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ABSTRACT  

This thesis deals with some problems of local and general 

stress distribution in the presence of certain discontinuities 

that occur in ship structures. 

Photoelasticity and experiments on a steel model have been 

used to arrive at a new shape of cut-out which considerably reduces 

the stress concentration at the root of expansion joints in super- 

structures. Finite difference displaCement solutions have been 

obtained to calculate the effect of the depth of a cut (representing 

an expansion joint) on the general stress distribution in idealised 

plate-projections. A method of grading the net close to 

discontinuities has been used to find the stress distribution in 

these regions. 

The effect of certain geometrical parameters on the elastic 

stress concentration factor in plates with rectangular openings 

.(representing hatch openings in ships) has been studied experimentally. 

The general stress distribution was found by using the finite 

difference method. Machined specimens of ship steel with rectangular 

openings have been tested under repeated loading in the high cycle 

as well as the low cycle range. The fatigue strength reducticn 

factor is correlated with the elastic stress concentration factor 

taking into account the geometrical size-effect. The correlation 

was found to be good. Using the existing theories the probable 

fatigue behaviour of a large-size plate with a square opening was 

studied. 
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1. 
INTRODUCTION  

General  

The static failure of a ductile structure or component in 

tension is generally governed by the average value of stress over 

the load-bearing area, and not by local stress concentrations. 

The condition becomes quite different if the structure is subjected 

to repeated loads. Although the average stress level may be 

quite small, local concentrations of stress may lead to failure 

by fatigue. This is because the failure of metals by fatigue 

depends mainly on the maximum value of the stress and not on the 

average value. The study of stress concentrations therefore 

becomes important for structures subjected to repeated loads. 

Aircraft, ships, bridges and machines may be quoted as examples 

of such structures. 

Stress concentrations are caused by discontinuities such as 

holes or changes of section in shafts, hatch openings, super-

structures or expansion joints in ships. It is difficult to 

eliminate stress concentrations completely from a structure with 

discontinuities, but attempts are made to reduce their severity. 

Stress concentration studies date back to the middle of the 

nineteenth century when Rankine (1  gave an explanation for railway 

axle failures. Since then, a vast amount of research has been 

done in studying and reducing stress concentrations occurring in 

various engineering structures and machines. A large number of 



2. 

problems of stress concentrations arising out of simple geometrical 

discontinuities have been solved theoretically. Experimental 

techniques such as brittle coatings, strain gauging and photo-

elasticity have been developed and used for investigating stress 

concentrations. Data sheets and handbooks giving geometrical 

stress concentration factors have been prepared from the results 

of the theoretical and experimental investigations. 

This thesis is concerned with certain discontinuities which 

occur in ship structures. The resulting stress concentrations 

are investigated by experimental and numerical methods; in the 

case of hatch openings their effect on fatigue strength is 

considered. The review of literature which follows is limited 

to that which is directly relevant to these topics. 

Superstructures  

A long superstructure, being of light construction for reasons 

of stability, will be subjected to heavy stresses because of its 

distance from the neutral axis of the hull girder. It is sometimes 

the practice to introduce "expansion joints" in the form of cuts 

in order to reduce the stress. The introduction of an expansion 

joint causes a high stress concentration at the root, and a crack 

commonly develops at this point as a consequence. 

The effect of expansion joints has been studied experimentally 

cn a box structure (2)  and measurements on actual ships (3) show 

that the stress at the top of the deckhouse may be reduced almost 
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to zero. There is no general agreement as to whether expansion 

joints should be provided and where they are used there is no 

accepted basis for determining their depth and spacing. There 

is no general theory for determining the overall or local stresses 

(which are interrelated) in the presence of expansion joints, 

although the short superstructure has been treated (4)  

The  contribution which a superstructure or a deckhouse makes 

to the overall longitudinal strength of a ship depends upon a 

number of factors, such as the length and width of the super-

structure, the transverse stiffness of the hull and the nature 

of bending moment applied. Neglecting the effect of shear lag 

and applying the simple theory of bending separately to the 

superstructure and the hull, the effect of some of the factors 

has been studied theoretically and by model experiments (5) (7 ). 

An energy method has also been applied to calculate stresses in 

deckhouses (6)  

The superstructure is loaded at its lower edge by shearing 

and vertical forces which impose a longitudinal and vertical 

.displacement on this edge. The sides of the superstructure can 

be to some extent idealised as a plate-projection, and the 

relaxation technique has been used to find the stresses in plate 

projections subjected to constant strain or constant curvature 
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at the boundary (8). In this thesis the effect of cuts in plate 

projections has been studied numerically with the help of the 

Atlas computer. A method of grading of net is indicated for 

finding the stress distribution near the end of a projection 

or a cut. 

Investigations on a passenger liner of 24000 tons with one 

expansion joint were made during the acceptance trial (9) 

Measurements were taken on two alternative stress relieving 

cut-outs. Stress concentration factors of 17 and 8.6 were 

observed and cracks developed during this initial voyage. Similar 

cracks were reported in S.S. Leviathan (10). Varioustypes of 

stress relieving device have been studied at Imperial College 

and measurements on a new type of anchor-shaped cut-out are 

described in this thesis (11) 



Hatch openings 	 5. 

The high stresses occurring at the corners of hatch openings 

are well known and have caused a large number of failures. During 

World War II, Liberty ships were made with sharp hatch corners 

and there were 10 hatch corner failures per 100 shipyears (1)  

Attempts to understand and reduce stress concentrations around 

hatches have since been made. A considerable amount of theoretical 

and experimental work has been reported. Efforts are now being 

made to apply the knowledge to actual practice by the ship 

classification societies by specifying minimum corner radii (26)  

Full scale welded hatch corners have been tested to determine the 

effectiveness of the various modifications used (12).  The complex 

variable technique has been used to investigate the stress 

distribution around simple and reinforced rectangular openings (13), 

(14). Photoelastic investigations have been made to study the 

effect of various parameters on stress concentration at the corner 

of a rectangular opening in a plate of finite width (15).  Using 

the results of photoelastic investigations, attempts have been 

made to arrive at empirical relations for calculating stress 

concentration factors 
(16). 

 Some tests on model steel decks have 

(6) 
been reported 	; and others are being conducted by the British 

Ship Research Association to study the effect of various geometrical 

(17) 
and structural parameters (e.g. insert plates, coamings) 
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An empirical formula (taking account of the geometrical parameters) 

for the calculation of stress concentration factors has been 

suggested (18).  Measurements on actual ships have been taken 

to correlate them with model studies (6), (19)  

In all the above investigations, only the geometrical stress 

concentration factors have been studied, but the effect of 

various parameters on the fatigue behaviour has not been investigated. 

Whereas the geometrical stress concentration factor is a function 

of the geometry of the discontinuity and is valid for any stress 

within the elastic limit, the reduction of fatigue strength depends 

upon a number of factors. For example, the volume of highly 

stressed material, the amount of plastic deformation, the size 

of the specimen and the presence of residual stresses are all 

important factors. A study of the effect of some of the parameters 

on the fatigue behaviour of small plate specimens is reported in 

this thesis. An attempt is made to correlate the fatigue behaviour 

with the geometrical stress concentration factor taking into 

account the geometrical size-effect. The stress concentration 

has been found experimentally. The general stress distribution 

in the plate has been found by the finite difference method using 

the Atlas computer. 
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Fatigue in ship structures  

The importance of fatigue in ship structures has been the 

subject of discussion and controversy for some years. The views 

generally held in this country have been at variance with those 

held on the continent 
(20). 

 At the international conference on 

fatigue of metals (1956), out of about 80 papers presented, only 

one (by Russian authors 
(21)) 

 wa
s 
on fatigue in ships. It has 

been suggested that fatigue failures have not been recognised 

because pressure for immediate repairs to enable ships to continue 

their voyages has prevented detailed investigation of the nature 

of cracks found in practice (20). After the second world war, in 

a survey of 210 tankers 66 were found to have cracks in deck or 

shell and of these 65 were considered to be due to fatigue (22)  

It is now generally recognised that fatigue cracks do occur in 

ships (23) (34) 

A ship is subjected to reversals of longitudinal bending moment 

in service. The cumulative frequency distribution found in certain 

ships ( 24) can be approximated to a straight line if the logarithm of 

the number of reversals is plotted against the stress levels at which 

they take place. A small number of reversals take place at a high 

stress level and cause cracking at points of stress concentrations. 

This low cycle fatigue phenomenon in ships has received some attention 

in recent years 
(25). 

 However, the damaging effect of the reversals 
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at lower stress levels can not be ignored. Assuming a straight 

line spectrum and applying Miner's cumulative damage law it can 

be shown that the damage rate is considerable at low stress 

levels. Although the. Miner's hypothesis provides a method of 

determining the life under random loading condition, its 

applicability is itself a subject of discussion. It does not 

take into account the damaging effect of stresses below the 

endurance limit, and takes no account of the sequence of stress 

cycles. There is evidence to believe that these factors do have 

effects on the fatigue life (34)(35)In  some parts of the ship, 

fatigue is likely to be caused by vibrations from machinery or 

pressure pulses from the screw. The problem will become more 

important with the use of high tensile steel which,will result 

in higher design stresses without any increase in fatigue strength 

The damaging effect of discontinuities on fatigue life is further 

aggravated by additional concentrations created by,,welding. 

Perhaps the most realistic approach to the fatigue problem 

in ships is the programmed fatigue testing of full size structural 

elements under corrosive conditions. This will require extremely 

elaborate testing arrangements and may still not take into account 

the restraints exerted on the element when it is part of a ship. 

Due to the scatter inherent in all fatigue testing, it may 

sometimes seem difficult to draw too definite conclusions from 
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such tests unless several of them are done. Tests on smaller 

specimens on the other hand give the possibility to compare the 

effect of different parameters even though they fall short of 

providing a firm basis for predicting the fatigue strength of a 

structural detail in service. 

To investigate the fatigue performance of different types 

of detail, tests on large-size structural components have been 

carried out 
(28) (29) and tests on the fatigue behaviour of 

welded stiffeners have been reported 
(30). 

 Tests on small machined 

specimens of ship steel to Study the general low-cycle fatigue 

01)(32) 
phenomenon and crack propagation have been conducted 

Some tests to study the effect of fatigue damage on brittle 

fracture properties of ship steel are reported (33) and others are 

in progress (25)  

The tests on small size idealised laboratory specimens 

reported in this thesis are intended to throw light on the 

relative importance of various parameters (such as radius or 

length of a hatch) under fatigue loading in the low cycle as well 

as the high cycle range. The fatigue strength reduction factor 

is correlated with the elastic stress concentration factor taking 

account of the geometrical size-effect. 
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SECTION I 

SUPERSTRUCTURES 

EXPERIMENTS  

It is necessary to keep the superstructure weight low 

for reasons of stability. A light superstructure has only 

a limited influence on the level of the neutral axis of the 

ship girder and it follows that the stresses at the top of the 

superstructure may be large. It is sometimes the practice to 

reduce the stresses in the top of the superstructure by 

providing "expansion joints". 

The structural discontinuity so introduced inevitably 

gives rise to a stress concentration and cracking is commonly 

initiated from the root of the joint. Some relief of the 

concentration can be obtained by introducing a cut-out, but 

nevertheless stresses up to seventeen times the nominal stress 

have been observed in a ship at sea (9) Improvements 

can be made by modifying the design of the cut-out and the 

purpose of this investigation was to determine the form of 

cut-out which gives the greatest reduction in stress concen-

tration. 
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Photoelastic E2Teriments  

The superstructure stress does not vary greatly over the 

depth of the expansion joint, and a qualitative appreciation 

of the problem can be obtained by considering the applied 

stress to be uniform. The problem can be further simplified 

by the use of a single plate model; such a model does not 

represent exactly the conditions found in a ship, but it 

is reasonable to suppose that a device which relieves the 

concentration in the model will have a similar effect in a 

ship. 

Photoelasticity provides a convenient means of estimating 

the variation of stress concentration with the shape of a 

cut-out, since the position, as well as the magnitude, of 

maximum stress is determined at once from the fringe pattern. 

If care is used in the machining the same model can be used 

for a number of different cut-outs. 

The purpose of these tests was to study the variation of 

magnitude and position of maximum stress concentration with 

the length of a circular cut-out and the effect of providing 

a cut-out in the form of a curve with linearly varying 

curvature. 
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The stress concentration at the end of a U-shaped notch 

depends on the ratio of the depth of notch to the end radius, 

and if the stress concentration were to be limited to about 

2.0 it would be necessary to make the radius of the same 

order as the depth. 

Thus in the case of a ship's superstructure, a radius 

giving an acceptable stress concentration would result in an 

unduly wide slot. Attempts have sometimes been made to 

obtain the benefits of an increased radius without recourse 

to a wide slot by designing anchor shaped cut-outs. 

In an anchor shaped cut-out the maximum stress concentration 

may occur at the centre or near the ends, depending upon the 

relative curvatures and the overall proportions of the anchor. 

Figure 1 	shows results obtained at Imperial College on 

anchor cut-outs. 
(1) 

It is clear that any further substantial 

reduction would be dependent upon increasing the overall 

dimensions of the anchor rather than by modifying the shape 

of the small anchor. 
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The photoelastic specimens were cast in the form of 12" 

square plates using Araldite resin CT 200 with 28 per cent 

hardener HT 901. The cut-outs were made by using a high spee 

diamond cutter which copied the pattern from a template on 

a pantagraph machine. The plate was submerged in cooling 

water during the cutting operation. 

Testing Procedure  

Experiments were carried out with symmetrical cut-outs 

in Araldite sheets which were loaded in tension (Figure 2 ) 

The loads were applied hydraulically and measured by strain 

gauges on a calibrated link. The loading frame proper was 

contained within an outer frame relative to which it could 

be moved vertically or horizontally so that any part of the 

model could be situated within the field of the polariscope. 

(Figure 3 ) 

The fringe pattern was projected on to a small screen 

and the emergence of successive fringes was noted as the load 

was gradually increased. The fringes were also recorded 

photographically, and typical patterns are shown in Figures 

4 and 5 . Both cut-outs on opposite sides of the plate 

were observed as a check on the symmetry of loading. 
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The fringe order is proportional to the difference of 

the two principal stresses. The point of maximum stress 

concentration occurs at the free boundary where the normal 

stress is zero. Stress concentration factors can therefore 

be readily determined by knowing the fringe order and the 

average applied stress on the net section of the plate. 

The first anchor shape considered was based on a slot 

in the form of a circular arc having its centre on the edge 

of the plate at the top of the slot. The arms of the anchor 

were gradually increased in length until they reached the 

edge of the plate and formed a U-notch of radius equal to 

its depth (Specimen 1, Figure 6). The plate thickness was 

0.261 in. 

Consideration was also given to the possibility of reducing 

the concentration factor by using a curve with linearly 

varying curvature (a highway transition curve) instead of 

a semicircle. Accordingly Specimen 2 was designed with a 

cut-out shape as shown in Figure 6 . The plate thickness 

was 0.128 in. 

Test results  

The position and magnitude of maximum stress concentration 

is shown in Figure 6 and Table 1 . The concentrations are 

shown as a multiple of the average applied stress 6u. 
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As the length of the anchor arm is increased from zero, 

the point of maximum stress concentration shifts from the 

centre to near the ends and then back to the centre. The 

magnitude of the maximum concentration approaches a limiting 

value of 2.09 which may be compared with Peterson's theoretical 

value (37) of 1-88. 

In the case of the transition curve cut-out a slight 

reduction in the stress concentration was noted and the 

stress along the bottom of the cut-out was almost uniform, 

but there was no marked improvement relative to the 

semicircular cut-out. 
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Experiments on a steel model  

With the photoelastic equipment and materials available 

the size of specimen was limited, and since the smallest 

diamond milling cutter obtainable for cutting the slot was 

one eighth of, an inch in diameter it was not possible to 

represent to scale an anchor with a very narrow slot such as 

might be used in practice, so consd.deration was given to 

designing the model in steal. Cutters down to one sixteenth 

of an inch were obtainable, and as the specimen size could 

be much increased the ratio of depth to width of slot could 

be made larger. 

The photoelastic experiments were  primarily 	intended 

to give a qualitative appreciation of the effect of differently 

shaped anchor cut-outs on the maximum stress concentration 

and for simplicity the experiments were limited to loading 

in direct tension. For the more realistic slot proportions 

of the steel specimen, the loading and dimensions were 

chosen to give a linear distribution of strain over the 

depth of the slot, such as would be present in an actual 

superstructure expansion joint. Thus in Specimen 3 (Figure 

7) the cut-out was made in a flanged plate projection 

welded to the top flange of a heavy steel I-beam. The 
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dimensions of the projection were chosen so that the stress 

distribution over its depth was similar to that existing 

in a ship's superstructure. In actual ships the relative 

depth of expansion joint to superstructure height shows a 

very wide variation. The depth of slot chosen for the model 

relative to the superstructure height is approximately at 

the middle of the range noted. 

In practice an expansion joint slot may be perhaps one 

inch wide and twenty feet long, so that the radius at the 

end of the anchor arms will be very small relative to the 

depth of the slot and it is likely therefore that the 

maximum stress concentration will be much higher than the 

values measured in the photoelastic experiments already 

described. It is also likely that the point of maximum 

stress concentration will remain at the ends of the anchor 

however long the arms may be made. 

From a design point of view the stress concentration 

factor is of less importance than the actual maximum stress, 

and it follows that if a stress raiser such as a sharp radius 

can be situated in an area of low stress, the stress level 

due to the concentration may still be acceptable. The 

modified anchor shape used for Specimen 3 (Figure 8) 
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was based on these considerations. By making the anchor 

arm in the form of a spiral the sharp end radius was removed 

to a region where the stress was expected to be negligible. 

Testing Procedure  

Specimen 3 was loaded as shown in Figures 7 and 11 

with the complete length of the superstructure subjected to 

pure bending. Strains were measured by electric resistance 

strain gauges using a high speed automatic strain recorder. 

Around the periphery of the slot the gauges were of 3mm. gauge 

length; elsewhere they were of 0.5 in. gauge length. Opening 

of the slot was measured at four positions by a two inch 

gauge length mechanical gauge spanning the slot. 

The projection of Specimen 3 is unstiffened. Stiffeners 

would reduce the vertical movements and would alter the 

stress distribution. In order to obtain a qualitative 

assessment of the effect of stiffening, measurements were 

made with vertical restraining forces applied to the projection 

at the top of the slot as indicated in Figures 10 and 12 . 

The restraining forces applied were sufficient to reduce 

the movement at C to zero. 

Test results  

Distributions of longitudinal stress are shown in 
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Figure 9 for a section midway between the end of the projection 

and the expansion joint, and for the section in way of the 

joint. The fall-off in stress in the projection clear of 

the expansion joint and the increase at the joint are clearly 

shown. 

The distribution of tangential stress around the cut-out 

is shown in Figure 10. With vertical movement unrestrained 

the maximum stress concentration defined relative to the 

simple bendipg stress on the net section at the base of the 

slot occurs towards the ends of the bottom part of the anchor, 

and has a value of 3.0, whilst the stress concentration at 

the bottom of the slot has been reduced to 1.4. The peak 

value could no doubt be further reduced by redistributing 

the curvature to make the stress along the length of the 

anchor more uniform. It appears that the length of spiral 

is greater than necessary. Vertical restraint tends to make 

the stresses along the base of the anchor more uniform, but 

the effect is small; towards the end of the anchor spiral 

the stress is reversed. 

Movements across the slot are also shown in Figure 10 . 

The movement of .017 in. at the top of the projection would 

correspond to about 0.4 in. full scale (at the same stress 

level); this movoment is necessarily associated with the 

reduction in superstructure stress. 
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THEORY  

The experiments described above indicate that a consider-

able reduction in stress concentration may be obtained by 

modifying the shape of the cut-out at the root of an expansion 

joint. There are, however, other factors such as the depth 

and number of cuts, the distance between the cuts and the 

length of the superstructure which not only affect the 

stress concentration at the root of the cut but also the 

general stress distribution in the superstructure. The 

general superstructure problem is thus closely connected 

to the problem of local concentrations at the roots of the 

expansion joints or at the ends of the superstructure. 

The lower edge of a superstructure is loaded by shearing 

and vertical forces from the main deck. The resulting 

longitudinal and vertical displacements impose a longitudinal 

strain as well as a curvature on the superstructure base. 

The variation of the displacements of the lower edge of the 

superstructure depends upon the bending moment applied and 

the distortions of the hull. For the purpose of analysis, 

however, it has been assumed that the strain and curvature 

at the junction are each uniform along the length of the 

superstructure. These assumptions, though approximate, 
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can to some extent be justified by the fact that the plating 

in the superstructure is thinner thtn that in the main hull, 

so that the superstructure displacements do not greatly affect 

the longitudinal bending of the hull. On the basis of these 

assumptions, the sides of the superstructure have been 

idealised as a rectangular plate projection subjected to 

constant strain or constant curvature at the lower boundary.( 8 )  

A similar approach is made in this section to study the 

effect of the depth of a cut (representing an expansion 

joint) in a plate projection. A method of grading of nets 

is indicated for finding the local stress distribution 

near the ends of a superstructure or near the base of a 

cut. Displacement solutions have been obtained and a stress- 

function approach is indicated. 
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Effect of depth of cut in Plate Projections  

Displacement solutions have been obtained for rectangular 

plates having partial cuts at the centre and with imposed 

didplacements at the lower edge. The equations of equilibrium 

and compatability in terms of displacements in two directions 

are expressed in terms of finite differences and are solved 

by means of the computer. 

The longitudinal, transverse and shear stresses in a plate 

may be expressed in terms of displacements by the equations 

Cl 
E [ou, nlby] 

p2) i)7( 	by 
E av "bu 

(5 	- p2) by ' b 
E rOu *tiv] 

tx?2a 	
+ 

+p)Lby bx 

The equilibrium equations are 

'bCM  + aX 	 y 
4..b.uxy =0  

Y bx 
'000 ***** (102) 

The following equations may be derived by substituting for 6x  

etc. from (3.1) 

732v - 0 2 b2u  +(1-p) 	bx0y - 2s?bb2vx 	o_z_bb2xv +(i.kp) ,,b2ux 0 
oxvy 

.(1.3) 
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These equations together with the boundary conditions expressed 

in terms of displacements enable the displacements to be obtained 

at all points of a grid. 

6 2 5 

 

  

   

7 	4 
In.a rectangular grid the following finite difference relations 

may be derived by using Taylor series 

2a bu = u - u3 
bx 	' 
z a2 

b2
- bu 	u + u3-,Luo 

-u2+u4-2uo by2 

2  4abu = - U6  4. - Us 
bXby 

Putting b = k 

kbu " " . 
by 

(1.4) , 

the equations (s1.3.)) can then be written as 

2k2(ui+ u3 -2u0+(1-P)(u2+u4-2uo)+0•25(1+p)k(v5 - v6 t v7 - v8 ) = 0 

2(v24-v4  -2 vo) (1-p)k2(v1i• v3-2 vo)+0•25(1+P) k (1.15-u6 + u7  ua) = 0 

(1.5) 
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Due to the symmetry of the plate,' one half of the plate was' 

divided into a 4 x 4 mesh as shown in Figure 13 	There are 

two equations to be solved at each mesh point. This particular 

mesh size was chosen to keep the size of the matrix small,' since 

the program for solving the equations was to be written for.the 

Mercury computer. • A much finer mesh, however, can be dealt with. 

by the Atlas computer. The computer program generated the 

coefficients of the matrix for any value of k to give.solutions 

for any hsidet.  ratio 6f the plate, and solved the simultaneous • 

equations to give displacements at each point.'-"The values.of • 

the imposed displacements at grid points on the loWer.boundary 

of the plate were'fed in to the prbgram-as data. 

Boundary Conditions  

At the free boundaries the fictitious external values of ' 

u and v were expressed in terms of the unknown displacements.  

inside the plate, and the relations so obtained.were fed into 

the equations at the boundary. . • 

''The relations can be obtained from equation.(1;1) 

At the top edge 

Ty' a' 0 
Txy=0 

At the ends 
01=0 
"Cxy=0 



At the top edge 

v2 = v4  -pk(ur u3) 

u'2=. U4 -k(V - 1/3 ) 

At the ends 

U3= U1 +7012  - V4.) 

V; = Vi +.17(u2-u4 6 
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At a corner the first and the third equation of (1,6)-give 

U3 =U1• 
v2  =V4  

The second and the fourth relation of (1.6) give 

(L12-U4)+ (VI - ‘4)k= 0 . 

Thus there are two fictitious values U2 and -V3 to 

be determined from one equation. 

An extrapolation was used to obtain the two values. U2  

was parabolically extrapolatectin terms of unknown disp1Stemenis 

at the edge of the plate and relation (14F) was used to obtain . 

a relation expressing v2 in terms of unknown displacements. 

Similarly 112  was parabolically extrapolated and equation (U). 

was used to derive a second relation expressing U2 in terms 

of unknown displacements. Thus a pair of expressions were 

obtained for U; and V; 	The mean of the two expressions 

obtained was fed into the equations. 

1.7) 
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• • 	• 
The corner values ui and A were parabolically extra• 

polated on a diagonal line. 

The boundary conditions and extrapolations are indicated 

in Figure 13 . The stress condition assumed-at the bottom of 

the cut was Cri20 ,TArd). 

To find the stresses at the lower boundary it is necessary 

-to calculate the fictitious boundary values. These values 

were calculated by applying the equilibrium, equations 0..0 

after the displacements at all points have been calcUlAted. 

It was assumed at the corner that 

U4 -Up = Up U 2  

Vk ". Vo 	Vo  

The assumption at the .corner has little effect away from the 

• 

corner. 
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Theoretical results, experimental confirmation and discussion  

The effect of depth of cut on displacements for a 1:4 plate 

with constant strain or constant curvature imposed at the lower 

boundary is shown in Figure 14 . (Other results are tabulated 

in the appendix). Figure 15 shows the effect of depth of a 

central cut on the maximum longitudinal stress at the top of 

plate projections having different side ratios with constant 

strain or constant curvature imposed along the base. As the 

purpose of introducing cuts in superstructures is to reduce 

the stresses at top deck level, this level has been chosen for 

the purpose of comparing the stress-relieving effect of the 

cuts, even though higher stresses do occur in the region of 

the bottom of the cut. Means of relieving this stress concentration 

are considered separately. As the depth of cut increases, the 

maximum stress at the top decreases. For a depth approaching 

the depth of the projection, the stresses approach the value 

corresponding to a plate projection with a length/height ratio 

half that of the original projection. 

An experiment was done to verify some of the theoretical 

1 results obtained. A perspex plate 18 x 7 7  n. and 3/16 in. 

thick was cemented and tightly clamped between two steel bars 

1 	1 
1 	x -4- in. in cross-section (Figure 16). To prevent slip 
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over the test length the plate was extended within the steel bars 

beyond each end of the projection. The model simulated the 

boundary conditions of constant strain and zero curvature imposed 

along the base of a projection of side ratio 1:6. The extensional 

stiffness of the bars was about forty times that of the projecting 

perspex. Resistance strain gauges were fixed to the perspex 

plate at two cross-sections which corresponded to two grid lines 

of the mesh used in the theoretical analysis. Strain gauges 

were also fixed on the steel bars at these sections. The bars 

were stretched in a testing machine and strains were recorded. 

Control gauges were used to check the symmetry of the load. Cuts 

were made symmetrically in the middle of the projection. The 

depth of.cut was increased in stages and strains measured. After 

the final stage of the cut, the projection was shortened to give 

a side ratio of 1:4. Figure 17 shows the theoretical and 

experimental strains for the 1:6 plate for different depths of 

cut. Figure 18 shows the results for the final stage of the cut 

for the 1:4 plate. In both cases the correlation is good in 

spite of the coarse mesh used. 
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Example  

The use of the curves in Figure ibis illustrated, with the help 

of an example below. The Figure.  below shows a plate projection (A) 

of side ratio 1:6 attached at its lower edge to a peat. (B)7tiwhiCh is 

twice has deep as the. pr§jection and has a flexural stiffness very" 

large compared to that of (A). It may be assumed that the plato(B) 

is subjected to a uniform. bending moment. The neutral axis of the 

combination.  can be assumed to lie at the middle of the plate (8) ea. 

it is very stiff compared to (A). Zetietrequiredk ''to calculate' Chic 

depth of a central cut (p) to reduce the maximum longitudinal stress 

at the top of the projection to a value 50 per cent. of that at its base. 
• 
	 ; 1 	, 

(i.e. 25 per cent: of the simple bending value at the top). 
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The linear stress distribution abc would result if the 

projection (A) was infinitely long compared to its height. 

The plate projection can be assumed to be subjected to a 

unit longitudinal stress at its base (taking bd = 1) and a 

simple bending stress distribution represented by the triangle 

bfc (fc = 1 by geometry). The shaded areas indicate the resulting 

stress distribution. 

Referring to Figure 15 (b) the ordinate for 1:6 plate with 

a cut of depth 3H/4 is 0.36 units. 

e g = 0.36 units 

Similarly referring to Figure 15 (A) the ordinate for 1:6 plate 

with a cut of depth 3H/4 is 0.15 units. 

• 
f h = 0.15 units. 

By superimposition, the maximum stress at the top of the 

projection = eg + fh = 0.51 units. 

Hence to reduce the maximum stress at the top of the projection 

to 51 per cent. of the stress at its base, the depth of a 

central cut should be about 3H/4. 

The example only illustrates the method used. For an actual 

ship the plate (A) could idealize a given length of the sides of 

the superstructure and (B) the sides of the ship. If H = 30 ft., 

L = 180, depth of the ship = 60 ft., depth of a central cut 

required to reduce stress at the top of the superstructure to 

x 30 
50 per cent. of the stress at the base = 

3  
4 	

— 22.5 ft. 
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Idealised plate projections representing the sides of a 

superstructure only have been the subject of the above study. To 

get some idea of the effect of a, deck, solutions can be obtained 

for flanges attached to the unloaded longitudinal edges of the 

plate. The flange can be considered to be sufficiently compact 

for the distribution of stress to be uniform across the section( 8)  

This is not the condition in practice, but the practical case 

where the stress varies across the width of the superstructure 

may to some extent be simulated by taking a flange of variable 

cross-section. A better solution may be obtained without much 

difficulty by continuing the finite-difference grid into an 

abutting superstructure deck in which the stress is allowed to 

vary. This would only amount to solving a larger number of 

simultaneous equations which can be fairly simply done using 

the digital computer. 

The effect of a deck would be to reduce the growth of 

longitudinal stress (0X) in a plate projection and the curves 

in Figure 15 would be lower than their present position. There 

would be an increase of shear stress especially towards the 

end of the projection. 
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"Point...forces"  

The introduction of a cut introduces a stress concentration at 

its root, and also affects the stress concentration at the ends of 

the projection. The values of all the stresses at the duds of the 

projection and at the root of cut are indeterminate; but, on i 

finite difference grid, the total "point-force" spread over one 

grid-length can be estimated from the equilibrium condition that the 

total shearing force on a horizontal line must be equal to the 

longitudinal force on a.crossi.section which meets the line. The::. . 

point-forces (Pi and P2  in the figure below) give rise to the 

concentrations of stress. 
AntaA2 

Longitudinal Stress 
(Area Al) 

PI=A1 • P2=A2 

Figure l9 (a) shy the variation c&up9i2*-forces"  P1  and Pisrith .• 

depth of cut for - a 1:4 Plate projection subjected to constant strain 

and zero curvature along the base. As the depth of cut increases, 

the "p6fin4..force" at.the end of the projection decreases.' The "pointa' 

force...at the root of the cut is zero iorHnocut and increases as the 
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depth of cut increases, while still remaining smaller in magnitude 

than that at the end of the projection. If the magnitude of 

the "point-force" is taken as a rough measure of the stress 

concentration, it may be noted that in this case the introduction 

of a cut reduces the stress concentration at the end of the 

projection and introduces a concentration at the root of the 

cut, which is smaller than that at the end. 

Figure 19 (b) shows the variation of "point-forces" with the 

depth of cut for a 1:4 plate with uniform curvature and zero 

strain imposed along the base. The "point-forces"in this case 

are smaller than those in the case already discussed. As the 

depth of cut increases, the "point-force" at the end of the 

projection decreases. The "point-force" at the root of the cut 

is zero for no cut. It increases as the depth of cut increases - 

becoming larger than that at the end of the projection - and then 

decreases. This indicates that the stress concentration in this 

case has a maximum value for an intermediate depth of cut. 

In the case of a plate projection subjected to a combination 

of uniform strain and uniform curvature, a rough indication of 

the relative stress concentrations due to different depths of cut 

can be obtained by adding "point-forces" due to uniform strain 

and uniform curvature in correct proportions. 

The finite difference method could also be used for plate 

projection with a number of cuts. 
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Use of Interconnected graded nets  

At singular points such as the corners of the loaded edges of 

a superstructure or the root of a straight cut in a superstructure, 

the stresses are indeterminate. In such regions it is however 

possible to reduce the mesh size progressively so that the stress 

distribution may be determined as close to the discontinuity as 

may be required although the discontinuity itself is never reached. 

An interconnected graded net was used at the corner of an 

idealised plate projection. Figure 20(b) shows the first sage. of 

the grading used at the corner. The values at points of inter-

connection (A, B) were parabolically interpolated and expressed 

in terms of displacements on the coarse net. 	The validity of 

parabolic interpolation was supported by comparison with graphical 

interpolation. There are some points on the grid which have 

unequal mesh lengths in different directions (E, I, G in Figure 20(b)) 

Finite difference relations for grids of unequal mesh lengths 

can be derived by means of Taylor's expansion. 



= uo   T.a 
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4 

b 	 3 b3 
u1 = Uo + 	u ‘ 	1.2...  btu 	avu 	a 4 	b4u 

( —I ) + — ( 	
.., ' 24 
	

‘ ., 4  
' , 	" x l o 	2 	bx  o 	6 	. bx3 bx4 

 

- 	 (1.8) 

Multiplying equation 

a3  t b3u T.2a2  bu 
'o 	...6 	3 2 bx 	 bx 

T.4a4  b4u 
• 24 	4 • bx 

2 (1.8) by T.'and subtracting equation 

gives, 

' 	bu 	 u1 	+ u 0  (1 - T.2 ) 
ox ()0=2  

a (T.2  -1- T) 

Similarly 

A ( 

140 
(after-.neglecting terms ~• 

of - bizher order) 

114  + uo  ( 1 -T.12 )   bu 
( SY' )o 

	ji.:11), • 



1-X.2) 
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Multiplying equation (1.8) by X. and adding to equation (1.0 gives 

b2 u 	X, u + u - u ( 1 + X) 
( 	)0  =  " 0  

bx 
a (A` 

2 
+ 	) 

2 

Similarly 

b
2" 

2
u 

( 	)0 by 
Al  u2  + u4  u0  ( 1 + NI) 

2  

( after neglecting 

terms of higher 

order) 

Let ( bu )  
ax )0 

bu 
s2 = ( 	)2 

bu 
s4 = 	14 

8s 	X,2  s2  - s4 + s0  ( 1 - ( 1-3-; ) 	= 	L0   

b (Xl.
2
+ N) 

Using relation (1.10gives 
,2 

ul u3 uo 

a (X
2 + X) 

X.2 
u5 u6 	u2 

a (X
? 
+ 

X ? u8  u7  + u4  ( 1 - X?) 

a (X.2  +X) 

so 

s2 

s
4 

	(1.12) 

( Using equation (1.11) ) 
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Substituting the values of so, s2, s4  in (1.12)gives  

as = "eu = 

	

by 	bxby. 	 1 	2 	42
•  
)3- +0:4t14)%1

z.  
6.1-1).3+ { 	-I-  U.4  (1. 	 1410 >2%71  {At  — U.6 + U.2 2 	A tka—u7  

Similarly other derivatives can be expressed in finite 

difference forms and substituted in equations (1.3), giving 

the following generalized displacement equations for a point 

which has unequal mesh sizes in different directions. 
2 

ilX +110 	
A. t 	S ' ul  + u3 - (14N) uo  + 2 (21-p) 	

Xi  +u4-(1+XL)uo  
( 	 01. +xi)  

+ (1.+P)k 	NI . N2v -v
6+(1 -N

2) v2  - N2v8-v7+v4(1-X2) 

(N.2+N) (N12+Ni) 

+ (1 - NI2) N2vi  - v3  + vo  

	

4 	v2  + v4  - (1+2 	2 (1-p)k2  7+.vf+v3-(1+20v0 	%I 0 v 
(7'1 +7') 	

L 	0 	(%2 470  

2  
(i+p)ic 	 + 	7s12 	N?u5-u6+ (1-N2)n 	-u7+(1-N.2)u4  
(A.`4) (T+%) 

+ (1  . 7‘,12) 	N? 
	- u3  + u ( 1 -) 

  

0 

(1.13) 
(where k =— 

a ) 
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If X= 	= 1 	the equations (1.5) for rectangular grid 

are obtained. 

Figure 20 shows the different stages of grading. The number 

of simultaneous equations was 36 for the coarse net, 44 for the 

first grading, and 52 for the second grading. 

Figure 21 shows the effect of grading of nets on displacements 

in.a plate of side ratio 1:2 with constant strain and zero 

curvature imposed on the lower boundary. It may be noted that 

the displacements obtained from the first and second gradings do 

not differ much along and to the right of the section pt; these 

displacements may therefore be regarded as known and the plate 

may be cut along pt for purposes of solution. The plate to be 

solved then is PT tp. The number of equations reduce by 20. 

Further grading of the net may be continued as the corner is 

approached. After further gradings, another part of the plate 

can be separated and gradings continued. 
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Figure 22 shows the effect of net-grading on u, v and 	at the 
PY 

edge of the plate. The v-displacement equation at point S when 

it is on the coarse net is written in terms of displacements 

which include those of T where v = 0. But when the equation 

at S is written for the first grading, it involves the non-zero 

value of v-displacement at J. This accounts for the difference 

in the v-displacement values obtained at point S from the 

coarse net and from the first grading. A similar explanation 

holds for the difference in the v-displacements of point J 

obtained from the first and second gradings. These differences 

in the values of v-displacements affect the values of 4 at 

v 
adjacent points. Thus the value of by — at the point R obtained 

from the coarse-net differs from that obtained from the first 

grading. Similarly the value of 5-- obtained at point S from 

thd first grading differs from that obtained from the second 

grading. 

Figures 23;24 and 25 show the effect of net grading on Ox, ay and 

'xy. It may be noted that the stresses to the right of the section 

pt calculated from the first grading are equal to those calculated 

from the second grading. This indicates again that the plate may 

be cut at this section for further grading. The transverse stress 

ay at R and S (Figure 24) is affected in the same way as ay at 

these points. 
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The increase in stresses 0x and 0y as the corner is approached, 

.17.:y be noted. All the stresses are indeterminate at the corner. 

But the magnitude of the "point-forces" acting over a grid 

length can be estimated by equating the total shearing force on 

a horizontal line to the longitudinal force on a cross-section 

that meets the line. The values of point forces calculated for 

different gradings of'net are tabulated below. 

Longitudinal Stress 

Point force!) =A1-A2  • 

Type of Net 

Coarse Mesh 
First Grading 
Second Grading 

104  

Shear. Stress (Area A2) 

(Plate Thickness4) 
Point-force over grid length of H/4 
(in units of applied longitudinal stress) 

0.233 Ht 
0.180 Ht 
0.141 Ht 

It may be noted that the calculated point.force over a grd4 length 

of H/4 is different for .the different net,gradings. If the magnitude 

of the point-force is used as an approximate.-measure of stress 

concentration forzstudying the trends in the-variation of stress 

concentration with a geometrical parameter). it is necessary to 

keep the net grading the same in each case. 

Figure 26 shows a possible method of net grading near the end 

of a straight cut in ,a plate. 
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Stress. Function Approach  

The method of solution presented so far was in terms of 

displacements with constant strain or constant curvature 

imposed at lower boundary of an isolated plate-projection. 

Stresses due to any imposed circular curvature together with 

any imposed constant strain can be synthesized by the super-

position of these two solutions. The solution was based on 

the approximating assumption that the superstructure dis-

placements do not affect the longitudinal bending of the main 

hull (as the plating of the superstructure is thinner than 

that of the hull); thus ignoring the effect of the distortions 

of the hull. It is, however, possible to treat the problem 

as a whole without isolating the superstructure sides. The 

problem reduces to a thin plate attached to a thick plate 

subjected to bending and the distortions of the thick plate 

can be taken into account. A similar type of plate projection 

occurs between hatch openings in a ship's deck. The figure 

below shows how the thin plating between hatch openings may 

be treated as a plate projection from the thick plating 

outside the hatches. 



4tdiopetings 
• 42. 

of,Syllitry 
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The Figure shows a quarter of a plate projection in which 

plate 2, which has 	different elastic constants and thickness 

from plate 1, is attached to it along the boundary nr. 

The solution in this case is in terms of two force-

functions F. At the junction of the two plates certain 

conditions of forces and displacements must be satisfied to 

obtain the correlation between the two force-functions and to 

arrive at relations necessary for the calculation of fictitious 

points on the force-function nets at the junction of the 

two plates. 

The forces and displacements at the junction of the two 

plates are discussed below. Suffices 1 and 2 are used to 

denote the quantities for the two plates at the same point 

on the junction 

(1) The u displacement is the same in both plates at the 

):41.1 junction and hence 	is the same 

( 	)1 = ( 	) 2 

(sx)1 = bx '1 

	

_ 1 -- (Nx)1 	p  021  I] 
El 	h

1 	
h
1 

	

E 
[II(N

x
)
2 	

(N 
 eft  Y) 2  

2 h 	h
2 

) 
(sx) 2 	.bx 2 



2F  

(Nx)2 	e 2 )2 

)N 2F  
(Ny)2  = (t2 )2  

ax 
(N 

Y
)1  = 

2F  

2 

is same 

Y 
is same or 

'6cY 
v 

Yjx 

er n 

a ax 
 

(Nxy)1  

(Nxy)1  
h1 G1 

(Nxy)2  
h2 G 2 

( 6x
2  

) 

by 1 

Substituting the values of (Nx)1  (Nx)2  etc. gives 

1  

	

b2F 	
b2!:]  = 1  r2F  

E1 h1 	[1.16y2 	P1 bx2 1 	E2h2  6y2 P2 

(1.14) 

(2) The v displacement is the same in both plates at the 

by junction and bx is the same 

au 	6V _ y  

differentiating with respect to x 

6 	6 u 
bx ( Yxy - 6-3,- ) is same 

Or 	6 ( y„y ) -  btu  
a is same x 	 bx by 

Or 3 	6u 
ex 	( /x3,  ) - :67  ( cyj;-. 

- '3,-E 

r- I 
E2 

2_ 
(Nxy)2  = ( 

vx
r?)Y 2 ) 

) is same 

1  
El h1 

44, 



(Ny)2  

62F 
( 	) 6x2 2 )1 = 

45. 

Substituting the values of (Nxy)1, (Nxy)2  ... etc. 

gives 

( 	1 	e2F 2  
1 	{: e 

V  F
. 	eF 

h
1
G
1 b :ay 1 	by [li  E1  h1 	"1 2 	P1 

0x21 
	1 

ex 	
1 F  

h
2
G
2 	) 2 	

b [II 1 f 62F 
by 	E h 	2 	

Ii2F 

	

1

J P2 bx2 	2 
2 2 oy 

.......(1.15) 

(3) Shear force (Nxy)1  in plate 1 is equal to shear force 

(Nxy)2  in plate 2 at any point on the junction. 

?)2F 	

1 
= 

bxby 	b",;by 

Integrating with respect to x 

aF 	
( 621  ( — ) 	\ A 1 	by 

(where A is a function of y or a 

constant) 

If the slope of the two force functions in y-direction is made 

the same at the junction, A = 0 

F  
( 
e  
8-, )1 = (

Y )2 	
.......(1.16) 

(4) (7tF)1 	= 0 	..... (1.17) plate 1 

(5) (v
4F)2 	= 0 	..... (1.18) plate 2 

(6) Vertical forces (Ny)1, (Ny)2  in the two plates will be 

equal at any point on the junction 
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Integrating with respect to x gives 

, bF , 	61? 
% 	( E;71  )2  = A (where A is a function of y 
bx 

or a constant) 

At x = 0, the slope of the two stress functions in the 

:;-direction can be made zero 

ax 
hF - Ztx )1 = 0, 	( -67 )2 	

0 

A = 0 

( 	)2 	
0 

Fc 11 

Integrating with respect to x gives 

(F)1  - (F)2  = B (where B is a function of y or a constant) 

If the level of the two force functions is made the same 

at the junction, B = 0 

. , (F)1  = 	(F)2 	.......(1019) 



a 

1.10 ___ 4" 12'4,1  10' 12- 

476 
Finite difference relations at the junction 

 

6' PLATE 2 

PLATE I 

ii"' I  

The Figure shows a grid point 0 at the junption of the two 

plates. .Points 2', 6', 8' and:71  'are the fictitious points for 

plate 1 and points 4", 10"t  12".and.11" are the fictitious points 

for the plate 2. 
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There are six relations derived for the junction between the 

plates (Equations 1.14 to 1.19). One of these relations is 

already utiliied by making the force function in the two plates 

equal at the junction (Equation 1.19). The remaining five 

relations at each point 0 can then be used for expressing the 

four fictitious points 71 , 21 , 4" and 11" in terms of force 

function at real points; and for solving for the real point 

O. The finite difference expressions for these five relations 

bF 
are given below. ( (r—) means Oy 1 

2:4F 
ay at the point 0 considering 

it in plate 1). 

From equation (1.14) 

2F  1 	b
2 
 F:12F 

N1 
 ...= 	1 	

f Z!,y 
' 	gitg. x 

>J2F N  

Elhl 	( ---72Iv 	-t  1) 
i .---- 1

x 	E2h2 	
` 	2 f 	2 '2 

	

Also (.
2F 	F1

2 
 + F

4 
2Fo 	F

1 
+ F

3 
- 2Fo 

63,2 )1 — 	
a
2 

	( b2F 
2 )1 — 

bx 	a
2 

F
2 	b 
+ F

4
" 2Fo 	2

F 	
F
1 
+ F

3 
-2Fo 

	

(;,
b
2
F 	 f bX) 

	

),2 	
a
2 	' ' 	2 '2 — 

a
2 

Substituting these relations in the equation above gives 
F 1 	F" 

( Eh  

	

1 1 	E
2
h
2
) = E2 h

2
. 	

+ 2 (p
2 
 - 1) Fo -?

2 
 (F

1 
 + F3

3  

1 EF4  + 2 (e, 1) Fo - 	(F1  + E1h1 	311 

(1.20) 

	

1)3F 	1  
Mow ( F

6 	8 	2 
1  + F 1  - 2F1 	F

12 	F10 )1 2F4)  b x8y 	2a
3 

( 
1)2x8  ) 2 	

2a
3 
1 = 	( F6 + F8 

- 2F
2 
- F

12
" 
 F10

" + 2F
4
") 

y  
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( 63F3  )1 3 
	 (F

7
' 	2 F

2
' + 2F

4 
- F

11
) 

2a 

, 613F 

3 )
2 
  ( F

7 
- 2F

2 
+ 2F

4
" - F11") 

bY 2a3   

Substituting these relations in equation (1.15) gives 

( - 	
- 	E 

 h ) (F
6
' + F

8
' - 2F

2
') + ( 

h 1G  h
1

1 
 
G
1 	l 1 	 2 2 

' (F
12
"+ F

10
" - 2F

4
" ) 

E1
1
h
1 

(F
7 

- 2F
2
' ) + 	

E2 
 h
2  

(2F"-F ") 
4 ' 11 

	

1 	t.  1172 , 
( 	) 	(F

6 
+ F

8 
- 2F2) + ( - 

1  
• h

2
G 	

2  2 .' 2 2 	
h
1
G
1 	

E
1
h
1 

1  
(F
12 

+ F
10 

- 2F
4 

) 	(F7  - 2F
2
) + 

E
2
h
2 	

E
11
h
1 

(2F4 F11) 

From Equation (1.16) we have 

F by 
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Expressing the biharmonic relations (1.17) and (1.18) 

in finite difference form the following relations may be obtained. 
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Boundary Conditions  

To determine the value of the force functions at the 

SF boundaries, point p is considered first. The value of sTt  

is eqqated to zero at this point, since the surface representing 

the force function must by symmetrical aboutIthe y-axis. 

Boundary pq  
. 

F 
2 

0, 	= 0 ° 	b 2 axay 

( where' is a function of y or a constant 
rt 

since y is constant along pq, r is a 

constant) 
b 2F  

x 
Integrating 	= C (where C is a function of 

y or a constant) 

But 	
x  -- = 0 at x = 0 

. . C = 0 

= 0 

Integrating 

F = X ( where X is a constant or a funtion 

of y but as y is constant X is 

constant) 

Gy = 0 Tx)/=0 
?, 2F  
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Integrating with respect to x gives 
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Hence, along Pq 

F=A 
	

It mi2y be pointed out here that 
aF .)1 
by 	k. 
OF 

= 6x 

Boundary qr  

it will be possible to obtain the 

values of X and in terms of the 

dimensions of plates after going 

round the boundaries of the plates 
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Hence, along qr 
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If 	are equated to zero it follows that 
2 

= by„ + cy„  
2 

I 2 	3 X 	( by„ + cy„
2
) y2 	by„ 	on_ 

2 

Thus X: and %are known in terms of the size of the plates and the 

loading applied, and the force function all along the boundary 

is known. 

The plates can now be sub-divided into a finite-difference 

410..4 grid. The biharmonic eqUation Ni F = 0 expressed in finite 

difference form can be written for all points on the grid. The 

slopes of the force function at the boundaries may be used for 

expressing die fictitious points outside the boundary in terms 

of the real points inside the plates. A computer program can be 

written for solving the finite difference equations. 

It is found that if there is a cut in the plate Irepresenting 

an expansion joint, it is not difficult to decide the force 

function round the cut. The figura.below shows the,cti4oLtdinates 

of the cut in the plate 2, and the values of the force function 

round the cut are also given below. 
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SECTION II  

HATCH OPENINGS  

The structural discontinuity introduced at the corners of 

hatch openings givesrise to stress concentration and cracking is 

sometimes initiated at these points. This section deals with the 

study of the effect of certain geometrical parameters (such as 

radius or length of an opening) on the geometrical stress 

concentration factor as well as on the fatigue strength reduction 

factor. Whereas the geometrical stress concentration factor depends 

wholly on the geometry of the opening and is valid for stresses 

below the elastic limit, the reduction in fatigue strength depends 

upon a variety of factors such as the size of the specimen and 

the cycles to failure. Small-size machined specimens of ship 

steel with rectangular openings were tested under repeated loading 

in the high cycle as well as the low cycle range. The fatigue 

strength reduction factor was correlated to the elastic stress 

concentration factor taking into account the geometrical size-

effect. Using the existing theories the probable fatigue behaviour 

of a large plate with a square opening (of dimensions comparable 

to those of hatch openings) has been studied. The effect of a 

mean stress is also included. 
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Experiments to find Geometrical Stress Concentration Factors  

Photoelasticity was used to find the geometrical stress 

concentration factors for the proportions of hatch openings for 

which plate specimens of ship steel were tested under repeated 

loading. A steel plate specimen was also tested. 

Photoelastic Experiments  

The specimens consisted of quarter inch thick cast sheets 

of Araldite Resin CT 200 clamped between steel end plates to 

which tension was applied. The openings were made by using 

high speed diamond cutters which copied the pattern from a 

template on a pantograph machine, the plate being submerged in 

cooling water during the operation. After machining, the radii 

at the corners of the opening were checked by projection to a 

50:1 magnification. The projected radii were indistinguishable 

from the correct configuration. By exercising care in the 

machining process it was possible to use each specimen for 

successive modifications of the shape of the opening. 

The loads were applied hydraulically and measured by strain 

gauges on a calibrated aluminium alloy link. The loading frame 

was contained within an outer frame relative to which it could 

be moved vertically or horizontally so that any part of the 

model could be placed within the field of the polariscope. 

(Figure 27). 
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Fringe patterns were projected on a screen and the emergence 

of successive fringes was noted as the load was applied. The 

point of maximum stress concentration occurs at the free boundary 

where the normal stress is zero, so that the observation of 

fringe order is sufficient to determine the stress concentration. 

Fringe orders were also determined at some points on the straight 

boundaries of the opening and the longitudinal edges of the 

plate. 

The effect of the length and width of the opening on stress 

concentration was studied for a corner radius of 1/24 of the 

width of the opening. This is the smallest ratio recommended 

by Lloyds Register. The effect of varying the radius was studied 

for a square opening. 

Table:2. .and Figures 28 to 30 show the variation of the 

stress concentration factor K
t  for different proportions of alax 

opening. The stress concentration decreases with..increasing length 

or width of opening. Direct comparison with the results obtained 

by other investigators is difficult because the hole shapes are 

not identical. In general, however, the values obtained are 

somewhat lower than those interpolated from results reported 
(15)(16) 

elsewhere 	, and surprisingly low compared to the infinite 

plate solution. 
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The low values of stress concentration factors for very 

small radii may be due to the effect of the thickness of the 

plate in relation to the corner radius. To study this effect, 

further photoelastic tests were conducted on small circular 

holes in a 12 in. wide 1/4  in. thick Araldite plate. The. 

smallest hole was 3/32 in. in diameter giving a thickness to 

radius ratio of 5:4. The diameter of the hole was increased 

in stages and stress concentration factors determined. 

Figure31 shows the effect of varying thickness to radius 

ratio on the stress concentration and the theoretical curve 

due to Howland (37) is also shown. At very small values of 

the radius, (giving a large thickness to radius ratio) the 

departure from the theoretical curve is considerable. As the 

thickness to radius ratio decreases, the experimental points 

gut closer to the theoretical curve. The lower curve shows 

the relation between the thickness/radius ratio and the radius/ 

width ratio for the plate tested. 
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The observed departures from the accepted values of stress 

concentration factors are clearly very significant, and cast 

doubt on the validity of the photoelastic experiments. Further 

investigations were carried out at Imperial College (40)to  

explain the discrepancies observed. Although these investigations 

(40)
did not explain the low values of stress concentration 

factors obtained by photoelasticity, they indicated that tests 

on a steel specimen having a thickness/radius ratio not greater 

than about ten would give reliable values. Tests were therefore 

conducted on a steel specimen in which the greatest thickness/ 

radius ratio was equal to one. 

Experiments on a Steel Specimen  

The specimen consisted of a steel plate 2 ft. 9 in. x 8 ft. 

overall x 	in. thick clamped at its ends between pairs of plates 

5 
2 ft. 9 in. x 2 ft. x -j in. thick by high tensile bolts. It 

contained a 1 ft. 4 2 in. square opening with radiused corners 

(Figure 32). The corner radii at the opposite ends of the 

opening were different to obtain stress concentration factors 

for two radii from a single test. Electrical resistance strain 

1  
gauges of --8- in. gauge length wire fixed along the radiused edges 

of the opening and at points at the centre of the sides. The 

position of maximum stress concentration for square openings 

in infinite plates 
(36)

was used in deciding the distribution 

of strain gauges around the corner. In some cases, the backing 
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of the strain gauges was cut to reduce their overall size. This 

enabled two rows of gauges to be fixed on the thickness of the 

plate at close intervals. It was checked that the gauge-factor 

was unaffected due to the cutting of the backing of the gauges. 

The specimen was loaded in tension, the load being applied 

hydraulically and measured by a load cell. Figure 33 shows the 

testing arrangement. The test was conducted in two stages. The 

radii at the two opposite ends of the opening were made to give 

radius/width ratios of 1/6 and 1/24 in the first stage; and 

in the second stage they were machined down to give ratios of 

1/12 and 1/66 respectively. The proportions corresponded to 

those of the steel specimens tested under repeated loading. 

The load on the specimen was increased in steps and a linear 

load-strain diagram was obtained for every strain gauge. The 

maximum load was limited to give a maximum recorded local 

strain of about 900 microstrain. Strains were recorded by 

an automatic strain recorder and the accuracy of measurement 

was about + 5 microstrain. The gauge factor should not vary 

more than + 1.5 per cent. from the nominal value. 
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Results and Discussion  

Table 3 shows the configurations tested and the corresponding 

stress concentration factors Kt (max.). Figure34 shows the 

variation of stress concentration factor with radius/width ratio, 

the photoelastic results also being plotted on the same diagram. 

The low values obtained by photoelasticity especially at small 

radii may be noted. Figure34 also shows the values from the 

infinite plate solution.(36)  As an approximation, these values 

may be modified for a finite plate by multiplying them by a 

reduction factor, the value of this factor being decided on the 

basis of existing theoretical results for a circular opening in 

a finite plate. (37)  The reduction factor in the case of the 

openings tested was taken as 2.16/3, where 2.16 is the stress 

concentration factor for a finite plate with a 50 per cent. 

circular opening, and 3 is the stress concentration factor for 

a circular opening in an infinite plate. It may be noted that 

the modified values plotted in Figure 34 have a maximum deviation 

of about 13 per cent. from the steel plate results. 

Figure 35 shows the variation of stress concentration along 

the corner radii. The position of maximum stress concentration 

for the infinite plate is shown for comparison.
(36) 

Due to the 

extrapolation of very high strain gradients into the thickness 

of the strain gauges at points of stress concentration, the 
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strains recorded may be slightly high. A second error, in the 

opposite direction, arises due to the strain gauge recording 

the average strain over the gauge length. Both errors increase 

1 
as the radius decreases. For a radius of 4 — in. (r/b = 1/66) 

the observed value of Kt (max.) may be about 6 per cent. low, 

the error due to gradient being calculated on the basis of a 

circular hole of this radius in an infinite plate, and that 

due to gauge length being calculated on the basis of the 

tangential stress distribution shown in Figure 35 . For each 

of the remaining three radii the net error calculated on the 

above basis is less than 1 per cent. 

Figure 36 shows the stress distribution across the middle 

of the plate in way of the opening. The total force inferred 

from the strain readings across the centre of the plate agreed 

with the applied load within less than 1 per cent. Stress 

distributions obtained experimentally are compared with results 

obtained by finite difference displacement solutions in the 

theoretical part of this section. 
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Fatigue Tests  

The results of the tests described so far, on specimens loaded 

statically, merely gave the value of the geometrical or elastic 

stress concentration factors. In order to find the reduction in 

fatigue strength, plate specimens with rectangular openings of 

different proportions were tested under alternating loads. The 

specimens were of ship steel and were tested in the low cycle as 

well as the high cycle range. 

Some amount of exploratory experimental work was done before 

embarking on the actual test programme. 

Operating Frequency for high-cycle Tests  

The higher the frequency and the stress amplitude, the greater 

is the heating of the specimen. For temperatures between 0-100°C 

the fatigue strength of steel is unaffected X41).  In order to 

decide the operating frequency for the high cycle testing, tests 

were conducted on a specimen of plain steel at different stress 

levels and frequencies. Figure37 shows the effect of stress level 

on temperature at two frequencies. It may be noted that the effect 

of frequency on temperature is bigger. at higher stress levels. Figure 

38 shows the effect of frequency on temperature at a given high stress 

level. From the graph it can be seen that the frequencies below 

140 cps will keep the temperature below about 100°C. Hence it 

was decided to keep the frequency below 140 cps especially at 

high stress levels. The temperature in these tests was measured 

by a thermocouple attached to the specimen and an automatic temperature 

recorder. 
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Effect of Surface Finish 

Surface roughness as a result of machining reduces the 

fatigue strength in comparison with polished specimens. 

Internal stresses are always caused at the surface by 

machining as a result of plastic deformation of the grain 

on the outermost layer and to some extent as a result of 

high local overheating. The direction of machining in 

relation to the direction of dynamic stress also affects 

the fatigue life. It is difficult to separate the effect 

of roughness from these other factors and therefore the 

reduction in fatigue strengtk should be referred to different 

methods of machining instead of to roughness alone. 

The specimens to be tested under repeated loading were 

to have rectangular openings with radiused corners. It is 

extremely difficult to obtain a smooth transition between 

the radiused part and the straight part by ordinary machining 

methods without producing undercuts (at the point of transition), 

due to the deflection of the tool. This introduces additional 

stress concentrations. The spark erosion method was there- 

fore used to obtain the final shape of the openings. A 

uniform surface finish inside the opening was also obtained 

by this method. Therefore the surface finish investigations 

were done on specimens finished by this method. Details of 

the method will be given on Page 73 . 
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Figure 39 shows the effect of surface finish at test section 

of plain specimens of annealed steel on their fatigue life (38)  

The effect of surface finish at geometrical discontinuities (e.g. 

that of finish inside a hole in a specimen) on fatigue life has 

not been fully investigated. A few tests were conducted to study 

this effect and to decide the surface finish to be adopted for 

the inside of the openings. Identical specimens with circular 

holes of different surface finish inside were tested under 

alternating loads. Figure 40 shows the effect of surface finish 

on the fatigue life of specimens which had the same geometrical 

stfes's concentration. It may be noted that in this case the 

effect is more pronounced than in plain specimens. The results 

shown in Figure 40 are for specimens spark-eroded by a machine 

which was not to be used for the specimens required for the actual 

fatigue tests. The time of spark-eroding a hole on a given 

machine increases with the fineness of the finish required, and 

is different for different machines. The new machine which was 

to be used subsequently was used for spark-eroding specimens 

for more tests on surface finish. The specimens tested had 

3/4" square openings with 1/16" radius at the corners. This 

particular shape was chosen because the actual specimens were 

also to have similar openings. The table below shows the time 

of spark-erosion versus the surface finish obtained. 
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Speed No. on 
Eroding Machine 

Surface Finish Time of Erosion 

2 40- 	50 Microinches 16-21 hours 

4 100- 150 II  1 
1-2- hours 

5 about160 ii 1 hour 

6 about235 It 1 hour 

It may be observed from the table that the time of erosion 

increases drastically for a very fine finish. It was 

decided to use a speed of 4 which gave a reasonable finish 

in a short time. Tests on two specimens spark-eroded 

at a speed of 4 indicated that the same speed gave the same 

surface finish and the same fatigue life. 

The surface finish mentioned above is defined as the 

average undulation of the surface from the mean surface. 

The measurements were taken on a Talysurf surface finish 

instrument. The range of magnification in this instrument 

in the vertical direction is from 1000 to 50,000 and in the 

horizontal direction from 20 to 100. Figure 41 shows a 

typical surface finish record. A gauge length of 3" on 

this record (corresponding to .03" on the actual surface) is 

chosen and a mean line is decided such that the area under 

the curve, above this linefis equal to the area under the 

curve below it. This was obtained after a few trials using 
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the planimeter. The surface finish for a 3" gauge length 

is given by the following formula 

Surface finish p in microinches 

2 (Area above mean line in sq.in.) x 10
6 

3 	 TY 

where N is the vertical magnification. 

Shape of specimen for finding the fatigue properties of the  

material  

In order to find the fatigue properties of the material, 

the aim should be to make the shape of the specimen such 

that there are no geometrical stress concentrations and 

such that the material at the test section is not restrained 

by the adjacent material. A specimen with a parallel test 

length followed by a gradual transition to the gripped part 

satisfies both these requirements. But certain practical 

difficulties are encountered with a specimen of this shape. 

Firstly, using ordinary machining methods it is very difficult 

to avoid undercuts at the points of transition. These under-

cuts give rise to stress concentrations and initiate premature 

failure. Secondly it is difficult to keep such a specimen 

stiff enough not to buckle under the very high stresses applied 

in the low-cycle range. 
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Several trial specimens of different shapes were tested 

to arrive at the best possible shape which could be tested 

in the low-cycle as well as the high cycle range with the 

available testing equipment. Figure 42 shows the dimensions 

of the various trial specimens. Trial Specimen 1 broke at 

the point of transition where there was an undercut of about 

.002" showing signs of buckling when tested at a high stress 

level. Specimen 2 was provided with a more gradual transition 

and was ground to avoid undercuts. Measurements taken by a 

sensitive device showed the absence of any undercuts. The 

specimen when tested at a high stress level buckled as a 

fixed ended column in the low-cycle test rig. Small cylindrical 

specimens with threaded ends were designed and made out of 

the thickness of the material (which was available in the 

form of 3/8" plates). Specimen 3 broke at the thread due 

to stress concentration. Specimen 4 broke at the point of 

transition due perhaps to an undercut. Specimen 5 was made 

with no straight part in the test length but a very slight 

neck in the middle which introduced a very small value of 

known stress concentration but eliminated the possibility 

of breaking of the specimen at the point of transition due 

to unknown concentrations. This specimen did break in the 
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middle when tested at a low stress level in the high cycle 

range. A similar specimen (No. 6) was then tested at a 

high stress level in the low cycle range. This specimen 

buckled due to the top part swaying relative to the bottom. 

As the plate specimen (Trial 2) failed in a more favourable 

mode than the cylindrical one (Trial 6), specimen 7 was 

designed as a plate specimen. This specimen had no. straight 

part and had about 5 per cent geometrical stress concentration 

present at the mid-section. This specimen was tested 

at a high stress and was found not to buckle and the fracture 

took place at the mid-section. This was the shape adopted 

for finding the fatigUe behaviour of the material. 
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Design and Fabrication of Hatch Specimens  

Figure 43 shows the intended programme of tests. The 

sketches show specimens with one and with two openings, but 

the test series for the second case was not carried out 

for this thesis. The proportions of the openings were 

chosen to lie within the limits of the proportions of hatch 

openings in ships, and also corresponded to those adopted 

for the photoelastic tests. The specimens were designed 

against buckling and their size was close to the largest 

that could be tested with the available testing equipment. 

The steel used was ship steel grade A and was available 

in the form of black hot rolled plates 20,  x 3" x 3/8". The 

yield stress of the material was 19 tons/sq.in. The 

fabrication of the specimens was done with extreme care to 

reduce the scatter inherent in all fatigue testing. The 

various stages of machining are indicated below. 

(1) Bandsawing and shaping roughly to size. 

(2) Rough machining two faces by vertical fly-cutting 

(3) Bandsawing the curved sides and accurate machining ends 

and edges by vertical milling. 

(4) Rough machining the hole leaving .020" for spark erosion. 

(5) Spark-eroding the hole in two stages. 

(6) Grinding the faces to fine finish. 

Care was taken to avoid any scratches on the finished specimen. 
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Spark-Erosion Technique  

Figure 44 shows part of a spark-eroding machine. The process 

consists of passing an electrode through the hole and striking 

an arc between the electrode and the specimen. The spark loosens 

particles of metal from the specimen, giving a hole of_forrect 

shape and Uniform finish. The specimen is immersed in a tank of 

paraffin. The electuode. vibrates at a high-frequency (300 cps) 

to disperse, the debris and sometimes withdraws a-small amount to. 

allow the agitated paraffin to clear the debris. The spark gap 

(hence the size_of the electrode) depends upon the surface finish 

required.' By, ordinary machining methods it is fairly easy to 

make an accurate electrode with anoutside!radius at•the corners. 

The electrodes maybe of brass or Elkonite (an alloy of copper 

specially compounded for spark-erosion). The wear of an Elkonite 

electrode is very much smaller than that of brass. , 

9 
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Figure 44 shows the electrodes that were used. The 

electrode passes through the hole in two stages. In the 

first stage the electrode passes at a higher speed giving 

a rough finish, whilst the second (slower) pass gives the 

final shape and finish. The first stage of the electrode 

was .012" smaller than the size of the hole required and 

speed 6 was used for this stage. The second stage was .004" 

smaller and the speed setting was 4. The same electrode 

could be used for a batch of 8 or 10 similar specimens. A 

rotating electrode was used for obtaining the circular 

edges of the specimens required for finding the material 

fatigue behaviour. 

Testing  

The usual procedure for determining fatigue behaviour is 

to test a number of similar specimens subjecting each to a 

particular range of alternating load until it breaks, so that 

a relation between the alternating stress S and the number of 

cycles to failure N (known as the S-N curve) is obtained. 

The purpose of the present series of tests was to obtain 

complete S-N curves starting at the semi-range of stress 

equal to the ultimate strength of the material and extending it to 

low values of stress at which the life is measured in 
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millions of cycles. Low-cycle fatigue is generally considered 

to cover the range of life from 1/4 cycle to 100,000 cycles, 

and high-cycle fatigue covers life above 100,000 cycles. 

Batches of specimens with openings of different 

proportions were tested. 

High Cycle Tests  

Specimens in the high cycle range were tested in a 

Vibrophore high frequency fatigue testing machine.(Figure 45 ) 

The machine operates electromagnetically at the resonant 

frequency of the vibrating parts. The range of test frequency 

is from 60 to 300 cycles/sec. The load is measured by a 

dynamometer using an optical system, the load range being 

controlled automatically by a photoelectric device. The 

machine is capable of applying alternating or fluctuating 

loads. 

Specimens were tested under alternating stresses at 

different levels at a frequency of about 130 cps. The 

machine switches off automatically when the crack is initiated. 

The test was then continued to fracture by controlling the 

machine manually. 



76. 

Low Cycle Tests 

The low cycle fatigue tests could not be conducted on 

the Vibrophore due to heating of the specimen. A hydraulic 

rig was therefore designed for these tests. 

The specimen was pretensioned by four lapped rams acting 

through serrated and hardened grips which were clamped by 

high tensile bolts (Figure 46 ). The rams were connected 

to a hydraulic loading cabinet C (Figure 47) and a nitrogen 

accumulator A. The rig was put in the compression-test part 

of the universal testing machine R. A pulsating compressive 

load with an amplitude equal to the desired alternating 

amplitude is applied by the testing machine to the test rig. 

The test rig applies a pretension to the specimen equal in 

magnitude to half the desired alternating amplitude. The 

superimposition of these two loadings give a resultant 

alternating load to the specimen as shown in Figure 48. 

The function of the nitrogen accumulator connected to the 

rams is to keep the pretension constant. It consists of a 

cylinder with a piston floating between oil and nitrogen 

gas at equal pressure. Due to the elongation or compression 

of the specimen, the change in volume of the gas due to oil 

being pumped into er out of the accumulator does not 
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change its pressure significantly and keeps the oil pressure 

constant. Figure 49 also shows the low cycle test assembly. 

Lapped rams were used because the amount of friction 

is very small and constant, whereas packed rams suffer from 

the disadvantage that the packing deteriorates and the 

friction varies at different pressures. The calibration 

of the rams used, showed remarkably small amount of friction 

(0.3 per cent). The cylinders were designed to increase 

in diameter by not more than .0001 in. under pressure. 

Figure 50 shows the working drawing of a ram.•  The ram 

and the cylinder were lapped to give a radial clearance of 

.0001". The amount of leakage during normal working 

amplitudes was very small, and the quantity of oil lost due 

to this reason was compensated by the load-maintaining device 

of the loading cabinet. 

Material Defects  

Some of the specimens were found to have laminations 

and inclusions. These defects in some cases were undetected 

until the final stages of the preparation of the specimens. 

Figures 51 and 52 show some of these specimens. The life 

of such specimens was affected by the flaws thus introducing 

scatter in the results. 
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Fractures  

High Cycle Fatigue 

The fractured surfaces of specimens broken under high 

cycle fatigue were characteristic of fatigue fractures. In 

the region of the origin of crack the surface shows small 

dark markings. There is a second zone where the crack spreads 

more rapidly showing a less smooth appearance. 

Low Cycle Fatigue 

• Figure 53  shows a fractured surface of a specimen tested 

in the low cycle range. Cracks.. started at the transition 

point between the corner radius and the straight sides of 

the openings. The presence of small dark markings in the 

area of origin of the cracks may be noted. The crack then 

spreads into a somewhat:rough surface perpendicular to the 

direction of the load towards the middle of the plate thick-

ness and inclined to this direction towards the ends. The 

dark zone shows that part of the specimen, where fracture 

occurred when the section reduced so much that the metal could 

not withstand the last application of the load. 

In a number of cases, cracking was initiated at 3 or 4 

corners. This indicates that the specimens were accurately 

made and concentrically loaded. 
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Results and Discussion 

Figure 54 shows the S-N curves for specimens with square 

openings with varying corner-radii together with S-N curve for 

the material. The fatigue strength reduction factor is generally 

defined for a given number of cycles to failure as 

(Alternating stress in plain specimen) 

(Nominal alternating stress in specimen with stress 
concentration) 

For example, in Figure 54 for square openings with corner radius 
S1 

of 1/8 in. the value of Kf  is given for 10
6 

cycles by 	. It 
2 

may be noted that along the S-N curve the value of Kf  depends 

upon the number of cycles to failure and has two limiting values. 

One value (usually denoted by Ks) occurs when N = , that is 

when the specimens are broken in a single pull. The second 

limiting value (usually denoted by KA  ) occurs at the other end 

of the S-N curves where the curves become horizontal (Fatigue 

Limit). For materials which do not possess a fatigue limit, no 

great error arises if representative values are obtained at 10
7 

cycles. 

Figure 55 shows the variation of observed values of strength 

reduction factor K
f 
with corner radius for different lives. One 

batch of specimens was made with openings having sharp corners, 

but measurements of the corner radii with a magnifier,using a 

magnification of 100 showed that the nominally sharp corners had 

a radius of about 0.008 in. It may be noted,  that as the corner 

Kf — 
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radius increases, the value of Kf 
initially increases and then 

decreases. In other words, the specimens with sharp cornered 

openings have a higher fatigue strength than those having a 

radius of 1/32 in., although the elastic stress concentration 

factor for the former will be much higher than that of the latter. 

This peculiar behaviour is associated with high gradients of 

stress which occur at very sharp discontinuities containing high 

stress concentrations. The stress gradient, which is not a 

dimensionless quantity, depends on the size of the specimen. 

The "size-effect" noted in fatigue testing is therefore associated 

with the stress gradient. The size-effect phenomenon and its 

relation to stress gradients is illustrated in Figure 56 . In 

the absence of stress gradient, no size-effect is observed in 

axially loaded plain specimens (Figure 56 Case 1). On the other 

hand, in specimens subjected to bending and in notched specimens, 

a definite size-effect is observed (Figure 56,Cases 2,3). 

Since extremely small notches giving infinite theoretical stress 

produce very little or no reduction in fatigue strength, the curves 

in Figure 55 are produced to pass through the origin (Kf  = 1 no 

reduction in fatigue strength when r = 0). 

Various theories have been put forward to explain the size-

effect phenomenon. 
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Neuber's Theory 

Neuber's elementary block concept is that fatigue failure is 

governed not by the maximum stress but the average stress over an 

elementary block of finite size. This means that a higher maximum 

stress can be withstood when the gradient is high, than when it 

is low. Neuber points out that the classical theory of elasticity 

which is based on the assumption of a homogenous material is 

inapplicable to materials with sharp notches. For a bar containing 

an extremely small notch, the classical theory predicts high values 

of elastic,or theoretical,stress concentration factor Kt, whereas 

experience shows that small notches give no reduction in fatigue 

strength. Neuber reconsidered the theory of elasticity on the 

basis of materials composed of numerous small and finite particles, 

and by taking account of the stress distribution near the point 

of maximum stress,he arrived at the empirical relation 
K
t 

1 

........(2.1) 
where 

KA  • fatigue strength reduction factor 

K
t 
• geometrical stress concentration factor 

• radius of the notch 

A = a material constant having dimensions of length and 

representing half the width of a Neuber block. 

K
A 
= 1+  	

1 + ,IA fr 
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This formula takes into account size-effect by including a 

dimension of the notch (root radius) and shows trends of size-

effect which agree with those found experimentally. It can be 

shown that when r tends to zero, KA  tends to unity. 

Tlig_inheient Flaw_Concept  

The inherent flaw concept regards the material as containing 

a number of internal stress concentrations. Irregularities are 

produced in the micro-stress distribution due to discontinuities 

introduced by inclusions, cavities or surface irregularities. 

The resulting stress concentrations can be regarded as originating 

from "equivalent flaws" of a given size. The influence of 

internal flaws depends on their size in relation to the region 

of high stress. This can be illustrated by considering the effect 

of an external notch on a material containing many internal flaws. 

If the notch is large compared with the flaws, there will be a 

number of flaws wholly within the region of high stress at the 

root of the notch, and reduction in fatigue strength will be 

considerable. If on the other hand the size of the notch is 

comparable to the size of the flaw, it amounts to adding to a 

material, full of stress raisers, one more stress raiser of the same 

size; and consequently the reduction in fatigue strength,due to 

the notch,is very small. 

An analysis of the interacting effect of equivalent flaws 
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with geometric stress concentrations leads to an empirical material 

notch formula suggested by Heywood (27). 
K
t  

KA = -2. K 	1 
1 + 2 (  t 	) 

K 	Ir ......(2.2) 
t 

 

where KA, Kt 
and r have the usual meanings and e = the material 

notch alleviation factor corresponding to the length of equivalent 

inherent flaws or the flaw parameter. 

Heywood has attempted to correlate \A—empirically to the 

tensile strength or fatigue limit of the material, and the type 

of discontinuity. He has plotted the observed values of notched 

fatigue limits from results of various experimenters against 

calculated values using an empirical value of ‘,1based on the 

type of discontinuity, (hole, groove or shoulder) and either 

tensile strength or the fatigue limit of the material. The 

agreement was considered to be satisfactory considering the wide 

range of specimen shapes and sizes included and the difference 

in techniques used by different investigators. 

Using Heywood's equation, knowing the values of KA  from 

fatigue tests (S-11 curves, Figure 54) and Kt  from the steel test 

(Figure 34),  a mean value of ,fiT has been obtained for discontinuities 

in the form of rectangular openings with radiused corners in ship 

steel. Using this value of ,Fin Heywood's equation, the 

variation of KA 
for geometrically similar specimens has been 

calculated. This mean value of obtained from experimental results 

agrees well with values suggested by Heywood for grooves (Figure 

57). 
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Figure 57 shows plots of KA  versus corner-radius for 

geometrically similar specimens with square openings with 

different radius/width ratios. As the radius decreases a point 

is reached where KA becomes less than unity signifying that the 

discontinuity under consideration produces less weakening effect 

than that due to inherent flaws; the material beyond this point 

should be considered to have KA  = 1. The cross-plots on the 

curves in Figure 57 correspond to a constant value of the size 

of the opening, b. Knowing the size of the opening, b, and the 

-/-) ratio, these curves can be used for finding K6,  for specimens 

having square openings with — = 0.5, thus providing an approximate 

method of estimating the probable long-life fatigue behaviour 

of large specimens. For example, for a 24 ft. wide opening in 

a 48 ft. wide plate, the values of K
A for different -1-)  ratios 

would be the ordinates of points 1, m, n, o in Figure 57 . Dividing 

the fatigue limit of the material by KA, the average alternating 

stress over the net section 
(0'an in the Figure below) which can 

be applied to such a plate for fatigue failure to take place in 

10
7 

or more cycles, can be obtained. Values of G
'an 

are 

tabulated below. The value of the fatigue limit used is that 

obtained from the S-N curve for ship steel (Figure 54). 



(Fatigue limit am.12.6 tons/sq.in.) 

• (Tin 	• 

'rib A  

1/93.4 4.06 

12.8 

0* 	*a alternating 

crea.= 	tons/sq.in. 

1/24 	, 2.75 .4.66 • 
stress for LD cyclei ' 

1/12 ' 	2.40 5.33 
to failure) 

. 	'••• 

1/6 '1.98 6.47 

The dimensions used in the above example are of the.same 

order of magnitude as those.in hatch'openings in ships. This 

very example would be used at a later stage far calculating the 

alternating stress(bdfor different cycles to failure (from 

1/4 to 1.0
7 cycles)* 

85. 
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Effect of Cycles to Failure on Fatigue Strength Reduction Factor  

The knowledge of 	K
A for a given specimen or component gives 

only. the limiting value of fatigue strength reduction factor, 

but, as was pointed out before, the reduction factor Kf  depends 

upon the cycles to failure and has two limiting values Ks  (single 

pull) and KA  (near the fatigue limit). For a structure subjected 

to a spectrum of stresses, it is necessary to have a knowledge 

of K
f over the whole range. In some cases it so happens that 

some parts are subjected to comparatively few cycles during the 

service life and parts designed for fatigue limit will be 

unnecessarily strong. 

Heywood suggests an empirical relation for calculating Kf  at 

any life. 
4 

K
f 

= K
s 
+n4 + d (K

A 
- K

s 
) 

K
f 	fatigue strength reduction factor at a given life. 

K
s 	strength reduction factor under static loading 

KA  = limiting fatigue strength reduction factor 

n 	= log of number of cycles to failure 

d 	= a constant which depends .upon the material and, for-simple 

geometric notches is independent of the type of the notch. 

For steels Heywood suggests a value of d 	
1750 2 

= ( at ) where at 

is the tensile strength in KSI. As very few experimental results 

are available in the literature giving complete S-N diagrams 

2.3) 
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for reversed loading of plain and notched specimens, the relation 

has not been verified to a great extent and may be considered 

to be very approximate. 

Heywood's equation may be rewritten as 

K
f 

= K
s 
 + 

N
rAr (K

A  - Ks  ) 
4 

where 
h
n  '4+d  

 

 

Figure 58 shows a plot of ir  versus life using 
50 

d = ( 7- 17j3 )2  = 615 

(where K
f' 

K
s' 

K
A 

are obtained from 

the S-N diagrams) 

are also marked. There appears to be some scatter, but it can 

be easily seen that the empirical curve represents the mean of 

the experimental observations fairly well. The reason for the 

deviation at 	= 1 is readily apparent. For 107 cycles when 

the experimental S-N curves become horizontal K
f 
= K

A 
and yr. 1, 

whereas the empirical curve for this life gives 

= (7)
4 

= 0.8 
(7)4+ 615 

With the limited amount of test results available for steels with 

large value of d (that is, with low tensile strengths), no attempt 

is made to suggest a new empirical expression for d;and the value 

of 615 is used in the calculations that follow. 

The experimental values of Iv obtained from the relation 
Kf K

s 
K
A 

- K
s 

(at was found to be 70.5 KSI for the steel used) 



same life« 

The calculatiotg are shown in a tabular form, below. 

pc, 
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Exampld  

 

The values of fatigue strength 

reduction factor K for different 

lives have been calculated for the 

example treated before (sage 85 ). The values of limiting' fatigue 

strength reduction factor Ka'have been taken from the 	on Page85. 

Kf  has been calculated for different , ratios- Waing Heywoodra! 

, equation 
• 1:14 

K •••••••••IMMI.1.1•10•111011 
s 4 • n + d 

( d 2.2 615 .K.11  is taken-as unity) 

ansthe average stress on net sectionfor a given4fevis 

calculated from the relation 
aa 

0an Kf 

where 0a 
	

fatigue strength of the material for the 

Kf 
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Cycles to 107 6 
10 Failure  10

5 
10

4  
le 10

2 
 

Material 
Fatigue Strength 
01 from S-N 
Diagram in 	-. 
Tons/sq. In. 

12'80 ' 13'75 1515 '19'30 24'30 28'90 

KA Tan 
Tons/ 
sq. In. 

Kf Orin 
Tons/ 
sq. In. 

Kf Orin 
Tons/ 
sq. in. 

Kt gin 
Tons/ 
sq. In 

Kf (Tin 
Tons/ 
sq. in. 

Kf Tin 
Tons/ 
sq. In. 

r 
— b 	93'4 

4'06 315 3'08 
/ 

4'47 2'54 
* 

6.20 
, 
1'90 1016 1'36 1791 1'08 2612 

r 	1 —.-: 
b 24 

2/5 4'66 219 6'29 t88 8'37 t51 12/4 t20 2025 1'04 2780 

r 	1 2'40 5'33 1'95 705 1.71 9'23 1'41 13'67 116 20'95 1'03 28'06 ic.:.:Ti  

r 	i l 
if; 6—  

, 

1'98 647 V65 8'35 1'49 10'54 119 1498 1611 21'88 1.02 2EV29 
, 	4 

. 

Figure 59 shows plots of Oen versus life for different I. ratios 

for the plate considered. The damage to the plate due to a spectrUm 

of alternating stresses can be calculated by "plotting the curve 

representing the spectrum on this figure and applying the cumulative 

damage rule. ,Before considering the damage due to 'a spectrum; the, 

effect of the .presence of a.meari stress is considered below. 

Thii value 	referred to on Page 
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Effect of mean stress  

The calculations so far have been done for alternating stresses 

only. In practice, however, a mean stress is usually present 

and cycles of stress of different magnitudes are superimposed over 

the mean value. For example, in ships, the stress reversals are 

superimposed on the still water bending stress. 

In order to take account of the mean stress in a specimen or 

a component with a geometrical discontinuity, it is essential to 

know the relation between alternating stress, mean stress and 

cycles to failure for a plain specimen of the same material. 

Heywood suggests the following approximate formula for plain 

specimens of steel (27)  

- Qt 	A
o 
+ y (1 - A(A 
	

poo cooa e(2.4) 

where as = alternating stress 

am= mean stress 

Gt = ultimate tensile strength 

1 + c
1n
4 	

aa A
o 
= 	= value of at  at zero mean stress 

+ c
2
n
4 

am (2 411 ) 
Y 	 

3 crt 

n = 	log of cycles to failure 
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A mean value of each of the constants c
1 
and c

2 
has been arrived 

aa at, by using the experimentally observed values of 
t — for zero 

mean stress. Using these values ( c
1 
= .0024, c2  = .0063) the 

relation between alternating stress, mean stress and cycles to 

failure, known as "Master Diagram" has been plotted in Figure 60 . 

Tensile mean stresses are of much greater importance than 

compressive mean stresses in affecting fatigue behaviour. In 

practice, failures in compression are extremely rare due to 

increased fatigue strengths. The master diagram is mainly for 

tensile mean stresses; extrapolation into the compressive zone 

has been done but limiting conditions (such as the condition of 

failure to take place in one cycle when am + 0a = at) may not 

be satisfied in this region. The tensile zone of the master 

diagram on Figure 60 will be used in the subsequent calculations; 

these predict the fatigue performance of a large plate specimen 

with a square opening, subjected to stress reversals superimposed 

on a given tensile mean stress. 
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Fatigue strength reduction in the presence of a mean stress  

Under repeated loading mean stress, like alternating stress, is 

also sensitive,  to stress concentrations, In fact, for a'specimen with 

stress concentration, there are two fatigue strength redUctiOn factors . 

one for alternating stress and one for the Mean stress. The definition 

of the strength reduction faCtor for mean stress can be elucidated 

with reference in the diagram below. 

omn 	Moan stress-v. atM J 	(Ultimate Tensile Strength) 
cah 

Curve I gives the relation between the alternating stress and the mean • 

stress for a given life (say 105 cycles) for:the plain material. Curve 

II gives the relation between the nominal alternating' stress and the 

nominalmean.stress fora .specinepoiith stress concentration for the 

same 
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aa 

The alternating strength reduction factor Kf 
= 	. 

(Tan 

If two ordinates al and 0'2 are taken on the curves I and II 

respectively, such that 

al
— 
 0a K

f 02 	cyan 

then.the "mean" strength reduction factor is defined as the ratio 

of the corresponding abscissae 

Um 
m 
K — 

aMn 

This definition assumes that the alternating strength reduction 

factor (K
f) remains the same even in the presence of 

mean stresses. 

An empirical formula for Km  has been suggested by Heywood: 

Um 	 + 
K
m 	

= Ks + (KA 
- K

s
) (1 - Obn 

amn 	
5tn6an  

)2   (2.5) 

where am, amn, aan, 0t, KA, Ks  are as defined before, and Utn = 

ultimate tensile strength of a specimen with stress concentration. 

(atn = K
s 

at) 

The formula indicates that K
m 
depends upon the nearness of the 

sum (amn + aan) to the static strength atn. At static failure 

when amn + Oan = atn, K = Ks. Also the value of Km can never 

exceed KA. 
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Example:a. 

Heywood's formula (Equation2.5)was used to calculate the fatigue 

performance of .a large-size plate specimen. The dimensions of the 

plate were as in the previous example (Page 88)., The magnitude of 

the tensile mean stress was chosen to be 4 tons/sq.in. The still 

water bedding stress in a•ship would be of this order. 

The calcUlationg were done for an 
• I 	• 	• 	•  ratio of -c-374  . Ansample calculation 

is shown below. 

Oimn = 4 tons/sq.ina 

Ot = 31..5 

From Page 85 for = 913-t-r- 

It is required to calculate the nominal. alternating stress Qan 

that 	be applied to this plate for failure to take plAce in 105  

cycles. The master diagram on Figure 60 will be used in these 

• 1 

calculations. 

Now 

 

 

• Man + (Ian  (K 	10 (1 * • s • A s 	otn 
Equation 2.5) 

Putting at 2=1  titre, ,Ka  

the above equation can be rewritten as 

r, 

• at 	
•L A +.0cA 	

cbn 	 at 	) 

K 4.06 A 



4 

Qt 

	

at 	
1 + n  as 	aan  

n
4 
+ d 

(KA 	1 ) 

Putting Ks  = 1 

(2.7) 

From equation ( 2.3) 

Oa 	n4 
Kf 
= — = K

s 
+ n

4 
+ d 

(K
A - K Oan 	 s) 
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fat 
4  

Putting aat = 31.5 9 
KA = 4.06 in Equation (2.6) 

aM ban ,2 = 0.127 + 0.389 (0.873 - 
ot 

0000000(2.8) 

Putting n = 5, d = 615, KA  = 4.06 in Equation ( 2.7) 

aa = 	
at
Can  

2.542  

 

(2.9) 

 

(Tan By using several trial values of 	in equations (2.8) and 
at 

( 2.9) 	, such a value was obtained that the point representing 

GA 	m 
the corresponding values of Ft 

a
t  and — lay on the curve for 10

5 
O 

cycles in the master diagram (Figure 60 ). 

In this particular case . 

when 
0-an= 

 0.17, 

as 
at 

 

0.43 

  

GM . 0.32 
at 

aa 	
at 
am 

The point represented by the coordinates.— = 0.43, — = 0.32, at  

is on the curve for 10
5 cycles in the master diagram (Figure 60 ). 

Hence aan = 0.17 x 31.5 = 5.35 tons/sq.in. This stress may 

be compared to the value of 6.2 tons/sq.in. which can be applied 

when Man = 0. (Table on Page 89 , asterisk mark). 
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The discontinuous curve in Figure 59 represents the fatigue 

performance of the plate in the above example for an ratio of 

1 
93.4 

may be compared with the corresponding curve for zero mean 

stress on the same diagram. It may be noted that a mean 

stress of 4 tons/sq.in. does not change the fatigue behaviour 

of the plate considerably. Calculations taking account of the 

effect Of mean stress were therefore not done for the other 

r 
ratios. 

and with a mean stress of 4 tons/sq.in. This curve 



93.4 and an assumed moan stress of 
1 
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Damage due to a stress-spectrum 

(42) The average stress histogram of a ship 	has been super- 

imposed on Figure 59, The histogram was obtained from measurements 

on several ships at sea reported by Johnsen and Larkin 
(43). 

 The 

measurements were taken for a limited period; but for the sake 

cf the example, a rough estimate is made of the number cf reversals 

that a ship may get in an arbitrary period of 100 years. The 

number of sailing hours per year was assumed to be 6000. According 

to Miner's hypothesis the damage at a particular level of stress 

is given by the ratio 12 
n 

where nY = number of reversals at the given stress level 

n = number cf reversals required at the same stress 

level to cause failure. 

The total damage is given by 	
n 
	In the application of 

Miner's hypothesis nT and n were taken as values corresponding to 

the middle of the stress range considered. n was referred to the 

curve corresponding to 3 = 

4 tons/sq.in. 

The table below shows two sets of calculation of damage at 

different stress levels. One of the sets refers to the average 

histogram mentioned above. The second set refers to the histogram 

of one of the several ships from which the average was obtained. 
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1 2 3 4 5 

Stress 
Amplitude 

i 
T1 	in 100 years fl 	, 

T1 i 

17 
11 1/n x 100 
n'in 

(Semi range) 
tons/sq. in. 

Average 
Histogram 

Histogram of 
one ship 

Average 
Histogram 

Histogram 
of one. ship 

Average 
Histogram 

Histogram 
of one ship 

0.5 to 1 18516300 2510800 00 0 0 0 0 

1 to 1.5 1724900 393300 00 0 0 0 0 

1.5 to 2 198200 285900 crc:,  0 0 0 0 

2 to 2.5 30000 115300 00 0 0 0 0 

2.5 to 3 6300 46800 10 x 10
6 

0006 . 0047 13% 11% 

3 to 3.5 1130 8500 
6 

2 x 10 • 0006 .0043 13% 10% 

3.5 to 4 232 1460 1 	x 10
6 
 - 0002 • 0015 42 To 4 % 

4 to 4.5 93 729 450,000 • 0002 - 0016 
1 

4-2.% 4 To 

5 45 438 15,000 .0030 - 0290 65% 71% 

n  0.0046 00411 
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nl  
The total damage-- when referred to the average histogram 

is 0.0046 and the corresponding value for the histogram of one 

v-nt 
of the ships is 0.0411. Failure takes place when L — = 1. 

In both cases the total damage is very small. Column 5 in the 

table gives the damage as a percentage of the total damage. 

It. may be noted that the rate of damage for the two cases 

considered is nearly the same, although the total damage differs 

considerably. The nature and severity of stress spectrum (and 

hence the damage) may differ considerably for different ships. 

(23) (Nibbering 	points out that the stress spectrum of "Canada" 

in one month was nearly as severe as that of "Ocean Vulcan" in 

thirty years). Secondly, the effect of welding and corrosion 

has not been taken into account in the above calculations and 

these factors will adversely affect the fatigue behaviour of 

the plate. 
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Effect of the length of a rectangular opening  

Figure 61 shows the S-N diagrams for two batches of specimens 

with different lengths of openings but equal corner radii. The 

S-N diagrams for the two opening sizes 
3 

( 
3 	3 " 	

) tr,  .x ", x 4 4 

were found to be very close and further fatigue tests on a 

third batch of specimens with a different length of opening 

3 	1 
( -4- " x 1 	") were discontinued. The photoelastic tests also 

indicated small variation of stress concentration with length 

of opening, thus lending further support to the discontinuation 

of the tests. 
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THEORY  

The general stress distribution in .plates with rectangular openings 

was found using the finite difference approach - the computation being 

carried out by the Atlas computer. Relaxation solutions for .a plate with.  

a fixed length to breadth ratio„stiffened in two directions and containing 

a square hole have been obtained before. (44) 

Governing Equations  

The stress-strain relations for a sheet are 

C15c  
E [1:)LJ AL] 

TriP bx "by 
E [b v. 

	

ors 	 bu 

	

, 	1. 177 	by .  

bu . by -c _ E  [xy7T-1. —,p) 	bx  

For a plate stiffened in longitudinal and transverse directions it • 

may be assumed that the stiffeners are spread out to form equivalent 

sheets having no shear resistance. 

Defining Tx  py, Txy  as the mean applied stresses such that hal„h(**  
htxy are the forces per unit length of the plate stiffener combination 

(equivalent sheet), the equations of equilibrium are 

•
.(f5- 	r_ 

bx 	by 

b:Xy =  
by 	b).5 

 

(2.11) 

 

(h=t. plata thickness) 
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If ax  and ay are the stiffener areas expressed as a fraction of the 

plate area, and Cas , 09s 	are the stresses in the stiffening members 

+ OLx 0xs 
ofr = 03 + ay0-9s 
Txy= txy 

 

(2.12) 

 

(assuming the stiffeners do not 

contribute to the shearing resis-

tance of the equivalent sheet) 

The stresses in the stiffening members are given by 

Ms E 	. 
bx 

Tys= Eby 
ay 

	

Substituting for Oil A  try , txy 	from (2.12)in 

Crx • 	cr +ax 	+Yx = 0 

60%-, 	609s 	v 6; +a 	 0 

   

(2.13) 

- 2.14) 

(2.11) 

  

   

Using expressions (2.Mnd (2.13khe equations(Z.14)can be expressed. n 

terms of derivatives of displacements 

2[1+a 	+01-62v 	— o 

	

)(2 	Zy2 	rThxby 

2 [1+ay(1-p2d-Y-2Y- +0 —0 	+n)b2u 

	

1)302 	axe r  key  (2.15) 
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Finite difference relations for derivatives at point 0 on a grid with 

unequal mesh size in different directions were derived in the section 

on superstructures. 

0 
Xib 

.‘2 
Atli -U3 +U0(1  -A)  

L -10 	a cg + 

r]  _ t ti 	zfr U2-uuo(141).. 

b0Zi + Xi ) 

eu] 	+ u3 -U0(1+X)  
bX!1 a2  7Z+ x) 0 

[e.5.1] 
u 

 - 	+ u 4.-U0(1 +X1)  
aye  " 	*xi) 

 

(2.16) 

 

[
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	 • 
 ' 
	 ab(g+X)( XI+X1) 

+ (1A) 	.u3+uo(1-$)] 
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Expressing the derivatives in Equations (i.i,5)in terms of their finite 

difference equivalents we obtain 

.[xu,+u,-(14N)u,]+F2Extu2+u4-ciaou.] 
o 	

+ Ngv6 -v6+(1 -kva fgva-v7+(14) )? -v3  +(1 41)4 =0 

G1Nv2+mr•-(14-X0 voi +G2 +v341 +X)vj 

-i-F3PI{Xu5-u6+(1 -tu2} -{')L8-u7+(1- 14+0 —gi)(3Zuru3+0-40uo  =0  

Where 
b k  
a 
1 4.ax(1 - p2) =14 
1 +4y(1- t 

4 k2  
5 = . 	lic(A+X) 

F2  2(1-13)  
( A,+ A) 

(X+g)(X+1) 
• 4  GI=  

Xi+Xi) 

Gi= 2 k2(1-,2P)  
( X + K) 

Solving equation (2.17) for each point oh a finite differenCe 

grid together with the boundary conditions enables displacements and 

stresses to be computed at all points. 
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The figure 21ow shows the two cases of plates which 

were treated. Case / is a plate with a single rectangular -, 

opening and case 2 is a plate with two openings. 

C ASE 1 	 CASE 2 
Do 

Case 
	

tCase 2) 

Figure (b 	• 
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The plates were assumed to have uniform longitudinal 

and zero transverse displacements imposed at the ends (AB, 

CD; AlBt, C►D►). This particular boundary condition was 

chosen to simulate the gripping of the fatigue plate specimens 

as shown in the figure (in a ship the effect of transverse 

framing will also be to reduce transverse displacements 

generally). Due to symmetry, only a quarter of each plate 

(Figure 62) was analysed. It was divided into two 

rectangular grids interconnected at the edge of the opening 

(Figure 62). The division of the plates into the grid was 

kept such that the resulting matrix could be inverted by 

the Mercury computer using the matrix inversion routine 

without recourse to partitioning. 

A program was written for the Mercury computer such that 

it could also be run on the Atlas computer at a later stage 

when it was installed. The program was capable of generating 

and solving the simultaneous equations arising out of 

applying Equations (2.17)to each point on the grid. The size 

of the matrix was 99 x 99. The pattern of coefficients 

on a point 0 on a general grid is shown below. 



0 

b 

1:6T+XI ) - G2(1 +  

106. 
( i ) Pattern of Coefficients for u displacement equation 

0 Coeff. 

Coeff. of v, ---..r 

5 xi 
511-7)2)T-I 

	110...11 1•110 
	a 

- F3(1 -fit) 

_F1oot,...F20+ktg FIX 

Fr;67:0 1 

b 

El 
-F3o 4 )1 

® LGIVI 

(i i ) Pattern of 

Coeff. 

doeff. of v—r 

2 
Coefficients for v-displacement equation 

F3(1  4i)) 
 F3(1 -L F3(1-gi)(1-g) 

G2A1  

FRI -F3 (1 -X) -F3X 



could be changed and by varying 	i. the distance VetWeen a2  
them (Figure 62 ). The applied displacements, stiffener 

Patterns of coefficients for points which lie on simple 

rectangular grids were obtained by putting 11  al  X mil in 

the above patterns. 

By varying the ratio 	the length of the opening 
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areas, the size and distance between openings and the 

Poisson's ratio were fed as data in the program. The 

computer results were in the form of displacements and .: 

stresses 07 pai •  Txy at every.point-on the grid. 

Boundary Conditions' 

The fictitious external values of displacements at the 

free boundaries were expressed in terms, of the unknown 

internal displacements using relations (-2.11)and (2.13). 

(0 At free boundaries • x =constant 	O =0 

,2 
1.4441_p21[g ui-u.4.4.u0(12g)],  p [AI v2 -v4+ vo 	= 0 [ 

a()&X) 	 b(*X1) . 

(ii) At free boundaries y= constant 	0; =0 

  

2 	..2 
X1V2 -V4 + Vo(1- A1)]+p  [A ui-u3 +ufi 0 4.] 

b(A+A) 	. a ( ??+X) 

 

   

 

=0 

  

(iii)Along all free boundaries Txy= 0 

?Zi u2-u4+ 	/2+.1 vi -v3 +vo( 1 -g )  . 
b( A) 	 ) 
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At the internal corner the fictitious values u
6 

and v6  

were found by extrapolation. The method used was to average 

the fictitious values (Q1 , Q" in Figure 62) pertaining 

to two adjacent points, which had been found by satisfying 

conditions of zero normal stress and zero shear stress. 

At the interconnection of the two grids, values were 

parabolically interpolated at two points (R,S). 

In order to find stresses along the edge where displace-

ments were specified, it was necessary to find fictitious 

external values of u and v . This was done by applying 

equations(2.17)at each mesh point along this edge and 

solving the resulting set of simultaneous equations. This 

procedure was carried out after having determined the 

displacements inside the plate, since these external values 

were not required for the determination of displacements. 

Parabolic extrapolation was used at the corners where 

necessary. 
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Results and Discussion 

Tables 8 to 10 give the numerical values of relative 

longitudinal and transverse displacements u and v for several 

cases of plates with one or two rectangular openings. The grid-

points and the edges on which displacements were imposed are 

indicated in Figure 62 . The longitudinal and transverse 

displacements imposed on the loaded edges in every case were 

200 units and zero respectively. 

Figure 63 shows the displacement diagrams for eight cases - 

the applied displacement in each case being the same. The four 

diagrams on the right indicate the effect of changing the length 

of the opening on displacements, keeping the distance between 

the ends of the opening and the loaded edge constant. The 

diagrams on the left indicate the effect of changing the distance 

between two openings, keeping the lengths of the openings constant. 

Figure 64 shows the distribution of longitudinal stresses in 

the plates on several cross-sections. As the length of the 

opening decreases, the average rate of change of longitudinal 

stress across the width of the sides of the opening increases. 

Transverse and shear stresses in the plates are, in general, 

small in magnitude. The maximum transverse stress occurs at the 

ends of the opening and increases as the length of the opening 

decreases. 
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The width of the openings in all the cases discussed above 

was 50 per cent. of the width of the plate. Figure 65'shows the 

displacement diagram and longitudinal stresses for a plate with 

a 60 per cant. opening. The applied displacements at the loaded 

edge in this case are of the same magnitude as those in the 

cases already considered. The average rate of change of 

longitudinal stress across the width of the sides of the opening 

is greater than the corresponding case in Figure 64. 

To check equilibrium, the total force at the centre of the 

plate across the opening was compared with the applied force at 

the end. The maximum unbalancedforce,was found to be about 20 

per cent. of the applied force (applied force being greater than 

the force at the centre of the sides of the opening). One of 

the reasons for the discrepancy may be the use of two rectangular 

grids interconnected at the ends of the opening. That this may 

not be the only reason can be deduced from the fact that a lack of 

equilibrium of about 10 per cent. was observed in a relaxation 

solution of a similar problem using a square grid for a plate of 

fixed geometry with a square opening. Another reason may be the 

disturbing effect of the assumptions made in obtaining the fictitious 

point outside the boundary at the internal corner . This assumption 

presumably has a greater effect if the ratio of the two longitudinal 

a2 
grid-lengths 	) is large, since the lack of equilibrium also 

al 

increases as this ratio increases. 
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Comparison with Experimental Results and Suggestions to imp rove solution 

Figure 36 shows the distribution of longitudinal stress in 

way of a rectangular opening. The photoelastic results at the 

edges are compared with results obtained by finite difference 

displacement solutions. The results obtained from the test on 

the steel specimen are also shown in the figure. The discrepancies 

increase as the length of the opening decreases. This may be 

due to the relative proximity of the internal corner at which 

position the finite difference solutions are most in error due 

to the effect of the assumptions made in obtaining the fictitious 

points outside the boundary at this corner. Presumably, the 

a2 effect of the assumption increases with the grid size ratio ( — ) 
al 

(Figure 62 ). 

An examination of the discrepancies observed in the finite 

difference solution leads to the following suggestions which may 

be considered for improving the solution. 

A square mesh should be used instead of the two interconnected 

rectangular grids. The length of the opening, its width and the 

distance between two openings can be changed by keeping the 

number of mesh-points variable. The figure below shows a quarter 

of the subdivided plate. 
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a 	 

Fictitious Points 
near the Corner 
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Square Mesh 

In order to minimize the error due to the effect of the, 

assumptions made at the internal corner for calculating the . 

fictitious boundary point, the mesh near the corner should be made 

finer and connected to the main grid. The above figure shows a• 

possibly grading at the corner. The number of equations resulting 

from the proposed subdivision would be large but with the available 

computer facilities, this does not present a- big problem.' For a 

very large matrix, partitioning of the matrix can be resorted to. 

As the general distribution of stress in the plate will, in 

general, be unaffected by the corner-radius„. the above subdivision 

with a sharp-cornered opening is adequate for finding this distribution. 

The variation of "point-forces" at the corner can also be studl 

using this subdivision. 
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If the variation of the position and magnitude of stress 

concentration for a plate with openings having radiused corners 

is to be studied using a numerical technique, the finite element 

method may prove to be more useful. The subdivision of the plate 

near the radiused corner is simpler using the finite element 

(39) 
method 	Using the finite difference technique, on the 

other hand, may entail the use of a polar coordinate system in 

the region of the radiused-corner and an interconnection of the 

polar and cartesian coordinate systems - at some distance away 

from the corner. 

Variation of "Point-forces"  

All the stresses at the corners of the openings are indeterminate 

but the "point-force" spread over a grid length can be estimated 

by applying conditions of equilibrium (figure below). 
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Longitudinal Stress 

leArea Al  

*Point-force" 9 

In the case of a single opening, it was found that the point* 

force increases as the length of the opening decreases. From the 

photoelastic results (Figure 29) it may be seen that for a given 

radius the concentration of stress also increases as the length 

of the opening-decreases, The actual concentration of stress 

depends upon the manner in which the "point-force" is dispersed . 

at the corner, but the magnitude of the "point force" may be teen 

as a rough measure of the stress concentration in order to study 

the trends in its variation with geometrical parameters. 

In the case of two openings, direct comparisons between the 

'magnitudes of "point-forces" corresponding, to different distances 

between the openings, can not be made because of the changing 

grid.lengths, but luganeral the point force increases with the 

distance between the openings. 

In discussing the concept of "point forces" a comment maybe 

made regarding the.,"inergy absorption criterion" used by Degarmo (
12) 

whilb,comparing the various hatch corner details used ln the 

Liberty ships. Degarmo demonstrated that hatch corners having 

greater absorption of energy during tensile breakings.tests showed 
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better performance in the Liberty ships. Although the relative 

performance of corner details as predicted by the energy asorption 

criterion, agreed with that of actual ships, the basis of 

comparison is open to criticism. A ship is subjected to a 

spectrum of stress reversals; therefore predictions based on 

results from tests in which the specimen is subjected to a single 

pull, may not be reliable. 

The plate specimens tested in the present investigation, with 

square openings of different corner-radii, were found to break 

under static load at approximately the same nominal stress and 

overall elongation. This indicates that the energy absorbed 

was independent of the corner-radius. On the other hand, the 

fatigue behaviour was found to vary considerably with the 

corner-radii. 

Although the energy absorption criterion has been successfully 

used to indicate, qualitatively, the relative performance of 

large-size structural details (possibly of brittle steel), it 

is unlikely to have general application as a measure of fatigue 

performance. 
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CONCJA451= 
Superstructures  

A new stress-relieving cut has been evolved which reduces 

the stress at the root of the expansion joint to a reasonable 

value. A value of 3 was observed for the shape considered 

(values as high as 17 have been recorded on actual ships (9)). 

Similar cuts might be used in analogous situations near other 

discontinuities. 

The finite difference technique has been applied to calculate 

the effect of the depth of a cut (representing an expansion 

joint) on the general stress distribution in idealised plate- 

projections. The agreement between numerical and experimental 

results was found to be good. It was found, for example, that to reduce 

the stress at the top of a given 1:6 plate projection (see Page 29) 

to 25 per cent. of the simple bending stress (which would be 

present at the top of the uncut projection if there were no shear 

lag), the depth.of a central cut should. 	be 75 per cent. 

of the depth of the projection. 

Hatch Openings  

Tests on plates with rectangular openings showed that the 

geometrical stress concentration factor decreases with increasing 

length, width and corner-radius of the opening. The values of 

the stress concentration factor obtained from tests on a steel 
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plate specimen with a square opening were found to be 4, 2.8, 

1 	1 2.4 and 2 for radius/opening -width ratios of - 6-7 0 24 1 
1 
2 and 

 

respectively. The values obtained by photoelasticity for 

rectangular openings were found to be low compared to the 

infinite plate solutions and compared to the steel plate results, 

especially for small corner-radii. Photoclastic results for 

small circular openings (giving large thickness/radius ratios) 

were also found to be low compared to the plane stress solutions. 

The low values obtained photoclastically remain unexplained, 

but it is possible that the incident light was not exactly 

perpendicular to the plane of the specimen. 

Fatigue  

Tests on specimens with circular openings showed that the 

effect of surface finish on fatigue behaviour is more pronounced 

in specimens with discontinuities than in plain specimens (Figures 

39 and 40). 

The greater strength reduction factor for the small machined 

specimens with square openings occurred for the specimens having 

r 	1 r 	1 
22; (Figure 55). The specimens with — = 53- had a longer 

life, and this is explained in accordance with theories of fatigue 

failure which take account of the effect of stress gradients. 

The correlation between the test results and empirical relations 
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suggested by Heywood was found to be good. (Figures 57 and 58). 

Using the existing theories, the effect of varying corner-

radius on the probable fatigue behaviour for an opening of 

ships! dimensions was studied. The predicted fatigue performance 

for a 17 	
1  

ratio of 	in this case was found to be inferior to 

that corresponding to the ratio 	
1 

24 ° 

The effect of corner-radius was found to be high at low 

stress levels. For -1; = (7 , the effect of the presence of a 

mean stress ( 4 tons/sq.in. tensile) was also included; no 

drastic change in fatigue behaviour was observed (Figure 59). 

The damage to the plate was found to be small; the damage would 

be much increased by welding or corrosion. 

General  

Finite difference technique has been used to find stress 

distribution in plates with discontinuities. The concept of 

"point-forces" (calculated from the general stress distribution) 

is shown to be useful to study trends in the variation of stress 

concentration with a geometrical parameter, such as the length 

or width of an opening. 
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NOTATION 

N ,N
y 	Normal components of forces per unit length, parallel 

to x and y axes. 

ax, o'y 	Normal components of stresses parallel to x and 

y axes. 

N Shear force per unit length in xy plane. 

TXy 	Shear stress component in xy plane. 

h 	Plate thickness. 

u, v 	Displacements in x and y direction. 

Ex, Ey 	Unit elongation in x and y direction. 

yxy 	Shear strain component in xy plane. 

Modulus of elasticity. 

Modulus of elasticity in shear. 

p 	Poisson's ratio. 

F 	Force function. 

a 	Size of mesh in x direction. 

b 	Size of mesh in y direction. 

(also width of a rectangular opening in the 

Section on Hatch Openings). 

B Width of a plate with a rectangular opening. 

r 	Radius of a circular opening or the corner radius 

of a rectangular opening. 

aa 	Alternating stress on a plain specimen. 
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net 

(Tan 	Nominal/alternating stress on a specimen with a 

discontinuity. 

5m 	Mean stress on a plain specimen. 
net 

Sam 	Nominal4mean stress on a specimen with a discontinuity. 

at. 	Tensile strength of a material. 
net 

0tn 	NominalAtensile breaking stress of a specimen with 

a discontinuity. 

5t K
s 	Static strength reduction factor = 

Ttn 

Kf 	Fatigue strength reduction factor at any cycles 

to failure. 

K
A 	Limiting fatigue strength reduction factor (for 

10
7 

cycles or more). 

K
m 
	Mean fatigue strength reduction factor. 

- - - 
Ox, ay, TXy 	"Mean applied stresses" in the plate-stiffener 

combination (such that h Ox, h ay, h 'CXy are forces 

per unit length in the plate-stiffener combination). 

43, 	Areas of longitudinal and transverse stiffeners 

expressed as a fraction of plate area. 

1 
r
x 

1 + 	(1 	p
2
) 

1  

1 + oLy (1 - p2) 

(Ixs 	Direct stress in longitudinal stiffening member. 

Oys 	Direct stress in transverse stiffening member. 
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H 	Height of a plate projection. 

Oe 	Principal stress at a point of stress concentration. 

6e(max) 	Principal stress at the point of maximum stress 

concentration. 

oN 	Nominal stress across the net section of a plate 

with a geometrical discontinuity. 

ae 
K
t 	

Geometrical stress concentration factor = 0 

K
t (

ma
x) 	

Maximum geometrical or elastic stress concentration 

factor. 

A 	Material constant in Neuber's equation. 

Notch alleviation factor or flaw parameter 

(Heywood's equation). 
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Cut-out 
shape 

Oe (max) 

- 	. 

ae on centre of cut 
Theoretical 
0.0 (max) 

oN aN oN 

1(a)  2.51 2.22 

1(b)  2.09 1.98 

1(c)  2.09 2.09 

1(d)  2.09 	2.09 1.88 

2 1.92 	1.92 

TABLE 1 

Stress Concentration Factors  

(Superstructure Expansion Joint) 



Effect of Length of Opening 

b 
1

b/B 	r 	!rib 1 L 
1 	

L/b 	K 
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4" 

4'' 

4" 

2" 	0.5 

2" 	0.5 

1 .083" .042 

! .083" .042 

.083" .042 

:.083" .042 

!..6251  

1" 

27 

3", 

.313 2.57 

0.5 1 - 2.21 

1.0 I 	2.05 

1.5 1.97 

2 ! 	1.92 

4" 	2" 
	

0.5 

4" 	2" 
	

0.5 
• 

2" 	0.5 ! .083" 1.042 	4"! 

Effect of Radius at Corner of Opening 

4" ! 2" i 	0.5 .333" ' .167 	2"!1. 	i 1.88 

4" 	2" 	0.5 .167" .083 	2'1'1 	i 1.97 

4" 	2" 	0.5 .083" 1.042 	2'11 	2.05  

4" 	2" 	0.5 .047" 1.024 ' 	2"i1 	I 2.31 

Effect of Width of opening 

	

4" 1 2" 1 0.5 1..083 '.042 	4"I2 	1 1.92 

4" I 
I 	I 

t 2.5"i0.625 t.083 	.033 	4'111.6 	1 1.7.4 
1 	1 	! 

i 	 1 
4" ! 3" I 0.75 L083 	.028 	4'1 1..33 I 1.63 

.._ ! 

TABLE 2 

Effect of Hatch Dimensions on Stress Concentration 

(Photoelastic results) 
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B b b/E3 r r/b L L/b Kt max 

21-9" 1I-4124  0'5 
241: 

1't 
II 

1
,
-412 1 2.0 

2'- 9" 1'- 411 0'5 3 " 1 t ' 1/12 1'-411"  1 2.4 

2'.- 9" 11-411" 0'5 ii .. 16 1/24 1 S-41,; 1 2'8 

2I-9" 1I-41 /2"  0'5 14 1 /66 
, 	1 „ 

1- 41 1 4.0 

   

   

0N 4-1 

 

L 

    

a 
B 

Kt max = 
Cr;CM aX) 

crN 

 

TABLE 3 

Stress Concentration Factors. 
( Hatch Openings ) 

Steel Plate Experiment 
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IG~~id-fi;;~j;~'tio~-~;itJ"--C~tH/41'.. 'eu t-Hi2rC~t-'3H/4-1
~ Point j No Cut I deep I deep 1 deep ~
l No" :-nlsplcicement: .. _- -f --'-~'-'--I-'-- -l·····_··-i-··--·l
I' i tit I
I ; u V ! u! v; U I v:u IV I

. 1 r-'-'-" '''\''-'~'1'1'4 : ~-;9+- :1~8 :,' --';-4-1 -{O~f~44--r--~4~"'~
I
-52. : \ . I . I 1

, I I . I ' i
. i . I :

2 I 33 -119 28 i -123; 47 I -113 196 -53 I
! I

! 3 157 -145 154 I -147· 164 -139 269 -82
I I

4 476 -124! 474 i -126 477 -121; 520 -83
t I

5 -52 11; -59 9 ;'34; 13! 145 40

6 41 14 36 11. 55 16 203 42

7

8

9

10

11

12

174

425

-36

40

I 144

308

23

33

114

115

111

83

171 I

42l~

-44

35

142

307

21 . 180

31 : 426
I

110 : -20

111 ~ 56
\
l

109 ! 150

82 ! 309
I

25 282

33' 466

110: 162
I

1111 208

I
1091 259

82i 346
I

49,
;

i 48
I

i
1 109
I
I 111
I
! 115,

87

13 -16 170 -31
I

164: -7! 157· 178 130

14 24 169 21 163: 46 158: 211 I 133

15 80 153 78 149; 89
!

145: 217
I

134

16 160 103 159 101 ;, 160 98' 188 96

17 a 137 -28 108; -8 183 l 178 132

18

19

o

o

186

165

o

o

I

180; 34

162 0

173 i 217

143 ~ 184

122

100

20

4'

8'

o
I

j1000

750

108

o

o

! 0
!
!1000
i
!

750

107' 0

o l1000

o 1750
I

I

98: a

a ~1000
I

o ! 750

70

o

o

50012' . 0 i 500 . 0 . 500 0 500 O .
• '-"_'__' .1.. . -: ;--__._-: •__•. _. _ .• _ ••. _

TABLE 4
Displacements in P1nte Projections with Cuts (side r~tio 1:2)

Constant strnin nnd zero curvature imposed
(Ref 0 FiQure 13)
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Grid 
Point 
No. 

Projection with 
No Cut 

Displacement 
u 	v 

Cut H/4 
deep 

u 	v 

Cut H/2 
deep 

u 	v 

Cut 311/4 
deep 

u 	v 

16' 250 0 250 0 250 0 250 0 

20' 0 0 0 0 0 0 0 

a 0 -158 0 -158 0 -151 0 -115 

h 315 -159 315 -158 322 -154 326 -143 

i 654 -129 655 -128 657 -127 638 -128 

j 862 -147 862 -145 865 ••146 857 -157 

k 1524 124 1526 126 1523 1Z1 148x: 63 

TABLE  4 Icontd.) 





133. 

1 	 ; 	---"t- 
Grid Projection with Cut H/4 	Cut H/2 	Cut 3H/4 i 
Point 	No Cut 	deep 	deep 	deep 
No. 	u 	V 	u 	v 	u i v 	u ; v 

. 	, 	-4- 	i 

8T 

r152 218 :-147 	2151-148 2091 

: 	I 	i 
-50 1494 i -59 	4801 -85 	455i 

TABLE 5 (contd.) 

20' 	0 	0 

g 	0 	-34 

	

-34 	-6 

i 	-66 	86 

j 	-153 	221 

k I -47 	499 

16' 	0 	25 	0 1 25 

0 	0 

0 -34 

-32 I -7 

-66 87 

0 	2.5 25 	0 

0 0 	0 

1 	0 -24 	0 

-25 -2 I -23 

-62 87 	-70 



134. 

Cut H/2 - cdEN174 
deep 	deep 
-T- 
u I v 	u 	v 

1205t -186 1322 -160 

9731
1 
 -227 1099 -199 

1 133 7t -276 1428 -247 

FEridjProjection with 
Point 	No Cut 
No. TD1sOlacement 

90 

	

1  10 	I 1019 

	

11 	1  1144 	172 

Cut H/4 
deep 

U 1 V 

1155 179 

I 
1320! 106 

606! 307 

589 i  261 

621! 190 

679! 

1036 I 255 1210 

1097 232 1251 

1201 1 189 1314 

13446 112 1401 

784 301 1079 

731 277 1033 

686 210 905 

104 i 705 1 112 	787 

349. 220 	752 I 132 i 1046 
1 

O 1 223 I 384 	139 ! 1086 

O 161 0 149 549 

O 88 0 f 79 0 

	

0 1 3000 	0 i 3000 	0 

2309 -183 

98 1305 

106 1383 

122 i 1599 

93 I 1937 

-164 

104 

112' 

128 

97 

243 

229 

194 

119 

228 

228 

204 

121 

41 

12 

28 

72 

O 2250 f  0 

O 115001 0 

	

-198 	11571-197 

	

-240 	921-239 

	

-290 	1298 -288 

	

-192 	22951-191 

	

94 	1134 	951 1183 

	

100 	1228 101 ! 1274 

1 

	

118 	1485 119 i 1519 

	

90 	1881
! 

91 1898i 
1 

	

245 	9641 251 

	

214 	1032 222 

O 13000;  

O i22501 0 ;2250 
i 	I 

O ! 1500! 0 1500 , 

2339 

1 	1150 

2 ' 912 

3 	1291 

4 
	

2292 

5 	1127 

6 !1220 

7 	. 1478 

8 	1876 

9 	956 

12 
	

1313 	103 

13 
	

539 	276 

14 
	

560 	230 

15 
	

607 	168 

16 
	

673 	94 

17 	0 	281 

18 	0 	226 

19 i 0 	164 

	

20 	0 
1 

	

4' 	! 3000 

	

8' 	12250 
1 

	

12' 
	

I 1500 

TABLE 6 
Displacements in Plate Projections with Cuts (side ratio 1:6) 

Constant strain and zero curvature imposed 
(Ref, Figure 13) 
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Grid Projection with Cut H/4 
	

Cut H/2 
	

Cut 3H/4 
Point 
	

No Cut 	. deep 	deep 
	

deep 
No. Displacement i 	I 

u 	v i u v u 

16' 	750 1 

20' 	0 

g 	0 1 

h 	832 

-139 I1599-151 

j 	2529 

.. I 	 1 	1 	I 
k . ' 3708 	194 	1 3705 .! ilDi '3691! A83 . 3661 164 

i 	1691 

0 750 C 	1 750 

0 0 0 	0 

-107 . 	0 -1041 	0 

-114 1 	828 -124 808 

-130 j 	1682 -1331656 

-146 .2523- -102506 

0 	i 7501 0 

0 a 0 . 0 

-90 1 0 1 -66 

-129 1 733!,132 

-181 I24701-158 
I 	i 

TABLE 6(contd.) 



16 t  111 

	

17 	0 

18 

19 

20 

I 4' 	0 

	

; 8' 	0 

	

12' 	0 

• 11 	426 

12 	211 

13 	497 

14 ; 356 

15 	229 

O 15 	0 ' 14 ; 

O 68 	0 	67 289-2.4 : 671 -84 

O 37 	0 	361 

	

2025 	0 2025 

	

900 	0 	900 I 

3600 	0 3600' 

951 	436 957 473 966 530; 969 

925 	217i 929 ,  236 934 264. 937 

335 558 3641 702 363 8601 322 

296 	383: 327 1 494. 344i 653' 316 

266 	2421 286! 293; 304! 402 299 

243 	117 252 137 260 177 263 

111 	319 	57: 673: -14' 828: -75 

0 29i 262 

0 8.4 0 

0 3600 0 

0 2025' 0 

0 , 	900: 0 

3600 

2025 

900 

-56 

6 

136. 

1
GridProjpction with 1Cut H/4 1Cut H/2 i Cut 311/4 

1Poin.0 	No 	Cut 	1 deep 	deep 	i 	deep 
No. ---CF --1 v 'u iv -1u v ;II 

i 	
ii---  7 

1 	i 	1  

	

1 	1  1219 	1 3398 	123013399•1267134071328, 3421 

	

2 	703 	1 3381 	711 3382 752'. 3391 818, 3406 

	

3 	498 	3386 	505: 3388 536' 3397 583i 3412 

	

4 	394 	3469 	397.3470 407 3476, 423.3486 	• 

	

5 	. 1193 	2070 	1200'2070 1238 2073 1301 2076 

	

6 	826 	2066 	834 2067 869,2070 926: 2074 

	

7 	545 	2065 
	

552 2066 578 2069 620,2072 

	

8 	295 	2049 	299.2049 313 2051 333. 2053 

	

9 	928 	1004 	936 1010! 991 1014 1083 1008 

	

10 	660 	975 	671 983; 723 991 804! 990 

TABLE 7 

Displacements in Plate Projections with Cuts (side ratio 1:6) 

Constant curvature and zero'strain iMposed 
(Ref. Figure13) 
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!Grid 
Point 
No. 

1--- 

1 16' 

20' 

g 

Projection with 
No Cut 

Cut H/4 	1 	Cut H/2 
deep 	deep 

Cut 3H/4 
deep 

u 	1 
1 

v u v 	Ill 	v 
. 

0 	1  225 0 225 	0 ; 	225 0 	1 225 
i 

' 	0 0 0 0 	0 ; 	0 0 0 

0 -9 0 -7 	0 	1 	3 0 14 

-108 212 -111 204 	-1281198 -165 198 

-209 880 -217 876 	-2381871 -265 866 

-338 2003 -347 2003 	-36112000 -379 1997 

-1994 - ! 15,731 -397 w730,  —qb7 	724 —4Z3 
4 	• - 

J 

k 

TABLE 7 (contd.)  
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Half TeiiiiIi- Or opening ------- --2-- 

rof#C---MITC"-------- 1372- 	I 	B-M 	1 13 fa- 
No. 	u•lv 	ttiv--'----tr- 1- v':--u' -; v-----  

16.95 

118.134 6.29;100.42! 8.631 72.22! 13.421 49.7920.55 

! 
105.95110.371 85.351 14.061 53.35. 21.25: 29.60 30.50 

100.36!14.72; 78.97119.391 47.45127.62 26.03,36.77 

95.70: 18.72: 73.6024.14 42.50'33.21.  22.67i42.67 

157.01 71.91!148.02. -2.17.134.23;-2.33. 123.99 -1.79 

145.29 -0.98133.68, -0.90115.79 -0.24:102.49i 	1.52 

137.20 2.35!123.70 3.28103.05] 	5.521 87.86! 	8.87 

131.941 5.9017.221 7.771 	95.05:11.43' 79.04115.97 
t i 

128.73f 9.561113.16 12.111 	89,92116.861 73.12122.11 
I 

167.57i-0.36 160.801-0.42 150.55 -0.42 143.251-0.22 

164.181 0.381152.61 0.50'145.14; 0.87'136.891
1  
1.51 

1 	1 	I 	1 
160.70! 2.31i153.311 2.851139.57, 3.97'130.31: 5.29 

1 	. 	, 	i 

157.921 4.931148.82 6.051135.021 8.081124.88 10.13 
1 

1 	1 	1 	•  
, 

156.371 7.911146.83 9.681132.28112.67;121.35 15.39 
1 

183.26 0.411179.75 0.481174.471 0.62;170.75 0.74 
1 	 , 

182.361 1.201178.63 1.43;173.01! 1.831169.00 2.16 
i 	I 	f. 

; 1 181.2 	2.55!177.20 3.07!171.131 3.91j66.74 4.58 

180.011 4.46; 175.71 
1 

178.74: 6.881
i  
174.13 

0 ; 33.13! 0 31.481 0 :29.631 0 

0 I 35.231 0 34.011 0 ;.32.771 0 

TABLE 8 

Displacements in Plates with Openings  

Case 1 Single Opening 

(Ref. Page 109) 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

157.12i 6.921148.04i 8.881, 133.5L 12.53t121.141 
1 . ! 	, 

5.39!169.15i 6.861164.321 8.00 

8.341167.0C10.60!161.74112.34 

:33.04 

;36.50 



Point 	 SEA I 	Dl? 	i 	114 

35.71 0 139.70 

38.48' 0 42.47 

41.08: 0 45.47 

26 !26.60 131.75'21.44!30.47 13.44 29.21 ! 7.54. 33.01 

27 25.87 :33.85:20.6232.99 ;12.68i 32.32 15.02-32.86 

28 i25.1335.89 19.80:35.41 ;11.93 35.23 13.9335.96 

29 24.4O37,8818.9337.74 11.1.20 37.99 	6.10i42.47 

30 23.66.39.80:18.15:39.97 10.44 40.60 i 5.6045.30 

31 	53.20 :27.65i42.87 27.45 26.87 27.99 ;15.02.32.86 

32 	51.73129.73:41.22:29.93 25.28; 30.96 13.93.  35.96 

33 	50.27 !.31.7639.59 '32.32 123.82 33.78 13.05,38.97 

34 48.79;33.7/07.95 '34.63 22.41 36.50 i12.2041.93 

35 :47.31 35.6636.29;36.86 120.92 39.12 ;11.23:44.78 

36 ;79.72!20.85164.21 22.42 140.16 25.74 22.34132.25 

37 77.49122.83161.67124.75 137.71f 28.52 120.77;35.12 

38 175.34424.78 59.29:27.04 1 35.63 31.25 119.54 38.07 
1 

39 73.22;26.72 56.98;29.30 33.67 33.96 A8.33-41.03 

40;71.05'28.65'54.58:31.55 31.55 36.61 16.90;43.90 

41 102.97 12.61 81.92 16.83 i  50.06 24.59 27.58:33.71 

42 . 97.981.6.75176.27.21.81 145.05 30.48 :24.49-39.77 

43 109.401 7.9389.56;10.97 t58.12! 17.29 33.60:26.50 

44 82.0718.811.67.00!19.98 /..p3.17- 22.84 !24.7629.42 

139. 

No. !-• 	• -v 

23 	 6-136.44.1 0 

25 

24 0 39.2.5 0 38.76 

0 :41.17 0 40.99 

1  0 

0 

TABLE 8 (contd. )  



140.  

Half length of opening 
.__ 

No. I 	u 	I 	1  u 	ri7"---t-tr ----V-- 	1r 	1 
1 

_ _. __  
1 

45 	1 54.65125.50! 44.491 24.84728.44! 24.73r 16.151,29.40 
I. 	

,  
c: 	. 

46 	1 27.3329.60i 22.24127.841 14.16 25.38 	7.97129.17 
. 
• 

47 	0 30.97 0 28.86; 0 :26.30 0 29.14 
i 

1 

1 

I 52 	: 140.79! 0.60, 128.13. 1.09;108.68; 2.52; 94.24 5.12 1 
53 	; 162.41: 1.23154.42 1.54 142.31 2.25133.55 3.21 

! 	 ! 

54 	' 181.'811 1.80 177.941 2.16172.11,  2.75167.91 3.24 
i 

c 	1 216.88 0 	220.48 0 	:225.89 0 	1229.741 0 
I 

d i 216.56 1.0Z220.09 !  1.3 225.41 1.75 229.20 2.17 

e 1 
216.86: 0.76220.46 1.04225.90 1.52;229.821 2.05 

f 1 217.481 -.66;221.23: -.671226.89• -.601230.99 -.33 

g 216.21 1.24;219.68; 1.651224.951 2.341223.81 3.12 
I 

h : 217.78:2.32221.61'-2.661227.45-3.081231.78 i-3.07 
1 

i 	: 215.58 0.14i 218.95 i .311224.14 0.69!228.07; 1.28 

TABLE 8(contd.)  

Half length of opening 

48 	' 183.61; 	0 	1.80.18: 	0 	1175.03: 	0 	.171.42 	0 

49 	. 169.04 	0 	162.59 	0 	1152.86 	0 	i145.97 	0 

50 	162.74[ 	0 	;155.01 	0 	'143.21' 	0 	!134.461 	0 

51 	175.59! 	0 	!170.44. 	0 	1162.31! 	0 	1154.78i 	0 



0 

0 

0 

0 

141. 

Pointf Half Length Point Half Length IPoint; Half Length
II   t of opening-4VA, 	of opening=B/LH 	1 of opening=B/4 

No. r-ii-7--V---  No. 	T-  v 	No. 	u -1 -v 

	

1 	165.85123.17 1 22 

	

2 
	

114.03137.86 i 23 
1 

	

3 
	

65.84;44.23 	24 

	

4 	52.33:51.57 
	

25 

	

5 	41.72 57.57 

6 160.10.  -.66 

7 1139.21 1.24 

8 1117.36 6.72 

9 1102.70 13.42 

	

10 	91.96 19.28 

	

11 	166.05 -1.71 

12 1158.72 -1.85 

13 1149.93; .22 

14 1142.44' 3.89 

15 137.64 8.40 

16 181.19 -.51 

17 1179.04 -.32 

18 1176.26 .99 

19 ,173.58 3.45 
1 

20 1171.54! 6.88  

4- 
: 	0 	1 64.20 43 84.41 

0 	
1  
1  67.56 44 

0 	; 70.56 45 

0 	. 73.20 46 

16.17' 59.56 47 

14.72 63.29 48 181.99 

13.23 66.63 49 168.88 

11.73 69.62 50 168.27 

10.22 72.26 51 183.20 

32.431,56.99 52 127.55 

29.421 60.63 53 154.33 

26.41'163.83 54 1177.69 

23.461
1 
 66.75 1 c ;221.60 

20.44:69.41 I d 1221.18 

49.10! 52.88 a .221.58 

43.93 56.04 f ,222.42 

1 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

1 
40:34 

3.57 

ir
1.08 

1 0.18 

0 

3.90 

5.50 

; 4.30 

38 	39.42'58.96 	g 4220.72 6.94 

39 	35.21:61.77 	h :222.94 i 1.83 

40 	30.82164.47 	i 1220.56 1 4.27 

41 	58.17148.22 

21 ' 0 60.47 42 47.12:54.60 

TABLE -9 

Displacements in Plates with Openings  

Single Opening (60 0/o) 

(Ref. Page 109 ) 



142. 

13 

Half distance between openings 

	

- " 	- --- 13/43--  1 

	

i 	B/2 B/4 ............•__.• 	. _ u 
1 

9.: 	u--  7 	'' 	u- 

- 	58.51' 7.39 - 44.14 8.42'- 	23.08 9.64i- 1.88 6.58! 
! 

-108.71 -  4.831- 	89.71 	6.37:- 	62.87: i 1 	. 
8.94•- 26.44 8.48! 

-119.41: 9.08'-104.90'11.19 - 85.42 13.61 - 57.55 10.47, 

-121.06.13.681-108.20! 16.40:- 	91.15 19.32 - 64.58 16.61 

-121.61H.8.04 -109.68 21.34 - 94.23 25.00:- 68.50 23.93 

57.87 -2.42 - 43.34 -1.98 	22.84 -1.09- 2.18 	-.13,  
1 

- 71.94-1.01- 60.61 -.38 - 43.89, 0.41- 20.11 	0.05 

80.05.3.44 - 71.17 4.71 - 5.98 - 41.25 	4.37 

- 84.16 7.96 - 76.48, 10.05 - 66.06. 12.41 - 48.14).2.02 

- 86.12 12.14 - 79.30 14.93 - 	70.37:18.28 - 52.36119.82I 

43.55 0.04 - 33.00 -0.68 - 	17.69:-2.041- 
 

1.90 -3.16' 

47.23 1.44 - 39.26' 0.57 - 28.06 -1.361- 
1 

13.40: -4.00! 

50.56;4.17 - 44.72 3.81,- 	37.03. 2.52:- 26.521 	0.28 

- 52.80 7.52 - 48.35 7,82:.- .510, 	7.47! 

53.63 11.10 . 50.11 12.24 - 46.07 13.40 - 35.4215.79; 

22.95, 1.59 - 17.60 0.67- 	9.55 -1.64;- 1.09-4.441 

23.85 3.59 - 19.66:  2.21;- 	13.81,-1.33y- 6.67`-5.861 
f 

24.84 6.12 21.80 4.871- 	17.93 1.47i- 
1 

25.54 9.08 - 	23.39 	8.36;- 	20.85! 5.961- 15.84 5.14! 

25.62112.28 - 24.00:12.32- 22.59:11.31i- 17.87j3.04 

0 	• 	2.05 	0 	: 	1.13: 

0 4.32 	0 	! 	2.86,  

0 	L-1.421 	00 	!-4.791 

0 	1-1.18 	0 	t-6.40! 

Point 
No. 

1 

2 

3 

4 

5 

6 

7 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

TABLE 10  

Displacements in Plates with Openings 

Case 2 Two Openings 

(Ref. Page 109) 



143. 

Half distance between openings 

I 
No. 1-----U-  

1-179.75 6.231-176.26 

30 	i -177. 89 8.551-173.96 

31 1-161.93 4,121 -155.40 

32 -161.16. 6.571-154.54 

33 =-160.40 9.01-153.72 

34 	-159.38 11.431-152.57 
1 

35 !-157.88; 13.821-150.77 

36 1 -140.93 8.391 -130.48 

37 	-140.7410.66 -130.55 

38 	-140.46112.92 -130.55 

39 	-140.021 15.17 -130.29 

40 	-139.33. 17.40:-129.67 

41 	-120.45 11.43'-106.92 

23 	0 

24 

25 

26 

27 

28 

29 

...._ ..... .._, 

-181.90 	0.05,-178.89 

-181.411 	2.11 	-178.27 
1 
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Figure 5 . Fringe Pattern for Highway Transition Curve cut-out 

(Specimen 2, 0 N  = 520 p.s.i. Plate thickness 1/8") 
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Figure.10.. Effect of vertical restraint on displacements and tangential 
stress distribution around modified anchor cut-out. 



Figure 11 	Specimen 3 



Figure 12 	Vertical restraining forces 

applied to the projection (Specimen 3) 
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Figure 16 	Experimental Projection 



_ - 

V 

1 

i 

ii  

I ) 
I 

14 

Plate with a 
cut H/44 deep 

H/2  

         

      

H 

.1_ 

      

      

Plate without 
a cut 

   

    

        

        

        

Plate with a 
cut H/2 deep 

Plate with a 
cut 3H/4 deep 

,••••••--".• 
I 

4'1 

i 

T  : 

(j1  i 
Theoretical 

_0.- Experimental 
0 Control Gauge 

Figure.17. Experimental and theoretical 	longitudinal -strain for 1:6 plate with 
a cut of varying depth (Constant strain and zero curvature imposed 

along the base.) 



4,..i 
71  

i 

) / 

H 

Depth of cut = 3H /4 

	 Theoretical 
— -0— —0 	 Experimental 

0 	Control Gauges 

Figure.18. Experimental and theoretical longitudinal strain for 1:4 plate 
with a cut ( Constant strain and zero curvature 	imposed along 

the base. ) 



H 

—64 1 I"—  thic.kness=t 

ti 

0•36 

0'32 . 

0•28 - 

0'24 - 

0•20 

01 6-

01 2 - 

CYO - 

0'04 - 

st
re

ss
  a

t  t
he

  b
as

e  
X

 H
t )

 

0 

1 
i 
. 	• 
eel 

thickness ; t 

1 

i 
Simpte bending 

distribution 

H 

• 

Point-force at the end of the projection. 
—•—•—d  Po int-forcs:' at the root of the cut. 

• 
0.25 	 0:50 	095 	 1•0 

• Depth of Cut 
Height of Projection 

(a) Constant strain and zero curvature imposed aiong the base 

°J. 
ot---
c "i' 

x 
ac, 
	0'20 .n e, 

a, 1; 
E a 0'16•  

o u) — ... 

'5 a. o 0 .12 . .............. 
_ in -- 

7, 	
...... c........„----•----..„..............  

= 
0•08 	• --- 	..'''' c • 	-.---- •—.. ..- 

a, 	 / 
o 
u L. 	0'04- 	/ 

u_ 	 / 
/ -*3 	o e 	  

o_ 	 0•25 	 0.50 	 0:75 	 1•13 
Depth of Cut  

Height of Projection 
(b) Uniform Curvature  and •  zero strain imposed along the base  

Figure. 19 .Variation of "Point -Forces" at the end of the projection and at the 

	

root of a central cut 	due to the depth of the cut. 
( Side ratio of the projection =1:4 ) 



O 
SI 

b 

00 Q 

0 

0 

+a 

QQ 

RR A 

0 

o 

. 0 

R 	A • o 0 e 

E 5 K / E 
OS  OE o

S 
V 

xi  

V 

vp B 

V 
J 

1:1•Pmja 
N H G 

V B 

T n F 

0 vM oU L  

OX 
T  OF V o d  o y 7F 	V 

(a) COARSE MESH  
( Number of equations :-. 36 ) 

(b) FIRST GRADING 
( Number of equations = 44 ) 

(C) SECOND GRADING 
( Number of equations = 52 ) 

0 Coarse Mesh. 
X Fine mesh (First Grading). 
0 •Fine mesh (Second Grading). 
V. Points with unequal mesh lengths in different directionS. 
El Parabolically interpolated points. 

Figure.20. Stages of grading of net 



27 40 41 25 0 

P 

	

-29 	 -26 	 -14 	 0 

	

5 	 109 	 168 	 186 
/  -41..46 	 -216 -24 -49 -57 

-14 -22 	 95 88 	 157 152 

Jb 1Z 	 110 	. 	 166 Ii 
17 28 •22 31 *26 	 20 17 0 

-139 -8 -16 	 97 91 	 157 152 176 

0 
22 

-128 

152 
R -126 

127 1115 
-174 -186 

424 r  

-4 
40?382 19

1 
 3 

24
78 

6-59 	3  

615 
-79 

653 595 	6 613 572 561 

	

-144
1

-199 -16-18 	28 26 

T

781 ;779 1749 

i  2
-1 6 37 -3 

	

10009 8 875 	750 
0 0 0 	0 

169 
24 

143 
109 r 

146 135 129 122. 
-5 

1 

-4 99 93 

1 

80 
151 163 

70 0 

I

73 
144 141 1513 

10 
155 

475 
-122 C  

3 8641359 
-2 07-229 

• 0 
of  

Top pair of figures Coarse Net 

Left 	hand figures First 	Grading 
Right hand figure; Second Grading 

307 	 160 	 0 

	

83S 	 102 	 107 
0 

279 •75 
5 	 154.151 	 • 0 

	

79 76 	 100 98 	 105 104 

et 	 •  
500 	 250 
0 	 0 

	•B 

• 

0 
Constant Strain and Zero Curvature imposed on 

this boundary 

.Figure.21. Effect of grading of net on displacements ( u and v) for 1:2 plate . 

-13 
P -76 

-37 • -46 
-114 -126 

0 0 
176 171 

4 
0 
72 



Coarse Net 

First Grading 
Second Grading 

700 600 500 400 300 200 100 

Plate edge 

-100 -200 -300 	0 	 1000 

V 	 Dv 
ay 

1000 900 800 

Q 

R 

S 

J 

T 

Figure.22. Effect of grading of net on u 	v anc02  along the free edge of the plate 



---- - Coarse Net 
-4---a- First Grading 

8-0- Second Grading 

Figure.23. E ttect of grading of net on 	longitudinal stress 	crx (1 : 2 plate ) 



iii 
=EMI • 

Um( 

----- Coarse Net 
First Grading 

43___EF Second Grading 

Figure.24. Effect of •grading of net on transverse stress ry (1:2 plate) 



	 Coarse Net 

First Grading 
0 0 Second Grading 

Figure.25. Effect of grading of net on shear stress 	Tx.y (1:2 plate) 



0 	 

O Real Points  

1 	
Fictitious Points 

C -V 

0 

0 	 

0 

tD 	C 

d 0 

0 	0 

0 

0 	 0 

Figure.26. Possible method of grading a net around a straight cut. 



Figure 27 	The Loading frame and Polariscope 
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---. 
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5 1'5 0/5 05 1-8 0'167  075 1 8 

6 1'5 075 OS 1/22  0042 1'5 2 8 

7 1'5 0'938 0'625 132 0.033 1'5 P8 8 

8  1'5  1.125 0.75 13.2 0'028 PS 1•33 8 

5 Thickness 16 in.  
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Figure 	Specimens for the test-series 	(Only batches .1 to 5 were 
fabricated and tested ). 



Figure 44 	The spark-eroding Machine 
and electrodes 



Figure 45 	Vibrophore (High frequency fatigue 
Testing Machine) 
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Figure 46 	The Low-cycle Test Rig 
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Figure 49 	The Low-cycle Test Assembly 
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Figure 51 	Flaw (Inclusion) 



Figure 52 	Flaw (Lamination) 



, , 	, I.I.4ri‘r,,N=E:tro,•,.1-1•81.01.,.1,•1.111.,Tri..4...,-1 -1 .§L , , ,..,• 1,,, ,iiti.,•, 

Figure 53 	Fracture (Low-cycle Fatigue) 



3 

- —.3 

2 

0 2 

1 

7" A r•-...-.. 
----........ (f.. ------ 

. 

( 
• 

• 

. 
• 0 . • • 

0 \ 

. 
• 
• • 

• • • 

• Material • 

. 

.. _ 

. 

Legend Size of opening 
Nominal 
comer-radius 

-0- -s-  3/4x31, in. 0 

.16--.0.- 44X  A in. 1/32 in. - iiF=--  I, 	SI 
(F .i,"" 7-  7,4,- " -7- -e- f  

-a—a- 30 314 in. 1/1  6  in. "2 

1 	
56 	

, 

S1  S2  44X44 in. 1 / 	in.  -ft—s-  8 KA= -",.' 
-.--.- Material 

• 

S5  

I 	

KS= 

io° 
	

101 	 102 	 1 	. 	 10 
	 106 
	

10 
Cycles to failure 

Figure.54. S-N diagram showing the effect of corner-radius (r) on the fatigue strength of plate specimens 
with square openings. 

0 
101  



     

r 

b = 0'75" 

B =1'5" 

For Cycles to failure = 107  

10 6  

05 

Do 

• 12 	
Radius r (in) 1 

6 
Sharp Corner 
( r =0'00B in) 

Limiting Values (KA) 

Figure.55. Variation of observed fatigue strength reduction factor 
with corner-radius, for specimens with square openings• 



( 07)2  
Stress to cause 
failure for a given 
Life 

Gradient of Stress 
increases as 
size decreases 

10-.1 

q 

Gradient of Stress 
increases as 
Size decreases 

Nominal Stress on net 
section to cause 
failure for a given Life 

$ 	I al  a2 a3 
w1 w2 w3 

. 

No Gradient 	of ,...."....... r---.....7.---, 
i . 

. 

Stress 	present 

PI li 

1---- 

Stress 	to 	cause 
failure 	for a 	given 
Life 

(0)1 ( cri )2  (Or )3  

Crni 	Cror )2 On )3 	NO WE-EFFECT 

Case 1 Axially Loaded Specimens 

( TB )1 > Crr3 	Crg )3 	SIZE-EFFECT PRESENT 

Case 2. Specimens in Bending 

(M)1 > (174)2> (CrN13 	
S12E-EFFECT PRESENT  

Case 3. Notched Specimens 

Figure.56. 	Relation between Stress-gradient 	and Size effect in 
Fatigue 



r_1 
b 93'4 

Value off; in Heywood Equation = 0'046 
	

(Equation 21) 

.91 
4'4 

111  

L 	40 
0 

u. 	3'8 

O 

gi 	3'4 

0 
< 30 

.0 	2'6 
tr) 

2'2 

pl l'8 

1'4 

2 	• 

c1 	1'0 
0'00015 

Values of .W suggested by Heywood :for Grooves 

(I) Based.  on Tensile Strength = 
3 	3 

 O (ks I) 705 
1.6 	1•5 - (ii) Based on Fatigue Limit = Fatigue liMit 28 -0'054 
(ksl) 

I VS and 28 are observed 
1 	values for Ship Steel 

=0'5 
B 
1-• =1'0 

	lI 

0'0015 	 0'015 	 015 
Corner radius r (Inches) 

B 

r =  1 
/13 24 

' r 
b 12 

r_ 1   
b 6 ' 

1'5 15 	 150 

• 
Figure.57. Fatigue 	Strength 	Reduction for Geometrically Similar Specimens. 



	0 	 1'0 

10
3 

10 	105  
Cycles to tailure 

7 
10

6 
	10 	10 	10 

K1 =Fatigue Strength Reduction Factor at 10n  Cycles. 
KA  = Limiting Fatigue Strength Reduction Factor 

Ks= static Strength Reduction Factor ( Single Pull) 

Kf = Ks +(I)(KA-K.$) 

n4  where 
rr+d 

n = Log. of cycles to failure 
2 

d = r7501 	; 01 =Ultimate tensile strength (Ksi) 
GT 

For ship steel used (T{=70•5 Ksi , d=615 

A Values of (I) obtained by substituting 
0 
; Experimental values of Kf, Ks and KA in the expression (i) 

Figure.58. Empirical and Experimental variation of 111 	with Cycles to failure . 



30 

28 

26 

24 

22 
d- 

20 

1— 18 

4 

2 

111111 	111111 

r 1 With 
93'4 Mean Tensile Stress 

4 Tons/sq. in. 

93.4 
r _ 
17.7 - 
r = 
b 12 

• b 
• 

•••,„ 
•••• 

••••,• 

. 	- 

• • 
• 
• 
• • 
• • 
• 
• 
• 
• 
• 

• 

• 

ns 

Can 

With 
Mean stress 

=0 
• r _ • 

a 	 I 	 I 	 I 	 I 

1 	 2 	 3 	 4 	 5 	 6 	 7 	 8 

	

10 	10 	10 	10 	10 	10 	10 	10 
Cycles to failure (n).4. 

Figure.59. Fatigue performance of a large-size plate specimen with a square opening having 
radiused corners. 

01 	1 
0 



=1 - anci  F. +Y(1-A. 

01 = Alternating Stress 

(Tm = Mean Stress 

Qt = Ultimate Tensile Strength 
cr7n crn,(2+—) 

rnTt  3 0-  
A. _ 1 +CO — Value of fra. at 

1 4C2p4 	ci 
Zero Mean Stress 

= Log. of Cycles to failure 

CZ= 0'0024 

Cz= 0'0063 

- 0 11 	-0'6 
Compression 

Tensile Strength 01 

Cri 
Qt 

-1'0 

1'0 p 	Experimental Values at C 
Crt
a-n=0 

-0•4 	-0•2 	0 	0'2 	0.4 	0'6 	013 	1.0 
Mean Stress 07n Tension 

Figure.60 • Master Diagram 	for Ship Steel 



10s  106  Jo' 

35 

Legend Size d 
opening 

Nominal 
corner-radius 

-40---ca- 3/4x 3/3  in. 1/32 in. 

.....-4- 3/4x3/4 in. 1/32 in- 
-,r—v- Material 

30 

ins s 
145 20 

5 

10
1 	 10o  

101 
	 103 	 10' 

Cydes to failure 

Figure.61. S-N diagram showing the effect of length of opening(L) on the fatigue strength of plate specimens 

0 
102  

25 

.e 

cn 
15 

_ 

10 



51 

7;Y=0 
V = 0

SO 	49 	48 

...cry =1) 
7Xy CASE 2  

CASE 1 	SINGLE OPENING CASE 2 TWO OPENINGS  

?y=0 
TiY =0 

IS1=13 
ixY=0\ 

46 \ 45 

II 

CASE 1 — 
7;yr•O 

v=0 	• 
.074; 	48 	47 

21 

22 

55 

23 

24 

25 

rfxy=0' 
LI =0 

51 50 

Yr 

6/  

'44 

• 

1 6 11 16 

2 7 12 17 

43 52 53 54 r___ 

v=0 	et---- 

26 31 36 3 8 13 18 

27 32 37 41 R 
9 

b2 
"*-'32-4" 

14 19 . 
--- 28 33 1;1 4  ' 4 

• • a 
38 

9 1r 29 34 39 42 815 
10 15 20 30 35 40 5 

Figure.62. The finite -difference net and boundary conditions 
( Hatch opening5) 

0 
 ix yx  : 00 - • 

iFy = 0 
t  Txy --.0 

P7 	46\ 45 

- - ................ 

,,Q'  

1 6 11 16 

aler. 2 7 12 17 
Qe-- 

43 52 53 54 

21 26 31 36 3 8 13 18 

22 27 32 37 41 **-  

9 
iiiR 

19 

a2--'" 
b2 14 4 23 28 33111 71 44  84 

24 29 34 39 42 	05 
10 15 20 25 30 35 40 5 

Y,v 	up.  

X,u 

fxy.7.0 
U = Cl .""."••••4. 

—4d 
I 	U =P 

v=0 

—19 



• 1 

•
 t I 

1 1 

1 	
I 	

a 	
1 	

I 	
1 	

1 
1 	

- 	
I 	

1 	
a 	

I  
1 	

I 	
I 

' 	
1. 	

I 	
I 	

I 	
I 	

r  
I 	

I
i
 	

I 
i 	

^  I 	
I 	

I 
	

I 	
I 	

I 	
1 	

I 	
.1 

-r---r -7
 -i 

r
-
-
'r

-
'r

-
 T

 "
, 

COIN 

'T 
-7 "1' 

-4. 
• 

14- 
4
 

♦
 

1 .1 4
- 

co 

1-  

1-  
t
- 

4
 

a 

-a 'ft  -r
 

I 

7
 I +

- 

1 1 1 

- 

4
 

T 

I 	
I 

I 	
I 

I 1 	
a 

I 	
a 

1- 
t
.
 

4 
+ - 

+
- 

t 
-1  

4- 
-t - a- 

r
 

t- 
- 1 

a- 

1 

r 

U
 E

 
E

s I 

CO 
0
  Figure.  63 .  Displacement  

1 

CO 

--1 1 

m
y
  

en 

• 1-•-t - I 

--1
 

-r
 

-1 
1- 1 1 A

- 

1 

T 

r 	
• 

, 

•
 '0 

COIN 

t—
r-+ 
' 

--1 

-t 
+ 

I 	
I 	

I 

1 	
, 

1 	
a 	

I 	
g 

I
I
 

, 

	

i 	
a 

	

-- 4. 	
1 	

I 	
I 

-1 	
I  

-1
- 4

 - 
. 	

I 

II I 	
I 

COIN 

f -I- - 
a- 	

I 
a 

Lt. .tki 	
1.L.J 

0
0 1 

--I  

1 a.  
a 

-1 
; 

I 
r I 	

I -
 

0
 0

  
II II 

a 
• 

r 

-- 

CO 	
-
t
 	

--
-1 

CO 	
CO 

r 
a 

- - -11  
-1 - 

I 	
I 

-
 I  

I 

a 

im
plium

m
 

1111111111311:11111 
1111111111111111MIN 

1 	
I
 I

 go  a
 

I 

I 	
II 	

I 	
I 	

I 
- 	

1
-1

-J
 



% 

CASE 2 
Figure. 64 . Longitudinal Stresses. 

2 B 

rmir 
11111 	, 

siwrAmmimrAlimm Ar Ar 4111111111111W Ammumormme; 
iv Air Ar Ar AsorAimr ENV MIV 

LAVArAir  
I Av/A .11111 M% =r AI , AvAIMIIIIMmo Amin AO= 

111111111111 /skim Nig • ,slems....r. 
v 	VA f Awo 	r e 

111111111111111̀4 
wirAsiormrA Nov imorri 	r • 

z 	MI V Anillir  

r• 

	

.1111111 	VA  

	

110 	.117.4 Ull KA 7 • 

CASE 1 

' tree • 
boundary 

free 
boundary 

7./  

mew w vArrifir 4rif ArnsiA AININIMENW AWAWK4117  A 
AMU% AIVA/V r Er 
Amor AivAi 	Al . 

,111111111741' 	111/Z117  

V o0 tyso 
V.0 

U 	. V s 0 U 0 
Zyso 

free 
boundaries 

=imp 

al

V 'EMIMI' ARM 
NMI' AWARY A M IVAirht Alf ... 	'Ai ir Air /I Ain 	r  A 

1111111111L 
11111nlir  

s o 
Wirlillf: 

IllimallMillr 

	

WNW ASV AIIIIMMENIMINI1p: 	r 

millill:: r ow AmvAmr-  Ain= 

	

; mr.e.'AmrrzgmovAmr A 	VA'  

	

Mr ASV ANOWAIMM 	VA MIIIIVZAIIIIIr AMIll'AIIIMI" AM.  

free 
boundaries 1.4 s 0 

U s 0 



Displacement diagram 

L___ -1  

01B 
• 

----- 4 - 	• 

----- - -  

_ _ -L 

L__ 
" --- 

028 

4 

0 

I _ 

mom 
famme, 

11111/1111L 11111•117AMIIIINIA -% //.-% MI= 
,E 	AMMI 

11111r  A 
Longitudinal stress 

Figure.65. Displacement diagram and Longitudinal stresses for a plate with a 
single opening of width 60010 of the plate-width. 	• 


	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64
	Page 65
	Page 66
	Page 67
	Page 68
	Page 69
	Page 70
	Page 71
	Page 72
	Page 73
	Page 74
	Page 75
	Page 76
	Page 77
	Page 78
	Page 79
	Page 80
	Page 81
	Page 82
	Page 83
	Page 84
	Page 85
	Page 86
	Page 87
	Page 88
	Page 89
	Page 90
	Page 91
	Page 92
	Page 93
	Page 94
	Page 95
	Page 96
	Page 97
	Page 98
	Page 99
	Page 100
	Page 101
	Page 102
	Page 103
	Page 104
	Page 105
	Page 106
	Page 107
	Page 108
	Page 109
	Page 110
	Page 111
	Page 112
	Page 113
	Page 114
	Page 115
	Page 116
	Page 117
	Page 118
	Page 119
	Page 120
	Page 121
	Page 122
	Page 123
	Page 124
	Page 125
	Page 126
	Page 127
	Page 128
	Page 129
	Page 130
	Page 131
	Page 132
	Page 133
	Page 134
	Page 135
	Page 136
	Page 137
	Page 138
	Page 139
	Page 140
	Page 141
	Page 142
	Page 143
	Page 144
	Page 145
	Page 146
	Page 147
	Page 148
	Page 149
	Page 150
	Page 151
	Page 152
	Page 153
	Page 154
	Page 155
	Page 156
	Page 157
	Page 158
	Page 159
	Page 160
	Page 161
	Page 162
	Page 163
	Page 164
	Page 165
	Page 166
	Page 167
	Page 168
	Page 169
	Page 170
	Page 171
	Page 172
	Page 173
	Page 174
	Page 175
	Page 176
	Page 177
	Page 178
	Page 179
	Page 180
	Page 181
	Page 182
	Page 183
	Page 184
	Page 185
	Page 186
	Page 187
	Page 188
	Page 189
	Page 190
	Page 191
	Page 192
	Page 193
	Page 194
	Page 195
	Page 196
	Page 197
	Page 198
	Page 199
	Page 200
	Page 201
	Page 202
	Page 203
	Page 204
	Page 205
	Page 206
	Page 207
	Page 208
	Page 209
	Page 210
	Page 211
	Page 212
	Page 213
	Page 214
	Page 215
	Page 216
	Page 217
	Page 218

