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ABSTRACT

In this work the flotation of small polystyrene
particles by small bubbles was investigated. The purpose
of the investigation was to help obtain information on
the physical variables which control the kinetics of the |

flotation of fine particles in effluent treatment cells.

Experimentally it was found that the rate of flotation
was proportional to fhe 1.5 power of the particle si:ze.
This was for particles with diameters between 6 and 20
microns, floated by bubbles with diameters less than 100
microns. The double layer repulsion between particle
and bubble was found to be an important rate-controlling
variable. The rate constant, which was used as a measure
6f the rate of flotation, varied with the magnitude of
the repulsion, in a similar way to the filter coefficient
used by another investigator to characterise deep-bed
filter efficiency. The two processes, flotation and
filtration, appear to be analogous over the range of

variables studied.

A theoretical investigation based on a model used
iﬁ a filtration study was found useful for predicting the
dependence of flotation rate on particle size. The
theoretical work done by workers in the filtration field
should be studied by workers interested in the flotation

of fine particles by small bubbles.
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CHAPTER 1

INTRODUCTION

In this chapter the field of flotation is introduced,
then the general aims of the thesis are presented.

Details of the organisation of the thesis are then given.

Lemlich (1966) coined the term "adsorptive bubble
separation methods'" for separation processes which depend
on material being adsorbed on or attached to the surface
of bubbles rising in a liquid. Minerals, colloid
particles, ionic species, detergents etc. have been
separated from liquid by this technique. Reviews by
Lemlich (1972) and Somasundaran (1972) contain lists of
substances that may be separated. When the substance to
be separated is a solid, the process is commonly called"

"particulate flotation" or more simply "flotation'".

In general, particles suspended in-water, which is
almost without exception the suspending medium, need to
have naturally hydrophobic surfaces or to have their
surfaces rendered hydrophobic by chemical means. Bubbles
of gas are generated and as these rise they collide with
the particles suspended in the water. Those particles.
which have hydrophobic surfaces have the chance to become
attached to the bubbles and to rise with them to the
surface. If a stable froth is present the particles will

concentrate there.
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Bubbles can be produced by4dispersing air in the
suspension of particles (often called the "pulp") and the
process is called "dispersed air flotation' which is the
method of bubble generation studied in this investigation.
Bubbles can also be produced by saturating water with air
under pressure and then releasing the pressure. This
technique produces tiny bubbles which form on the hydrophobic
surfaces of the particles. The same effect can be obtained
by reducing the pressure above water. When air is forced
out of solution to-form bubbles, the process is called
"dissolved air flotation". The interested reader can refer
Fo Burman (1974) who has recently studied the growth of
bubbles in supersaturated solutions, and Bratby and Marais's
(1974) review of dissolved air flotation. The methods of
bubble production in the two types of flotation are obviously
different, but once a bubble is formed.in a dissolved air
process it will rise and collide with particles in the same

way as a bubble in a dispersed air process.

The best known and most important use of dispersed air
flotation is the benefaction of minerals in the mining
industry (see Taggart (1945), Sutherland and Wark (1955),
Klassen and Mokrousov (1963) and Lemlich (1972)). Mineral
flotation owes ité beginning in modern form to the brothers
Bessell (Sutherland and Wark (1955)) who in 1877 patented
a device to separate graphite from gangue (waste). This
illustrates the aim of mineral flotation - to remove
one mineral from suspension while leaving unwanted material

in suspension.
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Flotation has been used to clarify cffluent in the
paper industry sinée the 1920's. Barry (1951) discussed
a flotation cell for clarifying industrial effluent. In
the 1960's workers such as Grieves, Karger and Rubin, studied
the clarification of water. Lemlich (1972) and Somasundaran
(1972) review developments in this period. G;ieves and
Bewley (1972) Qesigned a continuous flotation and activated
carbon filtration plant to produce small quantities of
potable water. Cassell et al. (1971) studied the flotation
of éolloidal pollutants using aluminium salts and anionic

surfactants.

In the late 1960's Saint-Gobain (French Patent 2050310)
patented a flotation plant using electrolysis-bred bubbles.
Although the electrode processes in an electroflotation
cell have no parallel in dispersed air flotation, the pre-
dominant particle capture mechanism away from the electrodes
must be the same as in a conventional dispersed air cell.
Kuhn (1974) reviews electroflotation and sees a good future

for the process.

Richards (1975) has recently investigated the possibility
of replacing the sedimentation process used to clarify
water for public supply by a dissolved air flotation process.
He points to one of the major advantages of flotation over
sedimentation - speed of separation. In his experiments
the settling of a typical coagulating hydfolysis product

(aluminium hydroxide) varied between 0.0012 - 0.003 cm/sec.
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A bubble of diameter 100 microns with coagulated

material of more or less neutral density attached to

it, will rise at about 0.5 cm/sec. Such a difference
means that a flotation unit can be considerably

smaller thén the equivalent sedimentation plant. His
results showed that dissolved air flotation was certainly

a reasonable alternative to sedimentation.

Most of the work on effluent flotation has dealt
with the chemical aspects of the process and vefy little
work has been done on the physics of bubble/particle
attachment. Workers in mineral flotation have paid
some attention to bubble/particle attachment but their
results may not be applicable to effluent flotation for

the following reasons:

é) Particles in an effluent treatment plant are
usually small (less than 20 microns in diameter) énd
approximately of neutral buoyancy. The particles in
mineral flotation are usually much larger (of the order
of 50 microns in diameter) and relatively dense, although
small difficult to float particles called "slimes'" are

sometimes present in mineral flotation cells.

b) Effluent treatment cells are usually unstirred.
whereas mineral flotation cells are stirred vigorously

to keep the larger particles in suspension.

c) The concentration of solids in an effluent
treatment plant is usually much lower than in a mineral

flotation plant, 20 - 1000 ppm against 25%.
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d) The bubbles in effluent treatment plants are
often less than 100 microns in diameter. The flow patterns
around these buBbles can be calculated using Stokes approx-
imation for spheres. Mineral flotation cells use comparatively
large bubbles (500 - 2000 microns). Stokes approximation

would certainly be in error for the flow around these bubbles.

If effluent flotation is to be useful commercially
the physical variables that control the kinetics of the
- process must be well understood. The aim of this

investigation is to contribute to this understanding.

The thesis is organised as follows. In Chapter 2
éouble layer forces, van der Waals fofces and disjeining
pressure are briefly discussed. Chapter 3 deals with the
background to the work and surveys some of the previously
reported results of significance, both theoretical and
experimental. Then the specific aims of this investigation
are presented. In Chapter 4 the experimental part of the
work is discussed and the details of the apparatus and
techniques are given. In Chapter 5 the experimental results
are given. Chapter 6 presents a theoretical study of
particle collection. Chapter 7 contains final discussion

and conclusions.
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CHAPTER 2

SURFACE FORCES IN FLOTATION

In this Chapter electrokinetic phenomena, double
layer forces and van der Waals forces are briefly
reviewed. The disjoining pressure concept of films
is then explained. These surface chemistry ideas are
necessary for an understanding of the work in this

investigation.

2.1 Electrical forces

2.1.1 Electrckinetic phenomena and the double layer

By the end of the 19th century scientists had found
that in general there were charges assoclated with the
boundary between a liquid and a solid. These charges
manifested themselves in four phenomena called electro-
kinetic phenomena. Each of these phenomenon has in
common, relative movement between the solid and the liquid
and the presence of an electric field.

"The four electrokinetic phenomena

Solid moves Liquid moves
Motion produced
by an electric Electrophoresis Electro-osmosis
field
Electric field Dorn effect Streaming
produced by (sedimenting potential
motion potential)
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To explain electrokinetic phenomena it was obviously
necessary to assume that there were charges af the solid
/1iquid interface. It was also assumed that because the
bulk of the 1liquid was electrically neutral, these charges
would be opp&sed by charges of the opposite sign in the
liduid. This '"double layer'" of charges was proposed by
Helmholtz. The charge of the solid was considered to be

completely neutralised by a layer of charges in the solution.

Because of the thermal motion of molecules in a liquid
at room temperature it is hard to accept such a rigid
structure. Gouy and later Chapman considered the problem
of finding the spatial distribution of counter-ions
(neutralising charges) in the liquid, given that a charged
surface 1s present. Their rsult in its exact form is
quite complicated, but making the assumption that the
charge is not too high (see Dukhin and Derjaguin (1974)

for details) the potential is given by:

¥, =¥, exp — (kX) : (2.1)

Yo is the potential at a distance x from

a flat surface
Y, is the potential at the surface i.e. x = 0 o
K is a characteristic constant. The value of

this constant is usually determined by

the concentration of electrolyte present:
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1

4 TF2 & 2 -1
T [ERT 2. Ci= } cm (2.2)

i=1

F is the Faraday

c. _is the bulk electrolyte concentration of species i
z. 1s the valency of species i

e 1is the dielectric constant of the liquid

R is the universal gas constant

T is the absolute temperature

For an aqueous solution of a symmetrical electrolyte

at 25°C equation 2.2 becomes:

-1

' _
k = 0.328 x 108 (cz?)? cm (2.3)

For an unsymmetrical electrolyte z is the counter ion
valency. At a distance of 1/k cm from'the flat surface
the potential is decreased by a factor of 1/e. The potential
decays to zero a short distance further into the liquid.

1/« is often referred to as the 'double layer thickness'.

The treatment of Gouy and Chapman assumes that the
counter-ions are point charges. Their theory predicts
physically impossible concentrations of electrolyte close
to the surface under certain circumstances. Stern tried
to refine the model by dividing the double layer into two.
He assumed that a region of firmly bound ions existed right
next to the surface, and the centres of these ions could
not approach closer to the surface than half an ionic
diameter. This layer, later called the Stern layer, he said

would only be a few Angstroms thick. Outside this layer of



20

firmly bound ions he assumed a mobile diffuse layer to

exist.

Figure 2.1 shows a typical representaion of the
Stern - Gouy Chapman model (Shaw 1969). The surface
potential Y, is reduced to the Stern potential ¥ :
The potential then decays to zero in the diffuse double
layer. At some distance from the surface the ions change
from being firmly bound to being free to move in the
liquid. A "plane of shear'" is assumed to exist at this
distance from the surface. The '"plane of shear' is
probably a region of rapidly changing viscosity rather
than a true plane. The potential at the plane of shear
is called the '"zeta potential” and is the potential which
manifests itself in electrokinetic phenomena. The position
of this plane is not known, but it is assumed to be somewhere
in the Gouy - Chapman diffuse double layer, probably close
to the outside of the Stern layer. This implies of course
that |¥.| » |c|. For a detailed discussion of Stern's view

of the double layer see Dukhin and Derjaguin (1974).

2.1.2 Electrophoresis

When an electric field is applied to a suspension of
particles of radius. a 1in water, the particles will tend
to move towards the electrode carrying a charge opposite

in sign to the charge carried by the particles.

By equating the electrical and viscous forces
involved and assuming that « a was large (i.e. the double

layer thickness was small compared with the radius of the
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Figurc 2.1 Schematic representation of an clectric
double layer according to Stern's theory

Solid Surface
Stern Plane
Planc of Shear

® O
@, - o

® ®© © © @

\\\\\\\\ij\\‘Diffuse layer

Stern layer

<

Potential

< Y > Distance
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particle) Smoluchowski showed that the velocity of the

particle per unit of electric field was given by:

UE = re . (2-4)

Where UE is the mobility of the particle
4 is the zeta potential
€ is the dielectric constant

n is the viscosity

at 25°C ¢ = 12.85U; millivolts. In practice if «a > 300
equation 2.4 holds. For particles of radius 5 microns in
107*

M NaZSO4, ka = 325.

If ka<< 1 Huckel showed that:

UE = e ‘ (2.5)

Huckel's equation 2.5 is not applicable to particles in
aqueous media but does have possible application to electro-

phoresis in non-aqueous media of low conductance.

Between these two extremes of «a, UE becomes a
function of «xa. Wiersema, Loeb and Overbeek (1966) have

shown how to calculate ¢ from UE in this region.

2.1.3 The potential of the double layer

The potential due to double layer forces can be
calculated from a knowledge of the surface potential. As

two spherical particles approach one another, the surface
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charge or potential may remain constant or may change.
Three situations are considered possible according to
Kar et al. (1973).

a) Constant surface potential on both

€djdsy 1+ exp(_Kh)

Vo = ————— 2v; ¥p1n -

DL 4(a,+ ay) 1 - exp(-«h)
+ ( w12-+w22 JIn[1 - exp(-2« h)] - (2.06)

Where VDL is the potential of the double layer
a; and a, are the particle radii
h 1is the distance separating the two surfaces
nf the snheres

For identical spheres equation 2.6 approache 1imi <ot
as h approaches © PP s a limit of L%Q [

The other two situations are, b) Constant surtace
charge on both and c¢) Constant surface potential on one
and constant surface charge on the other. For details

see Kar et al. (1973).

2.2 van der Waals forces

Attractive forces exist between atoms and molecules;
this is a necessary assumption when dealing with anything
except an ideal gas. van der Waals derived his famous
equation by assuming that attractive forces exist between

molecules in a gas.

The van der Waals forces can be separated into
orientation, induction and dispersion forces according to
Israelachvili and Tabor (1973). Orientation and induction
forces occur between molecules possessing a strong permanent
dipole moment. Dispersion forces predominate for all but

the most polar molecules. A considerable amount of work
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has been done to understand dispersion forces, assuming
them to be predominant. Unfortunately water, which figures
in many important systems, possesses a strong permanent

dipole moment.

2.2.1 Attractive dispersion forces between atoms

and molecules

The general form of the attractive potential between

atoms is:
-K
Vy = a° (2.7)

vV is the van der Waals dispersion potential
K is a constant

d is the distance between atoms

The attractive potential is due to instantaneous dipole
moments in molecules that may have no permanent dipole

moment (e.g. methane). The existence of these instantaneous
dipole moments is explained in classical terms by the electrons
being on one '"side" of the molecule at a pafticular instant.
The forces produced are called dispersion forces as they are

closely related to optical dispersion effects.

Equation 2.7 is valid if d <, /27 where X; are T
the characteristic absorption wavelengths of the atoms. Af
larger distances the time taken for the electromagnetic
field of the first atom to reach the second may be comparable
with the fluctuatingvperiod of the dipole itself. In this

case the dipole of the first atom is no longer in phase with

its neighbours. For d >>A;/2Zw the potential is called the
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retarded van der Waals potential and is given by:

v, = 2 : - (2.8)

Where K' is a constant

Thus as d increases above Ai/Z 7™ the nonretarded 1/d6

power law changes to the retarded l/d7 power law. The
transition is gra&ual and may extend over several hundred

Angstroms.

The attractive dispersion interactions between two
atoms or molecules has received considerable attention.
The theory developed is very important, but in this
investigationvit 1s the interaction between large bodies
which is important. The interested reader can refer to the

review by Israelachvili and Tabor.

2.2.2 Dispersion forces between macroscopic bodies

The Derjaguin, Landau,rVerwey and Overbeek (D.L.V.0)
theory of colloid stability recognises the existence of two
forces. Double layer forces which are repulsive between
similar particles, and dispersion forces which are generally
attractive. The stability of colloids can be explained
by the interplay between these two forces. Napper (1970)

presents an easy to read review of colloid stability.

Assuming that the dispersion energies are additive,
the potential energy and hence the force between bodies

can be derived for different geometries. It is common
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practice to use "Hamaker constants™ A and B when
dealing with the nonretarded and retarded force between
large bodies. These constants (also called van der Waals
constants) are related to K and K' of equations

2.7 and 2.8 by:

«

App = w2 Ny Ny Ky o (2.9)
B12 = g2 N1 N2 K12/10 (2.10)
Where A12 1s the nonretarded Hamaker conStant

for substance 1 and substance 2

separated by vacuum

i2 is the retarded Hamaker constant
for substance 1 and substance 2
separated by vacuum

N1 and N2 are the number of polarizable

atoms per unit-volume in each of the

substances

Israelachvili and Tabor 1list expressions for the force
of interaction between macroscopic bodies of different
geometries. For two spheres for example, separated by a
distance h where h is much smaller than the radii of
either sphere, the nonretarded potential energy of interaé%ion
is: |

v, = & 1% (2.11)

6h (a;+a,)

Where A is the nonretarded Hamaker constant

for the interaction
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The corresponding expression for the retarded potential is:

v, = "B 2 @ (2.12)

3h2  (a,+ a,)

Where B 1s the retarded Hamaker constant for

the interaction

The retarded Hamaker constant B is difficult to'éstimate.

In this work only nonretarded interactions are considered.

2.2.3 Determination of the Hamaker constants from

macroscopic data

According to Lifshitz's theory (see Lifshitz (1956))
the Hamaker constant should be calculated from the optical
data of the media concerned. The Lifshitz general expression
for the Hamaker constant for two bodies' 1 and 2 separated

by a third 3 1is, according to Krupp et al. (1972):

A132 - ﬁ wel(ig) - e3(ig) .32(15] - e3 (i8) dg (2.13)

4 7% ey(ig) * e3(i8) ex(i&) + e3(i&)

Where fi = h : h is the Plank constant
2y .

ei(ig) is the dielectric permittivity of
the interacting bodies at the imaginary

frequency 1ig

In principle the determination of €i(if) requires
a thorough knowledge of the absorption spectrum of medium 1
which is not available for most substances. Approximations

can be made and Israelachvili and Tabor discuss these
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approximations.

Dispersion forces are often thought of as purely
attractive. Equation 2.13 shows that the interaction

can be repulsive if:
[e1Gi8) - e5G8)] x [ep(8) - e3(it)]< O

that is if ¢ (38) > e3(18) > ep(iE)

2.2.4 Temperature dependent van der Waals forces

Equation 2.13 is strictly only valid for media at
zero temperature, above absolute zero there is an
additional temperature dependent term. Israelachvili
and Tabor say this term increases the nonretarded

Hamaker constant by approximately :

3 x 10" " [81(0) - 83(03] . [92(0) - 93(0)] ergs
e1(0) + &3 (0) e2(0) + e3 (0)

Where ¢;(0) is the dielectric constant of medium

i at zero frequency

at room temperature. The additional term is ﬁsually quite
small for iﬁteracting bodies with Hamaker constants of about
10--12 ergs. If the bodies are separated by water however,
as they are in flotation, the additional term can be very
significant. For example, Parsegian and Ninham (1970) have
shown that the temperature dependent term -is about half of

the total Hamaker constant for two water phases separated by

a hydrocarbon film.
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2.2.5 Combining laws

.

Combining laws are frequently used for obtaining
approximate values of unknown Hamaker constants in terms

of known ones,

K}tchener (1974) has discussed the dangers of using
some combining laws particularly if these laws are given the
status of equations. Churaev (1972) has shown that Hamaker's
(1937) expression for the>net interaction between two bodies

1 and 2 1immersed in a liquid medium 3 namely:

A =A +A - A - A (2.14)
132 12 33 13 23 .

is not correct, because it implics that interaction between
bodies does not depend on the medium through which the
electromagnetic forces are transmitted. Visser (1972)
presents a corrected version of 2.14 which will be discussed
in Chapter 5. Two useful combining laws, according to

Israelachvili and Tabor are:

(A C A )E ' (2.15)

(2.16)
131 232 v

2.2.6 Dispersion forces between bodies with surface layers

In the last five years much interest has bgen shown in
the estimation of the forces between two bodies with thin
surface layers. Langbein (1969) and Parsegian and Ninham |
(1971) determined the potential between two bodies with

surface layers. The subject is of considerable importance
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in biological systems. Their fesults showed that surface
layers have a significant effect when the distance of
separation between two bodies is of the same order as
the thickness of the layers but the effect of the surface

layers decreases as the distance of separation increases.

2.3 The disjoining pressure concept

During flotation the liquid film between an air bubble
and a particle must thin then rupture if a contact angle
is to form. Surface forces decide the rate at which this

film will thin, and if in fact it will rupture.

Derjaguin and his co-workers have evo

. ped

ved the concept

of disjoining pressure to explain the film thinning process.
The concept is best illustrated by an example. Studies by
Read and Kitchener (1967) and (1969) showed that thin wetting
films formed between a bubble and a hydrophilic* silica
plate, behaved as though there was an excess pressure 1 ,
acting normal to the film. The pressure acted on the film

to oppose further thinning. This excess pressure is the
disjoining pressﬁre. It is equal to the difference between
the pressure in the bubble, P in Figure 2.2, and the pressure

in the bulk 1liquid adjacent to the silica/water interface PO,

¢

Figure 2.3 1s a schematic representation of disjoining

pressure versus distance of separation h . Films are stable

* A surface is described as hydrophilic or hydrophobic according to

whether the contact angle is zero or non-zero respectively.
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Figure 2.2 A {ilm between a bubble and a flat
plate. Alfter Blake and Kitchener (1972)

oo

Figure 2.3 Schematic representation of disjoining
pressure vs distance h . After Blake and Kitchener
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. dn ; - dn '
if (HF) < 0 (curve A), unstable if (HH) > Q (curve B).
Curve C can result if the film stability varies with

distance.

The disjeoining pressure is conveniently considered

to be made up of three terms:

I = I fM. + T ' (2.17)

Where HDL and Iy are the double layer and
van der Waals dispersion contributions

respectively

HS we shall call the specific surface term

The specific surface term contains all the other surface

effects not included in I and HV such as hydrogen

DL
bonding, dipole-dipole interactions, etc. These effects

are very important in flotation because of the special

nature of water. The overriding importance of the specific
surface term for water is illustrated by the observation

that many solids are hydrophobic and yet oleophilic, in spite
of the fact that the dispersion energy for water is low. On
dispersion energies alone, according to Reéd and Kitchener,
water should spread on paraffin wax, graphite, sulphur and

mercury. It does not spread because its cohesive energy

is mainly due to hydrogen bonding.

Fowkes (1964) and Kitchener (1975) agree that the term
which decides if a substance is hydrophobic or hydrophilic
is not the van der Waals dispersion term, but the specific

surface term. Laskowski and Kitchener (1969) found strong
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circumstantial evidence for this.belief. They studied the
hydrophilic-hydrophobic transition on silica. Silica is
considered to be naturally hydrophilic because of hydrogen
bonds between silol groups at the surface, and adjacent
water molecules. If enough silol groups are removed by
methylation or even strong heating, silica becomes hydrophobic.
Laskowski and Kitchener found that the zeta potential of the
methylated silica was essentially the same as the zeta
potential of the unmethylated silica. They assumed that van
der Waals dispersion forces were unaltered by addition of
methyl group$ on as little as 60% of the available sites.
They explained their results by considering the change in
tﬁe specific surface term of the disjoining pressure. They
suggested that when enough of the silol groups were removed
the surface would become hydrophobic, because there would
exist at the junction of the non-polar methyl groups and

the water phase, a boundary plane across which there would
be fewer hydrogen bonds per unit area than across any plane
in bulk water. The water would try to avoid this plane and

so a non-zero contact angle would be formed after film rupture.

According to Kitchener (1975) there is no. way at present
to estimate the magnitude or distance dependence of the
specific surface term. Russian workers apparently believe
that the effect could be quite long range (IOOOK) while
Western surface scientists believe the effect is of a much

shorter range, perhaps a few molecular diameters.

The thick fog of confusion which still surrounds the

subject of hydrophobicity has been well illustrated in an
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article by Rao (1974) and the discussion of his article

by Lovell (1974). ﬁao quickly dismisses specific surface
forces, or hydration forces as he calls them, as being
unimportant. He then starts discussing the role of the
dispersion forces and their attendant Hamaker constants

in a confused manner. Lovell challenges Rao's.assumption
on specific surfacé forces and corrects some of Rao's
statements on Hamaker constants as measures of hydrophobicity.
Both authors make the mistake of using combining law
apprdximations as actual equalities. In a timely paper
Kifchener (1974) discusses both articles. He corrects the
confused terminology used and discusses the dominance of
specific surface forces in determining the hydrophobicity

of minerals.
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CHAPTER 3

THEORETICAL AND EXPERIMENTAL BACKGROUND

In this chapter the background to the work is
preseﬂ}ed. Special attention is given to some articles
which are of partiéular interest. A number of‘relevant
papers which are not directly concerned with flotation

will also be discussed.

The kinetics of flotation has been studied mainly
by workers concerned with mineral flotation. Their work
is relevant to the flotation of fine particles in effluent
treatment cells as long'as the results are viewed in the
light of the differences between the two processes.

Oné of the f?rst studies was undertaken by Gaudin
et al. (1942). T%ey used a steady state technique to
measure the rate of flotation of galena crysfals in a
mechanical cell. They found that the rate of flotation
was independent of particle size up to four microns in
diameter, then it became proportional to the particle
diameter between four and twenty microns. They made no
mention of bubble diameter in their experiments, but it -
was probably 0.02 - 0.20cm which is a typical figure for

a mechanical cell.

Sutherland (1948) examined the formal mathematics of
collision theory with regard to flotation. Using a

Potential flow model description of the fluid field around
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a bubble of radius ay Sutherland considered the motion
of an "inertialess" particle of radius ap . The particle
was confined to motion along a liquid streamline and the
only way collisions could result was by interception of
the particle and bubble surfaces, i.e. when the centre of
the particle wés within a distance of (ab + ap) from the
bubble centre. Sutherland proceeded to show that n the

number of collisions occurring per unit time was:
= t
n 37 ay ap No N'" U (3.1)

Where U 1is the bubble rise velocity

N' 1s the number of bubbles per cm3
3

No is the number of particles per cm

Equation 3.1 is often expressed as collision efficiency

E
c

-~

E. = No. of particles colliding with the bubble

No. of particles which pass through the bubble's
cross sectional area

(3.2)

Equation 3.1 becomes:

EC = Bap / ay

The overall efficiency of particle capture E 1is

given by:
E=E_-E (3.3)
Where Ea -is the adhesion efficiency ‘

Ea is the fraction of particles which actually adhere

to the bubble after collision. If froth processes such as
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redispersion etc. can be ignored, the rate of flotation as

measured in an actual experiment will be proportional to E .

Only limited experimental information on adhesion
efficiency is available. Brown (1960) and Flint (1971)
found, not unexpectedly, that the probability-oandhesion
decreased as the angle formed between the particle point of
contact and the vertical axis of the bubble increased.
Adhesion efficiency must be a function of the hydrodynamic

and surface forces involved in the particle/bubble interaction.

If Ea is constant as a number of authors have
assumed, the rate of flotation is a function of particlé
size and bubble size. We can see this by taking
Sutherland's result as an example. The volume swept out
by the bubble is proportional to ag2 , so the number of
particles picked up by Sutherland's bubble should be
proportional to the bubble radius ay . For a fixed gas
flow rate the number of bubbles in the flotation cell will
be proportional to l/ab3 .. Therefore, the rate of flotation
will be proportional to ap/ab2 in Sutherland's case.

The dependence of the rate of flotation on particle size

derived by Sutherland agrees with the dependence found by

Gaudin et al. for particles larger than 4 microns in diameter.

Morris (1952) studied the flotation of copper pyrite
in a batch cell, and found that the rate of flotation was
proportional to ln(ap) . He made no mention of the size of
the bubbles in his experiments. Bushell (1962) found in his

experiments that the rate of flotation was independent of



38

particle size. Again there was no mention of bubble size.
These two results are obviously at odds with each other

and also with Gaudin et al.

Tomlinson and Fleming (1963) conducted careful
batch experiments on flotation, their appdratus was
specially designed to remove the effect of redispersion of
particles from the foam layer. They found that provided
the concentration of particles was not too high, the rate
of flotation for easily floated particles was proportional
to ap2 . For less easily floated particles the rate was
less dependent on particle size. The mean bubble size in
their experiments was 0.08cm and the size range of particles

was 14 - 400 microns in diameter.

Two years before Tomlinson and Fleming's paper, .
Derjaguin and Dukhin (1961) published their "Theory of Flotation
of Small and Medium-size Particles", which was the first attempt »
to present a unified picture of mineral flotation kinetics.

Derjaguin and Dukhin regarded the approach of a particle to

a bubble surface as taking place in three stages. They called
these stages zones 1, 2 and 3. In zone 3 the disjoining
pressure alone affected the precipitation of particles, Zone
3 was a film with thickness of some thousands, or tens of
thousands of Angstroms. Zone 2 was the diffusional boundary
layer of the bubble. The mean thickness of zone 2 was about
10 microns. Derjaguin and Dukhin showed that a strong
electric field existed in zone 2, because of transport of
ionic surfactant to the surface of the bubble. The field is

a result of the diffusion potential that must .exist in any
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electrolyte, in the presence of a concentration gradient,
when the cation and anion diffusivities are unequal.
Particles passing through zone 2 would "feel" the field

and would be acted on by an electrophoretic force in the
same way as they are in an electrophoresis cell. Derjaguin
and Dukhin called this force the "diffusiophoretic force".
Lyman (1974) while acknowledging the existenée‘of this
force, criticised the way Derjaguin and Dukhin had
estimated its magnitude. He showed that if the bubble

had a double layer the diffusiophoretic force as expressed

by Derjaguin and Dukhin disappeared.

In zone 1 which comprises the entire liquid
outside zone 2 the particles were acted on by purely
hydrodynamic forces. Hydrodynamic drag tended to sweep
the particles around the bubble following the 1iquid
streamlines, but particle inertia and gravity tended to

force the particles towards the bubble.

Particles approaching the bubble would have to
pass through zones 1 and 2 successfully before they
could enter zone 3. In zone 3 their fate would be
decided by the form of the disjdining pressﬁre curve,

Figure 2.3

From their analysis Derjaguin and Dukhin concluded
that the efficiency with which inertialess particles
would enter zone 3 would be independent of the size
of the particles. They also concluded that there would

be a size below which the particles could not reach zone 3.
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Taking galena as an example, the critical particle
diameter for O.lcm diameter bubbles would be about

30 microns, but Gaudin et ai. (1942) were apparently

able to float discrete particles of galena with diameters

of four microns.

Because of the great difficulties in dealing
quantitatively with the forces acting in zones 2 and 3 ,
research has been mainly concentrated on the hydro-
dynamic processes in zone 1 . In the 1950's and early
60's theories of particle collisions Were applied to
studies of raindrop coalescence and dust collection.
Hocking (1960) and Shafrir and Neiburger (1964) included
the effects of asymmetrical low Reynolds number flow
around a target sphere, and the finite size of the
impinging sphere. Fonda and Herne (1957) estimated the
efficiency of ;ollision for Stokes and Potential flow

around a target sphere.

Flint and Howarth (1971) summarised the theoretical-
work on the collision efficiency of bubbles and particles,
in three statements, and pointed out that some were contra-
dicted by experiehce:

a) The collision efficiency for Potential flow
around a bubble is greater than that for Stokes flow.

This is a consequence of the considerable curvature of
the streamlines even at large distancés from a sphere
for Stokes flow.

b) A critical value of particle diameter exists
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below which no collisions can occur. The experimental
results of Gaudin et al. (1942) challenge this statement

as we have seen.

c) For bubble/particle systems an increase in
bubble size increases the collision efficiency; as
Flint and Howarth say, this statement is doubtful,
because it is known that flotation of véry fine
particles-can'bé improved by using smaller bubbles

not larger ones.

They concluded that collision theory in flotation
was not well understood. They were particularly
critical of the equation of motion with which Derjaguin
and Dukhin (1961) had sférted their analysis. Flint
and Howarth wrote down the equation of motion for a

partidle approaching a stationary sphere as:

4/3 ma pp"_"'j = 6+ Caluty - V) (3.4)

J
ot
Where Gj is the body force acting on a particle

Cq is the drag coefficient of the particle

v'. 1s the particle velocity

J
lfj is the fluid velocity with no particle .present
Pp is the particle density

Derjaguin and Dukhin had written the term on the
left hand side of equation 3.4 as: 4/3 ua; (pp = pg)
where Ps is the fluid density. As Flint and Howarth
pointed out this led Derjaguin and Dukhin to find that

the particles did not deviate from the fluid streamlines,
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and led them to make the assertion that a critical size

of particle would exist.

Flint and Howarth solved the corrected equation

and found that:

a) There were two regions of particle behaviour
characterised by a parameter Fonda and Herne had called
K

K= —FBR P (3.5)
9 ng ay

Where U 1is the bubble rise velocity

g is the fluid viscesity

If K was greater than about one (fairly large particles),
collision efficiency was dependent on inertial forces, and
was increased by enlarging the bubble size. For fine
particles ( K less than about 0.1 ) collision efficiency
was almost independent of K but was strongly dependent

on another parameter G @

2
¢ - U

9

- pf) ap2 g
U

(3.6)
ng

Where g' is the acceleration due to gravity

Since G decreases with increasing bubble size the
collision efficiency for small particles would be

increased by reducing the bubble size.

b) Collision efficiencies were only zero in flotation

systems if G equalled zero i.e. Pp = Pf
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c) For values of K 1less than about 0.1,
particle inertia may be neglected and collision

efficiency could be calculated from:

E = O | (3.7)

¢ 1+G

This result applied to Potential and Stokes flow.

Reay and Ratcliff (1973) studied as Flint and
Howarth had done, the collision efficiency in flotation.
They were specifically interested in effluent treatment
and were probably the first investigators to consider
its special problems. They investigated the case of
bubbles less thar 100 microns, and particles less than
20 microns in diameter; typical sizes for an effluent
treatment plant. They made a number of important

assumptions at the start of their investigation.

a) The flow pattern around the front of the bubble
is given by Stokes flow for creeping flow around a rigid
sphere. This assumption>of a rigid sphere is reasonable

in a solution containing a surfactant.

b) Electricallinteractions between particle and

bubble have a negligible effect on particle trajectory.

c) All particles collected are immediately swept
to the back of the bubble so that the full front surface
is always clear. Photographic evidence collected by

Tomlinson and Fleming (1963) and Reay (1973) supports this.

d) The motion of the bubble is not affected by the
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presence of the particles. A valid assumption if the

particle concentration is small.

e) The fluid velocity used in computing the drag
on the particle is the velocity which would have
existed at a point occupied by the centre of the particle
if the particle were abéent. This last assumption is

only valid as: ap -~ 0.

Reay and Ratcliff wrote the equations in the same
form as Flint and Howarth had done. They then considered
the conditions under which the unsteady term in equation
3.4 was important and found that the term could be
ignored for bubbles up to 100 microns in diameter, rising
in water through a suspension of particles with diameters
up to 20 microns. They concluded that gravity was the
only factor causing the particles to deviate from the
fluid streamlines. They calculated the flux of pérticles
onto the bubble and hence the collision efficiency.

The important result they obtained was:.
a N
E_ a(_P_> | (3.8)

The exponent N was 1.9 for particles with pp/pf = 1.0
and 2.05 for pp/pf = 2.5 If we consider Flint and.

Howarth's results for small K and small G we find:

E «f%)\2 3.9
< (=) o

Which is essentially Reay and Ratcliff's result. The two

approaches differ mainly in the definition of grazing
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trajectory. Flint and Howarth defined a grazing
trajectory as one which would cause the centre of the
particle to just touch the surface of the bubble. Reay
and Ratcliff considered a grazing trajectory to be one

in which the particle surface just touches the bubble
surface. As a consequence of these two different
definitions Reay and Ratcliff's results are élightly
higher than Flint and Howarth's under the same conditions,
Reay and Ratcliff's analysis also allows a non-zero rate

of flotation for particles of neutral density.

Reay and Ratcliff also investigated the collection
efficiency of particles so small that Brownian diffusion
becomes the predominant mechanism of particle transport

to the bubble surface. They deduced that:

E « 1 ' | (3.10)

ap2/3 ab2

They were able to test experimentally the correctness
of their theoretical predictions for large particles.
They found that the collection efficiency of individual
bubbles rising through a suspension of small glass
spheres was proportional to 1/aﬁ! as expecfed, and
proportional to ap2 up to about 15 microns. After
this microscopic study Reay and Ratcliff (1974) investigated
the rate of flotation of glass spheres and polystyrene
particles in batch experiments. The rate of flotation
would be expected to be proportional to aﬁl but
inversely proportional to ab3 . Only two data points

were available to test the dependence on bubble size
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but they were consistent with the expected result.

The experimental dependence on particle size.was more
complex. It was found that the rate of flotation was
proportional to apN , where N was about 1.5 for glass
spheres, iﬁ reasonable agreement with theory. For
polystyrene particles however, N was about 0.5 ,
completely at odds with theory. Reay (1973) tried to
quantitatively explain the anomalous behaviour of the
polystyrene particles by considering the effect of
electrical forces, which he had originally assumed

could be ignored. The zeta potential of the glass spheres
was essentially zero, but the zeta potential of the
poiystyrene particles was about 1imV . He guessed

that the bubble would be negatively charged for most

of its life despite the presence of a cationic surfactant
which‘would be expected to render it positive. He
assumed that the large quantity of alcohol he had used

as a frother would retard the adsorption of the cationic
surfactant. Later he found that his explanafion was
incorrect. Reay and Ratcliff (1974) then suggested

that Derjaguin and Dukhin's analysis of flotation rate,
which had shown that the flotation rate should be
independent of particle size, could be applied to the
polystyrene results. They realised that the conditions
to which the analysis applied were very different from
their experimental conditions, but were faced with an
unexpected experimental result and so hoped Derjaguih and

Dukhin's analysis could be stretched a little.
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We have mainly discugsed hydrodynamic forces up
to this point. Now we turn to the effect of double

layer forces on the rate of flotation.

Derjaguin and Dukhin (1961) as part of their
analysis of flotation discussed the forces acting in
zone 3. These were the forces making up the disjoining

pressure:

(2.17)

They set the specific surface term to zero because

of difficulties in estimating its value. The only

terms left in equation 2.17 were the contributions

from double layer and van der Waals dispersion forces.

The authors discussed what they called "bulk hydrophobicity”
characterised‘by a positive Hamaker constant for the
bubble/particle interaction, and developed a criterion

(based on colloid theory) for fast flotation:

€ \110

x|

< K ' (3.11)

Where € 1is the dielectric cénstant
1/k is the double layer thickness
Yo is the surface potential of the parff&le__
A 1is the Hamaker constant for the interaction

KC is a constant of order 1

The criterion was tested by Derjaguin and Shukakidse

(1961) by studying the flotation of antimonite, a
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naturally hydrophobic mineral. The criterion is

almost certainly useless according to Lovell (1974)

and Kitchener (1975), because of its neglect of the
important specific surface term in equation 2.17 .

The experimental results presented by Derjaguin and

- Shukakidse however are interesting. They used fairly
large particles 43 - 150 microns in diameter and
measured a variable proportional to the rate of flotation.
The surface potential ¥ they assumed to be equal to the
zeta potential of the particles, a fairly common
assumption. Thelr results showed that the rate of
flotation dropped sharply as the zeta potential of the

particles was incrcased beyond a critical value.

Some later workers also discussed the effect of
particle zeta potential on flotation rate. Jaycéck
and Ottewill (1963) studied the adsorption of a cationic
surfactant onto negatively charged silver iodide crystals.
They found that the flotation rate measured in a
Hallimond tube was highest when the zeta potential of
the particle was zero. DeVivo and Karger (1970)
investigated the flotation of clay particles. They
found that for bubbles with diameters of about 200 microns
the maximum flotation rate occurred when the zeta
potehtial of the clay was zero, in agreement with
Jaycock and Ottewill. Coagulation may have taken place
in both experiments because the zetavpotential was zero,

if it had, the increase in particle size could have
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caused the increased rate. DeVivo and Karger also

found that if the bubbles were larger, the clay particles
floated best when their zeta potential was quite high.

A strange result that has never been satisfactorily

explained.

When discussing the correlation between zeta
potential and flotation rate we are really discussing
the effect of double layer interaction between particle
and bubble. Only a few investigators have studied
both particle and bubble zeta potential and their effects
on flotation rate. Dibbs et al. (1972) studied the effect
of particle zeta potential and the streaming current of
rising bubbles on flotation rate. They concluded that
the double layer interactions between the particle and
the bubble played a significant role in the flotation
of quartz in a solution of dodecylamine hydrochloride.
Their results are impossible to interpret in terms of
bubble zeta potential because like Samygin et al. (1964)
they used bubbles in a Reynolds number fegime that defies
analysis. Lyman (1974) investigated theoretically the
Dorn potential ofbrising bubbles, the Dorn potential
being the potential giving rise to the streaming current
measured by Dibbs et al. He presents an analysis of the
Dorn potential which should make future experimental
work easier to plan. In his thesis Lyman expands the
work of Harper (1972) on the motion of bubbles in

surfactant solutions, and makes a significant contribution
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to understanding the adsorption of surfactant onto the

surface of bubbles.

Cichos (1973) investigated the influence of the
zeta potential of bubbles and pafticles on flotation
rate. He used the technique of McTaggdrt (1922) to
measure the zeta potential of the bubbles. From his
results he was unable to say if double layer forces
affected the rate of flotation. In some experiments

they did, and in some they did not.

The theory of film thinning presents considerable
difficulty because of the uncertainty surrounding the
specific surface forces. A number of experimental
studies however, have yielded some interesting results

for workers in flotation.

Evans (1954) studied the thinning of the film
between a rotating silica disk and a captive air bubble,
The film could be kept at constant thickness by adjusting
the angular speed of the disk. He rendered one half of
the disk hydrophobic and found no variation in the thick-
ness of the film when the bubble passed the line separating
the hydrophobic and hydrophilic sections, as long as the
film was thick. If the film was allowed to thin to beléw
about ISOOR it ruptured spontaneously. The "rupture
thickness" as he called it, was dependent on the contact
angle but was independent of the nature of the solution.
Sufherland and Wark (1955) when they discussed Evans's

experiments wrote:
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"It is not possible to set d&wn a well-proven explanation
of all these facts. How iIs it that air suddenly takes
the place of the water over the hydrophobic spot? It
seems certain that the air itself is not the dominating
factor nor the water close to the air/water interface.

It is to the water-solid interface that we must look

for the first change which leads finally to-the |,

air-solid contact."

Read and Kitchener (1967) and (1969) investigated
the thinning of wetting films on a hydrophilic silica
plate. Under their experimental conditions stable
wetting films wereeasily formed, the thickness of these
films depended on the ionic strength of the solution
and the ionic strength controlled the zeta potential
of the silica. The double layer forces which in their
experiments opposed film thinning, were much stronger
than the dispersion forces which also opposed thinning.
They discounted specific surface forces as being
unimportant»at the film thickness of SOOK; They had
shown in effect,bthat the most important contribution
to disjoining pressure of their films was the double

layer contribution.

Blake and Kitchener (1972) followed on from
Read and Kitchener's work, and studied the stability of
aqueous films on hydrophobic methylated silica. Using
a similar technique they were able to sustain metastable
films as thin as 600%. Again the thickness of films

depended on the ionic strength of the solution. Blake
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and Kitchener showed that a sufficieritly high double
layer repulsioﬁ could stop a contact angle being
formed on a hydrophobic sufface. .The authors had
demonstrated that the electrical double layer could

be of particular importance in the kinetics of bubble-
particle contact. Their results explain why weakly
hydrophobic solids such as coal can be floated faster

in brine than in ordinary water.

During this investigation it became apparent that
there were similarities between the flotation of fine
particles found in effluent treatment cells and deep-
bed filtration.

At first glance the two processes, filtration and
flotation may seem quite different. In fact there are
many differences but also a number of similarities.
Consider a spherical filter grain (collector) in a
filter bed, fluid flows past with the particles to be
removed suspended in the fluid. Depending on the
chemical and physical conditions, the particles will
become attached to the collector or will remain in
suspension. In flotation the bubble rises through
a statioﬁary fluid but to an observer on the collecting
sphere the hydrodynamics are the same. Of course there
are considerable differences, some of the major ones

being:

a) The collector in filtration is a solid.
b) The packing of collectors is much closer in

a filter bed.
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c) Surface active agents need not be added in
filtration so the diffusiophoretic effect i§ absent.

d) Once the particles adhere to the surface of the
filtration collector they stay fixed, so the character
of the leading surface changes with time.

e) The remo&al of particles is governedvby the
depth of a filter. In flotation, time is the analogous
variable.

f) Experimentally there are more variables under
control in filtration. For example, one can vary the
collector size and the fluid velocity independently,

this is not possible in flotation experiments.

Because of the similarities and some of the
differences it is interesting to examine the results of

workers in the filtration field.

On the subject of double layer forces, Ives and
Gregory (1966) examined the role of surface forces in
filtration. They found that double layer forces
certainly lowered the filtration efficiency, which

agrees with some flotation studies.

Not surprisingly the trajectory approach has been'ﬂ
adopted by most workers to calculate the collection
efficiency in filtration. Spielman and Goren (1970)
considered the efficiency of particle capture by van
der Waals dispersion forces from low speed flows. They

included in their analysis the extra resistance felt by

a particle as it nears another object. Their analysis
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showed that if only viscous and van der Waals
dispersion forces were acting the collector efficiency

was a function of a dimensionless group, Nad

2
Ny = Aa, (3.12)

b
O nap AS U

Where A  1is the Hamaker constant

aé is the collector radius

AS corrects the flow for the close packing

of the filter grains

U 1is the fluid velocity far from the collector

« a2 2
If Nad was very small EC ap /aC , the same
result obtained by Flint and Howarth (1971) and Reay
and Ratcliff (1973). If-however, VNad was large

2/3 L4/3
EC « ap /aC

Yao, Habibian and O'Melia (1971) extended the
work of Spielman and Goren by including Brownian particles
in their analysis and found that E_ = 1/(ap-aCU)2l3
which is equivalent to E_« 1/ap"f3ac2 as Reay and
Ratcliff later found. Experimental work was in fair
agreement with the results for Brownian parficles,.but for
larger particles EC was simply proportional to ap
- To explain this disagreement with theory they invoced

Spielman and Goren's result i.e. the presence of an

attractive van der Waals dispersion force.

In the next three years, Spielman and his collaborators

investigated different aspects of filtration. Spielman
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and Fitzpatrick (1973) developed a theory to predict
filter efficiency under van der Waals dispersion forces
and gravity. Fitzpatrick and Spieiman (1973) presented
experiments in reasonable agreement with the theory.
During these experiments they found that the filter
coefficient suddenly dropped as the zeta p;tential of
the collector and particle (which were both negatively
charged), increased beyond a certain value. They
guessed this drop was due to double layer repulsion
Becoming dominant and stopping capture. In a sub-
sequent paper Spielman and Cukor (1973) showed
theoretically that such behaviour could be expected.
The results presented 1n these two papers immediately
recall the flotation results of Derjaguin and Shukakidse

for the flotation of antimonite.

Prieve and Ruckenstein (1974) approached collection
efficiency in a different way. Instead of using a
trajectory method they started with the equation of
continuity for massvdiffusion. The particle velocities
were determined by van der Waals dispersion and viscous
forces. The rate of deposition was determined by
integrating the flux of particles over the collector
surface. Their.results as presented are difficult to

‘use.

After reviewing the background to flotation
kinetics we can conclude:

a) The theoretical work of Flint and Howarth (1971)
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Reay and Ratcliff (1973) and Reay (1973) for small
particles is reasonably consistent. There séems no
point in pursuing their purely hydrodynamic approach
any further.

b) Thére is a lack of carefully planned experimental
investigations."There are a number of anomalous results
(DeVivo and Karger (1970), Reay and Ratcliff (1974))
which have not been explained or properly investigated.

c) The effect of double layer interaction between
a bubble and a particle is not understood.

d) Specific surface forces remain an unsolved

problem.

According to Flint (1973) the designer of mineral
flotation cells must rely entirely on empiricism and
"experience', since the basic design procedures for
flotation have not been eétablished. The same can be
said of the flotation of fine particles in effluent
treatment cells. The dependence of flotation rate on
particle size 1s an impdrtant design faétor, so 1s the
dependence of flotation rate on double layer interaction.
This investigatioh grew from the need to gain a better

understanding of these two factors.

The specific aims of this thesis were to investigate
the flotation rate of fine particles up to about 20
microns in diameter; theh to determine the effect of
double layer interaction on the flotation rate of these

particles. Polystyrene particles seemed ideal material
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for the study, for a number of reasons:

a) They afé almost of neutral buoyancy, typical
of many materials that are difficult to remove from
suspension.

b) They are inert in water

c) They are uniformly spherical, which means that
the 'shape" factor discussed by Sutherland and Wark
(1955) is not important.

d) The size range is typical of the larger particles
found in effluent treatment cells and is within the

range of a number of theoretical analyses.

Polystyrene particles which are negatively charged
in water would be best floated by a cationic surfactant.
The magnitude of the double layer interaction could be
varied by adding an inorganic salt such as sodium
sulphate to the flotation solution. The interested
reader can refer to a paper by Connor and Ottewill
(1971) for a study of the adsorption of cationic

surfactants on polystyrene surfaces.
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CHAPTER 4

EXPERIMENTAL - APPARATUS AND TECHNIQUES

In this chapter the details of the experimental
method are presented. To obtain the necessary
kinetic data the polystyrene particles were suspended
in a surfactaht solution, the particles were then
floated in a Suitable cell. The change in particle
concentration with time was followed with a Coulter
Counter. Various tests were necessary to ensure that

subsidiary processes were not important.

A great deal of pre-planning and practice was
necessary to ensure that each kinetic experiment was

- completed in one working day.

4.1 The flotation apparatus

A batch system was chosen for the experiments.
The limitations of this system were considered and
compared with the difficulties involved in developing
a steadfjstate continuous system. None of the
continuous systems mentioned in the literature seemed
suitable. Perhaps the one that appealed most was a
steady-state technique described recently by Watson
and Grainger-Allen (1973). Even this-system was
thought unsuitabie because of the low density of the
polystyrene particles (1.05 grams/cc) and the proposed

low particle concentration (0.5 grams/litre).
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Three designs of batqh flotation cells were tried.
The first one was based on the cell used by Sheiham
and Pinfold (1972). This cell proved unsatisfactory
because the sparger area was too small compared with
the column area. The second type of cell was a large
version of a Hallimond tube similar to a cell described
by Tomlinson and Fleming (1963). This cell was
designed to isolate the foam produced during flotation
from the pulp. The cell was unsuitable because severe
back-mixing brought the 1ight polystyrene particles

back into the main flotation chamber.

The best and most convenient cell was found to be
a 1000ml porosity 4 sintered glass filter funnel.

Figure 4.1 shows the flotation cell used.

What might be described as a conventional gas
control system was used, the essential details are
shown schematically in Figure 4.2. The gas from the
nitrogen cylinder was first passed through a rough
control valve then through a gas washing bottle filled
with distilled water to pre-saturate the gas. An
Edwards needle valve was used to regulate the gas flow.
The volume of gaé was measured with a soap bubble flow .-
meter (with an attached calibrated thermometer) and
a mercury manometer. A rotameter monitored the flow

of gas before and during an experiment.

A wet type gas meter manufactured by Alexander

Wreight & Co. with a certified error of *0.25% was used
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Figure 4.1 Flotation cell
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to check the accuracy of the gas measuring system.
Ideally of course, the gas meter should have been
incorporated in the gas tréin, bﬁt'this was not
possible because of the relatively low working pressure
of the meter. To simulate actual running conditjons

a pressure reducing restriction was placed between the
end of the gas train and the meter, the cell was not
connected during the calibration run. A difference

of 1.4% was found in the volume of gas measured by the
meter and the volume estimated from reading the soap
bubble flow meter and the manometer. The calibration
run lasted for 45 minutes and an actual flotation run
lasted for less than 10 minutes. This result and the
steadiness of the rotameter during the calibration

run proved that the gas train was suitable for
controlling and measuring the flow of gas during a

flotation experiment.

A suction box was placed just above the cell
during a flotation run tb remove . the foam produced
as soon as 1t was formed. In practice a maximum of
about 0.lcm df foam was present at any time during a

flotation run.

Flotation éystems very similar to the one
described above have been used by Almond (1955)
-and more recently by Reay and Ratcliff (1974) and
Rubin and Johnson (1967).
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4.2 The main analysing instruments

4.2.1 Electromobility apparatus

A Rank Brothers Particle Micro-Electrophoresis
apparatus was used for electromobility determinations
on the polystyreﬁe particles. The instrument was set
up for use with a 0.1 x lcm flat quartz cell.  The flat
cell was necessary because the polyétxrene particles,

although small and light settled at appreciable velocities.

The apparatus was calibrated as described in the
instructions. The cell resistance with 0,100M KC1 at
25°C was 5.92K @ determined using an Autobalance
Precision Bridge B331 operating at 10% radians/sec.

The resulting electrical cell length was 7.63cm.

A calibrated thermometer was used to measure the
temperature of the water bath surrounding the cell.
The temperature for all determinations was 25°C + 0.5°C.
The instrument Voltmetéf was checked against a D.V.M.
and was found to be reading 0.5V high. The microscope
was calibrated using a standard engraved microscope

gradicule.

To check the calibration parameters, the mobility
of human erythrocytes was determined in M/15 phosphate
buffer. The value obtained was -1.32 + 0.09 microns/sec/
Volt/cm. This agreed with the value.quoted by Shaw

(1969) of -1.31 =+ 0.03.
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Before a mobility determination the cell was
soaked in chromic acid, then washed several times in-
distilled water and soaked in distilled water for at
least two hours. It was then rinsed with 0.1N NaOH,
rinsed with distilled water again and left to soak
in distilled water for about 40 minutes. The cell was
finally rinsed and filled with the solution to be

analysed.

At least ten transit times were taken at each
stationary level. If there was not reasonable agreement
between the readings at the two stationary levels the

cell was refilled with a fresh sample.

A small computer programme was writfen to convert
the transit times into mobility in units of microns/sec/
Volt/cm. The programme printed the mean mobility and
the standard deviation, which was fypically about 10%

of the mean value.

4.2.2 The Coulter Counter

The Coulter Counter is a particle counting device
which can count particles larger than a selected size
and ignore smaller particles. By altering the counting
threshold it is possible to determine the particle size
distribution of a sample. The sample must have a
relatively narrow size range for convénience and a
suitable suspending medium needs to be chosen. The
Coulter Counter is a common laboratory instrument so

no further details will be given here, however for
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completeness a brief description of the Counter's
operation is gi%en in Appendix A.1. For most flotation
experiments a model ZB was used, in some earlier

experiments a model A was used.

4.3 Materials used

4.3.1 Water

The distilled water used in all flotation experiments

ﬁas obtained from the Mining and Mineral Technology

" Department at Imperial College. It was prepared By
passing once-distilled water through an ion-exchange
column, an activated charcoal column and then distilling
it again in an all glass still. The water produced from
this still had a conductivity of 1 x 107671 or less,

and a pH of about 5.6 . Bubble persiétence tests shbwed

no evidence of surfactant contamination.

4.3.2 The surfactant

The surfactant used was hexadecyltrimethylammonium
bromide, often called CTAB (cetyltrimethylammonium
'bromide); It is a quaternary ammonium salt yielding
a positively charged surface active ion (CTAB+) when
dissolved in wafer. The surfactant was obtained from
BDH as a general laboratory reagent. The material
smelt strongly of amine so it was recfystallised from
acetone and water. The recrystallised material melted
with decomposition at 234 - 2420C, this is in good

agreement with the melting point quoted by Shelton et al.
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(1946). A plot of surface tension versus log of the
concentration of CTAB tFigure 4.3) shows no distinct
miminum, which is usually taken as meaning the material
contained no impurities that were more surface active
than CTAB. The values of surface tension were slightly

higher than values obtained by Hauser and Niles (1941).

The critical micelle concentration (C.M.C.) was
determined from conductivity measurements (see Figure 4.4).
The value of 8.8 * 0.1 x 10""*moles/litre agreed with the
value of 9.1 x 10'“mbles/1itre quoted by Scott and

Tatar (1943).

4.3.%3 Sodium sulphate

BDH Analar grade reagent was used without

further purification.

4.3.4 Ethyl alcohol

The ethyl alcohol was analytical reagent quality
supplied by James Burrough and was used without

further purification.

4.3.5 Polystyrene particles

The particles were kindly donated by Pontyclun
Chemical Company Limited. The type of particles chosen
fof this investigation were code named 3001 microspheres.
In bulk these spheres form a smooth flowing white powder.
Chemically they are composed of a 94% styrene, 6%
divinyibenzene copolymer. The mean particle diameter

of the particles was quoted as 15 microns on a weight
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Figure 4.3 Surface tension vs log (concentration of CTAB)
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basis and 10'microns on a number basis. An actual
size distributibn is shown in Figure 4.5 . A number
of tests were necessary to check the suitability of
these particles for flotation studies.

a) Ionic contaminants

One gram of 3001 microspheres was addéd to 500mls
of singly distilled water containing 3 drops of Shell
Nonidet LE nonionic surfactant. The concentration of
the microspheres in this test was three times that used
in a normal flotation experiment. The conductivity
of the solution before the microspheres were added was
4.6 x 10769~ measured on a Phillips PR9501 direct
reading conductivity bridge. An hour later the reading
was 4.3 x 107897l . This experiment showed that the
particles were free from soluble ionic material.

b) Soluble pH determining contaminants

The pH of 100mls of distiiled water was not
affected by the addition of 1.5gms of microspheres.

c) Surface active contaminants

It is very difficult to be sure that a material.
is free_frdm contamination by surface active material.
A suspension of the spheres in distilled water produced
no bubble persistence, so it was assumed that the
microspheres were free of surfactant contamination.

d) Insoluble contaminants and the shape of the spheres

A microscopic examination of a suspension of the
spheres showed that there was no insoluble foreign
material present. Figure 4.6 is a photomicrograph of

the 3001 microspheres, Figure 4.7 is a scanning electron
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Figure 4.5 Particle size distribution.
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Figure 4.7 Scanning electron micrograph of polystyrene

particles

Foreign material is the remains of the dispersing agent.
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micrograph of the spheres. These photographs show
that the spheres are in fact spherical and relatively
smooth.

e) Constancy of electromobility results

A suspension of 3001 particles was made up and the

electromobility was measured at various time intervals.

Time (hours) Mobility microns/sec/V/cm
0 . -4.60
17 -4.54
89 -4.56

The unchanged mobility showed that the surface

properties of the particles remained constant.

This series of tests showed that the 3001
microspheres were free from contamination and so

they were judged suitable for flotation experiments.

4.4 Counting the particles

4.4.1 The suspending medium

One of the main tasks required during an experiment

was to determine the size and number of particles in a
sample. The Coulter Counter requires particles to be
suspended in a filtered solution of electrolyte. Coulter
Electronics provide a general purpose suspending solution
called "Isoton'". From its name and from the results

of a few tests it seems to be basically a solution of

1% NaCl, in water buffered at about pH 7.4 . It also

contains sodium azide as a preservative.
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Isoton because of its high salt content (0.17M)
caused coagulation of the polystyrene particles. This
was obvious in the change in the particle count over
about 10 minutes, which was the average time needed
for a complete particle size analysis. The coagulating
particles could sometimes be seen attached.to the orifice
tube in the instrument's microscope.

A number of adjustments were tried to modify the
Isoton so it could be used. The pH was changed to 9.4
without any improvement in suspension stability. Agar
agar acting as a protective colloid was tried, again
without success. Fortunately 0.35mls of 50% BDH Nonidet
P42, a nonionic surfactant, in 150mis of Isoton
stabilised the suspension. The Nonidet was pre-filtered
through a millipore 0.45 micron membrane immediately
before use. Adding a large amount of surfactant to the
bulk container of Isoton was not successful as it

increased the background count after a time.

Extra care had to be taken to ensure that glassware
was perfectly clean, because the detergent action of
the modified Isoton brought any dirt particles into

suspension causing random high background counts.

The action of nonionic surfactants as stabilising
agents for polystyrene particles has been recently

discussed by Ottewill and Walker (1974).

4.4,.2 The calibration of the Coulter Counter

The Cbulter Counter must be calibrated with
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monodispersed particles of a known size. Coulter
Electronics sﬁpbly suspensions of polystyrene-divinyl-
benzene copolymer particles‘suspen&ed in a surfactant
solution. Two sizes of calibrating particles with
diameters of 9.09 and 19.4 microns were used for,
calibration. The calibrating solution contained all
the material usually present, with the experimental
particles replaced by the calibrating particles. The
calibration factor for the Model ZB, fitted with a
iOO micron orifice tube which has a resistance of
20KQ was 2.14 . This was a mean value calculated
from calibration factors for the two different sized
The calibration factor was checked for

each new batch of Isoton.

4.5 Flotation conditions

A series of experiments were carried out to
determine the best conditions for flotation. The rate
of flotation should be fést enough to ensure reasonable
sensitivity in the determination of the rate constant,
but not so fast that taking samples becomes difficult.
The conditions chosen should be reasonably close to
ambient conditions.

The rates of flotation were determined for the
polystyrene particles under different .conditions. The
particles were suspended in the solution to be tested
and samples were taken at various intervals after the

beginning of the experiment and their optical densities
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were determined. Turbidimetric measurements were

used 1in fhese preliminary experiments simply for speed.
A plot of optical density against éoncentration of
particles was linear. The gas flow rate was fixed

at 3.5 litres/hour, the rate of flotation was determined
by assuming first order kinetics (this assumption will
be discussed fully in Chapter 5). The initial particle

concentration was 0.5gms/litre.

Five of the more interesting results from a set of

eleven experiments are presented in Table 4.1

Table 4.1 Flotation rates

Experiment Rate pH Surfactant % Frother
number constant concentration V/V
(min-1)
1 0.023 | 6 CTAB 5x1075M 0.5% IPAT
2 0.041 6 CTAB 5x1075M 0.5% EtOH
3 0.077 8 CTAB 5x1075M 0.5% EtOH
4 0.041 6 H-10-x*5x107°M 0.5% EtOH
5 0.015 6 CTAB 1x107*M 0.5% EtOH

+ IPA is isopropyl alcohol

* Hyamine 10-x is a cationic surfactant (C28H440NC1-H20)

A comparison of the rate constants in experiments
2 and 5 shows that increased surfactant concentration
reduced the rate constant. Jaycock and Ottewill (1963)

found the same effect when floating negatively charged



74

silver iodide crystals with a cationic surfactant. They
suggested that above a certain concentratioﬂ a second
layer of surfactant adsorbs onto the silver iodide
particles. The molecules in this second layer are

held with their charged heads in the solution and their
hydrocarbon tails>associated with the hydrocarbon tails
of the first layer. This arrangement of molecules they
said, makes the particles more hydrophilic and hinders-

flotation.

The conditions of experiment 3 were chosen as the
most suitable. Most subsequent experiments were

conducted under these conditions.

4.6 Bubble production and bubble size.

The investigator has only a few methods of
producing small bubbles in disperseé air flotation.
In this_investigation a porous glass frit blowing air
into a solution containing a surfactant and a frother
was chosen. Some other methods for producing small
bubbles were considered and rejected, as detailed in

4.6.1 and 4.6.2 .

4.6.1 Electrolysis

Electrolysis is a method that has raised a lot of
interest in recent years. Kuhn (1974) has reviewed
some of the recenf literature in this field. While
electrolysis is undoubtedly a method to consider in a

large scale plant, on a laboratory scale not enough is
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known about the bubble size éistribution. Reay (1974)
tried electrolysis and found that he could not obtain
reproducible results from day to day. A study of the
bubble sizes produced by actual effluent treatment
electrodes may be very rewarding, but in this investigation
electrolysis, as a method for producing bubbles was

not considered further.

4.6.2 Impellors

The impellor is used extensively in the mineral
industry to produce bubbles. Sutherland and Wark (1955)
have shown that the majority of bubbles produced by
impeliors are considerably larger than the 100 micron
diameter 1limit needed in this study. Even if surfactant/
frother conditions were devised to produce small bubbles
(diametersless than 100 microns), cdnsiderable agitation
would be produced in the cell. Most effluent treatment
plants are unstirred because violent stirring breaks up
the fragile flocs which are desirable in flotation

plants.

4.6.3 The glass frit

To produce small bubbles on a frit, a frother must
be added to a solution having such a low surfactant
concentration as used in this investigation. A short
chain aliphatic alcohol has been used as a frother by
a number of investigators; Sheiham and Pinfold (1972),
and Rubin and Johnson (1967) used ethanol, Reay and -

Ratcliff (i974) quote two previous investigators,
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Kalman (1974) and Kaufmann (1974) who studied'bubble-
size distributibns produced by a glass frit in water
containing 0.1 - 0.5% V/V of a short chain alcohol.
They found that reprpducible bubble size distributions

could be obtained in this way.

This method of produéing bubbles is fine in a
laboratory but it is not practical for large scale
effluent treatment plants. This meéns that the results
of laboratory experiments using highvconcentrations
of alcohol as a frother must be viewed with some caution
by the designer of an industrial effluent treatment

plant.

Although not complétely satisfactory, the use
of a glass frit and a frother was considered to be
the only suitable way of producing small bubbles with

a reproducible size distribution.

4.6.4 Gas flow rate

Gas flow rate cén also affect the bubble size
distribution. A gas flow rate of 3.5 litres/hour at
room témperature and pressure was chosen after studying
the results and comments of Sheiham and Pinfold (1972)

and Reay and Ratcliff (1974).

4.6.5 Bubble size determination

- The bubble size distribution present in the

flotation cell was determined photographically. A flash
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unit was positioned behind the flotation cell and an
Exacta 11A 35mm camera, fitfed with its micrbscope
attachment, was placed in front. A microscope fitted
with a  x7 objective provided sufficient magnification.
With this érrangement a magnification of x6 was
produced onto 35mm Panatomic-X film. The film was
developed in Kodak D19 developer for 6 minutes at 20°C.
The developed films were analysed on a P.C.D. Limited,
Digitai Data Recorder Model ZAE 3A. This instrument
produces digital output from an analogue position sensing
device. It has a built in scaling system and the great
advantage of producing digitized position co-ordinates
on punched paper tape. The total magnification from

bubble to data recorder screen was x00 .

A computer programme was adapted from one written
by P. Starkey, a fellow student, to determine the
arithmetic mean diameter and the standard deviation of
a sample of bubbles. The mean diameter from a number
of negatives was 53 microns with a standard deviation of
9 microns. The distribution is shown in Figure 4.8 and

Figure 4.9 is a photograph of the bubbles.

Under similar but not identical conditions Sheiham -
and Pinfold (1972) found a mean bﬁbble diameter of
67 microns. Reay and Ratcliff (1974) quote Kaufmann (1974)
producing a mean diameter of 40 microns on a fine frit
of pore size 4 - 5.5 microns, and Kalman (1974)

producing a mean diameter of 70 microns on a coarser frit
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Figure 4.8 Bubble size distribution
(sodium sulphate concentration 1.3x107%M)
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of pore size 10 - 15 microns;

Bubble size determinations are notoriously difficult
to make accurately. As much care as possible was
taken to ensure an accurate value for the mean bubble
diameter produced in the flotation cell, but only a
small fraction of the bubbles could be measured, It
would be foolish to say "the bubble diameter in the
flotation cell was 53 microns', however we can confidently
say that the bubbles in the flotatidn cell had diameters

less than 100 microns.

4.6.6 Bubble sizes from glass frits and single orifices

As a final note on bubble size it is interesting
to compare the sizes of bubbles produced on a fine

frit with those produced at a single orifice.

The well known formula for the size of bubbles
produced at a single orifice, balances buoyancy forces

against surface tension forces. The formula can be

. written as:

3
3

Where a, is the radius of the orifice
o¢ is the density of the fluid (for a
gas bubble) |
g 1is the acceleration due to gravity
ay is the radius of the bubble

Yy is the surface tension of the liquid
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Taking f: as 1 gm/cc, g as 980 cm/sec? ay as

50 x 107 %cms (50 microns) and Y as 30 dynes/cm then

ap must be 2.5 x 10 cm, an impossibly small orifice,
and two orders of magnitude less than the minimum pore

size of the frit quoted by the manufacturer (5 x.10" %cm).

Looking at it another way, given a pore size of
5 x 10" %cm the surface tension would need to be 1.6 x 107
dynes/cm, again a difficult figure to accept.

It is interesting to speculate on the mechanism

which produces such small bubbles on a glass frit.

4.7 Particle dispersion

A reproducible method for dispersing the particles
in the flotation solution had to be found. Gentle
mixing of the polystyrene powder was not successful,
because the hydrophobic polystyrene particles simply
remained on the surface of the solution. By trial and
error it was found that the particles could be dispersed’
by stirring the ﬁixture vigorously while it was in an
ultrasonic bath. The particles appeared to be dispersed
after about 20 minutes of this treatment. This judgement

was tested as follows:

The usual quantity of polystyrene powder (0.5gms/litre)
was added to the flotation solution. Samples were taken
at intervals affer the addition. The particle size
distributions were determined with the Coulter Counter.

The nonionic detergent was not added to the analysing
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solution as it almost certainly would have dispersed

any agglomerates. A paired students '"t" test (Chatfield
(1970)) was made between the counts in each size
interval for the sample taken 20 minutes after the start
of the experiment,rand every other sample. The results

of this compariSon are shown in Table 4.2 .

Table 4.2 Comparison of samples to check dispersion of

particles
Time (minutes) "t" statistic
3 3.71
20 . reference
40 1.57
60 1.23
80 0.56

The critical value of '"t" for the experiment
is 2.26 at the 95% confidence level. The analysis
shows that there was statistically no difference
between the size aistributions of the sample taken
after 20 minutes and every later sample. This result
was taken to mean that the dispersion was complete

after 20 minutes.

4.8 The experimental procedure

With the basic techniques required for the experiment
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now described, it 1is possiblé to detail the procedure
adopted for flotation experiments.

a) Two litres of flotation solution was prepared.

As a reminder, the solution contained CTAB (5 x 10-5M),
ethanol (0.5% V/V) and varying amounts of sodium sulphate
which was added to change the zeta potential of the
particles and bubbles.

b) This solution was twice passed through a
porosity 4 sintered.glass filter to remove coarse
particles.

c) 1500mls of the solution was adjusted to pH
8.0 + 0.1 with N/10 NaOH.

d) The solution was placed in an ultrasonic bath
and stirred vigorously.

e) After one minute a sample was taken. Samples
were about 15mls taken with a 20ml ﬁipette with the
tip cut off which allowed for quick sampling. The sample
was run into a test tube containing one drop of the
nonionic surfactant solution described earlier. This
particular sample wasvthe blank background sample for
the experiment.

f) The required amount of polystyrene bowder,_
usually 0.75gms was added to the remainder of the 1500mls
of the flotation solution stirring in an ultrasonic bath.
This gave the solution a particle concentration of
0.5 gms/litre, well within the limit given for '"free"
flotation by Tomlinson and Fleming (1963)

g) After at least 40 minutes the pH was checked
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and adjusted if necessary (as it usually was) to pH
8.0 + 0.1 . A'sample was taken to determine the
electromobility of the particles. 'During the electro-
mobility determination a visual check was made on
coagulation. The remainder of the solution was placed
back into the ultrasonic bath and stirred.

h) The flotation apparatus was prepared by rinsing
the sintered glass disk with some particle free flotation
solution. The nitrogen flow was then adjusted to 3.5
iitres/hour, with a small quantity of the particle free
flotation solution in the cell.

i) The pH of the solution was checked for the last
time and adjusted to 8.0 # 0.1 if necessary.

j) A sample was then taken which gave the initial
concentration of particles. The remaining suspension
was poured immediately into the flotation cell and the
suction was started. Samples were taken at appropriate
time intervals and transferred to test tubes containing
one drop of nonionic surfactant. Six samples including
the t = 0 sample were taken in early experiments, 1in
later experiments seven Samples were taken.

k) Each sémple was analysed using the Coulter
Counter. Coagulation of the polystyrene particles
occurred in theytest tubes if they were allowed to
stand for more than a few minutes. This was reversed
by placing the tubes in an ultrasonic Bath immediately
before analysis.

1) The general background count of the modified’
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Isoton was checked to make sure it was negligible

(less than O.l%lof the expected particle count).

10mls of the sample from a test tube was then added

to 150mls of the modified Isoton. The whole was then
placed finally in the ultrasonic bath for about 5 minutes
before analysis. At least duplicate counts were made

at each instrument setting. The settings used in the
experiments and the resulting particle sizes are given

in Appendix A.2 . The temperature of the flotation

solution was kept between 18°C and 23°c.

4.9 Preliminary tests

With the general conditions of flotation fixed, a
number of preliminary tests were conducted to determine
the importance of subsidiary processes in the flotation

cell.

4.9.1 Mixing in the cell

The particles in the cell were well mixed, this
was checked by injecting a dye into the flotation cell.

The dye was completely mixed in a few seconds.

4.9.2 Depletion of surfactant

A flotation solution containing 5 Xx 10"°M CTAB
‘and 0.5% V/V ethanol was poured into the flotation cell
and 3.79 litres/hour of nitrogen (at room temperature
and pressure), was passed through for 12 minutes. This

gas flow rate was greater than the aim (3.50 litres/hour).
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 No polystyrene particles were added in case their

presence affected the analytical technique.

Samples from the flotation cell were taken at
intervals during the experiment, and analysed for
CTAB colorimetrically. The method of analysis was
essentially that of Sheiham and Pinfold (1969). A
20ml sample was diluted to 40mls with water, and 2mls
of 0.1% W/W picric acid in 0.002M sodium hydroxide was
added. The whole was shaken with 20mls of 1,2-dichloro-
ethane for about 5 minutes; the optical density of the.
organic layer was measured at 37508 in lcm cells. The
calibration graph did not adhere to Beer's Law as
‘Sheiham and Pinfold had found, but it was quite

reproducible.

The resultant gfaph of CTAB depletion is shown
in Figure 4.10. In 10 minutes, longer than any fiotatidn
experiment, thé CTAB concentration had fallen to 60%
of its initial value. The result of an. experiment to
determine the effect of surfactant depletion on the
flotation rate of the polystyrene particles is presented

in a later section 5.3.2 .,

4.9.3 Coagulation of particles in the flotation cell

It was important to be sure that the polystyrene
particles did not coagulate in the flotation solution
during flotation. If they did, any comparison between

particle size and flotation rate would be meaningless.
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Figure 4.10 Depletion of CTAB during flotation -
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The critical zeta potential for suspensions is often
quoted as 25 - 30mV  (Kruyt (1952)). The minimum

. zeta potential reached in the present set of experiments
was just over 30mV. So an experiment was run to see if

coagulation in the flotation solution was important.

A solution was made up iﬁ the usual way, with a
sodium sulphate concentration of 107 %M. At this
concentration (which was the highest used in the experiments)
the zeta potential of the particles would be a minimum.
The electromobility of the particles in the suspension
was measured 40 and 210 minutes after mixing. The
electromobilities were 3.1 and 2.9 microns/sec/Volt/cm
respectively, quite consistent with the high.salt

concentration.

After two hours of mixing in the ultrasonic bath
(the normal preparation time) the bath was switched offi
and the stirrer slowed to about 300 rpm. This was done
to simulate the gentle stirring that the solution
receives from the bubbles in the flotation cell. Samples
of this suspension were taken at time intervals and
transferred to a beaker containing 150mls of Isoton.
The Isoton contained no nonionic dispersing agent as this
would have biased the results. After exactly 15 seconds
stirring, two counts were made as quickly as possible,
to count the number of particles greater than 4.6 microns.
This size was chosen to ensure maximum Sensitivity to
changes in particle concentration. The results of this

experiment are given in Table 4.3 .
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Table 4.3 Coagulation experiment results

Time t Mean count N /N
(minutes) ot
0 12081 1.0000
6 12003 1.0065
12 12141 0.9951
19 12020 1.0051
40 11773 1.0265

Where NO is the count at time = O

Nt is the count at time t

Considering that the repeatability of the Counter
is at best 1%, the counts are remarkably constant. So
from the table it can be seen that coagulation did not
occur until at least 40 minutes after mixing. The normal
time taken for an experiment at this concentration of
sodium sulphate was 4 minutes, and the maximum time
taken for any experiment was 9 minutes. So we can
confidently say that coagulation of polystyrene particles

during flotation was not an important process.

4.9.4 Redispersion of the particles in the foam

The purpose of the suction box sitting above the
flotation cell was to remove the foam produced, and
so eliminate the transfer of particles from the foam
back into the dispersed phase. To test its operation

an experiment was required.
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A particle suspension with a concentration of

10~ 2

M sodium sdiphate was floated in the usual way.
After 4 minutes the nitrogén line fo the cell was
disconnected and a sample taken. The suction box
remained in operation and the solution was gently
stirred with a spatula for another minute, another
sample was then taken. Both samples were analysed
and the results compared using the paired "t'" test.
There was no significant difference at the 95%
éonfidence level between the two sets of data.

This shows that redispersion was not an important

process during flotation.

4.10 Summary

In this chapter the equipment, materials and
techniques used in the investigation were described.

Tests were carried out and showed that:

a) The bubbles produced in the flotation cell
had diameters less than 100 microns.

b) The polystyrene particles could be dispersed
reproducibly in the flotation solution.

c) The particles were well mixed in the flqtation
cell.

d) Up to 40% of the surfactant was removed
during a flotation experiment.

e) The particles did not coagulate during a flotation
experiment, remaining discrete spheres.

f) Once removed from the dispersed phase the

particles did not return, so froth processes could be ignored.
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CHAPTER 5

EXPERIMENTAL RESULTS

The réte of flotation of the poletyrene particles
was measured in the flotation system described in
Chapter 4. The particle and bubble electromobilities
were altered by the addition of various amounts of
sodium sulphate to the flotation solution. Imn this
chapter the methods used to treat the raw experimental
data are explained. The results are then presented in
graphical and tabular form and discussed in relation to
the experimental and theoretical background. A

discussion of errors completes the chapter.

5.1 fhe raté of flotation results

5.1.1 .Calculation of the rate constant

The data from the Coulter Counter were worked up
in the appropriate way. Details of the manipulations
are given in Appendix A.2 . The corrected counts were
subtracted successively from each other to provide the
number of particles in a size interval. The diameter of
all the particles in a size interval was assumed to be

the arithmetic mean of the interval 1limits.

The assumption of first order kinetics with respect
to particle concentration was made, and yielded the

following equations:
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- — =%kN - , (5.1)

Where t 1is the time in minutes
N, is the count at time t

k_ 1is the first order rate constant

It must be remembered that N_ is really the concentration

of particles in the sample volume (10mls). Integrating

“equation 5.1 with the boundary condition:

’Nt =N att=0 (5.2)

We obtain:

In Hg

Ne

1]
bxes
ct

(5.3)

~Equation 5.3 shows that a plotvof 1n [No/Nt]
versus time should yield a straight line with a slope
equal to .kp , the rate constant,which is a measure of
the rate of flotation. The results were plotted and
a least squares technique (a CERN routine) was used to
estimate the slope, a subroutine was written to determine
the’standard error of the slope. The data ﬁanipulation
described was carried out on a digital computer, a
listing of the programme is given in Computer

Programmes Pl

5.1.2 The assumption of first order kinetics

The assumption of first order kinetics is attractive
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if only for its simplicity, but the correctness of the
assumption has been argued for many years. Klassen

and Mokrousov (1963) say tﬁat firsf order kinetics should
be observed in flotation, but they quote Bogdanov et al.
(1954) as finding that the order varied in their,
experiments from first to sixth, and Arbiter (1954)
found second order in his experiments. De Bruyn and
Modi (1956) found that the rate was first order for
particle sizes below 65 microns provided the solids
éontent of the pulp was less than 5.2%. Tomlinson and
Fleming (1963), Morris (1952), Bushell (1962) and
Woodburn and Loveday (1963) agree that the assumption
of first order kinetics is justified for equal sized,
identical particles. Recently Sheiham (1970) and Reay
and Ratcliff (1974) have used first order kinetics

successfully in flotation experiments.

~Flint (1973) says he is thankful that the time has
passed when flotation researchers attached considerable
importance to the order éf the microkinetic equation
5.1 and there seems no point in upsetting him here. In
this study first order kinetics was used because it

provided a good measure for the rate of flotation.

5.1.3 The gas flow rate

The gas flow rate was determined from readings of
the manometer and the soap film flow meter. The actual
flow rate was never exactly 3.5 litres/hour which was the

aim, so the values of the rate constants were corrected
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to 3.5 litres/hour on the aséumption:

kp « gas flow fate (5.4)

All flow rates were calculated at room temperature
and pressure. The relevant temperatures and pressures

appear in Appendix A.3 .

5.2 Electromobility data

The electromobility data required no other treatment
than the standard transformation of transit times in

seconds to electromobility in microns/sec/Volt/cm.

5.3 The results

5.3.1 The plots of 1n [No/Nt] versus time

The results of the experiments are given in
Appendix A.3 . Figures 5.1 to 5.8 show the plot of
1n [NO/Nt] versus time for six particle diameters from
eight representative experiments. It was more convenient
to use particle diameter than particle radius in the

experimental part of this work.

A number of comments can be made on these plots:

a) The assumption of first order kinetics was
justified.

b) The slope decreases with particle diameter in
each experiment.

c) Some of the lines of best fit do not intersect



94

Figure 5.1 ELxperimental results for 6 particle diamcters

Experiment 2 Plot of 1“(ND/N+) versus time
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FigureVS.Z Experimental results for 6 particle diamcters -

Experiment 3 Plot of ln(NO/Nt) versus time
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Figure 5.3 Experimental results for 6 particle diamecters -

Experiment 4 DPlot of ln(NO/Nt) versus time
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Figure 5.4 Experimental results for 6 particle diamecters -

Experiment 5 Plot of In(N /N.) versus time
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Figure 5.5 Experiméntal rcsults for 6 particle diameters -

Experiment 7 Plot of 1n(NO/Nt).versuS time
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Figure 5.6 Experimental results for 6 particle diamcters -

Experiment 8

Plot of 1n(NO/Nt) versus time
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Experimental results for 6 particle diameters -

Figure 5.7

Experiment 10 Plot of ln(No/Nt)

versus time
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Figure 5.8 GExperimental rcesults for 0 particle diameters -

Experiment 19 Plot of 1n(NO/Nt)'versus time
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the time axis at zero as expected, but at 30 - 40

seconds. This has to be explained.

Sheiham (1970) was faced with the same problem. He
attributed this to the uncertainty about the zero of
time which was also unéertain in this work. Conéider
a 100 micron diameter bubble formed on the frit at the
instant the flotation solution was placed in the cell.
This time was assumed to be zero time. The 100Vmicron
bubble would take about 20 seconds to rise to the top
~of the cell. During this time, although it may have
captured particles it was still in the dispersed phase
and its attached particles were capable of being sampled.
Smaller bubbles obviously take longer to rise and
complicate the matter further. The data of experiment

3 were calculated with 30 seconds taken from each

time. The recalculated slopes were only 4% higher than
the unadjusted slopes. Obviously the data from all

the experiments could have been treated in this way, to
produce lines of best fif which would pass through the
origin. This was not done as there was some uncertainty
about the correction to be applied, and the corrected
slopes wduld not differ greatly from the uncorrected

slopes.

5.3.2 The effect of surfactant concentration

In Chapter 4 it was shown experimentally that the
surfactant concentration was reduced to about 60% if its

original value by the end of a flotation experiment.
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To see if this lowering of surfactant concentration
greatly affected tha rate of flotation, an experiment
was run with the initial concentration of surfactant

3.0 x 10°°

M, 60% of its normal value. The result of
this experiment is presented graphically in Figure 5.9
which shows that the effect of the reduced concentration

was small.

5.3.3 The relationship between the rate of flotation

and particle diameter .

The log of the rate of flotationv(measured by the
rate constant) was plotted against the log of the
particle diameter; see Figures 5.10 to 5.14 . The results
from replicate experiments (i.e. using the same concentration

of sodium sulphate) were plotted on the same graph.

The data points were somewhat scattered but quite
consistent. There was a definité linear relationship
between the log of the rate constant and the log of the
particle diameter. This suggests a relationship of the

form:

y .
ky = (dy) (5.5)

Where kp is the rate constant
dp is the particle diameter

N is the slope of the graph

The slope N was determined by a least squares

method. The values of N are given in Table 5.1 .
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Figure 5.9 The effect of reduced CTAB concentration
on flotation rate
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Figure 5.10 Experimental results - effect of

particle diameter on flotation rate
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Figure 5.11 Experimental results - effect of -

particle diameter on flotation rate
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Figure 5.12 Experimental results - effect of -

particle diameter on flotation rate
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particle diameter on flotation rate
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.

Figure 5.14 Experimental results - effect of

particle diameter on flotation rate
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Table 5.1 The value of the exponent N in equation 5.5

Concentration of Mean mobility Value of N
sodium sulphate | microns/sec/Volt/cm -

5.0 x 107%M 4.8 1.5
1.0 x 1073M 4.3 1.4
2.5 x 1073M 3.9 1.6
5.0 x 107M 3.6 1.6
1.0 x 1072 4

M 2.9 1.

The value of the exponent for all experiments was about
1.5 . There was no systematic variation..in the eiponent
for the different ﬁarticle mobility conditions. The
results for the sodiuh sulphate concentration of

1 x 107%M are not included because the flotation rate

was very slow and the data were too scattered.

The value of the exponent (1.5) agrees very well
with Reay and Ratcliff (1974) who obtained 1.5 for glass
spheres. Their results for polystyrene particles could
not be duplicated for any of the conditions tried in this
work. The value of the exponent never approached the
value of 0.49 that they had found. No explanation can
be offered for their anomalous results for polystyrene

particles.

Fitzpatrick and Spielman (1973) found that the
filter coefficient in their experiments was proportional

‘to the 1.0 - 1.5 power of the particle diameter in fair
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agreement with the present work. The.dependénce
strengthened tdias much as the 3.0 power when the
double layer repulsion betWeeﬁ theif particles and
collectors was very high. This effect was not observed

in these experiments.

5.3.4 The relationship between the rate of flotation

and electromobility -

It becamé obvious that there was a relationship
Between the rate constant and the electromobility of
the particles (see tables in Appendix A.3). The data
were replotted for each of the six particle sizes to
determine the form of the relationship. Figures 5.15
to 5.20 show the replotted data. These graphs show the
rapid increase in flotation rate that occurred as the
electromobility of the particles was reduced. At an
electromobility of about 3.5 microns/sec/Volt/cm there
was a levelling off, or perhaps a maximum in the rate.
These graphs bear a .striking resemblance in shape to
the graphs given by Fitzpatrick and Spielman (1973)
for thé_plqt of filter coefficient versus concentration
of electrolyte in their filtration experimehts. Now the
electromobility of their test particles which were
negatively charged, was related to this electrolyte
concentration. The data from one of their experiments
were faken and replotted in Figure 5.21 using a scale
similar to the scale used in Figures 5.15 to 5.20 .
Fitzpatrick and Spielman suggested that the sudden change

in filter coefficient was due to the double layer
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Figure 5.15 Effect oflparticle clectromobility on

flotation rate for particles with a mcan diametcer of 20.8u
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Figure 5.16 Effect of particle electromobility on
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‘Figure 5.17 Effect of particle electromobility on

flotation rate for particles with a mean diamcter of 13.1u
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Figure 5.18 Effect of particle electromobility on

flotation rate for particles with a mean diameter of 10.4qu
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Figure 5.19 Effect of particle clectromobility on

flotation rate for particles with a mecan diamcter of 8.3y
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Figure 5.21 Fitzpatrick‘and Spielman's (1973) data

for one filter experiment -- filter cocfficient vs

electromobility

superficial velocity 0.35 cm/sec
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Professor J.T. Davies has suggested that a correlation
of the formln(‘l}A:A+B'UE where U is the particle mobility
P
and A and B are constants would be useful in linking the
data. Such a correlation leads to the following values for

A and B:
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repulsion between particle aﬁd collector. " The collector
in their case was a negatively charged glass sphere,
rather than an air bubble. Spielman and Cukor (1973)
showed theoretically that the filter coefficient would
behave in this way if double layer forces become
importaht. Perhaps double layer repulsion was responsible
fof the dependence of flotation rate on electrpmobilitf

of the polystyrene particles. See note on facing page.

" In the next few sections, the experiments conducted

to check this hypothesis are presented.

5.4 The charge on the bubble

To postulate that double layer repulsion was
responsible-for the behaviour of the flotation rate, the

bubbles must be shown to carry a positive charge.

The elec;romobility of bubbles has been studied for
over a century. McTaggart (1922) captured bubbles on
the axis of a rapidly rotating tube. His results are
complicated by the electro-oémotic flow of fluid super-
imposed on the electrophoretic velocity of the bubble.
Bach and Gilman (1938) studied the horizontal electro-
phoretic velocity of bubbles as they rose in a fluid.
According to Samygin et al. (1964) Bach and Gilman's
results were the best available, but théy were still
not reliable. Recently Samygin et ai. and Dibbs et al.
(1972) have tried to determine the Dorn potential of a

swarm of rising bubbles.. Lyman (1974) considers that
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the interpretation of their results is not possible
because the buEbles they.used were 1in the intermediate

- to high Reynolds number regime where theoretical analysis
of the Dorn effect is very complicated, and as yet

unsolved.

5.4,1 Theoretical considerations.

The electric field associated with a rising bubble ‘
is compiicated by the possibility of surface movement
‘and non-uniform distribution of surfactant around the
bubble. Lyman (1974) by extending the work of Harper -
(1972) has provided a criterion to judge if the surface
of a rising bubble is immobile. It applies to bubbles
with Reynolds numbers less than one, and Peclet numbers
greater than one. The criterion depends basically on
the activity of the surfactant measured by its édsorption

depth. Lyman's criterion for an immobile surface is:

= OC RT

> 1.7618 (5.6)
Ung ‘
Where o 1is the adsorption depth (cm)
. ¢ is the bulk concentration of surfactant

R is the universal gas constant
T is the absolute temperature (291°K)
U 1is the bubble riée velocity (0.55 cm/sec

- for a 100 micron diameter bubble, 0.14 cm/sec for a

50 micron diametér bubblé) .

ne is the fluid viscosity
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The Reynolds number for a 100 micron diameter bubble
is 0.55 and -‘the Peclet number is 1100 (assuming a

diffusivity of 5 x 10-6cm2/sec).

The adsorption depth can be determined from a
surface tension versus concentration plot. If the
surfactant solution is dilute the adsorption depth is

‘given by:

by

_ 1

Al

Cc

w

Where I 1s the surface excess or adsorption density

vy is the surface tension

B can vary between one and two. Pethica (1959) and
Lemlich (1968) have discussed the value of g . For
nonionic surfactants g equals two, for ionic surfactants
in the presence of excess electrolytes with a common

ion, B equals one. For salt free solutions of ibnic
surfactant B8 Qaries between one and two depending on
concentration. The correct value of 8 -in these

experiments was assumed to be two.

By replotfing the surface tension data from Figure
4.3 dvy/dc was estimated to be -3.3 x 107 dynes cmz[mgle.
From equation 5.7 the adsorption depth was then 7 x 10f4cm,'
this is a reasonable value. According to Nilssbn (1957)
sodiumbdodecyl sulphate has an adsorption depth of
4 x 10~ %cm. |
~ Substituting into equation 5.6:

q =170 >> 1.7618 for a 100 micron diameter bubble
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For bubbles with smaller diameters q 1is even higher.
Based on the value of q Lyman (1974) has shown that
the bubble surface will be immobile. Furthermore, the
adsorption density (surface excess) variation around the
bubble will be negligible. This means that the bubble
can be treated as a solid sphere. The only electric
field around the bubble, other than the double. layer is.
the field associated with a sedimenting sphere. This
field comes from the shearing of the double layer and

is responsible for the sedimentation (Dorn) potential.

The process of bubble formation oh a porous frit
is necessarily a dynamic one and adsorption of surfactant
onto a bubble takes a finite time. Perhaps the above
arguments are not valid in a dynamic system. Fortunately
Lyman also provides an estimate for the time taken for
a bubble to take on an equilibrium load of surfactant.
By solving the diffusion equation with the appropriate
boundary conditions Lyman was able to show that the rate
of change of the adsorption density on the bubble, in a
stagnant liquid, depended on the value of the smaller of

the two characteristic times T2 and p2.

2 = 3p° . (5.8)
D
2
2 = -...c—!- (5‘9)
P D

Where ay is the bubble radius

D is the diffusivity of the surfactant
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For the experimental bubbles p?< T2 so taking the
diffusivity of CTAB as 5 x 10-6cm2/sec (typical for

a large molecule (Perry (1963))):
p2=9.8 x 10”2 sec

Lyman suggests that a bubble will pick up its full

load of surfactant in about four characteristic times

or about 0.4 seconds. In this time a free rising 100
micron diameter bubble will travei only about O.2cm .
The adsorption time will be further reduced by convection
as the bubble rises. A bubble in a strong surfactant
solution such as CTAB, carrying an equilibrium surface
concentration of the CTAB® ion would be expected to be

positively charged.

These arguments only apply to a solution containing
one surface active substance. The flotation solution
in this investigation contained large quantities of
ethanol as well as the CTAB. Ethanol has an adsorption ]
depth of 7 x 10~%cm acéordihg to Bakker (1966), two |
orders of magnitude less than the value for CTAB. The
ethanol was present in such large amounts (0.09M) that
the high é@tivity of CTAB may have been swamped by the
" ethanol. Ethanol certainly had about ten times the
effect of CTAB on reducing the bubble size produced on
the frit, which indicated that it was '"there first".
Reay ;nd Ratcliff (1974) spechlated that the alcohol in
‘their flotation system would have prevented adsorptipn

of the cationic surfactant. They then explained their
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results by assuming that the -bubbles were negatively
charged. Their assumption is the antithesis-of the
assumption necessary to explain the results here. For
clues to the role of the ethanol we can look again at
the surface tension data and the rate of removal of the

CTAB.

5.4.2 Experimental considerations

The surface tension of a pure CTAB solution at
5 x 10™°M was 68.9 dynes/cm at ZOéC. The surface
tension of a 0.5% V/V solution of ethanol was 71.0
dynes/cm. The surface tension of a solution of 5 x 107°M
CTAB and 0.5% V/V ethanol was 67.0 dynes/cm. So at
least at equilibrium the CTAB had the greatest effect on

surface tension.

The CTAB concentration in the solution was reduced -
to 60% of its initial value (see section 4.9.2) after
10 minutes of flotation. The initial rate of removal of
CTAB was estimated from Figure 4.10 to be 3 x 107% moles/
min (~18 x 1017 molecules/min). The number of bubbles
with diameters of 50 microns passing through the cell at
63 mls/min was 9.4 x 108/min. So if we neglect any
effects 6f foam drainage, each bubble carried on it
1.9 x 10° molecules of CTAB. The surface area of a 50
micron diameter bubble is 7.9 x 10 °cm?. The surface
area occupied by one molecule then was approximately
400&2. The area occupied at equilibrium by a molecule

can be determined from the surface excess. If the value
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of the adsorption depth of'CTAB_is 7 X 10'4cm, the

S

surface excess at a concentration of 5 x 10 °M

(5 x 10'8moles/cm3) is:

' = acC

3.5 x 10711 poles/cm? - (5.10)
The area occupied by a molecule is given by:

Area =

16
10 RS?

(5.11)
6.02 x 1023 x T

According to Rubin and Jorne (1969).

Substituting the value of T from equation 5.10
the area was 480X2 which was almost identical to the
value obtained from flotation data. This strongly suggests
that at least by the time the bubbles had left the
flotation solution they had collected their equilibrium

load of CTAB, despite the presence of ethanol.

5.4.3 Direct determination of the bubble electromobility

A standard flat electrophoresis cell was modified
slightly by sealing two thin platinum wires into the
cell with Araldite, as shbwn in Figure 5.22 , Shaw- (1969)
sanctions the use of Araldite in an electrophoresis cell,
as long as leaching of the adhesive does nat occur.
Cleaning was difficult, the Araldite had to be burned

off before cleaning with chromic acid.

Flotation solutions containing various concentrations

of sodium sulphate were first saturated with oxygen then
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Figure 5.22 A schematic representation of

the electrephoresis cell modified for bubble

electromobility measurements

A - Araldite

D - dry cell

I,“_h / S - switch
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poured into the modified cell. A short burst of

current at 12 Volts was passed through thevsolution

via the wires. The bottom wire was connected to

earth to ensure that the bubble was not éharged by the
circuit. Bubbles were produced which rose through the
solution. The eleétric field of the instrument was
switched on and the horizontal velocity of the bubbles
-was measured at a stationary level. Only the electro-
mobility of bubbles with diameters of about 35 microns
could be measured. If the bubbles were much smaller théy
dissolved, if they were much lérgervthey rose too quickly
to follow. The velocity of a 35 micron diameter bubble
is about 0.05 cm/sec. At this velocity the bubbles
could be followed by using thevvertical micrometer

adjustment on the microelectrophoresis apparatus.

The theory which predicts the position of the
stationary levels in a flat cell aséumes that the point
of observation is at the centre of the cell (van Gils and
Kruyt (1936)). The observations on the bubbles necessarily
had to range vertically about O.lcm on either side of
the centre. The original equation of flow in a rectangular
tube derived by Cornish (1928) was examined. This
examination suggested that the velocity gnd hence the
position of the stationary levels was roughly constant
within about O0.15cm of the centre of an electrophoresis

cell of 0.1 x 1 cm cross section.

To check this prediction the electrophoresis of

human erythrocytes in M/15 phosphate buffer at pH 7.4 was
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determined at various distances from the centre. The
expected electromobility is =-1.31 microns/sec/Volt/cm.

The results are given in Table 5.2 .

Table 5.2 Electromobility of human erythrocytes

Position from cell Mobility
centre (cm) microns/sec/Volt/cm
+0.050 -1.27
-0.050 -1.35
-0.155 -1.21
-0.250 -1.16
-0.350 -1.12

The results presented in Table 5.2 showed that the
electromobiiity could be determined up to 0.15cm away
from the centre of the cell, if a possible systematic.

error of 8% could be accepted.

The electromobility of bubbles of oxygen was
determined as described. Measurements could only be
made at one stationary level because of the.small area
of the cell traversed by the bubbles. The results are

given in Table 5.3
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Table 5.3 The electromobility of oxygen bubbles

Conc of Conc of Conc of sodium Mobility of
CTAB (M) ethanol sulphate (M) bubbles

% V/V microns/sec/V/cm
5 x 1070 0.5 5 x 1074 : 4.9
5 x 1079 0.5 1 x 1073 " 5.0
5 x 10°°°| 0.5 5 x 1073 3.9
5 x 1072 0.5 1 x 1072 3.9

These results show that the bubbles in the
electrophoresis cell were posifively charged soon after
being formed, despite the presence of ethanol. Interest-
ingly the electromobility of the bubbles was of the same
order as the electromobility of the polystyrene particles.
These results and the discussion presented in the last
two subsections make it reasonable to assume that the
bubbles formed in the flotation cell wére also positively

charged.

5.5 Alternative explanations for the effect of sodium

sulphate on flotation rate

5.5.1 The effect of inorganic salts on adsorption of

surfactant

Connor and Ottewill (1971) showed that inorganic
salts increase the adsorption.of CTAB onto polystyrene

~ surfaces, and it is well known that inorganic salts have
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the same effect on the air/water interface. In the
flotation experiments an inorganic salt, sodium sulphate;
was added to reduce the zeta potential (electromobility)
of the particles and the bubbles. Perhaps the effect of
zeta potential on the rate of flotation postuiated in
Section 5.3 could be explained equally well by the
increased adsorption of surfactant. In particular, if
the surface‘ténsion of the surfactant solution was
lowered perhaps the bubble size produced on the frit
would be reduced. Reay and Ratcliff (1973) showed that
the rate of flotation should vary as one oVer the cube
of the bubble radius, could this explain the results?
Increased- adsorption of surfactant on the particle surface
may have made the particles more hydrophobic and hence
increased thé rate of flotation. These alternative

hypotheses had to be examined.

5.5.2 Surface tension and salt concentration

The surface tension of the flotation solution was
determined with varying amounts of sodium sulphate added.

The results are presented in Table 5.4 .
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Table 5.4 The effect of sodium sulphate on the surface

tension
Concentration Surface tension
sodium sulphate dynes/cm at 20°C
) '
0 - 67.0
1 x 1074 58.0
5 x 1074 54.8
1 x 1073 53.0
5 x 1073 50.7
1 x 1072 47.5

The surface tension was lowered by sodium sulphate

as expected.

5.5.3 Bubble size and salt concentration

The lowering of surface tension may have reduced
bubble size, although the size of the bubbles from a
frit in the presence of alcohol does not seem to bear the
same relationship to surface tension as a bubble produced
at a single orifice. Photographs were taken of bubbles
‘formed in the flotation solution in the presence of
1 x 107 2M sodium sulphaté, and their sizes determined éé
described in Section 4.6.5. The mean diameter of these
bubbles was 56 microns with a standard deviation of 11
microns, this compares with a bubble size of 53 microns

in the presence of 1.3 x 107*M sodium sulphate. The two



129

sets of photographs were taken under identical conditions,
so although the more or less equilibrium surface tension
of the solution was lowered by the addition of sodium

sulphate, the bubble size remained constant.

5.5.4 Contact angle and salt concentration

An attempt was made to determine the contact
angle of the polystyrene particles in flotation solutions
containingAvarious amounts of sodium sulphate. Bubbles
were generéted in the modified electrophoresis cell
described earlier, and allowed to rise through polystyrene
particles suspended in the flotation solution. When
individual bubbles had risen tc the top of the cell
photographs were taken of the particles ﬁanging below
the bubbles,.and the contact angle was measured from
these photographs. Unfortunately, because of the small
size of the particles the contact angle which was about
509-600 was difficult to measure; so the results were
not clear-cut. However there was no definite change in
the contact angle as the sodium sulphate concentration

was increased.

5.5.5 Simulating the 'mon-double layer" effect of

sodium sulphate

Four experiments were carried out to try at least
qualitatively, to simulate the effect of increased
adsorption of CTAB or ethanol caused by the sodium
sulphate. The conditions chosen for these experiments

are given in Table 5.5 .
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Table 5.5 Conditions for simulation experiments

Experiment [Conc of |[Conc of | Conc of _Surface
number CTAB ethanol NaZSO4 tension
™M) $ V/V dynes/cm
(M)

15 5.00x105| 0.75 | 5 x 10°% | 54.0
18 [5.00x107| 1.00 | 5 x 10% 53.0
17 6.25x1073] 0.50 5 x 1074 55.0

16 7.50x1073 0.50 5 x 10”4 51.8

As the increased adsorption of surfactant is only
a second order effect (Kitchener (1975)), the results
of these experiments should show the effect of the

increased adsorption on the rate of flotation.

The results are given in Appendix A.3 and are
presented graphically in Figure 5.23. The figure 5.23
has been drawn withbthe experimental pbints of all four
~experiments plotted together with the line of best fit
calculated from experiments 1 ,_2 » 3, and 4 (normal
surfactant/frother conditions). The surface tension of
the solutions showed that increased adsorptioﬁ had taken
place at the air/water interface. Increased adsorption
must also have takenvplace on the polystyrene particles.
Despite this increased adsorption the flotation rate did
not increase. In fact the rates of flotation in
experiments 17 and 16, in which the CTAB concentration

was increased, were considerably slower. This agrees
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Figure 5.23 Simulation of the non-double layer effect

of sodium sulphate (refer section 5.5.5)
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with the initial tests on flotation presented and

discussed in section 4.5 .

5.6 The van der Waals dispersion and double layer

interaction energies

The van der Waals dispersion and double layer forces
have been discussed in general terms so far. Now let
us examine the magnitude of these forces in terms of

potential energy.

To calculate the van der Waals dispersion interaction
energy, the Hamaker constant for thevinteraction of
an air bubble with a polystyrene particle through a
layer of water is required. A search of the literature
showed that no calculation had been made for this
particular system using'the Lifshitz formula, equation
2.13 . The constant had to be estimated with the help

‘of the éombining‘law approximations: (see Section 2.2.5)

’ 1
Ayso = £(Ay31° Agso)? v
(5.12)
1
= t(Aypg1° Azg3)°

Where medium 1 is polystyrene
.medium 3 is water

medium 0 is air (vacuum)

Values for the quantities on.the right hand side of
equation 5.12 can be found in a number of reference

papers; Visser (1972) for-example. The values used
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here were taken from a generally accepted paper by

Krupp et al. (1972).
Ajz; = 0.34 x 10713 ergs

A303 = A33 = 4.35 x 10-138I'g5
So: '

1 ' '
(0.34 x 4.35)% x 10713 ergs

I+

Ajzp =

11
I+

1.22 x 10713 ergs

To decide the sign, we need to examine part of the

equation 2.13 :

(e1 (18) - e3(i&)) - (eo(i&) - e3(ig)) > O

: (5.13)
for Ay3p > 0. The frequency dependent dielectric

constants are not known but can be approximated, according
to Israelachvili and Tabor (1973), by the static dielectric
constant e;(0) . The dielectric constants are to be
estimated by the square of the refractive index of the

particular material.

e (0) = (1.56)2 = 2.43
e (0) = (1.33)2 = 1.76
eo(0) = (1.00)2 = 1,00

If we substitute these values into equation 5.13

we find that the sign of A;3p is negative, so:

Ajzo = -1.22 x 107 13ergs
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The value of A;;, can be estimated in another way.
Visser (1972) gives the following formula as a good
estimate of A;3p, it is a corrected version of equation

2.14
Agzg = K (Ajg*+ Azz - Ayg - Agg) (5.14)

Where Km accounts for the transmission of the inter-
action through medium 3 . The value of Km for water

is 1.6 . Krupp et al (1972) found that the approximation:
1
A = (A = Ap)° (5.15)

was correct within 5% for all the substances tested.
With the help of these two approximations and the value

for polystyrene taken from Krupp et al:
Ajp = 6.56 x 107 13 ergs

A 130 can be calculated. The value of Ajspestimated in
this way 1is -i.55 x 107 13ergs, in fair agreement with
the first method. The important point is that both
.estimates give a negative Hamaker constant which means
that the van der Waals dispersion contribution to the
disjoining pressure is positive (repulsive). As a
furtﬁer check, Visser's condition for a negative

Hamaker constant 1s satisfied:
Ay > Agg > Ay ; 6.56 > 4.35 > 0O (al1x10-13ergs)

The dispersion energy can be calculated by using

equation 2.11
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A .
v, = —A130(8 2p) (2.11)
6h (ab+ap)

Where VV is the van der Waals dispersion energy
ay is the bubble radius
a is the particle radius
h is the distance of separation

A ,3pis the Hamaker constant (- 1.22 x 10'13ergs)

The energy of interaction for double layer forces
can be calculated using equation 2.6 for approach at
constant potential. Hogg et al. (1966) have shown that

it is a good approximation for ¥ _ and Y, up to about

p
60mv:
_ ea_a 1 + exp(- «h)
VDL = p_b 2 ?p ?bln
4(ap + ab) . 1 - exp(- «h)
+ (wp2+ wbz)ln 1 - exp(-2«h
Where VDL is the potential energy of the double layer

Wp’ ¥, are the surface potentials of the

particle and bubble respectively

Figure 5.24 shows the interaction energies for two
particle/bubble flotation conditions. The usual
assumption that Wp and ¥, can be approximated by the

zeta potentials ¢ _ and £y, Wwas made. Zeta potentials

p
can be calculated from the electromobility by means of
the relation: ¢ = 12.85U; at 25°C - (xa300)

The particle and bubble radii were taken as 5 and 50

microné respectively. The particle/bubble conditions
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are given in Table 5.6 .

Table 5.6 Conditions chosen for the interaction

calculations
Condition K cm™1 cp mv Zy, mV
1 6.6 x 10° 60 60
2 4.6 x 106 | 40 50

Condition 1 was typical for the slowest flotation,
condition 2 was typical for the fastest flotation found.
As can be seen in Figure 5.24, for condition 1 double
layer repulsion predominated for all distances. The
range and the size of the double layer interaction was
reduced drastically for condition 2 . Double layer
repulsion predominéted at small distances of separation
for condition 2 but at larger distances the van der
Waals dispersion interaction was larger. The van der
Waals potential was calcﬁlated for unretarded forces
and the retardation effect would reduce the size of the
potential for h ) 2008 . The behaviour shown in
Figure 5.24 is consistent with the hypothesis that
double layer forces controlled the rate of flotation.
The dominance of double layer forces at condition 1
and the reduction of the forces for condition‘ 2 is

necessary for the hypothesis.’
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Figure 5.24 Potential energy curves for conditions

1 and 2 and the van der Waals dispersion energy
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5.7 Discussion of the effect of double layer forces

The resﬁlts and arguments presented in sections
5.4 to 5.6 all support the hypothesis that double layer
forces controlled the rate of flotation of the poly-
géyrene particles. Indeed there seems to be no other
explanation. The hypothesis is strongly supported
by Blake and Kitchener's (1972) results on film thinning.
Their work had demonstrated that double layer repulsion
could be expected to influence flotation kinetics and
this is just whaf was observed. The only doubt lies
with the specific surface term. Perhaps the magnitude
and/or range of these forces was altered by the addition
of electrolyte. In assuming that this effect can be |

ignored, we are in the good company of Read and

Kitchener (1967) and Blake and Kitchener (1972).

The behaviour of the rate constant in these
experiments and the behaviour of the filter coefficient
found by Fitzpatrick and Spielman (1973) is so similar
that it cannot be accidental. On a microscopic scale
the two processes differ in the sign of the van der
Waals dispersion energy. In the filtration experiments
there was an attractive van der Waals dispersion force, ~
while in the flotation experiments the van der Waals
dispersioh force was apparently repulsive. We know
however that an attractive force must exist at some
dlstance of separatlon or flotatlon would not occur,

so the two processes are still qualitatively similar
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in having a net attraction between particle and

collector.

The flotation results were for rather restricted
(but important) conditions. The bubbles were small and
the surfactant active, which meant the bubbles would
behave 1like solid spheres, both hydrodynamiéally and
electrically.. As a consequence of the bubble size,
Stokes flow was a good approximation for flow around
the bubble. Spielman and Fitzpatrick's collectors
were solid and the flow éround them was slow enough
for Stokes flow to hold; Under different flotation
conditions there may be no similarity. This can only
be checked by careful experimentation. For the
particular flotation conditions used in this study
there is a strong case for making use of experimental

and theoretical filtration work.

5.8 Discussion of errors

5.8.1 The rate of flotation experiments

Volumetric errors were kept to a minimum by using
the same vélumetric glassware throughout the éxperimental
programme. Errors in the gas flow rate were quite small,
less than 2%. vThe accuracy of the clock used in the
flotation experiments was checked against the electro-
mechanical clock of the microelectrophoresis instrument.
It was found to be accurate to one second in ten minutes.

The zero of the time was uncertain as discussed earlier,
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but this was not due to timing errors.

Counting errors were thought to be responsible
for most of the scatter of the data points. These
counting errors arose because.of the accumulation of
the normal Coulter Counter errors in the final réte
constants. In Appendix A.4 two examples are presented
which illustrate how relatively small errors in
cumulative counts can produce larger errors in the value
of the ratio 1n [No/Nt ]. The total error in the rate
constants was expressed as the standard error. These

errors are included in tables of Appendix A.3.

5.8.2 Electromobility experiments

All care was taken to ensure that systematic errors
were eliminated from the determination of the particle
electromobility results. Random errors due to timing
of transit times. temperature variations, accuracy in
determining the positions of stationary levels, etc.
were present as they will be in any electromobility
determination. Shaw (1969) discussed electromobility
errors. From his comments and conclusions the typical
standard'deviation (10% of the mean of individual

particle mobilities) found in this work seems satisfactory.

The bubble electromobility results were subject to
a possible systematic error of about 8% because the

determination was made away from the centre of the cell.
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Experimental errors are part of any investigation
but despite the errors encountered in this work, the
dependence of the flotation rate on particle size and

double layer repulsion was conclusively demonstrated.
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CHAPTER 6

A THEORETICAL INVESTIGATION OF COLLISION EFFICIENCY

In this chapter an assumption 1is made_abdut.the
attractive force that must exist between a bubble and
a particle. A mass transport equation is derived, then
the equation is put into a suitable form and solved.
The results of the numerical solution are presented

graphically and then discussed.

6.1 Introduction

We héve seen in Chapter 5 that the rate constant
for flotation beHaved in a very similar manner to the
filtration coefficient in Fitzpatrick and Spielman's
(1973) expefiments. As discussed in Chapter 5 there
are many similarities in the two processes. It was
decidéd to investigate collision efficiency in flotation
by using the method of Prieve and Ruckenstein (1974) who

had calculated filtration collector efficiency.

In Chapter 5 we found that the Hamaker constant for
the particle/bubble interaction was negative, which
implies a repuléive van der Waals dispersion contribution
to the disjoining pressure. The double layer and van
der Waals contribution to the.disjoiniﬁg pressure should
ensﬁre that the particles are hydrophilic, but the

particles are hydrophobic. They form a non-zero contact
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angle and are floatable. Thé specific surface forces
term has been ignored so far-and it obviously must be

the most important termsmaking up the disjoining pressure.
The fact that a non-zero contact angle is formed implies
an attractive force (negative disjolning pressure) acts
at some distance of separation. In principle we could
define an effective Hamaker constant that would account
for the attractive force. The value of this effective
Hamaker constant is unknown, indeed the form of the
attractive force is unknown, but for the purpose of

the theoretical analysis let us assume that the effective
Hamaker constant is 4 x 10~13 ergs, about 10kT at

290°K . Let us further assume that the form of the
attractive force is the same as the nonretarded van der

Waals dispersion force.

6.2 The model

Consider an isolated spherical bubble held stationary
in a creeping (Stokes) flow field (i.e. with Re<1).
The Reynolds number is defined as Zab U Ps
nf
and Re < 1 means that inertial forces are negligible
compared with viscous forces. Small spherical particles

are suspended in the surrounding fluid.

The following assumptions are made:
"a) Both particle and bubble are rigid, smooth
spheres. The velocity of the fluid a long way from .

the bubble is equal to the bubble's terminal velocity U .
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The assumption Qf a rigid surface is obviously correct
for the particlé, and from Lyman's (1974) work it is
also correct for the bubble; The éssumption of Stokes
flow is good for bubbles less than about 100 micfons
in diameter.

b) The total interaction between particle and bubble
is attractive as discusséd above.

c) Any pérticles collected are immediately swept
to the rear of the bubble leaving the front always
élear. Tomlinson and Fleming (1963) obtained photo-
graphic proof of this movement of particles.

d) The terminal velocity of the bubble is not
affected by any coliected particies. At a particle
concentration of 0.5 grams/litre one 50 micron
diameter bubble only captures one or two particles of
nearly neutral buoyancy, so the assumption is a reasonable

one. -

6.3 Derivation of governing equations

To obtain the collision efficiency we are going to
determine the concentration of particles near to the
bubble and hence the fiux onto the bubble. Integration
of the flux over the bubble, after some manipulation, will

yield the colliéion efficiency.

The equatibn of continuity for mass diffusion in
spherical coordinates is giveh by Bird et al. (1960)

as.:
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L

1 3. . | |
5 56 (Ne sine) =0 (6.1)

2
3?-(T2Nr) * ¥ sins

. for azimuthal symmetry and assuming that the time
dependent term 3c can be neglected (i.e. steady state
conditionsj °t
Where T 1is the radial coordinate_
8 1is the angular coordinate
N_ is the radial component of -the pérticle.flux

N, is the angular flux

Figure 6.1 is a diagram showing the sphere, the particle

énd the coordinate system.

The radial and angular fluxes are made up from

convection and diffusion terms:

) = vc -D2E
_Nr =Vv.C 5T ,(6'2)
_ _ n 2¢ v
Ng = Vgc - D =5 (6.3)

Where v, and v, are the radial and angular velocities
of the particle respectively
¢ 1is the particle concentration
D is the position dependent diffusion

coefficient of the particle T

For simplicity D %%v is assumed to be negligible.

This éssumption is made mainly for numerical convenience,
as.we shall see later. The assumption is justified
according to Levich (1962) because the derivatives along

the surface of the sphere are small compared with the
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Figure 6.1 Coordinate system for particle and bubble-

Figure 6.2 The effect of the transformation n=1—e-bH
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derivatives along the radius vector. Equation 6.3

becomes:

Ne= Ve C (6.4)

By performing a radial force balance Spiélman
and Fitzpatrick (1973) determined the radial velocity
of a particle attracted to a spherical collector by

van der Waals dispersion forces.

vr(h,e) i s.(hy8) £ (h/ap) _ E Aap3
m(h/a 3 (h + 2a_)2h?
(h/a) m_ ( a P h?
a L/«“AC(‘T/‘L/:"f
viscous - fluid motion dispersion
drag force force
(6.5)

Where m(h/ap) is the position dependeﬂt particle
mobility (velocity/unit force)
m_ is the particle mobility far from the
bubble

A is the effective '"Hamaker constant"

Hamaker's (1937) expression for the nonretarded
force was used. The expression for the force exerted
by the fluid was taken from Goren and O'Neill (1971).
The factor ﬁz(h/ap) corrects the radial force exerted
on a stationary spherical particle by an axisymmetric
stagnation flow over a plane, a distance h from the

surface of the sphere.
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The tangential diffusion has been assumed fo»be
zero, So only fluid motion contributes to thé
tangential particle velocity. Near the collector the
fluid is in uniform shear fiow. Goldman et al. (1967)
studied thé viscous motion of a sphere in Couette flow
and found that theyparticle velocity was less than the

undisturbed fluid velocity at the particle centre, hence:
vy (h,8) = s, (h,8) £ (h/ap) (6.6)
Where Sq is the angular fluid velocity

The factor £ (h/ap) is the appropriate correction

factor.

Brenner (1961) calculated the motion of a sphere

very near a solid object and derived a modified Stokes

equation:
v - £, (h/a_) .
L = m/a) = ——P° | - (6.7)
F P 6 Tng a

Where F is an applied force

fl(h/ap) is a correction factor

-

We introduce a position dependent diffusion coefficient

D . According to the Nernst - Einstein equation:
D = m(h/ap)' kT (6.8)

Where k 1is Boltzmann's constant

T is the absolute temperature’
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Then from equation 6.7 the position dependent diffusion

coefficient of the particles can be expressed as:
D = D fl(h/ap) (6.9)
Where D is k T 6 a
o / T ng p
The three factors £, , f, and f3 are strictly
only correct for a sphere and a flat plate. We will

assume they are correct for a small particle and a much

larger spherical bubble.

The fluid velocities S. and Sy can be easily

obtained because we are dealing with a system in
Stokes flow.‘ Bird et al. (1960) give the. equations as

follows (with the appropriate signs):

3 [a, 1 33
- [1 - - (ER) + - (Eh):]cos 8 "~ (6.10)
2-\rT 2 \rT
3 1 3
iﬁ = [1 - (Eh> - - (EP) ]sin 6 (6.11)
U T 4 \r

It is convenient to make equations 6.1 , 6.5 ,

s
I
U

~

and 6.6 dimensionless. This reduces the number of
variables and puts the equations into a more manageable
form without loss of genmerality. The following

substitutions were made:
C* = % :~- the dimensionless concentration relative
o«

to the concentration ¢, a long way from

the bubble
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H = h/a_ :- the dimensionless distance between
bubble and particle surfaces relative
to the pérticle.radius

Y = y/a_ = H + 1 :- the dimensionless distance

between particle centre and the bubble

surface .
R = ab/ap:— the ratio of bubble to particle radius
ZaEU . : )
Pe = :- the Peclet number for the particles;
Ve the ratio of convectional to diffusional
transport
u* = vb/U :- the dimensionless angular velocity
relative to the bubble's terminal
velocity U
v* = Vr/U t- the dimensionless radial velocity
relative to the bubble's terminal
velocity U
Apr = A/KT :- the dimensionless "Hamaker constant"

relative to kT

When these substitutions are made and it is recognised

that S, Cote = 255 the following dimensionless equation

is produced:

2R 32C* 2R /df;  2£, (H) 3C*
— £, (H) + | — (——- + >- v | —
Pe 5 H2 Pe dH R+Y 9H

| 2. du* av* u* 9C*
- (V* + ) + C* = -
R+Y 96 9H R+Y 26

(6.12)



151

with: : L _
3 9 Yf; (H)sine : '
u* = [— R2 + Y(— R + Y)]———- (6.13)
2 4 (R +Y)3
and: _
. 3 f1(H)f,(H) cose
v = - Yz(— R + Y)
. (R +Y)3 i

4 A (R ) f,(H) '
. ) — 6.14
3 KT \pe/(y2- 1)2 (6.14)

The boundary conditions are:

c* =1 as H - « for all (6.15a)

c* = O at H = 0 for all o (6.15b)
3C* = O at 8 = 0O for all H " (6.15¢)
a0

Condition 6.15a expresses the fact that far from the
bubble the concentration approaches c_, - Condition
6.15b results because once the particles have contacted
the bubble they are no longer part of the dispersed
phase so the local concentration is zero. Condition

6.15c is the result of symmetry about ¢ =0 .

6.4 Solving the equation

6.4.1 The factors making up the coefficients of the equation

The equation 6.12 has variable coefficients which

have to be evaluated before solving the equation.
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The factor £, (H) was.éaken from Brenner (1961).
The expression needed to evaluate the factor is given
in Appendix A.6 . The derivative of f; (H) with respect
to- H 1is also required. This is a complicated expression

also given in Appendix A.6 .

The factor f,(H) was taken from Goren and O'Neill
(1971). The tabulated values for f,(H) giveﬁ in their
paper are correct, but the formula they quote near their
equation 3.14 contains twd typogréphical errors. The
éorrected equationvwas obtained with the help of ﬁr.
,M.E.O'Neill.(1975). It is odd that the‘error had not
been noticed before, as a numbef of workers had used
the factor without mentioning the error. The corrected
expression and the expression for the derivative of

f, (H) ‘with respect to H are given in Appendix A.6 .

The factor f3;(H) was taken from Goldman et al.
(1966). The analytic form of f£f3(H) is difficult to
obtain, and interpolation between the tabulated values_
given by Goidman_et al. Was at first not possible.

After a suitable transformation however, the form of the
equation was changed and accurate interpqlafion was
possible. The method of generating f;(H) is given in

Appendix A.6 .

The other quantities were calculated fairly easily
although some of the expressions look a bit horrific.
The expressions for all the quantities are given in

Appendix A.6 .
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6.4.2 Transformation of the boundary conditions

The boundary conditions are unsuitable in their
present form because of the infinite outer boundary.
The infinite radial domain (O <H<«) can be compressed
into a finite domain (O< n <1) by using the tfans-

formation:
n =1-e (6.16)
Where b 1s an expansion parameter

The effect of this transformation in the radial domain
is shown in Figure 6.2*. Note the transformation
variable .n is not to be confused with the symbol for
viscosity n . Their use is Sufficiently different for

this not to occur.

Equation 6.12 with its attendant boundary conditions

6.15 , can now be written in a suitable form for solution.

The transformed equation is:

2R 3%L* | 2 2R [dfy 2
—_— -fl [b(l - 'n)] +{ — + fl - b - v* .
Pe an? Pe \ dH R+Y

ac* . 2 du* av* u* 3C*
[b(l.-n)] - v + cr = —-
an R + Y X 5 H R+Y 38

(6.17)

With u* and v* given by equations 6.13 and 6.14

* pigure 6.2 is on page 146
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The boundary conditions ‘are now:

c* = 1 at n

= 1 for all (6.18a)
c* = 0 at n = 0 for all o _ (6.18Db)
3C* _ _ ‘ .
= 0 at ¢ = 0 for all g (6.18c)
20

Equation 6.17 is a second order partial differential
equation in a form suitable for solution by a standard
method. The complicated nature of the coefficients should
not hide its basic form.

ac* 92 C* 3 C*

= A(Tl’e) 5 + B(Y’lae)
260 an ' an

+ D(Tl ,6)

(6.19)

If we had retained the diffusional contribution to

the aﬁgular flux the equation would have been elliptic
instead of parabolic. An elliptic equation would requife
~a more time consuming numerical technique and an

additional boundary condition would be needed.

6.4.3 Method of solution

We have a relatively standard second order partial

LI

 differential equation but no "starting" condition, i.e.-

the values of C* at ¢ = O . We have the boundary
condition:
ac* '
=0 at ¢ = 0 for all nq (6.18c)

96
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Substituting this boundary cﬁndition into equation
6.17 , it is reduced to a second order ordinary
differential equation with two boundary conditions,
6.18a and 6.18b . This equation can now be solved and
the resulting concentration profile can be used as a

starting condition for the equation 6.17 .

6.4.4 Computer programmes

Considerable time and programming effort was saved
by the use of suitable existing programmes from the
library facilities at Imperial College. The Harwell
subroutine library (United Kingdom Atomic Energy
Authority (1573)) includes two subroutines called DDOlA

and DPOlA .

DDO1A solves a two point boundary value problem

for a second order ordinary differential equation of

the form:
%;% s F o+ sy = Q) (6.20)

using the method of Fox (1947).

DPO1A advances the solution of a two point boundary
problem for a parabolic linear partial differential

equation of the form:

32 3Y 4
2 = Alxt) 335 * B(x,t) 3%+ D(x,t)y + E(x,t)

(6.21)
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That is, given ;he solution at t = to‘ the routine finds
the solution at t = t, * 8t . The term %% is replaced
by a finite difference formﬁla and'the resulting equation
is solved by calling DDO1A . DPOlA requires a sub-
routine FUNCTS to be written by the user to calculate

the coefficients A(x,t) , B(x,t) , D(x,t) and E(x,t)

in equation 6.21 . To test that DDOlA and DPOlA were

working correétly they were used to solve equations

with known solutions, (see Appendix A.S5).

The subroutine DPOlA is designed to solve an open
ended problem. The problem here is not strictly open
ended, being the concentration profile around a sphere.
An examination was made of all the coefficients in
equations 6.12 , 6.13 and 6.14. It was found they were
symmetric about the vertical axis of thevbubble and hence
the solution of equation 6.17 would be cyclic. The
solution of the equation 6.17 is possible using DPOIA
if the solution is taken from 9 = 0 to 8 = 7 .

The angle g here being équivalent to t 1in equation

6.21 .

6.4.5 Additional routines

A number of subroutines had to be written mainly
to satisfy the requirements of FUNCTS . These sub-
routines and a brief description of their function are

given below.
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Subroutine F1(A,ATOT) This routine calculates the

factor f;(H) (i.e.ATOT) from the equation given in

1
. Appendix A.6 . A is the quantity 1n(Y + (Y2 - 1)2)
where Y 1is the quantity H + 1 , the distance from the

bubble surface to the centre of the particle.

Subroutine F2(A,YA,FE2) This routine calculates

the factor f,(H) (i.e.FE2). YA, is Y .

Subroutine DFl(A,YA,DFDH) This routine calculates

the derivative of the factor £, (H) (i.e.DFDH) .

Subroutine DF2H(A,YA,DF2DH) This routine calculates

the derivative of the factor £, (H) .

Subroutine VCALC(YA) This routine calculates the

dimensionless radial particle velocity, which is passed

into COMMON.

Subroutine UCALC(YA) This routine calculates the

dimensionless angular particle velocity'and its derivative
in the angular direction. Both quantities are passed

into COMMON . The routine contains the means of
generating the factor f3(H) . It uses two IBM SSP
routines ALI and ATSM to interpolate between data

points.

Subroutine DVDH(A,YA,DV) This routine calculates

the derivative of the dimensionless radial velocity

-with respect to H .

FACTS This routine is simply a time saving routine
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It calculates the values of a number of quantities and

stores them in arrays to be used by other subroutines.

These routines, 1like all the routines used in
this work were thoroughly tested to ensure that they

were functioning correctly.

6.4.6 Calculation of collision efficiency

We are now in a position to calculate the concen-
tration profile, but it is the collision efficiency that
is required. This is obtained as follows; the radial

flux can be calculated from equation 6.2;

- - noc -
Nr = V.C Dar (6.2)

and integrafed over the surface of the bubble. When

the particles contact the surface of the bubble their
diffusion coefficient vanishes and the product v.c is
indeterminate at the surface. This indeterminancy can

be avoided by integrating over some surface other than

T = ay . The Gauss Divergence Theorem and the continuity
equation show that the radial particle flux over any
spherical surface concentric with the bubblé will have
the same value. Thus the following expression for the

overall rate, I , will be independent of r :
m
I=2nr2 /-Nr(r,e) sing d 8 (6.22)
: :
In addition to avoiding the indeterminancy at r = ay

the observation that equation 6.22 is independent of
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provides a test of the accuracy of the numerical tech-

nique used to evaluate the concentration profile.

The efficiency can now be calculated as follows:

E = — | (6.23)

c 2
™ ab UCQ

The denominator in equation 6.23 is equal to the rate
at which particles pass through the volume swept out by
the bubble. In terms of the variable n, equation

6.23 becomes:

m
YV [{2R 3 C* .
EC = 2(1 + E) [(?E . fl . -5-; . b(l -n) - V*C*) sing d o

o
(6.24)

Subroutine HOPE (CONC,EFFIC,NA,IER) was written
"-to handle the calculations required in equation 6.24.
CONC was a 2 x 101 array containing the concentration
profile. EFFIC was the final efficiency, NA was the
number of points in the angular domain‘and IER was an

error flag.

The efficiency was calculated at the first nine
grid points away from the bubble surface. An IBM SSP
subroutiné, DET3,. calculated the partial derivative in
equation 6.24 . . An integration routine SIMS based on
Simpson's rule and Newton's 3 rule, kindly supplied by
Dr. A.L. Halmos was used to evaluate the integral in

“equation 6.24 .

The main programme was called CONT and controlled
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the progress of the calculation. A flow diagram
showing the way the brogramme worked is presented in
Figure 6.3 . A listing of all the subroutines is given

in the Computer Programmes P 2 .

6.4.7 Using the programme

The main difficulty in obtaining results once the
programme had been written was the choice of the parameter
b 1in equation 6.16 . This parameter controls the
distribution of points in the radial direction, at which
the solution is to be found. Increasing the value of
b moves all the grid points closer to the surface. If
they are too close the outer boundary condition will be
ignored, if they are too far from the surface they will

be outside the diffusional boundary layer and of no use.

Initially a trial and error method had to be used
to determine b . The concentration -profile was deter-
mined directly ahead of the bubble (8= O) for particular
values of Pe and R . A value of b was guessed
and the concentration profile and the error indicator
produced by DDO1A was examined. The value of b was
Chaﬁged and the new profile was examined. This
procedure was repeated until a reasonable concentrationv
profile resulted, with the error indicator set at 1 .

" Experience showed that when the correct value of b had
been found, the value of the dimensionless concentration

‘at the first grid point was about 0.02 and the error

indicator was 1 . The full calculation of collision
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Figure 6.3 Flow diagram for collision efficiency calculation

Data input

Call FACT to set up f;, f»
and their derivatives.
Calls F1, F2, DF1, DF2H
and stores them in COMMON

,1

Call FUNCTS to calculate
matrix of coefficients.
Calls DVDH, VCALC and UCALC

|

Calculate solution at 6=0
by calling DDO1A

) ' —

Solution from DDO1A transferred

to starting condition for DPOI1A. Continue
Calculate C* at o+4A6 1f necessary until

by calling DPOl1A 8 =

]

i
Call HOPE to do calculation

in equation 6.27

Print results
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efficiency was then made using this value of b and
values slightly larger and slightly smaller. If all
efficiencies were within 0.5% of eéch other and if the
efficiency was independent of r , the radial coordinate,
the effiéiency was assumed correct. The process was
rather tedious, and it was soon learnt that the correct
value of thg parameter b followed in a logical way from
the correct value obtained with slightly different values
of Pe and R . The criterion of constant efficiency

for different r was found so sénsitive‘that it was
eventually used to check the correctness of the

efficiency.

For all but the highest value of the Peclet number
Pe , 100 grid points were taken (an= 0.01). For all
values of Pe A8 =7/20 . Halving the grid spacing in
the radial domain did not alter the efficiency. This is

a good indication that the mesh size is fine enough.

If Pe » 10R3 the concentration profile displayed
a maximum greater than one (i.e. ¢ > c_). Physically
this means that material is being brought close to the
bubble faster than it can be deposited. It also means
fhat the concentration profile cannot be calculated
successfully using the transformation 6.16 , and another
more flexible transformation is needed. Such a trans-
formation is: .

H= -1in( -n) - § 1001 -n™ (6.25)

1 2 ,
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Where b; , b, , and m are expansion parameters

The new transformed equation then becomes:

2
2R . 3%C* dn 2R [ df, 2
— flo . —_— + —_— + fl - V* °
Pe a2 \ dH Pe \dd °~ \R+Y
dn 2R 5 fdn\ dn\/eC* 2 dur\ 9 v*
— - — (=) — - v* o+ +
di Pe an \dd/ au/\ an R+Y 36 3 H
u* 3 C*
R+ Y  ae (6.26)
dn Al
dH B,
- .3 zdn dA, dB,
and (_) = Bj— - A —
an dH‘ dn dn
Where Aj =Dy byl -n)(1 -n ™)

and B 1

b, (1 -02™ +bym - ™t -n)

The efficiency becomes:

U

Y 2R 3C* dn -
E.= 2|1 + — — fy— * — — v*C*] * sine doe
Pe‘ an dH

(6.27)

The two transformation equations 6.16 and 6.25 are

identical if m =1 and b; = b, = 2 x b. The new
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transformation was tested by‘recalculating a "known"
efficiency, with appropriéte values for b; , b, and m.

The results were identical to four decimal places. The
values of b; , by and m were determined subject td

three conditions m=>1; b;,b, >0 . The condition used

to fix the three parameters was H'/H; = 100 where H'

is the value of H corresponding to n = 0.5 (the location
of the maximum) and H; corresponds to n = An(the

point closest to the bubble).

6.5 The results

6.5.1 Correlation of_the results

Prieve and Ruckenstein showed that the quantity
E. should depend on Pe , R and A,y . In this work
the term AkT is rather artificial because it is a
measure of the guessed attractive force. Variations in
Apr will be ignored and only variations .in Pe and R

will be considered. We can expect for fixed AT that:
E_R2 = £(Pe/R3) (6.28)

This correlation will break down as Pe/R3 Becomes_small,
because R then affects ECR2 , nevertheless it is

still useful.

6.5.2 The calculated efficiency

The efficiency of collision was calculated for a

wide range of values of Pe/R3 and some different
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values of R . The value of AkT was fixed at 10.

‘The results are shown gfaphically in Figure 6.4 . A
large number of curves couid be geﬁerated by varying
AkT , but this was unneceésary. Values of the trans-
formation parameters for selected values of Pe/R? are
given in Table 6.1 . Two typical concentration profiles
generated during the calculation are given in Figures

6.5 and 6.6 .

The solutions for the concentration profile
immediately behind the bubble (8=n) were found to be
unstable. This is a consequence of the method of
solution. The mass transfer at 9 énis probably small,
according-tp Levich (1962), so this anomalous behaviour

was ignored.

6.6 Discussion of results

Inspection of Figure 6.4 shows that R affects the
éorrelation at.small Pe/R3 . ﬁor small Pe/R3 and
R = 1000 the solution approaches the Levich - Lighthill
result (Levich 1962):

‘ L <2/3
ER2 =4 x(BE) (6.29)

which proves thét the solution of the equation was
correct. For large Pe/R? the solution is almost a straight
line.

If we consider these straight or almost straight

lines the relation:
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Table 6.1 Values of the transformation parameters

bt , bp and m for selected values of

Pe/R3 for R = 1000

Pe/R3 by by m
1073 0.04 0.04 1
10~ 2 0.12 0.12 1
1071 0.20 0.20 1
100 | 0.68 0.68 1
101 2.20 2.20 1
102 7.18 0.30 6.24
103 | 25.13 1.22 6.06
104 91.14 2.34 6.98
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Figurc 6.5 C* vs H for Pe/R¥® = 0.1 , R = 1000
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Eree [Re]N  (6.30)
C R3 i . :

is suggested. If Pe/R3 is fully expanded we find that:

Pe 87 pegalt .
. ___f°p_ (6.31)
R3 _ 3KT .

and hence:
E R2 « (a_)N | (6.32)
c P

Where N can be evaluated from the slope of the lines.
The dependence of efficiency on a, and ap can be
calculated from:
N A
E « (a*)".-B : (6.33)
c P a2
b
Taking typical values from the flotation system

investigated in Chapters 4 and 5:

a_ =5 10" %cm
p X
= -3
ay 5 x 107 3cm
pe = 1 gm/cc
g = 980 cm/sec?

the value of Pe/R3 can be calculated from the equation
6.31 and is apprdximately 1 x 10% . The slope of the
graph at Pe/R3 = 1 x 10% is -0.18, so equation 6.33

becomes:

al'3
E. = B (6.34)
ab? : '

This result is very similar to Reay and Ratcliff's

. -
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(1973) result:

a"].'g

E. =L . . (6.35)

a.2

b
but the dependence on particle radius is considerably
weaker due to the attractive force, and the influence
of the hydrodynamic correction factors f£f,, f2 and f;3

included inAthis work.

For the case of very small particles ap = 1 x 105 cm,
a, = 5x 1073 cm, the value of Pe/R3 is approximately
2 x 103 and R = 500 . The slope at Pe/R3 = 2 x 1073
and R = 1000 is -0.67 as it approaches the Levich -

Lighthill solution, and so equation 6.33 becomes:

J R (6.36)
c a 0'67 az
P b

This is the same result Reay and Ratcliff (1973)

obtained for submicron particles in equation 3.10 .

The results can be expressed in a more illustrative
way by plotting efficiency against particle size,
Figure 6i7 shows the plot for two bubble sizes; 50
microns and 25 microns in radius. The effect of particle
size and bubble'size on efficiency is clearly demonstrated,
the absolute value of the efficiency is not really
significant because of the assumptions made about the

attractive force.

As a final note, the fact that E_R2 # £(ap) shows
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Efficiency vs particle radius for

two bubble .sizes
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that the collision efficiency will be proportional to
l/ag for all particle sizes and hence the rate of

flotation should be proportional to 1/ab3 .

6.7 Comparison with experimental results

Equation 6.34 predicts that E_ will be proportional
to ap to about the 1.3 power. If we can assume that the
adhesion efficiency 1s independent of particle size
then the rate of flotation could be expected to be
proportional to the 1.3 power also. This prediction
depends on the attractive force and so must be viewed
with some caution. As we have seen in Chapter 5 the
rate of flotation depended on the 1.5 power of the
particle radius. This agreement between theory and
experiment is good considering that a rather crude
assumption was made about the attractive force for the

bubble/particle interaction.

We must be careful not to draw too many conclusions
from the good agreement of the theory with experiment.
The agreement ceffainly does not imply that the
assumptions made about the attractive force are correct.
The results of the theoretical investigation really tell
us nothing about the attractive force. Its magnitude

and form will hopefully be determined at a later date.

In the later stages of this work a term was added
to the radial particle velocity to take account of

double layer repulsion. Although the term was correct
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the solution of the mass traﬁsport equation became
unstable. It would seem that the method of solution
is unsuitable in this case, and the trajectory method
of Spielman and Cukor (1973) may be a better method

for dealing with the double layer repulsion.
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CHAPTER 7

GENERAL CONCLUSIONS AND IDEAS FOR FUTURE WORK

In this chapter the results and arguments presented
in the thesis are brought together and discussed. Ideas

for future work are then listed.

The aim of this investigation was to gain some
understanding of the physical variables which control
the kinetics of effluent flotation. Effluent.flotation
involves the removal of fine particles from relatively
dilute suspensions. The bubbles employed by an effluent
treatment plant are usually less than 100.microns in
diameter, much smaller than the bubbles in a mineral

flotation cell.

The results of a series of careful batch experiments
with polystyrene particles showed that the rate of
flotation was proportional to about the 1.5 power of the
particle radius (diameter). This was in excellent
agreement with the result for glass spheres. obtained by
Reay and Ratcliff (1974). The purely hydrodynamic
theories of Flint and Howarth (1971) and Reay and Ratcliff
(1973) predicted that the rate should be dependent on the
square of the particle size, so they slightly overestimated
the dependence, but considering the éimplicity of the models

the agreement is reasonable.
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The experiments also showed that the rate of flotation
depended strongiy on the double layer repulsion between
particle and bubble; the fletation.rate falling rapidly
as the double layer repulsion increased. Some earlier
investigations had shoWn that the :zeta potential.of the
particles in a flotation cell affected the rate of
flotation, but all these investigators had either been
concerned with mineral flotation and/or had used large
bubbles. These large bubbles have electrical properties
which are impossible to quantify at present, and after
all,'when analysing double layer repulsion we must
include in the analysis, the double layer of both the
bubble and the particle. In many of these earlier
investigations flocculation of the particles, or changes
in bubble size etc. could well have accounted for the
results. In this studf‘the alternative explanations for

the behaviour of the flotation rate were eliminated.

The dependence of flotation rate on particle size
and double layer repulsien was very similar to the
behaviour of the filter coefficient found by several
investigators studying deep-bed filtration. There is
hydrodynaﬁic similarity in the two processes and the
special surface .properties of the small bubbles used in

this study add to the similarity.

The theoretical part of this investigation grew
from the desire to see if a model developed specifically
for filtration work could be adapted to suit the analysis

of flotation. The result of this investigation showed
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that:

a) The efficiency of collection for very small
particles for which the main transport mechanism is

diffusion, .was:

The dependence of flotation rate on particle size
for larger particles agreed well with the experimental

study.

How does the information gathered in this investigation
help the designer who wants‘to remove fine particles
from suspensioﬁ in an éffluent flotation cell? Firstly
he must know the particle size of the material to be
separated. The particles should be made as large as
possible; buf the theory suggests that coagulation of
sub-micron particles will only be beneficial if the
agglomerate size is brought well into the non-diffusion
region. The designer must also know the zeta potential
of the particles and be able to estimate the bubble zeta
potential. The results of this investigation showed that
the zeta potential of the particle and the bubble need

not be reduced to zero for maximum flotation, this may
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be economically useful in ceftain circumstances. The
theoretical results on bubble size, namely that the
rate should be proportional to 1/ab3 should make the
designer use the smallest bubbles that are economically
feasible. The designer should look closely at the .
experimental and theoretical information gathered by

filtration workers.

Recommendations for future work

There are several problem areas which require further

research:

a) The effect of bubble size on flotation rate
has not been proven satisfactorily. A prerequisite to
this study would be a need to produce small uniform

bubbles of a controllable and predetérmined size.

b) The magnitude and form of the specific surface
force term must be found. The specific surface force
is the component of the disjoining pressure not
accounted for by double layer or van der Waals dispersion

forces.

c) The effects of gravity and other forces on the
collision efficiency should be determined theoretically
as soon as a reasonable estimate of the specific surface

forces can be made.
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APPENDIX A.1.

Theory of the Coulter Counter

(Taken essentially from the Coulter Counter ZB Manual)

The Coulter Counter determines the number and size
of particles suspended in an electrically conducfiye liquid.
This is done by forcing the suspension to flow through
a small aperture having an immersed electrode on either

side.

As a particle passes through the aperture, it changes
the resistance between the electrodes. This produces
a voltage pulse of short duration having a magnitude
proportional to particle size. The series of pulses is

then electronically scaled and counted.

When the stopcock is opened, a controlled external
vacuum initiates flow from the beaker through the aperture
and unbalances the mercury siphon. Closing the stopcock
then isolates the system from the external vacuum, and
the siphoning action of the mercury continues the sample

flow (see Figure A.1.1).

The advancing mercury column contacts start and stop
probes to activate the electronic counter. The probes
are placed precisely icc apart, providing a constant

sample volume for all counts.

The voltage pulses are amplified and fed to a thresh-

old circuit having an adjustable threshold level. If this
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level is reached or exceeded by a pulse, the pulse is
counted. The thrééhpld level is indicated on an
oscilloscope screen by a brighfening of the pulse segments
above the threshold, facilitating the selection of

appropriate counting levels.

By taking a series of counts at selected threshold
levels, data are directly obtained for plotting cumulative
frequeﬁcy (larger than stated size) versus particle size.
Integration of all or part of the resultant curve provides

a measure of the particle content of the suspension.

The counts have first to be corrected for coincident
particle passages (doublets, tripliets, etc. ). These
corrections are quité precise, and if kept to a moderate
level (say 15%), an overall accuracy of measurement
of better than 1% is readily achieved. This is due in
part to the 1large numbers of particles counted (tens of

thousands), which provide low statistical deviations.

The pulse height and inStrument response are essentially
proportional'to particle volume, and to fluid resistivity.
The particle resistivity has very little effect on the
response, uniess it is quite close to the resistivity
of the fluid. If particle conductivity changes from
one millionth to one hundredth that of the electrolyte,
there 1is leés than 1% change in the response. Either’
the fluid or tﬂe particle may be the better conductor,
as only a simpie signal polarity reversal is needed to
switch from one case to the other. Charges on the particles

-are too minute'to have detectable effect on the count.
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Figure A.1.1

THEORY OF THE COULTER COUNTER

ﬂ
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APPENDIX A.2

A.2.1 Settings of the Coulter Counter ZB

Table A.2.1 gives the settings for the Coulter
Counter and the resulting particle diameter for a

calibration factor of 2.14 .-

Table A.2.1 Coulter Counter settings

Attenuation |Threshold j{Aperture |Diameter Mean
setting setting |[current (microns)| diameter
(A) (tL) setting (microns
(1)
8 20 8 23.23
20.8
4 20 8 18.44
16.5
2 - 20 8 14.63
13.1
1 20 8 11.62
10.4
1 20 4 9.22
. 8.3
1 20 2 7.32
6.6
1 20 1 5.81
5.2
2 20 1 4.61

The rate of flotation for the first six particle
diameters was usually determined. For some experiments
in which the rate of flotation was slow the tounting
errors for the smallest particle sizes were too high and

‘the rate of flotation could not be determined for these.



183

For some experiments it was possible to include the

rate of flotation for the seventh particle size.

A.2.2 Working up the raw Coulter Counter data

The following is a brief description of the treat-
ment given to raw Coulter Counter data. The raw counts
at each instrument setting were average& and the

coincidence correction was added:

correction = PG&%&J (A.2.1)

Where N' is the mean raw count

P is the coincidence correction factor

The averaged blank count was subtracted from the
corrected count producing the final corrected particle

count {Nt)

The particle diameter dP was calculated from the

instrument settings and the calibration factor.

4, = M-¥T - T A (5.2.2)

Where M 1is. the calibration factor (2.14)
t is the threshold setting
I is the aperture current setting

A 1is the attenuation setting
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~ APPENDIX A.3

Experimental conditions and results

A.3.1 Experimental conditions

Table A.3.1 Ambient conditions for the rate of flotation

experiments
Expt.|Atmospheric Air Solution Gas flow rate
No. pressure temperature|temperature litres/hr

(mmHg) (°C) (°c) at room temp

, and pressure
1 740 18.0 21.0 3.72
2 752 22.0 22.5 3.76
3 750 22.0 21.0 ' 3.72
4 750. 22.5 22.1 3.77
5 748 22.1 22.5 3.66
6 761 ‘22.1 22.8 3.62
7 760 21.0 22.0 3.53
8 751 , 19.5 22.0 3.53
9 752 20.0 21.5 3.56
10 | 753 19.0 23.5 3.62
11 | 769 21.5 22.0 3.68
12 773 . 22.0 22,0 3.55
13 770 22.1 22.0 3.64
14 754 21.8 22.0 ~ 3.69
15 762 22.0 23.5 3.61
16 756 ©22.0 21.5 3.7;
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Expt.|Atmospheric Air Solution |[Gas flow rate
No. pressure temperature|temperature litres/hr
(mmHg) (°C). (°0) at room temp

and pressure

17 755 21.0 20.0 3,77
18 767 20.0 20.5 '3.66
19 760 20.5 23.0 ' 3.85

A.3.2 Experimental results

Table A.3.2 presents the nineteen rate of flotation
experiments. The table includes the mean particle
diameter (dp) in microns, the first order rate constant
(kp) corrécted to 3.50 litres/hour at room temperature

and pressure, and its standard error (S.E) .

The first fourteen experiments were conducted under
standard surfactant/alcohol conditions (5 x 10™°CTAB,
0.5% V/V ethanol). The last five were conducted under

different conditions as detailed in the tables.
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Table A.3.2 Rate of flotation results

Experiment 1

Sodium sulphate 5x107%

Mobility 4.4 +0.2

Experiment 2

Sodium sulphate 5x10™%

Mobility 4.7 + 0.4

Experiment 3

Sodium sulphate 5x10™*%

Mobility 5.0 0.4

Experiment 4

Sodium sulphate 5x10 %

Mobility 5.0 +0.4

Diameter |Rate (min~!) S.E.
b d k,
20.9 0.164 0.009
16.6 6.109 0.010
13.2 0.071 - 0.009
10.6 0.044 0.009
6.9 0.020 0.006
20.9 0.112 0.012
16.6 0.071 0.008
13.2 0.052 0.002
10.5 0.030 0.001
8.3 0.027 0.002
20.8 0.092 0.006
16.5 0.068 0.008
13.1 0.053 0.002
10.4 0.032 0.007
8.3 0.027 0.010
6.6 0.016 0.003
20.8 0.107 0.008
16.5 0.068 0.004
13.1 0.049 0.005
10.4 0.045 0.004
8.3 0.048 0.007
6.6 0.048 0.007




Experiment 5

Sodium sulphate 1x10-3

Mobility 4.5 +0.4

Experiment 6

Sodium sulphate 1x10~3

Mobility 4.1 +0.4

Experiment 7

Sodium sulphate 1x1073

Mobility 4.1+0.3

Experiment 8

Sodium sulphate 2.5x107
Mobility 3.9 +0.2
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Diameter |[Rate (min~1) S.E.

wody k,
20.8 0.255 0.022
16.5 0.170 0.008
13.1 0.120 0.010
10.4 0.090 0.007
8.3 0.060 0.012
6.6 0.038 0.017
5.2 0.022 0.006
20.8 0.161 0.019
16.5 0.118 0.005
13.1 0.101 0.010
10.4 0.056 0.007
8.3 0.051 0.018
6.6 0.020 0.009
20.8 0.198 0.027
16.5 0.150 0.011
13.1 0.095 0.011
10.4 0.064 0.005
8.3 0.069 0.012
6.6 0.038 0.009
5.2 0.035 0.007
20.8 0.472 0.043
3 16.5 0.299 0.023
0.194 0.013
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Experiment 8(cont.)

Experiment 9

Sodium sulﬁhate 2.5x107;
Mobility 3.8 +0.2

Experiment 10

Sodium sulphate 5x1073

Mobility 3.42 20.2

Experiment 11

Sodium sulphate 5x1073

Mobility 3.76# 0.3

Diameter |Rate (min~1) S.E.

bodg k,

110.4 0.169 0.015
8.3 0.070 0.018
6.6 0.054 0.001

20.8 0.375 0.052

16.5 0.242 0.024

13.1 0.165 0.021

10.4 0.113 0.017
8.3 0.080 0.008
6.6 0.040 0.007
5.2 0.056 0.002

20.8 0.646 0.061

16.5 0.418 0.035

13.1 0.280 0.018

10.4 0.174 0.007
8.3 0.130 0.018
6.6 0.085 0.014
5.2 0.052. 0.014

20.8 0.476 0.070

16.5 0.373 0.045

13.1 0.283 0.037
10.4 © 0.190 0.019
8.3 0.127 0.016
6.6 0.090 0.004
5.2 0.058 0.014




Experiment 12

Sodium sulphate 1x1072

Mobility 2.7 + 0.3

Experiment 13

Sodium sulphate 1x1072

Mobility 3.01: 0.3

Experiment 14

‘Sodium sulphate 1x107%

Mobility 5.2 + 0.5
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Experiments with non-standard conditions

Experiment 15

CTAB 5 x 107>
- EtOH 0.75%V/V
Sodium sulphate 5x107%

Mobility 4.3 % 0.3

Diameter {Rate (min-1) S.E.
b dp %
20.8 0.371 0.075
16.5 0.324 0.055
13.1 0.222 0.026
10.4 0.165 0.032
8.3 0.137 0.014
6.6 0.091 0.027
20.8 0.337 0.069
16.5 0.275 0.037
13.1 0.189 0.021
10.4 0.166 0.023
8.3 0.081 0.017
6.6 0.100 0.021
20.8 0.022 0.004
16.5 0.030 0.003
13.1 0.016 0.005
10.4V 0.022 0.003
20.8 0.112 0.010
16.5 '0.078 0.007
13.1 0.049 0.004
10.4 0.042 0.007
8.3 0.031 0.006
6.6 0.021 0.001




Experiment 16

CTAB 7.5 x.1075

EtOH 0.5%V/V

Sodium sulphate 5x107*%
Mobility 4.4 + 0.4

Experiment 17

CTAB 6.25 x 1075
EtOH 0.5%V/V
Sodium sulphate 5x107%

Mobility 4.9+ 0.5

Experiment 18

CTAB 5 x 1075
EtOH 1%V/V
Sodium sulphate 5x107*

Mobility 4.4 +0.4

Experiméﬁt 19

CTAB 3 x 1075
EtOH 0.5% V/V

Sodium sulphate 5x1073

Mobility 3.0+ 0.2
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Diameter [Rate (min~—1!) S.E.
wod k,
20.8 0.057 0.011
16.5 0.034 0.003
13.1 0.033 0.005
10.4 0.010 - 0.004
20.8 0.056 0.005
16.5 0.046 0.008
13.1 0.038 0.006
10.4 0.014 0.006
8.3 0.020 0.007
6.6 0.016 0.006
20.8 0.090 ' 0.007
16.5 0.058 0.007
13.1 0.043 0.004
10.4 0.045 0.004
6.6 0.021 0.007
5.2 0.015 0.007
20.8 0.682 0.025.
16.5 0.470 0.029
13.1 0.309 0.012
10.4 0.206 0.027
8.3 0.146 0.014
6.6 0.087 0.008
5.2 0.051 0.014
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APPENDIX A.4

Errors in the estimation of the rate of flotation

Experimental errors in the determination of the
rate of flotation arose mainly from the counting of

particles. - :

The Coulter Counter relies for its accuracy, in
part, on the large numbers of particles counted. This
provides low statistical deviations. To check the
accuracy, ten éounts were taken on a single sample of
polystyrene particles at different size levels. The
standard deviation (o) was taken as a measure of error.

The results are shown in Table A.4.1

- Table A.4.1 Errors in the Coulter Counter results

Size Cumulative Standard deviation
(diameter mean count (o)
microns) actual % of mean

23.2 v144 12 8.5

18.4 721 24 3.4

14.6 2090 36 1.7

11.6 13501 49 1.4

9.2 4684 87 2.0
7.3 5650 51 0.9
5.8 6702 120 1.8
4.6 7827 73 0.9
2.9

9751 98 1.0
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The results show a faifly typicai'pattern of errors,
with the percentage error being largest when the counts
are smallest. The small errors betﬁeeh 1% and 2% are
fairly typical for cumulative counts greafer than about

5000.

In flotation experiments it was the differences
between the cumulative results that were important, not
the cumulative results themselves. Quite obviously the
percent error in the differences was much greater than
the error in the cumulative totals. These counting
errors manifested themselves as errors in the position
of the points in the plot of ln(No/Nt) versus time,
which was used to calculate the rate of flotation. Two
examples taken from the flotation experiments will serve
to illustrate the effect of these errors on the value of

ln(No/Nt) which we will call "x" .

Data
Mean diameter = 13.1u
| N, = 2000 % 50
N, = 1199 50

The'errors GNO and GNZ = % 50 are typical for

cumulative counts of 3000 - 4000 .

Now:

»
]

In(N,/N,)

a—x 2 X .2

(dx)? SN +
BNO

R

(o
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Substituting numerical values we obtain:

x = 0.52 = 1n(N0/Nt) |
dx = 0.05 = standard deviation of 1n(N0/Nt)
So a standard deviation of 1% - 2% in the cumulative

counts of the Coulter Counter has produced a standard

deviation of 10% in the value of ln(No/Nt) .

A second example is more disturbing. A particular
initial count N0 for particles having a mean size
of 6.6 microns was 1893 . The count after two minutes

N, was 1913 . Obviously this makes the value of

2
1n(NO/Nt) negative and therefore meaningless. Apart
from gross volumetric errors etc. this situation can

arise as follows:

The count for particles with a mean size of 6.6
microns arose from cumulative counts of about 10,0QO.
An error of 1% or 100 counts, which is reasonable, could
quite easily account for the meaningless result; especially
if the rate of flotation'is slow. Small particles

floated slower than larger particles.

When this situation arose in an experiment the

value of ln(NO/Nt) was set to zero.
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APPENDIX - A.5

A.5.1 Testing the computer programme DPOl1A

DPOI1A is a Fortran subroutine used fgr solving a
linear parabolic partial differential equation. The
way this routine was used has already been described in

the text (see Chapter\6).

The routine was however first tested by using it
to solve an equation with a known analytical solution.
A suitable "known" equation is presented by Smith (1965).

He presents both an analytical and numerical solution.

The equation is a simple one:

-2 22 (A.5.1)

This is a dimensionless equation which represents the
distribution of U (say temperature) at a distance x
from the end of a thin uniform rod after time t

If the initial distribution of U 1is:

U = 2x Osx s} : t=0
(A.5.2)
U = 201 - x) 1sxg1:t=20
and the boundary conditions are:
u = 0O x=01:2all t>0
(A.5.3)

u = O x=12:2all t>0
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then the analytical solution is known to be:

U = E_E ;lz (sinin 7)(sin n mx)exp(-n2n? t) (A.5.4)

Thea
=1
Such an equation and set of initial conditions and
boundary conditions provide a reasonable test because there

is a discontinuity in the initial value‘of 3U/3x, from

+2 to -2 at x = 0.5.

Equations A.5.1, 2, 3 were prepared in the form
required for routine DPOl1A and the equations solved with

ten x-intervals in the range O ¢x ¢1.0.

The results of the investigation are tabulated in
Table A.5.1. Inspection of the tablevshows.that the
routine DPOl1A is indeed as accurate as the Crank-Nicolson
implicit method of solution for similar time steps; both
methods are computationally more rapid and more accurate
than the explicit methods. The routine DPOlA was thus
confidently applied to the solution of the diffusion

equation.

A.5.2 Testing the computer programme DDO1A _ l

The Harwell routine DDOlA was tested in a similar way.
The "knoWhV equation was taken from Levy and Baggott (1950).

The equation was:

2 .
Y L 20+ 2x2)y =0 (A.5.5) .

dx2
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to be solved with the boundary conditions:

y = 1 at x =.0
(A.5.6)
y = 1 at x = 1

A small routine was written to supply DDO1A wiéh the
value of the coefficients. The results for various values
of x are presénted in Table A.5.2. The results show
that DDO1A can be used with confidence to solve the ordinafy

differential equation part of the diffusion equation.
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Table A.5.1 Values of U at x = 0.5 for‘the solution

of equations A.5.1, 2, 3 by various methods

Time t Analytical | Crank-Nicolson| DPO1A | DPOIA
At = 0.01 |At=0.01 |at=0.005

0.00 1.0000 1.0000 1.0000 | 1.0000

0.01 0.7743 0.7691 0.7700 | 0.7842

0.02 0.6809 0.6921 0.6904 | 0.6874

0.10 0.3021 0.3069 0.3050 | 0.3049

Table A.5.2 Values of y for various values of x

from equations A.5.5, 6

X DDO1A Levy and Baggott
(1950)

0.0 1.0000 1.0000

0.2 0.8266 0.8266

0.4 0.7257 0.7256

0.6 0.7026 0.7026

0.8 0.7783 0.7782

1.0 - 1.0000 1.0000
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APPENDIX A.6

Quantities required for the numerical work of Chapter 6

This appendix presents the quantities f; (H), £, (H)
etc. which are required for the numerical work of

r

Chapter 6 .

A.6.1 The factor fl(H)'and its derivative

This factor corrects the radial velocity of a
particle induced by a unit radial force for the presence

of a plane, H particle radii from the surface of the

sphere.
’ .1
f(H) = = , (A.6.1)
A
A was derived by Brenner (1961)
4 > n(n+1) BINUM
A = — sinha -1 (A.6.2)
3 (2n-1) (2n+3) | BIDEN

n=il

Where BINUM

2 sinh - (2n+1l)e + (2n+1)sinh 2a

BIDEN = 4 sinh? (n+1)o - (2n+1)2sinh?a -

Q
It

1
1n[Y+(Y2-1)2]:Y=H+1

BINUM and BIDEN refer to the names given to these

expressions in subroutine F1 .

The derivative of f; (H) was determined analytically

and is given by:
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o2 202 | : (A.6.3)
dH dx da dH :

Where df, -1 da 1
- da a2 dH  (Y2- 1)%
and
dr 4 = n(n+1) BINUM
— = — ¢cosha —_— -1
‘doe 3 }E: (2n-1)2n+3) | BIDEN
n=1
4 < n(n+l) BIDEN x DNUM - BINUM x DDEN
+ — sinha
3 :E:: (2n-1) (2n+3) (BIDEN)?2
n=1
(A.6.4)
Where DNUM = (4n+2)cosh(2n+1)a + (4n+2)cosh2a
DDEN = (4n+2)sinh(2n+l)a - (2n+1)2sinh2a

Subroutine DF1 calculates this quantity.

A.6.2 The factor f2(H) and its derivative

This factor corrects the radial force exerted on a
stationary particle by an axisymmetric stagnation flow
over a plane, H particle radii from the surface of the_

particle.
f
£, (H) = ;% - (A.6.5)

ﬁ) was derived by Goren and O'Neill (1971)

]

-2/2 (2n+1) b
sinh3a Z : _— (A.6.6)
0 3 . 2n+3 :

Ly
[

n=1
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This is the equation that contains two typographical

errors in the original paper.

The term bn is generated from the solution of four

simultaneous equations. Only the final result will be

given:
b, = U;s - 10,Q . . (A.6.7)
- SR~-TAQ
Where Q = cosh(jna) - cosh(kﬁaj'
R = sinh(jna) - P sinh(kno.)
§ =13, sinh(ip ) -k, 51nh(kna)
T = jn cosh(jna) - Pknvcosh(kna)
=22 n(n+) ([ -ja -k o -j a -k a
U = je ® — ke " |+ cotha|e P —e ®
1 3 2n+l n n '
-2v2 n(n+l) B -j e -k a 1 -ja ~ka
U, = — ~-j2e +k2e |- [e —e
3 2n+l G sinh2a
] -jna -kha
+ cotha [-Jne + %1e ]
. .jn
with jn=n— 1/2 ’ kn=n'+ 3/2 s P=—kr-1'

Q, R, S etc. refer to the names given to these

expressions in the computer programme subroutine F2 .

The derivative of f, was determined énalytically.



201

dfs
df, Yogy = 2Yf,
dH A
Where df df da
0 .oy
. dH da dH
and
daf 2n+1
- —=2 = -2 /Z coshue sinhzaz b
da 2n+3 ) P
n=1
2/7 2L 2n+1 db
— —— sinh3qy E -
3 2n+3 de
n=1
Where
db, 1 Sdu, UldS] [QdUz U, dQ
= — - - +
do (SR-TQ) { da do do do
SU;- - QU [SdR RdS] [qu QdT
- + - —_—+ —
(SR - TQ)? do do do da
dQ du , dR
—_— = S ’ _— = U2 > —_—= T
da do : da
dS - -
Z; = an COSh(JnC‘) - kn2 COSh(knu)
dT

da

. . . - 2 o3
j2 51nh(3na) Pkn Slnh(kna)

]

]

-

(A.6.8)



202

dU, -2v7 n(n+l) “ja . -ka| -1 “ja -k a
_— —_— j3e ™ -k3e © -j e T+ ke ®
da 3 (@n+1)||™® n sinh2q| ~*
2 coshal -j.a -k a -ja -k o
+ ——— fe ® - e " licotha|j2e ® - ke ™
sinh 3q n
1 -ja -k o
— —je ® +ke ™
sinh2q n n

A.6.3 The factor f3(H)

This factor corrects the ratio of the tangential
particle velocity to the tangential fluid velocity in a
linear shear flow tangent to a plane, H particle radii
from the particle's surface. The factor was derived by
Goldman et al. (1967). It was considered too difficult
to obtain the factor analytically and initially it was
found impossible to interpolate bepween the tabulated

values presented by Goldman et al. The factor approaches

5 1 1
1l - R Y3 as ¥ » o and the Y3 term

caused the difficulty with the interpolation. The

difficulty was removed when a new variable 2z was defined:

After this transformation interpolation was satisfactory.

Subroutine UCALC contained the means of generating f; .
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A.6.4 The dimensionless radial particle Vélocity and

its derivative

The radial velocity v* was calculated from equation

6.14 .

3 £f.f, cos 8 4 R £,
V*=—Y2—R+Y-———————AkT—'
2 (R + Y)3 3 Pe (Y2- 1)2

(6.14)

ov*

The derivative 3 Was obtained by differentiation

using the derivatives of f; and £, .

A.6.5 The dimensionless angular velocity and its derivative

The angular velocity u* was calculated using

equation 6.13

3 9 Yf351n6
u* =| —R2+ Y[ -R + Y —_— (6.13)
2 4 (R + Y)3
au*

The derivative was given by:

30

ou*
— = u* cot® , (A.6.9)
20
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‘Programme P 1 Calculation of rate constants

from Coulter Counter data

PROGRAM COULTA{TNPUT ,OUTPUT s TAPES=INPUT s TAPER=01ITPUT)
DIMENSTON £ (20)¢St20) 4 AT(20)BLI20)TI20420) '
14TAL20:20)4SIZE(2N) DIF(20420) vASTIZE(2N) JDIFR(21420)sTIVF(20)
1+DIFUNI20+2N) oA L20)
COMMON ReSeAT AL eToTAISTIZF o NTIF W ASTZE JNTFRTINF RTIFLN s AsM N,y
1SUMSY 4 QUMY ,SUNYY  SUMX s SUMSX s VAR yERNR yTOP W BLT ,CALK 12 Ba 0y DR J
c - : '
t READ IN THE DATA
c -
READ(S,1000) M,N g
100N FORMAT(T372)
READ(5.1002)CALK
1002 FORMAT(FS.2)
READ(S5,1038) (TIME(T) o= 1.v)
1015 FNRMAT(4F5,2)
READIS,100XM(G(TI)+I=1sN)
100% FORMAT(11F7,3) |
READ(S,1N004) (S(X)eTI=1N)
1004 FORMAT(11Fu,.1) .
v READ(S5,1005) (AT(TI)eI=1+N)
1008 FORMAT(11F7.3)
DO 100 T=1,M
READ(S,1005)7yR+CeD
1006 FOPMAT(UFT,.0)
BL(I)=n,., :
IF‘CCLTOOOS) BL‘I):(Z‘I‘Q)/Z-

¢
€ AVERAGE THE BLANK COUNTS
c

IF(C.GT. 0,5 15L(1)=«z+s+c+n)/4.
100 CONTINUE
DO 101 I=1,™ - : , - :
DO 102 J=1,N » ' : A ’
READ(5.,1007)2+R84CsD Co '
1007 FOR™AT(4F7.0) '
i T(IvJ)=0e
c .
AVERAGE TWE RAW CaUNTS :
c : .
IF(C.LT.0,5) T(T,J)=(24B)/24 '
IFIC.G6T.0.5) T(I,+J)=(2+R+C4+D) /4,
102 CONTINUE
101 CONMTINUE
DO 106 T=1,M
No 107 J=1,N

 CORRECTEN COUNTS ARE=

e XXz ¥

TA(Tsd) = T(I(J) = BLIJ) + 2.5%«(T(T,J)/71000,)%%2,
107 CONTINUE . .
106 CONTINUE

Do 108 1=1,N

SIZE(TY) = CALK&(S{T)I*G(I)*AT(T1))*+0,3333
108 COMTINUE

DO 111 U = 1,1n .

COASTZE(Y) = (SIZE(J) + SI2F{J+1)1/2.

111 COMTINUE

DO 109 T=1,M

DIF(I'1)-TA(T'1)

DO 110 J=2,N

DIF(IvJ)'TA(IcJ) “TA(14sd~1)
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110 CONTINUE » : , -
1nQ CONTINUF
WRITE(5,1111)
1111 FORMAT(1X++THE RFSULTS OF THE RLANK SAMPLES®)
DO 103 T=1,M .
WPTTE (/410096 (T)4S(T),AT(T) vBL(T) ' .
1008 FORMAT(1IXsF1043+F10,04F10,3,F10,0/) T
103 CONTINUE
Do 104 T=1,¥
WRITE(&.1009) TIvF(I)
1009 FORMAT(1Y///1X *THE RESULTS FNR TIVE *,F6,2)
N0 109 J=1,N - _
WRITE(Gv1010)G () eSS () eAT (I s TUT o) v TALT o J)IsQIZF(J) s
INIF(T o)
1010 FORMAT(IX4F10e3,F10,0,F10,3,2F10,0,F10,2,F10,0/)
10= COMNTIMUE
104 COMTINUE
WPTTE(5.1012) CIDTF(Tod) eT=14M) o d= 1N}
1012 FORYAT(9X,1£F10,0/)
DO 113 I=1,M
DO 112 J=2,N : S
IanIF(r.d) 6T7.0.,) GO TO 2
, DIF(T+y)=1,
: WRITE(&+1021) ASTIZE(J=1)y TIMEL(Y)
1021 FORMAT(IX+xTNFTHTTE RATIO IM SIZE *4F6.2+% AT TIME *yF5,2)
2 NIFRIT,J) = DIF{1,J)/NTF(TJ)
IF(DIFD(IM])OGr 1.) G0 TO 1
KRITE(AV1016) ASTZE(J=1),2TIME(T)
1016 FOPUMAT(1X+xERRAR TN DATA IN SIZE #+FA.2+%x AT TIME #*+F5.2)
NIFRII,J) = 1.
1 DIFLN(T.J) = A1 OG(DIFR(IJ))
112 CONTINUE .
11z CONTINUE
WRYITE(A 10171 (TIFE(T) 4+ T214M) :
1017 FORMAT(IX +xTIVF IN MINUTES%46F10.2)
DO 114 J = 1,10
. WRITE(641012) ASIZE(J)
1012 FORMAT(IX//F6.2) ) :
. WRITE(AVIOII)IINTFLN(TvJ+1)2I=14M) - _
1012 FORMAT(16X,6F1043) : L !
114 COMTINUE
T pn o118 g=2,11 T
CALL GRAFITITIVEDTFLN(L11J) 614640409 -
CCALL LSA(ATIVFWDTFLN(1+d) ¢2,A)
WRITE(5,3020)A (1) A (2Y
1020 FORMAT(1IXexA{1)= *x,FR. Y +sSXexA(2)= *oFR ‘l»)
CALL ERROR
: WPITE(541080) ASTZE(J~1)eA(2)+R,EROR
1040 FORMAT(IXe%STZr*FE2 1 ¥SLNPE*sFA 4 *NRPELATTON coEFFICIENT *
S 1eF T 20 x STAMDARD FRARNR=  #*,F6.4)
PRINMT ¢+ SUMY ,SUMSY » SUMX ¢ SUMSX+TOPBOT » SUMXY
1182 COMTINUE
SToP
END

A . icemeli et e e e e el o v mmen - ame
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SURPQUTTINE FRRAR

THIS RCUTTNFE CALCULATES THE STAMDARD ERPOR OF THF SLCPE
AMND THE CehRRE} ATIOM COFFTCTIENT

DIVENSTION A{20)4R{20)1AT(20) 4RI (2N0)4T(20,2N)
1aTAL20,420),STZF{2N0)eDTF (201201 ¢ASTZE(20) «DTIFRIPN 20}« TIMF(20)
14NTIFLNt20e20) AL 20) )

COMMON R eSS AT AL T eTAWSTIZF yNIF¢ASTZ?F ,NIFRYyTIVE ,NTFLNyAsMyN,
LSUTSY s QUMY ,SUMNYY , SUMX y SHMSX s VAR yEROR 3 TP ¢ROT (CALK e Z e B9 C o Ne Ry

SUMY = 0,

SUrSX= 0,

0O 100 I=1,M

SUNY = SUMY + TIME(T)

SUMSX = SUMSX 4+ TIVE(T)**2,

COMTINUE

SuUusy = 0,

SUNY = 0,

sUrxY = n,

N9 140 T=1,M ,

SUMSY = SUMSY + DIFLMITJ) %32,

sury = QUMY + DIFLN(T+J) ,

suUrYyY = yMXy + [DIFLN{I«J)*TIME(T)

CONTINUE ' : S

VAR = ABQU(SUMSY = A(1)*SUMY = A(2)*2UrXYV/8,) ]
ERNR = SORT(VAR) /SORTIARS{(SUMSY ~(SHMX**2,)/54)))

TOP = SHMXY = (SUMX%SUNY) /6, :

BOT = (SUMSX =(SUMYX#%2.)/6.)*(SUMSY =  (SUFMYx%2,)/6.)
R = TOP  /SART(ARS(BOT)) . . : .
RETURN .
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Programme P 2 Calculation of collision efficiency

for a particle and a bubble

PROGRAM COMT(INPUT,OUTPUT TAPES=INPUT, TAPFA=QUTPUT)

THIS PROGRAMYF CALCULATES TUE'EFp}tYFUCY OF CHLLFCTION 8Y vIScons
AND ATTRACTIUF'FHQCES OF A PARTICLE BY A BURRLF

NTMENSTON Y(201) YNIR) YOU3)sF(ON1)4F(2N1),G(201),
FR(201) X0 ) s UYNIG) ZCONCT2T1 4,201 ) yNUML (21) , NPT (2N

0(2n1),Xn1201)H

YWFFETC(IY

COMNMON/EATH/BE (THETA WV e M aFF1  FF24,FEI,NFFY \PEF2  ALFAFP+ReAKT o Hy
+DALDETAEL TORBYXWRY (MG AFF1(201) 4 AFF2(201) ANFF1(PN1) ,ANFF2(2N1) 4N

+PTLAALFA(201)
COVMMON M(310n)
REAL ¥

.READ IN THE CONTROL PARAMETERS AND PRINT THEN

READ s AKTsREPvFL«TORWAXsBY M NPT IFLAG
PRINT ¢ AKT 4R 4FP FLsTORRX,y BY M NPT IFLAG
MA=20

DETA=1,/(FLOAT(NPT)=1,)

DA=3,141592654 /FLOAT(NA)

TO=0,

"THE ROUNNARY CONNITIONS FOR DPOIA

uxXe(1i=0. ) N
uxXn(2)=0.
Uxo(3)=1.
Uxe(4)=n.
UXN(1)=0a
UXM(2)==1,
UXN(3)=1,
UXN (4 ) =0,
UA =0,001
T =0,
ETA=0,

YA = Un

START CALFULATINF THE CAFFFICIENTS RFQUTRED

Ry

CALL FACT

PO 1+ TI=1.NPT

YR(I)=FTA

JF(ETA- n.9°999\?.3.3

HB(I)=99

G0 T0 s

HB{T)==(1e/RX)%ALNG(1.=FTA)=(1, /BY)*ALOG(1.=FTA**M)
CALL FUMCTS(A«R+CsDsToETALIU.IDUDX) ,

F(I) =R/A _
6tIr= csa - - e R
R(T)=0, .

£ThA= FLOAT(T)*DFTA

X0 =0,

XN =1,

POUNDARY CONDITIONS. FOR DDO]A

YN(1) =0.
YN(2) =1,
Y0(3) =0,
YN(1) =0.
YN(2) =1,
YN(3) =1,
LIv¥=6

SOLVING THE PRORIFM AT THETA =0

CALL DRR1A(Y o XN YN MPTe YD YN FeGoQeE+LIMeYANUM)

7S THAT ALL THATS REQUIRFD R

IF(IFLAG.EN.1) GO TO &
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NO. 7 I=1.NA
DC A J=1.NPT _ '
COMCUT D)= () . ’
MUVL(Ty=NUw - '
R CONTINUE
NUM=0
SOLVE IT FOR ALL THETA
CALL DpnlAlYOchxN!NPTOTO'DAOan!UXN'nUDT!E!LI"OUA!NUM)
7 CONTINUF
N0 9 J=1.NPT
COMCINA+T s ) =Y (J)
e CONTINUF '
NUML (HA+1)=NUM
NAP=NA/D+1
VRITE(G+20u) (NUML(T) s T=1NAP)
HRITE (£420%0)0DA
DN 10 J=1.nPT
WRITE(R42020) YR(J)yHR(J) 4 (CONCITvd) ¢ T=1vNAP)
10 CONTINUE
WRITE(&42060)01
WRITE(62040) (FIUNL(T) +T=NAP NA+1)
DO 11 Jg=1.MPT _
" WRITE(R42030) XRIJ)HRE(J) , (COMC(T J),T=NAP ,NA+1)
11 COMNTINUE
2020 FORMAT(I1Xe/1X413F10.4)
20un FORMAT (1XxERRAR FLAGS%x4.A¥,1111N//)
2050 FﬁDMﬂT(7Xo*fTA*.8Y.*H*o3¥'*CONCFNTPATTONS AT INTERVALS oF *.FS 2e%
+RADIANSX)
206N FORMAT (7YX e *xFTA%BY ¢ ¥Hx¢3X % COMAEMTRATTONS AT IMTERVALS OF % (F5.24%
+RANTANQ, NATE rFTRST IS A REPEAT OF THE LAST AQGVE*’
CALL HOPE(CONC.EFFICNAJIFR)
GO TO 14
€ PRINT HUM
DO 12 J=1.MPT
WRITE(A+2000) XR({J)¢HBEJ) Y ()
2000 FORMAT(IX/1%X¢3F10.4)
12 CONTINUE
14 STOP :
END o -

MOLIST v _ 4 , .
SUBROUTINE HOPE(CONC +EFFICNA+1ER) :

THTS ROUTINE CALCULATES THE EFFICTENCY FROM THE CONCENTRATION DATA

DIMENSTON CONCI214201)4Y(10)42(10)40CNE(22+11)¢ETAA(LIL) (ARGI(21) sV
+ALTI21) JEFFIC(11)+ERROR(21)

REAL M

COMMON /#ATN/BE (THETA WV UsDUFF 1 FF2FFX4DFF1,DFF2,ALFA+FP R+ AKT 4Hy
+NADETAEL TORBX+BY M AFF1(201).AFF2(201) ANFF1(201), AFFF?(201)0N
+PTAALFA(201) _ e

TRRE = 2.*%R/EP

ETAA(1)=0,

Do 1 I=2,10

ETAA(I)=FLOAT(T~1)*DETA
1 CONTINIE

DC 2 I=1+20

D03 J=1.+10 .
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T Y(J) = CONC{T4.1)

PIFFERENTTATE WeRoTs H
CALL DFT3(NETA,Y, 7.1n IER)
PO 2 J=z1.10
NCPE(T (J)=27(J)
rnnnn(r)-FLonT:IrR)

2 CONTINUF
DO 6 T=14+2n
HMRTITE(R 1IN0 {(NENE(T o) ed=1s ln)'FRROR(t)

1000 FORMAT(IX/1X410F10,44F10,2)

# CONTINUE
NG 4 J=241n
THETA =0,
N0 5 I=1+2n -
HRz=(1./8X)*#ALNAG (1, ~ETAA(I) )= (1, /BY ) RALOG(1,=ETAA(J) 2%M)
Y8=HB+1, . :
ALFA = ALNA(YB + SORT((YBx%2=1,)))
CALL VEALC(YBR) -
AN=BY*RY* (1.=-ETAA I I* (1, -FTAA(J) %%V
PRZRY4 (1e=FTAA(IY #xM)$BX*M% (1, =FTAALJY)*ETAA () *% (M=1,)
NNAH=AA/BR
ARGT (I =(TPPE*FF12NCOF (T +J)*DNDH = VxCONC(TJ)I*SIN(THETA)
THFTA=FLOAT(I)xDA

s CONTINGFE

INTEGRATE ARNUND THFE BURSBLE
CALL ST"S(NA,ARGTVALT20)
WRITE(G1NXN) (VALT(T) +T=1,11)
WRTTE(A41030) (VAL T(T)+1510,20)

. 102n FORMAT(1X//71%X411F10.6)

oA aNNNONONI0N Y

EFFIC(JY = VALY (20)*2ex{1.,+YB/R)%%2
4 CONTINUE ~
WRITE(R+2020) RXBRY M
2020 FORMAT(1X//1X+xTHE VALUES OF B1,B2 nmn M ARE *,3FR.H)
WRITE(A«1080) 0P JAKT
105n FORMAT(1X//10%X,*R= *.F10.4.5X.*PfCLET MUMBER =#,F10.445X,%AKT =%,F1 .
+0.4/7)
 WRITE(A.102M)
1020 FOPMAT(1X/ /31X xTHE EFFICIEMCY CALCULATFED AT THE FIRST NTME AVAILAB
+LF POSTTIOMS Yex,1X//)
WRITE(AWID1D)(FFFIC(J) +J=2+10)
1010 FORMAT (1X/71Xe9F10,6)
VRITE(&,1040) o
104n FonMAthx.lnotlH*).1X//)
RETURN
END
SURROUTTNE STMQ(HsY s« Z+NDIM)
THTS SURROITINF cOrPUTFES THE VFETNR nr INTEGRAL VALUE§ FAR A
GIVEN rnUINISTANT TARLE OF FUNCTIOMAL VALUFS,
IT REGTMS WITH Z7(1)=n0.0 EVALUATTON nE YECTOR 2 TS DONE AY MEAMS
DF SIMPSNNT RUIF TOGFTHFR WITH NMEWTOAMQ 3/8 RIILF OR A COMRINATION
0F THESF TwO RIILFS, TRUNCATINM ERRNRS OF THE ORDER Hxxg,
EXCEPT FOR 7(2) TT IS OF THE ORDER ﬂF H**u.

H INCOEMELT OF ARCUMENT VALUFS . . - RS

Y TNPUT VFCTOR OF FUNTIOM VALUES

4 RESULTING VECTOR OF INTFARAL VALUES.NR. 7 MAY RE ICENTICAL
WITH Y

NOIM  NIMENSINNS OF VECTAR 2 AMD Y, NO RESULT ARE POSSIBLE
IF NMDIM IS LESS THAM 3eeeee

PARAVMETFRS ARF AS FOLLOWS.ses TE T emE eSS e e
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DIVENSTOM Y{(21)47{21)

HT=0.33%2333233 732}

ITF(NDI%=5)7484¢1

IF DIMrMSINN TIs GREATFR THAN S PREPARF INTFGRATTON Loor
SUMIS(Y(1)48  0aY(2)+Y(Z))&HT

AUXI=SUMI+HTH (Y (X144 ,0%Y (4)+Y(5))

AUX2ZHTH (Y (1)43.875%(Y(2)+Y(5))+2, 6?=*¢Y(3)+Y(u))+vls))
SUNM2SAUY2=HT*(Y(4)+4,0+Y(S)+Y(6))

Z2(1)=0,0

S AUX=U,.0%Y(3)
S Z2(2)1=SUM2-uTx (Y (2)+AUY+Y(4))

2(3)=8m1

Z{y)y=Sym2

TF(NDIM,LE.6) GO TO S

DO 4 I=7+NNIMe>

SUM1=ApYX1 -
SUM2=ALX? ~ ,
AUYL=SUMI#HTR(Y(T=2)+8,0*Y(T-1)4+Y(I))"
Z(T-2)=SUMy

IF(I.GE.NDIM) a0 TO 6
AUX2=SUM24UTx (Y (T=1)+8,04Y(1)+Y(T+1))
Z2(I-1)=Sun~»

Z(MDIMo1)=AUXL

ZI(NDIM)=AUX2

RETURN )

Z(NNIM_1)=QUM2

Z(NDIM)=AUYX1

RETURN . )

THE ENn OF THE INTEGRATION LOOP

IF(NDIM=3)12411+8 '

SPFCIAL CASF OfF NNTM FQUAL TO 4 OR S
SUMO=1,125xHT*(Y (1) +3, n*(Y(2)+Y(3)1+Y(u))
suvi= HT*(Y(’)+Q 0*Y(2)+Y(3)’
Z(1)=0,0 . .

AUXL=4,0xY(3)

2(2)=S1V2=uTx{Y (2V+AUXI+Y(4) ) -
IF(NDI®.LT.S) GO TO 10 ’

AtINI=4  NxY(4)
?(“)"SU"1+HT*(Y(3)+AUX1+Y(5))
Z(3)=5y~1

Zy)y=sym2

RETURN :

SPECIAL CASE OF -NDIM EQUAL TO 3

SUMIZHT®(1,25%Y(1)+2,0%Y(2)=0. 2EtY(3))
2(1)=0,0.

Z2(2)=Sm1 '
Z(‘)-HT*(Y(1)+H.O*Y(2)+Y(3))

RETURN

END '

3

SUBRROUTTNE FUNCTS(A+B+CeDo T'?'I”'IDUUX’

THIS ROUTINE CALCULATFQ THE REQUIRED MATRIX.TNDFTFRNINATF VALUES -

ARE SET TO 1

REAL M .
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DO 1 T=24+NPT=1
Z=FLOAT(I=1)/F| NAT(NPT=1) _
HE=(14/9%X)#AL0R(14-2) = (1./BY)XALOG(1,=2%%xM)
YR=H+1,
ALFA = ALOR(YR + SORT((YR+%x2-1,}1))
ARLFA(T)=ALFA
CALL FLIALFALFTYHY
CALL FO2(ALFALYR.FT2)
CALL Dr1(AI FAWYR,,OFT1)Y
CALL DF2HIALFA,YR«OFT2)
AFF1(T)=FT1
AFF2(1) =FT2
ACFF1(T)=DFT1
ADFF2{1)=DFT2
1 CONTINUE
RETURN
END

SUNROUTINE UCAIC(YA)

THIS ROUTINE CALCOLATES THE ANGULAR VELOCTTY AND YTS DERIVATIVE IN
THE ANGULAR DTRECTION

THE FACTOR F3 IS TNTERPOLATEDR FROM GTVEM DATA

REF. Ae J, GOLDMANs ET AL.+ CHEMs ENCo SfTer 19674 22+ 653

DIYENSTNN ARG(1D)+VALI1D) ¢ARGPI10) «VALP(IN) 4AREX(10) _
CONMON/MATN/RE  THETA VU PUFF1 FF2«FFEZ4DFF1 NFF2 . ALFASFP R AKT o Hy
+DADETALEL TORWAX«RY + M AFF1(201) 4 AFF2(201)4ANFF1(201) 4 ADFF2(201)sN
+PT AALFA(201) o ’
DATA (ARGPIT)vT=116)/3.7622+92,352841,5431,1,1276,41.0453,1.0050/
DATA (VALP(I)17=146)/0.9943640,9776R,0,92185,N,76F%2+0,£5375404478
+61/ - .
RY = R4+YA N IR ' .
TF(YN=3,8)24141 :
1 FF3= 1e=(5e6/164)/YA%%RZ
GO 7O 4
2 DO 3 1=z146 :
ARGY (I} = 1./(ARGP (X)) **3
CONTINUE
MDTM=6
NDIM2=6
IROW=6
ICoL =1 .
EPS  =n,001
2=1./YA%%x3 . - .
CALL ATSM{? ¢ARGXVALP TR0, ICOL (ARG VAL INDTM2)
CALL ALT(Z4ARG,VALFF3+NDIMEPS,IER)
4 UA =(1,5%Rx*2 +YA%(2,25*R + YA))
UB = YA*FF3#SIn(THETA)/RY%%3 : : o _
DUR= YA*FFZ*COS(THETA)/RY%x3 = , o - . -

B |

U = uasUB . .
DU = UasDUgp : .
RETURN

END
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COMMAON /MATH/RE s THETA GV WU FF T o FF2 4 FCX DFF1,PFFD (ALFA 4FP 7 AKT o H,
+DADETAWELTOR,RY RY.".AFFi(201).AFF?(?01).ADFF1(?01) ADFF2{201) N
+PT AALFAL201)

IF(7.5T.0.,99299) G0 TO 1

IF(Z.LT,0.00001) GO TO 1

THETA=T :

H== (1,/RX)%AL0G(1.~2)=(1, /BY)*ALOF(1 -7**")

YR=H+1, :

ALFA = ALOG(YER + SORT((YR*x%x2<1,}))

RY=R+YR '

KNT=1

KNT=KNT+1

DIFF=ARS(AALFA(KNT)=ALFA)

1F(DIFF,6T,1,E-9) GO TO 38

FF1=AFF1(KNT)

DFF1=ANFF1(KNT)

CALL DYNH(ALFA,YR,DV)

CALL VCALC(YR) -

CALL UcaLC(YB)

R THE ORINARY D.E,

AN=RX¥YR (] e=Z)%k(1,=7%%xM) ) o
RR=RY*{1.,=7%%xM) 4 BX*kM*(1,=-2)%2x%(Mey)

DNNti=AR /88 :

DAATNZ-NX*Y k(4% 2xx (M=1)%x(1,=7) + (1,=7%%M))

DRADNS «M*x0Y4Zx+(Mal) + BY*Ma((Ma])t7%x(MaD)iW¥x72x(M=1))
SIMYON=(RR¥NAADN « AAXDPRRNM)/BRx%x2

CHRIS= 2.%0*FF14QTFOMN*DNNH/EP

A= (2. %R/EP}*FF1xnNNOH%*2 ' .
R=((2,+R/ED)x(NFF14 2,%FF1/(R+YR)}) ~y)xDNDH + CHRIS
C==((2./RY ) % (V4D11)4DV) o

D=0,

IF(THETA.LT.0.00001) 60 TO 3

R THE PARTIAL D.E.

F=l/RY
AR=n/F
B=R/F
C=C/F
RETURN
_A=1.
B=1,
C=1.
D=0, -
RETURN
END

SUBROUTINE FACT

HIS ROUTINE CALCULATES THE FACTORS F1,F2, AND THEIR DERIVATIVES
ND STORES THE RFSULTS IN LISTS .

REAL M :

COMMON /M AIM/RE  THETAWW U NHWFF1 FF2 4 FF24DFF1,DFF2,ALFAVED R4 AKTyHy
+DADETALEL ¢ TORIBX4BY oMo f F=1(201>.nrr;(9o1).anFr1(201).norF2(201)-N
+PT AALFA(201) I ) LT T T T
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SURROUTTNME VCALC(YA)

CONMNMON/PATN/RE ., TUETAWV UDUFFT, FF2 2 FFX 4 DFF1 DFF2,ALFAFP Ry /\KT He
$PNADETALEL s TORRY RY, M, ArF1(2n1).AFF9c?01) ANEFI{2NL1)Y 4 ANFF2 (201 ) 4N
+PTLAALFA(201)

Al = =({YA*x#2%(1,5%PF + YA))

KNT=1

KNT=KNT+1 ’ _

DIFF=ARS (AALFA(KNT)=ALFA)
IF(PIFF,6T,1,E-9) GO TO 38
FF1=AFFL(KNT)

FF2=AFF2 (KMT)
R1=FF1xFF2+COS(THETA) / (R+YA) #43 .
Cl=lb o /2 ) ¥AKTH(R/FEP)*FF1/(YAX %21, ) %2
DI=FF1+(EL*TORxR/EP)*EXP{=TOR*H) /(1,4FXP{=TOR%H) )
V=n1xB81-C1+01

RETURN

END

SUBROUTINE DVDHR{A.YA+DV)
IS ROUTIME CALCILATES THE DERIVATIVE nF THE RADTIAL VELOCTTY

CONMMON/MATM/BE . THETA WY UsNUFF1 4 FF2 FF34DFF1 ,DFF2 ALFAVFP VR s AKT o He
+DADETAWEL s TORVBX +BY oy AFrltznl).an9t901).nnFF1(201).AnFF?(Qﬂi)-N
+PT AALFA(201)

KNT=1

KNT=KNT+1

NIFF= ADQ(AALFﬂ(KNT)-ALFA)

IF(DIFF.GT,1.,E-9) GO TO 38

FF1=AFF1(KNT)

FF2=AFF2(KNT)

DFF1=ANFF1 (KNT)

NDFF2=ADFF2 (KNT)

VA = = ((3e/2)%YA%%2%R + YA%X%3)

VB = FF1 _

VC=FF2xCOS(THETA}

DVADH = =(3.*%YA*R +3,%YA%%2)

NVRNH = NDFF1

DVCDH = DFF2*CaS(THETA) _

RY = (R+YA) . )

FK = RYx*3x (VAxVR*DVCDH +VB*VC*DVADH 4VA*VC*DVBDH)
FL = VAXVBAVC*Z,¥RY%k*2

DVI=(FK =FL)/Ry*xx6

FM = «((4,/3, )*AKT*R/EP)

YB = (YA¥xD - 1,)

DV2 = FEM*(YD*%2xNFF1 = U4, %xFF1+YRxYA)/YRexl

" DFEL=EL*TOR* (R/EP)+ (DFF1%EXP (=TOR*H) /(1 +EXP (= TOR*H))-TOR*FFl*EXP(

+ » =TOR*¥H) /{1, +EXP(=TOR*H) ) %%2)
Dv=DV14+DV240FEL

RETURN

END
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SURROUTTNE DF21(A+YADF20H)
¢
€ THIS ROUTTNE eALCILATES THE DERIVATIVE ofF THE FACTOR F2

(o] .
=« (SORT(AR,/%:))2xSTNH(A) *x*3
FF2= 0, .
fF1 = 0. ' .
DACH = 1. /(QORT(YAt*2 - 1.))
N=0
1 N=N4+1
AN FLOAT(N)
AJ AN « 5
AK - AM + 1.5
P=AJ/AK s
RY = «(SART(8./9. ))*(AN*(AN + 1,)¥/¢(2, *AN+1 1
CcOSHA COSH(A)Y
STNHA SIuH((A)
EXPJA = EXB{=A*A)

wununitan

EXPKA FXP(=~AK*A)

COSHY = COSH(AJ*A)

CNSHK = COSH(AK*A)

SINHJ = SINH(AJ*A)
SINHK = STNH(AK%A)

B2 = AJxEXDJA - AKsFXPKA

rR3 = (POQHA/QIMHA)*(EXPJA - EXPKA)
U1=B1* (B2 + B3 ]
;0 €1 = =ad*xo+EXPJA + AK**2xEXPKA
C2 = (FYPJA = FYPKA)/STHNHA%%2
€3 = (=AJ*FXPJA + AK*EXPKA) *COSHA/SINHA
U2= B81x(£1-C2 + ¢3) ’
@ = CNSHJ - COSHK
R = SItHHJ - PxSINHK : : ‘ .
S = AJ*SINHY - AK*SINHK : : : i
T = AJ#COSHJ = PxAK*COSHK o
BM = (gxUl - QxU2)/(S*xR = TxQ)

E = ((2.%¥AN + 1.)/(2.*AN + 3,))xBN

FA = Z«F :

VOU = =SORT(A.)*xSINHAxx2xCOSHA*E B

DSOA = AJ*#x2%CnSHY = AKx+2xCOSHK - ’

DTRA = AJ**2*xSTNHJ -~ PxAK*x2xSINHK

NR1 = AJxx3*EXOJA ~ AK#*xF*EXPKA o -
NR2 = 2, *%x(COSHA/SINHA*%x3)*x(EXPJA = EYPKA) - .

DA3 = («~AJ*FYXPUA + AK*FXPKA)/STMHA%%*D :

DRY = (=AJxEXPA + AK¥FXPKKA)/STNHAXXD

DR = (AJxx2xE¥PJA - Ak**D*FXPKﬂ)*COSHA/SINHA

ny2 = A1x(DR1 + NR2 - LR3 ~DPu +NRS5)Y
FF=((U1%NSNA + SxU2) =(U2+S + Q+DU2)I%(S*¥R -~ Tx0Q)
FH 22%((2¢xAN+14)/(2,*%AN+3,))/(S*R =Tx0)*%*3
FG =(U1*S « U2%xQ)*((S*T + RxDSDAI~(TxS + O*DTDA))
UDV = FHx(FF = FG)
DF2 =VvDou+Unv, : _ e
FF2 =EF2 4FA o e e
FI = F1 +DF2 ~
IF(N - 510)2,2,3
2 IF(tFA. LTaN.00N0N1)AND . (DF2.,LT,.0, 00001)) 60 TO &
6N TO 1
2 WRITE(/41090) N
1000 FNRMAT(1Xe//71%X.*THE REQUIRED ACCUQACY FOR DF2DH COULD NOT BE REACH
+ED AFTER*¢Thy* TERMSx%x}) .
4 DF2DH =(=2.,*EF2/YA%%x3 + FI*DﬁDH/YAtt?)-
RETURN :
END
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UBRAUTTME DFI1(A,YANFNH) . _

THIS RAUTIMFE CALCULATFS THE DERTVATIVF OF THF FACTOR F1 RIVEN THE
VALVE ALFA AMD THE DISTANCE YA

CALL F1(A ATOT)

DFPL = =-(ATOT=*%2)

N=p

AB
START SIMMING THE TERMS

N=N4+1

AN = FLOAT(N)

DADH  =1./(SORT{(YAx*x2 = 1,))

W o= AN (AN + 1.)/0(Pe%AMN = 1,.)%(D . %AN & 3,.))

BYNUM =D #QTMH{ (2, %xAN+1,)%A) 4 (2,%AN31,)%SINH(D,%A)
RICEN zU# ((STHH(IAN + (SI*A) ) %x2)=f (2, #ANET JExD )X (SINH (A %%2)
DNUMZ (4, %ANE2 o 1 ¥ COSH{ 2. %AN + 1,)%A) +(U, tnM+? YxCOSH 2 . xA)

DEEN = (Ua*xAN+2,)*xSTNH( (2, %AN+1,)%A) ={ (2, *AMEY ) #¥2)ASTNH (D, %A)
R1 = BINUM/RIDFN =1,

ART = y»BY

FRr ArI*(4,/3, )*COSH(A)

AA Apn + FB

ARJ= Wx (BINFMEDN(M ~ BTNUM%DDEN) /RIDEN®*2

FC ARJ*(44/3, )2SINH(A)

AB An +Fp

IF(500-M)3,3,2

CHECKING Tn SEF THAT THE REQIIRFD ACCHRACY HAS BEEN REACHED
IF((FB,LT«N400N01) ,AMDW(FC.LT.0,00001)) GO TO &

GN TO 1

wRTTE(s.IHOO)N

FORMAT (1X ¢ //1%X (*xMORE THAN %4I5,% TFRMS WERF NEFNEN*//1X,41))
AFTCR ANNTMG THR PEQUIPED MUMBER OF TEPMS THE FIMAL RESULT IS
CALCULATFD NFINnH = DFDL*FLOAXDANH _

AA+AB 1S FoUAL To DLDA

DFNH = DFDL*DAPDHX({AA + AR)

RETURN

END

Haoun

SUBROUTINE F1(A+aTOT) - i )
..'...‘......................".".....'.......Q.......I......‘...

SUBROUTINE Fq

PURPOSE
THIS RNUTINE CALCULATES THE FACTOR F1 WHTCH CORREECTS THE
STOKES EQUATION MEAR A SOLID ORJECT

USAGE ,
CALL F1{A4ATOT)

DECRIPTION OF PARAMETERS - . _
: =THE FACTOR ALPHA =ULN(YA + SODT((YA)tta )
ATOT =THE FACTOR F1

METHOD : '
: CALCHLATED FROM PRFNNFR He CHEM,FNG,SCT, 16 +242 _
F1 I< CALCULATED FRNAM A SFRIFS,THF SFRIFS IS TFRMYNATED
WHEN THE CONTRIBUTION OF THE TERM IS LESS THAN 0.00001
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ATOT = D
N=0

START TN CALCUI ATE TERMS
M =N+ 1

AN = FLOAT(NY
W= AN(AN 4 1.)/70(2%xAt=1,)*%(2,*AN+T })

BTMUM = 2,2STNI{(2.%AMET1,)%A) + (2.%AN+T1)+STHH{P ,*A)
RINEN = U, x (ISTHHL(ANG ,S)*A) ) %%2)=( (D, :AN+1.)**9)*(SINH(AI**2)

R = BTMUM/"IDFM -1,
ABT = wseBl

FA = ART#*(n,/Z, V*«STINH(A)
ATOT = ATOT + FA '

IS THE COMTYRIBNTION OF THIS TER™ LESS THAN 0,00001

IF(500 - M)%,3,2 : i .
IF(FA « NynONDL)LHLsY
WRTTE(4,1000) .

FORMAT (1X//7*THF NUMBER OF TERMS WAS GREATER THAN SN0*//)

ATCT = 1./AT0T
RETURN
END

SURROUTIME F2({A.YA,FE2)

"THIS ROUTINE CALCNLATES THE FACTOR F2.

REF, S..L. GNOFEN AMn M, F, OMEILL, CHEM, ENMG, S¢T

NOTE ERROR NEAR EQUN 3,14

(o
€
Creea
(o
1
c
CXXXX
c
2
1
100n
y
¢
C
C
c
c
1
’
3
10du
S
4

[

IF(YA.LT.1,001y GO TO S
=-(SORTI(8, /9.))*§INH(A)*#3

N=0
£F2=0,
N=N+1 “
- AN = FLOAT(N)
AJ = AN = .5
AK = AN + 145
P=aJ/AK
Bl = -(qonf(a./e ))*(AN*(AN + 1.)/(? tAN+1 )
COSHA = COSH(A)
STMHK = STMH{AK=®A)
SINHY = STMNH(AJ=A)
COSHK = COSH(AK=®A) :
COSHJ = COSH(AJ*A) )
EXPKA = EYD(=AK*A)
EXPJA = EXP(=AJ*R) ..
STNHA = SIMH(A) AN B

B2 = AUEXPUA « AK¥EXPKA | ,
RZ = (COSHA/STHNHA)*(FXPJA - EXPKA)
Ut=R1%(B2 + B3)

C1 = =AJ**DEFXDIA 3+ nw**?*EXPKA
C2 = (FXPJA =~ FXPKA)/STMHAx#2
C3 = (~NJ*FEXPJIN + AK*EXPKD)*COQHA/SINHA

2= Bls(Ccl-C? + c2) :

= COSHJ - COSHK ) .

= SINHJ = P¥SINKFX : .

= AJFSL UMY = AKX SIMBK : .

= AJSL0GHY - PRLY~CNSHK I
Ul - Q¥U2, /(S*R = T*Q) IR

*AN 1)/ (Ea%AN-+ 3, ))‘ﬂ“

D
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LIST OF SYMBOLS

The following 1is a list of symbols used in
‘the theoretical work of Chapter 6, including

some of the more important symbols used

elsewhere.



Ajix

KT
b, by

by, m

» & = o
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radius of sphere, cm
bubble -radius, cm

particle radius, cm

Hamaker constant or effective Hamaker constant, ergs

Hamaker constant for interaction of media i and k
through medium j, ergs

A/KkT

expansion parameter for the transformation of
the radial coordinate

local concentration, particles/cm? |
concentration of particles far from the bubble,
particles/cm3

c/c,

diameter of particle, cm

local diffusion coefficient, cm?/sec

diffusion coefficient far from the bubble, cm?2/sec

collection efficiency
adhesion efficiency

collision effiéiency
hydrodynamic correction factors

minimum separation between particle and bubble
surfaces, cm
h/a
/ p
rate of deposition, particles/sec

Boltzmann's constant, ergs/°K

first order rate constant, min~!
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‘m(H) local particle mobility.céefficient, cm/dyne-sec
m_ mobility coefficient far from the bubble, cm/dyne-sec
er radial particle flux, particles/cm?-sec
Nt No. of particies/experimental volume at time t
Ng angular particle flux, particles/cm2-sec
Pe Peclet number = 2a,U/D,
T radial coordinate
R ab/ap
. Re - Reynolds number Zab oe U/‘E
S, radial fluid velocity, cm/sec
Sg angular fluid velocity, cm/sec
t time
T absolute temperature °K
U. bubble terminal velocity, cm/sec
UEv particie electromobility, microns/sec/Volt/cm
u* ve/U
V. radial particle velocity, cm/sec
Vg angular particle velocity, cm/sec
v* Vr/U
VDL potential of the double layer, ergs
Vv potential due to van der Waals dispersion forces, ergs
y minimum distance between particle centre and bubble
surface,
Y H+1

Greek symbols

o adsorption depth, cm

Y surface tension, dynes/cm



e (1)
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surface excess, moles/cm?2

dielectrid;constant-

dielectric permittivity of an interacting body

at the imaginary frequency ig

zeta potential, mV

transformed radial coordinate

fluid viscosity, poise

angular coordinate

reciprocal double layer thickness, cm~!

disjoining pressure

double layer.contribution to disjoining_preésure

van der Waals contribution to &isjoining pressure
specific surface contribution to disjoining pressure
includes all interactions not accounted for by HDL orlIV
fluid density, gms/cm3

particle density gmé/cm3

surface potential



