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Abstract

This paper demonstrates the applicability of response history analysis based on rigid-

plastic models for the seismic assessment and design of steel buildings. The rigid-plastic

force-deformation relationship as applied in steel moment-resisting frames is re-examined

and new rigid-plastic models are developed for concentrically braced frames and dual

structural systems consisting of moment-resisting frames coupled with braced systems.

This paper demonstrates that such rigid-plastic models are able to predict global seismic

demands with reasonable accuracy. It is also shown that, the direct relationship that

exists between peak displacement and the plastic capacity of rigid-plastic oscillators can

be used to define the level of seismic demand for a given performance target.

Keywords: Rigid-plastic analysis, moment-resisting frames, concentrically-braced frames,

seismic design.

1 Introduction

Several methods, of different levels of accuracy, are available for the structural analysis of steel

buildings subjected to earthquake actions. Among them, non-linear dynamic analysis (also

referred to as time-history) is widely recognized as the most reliable technique due to its ability

to reflect the time dependent nature of the seismic behaviour. Nevertheless, its application in

practical assesment and design is hampered by the high level of expertise it requires as well as

the significant time and costs associated with it.

Modern earthquake resistant design philosophies aim to achieve reliable structural performance

whilst maintaining an economic design by ensuring energy dissipation capabilities under strong

ground-motions. Such energy dissipation is usually attained through high levels of plastic de-

formation in certain specially-designed elements whilst elastic behaviour is ensured in other

structural members. If elastic deformations become relatively insignificant (e.g. at large defor-

mation levels), rigid-plastic models can be adopted to asses the structural response. The relative

simplicity of rigid-plastic models, coupled with the rationality of the response history approach,
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can introduce a great deal of ease and versatility to the analysis. The main assumption adopted

in a rigid-plastic model is the disregard for any elastic deformation. This in turn means that the

stiffness alternates between infinite and zero levels which may complicate its implementation

within conventional stiffness-based computer methods. Nevertheless, the avoidance of elastic

stiffness considerations introduces a great deal of simplicity as illustrated in subsequent sections

of this paper. In general, rigid-plastic models also assume that all sources of energy dissipation

are due to the plastic behaviour and hence non-hysteretic damping is ignored.

Despite its common use in studying the post-elastic behaviour under static loads, rigid-plastic

models have not been widely employed in dynamic problems mainly due to the lack of suitable

computational procedures. Another perceived problem is related to the inability of the method

to deal with resonance effects, although it should be noted that resonant response decays rapidly

as soon as non-linear deformations start to occur. One of the first studies dealing with rigid-

plastic approximations in the earthquake engineering field was the work by Newmark [1] who

devised a method to estimate earthquake induced displacements on slope stability problems

where relative displacements start to accumulate whenever the earthquake induced accelera-

tion exceeds certain resistance thresholds. In fact, this viscous-like idealisation has become

an important field of research in soil mechanics [2] and in the analysis of viscous dampers

subjected to earthquake loading [3]. A few years later, Augusti [4] proposed general formulae

for the solution of the dynamic response of framed structures based on rigid-plastic oscillators

subjected to simple pulse and periodic loading. Strain hardening and strength degradation

effects were partially considered in his study. Paglietti and Porcu [5], by means of the same

classic rigid-plastic model, calculated the maximum displacement response of several SDOF

systems to seismic loading. Their study also introduced the idea of the so called rigid-plastic

spectrum defined as the relationship between a structural response parameter (such as peak

structural displacement) and the plastic capacity of the rigid-plastic model. More recently, and

based on such relationship, Domingues-Costa et al. [6] proposed an earthquake resistant design

procedure for reinforced-concrete moment-resisting frames, the so-called Rigid-Plastic Seismic

Design (RPSD), modifying the classical rigid-plastic model to take into account pinching effects

typical of reinforced-concrete structures. This study highlighted the relative merits of rigid-

plastic approaches, which led to renewed interest in exploiting its advantages, particularly in

terms of simplified seismic design and assessment procedures.

The principal advantage of using rigid-plastic models is related to their efficency in terms of

modelling effort and computational time. As illustrated in this paper, the computational pro-

cedures are relatively straightforward, in comparison with advanced response-history analysis

and necesitate a much lower degree of specialized knowledge and input. Most importantly, the

definition of an appropriate rigid-plastic model requires the specification of a single key param-

eter: the plastic capacity capacity represented in terms of the strength at yield. This enables

2



simple relationships to be established between the strength provided and a given structural

performance parameter, which can be used for design purposes.

The present study extends the advantages associated with rigid-plastic models to different ty-

pologies of steel buildings under earthquake loading. To this end, new hysteretic relationships

(as well as its corresponding integration algorithms) are proposed. It is shown that such rigid-

plastic models are able to predict global demand response histories with reasonable accuracy.

Finally, relationships between peak displacement and the plastic capacity of rigid-plastic oscil-

lators are used to obtain the required structural strength for a given target scenario.

2 Moment-resisting frames (MRF)

2.1 Rigid-plastic idealization for single-degree-of-freedom systems

Figure 1a presents a classic rigid-plastic oscillator of mass m, height h and plastic moment

capacity at the columns M0, subjected to a ground acceleration ag(t). For such a rigid-plastic

oscillator, the yield capacity of the structural system defined by Fyp = −Fyn can be related to

the limit moment at the plastic hinges by:

Fyp =
4M0

h
(1)

similar conventions can be introduced for other, more complicated, rigid-plastic structures.

Figure 1b presents the rigid-plastic response of the above described MRF oscillator as a function

of lateral force and displacement. In this figure, two main behavioural states are evident: (i) a

rigid state where the yield strength of the member is not reached and hence no displacement

takes place and, (ii) a plastic state where deformations occur and the strength demand is equal

to the yield strength.

Expression of dynamic equilibrium by means of D’Alembert’s principle over the rigid-plastic

oscillator of Figure 1a yields the following expression for the relative acceleration ar(t) as a

function of time t:

ar(t) =
F (t)

m
− ag(t) (2)

where F (t) represents the internal forces opposing the motion. With the previous assumptions

and definitions, it can be inmediately recognised that Equation 2 can be replaced by the fol-

lowing set of relationships, which are more practical for computer-based numerical integration:
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ar(t) =
Fyp

m
− ag(t) if vr(t) > 0

ar(t) =
Fyn

m
− ag(t) if vr(t) < 0

ar(t) = 0 if F (t) ∈]Fyn, Fyp[

(3)

where vr(t) is the relative velocity of the mass m, and hence a change of state occurs whenever

vr(t) changes from positive or negative to zero. For this purpose, the numerical integration

scheme presented in Figure 2 was implemented in MATLAB[7] and used in the present study.

In this figure dr(t) is the relative displacement of the mass m, τ is the specific time at which

the oscillator changes its behaviour from rigid to plastic or vice versa, ∆t is the integration

time-step and Fy takes the value of Fyp if vr(t) > 0 or Fyn if vr(t) < 0. Finally, the value of

acceleration is assumed constant over a ∆t period of time.

Figure 1c presents a comparison between the seismic response in terms of displacement history

of a rigid-plastic oscillator and a number of elasto-plastic SDOF models with elastic periods

varying from 0.6 to 1.4 seconds, to the JMA record from the 1995 Kobe earthquake. This record

imposes a peak demand of 6 times the yield strength of the structure or, in other words, a ratio

between peak ground acceleration (PGA) and ground acceleration at yield ay of 6. It should be

noted, as pointed out by Paglietti and Porcu [5] that the single most important parameter gov-

erning the accuracy of rigid-plastic prediction is the overall contribution of elastic deformation.

In other words, as expected for a given structure, the greater the ductility demand the more

accurate the rigid-plastic prediction would be, in comparison with a conventional elastic-plastic

model that does not account for strength degradation. In this case, the ductility demand is

defined as the ratio between the peak displacement and the displacement at yield. This em-

phasises the suitability of the ratio between the PGA and the acceleration at structural yield

for characterizing the accuracy of the rigid-plastic prediction approach. In turn, for the same

ductility demand, the rigid-plastic model would give better estimates of peak displacement for

stiffer structures.

2.2 Response prediction of multi-degree-of-freedom systems

In this section, the rigid-plastic model is applied to multi-storey moment-resisting frames by

considering rigid-plastic behaviour at plastic hinges and rigid behaviour elsewhere. It is assumed

that the displacement vector s(x, t) at any location x in the structure and at time t can be

represented by:

s(x, t) = δ(t)Φ(x) (4)
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where δ(t) represents the variation of the displacement at the effective height of the structure

as a function of time and Φ(x) is the vector representing the shape of the plastic mechanism.

The response of a three-storey building designed by Bruneau et al. [8] and presented in Figure 3a

is considered. Concentrated dead and superimposed loads of 250 kN and 100 kN, respectively,

are applied to the columns at each floor level and distributed loads of 15 kN/m and 10 kN/m,

corresponding to dead and live loads respectively, are applied to the beams along their length.

The building was designed for drift-controlled behaviour and reduced beams section connec-

tions (RBS) were utilised.

Several non-linear elasto-plastic analyses were performed using the non-linear finite element

program Adaptic [9] with due consideration of both material and geometric non-linearities.

Cubic elasto-plastic 2D fiber elements were used for the beams and columns including the sec-

tion variation at the RBS. An equivalent SDOF model was also defined as depicted in Figure 3a,

with rigid-plastic behaviour in terms of lateral force and displacement at the effective height.

As an example, the drift histories at the effective height of the building are compared in Figures

3b and 3c when both models were subjected to the a scaled El Centro record and the JMA

Kobe record.

Reasonably good agreement is observed in Figure 3 between the detailed elasto-plastic non-

linear model and the much simpler rigid-plastic oscillator. Although there are inevitable dif-

ferences in the shape of the response, including the residual drift, the peak drift is farily well

predicted. This favourable comparison is observed despite the limited inelastic demand im-

posed with ratios of PGA to acceleration at yield of 3 for El Centro and 2.21 for the JMA Kobe

record. The correlation is expected to improve with the increase in inelastic demand.

3 Concentrically-braced frames (CBF)

The seismic performance of concentrically-braced frames (CBF) depends largely on the inelastic

response of their bracing members. Indeed, design approaches in seismic codes typically aim

to concentrate inelastic deformation in the bracing members while ensuring elastic behaviour

in other parts of the structure by means of the application of capacity design principles and

failure mode control [10].

The main behavioural aspects of the cyclic response of braces are: (i) successive elongation that

causes yielding in tension to occur at increasing axial deformations and, (ii) gradual degrada-

tion of the compression resistance with increasing cycles. Several models have been proposed

to estimate the cyclic response of bracing members [11, 12, 13, 14]. Nevertheless such models
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require detailed input (e.g. nonlinear constitutive model for the material, discretization of the

cross-section, member imperfections). In this section a simple modelling alternative is pro-

posed through a rigid-plastic representation at the storey level. The model is validated against

detailed elasto-plastic single and multi-storey representations, and its accuracy in predicting

global peak displacement is examined.

3.1 Rigid-plastic idealization for CBF

The proposed rigid-plastic relationship for CBF is based initally on the behaviour of a single-

storey braced oscillator with pinned joints and rigid elements as shown in Figure 4a, where all

the inelastic behaviour is concentrated in the bracing members.

Figure 4b presents the corresponding rigid-plastic hysteretic response in terms of storey drift

and force. It is important to note that the model takes into account the tension elongation by

allowing rigid behaviour only if the previous peak deformation is reached. Furthermore, the

model assumes that the system is not able to sustain any load reversal until the load carrying

capacity is recovered by tension action in the alternate brace, hence introducing effectively a

slip-like behaviour. The adopted idealisation ignores the contribution of the braces in compres-

sion which in principle is acceptable for slender braces noting that the brace will buckle at a

relatively early stage in the response history [11, 15]. Where necessary, for bracing members

with relatively low slenderness, an alternative model proposed in the next section can be used

in order to take into account the contribution of the compression resistance of the bracing

members.

Following the previous discussion, a new set of equations defining the rigid-plastic model can

be devised:

ar(t) =
Fyp

m
− ag(t) if vr(t) > 0 ∧ dr(t) > d(tp)

ar(t) =
Fyn

m
− ag(t) if vr(t) < 0 ∧ dr(t) < d(tn)

ar(t) = −ag(t) if F (t) = 0 ∧ dr(t) ∈]d(tn), d(tp)[

ar(t) = 0 if vr(t) = 0 ∧ F (t) ∈]Fyn, Fyp[

(5)

where tn and tp are the instants of time at which the peak negative or positive displacement

is reached, respectively, within a specific interval of time [0, t]. As a result, the integration

algorithm proposed in Figure 5 can be used, where all variables are the same as defined before.

Also, as in the previous section, the value of acceleration is considered constant over a ∆t period

of time.

6



3.2 Response prediction of braced SDOF systems

The response of the rigid-plastic oscillator presented in the previous section is validated herein

against refined analyses where attention is placed on the prediction of the displacement history.

The single-storey two-bay single-degree-of-freedom (SDOF) braced frame shown in Figure 4a

is considered with 5 metres overall width and 2.9 metres height. A refined numerical model

was constructed in Adaptic using pinned connections and rigid elements for all the structural

members except the braces. The elastic modulus of steel is assumed as 200x103N/mm2 and

its yield stress as 300N/mm2 with 0.5% of strain hardening. The braces were modelled with

pinned ends and are formed of eight cubic elasto-plastic elements with 50 cross-sectional fibres.

Several rectangular hollow sections were used which in turn signify a range of different member

slenderness values. Notional loads at the midspan were used in order to simulate initial imper-

fections of the order of 1/200 of the brace length.

The only parameter defining the rigid-plastic response is the storey shear capacity at yielding of

the bracing system. This was calculated considering the plastic section capacity of the brace in

tension only. Both models (i.e. detailed non-linear and rigid-plastic) were subjected to a range

ground-motion acceleration histories. As an example, the rigid-plastic prediction is compared

with the refined fibre-element model in Figures 4c and 4d for the case of a 50x2.5 SHS brace

(member normalised slenderness λ̄ of 1.00) to the El Centro record and for two different levels

of magnification, namely PGA/ay about 3 and 4. As shown in the figures, very good compari-

son is observed. The same favourable correlation was confirmed through further analyses with

other ground-motion records.

Figure 6 explores the variation of the ratio between the peak drift predictions obtained by

means of the rigid-plastic and the refined model as a function of slenderness and PGA/ay for

the Beverly Hills Station record of the 1994 Northridge earthquake. As expected, the greater

the ductility demand, the more accurate is the rigid-plastic approximation for a given value of

slenderness. On the other hand, for stockier braces, the rigid-plastic model tends to overes-

timate the peak drift due to its lower energy dissipation capacity (narrower hysteresis loops)

that ignores the contribution of compression resistance.

In general, good estimates of drift history can be expected for ratios of PGA/ay greater than

three and slenderness larger than 1.5. Under these conditions the displacement error is typically

less than 10%.
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3.3 Response prediction of multi-storey CBF systems

In this section, the possibility of using the above-described rigid-plastic representation in esti-

mating the seismic response of low-rise CBF is explored. The four-storey simple-braced struc-

ture presented in Figure 7, is considered herein. Figure 7 also presents the direction of analysis.

All columns are assumed to be pinned at the base and simple beam connections are considered.

The building was designed to EC8 [16] employing seismic actions corresponding to Soil C con-

ditions and Spectrum Type 1 together with a PGA of 0.3g and a behaviour factor of 4. The

dead load included the weight of partitions (1kN/m2), finishing (0.3kN/m2) and a composite

flooring system (2.88 kN/m2 on average), while 2.5 kN/m2 was considered as superimposed

load.

As suggested in the code, the design assumed that all the lateral resistance is provided by

the tension braces. Code limits related to second-order stability checks and inter-storey drift

limits were satisfied in the design. Figure 8a presents the relationships between base shear and

roof drift for the four-storey building obtained from a non-linear static analysis with a vertical

distribution of loads following the fundamental modal shape. In the figure, the design base

shear value is also represented and hence the overstrength due to the contribution of braces in

compression is evident. It should be noted that the equivalent SDOF model employed in this

study is based on the assumption that the response of the structure is dominated by the first

mode of vibration, and that the design is based on achieving a plastic mechanism that avoids

storey localisation.

The building was modelled in Adaptic with due account of material and geometric non-

linearities. Columns and braces were discretized in a number of finite elements with cubic

shape functions. Initial imperfections at midlength of the braces were induced by means of

the notional load method as described previously. The elastic modulus of steel was taken as

200x103N/mm2 and its yield stress as 300N/mm2 with 0.5% of strain hardening. This value of

material strain hardening was assumed based on typical modelling practice. It is worth noting

however that use of a value between 0% and 0.5% has no notable influence in the response

within the level of displacement demand considered.

The equivalent rigid-plastic oscillator was defined in terms of the effective mass and height con-

sidering an inverted triangular distribution of displacements and a plastic resistance calculated

from the nominal brace resistance in tension only. Both models were subjected to the El Centro

and JMA Kobe records scaled so as to induce a peak force (computed from the PGA and the

effective mass) of 3 times the base shear capacity of the building, respectively. The results in

terms of drift at the effective height are presented in Figures 8c and 8d.
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It is evident form Figures 8c and 8d that very good estimates of peak drift and close match

in the drift response history are achieved over the strong part of the record. Nonetheless,

after the strong demands cease to act, (particularly after 6 seconds in the response shown in

Figure 8d) the actual structure responds more in an elastic fashion while the rigid-plastic model

slips between the two rigid borders determined by the previous brace tension elongation limits

(e.g. d(tn) and d(tp) in Equation 5). Such difference in response at the later stages of the drift

history is caused by the absence of resistance in the rigid-plastic model during the slipping state

whereas the actual building is able to dissipate some energy through compression resistance

of the braces as indicated in Figure 8b. This in turn means that rigid-plastic approaches may

perform better under pulse-like demands typical of near-field ground-motions. A procedure to

overcome such limitations is proposed in the next section where a representation of compression

resistance is introduced in the rigid-plastic model.

4 Dual frames

The asymmetric behaviour, member elongation and loss of compressive resistance associated

with brace behaviour require considerable attention in design to avoid undesirable response

mechanisms. In this respect, dual systems that combine moment resisting frames with concen-

tric bracings, are often preferred in practice, owing to an enhanced seismic performance obtained

by coupling the high ductility capacity of the moment frame with the improved lateral stiffness

and capacity of the bracing system. Hence, an adequate rigid-plastic characterization of the

seismic response of such dual frames is desirable.

4.1 Rigid-plastic idealization of dual systems

The single-storey oscillator presented in Figure 9a is used here in order to derive a simple

rigid-plastic hysteretic approximation for dual structures. The seismic response of such oscil-

lator combines the dissipative behaviour of bracing members at the storey level addressed in

the previous section with flexural resistance in the columns where classic rigid-plastic hinges

are formed. The related hysteretic behaviour in terms of force and storey drift is presented in

Figure 9b.

Typically, the lateral resistance of the bracing system would exceed the lateral resistance of

the moment frame. Consequently, the effects of the rigid-plastic hinges formed in the beams or

columns will be to eliminate the slip behaviour periods where no resistance is present (i.e. as

in the rigid-plastic model fro CBF shown in Figure 4b). This allows the structure to mobilize

actions in reverse loading but with a net flexural resistance Fsn or Fsp provided by hinges in

the MRF. In this idealisation, the possibility of internal classic rigid-plastic hysteresis loops is
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introduced whenever the system oscillates within the limits imposed by the elongated bracing

members. The full lateral resistance is not recovered until the previous peak displacement is

reached again. Hence, the set of equations defining the dual rigid-plastic response are derived

as:

ar(t) =
Fyp

m
− ag(t) if vr(t) > 0 ∧ dr(t) > d(tp)

ar(t) =
Fyn

m
− ag(t) if vr(t) < 0 ∧ dr(t) < d(tn)

ar(t) =
Fsp

m
− ag(t) if F (t) = Fsp ∧ vr(t) > 0 ∧ dr(t) < d(tp)

ar(t) =
Fsn

m
− ag(t) if F (t) = Fsn ∧ vr(t) < 0 ∧ dr(t) > d(tn)

ar(t) = 0 if vr(t) = 0 ∧




F (t) ∈]Fsn, Fsp[∧dr(t) ∈]d(tn), d(tp)[

∨
F (t) ∈]Fyn, Fyp[∧dr(t) ∈ (d(tn), d(tp))




(6)

where Fsp = −Fsn is the lateral resistance of the flexural plastic hinges formed in the MRF and

Fyp = −Fyn is the overall lateral strength of the system considering the strength contribution

of the bracing system and other variables as previously defined.

4.2 Response prediction of dual SDOF systems

The proposed rigid-plastic model was validated against the results of detailed non-linear re-

sponse history analyses for single-storey frames with fixed bases modelled in Adaptic. Cubic

elasto-plastic elements with distributed plasticity were employed for the braces and columns.

The elastic modulus of steel was taken as 200x103N/mm2 and the yield stress as 300N/mm2

with 0.5% strain hardening.

Rectangular Hollow Sections (RHS) were used for the braces and several cross-sections of braces

and columns were employed in order to explore the variation of the accuracy of prediction with

slenderness and two levels of flexural strength contribution. Figures 9c and 9d present a typical

comparison of drift histories. Figure 10 depicts the ratio of peak drift predictions obtained by

means of the rigid-plastic and the refined non-linear model as a function of slenderness and

PGA/ay subjected to the Beverly Hills Station record of the 1994 Northridge earthquake when

15% and 30% of the total lateral strength is contributed by flexural plastic hinges.

For records with very large PGA and more slender braces, the rigid-plastic approximation

indicates a slight tendency to underestimate the peak drift predictions compared to the refined

non-linear model. Nevertheless, in all cases the estimates are within the ±10% band. In

general, for the full range of slenderness studied here (from 1.3 to 2.1) the rigid-plastic procedure
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provided good predictions of peak displacements when the frame was subjected to acceleration

time histories with PGA of 3 or more times the acceleration at yield.

4.3 Response prediction of dual multi-storey frames

In this section, the ability of the proposed rigid-plastic model is assessed against the prediction

of displacement histories obtained by means of a detailed non-linear model of a four-storey

building. The structure under consideration has the same plan configuration and elevation as

the building presented in the previous section (Figure 7). However, in this case, fixed bases

were assumed at the bottom of columns, hence a new design in accordance with EC8 [16] was

performed. The same dead and superimposed loads used previously were utilized here. The

pushover curve in terms of base shear and roof displacement of the modified building using

a first-mode vertical distribution of loads is presented in Figure 11a. In this figure, the total

design base shear value is also indicated.

The same modelling considerations described in Section 3.2 were adopted and both the de-

tailed MDOF non-linear model and its equivalent rigid-plastic representation were used. The

corresponding results in terms of drift at effective height are presented in Figures 11c and 11d,

where good agreement over the whole response history can be observed. The El Centro record

as well as the JMA Kobe earthquake record were scaled so as to induce a peak force (computed

from the PGA and the effective mass) of 3 times the actual base shear capacity of the buildings.

Figure 11b presents the hysteretic response of the four-storey building when subjected to the El

Centro record inducing a PGA of 3 times the yield acceleration of the equivalent rigid-plastic

model. It is evident that the actual building develops greater lateral forces while oscillating

between the rigid states, which is largely attributed to the contribution of compression forces

in the braces that were not taken into account when calculating the oscillator’s capacity. Nev-

ertheless, this occurs over a relatively small period of time and hence favourable predictions

are still achieved.

5 Rigid-plastic design procedures

5.1 Relationship between strength and structural response

As noted previously, the only parameter defining rigid-plastic models, such as the ones proposed

in earlier sections, is the plastic capacity either in terms of yield force or moment. Even for

dual systems, the contribution of the flexural plastic hinges to the overall lateral capacity of the

structure can be expressed as a percentage of the total lateral strength. This makes response

history analysis a relatively straightforward task once the lateral strength of the structure has
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been evaluated.

From another viewpoint, the single-parameter characteristic of rigid-plastic dynamics enables

the evaluation of the required strength given a certain response target. In this context, plots of

peak displacement as a function of the lateral capacity of the rigid-plastic oscillator have been

proposed by Paglietti and Porcu [5] and refered to as rigid-plastic ”spectra” to characterize

the earthquake demand. This approach has been employed by Domingues-Costa et al. [17]

to design reinforced concrete moment resisting frame structures. In this section, the principal

characteristics which were already pointed out by previous researchers are summarized and the

concept is further extended to steel structures, with particular emphasis on braced and dual

frames.

Figure 12 presents a plot of the relationship between peak displacement and ultimate lateral

capacity for a dual rigid-plastic oscillator such as the one presented in Figure 9. In this case the

lateral resistance due to flexural action represents about 20% of the total lateral capacity of the

structure. The curve was obtained by running a series of response history analyses for several

values of lateral resistance and employing the Sylmar Station record of the 1994 Northridge

Mw=6.5 earthquake with 7.5 km source to site distance. The lateral resistance is expressed as a

function of force divided by acceleration at the onset of plastic behaviour and the system mass,

thus giving a non-dimensional value and facilitating the scaling of the curve for different values

of yield capacity. It is worth noting that linear scaling of the mass or the acceleration time

series will simply imply multiplying the ordinates of the curve by the corresponding scaling

factor, which offers a great deal of versatility to plots of this form.

The point at which the curve crosses the horizontal axis corresponds to a lateral strength equal

to the PGA times the mass of the oscillator. In turn, the point at which the curve crosses the

vertical axis represents the peak ground displacement (PGD) since, at this point, no structural

resistance is present and the equation of motion reduces to the double integration of the input

acceleration.

Another feature of this type of relationship is the fact that the curve is not entirely smooth

and some peaks and valleys do take place (for example at 0.1 of F/may in Figure 12). This

reflects the dependence on the earthquake acceleration waveform signifying that different levels

of strength may still give the same value of peak displacement (e.g. 0.5m).

5.2 Rigid-plastic design of steel buildings

In this section, the use of rigid-plastic relationships between yield capacity of the structure and

response parameters for design purposes [17] is illustrated for dual steel frames. This is carried
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out through a design example of a six-storey braced building with fixed columns and constant

storey height of 3.0 m which plan and elevation configurations are as presented in Figure 13.

The gravity loads and mass were calculated in the same way as described previously in Sections

3.3 and 4.3. The equivalent rigid-plastic oscillator was considered assuming a mechanism with

yielding of the bracing members and formation of plastic hinges at the base of columns. Hence,

the dual oscillator of Section 4 is used with an effective mass of 411 505 kg and an effective

height of 12.62 meters. An inverted triangular displacement shape was assumed and a target

drift of 3.5% was used. Furthermore, a 20% contribution of the moment-resisting system at the

base of the columns to the overall system resistance is considered as a design choice.

The seismic demand is represented by 8 records from the dataset developed for the SAC project

[18] which are scaled in order to be consistent with a 2% probability of exceedance in 50 years

for Los Angeles City, USA. The characteristics of these records are presented in Table 1. The

first five records (1 to 5) were used to generate the rigid-plastic relationship between peak drift

at effective height and base shear demand (presented in Figure 14), while the last three records

(6 to 8) were used for validation purposes.

From Figure 14, a lateral resistance of at least 1000 kN seems necessary to achieve the target

drift of 3.5% (which corresponds to a displacement of 64 cm at the roof level). The average

response of the whole set was used in recognition of the common engineering practice of focus-

ing on average values. Other storey forces were calculated in accordance with the shape of the

plastic mechanism assumed.

The design force for bracing members at the bottom storey was defined as 800 kN, while the

force resisted by the flexural capacity of the plastic hinges assumed to form at the bottom of the

columns was considered as 200 kN (20% as assumed previously). In fact, a UC203x86 section at

the bottom columns would have been enough to resist the gravity loads with due consideration

of P-∆ effects if the whole lateral load was assigned to the braces. Nevertheless, a UC305x97

was used here to provide the 20% of flexural capacity assumed in the first step of the design

process. The design of the braces was then performed but allowing for non-dimensional slen-

derness of up to 2.5 in order to achieve a close match between demand and capacity throughout

the height of the building. Capacity design principles were followed for the seismic design of

other members. The building was then subjected to the last three ground-motions of Table 1,

which are consistent with the same probability of exceedance of the target scenario, and the

results are presented in Figure 15.

In general, good agreement is observed with an average peak drift of 3.7% compared to the

target of 3.5% and a standard deviation in the peak roof drift of ±0.3%. In effect, the method-
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ology succeedd in combining the reliability of response history analysis techniques with the

simplicity of rigid-plastic models with the aim of providing a reliable design based on struc-

tural performance at a given level. Indeed, it has been recognized that spectra in terms of the

maximum plastic displacement are more convenient for design purposes than spectra in terms

of maximum seismic acceleration and ductility factors [19, 20].

It is worth noting that previously proposed displacement-strength design relationships based on

rigid-plastic response history used the so called ”envelope” [6] with little or no correspondance

with a specific earthquake scenario. In the present study the median value was considered as

a more meaningful representation of such relationships. However, the median plus a number

of standard deviations could also have been used but this would perhaps require a larger num-

ber of records in order to capture with confidence the variability associated with the process.

Also, the displacement-plastic resistance curve expressed in terms of the median does not imply

that such required strength will be associated with the median probability as the ability of the

rigid-plastic oscillator varies as a function of the plastic resistance itself. Further studies are

however required to provide additional validation, covering other structural configurations and

earthquake records, for the methodology illustrated above.

In theory, a designer can follow an approach through which serviciability checks, associated

with frequent events, can be carried out using conventional elastic models. On the other hand,

validation of the structural response under extreme events can be performed using rigid-plastic

approaches. This can be implemented in a performance-based design framework of the type

presented in Figure 16. Such a design framework would allow reliability levels to be estimated

with due account of the real earthquake variability. In addition, such framework would facilitate

the understanding and selection of performace levels and enable different levels of structural

optimization without the computational demand and inherent complexity associated with non-

linear finite element response-history analysis.

6 Concluding remarks

The applicability of rigid-plastic models in predicting the seismic behaviour of typical steel

framed buildings has been investigated with particular emphasis on moment-resisting (MRF),

concentrically-braced (CBF) and dual configurations. The principal advantage of using re-

sponse history analysis based on rigid-plastic models has been highlighted as their ability to

predict with good levels of accuracy, and for well-defined conditions, the structural response

while keeping the computational costs and the detailed knowledge required at a relatively low

level.

For MRF, the classical rigid-plastic model was used in conjunction with the transformation of
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a MDOF into an equivalent SDOF representation based on a specified plastic mechanism. It

has been shown that such rigid-plastic model can give good estimates of global deformations

when relatively high levels of non-linear response (typically for PGA/ay > 3) are expected. On

the other hand, for CBF and dual systems, this paper proposed new rigid-plastic hysteretic

models that take into consideration the specific behavioural characteristics of such structural

configurations. In addition, for the newly developed models, this study has shown that in gen-

eral, good estimates can be achieved if the ground-motion pushes the structure well into the

inelastic range with the ratio of PGA over acceleration at yield serving as a good parameter to

quantify such ability.

It was shown in this paper that the more slender the braces in CBF systems, the better

the response prediction obtained from the idealise rigid-plastic model suggested in Section 4,

particularly when braces with a non-dimensional slenderness greater than 1.5 are employed.

Nevertheless, when the contribution of flexural strength is taken into account, such dependance

on the slenderness value is reduced and the response is adequately predicted for the whole

range of slenderness studied herein (from 1.3 to 2.1). An additional parameter affecting the

accuracy of rigid-plastic models for dual systems was shown to be the extent of flexural strength

contribution to the total lateral capacity of the system. In general, when the flexural plastic

hinge contribution increases, the rigid-plastic model tends to underestimate the displacement

response, but such underestimation was tyically less than 10% for all the cases considered.

Besides, the rigid-plastic idealizations employed in this study also share the limitations of

equivalent SDOF representations, and require the selection of a pre-defined plastic mechanism.

The approach is therefore suitable for regular low and medium-rise structures which are domi-

nated by the first mode of vibration, and in which a pre-defined plastic mechanism is ensured.

In addition, the rigid-plastic model does not account for strength degradation which may be

present under severe cyclic conditions.

Finally, the potential use of design methodologies based on rigid-plastic relationships between

plastic capacity and demand parameters was illustrated, although this needs to be examined

further in future studies covering more buildings and a larger data set of records. Overall, the

results presented in this paper suggest that rigid-plastic models can be used in some situations

as a simple approach for predicting seismic response.
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Tables

Table 1: Characteristics of Los Angeles ground-motions [18] with a 2% probability of exceedance in
50 years, used for the design example.

ID Earthquake Magnitude Distance Scale Duration PGA
Name Mw [km] Factor [s] [m/s2]

1 1995 Kobe 6.9 3.4 1.15 59.98 9.03
2 1989 Loma Prieta 7 3.5 0.82 24.99 4.64
3 1994 Northridge 6.7 6.4 1.61 59.98 9.09
4 1994 Northridge 6.7 6.4 1.61 59.98 1.3
5 1974 Tabas 7.4 1.2 1.08 49.98 9.73
6 1994 Northridge 6.7 7.5 1.29 14.95 9.25
7 1974 Tabas 7.4 1.2 1.08 49.98 7.93
8 Elysian Park (simulated) 7.1 17.5 1.43 29.99 1.27
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Figure 1: Rigid-plastic oscillator subjected to ground-motion excitation.
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Rigid behaviour
F (t) = mag(t)
ar(t) = 0
vr(t) = 0
dr(t) = dr(t−∆t)

⇓
if F (τ) /∈]Fyn, Fyp[=⇒ t = t + τ =⇒ go to ii

else =⇒ t = t + ∆t =⇒ go to i
⇓

ii




Plastic behaviour
F (t) = Fy

ar(t) =
F (t)

m
− ag(t)

vr(t) = ar(t) ·∆t + vr(t + ∆t)

dr(t) = ar(t) · ∆t2

2
+ vr(t) ·∆t + dr(t−∆t)

⇓
if vr(τ) = 0 =⇒ t = t + τ =⇒ go to i

else =⇒ t = t + ∆t =⇒ go to ii

Figure 2: Integration algorithm for rigid-plastic moment-resisting frames.
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(c) Drift histories at effective height under the JMA
Kobe earthquake record.

Figure 3: Rigid-plastic analysis of a MDOF MRF.
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(c) Roof drift histories for λ̄ = 1.00 under El Centro
record with PGA/ay = 3.
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(d) Roof drift histories for λ̄ = 1.00 under El Centro
record with PGA/ay = 4.

Figure 4: Rigid-plastic analysis of a SDOF CBF.
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Rigid behaviour
F (t) = mag(t)
ar(t) = 0
vr(t) = 0
dr(t) = dr(t−∆t)

⇓
if F (t) ∈]Fyn, Fyp[ ∧ F (t) · dr(t) > 0 =⇒ t = t + ∆t =⇒go to i

elseif F (τ) · dr(τ) < 0 ∧ d(tn) · d(tp) 6= 0 =⇒ t = t + τ =⇒go to iii
elseif F (τ) /∈]Fyn, Fyp[=⇒ t = t + τ =⇒go to ii

⇓
⇐⇒

ii




Plastic behaviour
F (t) = Fy

ar(t) =
F (t)

m
− ag(t)

vr(t) = ar(t) ·∆t + vr(t−∆t)

dr(t) = ar(t) · ∆t2

2
+ vr(t) ·∆t

+dr(t−∆t)

iii




Slip behaviour
F (t) = 0
ar(t) = −ag(t)
vr(t) = ar(t) ·∆t + vr(t−∆t)

dr(t) = ar(t) · ∆t2

2
+ vr(t) ·∆t

+dr(t−∆t)

⇓ ⇓
if vr(τ) = 0 ⇒ t = t + τ ⇒go to i

else ⇒ t = t + ∆t ⇒ go to ii
if dr(τ) ∈ (d(tn), d(tp)) ⇒ t = t + τ ⇒go to i

else ⇒ t = t + ∆t ⇒ go to iii

Figure 5: Integration algorithm for rigid-plastic concentrically-braced frames.
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Figure 6: Ratio of peak drift predictions (rigid-plastic to non-linear model) as a function of slenderness
and PGA/ay for the Beverly Hills Station 1994 Northridge Earthquake record.
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Figure 8: Rigid-plastic analysis of a four-storey CBF.
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Figure 9: Rigid-plastic analysis of dual SDOF structures.
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Figure 10: Effect of brace slenderness and ratio PGA/ay in the accuracy of rigid-plastic predictions.
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Figure 11: Rigid-plastic analysis of a four-storey dual frame.
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Figure 12: Rigid-plastic relationship between lateral strength and peak displacement for a dual system
with flexural strength of 20% of the total capacity when subjected to the 1994 Northridge earthquake
Sylmar Station record.
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Figure 13: Plan layout and elevation of the six-storey steel frame with fixed bases used for design.
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(b) 1974 Tabas earthquake record scaled by a factor of
1.08.
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(c) Simulated Elysian Park record.

Figure 15: Drift at equivalent height of the 6-storey steel braced building with fixed columns when
subjected to records corresponding to a 2% probability of exceedance in Los Angeles area.
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