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•ABSTRACT '-•.•.". .. .'•/;'...".• 

The--.problem presented. in this thesis' is the determination of the 

three-dimensional distribution of refractive index, within a rectangular-

glass bloc-.:, from experimental data. The accuracy of such a determination 

increases wi th the number of data points taken. Each data point, taken . 

from an interforogram, represents the integrated optical path along a 

ray in a .test light beam passing through the specimen. The extraction 

of the data,from, the interfurogram is discussed briefly. It is .shown thr-t,' 

for tht: sihall-refractive index variations expected (i .e.. of the order 

-5..10 ), the rays of light pass through the specimen in straight lines, 

end a suitable set of rays in any piano-section of the specimen gives 

sufficient data for a determination of the two-dimensional.refractive index 

field, within that plane section. The experimentally possible ray directions, 

through a piano rectangular section of, the specimen, are discussed. 

It is. shown how the • theory, developed for the determination of two-., 

dimensional refractive index fields, applies to other density fields: for 

example the mass density within an opaque specimen, which car; be determined 

when X-rays'are passed through it. Each data point in this case, taker; 

from a photographic plate, represents, the density of matter along the 

path of each ray in the exploring X-ray beams, ; 1 ' 

"t The theory presented here,, which involves representation of a two- • 

dimensional, density field by a finite series, of-orthogonal. Eunctronsy i 

first described for any set of two-dimensional orthogonal functions "and is 

then-developed for the [particular orthogonal set of'two-dimansionsV.Vaisir 

functions. It is shown, from the theory, that only two different' test-beam, 

directions are needed, and that these are easily achievable in practi'see . 

A simulated field is Set up and is reconstructed. The theoretical reconstruct 

is compared with the original for di fferent numbers of simulated input: 

data points. The effect on the reconstruction, caused by random errors 

in the input data, is analysed, . ' 

A method is presented of finding orthogonal gradients of a two-

dimensional field from the same input data. A way is suggested by which 

the resulting gradients can give some pseudo optical paths which, when 

used instead of the true optical paths as input data mi^ht* give a better 

determinotiion of the field. 
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" Chapter 1. The Ex tract io- of Rc-latl^ Optical Path Length Data from 

V..;/: • Experiment's on a Roctangular Class Block. 

; t.t . Introduction. . . v,/ • " 

/'••;. -in.-recerLt'.'ycnrs • 11 has "been possible to obtain interferograms 

'. . ;. from which the three-dimensional refractive index distribution within 

. / - a -phase object may be determined, A phase object is one which absorbs 

- v - little or no light passing through it, but different parallel rays 

_ in a collimated beam of light, incident on the phase object, travel 

different optical path lengths through it. The relative path lengths 

. ' can be recorded on interferograms. 

Fig, Ct.l) shows a schematic arrangement for obtaining suitable 

interferograms. Two mutually coherent beams of light are made to 

/ interfere a fter one of them, called the test beam ox* object beam, 

. has passed through the'object. The phase object, illustrated in Fig.,(1.1), 

: , is shown enclosed by a rectangular, boundary because the objects of 

..main interest in this thesis are large rectangular sample blocks of 

" glass, with dimensions of the order 100mm X tOOmm X 100mm. These 

r . • have refractive index variations of the order -5.1.0 . Other phase 

, ' .. .f objects include plasmas, transparent biological specimens and fluids . 

* with three-dimensional, temperature variations within them, 

; .. ' Now consider a ray, I, in the test beam which passes through- the 

point ( y , z ) of the plane interferogram shown in Fig. (1.1). Its 
• i i 

relative optical path length p^ « p C y ^ Z j ) can be.defined as a line 

integral along the ray, i: ' ' . 

|f(x,y,z)dsi(x,y,z) - « p(yj,zj!) ^ . (I.I) 

j - where ds^Xjyjz) is an element of length along the1 ray within the 

rectangular boundary, .and f(x,y,z) is some relative refractive index 

field given by 

f(x,y;z) - .n(x,y,z) - n Q § 

-. ' n 0 l s 

some constant refractive index, and n(x,jT,z) is the actual 
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• interferogram 

Fig.d.l). scheme for recording an interferograTn or hologram from 

a phase object, " < 

\ 



refractive index field of the phase object. If a particular relative 

optical path, say p^ « « 0 at ( y ^ ^ )
 o n t h e

' interferograin, 

is chosen arbi trari lv as zero, equation ( 1 . 0 becomes: t(n(x,y,z) - n Q)dSj(x,y,z) » 0 . -'/•,.' '•-'_. • ' (1,2) 

- « * ' " ' . '- " ; •. • _ : . * • ; ' ' ; ' ' 

and all other paths are measured relative to Rq defined by equati 

(1.2.) cannot'be obtained from the interferogramj since only relative 

measurement^ of opticat pathican be obtained from the latter. The 

theory in later chapters concerns itself with determining relative 

fields, f(x,y,z), from relative opficn.1 p*fk, measurements. In 

general, several interferograms are required for the determination 

of .a field f(x,y,z), a different test beam being used, each time. The 
• . » t 

explicit relationship between the intensity. I (y. ,z of a point in 
« » 

the interfer'gram and the relative path' length,. at:that 

point is discussed in section 1.2 below. 

An'important simplification of the theory can be made by assuming 

^that the rays in the test beam passing through the phase object are 

straight lines. This assumption is justified in the case of the 

glass block having the small variations in refractive index already 
+ -6 

mentioned (i.e. -5.10 ). A phase object with such small refractive 

index variations that the straight line assumption is valid is called 

a "weak" phase object. By chosing the test beams, iri'Fig. (1,1),. such 

that they are all perpendicular to the z axis of the weak phase 

objectj any plane section" z a constant^ of the 
c • 

object' contains rays whicn give rise to a one-dimensional section 

z • • z in the plane interferosrram, Such olane sections of a weak 
c - • 

phase object can be considered separately together with the one-

dimensional section of the interferogram containing the relevant 

path length data. Dropping the constant value of z in equation (1.1) 

gives 

jf(x,y)dsL(x,y) « p r - p(vj) . . (1.3) 

Fig. (1.2) 

shows a single "two-dimensional phase object" (i.e. a 

section z « constant of the three-dimensional phase object) with a 



" .: i • 

'•I": 

one dimensional interferoqrams 

'.Soma possible positions of one-dimensional interferograms 

.for different test beam directions through a given two-dimensional 

phase object.The interferograms are in the same plane as the .phase 

.object.The reference beans for each of. the test beams are not shown 

to avoid confusion. • 



relative Refractive index field f(x,y) being "explored" by several 

test-beams; vh^ch together with a reference beam, form various 

"ono-dinjensi onal interferograms". (i.e. a section through a two- . 

dimensional interferogram), ' 

In.tany^experiment. interferograms are not set up simulta neousiy^ 

as shown.j'dbut sequentially. 

Frbm now on "phase object" will mean a "two-dimensional phase 

object" ..and "interferogram" wi II mean a "one-dimensional interferogram". 

In-general, the data from several interferograms is required for 

a determination of the relative two-dimensional refractive index 

field'v;?{,f(x,y) . Each point on an interferogram will be called a "data 

point'!. The relative optical paths from a number of data points each 
I ' '' ' ' 

give.rise to an equation like equation (1.3). From a finite number of 

!data points from a finite number of interferograms, it is only possible 

(to determine the relative field, f(x,y), approximately, even if no 

jexperimental errors are assumed. In general, the approximation to 

jthe field will improve a.s more data points are used. 

.2 An^E.xhlleit Expression'••for-athe-'Opfci cal Paths at a : double exposed 

| Eb.tbjgrairLl.iJL^terms of the intensity of the reconstructed object beam. 

; Suppose 'that the photographic or holographic plate used to record 

jthe interferogram is placed perpendicular to the bisector of the 

a n g l e , b e t w e e n the collimated test and reference beams, as shown 

in Fig." (1.3). First consider the complex amplitude distribution 

at the:hologram - vim-if the phase object is not present. The" initial 

real amplitude of both beams is taken as \ is the wavelength of 

the light-used. Then: 

j • , 

The complex,:amplitude distribution due to the reference beam is , 

j f Z Z v r = % e 2 r t l y 4 / s i n ( | ) 

The complex amplitude distribution due to the test beam is , 

; f V V 0 - % e " 2 7 f i ^ / s i n ( | 





• The first exposure is taken when.the phase object is absent and the 
i • • 
t .. 

intensity,recorded on the hologram is 
j » o 
; ' , : it , ,2 . 0 * iV 
; I + V )(V + V ) « VJ + v r •+ V V + V V 

O : . , r o r o • rl I ol r o r o 
* * . v 

+ V V + V V . (1.4) 
r o . r o 

When";the phase object is introduced into the test beam,the optical 

path of each ray arriving at each p o i n t y 1 , o n the hologram is increased 

by p ( y ! ) t h a t the complex amplitude of the test ray is now 

v, « V ^ ' / W s l n & . e ^ P ^ ^ . 

(1.5) 

The second exposure is taken with the phase object present and the . 

intensity recorded on the hologram is now 

h i + V l ) ( V r + ' V * "|Vrf:'h['Ylf + V l ^ + V r \ 

« k + V V * + V *V. . (1.6). 
p p r 1 r 1 

The;total intensity recorded on the hologram is 

j » + I 2 « 1 + (V o + V L ) \ + (V Q + V ^ V ^ . (1.7) 

If therrapgbs; of exposure are chosen such that the amplitude transmittance 

T T ( y ' ) , b f t h e hologram varies linearly with exposure we have 

T «* A - b;i_ « A - B - BV (V + V.)* - bv *(v +.V.) . (1.8) 
; .; l r o l r . o i 

Now this-condition is only possible if the reference beam has a higher 

intensity thari the test beams.(Typically three times).The effect of 

including this in the analysis is thaj: the last two terms in equation(1.7) 

are multiplied by a fraction.Physically this means that the modulation 

of the hologram fringe pattern is reduced from 1 to a fraction of 1 as 

they must ;be for the correct exposure condition already mentioned. 

As will be seen however the final form of the reconstructed object beam 

does not depend on the ratio of reconstruction beam intensity and test 

beam intensity.With the provisos above in mind the analysis is continued. 



i The sum of the two test beam amplitudes or the object wave,V Q + 

can be written as 

i u _._„(,.) - ^ y ' ^ l + e 2 i r l P ( y , ) / ^ ) , (1.9) 

where 

; J .« >\/2sin(z) . . (1.10) 

: Now if !the hologram is reconstructed with the same plane reference 

beam,V^.,the complex amplitude just in front of the hologram is given by 

! TV • CV - BV - %BU ,where C « A - B. (1.11) 
r r r ' 

i • . . 

Equation(l.ll) represents three beams diffracted in three different 

directions.CV^ is the undeviated ref/erence beam travelling at an angle 

! to lie normal t6 the hologram.BV V ' « fcBe3*iy,'*.(l + e 2 * 1 * 5 ^ ' ^ ) is 
^ — 1 

the conjugate object beam which travels at an angle sin" (3sin^) to the 

normal (assuming s i n ^ % ) .%BU is the required object beam which travels 

to the hologram.The intensity of this beam,if recorded sufficiently 

far from the hologram for it not to interfere with the other diffractfed beams 

Is proportional to 

! • V ; • 

I « UU « 1 + cos27fp(yf )/$ . (1.12) 

This ̂ represents a fringe pattern with maxima at points given by 

p(y!) « nX ,n « any integer, (1.13) 

• j • • 'r • " • • 

and minima at points given by 

p(y' ) « ( n + . (1.14) 

The intensity across the- object beam can be deduced from a densitometer 

plot of a photograph of it. 

The author worked closely with I.M.Siddiqui who.gives full details 

of the holographic technique in his thesis,(3). 



•1.3" "Surface. Effects." 

The faces of the glass block are not perfectly-flat, and neither 

are the mean ,levels of opposite faces -perfectly-.parallel. - This-means • -

that a plane section as shown in Fig. (1.2).is not exactly rectangular, 

Now the theory developed later relies on perfectly rectangular boundaries 

for the phase object being considered. Thus the actual boundary can betf 

be considered as a perfect rectangle plus . . " 

a ,very narrow strip of variable width around it. The.theory, developed 

later uses as its input data relative optical'paths of rays.in a 

collimated beam, passing from;one side ;of.an exact, rectangular.boundary,. 

through the phase object, and out of the opposite, sidev Thus the 

path, difference obtained in an experiment must be "adjusted" somehow 

to allow for * the contribution made to the relative paths by the 

"narrow strip of variable width" mentioned above. The contributions to 

relative paths introduced by the "narrow strip" can be called "surface 

effects". . • • - • -

If two opposite"sides" of the boundary are considered, it is possible 

to consider these as follows:, two perfectly straight, parallel lines 

plus a wedge plus higher order variations. This is illustrated in 

Fig. (1.4). •' ' • '.;•'." •• 

The effect of the wedge will bo to change the direction of the 

test beam so that the angle, between reference and test beams at 

the interferogram changes. This causes the mean fringe spacing to. 



y 

17. 

y 

y-

s(y) 

+ 

R(y) ^ y ^ S ( y ) 

r(y)=k,y+ R ( y ) j s ( y ) = k J y + S ( y ) J c o s £ = ^ = ^ ^ . 

• t . = (r(y)+s(^))/cose : ,V r 
Figd.4). The contributions to "surface effects".A ray,i,is defined 

fry its ihtercepts,y, and y^,at opp'osi.te edges of.the "ideal" rectancular 

boundary,The two surfaces are given by the polynomials,r(y) and. s(y). 

kj and k^ are constants.R(v) and S(y> are polynomials in terms of 

order 2 and above.t. is the total extra glass thickness traversed bv 
i ° , " 

the rav,i 0The deviation of the two surfaces from being perfectly plane 

and parallel with one another is grossly exaggerated. 

* 



change. By. counting a large number of fringes in a given distance 

before and after the phase object has been introduced, it is possible 

to measure the change in and hence the angle of the wedge,p , in 

Fig. (1.4)« '-.'V '••;•'•'•'••.."• ' 

It .is possible to obtain fringes from any surface of a glass block 

by reflecting a test beam from it. From these fringes it is:possible 

1 to work out the shape of the surface under test. 

; The .surface effects due to the wedge and "higher order" variations 

can be calculated easily enough: If t^ is the total extra thickness 

of glass that the ray, i, must travel between the ideal boundary 

and the true surface, then the surface effect contribution to the 

relative path, p^, is given^to a sufficiently good approximation^ 

by n t., where n is the mean refractive index of the glass (known 
.av 1 av 

to at 2east four places of decimals). If the mean refractive index 

over the short traverse of t^ were actually n
a y * ^ n (where |Sn| 

the magnitude of the error In using n as the index would be Sn t.. 
av i 

Now suppose t were as much as 1mm. The maximum error in relative pai"k 
"5 6 • 

would then be 10" .10 " l O n m . , a figure representing a shift in 

fringe maxima of about which is well below the limits of detectio 

(i.e. y/lO or so,) I. Siddiqui^ in his thesis5(3), describes in detail 

how surface effects are measured using holographic interferometry.' 



J Chapter 2 The Determination of any Two-Dimensional Density Field 

from Line Integral Data, using Orthogonal Functions. 

2*1 The Definition of a Density Field, ' . : ,' v ' 

;A,three-dimensional scalar field describes a property of a substance 

at any particular point by specifying its magnitude at that point. 

When a specimen of a substance is "explored" with collimated beams 
• A 

of electromagnetic or electron radiation, it is often possible to 

record some property associated with the rays of the radiation. If 

the line integral of the scalar field along the ray can be related 

to this property, the field is called a density field. Refractive 

index is an example of a property describable by a density field. 

A theory which uses relative optical path length data to make a ' 

determination of the iKree-dimensional refractive index field can be 

used to determine any; three-dimensional densi ty field 'from the'lino 

.integrals, along rays passing through.that, density field. 

In X-ray photography of opaque three-dimensional objects and also, 

to some extent, in" electron microscopy of non-thin specimens, the 

density field of concern is simply mass density,^ (x,y,s). Since 

X-rays,and electron beams suffer negligible refraction in most, specimens-

of interest, the straight line approximation reduces the problem.to 

finding plane (z « constant, say) sections of field,^ (x,y), from 

rays.passing.through the, given plane. 

The quantity actually measured is photographic density,: which can 

be related to intensity by a relationship depending on the type of 
film used. The intensity.is related to the line integral^ 
( - ' 

^(x,y)ds i(x,v) . (2.1) 

i .',•.•"' , ' • • / . - ' . ' •'•.'.' 

by the relation 

I(y|).« -"••". (2.2) 

t ,4 • 
where y in equations (2.1) and (2,2) is a coordinate passing through 

the photographic plate, and I Q is the intensity.of all the ravs before 



entering the specimen. Equations (2.1) and (1.3) are analogous. The 

l i n e integral quantity, , analogous with optical path, is a measure . 

of the total mass traversed by the ray, i, per unit area. 

The rest of this chapter describes a method, using orthogonal; 

functions, for determining any particular two-dimensional density 

field, £(x,y), within an enect rectangular boundary, from line integral 

data, corrected for "surface effects". The set of rays passing through 

the rectangular boundary, , which lead; to a succe'ssful determination 

of the density field, depends on which set of orthogonal functions ' _ 

is used. The choice of ray directions often depends on what is experimentally 

possible for any particular density field. The discussion on the 

choice of the orthogonal set of Walsh functions for the refractive 

index density dield is defeired until chapter 3. .' . v ' ' Z 

2,2 TheRepresentation*of the Density Field in terms of a Series. 

of Two-Dimensional Orthogonal Functions. 

Fig. (2.1), N shows the rectangular boundary of the two-dimensional 
v a/ / / 

X V 

object having dimensions X by Y . Let fC^'Y^ represent the density 

field within this boundary, so that f(x,y) represents the density 

field in a unit sided square boundary obtained by scaling the actual 

boundary by factors — and —. This is done for mathematical convenience^, 

many constants, involving X and Y being avoided in; the theory. 

Extensive reference will be made in the rest of this chapter to 

results in Appendix t, which deals with orthogonal sets of functions 

and the representations of one and two-dimensional functions in terms 

of such 

sets. In the formulae of Appendix t« the values of X2 and 

y^ should be replaced by zero to be directly applicable in this, 

chapter. 
Let/2i- (x,y)| be an infinite two-dimensional set of orthonormal l pq • > 

functions in the range O ^ x ^ l , 0 * £ y < 1' defined by the orthogonality 

relation .. 

^ ( x , 7 ) d x d y " I v t i s i <v - q ; . ) (2-3) . 
and . ; . • ' • " ' • ' 

™ 1, for all x and y. (2.A) 





p and q are consecutive integer labels which are contained in two 

infinite sets, [(p,co)} and [(q,«>)} • (For most sets of orthonormal 

functions, t b e s € : l a b e l sets are given by - ̂ r a><p<co] 

and J(q,«}] r- [-oo<q<r<»] or by ( (p,<»)] [ p<<»] and > , 

[(q,a?)} » I 0 £ q.<<»]. See sections Al.1.1 and Al,3.1). 

For a complete closed set, |^f-pG(x,y)|, it is possible to express 

a continuous function f(x,y) exactly by the infinite series 

« > (X,y)( ; . (2.5) 

where the coefficients,-F^, are uniquely given by the relation 

F . 
pq 

Jo 

f(x,y)2/? (x,y)dxdy. " ' (2,6) 

'.pq -./. . r' ; • . - , . '.••; • 

The notation "p,a>" and "q,a>" in equation-(2.5). denotes the summation 

of p and q over all values in the 'sets ( (p,<*0j and £(q,®)| » 

An approximation for f(x,y) may be given by the finite series of 

MN terms: • ' ' ". • . ' * -'. 

f(x,y) = f aCx,y) - I l E p q f p q ( x , y ) . ' <2.7> 

where M and N are,integers,, and the notation "p,^* and "q,N" denotes 

respectively, summation of p and q over a subset [(p9M)J of |(p,co)j 

containing M values of p from the latter, and a subset 
{(q,N)} of 

containing N values of q from the latter. E are coefficients 
pq 

{(q,<»)) 

as yet undetermined. It is shown in Appendix 1. that the best root, 

mean square approximation to f(x,y) i.e. the one for which 

Q B |f(x,y) - f (x,y)| 2dxdy is a minimum, occurs when E » F 
1 a , pq \ pq 

(given by equation (2.6)), regardless of which subsets'/(p,M)j and 

|(q»N)| are used for the series In equation (2.7). Thus the best 

series approximation for f(x,y), using MN orthonormal functions from 

the set {V"pq(xsy)} i s given by 

f(x,y) ~ f a(x,y) - H F p q f p q ( x , y ) . V (2.8) 

fv*1 ; 

For most functions, f(x,y), the subsets [ (p,M)}J(q,N)} which minimize 

Q are those containing .the smallest M and N consecutive values respectively 



of jp| and jq| in the sets {(p,a?)} and . [(q,«)] . Thus if j(p9®)] " [ o ^ p * ® ] 

and [(q,»)} then ((?,M)} and.|(q,N)} « { q < "] , 

(This is discussed Cor one«dimensional functions more fully in section 

At.2,1) • ' ; . ••;. : ' 

From the defining relations,equation (2.3) and (2.6)^it can easily 

be shovm (see •lemma-1, section Al.1.I for the one-dimensional case) . 

that the mean value of each function in the infinite .set ,' 

except for ^ ^ ( x j y ) , is zero. From this i t follows thati in the . series 

for ffl(x,y) above, Fqq represents the mean value of ffl(x,y) and all 

the other terms F V- (x,y), p and q not both zero, have a mean value 
pqlpq 

of zero, so together they represent the variations about the mean of 

f (x,y). It is these "a,c." terms which are of interest in most cases, 
a 

; It is shown in section Ai.3.2 that.the two-dimensional set of functions 

||)p(x)^(y)| is an orthonormal set where and 'J^(y)} are 

one-dimensional orthonormal.sets in the ranges O ^ x - l and -Oj£y<l 

respectively. Such a set is called a separable two-dimensional set. 

2.3 A Scheme for obtaining the KN Coefficients. F , of the Finite -— u pq : 

Series for the Densifv Field from Line Integral Data. 

Two types of rays in the test beams passing through the object will'. 
* <: • 

be distinguished. They are called "X" rzySz and "Y" r a y ^ respectively, 

(a) "X M T^ysi pass from points on the boundary line x « 0 to points 
t 

on the 'ray x • 

by the equation 

on the 'ray x » X.in Fig. ( 2 . 0 ^ , An "X"* ray-* , i, can be given 

i « 
y ^ x 1 ) « a^x + ; , (2.9) 

where a^ is the constant gradient of the r a y r and is its 

intercept on the y axis. ' 

From equation (1.3), the line integral p^ is given by 

f* , ' • ' ' 
f ( £ - i ^ ) d s l ( x » , y ' ( x ' ) ) » p t . . ' (2.10) 

But 6s i » /dx' + dy' 2 « d x / ! +"(di$ I t s- d x ,/ ! + a i 2 e T h e scaling operation 



•24, 

x.® rpand y. •=» transforms an X by Y rectangle in the; x - y plane 

into a unit sided square in the x-y-'plane.' dx ® Xdx. This change of 

variables in equation (2.10) gives .'/':-; '•:.'•. ... 

(2.11) 

where y.(xX) is given explicitly in terms of x by putting x « xX 

and y « yY in equation (2,9): . 

y'j(xX) « (-j-)x + ^i , (2.12) 

Equation (2.12) is the expression for the "X" T ' & J - o n the scaled 

unit square-as shown in Fig. (2.1) 
(b>v 

(b) "Y"' TrtgSzi pass from points on the boundary y « 0, to points on 
» •. ' 

the tay? v « Y in Fig. (2,1) k "Y" fay-:., j, can be. given by the 

equation 

^j(y') »•b.y + d ; (2,13) 

dx» 
where b^ is the constant gradient — 7 6f the faja, and d^ is its 

intercept on the x axis, ..-,.. 

From equation (1.3) the line integral p^ is given by 

f(Xj(y')/x,;7Y)ds j(x»(yO,yO « P j . (2,14) 

jo 

But ds « Jdx' 2
 + d y

f 2
 « dy|l dy'/l + b

 2
 . The scaling 

J yf ' ' ' J 

operation x ® rr- and y « —~ transforms equation (2,14) to 
,1 

yJi + b ^ U x ^ y Y ) , y)dy « p j ^ (2.15) 

where x^(yY) is given explicitly in terms of y by 

x.(yY) ® |j , (2.16) 

equation (2.16) being the "Y" line, j, on the scaled unit square. 



In equation. (2.11) it can be seen that xji + a ^ 2 is the actual 

length of the ray. i. 3y dividing both sides of equation (2.11) by 

this length, , an important quantity, can be .defined: . .'/,.V. pi 

i 
n I 

1 
likewise 

-n 
B , " vT/rj 

kewise . , , .. 
• • 

j " T p T T J j " 
f(x(yV),y)dy . (2.18) 

: In both cases the quantity "5" is the line, integral which the ray 

would have if its length were scaled to unity. This will be called 

the normalized lino integral or, in the case of f(x,y) being a refractive 

index field, it is the'normalized relative path. The normalized line , 

integral is given by the line integral of the .sealad density field . 

along the corresponding scaled line.divided'by the actual length • . 

. of' the ray..- -•; - v.. - r• 

Now substituting the finite series approximation f_(x,y), given 
CI 

by equation (2,8), into the expression for normalized line integrals, 

equations (2.17) and (2,18) give: ' 

(a) The normalized line integral for an "X" i, is 

-P. 
B i x/[l + a;i tr.*—, oq I 

^ i' fiMfcN * -io 

and _ -

(b) The normalized line.integral for a "Y" j,.is 

-f; 

Equations (2.19) and (2.20) can be written 

B a T V ? 6 * - „ • ,- ; . (2.? 1) 
m p q J 

where for an "X" ray.:, m, of normalized line integral 3 : 
m , 

e p q ° W x ' y
m

( x X ^ ) d x > • : • (2.22) • 



while for, a "Y" ray , m, of normalized line integral, B^.: 

em - U - ( x (v'Y), v)dv ;: -V; ; V : <2.23) 

pq \'pq n - \ . Y - - - ; 

In equations (2.21), (2.22) and (2.23) m is a superscript, not a:. , 

power.' ' _ ; .' ' ' /. • ; v̂"'-• 

Equation (2.21) contains MM unknowns, namely the coefficients F . 
: • ' •. pq 

By solving a set; of'MN or more such equations, all independant of 

one another, it should be possible to solve for all MN coefficients 

and hence, by equation (2.8), determine f (x,y), the approximation 
a 

for f(x,y). To obtain the MN or more such equations requires choosing 

a "correct" set of lines. '•/•/' • 

To illustrate some possible solution schemes consider the set 

[2f-pq(x,y), p < ® , O ^ q C ^ } so that |(p,H)} « | 0 ^ , p < m ] and 

| (<U'N)} n|. A set of MM equations of the type, equation (2.2i), 

can be written in matrix form as follows: - v 

" Bl" 
T3 
f e ' C -

'a' • A ' Qoi - - 6 ' 1 Fo,o 
B 2 
• 

810 .. 
- c 

• A* b.1,. - - fti-i.i C - - : 'fit* F t 0 1 
• 

o 
4 
FM-1,0 

« 

% C - fyy 
tr* 

F01 

V 

M-l.l' 
r02 

(2,24) 

G™ and F are ordered so that p changes before a does. From the pq pq 

defining equation (2.4) (i .e . ( X j y ) » 1) and equations (2.22) and 

(2.23) it is true that for all lines, m: 

e 
m 
00 (2.25) 



SO that all the line integrals in equation (2.24) all contain Fqq 

as the first term of .the sum of-MN terms. But the measurement of 

line integrals, p^, and hence the normalized quantity, B^, is nearly 

always r.e 1 at\yp.- The path lengths in Chapter 1. were relative, not 

absolute. The quantity, Fqq, found by solving the equations , equation 

(2.24)^ is arbitrary depending on which .line integral all the 

others were/measured relative to. This arbitrary constant is differect 

for different sets of data points. For example, in the case of the 

refractive /index determination several interferograms each constitute 

a different set of data points. The members of any one set are measured 

relative to a chosen one, whose.path length is arbitrarily chosen to 

be zero. Thus the "Fqq^'V from different sets will, in general, be . 4 • -
different, and more than MN equations will be required to solve for 

the MN - 1 coefficients, F , p and q not zero together. 

To make t'ais clearer, suppose that the M N data points are in three 

sets of I, J and K data points respectively (I + J + K « MN), Then 

equation (2.24) must be rewritten as follows: 

B 
I 

W 
i 
i 

W 
B 
I+J+l 

MN 

i 0 o 0,'o • 

i o o C -
0 1 o 6 , 7 . 

0 I o 6,o . 
-0 O I er ' 

0 0 I Blo . 

" f t 

a 
o 

X . 

.141 

e 
e .141*1 
'M-itrt'l 

e" 

F» " 
0.0 

po s 
0,0 

p i n 
0.0 

F10 

M-t,N«1 (2.26) 

The elements Gqq have been written as 1 in equation (2.26). The last 

MN-1 columns.of the "611 matrix are identical with those of the "G" matri 

in equation (2.24). The last MN-1 elements in the column matrix of 

coefficients F ^ are the same in both equations (2.24) and (2,26). 



I «I » t I ..."•• 

F q o , FQQ, arid F 0 0 are different in general, because each of the three 

separate sets of data points is relative to a different reference 

level. Equation (2.26) now represents a set of-MN. equations in MN+2 

unknowns, and so .cannot be solved. Another two data points are required 

for a solution to be possible. In general, for a number, L, of separate 

sets of data points, the minimum number of data points required for 

f » «» 
a.complete solution set of coefficients, £ F

0 0 '
F b O ' ' 8 - F p q ' P a n d q not 

both zero, 0 « £ n < M , isMN-1+L. ' ' ! . 

Under certain conditions the set of coefficients,JF (.can be solved 

n pq" 
for by independantlv solving for the subsets of it. A subset of. say, 

P (F< MN-l+L, where L is - the number of distinct sets of.line integral 

data, points) coefficients will be the solution of P equations of the. 

type equation (2.21), in P unknowns. To find out these conditions for 

the case where the sets of line integral data points can be solved 

independantiy from one another, consider oncc again the example of 

three such sets. Suppose that the three sets contain 1 9 J+l and K+l 

data points respectively (l+J+K •= NN) then a matrix equation like 

equation (2,26), but with J replaced by J+l and K replaced by K+l, 

.would be the equation to solve. Such an equation could be written, 

as three separate matrix equations as follows: 

e 1 

e. 

l e 10' 

M-1,N-1 0,0 
r 10 / 

(2.27) 

1+1 

B 
I+J+t 

10 *" M-l,N-l 

: :i+j*i ;i+j+i 

»» 
00 I 

10 

M-l,N-1 (2,25) 



and 

BI+J+2 
oa • 

• 
• 

• • 

• 
• 

BMN+2 

, I+J+2 

» • 
• • 
• • 

• - • 
• : • 
e « 
« • 
• • 
• 1 * 

1 fi 
10 

'MN+2 

111 
F 

, M-!,N-1 (2.29) 

A necessary condition for equation (2.27) to represent I equations in 

. I unknowns is that all but 1-1 of the last 'MN-l columns of the "6" 

matrix must be zero (a column of elements is zero when all the elements 

in the column are zero). Similarly equations (2.28) and (2.29) may have 

solution sets of J+t and K+l coefficients respectively, if all but 

J and K of the last MN-1 columns of their "G" matrices are zero. If. . 
[ - : ' . 

the three solution sets containing I, J+l and K+l coefficients are 

. mutually exclusive (i.e. no coefficient occurs in more than one set) 

then the three sets together form the complete solution set of MN+2 

coefficients. The condition for this to be true is that the numbers of 

no two non-zero columns of the last MN-1 columns of the "6" matrices, 

in equations (2.27),(2.28) and (2.29) shall be the same. If there 

are some coefficients common to two.or more of the three solution 

subsets, then clearly some other coefficients are not solved for, and 

more than MN+2 equations will be required to provide solutions including 

them,. 

To :illustrate-the solving of L separate subsets of coefficients 

from' a total number MN-l+L of data points, the following example is 

considered: 

Let L 3, M « 4, N ® 2, so that the complete solution set is of 

the 10 coefficients F ^ , V V > V V V V V V A l • 

Let the three independant solution subsets of coefficients contain 

4j 3 and 3 coefficients respectively, and let the 3, 2 and 2 respectively 

non-zero columns out of the last MN-1 « 7 columns of the "B" matrices 

in the relevant matrix equationsj of the types in equations (2.27), 

(2.28) and (2„29); be given by: : 



(a) For the first solution subset 6 2 0 ' 6 3 b ' 6 3 1 ' 

Am -m 
eifo»" V 

(b) " " second " " 

(c) " third " « » ~ 

The first of the three matrix equations can then be written as:. 

5 4 m <7 

8 <in <10 

• •> 

B l 
ft 

B 2 

B 3 

S \ 

1 0 e2.0 4 o ° ° ° S3.1 

T o e 2
0 e 2

0 o o o e 2 ^ 

1 0 e 2 0 e 3 0 0 0 0 6 3 1 

1 ° e2,0 e3.0 0 0 0 e3,!j 

0,0 

F1.0 
F: 
2.0 

F 3 0 

F01 
Fu 
F21 
F3.1 

1 4 o 0 3 P e3.1 

2 2 2 1 V V e3l 

3 3 3 1 V 9 3,0 6 3,1 

1 e2,0 e 3 p 6 3.1 

00 

V 
2.0 

F3.0 

F 3 1 

The other two matrix equations likewise become: 

B 5 
f3 

V 
3 7 ; 

V 

1 ei.o e l 

! eto>tt 
1 61.0 9 u 

; U ' J 

r % 
1 t 

F o o • 

F1.0 

f M 
/ » ' ' 4 

and 

* m 

h 
£2 

V 

B 1 0 c 

1 0,1 V 
Q Q 

1 % 02,1 

, o'-0 AO 
1 V . 2,1 

in* 

0.0 

-Q1 

Assuming that the three matrix equations are solvable, the three subset 

of coefficients are { f ^ , F ^ , F , p „ F ^ ] , [f J J, F , p , F ^ j and { F ^ ' , F Q 

2.A The Density Field determined at M Sample Points exnresseri as 

a Discrete Inverse Unitarv Transform of the MN Coefficients. • i - • •• '• f • • 1 • '• < * •*—•• * 

When a solution has been found for the set of coefficients, 

j ** , P a n c* 9 n ? t both zeroj, the series given by equation (2.8) with 

F q 0 set equal to zero will give the value of f„(x,y) about a mean 
i 

value of zero for any chosen pair of values, (x,y), in the.range 

• 0 < x < l , ~ 0 < y < l . 
k + 6 . I If a regular array of MT-? points, (x,y), given by :< « 

M 
and y « 

where k and I are integer variables, 0 < fc < I',, 0 < J , < N and and w are 

constants in the range .0 to 1, then some rather special results may 

hold. Fig. (2.2) shows this regular array of sample points, one per 

"cell". If x^ and y 9 in section Al.A,2 are set equal to zero, the 
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~T 

0~ 
0 

H / M 
if/Ml U-

.L 
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- « — • — 
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I 
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1/N 
I 

U 3 / N 

1 

s a m p l e p o i n t s J y = ^ ~ 

k=Q/1,2,.. .M-1. L=0,1,2,...N-1. 

• y is a c o n s t a n t , Y < 1 . . 7 •-..•."VC' 

a ) i s a c o n s t a n t . 0 < w < 1 . ' 

The MN sampling positions for f (x,y) and the orthogonal 

functions, 2^ (x,y),i'.h the unit square, :< < 1,0 4 y < 1«M«6 and. 

in .the* diagram. : .. ' • . X 



results.in fkat section become directly applicable here. Direct : 
Jc- + 'if 1+6J . 

substitution of x ^ — ; and y —-—• into equation (2.8/ gives . 

For certain values of % , W , M and N , given by equation A 1,42, equation 

(2.30) may define(set as a discrete or finite inverse unitary 

transform-of "the'Set'-of coefficients IF* I. For these values of X. 
— . ( pq) . 

M, M and N,' equation A 1,43 gives the set J 2 s the corresponding 

discrete or finite unitary transform. 

. The fact that equation (2.30) is, under certain conditions, a 

discrete inverse unitary transform, becomes significant when 

is a separable set j<J> "(x)^ (y)j so that equation (2,30) becomes 

It is shewn in section A 1,4.3 that equation (2.31) can be calculated 

as M one-dimensional discrete inverse unitary transforms of order N , 

based on the set of sampled functions | , and N one-dimensional 

discrete inverse unitary transforms of order M , based on the set of 

sampled functions | ^ )| • * ••-*••• 

.Now, for a variety of sets of one-dimensional orthogonal functions,, 

al gorithms have been developed by which the discrete transform (and 

its inverse) may be implemented by far fewer operations than the 

straightforward.summation would indicate, Cooley and Tukev,^4^, first 

developed such an algorithm based on the complex exponential set 

je2*WM j, is well-known "Fast Fourier Transform". Harmuth, 

in his b o o k ^ 2 ) , r f e s c r ^ b e s corresponding "Fast Walsh" and "Fast Haar" 

transforms. The summation,) F 
in equation 

(2,31) is a 
one-dimensional discrete inverse unitary transform of j F s P a constantj 
based on the set . If "operation" means a multiplication 

followed by an addition, then there are clearly N operations for.each 

2 

value of 1, There are N values of I, so there are a total of N operation 

in calculating the set JH, " T f ( L X. Now, a fast transform 
I 1 p < m .N ) 

algorithm enables the complete transform to be calculated^in between 



Nlog^^ and H operations, depending, how "factorizable" N .is. If,N is 

a power of 2, say N « 2 n , then the number, of operations is Nlog2N « n!\T 

Thus the ratio of number of operations by fast transform.to. number of 

operations by-straightforward calculation is n/2 n for N « 2 n . If . 

M•* i2 , n, the number of operations for a complete two-dimensional invers 

discrete transform is (MN)(M+N). by. straightforward calculation, and 

:(IjN)(n-'-m) using.a fast transform algorithm. ' 

A very important result from section Al,A.2 concerning which values 
" yt ' • j . •» 1 

of J and OJ /are: allowed, for equation (2,31) to be a discrete inverse 
unitary transform relation'} is as follows: ' • . .; ; 

If the-set J ̂  (x)} is such that, for particular value(s) of M^ each 

function.^? (x),is constant in the range ~ £ x < ^ * *, where k « 0,1,2,, 
' ' p ' ^ i»i M ' , 

and )y (y)l is such that, for particular value(s) of N.each function, 
f ^ - 1 1+1 r'(y),is constant in the range —<y<—~—.''where-1 « 0,1,2,..N-l, the 

q I N h Y 
equation 

(2.31) is a discrete transform for anv pair of values of 0 

and CO where both of them are in the range 0 to 1, Clearly, ir. this 

case, the separable set jf> ( x ) ^ (y)J is such that the value of each ^ k ^ ' c + l l 1+1 
function in a "sample cell" ~ —• 7 7 ^ y <—~— is constant. 

. y _ . I'i C\ IN 

Then f (-—.—, —J^-) is independant of V and&>, and there is only 

, * a M N 
one distinct 'two-dimens*onal discrete inverse unitary transform of 

the set. of coefficients )F ' <riven by -ecmation C2.31). It gives the i~ p qj 

MN values of a two-dimensional step function f Q(x,y) representing 

f(x,y). ^ . " - • .";v. 

The set of Walsh functions [wal(p,x)wal(q yy) ; 0 £ p < M , 0 < q - < N ] is, 

for M and N powers of 2, a set for'which the results in the previous 

paragraph apply. The first 6A two-dimensional Walsh functions, for 

M • 8, K • 8, are shown in Fig. ( 3 . 2 ) . 



Chanter.3. The Determination'of a Two-Dimensional Density Field 

from Line Integral Datay using a Set of Orthogonal Walsh 

• •, Functi ens «• ., . . ; • • : . •'• •• '_• :*.• ' •. 

3.1. . , Ray Tracing through a Glass Block to establish Possible. Hav 

' Pi sections;, . .'-'/ '•'...•• 

In choosing any theoretical approach to ,the particular"problem^ 

of the determination of the two-dimensional, refractive index density 

field in a rectangular boundary, it is important to find out those \ 

possible ray directions which can be used in an experiment. : 

Fig, (3.1) shows rays traced through a square cross-section of ta 

glass block, of mean refractive index 1.5, for a collimated beam, 

incident on a given side,. AD in Fig. . ( 3 . 1 ) o f the block. The1 r a y 

tracing is done for a variety of angles of Incidence from 0° t:o 80°. 

It can be.seen easily.-that, since the critical angle for this glass 

is 42°, no rays can.emerge from this block, from any side but the side 

opposite the one through which the rays entered. (This result applies xbo 

to a rectangular cross-section of'any two relative dimensions.) The 

parallel rays in the block which strike the adjacent side DC are . 

totally ,internally reflected, and emerge from the side BC at an angle 

to the incident rays equal to twice its angle of incidence on the 

side AD. The rest of the parallel rays in the block; pass to the , 1 

Sf'de B C s' and emerge, parallel to the incident rays. 

From a practical point of view, it is easier to make use of'the... 

undeviatred rays, for a variety of angles of incidence, since the 

direction of the test beam at the interferogram does not change "(or 

only slightly due to surface effects) and there is only a small shift 

in the position of the interferogram. Also, from a theoretical point 

of view, it.turns out that rays which pass "straight through" are 

much easier to deal with than thpse which are totally internally 

reflected.- . 

Without going into any theoretical detail, it is clear that nothing 

can be determined about the refractive index field in a region within 

the. boundary through which no rays at all are passing. For high 

angles of incidence, Fig, (3.1) shows that a high proportion of the 





boundai-v is not "explored" by. the test: beam ,which moans that several 

angles of incidence at the sides AD and AB may have to be used to ;; 

"coyer", the whole region. . On the other hand 9 the lower the angle ".. 

of incidence,..';the larger the/bounded area that is traversed by the .. 

test;,beam, A single interferogram for angle of incidence near • to • .-' 

zero is not sufficient, as any change in the field in the directions 

of the rays is not shown up, since the relative paths are the line; 

integrals along the rays in, the field. At least one,more direction 

is needed for the test beam to detect, changes" in the direction mentioned. 

The. simplest second direction is that at right angles to the first,, 

i.e. a test: beam incident normally on the side AB of the square 

boundary as shown,in Fig. (3.1). . : ; 

In Chapter 2. it was shown how orthogonal functions could be used 

in making a determination of a density f iel'dj f (x,y) • It was shown 

how data points from each interferogram led to a solution for some 

of the coefficients in the finite orthogonal series approximation 

for f(x,y). Several interferograms, in general, were needed to obtain 

the necessary number of coefficients for this cpmplete finite series. 

The particular set-of orthogonal functions chosen determines how many 

different such"sets are required, and which rays in each set lead .to 

a solution for a particular subset of the set of all coefficients 

in the finite series. In the rest of this chapter it is shown that 

only two interferograms are required to obtain a determination of .. 

f(x,y), if the two-dimensional orthogonal .set of Walsh functions 

is chosen as the basis of the finite series. Furthermore, it emerges 

that as the number of data points taken is increased (giving a better 

determination of -f(x,y)), the two directions approach more and more 

closely to the ideal experimental ones mentioned above: Two directions 

at right angles. A complete solution scheme for finding f(x,y), given 

the appropriate relative optical paths of the rays in the two beams 

is worked out for Walsh function series. 

•3.2 The Two-Dlmensi onat set of Walsh Functions and the Two-Dimensional 

Walsh Transform. 

In section Al.3.2, it is shown that 

H p ( x ) t i s a separable 

two-dimensional orthonorma] set in the range x 2 < x < x 2 + l y < y £ + 17 

where. - (x)] and | T q ( y ) ] are one-dimensional orthonormal'sets 



in the ranges • and y 9 4 y < y 9 . .respectively, I f 

and ^ ^(y) are both one-dimensional Walsh functions ;being members of 

the infinite sets [-val(p,x), 0 4 p ^ ^ ] and | wal(q,y)j . 0 4 respectively, fte 

the. separable two-dimensional orthonormal set is [ val(p,x)wat(q,y), 

, . The 64 members of this-set,. val(p,x) ,wal(q,y)y 

0 < p < 9 , 0 4 q < 8 ; in the range 0 4 x 4 1 , 0-4y < 1 , are shown in Fig,(3.2). 

.The properties of one-dimensional Walsh functions are discussed in 

•Appendix 2... Tf M is a power o^Xsay M « 2
T n
, then val(p,x) in the range - . 

A\ . k « 0,1 5..... ,M-1, and 0 4 p 4 M , is constant. Thus val(p,x)val(q,y) 
• J • ' . - • . • • • \c k + l 

is constant in each of the "sample cells" shown in Fig, (2.2), M , ? 

k - 0 , 1 , . . , M - l , I - 0,l,.„.N-i, 0 4 p < M , and 0 ^ q < N - , 

where M and N are powers of 2. Thus using the results of section Al.4.2, 

the function f (x,y), -which approximates the true scaled density ..field • & . . . . . 

f(x,y), is a step function of MN values given by (c. f. equation (Al. 51)) 

V . o?n i o n i . ' 
> j~ -,k '''6 t + «> v - V * v " w k + 1 \ 1 +6). . 
fkl " \n < :r r~" ,.'T I~ )' ! r r I I r

Dq..•wal<P,-^nr-) w a K q , - ^ - ), 
p « 0 q « o 

2 m - 1 .. k + y 7 2
d - 1 •'.• ;'"+lo \ 

. .. « ^ F p q ^ ^ q , 1 ^ ) ] , 
p 0 \ q « 0 - / 

• ' / • : ' , . . . • .."•'... (3.1 ) . 

where tf and W a r e any constants in the range 0 to 1 and m . and n are 

posi tive integers. The prefixes 5f and • 0) have been. dropped from 

because the latter is independent of them. The. set j f k l , . 0„< k < M,. 

0 ̂  1 ̂  il 1 is the discrete two-dimensional inverse Walsh transform of the 

set of coefficients j F , 0 4 p < M , 0 < q < N ] . The corresponding 

discrete two-dimensional Walsh transform giving ) F ( i n terms of 
t i 1 pq J -
jf k ljis (c.fo equation (Al.52)) 

r 
, 2 m - 1 2 n - 1 ' - V * 
1 v v* * ' . / k + o x ,, l + w , . 

pq » MN L I '
 f
k l w a K p , - ^ ) . w a l C q , ^ ^ - ) ) 1 n k " 0 1 " 0 • . 

1 • v- W k + L T- - / I + < 
w a l x p ,— - ) ^ r w a l ( q , ^—) 

k - 0 \ 1 « o 1 i 



• F u l l 2 ) jTha 64 two-dimensional Walsh functions,val(p,x)wal(q,y), 

. 0 ^ p < 8 , 0 ^ T q < 8, in the r a n g e , x < 1 S h a d e d areas represent 

the value,!,and unshaded areas the-value,-I. • 

4 
* 



The relevant discrete orthogonality relations, are •(c.f. equations'/(A 1.46) 

and (A 1,47) ) „ ... ,• ' . ; " ; ';• ' ' . 

where 0 £ p < ^ 2 s : O ^ p < 2 s ; s « in or n and X Is a- constant, ; 0 $ 1, 

The. discrete reciprocal orthogonality relations are (c.f. equations.. 

(A1.49) and (AI.50)) ' \ ' ". X ; ; v .' • . : ' 

2M ' , v c r '' . • 

-' F£° . .: - '• ' '' - • s , • . • - .. ' • .. 

where. O^ k < 2 S ; k < 2 5 , s « m or n and Jf is a. constant, 0 ^ 1, -

The results of section Al.4.3 and the end of section. A2,5 can . 

be used, to express the relations above in matrix form: Define the Walsh 

matrix of order 2" by the relation (c«f.equation 0\2.31))-.' 

where 04\]<£2"J: 0 ^ k < 2 s , s " m or rv. Walsh matrices are 

symmetric (c.f.equations (A2.38) to (A2.41)) so that (W ) « (W ') and 
s s , 

both orthogonality and reciprocal orthogonality relations reduce to 

where 0 2 s ) is the unit matrix of order.2 s, 

The discrete Walsh transform (equation (3,2)) and inverse 'transform 

(equation (3.1)) become (c.f, equations (A1.62) and (A1.60)) 
O • . . . '-- . .« - # • 

( F ) - ~ n T 7 T . ( 0 < 0 ( W ) ' ' , . (3.7) i. m it 
and - ' ' - -• • - • * _ 

(f) « (w m)(F)(w n), 

respectively where (f) and (F) are 2™ X 2 n matrices containing respective 1 

the elements f ^ and F given by the relations (c.f. equations (A1.57) 

and (A 1.58)) V 



'-When - .the.'' set of 2**° -.coefficients,. ' ̂ F ,. 0 < p 4 2 n ' , 0 < o < 2 n } , • 

has been solved for., the inverse Walsh transform, represented by the matrix 
' ' •• Tn a 

equation, equation (3.8)!, will give the 2 x 2 two-dimensional step..-. 

function values.. From section (A1.A.3) it is true that equation'(3*8) 

can.be implemented by 2 n one-dimen^ionnl inverse .Walsh transforms (see 

equation A2.3?) of order 2™ and 2™ one-dimensional" inverse Walsh 

transforms of order 2 n . As mentioned in section (2,A) there exist "Fast" 

Walsh transforms for the most efficient computation of a one-dimensional 

transform. The author used. HnrmuthWsX 2 ) , Fast'-Walsh transform 

which is based on the set | wal(p,x), and adapted it to a . 

set of sampjId Walsh functions pnsed on the set [ wnl(p,x), 

3.3 . The sets of Rays Which Lead to Solutions for- the set of Coefficients 

J , F p q l o n C s _ £ N j _ 

Solutions of at least MN « 2 , where m and n are positive integert'j.. 

equations of the type (2„2l) for normalized line integrals given by 

equations (2,19) and (2,20) were attempted for values of'M and N : .2 and.2 

2 a n d A, A and A, In all three cases two sets of rays gave a successful 

solutions set, )F j , for a eiven set of normalized line -integrals' 
< pq J T w 

associated w i t h each rav.. In section (2.3) it was stated that for i. 

different sets of parallel rays there must be a minimum of MN - L 1 

rays chosen to .obtain a. solution set. For L « 2 this is MN + 1 rays. 

This number of rays was the number reqxiired for the values of M and 

chosen above. The set of lines chosen suggested, some obvious 

generalisation to similar sets of MN + 1 rays for higher values of M and 

N . • " ' . •/ 
In Fig (3.3) the rectangular area, X - by V units, is divided up into 

M. by N rectangular "resolution" cells hy V - L vertical llr.es and N 1 
'' ' ' i 

hori 

sorts1 lines,Let the Intersection of a vertical- and a horizontal line 

be called a "node" and any ray-passing through a node he called a "nodal" 

ray,There are clearly (M - !)(n - 1) nodes.(The Intersection of the linos 

with the boundary lines are not counted as nodes). 



4 < . 
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and 

i b i n X B s e 

• • ' ' l e d into the 

I T ' l C r , l 1 c ; 0 

xf rays as i* • v/M.?** 
/ q / N sets of e ^e'r, x/fc hy -7 . . 

boundary. . 
u n i t , s q ^ r c .. , , • . . , , . 



. ' ;> 

• ••!/ 

A : .W-
J. ' 

. • •- Now the "X" rays-are-all. at an angle of'tan- to the x axis. 

- . IS A -

They are divided-up'Into two types: 

( a ) The "nodal" "X" rays pass through nodes. There are therefore 

(M - i)(M - i) of these. . • Z ' : 

. (b) TTvfc "non-nodal" "X" rays do not pass through any of,the N - 1 

. horizontal ;dividin& lines, There are therefore N. of these. 

• -, The foirynvln for each of the (M - l)(N - 1) + N = MN - M + 1 "X" rays 
-Y' • • -

is given by. (c.f." equation (2,9) with « rr: and c. « Y ,, , i - 1 A > 
i > NX i — (1 + —-— )) 

•••'•/•• . ' •• • • . N • .. ; h 

y1™ • • z ; : z " : 
: where i ** _1,2,......MN - M + l. ,The N "non«nodal" "X" rays are for 

values of i given by - ' • Z ' 

• i •» qM + 1, -.'(3.12)'. 

where q « 0,1,........, N - 1. The corresponding ."scaled" "X" rays, 

shown in Fig. (3.A) are given by (c.f. equation (2,12)). 

x , 1 ,, . i - 1, 

. ' > , ' ' • • ' . " . • ' ' . ' . . . . . . . ' - . , 

•> •• ' i .1 V ••'. I 

V . . VW : The "Y" rays are at ian angle of tan 77m to the y axis a n d a r e 

' v similarly divided into two types: ' 

^ "... (a) .There are (M - l)(N - l ) "nodal" "Y" rays which pass through the 
nodes.- ' •• ' 

(b) There are M "non-nodal "Y" rays which do not pass through any of 

; the M - 1 vertical dividing lines. . 

The formula for each of the (M - l)(N - l) + M « MX - N + 1 "Y" rays 
-X X T -

is given by (c.f.equation (2.13) with b^. - ~ and d^ » -(1 + ) ) 

x . V ) - -fe). y' : y ' . 

j • . . . ' . . . 1 (3. 1A) 

where j « 1,2,.....,MN - N' + 1. The M "non-nodal" "Y" rays are for values 

of j given by • 

j « pN + I,' • " ",••'.••.'- '' (3,15) 



where p »
;
0,1,...... ;M •« 1. .The corresponding "scaled" " Y " \rays;.shown 

Fig. (3.4), are given by c.f. equation .(2,15)) ! .. !-Z..\.ZZ, • • 

x.(Yy) » - + + .. V;'. ZV. - V i r -ZZ-
3 M M (3.16) 

' ' In Fig^ (3.3) and (.3.4) are shown 'two
1
 sets of" MN-.+ 1 rays from. 

which separate solution sets jF I , and F ( - may be-obtained': 
• . I pq i 1 I pq 1 + - . 

"Z (1) .The normalized set of line integrals,. B , l < m < M N + 1 } 

V ' • I > ' ' .
 1

 m'
 1

 1, 

taken from the line integral data of all MS -M'+ 1 "X" rays and the 

•M "non-nodal" "Y" rays leads to the solution set I f j , . The 
t pq 1 1 

normalizkV line integrals are ordered as follows : B. ,i « 1,2,....Mis - M 
correspond to all the "X" rays (equations (3.11) or (3.13)). 
B(MM M + 2) + p P " 1 correspond to the M"non-nodal" 

"Y" rays (equations (3.14) or (3.16) subject to equation (3.15)). 

(2) The normalized set of line integrals Jb , T < m < N N . + 1 | . 

- 1
 m ' ' 2' 

taken from the line integral, data of: all a MN » M + 1 "Y" rays and the 

"non-nodal" "X" rays leads to a solution set i F } The normalized 

( pq J 2 

line! integrals are ordered as follows.: j « 1,2, , «,. . , MN ~.ZN •+ 1 

, correspond to all the "Y" rays (equations (3.14) and (3.16)). 

B(MN ^ + 2} + , q 13 0^1,...... N - 1 correspond to' t h e " n o n - n o d a l * 
"X" rays (equations (3.11) and (3.13) subject to equation (3.12)), 

d. - -
It can be seen that data from the "hon-nodal" ravs, i.e., the N 

"X" rays and M "Y" rays, are common to both sets J B and (b } 

( ) ( \ ( m i l | m) x 

so that the solution sets ^ a n < * P p q i o a r e n o t * n d e P e n d e n t 

one:another. As M and N increase however the fraction of common, 

data points ,(M +N)/(MN + l) decreases so that the two different 

solution sets 

K 1 
, and | F j 0 become increasingly independent of 

one another. 
There are a further two sets of MN + 1 rays each, which lead to two 

solution sets jF - .and IF ) which are "nearlv independent" of 
( PU 3 I pq J 4 . . - | 

another for large M and N , in the same wav thatjF I , and {F > 0 are, 
( pq ) 1 I pq ) 2 

These rays mayabe generated from the rays'in Fig. (3.3) by reflecting 

the "X" rays in a mirror placed along x ' «* X/2 and the "Y" rays in a 

mirror placed along y 1 = Y/2. (in the case of the scaled rays of 

Fig, (3,4) the mirrors are along x « y « % respectively), These 

scaled rays are given by replacing -x and -v in equations (3.13) and 



(3.16) by x - 1 and y - 1 respectively Since none of the rays in this 

"reflected'.' set of rays are the same'as any of the rays in the original 

set'th® sol n't ion sets )F \ » artdjF I obtained from the former 
J ~ ~ . C pq I pq ) u , v ^ 

set will be completely independent of JF -andjF^ ; -which are 

obtained from the latter set. '••-.-..'-'. 

: In the rest of'this, chapter a way is developed of solving for 

set of'coefficients, }F \ ,, for the special case M N « 2̂ (111 a 
.pq' 1 2 , . 

positive integer). This requires data points from, all M - M + 1 

"X" rays and the M "non-nodal" "Y" rays, shown in the top half of 
Fig. (3.4) v ". ' , ' 

In the special case M « Nj. the scheme worked out to solve for 

!
F I fro:n|n. \ can be verv easilv adanted to solve for IF I « 
pq 1 . ' m J 1 " 9 - ( pqj 2 

from J2" requires a l l M" - 'M + 1 "Y" rays and the M "non- -

nodal" "X" rays, shown in the bottom half of Fig. (3.4) : Suppose that the 
0 

scaled density field, f(x,y) is rotated through 180 about y « x Jeaving 

the axes and first set of M +1 lines above (i.e. those in the top 

half of Fig, (3.4)) as they were. This means that the -function' inside 

the unit square boundary isg(x,y) 
a f(y,x)e But physically, in relation 

to the parts of the function they cross, the set of rays is now equivalent 

to the second set of rays (bottom half of Fig.(3,4)). The first 

solution scheme can be applied to solve for a coefficient s e t j G ^ I . 

which contains, in some as yet undetermined order, the coefficients of,';: 

the setjF^J 2 , Now the step function S a(x,y)gg(--| — " / 

kl (kl);which approximates g(x,y),- may be obtained by the inverse Walsh 

transform (c.f, equation (3.8.)). 

" ' (g) - (W m) (G)(W m) . • . : . - (3.17) 

1. n 1 J- tf% 

But since g(x,y) £(y,x) it must be.true that - M ) « 

f(lJJi- 9 ^ ) o r « o r i n rnatrix terms (g) » .(f). ' Now 
from equation (3,8) for M N 2' we have (f) « (V )(F)(V ) «* 

^ rs, /v . m " m. 

(W )(F)(W ), but (W ) « (W ) so 
m m ' m . m -

. (f) = (w ) (T)(W ) " ' ' (3,18) 

m m . ' .. • 

By comparing equations (3.17) and (3,18) it is clear that 

... ... - -
(G) (F) f .. : ; (3.19) 



or in terms of elements of these'matrices: 

• (3.20) 
•pq 5P 

These r e s u l t s can "be. summarized as f o l l o w s : . . • 

• The . s o l u t i o n scheme d e s c r i b e d l a t e r g i v e s the. s e t J ^pq } "x""' 

t h e i n n u t /data s e t ft ! ) • For t he i n n u t s e t { B- I 0 t he same, s o l u t i o n 
y ( m ) I 7 * 1 m i . . . 

s.cheme g i v e s t h e s o l u t i o n s e t j F j 2 , where t he r e v e r s a l of . . i n d i c e s ' 

' i n d i c a t e s , t h a t wherever a c o e f f i c i e n t , F ^ , appea r s i n the s o l u t i o n 

u s i n e i n r u t d a t a f'.B ] . , t h e c o e f f i c i e n t , F , w i l l appear i n ... 
^ . 1 ( m ) l iP 

t he s o l u t i o n u s i n g input , d a t a I B J 2 • * . • ; ; y,. 

3,4. A Scheme to, solvg for the set of coefficients 

• 'If ,0 4 o < 2 ? n ^ p x ? . ^ J from a set o f line integral data, 
pq r- -f - — > 

{B^ l]. 

3.4.1 M « N » 2 

Fig (3.5) shows the M + 1 » 5 rays in the unit square boundary 

sup erimposed on the four two-dimensional Walsh functions required to 

Nm calculate the values of 9 , 0 4 p < 2 . 0 4 q < 2 , 1 4 m 4 5. from 
\ pq . v . r: 
equations (2,22) and (2.23). Since there is one set of "X11 rays 

and one set of "Y" rays, from which the line integral data, P and hence 

' m 

normalized line integrals B are obtained,there will be two different 
m 1 

"d.c," coefficients :FQ'0 for the "X"ray set of data, and F ^ for the 

"Y" .ray set of data. The 5 equations^ in 5 unknowns, of the type 

equation (2,21),' can be written in matrix form as (c.f. equation (2,26)) 

= 1 0 
-10' 

8
1 

01 
e 1
 1 11 

B2. 1 0 e
2 

0,1 » u < 0 

B3 
1 0 

• <v 

610 A3 
01 > —-

0 1 'e
4 

1.0 
L e°,i it Fo,i 

. \ 
0, • 1 e 5 

' 1,0 e
5 i.i 

(3.21) 
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The calculation, of the elements in the first three rows of the 

5 X 5 ' "0" matrix requires equation (2.22) and the "X" rays in Fig (3.5): 

Examnlf3-1 : (see Fig.(3«5) (i)) * Z ;AZZ : 

© 
I 

0,1 |'volCQ,?f)valCT)yj (X x))dx - ( u ) d dx ° 1 

Examnle t \ (see Fig.(3.5) (i i)) ^ , • 

2 (va I (1,x)wal(l x))dx «* " ((~l)dx + 
ir 'e L 

6 
i • • 

|(-l)dx 

The calculation of the elements in the last two rows of the 

5 x 5 "Q" matrix requires equation (2.23). and the "Y" rays in Fir. (3.5): 

Example 3 : F^,(3.5) (1)) 

V A 
jval(0 5x 4(Y y))wal(l,y)dy « J.(l)dy l)dv « 0 

Example 4 ; (cqq Fi (3.5) (iv) 

~ |wal(l 5x 5(Y y))wal(0,y)dy - |(-l)dy « -1 

The other coefficients are calculated in a similar way and the 

matrix equation', equation (3.21), becomes . • 

B 1 
= 1 0 0. 1 0 

4 " / " 

F r00 

h 1 0 0 0 F " 
on 

B 3 
1 0 0 .1 0 

h o 

h 
0 1 1. 0 0 F a i 

B 5 
0 1 -1 0 0 

h i . 

(3.22) 

"X" ray data only and 

TS 
1 0 1 0 ' 

B 2 1 0 0 -1 

8 3 
1 0 -1 0 

i . 

/ 

h 0 

f 
I 1 o' Fo'o 

h o 
1. 0 -i F0,l 

Fo!i 
1 -l 0 

V 

(3.23) 
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and 
» • 
r. t 
4 

T5 i 
00 

:1,0 
:pt 
rll 

1 1 
1 -1 

V 1 
op 

c 
M O » • (3,24) 

Consider the solution of equation (3,24), Equation (A2.3S), near 

the . enct of Appendix 2, states that the Walsh matrix of order.2 is 

^ Equation (A2,34)'states that, bar a power of given by (V^) « 1 -1 
2, a Walsh ;p?frix of order 2 , is its own inverse. More precisely, 

equation (A2.34) was . : ; • -7".. - 7 ; V - 7 

(W )(W ) » 2 n(I 9n), 
n n L i 

. (3.25) 

where n is a positive integer, matrix of order 2 n 

and (W ) ' M a Walsh matrix of order 2 n , The first five Walsh matrices 
n 0 1 2 3 4 

of orders 2 ,2 ,2 ,2 , and 2 .are given by equations (A2.37) to(A2,41) 

inclusive.near the end of Appendix 2, Now pre-multiplying equatI on . (3.24) 

by « s l v o s •. 

f F " l 

op 
.1 1 1 'V 

F10 
i J 

1 -1 "5 • 

B J (3,26) 
/ / 

o r F o o " + V a n d F 1 0 " - V * 

.Consider now the solution of equation (3,23), It can be,seen that 

from those three equations in three unknowns, two equations in two 

unknowns can be "extracted": ' • -

h rt 1 1 '0,0 
.7. 1 -1 

(3.27) 

which is similar co equation (3,24) and the solution car. be written 

down at. once as 

V 
'0,0 -1 1 

.Fo,t. 1 -1 
I . J 

1 
B j 

(3.23) 

The only remaining unsolved coefficient is F «, From equation (3*23). 
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(3.29) 

so that•the solution for .F ^ is given".in terms of the already, solved for 

coefficient, Fq^. by - Z : .,'•/ :Z 

F m 4 F'* 
1.1 2 00 Z ;••'.•" (3,30) . 

7-

• • v •/: 

Squat}? or^ (3.30) shows that the solution for F is given in terms 

of a normalized line integral and a coefficient .already solved -for. 

It turns out that for M « 2 n , where n2>2, coefficients F , p and q 
5 •. pq-

not zero, are given in terms of normalized line integral; and 

coefficients already solved for. ; 

, An. important generalization,. of equations (3.25) and (3.26), c?m 

be made at, this stage which is later shown to be true for M n t\ « 2.n, 

n being any positive integer. This is that: times the. discrete 

•Walsh transform of the normalized line integrals of the non-nodal 

rays is the set of coefficients [ F ^ . F ^ , F 0 M ... ^ the rays 

are "X" rays, and { F q q , F ^ q , . . . . Q ] if the rays are "Y" rays. 

In matrix form this generalisation becomes for the "non-nocla! "X" ray . 

data: ''.' " ;'•..• ... ... • -T ; - / 

FF' ] 
\ 

= fn<V B 1 ' 
F 
01 > 

• ' q 

B u . , . . • - • , Z : ' (3.31) 

F 
B,/> . 
M--M+1 

where M ~ 2 n and . 0 < n < M e The scaled "non-nodal" "X" rays are given by 

equation (3.13)>subject to the conditions imposed by equation (3.12). 

For the non-nodal "Y" ray data the generalisation becomes 



F 

on 

10 
FP.o 

M-1,0 

3 . 4 . 2 . M « 

_ 1 n(W ) 
ri 

V - M + 3 

y} -iH-itp 

8 2 
M +1 

; (3.32) 

; uAere M»i
n in<{ o ^ p < M . 

/ 
\ Fig 3.6 shows the M~ + 1 » 17 rays required in six groups: (a)' to (f) 

'inclusive.' The rays are repeated on &n abe fa.fi, iKefct labelled "insert 

which 5,s loose in a pocket at the end of this thesis. By superimposing 

these rays on all the 16 Walsh functions of the set 

(wal(p,x)wal(q,y), 0 $ T p < 4 v 0 ^ q < 4 ] , which are drawn.in the first 
* 2 

two pages cf Appendix 3. it is possible to calculate all the 17 « 289 

e l e m e n t s . , 0 ^ q < 4 , required to, set up the 17 

equations in the 17 unknowns needed to solve for the set of coefficients 

(f o q, ^oO'^pq* p and q not,both zero J . 

/ 

Groups (a) and (b) ' "'"'/" • 

\ Consider first the non-nodal "X" rays and non-nodal "Y" rays-

shown in Fig (3>6)(a) and (3.6)(b) respectively. When insert 1(a) 

and 1(b) are superimposed on the 16 Walsh functions mentioned above 

and equations (2022).. and (2.23) are used as in the M « 2 case to 
m 

calculate the appropriate elements. .,9^. it is found in each case that all 

but four elements for ea ch ray are 

h = ' t i l l 

B5 1 1 -1 -1 
F
0.1 

B9 1 - 1 - 1 1 F 
02 

. V 1 - 1 1 - 1 F03'J 
— I 

for the "non-nodal" "X" rays and 

V = : 1 1 1 1 f ' i l 
B 1 5 

1 1 - 1 - 1 F10 
B ! 6 

1 -1 -1 1 F
2 0 

7 1 - 1 1 -1" • V 

,(3.33) 

(3,34) 

* 



FigB.6)..- The 17 scaled rays in the unit s q u a r e , , 0 ^ v < l , f r o m 

which the set of ' coefficients, j F ^ j F ^ . j F ^ 0 ^ P < 4 , 0 < q < 4 , ? and q not 

' zero},.is deternined.They are divided-up into 6 groups (a) to (f) 

inclusive.The number pairs in brackets,(i,j),label the groups of 

coefficients with which each group of rays is associatedCsee Fig.(3.S)) 

These rays,which are repeated on tracing paper as. insert 1,are used 

with Walsh functions in Apoendlx 3 to calculate values of . O ^ M ^ V 
• ' pq1 . n . * r " 3 

• equa t i ons (2 t7 .2 )and(2 .23) ) ' .The s m a l l 

."i-u-ihsrs are the ray number labels.*, ' -7 
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for the "non-nodal" "Y" rays. The 4 X 4 matrix in both equations (3.32) 

and (3.33) is j theWalsh matrix of order 2 - 4 (equation (A2.39)) 

having as its inverse (see equation (3.25) or (A2.34)),.^(V^). 

Preiriultiplication of equations (3,23) and (3.34-) by J.'»(W2), therefore, 

gives the solution of the sets l F Q 0 9 F 0 q ' a n d [ F q O i F p O -

and 

(3.35) 

(3.36) 

B r 
F 
01 

B 5 
F 
• 02 i 

B9 
B 1 3 ^ / 

W " 1 00 V 
Fl,0 B 1 5 
F 1 on 

3 I 6 

' r-
B17 

V s 

•I.. 

/ 

Equations (3.35") and (3.34) are in agreement with the generalisation 

suggested in section 3.4.1 (equations (3 03l) and (3.3,2)). 

There are 9 unsolved coefficients F l £ p < 4 , l < q < 4 . By 
pq5 

superimposing the nine nodal"X" rays on the 16 Walsh functions 

mentioned above, the corresponding <3™ 's were vrorked out and a 
. . • . 1 pn . -• ... • 

matrix.equation set up analogous with equation (3.29), The resulting 

matrix equation was "broken down" into four matrix equations such that 

solutions to groups of the . coefficients could be solved in 

terms of the groups of line integral data associated with the rays 

in the groups shown in Fig.(3.6) (c) ,(d),(e) and (f) . The matrix 

equations had to be solved in a particular order. This was because 

coefficients solved for in one group of equations are required for 

the solutions of coefficients in later groups. To make this clear 

the groups are taken in the "correct" order and the solutions for the 

coefficients worked out: 

Group (c) 

The two nodal "X" rays 3 and 11 shown In Insert 1(c) are 

superimposed on the Walsh functions shown on the first two pages of 
? • 3 11 

Appendix 3 and the appropriate elements 2 ar.dF" are calculated 
. • ; " a 3 3 ^ 3 pCJ 11 1 ^ U I ' 

from equation (2.22). All but *nf)J
fir,l >'S 2' . Q00 > O0l 1

,?l2 , e{? 

are zero so that.usine the non-zero values of and 8"*,gives 

' pq pq 
the matrix equation: 
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n 
c 

3 
t> 
/Ziij 

sa t> 
/Ziij V 

1 1 - 1 -1. 

1 -1 1 -1 

' 00 

p
oi 

F , , 

1 1 
1 - I 

F, 1 1 
1 -1 

0,0 

0.1. 

Pr.emu 11 i o 11 cabion' of frhci latter equation by -kCW^) ijj jj arid usi 

equation (3.25) (i.e. (W ) (V ) * '2r(J0n)) gives, after isr/na rearra 

. • n n i. . , • • .. , 
of terms.' ; •• Z '' Z: ZZ-Z;;-Z 

ng 

ncement 

/ 

fel «6 ' 
+ / 

F0,0 

F V . h i . V . 

(3,37) 

) 

which is the explicit solution for F^^ a n c J F-p since F ^ a n d ' F ^ have 

already been solved for (equation (3.35)). \ 

Group (d) , v Z 

The ra\r}7,is the only, member of this group... Proceeding ,as. above 

•with insert"1(d) instead of. 1(c) the following matrix equation is found: 

N -[ 
so that 

1 -1 -1 1 00 
02 
\l 

lr 0,0 
02 

1.3 

[ F n ] " - N . - [Fo,o + fi,3 " V ] ( 3«3 0 ) 
Fqq and Fq^ have been solved in group (a) and F ^ has been solved fox-

in gro«P (c) thus all the quantities on the right hand side of-equation 

(3.38) are known. 

Group(e) 

Using insert 1(e) on the Walsh functions as for the previous 

groups gives 

B„ m 1 1 . rl--k - 1 > —•k 

B4 1 1 i. -3k JU Jl . 3 2 i . — —> ji. 

B10 1 -1 X-
"7 

1. X. 1. — - > 3, Jk 

b . 2 1 
- —•2 1, l x. 

:.0 -h \ 1 1 
\ 

3 V + 1 1 1 
t 1 - 1 » 1 F32 

! • 1 - 1 ' 
1- •>1 - 1 1 F 2 2 1 - 1 — 1. 

1 - 1 I - 1 . N 3 J 1 
• 

-1. 1 

( T ?00 F01 F02 F03 F12 F13 F22 F23 r32 t ,33^ 
i i i 

r t -I 
F —k 

00 
T? 
A 01 

£' 02-

•FoZ. 

1 1 1. 1 

I 1 -1< -1. 

1 - 1 - 1 1 

1 „ t 1 -1 

13 
FI2 
F02 



where the superscript "T" means "transpose of"' (in this case the ,'. . . 

row matrix, transposed i s a column.matrix of.the F s) . The Walsh 

m a e r i x C O . (sea equation (A.2.139)) appears on the right . hand side of 

.the'matrix equation above, Premultiplication of both sides of . this' 

eouation bv I f v J gives after some re-arrangement of terms: ; ... : 

M 
F 
: 3,2 

= Tlc^-P n , + 2 
"00 F 1 3 M 

F 
: 3,2 

\ F q , 
F 
" 12 

F 
2.2 h o F 0 2 

F ' 02 i 

_ r }vi 
F 0 3 
t J * 

F03 
1. f J 

(3*39) 

Group (f) 

Using insert 1(f) on the Walsh functions as in the previous, 

groups gives 

B 6 . _ 

3„ 1 k -h % \ -k k 
t 11J L 

i • h r-i \, . j, u 
'2 '2 *"'2 '2 \ Oi 

r p p p F • F ' F ' ' F 00 0,1" 0,2' 0,3 1,1* 1,3 2,11 2,3 3,1- 331 

« X-« 1 1 
7,1 

+ 1 1 

1.-1. 
K l . 

1 - 1 

(F -F ) M-fF +F j ~kF • 
• 00 0?/ 3,3 13 * 11 

h(T +F ' V 2 23 O r - 03 

1 1 
1 - 1 

F31 1 1 
1 -1 

?F' -F -F -F ) u 0 0 02 7 13 33 

l ( F 0 t - F 0 3 ) - ( F 0 r F 0 3 ^ 2 3 ) 

Premultiplication of both sides of the above equations by (W^) gives, 

after some rearrangement of terms-. 

F3l' 
» -(w 1)' V + 2 

r / i 
F -F 
00 02 
I f 

7 I . \ F -F 
L 0,1 03. 

' «.F -F 

U 1,3 33 

i 
This completes the solutions of all the 17 coefficients. 

(3,40) 

3.4,3 M 

Fig (3*7) shows the 65 rays required in 11'groups,' (a) to (K) 

inclusive. These ravs are. repeated on an.mc'elafc-iheet called Insert 2 

which is loose in. a pocket at the end.of this thesis, 3v superimposing 

these rays on all the 64 Walsh functions of the set j wal( P jx)wal)q 3x). 

], in Appendix 3, it is possible to calculate all 
9 i . • 

the 65" - 4.225 elements, 0 4 p < 8 ; 0 4 q < 8 , l4rn<65, required t:o 
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J 

1 ' • I 1 .• -1 . ! " . ' • • ' 

• I ' i J . 

• : ! 

':, ..!. L . J" 

— ; 
• • : ! 

':, ..!. L . 

p--—; ,-r | 
; i k ! : 

p--—; ,-r | 
; i k ! : 

non-nodal rays 
v"/ 

•56, 

& n io - o.' & & ts 

(d)/1,2) (9)72,2) ( j ) 73, 

11 

i -
...J.- u L L I 1 

i 

i I 1' 1 
i 
i-. 

I- i 
i 

" * • 1 ) 

H4H • i- ; i i 

:i ! ?:!'•• 

' 1 • .!•• -
1 : - m . 

11 

u 

• (e)71,1) •••!.. (h ) /2 / l ) ( k ) ,(3/l) 
Fig(3.7).Tho 65 scaled rays in the unit square, 0^x<!,0^y<!, from -which the 

set. of coefficiGnts,jF 0_,F p and q not .zero]. Is -determined. 

They are divided up into,11 groups (a) to Xh) inclusive cThe.number p?.i.rs in 

brackets, (i sj )> label the groups of coefficients with which each group of rays 

is associated,(see Fig,(3.8)).These rays,which are repeated pn .tracing paper 

as.insert I,are. used with Walsh functions in appendix.3 to calculate values 

' : , (see equations (2,22) and (2.23)),The . small. . 

• numbers."r J.'. are
 : the ray -number... labels,nu ' • ' ; ; 



set up the 6?• equations•in 65 unknowns Deeded to.solve for, the set of 

cpefficients, 0 ^ p < 8 . 0 . < q < 8 , p and q not both sera "J v . -

I t has not yet been said how the groups of rays were arrived at. 

nor which order to atteir.pt to solve the simultaneous equations, arising 

from each group. The task of setting up a 55 X 65 matrix .correctly;and 

picking out suitable solvable sub matrix equations, in the correct order 

is somewhat more difficult than in the previous case, for a 17 X .17 . 

matrix* Even assuming'that'the sets of coefficients | F n n . F n , 
a f // " 1 q 

l $ q < 3 j and j F ^ j F ^ U p < B j are independently solvable, according 

to the go.'Herati sad on expressed by equations (3*31) and (3.32), there 

are still 49 unsolved coefficients, F 1 £ n < 8. 1 n < 8, as opposed 

to'only 9 In the"" « N » 4 case. Clearly some generalisations from 

the M'-«•"> 2 and I' « F « 4 cases are needed to predict i 

"•'(e) Which rays can be grouped together so. that a group of 

ccefficients ( equal in number to.the number of r ays grouped together) 

can be s o l > f r o m the normalized line integral- data from these rays* 

(b) In which''orderto solve the groups of simultaneous equations 

set up from each group of rays such that the coefficients, whi'ch appear ; 

in the solutions for the group of coefficients being .solved for, 

have' themselves already been solved previously. * 

Fig (3*8) represents each coefficient:, F « by a. small square dell, . 
. ' pq * ,. • ; 

labelled by the two integers p and q, which are marked off along the. / 

conventional".x-axis and y-axis directions respect!vely. Figs (3.8)(i) 

and (3«9)(i5) give the sets ofcoefficients for M » K « 2 and M « N .4 

respectively, The cells are divided up by bold lines into blocks of 

cells representing the coefficients which are solved for:together 

from each group of simultaneous equations (see sections 3.4„1 and 3»4.2). 
/ / / 

The coefficients F ^ and F ^ share the same cell (shown "split" 

along diagonal). (p,q) « (0,0). The blocks of coefficienf* 
1 ̂ q < 2 n and f " .F l 4 p < 2 n for n » 1 and 2 (so far) are represented 

uu pu - . •* , 

by the single integers i « 0 and j » 0 respectively. All the other 

groups of cells(i.e. for l ^ p < 2 n , 1 . 4 q < ? n ) are-in rectangular blocks 

labelled by a pair of positive integers i and j which increase in the 

same directions as p and q increase respectively. For n w 1 and 2 (so far) 

i and j are in the ranges 'l^i^n and l ^ j ^ T i where they label coefficients 

in the set [ F , l ^ p < 2 n , l ^ q < 2 n ] . ' 
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(m). r ,01 ^2 3 " -

The sets of coefficients'^ «(F n n,F ,F , 0 ^ p < 2 n , 0 ^ q < 2 n , . 

p and q not both zero],for:(i) n«"l,(ii) n=,2s(iii) n®3,(iv) n^.Each 

coefficient is represented by a square cell labelled by the pair of 

indices p and q.Ths coefficient cells are.divided up into rectangular 

groups of cells,labelled by the pair of indices i-and j,and representing 

solution subsets of C which appear in successive stages in the solution 

of C^.(The particular groups of rays,giving the line integral data , 

required for the solution of each group of coefficients,(i,j),for 

the cases n«2 and n™3 are shown in Figs,(3,6) and (3,7) respectively.), 

The two c o e f f i c i e n t s ^ and F * ,are shown by the cell for p~q"0 being "splits 

4 



.In both the cases M » N •«* 2 arid ® 4 the two blocks oC coefficients 

'represented by i ~ 0'and.-j =* 0 in Fig(3.8)(i) and (3^8)(ii) car. . ' • 

be solved ird^pendentlvyfrom the line integral . data obtained from the 

"non«noda.t{V- "X" and "non-nodal." "Y" rays,, Equations (3.31). and (3,32) . 

express these soluti ons explicitly for any value of n in ' f' « 2 n , 

(This has yet to be established. for any positive integer;! n), In the case 

2 (section. 3.4.1) the group of coefficients (i ,j).«* (1,1), which 

contains^ only one coeff 1 cie'nt^F1 ̂  was solved in .terms; of fJq,7which 
was already solved for (equation (3.30)), and the normalized line' 

integral ! ' In the case M 4 ' .(section 3,4„2) the order in which 

the solutions of the groups "of coefficients appeared was (after i.y 0 

and j ^ 0): • 

(i,j) « (1,2) s (1, l)j(2,2) , (2,1) , for n « 2 ; ' : (.3.41) 

• .' r-' ' • • • •. . • • . . . . . . 
Fig (3.6) 'shows' the rays in each group which: wore used in the solution 

of each group of coefficients }(i,j) (see equations ( 3 ^ 3 7 ) 3 8 ) , ( 3 . 3 9 ) 

and (3,40)) • 

Figs (3,8)(i) and (ii) suggestjfor n » 3 and the"groups of 

coefficients solvable together shown in Figs(3.3)(iii) and (iv). Any 

group of coefficients (i,.j) is 2*'"* cells "vide" and.2^7 * cells 

"high" and contains therefore (2 1"') (2-"") » 2,/rJ"'~ cells. This latter/ 

number must also be the number of rays- "associated with" each group'of 

coefficients, where."associated vith" is taken to mean those rays 

whose normalized line integral data is used in solving, for th£ 

coefficients, 

• Equation (3.41) suggests that the general order for solving 

for the groups of coefficients (not including the i ™ 0 and j v 0 

groups) is given by: . 

(i j j) " (lsn),(l,n -!),,.., t(l,l),(2,n) s(2,n - 1) ,'(?., 1) , 

(n,n) ,(n,n - 1) ,(n7l). 

. (3,42) 

In equation (3.42) j changes before i from its highest value (n)'in 

unit steps to 1. i changes from 1, in unit steps to n . : 

It now remains, for any positive integer n . to associate with each 

group of coefficients,(i,j), a particular set of rays containing the 
i + i-2 

correct number of rays, 2 - „ The two sets of "non-nodal" rays 

(one set of M "Xrt rays and the other a set of M "Y 1 rays) are associated 



with the blocks of coefficients i " 0 and j « 0 respectively* for any 

positive integer n . Equations (3.31) and (3.32) then.give the solutions 

of the coefficients in these two blocks in terms of the normalized 

line integrals of the rays.in the two sets, • : : ' "Vt • 

• j This leaves the (M - 1) (?< 1) "nodal" "X" rays to.be grouped together. 

These groups of rays for M « i' » 4 are shown in Fig (3.6) (c),(d),(e), 

and' (f). /From the latter four diagrams it seems that each ray, associated 

.with the block of coefficients (l,j) "generates" two rays :associated 

with the Ijlock of coefficients (2,j) by adding and subtracting 1 from 

the number of the generating ray, "ow the rays "of" (i.e.associated with") . 

the blocks (l,j),j « l s 2 , are nodal rays'which pass through nodes 

along the line x*» % and these nodes are symmetrically placed about 

y « -2 for each block, (1, j). 

From the information in the previous paragraph and the condition - that' * * " 2 
there must. be 2 rays in the group of rays "of" the block (i,j) a 

plausible ray grouping scheme can be worked out for M «. 8 ( and M « 2 n , 

n > 3 ) . The groups of rays suggested ;are shown in "Fig" (3.7) . The ra^rs v 

"of" the blocks (l,j);j "-1,2.3 pass through all the nodes along x « 'i^fHj^, 

Adding and subtracting 2 to all the labels of these rays gives the rays 

"of" the blocks (2,j),j «* 1,2,3. These rays pass through all the 

nodes along x « k and x « (Fig (3.7) ( f) . (g) , (h)}. Finally adding 

and subtracting.1 from the labels of the rays "of" the :blocks (2,j); ^ 

giyes the rays "of" the blocks (3,j), j « 1.2,3. These rays pass 

through all the Modes along x and H „ All the nodes have 

been used up once each so all the nodal rays have been grouped. In 

general it seems that adding and subtracting 2*" to the labels of a 

rav "of" block (i-l,j) gives two rays of the block (i,j). Explicit 

formulae for the labels, m(i,j) of the different groups of rays 

associated with the blocks, (ijj), of coefficients must now be worked-out! 

Lemma 1 

2 I 
The integers, h generated by a series + 1 ^ 2 ^ : 2 ... + 2 , 

I + l 
where I is an integer, are all the odd numbers between -(2 - l) and, 

• 1+1 

(2, - 1) inclusive, that .is the integers h are given by 

h « 2d ~ 1 - 2 I + \ d « / / / i > (3.43) 

where d is an 'integer increasing in unit steps. 



Veri fination. • v ; '*.'.'y 

The easiest way to show the truth of lemma'1 is to simply draw 

up a table of possible values of j for the first few values of I .1 

Groups (i.j) " (l,i), l ^ i ^ n , n a positive integer..- \ 

The single ray of group (1,1) is the ray passing through the node-, 

(x,y) •«•' (see Figs (3.6)(d) and -(3.7)'(©)), The label of this;, 
ii »* 9 n 
central ray Ts' given by m » h (M~ - M + 1 + 1) or since « 2 ' It 

is .. 1 , . • • - . , • • ' . • " • " 

Ta(l,l) « 2 n " l ( ? n - 1) + 1 - (3.44) 

The two rays of the next group (1,2) pass through the nodes ' . 

(x,y) « (hfk) and respectively. There are t(2 n) - 1 rays 

between two rays passing through two nodes, t nodes appart from one 

another on a vertical dividing line, (x l^L<2.-l ) 

h'ow since the closest distance ..be tee en .nodes on a dividing line is -

there are t « - 1. « 2 n " 2 . - 1 nodes between the node (x,y) -

and any of the two nodes (x,y) « Cz^z + h)* The labels of rays of group 

(1,2) are therefore given by equation (3,44)* 

in(1,2) -131(1,1) + ( x 2 n " 2 ) 2 n 

- 2 n" 1(2 n _ ? - ( ? 2 n - 2 ) 2 n 

(3.45) 
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i ' 

The _.true_ r ays o f the group ( 1 , 3 ) pass th rough t he nodes ( x , y ) ' « 

i t i s easy to see t h a t the r a y l a b e l s o f t h i s g roup . \ •• 

a re g i ven by equa t i o rX ( 3 . 4 5 ) + 2 n " > ' :-v7:'-

. m ( l , 3 ) - m ( l , 2 j <T2 n - 3 ) 2 n ; . >-.•'. . .. 7 4 6 ) 

/. > / 7 / - j p , " l ( 2 n . - 1) + 1 + (?2 n - 2 ? 2 n " 3 )2 n # . ' > ' 7 : / : ' , 77>>7 * * > . 

' The ' r ay l a b e l s , m ( l , j ) o f the rays . o f the g roup ( l , j ) a re 

• 7'. •' - • * 2 
.given i n -general i n terms o f those l a b e l s , ' m ( l 9 j - l ) o f the 2 l a b e l s of" 

group ( 1 , j ~ 1 ) by • / ' ' • • 

m ( i , j ) « m ( i , j - i ) ' + C+2 n~ j )2 n 7 > > ' ; - ( 3 , 4 7 ) 

o r . . . . ' * ' • ' • " - • • ' • . * . •'-' 

7 ( 1 , j ) - 2 n _ 1 ( 2 n - 1) + 1.+ ( ?2 n - 2 ? ? n - 3 . . . , 2 n - b 2 n ' : ' . : 

. 7 •' . . ^ 7 ( 2 " - i ) + 1 + 2 n " i ( 7 1 ¥ 2 . . . . , t 2 j - 2 ) 2 ! 1 ) . . ; 

which by u s i n g lemma T w i t h I » j 2. becomes 

m ( l , j ) « 2 n " l ( 2 n - 1) + 1 + 2 n ~ > 2 s - 1 - 2 j " 1 ) 2 n 7 " . . 

.or . ' .'•'.'-. • '• , " ' • > • ' 

> 1 ( 1 , j ) « 2 r ' " f ( 2 n " - m ( 2 s - 1) - 1) +'.1 ; : . ( 3 .48 ) : ' 

where s «• 1, 

Groups f l , Q . l 4 1 4 ( 1 and i ^ . 2 . n. a p o s i t i v e i n t e g e r . 

I t was sugges ted , j u s t be fore lemma- 1, t h a t a dd i ng and" s u b t r a c t i n g 

2 I W t o a l l the ray number l a b e l s o f the g roup ( i - l , j ) gave a l l the 

r a y number l a b e l s m ( i , j ) , o f t he group ( i , j ) « Thus : . 

to(i,j) « m( i - l , j ) ? 2 n * > • • > ' • ( 3 . 4 9 ) . 

S t a r t i n g w i t h i » 2 , r e p e a t e d use o f e q u a t i o n ( 3 . 4 9 ) g i ves 

mCi,j)=*(l,j> ? 2 n - 1 + 2 h - i - 1 . . . + 2 n " 2 . " ; : 7 

»n(l,j) + 2 n - ! ( + 1 + 2 ... + 2 5 " 2 ) , -> 7 • 
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... '•"-V.'. "y . which by-us ing lemna .1 wi th I « ? be come is • • , A . . . 

' ' ' m C i , j ) . - r n C l j ) 2 n " ' ( 2 r - 1 « 2 - " X r ; ' ; ' > ; 

• or '' " y', • • ' ^ 

• G . a ' m ( i 5 j ) . « n ( T , j ) - (2r - 1) ~ 2 n m 1',": y y\-V:.'/(3.50}. 

.,y, '";:•-' •• '•' : ' where r 3 1 . „ . ,2 1 • yy ' 

Subs h i u t i oh • o f -m (-1, j ) in e q u a t i o n ( 3 , 5 0 ) by "equat ion ( 3 , 48 ) g i v e s -

- y / . - m(i j j ) - 2 n ( 2 n " j ( 2 s » 1) ~ l ) / + 2 n " i ( 2 r ' - 1) + 1, . / \*yy .," . • ' 

v- I t i s b e t t e r to w r i t e m(n;l , j , r , s ) i n s t e ad o f "m( 5 , j ) t o show . the . 

dependence of tn on r and s as we l l as lb I and j . Thus: 

m(n,i , j ? r , s ) « 2 " ( 2 n - j ( 2 s - l ) « 1) + - 2 n " l ( 2 r 1) I , y ; ( 3 , 51 ) 

y ^ .. where r 1 , , . * e , 2 l r ' , s - and i and j a re i n t e ge r s , in 

. - , ' . . IT "1 - * 

the ranges l ^ i ^ n . l < j < n , For the 2 J " i n tegers^ t!»(n; t ?J ,r ? s ) ; t o 

- _ be i n i n c r e a s i n g order o f v a l u e ^ r must i n c rease be fo re s does , y • 

: : : ,'••.'.• E qua t i o n ( 3 , ^ 1 ) g i v e s a l l the noda l r avs . f o r n -2'and 3 shown, i n 

• F i g s ( 3 , 6 ) and ( 3 , 7 ) , I t a l s o c o r r e c t l y g i ^ e s ' the on l y noda l r ay f o r 

y y yy" ^ . n « 1 i , e m ( l , l V « 2 , - y 

:y> ' yy „•• '•".' The next s t age i s to a t t emp t to s o l v £- f o r the s e t o f 65 . c o e f f i d e n t s 

'..fir f o r n - 3 u s i n g the groups o f rays t ~ 0 , j y= 0 and the groups l a b e l l e d : 

m ( i , j ) as p r ed i c t e d by equa t i o n ( 3 , 5 1 ) , The 11 groups o f r a y s , shown i n 

. F i g ( 3 « 7 ) and repea ted on Acelsfe-. start's- as I n s e r t 2 , can be used f o r t h i s 

' . p u r p o s e e A l l the 64 Va l sh f u n c t i o n s i n .Appendix 3 a re r e q u i r e d . The 

groups are taken i n the order suggested, by equa t i o n ( 3 , 4 2 ) , Equa t i o n s 

( 2 , 22 ) and ( 2 , 23 ) are used to c a l c u l a t e the l i n e i n t e g r a l s . 6 ™ . o f 
i v •• y • ' - pq • • 

the rays over the Walsh f u n c t i o n s , i n e x a c t l y the same way as i n s e c t i o n s 

3 , 4 , 1 and 3 , 4 , 2 f o r Yi « F ** 2 and M F ™ 4 , r e p e c t i v e l y . 
Groups (e ) and ( b ) . or 1-0 and i -0 . (The " n o n - p o i a i " "X" and "Y " 

I n s e r t 2 ( a ) i s used on a l l the 64 Walsh f u n c t i o n s i n Appendix 3 to 

c a l c u l a t e .the a p p r o p r i a t e e lements from eoua t i o n ( 2 * 22 ) , For 
• y . • • pq 

each ray a l l WJi e i g h t e lements are zero g i v i n g the m a t r i x e qua t i o n 



' B l ' 
1 .1 1 1 1 1 1 1 

»» ,1- 1 1 1 - 1 - 1 - 1 - 1 

3 1 7 1 1 
j- - 1 - 1 - 1 1 . j 

B o . 1 I ' - 1 - 1 t. 1 -t - 1 - 1 

• / 

1 — .( . — 1 1 1 - 1 1 

S 4 1 1 - I - 1 1 - 1 1 1 - 1 

B 4 0 1 - " I 
7 

. 1 - 1 - 1 1 - 1 1 
j. 

B r _, 
5 / 

I ' - I 1 - 1 1 - 1 1 - 1 

i 
F ' 
no 

V 

F • 1 

• ( 3 , 52 ) 

.The 8 X 8 /matrix/ i n equa t i on ( 3 , 52 ) i s the Walsh ma t r ix (W3) ; • .." • 

( e q u a t i o n . ( A 2 « 4 0 ) ) . The inverse o f i s ^ ( e q u a t i o n (3 a 25) 

6r(A2V34)"wi th n 3 ) $ so p r e m u l t i p l i c a t i o n o f equa t i on ( 3 . 5 2 ) ' b y 

/£ (W^) g ives . •.'-' ... 

" H ( V ( b 1 W m S s V ^ V * <3'53> 
Using i nser t ' 2 (b ) on the Walsh f u n c t i o n s and us i ng equa t i on (2 ,23 ) 

g ives ma t r i x equa t i on l i k e equa t i on (3 ,52) except that , the se t o f . 

"Y" ray. norma l i zed l i n e i n geg r a l s r ep l a ce the correspond ing "X" 

ray ones and ( f ^ f ^ , l ^ p < 7 ] r e p l a c e s / f ^ 0 5 f 0 q 5 l ^ q ^ ? ] . Thus the 

s o l u t i o n of*" the former se t above can be w r i t t e n ( c . f equa t i on (3 .53 ) as 

( FD0 F10F7/3 (0
F4.0F50F6 )0

F7,0 ) 1 s= V ^ ^3><^8 B 59 B 60 B 61 B 62 B 63 B 64 B 65 ) ! ' 

.. . (3,54). 

Equat ion (3 .54 ) cou ld be a l s o ob ta i ned d i r e c t l y from equa t i on ( 3 . 53 ) 

by us i ng equa t i on ( 3 , 2 0 ) . 

Groups (c ) to (k ) (The noda l "X" r a y s ) . 

I n s e r t s 2 (c ) to 2(k) are used w i t h the 64 Walsh f u n c t i o n s o f 

Appendix 3 and the app rop r i a t e ma t r i x equa t i ons are ob ta ined from 

* equa t i on ( 2 . 2 2 ) : • " 

The 

M n 

B?1 

B37 

B53 

1 1 1 1 - 1 - 1 - 1 - 1 
1 1 - 1 - 1 1 i - 1 - 1 
1 - 1 - 1 1 - 1 1 1 - 1 
1 - 1 1 - 1 1 - 1 .1 - 1 

r \ •,! 
I F F ^ F F F F F I 
.[*00 0,r 02 03 14 15 16 l^J 

( 3 , 55 ) 



The . r i gh t ' hand s i d e o f t h i s e qua t i o n can be w r i t t e n ' a s the sun ro f 

two ' terms i n v o l v i n g . 'easi ly i n v e r t a b l e j W a l s h j m a t r i c e s . : , . ';. 

V cs - i 

s 21 
b37 -1 

853 
a 1 

•i. - 1 
.1 1 1 
1 1 . - 1 
1 -1 1 

'v 

" 17 
1 

+ ' 

t? 
" 1 5 
f 15 

> 

? 14 

1 1 1 

1 - 1 -1. 

1 - 1 - 1 1 

1 - 1 1 - 1 

^ i 
f 0 0 
r q ' l 
f q 2 

L F ° P J 

" (3 .56) 

The 4 X - 4 ma t r i c e s here a re - O ^ ) and ( w
2 ) ( e q u a t i o n ( A 2 , 3 9 ) ) . : 

• F r e m u l t i p l y m g . the e q u a t i o n above by %(W2) and u s i n g equa t i o n 

3.25 ' , ( o r (A2 .34 ) ) g i v e s a f t e r some r e-a r r angemen t : o f terms: , 

17 

16 

1.5 

14 

- - j ^ v ' 
1 
d -jir j 

a foo' t 
3?.l f n i 
n37 

) p 
753 : 0,3 j 

(3 ,57) 

From now on , wherever p o s s i b l e the ma t r i x e q u a t i o n s , l i k e e q u a t i o n 

( 3 . 5 5 ) , ob t a i ned from each group o f rays w i l l be w r i t t e n immed ia te ly 

an the sum o f terms i n v o l v i n g Walsh m a t r i c e s , l i k e e q u a t i o n (3,56)< 

Group (ft) or ( i . j ) « f t . ,2) . 

The ma t r i x e qua t i o n ob t a i n ed can be w r i t t e n 

13 

B45 

1 1 

1 - 1 

- 1 -1 

- 1 1 
13 

, » 

1.2 

-F 

1 1 

1 -1 
0.0 

92 

13 
F - F + F 

0,0 04 L l l 

-F • + F - F + F 
12 r 0 1 05 16 [ 
1 > t > % 

- 1 - 1 

- 1 1 
05 

f v 

A * 

The 2 X 2 ma t r i ces here a re * ( V p ( e q u a t i o n ( A 2 . 3 3 ) ) . Pr e mu 11 i p 1 i ca t i. on 

o f the e qua t i o n by u s i ng ^(W )(W ) » (1 2> ( e q u a t i o n (3,25) 

or (A2 .34 ) ) g i ves a f t e r some re-arrangement o f terms • 

7 
- E13 

+ 

F „ n 

V . . 45. 

F 00 " F0A + F 17 

F ' - F + F ' 
01 05 16 

( 3 . 58 ) 
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Group (e) o r CYf.f) = 

The ma t r i x equa t i on ob t a i n ed i s . .'•'-.•:'•• 

+ [ ' - 1 1 1 - 1 [ F o , o F q 2
F o / q 6 F i , 3 F p F i J . 

The s o l u t i o n for- con be d i r e c t l y w r i t t e n . a s : 

[Fi,i] + [ W ^ W i ^ i ' •: ( 3 . 59 ) 

where the " t r i v v s V 1 Walsh m a t r i x , (W^) T ' ( e q u a t i o n (A2 .37 ) ) 

has been w r i t t e n to make c l e a r e r a p a t t e r n which i s appea r i ng i n . 

a l l these s o l u t i o n s namely t h a t the f i r s t p a r t o f t he s o l u t i o n is . 

.m inus the d i s c r e t e one-d imens iona l Walsh t r ans fo rm o f the no rma l i s ed 

. l i n e i n t e g r a l s , d i v i d e d by a power o f 2 . , „:. . . 

J? 

The 

V " h 

B7 

B19 

B7.3 

n 35 
r> 
"39 

3 57 
T) 

The 3 X 

o f t he 

or (A2. 

V m — 

F3,5 

f 3 a 
F2A 

F25 

F2.6 
F 
.2,7 

1 1 1 1 1 1 1 1 

1 1 1 1 -1 - 1 - 1 -1 
1 1 - i ' - l - 1 - 1 1 1 
1 i - 1 - 1 1 1 - 1 -1 
1 - 1 - 1 1 1 - 1 - 1 1 
i - 1 - 1 1 - i l l - l 
1 - 1 1 - 1 -1; - 1 i 
1 - 1 1 - 1 1 - 1 1 - 1 

V 
I 
3.6 

p + o p * 

* i , 7 r : • o p 

F. -f 2F_, 
1.6 0.1 

- F ' ?F 
3.5 15 • 02 

1a + '2F 

-F 
2 . 4 

- f 
2,5 

- f 2 ,6 

0 3 

04 i 

n 

" 3 
+ 2 

f F o o l 1 
- m 

D 

"1 f n 

0 1 
E 

ifi 
B ^ V T? 

1 9 " 0 2 v 
B 

* 0 3 

V . 

' 1 4 

B 3 5 
f • V 

B 
3 9 

F 

0,5 

V 

* 0 5 

p 
i 

5 1 
0,6 

f 0 , 6 

w 

5 5 LV 

(3.00} 



Groun (n) Or ( i , 0 ( 2 , 2 ) . r 

:The m a t r i x , squat ion. ob ta i ned can be w r i t t e n .' 

67, 

' " n l 
jg 

t> 
"15 

a ' - . . • '.' : 
" 4 7 

1 1. 1 1 
1 1 -1 - 1 
1 - 1 -1 1 
1 - 1 1 . - 1 

~F 

-F 

»f 
-F 

+ 
3,3 : 

1 
2F 

0,0 
- 2F 

04 * P ' 
F17 

+ F 37 

2F 
01. 

- ?F ' 
05 

- F + 
12 + 

+ 
•F36 

j .t 
22 ' 

F 
02 

• / 

- F ' 
06 

+ F 25 

F 1 

03 i ~ F07 
t 

+ 
f * 7 

P r e m u l t i n l y i n g t h i s equa t i on by ar.d u s i n g " ^4 

(see equa t i on (A2.39) and (A2 .34) ) g ives a f t e r -some re-arrangement o f 

terms: ' . ' . • - ' • ' , - ' " • " • ' • •.-•' 

N "11 
A q 

1 
F • 

00 
- f - m 

' 13 - V 

- > * f" 
"3,7 

F32 B15 F0,l - F0,3 F ! 2 
rr _ 
- 16 F35 

•> P ' 
"22 

r - ' 13 
F02 1 

- f 
-.0,6 

P 1 

" 02 " ' V 
F 25 

F ' 
2f3 

* F 03 . l 

p / 
~ 1 OF V 

4 03 • r 

_ f ' _ 
. 0,7 

; P . 
-2,7 

(3 ,61 ) 

i - ^ ' : j'l 

i-

Group (h) or ( i . j ) « ( 2 , 1 ) 

The ma t r i x equa t i ons ob ta i ned can be w r i t t e n 

'B27 
— X. 
.* -; '2 :1 1 

B31 
1 - 1 

-F" ' +. ?F 
31 GO 

?f + 2f 
0.2 04 

2f 

2,1 + f 0 1 " " f q 3 f 05 ~ f 07 

-F + F ' 
V P 

f + V + F « 
3,3 

- F • + 
35 • v 

+ 
: 2,3 

- FJ 

2,5 . v 

P remu l t i p l y i n g t h i s equa t i on by (W^) and u s i ng ) (V ) » I 2 . 

(see equa t i on (A2.38) and (A2 .34 ) ) g i v e s , a f t e r some-re-arrangement o f 

terms: 

31 

21 

27 
!31 

+ 2 rF J - F + F 
0.0 02 ~ 04 q5 

F 01 ~ F0.3 
F - F 

05 07 LfO,I 

f + f 
1,3 15 

fo,3 

- F 

- F 
17 

F - F 
33 35 37 

+ f - F 4- F 
23 -.25 27 
' ' i J 

( 3 , 62 ) 

4 
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Groun ( 0 or- v' 3) 

. '„ • 

•The en \\r-1 

v ' 1. • 1 1 

\ 7 ) 7 . 1 

B 6 
1 I 1. 

bR 
•• • 1 i 

. to 
« 
1 " l 1 -1 

B20 
I -1 

B22 
I 1 • I 

B2A 
' • 1 -1 -1 

B34 
1- »t -1 ^ ( 

B36 
1 • - 1 1 

B3R 
1 -1 1 

h .n 1 -1 1 — i. 1 

?0 
I -1 -1 

B52 
1 M 1 I 

tt' 
54 

. 1 - l 1 1 
— l 

*L - l 1 -1 

3 3 3 3" 

1 I 1 1 

1 
- -1 -1 -1 

-3 -3. -3 -3 

-3 -3 3 3 

-1. - 1 1 1 

1 1 - 1 - 1 
3 3 -3 ~3 

3 -3 -3 3 

1 - 1 - 1 1 

-1 1 1 -1 
-3 3 3 -3 

-3 ' 3 -3 3 

- l . 1 - 1 1 

I - 1 « 
-1 

"3 -3 3 -3 

1 1 1 .1. 1 ' .1 j 1 

1 1 . l j - 1 

i i ; i . ; i i i . 

.1- - i ! - l - 1 - i 
i . j - r - i - i - i : . i - i i v i . . i . 

1 i i 

l - i - ! -1 ! i - 1 . 1.. i - u l . 1 

i - i ' v i : - t - i ' r 

1 ' i . i I 1 . 1 - 1 
1 i 1 - 1 - 1 - ' 1 

- 1 - 1 1 
1 .1 -1 - i u 1 

1 i -1 -1 1 

i - 1 - 1 i l l 

i - i - i i U 
i i - i - i l i 

- i • i - i i j i > 

1 -1 -1 
ITT1 
i i - j 
i i - i 
i 
I 

i i - i - i 
r - i - i 

i i i 

i - i - i 

i - i m : i 
i r i t : r ~ i ~ : r 

1 -1 j-1:. i -1 

I 1: -1 i 
•i i - i 
i l i 

1 -1. ! : - ! . .1 - 1 
1 - 1 1 7 1 l : - l 

1 - 1 1 - 1 1 - 1 

6 F o o 
- F _ J 

3 / 

i F o ' i 
— f 
• * 3.6 

02 
1 

7 , 4 : - 1136. 

"6,4' 
* * — - > - r* 

' 24 

' 6,5 \ " F25 
> 

"  ?2fi 
•6.7 .... 

- F 

57 

5,0 

5,5 
-tt 

' 5a 
h-1 

T7 
" 4 5 

-F 

4,6 

47 

05 

F0.7 

-1 -.1 
- 3 - 3 

-3 -3 

-1 - i 

X T 
-3 -3 

-3 -3 

- i - 1 

.1 

.3 -3 

.3 -3 

T ~ T 

3 3 

3 3 

1 1 

- 1 1 

-3 3 

-3 3 

- i 1 

-i ~ -r 
-3 3 

-3 3 

- 1 . v 

1 - 1 

3 -3 

3 -3 

1 - 1 

T T 
.3 3 

.3 3 

.1 1 

1 17 

f 1 6 
f 15 

14 

( 3 . 63 ) 

4 
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The 16 X 16 ma t r ix i s ( 7 . ) ( e q u a t i o n ( A 2 , 4 l ) ) . Now the 16 X A v. " 

i s the same as, tw.i cn ma t r ix which m u l t i p l i e s jVQ,{ F Q 5 F Q 6 

r o l u ^ s 5 t o 8 a f CW4> p lus columns 13 to 16 o f (V^V, A l so the 16 X A 

n a t r l x vhi ch, tmtIt* p l i e s j p ^ 7 s F y] T 5 s G 9 n a l t o t h e . columns 

9 t o ) t of (W^) sumvs tv/ ite columns 1 to-A p f ( X ) y This moans t h a t 

equa t i on (3 .63 ) can be reur i ' c ten as • ; •• '"'A ; A - '-.AA 

8 2 
-

*v 

• 
ly 
. 0 0 

- 2F 
17 

- F 

"97 

V f 
- 17 

76 
-V 

A i 
- -

A 

BS. 
i - 4-

W 0 2 
- 2F 

i s — 
F35 

8 8 
mo 

'v< 
* • * ?F ! -

1AI 
A i 

B 

18 
-

A . 
•h 

2 F 0 4 

-
A * 

B 20 
-

•As 
4. ?F 

05 
• 

F25 

B22 
- 4. 2F 

06 
-

F 2 , 6 

A * r: - A;,7 
+ 9F 

0,7 j -F27 
V - 77 

* 5,7 
'i-

B36 F V 
•5-

B33 5,5 
+ F 15 

A o 
0» 

A 
- . + 

F i A 
B50 

-

B52 
« 

A,5 
+ 17 

1 0,5 

B S« A 6 

+ > 
B56 

- F 

V . 
+ 

f ° 7 

The f a i n t boxes shows the new terms "absorbed" i n t o the column mat r ix * 

p r e m u l t i p l i e d by . P r e m u l t i p l i c a t i o n o f t h i s equa t i on by V a ^ j u s i ng 

( e < : l u ab ion (3 .25 ) or(A2e3A) w i t h n » 4) g i ves a f t e r 

some re-arrangement of terms: 



70, 

F77 -
4- 4 

F o o 
- 2 F ' 

" v 
" 1 P 

"3,7 

F 7 6 V RX 

y . 
F 16 

F 75 ** F 
02 F 15 

F 
/35 

F 74 h 
P 

03 
rr 

3.4 

F 64 
R» 
'0,4 

P 
' 04 ' 74 

F 65 
B20 F 05 

F 
" 0,5 

F ' 
2,5 

F 6S B22 F0,6 
P 

06 
F 
' 2 , 6 

f 6 7 W P • 
* 07 F 07 

P 

'•27 
F ? 7 F 17 F 17 F 17 

F 56 8 16 
R" 
* 16 F l ,6 

P ' 

' V 
F 55 5 33 F15 F13 

F 
1 S 

F 54 8 40 if4 

F 44 Vf> F0,4 
P 

04 F 0 , 4 

F45 B62 FO,5 ^ F °? 
F. - P F F P 

46 ' 54 0,6 06 "0.6 

Jy. . R 5S . F07. » _F0,7. L10,7 J 

• ' (3 ,64 ) 

Group ( i ) or ( i «» (3 

The ma t r i x equa t i on 'obta ined can be w r i t t e n 

"K)" 
= 1 " l 1 1 1 1 i 

3 1 2 
1 1 1 1 «1 - l 

B14 
1 

" 1 - 1 -1 -1 -1 
B16 

1 1 -1 -1 .1 i 

B t t 1 - 1 -i 1 ' t "j. 

B 44 
1 - 1 -1 1 - i 1 

B46 
1 -1 1 -1 - i l 

B48 
1 -1 . 1 -1 i - l 

1 1 
- 1 - 1 
• 1 1 
- 1 - 1 
- 1 1 

1 - 1 
- 1 1 

-3 -3 

- 1 -1 

1 1 

3 3 

1 - 1 
- 1 1 
-3 3 

17 3,3 

16 • F u 

06 F
02 

0,7 
- F 

V. 

-F 
7,3 
7.2 

- 4F 

4 f 

~ F 62 

-F 

0,0 

0,1 

04 

4 f 05 

F 33 * 
- F 

3.2 

"37 i 
R* .I. 
^ 36 76 

-F 

-F 

,5,3 
52 

42 

43 

f 2 2 > f 2 6 * f 66 
- F 23 i 2,7 • 6,7 

+ F 57 

: + F5,6 

+ F; 
,7J 

( 3 . 6 5 ) 



The 8 X, 8 ma t r i x i s . ( W 5 ) ( e q u a t i o n (A2 «40 ) ) . The f i r s t two columns 

o f t h e " X 4 ma t r i x i n the ma t r i x e q u a t i o n above a re equa l t o tw i ce 

'the'-columns. I and 2 o f (W^) minus columns 5 and 6 o f (W g )„ The l a s t two 

columns o f the 8 X 4 ma t r i x above are. equa l t o minus tw ice columns 

3 and 4 of (Wg) minus columns 7 and 8 o f (W^) , This means t h a t ' 

equa t i on . (3*65) can be r e w r i t t e n as . -h . 

T o / 3 
4 F o o 2 F 17 " 2 F ! 3 . 

- F 3 3 > 
F 

37 F77l 

V . 
-F 4-

" 72 
a-y 
' 0 1 " « F 0 5 + ' * F 1 6 -

 l r n 
- F 3 2 > F 3 6 F 76 

B1.4 
-F !' + 

62j 
- F 22 + F 26 

+ F 66 

B
16 -F63l + If z 03 

» 2w 
Z l 0 7 

- F 23 + r 27 F67 

B42 -F53 - " F 17 
4- F-
• "13 

-r F 57 

-F52 " ' F 16 + F12 
+ F 56 

S46 "*F42: * 
T? 
; 02 F 06 

+ F 66 

B48 fill* *03 
- F 

07 
'T. F 47 

r r e m u l t i p l i c a t i o n o f the equat ion above'by--k(W^) and u s i n g 

y% 0 0 ( V , ) . . » I 0 ' ( equa t i on ( 3 . 25 ) or (A2 .34) w i t h n » 3) g i ves a f t e r 
. 3 ' v < 3 .. . 

some re-arrangement o f terms 

f F 73 l 
- n 

'"10 
+ 4 

. r 
F-

00 
- V 

' 04 
- 2 

13 " F n 
- 1 

" F37 
- F 

! t 

VI
 

—1
 

to
 

• B ! .2 
- T? 

' 0 5 F 12 ' F1f; F 32 " F 36 
-

' 7 6 
F , _ B , F - F F - V F 

22 
- F T? 

62 14 ' 02 06 02 ' 0 6 
F 

22 26 ' 66 

F 63 
n 
"16 

F 
03 

-
F 07 

F 
03 - • F 07 

F 
23 

- F 
27 

- F 67 
F s q BA2 F 13 

— 
F17 F 13 

- v 
"17 F 13 - F17 

-
F5-

F52 B44 F 12 
— 

F1.6 F12 F 1 6 
F 12 F16 

-
F 56 

F42 B46 F02 
— 

F06 
F 

02 " F06 F02 F 06 
-

F46 

F 4 3 .V, F 03 
— 

F 07 , F 03 
F 07 

F 
. 03 

- F 
07 

— V j 
( 3 . 6 6 ) 

t t ie 

\h6] t r , - * 

3 28 
e30 

_b32. L 

1 1 1 1 
1 1 - 1 - 1 
1. - 1 - 1 1 

1 - 1 1 . 1 

71 
+ 

F 7 3 " F75 
4* 

F 77 

" F 61 
4. 

F 63 - F 6 5 
-!-

F 67 

-F51 
4* 

F 5 3 * F 55 
4-

F57 

• F 41 
+ 

F 43 - F 4 5 
JL 

F 47 

• J- t - 1 

1 - 1 
1 

1 - 1 

F + F 
00 04 

? 0 2 + F 06 
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1 
i. i 1 -3 

31. 
-j-

F 33 
- F 
, 35 

-p 
F 37 

1 1 3 -1. 
"21 

-5- t? 
' 2 3 

F 
• 25 

' + F 27 

1 1 
— L 3 I - F i r 

4* 
F7.3. " F 15 

F 17 

1 -1 X. 3 
"01 

F 
03 

„, K* 
* 05 

F r 0 7 

( 3 , 6 7 ) 

The f i r s t ' 4 X 4 ma t r i x on the r i g h t hand s i d e o f e q u a t i o n ( 3 , 6 7 ) 

is (W9) ^equa t i on ( A 2 , 3 9 ) ) , The s o l u t i o n m a t r i x |F-1 F ^ F ^ F ^ I 

i s . o b t a i ned .by .premt.il t i p l y i n g bo th s i des o f e q u a t i o n ( 3 , 67 ) by- (V ? ) 
, ' 2" ' ' ' • '* 

.and r e-a r r ang i ng terms (W ) = I , ( e q u a t i o n ( 3 , 5 ) or (A2 ,34) w i t h 
c. c. >4 • . 

n 2 ) , ! The o t he r r e l e v a n t - m a t r i x m u l t i p l i c a t i o n s a re . 

' l 1 1 . i " l !w 4 «4 

1 1 - 1 -1 1 - 1 0 0 

1 - 1 - 1 1 i - 1 0 0 
1 -1 1 - 1 1 - 1 
and , - p 

1 1 1 
1 - 1 -1 
• 1 - 1 1 

1 - 1 1 

1 1 1 - 3 

1 1 3 - 1 

X -1 3 1 

1 - 1 1 3 

2 0 
0 - 2 

.1 0 
0 0 0 - 1 

(3,"6 8) 

( 3 , 69 ) 

\ so- tha t the s o l u t i o n -matrix i s 

*71 
- ~(w„) 

c. '"'26 
+1 

tt 
61 n2R n 
51 B30 

tt 
,E32. 

^ 00 + 4F 
04 4 f 0 2 4 f 0 6 

«, 2f 4- 9p - 2f + 2 f 
11. 13, 15; . 1 7 

+ 2F 2F •' • + ?F - orr ' 
01 03 0 5 , ~ 0 7 

- F31 
+ 

F 33 ~ F 35 
+ ' F37 

+ F 
73 F75 

+ F77~ 
-F 

21. 
F 

23 " 1 25 
+ F 

27 
j. 

F 63 " F65 
-p F67 

+F 
11. 

- I13 + F 15 
-

r» 
' 1 7 

j. 
F 53 " F55 

+ F 57 

+ F 0 1 - F 03 + F 05 
- F07 " F 65 

+ F47 

This can be w r i t t e n ? 

* 
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F " V + 4 - t - F + F0i - F06 ~ 2 
rF 
• 11 " F 13 

4. 
F 15 ' 

F 61 
f0] 

- f + 
03 

F 05 - F 0 7 
F01 ' F 03 

j-
F 05 - F 07 

? 5 1 
B3 0 f H '

 Fw+ 4 5 IT F u - " 4-3 
+ P 

• A15. "
 F 17 

F 41 -  r03  +  V, - F 
" 07. 

- F 
' 03 

F ' 
05 " . F07_ 

-1 r 4 i - f ? ? + f3b" " 
p 

37 
r F 73 

+ F 
75 - F77~ 

" f z 3 + f25 " 
P 
X. 

27 - F 63 * 4 , 5 " Ff>7 

4 c " f 1 3 + f 1 s " F 
17 " F 5 3 

+ F55 
F 

57 

' f 0? + f 0 5 - F 
07 " FA3 + 

» F 
~ 47^ 

• ( 3 , 70 ) 

This, completes the s o l u t i o n s o f a l l the 65 c o e f f i c i e n t s . 

3 . 4 . 4 The Genera l S o l u t i o n For the Set o f C o e f f i c i e n t s 

' i l o ^ o ^ i l p o r 0<<\<l"}, where n , j s any hor i t Yye . m t e o e r . ; 

The g e n e r a l i s e d s o l u t i o n s , f i r s t suggested i n s e c t i o n ( 3 , 4 , 1 ) . • 

for the se t s o f coef f i c i e n t s ^ F ^ F 1. a n d f ? ^ , ? ^ . 1 « 

from-the no rma l i z ed l i n e i n t e g r a l da ta from the M " non-noda l " "M" 

ravs and " Y " . r a y s r e s p e c t i v e l y . a r e v a l i d . f o r M ** N-2,4 end 8 and. sre 

assumed to be t r ue fo r any p o s i t i v e value: ' of1 .A, Those s o l u t i o n s , ; 

equa t i ons ( 3 . 31 ) and ( 3 . 32 ) a re r e w r i t t e n here as a s i n g l e ma t r i x equa t i on 

r f 

F • 
00 

fi 1 
P 
' 00 2n ' n' ' 4 

B * 
M-M+2 

F01 F 10 ®M+1 

% V BpM+l 
B x 
M-M+2+p 

F 
qM-i 

F 
M-1,0 V-M+l. 

B . 
M+l 

( 3 , 71 ) 

where M « 2 , and 0 < p < M and (W )' i s the Walsh ma t r i x o f order 

2 (see equa t i o n s (A2.37) to (A2 .41) i n c l u s i v e for the f i r s t f i v e Walsh" 

m a t r i c e s ) , 

n 2 
A l l the o the r (2 - 1) s o l u t i o n column ma t r i ces a re g iven i n 

terms o f the no rma l i z ed l i n e i n t e g r a l s a s s o c i a t e d w i t h the group . 

o f c o e f f i c i e n t s , ( i , j ) 5 p l u s o t he r co l umn 'ma t r i ces c o n t a i n i n g c o e f f i c i e n t s 

p r e v i o u s l y so lved f o r i n o ther g roups . . , -'--l. -'. 

De f i n e the column mat r iX jCF f0 con t a i n ' the 2 1 

c o e f f i c i e n t s o f the group, ( i , j ) , as g iven by ,F j .g (3 ,8 ) , '-in the order . 

i n which they appear in the s o l u t i o n s worked ou t i n s ec t i on s ' 3 . 4 . 1 . 

3 . 4 . 2 and 3 . 4 , 2 fo r n « 1 ,2 and 3 r e p e c t i v e l y . The reiava.pt s o l u t i o n s 

are ' . .' ' 



; 

sec t ion 3 , 4 , ^ ™ t • 

. ' . ' E q u a t i o n ( 3 , 3 0 ) • ' / . ' " //•-:''••.' ."'V' .y-. •"'"'. . " • ' • ^ v ' " / ' 

Sec t i on n 2 • • 

Equa t i ons ( 3 . 3 7 ) . ( 3 . 3 8 ) . ( 3 . 3 9 ) , ( 3 , 40 ) . • . " / , . / ' w v - , . : / . -

• . /Equa t ions ' ( 3 . 5 7 ) , ( 3 . 58 ) ( 3 . 59 ) , ( 3 , 6 0 ) , . ( 3 . 6 1 ) , ( 3 . 62 ) • ( 3 . 6 4 ) , . 

( 3 , 6 4 ) . OFid ( 3 . 70 ) . • 

A l l the s o l u t i o n column ma t r i c e s a r e o f . t h e f o l l o w i n g genera1 

; form; ' "".• ' . ' . ' • • . . • ~ r ; " •• ' 

. • • . .. • ' ( 3 . 7 2 ) ' 

where, the column ma t r i x ( 5 1 ! ^ ) , o f / l e n g t h ..depends 

on the norma 15 zed l i n e In tegra l , da ta obtaired-front the rays •Asseci a ted 

w i t h the group o f " c o e f f i c i e n t s ( i , i ) / s e e F igs ( 3 . 6 ) and ( 3 , 7 ) , 

A*'!' n i i ) 

Each o f the 2 J " e lements o f t he ' co l umn m a t r i c e s . (ix }, 

t . « 1 j . . . j i j i s ct sum o f some c o e f f i c i e n t s , . ? „ which have been 

so lved a l r e a d y . (The^equa t ions o f the form ( 3 . 72 ) must be worked 

ou t i n the order f o r ( i , j ) g i ven by equa t i o n ( 3 . 4 2 ) ) , 

Before c on s i d e r i n g the gene r a l form, f o r the .column M a t r i c e s •' 

on the r i g h t hand s i de o f e qua t i o n ( 3 , 72 ) an e x p l i c i t formula must/-

be found equa t i n g a p a r t i c u l a r c o e f f i c i e n t F , i n the g r o u p ( l , j ) , 

t o a p a r t i c u l a r e lement ( F ( n > 1 1 ^ ) ' , U < T < £ 2 1 + J ' " 2 , o f ( F ( n ? 1 ) , 

Th is " o r d e r i n g " of c o e f f i c i e n t s w i t h i n ' a b l ock ( i , j ) i s no t g i v e n 5 i n 

. the c o e f f i c i e n t d iagrams o f F i g , ( 3 . 8 ) . A copy o f was made and 

by l o ok i ng a t the l e f t hand s i d e o f the c o e f f i c i e n t s o l u t i o n e q u a t i o n s 

for n « 1 ,2 and 3 , a l r e ady r e f e r r e d to above , the column ma t r i c e s 

were t raced ou t as l i n e s in each b l o c k , ( i , j ) , S t a r t i n g a t the f i r s t 

c o e f f i c i e n t , F^t ^ i n each case the l i n e passed from c e l l to 

c e l l i n ar. "down and up" and " r i g h t t o l e f t " s can , f i n i s h i n g up a t 

the c o e f f i c i e n t F^i-i ^ i n each case . The r e s u l t s a re shown In 

F i g ( 3 . 9 ) ( i ) , ( i i ) and ( i i i ) . The l i n e s t r aced ou t i n ' F i g (3 . 9 ) ( i v ) 

a re con jec tura l , based on the prev ious t h ree d i ag rams . F i g ( 3 , l 0 ) 

demons t ra tes j by u s i n g as an example the b lock ( i , j ) « ( 4 , 3 ) j t h a t the 

r e l e v a n t formula f o r any b l ock ( i , j ) i s g i v en by: 



75. 

j i L 
( I ran 

/"xf 
o i —> 

u t! , 1° u/s'm-

| "V $ 

•fcxxkiit&nssi 

^ssrx&vb.'tkstit, 

o i l 3 a 

( i i ) . 
01 2 

k 

(iii). 
r z 3 £ 7 

0 1 2 3 

v - j j i u ^ . • u - j li j ' ^ w c 
! g, 

irn'X^t&rrJ-iun iww wimwjl <w»innMnr,g«3 > 
4 f - - - - . _ ._ . _ - {i • 

1 .2, 7 j* s i 1 $ ? it> i| li JJ 14- > 

i (iv) 01 2 

Fjg(3.9) , ?be column ma t r i c o s , ( F ^ ' j 1 ' ^ ) , , each made up 

i + i —2 ( -
from the 2 ' - / * c o e f f i c i e n t s i n . each o f t he b l o c k s ( i , j ) f . o r : ( i ) r « l , 

( i i ) n™2, ( i i i ) n « 3 , ( i v ) n «4 .The t h i c k l i n e t r a ced o u t i n each b l o c k , ( i , j ) , 

r e p r e s e n t s t he o r de r i n which" the c o e f f i c i e n t s appear . i n ' 

.The arrow head o f each l i n e i s i n the c e l l r e p r e s e n t i n g . t h e . l a s t c o e f f i c i e n t 

i n t he a p p r o p r i a t e column m a t r i x w h i l e t he o t h e r end o f f h e . i i h s . g i v e s 

t he f i r s t c o e f f i c i e n t i n t h i s m a t r i x , ( F ^ n * 1 ' ( F ^ a r e shown as d o t ; 

Also ' .shown a r e the . two column m a t r i c e s 3 

tl m f 
00

? 
f t 

* - " 0 2 * : - r 
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j -1 

q 
r 
j j f l •a.si'.cfasarea.jtiss 

2J-1f 
«i i '« 
V: i I 
ii i 

j -

2 . . i i 

f - 2 - 1 " p - : 

l "jj JJ 

os 
o j 7 

q - 2 1 + 1 

li 
k^^'^Vi-nyiraiK^^ j 

p 

(i j p is EVEN: I = 2'~'1(2I-1 - p)+q - 2 > 1 . S-l 

2 j-1 

2 - 1 - p 

. . . 2 - 1 

H J (ii).p is O D D : U 2J '(2'-1 - p ) + 2 - q . 

Fig.(3.lO). The r e l a t i o n s h i p between a p a r t i c u l a r . c o e f f i c j e n t , F ,sho**n 

shaded j i n the b lock o f coef f i c5 en t s . ( i and the 1 t h * c 1 o-e^t- ( * ^ 

o f the column matr i x , ( F 1 ' ) .The examples shown a r e : ( i ) ' 4 os — - - v w ; sr %6 
for ? c v - ( l i ) M j g ^ , ^ fo r > odd. . : . 

4 



• ( F ( n , t ; j ) v . „ p 

where 

, . j « ( 2 j < a l ) ( 2 l - i > • p) .+ 

q - •2-5"1 + 1 I f p' i s EVE.N" 

2 3 - q • I f p i s ODD 

' ' . • ' . ; 0 . 7 3 ) 

and 2 l " ^ p < 2 1 , 2 j " l < q < 2 3 , 1 -a. s i n g l e p a i r of V' . 

v a l u e s . o f p and q i n e q u a t i o n ( 3 . 73 ) t here i s a un i que v a l u e of I . 

Example 1 . V" a 

To which column ma t r ix , does F ^ " b e l o n g " and wh ich e lement o f 

t h a t column ma t r i x i s i t equa l t o ? 

The range o f f-3 and q « 5 i S 2 2 " 1 3 < 2.2 and 5 < 2 3 

(see a l s o F ig ( 3 . 9 ) ( i i i ) ) so ( i . j ) " ( 2 , 3 ) and from equ a t i o n ( 3 . 7 ? ) 

( F ' n ' w ; ' ) - « F 2 3 whe re 1*4(4 - I 3) + 8 - 5 - 3 . Thus 

y „ ( n , 2 , 3 ) s / 
v* » n > 3, 
which from e q u a t i o n <3 ,60 ) i s c o r r e c t f o r n «* 3 . -

examnle 2. 

To which column ma t r i x does F„-0 " b e l o n g " and wh ich e lement o f 

2? 
t h a t column m a t r i x i s i t e q u a l t o ? P roceed ing as i n example I g i v e s 

( i 9 j ) « ( 2 , 2 ) (see a l s o F i g ( 3 , 9 ) ( i i ) and ( i i i ) ) . E q u a t i o n ( 3 . 73 ) 
(n 2 2) ' 

then g i ves ( F '~ ) t F ^ , where I « 2 (4 .. 1 ~ 2) * 3 - 2 4 1 -

Thus A • ' ' n _ 'i - . 

_ 23 , where n ^ 2 , • / • . " 

wh ich f r om 'equa t i ons ' ( 3 . 3 9 ) and ( 3 . 6 1 ) i s c o r r e c t for', n^?. and n r 3 , 

The oenera 1 form for ( A ^ F ^ " ' * . 

' ( p • • n ^ * 
De f i ne a column m a t r i x , ( d v 3 l 5 j ' ) . w h i c h c o n t a i n s the norma 11 zed 

l i n e i n t e g r a l s i n the order i n which they appear on the r i g h t hand s i d e 

o f the c o e f f i c i e n t e q u a t i o n s f o r n « l , 2 and 3 , I n * t h e o l s - e r t s 

B r . . , . ( c e e e o u a t i o n (3 ,51 ) ) a re a r ranged i n o rder o f ir-creo -a 
m ln , i . j , r , s ; * • * - • • ' 

m(n, i . j . r , s ) which means t h a t i n e q u * t i b n ( 3 , 5 1 ) r must change cvor ' -<? 

whole r ^nge be f o re s i s i n c reased by; 1.Thus the I ^ ' e l e m e n t , (3^ : ) 

o f ( B ^ 5 * ' 3 ^ ) can be w r i t t e n e x o l i c i t l v a s : 

J t 13 l> f . 1 , j , r , s ) 9 

where - . (3.74-) 

I~ ( s - I ) r + r « (s - 1 )2 ' " 1 , + ' r . 
max • '. 

and 

m ( n , i , j , r , s ) ~ 2 n ( 2 n " 3 ( 2 s - I ) - t ) * 2 n " 5 ( 2 r > - 1) + I , 1 ( 3 . 5 5 ) 

where I ^ r ^ 1 " 1 and 



example t . ' y : a ' • ' y y / • y > ' ' '•: - • 

WHith l i n e i n t e g r a l , B m O . p y , ! - , s ) . i s . the 3 r d * 

e l emen t . (6 r 3 of\tho" column ma t r i x }(B ' r ' " )? 

From equofciofi (3^74-) ; 3 « (s - 1)2 + r w h i c h , s i nee th^ p o s s i b l e . 

r and s vaTc/^s r « 1 ; 2 A « . 1 , 2 , 3 , 4 , h a s t he un i que s o l u t i o n 

r - l 5 . s « 2, Equa t i on ( 3 . 51 ) . then gives- ' ' a y y a . . . a . 

m ( « » ! a j , r 5 s ) - m ( 3 ? 2 ; 3 5 t > i ) " 8('inc3>; - l ) . V 2 ( l ) ' f . l - 16 + 3 - 19, ; 

Thus « which from o n u a t i o n ( 3 . 60 ) i s correc 

•example 2-(<0 
' " . " • ' • . t h . 

Which norma l i zed l i n e i n t e g r a l B / r j 0 „ y i s the. 4 e lement 
A o o 9N ? . , r , s ) 

( B ^ 5 > o f the column m a t r i x fo r n - ' 2 , i « 2 , j .« 2\ 

. E q u a t i o n (3*?4 ) g i ves 4 « - ( s - 1)2-+ r t . The ranges of r and s are 

r. « 1 , 2 , s - 152, 50 r a 2 , s ** 2 and equa t i o n (3'«51) ' then g i ves ) 

m ( 2 , 2 s 2 , 2 s 2 ) « 4 ( 1 ( 3 ) - l ) + 1(3) + 1 - 8 + 4 « 12, . Trnis 

which from equa t i o n ( 3 . 39 ) i s c o r r e c t . 

Example 2 (h ) ' 

\ . 1 * y •' y 

This i s t he same-as example 2 ( a ) except t h a t n « 3 i n s t e ad o f . 2 -

As be fo re r " 2 , s 2 so e q u a t i o n ' ( 3 . 5 1 ) . now becomes 

ir-(3 > 2 , 2 , 2 , 2 ) 8 ( 2 ( 3 ) A 1) + 2(3) + 1 - 40 + 6 + 1 " 47 , Thus . 

( b ( 3 , 2 , 2 ) v 
. • 4 • 47 ' ,v . • ' a ' 

which from equa t i o n ( 3 . 61 ) i s c o r r e c t . 

Now the gene ra l form f o r 

) in the c o e f f i c i e n t 

s o l u t i o n e qua t i o n s o f the t ype , e qua t i o n (3 .72)^ i s - ( ' l / 2 , H ' ) -times 

the d i s c r e t e Walsh t r ans fo rm (see e qu a t i o n (A2 .35 ) ) o f the column 

ma t r i x ( 5 ( t l ? i > j ) ) : 

' ( „ . / ) ( B C n > i > j ) ) .A: ( 3 , 7 5 ) 

where i s the Walsh m a t r i x o f order.. 2 l + - " 2 ( see e qua t i o n s " 

(A2.37) to (A2 .41) i n c l u s i v e f o r the f i r s t f i v e Walsh 'ma t r i ces) 
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The Genera] Form For fche I cr>luw»t- ma t r i ces ( A * " 3 1 o f 

equa t i on ( 3-72 ) . "••.-..'/'' . \ 

From,-the c o e f f i c i e n t s o l u t i o n equa t i ons o f the type e q u a t i o n ( 3 . 7 2 ) 
• • ' • • • ' ' -: ' ' th 
i n s e c t i o n s 3 . 4 . 1 t o 3 . 4 *2 i n c l u s i v e f o r n « 1 , 2 , and 3 , an I * column 

m a t r i x , ( A ^ ? ^ " ' 1 ' ) can he wri t t en a.s. t he sum' o f a number o f 

• ' " • ( h v ' "' • ' 
column ma t r i c e s (H ' ) : ..,.' • ' - \ . •. x, 

( 3 , 76 ) 

(h) 
where t £ l < \ . The co lumn-matr ices , (H " ) 4 c o n t a i n . a s e lements , on ly . 

• • . ' > / , 

s i n g l e c o e f f i c i e n t s , F , or -F . (which have been so lved i n p rev ious 
pq pq . / 

g roups , the order f o r ( i , j ) be ing r i v e n by e qua t i o n (3 . 42 ) ) ; , -

S t r i c t l y ( H ^ ) shou ld be w r i t t e n w i t h f u r t h e r l a b e l s n , 5 , V-

as. bu t t h i s i s om i t t ed i f i t . i s c l e a r which n , i and • 

I a re be ing d i s c u s s e d . • 

• • ' (': • / . ' . . : ' •;'' ' 
example 

( 1 2 1) r" " ' -»T 

The s o l u t i o n column ma t r i x {v \ 3 ) = [F3, F i ( J j i v o n ' h y 
e qu a t i o n ( 3 . 6 2 ) has two column ma t r i ces ' c A ^ ^ 3 ' 2 * 1 ^ ) and " ' • ' • ' 

) , the f i r s t b e i n g . g i v e n by the sum o f . four column . 

ma t r i ces " 

r ' -i 
f o o m ?02. ' f 0 4 -

' v 

\ / o i 
F' 
. 0 3 . 

F07 

I n an a t t emp t t o d i s cover some gene ra l p a t t e r n f o r the. ma t r i ces 

( H ^ ) . making, up ( A ^ ' F ^ V ^ * ) , the c o e f f i c i e n t s in them a re .. 

t r aced ou t on " c o e f f i c i e n t d i agrams" ( l i k e F i gs ( 3 . 8 ) and ( 3 . 9 ) ) 

i n the same way t h a t were i n F i g ( 3 , 9 ) . A sepa ra te 

c o e f f i c i e n t d iagram i s used f o r each d i f f e r e n t v a l u e o f l • The 

r e s u l t s a re shown i n F igs ( 3 . 1 1 ) , ( 3 . 12 ) and ( 3 . 1 3 ) . The 

column ma t r i x be i ng so lved^ ( F ^ ! * i s shown (as i n F ig ( 3 . 9 ) ) 

by a t h i c k l i n e i n the b lock ( i , j ) . . , - . 

( ^ ( l ) F ( n , t , J ) ) f e r , , , ( s e e 

The column ma t r i x be ing so lved i n t h i s case i s 

[ F 1 5 2 J - 1 F l , 2 j - 2 

There i s o n l v one. ma t r i x ) f o r i .«. 1 and. i 

accordance w i t h e qua t i o n ( 3 . 7 6 ) , i t can be w r i t t e n 

' ( 3 .77 ) 

m 



i=1. 80, 

1=1 

ii-p 
o i 1 3 

(ii) (3.37) (iii) Q38) 

1=1 

7 0 i 2. 3 3- * 7 

(iv) (3.57) 
o i a. 3 r £ ? 

(v) (3.58) 
© i z 3 q- r i 7 

(vi) (3.59) . 

F i g . ( 3 . 1 1 ).A r e p s sen t a tmcw o f each of t h ° i = l column nAt :r i oes } ( ' p ̂  n i L 3) ^ 

l ^ l ^ i j f o r each p a i r o f va lues (i , j M 1 , j ) , 1 where 2 ,3 ,Each o f 

t h e c o e f f i c i e n t <£ta^rams-. ( i ) f o ( v i ) has s p a c e d on i t , a l l t h e component 

(jaLicnni m e t r i c e s , ( p / n ' 1 5 l j h ' ) , o f ^ F n > 1 ; ^ ) .Each o f t h e matrices-.., 

^ C n , t , j , L , h . ' ^ ^ r ep resen ted by 3 l i n e t r a c i n g ou t t he c o e f f i c i e n t s in i t . 

The f a c t o r . 2x~l: which m u l t i p l i e s a 11 t he 1 ? J ; 1 r h ) ) f o r a g iven. I 

( t e e e q u a t i o n ( 3 »76 ) ) is shown i n c c i r c 1 e over each d i ag ram . 

f f t h e elements; c>£ ' J - 5 F^- ' ) , a r e aUlJ o-jf the* f bmr , -F , t hen " © ' r ep re sen t s 
«. pq 

• t he f i r s t element.-whereas; Q r e p r e s e n t s i't: i:f?. the; erTemeiTts- a r e e l l o f t h e 

form +F .The arrowhead on each l i n e t r a ce r e o r e s e n t s t he l a s t c o e f f i c i e n t - S;rv 
f * *• pq f ^ % . 

(H n > 1 - s o l u t i o n column ma t r i ces } > j a lso; t r aced out-

\fi 'diagram as I n F i g , (3;9>AThc n u m b e r s , ? show t h e e qu a t i o n- i n 

/ ^ / l i ) 
-urhixch each r/\ p> n> occurs-The i n t e g e r s a.lpng the axes ara. p, q. s-r 

i n ( 3 , 8 ) and (=3.9), 



i=2. 
81, 

r 

j=2 (339) j=1 (3.40) 

J =3 (3.60) j=2 (3.61 ) j=1 (3.62) 

F" jg(3.1 2 ).'- r e p r e s e n t a t i o n o f each o f the 5̂2 column matr ices , 1 

, f n r where n«2 •and 3 .Each c o e f f i c i e n t 

d i agram, ( i ) t o , h a s , t raced ou t on i t , a l l - t h e component column,,'ma t r i c e s , 

( H ( T V , j 5 l , b > ) ; 0 f . capt ion o f F i g . 0 . 1 1 ) ,except" f o r ; 

the f i r s t two s e n t e n c e s , a p p l i e s here as wel l : . . 

4 



0 1 2. 3 d( f f. 9 

(iii) 
0 l 2. "i k z 6 

(vi) 
' 7=3 (3.64) "' 1=2 /366) 

o ( z 3 'f f £ 7 

(ix) 
" ~j"=T (3.70) 

f i g , ( 3 . 1 3 ) - - r e p r e s e n t a t i o n o f each o f the i " 3 column m a t r i c e s , ( ^ ^ ' F ^ n : 

l ^ t ^ i . f o r where n*"3.Each c o e f f i c i e n t d i a g r a m , ^ ) to ( i x ) j h a s -

t raced ou t on i t , a l l the component column m a t r i c e s , * ' ^ s , o f 

( ^ t . F ( n , . , j ) ) ( T h e c a ? t . o n . F i g . ( 3 , 1 1 ) , e x c e p t ' f o r tho f i r s t two sen t ences , 

a p p l i e s here as w e l l , ' •• " ' 



83, 

For « n fi g e n e r a l i z a t i o n for any r\ which seems c o n s i s t e n t , ( see 

F i g <3,?.l) C 0 > Cf i> and ( i v ) } i s g iven by ' • \ / V 

( a c 1 ) p c n j l . d j « . [ f ; 0 f 0 l . . / , . . f 0 ; 2 j - l j t ® [ f : 0 f c r . . o t . f 0 . . h - l j t 

so t h a t ' . v - • •' . . . ' ; ( 3 . 70 ) 

^ F * ' (3 .SO) 

where : . " / ' ' . 

For 1. i n - l ' there are two tvoes o f mat r i ces , (H ' " ) . i n equa t i on 
-• "5? - •>. ) • J ' - . , ' . 

( 3 . 78 ) (see F i g < 3 , l l > ( i i i ) , (v ) and ( v i ) ) : 

( a ) These1can he generated from the f i r s t one, 

by adding'.. h2 J / 'where h « 1 » 2 n " l 1, . to the l a be l 1 ... '1 

of each e lement , F n T , i n equa t i on 3*81 I ! h i s odd• then a l l the 

elements F- _ , are nega t i ved . Thus • : 

( P ( h ) ) ™ ( » i l h F i . 
V ' i v tfpff(I-l)+h2^,. (3 .87 ) 

where h «• 0 . 1 , 2 . « « 1 . l ^ I ^ ? - - 1 " 1 and j ^ . n - l , ' n >2 . 

(b) These can be generated from J ' ) by add ing h2^. where ; 

n — 1̂ ' i 
h « 1 , 2 , „ » „ , ? ' l 5 to the l a b e l I o f each nogathed .element, 

-F ~ in equa t i on ( 3 . 7 7 ) , I f h i s odd then a l l the elements 
1 > ~ i ' » ';'..'••' 

oJ t n e g a t i v e ^ . Thus 1,2 -«t*h,2 

( H - ^ F l , ( h + l ) 2 ^ I - : \ ; . ( 3 , 8 3 ) 

where h - 1 , 2 . . , . , ? n ~ l 1, l ^ T ^ ? . ^ 1 and l ^ j ^ n - l . 

Now the sum o f ec^/fttiorvs (3 ,82 ) and (3«R3) g ives the I t h " element 

o f ( A ^ - V " ' 1 ' ^ ) . 

2 n " l 1 - . : ' 

( a ! 1 ) f ( n , 1 , i > ) i - w ' i - w i - • 



84, 

whore l ^ T ^ Z * 5 " * 1 and 1 < J < n-t , y d the c o e f f i c i e n t : F Q 0 on 

the r i g h t , hand s i d e o f E q u a t i o n ( 3 . 8 4 ) , when I " 1 , i s , o f c ou r se , 

F ^ ' y - I t i s assumed t h a t equa t i o n s ( 3 . 80 ) and ( 3 . 8 4 ) ' ho ld for ; a l l 

. va lues ' o f n £ 1 . . " t ' •','•'./ ~-y 

( a ( l ) f ( t 1 , 1 , j } ) l l for u 2 , F.'Ubiz-)). ' ' 

I t turn a ou t t h a t general , formu lae can be found fo r the . i . column . 

m a t r i c e s - ( A ^ ' F ^ ' . 1 ^ ^ . 1 for 2 hu t i t i s usefu l , t o 

f i n d the formulae fo r the 'two- column, ma t r i c e s ( A ^ F ^ 1 1 < a n d ,„ 

( A ^ F ^ ' 2 ' b e f o r e a t t emp t i n g fur ther , genera 1.1 t a t i o n . "A 

The f i r s t c o n t r i b u t i o n i s the column ma t r i x- (H ' ' ) - g i v e n by. 

7 n ^ g - rr ' ' " " ' ' : (n• <\c\ 
• "i ~ 1 . .. y y ; . . 

where 1. ̂  I ^ ?.J . 

I f j = n (see F i g ( 3 , 1 2 ) (1 ) and. (v)), t he re a re no f u r t h e r ' 

c o n t r i b u t i o n s and .' y .',/-,' 

..( A ( l ) F C n 5 2 j n ) ) I = 2 F 0 " 7 : ' ; . . ( 3 . 8 6 ) . 

where ' . ' y 

I f j < n the o ther 2 n ~ l 1 column matrices- ) , h 1 1,. 

a re g iven by J ' ' ' • 

( H ^ h j - (y 0 ) I . 1 + h 2 3, y y y m ; 

. so t h a t • ' y y • 

n- j 2 n " i 1 * ' 

( a ( 1 ) f ( , j 2 ; j ) ) i _ / £ ^ ( h ) ^ „ , ' j - ( - l ) \ , . 1 + h 2 j 

hw0 h=0 ( 3 , 8 8 ) 

where 1 ̂ T < 2 ^ . 

( j ) ^ ( S e e . F , g ( 3 < 1 2 ) ( n ) . ( i v ) , ( v i ) , ( y \ i O and ( x ) ) . 

(01 1 
The f i r s t c o n t r i b u t i n g m a t r i x , (H ' ) ? is. g i ven by a b l ock o f 

c o e f f i c i e n t s immed ia te ly t o the l e f t o f the scanned b lock ( i , j ) . 

( n ? i ) 

making up ( F ' 9 " V ) • The c o e f f i c i e n t s a re " scanned " i n an i d e n t i c a l 

way t o those i n the b lock ( i , j ) and are a l l . n e g a t i v e . Thus i f 

i s t h G C 0 G f f i C G n t ( g i ven by e qu a t i o n ( 3 . 7 3 ) ) . pc1 



1 .•-?-? — . •• a'- -

where I. i s g iven i n terms o f ' p . and q by equa t i on (3 ,73 ) w i th i « 2, 

A l t e r n a t i v e ly ,v rY t i r »s p i ns tead o f p-2 above anc! in equa t i on ( 3 . 73 ) g ives 

^ e r e ' • ! • ; • ' \ (q - Z * : 1 * 1 J f d « 0 (F/«'EN) 

, - I - ' 2 j " L ( 2 . -• I - p) .+ ] . ' : ' 

; ; . (23 - q . I f p « I (ODD) 

J f j 01 n there are no f u r t h e r c on t r i b u t i o n s , and 

(3.90) 

( 3 . 01 ) 

' I f j < n there are an ex t r a 2 (2 n 3- 1) o ther column m a t r i c e s , 

(H^ . h ' ) ? h « 1 , . . « . , 2 n ~ 3 + ' « 2 g iven as f o l l ows ! . 

. ( a ) t r i c e s are " gene ra t ed " from i n exac t l y the same 

way as for the correspond ing ones for ( ' ) . Thus ( c . f . 

.. equa t i on ( 3 . 8 7 ) ) . - ; . 

° # ) , • f o „ j 
1 ' p,q-»-h2j 

: . ( 3 . 92 ) 

\ where. 0 ,<£h<2 n " 3 and I i s g iven by equa t i on (3 .91 ) 

n — i " 
(b ) ,A-fur ther 2 1 ma t r i ces "generated n ' f rom the above ones by add ing 

v - 1 to a l l the f i r s t s u b s c r i p t s o f the c o e f f i c i e n t s : 

> ( h ( h . 2 - t 1) . + . . . r 

I p+2 ,qvh2 - p+2,q+h2 i i ( 3 . 93 ) 

where- and I i s g iven by equa t i on ( 3 . . ) . 

, Taking equa t i ons (3 ,92 ) and . (3 .93 ) t o g e t h e r . - i v e S 

c a ( 2 ) f c ^ - r ° ) t - - f a - i : ( - i ) h ( f ; , 9 j - f . y ; • o : 

iv*l • ' (3.9-0 

where j < n and I i s g iven by equa t i on (3*91) w i t h * «* 2 so p « 0 , | f.r.d 

< q < 2 J . I t i s assumed t h a t equa t i on ( 3 . 94 ) i s t r ue fo r a l l . 



J ) ) . 1 < 1 < 1 -far any I > 1 (see Fl g . (3 J 3 ) ) . 

F i g . ( 3 , 1 3 ) r'r.oys the colum-v ma t r i ces ( A ' F^" 5 fo r i®3 w i t h rr*3« 

There ere. three such m a t r i c e s ' f o r ' e a c h . b l o c k of c o e f f i c i e n t s i ;V . . • 

( i , j ) 7 (3 j j ) . . ' . / /.; • ; 

- ( A 0 > r S P P ( i i i ) , ( v i ) and ( i x )> 

. V . ; This is the e a s i e s t one to g e n e r a l i z e es i t ' . f o l l ows the.same , 

: . p a t t e r n a? tho corresponding ma t r i x for * i CT 2 already-worked o u t , 

V ( c . f . F igs ( 3 , 12 ) ( i i ) , ( i v ) , ( v i ) , ( v i i i ) 3 a n d (x ) for the con t r . i b u t i e r s 

. .. For . j « n the on ly c o n t r i b u t i o n (H i s -given b y " t h e - f i r s t form -of 

: the r i i h t . h e r d s i de of equa t i on (3 .89 ) -and ( 3 . 9 0 ) . Thus • , 

4 ( ^ ( 0 f ( n 7 i , n ) ) „ ( h ( 0 ) ) „ 4: - ; . y ^ x x (3 ,95) 
..'//- t . . . 1 r->3 ' • • . . , • 

. ' Equa t ion (3 .95 ) i n c l udes equa t i on (3 ,35 ) as i -« 2 ; i n the former 

g the. l a t t e r . • . ' " • .' 

•For ! j < n s the f i r s t forms of the r i g h t hand s ides of equa t i ons 

1(3,92) and (3 ,93) ' g i ve a l l the c o n t r i b u t i o n s so t h a t 

' . . . . ' 2 n " ' - - l • - - ' ' " : ' ; —i-/ ' • • v - ' 
( A 0 ) F ( n , i , j ) ) t - -F £ " ( - l j Y F ' + F ; . 9 j ) 1 ( 3 . 9 6 ) 
\ I Pi9 b ^ l p 9 q + b 2 - p+ 2 j q+hZ^ 

. where, -in both equa t ions ( 3 , 95 ) and ( 3 . 9 6 ) , I i s g iven by 

\ r e p l a c i n g p by i n c q u a t i o n ( 3 , 7 3 ) : 

V • v • (q - 2 2 ~ l + 1 I f p. i s EVEN 

/ ; ' 1 - 1 - p) (3 ,87) 

2 J -q ' i f - o i s - ODD 

and • ' . • ' • '•:/ • 

2 < i < h ' 2 h ^ - ] < 2 v v 

Equa t ion (3 .73 ) w i t h a l l the va lues o f p .and q i n the ranee g iven 

w i l l generate a l l the i n t ege r s I i n the range " . E q u a t i o n 

(3 .95 ) for t *» i « 2 g ives equa t i on ( 3 , 9 4 ) . I t i s assumed t h a t 

equa t i ons (3 .95 ) and (3 ,96 ) ho l d for a l l v a l u e s of n ^ 2 . . 

( a ' 1 ' r ( n > ! ; j ) ) . T ^ t - ^ i - 1 . (see F i g ( 3 J 3 > ( i ) T (\ i ) , ( W ) . (v ) , (v i I ) 

a r , d ( y i i i ) for- j -r, 3 l 

A.t f i r s t g l ance the p i c t u r e ge ts -mich more corfVSir.g fo r ; -

and. A l l the c o n t r i b u t i n g column ma t r i ces con t a i n some-

c o e f f i c i e n t s more than once so the l i n e t r a c i n g them out crosses the 

same c e l l o f the coe f f i c i e n t : diagram more than once. 

Cue impor tan t f ea tu re however i s c l e a r . The 2°"*^ c o n t r i b u t i o n s 

to ( A ^ ' i « 3 and I « . i and 2 (p i - t j a r e " gene ra ted " 

from the f i r s t c o n t r i b u t i o n ( H ( n i 1 ' 5 ̂ ^ ) . h oj. .1 3 , l - 1 

and 2 rosppc11 -"-n 1 y .1 n exacr ly the asm* way t h a t the 2 n - o>-t~i but ions f <7 



| w n 0 o , - r ( © v 
" P V''"'5"' were wer.o'rated frow a t i r s t c o n t r i b u t i o n ( i . e (P 

o f e qua t i o n ( 3 . 8 t ) . I f j " n there i s o n l y the f i r s t c o n t r i b u t i o n . 

• Suppose then t h a t the f i r s t c o n t r i b u t i o n t o ( A ^ ' 1 ) 

i s ( H ( n , i s j > 1 , ° ' ) an d t h a t ' " ' v ' - ' i . •'-ZZ^T A " • • ' ' t ' / 

' ' ( 0 , 1 , 3 , 1 , 0 ) • • • f v'z ' . ^ m - (5 • 0 8 ) 
tv.;;' "'.', 1 - * ( q j 1 , j , t ) i t 9 • -. • • ''2 z - ' " v ' •.'/-'•;.. ' t ^ y . ' 

'where, t here i s a p a r t i c u l a r r e l a t i o n between p 5 q and T ( p , q ; i , j , t ) for 

q y T ^ s e t o f v a l ues 5 , j and 1. (The range o f T i s o f course 

k i . - , • : ' v " 
So f a r the r e l a t i o n s h i p s between 1 and p , q Q

 F o r a p a r t i c u l a r 

.i t j , and I have been u n i q ue : i , e , f o r a g iven p a i r o f v a l u e s o f p and q 
• : i -m-9 • 

. t he re i s o n l y one v a l u e of I . and. v i c e ve rsa .There a r e . 2 , ' J " . d i f f e r e n t nu 
1 - * +1 9 

p a i r s g i v i n g the same, -number -of I v a l u e s , i ^ T ( e . g . o q u a t i on 

( 3 . 90 ) and ( 3 . 8 7 ) ) .From' F i g , ( 3 . 13 ) i t i s c l e a r t h . a t 5 f o r I £ 1 ̂  i-1 5 t he re 

l e s s p.-i'rs, ( p , q ) , than the number , 2 ' ' J **'" , o f d i f f e r e n t T va lues .T i s t hen . 

a s eve r a l va l ued f u n c t i o n o f ( p , q ) , From Fi g (3-. 13)". I t i s c l e a r 

(r. i i t 0) 
; t h a t a g i ven c o e f f i c i e n t F nav occur nore t han oncein- (H 

pq . . Z 

so f o r a g iven (p»q). t he re may be more than one v a l ue o f T, 

Now the o t h e r 1 c o n t r i b u t i o n s t o ( A ^ 1 ' a r e 

. g i ven by ' -y . ' • • . . •' . . . - ':' 

(3 .8?) 
r • • i i% . | p,q+h2q I f t " 1 

' (-Fp sq+h2 j I f 2 < L < i ~ l 

so t h a t z • ' . 

hw0 

For i I and i - . 2 the m a t r i c e s , ( H ( n ? 1 '
j

> , f r o m w h i c h : t he o t h e r s . 

( H ( n , i , j , l , h ) ) } h „ i o r 2
r ' " j n - 2 (see e qu a t i o n s ( 3 . 3 1 ) 

and ( 3 . " 2 ) ; ( 3 , 85 ) and (3,37) ; ' (3 . ?0 ) and ( 3 . 9 3 ) ) , are " g ene r a t ed " 

arsa independent o f n ( as long a s ' n ^ i o t he rw i se they do no t evis1- o f . 

c o u r s e ) , for n - 1 ,2 and n 3 i n ' t h e case t " i ( see equa t i on ( T 9 5 ) } . 

Compare for example F i g s , ( 3 . 1 1 ) ( i ) , ( i i i ) and ( v i ) or F i g ( 3 . 12> ( i i ) 

w i t h ( v i i i ) or F i g ( 3 , 12 ) ( i v ) w i t h (x) and so on . On t h i s b a s i s i t i s 

assumed t h a t e q u a t i o n ( 3 . 9 ? > i s independent o f n : ( as l one • a s r, ^ ' 

and n ^ j ) so t h a t equa t i on .(3.100) i s t r ue f o r a l l n > i and n > i . 



ng 

$ 

( j u s t as i t was assumed t h a t equa t i o n s ( 3 . 8 4 ) j ( 3 , 88 ) and . ( 3 , 8 5 ) 

were t r im fo r a l l n ^ l because equa t i o n s ( 3 , 81 ) , g i v i n g V * 5 j 

.(3,85)", •g iv ing ' ( H ( n ? 2 r j ' l s 0 ) ) and ( 3 . 95 ) g i v i n g ( H
( n J i j ^ were . 

i ndependent o f n i), .' • . • • ' '7: • 

I f now remains to e s t a b l i s h the r e l a t i o n s h i p . b e t w e e n J ( p , q ; i , j , t ) 

and. p . q . i , j and t , o r / i n o t he r words t o f i n d f o r a g i ven ( i , j ) t h e 

: ' r - . l c ! o t e m a t r i c e s , ( H ( n , i , ' j ! l ' 0 ) ) - , ' 1 < t < 5 : . > 1 . .: ' •.' • ,/ 

.The p a r t s o f F i g ( 3 . 13 ) • ( i ) } ( i i ) , (5 v) , (v ) , ( v i 5 ) and (vi . i i).. 

which are r e l e v a n t t o t h i 5 end are ' the hottorn T.3 rows o f c o e f f i c i e n t 

c e l l s ( from q « 0 t o q ™ 2 - l ) because , f o r n » 3, these c o n t a i n a l l 

the c o e f f i c i e n t s making up (K^n® ); and the column m a t r i x bei ; 

s o l v ed , ( F ^ ' * 5 - 3 ' ) . . I t i s assumed t h a t t h i s ' i s t r u e for n > 3 . 

< . A p a r t i c u l a r formu la for t h e . two column mat r i ces , (H^n® ' ^ ) 

i « 3 . - l) « 2 , cou ld e a s i l y be worked ou t fr.om the p a r t s : o f 

F ig ( 3 . 13 ) r e f e r r e d t o above but' from these i t : i s f a r from obv ious 

what the .form o f the ma t r i ces f o r I > 3 ' c o u l d be . . ' • 

. The f i r s t 23 e lements o f ( H ^ " ' 3 5 ) f o t t ~ 1 are a m e n a b l e 

to complete g e n e r a l i s a t i o n . From. F i g ( 3 . 13 ) ( i ) , ( i v ) and ( v i i ) , 

i h e s e can be w r i t t e n . * ; "; 

< » < w , l , j ' 1 ' 0 > > 1 " - v i - i , . . . . - - ; . • < 3 - " i > 

, where 1 ̂  I . I t i s i n t e r e s t i n g to no te t h a t i f i «? 2 

(see F i g ( 3 . 12 ) (1) , ( i i i ) , ( v ) and ( v i i ) f o r I « 2 , t « 1 cases) \ 

equat ion* ( 3 . 101 ) g i ves a l l the 23 e lements o f ( H ^ ® 2 5 ^ ' " 1 g i v e n by 

e qua t i o n ( 3 , 8 5 ) . " . 

I t i s a p l a u s a b l e guess t h a t a l i the r ema i n i ng c o e f f i c i e n t e lements 

o f (H^n® s a re i n g ene r a l con f i ned t o the same range o f q 

t h a t F o f ( f ^® 1 ®- 3 ^ ) have: i . e . The ranee o f p ' s 
i - i • . 

i s 0 ^ p < 2 This a l s o a p p l i e s t o a l l t he c o e f f i c i e n t , e lements o f 

a l l the r ema i n i ng ma t r i ces ( h ^ 9 1 ' J ' ) . for . • ( I t i s 

c e r t a i n l y tru.e for t « i i f t he g e n e r a l i z a t i o n a l r e a d y suggested 

f o r ( H ( n ' ! 5 j ' 5 ' s 0 ) ) , e q u a t i o n ( 3 . 95 ) , i s t r u e ) . 

I t i s r e a l l y necessary to work ou t the s o l u t i o n schemes f o r the 

groups ( i s j ) « ( A , j ) u s i n g the a p p r o p r i a t e . rays ( c a l c t l l u a t e d from 

equa t i o n ( 3 . 5 1 ) ) t o " s ee " a p a t t e r n from which' a gene r a l fo rmu la f o r 



3 1 3 " 9 ) . nil gh t be .developed«Thi s i s a d a un t i n g . task ,11 can , be. , 

reduced t o f i n d i n g the.-splutiTin scheme f o r . j u s t .ore b l o ck of c o e f f i c i e n t s 

( i 5 j ) ™ ~ ( 4 , 1 ) ,(see. F i g , ( 3 . 9 ) ( i y ) ) by. an arguement based, on 

c e r t a i n o b se r v a t i o n s of ; the l owes t .2?\rows o f the . c o e f f i c i e n t d iagrams o f 

F i g . ( 3 , , 13) ( i ) . ( i i ) , ( i v ) , (v ) 5 (y i i ) and ( v i i i } •"' p -

. - ' For a g i ven v a l u e o f 1 , 1 , 2 or .3 . for. i > 3 , the . matri. ces/ ( H ^ 9 ? 5 2 91/9 ) 

f o r the di f f e r e r t v a l ues o f j , l t o n , f o l l o w a s i m i l a r ' pa t te rn .Compare : 

F iS ; ( 3 , 13 )C . i ^ , 0 ' i v ) and ( v i i ) , , ( i i ) , ( v ) ahd ( v i i i ) and , ( i l i ) , ( v i ) rmd ( i x ) 

The l i n e t r a c i n g ou t (H 9 ~ 9 J 9 3 ' ) ; i s broken into- two sec t l oris .The 

f i r s t l i n e s ec t i o n t r a ces ou t the" f i r s t h a l f o f . t h e e lements o f t h i s 

column ma t r i x and the second s e c t i o n t r aces ou t the o t he r h a l f o f the 

e l emen t s . I - . • 

: .Now. a p p a r t from the f i r s t s e c t i o n o f (> • s 3 ^ , f or I . 

a l r e ady d e a l t w i t h ( e q u a t i o n ( 3 , 1 0 I ) . ) a l l .the l i n e s e c t i o n s making tip 

ma t r i ces (H ' n j *l , 2 _ s t a r t i n the c e l l , i n the row q « and perform 

a m u l t i p l e "U" type s can , ( one "U" f o r I »-1 and two , f o r I « - 2 ) , u n t i l • 

the column, p 13 0 i s reached .The scans are o f t he same, type as- those • 
/ r ? n ' 

f o r the column ma t r i x (F% t9 • * " / ) (see F i g s „ ( 3 . 9 ) and ( 3 , 1 0 ) ) . F o r j « 1 

the range of rows o f - c o e f f i c i e n t s i n ( H ^ 1 1 9 J 9 q < 2 s 1 ... 

so the sfeans reduce t o s t r a i g h t l i n e s drawn from r i g h t t o l e f t . 

, I f , i t were known, t h a t the l i n e s e c t i o n s which t r a c e bu t the e lements 

o f .a lways performed m u l t i p l e "U" type scans ,wh ich f o r a 

g iven I value" s t a r t i n the .same column of a c o e f f i c i e n t d iagram and . 

f i n i s h i n the column p = 0 r e g a r d l e s s o f the v a l u e o f j , t h e n i t .would 

be s u f f i c i e n t t o know 1 9 2 3 ^ ) for a s i n g l e v a l u e o f j , s a y 1 , . 

t o work ou t a l l t he column ma t r i c e s 5 9 2 ^ s 0 ^ ) h av i ng the o t he r 

j v a l u e s , s a y 2 4 n . 

I t w i l ] be assumed t h e n , t h a t i f "(H^1**1 i s known f o r a l l I , 

l ^ l ^ i , t h e r ema in i ng column ma t r i ces , * 9 ^ ) s f o r 2 < j < n , c a n 

be worked ou t a c co rd i ng t o the above arguement , • 

The fou r column m a t r i c e s , ( H ^ 9 ^ 9 1 9 , 1 " 1 , 2 , 3 , 4 w i l l now be 

worked ou t .The range o f the c o e f f i c i e n t s i n t h i s m a t r i x , a p p a r t from 

the f i r s t 2 > e l e m e n t s . o f ( h ^ 9 ' * 5 1 9 1 g i v e n by n " i « 4 and j « ! 

i n e qua t i o n ( 3 . 1 0 1 ) , a r e assumed,as f o r i » 2 and 3 , t o l i e i n the ranges 

and 2 j ~ l ^ q < 2 j , (3.102) 

which f o r i « 4 and j « 1 i s 0 ^ p < M and q « 1. 

•The rays a s s o c i a t e d w i t h ( F ^ ' ^ ' ^ ) a re found by s u b s t i t u t i n g n « 4 , 

1 « 4 and j y 1 i n t o e qua t i o n ( 3 . 5 1 ) . T h i s g i v e s 



. m ( 4 , 4 , l , r , s ) 16(8<2s - 0 - 1) + '(2r - 1 ) .+ 1 . : ", : '.A", • -..A 

«12o (2s - 1) a .16 + 2 r 5 - . \yA' • . : ''A '..-.'A 

where and so r : « 1 , 2 , 3 , 4 , 5 , 5 , 7 , 8 W s l .Thus : ' ' 

' m ( 4 , 4 , l 5 r , l ) .-» 112 + 2r - 114,11.5, 115 ,120 ,122 ,124 ,126 ,128 , ( 3 , 103) • 

These e i g h t rays pass through the e i g h t odd nodes on the l i n e , y «=»AA 

w i t h i n the sea led boundary O ^ x < 1 . O ^ y < / l , T h e y a r? : shown in. F ig . , ( 3 .14 ) 

and are . repeated o a a n b e e t l e sKee) ̂ I nser t v3.(on. a . larger ' s ca l e /than : 

t h a t i ised. fbrATnsorts 1 and 2 becau.se the rays i n the former are much ';,. 

c l oser . / toge ther than those in- the la t ter ) ,The 'sixteen- Walsh- f u n c t i o n s 

wa l ( r yx )wa l ( l , y ) > 0 ^ p < 1 6 . i n the range. 0 < J x < t , 7 / 1 6 ^ y < 9 / 1 6 , a r e drawn 

i n Appendix 4 . by super impos ing the rays g iven by eoua t i o n ( 3 . 103 ) on 

these Walsh ..functions..'and u s i ng e o u a t i o n ( 2 . 2 2 ) , 5 t i s p o s s i b l e . t o f i n d 

the pa r t o f the ma t r i x equa t i on (made .up of,- e i g h t equa t i ons o f . t h e type . 

e q u a t i c n ( 2 1 ) ) f o r n « i « 4 , j •« 1 which i n c l u de the unknov;n c o e f f i c i e n t s , . 

^ 1 5'0></D</16,and the ' c o e f f i c i a n t s F makinv uo the- column 
p i 1 ( 4 4 1 1 q ) p s 

ma t r i c e s , ( i r ' ' 5 : ' ) , 1 ^ 1- ^4 ,The outcome w i l l be a " p a r t i s ' l s o l u t i o n ' 
e q u a t i o n " o f the form(see e q u a t i o n s ( 3 * 7 2 ) , ( 3 0 7 5 ) , a n d ( 3 . 7 6 ) ) 

i f f f 1 t - - ( h k b ^ ' 4 ' 0 ) 
[ 15,-1' 14,1'- '0,lj 3 ' 

+ 8 ( < h ( 4 , m , ! , 0 ) ) + y > } , 4 ( ( h ( 4 , 4 , 4 , 2 , 0 ) ) ,. 

• (3.104) 
_ + 2 ( ( h ( 4 , 4 , 4 , 3 , 0 ) ) + + 1 ( ( h ( 4 , 4 , 1 , 4 , 0 ) ) + t > > ) 

where the d o t s , . * . , o n the r i g h t hand s i de o f equa t i on (3*104 ) i n d i c a t e 

column ma t r i ces ( H ^ 4 ' 4 ' * ' ,whi oh a re no t worked out d i r e c t l y , 
(4 4 1 1 pi 

(They can be worked ou t from (H ; ) j s e e . « q r a t i o n s ( 3 . 9 8 ) and (3*99 ) ) 

To make the method o f f i n d i n g the equa t i on o f the f o r n , e q u a t i o n ( 3 , 1 0 4 ) , 

c l e a r e r 5 t h e correspond ing method w l l l . b e a p p l i e d f i r s t t o f i n d a " p a r t i a l 
( ° 3 1) 

so l u t i on e qua t i o n " f o r ( F w * * 0 . T h e complete s o l u t i o n e q u a t i o n . f o r ( f < 3 , 3 , l ) i ) l f f 
4 ,1 

T 
has a l r o adv been determined a t the 

end of s e c t i o n 3 . 3 . 3 , 

Us ing on ly the e i g h t Walsh f u n c t i o n s , v a l ( p , x ) w a l ( l , v ) } 0 < J p < C 8 w i t h 

the rays 26 , 28 . 30 , 32 o f the group ( n , i , j ) « ( 3 , 3 , 1 ) and a l s o 9™0 « 1, 

g i ves the " p a r t i a l ma t r i x e q u a t i o n " .• 



s i . 

/ 

F j g . ( 3 . l 4 ^ h e e i g h t sca led rays . 2 , 3 , 5 , 6 , 7 a s soc i a t ed 

w i t h the b lock o f c o e f f i c i e n t s , ( i , j ) « ( £ , 1 ) . T h e v e r t i c a l scale, i s twice 

the h o r i z o n t a l one, 
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v w. ) 
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®32. a l 
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• 3 S t 
l • ; j » .. 

. The clots, ind i ca te the " r u s . s l r g " terms no t c a l c u l a t e d . P r e m u l t i p l i c a t i o n 

o f t h e . s h o v e , a q u a t i o n by (W_) (see equa t i o n (A.2.34*)- g i v e s ' " 

S , t 
™ 

S , t 
F . 

- V 

~C*OC 

00 ) 
-1 .0 -2 o 

. 0 . - 1 0 2 
0 0 1 0 
0 0 0 1 

v 

2 j 

"Op-

t? 
a ' - . 
x • - t : n -

4-

- 2 F -i-m l . i -
F -o,v 

f m -r 

- 1 

r ; 

f 
l 0.1 j 

3j 
+ 4 . 

which i s the p a r t i a l s o l u t i o n equa t i o n c o n t a i n i n g the column, m a t r i c e s . 

1 , 1 , 0 ) ^ f o r 1 n and. 3 6 E q u a t i o n ( 3 « " 0 ) i s the complete s o l u t i o n 

e q u a t i o n . . 

T h e " p a r t i h l m a t r i x " e q u a t i o n f o r ( n , i , j ) - ( 4 , 4 , 1 ) i s • . 
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•Frcnu l t i p l i c a t i o n of t h i s equa t i o n by » (sec cquat ion(A2. ,40) 

us ing ' (V\, ) (u , ) 8T0 ( c o n a t i o n ( A 2 , 3 0 w i t h n«3) g i ves 

('/. a 1 v 
[ V M • + - «1 0 o; 0; -2 0: u 0 f7.1 

f ' ' - * 1 0 ' 0 * 

«a 1 0 ' o. 0 -2 0 a 
r 

0 , 0 0 0 , 0 0 2 0 0 0 , 0 0 s * 

f 1 2 51 0 o 0 0 .0 .0 r> 2 "4.1 f 1 2 51 - 1 

'- i r « 0 .0 0 0 0, .:' 7 0 0 ' 0 _... 
1 

TO 
4 0 , 1 o '. 0 . 0 0 0 0 ] r> 0 y 

. T 

" " m 
• .0 ' 0 0 0 0 0 0 

• « 
. . L 0 - < » 

m 
* .p. 7 • - 0 . - 0 0 0. 0 0 0 9 ' 1 

y: 

• t 

? op M 
» a. f 

V 
-2 

f " " 
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f -f 
r 7 1

0
 » . v F 

0,1 • 

£ 

f 

V f " " 
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f-F 

0,1 • 

£ 

f
,i - -

r 17 
Fy 17 , 

' 4-
t ' ' 

V 
f 91 

"V 

v 
t? V ' 

f ' 4 " 

V . 
y 

' 4 
17 
' 4 
F4 2 0,1,. 

' \. • ' " . > . -De 105) 

which ' i s . the " p a r t i a l s o l u t i o n equ.nt ion ' l c o n t a i n i n g the > f ou r column 

m a t r i c e s , (K ' / ' 9 ^ 5 ' 9 ^ ^ s f o r I ** 1 , 2 , 3 -and 4Mhece matr i cos a r e . t r a c e d 

. o u t on the bot tom two rows of c o e f f i c i e n t " d i a g r a m s i n F i g , ( 3 . 1 5 ) ( H i ) . 

On. t he b a s i s 'of the observation ;mt^5 a f t e r equa t i oo (3 . V00) ; t h a t . 

(H , j j[S i ndependent of n ( i ^ n o f course) fo r i «•* I arid',2', i t 

i s assumed t h a t t h i s i s t r u e f o r a l l i .Thus the ma t r i c e s determined . 

from e q u a t i o n ( 3 . 1 0 5 ) and represen ted i n F i g . ( 3 . 1 5 ) (5. i i ) a re " 

f o r I « 1 . 2 , 3 and 4 where n ^ . T h e " p a t t e r n " o f t h e . m a t r i c e s represen ted 

i n F i g . ( 3 . 1 5 ) suggests the cor respond ing " p a t t e r n " f o r 9 3 9 * 9 ) , 

f o r L ra 1 , 2 , 3 , 4 , and -5'where These f i v e ma t r i c e s a re r ep resen ted 

i n F i g . ( 3 , 16 ) i n the same way as those i n F i g . ( 3 . 1 5 ) .The " p a t t e r n s " , i n 

F i g , ( 3 . 1 6 ) suggest i n t h e i r t u r n a gene ra l form fo r the i column ma t r i c e s 

i . 1 .1 ,0 ) ^ , • . . . . -
* • ; - swhere i i s any i n t e g e r g r e a t e r than or equa l to 2 ; 

i 



(3.40) of^j 
I .̂tsîwfa 

, mjost̂ saaurlll 

(3 63)' I r^ ' 
y—vx *—s / rsramrnfimoeenki: (i). 

(3.70) 

(ii) 

(3.105) " 

(iii) MCXEHCKZQifw? 
"t- i f • 

Fig.(3.15). r e p r e s e n t a t i o n o f the f i r s t component column m a t r i x , 

( ^ ( D p ^ . t . D j f o r 8 ( 0 i n2 (seG a l s o F i g . ( 3 . ' 1 2 ) 

i 

( i i i ) , ( i v ) , ( i >:) and ( x ) ) ? ( i i ) i~3 (see a l s o F i g ( 3 . l 3 ) (v\i) , ( v i i i.) and ( i x ) ) 

and ( i i i ) I "4 .The method o f r e p r e s e n t a t i o n i s t he same•as f o r the 

( H ( n ' 1 } J s l ? h ' ) shown i n F i g s . ( 3 . U ) , ( 3 . 1 2 ) and ( 3 . 1 3 ) b u t o n l y t he bo t tom 

two rows o f the c o e f f i c i e n t d i a g r a m s , a r e r e q u i r e d f o r h^O.The d o t t e d l i n e s 

l i n k d i f f e r e n t s e c t i o n s o f the same column m a t r i x i n each d i a g r a m . F o r 

examp le , i n ( i i i ) f o r 1 » 1 , * 1 5 1 5 0 ; ) « . t f l f - F "F F F F F 

. " 5 [ q o f o h id/ Qi? ' 3 . i r ? , r l.p o i j 3 

where t he spaces i n d i c a t e where t he b reaks occur .- ; 



Fig,(316),The f i r s t component column m a t r i x , 1 5 1 » l » 0 ' } , o f ( A " ' " 1 ) . •• 

. f o r l < l < i 9 w h e r e i " 5 .The method of, r e p r e s e n t a t i o n i s -as desc r i bed f o r-F j <r(3.14) 
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Tho of for I < l < i vbpre 2<)*cn. ' , 

0 ) ? < i < u " v : ' • . : 

( H ^ i ^ u i . o j y b - f . . ;; ; ; ; . 0 * 1 0 5 ) 
' 'V : I ' • • . .;•• ' ; v.-;-/. . 

..The c" events o f 5 * J * ' V c o n s i s t o f one . r i g h t t o l e f t ; scan 

o f . coof f i ci s t a r h i re ' n the column, p « 2 "-1 and a further- i - b . s 

.:such: - s c an s s t a r t i n g in the columns p « 2 - 1 , 2 «1 3 2 " - I , * , * , 

•• 2(!--)•-( ^ r l Y l = z ' . r e s p e c t i v e l y so t h a t i n equ* t ion (3 .10 t5 ) 

I I ( p , q ,'1, t ) i s g i ven by : . . , 

F i r s t seen , .. ;.y.v,'- -

I p , for 1 and q « 1 g i v e s 1 i n the range 

• . ' ' . ' • . v / v " "• (3*107) " •' 
• T, • • 

For t there a re no f u r t h e r scans s i n c e i .- l "Q(see equat\ons(3 .95) 

. a n d ( 3 , 96 ) f o r the comp le te l y gene ra l form fo r ( A ^ ' F * " ' 

i • The V e"'.-'" n i i. 1 cca.r s • ' • • ' • ' 

- - " I' 2 l - p# . 0 < p ^ 2 l " ? - - 1 and q « 1 g i v e s 

I « 2 1 * 1 - p , 0 < p < 2 1 - 1 and q « 1 g i ves 2 l > ' + ! < 1 < 2 1 + 1 , 

T ®'?. l ' ! '2- p , 0 < ? ^ 2 I / r 1 - . 1 and q ™ I g i v e s 2 ' l + l + 

'and so on up to •.. - y 

F , 0< r »< °- 1 " 2 - - and q « 1 g i v e s " 2+• 1 < 7 < 2 U \ ; 

These equa t i ons can be w r i t t e n more c on c i s e l y as 

. t ~ 2 , < + l " 1 - p , • . . , . ' t m ; , (3.104:. 

k+l-2 ' . '.. • • . • • ' 
f o r 1 and q ~ i . v h e r e ' k i s an i n t e g e r in the r a n ^e 

l - l . « w ° 
l ^ k ^ i - - t , g i v e s T in the range % +1 "I , - , . . . 

I t i s c l e a r from equa t i on (3*10?) t h a t for a g iven i and I there-may-

be from one t o l-V'-l" va l ues o f I for each v a l u e o f p do pend ing on the 

range o f va l ues lr. which-p f a l l s . • ' ; 

( i i ) t - ' . ~ V - • 

: ( H ( n ^ ' t ' V ' 0 ) ) I . ® +F ? / 1* "... ; ..(3*108) .. 

The e l emen t s , o f l-> U * ) c o n s i s t of: one scan of 2 J « 2 e lements , 
/ 

i 
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F and Fft.\ ( a l r e a d y ' g i v e n for any j by equa t i on ( 3 , 101 ) ) and a f u r t h e r 

Z; iw2. scans i d e n t i c a l to the i-2 'scans i n the case .of 1™2 above.Thus i n 

3.7 'equ'a t i on (3 • 109) I « I ( p , q , i , t , 1) i s g iven by: r ' •' •• . . . a" 

First" ; scan . * '-•••• . •.Z.~ " 7 •••••-'7 ...•'-•. • • 7.•/Z.u-'v'Z 

1 «• q (3 .110) 

1 . - . .. • . . . . 
for p ™ '0 and. O ^ q ' ^ 1 g ives I i n the range 

The• .unr.:? j M r\r i • - 2 scans . .,. 

This . i s j .g iven by I ™ 2 i n equa t i on ( 3 , 10 " ) : . . 

.k+1 (sail) 

"for -land q « >1,where k i s an i n teger i n the range 

• l ^ k ^ i - 2 , g i ves I in the range . '«, - . 

• z r- ' • " Z ' • 

The vomeral form o f " ( l ^ 0 ' 1 ? j 9 * ) for l < l < i where 2 < i < n and . l<. i<;>' . ' 

The elements o f aire g i v en . by . h «s 0 i n equa t Ion (3 ,99 ) : 

v-

+F for I 1 

•F for 2 < l < i 

(3.112) 

I n genera 15 zl ng (H^ n * 1 ?^ 5 f r o m , j 1 to any 'j , the s t r a i gh t , 

• r i g h t : t o- l e f t , l i n e- s c an s , s hown in F i g s , ( 3 . ! 5 ) and (3 .16) ,become the 

m u l t i p l e "U" scans T i k e those o f F i g s , ( 3 , 9 ) and ( 3 . 10 ) :As has been sa i d 

a l r e a dy , the" scans ', f o r ( H ^ n ' 1 .start in the same columns 

of c o e f f i c i e n t s ( i . e . p va l ues ) as the s t r a i g h t l i n e scans fo r j « 1 

which have been g iven by equa t i ons ( 3 . 1 0 7 ) , ( 3 . 1 0 3 ) , ( 3 . 1 1 0 ) and, ( 3 . 1 1 1 ) . 

Equa t i o n ( 3 . 73 ) r e l a t e s I and 6 and q for rriven va l ues o f i and i 

where! (F „ p ^.Nov by r e p l a c i n g (2* » p) i n e qua t l o n ( 3 . 73 ) 
Pjn 

by the f unc t i ons o f p in equa t i ons ( 3 . 1 0 7 ) ^ ( 3 , 1 0 8 ) , ( 3 . 1 1 0 ) and ( 3 . 1 11 ) , . 

the r equ i r ed formulae for I ™ I ( p , q , i , j , 1) i n equa t i on (3 . 112 ) are obtained.*-

( i ) 2 < l < i . 

F i r s t scan . ' 

» 2 j ."(2 1 - p ) 
q - I f p i s even 

I f D-is ODD 
(3 . 113) 

for 1 an r t 2 j " l <^q< J ? . J " I , g i v e s I i n the range. 1 
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For L i there ho nnrr- scans s i nce i- t=*Q(see eqwa t i b r s (3 . 95 ) and 

(3 .96 ) f o r ; the comp le te ly genera l form for ( / f ' . \ . 

I f ' j . rt. l , e q u a t i o n ( 3 c l l 3 ) reduces • t o . ' equa t i on (3 .107 ) 

- The. .rem-a i ni nrr i - I s cans'. v - ' ;. * -•' 

i • z ^ - c ^ 1 " 1 . - 1 - P ) 

fq. - I Tf p i s EVEN 

2 : ~ o • I f p i s ODD 

7 . ... f or • C ^ l " 2 - 1 and - 1,whore V i s an i n tecer '. i n 

•••the- 'range H ^ k ^ i - t , g i v e s I . in the. range 2 " -2 

( H ) I " "1. . . ' A ; .. . ' ShE-V . ' 7., A - / " ' V ' 

F i r s t scan . •• ' .' . - - •• • •.. 

i « q * 1 (3,115) 

f o r p " 0 and I g i ves I in the range 

The. rema in ing i - 2. scans. . « 

I 23 '•(2^ 1 « p) + 

[q - 2 3 4 - 1 I f n i s EVEN 

v ** 9 I f p .is ODD 

•'(3,116) 

f o r and 2 3 - 1 ,where k i s ' a n i n t ege r in 

the range . - 2 . g i ves I ..in the range 

3.4.5, a sijmwvrf o f 'The Complete A lgor i thm for so Xvi no the set, o f 

• • C o e f f i c i e n t s | F ^ . F ^ . F . 0 < p < 2 n .D<4<2 K > ] from a set of 

Normal ized L ine I n t e g r a l d a t a . B « t •+ I J . 
• ' '•' • i " « i ill < ii. ^ .. i i 

2n ' • ' . ' , 
The 2 * 1 rays are. those shown i n F i g . ( 3 . 4 ) (a ) for M «• N « 2. , 

where n " 1 , 2 , 3 , . T h e "X" rays are l a b e l l e d from m l , f o r the ray 

pass ing through (>c,y) « ( 1 , 0 ) , t o m - M + l , f o r the ray pass ing through 

( x , y )-« ( 0 , 1 ) .The rema in ing M rays a re the , !hon-nodal f l "YM rays v?hi eh 
2 

.are l a b e l l e d . f r o m m « M » M + 2 , f o r the ray pass ing through ( x . y ) « ( 0 , 1 ) , 

to m « m *+ I , fo r the raj ; pass ing through ( x , y ) « ( 1 , 0 ) .Each r a y , j n . y i e l d s 

an exper imenta ly determi.ned l i n e i n t e c r a l q u a n t i t v . n . f rom which the 
" IK • 

correspond ing norma l i zed l i n e . i n t e g r a l , B , i s ob ta ined using equa t i on (2»17 ) 

or ( 2 , 1 8 ) . • . 7 - • . 7 
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j': 

( O The Of the se ts o f c o e f f i c i e n t s { ' F ^ , P < q < Z n } ) 

Fr,om'eq\:?tion(3»71) a . / ' . . , . •'/. a / . , .a s - . . . a ; . . '' y a 

( f ( n ; 0 = o ) ) - ; " x a ' . a i l l p ) 

where (ViA) • I s ' the WoU'h ma t r i x o f order 2? (see, equat ion 's (A2.37), ' t o 
n •. •• 

(A2.4" ) 'yne a :he • o ther ma t r i c e s are column ma t r i ces o f l e ng t h . 2 ,• whose 

th "' i • ' • . A - . • t ' " .elements.: are given- by: • • - • , 

( F ( n 5 i ~ P > s . „ a n d ( F ( n ' , r , 0 ) ) T - > 0 ) T - l ;>.'-
: (3.1:19) 

( F A , - F ' 0 a n d (F(p.,j~0> " (3.1?0) 

i j. i - . j u 

where Z ' < T < 2 n . ..'•"""• " 

arid 

, t , . y ; y y y ; ^ ? 

^ ( n ' " 0 ) > t - • w l j . l V i A ' ' " - ' ' a (3.12.7) 

wner 

0 0 . The s o l u t i o n o f the rema in ing se t-o f • c o e f f i c i e n t s . I <J£* . f ^ c r ^ ^ * 

The n column m a t r i c e s , ( F ' ' ' ) , c o n t a i n i n g : they ' 7.1 c o e f f i c i e n t s 

de f i n ed by equa t i o n ( 3 «73 ) a re g iven by 

1 ' ' . 
. ( f ( n , i , j ) ) t „ f " • ' 

i pq 
where 

T - 2 j " l ( 2 i - 1 - p) 
'q - 2 J ~ 1 + 1 I f p i s EVEN"4 

U J - q , I f p i s ODD 

( 3 . 7 3 ) 

for 2 1 l ^ p < 2 ' and 2 J~ S ^ q < 2 J " , i and j be i ng in the ranges 

l < y < ! n and l ^ j ^ n . 

• The 2 rays a s soc i a t ed w i t h ( F ^ A - A ) a re-de f i ned . by e qua t i o n ( 3 , 51 ) ' : 

2 n ( 2 n " j ( 2 s - 1 ) - 1 ) + .2 n " i (2 r - 1) 4. \9 . <3.51 > 

where- l < r < 2 1 " 1 . a nd i C s < 2 j " 1 . 

4" 
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'Mow from eqaa t i ons (3 . 72 ) and (3 .75 ) the s o l u t i o n of . the column • jpafcrix, 

( F ( n J t 5 j ) ) } J i v ^ n by •. v . ' ' / j ' 

i 1 ** j 1 — 1 

' •• . •' (3 ,123) 

where ( A ^ ' ^ ^ ' *** eo lum. matr ices o f l eng th 2 • ! 

c on t a i n i n g TF-S LINEAR express ions C>F coe f f i c ien ts '-wh ich have 

a l r e ady been /solved--i-f the column matr ices 1 ' 3 ) ,have ,bocn solved 

i n t h e - r ^ c t r " or dor .Th is " c o r r e c t " order, i s , f r o m equa t i o n ( 3,42) , gi^cr. 
by/; ' ' ;.'.';• . . : , " " •• • • , : / : / / ; ^ 

0 ( n } i . j ) = n i - j••+ .1 j (3 ,124) 

where l ^ ' i ^ n and t ^ j ^ n . ''.•',./•. 

The formulae for ( A ^ F " ' 1 ' 5 1 are g i ven for i and 

for . -

( ^ C l ) F ( n ? i ; j ) } f 6 r t ^ K , ; F 

From equa t i ons (3 . 80 ) and (3 .84 ) 

( ^ c i y n f a j ) , . 
,n-j - 1 

.h ® 1 

. (3 ,125) \ (0 1 f j = n | 

where. J \T(r) ^ j ) / - | and , 

( l Otherwi se ) 

From equatiOGs(3.76),(3,9-3),(3.99) and'(3.100) 

2 i - l ( - t } a 
2 n V _ t 

F - X I ( . l ) V p ) q + l i ; l i + L - F p + 2 i - 1 i q + t i Z ) ) ] 

where 

J _« J ( n , j ) « 

a ° a ( t ) n 

0 I f j « ' n . 1 

p+2 ,q+hZ" 

1 Otherwise 

0 I f 1 « 1 

. L - L ( i , 1) 

T f I » i 

0 Otherwise 

and where 1 3 (p;CJ j» ; j « O g iven 

(be 126) 

( I Otherwjse 

by e q u n t i o n s ( 3 . 1 1 5 ) s ( 3 . 1 1 6 ) 5 ( 3 . 1 1 3 ) and (3 .114) :-
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For I g : i , . v .• : 

i o q + r 2 ' ' • - • v . / ; ' ;7tv:-z- : ; (3.u5>. 

; fo r p > O.raxJ: \ g ives I i n the range 

Equeti.on ( 3 , ^ . 6 } "ST1 he w r i t t e n 

2 c I - p) , . , ( 3 , 127 ) 

where. Z 

.1-1 
\ - 2 J * ~ > 1 I f p i 5 EV3T 

/ ( 2 J - q I f p- i s ODD 

( 3 t 2 8 ) 

f o r I and 1 , whore lc. i s in the range 

! < * : < . * - -2S g i ves I i n the . ran , ^ ( : 

Z For 2 < t < j - ^ -

Us ing Q'(j j q ) an d e f i n e d by equ.attrm(3« 128) . . e cpmt i onO e 113) can be 

wri t t e n • ' ' r. 

; I « 2 J ~ l ( 2 l ~ l - I - p) + £ ? ( j , q ) ( 3 , 1 2 9 ) . 

f o r 0 < p < ^ 2 1 " 1 - l and r * < 2 J ' - 1 , g i ve s Z i n the range 1. < T < Z l " f ' j 4 " 2 

Equa t i on (3«114) . can be w r i t t e n ' Z 

( 3 . 130 ) 

fc+12 * 1 * 
f o r 0<5P<2 ~ - 1 and 2 J " .1 , whore •k i s i n the rang; 

T < f < J ~ t , g i v e s X i n the range l ^ - ^ ^ + K l O ^ " 2 . . 
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a 

Chanter 4 , The t P g f i m o f "The V?aish" Func t ion . Me t hod " ' u s i n g Data' 

'.- Generated. . from S i m u l a t e d D e n s i t y Func t i on D i s t r i b u t i o n s , 

A«1 •',. T n t c o d u c t ' on. Cr-fTiputrr S u b r o u t i n e s To Implement "The Walsh . F u n c t i o n • 

-••'.• Y-r-fhod". t \ • • •; ' • ,::;./'/"- -

.',,:*;:';*:'',Tho Valsb". F u n c t i o n 'Method" f o r d e t e rm i n i ng d e n s i t y f u n c t i o n . d i s t r i b u t i o n ' 

desc r i bed i n Che p rev i ous chap te rs j'can be summarized in two parts'..'as f o l l o w s : 

( i ) The s o l u t i o n s , , from g iven l i n e i n t r e g a l d a t a , o f a l l the c o e f f i c i e n t s , 

Fpq9
 f and M ~ N«?.n o f a f i n i t e s e r i e s -of 'two-, 

d imens i ona l Walsh f u n c t i o n s r e p r e s e n t i n g the d e n s i t y f u n c t i o n . f ( > : , y ) . 

These s o l u t i o n s a re c a l c u l a t e d u s i n g the algorithm developed in Chapter 3 . 

-t ' 

( i i ) The two-d imens iona l descre te i nve r se Walsh t r ans fo rm (see equation__(r>»8)) 

o f these c o e f f i c i e n t s to g i ve t'ho " .best" app rox ima t i on to f ( x , y ) which i s 

p o s s i b l e u s i n g the f i n i t e s e r i e s o f .Walsh f u n c t i o n s . This a pp r ox ima t i o n , 

f „ ( x . y ) , i s f n two-dimens iona l s t o p f u n c t i o n whose v a l u e s w i t h i n ' each o f the , 

M X'N (where M " M « 2?) r e s o l u t i o n c o l l s i s a c o n s t a n t , (See F i g s ( 3 , 3 ) apd ( ? , 

. ' Computer s u b r o u t i n e s ( w r i t t e n in FORTRAN TV) were 'developed to i np l emer t 

* "The Walsh f u n c t i o n Method" , The main s u b r c u t i n o which implements the . 

a l g o r i t h m ' i s named "REF" , The i n p u t t o "RE?" i s l i n e i n t e g r a l da ta fror» . 

p rev i ous s u b r o u t i n e s "PATHS1" or"PATES2" or "PAT:!3" depend ing on the t e s t i n g 

'j[ ' procedure u s e d . ( s e e sec t i o n s ( 4 . 2 ) , ( 4 . 3 J ) , ( 4 , 3 . 2 ) and ( 4 . 3 , 3 ) ) , and the o u t p u t 
• • ' i • • n n • • " 

^ ; ; v '' i s the s t e p f u n c t i o n • va l ues ' i n a 2 'X 2 " . a r r ay w i t h i n f o r m a t i o n abou t 
y ~' *•" • e r r o r s (sea s e c t i o n (5,4-)) • . 

';."••'. '-.-'' , I n s e c t i o n ( 3 , 3 ) i t 'was shown t h a t two " a l m o s t i ndependen t " se t s o f ' 

V;' . ' c o e f f i c i e n t s I , > a nd f ? I 9 i c o u l d be o b t a i n e d from the s e t s o f rays 
. * vji 1 t pv ) -
.';.. „.'•' shown, i n F i g ( 3 , 3 ) ( a ) and F i g ( 3 , 3 ) ( b ) r e s p e c t i v e l y : T h e s o l u t i o n to the 

se t ] ry cou ld be ob t a i ned from the se t o f no rma l i z ed l i n e i n t e g r a l s 

. [ b ^ ] ^ j ^ w^mn - nl. f i u s i n g the a l g o r i t h m for' s o l v i n g [ F^ frni?|B j , . 
4 4# *' * . 

The c o e f f i c i e n t s i n the former s o l u t i o n are F where F o p n e a r iri t he 

-:•';•".. s o l u t i o n o f the l a t t e r case . A l s o F'^q i s . so lved i n s t e a d of F q q , 

• . . • - The s u b r o u t i n e s in "The Method" a re des igned to g i v e the s o l u t i o n s o f 

. | f p / 1 ) 1 a r i r 1 . k q ) 2 f o r t h * s * t s - k ) i j rrn ) ?.• t h o ' i r ? " t 

, ; . • . * "REF" , the main sub rou t i ne o f "The Method" however , i s no t the l a t t e r two 

s e t s nor even the correspond*.ng un-norwal i zed s e t s ] 1 and [p ] o hu t 

i s the un-normali.r.sd yets o f l i n e i n t e g r a l s o f a 11 . t he MN - /vi + 1 "X'1 

' • '•; pays and W - N +1- "Y" rays J ^ / ^ K N - }', + l ] ^ ' ( p . ^ •• N + ' l ] , 

* From s e c t i o n ( 3 , 3 ) the l i n e i n t e g r a l s o f t he se t j p ^ ] ^ are made up 
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( i ) The" l i n e i n t e g r a l s of. a l l " , t h e ' " X " r a y s . g i v e n by • 

where. - t* + I , and -.-,: A'" ' " '- ' ' A-V' • ' 

•A'. O . i ) '-"Th^ 1fne i n t e g r a l s o f the " non-noda l " "Y" rays g iven by y 

A : Pm * f iN+ l ' w h e r e m - 2.) + i 5 f o r 0 < j < M - 1 . ;- (4 e2> 

This g i ves p^ f o r m i n the range ftti - M '+• t . 

L ikewise t h e l i n e i n t e g r a l s of* the se t [ p ^ ] ^ a r G up o f ; • 

" ( i ) The l i n e i n t e g r a l s o f a l l the "YM rays g i ven by A ' 

• p - P
( r > , (4,3) 

in i m .. * , / • • , • •;-. 

' . • *. • • • . • - , . • .. . ... 
• • t. ; . . - . : * • " . / * • ' 

'where 1 <><JA/V - N +1 ,* and 
( i i ) The l i n e i n t e g r a l s of . t he " non-noda l " "X " r a y s . g i v e n by 

• A-A ' (v) ' . . ; 7 

P " ° P . C . v where m « (MN - N + 2) + j f o r " 0 < J < i : - 1 . ( 4 , 4 ) 

• . m j jvr 1 . - • . ., * - . ^ ^ : 

- t , . f . . ' \ ^ . ; • 

Th is g i ves p f o r m i n the range IT?.--W + Z ^ m ^ T J + 1 , 

/ Vat lou.s • rereb bed, •opera t i ons in theAi mn l^mente t lbn of. .the' LTror i thtn are' 

ach ieved by o t he r s ub rou t i n e s • cal-led f o r by "RSF" , i n the a p p r o p r i a t e 

p l a c e s . These s ub r ou t i n e s are named,•-"WALSH", "SCAN" , "SCAKl" , "SCAN?." 
i 

and."SCAM3"•• Throughout the complete computer program, l i s t e d i n 

Appendix 5 , a l l r e f e rences irr comment cards 'ar id o u t p u t l i s t i n g s a re 

made w i t h the s p e c i a l case o f d e n s i t y f u n c t i o n , the re f rac t ive .index 

d i s t r i b u t i o n , i n mind . Thu s " l i n e i n t e g r a l " and " d e n s i t y f u n c t i o n 

d i s t r i b u t i o n " a re r e f e r r e d t o as " P a t h s " and " R e f " Ind-^x d i s t r i b u t i o n " . 

I t has a l r e a d y been po i n t ed o u t , a t the end o f s e c t i o n ( 3 , 2 ) ^ t h a t 

t he two-dimension'al inverse* Walsh t r ans fo rm can be determined by the one-

d imens i ona l i n ve r se . Walsh t r ans fo rms o f order* 2 n o f each o f the 2 n rows 

"of the a r r ay of 2 n X 2 n c o e f f i c i e n t s fo l l owed by the one-d imens iona l Inverse 

Walsh t rans forms o f each of the- 2D .columns- o f the r e s u l t i n g 2 n X 2 n a r r a y 

. t o g i ve a f i n a l 2 n X 2 n a r r ay o f a l l the s t ep f u n c t i o n v a l u e s i n the 

r e s o l u t i o n ce l l s , (see s e c t i o n A l , A „ 3 ) . . The u n d e r l i n e d words rows.'and 

columns may be i n te rchanged w i t h the same r e s u l t . 



' The n .2 separate s o l u t i o n column ma t r i ces i n the a l g o r i t h m . e a c n . 

i n c l ude one one-dimensional inverse Walsh t rans form ( o f t h e n o r m a l i s e d 15n« 

i n t e g r a l d a t a : see equa t i ons ( 3 . 1 1 3 ) , ( 3 . 1 2 3 ) and: ( 3 . 7 5 ) ) t imes a c e r t a i n 

power of 2 . Tow the Walsh" transform-and i t s i nverse are the same, app.art 

from a . c o n s t a n t f a c t o r - a power o f 2 , (see equa t i ons (A2.35) and (A2 .35) ) , 

so' tha t a single- s ub r ou t i n e , named "WALSH",. which performs the inverse 

'one-d lnens iona l Walsh t rans form on any column ma t r i x of 2. e lements , 

o cah be used both i n working ou t the Walsh t rans forms i n t he ; . - , -«» , ^ 

a l go r i t hm and those 2 n ' ~ inverse, t ransforms r equ i r ed fo r the two-

dimensional i n t e r n s traritform. A sub rou t i ne named "WAL3H2" implements 

the l a t t e r ' b y " c a l l i n g " ( i . e . making use o f ) , the s ub rou t i ne named 

"WALSH", 2TVr 1 t imes . The s u b r o u t i n e , "WALSH" i s a Fas t Walsh Transform 

based on a program developed by the a u t h o r , ( 5 ) j which was developed 

from .Harmuth' s theory , ( 2 ) .T ? ie l a t t e r program was a t rans form based on t 

f unc t i ons w a l ( o . x ) w a l ( q , y ) in the range The 

sub rou t i ne , . "WALSH'*, used here i nvo lved a few changes to base « the 1 -

transform on the same f unc t i o n s bu t in the range 0 ^ x < O > . 

The o the r pa r t s o f the a l g o r i t h m , summarised i n s e c t i o n 3 . 4 , 5 , no t 

i n vo l v i ng Walsh t ransforms,requ. i re much re-o rde r i ng o f a r r a y s , a d d i t i o n s , 

sub t a c t i o n s and m u l t i p l i c a t i o n s by powers o f 2 . The sub rou t i nes which 

t implement these bes ides "REF" are "SCAN", VSCANl","SCAN2" and "SCAM3", 

Tire remain ing two. subrou t ines ' "PLOT" and "MAXMIN" c a l l e d for by "REF" 
• • c . 
-ore requ i r ed i n the ou tpu t format - from "REF" and e r ro r c a l c u l a t i o n s 

^ respec t i ve ly -

. A J f "PLOT" i s c a l l e d f o r , the o u t p u t , which no rma l l y i n c l udes arc 

a r r ay of 2 n X 2 n numbers g i v i n g the two d imens iona l s t ep f u n c t i o n f (> : ,y ) , 
•r y , • . 

can be represen ted i n "A" format in which each va l ue o f the s tep 

f u nc t i o n - f a l l i n g between two s p e c i f i e d va lues i s represented by print lr>~ 

a s ing le-symbol or l e t t e r . I n t h i s way a " p i c t u r e " i s b u i l t up which 

fo r l a rge va l ues o f 2 n g ives the genera l " shape" o f the f u n c t i o n a t a 

g l a n ce . 

"yAXMIN" c a l c u l a t e s the l a r g e s t and sma l l e s t numbers o f a givers 2P>< 2 

a r r ay o f numbers and ca l cu l a t e s ' t h e i r d i f f e r e n c e . This i s r equ i r ed 

' i n error c a l c u l a t i o n s (see. s e c t i o n ( 4 , 4 ) ) , 

Fig ( 4 . 1 ) ( i ) , ( i i ) , ( i i i ) . , ( . i v ) , shows the four d i f f e r e n t ways i n 

which the program can be used . The box l a b e l l e d "The Method " r ep resen t s 

the e i g h t sub rou t i nes "REF" and the other sub rou t i nes "WALSH" to 

"MAXMIS" mentioned '3i r c ,ady. The sub rou t i nes named "PATHS 1 " , "PATHS?-" 

and "PATHS3" are u sed " t o genera te l i n e i n t e g r a l s to i n p u t i n t o the main 



program.. ; T h * four s e c t i o n s ( 4 . 2 ) , ( 4 . 3 , 1 ) , ( 4 . 3 . 2 ) and . ( 4 . 2 . 3 ) Z d c s c r i b e V' . 

how they-are its<e^. ' ' ' . ' • ' ' ' ' • ' • -•"••••Z Z " •'..."' ' •' Z - • 

T h e f i r s t s n h y o u H n e c a l l e d " I N D E X " i s . u s e d to s e l e c t w h i c h o f the : 

four d i f f e r e n t w a y s t h e p r o g r a m 'can. he' u s e d . A l l . t h e i n p u t ; da i n c l u d i n g 

the X b y Y'? of the r e c t a n g u l a r ; b o u n d a r y a n d the.-'value' of iv 

.is r e a d into •'"]NDEX" f r o m w h e r e it is t r a n s f e r r e d to .ei ther " P A T H S 1 " , 

'"PATH52" o r "?/\THS3 f% -y '' _ - ' • .. Z 

4 . 2 Rgftf. Dfrfrfa-

• s h o w s h o w the p r o g r a m w o u l d be u s e d vri th. r e a l experimental 

.data. . T h e - + 1 lino i n t e g r a l s • from the s a m e n u m b e r of ,:'X" r a y s 

a n d the. s a m e n u m b e r f r o m the same n u m b e r . of " Y " r a y s is r o a d .'into t h e .• 

'subroutine-. " P A T H S ? " 'end - from- t h e r e it is inputted into.Z s u b r o u t i n e " R E F " , 

A l l the- 'T V l i n e i n t e g r a l s of e a c h - o f t h e 'two • sets'' a r e ' measured*, 

r e l a t i v e to the f i r s t one of the s e t (i.e..,of the " X " o v n y p r ay m « 1) 

w h i c h is tat*en z e r o . • ' - ... . 

4.?> sfrkulaha^ Da+U Tr&vh D x n z T f y f u n t h g n s , 
/ T h e - r e m a i n i n g thre'e sections'" d e a l w i t h s i m u l a t e d d e n s i t y f u n c t i o n s 

a n d tiieir reco'ns t r u e Clone, b y " T h e M e t h o d " . Tn e a c h c a s e the s i m u l a t e d 

d e n s i t y f u n c t i o n s a r e f ( x , y ) ; . for a u n i t s i d e d " s c a l e d " s q u a r e b o u n d a r y 

(see F i g ( 3 . 4 ) ) b u t l i n e i n t e g r a l s for "r-Mtt" b o u n d a r i e s )( b y Y a r ? 

c a l c u l a t e d u s i n g e q u a t i o n s ( 2 . 1 1 ) a n d (2,1.5), fSy c h o o s i n g r e a l i s t i c 

v a l u e s for " x " a n d - " y 1 ! the s i m u l a t e d line i n f e s t s J s w i l l be r e a l s ti a 

a n d of the s a m e o r d e r of m a g n i t u d e a s true e x p e r i m e n t a l , v a l u e s , . T h e 

„first s t a g e of " T h e M e t h o d " i-n s u b r o u t i n c " R E F " is to e v a l u a t e the n o r m a lis 

line i n t e g r a l s n e c e s s a r y a s the i n p u t data for t h e a l g o r i t h m . 

E q u a t i o n s ( 2 . 1 1 ) a n d (2.1.5) for the line i n t e g r a l s of " X " r a y , i 

a n d " Y " r a y , j , r e s p e c t i v e l y a r e g i v e n b y 

* J x 2 + Y 2/N 2 U(x,y.(xX))dx (4.F) 

. Jo 

a n d ' • . . . / • • 

Pj Y ) y i ^ ^ V \F(^(yY),y)dy, ( M ) 

Jo 

w h e r e the-.appropriate - v a l u e s of the, r a y g r a d i e n t s " a . " a n d " b . " h a v e 



(i) 
^ S t a r t J 

Read common 

i n pu t da ta . 

'x5 
Read l i n e 

i n t e g r a l s v F f l 

P^Vfrom exper 

imonfc. 

I 

"THE METHOD"-
Compute an 

app rox ima t i on , 

J D E T ) • • 
f * 7 , to the i , j 
unknown d e n s i t y 

f i e l d t f C x , y ) . 

± 
Pr int f. 

CDET)-
r»>r • 

(ii) (iii) 
Start ^ 

Read common 

i n pu t da ta . 

Read g iven step! 

timet: i. on , f 
i . j . i 

^ S t a r t 

I Read common 

\input d a t a . 

t ' 
Read g iven 

smooth 

f u n c t i o n , 

Compute l i n e 

. i n t e g r a l s , ? ^ 
pjh.of f a y s 
wi th s t ep 

" f u n c t i o n , f _ -

T 
Add chosen 

ammount o f 

no i se t o t i n e 

i n t e g r a l s . 

"THE METHOD"' 
Compute an 

a p pr ox i rna t i on , 

-Cdet) ^ 
r ; , to. the r , j : 
s imulated ' 

d e n s i t y f i e l d , 

Print- f and; 

(pet) 
a n d 

various- e r ro r s 

f " v 
q u a n t i t i e s , 

Compute: mean 

o f f C x , y ) , 

< f ( x , y » r j 
I n each * 

c e l l . 

Compute l i n e 

i n t eg r a l s , P ?V 

Pj\of. rays 

w i t h smooth 

f u n c t i o n , ; 

f ( ' x 9 y) . 

± 
Add chosen 

ammount o f 

no i se t o l i n e 

i n t e g r a l s . 

(iv) 
j . Q S t a r t ^ 
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j I Read common 

' \input data^ 

"THE",METHOD"! 
Compute an 

a p pr ox i ma t o n , 

ft; 7, yto. t h e i r j , 
s i m u l a t e d 

d e n s i t y f ie ld1 , . 

f c v y x 

P r i n t fCx5v)}, ; 

j r m n 
j . and1 

vafious- error-

[quan t i t i e s . 

Read g iven 

smooth 

f u n c t i o n , 

f ( x , y ) . 

Compute mean 

o f f c x ^ y ) , 
< f ( x v y } > r j 5 . 
i n each * 

c e l l . 

Compute l i n e 

i n t e g r a l s 

P j1, o f rays-

w i t h s t e p : 

fun :ti:oh«; 

i r^ 
j : 

Add chosen 

ammourit o f 

n o i s e t o l i n e 

i n t e g r a l s , . 

"THE1 METHOD"/' 
Compute an 

a p pr oxima t io.nr.v 

simulated" 

d e n s i t y f i e l d s 

31 

P r i n t f x,y); t / 

< f ( x , y ) ; > T r w 

f- and , 

i va r ious e r ror 

[quant i t ies- . 

Fig(4.1) (0 t o ( i v ) . T h e four d i f f e r e n t ways i n which the program 

can be used.The common i n pu t da ta i s the f i r s t f i v e or s i x groups o f da t a 

shown i n F i g ( 4 . 2 ) . F u r t h e r q u a n t i t i e s may be p r i n t e d depending on the v a l u e 

o f the i n pu t v a r i a b l e , K 0 (See s e c t i o n 4 . 5 ) .The symbol showjwhere ex t r a 

s tages can£? inser ted to Implement the method ,descr ibed I n Chapter 6 , f o r 

gene ra t i ng "pseudo" l i n e i n t e g r a l s . ( S e e F i g ( 6 . 2 ) > . 
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been s u b s t i t u t e d i n from sock ion-. ( 3 , 3 ) where'.' "X" and. "Y". rays-were'. f i r s t ; 

de f i ned in tf-rm.s of zn fAxN a r r ay .of idepj-1 cal " r eso l u t i on ..cells.-.(set • 

F igs ( 3 . 3 ) and (? ,4-)) , y t ( xX ) and Xh(yY) in equa t i ons (4-,5), and (a-,6) 

are the rays w i t h i n th€ " s c a l e d " s ided squflr^ boundary end are g iven 

by equation;:- (3 .13 ) and ( 3 , 1 6 ) : 

y ( <xx> - + - A 

'and, '' i -t . . / , ' ' . ' . . . . " 

- x (Yy) » jl + iri + 1- z JL ) 13-16) 
M M n y • 

where l ^ i ^ m n - m + 1 and 1 < j < j m n - n + 1* 

The va lues , of M and N were, I n t e r - i n chs:pt o r3 , reskr i eked t o M « N » 2.11 

because of the l i in i r a t i o n s ifnppsed 'by sb, f u n c t i o n s »•- M «nd K • 

w i l l 'ho l e f t i n a l l the formulae for l i n e i n teg ra l s-deve loped i n s e c t i o n s : . 

( 4 . 3 . 0 and (4. ,3 ,2) because in Chapter. 6 the resu l t ' s w i l l ' be use fu l f o r / 

a r rays MxN where M. and 1 are no t r e s t r i c t e d to powers o f Z . I n the 

computer program hdwever M « W. ® . • V ". . '• 

4 . 3 , 1 , . A Two-Piniensiofietl S tep Funfcficyit. 

F i g ( 4 , 1 ) ( i i ) shows how the computet*, program i s used i n t h i s case , . 

The. subrou t i ne named "PATHS 1" implements =31 the r e s u l t s in t h i s sec t i ons 

A two-dimensional. s tep f u n c t i o n o f . MX " s p e c i f i e d v a l u e s , each 

va l ue-w i t h i n a r e s o l u t i o n c e l l (see F ig . ( 3 , 4 ) ) be ing a c on s t a n t , i s 

g iven by ' F • '" 

... f ( x , y ) - f i 9 j ' • ( 4 , 7 ) 

where I and J are i n t ege rs i n the ranges O ^ I ^ M - O ^ T ^ N - 1 and if", 

and 6) are cons tan ts in the ranges s 

Al though a s t ep f unc t i on i s a p h y s i c a l l y unreasonab le s i m u l a t i o n ot 

a d en s i t y f i e l d i t i s v i t a l as a t e s t for the -'.algorithm .in "The Method" , 

This i s because any s tep f unc t i o n o f the type de f i ned by equa t i on (4,7) 

wi th M « ft » 2 n can be exac t l y represented by . t he f i n i t e se r i es o f 

Walsh f unc t i ons w a l ( p 5 x ) w a l ( q s y ) , n ^ q < 2 n
0 This means t h a t . 

"The Method" should g i ve an exact r e c o n s t r u c t i o n for a s t ep f u n c t i o n . 

Many d i f f e r e n t s t ep f unc t i ons were used f o r . v a r i o u s va lues of n up to 

n « 6 > and in every case the r e c o n s t r u c t i o n was exac t , (see sec t i on ,5,1 ) „ ' 
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C l e a r l y the *'X"; r ays shown i n F ig ( 3 . 3 ) ( a ) are l a b e l l e d by the ."equat ion 

i ® 1 jm "1 . • . A 

where I and J a re in the f o l l o w i n g ranges : - "1. - ivnick 

g i ve i i n b o range l ^ i ^ m n - m, The l a s t " x " r a y i ^ mm - m + 1. 

i s g iven bv I - 0 and J 4 N ~ 1 i n -equa t i on (*K8)«: Tke' "X " • ravA V* .. r . • • i • • . 
hy equat ion. (4-8) f o r <V p a r t i c u l a r p a i r of numbers ( I ^ J ) . p a s s e s through 

i jx j cp+1 
. the t op l e f t Aha nd corner o f the r e s o l u t i o n c e l l ? 

which can bo c a l l e d the r e s o l u t i o n c e l l , (1 , j ) N o w ; the next HX" r a y , 

i + l.-j passer, th rough the r i g h t h and ' co rne r o f ' r e s o l u t i o n c e l l (J/,J") end '• 

- i t can be seen t h a t the on ly r e s o l u t i o n . c e l l s n o t passed through, by both ' 

hx ' ' rays i and 1 4- 1 are (1,0") and ( i , j 4 1) so t h a t the d i f f e r e n c e in f k e 

l i n e i n t eg r a l s of these two P ^ - P^ , i s g ivon by /X i+/ J/N t ( f^ J t l ~ fr, T) , 

so - t h a t . . ' •'. 

' . - f - '. 1'-"'-' 

By s e t t i n g P^ a r b i t r a r i l y equa l t o z e ro , e q u a t i o n ( 4 . 9 ) can be used, to 

genera te a l l mn - m . + 1 l i n e i n t e g r a l s fo r the " x " r a y s . 

"\ L ikew ise ..the "Y " rays shown i n F i g ( 3*3 ) ( b ) are - labe l led by 

j a J + IN + 1, ( 4 . 1 0 ) : 

where 0 < I < N - 1 . O ^ J ^ W - 1 g i ves j ' in the range l ^ j ^ M N - N , The . 

l a s t "Y " r ay j « ~ N -V 1 i s g i ven b y d c H « 1 , J s 0 e q u a t i o n (4^ ,10) . 

• The d i f f e r e n c e in the l i n e i n t e g r a l s o f ' t h e "Y " rays j- 4- 1 and j i s g iven 

• b y ^ / r + * w ( u , - f , > 1 . ) so t h a t * ' " 

By s e t t i n g P^ a r b i t r a r i l y to z e r o , equa t i on (&.ff) can be used to• generate-

a l l t W H W + I l i n e i n t e g r a l s f o r the "Y " r a y s . 

Before the l i n e i n t e g r a l s a re i n p u t e d ' t o ' "The Method" , n o i s e 

i s added t o a l l o f them in the form o f random numbers i n a range g iver by 

a s p e c i f i e d f r a c t i o n 0(. o f the d i f f e r e n c e o f maximup; and minimum 2j r»e 

i n t e g r a l s * Let A p ^ and A p ^ be these d i f f e r e n c e s for the "X " r« V 

max (y) 
and "Y" ray da ta respect ive ly , t,efc. P . and b * rantlam riuftCb^J 

. . . f- 0 •' , 
de f i ned such the p r o b a b i l i t y o f them be ing any-number in the range- ' ' 

0 t o 1 i s equa l and i s zero o f be ing 'outs 1 do t h i s range„ Then. 
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j 

SGI3Y:.i ! r l wax L 

, ( 4 , 12 ) 
P

v
" a P.

v
" + l A f

v
 Ml'.. - '1J 

mo 

.' and: ' A . A~ ' : A • :, . A ./ • , ; ., / . ;y ; g . , < 

y r s v f f : - < « r - » : a F v S a • 

Awherc J and, j r t the ranges t < j < M N - M + 1 'and 1 < j < F l t f N + 1 , 

• . ' •. An 'exact, r e con t r u c t i o o . o bv i o u s l y on ly occurs 'when* 0 ( f 0- To the 

'..;A -.computer program " c a l l e d "Rh'OISE". -. A ; -J •:- :.A\ •" A ' • 7' 

4C3«2 Vfeyrhtty o f Cont inuous Tvgo^prmgftSfgnal FwTct:fons„ 

'•/ ' F i g . ( 4 , l ) ( i i i ; shows how the computer program i s used in t h i s case , • ' 

The s ub rou t i n e named "PATHS2" • implements e l l . the r e s u l t s . in t h i s seotiV>h:i' ' 

• A; ve ry wido-yar i e ty of con t i nuous t vo-d imen t i ona l f u n c t i o n s -;car. btr ' [ . 

c'energ ted • hv . . a.-

• a . • ; - + i K O > h x , y ) . " a . - a a a a . ' . : . : a ( a , i w a y 

(rcniryi (cos) 
where f ~ to^am! ? '(XjJ) are a power, s e r i e s and a s e r i e s o f cos ines g iven 

. a'/'- • a- by: • . . . - " ; y . " - y ' a;- ' ' - a y " 'a a . 

• ) •' f ryucs^ ' ' 2* ' 3 2 '-' • ' ' 
j: f a • (c,)y (c 2y + c^x) + (c^y + -e5x > ' + c^x ) 

. ... + c v 3 + + c 9 a + c 1 0 k 3 } c(k+jxkd-2)/2* 

A A or ' .. ' 

A P O I ^ R Y ^ 1 k 1- lAk- l (4*15) 

K be ing the h i g he s t order o f 'powers appear i ng in the s e r i e s , k l a b e l s the 

order o f the terms w i t h i n any bracketed group . i n the f i r s t form o f 

equa t i on (4*15) and- I l a b e l s the number o f each term w i t h i n that-group. , . 

There are ( r 4- t ) ( r + 2 ) / 2 . terms, i n the s e r i e s , or l ess i f some o f the 

. numbers, ^ 1 ) ( k + 2 ) a r e z e r o . I n the computer program -

,'K i s named "KKAX" and the numbers c^ . » » , a r e s tored in an a r r a y 

named " 0 ( 1 ) " . 

The f i n i t e s e r i e s o f cos ines i s g iven by • 

fc05) ° 
a c*i7k]t 6 r cos2*n;(s rx + tp<y 1 a g ^ y 

r 
6 r cos2 f i (5 w x + l y y +« i r ) j 1 

where d ^ s ^ / C ^ , ' and-u are s p e c i f i e d f o r each o f the R ' terms. 

I n the computer program R i s named "NCOS"' and the numbers ' - a y , -and 
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u . a r e ' s t o r e d ; n a r r ay s " C C ( l ) " - , " S C ( l ) " , " T C C D " a n d . " U C ( l ) % 

The • f i r s t s e c t i o n o f "PATHS2"A • . . • f o r a. g i v en .power s e r i e s- and 

c o s i n e s e r i e s , / expresses the 'mean v a l u e o f f(>:$y) i n each o f t he-MXN 

r e s o l u t i o n ce l l s ,- , t h i s d i s t r i b u t i o n - o f - the-mean-.va lues , <3 f (x 9 y )> 'T 

(de t ) . 
can be . co^t'-.re-d v i t h t h e s t oo f u n c t i o n , d i s t r i b u t i o n , f • , as 

de te rm inod by, '-Th* flteHtfelHv ' I f t h e . s u r f a c e f ( x , y ) , v i t h i n a 1 1 , t h e 

r e s o l u t i o r v . c e l l s-a re n e a r l y plane, t hen the d i s t r i b u t i o n o f " c e n t r e o f c e l l 1 

i i ^ j + ^ - . • 
sampled va lues : , f.( ^ • V — f l — j and i*s e a s i e r t o , c a l c u l a t e 
. than t i i e ' l a t t e r , C l e a r l y from e q u a t i o n ( 4 , 1 4 ) ; • -•A;'. •• /..--. 

. <£ (•> ? y ) > t t < r i^y) 

or the g i ven f u n c t i o n .. 

Bv d e f i n i t i o n 

( power). 

( H k M/ny 

i . 
, -1im 

(POWER) _ 
t (xtyiixdy 

From e q u a t i o n ( 4 . 1 5 ) . 
% - % 

< F̂0WERV,y>> k+/ 

I , J S ? I ? , ^ O c - O / i + t 

k=i 

i m/w mid 

mn 

( 4 «17 ) 

(4„1S) 

t - t k - t , , x y dxdy 

The doub l e A 
ntes;ra 1 i n the b r a c k e t s becomes 

+ / j j j l 
m I I N 

c - l 

l ( k - w ) ' ( T T W q \ • - (j + 

Thus 

(POWER) K+I k 

(*0'z>s l l c 

v k -1 • 1-3 

' i + - h ^ " 1 m ~ \ j t 
m j t n p (4.2f t ) 

where 

P 1 
l t > - t + d 

( 1 + 3 r - r j 
a 

( j 
\ ~ ( J + y 7 ^ -y 

I f 1 e q u a t i o n ( 4 , 2 0 ) i s the sane as . the v a l u e of , f ( r . y ) "sampled 



a t the c^n+rst the. r e s h l u t i on c e l l (T , J ) . p i s c l o se r to I the 

sma l l e r t and K are the lower t h e : o r de r o f the terms , For a. ramp•. 

f u nc t i o n f ( * . y j « c^ + c 0x + c^y , ( k , l ) are (1 ,1 ) ,(2 ,-1 ) and (2,2) a l l 

o f which g i ve p - 1 in equa t i on ( 4 . 21 ) fo r any I and J , so as expected 

thh mean value-and - the " c e n t r e o f c e l l " sampled v a l u e ' a r e t h e same. 

\*5y£>T T . f or a g iven f u n c t i o n f ( x , y ) A ' 

> . • • \ ' , 

' 3v d e f i n i t i o n : ~ 

A (COS) i c; l /(COS) { \ i J ( 4 . 22 ) 

< f . \ { ^ w * a . A A A - . , : 

A< : h\ta k/n A • A . . A h / / : 

From equa t i on ( 4 , 16 ) 
(I+0/A\ (Tti)lfJ 

r 

I/a*i 

* i (ypc+t^+u^) ay ax (4 .23) 

t/w ... . ,v . • 

where means " t h e r e a l pa r t o f " and i « /-T. 

The double i n t e g r a l i n bracke ts becomes 

tit™'. . a ' v ^ ^ l u n ^ 
. I TTSr J I TTtr / 

, t + v + , . s v n j r v m v i l n t l i / m -
COs2,r(sr(_Tr-> + tr ( - lA ) + V - / .. TTs/M 

Thus 

< f ( c o s h , ? y ) > 5 ) j - i d r c o s ^ c y l f a * u r 

where. 
- , .. ( 4 , 24 ) 

^sinrt^ • : (l. 
c t ^ m v w w , 

I f ' s r < M and tends t o ' u n i t y and the va l ue of . 

i s the same as_ ths v a l u e o f f ( x , y ) sampled a t the cen t re o f .the r « s n l u t i 

c e l l (1,1). 

The second sec t i on o.f "FATH2" i s the c a l c u l a t i o n o f ' l i n e ' 
(V) • * 

, P i ? j t h e f 'XM " n d " Y " ra>T£J ^ V G n b l r equa t i ons ( 4 . 5 ) end 

( 4 . 6 ) r e s p e c t i v e l y . From these l a t t e r two equa t i ons and e q u a t e 

( 4 , 14 ) there i s a c o n t r i b u t i o n to the t i r e i n t e g r a l s from both the 

power se r I es and the 'cosine s e r i e s making up . f ( x , y ) : ... A . 
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Cor.tr \ but ) t:iv t o 1 i ns i rit'ep.ra3 s o f the poysr sen 1 es , • 

The c o n t r i b u t i o n t t the l i n e , i n t e g r a l s of. the "X " ray* , 

i s s ivon -by l e f -squa'i »Gi\ 4«5) . . . .. 

(POWER) 

(power) fx;, 2 • 2. : p . h > r - y j x i i 
..(POWER) 

KM K 

( x , y . ( x X ) ) d x 

i 
/ 

1 / r— jyl 
X- 4- v y r 

where the "X" ray, i given-by equation (3.13) can'be vritten: 

( 4 . 27 ) 

i - 1 
here « 1 + — , Ij^l^MW - M + | , ..(4,28) 

The i n t e g r a l , in equa t ion (4 ,26 ) becomes 

* k " l k " 1 v 1 * / <l x dx « 

q«0 

k - l k - l 

p* n V 
( 4 . 29 ) 

so that-

(POWER)p(X) k + l k - J 7 7 / W ) z x 
1 " " 

' \H k-l . v • , ( 

• ; .- , , ' '' r ( 4 , 30 ) • 

Likewise for the "Y" rays,swapping k-l and t-1, M and N in equation (4,29) 

and using' equation (4.5) instead of (4,5) gives X 

(POV-) p(Y) r a L v 2 2 2 f / j /hjf r / l - l u - ' l l / 1 ( 

J / ' 7 * £ r £ i " k - t v - d / a + t 1 / j I0< , 
-where 

( 4 . 31 ) 

• h j m t : 1 3 - h + 1 (4.32) 

(a j vjnhzn dj c , . * " h-t c« . 
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Contr4hnt ;---i '"o Tine i->tc r*ai f i o f cos ine s e r i e s . 

From equa t i on ( 4 , 6 ) ; '• 

i 

.(COB) 
(::,yZ ( xX ) ) dx , -

*. r 
0 .. 

- j o Z + y T V I rfr \ r . f "27r (s_ ; l I- c g ^ K l + u r ) d x ! 

'••• . " : z ' ' :z-_ ' . ( 4 . 33 ) • 

whore g . i s g i ven by e qu a t i o n ( 4 . 2 8 ) . The i n t e g r a l . i n e q u a t i o n ( 4 . 3 3 ) 

can be^ w r i t t e n • • /> - 7 7 - 7 " . . 

\ [ j f . v ^ w i ? ^ * 

.. ' • • '; . ; . • ; - ' ' . ( 4 . 34 ) ... ; 

where j lmeans r e a l p a r t o f and i p . i n TTi o n l y . Equa t i o n ( 4 . 3 3 ) . 

becomes ; .. v : '•'-' .. Z . . Z 

7 Z v 70S)p(X>„ J(K2 + y2/N2) £ • d rC0STT((. r - t r / N > V s ^ / N f u r ) g ; 

\ ' ..where g i s g i v en by e qu a t i o n ( 4 . 2 2 ) , . 

- -Likewise ' '. " ' ' ' Z ; • 

(C0S)D (Y) 
p. ' j [X* + x W ] T d C0STT((t ~ s /M.+ 2(h.« J M t u ) s i n (Vr - Sr/M) 

r - l r . - r r j r . ; ( •>- ^ N ) 

where h^ i s g i ven by e q u a t i o n ( 4 . 3 2 ) 

The t h i r d and l a s t s e c t i o n o f "PATHS2" i s t he a d d i t i o n o f ' n o i s e to 

a l l the l i n e i n t e g r a l s i n a manner i d e n t i c a l t o t h a t i n "PATHS1". See 
t 

equa t i o n s ( 4 . 1 2 ) and ( 4 . 1 3 ) . Z ' :' . 

No f i n i t e s e r i e s o f two-dimens iona l Va lsh f u n c t i o n s can ever e x a c t l y 

r ep r e sen t a c on t i n o u s two-d imens iona l f u n c t i o n so , however h i g h 2 n 

i s , the r e c o n s t r u e t i o n w i l l a lways d i f f e r from the o r i g i n a l f u n c t i o n 

even w i t h no random e r r o r s imposed on the l i n e i n t e g r a l s . 
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A j ̂ m g ' o"3 . ! s t ep fu~eM on rrr-Tr-T-atcd 'ron- a con t i nuous fvnct iOrv, 

F i g ( 4 . 1 ) ( i v ) shows how the p rog r am . i s used i n t h i s c a se . The f i r s t -

s e c t i o n o f 11 PATHS2" i s used t o gene ra te the mean v a l u e s , < t ( x , v £ > , T o f 

a g i ven con t i n uous f u n c t i o n , f ( x 5 y ) , o f t h e form g i v e n . b y equa t i on . ( 4 , 1 4 ) . 

Th i s i s then i m u t e d t o "PATHS1" as a g iven s t ep f u n c t i o n , f T T , a f t e r 

wh ich the procedure fo l l owed i s the same as i n s e c t i o n 4 , 3 , 1 , Not 

o n l y i s . i t more conven ien t t o i n p u t a s t e p f u n c t i o n i n t h i s way r a t h e r . 

• t h an unpu t a l l the M X " v n l u n s as d a t a bu t compar isons can be -made 

between the : 1 i-.e i n t e g r a l s of' the s t e p f u n c t i o n d i s t r i b u t i o n and those o f 

t he con t i n uous f u n c t i o n which gave r i s e t o i t . Fig 

The l i n e i n t e g r a l s which would g i v e an exac t r e c o n s t r u c t i o n i . e . 
( j )7t) " • • 

such t h a t f T '"T « < ^ ( x , y ) ) > a re those g i v en by e q u a t i o n s ( 4 , 9 ) 

• •' . • 1 • si bjsi - . . ' - -
and ( 4 . 1 1 ) w i t h < f ( x , y ) > as the g iven s t e p f u n c t i o n . f . • The 

i , j / i , j 
r e s u l t s ( s e c t i o n . ( 5 . 1 ) ) con f i rm t h i s . But f o r a continuous d i s t r i b u t i o n , 

f ( x , y ) " , t he t r u e l i n e i n t e g r a l s , g i ven by equa t i o n s ( 4 . 3 0 ) , ( 4 . 3 1 ) , ( 4 , 3 5 ) • 

and :C4-36) are c l e a r l y no t t he same 3p t h e s e ' s o as .hgs b-een sa i d a l r e a d y 
i n sec t io tA ( 4 . 3 . 2 ) t he determined d i s t r i b u t i o n w i l l n o t be the 

a - . * 
name a s < J ( x , y ) > . L a t e r on i n Chapter 6 a way o f . t a k i n g the t r u e 
l i n e i n t e g r a l s o f f ( x , y ) and " d o c t o r i n g them" to be c l o s e r to those, which 

'.a s t e p . f u n c t i o n "f_ . n < f ( : b y ) ! > T T j would r i v e i s exp lo red as a method 
, 1 » J i j J (d t t ) 

o f improv ing the r e s u l t s ob t a i n ed f o r f^ ~ f o r a smooth " i n p u t " 

f u n c t i o n f ( x , y ) . .. . " . a 

4 . 4 E r r o r s Tn R e c o n s t r u c t e d •Tannjr . ' F i e l d s . ' 

v I n t h i s s e c t i o n t h ree types o f mean appear d e f i n ed below and u s i n g 

t he n o t a t i o n s " < > " and " — " as f o l l ows - . ' 

( i ) T i s . the mean -value o f a f u n c t i o n s ( x , v ) w i t h i n " the 

r e s o l u t i o n c e l l I , J o f area 1/MN. ft i s d e f i n e d by " t he r e l a t i o n 

cc+o/m \ 

j g ( x , y ) d x d y , . A ( 4 . 3 7 ) 

aii 

where 0 ^ J < V # Th is type has a l r e a dy appeared ( e q u a t i o n s ( 4 , 1 3 ) 

and ( 4 . 2 2 ) . 

< s ( ^ , y ) > t j j - mm 

( i i ) ^ ( x , y ) I s the 'mean v a l u e o f the f u n c t i o n g ( x , v ) over the who le 

domain de f i n ed by the r e l a t i o n . 

g ( x , y ) » \ I g ( x , y ) d x d y ' a ( 4 . 3 3 ; 

'o i o 

( i i i ) G i s the m e a n > a l u e o f some d i s t r i b u t i o n o f J2J v a l u e s , g ". ^ when 

G 1 , J i s s o m e q u a n t i t y r e l a t e d t o the r e s o l u t i o n c a l l ( I , J> . G i s ' d e f i n e d 



: a s ; 

by the r e l a t i o n 

a _ - • ' m - l n- t -

I f j h < ; § ( ' * j i O > T T as d e f i n e d by e q u a t i o n ( 4 . 3 7 ) then •i'-. ' i • " 1 ŝ ' • , 
m i n -7 p f « ) ! » . a f f a : . : ^ • a - a y 

- ^ " y. x 1 i go'jlodxdy. « 

J c J 

g ( x , y ) dxdy 

o 

which from, equn t i on ( 4 . 38 ) i s g ( x , y ) 5 Thus 
• - . i \ • • ' 

;A < 3 ( X » Y : > T r s(*»y> . • ' A • ^ ' A. / (3.40) 
p o i n t E r r o r ' A - . 

• The p o i n t e r r o r d i s t r i b u t i o n F_ o f a de termined d e n s i t y . f u n c t i o n 

j , ; . ( p e t ) . . . ' 1 , j . 
r »s g i ven oy , . 

•-: - <f(x,y)>T.T . <,..<.,) 
. a , j < f ( m , y ) > ; , . . { < ? ( * , y ; > m i n / a -

where 

< f ( x . y ) > T T - MM • f ( x . y ) dxdy » "" ' (.4*. 42) 

% 
'y.:- ' • v. • a n d - < ] f a n d a re the maximum and 'minimum va l ue s 

. • A p o i n t e r r o r s g i v en by e q u a t i o n ( 4 . 4 2 ) , 

E_ ' i s a r e l a t i v e q u a n t i t y depend ing on the " s hape " o f f ( x , y ) no t ' .1 j j 
i t s a b s o l u t e v a l u e s : E would be the same fo r a d i s t r i b u t i o n 

, A J C f ( x j y ) ; where K i s a p o s i t i v e cons t an t * I t v a r i e s w i t h M «=» N « 2 and 

1 t he amount o f n o i s e imposed on thT l i n e i n t e g r a l s * . . . 

The average e r r o r was d e f i n ed as 

m - l ' n - l 
"av ~ mn 

This d e f i n i t i o n o f an e r r o r measurement f o r the whole de termined d i s t r i b u t i o n 

. i s t h e one most commonly used In papers on d e n s i t y f u n c t i o n determi t l ^ n . 

For example see 
( 6 . ) ; a r e c a n t rev iew paper by Sweeney and Ve s t , 

I n the computer program o u t p u t E ^ i s expressed as a percen tage and .ns^ed 

" S A W < f ( x , y ) > w . „ , < f ( x , y ) > ( T T V . and t h e i r d i f f e r e n c e a re named 

"REFMaV", "R2F1-JJF" and "RANGE" r e s p e c t i v e l y , .E„ _ i s named ""ACTUAL -MINUS--' 
I } J 

RECONSTRUCTED RTF INDEX DISTRIBUTION OVER RANGE'05 DISTRIBUTION OF PCTAT 

ERRORS". •. ' 
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. .- I f f ( x ^ y ) - f T T- a two-di i;ensi or./ l s t e p ' f u n c t i o n 'then c l e a r l y 

<< f (k ? y) )> r - A f _ and , i f no : n o i s e . is -.imposed'.-on the l i n e i n t eg ra l . 

d a t a . t = 0 fo r a l l I and' J , 
l j v • _ - : , • . •; . . . . . . v : ' 

mean -square hea*ar--v> e r r o r , •/ • ' a- • . - • • • 1 ••:•'•./ 

ano the r wny o f express ing ah o v e r a l l e r r o r i n the determined, d e n s i t y 

f u n c t i o n in. Lv thr r e l a t i o n -. ' - ' . - ' • . ' ' A 

w / i l l s fifi • a n . ; . / ' a . 

.where i a the mean square d e v i a t i o n o f the t r ue " f u n o t i o n , f ( x , y ) , 

(pet) ' .. 
trdnus the 'determined f u n c t i o n ! f C^a^) " f T T . r 

l l 
Q e |(f(*>y) - f aC . ( 4 . 4 5 ) 

• o '0 
and .S i s the mean souar-'e devi a t i o n o f t he .'true -funct ion about i t s moan. 

f ( x , y ) : . ' , •• • • ' . . / 

(fC* 
jy) 7 { ( x , y ) ) d ^ ... (4 ,46) . *0 

. . B y s p l i t t i n g up the i n t e g r a l i n t o the <nvn o f MKT i n t e g r a l s , o v e r 
•r ft) Ft) 

, each r e s o l u t i o n c e l l ana s u b s t i t u t i n g f ^ . for f e qua t i on 

• , ' . becomes: . • . (in) 

7 - ' m l | ( 

i =o j = o v ' 4 4 ' . 

which can be w r i t t e n 

q 25 q , + q v 4 

where 

(4 .40) 

and-

. m-l n - l 

• .. m ic© j * 0 l j j m 
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' . Now from \e<jut»ft'<>Vy (4,463 « < f ( x j t f ^ no t h a t l i s g iven 

by the r i g h t hand side o f equa t i on ( 4 . 47 ) w i th < f ( * , y 7 > - r e p l a c i n g . 

"fi-...- «da;aTToh ( 4 . 4 ^ ) car. be w r i t t e n i: 
' _ 1 - - ; . • «. .. 

where' '". . * . / -••,.'.';.•:•' .A A ; ,'y.. ' ' 

..... 1 m n i«=0 j t=0 1 , 0 / -

' o v e r a l l 

£ ~ (4 . 53 ) 
o v e r a l l j s , + q z . y 

L ike E ^ ^ j i t a u n i t l ess r e l a t i ve quantity which i s the same for 

K .?(>:.y) ; where K A s any r e a l c o n s t a n t . . ' • y > 

Now, f or coninuous f unc t i ons wh ich , over : the area of "each'. r e s o l u t i o n 

c e l l , d ev i a t e on ly a smal l f r a c t i o n of < c (x . y ) ) > T .from < f ( x , y £ > " 
f" • ' " .' j •' ' 5 

9 2 " - % 

i t s e l f - ^ " ( x j V ^ T - < A ( x , y X > T . w i l l , c e r t a i n l y be much less than 
all! « »j . 

(<0~(x ,yY> - < ) f (x ,y ) )> ) .and i t turns ou t t h a t i t. i.s a l s o much, l ess 
r n f t ) 2' 

than (<(f("<,y))> - f )"* so t h a t to a good 'approx imat ion " -
V . . . .1 J vJ i j , »J 

2 ' 2 
I f f ( x . y ) ~ fT J 9 a s tep f u n c t i o n , then - < f ( x » y ) > j j « .• < f ( x , y ) > } ^ 

" .f2 and" so Q 9«0 and equa t i on (4 .54 ) i s exact ( but of course wi 1-1 

.J.,«J L " - o 

on ly be non zero i f no i se i s i n t roduced i n the l i ne i n t e g r a l s . s"i nee 
o therwise f and Q, « 0) - -

A fJ A i " 

E , i s a much more s e n s i t i v e measure of e r ror than SA. i s . 
OVERALL, • AV 

I t i s t y p i c a l l y f i v e t imes as l a rge as (see chapter 5 ) , 

I n the computer program o u t p u t s , the q u a n t i t i e s Js"^ and <T(x ,y ) )> 

(see equa t ions ( 4 , 48 ) and ( 4 . 9 ) ) are named "SIGMA" and "AV", , They 

are c a l c u l a t e d i n "PATHS 1" or "PATHS2" accord ing , to whether the i n pu t 

f u nc t i o n f(>: ,y) i s a s t ep f u n c t i o n or a continuous f u n c t i o n . The' quantt ty 

J q ^ , c a l c u l a t e d i n sub rou t i ne "REF" i s named "SIGDIF',' .:'• A .: 

Unless o therwise s p e c i f i e d the i n pu t and ou tpu t :di s t r i but ions 

p r i n t e d , are < f ( x , y ) > T - < f ( x , y ) > and f2 " which bo th b*ve 
.. . . . . 1 >0 y 



118, 

a moan v-!4ur. o f z e r o . I t i s p o s s i b l e t o add a d i f f e r e n t s p e c i f i e d ; 

cons tan t t o each one f o r the purposes of d i s p l a y i n g the d i s t r i b u t i o n . These 

' cons tan ts are named'"DCJNn aud"DC0UT" ' in the computer o u t p u t s . ':'- . • . 

4 . 5 P r c t f i ' t o i Dv1z>n$ On the bse O f C o m p n t n r ' prog-am* 

(a ) The propers - I s designed to dea l > :yri t h a number/ "NDATA".- -of d i f f e r e n t 

sets of, input: 4'cfo. l/\ n u m b e r , " I D A T A " r u n n i n g from 1. to KTiYf-V l a b e l s 

each se t of d V a vJwrce i s the f i r s t number read in. on the f i r s t -

data crtn^l M l ^ d d " (4 ) " ' .in the computer program 15 s t i n g i n .Appendix 5 . 

(b ) The." next ' o f ei ght groups o f data, cards c on t a i n the . " inpu t •. 7 

data .for the. f i r s t se t o f da ta (IDATA i ) • „ • " -••..; . ' • . - . 

/ . Thw ' f 4 : s t f i v e groups oT data earns . ' ( c o n s i s t i n g o f -one card per ' 

group) read- i n j r equ i r ed f o r a l l the four d . i f f e r on t methods, of u s i n g . t h e 

program are 5 " ' .' • • . ' A,' • -

Card .1 reads i n t he three i n t e ge r s "11501!'.'". "K2" nnc! 

I f T1H0LN i s 2 tho program determines both c o t s of c o e f f i c i e n t s 

} f ) 2 a n ~ j o and the- correspond ing d e n s i t y f u n c t i o n s determined 

from them. The • v a l u e o f K.?. i s . I r r e l e v a n t ' in. t h i s case and i s u s u a l l y 

l e f t as zero ( i : e no t p r i n t e d on the data c a r d ) • 'When "SCLN i s 1. • ; 

the program determines j r ^ j 7 i f K2 i s l' : and ] ? i f K2 i s 2 

and the correspond ing dens i t j / f u n c t i o n d i s t r i b u t i o n . • 

"KO" i s an i n t ege r wh i ch c o n t r o l s bom much: ou t pu t da ta i s p r i n t e d . f 

and i n what .form: • 

. KO ^ 1. I n p u t and ou tpu t d e n s i t y f u n c t i o n d 5 s t r 5 but ions / l i n o ' 

i n t e g r a l s , the d i s t r i b u t i o n of c o e f f i c i e n t s F ( , the' d i s t r i b u t i o n 
' f t i 

•of p o i n t e r r o r s and o ther do t a i Is . about e r ro r s a re -a] 1; pr 5 n t ed / •• ' 

. 540 '•"» The same as for KO 1 except t h a t the l i n o i n t e g r a l s 

are no t p r i n t e d . • 

KO " 3 . The same as for KO « 1 except t h a t . t h e d i s t r i b u t i o n of 

c o e f f i c i e n t s i s no t p r i n t e d . 

KO ^ 4 . The same as f o r KO « .1 except t h a t b o t h . l i n e i n t e g r a l s , 

and the d i s t r i b u t i o n o f c o e f f i c i e n t s a re no t p r i n t e d . • 

KO f . The same as fo r KO » 4 except t h a t the d i s t r i b u t i o n o f 

p o i n t " e r ro r s i s not p r i n t e d . . . . 

•KO " 11 to K0 " 15. The same' as f o r KO . « 1-to KO « 5 except • 

t h a t d i s t r i b u t i ons are .represented a lphan.umerical l y . That i s each o f 

the" M- numbers i s represen ted by a ; s i n o l e svmho l i n fbo o nn r op r l a t e 

p o s i t i o n in the *'XN a r r a y . Each symbol r ep resen t s a. c e r t a i n 

range o f v a l u e s , . . . 

KO «* 6 . On ly the e r ro r q u a n t i t i e s are p r i n t e d . 
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Card- 9 i n "K1"., "MSMALL". v. . . . . - -:.. J-c-

K1 can be 1 , 2 , 3 , o r 4 . The d i f f e r e n t numbers s e l e c t the f ou r d i f f e r e n t ' 

ways i n wh ich th* program can be used as shown in F i g ( 4 , 1 ) ( i ) , ( n ) 

( i i i ) and ( i v ) . NSV.YLL i s the i n t e g e r n i n M - N 2 n wh ich de te rm ines 

the number o f r e s o l u t i o n c e l l s . KN, "" " 

Car a 3 i n "X " , "Y n and " F " . '' ' ' x ' V . Z ^ ' ; 

X and Y a re .'the d imens ions o f .the r e a l cr s imu l a t e d r e c t a n g u l a r a r e a . 

P i s a number b y v q i c h 1 the r ema i n i ng i n p u t q u a o t i t i e s , e x c e p t fo r s ^ , 

'j and . d i v i rffui. .before be i ng read i n , T h i s i s to a l l ow the. d i s p l a y 

o f t he s t r i h u t i o n ? to four f i g u r e s w i t h o u t u s i n g an exponent a f t e r . each, valve 

; Card 4 reads i n "DCIM", "DCCUT" and "RT'OTSE". . 

DCIN and DCC'JT are the mean v a l u e s "which a re imposed on the i n p u t and 

o u t p u t d i s t r i b u t i o n s r e s p e c t i v e l y , f o r d i s p l a y purposes : f o r example to 

make a l l t he v a l u e s p o s i t i v e . RNOISE i s C\ (^ee e q u a t * ™ ( 4 , 1 2 ) ) t he 

measure o f n o i s e or random e r r o r s i imposcdoon': the 1 l i n e i. I n t e g r a I s , 

The da ta r e a d . i n on the next t h ree c t f o u r ; groups o f cards depends 

on the va l ues o f " 0 , K l ' a n d NSMALL, .a lready read 

Card ' 5 reads i n "N3" and SYMBOLS(I) o n l y i f K0 i s g r e a t e r than 

10, o t he rw i se t h i s da ta card i s l e f t o u t . ; 

MS i s the number o f d i f f e r e n t symbols used ' i f the i n p u t , o u t p u t and 

. e r r o r d i s t r i b u t i o n s a re d i s p l a yed a lphanutner i c a l l y , The a r r ay SYMBOL5(I) ' 

c b n t a i n i t h e symbols themse lves . . - ' 

I f K1 « 1 the l a s t group. o f cards i s : 

Carri(s)- 5 or 6 reads " F ( I , J ) " . -

F ( I , J ) i s the s t ep f u n t i o n t • . < • ' " 

I f K1 « 3 the l a s t two groups o f cards a r e : *\ 

' CardCs) ? or 6 reads " B X ( l ) " . 

The a r r ay 3 X ( I ) c o n t a i n s the l i n e i n t e g r a l s , P^ , o f a l l the "X " rays 

from an. expe r imen t . * . 

Ca rd ( s ) 6 or 7 reads , f 3 Y ( I ) " 

The a r r ay 3 Y ( I ) c o n t a i n s the l i n e i n t eg ra l s , P , , o f ' a l l the "Y " r-:wS 

• J 
from an e x p e r i m e n t . ' 

I f K1 = 2 or K1 « 4 the nex t da ta card i s : 

Ca rd ( s ) 5 or 6 reads "KKA.X" and "NCCS". . ' 

( p c ' t x ) 

KKAX i s K the h i g h e s t po^er of. x or y In the power s e r i e s , f ( x , y ) . 

NCOS i s R the number o f terms i n the cos ine s e r i e s f ^ C 9 ^ ( x , y ) . 

Ca rd ( s ) 6 or 7 reads C ( I ) . 

The a r r a y C ( I ) c o n t a i n s ^ ( t ^ l ) / ? . * ! - coe f f i c i e n t s o f the terms 



• V - / . v .'-.<.• ; . - - , " ' / ',..';../ . . . . A . 1 2 0 . 

' ; ('voweffy, , • ' 

,\.AAA .'/•"'A ' • .••• ' o f the power se r i es f * .-.I f VIAAX » 0 t h i s , group o f c a r d ( s / i s 

; •• . • • no t . react, , - a-"-
,. • '.--A.; • - v..;A- • • • A . : A . . 

7  : - A " ' CardQQ 6 <sr 1 vr 8 rends '00(1), SC(l) STC(?)',UC(I ) a , ' 

'A•;.••• •.. • ; A .Those-fot/.r arrays; are r e s pec t i v e l y . and.-iw in; the ,.coslne;-
A \.".',-:,'• , ' fCOS? . • i* r. r r .-A". 
A series'- -f „ I f WCO$ e 6 t h i s group of c a r d ' s ) , i s not read* 

. A,. -.A. ;- . . ' / -'-These .ff.lt -tlgfe. d i f f e r e n t , groups of cards c o n s t i t u t e one . c omp l e t e ' 

• A . • " . se t o f i n pu t tJkfffV F-eftfC-fc the second se t .of - data ( I DATA' «» 2)' i s rend 

: • . a. s p e c i a l arro^;, Ronvd sfijaD/}T(J) i s read i n . I f. the J*"*" group of 

data cards » $ to ke- e n t i r e l y unchanged SAM0:YT(J). « 0 and -Vf 

! . • some 'data on t h i s group i s t o he changed then 5AMpf\T(.J} 1. > I n the 

- Ax. >.:;. .. former, case the group of data cards for the da ta to he l e f t unchanged . 

A ..A. 'V; ; jp l e f t o u t . The order for the groups of card?" fo r I DATA « 2 ' f o l l ows 

AA ' • t h a t above for JD4TA =» t except t h a t the grougfs)for which SAMDAT. « -'0- . 

A A - ; ' are l e f t o u t , . - • • . ' ' - '.'•'", : • a ' /. . 

.A. . The ' same procedure1 i s fo l lowed for IDATA. r.-3,4 and so on . 

The a r ray 5'<1^Dv^T(J) i s read before each new set'of i n pu t data and on ly 

• the groups of da ta cards fo r which, SAMDAT(J) "«• 1 ar.e ' i n c l uded except 

fo r the cards f o r 'F(T s j ) . BX( I ) and BY(T)? which are read each . t ime . 

- c' even i f they are unchanged. (The reason f o r t h i s i s t h a t these a r rays 

A -A , A " ; . are changed in the program and hence cannot a c t as" the same • i n p u t data . 

A A A,A \ \ for . the next se t o f i npu t da ta ) *«•• • A summary of the. i n p u t data scheme ::s 

•/ '•'; - ' -shown in fir- (4<,2) «, -v •*, • ':>.. 

• -'-p ••',-'" I t was. not thought: u se f u l ' to s i ve d e t a i l e d ' f low diagrams for each 
' A ~ • » " 

. s ub rou t i ne because some of them^espec ia l ly • the - ones implementing the 

a l g o r i thm.,fol low a somewhat more clumsv o l de r -form of the t h e o r y . - v o n 

• ' ' i n Chapter 3 , The program arid theory were developed together ' and 

A the f i n a l theory is- i n f a c t cons i de rab ly " n e a t e r " than the program 

which implements i t . 

* 
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CONDITIONS UNDER. WHICH THE: DTFHERENTT GROUPS" 

ONE SET OF OF INFUT DATA ARE KEftI3*('rtV,, 
shows-: i ' n p u t dhtfa1 

INPUT DATA . - n o t reaci.Ntrmbers show, o r d e r o f readTrig- g r o u p s ^ 

F i r s t s e t o f I/'F. ; d a t a ; ©ttfrejr se t s ; off n / F da t a i 

ndata 1 

SAMDAT(J) , 1 
• KO g r e a t e r t h a n ID KO. I ess t h a n 10 

- . . ' K1-3 K M K1 -••2 or 4 K M 3 K H i K H 2 or 4 
J , WAX 

- o 
NCOS 
SO 

KMAX WC05 ; 

- c 

NS0LN?K2>K0 I t z 0 2 • . 2 . • z 2 2 ' 2 o 

Kl,NSMALL 2 .3 - 3 3 3 3 a 3 3 3 1 

3 4 4 4 4 4 4 4 4 4 : 4 ' j 

DCrN:iX0UT:RN01S£ 4 5 5 5 '5 5 5 5 ' 5 5 5 

NSsSrMBOLS.(l) 5 6 6 6 6 6 : ^ ; 
F ( I > J ) » 7 , , - , * 4 

BX(T) . 7 • » » 6 4 ' . 
B Y ( I ) a . . * 5 7 4 • 4 

KMAX;NC05 6 * • 7- 7 7 < 6 <5 6 

C(T) 7 4 5 , 8 * 7 1 

C C C T ^ S C C O . T C C D J U C C I ) 8 •» 9 S 4 . 8- 7 • 

Fjg(4.2').Ther. scheme- for* reading-: thes i h puc ; d A t a ^ . T o r .the second smd 

h i g h e r s e t s o f i n p u t d a t a , t h e g roups o f d a t a l a b e l l e d , J ^ a r e read! f f 

SAMDAT(J)«1 and n o t r e a d i f SAMaAT( J ) «0 , I n t h e l a t t e r case: t h e v a l u e s 

o f t he g r o u p o f d a t a w a r e t he same a s t hose g i v e n by the. pre\rfdu-s- s e t 

o f i n p u t d a t a ? J . 
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Chapter 5 . . Some Func t i ons and t h e i r r e c o n s t r u c t i o n s . 

5 .1 ••' I n t r o d u c t i o n . " A 

The computer program i n a l l the examples g i ven i n t h i s c h a p t e r w a s . 

used as i l l u s t r a t e d i n F i g ( 4 , l ) ( f v ) ) and ( H i ) * 

' I n the former case a g i ven smooth f u n c t i o n , f ( x , y ) , w a s chosen ana 

an MXM s t ep f u n c t i o n , < f ( : < , y ) > T 7 , d e f i n e d from i t was computed . ( see 

e qua t i o n s ( 4 . 1 7 } , ( 4 . 1 8 ) and ( 4 . 1 9 ) ) . T h e l i n e i n t e g r a l s from t h i s s t e p . " -

f u n c t i o n were c a l c u l a t e d ( s e e equa t i o n s ( 4 . 9 ) and ( 4 . 1 i ) and bo th 

r e cons t r u c t i o n s were computed from t h i s l i n e i n t e g r a l i n p u t d a t a . Fo r 

every f u n c t i o n chosen and fo r a l l r e s o l u t i o n s ,M ° 2 , 4 , 8 , 1 6 , 3 2 and 64 

(M « N m 2 , n 

t he r e c o n s t r u c t e d f u n c t i o n s were , as expec ted , 

i d e n t i c a l w i t h the i n i t i a l s t ep f u n c t i o n .Th i s : s howed t h a t The Walsh 

f u n c t i o n r e c o n s t r u c t i o n method was work ing c o r r e c t l y . O n e o f t he two 

r e c o n s t r u c t i o n s , o f t he f i r s t example f u n c t i o n i s shown . i n F i g ( 5 . I ) 

f o r M « 4 and i n F i g s ( 5 . 2 ) and ( 5 . 3 ) f o r M « 64V 

I n t h e l a t t e r c a s e t h e l i n e i n t e g r a l s from the smooth f u n c t i o n i t s e l f 

were computed (see equa t i o n s ( 4 . 3 0 ) , ( 4 . 3 1 ) , ( 4 . 3 5 ) and ( 4 . 3 6 ) ) a n d the 

two r e c o n s t r u c t i o n s o f t he f u n c t i o n ,M t fM s t e p f u n c t i o n s , w e r e c a l c u l a t e d 

f o r d i f f e r e n t v a l u e s o f M.To s i m u l a t e a r e a l i s t i c b lock o f g l a s s o f 
+ -6 

r e f r a c t i v e index v a r i a t i o n s -5 .10 the r e c t a n g u l a r boundary o f 

d imens ions lOcros by 10 cms was chosen and a l l the example f u n c t i o n s 

were con f i ned t o a range o f v a l u e s of~10~>The l i n e i n t e g r a l s computed? 

then s imu l a t e , r e a l i s t i c a l l y v a l u e s t o be expected^from an exper imen t . 

The e f f e c t o f n o i s y i n p u t da t a i s ana l ysed f o r example 1. 
5 . 2 Example 1. . f b f f ( x . y ) *» sin(7fx) .s in(7rv) . 

The f u n c t i o n expanded i n terms o f a cos i ne s e r i e s i s 

10 > f ( x , y ) « %cos7T(x-y) - %cos7T(x+y) . ( 5 . 1 ) 

f ( x , y ) i s a " h i l l " f u n c t i o n symmetr ic t o an exchange o f x and y ,whe re 0 ^ x 4 1 

O ^ y ^ l so f o r a g i v en r e s o l u t i o n , M , b o t h r e c o n s t r u c t i o n s a re i d e n t i c a l . 

On ly one o f t he two r e c o n s t r u c t i o n s a re then g i ven i n F i g s ( 5 . 4 ) t o ( 5 . 9 ) 

i n c l u s i v e . 

F i g ( 5 * 1 1 ) i s a p l o t o f average and o v e r a l l e r r o r s versus n « log2M 

( s i n c e M «• N « 2 n ) f o r n « 2 , 3 , 4 , 5 and 6 . A r e c o n s t r u c t i o n f o r n ** l i s 

mean ing less as the mean v a l ue o f .the f u n c t i o n i n each c e l l i s t he same. 

I t cou ld be s a i d t h a t t he f u n c t i o n i s n o t r e so l ved for. M « 2 . 

F l g ( 5 . 1 1 ) shows t h a t for 4 t he re i s o n l y a s l i g h t i n c rease 

i n the e r r o r q u a n t i t i e s E , „ and t T T . 
AV OVERALL 

» • ' 



The Walsh f u n c t i o n method e f f e c t i v e l y assumes t h a t the f u n c t i o n , f ( x , y ) , 

i s a 2 n by 2 n s t ep f u n c t i o n whereas,however many c e l l s the f u n c t i o n 

i s d i v i d ed i n t o , i t w i l l never c o n s i s t o f f l a t topped s teps i n each c e l l 

b u t w i l l tend uo.p lanes t i l t e d a t ang les t an and t an 

t o the x and y axes r e s p e c t i v e l y i T h i s i s developed f u r t h e r i n Chapter 6 . 

. I n the example here l i t t l e i s ga ined by i n c r eas i ng the r e s o l u t i o n 

beyond M " 16 e s p e c i a l l y as about four t imes as much i n p u t da ta i s r equ i r ed 

f o r each doub l i ng o f M. Linear ' I n t e r p o l a t i o n can genera te the h igher r e s o l u t i o n s : 

I f , t h e s teps of the r econs t r uc ted f u n c t i o n fo r M « 2 n a re taken as 

the va l ues |Of the f u n c t i o n a t the cen t res o f the correspond ing c e l l s 

then the l i n e a r i n t e r p o l a t i o n i n two d imensions o f these va l ues can 

I 

n+1 

g i ve the va l ues a t the centres o f the c e l l s o f the f u n c t i o n for M «= 2 . 

To make t h i s c l e a r e r cons ider the sketches below.The va l ues o f the f u n c t i o n 

i n the c e l l s fo r M « 2 n + X a re a , b , c and d wh i l e A,B,C and D are the va l ues 

o f the f u n c t i o n i n the " s u r round i ng " c e l l s fo r M " 2 n .The former can be 

g i v e n , t o a f i r s t a p p r o x i m a t i o n , i n terms o f the l a t t e r by the four equa t i ons 

(5*2) t o ( 5 . 5 ) i n c l u s i v e . 

'D 

R e s o l u t i o n M « 2 
n 

i/a 

L 

J.. i 

l — 

...... a - - - 1 -

ml I 
j 

_ j 
s 

i 
i i 

• - T 

-.J i 

A 
- - 1 -

-i— 

i 
— i. i 
__J 

Reso l u t i o n M 
,n+l 

a « A + tu(B - A) + -UC - A) « + C) 

b « B - k(B - A) + ^(D - B) « + %(A + D) 

c - C - - A) + ^(D - C) « %C + %(A + D) 

d - D - i ( D - C) - -^(D « B) « kO + B + C) 

( 5 . 2 ) 

( 5 . 3 ) 

( 5 . 4 ) 

( 5 . 5 ) 

The equa t i ons above g i ve q u i t e accura te r e s u l t s f o r n = 4 . ( s e e F i g s ( 5 . 5 ) 

and (5.6)) . 

F i g (5 # 10 ) compares the r e l a t i v e l i n e i n t e g r a l s , f o r M «* 16, o f the 

smooth f u n c t i o n , f ( x , y ) , a n d the s tep f u n c t i o n , < f ( x , y ) > , de r i ved from 
' a , j 

i t . The l i n e i n t e g r a l s computed from the s tep f u n c t i o n wou l d , o f course , 

g i ve the " c o r r e c t " r e c o n s t r u c t i o n o f the smooth f u n c t i o n for a g iven 



resolution,!:.The difference in the two sets of line integrals is another 

measure of the errors inherent in The Walsh function method for a given 

resolution,M.From Fig(5»L0) it is clear that the difference in the two 

sets of line integrals is greatest,both in absolute terms and as a fraction 

of the true(i.e. "smooth")line integrals,in regions near the edges. 

Rays giving these data points pass near the boundary of the function 

where the reconstruction does appear to be worse than in more-central 

regions.(see Figs<5.5) to (5.9)). 

The reconstructions of f(x,y),when a random number is added to each line 

integral,is examined for M ® 8 and M ® 16.Equations (4.12) and (4.13) show 

how the quantity,0(>("Rnoise" in the computer program)defining the range.-

of the random numbers controls the ammount of noise added to the input 

data.Fig(5.12) shows how E changes with O C for M - 8 .For each value 
• n 

of ,five different sets of 2(M «M+1)«114 random numbers were added 
( X ) ( Y ) ' 

to Pj and P^ and the five resulting values of E ^ were plotted.The 

mean value of each of the five'sets of E ^ * s was also plotted.Fig(5.13) . 

shows the same as Fig(5.12) but for M « 16.The spread of for a given 0< 

is quite large but the mean values of E A V generally increase with 

increasing o(as might'be expected.The increase is faster for M « 16 than 

for M « 8 . . ' , . • 

The separations of the exploring rays passing through the density 

field for a resolution M «• are one quarter of that for M « 2n', , 
( X ) ( Y ) 

Now the sets of line integrals,P^ and P^ are samples of continuous 

functions of line integrals,p(y*) and p ( y " ) say,(see Chapter l)where 

the sampling interval is tpr°P o r tl° n al to =the separation of the rays. 

p(y') and p(y**) will include some noise function.This ,when sampled at 

the sampling interval fGr the given resolution,M,wi11 give a discrete set 

of numbers which,in general,will not be totally uncorrelatedjEach sample 

will be better correlated with samples in its Immediate neighbourhood 

than with more distant ones.As the sampling distance decreases the 

correlation between a given number of close neighbours will increase. 

In the noise simulation scheme used here however there is zero correlation 

between all the noise "samples" however close together they are.It is 

hoped that a more realistic simulation of noisy input data,based on 

sampling some given noise function as outlined above,will show that 

The Walsh Function Method is less sensetive to noise than Figs(5.12) and 

(5.13) indicate. ' . . 

For the remaining example function) the inadequate simulation of noisy 

input data is not used® 
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5.3 Example" 2. 10 .f(x.y) » sin (27Cx).sin (2xy). 

The cosine series for this function is given by 

. 5 " * 

10 .f(x,y) » k r ^cos47tx. - %cos4Ky + %cos47t(x-y) + *jjCos4x:(x+y). 

: • • ' • • . . - . ' ; • .•• (5 .6) - ^ ' 

f(x,y),as in Example l.,is unchanged by an exchange of x and y 

so that both reconstructions are identical.lt has four peaks at (x,y) « 

'-.Kkf k) »(%$%)» ami ® 0 n e o f t i i e t w o reconstructions is shown 

Z i n Figs(5.14) to (5.19) inclusive for M « 8,16,32 and 64.The function 

is not resolved for M « 2 or 4. 

Fig(5.20) is a plot of average and overall errors versus n (M » N 2 n ) 

for n « 3,4,5 and 6.From the plot it seems that there is very little 

improvement in the reconstruction for resolutions higher than M ® 32. 

°' ' c. 9 9 . 9 97 • •,' - . 

5.4 Example 3. 10 .f(x,y)" 30x ( U x ) O - o O y + %sin 27TX.sin 7fy. 

The power and cosine.series for this function is given by 

A. - 10 5.f(x,y) « 30yx 2 - 60y 2x 2 - 30yx 3 + 30y 3x +60y 2x 3 -30y 3x 3 

+ % - ^cos47Tx - %cos2iry +-fecos2TC(2x-y) + #cos2tf(2x+y) . 

. ' 0 " . .v : . : - 7- : (5.7)' . ' 
' -7.';7: 7" ' • •- - ' . 5 

The power series part of 10 .f(x,y) is a "single hill" function, 

zero at the boundary,x « y « 0 and x « y « I,with its peak of height 

160/243 « .658 at (x,y) « (%,-i).The.cosine series is a "double hill" 

; .... function,zero at the boundary,with its two peaks of equal heights, 
y , v 

.<y . . at (x,y) and (%,%),The sum of these two functions gives a function, 

zero at the boundary,with two peaks of unequal heights and a saddle 

point approximately in between.(See Figs(5.26) to (5.28) inclusive). 

The smaller peak is about .70 in height and is at (x,y) (.29,.45). 

The saddle point is of value about .54 and is at (x,y) » (.45,.34). 

The taller peak is about 1.07 in height and is at (x,y) » (.73,.44). 

.. The function,f(x,y),is different from f(y,x) and,as would be 

expected, the two reconstructions are not identical.The reconstructions 

are shown in Figs(5.21) to (5.30) inclusive.As the resolution,M,increases 

the two reconstructions tend closer to one another.For the two are 

virtually the same. 

An apparent anomally is shown in Fig(5.31),the plot of average 

7. .. >. and overall errors versus n;The reconstructions for M « 4- and M « 8 are 

apparently "better" than those for higher values of M.In fact of course 

this is not true.lt is. recalled(See _ equations (4.41)', (4.43) , (4.49) and (4.54)) 



that the average and overall errors compare the reconstructed value 

in each resolution cell, f^ D iJ T\to the m e a n value of the true function 

in that cell, < f ( x , y ) > T T .If the cells are so large that f(x,y) varies 
. l » j 

significantly over each cell (as is clearly the;,case in this example for 

M « 4 and to a lesser degree for M ® 8) then the reconstruction is 

inadequate because the changes in f(x,y) within the cells cannot be 

represented.The average and overall errors are only comparable from 

one resolution,Hp to another,M2,when the cells in both cases are so small 

that the Change in f(x,y) relative to the range,f(x,y) m a x - f(x,y) j n i n, 

,'withlh all the cells is very small.The best way of comparing the reconstructions 

at different resolutions,M^ and M^ ,where M ^ M ^ , w o u l d probably be to 

interpolate the reconstruction for M^(perhaps by using equations(5.2) to 

(5.5) for all but the "edge" cells) to generate a reconstruction of 

resolution,M2;to compute the e r r o r s , a n d E
o v o r a l ^ fwith respect to. 

<(f(x,y))>'j j,for M 2 and finally to compare these errors with those of 

the true reconstruction at resolution M 0 . 
r, - 2 _ ... 

The flattening off of the plot in Fig(5.3l) with increasing n suggests 

that there is only a slight improvement in reconstruction when resolutions 

higher than M « 16 are used.(It is judged that £(x,y) changes very little 

in cells for M > 1 6 so that the errors at different r e s o l u t i o n s , 1 6 , 

can be meaningfully compared). 

The 

two peaks of the function,f(x,y), are not resolved.by the 

reconstructions*, The "strength" of the two,peaks could be described in 

. terms of their modulation,which could .be,defined as their differences 

in values from the local minimum between them divided by the range of 

the function.Using this definition gives modulations of 15% and 50% 

respectively for the smaller peak and the larger peak.The reconstruction 

of the two peaks is a single peak in the region covered by them.(See 

Figs(5.26),(5.29) and (5.30).In Example 2 there were four peaks of 100% 

modulations.In the reconstructions however,the pairs of peaks aligned 

horizontally(in the y direction) or vertically(in the x direction) had 

modulations, of about 50% while the pairs of peaks aligned diagonally 

(on the lines y»x and y«l-x) had modulations of about the correct value, 
100%. • 



5. 
5.5 Examples 4 and 5. 10 .f(x.y) K sinfrx).sihCrty) 4 
*"—! +5 2 *" r 

K 2sln"(2)fx) > sin (2^y) for K^ *» %,K 2 »» % and %.K 2 " 4 « 

This function is the sum of K^ times Example 1 and K 2 times Example 2. 

The modulation of a pair.of peaks aligned in a horizontal or vertical, 

•direction is 53% for Example 4 and 41% for Example 5.The modulation of 

diagonally aligned peaks is 49%%'
 a
nd 21% in the two" examples.From the 

reconstruction of the two examples,for M « 32,the modulation of pairs 

of horizontally arid vertically aligned peaks was computed to be . . 

23% and 13%% while-the figures for pairs of diagonally aligned peaks 

are 47%% and 28'%.According to the criterion" of modulation the 

diagonally aligned peaks are "correctly" resolved for both examples,as the 

are also in Example 2 which is the function,f(x,y),given above with 

0 and K 2 » l.The horizontally and vertically aligned pairs of peaks 

however are decreasingly well resolved as K j / V Increases. 

There is. hardly any improvement in the reconstructions for resolutions 

higher than M 16sFor Example 4 E ^ is 8.912%,8.559% and 8^505% for 

M « 16,32 and 64 respectively cThe corresponding figures for Example 5 are 

8.726%,8.479% and 8.436%. 

, ' • <j 2 2 

'5.6 Examples 5.6 and 7. 10• .f(x.y) w sin (i\"^x)csin (ivTfy) ,where 

K ™ 3.4 and 5. - * - .A 

• The cosine series for these functions is given by 

105.f(x,y) « k - %COS2k7VX - %cos?.LCity + %cos2KC(x+y) + &:os2K7r(x-y)-. 

• . - ' /' ' ' : . (5.8). 

The function given by K « 2 in equation(5.8) is Example 2.In general 
2 

the functions have K peaks of unit height and modulation placed symmetric 

within the boundary at (x,y) « (p/2K,q/2K),where p and q are the K odd 

numbers,1,3,••.2K-1 inclusive. 

The reconstruction of Example 5 (K™3) for M w 16,32 and 64 gives 

average errors of 11.534%,10.519% and 10.255% respectively.M «* 32 seems 

to give the optimum resolution,where "optimum" is taken to mean that 

the average error barely improves for an increase in resolution.In Example 

the average errors for resolutions,M « 16,32 and 64 are 16.688%,LI.705% 

and 10.541%.The corresponding figures for Example 1 are 13.030%,10.979% 

and 10.417% respectively.Figs(5.32) and (5,33) show this, example and its 

reconstruction for M « 64,A region of this reconstruction containing, 

four peaks looks very similar to Fig(5.19),the reconstruction of Example'2 

Examples 5 and 6 also have this property. - ... 
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5.7 Conclude?*. 

From the very limited type and number.of functions reconstructed 

using the Walsh function method developed in this thesis it is possible to 

draw some tentative conclusions. / 

The accuracy of the method for noiseless input data.is much poorer 

than methods u s i n g more than two ray viewing directions,as might be 

expected.A recent review paper bySweeneyand West,(Q ),which discusses 

and compares these methods v/tth one another,gives the average error 

of the reconstructions of various functions.One of these functions 

quoted as "constant + 2,5(1 « COS47t(X-^))(1 - cos4tf(y-%))" is,appart 
. . . • i . - . - • • 
from a constant and multiplicative constant,the same as Example 2.The 

average 'errors quoted for the reconstruction for M * N « 7 using data 

from 16 different viewing directions each having 19 rays,are: .22%,,28%, 

2.21%(M « N » 9 for this method),3.08%,and 3,10% depending on the method. . 

The viewing directions range over a complete field angle of +90°.The 

Walsh function method reconstruction which uses about the same ammount 

of input data is for. M ® N « 16.The. average error was 11.651%. 

Despite its relatively poor accuracy it must be remembered that 

the Walsh function, method was specifically developed for situations 

where only trwo ray directions at near to 90° to one another are practicable 

as in the glass block problem described in Chapter 1 and the early part 

of Chapter 3.A fuller evaluation of the method-requires a realistic noise 

analysis,as pointed out in section (5.2),and a • systemmatic study . 

of:the reconstructions of many more functions than has been attempted here. 

If,as seems reasonable,a given function gives unique reconstructions, 

it is conceivable that a determination of an unknown density function 

from experimental line integral data could be compared with the reconstruction 

of some guessed at function explored by the same rays.By altering the 

guessed at function it might be possible to obtain a reconstruction 

closely res embling the experimental determination.The known guessed at 

function could then be taken as a good approximation to the unknown 

density function.A library" of the reconstructions of known functions 

could be built up to assist in guessing the best function which has 

a reconstruction most like any given determination. 

Chapter 6 is an attempt to improve directly the determination of 

density functions using the Walsh function method.!t contains theory 

which as yet is completely untested • ; ; 
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EbA Mister 

L Two sections of the function, 10">sin(7Tx) .sin<7Ty) ,and 

its reconstructions for M » N.« 16 and M « N » 32.(The bold steps are 

for the former and the dotted ones the latter). The indices,! and J , 

of the reconstructed sections, fflres (i)0^ I < M , j « m/2 - 1, 

(ii)0<I< M,J «-i. 
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THE MEAN VALUE IMPOSED ON THE PEF INDE* DISTRIBUTION ABOVE IS 
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. ! . ! . . ( i t « 1. 

The function, 10 .sin(7Tx) «sin(7Vy) ,displayed as its mean 

value in each of the 6 4 X 6 4 resolution cells. 
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E g g n i The average and overall errors in the reconstructions 
mS 

of the function, 10 ,,sin0 

M « H , 4,8,16,32 and 64. 

mS 
of the function, 10 ,.sin(tfx).sinOTy) ,for the different values of 



The average reconstruction error,E A V,versus CX for 

five different sets of random noise,where M « 8.(Faint dots).The 

bold dots are the mean of the five values of E.„ for each value 
rtv 

of 

CX •The values in each set of random noise are all totally 

uncorrellated with one another. . \ • •-
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144. 

7 / Fiq(5.16) Two sections of the function,iO"*^.sin2(?.7fx) .sin2(2tfy) »and 

.7 ' .: its reconstruction for M »* 16 and M » 32. (The bold steps are for the 

former and the dotted ones the latter) /The indices,I and J,of the. 

reconstructed sections,fPj T\are; (i)I M/4 • l , 0 ^ J < M , 

A (ii)l « m/2 - 1 ,0^ j < m»; . " -
% ' ' * . " y ; 



section of the function, 10** „sin (27fx).sin (2iTy),and 

its reconstruction for M « 16 and M « 32.(The bold steps are for the 

former and the dotted ones the latter).The indices,I and J,of the 

reconstructed section ,f ,are:l » J , 0 < J < M . 
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TRI'E. R£F INDEX D T S T a ! 5U TIC N F S u D ("• T M FUNCTION EVRESSED • AS .' TH£ >FAAJ VALUES OF Ft*,YJ- IN T-« 

KEY TO"Twr 
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1? svwgcls t5 !lvilceaf>msol<rvi. ,jr , 
-.ISO -.276 2 -. 156 . -,055 3 
.7111 ,»23 7 . m 1.0+9 8 

IF VALUE* J5fSE*.',i",iSy"90L !S -«IF VALUE 
.05S . f66 A- . .176 ,384 3 ,+97 

1,159 1 .270 .9 J.580 I,<50 

e+jl£ili 
IA -r 

t 

l u j i u " m m j m n i i i «t» ('• « ti 
3 3 3 3 J 3 2 3 ? 2 3 J J " <3 J 33 .» J 1 = ' 3 3 
33333333 .' 33333J7 
333333 344.14 J .. 2i P ' 
•33333 4 4 4 4 4 4 4 4 4 4 4 4 4 4 J« l< 

IIII.AI 2 13131 31J 1313 '3 13 1 3 1 ".M P 313 13 3 13 3 

3333 
3333 
333 
333 
333 
333 
333 33 33 
33 
33 
33 
33 
333 
333 
333 
333 
333 
3333 . 
3333 
33333 
333333 

4 4 4 . 444 
44 5b5iS5K5 44 

44 5 5 s . 44 
44 £5 f fe f - i j , t ? 
A 4 * b 66 f 6 

is 6 55 
5 
5 
5 
5 5 t 
5 

4 6 
44 5 * 
44 5 5 6 6 

44 555 

f • r6 
777777 6 

77777777 6 
77 77 
77 77 
77 77 
77 77 
77777777 

777777 

55 

13 ' 
3 3 « 
.31 j i 11 
3? 3? 

66 

6 5 4 
6 55 4 

6 5 4 
66 - 55 44 

56 44 
555. 44 

44 55555555 44 
4 4 4 4 4 4 

4 4 4 1 4 4 4 4 4 4 4 4 4 4 
[ 4 4 4 4 4 

4 3 
33 
33 
3? 
3 3 
33 

333 
3 33 

1 jta 
33I3"» 

33333333 3333333 
3333333333333 . 3333333333J3 
3333331313131333331.11313 3133131 
333333333313333313131333133313? 
3333333333 13 5J33333.13 3 33 33 3 3 '3.3 
333333333 3333 3333333333J3 
33333333 3333333 
333333 4 4 4 4 4 4 33131 
33333 4 4 4 4 4 4 4 4 4 4 4 4 4 4 3333 
3333 444 444 
3333 ' 4 4 55555565 44 
333 44 555 555 44 
333 44 55 6666 55 44 
333 4 4 55 66 66 55 44 
333 4 5 6 6 5 4 
333 4 55 6 777777 6 55 
33 4 4 5 4 77777777 6 5 
33 4 4 5 6 77 77 5 5 
33 4 4 5 6 77 . 77 6 5 
33 44 5 6 77 77 6 5 
33 4 4 5 6 77 77 6 6 
33 44 5 6 77777777 6 5 
333 4 55 6 777777 6 55 
333 4 5 6 ' 6 5 4 
333 44 55 66 «5 55 44 
333 44 65 6666 55 44 
333 44 555 555 44 
•3333 - 4 4 55555555 44 
3333 . 444 444 
33333 4 4 4 4 4 4 4 4 4 4 4 4 4 4 

4 4 4 4 4 4 

, m « « < ' 3 «31 ) 1 j i p 3 1 3 x 1 1 T « > 3 ' 3 3 
3 «i P iA « j 3 «J ' ~ 3 3 j 3 J 2 « P I I 3 J ' n ' «1j3 33 «133jj 
1 3 1 1 3 3 4 4 s 4 <4 1 3 3 1 3 3 
J P 3 - 4 1 4 4 4 4 4 4 4 4 4 4 4 4 ' J J A .< 3 
« xx x 
3.PJ 1j .1 i.'l 
' J 1 
.1.1.1 133 
3 3 1 1 
3 3 33 .13 
33 
3 33 33.1 
133 131 
133 
.1333 
1313 
3 113 3 

4 14 4 4 4 
44 4 4 , 

44 55s 555 44 44 55 6*66 55 44 
44 ' 5 3 6 s : " ' " 5 ? < 1 

6 * 55 • 
5 
b 6 
b 6 
b 6 
b tj 
5 
b5 

4 5 
44 55 
44 5 5 

7 7 7 7 7 7 
7 7 7 7 7 7 7 7 
77 77 
77 77 
77 7 7 
77 - 7 7 
77777777 

7 7 7 7 7 7 
6 6 

66 66 
6 6 6 5 

6 55 6 ' 5 
6 5 
6. 5 
a 5 6 5 

6 5 6 £5 

3.p3 
3333 

x a x 
3 33 

•1 « 1 
3.13 
333 33 

4 
4 

55 44 
55 . 44 

44 555 555 44 
44 5555555b 44-

4 4 4 4 4 4 
4 4 4 4 4 4 4 4 4 4 4 4 4 4 

3 J 13 3 3 
13 133333 
.133.133.13313 33 1311313' 

33 j i 
33 
33 
33 

333 
333 
333 
333 
333 

3333 
333.3 

3 33 3 3 
4 4 4 4 4 4 . 1333.13 

33?33 333 
- 33333133J3J33 

t i i i n ' i i t i 3333333333.1 J33333 .333333 ' 133.13.13133333333331 53131333.133.3 33 " 32335 
li 1.P3 3.13.1.3.1 J2 11233.113."5 3 J3 33 33 33 
3J13 3J33.333333.333333 3333 33 33 3 3 33 
33 13.133333333 33333.lJi33.i33 
.13333333 33.133333 
.333 333 4 4 4 4 4 4 333.333 
3.3 133 4 4 4 4 4 4 4 4 4 4 4 4 4 4 33333 
3 3 i J 4 4 4 4 4 4 333 3 
33.33 44 65555555 -44 3333 
333 44 555 555 44 333 
33.3 44 55 6666 5b 44 333 

44 55 66 -- 55 44 
5 6 6 6 

55 6 777777 6 55 
5 6 77777777 6 5 
5 6 77 77 6 5 
5 6 77 77 6 5 
5 6 77 77 6 5 

6 77 77 6 5 
" 77777777 

777777 

333 
333 
33 
3? 
J333J3 
333333 
333333 
3333 
3333 
3333 
3333 
33.13 
.13.13 

333333 
333333 
333333 331313 
33333.1 

33331333 
33 133333 

33J3 3333J3 

b 
55 6 

4 5 
44 55 
44 . 5 5 

5 
55 

6 - 6 5 
6 6 6 6 65 44 

6666 • 55 44 
44 555 555 44 44 5555555b 44 

4 4 4 4 4 4 
4 4 4 4 4 4 4 4 4 4 4 4 4 4 

4 4 4 4 4 4 

333 
333 
333 33 
33 
33 1 t 
3 3 33 

333 
333 
333 
333 
333 

3333 31j .1 
33333' 

13 2 323 
1133333 

I f W r FOA/CTl ON 

33.3333 4 4 4 4 4 4 333.333331333 
33333333 3333333233!33333 - 3333: 
3333331333333 33333333333331333333333333 333333333333J 
3333333333 3333333.33 J33!33 333!3 3333 33.1333.33.333-333333333 33 331.333.13 
33333333.333 3333333333333333333.3333333333333333333333333333333333 
MAX-. VALUE OF REF"'INDEX DISTRIBUTION-. IS - REF î** 
MIN VALUE OF bfp 1-rFV DISTRIBUTION IS REF̂ NR 
REFHAX MIN-JS REFMI 1, IS . RANGE* 
MEAN VALUE OF 3EF INDEX DISTRIBUTION IS . AV* 

THE STANDARD DEVIATION CF Twr p^r INDE* DISTRIBUTION ABOVF.ASOUT MEAN OF ZERO,IS Sl5«is 
THE HEAN VALUE IMPOSED ON THE REf JUDEX DISTRIBUTION ABOVE IS . -DClS* 

a1=> fa 

,9F36£i<?3 , tozsr-f-a 
.9935 fAflO 

, 27$5>e-»fa 
tz500£*i0 

f i g . ( 5 . 1 8 ) . 

mean value in each of the 6 4 X 6 4 resolution cells. 

••5 2 2 
The function, 10~, .sin (27D:).sin (27Ty) ,displayed as its 
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22 
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444 
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5b 
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6 6 6 6 6 6 6?fc s6c6 
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333 44 555555 44 333 333 44 655555 44 333 
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33 
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3333 555555555 44 33333333 44 555555555 44 3333 
33 44 555 5555 44 33333 44 555 5555 44 333 
. . 444 555 555 44 444 555 555 4 4 

444 555 666 55 444 . 4 4 4 555 ' 666 55 4 4 4 
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44 55b ' 665 666 55 4 4 4 4 4 . 55b ftfcft- 666 - 5b 4 4 4 . 
44 ' '555 666 666 55 4 4 4 4 4 555 6ftft . 666. 55' 4 4 4 
444 . 5b 6666 566 55 4 4 4 d 4 4 bb 6655' 666 65 4 4 4 
444. 55' 6666 56666 55 4 4 4 4 4 4 4 5b 6666 66666 5? 4 4 4 4 • t 
44 44 .55 666666666 55 4 4 4 4 4 4 4 4 4 .55 656666606 55 4 4 4 4 4 
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444 65 666 55 '44 4 4 4 55 666 65 44 
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33 444 555 555 • 44 33333 444 555 555 • '44 333 
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THE RANGE OF NOISE IMPOSED/MAX PATH "INl'S H.JN PATH .IS 
THE STANOAPO OEVJATION GF ACTUAL "TNuS RECDNSTRUCTED RE*" INDEX DISTRIBUTION IS 
THE MEAN VAL*E IMPOSED ON THE RE* INDEX DISTRIBUTION A30VE IS 
OVERALL E'POP Jft 
AVERAGE ERSC=.SUH( IS;{POINT ERRORS))/MN,is 
THE MAXIMUM POINT ERRORS ARE 

t.t> t C? TIME- |1.1 sec-

RNCISEs e ,00? PFh CE«*' 

sudifs 
dco.'a 
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f»lta 

,25cuf-3a 
4 4.7 56 tru ;?s 
10 .255 fit CE-. 
25.013 CEN 

7MISS -26 ,aaj fg.< CEv 

_F[g^5.1 9 ) . The reconstruction of the function, 10"5.sin2(27fx) .sin2(2iry) , 

for M « M 64a 



. 0 9 ^ . 2 0 ) T h e average and overall errors in the reconstruction 

v of the function, 10"5
#sin

2(27rx)®sin2(27ry),for M «* 8,16,32 and 64. 
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HA X V A L U E OF RE F INDEX D I S T P T R U T I O N IS - " . . 
M 1 M V AI HE OF WHF I N D E X D I S T R I B U T I O N IS 
R E F M 5 X M I N U S R F F M I N IS * ' . 
M E A N V A L U E OF REF I N D E X D I S T R I H U T I O N IS , . 
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REF I N D E X D I S T H N G I V E N BY THE PATHS OF ALL 13 X RAYS 
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, 5 0 o 7 7 M t > , 5 1 3 b , 1 2 5 3 
. 4 6 3 6 . 5 7 5 5 , 2 4 9 9 - , 0 7 9 6 
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RAYS 

THE RANGE OF N O I S E I M P O S E D / M A X PATH M INUS MIN PATH I S 
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R E P I N D E X D I S T B N G I V E N B Y T H E ' P A T H S O P A L L 57• X. R A Y S A N D T H E 8 rays 8 < * 1 S ) IS i p*r t i t les 
2 1 0 5 . 1096- , 3 3 3 8 , 4 0 1 2 , 3 6 2 1 , 2 1 7 8 , 0 1 7 4 - . 1 5 8 6 
0 7 7 1 2 7 2 8 , 4 0 7 5 , 4 6 3 1 , 4 0 9 8 , 2 5 4 9 , 0 5 2 9 - . 1 1 4 1 

0 9 3 3 3 3 7 1 . 5 1 3 2 , 5 5 6 4 , 4 8 8 9 , 3 2 4 3 , 1 2 2 0 - , 0.3 40 
? 4 6.1 4 9 3 4 , 6 1 0 8 , 6 4 1 1 , 5 5 9 7 , 3 8 6 4 , 1 8 5 0 ' , 0 3 9 8 
3 7 1 7 5 3 39 , 6 9 2 3 , 7 0 9 3 . , 6 1 4 3 , 4 3 3 2 . 2 5 4 J , 1 0 1 b 
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2 4 5 7 i 4 0 0 8 , 4 7 g 4 , 4 5 4 b 3 3 2 1 6 , 1 2 4 3 - , 0 5 9 5 14H3 
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, 3 9 3 5 

.541- — — 
AND THE 8 

,0202 

, 3 4 6 6 
, 3 2 0 1 , 1 867 

. 2 8 5 4 

. 5 5 5 6 ,6036 

. 5 7 0 0 ..4145 

, 4 0 9 6 .5082 
, 5 9 9 6 
, 6 7 7 0 
. 7 t 7 9 
. 6 7 2 6 .4583 

4 4 4 5 
; 5 4 3 3 
, 6 3 3 1 
, 7 0 8 0 
. 7 4 1 0 
, 6 7 9 2 
. 4 9 1 2 

, 3 6 9 9 
, 4 6 3 5 
, 5 5 6 6 
I 6 2 8 7 
, 6 5 2 5 
, 5 7 6 1 
, 3 7 1 9 

, 4 6 2 0 
, 4 7 6 2 
, 3 8 4 3 
, 1 6 3 8 

, 0 2 6 3 
, 1 2 3 4 
, 2 0 3 4 
, 2 7 2 9 
, 2 7 6 4 

. , 1 6 8 9 
- . 0 6 7 9 

1 -.0948 ,001 u 
, 0 8 4 4 
, 1 4 4 1 .1364 
,012 7. 

- . 2 4 0 4 

R A Y S PK+l ( f l€k< b) is 

s£corjb 

T H E R A N G E OF N O I S E I M P O S E D / M A X P A T H M I N U S M I N P A T H IS 

T H E S T A N D A R D D E V I A T I O N OF A C T U A L M I N U S R E C O N S T R U C T E D R E F I N D E X D I S T R I B U T I O N I S 
.THE M E A N V A L U E I M P O S E D O N T H E R C F I N D E X D I S T R I B U T I O N A B O V E I S 

O V E R A L L . E R R O R IS 
A V E R A G E E R R O R , S U M ( A B S ( P O I N T E R R O R S ) ) / M N , I S 
T H E M A X I M U M P U I N T E R R O R S A R E ; 

R N 0 I S E 3 ' 0 . 0 0 0 PER CENT 

s igd i f = 
DCOUTa 

. , 1 2 9 0 4 E + PI0 
• 3 3 3 3 3 E + O 0 

S I G D I F / S I G M A S 4 8 , 3 7 8 PER CENT 
-EAV= : 1 0 , 9 2 9 Pr . » CENT 

. -FKAXs 2 5 . 5 6 3 PER CENT 
-FM1N= - 2 7 , 0 7 4 PER CENT 

! ) 

j! 
co 

l/l 



REF INDEX DI3TBN GIVEN BY THE PATHS' OF ALL 

o t 

u> o 

n3 

fxm 
0) 

<< 

m> o m 

3 1 
cd ' 

X j t "ro 
. w 

x * 
jr 

• 8 
0 , o -r o y ^ b> 
rr -r n 
C o 
r r y o y 

£ w 

y ' ® 

mi c y <7 
rr 

2 0 0 7 , 0 6 2 4 , 1 3 1 8 , 2 0 7 6 , 2 6 0 0 
,°3«)06 ** a 1 7 2 6 , 0 8 4 2 . , 1 5 2 9 , 2 2 9 0 
, 2 6 0 0 
,°3«)06 

- . 1 1 1 5 . 1 2 2 4 
, 1 6 9 8 

, 1 9 0 9 . 2 6 7 2 , 3 3 9 1 
V1J86 

. 1 2 2 4 
, 1 6 9 8 , 2 3 H 5 " , 3 1 4 9. . , 3 6 5 0 

0 3 8 9 , 2 2 2 4 -
, 2 / 6 7 

- . 2 9 1 4 1 3 6 7 9 - 4 3 7 1 

• I 1 6 0 
, 2 2 2 4 -
, 2 / 6 7 , 3 4 6 2 , 4 2 2 7 , 4 y 10 

18 3 3 , ! 2 9B , 3 9 « 9 , 4 7 6 3 . 5 4 3 7 

c 2 s 4 6 , J / 8 3 • , 4 4 9 6 - - , 5 2 59- - , 5 9 2 2 
9 3J »»3 , J 2 0 8 . 4 9 2 2 , 5 5 3 3 , 6 3 3 7 

3 - > 1 0 , 5 2 4 2 , 6 0 0 0 , 6 5 4 3 
• . 1 7 / 6 , 4 6 8 3 , 8 4 1 1 , M 6 5 , 6 7 9 8 

3 8 1 1 • , 4 6 5 0 - • , 5 3 3 4 — • , 5 1 3 5 -— , 6 7 6 8 

• , 4 . 5 / 9 1 5 1 1 9 . 5 8 6 5 , 6 4 7 b 

3 .182 , 3 8 33 , 5 3 2 3 , 5 9 1 7 

, 2 9 3 1 J . 373 1 , 4 4 6 7 , 5 3 5 2 

• 10 93 " . 1 7 9 6 2 5 4 $ . 3 2 7 9 , 3 6 5 2 

THE RANGE OF N O I S E 
,«. - - ̂  * 1 
I M P O S E D / M A X PATH 

2 4 1 "• X : R A Y S : A ^ P THE 1 6 Y P A Y S . 16K + 1 C 0 < K < 1 6 ) i s . 

3 3 5 9 , 3 5 7 6 , 37}07 . 3 4 3 8 . 2 0 8 7 . 2 1 0 3 . 1 1 6 3 0 1 6 5 0 7 8 3 « , 1 5 7 2 2 1 0 4 
3 5 5 2 , 3 8 5 3 , 3 8 6 5 , 3 5 7 8 , 3 0 1 0 , 2 2 1 4 , 1 2 6 7 0 2 6 9 m 0 6 7 2 - , 1 4 4 8 • 19 6 ? 
3 9 1 3 , 4 1 9 7 , 4 1 9 0 , 3 8 8 4 , 3 3 0 1 , 2 4 9 3 . 1 5 4 0 . 0 b 4 1 . m 0 3 9 2 - , 1 1 5 4 - 1 6 4 7 
4 3 6 8 , 4 6 3 4 , 4 6 0 9 , 4 2 8 5 , 3 6 8 6 , 2 8 6 6 , 1 9 0 7 • m 0 0 1 / - , 0 7 6 4 - 12 58 
4 3 7 S -— , 5 ^ 2 5 — - . 5 0 91 ,47.10 . 4 123-- I 3 . ? « 2 13 31 • 4 ! J' -. 0 3 2 0 0 7 / 4 
5401 _ « 5 0 3 2 , 5 5 6 9 , 5 2 0 9 , 4 5 7 8 , 3 / 3 6 , 2 7 6 6 - 17 72 U6 5 2 ,0144 — W l 
5 9 1 2 " - , 6 1 2 6 , 6 0 4 4 , 5 5 6 6 . 5 0 2 0 . 4 1 6 7 ,31-3 . 1 3 7 3 ,0397 O t f- .! 
6 3 E 3 - , 6 5 7 9 •• , 6 4 7 8 . 6 U R 2 . , 4 t . 5 b ISt.-'. O . r 5 M Q ; h 9 b , ! • ' 1 1 - 0. 1 rt 
6 7 8 3 , 6 9 6 0 • , 6 0 4 1:"- , 6 4 2 7 ' . , 57 5 1 , 4 7 3 rvc.y : 07/ , J .J 6 V. ~ 3 
7 0 7 3 , 7 2 3 3 , 7 0 9 b . , 6 6 6 3 ' , 5 9 7 3 14 1 0 4 J 1 ? i 2240 • : I5R3 
7 2 1 3 . 7 3 5 4 , 7 1 9 8 , 6 7 4 8 , 6 0 4 4 . 5 1 5 2 .;,4J r-.y 31 P 3 7 122- - , 11 p 4 I • i 
7 1 5 5 -- . , 7 2 7 9 - - , 7 1 0 3 , 6 6 3 6 - , 5 9 ! 0 , ft til 7 !'. * * 1 • V 2 3 <- • - 1 / 
6 9 5 8 , , 6 9 6 3 , 6 7 6 9. .. . 6 2 8 b , 5 5 : > 3 ,4643 1 K 4 3 • 
6 2 9 4 . 6 3 7 1 , 6 1 5 7 ' , 5 6 5 7 . 4 0 1 1 - « 3 9 9 3 7 0 3 2 . 5 2,5b , c -3: •:> .1; i 
S432 , 5 4 7 1 , 6 2 3 9 . 4 7 2 1 , 3 9 6 3 ,234 •-! i 0/9 l J'f 3 ' « . O . T - I . 0 ••: i 
4 1 8 5 , 4 2 3 5 , 3 9 8 5 , 3 4 5 0 : , 2 5 7 9 • . 1 7 4 6 ,074 5 - £20/ - i 3.2 » -, ibr.3 . — 1 / / 3 

M I N U S M I N PATH 1'S 

THE STANDARD D E V I A T I O N OF ACTUAL M I N U S R E C O N S T R U C T E D ' R E F I N D E X D I S T R I B U T I O N 
:THE MEAN V A L » E I M P O S E D ON THE REF I N D E X D I S T R I B U T I O N ABOVE I S 

O V E R A L L E R R O R I S ' 
AVERAGE" E R R O R , S U M ( A f l S ( P O I N T E R R O R S ) ) / M M , I S 
THE MAXIMUM P O I N T E R R O R S ARE " 

J - I --91 6 1 - . - • • - - 3 2 J - - -

I S 

rnoi 
sigdif = 
ncouT= 

u. pew cfn 
. . 0 6 i - + cvo 
.3o333e+oo 

S I G D I F / S I R H A S 5 0 . 3 9 9 PER CENT 
E t V = 1 0 . 9 2 2 PER CENT 

FMAXS 3 1 . 5 6 7 PER CENT 
F H l ' j a - 3 2 . 3 4 1 I 'r R CENT 

REF I N D E X 03*13 -.0438 
5 5 

. . sv t 8 
. 1 2 2 3 
. 1 / 2 7 .2.""03 
, ? 5 » 7 
, 3 1 -»3 

, 3vf>3 ,7502 
, 1 7 4 7 
, 0 6 7 3 

D I S T H N .oov/ ,0901 
, 1 6 3 9 ,2164 
.3174 
, 3 b J 6 
, 4 3 - J .4333 
. 4 5 7 4 

J ' 1 B 7 9 . 3136 
, 2 3 3 7 

G I V E N BY 
, 1 6 4 8 
. 1 7 2 1 
, 2 3 2 1 
. 2 4 3 3 
, 2 9 1 1 ,3418 
, 3 9 3 3 
, 4 3 0 3 14703 
:§m 
, 5 2 3 J 
, b 0 5 1 ,4555 
I 3 7 n 1 

2 6 4 j 

THE P A T H S 
, ? 3 B 2 
, 2 4 0 1 
. 2 7 9 9 ,3216 
, 3 6 0 8 
, 4 2 0 5 
, 4 7 0 6 
. 5 1 7 3 
. 5 5 7 6 
, 5 8 8 2 
, 6 3 4 9 
, 6 0 3 1 
, 5 7 8 4 
, 5 2 7 3 
. 4 4 5 7 
, 3 3 1 6 

• « - 6 4 - - - - - - - - - - - 1 2 S 1 - -

OF ALL 2 4 1 Y R A Y S AND THE 1 6 X R A Y S 16K + 1 1.6) i s \o~ T I A i £ S : 

, 3 0 2 6 , 3 4 7 2 • , 3 6 5 7 " , 3 5 4 9 > , 3 1 5 0 , ? 4 9 . ? , 1 6 3 b . 0 0 7 0 . - . 0 3 ? 3 • m 1 1 7 2 • , 1B3 3 ' ' - 2 1 9 3 
, 3 1 6 0 , 3 6 2 7 . 3 8 2 9 * , 3 7 3 6 , 3 3 5 1 . 2 7 0 4 , 1 0 5 0 , 0 5 0 4 - , 0 0 5 a m. • 1,7 1 b 6 9 — 19 2 5 " 
, 3 4 7 7 , 3 9 5 2 . 4 1 6 1 - , 4 0 7 6 , 3 6 9 3 , 3 0 5 9 , 2 2 2 1 , 1 2 7 3 , vr 3 1 / m : : . . lb 1 ie i u 15 3 3 " 

1 7 -- 1 , 3 8 9 9 , 4 3 7 9 , 4 6 0 4 , 4 6 1 4 , 4 1 4 0 , 3 5 0 5 , 2 6 7 2 , 1 7 2 7 . 0 7 7 b „ V 7 J . 0 7 1.5 — 15 3 3 " 
1 7 -- 1 

, 4 3 8 4 , 4 0 6 6 . , 5 0 0 3 , 4 5 3 3 . 4 0 00 . , 3 1 6 9 2 2 7 b . l ? 7 o 1 .. 2 9 — 7 2 1 ?. — 0 + - / 
, 4 0 0 1 , 5 3 7 4 , 5 5 91 , 5 5 1 3 . . 6 1 4 2 . 4 5 0 9 , 3 6 7 7 la/34 , 1 / 8 2 0 ' 9 4 . v •11 ; • 

5 3 9 1 , 5 0 7 2 • , 6 0 6 8 , 6 0 0 8 . 5 6 3 5 . 4 1 6 6 . 3 2 7 1 , 2 e f. c- 1 10 «/7 4 
, b 0 6 b . 6 3 3 2 , 6 b 4 b , 6 4 6 2 . 6 4 4 7 ' , 4 6 0 9 , 3 ̂  , 2 / 0 4 1 -.<•) 1 2 0 1 b -1 
, 6 2 5 3 , 6 7 2 5 . 6 9 3 3 , 6 8 4 b . 6 8 * 8 , • 4 9 7 5 ,41- ? 0 " , 8 7 5 7 7 \ Do 1 5 4 ? { 1 . 
. 6 5 5 2 1701 . 7 , ' 7 2 1 6 : . 7 1 2 0 , 6 7 2 9 , 6 0 V 7 , 6 ? 2 b .3? 2 4 2 0 • 1 / 6 7 1 3 0 
, 6 7 0 8 , 7 1 6 3 . 7 3 5 1 , 7 2 4 b , 6 8 4 3 , 6 1 6 0 , 5 3 1 7 , 4 3 4 1 , 3 3 5 0 717 7 . 1 h ? 1 ' 1 4 ' ' -
, 6 6 7 7 , 7 1 1 3 , 7 2 9 4 • i 71 7 3 , 6 7 5 3 , 6 8 6 1 • , 5 2 0 4 , 4 2 ] 4 , 3 2 1 / e 5 2 1 1 1 2 ! i . 
, 6 4 1 4 , 6 8 4 0 , 7 0 0 0 , 6 8 6 3 . 6 4 3 2 , 6 7 . 3 3 , 4 0 4 4 , 1 0 3 8 . , 2 0 2 4 1^11 1 28.4 0 / 9 1 
, b 0 R 3 , 6 2 9 0 , 6 4 3 2 , 6 2 / 7 , 5 0 2 7 , 5 1 1 b . 4 2 0 3 . 3 1 / n . 2 1 4 5 1 7 1 3 0 4 0 7 ?!?'-> b 

, 5 0 5 0 , 5 4 J 8 , 5 5 5 9 , 5 3 3 b . 4 9 1 3 , 4 1 6 3 , 3 2 5 0 , 2 2 0 5 ' , n f t i 0 1 9 9 • f j £ U ' - 1 H 4 . 
, 3 6 8 3 , 4 2 5 5 , 4 3 5 5 , 4 1 5 3 , - 3 6 6 7 . . 2 9 1 2 , 1 9 5 8 - , 0 1 8 b • •• 1 1 6 0 1 9 3 3 2 40 3 

THE RANGE OF N O I S E I M P O S E D / M A X PATH M I N U S M I N PATH I S 

THE STANOAPD D E V I A T I O N OF ACTUAL M I N U S R E C O N S T R U C T E D REF I N D E X D I S T R I B U T I O N 
THE M£AN VALUE I M P O S E D ON THE R c F I N D E X D I S T R I B U T I O N ABOVE J S 

O V E R A L L E R R O R I S 
AVERAGE E R R O R . S U M ( A B S ( P O I N T E R R O R S ) } / M N » I S 
THE MAXIMUM P O I N T E R R O R S ARE . 

I S 

R N O I S E = 

S I G D I F = 
DCOUT= 

0 , 3 0 3 PER CENT 

- , l 3 M ? F * a a 
. 3 3 3 3 3 E + D 0 r 

S I G O I F / S I G M A s 4 9 , 8 4 1 PER CENT 
F A V = 1 0 , 8 3 6 PER CF ' lT 

FMAX= 3 0 . 9 0 1 PER CENT 
F M I N s - 3 1 , 9 9 9 PER CENT. 



M
-

3
2 

M
-

S
T 

r I r •/ h- ' ("p'"' ; •
 

r-~
T\m

 

'r 

i 
jI* 

»0J3:0—
JO

y» 
'X

 rr vOTD-O'C
 "1

 •*'. 
—

CUV
 G

t7""v
 IS)""I—

»K
 /I fM

CM
 

C3
 rj re

 V3
 —

:';• —
 "''>*•« <v.»v

 r:«v
 —

 rr t.n
 *:-erv

 T" rr
 rt 'f>O

fv
 r>

 —
-V

 ..on
 -o

 
tO

-cnycnrsiM
v! c

 v
 —

 
—

r-
- u

 .rv
 iu-g

 —
—

—
—

-. u. 
ne: n*v

 
k

i'i.r
x

jix
v

: t c-c
 .crvr.rvrvrviv

 c
o
 x; -r r..a

 ore
 ocr ii.-

.rv
 [v̂

-jiN
-. ̂

titix
1 v

 t —
wo

 o«-»rv.-Tw
o
 n

 'vcm
 «->

 re—
.r>c>

 
-

ii 
crcrr-.n

 a; cm re
 roc-a-cm .-—

-en. . 
—

p
r

e
 

—
.r i;m

 —
—

 
• i* —

<\
; re

 n
 rj "T

 ?e
 «-• 

r -",—
.ccvic? 

cv
 rv

 r; —
—

 • 
.-a

 v
 • -

j 
v. -.re

 re
 —

—
—

—
—

 —
g -

 . cv
 re

 g—
—

 • 

t : i « m 
i i i i i 

i 
i it i 

o
n
e
: s

r
.'-

^
i^

K
r
.s

m
A

r
K

-
c

c
r
-

—
 

K
C
C
—

K
trrvr-

rrvsro'ccv-
<
r rc.rrro;nG

G
:s>

rscr>
o—

O
G
—

-
on

 
' -

 ' C
 r: 

Ji -
 r. y

f^
i 7'. 'J -1

 f -
 

x
 

—
•V

 X
 

<
 v-t. it.'..'J G

 
CV

 tc
 G

-
. C

.'">
 >-2

 v
 CM

Ut —
Iv

 
cv

 -y
 ,r, C-

 a") n
 in

 —
—

CO
 re

 to
 n; .n

 N
r̂

N
 

j" '.O
 tV

.tK
>—

"i .f>tv;\
j <3

 rv
 .7

 i\
, «„•

 o.C
.' M

—
.M

Gr*'/CM
 —

oi 
1
 —

K
 

f>£7» 
S
C

 C
.N
 XJM tv

 G
K

 J: A
! G

 tM
 n

 nt7>
 M

CM
rl-J in

 J1U
T
J C

V
i'ifN

 >»7
 G

in
 —

 .0
 

-
 rente

 ten
 n

 v
 n

 n
 j.x

.̂'x
icm

: iC
tN

N
.sN

N
N

N
N

'C
t i. p. 

ru
—

—
—

• —
—

:..<:.ctc. c»se. 
r; —

—
—

—
—

—
—

—
—

—
 ic

 c; x. ra—
—

 
I
I
C

»
t
l
»

*
t 

I 
> 

I 
I I t 

I 
w 
UJ 

H 
U 

CM 
IO 

JC 
CM

 
to 

oncero—
—

-o-arv
 e-v-i k —

 etv
 e
 o
 —

 -
r
e
m n

 o —
-j
 o
x
m 

ei n
 u n

 n i
c
n

^ nrvcM
ro-nro

 n rv—
1-0

 ncvc*—
te—

-
2.no

 is
s
s
 

' 
c>Mtox)iwoc'

r'
 n—

-vcmk
 g—

•—
-v
 —
—

 .
c
G
.
c
y
o
,
n
3
C
M
—

c
m
c
—

t
7
t
i
.
c
M
-
c
u
.
£
?
.
r
o
r
?
r
»
 
o
 —

cmtvcccm'o—
-j

 rvtvm
-e

 r-
•nK

rocr —
t
V
,
.
;
 . ktj

 .v./: ~<.e
 

iv.ete-
re
 ;v—

v
 r.-.v.i-iv

 
• a; rv

 -
p
..n
rv

 nrvtr, 
g—

n
 c

 r.-,:,-v'T
iin<orvfv»o.iir3<v:r.ro

 —
n-
cn
 ix 

jv
zn

 -u
 vi tr. fjjM

v
iv

N
N

N
K

S
i 

c-x. nro
 -i re

 
—

—
—

—
—

—
—

:„;, g
:. 

r. r» g —
 —

—
—

 —
—

—
—

—
—

—
G
 
g G—

—
 

«
.
.
. 

.
.
.
.
.
.
.
.
.
.
.
 .

.
.
.
.
.
.
 . . .

.
. 

u 
I I 1

 It 
t I

I 
I t I 

I
I
I 

l
i

i
i

l
i

t
l

l
t 

t I
 I 

II 
1
 1

 t 1
 1

 
1
 

s 1 

OS—
'tJintn-TfMrvrve-Dn

 —
" 

n o cm ro
 ro

 -e
 -o

 d
 Ti

 n to
 K c>. ra 

o
 cm tM 

cm cv
 v

 <0
 re

 -J-
 u

 5 c: x
 •» >

 r. 
cr. >0

 T
>—

c-. -c
 x

 .-o
 cm in 1

 > n
. r>

 m
 in

 
u
iN

O
" -T

.f. 
z

i
'

.
r

, &
 a, u

/rio
 J/xxni r. 

'
 ro

nto n
o
 r 1 

v *3
 75.o

 a. j > jc
 a

- c ̂
 uj u:

 ^r.
 
tN

 
-c
 
uj .r. Ji -vj

 ro
 

rr 
to.-o'x-'vrvicŷ
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Fig(526),Two sections of the function,10" 5(30(x 2-x 3)(y 3- 2y 2+ y) + 
2 2 

sin (27Tx).sin (7ty)),and its reconstruction for M « 16 and M « 32. 

(The bold steps are for the former and the dotted ones the latter). 
( D E T ) 

The indices,I and J,of the reconstructed sections,fT . ,arei 
l 9 j 

( i ) 0 ^ K M , J » I ,(ii)0<£l<M,J « H/2 - 2. . ". 
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Chapter 6 A Possible way of Improving The Walsh Function method 

by a determination of the Orthogonal Gradients of a Density 

Field from line integral data, 

6.1 Attemptsto improve the Walsh Function Method, > Z 

In Chapter 5 it was seen that, for a given number of resolution 

cells and a given continuous density function, the average error, 

e a v , was much higher for the Walsh function method than for similar methods 

based oh expanding the density function in a finite Fourier series of 

complex exponential or sine and cosine functions. A finite Fourier series 

is inherently better suited to the representation of smooth continuous 

density functions, which occur physically, than is a similar series 

of Walsh functions. In particular the orthogonal gradients 

^f(x,y)/Jx and df(x,y)/>y and higher derivatives of the density 

field., f(x,y), can be represented to some degree of accuracy by a 

finite Fourier series but cannot be represented at. all by a Walsh function 

series of any number of terms"since all*the derivatives of Walsh 

! functions are aero except at the discontinuities. The Walsh function 

: method effectively assumes that the input data, from an experiment, 

the line integrals Pj, from the "X" rays and P^'frora the "Y!,"rays 

(see section (4.1)) comes from a two dimensional K X N (where M ** N « 2 ) 

step function, defined byequation (4.7) c. In fact of course the line, 

integrals arise from realistic continuous.density functions like those 

defined in section 4.3.2. 

In this section normalized line integrals (see section 2.3) 

"rather
:
than

4
line integrals ;are used.. 

From equations (4.5) and (4,6) the normalized line integrals of 

all the MN - M + 1 "X" rays and MN - N + I "Y" rays are given in 

terms of the un-normalized line integrals by the two equations 

B ( X ) „ p ( X ) / j x
2 + y

2 / N 2 , . ( 6 . 1 ) 

where l < i < K N - M + 1, and 

b j y ) ' " p j y > 1 Jy2 + x2/>l2' - ' • . <6'2> 
where l ^ j ^ M K « N + 1«, £ '. 

Now referring to Fig (6.1). consider the two adjacent "X" rays i and 
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Diagrams to show the resolution cells passed through by both 

the "X" rays $i and i+l,for (i)IQ»0 , (ii)lo»M-l and(iii)i^l o^M-2.The 

ranges of values of I for which K«M/2~ |O o~I )| is negative,positive or 

zero are also shown,A cell labelled by I along thex-axis and J along 

the y-axis is in the range , .The dotted lines. • -

divide each cell into two halves vertically. 



i + lo They pass through the top left hand and top right'hand 

corners respectively of the resolution cell J 0 ) where i is 

related to J'and J by the relation (cf. equation (4 0S)) 0 

i ® I + Jft M + l v . ( 6 . 3 ) 

t he range o f I 0 and J 0 be ing 1 and 0 < J p < l N - 2 g i v i n g the 

range o f i , l ^ i ^ M N - M0 

Likewise two adjacent "Y" rays j and j + 1 pass through the bottom 

right and top right hand corners respectively of a cell (^j^i ). -

where ' _ 

j «n J( + r,N +.1, ; (6.A) , . 

the ranges o f I, and J, be ing 0 ^ J , ^ N - 1 and O ^ I , ^ H » 2 g i v i n g the 

rnage of j, l < j < M N ; - . N . 

The MN « M + 1 normalized line integrals of the "X" rays and 

MN » N + rl normalized line integrals of the "Y" rays which, when 

fed into the Walsh function method would give two "almost independent" 

"correct" density field determinations, all I and J, 

are given by the relations-(c.fc equations (4«9) and (A* 11) concerning-

the line integrals given by a step function) 

... / , ^ * " -
PSEUDO (X) PSEUDO (X) , J-/-'"'" v-sj-' " " ^ " '" ' x 

i+i " B i + m ( < e ( ^ y ) >
V , j 0 + i \ < f ( x ' y ) > w e > 

• ' ' " • . ( 6 . 5 ) 
(X) c 

where B^ « an arbitrary constant (say zero), ,
:
 V 

and 

PSEUDO (Y) PSEUDO-(Y) ^ 1, ^ >*/ ' > -

V i " . Bj + i ( < f ( x ' y » i , + M " < f ( x ' y ) > i , } 

• - . (6.6) 
(y) 

where B 
1 « an arbitrary constant (say zero). "Correct" density 

fieid means < f(x,y)> 1 for all MN pairs of values/ 

(l,j), which is the mean value of the density field f(x»y) in each 

resolution cell (I,J). 

Now in section 6.2 it is shown that, from the true relative line 
(X) 

integrals, Bj ? it is possible to determine the gradients b^ ^ «Of(x,y)/ 

at the centre of each resolution cell (i ,j) for all I,J and similarly 
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a_ ® ^f(x,y)/^x at the centre of each cell (l ,j) for all I,J. Certain 
a , J 

a priori assumptions about the density function;f(x,y); are required 

for this to be possible. 

. If now, the density field-changes slowly over regions the size 

of a single resolution cell, the gradient ,bf(x,y)/iyY along the 

common boundary between the cells ;(I C,J 0) and ( I 1 ) , can be 

approximated by the difference between the mean values of f(x,y) 

in the cs'lls divided by 1/N, the separation of their centres. 

Equating this to the mean of the two gradients within the cells gives 

n < < f ( ^ y j > i . , ^ +1 " i 0 ^ > " . j . * b v ^ V 

• • .. ' - • :(6.7) 

so that equation (6.5) can be rewritten 

pseudo (x) „ pseudob(x) + % + . . " w . c ) 

where I» S E U D 0
B(X> „ 0 and « 1, « 2 

Likewise . -

l?SEUDbB(Y) ...PSEUDO^Y)^ + , a j ( 6 . 9 ) 

j + 1 j I, ,J , ' ' i j J , 

where
 P S E D I : , 0

B W „ Q a n d ^ 1, 0 < I , 2. ." ' 

Fig (6.2) is a .-flow diagram-showing a computer program to 

implement the determination of orthogonal gradients of a density 

function for given line integral inputs. It also shows the 

generation of "pseudo" line integral data to act as input to the 

Walsh function method. 

Before setting out the theory of the method for determining 

orthogonal gradients and generation of "pseudo" line integral data, 

some possible pros and cons of the method, which has not been tested^ 

will be put forward 

Certain reasonable a priori assunptions about the density function, 

which are not made in the straight-forward Wal-sh function method 

already described, are made in the orthogonal gradients method 0 

This is the basis for the hope that bettor density function determination 

would result if "pseudo" line integrals instead of line integrals 

(simulated or from experiment) are used as the input data for the 



Fiq(6.2) A flow diagram of a proposed computer program to 

implement the determination of the orthogonal gradients and 

the generation of "pseudo" line integrals to be used as input 

data to The Walsh Function Method.The program between "start" 

and "continue" fits in the flow diagrams of Fig(4.2) in the. 

positions marked by the symbol 



Walsh Function Method (shown as "THE METHOD" in Fig (4.1)). On the 

other hand, since the first stage in the orthogonal gradients method 

is the computation of all the MN. - H differences,A 8
i between thc 

normalised line integrals of all the MN - M pairs of adjacent "X" 

rays i and i+1 ( l ^ i ^ M N - M) and likewise the MN - N differences 

A f o r the "Y" rays j and j+1 ( l ^ j ^ M N - N), experimental 

errdrs in relative line integrals could give rise to errors in these 

differences in line integralsjwhich are a very large fraction of those 

differences* This problem may perhaps be overcome as follows; 

Suppose that p(y') and p(y,v) are the two functions whose MN» M + 1 

and HN - N + 1 regularly sampled values are and F , line 

integral data required (see section 1.1), Now if some assumptions 

could be made about the noise type present in p(y ;) 

and p(y")s these latter two could be altered in some way and re-sampled 

to give a better set of-data points, Pj Y^and Pj^® For example if 

p(y') and p(y " ) changed slowly compared with small "jagged" variations 

superimposed on this j-it might be assumed that seme high frequency noise 

was present.' This could then be "smoothed" cut by plotting a least 

squares fit curve which contains frequencies lower than any of the 

noise frequencies. 
(X) 

. It is worth noting that if the samples,Fj ; of p(y') change 

slowly enough compared to the sampling space,Ay'» say then the set 
of differences (proportional to A 8 ^ ^ . normalized differences) 

are proportional to the first deri\'ative$ dp(y O/dy', of the line 

integral function p(y') sampled at intervals^ A y ' • A direct method 

of 
recording dp(y')/dy' cculd be sampled directly to provide the input 

data to the orthogonal gradients method. • - , \ 

Finally, the orthogonal gradients may be a quantity as useful to 

know as the density function itself since it is usually the changes 

in density field over the plane which are of interest. 



6.2 The Determination of the Orthogonal'Gradi ents of a 

Density Function from line in t o , d a t a . 

6.2.1 Basic assumptions. • 

It is convenient to define a pair of local coordinates ^for each 

resolution cell,(I,J), within the scaled boundary (see Fig(3.4)),as 

follows: ' 

and 

.x»« x ~ ' (6.10) 

y*".'y/~ > • -. , . (6.ii) 
where.O^0I-i and O^J^N-l.The origin of each pair of coordinates 

is at the centre of each cell. 

The a priori .assumptions made about the density function,f(x,y) 

are that:-

(I)f(x v) can be fairly well represented.in each cell,(I,J), 

by a polynomial in x* and y* up to and including terms of second 
-1 ^ f / _ j l -1 / i 
2m ^ v 2m ' 2n 
—1 1 —1 1 

order,x1 and y* being, in the r a n g e , - r : - s r . , -oTr^'^qr. Let 

e f i f j ( x ' . y ? ) - + ^ y ' + a 

f i , j * b i , . r y ' + + 

where fj j » a n d ^ j a r G constants; within the (6.12) 

c e l l , ( I , J ) j and f^ j a r e b o t h two valued constants within each 

cell,(I,J),and depend on the second assumption ,given below. 

Clearly,from equation(6.12),f is the value of f(x,y) atthe 
jd 

centre,(:cf ,y*) » (0,0), of the cell,(I,J).a arid b are 
1 F J 1 , J 

respectively the gradients,^ J . x \ y ' )/Jx' «*i)f(x,y)A x and 
.evaluated at the centre of the cell. 

if! 
(I,J). 

(2)lhe orthogonal gradients,a and b ,change sufficiently 
L , J I 

slowly from cell to cell for the second derivatives in the regions 

between neighbouring cell centres to be expressed by the 

differences between the first derivatives at the centres of all 

pairs of such neighbouring cells,divided by the distance between 

their centres; 

Differentiation of equation(6.1.2) twice with respect to x* 

and twice with respect to y* gives 



and 

' ^ 2 f ( x , y ) / l 2 f c * (6.13) 

^ 2 f ( x , y ) / ^ y 2 •*• p j . ; . • q (6,14) 

. Now,referring to Fig(6.3)(i),i 2f(x,y)/5y 2 in the top half, 

of cell,(I ,J) .arid bottom half of cell, ( I , J+1),is given,for all I, 

the relations " \ . • 

d (EOT) p(TOP) w . ' v • , , 

where 0 ^ J < N - 2 . I f J«N-1 there is no cell,(I^J+l),in which case 

P { T w o u l d b e S * v e n by'J+l«0 in equation(6.15),requiring 

the gradient,bT which does not exist.In this case it is assumed 
j- s"1 e , . . , 

that. - „ , 

• P I T - 0 v 
t* * - • r 

Fig(6.3)(ii) shows that ^ 2f(x,y)/^x 2 in the right hand half 

of cell,(I,J) and left hand half of cell,(I+l,J),is given,for all, 

J , 0 ^ J ^ N - l , b y the. relations 

^(LEFT) o O C(RIGHT) m ^ , 

I+1,J I,J V I+1,J I,JT . Ko^ioj 

w h e r e 0 < I < M - 2 . 0 < <
L
f

 T )
 and are given by 

and 

t > • 0 , : (6.20) 
- ' 

Equations (6.18) to (6.20) can be obtained from equations (6.15) 

to (6.17) by exchanging : (l)the order of the subscripts. (2)1 and J . 

(3) Hand N . (4)pand0( . (5)a and b.The theory given below for the 
( X ) 

determination of the gradients,b_ T , from "X" ray data,P, ,applies 
9 • (Y) 

also to finding the gradients,a , from "Y" ray data, P. , if 
. . . I » J J . 

the above mentioned swaps.are made.In addition and any derived 
(X) 

quantities(e.g. B^ ,the normalized line integrals) are replaced by. 

P(Y> e t c 
3 • » 



J+1 

J. 

J - 1 
i 
) 

(bot) (top) 

n , j n - r n , j ( b i , j . r " b i , j j 

CO 
f : 

J 

I - 1 

- a . ) 
l,J l-1,J - l,J 1-1,J 

(ii) 
( l e r r ) ( „ f h t ) x 

1 + 1 . j l , j l + 1 , j l , j j 

Fiq(6.3) The cell sized areas,enclosed by the dotted lines,in which 

the second derivatives (i)^2f(x,y)/!)y2 and ( i a s s u m e d fo 

be constants given in terms of the first derivatives,b^ j«<)f(x,y)/iy 

and a (x,y) / bx respectively,evaluated at the centres of each 
I , J 

cell (I,J).Bold lines enclose cells. 

in the top half of the "edge"cells,(J,N-1),and bottom 

half of cells,(I,0),are the same as in the rest of these cells.Likewise 

x in the right hand half of the "edge" cells,(M~1 9J), and 

left hand side of the cells,(0,J) ,are the same .as in the rest of these 

cells.The range of I and J is and . 0 < J < N - 1 . 



6.2.2 The Determination of the.Gradients,b_ _ - ^f(>;,y)/t)y at 
— ~ a , j 

the centre of each Resolution cell,from "X" ray line ' 

•'integral data. 

Consider a pair of "X'J rays,i and i+1, which pass through the 

top left hand and top right.hand eorners5respectively,of the cell, 

(I ,J) »(See Fig(6.l)) .From equation(4.5),the difference*in the 

normalised line, integrals of these two rays is given by 

. ~ * < X ) - j(f(x,y i + 1(x x)) f(x,y. (Xx))j dx t 

, ' • to . . (6.21) 

where i^i'^MN-M,and y ^ X x ) is the equation of the ray,i, within 

the scaled boundary,and is given by (c.f. equation(3.13)) 

y t c x x > - a + , l i l ) , (6.22) 

i being related to I and J q by equatiori(6,3) 

i « i + J m + 1 , ° v - (6.3) 
o o 

where 0 < I ^ M - l and 0 < J < N - 2 . 

The integral in equation(6.21) can be rewritten as the sum 

of M integrals, each taken over the range I/M to (I-l)/M for 

6 < I < M - 1 I , „ 

a b ^ x > - l s ( a b ? ° > l f j , 9 " . (6.2.3) 
where . " 

S ( A b i X ) > j j - 1 {f(x,y i + l(Xx)) - f(x, y i(Xx))]dx . (6.24) 

hh 

The M quantities,J(A
B
j

X
^)j j » will be referred to as "contributions" 

to the difference in the normalised line integrals of the two 
(y) 

adjacent "X" rays,i and i+i.There are MN - M such differences.AB, , 
c (>t) * 

each.one being the sum of M contributions,a(/\B. " ) . 
}y\ * »j fv } 

From equation(6.24),each contribution,&(A
B
. ) T T,to M,  k , 
i Jt — i 

involves that section of both rays which is in the range , 

I/M^x.<(I+l)/M .Now,the. pair of ray sections for Io**l( i .e.fche rays ' 

in the range I q / M ^ x < ( I +1)/M),is such that ray,i+2,is in cell, 

(I o,J o+l),whereas ray,i,is in cell,(I ,J ).A11 the other M-l pairs 

of ray sections,for which"I$I ,are completely inside M-l different 

cells.From Fig(6„i),(i),(ii) and (ill) respectively,the M-l cells, 

(1 9J) »are speci fied in terms of I and J as follows: 
o o 



( i . j ) ' 
i ' h l 

1)(I,J q), where and 1 < I < M - 1 

2)(I,J^+l),where 

J « 0 
o. 

I « M-l and 0 < I < M - 2 o ^ ^ 
j(liJo+l),where i < I Q < M -

2 and 0 < I < I o - l 

\ f(I,J ), where < M - 2 and I o+l^I<.M-l 

(6.25) 

The M«l "contributions", given by equation(6.24) and(6.25) 

can.be expressed in terms of local coordinates(equations(6.10) and 

(6.11)) by the relations 

where yj and are rays,i, and,i+l,in terms of the local coordinates 

of cell,(l,J).Equations(6.10) and (6.11) with equation(6.22) give 

r 1 r= m ra — m mmm^ i|. >l> + a „ i a 
i N MN MN N 

which after substituting i,given by equation(6.3),becomes 

1 1 ' -x' Ig-I . J© «J 
n MiN + N . + 2N " 2MN * 

(6.27) 

Likewise 

y i+1 
i f l -=l + i d l + _ l + j ^ . 

N MN N 2N 2MN • * 
(6.28) 

Of the M»1 ray section pairs in the c e l l s , ( I , J ) g i v e n 

by equation(6,25),all but one are either in the top half or bottom 

half of a cell.Fig(6.1) shows that for |l - l| " M/ 2 ray,i+1, 

is in the top half of cell,(I,J), and ray is in the bottom 

half of this cell.For the M-2 ray pair sections, in cells where I4«I . 
o* 

an<i lllo"
1
)! +

 w
/

2
 sthe constants J , b J j i ^ j j f ^ j j a n d

 p I f j
 a r o 

the same in f T .(x'jy!) as in f_ T(x*,y*,),these being given by i , j i j. , j 1 + 1 
equation(6.12).Thus equation (6.26) becomes 

i+I 
which from equatioris(6.27) and 6.28) is 

(X) 

(6.29) 

S(A] i 

1 + i o b 
0 + Jk 2MN 

2* '+ z l h ^ l l + l u o ^ i ) a i 
N • MN N N 

Jk ^ 
14in. v « 

m 4 n h n 1 

( i I) + M(Jff •'.J + %) (6.30) 



In equation(6.30) ,J » .J + I if I < 1 and J «= J if I > I • 1 7 o , o' o o 
so that the expresion in curly brackets is (I - I) -M/2'.if.I<I r

 • o o 
and (I - !)• + at 2 if 1 > I «Thus equation(6„30) for. the two values o o 
of J.J + 1 and J are given by the two equations 

9 O O ' . ; , 

• • • W ) , , +l - K - »ll <6-3l> 
i < i 

o 
h i 

and 

(6.32) " - i f - - - 4 4 - f - -1)1 
j ^ j o n n h i * v , 

. The p«s in equations(6.3I) arid (6.32) are p <
T O p )

 or p
( D 0 T

> 

depending on whether the pair of ray sections are in the top half 

or bottom half respectively of the cell,(I,J).(See Fig(6.1). 

If [(I - I)| « M/2
(
,the "contribution",^ T »could be 

1 o — 1 1 , vi a -
given by equation(6.29)with pj j replaced by the mean of the r*s 

for. the two ray sections*!, and, i+1 .Thus f j / ^ ( j ^ j ^ P j Aj P*) • 

The analysis then leads to equations(6.31) and (6.32) with the 

term in p equal to zero since M/2 - j(I0 - I)| « 0; Thus 7 ,5c fnr} * 

equatlons(6.3l) and(6.32) are valid for all I except I « I . 

If I « I q,the " c o n t r i b u t i o n " , j due to the section 

of the rays,i* andyi+1,passing respectively through the cells,(l o,J o), 
and (I ,J + l),will involve all the constants on the right hand o o 5 ° 
side of equation(6,12) for both these cells.The result is complicated, 

involving many higher order quantities like b t - b compared 
* 

with bj ^ and Pj - Pj j compared-with > j and so on.The result 

obtained by ignoring these is the same as that giveri by substituting 

I » I . and-the appropriate |>T . in equation (6.31) or (6.32). 
o ' jl , j 

This 3 T T is given for both equations by (c.f,,equation(6,15)) 
* >J • V 

p (EOT) a p(TOP) w (6.33) 
1 W o + l ' W o W o + 1 W o 

Substitution of t h e p s given by the above equation into equations 

(6.31) and (6.32) gives the same result, namely 

(x ) 
Equation(6.34) shows that the contribution to A B - d u e t o fc'ne 

i . 

pair of ray sections passing half-way between two cells is ^proportional 

to the mean of the gradients,b, of the two cells.(bT . is bf(x,y)/^y 

i 



(X) 
at the centre of the cell, (I ,J)) .How the contribution t o / ^ > d u e 

to the pair of ray sections passing through the central region of a 

cell,is proportional to the gradient,b,in that cell since in this case 

M/2 - |(I - 0 and so equations (6.31) and .(6.32) become 

•S<Ab ( x ) ) , r «-4-(M.b T T), ; ' , (6.35) 

where J - J • if I > I and J « J if I < I . 
o o o o . . 

As might'be expccted,the contribution, to '» d u G ,{:o a pair of 

ray sections at any general vertical position between the centres of 

cellsf(IjJ+i)t and ,(I 9J),turns out to be of the form ' 

o 

^ a ^ j . J - 4 : ( k i b i . j + i + k 2 b i , j > - : ( 6 ' 3 6 > 

i'i is 
n • ; • 

if the pair of ray sections.is ,in the cell,(I,J).or -

. < ( ( a ^ x ) ) i > j + 1 » - ^ k l b i t j + 1 - m c 2 b i s j ) , ^ . (6.37) 

if the pair of ray sections is in the cell r(l,J).J is either' J 
or J + 1 in equations (6.36) and (6.37) and K. and K 0 are - o ° i z 
weighting factors such that -

« a ,J 

Their relative values depends on the vertical position of the . 

pair of ray sections relative to the centres of cells,(I,J+1), 

and ,(I,J).K^ and K^ are both.positive, 

By substituting the appropriate P's,given by equations (6.15), 

(6,16) and (6.17), into equations (6.31) and (6.32) the equations 

of the form,equations (6.36) and (6.37) are obtained with K^ and 

K^ explicitly given for all ranges of I,for any given I and J q . 

It is more convenient to specify the ranges of M/2 - |(I Q- I)| 

than of I.(See Fig(6*l)) 
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(1) M/2 1)1 > 0 o . 

From Fig(0«,L) ,'che pair of ray sections 

in this case i s e i t h e r in the bottom half of cell,(I,J + i),or in 

in the range , 
M 

the top half of c c 1 1 , ( I , J q ) so that thej^s to substitute into 

equations (6,31) and (6.32) respectively are j* ^ a n d P 

® o • ' o 

These are bo th g i ven by equation(6.15) with J « J q and so . 

K I 
o 

(6.39) 
and 

(6.40) 

m v . s ( a . ® ) l f j 

where 0 < J < N - 2 . . , 
0 j" » 

If I « I Q,both equations (6.39) and' (6.40) reduce to equation(6.34), 

which is for the pair of: ray sections half-way-between the centres 

of the two cells,(IjJ o+l), and,(I,J Q) 0 . 

If M/2 -|(I - I)| « 0 ,equations (6.39) and (6.40) reduce to 
o r. 

the two equations contained in equation(6.35),which are for the 

pair of ray sections passing through the central regions of the 

two cells,(I,J +1) and,(I,J ). 

(2) m/2' - k l - i ) | < 0." ' 
1 i + l 

From Fig(6 cl),the pair of ray sections in the range 

in this case is either: .
 c 

(i) the top half of cell, (I ,J Q+1) ,in which case-the J? in 

equation(6.31) must be f ,given by equation(6.15) with J«J +1 as 
* i , j o o c 

P l < T > l ° N ' ( b I , J + 2 - b I , J + 1 > . 
o ' o ' o 

where l ^ J o + l < N - 2 . I f J q+1 « N-l Is given by equation(6.16) as 

' i ,n-1 (6.42) 

or (ii)the bottom half of cell,(I,J ),in which case the B in 
D ( B O T ) ° 

equation(6.32) must be P ,given by equation(6.15) with J.« J ®i as 
+ ,«J o 

(BOT) 
H ( b I . J - b I . J .!>'• 

o o 

(6.43) 

where 0 < J -l<N-2.If J «0 given by equation(6.17) as 
o o i l « j 

* o 



(BOT) 

1,0 0 (6.44) 

Substituting equations (6.41) and (6.42) into equation(6,31) 

gives. ••-•>' 

where 1 < J + l < N - 2 t and 

3 
M N 

(6.45) / 

3m 

i 

Substituting equations (6.43) and (6.44) into 

equation(6,32) gives 

(6.46) 

i . j t m , + ( i ( i o " i ) ' - " 2 ) b i , j . - i ! M N 

m 

where 0 < J -l<N-2,and 

( w f 0 ) ^ 
j > 1 . M l 

M.b i t o 

(6.47) 

(6.48) 

If m/2e- |(I - I)| « 0,equations (6.45) and (6.47) 

^reduce to the two equations contained in equation (6.35) ,which are 

for the pair of ray sections passing through.the central regions 

of the:two cells,(I,J +1), and ,(I,J o). 

Between- them the six equations*(6.39),(6.40),(6.45),(6.46),(6.47) 

and (6.48),give the c o n t r i b u t i o n s , K 1 » t o Ab' n X ) ,for all 
1 1 | j 1 

I from 0 to M~i.(Equatiori(6«35) area special case, of equations(6.39) 

and (6.40) and of equations(6.45) and (6.47).Equation(6.34) is the same 

special case of equations(6.39) and (6.40).) 

Now depending on the value of I ,given by equation(6.25),for 
0 a (X) 

the particular i •» i q + jqm + l(equation(6.3)), given by 

equation(6.23) can be of .three different forms as follows: 

AH Ab<x) - I & A b ® ) , 
ud  1  

ab / - ! W x > > 
r ,if I « 0 , 
J * o . o 

U o 
io-i 

T . . . .if .1 » M - 1 , 
i , j +1 / o - ' o 

a b / - t & a b ® ) , . 
1=0 

j +1 t . o 1=1 
* x ^ c a s p 0 ) ! ^ , 

(6.49) 

(6.50) 

( 6 . 51 ) 

, i f I • 0 and I • M • 1 * o o 
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f . 

1* h-l 

(The summations 5xi eqoation(6.5l) could be, Y and Y ,since from . 

equatlon(6.30>(Aftp) T ,,, - ( A * >t . j 
1 3 o rJ<?' 1 1 ( y ) 

Between them these !1\"-M equations with A B J » i w l t 0 

contain the UN unknown gradicnts,b„ T«In an attempt to.obtain 

a sot of IJtJ-M equations in as many unknowns,the following initial'-

assumptions are r.isdo: 1 

• b_ ft « 0 • • . ; (6,52) 
; ' 

' > a\ ' 

where i^--™ 1,and .. , : 

b I t N _ r o ' . \ -,. ••, _ - (6.53) 

where gradients on the left hand side of the above 

•'equations• are in the resolution cells l.oast: well "explored" by 

"X" rayso(See lrig(3.4)).They will be referred to as "corner" gradients 

from now on* . • .. 

The method from here on is best developed by considering 

particular values of M and- N and setting up the MN-N equations 

to be solved forthese chosen cases. 

Example 1 

The first stage is to set up the MN«K*42 equations in MN«16 

unknowns ignoring equations (6.52) and (6.53).The equations 

are of the type.,equation (6*49) or (6.50) or (6;51).Each equation 

is the sum of M-l "contributions" given by equations (6,39),(6.40), 

(6.45),(6.46),(6.47) and (6.43),To facilitate the choice of,the 

correct equation out of these six equations for different values of 

I and J for each (I ,J )9tlie following table is drawn up: 
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I 
o . 0 1 2 3 

I 0 1 o i . i 
3 } 0 i 2 • 

<\ 0 1 2 
,. 

3 0 1 2 3 

ICI 0-I )| 0 i 2 3 j T 0 1 2 2 I 0 l ! 3 2 1 0 

K«M/2.|(1 -I)| 
o 

2 •1 0 -I J 1 2 1 0 0 1 2 1 - i 0 i 2 

•M /2+K i 0 rM 2 3 4 5 ! 3 2 3 4 4 3 2 3 5 4 3 2 

3M/2>I o«l)( ' 3 J 3 

I<I 0,J-J+1 ? > yes yes yes yes yes yes 

I > I 0 , J - J , ? yes yes yes yes 

yes 

yes 

yes 

yes yes yes yes 
• 

yes 

K > ° ? yes yes yes yes 

yes 

yes yes yes yos yes yes yes yes yes yes 

K < 0 9 yes 

yes yes yes 

yes 

Equafcion? m f m m «] m m m ' m m * , I j l M l m 

If 

If J - 0 

If 

If J - N-l 

y. 

With the aid of the table above the 12 equations in 16 unknowns 

can be written in matrix form as follows: -

J i I . J I ' 0 i 1 I 2 . ' 3 
; 
, A 

u 
i 

J M 2 3 2 0 1 2 3 I o " 1 2 3 0 1 2~ 3 
i 

01 A B
l 

« - L . 
2 3 4 .4 ! 2 1 

i—. -
1 
1 

•0 4 A
B
2 

3 
M N . 

1 2 3 4 \ 3 
t 

2 1 
i 
i 
1 

2! 
! A

B 3 1 2 3 u 3 2 1 i 
0 

[ 
\ 3 j 

i A
B 4 

1 2 • 3 4 3 2 1 

i 
0; 

i A
B5- I ; 2 3 .4 3 2 1 

! t 

1 
1: 
• ! A V 

2, . 3 4 3 2 1 

i j 2: 
A

B
7 

\ I 2 3 4 
• 

3 2 1 

3? 
A B 8 . 

S 
i - 1 2 3 4 3 2 .1 

j O: 
i A

B 9 J 
T 2 3 3 

• 
2 T " 

[2 1] 
i A

b i o 
1 i 

/ 

1 2 3 4 3 2 1 

L 2 
i • i A b H i 1 2 3 4 3 2 1 

i 3 i A
B
12 

I f - 1 2 4 4 3 2 

(X) 
in the 

(6.56) 

The blanks in the 12X16 matrix are zeroes.The superscript, 

A (X) ' ' 
A B J JS is left out.To make easier the filling in of 

the 12X16 matrix the labels I,J,I $J have been marked in: 
o o /y\ 

Each pair of numbers ;(1 0>4 Q); corresponds, to. a given A
B » s 

(l°Io+JoM+l).Thus each row of the matrix has a particular (1^,^)* 

0,0 
b i , o 
b 2 , 0 
> , 0 
b 0 , i 
b l , i 
"d2 j 1 
b 3 ? l 
b 0 ,2 
bl,2 

b 2 ,2 
hsl 

b 0 ,3 
b l , 3 
b 2 ,3 
b3»3 
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Each column of thc matrix which multiplies the element,b _ , 
I, J 

is labelled by the appropriate I and 

' The second stage of the method is to reduce the number of unknowns 

inequation(6»56) from 16 to 12 by rewriting this equation with.the 

corner gradients on the left hand side as-known quantities: 

M'NiÂ  
A32 
AS 

" • '77 

m 

AB 

AB6 
A B

7 

Ab8 
Ab9 
A b !0 
AbU 
AB12 

0,0 
1,0 

2,3 

!b3,3j 

4 4 2 1 -

3 4 3 2 

2 3 4 3 

1 2 3 4 

1 

2 1 

3 2 1 

1 2 3 

1 2 

1 

4 3 2 1 

3 4 3 2-

2 3 4 3 

1 2 3 4 

1 

2 I 

.3 2 t 

• 

I 2 3 

1 2 

1 r 

4 3 : 2 L 

3 4 3 .2 

2 3 4 3 

1. 2 4 

non-s Vnrr.efnc jl! lr}-,9h1s-& 

b2,0 
b 3,0 
b o , i 
V 
b 2 , l 
b 3 , l 
b 0 ,2 
bl,2 

b i , 2 
b3,2 
b 
0,3 

b. 
.1,3 
(6.57) 

y-

.Equatlon(6«57) is the basis for an iterative method of solving for 

.the non-corner gradients in the column matrix:on the right hand side ot 

this matrix equationilnitially the corner gradients can be^set to 

aero, according to equations (6.52) ana (6„53).The solution to this . 

matrix equation is then the "zeroth" solution.For the next and subsequent 

iterations the corner gradients on the left hand side of equation(6.57) 

could be equated to the nearest non-corner gradients solved in the 

previous iteration: 

1,0 h-1 
(6.58) 

where 0 < I < M / 2 - 1 and 

b i ,n-1 
.0 

h-l 
b. 

If h « 0 

If h > 1 
(6.59) 

I ,N-2 

where M/2^I<^M-l.The superscript in the two equations above shows 

in - which iteration that particular gradient occurs.If h«0 

equations (6,58) and (6.59) are identical with equations (6.52) and 

(6.53) respectively.-



The inverse of the 12X12 matrix in equation(6.57) was found 

by using a standard matrix inversion computer program.To three 

significant f i g u r e s this inverse matrix is 

Example - 2 M»8 ,N«5. 

The matrix equation analogous with equation(6.57) was worked out 

in the same way and found to be given by: 
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m 

cfr 
a s a 

a 3 j 
a h 
a b , 
a ^ 
a 3 ? j 
a b f i i 
a b ) 

'0,0 
\0 

m 4 

AB* 
f f t j fab , / 

a b i? 
m g Afy 
ah* 
Ab?i 

[ a b 3 z j 

8 [8 8 814 
7 8[8 8[5 

8| 8 {6 
7 8 7 
6 7 8 
5 6 7 
4 5 6 
3 A"5 

3! z 
4 3 

1 2 3 4 
1 2 3 

1 2 
1 

1 
2 1 

v f -

1 
2 1 
3 2 1 
4 3 2 
5 4-3 

1 
2 i 

2.3 4 
1 2 3 

1 2 
1 2 3 

t 2 
1 

2. 1 
3, 2 
4 3 
5 4 

1 
2 1 
3.2.1 

5 14 
6 15 
7i6 
8 17 

1 
2 1 
3 2 
4 3 
5 4 

2 3 
1 2 

1 

7j8 7 
6 7 8 

7 5 6 
4j5 
3|4 
2 13 
1-2 

i i 

5 4 3 
6 5 4 
7 6 5 
8 7 6 
7 8 7 
6 
5 8 8j 8 

3.4 8 8 
i , i j 
A on sy rr.m (?1 »~J c citfi'iems 

bs> »(,<> 
b w 
b*,i 

l" 

h v 

b v 

b v 

b(,l 

b'-1 

b l , J 
b 2 1 

V 
b m 

b 4 3 
3 , 3 

b v 
b S , 3 

b ^ 

b3ih* 

(6.60) 
h. The corner"gradients b on the 

are given in terms of the non-corner 

solution,by equations (6.58) and (6 

left hand side of equation(6« 
th> 

gradients,from the h-1 .. 

59). 

60) 
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By working out more examples it is possible to write down 

equations of the type,equations (6.57) and (6.60), for any M an N , . 

Further examples will not be.written down but it will be ; seen 

that the generalization given below,for M any-even, number and H any 

number greater than 3,covers both examples already considered. 

The general set of equations to be solved in determining the 
th 

h solution for the non-corner gradients can be written 

. ( h A > '» (<j>)(*b) . ( 6 . 6 1 ) 

T ' b ) 

is the column matrix containing the MN-M non-corner 

gradients q 
( h b) k » h b i > j , ; / (6.62) 

where. T' . * " * • . _ . . ' • 

k « I .+ JM + 1 -M/2, (6.63) 

the ranges of X and J being (a) J « 0 and - 1 , 

Cb) 1 < J < N - 2. and 0<I<^M - 1 and (c) J » N - 1 and 0<!<>l/2 - 1 0 , 

This gives k in the range - M as it must of course, 

( A ) is the. column matrix of known quantities .defined as. followsr 

(a)The "middle" (N-3)M+2 elements: of ( h A ) are independent of h, 

3 
being normalized line integrals times M Nj 

( h a > i m l a o a b f 0 « ' 

where M < i < M N - 2 M + l . 

(b)The "top" M-l elements are given by 

(X) 
m 

1*0 

where (U) is the M - l X M / 2 matrix whose elements are given by 

< h a > i - m 3 n . a b | x ) - t ( u ) i , r h b i , o • < 6 - 6 5 > 

'(j - i) + M/2 If (j - i)>-(M/2-l)" 

(6.66) 
0 Otherwise 

The elements of (U) are constant along the different diagonals 
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for which j - i is constant.In equation(6.60),for examplejVhere M«8,all 

the elements in the diagonals below the diagonal,j - i « -4,are aero 

while those in the diagonals j - i « -4,"3,-2,-1,0,1,2,3, are M/2«n4 

plus these figures;i«e.0,l,2,3,4,5,6,7. 

The range of i in equations- (6.65) and (6,66) is ls^i^H-I® 

bj q is given by equation(6.58). 

c)The "bottom" M-l elements are given by - ' 

h 3 (X) ^ : / 
( ,A> 1 + M N .2W+1 W ' M N # A b

1 + ms .2M+1 b I+M/2,N-l" ' . 
l-o 

. , • . (6.67) 
where(V) is the M - 1 X M / 2 matrix whose elements are given by 

(i - j) + 1 If (i - j ) > 0 
( V ) i 1 

5 J I 0 Otherwise 

(6.68) 

From equation(6.60) it can be seen that The matrix (V) is (U) 

rotated through 180° in the plane of the paper. 

The range of i in equations (6.67) and (6.68) is 1 ^ 1 0 1 - 1 . 
1 * h 

bI+M/2 N-l i C g i v s n b y equation(6.59) 

( > 1 s the MN-MXMN-M almost syinmetric matrix in equation (6„61). 

. . ' " • . c It is best defined by by redefining some of~the" 'elements of 

a symmetric matrix: - • 

(a)The "underlying" symmetric matrix. 

Elements above and on the principal diagonal, j - i « 0,are given by 

Y • , ( 0 If H < j - i < M N - M - ll 
'' , (0)), , « , (6.69) 

' . ( M - ( j - i ) I f 0 < j - i < M ) . 

and those below the principal diagonal are given in terms of these by 

«|»j,i - «t»ifj • <6-70> 
(b)The non symmetric elements of ((j)). 

The following (M/2«l)(M/4) elements above the principal diagonal 

are redefined as follows: 

((j)> u j - M , for and l < i < j , (6.71) 

: / The remaining (M/2-l)(M/4) elements below the principal diagonal 

are given in terms of t.heseas follows: 

^ W l + l - i ^ m n - m + u j " " ^ K . j " ' ( 6 ' 7 2 ) 



In the trivial case M»2 there are no non symmetric, elements. 

The explicit solution to the non corner gradients can be written 

by Inverting equation(6.6l): ' • 

(
h
b ) - ((j))"I(hA) > - (6.73) 

where ((J))"*1 i s the inverse o f ' t h e m a t r i x s ( ( J ) } . 

The inverses of all the matrices,((f)), of orders up to and 

including 32 ,for even M and N were found using the matrix inversion 

program mentioned before.^ and N for.eachithese matrices together with 

their order L ° ffl - M is given in the table below. 

hi 2 

N 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 

L 4 6 8 10 12 14 16 18. 20 22 24 26 28 30 32 

( 

M 4 6. 8 10 

N 3 4 5 6 7 8 3 4 5 6 3 j 4 5 3 4 

L 8 12 16 20 24 28 12 18 24 30 16 |24 32 20 30 

Each matrix,(([)),and its inverse",((j))"*$ possess a symmetry 

which leaves them unchanged when they'are rotated through an angle, 

of 180 in the, plane of the paper .This, is the-:same- symmetry 

exhibited by the "X" rays within their rectangular boundary.(See: 

Fig(3.4)). 

Fig(6.4) is a flow diagram summarizing the stages in the determination 

of the gradients. 
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F l o w d i a g r a m s u m m a r i z i n g t h e s t a g e s i n t h e d e t e r m i n a t i o n 

o f t h e g r a d i e n t s , b I a J , T h e n u m b e r s in b r a c k e t s r e f e r t o r e l a v a n t 

e q u a t i o n s . 

4 



A p p e n d i x T h e RonrGgenj:?.tion of a F u n c t i o n in a G i v e n R a n g e b y 

a - F e h «"»f F u n c t i o n s O r t h o g o n a l i.n t h a t R a n e e , 

A 1,1 T h e E x a c t R e p r e s e n t a t i o n o f a O n e - P i m e n s i o n a 1 F u n c t i o n , in: 

a n v Ran--e of U n i t W i d t h 

Dimens > ona 1 Or tbogona]. , 

b v a n I n f i n i t e S e r i e s o f O n e -

f u n c t i o n s , 

A 1.1,1' D e f i n i t i o n a n d B a s i c P r o p e r t i e s of t h e O r t h o g o n a l S e t o f 

F u n c t i o n s . 

D e f i n e a n i n f i n i t e s e t of f u n c t i o n s of a r e a l v a r i a b l e x , 

£ » o r t h o g o n a l in the r a n g e Xq^ x<Xq-H by the o r t h o g o n a l i t y 

r e l a t i o n 

xo+1 •• " ' 

0 if p * p* 

I if p « p ' 

( A t . l ) 

w h e r e p a r e i n t e g e r s w h i c h l a b e l the f u n c t i o n s , and c is a r e a l 

c o n s t a n t . T h e f u n c t i o n s m a y t a k e o n c o m p l e x v a l u e s . It is c o n v e n i e n t 

to d e f i n e s o m e s e t s of o r t h o g o n a l f u n c t i o n s s u c h t h a t p . r u n s f r o m 

- a ? t o . w h M e for o t h e r s e t s o n l y p y O is t h e b e s t c h o i c e . E x a m p l e s -

of the f o r m e r a r e - c © < p < «>| a n d | sin2rrpx +cos27Tpx, <*oo<n<c°\ 

w h i l e e x a m p l e s o f t h e l a t t e r a r e : - * 

{ ^ / ( x ) « 1, « •/2sin1T(p+l)x, if p is o d d , ^ ( x ) « /2cos7fpx, 

if p is e v e n , 

a n d - t h e s e t of W a l s h f u n c t i o n s | wal(p,x)j 0 ^ p < « ? ] , 

I f c « I in e q u a t i o n ( A I , l ) the s e t J^) (x)} is s a i d to b e o r t h o n o r m a l . 

A n y o r t h o n o r m a l s e t m a y a l w a y s be o b t a i n e d f r o m a n o r t h o g o n a l o n e for 

w h i c h c + 1, b y n o r m a l i z i n g the f u n c t i o n s of the latterI T h e s e t -

jJ^p>(x)J a n o r t b o n o r i n a 1 ones a s c ? n
 be s e e n b y s u b s t i t u t i n g in 

e q u a t i o n ( A l . l ) , 

T h e o r t h o n o r m a l s e t s o f f u n c t i o n s c o n s i d e r e d h e r e a r e r e s t r i c t e d 

b y a f u r t h e r d e f i n i n g r e l a t i o n , n a m e l y 

t o ( x ) - ( A l . 2 ) 

for oil X, 
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Lemma I 

T h e m e a n v a l u e s of all the f u n c t i o n s o f the s e t • <|> (x) , p + o ] 

a r e z e r o In the r a n g e of o r t h o n o r m a l i ty," w h e r e ( ff>p(x), a l l p ] Is 

a n o r t h o n o r r a l s e t of f u n c t i o n s , . - , • , 

P r o o f , ^ ^ - - . 

C o n s i d e r the o r t h o g o n a l i t y of ( x ) <J>Q(x) w i t h a l l the o t h e r 

f u n c t i o n s & ( x ) . p «h 0#r\d wiU fts-df. 

I f " p .° p* » 0 5 e q u a t i o n ( A l . l ) g i v e s ( l ) ( l ) d x « 1 . 
. - - ' • 

If p t - p f , e q u a t i o n (A 1,1) g i v e s j'j) ( x ) ( l ) d x ra 0 , w h i c h is the 

m e a n of (|>p(x), p 0 in the r a n g e o f o r t h o g o n a l i t y , C),E,P, 

N o w .let the d e f i n i t i o n o f the. s e t ^ (x)} be e x t e n d e d to i n c l u d e 

a l l v a l u e s o f * x b y p e r i o d i c a l l y r e p e a t i n g e a c h f u n c t i o n ; 

<f>p(x-m) « $ (x) x 0 ^ x < x Q « l , n - - 1 , (A.t 93) 

Lennna 2 , 

T h e i n f i n i t e s e t of f u n c t i o n s j^pC*)} d e f i n e d completely.•by-

e q u a t i o n s (A 1,1)j ( A 1 , 2 ) a n d ( A t . 3 ) a b o v e is o r t h o g o n a l in a n y r a n g e 

of x of u n i t w i d t h , x 2 < x < x 2 + l , w h e r e . - e o ^ x ^ w - ',* - •• 

Proof. • . • , 

E q u a t i o n ( A l . I ) , t h e . o r t h o g o n a l i t y r e l a t i o n , c a n b e w r i t t e n 

. ^ ( x ) . <j>*(x)dx + f ^ ( x ) . <j)*(x)dx « cSpp'^ w h e r e x Q < x , < Xq+1"', 

N o w l e t x* » x + n in the f i r s t i n t e g r a l , a n d x " - x + n - I in t h e 

+ + 
s e c o n d i n t e g r a l , w h e r e t\ is a n i n t e g e r - I , - 2 , , . , , T h i s g i v e s 

sM-n «?-H»i-») 

f(x» - n ) . <j)*(x' - n)dx* + | p f x M n - 0 ) . . <j>*/xw
~(n - l))dx."«e$pp» 

X.+rv 

N o w u s i n g e q u a t i o n ( A 1 , 3 ) a n d r e p l a c i n g the d u m m y v a r i a b l e s x* a n d x " 

b y x. g i v e s 

' .. x.+rwl 
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\ w h o / v w or writing x 0 « x . + n — 1 
j> T f 2 I 

N o w s i n c e it f o l l o w s t h a t x ^ -+- n < x ^ + n . A l s o , s i n c e + 

i t f o l l o w s t h a t x ^ + n - X< + n . T h u s t h e .two i n t e g r a l s a b o v e , 

w r i t t e n in r e v e r s e o r d e r , can be r e p l a c e d b y the s i n g l e i n t e g r a l 

* • • ' . • . 

^ ( x ) 7 ^ ( x ) - c a p p > . ' ( A l . A ) 

w h e r e c l e a r l y x 0 can take o n a n y r e a l v a l u e f r o m - a ? t o co O . E , P . 
' j * . • 

L e m m a 3 ' 

T h e i n f i n i t e . s e t of f u n c t i o n s £ ( ? ) ] ' ' ' o r t h o g o n a l in a n i n t e r v a l 

o f w i d t h X , + X , g i v e n t h a t i s a s e t of f u n c t i o n s 

o r t h o n o r m a l . in u n i t r a n g e of x . , 

P r o o f ' 

T h e o r t h o g o n a l i t y i n t e g r a l for f u n c t i o n s in a r a n g e x < x . . + X is 
j> «/ 

I- (*')<*•• x - f gives . .. ; ; ' 
Jx3 • . ' 

I s X." U (x)0 , r' t(x)dx• « X\ . A (x)t|> ( x ) d x " X^pp*'. Q.E.D.'V: 
i i p p i i j p i p i r < , . 

Xy^ 'xtlX X- V-cf 

C l e a r l y the
 s e t

> [ » w o u l d b e o n e o r t h o n o r m a 1 in t h e r a n g e 

x 3 ^ x < x 3 + X . 

A s e t o f f u n c t i o n s , o r t h o g o n a l in a r a n g e - o f w i d t h X* c a n a l w a y s 

b e r e d u c e d to a s e t o r t h o n o r m a l in u n i t r a n g e . T h i s is o f t e n c o n v e n i e n t 

to a v o i d c o n s t a n t s in the f o r m u l a e . 

A 1 « 1 « 2 E x p a n s i o n of a F u n c t i o n b y an I n f i n i t e S e r i e s o f O n e - D i m e n s i o n a l 

OrtUo^a/\S.i Fi/nclie?ns. 

L e t a c o n t i n u o u s f u n c t i o n , f ( x ) , be r e p r e s e n t e d e x a c t l y in the r a n g e 

o f i n t e r e s t x 2 ^ x < x 2 + t b y the i n f i n i t e s e r i e s of o r t h o n o r m a l 

functions': 

f(x) -X'Fp4> 00 ' • ' (Al .5) 



w h e r e the n o t a t i o n 2 m e a n s X for a s e t J <j) ( x ) . - p < O J l ond. 2 
fj«© pe-» P Ps" 

for a. s e t ' ^ ( x ) . 0 < ? p < « > } ( . . 

I t f o l l o w s i m m e d i a t e l y from the p e r i o d i c i t y o f the f u n c t i o n s j> ( x ) 
P 

t h a t e q u a t i o n - ( A . I . 4 ) r e p r e s e n t s , for a l l v a l u e s of x , a p e r i o d i c . 
v + + 

function; f(x + ,n) ** f ( x ) , x Q < x < x ^ + I, n « 0 , - 1 , -2,"... 

I it \ ' ' 
> (x) a n d i n t e g r a t i n g from 
P . . . - • 

, x x 9 ' to x « x 2 * 3 g i v e s ' • " • 
jc.-V-I ; , *»•»•« ' 

i f ( x ) ( £ , ( x ) d x " I p ^ p p ' " F
0 . . 

i , - 1 ; 

T h u s the c o e f f i c i e n t s F form,a u n i q u e i n f i n i t e s e t g i v e n b v 
P . 

F p « f ( x ) f p ( x ) d x ' ( A i . 6 ) 

N o w if it w e r e p o s s i b l e to find a f u n c t i o n f ( x ) ; ( e x c l u d i n g f ( x ) = 0 

for a l l >:) s u c h t h a t F p , c a l c u l a t e d f r o m e q u a t i o n ( A l . 6 ) , w a s z e r o for 

a l l v a l u e s o f p , t h e n c l e a r l y the i n f i n i t e s e r i e s , e q u a t i o n ( A l . 5 ) , 

is u n a b l e to r e p r e s e n t f ( x ) , Butr if t h i s w e r e s o , f ( x ) w o u l d b y 

d e f i n i t i o n (by e q u a t i o n (A 1,4)) b e o r t h o g o n a l to a l l |) p(x), a n d s o 

ft <x>] w o u l d n o t b e a c o m p l e t e or c l o s e d s e t . M o r e f o r m a l l y , the 

o r t h o g o n a l s e t j(p (x)| is s a i d t o . b e c l o s e d if n o q u a d r a t i c a l l v 
P ~ 

i n t e p r a b l e f u n c t i o n , f ( x ) ( i « e . o n e for w h i c h 04\ f(x)| d x < a f i n i t e . ^ i t 

p o s i t i v e r e a l n u m b e r ) e x i s t s s u c h t h a t \ f ( x ) ^ ( x ) d x «* 0 for a l l p . 

B y e x p r e s s i n g the i n f i n i t e s e r i e s for f ( x ) , e q u a t i o n ( A t . 5 ) ' a s 

f ( x ) « L i m Y F i (x) ( w h e r e a c e r t a i n s e t " J ( p . N ) ] " of N v a l u e s of p 

is s u m m e d ) the f i n i t e q u a n t i t y ] ^ |f(x)j d x is g i v e n b y 

*i+t Xt+» / 

N—a> 
|f(x)| 2 d x - L i m ( J j cf ( x ) ) ( X F V , f , r f

| ( x ) ) d x 
P ' P pft P ' P 

L imX lF U <x)£<x>dx 
P l N p-jN P P J P P 

fjN P P 

pjfj P 

2 
S i n c e | F p | is a l w a y s p o s i t i v e , it is c l e a r t h a t for f i n i t e N 

| f ( x ) | b x » I | F |
z
 or 

f'N 
IfCxll ̂ dx - I | F | 2'»0 . (At.7) 

f " 
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This.is the Bessel inequality which, for N-*-co, becomes the equality 

' \, ~ • A,-• . • 

,|f(x)|-2dX " I h q l 2 . . . . •"•>•1*1.8) 

This is the completeness relation or Parseval's theorem. It is a ( 

necessary condition for the exact representation of. f(x) .by the 

closed orthonormal set | * - • 

Al.2 , The Approximate Representation of a One-Dimensional Function. 

in any kan^e of Unit Width. bv a Finite Series of One-Dimensional 

Orthogonal Functions. / o (x) 
LP ~ 

Al.2.1 . The Criteria for the "best" Finite Series Representation. 

Let the function, f(x). in the range y^^-xxKx^ + 1 be approximately 

represented by a fini te sum-involving a number, M,..of the functions 

in the closed orthonormal set 
' P 
H e * ) } : 

f(x) * f (x) - T eJ» (x) • ' - - ,(Al.9> 
. m p p • 3 1 

where E are M coefficients as yet undetermined. The notation •"/" 
P - „ 

means that M different values of p occur;in the summation, not necessarily 

consecutive values n, n + l,....n + M - 1, where-n is some integer. 

The values of p are taken from the set. |-axp<c»j or £ p<°° | depending 

on the range of p values, for.the set ^ (x)| in question. Denote 

this set of M values by J(p,M)j. 

A criterion that equation (A1.9) is a "good" representation of 

f(x) is that the mean square deviation of f (x) with respect to f(x), 

given by!the exact series, equation (A1.5), shall be a minimum. This 

mean square deviation, Q, is given- by 

|f(x) - f (x)|2dx [f(x) - f a(x)] [f(x) - f (x)] dx-

- |f(x)f''(x)dx - [f(x)f*(x)dx - lfa(x)f*(x)dx + "[fa(x)fa(x)dx 

X j . 'xt 'X l 

T 2 ii ' + U + it +'- i- (A1, id) 

where I^, and are the four integrals on the r.h.s. of 

equation (AU10). 
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S u b s t i t u t i n g the exact s e r i e s r e p r e s e n t a t i o n , e qu a t i o n ( A t . 5 ) , and the 

approximate, s e r i e s r e p r e s e n t a t i o n , equa t i on ( A t , S ) f o r f ( x ) . and f a ( >0 

r e s p e c t i v e l y i n the i n t e g r a l g i ves 

/ 

f ( x ) £ * ( x ) d x 

t 
Vp,® r r r p j [,*> •* 

P»® P/M fjM 

L ikewise tVe i n t e g r a l I . becomes 
i 

3C1.+1 
3 

• t ^ 

i ; « "+ I f . (x ) f "'(>:)dx « +TE S • : ' 
3 I a a p p • 

) 
Equa t i on (A1 .ID) can now be w r i t t e n 

yt-xi 
Q 11 f (x ) l ' 2 dx + V(-F E'' - F*E + E E*) 

Jx;
 1 P P P P , P P 

|f (x )| "dx - T f F" + £ ( F - E )<F . - E ) 
i 1 i P i « p ? p • p 

| f ( x )| 2 dx + - V I 

The q u a n t i t y i n b racke ts above i s p o s i t i v e by the Bessel i n e q u a l i t y , 

equation- (A 1 . 7 ) . The second term above i s p o s i t i v e i f E + F , bu t 
t • P P . 

zero i f E^ a F , so t h a t Q i s a minimum, r e g a r d l e s s o f what { ( p ,M ) j 

i s , i f E^ « F p . Thus, f o r a g iven se t [(p ,M)}. 

( A l . l l ) - W - X I - g 2 - ! ! ^ 2 , 
fjfl? p*1 

which i s . c l e a r l y a minimum i f the se t [ (p ,M)} i s chosen for which 

the c o e f f i c i e n t s , F , a re the M l a r g e s t ou t o f the i n f i n i t e se t o f 

a l l ( " l a r g e s t " f o r a complex c o e f f i c i e n t r e f e r s t o i t s modu l us ) , 

M t r y . se t s ( x ) J are so ordered t h a t the h i g he r the a b s o l u t e v a l u e 

o f p , the more changes p o s i t i v e to n e g a t i v e , n ega t i v e t o p o s i t i v e 

occur i n (x) i n the range o f o r t h o n o r m a i i t y . A consequence o f t h i s 
P 

i s t h a t i f f ( x ) i s a smooth wel l-behaved f u n c t i o n , t h e . c o e f f i c i e n t s 

i n i t ' s s e r i e s r e p r e s e n t a t i o n ge t sma l l e r as |'p| i n c r e a se s . The se t 

|(p,M)} chosen then i s n e a r l y always J 0 ^ K - l } for an i n f i n i t e 

or thonormal se t \ t ' p ^ ? 0 ^ P < c 0 ] s a od ^ -g £ ?< g , . M odd j or 
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| . - I), M e v e n ] for a s e t { < f > o ( x ) , ~ttf<p<a?]. F o r the 

a p p r o p r i a t e s e t , | ( p , M ) } . a b o v e the " b e s t " f i n i t e s e r i e s a p p r o x i m a t i o n 

for f ( x ) , e q u a t i o n ( A l . 9 ) , is then 

f (x) - : " . • (A i. 12) 
a p I p J 

r>rA , . 

w h e r e e a c h c o e f f i c i e n t , . ? , is g i v e n b y e q u a t i o n - ( A 1 . 6 ) . 

A 1 . 2 . 2 * The A p p r o x i m a t e R e p r e s e n t a t i o n o f a F u n c t i o n . a t H D i s c r e t e 

V a l u e s o f x t>y a 1 D i s c r e t e I n v e r s e U n i t a r y T r a n s f o r m "of ~the 

M C o e f f i c i e n t s of"its. F i n i t e S e r i e s R e p r e s e n t a t i o n . 

• B y c o n s i d e r i n g f ( x ) , s a m p l e d a t M e q u a l i n t e r v a l s a t d i s t a n c e 

1 a 

- a p p a r t , in the r a n g e x 2 ^ x < ^ x 2
 + it is p o s s i b l e to e x p r e s s t h e 

M c o e f f i c i e n t s , F , p<^[:p 5M)] , a s f i n i t e s u m m a t i o n s r a t h e r t h a n in 

the f o r m of i n t e g r a l s , e q u a t i o n ( A 1 . 6 ) . I t w i l l . b e s h o w n t h a t a n 

e x t r a " s u m m a t i o n t y p e " o f o r t h o g o n a l i t y r e l a t i o n , ~ a n a l o g o u s w i t h 

e q u a t i o n (A 1,4) a n d c l o s e l y c o n n e c t e d w i t h i t , m u s t be s a t i s f i e d 

for t h i s to b e p o s s i b l e . -

F i g . ( A 1 « 1 ) s h o w s f (x) d i v i d e d u p into M e q u a l s e c t i o n s or b i n s , 
a i 

e a c h h a v i n g a .width o f ,-,, f (x) is s a m o l e d o n c e in the s a m e r e l a t i v e 
\ . 1-: a ' ^ 

p o s i t i o n ; w i t h i n e a c h - b i n , so t h a t the s a m p l e s a r e - a p p a r t . S u b s t i t u t i n g 

'j? - for the M d i s c r e t e v a l u e s x «* x 2 + v7he.rc k is a n i n t e g e r 

•A; v a r i a b l e a n d K is a c o n s t a n t , in e q u a t i o n ( A t . 1 2 ) g i v e s 

tip - f L + ^ P i ~ T f f (x, ' , (A 1 , 1 3 ) 
I k a \ 2 M I p l p \ 2 M / . o s k o * ; o<: & <1 , 

pjm '  y j 

w h e r e e a c h c o e f f i c i e n t F ^ w a s g i v e n b y e q u a t i o n ( A 1 . 6 ) , a n i n t e g r a l 

o f the . f u n c t i o n f (x)<j>
7C
(x). ( T h e s e t o f l a b e l s [ (p,M)] in 

v p ( m m ) 
the s u m m a t i o n is c h o s e n a s a p p r o p r i a t e f r o m | P

<
 2)* 

- l)sr-p<?2(M - 1)] o r ^ 0 ^ p < M )J, N o w , a s a f i r s t s t e p in f i n d i n g 

a n e x p r e s s i o n for F ' in t e r m s of d i s c r e t e s a m p l e d f u n c t i o n s , e q u a t i o n 

( A 1 , 1 3 ) is m u l t i p l i e d b y (jff ( x 2 + — ~ — ) a n d s u m m e d o v e r a l l k , 

0 ^ ' K M . T h i s g i v e s 

|}a<*2 + + ^ » I>'i l i<x9 - * (At.U) 
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fw= t ^ + l 5 f ) ; 0 < k < M J S ' k 

X is a constant , 0< t< 1 

f u n c t i o n , f a ( x ) , a p p r o x i m a t i n g f ( x ) , s a m p l e d a t M equa l 

i n t e r v a l s . F a i n t v e r t i c a l l i n e s r e p r e s e n t b i n boundar ies-and, bo l d 

v e r t i c a l l i n e s r ep r e sen t the f u n c t i o n samples .A r e a l c on t i n uous 

f u n c t i o n , f a ( x ) , i s i l l u s t r a t e d and 



Now if, for one or more values of <f, 0 1 , the discrete orthogonality' 

relation 

G "f (f> + + - c C ^ o S p p ' , : (At.15) 

PP /— p • J'/ 1 p J- iG 1 . • 

lOre ' / .- -

is true, where c(if,k) i<; a constant, for any particular values of. , 

M and ft , then equation (A1.14-) becomes 

p. . + , ( x 9 + ^ - r p - ) f . ( A t . 1 6 ) 

for those one or more values of X&rfcJAl ftfriiJifd»(A 1.15) is true. For 

P 4 P1 equation (A 1.15) represents the ^(M - 1) equations 

G 0 . (A 1,17) 
PP 1 „ < ; . • 

while for p «-pf it represents the M equations 

G (if) « C(f,M) . .. (A1,18) 
PP . -

r * ' -
. ? 

If there are values of ^ common to the solutions of equations (Al.17) 

and (A1.18) then the M equations.represented by equation (Al,16) 

will be true for those values of 0 • VJhen 
all ^(M + 1) equati 

ons 1 
i. 

represented by equation (A1.15).are represented as a single matrix 

equation (see'section Al.2.3) it is particularly easy to "test" any 

practical cases and find values t f ) f f o r which equation (Al.16) is true. 

Examples: from the orthonormal set ^-q « I, (J^ ^(x) « /2sin27fqx, 

<j>2̂ -(x) ® /2cos27Tqx, 1 <q<a>} are for "allowed" values of I f and the 
corresponding value C(}fsM): (a) If M » 2, C(^ SM) « M, « 2, 

(b) If M - 3 a n values of If are "allowed", Q & f < I; C(^,M) « M - 3 

and (c) If M ® 4, y values are the two solutions of sin^W « k for 

0 l ; C ( J f / M ) « M « 4. For the exponential s e t £ e
2 i r i p X

, - «< p«J0, c*̂ "'} 

it is easy to show that all values of 0< T c 1 and all values of 

M are allowed. Also C(?f,M) « M for all If and M. For f ° 0 the set 

the basis of the discrete complex Fourier transform as 

conventioriall^ used. /'...' 

Lemma 4. '. 
It is true that 

G_ A h d f 

** Mopp' (A 1.19) 
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w h e r e G t (if) « £«|> ( > V + ^ O ^ C x - ? + ) 9 w h e t h e r or n o t " 

P P fe P 2 M P 2 - " 
v a l u e ( s ) o f Y e a n b e found for " C ( " » M ) PP* -(equations '(AT. 17) 

and ( A l . 1 8 ) } . ' •• ; 

Proof ' 

, T h e i n t e g r a l in e q u a t i o n (A 1 , 4 ) , the r e l a t i o n d e f i n i n g the o r t h o g o n a l i t y 

of t h e s e t (x)} in k h e r a n g e x 2 ^ x < x 2 + I , can b e s p l i t u p i n t o 

M i n t e g r a l s e a c h c o v e r i n g the r a n g e o f i n t e g r a t i o n o f a s i n g l e b i n : 
, jx t+lii. > 

( ~ ** ' fv'."" 

k + Y y i ^ , 
N o w l e t x + ———, w h e r e 0 is v a r i a b l e , so d x ® a n d t h e 

l M ft\ 

o r t h o g o n a l i t y r e l a t i o n b e c o m e s \ 

«- x {' ' k + Y N J * " . k + f . C 

N o w c h a n g i n g the o r d e r of the s u m m a t i o n a n d i n t e g r a t i o n : 

° G ^ . ( Y ) * v • V ' c O . E . D . 

Ldmma 5 . - '• -

If t h e s e t o f M o r t h o g o n a l f u n c t i o n s j + ^ ^ ) j I s i n d e p e n d e n t 

of t f o r a l l M v a l u e s o f p a n d M v a l u e s of k , ( i . e . If t h e v a l u e o f 

each o f t h e f u n c t i o n s is c o n s t a n t w i t h i n a l l o f . t h e s a m p l i n g b i n s ) , 

then t h e d i s c r e t e o r t h o g o n a l i t y r e l a t i o n , e q u a t i o n ( A 1 . 1 5 ) , is t r u e 

for a l l Jf, 0 < Y < 1 a n d C(tf,M) « M , 

P r o o f 

I f , f o r a l l v a l u e s o f p , ^ C^,-*- — ) is i n d e p e n d e n t o f Jf for 

a l l M v a l u e s of k , t h e n for a l l p a i r s of v a l u e s o f p a n d p
1
, 

M-j k + Y j, / 
G p p ' ( J ) " & p ( x 2 - + " l " ^ p ' ( x 2 + J L M ~ ) l s a l s ° i n d e P e n d e n t o f If. 

w h e r e G ,(Y) « G , " . . , . , ^ 
p p p p 1 , s a y , T h u s m e q u a t i o n ( A l . 1 9 ) , lermna 4 . G t 

P P 

comes o u t s i d e the i n t e g r a l : • • 

I^PP® « \G , ( Y ) d Y « G , U l f = G , . : 

\ P P pp') P P 
Jo to / 
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Substituting for G t this is: ' A--''A- • 

. : ' ( A t . 2 0 ) 

Q * E .D . 

K=® r r , -

— t 
PP ' ." . . -

It is emphasized that for a given infinite set of orthonormal functions, 

the result above may be true for some values of M but not f<?r |tp<*>! • p 

; A A ' others. As will be seen in Appendix 2, this is the case with Walsh 

• . functions where the result is confined to values of M « 2 n , n 0,1,2,,,, 

• ' Z The finite set of M coefficients, ̂ F j, given by equation (Al.16), 
• ' * - th ^ 

A is an M . order discrete unitary transform of the finite set of M 
samples {y^l 15 + ^ W^ * C o n v e r s e l y > tlie set > given 

th • • • \ 
-•-*'• " b y e q u a t i o n ( A i . 1 3 ) i s an M o rder i nve r se d i s c r e t e u n i t a r y t r a n s f o rm 

-A o f the s e t I f \ , ]Y f , \ and )F \ a re s a i d t o form a d i s c r e t e u n i t a r v 
f- P' IJ k/ I P i . .. , , 9 £X , yfo 

transform pair of sets. If the set of numbers, ( <fp(x2 + —-1 '0< v < M j' 

upon vhich the transform is based is real, the transform (and it's 

, inverse). irs called "orthogonal" rather than "unitary". Equation (Al.lf) 
A - A "A. . ' • . ' ' - ' -•• • ' I ' c' A 
A, is called a discrete "orthogonality" relation for both real and 
A'ZZ-.;. r complex sets of numbers j<|) (x0 + )|. 

' Equation (A1.16) was derived from equation (Al*13) by using the 
, ^ ' * f 

discrete orthogonality condition, equation (A1.15). Now clearly 

A; . . equation (Al• 13) must be obtainable v-:.ln from equation (Al.16). 
•T. • • 1 k + If 
Z . .. Multiplying equation (At. 16) by (p (x„ + *• - •) and summing over p, 

• p6|(p,M)j gives 

1 ^ 2 + ^ = ' c - r f c ) p < « 2 + + t H ^ • ~ - T r ) „ p z M l P 

• .; (A i. 21) 

By comparing equations (Al.13) and (A1.21) it must be true that 

£ f o < X 2 + i H r " > • C ( J T , M ) J W F , • ' ( A L . 2 2 ) 
fjM * . . F . 

•utUrJL O ^ k ' ^ M ; 0 < k < M . . A " 

Equation (A1.22) may be called the "reciprocal discrete orthogonality 

relation". 

f 
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Lemma 6• 

T h e comp le teness r e l a t i o n o r P a r s e v a l * ^ t h e o r e m for the d i s c r e t e ' . 

u n i t a r y t r a n s f o r m p a i r j ^ j . ] a n d [ F
p ] i s •"" ' . " 

^ I l ^ l ' - I I - g 2 . . - F ; ( A t . 2 3 ) 

P r o o f <. F: .•>•' 

F r o m e q u a t i o n ( A 1 . 1 A ) • .. . 

k - - -

. - . I I + + ^ 
. . fj» P;M P P ' f c ' P Z • M • P 

- ZXF f*^pp' * I Vp • - C - : : 
A j . 2 . 3 . T h e O n e - D i m e n s i o n a l D i s c r e t e U n i t a r y T r a n s f o r m ' R e l a t i o n s h i r ? s 

E x p r e s s e d in M a t r i x F o r m . , ' r 

I n t h e m a t r i x n o t a t i o n u s e d b e l o w , the N * M t r a n s p o s e m a t r i x 

o f a n M X N m a t r i x , ( A ) , is d e n o t e d b y (A) w h e r e (A) « (A) . T h e 
\ . . n m • m n ? 

H e r m i t i a n c o n j u g a t e of a m a t r i x , ( A ) , w h i c h is the t r a n s p o s e m a t r i x " 

w i t h a l l t h e e l e m e n t s rep'laced b y t h e i r c o m p l e x c o n j u g a t e s , is d e n o t e d 
j . it ' it 

b y (A) » (A) « ( A ) . A 1 * M j o r r o w , m a t r i x o f a f i n i t e n u m b e r , M , 

of e l e m e n t s is i m p l i e d w h e n s q u a r e b r a c k e t s r e p l a c e r o u n d e d o n e s : T h u s 

[B] is a r o w m a t r i x , a n d it s t r a n s p o s e |B] is a c o l u m n m a t r i x c o n t a i n i n g 
th 

the s a m e e l e m e n t s . (I..) is the M * M . o r M . o r d e r , u n i t m a t r i x , c .' 

(I J 
m n . F i n a l l y , u s e is m a d e o f the r e l a t i o n ( A ) ( 3 ) *> 

(BKfl). 
rl mn ^ 

. D e f i n e a n M u o r d e r ( i . e . M * M ) u n i t a r y t r a n s f o r m m a t r i x , b a s e d 

o n the f i r s t M o r t h o g o n a l f u n c t i o n s , e a c h s a m p l e d a t M p o i n t s , 

i ^ p ( x 2 + k- ^ •) , 0 ^ k M j , w h e r e !T is a c o n s t a n t ; 0 ^ I , b y the 

r e l a t i o n : 
( 4 > P i c - K ( x 2 + t h * • . . . ' F - F , . . , : . ( A U 2 i ) 

E a c h o f the o r t h o g o n a l i t y r e l a t i o n s , e q u a t i o n ( A t . 15"), a n d e a c h 

o f the / r e c i p r o c a l o r t h o g o n a l i t y r e l a t i o n s , e q u a t i o n ( A t . 2 2 ) , 



^ t T * c 

respectively, c«n be rewritten as I < * V p . k < V V k p « c a , M ) W 

and p ^ ' V p f " •
 T h

e matrix equations representing 

.these is then: ' . •• 

<*i„>tyfM?1 » - c(jr,M)<IM). •. ' . . / ; . : . . , , .CAU25) 

Equation (A1.25) ttef Vn<s, the matrix 'JqJ^Try (yf^) to b G a
 unitary 

matrix. ' " . ' . ' • • ̂  

Define a row matrix [ f ] a n d the corresponding column matrix [f] , 
k + if 

which contain thn M elements f (x„ + —-—) yf, , 0 ^ k < M . Define 
a 2 M < k ~ 

a row matrix [?] , and the corresponding column matrix |F] , which 

contain the NT elements of the discrete unitary transform set - • 

I.f the range of p in the original infinite orthogonal set of functions, 

(x)} is «<#< p<co the finite set of M values of p is : 
$ / P „,? 5 M „ ' M M . ) J ( M - l ) ^ „ (H - t) .. 

|(p,M)j 1- 2 ? "2' e v e n ) o r J" —2 p 2 ' o d d ( * 

If the range of p in |<|) (x)j is 0 £ p < « ? then |(p,H)} » f 0 < p < M .. 
« P 14 

The above matrices are formally defined by the relations: 

• M k • 0 k •" ' f k •- Ea<*2 * H 1 ^ 5 >: ! • •' : : . W ' 2 6 ) 

M p " P ] p " F p • - . . - ( A 1 . 2 7 ) 

The set of function samples 0 ^ U < m ] , expressed as a discrete 

inverse unitary transform of the set of coefficients j F j by the M 

equations in(Al.13), can be written in row matrix and column matrix 

form as: ' • ./ , 

r 

W - M f e i V * (A1.2S) 

and i ' . . _ • 

W • q i / M / ; (At.?s9) 
while the set ;F (, expressed as a discrete unitary transform of the . p ) 

set by the M equations, (A1.20), can be written in row matrix 

and column matrix form as : ' . • /'• 

° M
(
I T K > ; " • ; ( A I . 3 0 ) 

and '' ' " . ' . " ' * 

M ' " C?fci)(l$M> W • % / A (A1.31) 
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Parsevol's theorem, equation (A1.23), for the.two discrete sets , 

c<bo M W+" H M1 • (A1.32) 

It very frequently is true that C(lf,K) M.and it has'already 

been proved, in lemma 5" j that this is true when the:,first M functions. 

of are such that the values of a r a constant in each 
k + l 

of the M bins,T7^x<—-—, 0 ^ k < M . 
31't • - i'i 

A1.3 The Exact Representation of a Two-Dimensional Function, within 

a Unit Square, b^ an Infinite Series of Two-Pi mens!ona1 Orthogonal 

' • Functions. 

Al.3.1 Definition and Simple Properties of Two-Dimensional Orthogonal 

, Functions. The Exact Representation of a Two-Pimensiona1 

.. Function using an Infinite Series of them. 

y ; 

The extension of one-dimensional orthogonal functions to two-

dimensional ones is straightforward. All the results and proofs for 

the latter have analogues in the former. 

Define an infinite two-dimensional set of functions j V pq(
x»y)j» 

orthogonal in the square y ^ y < y^ + 1, X q ^ x < X q + t, by the relations: 

/ , ( 
if p f l5 'or q + q* 
if p «=. p* and q « q 

(A 1.33) 

; 
'00 

and 

c (A l .3A) 

^ p q ( x + n* y + m) ® ) ;"-r / ' (A1.35) 

u/Atrc K q ^ x C X q + 1; y 0 ^ y < y 0
 + and m and n are integers. 

When c - 1 the orthogonal set ( x , y ) j is said to be orthonormal. 

There are two sets and f(q,«>)j each containing an infinite 

number of consecutive integer labels p and q. Usually ((p,«)} « 

or - [o <?<*>) and ^(q,®)] « | - a > < o r j(q,«oj 0j£q<ct>]. 

It can be shoim by a proof analogous with that in lemma 1, section 

Al.1.1, that the mean value of all theje functi ons in. the square Kq^x^Xq + 1, 
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- •."'.''•- far • ' - •• '•. . : L ' g • • v; ' 
y 0 ^ y < y 0 + e x c e p t t t h e . f u n c t i o n <r 0 0'(x,y> " Ijis z e r o . / " 

I t c a n be, s h o w n b y ' a p r o o f a n a l o g o u s w i t h t h a t in l e m m a 2 , s e c t i o n 

. A i . l . l , t h a t the s e t [Zj- (x',y)] o r i g i n a l l y d e f i n e d to be o r t h o g o n a l 

in the s q u a r e + 1, y < y ^ + 1 is o r t h o g o n a l in a n y s q u a r e 

x 2 ^ x < x 2 +. i 9' y 2 < y < y 2 + 1 . t h u s : . ' Y ' 

/ f • ; • ' • , 

( x , y ) d x d y c d p p * , q q f . (A.l 036). 

h  : j • ' . ^ 

a n d h e n c e ijfc c a n b e s h o w n t h a t a s m o o t h f u n c t i o n , f ( x , y ) ; wi t h i n t h e 

s q u a r e x 2 t £ X < x 2 + 1 5 . y 2 ^ y < y 2 • + 1 is g i v e n b y the i n f i n i t e s e r i e s 

f ( x , y ) « T T f ^ ( x , y ) ; , ( A l . 3 7 ) 

nq 'oq ) 

• p>® 4 ' ' ' " •"'-'/* > 

w h e r e t h e c o e f f i c i e n t s , F , a r e g i v e n b y , . . Y ' 
r pq . - • • ' • -

•F q - f ( x , y ) * h ( x , y ) a y d x ~ ^ ' ? . .'.,/ ' ( A t . 3 8 ) 

T h e m e a n v a l u e o f f ( x , y ) is F ~ s i n c e t h e m e a n v a l u e o f a l l c o e f f i c i e n t s , 

uu r ' 

b u t % Q ( x , y ) a lj is z e r o . T h e s e t ' " e x c l u d i n g F Q 0 J 

r e p r e s e n t s t h e " v a r i a t i o n s o f f ( x , v ) a b o u t the m e a n v a l u e 'F q q , 

T h e ' c o n d i t i o n s for a s e t to b e c l o s e d a n d c o m p l e t e 

a r e e x a c t l y a n a l o g o u s to t h o s e for t h e o n e - d i m e n s i o n a l c a s e : -
* A setjdf- „ > ( x , y ) ( is c l o s e d if t h e r e e x i s t s n o q u a d r a t i c a l l y 

p q L i t 2 
i n t e g r a b l e f u n c t i o n g ( x , y ) ( i . e . o n e .r*n .mfck'.: \ \|g(x,y)| d x d y < 

a f i n i t e p o s i t i v e n u m b e r ) s u c h t h a t \g(x,y)&- ( x , y ) d x d y ® 0 for a l l 
/y* 'pq 

p a n d q , ( T h e c a s e g ( x , y ) " 0 for a l l x a n d y is n o t c o u n t e d . ) 

T h e c o m p l e t e n e s s r e l a t i o n o r P a r s e v a l ' s t h e o r e m for t h e s e t 

^ p q ( x , y ) j is 

| f ( x , y ) | 2 d x d y F | 2 . . ( A t . 3 9 ) 

Jy t k f*» • ' 

; ' ' .f • 
A t . 3 . 2 S e p a r a b l e ; T w o - P i m a n s i o n a l S e t s o f O r t h o g o n a l F u n c t i o n s . 

C o n s i d e r the t w o - d i m e n s i o n a l f u n c t i o n f o r m e d b y t h e p r o d u c t o f 

t w o f u n c t i o n s w h i c h a r e m e m b e r s r e s p e c t i v e l y o f t h e o n e - d i m e n s i o n 2 l 

o r t h o n o r m a l s e t s [ (f p(x) j a n d ( y ) j , T h e o r t h o g o n a l i t y i n t e g r a l f o r 
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the s e t o f t w o - d i m e n s i o n a l f u n c t i o n s | <j) p(x)^(y)| (the l e f t h a n d s i d e 

o f e q u a t i o n ( A 1 . 3 6 ) ) is _ i • . / ; 

j . .. " . \ V . \ . 

X l C ( 
o rip' .0 = dp'pf .0 q q 1 . 

N o w ^pp'.^qq 1 " J p p ' j q q 1 t h u s ^ ( y ) | is a t w o - d i m e n s i o n a l o r t h o n o r m a l 

set. 

Example. ' ' \ ' 

I f [ ( j > ( x ) j « > 2 T r i P x | a n d j f (y) j ~ e 2 7 r i q y j the s e r i e s e x p a n s i o n . 
P Q ^ 

for f ( x , y ) g i v e n b y e q u a t i o n ( A 1 . 3 7 ) is the c o m p l e x F o u r i e r s e r i e s 

f ( x , y ) « G j n P x • 9 7 h G r e t h e c o e f f i c i e n t s a r e 
ft'CO ft-© 

T-. f ^ Y * / * v - 2 * i ( p x + q y ) t . 
pq M - d x d y 
P q ) Jf, jfci. 

Al.A The Approximate Representation of a Two-Dimensional Function 

.within a Unit Square, by a Finite Series of Tuo-Dimensionaj 

Orthogonal'Functions. 

A1 „ A. 1 The "Best" Finite Series Representation. 

I t c a n b e s h o w n , a s in s e c t i o n A l . 2 , 1 for t h e o n e - d i m e n s i o n a l c a s e , 

t h a t the " b e s t " l e a s t s q u a r e s a p p r o x i m a t i o n to a f u n c t i o n , f ( x , y ) , 

o b t a i n a b l e b y u s i n g M N f u n c t i o n s o f the tts
T
o«dimensional o r t h o g o n a l 

s e t ] V p q ( x > y ) j i s 

f ( x , y ) ~ f a ( x , y ) « H f V q ( x , y ) - • " ( A 1 . A 0 ) 

P>M w . 

w h e r e M a n d N a r e infcegers,.The c o e f f i c i e n t s , a r e g i v e n b y e q u a t i o n 

( A 1 , 3 8 ) , T h e s u m m a t i o n s in e q u a t i o n ( A l o A 0 ) a r e o v e r the M s m a l l e s t 

c o n s e c u t i v e a b s o l u t e v a l u e s o f p , a n d N of q ^ e . g , if p a n d q in 

> x , y ) j a r e in t h e r a n g e s O s ? p < G ? a n d 0«r q
< < ? ?

 t h e n the s u m m a t i o n s 

a r e £ a n d £ ,) £ 



A t . 4 . 2 T h e F i n i t e S e r i e s R e p r e s e n t a t i o n a t a F i n i t e N u m b e r o f 

D i s c r e t e S a m n l e P o i n t s , 

S u p p o s e t h a t t h e b o u n d i n g s q u a r e x 2 < / x < x 2 + 

is d i v i d e d u p i n t o M b y N t w o - d i m e n s i o n a l b i n s o r c e l l s a s shown-/,., 

in F i g . (AI-.2). E a c h . c e l l is r e c t a n g u l a r , o f d i m e n s i o n s ^ b y N o w '/ 

s u p p o s e s a m p l i n g p o i n t s a r e c h o s e n , o n e in t h e s a m e r e l a t i v e / -

p o i n t in e a c h c e l l a s .shown in F i g . ( A l . 2 ) . T h e n t h e f i n i t e s e t ' o f 

k + K 
s a m p l e d v a l u e s o f f (x) a r e g i v e n b y s u b s t i t u t i n g x •» x „ + . 

1 ' CO ^
 :

" - ' 

a n d y » y 9 + — ~ — in e q u a t i o n . ( A 1 . 4 0 ) , to g i v e Jj_.. 

« , . k + y V W ? l. I , k * F . t + w . 

, .. . . . . ..• " n . ;. . • ( A i . 4 1 ) 

w h e r e 04/k</>!, a n d • ^ a n d w a r e constants..in. t h e r a n g e 0 t o 1 . . 

I t c a n b e s h o w n , in a w a y e x a c t l y a n a l o g o u s w i t h t h e o n e - d i m e n s i o n a l 

c a s e , s e c t i o n A l . 2 . 2 , t h a t if t h e r e a r e v a l u e s o f a n d N f o r 

w h i c h a l l t h e ^ ( M + + 1) e q u a t i o n s , . 

/rt-l m-i 

V / *jr>''t * ( x 2 • M S \z * 

- C(Jf,M$ft» >N)^PP
,,qq ,

; • ( A 1 . 4 2 ) 

a r e t r u e , t h e n t h e M N c o e f f i c i e n t s F c a n b e e x p r e s s e d b v t h e s u m s : 
P9 " . 

1 v v w k + 0 1 , k + o t + w . 

V " ctf , M ; « , N ) I I
f ( x

2 + " I T " ' y 2
 + - T T r - ^ p q ^ + - ~ m ~ > + — 

. fro ......... ( A 1 . 4 3 ) 

in p r e f e r e n c e t o i n t e g r a l s , a s in e q u a t i o n ( A I . 3 8 ) . ' 

The. s e t s a n d a f i n i t e o r d i s c r e t e u n i t a r y t r a n s f o r m 

p a i r o f s e t s in t w o d i m e n s i o n s , e x p r e s s e d b y e q u a t i o n s ( A i . 4 1 ) a n d 

( A 1 . 4 3 ) , a n d t h e . o r t h o g o n a l i t y r e l a t i o n j e q u a t i o n ( A 1 . 4 2 ) . A d i s c r e t e 
it . n 

r e c i p r o c a l o r t h o g o n a l i t y r e l a t i o n is d e r i v a b l e f r o m t h e a s s u m p t i o n 

• t h a t e q u a t i o n ( A l . 4 1 ) is o b t a i n a b l e f r o m e q u a t i o n ( A 1 . 4 3 ) , w h i c h 

w a s d e r i v e d f r o m e q u a t i o n ( A l . 4 1 ) b y u s e o f t h e o r t h o g o n a l i t y r e l a t i o n , 
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x+1 

sample points are:x=x+-^-Jy=y+-^p 

•>=0,1,2,. ..M-1. .l=0,1,2,...N-1. 

Y is a constant, 0 < Y< 1. 

a) is a constant. 0< a x 1. 

Tbe >7J sampl ing p o s i t i o n s for f a ( x , y ) snd the o r t hogona l 

f u n c t i o n s , , i!h the u n i t s q u a r e j X ^ x , y 9 4 : y < y^+l 

and N-fS i n the d i ag ram . 
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e q u a t i o n (A1.42). Th i s r e c i p r o c a l o r t h o g o n a l i t y r e l a t i o n i s A y
1
 ' . 

y y r ( x + i ± L y + I x k * + y 1 ^ - ) 
Tpq^ 2 M 5 y 2 N *pq 2 . M ' " 2 N 

> « C ^ M ^ . N ^ k k S l l 1 \ (At,44) 

' P a r s e v a l ' s theorem r e l a t i n g the d i s c r e t e u n i t a r y ' t r a n s f o r m ' p a i r 

of sets and { F p c j | is 

av-l 

' - " Jcr* L-0 P)M i,N  1  n  
2 - y y i F I 2 ( A t . 4 5 ) 

It can be shown, by a proof analogous with that in lemma 5, section 

Al.2,2, that if {tpq(
>:

2 * ^ + ^ T ^ ] i s independent of 5T 

and U) (i.e. each function 2L (x,y) is constant within the MN sampling 
1 pq 

cells) then all values of y and w between 0 and 1 give rise to 

orthogonality relations, equations (A1.42) and (Ai.44). Also 

C(l,M;w,N) = MN in these cases. ° J 

If the two-dimensional orthonormal set is , where 

(x)} and {^(y)} a r e L^ 0 one-dimensional orthonormal sets, the. 

orthogonality relation, equation (A1.42) is separable: 

' v n / , k s{i), ^ t -ru> s i* , ^ k ( . i 

I B p ( x 2 + — ) f q ( y 2
 + " T T - ^ q ^ y z + - i r ^ 

« C(y,M;W,M)Xpp«,qq» ; 

k + X n1* . k c+& 0 I v-a/ ,„ .. I ,„ , I 

* K V . - » r\t.. 

« C(jf,M$tf,R)&ppV,qq\ 

The above equation is expressable as two one-dimensional orthogonality 

relations, namely <• ' . . 

P p « ( x 2 ^ i H r " ) l t
P
( x 2 + i H r ° " (Al,46) 

and ' ' 

where C(lf,M;£J,N) « C («,N) . • ' (A1.4S) 

4 
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v' ' • M 
The "allowed" values of 0 are those for which air t/M + 1 ) equations 

in equation (A1.46) are true and, likewise, the "allowed" values of 6) 

require all +. 1) equations in equation (A1.47) to be true. 

; The' two-dimensional "reciprocal" orthogonality relation, equation 

(A1.4A), is similarly separable into the two one-dimensional relations: 

m e : 
• j. ' - r •• ''/'.'.' 

l r c ( y 2 + (y 9 + 1 L ~ ) - c 2 ( ^ N ) k i V ~ • / ( A t - s o ) 

w 1 . •, • • ' ' 

The discrete unitary transform (and inverse) relations, equations 

(At.41) and (At.A3)^can be written .' 

© © / © k + Y . 1+tv x " , '' -"' 
Yw kl " a 2 I T " ' y2- + " 1 T " ) ; ..' . , / . , / 

and P / 

%q - c ^ r . w v ^ g ; ^ + / ^ j . (AU52> , 
,p If the set 0)9 (x)J is such that for particular value(s) of M each 

J \ p k k + 1 
function TpCx) i s constant in the range —, where k « 0,1,2...K - 1, 

then, from lemma 5, section At.2.2, all values of Y , 
1, are 

'"allowed" and C.(S.M) «= M. Likewise, if 
t w , 

for particular value(s) 
t q l + 1 

of N, are all constant in the range rr £ v <—~—» where 1 « 0,1,2. ..N - 1. 
ft W 

then all values of W , w < 1 are "allowed" and C2(tf,N) « N. In 

these cases' each'function 
4> O O P (y> 

in the separable two-dimensional 
P . . 1 . 4 

set will have a constant value in each rectangular sampling cell, 
k < < k + I c l + V, k « 0,1,2...,M - 1, L « 0,1,2..,,N - 1* 
M ̂  X M ® N " ̂  N 
From this statement and equation (At,51) the function f a(x,y) must 

k <f 1 + & 
be constant in each cell, and hence a sample set. f (x«: + —+—, y 0 + —-—) 

a Z i*l z i'i 

for anv single pair of values Y , ^ Y V i, Q£(o< I is sufficient to 

completely specify f.(x.v) when ft (x)Y (y) are constant in each 
" ¥ 'A 

sampl ing c e l l . 

An example of a separable two-dimensional orthonormal set for which 

the above•statement is true is the set of two-dimensional Walsh functions 

|wa 1 (p,x)wa 1 (q,y) , 0^p<z&, 0 ^ q < » j . The one-dimensional set 

£val(p,x), is discussed in Appendix 2, The first 64 two-



d i m e n s i o n a l W w J s h f u n c t i o n s in the r a n g e Q < £ x < y< 1 a r e s h o w n 

in F i g . (3«X)'k. ' ' y ' . . . - '' 

A I . U . 3 T h e D i s c r e t e Unr'treyy T r a n s f o r m R e l a t i o n s h i p s . D e r i v e d f r o m 

a S e p a r a b l e Two-PtyKiiVsigtfcvti O r thonorma l S e t . Expressed in 

M a t r i x F o r m . . . .. 

. . D e f i n e the u n i t a r y t r a n s f o r m m a t r i c e s , find ( J J ' p , for the 

t w o - o n e - d i m e n s i o n a l u n i t a r y t r a n s f o r m s b a s e d o n the o n e - d i m e n s i o n a l 

o r t h o n o r m a l s e t s a n d j ^ q ^ ^ j r e s P e c f c * V G 4 y ; b y t b e r e l a t i o n s 

and - " .. . 

Q ^ q l " f q
{ y 2 + ' L T L ) ; 1 05 <M>2...N-1, qe[.(q?N)} ^ (At.54) 

T h e two m a t r i c e s a r e the M t b o r d e r a n d N*"*1 o r d e r r e s p e c t i v e l y . 

T h e o r t h o g o n a l i t y r e l a t i o n s , e q u a t i o n ( A I . A 6 ) , and r e c i p r o c a l 

o r t h o g o n a l i t y r e l a t i o n s , e q u a t i o n ( A 1 . 4 9 ) , for the s e t ^ (>:2
 + M ^ "'} 

c a n be w r i t t e n in m a t r i x form a s v ' .. • 

( A H ^ ^ - - C , < ) T , N > « H > ( A I . 5 5 ) 

L i k e w i s e e q u a t i o n s ( A 1 . 4 7 ) a n d ( A l . 5 0 ) , the c o r r e s p o n d i n g r e l a t i o n s 

for the s e t [ Y q ( y 2 + - 1 —• ) ] are ' . t 

< X ? W " " L Y j / W - C 2 ( W t N)<y . . (AX56) 

c 

D e f i n e t he M X M m a t r i x ( f ) and t h e M * N m a t r i x (F) as f o l l o w s : 

(f) ® ~ f « f (x + iS-JjL v + JLlfi.) (&.] 
v ' k l iTw k l V x 2 M 5 y 2 N } W i . D / ; 

a n d " . 

(F ) « F 
pq pq • , ( A 1 . 5 8 ) 

T h e e x p r e s s i o n , e q u a t i o n ( A 1 . 5 1 ) , g i v i n g o n e e l e m e n t o f the 

c o m p l e t e d i s c r e t e i n v e r s e u n i t a r y t r a n s f o r m s e t [ y y ^ - ^ j .can b e w r i t t e n 

- 1 q h / i i v x C ) .<AU59) 
fj*1 
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s o that, the c o m p l e t e i n v e r s e t r a n s f o r m can b e w r i t t e n b y the m a t r i x 

product:' •'• . " ..••.. 

a i f r c w w / i * . . : ' .. ~ • - '> ' 7 ( A t . 6 0 ) 

L i k e w i s e , e q u a t i o n ( A 1 . 5 2 ) , g i v i n g o n e e l e m e n t F o f the c o m p l e t e , 

d i s c r e t e u n i t a r y t r a n s f o r m .set F , c a n b e w r i t t e n : 
. . - ' •

 1 Pq - • 

Fpq c 

s o t h a t the c o m p l e t e t r a n s f o r m ' c a n b e w r i t t e n b y the m a t r i x p r o d u c t : 

( F ) 7 ° c 1 ( y 1 H ) c 2 ( o . N ) ( ^ M > < « < . & : ; - : •-•-• . 

B o t h the^. t w o - d i m e n s i o n a l d i s c r e t e , t r a n s f o r m a b o v e , a n d its i n v e r s e 

c a n be e x p r e s s e d c o m p l e t e l y in t e r m s o f o n e - d i m e n s i o n a l u n i t a r y 

t r a n s f o r m s . C o n s i d e r the i n v e r s e t r a n s f o r m g i v e n b y e q u a t i o n 1 ( A 1 , 6 0 ) : 

T h e i r o w of the M X N m a t r i x (F) ( V ) ' is f o r m e d b y the m a t r i x 

" N th ' * 
p r o d u c t o f the i . r o w o f F w i t h the N vr N t r a n s f o r m m a t r i x ( • 

B u t , by c o m p a r i s o b w i t h e q u a t i o n ( A l . 2 8 ) , t h i s is a o n e - d i m e n s i o n a l 

i n v e r s e d i s c r e t e u n i t a r y t r a n s f o r m , o f o r d e r >1, e x p r e s s e d a s a r o w 

m a t r i x . T h e r e a r e M r o w s in (F) so (F) (Jf^,) is g i v e n b y M of t h e s e 

o n e - d i m e n s i o n a l t r a n s f o r m s , o n e for e a c h r o w of (F)• 
0 vi/ * * i s 

N o w the c o m p l e t e i n v e r s e t r a n s f o r m is o b t a i n e d w h e n ( F K Y l . ) 
, 1 * _ • kL 

p r e m u l t i p l i e d by the M X M t r a n s f o r m m a t r i x ( J . , ) ' ; T h e j c o l u m n 

o f (f) is f o r m e d b y the m a t r i x m u l t i p l i c a t i o n o f w i t h the j 

r o w of • 3 u t , b y c o m p a r i s o n w i t h e q u a t i o n ( A t . 2 9 ) , t h i s is 

a o n e - d i m e n s i o n a l i n v e r s e d i s c r e t e u n i t a r y t r a n s f o r m , o f o r d e r M , 
r * 

e x p r e s s e d a s a c o l u m n m a t r i x . T h e r e a r e N c o l u m n s in ( F j ^ j ) ) s o 

( f ) is g i v e n by N of t h e s e o n e - d i m e n s i o n a l t r a n s f o r m s , o n e for e a c h 
•r -k ' 

c o l u m n of (F) (. <f.,) . . 

The i n v e r s e t r a n s f o r m (f) is a l s o g i v e n b y the m a t r i x p r o d u c t 

(yjfv,)(F) f o l l o w e d b y the p o s t - m u l t i p i i c a t i o n o f t h i s b y (JJ^,). I n 

t h i s c a s e it is e a s i l y s h o w n ' t h a t t h e f i r s t m a t r i x ( y J M ) ( F ) is g i v e n 

b y the M , N " o r d e r o n e - d i m e n s i o n a l i n v e r s e t r a n s f o r m ! o f the c o l u m n s 
o f ( F ) , w i t h r e s p e c t to the t r a n s f o r m m a t r i x (Jp.,). T h e n (f) Is 

th 

g i v e n b y N . M o r d e r o n e - d i m e n s i o n a l i n v e r s e t r a n s f o r m s o f t h e rrn 

of ( y $ M ) ( F ) , w i t h r e s p e c t to the t r a n s f o r m m a t r i x (^f^)» 



. . . . . - 20Se 

• F- ' In both eases (f) is completely - calculated by M one-dimensional • 

- inverse transform-* of order ?•!, with respect to the transform matrix, 

.j ; (J^p , and N one-dimcnsional inverse transforms of order M, with 

;.J... ... - respect to the t r a n s f o r m m a t r i x (yjfy) • 

/,'•'. f "'. If "inverse" Is deleted from the above sentence, and (f) replaced 

/ V . by (F), the resulting statement applies to equation (Al„62), the 

• . two-dimensional discrete hini tary transform, 

r s s . 
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A p p e n d i x 2 . T h e I n f i n i t e O r t h o n o r m a l S e t o f O n e - D i m e n s i o n a l W a l s h 

• • • •; • F u n c t i o n s . • ; • 

A 2.j I n t r o d u c t i o n . ; = 

J . L . W a l s h in h i s p a p e r , ( 1 ) . f i r s t d e f i n e d a s e t o f f u n c t i o n 

e l e m e n t s , o r t h b n o r m a l in the r a n g e o ^ x < l » a n d b a v i n £ o n l y t w o 

v a l u e s ,4-1/ o r — I • A f u n c t i o n e l e m e n t is t a k e n t o m e a n a f u n c t i o n 

w h i c h ' is i d e n t i c a l l y z e r o o u t s i d e o f a g i v e n r a n g e . . I t h a s b e e n s h o w n 

in L e m m a 2 A p p e n d i x 1 t h a t i f a n i n f i n i t e s e t o f f u n c t i o n s is d e f i n e d 

t o b e o r t h o g o n a l in a n y u n i t r a n g e , x ^ x < x
e

+ l , t h e n t h e 

p e r i o d i c c o n t i n u a t i o n o f e a c h f u n c t i o n in t h e s e t m e a n s t h a t t h e 

r e s u l t i n g s e t o f f u n c t i o n s is a l s o o r t h o g o n a l , b u t in a n y o t h e r c h o s e n 

u n i t r a n g e : > < x < x + i $au . T h e d e f i n i t i o n s o f W a l s h f u n c t i o n s 
' * i 7 j / 

g i v e n h e r e a r e t a k e n f r o m H . F . H a r m u t h ' s r e c e n t b o o k , A < i l y , in w h i c h a 

s e t o f W a l s h f u n c t i o n e l e m e n t s a r e d e f i n e d in t h e u n i t i n t e r v a l } 

o u t s i d e o f w h i c h t h e y a r e z e r o . T h i s i n f i n i t e s e t o f W a l s h f u n c t i o n 

e l e m e n t s is s h o w n t o b e o r t h o n o r m a l in t h e u n i t r a n g e . 

'Periodic c o n t i n u a t i o n o f t h e s e W a l s h f u n c t i o n e l e m e n t s g i v e s t h e W a l s h 

f u n c t i o n s w h i c h L e m m a 2 A p p e n d i x 1 , f o r m a n i n f i n i t e s e t o r t h o n o r m a l 

i n a n y u n i t r a n g e H a r m u t h ' s c o n v e n i e n t n o t a t i o n , 

val--(j,x) j « 0 . t , 2 P O 9 i n h o n o u r o f W a l s h , is u s e d f o r 
" ' \ 

b o t h W a l s h f u n c t i o n element?, a n d W a l s h f u n c t i o n s . 

A 2.2 T h e D e f i n i t i o n o f A S e t of W a l s h F u n c t i o n E l e m e n t s . 

A S e t o f W a l s h f u n c t i o n e l e m e n t s c a n b e d e f i n e d r e l a t i o n s 

v a l ( j , x ) » 0 , x < - ^ o r x ^ a n d j = l , 2 , 3 . . . . c o ; 

w a l ( 0 , x ) = l , .V..".'\ •
 ( A 2 < 

* I n t h e " r a n g e o f ' i n t e r e s t " in t h i s t h e s i s , 0 ^ x < l , t h e y a r e i d e n t i c a l 

w i t h t h e f u n c t i o n e l e m e n t s o r i g i n a l l y d e f i n e d by. J . L . W a l s h in h i s p a p e r , 



/(-1)^ + rwal< j,2(x+W) , < 0 

wal(2i+r 
- (A2.3) 

where r can take on the two values 0 or 1 , the labels of the 

function elements , j , are 0,1,2,3, OO and pi] is the largest 

integer .smaller than or equal to k . . 

The first sixteen Wa'lsh function elements are shown in Fig, (A2.1). 

All the Walsh function elements have only two valuer +1 or , 

for any given value of x i n the range (except at ® a-h 

discontinuity ; where the value infintesimally to the right of the 

discontinuity Is taken). It is useful, to describe how the recursive 

relation, equation (A2,3), leads to the generation of new Walsh function 

in sucessive steps from the first Walsh function, w al(0,x) , which is 

an even function. 

The function element } wal(j,2x) , is val(j,x) "squeezed" 

along the x—axis to be non-zero in the range and 

zero outside this range. Then wal(j,2(x+?i)) is val(j,2x) 

shifted to the left along the x—axis by \ so that it'is non-zero for 

« ^ x < 0 and zero for . Similarly wal(j,2(x-V)) 

is wal(j,2x) shifted to the right along the x-axis by k 

so that it is .non-zero for 0 ^ x < - i and zero for - ? a ^ x < 0 . 

This means that the recursive relation, equation (A2.3)> can be written 

as the single equation: 

val(2j+r,x) - (-1)^. [(-l)rwal(j,2(x+Vj)+(-l)jwal(j,2(x-V)| (A2.A) 

The two ha Ives or the complete function , wal(2j+r,x) , consist of 
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-10/ 
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•12 

• 1 3 

•14 
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X 

-1/2 -3^8 -1/4 -1/8 ^ 1/8 1/4 3 /8 

The first sixteen Walsh functions, val (j,x), in the range 

.n is the "generation" number. Positive values are +1 and 

negative ones are -1. 
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y a l ( j , 2 ( x + ^ ) ) arid v a l ( j , 2 ( x - ^ ) ) s e p a r a t e l y m u l t i p l e d b y - 1 o r 

+ 1 a c c o r d i n g to the p a r i t y ( o d d n e s s o r e v e n n e s s ) o f r a n d j . . 

F r o m e a c h W a l s h f u n c t i o n ^ w a l ( j , x ) , t w o n e w W a l s h f u n c t i o n s , w a l ( 2 j , x ) 

a n d V a l ( 2 j + l , x ) , c a n be g e n e r a t e d ( e x c e p t for the c a s e j - 0 where-

w a l ( 0 , x ) g e n e r a t e s i t s e l f for r » o a n d v a l , ( l , x ) f o r r - L ) . 

F i g . ( A 2 . 2 ) s h o w s t h e l a b e l s of the f u n c t i o n s g e n e r a t e d , s t a r t i n g f r o m 

t h e f u n c t i o n v a l ( o , x ) , r e p r e s e n t e d b y " 0 " . O n e f u n c t i o n , 

' * .occur . . . 
w a l ( i , x ) , o c c u r s in the f i r s t " g e n e r a t i o n " , .twoj^in the s e c o n d a n d 

s o o n . T h e r e a r e W a l s h f u n c t i o n s in t h e n t h " g e n e r a t i o n " o f A 

W a l s h f u n c t i o n s . ( I n J . L . W a l s h ' s o r i g i n a l n o t a t i o n the k t h . W a l s h 

f u n c t i o n in the n t h . g e n e r a t i o n is d e n o t e d b y I D ( x ) , w h e r e 
/ (ix-0 J W . 

T h e n : ' IS) , ( x ) a n d V P „ ( x ) a r e t h e two f u n c t i o n s in t h e ( n + l ) t h . 
•Tl+l Tf»+> -

g e n e r a t i o n " d e r i v e d f r o m C D ^ x ) . ) . " 

• •" . "
 N

 - • • A. . A • . • A . • " '. . . 

A 2 . 3 T K e C l a s s i f i c a t i o n O f W a l s h F u n c t i o n s I n t o O d d a n d E v e n F u n c t i o n s . 

I t is n o w s h o w n t h a t the two s t a t e m e n t s b e l o w a r e t r u e : 

r r . 

( 1 ) If a n y g i v e n W a l s h f u n c t i o n in t h e n t h * " g e n e r a t i o n " is a n o d d 

o r a n e v e n f u n c t i o n , t h e n the t w o W a l s h f u n c t i o n s g e n e r a t e d f r o m 

i t , i n the n + 1 t h . " g e n e r a t i o n " } c a n o n l y b e o d d a n d e v e n t h e m s e l v e s . 

(2) T h e W a l s h f u n c t i o n w a l ( j , x ) is o d d w h e n j is o d d a n d e v e n w h e n 

j is e v e n . t . . 

P r o o f of S t a t e m e n t ( l ) . c. , • ' J 

S u p p o s e t h a t .wal ( J , x ) is a n e v e n f u n c t i o n in t h e i n t e r v a l x < L 

( i . e . t h e f u n c t i o n is s a i d to h a v e e v e n p a r i t y ) , s o t h a t w a l ( j j x ) " w a l ( j , - x ) 

a n d so : * 
• , A . c • 

w a l ( j , 2 ( x + k ) J - w a l ( j , - 2 ( x + ^ ) ) - w a l ( j , 2 ( - x - ^ ) ) " ( A 2 . 5 ) 

a n d 

w a l ( j , 2 ( x - V . ) ) « w a l ( j , - 2 ( x - i ; ' ) ) - w a l ( j s 2 ( - x + > ) ) ( A 2 . 6 ) 

T h e p a r i t y of r in w a l ( 2 j + r , x ) , g e n e r a t e d f r o m w a l ( j , x ) , m a y b e the s a m e 

a s t h a t o f j o r d i f f e r e n t . T h e two c a s e s g i v e d i f f e r e n t r e s u l t s : 

(..a) r h a s the s a m e p a r i t y a s t h a t o f .j so (»!)*" «• (-1)! 

I n this c a s e t h e g e n e r a t e d f u n c t i o n g i v e n b y e q u a t i o n ( A 2 . 6 ) b e c o m e s 



T h e g e n e a l o g y o f t h e f i r s t f i v e g e n e r a t i o n s o f W a l s h 

f u n c t i o n s . T w o W a l s h f u n c t i o n s w a l ( 2 j + r , x ) , w h e r e r«0,l a r e g e n e r a t e d 

f r o m w a l ( j , x ) . E a c h W a l s h f u n c t i o n w a l (i s:<) is r e p r e s e n t e d i n t h e 

d i a g r a m b y its l a b e l , i . i arid j a r e i n t e g e r s g r e a t e r t h a n o r e q u a l t o 

z e r o , n is t h e " g e n e r a t i o n " n u m b e r , 
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-.y 

w a l ( 2 j + r , y j « ( - l ) ^ J ' : ' [ w a l ( j , 2 ( x + 0 ) . + w a l ( j , 2 ( x - ^ ) ) ] ( A 2 . 7 ) 
> • • 

S u b s t i t u t i n g the r i g h t h a n d s i d e o f . e q u a t i o n ( A 2 . 7 ) f o r t h a t o f e q u a t i o n s 

( A 2 . 5 ) a n d ( A 2 . 6 ) g i v e s . 

w a l ( 2 j + r , x M - i . ) ^ [ w a 1 ( j ) + w a l ( j , 2 ( - x + ^ ) ) ] 

B u t from e q u a t i o n ( A 2 . 7 ) -

w a l ( 2 j + r , - x ) ® ( - l ) W * j [ w a l ( j , 2 ( - * f & ) + v a l ( j , 2(-x~J;) )] 

w a l ( 2 j + r , x ) = w a l ( 2 j + r , - x ) , . 

( .b) r h a s the o p p o s i t e n a r i t v to t h a t of j so t h a t ( 

w a l ( 2 j + r , x ) g i v e n b y e q u a t i o n ( A 2 . A ) b e c o m e s 

w a l ( 2 j + r , x ) - C - l ) P / l ] + j [ - v a l ( j ,2(x+V.))+val( j , 2 ( x - V J ) ] 

* (-l) t J / a J + j [ - v a l ( j , 2 ( - x - * ) ) + w a l ( j , 2 ( - x + t t ) ] 

= -wal(2j+r,-x) 

F r o m c a s e s ( .a) a n d ( .b) it c a n therefore b e c o n c l u d e d t h a t : 

F o r a g i v e n p a r i t y o f j , a W a l s h f u n c t i o n v a l ( j , x ) , a s s u m e d to b e e v e n , . 

l e a d s to the g e n e r a t i o n o f a n o d d a n d a n e v e n f u n c t i o n ^ s i n c e r c a n h a v e 

t w o v a l u e s 0 q n d 1 of o p p o s i t e p a r i t i e s . 

N o w s u p p o s e w a l ( j , x ) is a n o d d f u n c t i o n in t h e i n t e r v a l -

( I . e . t h e f u n c t i o n is s a i d to h a v e o d d p a r i t y ) . s o t h a t w a l ( j , x ) » - w a l ( j , - x ) 

a n d so 

w a l ( j , 2 ( x + ' ? : ) )—w a l ( j f . 2 ( x + 0 )—w a l ( j , 2 ( - x - ? ; ) ) ( A 2 . S ) 

and . . - ; 

v a l ( j , 2 ( x - a )— w a l ( j , " . 2 ( x - W )— w a l ( j , 2 ( - x + ^ ) ) \ ( A 2 . 9 ) 



T h e p a r i t y o? r in w a l ( 2 j + r , x ) , g e n e r a t e d f r o m w a l ( j , x ) , m a y b e the s a m e 

a s t h a t o f j or d i f f e r e n t . T h e two c a s e s g i v e d i f f e r e n t r e s u l t s : 

( a ) If r has the rame p a r i t y a s that' of j so t h a t ( - l ) r + ( - l ) d 

. T h e n w a l ( 2 j + r , x ) , g i v e n b y e q u a t i o n ( A 2 , 4 ) , 'is 

w a l ( 2 j + r , x ) - - ' j [ w a l ( j , 2 ( x + % ) ) + w a l ( j , 2 ( x - % ) ) ] 

~ ( - 1 ) ^ [ - w a l ( j , 2 . ( - x - % ) ) - w a l ( j 5 2 ( - x + ^ ) ) ] 

» - w a l ( 2 j * r , - x ) 

( b ) If r h a s the o n n o s i t e p a r i t y to t h a t o f j s o t h a t ( - l ) r - f - ( - l ) $ 

T h e n w a l (2j+r,x)j g i v e n b y e q u a t i o n ( A 2 . 4 ) , is 

w a l ( 2 j + r , x ) « ( - 1 ) ^ + j [ - w a l ( j , 2 ( x + % ) ) + w a l ( j , 2 ( x - % ) ) ] 

- • "« ( - 1 ) P / J + j [ w a l ( j > 2 ( - x - % ) ) - w a l ( j s 2 ( - x + % ) ) ] 

\ . « w a l ( 2 j + r , - x ) . _ ; -

F r o m c a s e s (a) a n d (b) a b o v e it c a n t h e r e f o r e b e c o n c l u d e d t h a t : • 

For a g i v e n p a r i t y of j , a W a l s h f u n c t i o n w a l ( j , ' x ) , assumed,.to be o d d 

l e a d s to the g e n e r a t i o n o f a n odd a n d a n e v e n • f u n c t i o n ^ s i n c e r c a n h a v e 

t w o v a l u e s 0 a n d 1 of o p p o s i t e p a r i t i e s . 

T h u s a n odd a n d a n e v e n f u n c t i o n w a l ( 2 j + r , x ) a n d w a l ( 2 j + r ' , x ) , w h e r e 

, f o it rz\ I 

r - J ^ j jj r . 0 J . . 3 x 6 ' o
e n e r a t G d

 f r o m a n o d d o r a n e v e n W a l s h 

f u n c t i o n j w a l ( j , x ) . 

Proo f o f S t e t emen t ( 2 ) . - . • 

pjfT 

T h e f i r s t / o f t h e p r o v e d statement(l) a b o v e , c o n c e r n i n g the g e n e r a t i o n of a n 

e v e n a n d a n o d d W a l s h f u n c t i o n f r o m a n e v e n W a l s h f u n c t i o n l e a v e s two 

p o s s i b i l i t i e s : o n e f o r j o d d a n d t h e o t h e r f o r j e v e n : 



wal(j,x) is EVEN. 

walQx) wal(jpc) 

wal(2jJx) wal(2j+1Jx) wal(2j;x) wal(2j+1jx) 
is ODD is EVEN is EVEN is ODD 

:j is ODD j is EVEN 

SchemeCA) Scheme(B) 

In scheme (A); the even function generated has an odd label and vice versa, 

while in scheme(B) the even function generated has an even label and the odd 

function generated has an odd label. Now the first Walsh function,from 

which all the others are generated^ is wal(0,x)~l» in the range 

which is an. even function with an even label, Thus,.." scheme-(B),' 

applies, in this case in which the odd function wal(l,x) is generated from 

val(0,x) when r»l and the even function wal(0,x) is generated again for 
fart at 

4T«0, Now applying the second/(proved statement ' (1) above, concerning 

the generation of an even and an odd Walsh function from an odd Walsh furicti 

to this first odd Walsh function, walCl,x), only one' possible scheme is 

possible: 

. wal(j,x) is ODD. wal(jpc) 

j is ODD 

Scheme(C) 
wal(2jJx) 
is EVEN 

wai(2j+lx) 
is ODD 

In scheme (C) an odd Walsh function with an odd label generates, 

as in scheme (B) an even, even labelled Walsh function and an odd, odd 

labelled Walsh function. Thus schemer.(3) and (C) mean that all odd 

Walsh functions have odd labels and all even Walsh functions have even 

labels. Harmuth,(2)juses a convenient notation "cal" for even Walsh 

functions (like "cosine" an even function). and "sal" (like !kine" an odd 
t > ' . " " • } • 



f u n c t i o n ) ^ d e f i n i n g t h e e v e n a n d o d d s e t s b y t h e r e l a t i o n s 

c a l ( 0 , x ) « wa 1 ( 0 , x ) - . . : 

. c a l ( k , x ) « w a l ( 2 k , x ) . / ( A 2 . 1 0 ) 

s a l ( k , x ) «' w a ! ( 2 k - l , x ) - / A ; ' 

w h e r e . 1 , 2 , 3 , . . . 

A 2 . 4 P r o o f o f the Orthonortr.ali ty o f the I n f i n i t e S e t o f O n e - D i m e n s i o n a l jVahk 

F u n c t i o n e l e m e n t s w a l ( j , x ) , O ^ j In t h e R a n g e 

T h e o r t h o n o r m a l i t y c o n d i t i o n to b e p r o v e d is 

r k fl if i*»j 

w ? l ( i , x ) v a l ( j , x ) d x « S . ^ <• ( A 2 . l l ) 
1 3 [ 0 if 

F o r a l l n o n - n e g a t i v e i n t e g e r s i . a n d j. 

A 2 . A . 1 P r o o f t h a t E q u a t i o n (A2.ll) is T r u e f o r 

A l l W a l s h f u n c t i o n s a r e + 1 o r - 1 ( e x c e p t a t i n f i n t e s i m a l l y n a r r o w 

d i s c o n t i n u i t i e s ) s o t h a t w a l ( i , x ) w a l ( i , x ) = 1 a n d s o 

¥ 
w a l ( i , x ) w a l ( i , x ) d x » 1. d x « l 

(9.E.D. 

A 2 . 4 . 2 P r o o f T h a t E q u a t i o n ( A 2 . / Q is T r u e f o r i a n o d d n u m b e r a n d i a n 

e v e n n u m b e r . 

W a l ( i , x ) is an o d d f u n c t i o n if i is o d d a n d w a l ( j , x ) is a n e v e n f u n c t i o n 

f o r j e v e n s o the p r o d u c t is c l e a r l y a n o d d f u n c t i o n ? ; 

w a l ( i , x ) . v a l ( j , x ) = G ( x ) = - - G ( - x ) . T h e i n t e g r a l in e q u a t i o n ( A 2 . I ) w i l l b e 

z e r o f o r a n y o d d f u n c t i o n : 



(k 

G ( x ) d x » 

[o 
G ( x ) d x j-

i. 

fv 

G ( x ) d x " 
r o / 

f 
- G ( - x ) d x G ( x ) d x 

-h 
* i 

J o 

f k 
G ( y ) d y + |G(x)rfx » ~ G ( y ) d y - + G ( x ) d x « o Q . E . D , 

A 2 . 4 . 3 . P r o o f T h a t E q u a t i o n ( A 2 . 9 ) i s T r u e f o r i a n d ,j B o t h E v e n o r B o t h O d d , 

i i i - ' _ ... ' 

S u p p o s e t h a t w a l ( k , x ) a n d w a l ( l , x ) , k + V , a r e or..thogonal: ' ' . 

wal(k,x)wai(T,x)dx « 0 

"h k+ i 

( A 2 . 1 2 ) 

\ • ' 
f o r a p a i r o f i n t e g e r s I a n d k w h e r e I r k . 

( 1 ) I t i s ' f i r s t p r o v e d t h a t if e q u a t i o n ( A 2 . 1 2 ) a s g e n e r a l l y t r u e t h e n 

( a ) t h e e v e n f u n c t i o n 5 ; w a l ( 2 k , x ) a n d w a l ( 2 l , x ) ; g e n e r a t e d f r o m w a l ( k , x ) 

a n d w a l ( ] / , x ) , r e s p e c t i v e l y a r e o r t h o g o n a l a n d ( b ) t h e o d d f u n c t i o n s 

w a l ( 2 k + l , x ) a n d w a l ( 2 t + l , x ) , g e n e r a t e d f r o m w a l ( k , x ) a n d wal(l/,x) r e s p e c t -

i v e l y a r e o r t h o g o n a l a l s o . 

( 2 ) I t is t h e n p r o v e d b y i n d u c t i o n t h a t , s i n c e e q u a t i o n ( A 2 . 1 2 ) i s t r u e 

f o r k e v e n a n d I o d d ( o r v i c e v e r s a ) f r o m s e c t i o n A 2 . 4 . 2 . a b o v e , w a l ( i , x ) 

a n d w a l ( j , x ) a r e o r t h o g o n a l w h e r e i a n d j a r e t w o o d d o r t w o e v e n 

n u m b e r s : i « 2 n k + 2 n " 1 r ; +r n- a n d j - 2 n l + 2 n " 1 r l + 2 n ~ 2 r - • • • r
n 

w h e r e rj ,r 3 » . r n a r e 1 o r O ^ m d . n is <t positive, i n t e g e r . 

A n y p a i r o f e v e n o r o d d n u m b e r s i,j c a n b e g i v e n b y t h e e x p r e s s i o n s 

a b o v e s o t h e t w o p r o o f s o f ( 1 ) a n d ( 2 ) w i l l c o m p l e t e t h e p r o o f , o f t h e 

o r t h o g o n a l i t y o f t h e W a l s h f u n c t i o n e l e m e n t s . 



P r o o f (I) : 

' F r o m e q u a t i o n ( A 2 . 4 ) , the two e v e n f u n c t i o n s o r two odd f u n c t i o n s , 

g e n e r a t e d f r o m - v o l ( k . x ) a n d w a i ( t , x ) r e s p e c t i v e l y , a r e . 

wal(2k+r„x) ( - l ) ^ . [ ( - l ) V l ( k , 2 ( ^ ) ) + ( - l ) k w a l ( k , 2 ( x - » ) ] -

a n d , ( A 2 . 1 3 ) 

wal(2l+r„X> - ( - 1 ) ^ [ ( - l ) s w a l ( l , ) + (-!) lwal(l,Z(x-V.))] 

If r, " O the f u n c t i o n s a r e e v e n a n d if r, ® 1 t h e y a r e o d d . 

T h e o r t h o g o n a l i t y i n t e g r a l for t h e s e two f u n c t i o n s is t h e n 

7 

w a 1 ( 2k+r,, x ) w a 1(2 l+r ;, x ) d x 

i/fir m 
* ^ ^ J + l A J m r > W a l ( k , 2 ( x + % ) ) + ( - ! ) k w a 1 ( k , 2 ( x - % ) )] 

. [ ( - l )
r ,
. w a i ( l , 2 ( x + ! ) ) + ( - l ) r w a l ( ! , 2 ( x - ^ ) ) ] . d x 

( A 2 . 1 4 ) 

N o w c r o s s t e r m s w a l ( k , 2 ( x + < 0 ) w a l ( l , 2 ( x - ^ ) ) a n d w a l ( k , 2 ( x - % ) ) w a l ( l , 2 ( x + ^ ) 

o f the i n t e g r a l o n the r , h , s a r e z e r o s i n c e the W a l s h f u n c t i o n e l e m e n t , 

w a l ( i , 2 ( x + ^ ) )°0 w h e n 0 < x < % w h i l e w a l ( i , 2 ( x - £ ) ) « 0 w h e n f o r a l l 

0 < i < 0 3 • E q u a t i o n ( A 2 , 1 A ) t h e n b e c o m e s : -

\val(2k+r,x)wal(21r*-r,x)dx ° ( -1 J ^ ^ j j w a l ( k , 2 ( x + ! ) ) w a l ( t ? 2 ( x + ^ ) ) d x 

+ H 
m / 

w a 1 ( k , 2 ( x-1;)) w a 1 ( t , 2.( x « ) dxj 

.V- ' ( A 2 . 1 5 ) 

w h e r e I, a n d a r e the t w o i n t e g r a l s on the r , h , s , of e q u a t i o n (A2,15), 



220. 

The integrand of !', on the r.h.s, is zero in the range 0«x<k while that of 

is zero in tho range -^KCO SO that these can'be rewri tten 

I, = Iva I (k ,2 ( ) va 1 ( 1 5 2 ( x+ ) dx (A2.16) 

- lwal(k,2(x-^))wal(l,2(x-^)dx 
0 

V (A2.17) 

X 

£ . \ 
y»2(x+%) in equation (A2.16) and y =2(x-^) in equation (A2.17) gives for 

both equations /" 

V » h 

f h 

«wnl(k,y)wal(l,y)dy 

. £ 

(A2.1R) 

This is identical with the definite integral of equation (A2.12) which was 

assumed to be identically zero. . Thus it is true that :
 P 

I r f 2 
wal(2k+r;,x)wal(2l+r.,x)dx » 0 

k+1/ 

(A2.19) 

and 

A 

wal(2k,x)wal(lsx)dx « 0 

vab 

(A2.12) 

,r, » 0 or 1 

Q.E.D. 



• • » 

P r o o f (?-) ' . . . . . . Y 

P r o o f ( 1 ) a l l o w s the s t a t e m e n t t h a t t h e p a i r of f u n c t i o n s w a l ( 2 k + r , ,x) 

a n d w a l ( 2 l + r ( ,x) a r e o r t h o g o n a l if, w a l ( k , x ) a n d w a l ( l , x ) a r e o r t h o g o n a l , 

for a n y p a i r of n o n e q u a l i n t e g e r s k and' 1 . P r o o f ( D / a l l o w s the s t a t e m e n t 

k t h a t w a l ( 2 ( 2 k + r r )+r ,x) a n d w a l ( 2 ( 2 l + r , ) + r x ,x) a r e o r t h o g o n a l if 

w a l ( 2 k + r , *;x) a n d val(2V*-r, 5 x ) a r e ( r , . v x**0 o r l ) „ Cl iarlu ( 1 ) ' . c a n 

b e e x t e n d e d to a m o r e g e n e r a l s t a t e m e n t t h a t : . - ; ' 

1 r 2 
" I_f wal(l: 5x). a n d wal(.l,x) a r e o r t h o g o n a l t h e n w a l ( 2 n U + 2 n ~ 'r t,+2

n" 

a n d - w a i ( 2 1 1 l + 2 T , " 1 r l + 2 n " 2 r , + r n , x ) a r e o r t h o g o n a l w h e r e rf ,r2 

c a n e a c h be O.or 1 n a posiiiv-e inte<j*r. 

B u t i t h a s a l r e a d y b e e n s h o w n in s e c t i o n ( A 2 „ 4 . 2 ) t h a t . . v a l ( k 5 x ) a n d ., 

wal(lr,x) . a r e - b r t h o g o n a l if k a n d L a r e e v e n and-'odd stespect ively (or o d d 

a n d e v e n ) . T h u s it h a s b e e n s h o w n t h a t " i f k a n d 1 a r e e v e n a n d odd 

n u m b e r s r e s p e c t i v e l y (or odd a n d e v e n r e s p e c t i v e l y ) t h e p a i r of o d d 

f u n c t i o n s or p a i r o f e v e n f u n c t i o n s w a l ( i , x ) a n d wal(j,x) a r e o r t h o g o n a l 

w h e r e i a n d j a r e g i v e n b y «• 

•i - 2 k T 2 . . r t +2 r 2 - r
n / ( A 2 . 2 0 ) 

a r t d ' ' 

O • ' • 

j 2 n l - 2 n ~ 1 r . « ' 2 n " 2 r 9 . . . . . r .. ( A S , 2 1 ) 
l n . ° 

w h e r e r( ,r2 ,r3 . . . . . . r n c a n e a c h b e 1 or 0 . If r is 0 i a n d j a r e e v e n . 

I f r ^ i s 1 , i and j a r e o d d . a is d pc/s/fiV-e mtefl-er. 

pair of 

A n y pair o f o d d orj(even n u m b e r s c a n be e x p r e s s e d in t e r m s of a n e v e n 

n u m b e r , k , a n d an. odd n u m b e r , t, a s in e q u a t i o n s ( A 2 . 2 0 ) a n d ( A 2 . 2 I ) 

T h i s c o m p l e t e s the p r o o f t h a t e q u a t i o n (A2.II) is t r u e for a l l p o s s i b l e 

p a i r s o f . n o n - n e g a t i v e i n t e g e r s , i a n d j , i . e . t h a t the i n f i n i t e s e t o f 

W a l s h f u n c t i o n e l e m e n t s [ v a l ( j , x ) 0 < c o j is a n o r t h o n o r m a l s e t in 

the range-* 
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A 2 . 5 T h e F'-noti r.-g C r t h o n o r m a l T n T h e R a n g e 0 4 x < l . . 

If all. the W a l s h f u n c t i o n e l e m e n t s d e f i n e d b y e q u a t i o n s ( A 2 . l ) ^ ( A 2 . 2 ) 

a n d ( A 2 . 3 ) a r e p e r i o d i c a l l y e x t e n d e d s u c h t h a t 

w a l < «,*+*) " ( J , > 0 , .. ; ; ; ... . (A2 • 2 2 ) 

ni '** +l ,+2 . . . . . . . ^ 

w h e r e the s u b s c r i p t "jll" m e a n s W a l s h f u n c t i o n e l e m e n t , t h e n ,by L e m m a 2 , 

A p p e n d i x 1 , the r e s u l t i n g s e t of W a l s h f u n c t i o n s w i l l f o r m a n i n f i n i t e 

o r t h o n o r m a l s e t in a n y u n i t r a n g e , x 4 < x < x for i n s t a n c e . O f i n t e r e s t h e r e 

is t h e r a n g e 0 ^ x < l rso t h a t f r o m n o w ort 'Wal( w i l l m e a n the W a l s h 

f u n c t i o n ( j ' f o r a n d w a l ^ ( j , x - l ) for+ ?s4x<l, T h e f i r s t 

s i x t e e n W a l s h f u n c t i o n s in the r a n g e 0 4 x < l a r e s h o w n in F i g « ( A 2 % 3 ) . T h e 

' o r t h o n o r m a l i t y r e l a t i o n f o r - t h e s e .Walsh f u n c t i o n s is. \f 

\ 'wa 1 ( i , x ) . w a l ( j , x ) d x « i i j . (A2."23) 

JO . 

A 2 . 6 E x p a n s i o n o f A F u n c t i o n , In the R a n g e 0 4 x < l . B v I n f i n i t e a n d F i n i t e 

S e r i e s o f W a l s h F u n c t i o n s . 

T h e r e s u l t s , of s e c t i o n s A l . l a n d A 1 . 2 in A p p e n d i x .1, f o r e x p r e s s i n g 

b o u n d e d f u n c t i o n s e x a c t l y a n d a l s o a p p r o x i m a t e l y . b y i n f i n i t e a n d f i n i t e 

s e r i e s of o r t h o g o n a l f u n c t i o n s a p p l y in t h e s p e c i a l c a s e o f W a l s h f u n c t i o n s . 

T h u s a f u n c t i o n f ( x ) , 0 4 x < l c a n b e g i v e n e x a c t l y : 

CO 

f ( x ) - X F i w a K i , ^ ) , . . ' ( A 2 . 2 4 ) 

i ^O 

w h e r e 

F L » ( f ( x ) w a l ( i , x ) d x ; ( A 2 . 2 3 ) 

J ° 0 i ) < f A . . . . , 
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j n 
0 

1 1 

" 8 \ 

- . 9 ! 

-I 
-10 

•111 
-12 

-13 

-14 ; 
i j 

—15;' 
j r j . j j » 1 j » j . » i « — X 

0 1 / 8 1/4 3 / 8 1/2 5 / 8 3/4 7 B 1 

Fig.(A2.3). t he first sixteen Walsh functions, val (j 3x), in the range 

0 ^ x < l . n is the "generation" number. Bold and faint line segments 

represent the values +1 and «1 respectively. 
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T h e " b a s t " ( s a o s o c t i o n A l . 2 , 1 for d i s c u s s i o n o n " b e s t " F i n i t e S e r i e s ) 

' : ' ottn.VatU • • • • ' < • - • \ 
f i n i t e scriesj^forf(x) u s i n g A t W a l s h f u n c t i o n s f r o m [ w a l ( j , x ) j is 

g i v e n b y 

• • . M - l ' ." •• -A- > - • ' •' ' 

f ( x ) « £ a ( s c ) - £ F i . w a l ( i f x ) .. ( A 2 . 2 6 ) 

w h e r e t h e c o e f f i c i e n t s , F . , a r e g i v e n b y e q u a t i o n (A2.25"), A s e t o f >M 

v a l u e s .of f c ( x ) ? a t . t h e v a l u e s of x g i v e n b y x ® - j ^ - a n d ) ! is a 

c o n s t a n t in the r a n g e is g i v e n b y " ' . - • 

= 7 k - . 1 : ? i 1 - 7 ( A 2 , 2 7 ) 

c o n s t a n t , 

a i « 0 

N o w in L e m m a 5 , s e c t i o n A t . 2 . 2 , it w a s s h o w n t h a t if M c a n b e c h o s e n 

for a p a r t i c u l a r o r t h o n o r m a l setj^lrfj j w h e r e m o r t h o m o r m a l f u n c t i o n 

s a m p l e s ^ , 0 < k < M i n d e p e n d e n t o f $ ( i . e . $ p ( x ) is c o n s t a n t 

w i t h i n e a c h s a m p l i n g - b i n ) , then d i s c r e t e o r t h o g o n a l i t y r e l a t i o n s , 

e q u a t i o n ( A 1 . 2 0 ) , a r e t r u e for a l l v a l u e s o f !f, 0 ^ )f < 1 . T h i s r e l a t i o n 

e n a b l e s the s e t o f M c o e f f i c i e n t s , } F . , < f A f.to b e e x p r e s s e d a s 

s u m m a t i o n s in t e r m s o f the s e t o f f u n c t i o n s a m p l e s J f ( ^ ) , 0 ^ k < M f ; 

I n f a c t the s e t . i F . C . i s a d i s c r e t e or f i n i t e u n i t a r y t r a n s f o r m o f the s e t 
| k-^y 1 " 1 I J — — — — — — — — — — — 

•Jf a(-%Y^/ • N o w W a l s h f u n c t i o n s h a v e v a l u e s + 1 o r -1 o n l y a n d t h e i r 

d i s c o n t i n u i t i e s in the f i n i t e s e t o f 'Walsh f u n c t i o n s u p to a n d i n c l u d i n g 

s o m e of the nt**
1
 " g e n e r a t i o n " i . e . 

0<Cx"<l 

w a l ( j , x ) , O
n
^ f A < f

 m a v
 o c c u r a t p o i n t s X ® 0 « k < 2

, s
, 

. . . • < u j < M * 

s o t h a t , to o b t a i n a d i s c r e t e o r t h o g o n a l i t y r e l a t i o n for w a l ( j , - —— ) 

the b i n s m u s t b e o f w i d t h hf w h i c h i m p l i e s 2
1
 o f t h e m . T h u s if a n d o n l y 

if M - 2
n
* ( n « 1 , 2 . , , . . . ) the g e n e r a l d i s c r e t e o r t h o g o n a l i t y r e l a t i o n s , 

e q u a t i o n ( A 1 . 2 0 ) , for W a l s h f u n c t i o n s become-

l " 1 w a l ( i , ^ ) w a l ( J - ^ ) « 2 n ^ 5 j ; ' ( A 2 . 2 8 ) 

k « 0 

0 < M < 2
n
; 0 < j < 2

n
; n ^ 0 , l , 2 „ . . ; ' 2f, a c o n s t a n t , 0 ^ t < 1 . 
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l k+Y 1 

N o w m u l t i p l y i n g e q u a t i o n ( A 2 . 2 7 ) b y w a l ( j , . • ^ ) , s u m m i n g o v e r k a n d u s i n g 

e q u a t i o n ( A 2 , 2 8 ) g i v e s . ••,. ",'• -

F . - - - - i n ' V " 1 f ' ^ ^ i ( J ^ ) . : : (A2 . 20 ) 

T h e f i n i t e s e t of M c o e f f i c i e n t s [f- , 0 f j < 2 n } g i v e n b y e q u a t i o n ( A 2 . 2 5 ) 

is t h e . o n e - d i m e n s i o n a l d i s c r e t e M t h o r d e r Vialsh t r a n s f o r m of t h e f i n i t e 

s e t o f M s a m p l e v a l u e s C o n v e r s e l y g i v e n by 

. e q u a t i o n . ( A 2 . 2 7 ) is the d i s c r e t e i n v e r s e W a l s h t r a n s f o r m of t h e s e t 

T o c o m p l e t e the t h e o r y r e q u i r e s a r e c i p r o c a l d i s c r e t e 

o r t h o g o n a l i t y r e l a t i o n b y w h i c h e q u a t i o n ( A 2 . 2 ? ) c a n be obtained from 

e q u a t i o n ( A 2 . 2 ? ) ( c . f . e q u a t i o n ( A 1 . 2 2 ) in the g e n e r a l c a s e ) T h i s m u s t 

c l e a r l y b e 

2 n - i , , / -, v - r . 0 . . ; > 

X wal(i,~?r-) w a l ( i , - ^ « 2 n b k l ; " : . ( A 2 . 3 0 ) 

i . . . - _ _ \ , • 

0 ^ k < 2 n ; 0 ^ 1 < 2 n
) t " 

T h e d i s c r e t e r e l a t i o n s h i p s , e q u a t i o n s (A2.27>) to (A2.30.)^can b e 

c o n v e n i e n t l y e x p r e s s e d in m a t r i x f o r m : 

D e f i n i n g the M t h o r d e r W a l s h t r a n s f o r m m a t r i x ^ i n a c c o r d a n c e w i t h 

the d e f i n i t i o n of e q u a t i o n (A 1.2.4*) for a n y u n i t a r y t r a n s f o r m m a t r i x , 

w e h a v e t h a t 

( W n ) . k » w a l ( j , ^ n f ) ; ( A 2 . 3 1 ) 

0<k<2 n ; 0<k<2 n ; _ n-0,1,2... 

• , . k+Y , 

A n i m p o r t a n t f a c t To emphasize is t h a t for a g i v e n j - k i ' ^ n d n 

i s . c o n s t a n t ( i . e . + 1 or - 1 ) w i t h i n a b i n for a n y v a l u e o f if in the 

r a n g e ( s i n c e t h e r e a r e n o d i s c o n t i n u i t i e s w i t h i n a n y bin ) , 



n 

Thus the Walsh (transform matrix of a given order M»2 is constant. It 

is often convenient to choose q when the j*th row of the matrix is -

given by the valve of wal(j,x) sampled at the centre of each of the 2 
bins. Using If in this way it is easy;from Fig, (A2.3), to work out 

the first five Walsh matrices. These are given at the end of Appendix 2 

The orthogonality relation equations (A2,28) and (A2.30) are 

given by '. ...... ' • ; .v-

( W n ) ( V " ( Vn')^n) Al^)';. . (A2.32) 

A1 « 2 n , n.-- e,l,2~- . ' ,: •> ' 

I t t being the Mth order unit matrix ( I m M J " ^ i j . In addition to being 

an orthogonal matrix, defined by equation (A2.32), (W„) is a symmetric 

matrix .given by (Wn)ij = (W«.)ji so that " ' . ' ' 

( W n } ( V ' •. r- : (A2.33) 

This can be most easily demonstrated by working out a number of Walsh 

matrices as described ab';ove but could be shown analytically from the 

Walsh function definitions. The orthogonality relations thus simplify to 
C £ 

CW n)(W n) « 2
n c y . - (A2,34) 

A/ 
Define a column matrix Tfl and row matrix ffl containing the same 

/k+y \ ~ r i • 

Z elements, f ( ^ J , so that [f] « | _ f j . Also define a column 

matrix .[f] and row matrix [ f] containing the same M elements, F i ? so 

that [ f ] . = [F] . . Then the discrete inverse Walsh transform, 

equation (A2.27)j can be expressed in- row matrix and column matrix form 

repectively as • 

[f] J>](Un) and [ej • - (7) [7]- <W ) [F] . (A2.35) 
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L ikewise the d i s c r e t e Mth order Walsh t r a n s f o rm , e q u a t i o n (A2.29) i s 

[F] •> ; \n' [Z] <wn> [ F ] ** b ' ('*„>" [f] 

(A2 .36) 

The f i r s t five Walsh m a t r i c e s , ( W > , n « 0 , 1 , 2 , 3 , 4 , found from F i g . (A2 .3 ) 

by samp l i ng the cen t res o f the M s 2 n b i n s o f t he f i r s t M « 1 , 2 , 4 , 8 and 16 

Walsh f u n c t i o n s r e s p e c t i v e l y , a re : . . 

7 

i 
i 

(Wo) -

(Wj) -

(w2) -

+ 4-

L ) 

+ 4* + "I" 

+ + 
+ - - + 
+ - 4- ~ 

(A2.37) 

(A2.3S) 

r (A2 .39) 

; 

v 

(W 3) 

4- 4-0 4- 4- 4- 4-4-4-

+ + + + 
+ + + + 
+ + + + 
+ + - + + -
+ ~ + + - + 
+ . - + - + - + -

+ + + + + ' + + + + + + + + + + . + 
+ + + + + + + + -
+ + '+ + + + + + 
+ + -T + - + + + . + 

+ + - 4- 4* 4- 4- 4- 4-

4- 4- - 7 - - 4- 4- - 4 - 4- 4- 4- - -

4- + - 4- 4- - 4 - 4 - 4-4-

4- + 4-4- 4-4- - - 4- 4- - -

4- - - 4- 4-.- - 4-_+ _—__ — 4- 4- 4-

4-; 4-4- 4- - 4 - 4 - - - 4 - 4 - -

4- — — 4- r* 4- 4- 4-, 4- - 4- 4-

4 - - - 4 - - 4 - 4 - - 4 - 4- - + 4- -

4- - 4- 4- — 4- 4* — 4- 4- — 4-

4- - 4- -f . - 4- - 4- - 4- -f - 4- -

+ . t ~ + ~ - + - V - V 
4- — 4- — + , — 4- ^ — 4-, — i 4- — + 

w k e r e ' W e p r e j e n f s t a n d n - " r e p r e s e n t i - 1 . 

(A2 .40 ) 

<V 
(A 2 , 41 ) 
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'1 

F r o m the -form of rne first f i v e W a l s h m a t r i c e s it c a n h e s e e n „ t h a t if 

^'Rjl is the r e * 'letvh: c o n t a i n i n g a l l 2 ^ e l e m e n t s o f the r o w -

o f . t h e - W a l s h . m a t r i x . ( v n ) , then t h e ( 2 j - l ) t h row ; > 

and t he ? Y h j^1"'1 Y j j ( w n+ l ) c a n b e gene ra t ed from j^R^ 

as f o l l o w s : 

v . I f j is o d d : 

and [ " ' Y j ] . ** J 5" Y J ' ":> ' (A?../,2) 

If j i? e v e n : 

W ~ " and 

, i r v j w - N - T/•."•' 

[n+lR2j] - [y] ' ; [ \ J . 7 (A?-A3) 

II II 

w h e r e the ; b e t w e e n r o w m a t r i c e s m e a n s s i m p l y the j u x t a p o s i t i o n of two 

r o w m a t r i c e s to m a k e a s i n g l e l o n g e r o n e . " - " w r i t t e n in front o f c p R .1 

m e a n s all t h e e l e m e n t s o f I n R J are' !muHip)fe4 



A p p e n d i x 3 . 64 two-dx r r e n n n ' < T Y? 1 eh f u n c t i o n s . w a l ( p . v ) w a l ( n , v) . 
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y 

q 

. 3 

T h e l i n e i n t e g r a l s , 

8 ™ ^ , d e f i n e d b y e q u a t i o n s 

( 2 . 2 2 ) a n d ( 2 . 2 3 ) , c a n b e 

c a l c u l a t e d v h e n t h e r a y s 

o f i n s e r t s I a n d 2 a r e 

s u p e r i m p o s e d on the 

W a l s h f u n c t i o n s ( s e e 

s e c t i o n 3 . - 4 0 * 

N X N X N N N X 

11 
_ -

r 
\ \ \ \ \ \ v 

• 

. . . 

v a l ( p , x ) w a l ( q s y ) ; n ~ 0 , l . ; q « 0 , l , 2 , 3 . 

S h a d e d a r e a s r e p r e s e n t + 1 a n d u n s h a d e d a r e a s r e p r e s e n t -1 

P 





q 
A 

p 
1 l 

n 
1 L\X 

s 
\X 

r X X 1 

p I X 

1 

1 
x\\N 

1 

1 1 
1 \Xn 1 

1: 
X 

iv 

g l 

1 

i 

1 

i 
X 

V 
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1 
V i 

l i I 

I \ N 
v \ 

\X 

I 

§ I 
X XN 

A 

A 

4 
w a l ( p , x ) w a l ( q , y ) ; p « 4 , 5 t , 2 , 3 . 

S h a d e d a r e a s r e p r e s e n t " * ! a n d u n s h a d e d . a r e a s r e p r e s e n t « 1 0 

5 
P 
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a 
3 
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\\ 

/ 
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7 

H 
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j i | 7 y 7 7 
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1 

« 

\ N r 

7 
V\ 

7 7 - \>3 
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1 

7 

7 
V 

i 

v I 

I 

K> 

w a l ( p , x ) w a l ( q J y ) ; p ® 6 , 7 ; q ® 0 s t 3 2 , 3 . ' 

S h a d e d ' a r e a s r e p r e s e n t + 1 a n d u n s h a d e d a r e a s r e p r e s e n t - 1 . 

P 
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S h a d e d a r e a s r e p r e s e n t + 1 a n d u n s h a d e d a r e a s r e p r e s e n t - U 
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T h e line i n t e g r a l s d e f i n e d b y e q u a t i o n ( 2 . 2 2 ) , c a n b e - c a l c u l a t e d 

w h e n the r a y s of i n s e r t 3 - a r e s u p e r i m p o s e d o n t h e ' W a l s h . . f u n c t i o n s . " • 
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' w a l ( p , x ) v a i ( l , y ) ,'p""0v 1 , 2 , 3 . 

S h a d e d a r e a s r e p r e s e n t + 1 a n d u n s h a d e d a r e a s r e p r e s e n t - 1 , 
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Appendix 5„ The listing of the computer program which 

implements all, four of the flow diagrams 

• •
 s h o

-
7 n
 in Fig(4.1). 

! 1 : 
id J 

,y 

0 0 0 0 0 0 0 0 2 
0X.U?- 2 
0 0 0 0 0 2 
0 0 0 0 0 2 
0 0 0 0 0 2 
Oi'CV 2 
0 0 0 0 0 2 
0 0 0 0 0 2 
0 0 0 0 0 2 
0 0 0 0 0 2 
0 0 0006 

FROGR/Hi tf/dex ' T n P U T j yUTPUT , TAPF9 = I N°UT f TA PF6 = 0UTPIJT) 

J??l/a o {M&z,MP1,X , r . 1M I ,P, RANGE , RtFKLN,K 0,K i , A ' / W i ' 
iNTcG^SSAMoJ? f f ) > 1 F ' A V , D C 1 t^O^T,FMAX,FMlW,fXloLN,AJDl6,Fl,Rf/0[5t-
p i ^ J j s f oo Fj (I0JZ..4o j^G^U ) , F ( > £ t , BX (4*93 J , BY (403?) 

0 IMc'IsioNJ FA M & t J , S Y M B O L S I 3 0 ) ,M<44-> , C (231") 
C l M i . l S I O ^ C C ( i S ) , S C c LS ) , T C ( 1 5 i , U C ( 1 5 ) 

900t format(IH • 

. o , , ,r i?oXo9' l-f I !1L3 TH- RESOLUTION USEO.M HY N > BY iNPIJiTHG'/ 
*» LOC? (M> 1 H 10*2 (H) WHICH MSnALL MUD NOMH LL. OTHLR CUNST-NTS 

u F THtSi-.X Y A«=, THL XlOCK D HIENSIU .: . 
<•» J\'i • 'J'- R-R u I o T k I )U! ' lUN«Kl .- . l To h , . . (1 ) , F , i , J) 

L ' l k FUNCTION GF r. N A tUc IS IN. . 5 SMOOTH FUfJCilu;) FfcOn VrilJH >- ST£» FUNCTION 1" 
IN £ACH R-SCLUTION R£CTAUGlo« - -CO'J 

IN1 7L1?"1 « turF CrTfe Fr.OM friLiw I ̂ J SrtOULu "JL LX-.T... 
r U N C T I O N FkU. J V.HlLn "aTH JiFF QkTA -UlLL G I . r 

^ u ) L-> A U C T I O N FUR TH: P i l b JL- JTTON U S ? 0 . . . ( 3 ) T / P i s P i ' H UT 

SUE* 1 

0 0 0 0 0 6 
0 0 0 0 1 2 

M ^ x u i n t r i MI 
3005 Funh-um ,M)ATft 

*rOR 30LU F ? n 
X . I N " 

<2 

IS MUH.itR OF S£T3 OF OATA . I F NS0LN=i.. .<2=: 
MQX X l ^ i ^ J ANiJ M Y LlNt S.<2 = 2 IS FOR HOY Y LI1 . : 

- G07H GULN'O Hfsi o^LUL LAI IN THIS l - Z . 
z-t\<j) *) 

tp-6-. 
fff/lv 

R! PATA 
CARDS 
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0DJ3112 
rrf o/?Sl)2i 
<JJ olwzq 

0W022 

LV i" COO 23 
000032 
0 0 00 32 
000036 

000036 
0 0 00 k6 
L0u056 
000066 
000076 

000076 

000076 

000076 

000076 
000116 
000116 
fi UUi 3k 
0 0 013k 
0 0 01 ?k 
00017k 
0 0 017k 

000220 
000220 
000226 
£10226 

000236 
£00253 
00025k 
000255 
000260 

REA 0(5,1101) vjr.A TA 
lL'ZL FORMAT ( I I ' ) 

DO 1 in/-.rA = l , MnATA 
C IF NO CHANGE Tvl J TH I / P DATA CARO IN 1 TO IN 6,7 OR 6 
C AND THIS CARO L " T OUT. 

I F ( I DATA.G7, I) F~AU(5,1010) (SAMDAT(J),J = i , 3 ) 
10 IT FORMAT (••if) 

WRITE16. 0 0 0?) 
5002 FORHAT (i-I , 

«SAMDAT(J)=0 
DO 

I Fd JATA .m , 1) 
lF(IDATi , n . 2) 
1F(I DATA* FQ. ' ) 
lF(I1AT<\.Gr, 3) 

30 0 3 -ORKAT(H ,*+ 

I - 4 4 4 4 4 I N 1 
• + + + 4 ID 

IN 3 

, • 4 4 4 4 + 4 4 4 4 - 4 4 4 4 4 

, • 4 4 4 4 4 4 + 4 4 - 4 4 4 4 4 

000261 

HRITE (6,9003) IOATA 
WRITE(6,9 00k) IDATA 
HRITL £6, 9 SO 5) IDATA 
WRiTE(6,9106) I'JATA 

'ML ST SET OF DATA IS + +/1H 
) 

9iKk FORMAT (1H , *4 THE *,Ik,-* ND SLT OF DATA IS +*/lH 
• + 4 + 4 + 4 + 4 4 + 4 4 4 4 4 " ) 

5005 FORMAT(1H , ' t rHc * , I k , * RD SET OF DATA IS 4*/iH 
* + 4 4 4 + 4 + 4 4 4 4 4 4 4 4 - " ) 

3005 FORMATtH , ' 4 THE * , I k , * TH SET OF DATA IS 4 * / l H , » + + + + + + 4 + 4 . 4 4 4 4 4 

. lF( I0Ai '.,£0. I . OR.SAMUAT (1) .EQ . l ) R£AD(5,1009) NSOLN,K2,KO 
1009 FORMAT HriO) 

IFI IOtTk, FO. I , 0R.SAMDAT(2) . EC . i ) R£AD(5,1C02) Kl» NSMALL 
10L 2 FORMAT (211" ) 

IF {IDATA. £0. It OR. 5 A HO AT (3) .uQ, 1) READ(5,1003) X,Y,P 
lFdOATA.EO. 1. PR. S AND AT Ik) .EC . i ) READ (5 ,1003) DCIN,DCOUT , RNOISE 

1003 FORMAT(3:10, 3) 
IF ( (Ki ' .Gr .d ) » AMO. (IDATA.C.Q.1.0R.SAM0AT (5) .EQ . l ) ) READ (5, iOOk) MS, 

MSYM30L3(I) ,T=1,N5) 
10 0k FORMAT(110,31 Ai) 

WRIT£(6,3n0) ) K1 
9003 FORMAT (IT 0, * 3R JIJTOUT MODE IS Ku=*,I3) 

IF (K1. F.Q»1. 0 R. F1. LQ« 3) GO TO 101 
C Kh*X IS HIGHEST ^OW'-* OF TAYLORS StP.lES PART OF F(X,Y) . 
C NCOS IS MUI'OER OF T"«.i-iS IN COS SLRICS PART OF F(X,Y) . 

lFdnATA.EO. l , OR,SA MO AT (6) , EC.1) READ(5,1G05) KMAX,NCOS 
1005 FORMAT (2113) 

KrtAXPl=K*!AX4l 
KT= KHAX3l (< MAXP141) /2 
IF ( KMAXr EQ, 0) GO TO 132 

C * TERMS UP TO ORR-R 20. 
C THE I I'M TERM O- THF lAYLURS SERIES OF KT TERMS IS C (I) (X TO P-OWEF L-l) 
C (Y TO POWER <-L) ,wp-RE 1SLSK AND lSKSKnAXPKL CnANGES FIRST.) 

1F ( I DuTA , F.Qi 1, OR. S AMO AT 17) . t_C«i) RE AD (5 ,10 0 6) (C ( I ) , 1= 1, KT) 

5 , 6 

6 , 7 

(A) 

<B) 

000275 
000275 

000276 

000325 
0 0032 6 
000332 
000332 
00033k 
C0 0 337 
ooo3kn 
0 0 0 3k 2 
0 0 0 3 k3 
OiluSkS 
0003k7 
000350 
000352 

OOOkll 
000k32 

0 0 0 k 6 k 
0 0 0k7 5 
000506 

£00530 
00053k 

00053k 
000537 
0 005kl 

10 D 5 FORMAT (5311, k> 

102 IF(NCOS.EQ. D 50 TO 101 
C THE ITH TIER 1 OF TMf COS SERIES IS CC (I) COS (PI2) ISC ( I ) X+TC ( I ) Y4UC (I) > , 
0 WHEr.E i < I < t r i S , 

1 F ( I J AT A, r 0» L. On
B S rtHuAT (6) .EQ . l ) RE A 0(5, 10 0 6) (CS ( I ) , SC ( I ) ,TC : i ) , 6 , 7 

*uc d ) , i = t , n i o t j 
101 MSMALL=N?MALL 

N-2**NSMALL 
h = N 
N02=N/2 
N 016 =N /15 
NP1=N+1 
h02—M/2 
MP1=M41 
NOX = M*N-"(+l 
NOY = M'N-N4l 
4N=M*N 
KNDk=MMA 
IF (K i . F.Oi 2.0 2, K 1. EQ. k) CALL FATHS2( DX. j Y, F1 ,G1, F, G ,FA , SYMBOLS, A , 

« NOX, NOY, MNDk , M.U,FX, FY.NJ, C ,KT ,NCOS,CC,SO,TO,UC> 
IF (Kl.EQ, 1) ">.: ' 0(5 , 10 06) ( (F ( I , J) , J=1,N) ,1 = 1, H) 
IF (Kl . EQ.l) CALL PATHS1 (-JX , U Y , F1, Gi , F , G , FA , S Y MoOLS , A , NOX, NOY, MNDk, 

SYMJOLS,A,NOX. NOY, f; Ok , 
FX,FY.M>) 

H RI I E (b» 9 • ••") 
3007^ FORMAT (HO,« 

* 4 4 4 + 4 4 4 4 4 4 4 4 4 4 4 " ' ) 
I CONTINUE 
• STOP 1001 
END 

5 ,5 
6 ,7 

h r 4 4 4 4 4 

1 
END OF 
INDEX 

UNUSED COMPILER SPACE 
OlkSOf, 
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0 000 32 
000033 
00003b 
000037 
0 0 0 0 * 0 

•0000*7 
OOOOSO 
0 0 0 0 6 2 
00006* 
00007* 
000105 
000110 
000111 

000113 
000122 

000126 
000151 

000151 
000175 

: C*rrc*& ifr\: 

000175 
000203 

000207 
000221 
000233 

- 0002*1 
000251 

000255 
000267 
000276 
000300 
000302 
00032* 
000330 
000333 
000333 
000335 
000336 
0003*0 
0003*7 
000353 
00035* 
0 0 0 * 0 1 
0 0 0 * 0 6 
000*07 
0 0 0 * 1 1 
000*21. 
0 0 0 * 2 2 

000*33 
0 0 0 * * 0 
000*57 

000*63 
000*72 

000*76 
000501 

SUBROUTINE 3 ATHS1(tiX »UY,F1,Gl,F,G,FA,SYMBOLS,*,NOX,N0Y,MND*,M, N, 
*FX,FY,NS,C, <r,NC33,CC,SC,TL,UC) 

C PATHiilNPUTS A 23 ST^P FUNCTION AND CALCULATES *)HE PATH DIFFERENCES 
C OF F HE NOX X LIV23 A NO NUY Y LINES. 

COMMON USllA.L ,NSMALL,ISMALL,KShALL, LSMALL,HN,K2 jIMiNNK,JKID2,JAJ3 
COMMON J JM <i J l M l , J I , JNMKP1, JNrtl. JNPK.IM2, JII.2, NMK» JKI , JKM2, JKM1, J5 
COHHUN N02, M3i,Mu2 ,(1Pi, X, Y , 1M1, P, RA NGt. , REFMIN. KO , K1, KllAX. KM AXPl 

* COMMON fiIGM\ ,5IGDIF, iW,Ob IN,ULOUT,FMAX,FMIN,NSOLN,ND16,PI,RNUISE 
DIMENSION 5X(NDX>,BYiNOY),F(h,N),&(h,N) 

C 1/? OF ACTUAL VV.JF MUST Bt READ IN. 
RNSEP=RNOISE*nO.O 
IF(K1.[.Q,*) 53 70 101 
3V=0.0 
DO 1 J=1,M 
DO 1 1 = 1,N . . . . . . . . 

L 6V=87+F (I . Jl 
A /=B V/FLOA T (MA/) 
DO 2 J= 1 ,N 
DO 2 1=1,H > 

2 F ( I , J ) = F(I ,J)-SVOCIN 
CALL NAXMIN(F,K,N) 
REFMIN = FMI N 
RANGE=F;-IAX-rMIN 

C F ( I , J ) IS I /P DC ST3M HITH IMPOSED MEAN OF DCIN. 
HRITE(6,90 2)) 

2023 rORHrtT(1H0»' IN fLL DISTRIBUTIONS BELOW Y AXIS IS HORIZONTAL TO THE 
* RIGHT,X A<IS IS VERTICALLY GOWN.OKIGIN IS TOP LEFT,HAND CORNER*) 
lF(Ki .EQ. l ) HRITE( 6,9031) K1,I1,N,X,Y 

9031 rORHAT(lHO.«INPUT HUDE Ki=* , l J ,*•PATHS COMPUTED FROM A GIVEN*,15, 
*» BY ' , 1 5 , ' 3TFP FUNCT1UN*/1H ,^DIMENSIONS OF BOUNDARY ARE X=*, 
*1PE10.3,* BY Y=",1PE10.3,* ,MICRONS*) • _ _ 
1MKI.EU.*) t(b,viJJJ2J Ki.,ti,N,X,Y 

9032 FORMAT(1H0,'IMFUT MUUE Kl=-,13,*.PATHS COMPUTED FROM A * , I 5 , * 3Y * 
* i I 5 , * STEP rJNCTI3N GLNERATED FROM A GIVtN SMOOTH FUNCTI0N*/1H , 
*JOIHENSI)NS 3~ BOUNDARY ARE X=*, 1PE10.3 ,* BY Y=*,1PE10.3,* MICRONS 

WRITE(6,9001) P ; ~~ " 
9001 FORMMT(1HO,'REAL NOS BELOW EXCEPT ERRORS,SCCI),TC(I),UC(I) AND RNO 

. *ESL TO ".r M J L TIPLILD UY P =*-.1PE13..5) 
TtT~CX= (5QR7(X»XfY*Y/FLOAT(N**2) 3) /FLO^T (M) 

CY = (SORT (Y' f fXrX/FLOAT{li< *2) ) ) /FLOAT (N) 
IF (K0. CQ.6) 33 TO 10* 
WRITE (6, 90 3 *) M,N 

900* FORMAT(1H0 THE TRUE STLP FUNCTION REF INDEX DISTRIBUTION GIVEN 3Y 
* VALUES IN M E ' , I * , * &Y*,I*,* RESOLUTION RCLTANGLES IS*) 
IF(KO.GE.ltl 3 A LL PLOT( F, F A , 5Y MuULS , A, rl, N, NS) 
IF (K0.GE.vll) 33 TO 10* 
IF(N.GE.J2) G3 TO 106 
DO 5 1=1,-1 
WRITE(6,9005» (F ( I , J ) , J=1 ,N) 

9005 FORMAT (1H ,16 r8.*) 
5 CONTINUE 

GO TO 10* . 
105 DO 7 11=1,<316 

12=11*16 
13=12-15 
WR17H6 ,90 11) 17,12 

9011 FORMAT(1H ,»3DLUNNS*,1*,* TO*,I*,* ARE*) 
DO 7 1 = 1, M 
WRITE(6,9u05)(F(I ,J) ,J=I3,12) 

7 CONTINUE 
10* SIGSQ=0. 0 

DO 6 J=1,V 
DO 6 1=1,1 
5(1, J )=F( I , J) -DCIN 

5 SIGoQ=SIGSQH (T , J ) ¥ G( I , J ) 
C G( I , J ) IS I /P 3(3T"H ABOUT ZERO MCAN(I.E. A.C, COMPONENTS OF F ( I , J ) ) . 

5IGMA=3QRT(5I5 SO/FLOAT (Mi() ) 
WRITE(6,90 30) FMAX,FMIN,RANGE,AV 

3030 FORMAT(1HQ,'MVX VALUE OF RLF INJEX DISTRIBUTION IS*,*8X ,*REFMAX=f 

* , E l* . 5/ 1H ,'MIN VuLUc OF RLF INOtX OISTRIbUTION IS*, *dX,"r<EFIii N=r' 
*, E l* .5/ 1H . ' REFMAX MINUS RtFMIN IS* , 66X,*RANbc.= *,E1*..5/1H ,*MEAN V 
*ALUL OF REr INDFX DISTRIBUTION IS*,52X,*ttV=*,E1*.5) 
WRITE(6,90 3 5) SIGMA,DCIN 

3005 FURMATUHQ, » THE STANDARD DLVIATION OF THu REF INDEX 0ISTRIciUTIUN A 
*EOVE,ABOUT MEAN OF Zt.RO, IS* , t)X,*SIGhA=* , ci*.5/1H , *THt. MLAM VALUE 
* I MPObEU JN r HE P.tF INDEX DISTRIBUTION ABOVE IS* , 2oX,*UCIN=* ,E1*« 5) 
WRITt(6,9037> 

30 0 7 "ORMAT (IHO , 1 -4.-4.-6 4. 164 324 
6£»4 

r 1264 ' ) . . . 

SUDR 

DO 1 
00 1 

1 

00 
UO 

DO 

DO 

DO 

DO 
DO 
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0 0 0 5 0 6 
0 ^ 5 0 7 
O g f i S i l 
Onip512 
0 0 5 5 1 3 
0 0 U 5 1 3 

0 0 0 5 1 5 
0 0 0 5 1 6 
0 0 0 5 2 0 
0 0 0 5 2 1 
0 0 0 5 4 1 
0 0 0 5 4 2 
0 0 0 5 4 3 
0 0 0 5 4 6 
0 0 0 5 5 0 
0 0 0 5 5 3 
0 0 0 5 5 7 
0 0 0 5 7 4 
0 0 0 5 7 5 
0 0 0 5 7 7 
0 0 0 6 0 0 
0 0 0 6 1 0 
0 0 0 6 1 7 
0 0 0 6 1 7 
0 0 0 6 2 1 
0 0 0 6 2 2 
0 0 0 6 2 4 
0 0 0 6 2 5 
0 0 0 6 4 4 
0 0 0 6 4 5 
0 0 0 6 4 6 
0 0 0 6 5 1 
0 0 0 6 5 3 
0 0 0 6 5 6 
0 0 0 6 6 2 
0 0 0 7 0 0 
0 0 0 7 0 1 
0 0 0 7 0 3 
0 0 0 7 0 4 
0 0 0 7 1 4 
0 0 0 7 2 2 
0 0 0 7 2 4 

0 0 0 7 5 3 
0 0 0 7 6 1 

0 0 0 7 6 5 
0 0 0 7 7 2 

0 0 0 7 7 6 
0 0 1 0 0 7 
0 0 1 0 2 0 

O 0 1 O 2 4 
0 0 1 0 3 5 
0 0 1 0 4 1 
0 0 1 0 6 4 
0 0 1 0 6 5 

N M i = N - i 

* M M l = 11-1 
5 X ( 1 ) = 0 0 
3 Y ( 1 ) = 0 . 0 
L — 0 
B M A X = B X ( i ) 
B H I N = B X ( 1 ) 
DO 3 J = i f r H L y • " DO 3 
J P i = J + i 
DO 3 1 = 1 , 4 0 0 : 
L = L + 1 
L P 1 = L + 1 • - , 
&X ( L P 1 ) -'FX ( _ ) + ( G d . J P l ) —G 1 1 , J ) ) * C X . . 3 
l F C R N O I S T . £ 3 . 0 , 0 ) GO 1 0 3 
I F ( 0 X ( L P 1 > . BHAX ) U t l A X = B X ( L P 1 ) 
I F ( B X ( L P 1 ) , . £ , D M I N ) U M I N = D X ( L P 1 ) 

3 C O N T I N U E 
9XMBN=BMAX -3 IT N 
L F < R N O I S £ . £ 3 . 0 . 0 ) GO TO 1 0 2 
DO 6 I = 1 , N D< 

R N S X = R N O I S E ' 3 X M 3 N M R A N F ( 0 « 0 ) - 0 . 5 ) 
3 5 X ( I ) = B X ( I ) » - R N S X 

102 L=0 
5 M I N = 9 Y < 1 > 
3MAX=E5Y ( 1 ) 
DO 4 1 = 1 , M 4 l DO * 
1 P 1 = I + 1 
DO 4 J = 1 , N DO * 
L = L + 1 , 
. P 1 = L + 1 

3 Y ( L P 1 ) = 9 Y (-1 M G ( I P 1 , J ) - G ( I , J ) ) * C Y 4 
I F { R N O I S E . £ 3 . 0 . 0 ) GO TO 4 
I F ( B Y ( L P 1 ) . S I . 5 M A X ) U M A X = 3 Y ( L P 1 ) 
LF ( B Y ( L ° i ) , L £ . 5 M I N ) b l l I N = B Y ( L P 1 ) 

4 3 0 H T I N U K 
E X M Q N = B H A X - 3 4 T N 
I F ( R N 0 I 3 E . E T . , 0 . 0 ) GO TO 1 0 3 
DO 9 I = i , N 0 ( 
R N S X = R N 0 I S £ ' 3XMBN* ( R A N F ( 0 . 0 ) - Q . 5 ) • . 

3 BY ( I ) = CY ( I ) f RNSX 
I F ( K0» L Q . 6 ) SD TO 1 0 5 • 

1 0 3 I F ( K Q . E Q « 2 . 3 R , K lU £ Q t 4 c O R . K O . t Q . 5 . 0 R . K O . £ Q . 1 2 « O R . K O . E Q . 1 4 . O R . K O i EQs 
* 1 5 ) GO TO 1 ) 5 

W R I T E ( 6 , 90 1 4 ) F N S E P 
9 0 1 4

 r ORMAT( lHO , 'M ; RANGE OF N O I S L I t l P J S c D ON THE R E L A T I V E P A T H S / M A X P 
* AT H M I N U S M M PA i H I S * , F 7 . 3 , * P E R C E N T * ) 

N R I T E ( 6 , 9 0 0 ) ) NOX 
9 0 0 3 F O R M A T ( 1 H O . ' T 4 c R E L A T I V E P A T H S OF A L L * , 1 5 , * X R A Y S , I N M I C R O N S , I N O L 

* J Q I N G I i i P O = £ D N O I S L , I S * ) 
W R I T L ( 6 , 9 0 0 9 ) ( E X U ) , 1 = 1 , N O X ) • . 
W R I T E ( 6 , 9 0 1 ) ) NOV 

9 0 1 3 r O R M A T ( 1 H 0 . 1 THE R E L A T I V E PATHS OF A L L * , 1 5 , * Y R A Y S , I N M I C R O N S , I N C L 
* J D I N G I M ° 0 5 £ 3 N O I S L , I S * ) 

W R I T L ' ( 6 . 9 0 3 3 ) ( F Y ( J ) , J = 1 , N O X ) 
9 0 0 9 F O R M a T U H . L P 1 0 F 1 3 . 4 ) 

1 0 5 C A L L R C F ( B X , 3 Y , F 1 , G 1 , F , G , F A , S Y M u O L S , A , N O X , N u Y , H N D 4 , h , N , F X , F Y , N S ) 
R E T U R N E N D IF 
END PATH11 

U N U S E D C O M P I L E R S P A C E 
0 1 3 2 0 0 



245. 

^ SUBROUTINE jMA I ^.Fl^Gl^F, G,FA, SYMSULS, A, NOX, NO Y. hNO<*, M» N, 

C PAlHSz' iuf>ur£ k s m o o t h ' c ' D ' f u n c t i o n A,w o C a L C U L A T l S r H £ p a t h u i f f s o f 
c n o x k L l i . e s a m d n o y y l l n i - s t 

0 0 ( 1 0 3 2 c o m m o n h s . i f t . l . n s h a l l , X b m a l l , k s m a l l , l s m a l l , m n , k 2 , 1 m 1 n m k , j k i 0 2 , j a j j 
obfoyz c o m m o n . j n k , j i k l , j i , j l 1 m k p 1 , j w . l l . j n p k , 1M2 , j 1 1 . 2 , NMK, j k i , j k m 2 , j k f t i , j 3 
go/io ? 2 c o m m o n n d 2 | n 3 l , m p 1 , x , y , x m 1 , h , k a NGt, KuFlilN , < 0 , k l » k m a x , k h a x p 1 
qpTlQ/32 COMMON j T G i A , 3 I GUI F , A 7 , Uu I u , CouUT ,F MA X , Fill N , N S J LN, NDL6, P I , k N O I S E 
000032 OIMENil ON BX (nox) , BY (NuY) iFlHil l) ,G ( M, f/) ,C (KTJ 
000032- OIMENjION CC(NCO£) ,SC(NCO£) ,Td(NCUi) ,UC(NCOS) 
0 0 0032 RNSEP=RNOISE > 10 0. 0 
000033 CX = SURT (X'Ki-Y* Y/FLOAT (N-N) ) 
0000U2 CY = SUKT(Y*Y4-X*X/FLUAT(M*M)) 
000052 PI 2= 2." PI „ 

C IST PART GIYES MEAN VmLUK. OF FUNCTION F(X,YJ IN EACH KESOIUTION 
. C RECTANGLE. F(X,Y) FO« A SQUARE bLOCK X=Y=1 IS INPUTED AND SCALED FOR 

D 3ENLRAL X A^O Y. 
000053 RM=l./FLOAFCM) 
000056 \N=1«/ FLOA TIM) 
000061 RHD2=Rrt/2. 
000063 RN02=RN/2. 

^ u b r 

c 

0 0 0 0 6 L 

000065 
0000o6 
000067 
00007V 
000076 
000100 
000103 
000105 
000110 
000112 
00011V 
000115 
000115 
000116 

000120 
000121 
000126 
000130 
000131 
000133 
0 001 AO 
0001A5 
0Q01L5 
000171 

000173 
000171* 
000176 
000201 
000206 
000211 

. 000217 
00022L 
000227 
000231 
000237 
000257 
000267 
000277 
000301 
000302 
000312 
000323 
000326 
000327 

000331 
• 0803A0 

0003t*t* 
000351" 

000365 
000372 

-000376 
000A00 
OOOAIO 

00041 V 
000A22 
000A26 
0001*30 
000A35 

0001*1*1 
OOOA71 
0001*75 

000522 
000531 
000533 
0 0 05 A3 

00051*7 
000551 

PIDM=PIV RM 

PIDH = PI*RN 
BV=0«0 
DO 1 J=i,M 
JHRJ=1.-U 'FLOAT (J) 
RJN=FLOA T ( J) /FLC AT (N) . 
\JNi = (FUM-RTlDA)* PI 2 
DO 1 1=1,M 
UMRI=1. -1. '-"IOC- ( I ) 
RIii = FLGAT( I) /FLOAT (M) 
RXhl=(RlN-RH«U* PI2 . 
ks=o 
R = 0 , 0 
RR=0. 
IF (K.iAX EQ« 0 ) GO TO 110 

DO 1 

DO 1 

DUE TO TAYLORS C THE MEAN VALUE OF r I N THE ( I , J ) R u S O L U T I O N R E C T A N G L E 
C S E R I E S OF KT TE21S OF H I G H E S T O R D E R KMAX . 

DO 2 K = 1 , « M A X P 1 DO 
• DO 2 L = i , K DO 

< M L P 1 = K - L f 1 
* 1 U = L * K H L P 1 • -

J = i . / F L O A T C IU ) -
Y = l . - U H R t * L -
W = 1 . - U M R J * * K M L P 1 
K S = K S + 1 „ . . . „ 

1 1 0 I F ( N C O S £ 0 , 3 ) SO TO 1 0 1 
z THE MEAN V/TLUE 3 r r I N THL ( I , J ) R E S O L U T I O N RECTANGLE DUE TO C O S I N E 
C S E R I E S UF NCOS T E R M S , 

CO 7 1 0 = 1 , N C O S 
P I S O i 1 = P T D H ' J C ( I C ) 
I F ( P I S O M . E Q> 0 ) IJ = 1 , 
1 F ( P 1 S 0 N . N E - H ) IJ = S I N ( P I S O N ) / P I S O M 

PIT uw=pipwfcTc f i r ) 
IF(PITON.EQ» GI 7 = 1, 
I F ( P I T O N . N E . i 0) V = S 1 N ( P I T 0 N ) / P I T 0 N J 
S O I = S C ( I C ) ' R I 1 1 
I O J = T„ ( J O ' R J N 1 
J O = U C ( l C ) r p r 2 

7 R R = R k f C n ( I C » ' U ' V ^ C O S C S O I + T O J + U O ) 
101 F ( I , J)=R*FL0AT (MN) +RR 

• 1 BY=BV+F ( I , J l 
AV=B V /FLOA T (MN) 
DO 8 J = 1 , N DO 
DO 8 I - l . M DO 

3 F ( I , J ) = F C I , J ) - A V f D C I N 
C A L L MAX <IN( C , M , N > 
R E F M l N = FM IM 
RANGC=F . lAX-FMTN -

C F ( I | J ) I S I / P DC S T rM W I T H I M P O S E D MEAN OF D C I N . 
W R I . T L C G , 9 0 2 1 ) . - . 

9 0 2 0 F O R M h T C H 0 , * I N ALL D I S T R I B U T I O N S EELOW Y A X I S I S H O R I Z O N T A L TO THE 
* R I G H T , / AX / J : r s V E R T I C A L L Y C U W N . U K l G l N I S 1 OP LEFT HrtNO COHNc.R l) 
IKIKUMQ mJ tE & 9031) iU;X,Y 

~90-3t -F-URrtAT (1 mD , '-INPUT 'MODE Kl- z. . PA THS -COMPUTED FRjfl A ShOOTM FUWC 
» TXON 31 V~N A 3 " F I I u T l PuWER auo/ur C O S I N l S E R I c S * / 1 H , *k£SULU T ION 
* I S r t- 1* , I T , * BY N = * , 1 5 , * . J l n E N S l O N j . UF DUUNuARY A R t X = * , l P t - l U • 3 , * 
» 3 Y = » , 1 P E 1 0 . 3 , " 1 , M I C R O N S * ) 

W R I T E ( 6 , 90 0 l-j P 
900 L FURMmT( M O , C A L L F I G S L-LLUW u X C e P T E KKORS , S C ( I ) , TC( I ) , UC ( 1 ) ANO RNO 

f l S L TO BE M J L T I ? L I - 0 uY P = * , 1 P L 1 3 . 5 ) 
1 - I F C K T . L * . , ? . ) 5 3 7 0 1 0 2 • 

W R I T L ( 6 , 9 0 12 ) '< r 1 <HA X P I 
9 0 1 2 r O R n » * T ( l H 0 , 1 5 , * C U E F F S C ( I ) I N THE T A Y L O R S S E R I E S SUrt (K = l TO 

» M 5 , * i (L = L TO <) OF C ( I ) ( X TO POWER L - i ) (Y TO POWcR K - L J * / 1 H 
» W H E R c I = < ( K - l ) / • , f L , A R t * ) 

W R I T E ( 6 , 90 0 2 ' (C ( 1 J , 1= 1 , KT) 
9 0 0 2 " O R M m T ( 1 H , L 3 1 0 r 1 3 . L ) 

1 0 2 I F ( N C O S E Q , 3 ) GO TO 1 0 3 
WR j l TE ( 6 , 30 1L ) NCD3 

9 0 1 1 FORMAT ( 1 H 3 , ' C D S S E R I E S S U M C I = 1 T U * , I 5 , * ) OF CC ( I ) COS ( P I 2 ) ( SC ( I ) X* 
• T C ( I ) Y + U : ( T ) ) I S C D ( I ) , S L ( i ) , T L ( I ) , U C ( I J = * ) 

WR1TJEI 6 , 90 0? ) ' C u C ( J C ) . S C I J C J , r C ( J C ) , U C i J C ) , J C = l , N C O S ) 
9 0 0 3 FORMAT ( l H , 1 = 1 5 . 6 , * , I P L u 1 5 . 6 ) 
• 1 0 3 l F C < i . f Q . / * ) CALL P A 1 H S 1 ( 0 X , o Y , F 1 , b l , F', G , F A , S YilUOLa , A , NOX , NUY , mN0«* , 

' M , W , FX • F Y , N5 ) 
Ir ( K 1» t Q'LI RETURN 
IF (KO LGU6) GO TO 190 
HRITl(6,POO'*) M ,n 

900 ' * F U K i i l T H I H O ,'TRUE REF I N D E X D I S T R I L U T I O N OF SMUOTH F U N C T I O N E X P R L 3 S 
• E O A5 THE MEAN V A L U E S OF F ( X , Y J I N T H E * , X L , * b Y * , I « * , * R E S O L U T I O N R 

• »-LCTANGLES I S *) . 
iF (Kd .GE. l l ) GO TO 10A-
1FCIUGE.32) 30 TO 109 

DO 7 



OffO-5 5 4 
o b / ) 5 5 5 
O M 3 7 7 
0 ij 3 § 0 3 
004160 6 
0(HJ606 
000610 
0 0 0 6 1 1 
0 0 0 6 1 3 
0 0 0 6 2 2 
0 0 0 6 2 6 
0 0 0 6 2 7 
0 0 0 6 5 4 
0 0 0 6 6 1 

0 0 0 7 0 0 
0 0 0 7 0 1 
0 0 0 7 0 3 
0 0 0 7 1 3 
0 0 0 7 1 4 . 

0 0 0 7 2 5 
0 0 0 7 3 2 
0 0 0 7 5 1 

0 0 0 7 5 5 
0 0 0 7 6 4 

0 0 0 7 7 0 
0 0 0 7 7 3 

0 0 0 7 7 7 
0 0 1 0 0 0 
0 0 1 0 0 2 
0 0 1 0 0 3 
0 0 1 0 0 6 
0 0 1 0 1 1 
0 0 1 0 1 4 
0 0 1 0 1 7 
0 0 1 0 2 2 
0 0 1 0 2 5 
0 0 1 0 2 6 
0 0 1 0 2 7 
0 0 1 0 3 0 
0 0 1 0 3 5 
0 0 1 0 3 6 
0 0 1 0 4 0 
0 0 1 0 4 1 
0 0 1 0 4 2 
0 010 4 3 
0 0 1 0 4 4 
0 0 1 0 4 6 
0 0 1 0 4 7 
0 0 1 0 4 7 
0 0 1 0 5 2 
0 0 1 0 5 5 
0 0 1 0 6 0 
0 0 1 0 6 3 
0 0 1 0 6 5 
0 0 1 0 6 6 
0 0 1 0 7 0 
0 0 1 0 7 7 
0 0 1 1 0 3 
0 0 1 1 1 5 

0 0 1 1 4 4 
0 0 1 1 4 7 
0 0 1 1 5 2 
0 0 1 1 5 3 
0 0 1 1 5 5 
0 0 1 1 5 6 
0 0 1 1 5 7 
0 0 1 1 6 1 
0 0 1 1 6 6 
0 0 1 1 6 7 
0 0 1 1 7 0 
0 0 1 1 7 3 
0 0 1 1 7 7 
0 0 1 2 1 1 
0 0 1 2 2 0 

3 0 1 1 1 = 1 , i 
W R I T E ( 6 , 9 0 0 3 ) ( F ( I , J ) , J = 1 , N) 

9 0 0 3 FORMAT <1H , l 5 r S . 4 J 
1 1 C U U T I N L T 

3 0 TO 1 0 4 
1 0 9 0 0 1 3 1 1 = 1 , > 1 3 1 6 

12=11*16 
1 3 = 1 2 - 1 5 
W R 1 T E ( 6 « 9 0 1 3 ) 1 3 , 1 2 

9 0 1 3 "URMAY ( 1 H 3 - n U h n s * 
3 0 1 3 1 = 1 , M 
W R I T E ( 6 , 9 D 0 5 l ( F ( I , J ) , J = I 3 , 1 2 ) 
3 ONTINU'E 

CALL P L O T ( F , F A , S Y M B O L S , A , M , N , N S ) 

lOLUMNa* , 1 4 , * T O * , 1 4 , * A R E * ) 

1 3 
1 0 4 
1 9 0 

<11) 

00 11 

11 

0 0 1 3 

DO 1 3 

1 3 
I F ( K O . G 
5 I G S Q = 0 0 
3 0 1 2 J = l , < ( 0 0 
0 0 1 2 1 = 1 , "I . 0 0 
3 ( I , J ) = F ( I , J ) - D C I N 

• 1 2 S I G S Q = S I G 3 3 * S ( I , J ) * G ( I , J ) , 
C G ( L , J ) I S I / P 0 [ 5 T 2 N ABOUT ZERO MLuN ( I . £ • A . U . COMPONENTS OF F ( I « J ) ) « 

S I G M A = S Q R T ( 5 I 3 S O / F L O A T ( M N ) ) 
H R I T £ ( 6 , 9 0 T 3 ) F M A X , F H I N . R A N G E , A 1 / 

9 0 3 0 - O R M A T ( I H 0 , M 4 X 1/ALOL OF RuF INOEX D I S T R I B U T I O N I S * , 4 8 X , * R £ F M A X=» 
• , E 1 4 . 5 / 1 H , M T N Y A L U t OF K l F I N J E X D I S T R I B U T I O N I S * , 4 8 X , * R t . F M I N=* 
* » E 1 4 . 5 / 1 H , 1 R £ P"H AX MINUS R c F M I N I S V , 6 6 X , * R A N G c . = * , ' l 1 4 . 5 / 1 H , r MfcA N Y 
M L U E OF REF INDFX D I S T R I B U T I O N I S * , 5 2 X , * A Y = * , L 1 4 . 5 ) 

W R I T E ( 6 , 9 0 0 >) S I G M A , O C I N 
9 0 0 5 r O R M A T ( 1 H 0 , ' H F STANUARO O E Y I A T I O N OF THE REF I N D E X D I S T R I B U T I O N A 

* 5 0 Y E j A B Q U T 1 2 A N OF Z E R O , i S * « t i X , * S I G r t A = * , £ 1 4 . 5 / 1 H , * T H h MEAN YALUE 
• I M P O S E D OH M - RLF INDEX D I S T R I B U T I O N AuOYE I S * , 2 8 X , * D C I N = * , £ 1 4 . 5 ) 

N R I T £ ( 6 | 9 0 0 ' ) 
9 0 0 7 FORMAT ( 1 H 0 , ' - + - + - - 8 + 1 6 + 3 2 + 

6 4 + 
v 128+--') 

G I / E 3 PATH O I F F S OF X AND Y L I N E S RLL TO u X ( 1 ) = B Y ( 1 ) = 0 . 0 , 

12 
12 
. 

12 

NO=NJX 
3 R A D = 3 X 
NOPN=M 
NO=NOY 
3RAO=GY 
NORN=N 

1 0 5 

3 R D PART 
G X = - R N 
G Y = - R M 
0 0 3 K K = 1 , 2 
I F ( K K . E Q . i ) 
I F ( K K . L Q . l ) 
I F ( K K . EQ« 1 ) 
I F ( K K . E Q . Z ) 
I F I K K . L Q . 2 ) 
I F ( KK. EQ» 2 ) 
fcMI N= 0 . 0 
B M A X = 0 . 0 
DO 4 1 = 1 , N O 
0 = - l . / ( 1 . 0 f r L 3 A T ( I - l ) / F L O A T ( M O R N ) ) 
A O R B = G R A O / 3 
A O R B 2 = A O R 3 ' ? i - _ • 
K S = 0 
S 2 = 0 . 0 
DO 5 K = 1 , K ' I A X : , 1 
DO 5 L = 1 , K 
L M l = L - i 
K M L = K - L 
<ML P 1 = K M L + 1 
I F ( K K . E T . i ) 
I F ( K K . L Q * 1 ) 
I F { K K . L Q . 2 ) 
I F ( K K . L Q . 2 ) 
< L P 1 = K L + 1 
L K P 1 = L K + 1 
K S = K S + 1 
1 F I K M L . G E . l , AND 
I F ( K S . L Q . l ) " " 
I F ( K L » E Q * 0 . \ N 3 . L K . N l . 0 ) 
I F ( L K . F Q . 0 , I NO. K L . N a « 0 ) 

* * F L O A T ( K ) ) 
I F ( K S » N.-.iKTl 5 1 = 0 . 0 
I F ( K S . E Q . K T ) S 1 = S 2 
3 0 TO 5 i 
5 = l , / F L 0 A T ( - < 3 i ) 
5C=1.0 
1 M= K L P l 
LP=LKP1 
DO 6 1 1 = 1 , < -
I M = I M - 1 
L P = L P + 1 
5 C = ( F L O A T f H ) f F L O A T ( I I ) ) * Q * S C 
S = S + S C / F L O A T ( L P ) 
5 1 = 0 ( K S ) * U 3 R3 < L ) * S 
R= R + S i 
I F ( N C O S . E 3 . 0 ) 3 0 TO 1 0 6 

DO 

DO 4 . 

00 
DO 

<_=KML 
L < = L M 1 
KL=LM1 
L< =KML 

GO T O 1 0 5 L M 1 . G w . 1 ) 
R=G(1) 

S 2 = S 2 + C ( K S ) / F L O A T ( K ) • „ ' 
S 2 = S 2 + C ( K S ) * ( A O R a * * K ) * ( ( 1 . +Q) * * K - 1 . ) / ( G R A D 

00 

k 



247, 

X 

0(Lt222 
i f c & S 

tOQflZ43 
^1*2 4 6 
0 0 1 2 5 1 
0 0 1 2 5 4 
0 0 1 2 6 1 
0 0 1 2 6 4 
0 0 1 2 7 4 
0 0 1 3 1 1 
0 0 1 3 1 5 
0 0 1 3 2 4 

0 0 1 3 3 5 
0 0 1 3 3 6 
0 0 1 3 4 4 

0 0 1 3 5 2 
0 0 1 3 5 3 
0 0 1 3 6 5 
0 0 1 3 7 6 
0 0 1 4 0 7 
0 0 1 4 2 0 
0 0 1 4 2 3 
0 0 1 4 2 4 
0 0 1 4 2 6 
0 0 1 4 2 7 
0 0 1 4 3 3 
0 0 1 4 4 4 
0 0 1 4 5 4 
0 0 1 4 5 6 
0 0 1 4 5 7 
0 0 1 4 6 0 
0 0 1 4 6 2 

0 0 1 5 1 0 
0 0 1 5 1 6 

0 0 1 5 2 2 
0 0 1 5 2 7 

0 0 1 5 3 3 
0 0 1 5 4 4 
0 0 1 5 5 5 

0 0 1 5 6 1 
0 0 1 5 7 2 
0 0 1 5 7 6 
0 0 1 6 2 1 
0 0 1 6 2 2 

d o 9 i c = i , n : d s 
I F ( K K . E Q . i ) 3 C = S C ( I C ) 
I F ( K K . f R . i ) T D = T C ( I C ) 
I F I K K . L Q . 2 ) 3 D = T C ( I C ) 
I F I K K - L ' q . 2 ) n = S C ( I C ) 
Rl= + 
R 2 = R H - P I 2 > ( t d ' AOR3 + u u ( i c ) ) 
I F ( R l . L Q . O ) S I NK=1 • 
i F ( R l . N r . O ) S I N K = S I N ( R 1 3 / R 1 
R = R + C C ( I C > * ; 0 3 (R2 ) » S I N K 
I F t l . G T . 1) 30 TO 1 0 7 
I F ( I . L Q 1 . U O . R K . i Q . l ) L X 1 = C X * R 
I F ( I » E Q 1 , AMD. K K . E Q . 2 J U Y 1 = C Y * R 
GO TO 4 
i f ( k k . e q . l ) 3 x ( i ) = c x * r - b x 1 
i f ( k k . l q . z ) 3 f ( i ) = c y * r - l , y l 

n o i s s n t P o s : . n o n * f l a t i v l p a t h d a t a 
i f ( r n o i s e , e d , 0 , n ) g o t o 4 
i f ( k k . e q » 1 l u j o . b x ( i ) . g t - . b h a x j 
i f ( k k . e q » 2 , \ n o » f»y ( i ) . g e . U M m x ) 
i f ( k k . l q . l , i n c . n x ( i ) . l l . j n i n ) 
1 f ( k k . e q » 2 » ( n o » o y ( i ) . l l « i i h i u ) 

4 c o n t i n u e 
BXMbN=bMAX-? -UN 
I F ( R N O I S E . £ 0 . 0 • 0) GO TO 3 
d o 1 0 1 = 1 , n o 
RNSX = R N O J S E ' 3XMBN* ( R A N F ( 0 . 0 ) - 0 
l F ( K K . E Q . l ) 3 < ( I ) = G X ( I ) + R N S X 

3r ( I ) =DY d ) + R N S X 

d o 9 

3 
1 0 5 

1 0 7 

dHAX=BX ( I ) 
t >MAX= i3Y ( I ) 
l>NIN= u X ( I ) 
B t i I N = B Y ( I ) 

5) 

13 
3 

I F ( KK. L Q . 2) . . . . . 
C O N T I N U E 3 . 
BX ( 1 ) = 0 - 0 
B Y ( 1 ) = 0 . 0 . . . . 
I F ( K O . E Q . 6 ) 30 TO 1 0 8 
I F ( KO . E Q . 2 . 0 R, K O . c Q . 4 „ O R » K O c E Q « 5 « O R * K O . E Q . 1 2 . O R . K O . L Q . 1 4 . O R . K O . L Q . 

f 1 5 ) GO TO 1 ) 3 
W R I T L ( 6 , 9 0 1 4 ) r n s e p 

3 0 1 4 r O R M A T ( 1 H 0 , * TN: \1N3E OF N O I S L I M P O S E D ON THE R E L A T I V E P A T H S / M A X P 
*ATH M I N U S H I N PATH I S * , F 7 « 3 , * P t R C E N T * ) 

W R I T E ( 6 , 9 0 0 3 ) NOX 
3 0 0 3 F O R M A T ( 1 H O , J THE R E L A T I V E PATHS OF A L L * , I 5 , * X R A Y S , I N H I C R 0 N S , I N C L 

• D O I N G I M P O S E 0 N O I S L , I S * ) 
W R l T c ( 6 , 9 003 ) ( ? X ( I ) , 1 = 1 , NOX) 
W R i T L ( 6 , 9 0 1 3 ) NOY 

3 0 1 3 F O R M A T ( 1 H 3 , ' THE R E L A T I V E PATHS OF A L L * , 1 5 , * Y R A Y S , I N M I C R O N S , I N C L 
• U Q I N G I M P O S E D V O I S t , I S * ) 

H R I T c ( 6 , 9 0 03 ) ( r Y ( J ) , J = l , N O Y ) 
3 0 0 3 F O R M A T ( 1 H , 1 P 1 0 E 1 3 „ 4 ) 

10 3 C A L L R E F ( O X , 3 Y , F l , G i , F , G , F A , S Y M B O L S , A , N O X , N O Y , H N D 4 , M , N , F X , F Y , N S > 
RETURN ENO OF 
END PATHS2 

U N U S r D C O M P I L E R S P A C E 
010600 

1 



122 
22 
122 

Q\M»T)2 2 
0110022 

0 0 0 0 2 2 
B l l i Q 2 5 

0 0 0 0 3 1 
0 0 0 0 3 6 
0 0 0 0 k 2 
0 0 0 0 5 3 
0 0 0 0 5 7 

0 0 0 1 0 5 
a 00113 
0 0 0 1 1 7 
0 0 0 1 3 0 
O O O l k l 
0 U L11 k 5 
0 0 0 1 5 6 
0 0 0 1 6 2 
0 0 0 2 0 5 
GO 0276 

U N U S E D 
016kO 0 

S U B R O U T I N E 3 A T H S 3 ( 3 X , 3 Y , F 1 , G 1 , F , F A , S Y M B O L S , A , N O X , N O Y , M N O k , H , R , 
r a ,r Y,No I 

J P A T H ^ . J 2 H f , U l 2 £< 1 = , = ' f ; lM|UTAL O P T I C A L PATH LENGTH C A T A . 

COMMON MsM J . ' ,VJSMA L L , I S M A L L , K S M A L L , L S N A L L , M N , K 2 , I M 1 N M K , J K I 0 2 . J A J 3 
COt i r t dN J N M < , J I M , J I , J N M K P 1 , J N . ' i l , J N H K , 1 ( 12 , J l l . 2 , NMK , J K I , J K M 2 , j ' M l , J 3 
COMMON N D 2 , N = 1 , H D 2 , M P l , X , Y , ' l M l , P . R A N G E , R ^ F M I N , K0 , K l , i < l ' A X ^ K M A > ^ 1 ' 

; l / P OF A C 1 U A . Y A L J P MUST BE R E A D I N . * 
W R I T S ( 6 , 3 0 2 1 ) 

9 U 2 3 F O R M A T ( i H 1 , » E M ALL D I S T R I B U T I O N S BELOW Y A X I S I S H O R I Z O N T A L TO THE 
. . S I - S H 1 . ; * - ^ ? ! ? p Y E R T I L A L L Y D O W N . O R I G I N I S TUP L E F T HAND C O R N E R * ) 
WR1 Tz. ( 6 , 3 0 1 L ) *• 

5 0 0 1 FORMAT ( 1 TO j / \ L I F I G S GELOW TO BE M U L T I P L I E D bY P = * , 1 P C 1 3 . 5 ) 

S U 5 R 

NKiIclb,juuLl 
9 0 3 1 F O R M A T ( H O , 4 I N P U T N u J E , 1 3 P A T H S ARE FROM E X P E R I M E N T * ) 

• 1 5 ) GO TD 11 1* K n * L Q * i + * 0 R * 1 < 0 * t Q . 5 . 0 R . K O . £ Q . 1 2 . 0 R . K O . i i Q . l k . O R . K 3 . c.Q» 

. W R I T E ( 6 , 3 0 0 2 ) MOX 

9 0 0 2 E g S f l l W M S H j j ^ B S h f l t f L r i S j y 5 0 F " - 1 - * ' 1 5 ' * * * » " • » H I C R O N S . I S - . 

N R I T S ( 6 , 3 0 0 k ) NOY 

9 0 0 k F O R M A T ( i T O , » H r R E L A T I V E P A T H S OF A L L * , 1 5 , * Y R A Y S , I N M I C R O N S , I S * ) r w n « u v i r n : MLUUKt Kfl 11 
W R I T E ( 6 , 9'? 5 3) (BY I J ) , J = l , N O Y ) 

9 0 0 3 FORMAT ( I T , ! P l C r i 3 . k ) 
1 0 1 C A L L R E F ( 3 X , 1 Y , F 1 , G 1 , F , G , F A , S Y M B O L S , A , N O X , N O Y , M N D k , M , N , F X , F Y , M S ) 

. R E T U R N 

EMU - . ' " ' 

C O M P I L E R S P A C E 

END OF 
P A T H S 3 



249. 

„ _ > 
^SUBROUTIME RIF(SX,BYfFl,Gl,F,G,Frt,SYM3OLS,A,NOX,N0Y,HN04,H,N,FX,FY SUE3 

0 3 0 0 2 3 
2 3 
2 3 

[1]/!/) 23 

0 0 0 0 2 3 
0 0 0 0 2 3 

0 00 0 2 A 
0 0 0 0 3 4 
0 I C !J 4 5 
0 0 0 0 6 0 
0 0 0 0 6 1 
0 0 0 0 6 2 
Q 0 1 P J 7 5 
0 0 0 0 7 6 

0 0 0 0 7 7 
0 0 0 1 1 2 
0 0 0 1 1 3 
0 0 0 1 2 1 
O D i . 1 2 2 
0 0 0 1 2 4 
0 0 0 1 2 6 
0 0 0 1 3 4 
1 0 U 1 4 4 

0 0 0 1 4 6 
0 0 0 1 6 1 
Olo162 
0 0 0 1 7 0 
0 0 0 1 7 1 
0 0 0 1 7 3 
0 0 0175 
0 0 0 2 0 3 
0 0 0 2 1 3 
0 0 0 2 1 5 
0 0 0 2 2 2 

0 0 0 2 2 5 

x s b - a n d c u f . p u t e s t h e a . c . p a r t o f 
c T H i R t F I N D - < D I S T R I B U T I O N . T H E C T H E K S J d R O U T l H L S A R E h e e d e d F O R T H I S . 

- O[I 'J OJJ N S;] * - L• • MS M I L L » I S nA L L , KSHA L L , L S f. A L L , H N , K2 1 1 M 1 N M K . J K I D 2 , J A J J 
J P ' i ^ J I > J N M I , J N P K , 1 M 2 , J I h 2 , N M K , J K I , J K M 2 , J K M 1 , J 3 

S ^ N O X ) , u Y ( N U Y ) , F 1 1 M N D 4 ) , 6 1 ( M N Q 4 ) , F l i l , N ) , F Y ( M ) , F X ( N ) 

UlnENSIOM • r * 3 
C PATH DIF-S WE NORMALIZED. 

LX=SORT ( i* Y/n flATUJ**? S X = S Q R T ( ^ - X K ' Y / F L O A T ( N * * 2 ) ) 
b Y = S Q R T ( X * Y f X * y / F L O A T ( h " * - ' * 2 ) ) 
DO 1 9 1 = 1 , M O X 
E i = t3X ( I ) 

1 9 B X ( I ) = D t ? S X 
DO 2 0 1 = 1 , H D Y 

. b 2 = a y ( i ) 
2 3 t>Y t I ) = f , ? ' 5 Y 

L 0 G E C O E - F I S I E N T S . 
X L I N L 3 , 

DO x 1 = 1 , N 
1 Ml-= I- i 

1 F l ( I ) = B X C l + I M l * N ) / F L O A T ( M ) 
J K I —M 
J K I 0 2 = 1 5 0 ? 
l M l N M K = h 5 ( i a _ L 
C A L L W A L S H f - 1 , G 1 , M N D 4 ) 
DO 2 1 = 1 , N 

2 F X i I ) = F i ( I ) 
Y L I N E S , 

DO 3 1 = 1 , H 
IMl=I-1 

3 F l ( I ) = u Y ( l t [ v ! L r M ) / F L O A T ( N ) 
J K X = N 
J K 1 Q 2 = H D > 
1 M 1 N M K = N S M A _ L 
C A L L WALSH (- L , G 1 , M N D 4 ) 

• OO 4 1 = 1,11 
V FY ( I ) = r i ( I ) 

DO 2 2 K < = t , N S D L N 
I F ( N S O L N . EO i i) K 2 = K K 
F X , F Y A P E E D S E C O E F F I C I E N T S . 
• 1 F C K 2 . E Q . 1 ) r ( i , l ) = F X ( l ) 

00 13 

la 
DO 20 

d o 1 
. 

d o 2 
2 

d o 3 
a 
3 

d o 4 
4 

d o 2 2 . 

B e 
0 u 2 A 5 

0 0 0 2 5 0 
0 0 0 2 6 3 

0 U P 2 6 6 
0 0 0 2 7 3 
0 0 0 3 0 2 

0 0 0 3 1 2 
0 0 0 3 1 3 
i l t ' U o i 4 
0 0 0 3 1 6 
0 0 0 3 2 2 
0 0 0 3 2 3 
U C O 3 2 4 
0 0 ( 1 3 4 4 
0 0 0 3 4 5 
0 0 0 3 5 0 
'J U U 3 5 4 
0 0 0 3 6 5 
0 0 0 3 7 1 
0 0 . 0 4 0 0 

0 0 0 4 H 4 
0 0 0 4 3 1 
0 0 0 4 3 4 
0 0 0 4 4 1 

0 0 0 4 5 0 

0 0 0 4 5 6 
0 O IJ 4 5 7 
0 0 0 4 6 0 
0 0 0 4 6 4 
0 0 0 4 6 6 
U L 4 7 O 
0 0 0 4 7 4 
0 0 0 4 ? 6 

I F ( K Z . E Q . Z ) F 1 , 
DO 2 1 j = z , n 

2 1 F ( l . I ) = F X ( I ) 
DO 1 J I = > , 1 

„ 1 5 F t i , ± ) = F f ( I ) 
0 S c T R E S T O F - TO Z E R O . 

OO 5 J = ? . , M 
DU 5 1 = 2 , H 

5 F C I , J ) = 0 . 0 
j, F R D h H E R E O N T I E S o r C I A L C A S E H = N O N L Y I S A S S U M E D . 
C S O L N F O P B U C K I S M A L L = K S . ' 1 A L L = i . 
C W A L 3 H TRAVJS-OPH P A k ' f OF S G L N . 

J N ! I K = N D ? 
J I H 1 = 1 

l r t l N I 1 K = M 5 M A L L - l 
J K I = 2 * * " ( t r t U M O 
J K I D 2 = J K t / 2 
L = 0 
DO 6 I S = 1 , M D 2 
L = L + 1 
L R = N D 2 C 4 * 13 - 3 ) + l 

„ I F ( K 2 . F Q , 1 > F 1 ( L ) = - B X ( L R ) / F L O A T ( N D 2 ) 
o l F C K 2 . r o , 2 ) _ F 1 C L ) = - 3 Y ( L R ) / F L U A T ( N D 2 ) 

I F ( I M I I J M K . E T » 0 ) GO TO 1 0 1 
C A l L W A L 3 H ( r t , 3 t , v . N D 4 ) 
C A L L S C 4 M C - I , - . H N 3 4 . M , N ) 

E X T R A TERMS P A R T UF S O L N . 
DO 7 1 = 1 , M 3 » 
I F ( K 2 . LO» 1 ) - 1 ( I ) = F ( 1 , 1 ) 
1 F ( K 2 . l O , 2 ) - 1 ( I ) = F C I , 1 > 
C A L L S C A M ( r t , M N Q 4 , H , N ) 

F I L E S ' ? B L O C K S I S M A L L = 1 , K S M A L L . G E . 2 
1 F ( M S M A L _ » ; ) . 1 ) GO TO 1 0 2 
W A L S H T R 4 N 5 r D r M P A R T UF S O L N . 
DU 3 K S M A L L = 2 , M G M A L L ' 
liliNtlK = :iS:5 A . L - K O M A L L 
J i M M K = 2 w ~ r N l MM< 
J N i i KP1= .P r J N 1 < 
J K H 2 M l = ? * M < S ' 1 « L L - 2 ) - 1 
JKNi=2*'- ( JK13-H ) 
J K = 2->JK i iL 
L = 0 

1 0 1 

DO 2 1 
2 1 

OO 18 
18 

DO 5 
DO 5 

00 5 

OO 7 

DO g 

+ 



250. 

000560 
0 0 0 5 ^ 0 
0 0 0 5 7 ? 
0 0 0 6 7 0 
0 0 0 6 * 0 
0 0 0 6 5 6 
0 0 0 6 6 3 
0 0 0 6 6 5 
0 0 0 7 0 3 
0 0 0 7 0 * 
0 0 0 7 0 5 

0 0 0 7 * 0 ^ 

0 0 0 7 7 6 
0 0 1 0 0 6 

0 010'0 
0 0 1 0 2 ? 
0 0 1 0 2 3 
0D102* 
0 0 1 0 3 0 

0 0 1 0 3 0 
0 0 1 0 3 1 
0 0 1 0 3 7 
0 0 1 0 * 1 
0 0 1 0 * 2 
0 0 1 0 * 3 
0 0 1 0 * 7 
0 0 1 0 5 3 
0 010 56 
0 0 1 0 5 7 
0 0 1 0 5 7 
0 0 1 0 6 5 
0 0 1 0 6 5 
0 0 1 0 7 1 
0 0 1 0 7 * 
0 0 1 0 7 7 
0 0 1 1 0 3 

0 0 1 1 0 5 
0 0 1 1 0 6 
0 0 1 1 1 3 
00111* 
0 0 1 1 * 0 
0 0 1 1 * 1 
0 0 1 1 * 1 
0 0 1 1 * 5 
0 0 1 1 5 0 
0 0 1 1 6 7 

0 0 1 1 7 1 
0 0 1 2 0 1 
0 0 1 2 1 1 
0 0 1 2 2 5 
0 0 1 2 3 1 

0 0 1 2 6 0 
0 0 1 2 6 2 
0 0 1 3 0 * 
0 0 1 3 2 6 

0 0 1 7 2 6 

0 0 1 3 2 6 
0 0 1 7 7 1 
0 0 1 7 3 ? 
0 0 1 7 5 * 

0 0 1 7 6 0 

9 

1 0 3 

11 

10 

0 0 9 I S - i , J M H K 
1 = 1 + 1 
L R = N Q 2 * ( ( 7 r T 7 - i ) K J K - 1 ) + 1 
T c S ^ ' i U ' l ) ; L ) = - a X ( L R ) / F L C A T ( j N M K ) 

= < L P ) / F L C A T C J N M K ) 
I F ( I M 1 N . 1 K . n . m G 0 T Q 1 0 3 

C A L L W A L ^ M f - l , r i - f M N D * ) 
C A L L F C - H t r i , Y m i W , H , U ) 

E X T R A T r R K 3 " A R T OF S O L N . 

DO 0 

12 

DO 1 1 I = i , J N M < 
F i ( i ) = n-n 
DO 1 0 1 = 1 , J T K 

DO 1 2 I = i , J v ! M < 
DO 1 2 I H = 1 , I K M ? M 1 

I H O = I M C - 1 
I F ( K 2 . E 0 . 1 ) F1. ( T ) = - F ( 1 , I H O * J N M K P i + I ) - F ( 2 , N P i - I - I H O » J N M K P 1 ) 

I F C K 2 . E 0 . ? ) F1 ( T ) = - F ( I H O * J N H K F 1 + 1 , 1 1 - F ( N ° i - l - I H O * J N M K P l , 2 ) 
C O M T I N H - +F(IH£.JLJWKKFl + I , l ) + F ( N P l - I - I H L * J N M K P l j 2 ) + F l ( I ) 

B C A L L S C A M ( F L • F , M U D * , M , M ) 
C S O L N F O P O H I S M A L L . G ^ . 2 
C WALSH T?A J S F O ^ H PART OF S O L N . 

DO 1 7 T<?M1LL = " , N 5 M A L L 
I r t l = I S M ' L L - l 
I M 2 = I H 1 - 1 
J I H 2 = 2 * * T M ? 
J I M 1 = J I ! 1 3 + J M ' > 
J 1 = J I N 1 4 . 1 T Mt 
J N M I = 2 r - " (MF'1 A L L - I S M A L L ) 
DO 1 3 K S M A L L = 1 . N S M A L L 
NMK=NSI1 A L L - < SMALL 

• NPK = N S H / L L K 3 M ' L L 
JNMK= ' "- " 'N ' f i < 
J N P K = 2 " "MPK 
J K I = J N M ' < * J T M 1 
J K I D 2 = J K T / ? 
J N H K P 1 = JWHK+ J N ' X 
J K H 2 = 2 t " ' ' ( K S M A L L - 2 ) 
J K M 1 = J K M J < M ° 
1 F ( K S M A L L . -G.-11 J K M 1 = 1 
N T K K l i = # ( J K M l - 1 1 r M + l 
IM1NHK = TM1•M M< 
DO 1 5 . 1 = 1 , J < I 

1 5 F 1 ( I ) = 0 - n 7 

L = 0 
DO . 1 * I S = i , JMMK 
I S H 1 = I S - 1 
DO 1 * I R = i , J T M l • 
L = L + 1 7 

I R 2 = I R + T R - j 

i - 2 = N T K H t l + J M P K » , T S M l + J N M I * I R 2 

H J ^ ' - S " 1 ? ? t ) = - 3 X ( L R ) / FLOAT ( J N M K ) 

i S W W r [ ^ y - R I / F l C A T . J M M K ) 
E X T R A T D M r P h F 7 7 n F S O L N . 

DO 

DO 

DO 
DO 

l i 
i i 
10 « 
10 

12 
12 

12 
6 

DO 1 3 

DO 

DO 

DO 

1* 

1 3 
1 0 2 

9 0 0 1 

9 0 0 2 
I 

9 0 0 3 
2 3 

1 5 ) K G 0 R ? 0 3 1 ] * ' K % E Q 4 £ f * ° R » , < 0 * £ 0 - 5 - O R - , < 0 » E Q . i 3 , O R . K O . E Q . l * . C R , K O . E Q , 

I F ( K 0 . £ 0 . 6 ) 50 ' O 1 0 * 

I F ( K 2 « r n . ? l H'T-r t .qnn?! k>nv m u'm 

15 
1 5 

1* 

1* 

1* 

1 3 

I F ( K 2 . F Q . ? ) ^ T - r ( 6 9 0 0 2 ) N O T , N . N . N 

& ! t / E N BY THE PATHS OF A L L * , 1 6 , * 
k A Y S AND T H - . * , T 3 , * Y R A Y S k , I 3 , * K + 1 ( 0 < K < * . T ? . * ) flpp*l 
FOP.M AT ( 1 H G , C O E F F I C I E N T S G I " / £ n d Y THE PATHS o f A L L * ! l S , ' ru^ im UM'i,* Hk tjq^ 
R A Y S AMO t - I T ' , 1 7 , ^ X 

is'ss^s:,'" T°107 
C O N T I N U E . 

R A Y S * - , I 3 , * K + l ' ( 0 < K < * , I 3 , X ) A R E * ) 

DO 2 3 

2 3 



251. 

0 0 1 4 4 4 
0 0 1 4 5 1 
0 0 1 4 5 3 
0015H 
0 0 H 2 7 

0 0 1 5 2 7 

0PI5?7 
0 0 1 5 4 2 
0 0 1 5 5 1 
0 0 1 5 5 3 
0 0 1 5 5 1 -
0 0 1 6 0 3 
0 0 1 6 0 6 
0 0 1 6 0 6 
0 0 1 6 1 0 
0 0 1 6 1 1 
0 0 1 6 1 3 
0 0 1 6 2 2 
0 0 1 6 2 7 
0 0 1 6 1 4 
0 0 1 6 6 1 

0 0 1 6 6 3 
0 0 1 6 6 4 
0 0 1 6 6 6 
0 0 1 6 7 6 
0 0 1 7 0 f) 
0 0 1 7 0 0 
0 01712 
0 0 1 7 1 6 
0 0 1 7 2 6 
0 0 1 7 3 0 
0 0 1 7 3 1 
0 0 1 7 3 3 
0 0 1 7 4 6 
0 0 1 7 4 7 
0 0 1 7 5 n 
0 0 1 7 6 1 
0 0 1 7 6 3 
001776 
0 0 2 0 0 2 

0 0 2 0 0 6 
0 0 2010 
0 0 2 0 1 2 
0 0 2 0 4 0 
0 0 2 0 4 3 
0 0 2 0 4 3 
0 0 2 0 4 5 
0 0 2 0 4 6 
0 0 2 0 5 0 
0 0 2 0 5 7 
0 0 2 0 6 4 
0 0 2 1 1 1 
0 0 2 1 1 6 
0 0 2 1 2 1 
0 0 2 1 2 3 
0 0 2 1 2 4 
0 0 2 1 2 5 
0 0 2 1 2 7 
0 0 2 1 4 0 

0 0 2 1 ' < 4 
0 0 2 1 6 3 

GO TO 1 0 4 
1 0 7 DO 2 9 1 1 = 1 , N 0 1 6 ' 

12=11" 16 
1 3 = 1 2 - 1 5 

WR IT 1 ( 6 , 9 0 1 1 ) T 3 , I Z 
9 0 1 1 FORMAT ( I H , * C O L U M N S * , 1 4 , * T O * , I V , * A R E * ) 

DO 2 3 1 = 1 . " 
WR IT E ( 6 , 9 0 n T ) r r r i , J ) , J = I 3 , I 2 ) 

23 ' 2 OUT I N I ) i 
1 0 4 F ( 1 , i ) = i n o i i r 

CALL H A L 5 H 2 ( r l , r - l , F , M M D 4 , M , N) 
I F ( I j J ) WERE I S 7 " C n M S T R U C T r D O I S T E N W ITH MEAN OF. OCOUT . 

I F ( K 1 . E D , 3 ) " A L L MAXMIN ( F , M » N) 
I F ( K 3 . E D . 6 ) r,o * 0 1 0 1 
I F ( K 2 , ? 0 . 1 ) W 3 T - £ ( 6 , 0 0 0 4 ) N C X , M , r t , M 

CO 2B 

00 28 

28 

9004 

9 0 0 5 

I F t K R . E D . ? ) W " T " [ : ( 6 , 0 0 0 5) N C Y , N , N , M 
4 FOR.MAT ( 1 H 0 , * " r F INOL'X 0 1 S T 9 N b l V E N FY THE PATHS OF 

* R A Y S A NO m ~ " , T 3 , * Y RAYS + 1 ( 0 < K < * , I 3 , 
5 F O R M A T ( 1 h 1 , ' R r F I N D E X D I S T B N G I YEN BY THE PA FH" OF 

* R A Y S ANO T H " " , T 3 , 4 X R A Y S - " , 1 3 , ^ - K + l ( 0 <K< 
I F ( KQ . G r , 11 ) TALL P l O T ( F , F A , S Y M B O L S , 4 , M , N , N S ) 

O F A L L * , 1 6 , * 
*> I S * / ) 

OF A L L * , 1 6 , * 
, 1 ? , * ) I S * ) 

DO 24 
c 

24 

00 29 

0 0 29 

23 

DO 25 
CO 25 

25 

DO 26 
00 26 

26 

I F (K 3 . G " . l j ) 5 0 TO 1 0 5 
I F ( N i G T . . 32 ) 5 0 - 0 1 0 8 
DO 2 4 1=1 , M 
F R I T T ( 6 , o n o n ( F ( I , J ) , J = i , N ) 

2 4 C O N T I N U E 
C-0 TO 1 0 5 

1 0 3 0 0 2 3 1 1 = 1 , N D 1 6 
12=11*16 
1 3 = 1 2 - 1 5 
W R I T E ( 6 , 9 0 1 1 ) 7 3 , 1 2 
DO 2 9 1 = 1., M 
W R I T E ( 6 , 9 0 0 3 ) ( F ( I , J ) , J = I 3 , I 2 ) 

29 C O N T I N U -
1 0 5 I F ( K 1 . E3«>3 ) 5 0 TQ 2 2 

C PO INT E R R O R S O A . C U L A T S D . F ( I , J ) I S P O I N T E R R O R 0 I S T 8 N . 
1 9 1 S I G S Q = 0 . n 

DO 2 5 • 1=1, Y 
0 0 2 5 T = 1 , M 
F I J = G ( I , J ) - r ( r , J) + OCOUT 
F ( I . J ) = F T | 

2 5 S I G S O = S T G R O + F T J " F I J 
S I G O I F = " O R T ( 3 T 5 5 Q / F L O A T C1N) ) 
I F ( S I G M A r G T , n ) " 2 R O R = i O 0 , 0 * ( S I G D I F / S I G M A ) 
I F ( S I G ) P . 7 0 . 0 ) r R R O P . = 0 . 0 
B Y = 0 . f ) 
DO 26 1=1,M 
DO 2 5 , . 1 = 1 , 4 
F I J = F ( T , I ) / R A M r r 
F ( I . J ) = FTJ 

2 5 I Y=u- Y + A 0 5 ( F ( I , J ) ) 
L A V s l O n - n - - (3 v / F L O A T (MN) ) 
1 F ( K O . F 0 . 5 , 3 ? . K O . E Q . 1 5 . O R . K O . c Q . 6 ) GO TO 1 0 6 
W R I T E ( 6 , D O 0 " ) 

9 0 0 7 F O R M A T f l H O , " 4 " T I J A L M I N U S D E T E R M I N E D REF I N D E X O I S T R I B U T I O N OYER 
* R A N G E , A "OUT 7 r n 0 M E A H FOP. 9 C T H , O R D I S T R I B U T I O N OF P O I N T E R R O R S I S 
* * > . 

I F ( N . G E - 7 2 ) 6 0 TO 1 0 9 
DO 2 7 1 = 1 . ' I 0 0 2 7 
W R l T E ( 6 , 9 i n ! ) ( F f I , J ) , J = 1 , N ) 

2 7 C O N T I N I J i 2 7 
GO TO 1 0 6 

1 0 9 DO 3 0 1 1 = 1 , Y O U DO 30 
12=11*16 « 
1 3 = 1 2 - 1 5 . 
W R I T E ( 6 , ° 0 i 1 ) n , I 2 
0 0 3 0 1 = 1 , M 0 0 30 
W R I T E ( 6 . 9 u 0 3 ) ( T f l , J ) , J = I 3 , I 2 ) 

. 30 C O N T I N U E 
1 0 5 C A L L M A X M I N ( F , F , N ) 

FMX=FMAX"ino. - • 
FMN=FMIH*100. 
FMAX=FMX 
FMIN=FMN 
W R I T E ( 6 , 90 0 6 ) PMSEP 

9 0 0 5 F O R M A T ( l H O , " " r H « - RANGE OF N O I S E I M P O S E O / M A X PATH M I N U S M I N PATH I S * 
* , 2 9 X , * 7 M O T S C = * » F 3 . 3 , * F t R C E N T * ) 

WRIT t (6 , 9010 ) "TGOIF,DCOUT,£RROR,FAY,FMAX,FMIN 
9 0 0 9 F O P . M A T ( l H O , ' T H r STANOARO D E V I A T I O N OF ACTUAL M I N U S R E C O N S T R U C T E D R 

* c F I N D E X n i S T R T i U T I O U - I S " " - , 5 X , * S I G O T F = * , E 1 4 . 5 / 1 H , T H E M r AU V A L U r 

* I M P O S F 1 ON 7 H r R r F I N O E X C I S T K I 3 U T I 0 N ABOYE I S * , 2 7 X , * O C O U T = * , E l 
* 4 » 5 / l H O , " O V - " R " L L ERROR I S * , 6 2 X S I G O I F / S I G M A = * , F 8 . 3 , * P E R C E N T " 
* / l H , * A ' F R A 5 - F R R O R j S U M (ADS ( F C I N T E R R O R S ) ) / M N , I S f c , 4 8 X , * E A V = * , F 5 • 3 , 
* ' P S R - C E N T ' / H t " T H E MAXIMUM P O I N T E R R O R S A R E * , 6 1 X , *FMA X = * , F 8 . 3 , * 

30 

* F E R C E N ~ K / 1 H , 0 9 X , * F M I N = * , F 8 . 3 , * PER C E N T * ) 

0 0 2 1 6 7 • W R I T E ( 6 , P O 1 1 ) 
0 0 2 1 7 2 9 0 1 0 FORMAT ( 1 H 0 , ' - + - + - - 8 + 1 6 + 3 2 + 

* 
* 1 2 3 + - - - * ) 

0 0 2 1 7 6 22 C O N T I N U E 
0 0 2 2 0 1 DO 1 6 1 = 1 , M*)< 
0 0 2 2 0 5 1 5 E X ( I ) = 0 • 0 
0 0 2 2 0 7 DO 1 7 1 = 1 , MDY 
0 0 2 ? 1 7 • 17 f Y ( I ) = 0 - 0 
0 0 2 2 2 1 RETURN 
0 0 2 2 2 1 ' END 

UNUS-D C O M P I L E R SPACE-
0 0 7 6 0 0 

22. 
00 16 

16 
00 17 

17 
END n~ 
PEF 



252. 

rjuo' 
oo-eiJin 
OCIUU11 
0 0 0 0 2 Q 
0 0 0 0 2 6 
0 0 0 0 2 6 
0 0 0 0 3 0 
0 0 0 0 7 2 
0 0 0 0 3 3 
0 0 0 0 4 6 
0 0 0 0 5 6 
0 0 0 0 5 7 
0 0 0 0 6 7 
0 0 0 D 7 5 
OOUO 7 5 
0 0 0 0 7 7 
0 0 0 1 0 1 
0 0 0 1 0 2 
0 0 0 1 1 6 
0 0 0 1 2 6 
0 0 0 1 2 6 

U N U S E D C O M P I L E R S P A C E 
U 1 6 7 0 0 

- .- .SUBROUTINE WALFH2 ( F 1 , G 1 , F , M N C 4 , M, N) ' 
L V h L U A T I O N 0 r EHGE C O t F F l C I u N l S « „ _ 
COM HUM M5MAL L , NGHA L*L , i S N A L L , K S U A L L , LSnALL" " jMN, K2 , I M 1 N M K , J K I D 2 , JA JC 
COMMON J N M < , J I M 1 , J l , J N M K P 1 , J N H I , J N P K , 1 M 2 , J 1 L 2 » N H K , J K I , J K M 2 , J K M i , J d 
COM MUN N D 2 , N P 1 , M U 2 , M P 1 , X , Y , I M l , P , R A N G E , R E F M l l l , K 0 , K 1 , K M A X . K M A X P l 
COMMON S r G ' . l , S T C D I F j h v , d c i N , o l OUT , f m a X , F r t I N , N S O L N , NU1 6 , P I , R N U l S t 
D I M E N S I O N F t l Mf .D4) | d l ( M M 0 4 ) , F ( n , N ) 
DO 1 J = 1 , N 
DO 2 1 = 1 , M 

2 F 1 ( I ) = F ( T , J » 
J K I = M 
J K I Q 2 = M 0 2 
I M l N M K = H S M A L L • -
C A L L W A L S H f - I , G 1 , M N 0 4 ) 
DO 1 1 = 1,11 

1 F ( I » J ) = F 1 ( I ) 
DO 3 1 = 1 , M . , 
DO 4 J = 1 , N 

4 F l ( J ) = F C t , J ) 
J K I = N 
J K I D 2 = N D ? 
I M 1 N M K = N 3 M 1 _ L 
C A L L W A L S H P i , F l , M N D 4 ) 
DO 3 J = 1 , N 

3 F ( I , J ) =FL ( J ) 
R E T U R N 
END 

S U 3 R 6 

DO la. 
DO 2 . 

2 • 
• 
• 
• 
• 

DO 1 . . 

la* 
DO 3 . . 
DO 4 . 

• 
• 
• 
• 

DO 3 . . 
3 . • 

END O F 
W A L S H 2 

0 0 0 0 0 5 
0 0ODD 5 
0 0 0 0 0 5 
D 0 00 0 5 
0 0 0 0 0 5 
0 0 0 0 0 5 
0 0 0 0 0 6 
000010 
000011 
0 0 0 0 1 5 
0 0 0 0 3 0 
0 0 0 0 3 1 
0 0 0 0 3 6 
0 0 0 0 41' 
0 0 0 0 4 1 
0 0 0 0 4 3 
0 0 0 0 4 5 
0 0 0 0 4 7 
0 0 0 0 5 0 
0 0 0 0 5 1 
0 0 0 0 5 2 
0 0 U C 6 3 
0 0 0 0 7 5 
0 0 0 1 0 6 
0 0 0 1 1 7 
0 01) 13 fi 
0 0 0 1 4 2 
0 0 0 1 5 3 
0 0 0 1 6 4 
0 0 0 1 6 6 
0 0 0 1 7 0 
0 0 0 1 7 2 
0 0 0 1 7 5 
ooori'3 
0 0 0 2 1 1 

0 0 0 2 1 5 . 
0 0 0 2 1 6 

S U B R O U T I N E NAL S H ( F l , G l , M N D 4 ) 
J K I , J K I 0 2 AND J N 1 N M K i tUST fcE S P E C I F I E D B E F O R E C A L L I N 3 WALSH . 
COMMON M S M A l L , N G m A L L , I S M A L L , K S M A L L , L S M A L L , h n , K 2 , I M l N M K , J K I D 2 , J A J 9 
COMMON J NH <» J T M 1 , J I , J N M K P 1 , J N < 1 I , J N P K , I M 2 , J I ( 1 2 , N M K , J K I , J K M 2 , J K M l , J 3 
COMMON N 1 ? , . P 1 , M 0 2 , M P 1 , X , Y , I r t l , P . R 4 N G L , R E F h I N , K 0 , K l , Kt iAX ,KM A X P 1 
COMMON S T O M A , S I G D I F , A / , D C I N , O t u U T , F M A X , F M I N , N S O L N , N D 1 6 , P I , R N O I S E 
D I M E N S I O N F 1 M N D 4 ) , G 1 ( M N 0 4 ) 
I F { I M 1 H M < r E I » 0 ) R E T U R N 
DO 1 K = i , I M L NMK 
KM1= K - l 
I I K M 1 = 2 V " ' KMt 
DO 2 I = i , J < r C ? 
1Y M1=1-1 
J = l i l > Q ( I Y M l , T I K M l ) 
R JD2=FLO<\r ( J ) / ? . 
J 0 2 I = J / 2 
J 0 2 R = M 0 D ( J , ? ) 
J 0 4 R = M 0 D ( J D 2 I , 2 ) 
1 E = I + I 
i 0=Id-i 
I O M J = I O - J 
1 0 M J H = I 0 M J f t I K F l 
I F ( J D 2 R . E Q , 0 . AND , J D 4 R . E Q . 0 ) G 1 ( 1 0 ) = + F l ( I O H J ) + F K I O M J M ) 
I F ( J D2P.« . A M O . j : j 4 R . t . Q . l ) G l ( I 0 ) = - F 1 ( I 0 M J ) - F 1 ( I O M J M ) 
I F ( J U ? R r E % 1 . A V P . J 0 4 R . L Q . 0 ) G l ( I U ) = + F l ( I O U J ) - F l ( IUM J M ) 
I F ( J D 2 R . E Q . 1 • A M P . J D 4 R . u Q . 1 ) G l ( 1 0 ) = - F l ( I O M J ) + F 1 ( I O M J M ) 
I F ( J D 2 R . S O , 1 , A NO . J D 4 R . E Q . 0 ) G1 ( I L ) = - F l ( I 0 ; 1 J ) + F 1 ( I O M J M ) 
I F ( J O T R f E Q . T . AMD. J U 4 R . L Q . 1 ) G l ( I c . ) = F F l 1 I O M J ) - F l ( 1UM J M ) 
I F ( J 0 2 R . E C . 1 . i M 0 . J D 4 R . L Q . 0 ) G1 ( I E ) = - F i ( I O M J ) - F l ( I J M J N ) 
I F ( J 0 2 R . E Q . l . ' A V D . J D 4 R . L Q . 1 ) G i ( I E ) = + F l ( I O M J ) + F 1 ( I O M J M ) 
1 F ( K . N E . M I N M ' O GO TO 2 
J J = M O Q ( I Y M 1 , **) 
l F ( J J . E Q . O ) G i ( I E ) = - G i ( I E ) 
I F ( J J . E Q . l ) G l ( 1 0 ) = - G l ( I O ) 
C O N T I N U E 
00 1 1=1,JKt 
Fl ( i )=r , i ( i ) 
R E T U R N 
END . ' 

S U B R 7 

DO 

DO 2. 
• • 

• . 
. a • • 

• • • • 

« a « • 
* » 
a . 

• • 
• • 

« . 
a • 
2 * . 

DO 
1. 

END o f 
WALSH 

U N U S c D C O M P I L E R . S P A C E 
0 1 6 4 0 0 



253. 

I' (' 

0 0 0 0 0 7 
ooooin 
l iuoui i 
0 0 0 0 1 3 
0 0 0 0 1 k 
0 0 0 0 1 6 
0 0 0 017 
0 0 0 0 2 0 
0 0 0 0 2 1 
0 0 0 0 2 3 
0 DUO 25 
0 0 0 0 3 0 
0 0 0 0 5 5 
0 0 0 0 5 6 

000066 
0 0 0 0 7 2 

0 0 0 1 0 2 
0 0 0 1 2 0 
0 0 0 1 2 0 
0 0 0 1 3 k 
0 0 0 1 3 5 
0 0 0 1 k 5 
0 0 0 1 5 6 
0 0 0 1 5 7 

S U B R O U T I N E 3 C * N t F l , F , M N 0 k , h , N ) • 
J N H K AND J I U ..MUST cs. S P E C I F I E D BEFORE C A L L I N G S C A N . 
COMMON MSM3 .L ' , N S n A L L , I L M L L , K S M A L L , LSMA LL , MN , K2 , 1M1NM K , J K I U 2 , J A J j 
COMMON "J JMK, J T F ' l , J I , J N M K P 1 , J N M I , J N P K , I M 2 , J I M 2 » N M K , J K I , J K h 2 , J K M 1 , J ~ 
COMMON N32 , N > l , M D 2 , H P l f X , Y , l M l , P , H * N G t , R E F r l l N , K 0 , K l . KMfcX. KMAXPI 
COMMON S T G M \ , S J G J I F , A J , O C I N , G C O U T , F M A X , F M 1 N , N b O L N , N D x 6 , P i , R N O I S u 

, D I M E N S I O N FL H N Q k ) , F ( t i , N ) 
J I M 1 MUST B " EVPN EXCEPT FOR CASE J I M i = l 
J I = 2 V J I ' 1 L 
J N M K P 1 = ? * J N 3 K .• 
I F ( J I M 1 , . F O . L ) GO TO 1 0 1 
J 8 D 2 = J I M L / 2 
DO 1 I D = 1 , J 3 1 2 
1 3 E = I B + H • 

1 3 0 = I C C - L . . 
j c m b 0 1 = j [ - r 3 d f 1 
J C M d c l = J I - r 3 E f l • 
J A B O = J N M < * H D -
J A C 0 M i = J N ; 1 K F ( I F O - 1 ) 
UO 1 IA = I , J 4M < * ' - - — 
IAM1=IA-t 
I F I K 2 . E Q . 1 ) F ( J C M B O I , J N M K P i - I A M l ) = F ( J C M B O l , J N M K P 1 - I A M 1 ) 

• + F 1 ( J A P O H l f l A ) 
I F { K 2 » E Q , 1 ) P ( J C M 3 L 1 , J N H K + I m ) = F ( J C M B E 1 , J N M K + I A ) + F 1 ( J A B O + 1A) 
I F I K 2 . C Q . ° J F f J N I ' . K P l - I A M l , J C M t 0 1 ) = F ( J N h K P l - I k h l , J C M B O l ) 

* f Fi ( JAl.OMlf [ A) 
1 I F ( K 2 . EQ , 2 ) - ( J N M K + l A , J C M O E l ) = F l J N M K + I A , J C M B E 1 ) +F1 ( J A B O + I A ) 

RETURN 
1 0 1 DO 2 I A = L , J N N K . 

1 A H 1 - I A - 1 
I F ( K 2 . E Q . 1 ) F ( J I , J N M K P i - I A M l ) = F l ( I A ) +F ( J I , J N H K P l - I A M i ) 

2 I F (K2« E Q , 2 ) F (-J I1M<P1-1A M l , J I ) = F 1 1 I A ) f F ( J N M K P 1 - I A M I , J I ) 
RETURN 
END 

OO 

UNUSED C O M P I L E R S P A C E 
016600 

0 0 0 0 1 0 
000010 
000010 
0 0 0 0 1 0 
0 0 0 0 1 0 
0 0 0 0 1 0 

000011 
0 0 0 0 1 2 
0 0 0 0 1 k 
0 0 0 0 3 3 
0 0 0 0 3 5 
0 0 0 0 3 6 
0 0 0 0 3 7 
0 0 0 0 5 3 
0 0 0 0 7 3 
O U O Q 7 7 
0 0 0 1 0 7 
0 0 0 1 2 0 
0 0 0 1 2 3 

0 0 0 1 2 5 
0 0 0 1 2 6 
0 0 0 1 3 0 
0 0 0 1 3 1 
O O F 1 3 2 
O O O l k O 
0 0 0 1 k 2 
0 0 0 1 5 6 
0 0 0 1 6 7 
0 0 0 1 7 0 

S U B R O U T I N E 3CA M l ( F 1 , G 1 , F , M N D k . M , N ) 
S C A N 1 CA '-CJ-ATTS I S T UUL M A T R I X OF SUM OF I S MALL UOL M A T R I C E S . 
COMMON MS MALL . N G M A L L , I S M A L L , K S h A L L , L S h A L L , MN, K2 , I I11NM K , J K I D 2 , JA J 3 
COMMON J N H K , J I M i , J I , J N t l K P l , J N n I , JNP K , 1 M 2 , J I I . 2 , UMK, J K i , J K M 2 , JKM1 , J S 
COMMON N 3 2 , H = ! . M 0 2 . M P 1 , X , Y , I f . l , P , R n N b r . , H 1 N , < 0 , K l , KiiA X . KNr tXP l 
COMMON S I GMA , S J G D I F , A V , O C I N , D l O U T , F M A X , F r t l N , N S O L N , N D 1 6 , P I , R N O I S E 
D I M E N S I O N - L ( H N n k ) , G 1 ( M N O k ) , F ( M , N ) 

OO 

END OF 
s c a n 

s u b r 9 

I N 
L S M A L L = 1 
1ST J N M K 3 1 E L E M E N T S OF THE J K I = J N M K * J I M 1 TOTAL 
0 0 1 I = 1 , J N 3 K 3 1 
I F C K S M A L . . E I . 1 ) GO TO 1 0 1 
DO 2 I H = 1 , J < M? 
1HE = IH + H - ? 
L E = I H £ V J N M K 3 1 
L O = L E + J N N K P L 
I F ( K 2 . EQ , 1 ) " 1 ( I ) = F l ( D + F L O A T ( J I M I ) * (F ( 1 , 1 + L E ) - F ( 1 , 1 + LO) ) 

2 I F ( K 2 . E Q . 2 ) F l ( I ) = F l ( I ) + F L O A T ( J l r t l ) * (F ( I + L E , 1 ) - F ( I + LO , 1 ) ) 
3 0 TO 1 

10 L I F ( K 2 # EQ» i ) 
I F ( K 2 . CO , 2 ) 

1 C O N T I N U E 
I F ( I 3 M A L L . E Q . 2 > RETURN 
THE OTHC* I I L S E T S OF TERMS 
J B = 1 
DO k 1=1,IH2 
JcJ= J 3 + J Q 
J A J U = J N M < * J 3 
I P = J N M K M 2 " I ) 
C A L L SCAN3(31,r,MiNDk,M,N) 
DO k J = 1 , I 3 

k • 1 ( I P + J ) = F 1 ( I 3 + J ) - F L O A T ( J I M l ) - * G i ( J ) 
RETURN 
END 

T H I S 1ST COL M A T R I X . 
d o : 

d o : 

F l ( I ) = F 1 ( I ) f F L O A T ( J I M 1 ) * F ( 1 , I ) 
F l f I ) = F l ( I ) +FLCAT ( J I M 1 ) * F ( 1 , 1 ) 

I N THE I S I SUE COL M A T R I X . 

OO 

DO k 
k 

END OF 
s c a n ! 

UNUSED C O M P I L E R SPACE 
0 1 6 5 0 0 

0 0 0 0 1 0 
0 0 0 0 1 0 
0 0 0 0 1 0 
0 0 0 0 1 0 
0 0 0 0 1 0 

ooonin 
u U U U l l 
0 0 0 0 1 2 
0 0 0 0 1 7 
0 000 2 1 
0 (t 9 U 2 k 
0 0 0 0 2 6 
0 0 0 0 3 2 
0 0 0 0 k k 
0 0 0 0 k 7 

0 0 0 0 5 3 
0 0 0 0 5 5 
0 0 0 0 5 6 . 
0 0 0 0 5 7 
0 0 0 0 6 0 
0 0 0 0 6 2 
0 0 0 u 7 ( : 
0 0 0 0 7 2 
0 0 0 1 0 6 
0 0 0 1 1 7 
001 122 
0 0 0 1 2 2 

. S U B R O U T I N E 3 C1 M* ( F 1 , G l , F , MNOk , H , N) 
COMMON M S M & . L , M S M A L L , I S M A L L , K S M A L L , L S K A L L , M N , K 2 , 1 M 1 H M K » J K I D 2 , J A J 3 
COMMON J N H K , JT M l , J I , J t i l l K P l , J N M I , J N P K , I M 2 , J I I 2 , N H K , J K I , J K H 2 , J K M 1 , J . 
COMMON N D 2 , N ° 1 , HD2 , M P i , X , Y , I M l , P , KAN 'S t , R E F M I N , KU , K l , KMAX , KM AXP1 
COMMON SIGf'.A T G D I F j A V , u C 1 N , u C U U i , FMAX , F M I N , N S J L N , ND1 6 , P i , R N O I S E 
D I M E N S I O N = L t H N Q k ) , & 1 I H N J k ) , F ( M , N ) 
1ST SCAN OF J . N M K * J L M 1 T E R M S . 
OO 1 L S M A L L = 2 , T S M A L L 
L M 2 = L S M A L L - ' 
J t 3 = 2 * » ( L 5 M 5 - L - 1 ) 
J A J D = J N M K * J 3 
CA LL SCAN 3( 3 t » F , M N D k , I I , N) 
I M L = I S M A L L - L 3 M A L L 

J I M L = 2 * ' I K L 

DO 2 1 = 1 , J A J B • 
2 F 1 ( I ) = F 1 ( I ) • FL OAT ( J I ML) •*G1 ( I ) 

I F ( I I 1 L , EQ . .") GO TO 1 
1HL 01 H E * I N L EFTS OF TLRMS I N THE LSMALLTH COL M A T R I X . ' 
J 6 = J O / 2 
DO 3 1 = 1 , IM, . 
J 3= J 3+J B 
J A J P = J N M < * J 3 , 

. 1 P L H 2 = I + _ M ' J • 
I P = J N M K * f 2* * I PL K2) 
C A L L SCANS (GL , F , i l N U k , H , N ) 
DO 3 J = 1 , I P 

3 F l ( I P + J ) s F l ( I P + J ) f FLOAT ( J I M L ) * G l ( J ) 
L CONTINUE 

RETURN 
END 

S U S R 10 

OO 

OO 2 

DO 3 

DO 

E N D OF 
SCAA11 

UNUSED C O M P I L E R SPACE 
0 1 6 7 0 0 
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0 01)0 0 7 
000010 
0 0 0 0 1 5 
0 0 0 0 1 7 
0 0 0 0 2 3 
0 0 0 P 2 4 
0 0 0 0 2 6 
0 0 0 0 2 7 
0 0 0 0 3 1 
0 OuG 3 2 
0 0 0 0 3 5 
0 0 0 0 3 6 
00001*0 
0 0 0 0 4 2 
OOOOL3 
0 0 00 '+A 
0 000 1+6 
0 0 0 0 4 7 
0 0 0 0 5 0 
0 0 0 0 5 1 
0 0 0 0 5 2 
0 0 0 0 5 3 
0 0 0 0 5 4 
0 0 0 0 5 7 
0 0 0 0 7 5 
0 0 0 0 7 6 
0 0 0 1 0 0 
0 0 0 1 1 5 
0 0 0 1 3 2 
0 0 U151; 
0 0 0 1 6 7 
0 0 0 1 7 4 
0 0 0 1 7 4 
0 01)20 4 
0 0 0 2 1 4 
0 0 0 2 2 4 
0 0 0 2 3 4 
0 D U 2 3 5 
0 0 0 2 3 7 
0 0 0 2 5 6 
0 0 0 2 5 7 
0 0 0 2 6 1 
0 0 0 2 7 6 
0 0 0 1 1 3 
0 0 0 3 3 1 
0 0 0 3 5 3 
0 0 0 3 6 3 
0 0 0 3 7 3 
0 0 0 4 0 3 
0 0 0 4 1 3 
0 UU 421) 
0 0 0 4 2 1 

... . S U B R O U T I N E 3 DA M l ( G 1 , F , M N 0 4 , M , N ) 
J N M K , J N ! l < P l , J l , J b , J K l I Z , J A J G LSMALL TO t i c S P E C I F I E D B E F O R E C A L L I N G 
COMMON M S M ^ L L t N S H A L L , I S M A LL , KSHMLL , L3NA LL-, MN, K2 , 1 MiNM K, J K I D 2 , JA J J 
COMMON JNMK, J f M l , j I , J I I M K P 1 , J N M I , JNP K , I M 2 , J I M 2 , NMK, J K I , J KN2 , J K M l , J i 
COMMON N 5 2 . N 3 L , H D 2 ,11 P I , X , Y , I M 1 , P , Ra NGf , K c . F M l H , K 0 , K l , K u A X . KM AXP1 
COMMON STGM\ t S J G U I F , A 7 , O C l N , D O U U T , F N A X , F .1 IN ,NbD LN , N O l 6 , P I , R N J I S L 
D I M E N S I O N GL t MNT4) , F ( r l , N) 
J d D 2 = J U / 2 
DO 1 I = 1 , J & J 3 

1 G1 ( I ) = 0* T 
DO 2 I C = 1 , J 3 32 
I d E = I b + I ? 
J B H E 0 1 = J 2 - I l r f ? 
J B M B c i — J 3M 3 3 1 - J 
J O = J JnC'Ol*-JT Ml 
j E = j o M r i £ u jr M I 

. JA(30=JN V1<* (I 9 E - 1 ) 
J At,0111=J Y 0 3 - JNMK 
DO 2 I A = l , J N M K 
L l = J A B O M l + n 
L 2 = J A B O + I A 
L I = 1 - 1 A 
L 4 = I A - J N N K 
L5 = L 3 - J f M K 3 ! 
L 6 = L 4 - J N - 1 K 3 l 
L 7 = L 3 + J N N K P l 
L 8 = L 4 + J ! H K D l 
L 9 = L 7 + J I H K 3 ! 
L1C1 = L8+J NM< 3 1 ' 
I F ( K S M A L - . : 3 • 1 ) GO TO 1 0 1 
DO 3 I H= L , J < W2 
I H E - I H + H 
L £ = I H E * J N M K 3 1 
I F ( K 2 . F Q , 1.) 3 1 ( L 1 ) = G 1 ( L 1 ) + F ( J b M B 0 1 , L 3 + L t ) - F ( J C M 3 0 1 , L 5 + L c ) 
1 F ( K 2 . L Q . 1 ) 3 1 ( L 2 ) = G 1 ( L 2 ) +F ( J e N t J L l , L 4 + L E ) - F ( J L M G t l , L 6 + LE ) 
1 F U 2 . E Q . 2 ) 3 I f L I ) = G 1 ( L I ) + F ( L 3 + L l , J o M b O l ) - F ( L 5 + L E , J b H B O l ) 

3 l F ( K 2 . E Q , 2 ) G l ( L 2 ) = G H L 2 ) + F ( L 4 + L L . , J J H a t l ) - F ( L 6 + L « - , J Q M 3 t l ) 
I F ( L S M A L - , E3» ISMALL- ) GO TO 1 0 2 
GO TO 2 

1 0 1 1 F ( K2« FQ» i ) 3 i ( L l ) = G l ( L i ) - F ( J w M l ? 0 1 , L 7 ) 
I F ( K 2 « E Q « 1 ) 3 1 { L 2 ) = G 1 C L 2 J - F ( J 9 M B L 1 , L 8 > 
I F ( K 2 . E Q . 2 ) 31 ( l . l ) = G l I L D - F I L 7 , J b M b O l ) 
I F (K2» LO» 2 ) 31 ( I ' ' J = G1 ( L 2 ) - F ( L 8 , J b M b £ 1 ) 
GO TO 2 

1 0 2 I F < K S M A L _ . F ! . ? > GO TO 1L'3 
DO 4 I H = 2 , J < M? 
1 HE= I H + H 
L E = I H t * J N M K 3 l 
I F ( K 2 , E Q . 1 ) 3 l ( L I ) = G i I L I ) +F ( J O , L 3 + L t ) - F ( J O , L 5+LE ) 
I F ( K 2 . u Q . 1 ) 3 1 ( 1 . 2 ; = G 1 ( L 2 ) + F ( J e , L 4 + L b ) - F ( J E , L6 + L L ) 
I F ( K 2 . E 0 » 2 ) G 1 ( L 1 ) = G 1 ( L 1 ) + F ( L J + L E , J O ) - F ( L 5 + L E , J O ) 

!* I F ( K2» u Q • 2 ) C 1 C L 2 ) = G 1 ( L 2 ) + F ( LL + L L , J - ) - F ( L 6 + L t , J E ) 
10 3 I F C K 2 . E Q , 1 ) 3 1 ( L I ) = G 1 ( L 1 ) +F ( J O , L 9 ) 

1 F ( K 2 # L 0 . 1) G1 ( L 2 ) = G 1 ( L 2 ) + F l J c , L 1 0 ) 
I F ( K 2 » L Q * 2 ) 3 1 (L 1) = G1 ( L I ) +F ( L O , J O ) 
I F ( K 2 . t n , 2 ) S 1 ( L 2 ) = G 1 ( L 2 ) + F ( L 1 0 , J E ) 

3 CONTINUE 
RETURN 
END 

G U 3 R 1: 
S O A U3» 

DO . 1 
1 

DO 2 

OO 

DO 3 

D O 4 

u 

2 
E N D O F 
S C A N 3 

UNUSED C O M P I L E R SPACE 
0 1 5 6 0 0 i 

• 
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S U 3 R 1 2 

0 ( 1 0 0 0 5 COMMON 
<ffl| ' COMMON 
a H (jUi/ 5 COMMON 
n 1 QJpO 5 COMMON 
uwTO 0 5 D I N E N S : 
0 0 0 0 0 5 F M A X = F 
0 0 0 0 0 5 F M I N = F 
0 0 0 0 0 6 OO 1 j : 
0 0 0 0 1 0 DO 1 I-
0 0 0 0 1 7 1 F ( F ( I 
0 0 00 2 2 1 I F ( F ( I 
0 0 0 0 3 3 I F ( K I . 1 
0 0 0 0 3 6 I F ( K 1 . 1 
0 0 0 0 * 1 RETURN 
0 0 0 0 * 2 END 

UNUSED C O M P I L E R S P A C E 
0 1 7 2 0 0 

KrlAXPl 
: , r n o i s e 

nil/ 

j i . _ - . f m i n ) f m i n = f ( i , j ) 
: q , 3 ) r e f m i n = f h i n 
: q . 7 ) r u t , l = f m a x - f m i n 

00 
00 

END OF 
MAXt t IN 

0000 11 
000011 
000011 
0 00011 
000011 
000011 
000011 
0 0 0 0 1 2 
00001* 
0 0 0 0 1 5 
0 0 0 0 1 6 
C D U 0 2 1 
0 0 0 0 2 3 
0 0 0 0 2 * 
0 0 0 0 3 0 
[i 0 0 0 3 3 
0 0 0 0 * 1 
0 0 0 0 * 2 
0 0 0 0 * 3 
QllOD 6 6 
0 0 0 1 0 6 

0 0 0 1 0 6 
0 0 0 1 1 2 
0 0 0 1 5 0 
O O O i 0 5 
0 0 0 2 * 2 
0 0 0 2 * 2 
0 0 0 2 * 2 
0 0 0 2 * 6 
0 0 0 2 5 2 
0 0 0 2 5 3 
0 0 0 2 7 1 
0 0 0 2 7 3 
0 D U 2 7 7 
0 0 0 3 0 2 
0 0 0 3 0 6 
0 0 0 3 1 2 
0 00 3 3 2 
0 0 0 3 * 7 
0 0 0 3 5 3 
0 0 0 3 5 5 
0 0 0 3 5 5 

f m = r e f m i c 

S U B R O U T I N E » L 9 T ( F , F A , S Y M B O L S , A , M . N . N S ) 1(. „ . , „ „ _ , „ . . 
C FOR K2 = 2 PLOT C D V ^ P S RANGt . * AND - R A N 6 f c / 2 . U S t T W I C E T H c NUMBER OF 
C SYMBOLS I N T H I S C A S E . 

COMMON M S - I 5 . L , M S M A L L , I S M A L L , KSMALL , LSMA L L , MM, K2 , IM1NM K , J K I D 2 , J A J 3 
COMMON J ( M < , J I M 1 , J I , J N H K P 1 , J N M l , J N P K , I H 2 , J I I . 2 , NMK, J K I , J K M 2 , J K M l , J j 
COMMON i n 2 , N » l . M D 2 , M P l , X , Y , I M i , P , R A N G t , K i F M I U , K j , K l . K M A X , K M A X P 1 
COMMON S t r M , S l G D I F , A V , 0 C I N , C b U U T i F M A X , F l l I N , N S O L N , N O l 6 , P I , R N O I S E 
D I M E N S I O N F ( •!, N) , F A (MS) , S Y M B O L S INS) , A (N ) 
DATA U M O i P p V T - / 1 H - , 1 H + / 
R £ F 1 ; A X = R E F i t ' t- rANSE 
h R A N G E = R A N G I / 2 . 
R E F I I C = R E F M t N - H P A N G E 
R £ F M A C = R E F K t X f H R A N G E 
S A P = R A N G E / F _ D A T ( N S ) . 
FAI = REF!irN 
S A P i = G A P + G 3 s 

IF(Ki.EQ.2) GAPsGAPl 
I F ( K l . E Q . Z ) 
DO 1 I = J « MS 
F A I = F A I + j A P 

1 F A ( I ) = F A t 
I F ( K l . U h . 2 ) WRTTE( 6 , 9 0 0 1 ) 
I F ( K i . EQ» 2 ) W R I - L ( 6 , 9 U U 1 ) 

9 0 0 1 FORMAT ( " * " ~ 
* V A L U £ < A 

IF ( K1 I 
l F ( N s ! L f i l b ) "WRITE ( 6 7 9 0 0 2 ) K E F M I C , ( S Y M 8 0 L S ( I ) , F A ( I ) , 1 = i , N S ) 
I F t N 3 . G E . 1 3 ) WR ITE ( 6 , 9 0 02 ) k u . F H 1 C , ( SYMBOLS ( I ) , FA ( 1 ) , I = 1 , 9) 
I F ( N S . G E . 1 P ) WPITc. ( 6 , 9 U L 3 ) t S Y M u O L S ( I ) , F A ( I ) , I = 1 L , N S ) 

9 0 0 2 FORMAT ( H , 2 X , F 7 » 3 , y (X , A l , F 7 . 3) ) 
9 0 0 3 F ORMAT ( ( L H , 1 1 ( X , A 1 , F 7 . 3 ) ) ) 

WRITE(6,9 n 0* ) 
9 0 0 * F O R M A T ( l H 0 ) 

OO 2 1=1,M 
DO 3 J = 1 , N 
Q=F ( I , J ) - R E - M I H 
I F ( K 1 . E Q . 2 ) } = 0 + H R A N G E 
K = Q / G A P + l . H 
I F ( K . L E . D ) 3. ( J ) = UNDER 
I F ( K « G T » NS) A ( J ) = 0 VER 

3 1 F ( K . G E . L . A O . K . L E . N S ) 
W R I T E ( 6 , 9 0 J 5 ) P 

9 0 0 5 r O R M A T ( 1 H , 1 2 S £ 1 ) 
2 C O N T I N U E 

RETURN 
END 

S U L R 1 3 

OO 

N S , R E F M I N , R E F M A X 
N S , f i L F M I C , R E F M A C 

RMAT ( U i ) i ' KFY 1 0 T H L * , I * , * SYMBOLS I S t LVALUE SSY M B O L < R V A L U E , 
LUE<A , £ 1 2 . * , r «SYMk/OL I S - , I F VALUE >* , £ 1 2 . * , * tSYHOO L I S +* ) 
( K 1 . I L - . 2 ) • R : F ) ' I C = K L F M I N , . % , , 

DO 
DO 

A( J ) = S Y M B O L S ( K ) 

• . 

. . 
• • 

END OF 
PLOT 

!ii 

UNUSED C O M P I L E R S P A C E 
0 1 6 0 0 0 



Re fe rences . /•"-'. - v 

( 1 l w a l s h , J . H . ( 1 9 2 3 ) , A m e r . J o u r . o f Ma t h . ,Vo l . 55 . pp5-24 . "A c l osed 

Se t Of Or thogona l F u n c t i o n s " . .' , 

( _ 2 _ )Ha rmu th ,H < F . (Feb l972 ) , Sp r i nge r-Ver l ag , 2nd E d i t . " T r a n s m i s s i o n Of 

I n f o r m a t i o n By Or t hogona l F u n c t i o n s " . 

( j ^ S i d d i q u i , I . M . ( 1 9 7 4 ) , P h . D . , t h e s i s , U n i v , o f L o n d o n , I m p e r i a l Co l l ege* 

"Des i gn and c o n s t r u c t i o n o f a l a r g e ape r t u re h o l o g r a p h i c i n t e r f e r ome t e r 

f o r s t u dy i ng the inhomogene i ty o f o p t i c a l g l a s s " . _ . . ' ^ v j 

•W. , and Tukey , J .W . ,Ma t h .Compu t a t i o n (Ap r i 11965 ) ,Vo l . 1 9 , . 

pp«297-301,"An a l g o r i t h m f o r machine c a l c u l a t i o n o f complex F o u r i e r s e r i e 

(51, [DeRome,M<F.A . (1972) ,M.Sc . , repor t ,Un iv o f L o n d o n , I m p e r i a l Co lege , 

"Non-S inuso i da l o r t h o g o n a l Transforms f o r P i c t u r e P r o c e s s i n g " . 

( 6 ) s w e e n e y , D . W . and Ves t ,M . (Nov l 973 ) ,App l i e d O p t i c s , V o l . 1 2 . N o . 1 1 . 

. pp2649-2664 . "Recons t ruc t i on o f Three-Dimensional R e f r a c t i v e Index F i e l d s 

from M u l t i d i r e c t i o n a l I n t e r f e r o n s t r i e D a t a " . 



A c k n o w l e d g e m e n t s . . . • 

, T h e a u t h o r is v e r y g r a t e f u l to D r . M . E . B a r n e t t for s u g g e s t i n g 

t h e s u b j e c t o f . h i s M . S c . r e p o r t w h i c h p r e p a r e d h i m s o w e l l in t a c k l i n g 

t h e s u b j e c t o f t h i s t h e s i s t h a t h e w a s a b l e to c o m p l e t e t h e l a t t e r 

w i t h i n t w o y e a r s . T h e a u t h o r t h a n k s D r . R . W . S m i t h w h o s e i n i t i a l 

s u g g e s t i o n t h a t W a l s h f u n c t i o n s m i g h t r e p l a c e c o m p l e x e x p o n e n t i a l s in 

t h e g l a s s b l o c k p r o b l e m l e d to t h e c h o i c e o f . s u b j e c t o f t h i s t h e s i s . 

D r . S m i t h p r o v i d e d m u c h a s s i s t a n c e d u r i n g t h e w o r k a n d in p l a n n i n g 

t h e f o r m o f t h e t h e s i s w h e n t h e w o r k h a d . b e e n c o m p l e t e d . 

T h e a u t h b r I s i n d e b t e d to J a n e D e R o m e , h i s s i s t e r , a n d t o C h r i s t a 

G a u s d e n f o r t h e i r p a t i e n c e in t y p i n g t h e t h e s i s b e t w e e n t h e m . -

F i n a l l y , T h e S c i e n c e R e s e a r c h C o u n c i l a r e t h a n k e d for t h e f i n a n c i a l 

a s s i s t a n c e g i v e n . o v e r t h e p a s t t w o y e a r s . ; H 
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(C) i(1,2) 
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(d), (1,1) (f ), (2,0 

I nsert(1) gee, Fie(3.0 anti Appendix 3. 

Insert(3)..•  ris.(3.14) and Appendix 4. 


