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ABSTRACT 

The thesis describes an investigation of the condi-

tions which determine the starting characteristics of a 

synchronous motor. 	The asynchronous performance, at a 

given slip, may be estimated from the two axis operational 

admittances, Yd(jswo), Y (jswo), expressed as complex 

functions of the slip. 	The functions are commonly de- 

picted as frequency response loci. 	Four methods, two 

new, are described and compared, for the experimental de-

termination of the operational admittance loci of a syn-

chronous motor of any size and type. 

The methods used for calculating the parameters 

from which the operational admittance loci of laminated 

pole synchronous motors may be derived are well known. 

The loci of several laminated pole synchronous motors 

are calculated in this manner. 

New two-axis equivalent circuits for the solid pole 

synchronous motor are derived. 	With the aid of a fast 

computer the operational admittance loci of many solid 

pole machines are calculated from the new equivalent 

circuits. 	The effects of flux distribution in the solid 

iron, saturation of the solid iron (with particular con-

sideration of the pole tips), and the connection of adja-

cent solid poles by end-rings, are all considered in the 

calculations. 

Comparisons are shown between the calculated and 

measured operational admittance loci, obtained for both 

types of synchronous motors. 	The theoretical mean and 

oscillating torques and currents, derived from the loci, 
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are then compared with the torques and currents measured. 

The agreement between the measured and calculated 

results is very good for nearly all of the machines test-

ed, but where variations exist explanation is suggested 

for the discrepancy. 
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CHAPTER 1 

INTRODUCTION 

There are in existence several types of synchronous 

motors, but all types may be placed into one of two 

classes. 	In one class may be placed all synchronous 

motors having rotors of laminated iron, and in the other, 

those having rotors of unlaminated 'solid' iron. 	Almost 

without exception synchronous motors have rotors with 

salient poles, around which is wound the main field wind-

ing. 

All the motors with laminated rotors have a separ- 

ate starting winding. 	This winding is usually a com-

plete 'squirrel cage' winding located in slots in the 

pole face. 	However, laminated pole machines are some-

times built with a so called 'grid' winding, in which 

the end connections are only made between adjacent bars 

on a single pole, and do not connect the bars of one 

pole to the bars of another. 	This latter configura- 

tion is not common and is not dealt with in this thesis. 

Motors having solid iron poles do not require a separate 

starting winding, since the solid iron of the poles 

acts itself as a starting winding. 

During starting the main field is unexcited and 

starting torque is produced by slip frequency currents 

in either the starting winding in the case of laminated 

pole machines, or the solid iron in the case of unlam- 

inated machines. 	However, it is normal practice to 

close the main field winding through a resistance 
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several times larger than the winding resistance in order 

to provide additional starting torque and to limit the 

induced voltage in the winding at standstill. 	The con- 

centration of the main field winding on the direct axis, 

the saliency of the poles, and the arrangement of the 

electrical circuits in the squirrel cage or the solid 

iron, cause appreciable dissymetry between the two axes. 

Consequently the torque produced at a given slip is not 

a steady value, but has a component oscillating at twice 

slip frequency. 	Occasionally synchronous motors of 

either kind are built with brushless excitation schemes, 

where the rectifiers are present in the field winding 

during starting. 	The alternate conducting and non- 

conducting state of the rectifiers give rise to addi- 

tional pulsation at slip frequency. 	The present thesis 

does not deal with this special case. 

The two-axis theory of the synchronous machine, 

due to Park12, can be used to calculate the current 

and torque of the synchronous machine, during asynchro-

nous operation, if the machine parameters are known. 

The parameters of the laminated pole motor are mainly 

resistances and inductances which can be determined by 

design calculations, and confirmed by tests. 	The para- 

meters of the solid pole motor can also be expressed as 

impedances, but the values vary with both the slip fre-

quency and the flux in a complicated manner. 

An assumption is made that the squirrel-cage wind-

ing may be considered to be equivalent to two discrete 

circuits, one on each axis; and that the solid iron 

may also be represented by two equivalent systems, one 

on each axis. 	The theory introduces two operational 
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functions, the direct axis operational impedance, Xd(p), 

and the quadrature axis operational impedance X (p). 

For calculations relating to asynchronous running at 

constant slip, s, these operational impedances transform 

to Xd(jswo), and X (jswo). 	It is more convenient, 

however, to use the inverse functions, the operational 

admittances, Yd(jswo), and Y (jswo
), in calculations 

relating to asynchronous running. 	The real and imagin-

ary parts of the inverse functions may be determined at 

any slip frequency and plotted in the complex plane. 

Points in the complex plane relating to Yd(jswo), at 

slip frequencies from zero to infinity, describe the 

direct axis operational admittance frequency locus and 

points relating to Y (jswo
), the quadrature axis op-

erational admittance frequency locus. 

The asynchronous performance, at a given slip, 

may be determined directly from the real and imaginary 

components of the two axis operational admittance func-

tions at that slip frequency. 

The thesis is divided into three parts. 	Part I 

records a theoretical study of the method of calcula-

ting the asynchronous torques, currents and power fac-

tor of a synchronous motor from the operational admit-

tance frequency functions; the methods used to obtain 

the operational admittance frequency loci, by measure-

ment; and the methods used to measure the asynchron-

ous torques, currents and power of the motor. 



Although the general method of calculating the asyn-

chronous performance from the operational admittances is 

well known3, a study of the principle is given here in 

much greater detail, 	A graphical method of estimating 

the asynchronous torques, currents and power factor, 

from the two axis operational admittance loci, neglect- 

ing the effect of armature resistance, is given, 	The 

asynchronous performance, including the effect of arma- 

ture resistance, is calculated using the computer. 	The 

effect of the presence of armature resistance in a sal-

ient pole machine is to introduce a dip in the torque, 

current and power factor characteristics in the half 

speed region, and a theoretical study of the effect of 

different values of armature resistance on the character- 

istics of the machine is given. 	Finally a very simple 

empirical rule is derived to determine the extent of the 

half speed dip in the mean torque characteristic from 

the half speed values of the operational admittances. 

Of the methods used to measure the operational ad- 

mittance loci of the machine two are new. 	The new 

methods used are the "axis resolution method", and the 

dynamic impedance test. 	The axis resolution method is 

a method where the phase quantities of an asynchronous-

ly running machine are dynamically resolved into their 

axis counterparts, 	The axis admittances can then be 

deduced from measurements of axis current, voltage and 

power. 	The dynamic impedance test determines impe-

dances from oscillograms of phase current and voltage, 

using values at the instants when the phase current is 

equal to the appropriate axis current. 	The other two 

methods are based on the variable frequency static impe- 
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dance test and the sudden short circuit test. 

The phase current of a synchronous motor, running 

asynchronously is relatively easy to measure. 	However, 

the torque characteristics are considerably more diffi-

cult to obtain, and several methods have been tried and 

compared. 	The methods used to measure torque are the 

output power measurement method - only applicable to 

mean torque, the use of a strain gauge torque-meter, 

and the acceleration method. 	A new method of determin- 

ing the instantaneous torque with oscillating component 

unattenuated, using electronic multiplication and addi-

tion to measure the instantaneous input power, has been 

applied. 	Although the latter method is not accurate to 

a high degree, a direct record of torque/time for the 

motor can be obtained from a single start. 

Part II is entirely devoted to the laminated pole 

synchronous machine. 	The first section deals with the 

method of calculating the operational admittances of 

the machine, which is well known3. 	The latter section 

shows the comparison between the measured and calcula-

ted machine characteristics and discusses reasons for 

discrepancies. 

Part III, which is almost entirely new, is devoted 

to the solid pole synchronous motor. 	There have been 

many applications of the linear eddy current theory to 

solid pole machinery, in the past5,6,7,8,9'  but calcu-

lation of the flux density at the surface of the iron 
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shows the fallacy of such an application. 	A non-linear 

approach such as that adequately explained by Argawal
10 

gives more sensible results over normal operating re- 

gions. 	Bharali and Adkins
11 and Chalmers

19 applied the 

non-linear theory successfully to round rotor turbo-

alternators running asynchronously at very low slips. 

McConnell and Sverdrup
14 

and Angst
15 

have applied the 

non-linear theory to solid round rotor induction motors. 

However, to the author's knowledge, no-one has attempted 

to apply such a non-linear theory to a salient solid 

pole synchronous machine over the whole operating range 

of slip, as has been done here. 

The new method, given here, is divided into three 

parts. 	First of all, the two axis equivalent circuits 

of the solid pole motor are derived from very careful 

consideration of the flux paths in the solid rotor. 

The effects of the distribution of flux entering the 

solid pole shoe, the possibility of complete saturation 

in the pole tips, the separate effect of eddy currents 

in the pole body, the presence or absence of end rings 

connecting adjacent solid poles, and the full account 

of the effect of the main field winding, are all allow- 

ed for in the equivalent circuits. 	Secondly, the non-

linear impedances are inserted into the equivalent cir-

cuit - the pole body impedance is linearised when the 

flux linking the pole body is very low, and the opera- 

tional admittance functions are calculated. 	Both the 

non-linearity and the flux distribution make the pro-

blem extremely complicated and a fast computer is re-

quired to calculate the operational admittance func- 

tions. 	Thirdly, the asynchronous characteristics are 
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calculated from the two axis functions. 

Comparison is shown between the measured and calcu-

lated operational admittances, torques and currents etc., 

obtained for machines of widely different sizes and 

speeds. 
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PART I 

THEORY AND MEASUREMENT TECHNIQUES APPLICABLE 

TO ALL SYNCHRONOUS MOTORS 
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CHAPTER 2 

THEORY OF ASYNCHRONOUS OPERATION 

Although the results derived in this chapter are 

applicable to both the laminated and solid pole type of 

synchronous machine, the intermediate steps to the re- 

sults are, in some parts, somewhat different. 	To avoid 

confusion the derivations are made as for the laminated 

pole machine. 	At the end of each section, however, the 

differences in the procedure are indicated, and the nec-

essary references made to the third part of the thesis, 

2.1. 

the 

The 

axis 

the 

which deals with the solid pole machine in detail. 

BASIC EQUATIONS 

by 

quantities. 

effects 

1,2 Park, 

to 

as 

v 	i a
, 	

a 

v
b' 	

i
b 

vc , 	is 

In the 

phase 

voltages 

phase 

vd , 	id 

v 	, 	i 
q 	q 

vo, 	io 

transformation 

two 

quantities 

values 

.2/3 

and 

axis theory, 	first developed 

are transformed to axis 

of phase voltages and currents 

currents, having the same 

is:- 

cos 	a 	cos(e-2TE/3)cos(e-4jt/3 )  

sin 8 sin(0-2m/3)sin(9-41/3) 

1/2 	1/2 	1/2 
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where 0 is the angle between the axis of phase A winding 

and the direct axis and, in general, is some function 

of time depending on the mode of machine operation. 

For balanced operation v 	0 o o 

The transformed laminated pole machine is now as 

shown in Fig.1. 	The starting winding has been replaced 

by two equivalent windings one on each axis; for con-

venience the diagram is drawn with the field stationary 

and the armature rotating. 

Park's equations governing the operation, using the 

convention of Adkins3, are:- 

vd = r4d 	wilf + raid q 

v q  = PlIfq -("d + raiq 

(2.2) 

and the electromagnetic torque, Te, is given by:- 

Te 	w0/2id -i 
q d q (2.3) 
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Fig.l. Two axis representation of a Synchronous machine, with laminated poles 
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2.2. OPERATIONAL IMPEDANCE 

The direct axis flux linkage in the conventional 

machine shown in Fig.1 is given by:- 

*
d 	

L
mdif 

+ L
mdikd + (Lmd + La)id 
	(2.4) 

For the field winding circuit, where rf  includes both 

winding and external resistance, and there is no exci-

tation:- 

0 	[rf + (Lmd + Lf)p]if + LmdPikd 

+ Lmdpid 
	(2.5) 

Similarly for the squirrel cage starting winding, the 

damper circuit:- 

0 	= 	Lmdpif  + [rkd  + (Lmd  + Lkd )P]ikd 

+ Lmdpid 
	(2.6) 

If equation (2.4) is multiplied throughout by the opera-

tor p, these three equations (2.4), (2.5), (2.6) may be 

represented by the direct axis equivalent circuit shown 

in Fig.2(a). 

Similarly equations may be written for the quadra-

ture axis circuits:- 



1J = L
mqkq 

+ (L
mq 

+ L)i q 	 a q 

0 	= Erkq + (Lmq+Lkq)13]ikq 
+ L

mq
pi

q 
} 

	

(2.7) 
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and may be represented in the same way by the quadra-

ture axis equivalent circuit in Fig.2(b). 

By eliminating the secondary currents, if, ikd in  
equation (2.4), (2.5), (2.6) and licq  in equation (2.7):- 

T4T6p2  + (T4  + T5)p + 1 
L
d
i
d T1T3p2  + (T1  + T2)p + 1 

T
7
p + 1 

q 	T8p + 1 
. L

q
i
q 

where T1 .... T8  are time constants. 

Replacing all inductances by reactances referred 
wo*d to datum frequency wo,the quantity 	, which has id 

dimensions of impedance, may be written as  Xd(p),the 

direct axis operational impedance. 

X
d(p) 	wo*d/id 
	 (2.8) 

then:- 



is 
	La p 	ikq 

›—f-000 

0  L 
1(cl  

Lmq 

r 

   

)(a  

   

   

Pfd  

   

(a) Direct axis 

(b) Quadrature axis 

Fic:f. 2 Laminated pole synchronous machine equivalent circuits, with the field winding closed 

and unexcited, 



 

T4T6p2  + (T4  + T
5
)p + 1 

d(p) _ 

	

	 . Xd 
T1T3p2  + (T1  + T2)p + 1 
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(2.9) 

also, 

then 

x (p) = wo*q/iq (2.10) 

X (p) 
T
7p + 1 
T8p + 1 q

. x (2.11) 

the quadrature axis operational 

impedance. 

Equation (2.9) may be written:- 

(1+T'p)(1+T"p)+(T -T")p 
xd(p) = 	

5 d 	. Xd 	(2.12) 
(1+T,'10p)(1+Tgop)+(T2-Tgo)p 

since it may be shown3:- 

T6 = T  

T4 = T' d 

T = T" 

	

3 	do 

T 

	

= T' 1 	do 

Also, 

(1 + Tflp) 
X (p) = 	 . X 

(1 + T" op) q 

(2.13) 

where T
7 

= T" 



T8 = T" qo 

In the case of the solid pole machine similar impe- 

dances Xd(p), X (p) exist. 	However because of the many 

current paths present in the solid iron the impedances 

cannot be expressed in terms of a few time constants and 

reactances. 
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2.3. THE DUALITY OF THE EQUIVALENT MAGNETIC CIRCUIT 

AND ELECTRIC CIRCUIT 

2.3.1. The Development of the Equivalent Electric  

Circuit from the Equivalent Magnetic  

Circuit 

Fig. 3a shows the direct axis magnetic circuit 

of a laminated pole machine, over one pole pitch. 

It may be replaced by the equivalent circuit of Fig. 

3b. 	The laminated iron may be considered to have 

zero reluctance. 	The reluctances of the stator lea- 

kage path, air gap, squirrel cage leakage path, and 

field leakage path may be represented by equivalent 

air-gaps of reluctances S
a' 

S
g
, S

kd
,  S

f,e
, respectively. 

The equivalent iron circuits, Fig. 3b, may be re-

drawn as an analogous electric circuit, Fig.4a, the 

currents in the circuit being the fluxes, and the 

voltages the M.M.F's. 

Since, in a synchronous motor, the stator voltage 

and frequency applied are usually fixed, the total 

flux linking the primary winding is fixed. 	Conse- 

quently, the M.M.F.'s required to maintain the fluxes 

adjust themselves accordingly. 	Thus, the equivalent 

35 
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circuit of Fig.4a is inconvenient to manipulate since 

the 'current' injected is to be fixed and the 'voltage' 

applied, which corresponds to the M.M.F., is unknown. 

If the equivalent circuit of Fig.4a is inverted, so 

that all reluctances are replaced by 'reciprocal reluc-

tances', then, retaining the same relationships between 

flux, M.M.F.,and reluctance, all series branches become 

parallel and vice versa. 	The new equivalent circuit is 

that of Fig.4b. 

Fig. 4b is seen to be very similar to that derived 

previously from the equations, - (Fig.2a). 	If the re-

ciprocal reluctances of Fig.4b are multiplied by the 

primary turns squared and by the winding factors etc, 

and also operated on by the operator 'p', the equiva-

lent circuits of Fig.2a and Fig.4b become identical. 

It is apparent, therefore, that the voltage across 

an impedance, in an equivalent circuit, is directly 

proportional to the rate of change of flux linking the 

component of the magnetic circuit, corresponding to 

that impedance. 	Under sinusoidally changing condi-

tions the voltage across the impedance is directly pro-

portional to the flux, and the current through the same 

impedance is directly proportional to the M.M.F. 

driving the flux through that component of the magnetic 

circuit. 

The equivalent circuits of the solid pole machine 

are derived in a similar manner, in Part IM 
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Fig. 4. 



2.3.2. The Relationship Between Equivalent Circuit  

Impedance and Magnetic Circuit Reluctance  

Consider a section of material in a P-pole 

machine. 	Under sinusoidal conditions the flux, 0', 

through it is given by:- 

V' jsw
o
t 

e (2.14) 
j 4.44 kw2 foT 

where V' is the component of the pri-

mary voltage inducing it. 

The component of primary M.M.F. required to main-

tain the the flux, 0', is given by:- 

M.M.F.' 
2.12 kw1  I' T 	jswot 

(2.15) 
P 

 

where I' is the appropriate propor-

tion of the primary current. 

The reluctance of the section of material is given 

by:- 
Ampere-turns applied to the section 

S' 
Flux through it 

M.M.F.' 

j 9.42 k
wl kw2 fo  T2 

(2.16) 
P 	V' 

Now, since V° and I' are both primary voltages and 

39 



currents, I, (= Z') is a primary referred impedance, 

4o 

Z' 
9.42 kwl kw2 fo  T2 	1 

P 	g, (2.17) 

Z' is therefore inversely proportional to the 

iron reluctance, S'. 	In particular, Z', is the equi- 

valent circuit impedance representing the reluctance 

S'. 

Z' 	= j , 7, 

where 

9.42 kw1 kw2 f T2 (2.18) P 

kw1' kw2 are combinations of winding 

factors, flux factors, etc. 
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2.4. ASYNCHRONOUS OPERATION AT CONSTANT SLIP  

2.4.1. Transformed Basic Equations for Steady  

Asynchronous Running  

Fig. 5 shows the position of the armature wind- 

ing at time t. 	The axis of phase A is at angle A to 

the direct axis and the instantaneous speed and accelera- 
rt 

tion of the windings are e, and 9, respectively. 

Consider a reference axis rotating at constant velo- 

city wo, in the anti-clockwise direction, and located 

so that it lies along the direct axis at time zero. 

The instantaneous angle between this reference and the 

axis of phase A is the load angle 5, by which the axis 

of phase A lags behind the reference. 	In accordance 

with this definition the angle 5 is zero when the motor 

is unloaded. 

Then 

wot - 5 
	

(2.19) 

Using equation (2.19), the phase voltage va  is given by 

v
a = Vm cos Wot 

= Vm  cos (0 + 

= V
m cos 9 cos 5 - Vm sin A sin 5 	(2.20) 
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Fig. S. The relationship between e,S and mot . 



The inverse transformation relating the phase to axis 

quantities is:- 

v
a 	vd cos e + v sin e q 

Comparing equations (2.20) and (2.21) 
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(2.21) 

vd 	
V
m cos 6 

-V
m  sin 6 q 

} 
(2.22) 

During asynchronous running at constant slip s, 0 

becomes (1-s)W
ot, (9 becomes (1-s)wo, and 0 becomes 

zero. 

Substituting in (2.19) gives:- 

5 = swo
t 

and hence equation (2.22) becomes:- 
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vd. 	Vmcos swot 

-Vmsin swot q 
} (2.23) 

To convert the basic equations (2.2) into phasor 

form, p is replaced by jswo. 	Thus the equations in 

phasor form become:- 

	

V 	= 	jsw o—u  + (1-s)wolg  + ra—A  I 

	

jV 	= -(1-s)wol + jswolq + r I a —q 

Xd (jsw ) = wAL0„/I01,, 40_  

X (jsw ) = wo-T-q/-1q 

and 

(2.24) 

(2.25) 

where IA , ig, IA , Iq  are phasors and V a scalor with 

magnitudes equal to the r.m.s. magnitudes. 

It is more convenient when dealing with current 

and torque to use the operational impedance functions 

in their admittance form:- 

jswo) = 1/Xd (jswo ) = A(jsw0 )+JB(jswo ) 

(2.26) 

Y (jsw ) = 1/X (jsw ) = C(jsw )+jD(jsw ) 

where A(jswo ), B(jsw o ), C(jswo ), D(jswo) are the 

respective real and imaginary components of the admit- 

tances at slip frequency swo. 	In further use these 

components will be written in the more concise form 

A, B, C, D. 
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Replacing 	p by jswo  in equations (2.12), (2.13), 

Yd(jswo), Y (jswo) for the laminated pole machine are:- 

Yd ( Jswo )  

(1+jsw6TA0 )(1+jswoTgo )+jswo(T2-Tgo )
/xd 

(1+jsw0T;I  )(1+jswoTg )+jswo (T5-Tg ) 

(2.27) 

(1 + jsW T" ) 
Y (jswo) = 	

o qo  1/x 	(2.28) 
q (1 + jsw oT" ) 

The limiting values of these expressions are obtain- 

ed when s = 0, and s 	co. 
When s = 0 

Yd(0) = 1/Xd  

Y (0) = 1/X q  

when s = 
T' .T" 	1 

Yd(00) = 
do do 1/Xd = /X" 
T'.T" d d 

(2.29) 

the direct axis subtransient 

reactance 

Y 	= 

T" qo  

T" 
q 

1/Xq  = 1/X" (2.30) 

the quadrature axis subtrans-

ient reactance 

In general, as s changes from zero to infinity, 

these functions describe a locus in the complex plane 

from 1/Xd  to 1/Xg in the case of the direct axis; and 
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from 1/Xq  to I/X" in the case of the quadrature axis. 
The operational admittances of a laminated pole machine, 

in fact, trace the locus of a semi-circle or combination 

of semi-circles as shown in Fig. (6). 	The loci of the 

laminated pole machine are discussed in more detail in 

chapter 6. 

The operational admittance loci of the solid pole 

machine are somewhat different in both derivation and 

appearance. 	Chapter 10 deals, in detail, with the de- 

rivation of the equivalent circuits and the consequent 

admittance loci obtained over the complete frequency 

range. 

If the two axis operational admittance frequency 

functions are known, over the complete frequency range, 

zero to infinity, it is theoretically possible to cal-

culate the performance of the machine under all condi- 

tions. 	The theory of asynchronous operation, derived 

next, is one mode of operation that may be estimated 

using the functions. 

2.4.2. Theory of asynchronous operation neglecting  

the effect of axmature resistance  

2.4.2.1. Phase A current 

If wow, a— 
w tif are determined by solving 

q 
equations (2.2) with the small armature resis-

tance volt drop neglected, the following simple 

result is obtained:- 

wold = -jV 

wa—q = V 
(2.31) 
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Using this simple derivation, 

-jV(A + 	jB) 
(2.32) 

V(C + 	jD) 

Thus 

from equations 	(2.25),(2.26),(2.31) 

jsw t 
id 

= ° Ref-jV(A+jB)e ) 

i.e.. id 
= Vm (A sin swot+B cos swot) 

Similarly (2.33) 

i
q  

= Vm (C cos swot-D sin sw
ot) 

Using the inverse transformation 

is 	id cos 0 + i sin q 

i.e. 

1a 	id cos(1-s)wot+i sin(1-s)wot q 

(2.34) 

and substituting id , iq  from equation (2.33) into 

(2.34) 

comes:- 

the instantaneous 

is 	= 	V
m  

D-
2
B 

current in 

[ BD2 

phase 

A+C  

A be- 

w
o
t 

(2.35) 

sin wot - 

sin(1-2s)wot 

cos(1-2s)Wo
t 	J 

 cos 

C-
2
A 
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2.4.2.2. Phase and total input power 

The instantaneous power entering phase A 

is given 

current 

wa 	= 

+ 

by 

and 

V2 

D-B 

the product 

sin woB2D 

sin(1-2s)wo
t 

phase voltage. 

of 

sin ++ 

the 

wot 

C-A 

instantaneous 

A 
2
C 

 
cos 

phase 

wot 

cos(1-2s)w
o
ti 

V2  

	

I(B+D)+(B+D) 	cos 2wo
t 	- 	(A+C) 	sin 2wot 

	

-(D-B) 	cos 2sw0t- 	(C-A) 	sin 2sw0t 

= -4-- 

+(D-B) 	cos 2(1-s)wot 

+(C-A) 	sin 2(1-s)woti .. 	(2.36) 

However when the total power W, 	is obtained by add- 

ing the three phase powers, the terms of twice 

supply frequency and twice speed frequency vanish:-

V-2  
= 	(B+D)+(A-C) sin 2swot 

+(B-D) cos 2swot, 	.. (2.37) 

2.4.2.3. Output torque 

The basic instantaneous torque equation 

is given by:- 

o Te 2 (41qd - dq)  (2.3) 

Neglecting armature resistance, ra 	id and i 



are given by equations (2.28), and:- 

jswot 
word 
	

l 
= ,,,/ Re {-jV e 	= Vm

sin swot 

jswotl  
w
o
*
q = ,IE Re -I.  V e 	= Vmcos swo

t 

from eqn. (2.31) 

Hence substituting in (3) 

Te 

	

	
1/21

L  Vm 
 cos swot.Vm(Asin swot+B cos sw

ot) 

- Vm 
sin sw t. V (C cos sw t-D sin sw t) 

o 	m 	o  0 _J 

V2- 
Te 	

i (B+D)+(A-C)sin 2swot+(B-D)cos 2sw
otJ.  

.. (2.38) 

Since the armature resistance is neglected 

and the theory ignores stator iron loss, the p.u. 

output torque equals the p.u. input power, the 

expression for which is derived in the previous 

section 2.4.2.2. given by equation (2.37). 

2.4.2.4. Graphical determination of the torques, 

currents, and power factors from the 

operational admittance loci 

A typical pair of admittance loci for 

a laminated pole machine is shown in Fig. 6. 
The torque, at a given slip, during asynchronous 

running, can be determined by the following 

graphical method. 	The points marked on the loci 

are for a slip of .2 p.u. 	The direct axis 

50 
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current and voltage vary sinusoidally at a slip 

frequency corresponding to this slip, and the direct 

axis operational admittance, for this condition, is 

the vector ON. 	The ordinate NT is 'B', and the ab- 

scissa NR is 'A'. 	Similarly OM is the quadrature 

axis operational admittance vector. 	The ordinate 

MV is 'D' and the abscissa MS is 'C'. 

Thus SR = (B - D) 

VT = (A - C) 

so MN = ,/[(B - D)2  + (A - 

Q bisects MN:- 

WQ = (A 	C)/2 

ZQ = (B + D)/2 

so OQ = A/PA + C)2 	
(B + D)21  

2 	2 

Comparing these results with equations (2.35), 

(2.38) the following per unit values are obtained 

if the applied voltage is 1 p.u. (Vm  = ff). 

ZQ 	= Mean torque. 

MN 	= Peak to Peak oscillating torque. 

OQ 	= R.M.S. supply frequency component of 

phase current. 

MN/2 = R.M.S. component of current at frequency 

(1-2s)wo 

Furthermore, the direct axis power factor is 

given by:- 

NT/ON 
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The quadrature axis power factor is given by:- 

MV/OM 

and the phase power factor is given by:- 

QZ/OQ 

2.4.3. Theory of Asynchronous Operation Including the  

Effect of Armature Resistance. 

2.4.3.1. Phase current. 

Equations (2.24) may be written:- 

V = W lid(js+raYd ) + w *a—q(1-s) 

(2.39) 
jV = -waid(1-s) 	+ wolq(js+raYq) 

from eqns. (2.25), (2.26) 

Solving for wolid' wolq gives:- 

wold 

1-(1-2s) + jraYq 
= -jV 

L(1-2s) + jsra(Yd.+Yd )+r:YclYdj  

- • 	(2.40) 

w 1.;! = 	V o—q 

r(1-2s) + jraYd 

"(1-2s) + jsr (Y +Y )+r2Y Y aqd aqd 

. . 	(2.41) 

Substituting the complex components of Yd , Y
q 
 from 

equation (2.26), the real and imaginary parts of 

w 1 , w * may be obtained:- 
o d 	a— q 



Re(W 
• r  ra 	sr 

a  
(A+C) 

161 2  L(1-2s) 	(1-2s) 
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r 
2 
a 

(BC+AD) 

2 sr 
a 

(BC-AD) 
(1-2s) (1 -2s)2  

r3  
a 

A(C2+D2 )] .. (2.42) 
(1 -2s)2  

Im(11) V ) 
r 	sr ✓ r-1  a  

D + 	
a  

(B+D) 
I A 12 L 	

(1-2s) 	(1-2s) 

r2 sr2  
a 	a  

(AC BD) 	(C2+D2+AC+BD)" 
(1-2s) 

3 
r
a B(0412 )] 

(1 -2s)2  

.. (2.43) 
(1-2s)2  

 

Re( wol) = 1 
v 	F q 	A l 2  L 

r
a  

1 
(1-2s) 

sr 
a (B+D) 

(1-2s) 

r2 sr2 
a 	

(AC-BD) + 	a  (A2+B2+AC+BD) 
(1-2s) 	(1-2s)2  

r3 
a 

D(A2+B2 )] .. (2.44) 
(1 -2s)2  

im(wol.q ) 
r 	sr 

= 
✓ F 	 

L a A 
a 

 (A+C) 

	

1/11 2  (1-2s) 	(1-2s) 

r2 sr 
a 	a  

(BC+AD) + 	(BC-AD) 
(1-2s) 	(1-2s)2  

3 ra  
C(A2+B2 ) 

(1-2s)2  

 

.. (2.45) 

 



where 
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1 6 1' 
Sr 	r2 

a 	a  (B+D) 	(AC-BD)] 2  
(1-2s) 	(1-2s) 

[ sr 
a   (A+C) 	

r2 a  (AD+BC).12  (2.46) 
(1-2s) (1-2s) 

Using equations (2.25), (2.26) 

-A 	w 	„Ili 	(A + jB) 

Iq 	= w tico-L-q (C + jD) 

(2.47) 

i.e. 

A 	
= 	[Re(wod).A - Im(woA).B] 

+ 	j[Im(wold).A + Re(wold).13] 

I 	= 	Elle(w ol q ).0 - s 	).D] Im(wo-,4   

(2.48) 

+ q).0 + Re(wc,_q).D 

The instantaneous values of axis currents are then 

obtained in a similar manner to that in section 

2.4.2.1. 	They are:- 



Comparing id, iq 
of equations (2.49) with those of 

(2.35) it is observed 

B. 

+A. 

+C. 

that:- 
Im(w 1;1 d) 

V 

Im(woLd) 

V 

Re(w * ) 
o—ci 

	

V 	D. 

	

Re(w 	) a—q 
V 

Re(woir d).‘  

V 

Re(w d) 

V 

q)  

V 

Im(w 	) a—q  
V 

A is replaced by -A. 

B is replaced by -B. 

C is replaced by C. 

D is replaced by D. 
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id 
A. = Vm 

F-B. 
Re(wold ) 

V 

im(w *A), o—u "N 
sin swot 

+ Vm 
Re(W * ) 0--d

L  

Imcw 
B. 	V 
	

J  cos swot A. V 

q 
= 

- 

m 

Vm 

C. 

C. 

Re (W 	) o—q 
V 

Im(Wolq)  

V 

- D. 

+ D. 

It/1(w *(1.  

V 	J 

Re (w iro—c
d i  

v 	J 

cos swot 

sin swot 

.. 	(2.49) 

.. 	(2.50) 

Thus the solution for the phase current, in-

cluding the effect of armature resistance, is that 

of equation (2.35), with the substitution of 

(2.50). 

N.B. 	If ra is zero it is seen from equa-

tions (2.42 ... 2.45) that 
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Re(wold) = 	0 and Re(w 	* 	) 	= e-q 
V 

Im(w 	) e-d = -V Im(wo ) = 0 

and the sub- 

stitution 

pected. 

(2.45) 	reverts to A, B, and D as ex- 

2.4.3.2. Phase and total input power 

The instantaneous input power is obtained 

by the product of the instantaneous current and vol- 

tage. 	The instantaneous input power to phase A is:- 

w 	= i .v a a a 

1a.Vm sin wot 

The solution for the phase and total instan- 

taneous input power is identical to that given in 

equations (2.36), (2.37) with again the substitu- 

tion of (2.50). 

2.4.3.3. Output torque 

The basic electromagnetic torque of the 

machine, Te, is given by equation (.3). 
	The in-

stantaneoua torque may be most conveniently found 

by first obtaining the torque in complex form, by 

the phasor multiplication given by:- 

W 
Te 	- 2

o 
— (*q*.IA  - 	 .Iq  ) - 	- 	-A  

Now if 	w a- **q.I-A = 
	jV 



2  r 
Q  r then U - 	;B 	a 

 (A2+B2-AC+BD) + 
1 A l 2 L 	(1-2s) 

r2 
a D(A2+B2  1 . 	(2.51) 

 

(1-2s)2  

 

r a 
-A + 	 (BC+AD) - 

(1-2s) 

r2 
a  

	

C(A2+B2) j 	.. (2.52) 
(1-2s)2  

from equations (2.40),(2.41),(2.25), and 

(2.26) 

Furthermore if 

wotq  = W *
q 
 cos (swot + 61  ) cr—  

where 61 = tan -1 
	a—q Re(w * ) 

Im(w *A) 

and 	
d 

= Idm cos (sw
ot + 61  ± cp) 

the instantaneous value of Woqd can be shown 

to be given by:- 

wpii qd = U+Ucos 2(swot+61)-Vsin 2(sw
ot+61) 

.. 	(2.53) 

Similarly 

wo*qd 
= R+Rcos 2(sW t+6

2
)-Ssin 2(swot+52) 
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V 
	V2 



where R = - 
Ii 

ra 
(1-2s) 

(A2+B2-AC+BD) V2  

D(A2-032 )1 
r2 a 

(1-2s)2  

and 	62 = tan Re(w* ) od 

—1 	aut 
Im(W_41u_,) -- 

r 
[C 	

a (BC+AD) 
(1-2s) 

r2 
a 	

A(C2+D2)] 
(1-2s)2  
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= 
	Vd  

IA12  

The instantaneous torque Te is then given by 

Te = 11(U-R)+Ucos 2(swot + 51)-V sin 2(swot+51) 

-Rcos 2(swot + 52)+S sin 2(sWot+52)j 

This simplifies to: 

Te 	(U-R)+(Ucos 261  -Vsin 251-Rcos 252 

+ Ssin 252
)cos 2sWot - 

-(Usin 251  +Vcos 251-Rsin 252 

- Scos 252)sin 2sw0t)] 
	

.. (2.54) 

The expression for instantaneous torque 

differs from that of the instantaneous power, if 

the armature resistance is included in the 
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derivation. 

The instantaneous output torque is calculated 

from:- 

Te 	k(w o *qd - wo*dq) 

whereas the instantaneous input power is calculated 

from:- 

= 2(vd.id  + v 	) 
q q 

If armature resistance is neglected then:- 

w
o
*
q = v d 

wor
d 

= -v q  

and the expressions for instan-

taneous input power and output torque are identical. 

2.4.3.4. The effects of armature resistance on the 

torques and currents over the half speed 

region. 

The equations derived in the previous 

three sections determine input current, input power 

and output torque of a synchronous machine, if the 

operational admittances of the machine are known. 

The equations are so complicated, when the effect 

of armature resistance is allowed for, that ob-

servation of them gives the reader no indication 

as to how the torques, currents and power of the 

machine vary with changing slip. r  It is noticed, 

however, that terms of the type 	
a/(1-2s) do 
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appear frequently, and hence it is easily seen that 

as s approaches .5, these terms attain infinite 

magnitude. 

In order to determine the torques and currents 

with varying slip the equations were programmed on 

a computer. 

Fig. 7 shows curves of mean torque against 

slip for a synchronous machine, with the field short 

circuited, for different values of armature resis- 

tance. 	The range of values is from approximately 

1/7 winding resistance to about 7 times the winding 

resistance. 	The curve with zero armature resis-

tance is also shown for comparison. 

It is observed that the effect of armature 

resistance is to increase the mean torque before 

half speed and to reduce it after half speed. 

Although the maximum value of torque before, and 

the minimum value of torque after, half speed 

appear to be unaltered by the value of resistance 

in the calculation, it is clearly seen that the 

slip, over which the increase and decrease are 

effective, Changes very considerably with varia- 

tion of armature resistance. 	As the value of 

armature resistanceis decreased the 'dip' becomes 

steeper, until, at zero value of resistance, the 

dip disappears. 

Fig. 8 shows that, with the field an open 

circuit, the extent of the half speed dip is much 

less. 	This is because, at half speed, the sal- 
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iency of this particular machine is the least with 

its field on open circuit, i.e. with this connect-

ion of the main field there is the least vector 

difference between the direct and quadrature axis 

operational admittance vectors. 

The conclusions are that the saliency of the 

machine, as just defined, determines the magnitude 

of the dip, whereas the value of armature resist-

ance determines the extent of the slip over which 

the dip is present. 

A further, more obvious effect of increase of 

armature resistance, is to reduce the mean output 

torque, for a given applied voltage, due to the 

reduction of the main flux. 

Similar, but less serious, half speed dips, 

due to armature resistance, also occur in the 

characteristics of oscillating component of torque, 

and of current. 

It was shown, empirically, using the computer, 

that if saliency is defined as Yd - YI I q /iird + Y I 

and the dip expressed as, maximum to minimum mag-

nitude of the dip in the mean torque, divided by 

I Yd  + 7 I, all in p.u. then:- 

Dip 	(Saliency)2  

i.e. a simple rule ks obtained to determine, 

at the design stages, the severity of the dip 

there is liable to be in the mean torque - speed 

characteristic of a machine. 
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CHAPTER 3 

METHODS OF OBTAINING THE OPERATIONAL 

ADMITTANCE FREQUENCY LOCI BY MEASUREMENT 

Several methods have been proposed and applied to 

obtain the operational admittance frequency loci of a 

synchronous machine by measurement. 

The most well known and certainly the most reliable 

method is the variable frequency static impedance test. 

More recently a method of obtaining the axis currents 

and voltages has been derived using the technique of 

brightening the electron beam of an oscilloscope, display-

ing the phase current and voltage, at the instants when 

the axis currents and voltages are equal to the phase 

values. 	In this way the axis currents and voltages 

are distinguished. 	This method, however, can only 

satisfactorily be used at low slips, and consequently 

only a very small part of the loci can be obtained. 

Two new methods are discussed here; the axis re-

solution method which is a new method of obtaining the 

axis quantities by dynamically resolving the phase 

quantities; and the dynamic admittance test which 

follows the same principle as the spot brightening me-

thod but is applicable over the whole frequency range. 

The parameters obtained from the sudden short cir-

cuit tests can be used to derive the admittance loci i  i:f 

the laminated pole type of machine. 	However, 

an indirect method and does not give very accurate 

results. 



3.1. THE VARIABLE FREQUENCY STATIC IMPEDANCE TEST 

The variable frequency static impedance test is a 

measure of the complex impedance when a variable fre-

quency single phase supply is applied to two phases con-

nected in series, and the rotor is locked at standstill. 

If the rotor is locked in such a position that the in-

duced voltage in the field winding is a maximum, the 

direct axis operational admittance may be calculated 
 

from:- 

V 
21 

r
a 
+ js/Yd(jswo) = 

(3.1) 

where V is the voltage applied, and I the 

current through, the two phases in series. 

swo 
is the frequency of application. 

Similarly, if the rotor is locked electrically at 

right angles to this position zero voltage is induced 

in the field winding, and the quadrature axis impedance 

may be calculated according to a similar equation to 

(3.1). 

The supply is usually obtained from an alternator 

of similar or larger capacity to the rm2,chine under test 

driven by a D.C. machine. 	The control of speed, and 

hence frequency, of the set may be by Ward-Leonard con-

trol, the set being electrically coupled to another 

motor-generator set. 	In this manner a steady frequen-

cy supply may be obtained from approximately normal 

supply frequency to 5 c/s. 

65 
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3.2. THE AXIS RESOLUTION METHOD  

3.2.1. Principle of the Method  

The axis resolution method is a new method of 

obtaining the operational admittance frequency loci. 

The phase currents and voltages are dynamically resolved 

into their equivalent axis counterparts. 	The axis 

quantities are recorded and the admittances are calcula-

ted, at the required frequency, from the recordings. 

Unlike the static impedance method, the axis resolu-

tion method is a method of obtaining the operational ad-

mittance loci during asynchronous running, and hence it 

is likely to produce more reliable results in the pre- 

diction of the same performance. 	A brief outline of 

the method, which is due to Edwards,4 is given here. 

The resolution is carried out by two small high pre-

cision machines, one resolving the current and the other 

the voltage. 	Each 2-pole machine has a distributed 

three-phase winding on the stator, a uniform air-gap, 

and a round rotor on which is wound a distributed two- 

phase winding. 	The terminations of the two phase rotor 

windings are brought out of the machine via silver 

brushes and stainless steel sliprings. 

Plate 1 shows a view of the resolvers and gear 

train in their housing, with cover removed. 	The gear 

train, whose ratio may be easily changed, is to ensure 

that both the test machine and the resolver machines 

rotate at equal pole speeds. 
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416141,- 

Plate 1 	The resolver unit showing the resolver machines and gear train 
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Consider the current resolving 

that the stator three-phase windings 

rents:- 

ia 	= 	i cos 	(Wot) 

machine. 	Suppose 

are fed with cur- 

ib 

is 

= 	i cos 	(wot 	- 	2m/3) 

= 	i cos 	(wot 	- 	4m/3) 

(3.2) 

and the rotor 	is rotated at 	speed 	(1-s)wot. 	If 

the magnetising current may be neglected the outputs 

of the rotor windings M, N are:- 

im = I cos (swot + Ao ) 

in  = I cos (swot + 71/2 + 8o) 
(3.3) 

- in order that the stator and rotor M.M.F.'s bal- 

ance at any instant. 	A o is the angle between rotor 
winding M and the stator winding of phase A at time 

zero. 

If Ao is made zero then:- 

i
m = I cos sw

o
t 

in = i sin swot } (3.4) 

In particular if the input currents are of the 

form described by equation 2.35, with corresponding 

ib, is  - the phase currents of a salient pole synchron-

ous machine running asynchronously at slip s, then:- 
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im = Vm (A sin swo
t + B cos swot) = id  

(305) 
i
n 	

= V
m (C cos swot - D sin swo

t) = i q 

- the axis currents of the machine. 

It can be seen, therefore, that subject to the 

approximation mentioned above, the resolving machine is 

able to perform the transformation of phase currents to 

axis currents, as defined in equation (2.1). 	If the 

three currents, that are fed into the resolving machine, 

are proportions of the phase currents of the machine to 

be tested; if the rotor of the resolving machine is 

mechanically coupled to the rotor of the test machine, 

so that the rotors travel at the same pole speed; and, 

if eo is adjusted to zero; then, during asynchronous 

running, the output of the resolver two-phase windings 

are signals proportional to the two axis currents of 

the test machine. 	Similarly, if proportions of the 

phase voltages of the test machine, are current-fed in-

to the three-phase windings of the second resolver 

machine, and the same conditions apply, as above, the 

output of the second resolver two-phase windings are 

signals proportional to the axis voltages of the test 

machine. 

The axis output signals from the resolvers may be 

either recorded, or after suitable amplification, mea- 

sured using ammeters and voltmeters. 	After prior ca-

libration, discussed later, the magnitude of the oper-

ational admittances may be calculated as the ratio of 

the appropriate axis current and voltage. 	The angle 

of the admittances may be obtained using either elec- 
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tronic multipliers, or after amplification, wattmeters. 

The method of resolution, as previously mentioned, 

is subject to the approximation of neglecting the magnet- 

ising current in the resolvers. 	Clearly, at low slips, 

the magnetising current becomes increasingly important. 

It can be easily shown
4 that the ratio of secondary cur-

rent, i2, to primary current, i1, in the resolver is 

given by:- 

2 	
jX
m ( 3 . 6 ) 

1 	j(X2+Xm)+r2 

where X
m 

is the magnetising reactance, 

X
2 

is the rotor winding leakage 

reactance 

and r
2 

is the rotor winding resis- 

t ance 

of the resolver machines 

As 's' approaches zero the "response" of the re- 

solver falls to zero. 	However, the slip at which the 

response starts to seriously fall can be reduced by ar- 

tificially increasing X2., 	This was done by intro- 

ducing external inductance in series with each of the 

two-phase secondary windings. 	The response of the 

resolvers was then constant to a slip of .01. 

3.2.2. Application of the Test  

Because the resolution takes place dynamically 

the transformation of phase to axis quantities can 

take place during a single motor start from either 

standstill or from minus full speed. 	The axis signals, 
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which are recorded using an ultra-violet recorder, are 

the direct and quadrature axis voltage and current, and 

the direct and quadrature axis powers obtained by the 

product of the respective voltage and current, using 

Hall effect multipliers. 	Fig. 9 shows the schematic 

arrangement for the test. 	A photograph, plate 2, shows 

the resolver gear coupled to a large machine using a 

toothed belt. 	An accelerometer is coupled directly to 

the shaft of the large machine. 

The first part of the test procedure, which is the 

alignment of the resolver rotors with that of the test 

machine, is done using the principle of the single phase 

static impedance test. 	It can be shown
20 

that if the 

rotor of the test machine is set up in the quadrature 

axis position, the current and voltage of one of the 

supplied phases are equal to /5/2 of the quadrature axis 

current and voltage respectively. 	In this situation 

both the direct axis current and voltage are zero. 	The 

stators of the two resolving machines are, thus, each 

rotated so that the output from one rotor winding is 

zero and the other consequently a maximum. 	The secon- 

dary windings of the two resolving machines having zero 

output represent the direct axis, and the other pair 

the quadrature axis. 	The resolver stators are locked 

in this position. 

The calibration, which is the second part of the 

test procedure, is carried out immediately after the 

alignment, while the test machine is still set up for 

the static impedance test. 	Since it is known that the 

axis current and voltage are 2// times the phase values 

in this test, the calibration is easily performed by re- 



72 

Resolvers 
3 	 

CHOKIE.S 

la 424211 CURRENT 

SIGNALS 

FIELD 
WINDING 

Gear 
	b 

ratio p:2 

P 
POLES 

a b 

'VW 711A)7.1 	VOLTAGE 

SIGNALS 

O 
	

O 

MULTI PLIERS 

AMPLIFIERS 

V 
vd.id  Vq,i,q  

' V 
lq Vd Vq 

TO RECORDER 
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Plate 2 	The resolver unit and accelerometer coupled to a large machine 
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cording the resolver outputs while the voltage and cur-

rent of the single phase supply are measured with meters. 

The calibration must be carried out for both axis posi- 

tions of the test machine. 	The axis powers require no 

calibration since they are only required to determine 

angles of the operational admittances, and it is shown 

in Appendix I that cos p
d,q 

= 
a-b

/a+b, where a, b are 

the respective amplitudes of the instantaneous power 

shown in Fig. 87. 

The alignment and calibration completed, the supply 

cable to the third phase of the test machine is res- 

tored. 	The machine is started by the direct on line 

application of the three phase supply. 	As the machine 

accelerates to synchronism the signals representing 

axis currents, voltages and powers are recorded. 	The 

instantaneous sum of the axis powers is also recorded 

since this is the total instantaneous power entering 

the machine, and as shown in Chapter 2 is approximately 

equal to the instantaneous output electromagnetic tor- 

que. 	A typical recording is shown in Fig. 10 for a 

100 H.P. machine. 

The magnitude of the axis operational admittances 

is obtained by the ratio of appropriate axis current 

and voltages at different speeds, i.e. at different 

axis frequencies, using the calibration previously ob- 

tained. 	The admittance angles are calculated from the 

axis powers at the appropriate speeds according to 

Appendix I. 

The real part of the operational admittances must 

be corrected for armature resistance in a similar way 
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to the calculation from static impedance tests. 	In 

this respect the resolver method is advantageous over 

the static impedance test in that the value of armature 

resistance remains small compared with the real part of 

the operational impedances over the whole frequency 

range. 
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3.3. THE DYNAMIC ADMITTANCE TEST 

3.3.1. Principle of the Method  

The dynamic admittance test is a method of deter-

mining the two axis complex operational admittances from 

oscillograms of phase voltage and current taken when the 

machine is running asynchronously at steady slip. 	As 

in the case of the axis resolution method, the axis oper-

ational admittances are measured in the presence of both 

axes fluxes. 

Consider the expression for the instantaneous phase 

current, neglecting armature resistance, derived in 

Chapter 2 (Eqn. 2.30). 	It is:- 

V 
is 

= II1[(B+D) sin wot - (A+C) cos wo
t 

+(D-B) sin (1-2s)wot + (C-A) cos (1-2s)wo
t] 

.. (3.7) 

Consider an instant of time such that the supply 

frequency sine term is equal to zero;- 

(B+D) sin wo
t = 0 

then 	wot = nn where n=0,1,2,3, 	(3.8) 

If it is coincidental that at this same instant of 

time e, the instantaneous angle between the direct axis 

and phase A winding (Refer to Chapter 2), equals zero or 

an integral number of 77, radians, then:- 

e = 	(1-s)w
o
t 	= mrc where m=0,1,2,3, ... 	(3.9) 
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From eqns. (3,8) and (3.9):- 

(1-2s)Wot = (2m-n)7E 	 (3.10) 

and in particular 

sin (1-2s)w0t = 0 

cos (1-2s)w0t = 1 
} (3.11) 

Substituting eqn. (3.11) into eqn. (3.7) and using 

(3.8) gives:- 

V 
is = —11-1(-2A) 2 

or A = -i/V 
a m 

Similarly when:- 

w
ot = (2n+1)7L/2, A = 

D 	ia/Vm 

when:- 

U1 
0t(2n+1)7;/2, 	e 	= 

i/V 
a m 

when:- 

Wot = 

i/V 
a m 

= 

(3.12) 

(2m+1)rc/2 

(3.13) 

mr 

(3.14) 

(2m.4-1)11/2 

(3.15) 
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Clearly, therefore, the use of the method relies 

on the possibility of finding coincidence in time, when 

the prominent values of the sine component of the supply 

frequency terms of phase A current, i.e. prominent val-

ues of phase A voltage, and e occur simultaneously. 

Furthermore it is then necessary to be able to measure 

the instantaneous value of phase A current at that time. 

3.3.2. Application of the Test 

The machine is driven at constant slip using a 

D.C. machine coupled back to back with another machine 

driven by an induction motor. 	This enables stable 

constant slip operation at all speeds. 	With the syn-

chronous machine supplied as a motor, its field in one 

of its alternative connections, an oscillogram is 

taken. 

It is necessary to record three signals on the 

oscillogram:- 

1. Phase A current. 

2, Phase A voltage, 

The latter signal is used to find the in- 

stants of time when w
ot 	nm, and wo

t = 

(2n-1)7/2. 	At these instants, the phase 

voltage signal passes through zero and maxi-

mum values respectively. 

3. A tachometer signal, vt. 	A single phase A.C. 

t acho met e r is coupled to the synchronous 

machine and its stator so aligned that its 

output, which is of speed frequency, is 

vt 	V
tm 

sin e tm sin (1-s)wot 
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When the tachometer voltage passes through 

zero, (1-s)wot = mit, and when the tachometer 

voltage reaches a peak (1-s)wot = (2m-1)Th/2. 

Thus coincidences between certain values of the 

phase voltage, va, and the tachometer voltage, vt , give 

instants of time when the phase current, ia, is simply 

equal to the product of the maximum value of phase vol-

tage Vm, and the appropriate component of operational 

admittance, which is to be found. 

A typicallength of oscillogram is shown in Fig.11. 

The tachometer voltage signal is superimposed upon the 

phase voltage signal in order that the required coin-

cidences between values of each could more easily be 

found. 

Phase A power is recorded on the oscillogram shown, 

although it is of no use in the method, as it contained 

too many frequency components (eqn. 236), but it is 

shown for additional interest. 

Due to non-sinusoidal distribution of flux on the 

quadrature axis a severe third speed frequency harmonic 

is injected, via the leakage reactance of the supply, 

on to the phase voltage. 	This causes some difficulty 

in determining the coincidences over part of the slip 

range. 	It is assumed, however, because of the dis-

tribution of the three phase windings, that they did 

not respond to the third harmonic voltage and certain-

ly there is no evidence of it in the phase current os-

cillograms. 
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3.4, THE SUDDEN SHORT CIRCUIT METHOD  

The sudden short circuit method is an indirect 

method of obtaining the operational admittance loci, and 

moreover, is only strictly applicable to the laminated 

pole synchronous motor, 

The object of the sudden short circuits is to ob-

tain the subtransient and transient reactances and time 

constants, and the steady state reactance of the machine., 

Using these parameters the two axis operational admit-

tance loci of a laminated pole machine may be calculated 

by a method given in Part II. 

The short circuit tests applied to the machine are 

the direct axis sudden short circuit, with the field 

winding supplied through a source of low internal impe-

dance, and the quadrature axis sudden short circuit 

test. 	The method of application of these tests are ex- 

plained by Wright.13 
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3.5. COMPARISONS OF THE DIFFERENT METHODS OF OBTAINING 

THE ADMITTANCE LOCI BY MEASUREMENT 

Of the four methods discussed, the variable fre-

quency single phase static impedance test is undoubted 

the most reliable because of its simplicity. 	The only 

instrumentation required in the test is a moving iron 

voltmeter and ammeter, and an electrodynamic multi-range 

wattmeter.. 	All these meters respond satisfactorily to 

frequencies of 50 c/s and less. 	However, in order to 

obtain meaningful results, the following precautions 

must be taken. 	Firstly, care must be taken to ensure 

that the total flux produced in the machine is of the 

same order, at the different frequencies, i.e. the vol-

tage applied to the test machine must be of magnitude 

proportional to the frequency of application. 	Because 

of the effects of iron saturation, particularly in the 

solid iron case, it is clear that results obtained at 

flux levels widely different from those at which asyn-

chronous performance is to be predicted, will not pre-

dict the performance with satisfactory accuracy. 

Secondly, care must be taken in the alignment of the 

test machine rotor to the appropriate position, and in 

the case of the quadrature axis test, to ensure that 

the main field is on open circuit, lest with a slight 

error in alignment, the current induced in it leads 

to error in measurement of the impedance. 

Despite the advantage of simplicity, there are 

several disadvantages in the use of the method. 

1. 	The operational admittance loci may only be 

obtained at frequencies from approximately normal 

supply frequency to frequencies of the order of 5 c/so 
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If attempts are made to obtain results at lower frequen-

cy, at any reasonable flux level, the supply alternator, 

which may be carrying full load current, is turning so 

slowly that it becomes overheated. 

2. 	There is difficulty in the calculation of the 

impedances from the results of the test at low frequency. 

Referring to equation (3.1) it is seen that in order to 

obtain the axis admittance the value of armature resis-

tance must be subtracted from the total real part of the 

impedance obtained. 	At the frequencies below 10 c/s 

the armature resistance may become a substantial part of 

the total real part of the impedance. 	The armature re- 

sistance varies with temperature, and with frequency due 

to skin effect in the conductors, and so the value of 

resistance is not known accurately. 	Consequently at 

low frequencies there may be appreciable error in esti-

mating the real part of the impedance. 

3A 	The method is one in which one axis impedance 

is obtained in the absence of the other axis flux, 

whereas, during asynchronous running, for which the 

performance is to be predicted from results of the test, 

both axis fluxes are present together. 	This disadvan- 

tage could be overcome by either applying a two phase 

static impedance test, in a manner shown in Fig. 12, 

or alternatively by a three phase static test and 

Scott connecting the meters so that one set would read 

the direct axis quantities and the other set simultan- 

eously the quadrature axis quantities. 	However, the 

comparisons of the results of tests, shown later, do 

not suggest the need for this. 
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Although there may be some harmonics, tooth ripple 

for example, in the voltage supply from the single al-

ternator, these may be considered negligible and the 

current waveform obtained is purely fundamental owing 

to the smoothing effect of the large inherent inductances 

in the circuit. 

The variable frequency static impedance test can be 

equally well applied to both large and small machines. 

However, the application of the test to both axes of a 

large machine at several frequencies and with maybe 

more than one field connection, takes considerable time, 

and hence is costly. 

The axis resolution method would appear, at first 

glance, to be the best method. 	It has the following 

obvious advantages:- 

	

1. 	The frequency range over which it is useful 

can be from twice supply frequency (machine plugging) 

to a frequency of the order of .5 c/s. 

	

2, 	It is a method of measuring the operational impe- 

dance in the presence of both axes fluxes, i.e. during 

asynchronous running. 

	

3. 	A record containing the information for the 

calculation of both axes loci can be obtained in a 

single start. 	It is therefore an ideal test for newly 

constructed large machines, since it causes little de-

lay to their factory progress. 
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Despite these advantages there are two serious dis-

advantages. 

1. The most serious disadvantage is the half speed 

effects on almost all the recorded signals. 	Despite 

avoiding measurements in the half speed region, at slips 

between .35 and .65, it appears from the results obtained 

that the half speed effects are even more widespread, and 

a distinct discontinuity is found between impedance calcu- 

lated before and after half speed. 	Although the armature 

resistance is subtracted from the real parts of the imped-

ances calculated, any attempt to make proper allowance 

for armature resistance over the half speed region, would 

make analysis of the results of the test considerably more 

tedious than it already is. 

2. During a start of a large machine the supply 

voltage may vary quite considerably and that consequently 

the results obtained are not at constant voltage, and 

hence constant flux, as is ideally desired. 

The dynamic admittance test is another test in 

which the operational impedances may be obtained in the 

presence of both fluxes. 	The method has several dis-

advantages. 

1. The method is only suitable for laboratory 

machines, although it is possible to apply it to large 

machines during a start. 

2. There is considerable difficulty in obtain-

ing the measurements at low slip, when the non-sinu-

soidal voltage makes detection of the coincidences 
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very difficult, and around the half speed region, when 

there is serious error found in the measurements, due 

to half speed armature resistance effects. 

3. 	Because of the necessary high recording speed 

the test can be very expensive in recording paper. 

The fourth and least accurate method of obtaining 

the operational admittance loci, is the sudden short 

circuit method. 	It is an indirect method since it re- 

lies on the determination of the sub-transient, and 

transient time constants and reactances, from which the 

loci are calculated. 	Error can, thus, occur in both 

parts of the estimation of the loci. 	It can occur in 

the determination of the sudden short circuit parameters, 

and it is well known that the transient and sub-trans-

ient parameters cannot be obtained from the sudden 

short circuit results with a high degree of accuracy. 

There may be also error in the assumption that the sud-

den short circuit equations (6.6), (6.8) transform 

exactly, during asynchronous running to the equations 

(6.1), (6.4) describing the loci. 

Moreover, this method of obtaining the- loci is 

only applicable to any degree of accuracy at all,to 

the laminated pole synchronous motor, and extremely 

erroneous results are obtained should it be attempted 

to be applied to the solid pole type of machine. 
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For comparative purposes, all the methods except 

the axis resolution method, which was not available at 

the time, have been applied to the laminated pole micro- 

machine (Fig.13). 	The method applied to the large 

solid pole machines was the axis resolution method, with 

a confirmatory supply frequency single phase static 

impedance test. 	The static impedance test has been 

applied at three frequencies to one large machine in 

order to compare with the axis resolution method over a 

greater frequency range. (Fig.14). 
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CHAPTER 4 

TORQUE, CURRENT, AND POWER MEASUREMENT 

Although the input power and current of an induc-

tion machine are relatively easy to measure, the methods 

available to measure torque, particularly under transient 

conditions, are not as satisfactory. 	It is seen in 

chapter 2 that when a salient pole synchronous machine 

runs asynchronously its torque is not a steady value but 

has a component oscillating at twice slip frequency. 

The oscillating torque, in machines of particularly severe 

saliency, can be of zero-peak amplitude well in excess of 

the mean torque. 	It is important, therefore,to be aware 

of the proportions of the torques, at the design stage, 

in order that the machine and coupled load can be ade-

quately designed to withstand them. 

All of the present available methods, of measuring 

the oscillating component of the electromagnetic torque, 

produce a signal which is attenuated by different amounts 

at different slip frequencies. 	Several methods of mea-

suring torques are discussed here, including a new method 

which, although not accurate to a high degree, does pro-

duce the mean and oscillating torque-speed characteris-

tic unattenuated. 
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4.1. MEASUREMENT OF MEAN TORQUE, BY MEAN OUTPUT POWER 

MEASUREMENT 

The measurement of mean output torque by mean out-

put power measurement is the most satisfactory method 

available. 	The machine, to be tested, is mechanically 

coupled to a D.C. machine. 	In order that the latter 

set is able to run stably at all speeds, the D.C. machine 

is coupled, Ward-Leonard fashion, to another D.C. machine 

driven by an induction motor. 

The test is performed in two parts. 	The unsupplied 

synchronous motor is driven by the coupled D.C. machine 

at the desired speed, and the power entering the D.C. 

machine, required to maintain this speed, is measured. 

The three phase supply is then applied to the synchron-

ous motor, with its main field connected in one of its 

alternative connections (e.g. field closed through a 

discharge resistance) and the output power from the 

coupled D.C. machine measured. 	The speed of the set 

and the excitation of the coupled D.C. machine are main-

tained at the same value for both parts of the test. 

The sum of the 'no-load' and the ion-load' powers, 

divided by the speed is the mean torque of the syn-

chronous motor at that speed, 

If the armature reaction flux weakening effect in 

the D.C. machine is ignored, and its field is maintained 

on constant voltage, the electromagnetic torque of the 

D.C. machine is proportional to its armature current. 

Consequently careful observation of this current gives 

a very good indication of any sharp changes of torque 

with speed. 	Current measurement could be used to es- 



timate the electromagnetic torque of the synchronous 

motor, but in fact power measurements were used and the 

currents were only used to detect any irregularity of 

the torque characteristic. 

94 
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4.2. MEASUREMENT OF MEAN AND OSCILLATING TORQUE USING 

A STRAIN GAUGE TORQUE-METER  

4.2.1. Description of the Torque-meter 

The torque-meter consists of three main parts:-

Firstly a tube S on whose outer surface are attach-

ed four strain gauges, A, B, C, D, located in 450  forma- 

tion as shown in Fig.15. 	The strain gauges are con- 

nected in a bridge circuit. 	The advantages of such a 

system are:- 

(a) The use of a thin 'torque tube' enables fairly 

large strains to be produced. 

(b) The combination of the 45° formation of 

location of the gauges and the con-

nection as a bridge results in the 

cancellation of any signal obtained 

in the gauges through bending 

moment. 

(c) The output signal from the bridge is 

twice as great as the strain signal 

obtainable from any one of the 

gauges. 

The second main part of the torque-meter is a 

transistor D.C. amplifier. 	The purpose of this is to 

amplify the signal obtained from the bridge so that 

the brush noise, which is superimposed on the signal 
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as it leaves the moving contacts, is negligibly small 

compared with the signal. 

The third main part of the torque-meter is the set 

of stainless steel sliprings, R, by which the supplies 

are connected to the rotating parts and from which the 

output is obtained. 	The brushes are of silver graph- 

ite (85% silver) and are pressed onto the rings with 

particularly high spring pressure to keep contact re- 

sistance to a minimum. 	Although seven sliprings are 

shown in Fig.15 only four are used; those for carry-

ing the 10v, 20v  supplies, the Ov, and the output sig-

nal. 

Although the rating of the strain gauges is such 

that the supply to the bridge must not exceed 20v  

while it is also necessary that the balance point of 

the bridge is very near zero voltage for satisfactory 

operation of the amplifier, it was possible to use the 

transistor amplifier supplies to supply also the 

strain gauge bridge. 	This was done by connecting the 

bridge in series with a 500 ohm high stability resis-

tance, across the full 30
v as shown in Fig. 16. 

At either end of the torque-meter is a flange 

for coupling purposes. 

4.2,2. The Torque-meter Transistor Amplifier  

Fig. 16 shows the circuit details of the am- 

plifier. 	It is of the two stage long-tailed pair 

type., 	The germanium transistors of each stage were 

chosen to have matched characteristics. 	This choice 
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results in the minium of drift due to temperature change 

in transistors of a pair. 

as the last stage to reduce 

amplifier. 	However, a one  

An emitter follower is used 

the output impedance of the 

kilohm resistor was inserted 

in series with the output to ensure that, if by accident, 

the output were shorted to the Ov, 10v , 20v, supply 

points, no damage should result, and thus no need for 

dissembly of the torque-meter. 

The circuitry was mounted on vero-board, between 

two ebonite discs, and then filled with molten wax, 

When set, the amplifier took the form of a cylinder 
, 

21 
	diameter by 3",  long and was an interference fit 

inside the body of the torque-meter. 

The amplifier was found to have a constant voltage 

gain of 1260 from D.C. to 15 k/cs with negligible phase 

shift.. 	Maximum D.C. input to the amplifier was 1-  4 

mv,., with distortionless output; a shaft torque corres-

ponding to approximately ± 50 lb.ft.. 

Two additional precautions were taken to prevent 

brush noise, interfering with the performance of the 

amplifier. 	Firstly, two brushes were paralleled on 

diametrically opposite sides of each slipring. 	This 

ensured that, if due to eccentricity of rotation, the 

contact pressure of one brush increased slightly the 

other would decrease approximately by the same amount. 

The total brush contact per ring, therefore, would re- 

main almost constant. 	Secondly, large capacitors 

were connected in parallel with the supplies on the 

torquemeter, to filter out any brush noise that still 

remained, 
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4.2.3. Estimation of mean electromagnetic torque  

Although the strain gauges were carefully posi-

tioned at 450  helices on the torque tube, it was found 

that the alignment of the gauges was imperfect; and des-

pite the fact that the torque-meter was connected between 

the synchronous machine and the coupled D.C. machine 

after very careful alignment of height and horizontal 

positioning of the two machines, there was still suffi-

cient eccentricity in rotation and misalignment to pro- 

duce a large bending moment in the torque tube. 	The 

result was that even when the shaft torque was zero a 

speed frequency output signal of approximately 300mv. 

peak to peak was obtained. 	An output signal of this 

order, due to an oscillating torque alone, would corres-

pond to a peak to peak torque of approximately 2 lb.ft. 

As the peak mean torque of the synchronous machine test-

ed, the laminated pole micromachine at Imperial College, 

was only of the order of 2 to 3 lb.ft., when supplied 

at .35 p.u. voltage, the torque tests were performed at 

a higher voltage .64 p.u. 	This voltage was as high as 

was practical to use because:- 

(a) The current drawn at this voltage reached the 

limit of the supply protection. 

(b) As the machinery accelerated through the 

mechanical resonant frequency of the set, 

the amplitude of the shaft oscillating 

torque almost reached both the saturation 

level of the torque-meter amplifier and 

the yield point of the torque tube. 



101 

It was found that the values of the torques obtain-

ed during a steady slip test were identical to those 

obtained, at the same value of slip, during a twenty sec- 

ond start. 	As a result, it was more convenient to take 

one recording, during a start, from which measurements at 

any slip could be deduced. 	The mean shaft torque char- 

acteristic obtained had to be increased by the ratio 

J1+J2/J2 
to obtain the mean electromagnetic torque of the 

synchronous machine. 	This is seen by putting w=0 in 

equation (13.10) of Appendix II. 

The torque-meter was recalibrated before and after 

each test, by the application of stationary kilogramme 

weights at the radius of the flywheel. 	The torque-

meter was found to have a linear response up to a tor-

que of approximately 30 lb.ft.. 

4.2.4. Estimation of the oscillating component of 

electromagnetic torque  

Equation (13.10) of Appendix II shows that the 

amplitude of oscillating torque in the shaft is quite 

different from that produced electromagnetically by the 

synchronous machine. 	In order that the amplitude of 

electromagnetic oscillating torque could be calculated 

from that measured by the torquemeter, it was necessary 

to know the inertia ratio J
2
/J

1
+J
2' 
 (JJ the natural fre- 

quency of torsional resonance, and 	the damping time 

constant. 

The natural frequency and the mechanical damping 

time constant 	were found by taking a recording of 

the damped oscillation when an impulse, a torsional 
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jerk,was applied to the shaft. 	The behaviour of the tor- 

que following an impulse is given by equation (13.7) in 

Appendix II. 	The natural frequency, wn 
was easily mea- 

sured from the recording and the time constant from a 

semi-logarithmic plot. 

Using the values of Wn, 	and the inertias, the fre- 

quency response - the amplitude of oscillating shaft tor-

que to the amplitude of oscillating electromagnetic torque 

could be calculated over the relevant frequency range, 

(s = 0 to 1.), 	This response was then used to estimate 

the electromagnetic torque from the shaft torque measured 

by the torquemeter. 



4.3. MEASUREMENT OF MEAN AND OSCILLATING TORQUE USING 

AN ACCELEROMETER 

The method of obtaining the torque characteristics, 

by measuring the acceleration of the machine, during a 

start, is a well known one and has been applied most 

usefully to large machines where other methods are im- 

practicable. 	The mean torque can be accurately obtained 

by the product of the inertia and acceleration, if the 

value of the inertia is accurately known. 	The accelera- 

tion may be measured by a drag cup type of machine, or 

by the combination of a precision D.C. tachometer and a 

differentiating circuit. 	Some filtering out of speed 

frequency noise is necessary in both cases. 

The amplitude of the oscillating component of elec-

tromagnetic torque is very difficult to obtain accurate-

ly since it is attenuated by different amounts at differ- 

ent speeds. 	The attenuation is caused by both the 

mechanical characteristics of the inertia-shaft arrange-

ment and by the characteristics of the filter circuit. 

Thus, determination of the amplitude depends on the cali-

bation curves of the differentiating circuit, and more 

uncertainly on the frequency response of the inertia-

shaft system. 

No work was done on the design or construction of 

an accelerometer, although an A.C. tachometer and differ-

entiating circuit were used to find the mean torque 

characteristic of a large machine. 

103 
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4.4. ESTIMATION OF MEAN AND OSCILLATING TORQUE BY THE 

MEASUREMENT OF TOTAL INSTANTANEOUS INPUT POWER  

It is seen that, under steady slip conditions, the 

expression for the total instantaneous input power (Eqn. 

2.37) is identical to that for the instantaneous output 

torque (Eqn. 2.38) when armature resistance and stator 

iron loss is ignored. 	Consequently a recording of in-

stantaneous input power is suggested as a new way in 

which the torque speed curve, complete with oscillating 

component unattenuated, can be obtained from a single 

start. 

The total instantaneous input power may be obtained 

either by summing the instantaneous input power of the 

three phases (Fig 17), by a method using a principle of 

the two wattmeter method, or, if signals representing 

axis currents and voltages are available, by summing the 

instantaneous axis powers. 

Recordings are shown. in Fig.18 of the total instan-

taneous input power, with three different field connec-

tions, as the laminated pole micromachine at Imperial 

College, ran up to synchronism. 	The initial part of 

the record had to be excluded because the original re-

cording was too long for complete reproduction. 

It is apparent that there is a severe amount of 

mush present on the characteristics obtained. 	Equa- 

tions 2.36 show that there are four components in the 

instantaneous power of Phase A; the D.C. component 

(B+D); a component oscillating at twice supply fre-

quency. e.g. 100 c/s for all values of slip; and two 

components oscillating at frequencies that are functions 
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of slip - the twice slip frequency (0-100 c/s), and the 

twice speed frequency (100-0 c/s) components. 	If all 

the three phases were perfectly balanced, i.e. firstly 

were supplied with a constant identical sinusoidal vol-

tage, whose phases were exactly 120°  apart, and secondly 

the three phases of the machine were completely balanced, 

then the twice speed frequency and the twice supply fre-

quency components would have vanished in the summation 

of the three phase powers. 	The mush, therefore, is not 

erratic spurious pick up signal, but merely components 

that did not completely vanish at the summation. 	The 

mush, however, is not so large as to make the measure-

ments too difficult, although it is clear that accurate 

measurement of the oscillating component, with the field 

connected onto the discharge resistance, is not possible. 

Despite the limitations of the method this is the 

only way that a display of the complete torque-speed 

curve (neglecting stator losses) is possible without 

attenuation of the oscillating component. 
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4.5. MEAN INPUT CURRENT MEASUREMENT 

The mean input current of an asynchronously running 

synchronous motor is the best simple way of checking the 

prediction of the magnitude of the operational admittances. 

Neglecting armature resistance, it is seen that, from 

equation (2.35), the magnitude of the supply frequency 

component of the phase current is given by the vector 

mean of the two axis operational admittances, at 1 p.u. 

voltage. 

The current may be measured using ammeters, whilst 

the machine is operating at steady slip, or by a record-

ing during a start. 

Fig. 19 shows a recording of phase current, phase 

voltage, and phase power during a start. 
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4.6. COMPARISON OF THE METHODS OF MEASURING TORQUE  

The most accurate method of obtaining the mean tor-

que characteristic, by measurement, is the mean output 

power method. 	Accuracy better than 1% can be achieved 

if the method is applied in the two parts described. 

The method, however, is only suitable for laboratory 

machinery since it necessitates steady running, at the 

constant slip at which the measurement is required. 

The oscillating component of electromagnetic torque can-

not be measured using the output power method. 

The torquemeter method of obtaining the torques of 

a laboratory machine is a good method if its inherent 

disadvantages can be overcome. 	The main disadvantage 

is the presence of the uncancelled bending moment tor-

que due to misalignment of both the torquemeter coupling 

and of the strain gauges on the torque tube. 	Some 

speed frequency brush noise is also found on the output. 

Calibration of the gauge, although here was performed 

by the application of stationary weights to an arm, 

would best be performed using the output power method 

of measuring the mean torque. 	The oscillating compo- 

nent of electromagnetic torque is attenuated in the 

shaft, by different amounts at different speeds, due to 

the mechanical characteristics of the system. 	In or- 

der to obtain the oscillating component of electromag-

netic torque the attenuation characteristic is required 

to be known. 	It is determined from the inertias, 

stiffness, and damping in a manner shown in Appendix 

II. 	Since the values of stiffness and damping are 

difficult to determine accurately so, too, is the oscil-

lating component of electromagnetic torque. 
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The accelerometer method of obtaining torque is 

the most suitable for large machines and gives satisfac- 

tory results for the mean torque if the accelerated in- 

ertia is accurately known. 	If the test machine is coupled 

to an additional inertia the oscillating component of 

electromagnetic torque, measured by the accelerometer 

method, suffers similar attenuation to that observed in 

the shaft, using the torquemeter. 	There is, in fact, 

further attenuation, in the case of the accelerometer 

method, due to the frequency characteristics of any dif-

ferentiating circuit that may be employed. 

The estimation of mean and oscillating torque by 

measurement of total instantaneous input power, al-

though not accurate to a high degree, is a very satis-

factory method of obtaining both components of electro- 

magnetic torque. 	The oscillating component is not sub-

ject to any attenuation and hence it may well be con-

sidered that the oscillating component of electromag-

netic torque may be most accurately obtained by this 

method. 

Fig.20 shows the comparison between the mean torque 

characteristics of the laminated pole micromachine, 

with field connected onto a discharge resistance, ob-

tained by the output power method, that obtained by the 

torquemeter calibrated by stationary weights on an arm, 

and that obtained by the input power method. 	The accel-

erometer method was not applied to the micromachine. 
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THE LAMINATED POLE SYNCHRONOUS MOTOR 



CHAPTER 5 

INTRODUCTION 

The rotor of the most common type of laminated 

salient pole synchronous motor is constructed of lamina- 

tions dovetailed into a solid forged 'spider'. 	The 

laminations have slots in which are placed the bars of 

the squirrel cage winding. 	The main field winding is 

wound around the salient poles and the ends brought out 

either to slip rings or, in the case of a brushless 

machine, to a rectifier bridge. 	Because of the large 

centrifugal forces on the laminations at high speed, no 

large salient pole machines, having less than eight 

poles, are normally constructed. 

During starting the torque is produced by both the 

squirrel cage and the main field winding. 	The main 

field is unexcited, but is closed through a discharge 

resistance. 	The discharge resistance serves two pur- 

poses; to limit the voltage induced in the field wind-

ing during starting, and to enable the field winding to 

contribute to the driving torque. 

The main reason for the choice of a laminated pole 

machine instead of the cheaper solid pole version is 

the necessity to obtain starting characteristics to 

suit a particular application. 	The slip, at which the 

peak torque of a machine with a squirrel cage winding 

is produced, is determined by the correct choice of the 

resistance of the winding. 	Little change in the 

starting characteristics of a solid pole machine can 

be obtained unless the whole iron material of the rotor 
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is replaced. 	It is clear, therefore, that should a syn- 

chronous motor be required having, for example, a low 

starting current, or perhaps a high torque at low slip 

to damp oscillations about synchronous speed, the lamin-

ated pole machine would be the choice. 

The laminated pole machine has discrete windings. 

Hence it is relatively easy to calculate the resistances 

and reactances of the windings of this type of machine, 

since both the paths of the current in them and the paths 

of the flux linking them can be readily determined. 

With the assumption that the squirrel cage winding 

can be replaced by two equivalent windings, one on each 

axis, the two axis equivalent circuits of the laminated 

pole synchronous machine can be obtained. 	The deriva- 

tion is given in Chapter 2. 	Fig. 2 shows that the quad- 

rature axis equivalent circuit is like that of a conven-

tional induction motor and the direct axis equivalent 

circuit like that of an induction motor with a double 

cage winding. 	It is apparent, therefore, that the me- 

thods of calculating the asynchronous torques, currents, 

etc., directly from the equivalent circuits or from the 

induction motor circle diagram, may be applied. 

The method of calculation used here, however, is 

the two axis method using the operational admittance 

frequency loci, but the analogy to the induction motor 

circle diagram is given. 

It was found that accurate determination of the 

asynchronous performance of all laminated pole synchron-

ous machines could not be obtained by a direct axis 

equivalent circuit with two secondary branches and a 
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quadrature axis equivalent circuit with a single second- 

ary branch. 	It is shown that, with an additional second- 

ary branch on each axis, more accurate determination of 

the asynchronous performance can be obtained. 	This addi- 

tional branch adequately accounts, also, for the sub-sub-

transient effect found in short circuit oscillograms. 



CHAPTER 6 

THE THEORY OF THE LAMINATED POLE SYNCHRONOUS 

MOTOR 

Much of the theory of the laminated pole synchronous 

motor and its equivalent circuits is given in the general 

theory of Chapter 2. 	The present chapter deals with a 

more detailed extension of the results found in Chapter 2. 

6.1. THE EQUIVALENT CIRCUIT IMPEDANCE  

An equivalent circuit reactance is derived from the 

reluctance of the path through which the appropriate flux 

passes. 	Since flux is a distributed phenomenon reluc-

tances of the paths of all sections of that flux must be 

calculated and the mean effective value for the total flux 

evaluated. 	After the mean representative reluctance is 

obtained, the equivalent circuit reactance must be calcu- 

lated using the constant given by equation (2.18). 	The 

method of calculating the equivalent circuit values of 

resistance is indicated in Chapter 2.3.1. 

Before considering further the equivalent circuit of 

the laminated pole synchronous machine the significance 

of the equivalent circuit resistances and reactances is 

restated (See Fig.2). 
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X
a
, 	the stator leakage reactance, is representa-

tive of the reluctance to the flux leaking 

across individual or groups of stator slots. 

Xf, 	the field leakage reactance, is representative 

of the reluctance to flux leaking from pole to 

pole. 

X
md' the direct axis magnetising reactance, is re- 

presentative of the reluctance to the main 

flux crossing the main air gap on the pole axis. 

Xmq, the quadrature axis magnetising reactance, is 

representative of reluctance to the main flux 

crossing the main air gap on the interpole 

axis. 

Xkd' Xkq, the direct and quadrature axis squirrel 

cage leakage reactances, are representative of 

the reluctances to flux leaking across indi-

vidual slots, or groups of slots of the direct 

and quadrature axis squirrel cage windings 

respectively. 

rf' 	the main field resistance, is the primary re-

ferred value of main field winding resistance. 

rkd, rkq, the direct and quadrature axis squirrel 

cage winding resistances, are the primary ref-

erred values of appropriate resistance. 

It is seen in Chapter 2 that, at any slip, the mag-

nitude and phase of the voltage across the above react-

ances is a measure of the magnitude and phase of the flux 

linking that path corresponding to the appropriate react- 
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ance; and that the magnitude and phase of the voltage 

across the above resistances is a measure of the magni-

tude and phase of the flux linking the appropriate winding. 

Similarly the current through the impedances is a measure 

of the M.M.F. required to maintain the flux linking the 

appropriate path or winding. 
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6.2. THE CIRCLE DIAGRAMS  

If the admittances of the equivalent circuits, i.e. 

the axis currents at 1 p.u. voltage, are calculated at 

frequencies from zero to infinity, and the real and ima-

ginary parts plotted against one another, the locus ob-

tained for the quadrature axis is a semi-circle and that 

for the direct axis a combination of two semi-circles. 

The locus of the quadrature axis equivalent circuit 

'operational' admittance can be compared with the tradi-

tional induction motor circle diagram (Fig. 21). 

6.2.1. The Induction Motor Circle Diagram 

The induction motor circle diagram is a very 

well known graphical method of obtaining the character- 

istics of the induction motor. 	It is obtained as 

follows:- 

The induction motor is first run up to the no load 

value of slip, at which the phase current and input power 

is measured. 	The armature resistance copper loss is 

subtracted from the input power and the resulting power 

factor calculated. 	Hence the vector OA, in Fig. 21, 

can be drawn. 	The induction motor is then locked at 

standstill and the p.u. current and power factor, ex-

cluding armature resistance, obtained at rated. voltage. 

If it is not possible to do this second test at rated. 

voltage, because of heating considerations, the test 

may be performed at reduced voltage and the value of 

current obtained scaled up to the rated voltage value. 

The second test gives the vector OB. 
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CURRENT 
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Fig. 21. 	The Induction Motor Circle Diagram 
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AB is known to be the chord of the semi-circle whose 

diameter lies on AX. 	The point where the perpendicular 

bisector of AB cuts AX gives Z the centre of the circle, 

and hence the semi-circle may be drawn. 	The vector AB 

is extended to a scaling line XY. 	The intersection of 

AB with XY gives the point marked 1. 	With X as zero 

XY is a linear scale representing the inverse of slip. 

The operating point on the semi-circle for a slip 

of .25 p.u. for example, is found by drawing the line 

from A to 1/.25 = 4 on the inverse slip scale. 	The 

point of intersection of the line from A to the scale, 

with the semi-circle gives the operating point s = .25. 

The following information is obtained from the dia-

gram for operation at this slip:- 

1. OC is the p.u. phase current. 

2. EC/OC is the power factor. 

3. EC is the p.u. input power. 

4. DE is the no load loss. 

5. CD is the p.u. output torque. 

6.2.2. The Quadrature Axis Operational Admittance  

Frequency Locus  

The admittance of the quadrature axis equiva-

lent circuit of a synchronous machine at frequency swo 
is given, in the reactance, time constant form, by equa-

tion 2.28. 

X 
Replacing T"qo  in eqn. 2.28 by -k-4 V,: from eqn. 2.30 q  

and rearranging, the quadrature axis admittance may be 

written:- 
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1 jsU)  To 
I 	

o q  (jswo ) 	1/X 4 	
" - 

1 
) q

X 	X 	1 + jsw T" q 	q 	o q 
(6.1) 

1 + jsw T" o q 
semi-circle in the complex plane as the frequency changes 

from 0 to w, and it has zero value at sWo = 0 and unit 

value at sWo 
= co. 

The expression, therefore, describes a semi-circle 

in the complex plane from 1/X to 1/X" as the slip 

changes from zero to infinity. 	The locus is shown in 

Fig. 22. 	Tn fact the Re{pC (jswo)} = D, is drawn 

against Im5Yq  (jsWo
)) 	C, (c.f. eqn. 2.26), in order 

that the susceptances 1/X
CII 
 1/X" lie on the imaginary 

axis. 

If there is no saliency in the synchronous machine, 

whose quadrature axis locus is as Fig.22, then, providing 

its field winding is on open circuit, its direct axis 

locus would be the same, i.e. the real and imaginary 

components of the two axis operational admittances are 

equal for all slips, 

A 
(6.2) 

Substituting (6.2) into equations (2.35) and (2,38) it 

is seen that:- 

The mean torque is equal to D. 

The phase current is equal to C2  + D2  

The power factor is equal to D/ C2  + D2 

Now a function of the form 
jsw T" o q describes a 
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Fig. 22. The quadrature axis operational admittance frequency 
locus of a laminated pole synchronous motor 
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Furthermore, if the squirrel cage resistance and 

reactance, the leakage reactance, and the magnetising 

reactance of the synchronous machine are the same as 

that of the induction motor, whose circle diagram is 

given in Fig,21 and the no load loss of both machines 

is neglected, the synchronous motor and the induction 

motor have identical asynchronous characteristics. 	In 

particular the frequency loci of the synchronous machine 

(Fig.22) and the traditional induction motor circle dia-

gram (Fig.21) are identical. 

Comparing the two diagrams at a slip of .25 p.u, 

The mean torque = KJ from the frequency loci. 

= CD from the circle diagram. 

The phase current= FK from the frequency loci. 

= OC from the circle diagram. 

The power factor = JK/FK from the frequency loci. 

= EC/OC from the circle dia- 

gram, 

Thus it is clear that the operational admittance 

frequency loci of the synchronous machine is no more 

than a more sophisticated representation of the tradi-

tional induction motor circle diagram. 

6.2,3, The Direct Axis Operational Admittance  

Frequency Locus 

The expression for the direct axis operational 

admittance, in reactance, time constant form, is given 

in equation 2.27, 
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In a normal machine, when there is no large exter-

nal resistance in the field, rf  << rkd and then 

T' >> T" and Td >> Tg. do 	do 

Td(Jswo) may  be simplified to:- 

d jswo) 
•-• 

(1+jswoTdo)(1+jswoTgo,) 	1 
	  . — 
(1+jsW0Td )(1+jswoTg ) 	Xd 

(6.3) 

Rewriting in partial fraction form, using the 

above approximation and equation 2.29. 

T° d 

	

and that X' 	. X 

	

d 	T' 	d do 

T' 
1 	1 	o d  

d(jsWo
) 	

X
d 

+ 	- 	) 
jsw 

X° d 	1+jsw oT' 

jsw T" 1 	1 	o d  
+ (

d 
 - 

d
) X" 	X' 1+jsw T" o d 

(6.4) 

(6.5) 

jsw " 
1 	1 	o

T
d  

In the complex plane the term (--..
Xd  - 
	) " 	X'd  1+jsw T" o d 

describes a semi-circle of base diameter (
1  
-- -

1 
) 

"1 	

, 
n  jsw 	T' 	X d 	X d 

o d  
the term (- 	

1
describes a semi-circle of Xd 	X 

)
d  1+jsw0Td 

base diameter (-1- - 	),and the term d is constant, X X
d 

X -1 d 	-i 

as the slip frequency changes from zero to infinity. 

The direct axis operational admittance, at any 

frequency, is the vector sum of the three terms at 

that frequency. 	With typical values of time con-

stants and reactances, the complete locus is as shown 

in Fig. 23(a). 



iYd (Jscoo) 

(a) TdI >Td" 

Vxd 

(b) Td =Td11  

lixd 	 I/xd 	 I/ x' 

IMAG — A 
Fig. 23. 	The direct axis operational admittance frequency locus 

of a laminated pole synchronous motor 
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It can be observed that there is a dip in the locus 

between the two semi-circles, which is due to the large 

difference between the transient and sub-transient time 

constants, 	If sufficient external resistance is insert-

ed into the field circuit, such that the transient and 

sub-transient time constants become the same, then the 

vectors of each semi-circle have the same angle at all 

frequencies. 	Consequently the vector addition of the 

two produces a single semi-circle with base diameter from 

1 	1 X to -5c.„ 	(Fig 
A 	'd 

The direct axis operational admittance frequency 

locus is equivalent to the circle diagram of an induc-

tion motor with double cage winding. 

6,2,4. Determination of the Loci from the Results of  

Sudden Short Circuit Tests 

The purpose of the sudden short circuit tests 
13 

described by Wright - is to determine the sub-transient 

and transient time constants and reactances, and the 

synchronous reactances of the machine, 	Inserting the 

values obtained into equations (6.1) and (6.4) the two 

axis operational admittance frequency loci may be cal-

culated- 

6.2,4.1, The direct; axis sudden short circuit 

The synchronous machine is driven at 

full speed, with the three phase windings on 

open circuit, and excited by a supply having ne- 

gligible internal impedance. 	The three phases 

of the machine are suddenly shorted together and 



a recording taken of the decay of phase current 

following the sudden short circuit. 

The equation governing the decay is given by 

the inverse Laplace transformation of the 'p' form 

of equation 6.4. 	It is:- 

1 	(1 
75-(:c1 	'.)T17 

-t/Td 
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1  t 
+ 	— --) e XJ,' 	X' 

o 

-t 
(6.6) 

If equation (6.6) is multiplied throughout by 

the R.M.S. phase voltage, the direct axis current, 

following the sudden short circuit, is given by:- 

id  (t) = Id 	(I' - I
d

) e -t/Td 

(.uy 	
I') e -t/Td 	

(6„7) 

The reactances Xd, Xd, and time constants Td, 

T"d  may be conveniently obtained by measuring the 

amplitudes of the sub-transient and transient cur-

rents and plotting them on semi-logarithmic paper 

against time. 	Extrapolation of the plots to time 

zero gives the initial value of current from which 

the appropriate reactance can be calculated, and 

from the slope of the plots the time constants may 

be determined. 	The synchronous reactance, Xd , 

may be calculated from the final steady value of 

current, 
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6.2.4.2. The quadrature axis sudden short circuit 

The three phase stator windings of the 

machine are connected to the three phase supply, 

with the field winding on open circuit. 	The motor 

is driven by an auxiliary D.C. machine, so that 

there is the minimum slip speed between the rotating 

M.M.F. wave, ye.-; without the rotor locking into syn- 

chronism on account of the reluctance torque. 	When  

the M.M.F. wave passes into the quadrature axis 

position the three phase supply is suddenly discon-

nected, and simultaneously the three phase terminals 

of the machine shorted together. 	An osci.11ogram 

is taken of the decay of the three phase currents 

of the machine. 

The equation governing the decay of current is:- 

y (t) 
1 -t/T" 

= Tc7  e (6.8) 

The reactance, X", and the time constant T", 
q 	 q 

are again obtained from the semi-logarithmic plot 

of the decaying current. 

The asynchronous torques, currents, powers, 

and power factor of the laminated pole machine are 

calculated from the equations in Chapter 2, once 

the two axis operational admittance functions are 

known. 	The exact expressions for the torques, 

currents, etc., (eqns. 2.49 and 2.54) are not so 

simple as those for the round rotor induction 

motor, since in a salient pole synchronous motor 

the combination of the saliency and the armature 
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resistance seriously effects the performance of the 

machine in the half speed region. 	However, an 

approximate estimation of the asynchronous perform-

ance can be obtained graphically - corresponding to 

the induction motor circle diagram method - from the 

two axis operational admittances loci, as given in 

section 4.2.4. of Chapter 2. 



CHAPTER 7 

COMPARISON OF THE MEASURED AND CALCULATED 

RESULTS OF LAMINATED POLE MACHINES 

7.1, THE LAMINATED POLE MTCROMACHINE 

The micromachine, which is located in the electri-

cal engineering laboratories at Imperial College, is a 

model of a large synchronous machine. 

It is so constructed that the rotor is easily re-

moved and, since several rotors of different types are 

available, the micromachine is able to simulate almost 

all types of synchronous machine. 

Although the four pole machine (stator no. 3)4819) 

has a nominal rating of 2 KVA, it is designed to have 

a low copper loss, and hence is able to withstand a 

continuous overload of over twice this rating. 	The 

machine is three phase, star connected, having 126 

turns in series per phase located in 18 slots, 

The rotor used for the present work is a laminated 

salient pole rotor, (no.3)4818) with a complete squir-

rel cage winding having 6 bars per pole and one bar 

per interpole space. 	Both the bars and the end-rings 

are of copper.. 	The field winding has 660 turns per 

pole and an overall resistance of 19.7 ohms, 
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The following p.u. base values were chosen:- 
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1 p.u. voltage = 220v 

1 p.u. current 

then:- 

1 p.u. power 

1 p.u. torque  

line = 127v/phase 

6A/phase 

2.28KW  

= 14.5 Nm. 

The following p.u. parameters were then calculated 

for this stator/rotor combination using well known 

methods:- 

Equivalent 'circuit 	Corresponding transient 
parameters 	parameters 

Xa  = .130 	Xd  = 1.53 

Xmd  = 1.40 	Xd 	= 	.280 

Xf 
= .17 	Xd  " = .206 

Xkd = .15 	X q = .82 

Xmq = .74 	X" . .214 
q 

Xkci. d  = .095 	T' = 	.16 secs 

rf 	= .0058 	T"d 	= 	.0165 secs 

rkd  = .0425 	T" 	. 	.026 secs 
q 

rkq  = .027 

The above parameters were also determined from 

the results of tests applied.to. the machine. 	The 

tests applied were the direct and quadrature axis 

sudden short circuit tests and slip tests. 	Because 

of the difficulty in measuring the value of stator 

leakage reactance, Xa, particularly for the high cur-

rent conditions, the calculated value was assumed in 

the determination of the equivalent circuit reactances 

from the short circuit parameters. 



The test values obtained were:- 

Equivalent circuit 	Corresponding transient 

parameters 	parameters 
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xmd = 1.51 

Xf = .23 

Xkd = .17 

xmq = .80 
Xicci  = .09 

rf = .0061 
rkd = .046 
rkq = .032 

Xd = 1.64 

X'd  = .332 

X" 

	

= 	.215 

x
q  . .93 
X" q = .21 

	

T'd  = 	.18 secs 

	

T"d  = 	.017 secs 

	

T"
q  = 
	.021 secs 

7.1.1. Comparison of the Measured and Calculated  

Operational Admittance Frequency Loci  

Fig. 24 shows the comparison between the calcu-

lated direct axis operational admittance frequency loci 

With three different connections of the main field, -

field short circuited, field open circuited, and field 

connected onto a discharge resistance of .036 p.u. 

The loci were determined from the calculated values of 

parameters given above. 	The value of discharge re-

sistance inserted into the field was such that the 

transient and sub-transient short circuit time con-

stants were the same, and as shown in Chapter 6 the 
direct axis locus, in this case, is a single semi-circle 

from 1/Xd  to 1/xg. 	The locus for the field open cir- 

cuited is a semi-circle from 1/X
d to a value of 1/X" d' 

modified by the omission of field leakage reactance. 
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Fig.25 shows the comparison between the direct 

axis operational admittance frequency loci with field 

short circuited determined from calculated equivalent 

circuit parameters, that calculated from the equivalent 

circuit parameters determined from sudden short circuit 

tests, and that; measured by the most reliable direct 

method - the variable frequency single phase static im- 

pedance test. 	Figs. 26, 27 show the same comparison 

for the other two connections of the main field winding, 

Fig.28 shows a similar comparison for the quadrature 

axis. 

Although the agreement between the loci complete-

ly calculated and the loci calculated from measured 

short circuit parameters is fairly good, neither of 

these compare so well with the actual machine loci 

directly measured using the static impedance test. 

The error is particularly evident at high slip frequen-

cies when the real part; of the operational admittances 

measured is somewhat larger than estimated. 	Reason 

for the discrepancies is given in Chapter• 8, 

7.1.2. Comparison of the  Measured and Calculated 

Starting Performance  

fig. 29 shows the comparison between the tor-

que-•slip characteristics measured by the output power 

method with the different main field connections. 

It is observed that it is only with the field on open 

circuit that there is sufficient saliency in the 

machine to produce a half speed dip in the mean tor-

que-slip characteristic. 
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Figs. 30, 31, 32 show, for each of the field con-

nections, the comparison between the measured mean tor-

que-slip characteristic, that calculated from the loci 

obtained from static impedance results, and that esti- 

mated from the calculated machine parameters. 	It is 

observed that the estimation of torque from the mea-

sured admittance loci agrees well with the measured 

torque characteristics. 	However, the torques estimated 

from the calculated parameters are pessimistic at high 

slips. 

Fig. 33 shows part of the recording of shaft tor-

que measured by the torque-meter, taken as the micro- 

machine ran up to synchronous speed. 	Using the res- 

ponse characteristic given in Appendix IV the inducing 

electromagnetic oscillating torque of the micromachine 

was estimated, and is shown in Fig. 34. 	Both the 

oscillating torque characteristic, determined from the 

admittance loci derived from static impedance results 

and the characteristic determined from calculated para-

meters agree quite well with that obtained by measure-

ment. 

Fig. 35 shows similar comparisons for the mean 

phase current - slip characteristics, and that the 

agreement between them all is good. 



c  1 5 

oi 
w 
(9 
< 
I- 
--I 1 0 
0 
> 
-.... 
w 

a 
CX 
0 
I- 

2 -0 

0 

Fig. 29 

-8 	 -6 	 4 	-2 
P.U. SLIP 

Mean torque slip characteristics of the laminated pole 
micromachine measured with different field connections 

a. Field open circuited 
b. Field connected to discharge resistance 
c. Field short circuited 

0 



2.0 

CI:  I 5 

N 

w 

--I 10 
0 

0 
Cr 5 
0 I- 

0 

- 	00 - ---- lir 

...•tr - ----".........*. Glb ..... 0„ ...41' 	0 0 

. 

\ 
 

‘...... .e 

. (1.4"6\ 
/ 

\ . 

\ 

1 

I 

I 

1 	 •8 	 6 	•4 
	

.2 
P.U. SLIP 
	 0 

Fig. 30 Mean torque slip characteristics of the laminated pole 
micromachine with field connected on open circuit 

— — 4s — — Measured by output power method 
Calculated from static impedance test results 

	 Calculated 



2.0 

a: 15 
re 

0 

0 X . 

if 

— ac, 

1 
1 

 

---/"..n.... 
- -------'-'.. 

- 

-.0 

. 
I 
1 0 

1 
I 
I 1 .........., 

, 
15cr --Er 6  

-.0-- 
-. --- 5 4\ 

0 

1 	 .8 	 •6 	 -4 	 •2 
P. U. SLIP 

Fig.31. Mean torque-slip characteristics of the laminated pole 
micromachine with field connected to discharge resistance 

---o--- Measured by output power method 
_ 	Calculated from static impedance test results 
	  Calculated 



2 

5 

a: 4.5 

t- 
I. 

0 

a 
ti •5 
0 

... /**............."...121.'.. 

.. 	... 

.0' 

... 0 
‘„ 

se. 
% 

..... 	 ...o- ....  ....... 0 	v., 
- ....o cro°49°.  
/5 

% 

- 

0 

Measured by output power method 
Calculated from static. impedance test results 
Calculated 

0 

P.U. S LI P 

Fig. 32 Mean torque-slip characteristics of the laminated pole 
micromachine with field short circuited 

---0- 



SPEED 
INCREASE 

I 	h 
1 
lis  

I 	II -1 II 

I I I I 	1 
, 	i ll 	III 

, 	i 	I 	II 

1111  0 II II i" 

SPEED SIGNAL 

'III " 
I 

IC I 

I  I  

I  

I  

TORQUE I II I 
 

S=•42 

Fig. 33. Run up shaft torque passing through the mechanical torsional resonant frequency. 

SHAFT 



1.0 

-75 
a: 

0 
< -5 

H 

1.1.1 
•25 

cc 
0 

..))" # 
/ 

# 
# 

/ /e, 
# 

# 
/ 

# 
/ 

• 
I 
I 
I 

.... 0 

/ 
.... 

.... # 

# 
/ 

# 

• 

- 

---- 
... 

. 

— --e-- — — Measured using torque-meter 
Calculated from static impedance test results 

	 Calculated 

0 
•8 	 •6 

SLIP .4 	 •2 	 0 

Fig. 34 Zero peak amplitude of oscillating torque measured for the 
laminated micromachine with field short circuited 



-8 	 •6 	 •2 
P.U.SLIP 

Fig. 35. Mean phase current-slip characteristics of the laminated 
pole micromachine with field short circuited 

---o--- Measured by ammeter 
Calculated from static impedance test results 

	 Calculated 

0 

cD 

P.
U

.C
U

R
 R

E
N

T
 

5 

••••• MN= 

4 

3 

2 

O 	 



149 

7.2. THE LARGE LAMINATED POLE MACHINES  

Such detailed comparisons, as shown for the micro-

machine, are not available for the large machines. 

7.2.1, The 600 H,P, 14 Pole Machine  

Although torque measurements could not be obtain-

ed for this machine it was possible to apply the axis 

resolution method, and Fig.36 shows the comparison be-

tween the direct axis admittance loci obtained with the 

field short circuited, and that directly calculated from 

the design parameters. 

Despite the scatter of points obtained from the 

results of the test, some resemblance between points of 

the calculated loci, and those measured is evident, 

As the single phase static impedance test was applied 

to the machine at supply frequency, the appropriate val-

ue of admittance is also included in the figure for fur-

ther comparison, 

7,2.2. The 3000 HflP,, 18 Pole Machine 

The axis resolution method was not available 

at the time that this machine was tested. 	However, 

a torque-slip characteristic was obtained by the accel- 

erometer method. 	The very good agreement between the 

measured and calculated characteristics is shown in 

Fig. 37. 
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CHAPTER 8 

CONCLUSIONS 

ASSUMPTIONS IN THE THEORY 

There are several assumptions made in the theory, 

and in the method of the two axis representation of the 

machine. 	It is worthwhile reviewing the assumptions 

before discussing reasons for discrepancy between mea-

sured and calculated results. 

Saturation ---------- 

In the idealised machine it is assumed that 

all voltages are proportional to the currents pro-

ducing them, i.e. there is no saturation, or other 

non-linearity. 	The effect of a non-linearity such 

as saturation would upset the direct proportionality 

between the voltage and current, i,e. the reactances 

of the machine no longer remain constant but they 

are functions of the voltage across them, that is 

to say the reluctances of the machine are not con-

stant but change with the flux linking them, 

During starting the main flux is usually low, 
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in the windings, the 

it is the value of 

latter flux paths, 

but, due to the high current 

leakage flumes are high, and 

reactances, representing the 

that are liable to be in error due to saturation. 
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Harmonics 

Space harmonics are neglected in the general 

theory, and since generally machines are designed to 

minimise the effects of space harmonics the assump-

tion is justified. 

Although the general machine equations apply to 

all possible manners of variation of the instantaneous 

values of current and voltage, it is assumed, when 

steady asynchronous running is considered, that the 

'p' form of the general equations (2.2) to (2,7) 

transform to the 'jswo' equivalent. 	The effect of 

the presence of time harmonics is to make the 'p' to 

ljsw
o' transformation invalid, and physically in the 

machine, to produce undesirable effects such as 

noise, voltage ripple, and parasitic torques. 

Flux linkages 

It is assumed, in the derivation of the equiva-

lent circuits in Chapter 2, that the fluxes linking 

the various windings can be simplified to a main 

flux linking equally all stator and rotor windings, 

and to a leakage flux appropriate to each winding 

as shown in Fig. 3a. 

The two axis representation 

The rotating M.M.F. and flux waves are consid-

ered to be transformed to two pulsating M,M,F.'s 

and fluxes one on each axis of the machine. 	Even 

if there are no harmonics in the rotating M.M.F. 
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and flux waves it cannot necessarily be assumed that 

the axis quantities change perfectly sinusoidally at 

the slip frequency, 	Supporting evidence of this is 

seen by observation of the axis quantities, at low 

slip, in Fig.10. 

A further assumption is that the complete squir-

rel cage winding may be considered as two independent 

damper windings, one on each axis. 	The independence 

becomes very questionable, for example, when the cur-

rent flowing in the cage is high and the temperature 

rise of a section common to both 'equivalent windings', 

due to one axis damper current, causes change of the 

resistance of the section to both axes damper currents. 

The rotor circuits 

The rotor is considered perfectly laminated and 

hence the only rotor current paths are in the dis- 

crete windings. 	The assumption is certainly invalid 

if there are any solid iron parts in the rotor, in 

which eddy currents are able to flow. 	In these cir- 

cumstances the machine cannot be represented by a 

two secondary winding equivalent circuit for the dir-

ect axis and a single secondary winding equivalent 

circuit for the quadrature axis, 

The operational admittances and stator iron loss 

Iron loss in the stator, unlike that of the 

rotor, contributes no torque to the machine- 	Con-

sequently if the torque is defined by the real part 

of the operational admittances, (Chapter 2) it is 

necessary to ignore the resistive part of the magnet- 
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ising branch (conventionally included in induction 

motor equivalent circuits) in the synchronous machine 

equivalent circuits. 	However when the operational 

admittances are determined by test, a proportion of 

the real part obtained is due to stator iron loss, 

and not an indication of output torque of the machine. 

It is possible that an allowance could be made for 

this, although usually, since it may only be of the 

order of 1% of the total real. part obtained, it is 

justifiable to neglect i 
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8.2. SUGGESTED REASONS FOR DISCREPANCIES BETWEEN 

MEASURED AND CALCULATED RESULTS 

The comparisons of the measured torque and current 

characteristics with those estimated from static impe-

dance test results show that the operational admittance 

loci calculated from static impedance tests can be satis-

factorily used to predict accurately the torques and 

currents of the machine. 	It is observed that the mea-

sured torques are approximately 10% less than those pre- 

dicted by static impedance test results. 	This can be 

accounted for by the stator iron loss, not allowed for 

in the calculation of results from static impedance 

test, and by load loss. 	The load loss is mainly pro- 

duced by harmonics,
21 

It is shown for the micromachine that, although 

the calculated parameters of the machine agree well 

with the reactances and time constants calculated from 

sudden short circuit tests, the same parameters do not 

predict the torque with any satisfactory degree of 

accuracy at all. 	This is not surprising since the 

operational admittance frequency loci calculated dir-

ectly from sudden short circuit parameters gave very 

pessimistic results compared to the static impedance 

tests, at high frequency. 	It was considered, at 

first, there was error in the estimation of both the 

calculated parameters and the parameters obtained from 

sudden short circuit results, and an attempt was made 

to find what values of standard reactances and time 

constants would produce a locus that agreed well with 

that measured by the static impedance test. 	However, 

it was found impossible with any values of the stan-

dard reactances and time constants to obtain a locus, 
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either for the direct or quadrature axis, that agreed 

with the loci obtained by static impedance test, over 

the whole frequency range. 	It was then concluded that 

the operational admittance frequency loci and hence the 

asynchronous performance of the laminated pole micro-

machine could not be accurately estimated from a direct 

axis equivalent circuit with two secondary branches and 

a quadrature axis equivalent circuit with a single sec-

ondary branch, but that- at least one additional second- 

ary branch was necessary in both cases. 	The additional 

secondary branch would then be representative of eddy 

current paths in the solid iron parts of the rotor, 

particularly in the large solid iron end clamps. 

The results for the large machine show that agree-

ment between calculated and measured results is much 

closer. 	This is because first of all the stray load 

loss of machinery reduces in proportion to the output 

as the size of the machine increases, and more important 7 

because there is much less solid iron in the rotors of 

large machiaes tested, than in the micromachine. 



158 

8.3. 'THE ADDITION OF A FURTHER SECONDARY BRANCH TO THE 

EQUIVALENT CIRCUITS  

The simplest addition to the equivalent circuits 

is a branch of resistance and reactance which, although 

not truly representative of eddy current paths, as is 

shown in the third part of this thesis, does at least 

show in principle how the addition of another secondary 

branch to the equivalent circuits improves the estima-

tion of the operational admittance frequency loci of the 

micromachine, and hence more accurately allows predic-

tion of performance. 

Fig. 38 shows the almost frequency for frequency 

agreement between the loci determined from static impe-

dance measurements, and that calculated from the direct 

axis equivalent circuit, with field short circuited, 

and with a third simple eddy current branch. 	Fig. 39 
shows similar agreement for the quadrature axis. 

The addition of another secondary branch to the 

equivalent circuits infers that the micromachine has 

a direct and quadrature axis sub-sub-transient reactance 9 

and it is well known that the results of sudden short 

circuit tests applied to laminated pole machines often 

indicate the presence of such a reactance. 
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THE SOLID POLE SYNCHRONOUS MOTOR 



CHAPTER 9 

INTRODUCTION 

9.1. THE FEATURES OF THE SOLID POLE MOTOR 

The rotor of the solid pole type of synchronous 

motor is constructed entirely of unlaminated "solid" 

iron. 	The poles of the salient pole motor are fixed 

to the solid forged "spider" by radial bolts. 	The 

structure of large salient pole motors of this type is 

sufficiently robust to rotate at speeds of 1800 R.P.M. 

(4-pole, 60 c/s speed). 	Plate 4 shows a typical con-
struction of such a rotor. 

The motor has no separate starting winding on the 

rotor, but adequate starting torque is produced by the 

distributed flow of eddy currents, both in the pole 

shoe and, to a lesser extent, in the pole body of the 

rotor. 	The main field winding, as in the case of 

the laminated pole motor, is unexcited but closed 

through a discharge resistance. This discharge resis-

tance both minimises the induced voltage across the 

main field winding during starting and also enables 

the winding to exert additional starting torque. 

The advantages of the solid pole machine over 

the laminated counterpart are cheapness of construc- 
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tion, high speed operation, and, because of the high 

thermal capacity of the solid poles, particular suita- 

bility for the starting of high inertia loads. 	The 

main disadvantage of the solid pole type of motor is 

that very little can be done to vary the starting torque 

characteristics from the inherent high standstill, 

rapidly falling, characteristic found in all motors 

having poles of solid iron. 

The distribution of the eddy currents, the very pro-

nounced non-linearity of the solid iron, the change of 

iron resistance with temperature, the saliency, and the 

end effects, are all serious problems which make the 

calculation of the performance of a salient solid pole 

motor very difficult. 



164 

9.2. HISTORY OF THE EDDY CURRENT WORK 

In earlier work, the eddy current starting problem 

was solved by the application of the traditional con-

stant permeability eddy current theory; usually to the 

simple round rotor machines5,6,8,9. 	This linear theory 

gives a fixed rotor impedance angle of 450. 	Test re- 

sults generally showed that this angle was incorrect and 

consequently earlier works attempted to justify a lower 

angle by considerations of hysteresis, end effects 

etc.5,8 

In more recent years the non-linear eddy current 

theory has evolved. 	A very good interpretation of the 

theory is given by Agarwal
10
. 	It is based on the 

assumption of the saturation curve of the iron to be a 

constant value of positive flux density Bs, for all posi-

tive values of exciting M.M.F., and a constant -Bs  for 

all negative values of the M.M.F. (Fig.40). 	The non- 

linear theory gives a rotor impedance which is an in-

verse function of the voltage across it and has a fixed 

angle of 26.6°. 	The non-linear theory has been applied 

recently to numerousproblemstvith some success10,11,14,  
15,16,19 

Shevel
17 

derives a "modified non-linear theory", 

based on the representation of the saturation curve 

shown in Fig.40. 	The theoretical results of the modi- 

fied non-linear theory are much more complicated than 

those of the non-linear theory and, although Shevel's 

approach is bound to yield more exact theoretical re-

sults, the difference is small under normal operating 

conditions. 	Thus it may be considered that the extra 
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complication of Shevel's theoretical results would not 

always justify its use. 

All past work has placed considerable emphasis on 

the mathematics of the eddy current problem and virtually 

no consideration has been given to the equivalent circuit 

representation of the machine. 	Without exception it has 

been assumed that the eddy current effects may be repre-

sented, in the equivalent circuit of both induction and 

synchronous motors, by a single secondary branch of re- 

sistance and reactance. 	Moreover, despite the abun-

dance of theoretical work available, the comparative re-

sults of tests for a wide range of machines is unfortu-

nately lacking. 
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9.3. THE PRESENT WORK 

The present work is a completely new attempt to 

produce a sound practicable method of accurately calcu-

lating the starting performance of the solid pole syn-

chronous motor, valid for machines of all sizes and num-

ber of poles. 

The method may be divided into four parts. 	The 

first, and most important part, is a careful derivation 

of the direct and quadrature axis equivalent circuits. 

The second part is the determination of the impedances 

representing the eddy current effects and the inser-

tion of the impedances into the equivalent circuits. 

The third part is the calculation of the two axis oper-

ational admittance functions, and the final part is the 

estimation of the asynchronous performance from the 

functions. 

The derivation of the direct axis equivalent cir-

cuit takes particular account of the effect of the dis-

tribution of the flux entering the pole shoe; it 

separately accounts for the effect of eddy currents in 

the pole body; special consideration is given to the 

pole tips, when these become completely saturated with 

flux; and, of course, the effect of the main field 

winding is also included. 	The quadrature axis equi- 

valent circuit, which is found to be the simpler of the 

two, also particularly accounts for the distribution 

of the flux entering the pole shoe. 

The eddy current theory applied to the problem 

,throughout is the non-linear theory. 	Using this theory 

impedances are obtained that have a fixed angle of 
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26.6°  and are direct inverse functions of the slip and 

the voltage across them. 	Non-linear impedances of this 

form satisfactorily represent the behaviour of the eddy 

currents in the iron, under normal operating conditions,
10, 

 

11,14 and yet are relatively easy to manipulate. 	A 

simple method of linearising the impedances has been 

applied when the permeability of the iron approaches the 

physical limits - that of air and that found by the ini- 

tial slope of the saturation curve. 	The quadrature axis 

eddy current impedances are modified when the solid poles 

are provided with special end rings to connect them to- 

gether at the ends of the machine. 	Although the angle 

of the eddy current impedance, obtained by the non-

linear method, is 26.6°, the effect of the distribution 

considered in this work is to modify the angle of the 

single effective pole-shoe eddy current impedance to a 

higher value. 	In fact, the pole-shoe impedance angle 

is shown to range between 26.6
o and 45

o; the value de-

pending on the rotor frequency and flux. 

Because of the non-linearity of the eddy current 

impedances, the method of calculating the operational 

admittance functions from the equivalent circuits is 

necessarily an iterative method. 	Furthermore, the 

effect of the distribution results in a double itera-

tive process, and a fast computer is necessary to calcu- 

late the functions. 	The logic of the computer programme 

is clearly explained in the next chapter. 

The calculation of the asynchronous performance 

from the two operational admittance functions is rela-

tively easy, if it is assumed that the action of the 

eddy currents on the two.axes of the machine is inde- 
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pendent. 	Adequate experimental results and theoretical 

reasons are given to justify this assumption. 	The 

method of calculating the asynchronous performance from 

the two axis operational admittance functions is fully 

explained in Chapter 2. 

A detailed experimental study has been carried out 

on the micromachine, fitted with a solid salient pole 

rotor, at Imperial College. 	Measurements have also 

been made on many solid salient pole synchronous motors 

of sizes ranging from 100 to 5000 H.P., with numbers of 

poles from 4 to 8. 	Two machines were tested with, and 

without, copper end rings. 

The following conclusions were obtained from the 

results of tests on the many machines:- 

1. The asynchronous characteristics of all solid 

iron machines decrease steadily from a maximum 

value at standstill to zero at synchronous 

speed. 

2. The presence of the main field winding on the 

direct axis is to increase very seriously the 

saliency of a machine that otherwise would 

not exhibit very serious saliency. 

3. At standstill, and when the terminal voltage 

is 1 p.u., all machines behave as if they 

have a pole shoe impedance angle of approxi-

mately 40°  on both axes. (Recently Basta 18 

suggested a rotor impedance angle of 310 for 

a large synchronous motor.) 
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4. The effect of end rings, connecting the solid 

salient poles, is to increase the ratio of mean 

torque to oscillating torque, and to increase 

the mean torque/input current ratio. 	The 

latter is confirmed by Gibbs 

Very good agreement is obtained between measured 

and calculated results, for the solid pole micromachine 

at three different voltages with three different main 

field connections, both with and without end rings. 

Good agreement is also shown between the measured and 

calculated results for many large machines. 



CHAPTER 10 

THEORY OF THE SOLID POLE SYNCHRONOUS MOTOR 

The theory of the solid pole motor is divided into 

four parts:- 

1. The development of the two axis equivalent 

circuits. 

2. The determination of the eddy current impe-

dances and their insertion into the equivalent 

circuits. 

3. The calculation of the two axis operational 

admittance functions. 

4. The determination of the asynchronous per-

formance from the derived operational admit-

tance functions. 
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10.1. THE TWO AXIS EQUIVALENT CIRCUITS OF THE SOLID  

POLE MOTOR 

The final equivalent circuits of the solid pole 

motor are complicated; particularly that of the direct 

axis. 	It is well, therefore, to derive first of all, 

very simple equivalent circuits, to explain their in-

adequacies, and consequently to show how they must be 

extended to agree more closely with the physical hap-

penings within the machine. 

10.1.1. Simple Equivalent Circuits  

10.1.1.1. The equivalent circuit of a simple 

solid iron machine 

The equivalent circuit of a simple 

solid iron machine such as shown in Fig.41a, may 

be derived in a similar manner to that explained 

in Chapter 2.3. 	The steps of the derivation 

are shown in Fig.41. 	Fig. 41c and d indicate 

that of the total flux tg  crossing the air-gap, 

ter induces eddy currents in the solid iron, 

which in turn produces a leakage flux cDet  

opposing the total flux crossing the gap. 

The derivation of equivalent circuits of 

more complicated machines can be simplified if 

the solid iron is treated in a manner such as 

used by Bharali and. Adkins
11
. 	Using this 

approach the flux paths of the simple machine 

(Fig.41a) may be drawn as in Fig.42a and the 

final equivalent circuit is shown in Fig.42b 
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The solid iron impedance, Z, has resistive and re-

active components, re, xe
, the voltages across 

which,represent the linkage and leakage components, 

respectively, of the solid iron flux. 	With Z re- 

phtced by re, xe it is clear that the final equiva-

lent circuits of Figs. 41 and 42 are the same. 

It is observed that fluxes are shown across 

components of the equivalent circuit instead of 

voltages. 	This is to act as a reminder that the 

voltage across a component of an equivalent circuit 

is directly representative of the flux linking 

that part of the machine represented by the equi-

valent circuit component (refer to Chapter 2.3). 

An equivalent circuit of the type shown in 

Figs. 41 and 42 is that which, in the past, has 

been assumed, incorrectly, to represent both solid 

rotor induction motors and solid rotor synchronous 

motors. 

10.1.1.2. The simple direct axis equivalent 

circuit of the solid pole synchronous 

motor 

Figs. 43 and 44 show the diagrammatical 

development of the direct axis equivalent circuit 

of the solid pole synchronous motor. 	The full 

details of such a diagrammatical development are 

given in Chapter 2.3. 

It is knownthat all oscillating flux in solid 

iron is confined to a skin by the reaction of the 
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Fig.44. Development of the simple direct 
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solid pole motor (cont) 
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eddy currents produced. 	Hence all presupposed 

flux paths in the solid iron of the synchronous 

motor are shown, in Fig.43a, to be confined to the 

surface of the iron. 

The direct axis fluxes of the synchronous 

motor are considered to be stator leakage flux 0a, 

which links only the stator winding; a component 

of main flux 0f,e' 
which links the stator winding, 

the main air-gap, the complete pole shoe iron, and 

the interpole leakage path; and a component of 

main flux (Dia' which links the stator winding, main 

air-gap, the pole shoe iron, the pole body iron, 

and the main field winding. 

Fig. 43b shows these same components of flux 

in a simplified iron diagram. 	The shaded sec- 

tions correspond to solid iron portions of the 

iron circuit. 	Unshaded iron sections are con- 

sidered to be perfectly laminated iron of zero 

reluctance. 	The complete reluctance of a path, 

part in laminated iron, part in air, is represent-

ed by a single air-gap, e.g. the length of the 

main air-gap is slightly extended to include the 

reluctance of the laminated stator iron in the 

path of the main air-gap fluxes. 

Fig. 44a shows the iron circuit replaced by 

an electric circuit. 	The current in the circuit 

represents the flux, and resistances, the equiva- 

lent air-gap reluctances. 	The unknown reluc-

tances, in the boxes, which are complex,represent 

the effect of the pole shoe and body solid iron. 

The field winding resistance, rf' is drawn reac- 
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tive because of the 'p', which was introduced by 

the voltage induced across the winding being p. 

Fig. 44b, is obtained by the inversion of the 

circuit above, for steady asynchronous running con- 

ditions at slip s. 	The reluctances are replaced, 

after inversion, by the corresponding reactances, 

defined at base frequency wo. 

The division of flux in the machine is still 

evident, since the voltage across a component of 

the equivalent circuit is a measure of the flux 

in that part of the machine. 	This is emphasised 

in Fig.44b by showing the voltages in the equiva- 

lent circuit as the fluxes they represent. 	In 

Fig. 44b:- 

The phase voltage, Va  is a measure of the 

total flux, iTt , produced. 	The voltage drop 

across the stator leakage reactance, X
a, is 

a measure of the stator leakage flux, (Da, 

and the remaining voltage across the magnet-

ising reactance, X
md' is a measure of the 

flux, 	, crossing the main air-gap. 	Since 

0 also links the pole shoe iron, the voltage 

across X
md is also applied to the impedance, 

Z. 	After passing through the pole shoe iron 

the flux, and hence the voltage, divides; 

fX leaks across the interpole gap, represent-

ed by Xf, and the remainder, (D b, links both 

the field winding and the pole body iron. 
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The final equivalent circuit representing the 

direct axis of the solid pole synchronous motor, 

Fig.44b, is still quite simple, and in particular , 

it is seen to represent, separately the eddy cur-

rent effects in the solid iron of the pole shoe 

and the pole body. 

It is interesting to note, at this point, the 

form of the direct axis equivalent circuit with 

main field winding on open-circuit. 	In this sit- 

uation rf = co in Fig.44b and the tertiary branch, 

unlike the case of the laminated pole machine, 

still remains. 	The tertiary branch becomes a 

series combination of the field leakage reactance, 

Xf, and the pole body impedance, ZB. 

10.1.1.3. The simple quadrature axis circuit of 

the solid pole synchronous motor 

The flux paths of the quadrature axis 

may be simply represented by those shown in Fig. 

45a. 	It is clear that the simple configuration 

may be represented by a simple equivalent circuit 

Fig.45b. 	Of the total flux, fit, which is pro- 

portional to Va  , a 
leaks in the stator and the 

remainder, a, cross the main air-gap and links 

the solid iron of the rotor. 	Thus the voltage 

across Xmq 
 , which is proportional to fig, is also 

applied to Z. 
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182 

10.1.2. The More Exact Equivalent Circuits of the Solid  

Pole Synchronous Motor  

It was decided, on grounds given later, that the 

most appropriate impedances representing the solid iron 

sections, were those derived by the "Non-linear theory
10
". 

With the impedances inserted into the equivalent circuits, 

operational admittance functions were calculated over a 

wide range of slip. 	However, it was found from the re-

sults of tests on many machines that there was serious 

difference between the operational admittances measured 

and calculated, and it was deduced that the impedances, 

representing the pole shoe iron, were incorrect in both 

magnitude and angle. 	The magnitude of the impedance 

was found to be out by several times and the angular 

error of the order 10°  too low. 	It was decided, after 

a great deal of consideration, that the error in the 

method lay in the assumptions of the derivation of the 

equivalent circuit, rather than in the derivation of 

the impedances from the 'non-linear theory'. 	The 

greatest single error in the method of derivation of the,  

equivalent circuits lies in the assumption that all the 

direct axis rotor flux of the machine enters the centre 

of the pole, and all the quadrature axis flux enters 

the tip of the pole. 	It is clear that the flux cross-

ing the main air-gap must cross it in some distributed 

fashion, Fig. 46, otherwise there would be severe satur-

ation in certain stator teeth opposite the point of 

crossing. 	This was confirmed by search coil tests, 

described in section 10.3.2.2. 

The distribution of the flux entering the pole shoe 

is now considered. 



	 § fi  

(a) 	The direct axis flux. 

(b) The quadrature axis flux 

Fig. 46 	The distribution of flux in 
the solid iron 
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10.1.2.1. An equivalent circuit account of flux 

distribution in the solid iron 

The effect of flux distribution may be 

accounted for directly in an equivalent circuit 

manner. 

Consider a section of the pole shoe of a 

machine shown in Fig.47a. 	Consider the total flux 

crossing the air-gap to be divided into seven parts, 

a-g, at equal intervals of space. 	Consider the 

seven equal parts of the main air-gap, through which 

the fluxes pass to be denoted a to g. 	The react-

ances representing the reluctances to the flux, of 

the seven sections of air-gap are xa-g 	The im- 

pedances of the solid iron sections A to G repre-

senting the reluctance to the flux and the resis-

tance to the eddy currents produced are denoted 

The configuration of Fig.47a may then be ZA_G. 

represented by the equivalent circuit of Fig.47b. 

If the fluxes, jo, are multiplied by certain con-

stants they become voltages (eqn. 2.14), and the 

equivalent circuit is representative of sinusoidal 

conditions in terms of machine voltage and current. 

It is worthwhile comparing the equivalent 

circuit of Fig.47b with the configuration of Fig. 

47a:- 

In (a), 	a crosses the air-gap section a, turns 

at right angles to keep to the surface, 

and links solid iron section A. 
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In (b), The voltage, joba, is applied first to xa, 

representing the air-gap section a, then to 

Z
A representing solid iron section A. 

In (a), 1)
b crosses the air-gap section b, turns at 

right angles to keep to the surface, com-

bines with a  and together they pass into 

solid iron section B. 

In (b), The voltage, jaiD , is applied to xb, repre-

senting the air-gap section b, it then adds 

(phase inclusive) to voltage j(Da, and the 

total voltage is applied across ZB repre-

senting solid iron section B. 

In (a), 1,c crosses the air-gap section c, again 

turns at right angles to keep the surface, 

combines with (Da + b
) and together they 

pass into solid iron section C. 

In (b), The voltage, jcbc , is applied to xc , repre-

senting the air-gap section c, it then 

adds (phase inclusive) to voltage 

j(;a  + fib), already combined, and the 

total voltage is applied across ZC  repre-

senting the solid iron section C. 

So the process continues until eventually all 

the flux has crossed the main air-gap, and has 

passed through the final iron section in the con-

figuration, G. 

It appears, therefore, that the effect of 

flux distribution in the solid iron, can easily be 

taken account of in the manner explained. 	However, 
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certain assumptions must be made before the equiva-

lent circuit can be solved - that is, an assumption 

must be made as to the nature of the flux distribu-

tion in the air-gap, e.g. sinusoidal distribution, 

uniform distribution, free distribution. 	The nature 

of the air-gap flux distribution is dealt with later. 

10.1.2.2. An equivalent circuit account of complete 

pole tip saturation 

Fig. 46a shows a suggested distribution 

of the direct axis flux in the pole. 	If the eddy 

currents in the iron cause the flux to follow the 

surface path shown, then it is clear that the pole 

tips are liable, under certain conditions, to be- 

come completely saturated with flux. 	Should this 

occur the pole body flux, (Db, or some part of it, 

is unable to follow the surface path shown but 

would proceed directly to the body of the pole 

without linking the pole shoe system of distributed 

flux. 

This latter effect may be easily accounted for 

in the equivalent circuit. 	In the following ex-

planation it is much simpler to ignore the effect 

of the distribution and to consider the original 

incorrect assumption of all the direct axis rotor 

flux entering the centre of the pole shoe, turning 

at right angles, and following the surface path to 

the tip. 	At the tip the flux divides into the 

two components, the field leakage component, Ofd, 

and the pole body component, (Db. 
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Fig. 48a shows how the flux must divide when 

the tip becomes completely saturated, i.e. when the 

penetration of flux from the top of the pole tip 

meets the penetration of flux up from the bottom. 

The section of the body flux, di.b1  , penetrates the 

solid iron and passes straight to the pole body. 

Fig. 48b shows the fluxes simplified to line paths, 

and (c) the equivalent circuit of the latter con-

figuration. 

Comparing (b) and (c) of Fig. 48:- 

In (b), Flux g , crosses the main air-gap. 

In (c), Voltage, jOg, is applied to the magnet-

ising reactance Xmd. 

In (b), Flux (O 	+
b2

) links the surface iron 

of the pole shoe. 

In (c), Voltage j(‘e, + Tb2) is applied across  

the shoe impedance Zs. 

In (b), Flux, 	, passes straight to the pole 

body without linking the pole shoe sur-

face. 

In (c), Voltage, 
"b1'  is not applied to the 

shoe impedance, Zs. 

In (b), The shoe flux divides into an interpole 

leakage flux,. Ofx, and a pole body flux, 
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In (c), 

In (b),  

In (c),  

The voltage 
j(45

fX +7ib2) divides to a vol-

tage, jOite, applied to Xf, representing the 

interpole leakage reluctance, and to a vol- 

tage, j 2.  

Fluxes 0b1 and 0b2 
combine to form a single 

flux, fib, linking both the field winding 

and the pole body iron. 

Voltages j<D131  and jcbio2  add and are applied 

to both the field winding, rf' and to the 

pole body iron represented by ZB. 

The point at which ZS  divides Xmd 
is determined 

by the calculation of the flux conditions in the 

pole tip. 	Care must be taken that a dividing point 

is never obtained that indicates the voltage j%1  

exceeds j%. 	The physical interpretation of 0b1 
being greater than 013  is not only that there is some 

of the body flux, 0b' which does not link the pole 

shoe, but also some of the interpole leakage flux, 

!f,e; the latter is not possible. 

Using the non-linear eddy current impedance to 

represent the solid iron, the meaning of complete 

pole tip saturation is made much clearer. 	This is 

because the flux density in the iron, everywhere 

where eddy currents flow, is assumed to be equal to 

a constant saturated level Bs. 	Because in a 

machine, the flux is distributed in the tip (Fig. 

46a), and the tip itself is tapered, the check on 

the saturation calculation for the tip must be 

made at a point half way along the tip. 	In the 



191 

saturation calculation for the tip, full account 

must be taken of phase as well as magnitude. 	The 

calculation is explained in Appendix III. 

10.1.2.3. The final equivalent circuits 

Fig. 49a shows the direct axis equivalent 

circuit representing high slip, low flux conditions. 

The paths of the rotor flux are shown. 	At low 

slip, high flux conditions, the paths of the flux 

are modified, due to pole tip saturation, to that 

shown in Fig.49b. 	The equivalent circuit repre-

senting the latter conditions is then modified as 

shown, as explained in the previous section. 	Fig. 

50 shows the quadrature axis equivalent circuit 

and corresponding flux paths. 

The equivalent circuits are drawn for a com-

plete pole, each half representing the effects of 

half the flux per pole in half a pole pitch. 

The comparison between the flux diagrams and equi-

valent circuits is then more obvious. 

It is considered that the equivalent circuits 

shown represent adequately, yet without undue com-

plication, the solid salient pole synchronous 

motor. 	They are used later in the calculation 

of the two axis operational admittance functions 

of the motor. 

It is convenient, however, to replace the 

whole chain of series/parallel branches, represent-

ing the distribution of flux in the iron, by a 
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Fig. 49 Direct axis flux paths and their 
representative equivalent circuits 
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single equivalent pole shoe impedance. 	In this way 

the separate effects of pole shoe and pole body are 

isolated. 	The equivalent circuits then become simi-

lar in appearance to the simple ones first derived 

(Fig.51). 	The equivalent pole shoe impedance, Z, 

however, is no longer a simple impedance, derived 

directly from the dimensions of the machine, but is 

calculated, as shown later, by a complicated itera-

tive method. 



Xa 

(a) Direct axis 

Xa 

(b) Quadrature axis 

Fig. 51 The final two axis equivalent circuits of 
the solid pole motor with equivalent single 
pole shoe impedance. 
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10.2. THE THEORY OF THE SOLID IRON 

Maxwell's field equations, neglecting displace-

ment current, are:- 

Curl H 	J = 1 ID.  E  

Curl E 	= - aB at 

 

(10.2) 

 

 

  

The machine is considered to be of infinite dimen- 

sions. 	In particular the solid rotor is of infinite 

radial depth and of infinite axial length. 	The magnetic 

field intensity, H, and flux density, B, are considered 
to have a magnitude only in the y direction shown in 

Fig.52. 	The electric field, i.e. the flow of eddy cur-

rents, is then only in the z direction. 

Equations 10.2 with the above assumptions may be 

combined and written 

e2H 	as 

axe = P at 
	 (10.3) 

10.2.1. The Linear Theory  

The linear eddy current theory is obtained from 

the solution of the equation 10.3 with the assumption 

that 

By 
= µ µ H r o y (lo.4) 

where pr  is a constant value of relative permeabil-

ity assumed for the solid iron. 
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Fig. 52. Hy, By. Jz, predicted by the linear 
theory at time zero 
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H e-x/5 sin(sw t-x/5) (10.6) 
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10.2.1.1. General results of the linear theory 

During asynchronous running the ficti-

cious axis armature coils are stationary relative 

to the solid iron rotor and carry currents pulsating 

sinusoidally at slip frequency, i.e. the magnetic 

field intensity at the iron surface is considered 

not to vary with y, or z, and is given by:- 

Hy 	= H mosin  swot 
	

(10.5) 

The solution of equation 10.3, with a substitution 

of 10.4 and 10.5 is:- 

where 5 (10.7) 

the depth of penetration 

Similarly 

B moe
-x/15 

sin(sw
o
t-x/5) 

Bmo = 4rIloHmo 

Also the eddy current density, Jz, is given by 

aH 
It is ax • 

Jz 	5 
mo e-x/E)sin(swot-x/5+Tc/4) (10.10)  

Fig.52 describes equations 10.6, 10.8, 10.10, 

in the semi-infinite slab of solid iron, at time 



199 

zero when Hy, By  at the surface is a maximum. 

Clearly as Hy, B pulsate at slip frequency, the 

wave shape travels into the solid iron, within the 

bounds of the exponential y = H e-x/6 	The time 

constant of the exponential is exaggerated, in the 

figure, to show the wave propagation more clearly. 

In fact the amplitude of successive peaks decreases 

in the ratio of approximately 25 : 1. 	Jz behaves 

in a similar manner to Hy, By. 

10.2.1.2. The linear solid iron impedance 

The solid iron impedance of a machine 

may be derived from the reluctance of the solid 

iron per pole:- 

Reluctance/pole 

M.M.F. applied to the solid iron pole  
Total flux in the solid iron of the pole 

The M.M.F. applied to the solid iron pole is given 

by:- 

H L sin sw
o
t mo 

where L is the length of flux path in the 

solid iron pole. 

The total flux in the solid iron of the pole is:- 

2W f B 	e-x/6  sin(sw t - x)' dx 0 mo 	o  

where W is the axial length of the pole. 
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2WBmo 5 sin( swot + 	 (10.12) 

The total reluctance/pole is therefore:- 

S 

 

H L mo 
e
j45°  

- 2WB 6 mo 

_ L 	1 	j45°  
- 2W 	µ1,406 e  

  

e
j45°  (10.13) 

- 2W 2pµrpo  

using equation (10.7) 

The impedance in the equivalent circuit repre-

senting the iron reluctance is:- 

Z 	jK. 1/S 

where K is the constant including stator turns, 

base frequency, and winding factors (eq. 2.18). 

The linear impedance, ZL, representing the eddy 

current effects, therefore, is:- 

2KW 2p41,40 
	 e

j45° 
sw (10.14) 

Thus, the linear theory gives an impedance, 

which varies inversely with the square-root of slip, 

and which has a fixed angle of 450 . 
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Although the results of the linear theory are 

relatively simple, the 45°  angle impedance obtained 

does not yield correct results and, moreover, pre-

dicts very high flux densities at the surface of 

the iron. 	An example of the iron surface flux den- 

sity predicted, by the linear theory, for a 3000 

H.P. machine, is approximately 50 webers/metre2. 

It is clear that the flux density would be un-

likely to exceed about 2 webers/metre2, a value of 

flux density just over the knee of the saturation 

curve. 	If the actual saturation curve was used 

to calculate the iron surface density, as the mag-

netic field intensity, in one direction, changed 

sinusoidally through a half cycle, it would be 

found that the surface density would remain, over 

most of the half cycle, at a value a little above 

the knee of the saturation curve. 

The method of solving the eddy current problem, 

using the non-linear approach
10

, assumes a con-

stant surface density +Bs  for the whole half cycle 

that the surface M.M.F. is positive, and -Bs  for 

the whole negative half cycle. 	Hence it is clear 

that the non-linear approach is a more realistic 

approach than that of the linear. 

10.2.2. The Non-linear Theory  

The saturation curve assumed to represent the 

magnetic characteristics of the iron is (c), shown in 

Fig.40. 	Physically in the iron, it is assumed that, 

as the M.M.F. at the surface increases from zero to a 
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positive maximum and decreases again to zero, a constant 

saturated wavefront of flux density +B
s propagates into 

the iron. 	At the end of the half cycle the surface of 

the iron is saturated with flux density, Bs, to a depth 

S. 	During the following negative half cycle the nega- 

tive surface M.M.F. drives a negative saturated flux den-

sity -Bs into the iron, which demagnetizes the density 

+Bs as it progresses. 	Fig. 53 shows the flux in the 

iron at different instants of time in the cycle. 	Eddy 

currents flow in the iron as a result of the changing 

flux. 

10.2.2.1. General results of the non-linear 

theory 

The flux only changes to the left of 

the wavefront (Fig.53), and, hence, eddy currents 

are only induced in this region. 	The current 

density, J, which flows only in the Z direction, 

at distance x from the surface, is given by:- 

1 d 
p dt

[13
s(-x)-Bs(.5- 

= 2 B  
x 7 s d <  

0 	 x > 

The current distribution at time t is there-

fore a uniform current density up to the wavefront 

and zero beyond. 	Thus, H is zero at the wave-

front and increases linearly to the surface value 

of H at that instant of time. 	In particular, 
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from Maxwell's first equation (10.2):- 

	

2 	n 
dt 

= 	H mosin  swot. = — 	-s 

 

  

Bs d (r.)2 
p dt r" (10.15) 

    

Hence 
2 H 
sw Bo 

 	 sin swo
t 

2 	over the period 
0 S 

0 < t < swo 

The maximum value of t is E) when t 

H 
i.e. 6  sw B° 
	(10.16) 

o s 
 

The total flux linking the solid iron of width, 

W, at the same time, t, is given by:- 

	

0 	= W Bs 	(2sin swot/2 - 1) 
	

(10.17) 

0 < t < — TG  
sw 0 

Similarly for the second half cycle of the 
n 	21-c 

	

M.M.F. 	< t SWo 	swo 

	

0 	= W B
s 	(1 - 2cos swot/2) 

	
(10.18) 

Fig. 54 shows the total flux plotted out over 

one cycle of the surface M.M.F. 	The fundamental 

component of flux is also shown. 

It 
swo 
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It is found to be:- 

=0 m  sin (swot - y) 

4
n 

 5,  where m 3 = 	W Bs (10.19) 

and 	y = tan-12 = 63.4° 	(10.20) 

The effective reluctance representing the 

eddy currents in both halves of a pole is:- 

H L 
mo SNL 2 01;11  

 

H L mo  ej63.4° 2WBs  
(10.21) 

 

Replacing 6 by that given in equation (10.16), 
the expression for the non-linear reluctance, 

first derived by Bharali and Adkins11   , is obtained:- 

Li/Hmo 
sw
o ej63.4°  

(10.22) SNL 	
3n  

8, 	W Bs '2p 

Comparing the above expression with that de-

rived by the linear theory (eqn. 10.13) it is ob-

served that if the effective permeability (=Bs/Hmo) 

in equation (10.22) is the same as that in (10.13) 

then the magnitude of the non-linear reluctance is 

only slightly higher than the linear reluctance. 

The angles, however, of the two reluctances are 

different. 
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10.2.2.2. The non-linear solid iron impedance 

The impedance in the equivalent circuit 

representing the non-linear reluctance of equation 

(10.22) is:- 

W 	2 Bs p 
ej26.6°  ZNL = K 

3n L H sw m0 0 

(10.23) 

where K is the constant including stator 

turns, base frequency, and winding factors (eqn. 

2.18). 

The impedance is seen to be a function of H , mo 
i.e. is a function of the M.M.F. applied to the 

iron, that is, a function of the current through 

the impedance. 	Alternatively, Jima  may be re-

placed in equation (10.23) using equations (10.16) 

and (10.19). i.e. 

0 331 sw 

1117no (10.24) 2pB
s  

The impedance, representing the solid iron 

may then be written:- 

640 w2  BsP 	1 
ej26.6°  Z

NL 
= K — — 

9m2  L 	sO m  
(10.25) 

The magnitude of the voltage across the im-

pedance VNL is directly proportional to the flux 

Om, (eq. 2.14). 
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Thus:- 

640 W2  Bsp 	1 
ZNL 	K' — — 	• 	e j26.6° 

2 9n L Wo 	sIVNL I  
... (10.26) 

where 41.8 w1 Kw2  2  f2 T3 o  K' - 	P 	 (10.27) 

from eqns. 2.14 and 2.18 

The impedance representing the non-linear eddy 

current effects in the solid iron is, itself, non- 

linear. 	It is a direct inverse function of both. 

the slip, and the voltage across it VNL, and has 

a fixed angle of 26.6°; that is to say, the reluc-

tance of the solid iron changes in direct propor-

tion to the slip frequency and the flux through it, 

and has a fixed angle of 63.4°. 
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10.3. DETERMINATION OF THE NON-LINEAR SOLID IRON 

IMPEDANCES  

10.3.1. Determination of the Simple Pole Shoe Impedance  

The general expresSion for the non-linear solid 

iron impedance is given by equation 10.26. 

The simple pole shoe impedance is that impedance 

representing the effect of eddy currents in the pole shoe, 

if the flux distribution is neglected, i.e. if it is 

assumed that all the rotor flux enters the centre of the 

pole and follows the whole surface path to the tip (Fig. 

43a). 	The simple pole shoe impedance is given by:- 

Bs  p W 	1 
	 ej26.6° 

2 
Z 	1.15 K' 	 (10.28) LS fo 	SIV I 

where Ls is the length of.the pole arc from tip 

to tip. 

W 	is the gross core length, plus two mean 

air gap lengths to allow for flux fing-

ing at the ends. 

Vs  is the voltage across the impedance, Zs, 

(V is directly proportional to the flux 

through the solid iron represented by 

ZS). 

Bs is taken as 1.75 webers/m2. 

p 	is chosen according to the size of machine. 

For the largest machines 30 x 10-8, and 

for the smallest 20 x 10-8 ohm-m. 
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The material is always mild steel but different 

values of iron resistivity must be used because of the 

variation of iron temperature. 	As the machine size in- 

creases, the total quantity of eddy currents increases, 

and the ability to conduct away the heat generated in the 

solid iron decreases. 	Consequently, the surface tem- 

perature of the solid iron rises, for a given operating 

condition, as machine size increases. 	Plate 4 shows 
how hot the solid pole shoes of a 5000 H.P. motor be-

came after a 30 secohd application of a quadrature axis 

static impedance test at half voltage. 	The estimated 

temperature rise, in places, was as much as 300-400°C, 

causing a local increase in iron resistivity to more 

than twice its cold value. 	Similar tests applied to 

a 1000 H.P. machine resulted in no discolouration of 

the pole shoes. 	It is clear, therefore, that the 

value chosen for the iron resistivity depends on both 

the machine size, and on the conditions of operation. 

Moreover the iron resistivity must be multiplied by 

a factor depending on end effects. 	The path factor 

allows for the extra distance, and hence the extra re-

sistance, through which the eddy currents must pass ..at 

the ends of the poles, in order to complete their closed 

circuit in the surface of the pole shoe. 	The factor 

for the direct axis is:- 

W + .5 LS  
(10.29) 

 

If there are no end rings connecting together ad-

jacent pole shoes, the quadrature axis pole shoe eddy 

currents, in order to complete the closed circuit, must 
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penetrate through the pole body and link up in the spider 

construction at the base of the pole bodies. 	The in-

crease in path resistance is considerable in this situa-

tion and the iron resistivity must be multiplied by a 

quadrature axis path factor:- 

W + L
B 

w 
(10.30) 

where LB is the minimum surface dis-

tance between adjacent poles. 

If end rings are present connecting together the 

iron of adjacent pole shoes (Plate 3), the latter path 

factor is taken as unity. 

The path factors are similar to those suggested by 

Gibbs8. 

The choice of the value of the saturated iron den-

sity, Bs, which has received a good deal of attention in 

earlier writings, is less critical than the choice of 

resistivity, since the range of variation is less, and 

is less dependent on unknown factors. 

10.3.2. Determination of the Equivalent Pole Shoe  

Impedance accounting for the effect of Flux  

Distribution in the Solid Iron  

It is convenient to replace the distributed re-

presentation of eddy current effects, shown in Fig.55a, 

by a single equivalent pole shoe impedance, ZS
'  shown 

in Fig.55b. 
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Fig. 55. The single equivalent pole shoe 
impedance representing the distribution. 
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Before any calculation can be made it is necessary 

to make assumptions as to the nature of the flux distri- 

bution in the air gap - and hence in the iron. 	There 

are three practicable assumptions that can be made:- 

1. Free space distribution of air gap flux. 	The 

distribution is not assumed but is determined 

from the solution of the equivalent circuit. 

2. Sinusoidal space distribution of air gap flux. 

This is what is ideally assumed in machines. 

3. Uniform space distribution of air gap flux. 

This is easier to manage than a sinusoidal 

distribution and only gives marginally differ-

ent results. 

The nature of the flux distribution is realised 

from the solution of the equivalent circuit (Fig.55a), 

by the consideration of the voltages across the com- 

ponents of air gap reactance, X1, X2, X3, • • . • 	e.g. 

If the magnitudes of the voltages across successive 

reactance components are all equal, the air gap flux 

distribution is uniform. 	The phase of successive vol- 

tages may, of course, differ. 

10.3.2.1. Free air gap distribution 

centre to 

tions, as 

that each 

tance and 

The length of pole arc from the pole 

pole tip is divided into 100 equal sec- 

shown in Fig.47a. 	It is then assumed 

section of the air gap has equal reluc-

hence is represented by equal portions 
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of Xmd/2'  i.e. in Fig.55a X
1  = X2  = X3 

 = 
	= 	= 

'" = X100.  

The voltage across Xmd/2, i.e. V100  is assumed 

to be known.(It would, in fact, be obtained from the 

last iterative calculation of the complete equiva- 

lent circuit.) 	Since the flux distribution is un-

known none of the voltages V1  - V99 
are known. 

The solid iron impedances, representing equal 

lengths of solid iron of the pole shoe (Fig.47b) 

are:- 

Zn = X  / 

	
(10.31) 

where X is given by:- 

B p W2  
X 	sf L 1.15 K' s 	 e

j26.6° 

0  (10.32) 

from eqn. 10.27. 

where L = Ls/200 

Since the voltages 
V1-V99 are all unknown, so, 

too are all the solid iron impedances Z1-Z99. 

Consequently the equivalent circuit representation, 

Fig.55a, cannot be solved directly but an iterative 

process must be employed, and it is necessary, 

because of the many branches, to use a computer. 

The circuit (Fig.55a) was solved by first 

assuming a value for the unknown voltage, V1, and 

then working up the ladder network until the vol- 

tage V100  was found. 	Since V1 was incorrectly 
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assumed the voltage V100 
 was found not to equal the 

	

applied voltage. 	Thus V1 was modified and the cal- 

culation repeated successively until the voltage 

V100 agreed with the applied voltage to within 1%. 

The rate of convergence to the solution is deter-

mined by how V1  is modified before successive cal-

culations of the network. 

The magnitude of the voltages across the react-

ances X1, X2,  ... X100,  after the final iterative 

cycle,are a measure of the magnitude of flux cross-

ing the air gap at the equal sections 1-100 (c.f. 

	

Fig.47). 	Hence 	the air gap flux distribution is 

evident at the completion of the equivalent circuit 

calculation. 

A typical air gap distribution, for the direct 

axis of the solid pole micromachine, calculated 

with 50 c/s rotor frequency and 1 p.u. terminal 

voltage, is given:- 

Position on pole arc 	% Total flux/half pole 

centre 	 crossing main air gap 

of pole 	1 	 .637 

	

10 	 .638 

	

20 	 .644 

	

3o 	.662 

	

40 	.701 

	

5o 	.778 

	

6o 	.917 

	

70 	1.15 

	

8o 	1.54 

	

90 	2.17 

pole tip 	100 	3.20 
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It is clear that the effect of the eddy currents 

is to oppose the flux linking the rotor, and to en-

courage that which does, to cross the main air gap at 

such position that it links least length of the rotor 

solid iron. 

The table shows that about .5% of the total 

rotor flux crosses the main air gap section 1, where-

as 3% crosses the main air gap section 100, the pole 

tip; both sections being equal width of pole arc. 

In fact, the complete computer output shows that 

approximately 25% of the total flux/pole crosses 

the gap in the 10% of the pole arc at the tips. 

Once the equivalent circuit is solved, it is an 

easy matter to calculate the value of the single 

equivalent impedance, ZS, which in parallel with 

the complete magnetising reactance, Xmd/2, repre-

sents the distributed system of eddy current impe- 

dances. (Fig.55b). 	For the conditions above the 

single equivalent pole shoe impedance, ZS, is found 

to be 5.80 times the magnitude of the simple pole 

shoe impedance (neglecting distribution), and to 

have an angle of 39.60. 

It was considered that should the distribution 

of flux be as calculated above, the stator teeth 

opposite the pole tips, at any instant, would be 

severely saturated, and conversely the teeth oppo-

site the centre of the pole would be very much 

under-saturated. 	The stator tooth saturation, 

opposite the pole tips, would encourage the flux 

to redistribute itself into a more uniform manner 

in the air gap. 
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10.3.2.2. Search coil tests 

At this point, in the work, it was con-

sidered necessary to attempt to measure the distri-

bution of flux in the air gap, just prior to entry 

into the solid iron of the pole. 	A series of 

search coils of six turns of two 'thou' wire was 

wound in loops on the pole surface of the micro- 

machine, as shown in Fig.56b. 	Since the voltage 

induced in the search coils is a measure of the al-

ternating flux linking the coils, an approximate 

measure of the magnitude of flux entering the pole 

shoe, at six sections, is obtained. 	Fig.56a 

shows the comparison between the air gap distribu-

tion determined from the induced voltage in the 

search coils," and the distribution calculated by 

the free distribution method. 	It is apparent 

that, although the eddy currents in the solid iron 

tend to encourage the rotor flux to enter the pole 

near the pole tips, the resulting stator tooth 

saturation does redistribute the air gap flux in 

a more uniform fashion. 	It is clear from the 

figure that an assumption of uniform air gap dis-

tribution gives the best approximation to the 

actual distribution in the air gap. 	This assump-

tion is, in fact, adopted in the final method of 

calculation. 

10.3.2.3. Uniform air gap flux distribution 

The assumption of uniform air gap dis-

tribution immediately necessitates a restraint on 
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the calculation that the magnitude of the voltages 

across the sections of Xmd ' /2 i.e. X1, X2, X3, ... 

n' 	X100, must all be equal. 	Referring to 

Fig.55, it is clear that In+1 
must always be great-

er than In since:- 

I'11+1 	+ In  

and if the equal voltage constraint is applied:- 

IIn+1
1.X

n+1 	
I I
n

I .Xn - 

Thus X
n+1 

< X
n 

The interpretation of this result is that 

different equal air gap sections must be represented 

by different unequal sections of the magnetising 

reactance, since the effective air gap is increased 

by saturation. 

The method of solving the distributed equiva-

lent circuit, for the uniform air gap distribution 

constraint, is much more difficult than that for 

free distribution since:- 

(a) Although the voltages across the sections 

of Xmd must all be of equal magnitude, 

they are not equal to 1/100th of the vol-

tage applied to the complete circuit, 

since the sectional voltages are not all 

in phase. 

100 
(b) Although 	E X

n 
 = Xmd/2 the values of 1  

are different for the reasons ex- x
1-100 
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plained earlier, and hence each value, 

, is unknown. X1-100 

(c) If the voltages in the circuit are unknown, 

the solid iron impedances Z1-100 

(= Viv 	1) are all unknown. 
1-100 1  

The equivalent circuit is solved, using the 

computer, by the following iterative method:- 

First attempt. 	(Refer to Fig.55a) 

1. 	V1 is incorrectly assumed equal to 

Vapplied/100" 

2. 	X1 is incorrectly assumed equal to 

xmd/200" 

3. 	Z1  (= X/Ivi l) is calculated. 

4. 	The parallel combination of X1 and 

Z1 is calculated. 

5. 	The currents I1 and I1 are calcu-

lated. 

T1 	V I/ x1' T 	
V 

 /z 1  

6. 	The current, I2, is calculated. 

T2 = T1 + Ii 

7. 	The voltage across X2 must be of 

equal magnitude to that across X1. 

Therefore X
2 is calculated by:- 
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8. The voltage V2  is calculated by:-

V2 1 + 2X2 

9. The impedance, Z2(= k/IV21) is cal-

culated. 

10. X2 is added to the parallel combina-

tion of X1 and Z1 and the whole 

paralleled with Z2. 

11. The current, 13  is calculated etc., 

until the whole equivalent circuit 

is solved from Z
1 to Z100. 	At the 

end of the calculation V
100  is ob-

tained and is found to be less than 

Vapplied because of the phase differ- 

ence between successive voltages. 
100 

Furthermore, the sum. E X
n is 

found to be much less tiian Xmd/2. 

Second attempt 

1. Voltage, V1, is corrected to:- 

V1 Old 	1Vapplied I/Iv 1 Old 	1001  

2. X1 is corrected to:- 

100 
(x1 Old  x Xmd/2) / 	E Xn 

1 

the whole calculation is repeated 

as before. 
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Further attempts are applied until both V100  

equals V
applied 100 

to within 1%, and 

E X
n 

equals Xmd/2  to within 1%. 
1 

The single equivalent pole shoe impedance, 

Z', representing the distributed effect of the eddy 

currents in the pole shoe is now easily obtained. 

The value of the equivalent pole shoe impedance, 

Z', for the micromachine, with 50 c/s rotor frequen-

cy and 1 p.u. terminal voltage, is 3.055 times the 
magnitude of the simple pole shoe impedance (ne-

glecting distribution), and is found to have an 

angle of 38.0°. 

The extent of the artificial modification of 

the air gap, in the calculation, assuming uniform 

air gap flux distribution, is shown, to scale in 

Fig.57, for the micromachine. 	The rotor frequen- 

cy and terminal voltage are, again, 50 c/s and 

1 p.u. respectively. 

Throughout the work on the effect of flux dis-

tribution in the iron it has been assumed that the 

division of the half pole into 100 sections is ade-

quate to represent the ideal infinite number of 

sections. 

The table below shows the difference in re-

sults obtained for the equivalent pole shoe impe-

dance using 3, 20, 100, 500 and 1000 sections to 

represent the uniform air gap flux distribution of 

the solid pole micromachine, with 1 p.u. terminal 
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Fig. 57 Scale drawing showing the extent of air gap modification 
(Rotor frequency 50 c/s, I p.u. terminal voltage) 



voltage and 50 c/s rotor frequency. 

Sections/Half Pole 
I Z' 	I 

Angle 	IZLI 
IZs i 

1 (z,  s =z 	) s 1.00 26.6°  

3 1.985 33.0°  

20 2.88 
37.40 

100 3.055 38.o°  
500 3.090 38.2°  
1000 3.092 38.2°  

Z' is the equivalent pole shoe impedance, 

including distribution. 

Zs is the simple pole shoe impedance, 

neglecting distribution. 

The conclusion is that 100 sections are ade-

quate to represent uniform flux distribution. 

The error in the angle of the equivalent pole shoe 

impedance, obtained using 100 sections, is less 

than .5%, compared with that obtained using 1000, 

i.e. infinite, sections. 	The error in magnitude 

is 1%. 	1%, in any case, is the limiting factor 

to the iteration cycling in the calculation of 

the equivalent impedance. 

As the slip of the machine changes from zero 
1Z'I 

to infinity, the ratio, T7—T , changes from appro- 
sl 

ximately 3.0 to 4.0, and the angle of the equiva- 
lent impedance from 26.6°, to 45°. 
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10.3.3. Determination of the Pole Body Impedance  

The pole body impedance, ZB, unlike the pole 

shoe impedances has no complications, due to flux enter-

ing the iron along its length. 

10.3.3.1. The non-linear pole body impedance 

The non-linear pole body impedance, is 

calculated from:- 

BspW2 	
1 

ZB = 	1.15 K' 	. 	 e LBfo 	sIVB I 

j26.6°  
(10.33) 

where LB is the minimum surface distance 

between pole tips of adjacent poles. 

- VB is the voltage across the pole 

body impedance, i.e. across the field winding re-

sistance. 

- W and B
s 

are the same values as 

used in the expressions for pole shoe impedance. 

- p, the effective resistivity, also 

is the same value as used in the expressions for 

pole shoe impedance; i.e. is multiplied by the 

direct axis path factor (10.29). 

10.3.3.2. Linearization of the pole body impe- 

dance at limiting permeabilities 

Fig. 58a shows the field winding sec-

tion of the direct axis equivalent circuit. 
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At high slips sf << Xf, and the voltage, VB, 

is very much smaller than VFL. 	The voltage,VB, in 

fact may be so small that ZB, which is an inverse 

function of the voltage across it, may attain a value 

lesS than that which would be obtained by the linear 

theory, with relative permeability equal to the ini-

tial slope of the saturation curve; i.e. the magni-

tude of the non-linear pole body impedance corres-

ponds to operation at a point A, say, on the non- 

linear saturation curve in Fig. 58b. 	(Compare eqns. 

10.14 and 10.23.) 	Conversely, at very low slips, 

s 
> Xf  and the voltage, VB, may, in certain in-

stances, rise to such a value that the pole body im-

pedance becomes less than the linear impedance with 

air permeability; an operating point, B, say, on 

the idealised saturation curve in Fig. 58b. 

The non-linear pole body impedance, ZB, may be 

very easily linearised, at these extreme conditions, 

by replacing it in the equivalent circuit by the 

combination of impedances shown in Fig.59a. 	Clear-

ly, the magnitude of the combination can never ex-

ceed the fixed magnitude of the parallel branch -

the linear impedance with relative permeability 

equal to the initial slope of the saturation curve; 

and the magnitude of the combination can never fall 

below the magnitude of the series impedance - the 

linear impedance, with permeability equal to that 

of air. 	The linear impedances are determined from 

equation 10.14. 

The chain-dotted line in Fig.58b shows that, 

without linearisation, the magnitude of the pole 

r 
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body impedance may change from zero to infinity as 

the pole body voltage changes from infinity to zero. 

With limiting linearisation in the form of series 

and parallel limiting impedances, the magnitude of 

the effective pole body impedance is limited within 

the two values of ZL, as the pole body voltage 

changes from zero to infinity. 	The angle of the 

pole body impedance, without limiting linearisation, 

is shown in Fig.59c, by the half dotted line, to be 

26.6°  for all voltage, VB. 	If the limiting linear- 

isation is applied the angle of the combination 

tends to limits of 45°, and is shown by the full 

dotted line in Fig.59c. 	This angular characteris- 

tic was found to be unsatisfactory in practice. 	A 

more satisfactory, empirical, characteristic is ob-

tained by squaring, first, all the impedances in 

Fig.59a, calculating their combination, and square- 

rooting the result. 	The angular characteristic 

then obtained is the full line in Fig.59c. 



10.4. THE DETERMINATION OF THE TWO AXIS OPERATIONAL  

ADMITTANCE FREQUENCY LOCI  

10.4.1. Calculation of the Operational Admittances  

The two axis operational admittances are deter-

mined as the value of input admittance to the two axis 

equivalent circuits shown in Fig.51, with eddy current 

effects represented by the impedances, obtained by the 

non-linear theory. 	Since all the impedances are func-

tions of the voltage across them, the solution of the 

circuit is necessarily an iterative process. 	Further 

complex calculation is required, which also requires an 

iterative method, to obtain the equivalent pole shoe 

impedances representing flux distribution in the pole 

shoe. 

The equivalent circuit is actually split into two 

parts, for the calculation, as shown in Fig.49, to 

clarify the process. 	The admittance of one half is 

obtained, and is halved to give the operational ad-

mittances. 

The method of calculating the operational admit-

tance of the direct axis equivalent circuit is as 

follows:- (Refer to Fig.51a) 

First attempt:- 

1. It is assumed that the magnitude of the 

voltage across Xmd  and ZB  is equal to 

the terminal voltage. 
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2. It is assumed that the pole tips are not 

saturated and hence the equivalent pole 

shoe impedance, Z, is fully paralleled 

with X
md
. 

3. The equivalent pole shoe impedance, Z, is 

determined, using the 100 series/parallel 

branch iterative method described in 

10.3.2.3. 

4. The pole body impedance, ZB, is calculated 

using the terminal voltage, as the voltage 

across it. 	Limiting linearisation is 

applied. 

5. The complex admittance of the complete 

equivalent circuit is calculated. 

6. The magnitude of the voltage across ZS 

and ZB 
are calculated and are, of course, 

found to be different from the initial 

assumed value. 

Second and Further attempts:- 

Items 3 to 6 are repeated using the new 
voltages. 	The iteration is repeated 

until successive voltages are within 1%. 

The flux in the pole tips is then calculated to see 

whether, at saturated level Bs, all the flux that needs 

to pass through the tip is able to do so. 

If the tip is not over-filled then the calculation 

is complete for that terminal voltage and slip. 	If the 
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pole tip is over-filled the equivalent circuit is modi-

fied, by changing the coupling of Z' with Xmd as shown in 

Fig.48 and the circuit iterative calculating process 

repeated. 

The method of determining the quadrature axis oper-

ational admittance, which is simpler, is carried out in 

a similar iterative manner to that of the direct axis. 

The operational admittance frequency loci of the 

solid pole motor are obtained by plotting out the real 

and imaginary parts of the admittances, calculated over 

a slip frequency range from zero to infinity, in the com- 

plex plane. 	Since both the resistive and reactive com- 

ponents of the solid pole impedances are inverse func-

tions of the slip, it is evident that, at infinite slip, 

the solid iron impedances are zero, and therefore it is 

clear that the sub-transient reactance of a solid pole 

machine is equal to the stator leakage reactance. 

10.4.2. The Frequency Locus of a Simple Equivalent  

Circuit having Different Fixed Rotor Impedance  

Angles  

   

Fig. 60 shows the operational admittance fre-

quency loci, of the simple equivalent circuit, shown in 

Fig.42, with the rotor impedance having different fixed 

angles. 	The curves drawn in full lines 

of circles of different diameters, since 

be obtained by the inversion of straight 

different angles to the real axis. 	The 

rotor impedance, with fixed angle of 4..50  

are all arcs 

they all may 

lines, having 

locus for a 

- that pre- 

dicted by the simple linear theory - is shown; and 

also the locus for a rotor impedance, with fixed angle 
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of 26.6°  - that predicted by the non-linear theory, ne- 

glecting distribution. 	The dotted line is the opera- 

tional admittance frequency locus of the simple solid 

iron machine, (Fig.42) including the effect of flux 

entering the solid iron, in a distributed manner (each 

solid iron section - Fig.47 - is represented by a non-

linear solid iron impedance, having a fixed angle of 

26.6°). 	The machine is seen to behave as having a 

rotor impedance angle of 26.6°  at low slip, changing 

steadily to 45°  at high slip. 	The dotted locus (Fig. 

60) is clearly not an arc of a semi-circle, and is not 

the inversion of a straight line, but of a curve. 

10.4.3. The Quadrature Axis Operational Admittance  

Frequency Locus  

Fig.61 shows the quadrature axis admittance 

locus,of a typical solid pole machine, calculated at 

two different terminal voltages by the method des- 

cribed. 	The path traced by the quadrature axis locus, 

at each voltage, is the same, although the frequency 

scale is different. 	This is because the only vari-

ables in the equivalent circuit are the solid iron 

impedances, which are all of the form XI/51VI, and 

hence the same result will be obtained whether, for 

example, s = .7 and V = 1.0, or s = 1.0 and V = .7. 

10.4.4. The Direct Axis Operational Admittance  

Frequency Locus  

Fig.62 shows the direct axis admittance lo-

cus of a typical solid pole machine, with field short 

circuited, calculated at two different terminal vol- 
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tages by the method described. 	The paths traced by the 

direct axis loci, calculated at each voltage, are differ-

ent since the variables in the direct axis equivalent cir-

cuit are not only solid iron impedances. 

10.4.5. The Direct Axis Computer Programme  

Because of both the complexity of the flux dis-

tribution in the solid iron, and the iterations necessary, 

because of the non-linearity of the impedances, the solu-

tion of both the direct and quadrature axis equivalent 

circuit was obtained using a fast computer. 	The compu- 

ter used was the IBM 7090 at Imperial College. 

The logic of the direct axis computer programme is 

shown, as a flow diagram, in Fig.63. 

Because of the many loops within loops, including 

a double iterative procedure, the calculating time for 

obtaining the direct axis operational admittances of a 

solid pole machine, with two field connections, twenty-

one slip frequencies at two voltages, was approximately 

15 minutes. 	It was found, later, however that the com- 

plicated iterative sub-routine, for calculating the 

equivalent pole shoe impedance, that accounts for the 

flux distribution in the iron, may be replaced by a 

pair of curves. 	Using the curves, instead of the com-

plex series/parallel iterative calculation, the pro-

gramme running time was found to reduce by as much as 

fifteen times. 	Appendix IV explains how the sub-rou- 

tine may be replaced by tables. 

Part of an output sheet of the direct axis pro- 

gramme is shown in Fig.64. 	It is particularly inter- 
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esting to see the point at which the equivalent circuit is 

modified to allow for complete pole tip saturation. 	At 

slip .05, 1 p.u. terminal voltage, the shoe flux equals 

the rotor flux (both expressed as a percentage of the to-

tal flux produced in the machine), indicating that all 

rotor flux is able to link the pole tips. 	At slip .025, 

1 p.u. terminal voltage, the shoe flux does not equal the 

rotor flux, indicating that the pole tip has become com-

pletely saturated, and hence some rotor flux must pass 

straight to the pole body. 	The equivalent circuit is 

then modified, as explained in 10.1.2.2. 	It is observed 

that, at .7 p.u. terminal voltage, the pole tips never 
become completely saturated. 

A further point of interest, in the output shown, is 

the effect of limiting linearisation of the pole body im- 

pedance. 	The angle of the pole body impedance is retain- 

ed at the linear angle of 45o until the pole body flux 

has grown to a saturable magnitude. 
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2.6664 1.3731 	2..2106 3.79 29.1 57.7 636.2 0.868 0.6552 27.4 54.543 67.2 0.6970 2 6 67.70 1.00 
2.5235 1.3840 	3.0965 3:83 20.5 69.8 1248.2 0.626 0.8774 27.7 58.23F 116.6 0.5209 2 . 	6 69.80 0.70 

SLIP- 0.0500 
1.9192 1.1613 	j.9659 3.85 76.8 1023.8 0.994 1.0339 27.5 69.236 82.6 0.8848 2 6 76.80 1.00 
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1.3767 0.7711 	1.9909 3.90 27.2 12.7 2196.5 0.963 1.8233 27.3 78.725 125.3 1.0061 2 7 1.00 
1.3025 0.7279 	10.5106 3.90 27.1 31.8 359%5 0.751 2.::343 28.7 80.693 228.6 0.7219 2 6 83.80 0.70 
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1.0177 0.3656 	24.:732 1.91 26.8 68.1 !- 774.4 0.943 4.2404 26.9 14.411 252.7 110796 1 6 73.79 1.00 
1.0644 0.331.6 	2r.',521 3.91 2-.6 16.7 F4: 	.7 0.779 5.970 30.6 15.369 448.0 0.7637 2 5 66.66 0.70 

Fig.64. Output of Direct Axis Computer Programme 
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10.5. THE ESTIMATION OF THE SOLID POLE SYNCHRONOUS MOTOR 

STARTING PERFORMANCE FROM THE ADMITTANCE FUNCTIONS  

If the eddy current actions on the two axes of the 

solid pole motor may be considered independent, the tor-

ques, input power, current, p.f., etc., may be accurately 

determined from the two axis operational admittance fre-

quency functions, in a manner fully explained in Chapter 

2. 

The assumption of independent eddy current action on 

the two axes is shown to be a valid one by comparison of 

results obtained from both the micromachine and two large 

machines. 	For both machines, the two axis operational 

admittances were obtained, at several frequencies, by 

the single phase static impedance test - a test in which 

the effects on each axis are determined separately and 

independently. 	Asynchronous running performance, (with 

flux on bath axes) was determined. 	The agreement be- 

tween the running performance, estimated from the mea-

sured single axis tests, and that directly measured, was 

found to be good, in the case of both machines. 

Consideration of flux and current distribution in 

the solid iron also lends reason to the assumption that 

the two axis eddy current effects may be considered in- 

dependent actions. 	Fig.46 shows the suggested flux and, 

hence, eddy current distribution, in the solid iron, on 

the two axes of the machine. 	It is observed that, where 

the flux is the greatest on the direct axis, it is least 

on the quadrature axis, and vice-versa. 	Furthermore, 

the pulsation of flux and current, on the two axes of 

the machine, is out of time phase by approximately 90°. 
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If the running characteristics are to be calculated 

at 1 p.u. voltage it is assumed that the operational ad-

mittance functions, estimated at the same voltage, may 

be used in the calculation. 	This is not perfectly cor- 

rect since the voltage applied to the two axis equiva-

lent circuits is slightly less than 1 p.u. due to the 

armature resistance volt drop. 	However, since the ar- 

mature resistance volt drop is very small, and in any 

case is almost in quadrature with the terminal voltage, 

since the power factor is very low during starting, the 

error in above assumption is considered negligible. 



CHAPTER 11 

COMPARISON OF THE MEASURED AND CALCULATED RESULTS 

OF SOLID POLE MACHINES 

Table 1 shows a list of the eleven machines for 

which test results are available. 	Information is given 

regarding numbers of poles, horse power, and main dimen-

sions. 

Abundant comparison between measured and calcula-

ted results is available for the solid pole micromachine. 

Tests have been carried out at several voltages, with 

and without end-rings, and with three different connec- 

tions of the main field winding. 	The tests applied 

were variable frequency static impedance tests to deter-

mine the operational admittance functions, and measure-

ments were made of mean torque and current during steady 

asynchronous running. 	The performance of the machine 

has been calculated for all these conditions and is com-

pared with test results. 

The methods of calculation have been applied to 

several large machines of different sizes and of differ-

ent numbers of poles, and although the test results are 

more sparse than on the micromachine, adequate verifi- 

cation of the methods of calculation is evident. 	The 

tests applied to the large machines were the axis reso- 

2113 



Machine 
No. 

Horse 
Power 
H.P. 

No. 	of 
poles 
p 

Effective 
Axial 
Core 

Length 
W 

metres 

Stator 
Core 

Diameter 

metres 

Pole 
Arc 

Length 
Ls  

metres 

Iron 
Resistivity 
used in the 
Calculation 

p 
ohm-metres 

Micro-
machine 

1 

2.5 

2500 

4 

6 

.109 

.74 

.367 

1.32 

.107 

.33 

20 x lo -8 

28 

2 4000 4 .8o 1.37 .43 3o 

3 100 4 .213 .56 .197 21 

4 800 8 .42 .91 .190 22 

5 5000 6 1.05 1.60 .400 31 

6 75 6 .311 .457 .127 23 

7 750o 4 1.39 1.32 .42 32 

8 350o 4 .915 1.20 .41 32 

9 5000 4 1.45 1.32 .39 31 
(2 machines) 

10 1650 4 .54 1.07 .34 28 
(2 machines) 

TABLE 1. 	List of machines tested. 
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lution method, or the variable frequency static impedance 

test - over a limited frequency range. 	Torque-time 

characteristics were obtained, by the acceleration method, 

for two large machines. 
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11.1. THE SOLID POLE MICROMACHINE  

The stator of the solid pole micromachine is the 

same as that with laminated poles. 	The rotor of the 

machine has four solid salient poles around which the 

main field winding is wound (Plate 3.). 	The field wind- 

ing has an overall resistance of 19.7 ohms and 660 turns/ 

pole. 	The primary referred field winding resistance, 

rf, 
was found to be less than that of the corresponding 

laminated rotor micromachine, because it was found 

possible to wind the solid pole field winding with larger 

section copper wire (same number of turns as for the 

laminated rotor). 	The mean air-gap of the solid pole 

machine is not the same as that of the laminated pole 

machine, and thus both the direct and quadrature axis 

synchronous reactance, Xd , X , of the two forms of the 

micromachine are different. 	The field leakage react- 

ances, Xf, also differ since the pole-arc to pole pitch 

ratio of the two machines is quite different. 

The p.u. values of calculated parameters used in 

the solid pole equivalent circuits are as follows:- 

Corresponding Transient 
Parameters 

xa = .130 	Xd = 1.10 

Xmd  = •97 	Xq = 	•77 

Xf  = .15 	d xi = .257 

rf = .0040 	Td = 	.212 secs 

The transient parameters were confirmed by test. 
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11.1.1. Comparison of the Measured and Calculated Opera-

tional Admittance Frequency Loci  

Fig. 65 shows the comparison of the direct axis 

operational admittance frequency loci calculated for 

three different connections of the main field winding. 

Since the direct axis mean torque is approximately ob-

tained by the real part of the admittance, B, and the 

direct axis current by the magnitude drA2  + B2, (fully 

explained in Chapter 2), it is clear that at standstill 

the greatest torque and the minimum current is obtained 

with the main field winding on open circuit. 	The ex- 

planation for this is that, at 50 c/s rotor frequency, 

the contribution of torque by the closed field winding 

is very small, but the reduction of eddy current torque, 

caused by the reduction of rotor flux due to the reac-

tion of the closed main field winding is very large. 

Fig. 66 shows comparison between the direct axis 
locus calculated with field winding open circuited, and 

that measured by the variable frequency static impe- 

dance test. 	Comparison is shown at two voltages - .7 
and .4 p.u. 	The measurements were at equal voltage - 

frequency ratios of .7 and .4 p.u. in order that the 
tests corresponded correctly at the same p.u. flux. 

The agreement between measured and calculated results 

is particularly good at .4 p.u. voltage. 	Since the 

direct axis equivalent circuit, with field winding 

open circuited, derived in the previous chapter, still 

includ3s the ,field leakage reactance, Xf, the angle 

of the effective impedance representing the complete 

rotor effects is high - as much as 55°  at 50 c/s rotor 

frequency. 	The direct axis locus, hence, is seen to 
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be very much flatter than that of the quadrature axis. 

Figs. 67 and 68 show similar comparison for the 
direct axis with the field connected to a discharge re- 

sistance and with the field short circuited. 	The agree- 

ment is not so good in the latter case. 	A possible rea- 

son for this is that the measurements were made at very 

low power factor, when the real part of the measured im-

pedance is small; the real part of the operational ad-

mittance is obtained by the subtraction of the uncertain 

value of armature resistance (equation 3.1) which in this 

case is a major proportion of the real part of the mea-

sured impedance. 

Fig. 69 shows the comparison between the measured 

and calculated quadrature axis operational admittance 

frequency locus of the micromachine without end rings 

connecting adjacent poles. 	Fig. 70 shows the compari- 

son of the locus with end rings connecting adjacent 

poles. 	Good connection to the solid iron was achieved 

by screw thread contact. 	The rings were attached to 

each pole by five 2BA brass screws, spaced equally over 

the pole arc, as shovn  in Plate 3. 	(The 'rings' are 

actually polygonal in this case.) 
	

It is observed, in 

Figs. 69 and 70, that the agreement between measured 

and calculated results is very good, in both cases, in-

dicating that the simple allowance of end effects in 

the solid iron, by a path factor (eqn. 10.30) is per-

fectly adequate without further complication. 
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Plate 3. 	The solid pole micromachine rotor, with end rings connected. 
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11.1.2. Comparison of Measured and Calculated Starting  

Perfcrmance 

Because of difficulties found in accurately de-

termining the oscillating component of torque, compari-

sons are only given for mean torque and phase current. 

It was verified, on the laminated pole micromachine and 

on one large solid pole machine (Machine 3) that, if 

accurate determination of the two axis operational admit-

tance frequency loci was obtained, the value of oscilla-

ting component of torque, calculated from the admittance 

loci was also accurately determined. 

Figs. 71 and 72, show comparisons between the mean 

torque-slip characteristics, measured at three voltages, 

1, .7, .4 p.u. and those calculated directly by the new 
method. 	The characteristics are all plotted, scaled 

to 1 p.u. voltage to demonstrate the non-linearity of 

the solid iron. 	(If there were no non-linearity all 

the characteristics would be identical.) 

Fig. 73 shows comparison between the mean torque-
slip characteristics of the micromachine, with and with-

out end-rings, both measured and calculated at .7 p.u. 
voltage. 	The effect of end-rings is seen to both in-

crease the mean torque, and to reduce the saliency at 

half speed, i.e. to reduce the half speed dip. 

Fig. 74 shows the comparison between measured and 

calculated phase current-slip characteristics at the 

three voltages. 
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11.2. THE LARGE SOLID POLE MACHINES  

The volume of test results available on each of 

the large solid pole machines, tested, varies consider- 

ably. 	The most test information is available on the 

machines 1 - 6, and the least on machines 7 - 10. 	The 

machines are considered in order of most availability of 

test results. 

11.2.1. The 2500 HP, 6 Pole Motor (Machine 1)  

The most reliable test, the single phase static 

impedance test, was applied at three frequencies and at 

.4 p.u. flux to this machine. 	The agreement between 

the operational admittances determined from the test 

results and those calculated by the new method is seen 

in Fig.75 to be extremely good, at all frequencies. 

A starting test was also supplied to the machine 

at the same voltage and a recording taken of the accel- 

eration, using the accelerometer method. 	The compari- 

son between calculated and measured torque-slip charact-

eristics is shown in Fig.76. 

11.2.2. The 4000 HP, 4 Pole Motor (Machine 2)  

Machine 2 is another machine for which static 

impedance results are available over an even wider fre- 

quency range. 	Agreement is seen in Fig.77 to be good 

over the whole frequency range. 	However, it is ob-

served that the calculated frequency values from 10 

c/s to 50 c/s extend over a greater part of the loci 

than the corresponding measurements would suggest. 
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11.2.3. The 100 HP, 4 Pole Motor (Machine 3)  

The axis resolution method was used to obtain 

the operational admittance loci of this machine. 	The 

undesirable half speed effects in the method of measure-

ment cause serious scatter in the measured points (Refer 

to Chapter 3). 	Consequently, in Fig. 78, only the fre- 

quency of measured points, well away from the half speed 

region, is indicated. 	The 50 c/s static impedance test 

was applied to this machine and is shown as an additional 

check. 

Fig.79 shows the record of instantaneous input power 

and acceleration taken during a starting test. 	It 

should be noted that the instantaneous input power in-

cludes the stator resistance and iron loss, and hence 

has a false zero with respect to the estimation of in-

stantaneous output torque from the instantaneous input 

power. 	The mean torque estimated from the recording 

of acceleration is compared with that calculated by the 

new method in Fig.80. 

The component of oscillating torque was estimated 

from the recording of total instantaneous input power 

seen in Fig.79. 	The comparison between the measured 

and calculated oscillating component is shown in Fig. 

81. 

11.2.4. The 800 HP, 8 Pole Motor (Machine 4)  

Comparison is shown in Fig.82 between the loci 

calculated by the new method and those estimated by the 

axis resolution method. 	Agreement is not so good for 
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this machine. 	No confirmatory static impedance results 

were available. 

11.2.5. The 5000 HP, 6 Pole Motor (Machine 5)  

Fig. 83 shows the comparison between the mea-

sured and calculated direct axis operational admittances 

with the field winding short circuited, and that of the 

quadrature axis. 	Measurement was made using the axis 

resolution method, but a confirmatory 50 c/s static im- 

pedance test result is also shown. 	It appears, here, 

as well as in other comparisons, that the calculation 

of the real part of the direct axis operational admitt-

ance appears to be pessimistic, and conversely the cal-

culation of the real part of the quadrature axis opera-

tional admittance to be optimistic. 

11.2.6. The 75 HP, 6 Pole Motor (Machine 6)  

Comparison (Fig.84) is only given between the 

measured and calculated quadrature axis operational 

admittance, for the machine with and without end-rings 

connecting adjacent pole shoes. 	Contact between the 

iron and copper was achieved in a similar manner to 

the micromachine, using screw thread contact. 	The 

magnitude of the admittances is abnormally high due to 

the extremely low designed stator leakage reactance of 

the machine (2.5%). 

Agreement is seen to be good for the comparison 

without end-rings, and, although the agreement with end-

rings connected is not quite as good, it is again con-

firmed that the simple method of allowing for end effects 
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by the quadrature axis path factor (eqn. 10.30), is a 

satisfactory one. 

11.2.7. The Other Machines (Machines 7, 8, 9, 10)  

Table 2 gives comparison of the measured and 

calculated operational admittance values for machines 

7, 8, 9, 10. 	The measured values were obtained from 

50 c/s static impedance test results. 	Results for du- 

plicate machines of types 9 and 10 are shown. 	Agree-

ment is seen to be within 5% for all the machines, and 

in most cases is within 3%. 

11.2.8. Comparison of Measured and Calculated 50 c/s  

Operational Admittance Voltage Functions  

Further information is available for machine 

10. 	50 c/s static impedance test results are avail-

able over a range of voltages from .5 to .2 p.u., and 

it is possible to plot these as shown on the complex 

plot in Fig.85. 

If the operational admittance, at 50 c/s, is cal-

culated for voltages from zero to infinity, and the 

values obtained plotted in the complex plane, an 

operational admittance voltage loci is obtained. The 

quadrature axis locus varies from 1/X to 1/Xa  in an q
identical manner to the frequency locus. 	(This is 

hardly surprising since the impedances in the equiva-

lent circuit are of the form X/sV, and hence variation 

of slip or voltage produce the same result.) 	The 

direct axis voltage locus, with field winding short 

circuited, goes from 1/Xa  to a point near to 1/N, 



MACHINE 7 
7500 H.P. 

MACHINE 8 
3500 H.P. 

MACHINE 9 
5000 H.P. 

MACHINE 	10 

1650 H.P. 

Measured/Calculated Measured/Calculated Measured/Calculated Measured/Calculated  

.45 p.u. .40 p.u. .45 p.u. .45 	p.u. 
voltage voltage voltage voltage 

(a) (b) (a) (b) 

1.63 1.73 2.36 2.38 1.52 1.49 	1.52 1.37 1.42 1.52 

3.81 3.86 4.25 4.21 3.40 3.36 	3.44 2.96 3.00 3.1.: 

1.53 1.52 2.30 2.12 1.37 1%43 	1.34 1.56 1.57 1.49 

4.51 4.71 5.47 5.70 4.30 4.32 	4.33 4.13 4.18 4.45 

1.12 1.16 1.88 1.61 1.01 .99 	.95 1.10 1.o8 1.13 

4.85 4.83 6.35 6.21 4.75 4.67 	4.49 4.43 4.45 4.6o 

50 c/s 
Q.A. OPERATIONAL 

ADMITTANCE 
(P.C.) 

REAL - D 

IMAG - C 

50 c/s 
D.A. OPERATIONAL 

ADMITTANCE 
(P.0.) 

Field 
	REAL - B 

open 	IMAG - A 

Field 	REAL - B 

closed IMAG - A 

TABLE 2. Comparison of p.u. 50 c/s operational admittances obtained by calculation, 
with those obtained by the static impedance test. 
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- in fact, the 50 c/s point on the field winding semi- 

circle. 	(The field winding parameters are assumed to 

be independent of voltage.) 	In practice, the operation- 

al admittance voltage loci would not range over such wide 

limits since the non-linear impedances would linearise 

to fixed values, independent of further change of voltage, 

when the permeability of the iron reaches that of the 

initial slope of the saturation curve, or that of air. 

It is seen, in Fig.85, that the loci of points ob-

tained by the 50 c/s static impedance test at varying 

voltages agree well with the voltage loci calculated. 

An alternative method of displaying static impe-

dance test results, at various voltages, is by plotting 

V cos cp/I and V sin cp/I, where V and I are the terminal 

voltage and current, and cos p the power factor, during 
the single phase static impedance test, at fixed fre- 

quency. 	The full lines in Fig.86 correspond to the 

direct axis functions V cos cp/I and V sin p/I, calcu-

lated by the new method for the 1650 H.P., 4 pole ma- 
chine (Machine 10a), with field short circuited. 	The 

circles are points obtained from the static impedance 

test results. 	Agreement is seen to be very good. 

It has been proposed that this latter method of 

plotting static impedance test results should be the 

standard way, and that the 1 p.u. voltage values of 

static impedance should be deduced from the best slope, 

slope A, through the points obtained by measurement at 

lower voltage. 	However, it is clear, from the calcu- 

lation at 1 p.u. voltage, that slope A is not the cor-

rect slope to deduce the 1 p.u. voltage static impe- 
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dance values, but that a shallower slope should be used 

- slope B. 

11.2.9. 	The Pictorial Demonstration of the Flow of  

Quadrature Axis Eddy Currents in a Large Machine  

Plate 4 indicates the distribution of the eddy 
currents in the solid pole shoe, when the machine was 

subjected to the single phase 50 c/s static impedance 

test on the quadrature axis, at half voltage, for too 

long a period. 	The discolouring of the steel, due to 

overheating of the solid iron, gives a direct indication 

of the density of eddy currents in the pole shoe. 

It is observed that:- 

1. The centre of the pole, over the whole axial 

length, was the hottest, with local spots, 

between the pole bolts,even hotter, where the 

eddy current paths were restricted. 	Fig. 

46b shows that the quadrature axis flux is 

greatest in the centre of the pole, confirming 

that the eddy current density should be great-

est, i.e. heating greatest along the centre 

of the pole. 

2. The temperature of the iron was greatest be-

tween the pole bolts, i.e. the current density 

was greatest between the pole bolts, indicating 

that the eddy currents did not penetrate to a 

greater depth in the iron, when their path was 

restricted by the bolts, but that they remain-

ed in the surface with increased density. 



Plate 4. 	The rotor of a 5000 H.P. motor, following a prolonged quadrature 
axis static impedance test. 
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3. The temperature, hence current densities, re-

duced at the ends of the pole, as the currents 

began to part off and make their way, via the 

pole body, to the adjacent pole. 



CHAPTER 12 

CONCLUSIONS 

12.1. A SUMMARY OF THE FEATURES OF THE NEW WORK 

The method of determining the starting perform-

ance of a solid pole synchronous motor from the opera- 

tional admittance functions has been described. 	The 

functions for torque and current are calculated from 

the two axis equivalent circuits. 	Completely new 

two-axis equivalent circuits are derived from consid-

erations of the flux paths in the machine. 

The salient features of the new direct axis equi-

valent circuit are:- 

1. The circuit accounts, separately, for the 

eddy current effects in the pole body and in 

the pole shoe, by a complex impedance re- 

presenting each. 	The pole shoe impedance 

is an equivalent impedance representing the 

effects of the flux entering in a distribu-

ted fashion along its surface. 

2. The circuit is modified when the pole tips 

become completely saturated with flux. 

3. Unlike the direct axis equivalent circuit of 

the laminated pole machine, that of the 
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solid pole machine still includes the field 

leakage reactance when it represents field open 

circuit conditions. 

The salient features of the quadrature axis equiva-

lent circuit are:- 

1. The eddy current effects are represented in the 

circuit by an equivalent pole shoe impedance, 

representing the flux entering the pole shoe in 

a distributed fashion along its surface. 

2. The eddy current pole shoe impedance is modi-

fied to include the effect of end-rings, when 

these are present. 

In all past work a very simple equivalent circuit 

has been assumed to represent both the direct and quad-

rature axes without prior consideration of the flux paths 

in the machine. 

The impedance representing the effects of eddy 

currents in solid iron may be derived from the linear 

theory (Chapter 10.2.1.) or from the non-linear theory 

(Chapter 10.2.2.). 	The linear impedance is an inverse 

function of the square root of slip and has a constant 

angle of 450. 	The non-linear impedance is an inverse 

function of the slip and the voltage across it, and has 

a constant angle of 26.60. 	In all past work one of 

these two results has been applied to the simple equi- 

valent circuits. 	The former result gives pessimistic 

prediction of torque and power, the latter optimistic, 

when comparisons are made with test results. 
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Although the non-linear theory has been applied in 

this work, the account taken of flux entering the pole 

shoe in a distributed manner along its length increases 

the angle of the effective pole shoe impedance. 	The 

angle is found to vary from 26.6°  at zero slip to 45°  at 

infinite slip. 	At standstill slip the effective pole 

shoe impedance angle is found to be between 35°  and 400. 

Test results agree well with this calculated result. 

Since the non-linear impedances, used in the new 

equivalent circuits, are inverse functions of the voltage 

across them, as well as the slip, the operational admit-

tances derived from them are both slip and voltage func-

tions, i.e. they account for saturation in the solid 

iron. 

Both the equivalent pole shoe impedances, represent-

ing the distributed pole shoe effects, and the operation-

al admittance functions, are calculated by iterative 

methods because of the non-linearity of the solid iron 

impedances. 
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12.2. CONCLUSIONS AS TO THE NATURE OF THE ASYNCHRONOUS 

CHARACTERISTICS OF SOLID POLE MOTORS 

The following conclusions as to the nature of the 

asynchronous characteristics of solid pole motors are 

drawn:- 

1. The mean torque-slip characteristic is a maxi-

mum at standstill and falls steadily to zero at 

full speed. 

2. The component of oscillating torque is small 

over the whole slip range when the main field 

winding is on open circuit. 

3. The component of oscillating torque is large, 

and the half speed dip in the mean torque is 

large, when the main field winding is closed 

either through a discharge resistance or short 

circuited. 

4. Both the oscillating torque and the half speed 

dip decrease in proportion to the mean torque 

as the size of the machine increases. 

5. The effect of end-rings connecting adjacent 

solid poles is to increase the mean torque 

and to decrease both the oscillating compo-

nent and the half speed dip, i.e. they reduce 

the saliency of the machine during asynchron- 

ous running. 	A further effect is to increase 

slightly the mean phase current at a given 

slip. 
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6. Very little can be done to modify the solid pole 

characteristics, either at the design stage, or 

after the machine has been constructed. 	Addi- 

tion of end-rings, or adjustment of the field 

winding discharge resistance do not make a great 

deal of difference to the characteristics. 



287 

12.3. ASSUMPTIONS IN THE NEW METHOD 

The assumptions applicable to the principles of 

the two axis theory also apply to the solid pole motor. 

(See Chapter 8.) 	The most important of these assumptions 

is the consideration that the two axis eddy current effects 

are independent. 

Assumption of independent eddy current action 

Clearly, since the eddy currents, and solid iron 

fluxes of both axes pass through common solid iron mater 

ial, the assumption of complete independence is incorrect. 

However if the distribution of the solid iron pole shoe 

flux, and hence eddy currents, is of the nature suggested 

in Fig.46, then the assumption of independent action is 

a reasonable one. 	This is so, since the quadrature axis 

flux, and hence eddy currents, are most dense in the cen-

tre of the pole and the least at the pole tips, while the 

direct axis flux and currents are conversely most at the 

tips and the least in the centre. 	Moreover, the pulsa- 

tion of flux and current in the solid iron of the direct 

axis is out of time phase, by approximately 90°, with 

that of the quadrature axis. 	Further evidence that the 

assumption of independent eddy current action is a sound 

one is borne out by experimental results, i.e. the two 

axis operational admittances, determined by a single axis 

test - the static impedance test - may be used to deter-

mine accurately the asynchronous operation, when both 

axis effects are present together. 
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Derivation of the equivalent circuits 

The derivation of the two axis equivalent circuits are 

based on the assumption that the paths taken by the flux 

in the rotor are known. 

It is assumed that the direct axis rotor flux crosses 

the main air gap in a uniformly distributed manner along 

the length of the pole shoe, and that the flux divides, at 

the tip, into a tip to tip leakage flux, and a pole body 

flux. 	The flux that links the pole body links equally 

the main field winding. 	It is assumed, in the estima- 

tion of the pole body eddy current impedance, that no flux 

leaves the iron in the path around the main field winding. 

However, the value of the field leakage reactance, Xf, 

representing the reluctance of the air gap leakage path 

between poles does include the reluctance of the air gap 

between both the pole tips and the pole bodies. 	It is 

assumed that the flux paths, and hence the direct axis 

equivalent circuit may be modified, as shown in Fig.48, 

when the pole tips become completely saturated. 

It is assumed that the quadrature axis rotor flux 

crosses the main air gap in a uniformly distributed manner. 

The solid iron impedances 

The solid iron impedances inserted into the equivalent 

circuit are those derived using the non-linear saturation 

curve shown in Fig.40c. 	Although the values of impe-

dances obtained are reasonable at normal operating mag-

netising forces they become unsound at very low or very 

high magnetising forces. 	Limiting linearisation is 
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applied to the impedances representing the pole body iron, 

which is often subjected to very low magnetising forces, 

but not to the pole shoe impedances. 	Thus it is apparent 

that at very low or very high terminal voltages (e.g. 

less than .1 p.u. or greater than 3 p.u.) the pole shoe 

impedances may become excessively high or low. 	It is 

clear, in fact, that since the non-linear impedances are 

of the form XVsIVIthey become zero at infinite voltage, 

and infinite at zero voltage, when in practice the upper 

and lower limits of the impedance are determined by the 

insertion of the maximum (prpo) and minimum (µ0) slopes 

of the actual iron saturation curve into equation 10.14. 

It is clear therefore that without limiting linearisation 

applied to all solid iron impedances, the method accounts 

for saturation in too coarse a manner. 

The flux distribution in the solid iron 

The method of representing, in the equivalent circuit, 

the effect of distributed flux entering the pole shoe 

(Fig.47) appears to be a good one, although an important 

assumption is made with regard to the nature of the dis- 

tribution. 	Fig. 56a shows that the nature of the direct 

axis air gap flux distribution, determined by the method 

of calculation allowing free distribution, is very dense 

at the pole tips and correspondingly sparse at the pole 

centre. 	Stator tooth saturation modifies the distri-

bution to a more uniform air gap distribution, and the 

assumption of uniform air gap distribution is the one 

used. 	However, at very high slip, (e.g. s > 10) the 

rotor flux may become s6 reduced that the stator teeth 

opposite the pole tips can carry more flux than the pro- 

portional amount. 	The actual air gap flux distribution 
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is then able to attain the "free distributed" condition 

- the full line shown in Fig. 56a. 

A further assumption made is that all the iron sec-

tion impedances may be represented by the non-linear impe-

dances, X'/sV, even though the iron sections at the cen-

tre of the pole (in the direct axis case - Fig.46a) carry 

extremely low flux and ought strictly to be represented 

by a linear impedance - even at normal machine operating 

voltage. 

End effects 

It is assumed, in this work, that the increase in path 

resistance, caused by the necessity of the eddy currents 

to close their circuits at the ends of the pole, can be 

simply accounted for by a path factor (Eqn. 10.28 for the 

direct axis, and Eqn. 10.29 for the quadrature axis). 

The iron resistivity, p, is simply multiplied by the 

appropriate path factor. 

Clearly, this simple method of allowing for end 

effects is not consistent with the use of Maxwell's equa-

tions at the ends, since it has been assumed that the 

tangential components of magnetising force, and flux den- 

sity are zero over all the solid iron. 	However, experi-

mental results with and without the connection of end-

rings, serve to justify this simple assumption. 

Discontinuities in the rotor surface 

All solid pole shoes are attached to the "spider" of 

the rotor by large radial screws as shown in Plates 3 

and 4. 	It is clear that, since there is a small clear- 
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ance around the heads of the screws, neither the rotor 

flux nor the eddy currents produced by it penetrate the 

screw heads. 	This is confirmed by the discolouring 

patterns seen in Plate 4. 	It is assumed that the pre-
sence of the screw heads in no way affects the eddy cur-

rent performance of the machine, i.e. it is assumed that 

the effective axial length of the rotor, W, and the 

length of the main flux pole-shoe path, L, in the solid 

iron, are increased by a negligible amount, due to the 

diversion of both the eddy currents and the faux around 

the screw heads. 
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12.4. SUGGESTED REASONS FOR DISCREPANCIES BETWEEN 

MEASURED AND CALCULATED PERFORMANCE  

12.4.1. The Operational Admittance Frequency Loci  

The agreement between measured and calculated 

operational admittances, in general, is good. 	However, 

the tendency is that the calculated real parts of the 

direct axis admittances are slightly lower than those 

measured, and the converse in the case of the quadra- 

ture axis. 	This, in the main, can be explained most 

probably by the error in the assumption of uniform air 

gap distribution which leads to error in the angle of 

the equivalent pole shoe impedance derived. 	Any error 

in magnitude of the operational admittances can be 

accounted for by the rather uncertain value of iron 

resistivity, which is inserted in the calculation. 

It was related, in Chapter 10 how the temperature rise 

in the solid poles is quite considerable, and, for a 

given running condition, is greater for larger machines. 

12.4.2. The Asynchronous Performance  

Calculation of the asynchronous running per-

formance also compares very well with that measured, 

indicating that the assumption of superposition of the 

independent eddy current action is valid. 

It is seen (Figs. 66-74) that if the operational 
admittance frequency loci are estimated accurately, 

the asynchronous performance is also predicted accurate- 

ly. 	It is noticed that the slightly high prediction 

of the real part of quadrature axis admittance compen- 

sates the slightly low prediction of real part of direct 
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axis admittance in the mean torque calculation. 

Figs. 72 and 74, giving a comparison between mea-

sured and calculated asynchronous performance of the solid 

pole micromachine, show that the new method accounts for 

saturation in too coarse a manner (as indicated in 12.3) 

i.e. the calculated effects of saturation are more severe 

than measurements suggest. 
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12.5. SUGGESTIONS FOR NEW WORK 

Probably the first extension of the present work 

should be a more thorough experimental investigation of 

the flux paths on both axes of the machine over a greater 

range of frequency, flux levels, and with different con- 

nections of the main field. 	By measurement of the phase 

as well as the magnitude of voltage induced in search 

coils, much more detail of the distribution of flux in the 

machine would be obtained. 	At present, it is uncertain 

as whether the flux enters the pole shoe over its whole 

pole arc length, while the tip to tip leakage flux leaves 

only from the tip, or whether the tip leakage flux starts 

to leave in a distributed fashion before the tip. 	In 

other words, is the interpole tip leakage path entirely 

an air path, presented by Xf? 

Once this matter has been thoroughly checked, it 

would be a sound idea to attempt to verify the agreement 

between measured and calculated values of operational 

admittance at higher frequencies. 	The easiest way of 

doing this would be to use a high frequency alternator 

of suitable capacity. 	Although the operational admit-

tances are only required to be known over a frequency 

range from supply frequency to zero in order to calcu-

late the starting performance, if transient performance, 

at rates of change corresponding to higher frequencies, 

is to be considered, it is aaecessary to be able to check 

the operational admittance frequency functions over a 

much greater frequency range. 
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If the operational admittance frequency functions 

are known over the complete frequency range, it is poss-

ible to find the corresponding functions Yd(p), Y (p). 

A further field for extension of the work, then, is to 

use the operational functions in "p" form to calculate 

transient performance of the solid pole motor, e.g. 

sudden direct-on-line application of the line voltage on 

starting, sudden short circuits, or sudden application 

of excitation etc. 

If the operational admittance functions could be 

extended to include rectifiers in the main field cir-

cuit, it would be possible to determine losses in the 

solid iron during steady synchronous operation, due to 

harmonics in the field current, and also such transient 

performance as sudden short circuits or sudden changes 

in the field excitation. 
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APPENDIX I 

The Measurement of Axis Phase Angle from the Recording  

of Instantaneous Axis Power  

The equations for the direct axis voltage and current 

at slip frequency swo  are:- 

vd = Vm cos swot 

id = Idm cos (swo
t - pd ) 

The instantaneous direct axis power is given by:- 

wd 	vdd = Wm cos swo
t cos(swot-pd) 

Wm 
2 

, kcos 2swot + cos pd ) 

where Wm = Vm.Idm 

Now, 
Wm 	,1 cos p 	2 d 	= 	cos pd  / 2  

a + b  - b 2 
a + b 

2 

from Fig.87 
a - b 
a + b 

(13.1) 

Thus the measurement of phase angle from the record 

of instantaneous axis power requires no pre-calibration, 

but only an accurate zero reference line. 
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Fig. 87 	Instantaneous axis power 

Wm a+t 
2 a 2 

Wm cos --5— 
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APPENDIX II 

The Relation between Electromagnetic Torque and Shaft 

Torque for a Two Inertia System 

Consider a two mass system connected by a shaft of 

single stiffness K shown in Fig.88. 	Let the two masses 

have inertias of magnitude J 1, J2, and assume that the 

electromagnetic torque is applied to the inertia J1. 

With the angles and conventions as defined in Fig. 

88 the equations of motion at the ends are:- 

	

d2a 	da 

	

T(t) = 
j1  dt2 	C1 dt 	K(a-" 

	

d 20 	dO 

	

0 J2 2 	C 	K(0-a) 

	

at e 	2 dt 

(13.2) 

(13.3) 

Dividing eqn. (13.2) by J1, and eqn. (13.3) by J2  and 

subtracting:- 

d2a d2 C1 da K K 	T(t) 

dt2  dt2 0 
7 	dt 	J2 	dt  - C2 	0 + ( J 1 J 2 

+ 	)(a-p) 

transforming, with convenient initial conditions:- 

p2(a_0) pa - 
J 1 

	

C2 	K(J1+J2) 
J 0 JJ2 	

.(a-0) = T(p)/J 1 

	

2 	1 

• I • 

	 (13.4) 

the damping coefficients C1,  C2, for this system are 

very small compared with the other coefficients and, 

thus, it is a reasonable approximation to allow 

J 1  J2 

C
l 

C
2 to be equal. 
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T(t) 

  

c<, 

de< r dt 
duo 
d t2 

    

13 ) 

fldt 
d213 
dt2  

+ V E 

         

         

         

         

         

  

JI  

     

J2 

  

     

STIFFNESS —K 

     

           

           

           

           

Fig. 88 	The two inertia system 



y(p) = 

P2 4- P + 
J1 	J1J2 

C
1 	K(J 1+J2) 

Replacing (a-0) by y eqn. (13.4) becomes:- 
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p21  
C1 	K(J1+J2) 

J PY 	J1J2 1 
- T(p)/J1 	(13.5) 

thus:- 

T(p) 	(13.6) 

be 

If T(t) 

unity and 

y(t) 

were 

the 

= 	A 

an impulse 

solution for 

C1t 

function, then T(p) 

y would be:- 

would 

+cp] 
[lK(J 1+J2) 	C12  .t 

2J 1  e 	cos 
J 1J2 	h i  2 

Let 

wnd 
j

K(J 1+J 2) C12 

J 1J 2 	hi. 
1
2 

-"'  

—the damped natural frequency 

and 

2J1  T = , the decay time constant C1 

then:- 

2 W2 = W - 1 nd 	n  2 

where Wn, is the natural frequency, if there were no 

damping, i.e. C1  = 0 in equation (13.8). 
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For this system, T is large compared with wn, and 

w nd wn 

Thus in eqn. (13.6) 

1/J1  

y(p) 	- 

 

T(p) 	(13.9) 
p2  + 2p/T + wI21.  

The frequency response of the angle of shaft twist 

to electromagnetic torque oscillating sinusoidally at 

frequency w:- 

y ( jw ) 
T(jw) 

J w2 n n 

 

K(JeJ2)(w121.  -w2  + J4.21) T  

and y(t) 
J2  (1 2  T cos(Wt+p) 

  

 

K(J 1 2' ) Awn-w 2 ) 2 	4w 2/t2 

Thus the magnitude of oscillating electromagnetic 

torque is modified before appearing mechanically in the 

shaft by:- 

w2 

!Ca . 	2  
T 	J1+J2 )62_w2)2 4w2/T2 

(13.10) 
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APPENDIX III  

Calculation of the Direct Axis Pole Tip Flux  

Because of the distribution of flux entering the 

pole shoe, and because of the taper of the pole tip, the 

calculation is made at a point mid-way along the tip, - 

at a point A in Fig.89. 	At point A three quarters of 

the total flux per pole is assumed to have entered the 

pole. 

Furthermore, since the flux is pulsating at slip 

frequency, there is always some point of the cycle when 

the flux is small enough to pass through the tip. 	The 

calculation is made, therefore, at an instant in the 

cycle when the flux is half its maximum value. 

Referring to Fig.89, it can be assumed, as an 

approximation, that the maximum flux in the tip at A is:- 

3 — (cD fx  + iTb2) in the top half 

and 
	

in the bottom half. 

At the instant in the cycle when the flux is half 

its maximum value, the fluxes in the two halves are 

half their maximum values. 	The total flux in the pole 

tip, at this instant is:- 

i7 1 	3 Ccf 	(17132) 	7 b2 
7  . 	fX 

.375 Tfx  + .875 i7b2. 



3 	1 	A 
IfI total 

totalit 4 	2 pole 

\71aft+t2) 
Tbi 

IA 
POLE TIP WIDTH AT A 

Wt 

306 

Fig. 89 	Calculation of 	direct axis flux 
In the pole tip. 
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The depth of iron required to allow this flux to 

pass through is:- 

.375  VFL 	 .875 7132  

4.44 Bs W fo T kw2 	4.44 Bs W fo T kw2 

from eqn. 2.14 

1 
	 [.375 VFL(cos PFL 	j sin  PFL) 
4.44 Bs W fo T kw2 

.875 VB2(cos cpB  + j sin cpB)] 

The pole tip is considered completely saturated at 

point A for more than half of the slip cycle when:- 

1 
/[(.375 VFLC os  PFL+  .875  VB2c°s  PB)2  

+ (.375 VFLsin cpFL+ .875 VB2sin cpB)2] 
4.44 Bs W fo T kw2 

Wt  

Equation 13.11 is quadratic in VB2. 	
The useful 

solution for VB2 is:- 

VB2 
= -.855 VFL  cos (pFL-CpB ) 

[.855 VFL  cos (cFL--B  )i - 	-2  

-(.735 VFL2 - 106 Bs2 W2 w  2 T2 f  o
2 	

k k2
2) 
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If the value of VB2 
calculated from equation 13.12 

is less than the voltage VB 
obtained in the equivalent 

circuit calculation, the penetration down from the top 

of the tip does not reach the penetration up from the 

bottom, i.e. the tip is not completely saturated and the 

direct axis equivalent circuit requires no modification. 

If VB2 is greater than VB then the pole tip is com-

pletely saturated and a flux proportional to (VB-VB2) = 

VB1 
cannot link the pole tip but penetrates directly to 

the pole body. 	The direct axis equivalent circuit is 

then modified according to the manner explained in 

Chapter 10.1.2.2. 
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APPENDIX IV 

Determination of the Equivalent Pole Shoe Impedance  

Representing Flux Distribution in the Solid Iron, from a  

Pair of Curves 

The effect of flux distribution in the solid iron 

pole shoe of a solid pole synchronous motor is accounted 

for by the determination of an equivalent pole shoe impe- 

dance (Chapter 10.3.2.2.). 	The equivalent impedance, 

Z', is determined by an iterative calculation of a 100 

complex branch ladder network, (Fig.55a). 	The output 

of the direct axis computer programme (Fig.64) shows 

that the ladder network is solved approximately fifty 

times (the product of the external iteration cycles in 

the main equivalent circuit and the internal iteration 

cycles in the subroutine, for the equivalent pole shoe 

impedance itself) for each slip and voltage. 	It is 

clear that if the 100 complex branch network can be re-

placed by something considerably simpler an overall re-

duction in computer time, and hence programme running 

cost, can be obtained. 

It was found, in fact, that the iterative calcu-

lation of the equivalent pole shoe impedance could 

easily be replaced by a pair of curves. 	One curve 

gives the magnitude of the equivalent impedance (Fig. 

90) and the other the angle of the equivalent impedance 

(Fig.91). 	It was intuitively realised, and then con- 

firmed by calculation, that for a particular ratio of 

magnitude of simple pole shoe impedance, Zs, (eqn. 

10.34) to magnetising reactance, Xmd , or Xmq, which-

ever appropriate, the magnitude and angle of the equi- 
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valent pole shoe impedance, representing flux distribution 

in the solid iron, was always exactly the same. 

The subroutine SHUFLX (71g.63) is now replaced by 

the alternative subroutine where the equivalent pole shoe 

impedance is found from the two curves. 	The curves are 

divided into twenty sections, each section represented, 

in the new subroutine, by a simple linear equation. 

The results obtained using the "curve subroutine" are 

within .5% of those obtained by the long iterative cal-

culation, and the programme running time is reduced by 

approximately fifteen times. 	The final complete pro-

gramme, in this more economic form, is now in commercial 

use. 
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