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Abstract

Recent work developed a novel, biomimetic, cost-effective three-dimensional hollow fibre
bioreactor for growing healthy red blood cells ex vivo (Panoskaltsis et al., 2012). This biore-
actor recapitulates architectural and functional properties of erythrocyte formation and thereby
reduces the need for expensive growth factors by more than an order of magnitude. Indi-
vidual experiments to empirically improve the bioreactor are intensive, so we propose global
superstructure optimisation for bioreactor design. Our approach integrates topological design
choices with operating conditions. Design choices include: number of parallelised bioreac-
tors; number and type of hollow fibres; size and aspect ratio. Operating conditions are: feed
concentrations; flowrate through the reactor. This manuscript quantitatively demonstrates, for
the first time, the potential for ex vivo red blood cell production to compete openly against the
transfusion market for rare blood. We discuss the potential of superstructure design not only
on this individual bioreactor but also more generally on bioprocess optimisation.

Keywords: red blood cell production, bioreactor design, bioreactor operation, bioprocess
optimisation, global superstructure optimisation

1. Introduction

Ninety-two million units of whole donor blood are globally collected yearly (World Health
Organization, 2011). But despite the success of coordinated blood collection and utilisation:
3.3% of hospitals delay surgery because of blood shortages and 10.3% of hospitals experience
at least one day yearly when blood needs cannot be met (Timmins and Nielsen, 2009; Whitaker
and Henry, 2011). Beyond shortages of commonly-stocked blood types, patients undergoing
regular transfusions may require expensive rare blood donation to mitigate the risk of an im-
mune response to foreign antigens (Tahhan et al., 1994; Meny et al., 2013).
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Ex vivo blood production is an attractive solution for filling shortage gaps and scaling-up rare
blood donations. But current blood expansion protocols require paying $8330 for nutrients and
specialised proteins to produce one unit of red blood cells (≈ 2×1012 cells) when an average
hospital in the USA pays only $225.42 for a typical unit of blood and $1150 to $3025 for a unit
of rare blood (Timmins and Nielsen, 2009; Whitaker and Henry, 2011). Prices in the UK are
similar: the National Health Service (NHS) spends an average of £125 per unit of red blood
cells but up to £25k per patient episode for rare blood transfusions (Lawes, 2011).

Erythropoiesis, or red blood cell production, requires delivering nutrients, oxygen, and sig-
nalling proteins called growth factors to cells in a specialised 3D micro-environment known as
the haematopoietic stem cell niche (Panoskaltsis et al., 2005). Although the 3D niche structure
is crucial in vivo, typical ex vivo blood production methodologies are performed in 2D liquid
suspension; these 2D ex vivo systems are expensive because they require artificially high levels
of specialised growth factor proteins (Timmins and Nielsen, 2009). Beyond price, artificially
high growth factor levels may introduce cell-altering artefacts into the in vitro culture (Ganser
et al., 1988).

In this arena of erythrocyte production: recent work has developed a novel, biomimetic, cost ef-
fective 3D hollow fibre bioreactor for growing healthy blood ex vivo (Macedo, 2011; Panoskalt-
sis et al., 2012). This bioreactor is extremely promising because it reduces the need for growth
factors by an order of magnitude by recapitulating the architectural and functional properties of
blood formation. Although the blood-producing bioreactor yields red blood cells with correct:
oxygen-carrying capacity, surface markers, and shape, individual experiments on the bioreactor
are cost- and labour-intensive, so we propose deterministic, global, superstructure optimisation
for designing and operating the bioreactor. Optimisation approaches have been previously used
to improve individual degrees of freedom in hollow fibre bioreactors (Chresand et al., 1988;
Davidson et al., 2010; Shipley et al., 2011; Yoon et al., 2004), but our proposed bioreactor
design and bioprocess optimisation simultaneously incorporates multiple degrees of freedom.

In this blood-producing bioreactor: nutrients, growth factors, and oxygen flow through the
hollow fibres via Poiseuille flow and diffuse into the 3D polymeric scaffold. Resulting reac-
tions cause the cells to grow, proliferate, and differentiate. Products and byproducts are excess
cells and waste which diffuse out of the scaffold and exit through the hollow fibres. Design
and operating choices include: (1) size/aspect ratio of the cylindrical bioreactor; (2) number
of hollow fibres for delivering reactants and extracting products/byproducts; (3) flow rate of
nutritious medium through the bioreactor; (4) medium composition, (5) oxygen concentration.

2



The bioreactor is modelled using the Krogh cylinder approximation (Krogh, 1919) diagrammed
in Figures 4 and 5. Five species represent mass exchange in the bioreactor: glucose corresponds
to cellular nutrients; lactate models waste; oxygen stands in for cellular metabolism; stem cell
factor (SCF) represents cellular expansion; erythropoietin (EPO) is mapped to cellular differ-
entiation. Mass transfer parameters are derived from prior work (Macedo, 2011; Panoskaltsis
et al., 2012). Cellular growth, differentiation, and proliferation are modelled using the ap-
proach of Ma et al. (2007, 2012). The superstructure optimisation problem is formulated as a
mixed-integer nonlinear program (MINLP) and solved to deterministic global optimality using
ANTIGONE (Misener and Floudas, 2013a,b).

This paper considers the competitiveness of this blood-producing bioreactor with both typical
and rare-blood transfusions. Section 2 reviews the literature; Section 3 describes the design de-
cisions and model assumptions; Section 4 deduces model parameters; Section 5 develops the
model as an MINLP; Section 6 solves the model and discusses the results; Section 7 concludes
the manuscript by exploring the potential of globally-optimal superstructure design not only on
this individual bioreactor but also more generally on bioprocess optimisation. As manuscript
supplements: Appendix A records the stand-alone optimisation problem without any justifica-
tion; Appendix B contains parameter values and defines all variables and parameters.

An earlier, shorter version of this manuscript appeared in Misener et al. (2014); this full-
length paper includes detailed, quantitative justification for the design choices and augments
the model to include bioreactor start-up via multiple quasi-steady states. Misener et al. (2014)
propose robust optimisation for quantitatively assessing parametric uncertainties in this model,
but the present manuscript is too long to incorporate complete uncertainty analysis; we limit
ourselves to several what-if scenarios (§6.2) and parameter sensitivity analyses (§6.3). This
effort belongs to the Imperial College Framework for the Design, Modelling and Optimization

of Biomedical Systems (Velliou et al., 2014).

2. Literature Review

The feasibility of producing red blood cells (synonyms: RBC; erythrocyte) with close-to-
physiological properties has been experimentally demonstrated by: Giarratana et al. (2005);
Miharada et al. (2006); Olivier et al. (2006); Lu et al. (2008); Boehm et al. (2010); Tim-
mins et al. (2011); Housler et al. (2012). The RBC produced by Giarratana et al. (2011) have
been successfully injected into a human patient and feature: a circulation half-life of 26 days;
proper cell enucleation; deformability characteristics only 9-17% different from native RBC;
haemoglobin (i.e., oxygen-carrying) capacity within 88±2.7% of native RBC; correct expres-
sion of the surface protein CD235a (although over-expression of the surface protein CD71).

3



In vivo, CD235a is expressed ≈ 106× per RBC; CD71 delivers iron to RBC progenitors for
haemoglobin formation and is subsequently lost by the maturing cells.

But the market viability of ex vivo RBC remains uncertain with no successful commercialisa-
tion (Rousseau et al., 2014). Indeed, scaling up typical ex vivo RBC production techniques
is commercially untenable; the most common method of RBC expansion in 2D static culture
flasks would require 400 L of culture medium and ≈100 m2 surface area to produce one unit
of RBC (Timmins et al., 2011). Furthermore, the broader cellular therapy market is a fairly
volatile industry where investors are typically wary (Mason et al., 2011). The high cost and
long time scales associated with successful commercialisation of cellular therapies such as ex

vivo red blood cell production requires careful cost-benefit analyses and detailed financial plan-
ning (Brindley et al., 2011).

RBC-producing bioreactors are a fiscally attractive alternative to 2D ex vivo RBC expansion
techniques because cells can grow at higher concentrations in bioreactors and thereby reduce
the required volume of culture medium (Rousseau et al., 2014). Doran et al. (2012), Housler
et al. (2012), and Panoskaltsis et al. (2012) have each used hollow fibre bioreactors for red
blood cell production. Hollow fibre bioreactors continuously deliver nutrients and clear waste
from the bulk material via capillaries with porous walls. Mass transfer is convection-dominated
within the hollow fibres and diffusion-dominated in the bulk; this design protects the cells
growing in the bulk from shear stress while allowing them continuous access to nutrients.

Beyond allowing cells to grow and proliferate at higher concentrations, the hollow fibre biore-
actor proposed by Panoskaltsis et al. (2012) and pictured in Figure 1 has two major design
advantages: (1) the bulk material is a porous polyurethane (PU) scaffold mimicking the spe-
cialised 3D micro-environment structure of the bone marrow and (2) the dual hollow fibre
design allows recycling the expensive growth factors in one set of capillaries while taking up
nutrients discarding waste metabolites in another set of capillaries. As illustrated in Figure
1(b), nutrients enter and metabolites are cleared via the polyacrylonitrile hollow fibres (PAN
HF; pore size≈ 2 nm – 0.1µm); growth factors and mature cells are exchanged via the ceramic
hollow fibres (CRM HF; pore size 1 – 2 µm).

Following prior art, we model mass transfer in the Panoskaltsis et al. (2012) bioreactor using
the Krogh cylinder approximation (Krogh, 1919); consult Brotherton and Chau (1996) for a
review of modelling hollow fibre bioreactors using the Krogh model. Mathematically opti-
mising hollow fibre bioreactors is more rare: Chresand et al. (1988) mathematically optimise
hollow fibre spacing; Willaert et al. (1999) vary individual design parameters to improve biore-
actor performance; Yoon et al. (2004) propose an algorithm for sequentially designing a hollow
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(a) Bioreactor within plastic housing; exit ports are for initialising the
culture and mass exchange

(b) Mass transfer within the Bioreactor

Figure 1: Bioreactor superstructure (Panoskaltsis et al., 2012)

fibre bioreactor; Davidson et al. (2010) graphically represent the feasible operating regimes;
Shipley et al. (2011) vary operating conditions to find a feasible solution. All of the preced-
ing approaches assume steady-state operating conditions in the hollow fibre bioreactor; none
exploit the known advantages of simultaneously integrating many design choices via mathe-
matical optimisation strategies.

We cannot accurately assume steady state operation; representing cellular growth, prolifera-
tion, and differentiation requires modelling multiple operation phases (including start-up) with
a dynamic model. To create an MINLP, we discretise the ordinary differential equation (ODE)
model of haematopoiesis (i.e., blood production) introduced by Colijn and Mackey (2005) and
extended by Ma et al. (2007, 2012). Recall that optimising a bioreactor by discretising a dy-
namic optimisation problem and solving the resulting MINLP has been previously proposed by
Banga et al. (1998, 2005). The mathematical novelty of our approach stems from: (1) explic-
itly considering bioreactor design; (2) incorporating a mathematical model of haematopoiesis
into the optimisation problem. The engineering contribution is to show how this superstructure
design strategy can generally impact bioprocess optimisation. The industrial contribution is to
show, for the first time, the potential for ex vivo red blood cell production to compete openly
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against the transfusion market for rare blood.

3. Design Decisions and Model Assumptions

Starting with the Panoskaltsis et al. (2012) bioreactor, the available design decisions are:

• Number of equivalent bioreactors: Producing one unit of RBC (≈ 2× 1012 cells) re-
quires parallelising the process rather than scaling it up. A narrow bioreactor may have
better mass transfer from the capillaries to the bulk than a wide reactor (area scales with
radius squared); we have experimentally deduced physical limits on reactor length (see
Table B.9). A single bioreactor may not meet production needs; the optimisation model
selects the number of equivalent reactors.

• Size / aspect ratio of a bioreactor: Table B.9 gives physically plausible ranges for
bioreactor size, the optimisation model selects the actual values.

• Number / type of hollow fibres: Panoskaltsis et al. (2012) describe two possible hollow
fibres running through the bioreactor; the polymeric capillaries deliver nutrients and clear
waste while the ceramic membranes deliver the expensive growth factor proteins. The
optimisation model selects the number and type of each hollow fibre.

• Cellular Inoculum: The optimisation model selects the quantity of umbilical cord blood
(UBC) to inoculate the scaffold in the bioreactor initialisation phase (Macedo, 2011).

• Flow rate through the reactor: Table B.9 lists ranges for flow rates based on hollow
fibre material properties reported by Macedo (2011).

• Composition of the medium: The model selects the optimum concentrations of: glu-
cose; lactate; EPO; O2; SCF

Before deducing the parameters in Section 4 and assembling the optimisation model in Section
5, Table 1 states our model assumptions and justifies them. The mass transfer and homogeneity
assumptions are typical for a Kroghian cylinder approximation (Brotherton and Chau, 1996;
Jayaraman, 1992; Kreuzer, 1982; Labecki et al., 1996), but it is still important to justify them
for the bioreactor of Panoskaltsis et al. (2012).

This manuscript builds an optimisation model based on nominal reactor performance rather
than accounting for known uncertainty as in Misener et al. (2014); this is to carefully justify all
design decisions. But all assumptions in Table 1 are subject to uncertain behaviour. For exam-
ple, Panoskaltsis et al. (2012) have characterised not just material properties but also coefficient
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variability. Species reaction rates and cellular kinetics are also subject to uncertainty. Several
of the model assumptions are quite safe (e.g., HF capillaries will always have a much smaller
radius than transverse length). But other assumptions are more risky; we discuss in Table 2 the
implication of key model assumptions being violated and how to quantify or mitigate risk.

Table 1: Model Assumptions

Assumption Justification

Conditions are equal from
bioreactor to bioreactor

Bioreactors operate in parallel; this assumption is based on
average expected values rather than an assertion of homogeneity

Cylindrical reactor
geometry

Macedo (2011) describes a design protocol leading to a
cylindrical bioreactor

Constant flow rates in the
bioreactor

The range of possible capillary flow rates will not shear RBC (see
Section 5.3.1); flow rates are always the maximum allowed by the
physical capillary properties to promote mass transfer

Parabolic, Poiseuille flow in
the hollow fibre

Section 5.3.2 shows that the flow is laminar; capillary
cross-section is a circle (Panoskaltsis et al., 2012)

Isotropic conditions The bioreactor operates in a temperature-controlled incubator;
reactions are not appreciably exo- or endothermal

Known geometry and mass
transfer coefficients

Material properties for both the HF and PU scaffold are
characterised by Panoskaltsis et al. (2012)

Homogeneously distributed
capillaries

Required for Krogh cylinder approximation (Section 5.3.3);
based on expected values rather than an assertion of homogeneity

No axial flow in the HF
membranes or PU scaffold

Transport is diffusion-dominated in the PU scaffold and HF
membrane; transport is convection-dominated in the HF lumen.
We ignore axial diffusion in the PU scaffold and HF membrane
because diffusion rates are > 103× smaller than axial flow rates
in the HF lumen

The fibre and the Krogh
radii are much smaller than
the fibre length

Table B.9 shows that capillaries are > 100× smaller than the
smallest possible bioreactor length; the largest possible reactor
radius is ≈ 10× smaller than the smallest possible bioreactor
length; Further analysis of entrance effects is in Section 5.3.2

continued on the next page
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Table 1 (Model Assumptions) continued

Assumption Justification

Reaction is inert in both the
hollow fibre and the
membrane

Cells in a capillary will flow out the reactor; RBC may deform
and squeeze through the hollow fibre membrane but will not
comfortably reside there (Macedo, 2011).

Zero order reaction Insufficient access to nutrients and growth factors will stress cells;
patterns of growth, proliferation, and differentiation will change.
Assume that cells consume their desired amount of nutrients until
nutrients unavailable; no cells live outside that region

Fickian diffusion with a
constant diffusion
coefficient for all species

No chemical interactions between species in the feed and the HF
membrane or the PU scaffold; No membrane fouling after 30
days experiment in Macedo (2011)

All cell types are evenly
and equally distributed
across a bioreactor

This assumption is based on average expected values rather than
an assertion of homogeneity; it is ameliorated by using the 4
discrete quasi-steady states described in Section 5.5

Homogeneous species
consumption/production

As above, this assumption is based on average expected values
and ameliorated via the 4 discrete quasi-steady states

Known inlet/outlet species
concentrations

Directly experimentally measurable

Glucose represents cellular
nutrients

In ex vivo culture, glucose is the primary energy supply
(Mulukutla et al., 2010); glucose and glutamine are the two
molecules appreciably catabolised in mammalian cell culture but
glucose is typically used first (Heiden et al., 2009)

Lactate represents cellular
waste

Data of Macedo (2011) shows that lactate is the first waste
product to significantly build up in the reactor

O2 represents metabolism As in most HF bioreactors, O2 is limiting

SCF represents cell
proliferation

Stem-cell self-renewal depends on the presence of SCF (Cabrita
et al., 2003); c-Kit (CD117), the SCF receptor, is present in stem
cells and is typically lost during differentiation, SCF promotes
proliferation and early differentiation of multipotent stem cells
(Lennartsson and Ronnstrand, 2012)

continued on the next page
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Table 1 (Model Assumptions) continued

Assumption Justification

EPO represents cell
differentiation to the
erythrocyte lineage

EPO is required for erythroid lineage commitment; knock-out
mice missing the EPO receptor cannot make RBC (Wu et al.,
1995)

Only RBCs and other
terminally-differentiated
cells exit the bioreactor

Precursor cells likely attach themselves to the 3D PU scaffold via
adhesion proteins (Mortera-Blanco et al., 2011); mature cells will
be more mobile in the biomimetic reactor

Reactor has 4 quasi-steady
states

The bioreactor can operate up to 28-35 days; the maximum
possible cellular population doubling time is 5 days. ODEs of
cellular kinetics are discretised into 4 time periods correlated to
data of Mortera-Blanco et al. (2011); see Section 4.5

There are 4 types of cells in
the reactor

Similar to Colijn and Mackey (2005), we coarse-grain the cellular
types in the reactor based on the stem cell progenitors and the 3
most common cell lineages; see Section 4.4

Table 2: Implication of key model assumptions being violated and how to check or mitigate
violation in the key model assumptions

Implication if Violated How to Check / Mitigate

Assumption: Homogeneous performance
Conditions are equal from bioreactor to bioreactor; homogeneous species consumption /

production; all cell types are evenly and equally distributed across a bioreactor

Variability may imply that a fraction of bioreactors fail;
analysis in this manuscript neglects the fail fraction for lack
of data which could be used to scale bioreactor costs.

Quality by Design testing for
determining the probability of
bioreactor failure.

Assumption: Homogeneously distributed capillaries

Our computational fluid dynamics analysis (data not shown)
demonstrates that 3D modelling for heterogeneously
distributed capillaries induces mass transfer characteristics
diverging 10 – 20% from the Kroghian model.

Allow 10 – 20% uncertainty in
the mass transfer parameters.

continued on the next page
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Table 2 (Checking Model Assumptions) continued

Implication if Violated How to Check / Mitigate

Assumption: Zero order reaction

This assumption is incorrect; each cell type will have a
higher-order reaction with each species. The inaccuracy will
increase the parameter uncertainty.

Allow uncertainty in rxn rates;
adding parameters complicates
without more accuracy.

Assumption: Can describe reactor behaviour using 5 representative species
Glucose represents cellular nutrients; lactate represents cellular waste; O2 represents metabolism;

SCF represents cell proliferation; EPO represents cell differentiation to the erythrocyte lineage

May be disregarding mass transfer for a limiting species; not
capturing erythropoiesis with complete accuracy.

Design of Experiments to see if
range expected values in other
species impacts bioreactor
performance

Assumption: Only RBCs and other terminally-differentiated cells exit the bioreactor

Progenitor cells exiting the bioreactor would change the
number of cells available for proliferation and differentiation.

Quality by Design testing

Assumption: Erythropoiesis model is correct
Reactors have 4 quasi-steady states; there are 4 types of cell lineages in the reactor

Bioreactor may not produce as many RBC as expected;
growth factor feeding schedule may be incorrect

Substitute competing models of
erythropoiesis (e.g. Lobato da
Silva et al., 2003); test variance

4. Deducing the Parameters

This section discusses nominal parameter values for the Section 5 model. Section 4.1 describes
the relevant financial costs; Section 4.2 quantifies the acceptable concentration ranges of each
species; Section 4.3 calculates the mass transfer parameters; Section 4.4 delineates the start-
up conditions; Section 4.6 describes the reaction rates; Section 4.5 gives associated cellular
kinetics. We record the uncertainty associated with each parameter for the Section 6.3 sensi-
tivity analysis; the parameter ranges would also be useful in a robust optimisation framework
(Misener et al., 2014).
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4.1. Nutrient and Growth Factor Costs

The National Health Service (NHS) spends an average of £125 per unit of RBC; this includes
costs of: collection, testing, storage, transportation, distribution (Lawes, 2011). The additional
costs associated with manufacturing RBC include: nutrients and specialised growth factor pro-
teins, bioreactor materials, incubator equipment to maintain the ex vivo culture at proper condi-
tions, staff time to initiate and tend the culture. We also consider the cost of acquiring precursor
cells that are subsequently expanded in the bioreactor.

A unit of rare blood has an average cost of $1150 to $3025 in the USA and may reach £25k
per patient episode in the UK (Meny et al., 2013; Whitaker and Henry, 2011). Therefore, all
additional costs have to be on the order of $2000 to compete openly with the rare blood trans-
fusion market; costs an order of magnitude larger can still compete with the rarest cases.

Timmins and Nielsen (2009) show that the dominant costs of manufacturing RBC are the nu-
trients and specialised growth factor proteins; they further show that it is the growth factors in
general and SCF and EPO in particular contribute to more than half the total manufacturing
cost. Therefore, we limit our cost analysis to three items; for comparison to the pricing of
Timmins and Nielsen (2009), we use identical costing:

1. EPO (Erythropoietin): 0.023 US $/U (Timmins and Nielsen, 2009)

2. SCF (Stem Cell Factor): 320 US $/mg (Timmins and Nielsen, 2009)

3. Umbilical Cord Blood (UCB) from the NHS: US $ 369 for 4×108 nucleated cells; US
$ 243 for 0.5−2.0×108 nucleated cells (NHS, 2013)

EPO and SCF prices are considered because they are the most relevant to RBC expansion; UCB
prices are considered so that the optimisation model will not select the non-physical solution of
no proliferation by just suggesting differentiation of one haematopoietic stem cell (HSC) into
one RBC. As is obvious from the price of the NHS UCB, meeting the financial goals requires
> 103× expansion during differentiation from HSC to RBC.

Other growth factors or cytokines have to be in the cocktail; haematopoiesis in general and
erythropoiesis in particular is tightly regulated by a group of early-acting cytokines includ-
ing: interleukin-1 (IL-1); interleukin-3 (IL-3); interleukin-6 (IL-6); granulocyte-macrophage
colony-stimulating factor (GM-CSF); SCF (Metcalf, 2008). Later-stage erythropoiesis depends
on growth factors including: EPO; IL-3; GM-CSF; SCF; thrombopoietin (TPO) (Metcalf,
2008). Ideal engineering design would provide optimal, time-varying cytokines concentra-
tions for the culture duration, but scientists have not yet untangled the contribution of each
signalling protein to erythropoiesis.
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Table 3: Acceptable Species Concentration Ranges (Chow et al., 2001; Mantalaris et al., 1998;
Ozturk et al., 1997; Slyke and Neill, 1924; Wodnar-Filipowicz et al., 1993; Yeo et al., 2013)

Species Ĉk, IN Ck,MIN Ck,MAX Units

EPO Erythropoeitin –† 2×104 – U/m3

Glc Glucose 25 0.3 – mol/m3

Lac Lactate 0.00 – 22 mol/m3

O2 Oxygen 0.26 0.026 – mol/m3

SCF Stem Cell Factor –† 3.3 – mg/m3

† Macedo (2011) added EPO and SCF as a pulse, not continuously

This manuscript could be updated to incorporate additional species based on new understand-
ing. For now we justify our design choices by observing that SCF for proliferation and EPO
for differentiation can almost completely describe in vitro erythropoiesis (Wang et al., 2008).
SCF and EPO are the two most prominent factors required for the in vitro growth of erythroid
progenitor cells (Panzenbock et al., 1998) and the only two cytokines used in the successful
RBC expansion experiment of Macedo (2011).

4.2. Acceptable Concentration Ranges of the Species

Hollow fibre bioreactors are often modelled and optimised only with respect to the mass trans-
fer of O2; O2 is typically the limiting substrate. But the dual hollow fibre design of Panoskalt-
sis et al. (2012) and our goal of directly considering financial costs requires considering five
species. As described in Section 3, the model incorporates: glucose; lactate; O2; SCF; EPO.
This section justifies acceptable concentration ranges for each of the five species; Table 3 re-
ports the conclusions of this analysis.

Glucose / Lactate: The minimum allowable level of the nutrient glucose and the maximum
allowable level of the waste product lactate is based on the experimental analyses of Macedo
(2011) and Yeo et al. (2013).

Oxygen: The range of O2 concentrations in human bone marrow (BM) favour differentiation
into many disparate cell types (Chow et al., 2001); our analysis is on aggregate behaviour.
Physiological O2 in the BM ranges 2–6% (Cabrita et al., 2003), but transfer is less effective in
the bioreactor because there are many fewer HF than arteries and capillaries in the BM (Beutler
et al., 2001). We permit 2–20% O2 (0.026 – 0.26 mol

m3 ) to get a better driving force; this is the
range between lower physiological levels and atmospheric concentration.
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Stem Cell Factor (SCF) is a 18.5 kDa cytokine that forms a dimer in water. A typical SCF
culture value is 50 ng/mL (Mantalaris et al., 1998). Based on the cytokine-free results of
Mortera-Blanco et al. (2011), we hypothesize that the bioreactor can function at typical physi-
ological serum levels, 3.3 ng/mL (Wodnar-Filipowicz et al., 1993; Langley et al., 1993)

Erythropoetin (EPO) is a 34 kDa glycoprotein typically measured in units U (1.29×105 U
mg ).

Mantalaris et al. (1998) showed that long-term, sustained erythroid development in 3D culture
favours a low EPO level (≈0.2 U/mL when the typical 2D culture value is 2 U/mL). Based on
the cytokine-free results of Mortera-Blanco et al. (2011), we hypothesise that the bioreactor
can function at physiological serum levels, ≈20 mU/mL (Kaushansky, 2006).

The growth factors (EPO; SCF) are supplied exogenously, but there may be endogenous cy-
tokine production (Mahaffy et al., 1998). But Macedo (2011) found both SCF and EPO to be
beneath the detection limit when using both an Human SCF Quantikine ELISA Kit (R&D Sys-
tems; #DCK00; minimum detection 3.12×10−2 mg/m3 or 1% of the minimum SCF required
by the bioreactor) and an Human Erythropoietin Quantikine IVD ELISA Kit (R&D Systems;
#DEP00; minimum detection 2.5 mU/mL or 10% of the minimum required EPO); we therefore
ignore endogenous cytokine production for the purposes of this manuscript.

We also have to consider half-life of the growth factor proteins; the in vitro half-life of EPO and
SCF is 721 and 48 (Kishimoto et al., 2010) hours, respectively. These durations are significantly
longer than the known in vivo half-lives (Eckardt et al., 1989; Elliott et al., 2008; Drouet et al.,
2004) because growth factors may be cleared in vivo by the kidney, liver, or bone marrow.

4.3. Mass Transfer Parameters

Table B.9 lists mass transfer parameters derived from the work of Macedo (2011) and Panoskalt-
sis et al. (2012). This section quantifies the diffusivity of each species in: (1) the HF lumen;
(2) the HF membrane; (3) the PU scaffold; the outcome of this analysis is listed in Table 4.

The diffusivities of glucose, lactate, and O2 in the lumen is approximated as the diffusivity of
that species in water (Curcio et al., 2005; Chow et al., 2001; Dutta and Popel, 1995; Ribeiro
et al., 2005). We assume that EPO and SCF have diffusion coefficients in water that can be
modelled (Young et al., 1980):

Dk,W = 8.34×10−8 T
η M1/3 , (1)

1An NHS pharmacist advised us that the patient may . . . store [EPO] at room temperature for up to three days
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Table 4: Diffusivities of each species k in each region i (Curcio et al., 2005; Macedo, 2011;
Maxwell, 1881; Ribeiro et al., 2005; Young et al., 1980)

Species
Region Diffusivities [m2

s ]

HF Lumen PU Scaffold

Glc 9.24±0.15×10−10 8.39±0.52×10−10

Lac 9.93±0.15×10−10 9.01±0.54×10−10

O2 3.29 ×10−9 2.98±0.13×10−9

EPO 1.09±0.22×10−10 0.99±0.25×10−10

SCF 1.34±0.27×10−10 1.21±0.30×10−10

εHF = 0.8; PAN Exchange: Glc, Lac, O2;
CRM Exchange: EPO, SCF, O2

where T is the absolute temperature (310.2 Kelvin); η is the viscosity of water (0.69 kg
m s

at 310.2 Kelvin); M is the molecular weight of the protein (MEPO = 34 kDa; MSCF = 18.5
kDa). Therefore we have: DEPO,W = 1.09±0.22×10−6 cm2

s ; DSCF,W = 1.34±0.27×10−6 cm2

s .
Young et al. (1980) claim that their method is accurate within 20%; hence the error bars. In
Table 4, the error bars on the scaffold diffusivities are based on both the error in the water
measurement and the error in the porosity.

The diffusivities in the PU scaffold are estimated (Maxwell, 1881):

Dk,3 =
2 Dwater,k

3− εPU
; k ∈ {Glc, Lac, O2, EPO, SCF} (2)

The porosity of the scaffold is: εPU = 0.791± 0.1 which implies that the diffusivity in the
scaffold is: DGlc,3 = 8.39± 0.52× 10−10 m2

s ; DLac,3 = 9.02± 0.54× 10−10 m2

s ; the error is
propagated from the known uncertainty of the scaffold.

We assume that the porosity of both the polymeric and ceramic HF is εHF = 0.8. The PAN
polymeric HF allow exchange of: Glc; Lac; O2. The CRM HF permit exchange of: EPO; SCF;
O2. Practically, there will also be glucose and lactate exchange in the ceramic membrane, but
we assume that the liquid in the recycle stream is in equilibrium with the scaffold bulk so that
nutrient and metabolite exchange is negligible.

4.4. Cell Types and Start-Up Inoculum Conditions

It is not mathematically practical to simultaneously consider the many heterogeneous prolif-
erating and differentiating cell types in the bioreactor, so we simplify our analysis to four cell
types. We assume that the distribution of cells in the bioreactor is uniform for each of four
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Figure 2: Cellular proliferation and differentiation (Colijn and Mackey, 2005; Ma et al., 2012)

haematopoietic cell types H illustrated in Figure 2: dividing cells HQ, t (e.g., haematopoietic
stem cells), erythrocytes and maturing erythrocytes HE, t , granulocytes and monocytes HG, t ,
and lymphocytes HL, t . Our choice of representative cells is similar to Colijn and Mackey
(2005) and Ma et al. (2012) in that we consider three cell types: HSC, erythrocytes, and lym-
phocytes. The difference is that we are considering an aggregate of granulocytes and mono-
cytes as the fourth compartment rather than platelets; granulocytes and monocytes are signifi-
cant components of our bioreactor that consume the reactants oxygen and glucose and produce
metabolites such as lactate whereas platelets will exit the reactor like RBC.

We assume that the bioreactor is initialised with nucleated cells from UBC as outlined in Table
5 so that expected cell numbers at time zero are: HQ,0 = 35.80×106 cells per cord; HE,0 = 0
cells per cord; HG,0 = 300.85×106 cells per cord; HL,0 = 249.34×106 cells per cord.

4.5. Cell Kinetics: Growth; Proliferation; Differentiation

A healthy adult with 70kg body weight typically has a BM cellular density up to 5× 108

cells/mL (Peng and Palsson, 1996) and an RBC production rate of 0.1 blood units/day (2×1011

cells/day); this can increase 10× under stress (Timmins and Nielsen, 2009). In normal tissue,
the surface area of capillaries per organ mass is 2mm2/g assuming blood irrigation by capillar-
ies with 10 µm diameter and a blood average velocity of 0.1 cm

s (King, 2005; Macedo, 2011);
the surface area increases in cancer (Schlageter et al., 1999).

The BM is ≈ 5% of total body weight or 3650 g for a healthy adult man; approximately 1170

15



Table 5: Absolute Number of Cells after Umbilical Cord Blood Processing (n = 80); Total Cell
Number is 582.51×106 (Basford et al., 2010)

Cell Type FACS Phenotype Cell # (×106) FACS (%)

Lymphocytes CD45+ / CD14− 249.34 37.09
Monocytes CD45+ / CD14+ 67.23 9.05
Granulocyte CD45+ / CD14− 233.62 50.27
HSC CD45+ / CD34+ 35.80 4.54
Due to double counting: individual cell no. sum to greater than 582.51×106

FACS: fluorescence-activated cell sorting; HSC: haematopoietic stem cell

Table 6: Experimental Bioreactor Data (Macedo, 2011); Calculated Reaction Rate

Species Ĉk, IN
[
mol/m3] Ĉk,OUT

[
mol/m3] Vk

[
mol/m3/day

]
Glc 25 19.9 ± 2.1 2.41±0.99×10−5

Lac 0 13.5 ± 5.2 −6.39±2.46×10−5

g in men and 900 g in women is haematopoietically active (Hindorf et al., 2010). Mass density
of active BM is 1.03 g/cm3 (Pichardo et al., 2007), so we estimate a volume of 106 mm3 in
the BM for growing cells. In contrast, the volume of the Panoskaltsis et al. (2012) reactor is
2109 mm3. If the bioreactor operated exactly like the bone marrow, then we would require on
the order of 500 bioreactors to make blood at normal physiological rates. Under stress, bone
marrow can operate at roughly 10× the normal rate; this would be the volume equivalent of 50
bioreactors. So, by order of magnitude analysis, we expect 50–500 reactors if we wish to make
blood at physiological rates.

We assume that the maximum cellular possible doubling time is 5 days and that a cell cycle is
≈ 24 hours long; this approximation is justified by the maximum proliferation potential seen
in vivo for stem cells and cancer (Rew and Wilson, 2000; Riccardi et al., 1988). Using the
convention of Colijn and Mackey (2005), the maximum number of cells that can be actively
proliferating at any one time is 14.9%. We model cellular growth, differentiation, and prolifer-
ation using an appropriate adaptation of the models of Colijn and Mackey (2005) and Ma et al.
(2012); these changes are to interlink the presence of SCF and EPO with cellular kinetics.
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Table 7: Cellular parameters of individual cell types in the bone marrow haematopoietic com-
partment (Chow et al., 2001)

Parameter
Erythro-
cytes

Lympho-
cytes

Granulo-
cytes

Mono-
cytes

Megakaryo-
cytes

Adipo-
cytes

Fraction of Cells 3.46–37.6 2.5–25 16.9–100 0–4.3 0–3 0

Average Cell
Diameter (µm)

7.35 14.5 17.5 31.0 95.0 175.0

Specific Cell Vol
×109 ( cm3

cell )
0.208 1.60 2.80 15.6 448.90 2806.0

Specific O2 Uptake

Rate ×1015 (
molO2

cell day )

38.88–
155.76

16.8–
1200

528–
15576

528–
15576

34560 7776

Vol O2 Rxn Rate

×109 (
molO2
cm3 s )

2.2–8.7 0.1–7.1 2.2–64.4 0.4–11.6 0.89 0.03

Interval corresponds to differences between progenitor and mature cells

4.6. Reaction Rates

To find the reaction rate of glucose and lactate in the scaffold, we assume that the reaction
within a bioreactor was zeroth order and calculate the consumption rate per reactor unit volume:

Vk =
ÛZ ·

(
Ĉk, IN−Ĉk,OUT

)
L̂

∀k ∈ {Glc, Lac} (3)

where L̂ = 150 mm and ÛZ; Ĉk, IN; Ĉk,OUT are taken from experimental data summarised in
Table 6 (Macedo, 2011). The calculations yield: VGlc = 2.41± 0.99× 10−5 mol

m3 day ; VLac =
−6.39± 2.46× 10−5 mol

m3 day . Table 7 records the O2 consumption rates of cells assembled by
Chow et al. (2001); note that there is a range for each cell type. In every case we will assume
that immature cells consume the lower and mature cells the higher end; this is in line with
experimental observation (Vlaski et al., 2009).

Although there is not a total dependence on SCF for erythropoiesis and erythropoietin can
support erythropoiesis in the absence of a functional SCF receptor c-Kit (Lennartsson and
Ronnstrand, 2012), stem-cell self-renewal depends on the presence of SCF (Cabrita et al.,
2003). SCF-mediated proliferation of HSC increases the pool of HSC available for later dif-
ferentiation into RBC. But SCF and its receptor c-Kit have not been characterised as carefully
as EPO/EPOR. It is known that c-Kit expression is highest in erythroleukaemia cell lines with
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Figure 3: Assume that EPO is relevant from BFU-E stage to just past CFU-E stage (Terszowski
et al., 2005; Lodish et al., 2010)

up to 5 – 10 ×104 c-Kit receptors per cell (Broudy, 1997). In acute myeloid leukaemia, the
number of high-affinity SCF receptors on one cell was found to range between 210 – 2860
(Broudy et al., 1992). c-Kit is a high-affinity receptor for SCF, the dissociation constant kd is
50 - 200 pmol/L (Broudy, 1997). But, by order of magnitude analysis and biomimicry, there
will always be many fewer HSC cells than other cell types. We are therefore ignoring loss
of SCF due to consumption in a reaction; this is in line with experimental results of Macedo
(2011).

Figure 3 illustrates our model of EPO reaction with the EPO receptor (EPOR). As HSC mature
in the erythroid lineage, and pass from the early-stage erythroid burst-forming unit (BFU-E) to
intermediate-stage BFU-E, they acquire high-affinity EPOR surface markers (≈ 300) (Adam-
son, 1994). In the 4-5 cell divisions from BFU-E to erythroid colony-forming unit (CFU-E),
cells acquire more high-affinity EPOR receptors (Terszowski et al., 2005). Most of the EPOR
is lost by the proerythroblast phase; the maturation of proerythroblasts to enucleated erythro-
cytes in 3-4 cell divisions is EPO-independent (England et al., 2011). Overall, there are 9-16
cell divisions from BFU-E’s to erythrocytes (Hattangadi et al., 2011), so we assume: (1) 5 di-
visions from BFU-E to CFU-E; (2) 4 divisions from CFU-E to proerythroblast; (3) 4 divisions
from proerythroblast to enucleated RBC.

To quantitate the EPO/EPOR reaction, the enzyme dissociation constant kd is defined:

kd =
[EPO] · [EPOR]
[EPO•EPOR]

(4)

Using kd = 0.43 U / mL (Adamson, 1994; Youssoufian et al., 1993) and physiological condi-
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tions [EPO] = 0.02 U / mL (Mantalaris et al., 1998), we get:

[EPO•EPOR]
[EPOR]

= 4.65×10−2 (5)

There are approximately 300-1000 high-affinity EPO receptors on BFU-E and CFU-E cells
(Adamson, 1994; Youssoufian et al., 1993); the receptors monotonically increase from 300
EPO receptors on BFU-E to 1000 EPO receptors on CFU-E and back to 300 receptors just be-
fore becoming proerythroblasts (Terszowski et al., 2005; Lodish et al., 2010). In physiological
conditions, there will be 0.0465 · 300 = 13.9 to 0.0465 · 1000 = 46.4 receptor / growth factor
complexes. Becker et al. (2010) show that approximately 80% of the EPO-EPOR complexes
will be taken into the cell via endocytosis; this implies that approximately 11.3 – 37.2 EPO
molecules are consumed per cell division. As shown in Figure 3, we are estimating that EPO
is relevant for BFU-E and CFU-E cells; 1 RBC is equivalent to:

5
∑

i=0
2i ·
(
11.3+ i

5 · (37.2−11.3)
)
+

9
∑

i=6
2i ·
(
37.2+ i−5

4 · (11.3−37.2)
)

213 = 2.1 (6)

EPO molecules. This result is highly dependent on the number of cell divisions from proery-
throblasts to RBC; if there are only 11 rather than 13 cell divisions then then we need 8.5 EPO
molecules. Also, recall that reaction rates for SCF and EPO are conflicting in the literature;
alternative analysis is available, for example, in Koller et al. (1995) and Sensebe et al. (1997).
The 3D versus 2D construction of the bioreactor legitimates our choice of literature sources.

5. Model Development

This model minimises cost in a bioreactor producing one unit of red blood cells while pro-
viding sufficient (i.e., critical) nutrient delivery and waste disposal. As described in Section
3, operating choices include: (1) number of equivalent bioreactors NR; (2) size and aspect
ratio R4 by L of the cylindrical bioreactor; (3) number of polyacrylonitrile (PAN; NHF,PAN)
and ceramic (NHF,CRM) hollow fibres for delivering reactants and extracting products and
by-products; (4) quantity of umbilical cord blood (UBC) to initialise the scaffold; (5) flow
rate of nutritious medium UZ through the bioreactor; (6) medium inlet composition Ck, IN for
k ∈ {Glucose, SCF, EPO}, (7) ambient oxygen concentration COxygen, IN.

This section develops the model based on the analysis in Section 4; all indices, variables, and
parameters are defined in Table B.9. The entire model is also reported in Appendix A.
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5.1. Objective

The objective is minimising bioreactor cost while providing sufficient (i.e., critical) nutrient
delivery and waste disposal. We assume that the contributions to bioreactor cost are repre-
sented by growth factors and UCB cellular inoculum; we neglect the price of (1) nutrients; (2)
bioreactor materials and fabrication; (3) operator time; (4) product transportation and storage.
Just considering growth factor costs would be consistent with Timmins and Nielsen (2009), but
for mathematical optimisation we also need to consider UBC initialisation costs; otherwise the
model will suggest an impractically expensive inoculum requiring very little growth factors.

min

[
∑

k∈{EPO; SCF}
pk · τk ·NR ·VolRecyc ·Ck, IN + pk ·D ·Vk ·VolT

]

+

[
∑

h∈{Q; E; G; L}
pUCB ·Hh,0 ·VolT

] (7)

The growth factor costs are continuous and scale with the price pk of the growth factors entering
each of the equivalent NR reactors. The two contributions to growth factor cost are protein
half life decay and reaction depletion. To calculate the half life decay, VolRecyc is the volume
needed for flowing through the reactor plus recycle storage; τk is the replenishment coefficient
calculated in Eq. (45); Ck, IN is the entering concentration. For the reaction: Vk is the maximum
reaction rate representing the zero-order reaction limit; D is the time the reactor is run in days;
VolT is the total scaffold volume. For the initialisation price: pUCB is the price of UCB per cell
and the sum of Hh,0 represents the total cell concentration at time zero.

5.2. Superstructure Topology

NR bioreactors are parallelised to create one unit of red blood cells; each of the NR bioreactors
is a cylinder with aspect ratio R4 by L and NHF hollow fibres. The flow develops after entry
length Le. The NHF hollow fibres are further divided into NHF,PAN PAN hollow fibres and and
NHF,CRM ceramic hollow define equivalent Krogh Cylinders (Krogh, 1919).

Hollow fibre distribution: Each bioreactor has NHF PAN or ceramic hollow fibres:

NHF = NHF,PAN +NHF,CRM (8)

Packing hollow fibres into a bioreactor: There is a maximum physical density for packing
cylinders into larger cylinders; we estimate from experiments that this density to be approxi-
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(a) Bioreactor (b) Idealised Hollow fibre Spacing (c) Krogh Cylinder Approximation

Figure 4: Bioreactor Cross Sections

mately εR,HF = 0.14 so that any bioreactor must satisfy:

εR,HF ·R2
4 ≥ NHF,PAN R2

2,PAN +NHF,CRM R2
2,CRM (9)

Bioreactor geometry: Total volume in a single bioreactor available for growing cells:

VolR = π (L−Le)
[
R2

4−NHF,PAN R2
2,PAN−NHF,CRM R2

2,CRM
]

(10)

Krogh cylinder: Figures 4 and 5 show how the bioreactor is approximated using Krogh cylin-
ders; Krogh cylinder dimensions are calculated for individual species because we assume each
set of HF operates independently. Section 4.3 discusses permitted exchange in each HF type.

Krogh volume:

VolK,k =


π·(L−Le)·R2

4
NHF,PAN

k = Glc, Lac
π·(L−Le)·R2

4
NHF,CRM+NHF,PAN

k = O2

π·(L−Le)·R2
4

NHF,CRM
k = EPO, SCF

(11)

Krogh radius:

R3,k =

√
VolK,k

π (L−Le)
∀ k (12)

Bioreactor parallelisation
VolT = NR VolR (13)

The most critical set of substructures missing from the previous analysis (Equations 8 – 13) is
the porous polyurethane (PU) scaffold mimicking the specialised 3D micro-environment struc-
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(a) Hollow fibre and Scaffold (b) Variable Definitions

Figure 5: Analysis of One Krogh Cylinder

ture of the bone marrow. The implicit assumption is that these micro-structures consistently
exist in proportion to those present in Panoskaltsis et al. (2005).

5.3. Mass Transfer Equations

5.3.1. Shear Stress

A shear stress of 10 N/m2 causes mild deformation of RBC; shear stress of 40 N/m2 is enough
to cause physiological damage by tearing endothelial cells away from the lining of the aorta;
shear stress of 200 N/m2 haemolyses RBC (Caro et al., 2012). To compare the shear stresses
an RBC can handle with the shear stresses present in the bioreactor, we consider the maximum
shear stress in a pipe operated with Poiseuille flow, 4 · µ ·UZ/R1. Using µ = 691.38× 10−6

kg/m/s [NIST; water at 37 oC], ÛZ = 8.8× 10−4 m/s, and R1 = 0.25 mm, the shear stress is
2.4×10−3 N/m2 and there is no danger that the cells will be damaged.

5.3.2. Entrance Effects

The density of blood (ρ = 1.06 ·103 kg/m3) is very similar to the density of water (ρ = 1.00 ·103

kg/m3), so we can assume that the fluid in the bioreactor lumen has a density very similar to 1.
The dynamic viscosity of water at 37 oC is µ = 691.38×10−6 kg/m/s [NIST], so the Reynolds
number in the lumen is:

Re =
ρ ·UZ ·2 ·R1

µ
= 7.2×102 s

m
·UZ (14)

and the entrance length in the lumen, Le = 0.06 ·Re ·L will be 5.8 mm for a bioreactor operated
at the conditions used by Panoskaltsis et al. (2012) and Macedo (2011) and in general equal to:
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Le = 4.3×101 s
m
·UZ ·L ; (15)

the entry length has to be shaved off of the effective length of the bioreactor.

5.3.3. Krogh Approximation

All species k ∈ {Glucose, Lactate, O2, SCF, EPO} are bounded by the maximum Ck,MAX and
minimum Ck,MIN concentrations given in Table 3:

Ck,MIN ≤Ck, i(r,z)≤Ck,MAX ∀ i, k (16)

Governing equations are taken from Jayaraman (1992) based on the Krogh (1919) model:

R1; Lumen D1
r

(
r ∂Ck,1(r,z)

∂ r

)
= Uz

(
1− r2

R2
1

)
∂Ck,1(r,z)

∂ z ∀ k

R2; Membrane D2
r

(
r ∂Ck,2(r,z)

∂ r

)
= 0 ∀ k

R3; Scaffold D3
r

(
r ∂Ck,3(r,z)

∂ r

)
= Rxnk ∀ k

(17)

Where the reaction term Rxnk is described by the Michaelis Menten equation:

Rxnk =
Vk ·Ck,3

KM,k +Ck,3
∀ k. (18)

If KM,k � Ck,3, then we can use the zero-order reaction limit Rxnk = Vk; whereas if KM,k �
Ck,3, then we can use the first-order reaction limit Rxnk = Vk ·Ck,3/KM,k. We will use the zero-
order approximation to simplify the analysis.
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Equation Set (17) has the following boundary conditions:

R1; Lumen
Known inlet concentration:

Ck,1(r,z)
∣∣
z=0 = Ck, IN ∀ k

Known outlet concentration:∫ R1
r=0Ck,1(r,z)

∣∣
z=L 2 π r dr = Ck,OUT ∀ k

Radial symmetry:
∂Ck,1(r,z)

∂ r

∣∣∣∣
r=0

= 0 ∀ k

R2; Membrane
Flux across boundaries:

Dk,1
∂Ck,1(r,z)

∂ r

∣∣∣∣
r=R1

= Dk,2
∂Ck,2(r,z)

∂ r

∣∣∣∣
r=R1

∀ k

R3; Scaffold
Flux across boundaries:

Dk,2
∂Ck,2(r,z)

∂ r

∣∣∣∣
r=R2

= Dk,3
∂Ck,3(r,z)

∂ r

∣∣∣∣
r=R2

∀ k

Symmetry at Krogh Cylinder boundaries:

Dk,3
∂Ck,3(r,z)

∂ r

∣∣∣∣
r=R3

= 0 ∀ k

(19)

Numerical solutions to the Krogh (1919) model are common (Kumar et al., 2004, 2008; Ma
et al., 2007, 2012), but for integration into an optimisation model we would like to use either
an analytical solution or an analytical function approximating a numerical solution.

For the conditions assumed in Table 1 (i.e., zero-order reaction kinetics and parabolic laminar
flow in the lumen), we can adopt the analytical solution of Piret and Cooney (1991):

Ck,1(z) =
(

R2−
R2

3
R2

)
·
(

NHF ·Vk

L ·UZ

)
· z+Ck, IN ∀ k (20)

Ck,2(r,z) =
Vk

Dk,3

(
R2

3−R2
2
) (11

48
+

1
2 · εHF

ln
r

R1

)
+Ck,1(z) ∀ k (21)

Ck,3(r,z) =
Vk

Dk,3

(
R2

3
2

ln
r

R2
−

r2−R2
2

4

)
+Ck,2(R2,z) ∀ k (22)
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By Eq. (20), the bulk concentration of exiting species is:

Ck,OUT =
(

R2−
R2

3
R2

)
·
(

NHF ·Vk

UZ

)
+Ck, IN ∀ k (23)

Loss across hollow fibres is also due to Piret and Cooney (1991):

Ck,LOSS =
Vk

Dk,3

(
R2

3−R2
2
) (11

48
+

1
2 · εHF

ln
R2

R1

)
∀ k (24)

Given our assumption of Krogh’s model, there are exactly two points that matter to our analy-
sis: (r = R2, z = Le), the entry length into the bioreactor, and (r = R3, z = L), the exit from the
bioreactor. Because of our assumption of homogeneously distributed cells, the species concen-
trations at these two points must bound the concentrations in the remainder of the scaffold.

Important Point 1: Concentration at the bioreactor entrance, right near the lumen wall:

Ck,2(r = R2,z = Le) = Ck, IN−Ck,LOSS ∀ k (25)

Important Point 2: Concentration at bioreactor exit, furthest relevant point from lumen:

Ck,3(r = R3,z = L) =
Vk

Dk,3

(
R2

3
2

ln
R3

R2
−

R2
3−R2

2
4

)
+Ck,OUT−Ck,LOSS ∀ k (26)

5.4. Bioreactor Initialisation

As shown in Table 5 of Section 4.4, there is an expected composition of mononuclear cells in
UCB. The model selects inoculum cell density, but it cannot control cellular composition:

HE,0 = 0 (27)

HG,0 =
ĤG,UCB

ĤQ,UCB
HQ,0 (28)

HL,0 =
ĤL,UCB

ĤQ,UCB
HQ,0 (29)

5.5. Cellular Kinetics: Growth, Proliferation, and Differentiation

The model for cellular growth, proliferation, and differentiation is derived from Ma et al. (2007,
2012) and Colijn and Mackey (2005). The adapted model of Ma et al. (2007, 2012) and Colijn
and Mackey (2005), illustrated in Figure 2, uses delay differential equations to model cellu-
lar kinetics; we simplify our approach for the design problem by assuming that the bioreactor
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operates at four discrete quasi-steady states. The proliferation rate β (HQ) is modelled as a
Hill Function (Eq 34) and the entry into the erythroid (κE) and other leukocyte (κL) lineages is
controlled using feedback functions (Eq 35 – 36). The death rates: γQ, γL, and γE are for each
type of cell with respect to the times (τQ, τLM, τLS, τEM, τES) that the cells require to proliferate
and differentiate. There are many alternate models of erythropoiesis (Belair et al., 1995); the
model proposed here could be easily swapped for another one.

Renewal of HSC, HQ, and loss to differentiation (Colijn and Mackey, 2005; Ma et al., 2012):

dHQ

dt
=−β (HQ) HQ− (κE +κL +κG) HQ +2 e−γS τQ β (HQ(t− τQ)) HQ(t− τQ) (30)

Production of RBC, HE (Colijn and Mackey, 2005; Ma et al., 2012):

dHE

dt
=− (γE + γP) HE

+AE

(
κE(HE,τEM) HQ,τEM − e−γE (τEM+τES) κE(HE,τEM+τES) HQ,τEM+τES︸ ︷︷ ︸

Age related death

)
(31)

Production of lymphocytes, HL (Colijn and Mackey, 2005; Ma et al., 2012):

dHL

dt
=−(γL + γP) HL +AL κL(HL,τLM) HQ,τLM (32)

Production of granulocytes and monocytes, HG (Colijn and Mackey, 2005; Ma et al., 2012):

dHG

dt
=− (γG + γP) HG

+AG

(
κG(HG,τGM) HQ,τGM − e−γG τGS κG(HG,τGM+τGS) HQ,τGM+τGS︸ ︷︷ ︸

Age related death

)
(33)

where (Colijn and Mackey, 2005; Ma et al., 2012):

β (HQ) =
KQ θ cQ

θ cQ +QcQ
(34)

κE(HE) =
κE

1+KE EcE
(35)

κL(HL) =
κL ·θ cL

2
θ

cL
2 +BcL

(36)

κG(HG) =
κG

1+KG PcG
(37)
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Feeding Eqs. (30) – (37) into an optimisation algorithm is both computationally difficult and
biologically irrelevant. This model of erythropoiesis has 26 uncertain parameters; effectively
integrating it into a model of bioreactor operation requires simplifications. First, we argue that
the age-related death terms in Eq. (31) & (33) are negligible. For RBC, time-to-senescence
is ≈ 120 days (Colijn and Mackey, 2005) and the bioreactor only operates for 35 days. For
granulocytes, the SCF and EPO added to the bioreactor encourages differentiation in the ery-
throcyte lineage and limits differentiation towards granulocytes. We also drop Eqs. (34) – (37);
we have no way of differentiating the 12 parameters in those equations from one another once
the erythropoiesis model is integrated into the bioreactor design model.

Discretising the 35-day bioreactor run into 5, week-long time periods, Eqs. (30) – (33) become:

HQ, t−HQ, t−1

∆t
=−

(
κE, t−1 +κG, t−1 +κL, t−1

)
·HQ, t−1

+
(
2 · e−γS·τQ−1

)
·βQ, t−1 ·HQ, t−1 ∀t ∈ {1, . . . , 5} (38)

HE, t−HE, t−1

∆t
=− (γE + γP, t) ·HE, t−1 +AE ·κE, t−1 ·HQ, t−1 ∀t ∈ {1, . . . , 5} (39)

HL, t−HL, t−1

∆t
=− (γL + γP, t) ·HL, t−1 +AL ·κL, t−1 ·HQ, t−1 ∀t ∈ {1, . . . , 5} (40)

HG, t−HG, t−1

∆t
=− (γG + γP, t) ·HG, t−1 +AG ·κG, t−1 ·HQ, t−1 ∀t ∈ {1, . . . , 5} (41)

where t = 0 is defined with respect to the inoculum conditions in Section 4.4 and the relevant
decision variables from the objective function are Hh,0. The variables βQ, t , κE, t , κG, t , κL, t are
restricted to the ranges in Table B.9. Observe that this first-order forward Euler discretisation
may be unstable with respect to the Ma et al. (2007, 2012) model but that it is an acceptable
model for capturing erythropoiesis trends until we have more extensive experimental data.

5.5.1. Species Consumption and Production

The species consumption and production equations in this section connect the Section 5.3 mass
transfer equations with the Section 5.5 cellular kinetics. Because we are assuming zero order
reactions, cells can only exist in locations falling in the acceptable species concentration ranges
(Table 3). These reaction rates Vk and VO2,h limit the average cellular concentrations Hh, t to the
number of cells that the bioreactor mass transfer rates can support.

Reaction Rate of Glucose and Lactate: Assumed constant; see Section 4.6.

Reaction Rate of Oxygen: Assume, as in Section 4.6, that cells in the bone marrow haematopoi-
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etic compartment consume oxygen consistent with Table 7 (Chow et al., 2001):

VO2 = VO2,Q ·HQ, t +VO2,L ·HL, t +VO2,E ·HE, t +VO2,G ·HG, t ∀t ∈ {1, . . . , 5} (42)

Reaction Rate of EPO: Our quantitative estimate that we need 2.1 EPO molecules per RBC
produced is defined in Section 4.6. Assuming that even cells dying during differentiation need
EPO, the reaction rate is VEPO

[
U/m3/day

]
:

VEPO = AE ·κE ·HQ, t ·
2.1 EPO

RBC
· 1 mol EPO

6.022×1023 EPO
· 3.4×107 mg

1 mol EPO
· 1.29×105 U

1 mg

= 1.8×10−5 ·κE, t ·HQ, t ∀t ∈ {1, . . . , 5}
(43)

Note that Eq. (43) indicates that losses due to EPO reaction will be much less than losses due
to half-life decay.

Reaction Rate of SCF: Assumed constant and negligble; see Section 4.6.

EPO and SCF: Half-Life Based Replenishment Rate

From the analysis in Section 4.2, the half-life of EPO and SCF is 72 and 48 hours, respectively.
Then if we run the culture for 35 days and we topped up the EPO and SCF every day then we
would have to add:

35

∑
d=0

C0

(
1−2−1/t1/2

)
=


35

∑
d=0

C0,EPO

(
1−2−1/3

)
= 7.22 C0,EPO

35

∑
d=0

C0,SCF

(
1−2−1/2

)
= 10.2 C0,SCF

(44)

over the course of the culture. In the limit as the additions of EPO and SCF become more
frequent, we will have to add ≈ 8.09 and ≈ 12.1 times the original value of EPO and SCF,
respectively, to stay constant:

τk ·C0,k = lim
n→∞

2n T
t1/2

(
1−2−1/2n

)
·C0,k ≈

{
8.09 C0,EPO

12.1 C0,SCF
(45)

We require that SCF be used in weeks 1 – 2 of the culture and EPO be used in weeks 2 – 5;
SCF affects early-stage HSC proliferation and EPO is related to late-stage differentiation.
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5.6. Production Requirements

The total concentration of haematopoietic cells HCells, t in the bioreactor may not exceed the
bone marrow density (Peng and Palsson, 1996):

HCells, t = HQ, t +HE, t +HL, t +HG, t ≤ HMAX ∀t ∈ {1, . . . , 5} , (46)

(Macedo, 2011, p. 177) showed that the average cellular flux across the ceramic hollow fibre
was ĴCells = 5.76± 2.25× 105 cells / mm2 / day when the concentration gradient across the
membrane was ˆ∆HCells = 1.00×106 cells / mm3. Observe from capillary theory that the flux
across a filter is directly proportional to the concentration gradient (Caro et al., 2012); we as-
sume that the cellular concentration in the lumen is negligible. Further, HSC HQ, t are assumed
to not diffuse through the membrane because, due to their lower oxygen consumption, they are
typically further away from the vasculature (Simsek et al., 2010).

The total surface area of available membrane in a single bioreactor is: π ·NHF,CRM ·R2,CRM ·L,
so the production rate of cells out of a single bioreactor each day is:

γP, t =
ĴCells
ˆ∆HCells

·
π ·NHF,CRM ·R2,CRM ·L

VolR
∀t ∈ {1, . . . , 5} (47)

Eq. (48) constrains the system to produce at least one unit (UnitRBC) of red blood cells in the
total volume VolT over D days of processing time; γP, t is the production rate of exiting HE, t .

∑
t

γP, t VolT Dt
HE, t +HE, t−1

2
≥ UnitRBC (48)

As an order of magnitude analysis, consider the bioreactor of Panoskaltsis et al. (2012) con-
sisting entirely of erythrocytes at maximum BM cell density; NR ≈ 250 bioreactors would be
necessary to satisfy the Eq. (48) production requirement. The optimization model may try to
provide better RBC transport by increasing the number of ceramic HF and the reactor length.

6. Solving the Model: Results and Discussion

The model developed in Sections 4 and 5 was implemented in GAMS 24.1. For clarity, the
model is repeated in Appendix A and all relevant symbols are defined in Appendix B. The
fully-implemented model has 261 variables (2 integer) and 205 equations. We solved the model
to global optimality using the MINLP solver ANTIGONE 1.1 (Misener and Floudas, 2013a,b);
ANTIGONE 1.1 is solver software implementing branch-and-cut deterministic global optimi-
sation for MINLP. ANTIGONE 1.1 reformulates the problem to: 186 variables; 184 equations;
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185 bilinear terms; 3 logarithmic terms; 50 reformulation-linearization technique equations.
ANTIGONE 1.1 consistently solves this problem to a 10% duality gap within 300 CPU s.

Solving to deterministic global optimality ensures finding the best solution to the nominal op-
timisation problem. Furthermore, ANTIGONE 1.1 achieves not only good feasible solutions
(primal bound) but also derives information as to how good the solution could possibly be (dual
bound) and thereby rigorously characterises the solution. But both the parameters and the un-
derlying model itself is uncertain (Misener et al., 2014), so we are only solving to an optimality
gap of 10%; a tight duality gap is meaningless for these uncertain parameters. To better charac-
terise the implications of the global optimisation procedure, we also conduct what-if scenarios
(§6.2) and sensitivity analyses (§6.3).

Effectively characterising the what-if scenarios and sensitivities requires that ANTIGONE 1.1
regularly solve the model and parameter variants quickly. The key for solving this model
quickly is careful scaling of all relevant variables and parameters; observe that the text of this
manuscript has described both very small numbers (e.g., O2 consumption on the order of 10−15

mol / cell / day) and very large numbers (e.g., a unit of blood consists of 1012 cells). The scaled
model entered into GAMS is mathematically equivalent to the one presented in this paper.

6.1. Characteristics of the Optimal Solution

The global minimum is within 10% of US $ 277 (NR = 339; US $ 0.82 / reactor). Observe that
NR = 339 is within the expected values calculated via order of magnitude analysis in Sections
4.5 & 5.6. The price per reactor is driven by half-life decay of EPO (US $ 0.298) and SCF (US
$ 0.512); the growth factor reaction costs are negligible and the start-up costs are less than US
$ 0.01 / reactor. Small start-up costs compared to operating costs are expected (Timmins and
Nielsen, 2009); the only reason we include initialization costs in Eq. (7) is that otherwise the
optimization model will drive the inoculum to have as many HSC as it needs to produce RBC.

Half-life decay of EPO and SCF are the most expensive component of bioreactor operation
and we require VolRecyc = 105 mm3 = 100 mL recycle volume per reactor, so the optimiza-
tion model consistently maximises the allowable bioreactor length by distributing 20 HF into a
bioreactor of length 200 mm (the physical limit of both variables). The optimisation objective
is manufacturing 1 unit RBC at minimum cost, so the optimisation model pushes to incorporate
as many ceramic hollow fibres as possible because only the ceramic membranes are capable
of delivering RBC out of the bioreactor. In the nominal optimal solution there are 11 CRM
and 9 PAN HF; this satisfies the limiting transport need to supply glucose with the remaining
HF devoted to nutrient transport. The suggested 5.3 mm reactor radius is the smallest possible
permitted by Eq. (9) with 20 HF; the narrow width of the bioreactor is to increase mass transfer
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into the scaffold bulk.

The optimisation model also consistently pushes the lumen flow rate as high as it possibly can;
this is to increase mass transfer within the reactor. Because the bioreactor is oxygen-limited
(we cannot physically pack the bioreactor with fibres as tightly as the BM is packed with blood
vessels), the optimization model recommends tailoring inoculum density and growth such that
the maximum cell density is 1.86× 108 cells / mL (less than half the physiological 5.0× 108

cells / mL). Based on mathematical analysis of the nominal superstructure solution, we make
the following design and operation recommendations:

• Hollow fibres should be able to handle higher flow rates to permit better mass transfer.
Section 5.3.1 shows that the flowrate would have to increase by orders of magnitude to
put the cells in danger of haemolysis; the hollow fibres are limiting the possibility of
a higher flowrate. Section 5.3.2 shows that the flow should stay laminar until approxi-
mately 20 times the current flow rate.

• Use as many hollow fibres as reasonably possible; the limit is physical.

• Use the minimum number of PAN hollow fibres; the rest of the bioreactor should be
crammed with ceramic hollow fibres. The purpose of the PAN hollow fibres is to
fulfill the required nutrient transfer and waste clearance, but the ceramic hollow fibres
are the ones that permit RBC crossing.

• Ceramic hollow fibres should be designed to be more permeable to RBC.

• Use as long and narrow a bioreactor as reasonably possible. The suggested long length
comes from the penalty per bioreactor on recycle volume; a design choice reducing the
recycle reservoir volume would allow us to equivalently shorten the bioreactor. Exper-
imental experience suggests that hollow fibres in a shorter bioreactor are less likely to
bend or break; the cost of malfunctioning bioreactors is not considered in this paper.

Observe that the global minimum for the bioreactor superstructure is US $ 277 / unit RBC in
comparison to US $ 8330 as calculated by Timmins and Nielsen (2009) for the procedure of
Giarratana et al. (2005); the bioreactor design of Panoskaltsis et al. (2012) is therefore compet-
itive to a typical unit of rare blood (US $ 1150 – 3025). We do not claim that the bioreactor
is competitive with mainstream transfusion (US $ 225.42 / unit) because the proposed mathe-
matical model neglects the prices of: (1) nutrients; (2) bioreactor materials and fabrication; (3)
operator time; (4) product transportation and storage.
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6.2. What-If Scenario Analysis

The nominal superstructure design of the bioreactor is interesting in that it indicates the poten-
tial for the bioreactor of Panoskaltsis et al. (2012) to compete on the open market against rare
blood transfusion. But it is also interesting to vary operating conditions for parameters that will
qualitatively affect RBC production but lack mathematical correlations; results of this analysis
are illustrated in Figure 6. Our nominal solution of US $ 277 assumes that the maximum al-
lowable concentrations of glucose and O2 are 25 mM and 20%, respectively; these correspond
to the concentrations in the medium IMDM and operation at atmospheric conditions. But it
may be beneficial to operate the bioreactor at physiological BM levels of glucose (maximum:
5.5 mM) and oxygen (maximum: 6%). As Figure 6 shows, changing the maximum allowable
concentrations in the bioreactor alters the total price and the number of ceramic hollow fibres.
The optimisation model still selects the same bioreactor dimensions (because these are largely
dependent on the price of EPO and SCF) and still maximises the number of hollow fibres in the
reactor (NHF = 20) for better mass transfer, but: (1) moving towards physiological conditions
is more expensive because mass transfer to the scaffold bulk is more difficult; and (2) see in
Figure 6 that the model always chooses to add as many ceramic hollow fibres as possible while
still ensuring sufficient mass transfer of nutrients and metabolites.

6.3. Parameter Sensitivity Analysis

Because the parameters describing the bioreactor are uncertain, we performed a single-variable
sensitivity study varying 29 uncertain parameters in Table B.9. We allowed parameters with
known error bars to vary within their expected uncertainty levels; the remaining parameters
were allowed to take values 50% (L1), 90% (L2), 110% (U1), and 150% (U2) of their nominal
values. Of the 29 parameters, 11 induced the global optimum to vary by 10% or more; rank
ordered with ĴCells affecting the most change, they are:

ĴCells Cellular flux across ceramic HF
t1/2,SCF SCF growth factor half-life
pSCF Price of species SCF
AE Amplification parameter for RBC differentiation
VO2,Gran Rxn rate of O2 with cell type Gran in the scaffold
t1/2,EPO EPO growth factor half-life
εHF Porosity of hollow fibre
pEPO Price of species EPO
VGlc Maximum rxn rate of species Glc in the scaffold
VO2,HSC Rxn rate of O2 with cell type HSC in the scaffold
AG Amplification parameter for Gran differentiation
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Figure 7 diagramms the impact of these 11 parameters on the global optimum. The uncertainty
in the cellular flux across ceramic HF ĴCells induces the most variability; this is inline with
our observations in Section 6.1 that the bioreactor is always pushing to have as many of the
RBC-harvesting ceramic hollow fibers as possible; it makes sense that impeding the movement
of RBC through those HF makes producing a unit of blood more expensive.

Recall here that the missing step is to incorporate complete model uncertainty as we did in
Misener et al. (2014); we are excluding uncertainty analysis in this manuscript due to space
constraints. Sources of model uncertainty include: (1) species reaction rate; (2) cellular prolif-
eration and differentiation rate; (3) exit rate of mature cells from the bioreactor.

The final contribution of this manuscript is to note the generalisation of our work to bioprocess
optimisation; we have used the intellectual tools of process systems engineering to integrate
bioreactor design and operation. Combining experimental data with previously-proposed math-
ematical models of mass transfer and cell kinetics has allowed us to develop an optimisation
problem that will guide further development of the bioreactor.

7. Conclusions

This paper develops and optimises an integrated design and operation model of an RBC-
producing bioreactor designed by Panoskaltsis et al. (2012). The mathematical novelty of our
approach stems from: explicitly considering bioreactor design and incorporating a mathemat-
ical model of haematopoiesis into the optimisation problem. The engineering contribution is
to show how this superstructure design strategy can generally impact bioprocess optimisation.
The industrial contribution is to show, for the first time, the potential for ex vivo red blood cell
production to compete openly against the transfusion market for rare blood. We discuss the
potential of global superstructure design not only on this individual bioreactor but also more
generally on bioprocess optimisation.
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Appendix A. Optimisation Problem

min

[
∑

k∈{EPO; SCF}
pk · τk ·NR ·VolRecyc ·Ck, IN + pk ·D ·Vk ·VolT

]
+[

∑
h∈{Q; E; G; L}

pUCB ·Hh,0 ·VolT

]
s.t.

Superstruc-
ture Topology



NHF = NHF,PAN +NHF,CRM

εR,HF ·R2
4 ≥ NHF,PAN R2

2,PAN +NHF,CRM R2
2,CRM

VolR = π (L−Le)
[
R2

4−NHF,PAN R2
2,PAN−NHF,CRM R2

2,CRM

]

VolK,k =


π·(L−Le)·R2

4
NHF,PAN

k = Glc, Lac
π·(L−Le)·R2

4
NHF,CRM+NHF,PAN

k = O2
π·(L−Le)·R2

4
NHF,CRM

k = EPO, SCF

R3,k =
√

VolK,k
π (L−Le)

∀ k

VolT = NR VolR

Production
Requirement


HQ, t +HL, t +HE, t +HG, t ≤ HMAX

γP, t = JCells, t ·π ·NHF,CRM ·R2,CRM ·L ∀t ∈ {1, . . . , 5}
∑
t

γP, t Dt HE, t ≥ UnitRBC

Species
Transfer



Ck,MIN ≤Ck, i(r,z)≤Ck,MAX ∀ i, k

Ck,OUT =
(

R2−
R2

3
R2

)
·
(

NHF ·Vk
UZ

)
+Ck, IN ∀ k

Ck,LOSS = Vk
Dk,3

(
R2

3−R2
2
) (11

48 + 1
2·εHF

ln R2
R1

)
∀ k

Ck,3(R2,0) = Ck, IN−Ck,LOSS ∀ k

Ck,3(R3,L) = Vk
Dk,3

(
R2

3
2 ln R3

R2
− R2

3−R2
2

4

)
+Ck,OUT−Ck,LOSS ∀ k

Proliferation &
Differentiation



HQ, t−HQ, t−1
∆t = −

(
κE, t−1 +κG, t−1 +κL, t−1

)
·HQ, t−1

+(2 · e−γS·τQ−1) ·βQ, t−1 ·HQ, t−1
HE, t−HE, t−1

∆t = −(γE + γP, t) ·HE, t−1 +AE ·κE, t−1 ·HQ, t−1
HL, t−HL, t−1

∆t = −(γL + γP, t) ·HL, t−1 +AL ·κL, t−1 ·HQ, t−1
HG, t−HG, t−1

∆t = −(γG + γP, t) ·HG, t−1 +AG ·κG, t−1 ·HQ, t−1

∀ t ∈ {1, . . . , 5}

Appendix B. Data, Definitions and Parameter Values
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(a) Maximum environmental glucose level: 25 mM (b) Maximum environmental glucose level: 5.5 mM

(c) Maximum environmental O2 level: 20% (d) Maximum environmental O2 level: 6%

Figure 6: Bioreactor cost (solid line in each subfigure) and integer number of ceramic HF
(dashed line in each subfigure) versus changing environmental conditions. Naturally, it is
least expensive to provide very high levels of glucose (25 mM when maximum physiological
BM levels are 5.5 mM) and O2 (20% when maximum physiological BM levels are 6%). But
artifically-high levels of nutrients and metabolites may introduce cell-altering artifacts into the
in vivo culture, so it is interesting to see the changing configurations with the more restrictive
environmental conditions.
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Figure 7: Parameter sensitivity analysis for the 11 parameters inducing the global optimum to
change by 10% or more; all but reaction rates of O2 with HSC and granulocytes were allowed
to take values 50% (L1), 90% (L2), 110% (U1), and 150% (U2) of their nominal values. The
range in O2 reaction rates was taken from Table 7.
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