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Abstract

The buckling of columns is the classic problem in structural stability. It has been studied by many
researchers over a large number of years, and it is well known that the severity of the buckling
response can be greatly amplified by initial geometric imperfections in the column shape. The
current paper presents and discusses the effects of imperfection shape, orientation and magnitude on
the buckling behaviour of columns. Analyses are conducted for elastic columns with overall initial
imperfections in the form of out-of-straightness and sway displacements, as well as local
imperfections that, for instance, model constructional and material defects. Traditionally, the initial
imperfections are modelled with the first buckling mode with a size selected according to
fabrication tolerances. This approach will not necessarily provide a lower limit to the column pre-
buckling stiffness and strength. These assertions are supported by numerical results for
imperfection-sensitive columns. The influence of end restraint on column strength is also studied
since columns in actual frameworks are connected to other structural members such that their ends

are restrained.
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1. Introduction

The pioneering investigation by Euler on the elastic stability of a mathematically straight, prismatic,
pin-ended, concentrically loaded, slender column founded the development of the “classical” theory
of elastic buckling, in which the governing equations of the problem are linear and homogeneous in

the lateral displacement w and its first three derivatives, leading typically to a eigen-boundary-value
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problem [1]. The critical buckling loads are the eigenvalues and the corresponding buckling mode
shapes are the eigenvectors of the problem. Practical columns, however, deviate from this ideal
model due to the inevitable presence of geometrical, material, structural and load related
imperfections that act to reduce the column load-carrying capacity. For modelling purposes,
geometrical, material and structural imperfections are usually considered by means of an equivalent
initial geometric imperfection, in the form of an initial curvature or out-of-straightness (lateral
deflection of the column relative to the undeformed state) and an initial sway imperfection (relative
lateral displacement between the column ends) [2-4].

The buckling load of a compressed ideal column is also affected by the boundary conditions. For
all possible boundary conditions, the critical load can be always related to the basic pin-ended
column element through the concept of the effective length, L.s that was first introduced by
Jasinsky in 1893 [5]. The effective length is defined as the length of a pin-ended column that has
the same critical load as a column with other prescribed end-conditions. This concept allows codes
of practice to be simplified considerably — see, for instance, the American specification for
structural steel buildings [6] and the European code of practice for the design of steel structures, EN
1993 [7], with rules only necessary for pin-ended columns. In fact, much of the research on elastic
buckling of columns is based on the behaviour of this simple column. In particular, and among the
many analyses of imperfection sensitive columns, the majority is concerned with the buckling of a
simple uniform column with equivalent initial geometric imperfections and eccentric axial loads.
Most studies consider an initial centreline deflection in the form of a half-sine curve, & sin(zx/Lesr),
where ¢ is the initial out-of-straightness at the middle of the pin-ended equivalent column. This is a
simplified form of geometric imperfections that uses a single buckling mode representation of the
imperfection in which the amplitude ¢ is allowed to vary according to the fabrication tolerances
stipulated in the applicable engineering standards [8], or in some cases being treated as a random
variable [9-10].

The equivalent geometric imperfections change the column response. An imperfect column
exhibits a limit point with bending being introduced from the onset of loading. Since the bending
effect is likely to be secondary compared to the effect of the axial force, it is current practice to
assume that the characteristic column strength is reached when the material yield stress f is first
attained at any point in the column; in the context of the Ayrton-Perry formulation [11], the

maximum Stress Gmax 1S given by:

N, M
o, =B 4 Tm ¢ 1
max A W fy ( )

el

where Ngq is the applied axial compressive load, A is the area of cross section, W, = Ai’ / ¢ is the
section modulus corresponding to the fibre with maximum elastic stress with i being the section
radius of gyration and ¢ being the distance from neutral axis to extreme fibre, and M,y is the
maximum bending moment in the column. The theory that effectively combines the Ayrton-Perry
approach to failure of columns with a global imperfection parameter, as proposed by Robertson [12]
for the definition of the buckling resistance of columns, is essentially elastic in nature [11] and

leads to the well-known column curves based on the effective length concept that are adopted in
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modern design codes. The EN 1993 document, in particular, adopts a single equation for the
column design curves developed by Rondal and Maquoi [13]; these describe the practical

compressive strength of a column in terms of the slenderness ratio A= . /Npl / N _ , where N, is the

elastic critical load and N, is the squash load.

The important problem of determining consistent equivalent geometric imperfections includes
the choice of their shape and size and its relation to the column end restraints. The equivalent initial
imperfections are usually assumed to be proportional to the classical buckling mode (or as a linear
combination of the relevant critical modes), but in fact these are functions involving uncertainties
that may have a random nature. In principle, the choice of the imperfection shape that leads to the
lowest column strength subjected to amplitude constraints should involve a Fourier-type approach,
which usually gives a good interpretation of the actual column imperfections [9].

With this range of issues in mind, the research presented currently has the following specific
objectives:

1. To dissociate the form of initial geometric imperfections from the traditional approach of
assuming the imperfection shape affine to the lowest bifurcation mode while bounded by a
given imperfection amplitude.

2. To include the effect of a localized deflection pattern within the problem domain (i.e. a
localized geometric imperfection to a section of the column). Such localized effects may
arise in steel columns, for example, due to welding of a reinforcing steel plate over a short
column length, which would modify the residual stress distribution, for example. This effect
is then combined with the general distributed imperfection pattern along the column length
to compare the strength ratios to the critical load.

3. To examine the influence of end restraint on the column strength and behaviour. More
specifically, two aspects of restrained column behaviour are considered: the magnitudes of
the rotational and sway end stiffnesses, plus the form and bow amplitude of the initial
geometric imperfections.

4. To compare the effects of the various imperfections and end support conditions by using the
maximum elastic strength as the relative measure and then derive design sensitivities of the
critical load factor for the various studies. A parametric study is conducted through
computational analysis and results are then established.

As far as the authors are aware, little attention has been paid to this class of problems, and the
physical results are in themselves of interest. In particular, it is shown that for a given imperfection
amplitude, the shape of such an imperfection is an important factor in the column strength ratios to
the buckling load. These effects are examined with exact treatments through extensive
computational modelling.

The buckling formulation used, as well as the underlying computational implementation, can be
easily extended to other types of structures. For example: thin-plated structures, columns on elastic
foundations, sandwich struts and prestressed stayed columns; the sensitivity to the geometry of the

imperfection of the latter three components have been investigated to some extent already [14-16].
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2. Elastic buckling of uniform columns

The elastic buckling of a perfect column is a classic textbook problem, see [2-3,17]. Columns that
are very slender do not have a significant sensitivity to initial geometric imperfections; only when
yielding comes into the picture does the sensitivity show itself. This is significant for moderately
slender columns. In that range of slenderness, an imperfect column has a load-carrying capacity that
is usually significantly less than that obtained from calculating the buckling load of a column with a

perfect geometry.
2.1. Basic equations

Consider an elastically supported column with initial deformations associated with out-of-
straightness of the column, wso(x), and initial sway imperfection, Ao (see Fig. 1). The following
assumptions are made:

1. The analysis is purely elastic with the stress-strain relationship being completely linear and £

is defined as the Young modulus.

2. The column is of uniform cross-section with / being the second moment of area.

3. The column is stress-free in its initial configuration, before the application of the axial load.

4. The column is considered transversely supported so that the possibility of buckling about the

weak axis is precluded.

5. Local instabilities do not occur.

6. Shear deformations are not accounted for.
2

7. The curvature is approximated by because the rotations of the member are small so that

x2
dw\’
the term (d_J is negligible compared to unity in the expression for the actual curvature,
X

d*w
dx*

The column is loaded axially by a compressive load Ngq that retains its direction as the column

deflects. The total deflection wr(x) is obtained by superimposing the lateral deflection w(x) to the
initial geometric imperfections:
W (x):w80 (x)+wA0 (x)+w(x). (2)
w, (%)

The column ends a and b are restrained by rotational and longitudinal springs, with Ky being the

corresponding rotational spring constant and K being the longitudinal spring. For the numerical

studies presented later, the stiffnesses Ky and K, are specified in a non-dimensional form (ko and k»)

in terms of % and % of the column, respectively.
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The mathematical formulation of this problem is now presented. Figure 2 shows the free-body

diagram of an infinitesimal segment of this column. The moment equilibrium equation is written in

the following form [4]
2 A
M pE (WT) M d (w+ Wy, + i3 X
x> N dx’ - a’ N dx’ =0 ®)
From Euler-Bernoulli bending theory the moment-curvature relationship is
d*w
M =-EI : 4
o 4

From Egs. (3) and (4) we obtain the general fourth-order differential equilibrium equation, which is

applicable to columns with any boundary conditions,

d2 d2W d2W d2W " "
el RGN o = >
where u is given by
N,
2= Nea ©6)

2.2. Form of initial geometric imperfections

It is well known that perfect columns are just idealized models. Typically, they have an
imperfect geometry and the applied loads do not pass through the centroid of the column cross
section precisely. In this section, generic column imperfections in the form of equivalent initial
geometric imperfections are considered.

In practice, it is common to consider geometric imperfection shapes affine with the lowest

bifurcation mode or as a linear combination of the n. lowest bifurcation modes,
W50 (x) = Z 50,1'Wcr,i (X) (7)
i=1

whereby &, and wi(x) are the amplitude and the shape of the i mode, defined as follows

W, (x)=a,,sin (,ucw. x) +b,, cos (,uw. x) +e,, x+d, (8)
and
= & 9
Heri S\ g )

where N ; is the i" critical load of the system and w,,; 1s the general solution of the governing
differential equation for the perfect column system. This strategy has no actual physical or
mathematical reasoning. The underlying philosophy of this approach has its basis in a mathematical
simplification for finding the particular solution of the governing differential equation. The
particular solution will not necessarily satisfy the column boundary conditions; however, if a
general solution is found to the homogeneous form of the same equation, then it can be used to
satisfy the boundary conditions.

Equivalent geometric imperfections are intrinsic to the member itself and are independent of the
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column boundary conditions. We can then anticipate that the load-deflection response of an
imperfect column will strongly depend on the boundary conditions, in the sense that for some
boundary condition types the degradation of the column strength for a specific imperfection shape
can be more severe than for others. Additionally, since the initial shape of the equivalent
geometrical imperfection is random in form and magnitude, the buckling modes do not necessarily
constitute a complete set of functions that describe a general curve along the column length. Since
the initial shape is continuous and has a finite number of extrema in the range 0 <x <L, then the
initial bow is best represented by a Fourier sine series where there is no initial displacement at the
boundaries [18],

wyy (x Z S, sin 2~ (10)

and thus
:—x+25 sm— (11)

2.3. Solution of the equilibrium equation

As indicated in the previous section, the complementary solution of the differential equilibrium
equation for the perfect system is
wc(x)=asin(,ux)+bcos(,ux)+cx+d (12)
where a, b, ¢ and d are integration constants to be determined using the following boundary

conditions (Fig. 1)
atx=0 w=0 (13)

—-EW" =-K, w

atx=L —EW"—N, (W+w))=-K,w
—EW" = K, W
with the particular integral w, for this equation being obtained by using the method of undetermined

coefficients. This leads to

= Ngq
w(1)=3 —Nu 5 (x (14)
P( ) MZ:; Ncr’i_NEd 0, ( )
or
2 N4 . N7TX
=) — B 5 —_— 15
Wp (x) — 5 ﬂ_zE]_N l’lS1n L ( )
2 Ed

if the initial bow imperfection is given by Eq. (7) or (10), respectively.
2.4. Localized imperfections

The influence of imperfections on column buckling is now analysed at the level of localized
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imperfections that are modelled in the form of a single wave soliton given by

X —
WO,sol (x) = 50,501 SeCh2 (gosol T‘fj (16)

where & 501 1s the maximum wave amplitude, @y is a form parameter that makes the soliton
narrower or wider, and & is the abscissa of the soliton peak. A typical single wave soliton is shown
in Fig. 3. This localized imperfection can be added to Eq. (11) to obtain a general form of the initial
geometrically equivalent imperfection.

The solution of the equilibrium Eq. (5) now has to include the additional particular solution
associated with the above localized wave. Since the differential operator related to Eq. (5) is linear,
the particular solution of the equilibrium equation considering the generalized imperfection given
by Egs. (11) and (16) is the sum of the particular solutions associated with each term. Application
of the method known as the variation of parameters [19], in the context of the symbolic algebraic
manipulator Mathematica [20], and for @1 # 0 (@501 =0 is associated with a constant function, with

no physical interest for this particular problem), the particular solution for the soliton term is given

oL L L 2005 L L 20575
(x) =iyl R =it - ™ | R i i e
2(0501 2¢sol

(17)
whereby »F is an hypergeometric function [21] with complex variables but, together with its
derivative of any order, wy o1 shows real values only for any value of x. Having found the particular
solution of the equilibrium equation, the eigen-boundary value problem that computes the

equilibrium paths follows the same methodology as presented in Section 2.3.

3. Imperfection sensitivity studies

To understand the sensitivity of columns to geometric imperfections better and to characterize the
critical conditions fully, it is important to investigate the effects of initial geometric imperfections
of specified amplitude and shape.

The results of a parametric investigation are compared with those corresponding to a basic
problem, which currently is taken as a HEB240 section buckling about its major axis and simply
supported at the ends, with a length of § m (Z = 1.02) . This example was specifically chosen since

a slenderness parameter approximately equal to unity is the value that produces the greatest
sensitivity in columns. The shape of the initial deflection is assumed to be that of a half sine-wave.
The basic problem is summarized in Fig. 4.

A series of calculations is first performed using different values of initial central deflection. The
basic problem assumes a value of & of L/500 that corresponds to the tolerance for geometrical
imperfections in the European execution specification EN 1090 [8]. Three additional values are

chosen, namely L/1000, L/250 and L/125. Imperfections are introduced from eigenvalue analysis
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(imperfection patterns based on the first buckling mode shape) and Fourier sine series
representations. The effect of localized imperfections is also taken into account.

The baseline conditions of end-restraint are modified as follows:

1. Columns without sway: fully fixed ends.

2. Columns with sway: fixed-free ends (cantilevered column) and fixed-transversely sliding

ends.
3.1. Imperfection shapes affine to the lowest bifurcation mode

First, the column imperfection shape is assumed to be proportional to the first buckling mode.
This is the simplest representation of the column geometric imperfection. The buckling behaviour
of the column, including the deflected shape and the maximum load capacity, was quantified by the
software Mathematica. Table 1 shows the calculated values of the ratio of the strength of the
imperfect structure to that of the perfect structure (Nmax/Ner).

The variation of the total central deformation of the pin-ended column with axial load is shown
in non-dimensional form in Fig. 5a. The curves are expressed in terms of the normalized axial force
in the column (Ng4/Nr) versus the normalized maximum total lateral deflection of the member
(wrmax/L). Curve 1 represents the basic case shown in Fig. 4 and is valid only over the region AB,
where the column behaves elastically, i.e. o, < f, —see Eq. (1). The remaining curves show the
effect of larger and smaller initial amplitudes &. If & is infinitesimally small, the behaviour of the
column converges to that of the perfect column. Fig. 56 shows that as the compressive axial load in
the column is increased, the maximum stress defined in Eq. (1) increases at a progressively greater
rate until, eventually, it reaches the yield stress (vertical line in the graph). If the column stress is
increased further, a plastic zone forms on the concave side of the column and collapse ensues. The
load at which o, = f, can be conservatively taken as the load capacity [22].

The buckling behaviour of columns for which the ends are not pinned is now examined in the
context of the equivalent pin-ended column, by means of the effective length concept (see Fig. 6).
The variation with the axial load of the ratio between the maximum total deflection of the
equivalent pin-ended column and the effective length L s first analysed. As an example, the
amplitude of the initial bow is taken as Ls/500. The graph in Fig. 7a shows that the column
behaviour is identical to that of a pin-ended column of length L. irrespective of the boundary
conditions. Now suppose that the axially loaded columns in Fig. 6 have an initial deformation w
that is affine to the first buckling mode, see Eq. (7), with n, = 1, which is now measured from the
line joining the two ends. The characteristic features of the response Ngd/Ner Versus wr max/L are
identical to the pin-ended column (Fig. 5) but the elastic limiting stress is clearly dependent on the

end conditions and so the load-carrying capacity varies, as indicated in Figs. 7b-d.
3.2. Imperfection representations by truncated Fourier sine series

The column imperfection shapes are now modelled as Fourier sine series. The current work only
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considers initial imperfections in the form of a single half-sine wave (n=1) and two half-sine waves
(n=2). These are shown in Fig. 8 for increasing bow amplitudes ¢ and for the particular case of a
cantilevered column. Note that this specific example corresponds to a sway-permitted column and
thus the load versus lateral relative displacement response is sensitive to the amount of initial sway

displacement Ao. That is not the case for sway-prevented columns as detailed in Appendix A.

3.2.1. Fourier Sine series expansion with the series truncated at n = 1

Three different column configurations are studied (see Fig. 6). These cases cover the
configurations for which the imperfection shape is not affine to the buckling mode. The parametric
variations in sway imperfection and maximum initial bow amplitude are summarized in Table 2.
The findings of this parametric study are summarized in Figs. 9 and 10 and Table 3. Some
indication of the effect of varying & and Ay is given in these figures where non-dimensional graphs
of load versus maximum lateral deflection for the parameters set out in Table 2 are shown. As
would be expected, the smaller the values of & and Ay, the higher the column load-carrying
capacity, which is identified in each figure with enlarged circles. For all examples, the buckled
configuration typically tends to the critical buckling mode, irrespective of the magnitude of the
initial bow and sway imperfections. The results in terms of column strength ratios to the critical
load are presented in Table 3.

For the fully fixed (sway-prevented) column, the maximum transverse deformation occurs at
mid-height. The different bow amplitudes considered produced approximately parallel load-
deflection curves that approach the critical buckling case asymptotically for any given initial bow.
However, the load-carrying capacity in these columns is severely reduced as the initial bow
amplitude increases (Fig. 9a). The graph in Fig. 95 shows that the maximum load in a sway-
prevented column is relatively insensitive to the initial sway displacement.

Fig. 10a shows load-deflection curves for the cantilevered column (a sway-permitted column),
expressed in terms of the normalized total deflection at the top of the column. The four lower
curves in Fig. 10a(i) correspond to the example cases 7 to 10, see Table 2. These are referred to as
the “negative” & curves in the discussions that follow. Similarly, the other four curves (example
cases 1 to 4) are associated with “positive” &. The “negative” & curves are practically identical to
the load-deflection curves represented in Fig. 7b, in which the imperfection shape is affine to the
first buckling mode shape, although a significant reduction in the load-carrying capacity is
observed. The second group of curves are plotted for “positive” &. These curves are particularly
interesting: the amplitude & has a favourable effect on the column load-carrying capacity and the
column is deformed nearly in full reversed curvature bending under sidesway deflections, see also
Fig. 10a(ii). It can be seen that the relative orientation of the out-of-straightness and initial sway has
a significant effect on the maximum strength for this column. The favourably oriented imperfection
in the column from example 4 results in a strength ratio of 0.93 compared to 0.79 for the
unfavourably orientated imperfection in the column from example 10, see Table 3.

The behaviour in Fig. 105b(i) is similar to that shown in the above figures with a notable

exception: the load-deflection curves for a fixed-guided column are completely independent from
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the bow amplitude &. This happens because the magnitude of the initial bow & has the strongest
influence at the central zone of the column and not at the top where the maximum displacements
occur. The load-carrying capacity however is greatly affected by this parameter and varies from
0.530 (for &y =—L/125) to 0.638 (for & =L/1000) that represents a 17% variation. On the contrary
and as expected, Fig. 10b(ii) shows that fixed-guided columns are particularly sensitive to the initial

sway imperfection.

3.2.2. Fourier Sine series expansion with the series truncated at n = 2
Two basic column configurations are now analysed, corresponding to a pin-ended column and a
fixed-guided column, that exhibit the same buckling load (N, =3456.5 kN). The initial bow

imperfection shape is given by Eq. (10) with two terms of the Fourier series,
X

wso(x)chlsin7+§2 sin? (18)
The Fourier coefficients 0y and 6, are found by assuming four different ratios, see Fig. 11. The
parametric variations in sway imperfection and maximum initial bow amplitude are identical to
those in Table 2. The comparison results are shown in Table 4.

The axial force-total deflection paths (Ng4/Ner versus wrmax/L) obtained from the current analysis
are shown in Figs. 12 and 13. These figures correspond to the pin-ended column (wr max Occurs at
mid-height of the column, wrs;) and the fixed-guided column (wr max occurs at the guided top end
of the column, wr ), respectively. Initial bow amplitudes of /500 and L/125 are assumed in graphs
a(i) and a(ii); initial sway displacements of /200 and L/500 are considered in Figs. a and b. In
addition to the load paths, the column strength is shown in each figure with enlarged circles.

In both Figs. 12a, it can be observed that the buckling response is the exactly same for
symmetric ratios 0;/6,. This is a rather trivial remark since this column end restraint conditions are
identical. It is significant however to note that as the initial bow amplitude increases, the column
buckling behaviour becomes more sensitive to the imperfection shape, i.e. to the ratio 0;/5. These
graphs also show that there is a loss of load-carrying capacity for increasing ratios 0;/6, and for the
same value of &. This highlights the importance of the form of the initial imperfection, irrespective
of the initial bow amplitude. The graph in Fig. 125 again indicates that the strength in sway-
prevented columns is relatively insensitive to initial sway imperfections.

The curves in Fig. 13a show identical results for a fixed-guided column. The response pattern is
exactly the same as the one seen in Fig. 105(i). However, the response is now sensitive to the ratios
01/, and so is the column load carrying capacity. It can be seen in graph a(i) that the lower
equilibrium curves correspond to the case where the maximum bow amplitude is closer to the
transversely sliding end whereas in the upper curve the maximum initial bow amplitude is closer to
the fixed end. When the imperfection becomes larger — graph «a(ii) — the buckling response changes
dramatically. As for the cantilevered column in the previous section, the column is now deformed
nearly in full reversed curvature bending. This happens as the ratio d;/9; decreases. The reason for
this may be related to the fact that a larger value of the out-of-straightness combined with a small

01/ &, ratio (see Fig. 11) allows the column deformation to converge to the first buckling mode
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easily. Finally, the diagram in Fig. 135 confirms that this column is particularly sensitive to the

initial sway magnitude.

3.2.3. Comparisons

It can be concluded from the previous results that for the range of parameters and conditions

considered, the shape of geometric imperfections in the form of an initial bow had the most

significant influence on the load capacity. The equilibrium paths in terms of axial force Nga/Ne

versus relative deflection wi,/L are taken as a basis for comparing the results.

The key findings are summarized below:

1.

Figs. 14a(i) and (ii) show that pin-ended columns are relatively insensitive to the
imperfection shape if no change in the initial curvature occurs. As can be seen in the graphs,
the buckling responses and the column strength values with imperfection shapes affine to
the first buckling mode almost coincide with those of the shapes represented by two term
Fourier sine series that assume 0;/9, =4, see Fig. 11.

By including an initial out-of-straightness in the form of the first buckling mode shape with
a magnitude of L/500, a 30.2% reduction of the load-carrying capacity to 2472 kN occurs,
see Fig. 14a(i). For a magnitude of L/125, this reduction is as high as 54.4%, see Fig.
14a(ii). A significant increase in the column maximum strength is obtained for imperfection
shapes in the form of Fourier sine series that assume ¢;/6,= 0.5, corresponding to a
curvature reverse of the initial bow. The figures are as follows: 24.8% reduction for an
amplitude of L/500 and 48.8% for L/125.

As shown in the graphs in b(i) and (ii) of Fig. 14, fixed-fixed columns are highly sensitive to
the effect of initial geometric imperfections. Since the loss in the load-carrying capacity is
so severe due to the imperfections, it is unlikely that the form of the imperfection itself
would play a significant role.

Figs. 15a(i) and (ii) show the equilibrium paths for the cantilevered column (sway-
permitted case). The graphs demonstrate that these columns are extremely sensitive to the
initial bow amplitude and the form of the initial imperfection, with shapes affine to the first
buckling mode and represented by Fourier sine series truncated after the first term being
chosen. The latter representation assumes a variation of the relative basic amplitude of the
imperfection selected from Table 2 with the imperfection combinations “positive” and
“negative” & =L/500 (cases 2 and 8) and & =L/125 (cases 4 and 10) being chosen.

With a smaller amount of initial bow, see graph 15a(i), the load capacity is relatively
insensitive to the imperfection: the maximum load reduces to 95% of the buckling load when
an initial out-of-straightness affine to the first buckling mode shape is introduced, the load
reduces to 93% and 86.5% for imperfection shapes in the form of Fourier sine series (one
term); the latter quantities correspond to “positive” and “negative” initial bows, respectively.
This trend is not observed for larger amounts of initial bow. The graphs in Fig. 15a(ii) show
that the load-carrying capacity drops to 82%, 93.4% and 78.6%, in the same order as above. It

is interesting to note that now the equilibrium path for initial bow affine to the first buckling
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mode shape almost corresponds to that of “negative” initial bow represented by Fourier sine
series (one term). Another important observation relates to the “positive” initial bow case that
corresponds to the column being deformed in full reversed curvature bending and renders the
system less imperfection sensitive for the cases presented in the current analysis.

6. Finally, the results for the fixed-guided column are summarized in Figs. 15b(i) and (i1).
Depending on the level of imperfection, and for the assumed imperfection shapes, the
equilibrium responses are approximately parallel with variations in the column strength of
25% and 38% with reference to the critical load, see graph (i), or the column response can
be reversed as shown in graph (ii). In this case, the range of variation in the column strength
is wider, with a minimum of 56% for an initial bow affine to the lowest buckling mode and
81% for and initial bow represented by Fourier sine series (two terms) and i/ =4, see also
Fig. 11.

3.2.4. Discussion

The results above use a formulation for the imperfections that are compared based on a fixed
amplitude for the different functions describing the imperfections. This is perfectly reasonable for
the current study for a variety of reasons. Firstly, the design codes usually give guidance on the
levels of imperfection in terms of an out-of-straightness amplitude. Secondly, the Fourier series are
truncated after a limited number of terms, implying that the total perturbations between different
imperfection cases are of comparable size. However, in enhanced studies, where imperfections are
considered with significantly smaller wavelengths, if the amplitude is fixed then the total size of the
imperfection may be biased towards the smaller wavelengths due to the overall initial perturbation
being intrinsically larger. An alternative measure of imperfection size has been proposed in a
number of recent articles [14-16], where the inextensional end-displacement required to bend the
structural element into the imperfect profile becomes the measure of imperfection size rather than
the amplitude. This has the advantage of the model not being constrained and therefore able to
consider a larger range of imperfection profiles. However, this consideration is left for future work

and would also be readily applicable for the localized imperfections considered next.
3.3. Localized imperfections

In this third study, emphasis is placed on the effect of the magnitude of localized imperfections
modelled as solitons. Further calculations are performed for a variety of localized and single half-sine
column imperfections combinations to analyse their influence on the column behaviour. The location
of the soliton is varied in both cases. The study only considers the case of pin-ended columns that

represent a benchmark to which other columns with different end conditions can be referred.
3.3.1. Parameters selected for numerical studies
The behaviour of a pin-ended column from the basic problem is now sought with a variation in

the following parameters:
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1. The amplitude of a single wave soliton, & ol

2. The soliton form parameter, @y

3. The abscissa of the soliton peak, &.

4. The initial central deflection, o&.

These variables are varied parametrically as shown in Table 5. The significance of each of the
above variables on the buckling load is summarized in the following section. The key results are
included in Figs. 16 and 17.

3.3.2. Principal results
The curves in Fig. 16 pertain to the buckling characteristics of a column with localized
imperfections. The two non-dimensional graphs are identical. The response is initially linear and
stiff. As the load increases, the increase in displacement becomes disproportionately larger. Fig.
16a also shows that:
1. An increase in the wave amplitude of the imperfection reduces the pre-buckling stiffness and
the carrying capacity of the column (cases A.1 and A.4).
2. A localized imperfection closer to the column footing has a stabilizing effect (cases A.1 and
A2).
Fig. 16b highlights the unfavourable effect of smaller values of the soliton form parameter ¢yo1. The
relationship between this parameter and the load-carrying capacity is nonlinear, see also Table 5.
As expected, the load-carrying capacity is also reduced by localized and bow imperfection
combinations. The peak load and the buckling response, in general, however are relatively
insensitive to the presence of such localized imperfections, as can be seen in Tables 1 and 5 and
Fig. 17.

4. Influence of end support conditions

Different types of boundary conditions are now considered to assess the influence of the elastically
restrained end supports. Results are presented for the buckling of uniform imperfect columns
provided with any combination of rigid end support conditions, either symmetrical or
unsymmetrical. Practical implications of the effect of sway stiffness in the column structural

behaviour are also considered.
4.1. Estimation of bounds on side sway restraints

Consider a straight pin-ended column which is supported at the top end with a longitudinal

spring (Fig. 18a). The characteristic equation for this particular column can be written as follows:
K
o =2 L sinul =0 19
H (ﬂ I ] U (19)

where y is given by Eq. (6). Since u # 0, either
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sin,uL=0<:>Ncr=L—=N (20)

or

2
W EI
K, = 7

For K, small, then N < Nguer. The maximum load, in this case is the Euler load that is attained as

21)

Ky, increases. Then,
_ /uéulcrEI _ 7[2E[

Ab,crit — L L3 (22)
or in non-dimensional form,
K cri
Knpeie =g =7 (23)
L
Fig. 18b shows another case where there exists a critical sway stiffness. The characteristic
equation is now written as:
2cos uL + ,uL—,u3£ sinul-2=0 (24)
KAb
from which
2 47*El
lucr :TC} Ncr = L2 :4NEuler (25)
or
47°El
K, . 3
k = Ab,crit — L — 4 2 . 26
Ab,crit E] EI T ( )
o

The previous two examples are rather special idealized cases in that the critical load for the fully
sway-prevented column is well known. The more general case of a spring-supported column at both

ends is represented in Fig. 18c¢. For this system, the characteristic equation is given by
—2k kg K, + [2kAbk9ak6b +hky, (kea + kg, ) HL - (kea + ko ) pL ] cos L+

272 474 . (27)
[ gk, + ke, Koy =1) = (K + kgofeg, ) 12 + p2*L* | L sin L =0

This equation is best solved numerically. The smallest positive root of Eq. (27) yields s from which
N can be computed. The relationship between the ratio N./Ngyer and the non-dimensional sway
stiffness kap, 1s illustrated in Fig. 19, in which various rotational spring stiffness values are assumed. In
Fig. 19a the two rotational spring constants are equal, whereas Figs. 195 and 19¢ assume extreme
values for kg,, corresponding to a pin end and a clamped end, respectively. Curves A and C are drawn
for ko, = 0 and ko, = 1000, respectively. The latter value corresponds to a clamped end [23]. Curve B
is drawn for a semi-rigid joint at the column top end. The graphs highlight the existence of a critical
sway stiffness for some standard boundary conditions (straight vertical lines) and show the spring
values from Egs. (23) and (26). Where ko, = ko (Fig. 19a), the curves also exhibit a plateau region that
commences at finite values of kap. In Figs. 195 and 19c¢ the curves N/ Neyier versus kap are sharply

curved for smaller values of ka, and are followed by a virtually straight line.
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4.2. Parameters selected for numerical studies

A systematic parametric study is conducted to develop a better understanding of the influence of
end restraint on the strength and behaviour of columns. Table 6 shows the different parameters
selected for the analysis. For comparison purposes, the sway stiffness was chosen to illustrate cases
which can be considered (i) sway-prevented with effective lengths below actual length (L. is fixed
to 0.75L) and (ii) sway-permitted with column effective lengths above the actual length (L is fixed
to 0.75L). Sway restraints that result in the buckling load being equal to the Euler load (i.e. Lesr=1L)
are also considered. It is important to realize from these cases that the basic sway/no-sway
phenomenon depends not only on the sway stiffness value k, but also on the rotational spring
stiffness values. Table 6 shows that the sway-prevented case requires a relatively low sway stiffness
for koo/kop < 1. Larger sway stiffness values are required in a situation whereby kga/kop >1.

In all cases, the initial bow imperfection is represented by Fourier sine series (Example 1: single
term; Examples 2-7: two series terms, with 0i/6, = 0.5, -0.5, 1, — 1, 4, —4, see Fig. 11). The

maximum bow amplitude is maintained at /500 and the initial sway stiffness at £/200.
4.3. Principal results

The effect of the end restraint is to increase the column stiffness and to reduce the lateral
deflection with a consequent increase in strength. This is clearly illustrated in Figs. 20 and 21 that
represent the typical behaviour found in the current study and Table 7 that summarizes the column
load capacity factor for different end restraints.

The following trends are observed:

1. In all cases, the maximum absolute load increases as the horizontal restraining spring

increases in stiffness, although the strength ratio to the critical load decreases.

2. In symmetrical cases, i.e. equal rotational spring supports at the column ends, the
equilibrium paths Ng4/N.: versus wmay/L are practically coincident, see Fig. 20a(i)-(i1), 21a(i)
and 215b(1).

3. Inunsymmetrical cases, the equilibrium paths Ng4/Ngr versus wmax/L do not overlap, see
Figs. 20b-c, 21a(ii) and 21b(i1). In these graphs, the upper curves correspond to the sway-
prevented situation. The two other curves are very closely related.

4. The usual approach of using the concept of the column effective length to account for end
restraint does not give a good approximation of the strength of a column with initial bow.
Consider Lesr=1 (cases i.2 in Table 7, the pinned-end and fixed-guided ends in Table 1, for
example). In all cases, the initial bow amplitude is equal to L/500. Depending on the form of
the bow imperfection and the end restraining conditions, the strength ratio to the buckling
load varies from 0.67 (pinned-ends and imperfection affine to the first buckling mode) to
0.84 (koa = 5, kob = 1 and the imperfection is represented by two Fourier sine series with

01/% = 0.5). This represents a 20% variation in the load-carrying capacity.
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5. Conclusions and further developments

The current work presents an appraisal of the effects of the magnitude, shape and orientation of

equivalent initial geometric imperfections on the load-deflection response of an otherwise straight

column. The approach for imperfection sensitivity studies deals directly with the imperfect

configuration and includes imperfection shapes that are not consistent with the kinematic boundary

conditions of the column. The system is modelled with a generalized imperfection wy, which is

formulated from equilibrium. This generalized imperfection accounts for all other geometric

imperfections and the unavoidable eccentricity of the axial load. Localized imperfections are also

included in the analysis to estimate the column strength and the load-deflection behaviour. The

influence of end restraint on column strength is also taken into account since columns in actual

frameworks are connected to other structural members such that their ends are restrained.

In examining the effect of the imperfection shape and amplitude on a column with arbitrary end

restraining conditions, the following points have been noted:

1.

The pre-buckling stiffness and the load-carrying capacity of the column are generally
reduced by increasing the amplitude of the imperfection.

The imperfection shape again changes the pre-buckling stiffness and the load-carrying
capacity of the column.

The critical load degradation is not necessarily more severe when the imperfection shape is
affine to the first buckling mode.

Current analyses show that there is no obvious relationship between the form of the
imperfection and the column maximum strength.

The effect of a single local imperfection is to reduce the column strength; this effect
however becomes much less when combined with a general column imperfection.

The imperfection sensitivity to the end-restraining conditions (end rotational fixities and
side sway restraint) has been clearly demonstrated. The effects of a wide range of initial
geometrical imperfection shapes on the equilibrium response have been evaluated through
parametric studies. The results show that the usual approach of using the concept of the
column effective length to account for end restraint does not give a good approximation of
the column strength.

In the case of sway-permitted columns with rotationally rigid connections, with initial bow
amplitudes larger than L/500 can cause reversals in the lateral deflections. This behaviour is

also very much dependent on the form of the imperfection.

The practical implications of the above results clearly deserve further careful study.

Additionally, the determination of the critical (or worst) column imperfection, i.e. the imperfection

shape that decreases the column strength more rapidly, remains open despite the contributions of

this work.
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Appendix A

Consider the pin-ended column with initial sway imperfection A and initial bow given by the first

buckling mode shape (Fig. Al):
A, . X
W, (x)=—x+3,sin— Al
(%) ="+ Gysin (A1)

L2 | L2 |

Fig. Al. Pin-ended column with initial imperfections.

The bending moment at a distance x from the support is:

M=—NE{AO—(%)€+5O sin%+wﬂ+R(L—x) (A2)
and:
R= Ny, 20 (A3)

The internal bending moment is related to the curvature by means of Eq. (4). The elimination of M

from this equation and Eq. (A2) provides the following differential equation in w:

2 A : A
_E]d_W—NEdwzNE{—AO+T°x+5osm%+T°(L—x) (A4)

x2
that is more conveniently written as:
" . TTX
W+ @ow=—16, sin =~ (AS)

This equation is independent from the initial sway displacement Ay.
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Table 1.

Critical loads N, and strength ratios (normalized with N,) for different imperfection levels.

Column end-restraints Ner (kN) Initial bow amplitude &
L/1000 L/500 L/250 L/125
Pinned-ends 3546.5 0.75 0.67 0.56 0.45
Fully fixed 14586.0 0.24 0.23 0.21 0.18
Fixed-free 911.6 0.97 0.95 0.90 0.82
Fixed-guided 3546.5 0.82 0.75 0.67 0.56
Table 2.
Numerical examples and parametric variations in sway imperfection and maximum initial bow
amplitude.
Example Ao FoX Example Ao Fod
1 L/200 L/1000 7 L/200 —L/1000
2 L/200 L/500 8 L/200 —L/500
3 L/200 L/250 9 L/200 —L/250
4 L/200 L/125 10 L/200 —L/125
5 L/500 L/1000 11 L/500 —L/1000
6 L/500 L/125 12 L/500 —L/125
Table 3.

Strength ratios to the critical load: summary of results.

Example Column end-restraints
Pinned-ends Fully fixed Fixed-free Fixed-guided
1 0.75 0.24 0.91 0.64
2 0.67 0.23 0.93 0.62
3 0.56 0.20 0.98 0.59
4 0.45 0.17 0.93 0.62
5 0.75 0.24 0.98 0.75
6 0.45 0.17 0.88 0.75
7 0.75 0.24 0.88 0.64
8 0.67 0.23 0.86 0.62
9 0.56 0.20 0.84 0.59
10 0.45 0.17 0.79 0.53
11 0.75 0.24 0.94 0.75
12 0.45 0.17 0.83 0.60
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Table 4.

Strength ratios to the critical load: summary of results for different column end restraints.

Ex. Pinned-ends Fixed-guided ends
Ratio 61/ Ratio 01/6
+0.5 £l +2 +4 0.5 1 2 4 -05 -1 -2 -4

1 0.83 080 0.78 0.76 0.68 0.67 066 065 062 063 0.63 0.63
2 0.75 0.72 0.70 0.68 0.71 0.68 066 064 060 0.60 0.61 0.61
3 0.64 062 059 057 08 09 077 062 055 056 0.57 0.57
4 0.51 049 047 046 060 065 073 079 048 050 0.51 0.51
5 0.83 0.8 0.78 0.76 085 082 079 077 071 072 0.73 0.73
6 0.51 049 047 046 056 060 065 068 051 053 055 0.56
7 0.83 080 0.78 0.76 0.62 063 063 063 068 0.67 0.66 0.65
8 0.75 0.72 0.70 0.68 0.60 0.60 061 061 071 068 0.66 0.64
9 0.64 062 059 057 055 056 057 057 080 073 0.66 0.62
10 0.51 049 047 046 048 050 051 051 060 065 0.73 0.58
11 0.83 0.8 0.78 0.76 0.71 0.72 073 073 085 082 0.79 0.77
12 0.51 049 047 046 051 053 055 056 056 060 0.65 0.73
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Table 5.

Numerical examples for different soliton parameters.

Example Case @l N .sol 4 0oy Initial shape Nmax/Ner
A.l 0.25L - j\ 0.84
A2 40  L/500 0.50L - A 0.82
A3 0.75L - /\ 0.84
A
A4 0.25L - N 0.91
A5 40  L/1000 0.50L - N 0.89
A.6 0.75L - N 0.91
B.1 0.25L - A 0.85
B B2 80  L/500  0.50L - A 0.84
B.3 0.75L - 0.85
C.1 0.25L - A 0.86
C C2 160 L/500  0.50L - A 0.85
C3 0.75L 0.86
D.1 0.25L - _/\ 0.81
D D2 20  L/500 0.50L - j\ 0.78
D.3 0.75L - /L 0.81
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Table 5.

(cont’d.)
Example Case ¢ N sl & 1oy Initial shape Nmax/Ner
E.l 025L L/500 _ " 0.66
40 L/1000
E2 0.50L L/500 " 0.64
E
E3 025L L/500 o~ 0.67
40 —L/1000
E.4 050L L/500 _——m ~NT——nu 0.67
F.1 0251  L/250 //_\ 0.56
40 L/1000
F.2 0.50L  L/250 /\ 0.54
F
F3 025L  L/250 /_\ 0.56
40 —L/1000
F4 0.50L  L/250 /_v\ 0.57
G.1 025L L/500 - _ 0.65
40 L/500
G.2 050L 1/500 _ —-"—u 0.61
G
G3 025L L/500 ——v 0.67
40 —L/500
G.4 050L L/500 ——m \/ ———__ 0.68
H.1 025L L/500 _— 0.66
20 L/1000
H2 0.50L L/500 ———m 0.64
H
H3 025L L/500 e 0.67
20 —L/1000
H.4 050L L/500 _——m ~——— _ 0.68
L1 025L L/500 _——  —T——nu_ 0.67
80  L/1000
12 0.50L L/500 0.64
I
1.3 025L L/500 ——v— 0.67
80  —L/1000
1.4 050L L/500 _—m vV T——nu_ __ 0.67
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Table 6.

Numerical examples and parametric variations in elastic end-restraints.

Case koa kb kab Les/L Ner (KN)

1.1 Sway-prevented 5 5 13.12 0.75 6482.7

1 1.2 5 5 4.90 1 3646.5
1.3 Sway-permitted 5 5 1.15 1.25 2333.8

2.1 Sway-prevented 5 1 344.99 0.75 6482.7

2 22 5 1 7.38 1 3646.5
2.3 Sway-permitted 5 1 3.46 1.25 2333.8

3.1 Sway-prevented 5 10 12.68 0.75 6482.7

3 3.2 5 10 4.20 1 3646.5
3.3  Sway-permitted 5 10 0.36 1.25 2333.8

4.1 Sway-prevented 1 5 344.99 0.75 6482.7

4 4.2 1 5 7.38 1 3646.5
4.3  Sway-permitted 1 5 3.46 1.25 2333.8

5.1 Sway-prevented 10 5 12.68 0.75 6482.7

5 52 10 5 4.20 1 3646.5
5.3  Sway-permitted 10 5 0.36 1.25 2333.8
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Table 7.

Strength ratios to the critical load: summary of results.

Ex. 1 Ex. 3 EX. 5 EX. 6 Max. variation
Initial shape
— o _— o _— — _—
Case Nmax/Ner
1.1 0.47 0.52 0.47 0.52 0.47 0.50 0.47 9.6%
1 12 0.70 0.74 0.70 0.72 0.70 0.70 0.70 5.4%
1.3 0.80 0.84 0.79 0.83 0.79 0.81 0.80 5.9%
2.1 0.47 0.50 0.47 0.50 0.47 0.48 0.47 6.0%
2 2.2 0.75 0.84 0.74 0.81 0.75 0.76 0.76 11.9%
2.3 0.87 0.88 0.84 0.87 0.85 0.87 0.86 4.5%
3.1 0.49 0.51 0.46 0.51 0.47 0.50 0.47 9.8%
3 32 0.68 0.73 0.68 0.71 0.68 0.69 0.68 6.8%
3.3 0.78 0.84 0.76 0.82 0.77 0.80 0.78 9.5%
4.1 0.47 0.47 0.50 0.47 0.50 0.47 0.48 6.0%
4 42 0.72 0.78 0.71 0.76 0.71 0.73 0.71 9.0%
4.3 0.84 0.87 0.83 0.87 0.83 0.85 0.84 4.6%
5.1 0.50 0.54 0.47 0.54 0.47 0.52 0.47 13.0%
5 52 0.68 0.73 0.67 0.71 0.68 0.69 0.68 8.2%
5.3 0.79 0.83 0.76 0.82 0.76 0.80 0.78 8.4%
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Fig. 1. Elastically supported column with equivalent geometric imperfections.
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Fig. 2. Free-body diagram of a column segment.
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transverse displacement; (i1) Load versus critical stress. (b) Case 2 — ko, =5 and kop =1 (koa’kob=95):
Load versus relative transverse displacement. (¢) Case 4 — koo =1 and kg, =5 (koa/kor=0.2): Load
versus. relative transverse displacement. (d) Comparisons for identical ratios Leg/L (1) Ler/L = 0.75;
(11) Leff/L =1.25.

Fig. 21. Equilibrium paths. (@) Example 2: (i) Case 1; (ii) Case 2. (b) Example 3: (i) Case 1; (ii)
Case 2.
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