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ABSTRACT

The work reported in this thesis is concerned with
research into the behaviour of elastic-plastic elastically
restrained H-section columns which are restrained against
sway. The thesis is sub-divided into chapters, Chapter 1
is a review of previous allied work, Chapter 2 presents
the results of experimental work and Chapter 3 gives a
theoretical treatment of the problem and discusses the
correlation between experiment and theory, Chapter 4
shows how the theoretical equations of Chapter 3 can be

Apresented to form the basis of a suitable design approach
and Chapter 5 summarises the findings of the investigation
as a whole,

The experimental work was concentrated on a series of
exploratory tests in which significant parameters were
varied from one experiment to the next and the theoretical
work investigated the influence of unloading, strain hardening,

and torsion.,
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CHAPTER 1

INTRODUCTION

1.1 AN OUTLINE OF THE PROBLEM

1.1.1 The purpose of this thesis is to study the behaviour of
steel H~section columns stressed into the elastic-plastic range
whilst subject to restraint about both axes from elastic beams.
The loading is applied axialiy to the columns and laterally to
the beams. Attention is restricted to the no-sway case and .
in particular to the loading conditions shown in Figure 1, 2(a)
where the beam loads cause symmetrical Single curvature,
This condition represents an important loading case which can
arise in an office type building frame where the beams have
been designed to remain elastic and the columns elastic-

plastic.

1,1.2 Interest in the problem was occasioned by recent
publications due to Heyman(l), Stevens (2)(8) and Gent (4)

where an alternative approach to conventional structural design,
based on assuming a suitable deflection configuration and force
distribution, has been outlined. In the elastic range this consists
of selecting members capable of supporting all loads in the
deformed state so that strength, stability and deflection
requirements are satisfied simultaneously. A further paper

by Gent (5), awaiting publication, extends these general ideas

in a modified form to cover a design approach for office type

buildings in which elastic beams and elastic-plastic columns are



used. By this approach the necessity for a designer to analyse
a column largely disappears and many of the difficulties which

(6)

were perceived in the past’ ‘ in the design of this class of
member nc longer exist, It was because of the enhanced prospects
of finding a suitable design method by this approach that this

investigation was undertaken.

1.1.3 In considering the possibility of deriving suitable design
methods for elastic-~-plastic columns, it was realised that there
were several research problems which might receive attention,
Some of these are extremely difficult and can only properly

be solved by a rigerous theoretical approach; others are simpler
and their solution is a much more mechanical process. These
are enumerated and discussed below and the particular problems
considered in this thesis are pointed out. They are as follows:

1. An examination of the chief parameters affecting column
behaviour when the irreversible nature of plastic strains and
residual stress cffects are not considered, In this thesis this
particular aspect was the main problem investigated although
within the limits set out in paragraph 1,1.1, It is also the problem
to which the vast majority of present literature is devoted,

2. An examination of the effects of unloading after yield,

The precise effect of this iz unknown although the available
evidence indicates its influence will be to strengthen a column
rather than weaken it, Ia the current literature calculations on
only one particular column have been reported (6) which show in a
straightforward manner this strengfﬁliening cffect, A general

proof covering all columns is not available, In this thesis



calculations on particuiar members have also been performed
and can be compared with calculations which ignore unloading.
3. An examination of the effects of residual stress, Recent

(7)

work on the behaviour of pin-ended columns has indicated
that this is the most serious column imperfection, It is
possible however, that in restrained columns, subjected to
primarj moments, the effect is quite small.

4, An examination of whether shakedown will occur., No
solution to this problem has ever been attempted even in
particular cases and since only an approximate solution is

available in the absence of axial load a solution for

elastic-plastic columns seems far off.

1.2 PREVIOUS WCRK

1.2.1 Previous work on the whole field of elastic-plastic
stability is extensive, going back to the end of the last century.
To restrict the field somewhat attention in this thesis is focussed
mainly on that decaling with elastically restrained, elastic-plastic
columns. However, sincc most of this previous work is ‘
concerned with single axis bending, a review of the literature
dealing with bi-axially bent but unrestrained members is also
included as this indicates how geometry and internal and

external force diétributions can be related,

1.2.2 The first work on the restrained elastic-plastic column

appears to have been done in 1937 by Chwalla; his work has been

(8)

reported by Bleich ', Chwalla presented a highly involved
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grapho-analytical procedure to calculate equilibrium
contigurations for the structure shown in Figure 1,1 The
method, as presented, was restricted to columns bent in one

plane,

1.2.3 Further and rather more extensive work was carried out
in Britain by Baker and his associates who conducted a series
of experimental and theoretical studies chiefly on restrained
rectangular columns. This work was reported in "The

Steel Skeleton', Vol, II (6) where the important aspects of
several papers were gsummarised, The method of experimental
investigation differed from the one shown in Figure 1,1 in that
moment was applied by loading the beams of the structure
shown in Figures 1. 2(a) and (b) and this was followed by the
application of axiél load to failure. Both symmetrical single
curvature and symmetrical double curvature cases were
investigated, taking unloading into account where necessary,
and the work was extended to H-section columns bent about the
minor axis. Agrecement between the experimental and
theoretical results was excellent, the errors on the collapse

. loads being generally less than 5 per cent. Cne notable
exception occurred in a case where a column had been bent in
double curvature., By ignoring unloading = theoretical

collapse load was computed which was 12 per cent low.
Inclusion of the unloading effect produced a result which was
then 7 per cent too high, This discrepancy was attributed to the

possibility of a column unwinding from the double curvature
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condition into a single curvature failure mode, a factor which

was ignored in the theory, However, the importance of this result
is that it is the only one available where the influence of

unloading has been clearly demonstrated. Some approximate

methods of calculating collapse loads were also given.

1.2.4 In the British work the theoretical sclution of the

non-linear differential equation for deflection was reduced to
evaluating a series of elliptic integrals, i, e, the integration
was performed analytically, Ina recent paper by Heuck and

(9)

Lec' ~' this process of analytical integration has been extended
to H-section members bent about their major axis. This has
- been done by idealising the member cross-section as being

composed of 2 series of thin-walled elements,

1,2.5 Subsequent to the British work further rescarch was
undertaken in the U, S.A. by Bijlaard, Fisher and Winter (10).
The work consisted of a presentation of two computational methods
for restrained columns of any cross-sectional shape, bent in
symure trical single curvature, together with corroborating
experimental work, The first computational method was
described by the authors 2s exact and was an extension of work
on pin-ended columns. It consisted of finding a hypothetical,
pin-ended, concentrically loaded column of length less than
the length of the real column such that it behaved in the same
manner as a portion of the original member, The second

method, described as approximate, was based on certain
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assumptions which were not completely justified. The

method, however, was the one by which most of the

theorctical results were computed. Sevefal cissumptions

were involved and these were debated at some length in the
discussion tc the paper by various contributors. Experimental
work was carried out for both rectangular columns and H-section
columns bent about the minor axis using the loading

arfangement shown in Figure 1,1, Agreemént between
experiment and thecry was satisfactory,

(1) extended the theoretical

1,2,6 Further work by Bijlaard
treatment mentioned above to deal with unsymmetrical bending,
i.e. cases with unequal end eccentricities and equal and
unequal end restraints, The basis of the calculations was the
same although the work did represent a significant extension
of the theory, The methods overcame a defect of the British
work in that for the symmetrical double curvature case

allowance was made for the unwinding mentioned previously.

1,2.7 A further extension along the same lines was made

by Ojavlo (12) who described how ncmographs could be
developed to design columns with one end hinged and also
columns with equal applied end moments and equal rotational
restraints. Methods of performing graphical research type
calculations with non-linear rotational restraints and unequal

end eccentricities were also given,

1,2.8 Research into the behaviour of bi-axially bent columns



has not been extensive but two recent publications on the topic,
discussed below, are particularly interesting, Before
discussing these, however, it should be mentioned that a
standard textbook on elastic stability such as Timoshenko and

(13)

Geere provides useful background information since it is a
fairly casy matter to extend their derivation of the elastic

fleetural-torsional equations to the inelastic arge,

1.2.9 Work on the elastic-plastic problem has been done by

(14)

K18ppel and Winkelmann who studied experimentally and
theoretically a large number of eccentrically loaded pin-ended
columns of H and E shaped sections, Their theory ignored
unloading and the contribution made to torsional resistance by
flange warping., The solution w:s based on assuming polynomial
expressions for u and v displacements * and satisfying
equilibrium at a sufficient number of points to determine the
coefficients, i.e. a power series solution. Twist was found

later in a scparate operation.

1.210 A more philosophically accurate theoretical solution

to this problem was given by Birnstiel and Michalos (15).

Their solution allowed for all possible contingencies so far as
stress distribution at a cross-section was concerncd, Warping
strains and unloading were considered and allowance was made

for residual stresses although this effect was not included in the

%
These are defined in Chapter 3,
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one calculated example given. The solution itself involved
a computer and graphical solution of a set of simultaneous non-
linear algebraié equations in which the displacements at

selected points along the column were adjusted;

1.3 SUMMARY OF PREVIOUS WORK AND ITS RELATIONSHIP
TG THIS THESIS

1, 3.1 From the previous work mentioned above it can be seen
that two distinct brcad theoretical approaches to the restrained
column problem have been attempted, The first, used by the
British team, determines the column shape without reference

to SOlutfz?-ne% 8253.11;112% fqelx‘- gamous end moment values and axial
loadsf/whilst the second, used by Bijlaard and Cjavlo, does,

This latter approach cannot be extended to biaxial bending because
of the infinity of end moment combinaticns possible noxr can it be

' used when strain reversal is considered, 7The first broad

approach has therefore becn adopted in this thesis,

1.3.2 The experimental problem has likewise been approached

in two different ways, viz. by the loading conditions represented
by Figures 1.1 and 1,2, The second was chosen for use in this
thesis as it was felt that it was more directly representative of

the loading conditions to which an elastically #nd restrained column

in an actual building frame would usually be subjected,
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1.3.3 In considering the relationship of this thesis to
previous work it is possible to regard it as an extension of two
different aspects, depending on the point of view, Firstly, it
can be regarded as an extension of the work of Chwalla or the .
British team to bi-axial bending or, secondly, as an extension
of the work of K18ppel and Winkelmann or Birrstiel and
Michalos to the case of elastically restrained members., In
either case, there are considerable differences in the details
of the theoretical calculations, e.g. the concepts involved
in calculating torsional displacements are different from those
used by Birnstiel and Michalos and the method has been fully
“computerised:' Many other detailed differences also exist.
However, despite the fact that considerable work has been
performed on restrained columns bent about a single axis and
pin-ended columns bent bi-axially, this appears to be the first
theoretical and experimental study of restrained and bi-axially

bent H-section columns,



15

CHAPTER 2

EXPERIMENTAL WORK

2.1 INTRODUCTION

2.1,1 The experimental work consisted of ioading model H-section

columns axially and through é‘_lastic beams framing into their
ends, This loading was re str%'\cted to that causing single
symmetrical curvature as expiéined previously in paragraph
'1,1,1, Whilst restricting attenﬁon to this particular loading
case considerably reduced the sé;ope of the investigation it was
realised at the ocutset that a"vast 'ani_ount of work would still be
-required if a comprehensive expe:rimenfal programme were to
be undertaken,. Consequently attehtion was restricted even - -
further to-the extent of conducﬁ’ving,a series of pilot tests for ‘

* which corresponding theoreticej»lAr.esults weype obtained, By

- obtaining the theoretical and experimental results:conjunetively
it was reasoned that the significant parameters affecting .”
colurman behaviour could be determined. ‘The full test prografm‘m‘e‘
that-was ultimately undertaken is. summarised in the table

given as Figure 2,6, In this table the slenderness ratio values
are computed on the basis of the length of the column between
beam centre lines and the ratio of beam to column stiffness

is the moment of inertia of the beam divided by that of the

column,

2.1.2 The work divides itself nafural]y into two parts; fii'stly'
three tests in which major axis beam loads and axial load only

R



were applied, and a second series of tests with both the major
and minor axis beams loaded and axial load applied, Test
specimens were accurately machined from annealed solid
bars so as to minimise imperfections and beams were welded

to the column té provide-rigid joints.

2.1.3 The loading system that was used in the experiments

is shown diagrammatically in Figure 2.1, Firstly moment

was applied to the column to produce a preselected amount of
beam-column joint rotation by pulling the beam ends together
with turnbuckles, see Figures 2, 2(a) and (b), This action is .
indicated in Figure 2,1 by the loads W1 and Wz.; The distance
between the beam ends was then fixed by tightening locking nuts
in the turnbuckles, see Figure 2, 2(a), and this was followed by
the application of axial load, P, until failure, (Note: For
.convenience the moments, joint rotations and curvatures present
after the application of the loads W1 and W2 will be known as the
initial values, i;e. the ones present at the commencement of the

axial load application, )

2,1.4 In considering the application of the loading described above
it is important to realise that it corresponds exactly to that
applied to the structure shown in Figure 1,2(a). The loads W1 and
W2 correspond to the distributed beam loads and can be arranged
to produce the same joint rotation exactly. Also the ratio of

beam moment to beam shear can be adjusted by changing the

beam length and changes in the beam stiffness can be effected by

alteration of the cross-sectional dimensions,
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2:1,5 A further matter requiring consideration is the
irreversible nature of the plastic strains which can cause
variations in the collapse load depending on the order of load
application., Despite this the loading sequence described in
paragraph 2, 1.3 was used throughout, This was because it
was difficult to predict se¢quences whereby strain reversal
could be avoided to any large extent, It was concluded that
any changes which might be induced in this way would be very

small,

2.2 DETAILS OF EXPERIMENTAL RIG

2,2,1 The full experimental rig is shown in the photographs,
Figures 2. 2(a) and (b). These are two views of the apparatus
and a specimen, column 3,1, at the completion of a test.
Important pieces of the apparatus which are not part of the

loading machine are labelled,

2.2.2 The major design problem was the provision of end
bearings capable of applying a concentric load whilst retaining
free joint rotation in both major and minor axis directions,
(The question of torsional conditions is deferred until a later
section). This was solved using two sets of mutually
perpendicular and concentric roller bearings whose common
rotational centre, C, was nominally coincident with the
intersection of the beam centre lines, Therefore provided the
column was placed between the centres of the upper and lower

end bearings no eccentricities could exist, and provided the



bearings neither jammed nor became affected by significant
friction no unaccounted rotational restraint could occur,
The principle of operation of the bearings is easily understood

by referring to Figure 2. 3.

2.2.3 It should be obvious from Figure 2, 3 that the bearings
must have certain clearances between the sides of their lower
and middle sections and again between their middle and upper
sections, These were quite small, being 0.003 inch on either
side in the former case and 0, 005 inch on either side in the
latter case. The clearances were necessary to prevent friction
on the sides but they did allow the possibility of small end
eccentricities being applied, However, by moving the column
bodily across on the bearings, the clearances could be used to

advantage to remove any eccentricities due to machining errors,

2.2.4 Positioning of the column on the end bearing was by means
of a 3/8 inch diameter pin located accurately in the centre of the
column end and the final loading surface of the bearing itself,
The bearing block as a whole was positioned by a pin entering

the base plate and a hole provided in the loading machine for
centralising purposes., This did not need to be located

accurately, however,

2.2,5 The action of the turnbuckles has been described
previously in paragraph 2,1, 3 and labelled photographs have
also been given, Figures 2,2(a) and (b), Two important details
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of the turnbuckles not mentioned previously, however, are two
sets of roller bearings, one of which allowed free rotation

of the beams about their major axes, i.e. provided a simply
supported condition, and a second set which prevented the
application of twisting moments to the beams, The ends of
the beams were specially machined to slide neatly into

bushes of this first set of bearings.

2,2,6 A problem encouniered with the use of turnbuckles was
their own self-weight. The adjustment for this was by means
of the screw device shown and labelled in Figure 2.2(@).
The screwed thread was right-hand-left-hand, enabling
rapid adjustment to be made., The use of this and the process

of adjustment are deferred tc paragraph 2.5, 3,

2.2.7 The turnbuckles in conjunction with their supports
performed a further function by supplying torsional restraint
once the turnbuckle locking nuts had been tightened. Minor
axis beam stiffnesses were quite high in comparison with the
torsgional rigidity of the column so that torsional restraint
depended largely on the lateral resistance at the beam ends,
But since the adjusting screws of the turnbuckie supports
were sufficiently rigid to prevent the top U piece of the turn-
buckle from rotating significantly the rather rigid turnbuckles
were then able to prevent relative rotation of the column ends.
Evidence that the ends were restrained was supplied by
deflection data recorded in the experiments, In no case were

relative rotations greater than 2 x 10"3 radians recorded, this
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value being within the accuracy of the readings,

2.2,8 A solid end section, see Figure 2,5(b), at the beam
column junction ensured complete restraint against torsional

warping at both ends of the column,

2,2.9 Central displacement measurements only were taken
and were made by dial gauges throughout, The frame to which
both major and minor axis gauges were attached was bolted to
the base plate of the top end bearing and cantilevered the full
column length, see Figure 2,4, The frame wasm

of sufficient rigidity for its purposes and the fact that it and
the column could move and rotate as rigid bodies was
irrelevant with the three dial gauge system used, Central

deflection was found using the formula,
A = -3 +
c dc 2 (dt db)

where d dc. db are reduced top, central and bottom dial

t’
gauge readings. Minor axis dial gauges were used in pairs and
column twist was the difference of these readings divided by

the distance between dial gauges,

2,2,10 Inthe photographs, Figures 2,2(a) and (b), mirrors
mounted on the beams can be seen, The intention was to take
readings of the average end rotations, by double reflection, to
provide information concerning the relative amounts of moment
relaxation due to joint rotation and column shortening,
However, although the initial rotations, i.e, with beam loads

alone, could be measured accurately, subsequent joint
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rotations were so small that little useful information was
obtained. To provide more reflections and thus magnification
would have been impossibly complicated for various reasons
so that the use of the mirrors was discontinued in later column

tests.

2.3 PREPARATION OF SPECIMENS

2,3.1 The theoretical analysis of the columns contained no
allowance for either residual stress or initial deflections, To
fulfill these assumptions experimentally the specimens were cut
from solid bars that had been annealed. This treatment was
not given to the three columns subjected to major axis bending

alone, viz, 1.1, 2.1, 2.2,

2.3.2 Lengths of 17 inches by 13 inches commercial black

bar were heated to 840°C for 13 hours and subsequently cooled
to room temperature in the furnace entry chamber, Since

the largest column specimerfs cut were 1 inch square and

since only the top 1/8 inch is usually considered decarburised in

a natural atmosphere no purging gas was used,

2.3.3 The heat treatment given to the specimens was

regarded as lying somewhere between a normalising and full-
annealing treatment, This was because the cooling in the entry
chamber was considered to occur at a moderately slow rate due
to the reasonably high temperature in this confined region,
This was done to reduce the drop in yield stress that occurs

with a full-annealing process and so produce an experimental
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geries related to the unannealed columns, The treatment could

only have left small temperature gradients,

2.3.4 The machining of the columns was a lengthy and
difficult operation. Firstly, specimens were roughly and fairly
rapidly machined to within 0, 01 inches of their finished size.
Sufficient care was taken at this stage, hbwever, to ensure
parallel and constant width flanges. Next they were laid

aside for two weeks to "'settle’’, Outside dimensions were then
finished to size by grinding and the flange and web thicknesses
by a milling operation. In this final machining, particularly
for the long slender columns, packing was required to ensure
that bends were machined out rather than clamped out, This
often required approaching the final sizes more gradually

with further "settling'' periods between the grinding and

milling operations,

2.3.5 In designating machining tolerances for the column
specimens it was specified that the correct cross-sectional shape
be maintained, i.e. the flangesof equal thickness (to within

+ 0,001 inches) and parallel and the web centrally placed

(to within + 0, 001 inches), Liberal tolerances were allowed

on the actual values of web and flange thickness, however (_-I_-_O. 005
inches). The columns shown in the table, Figure 2.6, are in
three groups, each group having nominally the same

dimensions, The actual finishéd sizes are given in Figure 2, 5(a)..

Columns were generally straight to almost undetectable amounts,
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A maximum bend of between 0, 001 inches and 0, 002 inches

was recorded on one of the 18 inch long columns.

2.3.6 Welding of the beams to the columns was facilitated by
the solid end section mentioned previously, see paragraph
2.2.9 and also Figure 2,5(b). Direct attachment to the thin
flanges would have only resulted in them burning away,

The solid section was needed, in any case, as a platform for
the application and transmission of the axial load, Sqﬁareness
of the beams to the columns was ensured by machining the beam
ends square and clamping both beam and column during the

welding process.

2,4 MEASUREMENT TECHNIQUE

2.4.1 The quantities recorded during the course of an
experiment were,
(i) ~axial load,
(ii) major and minor axis deflections and column twist,
(iii) beam mbments,

(iv) column strains.

2.4,2 Axial load was read directly off the Buckton loéton'loading
machine used, This was a dead load device with a scale

capable of being read to 0. 001 ton. However, the accﬁracy of the
actual load applied was not commesurate with this reading as a
éomparison with a proving ring indicated errors of up to

+ 0. 01 ton.,
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2,4,3 The measurement of deflections and rotations has

been discussed previously, see paragraph 2.2,9,

2,4,4 Beam moment measurement was by means of

. ¢lectrical resistance wire strain gauges. Beam steel was
chosen to prevent yielding and the moment gauges glued near
the beam-column junction slightly away from the weld area,
Calibration charts were prepared by plotting electrical
resistance change, measured on a Peekell strain gauge bridge,
against moment, Care was exercised in positioning the
strain gaugeé since it was desirable to have the calibration
factors the same for the two beams on any one axis, see

paragraph 2,5, 3.

2,4.5 Column strain measurements were taken principally

to provide approximate post-mortem data for columns where
experimental and theoretical results were. not agreeing, They
also provided an independent check on the initial moment
present and by applying a nominally axial load in a preliminary
test the existence of accidental eccentricities, Gauges were
arranged symmetrically in four sections as shown in Figures
2, 7(a) and (b) so that additional data which indicated the
assumed symmetry of the loading in the experiment was also
available, The limitations on absolute meagurements were
due to both placing and measuring the position of strain gauges
with large strain gradients present and to the gauge size

(10 mm by 2 mm grid), a limitation imposed by economic

reasons, JStrains were recorded on a Solartron automatic high-
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speed recorder,

2.5 EXPERIMENTAL PROCEDURE

2.5,1 The experimental procedure consisted of preliminary
tests, designed to eliminate faulty functioning of any component
and errors in the preparation of the calibration charts, followed

by the test to failure. The details of this are given below,

2.5,2 Firstly, all bearings were cleaned and oiled. Next the
column was positioned and a small holding load applied, After
checking the bearing clearances a safe axial load was applied to
the column as the first part of the preliminary testing, Column
strain readings were taken to check on accidental eccentricities,
as mentioned in paragraph 2, 4,5, and the beam ends flexed lightly
with the fingers to check that the bearings were running freely.
Provided all strain gauge readings were the same to + 20 micro-
strain and no residual deflections remained after the beam flexing,
the stage was considered satisfactory. The effectiveness of the
end bearings in avoiding frictional restraint was demonstrated with

loads up to 3 tons.

2.5.3 A second preliminary test consisted of applying moment
about each axis in turn keeping all stresses below the yield point
values. During this application adjustment was made to correct
for turnbuckle self-weight by making use of the equal moment-
strain gauge calibration factors for the beam arms, se¢e paragraph

2,4.4, Firstly, the strain gauge readings were equalised with the
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turnbuckles off by using variable balancing resistors in a
switchbox. Thus by subsequently marnipulating the turnbuckle
support to keep these readings the same, equal moments on the
column ends were ensured, During this loading column deflection
and strain readings were taken and required to be within + 0, 002

inch and + 5 per cent respectively of the theoretical values,

2.5.4 The test to failure began with a recheck of all bearing
clearances and a rereading of 211 strain and dial gauges., Beam
loads were then applied to produce the preselected beam~-column
joint rotation, as described in paragraph 2,5,3, and the locking
nuts tightened as described in paragraph 2,1.3. During the locking
process the moment induced in the column by the beam loads
usually decreased slightly and it is this value which is plotted in'
the graphical presentation of the results and which was used in the

correspondingtheoretical’calculations,

2.5.5. Increments of axial load were then applied until failure,
the turnbuckles supports being continuously adjusied to equalise
the beam moments, Deflection and strain gauge data were
recorded throughout. Near collapse the increment was
decreased and up to 20 minutes was allowed for the column to
creep. If at the end of this period the column was still
supporting its load, readings were taken and a further load
increment applied, Periodic checks were made of the bearing

clearances to ensure their free running,
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2,6 MATERIAL PROPERTIES

2.6.1 The properties required for correlation of theory with
the experimental results and general identification of the column
material were the upper and lower yield points and Young's
modulus E, Further tests were conducted to indicate the extent

of the plastic plateau and to obtain strain hardening data.

2.6.2 All the material used for the columns was originally
purchased in one batch and could therefore be assumed similar.
However, coclumn tests 1.1, 2.1, 2,2 were of unannealed material
whilst that of 1,2, 1.3, 1,4 and 3,1, 3.2, 3.3, 3.4 was annealed

in two separate batches due to limitations imposed by available
furnace sizes., Upper and lower yield point tests were

conducted on samples from each of the three batches, three
specimens from each batch, whilst the Young's modulus value was
obtained by testing two samples, cne each of annealed and unannealkd

material,

2,6.3 Upper and lower yield point values were the reéult of
Hounsfield tensometer tests, In the order of the grouping

of paragraph 2. 6.2, the upper yield point values recorded were
18, 16, 16 tons per square inch respectively and lower yield
point values were 15,5, 14,6, 14,6 tons per square inch

respectively.

2.6.,4 Young's modulus was determined by loading a specimen

with a hydraulic machine and recording strains with electrical
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resistance strain gauges, Results were obtained for the first
and third batches of material indicated in paragraph 2.6, 2;
the values recorded were 13,3 and 13. 7 tons per square inch

respectively,

2,6,.5 Although both the tensometer tests and the Young's
modulus test showed that some plastic yielding was occurring
neither indicated the extent of the plastic plateau or the initial
strain-hardening modulus, The tensometer test was not capable
of deing so and the use of strain gauges and a hydraulic

loading machine was found to be unsuitable for the purpose.
Consequently a test was run using a 10 ton Dennison hydraulic
testing machine with load and strain recorded on a revolving
drum., Results were obtained only for the last batch of
annealed material and these are shown in Figure 2, 8. A lower
yield stress of 15,5 tons per square inch is indicatéd, together
with a plastic plateau extending to 3. 8 times the yield strain,

and a strain hardening modulus of 1, 08 tons per square inch,

2.7 EXPERIMENTAL RESULTS

2, 7 1 As stated previously, the experimental programme
consisted of three tests involving major axis beam loads only
and a further seven with both beams loaded, The details of each
test are discussed below, the order of discussion corresponding
to the chronological order of testing. The major axis tc—st(ss;,vere

conducted first and have been reported elsewhere by Gent

but the essential details are included here as part of the more
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genefal experimental programme., A discussion of the

biaxial tests then follows, Experimental results for axial

load versus central displacements (a deflection and in some cases
an angle of twist) and axial load versus beam moment are given
for all columns in Figures A, 1 to A, 20 along with the summary

mentioned previously, Figure 2,6,

2.7.2 The purpose of conducting the major axis tests was to
investigate the question of lateral stability under these particular
loading conditions, Little previous work was available, the only
tests which appear in the literature seeming to be 11393@ reported
in "The Steel Skeleton'', These indicated that columns of this
type fail by lateral bending with little twist, The same tendencies
were noted in the te.ts reported in this thesis. In his discussion

(5)

of the latter test series Gent reasoned that torsion was a minor
effect and could, for practical purposes, be ignored so that a
simple application of the deterioration of stability concept, i.e.

in this context, that material which becomes plastic no longer
contributes to the stiffness of the member, would allow lateral
stability to be checked. As it can be arranged that no tension
yield occurs during the loading process ¥ the elastic critical

load of one flange will be a lower limit on the buckling load,

The load computed in this fashion may be regarded as a tangent-
modulus load so that a slight increase to the final collapse load,

(8)

in accordance with the ideas introduced by Shanley , will occur,

See the design method presented in Chapter 4.
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The first three tests reported below were designed to provide

experimental support for these ideas.

2,7.3 Column 1,1 (Figures A/1 and A, 2)
(i) Cbject of Test

This short, heavy, wide-flanged member represented a

column that would remain laterally stable until failure by
excessive major axis deflection occurred., The sqpash load

( = total area x yield stress = 8804 pounds) is the maximum
possible under any consideration and the elastic critical load
of one flange, in this case 68600 pounds, was far in excess of
this value. Heavy initial major axis moment was applied;
equal to 89 per cent of the fully plastic moment, The holding
load plus beam shear prevented yield in tension at this stage
although the entire compression flange had yielded, Beam
dimensions in this case meant that the column was effectively
fixed-ended about both axes,

(i) Results

Failure occurred at 8300 pounds or 95,6 per cent of the

squash load. Major axis deflections increased linearly during
the application of beam moment, part OA of the curve in
Figure A, 2, then increased slowly with axial load until failure
was approached, At failure they accelerated and physical
collapse cccurred with insigr;ficant minor axis deflections and
twist,

(iii) Comment on performance

Beam moments decreased throughout and became negative at

about 7500 pounds. At this stage much of the compression flange
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must have unloaded, i.e. the strain decreased af'ter'y'"ield.
However in this, the first test, strain gauges were ﬁrésent

at the central cross-section only and this was not detected;

The central strain gauges did show, however, that at this
critical cross~-section no yield in tension occurred until the final

collapse process was well in progress.

2,7.4 Column 2,1 (Figures A,3 and A, 4)
(i) Object of Test

In order to examine the question of lateral stability further

a second test was conducted with the elastic critical load of one
flange reduced to 40 per cent of the squash load, This was
achieved by using a narrow flanged section in conjunction with the
omission of the minor axis beams, Heavy initial major axis
bearn moment was applied again, 79 per cent of the fully plastic
moment, and this in combination with the holding load and beam
shear just produced yield in compression,

(ii) Results

Failure occurred at 1430 pounds by bending about the minor

axis accompanied by only insignificant amounts of twist, The
curves of Figure A, 4 show that during the application of the

major axis beam moment there was a tendency for minor axis
deflections to develop, 0.006 inches in all, A central twisting
displacement of 0.2 degrees also developed, With the application
of axial load minor axis deflections magnified and then accelerated
rapidly approaching and during collapse, Twist also increased
but during the deformation caused by the final load increment,

i, e, during the actual physical collapse, whilst the minor axis
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deflections doubled (0,12 inches to 0,25 inches), the central
twist increased from only 1.72 degrees to 1,95 degrees:

(iii) Comment on performance

An analysis of the strain gauge results indicated that just
prior to collapse the compression flange was plastic along the
entire column length, so that the internal strain distribution was
causing the column stiffness to conform to the minimum
requirements set out in paragraph 2.7.2, According to the
reasoning given the elastic critical load of one flange should
lie slightly below 1430 pounds, Evaluation of‘ffz]E}IY/ZL2
( = 1370 pounds) showed that its value conformed to this
requirement; it is only 4.2 per cent below. Further analysis
of the strain gauge results revealed that unlcading had
occurred approaching collapse as required in paragraph 2.7.2
and this explains why the experimental collapse load exceeds
1370 pounds. The fact that twisting displacements did not
increase significantly during failure indicated that their effect
was slight and that further calculation with their influence
included would be unlikely to alter the theoretical collapse load

very much,

2.7,5 Column 2.2 (Figures A.5 and A..8)
(i) Object of Test

This was the column of test 2, 1 straightened but with

minor axis support. It was included to study the influence of
minor axis restraint on lateral stability and so provide
further confirmation of the above interpretaticn of the behaviour

of this class of column. An initial major axis moment approximatey
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equal to the same as that of column 2,1 was applied so that
a direct comparison of the results was possible,
(ii) Results

The member performed in a similar fashion to the stiff
column of test 1.1, relaxing its beam moments as necessary to
sustain axial load, but due to imperfections lateral displacements
developed under the high initial bending moments and these were
subsequently magnified and produced failure about the minor axis
as the squash load was approached, As in test 2,1 the increments
of displacement during collapse were minor axis only, see Figure
A, 6,

(iii) Comment cn performance

Little can be said about the performance of this column as
the imperfections introduced by the straightening masked most
other effects. This became evident when the column deflected
about the minor axis in a direction opposite to that which would
be expected from the influence of axial shortening. However,
the provision of minor axis restraint obviously had important
beneficial effects as can be seen by comparing the collapse
loads of columns 2,1 and 2.2,

2.7.0 Further details of the work have been given by Gent (5)
in his paper, together with further explanation of how the

stiffness of a column deteriorates with the onset of plast1c1ty.
These details s& not be given in this thesis since this would

involve too much unnecessary repetition.
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2,7.7 While the three tests described above fall somewhat
short of the number desgirable for a fully convincing

- demonstration no further work was done since the major

aim was to study biaxial behaviour, The biaxial tests,
however, provided further evidence of the small significance
of torsional action, the only debatable assumption in the
simplified theory above, In this study attention was centred
on wide-flanged Universal column sections as it was felt

that the narrow-flanged types such as 2,1 and 2,2 would be
used in cases of major axisb g(li;ng In these tests no simple
stability criterion was anticipated, the chief purpose being to
examine experimentally the effects of various parameters in
conjunction with the theoretical calculations. The discussion
below traces the history of the tests and describes certain

other aspects but a discussion of the correlation between

the results and the theory is deferred until the end of Chapter 3.

2.7.8 Column 1,2 (Figures A, 7 and A. 8)
(i) Object of Test

This, the first test with biaxial bending, was a repetition

of test 1,1 so far as column and beam dimensions were
concerned, Initial moments were applied so as to produce
equal curvatures in the two principal planes their combined
magnitudes being sufficient to cause stresses equal to the lower

yield value in the column,
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(ii) Results

Failure occurred at approximately the same load as
column 1,1 by a mode in which minor axis deflections
predominated. Major axis deflections increased also during
the final physical collapse but the twist remained constant.
Reversal of beam moment about both axes took place at
approximately the same axial load, the value of which was
quite close to the final failure load, see Figure A, 8.

(iii) Comment on performance

The main point of interest was the fact that considerable
minor axis moment had not reduced the collapse load as
compared with column 1.1, However, in view of the fact
that the mode of failure had switched to a predominant minor
axis collapse condition, i, e, the minor axis moments had
caused an effective reduction in stiffness, it was thought the
effect might be more severe on slender columns and cause
large reductions in the load carrying capacity. The riext four
tests, all on the same reduced column section, were made to

examine this question,

2.7.8 Column 3. 1 (Figures A, 9 and A, 10)
(i) Object of Test

Apart from the inerease in slenderness ratio, frofn 46,3
to 98.4, this test was a repetition of the previous one. Beam
stiffness was reduced but on a proportional basis was not
significantly lower, Initial moments again provided column

stresses equal to the yield value with equal principal curvatures
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in the two principal planes.
(ii) Results

Axial load application resulted in the column failing by
miror axis bending at 76 per cent of the squash load, Major
axis deflections actually decreased slightly during fhe last two
load increments and twist values remained constant, sece
Figure A, 10,

(iii) Comment on performance

To support the axial load above 2500 pounds, the minor
axis beam moments had to reverse their direction rather
rapidly. The increase to the_'final collapse load of 3210 pounds
indicated the reserve of strength that was available above the
pin-ended condition, It also indicated the method by which the
column counteracted its high slenderness ratio and enabled it

to sustain its high axial load,

2,740 Column 3,2 (Figures A,11 and A,12)
(i) Object

In the two previous biaxial tests the application of moderaie

mino;‘ axis moment, in combination with the major axis moment,
had caused considerable reduction of minor axis stiffness to
below the elastic critical load of one flange. This had

resulted in the increasing deflections, in this direction, at
failure so that a column in which reduced minor axis moment
was applied was studied next, The initial curvature vector was
inclined at 224 degrees to the major axis, i, e, with more major

axis curvature, and the initial column moments caused stresses
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equal tc the lower yield point value. During the application
of the major axis moment, minor axis deflections increased
by 0,007 inches because the major axis beams had not been
accurately welded to the column, This resulted in joint
rotations of 1.7 x 10”2 radians being present, about the
me, oraxis, at this stage,
(ii) Results

Collapse occurred at.3430 pounds by predominantly major axis
deflection, although there was a slight and sudden increase in minor
axis deflection but a decrease in twist during actual physical collapse,

(iii) Comment on performance

The interesting point about this particular experiment is that
the presence of high major axis c;urvaturet:;had no influence on the
column's load-carrying capacity, In many respects this test can be
likened to test 1,1 in that one flange at least was elastic for most
of the test, due to the small minor axis curvatures, enabling the
column to remain laterally stable, Also, in accordance with the
column of test 1.1, this column was able to sustain quite high major

axis deflections before it finally failed by major axis bending.,

2.7,11 Column 3.3 (Figures A, 13 and A, 14)
(i) Object of test

As part of the general series to investigate the effect of
variations of the initial curvature vector a reduction was made in
the major axis moment. uéed for column 3,1 whilét retaining all
other features of that test, It was thought that with only part of
the total possible major axis moment applied, minor axis efiects
might predominate, induce plasticity in both flanges, and cause

collapse at a reduced level.
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(ii) Results 4

The test results, see Figures 2,6, A,14, A,15, show
clearly that this was not the case, Collapse was by minor axis
bending at 3350 pounds at which stage a positive moment
was still being applied from the major axis beams,

(iii) Comment on performance

The test obviously indicates that the particular variation
of beam loading that has been used has had no adverse effects
on the load-carrying capacity of the column, Although this
may be true for all conceivable variations of beam loads below
their full maximum values, it is not possible to draw this
conclusion on the basis of one test., The point has not been

investigated further, however,

2.7.12° Column 3, 4 (Figures A, 15 and A, 16)
(i) Object of test

All the previous tests were performed with relatively stiff

beams. To investigate the effect of a reduced minor axis

beam restraint the considerable reduction indicated in Figure 2.6
was made, The column was tentatively designed to fail at a

load of 2500 pounds on the basis of the one flange elastic
assumption of the major axis'tests. The elastic critical load

of one flange was 1930 pdunds in a pin-ended condition and this
was raised to the above figure by a suitable selection of minor
axis beams. As with column 3.2 major axis beam momeént was
fixed at 670 inch pounds, i.c. producing an initial joint

rotation of 1.7 % 1()"2 radidns. Minor axis moment was limited
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to 25 inch pounds because considerable joint rotation was

necessary to relax the beam moment and it was thought

desirable to limit this to some extent-imscliESESEtSERTe

(ii) Results | -

Collapse occurred at 2240 pounds in a predominantly

minor axis mode accompanied by slight major axis
displacements but decreasing twists,

(iii) Comment on performance

The load versus deflection graphs indicate approximately
linear behaviour up to 1400 pounds followed by non-‘-linearity
to failure, Subsequent calculations and analysis of the strain
results showed that yielding first occurred at 1300 pounds
so that the change in behaviour was attributed to this, The fact
that the experimental collapse load was below the design figure
‘was:attributed to the plasticity induced in the tension flange

by minor axis curvatures.

2.7.18 The completion of the experimental programme
_involved the testing of two columns with an intermediate slender-
ness ratio. Cross-sectional dimensions were the same as 1.1
and 1, 2 above but the length was increased. Two tests were
performed, one with the usual equal initial principal curvatures
- and first yield‘ condition, and a second in which the major axis
beam stiffness was reduced. It is doubtful whether this second.
test is representative of any practical conditions but it does

irwsgtigate a further aspect of the fundamental behaviour and
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complements test 3.4,

2.7.14 Column 1.3 (Figures A,17 and A, 18)
(i) Object of test '

As explained above, this column was tested under the
equal initial curvatures condition with initial bending stress
equal to first yield in the extreme fibres. Both major and minor
axis beams were the same as those used in tests 3.1 to 3.3
above,
(ii) Résults

The application of axial load brought about failure at
78 00 pounds in a mode in which there were approximately equal
amounts of major and minor axis deflection, see Figure A, 18,
Positive major and minor axis beam moments were sustained
until close to collapse, see Figure A, 17,

(iii) Comment on performance

After failure this column was straightened, reloaded with
precisely the same initial moments, and failed again, The
displacement and moment curves have not been plotted as they
lay quite close to those obtained in the original version of the
test, There were only slightly higher twists and deflections
generally, for the same load, The really interesting point,
however, was that the failur'e load was unaffected, suggesting that
residual stresses, in general, will not be serious in restrained

columns,
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2.7.28 Column 1,4 (Figures A,19 and A, 20)
(i) Object of Test

For the column major axis beam stiffness was
considerably reduced, as compared with column 1,3, although
the minor axis beams were not altered, Initial major axis
moment of 500 inch pounds ohly was applied, due to limitations
on beam stresses, Minor axig moment was fixed at the same
value to retain some degree of realism in the test as it was
thought this could hardly be the larger of the two,
(ii) Results

Failure occurred at 7400 pounds in a major axis mode.
A little minor axis bending also occurred but very little
twist., Major axis deflections, which were small to begin with,
and major axis beam moment, changed very little in the early
part of the test with the column elastic, As loading proceeded
the section became plastic and the major axis deflections
accelerated rapidly causing failure,

(iii) Comment on performance

Of interest in this test was the fact that the lighter major
axis beams had not dramatically reduced the collapse load as

was the case with slender minor axis beams in column 3.4,

2.8 CONCLUSIONS ON COLUMN PERFORMANCE

2.8,1 The following general conclusions can be drawn from
the work above,
1., Variations in the initial mone nts applied to a column,

provided the yield stress is not exceeded under their influence
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aloﬁe, have but a small effect on the load-carrying capacity.
2. The collapse load is much more sensitive to changes in
beam stiffness than to the amount of intial moment applied;

in particular it is sensitive to changes in minor axis beam
stiffness,

3, Twisting occurs during the application of axial load but it
must be considered a secondary effect since in no case did it
increase tc any marked cxtent during collapse., In three

cases it actually decreased, |

4, Initial imperfections due to straighiening the specimen

do not affect its load-carrying capacity provided the beams are
relatively stiff. )

2,8.2 Inview of conclusion (3) above, the following further.
conclusions may be drawn, concerning the major axis tests..
1. Provided the tension flange remains elastic the critical
load of it alone provides a lower limit for the load at which
lateral instability will occur. ,

2. The actual collapse load may be higher than that calculated

in (1) above due to the effect of unloading.



CHAPTER 3

THECRETICAL STUDY

. 'Theor'y of Elastically Restrained Elastic-Plastic H-Columns

3.1 NOTATION

3.1.1 The following symbols are adopted in the text below:

A total column cross-sectional area

B ' Dbreadth of flange

bl‘ b'l, b'2 parameter defining the strain distribution at a cross-
section

[ parameter defining the strain distribution at a cross-
section

D depth of section

E modulus of elasticity

G modulus of rigidity

IBX and IBY moments of inertia of the beams restraining the
columns about the major and minor axes

Ig moment of inertia of the total cross-section about £ axis

Im, moment of inertia of the total cross~section about M, axis

L length of column between beam centre lines

h L/10

h' parameter defining the strain distributioﬁ at a cross-
section

LBX and LBY lengths of the beams restraining the columns

about the major and minor axes
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MX bending moment about an axis paraliel to the X axis

MY bending moment about an axis parallel to the Y axis

Mz bending moment about an axis parallel to the Z axis

M% bending moment about the § axis

M"’L bending moment about the L axis

MS bending moment about an axis through the effective shear

centre parallel to the ¢, axis
M['y MI'J flange bending moments

P axial load

r perpendicular distance from the effective centre of twist
to a fibre

s arc length along a cross-sectional element defining the
warping displacement

T torque

ty thickness of flange

tw thickness of web

u deflection in X direction due to pure translation

i total deflection in X direction

v deflection in Y direction due to pure translation

v total deflection in Y direction

VUf" VLf shear force in a flange

w warping displacement

X coordinate in the direction of the X axis

X, coordinate of the shear centre in direction of the X axis

y coordinate in the direction of the Y axis

Yo coordinate of the shear centre in the direction of the Y axis

z coordinate in the direction of the Z axis

FAS axial shortening of the column
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Ay & Dy deflections at ends of minor and major axis
beams after applying the initial moment

o parameter defining the strain distribution at a cross-

section

strain

yield strain

coordinate in the direction of the % axis

coordinate in the direction of the m, axis

coordinate in the direction of the { axis

curvature

unit stress normal to the cross-section

angle of twist

. G 7O TR AN AN )
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3.1.2 The axes X, Y, Z are a reference set which coincide with_
the major; minor and longitudinal axes of the column section in
the undeformed state, The f,-; 57, C, are a set in which the g
and 'Y‘L axes correspond to the major and minor axes of the
column section in the deformed state and ( is an axis tangent

to the curved column axis,

3,2 AIMS OF THE THEORETICAL STUDY

3.2,1 The aims of the theoretical study were twofold:

(2) to develop computational proceduresthat would enable a
theoretical study of restrained elastic-plastic columns to
be undertaken,

(b) to determine the significant parameters affecting t he column
behaviour and therefore ohbtain reasonable correlation between
theoretical results and the experimental results discussed in
Chapter 2,
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3.2,2 The initial endeavours in these directions restricted
attention to the stresses induced in the column by the action of
bending moments and axial load. The stress~strain relation
was taken as that shown in Figure 3.1 with plastic strain
assumed recoverable. Subsequent work extended the analysis
to include such phenomena as strain reversal, strain hardening
and in an approximate fashion the action of torsion moments,
The inclusion of strain reversal and strain hardening was necessary
to interpret certain experimental results and the inclusion of
torsional effects was undertaken to obt ain some theoretical
indication of their significance, Torsional effects were not
considered to be of great importance however and studies were

made on two columns only,

STRESS

STRAIN
»-
FIG. 31
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3.2,3 From the outset numerical techniques were employed to
obtain the results and the computation procedures which are
presented below, were developed with this in mind, During
their development it was found that it was possible to solve the
column problem in a fashion that is rigorously correct within
the sense normally understood in engineering mechanics,
Accordingly, these ideas are presented below for two reasons,
firstly to clarify the degree of approximation introduced into the
actual but approximate torsion calculation and secondly to
provide a record of this exact procedure that would enable the

approximations to be removed from future studies as desired.

3.3 INTRODUCTION

3.3.1 To allow a full comparison of theoretical and experimental
results a calculation procedure which follows the loading path of
‘the experiments is required. Consequently the method developed
begins by establishing the equilibrium shape of the column after
the application of beam loads, It then proceeds to compute
displacements and axial load values for a series of equilibrium
shapes defined by increments of curvature at the central cross-
section, In doing this it is found that initially, with increasing
curvature, the axial load also increases but that with the spread of
plasticity this tendency is reversed and failure has occurred,
Graphs of axial load versus central displacement, a translation
or a twist, are drawn and the maximum load, which is taken as

failure, is read off,
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3. 3.2 The inclusion of strain reversal, strain hardening and
torsion in the analysis means that calculations were performed
under varying assumptions. For convenience in referring to these
varying calculations they have been numbered as follows: '

(2) calculation 1 ignores all the phenomena mentioned above,

i, e. strain reversal, strain hardening and {orsion,

(b) calculation 2 includes torsional effects but excludes strain
reversal and strain hardening,

(c) calculation 3 includes strain reversal and also, where it is

indicated, strain hardening but it ignores torsion,

3.3.3 The assumptions used in calculation 1, which is the simplest
form possible and convenient for the derivation of design methods,
are given below, They are

1, Twisting and thus warping are negligible so that during loading
plane sections remain plane,

2, The material stress-strain curve is as shown in Figure 3,1,

i. e, there is no upper yield point.

3. Plastic strain is recoverable, i,e, the stress-strain
relationship is defined uniquely by the line OAB, This means the
solutions so obtained are unique,

4, Shear stresses are small and have no effect on deflections

or in producing a combined stress yield condition,

5. Deflections are small so that curvature is given by

dzu/ dz? and dzv/ dz? , Etc,

3.3.4 In calculation 2 assumption 1 was removed and in calculation

3 assumption 3 was removed and strain hardening added,
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3.4 GENERAL PRINCIPLES OF CALCULATION PROCEDURE

3.4.1 Before setting out the mathematical formulae used in the
solution to the problem it is advantageous to consider some of
the more general principles involved, In the discussion which
follows the rigorous solution that was mentioned previously in
paragraph 3.2, 3 is outlined and this is followed by further
discussion of certain underlying principles used in the

computational methods,

3.4.2 Outline of an Accurate Calculation Procedure

1, To calculate the equilibrium configuration of a column subject

to axial load P and moments MX’ MY and MZ about axes X, Y

and Z (see Figure 3.2(b)), taking the secondary forces arising

from member displacements into account, it is necessary to

compute and equate internal and external forces at a general
displaced section as shown in Figure 3,2(a), For any such section
the moments acting about the two principal axes of the section, g

and ’TL , and the CJ axis are called Mg R MeyL and MS respectively,
The computation of the external values of these moments is
straightforWard and follows the well-known procedures used to
compute the same quantities in the elastic case, e.g. reference

(13) pp 244 and 245, However, for internal member resistance
such information is not available and the procedure outlined below
must be adopted.

(2) Apply displacements u and v, see Figure 3,2(a), together with
axial compression simultaneously to the column using the

conventional assumption of plane sections remaining plane, The
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amount of each displacement component is adjusted to satisfy
equilibrium of the forces P, M § , M"TL taking due account of
the amount of plasticity and strain reversal that occurs during

the process. The flange and web shears which develop during
this stage need not be considered. _

(b) Twisting displacement about the point S, called the effective
:centre of twist, is now applied as indicated in Figure 3.v2(a).

This point is chosen 8o that after superimposing the warping
strains due to twisting on top of the strains due to the displacements
of step (a) above the internal values of the forces P, M% R Mq}’
remain unchanged, The ma gnitude of the twisting displacements
must be adjusted to produce equilibrium of the torsion moment

M ¢ considering strain reversal and plasticity in the process.
In computing the component of torsion resistance in an elastic-
plastic member corresponding to warping resistance in an elastic
member it must be remembered that S is not a shear centre in the
classical, or any other sense, In an eléstic member the shears
due to u and v displacement components would have no resultant
torsion moment about atrue shear centre but this does not follow
for the point S, as defined above, in an elastic-plastic member,
Thus in considering flange and web shears it is their total
maghiltude, i.e. due to all displacement components, which must
be used.

(c) DuringAtvwisting the external values of the forces M g , and M"L
change slightly, see equations 3, 3(a) and (b), so that an .iterative
cycle must be set up, Thé values of M g and M ™, are ased to

obtain new u and v displacements and these in turn alter the
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external torque values, At each iteration the member must
be considered to start again at 0 in Figure 3, 2(a), the only
purpose of the iteration being to adjust the external forces.
In fact if 211 forces could be known at the outset no such
iteration would be necessary. The process is continued until
successive values of the external forces differ by less than a

small specified amount.

3.4.3 The reason for placing on axial compression and u and
v displacements simultaneously followed by twist in a separate
operation is because torsional resistance depends on two
derivatives of the same quantity of different order. Thus moment
resistance can be obtained from axial compression and the
curvatures dzu/ dz2 and dzv/ azé  but torque depends on
dpfdz  and dg;/')/dz3 . Hence in the finite difference
expressions by assuming values of dp/dz at all station
points the first part of the torque can be found., However, to
obtain the second part numerical differentiation of these values
must occur so that the full resistance at each station depends
on df/dz at other stations, The procedure to satisfy torsion

equilibrium is therefore different,

- 3.4.4 To take account of unloading of plastically deformed fibres
the cross-section has been divided into a number of small
elemental areas, thirty in each flange and ten in the web, The
maximum strain occurring in each is allocated to a fixed memory

location in the computer, The calculation is allowed to proceed
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in small increments of curvatufe at the central cross-scction
and at each step the strain at each small element is compared
with the previous maximum value. It overwrites the previous
maximum valuc if it is larger or leaves it if it is smaller,

In assessing the internal force account must be taken of unloading
in both displacement stages mentioned in paragraph 3.4.2 above,

Further details are given later,

3.4.5 The use of small increments of central curvature also
settles the question of load path dependence, i,e. lack of

uniqueness of the solution, This is because during an

incremental increase in curvature the stress-strain relation

is uniquely defined from the strains produced at previous stages

in the computation, Since these represent fixed conditions so far

as iteration for a new equilibrium position is concerned the only
error involved is concerned with how small the increment is

made and not with the basic philosophy. Inthe computer programme

the increment is made small,

3.5 GENERAL EQUATIONS FOR INELASTIC BIAXIAL BENDING
CF COLUMNS

3.5.1 Geometry

1, A column cross-section which undergoes the general
displacements mentioned in the sections above is shown in
Figure 3,2(a), It starts initially in position 1, then under the
action of u and v displacements moves to position 2, and finally

by twisting about an axis through S it moves to position 3,
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Displacements u and v, the twist $, and the coordinates of S,
viz.. X and ¥y, are all positive as shown, The quantities u, v
and § are small so that the geometry for small displacements
applies.

2, During the twisting process the axes g and M, rotate
relative to the X and Y axes through an angle $ and the
displacement components of the centroid change from u and v

to 1 and v where,

[« ]
[

u+y, ) 3.1(a)

<1
1]

V = Xoﬁ 301(b)

3. Another geometric change which occurs during the member

displacement is the inclination of the g axis to the Z axis
caused by the slopes dfi/dz (£ dv/dz) and d¥/dz (¢ dv/dz)
This and the column twisting means that forces computed in the‘
XYZ coordinate system differ from those computed for the g 'rtg
system, Since force transformations between the two systems
are required to compute the external loads acting at a cross-
section it is convenient to have a table of the relevant direction
cosines, - The one below is reproduced from Timoshenko and

Geere (13) p. 252,
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1 ) ~du/dz

5
’YL -$ 1 ~dv/dz
C.

du/dz dv/dz 1

3.5.2 External Forces

1. In establishing equilibrium between internal and external
forces at any cross-section complete freedom is available
concerning the choice of axes about which moments are taken
provided the same ones are- used for internal and external
forces. Here moments Mg and M"L are taken about axesg
and Yi through the centroid of the section and torsion moment
M¢ about an axis parallel to the £ S axis and passing through
S. ‘Moment sign is in accordance with the right-hand screw rule,
2. The external moments about a set of axes parallel to the XY
axes but with their origin at the centroid of the displaced section
are calculated first, They are then resolved about the E:

et

and ’rj, axes, Torsion moment Mf depends on the way the
external loads distribute themselves over the cross-section
and the relevant equation is developed separately,

3. Taking the axial load on the column as P, positive when
compressive, and the beam moments about the X and Y axes

as M and M

BX BY’ the total moments about the displaced set



65

of X and Y axes, at a section where displacements 1and v occur,

are

MX = M.BX- Pv 3.2(a)

v MBY + Pu 3.2(b)

it

M

Due to the symmetry of loading the value of torsion moment MZ

is zero, By resolving the moment MX and MY about the 8_)

and ’YL_ axes, using the table of direction cosines, the result,

it

My My, + 75 M 3.3(a)

3. 3(b)

"

M,- $M

and M"L v

X

is obtained.

4, To evaluate Mi; consider a point in the cross-section defined
by coordinates x and y with respect to the displaced set of XY
axes so that after bending and twisting the components of
deflection of that point in the X and Y directions are

u =u+t (yO ~y) b andv! =v - (xo -x) § respectively,
The slopes of a longitudinal fibre beneath this point in the XY
and YZ planes are du'/dz  and dv'/dz  so that vertical
components of force per unit area G~, parallel to the Z axis

E and acting on a small area @A, will exert components of force

in the X and Y directions of (-UdA)du'/dz and (- 0 dA)dv'/dz.
/ The contribution these make fo the total torque is given by,
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dM = -(cdA)(y,-y)du/dz + (cdA)xx)dvidz 3.4

Substituting for u' and v', integrating over the area,  noting that,
£?dA=P, J:;:rydAzMX, ‘ .Efcr)(dA:MY,
" : 2 2 2

and writing F=(x =)+ (y,~y)

the result,

Mg =P(y du/dz-x dv/dz) « M,du/dz - M dv/dz -

-d¢/dzor’dA - . 3.5
A :
is obtained,

3.5.,3 General Discuséioh of Internal Forces

1.’ Internal resistance at a cross-section is calculated by
integration of the stresses over the total area following the
applications of strains as explained in the introduction, During
the application of curvatures and axial load plane sections are _
assumed to remain pla-ne “so that the resulting strain' distribution
may be expressed in terms of the three parameters, b,,c, L,
defined from the dia;gram‘ in Figure 3.3. From these strains,
stresses are deduced and-the values of P, M§ and MrrL
obtained., Flange and web shears occur also but need not be
calculated, The warping st.r'ains which are the result of twisting
about S are now superimposed on the strainsQabo"v‘e. Web and

flange shears arising from all displacement components must now



67

‘be computed and the moment they cause about S calculated.
This in addition to the normal St, Venant's term gives the full

value of the torsional resistance, The details follow,

Ny
Yield in \ 7
compression

NEYIR AL

Yield in
tension

3.5.4 Forces Due to Principal Curvatures and Axial Compressién

1. A general stress distribution is shown in Figure 3,3 above

where yield in both compression and tension has occurred

according to the plane sections assumption. The evaluation of
4' forces is made now ignoring. unloading since the equations as

such were used in calculation 1, The corrections for unloading

will be made later. - |

2. A coordinate m, defined as shown in Figure 3.3, enables the

stress at any point in the elastic zone to be expressed as,

¢
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o =gym/c o - 3.6
where | m/='rLcos e (g+§Jsinl - ' : 3.7
and | g =cosecd [\(b"+c)-'(Dcos.[/'2+B sind/2)] 3.8

By substituting equation 3.7 into 3.6 the expression,

o #’c,[ncos./+(g+§a)sin-(]/§ S - -

is obtained. In the plastic zone the stress is g
3. The internal forces are given by the equations, '

P= ?dA * o/\p ' - . 3.10(a)
M€=fa'¢dA + °y7LAP_ - ' 3. 10(b)
M= Ac:gdA + oA, o s 3. 10(c)

where Ae is the area'elastic, Ap the area plastic and "v'i' and E
the coordinates of the centroids of the plastic zones. Substituting

equation 3. 9 into equations 3. 10 leads to the equétions,

P =cyﬂ'3cos.l+§sinl+§°sin.()dA/c-+ o, A, - | 3.11(a)
M§=c§,fA£ﬂfcos.(+'rL§sinJ+1L§§in.£)dA/c+ OFLA,, : . 3. 11(b)
My = yngfSFn Lengcosd+EEsind)dA/c+ o A, 3.11(c)

In this thesis these equations are re-written in the form of an
elastic solution less a correction for plasticity, that is the

integration is made over the whole area A, assuming the member

T
remains elastic and a correction is then applied for plasticity.

" In this form they becorhe,‘ l

P=qgesindAfc -ZF
A
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or by substituting for the value of £, ,

P-P, =0y[ by~ (Dcos«/2+BsinL/2)|Arke - 2.F S - 3.12(a)

Mg =Gylecosd/c - §F'?L’ o P ' 3. 12(b)

M,,L=0yl,§in.£/c -%:)F, €’ _ . ‘ 3.12(c)
where F; ATy K , F is the force correction for a plastic

zone and’ the § denotes their summed effect. The quantities n’
and —g' are thg coordinates of the centroids of these zones. The
detailed calculations involved in making these corrections are
“lengthy but not difficult and are therefore deferred.to appendix A.
' The corrections themselves are entirely functions of b;,c and «
so that the full force eduations 3.12 are functions of these
variables also. ' ‘ .

4. It is a straightforward matter to obtain curvatures and axial’

‘compression from these cross-sectional parameters. The

rel‘evant equations are,
Y 2 _ . . ' - )
p,,.[ du/dz .-o.',sm.(/Ec - | 3.13(a)

P;—f d¥/dz2 g;cos L/Ec ' : ' , 3. 13(b) |

- for curvatures and,

€av Sl(by+c) +(b,+c~Dcosd -Bsind)]/ 2Ec : . 3. 13(c)

for the average strain.
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5. Inthe method of aeterminihg the deflected shapé that is
presented later the. solution of the equations 3.12 for by, c, L
with fixed force values is required. These are three no_n-lihear '
algebraic equations which in general have no analytical _so_lutién and
must be solved iterativély. However, provided no yield in tension
‘. occurs one of the ~unkn'owhs, c, can be eliminated by dividi'ng the
equations in pairs and the resulting two eduations then solved
iteratively for b, and . Tension yield generally does not
occur before the maximum load is feached, provided the initial
moments of themselves are not capable of causing it so that |
considerable saving;s in cdmputer time resu1£ from this procedure.
» Additidnally this fact is fundamental to the design approach
pfesented in Chapter 4. In order to see that c méy indeed be
eliminated reference to Figure 3.3 is ﬁlade again where a
coordinate m' is defined. The correction stress at any point is

sty given by,
o=oym‘/c ' | . 3.14(a)
where m‘z M, cosd+ Esind+b,-(Dcosd+Bsindd)/2 s 3.14(b) -

"Thus on an elemental area dA where the correction stress is g

the infinitesimal correction to axial load is giveﬂ by,

dP =g, m' dA/c = o 3.15(a)



The corresponding cox_‘réctions to moment are,
. c . . A . . . . .
QM§= oym'm- dA/c . g o | 3.15(b)
c. , . , N } . ’ .
dMa=oym' g -dA/c ’ ‘ 3.15(c)

- By integration ovér fhe total area of plastic compression, the.

corresponding total corrections can be expressed in the form,

Pc=cry_£m' dA/c ' -' 3. 16(a)
. p ) . :
c . : S
Mgzoyfmin, dare . o 3. 16(b)
. p ' ’f
M.§=a-,fAr?'g dA/c . - 3.16(c)

where /; indicates integration over the areas plastic.
~ Substituting these expfessions into equations 3. 12 and removing the

common factor Uy/€ the equations,

P~ B=oy [(by- (/2D cosd+12Bsind))Ar- [ m'.dAl/c . 3.17(a)
p L
Mg=y(1cos { - [ mim dAl/c S 8w
M.,Lz'a'y[Insina{ -./A‘;h' § dA)/c e 3. 17(c;)n

are obtained. Since m' is a function of by,and « only division in
pairs eliminates € and produces the equations,
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Mg/(P -

Mo [P -

<
4

F; (by.el) 3.18(a)

<2
I

= F, (b,, ) 3.18(b)

which are solved fteratively. The value of ¢ is obtained by back
substitution into equation 3,17(a).

8. The allowances for fibres that unload and for strain hardening
are made as corrections to the force expressions given above,
Since the atrain at each and every point in the cross-section may
be expressed in terms, b, ¢, /. the stresses and thus the internal
forces P, M% . M'YL will still be functions of these three
parameters, In the solution of the equations no division in

pairs can now occur since the stresses are not linear functions

of m! The full details of making the corrections are given in

appendix B,

3.5.5 Forces Due to Twisting

1. The torsional resistance offered by a section about an axis
of twist such as the one through S is due to the combined effect
of a pure torsion or St. Venant's term and the effect discussed
previously in paragraphs 3. 4, 2(i) and 3. 5. 3(i) of flange and web
shears. The evaluation of the St. Venant's term follows along
the lines of current research into this problem, e.g., reference
(16), It is straightforward and in an engineering sense exact.
Flange and web shear terms however are evaluated only
approximately and it is here that the simplifications mentioned

earlier in paragraphs 3, 2.2 and 3. 2, 3 have been introduced.
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Prior to the presentation of these approximations, however, the
more general equations for the exact evaluation of flange and
web shear effects are given in outline., The equations that have
been used in the actual computations to date are then presented
in detail,

2, The St, Venant's term may be expressed in the form,

T, =Cdp/dz 3.19(a)

where C is known, in the elastic case, as the torsion constant,

For an elastic section composed of thin walled elements, -
c = ic7th 3.19(b)

where t is the thickness and 1 the length of a typical element.
The summation is for all elements, In the elastic-plastic case
C varies with the spread of plasticity due to a decrease in the value
of G. The value of G has never been clearly established,
particularly for cases where non-uniform bending moment occurs
along the leng(’clh ;)‘f the member, but it would appear to be

6

conservative to take G as zero for the plastic zones and to
use the full elastic value elsewhere,

3. General Expressions for Flange and Web Shear Terms

(i) The resistance offered by flange and web shear terms is
based on the thin-walled elements assumptions, and is therefore
the product of the total shear force in each element multiplied
by its perpendicular distance from S. (It must be remembered that
external torsion moments were evaluated about S as the internal

ones will be now), In addition to the shears caused by the uand v
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‘bending displacements, which in gepéral have a resultant twisting
| mpineﬁt about S, warping displacements diie to fwisting also

. cause shears which have a morhent about S. Both components
can be obtainedsirﬁultanéoﬁsiyl by adding the warping strains to
the strains due to u and v diSplaé%"ements, eval‘uat.ing longitudinél
stress and then calculating shear stress, using the well-known
expression (see Timoshenko and Geere, p.222),

d(Tt)/8s=~tag/ 8z o 3.20

The torsional resistance, T,, offered by these shears, is given by,

2
T2=fo'(tr-ds

m s : "- '
=-j; _é(tao;/az-ds)r-ds‘ 3 " 3.21(a)

where m is the total length of walls in the section and t is their

thickness. The expression can be re-written as,

| m s . .
T2=—6[/(; ./Oitcrzds)rds] /oz - 3.21(b)
or, if t crzds ) is written as'a for_ce dF acting on an area

(tds), then as,

T,=-al[Frdsl/ez s



.The term [j; Frds] can be evaluated at each station

point and differentiated numeriéally to obtain T2

B
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- (ii) Reference to Figure 3. 4(a) shows the effective centre of
_twist_S defined with reference to the axes § andm Dby the
quantities x  andy . When twisting occurs about S the resulting

warping displacements are given by,

s‘ -
w=w°-(d¢/d2)£rds - 8,22
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where r is the pérpendicuiar distance from S to the fibre under o
consideration and W, is the displacement at the origin of s, taken
as 0. The following expressions for warpihg obtain,

(a) for the web,

w = w ~(dd /dz) xS PR | 3.23(a)
(b) for the lower flange, |

W = o (db /42 )X (D~ )/ 2-y) £((D ~t)/2-y)

(c) for the upper flange; - - ,

w = W+ (do/dz)[x{(D-t)/2+y)t{(D-t)/2+y,)

(s-(D-t)/2)] . . 3.23(c)

These expressions are differentiated with respect to z to obtain
strains which are added to those already present due to‘u and v
displacements. The contribution to the torque is then calculated
as explained in section 3(i) above.

(iii) Values of the quantities W, X ¥, are obtained from

the requirement that the stresses induced by twisting do not affect
thé internal values of P, M{:', s M-VL , see also paragraph 3.4.2.
The tliree conditions give rise to three non-linear algebraic
equations which must be solved_iter'atively at each section of the
éqlumn to obtain W xa, yo. No further details of this _shallvbe

given.
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2. Approximate Calculation for Web and Flange Shear Terms

(i) The main approximation introduced into the torsion cal-
culation consists of evaluating the web and flange shear terms
assuming the reduced elastic section shown in Figure 3, 4(b),
The quantities bi, bz', h! are the lengths of elastic upper flange,
lower flange and web respectively, which remain after applying
the u and v displacements, This simplification avoids the
necessity of solving the non-linear algebraic equations
for Wo, Xo’ Yo mentioned above, It is not altogether an
unreasonable procedure as the actual movement of S, for the
cases where the torsion calculation was used, i,e, with
reasonably large major axis moments, is more or less

described by this method, In accordance with these

approximations the values of X, and W, are zero and Yo is given

by,

Y, = #D - tp) - ! [1 - b1'3/(bi3 + bz'-3)] 3.24

(ii) In conjunction with the assumption above it was
considered that the significant contribution from the web and
flange shear terms could be evaluated computing the shears
arising out of twisting displacements alone, This follows
because the point about which the shear forces due tou and v
displacement have a zero resultant torsion moment should be
reasonably close to the point S.

(iii) Following from these approximations the calculation of
web and flange shear terms is straightforward, The equations

are written in such a form that the extension to the more
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-accurate calculation merely involves replacement by a more

accurate equation. The steps to be followed are as set out below. '

(a). Co'mpufe the strains due to u and v displacements alone at the

points ABCDEF of the section shown in Figure 3. 4(a). ‘The values

are,
€,=

€5

3

Ep=

This step replaces computing the strains at the same points

oy(by+c=(1/2)t,cos &)/Ec

a,(bc- Bsind ~(U2tcos I/Ec

= oy(b,+c-Bsind~Dcos & +(1/2)t,cos£)/Ec

= aylby+c - Deos L +(1/2) ticos L)/Ec

oy(byc - (1/2)Bsin &~ (1/2)t cos )/Ec

oy(b,+ ¢ ~(1/2)Bsind- Dcos J£+({1/2)t,cos £ )/Ec

.25(a) |
. 25(b)
. 25(c)
. 25(d)
.25(}e)’

. 25(f)

due to all displacement components in the more accurate'procedui:e.
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(b) Compute the lengths of elastic top flange, lower flange and web,

el b/, b2', h. A typical element, AB, is shown in Figure 3.5

. with strains/E, and GB at its ends and depths of plastic compression

" and tension zones given by‘dA. and d_ where,

B

4= B6,-€,)/(€,-6;). | 3.26(a)
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de=B(Eq€)/ (€ €p) . 3.26(b)
. frorri;which the elastic portic;n is readily obtained by,
b=B<d,-dg , 3.26(c)

A similar process is carried out to obtain b2' and h'.

(c) Calculate the curvatures of the upper flangé and lower flange

using, )
. 1. uppér flange - ' ' fz"l:(d%/di)[O'S(D—tf) +¥p) - 3.27(a)
2. lower flange R=(d%/dA105D-t)-y,] 3. 27(b)

and compute warping moments using,

1. upper flang'e _ Mé:_EB::t B’/‘lz-' " , 3.27(c)
2. lower flange M{_:Ebgt pn2 ‘ . 3.27(d)

(d) Numerically differentiate the flange moments to obtain shear

A VUf and VLI; for the upp’ei‘ and lower flanges respectively and sum

their effect to obtain the second part-of the torque, T2, where

T2V [05(D-1) -] +V,,[0S(D-t)+y] 3.28

The steps (b), (c) and (d) above replace the calculation of the

integral for T, from the strains €ato €f as in section 3(i) for the



more accurate procedure.

.3. 6 CALCULATION OF THE DEFLECTED SHAPE

3.8.1 In the preceding sections the relationships existing
between the displacements and the internal and external forces
have been established, In this section and the next it is shown
how this geometry may be expressed in terms of finite
difference equations and the relationships mentioned above used
to establish equilibrium shapes. Two separate calculations

are required to trace the load path of the experiments, one which
determines the column shape for known values of the end
moments and axial load, i.e. corresponding to the application
of the initial moments, and a second which determines the shape
after the distancesbetween the beam ends ﬁave been fixed. The

procedures are outlined below followed by further details.

3.6.2 Initial Shape

(i) A solution suitable for this type of problem was first

(17)

proposed by Newmark and can be summarised in the following
way.

1, Assume a deflected form for the column. Zero deflections
have been used in the computer programme,

2. Calculate the external forces acting on the column, including

the magnification of the moments M,, and M Ydue to deflections

X
and axial load and the torsion moments.
3. Considering these moments as the external loads,

calculate the deflected shape.



4, Compare this deflected shape with the one assumed, If it
agrees to a specified accuracy proceed to step 5; if not, replace
the assumed shape with this newly-calculated one and return to
step 2. Thie new shape is regarded as a new assumed shape

for the purposes of the comparison just mentioned.

5. Calculate the deflection of the ends of the beams.

STATION STATION
~ -1

-1 .

0 _— Column End u 0
1 — » 1
2 — [ 2

Deflected Column

3 Shape " 3
] —-+
h
A . . 4
- 5
= 6
S 1 Column Centre - 7
(a) (b)

FI1G. 3.6

3. 6,3 Subsequent Shapes

(i) To enable the calculation of the subsequent deflected shapes

to cover points on the falling branch of the load versus central
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displacement curves, the procedure outlined below was adopted.
This effectively continuously increases the central curvaturesp'g
and /O..lin proceeding from one equilibrium configuration to the
next, In order to reduce the computer time required the iteration
between the u and v displacement application and the twisting
application mentioned in paragraph 3. 4. 2 (1) does not occur.
Instead in calculating a new deflected shape values of twist

from the previous equilibrium position are assumed, Only

when these have been established are new twist values found.

Thus in a sense the twist values are always a step behind the u and
v displacements but the error is not large with the small curvature
increments used, In the procedure given below, it is assumed that
the column length has been divided into ten sub-units, see Figure
3. 6(a), for the purposes of finite difference computation.

(ii) The steps can be outlined as follows.

1. Increment the parameter b1 at the centre, i,e. at the station 5
in Figure 3.6(a). Select trial values of /Oésand pryl‘gnd tgke the
values of angle of twist from the last calculated equilibrium
configuration, A

2. Using the values of bl,j)gs, ngalculate P, Més, M’Y’Ls

at the central station.

3. From the central curvatures calculate the off st distances

d, using finite difference expressions.

4
4. Calculate the reduced values of the moment M_, and M

Xa Y4
=M, - Pd)), convert these to M and M using equations 3. 3,
(= M, 4) g, M08 ea
and solve the equations for bl’ o/ , € at station 4, Since ﬁ§4_
and /D,Yl)ixre obtained immediately from ol and c, see eqguations

3,13, the value d3 can then be calculated from finite difference
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expressions.

5. Step 4 is repeated for the stations up the column until the
offset d_1 ig obtained.

6. Numerically differentiate the offset values to obtain the
column slopes and compute the deflections at the beam ends.

If this agrees with the deflections calculated in paragraph

3.6, 2(i) step 5 above, then proceed to step 7; if' not adjustpgs
and j:),,flgand return to step 2.

7. Calculate the external torque at all stations using equation
3.5, and estimate values of twist to carry this torque as
described above.

8. Continue to increment the parameter b1 until either the axial
load values decrease or yield in temsion occurs. Either of these

occurrences is taken as indicating failure,

3.7 DETAILS OF CALCULATION PROCEDURE

3.7.1 Inthe procedures above the solution of the equations

3.12 for by o , ¢ is required. For this the generalised Newion-
Raphson iterative algorithm has been employed. Basically this
consists of selecting t rial values of the unknowns and basing
corrections to those on a Taylor series expansion of the
functions ignoring derivatives of order higher than the first.

If the functions are Fl’ Fz, F3 the expansion is,
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| F(58b, Lrsherse)
=F (B, L") + (F /0b)" 8by+(3F/04)- 64" (9F/3c) s ¢" 3.‘29(a) |

Ry B+8 B, L184;c38C)
=F; (By L€) + (3F/ 3b)° 6By (9F/84)" 84" (8E/8c) &¢” 3.29(b)
Ryl b?-&b: L+8 .l?c?»&;n)

=Fy (by;C) + (3E/ab) &b, + @F/04) 64> (@E/ac)'8¢  ~ 3.29(c)

where the superscripts denote the nth approximation to the
' correct answers. If (bn,+8t;‘,) s (L8, (c+8e") are to be the

correct solution, then,

~

0=F, (B, £3¢) + (8F/8byS b, + (BF/a." 84"+ (BF/acrsc” 3.30(a)
0 =F, (By,4,¢) + (3F/8b)" b, + 0K/ 84)°6 L+ (8F/3¢) 5 ¢ 3. 30(b)

0 =Fi(5, 4] + (/LIS + (0F/0416 4" + (GRS ~ 3.30(c)
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These are three simultaneous.linear equations which can be solved

by standard matrix invefsion techniques to obtain Sbn“ S .[nJ scn

The (n + 1)th approximation to the answers is given by,

8= B+ 85, o o 3. 31(a)
LrLhed” ‘ o . 3.31(p)
; ‘ MEcte 8 | 3.31(c)

The process is continued until successive approximations agree to a
specified accuracy. The derivatives are obtained numerically
using backward difference formulae since no great numerical

accuracy is reqﬁired of these values, i.e. formulae of the type,

8F/3bzFF (b, ¢) -F(b,-Ab,d,ql/Ab, : ete.

.are used. The process of adjusting Pe and P to close the end

beam deflections is-done using the same process with only two variables.

3.7.2 Finite Difference Expressions

(i) Initial Shape, u and v displacements

The finite difference expressions for u and v displacements at the

7

r'Jch station are of the form,

u.,~-2u. +u -hz(dﬁldé Cu' ’
rej 4Yp -~ r->Ve S 3.32

' 4 6 _
% . Cur=(-i1§8+§165-.......... Ju, -
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. where h is one tenth the columﬁ iength and Cu, represents the
higher order difference correction terms. r('I‘he v displacements are
expressed in the same way). For the initial shape the following
boundary conditions apply, ' o

0 . u=0- .

L/2 dufdz=0

: $0 that with this ten sub-unit division, which wé.s used throughout,

n

(a) at z

-~

and (b) at z

curvatures and deflections are related in matrix form by,

- - - o — - o

1 1 o ul o p,fL | Cuy,
-2 1 ly| ol |Cu
1.2 1 u, \ p:L “lCu,
_ = h s * ‘ 333
1 "2 1 . U3 p"l‘ Cu3 R
1 -2 |ly] p,jL Cuy,
2 -2||u| pr Cu

A check on the h’ighef order difference correction terms showed them
to be small so that they were ignored, i. e. the Cu, terms were
taken as zero. ‘

(i) Subsequent Shapes, u and v displacements

For the computation of the subsequent equilibrium shapes equation

'3.32 above was rearranged in the form,

2, A2 | '
d = (ah/ez) -Cd +2d -d B A2
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where the d are offset distances This enables the step-by-step

1ntegrat10n explalned above to proceed up the column. The higher

order correctlon terms were generally found to be .Small except in-

. some cases when approachmg failure. This is because certam 4

: columns require the formatlon of a plastic or near plastlc hinge before

failure is possible. Instead of attempting to allow for th1s in the -

1"1n1te dn"ference expressmns e.g. by calling a reasonably large
curvature a plast1c h1nce yield in tensmn is taken as I"a11ure. Some

.. reductlon in the slze of the fmlte dlfference mesh was attempted

however, -as indicated by Figure 3. 6 (b) and the effect of this is -

d1scussed in section 3.3. To change the size of the mesh the
expressions, '
d=0 S T auss(a)
deiffi-absad), . . 3.35(b)
d5=-’§-_h2(-'66/822)5+2d5 e 3.85(e)
d,=LHa u/azz) +2dg- d, S0 3.35(d)
2 2 a2 yn 2 '
dy=2 B(-00/87), -3d, 4ds e 3.35(e)
= rxz(-aﬁiazz)aféds-»d" S B.Bs(d)

ete.
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must be used in order for each of the u and v displacements,

3.7.2 The values of the slope of the column at each station are

found using the expression,
=1
(du/dz) =3z (u 4 -u, ,)/h 3. 36
and the beam deflection 8 is calculated using,

2 .
A u,= Axial shortening + (du/dz) Loy + Mo L sy/ CElgy)
of Column 3,37
3.7.4 Axial shortening is due to a combination of axial compression
of the column and the effect of column curvature. The total, 4,

is given by,

A= [E av. i (dw/dz)z} dz 3. 38
——
where € ,,. is obtained using equation 3. 13(c) and w equals fu +v2

¥
The integration is performed numerically using the trapezoidal

rule, Thus putting

B -‘{6 av, T3 (dwldz)zj 3.39

the expression for the coarse grid with ten column sub-divisions is,

A=h[%Bo+B1+Bz+B3+B4+%B5J 340{a)

where the subscripts refer to station points shown in Figure 3, 6(a).

For the finer mesh shown in Figure 3.6(b),
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A= h[%BO+B1+BZ+Bs+B4+-§-B7] 3. ¢0(b)
3.7.5 For the twisting displacements the procedure generally
consists of assuming values of dﬁﬁz for the stations 1 to 4
(it was only done with the coarse sub-division) and regarding the
equilibrium at each station as non-linear functions of these
variables, The generalised Newton-Raphson algorithm has
again been employed to adjust the d{ﬂz values. The boundary
conditions are,

(i) atz =0 p =0and dp/dz = 0
and(i) atz = L/2, dp/dz =0 due to symmetry.
From the trial d§/dz values dzyS/dzzis computed at stations 1 to

5 using the finite difference expressions,
(dzgs/dzz) =3 [(d{;/dz) - (dg/dz)_, | /n 41
r 2 r+1 r-l_J 3.

Flange warping moments are next computed using the equations
given in paragraph 3, 5.3, Next flange shears are obtained by
numerically differentiating these moments, but recourse must be
made to forward difference formulae as insufficient moment values

are available to do otherwise. Therefore,

Ve (M,,-M)n 3.42
The total internal torque is calculated and compared with the
external torque, The d#lz values at each station are adjusted
until these values agree to a specified accuracy. Following this

the dffiz values are integrated by Simpson's rule to obtain the
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angles of twist §, except at station 1, Here an approximation is

made and ﬁl is found by,

p. = $n(dp/dz), 3.43(a)

followed by,

p.= byt $h (dp/dz)  +4(dp/dz) + (dffdz), _,  3.43(b)

for the other station points.

3.7.6 The accuracy of the torsion calculation, as given above,
can be improved in some respects, e,g. a fictitious value of d#iz
outside the column should be computed and the differential
equation for torsion written at station 0, Also, this would enable

b 1 to be computed more accurately by expanding the Taylor series

for ¢ at station 0. Additionally, a larger number of station points

would improve the numerical accuracy, However, in view of the

secondary significance of torsion, this has not been undertaken,



3,8 DISCUSSION OF THE COMPUTATION METHOD

3.8.1 Before presenting and discussing the results that were
obtained during the theoretical study it is advantageous to
consider the numerical accuracy of the solutions of the
differential equations that were involved and other salient
features of the computation method., In particular specific
numerical‘tdiffiéulties are mentioned, such as these which arese
due to the use of a given mesh length in the finite difference
computations along with the numerical problems which occurred
when considering unloading and strain hardening, Mesh length
is discussed with respect to u and v displacements only. No
further discussion of the twisting displacements computations

is given as this was only an explor atory investigation,

3.8.2 The principal difficulties with the numerical accuracy of
the solutions for u and v displacements occurred when columns
were so short and heavy that the formation of what could amount
to a plastic hinge was required at th6e centre before .collapse was
possible (see '""The Steel Skeleton' pp 273). By assuming

that yield in tension constituted failure the necessity for allowing
for such behaviour in the theory was avoided but the tension yield
criterion still required the existence of considerable curvature
gradients and led to some numerical difficulty. Columns 1,1 and
1.2 were the most troublesome in this respect and it is instructive
to consider typical difference tables for deflections for one of these

members,

3.8.3 The first table shown below is for column 1,2 during a
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calculation where a mesh length of L/10 was used throughout,
The axial load is 7. 80 kips and the column is alm st to the

stage of exhibiting tension yield at the central section.

4

Station v , B Jij ) 8 Cvr
Fig.3.6(a) ins x10 h p Eqn. 3. 32
-1 4305 818 ~3
0 3487 _505 13 i3
1 2682 _q79 26 21 8 -1
2 1903 q3g 4T 32 11 -1 3
3 1171 653 79 56 24 -2
4 518 s1g 135 901 845 - 170
5 0 1036 -1802  +150

Examination of the table reveals that the curvature at station 4

is only 1/8 the value at station 5. This results in the fourth order
corrections shown in the final column and it is found that no |
matter how far the table is extended the differencesnever becomse
small and oscillatory as they should in a "well-behaved' table (12).
This means that tabulation at a smaller interval is required. However,
since away from the influence of the rapid curvature variation,

near the column centre, the corrections are small, the use of the

' smaller inte rval can be restricted to the central zone.

3.8.4 The second table shown is for the same column carrying
an axial load of 7. 83 kips but with the mesh length reduced to
L./30 over the central portion as explained in paragraph 3, 7.2. The

-~
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table is restricted to the central zone of the column where the
mesh is.constant, Curvatures in this table may be compared

with the curvatures in the first table when multiplied by 9

Station v 5 D 62 53 64 Cvr
Fig. 3. 6(b) ins, x10 -é'lﬁ'P Eqn.3, 32
4 437 _igp 15 3
5 257 g5 18 49 46 -4
6 95 a5 67 133 84 -7
7 0 190 -266 +22

From the table it can be seen that the fourth order terms are
considerably smaller than the previous values although

further reduction in mesh length would obviously improve the
result further. Another feature exhibited by the table that is
relevant to this discussion is the fact that the curvature at the
central station is 60 per cent higher than the value given by .using
the coarser mesh. This indicates that there are considerable
differences in the internal strain distributions particularly at and
near the centre of the column, In spite of this the second |
computation, using the finer mesh, may be taken as sufficiently
accurate. This is because at 7,2 kips values of central
curvature for the two mesh sizes agree to within 13 per cent and at
7. 0 kips the difference is negligible. Hence the use of the finer
mesh should restrict significant error to the load range above
about 7, 6 kips at which stage the final theoretical collapse load

has been so closely approached that the failure load could not
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possibly be significantly affected by reducing mesh length
further., For this reason additional investigation of mesh size

effects was not considered to warrant further attention.

3.8.5 In addition to the problems described above the possibility,
with the long and more flexible columns, of a large negative
moment producing a significant fourth order cowection arose due
to the switch from positive to negative curvatures, To check
this condition the difference table for deflections for column

3.1 at 3.00 kips was formed. (This case is discussed since the
largest negative curvatures occurred here). It was found that
despite the retention of the /10 mesh size in the region of the
point of contraflexure the correction terms were reasonably
small, e.g. /12 § v, = 2 x 10" whenv, = 7670 x 10™" inches.
The corrections rose somewhat above this load but no significant
variation in the collapse load was considered likely as the

theoretical coliapse load of 3.14 kips was only slightly above
3. 00 kips.

3.8. 6. A further problem arose during the computations which
investigated the effects of unloading and strain hardening,

This occurred due to a loss in numerical accuracy in solving

the equations B. 5(a), (b), (c) for by, c, o particularly when o was
small, This was because when integrating for the force
corrections from the stresses in each of the 70 small rectangles
(see Appendix B), it was possible with o( extremely close to

zero for a whole row of rectangles to change from an unloading
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or strain hardening type behaviour to a non-unloading or non-
strain hardening type behaviour, due to small changes in bl’ c, d.
Because of this the solution failed to converge unless a certain
loss of numerical accuracy was accepted or else if the accuracy
requirements were maintained a solution was obtained only by
chance and the computation time began to rise. The alternative
of using more small rectangles, was not attempted, because this
would have also caused the computation time to rise. Therefore
some of the computations involving unloading and strain
hardening have been terminated prematurely owing to this
condition although in all cases sufficient computation has been
done to show that the presence of one or both these parameters
adequately explains certain discrepancies between experiment
and theory. At present an investigation is under way where
unloading is neglected and the integration at a section for strain
hardening effects is performed analytically. Results will be

reported when available,

3.8.7 A further aspect which is of interest is that although the
computation procedures were developed to solve the biaxial
problem in particular an extension to single axis bending is
possible, The method works best when the member fails in
the plane of bending but it can also be made to calculate the
lateral collapse mode as occurred in column 2.1. By
proceeding in sufficiently small increments of spreading
plasticity at the central section it is possible to obtain the

lateral collapse load as accurately as desired, The problem of
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locating directly the exact load where bifurcation of the
equilibrium position is first possible has been tackled elsewhere
although a method of the type described in sections 3.1 to

3. 8 above must be used to obtain the post-buckling behaviour,

3.9 DISCUSSICN OF THE THEORETICAL RESULTS AND THEIR

(19

COMPARISON WITH THE EXPERIMENTAL RESULTS

3.9.1 As explained previously in paragraphs 2.1.1 and 3.2.1
the chief purpose of the theoretical study was to determine the
significant parameters affecting column behaviour. No
exhaustive investigation of all the various parameters involved
was undertaken, the main effort having been directed towards
modifying the computer programme to obtain correlation
between experiment and theory, i,e. including the effects of

unloading, strain hardening and torsion.

3.9.2 Early in the work it was found that large discrepancies
(up to 23 per cent) occurred between experiment and theory when
using calculation 1, i,e. the simplest form. Generally however,
the theoretical collapse loéds were between 0 per cent and 8 per
cent below the experimental results but on three columns, viz.
1.1, 1.3 and 3, 2, larger discrepancies between 11 per cent and
23 per cent below were obtained, It was an attempt to explain

these results which became the major theoretical undertaking of

this project. After eliminating a possible influence due to mesh

size effects, as explained previously, it was considered that the

explanation lay with one of the following:-

)

f
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(i) small variations in yield stress,
(ii) wunloading,
(iii ) strain hardening
(iv) the existence of an upper yield point,

(v) a combination of all four effects.

The influence of the first three of these parameters was then

' investigated, where possible, on columns 1.1, 1.3 and 3.2. In
addition to these effects calculations were carried out to study

the action of torsion moments (these always lower the collapse

load) on two columns,

3,9.3 All of the theoretical results have been expressed
graphically and they are given, along with the experimental
curves, in Figures A,1 to A,20. The calculation method, i.e.
whether calculation 1, 2 or 3, .is .clearly shown in the legend

on each graph and the yield stress value in kips per square inch

is also indicated.

3.9.4 Column 1.1, (Figures A.1 and A. 2)

(i) The results for this column are given in Figures A.1 and
A.2, Only major axis deflections and moments are plotted as
the minor axis values were negligible throughout. Three
theoretical curves are shown,. The lowest, curve (A), was
calculated with the effect of axial shortening neglected and forms
the only instance in the entire series where this cccurs. Curve
(B) ignores unloading but includes axial shortening, and curve (C)

shows the effect of unlcading,
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(ii) Curve (A) indicates a theoretical collapse load equal

to 5.03 kips, a value which is 39 per cent below the experimental
result.,” The curve demonstrates the behaviour expected of
elastic-plastic columns in that axial load increases to a
maximum and then decreases. It is this maximum value which
is taken as the theoretical failure load and it is important to
realise that this can occur without requiring the beam moments
to become negative, This is due to the dependence of part of
the column loading, i..e. the Pv stability moments and beam
moments, on the column deformations. At failure and beyond
t'ese forces develop rapidly enough to maintain the spread of
plasticity in the column without increase in the externally
applied axial load. This computation exhibits this iyj-e of
behaviour, The influence of neglecting axial shortening can
best be noticed in the moment~axial load curve, It can be

seen that moment values are slightly high compared with the
experiment due to neglecting a portion of the moment reducing

influence,.

(iii) Curve (B) demonstrates the considerable improvement in
correlation brought about by considering the effect of moment
relaxation due to axial shortening., The last point plotted for
this curve occurs at the onset of tension yield so that the
corresponding axial load of 7.4 kips is taken as failure. At this
stage with a 1 inch deep section subject to major axis moment
only the computation indicated b, = 0.96"", i, e. only 0.04" of
the briginal tension flange remained elastic., Despite this

curvatures were still high enough to produce tension yield and
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also to cause the maximum compressive strains to exceed

50 times the yield value., It can be seen that allowing for the
existence of a plastic hinge in the theory would not improve
the correlation of the collapse loads to any extent as the large
disagreement of deflections has resulted due to the excessively
high central ¢urvature. The existence of some further

phenomenon is required to prevent this happening.

(iv) Curve (C) demonstrates the influence of unloading, It was
obtained after running the programme for 10 minutes on Atlas.
The computation was not continued further as the convergence
of the iterative cycles was slow at this stage, see paragraph

3. 8.6, and the theoretical and experimental results were
beginning to disagree anyhow, Although no tension yield had
occurred the maximum compressive strains were 9,5 times the
yield values due to the development of an excessive central
curvature. It therefore appears that on the basis of the results
indicated by both curves (2) and (3) thet only the existence of stram
hardening can possibly improve the correlation by the desired
amount. Unfortunately no proper verification of this will be |
possible as the requisite basic material properties were not
recorded although, as will be seen from the results for later
columns, this would be perfectly capable of improving the

correlation by the desired amount.
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3.9.5 Column 2,1 (Figures A.3 and A.4)

(i) The results for this narrow flanged member are given in
Figures A.3 and A, 4, The relationship of the observed failure
load to the elastic critical load of one flange has already been
discussed in Chapter 2, and it is the presentation and discussion
of the computer result which will be the chief consideration now.
In obtaining the result calculation 1, i, e, ignoring torsion, was
used.

(i) The actual numerical computation was interesting in that
the computer programme calculated equilibrium positions above
the theoretical collapse load. This was because in order to
avoid civision by zero at certain places in the programme, a
small positive minor axis moment was applied (0, 0001 inch
kips), which was maintained throughout the computation,

The last equilibrium configuration that was obtained below the
elastic critical load of one flange (P = 1,37 kips) was at

P = 1,32 kips. At this point b, varied between 0, 133, at the

column end, and 0,267 at the clentre, meaning that the entire
compression flange was plastic, When the central b1 value was
incremented the programme was unable to obtain equilibrium
shapes and continued to be unable to do so until b1 equalled
0.367. Subsequent increments then produced a series of
equilibrium configurations with the compression flange still
remaining entirely plastic initially. . Minor axis stability was
maintained by the column developing negative deflections so

that the original positive moment was effectively acting as a

restraint and causing a point of contraflexure to move towards
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the centre, A slide rule computation revealed that the
distance between the points of contraflexure was such that
the Euler load of one flange based on this distance equalled
the total axial load on the column. Although the result was
of no practical significance it at least provided a check on the

functioning of the computer programme.

(iii) The correlation with the experimental results, especially
the pattern of major axis moment relaxation and the
development of major axis de*lections, is considered to be
extremely good. The fact that minor axis deflections developed
in the experiment below 1,37 kips is attributed to the presence
of initial imperfections, Effectas of this tjpe have pct been
considered theoretically so that the questio:: cannot be discussed
further. The programme is capable of extension to include

such influences.

3.9.6 Column 2.2, (Figures A.5 and A, 6)

(i) This was the column of test 2.1 straightened and with
minor axis supporting beams attached. These should
theoretically have caused the development of ae gative minor
axis deflections due to axial shortening effects but in fact, due
to imperfections, it collapsed with increasing positive ones.

For this reason no theoretical result was computed.
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3.9.7 Column 1,2 (Figures A.7 and A, 8)

(i) The results for this column are shown in Figures A.7 and
A, 8. Only one set of theoretical curves is given and this was
obtained using calculatipn 1, Theoretical failure in this case
was characterised by the existence of tension yield at 8 kips,
i,e. at a load 4. 8 per cent below the observed failure load.

The agreement was considered satisfactory and no further
investigation was undertaken, From the result it can be
concluded only that the effects of strain hardening and unloading
played little part in providing column stiffness, As mentioned
in Chapter 2, the values of the angle of twist were so small

in this case that their effect can be regarded as negligible.

(ii) Very little further useful discussion of this result is

possible except to point out that whilst the theoretical result
indicated a predominating build up of major axis deflections
nearing failure, the experimental results showed the minor

axis ones were predominant, No direct investigation was made
of this point but it is assumed that ‘this occurs due to unloading
and/or strain hardening, which because of a shape factor effect,
will be more significant in the major axis direction, However,
since in both experiment and theory both deflection components
were increasing it is really only a question of a minor directional

change,
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3,9.8 Column 3,1 (Figures A, 9 and A, 10)

(i) The results for this column are given in Figures A, 9 and
A,.10. There are two sets of theoretical curves plotted, both
obtained by calculation 2. Set (A) is for a yield stress of 33 kips
per square inch and set (B) for 35 kips per square inch. |
Corresponding curves were obtained ignoring torsion but these
have not been plotted as the two results lie close to one

ancther, Agreement between experimental and theoretical values
of all parameters that are plotted is reasonable and no
theoretical collapse load is more than 5 per cent different from
the observed collapse load.

(ii) The first set of curves, (A), which was computed using the
83 kips per square inch yield stress, gave excellent agreement
between moments although the deflection curves disagreed
slightly, The result was obtained using a mesh length of L/10
throughout because this corresponded to that used in the torsion
sub-routine, This led to the development cf high curvatures at
the centre before the maximum load was reached and resulted

in a tension yield type failure, However, at the stage where
theoretical failure occurred (P = 3. 08 kips) the deflections were
increasing quite rapidly with axial load (0. 0l inches for a 10
pound change)., Twisting displacements did not agree particularl;;r
well with the experimental results although the characteristic

of decreasing values approaching failure was obtained. For the
corresponding result, ignoring torsion, the finer mesh size,
L/30, was used in the central region and a true maximum of

3. 14 kips was obtained.



¥

105

(iii) The second set of curves, (B), obtained using the

higher yield stress, showed better agreement of some

variables, notably the twisting displacements, at the expense

of others, particularly major axis moments. The latter effect
was presumably directly due to the use of the higher yield

stress and this in turn produced larger twists because the

term Mx é—j—zl-l formed a major contribution to the external

torque. As occurred when using the lower yield stress value
axial load did not produce a maximum although the same
flattening of the curves was obtained. The failure load of 3. 25
kips, compared with a corresponding figure of 3, 35 kips obtained
by ignoring torsion.

(iv) The results obtained above show that torsional action has
played only a minor role in the failure process, However, it
must be acknowledged that due to the use of a coarse mesh size
in the finite difference expressions that the influence of this
rather small cffect has not been obtained accurately. A

more accurate assessment will form part of future investigaticns

where a higher order of accuracy is used.

3.9.9 Column 3,2 (Figures A, 11 and A.12)

(i) The results for column 3.2 are given in Figures A, 11 and
A.12, The column is one for which the simplified computation,
i. e. calculation 1, did not produce satisfactory agreement. Two
further sets were obtained to investigate the effects of unloading
and strain hardening. In all the theoretical results the value

of initial minor axis moment, as measured in the experiment,
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has been increased, 110 inch pornds as against 100 inch

pounds in the experiment. This is because the major axis
beams were inaccurately welded and were applying a

component of minor axis moment, see paragraph z.7.10. The
experimental results plotted show the actual values of minor
axis beam moment as recorded during the experiment.

(ii) The curves produced by calculation 1, with a mesh length
of L/19, ixdicate failure at 2 load of 2.7 kips due to yield in
tension, a value which is 40 per cent. below the observed figure
of 3. 4 kips. Agreement between experiment and theory is
satisfactory until a load 2. % kips is reached when major axis
deflections begin to develop rapidly.

(iii) Calculation (3) was used in an attempt to improve the
correlation and the yield stress was raised to 35 kips per square
inch. The result shown was obtained after allowing the computer
programme to run for 4 minutes during a development run. It
was found that unloading did not explain the discrepancy and no
further galculation on this basis was attempted.

(iv) Strain hardening was included in calculation 3 and the
programme was run until the cross-section equations failed to
produce solutions as explained in paragraph 3. 3.6. The stress-
strain curve used was that shown in fig. 2. 65 except that the yield
stress was reduced to 33 kips per square inch. The use of

this curve was not strictly valid, however, as the column
material was from a different heat treated batch to that

tested. The theoretical effect produced by strain hardening is

seen in Figures A.1l and A, 12 where the major axes stiffness
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is adequately explained, but the same detrimental effect on
minor axis deflections and moments that was caused by

unloading is seen to occur, It is difficult to explain the minor
axis behaviour but the explanation is assumed to lie with one or a
combination of the following.

1, The material properties given in Figure 2. 8 may differ
slightly from those of the material used in the column. This
could involve variations of yield stress, length of plastic

plateau and strain hardening modulus.,

2. The existence of accidental end eccentricities, It is known,
see column 2, 2, that minor axis behaviour is sensitive to small
variations of moment when that moment is small, (Note: at

3 kips a 0. 007 inch eccentricity would cause the central bending
moment to increase from 0.1 inch kips to 0.12 inch kips, i.e.

by 20 per cent), This could combine with the material properties

effect described above,

3.9.10 Column 3.3 (Figures A.13 and A, 14)

(i) Results for this column are given in Figures A.13 and A, 14.
The curves shown were computed for a yield stress of 35 kips per
square inch using calculation 1. A second result using 33 kips
per square inch was obtained but is not plotted. It showed the
same tendencies throughout but reduced the theoretical collapse
load from 3. 20 kips to 3.10 kips, This meant that the effect

of a 5,5 per cent reduction in the yield stress was to cause a

4, 8 per cent reduction in the collapse load, i, e. a roughly

proportional change. Both results however, were regarded as



103

being in satisfactory agreement with the experiment,

(ii) The major axis beam moments were slightly high
throughout the calculation, but the difference was quite small,
Some improvement occurred when using the lower yield stress
value so that this was presumably due to minor variations in
material properties. An interesting feature of the
computations also occurred here in that major axis deflections
tended to decrease after the maximum load had been reached
and the beam moments increased, but only slightly. This is

evidently a property of the theoretical solution.

3.9,11 Column 3.4 (Figures A,15 and A, 16)

(i) The results for this column are given in Figures A, 15(a),

(b), and A, 16(a), (b). Two sets of curves are shown, one using
the simplified method, calculation 1, and a second, calculation 2,
which includes the effects of torsion. Twisting displacements

are plotted in addition to u and v displacements.

(ii) Calculation 1 produced a result for which the collapse load
was very slightly above the observed failure load; 2. 26 kips as
against 2.24 kips for the experiment. Generally throughout
the agreement between observed and theoretical values was
excellent. This is probably brought about by . the slender
minor axis beams permitting collapse without requiring the
development of large amounts of plasticity. Thus the effects

of unloading and strain hardening are largely ruled out.
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(iii) Calculation 2 provides a second example where the
influence of torsional displacement components is illustrated.
Their inclusion caused the failure load to drop from 2. 26 kips to
2.11 kips, i.e. by 6.6 per cent, Figure A, 16(h) shows that
despite the large number of assumptions used in the torsion
calculation there is reasonably god agreement of experimental
and theoretical twist values, The main discrepancy is that
theoretical twist values do not decrease when approéching the
collapse load as the experimental quantities do. This results

in an exaggerated reduction of the collapse load and causes a
slight worsening of the agreement of the minor axis moment and
deflection curves. The difference is not large. The importance
of these results, however, is that the 6,6 per cent reduction
calculated is an accurate and reliable figure for the twist values
used and it is not clouded by the existence, in this case, of
large curvature gradients near the centre. Furthermore, it
indicates that even by over-estimating the magnitude of the
twist values that the collapse load reduction is not exceptionally

large,

3.9.12 Column 1,3 (Figures A, 17 and A. 18)

(i) The results for this column are given in Figures A,17 and
A,18, In this case, as with columns 1.1 and 3.2, the curves
obtained by calculation 1 did not produce satisfactory agreement
with the experiment. Inclusion of unloading caused no
significant improvement but the inclusion of strain hardening

effects was found to be capable of explaining the column strength,
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(ii) Calculation 1 indicated failure at 6.0 kips, i.e, 23 per cent
below the experimental value of 7, 8 kips, due to yield in

tension, A mesh length of 1./10 was used to obtain this result.
Agreement of all curves was satisfactory until near the
theoretical failure load where the experimental column apparently

gains some extra reserve of stiffness,

(iii) Calculation 3 was next used to investigate the effect of
unloading and the curve shown indicates the result obtained
after allowing the computer programme to run for 4 minutes
during a trial run. No significant improirement in the
correlation was apparent and no further computation was

attempted.

(iv) Strain hardening effects ﬁrere next included in the analysis
and the computer programme was allowed to run until the
numerical accuracy problems, described in paragraph 3.8.6,
occurred, The stress-strain curve, which was obtained
experimentally (see Figure 2.8 and paragraph 2,6,5) was used
as the basis of the calculation. Immediate improvement of the
correlation occurred and it was concluded that strain hardening
was the chief source of column stiffness above 6 kips, Results
are now awaited from the analytical integration method discussed

previously, paragraph 3. 8.6,
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3.9.13 Column 1,4 (Figures A,19 and A.20)

(i) The results for this column are shown in Figures A, 19

and A, 20, Only one set of theoretical curves is given and this

was obtained using calculation 1. A yield stress of 33 kips

per square inch was adopted. The theoretical collapse load

of 6, 9 kips compares favourably with the observed value of 7.4 kips,

a difference of 6, 8 per cent,

(ii) Reference to Figure A, 19 shows that ahove a load of 4,5

kips the theoretical minor axis beam moments tend to be too
small, Figure A, 20 shows that this is accompanied by slightly
excessive major and minor axis deflections. On the basis of
previous calculations it was presumed that exact correlation
could be produced by meodifications to the yield stress value or by
the inclusion of strain harderﬁng. The errors were not

considered large enough to make this worthwhile,

(iii) The solution itself exhibited the same characteristics as that
for column 3. 3 except that the positions of major and minor

axis deflections were reversed. Thus, following the maximum
load, minor axis deflections decrease and major axis ones
increase. The beam moments exhibit corresponding

characteristics,
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3.10 CONCLUSIONS ON THECRETICAL RESULTS

3.10.1 Generally speaking, the aims of the theoretical

study as described in gsection 3. 2 have been achieved, A
computation procedure has been developed and the important
factors, residual stress apart, required in the analysis of a
column bent in symmeétrical single curvature have been
determined. The results of these findings are summarised
below,

1, The collapse load computed on the basis of ignoring
unloading and strain hardening produces a conservative
estimate of the collapse load,

2. The influence of unloading is to increase the collapse load,
No general proof of this statement has been given but the
theoretical results obtained tend to confirm the belief,

3. The influence of strain hardening is to increase the collapse
load. In cases where heavy major axis moment has been applied
and the plastic plateau of the stress-strain curve is short, it
has been shown to provide a major contribution to column
stiffness. The effect does not appear to depend on the length
of the column to any large extent,

4, Small changes in the yield stress produce more or less
proportional changes in the collapse load.

8. The collapse load is sensitive to changes in beam stiffness.
This conclusion corresponds to conclusion 2 of paragraph 2.8.1
at the end of the experimental chapter.

6. The theoretical results obtained by ignoring strain ‘

hardening indicate a significant decrease in the load-carrying
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capacity due to high initial moments in certain cases, viz.

3.2 and 1.3. This means that conclusion 1 of paragraph 2.8, 1
may have to be viewed with some reservations as it appears

that for a material with a large plastic pleateau that the

collapse load could be lowered, It would be interesting to

repeat tests 3.2 and 1. 3 with such a material,

7. The r» "iction in the logd—<carrying capacity due to torsional
displacements is not large. No thorough investigation has been
made of this aspect but the two reéults calculated, along with

the experiments, tend to confirm it. However, since the influence
of unloading raises the collapse load and torsion decreases it there
are two phenomena working in opposite directions which may not
always cancel. The best hope of eliminating the awkward twisting
displacements from consideration lies with proving their influence

is small and this matter should receive further attention,
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GHAPTER ¢

A DESIGN APPROACH

4.1 INTRODUCTION

4,1.1 In Chapter 1l it was mentioned that a possible approach
to structural design could be based on assuming suitable
deflection configurations and force distributions for the
structure. In so far as the design of columns in the elastic-
plastic range is concerned, this requires the calculation of
internal forces, caused by the assumed deflections, and their
comparison with the corresponding external forces. For
satisfactory performance of any chosen member the internal
forces must equal or exceed the external ones at all sections of
the column. The purpose of this chapter is to show how, at a
particular section, given values of axial load, major and minor
axis moments to be resisted, and principal curvatures P , PT
the internal forces may be obtained and the requisite.
comparisons made, The selection of which particular cross
section or cross sections should be checked is not discussed,

however, It is assumed the critical section(s) are known,

4,1.2 For this purpose the equations for internal resistance,
developed in Chapter 3, have been non-dimensionalised and
presented graphically in Figure 4,1 so that a single entry to
the chart provides immediate values of the internal forces. In
particular equations 3. 17 have been used, i,e. strain reversal,

strain hardening, torsion and tension yield are all ignored, to
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obtain values of Mg/D(P - P) . and M /D(P - P) correspondmg
to constant values of D pg/ .~ P)and D F (P - P) obtained
‘from equatlons 3 13 and 3. 17(a) Hence by assummg the axial

load condition is satlsfled i, e. mt_ernal and external P values

are equal, itisa simple matter to,»'use the given curvatures and

the chart to gbtain internal moments and check the section.

s

¥

4,.1.3 The assumptmns upon Wthh the calculatlons for the curves
have been made are as follows: .

1. Torsmnal effects are ms1gn1f1cant and can be neglected for
restrained columns.

2. The effect.of unloading is ta increase'the collapse load so that
neglecting its effect, as is done, is to be conservative. |

3. No yield in tension occurs. .

4. Imperfections can be considered by increasing~the external loads.
Theee assumptions are discussed below and justified, as far as
possible, for columns bent in symmetrical ~'single curvature.

Although they may possibly apply to a wider range of loading
conditions the basic mvestlgatlon has not been undertaken so that for
the present thelr apphcatlon must be 11m1ted to columns bent in ‘
: symmetrlcal or near symmetrlcal single curvature,

4.1.4 The‘ first of these assumptions'ie considered justified on the
* -basis of the experimental and theoretical results reported in the .

- previous chapte,x.'s. Experirhents with 'model Universal H-columns of
slenderness ratio up to 100 have been conducted without any -
evidence of twist increasing‘ signiftt:antly during the actual physical

L
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collapse. This was confirmed to some extent by the
theoretical calculations where the limited number of results
obtained showed its effect on the collapse load was small, see
paragraph 3.10.1., Slenderness ratios above 100 generally
only arise with narrow flanged I type members which are
usually subjected to primary major axis bending moments only.
Here again the only result available, column 2,1, shows that
lateral stability can be checked by ignoring torsion and
calculating the elastic critical load of one flange., However,
although the mathematical equations below apply to any shape
of section the approach is intended to apply particularly to

Universal H-column sections,

4,1,5 Regarding the second assumption it has been shown

that for the particular cases in which unloading was considered
it has been shown to increase the collapse load, Although this
cannct be proved generally, see paragraph 3.10.1, these
tendencies shall be considered to apply unprovisionally to

all columns bent in symmetrical or near symmetrical curvature.

4,1,6 Yield in tension is eliminated by a suitable check in

the method, No investigation has been made of imperfections,
i, e, residual stress and initial deflections. However, it is
essential to the approach that residual stress, in particular,
be eliminated from the graphical procedure since otherwise
division of equations 3.17 in pairs cannot be performed and the

simple chart shown cannot be drawn,
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" 4.2 PRINCIPLE OF THE METHOD

4,2,1 From the a.ss’u_mptions" and discussion o.bove, it is seen that
the baéic mat‘hematioal equations opon Which the procedure has
been oased are equationé 3.17. Sipcé torsional effects have been
ignored the subscrlpt symbols g : and ", 'fhay be replaced by X

and Y to con‘form to the more usual notation used in the bi-axial

Tl .bendmg expressxons. Slmllarly coordinates - g and m\ --are

changed to-x. and y. In this form the equatlons become,

‘P P =0 Eb -(%Dcosl-!-%B sinl)} A fA m'dA]/c

.4.1(a) N
| Mx‘k .‘= 0 [Xcos.[ j;\ m'y dA] /c o "4, 1(b) o
= M - "’= 0 E sin -l- -/;\ m'x dA] /c ', Af;.{(c) L

Y,

' 4 2. 2 To non-dimensionahse theae expressions equation 4, 1(a) _
© is divided by D° and equations 4. 1(b) and 4, 1(e) by D, Therefore,

(P -Py)/Ds‘ [{b -(%D cos-(+ —B sin J)}A -[!.\ m'dg |
S Cjenhy e
ot = [ end- f* =iy dA]ﬂcD e

-
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MY/D4= Qy [IY f{inl - I‘ip; m'di] /\_(cD4_)_ 4.2(ei

. Con91dering the terms on the right hand, side in square brackets it
" is seen that if b1/D B/D, m'/D, AT/D , etc.,. are all replaced

L by bl’ B, . m', AT, etc., these new symbols will represent

quantities on a scaled down section. This ‘section will have D equal
to 1 inch and all other sizes reduced proportionately. Quantities
on the left hand s1de and ¢ will still apply to the full-sized column,

however. The equations thus become, L

(P P )/D =0 [{b -(-1- cosl+-B sin-()} AT ji:\ m'dA /c

. 4 3(a)
| M /D =0 [xcosl ./2\ m‘y dAJ /c >"44.3(b)"n‘:__
| MY[D4 =’ Oy [I sin J J;\ m'x dA] /c jA N ‘, ’4.3(c")
Division in pairs and multiphcation of both sides by -i pro;iuces the o
results, o i - "' . ; ‘
o e E] s el

: where the functions F’1 za;nd F are computed in non-dimensionaled

2.
- form, i e for the scaleda-down or reduced sized section. ;--;:4

Lt
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4,2, 3 Non-dirnensionelised curvatnre t"unctions cen be found
begmmng w1th equat1ons 3 13(a) and (b) In the present notation

¢

’ ~these become, B
and B, = 0 sin .l:/(”z’e)‘ SUUILIRE R PR ;‘»,_ . 4.5(b) -

Introducing equatlon 4, 3(a) into these relatmnsh;ps leade to the o

final results,

. -_ 1;33‘px/(.]<?y - p) f.-‘coé .l/ Ei(-.{bl'.f(%j cos.l.;..;.B sin‘l)}:_AT' "‘,/Ap rnf dA-_;] .

.""

3
. . 4 6(a)
and- St |
p® B,/(R, - P)= - s_ié'-{/[::;(gbl,-'< cos-(+lB sm.c)}A ./;& m dA]‘_

" where again the quanti’ty'in square brackets must be computed in :

o non-dlmensmnal form..

+t L’

-

4.2.4 S1nce equations 4 1 contam no allowance for y1e1d in tensmn

. . this must be prevented Referring back to Figure 3.3 of Chapter 3 -

it can be seen that the requisite condition is,

e

These functions are not t‘ully non-dimensionalised. To do this both -
: sides should be multiplied by E.. However, the express1on is left in
this form since it s1mp11fies the design calculatmn.» Lo




. whereAG(“(P - P /A




80 that mtroducing the non-kdm’mnmonalised parameters the result, ’

-20 [{b s-(lcoa-l+LB sm.l)}A .fA m' dAj /(AOA

>cos-l+Bsm-[ 1 - ‘ ':7. 4.12
is obtamed. Smce the expressmn[{b -(-1- cos -(+ 1B sin l) } A -
fA m' dA is always negatlve for a compresswe load 4.12 can :

be rewrltten as.

. ":’-QA°< -2 o [ib -(3- cos.l + .1.13 sin .l)} A ,& m, dAJ/

EA (cos-l+B31no( -b):l .4.13

4.2.5. The eoluttdn of the mathematical equations above relating k
geometry anq forces, as well as the",checking of the tension yield
condition, is undertaken graph'icallf in the.design method. The

“relevant curves are shown Vin Figure 4.1 where the two sets of

o heavy 11nes represent curves of constant value of D P X/CP )',k

~and D pY/ (P - P) ‘and the thghter set constant values of AO
- Numerical values for the heavy lines were obtained by computing.
the non- d1mens1onahsed functions in square brackets of the equations

4,3 for various values of 1:'1 and {. These. ‘were then divided in |
pairs to obtain MX/ D(P - P) -and MY/ D(Py - P) and the expressmns
4, 6 used to obtain correspondlng values of D pX/ (P - P) and

_\D pY/ (P - P). Interpolatmn of the results enabled the partmular

* . S -2
E 30000 kips inches > . ¢
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. constant curvature lmes shown to be plotted The Ao curves
were obtained in the same fashlon usmg condltion 4, 13 as an -

) .equatlon and taking 0 = 36 klpS per mch2

. 4, 2 6 Whiist the eq'uetions above have heen non-dimensiondlieed e
the varmus Umversal column sections are shaped d1fferent1y

) and cannot the}refore be represented by one set of curves: The :

set shown is for a 14 x 16 x 426 1bs. U.B. and should strictly

.only be used for checking this partlcular member, Although it

""" has not been investigated it is posslble that other sections can be

checked on these curves and it is likely that all sectmns can be

checked with reasonable accuracy, by three or four sets.

4.2.17 ﬁefore considering how the diagrarn, ngure 4. 1,: can be
used for column c_hecking ‘one\fu-rther feature of it will be explained.
It cen be seen that the curves which represent constant curvature
' functions .all passvthro‘ugh either A or B. These points correspond
- "‘to extremely high curvatures and their coordinates cannot i)e |
obtained numerically since they represent a limiting condition
- requiring the division of(f/t Reference to Figure'4 2 shows a single
~curve of constant D3 p / (P - P), the line CA, ina skeleton graph.
When o ig zero, as at C,. the value of MY/ D(P - P) ig also zero
. " but'in movmg towards A an mcrease -in £ occurs accompanied by an
L increase in My / D(P - P) and a decrease in . Mx/ D(P - P)
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In order that D3 pX/ (Py - P) remains constant the value of b1 must - ;

- also increase as can be seen by referrmg to Figures 4. 3(a) and (b)..
- In Figure 4. 3(a) the angle o ig zero, . 'I‘he value of (P - P) is the
~ integral of the stresses HJK over the. unshaded elast1c area and “

o ‘the curvature is g1ven by the slope of the lme HJ In F1gure 4. 3(b} A

is shown approachmg'rr / 2 and b, is shown at an increased value,

Obv1ously (P - P) is smaller ai consequently the resolved slope

" of H'J' must be to hold the curvature functmn constant Other
.possib1l1ties, not requ1r1ng an 1ncrease in bl’ come to mmd but they '
can be reJected on the basis of various arguments e.g. px and

'(Py - P) both increasing with b, decreasmg is e11m1nated because

1
with o approaching i and yield in tension ignored (Py - P) would -
eventually change sign. Other cases can be argued s1m1larly 80
that by a process of el1m1natlon the only remainlng poss1b1hty

is that as o approaches z'lT,then b1 approaches B.

4, 2 ‘8A To'deduce the actual’ value' of the limits a simple- geometric .

interpretatmn of equations 4 4 1s used. If these are written in

. the form,

My/ s DEy =PIy o 0 o Asa)

, “MY/; D‘(Py - P) = x | < - C \;:‘34.:_1_4(“))'
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or, alternatively as, '
My m By RO A-15(a)

My = (Py - PADX) e A8

then ev1dent1y the values Dy and Dx are the coordmates of the centr01d
of the force (Py - P), drawn at E in Figure 4.3(b). (Thisisa

full-s1zed member, whereas X and y are. values approprlate to a non-

. dimensionalised or scaled-down section) Obv1ously as o

approaches 11T the elastlc portions of the flanges become equal and
Dx approaches zero whilst with b1 approachmg B ,Dy approaches B/ 2,
or in the non—dlmensmnalzsed form y approachevs B/2. A similar
type of situation arises as o approaches zero with the positioris

of the moment functlons reversed Mathematlcally these cond1t10na

| can be stated as,’
f;_":m Mx/ D(P -P1=0. | f 1":_‘.f“‘;v>j':,_-j“"j“;;."*{'f..,'é?'4.16(a)
)

L Mv,/DLBTP?.=B/2I'f":;j,jfii':\'¢‘_' R E 4.16(b)-

Yy w0 -P) S TR B A 4.16(c)
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ll’.“o MD(E-P)=0 . | 4.16(d)

4.3 USE OF THE CURVES

x* MY and
curvatures pX and . pY at a section the adequacy of a column

4.3.1 Given external values of the forces P, M

can be checked by the following procedure.

1. Calculate (Py - P) on the basis of Oy = 36 kips per inchz.

2.‘ Calculate M / D(Py -P), M / D(Py - P), D px/ (P - P),
p® Py/ (P - P) and AO (= (Py - P)/ AL

3. Using the computed values of D pX/ (P < P) and D> pY/ (P - P)
-locate a point on the design curves, Figure 4 1, by mterpolatlon
between the appropriate curvature functioh lines. Read. off values of
MX/ P(Py - P) and MY/. D(Py'- P) from the axes, 7

4, 1If the section is adequate then these values of M / 'D(Py - P)
and M / D(P -~ P) must be larger than the externally computed
ones, Additxonally the value of A O read off the chart should be

greater than the value of A O calculated in step (2) above.

4,3.2 Example
(i) Consider that a 14 x 16 x 420 lbs. U.B. is to be checked under

" the following conditions, .
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P = 3500 kips.: MX = 4800 inch kips. MY = 2500 inch kips.,

px' = 5 x 10™° inches -1. ‘ pY =7x10"° inches-l.
(ii) The following quantities may be calculated from this data,

Py - P = 1009 kips
MX/ D(Py - P) = 0,254, MY/ D(Py - P) = 0.133,
. 3 _ -4 . -1 2
D pX/(Py - P) = 3,27 x 10 ~ kips ~ inches”,
3. - -4 . -1, 2
'D pY/(Py - P) = 4.58 x 10 " kips = inches”,
Ao 8.06 kips inches-z.
3. Reference to Figure 4.1 shows the point C located by the
curvature functions where obviously internal forces are higher than
the corresponding external ones so the loads can be stably
supported, In addition for the point C located ,AO_é 19 kips per inchfz,
which is greater than the figure above s0 tha't. no yield in tension

occurs.
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CHAPTER 5

CONCLUSIONS AND NOTES RELEVANT TO FUTURE
WORK

The work has investigated both experimentally and
theoretically the behaviour of elastic-plastic, elastically
restrained, H-section columns bent in symmefrical single
curvature about two axes. Ten columns in all have been
studied for which correlation between experimental and
theoretical collapse loads has.been obtained to within 8 per
cent, except for one case, where the difference was 11 per
cent, The following points summarise the findings and give

information that should be helpful in future investigations.

5.1 Significant Features of the Column Analysis

The work has indicated most of the important factors which
should be included in the analysis of a column bent in
symmetrical single curvature. The influence of unloading
has been considered as well as strain hardening and torsion
although further investigation of some of these aspects would be
desirable. It has been shown that unloading is not extremely
important except, perhaps, when columns are subjected to very
heavy initial moments from stiff restraining beams, e.g. column
1.1, Is effect is to raise the collapse load but as, in ‘

general, this does not appear to be by extremely large
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amounts it would seem justifiable and convenient to omit this

awkward feature from future investigations. Strain
hardening, however, should be included as it has been shown
for a column bent by heavy major axis moment and made of
material with a short plastic plateau, e.g. columns 3.2 and
1.3, that the collapse load is raised considerably, Torsion

is discussed separately in section 5. 3.

5.2 Beam Stiffness and Beam Loads

Variations of minor axis beam stiffness appear to affect
the collapse load considerably, e.g. the coliapse load of
column 3.4 is 55 per cent of the squash load which compares with
the other columns of the same dimensions whose collapse
loads are all above 75 per cent .of the squash load. Major axis
beam stiffness appears to matter less as shown by the collapse
load of column 1. 4 being 7400 pounds as against a column, viz.
1.3, of similar dimensions whose collapse load was 7800 pounds.
Likewise variations in beam loads, equivalent to variations
of initial moments in this thesis, appear to have little effect on
the collapse load provided minor axis beam loads are not large*.
However, in two instances, i.e. with columns 3.2 and 1,3, the
existence of strain hardening at a fairly early stage was required

to make this so; see also sections 3,10 and 5.1, Beam load

sk )
The case of minor axis bending only is discussed elsewhere,

e.g. reference 6, where significant reductions in load carrying
capacity occur with heavy beam loads.
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effects might therefore usefully receive further investigation

with a different column material,

5.3 Torsional Action

Torsional action, for the load path adopted in this project,
i.e. beam loads followed by axial load, does not appear to be
an important consideration, However, work by Campus and

(19), and more recently in the U. S, A, (20), on the

Massonnet
lateral-torsional behaviour of pin-ended members, bent by
eccentric loading in the plane of the web, indicates a much
larger effect under these circumstances, Torsional action
should therefore be more carefully investigated for biaxial

bending cases under alternative loading paths.

5.4 Residual Stresses

Residual stresses are known to be the major column
imperfections in pin-ended axially loaded members (6)(21).
Their effect is less when the loading is eccentric and decreases as
the eccentricity increases. It is possible for restrained '
columns that their effect is extremely small as was suggested
by the reloading of column 1, 3 after straightening it, This
requires further verification however. Theoretically, this
problem can be tackled by making a minor modification to the
computation of this thesis which evaluates unloading effects.
This will require the use of a finer sub-division into
infinitesimal rectangles than that used so far and the

computation required will be quite time consuming, even for a
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computer,

5.5. Computation Procedure

It is felt that the computation procedure developed in this
thesis with its full computeization will be of advantage
particularly when the extension to unsymmetrical bending is being
considered and adjustment of parameters at a large number of

station points is required, Methods such as the one employed,

in reference 15, where displacements € v dzg . dzg' s dzg
dz dz dz
are adjusted manually, do have the advantage of knowing more
of what is happening during the calculation. However, this could
get tedious (it certainly must waste computer time) in dealing with
unsymmetrical probleras,
A further interesting comparison of the method of reference
15 and that of this thesis is the actual method of computing
equilibrium configurations, As explained above the quantities
¢, du, av dig are adjusted at each station which means
dz dz dz

that if six station points are used, 6 x 4 (= 24) simultaneous

non-linear algebraic equations must be solved less the fixed
boundary conditions which reduce it to 19. By the approach of
this thesis the maximum number which must be solved at any
one time is 5, when adjusting the twisting displacements,
although a smaller number of equations must be solved several

times, If both methods were fully compute.ised (the method of
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reference 15 is capable of being computerised), it would be
interesting to compare their computing efficiencies, Such a

comparison at this stage is not possible.

5.6 Experimental Rig

The experimental rig that was used, whilst satisfactory in
the present tests, is subject to one very important limitation;
it cannot easily be extended to investigating unsymmetrical
loading conditions, This is largely due to the unstable nature
of the Bucktcon dead load machine that was used and the fact
that the column shortens axially, The first difficulty means that
random rigid body motions of the column can occur and, with
the beam ends fixed in space, induce extraneous cclumn bending
moments. This may be overcome by bu/lding a more rigid
loading frame to which the beam ends are connected., However,
if due to axial shortening, equal changes of beam moments at the
two column ends are required, each beam, at its turnbuckle end,
must also be allowed to move in an appropriate manner, The
present turnbuckle support screws should be capable of performing
this function, In addition the end bearings will have to be
modified to be capable of supplying horizontal reactions without
jamming, probably by inserting bearings in the space that occurs

in the present design,
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5.7 Design Approach

The design curves developed show how three dimensional

moment (M., and MY)-curvature-axial load relationships

may be repfesented, in a limited sense, on a two dimensional
diagram. They are intended for use in checking members by

a design approach in which the deflected shape of the column is
assumed. From a knowledge of the external moments and axial
load, and the column curvatures at any section, it is possible
to check whether a particular member is adequate., It is
realised that design methods such as this are in the embryo
stage so far as elastic-plastic members are concerned, e, g, it
is not yet known how to select the critical section(s) in the
member for checking, but it is hoped that as these are

developed the curves presented will be of some value,

5.8 Plastic Hinges

In future investigations it may be desirable to allow for
plastic hinge action in the columns to compute, in particular,
the falling branch of the axial load - deflection curves to
determine whether the load capacity drops off rapidly, leading to
a catastrophic type of failure. In this connection it should be
noted that the calculation procedure described above always
computes firstly the loads at the most heavily loaded section, the
central section, and so avoids attempting to solve equations
3.12 for unreal values. Thus the solution with plastic hinges

creates no special difficulties provided strain reversal is
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ignored, After a certain stage a plastic hinge is inserted

and the calculation proceeds in increments of slope at the central
section instead of central curvature., A minor modification of
the finite difference expression is required at the central .

section, but this difficulty is not insurmountable.
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APPENDIX A

A.1 PLASTICITY CORRECTICNS

A.1,1 The corrections to the force equations for plastic yield .

begin by calculating the stress excess values at the twelve

positions shown in Figure A,Al, For the three separate cross-

sectional elements shown, these quantities are sufficient to allow

stress excess at any point in the cross-section to be determined.
All of these values can, and have been expressed in terms of

the parameters b, ¢, o/ where ¢ and D[are defined as they were

in Chapter 3, but b is taken to mean bl’ or bz, depending on

whether the correction is for compression or tension yield.

A.1,2 Lending consideration to the type of yield zones that can
afi se under the plane seé'ti(m‘s remaining plane assumption, it
will be observed that if general formulae for the types shown in
Figure A.A.2 are calculated, then the complete range will be
covered. In Figure A, A.2 the m values are the stress excess
quantities which, when substituted into the formulae below, allow
the magnitude of the axial load correction to be calculated and
its line of action to be located. In both cases this latter function
is performed by taking moments about the lines AB or A'B' and
AC oxr A'C'. The double or volumetric integrals which are
required are as follows:
(2) Type 1 Zone
(i) axial load correction F
= dt(m1 + m, + m, + m4)/4 - tz cotf/?; (m1 + 2m2 +2m,_ + m4)/12
A, 1(a)

3

(i) moment about AB, MAB |
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_ 2 2
= d"t(m, + m, +2m, + 2m4)/12 - dt

3 2
/18 +t cotﬁ(m1+3m2+6m3+2m4)/72

cot {3 (m1 + 2m_ + 4m3 +2m4)

2
A, 1(b)
(iii) moment about AC, M

AC
= .2 3
dt”(m, +2m, +2m, + m, )/12 - t cot(;% (m, +3m, + 3m,_ + rn4)/24

2 3
A, 1(c)

(b) Type 2 Zone

(i) Fr =(1/6)t my a A, 2(a)

. a = ' ' :

(if) ™', o (1/24) my d'z(d' cot§ +t') A, 2(b)
+a e = A t €
(iii) M', o (/24 m; d A.2(c)

[] ' - N .

If values dAB‘ dAC and d AR’ d AC are now defined as distances

measured parallel to the lines AB, AC and A'B', A'C' respectively
which specify the location of F and F! then they may be obtained

from the following expressions,

dAB = MAC A. 3(a)
3
dpe = MAB A. 3(b)
F
45 Mac A.3(c)
Fl
S VU A, 3(d)
P |

From these quantities the distances of ¥ and F' from the geometric
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centroid, 0, of the whole section, d;, d,,t d'é,

d',,Lcan be found
and the force corrections made, The positive sense of these new
d coordinates is defined in Figure A.A.1. In making these
corrections compression stress excess is considered positive

so that F and F' must be subtracted from the axial load, Moment
correction is performed however by always subtracting the
absolute value of F or F' multiplied by a distance, i.e. one of
dg, d”U d'§' d',,.‘l , as given in paragraphs A.4to A.6

below,

A.1,3 In the equations A.1 and A. 2 above the quantities t, d,

t', 4, ﬁ . 3’ appear without any explanation of their method of
calculation. Their magnitude depends on the cross-sectional
element for which the correction is being made as well as the’
amount of plasticity present. The full details for calculating

these values as well as F and F' and the distances dg, d,-,u d'é' d',,\l,

now follow,

A,1,.4 Top Flange

(i) All possible variations of the spread of plasticity in the top
flange, requiring different correction expressions, are shown in
Figure A,A. 3 where the points 1, 2, 3, 4 correspond to thosec
numbered in Figure A, A, 2. Additionally, the lines AB, AC,
A'B', A'C', show how the yield zones discussed above {it each
particular case,

(ii) The setting of all quantities in the general formulae and the

conditions under which each case occurs are as follows:
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Case (a) Cnly type 1 zone present (special case)

*
ml=f andm, =m, =m, =0

1 2 3 4
d = b cosecol
t = b sec
B - d
d§= 2B - d,
dm= D -dyp
Conditions (i) fl >0

(ii) f2=f3=f4=0

Case (b) Only type 1 zone present

m1=f1, m2=f2andm3=m4=0
d = bcosecd
t = tf
B -
d§= %B - dAC
dy® D - dyp
Conditions (i) f1>f >0
2
(ii) f3 = f4 =0

s

The values f, to fl are the stress excess values which can be
taken from Figure A.?2. 2.
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Case (c) Both type 1 and type 2 zones present

Zone 1

d = B
t = tf 3
ﬁ = tan [tf/(B - (- tf cos o) coseco(]
= ip .
A= $D - d,p
Zone 2

=" f4

cosol) cosecel

my

d = B-(b-t,

t' = (b - B sind) secod

C=3m-R8

d'§=-lB+d'AB

din= 3D - @'y
Conditions (i) f1>f2 > f4>0

(i) £, =0

Casge (d) Only type 1 zone present

my =f, my =i, mg=m, =0

d = (b- tf cos o) cosec o
t = B
B =11+ o

Conditions (i) fl > f4 >0

(ii) f2 = f3 =9



Case (e) Only type 1 zone present

my =f1, m, = fz, m3 =f3, m4
d = B
t = tf
p-im
Condition is f1>f2>f3>f4>0

A.1.5 Web
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=f4

(i) The details given for the top flange in paragraph A, 4 above

are now repeated for the web. The various possible zcnes of

plasticity are shown in Figure A. A, 4 and the quantities and

conditions corresponding to those given in paragraph A, 4 are as

follows:

Case (a) Only type 1 zone present (special case)

m1=f6, m2=m3=m4=0
d = (b- 2B sindd + 3t
t = dtan ol
B -
dé-_- i’ t'\,v - dAC
= 1D L.t -
Conditions (i) fG >0
(ii) f5=f7=f8=0

sin ol - t, cos o/ ) cosec ol

f



145

Case (b) Only type 1 zone present

m1=f5, m2=f6, m3=m4=0

d = (b-1iB sinaé-%t%sino(—tfcosJ)seCoé
t = tW

B= 3T+

dg = -%tw+dAB

d«f 3D -t - d,

Conditicns (i) f6 > f5 >0

(i) f, =1,=0

Case (c) Both type 1 and type 2 zones present

Zone 1
m1=f5, m2=f6, m3=f7, m4=0
d = (b-1B sinol—%twsino(—tfcosv()secl
t = f,w_
B = 4T +tan™ EB-d)/tw:’
d§=-%tw+dAB §
df,,L= %D-tf-dAC
Zone 2
my =1,
d = B-d

t = (b-3Bsin o+ 3ty sin L~ D cos &L +t,cosel) cosec

f o [0

'd€= %t.w__ d'AC
qu= -%D+tf+d'

f

AB
Conditions (i) fo > f5 > £, >0

(ii) f8 =0
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Case (d) Only type 1 zone present

m, =f m.=f, m_=m, =0

1 8’ P T 3 4
d = (b-%B sino(+%twsinol-tfcos ) cosec L
t = 3 -2 tf
g7 Fhw - dic
= 1 - -
Conditions (i) fg>1,>0
(ii) f5 = f8 =0

Case (e} Only type 1 zone present

my = fg, m, = ig mg =1, m, =i
d = D -2t
f
t =t
w
B =2TT
= . 4
dm= %D-tf-dAC
Condition is f6> f5>_f,7 >f8 >0

A,1,6 Lower Flange

(i) For the lower flange reference to Figure A, A,3 again shows
the possible plastic zones., However, case (e) need not be
considered since the entire section would be plastic and therefore
unstable, Case (¢) was also considered to represent a condition
where a section would be unstable and is therefore excluded, The
conditions and parameters corresponding to those given above are

as follows:
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Case (a) Only type 1 zone present (special case)

m1=f9, m2=m3=m4=0

d = (b- D cos o +t, cos ol ) cosec of

T
t = dtano{
= o
o= L -
= -1 -

Conditions (i) fg >0
(ii) flO = fll = le =0
Case (b) Only type 1 zone present

m, =m, =0

my =f5, my =f,, mg=m,

1 9’
d = (b-Dcosd +tf cos o ) cosecod
t =::Lf
= 1 -
dg s B dAC
= .4 -
d,rL 2D+'4:f dAB

Conditions (i) f9> f10> 0
(i) £, =1, =0
Case (d) Only type 1 zone present
my T i My =iy, mg = my =0
d = (b-Dcos od+t,cos L) secd

f
t = B ’
B o= 2T+ 4
= . 1
= .1 -d.
Conditions (i) f9>f12 >0

(i) £, =8,=0
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A,1.7 The total correction is found by summing the corrections
for all plastic zones, Thus using the notation of Chapter 3 the

corrections are as follows:

PC = g F+ % - ' A, 4(a)
P P
M = 2 (Fd..) + (F' d'py) A. 4. (b)
L mege§ e
¢ }: :
MS, = (Fds) + (F' d'y) A.4(c)
AT gp §

where ; denotes the summation for the plastic zones. It
should be Doted that all conditions and formulae above are for the
angle oA in the first quadrant, i, e, with M% and MNL positive,
If either of ME or Mf,‘, is negative it must have its sign
changed and then the curvature it causes negated at the completion

of the solution of the cross-sectional equations,
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APPENDIX B

. B.1 UNLOADING CORRECTION

| B.1.1 To obtain corrections to the equations 3. 12 for unloading it has
been found cgnv'enient,' for the purposes of integrating correction .

" stresses, to construct on the cross-section the i;naginary grid shown
in Figure A.B. 1. 'Each enclosed rectangular area is considered to
contain a singie fibre, the behaviour of whicﬁ coincides with that of
the most centrally placed material. Thus by record’ing the maximum
strain at all such central points and storing the result in a fixed
location in the memory store of the computer, a sufficiently complete

strain history may be kept.

. B.1.2 Unloading of compression fibres .only has been considered so

that all strains are directly expressible in terms of b,,c’and « . ek
_To obtain the strains at the centre of all grid rectangles shown and o
numbered in Figure A.B. 1 the following proceciure is adopted: ' ‘
1. Strains are calculated at the points A, B, C, H, I, J and E in

Figure A.B.1. The relevant equations are:

€, =a,(b+c-ticosd/6)/Ec o | : B B. 1(a)
€p =6, ~o,ticos«/3Ec o o . B. 1(b)
© € =€g- ot cosd/3Ec D . B.e)
€ =€c- o{D-t/3)cosd/Ec B | B. 1(d)
€ =€+ c,t,cos-(/3éc - ’ o ., -7 B.le)
€426, oyt cosd /3EC o - B. 1(1)

€e=ofbrc-05Bsind -teosd)/Ee - . B.1g)
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2. Using the strains above, and noting that the strain gradients in
the flanges and web are (c-/Ec) sind  and (aylEc Jcosd
respectively, the strains at the centres of the various numbered

rectangles are found as follows:
€= €,~Basind /20Ec
€,=€-Basind /10Ec |
€,= €,~Bosin« /10 Ec

etc.

€= €g-BoysinL /20 Ec
€= €, Boysind /10 Ec

etc.

. B. 2(a)

B. 2(b)
B.2(c)

etc,

B. 3(a)
B. 3(b)
B. 3(0)

etc.

- wheré this process must be continued for the six rows in each of the

- two flanges. For the web,

€61=€c~(D-2t)S cos«/20Ec
€5~ €s~(D-2t)o, cosu/10 Ec

€55 €o (D -2t )o, cosu /10EC

etc.

B. 4(a)

- B.4(b)

B. 4(0)

ete.
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B.1.3 Now bearing in mind that unloading effects are being

considered as a correction to the originai force equations,. 3.12, it is
seen that the two distinct uxﬂoadihg'possibilities indicated in the stress-
strain diagrain, Figure A.B.2, will need to be considered. Defining

the quantities,

€ = ' maximum strain on a fibre, -
"“max . = , :
ey = yield strain,
€ = current strain,
a = area of a general elemental rectangle,

the force correction, F, on each _element, and the associated conditions
which arise in each case, are a@s‘follow's: '
Case (a) | | : . ,
F = B( e - €)a _ A . B.5(a)"
Condltlons (1) ¢ > ey’ otherwise it is case (b) o | o
(11) E(e max €)>0 otherwis‘e F =0
(iii) E( emax - € )<2cry, otherwis’e Fe2 crya
Case (b) : . A
F = E( emax - €y)a 3 » : ,‘ B. 5(?)
.Conditions (1) € %ey, ‘otheryise 'i‘t,_vis case (a) Ty
(i) E( emax - €) >0, otherwise F = 0
(iii) E( € max - € )‘\<2°'y, otherwise F = 2 crya

In programming this for the computer it should be noted that the _
application -of condition (i) distinguishes case (a) from case (b). The
conditions (ii) a:nd (iii) are the same for case (a) and case (b) and
need only »be programmed 6nce. Also the force corrections F,

(F, to F ), corresponding to the strains €, to € g &Y be allowed
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to Cwe'rwrite the strains since'these are no longer required.

'B.1.4 To obtain the modifications to the forces (P - P ) Mg ,

Ma, , viz. PY, MS . M.,“ the followmg expresslons are used

P YR : | B. 6(a)

M zuomt,/s)—mtf/Sl Z ot P

10 -
+ n; [(0.55D-11t¢) ~01n(D-2t )] Fyua0 - B. 6(b)
M f(QSSB 01mB) Z (F - F ) _ B.G(c)

nzt 10n-lo -m+0n-1

These corrections are all to be subtracted, in order, from the

equations 3.12.

"B.1.5 Inthe computer programme all elemental force corrections

are placed in fixed locations in the memory store. Associated with
each location are éoordinates which define the location of the force
with respect to the geometric centroid of the whole section. These

are located correctly irrespective of the values of b,,c, & and enable
the unloading corrections"to be made without difficulty. However, tﬁe '
" evaluation of the plasticity expressions as given in appendix A is valid

only if 0< &< 1T. Outside this range b, and « must be modified
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.tol»blc and o o’ \;vhere ‘o( o is an angle in the first quadrant,
and the internal moments sign corrected. The last function

is performed by multiplying Mg by d17 and M, by d18. The
evaluation of blc' A o’ d17, d18 is summarised below for

- 2T< £ <27,

Condition £ by air  <118  |
2M<d <32 2T b, | 1 1
JMW2<d <-T 1T byeDeosde -1 R
AT <d<-T72 - brDcosd+Bsindc -1 -1
A/2<d<0 I be Bsinde 1 a1
0<J<TI/2 I b, 1 1

CT/2<d<TT TT-1d1 b,+bcos-lc -1 ' 1
T<d<3W/2 AT bsDcosdeeBsinde -1 "1
AM2<d<2l 24 beBsinde 1 -1

B.2 STRAIN HARDENING

B..2. 1 The correction for strain hardening is made utilising the
same sub-division of the cross-section that was used for the
unloadi'ng computaﬁon.‘ The stress-strain relationship upon which
. the correction is based is shown in Figure A,B.3 where strain

hardening first begins at A and results in a linear increase in stress
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~above @ . at a rate defined by the modulus ESﬁ'

B. 2.2 The strain hardening correction must be. applied to a fibre

" whenever the maximum strain thét has occurred at any time

. during the loading process exceeds N€y, It can be applied in
conjunction with the unloading correction since, as can be seen

“in section B. 1, the values of the maximum strains‘have already

been obtained.” (Note: for some of the small rectangles the

current strains will be the maximum ones whilst for others, i..e.

with fibres that have unloaded, it Will have occurred at an earlier

stage. )

+ B.2.3 To allow for strain hardening-the force on a small
elemental area, a, is evaluated using the expression,

F=E€.,-NEJG . B.T

max.

which corresponds to equation B. 5(a) of the unloading correction,

Expressions B. 6(a), (b), (é) may then be used, with F replacing

_ S
F throughout, to obtain corrections . PST M?j Mi‘: « .These
corrections are then added, in order, to the values of P, Mg, MvL'

“of equations 3,12,
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FIGURES Al to A20
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