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ABSTRACT  

The following points are discussed: 

(a) The problem of scattering of protons by deuterons was 

using the resonating group method of J.A. 

Wheeler (1937). Starting from three-nucleon wave 

functions, simultaneous integrodifferential equations 

were derived from Schroedinger wave equation. 

The s- and the D- redial wave functions are taken in 

double Gaussian form in order that we can further the 

analysis. 

(b) The Hamada and Johnston potential (1962) which satisfies 

the N-N data up to 310 MeV is used, and the potential 

function was also expressed in double Gaussian form. 

(c) A spline interpolation procedure written by Christian 

H. Reinsch (Numerisch Mathematik 10 , (1967), 177), was 

used to interpolate the data given by Hamada and Johnston, 

for the potential-and wave-functions, and a least square 

method was then applied to determine the constants A,0c, 

U and p respectively. A.reasonable accuracy for these 

constants were obtained and they are given in tables 

(VIII) and (IX). 

(d) The (s-D) interaction terms due to the quadratic spin-

orbit force were omitted, because of their small 

contributions. 

(e) The resulting integrodifferential equations describing 

the problem are expressed in terms of finite differnces 

(Robertson, 1955;and Buckingham,numerical methods,1957), 
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and finally put into matrix form. Programs for 

computing the direct and exchange terms, as well as 

the solution of the matrix equations are all written 

in Algol language. These matrix equations (A F=B +6) 

are then solved for incident proton energies (E (c.m) 

= 1.85 to 11.50 MeV) and values of K=0,112 and 3. 

(f) Phase-shifts, differential and total cross-sections 

were obtained from the direct solution of the integro-

differential equations and compared with previous work. 

(g) The binding energy of 3He has also been calculated. 
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INTRODUCTION 

The three-body scattering problem in nuclear physics 

has been the subject of considerable theoretical and experi-

mental studies. Initial theorttical work was done by Buckingham 

and Massey (1941)employing the resonating group method of 

Wheeler (1937). The work of Christian and Gammel (1953), 

De Borde and Massey (1955), Burke and Robertson (1957), who 

used the central force approximation, showed that simple 

central nuclear potentials cannot simultaneously account for 

the binding energies of the deuteron, triton, and alpha 

particles. This result was subsequently attributed to the 

presence of the non-central forces. 

Gerjuoy and Schwinger (1942), gave the first quantitative 

calculations of the triton binding energy with the inclusion 

of the tensor force. Later calculations, however, established 

that a central plus tensor force was sufficiently flexible, 

to fit both the existing two-nucleon data and the triton bind-

ing energy (Clapp 1949, Hu and Hsu 1951, Pease and Feshbach 

1952). Bransden, Smith and Tate (1958), gave a detailed study 

of the problem of scattering of nucleons by deuterons employing 

a tensor force and taking into account the distortion of the 

deuteron wave function occeasioned by the interaction, together 

with the admixture of the deuteron D-state wave function. 

Buckingham and Massey (1941); Buckingham, Hubbard and 

Massey (1952); Hochberg, Massey and Underhill (1954); Bransden, 

Smith and Tate (1958); and others, applied the resonating 

group method to the problem of three, four, and five nucleons 
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using different kinds of potentials and wave functions. 

The Hamada and Johnston potential (1962), which not 

only includes one-peen exchange and a repulsive hard-core, 

but also tensor, spin-orbit and quadratic spin-orbit forces, 

was used in three-, four- and five-nucleon problems (Sribhibhadh 

1966, Omojola 1968, Pramanik 1971). 

This thesis extends previous work (Sribhibhadh 1966) to 

the problem of scattering of protons by deuterons and the 

binding energy of Helium-three (3He). It is hoped that solving 

the three-nucleon problem with a potential which contains 

both central and non-central forces and a repulsive core will 

allow us not only to gain further insight into the nuclear 

forces, but will also provide a test for the resonating group 

method with Gaussian 2-body amplitudes and potential shapes. 



PART (1) 

THE INTEGRODIFFERENTIAL EQUATIONS FOR THE PROBLEM 

OF SCATTERING OF PROTONS BY DEUTERONS 



-t4- 

CHAPTER I  

(1.1.) THE NUCLEAR INTERACTION POTENTIAL 

Many studies have been caried out aimed at improving 

the nuclear interaction potential which is considered to 

include both central and non central forces. The work of 

Signell-Marshal<(1957), has confirmed the existence of the 

tensor and the linear spin-orbit forces. The quadratic spin-

orbit term of the potential has been introduced by Hamada-

Johnston (1962), in order to produce all the available data 

below 310 MeV of pp as well as np phenomena. According to 

Hamada and Johnston, the potential between the i
th 

and jth  

nucleon must have the following form: 

_ 
V. .=z 	1( W + b B. . + m M. + h H. .)V — V(r. . ; 1 —3 Icr.) 13  -1"; 	 13 	13 	— 

+ a. e2 .  
-- 
rij  

... (1.1.1) 

Where e =1 if i and j are protons;  E = 0, otherwise. 

B..13 , 14.. and H.. are the usual Bartlett, Majorana, 

and Heisenberg projection operators. These operators are 

introduced in order to take care of the exchange nature of 

the nuclear forces between nucleons i and j. we have 

cr- 
B. . = 1(1+ on . 	) 	H. . = — 1(1 4.T.-1 ) and 
13 -2- —1 —3 ij 7 	1 j 

M . = B. . H. .. 
13 13 2.3 

ft1)=1. 
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The summation over a in (1.1.1) includes most known types 

of nuclear forces (i.e. central, tensor, linear spin-orbit 

and quadratic spin-orbit forces). The other summation over V 

represents the various states (i.e. triplet even, triplet odd, 

singlet even and singlet odd). 

The function V(r.. ; 	0-.) is defined as: A -3.0 	-1 

1)V (r. 	cr. , a%) =-4V(r..),(1 E(21,1) + S(A,2) [ 3(445%. r. .)(m..r..) 
-sj -2 -J 	 -1 -10 	-23  

2 
rij  

- 	cr.° 	cr. -1• -3 

x E (21 • 

Z(A,3) 
. 

2 
27j) 	L. 

r 1 
-2-  

(21 

+ 
-a 

1J 

cr.) 

J 

. L. • 1+ 	li (X,4) 
-13 j 

iij) - 1.(27j. L
1
i)(21- L. 

2 

... (1.1.2) 

J 
V(r..) is the potential radial function and L. is the 
A 13 	 - 

angular momentum vector given by 

Lid  = (r. - r .)A (p.1  - p3.) -2 	- 	- ... (1.1.3) 

Where o 	2 
and p. are the spin and the momentum vectors 

-2 

of the nucleon i, respectively. W(A, A) is the Vronecker delta. 

The parameters Uk  and uk  are determined by a least 

square fit to Hamada and Johnston potential and are given in 

table (IX)- 



(I.2.) THE DEUTERON WAVE FUNCTION  

The following description is well known and can be 

found in previous publication such as (Buckingham & Massey 

1941; Buckingham, Hubbard and Massey, 1952; and Sribhithadh, 

1966) we are quoting it here for completeness sake and also 

to define the notation so as to avoid confusion in later 

chapters. 

The deuteron ground state wave function is a mixture of 

the s- and the D- states and is given by: 

i(r ) = 1,(r 	• a 	) X1(23) 
m 23 	 23 ' -2 9  — a 3 

. 

where 

... (1.2.1) 

NE23  ; 2-2 , o) = h(r23) 	S23(43) 0D(r23) ... (1.2.2) 

and 

X
1
(23) is the deuteron spin function in the triplet 

state. The wave function 1)(r23' • 62 ' a- ) is normalized - 

so that 

2 

E S dE23 r23 ; 272  1 2:3)1  = 1 
spin 

0 and
D 

are the radial parts of the s- and the D- state 

of the deuteron wave function; and these are given in double 

Gaussian form: 

2 
2 (1)

S (r23 
 ) = E A. Exp(- 	r23) 

i=1 

2 
2 	1 	1 	2 (IVE23) 	r23  Ai  Exp(- 	r23) 

i=1 

... (1.2.3) 

... (1.2.4) 
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TheconstantsA.1 A11 
 0LandKare determined by the least . 1 	1 

square method from the data given by Hamada and Johnston(1962), 

the values of these constants are all given in table (VIII). 

, 2 
S23 kr23 ) is the tensor operator defined by 

S23 2 (r2 3  ) = 3( 2  a. • r23  )(o,3  . r 23 	2 
) / r2 

3 - 
a-  . a-5  ... (1.2.5) 

(I.3.) THE THREE-BODY WAVE FUNCTION 

If particles.1 and 2 are protons, and particle 3 is 

the neutron. Particles 2 and 3 form a deuteron. 

Then the complete wave function antisymmetric in proton 

in the resonating group method (Buckingham and Massey, 1941), 

which describes the system is given by: 

-T- (12,3) .t(1,23) --r(2,75) 	... (1.3.1) 
In this system in which there exist non-central forces, 

the potential couples the space and the spin co-ordinates of 

each pair of particles and hence couples their orbital and 

spin angular momenta. As a result, the orbital-and the spin-

angular momenta are no longer constants of motion, but the 

total angular momentum J and its z- components Jz  are, together 

with their respective eigenvalues J and M. 

The wave function -(1,23) is then expanded into eigen-

functions of total angular momenta J and its z- components 

Jz 
with eigenvalues J and M respectively. 
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Thus 

=Z  +(1,73) JM 
JM 

... (1.3.2) 

where 

t(1,T5) E  
r23' • cr , o-

-3 
 ) F

JM  (1-23) ... (1.3.3) -2  

and 

J+S 	S 
FJM

(1-23) ")/ (1,23 ; 0,0)1 f (r) 	... (1.3.4) 

.1J-SI Ji/M 	r JKM 

The function(r23  ; cr2  , a-3) is given in (1.2.2), and 
S 
f (r) is the radial wave function for the incident proton, 
JXM 

while'/ (1,23;9,0) is defined by (Blatt and weiskopf, 1952) 
JKM 

and given by 

m+s 	K, S 
/ (1,23 ; 	10) = 	C (J M;m M-m) Y(491(P) IX (1123)› 
JAM 	 m4M-Si 	M-m 

(1.3.5) 

Where C 	M;m M-m) are the Clebsch-Gordan coefficients, 
Is 

YO,¢0 are the spherical harmonics of the solid angle (0,T), 
m 

and IX (1,23)> are the spin functions for the three-nucleon 
M-m 

system. The wave function t(1,23) satisfies the following 

orthonormality property 

JJ 	 JKM spins 
E  1(E23  2'2 2-3))/ (1,23 ; g o)) I [ 1(123 

 ; 272 ,2.3)  
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S 
x 	1 (1,73 ; o,cp)lar, an (e,Q) = 	$ f) a(J,J 

J K m 

	

x 	- (m t m t  ) 	 ... 	(I.3.6) 
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CHAPTER II  

(II.1.) DERIVATION OF THE INTEGRO-DIFFERENTIAL EQUATIONS 

We start from theSchroedinger wave equation of the system 

( T
12 

3 
+ 	 = E ie(12,3) 

i>j=1 

(11.1.1) 

T1!
3 

Vij and E are the kinetic-, potential- and total 

energy operators respectively for the three nucleon system.Thus 

2 	2 
T 	=T 	+T =T 	+T =- h

2 
(3 V 	+ 2 "V ) 

123 	1-23 	23 	2-13 	13 	2M 2 1-23 1 23 

1 

= t
2 

(3 	
2 	

4- 2 V ) 
a 2-13 	13 

and 

E = E
p 

+ E
d 

... (11.1.2) 

(II.1.3) 

E and E
d 
are the energy of the incident proton and the 

binding energy of the deuteron respectively. Omitting details 

of the mathematical analysis, the following sets of coupled 

`integro-differential equations are, finally obtained for the 
S 

radial functions f (r) 

I 

D
2 

f ,(r) 	= 	CI 1(J M;m' M-m') C (J M;m m-m) 
X' Jf m im 	s 	is 

iimr I dI2 dfl (Go)) 
3t2 	

F (r
23 
; o-
-2 	

cr
3 

) y (0,1)) Ixs (1,23)>.] 
L 	- - 	— 	m, 	m-m, 



4 
x 	

[ 
1(2w - h).1 A - ‘117(r 	; 0- 	) 	(r 	; 	' o- ) 112 -1 2 23 -2 3 

9,0.1 

x I XS (1,23)2 + 1(2b - 
M m 

.0 
v(r12 ; o-I 	 4 /(1:23 ; 21 , 273) .x  

x 1XS (2,13)> 	V(9,cp) 1 f (r) + L+Mr j aR d (o,Q) 
M-m 	r 	A2 

K ' 
x [ ()(E23 ; 	I 2-3) Y (9 , 	

s 
(1,23)>1 2.2_ N23;2-2,2-3) 

m' 	 r12 
S 	K x 	(1,23)> V(GL,0) 1 f (r) 	(G,v) (413)4 Mr 
M-m 	m 	r JKM 

f

1 

* 4 

x [ i(E23 ; 22 2-3) Y
' 
( 9,0 lxs (3_,)>] E 

m Aoi=1 
rl(W-2h)!  

12  ; a-1 , 2 ) i(r13 • cr1 	cr3 ) 	S (1,23)>+ 1(b-2m) - - - - -  M-m 

R. 	I 
x V(r12 ; cr1 , cr2 ) Fr13 - ; cr 	0-3) 	S (1,23)>1 y( e ,cp) - 	- -2 - 

m-m 

fi 

x 1 f (r' ) 	f dr' da (0,c) [ 1(1:23 ; 274 	2:3) )1:1 (e,,e) 
7, gm 

x Ixs (1,23)>1 (4/3)4 e2 	Mr 	
(r 
	; a , cr ) IX5 (,13):), 
-13 -1 -3 M-m r12 

x 

x 

f 	I 	I 
YU)

f 
, 

1,(r23 L 	- • ' 

1 
r, 

o- 2 - 

f (r') 	+ 	(E - 	E 
P 

cr3) Y 	(e,. ) - 	) Ixs 
m-ml 

d 
)jrcir' d22(e,(0) 

(1,23)> 
j 

\ 
(4/3) 

• 1(r
13 - 

0- 
- 1 

Mr 

9 a-3) - 

— 	I 
X 1 

s (2,13)> Y(e
I 
	) 1. f (r' ) + dry d n (e,c) (413)3 r 

r' JKM 
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te: 2 
x 	(Goo 	lxs 	r N7, (r 	; 0 	cr) (1•• 	; 	a) 1 

L r 	23 —2 —3 	—13 —1 —3 me 	m—m' 
— " x 	S (2113)2 X(0 , q) 1 	f (r') jdr' an (Go") (413)4 r 

M_m 	m 	r' 

x-s( 	
* 

x  L. vR T'123 	212 2-3)  Y (900 	Ixs 	§(r •0- 
m' 	M-m' 	13115-3 

— f x I XS (243)) Y(e , ,p) 1 f (r') 
M-m 	m 	r' JfM 

where 

D2
t 

 = d2 	A f.4. 1) 4.  K2  
r
2 

dr 

and K2 is a wave number defined by 

▪ (II.1.4) 

• (11.1.5) 

K
2 

= 4 M E (C.M) 
3 	p 

• (11.1.6) 
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METHOD  OF REPRESENTATION 

The resulting integrals are of two types and are 

classified as direct (D), and exchange (E). All direct 

terms are completely evaluated, but the exchange terms are 

left in the form of integrands. 

The final step in the calculation consists in solving 

numerically the resulting integro-differential equations 

for the radial functions f (r). In the evaluation of the 
JfM 

central, coulomb,....,etc. terms; the following cases have 

been considered: 

(a) The (s-s) terms; in which both the Bra and Ket functions 

are in the s-state., 

• (b) The (s-D) and the (D-s) terms in which one of the 

deuteron wave function is in the s-state, while the 

other is in the D-state., 

• (c) The (D-D) terms are neglected due to the small percent-

age of the D-state admixture ( 4%). 



PART; (2) 

PROTON-DEUTERON SCATTERING 
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CHAPTER III  

DIRECT (s-s) INTERACTION TERMS 

The direct interaction terms in the resulting integro- 

differential equations (II.1.4) are given below: 

(III.1.) THE CENTRAL TERM  

The term for the direct interaction of the central force 

c S 
D , (r) 	is given by: 
g M(s-s) 

c S 
D , (r) 	= 4Mr 	C, ,(J M;m' M-m') C (J M;m M-m) 
g M(s-s) 	30 Is noon  k s 	KS 

K' f 	*-4 
x 1 dR dll (e,m) [ (1)s 	

=1 

(R) Y (e,$) 1XS  0.,T3-)>] E [1(2w - h) 
m' 	M-m 	T+ v 

4  

x'Vc(1E  - i El) jxs  (1,23)>+1 (2b - mA(ir - i RI) 
N-in 	T 

	

x 	s 
xfXS  (2,13)>1 (I)s(R) Y(e,(1)) 1 f (r) = 3 m 	E 

M-m 	 in 	r JO 3t2  'Ts • mt ,m 

x c, t o M ; m' m-m') C (J M ; m m-m) 6(s ,$) S (mt ,m) S dR dr)-(GIO) 
K s 

	

	IS 

1 
ft  • 	4 

x (Ps(R) y (0,0) 7 1 r(2W - 	+ g(S) (2b - 
MI 	4— 4 L ti =1 

Ac(ir 	RI ) (ps(R ) 
K 	S 

 Y(900 f (r) 000 (111.1.1) 
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Where g(S) = 	for S=i; and g(S) = 1 for S=3/2. 

The potential in the direct central force is now given 

in double Gaussian form for two distinct cases: 

(a) THE DOUBLET STATE(s4)  

c (1) 
V Or -iRD 	1 [ (2 W - h) - 1(b - 2m))  j 

V  2 117:1 

2 	'c (1) 	c (1) 
1 - x.) 

Vc  ( I r - iR I) . E 	Uk 	Exp(- pa  (I r - -2-  1R I )
2 
 ) - - 

k=1 

(III.a.1) 

(b) THE QUARTET STATE (S=3/2)  

c (2) 	 -0 
c v(11-. - 	RI) = 12: 1 [ (214 _ 	(b _ 2m) 	V (Ir-iRI) 

v=1 
2 	c (2) 	c (2) 
=Z 	Uk  Exp(- pk  (Ir - 2RI)2) 

k=1 

000 (Mafia) 

c (II) 	c (II) 
The values of the parameters 'k and U

k 	
(II=1,2) 

were calculated and are given in table ( IX ). 

Now, using (III.a.l) and (III.b.1), and integrating over 

all coordinates with exception of r, expression (III.1.1) 

finally becomes: 

c S  
D ,(r) 	=E cyr) SC"  ,f) E(s ,$) fs  (r) 
Jf m(.-.) f,s 	JKM 

where 

cB (r) = 4 m 

 

c  (a) 
A.A.

j  U 	7! k 	ijk ( / 	)
3/2 

 Exp(-
c
k 	ij p (1- 25 k  )r2) 

 

3 2 
,j,k=1 

(111.1.3) 



and 

1; 	c ca) //i.  
uk ijk 

c -) 
+ 1 um  k i = 6c 4-  jk 	1 

K 
xixS  (1,23) 	s (R) Y09,0 1

s 
(r) 

M-m m 	r JfM 
• (111.2.1) 

(II1.2.) THE COULOMB TERM 

The interaction between two protons, is given below by: 

1 
coul S 

P (r) 	= 4Mr 	C, ,(J M;m' M-m') C (J M;m M-m) 
I Jf'M(s-s) 	3t2 	 ,m  f S 	KS 

	

K* 	s, 	*coul 
xi dR d12(0,0) y (9,0) (I) (R) g(S) IX (1,23)-', ir ( 	) 

--' 	 r12' 

	

m' 	M-m' 

where 

coul 
V(r12) 

=-  e  

r12 

• (111.2.2) 

coul 
The potential function 	V(r12 ) can be expanded in 

the following way: 

coul 	coul 

12) = 	U (r,R) 	(0 ,oR  ) Y(9,o)... (111.2.3) R  
771, 

so that 

coul 
U (r,R) = 2 

+1 	coul 

j dp p (p) 	V(E12) 
-1 

... (111.2.4) 

Using (111.2.3) in (111.2.1) and performing the spin 

summation we get: 
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coul S 	, 2 
D l(r) 	= Lifie 
Jk M(s-s) 	30 i,j= 

A.A. 
1 

fS 

g(S) 	dR R2  

O 

x Exp(-( 1 
coul 

°<.)R
2
) 	U (r,R) f

s 
(r) 

JkM m' 1 m 

C, ,(J M;m' m-m,) 
X s 

S(m'I m)S dn Co 	) 	
* 

x C (J M;m M-m) (S
1 
 ,S) R' R Y (GR4R) '111(©4)  

Ks 

p 	K 
x Y(G4) Y(),$) 	 ... (111.2.5) 

m 

Integrating the angular part in (111.2.5) and then 

summing over the magnetic quantum numbers, m' and m, we get: 

1 
coul S 2 	' 

D(r) 	= 16TrMe
2 I 	A.A. 	g(S) f

s 
(r) 0(S IS) 

JPM(s-s) 	L2 	3. 3 	JO 3h r 	i,j=1 	k,S 

R
2 

dR Exp(-( be.-1-c‹.)R
2
) 3. (111.2.6) 

Expression (111.2.6) is further simplifiedm and finaly 

reduced/the following form 

coul S 
,D (r) 

J1 M(s-s) 

coul 
B 	g(S)(S IS) SU/  ,f) fS  Cr) 1 	JkM 

(111.2.7) 

where 

coul 	2 	2 	
1/2 

B1
(r) = 	?Mer A.A. (1r/( c‹. + 
2 1  J 	2. a 

i,j=1 	1. 

1 
for S= S = 3 and S'= S = 3/2 respectively. 

(111.2.8) 
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(II1.5) THE TENSOR TERM 

t S1 
The direct term of the tensor force D ,(r) 

J/ M(s-s) 
in the quartet state by: 

is given 

t S 
D ,(r) 	= 4Mr 
JK M(s-s) 	3 2 

c„(J M;m' M-10) C (J M;m M-m) 

m,,m s 	KS 

x IdR dS1(0,0) F (1)
s 
 (R) 1XS  (1,73),j (9,0) 	

4 

	

L 	
1 E (2w-h) 

M-m 	m' 
U

1. T 

S -- 
At (r12  ) S12 (r12 ) IX 

m-
(1123)>+ (2b - m)'Vt (ra2  ) S12  (r

2 
2 ) a

m  

x Ixs (1,23)>j (Ps(R) li(e 1)) 1 fs (r) = 
M-m 	r JKM 	3 'h2  ,s 111,01 

f: 
x c, 	H-m' C 	M;mm-m) dR dr2 (Goo y 0,4)) ()8(R) 
I s 	Ks 	 no 

1 
x 
t
V(r12 . )4 XS  (1,23)1 S (r22 	23 )IXS  (1, )> y(e (t) (I) (R) fS  04) 

	

M-m, 	M-m m S JKM 1 

(111.3.1) 

where 

	

11- 	 2 
t (0  V(r12 ) =E 1(2w - h + 2b m) V (r ) = r12 r". 

t 12 	12 L 
:1 	 k=1 

x Exp(-t7Z  42) 	 (111.3.2) 

and S12 (r
2 
2) is a tensor operator defined in (1.2.5). 1 

The spin matrix elements of the tensor operator S12(r1
2  2) 

are expressd in terms of y2 (04)
r12 

harmonics. 
m'-m 

	

The Y2(9,4) 	is then written in polar coordinates 
r12 

of r and R (Bransden, Smith and Tate, 1958) 
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S2 	•1 	, <:"..X 	(1,23)1 	S12  (r 	)IXS  k1,3)>= g(S 	,S) 	(4-T/5)7  a2 m-m' 	 m-m 

2 	1 
x C, 	(2 	, 	m'-m 	; 	m'-M, 14-m) y 	(@,4) 	= g(S 	,S) 	(4 71/5)-2.  
S S 	to-rn 	r12  

2 2 	2 2  x CI 	(2, 
S S 

m'-m-; m'-m 	, M-m) 1 
2 
r
12 

[... 	y 	tem + 1 R 	y 
ml-m 	m'-m 

(eR4R) 

1 	1 
- 1 rR (401//3)i 7 C (2, m'-m WO Y(G,0) Y(eR,OR) 1 
2 	4-- 11 	'A 	'1 'A,11 

... (111.3.3) 

where g(S ,S) = 4 for S = S = 3/2. 

The potential function tV(r,P) is also expanded in 

spherical harmonics, thus 

t
V(r,R) = E 

t
Un(r1R) Y(9R  ,( R  ) Y(910) 

nip 

where 
+1 t , 	t 

Unkr,R) = 
2 71 	dp pnkp) V(r,R) 

-1 

... (111.3.4) 

... (111.3.5) 

Therefore, in using (111.3.3) and (111.3.4), expression 

-(III.3.1) reduces to its final form: 

t S 1 	3/2 

	

D ,(r) 	= 	t
yr) A(f 3/2  ; f3/2) f (r) 	(111.3.6) 

J,' 14(s-s) 

where 

2 	.t  (I) 	3/2 
t (r) = 4Mr2 

	2 
B A.A. . Uk  ( "/ 	) 	(1-i P j  ) 

3 

	

1 	--7 	ijk 	ik 
ta i,j,k=1 
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x Exp(-tAl°  (1 - tjr 	i 
k /4 )1/4

j 
 )r2) (111.3.7) 

and 

J-3/2 
A(K 3/2 ; k3/2) = 4(-1) 	[(2K + 1)(2f + 1) 1 C,(2) 

K K  

X W(K 3/2 ; f3/2 ; J2) 	 (111.3.8) 

C, (2) = C, (2,0;00) and W(k 3/2 ; k3/4)are the 

Clebsch-Gordan, and Racah coefficients respectively. 

(III  .4.) THE SPIN-ORBIT TERM 

This is given by 

s.o S 
D ,(r) 	= 4Mr 	21 	CI  ,(J M;m' M-m') C (J M;m M-m) 
JK M(s-s) 	3,2 fls m' ,m  K s 	KS 

1 	* 2 
x

J 
 dR df2(0,0) D(R) 1X5 	(1,73)))' (g,$) 

m-m, 	m, 	 4 =1 

CO 	 I S  

9 
X [(2W h) V (r

12 
 ) 1 (o-

1 
 + a--2). L

12  IX (1,3)>+(2b-m) —  
s.o 	2 	M-m 

,(11) 
x 	V (r

12 
 ) 1 (o-

1 
 + cr2). L

-12 
 IX5  (2,13)>71 S (R) Y(9,(0 1  

 — 
8.0 	2 	M-m m 	r 

x e (r) = 4mr 	CI  ,(J M;m' M-m') C (J M;m M-m) 
JkM 	3112 	

s 	
f s 	KS m,  1 m  

,2 	 4 	1 

x Z 	A.A. I dR d11 	
_ 4x. R2)  ixS (1,23)> 

i j 	 i 	' 
ilj=1 	

(") Yint010) Exp( 
M-m' 

4 
x 	1 (2w - h + 2b + m) V (r

)2 
 ( cr

1 	a-
2 

 ) L 
s.o 12 — 
	12 

=1 
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2 f  x IXS  (1,-2-3)>Exp(-°( R ) Y(0,0) 1 fs (r) 
M-m 	i 	m 	r JXM 

000 (III.4.1) 

The operator L12  has the following form 

L12 = 1 (r - 	R)A (3 a - D ) - 	.7- 2 br aR 

- i 3 rA  
2 ar 

+ i r A  3 
aR 

+ 3 i R A a  
•ar 

- 1 i R1  
2 	2112 

... (111.4.2) 

... (111.4.2a) 

• (111.4.2b) 

• (111.4.2c) 

• (111.4.2d) 

The potentials in the doublet and quartet states 

are given by: 

4 	 2 	s.o (II) 
1 (2w - h + 2b 	m).4V (r ) 	u 

S.0 -12 	k 
4=1 	 k=1 

x Exp(- Ak  £12) = 	V(E12) 	(11=1,2) 	(111.4.3) 

8.0 (II) 
The potential function 	V(r12) is now expanded in 

spherical harmonics 

s.o (II) 	s.o (II) 	I, 
V(r,R) = 	UL (r,R ) y coR-R)  y (GM 

L 

• 	

(iii .4.4 ) 

where 

s.o (II) 	+1 	6.0 (II) 
U (r,R) = 21" du pL  (A) 	V(r,R) 	(111.4.5) 

-1 

s.o (II) 2 	s.o (II) 



s.o S 
D ,(r) 
Jf M(s-s) 

B (r) A(J') fS  (r) 	,$) S(/ ,g) 
JI M 

s.o (II) 
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Using (111.4.2) and (111.4.4), we finally write the 

spin-orbit interaction in the doublet and quartet states as: 

... (111.4.6) 

where 

s.o (II) 	2 	s.o (II) 	3/2 
B1  (r) = M E 	A.A.j 	Uk 	( / 7!jk  ) i .2 

fi i,j,k=1 
8.0 (II) 	s.o (II) 

	

x (1 - .?f.k  /2) Exp(- 	uk 	(1 - ijk 	 Ilk /4 21jk)r2) 

and A(Jf) 

Al(Jf ) = 1 
3 

is given for the doublet satet 

" 	
+ 1) - f(f + 1) - 3 1 

T 

(S I = 

and for the quartet state (S = S = 3/2)  by: 

(111.4.7) 

S= j-) by: 

(111.4.8) 

A2(Jf) = 3 2 E J(J +1) - f(f + 1) - 15 	... (111.4.9) 
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(III.5.) THE QUADRATIC SPIN-ORBIT TERM  

The direct term of the quadratic spin-orbit force 

Q s 
DI(r) 	is given in both cases (s=i and s=3/2) by the 

J,' M(s-s) 

following expression 

Q s 

h TTI, 
D ,(r) 	= 4  M r  	c, ,(J M;m' m-m,) C (J M;m M—m) 

. Jf m(s-s) 	i i
i 2 	

S M M f s 	Is 
1 

	

.k 	4 
xi dRi.  ag WA)) Y OM (1)8(R) <:x°  (1 T5))IE [ 1(2w-h.))  

	

ml 	f M-m' =1 

x  ''111Q(r12) I
4(12)1XS  (1,23)>+ 1(2b - m):VQ(r12) Lq(12)kS(217.31 

M-m 	 M-m 

x 	(R) (004) 1 fs  (r) 
r 

where 
2 

L (12) = (a-  . cr )L  
Q 
	1 -2 -12 	 12 

• (III.5.1) 

• (111.5.2) 

and 

M12 = 1 E (cr . L ) (o-  . L )+(cr. L )(cr . L12 ) 12 — 	-1• -12 -2 -12 -2 -12 	 1 -12 2 

... (111.5.3) 

THE SPIN SIMPLIFICATION 

(III.S.a.)  THE DOUBLET STATE 

It has been shown (Sribhibhadh, 1966) that the spin 

matrix elements in the direct interaction reduce to the 

following form: 
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4 	4 
<:xc (1,23)1 E 	(2W - h) v ) L

Q 
 (12) IX2  (1,23)> 

M-m -  M-m =1 

4 	 Q (1) 
+ 	(2b - m),) vQ(r12) LQ(12) IXT-m(2113)>7 = V(r12)  

=1 

	

2 	Q (2) 	2 x  E - 
4 L

12 
	(m' ,m) + V(r12) E 3 L12 	S (m' ,m) - - 

3 

• (III.c.a.1) 

where 

Q (1) 	4 

	

V(r12 ) = 	1(2W - h 	2b - m) VQ - (r12 ) -  
=1 

2Q (1) 	Q (1) 
2 

Uk  Exp(,uk r ) 
-12 Kr.1  

and 

• (III.5.a.2) 

Q (2) 	4 	 2 	Q (2) 	Q (2) 2  
V(r12 ) = 	1 (2b - m) V (r

12  ) = 	Uk  Exp(- uk -12 ) 
=1 	k=1 

• (III.S.a.3) 

we have also 

L = - 3i (r - R) a - (r - 4 10  A 	 A 
2 	ar 	3R 

• (111.5.a.4) 

Using (III.5.a.1) we get from (III.T.1) 

Q 	 2 
D ,(r) 	= 4Mr E 	A. A 	C 	M;m' M-m' ) 
Jf M(s-s) h2 i,j=1 	

j 
mi ,m 

2 K i. 
x C (J  PIP' 14-131; (110 011) N clIT a 0990 Ex13(-°(.1R ) y (e,y) 1 

no 

Q (1) 	2 	
2 1(1 	,4, 	1 

x V (r ) E - 4 L i Exp(-°eR ) Y(8,y) 1 f7  (r) + i dR I dO(0,4)) 
12 	- -12 	3 	m 

3 	 r JO 



-26- 
, 

2 *K 	Q (2) 	2 
2 K x ExT,(-cR! ) Y (9,4)) V(r. )F3L 	1 Exp(-kR ) y(o,$) i 	-12 L -12 j 	3 	In ml 

x 1 f2  • (r) 	

• 	

(111.5.a.5) 
r JIM 	JJ 

(III.5.b.) THE QUARTET STATE 

The spin functions IX (1,23).> in this case, need no 
M-m' 

simplification because they are symmetrical in 1,2 and 3. 

Thus, the direct term is written as: 

QD ,(r) 	= 4Mr E V  c, 	14;m' m-m') C 	M;m m-m) 
3k2 I Jf M(s-s) 	f 3/2 	K3/2  

*fl 	Q (1) 	3/2 
x 	(mi ,m) dR art(o01)) y (04) (1)8(R) v(ri2)4:x 	(1,-2)1. 

m , 	 m-m,  

2 3/2 	3/2 
x

!1.2 IX (1,23)) (1)8(R) Y(04) 1 f Cr)- 4Mr M-m 	r JKM 	m' ,m 

*f, x C, 	(J M;m' M-m') C 	(J M;m m-m) f cmf dl (o,4) y ke,T) 
3/2 	f3/2 	 ml 

Q (1) 	3/2 	3/2 
x 11)s(R) V(r )<:X (1,23)I M 	IX (1,23Y> 	(R) Y(84) -12 	-12 	s m M-m' 	M-m 

3/2 
x f (r) 	

• 	

(III.5.b.1) 
JIM 

. 	Q  (1) 
where M12  and V(r12 ) were given in (111.5.3) and (III.5.a.2) 

respectively. 

To solve equation (111.5.1), we consider the integrand 
2 

involving the operator L12  in both the doublet and quartet 

states. Thus, 
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Q (II) 	2 
UL
12 
(r) E 	A. A. T 	0„(J M-m' M-m') 4 M j  

i,j=1 	Ts noon  K s 	31
2 

x C 	M;m M-m)2“S ,S) S(ml,m) IdRS dl (04 	cx.) Exp(-R2) 
Ks 	 1 

Q (II) 	*, 	2 	
yI x V(r12) 	( G)

0" L12
,) Exp(-N.R 

m' 
1 fS  (r) 
r JIM 

(111.5.4) 

2 
The operator L12  operates on the functions (0,( 

Exp(-0e.R2) 1 fS  (r) and we eliminate the function Exp(-0(.R2) 
r JIM' 

first. Thus, 

2 2  
(i) L12 	j Exp(-0‹.R

2
) y(44) 1 f

s 
(r) = Exp(-ek.R

2
) E - 9 L2 

	

r JIM 	4 

(i L . R a ) - 9 (i R A) 	L) + 9 (R . a )(R. a ) 
Dr 8 ar 	16 ar ar 

- 9 R2( 2 . 2 ) + (6.‹.r2 - 30( r.R + 4f,R.a )+ (-6K r.R 

	

16 ar '6r 	J 	i 	4 6r 	3' 

+ 36(0-- 5) (r.) ) - 4 0(2(x. 170(r. 10 + Oc‹. le- 4ac r.R - 1+0e.r2  

	

. 	. 
J 	2 	3r 	

j        

K 
+ 4c<.

2 
r
2
R
2
) 
] 

)(13(014)) 1 f
s 
(r) 	... (111.5.5) 

J 	 r JIM 

	

Cr)The other operations on the functions Yril(e,4) 1 fs 	 ) 
r JIM 

are carried out in the following  way (Edmonds, 1960;  Rose, 

1957; and Brink and Satchler, 1967). Thus, 

2 1  
L 	(E),0) 1 fS  Cr) = I(14-1) r11(9,0 1 fS  (r) 	... (111.5.6) 

	

r JIM 	r gm 
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0 	f 
(r.a ) ycom 1 fS  (r) = (fS  (r) - 1 f° (r))(6,$) m  

ar 	r JfM 	JKM 	r J,M 

... (111.5.7) 

(b 	) Y(e4) 1 f
s 
(r) = ( 1 f (r) - f(f+1)  f

s 
 (r) 

57 57 	r JKM 	r JKM 	r3 JIM 

... (111.5.8) 

l (R . 	) r(©,(1)) 1 f
s 
(r) = - R (4 7r/ 3) 	C (k ) 

ar 	r JKM 	 m fl 
,m 

u u 	1 
x C" (Kmm  q ) Y,1 (eRR )11 Y (e,(1)) d 	

L 
F 1 fS  Cr) 

K 1 	 m" 	dr 	r JKM 

1 

+ 	6K(K  + 1)(2K + 1) I w(K 	; 1 1 ; 1 K) Y 	1 fs  (r) -1 
m" 	2 JKM 	-I r 

(111.5.9) 

we also have, 

(R 	)(R . a  ) 	Y(0,0) 1 fS  (r) 	= Lar R2 	C (f ) 
ar 	3r L m 	r JKN 	3 	K1 

K 

11 	n 
x CI, (L.,

J-
) 

	
d2 	F 1 fS  (r) 	+ E 6 f (f + 1)(2f + 1) 

K 	 dr
2 L r JKM  

• 

X W(K
it 

	; L • 1 1 ; 11ti) 
1 
 d  r1 f

s 
(r) 	+ [ 6g(f + 1)(2f + 1) I

2 

r dr 1L... r JKM 

x w(f K ; 1 1 ; 1 f) d [ 1 f
s 
(r) 	+ 6 [ f(f + 1)(2f + 1) 

	

Cir 	r2 JKM 

11 	 11 	 II 	-2' 	 11 	 11 	 . It 

x (f + 1)(2f + 1) f 	w(f 	; 1 1 ; 1 f) w(f Li  ; 1 1 ; 1 t ) 

tt 1 	1 
xf (K 
3 J

S  
fM

(r) 	{ 	C 
1  

m"; P)  Y(9R4R) Y(eR4R)  
r IJIP,q,m" L 1 

11 
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1 
x Y(8,0) 
	

(III.5.10) 

Q (II) 
Using the above results, we finally obtain for- 	UL (r) -12 

Q (II) 
UL (r) 12 

Q (II) 
BT.  (r) 	(k

2 
f) f8  (r) 	+ 5.. 

=12 I- ijk JKM 	
2  ljk ljk 

x (1 - 3 ?f. . ) + 4 '°e 	r2) f3 (r) + (3(1 + S. . -3 x2 )r 147 ijk Lijk 	JKM 	2 	ijk ijk 

- 	r) d 	fS 
(r) - 	9

2 f S d 	(r) 	(III.5.11) 
dr JKM 	16 	2 JKM 21ijk dr Aijk 

where 

Q (II) 	2 	Q (II) 	3/2 
BL 
12 

	= E 	A.1 j U A k 	
( Tr/ 

ijk  ) 
	4 m 
,I12 

i,j,k=1 

L. -auk 
(II) 

x Exp L.- ,uk 	(1 - Qu(II)) r2 1 	(II=1,2) k 
4 

Again, the integrand involving the operator M12  is given by 

(1) 	2 

	

Um  (r) = - 4mr 	A.A. 	E 	CI 	(J M;rn' M-m') 
-12 	,2  

K 3/2 3h i,j,k=1 	m',m 

oo 
2 	(1)  

x C 	;In 	CUR R2  E 	V(r) da 0 	) 
0/2 

	

	 12 	R R R 
0 

3/2 	3/2 
x 	0,0) y (8,$) ‹X 	(1,23)1 	2 	, 

1112(112) 
IX k1,23)› 

m' 	M-m' 	M-m 

x Exp(- 
3/2 

R2) (e,(1)) 1 f (r) 	(111.5.13) 
tifM 

Operating by M12  on the function Exp(-0(.R
2  ) (9,(1)) 1 

3/2 
f (r) we obtain: 
JfM 

000 (111.5.12) 
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2 f 	3/2 

1112
(1.
12

) Exp(-°<'. R ) Y(04) 1 f (r) = Exp(-0( R
2
) 

r Jgm 

xli 2 (oil. L)(0-2. L) + 	L) (i a-2. R A Z ) +9(1 cri.R, 	) 
4 	8 	ar 8 	aq. 

x (o-2°  L) - 9 	1. R A  3 )(i o-2* R A 	) - 	0-2.A r R) - - - -- - - 	 - -- 
16 	Dr 	Or 

x (o-. L) 	3 a 	2e r A  R)(o,  R E 1 L  j 	- _1° a-) - 3 (i• 2 )(12  - - 	_  
2 	Dr 	1+ 	br 

+ 3 (o-2 
	8  
r)(o- 	) + 	

1 6
2:)(R . a ) 	3(1.1. L

r
_)(272. 2) - 	-1 ar  

3r 	D 

, 
+ 2 q. [ W

12
kr
2 
 - W (r,R) 	+ 3 a.(cr. rAR)(cr. RA 	) 

12 - 	- -2 - — 
3 	 2 -1 	3r 

+ 2 w. 
3 

( r . R - 2 r
2
) 	a-2) -4 

2 
(0- . r

" R)(0-. -" rA  R) a 
1 	3/2 

x y(94) 1 f (r) 
	

0 • • (111.5.14) 
m 	r JKM 

All terms in (111.5.14) are then worked out separately 

using the results given in (111.5.7) to (III.5.10). Thus 

equation (111.5.15) is finally given by the following expression: 

Q (1) 
U (r) 
-12 

Q (1) 	2 3/2 	Q (2) 

F B (r) H1 	

dr
2 JO 

CKIL) d 	f (r) + B 	(r) 
L =212 	 !!.12 

3/2 	Q (3) 	3/2 	Q (4) 	3/2 
x d 	f (r) + fu +1) Bm  (r) f (r) + Bm  (r) f (r) 
dr JO 	=12 JO 	-12 JO -1  

(111.5.15).  

where 

	

Q (1) 	Q (1) 	L/2 	2 
Bra  (r) = 15M ( auk r/ 2)1' ( 1/ A jk) y ((i, 5172) 7 	A.A. 

i __ 	a. 

	

-12 	t 2 
y(L+3/2) itj,k=1 	

j 
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Q (1) 3/2 	Q (1) Q (1) 
UK 	ijk) ) EXp(- k (1- ,uk 	ijk /4 	)r2)... (111.5.16) 'Al  

Q (2) 2 	Q (1) 	 3/2 
BM (r) = M 	A .

1 
 A U (1/ 	) (-4-7 ijk).  

-12 	-.2 	 j k 	ijk ijk 
t i,j,k=1 

Q (1) Q (1) 2  Q (1) Q (1) 
x Exp(- Alp - )..ik  /4;lik )r2)11 - 5r p,_ - 2 A, +1+rA 

-7 ' 4 ' 7 ijk 

Q (1) L/2 
+ 5( k r/2)L  (1/ 	) 	VO-(L+5)) 	16 	(KIL)+3 fl 

2(K IL) ijk 	 L 3 if  r(L+3/2) 

... (111.5.17) 

Q (3) 2 	Q (1) 	3/2 	Q (1) 
2% M12 	L2 	3 k 	ijk 	 '21h ijk)  B(r) = N 	A.A. U 	(7r/ 	) (2- 5r ,uk /4 

11. i,j,k=1 

	

Q (1) 	Q (1) 
x Exp(- .Ak  (1 - Ak  / 4 71ijk )r2) 

and 

Q (4) 2 	Q (1) 	3/2 	Q (1) 	L/2 

Bm12 
(r) = M E 	AiA j  Uk  ( iv:Ijk) {: 5( k  r/2)L(1/2iijk ) 

t2  i,j,k=1 
Q (1) 

x  r(3(L+5))  [ 2.6(oypik ) H5(f,f)+3 1.13(f,L) 	+1-(5 Ak  /4 ijk).
V(L+3/2) 

- (1/2r ljk)  + (roe./2 ijk  )+ (4c‹./3) [ 2r21,(1/QA1(1))  

Q (1) 2  
( uk  r / 4 Aijk ) A(e3/2 f3/2) 

and where 

... (111.5.19) 

L 4 A A 1 

H (ie fla) = 	(-1) L
1 
L 1

2 
C (L

1 
 ) C (L2

) C (L
2
) C (L) 

X1 	L11 	11 
L1'L2 	 1 

x W(f 1 ; L2  1 , L1  L) W(1 1 ; 1 1 ; 1 L) 	... (111.5.20) 

(111.2.18) 
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x c (L) C (L2) c (L) W(K 1 • 
L 1 ; • L L) w(1 1; 1 1 ; 1 L) 

a2 jli 	
11 	

' 2 	1 

... • (111.5.21) 

L A-1 A 

	

H3(K,L) = 1 7 	(-1) 	L 	1) 	(1, 	1)41(f4.1) 

	

7 Z.— 	1 2 Li 	2 2 L1,  L2 

L
1(L1+ 

X C 	(L ) 
L11 	2  

1) 

C 	(L) 
11 

- f(/ + 1) 

W(k 1 	•' L 

r 2 

1 	; 
' 2 

L
2 
(L2+ 1) Illp (L1) c 

L 	L) W(1 1 	; 1 1 ; 	1 L) 
1 

(L2) 

SO* (111.5.22) 

H4(K,L) = 	(-1)1' 1,21 C (L1) C (Li ) C (L,) 	(L) 

	

L2L 	fl ` 11 L1,L2 

x 	; L21 ; f 1) w(1 1 ; 1 1 ; 1 L) 	... (111.5.23) 

and 

A A  
H
5
(f,L) = 1 E 	(-1)

L 
 L2 L E a& 1) 

L1(L1 1) 	C (L1) 

L1,L2 
7 	 K1 

X C (L ) C (L ) C (L) W(L •
' 
 L 1 ; • f 1) w(2. 1; 1 1 ; 1 L) 

t2L 1  fl 2  11 	2  

(111.5.24) 

From equations (III.5.11) and (111.5.15), the direct 

term of the quadratic spin-orbit interaction is given in 

the doublet state by: 

	

Q (1) 	Q (2) 
QD l(r) 	= - 4 	u, (r) + 3 u

L (r) 
JK M(s-s) 	3 	:1=12 

and in the quartet state by: 

= Qu(1)(r) 	Qu(1)(r)  
QD ,(r) 
J, M(s-s) 	1112 	-12 

... (111.5.25) 

(111.5.26) 
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CHAPTER IV 

THE ENERGY TERMS (s-s) INTERACTION 

(IV.1.) THE W-KERNEL 

The w-kernel is given in the dohblet and quartet 

states by the following expression: 

w
s
(r) 	= (4/3)

4  Mr (E - E ) 	C, ,(J M;m' M-m') 
Jk'M(s-s) 	 2- p d 

TTS rool f s 

K* 
x C 	M;m M-m)irdri d1/(0,0) 4s(u) 4313(V) y (GM Ixs  (1,73)> 

Ks 	 14-no 

t 
xlxs  (2,13)>,')/(8 	) 1 s 

(r') 
M-m 	m 	r' JKM 

(Ivaa) 

Summing over spins and expanding the functions (i)s(u) 

(Ps(V) in a series of spherical harmomics 

n, „ n 
(Ps(u) Os(V) = 	pn(r,r 1 ) Y(e 	) Y(O,0) 

no) 

(IV.1.2) 

where 
+1 

	

pn(r,r 1 ) = 21if d p n I 0110 	(u) (I) (V) 	(IV.1.3) 

hence (IV.1.1) becomes 
1 

W l(r) 	= (4/3)
4 
 Mr (E - E ) 	C„(J M;m' m-m,) 

JK M(s-s)
p 	d 

-n 	,S,n m',p f s 

..0 
x C 	14;na,  14-m,) Es ,$) f r' dr' pn(r,r1 ) fS  (r') 

0 Ks 	 Jfm 
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n* I 	 f 	 g 

XS da1(0
1 	

) Y(0 	
f 
 ) Y(0

1 
 ,(1)

I 
 )1 di? (0,0 Y

* 
 (GM Y(0,0 

p 	m 	m' 

• (IV.1.4)' 

Which after performing the angular integration and 

sum over all quantum numbers, with the exception of f and. S, 

finally becomes: 

S 00 

W ,(r) 	= 	dr' we (r.r') g(S) 6(S ,S) I (bijkrr') JK M(s-s) ts  0 	1 	f+i 

x 	(f i ,f) fs  (r') 	 (IV.1.5) 
gm 

where 

2 
we1 

 (r r') = 	Mr (Ep Ed) (4/3)
4 	A.A.(27r/b..rrl)3  1 	13 fi2 
i,j=1 

x Exp(- eij  r
2- f. r'2) 1j • (IV.1.6) 

(IV.2.) THE KINETIC ENERGY TERM 

, The kinetic energy term denoted by TS  ,(r) 	is 
JK M(s-s) 

given by: 

1 	(1) S 	(2) S1 
TS,(r) 	= 	,T (r) 	,T (r) 
JK M(s-s) 	JK M(s-s) JK M(s-s) 

• (IV.2.1) 

where 

(1) Si  
,T (r) = (4/3)3  r 	C, 	M;m' m-m') 

JK M(s-s) m,,m f s 



-35- 

x C (J M;m M-m) I 

1 
f* I  

dr' 	cif/ (G,o) 	y 	(0,0) 	Ix'.'  (1,23)`HE 
2 

IN, 
IS m' 	m-m' 7  r 

x ( (u) (1)5 	(Pa(v) + ).:c7 r  I) 	(1) 	1 1 s 

	_._ 	1 	I 
) x (2,13)>y(e op 

s(u) 	(V)  s 
2 	M-m 	m 

x 1 	f
s 

(r') 
	

▪ 	

(IV.2.2) 
;$ JIM 

Which after summing over spins becomes: 

I 

(1) S 
T (r) 	= (4/3)3  r 	C, ,(J M;m' N4-m') 

Jk M(s-s) s 
no,m 

x C 	M;m-m) ;(SI ,$)S(m1 01) g(S) fdrt y (em 	ry!, 	
(u) KS 

	 no 	2 L r  Ts‘ 

2 	
I 

( s(v) 4-Vr 	(u) (I) (V) j y(G 4 ) 1 	fs (r') 
r' JIM 

000 (IV.2.3) 

Operating on the functions 46(u) (i)s(V) first by 

2 	2 
N7r, and then byVz, yield the following results: 

2 
1 V 

(u) (I) (V) = (I) (u) (I) (V) 	
3 laid + 1 e. r2  2 	io 	s 	s 	s 	-2-  1 ij 	7 	ij 

+  1 	a
2
. 	r'

2 
+ a. 	b. r.r' 

2 la
id 
	1 1j — 

and 

2 
1 V 	(13,  (u) c) 

s
(V) = 11,8(u) 1)5(V) 

2  r s  

• (IV.2.4) 

2 
- 3 a 	+ 1 	a. 
-2 2 ij 	2  2 ij 

+ a. b r.r' 
2 i j 1i j 	— • (iv.2.5) 
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Combining the above two results we get: 

2 	2 

2 	
fls(u) 4s(v) + 	r  4s(u) 1s(V) 	= 4s(u) 4s(V) 

x [ (15/4) b. 	
2 

+ 1 ( b.2  +2a.
2 
 .)r

2 
 + 1 ( a.

2  + b.2  .)r ,2 
1 1j 	— 1 ij 	ij 	1 ij 	1 ij 

	

+ ( a.. b.. 	a 	b. ) r.r' 

	

1 ij 1 1j 	2 ij 1 1j (1V.2.6) 

Substituting (IV.2.6) into (IV.2.5) and summing over m. 

(1) S'  
,T (r) = (4/3)3  r 

Jf M(s-s) 
C, ,(J M;m' M-m') C (J M;m' M-110) 
K s 	fs 

K. 
x g(S) 	,S) I dr' r,  I  dB (0',(C) ds/(0,0) Y (GM (1)8(u) 

0 

x 	-
(15/4),b. . 	1(1b2 	2 

a2
ij
)r2 	

1 ( a2 	2  + 	ij 	lbij) rt2  ij 7  ij  

	

K ' 	S + (laij lbij  + 2aij 2bij) r.rt s(V) Y (49 , 	f (r,) 
gm 

000 (IV0207) 

(2) SI 

	

Also, we have from (IV.2.1), the expression for 	,T(r) 
g m(s-.) 

which is given by: 

(2) s' 
IT (r) = -(4/3)

4 
r 	z 	C, ,(J M;m' M-m') C (J M;m M-m) 

g M(s-s) 	Ts m' ,m f s 
	XS 

2 	2 
x dr' d-Q(0,4)) Y (0,(p) E 1 1),(v) vu  1),(u) + 1 (1) (u) 	(v)i 

int 	 -2-  s V s 

1 f 	, 
x<Xs  (1,)IX 23 

s 	
(2.13);>)/(0 	,toi ) 	1 	fS 	(r') (u.2.8) 

M-rai 11-m 	 T' Jgm 
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After the spin summation is carried out, (IV.2.8) 

becomes: 

(2) S 
/). 

,T (r) = -k%/3)
4 
 r 	0, 	M;m' M-m') C (J M;m'M-m') 

Jf M(s-s) 	i s no 	f s 	 XS 

1 	f* 	 2 
X g(S) E(s ,$) ar , 	(94) y (9,$) [ 	(v) V $ Cu) 

2 s 	us no 

2 
+ 1 () :(u)N7 (I) (V) I Y,(0

t 
 ,(1) ) 1 fS  (r') 

s 	V S • Ul 
r' JIM 

(IV.2.9) 

Again, operating on the functions (1)(u) and (I)8(V) by 

the laplacian operators N7u2   and 71.2 . Thus, 

N72  (I) 8 	8 (u) = 	(4%2  U2 
	

(IV.2.10) 

and 

	

v 2 
is(v) = 	(v) (40,2 v2 - 6-) 	 000 (IV.2.11) 

Combining (IV.2.10) and (IV.2.11) we get 

1 [ (I) (V)N72 s 
	 L (u) + (Ps(u) 7r2  (1)8(1.0 	= (Ps(u) (1)8(V) F - 27 

u  

x 	b 	. + 
1 ij 

Using 

(2) 	S 
,T 	(r) 

Jf M(s-s) 

x g(s)(s 

r
2 

.1./ 
= 	k.3) 

,$) 

(IV.2.12), 

+ 
2ij  
a 	r'

2 
+ 3 	— d. 	r.r,  

in (IV.2.9), thus 

C, 	M;m' 

s 	
m, f s 

60 
r r' 	dr' I cid(ol  op'  dn 

M-m') 

(IV.2.12) 

C (J M;m' 	M-m') 
fs 

1 
f* 

0,0 Y (e,$) (I)s(u) 
no 
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x E(9/4)ibij  -(4/3),dij  r2  -(4/3)2d r'2  -(4/3)3dij  r.r' 

x (1)8(v) Y (0 op ) e (r') 
no 	JIM 

From (IV.2.7) and (IV.2.13), the total energy term 

TS,(r) 	is now given by: 
Jf M(s-s) 

, TS or) 	(4/3)3  ;7_ 	C, 	M;m' M-m') 	M;110 M-m') 
g M(s-s) ,s 	f S 	fs 

x g(S)(S',S) I dr' rr' fS  (r1 )1 dSf.(0',()').1 	(GM y
: 
 (0,0) 

JIM 	 mt 

x s(u) p(3/2) b. + W. r2  + 	.r'2  + 11)ij  r.r' 	(1)
s
( v ) y(e 	) 1 1i 	1i 	

04ij 	
m' 

putting 

T (r,r') = (4/3) 

+(1). . 

 

+r. r' 13 — 

• (IV.2.14) 

s(u) (I) (v) E -(3/2)1ij b + W. .r2 +r,  r12 

0.. (iv.2.15) 

and this can be expanded 
* 	, 	, 

9:(r,r') 	7 T(rgr') y 	10 ) Y(eit) 	(IV.2.16) 
L rr' 
P,-b1 

where 
+1 

(r,r1 ) ..27c 	den p(l) 	) 
L 

-1 

• (IV.2.17) 

Using (IV.2.16), (IV.2.14) can be written as: 

TSl(r) 	, 
5_ 	

;,,(J M;m' M-m') 	m-m,) g(S) 
g m(s-s) 	S 	fs 

irool 

• (IV.2.13) 
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J 
dr1f15(rir1 ) fS  Cr') 

JfM 

■ 1 I 11. 1 I K 	, 
(0 11) ) Y(0  ,4)  ) Y (e 4 ) 

az 	m' 

x idg (Gm y
: 
(04) Y(04) 

m' 	A 
• (IV.2.18) 

performing the angular integration part and then 

summing over V, m', and p, equation (IV.2.18) is further 

reduces to the following final form: 

1 

Ts t (r) 
JK M(s-s 

co 

i
. dr' fS  (r') g(S)W(S,S) 

o JKM 
T(l) 

 e 	(r'r') 

x I 	( b. rr') Te(2)(r r') I
I 
 ( b . rr') K4 1 ij 	1 	1 i j 

▪ (IV.2.19) 

where 

2 T (1) e 	(rr') = 
2-Err,  I 	A.A. Exp(-e.. r2 - f.j  r'

2) ij 
ilj=1 

 

✓ [-(3/2)1bij  - W.. r2+ 13 r'2- stij . . /2  x (21T/ lbij  rr' 

   

and 

0 • • (IV.2.20) 

2 
Te(2) (r,r') = 2yrr1  E 	A.Aj  I. 	1 (27V/ b. rr' )4  

i j 
i,j=1 

x Exp(- e..r2  - f.1j  r'2) 13  • (IV.2.21) 
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CHAPTER V 

THE 	(s-s) INTERACTION TERMS 

The exchange interactions of the central, tensor, spin-

orbit and quadratic spin-orbit forces in the resulting integro-

differential equations (1.1.4) are given below: 

(11.1.) THE CENTRAL TERM 

The central force term denoted by 
c
E
S
,(r) 	is given 

Jf M(s-s) 
below by: 

c s 
E 1 (r) 	= -(4i3) Mr 7 	E C, ,(J M;m' M-m') 
Jt M(s-s) 	,2 

7S m' sm f S  

g*  
x C 	M;m M-m) dr' dgl (GM 	(u) Y (Gm Ixs  (1,23)-S 
KS 	 mf 	14-10 . 

x r 1 (2 W - a).'kr (t) IX
S 
 (2,13)>+ 1(b - 2m) V (.0 IX

S 
 (1,23) c 

M-m 	V 	.1) c 
M-m 

x Y(0 1 4) ) (1)
s
(V) 1 	f

s 
(r') 

m 	r' JKM 
*00 (V.1.1) 

Summing over spins yields 

C S 
/). 

E ,(r) 	= -vt/3) Mr 	E C, ,(J M;m' M-m') 
Jf M(s-s) S ml 	S  

1 

x C (J.  M;m' M-m' ) 15(S 1S)f dr,  df/ 	(OM y (g,0 ()s(u) c v(II) (t) 
Kg 	 mi 

x Y (0 14) )01)s(v) 1 
	JS (r') 
	(11=3,4) 	.( 1.1.2) 

m' 	r' JKM 



A c (11), 	* t t 

	

P 	krtr') )' (e 1 0 ) y(0,4))IA 	 rl 
(r,r') = E 1_ 

rr' 
11,7t 
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where 
If 

c
V(t) =E 	1 [(b - 2m) 	g(S) (2W 	h) c

(t) 

1)=1 

2 E  cu(II) Exp(- o.11(II) t2)k  
k=1 

and t = 2 (Ir - r'1) 
3 

c (II) 
Defining the function Q  (r,r') by: 

... ( V.1.3) 

CQ(II)(rte ) = ....(4/3)4 M
ir 

(ps( u
) 
cv(II)(t) 16(v)  

... (v.1.4) 

which can be expanded 

*0 0 (V.1.5) 

where 

+1 cp(II)(r,rt ) = 2Tt. rr' 	
dq 

A 

p(q)  cQ(II), 
kEtE (q= ) 

-1 	 rr' 

... (V.1.6) 

where p(q) is the Legendre polynomial. 
a 

Using (V.1.5) in (V.1.2) we get 

c
E
S

l(r) 	= -(4/3)
4 

Mr 	C, 	M;m' M-m') 
Jf M(s-s) 	42 

b 	m' Im 	S 
CO 

II) 	S , C (J M;m M-m) j dr' cp( 	(r,r' f kr')`g(S IS) $(m' ,m) 
KS 	A 	JIM 
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f 	A k 

	

xi cui (9,0) y
. 
(Got ) Yce,o) 	y*(0' ,0' ) y(e

t 
 4 ) 

m' 

... (v.1.7) 

Now, performing the angular integrations w.r. to 
f 	1 

dil(0,0 and dS/(0 ,0 ), and then summing over all quantum 

numbers, expression (V.1.7) for the exchange interaction 

of the central force, is finally given in the doublet and 

quartet states by: 

oo 
c S 	c (II) 

J, 
E „

M(s-s) 	 ijk 
kr) 	= 	in  dr' 

	

e1 	(r r') I (C 	rr')15(S'IS) 
,S o 

	

X I(C
1 
 ,K) fs  (r') 	... (v.1.8) 

am 

where 

c ce(II)(r,r1) = -(4/3)3  21-CM 
2 	

A.A. 	, U
n-
(II)  (21r/ Cijk  rrI)1.  1 

i,j,k=1 

000 (v.1.9) 

and 

aijk = 4  (1 + 4c< m
,(
k
II)  

9 

bi 	
= 4 (4 ot + .ne 4.  (II) 

jk 	j duk ), 

and 
( C . 	= 4 (2 )1k
a)   -4 (4i - ° ) 1jk , 	 3 



(V.2.) THE COULOMB TERM 

coul S 
The exchange term of the coulomb force 	, E (r) is 

Jf M(s-s) 
givtn by: 

, E (r) = -(4/3)4 
 3Mr 7 y: C, ,(J M;m' M-m') 

g 
24i2  iTS m',m I  S  

	

M(s-s) 	,2 

f: 	1 
x c 0 M;m M-m) I dr' dQ (OA)) 4 5(u) Y (e,(1))<xs  (1,23)]  
IS 	 ml 	11-m' 	• 

•— i f x e2 / (Ir - r' I)IXs  (2,13);>ys(V) Y(E)
, 
 ,4 ) 1 f5 Cr') 

	

M-m 	m 	r' JIM 

000 (V.2.1) 

Performing the spin summation, we get 

1 
coul S 

T 	
1 

,E (r) = 	1 C, ,(J M;m' M-m') C (J M;m' M-m') 	IS) 

	

Jf M(s-s) 	Is  no  f S 	IS 

t 1 f* 	 t 1 

X dr' rr' da OM) d ri(Gy0 Y (GM G(r,r') Y (e ,4) ) 
0 

x fS  (r') 	 000 (v.2.2) 

JIM 

where 

G(r,r') = -(4/3)4 
3Me

2 
 g(S) (1)8(u) 1/(1r-r1 I) (1)6(V) 

000 (V.2.3) 

The functuin G(r,r') can be expanded in series of 

spherical harmonics, Thus, 

„ 
G(r,r') = 7 	1 	g(r,r') >i(e ,p ) Ycom 

rr' 
... (v.2.4) 

1 

coul S 

00 



coul 
dr' (rr') 	el(r,r') g(S) 7)(S',S) 

0 

coul S 
E ,(r) 
Ji M(s-s 

00 

so that 
+1 

gn(r,r') = 27Trr' n( 11) G(r,r')... (V.2.5) 

-1 

Using (V.2.4) in (V.2.2) and then summing over m'i  

the coulomb exchange interaction is given in the doublet 

and quartet states by: 

x 

where 

coul 
' 

x j 

F(f
1 
 ,K) 	fS 	(r') 

JKM 

4 	2 

... 	(v.2.6) 

A. 	AExp(- e. 2- 	r'2) 
j 	ij 	fij 

Exp(brr' /_) 

e (r r') = - (4/3) 	37- M e 

) 
+1 

-1 

4/2 

1 
d Y (r2+ r'

2
- 2 rr' 11 ) 	pi( 

... (V.2.7) 
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(V.3.) THE TENSOR TERM 

The exchange term of the tensor force denoted by 

tES,(r) 
JK M(s-s) 

is given below: 

tES,(r) 	= -(4/3)4 Mr 7, C, ,(J M;m' M-m') 
Jf M(s-s) 	12 	K s 

h X/I  MI,M 

ft. 	t 
x C (J M;m M-m) 1dr' da(04) (1)s  (u) Y (G0P)<(r

Q 
 (1,Z)1 

fs 

If 

—).11)  
x E 1 (W - 2h + b 	Vt  2m) 	(t) S12 (t2)1XS (2,13) s(V)  - 

=1 	 M-m 

x y(8
, 
	) 1 fs Cr') 
	

(v.3.1) 
m 	rl JfM 

The spin matrix elements can be evaluated by expressing 

them in terms of y2 (8.04)t) spherical harmonic as follows: 
m' -m 

S .1 	, 
<X (1,23)1 S12(t2)  )IXS  (2,13)2=(47175) g(S ,S) (-1)

S+m  

M-m' 	M-m 

2 	 S+M-m' 
'x C, (2 m'-m ;-m m') y 	(0.0(I)t) = (477/ 5) g(S,S) (-1) s s 	m'-m 

2 	2 
x CI  (2 m'-m ; m'-M M-m) 	[ 	

111 
r2 y (G,0) 	r'

2 
y (e ,0 ) 

9t
2 s s 	 ml-m 	,-m 

1 	1  
- rr' (40T/ 3)4 	C (2 m'-m ; qp) Y(e,(1)) Y(G ,1) 

q,p 

(v.3.2) 

Using this result we then obtain from equation (V.3.1) 
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1 

E t(r) 	= 	(4/3) 11 	I 	C,s,(J M;m' M-m') 
Jk M(s-s) 

2 s  

Im K  
S+M-m, 

x C (J M;m M-m) C, (2 m'-m ; m'-M, M-m) (-1) 	g(S ,S) 
Ks 	S s 

.0 I 
x (41T/5)12-  f 	op ) qo s (u) Y (94) v (t) 	4 

o m° 9t2 

2 	2 
x r r2 y (GM + r'2 y (e 4 ) - rr1(407T/3)1 	C (2m'-m;qp) 

1 	1 

I- 	m'-m 	MI .-111 	 11• 
C1113  

1 1 „ 
x y(19,o) >ice- 4') I (I)s(V) Y(e°1 4') fS  (r') 
q p 

t (4) 
Where V (t) is the potential function given by 

t ( 4 ) 	4- 
V (t) = E 1(w - 2h + 

4=1 
t (4 ) 2  

x Exp(- uk. t ) 

- 2m) Vt  (t) = t
2 

k=1 

t ( 4.) 
Uk 

... (v.3.4) 

Expression (V.3.3) is further simplified as follows.: 

t S 
E ,(r) 	= 	z 	C, 	M;m' M-m') C 	M;m M-m) 

	

Jk M(s-s) 	s 	 fs K,S m',m 
S+M-m' 

x C, (2 ml-m; 	 7/1 M-m) (-1) 	g(S iS) (45)1  f dr' 
S S 

L. 	t (1) 	2 
x IS  (r1 ) c dd (9' ,GC ) 1 d Q(©,4)y 09,0 E u  (F_,,i ) Y ( e,0) 
J'M 	 m' 	m'-m 

t (2) 	2, 	, 	 t (3) 1 
U (rir') Y (g 4 ) + (4o7r/3)7 E c (2, m'-m, qp) U(r,r') 

m' -m 	11 
• q,p 
1 	1 	 f , 

x Y(e4) Y(o 41 ) 1 Y09 	,( ) 
t 

q p 	m 

... (V.3.3) 

... (V.3.5) 
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where 

t (I) 	4 	t (4) 
U (r,r') = - (4/3) M p,(u) 	V (t) 4)6(V) 4 

2 ° 
9t2  

 

 

2 
r (I=1) 

r'2(I=2) 

-rri(I=3) 

   

... (v.3.6) 
T (I) 

The function U(r,r') can also be expanded 

t (I) 	t (I) 	L, , , L 
U(r,r') = 	

L 
p(r,r1 ) Y(e (I) ) )/(e4) 

A 
... (v.3.7) 

so that.  

t (I) 	+1 	t (I) 
p(r,r,  ) = 	p(11) Ucrif ) (11= 	) 

iL 1  -1 	rr' 

... (v.3.8) 

Using (V.3.7) in (V.3.5) and performing the angular 

integration, the sum over all quantum numbers (m',m and7%) 

may then be carried out, so that the exchange term of the 

tensor force is finally given in the quartet state by: 

t S 
E 1(r) 	= 	it  dr' (rr') fs (r') AU 3/2 ; f3/2) 
Jf M(s-s) o 	JfM 	

1 

t (1) 	t (2) 
x.[ 	

f+i 	f +-2- 
e1 ' (r r') I(Ci.k  rr) + e1(r,r') I, 	(C.. rr') 1 ijk 

t (3) 
+ el(r,r1 ) 	FF(fif,L) I.4.1(Cijk  rr') 	... (V.3.9) 

L 
where 

t (I) 
e 	r') = - (4/3)

4 arm  
' 	90 

0,k=1 

t (4) 
A,A. 	(2-7/ 
j k 	

cijkr 
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, — 2 x Exp(-aiik r2 - bijk r
12 

 ) 	r (I=1) 

r'
2
(I=2) ... (V.3.10) 

ow* 
-rr'(I=3) 

and 

_ 
FF(f t,L) 	(-1)1' (15o) 1 C (L) C ,(L) / C, (2) 

lf lf 

x w(11 ; t k ; 2 L) ... (v.3.11) 

The sum over L in equation (V.3.9) is limited by the 

Clebsch-Gordon Coefficients,so that C (L) and C ,(L) satisfy 
if 	if 

the triangular inequality. 

(V.4.) THE SPIN-ORBIT TERM 

The term for the spin-orbit exchange interaction 

is given by: 

1 E (r) = -(4/3)
4 

Mr T 	z  C„(J M;m' M-m') 
Jf M(s-s) 	7  

1.1 	,S mi l m f 8  

t 

f* 	s.o 
x C (J M;m M-m)`dry  d12(03) Y (9,0 (1)s(u) 	v(t) 
is 	 no 

1 

x<XS 	23 (1,)1 S12  . L12  IX
S 
 (2113)>Ts(V) Y(e

1 	
) 1 - - M-m' 	M-m 

x fs (r1) 
JO 

... (v.4.1) 
s.o 

The potential function 	V(t) is given by: 

s.o S 
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1 (w - 2h + b - 2m) .°V(t) = 
s.o =1 k=1 

s.o (II) 	s.o (II) , 
Uk 	Exp(- k 	

t2) 

s.o (II) 
V(t) 	 ... (v.4.2) 

and 

	

312. L12 = 1 (47-1  + o-2). E 	- 	) 	- 2i 	 Dr' 

... (v.4.3) 

Now, using  (V.4.3) in (V.4.1) we get: 
o 

s.o S 	 2 
E ,(r) 	. -(4/3)

4 
Mr 7 	A.A. 7 	' C, ,(J M;m'M-m') 

Jf M(s-s) 	ti2 ittk,a 	3 z....  
S m m f S f, l, 

	

K* 	s.o (II) 
x C (J M;m M-m) i'dr1 i da (0, () y (9,0) 	V(t) Exp(- 3. 
fS 	 m'  

x<xs  (1,73)1 F 1 (a- + a-). r(r - r')A B -(r - r' )A 	1 L -L  1 	 2 L  14-m1 	 Zr 	 pr. -1 

.2 	_ f , 
x Exp( -cx r ) I 10 (2,13)Y(G ,4)') 1 fS  (r') i 	14—m 	. m 	r1 JKM 

0 .. (V.4.4) 

In operating  by 	and a 	on the functions (1)s(V) 
Dr 	'Dr' 

K , 	 s.o (II) 
x y(o ,(1) ) 1 fs (r1 ) and (Ps(u) ci*te,0 	) , we first 
m 	r' JKM 

differentiate w.r.to r 

2 5.0  ck: 

	

dr' Exp(-u ) V(t)1 (cr 	) ( 7i  —1  + 2-2  E E )A L 
*?tr 

x Exp(- 0( V2) Y(0
I 	

) 1 fs  (r') 
r' JKM 

2  s.o (II) 

5 
obtaining  16 	dr' Exp(-13,f u2) 	V(t) 

1 2i (21 + 2:2)- — 	— 
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2 X  I (r'A  r) Exp(- 0( V ) )/(8 ,OP 	) 	1 f s 	(r') (V.4.5) J m r' gm 

Similarly, the term, 

2  s.o (II) 
dr' Exp(-0/. u ) 	V(t) 1 (cr + cr ).(r - r' )n  3 2i  —1 —2 — 

, yx Exp(- 	V2) (e ,(1)'  ) 1 f5  (r') 

• 

Which by integrating by parts W.r. to r' and differentiath 

we obtain: 

2  s.o (II) 
16 oc. 1dr' Exp(-1:  u ) 	V(t) [ 	( 2-, + 2-2  ).(2 1 A  E) 7 	

-L 

X  " x Exp(- 	V2) y(6) ,q) ) 1 fs 
J,CM 

(V.4.4) becomes, using (V.4.5) and (v.4.6) 

I s.o S 2 	s.o (II) 
,E (r) . -(4/3)4 Mr 	A.A. 	u 	16 (A,. +c(.) 

g m(5-8) 	,.2 	3. 3 	k 	---5 	2. 	j 	 _ 
11. i,j,k=1 	 I,S 

x 	C, ,(J M;m' M-m') C (J M;m M-m) 1dr' d i2 (0,0 
m' ,m x5 	 fS 

2 X* x Exp(-os u2- ciV ) y (0,4))<xS  (1,23)11 (o- 	cr ).(r I A r) 
M-m' 	71  —1 —2 

x Exp(- Ckij  r.r') 
I XS  (2,13)›yo0 	) 1 f s (r') = 

M-m 	m 	r' JfM 

C, ,(J 	 M-m' ) C 	M;m M-m) 	r'2  dr 
f s 	 fs 

111 1 ,m,13 	 0 

st o (II) 	g* 	, 	1-* • 
p(r,r') d fl (04) 	(9,0) Y(G,(1)) d n (9 	) )/(0 	) 
L 	m' 

... (v.4.6) 
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s 
x<Xs (1,23) 11 (T + 	L 'IX

s (2,13))0/(0 ,(1) ) 1 fS (r') 
M-m' 	2 —1 2 —r M-m 	m 	r' JIM 

... (v.4.8) 

Where use is made of the fact that 

1 	 D (0- 	Cr 
2i 	 1 

+ —2
)  e(Et  A r)N  Exp(- C 	r.r') - 	1 	1 (cr 	o-  ).r' k13 — — 	+ 

C 	2i 	
A • —1 	— 
Dr' kij  

x Exp(- Cklj  r . r') — — ... (v.4.9) 

and 
8.0 	+1 	5.0 (II) 
p(r,r') = 21r 1 di-l)(1) 	V(r,r') 	... (V.4.10) 

-1 

where 

s.o 	2 
.V(r,r') = + (4/3) Mr 	16 	( i+ 

j
+ 	11) (u) 

8(v) 
t2 t7j=1  3Ckij  

... (v.4.11) 

We now consider the expression involving the operator L 

1 

	

L 	 L  idi2(0,c Y
* 
 (e4) Y(49,0).1d a (e

1 
 ,4)

1 
 ) y(e

1 

4
1 
 ) 

ml 	p 	p nip 

1 x<XS 	23 (1,)1 1(0r + cr
2 
 ). L 	S (2 ,13).> Y(0  ,(1) ) 1 fS  (r' ) 

M-121' 	2 1 	 r 14-m in 	r' JIM 

= 1 A(4)•6(s',$) (,e lf)(IFII,m) 1 fs  (r') 	(v.4.12) 
2 	 r' JIM 

Where A(JI) was given in (111.4.8) and (111.4.9) respectively. 

Using (V.4.12) and summing over ml,m; expression (V.4.8) 

finally becomes: 

s.o S 	s.o (11) 
E ,(r) 	E 	dr' 	el(rtr') 1 A(g) I .(Cki4  rr') 
Jf M(s-s) 	1 	2 	e+2 ,,S o 
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x fS Cr') (s
1 
 ,S)S(K 

JKM 
... (V.4.13) 

where 
s.0 (II) 2 

e (r r') = -(4/3)4 2-47Mrr' 	16 (0<.+0 ) A.A. 
1 ' 	 —7 1 	1 3 

ii2 	i, .k.1 	' 	Ckij 
s.o (II) 

x 	Uk 	(21-17/C."')i. Ex13(-r2- b 	r'2) kij 	al- ik 	bilk  

... (v.4.14) 

(V.5.) THE QUADRATIC SPIN-ORBIT TERM 

The interaction due to the quadratic spin-orbit 

force is given in the doublet state by: 

Q s
,(II) 

E ,(r) 	= -(413) Mr 	C, 	M;m' M-m') C 	M;m M-m) 
J, M(s-s) 	f 	Trit,m  K 	Ks 

Q (II) f* 	 ,2 
xidr' da(0,4)) (I) (u) V(t) y (e,(1))<;x7  (1,23)1 (- 4/3 :12) no 	m-m' 

 
xlii (1,73)›y(e

1 
 ,o ) 

,
s(v) 1 12' (r') - (4/3)4  Mr m-m 	r' JKM 	h2 	mlim  

Q (II) 
CI 	M;m' M-m') C 	M;m M-m)1dr ' da(04) ()s(u) V(t) 
K 	fi 	

. 
 

1 
* 	i 	f 

x y (0,0<xi (1,23)1 12  3L
2 
 IX (1,23)>Y

* 
 (0 14) ) (131s  (V) 1 

ml 	M-m' 	M-m 	m' 	r' 

x fi Cr') 
	

(11=3,4) 	... (V.5.1) 
JKM 

and in the quartet state it is given by: 
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Q S1(3) 	. E 	(r) 	= -lLF/3)4  Mr 	E 	C, 	(J M;m' M-10) 
Jf M(s-s) 	1.2 K 3/2 

Q (3) f*  
x 	M;m m—m) 	dAI(04) (1) (u) v(t) y (04) 
K3/2 	• mt 

3/2 
2 Ix x<x (1,23)1 L-12  ix m-m, 

(2,75)),  Y(0,4?) 	(ti
s
(v) 

M-m 

3/2 
1 	f 
r' JKM 

(1°)-1- 4 (4/3) 

	

x Mr 	C, 	(J M;m' M-m') C 	(J M;m M-m) f dr' de(04) 

	

,n2 
	m' K 3/2 	K3/2 

	

K* 	Q (3) 	3/2 	2 13/2  

	

x y (0,0) v(t) 	(u)<x (1,23)12 (t )l x (2113)>13, (v) 

	

m, 	s 	m_m 	12 M-m 

K , , 	3/2 
x Y(e ,(1) ) 1 f (r') 

m 	r' JKM 
(V.3.2 ) 

Q (II) 
The potential function V(t) (II = 3,4), has already been 

defined in (III.5.a) and (III.5.b). Thus, from equation 

(V.5.1) and (V.5.2), we consider a general expression involving  

first the operator L12  and then the operator 212(t
2
) respectively. 

Thus, 

Q S (II) 	 , • E (r) 	=y 	C, ,(J M;m' M-m') C (J M;m' M-10) 6(S ,S) 

-12 	K,S m' 	S 
	KS  

1 
Q (II) , 

x dr' r dI2 co,p) Y (e,(D) v(t) cps(u) L212  /),s(v) Y (0 ,4) ) 

x 1 fS  (r') 	(11=3,4) 	(v.5.3) 
r' JKM 

where L12  is given by: 

- 2 L = 	- 	 r' )A  12 L ar' 	ar 



g.. 	r2r1  
1 la 

i ps(v) 

Q (II) 
v(t) 

2  - 4 11jk 

y 	1 	fS  
mt 	rt JKM 

E8 
lgij r

2 
r'2 

(r2+ 

(r') 

- 4 

r12) ijkr.r'  — — 

(V.5.5) 

iik  (r
2
+ 1'12) 

Q (II) 
x Cu) V(t) [ 8 L 

- 8 1ij  g 	(r.rt)2  — — 

Putting 

Q (II) 
I (r,r') = (i)s(u) 
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- [ 	[ 
Dr' 

- [ 	- El ) 	•ELA (L.  
ar' 

Ea A ( 	I  ) 	[ 	) A I 	 (v.5.4) 
ar 

f. 	Q (II), 	ft' 	0 	f. 
Y (e,P) 0s(u) V (t) LI2  4s(V) Y(e ,0 ) 1 	e (r') = y (M) 

r' 

+ 6 - 2 ijk — r.r' - 8 1 gij (r.r') 1 (I) (V) — 	— 	s 
... (v.5.6) 

Using this result, enables us to write equation 

(V.5.3) in the following form: 

Q S (II) 
EL  (r) = 	C„(J M;m' M-m') C (J M;m' M-m')Zi(S IS) 
—12 	f s 	fs kis m' 

1 

	

, 	g, 	Q (II) 	g „ f dr,  fS  (rt )1 clSi (0 Al ).1 dQ (e,4) Y (04) I (r,r' ) 	(0 	) 
JLM 	 m' 

... (v.5.7) 
Q (II) 

The function I(r,r') is again expanded 

Q (II) 	Q (II) 	9*  
I(r,r1 ) = 1 	E 	i (r,r') Y(© 	 ) y(e4) 	... (v.5.8) 

rr' 	11 	A 
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where 

Q (II)' 	+1 	Q (II) 
= 2 -ri- rr' 	Pn(1.) 	... 	(V.5.9) 

-1 

Substituting (V.5.8) into (V.5.7), and integrating 

w.r.to the solid angles (0 	) and (0,4), and then summing 

over all magnetic quantum numbers (m1 ,11 and -01  we finally 

Q S (II) 
Obtain for E 	(r) the following expression: 

-12 
Q S

1 
 (II) 1 (II) 

EL12 (r) = 	1 dr' fS  (r1 )15(S',S) (f',X) [ 
	eL (r JKM 	 -12 ' TTS o 

	

2 (II) 	 3 (II) 
x :1 	(C. . rr') 	e (r,r') I 	(C .. 	

El2 
rr') + 1,44  kij 	h12 	kij 

” 
x I (C 	rr') 
.f+ 

kij 

 

(11=3,4) ... (V.5.10) 

 

where 

2 
e 

1 (II) 	2 	Q (II) 
eL  (r,r') = 21T-rr' V 	A.A 	U 	Exp(- 	r2- 	'2 ) 
-12 	 j 	k 	aijk 	bijkr 

i,jk=1 

8 1
i g j  r2r' 2  - 4 11ijk (r2+ r'2) + 6 -( 2 ijk / CImo  ..) 

(6 	g. 	/ c2 	) 	 ... 	(V.5.11) 1 	kij 

(II) 	 2 	 Q (II) 
(r r' ) 	= 2Tr rr' 	 r'

2) L 	1 	
A.A

j 	Uk 	Exp(- aijk r
2 

- bijk -12 
i,j,k=1  

x E 2ijk 	(12 / 	) Ckij  (V.5.12) 
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and 

3 (II) 
e 	(r1  r') 
L12 

 
2 

A.AQU
(k11) 1gij 1 

k=1 

 

x Exp(- a. 	r2  - bilk  r
12) 

ljk  ... (V.5.13) 

I(X) is the modified Bessel function of the first 
A 

kind of orderAand is defined as: 

-A 
1(x) (i) 'TUX) 	 ... (V.5.14) 

t 	It 

and I
A 
 (X) and I

A
(x) denote the first and second derivatives 

w.r. to X. 

Similar procedure is also applied to calculate the 

expression containing the pperator 212(t2). Thus, 

QS(3) 
E , 	(r) = 	c, ,(J M;m' 114 	

fs 
 n' ) C 

JX M(s-s) 	mtm s  0 

	

(3) 	' 
x (rr'2) d12 (O f ,0 ) dS7(010) Y. 

	
if (e,0) s(u) v(t) 	(1,25)1 

ml 	

Q
<a

s 

M-m' 

x 2i12(t2  )1xS • c205))>Ts(v) Y0,0) 1 	fS  (r') 	(V.5.15) I  

M-m 

where 

 
212(12  ) = 1 E 7 

= 	. 	- r' )n 	 - :61 ) -I F 	. (r r' )A (1- 	) 
r 	dr' -1  L' 	 ar ar' 

[El  • (E. - EI )A I! [ 272  • (E. - E' )AL 
ar 	6r 

r' JKM 
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▪ [ 61. 	— 	E 2-2  •• 	- Et  
)r 	ar' 

▪ E 2i . (E - 	E 2-2 • (E - 
r' )A
I 

 fir} 	 ar 

+ 	0- • (r - r /  )A1 	E cr- . (L. — 
L. a 	-2  ar' 	fir, 

... (V.5.16) 

Thus, the first part of (V.5.16) is 

X* 	Q (3) 
-Y (GIC v(t) 4s(u) E 21  . (r - Et  ) A 	E 2-2  •  (E. — r' 0

m'
0 

m' 	 ar 	ar 
1 

(3) 
x 	(v) >'(e ,w ) 1 fS (r') 	X

. 
 (e,ep) Q v(t) 4)(u) 

r' JKM 	m' 
(16/3)2 c(.2  

J 

 

x ( 21 . r'A r)(0-2  . r'A r) - 16 ce r'2 S
12 

 (r'2) + 16 01(r.rt ) 
j 	7 

x S (r' r) 32 ex ( Cr . or )(rer' ) + 32 ce(cr . 	) r'
2 

12 	j -1 -1 2 
9  

x (13,
s
(v) Y(0,0) 1 fS  (1'1 ) 

r' JD! 
... (V.5.17) 

The second part of (V.5.16) 

f 	Q (3) 
Y
. 
(G1,0) v(t) (1)6(u)DI 	)A 	E L. A (E - E') 	2"2 

ml 	 T17. 	TT,  

f. 	Q (3) 
x 4) (v) Y (0 	) 1 fs  (r') = y (0,1)) v(t)(ps(u) E-(16/3)2  

7' gm 	m,  

x ce. 	(o--. r1 A r)(a-  . r' r) - 8 (- 20e. + 4c< + air) r2  j 	_ - -2 - A - 	 1 	j 	k
27 

X S 12  (-r
2
) - 8 (- 2 c+ 
	

+u
P
k 
 
) r'

2
S
12
(r '

2
) + 16 (°+ xi  + 

A
u  ) 

27 
	 - 

 
 27 
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Q (3) 
x (r.r' ) S (r ri) + 16 (- 2 ex + 4 a+ ,u 	) ( 	0-- ) r2  12 	i '  	k 	—2 27 

- 2(w1. 
—
a
2 
 )(

—r.r") 	)S(v) Y(e ,0
/  
) 1 fs  (r') ... (V.5.18) 

JKN 

The third part of (V.5.16) 

,f Q (3) 

Y ' 
(elm V(t) (1) (u) 	

Dr'A(E 
	L') 	2111[ 	- ar 

f I 	*f 	Q (3) , 
x ()s(v) y(e 	) 1 f3  Cr') = Y (GM 	T v(t) 	Cu) E -(16/3)2  

ri JIM 	m' 
	Ts 
 
(u) 

x P? j( 1' 	A  r' r)(o- 	A  r' r) 	p (v) Y(e 90 ) 	fs  (r') —  	s m   r' JIM 

... (v.5.19) 

a
and the fourth part of (V.5.16) is 

1 
 Q (3) 

- y (Gm V(t) (I) s(1) [lE_A(E - E')- 4.  I 
' 
i A (E-r'). —21 

M I  Dr 	br' 

f 	1 
X I) (v) 	) 1 fs (r') = 4/094) QV(V) (Ps(u) [-(16/3)

2
c s 

r' JIM 

x 	 ca r - (cr.r'A  )(.1"A r)+(16/9)c“rr 	r .1) S ( r')-(16/9)cr
2 
S (r

2
) — 	—2 	i — — 	12 —'— 	12 — 

2 	(I) (V) (8,  0,  - (32/9)°1(cri.0-2) (r.r.) + 32 041(ol.a-2)r 	5 	m 	, ) 1 
— 	9 	 r' 

S 
f Cr') 
JIM 

... (V.5.20) 

Collecting  all terms we obtain: 

Q (3)  
y 	

, 
(010) v(t) 0s(u) 	9 ibLk  (al. r'A  r)(c-2. rI A  r)- 31iik  

m' 
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x [ r2 S12(1:2) + rt
2 S

12(LI2 ) 2(r.r') S12(r'Ll)  

E 2 31JK
2 + ro2) - 2 	(0-1  . 	- ijk(r.r')(61.cr2)  

1 	f t 1 

X 
8
(11) Y(e ,4) ) 1 fs Cr') 

m 	 r' 
(V.5.21) 

Using (V.5.21) we then obtain from (V.5.15) 

S (3) 	
00 

E (r) = - 	C, 	M-m') C (J M;m M-m)ldri 

12 	m' ,mS 	fS 

K* 	Q (3) 	st 
x rrsf cifi(0T ,ti )1 dS/(0,0) Y (9,4)(u) v(t)<x (1,23)1 

m' 	s 	14-m,  

r 	 1 2)  

	

2) 	r'2 S12(r1.L" x17. 	L r2 
	+ r S12(r2) 	2( 	) S12(14.1)  

+ [ 2 - 2 Jilt( 	3. r2+ rt2) 1 (0-  . a-2 	4iik) + ■ 	(r.r1)(a-1  . 0-2)  —  

2 jk 	
S 	I 

1 i + 9 b. 	(0-1. r 1 A r)(. r'A  r) 	IX (2,13))4s(V) Y(e ,0 ) — —a-2 —  M-m 

x fS 

am(r,) (V.5.22) 

Q S (3) 
The analysis for E 	(r) in the above equation follows 

.112 
the same course, and the result is finally given by: 

Q s1 (3) ou , 
dr' 	fS 	(r').1: A(f 3/2 

JKM 
; f3/2) 

1 	(3) E 	n 	(r,r') 
e.112 

E 	(r) = 
..12 o 

	

2 (3) 	3 (3) 
x I 	(C.. rrt)4.,en 	(r,r') I, 	(C .. rr') - e 	(r,r') f+  ka.3 

	

12 	f44  kij .7.2 
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4 (3) x 
 E

FF(K fo,)(- 1 + 2L+1  ) I (Cki . rr') 1+ en  (r,r') 
L 	 rr 	L+- 	12 

5 (3) 
x I (C 	rr ') + e 	(r,r ') (- 1 + 2,( + 1)  I (C 	rr') k+i  kij 	 ,( kij X12 	 rr' 

6 (3) 
+ en  (r,r') 	H(X,L) I (C 	rr') a 

12 	 L+i kIJL 
... (V.5.23) 

where 

	

1 (3) 	 2 	 Q (3)  
en  (r,r 1 ) = - 	A.A 	U 	(27T/Ckij rr') 

	

112 	 1 j k 3
, 
 ijk 

i,j,k=1 

x Exp(-ai  . 	r - b. jk 	jk r 
12 ) 	r [ 	3 rt(I=1) 2 

1 
 

r r'3(i=a) 

... (V.5.24) 

	

3 (3) 	 Q (3) 	v..  
en  (r i r1) = - 2Trrr' E 	A.A. uk  (3 lj  -....k  / Ckij  ) 

	

112 	 1 j  
i,j,k=1 

i 
x (21T/ 	rr') Exp(-a 	r2- 	r' 2 ) Ckij 	 ijk 	bijk 

	

4 (3) 	 2 	 Q (3) 
e (r,r) = 	2;t  rr' 	A.A. u 	(2 Tr/C 	rr' 

	

Q12 	 j k 	kij 
i,j,k=1  

x [ 2 - 2 lijk(r2+ r'2 )] Exp(-aijk  r2- bijk  r'2 ) 

(V.5.26) 

	

5 (3) 	2 	Q (3) 
en 

12 
(r,r1 ) = - 2-07rr' 	A.1Aj Uk 	1 (2 -fr/Ckiirr1 )-2.  .m i,j,k=1 	 kij 

... (V.5.25) 

x kkjk  Exp(- aijkr2  - b. j  1.1
2 ) 1k (v.5.27) 



-61- 

and 

	

6 (3) 	
2 

2 	Q (3) a 
e2 	

Arc ri ) = - 	rr.- L 	A.A. uk 	ijk b 	(221-/Ckij  

	

12 	 j  
isjik=1 

x Exp(-a 	,2) ijk 	bijkr (V.5.28) 

also 

H(x;L) = E 20 r 	- 5 L (L
, 
 + 1) 

2 
C 
11 
(L) 

2 
C, 
L f 

(L) 
L. 	3 	3 

L 

(V.5.29) 

Thus, from (V.5.10) and (V.5.23), we can write the 

exchange interaction term of the quadratic spin-orbit in 

the doublet state as 

	

S 	 Q S (3) 	Q S (4) 
E ,(r) 	= -(4/3)4 M r - 4 E (r) + 3 E (r) 

J Jf M(s-s) 	t2 	3 -12 	-12 

... (v.5.30) 

and in the quartet state it is given by 

1 

	

QS 	QS (3) 	Q s (3) 
E ,(r) 	= -(4/3)

4 M r ELl 	
12 

 

	

(r) 	EE  (r)... (V.5.31) 
Jf M(s-s) 	f  2 L 
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CHAPTER VI  

DIRECT (s-D)-INTERACTION TERMS 

The (s-D) -terms are derived from expressions containing  

a single tensor (from the deuteron D-state function), and 

the analysis follows that for the tensor (s-s) term very 

closely. Due to this tensor operator, the only contribution 

is being  in the quartet state. 

(VI.1.) THE CENTRAL TERM 

The central interaction term is given by: 

1 
c S 
D ,(r) 	= 12H 7 E 	C, ,(J.  M;m' M-m') C (J M;m M-m) 
JX M(s-D) 	30 kis m,,m  ,C S 	 XS 

 
f* 	 St 

x i  dR cui (m) y (€3, 4) (1)s 	
=1 

(B) <x (1;15)1 	1 [ (2w - n) 
mt 	 m-m, 	'4 	A) 

2 	S 
x V (r ) S (R ) Ix (1,23);>+ (2b  - m)2)V (r ) S c -12 23 

	

	 c -12 M-m 

f 
-xjxs  (207))] y(O,4) (I)D(R) fS  (r) = km

O 	1.2 	
E 

m-m 	m 	 J 3n ,s mt,m 
f 

x C, ,(J M;m' M-m') C (J M;m M-m) 1 dR dr/(09 0) Y(e,(1)) (1).s(R) X s 	 XS 	 m 

c (2) S -- x<xs (1,Thls23(12) v(r_12)IX (1,23)> y(0,0 (I)D(R) f
s (r) 

m-m' 	m-m 	 Jfm 

0410 (VIOLA.) 

where 

c (2) 	4 	 -1) 
V(r12)  ) = 	1 [ (2w 	h)4 	(2b - m) 	V c (r-12 ) - 

.1 
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2c (2) 	c (2) 
= E 	U 	Exp(- Pk 1-12 ) 
k=1 

• (VI.1.2 

The matrix elements of the tensor operator S
23  (R

2) 

are now expressed in terms of C.G. coefficients and 

y2 (GR'()R) harmonics (Bransden, Smith, and Tate, 1958; ml-m 

Blatt and Weiskopf, 1962). Thus, 

&fin 1 <xs  (1,23)1 2 (R2 ) IxS(1,73).> = (-1) (4 Tr/ 5) g(St ,S) 
M-m, 	M-m 

2 
x C, (2, m-m'; m' m) Y 	(OR,4R) S s 	m-m,  

• (VI.1.3) 

and the potential function cV(r12 
 ) is also expanded in 

spherical harmonics as follows: 

c (2) 	K 
V(r,R) = 	p (r,R) y (G

R
,(31
R
) y (e4) 

u u f  
1 9M 

where 

c (2) 	+1 	c (2) 
p (r,R) = 	dA p (p) V(r,R) 

rr 

K 	
it 

-1 K  

where p (p) is the legendre polynomial. 
rr 

K 
Using (VI.1.3) and (VI.1.4) in (VI.1.1) we get 

• (vI.1.4) 

• (u.1.5) 

c S 
D ,(r) 	= 4M 7 	C, ,(J m;., M-m') 
JK M(s-D) 	311

2 L— 	S 
K,K 

x C 	M;m M-m) g(S IS) C, (2, m-m' ; m'm) (47,1/ 5)1d9(6R,OR) 
Ks 	s s 

. 	2 	f. 
x ( e R,OR) Y(o R) ciP(e,()) y (s,0) y (04) y(o,ib) 

m-m, 	m' 	m" 	in 



-64- 

1 °(' 	4 	 c (2) 
44K A.A. jdR R Exp(-( + c )R

2
) p (r,R) 	(r) 

1 j 	1 	f t 	JKM 1j=1 

• (vi.1.6) 

Integrating the angular part, and applying the rules 

for the sum of four C.G. coefficients (Rose, 1957), enables 

us to extend the analysis and carry out the integration w.r. 

to dR, which finally leaves'the direct interaction term in 

the following form: 

c S 
D ,(r) 
J/ M(s-D) 

c (2) 
B (r) A, 	' (3/2 3/2) f

s 
(r) • (UI.1.7) 

where 

c (2) 	2 	1 c (2) 	,2 	3/2  
B1(r) = 4M y 	AiAj  uk 	hk  (71/Xijk) 

1.2 
3h i,j1k=1 

c (2) 	2 2  
x Exp(-( ilk - ijk 6-iild r  ) 

(VI.2.) THE COULOMB TERM 

The term for the coulomb force is given by: 

1 
coul S 
,D (r) =.4Mr 

Jg M(s-D) 	,2 
3/1 

C, t (J M;m' M-m') C 	M;m M-m) 

m,m, g s 	XS 

1 

x IdR 	(G,O) Y (©, 	io.(R)<xs  (1,75)1 	e
2 

S
23
(R
2
) 

m' 

x1XS  (2,15);0/m(e4) (I)D(R) 1 fS  (r) 
M-m 	r Ji/M 

▪ (VI.2.1) 

• (vi.1.8) 
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coul 
We define the function 	V(Jr 	RI) = 	e

2 

(Ir - 	RI) 
which is expanded. Thus 

coul 	coul 	,n 
V(Ir -iRp.E 	Bri(r,R)y(eR4R) y(G4) 

119P 

(VI.2.2) 
where 

coul 	+1 	coul 
Bn(r,R) = 27- 	du Pn(p) 	V()r - 2R I) 	(VI.2.3) 

-1 

Using (VI.2.2) in (VI.2.1) and adopting the same 

procedure, used in evaluating the central term, we finally get 

coul S 
, D(r) 

JK M(s-D) 

coul 1 	3/2 
B2(r) A(K 3/2 	K3/2) f(r)... (VI.2.4) 

JO 

where 

A. A 	
3/2 coul 

B2(r) = M e
2 	

1 	(TC/(".4- 	)) 1 	, 2 	1 j 
1412r3 	,j=1 	(oe.+D) j 

(vI.2.5) 
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(VI.3.) THE TENSOR TERM 

The direct term of the tensor force in the doublet 

and quartet states is given by: 

1 
t S 
D ,(r) 	= 4Mr 	E 	 M;mO, ,(J M;m' M-m') C (J M;m M-m) 

3t 	,o ;-- 
JK M(s-D) 	2 	, m' ,m k s 	,fS  

	

X* 	t (II) 
xidR dQ(0,0) Y

l 
 OM (Ps(R) v( r12) <XM-S (1;2--) IS12 (r12 ) m m'  

xiXS  (1,23)>  Y(0,4) (1)D(R) 1 fS  (r) 
M-m 	m 	r JfM 

(vI.3.1) 

where 

t (II) 
 

	

V(r ) = 	1 (2w - h 	2b - m) V ‘r 
12 	t 12 

t 2 	t (II) 	(II) 2  ( 2  
Exp(-

k E12) 

	

= S124:121  L 	Uk 
k=1 

The spin matrix elements of the double operators 

S12 (r
2 

) and S23  (R
2
) can be reduced to a simple form, and -12   

we consider two distinct cases (i.e. the doublet and quartet 

states, in which .S=2 and S-,-.3/2 respectively). 

(vI.3.2) THE DOUBLET STATE 

We write 

t (1) 
<:i2-  (1,23)1 S12 (r

2
12 ) S23  (R2  ) V(1:12

)(R)IX (1,73)> 
M-m' 	 M-m 

2 	t 	 t (1) 	(1) 

	

uk  A. Exp(- Pk 	 22 - 4 2 11 4? ) 
k,j=1 

x<X1  (1,23)IW12  (r22 
 ) W23 

 (R2)1X1-  (1,23)),  
1  M-m' 	M-m 

(VI.3.2a) 
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where 

W..(A,B) = 30r. A)(c . B) - ( o.. cr.)(A.B) 	(VI.3.2b). 13 — — 	_1  -J  _ 

The spin elements of the double operotors W
12
(r212) 

and W
23 

 (R
2
) are further reduced. Thus, 

<:x1  (1,23)1 W12 (r2  ) W (R2) 	(1,23)› =4C) (1,23)1 1 12 23 
M-m' 	 M-m 	M-m' 

E 	3R
2 
(i cr rAR) + 6(i mil. 	 R)(r.R) + 2 r

2
R
2 

+ 
' r 
 R(r.R) 

6(r.R)(r.R) - R4  1)(4(1,23)1> 
M-m 

▪ (VI.3.2c) 

Using (VI.3.2c) and putting 

t 	(1) 

gk 
r
-12
2 

) [ - 3R
2 	

cr
1

(i 	.r A  R) 
—  

t (1) 
V(r,R) = 4M 

332 
A ,A

j 
 Exp(- 

,j,k=1 

+ 6(i 21. :A R)(E.E) + 2 r
2
R
2 

+ 4R
2
(r.11) - 6(r.R)(r.R) - R 

x Exp(-(0c+ cx
' 
)R
2
) 

j 
• (vI.3.3) 

Then from (VI.3.1) we get: 

t s 1 
	oo 	

f. 

i  
D (r) 	= R

2 
dR dveRloR1 dK2(9,4)) Y (GM V(r,R) 

g m(s-D) 0 	 no 

• (VI.3.4) 

t (1) 
The function V(r1R) Y (OR,4R) may now be expanded 

t (1) 
v(r,R) 

t (1) 
v(r,R) Y (eR4R) Y(eA)) • (vI.3.5 ) 
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where 

t (1) 	+1 	t (1) 
V(r,R) = 2 	

J 
du p

A
()1) V(r,R) 	

• 	

(VI.3.6) 
-1 

Using (VI.3.5) and performing the integration over dit(9,(D) 

and dR, then from (VI.3.4) we finally obtain: 

t S 
D ,(r) 
Jf M(s-D) 

t (1) i 
B2(r) f (r).Z(f ,K) Jfm 

• (u.3.7) 

where 

t (1) 	2 T (1) 	, 3/2 	T (1) 	T (1) 
B2(r) = 4m V 

	A.A. Uk 	(7C/ ijk  ) 	Exp(- kk 	)r-2 
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il j,k=1 	 4 ilk 

vf 
x [I - 15 	10 _ij 

	

k (1-i 2fi  ) r2- IF  6: 	(1-2 a )2 2 --, 2 	ijk 	ijk -2  ijk r  LEX: ijk 	iSk 

• (vI.3.8) 

(VI.3.9) THE QUARTET STATE 

212) and The matrix elements of the operators W12(r  

W23 (R
2) are written in the following way 

3/2 
2 13/2 	3/2 

<x (1,23)1 W12  (r
2 ) W23 	)1X (1,23)>=<x (1,23)1 -12   M-m' 	M-m 	M-m' 

x [ 3(i cri. 'EA 	W23(r,R) — 3 (i. 	w23(E
2
) - R

2 
W23(2) 

▪ 1 (R2 - IF r
2
- 2 r.R) W23  (R

2
) - 1 (R

2- 6r.R) W23  (r,R) — — — —  2 

E

▪ 

	3(r.R)(r.R) 	r2R2 + 1 R4- 2 R2(r.R) 	+ 3(r.R)(i 0- - _ _ rAR) 

	

_ 	_ 	_a  
-f 
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3/2 
- 3 R2(i cr. 

1 r 
R) IX (1,25> . 
 M-m 

• (vi.3.9a) 

substituting(VI.3.9a) into (VI.3.1) and working out all 

terms involved, the following expression for the direct 

interaction in the quartet state was finally obtained: 

t S1 
D ,(r) 
g M(s-D) 

t (2) 3/2 
B2(r) f (r)(f ,f) Jfm 

• (VI.3.10) 

where 

t (2) 
B2(r) = km 

30 
,j,k=1 

t (2) 	, 3/2 
A.A. U (TC/ 	) 1 j 	k 	ijk 

t (2) 	t (2) 	02 	12 	4  
x Exp(- gk  (1 - 'k  )) 	A(f 3/2 ; f3/2) E oijk  

TT: ljk 

,2 
- 7 g.. 	y' 	, 2 	,2 4 	2 4  Iak (1 - 	Dijk)r 	+ 2 Xijk  (1 - 	pijk) r 5r 

Aijk 	 7qjk 

i X15 4. 	1 
ijk(  ijk)  

8 
 

)lijk 

• ( VI.3.11) 

(VI.4.) THE SPIN-ORBIT TERM 

The expression representing the spin-orbit interaction 

is given below by: 

s.o s 
,D(r) 	= Li-Mr 	y 	C„(J M;m' M-m') C (J M;m M-m) 

g M(s-D) 	3112 ;77s m' ,m 	 S 
	Ks 
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s.0 
xf dR df2(0,1)) (1) s(R) Y (e3) <X (1,23) I 	v( (r - 	R I) 

14-m' 

*4 	2  
x o 1 ( 	+ [ -4- 	1 a• ) LOG (R ) -2 23 j 

K 
(1,23 )> D(R) y(63) 	fS (r) 

M-m 	 r JIM 

(II = 1,2) 	(VI.4.1) 

Where S23  (R
2) is a tensor operator defined in 

(1.2.6) and LCE2)= L 	L 	 (V1./+.2) -12 -12" 

also 
■ 41.. 	 ■•••• 	■••■•• 

= ( 	 R) n (3 3 - 3 ) 
i 	 -2- ar 	'DR 

and 

• (V1.4.3) 

.*- 
L12  = 1 (3 3 - 	)A (r - 	R) 

i 2 Dr aR 

We represent the factors (1)6(R) V(Ir - 	(I)D(R) 

by Gaussian functions. Thus 

2 
A.A. 	(-1) j 

i,j=1 

W
02) Exp(... _ 

Exp("'"; 1 

2 R 	= 

s.ow 
R2 ) 	V( ( r 

2 A.
1

A 
 4 

(-3 )  

R I) D9:1+2:2 )  a (1712...112 ) 

s.o 
0 .R2 ) 	V( !r-3RD) 

i4j=1 

x [ i (c + cr2 ).(r - 	R)AI - 1 i(cr1 + a-2 ).(r - 	R) A7 -1 - - 	 - - - Dr 3 	 3R 

+ 	i(2-1 + 	A (r 	R) 	W
23 

(R2) ExP 0c (-R2 ) 
3 	 -  

... ( v1.4.4) 

• ( VI.1+.4) 



-71- 

Evaluating the above expression leads to the following 

terms: 

6.0 (II) 
(-3) (I) 

s 
(R) 	v(I r - 	RI) (1JD(R) [ 323Q22)(cri . 1) + 

2 

x (E-3. R)(R .L) + 3 (1 L A R . 2-2)(2:3 	_R) - (23. L) 
R2 

+ (i L . cr2 A Cr
3 

) 	(0-2. • 	)(Cr
-3 • B) 	107- R)(o-:

.5
. 	) - 1 - 	- — 	- - -2   r 	2 	Zr 2 

x S (R
2
)(R . 	) 	l(R . 	cr a" + 1(i 	. R 	)- 1 23 	 2 _3 	_3 ,  

a r 	2 	3r 	2 	br 2 

, x S!3(R2 )(i 	R A 	) + 2 (i cr1 * r A R) S23 - (R2) - 2 4)% 
ar 3 	3 

273s EA 	+1 	(i 21 o-2 A 	. r)(. R) - 1 (i R "1A cr2) 0-3 - — 2 	
.or 

3R
2 

6R 

x (0-3. R) + 1 (i r . aiA 2p(222E) - 1_ (iE . 2-1A 2-3)(272.E) 

3R2 
6R
2 

+ 1(i cr
3 
. r A R) - 1 (2 4.R24- 2) W

23 
(r,R) - 1 (r,R)(cr2.cr3 ) 

3R
2 	

3;
2 3 	3 9R2 

+ 2(0&R2+ 21x.± 3) S23 (r,R) + 1( 2cr . cr-3 ) + 2 (i cr
2 rA R) 

j' 
 	-  

312 

/ 	/ + Deja -cr-3. LA 12) - 	i ( i 2-1. 	_R) S23kR2 	

75 
) - 2 ex. kr.R-R2 ) 

3  

x S23(R2 ) 	 ... (v1.4.5) 

We now condider two distinct cases (namely, the doulet 

and quartet states): 
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(VI.4.6) THE DOUBLET CASE 

Proceeding with the analysis, we make use of the fact that 

the spin functions in this case help to reduce various products 

of equation (VI.4.5) as follows: 

4(X7(1,23)I S23(R2)(ai.L) IX3(1,23)),  = 4 -<-X2(1,23)1cr1.L IX2(1,23)> 
M-m' 	M-m 	3 m-m, 	M-m 

1 	 1 	^e 
<X1(1,73)1 W23  (R

2
)(cr1.L)IX-2(1,23)>=4R2 	i  (1,23)10-.1,1)(7(,23 )>  I-a 1 

M-m' 	M-m 	3 	M-m' 	M-m 

4 -- 	 4 „ 
<X (1,23)1( cr 0- .A)(cr .B) I X-2-(1,23)> =- 	(1,23)10- .AA B 1X 2(1,23)> 1A2 	—3 	 I 1 m—m' 	 m—m 	m—m' 	 m—m 

= 0 if A = B 
1 

<:g(1,23)1(o-2A  cr .A)(o- .B) !x2(1,23) =-4(X 2 (1,23)121.AABIX 2(11 23)> 
M-m' 	--3 - -2 - m_m  M-m 	M-m 

= 0 if A = B _ 

'I 	 I a  „ 
<g(1,23)1 	.L IX-2.(1,23)› =- l<X.4(1,23)1 61:1- L IX2  (1,23Y> 

m-m, 	 1 	-IT 	I. 	f M-m' 	M-m' 	M-m 

<X1(1, 23)12-2.L IX7(1,23)> = 2 4(g(1,23)1 07, . Lig (1,23)› 
m-m, 	m-m 	3 m-m, 	m-m 

and finally 

<;)(2.  (1,23)1( cr2  . A) ( a • B) 1X1' (1 ,23) > 
11_1111 	 —5 	m—m 

= -A.B - 2 <X(1,23)I io-  .AAB IX1(1,23)› 
3 m-m, 	 1 m-m 

Using the above results, all terms in (IV.4.5) were 

calculated. Thus, the direct spin-orbit interaction term in 

the doublet state is finally given by the following expression 



3/2 
+ 	B2(r) E1(1( 3/2;1(3/2) 	f (r) 

JKM 

6.0 3 
... (v1.4.8.1) 
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1 
s.o S 	s.o (1)  
D ,(r) 	= 	B2(r) AJf f2  (r) . 

	
f) 	(111.4.6) 

g M(s-D) 	JKM 

where 

s.o (1) 	3/2 2 	, s.o (1) - 5/2 
U4(r) = M li 	A

iAj 	U
k 	?ijk 

4 t2  i,j,k=1 

s.o (1) 	r 	2 	 5.0 (1) 	/ 	2 
)1k 	jk)  

(1 - 	r- 51 Exp(- ( 	- 	k  jk  )r ) 
7 	ij i 

... (v1.4.7) 

(VI.4.8) THE QUARTET CASE 

Starting from equations (VI.4.1) and (VI.4.5), the direct 

interaction term of the spin-orbit force is finally given by: 

s.o S 
,D (r) 	= 

J, M(s-D) 

s.o 1 	s.o 2 1 
B (r) A

g  W: 	+ B
2 	A(f 3/2;f3/2) 

where 

s.o 1 	2 	s.o 	, 3/2 
B (r) = E 	A.A. 	UT/ N . 	E 2 	 3  Uk 	ijk 

f
2 
i,j,k=1 	 8 W. ijk 

ijk 
2 	2 

	

s.o 	s.o 2 
1 (1-i- 	) ijk  r 	Exp(- ,uk r+ 	,u 	r

2 ) 

(VI.4.8.2) 

s.o 2 	2 	8.0 3/2 
B (r) = M 	A.A . 	U (a.+ b(.) 	(r/ ijk ) 2 	 k j 	ijk  

ii jtk=1 i  9ljk 
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s.o 2 	s.o 2 
x Exp(- k r + 	r

2 
) ... (v1.4.8.3) 

 

4 

  

and 

8.0 3 	2 	s.o 	,2 
B (r) Mr V" 	

, 

	

A.A. 	U 	Z( 	(1 	i a. . ) 
2 	1, 2 L-- 	1 j 	k 	ijk 	ijk 

11. 	ilj,k=1 

i  3/2 	s.o 2 	5.0 2 
x (Tr/ A ) Exp(- ,uk  r + 

yak r2 ) i jk  
i . ijk 

we also have 

(1/1.4.8.4) 

E1  (K3/213/2) = 
40(K(K+1)(2K +1),)2  (-1) (2K+1) C ,(2) 

15 	fie 

x W(13/2;f3/202) w(f3/2 ;k3/2 ;J1) 	 ... (v1.4.8.5) 
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CHAPTER VII  

THE ENERGY TERMS (s-D) INTERACTION  

The contribution of both the W-, and the kinetic 

energy terms in the integro-differential equations are 

given below: 

(VII.1.) THE W-KERNEL 

This kernel contributes in the quartet state only 

and is given by the following expression: 

W
s
l(r) 

s-D) 	
(4/3)

4 
Mr (E 

P 
 - Ed) 	c, 	m-m') 

M(  
m' ,m f 3/2 

f* 	3/2 
x C 	(J M;m M-m) 1 	

1 

dr' 	da(9,0) y (Goo (1)s(11 )<x 1,23)1 
f3/2 	no 	14-no 

1 	f 
x S13(V

2 
 )1X
3/2  

(1,23)) (PD(V) )/(9 10 ) 1 f
3/2 
 Cr' 

M-m 	m 	r' JKM 
(VII.1.1) 

After working out the spin elements of the tensor 

-S13(r2) and then performing the angular integration and 

the sums over all magnetic quantum numbers one obtains: 

1 	 3/2 	w 1 
WS,(r) 	= E 1

co 	
, 

dr' A(f 3/2a3/2) f (r') E e2(r,r1 ) 
Jf M(s-D) 	k 0 	gm 

w 2 	1 
x I 	(10. . rr') + e2(r,r') I, 	(b.. rr') + 
f+i 13 	f +i 13  

%,/ 3 
e
2
(r r') 

x 17(1 f;L) I 	
d i 

(b, rr') 
L I   

(VII.1.2) 
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A.A.  

 
0=1 

000 (VII.1.3) 
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where 

id 1 
e2(r,r') = (4/3)4  32rM r3r1 (E

p
- E

d 9)0 

x (2-117/10'. .rri) 	
1 

Exp(- e!j 
	j 

f: r'2) 
1j 	1 

w 2 
e2(rr') = (4/3)

4 
8-a- M rr' 

p
- E

d 

2 

 

A.A . (271- 	rrt) 
1 	

/bij 

2 ' 2 
x Exp(- e! r -fij  r' ) 1j  

and 

(vII.1.4) 

iq 3 
e2 r'r') = (4/3) 167FM (r/")

2 
 (Ep- 

 Ed 90 

2 

 

A.A. 
I 

x 
(2717/13ii 1'1'1)1 Ex/)(--  elj 

r2- 
fij 

r'2) 
	

000 (vII.1.5) 

(VII.2.) THE KINETIC ENERGY TERM 

This is given in the quartet state only by the following 

expression: 

(1) S 	(2) SS  
T kr) 	= 	

+ Jf M(s-D) 
Cr)k 

Jf
, 
 M(s-D) 	Jf M(s-D) 

where 

(VII.2.1) 

I 

(1) S 
,T (r) = (4/3)3I  dEt rfc l.S2(3,4)) 	C, 	(J MWM-M') 

Jf M(s-D) 
m'im 
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3/2 
2 	2 

x C 	(J M;m M-m) Y (0,0).“ (1,23)1 1(v -1-v,) 
X3/2 	mi 	14-m' 	 ri 

	

3/2 	f 	3/2 
x 	(u) Si  (V

2)  113,D(V) I  IX (2113)>Y(G,O) 1 f Cr 
M-m 	r' JfM 

(VII.2.2) 

Which after operating byN
7r
2 

'
and's

7r
2 
 becomes 

(1) s , 4 
,T Cr) = kW3) 	C, 	(J M;m' M-m') C 	(J M;m M-m) 

JK 	
n o,m M(s-D) 	f 3/2 	X3/2 

66 	
f* 

x S r'r dr1 ciS/(e,(Ofdri'(0',(1)') 	 Cu)(13,s 	Y (G,0)013v2) 
no 0 

3/2 
x<x (1,23)1 E 0.0,2 u2+ 10042 V2+ 160( a% u.V - 150- 35a%) 

. 	3 • M-m' 

	

3 	f 	3 
x w

13
(y
2
) 	160( W

13 
 (u,V) 	IX

/2 
 (2,1* ()

D(V) Y(9
„  
10  ) f

/2 
 (r') 

m-m 

... (vII.2.3) 
and 

(2) S 
,T (r) = -(4/3) V C, 	(J M;m' m-m') C 	(J M;m m-m) 

Jf m(s-D) 	3/2 	f3/2 

. 	3/2 
Jrd 	(9,(1)) y (0,0<x (1,-273)1 E [v 	(u) L 	s N-n' 

3/2 
2 	1 

x Si3(V2) (I)D(V) + I (1) (u) Dev 	) TD(v) ] 	Ix (2,Y3);> 
7 8 	 M-m 

, 	3/2 
x yo 	) 1 f (r') = - (4/3)

4 E E C, 	M;m' m-m' ) 

	

r' JfM 	 3/2 
K noon 
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0 
g: 	3/2 

X Y (01 0) 1 <X (.1 23) 1 (2 c5 112+ 2Dei.2 V2
- 3';'. - 76 ) W (V2 ) 

J 	1 	j 	13 - 
V2  m1 	M-m' 

3/2 	f , , 	3/2 
xIX (2,13)> y(9 ,0 ) (I)D(V) f (r') 	 .... (VII.2.4) 

M-m 	m 	 JO 

From (VII.2.3) and (VII.2.4), the total kernel is 

finally written as: 

 

00 3/2 	1 	T 1 
dr' (rr') f (r') A(f 3/2a3/2) [ e2(r,r') 

JfM 
S T I (r) 

Jf M(s-D) 

T 2 	 T 1 
x I 	rr) + e2(r,r') I 	()1.. rr') + e3(r rt) I, 	(b..rrt) 
f+i 13 	 f+3/2 13 	

g 	lj 

'T 2 
yr,rt) II 
	

rr') + 
k +3/2 13  

T 1 
FF(f ,x; L) [ ek(r,re) 

T 2 
x I (V..rr) + ek(r,r') I 	(14. rr') 	 (VII.2.5) 

n+i 13 	 n+3/2 IJ 

where 

T 1 
e2(rr') = (4/35 2 A.A j (21r/1bij  rr' )F  

j=1 

x Exp(- ij  .r2 	j - f! r12) [ Wi  r2+41j  rt 2- 
j 1 

9 	9 j 

oc) 

x C (rrt)f dfl 0 ,0 4dS1(0,0) (1)s(u) 
t 

X3/2 

+ 16 (1).. (2f+1 - rr') 
' 	2 f. 1b 13 

T 2 
e2(rr') = (4/3)5-  32 

... ( v11.2.6) 

A.A, (2.7r/ b. .rrt)i  1 3 	1 
j=1 

1 	2 	' 	2 	1,  x Exp(-  e - r - f. r ' ) Y. . 13 	13 	_11 
b' 

1 ij 
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T 1 
e3(r,r') = (4/3)5  2 

i j=1 

2 	2, 
A.A. (27C/ 101. .r1-0 )2  Exp(-e. .r -f. . r ) 

J 	1 3.3 	3.3 	3.3 

1 	2 ..,1; 	1.1 2_ 39 oc  - 14 0," .4. 4 (1)1 	(2,e+1 - rri )1 x E w. r + 
ij 	9 9 J 	2 

1b  3.j 

• (VII.2.8) 

T 2 
e3(r,r') = (4/3)5  8 

x Exp(-e.r
2 	

3 
- f
!
.r'

2 
3

) 
1 	1 

	

1, 	a 

	

A.A
j  
. cp. 	(2717/

1 
 b'. rr')2  

. 
1 13 

... (V11.2.9) 

T 1 

eOrtrt)  = (4/3)5 
 2 

1 
A.
1
A.
3 
 (27r/

1 
 131.

3
.rri )2  

3. 
i= 

2 	2 [ ../ 	2 	.1! 	ri2 
Exp(-e. 	- 	) 	w..r 	- lokcx.- 56 nc 

1j 	 1j 1j 	9 1  9 

+ 16 	.( 21.+1 - rr' ) 
1 

 b'
i 	

13 	2 
j 

and 

T 2 

e4(1.91")  = (4/3)5  32 

x Exp( 13 
	

- ff.
3.j 
 r' 

• (VII.2.10) 

A 

	

A.. 11).. 	(2 1r 

	

3.3 _la 	
/1biir 

1,j=1 	b' 
1 ij 

• (vII.2.11) 
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CHAPTER VIII 

THE EXCHANGE TERMS (s-D) INTERACTION  

(VIII.1.) THE CENTRAL TERM  

The exchange interaction of the central force 

c S 

	

E ,(r) 	is given by: 
J, M(s-D) 

c S 

	

E ,(r) 	= -(413) Mr 	C, 	M;m' M-m') 
M(s-D) 	2 	

S M 	I S I,M 

x C (J M;m M-m) fdr' dS2(0,0) 4) (u) y (Gm ,:xs (1,23)1 s 

	

gs 	 ml 	m-m' 

— x 	1 (W - 2h + b 	2w) V 
c
(t) S13(V2 

I  
) 	

S  (2,13)>
D(V) m-m 

x yo 	fS  Cr') 
	

(VIII.1.) 

The spin matrix elements in (VIII.1.1) are evaluated 

_by expressing them in terms of y (9 4.) harmonics, 
ml,m  v 

The (0 ,(1)v) are them written in terms of the polar 
v  

angles of V = 2(r'+ 2r), (Bransden, Smith and Tate, 1958), 
3 

thus, we have 

<X (1,23)IS13(V )IX (2,13)>= 	g(S) 	(47/3)7  (-1) 

	

M-m' 	 14-m 

	

S 	2 S 	-1 	 S+M-m' 

2 
x g(S ,S) C, (200-m; m'-M, M-m') 4 r 4r2 y2  (0,0 	r' y2  (000 

9V
2 S s 	 11 ml-m 	001 
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+ 2 rr' (407i/3)-i 

t 	1 
C (2,m,-m;t1p Y(e ,(1) ) Y(194) 
11 

c (I) 
We now define the function Q (r,r'), (1=1,2,3) 

c (I) 
Q(r,r') = -(4/3)4  m (1).(u) cv(t) ID(V) 4/9V2  

4 r (1=1) 

r'2  (1=2) 

2 rrl (I= 3) 

• (vIII.1.3) 

  

• These can also be expanded in harmonics 

c (I) 	c (I) 	L, , , L 
Q(r,r') = 1 	pL  (r,r1) Y(e 4) Y(19,0 ... (vIII.1.4) rr' 	P 	p L,p 

where 

c (I) 	+1 	c (I) 
p(r,r' ) = 21trr' I di P('1)) Q(r 1E') 

L -1 

• (VIII.1.5) 

Where p (1) is the legendre polynomial of order L. 
L 

Using (VIII.1.2) and (VIII.1.4), and performing the 

angular integration and then sums over all magnetic quantum 

numbers, expression (VIII.1.) finally becomes: 

c 3/2 
E ,(r) 
g M(s-D 

C 1 

f
dr' (rr') A(g 3/2a3/2) [ e2(rtr') 

0 

c 2 	c 3 
x I (C. rr') + e2(rr') I 	(C.•rrt) + e2(r,r') y: ijk 

L 

x FF(K g;L) I (C. rr') 
Iik  -2 

• (v111.1.6) 
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where 

c I 	4 2 C  	1 	4 
e2(r,r') = - STEM (4/3) 	A.A. U

k 
 (2117/C rr')' 

,j,k=i 

4r2  (1=1) 

r'2 (1.2) 	
(VIII.1.7) 

2rr' (I=3) 

and FF(K ;L) has been defined previously . 

(VIII.2.) THE COULOMB TERM 

This is given by: 

coul S ,4 2 
E(r) 	= -(4/3) Me 2r 	7 	C 	M;m' M-m') _1 st 

a M(s-D) 	
t2 	,S 

x c (J M;m m-m)f dr' f 12 	(0,0) y (G,(p) 6s  (u) 1 
Ks 

x<X (1,23)1S 
M-m' 
S 	s 

)IX (2,13)› 1 (bD  (V) Y(e 	) 1 f
s (rt) 

 
M-m 	t 	m 	r' JKM 

C, 1 (J M;m,  M-m') C (J M;m M-m) C, (2,m1 -m;m1 -M,M-m) 

S me lm  
K s 	Ks 	S S 

S+M-m,  
x g(S

1 
 ,S) (-1) 	(4 ri/5)-2- 	dr' (rr') fS  (r' )J dQ (OM 

JKM 

(1) 	2 	(2) 	2 „ 
x jd Q (0 10 ) )/ (0,0) E G(r.r') Y (E),0 + G(r,r') Y(0 1 4) ) 

m' 	m 1 -m 	m'-m 

+ (4o17/3)4  
(3) 	1 	1 

C (21 m1 -m;p q) G(r,r' ) )/( 91(b) )/(0  14:1  ) 

P,q 11 

(VIII.2.1) 

Exp(-a! 	r2- b!ijk r12) ijk  



where 

4r2  (1) 	
(I=1) 

G(r,r') = -(4/3)
4 

Me
2 t 

s 
(u) 1 CID 	r' (V) 4/9v2 	r'2- 	

h" 	

(1.2) 

2rr' (I=3) 

2 	2 
A.1Aj Exp(- e. .r -f. jr' ) 10 	1 

2 

=1 
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(I) 
	

• 	

(vIII.2.2) 
The G(r,r') can be expanded 

(I) 	-1 	(I) ,L , 	L 
G(r,r') = (rr') 	g(r,r') X(014)  ) Y(e,(1) 	(viII.2.3) 

X„L 

so that 
(I) 	+1 	(I) 
g(r,r') = 21T rr' f 	dill( L 11 G(r,r') 

-1 
O.. (VIII.2.4) 

Using (VI11.2.4) in (VIII.2.1), the angular integration 

and sums over m', m and are then carried out. Thus, 

E ,(r) 
g M(s-D) 

bo 	coul 	coul 2 
dr' A(f

1 
 3/2;13/2) f(r1 ) [ 	e2l(r/  r')+ 	e2(r,r') 

0 

X E FF(f 	; L)..] 

where 
coul 1 

e2(r,r') = -(4/3)4 16-mme
2 

r
3
rr' 

3,12 

▪ (VIII.2.5) 

1 +1 	--Y 	t 
x I  d P#(11 )(r

2
+1.02- 2r./.4 ) Exp( b. r.r') ... (V111.2.6) 

A I. 	lj -- 
-1 

coul 2 	 3 ? 	' 2 1 	2 

	

e2(rr') = -(4/3)
4 

4717.Me2 	 j A.
1
A.
J 
 Exp(-e. .r -fi

r' ) 
1j  

3
2 

il j=1 
+1 	1 

d P,(1 ) (r2+r'-2r.r') Exp(b..r.r1 ) 1j — — 
-1 

coo. 3 	 2 e2(r1r') = -(4/3)
4 
 8itU e

2 r2 r'2 
 AiAj  3  t2 

	

	
Exp(-eij!r2-f13  . r'2) 

i,j=1 

x J 
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+1 
x 	d71 PL1  ) (r

2+ 	Exp(b. . ri2-2r.r') Exp(br.r') 	(VIII.2.8) t  -1 

(VIII .,j.) THE TENSOR TERM 

This term is given by 

t S 
L E ,(r) 	= -(w.3)4  M 	C„ (J M;m' M-171') 

JK M(s-D) 
h2 	m',m  

1 	f 	1 	,e 
X C (J j In N••rn) 

J 
 dr' (Fr') d11(0 41) Id (GA))  

ies  
l 	t (II) 

x 4:18(u)<x5  (1,23)1 v(t) 	( 
2
) D(V)IX

s  (1,23)> 
M-m' 	 M-m 

x Y (0" 1(1) ) fS  (r' ) 
	

(VIII.3.1) 
JIM 

where 

t (II) 	 2  2 	t (II) 
V(t) =E 1 (W - 2h + b - 2mVT(t) = t 	Uk  

k=1 

t (II) 2  
x Exp(- Jxk 	t ) 	 (VIII.3.2) 

The spin matrix elements of the tensor operators 

S
12
(t2) and S

13
(V2) are simplified for the doublet and 

quartet states separetely as follows: 

(VIII.3.a) THE DOUBLET STATE 

We have 

t (3) 
<:g 23 (1,) 1 v(t) S12(t

2
) S

13
(V
2
) (),

D
(V) 0(2,13)> 

N-m' 	 14-in 

00 
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t (3) 	t (3) 2 	2' 
il-Dic(t)ENT(--duk t-oeN ) <;x1  (1,23)IW12

(t2) 

j$k=1 

	

	 M-m'  

2 2 	, t (3) 	t (3) , 	i , 
VI 	) IX l2,13)>= - 16 7 	A. U

k  Exp(- ilk  t ... 6
e 1 2 V x 13  Of 	 ) 

M-m 	81 jik L---1 =1 
j 	J 

x <X-2- (1,23)1  [ (16 r4_ 34 r2r'2+ 4  r,4) - (16 r2- 3 r'2) 

x (r.r') + 22(r.r')(r.r') + 18(2 r2- r'2- r.r')(i ai. rA  r') 

xlxi (1,15)> 	 (VIII.3.a.1) 
M-m 

Substituting (VIII.3.a.1) into (VIII.3.1) we obtain 

t (3) °° t
2 "E ,(r) 	= +(4/3)

4 
(2/3)

4 M 	A.A. U 	dr' 
Jf M(s-D) 	4; 	i,j,k=1 2 	

1 j 	k 

2 #
ijk 	

1 
r a X (rr') Exp(- . 	- b 	r'-) f7  Cr' lik   JKM m' ,m 

x C, (J M;m' M-m') C (J M;m M-m)fd‘1(0',(1)1 ) jdn (4),(0 
f 3 	k3 

fA x y com<x2  (1,23)1 [ (16 r4- 34 r2r' 2+ 4 r'4)-(16 r2- 3 r'2) 
M-m 

x (r.r') + 22(r.r')(r.r') + 18(2 r2- r'2- r.r')(i a-1. rA r') — — — 

ov 	, 
x1X3  (1,23)> Y(0 ,0 ) Exp(Ckii  r.r') 

M-m 
(VIII.3.a.2) 

The above terms are all worked out, and we only rute. 

the result. 



b (1) 	4 
(2/3)

4 
211- m e2(r,r') 	+ (4/3) 

	

, 	t (3) 

	

A.A. 	U 

	

1 j 	k 
,j,k=1 

,h2 
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t E ,(r)  

M(s-D) 

t (1) 
dr1 (rr' ) e2(r?r1) 	(r' ) 

JXM 

x[ [ (16 r
4
- 34 r

2
r1
2
+ 4 r' 

4
) 	(16 r

2
- 3 r'

2
)  + 22 

12 
C
kij 	Ckij 

1 
x I 	(C 	rr')15-(,(/ if) + 	(16 r3r'- 3 r'3r + 44 rr' ) k+i (Ckij  

Ckij  

I 	I I 

X I (C 	rr' ) + 22 r
2
r'
2 
I
" 

(C 	
rr')1 (g If) 

kid 	
k+3  kij 

f ' • 	[ 	r
2
- r'

2
+ 1) I (Cki  rr') - rr' I(Ckij

rr')1 11 
.x.44  

(VIII.3.a.3) 

Where 

2 	1 
x 	71-/ C

kij 
rr' )7  Exp(- aijk  r - bijk  r'

2
) 

K-J-44 A 	1 

and F (X f ; -a- A) = 2(-1) 	f C,  ( A) w(f 1  ; f 1 ; 120 
X 1  

x w(f'i ; f 	1J) 
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(VIII.3.b.) THE QUARTET STATE  

The spin products in this case are written as follows: 

3/2 	t (4) 3/2 
<:x (1,23)1 v (t) 312(t2) S13(V ) (PD(V)IX (2,13)› 

M-m° 	 M-m 

. (2/3) 
t (4), 	t (4) 3/2 

A.A. 11,_ 	 Exp(- Ak t
21 

V
2)<X (1,23)1 

K j 	 11-m' 

x 4: [ 18 W13(r
2
) - 2 W13(r'

2
) - 2 W E91: 	( i 2-2 • 1: Et  ) 

+ (4 r2+ 11 r'2 - 2 r.r') W13  (r
2
) + (- 11 r

2
+ r'

2
+ r.r') 

X W13(r'2) + (- 2 r
2
+ r'

2
+ 19 r.r') W13  (r,r1 ) + (18r

2 
 -9r'

2 
 -9r.r') — —   

x (i 272. 1:AL") - (8 r
2
- 4 r'

2
- 11)(r.r1 ) + (8 r

4
+ 2r'

4
-17r

2
r'
2
) :I 

3/2 
x Ix (1,23)›. 	 (VIII.3.b.1) 

M-m 

Using (VIII.3.b.1), in (VIII.3.1) the exchange term of 

the tensor force is finally written in the quartet state as: 

tE ,(r) 
JK M(s-D 

t (2) 	3/2 
dr' (rr') e

2
(r'rI) f (r') 

JKM 

E  (8 r4- 17 r2r'2 - 2 rl4) - 1 	(8 r
2
- 4 r'2- 11) 

2 Ckij  

x (2L - 1) 1 I (C rr') + AU 3/2; f 3/2) [ 22r
2 
+11r'

2 

f+i 

- (2K-1) 	I (C
1 	

rr') _1E 11 r
2
- 10

2
- (2K -1) II 

1 	kij 
Ckij 	

2Ckij 



t (2)  
e2 (rr') = - (4/3)4 

 (2/3)
4 2-TIM 

t (4) 
A.A. U k 

h2 ljtk=1 
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1 
x 
f  II 	(C 	rr' ki j 

L 
FF(f f;L) 	r'2- 2 r2- 9 rr' + 19 

2Ckij 

x (2L + 1) -I I (C
1 	

rr') 	A(X 3/2 ; K3/2) Err' I, 	( 	rr') 
L+2- _I 	kij f +3/2

ckij 

- 2 rr' I 	(C, . . rr') + 19 rr' 
K+3/2 K13  L 

FF(k
1 
 f;L) I 	(Ckij  rr') 

L+3/2 

1 
- (8 r2- 4 r'2- 11)(rr') I 	(C .rr') + 12/7 E 

K+3/2 
ki j 

x F
5(K I K ; 3/2L) [ 	 (C'.. rr') r2- r'2) I (C 	rrI) - (2L - 1)  

L+4 k  2 Ckij 

x Li(Ckij  rr') - rr' I 	(Cki . rr') I I} 	(VIII.3.b.2) 
L+3/2 	3  

where 

2 	2 x Exp(- ijk rbijk 	)  .0.. 	(VIII .3. b. 3) 

and 
A K-J+3/2 

F (f 	3/2 L) 	21(10)-2' f (-1) 	C, (L) C (L) 
5 	; 	 . f 1 	f1 

x w(ft 1 ; a ; 1L) WA'
1 
 3/2 ; K 3/2 ; 1J) 
	(VIII .3.b.4) 
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(VIII.4.) THE SPIN-ORBIT TERM 

This is given by the following  expression: 

1 
s.0 s 
,E (r) = -(4/3) Mr 	A.A. 4 	E C, ,(JM;m'M-m') 

fl. ,j1k=1 	S m'tm ;::I 
JK M(s-D) 	.2 	i j 	K S 

I 

	

2 f* 	
1 

x C (J 14;in m-m)lar ,  a 00,51)) Expc-.u) ) y (e,4))<x(1,23)1 _ 	 1' fs : 	 no 	N-n' 

x (W - 2h 	b 	2m)1)1/ 	(t) E S 	W (V2) . .1) s.o 	—le —le 	13 

/ 	• 	f 	' x Exp(-°<.V2)IxS (2113)› Y(e 	) 1 s (r') = -(4/3)4 Mr 
M-m 	r' JKM 	177 

,k=1 A.A. T 	:E: C, 	M;m' M-m') C 	M;m M-m).1 dr' j 

	

,S m'lm f s 	Ks 

	

5.0, 1* 	, 
xidAa(GMI ENT(...0(.11.2) 	V(t) Y (e4) <xs  (1,23)1 (512. L12) . L12  ) 

	

mt 	M-m, 	—  

• I 	X 
3: 1413( 12)Pc(2,13)>Exp(-0e.IT

2
) Y(G 	) 1 fS  Cr') 

M-m 	 r' JfM 

• ( viii.4.1) 
where 

L12= - i (r-r')A( ) 
br Dr' 

and 

S 	= 1(cr + 	) 12 - -1 -2 2 

We also have 

000 (VIII.4.2) 

• (VIII.4.3) 

.o 
(u) 

s. 
 V(t) (.§:12. 12) 13(

2 
 ) D(V) = ()s(u) 

s 
 V(t) 1 

21 
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x 	(cr+ o) ).(r-r') A 	A  (r-re).(cr + (5-  ) I S QL
2 ) — —1 —2 j —13 L —1 2 — —  Dr 	,)r' 

x i'D( v)  = 

s.o 2 	/ 	,2 + Ci  

	

A.A. 	 xp(- 	b 

	

j 	U  k 	aijkr 	ijk  r 	jk r.r')  
• ,k=1 

x E 3 1bij.t.  4 W13(r2 )  + 1413(rl2 ) + 4 Wa_3(2:,f) 3 (i 	) 

+ 6 11.  r (/"2+ 21.1.r' ) W13(r2 ) - 1(2r2+ r.r') w13(r'2 ).  .3 

. 1 1 r2  - 2 r.r' )(cr- 	r)(0" r' ) - 3 11j (8r2_ 
r
,2 2 	TN  

j -- 	 — —3 —  

x (o-1.  r' )(cr-3 	1 r) + 3 b'ij  (4 r2- r'2 )(c1  . 3)(r•r' ) — — 	 — — 

- 3 1i  (4 r2+ r'2 + 	 3*  r.r1 )(i o- • r/1/4 	13 ) - 12 W 	2 ) j 	 -- — —   

+ 6 W13  (1'12 ) - 6(cr 	r)(cr3' r') + 24(cra.. ri)(cr3' r) 

+ 42(i o--3  r A  r') - 6(cr1. a3 )(r.r') - (i o-1A  o- . r) — — — 	—3 — 	—-2 

x { 12 1'3. r-6 cr3. r' 	(i 2-1A  C52. rt )L 12 513  . r -6 cr3.f 

+ (i cr2 4 cr . r) { 12 o-1  r - 6 o- 	(i 	A  03 • r') —3 	— 	— 

x{ 12 cr r - 6 ail.r' 
J — —— ... (v111.4.4) 

The spin simplification is again treated in two 

distinct cases as follows: 
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(a) THE DOUBLET CASE 

The following results are quoted for further use 

<;x-2. (1,23)1(01. A)(i or2A ce B) IX (2,13)} 
M-m' 	 M-m 

r"' 	-a-  = +<X (1,23)1 A 	BIX (1,23).> -<;X (1,23)I(i 	.A B)IX-2-(1,23)>, 
- - 

M-m' 	M-m 	M-m' 	
1 	

M-m 

<X1 (1,73)1S
13 

	, (A 	B)(i cr r A r1 )1X7 (2,13)> 
I 	- 	-2. -- 

M-ml 	 M-m 

= - 2(A . B)<X4. (1,23)I(i 6
1
.rAr')IX(1,23)>, 3 - 14-m' 	11-m 

<:"g (1,23)1(i cr
1 A 

2. A)(07
3. B)1X7(2,13) > 

m-m' 	m-m 

= <x2 (1,23)IA . B lx-2. (1,23)>,  
m-m' 

<X (1,23)I(i 	r A ri I X!(2113)> 
M-m' 	M-m 

= 1<X (1,23)1i cr .r A r' I .)0. (1,23) }  M-M' 

<xi (1,23)1 • Ey' EAE'lX7 (1,23)> 
14-m 	14-m 

= -1<(xl (1,23)1i cr-1 -A .r r'lXi (1,23)> 
I 

M-m' 	M-m 

The vectors A and B are either r or/and r'. With the 

help of the above results, the spin products in the doublet 

state reduce to the following form 
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s.o 	 1 
(1,73)1(1) ( u) 	V(t) (S12  . L-12 S-13 (V- 	I

2
) ObD 

 (V) PC2-  (2,13)> -  M-m 

s.o 

	

I 	2 	' 

	

A.A
j  U Exp(- . 	r'

2
+ k 	l a ikr bijk  

i,j,k=1 

1 x 
 {:

1 1bij (4 r
2
+ r'

2
+ 4 rer') —5 

2 

Ckij r.r') 

x <X (1,23)1 i ai. 
M-m' 

r r1 1X4  (1,23)1> 	(VIII.4.5) 
M-m 

11-m 

'putting 
5.0 
V(r,r') = —(4/3)4 M (rr' 

,k=1 

s.o 
A.A. U 
j k 

I 	 I 	1  
x Exp(- aijk  r2- lbij r

2 
 + C . . r.r') 	1 b. .(4 r

2
+ r'

2
+4r.r')-5 J kIj - — 	7  1 1j 

... (v111.4.6) 

Which can be expanded in harmonics 

s.o 
V(r,r') = 1 

rr' 

so that 

n 

	

s.o 	L 

	

p 	Y(9 	) 	(v111.4.7) 

s.o 	+1 	s.o 
p(r,r' 	= 	rr'

I 
 p())) 	V(r,r' ) 
L 1 -1 

(1/111.4.8) 

Before the angular integration is carried out, the spin 

matrix elements are expanded as follows: 

-- <x ( 1, 23 ) 1 i csl. L. A /2, I xi (1,'-'3)>=(3/2)4.8iirr1 
M-m' 	M-m 	9 

Alp 

1 	1 
x c (1 )+ p ; 7) C (1 m-m; M-m,=A- p) Y(e

1 
 ,0

, 
 ) y (e,4) 

11 	11 7 	 -a 	—p 

... (v111.4.9) 
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Substituting (VI11.4.7) and (VI11.4.9) in (V111.4.1) 

and performing the spherical integration and sums over all 

magnetic quantum numbers (mi l m,n,Aand p), the exchange 

term of the spin-orbit force is finally given in the doublet 

state by: 

5.0 St 
	N 	So° 	1 	1 

,E (r) 	= 	f dr' 	e2 	1 
(r,r') F (f f;i1,) f7  (r') 

KIL 0 
Jf M(s-D) 	 gm 

x[ {  1 r
2
+ 2(2L-1)  + r2) - 5 11 (C ..rr') 

13 	 L44  Ckij  

+ 2 li.. rr' I 	(C1 	rr' I 
1 13 	

L+3/2 klJ 

where 

6.0 
e2(rr') = -(4/3)

4 
2M1rrr'  

h
2 

i,j,k=1 

x (2 Tr/Cki  

and 

rr')-1  Exp(- alijk  r2- bljk  r12) 

• (vIII.4.10) 

8.130) 
A.A. U 
1 	k 

• (vIII.4.11) 

-i 
F (I 	L) - (-1)

J+ 
 (4(2f+1)) C, (L) C (L) w(f t i;,041L) 

x w(X'3 	1J) 
	

• 	

(VI11.4.12) 
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(b) THE QUARTET CASE 

From (VIII.4.1), the integral for the exchange interaction 

in the quartet state is given by: 

s.o S 	2 	, s.o 
,E (r) = -(4/3)4 m 7 	A.A. ,U 

Jk M(s-D) 	
E E 1 , 	k 

2  ,j,k=1 	k Won 

x C, ' 	M;m' M-m') C 	M;m M-m) 	(rr') Exp(-a! 	r2 

f 3/2 	p3/2 	
ijk 

- 1.3.kr'2+  Ckij  r,r')Idid(e ,$ )fds2(em y*  (E3,0 
m' 

3/2 	3/2 	f , , 3/2 
x <X (1,23)1 OS IX (1,23)> Y(e ,4 ) f (rt) 

M-m' 	M-m 	m 	JkM 

where 

... (v111.4.13) 

OS = 3 b 	[ 4 W (r2) + W 1 ij 	13 -- r'2) 	W13I (r r' ) 1 (i cr2  .rA r' -- 	— — — 

E 6 ,b
1  
.. (r'

2
+ 2 E.1") - 12 	W„ (r2) + 	

lj 
3,b. (2r2

+r.r1 )+6 ij   

x wi3(E, 2 ) + [ - 3 ibii(4 r2- r'
2
)+ 6 	w13(r,L" 	Art ) 

... (v111.4.14) 
Using  (VIII.4.14), finally we obtain from (VIII.4.13) 

t 
s.o S 	 s.o 	3/2 

i  ,E (r) = \-' I dr' rr' 	e2(r,r') f (r')1E A(f3/2;k3/2) 

o JK M(s-D) ird 	JO 

, 	1 
x [ 12 b. . r2 I (C,.. rr') + F6 b..(r'2+ 2k-1 ) r2- 12 r2  11 1 1 j 	f+i  Klj 	1_ 1 13 	

C' kij 

x I (CIk ij  rr') +11 - ibij  [ 6 r2r'2+ 3 	(2f -1) r' 
2 
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2 - 6 r'2 1p, 	(g . . rr') - 3 b. r' I, 	(C1,44  rr') 1 _ k 4  kii 	1 li K +3/2 "4"'-' 

+ E E.  AW3/2;k3/2)1: - 3 lb' (4 r2- r'2)rr' + 6 rr' 11 
L 

x FF(f f;H: 2L-1 	I (C . . 	

L+3/2 
rry  + I 	(C1„..4  rr') :I 

7-  2Ckij 	
kij 

+ 4 FP3/2 L) I (C 	rr') 5 	/4.1.  kij 

!where 

(viii.4.15) 

8.0e2(rIr,) = -(4/3)4  21-CM 

+12  

x Exp(- a! 	r2 	
j 

b! 	r'2) 
ijk 	ik 

s.o 

A.A
j  Uk (2

7/C
kij 

... (v111.4.16) 

A A f -J+3/2 
F (f f-3/21,) = 21 (10)2  ,' (-1) 	(L) C (L) w(f 1;K1;1L) 5 	' 	 f 1 	f1 

x w(k
1 
 3/2 K3/2;  1J) 	 ... (v111.4.17) 

and 

A 
1 

FFU: K;L) = ••• (30).2-  A C (L) C (L)W(1'2t; 1A';L2) 
'Al 	Al.  

C 

2 	 (vIII.4.18) 

It has to be noted that in the forgoing analysis, 
A 

we made use of the condensed_ 	notation for f=(2A+1) , 

N=(2?1
/
-I-1)

12 
 and C, (L) = C, (L 0;00). 

• KK 	KK 
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CHAPTER IX 

DIRECT AND EXCHANGE (D-s)-INTERACTION TERMS 

The formulation of the direct and exchange (D-s)-terms is 

similar to that of the (s-D)-terms, but in the integrands the 

factors containing the tensor operator (from the deuteron 

D-state function) are now written in the reverse order. 

Since these operators are Hermitian the results will be 

exactly the same as these of the (s-D)-terms, with only i and j 

as well as r and r' in theexchange terms interchanged. 

(IX.1.) THE CENTRAL DIRECT TERM 

:_This term is given by 

1 
c S 
D 1 (r) 	= 4M 	EC 	M;m' M-m') C 	M;m M-m) 
JK M(D-s)312 	

m'im 13/2 	13/2  

2 I 	s' 	* (2) 
x I dR d 0(0,0) [ (1)D(R) s23(11 ) Y (04) 	vc 	) 

.1 
 3/2 

x (XS  (1,73),> (1) (R) Y(e,cp)(r) 
1 

M-m 	6 	
JKM 

3/2 
x f (r) 

JKM 

CB3(r) A(K 3/2 ; K 3/2) 

(IX.1.1) 

where 

, 	c (2) ,2 	3/2 
cB
3
(0 = 4 M 	

A,  A. 
U
k 	ijk 6 	(T/  ijk ) 

A
2 

,j,k=1 

c (2) 	t 	"2 	2 
x Exp(-( Ak 	6ijk)r ) (IX.1.2) 



-97- 

(IX.2.) THE CENTRAL EXCHANGE TERM 

The exchange term of the central force is given by 

c S 
E l(r) 
Jf M(D-s) 

= -(4/3)
4 
 M r 
h2 E C, 	(J M;m' M-m') 

m ,,m 13/2 

f,  
x C 	(J M;m M-m) dr' d 0(0,0) E(1)D (u) S23(u-) Y 

(e,c6) 
X3/2 	 mi 

c (4) 	 /2 
s

1 	
s 

xlx (1,23)>1 	v(t) lx (1,2* (1)(v) fl(e 	) 1 
3 
f (r') 

M-m' 	M-m 	r' JIM 

= 	dr' (rr') Au 3/2 ; f 3/2) ce3
(1",r) f (r') 

0
JIM 

x r r2 I (Cki. r'r) + 4 r'2  I, (Ck. . r'r) + 2rr' 	FF(ff ;L) 
f+i 	K +3 13  

x 	(Ckij r'r) 
	

(IX.2.1) 

where 

00 	 3/2 

2 e3(rI ,r) = - 8TrM (4/3) 

9h
2 

,k=1 

, 	c (4) 
A.A. U 	(21-r/ Cki J k 	j  

2 	" 	2 x Exp(- a.   r' - bilk  r ) 
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(IX.3.) THE COULOMB DIRECT TERM 

The'direct term of the coulomb force is [iven below by: 

coul S 

	

D(r)= 4 M 	E C, 	(J M;m' M-m') C 	M;m M-m) 
Jk M(D-s) 	

311
2 	

m' ,m  K 3/2 	 f3/2 

xkcia (6,0 E ()D(R) 2  (22) y (e,(1))1xs  (1,23)>] e2 
m' 	M-m' 	r12 

coul 
B
3
(r) A(f 3/2;f3/2) x (XS (1,T3")› 	(R) /((3149) 	(r) = 

14-m 	s 	m 	JKM 

3/2 
x f (r) 

Jkm 

where 

• (IX.3.1) 

3/2 
coulB

3
(r) =  M e

2 
E 	A. A. 	1 	2  (7r/(0c.'+«.))

2 3 	+ ) 	j 

	

411 r 	i,j=1 	1 	j 

• (ix.3.2) 

(Ix.4.) THE COULOMB EXCHANGE TERM 

The (D-s)-term of the coulomb force is given by the 

following expressions: 

coul S 
E(r) = -(4/3)

4 
 Me2r  % EC, - (J M;m' M-m' ) 

Jk M(D-s) 	2 	 f 3/2 

2 f  
x C 	(J M;m M-m) ( dr' cif/ (GOP  [ ()D(u) S23(u ) y (e,4)) 

	

X3/2 	 mi 

* 	 3/2 s 	s  
x lx (1,23)> 1 1 Ix (2,13Y> () (v) ((-3 4 ) 1 f (r') 6 

14-m' 	-1. t 	m-m 	r' Jkli 

	

oo 	coul 1 	coul 2 
= 	dr' A(K3/2 ; 	3/2) [ 	e3(r",r) + 	e3(r'ir) 
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cow. 3 

3 
e (rl ,r 	;L) 	(IX.4.1) 

L 
where 

coul 1 , 
e3(r,r) = - (4/3)4  16Tirm e2  1.13r 

3j2 

+1 	1 --2- 	11 
x c 	

X/ 

dl P101 	
1  

) (r
2
+r'

2
-2r.r') Exp(b.. r.r') ... (IX.4.2)-- 

-I 	/ 	I  
J -- 

coul 2 2 	
1 	It 

e
3
(r'
'
r) = -(4/3)

4 
41Tm e

2 
r
3
r' E 	A j Aj- Exp(-e..r'

2
-f

"..r2) 
31 	31 

3 2 i,j=1  
+1 -2 _l_ 

2 	2 	II 
i x f d 	(11)(r +/-1  -2r.r1 ) Exp(bjir.r ) 	... (1X.4.3) - - 

-1  

and 

coul 3 2 2 2 2 	2 , 	" e3(rI ,r) = -(4/3)
4 

8117M e 	r r' E 	AjAi  Exp(-eji  r' 

3 2 
 

ilj =1 
+1 	1 -.2-  " 	2 	 It 

- f.. r ) 1 dl P(N-1)(r
2
+rl

2
- 2r.rt)Exp(b..r.r')... (1X.4.4) ji 	 J1-  - (LI -1 

(IX.5.) THE TENSOR DIRECT TERM 

This is given for both cases (s=3 and s=3/2) by: 
1 

T S 
D ,(r) 	= 4 m 	Cf I(J 111;111 1  14.'1711 ) C (J 11;111 

3h
2 
 ; m' ,m

431 M(L/ s) 	1. 	S 	KS 

T (II) a 
X fdR cif2(eop D(R) V(r12) Y (e4) 

ml 

x4CXS  (1,23)1323(2) 
S12(212 	s 	m )IXS (1,23)> 	(R) >ice' 	fS  Cr) 

M-m' 	M-m 	JKM 

(IX.5.1) 

Without going into further details in the analysis, 

.equation (IX.5.1) is finally given in the doublet (s=i)and 

quartet (s=3/2) states by the following expressions: 

" 	2 " 	2 A.A. Exp(-e..x'-f.. r ) 
J 1 	31 	31 

,j=1 
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D ,(r) 
JK M(D-s) 

t (1) 
B (r) f2  (r) 	,K) 

JKM 
• (1X .5.2) 

and 

tD 1(r) 
JK M(D-s) 

where 

t (2) 3/2 
B (r) f (r) 	1K) 3 am  • (1X.5.3) 

t (1) 2 	
t 	" 

	

t (1) 	3/2 
B (r) = 4 m 	A 	j  . A 	Uk 	( 	Aiik) 

3h i,j,k=1 

t (1) 	t (I) 2 	1, 
x Exp(- ,u 	(1- ,u 	) r ) [ 	 , "2 

_ 	15 	+ 10 s 	i " 	2 
k 	k 	 ijk (1--2. 3ijk)r r  

	

4 	4 9‘ijk 	V 
ijk 	ilk 

"2 _ 	s
ij 	

if )2 r4 
k 	2  ijk 

 

• (1X.5.4) 

  

and 

	

t (2) 	2, 
	

t (2) 	„ 3/2 

	

B
3
(r) = 4 m 7 	A. A Uk 	i (IV % ) 

	

3h 
L-e 	 jk 

3h itj,k=1 

t (2) 	t (2) 	2  
x Exp(- ,uk  (1 - pk 	) r )t A(KI 3/2 ; K3/2) 

11 
4 Ai  

	

2 	„2 	h 	 11 	 11 
X f 2; i jk  (1 ." :21-  15 ijk ) 1,9.  -.7 	/ .. 	(1 - i 	I. ik) r2  1 

'4 	 1,111 

N.jk 

"2 " 2 4 	2 " 	II 
+ 2 Xijk .(1 - i Xiik) r - 5 r 	b"iik  (1 - i 6ijk) 

ii 
71i  

15  
It2 

8 ijk 

• (1X.5.5) 
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(IX.6.) THE TENSOR EXCHANGE TERM 

, The exchange term of the tensor force t  E ,kr) 	is 
JK M(D-s) 

given...both cases by: 

t S 
L E,(r) 	= 	(W,3) M 	, 	c, 	M;m' M-m') 

Jf M(D-s) 	2 	Ks 

	

h 	m mI t  

X C (J M;m M-m) J dr' (rr') fs 	I 

(0
I 
 ,fi t ) cln(04) 

XS 	o 	J-KM 
1 

*f 	St 	-- 	t (II) 	2 	2 x y (001:1)<x (1,23)1 yD(u) V(t) 23(u ) S12(t)IX
S
(211.5)› 

m' 	M,m' 	 14-m 

p , 	f 
x s(v) yn(o 	) 	 (Ix.6.1) 

Following the same procedure as in the (s-D) case, 

we finally obtain from equation (IX.6.1) the following 

expressions 

tE l(r) 
Jf M(D-s) 

t (1) 
dr (rr') e3  (r',r) 0-  (r 

JfM 

x[ (4 r
4 - 34 r2r'2+ 16 r'4) + (16 r'2- 3 r2)  

Ckij 

22 
1,2 
C
kij 

x I, (Ckij7..  rrf)(f',K) + E (16 r'3r - 3 r3r'+ 44 rr' 
K  Ckij  

u 
I, (C".. rr') + 22 r

2
r'
2 
I
", 
4  (Ckij rr') 	(f ,f) f 	kij 	f  4 

rr  F (ff ; 	),D2 r'
2
- r

2
+1) I 1(Ckij 

rr') - rr' Io 
1 

• 

x (rr') Ckij 
(IX.6.2) 
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and in the doublet state 

tE ,(r) 

,L(/  M(D-s) 

t (2) 	3/2 
dr' (rr' ) s3(rIr')'  f (r' ) r E(8r,4 

jfm L 

2  1,4_ 17 r2r,2 ) 	2 	(8  r'2 	 2 
4 r-- 11) (2 ft - 1) 

Ckij  

2 
x 	(C

kl  
. j rr') + 	3/2  ; f3/2 ) [ 	22 r'

2
+ 11 r 

- (2k1 -  1)  -lit  (C
It

rr') 1:11 r'2
- 10 r2

- (2,(/  - 1)  11 
11 	K 	kij 	 11 

C
kij 	

2 C
kij 

x I. 
44 

(Ckij rr') + E FF(f 	
r2_ 2  r12 

- 9 rr' + 19 

L 
K  

2C
kij 

” 
x (2 L+1) 	I (Ckij  rr') 	+ A(K 3/2 ; K3/2) E rr' I 	(C

ki 
 rr') 

-1  1,4 	 f+3/2 	
j 

- 2 rr' I, 	(C .
j 
 rr') + 19 rr' 	FF(f f ; L) +3/2  kl 

L 

x I 	(C". . rr') 	- (8 r'2- 4 r2- 11)(rr') I, 	(C" 	rr') 
L+3/2 x'a3 	

K 43/2  kij 

+ 

7 
12 1: F

5
(f k ;3/2L) [: 	

7 
(2r' - r2

) I (C . . rr') - 	1 
= 	kij 

L tri- 
2Ckij  

x (2L -1) I l (Ckij  rr') 	rr' I 	(Cki4  rr') 	3 
L+-2- 	 L+3/2 	d  

0 00 (Ix.6.3) 

where 

t (1) 2 	 , 	t (3) 
e3(r' ,r) = (4/3)

4
(2/3)

4 2 Tr m 	A.
1 
 A. U 

k .11  2 iljik.1  

If 	 2 	" 	2 
x (277/Ckij 	 a

jik 
Exp(- 	 r' - b.. r ) 	 (IX.6.4) 

jik 
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and 

t (2) 
e3(r',r) 	- (4/3)4  (2/3)4  27i'M' 

2 

1 	t (4) 
A
i 

A
j 

U
k 

sk=1. 

 

22 
il 

x Exp(- a..
k  r' - bil  .k  r ) • (ix. 6.5) 

and F
5
(f K ; 3/2 L) was given in (VIII.3.b.4) 

(IX.7.) THE SPIN-ORBIT DIRECT TERM 

This term is given by the following expression 

s.o S. 
,D kr) = 4Mr 	C, ,(J M;m' M-W) C (J M;m M-m) 

JK M(D-s) 	
311 	X 
2 - I m' m f s 	Ks 

e' 	8.0 (II) 
x 	dR R2 1 dA(0())R )1 do(04 ) <xl" (1,23)1(I)D(R) V( r12) y (e,4)) 

o 	 M-m' 	 m' 

x  11; (21+ 272)* 112 S23(2) !XS  (1,23):> (1)s(R) y(el m) 1 fs  (r) 
M-m 	r JKM 

• (IX.7.1) 

(102\  Since the spin-orbit operator 1( a- + a2). 112 S2.3‘'" 

is a Hermitian as has been indicated before it follows that 

the result for this operator will be exactly the same as 

that obtained in (VI.4.5). Hence, the direct spin-orbit 

interaction term in the doublet state is given by 

s.o 
D ,(r) 
• M(D-s) 

s.o 	1 
B
3
(r) A

Jf 
12  (r) 	(K ,K)... (ix.7.1) 
Jfm 

and in the quartet state, by: 



3/2 
+ 	B

3
(r) E

1(1 3/2 ; K3/2) 	f (r) 
JO 

8.0 
• (IX.7.2) 
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s.o 
,D (r) 
g M(D-s) 

s.o 2 	8.o 3 
B3(r) Ag 
	' 
S(f f) 	B3(r) A(K 3/2a3/2) 

where 

s.o 1 
B3(r) = If M 

30 
,j ,k=1  

5.0 (1) -5/2 It 

' j A. . 	. 	Uk ' ljk ljk 

s.o (1) 
,uk  (i- i  

1.2-  5  
2 

s.o (1) 

I Exp(-( Ak  - )r2  ) ijk ijk 

s.o 2 
B
3(r) = M t2 ,j,k=1 

• (Ix.7.3) 

s.o (2) 	m 	3/2 

	

A1  . A, 	U 	Ur/ 	. l  ) 

	

j 	jk 

x r z 
8 

• 11 
6  ijk  

 ijk 

- 1 (1--
2 

2 
?f"
.j 
 )r

2 

lk 

s.o (2) 	s.o (2) 2  
Exp( - 	,zk  (1- ,u 	)r ) 

4 ijk 

• (IX.7.4) 

8.0 3 
B
3(r) = M 112 

	

, 	s.o (2) , u 	„ 3/2 

	

U A. A. 	O i  + 60 6 .. (TC/ 

	

1 	k 	j 	13k 	Aijk)  
,k=1 

Tki.jk 

x Exp( 
s.o (2) 	s.o (2) 

auk (1- ,u 
)x.2 )  • (IX.7.5 ) 

4 Xiik  

and 

B.° 4 2 1 	8.0 (2) "2 

	

B3
(r) = Mr 	1 j 	Uk 	5  ijk A. A 	(1-i e. ) 

2 
lj,k=1 

	

" 3/2 	6.0 (2) 	s.o (2) 	2  
x (Tr/ Aijk)  Exp(- 	''k 	(1- A

k 	
)r ) 	... (IX.7.6) 

was given in (VI.4.8.5) and E1  (f
1 
 3/2;f3/2) 

4 1i  
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CHAPTER X 

THE COMPLETE INTEGRODIFFERENTIAL EQUATIONS  

FOR THE (P-d)-SCATTERING  

The resulting terms obtained in the previous chapters 

are now collected, regrouped and finally put into a form 

suitable for numerical computation. 

(X.1.) THE DOUBLET STATE 

The integrodifferential equations describing the scatter-

ing of nucleons by deuterons are written in the form of single 

equations for f if = 1J-i I and J+3 for J 

2 
DI  F(r) + 	U, (r) Fx(r) + Qp, (r) Fx(r) + QV, (r) 

f f 	f f 	XL 

00 
2 

x d 	F (r) + Qx, (r) d 	vfl(r) + 	dr' Q, (r,r') FE(r') 	= 0 
dr 	 ' A X 	f f 	dr2 	0 	f f 

... (X.1.1) 

where 

d2 
	t D2 

, = 	- f (f + 1) + K
2 

dr 	
r2 

(X.1.2) 

and 

K
2 
= 4 M E 	 ... (X.1.3) 

3
2 • P 

and where 

caul 	s.o 	s.o 
U1  (r) = 

c
U (r) + 	U, (r) + 	u, (r) + QU, (r) + 	U,(r) 

XX 	IL 	f f 	XX 	XX 	f 
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t 	s.o 
+ 	u, 	(r) 	+ 	u, 	(r)i-  U, 	(r) 	... 

XX 	 f 	XX 

(1) 	Q 	(2) 

(X.1.4) 

Qp, 
XX 

(r) = 4 m 4 
L 

P, 	(r) 	- 3 P, 	(r) 
f f 	K 

[ K(Xi.1) 

3t 

... (x.1.5) 

Q (1) 	Q (2) 
V, (r) = 4 M 4 V, 	(r) 	- 3 V, 	(r) ... (X.1.6) 
XX 

and 

3,2 I- 3 XX 	 f 

Q 	(1) 	Q 	(2) 
QX, (r) = 4 m [ .3 X, 	(r) 	- 27 	X, 	(r) ... (X.1.7) 
XX 'ex- 4  1(  f 	

IT 	XX 
wk 

and 

cola 	s.o 
Q, (r,r') = K, (r;r1 ) + 	K, (r,r') + 	K, (r,r') + QK, (r,r') 
XX 	XX 	XX 	XX 	XX 

5.0 t ' , 	, + 	K, (r,r') + K, (r ,r') + 
s.o 

 K, (r,r') 	+ tK, (r,r') 
X X 	XX 	XX 	XX 

+ W, (r,r') + T, (r,r') 	 (X.I.8) 
1 	XX 

The symbols attached represent the contribution from 

various interactions. The prime and the double prime denote 

the (s-D) and (D-s) interactions respectively. Thus, 

2 	c (1) 	3/2 	Q (1) 
cU, (r) = 4 m 	AiAj  Uk  (it/ Aijk) 	Exp(- Ak  (1- jk/2)r

2) 
X. X 	 ,k=1 

0040 (X0109) 

cola 	V2 
U, (r) = 	EMe

2 	A. A. ( -1--c/( 0(.4- 0c.) ) 
X 311. r i j =I 	

1 J 



s.o (I)  
Ak (1- Ijk /2)r

2  - 5/2 x(  
Ijk 
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s.o 	• 2 
U, (r) = - 
K K 2 i,j,k=1 

s.o (I) 3/2 

	

A. A. 	
TiAJK 	i jk 

(T r/ 	) 

	

j 	k  

5.0 (1) 	s.o (1) 
x (I - X.., /2) Exp(- 

ilk (1- 	pk 	A Jk 	* /4 	)r2).. 	(X.1.11) IJk 	 i  

Q (1) 	Q (2) 
QU, (r) = 4 m F 4 Ut  (r) - 3 U, (r) 
kx 	2 I- 3 fx 	If 

where 

Q (II) 	2 	1  Q (II) 	3/2 
U, (r) = 	Al  A. Uk 	(71-/ 
I 	j 	 ijk)  

i,j,k=1 

... (X.1.12) 

-2-  
3 (1). .+ 	/4) ijk 

Q (II) 	Q (II) 
4 4‹.r2 

1'1 .
k 	Exp(- A

k 	
(1- A

k 
/ 4 Ti  )r2 ) 

	

J 	13 	 jk 

(II=1,2) ... (X.1.13) 

	

6.0 1 	2 	s.o (1) 3/2 
A. A 	

Uk 	(IC/ A. ) 
KK 
U, (r) = - M j 1  4- 4112 

 i,j,k=1 	
ijk 

8.0 (1) 	s.o (1) 
x Exp(- ,uk (1- k /4 A 	r2 ) ijk)  ... (X.1.14) 

(r) = - 4 14 
XL 	51.12 ,j1k=1 

t (I) 	 3/2 
A. A'. 	U 	(IC/ A 	) k 	ijk 

12 	
/2)2 4 	1 	 2 x I: 	I+ 	(1- X. 	/2) r 	(10X. . / A.. ) (1- X.. /2)r aijk ijk 	 ijk ijk 	ijk 

,2 	t (1) 	t (1) 
1  - 16/4 ?\ijk Exp(- ,u 	(I - 	/ 4 Aijk )r2 )... (X.I.15)* 

8.0 H 	 2 	1 	s.o (1) 	 ,, _ 	3/2 
U, (r) = - M 	A. A. 	U 	(T(/ A. 	) 

2 L- 
411, i,j,k=1 

1 j 	ijk 



 15/4 jik  Exp(- g
k 

(1- g
k 
/4 A )r2) j  

11 	 t (1) 	t (1) 
• • • (x.1.17) 
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s.o (1) 

x  ( ?jjik / 	(1- iijik /2)r2  - 5/2  

s.o (1) 	6..0 (1) 	" 	2 x Exp(- 	pk  (1- 	gk  .1 4 .Ajik)r ) 	(X.1.16) 

t " 	2 
••■•••• 

U, (r) = - 4 M 
K 3n ilj,k=1 

t (1) n  3/2 	2 
A
j 

U
k ( 7r/ 	) 	F -4 

aik 	L 	ijk 

x (1 - )'
jik /2)

2 
r + (10 	jik /) (1- j 3.. k /2)r

2 

Q (II) 	2 	Q (II) 	3/2 
PI  (r) = 	A. A. U 	( Ir/ 	) k 	 ijk 	ijk X f  

i ,k=1 

Q (II) 	Q (II) 
x Exp(- pk  (1- uk  / 4 

ijk) 
 r
2
) 

	

(II=1,2) 	... (X.1.18) 

and 

Q (II) 
V, (r) 
'K 

 

Q (II) 
A. Aj  Uk 	( 

3/2 
IT/ A ) E 

ijk 
3 r(1+ 
2 

2 
T. . 
ijk

-3/4 
 ijk)  I k=1 

 

Q (II) 	Q (II) 
- 3 4'j  / ijk 	Exp(- pk 	(1- pic  /4A i jk)r2) 

(II=1,2) ... (X.1.19) 

and X 	8u 	where BL 0-) w as git/4*- 	(4E.5."2-)*v'P

(1T, 	cin 

L 
	'JD 

2 c  (3) c 	„ 	 Ni 

	

K1  (r,r') = (m./3) 2 M 	A. A 	U
k 

(21T/ 	r' / 
K K 

i,j,k=1 	
j 	Cijkr 

x 	
i 

(C 	ri" ) Exp(
- i 

xp(- a 	r2- 	r'
2) 

jk 	jk 	bijk ... (X.1.20) 
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, coul 
K, (r,r') = + (4/3)

4 
 311 Me

2
rr' 	A. A. 

f 	12 
i,j=1 

1 

x.Exp(-e.r
2

j  
r2- f. r

12 
 ) ( dl Pf(1) 	

2 
 + r'2- 2 r.r') 

11 

x Exp( b. . r . r') 

S.0
K, (r,r') = (4/3)4 16 -rim rr'  
XX 3 ti  2 

... (X.1.21) 

6.0 (3) 
A.
1 
 A. 	U

k  j 
i,j,k=1 

x r ( 	) / Cijk 	(2Tr/ cijk  rri) Ajg  IK+1_(Ciik  rr') 

x Exp(-a 	r
2
- 	r'

2
) ijk 	bijk  ... (X.1.22) 

Q K, (r,r') = 
	

QE l(r) 
	

(X.1.25) 
f 
	

g M(s-s) 

where QE ,(r) 
	

was given in (V.5.30) 
g M(s-s) 

s.o, 	s.o 
K, (r,r') = - E ,(r) 
X X 	g M(s-D) 

s.o 
,E (r) 	was given in (VIII.4.10) 
g M(s-D) 

t 
K, (r,r') = 	

t
E ,(r) 

X f 	• 	g M(s-D) 

where 
t
E,(r) 	was given (VIII.3.a.3) 
g M(s-D) 

... (X.1.24) 

... (X.1.25) 

8.0. n 	6.0 

1 K (r' Ir) = 	K , r 	r', r' 	r , i 	(X.1.26) 
f k 	f f 
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and 

t 	t 
K, (r',r) = K, (r 	r', r' 	r , 	j). ... (X.1.27) 
KK 	k f 

we have also 

W, (r i rl) = W ,Cr) 
K K 	JK Ws-s) 

+ W ,(r) 
a Ws-D) 

... (X .1.28) 

T, (r,r') = T 	(r) + T t 	(r) 	(X.1.29) 
K K 	JK Ws-s) 	JK M(s-D) 

where W , 	(r) ane W, 	(r) were given in (IV.1.5) 
JK Ws-s) 	Jk Ws-D) 

and (VII.l.2) respectively. 

and T , (r) 	and T , (r) 	were given in (IV.2.19) and 
JK Ws-s) 	JK Ws-D) 

(VII.2.5) respectively. 



coul " 

U, (r) + 
k 

8.0 11  
) 	U, (r) 

Lk 

... (X.2.2) 

• 0 • (x.2.3) 

... (X.2.4) 
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(X.2.) THE QUARTET STATE 

The integral equations in the quartet state have the 

following form: 

D, 	F(r) + 
K 

U, 	(r) 
KK 

+ P, 
11 

(r) F(r) 	+ 
K 

QV, 	(r) 
k! 

d 	F(r) 
drk 

04 
+ X, 	d2 	F(r) + c-  dr' 1: K, (rir') 

0 	f f 
+ W, (r,r') 

kk 

+ T, 	1[F(r 1 ) 	= 0 	... (X.2.1) 
k 

There are two coupled equations for fa. IJ-3/21 ,...,J+3 
2 

with J 3/2, and another two independent equations for 

f = K = 1,2 but with J = 

2 
The operator D, 

K 
U, (r) Qp, (r) QV, (r) 
II 	KK 	KK 

and QX, (r) as well as the kernels 
KK 

was given in (X.1.2) and the functions 

K, (r,r'), W, (r,r') and T, (r,r') 
KK f Kx 

are all given below. Thus, 

cola 	6.0  
U, (r) = cU, (r) + 	U, (r)+ U, (r) + U, (r) + U, (r) 
K! 	xK 	fk 	KK 	xx 	XX 

coul 
+ U, 	+ U, (r) + 	U, (r) + 

KK 	xK 	XX 

t 	t 
+ U, (r) + U, (r) 

kf 	KK 
Q (1) 	Q (1) 

Qp, (r) 	k(f + 	PL (r) + P 	(r) 12  

	

K 	 -12 	-I 

Q (1) 	Q (1) 
Qv, (r) = - 

V1=12 
(r) - VM (r) 

	

kk 	 -12 
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Q (1) 	 Q (1) 
QX, (r) = XL  (r) 	1-11(k,L) x 	(r) 

	

=12 	 -12 
... (X.2.5) 

, 	a 	, 	(71) 	 ci 0) 
sirc- 	• ) B 	, olcoir. r) 	B ty) 

(?) 41".4- 	("1" 	 s."2) A-4  ( 227'5.16) 'r-e$19"-  SIDO 

rt- I 3- 1 	M 

and 4, 	Q  (41 

K, (r,r') = cK, (r,r') + 	K, (r,r' ) + 	K, (r,r' ) tK, 	) 
xx k k 	1: X' 	x x 	g 

S.0 , 	S.0 	t , 
QK, (r,r' ) + 	K, (r I r' ) + 	(r,r' ) + K, (r,r' ) 

K 	 f K 	 I: 	k 
t „ 

+ K, (r,r' ) 	

• 	

(X .2. 6 ) 
k 

(1 
W, (r,r') = W, ) (r) 
k  

and 
(1 

T, 	T,
)  

(r,r') = 	(r) 
k 	k K 

(2) 
+ W (r) 

(2) 
+ T, (r) 

X 

. . . 	(x.2.7) 

... (X.2.8) 

Thus, 
2 	c (2) 3/2 

(r) = - 4 M 	A.1  A. UK 	l ( rr/ 'A.jk  )  k x 	3t2  ,j1k=1  

c (2) 	c (2) 
x Exp(- pk  (1- pk  / 4 Ai  jk  )r2 ) . . . 	(x.2.9) 

cool 	 2 2 	 ‘/2 
U, (r) - 	si3 M e  TrE 	A. A 	71  ( 7/ (°`. j +"')) 
f f 	2 j 

3 11 	i,j=1 1  

• (X.2.10) 

2 	 +. (2) 	3/2 tU, (r) = 4Mr2 7 	A.A.uk 	 icTivAii00.- Y. jk  /2)2 

k 3 1-1 
÷ (2) 	(2) 

x A(f 3/2  ; k3/2) Exp(- pk  (1- 
t 

 pk  /4 \jk) r2 ) 

• (X.2.11) 
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s.o 	2 	s.o (2) 	3/2 
U, (r) = N 7 	A

i
A
j 	

U 	(r/ 	) (1- Y, . /2) 
K K 	1.2 L- 

11 i,j,k=1 	
k 	

2  . 	
ijk 

s.o (2) 	s.o (2) 1 
x A

JK 	
"x-

jk )(f ,f) Exp(- 	au
k 

(1- 	„u
k 

/ 4 	)r
2
) 

i 

... (X.2.12) 

	

.Q (1) 	Q (1) 
QUI  (r) = UT  Cr) - Um  (r) 

K f 	=12 	-12 
... (X.2.13) 

where 

Q (1) 
U 	(r) = 4 m 
L12 

 
3t2 

,k=1 

Q (1) 	3/2 
A. A. U 	(7r-/A ) 1 3 k 	ijk 

x r 	c j(1 -(3/4))I jk ) 	r2/1.  
ijk 

Q (1) 	Q (1) 
x Exp(- pk  (1 - pk  / 4 'Nijk)r

2
) 	... (X.2.14) 

and 

	

Q (1) 	Q (4) 
U
M 

(r) = BM 
(r) 

	

12 	-12 

Q (4) 
where B)1  Cr) was given in (111.5.19). 

-12 

(X.2.15) 

c 
2 	c (2) ,2 

' 
U, (r) = - 4 M AU 3/2 ; f3/2) 	A. A

j  Uk 	ilk 
K f

A
2 

i,j,k=1 

.., 3/2 	c  (2) 
	c 

(2) 
x (7r/ ilk) 	Exp(- auk 

(1 - uk  / 4 X
!
. )r

2
) 

i 	 13k 

... (X.2.16).  

cola 
U, (r) = - M e

2 	
A(f 3/2;K3/2) 

K K 	4 'nr
3 

3/2 
x ( 1r/( 0€.4- 	) ) 

J 

=1 

A:A
j  
. (1/0(1.4-c)

2 
j 

(X.2.17) 



t ' t (2) . 	3/2 
U1  (r) 	- 4 m 	A. A 	U 	(lr/ 	) 
X 	1.2 L.- 	1 j 	k 	ijk 

3h i,j,k=1 

2 
xE A(K3/2 ; K3/2) 

[ 
x ijk  (1 - X2 ijk 	ij /2)r

4
- 7 (X!. k i ) jk 

2 
x (1 — ijk /2)r2 	+ 2 T. 	- 	Tijk 	l )2r4- (5 r2  /2t. jk  ) ijk  

,2 	t (2) 
x ijk 	jk 	 ljk (1 — 	/2) + (15/8 	) 	Exp(— uk l  

t (2) 	, 
x (1 — auk /4ijk )r2) ... (X.2.18) 

s.o ' 	2 	 s.o (2) 	3/2 
U1  (r) = 	

L- 
M 	A

i  A j 	Uk  VC/ ljk  ) 2  i,j,k=1 

2 r2  x 	[ (7 gl jk/ 8 2%.2. jk ) 	i(i — 	 jk/2) 	jk  rc- 	Ajk 	,f) 

1 	 1 
+ ( 	jk 	ijk 	1 

	

) c‹. 	j + a ) A(K 3/2 ; K3/2) 	ijk r2 

s.o (2) 
x (1 - i jk  /2) Ei(f 3/2 ; f3/2 ) 	Exp(- dui(  . 

s.o (2) 
x (1 -}ik/ 4 ijk  )r

2) ... (x.2.19) 

The (D-s)-terms can be obtained by the interchange 

of i and j respectively. i.e. the (D-s) term of the 

central interaction 
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c 
U, (r) = 	4 m 	3/2 ; K3/2) 

k 	30 
,j ,k=1 

c (2) ,2 
A. A. U 	a 
1 	k 	ijk 

	

, 3/2 	c (2) 	c (2) 
x Or/ 	) 	Exp(- k (1- ,uk /4 Aijk)  r2) 	(X.2.20) 

we also have 

Q (1) 	2 	Q (1) 	3/2 
PL 
E 	

m (r) = 4 

	

p 2 	
A. A. Uk 

	ijk (Tr/  ijk  ) 

	

l2 	
• 

3h 1,j,k=1 

	

Q (1) 	Q (1) 
x Exp(- Zak  (1- Ak  /4 Aijk)r2) 	(X.2.21) 

Q (1) 	2 	Q (1) 	3/2 	Q (1) 

	

PM (r) = M 	A. A. U 	(Fr/ A. .k) 	r-2-5r xk 
/4 A.. 1 1 a k 	ijk 	L 	lak I 

	

-12 	s2 
h 0,k=1 

	

Q (1) 	Q (1) 
x Exp(- Nk (1- p.k /4 Aijk)  r

2
) 	... (X.2.22) 

Q (1) 	2 	Q (1) 	3/2 
V
I12

(r) = 4 m 7 	A. A U 	(Tr/ A ) r 3 (1+ Y. 
3112  it,k=1 1 j 
	L k 	ijk 2 	 ijk 

2 	
J  

	
Q (1) Q (1) 2 - 	 ik)r - 3 r / Aijk i Exp(- Ak  (i- Ak /4 3jk)r) 

and 

	

Q (1) 	Q (2) 
V 	(r) = B 	(r) 

	

-12 	-12 

• (X.2:23) 

• (X.2.24) 

Q (2) 
where BM (r) was given in (111.5.17) 

12 
2 	Q (4) cK, (r,r') = (4/3)4 27FM 7 A. A. U 	(27T/Cijk rr1)7 

f f 	 , 2 
.i,j,,k=1 	

a 	k 



xI(C.x.rt)Exp(-a_ljk r2 bijk - 	r,2 ) 
.1    

... (X.2.25) 

COU1 	 „ f 4  K, ( r,r 1 ) = (q/.3) 3TEM e
2
rr  

f 	11-2 

2 

j =1 
Ai  Aj  Exp(- 	.r2— f. r'2) 13  

+1 	 -"2 
X I 	Pr((1) (r2+ r' 2- 2r.r') .Exp(bij  r.r')... (X.2.26) 
-1 

2 	 t (4) , t
K
f
, 
k 	2 L- 

(r,r') = (4/3)4  8rcm 7 	j A. A 	Uk 	(27C/Cijk  rr' 
9 t i,j.,k=1  

2 	2 	1 
ijk x Exp(- a 	r 	ijk r, ) A(f 3/2 ; f3/2) r r2 I (C. 	rr')k 

+ 11'
2 	(C..ijk rr') - rr' E FF(ftfIL) I (C. .

k 
 rr') 

L+i 13  

... (X.2.27) 

2 
K 1  (r,r') = (w3)„ 4  16A- M rr' 	

s.o (4) 
8.0 

	

A. A, 	Uk K f 	i.2 	 0 
3 h 	i,j1 k=1 

x (21r/ 	rr')2 	 -1 A,a 	l(Ci 	rr') Cijk 	
L 1 	IJK uA 

s.o (4) 	s.o (4) 
x Exp(— A

k 
 (1— A

k 
 /4A

ijk
)r2) 

QK, (r,r') = QE 1 (r) 
K 	JK Ws-s) 

• 
where QE ,(r) 	was given in (V.5.31). 

JK M(s-s) 

... (X.2.29) 

2 	c (4) 
cK, 

 
,x  (r 1 r 1 ) = (4/3)4 8Trm 	A.1  Aj  Uk (27r/Cijk  rr1)7 
f 	17  i,j,k=1 

(X.2.28) 
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x AW3/2  ; K3/2) r 4r2  I (C'. 	rr') +1-'2  I, (C!. rr') 
L 	iik  

+ 2 rr' 

L 

c (4) 	c (4) 
FF(f 	; L) I 	 )r2) 

1,44 (C. 
	rr') 	Exp(- pR (1- ,uk /4 2: 
ljk 	 ijk 

coul K, (r,r1 ) = 	coulE ,(r) 

K K 	 JK M(s-D) 

where coulE  ,(r) 	was given in (VIII.2.5) 
JK M(s-D) 

t 	t K, tr,r1 ) = - E ,(r) 
K K 	g m(s-D) 

where tE ,(r) 	was given in (VIII.3.b.2) 
JK M(s-D) 

s.oK, 
' 

(r,r') = - 
s. 0

E ,(r) 
K K 	JK M(s-D) 

where s. 0E ,(r) 	was given in (VI11.4.15) 
JK M(s-D) 

w(1)(rirt) = - W ,(r) 
K K 	JK m(s-s) 

41(2) 
 
(r,r') = - W ,(r) 

K K 	 JK M(s-D) 
• 

0110 (X.2.3°) 

000 (x.2.31) 

... (X.2.32) 

... (x.2.33) 

... (X.2.34) 

... (x.2.35) 

also where W,(r) 	and W ,(r) 	were given in (IV.1.5) 
JK M(s-s) 	JK M(s-D) 

and (VIII.1.2) respectively. 

(1) 
T, (r,r') = - T ,(r) 
K K 	g m(s-s) 

(2) 
T, (r,r') 	- T ,(r) 
K K 	JK 14(8-D) 

... (x.2.36) 

... (x.2.37) 
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where T ,(r) 	and T ,(r) 	were given in (IV.2.19) 
'J M(s-s) 	a M(s-D)  

and (VII.2.5) respectively. 

Similarly, the (D-s) terms can be obtained by inter- 
1 

changing the variables 	tf and i , j as well as the r and 

r' consecutively. e.g. 

i,j,k=1 

" 
K, (r,r') = (4/3) 1-  M 

X 	
4 

89  .11.2  

c (4) 
Al  A. Uk 	(27r/C

ijk
)2  

 j  

If 
X A(f3/2 	, 3/2) E r2 I (C. 	rr') + 4 r'2 II  (C, .k  rr') 

f+i '3' 	f 	'3 

1 
+ 2 rr' 	F(f 	; L) I 	(C.

1 
 . rr') 

L+3 13k  L 

c (4) 	c (4) "  x Exp( - ,uk  (1- 	/ 4 'Aijk)r
2 
 ) ... (X.2.38) 



PART (3) 

NUMERICAL ANALYSIS AND COMPUTATION 
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CHAPTER XI 

NUMERICAL METHODS 

The numerical work was done on the CDC 6600 and 503 

machines, at Chelsea College Computer Centre, Pulton Place, 

London, S.W.6. 

The main purpose of this calculation is to obtain phase-

shifts, differential and total cross-sections. In solving the 

integro-differential equations given in (X.1.1) and (X.2.1), 

one converts these equations into an equivalent set of algebraic 

equation and these are then solved by matrix inversion. 

The equations required to be solved numericaliyfor p(did)p, 

elastic scattering have the following form: 

d
2 

Fe(r) + 	r z, (r) F (r) 	Qv, (r) d 	Fe(r) + QX, (r) 
7- 1-  dr

2 	 f f 	dr 	 f f 
A 

00 

x d2  Ff(r) + c dr' Q, (r,r') F (1") 	= 0 (XI.1) 

dr2 	0 	 f f 

where 

z, (r) =[ k2  - p 	
-1 

g+1) 	Eu t ,f) 	Qp, Cr) + U, (r) 
K K 	 r2 	 f 	f 

000 (X1.2) 

Q, (r,r') = K, (r,r') + W, (r,r') + T, (r,r') 	(XI.3) 
KK 	KK 	KK 	KK 

and 

F
f 
 (r) = fS  (r) 

JKM 
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The functions Z, (r), V, (r) and X, (r) converse 
KK 	'f k 	Kg 

fairly rapidly as the variables r and r' become large. 

In carrying out the computation, we noted that the 

kernels as well as the matrix solution of the coupled 

equations consumed most of the time required to solve the 

problem, and they in fact constitute a major part of the 

whole computation. For this reason, the basic internal 

functions (i.e. s- and D- state functions), as well as the 

potential function, are all cllosen, to have a Gaussian shapes. 

This enables the angular integration part to be carried 

out analytically in terms of the modified spherical Bessel 

functions of the type In(X) = (-1)-nJn(iX). Equation(XI.I.l) 

can now be solved, with the following conditions imposed 

upon Fg(r). That is Fg(0) = 0 and Fg(h) = 1, where h is the 

interval of integration. Again, the kernels in(XT,X.1)converge 

rapidly, and this enables us to replace the infinite limit in 

the integral by a convenient finite limit R , and the range 

of integration can be split up into a number of pivotal points 

r', rl, 	R at small interval h (Robertson, 1955). 

Thus, 	1 00 	 R 

i.  Q, (r,r') Fg
(r') dr' = 	Q, (r,r') Fg(r 1 ) dr 

f f 	 If 0 	 0 

At r = r
n 

, the integral can be expanded as a sum 

R 
Q, 
f 
(r,r') Fg(r') dr' 	T 

P 
Q, 
f
(r 

q P 
, r') F

fp  
(r') 

 p=0 	
(XI.5) 
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where the coefficients T are the numerical factors of the 
p 

integration formula. 

Choosing the same pivotal points in the range of r, we 

can replace the first and second derivatives in the integro- 

differential equations by their finite-difference approximation 

(Fox and Goodwin, 1949). 

2 	4 	6 
h
2 

d
2 	

Fv(r) = ( 	- 1 g + 1 	+ ...) yr) 	(xI.6) 
dr 
2 A 	12 	90 

and 
3 	5 	7 

h d F (r) = 11( - 1 5 + 1 5- 1 	S+  ...)F (r) 
71r 	30 	T4T5 

(XI.7) 

where , and u  have their usual definitions (Buckingham, 1962). 

Using (XI.5), (XI.6) and (XI.7), we can write equation 

(XI.1) as follows: 

2 	It 	6 
[ ( S(f If) + X, Cr)) ( 6 - 1 S + 1 	+ ...) Fx(r) 

X 	12 	90 

3 	5 
+ h

2 
z, (r) F (r) + h V, Cr) 1.1( 	1 	+ 1 E + ...) Ff(r) 
f 	 6 	30 

T Q, Cr $ r' ) 	= 0 	(XI.8) 
n  P ff cip  

Taking r = th, for all points of tabulation, we use the 

following relations (Comrie, 1942): 

u Ff(r) = 1 [ 	+ 1) - Ff(r - 1) 	(XI.9) 
2 

2 
6 FK(r) = r F

f
(r + 1)- 2 FK(r) + F (r - 1) 	... (XI.10) 
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3 
F
f 
 (r) = 1 

2 

Ff(r - 2) 

 

r + 2) - 2  FK(r + 1) + 2 FK(r 	1) 

••• (XI.11) 

and 

4 
F F1(r) = E F

K
(r + 2) - 4 F (r +1) + 6 F (r) - 4 F,.(r-1) 

+ Ff(r - 2) ] 	

• 	

(XI.12). 

Now putting Ff(th) = Ft, 

Mt = O(A IX) + X, (th) and 
ff 	ff 

t p 
at  = T 	Q, (th,ph) 
ff P ff 

Equation (XI.8) can then be written as: 

t-2 t+1 M, (-1 Fa 	+ 3 Ft-1 - 5 Ft, + 	F.& 	-1 	Ft+2) 
f k 	12 A 	a A 3  A 	 r 

+ h Vt  (1 Ft-2  2 	I 	t+2 

ttf 12 g  -3 

Ft-1  

1 	
F
t+1 

- 1 
f 	

Fa ) 
" 

q
h
2 t 	t p 

+ h Z, 	F 

	

a, 	F 	= 0 	(X1.13) 
ff 	p=0 xx 

Using the three point difference formulae, equation 

(XI.13)reduces to the following form: 

t+, 	t 	t-1 [ m, ( F, 	2 Ff  + Fi  ) +h 
X 

- Fr ) 
ff 	 2 f f 

2 t t h Z, F + 
ff 

t p 
a, Fv  
f f 

E
t 

Ft 

• 

(XI.14) 
kkk 



where 

	

4 	6 
Et 
	t 

E, 	Fa  = M, (1 	- 1 S + ...) Ft  K  +_h V, 
K K K A 	f k 12 	90 	f K 

3 	6 
x 	b•-• - 1 	+ ...) F (t=1,2,3 1..,n-1) 	(XI.15),  

30 
 

putting 

S 
\, =14.  + h VS, 
kf ff 2 KK 

us =M, -h V, 
ff ff 2ff 

and 

S 
.1)
s

1 	= h2  Z, 	- 2 M, 
f 	IX 	KK 

and using the boundary conditions imposed upon FK(r) 

[ i.e. FK(0) = 0 , FK(1) = 1 I], enables us to write equation 

(X.14) in the following form: 

HiJ 0+1 = 	(Bil  + Ei  ) 	(n'=1,2) 	(XI.19) 
n=1 n'n n 	n'n n'nn 

where 

H13  = 	j 1) 	+5(i,j+1) 	S(i-1,j+1) .0 
n'n 	L 	n'n 	n'n 

(XI.20) 

and 

B 	= - r h2  All 
	+ S.(i+1,1) 	- S(i,l) 1 

n'n 	n'n 	n'n 	n'n 
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- 1,1) Al 
n n 

Further more, equation (XI.19) can be written more 

concisely in a matrix form as: 

HF=B+ C 	 (XI.22) 

Where H is a square matrix of order i(j-1) x (j-1)i 

for the coupled equations, and F,B and C are vectors or 

single column matrices of order i(j-1). The vector C 

represents the overall truncation error which is usually 

taken into account if higher terms other than the third 

are considered. Again, the solution of equation (XI.22) 
S 

will be defined only if one of f is prescribed. 

For convenience this is normally f
1 

or f
n
, bearing in 

mind the f
o 
nust be zero. If f

1 
is chosen and C is neglected 

then equation (XI.22) can finally be written as 

H F = b 	 (XI.23) 
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CHAPTER XII  

THE PHASE-SHIFTS A.NALYSIS AND CROSS-SECTIONS  

(XII.1.) THE PHASE-SHIFTS ANALYSIS  

The introduction of the non-central forces in the 

nuclear interactions cause the states to couple with . 

different values of f. The phase-shifts of the scattered 

waves split, into components, depending on the values of 

KIJ and P, the parity. Below we give a listing of the radial 

wave functions and the phase-shifts in both S=i and S=3/2 

corresponding to the substates of (J,p), with J=i and J=3/2. 

The parity of the states is defined by 

J+f-i 
P = (-1) 
	

(XII.1.1) 
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State K I S 	, J,1). Wave 	. 
function 

Phase- 
shifts 

Doublet 

0 , i 

1 , i 

1 , i 

2 , i 

1 
"2-- 	, 	4-  

A 	
"" 2 	1 

3 , + 

3 	, 	- 
2 

2 + 
fo 

2 - 
fl 

2 + 
f1  

2 - 
f2 

2 + 

o 

2,- 
6 
1 

2 + 
11 
1 

2 

2 

-__ 
 

Quartet 

1 , 3 
2 

2 	, 3 
2 

0 t  3 
2 . 

2 	, 3 
2 

1 , 3 
2 

3 	, 3 
2 

1 
2 	t  

1 -2.- 	1 	4. 

3 	, 	- 
2 

3 	, 	- 
2 

3 	, + 
2 

3 	, 	+ 
2 

4 - 
f1 

4 + 
f2 

4- 
fo 

4 - 
f2 

4+ 
f1  
4+ 
f
3 

4,
b
- 

1 

4,+ 
45
2 

4.- 
0 

4 -  
12   
4+ 
1 

4+ 

'.3 

The inclusion of the coulomb interaction causes the 

direct and exchange terms to converge slowly, and the radial 

function f(r) which is a solution to the integral equations, 

is given by the following asymptotic expression: 

f(r) = k E 	
2 

cos f  sin(kr - 	f- Ln(2kr) + o-,) + 	sin f  
f 	f  

x cos(k r - 	f - Ln(2kr) + 40-,d1 	,(XII• 1. 2) 
2 
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Which at two neighbouring points r1  and r2  can be 

written as: 

Tan. K  = - fK(r2
) sin A - f (r ) sin B 	

• 	

(XII.1.3) 

f(ra ) cos A - f
K 
 (r
1 
 ) cos B 

where 

A = kri- Tr f - Ln(2kr1) + ak and B = kr2- 2E.f - Ln(2kr2)+ak 
2 	 2 

and where kg
X 
 is a constant amplitude and a-,

A 
 is the coulomb 

phase-shift, defined by 

ro-  - a g Ni 	+ 6 ) 

where 

 

= 2 M e2  
3 t2k  

▪ (xII.1.5) 

and 
• 

k
2 
= 4 M E 

3fl
2 P 

• (xi.' .1.0 ) 

ok can also be expressed in terms of the following 

expansion 

ak = 6E(K) 	( 	arctan 	 ) 	(xII•1.7) 
n=0 1-a+n 	14+n 

where E(K) is the Euler's constant 

E(K) = Lim E (1 + 	+ 	+ ...+ 1) - Ln(f) 
7 

= 0.5772156649 	 T .1.8 ) 

The a- is easily obtained by using the recurrance 
K+1 

relation 

a-  = o- + arctan ( If/14) 	... (XI I • 1.• 9) 
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(XII.2.) THE DIFFERENTIAL AND TOTAL CROSS-SECTION  

The total differential cross-section for the elastic 

(p-d) scattering is given by 

a(e) = a (a) + oi(o) + a-(0) 

where cr (e) is the coulomb cross-section given by 

a-(0) = ( W/2k)2  cosec4  (9/2) 
	( XI I .2.2) 

and 

L1 2  E 6 cosec2 (0/2) (i) 

LL2 " Jpj6k
2 

JPJP 
x sin(W + 	+ or + o-L 	cr 

	

- 2 	)1112 sin 	j DL IS 
 (j) 

	

L1 , 	o  

J p 
x m; OH) p

L 
DI,  (j) 	S2

ts 	
2 

	

M; ON ) 	S c 	0- 	
2
(m) 

( 	S ) 	( XI I .2 .3 ) 

A 	1 	 1 

where W 	2 6 LN(sin 9), L
1-- (2 L1

+ 	and I2
= (2L

2
+ 1)-2-. 7  

Further simplification of the above expression leads to 

2 + 	2 + 	4 - 
a-I  (e) = 	cosec2(0) E sin(W +

O
) sin

o 
+ 2 sin(W +

o) 
3k2 

4 - 	2 - 	2 - 	2 + 
x sin

° 
 +.1-  sin(W + .61 + a

1  
2 	- 200) sin

1 + 
2sin(W+ g

1 

2 + 	4 - 	2- 
+ 2 a1 - 2 a-) sin S'1 + sin(W + F + 2 cr - 2 0 ) sin 1 	1 	1 

4 + 	4 + 	2,- 
+ 2 sin(W + E

1 
+ 2 0-

1 
 - 2 aa) sin 1 J 

p
1 
 Cu) +112 sin(W + W2 
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2 - 	4 + 	4 + 
+2 a2 - 2 a) sin o 

+ sin(W + 2 + 2 a-2  - 2 a- ) sin
g 

4 - 	4,- 	4 + 
+ 2 sin(W + 6

2 
+ 2 Cr

2 
 •-• 2 Cro ) sin 	p

2  01) +2 sin(W+ E 
2 j 	 3 

4,+ 
+ 2 0r3  - 2 ad sin 6.3  P3(p) 	(XII.2.4) 

and where 

0- ( ) =(1/6K)7 AK(S) Pf  (g) 
	

( XI 1.2.5) 

	

J11 
 P 	P 

71  sin •
i 
 1 

i  
- sin "S 2 - 

4..., 	
i 	j 

•  2 i'j  

I 

	

J1 
P 	i P 	 2 1..... 1 - 	2 _2 x cos( 	) E T(i Ji  pi  ; j J2  p2) I 0.. (XI 1.2.6) 

	

i 	j 
and 

where 
S-i 

AK(S) = (-1) 

T(i Jl  pi 	j J2  X(fiJi  ; f2J 
2 

J, P, 
SK) 121 (i) 

fl'S  

x 
J1D - 

P2f. kj) 

X2S  

...(X1 1.2.7) 

After performing all the sums, the nuclear differential 

cross-section may be brought into the following form: 

2 	
2 	2+ 	2 	2  4+ 

• = 1/3k 	E sin 2  - ,1  + sin o 
+ sin u

1 
+ sin b2 

2 v 

	

2+ 	4- 	2  2- 	2  4- 	2  4,+ 
+ 2 sin 	0

1 
+ 2 sin 2 + 2 sin- 2 + 2 sing 	

+ 2s in2 0
1  

	

2 4v+ 	2 - 	2_- 	2- 2- 
+ 2 sin 	0

3 	P(1) + E 4 sin 	sin b2 cos( S
-  - a ) 

4 - 	4 - 	4 	4 - 	4 - 	4 - 
+ 2 sin .o 

sin 'S
.1 

cos( S
o 
- W 

1
) + 2 sin W

I 
sin 2  



-131- 

- 	4 
x cos( 	- 

4+ 
x sin 	S 	sin 1 

4 + 	4 
x cos( 2 - 

e'2 

4+ 

2 

+ 

3 	j ) 

cos( 

If sin 	o 

+ 
- 1 

p1 (p) + 

	

2 _1-
1 	

2+ 	2+ 

	

sin 	cos( 	- 	1) 

	

4+ 	4+ 
) + 3.6 sin 	sin 

	

2 	 2 

	

, 2 + 	 2 

	

[ 2 sin" 	
1 	° + I.28 

+ 0.4 

4 _+ 

3 

4 + 
g + 1.44 

4+ 	4+ 	4+ 4+ 	, 2- 	o 4+ 
x sin 	1 sin S.3 cos( 51 	+ - a3) 	2 sin" 	2 + 1• 	In 28 s• " 

 3 

4 - 	 4 - 
+ If sin!o sin do2 cos( o 	8-2 ) 	p2(1) 	(XII.2.8) 

Therefore, the total cross-section for (p-d) scattering 

is given by 

cr 	21 f cr(e) sinGdO 	 (XII.2.9) 
0 

Phase-shifts due to coulomb and nuclear interactions are 

calculated from the expressions(XII.1.3 )and(XI 1.1.7) and their 

values are given in tables (I) to (VI). 
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TABLE (I) 	THE COULOMB PHASE-SHIFTS (IN RADIANS)  

E
Lab

(MEV) cr 
0 

cr 
1 a'2 403 

2.775 -0.04487422 0.03271227 0.07156398 0.09747237 

4.50 -0.03523888 0.03573521 0.05625062 0.07659773 

6.30 -0.02978229 0.02176847 0.04756098 0.06475811 

7.5o -0.02729592 0.01995782 0.04359789 0.05935956 

11.175 -0.02228703 0.01630507 0.03560830 0.04847801 

17.25 -0.01799839 0.01317291 0.02876235 0.03915578 

22.5o -0.01575931 0.01153619 0.02518649 0.03428700 

30.00 -0.01364796 0.00999211 0.02181379 0.02969512 

The phases are given in radians between the range 

2 	2 
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2 + 
TABLE (II) 

	
THE 	PHASES (IN RADIANS) 

E
Lab

(MEV) Ours 
* 

PA BHM+  
x 

VB 

2.775 -0.33722 -0.36 

2.53 -0.3313 

3.00 -0.3748 

4.2o -0.98 

4.5o -0.56336 -0.79 

5.00 -0.8478 

6.3o -1.42208 -1.24 

7.40 -1.28 

7.5o -1.53859 -1.26 

7.85 -0.9656 

11.175 -1.36314 -1.31 

,11.50 -1.55 -1.321 

17.25 0.76874 0.90 

The above phases are given in radians between the range 

. TC 
2 

* PA- Pramanik,A., 1971. 

+ BHM- Buckingham, Hubbard, and Massey, 1952. 

x VB- Van Oers and Brockman, 1967. 
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2 „- 2 ,+ 	2 ,- 

1 TABLE(III) 	THE PHASES 	6 	1 and °2 (IN RADIANS)  

+ 
1) 
1 

T 	2 
5' 
- 

1 
E (MEV) c.m 

Ours PA Ours PA Ours PA 

1.85 -0.20759 0.254 -1.1483 -0.40123 

3.00 1.45848 -0.325 -0.9391 -0.67 -0.95834 -0.54 

4.20 -1.54700 -0.540 -1.5532 -1.33310 

5.00 •0.73656 -1.45 0.14495 -0.88 -1.4091 -0.92 

7.45 0.487234 -1.60 1.51611 -0.95051 

7.50 1.59 -1.36 

11.50 1.065266 0.20817 -1.55 -1.32445 

The above phases are given in radians between 

- 7iZ E zh 
2- 	2 
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4 - 
TABLE (IV) 	THE PHASES 00 (IN RADIANS)  

E c.m(MEV)  ELab(MEV) ours PA BHM VB 

2.80 4.20 -1.15 

3.00 4.50 -0.19883 -1.351 

5.00 -.1335 

4.2o 6.3o -0.62074 

7.4o -1.54 

5.00 7.5o 1.42868 -1.54 

The above phases are given in radians between 

2 - 	- 2 
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4- 	4 + 
TABLE (V) 	THE PHASE3 0

1 
 AND  S 2  (TN RADIANS)  

E 	(MEV) 
c.m. 

4 	- 
S1 

4 	+ 
‘5 2 

Ours PA Ours PA 

1.85 1.03106 -1,259 -0.77735 -0.131 

3.00 -0.27090 -0.355 -1.10885 1.255 

4.20 1.06516 0.436 -1.35656 1.456 

5.00 -1.34473 0.259 -1.53621 1.250 

. . 

4 + 4 
TABLE (VI) 	THE PHASES 	°

l' 	2 
AND (IN RADIANS) 

E(MEV) 
c.m 

. 

4 
6  
, + 
1 

4 
6  
, - 
2 

4 ,
6 

 + 
3 

Ours PA 	Ours PA Ours PA 
--r 

3.00 0.92031 0.426 	0.07978 -1.015 0.67963 -0.635 

4.20 -1.18357 -1.35029 -0.27545 

5.00 1.399449 -0.376 	-1.45213 1.163 -0.30735 -0.521 

The above phase-shifts are then used to calculate 

differential and total cross-section at different 

incident proton anergy. 
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TABLE (VII) 	TOTAL CROSS-SECTIONS 

QC(Barns) QN(Barns) QI(Barns) Q(Barns) 

E(Mev) , 
Ours PA Ours PA Ours PA Ours PA 

3.00  0.40428 0.2041 5.72207 3.1919 12.8612 10.983 18.9876 14.379 

4.20 0.20626 6.95547 17.3186 24.4803 

5.00 0.14554 0.0734 5.85176 2.5491 11.6119 8.5159 17.6092 11.138 

• 
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cm 

Angular distributions for proton-deuteron 

scattering at 3.0 MeV. 
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Fig. (2) 
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Fig. (3) 
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scattering at 5.0 MeV. 
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Fig. (4) 
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Fig. (5) 
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Fig. (6) 
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SUPPLEnNTRY I 

.NITAL 0..iO3S-SECTIONS 	'FITTINGS 

Equation (1) in P. 145, is now used to interpolate 

differential cross-sections at different energies. we write 

K
2 

a(k,A) = h(k) g(k,A) 	(m = cos ©) ...(1) 

k is a wave number defined in (II.1.6), and h(k) and g(k,p) 

have the following forms: 

2 
h(k) = 7 a. k 

5710 

and 	g(ki p) = 1 	b.(k) 	...(3) 

J=1  

where 

b.(k) 	k2m 

m.0 
...(4) 

and where a., b.(k) and b 	are constants, and their values 
im 

are given in the following tables: 

Table (I) 

a. 
3. 

0 -29.014661 

1 163.65516 

2 -211.331r_73 
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Table (II)  

E c.m(MeV) b
1 b2 

- 

b
3 

b4 b
5 

3.00.  1.0019075 1.7106778 -.54493191 -.00141043 0.82820520 

4.20 1.4451798 1.8566060 -4.1700294 0.31963656 5.8571198 

5.00 0.83056814 1.4504653 -0.26939026 0.02889075 0.26456704 

Table (III)  

m 

i 	• 
b . JO b 

jl b j2 

1 -7.2422896 138.25989 -547.51329 

2 -2.6186347 74.1924 -303.9638 

3 58.267231 -977.48556 3814.3700 

4 -4.7791575 78.917120 -304.77981 

5 -82.187412 1381.3872 -5401.0060 

Graphs of the calculated differential cross-sections 

as well as those obtained by interpolation are compared with 

Van Oers and Brockman, 1967; Seagrave, 1970; and the experimental 

ones, and are all given below: 
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CONCLUSION  

Programs to solve uncoupled and coupled simultaneous 

linear equations for the radial functions fS  (r), were 
J'M 

prepared by the author and the calculation was performed 

on a CDC 6600 machine, through a 200 terminal located at 

Chelsea College Computer Centre, to obtain phase-shifts 

differential and total cross-sections for both the doublet 

(S=i) and quartet (S=3/2) states. Using (XI.1.8) and 

(XI.1.11), phase shifts for (P-d) elastic scattering in the 

energy range (2.775-17.23 MeV) were calculated and their 

values are given in tables (I) to (VI). 

In the present calculation, our phase shifts split into 

components depending on the values of the total angular 

momentum J, the orbital angular momentum f, and the parity P. 

In these tables a comparison was made with several authors 

(Buckingham and Massey, 1952; Christian and Gammel, .1953; 

and Van Oers and Brockman, 1967). 

A direct comparison was made only with the phases 00  

calculated by the above authors and Pra.manik (1971) and this 

gives a close agreement. 

Similar comparison with the P- and D- phases obtained by 

Buckingham and Massey 1952; and Christian and Gammel, 1953 

was not possible, because their phase shifts do not split and 

also the potential they used does not include all known forces 

(i.e. tensor, spin-orbit and quadratic spin-orbit forces). 
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In fact, Christian and Gammel used in their calculation 

the scattering lenghts as a guide line in finding the S- 

state phase shifts. They also used the Born approximation to 

find phase shifts for partial waves with f 	1. 

The only direct comparison made was with pramanik(1971), 

and our phase shifts sometimes disagree with his. 

The values of the phase shifts which were directly 

obtained from the solution of the integrodifferential equations 

are then used to obtain the differential and total cross-

sections for 8 = 50  (50) 180, from an expression given by 

Blatt and Biedenharn (1952), and the results are displayed 

and compared with others as shown in Fig. (1) to (6). 

Our data for the differential cross-sections a(K,8)are 

also used to fit the following expression 

5 
a(K,e) = h(K) b(K)P, (cos 0) 

J J 
000 (1) 

where 

h ( K) = 	a K
i 

i=0 

K is a wave number defined in (11.1.6), and P.(cos 9) 

istheLegendrepolyhornialanda.and b. are constants. 

.A similar fitting procedure was also adopted with the 

experimental differential cross-section data (Seagraves, 

, VC& 	Pe if-5. CA. ,,Ct alrU CICArna 	(07 • 

1970)X Our graphs in general fairly well agree with the 

experimental points, apart from the fact that the minima in 

our graphs are not deep enough and show a small increasing 

displacement towards higher scattering angles with increasing 

energies. 
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A possible explanation to this may be the following: 

(i) Our calculation of the differential cross-sections is 

based on the expression given by Blatt and Biedenharn 

(1952), in which the differential cross-sections are 

directly dependent on the channel spin S, the total 

angular momentum J, the orbital angular momentum f, 

and the parityP. 

(ii):In calculating the differential and total cross-sections 

we used the values of the split phase-shifts obtained 

from the direct solution of the integrodifferential 

equations. 

(iii)The contribution of the partial waves with f>3, were 

neglected in our calculation. However, from the analysis 

carried out using expression (1), it is found that a 

small contribution of one or more odd harmonics could do 

two things (a) increase the differential cross-sections 

for 900< 9 LI 1800  and (b) shift the minimum value of 

a.(9) slightly to the left. Therefore the inclusion of 

higher phase-shifts are certainly necessary to give the 

required contribution (Christian and Carmel, 1953), in 

the backward scattering and produce minima as shown 

in the experiment - 	Further calculations to settle 

this are required and may be undertaken in due course. 
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THE BINDING ENERGY OF 

Using the resonating group method and the Hamada- 

Johnston potential (1962), the binding energy of 3He was 

calculated and found to be * 6.032353 MeV. 

This result is within the experimental value 17.718 - 0.17 

MeV considering the relativistic correction and possibly 

the effect of three-body forces. Many calculations for the 

binding energy of the three-nucleon systems have been carried 

out using different kinds of potentials and techniques. 

To my knowledge no reliable estimate of the relativistic 

correction exist so far though general considerations suggest 

that these corrections could contribute anything between 10 

and 20% to the triton binding energy. Gupta, Bhakar and Mitra 

(1965) calculated the binding energy of the 31L and estimated 

the relativistic correction to be of order of t 0.5 MeV. 

Several variational calculations using realistic potentials 

of the Hamada and Johnston (HJ) and Reid soft-core (RSC,1968), 

are due to Hennel and Delves (1972), Humberston and Hennel 

(1970) and Delves and Blatt (1969). Hennel and Delves obtained 

values of *6.5 ± 0.2 MeV (HJ) and 4 7.95 ± 0.5 MeV (RSC) for 

the triton, and Humberston and Hennel whose resutls and conclusion 

are similar of those of DelVes and Blatt, obtained a value of 

. 6.7 MeV (HJ) for 3H. In fact Humberston and Hennel in their 

calculation introduced a correction to the Hamada-Johnston 

.potential for the hard-core radius r 
0 ,

and the pion mass Ai, 
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and claim that a change in the triton binding energy from 

6.3 MeV to 4 8.48 MeV requires a change in both ro and ;a 

(i.e.1;r 
o 
 -- -0.104 fm and 	MeV). 

However, these corrections of the Hamada and Johnston 

potential may affect the phase-shifts, polarizations and 

cross-sections of the N-N system which would require a change 

in the other force parameters for agreement with experiment. 

Therefore their figure of +8.48 MeV for the binding 

energy of 3H is H s uncertain. The Faddeev formulism (1963) has 

only recently been applied to the problem of three-nucleon 

systems (Lee 1969; Sibbel 1971; and Harper, Kim, and Tubis 

1972). However, it appears from these calculations that all 

potentials used (including the one developed by the Yale . 

group), underbind the three-nucleon systems. 

Also, it seems that the Hamada and Johnston analysis 

which is based on a Schroedinger wave equation requires a 

relativistic correction, or better still the Lippmann-Schwinger 

equations , so as to bring the binding anergy of the three-

nucleon systems close to the experimental value whilst retain-

ing the fit to theN-N data. One has to remember that the 

Hamada-Johnston potential is claimed to. be valid for N-N 

phenomena for energies 0-300 MeV and therefore relativistic 

effects cannot be ignored. 

Further calculations to settle this are required. 
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APPENDIX. I  

CO-ORDINATES AND  TRANSFORMATIONS 

In this system we refer to the incident proton as 

particle 1, the other proton and neutron in the deuteron 

are labelled as particles 2 and 3, together with position 

vectors r
1 
 1 r

-2 
 and r3  from the origin 0 . 

We define r as the co-ordinate of particle 1 relative 

to the centre of mass (C.M) of the other two, and r' as 

the co-ordinate of particle 2 relative to the C.M. of the 

other two. 

CHOICE OF CO-ORDINATES 

RC  = 1 (r, 	E2 	r3)  3 

r = R + 2 r 
1 G 3  

r2 G  1R-lr 2 	G 
 

2 2 

r =R - 1R-lr -3 G 2 3 

r = r - 1 (r + r ) 1 7  —2 -3 

r' = r2 	1 (r1 	r3) 
 2  - 
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The interparticle distances r
12 

 , 1.23  and 113  are - 
defined in the direct interaction by 

r

- 

12 = r - 1 R 
2 

r =r-r= R 

	

2

- 

3 —2 	 3 

r13 =r+ R 
 e 

and in the indirect interaction by 

	

' t = 2 (r 	r') 
3 

u = 2 (r + 2r') 
3 

v = 2 (2 r + r') 
3 
Again, if 21  and 22  are the momentum vectors of the 

particles 1 and 2, referred to a fixed origin then 

i 21 ' 21_ = L 
ari  a

2
r 

	

= 	= - 1 a+ 
ar 	2 r 3R 
2 

21  and 22  can also be expressed in terms of other 

co-ordinates (namely the indirect case), as 

	

i 21 = 	1 6  ar 2 ar' 

22  
br' 	2 ar 

from which we get 

i 112 = (I - I')A(  3 -6  ) 
ar ar' 

The transformation used for the volume integration is 
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d r23  = (4/3)3 d rt 

and 

d 	= r
,2 

d r' d 

where S7 is the solid angle of r'. 
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APPENDIX II  

SPIN FUNCTIONS 

As we have stated in appendix I, the particles forming 

the HeliUm-three are being labled 1,2 for protons and 3 for 

the neutron. 

If xi  and 13. are the spin functions for the nucleon i t  

then we can write the three-body spin wave functions 

pcs> as follows: 
ms  

(II.1.) IN THE DOUBLET STATE  (S = i ; ms= i) 

IX(1,23)›. 1 (0e1  0e2  /33  4- 4.3.  fl2  c<3  — 2/31  .<2  0(3) 
6 

• (II.1.1) 

and 

lx- (1,23)> = 	 (p1  p2  c<3  4131 	/33  - 2 	fit  fi3) 

6 

• (II.1.2) 

The above spin functions are symmetrical in 2 and 3. 

Other anti-symmetrical spin functions are being used . 

in order to simplify, the spin products 

IXi(1,2);› = 1 .0,1(  2f3 - 0,3 p2)• 	... (11.1.3) 
q2 

and 

ix!cizy> = 1 131(A Ps  -As fp 
[2-  

... (11.1.4) 
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These spin functions have the following properties: 

(1,Z5)1 0: 	m (1,23)> = o (If i = 2 or3 ) mS   
(II.1.5) 

and 

f (cr2 ' cr )(o-2  + Cr
3 

 ) IX-2s 	' S'3)> =0 
mS 

... (11.1.6) 

for any function f. 

The following transformations were made use of, and 

enable us to perform the spin summation 

1 
3  

1 

2 1 	. 	01.2 

(3 - a-  -1 

1 IX! (1,23)> 1 	... 
ms 

, 	
23„ . 	c - )1x 2 	(1,)2. 	... 2 	ms  

(11.1.7) 

(11.1.8) 

mS (1,23)>= 

d 

1x1  (2,-13)>= 

as an example, we consider 

m (11Z5)1(0-1 	
o-
2). LIX' (2,13) which by making use of ,  	m 0 

(11.1.7) and (II.1.8) becomes 

<X! (1,25)1 	+ 9:2) .(2,13)› 
DIS 

= 
T 
1<(X1  (1,23)IF (0-

1 
 . a-2 ) (a-1 L (3 - cr1  . a-2) 1x.a.

s 
(1,23)> 

	

ms 	L 	-2  - 	j m  

3 

	

1.<)( (1,23 -  . )Ix1-  (1,2 
ms 	

)1 (a —1 	L — ms 
)> 

(11.2.) IN THE QUARTET STATE (3=5/2 ; ms= 3/2 , 	, - 	,- 3/2) 

The spin functions in this case are symmetrical in 

1,2 and 3. Thus, 
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3/2 
IX (1,23)>n_ c;‘.2 3/2 

3/2 
ix (1,23)>= 1 (a(1 2 1/2 

4-3  
(3 “Ai /32 3 41'2  3) 

3/2 
I x (1,23)>= 1 (pi  
1/2 0( ••3 +- 131 . 22 13 	13  43" + P2  P3  ) 

3/2 
x (1,23)>=P3.  P2 Pj 3/2 



-156- 

APPENDIX III  

(III.1.) THE ADJUSTMENT OF THE DEUTERON RADIAL WAVE FUNCTIONS 

The s- and D- radial wave functions of the deuteron 

defined in (1.2.3) and (1.2.4) are interpolated from the 

data given by Hamada and Johnston (1962). The spline 

procedure E Christian H. Reinsch, in the Numerische Mathematik 
10 (1967), 177 I was used, and the values of the constants 

A andc<are then found by Prony method (COST 376). 

TABLE (VIII)  

i A. 
1 

A! 1 0‹. , 	1 ".
d 
1 

1 0.64461574 0.24129498 0.40872076 0.34243311 

2 -0.83921827 -0.47087868 2.39298669 4.00785669 

A andc<are in units of 10
26 

cm
-2 
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(III.2.) THE NUCLEAR INTERACTION POTENTIALS 

The potential functions of the nuclear interaction 

was defined in various chapters as: 

2(II) 	(II) 
V(r12) = E U

k Exp(- gk  r12) 

k=1 

(III.2.1) 

except in the tensor force, in which case it was given by: 

V(r12) = r12  
(II) 	(II) 2  
Uk Exp(- k r12) ..0 '(111.2.2) 

k=1 

(II) 	(II) 
The numerical values of U and p 	are given in 

k 
table (IX) 
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C 

TABLE (Ix)  

II 

, 
u(II) 
1 

(II) 
)11 u(II) 2 

(II) 
)12 

.1 -57.301321 0.77821032 -228.3421632 3.10052341 

2 

ntral 
3 

-148.9876342 

-18.89990532 

1.03567201 

1.15361054 

-1237.4638791 

-47.189002 

2.9763682 

2.3008962 

4 -10.5324821 0.353112362 2432.0562353 3.789620256 

1 9.21005671 0.83701562 37.5467239 3.80245621 
Tin-, 
pbit 2 -210.3564210 1.50678932 -189.67458932 5.09156783 

1 -76.10093256 0.83562410 -2465.0326790 2.70367201 
Tensor 

2 15.3201935 0.7409356 239.86203521 2.88043101 

1 

adratic 2 
spin-
orbit orbit 

38.011136791 

7.1025934 

11.3567892 

1.20009683 

0.9853672 

2.3401935 

596.94365201 

-62.40003421 

-2200.9898701  

4.39767302 

3.7357872 

8.99587035 

4 -135.111346 3.0612872 -4649.03251 5.28359001 

(II) Vk 	are given in MeV, 

and g(II) are in units of 1026 cm
-2 
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APPENDIX IV 

COLLECTION OF PARAMETERS  

All parameters used in the direct and exchange inter-

action calculations are now collected and defined as follows: 

(IV.1.) THE (s-s) INTERACTIONS  

= oe + 	+ 	I/ 4  ijk 	i 

I.. = A / 2 i  1jk k Ajk 

e. = 4 	+ 40(.) 
1j - 9 

f. = 4 (44,. + 00 
1j - 9 1 j 

w = (8/9)2 (c 2 + 8c. 	+ 4c 2
) ij 	 j 	j 

= (8/9)2  (44'e. 2  +cY.2  + 8 q. 4c) 
ij 	 1 j 

(1). . := (8/9)
2 
(404.

2 
 + 40(.2 	20°‘. c‹.) 

1j  

a.. = 4 (6,. i+ 4a, + jk -9- 1 	k 

b
i 
 . = 4 (44 	+ k  ) 9 jk 	j 

 

= 4 (2 p - 4 	- ka.) C. 	.5. 	k 	1 

1 1ja. 	= 8 (4 0‘. I j 

1
b
ij 

= - 16 (4
1 

+ ) 
9 



.46o_ 

a. . =8 (c›.. + 2 13 	75- 	1 	3 

=8 (ct..2 
9- 

= 8 (44.2  +cv.2) 
-9- 	I 	j 

d 	
1 

= 32(a.2 +lot%2) 
3 ij 	3 

g" 1 13 
= 32(R. 
9 1  

+ 1 3 

= b + 4 p 
l'tijk 	1 ij — k 

9 

8 ( 	+ 4 pk) 2 lijk = 9 — 1
b 
 ij 

3-tijk = 	
(4°Ii + 44c + p ) 

3 	k 

= 32 (2 a
4 l'ijk 27 

+ 20e. +Pk) 

= 2 (3  - 	2)2 
4 

(9/16 r
2 	

•) 
 

l
d
ij 

2
d
ij 

(1)i.jk = 1 eA% / Ai  . j 	jk 

= 3 y. 	(1 - 8 	r2) 1jk 	3 3  

(IV.2.) THE (s-D) INTERACTION' 

= 	+0,1 + ijk i j )1k 
/ 4 

X.. = 	/ 2 A' 
ijk 	K 	ijk 

e. 3  . = 4 (0e. + 440K, ) 
1 — 

9 1  



s 
W. = j l 

r\lij 

(1
) = 1j 

(8/9)2  

(8/9)2 

j3.  (N.
2 

(4 

+ 8 a: a 

2 Qe. + 	, 

■ 1 
+ 	4 c' 

+ 	8 w. 	3-1 .3  

2 
) 

) 

11 	 I 
is.. = 4 ( 4 a. + oc. ) 

31 75 3 1 
II 

W .. = 

11 

rir 
	= 

-161— 

f.. = 4 (4« + 	) 
13 	-9- 	1 	j 

(8/9)2 

( 8/9 )2  

( 8/9 )2 +. 

(cx. 2 	+ 	8 a. 

2 
(4i2  + c. a 

, 
(4c‹. 2 	/VA. 

r , 2 
+ 	) 

+ 	8 c14. 	) 1 

2 
+ 	20°e. ‘k. 	) 3. 

=4 ( 	+ 4 ix + p ) aijk 	 j 	k 

bij. .k  = 4 (4 i  + 	+ pk ) 

Ciik  = 49  (2 pk  — 4 ck — Li-c< 

• 
1bij = — 16 ( 	+ 	) -§- 	2. 

(IV.3.) THE (D-s) INTERACTION 

	

'X. 	= 	+ 	+ p /4 

	

jik — 	 k 

	

” 	 is 

	

6 jik = 	/2 Ajik 

It 
e.= 4 (o' + 
lj 

2 	2 	2 
4qD 	= (8/9)2  4 	+ 	oc 	+ 20 oe.) 

J 1 
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a .. 	= 	4( 9- 

bjik  = g 

= I+ 
Pik 9 

11 

	

lb . 	= - 16 

	

9 31. 	—  

	

'N. 	+ 

P.k  

	

( 	of 

+ ,uk ) 

+ 	Ak ) 

40( 	) 

1 	
) 
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APPENDIX V 

In extending the analysis of both the direct and 

interaction terms, the following formulae are used 

K 

K 

j* 

Exp E- 7l. (R - r r)2  

R Exp E _A(R 	r r)2  

R2  Exp [ - A(R - r r) 

2n 2  , R 	Exp(- ).R7? 	) 	dR = 	(1.3... 

dR 

2  

= 1 

dR = y r 

dR = 	3 + 

n+1 
(2) 

r2 

An) VT/ 20i 

2A 

(2n-1) / 
0 

(Re X> 0 ; n = 0,1,2...) 
00 
f n+1 n+1 	2 2 R J ()IrR) Exp(- XR2 ) dR = Kur)n/(2 X)) Exp(- pr/ 4A ) n 

(Re A> 0 , Re n> - 1) 

+1 	 1 
Exp(b r.r') '012 	(21I/ b 	I (b rr') 

-1 2 

where 
3/2 

K = ( 	-ri ) 

and I (X) is the modified spherical Bessel function of the 
n+7  

first kind of order (n+i), and is related to .9 (X) by the 
following relation 

(X) 	(-1)n  (7rX/2)-2-  I (X) 
n+7 	n+-2- 

The recurrence relations between the functions are 

(Bateman 1953, Vol. II and Whittaker and Watson, 1952) 
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) (X) = 	 [ 	(X) - 	(X) 1 
n+i 	(2n+1) 	n+3/2 	n_i 

and 

3 (X) = (n+1) 	) (X) - )(X) 
n+2 X n+i n+3/2 

from which one obtains 

) (X) = r n(n+1) + 1 1 ) (X) 
n+i 	

X
2 	n+i 

Al 	
j

ti 
the j (X) and 	(X) denote the first and second derivatives 

n+-2- 	n+2 

w.r. to X. 

The Bessel functions I (X.) can be calculated by using  
n+-2- 

the power series or the asymptotic form (Bateman, 1953). 

n 
x2  (x) 	(-1) x 	( (m+n)! /mi [ (2m+n)+1 11 ) for X< 612 

I : n+-2- 	n 
n=0 

and 

I (X) = (-1)n  f-  ex  E  
n+-2-1 	2 	L- 

M=0 

-m 
(-1)m  (n+2,m) + 0 (IX I ) 

(2X)m  

n+1 	m-1 	m 	-m 
+ (-1) 	e-X 

 
(-1) (n+i,m) + 0 (I X 1 ) 	:F for X>00 

(2X)m  

where 

(n + 	m) =  Y(n + m + 1) 

r(n - m + 1)ml. 

m=0 
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Sn.PLEMENTARYII  

COMPUTE;IR PROC:2AMMING OF THE PROBLEM 

Below we give the general structure of all programmes 

constrected by the author to calculate the problem of 

scattering of protons by deuterons and the binding energy 

of 
3
He. 

(1) INTERPOLATION AND FITTING 

The preliminary step in the calculation is to 

find the values of all constants of the potential and 

wave functions. This was done by interpolating them 

from the data given by Hamada and Johnston (1962), 

An outline of the programme for the interpolation 

and fitting is given in (table A). 

(2) EVALUATION OF THE DIRECT TERMS  

.Lnere 	Enree ty,oes oi 	c,n,iL; in vfl eq 

tions (XI.16,17,18) and are classified as ?‘8, , )4 and 
ff 

. In the actual computation, these functions are 

'K 
tabulated and used later as input data in the matrix 

solutions. Computer programme to evaluate these terms 

was written and prepared by the author, the general 

structure of which, we given in (table B). 

It is to be noted that in carrying out the computa-

tion, one has to separate the programmes for the doublet 

and the quartet cases,'because the data in these two 



K g
d 	(i,j=1,2,...,N) 
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(3) EVALUATION OF THE MATRIX EQUATIONS  

There are two types of equations. In the-

doublet case, a programme was written to compute 

single equation of the form 

N 
a.. f. = b. 	(i = 1,2,...,N and f=0,1,2 with J = 
ij a a 

j=1 

wherefj  are the tabular values of the radial wave 

functions. Another programme in the quartet case was 

written to compute coupled equations. These coupled 

equations are not very different from the uncoupled 

equations. It involves doubling the number of rows 

and columns in the matrix to be enverted. Thus, if 

ff  and gf  are the coupled radial wave functions, we solve 

3 ij 77:0  C, 
X K , 

el 	 = 
X X 

ga 
 

d i  
KK 

3 	3 	• 

C, fy + 	e 
A 

X I: .o 

the above two equations couple and may be written in 

the following form 

3 
HI 	F 

o 	 K 
131  
KK 

(i,j=1,21...,2N) 

The direct terms and the kernels are now used as part 

of the data in the matrix programme which is outlined 
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(4) THE BINDING ENERGY OF 3He 

For the eigenvalue problem we solve 

.0 
d
2 	

- k 	 f, (r) (f+1) - V(r) 	f(r) - 	9 K(r r') f (r1 ) dr'.-E f(r) X 

I- 
dr
2 

r
2 

0 	
X  

In general we solve an equation of the form 

A X =AX, where A is a matrix of nxn, and 7■is the eigenvalues 

and X is the eigenvectors. A library procedure designed to 

solve this kind of problems was used, and the general structure 

of which we give in (table D). 

(TABLE A) THE SPLINE INTERPOLATION AND EXPONENTIAL FIT  

begin 

integer 	m, nn; 

print 	punch (3), 	No. of data points = ?; 

"n 	 nnnY ( -4) 	• 

sameline; print punch (3), Y,X,L? No. of interpolation 

points- = ?; 

 

read 

 

reader (3), m; 

begin 

integer n,i,j,k; 

real 2 int, 2 tol, fC, S, ff, 22, dZ, tol, 2 start; 

  

Comment 	CBS: back store; 

array 	y,Z,df,a,b,c,d 	Las 
1 
 , f 	0:(m-1)] 

switch 	Sp: = out ; 
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Library 	spline; Christian, H. R; Nuterische Mathematik 
. 	. 

10 (1967), 177. 

print  punch (3), 	z start = ?; 

read 	reader (3), 2 start; 

print  punch (3), ZZL? delta -7 = ?; 

read 	reader (3), d2; 

print  punch (3), LZL? spline tolerance = ?; 

read 	reader (3), tol; 

for 	i :=1 step  1 until  nn do 

begin  read 2[ i 	, y C i]; 

Print-  punch (4), sameline, digits (4), £ S5?2=, 

2 	i ] , 	S5 ? F= ?, scaled (g), y[ i 1, 

	

??; d 	=y[ i:J// to1; 

end input; 

N:=1 ; 	S:= 0.0 ; 

print 	pun3h. (4) , 	, fr,,,:e7coint (4), 	??; 

spline (n,nn,Z,y,df,S,a,b,c,d); 

begin comment  CBS: back store; 

	

integer array  check 	0 : H ] ; 

for i : = 0 step  1 until  t do 

check: i J = 0 ; 

punch (4); sameline ; 

K: = 0 ; 

for j : = 0 step 1 until m do 

begin  real h, Zh ; 

211 : = Z str_lrt 4- i . d2; 
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ff = (( d[i],h+CEi]„h+Ari]; 

check E j  J : = 1; 

K 	= K+1; if K = m+1 then goco out; 

if j = m then 	f E j  J: = ff ; 
end i; 

end j 

end check ; 

out : 

begin 

integer 	repeat, n, int ; 

switch SS: = again ; 

sameline ; punch (4) ; repeat : = 0; 
n : = m - 1; 

again: 

print punch (3), EL S5? Step = ?; 

read reader (3) 	int; 

LLE.La 

4-n -n -1 j 

real XX, yy, delta, Xo, Xn; 

comment CBS : back store; 

Array a,b E 1:2 	ff L 0:((n+1) div int-1) 	; 

Procedure prony 2 (y,X,ff, Xo, Xn, a , b , n , delta, tab); 

comment  

COST library procedure NO. 376. evaluates the 

double exponential least square fit. 



-6- 

procedure 	ortholin 2(a, b, n, m, eps, X, fail); 

comment 

CCST library procedure No. 156. gives the 

least squares solution for a system of n linear 

equations in m unknowns. a is the nxm matrix of the 

system, b the constant vector on the r.h.s., eps 

the maximal relative rounding error, and X the 

solution vector. S used if the iterative improvement 

is ineffective. 

real 	procedure 	Scalarproduct (S, a, i, p, n); 

comment 	this procedure performs all inner products. 
• 
• 
• 
• 
• 

end Scalarproduct; 

• 

end 	of procedure ortholin 2; 

end prony 2; 

K = 1; 

for i : = 0 step int 	until n do 

begin  

K : = K + 1 ; 

ff 	k] : = f 

end ; 

Xo : = Z start; 

Xn 	= Xo + d2 	int * (K-l); 	tab : = 1; 



prony 2(yy, XX, ff,Xn, a, b, K, delta, tab) ; 

print EZLS30 ? 	exponential fit parameters L 25 1+0 ? 

step size = ? , digits (2), int, 

print 'EZLS/10 ? No. of points in fit = ? , digits (4), 

K 	1 , 	Z ?? ; 

print CSIS20 ? al : = ?, scaled (g), b E 1 J , gzs5 ? G 

Gammal = ? , a E 1 J , 	LS20 ? A2=?, b E 2 	, 

g..f.;S5 ? Gamma 2 = ?, a f 2 ] , S:2L2??; 

print punch (3), 	? repeat = 2; read reader (3), repeat; 

if repeat = 1 then n-oto again; 

end 	inner block ; 

end 	expon. fit; 

end 	outer block; 

end 	interpolation and expon. fit; 

This programme was run on 503 Computer, if the user 

decides to run it on CDC 6600 or 7600 machines, then certain 

changes in the input-output have to be done. 

(Gallic b) 

The general structure of the programme in the doublet 

case (S=i) is not very different from that in the quartet 

case: This programme was run on CDC 6600 machine through 

the terminal 200 located at Chelsea College of Science and 

Technology, University of London. 

'BEGIN' 

'INTEGER' I, J1, 113, KL, NN, JJ,...; 

'REAL' J, EP, H, AJL,... ; 

TUr'TTT (60, 1(.'5(7) 1 )t, J. --7', 	, it  



OUTPUT (61,'('/,'('J= ,),, n, 5B,' ('EP = ,),, 

271), 5B, '('NN=')1 , 27D, 5B, 1('H=1 )1 ,11'), , J, EP, KL, NN,H); 

'BEGIN' 

'REAL' DLAMBDA, DMU, DNU; 

'ARRAY' A, ALPHA, B, BETA, UC1, MUC1, ULS1, MULS1, U0,1, 

MUQ1, 	MUQ3, UT1, NUT1(/ 1..2 /); 

'REAL' 	'PROCEDURE' (I,J); 

'VALUE' I,J; 

'INTEGER' I,J; 

'BEGIN' 

DELTA. ='IF' I=J 'THEN' 1 'ELSE' 0 

'END' DELTA; 

'REAL' 	 PROCEDURE' UU (I,H,L)• 

'VALUE' I,H,L; 

'INTEGER' I,L; 

'REAL' H; 

USER PROGRAMMS • 

'END' UU; 

'REAL' 'PROCEDURE' VV(IMHML); 

'VALUE' IMHML; • 

• 'INTEGER' I,L; 

'REAL' H; 

'BEGIN' 

. USER PROGRE 

'END' VV; 

'P7AI, 	,PP.00',77)772,E, 
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'VALUE' I,H,L; 

'INTEGER' I,L; 

'REAL' H; 

'BEGIN' 

USER PROGRAMME 

'END' 	WW: 

'REAL"PROCEJURE,  LAMBDA (I,H,LP,L); 

'VALUE' I,H,LP,L; 

'INTEGER' I,LP,L; 

'REAL' H; 

'BEGIN' 

LAMBDA. = DELTA(LP,L)+ WW(I,H,L) + 0.5 * H * VV(I,H,L); 

'END,  LAMBDA; 

'REAL' 'PROCEDURE' MMU(I,H,LP,L); 

'VALUE' I,H,LP,L; 

'INTEGER' I,LP,L; 

'BEGIN' 

MMU. = DELTA(LP,L) 	WW(I,H,L) 	0.5 * H * W(I,H,L); 

'END' MMU; 

'REAL' 'PROCEDURE' NU(I,H,LP,L,EP); 

,VALUE,  I,H,LP,L,EP; 

'INTEGER' I,LP,L; 

'REAL' H,EP; 

'BEGIN' 

NU. = (H' POWER' 2)1: 4M * EP,1(L *(L+1) / ((I * H) 
3,2 

FUJER1  2)) * DIFITA(T7,L) + UU(T,H,L) - 2.0, 

*(DELTA(LP,L)+ WW(I,H,L) 	; 
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'END' NU; 

JJ. 	1 'STEP' 	1 'UNTIL'.  21 D0' 

'BEGIN' 

INPUT (60,1014(N)'P, A(/JJ/), ALPHA(/JJ/),B(/JJ/), 

BETA(/JJ/), UC1(/JJ/), MUC1(/JJ/),...); 

IEND'; 

AJL. = (1.0/3.0) 	(J * (J+1) - 0.75 - L * (1,4-1% 

FOR I. = 1 'STEP' 1 	KL 'DO' 

'BEGIN' 

DLAMBDA. = LABDA(I,H,LP,L); 

DMU. = MMU(I,H,LP,L); 

DNU. =NU(I,H,LP,L,EP); 

OUTPUT(611'0//,'('DLAMBDA = )1 , N,5B, 1 0DMU=.91 , N, 5B, 

1(1 DNU=')1 , 	DLAMBDA, DMU, DNU); 

'END'; 

'END'; 

END' ; 

Other procedures 	be required to calculate the 

angular coefficients. They can be included within this 

programme, or alternatively, can be done deparately. 

Among these the following 

'REAL' 'PROCEDURE' VCC(J1.,J2,J,M1, M2,M,FACTORIAL); to 

evaluate the 3-j symbol; 

''REAL' 'PROCEDURE' SJS(J1,J2,J3,L1,L2,L3, FACTORIAL); to 

evaluate 6-j symbol; 

'REAL' 'PROCEDURE' NJS(J11,J12,J13,J21,J22,j23,J13,J23, 

J33,FACTORIAL); to eval=te the 9-j symbol. 

The procedurPs are available at C'-elsea Computer 

Centre. 



(TABLE C) THE MATRIX SOLUTION  

The structure of the programme in the case of solving 

uncoupled equations is slightly differ from that in the 

coupled equation. In the latter, the kernels as well as 

the direct terms are here used as data. 

THE UNCOUPLED MATRIX EQUATIONS  

/'BEGIN' 

'INTEGER' I,J1,II1413,JJ,MM,NN,KL,I12,M; 

'SWITCH' SS.= U; 

'REAL' J, EP, AJL; 

INPUT (60,'05(N)'P, J,MM,NN,EP,KL); 

OUTPUT (61,'( 1/,'('J=')', N,5B,'OMM= 

5B I'('NN= 1)', 2ZD, 5BA'EP=')', N $5B,'('KL= s)',N')', 

J,MM,NN,EP,KL); 

M = KL 	; 

'BEGIN' 

'INTEGER' LP,L,IM,JM,KM; 

INPUT(60,1(1 4(N)')', LP,L,H,DEL); 

OUTPUT(61,1 0/,'('LP= 1)5 2ZD,53, 1('L= 4)', 2ZD, 

5B,'('H= 1)',N,513,'('DEL=0',N')',LP I L,H,DEL); 

'BEGIN' 

'ARRAY' A,AP, ALPHA, ALPHAP, U 2,...(/1..2/), ETA, 

W(/1..MM/), TT(/1..KL/), LAMBDA, MMU, 

NU(/1..L/), HH(/1..M,1..KL/), 2(/1..M÷1/), 

F( /1..M,1..M+1/) ; 

'REAL' PROCEDURE' DELTA(I,J); 
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'REAL' 'PROCEDURE' LEGENDRE (N,X); available at Chelsea 

Computer Centre. 

'REAL' 	 PROCEDURE' T(Y); available at CCST Computer Centre. 

'REAL' 	 PROCEDURE' GAMMA(Z) availabie.at CCST Comptuter Centre. 

'REAL' 	 PROCEDURE' SBESS 1(X,NMAX,SI) available at Chelsea 

Computer Centre, and is modified slightly, by the 

author to suit the problem. 

'REAL' PROCEDURE' KERN(I,J1,H,L,MM,EP); 

'VALUE' I,J1,11,L,MM,EP: 

'INTEGER' I,J1,L,MM; 

'REAL' H,EP; 

'BEGIN' 

'INTEGER' II,JJ,KK,NI,I1; 

'REAL' KEL, KTOT,...all-real. variables..; 

SIC2,SILS2,SIQ2ISIQ4,...;(/0..NN/), U,V,T,LEGL, 

K coul(/1..MTV); 

'BEGIN' 

KEL. =0.2; 

'FOR. II. = 1 STEP 1 'UNTIL' 2 'DO' 

'FOR' JJ. = 1 'STEP' 1 'UNTIL' 2 'DO' 

'FOR' KK. = 1 'STEP' 1 'UNTIL' 2 DO 

'BEGIN' 

' USER PROGRAMME 

KEL. = KEL 	TT (/J1/) * KTOT ; 

'END' ; 

KERN . = KEL ; 

'LND1 	nilii.i ; 
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'PROCEDURE' LLGAUS(A,N,R, DELTA, U); 

'COMMENT' library procedure No. 262. 

This procedure solves a system of pinear equations 

by eliminating and partial pivoting. The parameters are: 

N The number of equations and the total matrix of the 

system including the R.H.S. 

A 	Is a matrix and has the dimensions A(/1..N,1..N+12). 

R Upon exit the output parameter R contains the silution 

of the system. 

U 	The label U, must specify a jump to the main program if 

the codfficient matrix is ill-conditioned, which is 

expressed by the fact that the absolute value of the 

pivot element is less than the parameter delta; 

'END' LLGAUSS; 

'FOR' JJ. = / 'STEP' / 'UNTIL' 2 'DO' 

'BEGIN' 

*(all constants ')+, 

.'END' ; 

AJL. = (1.0/3.0) * 	* (J+1) - o.75 - L * (L+1)); 

'FOR' II1. = / 'STEP' / 'UNTIL' MM 'DO' 

'BEGIN' 

INPUT (60, '('2(N)')', ETA(/II1/), WII1/)); 

OUTPUT(61,...); 

'END' ; 

Ii0R1  I 13. =1 'JTEi" 1 'UNTIL' KL 'DO' 

'BEGIN' 

INPUT (60. '('(N)')', TT(/I13/)); 

; 

'FOR' 112. = / 'STEP' / 'UNTIL' KL 'DO' 
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'END' ; 

'END' ; 

'END' 

U.. 

'END' ; 

THE COUPLED MATRIX EUATIONS 

In this system of equations, the direct and the kernels 

Has well as the total matrix H are all computed separately and 

used as input data. 

'BEGIN' 
'INTEGER' N ; 

'SWITCH' SS. = U ; 

'REAL' DELTA ; 

INPUT (60, '('2(N)')', N, DELTA ); 

'BEGIN' 

'INTEGER' I,J,K; 

R(/1..N+1/). A(/1..N,1..N+1/); 

PROCEDURE , ILGAUSS(A,R,R, DELiA, U) ; 

'END' 	LLGAUSS ; 

'FOR' 	= 1 'STEP' 1 	N 'DO' 

'BEGIN' 

OUTPUT (61, '('/,lOB,'('J=')', 2ZD')',J); 

'FOR' K. = 1 'STEP' 1 'UNTIL' N+1 'DO' 

'BEGIN' 

INPUT (60,'('00 	A(/J,K/)); 

'END' ; 

'END' ; 

• 
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LLGAUSS (A,N,R, DELTA, U); 

'FOR' I. = 1 'STEP' 1 'UNTIL' N 'DO' 

'BEGIN' 

OUTPUT (61, '('/, 10B, "OI=...)', 27D, 10B, 	, 2B,N')', 

I,R(/I/)); 

'END' 

'END' ; 

U.. 
'END' • 3 

Our programs for the direct terms, the kernels, as well 

as those designed to solve the uncoupled and coupled matrix 

equations for (p-d)-scattering problem, are now used by H.Gaylani 

to solve scattering problem similar to ours but with the coulomb 

interaction switched off. 

(table D) THE BINDING ENERGY 

The direct terms and the kernels are separately computed. 

These are then used as an input data in the computation 

of the total 7:1trix A. (.:;c 	Library 'o am was t'nen used to 

find the eigenvalues with the matrix A inpu-L in the form 

of data. 

It seems often true that while these may exist alternative 

ways of programming the problem,.which make more and better use 

• of periparal facilities, the programmer may be compelled to 

adopt a less efficient apprach in terms of computer utilization, 

sinply because the desired degree of efficiency may require • 

more acess to the machine than is available (Sibbel 1971). 

As .it has been stated before, all our calculations 

performed on the CDC 6600 are input through a 200 terminal 
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link, stationed either at Chelsea College of Science and 

Technology or at the Imperial College of Science and 

. Technology. InsiAte of that all, it should be noted that 

this does not alter the fundamental numerical and comput-

ational - approach to the problem. 


