ”k (- 2'a 2)(ge 2'a 2)= 5, 5
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x [ r? Sla(;_a) e 312(2'2) - 2(z.r') Sla(r,_z:") ]

- 2 2
+ l: 2 3§ijk(r + ') -2 :] (g’l . _o_'a) Lri (r.r ) (o .0'2) :l

£
x¢<v>>’(e W1 £
' JAM

(r') oo (V.5.21)

Using (V.5.21) we then obtain from (V.5.15)

o

s' (3) o |
E (r) = -; }: Cy +(J Mjm* M-m') C (J M;m M-m) jdr'
S m'ym X's _ Xs o

832

Ly Q (3)
x rr'J ag'e' b )j a9 (o, <D) ACUE RS < a 25|

Me~m'

<] §13k[ LED) et s r?) - 2(zor) 5,,(z0x) ]

L2 2_3§ijk(r2+ % ] - g v e - )

+ 9 1bijk (_g_’l- r'a r)(o‘. r's r) } lXM-IEf 13)>4> (v) 5(9 ,(1) )
S
JX’M(r ) ses (Ve5.22)
Q 8 (3) |
The analysis for Egla(r) in the above equation follows
the same course, and the result is finally given by:
Qs (3 o 1 (3)
E-Qla(r) =;: go dr' JX/M(r ){ A(X/ 3/2 3 13/2) [ Qla(r,r )
2 (3) 3 (3)
x :x[/+%(ckij rr') egla(r,r') :X[/',L%(Ckij rr') - egla(r,r')
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bk (3)

X FF(K'K;L)(- 1 +2L+1 ) I (C...rr') |+ e. (ryr')
{i rr! L+% kij g‘12 ’
4( ) 7 (3)( ) ( £ ) I ( )
x I C...rr') + e r,r! -1 4+2f +1)I (C .. rr
L+3 kg 8 ’ ' f+% kij
° (3)( ) (£4L) ( ) ( )
+ e r,r' H L I C PN rr! e V05023
812 L T g kE :}
|
where -
1(3) . & L O (3) . (e7/e re)?
egla(r,r = - “Z A, 3 U, 325 5K kij
iejyk=1
x Exp(~- aijk rz- bijk r'z) ?3 r'(I=1) eee (V.5.24)
r r‘5(1=9-)
3 (3) Q3
egla(r,r') = = 27T rr' Z AiAj U, (3&ijk/ Ckij)
iyJ4k=1
(2T/C, . .r '2)5 Exp(-a r‘2 b ‘2) (Ve5.25)
X kij r Xp ijk - ijk r eve ¢ e
4 (3) 2 Q (3) 1
e (r,r) = .- 27 rr! EZ AiAj U, (21r/ckijrr')?
12 L
i,J.k=1
‘ 2,2 2 2
x [ 2 =2 §ijk(r +r )] Exp(--aijk r - bijk rt )
ees (V.5.26)
5 (32 ) 3: Q (3) , 3
e ryr') = - 2 rr’ AiA' U 1 e '
j 'k (2/C, . .rr)
%12 153 .k=1 Crij kij

2
x 4Eiijk Exp(- ;56" " Pyt ) eee (Ve5.27)
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and
6 (3) 2 Q (3)
2 .2 2
glér,r ) = - 8wr }: AiAj U, 1 - (2zz/c rr )?
i3Jsk=1
x Exp(- aijkra- bijkr'a) eee (Ve5.28)
also ;

2
H(L;L) = E: (-1)" [:20 -5t (L + 1) ] c (L) C x/(L)
L

cee (V05029)

Thus, from (V.5.10) and (V.5.23), we can write the
exchange interaction term of the quadratic spin-orbit in

tﬂe doublet state as

' X Qs'(3)  Qs'(k)
E ,(r) = ~(4/3)" M -k B ()3 E ()

Jf M(s=-s) 52 3 Lo ~12

eoe (Ve5.30)

and in the quartet state it is given by

Qs L Q 5'(3) @ s’ (3)
E () =-(4/3)" M B (r) - (r) ] . (V.5.31)
© Jf M(s-s) ha =12 312
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CHAPTER VI

DIRECT (s~D)-INTERACTION TERMS

The (s-D) ~-terms are derived from expressions containing
a single tensor (from the deuteron D-state function), and
the analysis follows that for the tensor (s-s) term very
closeiy. Due to this tensor operator, the only contribution

is being in the quartet state.

(VI.1.) THE CENTRAL TERM

The central interaction term is given by:

D ,(r) = C, }(J Mjm* M=m') C (J M;m M-m)
Jf M(s-D) 3ﬁ2 S LS £s

Hl

x [ a8 ag (6,0 y (©,0) <{> ®<x (1,79 Z 1[ (2w - ),

Mem*

(Ra)

2 2\ 148 ;1 5% 2
x V (z),) 5,5(R") [x° (1,23)>+ (2b - )V (z),) 5 5(R

M-m

_ £
x [x5 (2,15)>7 V(6. b, (R) 25 (x) = b S
H-m " L 34 T7s m' ,m

4
x ¢, ,(J Msm'" M=m') C (J Msm M—m).[dR a2(0,0) Y(e ¢) ¢ (R)
£'s' £s

2 ¢c (2) 4 S
x <X (1 23)|s R7) V(rla)IK (1 23)> y(e ¢) ¢D(R) £° (r)
M-m! JM
eee (VI.l.l)
where ‘
c (2) 4

v
Vir,,) = E: % [ (2w - h) + (2b - m% ] Vc(£12)



2 c_(2) c (2)
= ' U Exp(- n  ro,) ee. (VI.1.2

k
k=1

The matrix elements of the tensor operator 3 (Ba

23

are now expressed in terms of C.G. coefficients and

)

ya

m'-m
Blatt and Weiskopf, 1962). Thus,

(GR,¢R) harmonics (Bransden, Smith, and Tate, 1958;

S' — 2 g — S+m % 1
<x” (1,23)] 5,5 (R) [x°(1,23)> = (-1) (47/ 5)% g(s ,s)
! M-m"' 3 Mem :
l
2
X C| (Zg m"m'; m' m) y (OR’®R) cee (VIol-3)
S S m-m!

and the potential function CV(EIZ) is also expanded in

spherical harmonics as follows:

c (2) £ 4
“v(z,R) = p (r,R) Y (en,0p) Y (6,8) ... (VI.L.A)
m 1" ’(ll m" m" .
, 1
where
c (2) +1 c (2)
p (r,R) = arx dn p (1) V(z,R) eoe (VI.1.5)
" 1t
£ -1
‘where p {(n) is the legendre pqunomial.

1

Using (VI.l.3) and (VI.l.4) in (VI.1l.1) we get

c S
D ,(r) = 4y N ¢, (J M;m' M-m')
3£ M(s-D) —,f:a Z,, Z )(/' S

3 L4 48 mtymyu"

L _ 1 .
x ¢ (J Mjm M-m) g(s ,s8) ¢, (2, m-m' 3 m'm) (47T/ S)Equ$eR’¢R)
£s S s

1 ’ ' "

Lo 2 SN
£ Y oo Y ot [40.0,0) Vi) Y (o) VoL
n" m'

m=m' m' m
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' 2 3
dR R Exp(-(°‘i+°§)R ) p (r,R) £° (r)
it

fv L c (2)
p JLM

2 1
X E: AA,
1]

i,

j=1
see (VI.]—.6)

Integrating the angular part, and applying'thé rules
for the sum of four C.G. coefficients (Rose, 1957), enables
us to exténd the analysis and carry out the integration w.r.
to dR, which finally leaves'the direct interaction term in

Fhe following form:

c S c (2)

D ,(r) = B, (r) A, (3/2,3/2) £ (r)  wu. (VI.L.7)
Jf M(s-D) LK JIM
where

c (2) 2 Coc (@ 2 3/2

B () = &ﬂz Ak, T f&k (‘z/xijk)

2h” i,3,k=1
c (2) . 2, , ,

x Exp(-( n_ - i7§jk iﬁjk)r ) | eee (VI.1.8)

(VI.2.) THE COULOMB TERM

The term for the coulomb force is given by:

1
coul S

D (r) = 4Mr E: C, ,(J Msm' M=m') C (J M;m M=m)
Jf M(s=-D) 3ﬁ2 7os mom £ s £s

L R 2 2
x [dar a0(6,0) Y (6,) & (R)<x® (1,23) e s__(R)
J - m' b M-m' | (Tz-3&p) =

xlxs (2,i3):>§ (0,9 ¢ (R) 1 £5 (r) eee (VI.2.1)
M-m m D r JfM
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coul ' >
We define the function v(lr - 2 R]) = e

(jz

z R

which is expanded. Thus

coul coul o n
v(ilr - 2R = E: Bn(r,R) Y (eR,éR) Y(e,¢)
n,p P P
eee (VI.Z.Z)
where
coulj +1 coul :
B (ryR) = Zn“j dnp (n)  v(z - 2RD ... (VI.2.3)
-1

Using (VI.2.2) in (VI.2.1) and adopting the same

procedure, used in evaluating the central term, we finally get

'

coul S coul . 3/2

, D(r) = BZ(r) AL 3/2 5 £3/2) £(r)e.. (VI,2.4)
J{ M(s-D) JLM
where
() = 4 o2 i: ! (7 /¢ 2

B . (r) =M e A, A, 1 t x 4 &)

2 —_— i7j
hEp” i,j=1 (°§.L+°é)2

eee (VI.2.5)
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(VI.%.) THE TENSOR TERM

The direct term of the tensor force in the doublet

and guartet states is given by:

D ,(r) = UMr 2: ¢, (3 Mzm' M-n') C (J Mjm M-m)
J{ M(s=D) 3,ﬁa s n'om LS £s .
L. t (1)
x[ag a0 (0,0 Y (0,0) b (R) v(z,,)<x® a 23) |5, (x5,)
| M-
£
|x (1 23)>-Y(e 0 (R) 1 £ (r) cee (VIL3.1)
M~-m r JfM
‘where
t (I1) - 3
viz,,) = ) % (2w = h + 2b - mb Vilzy,)
5 2 t (II) t (11)
= 8,5(r,) E: U  Bxel-p 1)
k=1

The spin matrix elements of the double operators

512( 12) and 32

we consider two distinct cases (i.e. the doublet and quartet

(32) can be reduced to a simple form, and

states, in which S=% and S=3/2 respectively).

(VI.3.2) THE DOUBLET STATE

We write
< (1,53)| E) Ve b Q>
<x? (1,23) 8, ) 5,.(R,) V(r R) |X? (1,23)
Mem! 2 23'=2 12° ¥p Mo
2 t (1) t (1), >
= E: U, Aj Exp(- n, I, - QER )
kyj=1
x<:x% (1 25)|w12 iz) w23(32)|x% (1,23)> ves (VI.3.2a)
M-m* M-m :



wij(g,_@) = 3(g;. A)(_o_'j. B) - (g, - g-j)(g.g) eee (VI.3.2Db)

( 2

The spin elements of the double operotors wlz o

)

and WEB(B ) are further reduced. Thus,

<x* (1,23)| Wy, (£5,) u, 5(R )[x:2L Q > =<x? (1,23)]
M-m M-m
x [ - 3R2 (i gy- £aR) + 60 g - raR)(x.R) + 2 *°R° 4 ARE(E.B)
. b 1,2
- 6(303)(203) - R ]'X (1,23)> coe (VI.B.ZC)
M-m
!
Using (VI.3.2c) and putting
t (1) 2 P t (1)
V(r,R) = 4M AiAj Exp(- B 12) [ 3R (i o - . AR)
3{:1 1yJek=1
+ 6(1 o rAR)(r.R) + 2 r°R% 4 4R2(£.B)'- 6(r.R)(r.R) ~ R4 ]
x Exp(=(og+ o R°) cer (VIL3.3)

Then from (VI.3.1) we get:

£ s P L
D ,(r) =§ % 4R de(GR,QJR)] a2 (6,0) ¥ (0,0) V(z,R)
J{ M(s-D) ‘ m'
;oo (VI.B.I.{.)
t (1) N
The function V(r,R) Y (QR,¢R) may now be expanded
A
t (1) t (1) 2 |
v(r,R) = Z V(r,R) y CIL ) )’(e d) eee (VIL3.5)

Ayn
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where

t (1) +1 t (1)
V(r,R) = 2 S dn %(n) V(r,R) eee (VIL3.6)

Using (VI.3.5) and performing the integration over dn(6,0)

and dR, then from (VI.3.4) we finally obtain:

t S t (1) % ' -

D ,(r) = B,(r) £ ()DL ees (VIL3.7)

Jf M(s-D) JLM

&here

t (1) 2 T (1) A 3/2 T (1) T (1) 5

B,(r) = @_12 AiAj v, (7/ ijk) Bxp(- n, (- x  Ir7)
R i, 3,k=1 : LN

1jk

4 i

i 2

x[ =15 + 10 ¥, ¥ 2 2 2

[: e . 17\;1'1{ (1-% ijk) r-4 b,:lljk (1-3 {jk) r ]
ijk 1jk

coe ‘(VI.}.S)

(VI.3.9) THE QUARTET STATE

2

(z,,

The matrix elements of the operators w12 ) and

WZB(BZ) are written in the following way

/2 3/2
(1,23)>=<x (1,23)]
M-m M-m'

52 _ , , 3
<X (1,23)] wy,z2,) W5 (R)| X
M-m!

) \423(32) - RZ_ \423(;2)

=<

2 2
- 4 r = 2 r.R) w23(3 ) -% (R™- 6r.R) w23(_x;,3)

+ 1 R'- 2 B(r.R) ]+ 3RG 5. mB)
2
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3/2 '
R(5 g+ 2o B) ] X (1,53 . vee (VI.3.9a)
M-m

1
fro

substituting(VI.3.9a) into (VI.3.1l) and working out all
terms involved, the following expression for the direct

interaction in the gquartet state was finally obtained:

£ 5 t (2) 3/2
D ,(r) = B,(r) £ (2)dU O ese (VIL3.10)
Jf M(s-D) JLM
where
t (2) 2 .t (2) - 3/2
B,(r) = ﬂa : Ay T (T )
3h" 1,3,k=1
t (2) t (2) | . 2 2
. a
x Exp(- n, (1 - »n, )) [ AL 3/2 5 £3/2) [ Jijk (1-3 Jijk)r
I
ijk
-7 ' 2 ! 2 b2
Ex,lak(l-%x'k)r j'*'zzk(l-'gijk) r_g;g___
13k A5k
x Eijk(l -2 Zijk) + ;ga_ ] ees (VIL3.11)
8aijk

(Vi.4k.) THE SPIN-ORBIT TERM

The expression representing the spin-orbit interaction
is given below by:

]
5.0 5

,D(r) = 4Mr c, ,(d Msm' M-m') C (J Mim M-m)
Jf M(S-D)‘ 352 S m'om £ s L5



£, ' __ B0 (11)
qugﬂua¢>%m)§faM<ﬂduﬂm! v(jz - 2 RD
-m!

[ g+ g,)e LcmS(R ) :]]x (1,23)> ¢ (R) Y(e 9)

1 £ (r)
r JIM

(I = 1,2) eee (VIlh.1)

Where 523(3 ) is a tensor operator defined in

’<I.2. ) and —Ii(l"Z): -—12 - Lla' see (VI.L".E)
also
_-1-‘.’12 =Lz -3RAGBD -3) eee (VI.h.3)
* 2dr R
and
Tgig =1 (é‘zi."ii_)A (r R)
i 2or @R

oee (VIeh.hW)

We represent the factors ¢S(R) v(jz - R]) ¢ _(R)
by Gaussian functions. Thus

2 . > S0
E: AA, (_%) Exp(-% R%)  v(jz - # R [(0’+o‘) (L12 12) ]
i,j=1

2. PR 2 A ' ol 5.0 \
23(3 ) hxp(-"g R7) = Z ‘iAj (-%) Exp(~ ®.R") v(lz-3R|)
. iyd=1

x[ (g +¢)(r-§R>,\"

-1i(o + o).(x -
xr

1 _2’_:. %B)/\

Q)
N

+1ilg + g, ). t;_

o (r

2 2
g r - 2 R) ]w23<_13 ) Exp(-o¢R")

Wi

ese (VI h.h)
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Evaluating the above expression leads to the following

terms: v
s.0 (II) 2
(-3) bR v(z - 3 R $,(R) [ 55 - 1)+ 3
R
x (9;3. RI(R <L) + _3_2(1 LAR . 9_5)(;3 + R) - (23. L)
R »
+ (lLo 0'/\2_) + (__U:O_B__)(_ oB) +-]__(_-B)(9_—o_‘a__) "'_]_-
2m =3 2 or 3 2 ¢ 3 ?r 2
2
x 8,,(R7)(R .2 ) =-1(R «2 )oye0,) + 1(4i 03. Ry 2 )-1
2> % > ar 2 =3 > 3 or 2
2
x 5,,(R)(1 oze BA2 ) +2 (i gy r,R) S ,(R) -2 &
23 1 Aa£ 3 1 A 23 3
X (i g30 _EA B) + 2—__2 (1 _1/\-2-2' 2)(%: B) - _1__2(1 Bo__l/\ _2)
3R 6R

x (g3« B) + 1 (izr.oga03)(osR) -1 (iR . g7, 03)(5;.R)

O3 =0 T = 214 =3 S1n 23703
3R° 6r°
. 2
+ _1__2 (4 Fye Ea R) - ;_2% qu + %) \uEB(r,R) - ;_2(;_,11)(0-2.%)
3R 3R 9R
+ §(°%32+ 25 + 3) 823(5,3) + l(—2' o)+ 2 (4 [ R)
9 2 3 2
3R
+ 2x.(i ooe P, R) =2 (i «er,R) S -(Ra) -2 qu(r.R—Ra)
3 &5 =A = 3 1771 =A =" T230= g =
x 5, (R%) . (VI.L.5)
23 - ] e > -

We now condider two distinct cases (namely, the doulet

and quartet states):
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(VI.4,6) THE DOUBLET CASE

Proceeding with the analysis, we make use of the fact that
the spin functions in this case help to reduce various products

of equation (VI.4.5) as follows:

<x¥a, 23)|s, 5(R )(o-.L)IX?(l 23)> =k <21, 23){0— L |x2(1 23)>
M—m' Mem 3 Me~m"' M-m

<x%(1 23)| W, (_}32)(2—1._11) |x?(1,23)> =_lf_133<)(%(1,23)l_q'1._1:|X§(l,23)>
3 M-m' M-m

M—m' M=m

<x%(1 23)l (gn 58 (o .B)|x"‘(1 23> =- <x?(1 23)|o- .A,\B|X2(l 23>
M-m!' -m M~m' Me-m

= 0if A =B
<HE(1L,23) | (gpn o) (230B) K21, TB)> == <x2(1,35) o oAaB PE (1,350
Mem! ‘ Mem M=-m Mem

=0 if A =B

<x’f(1 23)[0- .L|x§(1 23)> =- 1<x’2’(1 23)| o L,x2 (1,230
Me~m?! M-m' 3 M=-m! -

<P, Ty L [} F(1,ED) = 2<6P1,83)| g+ L] (1,83)>
Memn' M—m 3 M-m' . M-m

and finally

<xF (1,23 (gye &) (g BE (1,79
M~

Mem! w1

= -A.B - _2_<x7(1 23)|m .AAB lX‘(l 23)>
3 M=-m' M-m

Using the above results, all terms in (IV.4.5) were
calculated. Thus, the direct spin-orbit interaction term in

the goublet state is finally given by the following expression



S.0 8 s.0 (1) 1 .
D ,(r) =\ Bp(r) AJ{ £2 (e) ¥U ) vee (VILE.G)
JK M(s-D) 7 B JM
where
s.0 (1) 3/2 2 , 8.0 (1) - 5/2
U4(r) =M Tg AiAj U8 i3k
L h™ i,j,k=1 :
s.0 (1) \ 51 s.o (1) / >
x p, (1-2F 4.0 - g ] Exp(- ( n, Yk 1Jk)r )

(VI.4.8) THE QUARTET CASE

Starting from egquations (VI.4.1l) and (VI.4.5), the direct

interaction term of the spin-orbit force is finally given by:

Be0 S; BeO % (f' Se.0 % .
D (r) = B, (r) A_, 5K ,£) + B (r) AL 3/2;43/2)
3f M(s-D) ;: L 77 T2

8.0 3 . 3/2 .
+ B (r) El(f 3/2363/2) 1 £ (r) eee (VI 4,8.1)
2 Jfm .
where
S.0 1 5.0 3/2

'
A YAR.
k=1 8 [ 3 7\:; .

ijk

LA N J (VI.LI'08.2)

S0 2 2 ' BS540 / ] ‘ 3/2
B (r) =M Z AA U (e &)y (T A )
2 2 - 1 3 1 3 lll 1)
h l’J,k-—-_l 7\‘
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Se0 > 8.0 2

x Exp(- morT o+ ;. r2 ) oo (VI.L.8.3)
I
and
Se0 3 2 2 t S.0 '2 /
.
B, (r) g;ﬁ Ajhy W Jijk (1 -2 Zijk)
h T d,3,k=1

, 3/2 5.0 5 S.0 2 > :

x (TT/ 7§jk) Exp(- m r° + 1) ees (VIJ4.8.H)
' L.
ijk

we also have

. g
5, (U3/2:45/2) = bo(fU1) A+ ) (1) (2fe1) C ()
T "

x W(L3/2343/2;32) W(f3/2:43/2;31) ees (VI.4,8.5)



CBAPTER VII

THE ENERGY TERMS (s-D) INTERACTION

The contribution of both the W—, and the kinetic
energy terms in the integro-differential equations are
given below:

(VII.1l.) THE W-KERNEL

This kernel contributes in the quartet state only

and is given by the following expression:

!
s . 4 |
W, (r) = (4/3) Mr (E - E)) ¢, (J M;m' M-m')
34" u(s-D) »2ord m.L £ 3/2
£ 3/2
x C (J M;m M-m) Xdr an(e,d) Y (e,9) (j) (WX 1,23))
13/2 Mem!
4 3/2
x 8, (v )lx (1 230> ¢, (V) }’(e ,¢> )1 £ (') ... (VII.1.1)
T Jfu '

After working out the spin elements of the tensor

813(32) and then performing the angular integration and

the sums over all magnetic quantum numbers one obtains:

o0

t 3 2
wS,<r) = E: '[ dr' A(f 3/2:£3/2) £ (r') [ (r,r )
Jf M(s-D) Tl JhM
, w2 ' ’ w3
xI (b, rr') + ey(ryr') I, (b, rr') + z e, (r,r*)
J &I £+ ™ £
x FF(['{;L) I (b;j rr') ] ' eee (VII.1.2)

L+%
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vwhere
w1l i 3 2 .
ea(r,r') = (4/3)" 32x¥M r'r'(E - E.) A A
, — p d i3
9h i, =1
x (ZTT/ﬂ;jrr')% Exp(- eij r2~ f;j r‘a) oee (VII.1l.3)
w2 '3
(r,r ) = (4/3) 8wM rrt (E - E ) Z{: A. A (27 /b 3 rrt )?
9ﬁ2 . "J =1
2 2
x Exp(- e:!Lj r- fij r') eee (VII.1l.4)
and
w3 L 2 2 1
| ea(r,r') = (4/3) 161;M (rr') (Ep- Ed) ZE: AiAj
: oh 1,3=1
X (21r/b'ij rr')% Exp(- eij r2- £ r'2) (v11.1;5)

1J

(VII.2.) THE KINETIC ENERGY TERM

This is given in the quartet state only by the following

expression:
(1) s @) s .

Ts'(r) = 'T (r) + Jflg;((f]))) eece (VII.Z.I)
J{ M(s-D) Jf M(s=-D) 8
where

(1) s’ 3 '

T (r) = (4/3) Jdr' r[dﬂ(e . ) ¢,y (I Mym*u-1")
Jf M(s=D) a 1 3/2
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T

x ¢ (d Mym M-m) Y (6,0) <X (1 23)\1(\/ 2)
)(’3/2 m! M-m' r
4 3/2
[4> (w) 5,,(v%) $(¥) ] ]x ‘2 ) V(0,001 F (1)
M-m ' JM '

eve (VII.2.2)

2 2
Which after operating bY<7f@andV7r becomes

(1) s
T (r) = (4/3)4 NT ¢, (@ Mjm' Mem') C (J Mjm M-m)
3f M(s-D) ni £ 3/2 £3/2

xJ rir dr'J dfl(e,(b)f ag'e ,¢") ¢>S(u) 5*(e,¢)(1/3v2)
} m!

| ' 3/2

2 2 2 2 ’ {
x<XM_;3. 123) | [ (105 % 20967 V54 165 o meV = 150- 35)
(v%) - 160 W (u,¥) |x/ (2,3 ¢, (V) 5(9 o' 7 e
x W, (V) - 16x u,V ) £ (x
13- 1= ] M-m JIM
ese (VII.2.3)
and
[} .
(2) s "
T (r) =-=&/3)" N ¢, (J Mjm" Mem') C (J M3m M-m)
- J{ M(s-D) %—4 £3/2 £3/2

xIr dr' 42 (e,9) f/ (o, q>)<x (1 23)[[ [v q) (u)]

M=~m'

xs (v)¢D(v)+1q>(u)[V N (v)%(v)]]]x (ZTB')>
M-m

£ 3/2
x Y(9 .¢> )1 £ (r') = - ("r/z»)br Z Z c, (J M3m' M-m')
' JfM 7 £ 3/2

m' ,m
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&)
x ¢ (J Msm M~m) | dr' (rr') ag'(e o') an(e,0) ¢ (u)
13/2 j j ! j 4)5

o]
t

3/2 2 ' 2 2
x ¥ (6,0) 1 <X U.2J”(2cx w2 v-3“ - 7«) WL (V%)
m' V2 Me-m' J 15
4 3/2
xlx “ 13X>-Y(e 00§ T (2) oo (VII.2.4)
Mem

JKM

From (VII.2.3) and (v1i.2.4), the total kernel is
finally written as:
1

(r) f dr' (rr') f (r ) A(I 3/2343/2) [ (r r')
JK M(s-D) JLM

T 1

1 (6., rr) « e, (r r') I (b,, rr') + e (r,r') I, (b, .rr
J 3 13

et ? f+3/2 H L +3

2 , T 1
(r,r') I, (v, , rr') FF({ 4L (ryr')
+ eglryr TRALE rr +-:Z: £ 10 [ e, (r,r

T2
x I (b rr) + e, (r,r') I (v, . rr') eee (VII.2.5)
n+% 13 B n+3/2 +J ]]
where
T 1 5 2 ' ' %
e (ryrt) = (4/37 2 Z AiAj (27’/1bi:j rr')

‘ 2 ' 2 / 2 4 2
- - ' e -
x Exp( e, 4T fi4r ) [ wij r +-ﬂgj r 56 o, 56

9 9 3J

v 16 ¢, . (2f+1 - rr*) cee (VII.2.6)

% 2

1733
T2 5 2 . , 3

ea(r,r') = (4/3)7 32 ZZ: AiAj (2Tf/lbijrr')
i,j=1
' 2 ' 2 P '

x Exp(- ejy rm £y ) é%; vee (VIIL2.7)

")
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el(r r') = (4/3)5 2 < A A (2IL/ b rr')% Exp(—é r2—f T )
i,3=1

' 2 ! 2 / i
X[Wij r+-"lrij r! ".3_9_0(5_"—]-'-& X+ l+¢).. (2f'+l"1‘1")]
J 1 F)

9 9 ;
1°13
eee (VII.2.8)
T2 5 2 4) 2 ')%
] o
e3(r,r ) = (4/3)7 8 jz:. A1A3 “F/ v, i3 rr
5-03 1 l 13
‘ 2 4 2
X Exp(—eijr - fijr' ) caoe (VII.209)
T

o, 5 / 3
(r,r') (4/3)° 2 ZE: AiAj (2Tr/lbijrr')
i,j=1

|

;2 a2 ¢2 2 6
- - - - X
x Exp( € 5T f.j rt7) [ wijr sy, r 104 & .- 56

+16 ¢, ( 2L+l - rpt) ] eee  (VII.2.10)

v, 2 '

17ij
and

T 2 5 ) . p _12_

2 ]
(r,r ) = (4/3)7 32 j{: AiAj 95 ( aL/lbijrr )
| 1yJ=1 1% 5

x Bxp(-¢’, . r2 - f,. ') . eese (VII.2,11)
1j 1]
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CHAPTER VIII

THE EXCHANGE TERM3 (s~D) INTERACTION

(ViII.l.) THE CENTRAL TERM

The exchange interaction of the central force

c S

E ,(r) is given by:

J{ M(s-D)

c S'

E ,(r) = —(4/3) Mr ¢, (J Msm' M-m')
J{ M(s-D) m, A O

x ¢ (J M;m M-m) fdr' d52(e »P) ¢ (u) y (e, ¢)~<x (1 123)
J € M-m!

Y 2 A S ——
x EE: L (W= 2n+ b=~ 2m) V(£) S, (V) lxM_;2,13)>»¢D(v)

x Y(e W1 25 () eee (VIII.1.)
T' J4M .
The spin matrix elements in (VIII.l.l) are evaluated

by expressing them in terms of Y (9 Q) harmonics,
m',m

The (0 ,0 ) are then wrltten in terms of the polar

angles of V = 2(r'+ 2r), (Bransden, Smith and Tate, 1958),

udn: <

thus, we have

— - | 1 S+M-m!
s'(1, 23)|s, (y_z)lxs (2,130>=  g(s)  (4TW/5)% (-1)

M—m' M~-m

X g(s',s) c, (2,m'-mj m'-M, M-m') &4 _ [ 4r® y2(9,¢) P y2(9,¢)
S s

9V2 mt -m mt ,m
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1 l ——
+ 2 rr* (4O u/B)? Z C (2,m"=m;EY) %’(9 N )k}{(e,‘b) J
ks

eee (VIIT.1.2)

c (I)
We now define the function Q (r,r'), (I=1,2,3)
o (I L c 2
Qlzaz') = =(48/3)" 1 ¢ _(w) “v(t) ¢ (V) b/9v
ﬁZ

® (1)
r?  (1=2) eee (VIII.1.3)
2 rr'(I=23)

These can also be expanded in harmonics

c (1) c (I)
Qlxr,r') = _1_ jz: p(ryr') Y(G ,01) Y(e ¢) eee (VIII.1.h4)
rr! T P p
1P
where
c (1) +1 c (I)
p(ryr') = 2 rr' I dY'P(q> Qlx,z") eee (VIII.1.5)
L . L .

Where pL(n) is the legendre polynomial of order (.

Using (VIII,.1l.2) and (VIII.1l.4), and performing the
angular integration and then sums over all magnetic quantum

numbers, expression (VIII.l.) finally becomes:

c 3/2
E ,(r) =
Jf{ M(s=~D)

c 3

1 2 1
x I (C,..rr') + e (r,r') I, (C...rr') + e (r,r') §
! ijk €2 f +3 ijk 2 .

. c 1l ‘
drt (rr') A(L 3/2;43/2) [ ea(r,r')

o o

x FF( £31) 1 (¢ f ) ] vee (VIII.1.6)
L+§
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where
¢ I 4 2 W)
e (ryxt) = - BTN /3" S A u;(zwr/c'rr. 3
952 iyJ.k=1
2
' 2 1 2 ’-H:‘ (I=l)
Exp(-ai.k r - bi.kr' ) >
J J ' (I=2) eee (VIIT.1.7)

2rr' (I=3)

|}
and FF({ ;L) has been defined previously .

(VIII.2.) THE COULOMB TERM

This is given by:

coul S'
, B(r) = -(4/3) Me r ST oc¢, (T Mym' Mem')
J{ M(s-D) e L s |

>

S5 m'ym

L
x ¢ (J Msm M-m) {dr' [ 42 (0,0) Y (6,0) (u)
Xs J f m' ¢S

x<X° (1 123)| 8, (v )lx (2 13)>1 qJD(v) y(e 01 £ ()

M-m" T JfM
C, ,(J Mim? M—m’) ¢ (J Msm M-m) C, (2,m'-mjm'=M,M=m)
s ' LS s's
m
S+M-m! a3 S
x g(S W5) (=1) (4 n/s)?g dr' (rr') f (r')I a9 (e,0)
. A o
(1) 2 (2) 2 S
jao(e ,¢)y(eo>|:c<rr )Y (8,0) + G(z,r') Yo ,b")
m'-m m'-m

(3)
+ (how/3)? Z ¢ (2yntmip @) Gla,zt) Y(6,0) Y(e 4 ]
Y

x Yo' ,¢> ) (VIII.2.1)



- (1)
(rr') E: glr,rt) K(e
L
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4r2 (I1=1)

@ (u) 1 Q (V) b/9v | % (122)
s T D

WL

(1)

where
(1) I
G(r,z') = -(4/3) Me
== 2
h
(1)
The G(r,r') can be expanded
(1) -1
G(r,r') =
A.L
so that
(1) +1
glryr') = 27 rr! J
L

-1

dﬂlpL(?L) G(r,r')

vy L
0 ) Y(e,0) ...
A

2rr' (I=3)

(VIII.2.2)

(VIII.2.3)

(VIII.2.4)

Using (VIII.2.%) in (VIII.2.1), the angular integration

and sums over m', m and are then carried out.

E, (r) =
JA M(s=D)

C)u——ﬂg

=
x E: FR(L L L)]

L

where

coul 1
e2(r,r') =

(3t

1
x } d PK(WL)(r2+r'2-
-1

coul 2

e, (r,r') = =(4/3)"
+1
x [ a p,(m) (rPsrr®-
IR
coul 3 4
e2(r,r') = =(4/3)

2
LT Me r'3r

ar' AL 3/2303/2) £(r') [

2
167 Me2

- 3h
1
-3 .
R} "
2r.r') Exp( biJ

2_
e )
3 h i,J=1
1
Fl 1 .
Exp(bi._.£ )

2r.r! )
- - d

2

2 2 .2 ' t 2
' ' - - '
8w Me rr E AiAj Exp( e; 4T £f.. ')

3 4° 13=1

coul

3 ' t 2
r rr EZ: A A, Exp(- e.,.r =f..r'"")
i 13 1d
1,j=1

. Te') ee.

AA (-e. r°-f. 1'%)
ity Bxpl-ey g7 ~fy 4T

Thus,

coul 2

e;<r,r'>+ e (ryr')

...} (VIII.2.5)

2

(Viii.2.6)

2

(VIII.2.7)

2
13
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X K dq,PL(T[) (r"4p! —22.2'),

(VIII.3.) THE TENSOR TERM

This term is given by

JE M(s-D)

-

>

E ,(r) = —(4/3)1‘L ;: c (J Msm' M-m')
S m',m

(VIII.2.8)

. £
x C (J Mjm M~m) f dr' (rrt) jdsl(e o) )Sd§1(9,®) Yy (6,0)
; "

£s 0

t (I1)

x (w) <x° (1 23)\ v(t) 8, (t ) 5, (v ) o (v)]x (1,23)>

M~-m?

£
X Y’(G ,¢ ) £ (r1)
JLM

where

t (II)

v(t) = Z 1(4-2h+b - EmzvVT(t)

L

v

t (II) ,
x Exp(=- My t7)

L, 2
= t2 S
yam
k=1

>

M~-m

(VIII.3.1)

(VIII.3.2)

The spin matrix elements of the tensor operators

2
SlZ(t ) and 8

quartet states separetely as follows:

(VIII.3.a)

THE DOUBLET STATE

We have

t (3)
<x? (1,73) | v(e) 8y
M-m!

13(v2) are simplified for the doublet and

2 2 %. —_—
H(E7) 8,5(V%) (V) |xM_;z,13)>
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2 . (3 g (3) :
= A, U (t) Exp(= u t2 - a{va) <iX% (1,23)]w (tz)

E j k k 3 12

- Mem'

Jak=1

| | 2 t (3) t (3)
2, | — / 2 12
x W (V) X2 (2,13)S> = = 16N A, U Exp(=n tT-«ve)
k=

1 ~ :
x<X? (1,23) | [ (16 r4- 34 rzr'2+ b r'u) - (16 ree 3 r'Z)

Mem!'
2 2 .
x (ror') + 22(rer')(zer') + 18(2 r = ' = ror')d gy rar')
< [xF (1,5> eee (VIII.3.2.1)

Mem

Substituting (VIII.3.a.1) into (VIII.3.1) we obtain

§ A A 2 vt 3)F
‘E ,(r) = +(4/3)" (2/3)" M AAL T K ar*
J{ M(s=D) w2 4 5 k=1 o S

x (rr') Exp(~- a;jk r2- gijk r'a) fi kr') E E
JM
J4

m'm

x C, (J Msym' M-m') C (J Mjm M=m) dff(e',¢') jd57(9,®)

L3 I8

1* u( -~
Cx Y e,0<xE L, [ (6 rte 34 rPrdh b reh)o(16 £20 3 pd)

m! M-m

x (rer') + 22(r.r')(r.r') + 18(2 rPe prll r.r')(i o razxr') ]

- 1 1 |} ]
xlX% (1,23)>Y(e ,0) Exp(ckij r.r') eae (VIII.3.a.2)
Me-m m

The above terms are all worked out, and we only %pute.

the result.



-86-

oo t (1)

tE,(r) :‘T—‘Idr‘ (rr')&'.’(rr)i“(r)
J{ ¥(s-D) f—/ o JM
x{: (16 ru- 34 r r' + 4 pt ) + (16 r - 3 p! ) + 22 ]
'2
Ckij Cxi 3
t s g 3or 5 3 .
x)1(+%(ckijrr)X(I,I)+|:(l6rr—3r r+44_r_x"_)
C, ..
kij
] 1 2 2 1" ] — t
xI (C ret) + 22 2°r'S 1 (C L. re') (S L) + N
L+% kij Lok K _] T4

-xF(ll,gk)[(ar-r'%l)?\ (;{iarr)—rr'I C'.rr)]:}
+Z

see (VIII.B.&-B)

where

£ (1) . t (3
e (r,r') = + (4/3) (2/3) 2~rm Z AA, U

1] k
42 143,k=1

t % ' 2 2
x (2w/ Ckij rr')? Exp(~- a r -b,. r') cee (VIII.3.ault)

ijk ijk
t I_J'I'% A []
and Fl(l L3 22 = 2(-1) £ ;, (M) w1 ;415 1A)
1

xR s L3, 1D cer (VIII.3.2.5)
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(VIITI.3.b.) THE QUARTET STATE

The spin products in this case are written as follows:

3/2 t (&) 3/2
<X (1,23)] v (+) s (t ) s (v ) ¢>D(v)[x (2 3>

M=m?'

2 t (4, £ (&) 3/2
b ! : 2 ' .2 —
= (2/3) z AA; T TExp(- oy tT-x )<XM-§1:'L’23)1
1,Jsk=1
x{[lSW (r)-2\'13(r')-2w ') ]G g zazt)
+ (4 roe 11 ~f L2 rer') W (rz) o (= 11 2% ' r.r')

15

£ W13(r'2) + (=2 roe rtee 19 r.r') w13(£,£') + (18r2—9r'2—9£-£')

2

x (i o rar') - (8 roe b prC. 11)(xr.xrt) + (8 rh+ 2r'4-17r2r'2):}

x |X (1,23)> eee (VIII.3.b.1)
: M-m

Using (VIII.3.b.1), in (VIII.3.1) the exchange term of
the tensor force is finally written in the quartet state as:

t (2) 3/2
tg , (r) I dr' (rr') e (r,r') £ (r")
Jf M(s-D) I

X{ [ (8 r'- 17 r°r'? - 2 r'l*) -1 (8 rfo b p1oo11)

2Cyi
x (20 -1) |1 ¢ rrt) + A()("B/a; L 3/2) [ {221«24.111--2
K+%
- (2f-1) I'{ij rrt) -1 r2a 10 r2- (24 -1) 1
f* 2¢,

ki j ki j
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' ' 2 2
x I (C .. rr'); FF(L L) »t%- 2 v%« 9 ret 4+ 19
Lo g: {: 20;..
i]
1 t /
x (2L + 1) I (C, .. prr') |+ AL 3/2 5 f£3/2) | rr' I, (c,..rr')

£+3/2

2

(8 r°= 4 r'°0 11)(rr') T

"

1 )
2 rr' I (Cki‘ rr') + 19 rr! E:'Fb(f £i3L) 1
[ L

(c. . .rr') + 12/7
(+3/2 22

FB(K'K 321 [ (2 %= %) 1

L+3/2(Ckij rrt) 1

L

+%(ékijrr') - (2L - 1)

2 Ckij
' 1 t
xI (C .. »rr') ~rr' I (c... rr') eee (VIII.3.b.2)
e} K L+3/2 K4 ] :}
where
t (2) 2 , )
op (rax) = = (/)" @/9) 2z Ay T
" 1,j.k=1 '
t 2 ! 2 3
x Exp(- aijk r - bijk r') ees (VIIIe3aba3)
and
1 ’ 1 A £-3+3/2
F.({ £ 5 3/2 1) = 21(10)% £ (-1) c, (L) ¢ (1)
> L1 n

x WL s 415 1) W(L'3/2 3 £ 3/2 5 1) cee

(VIII.3.b.h)
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(VIII.4,) THE SPIN-ORBIT TERM

This is given by the following expression:

'
S.0 S

E (r) = --(l+/3)L+ Mr ; c, ,(JM m'M-n')
J{ M(s-D) | ﬁa ,;.,k 1 5w ,

I |
x ¢ (J Mjm M-—m)jdr' a0(e,p) Exp(-«u ) y (e, ¢)<x (1, 23)|
IS ; 1 M~m"

' | J 2
x % Z (W -2h + b - 2m3) v, (8 [§12. L, ] wE(z )

x Exp(-=v?) ¢ (2,35 y(e b1 2 ) = -3 e
J M-m T I L2

x ; c, (T Him' Mem') € (3 Mim Mem) [ ar
1J1k— S m', £s

5 BeO L.
xjd.Q(e,q)) Exp(-xu®)  V(t) Y (0,0) <x5 (1 23] (5,

m' M—m'

12)

£
W*) [x° (2,13 Exp(- °3V ) )’(e B 1 £

(r)
l M- T I
ess (VIITI.L.1)
* where
L.,= =i (r=r')a (9 =0 ) eee (VIII.4,2)
or or'
and
S = ( + @, ) see (VIII.“‘.})

We also have

50 2 Be0
ba(w)  V(E) (8150 Lyp) 515(0%) (V) = § (w) W) 1
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-~ ‘ — 2
(o‘+ [ Jo(x-x'), - 9 (r-r*)e(o.+ o) |8._(V7)
[ ar é;vA - - =1 =2 .J'—IB_
2 S.0 ; 5 , 5 ,
x @D(V) = E:‘ AiAj Uy Exp(- 25 5T - bijk r' 4+ Cijk re.r')
i,j4k=1
3 0 T () + W (r'%) 4 k& W4 (xart) 1@ ")
x[ 1 ing_ 13£ + 13 + 3 £ } 1 g2‘£A£
) 2 2 2 2.
+ 6 lbij{: (r'“+ 2r.r') WlB(r ) - %(2r + ror') WlB(r' ) :}
| : .
-3 1613 (& r° - 2 E‘E')(Ei' 3)(9%. r') -3 1b;j (8r2—r‘2+2£.£')

x (o). &' )(o-. r) +3 b (4 roo )(gl. 3‘3)(5_.3')

]
N
o’
N
=
+
+
+

+ 6 W (r‘2) - 6(one r)(oye ') + 24(oze ' )(o,. )

13~ Gy 28230 £ gm L7033
+ b2(i Sy raz') - 6(gy. EB)(T'£'> - (i g A5 1)
{12_:2’3.3-69'3. r'}«:— (10‘1A_2.r){lzo'.r-6o-3£ 1
F G o

x[12g.2-6g.20 7} ] | vee (VIII.hoW)

The spin simplification is again treated in two

distinct cases as follows:
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(a)  THE DOUBLET CASE

The following results are quoted for further use

x’f (1 23)|(o- Ml g Tp A Tye B)IX% (2,13) >

M=-m?! . M-m

= +<x% (1 23)] A . B,X’} (1 23)> - <x:2L (1 23)] (i gy.4 B)'X—é(l 23)>

M-m?! Mem!' Mem

3 t (2T
<Xx® (1 23)ls y Y gye x,2")[XE (2,13)>

M-m' M-m

== 2(4A . B)(X’gr (1 23)[(1 gy-LAL! )IX(l 23>,
3 M-m!

<.xJf (1,23)| (4 Ty Tpe A)(o-s. B) ]x%(2,1—3)>
i M=m?' M-m

~ ] ~
=<x?L (1,23)] 4 « BJX® (1,23)>,
M-m' M-m

<X% (1,2_3-)|(i o,e TAX IX% (2 13>

Men! 2 ==
= 1<XF (L)1 gyerarxt [XF (1,55)>
M=-m! Mem
'<x’} (1,23)] 4 .r,\r']x’f (1,23)>
Mem Men
- 1< (D[t oerazr ¥ (L3>
[3 M-m! M-m

The vectors A and B are either r or/and r'. With the
help of the above results,‘ the spin products in the doublet

state reduce to the following form
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% — Se0O . ) 2 '%‘ —_
<:XM_él,23)l¢s(u) V() (85, L) §13(1 ) ¢D(v)[xp_;a,13):>
, Sa0 . > . P
= AiAj U, Exp(- aijkr - bijk !+ Ckij r.r')

1ed,k=1

x { 1 lb:‘lj (4 r2+ r'2+ b rort) “5}

2
x <ix% (1,é§)| io.r £'|X% (1,23)> ees (VIII.HG5)
M~-m? M-m ‘
1 Se0 L 2 , BeO
putting  V(r,r') = ~(4/3) gz (rr') ZZ: AiAj U,
4 1,3 ,k=1

' 2 ' 2 ' : ' 2 2
- - ! 4 ! o' )=
x Exp( 84k T 1bij ro4 Ckij rer ){ % lbij( 4+ r' +hr.r')-5 }

eee (VIITI.4.6)

Which can be expanded in harmonics

S5e¢0 Se0 L* ' 1 L
V(r,r') = 1 :E: pL(r,r') Yo ,0 ) Y(6,0)eee (VIII.L.7)
rr! T n n
4
s0 that
5.0 +1 S0
p(r,r') = 27{' rr! jl d’q p(?) V(E,_I:l) cee (VIIIoZ".8)
L 1 L

Before the angular integration is carried out, the spin

matrix elements are expanded.as follows:

< (1,891 oo rar|XF (1,595 <(3/2)% g >
M-m' _ M~m- 9 oD

1, 1
x C (12+ p; A) C (1 M-m; M-m,-A- p) Y(o ,@') y (8,9)
11 21 . -2 -p

eee (VIII.h.9)
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Substituting (VIII.4.7) and (VIII.4.9) in (VIIT.h,1)
and performing the spherical integration and sums over all
magnetic quantum numbers (m',m,n,Aand p), the exchange

term of the spin-orbit force is finally given in the doublet

<

state by:
] o |
Se0 S Se 0 1
E (r) = j{: j’ dr' e (r,r') F (1 £33) £2 (')
Jf{ M(s-D) 7L JEM
s o
I:{—l (l+r+2(2Ll)+r)—5 I%(Cka r')
li L+
+2.b.,re' I (C..orr ees (VIII.H.10)
11 L+3/2 k ]
wfhere
Se0 L 2 t SeO
ea(r.r') = ~(4/3) 2Mﬁérr‘ E: AiAj Uk
h i,3.k=1
’ ’ v y 2 ¢ 2
x (2“rr/ckij rr! )’} Exp(~ 455k T - bijk rt7) eee (VIII h.11)
and
I-J'*'% 1 t
F ()(/ L33 1) = (-1) (4(2£+1))% ¢, (L) C (L) W({ 1;£1;1L)
L1 L1

Cx W'Y shds 1) oo (VIII.h.12)
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(b) THE QUARTETD CASE

From (VIII.4.1l), the integral for the exchange interaction

in the quartet state is given by:

]
S0 S

2
E (r) = 'ty T AA,
J{ M(s=D) §2 - it Yk Z Z

1,Jyk=1 m',m

x ¢, ' (J Mjm' M-m') C (J M;m M~m) Jdr' (rr') Exp(-al,_ r2

£ 3/2 o g3/2 oK

-b’iakr' +c ._x;_x;)fdﬂ(e ¢>)[d9(6¢))’(6¢)

3/2 3/2 4 3/2

x<Xx (1 23)‘05 |x (1 23)> )’(e WM E () eee (VIIT.h,13)
Mem! M-m JM

where

9§_=31b;jI:l+w13(£2)+w13(r')-rl+w3 ) | G gerar)

+ [: 6 lb;.j (r'2s 2 r.or') - 12 ] \'!13(_1_'2) + [—- Blb;j (2r2+_r_-_.£v)+6 ]

X w13(3-_'2) + [ -3 lb:‘i.j(q rz- r'2)+ 6 ] WlB(_g,g'_')#'rZ(i_g_'Z._g Axr')

ees (VIITI.h4.1h)

Using (VIII.4.14), finally we obtain from (VIII.4.13)

5.0 S' 5.0 3/2
JE (r) =YX j. dr' rr! ez(r,r') £f (! ){ V4 3/2:43/2)
Jf M(s-D) JM

[12 bjr I (C'..rr')+£6lb (r'+2£-1)r-12r2}

k 7
L+d Crsis
] L] . 2 2 ] 2
xI (C,..re') +) = _b..| 6rr"s 3 (2)(’-1)1"
L+ kij { 1313 l_—_ 567 :l

ki j
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2 ' 2 !
-6 r I, (¢ ., rr') - b oI, (c, .. rr
r :}!|+% kij T 34 iy T ¥ 32 kij ¥T ) ]

. 2 [ A(I'B/Z;!Z’/z){ -3 1b;—j(l+'r2_ rIZ)I‘I" + 6 rrt }
L

] 1 . 1
x FRP(L £;1) ] 21-1 1 (Ckij rr') + 1 (Ckij rr') :}

2C; 4 3 L+3 v L+3/2
1 t - .
+ 4 FS(I £33/2 L) )1:“7}(610.\j rr!) ] ] ees (VITII.L.15)
where
5.0 . L+ )L*' . 2 1 Se0 __; ' . .%.
e2(r,r ) = -(4/3 Z.EM AiAj Uy (ZN-/Ckij rr')
4+ i,3,k=1
' 2 1 2
x Exp(- 3 Jk r - bijk rt) ees (VIII.LH.16)
' 1 A I"'J"‘B/Z 1
FS(K £33/2L) = 21 (10)2 £ (-1) ¢, (L) ¢ (L) w({ 1;41;1L)
L1 L1
x W(L'3/2 g3/25 1) eee (VIII.A.17)
and
(] ) /: ;
FF(L £:L) = - (3002 A ¢ (L) € (L)W(12; 1A';512)
' AL Al
¢ (X) '
2 eoe (VIII.L.18)

It has to be noted that in the forgoing analysis,
we made use of the condens€d: ~ notation for I=(21+1)%,

% ’ ‘/2
A=(2x+1)"and c, (L) = (L 0;00).

C|
KK
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CHAPTER IX

DIRECT AND EXCHANGE (D-s)=INTERACTION TERMS

The formulation of the direct and exchange (D-s)-terms is
similar to that of the (s-p)-terms, but in the integrands the
factors containing the ten;or operator (from the deuteron
D-state function) are now written in the reverse order.

Since these operators are Hermitian the results will Be
exactly the same as these of the (s-D)-terms, with only i and j
as well as r and r' in theexchange termg interchanged.

(IX.1.) THE CENTRAL DIRECT TZRM

. This term is given by
]
c S :
D ,(r) =4 M E: ¢ (3 Msm' M=m') C (J Mjm Mem)
Jf M(D-s) 342 o X372 K3/2

o

| o 4 S @
x:idg a0 (e,0) [ Pp(R) 8,5(B7) Y (8,0) |x (1,23)>>] v (zg,)
m! M

-t

g — X 3/2 . :
x %7 (1,23)> ¢_(R) Y(8,0) £ (r) ==;;: By(r) ALK 372 5 £ 3/2)
m

M-m JH

3/2
x f (r) cee (IXelal)

JIM
where

2 , c (2) .2 n  3/2
¢ - m
By(r) = 5;% E: Ay Uy Eijk (7/ 5k
3hT 1,j,k=1 :
c (2)

x Exp(=~( neo - Aﬁjk z'5';._23.1{)1‘2) ees (IX.1e2)



(IX.2.) THE CENTRAL EXCHAKGE TERM

The exchange term of the central force is given by

'

¢ S : '
B (r) = -(/5%uy YOS o @ Hem)

Jf M(D-s) 32 7 £ 3/2

m',m

J ' £
x ¢ (7 Mzm M-m) [ az' a0 (0, (w) 5. (u") ¥ (8,0)
13/2 f [ ¢D 23 m'

' teo () o £ . 3/2
x[X° (1,257 ve) PO 9 (M Ve ,b) 1 £ )
Mem' M-m 5 r' JLM
;. : . 3/2
= [ ar' (rr') AL 3/2 5 £ 3/2) eB(r',r) £ (r)
| A I
‘ 2 " 2 " '
I (¢ ..2'r)+ 4™ 1, (C .. r'r)+ 2rr! FF(LL ;L)
x [ r n kig T e kT ('+% i j r'r) + 2rr ;;: ‘
x I (c;.. r'r) ] eoe (IX.2.1)
L+% 1J
where
2 I+ 2 1 [+ (l'i') _ " %_
e3(r ') = - 81(!;:)1 (4/3) Z AiAj U, 2w/ Ckij rr')
Gh 1,j,k=1
x Exp(- azjk r'2 - zjk ra)
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(IXe3.) THE COULCMB DIRECT TERM

The direct term of the coulomb force is given below by:

coul S'
, Dlr) =4u§ ¢, (I Mim" M-m') ¢ (J M3m M-m)
Jf 1(D-s) 3ﬁ2 %— atom L 3/2 L3/2
£ o,
ng a2 (e,p) [ ¢ (R) 8, (R ) Y (e,) |x° (1 23)> | e’
M=-m! r
12
£ coul
x %% (1,25)> ¢_(”) y(e 0 £ (r) = ;: B,(r) AL 3/2343/2)
M- JAM
3/2
x £ (r) eee (IX.3.1)
JLM :
j‘where
i 3/2
couly (r) = M e Z AL A, 1, (T e )
> 2 3 ot T Y
CFhTrT 1=l i

o o0 (IX.3O2)

(IX.4.) THE COULOMB EXCHANGE TERM

The (D-s)~-term of the coulomb force is given by the

following expressions:

o8 (3 .
, BE(r) = -(4/3) M er e r (J Mim' M-m')
J{ M(D-s) 'h %— 2: f 5/2

t

’ L

2

x ¢ (J Mjm M-m) | dr' a0 (e, (w) 5,,(u7) Y (8,§)
£3/2 S . [ ¢D 23 = m!

3/2
x [x° 0,5 |x (@ 3> ¢ (V) g(e WL E ()
M-m' ' g

coul 1 coul 2

%)
- ;: g ar' A(L3/2 5 £ 3/2) [ e5(r' ) + e, (x" )
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coul 3

v ey (r' ,7) Z FRLL 51) ] (IX. h.1)

where

coul 1 . 2

e ( r) -(4/ ) 167 r'; 5 A A' " "
r = T - { e
[ 3 M e r A EXP( ejr fj .' r

‘3 e i,3=1
+1 ’ 2 2 "% "
x g dq P,(W]) (rT+r'"=2r.r') Exp(b.. rer') ... (IZ.4.2)
s 1K | ”* -

2

coul 2 2 . " "
ey(r'yr) = ~(4/3)" hmtu o rrs Yo Exp(=e . r'2af 12)
—_—E J 1 Ji Ji
+1 ”% i

x j; dﬁlpf(*l)(r2+r'2—3£.r') Exp(bjig.g') eee (IX.0.3)

and
coul 3 2 1 "
e3(r',r) = —(4/3)4 8T M e2 rar'2 z: Ain EXP(—eji rt?
2
34 1,j =1
+1 -

-f..r) 5 ds P(V\)(r2+r'2- 2 .£'§Exp(bgi£.£')... (IX hoh)

(IX.5.) THE TENSOR DIRECT TERM

This is given for both cases (s=} and s=3/2) by:

TS
D ,(r) =4NM Ce o (J Msm* M-m') C (J M;m M-m)
JK M(D-s) 3h2 S mfom LS £s

T (II) K
x[am a0 e,) fy® vz Y 6,0
ml

x x5 (1 '23)|s, (3_2> S

)‘xS (1 123)> §_(R) Y(e 0) £° (r)
M~m' )

JM
eee (IX.5.1)

12 12

Without going into further details in the analysis,
.equation (IX.5.1) is finally given in the doublet (s=%)and

quartet (s=3/2) states by the following expressions{

)
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t . £ (1)

A '
D ,(r) = B, (r) £2 (r) DU L) eoe (IX.5.2)
J{ u(D-3) - I
and
¢ t (2) 3/2 .
D ,(r) = Bs'(r) £ (r) 2 L0 eee (IX.5.3)
Jf M(D-s) I
where
t (12 - 2 ' t (1) () A 3/2
B, (r) = 4 M A, A, U 1l
3 -5 . i3 Tk ijk
352 iyJsk=1
x Exp(- Ay (1 n r )[- 122 + 10 B’i‘k (1-3 3 L
Y BN A
1jk ) ik
n2 o2 k4
-4 Xijk (1- 3 Jk) r :l eee  (IXeS.h)
and
t (2) 2 ' t (2) <, A" 3/2
B3(r) =4 M Z A, Ay Uy (T/ ’Aijk)
3h" i,3,k=1
t (2) t (2) > ,
x Bxp(- n, (L= n  )r >|:A<xf 3/2 3 £3/2)
b 7‘ijk
,,2 1 012 l+ n " 2
x{ ¥ia (=2 Kijk)r --17I x‘i.k (1 - % xlak)r }
AL
ijk
A N SR S S N I N C TR
* ijk . 2 Y55k’ T T 2E ijk i3k
ijk
1 eee (IXaS5.5)
+ ”g ] _ 5
8 A,
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(IX.6.) THE TENSOR EXCHANGE TERM

The exchange term of the tensor force by , (1) is
Jf ¥(D~-s)
- givenwboth cases by:
|
t S L
E,(r) = - (4/3)" n ‘ E: ¢, ,(J Mjm' M-m')
- L2 : '
Jf M(D-s) 425 T o m £s

(24
x C (J Mjm M-m) j dr' (rr') £° (r')jd Q'(G',¢>') S aa (0,$)
[o]

£s JfM
A t (1I1)
x y 0, 0<x G D]y (6] 5,56 5,,(6%) B2, T3
M,m! Mem
£«
x ¢ (V) Y(e ,0) cee  (IX.6.1)

Following the same procedure as in the (s-D) case,
we finally obtain from equation (IX.6.1) the following
expréssions

& <« t (1) 1
E ,(r) = E dr (rr') e (r',r) £2 (r')
Jf{ M(D-s) o 3 JLM

L [ 2t o 3k rPre?, 26w . (6 r"|2- 3 2°) 4 2 ]

"
Ci 3 Cs 3
< }' 1(c;;ij rr') g(["[) + [ (16 r'jr -3 rorte bl E;L
+f c'
kij
1t 2 2 1 1]
1, (c..rr') + 22 1, (C_.. rr') ] L L0
£y £ag

. z F L %L)‘[(z rC 21 1 (c;ij ret) - rrt I

L +x +

Ckij rr') ] }, | | eeo (IX.6.2)

=
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and in the doublet state

g t (2)

. 3/2
E,(r) = j ar' (rrt) ez, () [(Sr'
Jf M(D-s) JIM

O

-2 ru- 17 r2r'2) -_2 (8 r'2 -4 r2— 11) (ZVI'-

i

Ckij

1) ]

(e Tr') + AL 3/2 3 £3/2) [ [ rZy 11 po
' [

- (2['- 1) "[ . (c".. rr') -{11 r'2- 10 r - (2f - 1) ‘}

x (2 L+1) ]

I
- L+

(Cpgy vr') ]+ AU'3/2 5 g3/2) [ et

1" ]
-2 rr' 1 (C,.. rr') + 19 rr' FF(L £ 53 L)
{372 K ;3

n

x I (€, ; 7r") ] - (8 Pl p%m 1) () I,
L+3/2 I L +3/2

. ] 2 13
+ 12 F_(L g 3/2L)y | (2ry = 27) I (C .. rr') -
'7—?; ? [ . Lep

tt
x (2L -1) I (Cki' rr') - rr' I (Cki’ rr') ] :}
L+d J L+3/2 J

L

where

t (L) 2 . t (3)
ey (r',r) = (4/5) (2/3) 2T M z A, A, U
2

4 i,d,k=1

1 ')% ( " , 2 " 2)
X (ZT\-/ CkiJ rr Exp(~- ajik r - ink r cse

2 C

kij

_( kij rr') + EE: FF(L £ L) r -2 r'2 - 9 rr' 4 lgn
L

2C

1
£+3/2

2C

(IX. 6.

(IX.56.

kij

3)

h)
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and

t (2) 2 Lt ()
eg(rtyr) = - (/3" (2/3)" 2v 2w M Z A, AU

4 2 i,34k=1

( " '2 ] 2 '
X Exp - ajik r - bjik r ) oo (IX.6-5)

and F5(f'f s 3/2 L) was given in (VIII.3.b.4)

(IX.7.) THE SPIN-ORBIT DIRECT TERM

This term is given by the following expression

Se o S
(r) = 4Mr }E: :E: , (7 M3m' M-m') C (J M3m M-m)
Jf M(D—S) 3)(,12 f,S . IS
o 5 5.0 (II) f
x I dR R f dQ(OR,(b )J a0 (e,0)<x> (1 23)|¢> (R) V(z,,) Y (&,0)
M-m' m'
(o)
S
x 1 (g+ &) Ly, 23(R ) ’x (1 230 §_(R) %(e 0) % §XM(r)

see (IX.7.1)

R®)

Since the spin-orbit operator i( o+ c'). L, 23(

is a Hermitian as has been indicated before it follows that
the result for this operator will be exactly the same as
that obtained in (VI.4.5). Hence, the direct spin-orbit

interaction term in the doublet state is given by

5.0 Se0

D (r) = B, (r) AL ) S U ) e (TX71)
J{ M(D=s) JIM

and in the quartet state, by:
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8.0 2 B.0 3
,D (r) [ B, (r) AJ)(’E([ )+ B, (r) AL 3/2,1/3/2)
J{ M(D- s)
5.0 3/2
+ By (r) E (1 3/2 3 £3/2) 1 £ (r) eee  (IX.7.2)
JLM A
where »
.0 1 2 v, 8e0 (1) =572 "
B, (r) = __Iéi Z Ai ;Aj U, >‘"ijk Eijk
iy]4k
s.o0 (1) Lo > s.0 (1) n >
x[ . (1 -3 Kijk) r- _g_ :] Exp(-( mo= Aijk Eijk)r )
eee (IX.7.3)
5.0 2 2 B0 (2) 3/
5 BB(r) = y‘_z Z A Ay Uy (T/ ?\ijk)
| £ 177 ,k=1
2 ] s.0 (2) s.0 (2) >
on ( - (1- ro)
x[(2 §yg =103 )7 Exp a My
[8 K_ﬁﬂ}ﬁ P i ]\'.l
A, . 1jk
ijk
cee (IX.7.4)
5.0 3 > ' s.o (2) " _w 3/2
BB(r) = ﬂa A Ay U, (et +03)‘ ¥ 5ok (M/?\ijk)
4% 1,3,k=1 x
ijk
s.0 (2) 5.0 (2) 5 .
x Exp(- i (1- ny )r7) vee (IX,7.5)
4 Aijk
and
s.o 4 5> 2 . s.0 (2) 2 RN
B3(r) = Ez? jg: Al A U, 555k (1-3 5;jk)
R 17,k
w 3/2 s.0 (2) s.o (2) 5
b Al ik

and E (f 3/2; 13/2) was given in (VI.h. 8 5)
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CHAPTER X

THE COMPLETE INTEGRODIFFERENTIAL EQUATIONS

FOR THE (P-d)-SCATTERING

The resulting terms obtained in the previous chapters
are now collected, regrouped and finally put into a form

suitable for numerical computation.

(X.1.) THE DOUBLET STATE

The integrodifferential equations describing the scatter-
ing of nucleons by deuterons are written in the form of single

t
equations for f ,f = ]J-%l and J+% for J 2 2.

2 Q Q
D, F,(r) + U, (r) F,(r) + ¥p, (r) F,(r) + *v, (r)
(¢ K ;[11 £ T S £y

Q 2
xd F,r) + ™x, (r) d_ F,lr) + | dr' Q, (ryr') F (r') | =0
ar L LL 2 £ g Yo e ]

ees (Xo1.1)

where
1 1
D? = EE. - L L+ 1)+ K* ees (Xo1.2)
§ 4 2 2
dr r
and
2 ‘ r4
K = I‘*‘ M EP se0 (Xolo))
e

and where

coul 5S¢0 Q
U, (r) =%, (&) + ©u, (&) + U, (£)+ g (r)+ u (r)
LK LK F oy ¢ LK LK 4 4
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t, Se0 oy
+ U' (r) + U' (r)+ U' (I') see (X-loq)
£ KL £ KL £ L
Q (1)
U, () = bW b e, (r) - 3 p. (r) j [/((/(+1)]
XKL 34H° KK
ees (Xu1.5)
_ Q (1) Q (2)
U, (r) = 4N [3 v, (r) - 3 v, (r)] cer (X.1.6)
L L 5%2 3 LK LKL
and
Q (1) Q (2)
W, () =4y [2 % -2 % @& cee (X.1.7)
L L Bﬁakﬁk E LY 16 L L
“and
c coul B.0 :
Q, (ryr') = K, (r3r') + K, (ryr') + K, (r,r') + QK, (ryr')
L L LK L L L L LKL
§e0 . 5.0 ,, "
K, (ryr') + %K) (ryr') ¢+ K, (r,r') + UK, (r,r')
XL L L Iy 4 L L
+ W, (ryr') + T, (ryr') eee (X.1,.8)
KK

The symbols attached represent the contribution from
various interactions. The prime and the double prime denote

the (s-D) and (D-s) interactions respectively. Thus,

. 2 c (1) 3/2 Q@ 2
- }I"I(r) = -4 n Ajhs Uy (w/ ﬁijk) Exp(- n, (1- J.ij/2)r )
' Bﬁ iyJ.k=1

oee (X.l-9)

coul 5 2 Ve
U, (r) = ~ gie"r A, A, (TT/(x.+%.) ) 4ue (Xo1.10)
— b R i 0]

£ X Bﬁzr i,J

11
]
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5.0 . 2 se.0 (1) 3/2
U () = - ﬂa " Ay Aj U Jf (W 2 13k
h® 1.3 ,x=1
5.0 (l) Se0 (l)
X (1 - gjk/Z) EXP(‘ ﬂk (1‘ . ﬂk /4 )r ).oo (X.loll)
Q (1) Q (2)
W, (r) =4y [4 v &) -3, (r) ] cee (X.1.12)
£ X 4 3 )(’ 4 I £
where
Q (II) 2 , @ (11) 3/2
i - 7w D (1.3 &
! E/.I(r) - X ) Ay By (7/ 9\ijk) [_g_ (Pi.f ij(1 3 ijk/4)
isjv =1 )
Q (II) q (II) 5
Y}L ]Exp( ”1 SESNA ?\ijk)r )
(II=1g2> s e (X.l.l})
5.0 , 2 , Se0 (1) 3/2
U, (r) = - M Z Ay w (T ?\ijk)
kL 1h° i43,k=1
. , s.0 (1)
x ( 3k / s ik n o (- 3 /2)r - 5/2]
s.0 (1) s.o0 (1) >
X Exp(- »k (1‘ ﬂk /4 Kijk)r ) seeo (Xol.14>
. 2 .t (L) v 3/2
U, (p) = =4 M Z Ay by U (T/A L)
£ % 15Tk ’
2 4

] t 2 L ] 1 2
x [ -4 Jijk (1- )&jk /2)7 r'4 (103ijk/ 7&jk) (1~ Jijk /2)r

t (1) t (1)

- 15/4 % ] Exp(- 1y (1 - B, /b A )ra)... (X.1.15)

ijk

5,0 2 .' Se0 (1) n 3/2
U, (r) = - M Ay oy (T A )
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Se0 (l) "

x (3 1k Jlk [ a, o (1- % /2)r% = 5/2 j

)r2)

Se0 (l) Se0O (l) m
w Sk }Bik .es

x Exp(- ay (1~ (X.1.16)

t . t (1) n o 3/2 n2

2
N w -4
E'f(r) 5_5 2_ A% LT % )Hik) [ b;jk
1dak=1
I

2 1 3]
x (1 Z';.lk /2)" r + (10 ink/ A:iik,) (1- 6 /2>r

t (1)t () >
~ 15/L ?\ k]Exp(- My (1= My /4 A ) ) eee (Xol.17)

Q (I1) 2 Q (II) 3/2

'f'f(r> = E: L )&jk> nYijk
' 14J4k=1
Q (11) Q (1) >
x Exp(- n (1- P /b 'l\ijk) r)
(II=1’2) see (x.lol8)
and
Q (1%)) 2 Q (IT) A 3/2 2
v, (r) = A AU (TT/ A ) 3r(1+ ¥, -3/% % )
J k ijk = k k
£ i3 ,k=1 L3 - -
Q (II) Q (1I1) 5
=35 /N ijk ] Expleay (1= p /h.ﬁijk)r )
(I1=1,2) ... (X.1.19)
R D *a(a:) e W
and 5}(!’)— BEU—) where B l(:—) Was givem tan (. 5. 12).
[ N 2 c (3)
o, (r,e') = (4/3)% 2 S hy v @R/ oy 1y?
£ L 52 L ok
: 4 1yj4k=1
xI (C rr') Exp(~ a, . rl- b 2.

‘r‘ ) ene (X.].QZO)

ijk i3k
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2
=

couly (ryr) = 4 (4/3)" 5,. Me YA
L X iTi-1

Exp( 2_ g '2)”&?()(2 2.5 )

x Exp(- e, r = £, 1 S q I "\ t+r' -2 r.r')
-1

X Exp( bij _I: - _I:') s (Xol.Zl)
v . 7 2 5.0 (3)
Sik, (ryr') = (4/3)[+ 16 TM rr! A, A U

3 h 2 i,3,.k=1

. 1 .
1y2 1
x [ ( x5 *e ) / C:.ij ] (2w/ Cijk rr') AJI }+1(Cijk rr!)

2

X EXP(" aijk rz- bijk r|2) ss e (X.l|22)
QK. (r,rl) = - QE .(r) cea (X.l.23)
JL M(s=-8) ’

where , () was given in (V.5.30)
JI M(s=-s) '

Se0 | 5.0

K, (ryr') = = E ,(r) . eee (Xol.2h)

J{ M(s-D)

S.0

,E (r) was given in (VIII.4.10)
J4' M(s=-D)
t :
K, (ryr*) = - "E ,(v) eee (X.1.25)
LK ' J{ M(s-D)
where tE,(r) was given (VIII.3.a.3)

J{ ¥(s=D)

5.0. 5.0 ,

|K (r' ’I') = K‘ (I‘ o 4 r" r!t — I i "——')j).-o (Xal.26)

LK L X
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and

t n t t .

K, (rtyr) = K, (= 1r', r'— 1 , 3 > j). so. (X.1.27)

KK

we have also

W, (ryr') =W ,(r) + W, (r) ces (Xo1.28)
J{ M(s-s) J{ M(s-D)

T, (rye') =T , (r) + T, (r) - eee (Xel.29)
JL M(s-s) J{ ¥(s-D)

where W , (r) ane WV, (r) were given in (IV.1.5)

Jf M(s-s) J £ M(s=D)

and (VII.1.2) respectively.

and T, (r) and T, (r) were given in (IV.2.19) and
J{ M(s-~s) JL M(s-D)

(ViI.2.5) respectively.
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(X.2,) THE QUARTET STATE

The integral equations in the quartet state have the

following form:

D F(r) +;: [ (r) + %, (») F(x) + YW, (r) 4 Fr)

NV S
+ X, (r) & F(r) + Y drt K, (ryr*') + W, (r,r")
£ df £ £y
+ T (I‘,I‘ ) }F(I‘ ) ’ eeoe (XoZ.l)

. ‘ t
Thewe are two coupled equations for [ ,f= |J-3/2| ,...,J43
with J 2 3/2, and another two independent equations for
"
K =Kk

The operator D? was given in (X.l.2) and the functions

1,2 but with J = 3.

1

u, (r) , Qp, (r) , QV, (r) and QX, (r) as well as the kernels
TS VA £y

K, (ryr*), W, (ryr') and T, (r,r') are all given below. Thus,

LKL LK KX

c coul 5.0 t Q
U, (r) = "y, () + U, (r)+ u, (&) + U, (r) + U, (v)
LKL KK KK KK KK KK
c , () c () coul | (r) coul 5.0 5.0 M
+ U, {r) + U, (r) + U, (r) + + "
LA £ L £l b e T ()
t t
+ U, (r) + v, (r) eee  (X.2.2)
KL KK
Q (1) Q (1) .
W, (r) = - LU + D[ ey () e By (n) Jeer (e203)
LK L2 Y2
Q Q (1) Q (1)
v, () == v. (r) - v, (r) cee (Xo2.4)

LK I O
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Q Q (1) Q (1)
X, (r) = X (r) -AHl(f,L) Xy (r) ees (Xe2.5)
P4 ¢ =12 =12
Q_ ) M R G
X snen) B g =B Foely T
™ o o (]jﬁ.S.l?)tw\ﬂl(Zﬂ-s‘lb) espe JI.

3~

| Q L :
QB () amd "B L) Gre BT

-y o coul S0 £
K, (ryr') = “K, (r,r') + K, (ryr') + K, (ryr*') K, (r,yr')
XL P4 4 LK £ KL £ KL
' Se0 , 540 t,
QK, (ryr') + K, (ryr') + K, (ryr') + K, (r,r")
{ £y A £
t 11}
+ K, (ryr") , ees  (X.2.6)
|
1 (2) «
W, (r,r') = }(JS %r) + W, (r) ees (X.2.7)
P4 L
and
1 (2)
T, (r,r') = ‘g")(r) + T (r) eee (X.2.8)
P4 LKL XL
Thus,
v, () L i: ° (2)("/ ?/2
U r) = - M A, A U .
' — i K ijk
£ X i P S
c (2) c (2) 5
x Exp(- », (1= n /4 hajk)r ) eee (X.2.9)
coul 5 2 ) Ve
u, (r) = -8 M e 7 Ai Aj (w/ (m&+‘3))
LK 3‘{‘1 ar i,j=1
voe  (Xe2.10)
2 (2) 3/2
b, () = = hue? A, A Ty (WY AL (- X /2)°
Y 5 L i 3 k 1] ijk .
3H° i,3,k=1
1 + (2) + (2) >
x AL 3/2 i K3/2) Exp(-~ n (1- o /4 7‘1;]‘:{) ro)

ese (do2.11)



Se0 3__ Se0 (2) 3/2
U, (r) = i AA, U, (T/r ) (-7
- ij ij

£ R
e s.0 (2) s.0 (2)
X AJI'B(K JA) Exp(- ,pk' (1~ My /N

eee (X.2.12)

QU. (r) = U (r) - Uy, (r) ees (X42.13)
L L =12 =12
where
Q (1) 2 Q (1) 3/2
v, (e =hM Z Ay T (/A L)
Sie Bﬁa i3Jek=1

x[é ¢ij - b0 _<3/4)B:ij) R w M.

2 ijk
Q (1) Q (1) A 5
x Exp(- n (1 - Py ijk)r ) eee (X.2.14)
and
Q (1) Q (&) ‘
U, ()= B, (r) ee.  (X.2.15)
-12 —12
Q (&)
where B, (r) was given in (III,5.19).
=12
°Ur (£) = - M AL & o R
= - M A s A, A
2'1 r L 3/2 3 £3/2) Z i A U, i3k
34 i4Jok=1
4 3 c @ (@ C s
x (7T/ Aijk) Exp(~ nu (1 - uy " hijk)r )

ees (Xa2.16)

coul 1 ) ' ' v 2
U, (r) = -Me AL 3/2503/2) Z Ai-Aj (1/et + «j)
LK 4 hor0 i,j=1

cee (X.2.17)
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t 2 , t (2) 3/2
U, (r) = -4 [\: Ay Ay Ty (7T/ 7‘1Jk
£ X 3k T,5,k=1
'2 1
x{ A(L3/2 5 K3/2) [ ¥ 55k (1 - 5 /2)r -% ( 131/ 13};)
(1- £ /2)r° 27'2(1 P 79
X fix r ] + A AL (5r/ ijk)
Ly X' t (2)
x 13k (1= 3%./2)+ (15/8 7~ )_}Exp(- ny
t (2) >
X (1 - )lk /47\]'_31{)1‘ ) ‘ ewve (analg)
8.0 ! 2 , 8.0 (2) , 3/2
U, (r) = L Z A A U (T/ }jk)
£ L ‘h i,3,k=1

2
' ' ' ' 2 '
[ [ g B + 30 - 82 B o T 5UtL0

2
P T /) G e A2 g3+ B f
Se0 (2)
x (1 - x L /2) E (/( 3/2 3 £3/2) }Exp(- 1y
Se0 (2) 1 2

The (D-s)~terms can be obtained by the interchange
of i and j respectively. i.e. the (D-s) term of the

central interaction
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(r) = = &y a(f' i‘ "B
U, (r -4 M AL 3/2 5 £3/2) A, A, U .
Y i ] k ijk
[ I 3h2 i,J,k=1
— " 3/2 c (2) c (2) 2
x (u/‘ ?\ijk) Exp(- n (1= p /b A" 130T ) ees (X.2.20)
we also have
Q ( )( X 2 Q (1 N 3/2
— 1
P£12 r) = —-}—24' A Ag Yy A’figk v/ ijk)
307 i,3,k=1
| Qe e .
X EXP(" ),lk (1" 'nk /ll" igk)r ) ese ‘(Xoaoal)
Q (l)( ) 2 Q (1) 9\ Q (1)
P =M A, A T/ 2~
U, r %2 Z U, (17/ [: ~5r Ay /b A
1yJek=1
Q (1) Q (1) >
x Exp(- n (A= p /4 A k)r ) eee (Xo2,22)
Q (1)( - j\: Q (1) T/ A 3/2 [
v r) = 4 M A, A, U (T/ A L) 3 (1+%, .
L > J 'k Jk EY k
12 3%° 173, k=1 2 *
> Q (1) q (1) 5
%Xijk) - 3 r /N k] Exp(~ p (i-m /%A FRE
ees (X.2423)
and
Q (1) Q (2)
VM (r) = BM (r) oo (X.Zoal*')
=12 =12
Q (2)
where B, (r) was given in (III.5.17)
Yo
c 4 2 Q (&) 1
K, (r,r') = (4/3) 2@4 Z_ A Ay Uy (2T(/Cijk rr!)?

sk]
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2 ) .
t - _ . i
x }+%(Cijk rr') Exp( 23 5k r. b].ij r'") eee (X.2.25)
' 2
CoulK' (I‘qr') = (1“’/3)!‘L ﬁ_T__f_L"{__?_Z_r__I_" . A. A. Exp(— e. _I‘Z- T .r'z)
£ XL .2 RN 1j ij
h 14y=1

-3

X +1 dw P ( ) (r2+ 12_ 2 |;_é E | (b r r!) (X 2.26)
-[ 7 f .,l r E.-I: . xp ij — ceece elo

K, (r,r') = (&/3)7 8 \ A, A, U (2T/C, . rr')
Iy —> L. i k ijk
9 %" i,j,k=1

V)

'2 ! " 4 2 ‘ 1
x Exp(- aijk r - bijk ') AL 3/2 3 [3/2) [ r }H}(Cijk rr')

' '
' c ') o ' ; '
+r }.ﬂ}( sik TT ) = rr FF(L £,L) IIJ+J§(Cijk rr') ]
L

L X N ] (X.ZOZ?)

4 2 Se0 (4)
5%, (ry,r') = (4/3)7 167w M rr' A, A U
LA

3 K2 i,3.k=1

A
x (2T/ Cijk rr')e[: (‘Xi+ (3_) /Ci C.. rr')

Jjk :I AJf [:[/+%( ijk

s.0 (4) s.0 (&)

x Exp(- e (1~ My /4 Zijk)rz) eso (Xe2.28)
%, (x,r) = %& () cee (X.2.29)
LKL Jf M(s~s5)

vhere & , (r) was given in (V.5.31).
Jf M(s-s)

c ! L 2 ¢ (&) . 1
K, (r,r') = (4/3)7 8w M Z A, A, U, (2T/C.. rr')?
LKL v 1k

1] k
9k iydsk=1
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L X Jf M(s-D)

¢ s 2 7 . 4 '2 t '
.x AL 3/2 5 K3/2) L by II/J,-;-(Cijk rr') + % /I('+%(Cijk rr')
; ' ' c (&) ¢ (&) ,
+ 2 rrt Z FR(L £ 3 1) i}r%(cijk rr') ] Exp(- n (1- n /45\i
L =
oo (X.2.30)
coulK: (r,r‘) = - coulE .(I‘) eso (X.a.}l)
Jf M(s=D)
where °°UWlp (1) was given in (VIII.2.5)
Jf M(s-D)

tK: (ryr') = -ty () eee (Xe2.32)
L JE M(s=-D)

where CE , () was given in (VIII.3.b.2)

| “Jf M(s-D)

S.OK: (,rgr') = - S.OE |(r) soe (X02033)

J£ M(s-D)
where °*°E , () was given in (VIII.4.15)
. Jf M(s-D)

wfl)(r,r') = =W  (r) eee  (X.2.34)
LKL JI M{s=s)

Wsa)(r,r') = - W .(r) A sse (X'2035)
Y4 ¢ Jf M(s-D) '

also where W,(r) and W ,(r) were given in (IV,.1.5)

Jf ¥M(s-s) Jf H(s-D)
and (VIII.1l.2) respectively.
(1)

T, (ryr') = =T ,(v) ees  (X.2.36)

LKL Jf M(s-s)

T| (r’r') = =- T |(r) eee (X02037)

2
jk)r )
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where T ,(r) and T ,{(r) were given in (IV.2.19)
JL M(s-s) JX M(s=D)

and (VII.2.5) respectively.

Similarly, the (D-s) terms can be obtained by inter=~

1
changing the variables f ,f and i , j as well as the r and

r' consecutively. €.g.

c v L 2 1 c (&) n a
?.f(r,r') = (4/3)7 87 M Al Aj U, (2':'(/0131{)2
2
94~ 1,j,k=1
af3/2 5 £ 3/2) 2“1 (c. Doe k%1 (6 )
X H 3 [ f+% ik rr + 4 r },+% ik rr
+ 2 rrt F(L f'; L) I (c?. rr')
i %: L+ 1k ]
c (B) ¢ (&) " 5

x Exp( - ny (1- n, / 4 "Aijk)r ) eee (X.2.38)



PART (3)

NUMERICAL ANALYSIS AND COMPFUTATION



-120-

CHAPTER XTI

NUMERICAL METHODS

The numerical work was done on the CDC 6600 and 503
machinés, at Chelsea College Computer Centre, Pulton Place,
London, S.W.6.

The main purpose of this calculation is to obtain phase-
shifts, differential and total cross~sections. In solving the
integéo—differential equations given in (X.l.l) and (X.2.1),
one converts these equations into an equivalent set of algebraic
equations and these are then solved by matrix inversion.

The equations required to be solved numericallyfor p(d,d)p,

elastic scattering have the following form:

a2 Fy(r) +; [ (r) Fylr) + /(, () & Fylx) + %, (r)
£ dr

2 £ L1
2
xd F,r) +\| dar' q, (r,r') F (r ) eee (XI.l)
— f '
dr2 g X X ]
where

Q +
| Z, (r) = [:k g(g+l ] S(f H) o+ ﬁ'ﬁ(r) 2 X(r)

eee (XI.2)

Q, (ryr") =K, (ryxr') + W, (ry,r') + T, (r,r') ... (XI.3)
LK LK R ¢

and
S

F,r) = f ()
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The functions Z, (r), V, (r) and X, (r) converge
LK KK I 4
fairly rapidly as the variables r and r' become large.

In carrying out the computation, we noted that the
kernels as well as the matrix solution of the coupled
equations consumed most of the time required to solve the
problem, and they in fact constitute a major part of the
whole computation. For this reason, the basic internal
funcéions (i.e. s- and D- state functions), as well as the
potential function, are all chosen to have a Gaussian shapes.

This enables - -the angular integration part to be carried
out analytically in terms of the modified spherical Bessel

functions of the type In(X) = (-l)-an(iX). Equation(XI.I.1)

can now be solved, with the following conditions imposed

upon Ff(r). That is FI(O) = 0 and Ff(h) = 1, where h is the
interval of integration. Again, the kernels in(XII.l)converge
rapidly, and this enables us to replace the infinite limit in

/ ' :
the integral by a convenient finite limit R , and the range

of integration can be split up into a number of pivotal points

ré, ri, ré, oo R' at small interval h (Robertson, 1955).
Thus, . .

fa R

5 Q, (r,r") F((r') dr' = S' Q, (r,r") Ff(r') dr!

Iy ] 7'y

LR (XI-"")

At r = oo the integral can be expanded as a sunm

R
Q, (ryr') F, (r') dr' = f;: T Q, (r 4 ') F, (r")
L Y X L P A @' "'p" Lp
. p= Cees (XIL5)
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where the coefficients Tp are the numerical factors of the
integration formuls.

Choosing the same pivotal points in the range of r, we
can replace the first and second derivatives in the integro-
diffefential equations by their finite~difference approximation
(Fox and Goodwin, 1949).

L 6

2
h2 ﬁ FI(I‘) = ( b"l S + i 5 + o-.) FX(I') es e (XI.6)
2 12 90

dr

and
3 5 7

h d Fl(r) =u(d-19% +1 § -1 T+ e )Fy()

ar A 6 30 140

ees (XI.7)

where ¥, and p have their usual definitions (Buckingham, 1962).
Using (XI.5), (XI.6) and (XI.7), we can write equation

(XI.1) as follows:

\ 2 L 6
[ (SU O +% ()) (&1 5§41 §+ aua) Ff(r)
LKL 12 90
> 3 5
+ h” z, (r) Fl(r) +hV, () m(8-1 8§+ 1 § + oos) Fl(r)
I 4 LK 6 30 ‘
2 — 3 o
+ h i:o Tp %'I(rq’ r p) ]- 0 see (XI.8)
b= .

Taking r = th, for all points of tabulation, we use the

following relations (Comrie, 1942):
F,(r) = 1[ 7, 1) - F,(r - 1) ees (XI.9)
) I r) 3 [ I.r + { r ]

2 ‘
E) E&Kr) = [ Fl(r + 1)-2 Fl(r) + F[(r - 1) ] eee (XI.10)
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3
ST Fk(r) = % [ Ff(r +2) -2 Ff(r +‘l) + 2 Ff(r - 1)

- Fylr - 2) ] - eee (XI.11)
and
A
5 Ff(r) = [ Ff(r + 2) = ? Fk(r +1) + 6 Ff(r) -4 Ff(r-l)
+ F)(,(r - 2) ] ‘ | oo (XT.12)
Now putting Fk(th) = Fos
ME = 5L ,0) + X, (th) and
£ X LK
tp
a, =T Q| (th,Ph)
LE P gy

Equation (XI.8) can then be written as:

t t=2 t=-1 t t+1 t+2
-1 F ol _ -
+ h }/?{ @ F}_Z -2 F /_g_ F}*l -3 Fe)
1 3 T
1 4,
+ h2 ZF Ft + h2 z a F =0 ; ' cae (XI.]-_.})
T e £

Using the three point difference formulae, equation

"(x1.13) reduces to the following form:

t t+l t t-1 t t+l t=1
My (F ~-2F,+F )+ h v/ (F -F, )
2o Loy ¢ g TR oy
| +nf gt wb Wt jY_"l tap FP ] = gt rt (XI.14)
[T~ ;M 4
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where
L 6 )
I:f FZ = Mf (1 ¥ -1 3 4+ ...) F; +.h v?
KX KL 12 90 KK
3 6 t
xun(l § =1 3 + ...) Fy (82142,3y40yn-1) eoo (XI.15)
30
putting
S s S
A, =M +h V, , ees (XI.16)
KK XK 2 fXf :
}1? = M|s - _11 V'S s ‘(XIOl?)
LKL L 2 L/
and
_ds' = 1n° Z:Q‘ -2 M'S eos (XI.18)
KX LK £ K

and using the boundary conditions imposed upon F!(r)

[ i.e. FI(O) =0, F!(l) = 1 ], enables us to write equation

(X.14) in the following form:

gtd  pitl g Z By B ) (n'=1,2) ... (XT.19)
n'‘n n n'n n'n

R

1
where

gd =|: T (iely341) A7 4T (5,540 AT+ S GE-1,541) nd*e ]
n'n . n'n n'n

A3

oo (XI.20)

and

gt - . [ n° At LG, 0 -8, 4t
n'n nfn n'n n'n
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S5 - 1,1) &5 ] ee. (XI.21)
n.n

Further more, equation (XI.19) can be written more

concisely in a matrix form as:

HF =B+ C : ees (XI.22)

Where H is a squarermatrix of order i(j-1) x (j-1)i
for the coupled equations, and ¥,B and C are vectors or
single column matrices of order i(j-lj. The vector C
represents the overall truncation error whiéh is usually
taken into account if higher terms other than the third

~are considered. Again, the solution of equation (XI.22)
' S

. t

' will be defined only if one of f 1is prescribed,

For convenience this is normally f. or fn, bearing in

1

mind the fo nust be zero. If f  is chosen and C is neglected

1

\
then equation (XI.22) can finally be written as

HF =b ees (XI.23)
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CHAFTER XII

THE PHASE~SHIFTS ARALYSIS AND CROSS-SECTIONS

(X11,1.) THE PHASE-SHIFTS ANALYSIS

The introduction of tﬁe non~-central forces in the
nuclear interactions cause the states to couple with
different values of f. The phase-shifté of the scattered
waves split: into components, depending on the values of
£4d and P, the parity. Below we give a listing of the radial
wave functions and the phase-shifts in both S=# and $=3/2
corresponding to the substates of (J,p), with J=% and J=3/2.

The parity of the states is defined by

J+f =%
P = ("l) tens (XZ[IQ]..J..)
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State £, § dg,pP Wave | Phase-
function shifts
2 + 2_+
O'% %9"' f
o o
2 - 2
11% %1' fl Xl
Doublet 2 4 2 .
1!% 2y * f X
5 1 1
. 2 - 2 -
29% 24 - fz 52
2
. L - L -
123 | 2 £, L
, | L 4 454-
2’% .é-’+ fa 2
_ L L -
0,3 3, - £ )
5 5 o o
Quartet L - L -
2,_2_ %’- f2 Sa
b 4 l+8+
b 4 b +
3,3 3, 4 £ 53
2 2

The inclusion of the

direct and exchange terms

coulomb interaction causes the

to converge slowly, and the radial

function f(r) which is a solution to the integral equations,

£

is given by the following

f(r) = k cos $, sin(kr
£ £ [ £

asymptotic expression:

- I% £- Ln(2kr) + UY) + sin 81

x cos(k r ~ @ ¢ - Lﬁ(Zkr) + ?ki] eee (XITe1s 2)
2
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WVhich at two neighbouring points rl and r2 can be

written as:

Tan¥, = - £,(r,) sin & - £,(r,) sin B ees (XII.1.3)

?{(ra) cos A - ff(rl) cos B

where

A = krl— g‘ £ - Ln(2kr1) + Gk and B = kra- j%f - Ln(2kr2)+cy

and where kf is a constant amplitude and Gk is the coulomb

phase-shift, defined by

oy = arg (1 + £ +1i7%) eee (XII.1uy)
where
K= 2 M 32 ase (XIIQIOS)
2
. 347k
and
ka = ’+ M Ep se e (XIIoloé)
sh°
oy can also be expressed in terms of the following
expansion
0"'f = 6 E({) + Z ( 5 - arctan K ) ece (XIIolo?)
l+¥4n 1+f+n

n=0

where E(f) is the Euler's constant

- 14 3 + -
E(f) = L;m_)m[ (1 + 3 +3 + eue %) Ln(f) ]

= 005772156649 o0 e (XI-[.lCS)
The o+ is easily obtained by using the recurrénce
£+1
relation
= O + arctan ( x/l+£) ’ see (XII.]_. 9)

o
£+1 L



-129-

(XI1.2.) THE DIFFERENTIAL AND TOTAL CRO33-SZCTION

) The total differential cross-section for the elastic

(p-d) scattering is given by

o(8) = orc(e) + 0‘1(9) + oﬁ(e) eee (XIT42.1)

where o;(e) is the coulomb cross-section given by

’ O"C(G) = ( 5/21&)2 cosecl* (e/2) eee (XII.2.2)
iand
L. -L
SOESYDY 5 cosect (o/2) (1)} 2
1 ~ 2
§  LysL, J,p,] 6k
JPJP
: J_p _ AN .
x sin(W + Sj + o+ o 2 o;) L L, sin Ej D 'S(J)
1 9 1
J p ) N
x D, (3§ C. (I M5 OM) c_ (J M; OM) p. (m)
L,48 ;;: L8 LS L, :
(M =ces &) eee (XIT.2,3)

1 1
= (2 L.+ 1)?, anda ’1‘,2= (2L_+ 1)Z,

A
where VW = 2 ¥ LN(sin 9), Ly 1

> 2

Further simplification of the above expression leads to

5 2.4 2_+ b _-
c(e)= vy cosec (Q) [ sin(¥W + & ) sin 9 + 2 sin(W + 8 )
I -3 5 e} o e}

3k
b - 2 - 2

- 2 +
x sin S; +{: sin(W + 81 + 201 - 206) sin 81 + 2sin(W+ 81

2 + #g- ZX_
+ 2 o - 2 o;) sin Sl + sin(V + 1 2 o - 2 Gb) sin 3

#8+ 48+ ZS-
i _ . 5 sin(l
+ 2 sin(W +  + 2o 2 Ob) sin l:} pl(u) +{: sin(¥ + S
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2 - + b 4

+20,-2 Ob) sin Xo + sin(W + Xa + 20, -2 o;) sin 52
4 - L -~ b +

+ 2 éin(w + 52 + 20, =2 06) sin %2 ],pa(ﬂ) + 2 sin(W+ 33

4X+ N
+ 2 o5 = 2 o;) sin 0 P3(P) ] eoe (XII.2.4)
and where
UN(G)'=(1/6K)Z A (8) Py(n) eee (XII.2,5)

S L
where ,
S-z i, p i, p
.- s C . 171 . 2« 2
S) = (=~
A)(/( ) = (-1) Z Z Z sin Ei sin Xj
' JpaPp Py ]
|
' i,y d, P 2
1.1 2.2 . .
( - ) T( J H n) ) o-o(XI 10206)
X cos 5i Bj [ 1Yy P 50, Py ]
and
Jl Pl
T(i I P339, pa) =2§: X()(’lJ1 ; [2J2 s SEY Dt (4)
K48
1’[2 1
J. P
X lD g(j) ooo(XI Ioao?)
K8

After performing all the sums, the nuclear differential

cross-section may be brought into the following form:

2 - 2 4+ b - L 4
_ 2 2 .2 .2 %5 L2t
oy = 1/3k {: [ sin , + sin 50 + sin , * sin 32

- - L - L +
.2 55" Y . 2 2 2%
+ 2 8sin 81 + 2 8in Ba-+ 2 sin 52 + 2 8in So + 2sin 1
o bs 2 - 2.~ 2~ 2.-
+ 2 sin 53 ] po(u) + [:4 sin Si sin b2 cos( 81 - 52)
L - hgf 48— 43- 48- 48—
+ 2 sin So sin 1 cos( o " l) + 2 sin 1 sin 5
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X

b
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45- 48- 2_+ 2§+ ZEf 25+
cos( ;- 2)+ 4 sin Bo a?n.n 1 cos( " 1) + 0.4

Lk 4 b 4 b + 4 b 4 b 4+

+
: a4 1y S . 03 ; S a3 y
s%n ; sin 9, cos( 1 2) + 3.6 sin , sin

L 4 b 4 P 2 4 2 L 4
cos( Sé - 53) ] pl(p) + [ 2 sin 51 + 1.28 sin Sl + 1.

2 -
2

4S+ 4S+ 4S+ 4S+ 2 %5 > 4S+
51n‘ y sin o cos( 1" 3) + 2 sin + 1.28 sin 3

b - - bo- 4 -
4 sin Bo sin 52 cos( So - 82) j p2(;u) } eee (XITe2.3)

Therefore, the total cross-section for (p-d) scattering

is given by

%

T ;
= 2it { o(®) sineds eee (XII.2.9)

(o]

Phase-~shifts due to coulomb and nuclear interactions are

calculated from the expressions(XIIele3 )and(XI I.le?7) and their

values are given in tables (I) to (VI).
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TABLE (I) THE COULOMB PHASE-SHIFTS (IN RADIANS)

ELab(MEV) % oy v, oy

| 2.7%5 -0.04487422 | 0.03271227 | 0.07156398 | 0.09747237
4.50 -0.03523888 | 0.03573521 |0.05625062 | 0.07659773
6.30 -0.02978229 | 0.02176847 | 0,04756098 | 0.06475811
750 -0.02729592 | 0.01995782 | 0.04359769 | 0.05935956
11.175 ~-0.02228703 | 0.01630507 |0.03560830 | 0.04847801
17.25 -0.01799839 | 0,01317291 |0.,02876235 | 0.03915578
22,50 ~0.01575931 | 0,01153619 |0.,02518649 | 0,03428700
30,00 -0.01364796 | 0.00999211 {0,02181379 | 0.02969512

The phases are

-Tgog
2

given in radians between the range

ol
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2.+
TABLE (IT) THE So PEASES (IN RADIANS)

E_ ., (HEV) Ours PA Bim* VB

2.775 ~0.33722 | -0.36
2.53 -0.3313
3.00 | ~0.3743
4,20 -0,98 |

I 4.50 -0.56336 -0.79
5.00 ~0.8478
6.30 ~1.42208 -l.24
7.40 -1.28
750 ~1.53859 ~1.26
7.85 . ~0.9656
11.175 | =1.36314% | =1.31
11.50 ~1.55 -1.321
17.25 0.76874 0.90

The above phases are given in radians between the range

- X 2T g I
2 T2

* PA~ Pramanik,A., 1971.
+ BHM~ Buckingham, Hubbard, and Massey, 1952.

X VB~ Van Oers and Brockman, 1967.
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2 - 2 _4 2 .-
TABLE(III) THE PHASES >, 8 and O, (IN RaDTANS)
2 2 2
S 5
, 1
E (MEV)
Celll
Qurs PA Qurs PA Ours PA
1.85 -0,20759 | 0.254% | -1.1483 -0.40123%
3.00 1.45848 | ~0.325| -0.9391 | -0.67 |-0.,95834 | =0.54
4,20 ~1.54700 | -0.540! =1.,5532 ~1.33310
5.00 T 0.73656 | =1.45 | 0.14495 | ~0.88 |-1.4091 -0,92
745 0.487234 | -1.60 | 1.51611 | =0.95051
7«50 1.59 ~1.36
11.50 1.065266 0.20817 | =1.55 |=1.32445

The above phases are given in radians between

-_7_7_—_4 Sé“
5=

—

2
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L .
TABLE (IV) THE PHASES D (IN RADIANS)
E  (MEV)| E (MEV) ours PA BHM VB
Cell Lab
!
2.80 L,20 -1.15
3.00 4,50 -0.1988% -1.351
5.00 -.1335
L,20 6.30 -0.62074
" 7.40 ~1.54
5.00 ?.50 1.42868 "lvosl"

The above phases are given in radians between

.3 .
5 £ <

N2
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h_ - b 4
TABLE (V)  THE PHASES ?>1 AND 52 (IN RADIANS)
b - I
31 35
E (MEV)
ofle Qurs PA Ours PA
1.85 1.03106 ~-1,259 | «0.77735 ~0.131
3.00 -0,27090 | ~0.355 | -1.10385 1.255
4,20 1.06516 0.436 ~1.35656 1.456
5.00 -1.34473 | 0.259 -1.53%3621 1.250
L + 4 _ - .
TABLE (VI)  THE PHASES %J} 5;,AND (IN RADIANS)
b 5t h o= 4v8+
E(MEV) 1 2 3
Col ’ j
Qurs PA Qurs PA Ours PA
3,00 | 0.92031 0.426 | 0.07978 -1.015 | 0.67963 |-0.635
4,20 | -1.18357 -1.35029 -0.27545
5.00 1.399449 ~0.376 | =1.45213 1.163 -0.30735 |=0.521

The above phase-shifts are then used to calculate

differential and total cross-section at different

incident proton anergy.
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TOTAL CROSS~SECTIONS

QC(Barns) QN(Barns) QI(Barns) Q(Barns)
E(Mev) - -
Ours PA Ours PA Ours PA Ours PA
3,00 [0.40428 | 0.2041|5.72207]3.1919 | 12.8612| 10.983| 18.9876| 14.379
L,20 [0.20626 6.95547 17.3186 24 4803
' 5.00 [0.14554 | 0,0734|5.85176|2.5491 | 11.6119{8.5159| 17.6092| 11.138
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Fig. (1)
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Angular distributions for proton-deuteron

scattering at 3.0 MeV.
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Fig. (2)
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Angular distributions for prbton-deute;on

scattering at 4.20 MeV.
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Fig. (3)
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Angular distributions for proton-deuteron

scattering at 5.0 MeV.
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Fig. (&)
9
© Van Qews 3.333 MeV.
8 - - » » Z.45%3 Mel/.

Angular distributions for proton-deuteron

scattering at 3.0 HeV.
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rig. (5)

10

- Van 0evs 5.2333 Mel.

COoS ©
Angular distributions for proton-deuteron

scattering at 4.20 MeV.
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Fige (6)

-- Van Oews 5.2333 meV,

COos ©
Angular distributions for proton-deuteron

scattering at 5.0 MeV.



dquation (1) in P. 145, is now used to interpolate

differential cross-sections at different energies. ye write

KZ G(kgﬂ) = h(k) g(k,}l) (11 = COS e) -00(]_-)

k is a wave number defined in (II.1.6), and h(k) and g(k,n)

have the following forms:

: 2 .
h(k) = y a, kl -00(2)
i
i=0
. 5 .
and glkyu) = 1 + E: bj(k) i eee(3)
j=1
where
b(k) < & b 20 (&)
m=0

and wnere ai, bj(k) and bjm‘are constanis, and their values

are given in the following tables:

Table (I)
3 a.
0 -29,01L862
1 163.65516
2 ~211.33153
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~ Table (I1T)
E (MeV) b b b b
Ceml 1 2 3 k4 5
3.00 1.0016075 [1.7106778 |-.54493191 |-.00141043 |0.82820520
4,20 14431798 |1.8566060 |-%.1700294 10.31963656 |5.85711956
5.00 0.83056814 |1.4504653 [-0.269390260.02889075 | 0.2645670k%
Table (III)
bt}

. bjO bjl bj2

J

1 -7.2422896 138.25989 -547.51329

2 -2.6186347 74,1924 -%0%.9638

3 58.267231 -977 ., 48556 3814,3700

4 | -4 ,7791575 78.917120 ~-304,77961

5 -82.,187412 1381,.3872 -5401.,0060

Graphs of the calculated differential cross-sections

as well as those obtained by interpolation are compared with

Van QOers and Brockman, 1367; Seagrave, 1970; and the experimental

ones, and are all given below:
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CONCLUSION

Programs to solve uncoupled and coupled simultaneous

linear equations for the radial functions fs (r), were
JIM

prepared by the author and the calculation was performed
on a CDC 6600 machine, through a 200 terminal located at
Chelsea College Computer Centre, to obtgin phase-shifts
differential and total cross-sections for both the doublet
(S=%) and gquartet (8=3/2) states. Using (XI.1.8) and
(XI.1.11), phase shifts for (P-d) elastic scattering in the
energy range (2.775-17.23 leV) were calculated and their
values are given in tables (I) to (VI).

In the present calculation, our phase shifts split into
components depending on the values of the total angular
momentum J, the orbital angular momentum f, and the parity P.

In these tables a comparison was made with several authors
(Buckingham and Massey, 1952; Christian and Gammel, 1953;
and Van Oers and Brockman, 1967).

2
A direct comparison was made only with the phases 3

0
calculated by the above authors and Pramanik (1971) and this
gives a close agreement. -

Similar comparison with the P- and D~ phases obtained by
Buckingham and Massey 1952; and Christian and Gammel, 1953
was not possible, because their phase shifts do not split and

also the potential they used does not include all known forces

(i.e. tensor, spin-~orbit and quadratic spin-orbit forces).
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In fact, Christian and Gammel used in their calculation
the-scdttering lenghts as a guide line in finding the S-
state phase shifts. They also used the Born approximation to
find phase shifts for partial waves with £ 2 1.

The only direct comparison made was with Pramanik(1971),
and our phase shifts some@imes disagree with his.

The values of the ph;se shifts which were direétly ‘
obtained from the solution of the integ;odifferential equations
are then used to obtain the differenﬁial and total cross-
sections for 8 = 5° (5°) 1800, from an expression given by
Blatt and Biedenharn (1952), and the results are displayed
and compared with others as shown in Fig. (1) to (6).

' Our data for the differential cross-sections o(K,®)are

also used to fit the following expression

5
o(K,8) = h(K) z béK)Pj (cos 6) eee (1)

3=0
vwhere
e i
n(K) = Z a_ K
1
i=0

K is a wave number defined in (II.1l.6), and Pj(cos e)
is the Legendre polynomial and a, and bs are constants.

A similar fitting procedure was also adopted with the
experimental differential cross-section data (Seagraves,

, Yan oere and BruckKmaw ;1967
1970)4 Our graphs in general fairly well agree with the
experimental points, apart from the fact that the winima in
our graphs are not deep enough and show a small increasing

displacenient towards higher scattering angles with increasing

energies.
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A possible explanation to this may be the following:

(i) Our calculation of the differential cross~sections is
based on the expression given by Blatt and Biedenharn
(1952), in which the differential cross-sections are
directly dependent on the channel spiﬁ é, the total
angular momentum J, the orbital angular momentum [,
and the parityP.

(ii);In calculating the differential and total cross~sections
we used the values of the split phase-shifts obtained
from the direct solution of the integrodifferential
equations. |

(1iii)The contribution of the partial waves with £ >3, were
neglected in our calculation. However, from the analysis
carried out using expression (1), it is found that a
small contribution of oneer more odd harmonics could do
two things (a) increase the differential cross-sections
for 90°< 6 = 180° and (b) shift the minimum value of
o(8) slightly to the left. Therefore the inclusion of
higher phase-shifts are certainly necessary to give the
required contribution (Christian and Gammel, 1953), in
the backward scattering and produce minima as shown
in the experiment - ?urther calculations to settle

this are required and may be undertaken in due course.
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THE BINDING ENERGY OF 3HE

Using the resonating group method and the Hamada=-
Johnston potential (1962), the binding energy of 3He was
calculated and found to be + 6.032353 MeV.

This result is within the experimental value +47.718 I 0.17
MeV considering the relativistic correction and possibly
the éffect of three-body forces. Many calculations for the
binding energy of the three-nucleon systems have been cérried
out using different kinds of potentials and techniques.

: To my knowleége no reliable estimate of the relativistic
correction exist so far, though general considerations suggest
that these corrections could contribute anything between 10
and 20% to the triton binding energy. Gupta, Bhakar and Mitra
(1965) calculated the binding energy of the BHu and estimated
the relativistic correction to be of order of + 0.5 MeV.

Several variational calculations usihg realistic pptentials
of the Hamada and Johnston (HJ) and Reid soft-core (RSC,19638),
are due to Hennel and.Delves (1972), Humberston and Hennel
(1970) and Delves and Blatt (1969). Hennel and Delves obtained
values of +6.5 £ 0.2 MeV (HJ) and + 7.95 = 0.5 MeV (RSC) for
the triton, and Humberston and Hennel whose resutls and conclusion
are similar of those of Delves and Blatt, obtained a value of
4 6.7 MeV (HJ) for 3H. In fact Humberston and Hennel in their
calculation introduced a correction to the Hamada-Johnston

.potential for the hard-core radius o and the pion mass a1,
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and claim that a change in the {riton binding energy from
4+ 6.3 MeV to % 8.48 MeV requires a change in both T and nu
(i.e.er':--O.loh fm and sm ~-10 MeV).

However, these corrections of the Hamada and Johnston
potential may affect the phase-shifts, polarizations and
cross-sections of the N-N system which would require a change
in the other force parame%grs for agreement with experiment.

Therefore their figure of +3.,48 MeV for the binding
energy of 3H is uncertain. The Faddeev‘formulism (1963) nas
only recently been applied to the problem of three-nucleon
systems (Lee 1969; Sibbel 1971; and Harper, Kim, and Tubis
1972). However, it appears from these calculations that all
botentials used (including the one developed by the Yale
group), underbind the three-nucleon systems.

Also, it seems that the Hamada and Johnston analysis
which is based on a Schroedinger wave equation requires a
relativistic correction, or better still the Lippmann-Schwinger
equations , so as to bring the binding anergy of the three-
nucleon systems close to the experimental value whilSt retain-
ing the fit to theN-N data. One has to remember that the
Hamada-Johnston potential is elaimed to. be valid for N-N
phenomena for energies 0-300 MeV and therefore relativistic
effects cannot be ignored.

Further calculations to settle this are required,
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APPENDIX. I

CO-ORDINATES AND TRANSFORMATIONS

In this system we refer to the incident proton as
particle 1, the other proton and neutron in the deuteron
are labelled as particles 2 and 3, together with position

vectors r., , r, and 53 from the origin O .

1 2
We define r as the co-ordinate of particle 1 relative
to the centre of mass (C.M) of the other two, and r' as

the co-ordinate of particle 2 relative to the C.M. of the

other two.

CHOICE OF CO~ORDINATES Iy
-/
l/
X
o/
g 3
R
Re
Ry =1(z) +r,+ 53) o
3
r. =R, 4+ 201
1 G 3
r, =R, +1R-1rx
2 G > >
r,=R, -1R-1r.
=3 ¢! 5 3
r=r; - % (z, + r3)
r' =r, -1 (x, + 1)
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and r

The interparticle distances Tio 1 323 Iy are

defined in the direct interaction by

r =r -~ 1R

12 >
323=£2-£3~B
r =Tr+ 1R

13 >

and in the indirect interaction by

't=2(@-z1")
3
u=2(r+2r")
3
v=2(@r+1x")
3

Again, if 2y and b, are the momentum vectors of the
particles 1 and 2, referred to a fixed origin then

i Bl = 9 = 9

2z, oz
i By = 2_ = -1 2_ + é_
dr 2 or OR
2

Py and 22 can also be expressed in terms of other

co-ordinates (namely the indirect case), as

1By F a_ -1 o
or . 2 or'
1 22 = é_ -1 é_
or! 2 dr
from which we get
iLi,=(x=-204(2_-0)
-1z or  or!

The transformation used for the volume integration is
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d x5 = (4/3)° a g
and
d r' :r'2 d r' dﬂ'

t
where £ is the solid angle of r'.
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APPENDIX IT

SPIN FUNCTIONS

As we have stated in appendix I, the particles forming
the HeliWm-three are being labled 1,2 for protons and 3 for

the neutron.

If “i and Fg are the spin functions for the nucleon i,

! then we can write the three-body spin wave functions

IXS;> as follows:
s

(I1.1.) IN THE DOUBLET STATE (S = % § m.= + 2)

i} —
|X§(1,23)>= -]; (q.l o(a /33 +0(1 /:’2 C’(3 - 2/31 °<2 Q’B)

% 6
ess  (TI.1.1)

1 — oo -
X2 (123> = 1 (B Fog vB) = By - 2 F, /)
ees (IT.1.2)

The above spin functions are symmetrical in 2 and 3.
Other anti-symmetrical spin functions are being used

in order to simplify, the spin products

20 53y . .
[32(1,23)> = 1 (e, By = ). ees (II.1.3)
= 37372
z Vz

and

IX%T(L%D? 1 Aty - B eee (I T.1.H)
- \/E-
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These spin functions have the following properties:

8

<:X§ (1,53)[ o ’Xéo(l,53)> =0 (If i =2o0r3)
R (110105)

and

1 ~
£ (g s ) + 33) lxgs(},23)> =0 eee (1I.1.6)

for any function f.

The following transformations were made use of, and

enable us to perform the spin summation

4 . 1 -~
[xg (1,23)>=1 o . o lxi (1,23)>, eee (ITe1.7)
s S

fand

— 1 ~
IX;}S(Z'13)>= 1 (3-g - g2 (L3>, ... (11.1.8)

23 s

as an example, we consider

1 - | -
<:X§ (1,23)'(31 + Eé)' LIX: (2,13) which by making use of
S S

o)

(FI.1.7) and (II.1.8) becomes

— ] —
< (LD (g + &) - LIE 2,T5)>

S 2 S
3 ~ T (1 3
= %<X;S(l’23)I[ (g « (g + 90 L35 «a) ][xms<1,25>>
1 ().53 2 (1.55)s
= 1<X2 (1,23)] (o - L)|XZ (1,23)>
3 ms | ' 1 ms

(II.2.) IN THE QUARTET STATE (8=3/2 ; m = 3/2 % 4 =% 4= 3/2)

The spin functions in this casie are symmetrical in

1,2 and 3. Thus,
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3/2( »

X 1,23 =, & ox

s L 23

3/2(‘ 8 :

I}:E/a 1'25)’=§- Creo e Bog eh o )
' 3/2

X (1’23)>= 1 (3 =4 /3 a4 oYy 3 )

3/‘2( 230=2 B R
X l, ::/? .
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APPENDIX TITI

(III.1.) THE ADJUSTMENT OF THE DEUTERON RADIAL WAVE FUNCTIONS

The s- and D~ radial wave functions of the deuteron
defined in (I.2.3) and (I.2.4) are interp:olated from the
data given by Hamada and Johnston (1962). The spline

procedure [:Christian H. Reinsch, in the Numerische Mathematik

10 (1967), 177 ] was used, and the values of the constants

A andXare then found by Prony method (CCST 376).

TABLE (VIII)

A andXare in units of 10

cm

i A, Al o, !
1 1 1 1
0.64461574F 0.24129498 10,40872076 |0.34243311
~0.83921827| -~0.4708786812.39298669 |4.00785669
26 -2
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(IIT.2,) THE NUCLEAR INTERACTION POTENTIALS

The potential functions of the nuclear interaction

was defined in various chapters as:

2 (1D) (i
vir ) =Z U, Exp(- n rla) eve (IIT.2.1)
k=1

except in the tensor force, in which case it was given by:

> 2 (I1) (11) , _
V(rlZ) = r12 z Uk EXP(" }-lk rla) soo (III.E.E)
k=1
(11) (11)
The numerical values of U and n  are given in
k

table (IX)
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TABLE (IX)

(11) (11) (1) (11)
I Yy -l Y Ha
L1 -57.301321 | 0.77821032 |-228.3421632 | 3.10052341
2 -148,9876342 | 1.,03567201 |-1237.4638791] 2.9763652
Central '
3 | -18.89990532 | 1.15361054 | -47.189002 2.3008962
L | «10.5324821 | 0.353112362] 2432.0562353 | 3.789620256
1 | 9.21005671 0.83701562 | 37.5467239 3.,80245621
spin-, .
orbit 2 | -210.3564210 | 1.50678932 | -189.67458932| 5.09156783
1 | -76.10093256 | 0.83562410 | -2465.,0326790| 2.70367201
Tensor
- 2 | 15.3201935 0.7409356 | 239,86203521 | 2.88043101
1 | 38.011136791 | 1,20009683 | 596,94365201 | 4.39767302
Quadratic , | 5 1455934 0.9853672 | -62.40003421 | 3.7357872
spin-
orbit 3 11.3567892 2.3401935 | -2200.9398701] 8.99587035
L | -135.111346 | 3.0612872 | -4649.03251 5.28359001

U

(iI)-

and pk

(11)
k

are in units of 10

are given in MeV,

26

cm

-2
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APPENDIX IV

COLLECTION OF PARAMETERS

All parameters used in the direct and exchange inter-

action calculations are now collected and defined as follows:

(IVel.) THE (s~s) INTERACTIONS

A - '
“: ijk"wij&wj +pk/’+
Xi;jk =n / 2}\1;5}{
e.. = b (x + b))
ij g1 3
|
£.. =4 (bx, +)
1] § 1 J
2, 2 2
wij = (8/9)‘ CAN 8cwi°<j + 4"3. )
2 pd 2
f\{fij = (8/9)7 (4 +xT 4 8°<i03)

(8/9)2 (4 ©
1.

-
'_0-
[N

n

+ 4‘%2 + 209 =)
J 1

2; 5k =% (wi + mej + ,uk)
LI =% (ba, o 'uk)

€4 5k =£9+_ (2 n - he - 40(3.)
1255 = 8 (4°ci +c~3)

O
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a,. =8 (& + b«)
213 =
9
_ 2 2
113_-2-(0(1 +5ij)
2 2
2d13 =8 (b ™ 4a.”)
9
2 2
d = 32
3% 3 5—("‘1 v
£ . = 32(a2 4 2% &)
171 -9- 1 BN

1
+

RITRELY %”k

2§'ijk-_(b..+4pk)

g 17ij
3J 15k = %7 (hog + b+ py)
5k © -g——g— (20y + 2o+ )
Yige =g G- ¥ 2% v (9/26 7 A D)

= =Y
(Pijk 1+ j/?\ijk

.
e = 1 -8
i 5k %X ( __O(jr)

3

ijk

(IV.2.) THE (s-D) INTERACTICH

A - a '

8 R T B
' /2N

ijk - "k ijk

1 ]
e..=1+(°<.+40<.)

1] g
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£lo= b (e o )
1] 9
YL (8/9)% (%2 4 Bx & 4«'2)
wiJ— /9 (°‘i+°‘j+;,
/ 3 2 2 = g '
«lrla = (8/9)% (b v 4+ BX %)
v 2 2 12 '
4) = (8/9)° (4~ + 4« + 20 & )
ij i
'ijk_&(o( + e )
9 .
] L} ] )
s = & (g vy vy
9
]
9 l
bl = =16 (o, 4ec )
11] -9— i
(IV.3.) THE (D-s) INTERACTION
" (] /4
. o
yik = %5 Y1 Y Mk
1t 1]
2Sjik = n /2 Ajik
1]
.= b (e, + b )
1] 9
" [+ 1
£ =2 (vaj +X )
9
1 2 2 ' 12
W.. = (8/9)" (. + B + L2 )
Ji i
" 92 (he? ve 4 B ')
= o o -
n{,fji—(8/9) ( 5 +i + 5%

¢";|i=(8/9)2 (’+°(j +.’+°‘. + 200 X1)



_g(’h"a % +)1k)
L (2 p - bx - '
5 K § om0
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APPENDIX V

In extending the analysis of both the direct and

interaction terms, the following formulae are used
. > 2 .
K Exp[—A(B—rg) :]d_]@:l

KJBEXPI:-K(Bwrg)a]dg:XE

K j R® Exp [ -AR -1 3)2 ] dR = —%f v 7

‘ 2
2 Zn ‘ 2 n+1 ) 1
J R Exp(- AR") dR = (1.3... (2n-1) / (2) A™") (T/A)*°

0
(ReAD>0 3 n = 0,1,2...)

x)n+l 2 n n+1 22
[ R Jn(nrR) Exp(= AR7) ar =((ur)"/(2X) ) Exp(- nr"/ 42X )
0

(ReA>0 , Re n> - 1)

+1
[ Exp(b r.r') p (q} d1,= (2T/ b rr')% I (b orr)
n n+4
-1 €
where
3/2
K = ( K/Tf)

and I (X) is the modified spherical Bessel function of the
n+-1§
first kind of order (n+%), and is related to .9 (X) by the

n+s
following relation

) ) = (-1)" (Tx/)% 1 (X)
n+:';§ . n+%

The recurrence relations between the functions are

(Bateman 1953, Vol. II and Whittaker and Watson, 1952)



i

12%(){) L[ 0w =) w]

(2n+1 n+3/2 n-%

and

Y= @y )@ - )

n+u X n+% n+3/2

i

from which one obtains

) x) = n(§§1)+1] )

n+% n+%
- [} "

the J (X) and j (X) denote the first and second derivatives
n+z ' n+g

w.r. to X.

The Bessel functions I (XJ) can be calculated by using

n+%

the power series or the asymptotic form (Bateman, 1953).

n
I 1(X) = (-1) zi E: ( (men)l /mi [ (2m+n)+1 ]J ) for X< oo
n+z Zn n=0 ,
and
I (X) = (n+ m) + 0 (lX l) ]
n+%‘ (2 )
7 “x[il (-1) ¢ ax i 77
+ (-1) 1 n+s (n+z,m) + O X1 for X>=
(2x)™
where
(n + % ’ m) = Y(n + m + 1)

Fn-m+ 1Lm!



-165~
REFERENCES

Abraham, G.; Cohen, I.j; and Roberts, A.S.j; Proc. Phy.

Soc. London 684 (1955), 265.
Abramowitz, M.; and Segun, I.A., Handbook of Mathematical
functions (Dover publiction, Inc., New York, Seventh ed.

1968).

Adair, R.L; Okazaki, A.; and Walt, M.; Phy. Rev. 89

(1953), 1165,

Allred, J.C.; Armstrong, A. H; Bondelid, R.O.; and Rosen,

L.; Phy. Rev.; 88 (1952), 433.

Bateman, H.; 1953, Hi gher transcendental functions, Vol.

I, McGraw-Hill, London.

Bahetti, 0.P.; and Fuda, M.G., Phys. Rev., 7C (1973),

1845.

Bhaker, B.S., Nucl. Phys., 46 (1963), 572.

Bencgze, Gy.; and Doleschall, P., Phy. lett., 44B (1973),

235.

Blatt, J.N.; and Weisskop, V.F.; Theoretical Nuclear

Physics (1952), John Wiley and Sons, New York.



-166-

10. Blatt, J.M.; Derrick, G.H.; and Lyness, J.N.; Phy.

Rev. Lett. 8 (1962), 323.

11 Blatt, J.M.; Delves, L.M., Phys. Rev. Letters, 12

(1964), 54k,
12, Blatt, J.M.; and Derrick, G., Nucl. Phy. 8 (1958),602.

13. Blatt, J.M.; and Biedenharn, L.C., Rev., Mod. Phy. gﬁ

(1952), 257.

14, Brolley, JR, J.E.; Putnam, T.M.; Rosen, L.; and Stewart,

L., Phys. Rev. 117 (1960), 1307.

15. Buckingham, R.A.3 1957, Numerical Methods, Sir Isaac

Pitman and Sons Ltd., London.

16. Buckingham, R.A.; 1962, Rview paper in the proceedings
of the summer school in Oxford (1961), on numerical
solutions of ordinary and partial differential equations,
Oxford, Pergamon. Press;

( ~

17. Burke, P.G., 1960, Review paper in the proceedings of

the London conference (1959), on Nuclear forces and

the Few-Nucleon Problem, London, pergamon press.

18. Bruinsma, J.; and Van Wageningen, R., Phy. lett., 44B

(1973), 221.



-167~-

19. Bransden, B.H.; and Robrtson, H.H.; Proc. Phy. Soc.,

London 724 (1958), 770.

20, DBransden, B.H.; Robertson, H.H.j; and Swan,P; Proc.,

69A (1956}, 877.

2l. Bransden, B.H.; Smith, K.; and Tate, G., Proc. Roy.

‘Soc. 2474 (1958), 73.
22, Brady, T.J.; Phy. Lett. 45B (1973), &.

23. Brueckner, K.A., and Gammel, J.L., Phys. Rev. 109

(1958), 1023.
2k. Bhatt, S.C.; and Levinger, J.S.; Phy. Lett. 40B (1972),67.

25. Buckingham, R.A.; Hubbard, S.J.; and Massey, H.S.¥.,

Proc. Roy. Soc. 2114 (1952), 183.

26. Buckingham, R.A.; and Massey, H.S.W., Proc. Roy. Soc.

1794 (1941), 123.

27. Burke, P.G.; and Robertson, H.H., Proc. Rhys. Soc.

704 (1957), 777.
28. Brayshow, D.D.; Phys. Rev. 7C (1973), 1731.

29. Cahill, T.A.; and Greenwood, J., Phys. Rev. 40(1971),1499.



~168-

30, Caldwell, D.O.; and Richardson, J.R., Rev., 98

(1955), 28.

31. Ch+istian, R.S.; and Gammel, J.L., Phys. Rev. 91

(1953), 199.

32, Condon, E.U.; and Shortley, G.H., Theory of atomic

' spectra, Cambridge University press, 1935.
33. Clapp, R.E. Phys. Rev, 76 (1949), 873.
34. Derrick, G.H., and Blatt, J.M., Nucl. Phys., 17(1960),67.

35. De Brode, A.H., and Massey, H.S.W., Proc. Phys. Soc.

684 (1955), 769.

36, Delves, L.M.; and Phillips, A.C., Rev. of Mod. Phys.

41 (1969), 497.

37. Delves, L.M., Blatt, J.M., Pask, C., and Davies, B.,

Phys., lett. 26B (1969), 472.

38, Edmonds, A.R., Angular Momenta in Quantum Mechanics,

1957, Princeton University press.

%9. FElwyn, A.J.; Lane, R.D.; and Lanysdorf, JR., A.m Ihy.

Rev. 128 (1962), 779.



Lo,

Li.

Lo,

L3,

Lk,

45,

46,

L7,

48,

LI'9.

50.

51.

-169~

Fox. L., and Goodwin, E.T., Proc. Camb. Phil. Soc.,

4s (1949), 373.

Gammel, J.L., and Thaler. R.l1., Phy. Rev. 107 (1957),

291.
Gajewski, T., Nucl. Phy., ﬂl (1963), 323.

Gammel, J.L., and Thaler, R.M., Phys. Rev. 109(1958),

20141,

Gammel, J.L.; Christian, R.S.; and Thaler, R.M., Phys.

Rev. 105 (1957), 31l.

Gerjuoy, E., and Schwinger, J., Phys. Rev, §1‘1942),138.
Hamada, T., Proge Theor..Phys. gl.(l959), 769.

Hamada, T., Prog. Theor. Phys. 24 (1960), 1033.

Haﬁada, T., Prog. Theor:. Phys. 25 (1961), 247.

Hamada, T., and Johnst§n, I.D., Nuc}. Phys.34(1962),382.

Hochberg, S., 1953, Thesis, London University(unpublished).

Hochberg, S.; Massey, H.S.¥; and Underhill, L.H., Proc.

Phy. Soc. London 674 (1954), 957.



52.

53

54,

55

56.

57

58.

59.

60.

61.

62.

- 170~

Hochberg, S.; Massey, H.S5.W.; Robertson, H.3; and

. Underhill, L.H., Proc. Phy. Soc. London 68A(1955),746.

Hochberg, S.; Omojola, P.A.F.; and Sribhibadh, S.,

1968, (unpublished).

Hodgson, P. E., Phil. Mag. 7 (1958), 25.

Horie, H.; Tamura, T., and Yashida, S., Prog. Theor.

Phys., 8 (1952), 3h41.

Hoshizaki, N.; and Machida, 8., Prog. Theor. Phys. 24

(1960), 1325.

Hu, T.M. and Hsu, K.N. Proc. Roy. Soc. London, 204A

(1951), L47é6.
Haby, Rej; Proc. Phys. Soc. 67A (1954), 1103.
Jahn, H.A.; and Hope, J.; Phys. Rev. 93 (1954), 318.

Kikuta, T.; Morita, M.; and Yamada, M., Prog. Theor.

Phys. 15 (1956), 222.

Mckellar, B.H.H., Rajaraman, R., Fhys, Rev. Lett., 21

(1968), 450.

McMillan, M.; and Best, M., Nucl. Phys. 105A (1867),649.



63.

Ok .

65.

66.

67.

68.

69.

70.

71.

72,

73.

7h.

171~

Mott, N.F.; and Massey, H.S.W., the Theory of atomic

collisions, 1949, Sec. ed. Oxford Clarendon press.
Newmen, D.J., 1959, Thesis, London. (unpublished).

Okubo, S.; and Marshak, R.E., Annal. Phys., 4(1958),166.

.Omojola, D.A.F., Thesis, University of London 1968.

Ord-Smith, RfJ., Phy. Rev. 94 (1954), 1227.

Pask, C., Phys. lett., 33B (1970), 325.

Pease, R.L. and Feshbach, H. Phys. Rev. 88(1952),971.
Pieper, S.C., Nucl, Phys. 1934 (1972), 519.

Racah, G., Phys. Rev., 62 (1942), 438.

Racah, G., phys. Rev., 63 (1943), 367.

Reid, R.V., Ann. Phys. (N;Y.) 50 (1968), 411,

Rose, M«.E., Elementary theory of angular momentum

(John Wiley and Sons, Inc., New York, 1957).

Robertson, H.H., Proc., Caub., Phil., Soc., 52(1956),538.



?6-

77

78.

79.

30.

81.

82.

83.

8k,

~172=
Rosen, L., Phys., Rev., 82 (1951), 777.
Shiff, L.I., Phys., Rev., 133B (1964), 802.
Seagrave, J.3., in the proceeding of the first inter-

national conferences on three-body problims in nuclear

and particle physics, edited by McKee, J.5.C.; and

: Rolph, P.M., North. Holland publishing Co., Amasterdam-

London. 1§10.

Sherr, R.; Blair, J.M.; Kratz, H.R.; Bailey, C.L.; and

Taschek, R.F., Phys.; Rev., 72 (1947), 662.

Signell, P.S.; and Marshak, R.E., Phys., Rev., 106(1957),

832.

Signell, P.S.; and HMarshak, R.E., Phys., Rev., 109

(1958), 1229.

Sugie, A.; Hodgson, P.E.; and Robertson H.H., Proc.,

Phys., Soc., London 70A (1957), 1.
Sribhibhadh, S., 1966, Ph.S. thesis London University.

Tang, Y.Ceo; Schmid, E.W.; and Herndon, R.C., Nucl., Phys.,

65 (1965), 203.



85.

86.

87.

- 88.

89.

90.

91.

9.

93

91‘*'.

95.

96.

-l'? 3-
Thomas, L.H., Phys. Rev. 47 (1935), 903.

Van Oers, W.T.H., Brockman, K.W., Nucl. Phys. 924(1967),

561.

Watson, G.N., 1944, the theory of Bessel functions,

Cambridge University press.
Wheeler, J.A., Phys., Rev., 52 (1937), 1083, 1107.

Wheeler, J.A.; and Barschall, H.H., Phys., Rev., §§

(1940), 682.

Whittaker, E.T., and Watson, G.N., 1952, Hodern Analysis,

Cambridge University press.
Pramanik, M.H.A.,; 1971, thesis London University.

Lee, SeFP.Y., 1969, thesis London University.
Sibbel, R., 1971, thesis London University.

Gupta, V.K., Bhakar, B.S., and Mitra, A.N., Rhys. Reva

lett. 15 (1965), 974.
Jackson, A.D., and Tjon, J.A., phys. lett. 32E (1970),9.

Loisean, B.fi., and Nogame, Y., Hucl. Phys. B2(1967),47C.



97.

98.

929.

101.

~17h4-

Pask, C., Phys. lett., 25B (1967), 78.

Brayshaw, D.D., Phys. Rev. 7C (1972) 6,

Harper, E.P«.; Kim, Y.E.; and Tubes, A., Phys. Rev.

lett. 28 (1972), 1533.

:Humberston, JeWe, and Hunnel, M.A., Phys. lett. 31B

(1970), k23,

Delves, LeM., Blatt, J.M., Pask, C., and Davies, B.

. Phys. lett. 28B (1969), 472.

102,

Hunnel, M.A., and Delves, L.!M., Phy. lett., 40B (1972),20.



SUVPLAHENTARY LT

COHMPUTER PROGRAMMING OF THZ IFROBLEM

Below we give the general structure of all programmes

constrected by the author to calculate the problem of

scattering of protons by deuterons and the binding energy

of

(1)

(2)

He.

INTERPOLATION AND FITTING

The preliminary step in the calculation is to
find the values of all constants of the potential and
wave functions. Tﬁis was done by interpoléting them
from the data given by Hamada and Johnston (1962).

An outline of the programme for the interpolaticen

and fitting is given in (table A).

EVALUATION OF THE DIRECT TERMS

LO@re dre iaree t¥pes UL Giredl Tellb ol e cyuas

tions (XI.16,17,18) and are classified as )é, . p? and

L KK
5 . . \ . .
vy « In the actual computation, these functions are

£ L

tabulated and used later as input data in the matrix
solutions. Computer programme to evaluate these terms
was written and preparcd by the author, the general
structure of which, we given in (table B).

It is to be noted that in carrying out the computa-
tion, one has teo separate the programmes for the doublet

and the guartet cases, because the data in these two

LR - e P N T |
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EVALUATION O% THE MATRIX ZQUATIONS

There are two types of equationse. In the -
doublet case, a programme was wrilien to compute

single equation of the form

a.. f. = b, (i = 1,24¢e0e,N and £=0,1,2 with J = 3).

:where fj are the tabular values of the radial wave

functions. Another programme in the quartet case was
written to compute coupled eguations. These coupled
equations aré not very different from the uncoupled
equations. It involves doubling the number of rowé
and columns in the matrix to be enverted. Thus, if

f[ and gf are the coupled radial wave functions, we solve

. : ) - ; .
C?J fJ + e?J ga = d?
T %:’OM £ Iy

c, £ . e, @b = a7 (1,321,24004,N)
I =0£’1f2—11-

the above two equations couple and may be written in

the following form

Hyd 7 = BJ (i,321,2,00.,2H)
Lr L F e ¢
The direct terms and the kernels are now used as part

of the data in the matrix programme which is outlined

T
SR G lel el I B N
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(4) THE BINDING ENERGY OF 3He

For the eigenvalue problem we solve

¢ (r)

: [~ ]
[ EE - LL+1) - V() ] ff(r) - j K(r,r') £,(r') dr'=-2 £
ar® e | | ¢
r r O

In general we solve an equation of the form
A X =27AX, where A is a matrix of nxn, and Ais the eigenvalues
and X‘is the eigenvectors. A library procedure designed to
solve this kind of problems was used, and the general structure

of which we give in (table D).

(TABLE A) THE SPLINE INTERPOLATION AND EXPONENTIAL FIT

begin
integer m, nn;

print punch (3), ££L? No. of data points = ?;

wnnA manRan {2) e
¥ ) Y » L5 s

samelinej print punch (3), ££L? Noe. of interpolation

points = 2?3 -

read reader (3), m;

integer nyi,jyeks

real Z int, 2 tol, fC, 5, ff, éZ, aZ, tel, 2 start;
comment CB3: back sﬁore; ' i
array y,Z,df,a,b,c,d[ l:nn ] ) f[ O:(m-l)] ;

switch Sp: = out ;
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Library splinej Christian, H. R; Numerische Mathematik

. 10 (1967), 177.

print punch (3), £8L? z start = ?;

read reader (3), Z start;

print punch (3), ££L? delta - Z = ?;

read reader (3), d2;

print punch (3), ££L? spline tolerance = ?;
read reader (3), tol;
for i ¢=1 step 1 until nn do

begin  read ZEi] ,y[i];

print punch (&), sameline, digits (4), ££ S5%2=,

2z[1],8¢85%2F=2, scaled (g), y[ 1 s

£.£??;df[i]=y[i]/tol;
end  input; |

Ni=1 3 St= 0,0 3
- - 21 fala) ~ b 3 #]
print punzih (%) , 222 3 = 2, freepoint (&), S, =221 27,

spline (n,nn,Z,y,df,5,a,b,c,d);

begin conmment CBS: back store;

integer array check E 0O : M ___l H

for i : = O step 1 until m do

check [ 1 ] =0

punch (L4); sameline ;

K: = 0 3
for j : =0 step 1 until m do

begin real h, Zh ;

2h = Z start + az2;

£
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ff = (a1 ] h+c i n+al 1]
check E J ] ¢o= 1
K: = K+l if K = m+l then goin outj

if j =m then f£[ j]: =ff;

end 1ij;
end 3 3

end checkv;

integer repeat, n, int ;

switch 53: = again j

sameline ; punch (4) ; repeat : = O

n: =m- 1
again:
print punch (3), ££ S5? Step = ?;
read reader (3) , int;
intoman fan, i, 01 4 E o
real XX, yy, delta, Xo, Xn;

comnent CBS : back store;

Array a,b[ 1:2 ], ££f [ 0:((n+l) div int-1) | ;
Procedure prony 2 (y,X,ff, Xo, Xn, a 4 b , n , delta, tab);
comment

CCST library procedure NO. 376. evaluates the

double exponeﬁtial least sguare fit.



procedure ortholin 2(a, b, ny m, eps, X, fail);

comment
CCST 1library procedure No. 156. gives the
least squares solution for a system of n linéar
equations in m unknowns. a is the nxm matrix of the
system, b the constant vectop on the r.h.s., eps
the maximal relative rounding error, and X the
solution vector. S used if the iterative improvement

is ineffective.

LR B AN ]

- real procedure Scalarproduct (S, a, i, p, n);
comuaent this procedure porforms all inner products.
end Scalarproduct;
end of procedure ortholin 23
end prony 2;
K:::-—l;
for i : = 0 step int until =n do
begin



prony 2(yy, XX, ff,Xn, a, b, K, delta, tab) ;

é{i&i ££1530 ? exponential fit parameters £ L 25 40 2
step size = ? , digits (2), int,

print ~££Lsk0 ? No. of points in fit = ? , digits (4),
K+ 1, 882 22 ;

Bzigi £81520 ? al : = ?, scaled (g), [ 1 |, £855 2 G
Gammal = ? , al 1], £51820 2 A2=?, b[ 2 ],
£855 ? Gamma 2 = 2, a|_ 2 ], £8L272;

print punch (3), £8L ? repeat = ?; read reader (3), repeat;

if repeat = 1 then goto again;

end inner block ;

end exppﬁ. fit;

end outer blockj

end interpolation and expon. fit;

This programme was run on 503 Computer, if the user
decides to run it on CDC 6600 or 7600 machines, then certain
changes in the input-output have to be done.

[ — L R T

( taolé b) RSP, :JJ.J.;.A;;‘;JJ. PR

The general structure of the programme in the doublet
case (S=2) is not very different from that in the guartet
case: This programme was run on CDC 6600 machine through
the terminal 200 located at Chelsea College of Science and

Technology, University of London.

' BEGIN'
'INTEGER' I, J1, I13, KL, NN, JJ,ec.;
'REAL' J, EP, H, AJL,... ;
THETT (A0, VOSTYNNY g BT VT, N, Ty

v
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OUTPUT (61,'(t'/,*(*J= '), N, SB,"("EP = *)', N,5B,' ("KL=*)!

22D, 5B, '('NN=')', 27D, 5B, '('H=')',N')', J, EP, KL, NN,H);

'BEGIN'
'REAL' DLAMBDA, DKU, DNUj
'ARRAY' A, ALPHA, B, BETA, UCl, MUC1, ULS1l, MULS31, UQl,
MUQL, U233, MUQ3, UTl, NUTL(/ 1l..2 /);
'REAL’ 'FROCEDURE' (I,Jd);
'VALUE' I,J;
'INTEGER' I,J;
' BEGIN®
DELTA. ='IF' I=J 'THEN' 1 'ELSE' 0
'END! DELTA h
'"REAL' ‘'PROCEDURE' UU (I,H?L);
'"VALUE' I,H,L;
'INTEGER' I,L;
'REAL' H;
*REATN

.

USSR PrOGRAMIL

'END' UU;

'REAL' 'PROCEDURE' VV(IMIML);
'VALUE! TMHMLj;

CVINTEGER' I,L;
'REAL' H;

'BEGIN'

-
Ty AT TRV AT
- U3BR PARCGRAMIE

YENDY  VV3

Lo X: TATITID T
FREATY VOROOETUREY  WW (I, U,1);



'VALUE' 1I,H,L;
'INTEGER' 1I,L;
'REAL' H;
*BEGIN'

. USER PROGRAMHE

'END!  WW:
'REAL' 'PROCEDURE' LAMBDA (I,H,LP,L);
'VALUE' I,H,LP,L;

'INTEGER' 1I,LP,Lj

'REAL' H;
'BEGIN!
ImmmA.zDEMAU@JJ+QwG,&L)+CL5f}1*VVG,&LN
'END' LAMBDAj
'REAL' 'PROCEDURE' MMU(I,H,LP,L);
'"VALUE' 1I,H,LP,L;
'INTEGER' I,LP,L;

tOTAT,Y T
'

' BEGIN'
MMU., = DELTA(LP,L) + Wi¢(I,H,L) 0.5 * H * W(I,H,L);
VEND' MMU; |
'REAL' 'PROCEDURE' NU(I,H,LP,L,EP);
"'"VALUE' 1I,H,LP,L,EP;
VINTEGER' 1I,LP,L;
'REAL' H,EP;
' BEGIN'

NU. = (H' POWER' 2)*[:33 o EPR(L *(Lel) / ((I * i)

FOUERY 2)) * DEITA(ID,1) + UU(I,®,L) - 2.0

+ (DELTA(LP,L)+ Ww(I,H,L) j ;
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'ENDY  NUj

SFOR! JJ. = 1 'GTEP' 1 tUNTIL' 2'DO!

'BEGIN!

INPUT (60,(*14(1) ), A(/J3d/), ALPHA(/JJ/),B(/3/),
BETA(/JJ/), UCLI(/JI/), MUCL(/IT/)yeusl}

1 END! ; | |

AJL. = (1.0/3.0) * (J * (J+1) = 0.75 = L * (L+1)4

FOR IQ = 1 'STEP* 1 'UNTIL' KL 'DO’

'BEGIN'

DLAMBDA. = LAHBDA(I,H,LP,L);

DMU. = MMU(I,H,LP;L);

DNU. =NU(I,H,LP,L,EP);

OUTPUT(61,*(*//,' (*DLAMBDA = )', N,5B, *('D¥U=/)', N, 5B,

t('DNU=)', N')', DLAMBDA, DMU, DiU);

N
Lae

it

4%y A A PN T ~ v e e <, P o
Gther procedures anay ve reguirec to calculate

Lol

angular coefficients. They can be included within this
programme, or alternatively, can be done deparately.
Among these the following
'REAL* 'PROCEDURE' vce(di,d2,JM1, M2,M,FACTORIAL); to
evaluate the 3-3j symbol;
'REAL' 'PROCEDURE' 8J5(J1,J2,J3,L1,L2,L3, FACTORIAL); to
. evaluate 6-j symbol; |
'REAL' 'PROCEDURE' NJS8(J11,J12,J13,d21,d22,J23,J13,023,
| 'J33,FACTORIAL); to evalucte the é-j symnbol.
These nrocedures’are-available at Crelsea éomputer

Centre.
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(TABLE C) THE MATRIX SOLUTICN

The structure of the programme in the case of solving
uncoupled equations is slightly difler from that in the
coupled equation., In the latter, the kernels as well as

the direct terms are here used as data,.

THE UNCCUPLED MATRIX EOUATICNS

VBEGIN!
| 'INTEGER® I,J1,111,113,JJ,MM,NN,KL,Ilz;M;
*SWITCH' SS.= Uj
'REAL' J, EP, AJL;
INPUT (60,'(*5(N)*)", J,MM,NN,EP,KL) ;
OUTPUT (61,'(;/,‘('J=‘)', N,5B,' ("MM= ) ,22D,
5B,' (*NN=*)', 2ZD, 5B,('EP=')', N,5B,'('KL="*)',N*)"',

J ,MM,NN,EP,KL)

S 22l

' INTEGER' LP,L,IM,JM,KM;

INPUT(60,* (*4(N)*')', LP,L,H,DEL);

OUTPUT(61,'(*/,' ("LP=")', 24D,58, '('L=")', 22D,
58,'('H=')',m,58,'('DEL=‘)',N'5',LP,L,H,DEL);

'BEGIN®

'ARRAY' A,AP, ALPHA, ALPHAP, UC2,...(/1..2/), ET4,

W(/1..M/), TT(/1..KL/), LAMBDA, MMU,

nU(/l.;:L/), TH(/1. M, . KL, (/1000

F(/LleoMyleM+1l/);

'REAL' 'PROCEDURE' DELTA(I,J);
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'REAL' 'FROCEDURE' LEGENDRE (N,X); available at Chelsez
Computer Centre.
*REAL' 'PROCEDURE' T(Y); available at CCST Computer Centre.
'*REAL' 'PROCEDURE' GAMMA(Z) avaiiable.at CCST Comptuter Centre.
'"REAL' 'PROCEDURE' SB&5S 1(X,NMAX,S8I) available at Chelsea
Computer Centre, and is modified slightly, by the
author to suit the problem.
'REAi' ' PROCEDURE' KERN(I,J1,H,L,MH,EP);
'VALUE! I,Jl,H,L,MM,EP: |
'INTEGER' I,J1,L,HM;
'REAL' H,EP; .
'BEGIN'
VINTEGER' I1I,JJ,KK,NI,Ilj
'REAL' KEL, KTOT,...all-real. variables..;
*ARRAY' sxcz,stsz,stz,siQu,...;(/o..NN/>, u,v,T,LEGL,
K coul(/l..MM/);
' :I3EGIN'
KEL, =0,0j
'FOR. II. = 1 STEP 1 ‘'UNTIL' 2 'DO'
'POR' JJ. = 1 'STEP* 1 'UNTIL' 2 'DO!

'FOR! = 1 'STEP' 1 'UNTIL' 2 DO

=
=
.

1

' BEGIN!

* VUSER PROGRAMME

KZL. (/J1/) * ¥TOT 3

1]

2]
Ll
t
+

3
3

VEND'
KERN . = KEL 3

V! NOY: SO
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'PROCEDURE' LLGALS:(A,N,R, DELTA, U);

'COMMENT' library procedure lio. 262.
This procedurs solves a system of pinear equations

by eliminating and partiai pivoting. The paraméters are:

N The number of equations and the total matrix of the
system including the R.H.S.

A Is a matrix and has the dimensions A(/1..N,1..1+1/).

R Upon exit the output parameter R contains the silution
of the system.

U The label U, must specify a jump to the main program if
the codfficient matrix is ill-conditioﬂed, which is
expressed by the fact that the absolute value of the

pivot element is less than the parameter delta;

'END' LLGAUSS;
'FOR' JJ. = / 'STEP' / 'UNTIL' 2 'DO?
'BEGIN'
intur(ou, *(ail constants *‘J',) ;
YEND!'
AJL. = (1.0/3.0) * (J * (J+1) = 0.75 = L * (L+1));
'FOR' IIl, = / 'STEP' / 'UNTIL' Md 'DO!
1 BEGIN' '
INPUT (éo, t(r2(N) ), EBTA(/IIL/), W(/I11/));
OUTPUT(61,...);
'END'
'"FOR' I 13. =1 '5TE¢' 1 'UNTIL' XL 'DO’
' BEGIN! ,
INPUT (60, *('(M)')', TT(/113/));
'EIDY

VFOR' I 12. / 'YSTEP' / 'UNTIL' KL 'DO!
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o3}
e
o

VEND'

' THE COUPLED MATRIX EJUATIONS

In this system of eguations, the direct and the kernels
"as well as the total matrix H are all computed separately and
used as input data.

' BEGIN!
'INTEGER' N

-

YSWITCH' SsS. U ;3

'REAL' DELTA ;
INPUT (60, '('2(N)')', N, DELTA ); | ‘
;BEGIN'
'INTEGER' I,J,K;
VARRAYY  R(/1,.N+1/). A(/1..N,L..N+1/);
PROCEDURY ,;LLaAuau(u,m,n, UELIA, U) j

'END'  LLGAUSS
'FOR' J. = 1 ‘'STEP' 1 'UsTIL' N 'DOC!
'BEGIN' |
OUTPUT (61, '('/,10B,'('J=")', 2ZD')",J};

'FOR' K. = 1 'STEP' 1 'UNTIL' H+1 'DO?

CINPUT (60,' (P (N)')Y, A(/T,K/));
VEND' '

VEND'
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LLGAUSS (A,N,R, DILTA, U);
'FOR' I. = 1 'STEP' 1 ‘UKTIL' N *DOY
'BEGIN'
ouTruTr (61, '('/, 10B, 'N'I=')', 27D, 10B, '('R=")' , 2B,K')',
I,R(/1/));
TENDY
VENDY
U..
VEND!
Our programs for the direct terms, the kernels; as well
as those designed to solve the uncoupled and coupled matrix
equations for (p-d)-scattering problem, are now used by H.Gaylani
to solve scattering problem similar to ours but with the coulomb
interaction switched off.

(table D) THE BINDIKG ENERG

The direct terms and the kernels are separately computed.
These are then used as an input data in the computation

of the fotal moutriv 4. U050 Library oro

vorrogram was taen used to
find the eigenvalues with the matrix A input ~ in the form
of data.

It seems often true that while these may exist alternative
ways of programming the problem, which make more and better use
of periﬁéral facilities, the programmer may be coupelled to
adopt a less efficient apprach in terms of computer utilization,
siuply becouse the desired degree of efficiency may reqguire
more acess to the machine than is availiaole (3ibbel 1971).

As it has been stated before, all our calculations

performed on the CDC 6600 are input through a 200 terminal
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link, stationed either at Chelsea College of Science and
Technology or at the Imverial Collepge of S3cience and
Technology. Insrite of that all, it should be noted that
this does not alter the fundamental numerical and cowmput-

ational approach to the probien.



