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ABSTRACT

The development of the cell model of Lennard=Jones and
Devonshire is discussed and the reasons for its failures
noted.

Various mathematical forms of the intermolecular
potential are examined together with some current ideas
on the strict pair additivity of the intermolecular poteuntial,

The thermodynamic properties of solid argon and neon
have been predicted using a guantum version of the Lennard-
Jones cell model, which utilizes the W.K.B. approximation
to solve the Schroedinger equation. Excellent agreement
between theoretical and experimental properties is observed
and the critical dependence of the predicted data on the
source of the parameters for the intermolecular potential
clearly shown.

The above examination has been extended for various
forms of the bi-reciprocal (m:n) potential. For predictions
of the Ligh density state of the inert gases the 12:6
potential is markedly superior to any alternative form.

A Corresponding States approach has been used to study
the high density state of guantum molecules. The equation
of stete is regarded as the sum of a classical term and
a quantum correction term. Theoretical isothcrms were
unsuccessfully predicted using an L.J. 12:6 model, However,
better agreement was obtained using a uniform potential

approximation to this theory.



2o

An experimental determination of partial molar volunes
at 25°C. was made for twenty four systeris of non-polar gases
in organic solvents. In all cases a dilatorietric technique
was used.

The experinental results werc found to be in excellent
agreement with those predicted through a simple hard sphere
theory. A quantal version of this theory alsc successfully
explained the solution behaviour of hydrogen and deuterium at
room temperature,

The application of a more rigorous but corrcspondingly
more complex "free volume" theory to solubility phenomena

has also been exanmined but found unsatisfactory.
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Introduction

"And like a man to double business bound
I stand in pauvse when shall I first begin,'
Hamlet III, 2, 40.

The ultimate quest of the seientific rescarcher is a complete
understanding of the basic properties of matter. This
optimistic and indced far distant objective is, of necessity,
attacked on two fronts; by experiments which are planned
observations of physical phenomena, and by theories which
scek to correlate chservables by ideas.

At the present time the scientific picture on all
levels is in a constant state of flux and upheaval, but
although theories rapidly appear, are extended or are
superceded, one paramount fact remains. This is that any
theory concerning the properties of matter must have as
its objectives a satisfactory description of structure
on the molecular level and a quantitative correlation
between macroscopic or experimental observations and the
properties of individual molecules or atoms.

The problem of molecular structure is therefore onc of
the most challenging and intriguing in physical chemistry.

It B, however, also one of the most complex, and in an
attempt to arrive at situations that may be conceivably
studied theoretically we are forced to adopt methods that
make wide use of simplifying assumptions. Through these ass~

umptions mathematical theories can be appl‘ed to natural
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phenomena, and we are immediately involved with the discipline
of statistical mechanics.

tatistical mechanics was described by Henry Eyring as,
"Simply a game, amathematical game with the rules made up
as we go along" (1). This observation may well be true but
it does not detract from the utility of a method which
enables us, by averaging over systems of molecules, to
predict macroscopic properties that compare favourably to
the corresponding physical measurements.

Thus by astuteuse of the appropriate mathematical
techniques we may compound theories to explain experimental
phenomena. However, the picture given above is not quite as
simple or as Jjustifiable as has been stated. The reason for
this is that in order to satisfactorily perform our averaging
techniques i.e. to produce the tractable from the intractable,
we are forced to impose conditions which have no physical
reality. These conditions, often in the form of artificial
boundaries or arbitrary assumptions as to molecular positions,
can sometimes be justified by experimental observations,
but almost as often their chief reason for existence is
simply that of mathematical expediency.

These sets of artificially imposed conditions constitute
a model on the molecular level. The following chapters
are devoted to theories and experiments linked with one
such model, the cell model, and especially in the form
proposed some thirty years ago by Lennard~Jones and Devonshire

(2-5).
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The cell theory of Lennard-Jones and Devonshire (hence-
forth called L.J.&D.) was first developed to facilitate
theoretical calculations on liquids and dense gases. It is
one of the simplest models prorounded for this phase of
matter and over the last few decades has heen the basis of
nany discussions and suggested improvenents in the theories
of liquids and solutions. Unfortunately this model does not
give a pgood description of the fluid state and due to the
assumptions on which it is formulated describes (as will
be shown later) solids rather better than it describes
fluids,

The most attractive media for any theoretical study are
the crystals of the inert gases. These molecules are spherical
units with closed electron shells, bound by central molecular
forces which are to a first approximation additive i.e. the
total potential energy of an inert gas crystal can be thought
of as the sum of the two body interactions of all constituent
atoms. This assumption of pair additivity is one of the
basic concepts of the Lennard-Jjones (henceforth L.J.) theory
which considers intermoliecular forces in terms of a bi-
reciprocal potential. It is also a concept that perhaps
suffers from being too elementary and during the last few
years the subjects of pair additivity and the form of the
intermolecular potential have stimulated much discussion
and theory.

In this thesis # is proposed to study in some detail the

limitations and successes of the cell model, in particular the
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model of L.J.&D., which utilises the bi-reciprocal potential,

We will {irst trace the development of the model as a
description of the fluid state, study the assumptions

on which it is based and consider the inherent limitations
they impose. The form and nature of the potential will be
examined in the light of contemporary ideas and in particular
whether these sophisticated and often complex postulates lend
themselves as simply, productively and successfully as those
used in the L,J,&D. theory.

A detailed account of a theoretical investigation into
the inert gas solids will then be presented, an investigation
which,as will be shown, leads to extensive and accurate
predictions of the temperature dependent properties of argon
(€ ) and neon (7) at high densities. In all cases an L.J.&D.
cell theory is employed assuming both pair additivity ad
a bi-reciprocal potentisl. TFurther studies on the second
virial coefficients of these substances have been made, and

the resulic ofgzrigarbﬁs generalised approach to the potential
it its bi-reciprocal form are also given (8).

Following the success of the above model under strongly
favourabtle conditions we have imposed a strain on the model
by using it in a "Corresponding States" approach to study
the compressibility of hydrogen and deuterium at fluid
densities (9)., These studies harshly expose the limitations
of the potential, limitations moreover that are emphasised
by comparison of the results with those from similar studies

using an empirical potential.
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The above investigations were in the greater part made
on systems at low temperature and high densities. However,
there exist in the range of normal temperatures and »ressures
(298°K., 1 atmos.) several physical situations that invite the
application of the cell model. Chief amongst these is gas
solubility theory and it is to this topic that the second
part of this thesis is devoted.

The solubility of non-polar gases in non-polar solvents
has been studied by Hildebrand and co-workers (10-16);
resulting in an extensive array of data for a wide range of
two component systems. The majority of measurements have
been of the solubilities and entropies of solution. Together
with these there exists another experimental property, the p
partial molar volume (expressed as v, cc/mole) which
represents the expansion of the solution due to the dissol-
ution of the solute, This is cssentially a“prOperty of the
solution as a whole but since these measurements can, to
a good approximation, be considered on the basis of infinitely
dilute solutions a cell theory which pictures the gas
molecule as creating a spherical cavity the size of which
is dependent on the partial molar volume is quite defensible.

Available experimental data for partial molar volumes
were found to be both limited and incomplete. 1In order to
extend these results, as well as to confirm or disprove
several observations made by previous workers we have carried

out an experimental determination of the partial molar

volumes for twenty four gas-liquid systems. The results
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of this project and their interpretation when compared with
the data already available is comprehensively presented in
the text.

The results of our experiments together with those from
other sources are initially investigated by a hard sphere theory
first proposed by Smith and Walkley (17) and later refined
by Hillier and Walkley to allow for quantum effects (18),
Further calculations were then made using the more complete
cell theory of Kobatake and Alder (19), which should enable
estimates as to the effect of distant neighbours and to the
degree of order remaining in the liguid to be made., However,
the complications arising in t1is treatment were substantial
and it is doubtful whether the final results can be taken as
a satisfactory picture of gas solubility phenomena.,

We therefore present this work as a comprehensive
investigation of the predicative value of the cell model
under varying physical conditions, It should perhaps be
stressed that at no time do we forward the model as an absolute
theory of the fluid state, but we do claim that it may act
as a simple and versatile framework in situations where it
has often been rejected or ignored. The authenticity or
otherwise of this statement will be ably demonstrated in

subsequent chapters.
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CHAPTER 1.

The Evolution of the Cell Model

1«1 The Liquid State . . . . . 14
142 Intermolecular Forces . . o . 17
1«3 The theory of L.J; & D, . v . - 23
14 The calcuIation of the Cell potential. . 26

"All the inventions that the world contains
Were not by reason first found out, nor brains
But pass for theirs who had the luck to light
Upon them by mistoke or oversight!

Samuel Butler (1612-1680)
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141 The Liguid Stat

—

Thec obstacles that st-nd between us and a clcarer
understanding of the liquid state may be better under-
stood by a consideration of the thrce discreet phases of
matter. To the onc side lies the solid statc character-
iscd by cohesion, rigidity and rcgular erystalline
structurc, to the other the gascous state, a state of
completc molecular disorder. Ljquids, howover, rep-
resont a peculiar compromise between these two oxtreres,
exhibiting forces strong enough to lead to a condensed
state but not strong enough to provent considerable
translational encrgy between the individual moleculces.

There scems to be little doubt from experimental
ovidence that a certain degrece of order oxists in the
liquid. ilow permancnt or substantial this may be is
difficult to say. However, it is on the strength of
this order that a collcction of theories known as latt-
icc theories have been developed.

These lattice theorics immediately introduce the
model of a fistorted crystal in which long range ordcr
has been lost. It is well to consider herc the basic
differences between solids and liguids. The solid
consists of moleccules without internal depgrecs of free-
dom cxccuting small vibrations about their cquilibrium
positions - "a static structurc only slightly blurrcd

by thermal motions.e.e'" (20), In the liquid there are
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no lattice sites and the instantancous picture is continually
changing. :ow then can an assurtion of order be justified?
To answer this we examine the oxperimental cvidence, The
most important direct results arise from ncutron diffraction
cr X ray studies. The latter, performed by Riscnstein and
Gingrich (21) indicated that a liquid, though lacking the
long range order found in the crystal structure, had con-
siderablce short range order and posscssed intermolecular
distances sinilar to thosc obscrved in solids. The ox-
periments of lienshaw (22), in which he studied the scatter-
ing of slow necutrons by liquids, confirmed Fiscnstein's
obscrvations and also indicated that molecular motions in
a liquid can approximately be described as vibrations
interrupted by occasional jumps. These findings give
considerable weight to the picture of Alder and Wainwright
(23) who uscd the nmethods of molecular dynamics to make
extensive calculations of molccular trajectories.

If we nccept this picturc of a liquid when {orming
a theoretical modcl we are forced to ignorc occasional
jumps from onc molccular position to another. Lattice
theories esscntially do this and, therefore, find their
greatest usage in predicting equilibrium rather than
transport properties, in which these disrcgarded jumps
arc all imvortant. '

Tho caleulaticn and comvarison. 6f theorstical equilibriunm
prOpertiﬁs with cxperimentally measurcd valucs is a critical

test of liquid state theories that employ the methods of
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equilibrium statisitical mechanics. As rentioned previously
(see introduction), the usc of statistical mechanics of
necessity introduces the idea ¢7 a model or ideal structurec.
Starting from this model it should be possible to derive the
corrcct results for the cquilibrium propertics through a
scrics of direct approximations. This, though theoretically
fcasible, is almost practically impossible and imposcs the
condition that any model or idcal structurc choscn should

be as closc as possible to the true liquid structure.

From the strictly statistical vicwpoint the two most
satisfactory methods used in the w»roblems of liquid thecory
are thosec of Monte Carlo and moleccular dynamics. They both
depond on averaging proccdurce cnd follow the trajectorics of
many molecculcs moving in large cells. They differ onl; in
their mcthods of averaging, obtain results by dircet numerical
techniques and should by all thcorcetical rcasoning yicld
complete and accurate solutions. They are, however, hamstrung
by mathematical complcxity,lin the frightening number of
caleulations they involve, and in general their progress
is parallel to the increcasc in 9ower of numerical techniques
and the capacity of modern elcctronic computers.

This lcaves us with theorics based on a regular lattice
structurc, the carlicst of which was devecloped between
1936-41 by Eyring and co-workers (24-26). They introduced.
the "hole theory", which corrclates liquid provertics through
a model of a lattice structurc with some sites vacant., &Soon

after this, Lennard-Jonces and Devonshire placed the thoory
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on a morc quantiigtive basis by introducing assumptions

regarding the geonctry of distibution of the lattice ecites
and the size of cell surrounding cach site, to which they
assumed the woleculc confincd. This theory is the best knowvn
example of a cell nodel - a theory based on a lattice with
all sitcos occupiced.

In the past fow years other thecorics of the liquid state
have bcen forwarded -~ the tunncl model of Barker (20),
anended hole theorics (27), worm models (28) and significant
structurc theories (1), However, we will not dwell on these
here but nmove on to a discussicn of intermolecular forces

and a norc detailed cxamination of the cell nodel.

3+2 Intcrmolecular Forces and the Bi-reciprocal Potential

The successful prediction of any cexperiRintal properiy
fron a theorctical nmodel depcnds to a large extent on a
clecar knowledge of intermolecular forcos,.irrespective of
phasc or conditions. Imn all cascs that we investigate
the molecculecs arc assumed to be non-polar, chenically satur-
ated and ncutral. The forces between these moleculles arc
cleoctrostatic in origin and are ultimatcly bascéd on Coulonb's
law of attraction and repulsion between like and unlike
charges. Thus, the force vf intcraction (F) botween two
non polar rolccules is taken as a function of the scparation
between the centres. In most instances it is better to

investigatc the potential cnergy of interaction, W(F),
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rather than the forgc of interaction, F(r). Thesc two
quantitics arc related, the force being the gradicent of the

notential function, Hence:-
Fr) = —wéa)(")/ér’ (12241)
Wr) = f/:(r)allf (1+2.2)
We may now investigate how ggis potential cnergy between
nolecules varics with the distance betweoen their centres.
On closc approach their electron clouds overlap and they
repel each other strongly. This short range repulsion varics
cxponentially with the separation but its true form is
rorc complex. At larger intermolecular distances a force
of attraction appcars to exist. This observation at once
poscs two problems, i.e. what is the naturce of the attractive
force and how can the total potential be expressed as a
function of the distance between the moleccular centres?
As early as 1903 Mie (29) proposed that the interaction
energy betwcen two atoms could be expresscd in the forn of
a bi-reciprocal potential, which involved a negative tern
proportional to the power qé of the distance r and &
positive term proportional ot the power ;5 of r, (=dn)0).
This was tcrmed the "m:n" potential and was writton as:-
WD = Jmfp™ = Wa (10243)
where‘xm,Txn arc constants.
The origin of the repulsive term has been given above,
its form in (1.2.3) being justifiable only on the grounds of
nathematical convgnicnce. The dxplanation of the nore

imbortant attractive term poscd nore difficult problens.
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That it was duc to Van der Waals or "dispersion forces'" was
unquestioncble but attaching a theoretical exwplanation to
this proved soncwhat complex. ZXeesoa (30) and latcer Debyce
(31) thceoriscd that the attraction was due to permanent dipoles,
postulating an attractive index of six. Thesc theoories,
however, failed to crplain the casc of the inert gas rol-
ccules which coxhibited conside:ablie attractive forces while
posscssing no tracce of permanent dipoles. Then in 1930
London (32) sclved the problien by the application of
guantun nechanics. London victurecd a ncutral nolecule as
a posgitive nuclecus surrounded by a cloud of negative charge.
Although the time average of this charge distribution was
spherically symnetrical, at any specific instant it was
also sonmcwhat distorted.Thus, an instantancous picturec
would reveal an oricntated dipole. The time average of
these dipoles would be zero but the instantancous dipole on
onc molcculce would polarisc a sccond molecule, attract the
resultant rcduced dipole and produce an average attractive
force.

This dispersion intcraction generally known as dipole-
dipole lcd to the attractive force Wa, being given asi-

Wa = =2 by, 7" (1.2.4)
where h=Planck's constant, «{=polarisability, Y, =charactcristic
frequency of oscillation of charge distribution. (For deriv.
ation of thc above sec Ref. 33.)

London also showed that therc were further terms in <the

intcraction cnergy arising from contributions from the
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dipole-quadrupole (varying as r-8) and from quadrupoloc-

quadrupole(varying as r—1o). These arc usually ignored in
the sinple potential, an omission that nay possibly not be
fully Jjustificd.

On the basis of London's work Lennard-Jdoncs (34)
re-adjusted the "m:a" potential that he had uscd for the
argon intcraction (38) and prcduced the potentinl in the fornm:-

W = e (+.2.5)
This is the form uscd cxtensively in the cell theory. It
isy, as arc most formulac describing the intermolecular
potential, cssentially enpiriecal, depending on corstonts thet
arc obtaincd from th® propertics of the substance being stud-
ied. The graphical form of the M"L-J." potential is shown
in Fig. 1 and equation (1.2.5) may bc written:-

12 4

Wr) = 4¢€ [(0’/‘) - (%)J (1,240)
Ilecre ¥ and ¢ arc constants having dimensions of Zcngth
and cnergy recspectively. We now consider the origin of theoe
constants. On consultaticn of Fig. 1 we sce that they in-
dicate unique valucs of the potential.

Thus r=¢ when W(r)=0 (1.247)

and W(r)=-¢ when 4W(r)/dr=0 (1.2.8)
The valucs of these paranmcters or scale factors arc deternined
from the propertics of the gos or soldd. The second virial
cocfficient, B(T), or transport propertics arc the be?t
known sources and tabulated valucs of § and £ for a
varicty of moleculcs have been given (35). Knowledge of

the paramcters also leads to a law of corresponding states.
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r(A.)

v

Fig 1.1 Lennard=Jones bi-reciprecal potential,

Potential energy W(r),expregsed as a
function of the distance r(A),between
the centres of two molecules,
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However, a discussion of this ond the sensitivity of the
parancters to the nature of the potential will be given
later. At present it suffices to note that (1.2.6) is tho
nost commonly used form of the ti-reciprocal potential and
is generally know as the "Lennard-Jones 12:6",

Having traced the development of the bi-rcciprocal
potential, we must now consider another basic assumpticn
nade in calculations involving intermolecular forccs,
namely that of pair additivity. This postulatcs that for an
N body system the potential is given by N/2x the pair

interaction, summed over all poirs of molecules, vize.
LY

W= 4 > Arvy) (1.2.9)
where W=total potential enégé§iof the syston
and ¢(rij)=potential energy between molecules g and i.
The very mode by which London forces are derived indicates
that the concept of pair additirity cannot be completely
true. Thus, the problen of non-additivity corrcctionscariscs
and has becn of considerable interest since the ecarly cal-
culations on threce body forces by Axilrod and Teller (36).
There has rccently been renewed discussion on the effect of
non=-additivity on the form of the intcrnolecular potential
(37), and it appcars that a satisfactory explanation of

certain oxperimental phenomena demand a consideration of

the three body cffect. (For further discussion sce 343)e
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1e¢3 The Ccll Theory of Lennard-Joncs and Devonshire.

In the introduction to thuir original paper Lennard-
Jones and Devonshire stated that their object was ",..to
find an cquation of state and sther properties at high
concentrations in torms of interatomic forces of a general
typCeess(2),

In order to decvelop this équation of state they
procceded to make scveral basic assumptions,which although
mostly intuitive have,fron the timec they were suggestcdyonly
undergone minor improvencnts(39-42).

These assumptions arci-

(1) The available volun~ is divided into cells and

cach noleccule is confined to it!'s cell by
necarest neighbours.

(ii) The cclls arc chosen so that their centres

occupy sites on a regular labticce

(iii) The molecules are regarded as roving independently

in their cells
The sccond assurption is required to relate the distance
between cell centres to the density.It is in fact nade
because no satisfeetory alternative is known and innmediately
imposcs the concept of long range order,so typical of the
« solid and so unwanted in any fluid thcory.

We now digress for a nmonent into statistical nechanics
and consider - a system of N nolecules,of mass n,occupying

a volunic V.The partition function for this systen nay be
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written as -
-2

Z=X9 . (1.341)
where ): (ZTkaT/hZ)-%

and Q, the configurational integral is given by -

Q(MV,T:‘_/ -..w“jexF{L%]T) /xi-'---a(',?’n (1.%.2)
/! -
The third assumption in the L.J. theory is nceded to
nake the cvaluation of the integral(1e.3.2) practicable,
It docs this by approximating the potential cncrgy(W) of
the system as the sum of terms cach depending on the
position of one moleculc.This assuiption which is cssenti-

ally that nade in the Einstein model of a solid enables us

to write

N

W = w(o) +£[p(q)—w(0)] (1.3.3)
where W(0) is the cnergyiﬁhen all molecules arc atv tae
centres of their cells and Lﬁ(ri) - (0) is the change in
potential cnergy when a2 molecuvle i is displaced fron the
ccll centre by a vector L
The configurational integral Q, may now be writicen
as
O (MY, T) =/M//\——€XP [ /] V" (1.3.4)
= oxp Zla)ﬂg/@jifgk” (1.3.5)
wraere the sunnmeticn is taken over all arrangeriecnts of
molecules with one in each cell,
We introducce at this point the free volune ternm Vet

which is the volune available to the centre of a molccule

in it's cagce It 1s defined as-

V)c = fe)(f){_ [‘F/ﬁ)— ‘/'(o/)] A‘7}C"{(103-6)
ceil
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The integration for (1.3.6) is taken throughout the interior

of a cell who}s volunie is ecqual to the volume per molceule,

The lattice of cclli certres is chosen on energy considerations,
the lactice with tlhe most stable structurce( i.c. the lowest
frec encrgy) being the one normally adopbed

The partition function (1.3.1) may now be written as-

-3N
Z = >3vfﬂe)<p[:w(0%¢7j] (1.3.7)

At low densitics thie equation may be simplified and
an imherent difficulty of the ccll theory cxposcd.lence
within this low density limit

p (x)~ 0, vy —> (V/N)

amd = Yl (13.8)
which differs from the partition function for a perfect
gas by a factor of cN. This extra factor gives risc to an
additional contribution Nk to thc entropy and is known as
the "oommunal ontropy"(24-26), since it ariscs from sharing
the volune.Lrying and later Lennard-Jones and Devonshire
suggested that this extra oN shogld be includcd in the
partition function, but reccnt work by Alder (43) indicates
that it appears nore gradually.

We may now consider cach molecule in it's cell noving
in a field defined by [(f(r) -if(O)j. If the potential
eneréy function W(r) for the intcraction of pairs of molccules
is known this ccll ficld nay be calculatcd,To simplify
this calculation it is assumed that the number of ncarest
neighbours Z, arc uniformly smearecd over the face of a

spherical surface, radius 3,(equa1 to the ncarest neighbour
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distance), further ncighbours being smearcd over concentric

shells. Over this surface nearest neighbours take up all
positions with cqual probability and @(r), is the ficld
of surrounding riolcecules averaged over all dircctions,

in the next scction this proccdure is described explicitly.

Tl The Calculatvon of the Cell Potentmal.

The calculation of the sphericalised field involves the
cell geonetry as shown in Fig 1.2. Initially we will
consider only one shell.of neighbours and hence =~

Arca of epnulus A = 277> Sin @ a6 (1ela1)
It contains a fraction of snoothed neighbours N, where

N = Zp Sin 846, (1u4a2)

with Z = Number of neighbours in first shecll,
Thus the potential at a distance g fronm cell centre is
given by- 7
Yer) :/a)//?):a_? Sin 649 (1403

g N
W(R) being a potential of the m:in type

ieee  W(R) = KE [(cf/gj’”_ (o'/g)’j (1244

where K is a constant depending on m and na
But from Fig (1.2)
R2 = a2 + r2 ~ 2arCos S,

and 2R.,AR = 2arSin 0,40, From which (1.4, 3) nay be rewritten

as

wlr) = ,4/5[(4,) (Ae)jf K- df. (1045)
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Fig 142 Cell geometry in the Lennard~Jones mnd
Devonshire medel,
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j wer) dR = _ | werjdR

T

[m p /m )R T [a+r)’"'2} 2 Z(m_r)nz (a- r)}] (1e446)

Fer a 12:6 potentiol m= 12, n= 6, K= 4, and ¥ (r) becones—

Plr) == f{_r_w, a +<f{_f_-_ o (1aa?)
Sar ((@-0"  (aer)®) "zar((aen)* T aso*

Sinilarly the potential at the cell centre is given by

p(e) = 4efforr)® —(7)¢] (1.4,8)

and the total ccll potential nay be written as~

¢ (1) —p(o)= Z%’_ ol (a::)}“J émj@ﬁr) ~ ry} ,,> (1.4.9)

This is the cell potential due to the first shell of

neighbours at a distance 2e¢ It nay now be generalised

for j shells, cach containing Zj nolecules at a distance a,

iece cp(")"‘{ﬂ/"/

/;T—{(a‘% (aﬂr)}@)( éaﬁr)“ (‘{;f)} J]H o 10)

The form of (1.4.10) nay now bc expanded and simplified
as has becn done by other workers(#O).
Thus if we define y = (r/a) sassunie fron the lattice
concept 513/2.ET = V/N and introduce v, = N> then (1el+e10)
ray be cxpanded to give-
p(r) —¢lo) - &[(%/v)"‘z{ﬂ ._,emx/)z///ji/ (1e4a17)
where Z1, is thé nunber of neighbours in the first shell
and fron the assuription of a face centered cubic lattice

7, = 12+ L(y) and M(y) are therefore written as-

1
L) = J2/7,(a /)" 1(a3/a ") (Take12)
1Y) = )2,/2,(a,/20° nyad/ad) (1a413)

Jd
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with 1(y) = ( 1+ "2y & 25u2y2+12y3+y4)(14y)f19'] (1e4.14)

n(y) = (1 + 7)(1 = ;,f)"‘LF -1 (1.4,15)
Equaticas (1.4.12) wnd (1.4.13) nay also be written as '

———— o

Ly) =2(y) + _1_ 1(y/2) + _2_1(3/3) sees (1.4.16)
128 729 :

M(y)

i

a(y) + 1 n3/2) + _2 n(3/3)  eees (1eka17)
76 27 : .

In their original treatrnt Lennard-Jones and Devonshire...
considered only thc first shell of neighbouring nolecules -
and therclore neglected the second and third terns in
(1s4+16) and (1.4417) which result from taking the-second
and third shells. containing € and 24 ‘moleculesy at -2 distance .
of é%; and_é%é respectively, into consideration. This =~ .
‘technique has. been-extensively employed by Wentorf et al(4#0)w.
The cell potential nay be readily evaluated from'thg-~
above equations. To-calculate the partition function we .
must evaluate. the “ree volune, which involves -integration ..
over the-ccll, Leﬁnard-Jones and Devoenshire arbitarily -
"took this cell to bec a sphere of radius Of5a1. Wentorf et =~ -
© ~al(40) used a sphere of radius 0.55267,&1, since the volumeu_
of "this sphere is equal to the«volume_per‘molecule. Using

this value the. free volurne -is given asw - o BT

v‘f =r277&13 Ge. | (1ol4418) " ‘..
1
_ =2 x 2277 (V/T) Ge | L1 he19). L -
P ’ R
where ¢ ::[ j}zexp {‘[‘P("}—*?(Q)/kj:]}ogf (1.4.20)
and Y, = (37477 2%')§ = 0. FOS Hf

The partition functione

7 = S\ENovab.eXp(-HW(o)/kT) (1‘4‘21)
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nay now be developed to give the equation of state for the

systern.
A _ i _t2efz o/ 2 0219 1‘7_‘,@-&[ ‘2 () ]
/va_{r k_;[zwpo( A -2029(% )% {V)% (1a4,22)
where 0-30544
gm,:jj&/.[g) exp{*[tﬂf‘)f‘P“%T]}dj (1.4.23)
6
and o-305a4

9. = f j/"z H{y) exp /«[W[r) —W(O]/grj}"fff (1elre2lt)
both inteé%als,as is G, age evaluated by numerical integrat-
ion and have been tabulated by Wentorf et al(40) and by
Fickett and Wood(4lh).

The equation of state (1.4.22) is for a L.J. & D;
potential consid;ring the first three shells of neighbours.
It includes the static lattice term W(0), which is the

potential energy when all rnolecules arc at their lattice

sites. This can be evaluated by a latticc sumnatione. Hence-

_ o0
q sz W(a,) (1414425)

4=
which was given by Lennard-Jones and Ingram(207) as

W(0) =

=4

w(0) = 61@6(1.0109(v0/v)4- 2.%9O(VON)2) (1.4,26)

Having cvaluated the riean potential in the celll by
sphericalisation it is of interest to consider the nature
of this field for cells of various sizes(i.e. differing
values of VO/V). This has been done by Hirschfelder, after
the results of Lennard-Jones and Devonshire(35) and also
by Prigogine(45).

In Fig (143a) the podential is unifornm within the cell

except for & region of low potential near the edge. The
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Fige. 1.3 Potential field within a cell for various cell
sizes, after (2).
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rolecule is in fact "adsorbed" at the cell walls and the

riodel becones less justifiable since the ground state of

the systen no longer corresponds to a regular arrangement

of the riolecules, Fig (1.3b) represents the situation at
liquid densities, the potential regions overlap and an
energy barrier is forred between them, Finally in the
region of normal crystal densities the cenergy barrier
disappears and the potential assumes a parabolic shape as in
Fig (1+3c)« Turther increase in density only scrves to
raise the minirmn of this curve and it is in these situations
that approximations based on a harmonic oscillator approach
have their greatest appeal(h5).

We have shown in (1.%4.21) that once the potential is
known the partition function nmay be evaluated and hence the
thernodynaonic properties of the systen under study at once.
calculated. lMost treatments of cell theory results crploy
reduced variables to express their equations of statey
thermodynanic properties etc, and it would be as well to
define these here, In the present treatment the reduction
paraneters are those of the L.J. cell theory i.es € and &
which arce used to give -

T* = kT/¢ ,reduced temperature: a® =a/d,reduced neighbour dist.

v =-V/d3 n volune : r* =x/d ¥ distances
v% =.vf/d i free volune: p* =p63ﬁ5 " pressures

Using the above (1.4,22) may be written as-

PV = 1-_@_&.4090-2.0219] -f#__?i[;_j__gm- 1 gﬁ

Nk px [ yx@ vt ™ | e vt e

4

(1el4e27)
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The cexpressions for the free energy ctc, nay be similarly
formulated and hence with a knowledge of the appropriate
integrals the therrodynanic properties evaluated over a
range of V* and T*,.

The results obtained, their correspondence to observed
experinental data and suggested improvements to the theory

will be discussed in the next chapter.
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CHAPTER 2,

The failure of the Cell Theory at fluid densities,

2¢71 Comparison of theoretical and experimental
results. . . . . . . 35

2,2 Improvenents on the L,J., & D, theory. . 38

"Seek simplicity and distrust it!

Alfred North Whitehead (1861-1946)
nind differing judgenments serve but to declare
The truth lies somewhere- if we knew but where!

William Cowper (1731-1800)
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2.1 The Comparison of Ixperimental and Theoretical Result;

]

he nost cextensive theoretical calculations on the
Lennard-Jones theory are those in which Wentorf et al(40)
considercd the interaction of the wandering nolecule with the
first threc shells of neighbours, In addition to the energy
and cntropy they presented both graphically and tabularly vale
ues of the reduced pressure over a wide range of reduced '
volumes for differing T*, The compressibility term, PV/NKT,
was also given in a similar oanners

Fron these results it was possible to calculate a set of
reduced critical constants, the critical point being defimed
as tlat where (dP/dv)T and (dEP/HvaaT vanish, These were
found by the interpolation of tabular values and are presentw
ed in Table (2.1) together with the experimental values for
argon reduced by the appropriate L;i: paraneters, (Ref 35,
Table 1A.)

Table 2.1 Reduced critical constants for argon(Theoretical

and Experimental values.)

S6ufc§ Eg i; f; P;V;7ET;
L.J. &D.theory 1.30 1.77 O b3k 0591
Argon{expts) 1426 3,16 0.116 0e291

(Table fron Ref 20, pbl.)
Fron the above table it is immediately seen that although
the calculated and experinental values of T; are in good
agreencnt the other quantities differ substantially.
Prigogine and Garikian(41) showed that this agrecnent is

rclatively insensitive to the form of the potential, They
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concluded that the nmodel therefore necds consideradle refine-~
ment in the eritical region, where the density is too low to
exclude all configrrations besides those corresponding to onec
particle per cell,

A further comperiscon of theoretical and experimental data
(20,45} for.other Substances underlines the fact that the
theory is most satisfactory at low ternperatures and high
densities, Under guch conditions the nolecules are almost
restricted to notions in their cells. At the other physieal
extrene i,e, at low densitics and high tenperatures, the
substantinlly increased nolecular motion nakes the applicat-
ion of a cell theory less plousible,

This discrepancy between theoretical and experinental
results at fluid densities led De Boer(46) to suggest an
alteration in. the-nunber of nearsst neighbours from 12 to 10.
This idea is in soﬂe4d9g¥ee supported by experimental
evidence(21) and omploying a "hole" theory(2k) can be
ecasily incorporntéd into the calculations. On a strict
lattice nodel however, no regular structures with Z1 between
12 and 8 exist., Dc Boer avoided this difficulty by adjust-
ing the values of Ais Inttice paraneter, The validity of
such a step is highly dubious. Anonmalies also exist
rogarding [ree gnergies and it is generally considered that
the concept of decreasing the co-ordination number is not
satisfactory.

A conprehensive cormparison of the experinental propert-
ies of argon, against thosc calculated from the L:J; & ﬁ:

thecory has becn given by Barker(20). In particular he
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exarined the properties of the theoretical condensed phase,
conparing then with data fron the solid and liquid state,
Toble 2.2 Condensed phase compared with solid and 1iqﬁid

argon at the triple point(kT/. = 0,7)

Source V*q E*a S*a C*a
S——————— Sa— —-e—— Ep—— —-'V

L.J.D.theory 1,037 =7.32 ~5451 1¢11

S1d. argon®" 1,035 =7.1%  =5,33 el

Lgd. argon®™ 1,086 =5.96  =3.64 0,85

2e Propertices expressed as excesg quantities i.e, theoretical

values in excess of an ideal gase

be Ixperinentnl properties
( Table fron Ref 20,p57.)

The calculated values of the abowe properties are
clearly closer to solid rather than liguid values and these
observations are supported by o cornparison of theory with
liante Cnrlo data(47). Pressures and energies fron the L:J;D;
nodel are in good agreenent with Monte Carlo results on the
s01id side of the "freczing" transition but not on the
conpresced gas side., This conparison is thought to be
rarticularly convineing, sinece Monte Cnrlo ¢alculations
criploy the sane concept of addivity as the L;J.D; nodel
and it does not appear that any discrepancy ray be attributed
to this.

In the light of relations betwecn experinental and
predicted data, the high density results of the L.J.D.

theory appear to describe the solid states The low density

situation nust be regarded as a hypothetical ordered structure
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which nay be thought of as an "expanded solid" which is
netastable with respect to a2 true gas, the latter having a
lower frec energy, The phase transition predicted by the
theory is therefore neither o solid-gas nor o liquid-gas
transition but rather a hypothetical transition from the
condensed phase to the phase of the hypothetical expanded
solid

The clear~cut failure of the cell theory to desecribe
liquid phenomena nay be traced to the assurptions fron
which it is developed. There have been several gttempts to
inprove these, a conprehensive account of which iz given
elsewhere(20), We will bricfly describe these attenpts

and corment on their relative success.

262 Inprovenents on the L.,J, & D, Theory.

The najor defects of the cell theoty lie in the
sniearing approxination which sphericalises the cell, im
the incorrect calculation of the cormunal entropy-
resulting from the postulate of one nolecule per cell
and the neglect of correlations betwecn the molecules
in their cells,

An early cstimation as to the accuracy of the
snearing approxination was carried out by Beuhler et al
(48) for rigid spherical nolecules on a face centored

cubic lattice. The correction involves a straightfoward
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nurier’cal integration over the duodecahedral cell (the

truc cell that the nolccule sits in formed by plancs
bisecting the distances fron the neighbouring nolecules

to the origin). The corrcct free volunes were found to be
50% larger than the sncared free volunes. The cause of this
difference is that the potential encrgy is averaged over
the surface of a sphere and the tern exp(-wav/kT) forned
whereas the correct procedure would be to average

exp(-W/kT) itself.

The exact treatment for the 12:6 potential was given by
Barker (50) who expanded the potential encergy as a power
serices. At high densitics and low tenperatures the free
volunie is prinarily deternined from a harrmonic oscillator
‘nmodel and as a result of lattice synnetry it can be shown
that the cheange in the potential energy is proportional
to r° (where i is the dintauncc from the cell centre)s The
exact and sneared cell fields were found to be identical
as far as the quadratic terns were concerned and thus the
error due to snearing tends to zero with increasing density.
At lower densities the ratio vf(correct)/vf(smeared) =1k,
but this nay be easily corrected fan

The effect of correlated notions was studied, chiefly
on account of cormputational difficulties, by an estinate
of the effect of only binary correlations (50). IHowever,
it was found that an allowance for binary corrcelations
corrects for the nmajor part (75% - 85% for the harnonic

force nodel), of the error due to independent notions = an
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error that is itself rather small, Barker (20) perforned

these calculations by obtaining the correction inj which
gives +he daffcren~c between the true potential energy and
the approzirate pot=:mtinl encrgy for fixed neighbours. Ile
cxpandcd the expression

fij = c;_p(-éij/kT) - T

in a manner analogous to that uscd in inmperfcect gases
(35) and found that at low tenpcratures the effect of these
corrcctions appeared to inprove the predictions of the cell
rodels At higher tonperatures the agreenent is not as good
but the corrcction is considered adeguate to account for
correlations over the density range studied.

The last assunption,thoat of asingle occupency is nore
difficult to irmprove , Approximate corrections for the
comnunal entropy were nade by Pople (52) and by Jannsens and
Prigoginc (53) who estinmated the possibilty of finding
two rnolcecules in a cell, The calculations were perforned
under the assuription that there was no correlation between
the number of nmolecules in neighbouring ceclls. Althoug
this is justified for a so0lid at high densities where there
are few rmltiplce occupied cells and fara gas at low densities
wherc the cells arc large and independent it's validity in
the range of liquid densities ie questionable.

The conclusion of these workers, that the effect of
doublc occupation wns negligable at densities as high as
the liquid density at the triple point was not accepteds
Calculations were nade for a 12:6 fluid in thc range of the

critical density by Barker (49-51), who concluded that the
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contribution of double occupency to the cormunal entropy
was present even at liquid densities, His results also
enphesised the difficulties of estimating the communal free
encrgy at low densities and it was concluded that the
approxinations on which the work of Pople etec. were based
would Arastically underestinate the e¢ffect of nultiple
occupation in the fluid region.

Fron the above discussion it can be scen that while nany
of the fundimental faults of the cell model nay be allowed
for, the final product still does not yield a satisfactory
description of the fluid state, Barker considers the nain
problen renaining to be that of evaluating the comnunal
free energy, this would appear to necesscitate calculations
at liquid densities around the triple point, calculations
that would involve the correlated notions of riore than three
rnolecules. However,any treatnent of this type introduces
severe mathenatical problens that, within the framework
of the precsent theory, are almost intractables

If we acknowledge the failure of the detailed cell
nodel,as given above, we are left with the conclusion that
ideally the L,J, thecory must deceribe a solid, At solid
densities nost of the corrections we Imve described have
a low order of nagnitude and considered from the viewpoint
of nathenatical expediency may, to a good approxination,
be neglccted.

The conclusion that the cell nodel is more valid in

the solid state wa~ in fact indicated by the later work of
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Lennard-Jones and Devonshire (54=-55) who introduced the
order-disorder theory of melting in an effort to explain the
difference between the solid and liquid phasese.

In spite of it's linmdtations the cell theory should
therefore give a reasonable description of the solid state
especially of the simple inert gas solids. This of course
assuries the validity of the basic concepts of the Lennard-
Jones theory and in particular that of the bi-rcciprocal
potential nornmally employecd. Doubts have been cast on the
authenticity of this forn, cven with regard to the nost
elementary of systems and on this account we now propose
to exarine the forn of the internolecular potential in

closer detail
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CHAPTER 3.

The Intermolecular Potential.

3+1 Simple potentials. . . . . Ly
342 Multi-term potentials . . . " 48
343 Non Additivity. . N . . . 55
3.4 Discussion . . . . . » 58

"Matter exists only as attraction and repulsion
Attraction and repulsion are matteri"

Edgar Allan Poe (1809-1849)
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3.1 Simple Potentials.

To date we have assuned the intermolecular interaction
to be of the form shown in Fig (1.1) and to be mathenatically
described through the introduction of paraneters of energy

€ and digtance ¢ so -
W(r) = € £(d/r) (3.,1.1)
where i is sone universal function,

Furthermore it has been acsuned that the function £ is
adequately described by the L;J: 12:6 potential, so that we
are inneditely able to introduce a law of correcponding
states utilicing the reduced variables given in (1.4).

Now while the general fori of the potential is alrost
universally acknowledged, the nathenatical representation
of i in (3+1.1) is far from being completely and uniquely
determined-even for the simplest of nolecular systens,
iees the solid phase of the inert gasess To test any
theoretical potential it ic essential to have a wide range
of accurate experinental data to serve as a comparison with
theoretical results. The inert gases, though & good theoret-
ical nediun , do not lend themselves easily to experinmental
neasurcrients, nost of which require extrene physical condit-
ions. Jlowcver over recent years rnany of these difficulties
have been nastered and a wealth of experincntal data,
especially for argon, hac becn produceds These results
have been adnirably rceviewed by Dobbs and Jenes (56) fer

argon alone, and rore recently by Pollack (58) and Boato (57)
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for all inert gases except heliun, while llollis Hallet (59)
has produced a conprehensive discussion and compilation of
physical propertieg. Thus several hitherto unsolved
problens nay be considered in greater detail and especially
whether even the simple Ar-Ar interaction can be adequately
described by the L.J. potentiali,

The construction of almost any internoclecular potential
involves a sanple function containing several parameters
which are fixed from the thermodynanic properties, Having
set up the potential in this nanner, it's ability to give
a good description of the system under study is tested by
using it to predict other experimentally known properties.

With regard to the inert gas solids, the properties
generally used are the crystal lattice spacing (ao) and the
heat‘?f sublination (LO) both at OOK., or gas phase proper-
ties,,such as second virial coefficients B(T) and transport
data. If one is interested in the general description of
the Ar-Ar interaction certain points irmediately arisece.

The sccond virial coefficient, the first correction far

non ideality in the gas phase, is essentially a two body
property, being the result of two body interactions. The
crystal properties at 0°k, are by definition nulti-particle
properties. In view of this several workers have stated’
(60~-63) that the pair potential paranmeters rmst be deternin-
ed fron properties dependent only on binary interactions

and on these grounds, solid state data , reflecting the nany

body probler is unacceptable, The author, however shares
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the vigi of Pollatk (58) that parameters for solid state
work should whereg7cr possible be obtained fronm solid state
data. The tesct of this sumnisc will cone later in this
text (4.4,4.6),

Returning to the determination of the potential
parancters from scecond virial coefficients, it is as well
to investigate the sensitivity of various parts of the
potential curve., The liniting behavieur of B(T) at low
tenperatures in a classical system is deternined by the shape
and depth of W(r) near its minirmun. This ninirun occurs
at a distance r_, where for the L.d. 12:6, ro=2%6 (easily
obtained from the {irst derivative of the potential).
However, the low terperature linit is difficult to approach
and its relation tco the potential is complicated by guantun
effects,s The high tenperature limit is deternined by the
details of nolecular collisions which in turn shape the
repulsive part of the potentiall,

Using accurate scecond virdial data it is an easy natter
to estinate g'and s (65). TIowever, it has become abundently
clear that not only ig it often impossible to evaluate a
unique set of £ and g to fit oveg the tcemperature range
studied, but that paranetors derived fron one set of
properties appear to predict other propertiecs only fairly.
The inability to find unique values for € and ¢ was ably
deronstrated by the results of Halsey and Fender(64) and
Stavely(66) and it has further been shown by ilunn (62)
that by considering wells of different shapes, a large

nunber of potentials will fit second virial coefficient data,
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With regard to other experimental properties which
riay be used for the determination of paraneters it is
noted that éo is mgst sensitive to the forn of the potential
around the ninirun, (the portion that controls lattice
vibrations) while the sublination energy (LO) depends on
the portion of the pctential from the nminimunm out to
large separations.

It therefore appears that the introduction of a two
paraneter law of interaction inposes an unnatural constraint
on the potential, It has already been mentioned that the
assunption of the repulsive tern as 1/r12 was purely
arbitrary (1.2) and that a riore logical stepwould be to
express this part of the potential. in the forn of.an .expon-
.entipl.“ However, although earlicr workers, including
" Cornexr (67) <imvestigated potentials of this type,.the
" nost widely used forn is-that given by Kihara.and.Koha»(BS)

- .and known as the "exp-6'". This-is written as-.

H(r) =W ( bexidfi ~ 1) ~dlr /0% | (3.1.2)
ot =6 To :

where of = paraneter controlling narrowness of bowl,
r, = position of the ninirun.
The above formn, although guantun nechanically rmore reasonable
than that of the L.J. at once introduces serious nathenatical
corploxitiess It has becn investigated by Mason .and Rice
(69) who.like Corner found their paranecters by fitting
crystal. properties at 0°K., However, their calculations of

-crystal data were only slightly better than those obtained

by nsing n T..J. potentinl,
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An extension of (3,1,2) wns introduced in the four parancter
Buckinghar Corner exp-6 potential (70), which in¢ludés

a correction in the attractive part of the potential,

This correction is in the form of a dipole-quadrupole tern
(r-8) which is added to the normal dipole-dipole(r-6).

It also introduces an extra parnneter/g which is the
dinensionless ratio of the coefficients of the attractive
terns and nay be deternined either from quantun rechanics

or experirent,

Like those using (3.1.2), calculations involving the
Buckingham-Corner potentinl have bececn nade, but no signific-
ant improverient over the simpler potentials in fitting
properties has been rcported, Consequently there does not
appear to be rmuch gained by abandoning the bi-reciprocal
potentinl in favour of either of the above., Iowever, it
chould be ctated thot due te the complexiticc in the
sphericalisation process etc., no reports have been given
for a cell nodel enploying an exponential repulsion., Such
calculations are at present being perforned in thesce labor-
atories and uatil their regults are available it would be as

well to reserve judgenent.(71)

3.2 Multi-term Potentialse

In view of the apparent failure to produce a uniquely

successful and moreover a general nathematical form for the

potentialy attenpts were nade by several authors to deternine
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the correct expression by utilisation of all available
expeririental data., The earliest work in this direction was
by Rice (72-~74) but he was haripered by a dearth of available
experinental results, Further investigations of a sinilar
nature were performed by Corner (67) using a L;J: nsn potent-
ial but it was not until Dobbs and Jones (56) published
precise neasurenients for the density of solid argon that it
was possible for any comprchensive treatrment to be fowarded.
These results were utilised by Guggenhein and McGlashan (75)
who introduced a two piece intermolecular potential for the
Ar<Ar interaction, o potential that involved six paraneters,
This potential has recently been extended by McGlashan (61)
but in the present context it is perhaps better to concentrate
on the origional equation that has provoked nuch connent

and discussion,

The potential nay be expressed (after Rice(72)) as

W(r) = =€+ K( ~"°/ of( )+ﬁ(-’5) (3.241)

for r in the neighbourhood of r

W(r) = —.>ro/r r 2}1.40 r, (3e2.2)
The paraneters in (3.2.1) and (3.2.2) are nostly dafermined
fron colid! state data and are such that € and r denote, as
usual the energy and separation of the ninimun. K describes
the curvature of this ninirun and o the rate of change of
curvature there, The parameter/g is related to the anharioni=-
city, a phenomenon present in argon even at lowest temperatures
and having its origins in the non negligable zero point

vibroationc.
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The factor )\which is found in the attractive part was

deternined a priori from the theory of dispersion forces,
though it nay also be obtained fronm experimental data,
A unique deternination of the parareters of this potential
using only solid state equilibriun data was found to be
inposcible and this led to the introduction of o sixth parance
ter ¢ such that W(r) =0, where r=0’ » This distance,
escentially a hard core repulsion, was estinated fron the
results of gas viscosity rieasurcnents.
Thus, having introduced their six paraneters Guggenhein
and McGlashan (henceforth G. and Mc.) then assumed 0 {BLK
-which effectively ignored anharrionicity, The irmportance of
anharnonicity fa the potential was given by/?-cx, and the
assuitption that this tern was zero was equivalent to neglect-
ing rnolecular correlations and inplying only a single
Zinstein frequency. The justification for this step lay
in the sunmise that since the theoretical minimun of the
potential was i1l defined it would be satisfactory to assune
a shape that nade anharnonicity uninportant. It alsco ensured
that the first order perturbation theory ernployed in the
calculations was still permiscible since large values of X?
would invalidate treatnents involving this technique.
McGlashan in his extension to the theory allowed for
anharronicity and found a best fit of experimental data with
/3/%( =1.25, llowever, he states that the original dssurption
ofé%k=1.0 did not appreciably effect the accurdcy of the

previous results,
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To test their equation G; and Mc,,used it to nake
theoretical predictipns of the temperature dependent propert-
ies of solid argon, Thece results were compared with those
predictcd using a 12:6 potential with or without anharnonicity
corrections, from the lattice dynamical equations first propo-
sed by Domb and Zucker (76)and later extended by Zucker (77).
For second virials both potentials, as ruight be expected,
give sinilar predictions but fcr the tenperature dependence of
entropy, energy and lattice constant the potential of G, and
Mc. appeared to possess narked superiority.

Thus, on first inpressions this potentinl is to a
grenter degree nore successful than any of the simpler forns
discusced previously. It would thercfore be as well to
nake a carcful exanination of this potential and initially
of its graphical shape as shown in Fig (3.1), where it is
cortparced with the forn of the L:J. 12:6. Several points
are innediately noticablejthe greater well depth and wider
bhowl for the G, and lc, potential and also the conplete
absence of any repulsive (short range) section of the
potential apart fron the hard core é e This latter factor
together with the other obscrved discontinuity are notic-
able failings. The lack of any continual represcntation
of the zrepulsive tern results in the failure to predict
high tempcrature sccond virials (78) but while this cannot
be treatcd ac a serious fault the piccewise nature of the
potential certainly is, Thus, certain scctiong of the

curve nust be constructed free hand (as above) or renain
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wW(r.) (11.)

Fig 3s1 The potential of Guggenh&t'm and McGlashan(I,) .

«(754),for the Ar-Ar interaction compared
with that of Lennard-Jones (II.)
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hypothetical. It has becn claimed that the attractive

discontinuity is not critical. This conclusion, however,

is open to discussion, The fact that the potential gives
good agrecricnt for nany Ar-~Ar tempetrature dependent propert-’
ies is not too surprising, for by the use of so nuch
experinental data to fit the paranet:ors the curve itself

is Ytailored" to fit the model., Thus, Zucker (79) considers
the above agrecnent to be expccted and suggents that in

the deternination of potential functions fron solid ctate
data, volure dependent properties such as isotherns or

bulk nodulus should be uscd, these being insensitive to

the nmodel but sensitive to the potential.

Other criticisrme have becn leveled against this potenti-~
al. Rowlinson finds that it docs not give reasonable
agrecnent with viscosity data (37), while both Rowlinson
(37) and Munn (62) consider that the use of so nany cxperie-
nental properties involving nulti-body intcractions cnsure
that it cannot be the true pair potential, and hence yield
little inforniation regarding the importance of threc body
forces.

llowever the greatest eriticisn of the G:_and Mea
potential rnust be its non-analyticall naturc, It also
deriands a detailed and exact knowledge of experinental data
and in its final forn can only be regarded as strictly
valid for argon alone, There have becn attenpts to extend

hig approach to situations which lack the conprenensive
data found for argone Other inert gases were studied

eriploying a corresponding states approach (80) and using
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rather gross approximations, The results were claired to

be rcasonable but scrious discrepencies are observed especially

in the predictions for the temperature depcndence of the

nolar volume of xenon and krypton while in the case of

neon the niethod fails conpletely.

The arguenments against the G; and Mc. potential

stressed above, i.es discontinuity and muléi-parameter

nature are partially saticfied by the five term potential

recently fowarded by Snith, Dymond and Rigby (60).- This

is expressed as-

W(2)=€(0,331(R_/R)28-1, 7584 (r_/m P2, 07151 (R /0y 18
~1.74552(n_/R)8-0,39950(R /%) (3.2.3)

where Rmz—the separation at the nininunm.

The potential is continuous and involves two paraneters
only, these being derived from second virial data, It
appears to interpret certain gas phase and solid gtate data
to a high degree of accuracy and lends itself rcadily to
calculations involving non~additivity (sec¢ 3¢3)s It is
however substantially erpirical, Its authorg adnit that
the five coefficients of the powers of R, obtained fron a
nachine fit, cannot be nmeaningful, while the attractive

24

terrm in RT° ‘has no theoretical basic and is included for
the sole reason of giving a broad bowl to the potcntial,
jiowever, it would not be justifiable for an account such as
this, which defends the L.J. 12;6, to disniss any potential
function for its enmpirical basisc alones Within its objcct=

ivies of being an easily nanipulated function with
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substantial predicative value there can be little doubt of

its general success or in its superiority over fornms
sinilar to that of G; and Mec, Its najor disadvantage
however, lics in its nathenatical formn which is considerably
rnore difficult to handle than the simplec L.d.

The above discussion has clearly enphasised the diffic-
ulties in obtaining a satisfactory form of the potential
for even the simplest systems The next section discusses a
further conplication that nay be present, the phenonon of thr-

¢e body interactions or non-additivity.  _

2¢3 Non~additivity.

The strict additivity of internolecular faces an
required for the céll model hac long becn in doubte If
three body forces rnust be considered the question arises as
to what propertics are affected and the nagnitude of any
non-additive correction?

The relative stability of structure for
inert zas crystals is a fundinental problenm that has been
linked with non-~additivity.Thic problen arises since the
riolecules crystalice in the face centred cubic (fececa)
rather than in the hexagonal close packed(h.ceps) ctructure
which they should adopt fronm strict euncrgy considerations,
if the L.J. law was obeyede

Barron and Domb (81) reviewed and recalculated the resule
ts of several previous workers on the static lattice cnergy

and showcd that the energy difference betwcoen the two



56.

structures was dependent on the distribution of further
neighbours,This encrgy differcnce was considered by Axilrod
(82) who extended his work of alnmost ten years ecarlier (36).
He cornputed the effect of the triple dipole over a large
but finite cylindrical lattice. His ealculations favoured
the fecece but not svfficiently to counteract the original
lower value of the hecep.

Perturbation calculations by Jansen. and ¢o-workers
(83-85) supported the views of Axilrod and others, that
the stability of the f.c.c. structure in the rare gas solids
could only be explained by the presence of many body forces.
However Jansens cstinmation of the threc body contribution
( 23% of the cohesive energy for solid argon) definitely
appears to be too large.

Thus, although the presence of a non-pairwise additive
tern seens beyond dispute, the nnagnitude of the effect
especially in the explanation of the zbove phenonena is
s5till a natter of uncertaintys Another situation where
ey Acsune inportance is in considerations of the third
virial coefficients, Calculations by Kihara and others (86)
indicatce the contribution to be inportant in the cases of
argon and krypton and this view was supported by the work
of Sherwood and Prausnitz(87) who stated that non-additive
forces made a significent contribution at low tenperatures,
Kihara estinated the leading term in Axilrod's dipole-
dipole-dipole calculation (u123) which is proportional to

-3 . . (o
(r12r23r31) md which may be calculated from polarizability
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neasurerients , Sherwood and Prausnitz used this tern to
indicate that the discrepency betwecn the predictions of
the two body potential and the observed virial coefficient

could be assigned entirely to the leading tern in u This

123°
rcoult has led Barker to conclude that the triple dipole
interaction is the only inportant non-additive effect, this
conclusion however awaits experinental confirmation.(iog)

Thesce observations stress the importance of obtaining
an accurate estimation as to the nmagnitude of non-additivity.
If the corrections are so small that they only account for
the 0.01% difference in the relative lattice energies then
the effect may generally be neglected, for this difference
is less thaﬁ the uncertainty in experinental properties,
lowever, if the order of the effect is as high as predicted
by Janser the depth of the potemtial energy nininunm would,
of necessity, be substantially raised.

At the present tinme the position regarding non-additivity
is far from clear and radically opposed opinions are rife,
Thus Rowlinson and Stavely (88) have nmade low tenperature
rneasurenents for Ar and Kr and fitting their results to a
core potential of the type first proposed by Kihara (89)
predict a value of é;/k:ﬂ?OoK.(approx.) for argon( € /k=120°K
fron L.J.)

Fron the opposite viewpoint Batchelder et al (90)
have recently published accurate neasurenents of the lattice
constant for argon, and on corparing their results with

theoretical predictions find 'mo experimental necossity
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to invoke three body interactions',

In view of such conflicting statenents, one nust
hesitate to draw any definite conclusions on non-additivity.
However, the author fecls that the effect ip substantially
less than that sugpested by Rowlinson. In the subsequent
theoretical studies of the inert gas solids no correctiom
has bc;n made for non~additivty.Its nagnitude nay possibly
be reflected in the conmparison of theoretical and experinental
values,

%+ Discussion.

The evidence presented earlier in this chapter indicated
clearly the constraint iaposed on the potential by a two
paraneter interaction law, Iowever,potentials containing
three or nore paraneters do not appear to justify their
incrcased complexity by denonstrating a sinilar degree of
inprovenent in their predicative value. The nost successful
rmulti-parancter potential, that of G.and Mce nust be
considercd as specific for a specific substance, denanding
as it does a comprehensive knowledge of experinental data.
We therefore propose that a treatmeat of the solid
state of the inert gases employing the cell nodel of
Lennard-Jones and Devonshire is perfectly reasonable.
The sinple analytical forn of the potential nmakes calculat=-
ions relatively casy and enables the treatnent to be

generalised by a corresponding states approach- a treatment
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that nay be readily applied in situations where nulti-
paraneter potentials appear to fail,

To date we have not mentioned quantun effects, which
are narkedly presernt in the low ftenmperature states of the
inert gases. These will be domit with in the next chapter
and we content ourselves here by stating that the sinmple
analytical nethods we enploy are such that our treatnment
is readily and fully quantised.

The problenm of the anharrmonic vibrations of the
crystal lattice at low tenperatures has also been neglected,
In lattice dynanical treatments these effects contribute
rneasurably to the thernodynamic propcrties and rust therefore
be allowed fore. To date most treatments that correct for
anharnonicity have been long and detailed (76, 91-93).

In cell methods however, these difficulties are not encoun~
tered and it is well known. that the riodel of L.J: & D,
deals exactly with anharnonicity (94).

Thus, neglecting threc body forces and adopting a
L,J, 12:6 interaction potential we will proceed to apply
a quantised cell nodel to the solid state of the inert

gaacs argon and neol.



60,

CHAPTER &4,

A theoretical study of Argon and Neon at high densities.

L.,1 Quantum effects. . . . . 61

4,2 The Quantum cell model . R . 63
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paraneters. . . . . . 71
kL 801id argon . . . . . 80
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"The essential fact is that all pictures which
science now draws of naturc and which alone seen
capable of according with observational fact are
mathematical pictures."

Sir James Jeanse.
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ko1 Quantun Effects,

Any attenpt to investigate and interpret the propert-
ies of the inert gases, particularly at very low ternperatures
mist account for the fact, that under these conditions the
nolecules behave quantun nechanically, This quantun
behaviour can he conveniently desecribed, as was pointed
out by De Boer (95), by the introduction of a dinensionless
quantun parancter /I where

A = b/we)ts (e 141)

h = Planck's constants o = nass of rwolecule

€ , ¢ are the potential constants.

ZT iz the ratio of the De Broglie wavelength of the
relative notion of the two no}ecules(&::nwa/Z) to the
nolecular dianeter d, When_ﬂjis of the order of unity for
a particular elenent, large quantun effects are present at
ond below €/k°K, Ilowever as the parancter becomes snaller
the quantun effects noticably cdecrease in nngnitude.

If we concider that the potential encrgy of a rolec-
ular systen is expressed as the sun of pairwise interactions
of the Lennard-Jonesc typce, then the classical equation of
state may be written (in reduced Varidbles) as a universal
function.

(p63/é£)classical =.f(V*:T*) (fe102)
which is the clas-cical law of corresponding statese.
To extend this law into the region of quantun effects the

A" paraneter nust be introduced, As a result the

-
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thermodynauié Propgp&ies are no longer functions of the
reduced variohles iLone, tut unique functions of thesge
variables and of /ﬁ i.3s the thernodynanic propefties bec=-
orie dependent on the nass of the nmolecule under consideration

and -~

(p63/e ) = f(V*:T*, _/\f) (4ele3)

quanturn
We have already shown that the classical partition
function for a pystem of molecules without internal degrees

of freecdon ioc-

an
= A f2mmkT |2 | _ drerelly
Ze, NI ( h* / f i [ WA et

In guantun nechanics the above equation. rust be replaced by
the quantun or Slater sun, such that
L gu-= L‘?¢~€Xff->\n//<7] (4e105)
where‘gn isnthe degeneracy and‘xnthe eigen vglue of the-
nth eigenstate satisfying the equation Hny%=:>n ey Gnd
where the surnnation extends over all eigen values of which
the systen is capable.

Quantun effects are largest near OOK., where ordinary
thernal effects are cmall, These hove becn widely invest-
igated by exardining the reduced static lattice energy U;
(=U0/N€.) and the re@uced nolar volune V;(=~V°/N63) for Xe:
Kr:Ar and Ne at 0°K., as functions of!T*(see 4,3)., Quantun
deviations are appdient for all rare gas solids and are nost
pronounced for neon (96). The devintions further increase
2.8 the nolecular nasses become smaller and any application
of a statistical theory to investipgate these regions nust

involve quantun corrections, The problent of introducing
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such ecorrections intc the cell rodel, although complex,
has been solved and the solution is presented in the forn of

the guontunm cell riodel,

i
- P - - ?L..
442 The Quantun Cel] Nodel,

The equation of state for a systen obeying quantun
statistical mechanics requires the solution of a Schroedinger
wave equation, which describes the equilibriun configuration
of a systen of N particles, A4 straightfoward solution of
this equation is virtually dinpossible and hence the intro-
duction of a single partiele theory such as the cell theory
would simplify matters to a considerable extent,

The earliest attenpts to introduce guantun corrections
into the classical cell theory were by Lunbeck {97) who
evaded a direct solution of the Schroedinger by expanding
the Slater sunm in powers of the guantun paraneter, Another
nethod initiated by Prigogine and Philpot (98), that of
sinplifying calculations by introducing an arbitary potential
was extended by Illenderson et al (99-100) and by Hamann and
co=workers (101-103), The latter estimated the zero point
encrgy in the cell by adopting a square well potential,

This has appeal in limited circumstances (see 6.1), but in
general thesc treatments are only approximate. The develop-
nent of a fully guantised cell model for systens obeying a
L.J. interaction is rnore rational and, as will be showm

decidedly successful,
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The first treatment of such a nodel was proposed by
Levelt and Iurst (1C4) and later sinplifed by Henderson and
Reed (105)., The approach we will describe here and which we
have extensively erployed in our calculations is that initiale
ly developed in these laborotories by Hillier and Walkley (106),
It is more comprehensive than that of Ienderson and Reed
and less involved than the nethod used. by Levelt and
Durst, It is also equally as rigerous, highly accurate
and with regard to quantun systems, completely general in
its appliecation,

The assumptions of the cell theory have been described
elsewhere (1.4) and. apart fron a few relevant details will
not be reiterated heres

The geonmetry of the cell is such that the cell centres
lic on o hexagonal close packed lattice and

VA = oo /af (4a2.1)
The classical partilion function (4.1.4) nay be replaced
by the product of one particle integrals.

- (L) J oxp = (u(r)=i1(0) /KT) d P

.

chass
x exp(~NW(0) /2kT) (be2.2)

where W(r) - W(0) is the potential experienced by
the wandering nolecule at a distance r fron the cell cene

tres
The volune of the cell is taken as equal to the volune

per portiele and therefore the integral in the free volune

tern occuring in (4.2.2) is given by integrating over r,

where 4/37[’1.3 — V/N (#02.3)

n
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The reduced cell volune V* =:V/Vo, is defined so that

V* = aB/ 2%63 and the reduced cell radius Rc: rm/d
= 0455267 £ (whereod =a,/6 ).
Assuning an L.J; potential we nny rewrite the expression
for the sphericalised.potential, over k chells (1.4.10)
as W(r) = W(0) = W(r)

L .
=¢ 2;%{'1(2;(& (;J—JL)} R- 04) (2+ %ﬁ}?i{ “ Jcn c2.k)

whene Zi is the co-ordination number of the ith shell
at &; and R is the reduced distance R = r/d”

We have already stated in (4.1) that for a systen
obeying quantun statistics the classical partition function
nust be replaced by the Slater sun (4ke1.5) and adopting a
one particle theory-suoh as the cell theory this reduces to

= ( Z £, o0 (= \/KT)) % exp(~NW(0)/2KT)
(he245)

The energy 1cvelijnof the particle in its cell arc obtained
by solving the Schroedinger equation

(_ﬁz/zn)v"‘% - (&jﬂ)__ MNa ) = O (4.246)
In the case of rmotion in a central field of force the
generalisced Ilamiltonian allows a separation of variables
(107)e To dctermine the eigen values, only the radial
coriponent of this equation need be solved and denoting
this by S(r) we may write the equation as--

S"(R) + (131’ ~1(141)/R% - 8T //\*VR"))S(R) _(()4 .

where B @u LQ, and \) ,-.)Zn /2

1, yes
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The boundary conditions for (4,2.7) are such that the

wave function falls to zero at the cell boundary defined by r,

iees Y(O) = (r) =0 (4.2.8)
To obtain convergence of the partition function a large
nunber of energy levels are required. An "exoct™ solution
of the eigen value equation nay be obtained cither by a seriecs
oxpansion or through a finite difference rmethod. The fornmer
approach was adopted by Levelt and Ilurst who, using the
fact that a Taylor expansion of W(R) contained only even
powers of R, enployed a Frobenius solution to solve the
Schrodinger equation. For the light isotopes H2 and D2
which these workers investigated the nmetlhod is capable of
a linited degrec of success. Ilowever, due to the complex-
ities of the procedurc no volune derivatives of the partition
function (i.c. pressure) were obtainable and the nathenatical
evaluation of the eigen values was slow and involved,
The other cxact nmethod, that of the finite difference is
more versitile than a series expansion. It is however
corprehensively described clsewhere (108) arnd since it is
not cimpployed in these calculations other than as a conparative
nediun we will not describe it in details, Instead we have
utilised an anproxination, known as the Wentzel-Kraners
~Brillouin (W;K.B.) approxination (109-110) that enables
a large number of energy levels to be rapidly evaluated.

The W,X.B, ricthod which is cxact for a harmonic
oscillator should be a gocd approxiunation for the sphcerice

alised potential ir the high density region, cffectively
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replacing the potential in the cell with a parabola split

by a region of constant potential,It expands S(R) as a
power scries iiu R

S(R) = 8 (R) +h8 (@ +4%/2 8,(R) + «uus (%e249)
Neglecting terns above the second results in solutions
thnt are singular at the classical turning points(111)
iees those values of R for which the kinetic energy is
zeros. These solutions are linked by a relatioanship

which is the deternmining equation for the eigen values:-

b

/72’
2 —
Q[Elf‘ {%—’J) ”%Z LIR) dﬁ:(a*f/) 7 (4,24,10)

where é and b are the classical turning points, Ilowever

the forrmula (4.2.10) was found to give an incorrect solution
unless 1(1+1) was replaced by (l+%)2. This condition ie
requisite for the wave function to vanish at r=0 (i.c.

that the boundary condition is satisfied)., This modification
is tantamount to raising the potential barrier, but is
esnential for a successful application of the approxination

{(112)« Ilence : e

5 2 . %
g;.: X (£+4) g7 M)j SRt T(201)
A\é

A R*

—
a forn=0,1,2,,..........a
For ecach value of 1, this cquation conputes an infinite

nunber of cigen valucs corresponding to integral values of

Ne

An evaluation of the pressurc for a quantun systen

requires the volurne derivative of (4.2.5)
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P = kT(dln un/dV)T (4,2.12)

=5 8, () /a0) ex(= A /KDY T s

}:gn-exxa( M, /ET) 2x® av
which in turn derands the evaluation ofd\\/dv* where=
4% 2%
"-"‘:‘f - O(A :I'l.
dv* 3 et

This differential requires lengthy nachine conputation,

(4e2.14)

but is readily obtainable from (4.2.11) by a solution of

f [ O(AZO ____g"[’zdfj__(f gl! )5 __(Z-J-) gl/ w(,e‘)_*‘@» 2e 15)
o || ¥

We nay dlrectly procecd to evaluate the conpressibility
factor fron (4.2.13) so~

i - (e[S i) o o /)

PV % ‘
—— —V dte
NkT ~ //(4.2. 6)

) 5 weChaen)

where W*(dg- W(O)/e

The corre8pond1ng 011051cal expression is

PV ={(~V*/T*) fdw*(R)/dV*) e:gp_(-W*('?)/T*) UTRZ AR
NkT J’exp(-?T(R)/T*) 4RZ . AR

Z° — - Vx/20*(awW*(0) /av*)  (4e2.17)

where W*(R) = W(R)/€
It is clear that once the partition function (4.1.5) is
evaluated the therrnodynanic properties of the systen can
be innediately calculated. These are expressed as reduced
internal propertics (i.c. the value of the reducad property
in excess of that of an ideal ga%. The rcduced internal

energy (U{), ertropy (S{) and specific heat (C;i) are
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Up =U, e« HUY = w7 /e (danqu/dT) - 1.57* (4a2.18)

8* = 8./lNk :-{ 1nZ + f 11£z - (ln; + 2.5 +1.5ln(é§h£ ))
t + i @ § gp N hg
(e2,19)
C*.= C_./Nk = 2T dlnz _ + T.d%1nz -3 (4e2.20)
vi Vi —— -——l—.qu - 5 qu _2_ ol e
N ar N a7

In 2all calculations that follow we have perforred our
surtiations over the first thrce shells of neighbouring
nolecules, Idillier and Walkley (106) initially exanined

the effect of increasing from one to three the nunber of
shells considered and observed a lowering of the energy levels
of sone 5% for the lowest levels, an effect that decreased
with increasing n and 1 +» The process of suming over

nore than threce shells did not appreciably effcect the

values of the Slater sum and consequently exerciscd a
neglignble effect on the values of the thernodynanic
properties. Calculations on H2 and D2 at v* =5/3 enabled

the energy levels from the the approxinate W.K;B; nethod

to be comnpared with sirdlar values from Ilenderson and Reed
and with the exact solutions of Levelt and Hurst, A snall
inaccuracy for the W1K.B.vvalues was observed but was
insufficient to detract from the superiority of the approx-
ination with regard to speed of computations A more attracte-
ive alternative nay well be a faster application of the

finite difference nethod, this is under investigation (71)

but to date corprehensive results arc not available,
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We finally refer to the reduced static lattice potential

W*(0) occuring in (%,2416) and (4.2.17). All conpressibil-
ity terns involving She 12:6 potential were calculated

using this in its assyntotic forn.

W*(0) = 12 f1.‘o—1_1_o_ - 2.459-1—
z v* v*

which is developed fron the expression for a cubic close

packed structure

W(o) = ZNG(‘IZ.’IB‘I_S - Ahb539 (4e2422)
<" L

The co-ordination nunbers were taken fron the tables

of Kihara and Koba (68) and the crystal latfice pararcters

used in (4.2,22) calculated by direct surmatione(5.2)

The nethods described in this section enable us to
evaluate the compressibility and the therrnodynamie propert-
ies for a quantun particle, expcriencing a L.J. 12:6
potential over a wide range of tenperatures and densitics.
Further the approach nay be genernlised for any bi-reciproc-
al potential of the HMie Lennard-Jones type (sece (h 5.).

The nathenatical techniques and the computational nethods
involved in tlis proccdure are presented in Appendix 1,

and for further det-ils the reader is refered to this,

R AT Sy
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Le3 The Evaluation of the Potential Paraneters,

The inportance of éetermining a unique set of paranmeters
for any systen obeying a bi-reciprocal interaction law
has already been stressed (3.1), as has the fact that
second virial coefficient data noticably fails to mect
this requirenent, If we reject the latter as a suitable
source of the paramcters the only remaining thernodynanic
state rigorous in its specification to deternine € and ¢
is the crystalline state at 0°K., i.e. the values of the
total lattice energy (Uo) and the nolar volune (VO) at
this tenperature. These quantities may be expressed in
terns of the zero point cnergy (Nxo) and the static lnttice
potential (W(Q)) nn:i~
U =N >\o + NW(0)/2 (He341)
-p = (AU_/aV),_, = W(a ) /dV) + (N/2)(@W(0)/aV)  (4e3.2)
The use of these properties to deternine € and ¢
essentially neans that any thernedynanic data derived
through thern should rcflect the nulti-particle interaction
and ipso facto should include any cffects of non-adlitivity
in the high density state., It is therefore of interest
to compare parateters obtained from the zero point crystall-
ine state with those found fronm second virial caleuletions
and further t: corpare their relative merit in the predict-
ion of other thernmodynanic propverties fcr the solid statee
Tarlier workers who employed crystal data to charact-

erise pararieters include Corner (67) and lMason and Rice (69),
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Corner used the lastice distance and the heat of sublination
(both at 0°K,)s IDowever, he wno only able to uniquely
deternine his parancters by a combined consideration of
virial (gas), zero point (so0lid) and Joule Thonson data.
Mason and Rice perforned similar work to Corner but on the
exp=-6 potential, They used the sare experinental propert-
ies and in addition the viscosity coefficicents only to
reach sinilar conclusilons.

The treatment used in this work was developed by
Walkley and is conpletely different fronm any of the nethods
enunierated above. It nnkes extensive use of data available
fron the W.,K,B. approxination, cormbined with an accurate
knowledge of experinental propcrtics.

The conputed dnta allows \/\(’; and d):/dv to be deter-
nined for any range of reduced density over any given
region of the A" poraneter. FRquations (4¢3.1) and (4.3.2)
can be solved in their reduced fornm and hence considering

the zero pressure (PO=0) statc these becone:-

UX = U /NE = )+ Wr(0)/2 (ke3.3)
d),:/dv* + 2dW*(0)/dv* =0 (4o3.k4)

The second term in (4.3.4) is independent of the /Vﬁaramet-
er, and therefore lends itself to a zinple graphical
nethod of solving these ecquations. Forgay given lattice
(4e3.4) nny be solved by a sirultaneous plot of d‘):/dv*
and dW*(0)/dV* as functions of V*, As will be seen fron
Fig (#1) this results in a unique set of V* at varicus

2
/\values. For any particle of known nass n it is then a
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Volume derivatives of Zero point energy levels and of the Statié lattice energy

N

as functions of V*,

73,

Fig 4.1

. )
(A.) Full lines dhqﬁd?" vs V*

(Ba) Broken line %dw*(0)/dv*

Zero point derivatives for (i) =(v)

N'= 2.674,1.729,1.223,0.608

. and 0.185 respectively

0.9 1.3| ' 1.7 ve 2.1l 2.5]
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relatively sinple natter to proceed graphically to a detern-
ination of € and ¢ for the systen. These calculations hove
been perforrmed by the author for neon and by Islan (113)
for argon and other inert gases. The detailed derivation
of € and o for neon is given in Appendix 2. The results
are presented in Table (4.,1) together with values of €/k
ad N65 guoted fron second virial data and the experinental
data used in the calculations, Also included are valucs
of the paraneters obtained fronm a direct nunerical solution
of (4.3.3) and (4.3.4) using a nethod developed by Utting,
This utilises the W,X.,B. approxination and a Newbton-Raphson
technique in two voriables. The equations may be satisfied
to any predeternined degree of accuracy, and the procedure
involves little computing tine, A description of the nethod
is also given in Appendix 2,

We now conpare our zero point paraneters with those
obtained fron second virial data. We first study the
dependence of the reduced zero point volune V;(:Vo/Nda)
and the crystal energy U;(:Uo/Né ) upon.ﬂf)reducing exper-
inental data with both sects of parateters.s In both cases
a significant difference betwecn the two curves is observed
( see Figs (4e2) and (4e¢3).) Sirdlar plots using virial
pararneters alone have becn given by Dobbs and Jones (56)
after De Boer (95) and by Boato (57). However, as our
zero point values of & and ¢ were directly calculated fron
vy and U8 the curves arising fron their use rust be consid-

ered the riost rigerous, In addition they also display
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Table 4,1 Characteristic L.J, parameters and zere point

properties.
Element.|Experimental |Z.pt.paraus. Zept.params, | Second
gf:: point (graphical) | (computed) virial
U Vo €/ ‘N.C"'3 €/x N63 eo/k NdB
eal | ceo lox) e | k) |2 |y | e
mole nala nole nole mole
H, 1832 ] 22,52 | 22.6 | 15.64 32.92] 15.39 36.7°| 15.60°
" 37,08 15,12F
D, 27421 19.5% | 4.4 | 15.89 33.70] 15.74 35.2°} 15.50°
" 37,07 | 15.12%
20 ye yu8P ) 13,394 36.6 | 12.84 36.31] 12.8] 33.748 12.61°
Ar 1846° 22.55d 120.8 | 23.64 120.,5 23.64 119.5} 23.89h
a. Best values of Levelt & Hurst(114) e. Michels et al.(118)
b. Clusius et 21.(115) fo. Table 1a Ref.35.
¢. Morrison et al.(116) g. Nicholson &
d. Batchelder.(117) Schneider.(119)
he Whalley &

Schneider.(120)
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The Reduced Zero Point volume as a function of the De Boer parameter,
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Fig 4.3 Reduced total crystal energy as a function of

)
E

the De Boer parameter.

(1) (® Full line-Reduction by zero pt.
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(14) 9¢ Broken line-Reduction by virial
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no irrcgularities unlike the plot of V; vsj@fgiven by
Boato (57)
Another point of inZerest arising fron the evaluation
of the paraneters is that all other atterpts to use (443.1)
and (4.3,2) to characterise the pair potential have nade

use of the Debye temperature {ab to give an'experimental

value fox >\o’ iece

Uo(expt) = (9/8)5:9D + (N/2)W(0) (4e345)

(a/ar) (¥W(0)/2 + (9/8)RO,) =0 (%3.6)

where r is the nearest neighbour distances, The derive
ative déaD/dr however, nust be calculated theoretically
and in general a harmonic oscillator approxination nust
be nade. Such calculations arc at best suspect especially
for particles lighter than argon.

A comparisoﬁiof the theoretical values of\X: with
the reduced zero point energy rny be Made by plotting
these. quantities as o function of Af. This is done in
Fig (4.%4) from which it can be seen that forA%0.4, a
riarked discrepency betwecen the two guantities occurs,

llowever on a perfunctory cornparison of zero point
paraneters with those obtained from gas data (Table (441))
and on a further examtination of Figs (4.2) and (4.3) a
casual observer fight conclude that although the parareters
differ, this differencc, on account of its low order of
agnitude, shenld be unifgportant. In the study of the high

dendty stnte this suMeisce would certainly be false, to what
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Reduced Zero point energy as a function of the

De Boer parameter,
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degree will be illustrated in the following sections when
. A%
we will deal with solid argon 7 A'=0,185) and the nore quant-

>
un solid - neon( A= 0.584),

4ot Solid Argon.

0f all the inert gnoses argon lends itself rost casily
to any theoretical study. The low nagnitude of its A"
paraneter indicates that quantuet effects though presemt
do not exert an overbearing effect on its low temperature
propertiess More irportant however is the abundance of
experinental data available «~ in particular tlre recent
X ray diffraction peasurcpents of Batchelder (117) together
with the heat capacity and vapour pressure values obtained
by Morrison et al (116). These latest Mensurefents arec
assuried to have supercedeod all others for the relevant
properties, further data however mMay be found in Pollack (58)
and in Dobhs and Jones (56),

Most previous theorctical treatsments of the solid have
been based on the assunption that the particles in the
crystal lattice are constrained to their equilibriun posit-
ions by harronic forces, Typical of these are the Dinstein
rnodel (121), assuming the independent vibration of all
particles in the crystal and the Debye nodel where the system
is allowed a distribution of vibrational frequencies (122)

More rccently llenkel (92) and Zucker (123) have predicted
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the thernodynamic properties of argon using an Dinstein
nodel but have alloved for anharmonicity in the rodel by
suitably peturbing the beosis harrnonic potential, The narked
inproverient at high temperatures brought about by the
inclusion of the anharronic terms lends support to the use
of the rigerously anharmonic L.d, ccll nodels

We have therefore evaluated the thermodynamic properties
of argon enploying the quantun cell model described in (4.2),
nornalising our conputed data with the appropriate zero point
paraceters. It is inportant bhowever to examine how the use
of virial paraseters would effect our calculations. The
virial paraneters given in Table (4.1) are far from unique.
Using experinmental data corpiled by Dyniond (124) and
enploying a Newton nethod (125) we have found the best fit
fron 200° - 300°K., This is shown in Table (4.2),

Table 4.2 L,J. Paraneters for Argon,

Source €/x (°K.) NdBﬂ(cq/mole.)
Ze.point data 120,48 23,68

200-300"K > 11948 23450

323-873°K, 2 11949 23.90

85-153°K.> 104.9 31453
a Virial paraneters calculated fron conpiled data (124)
i " " " by Saville (126)

Also given in the above table are the values of
Saville (126) who performed sinilar calculations over other
restricted ternperature ranges. An exanination of the values

in Table (4,2) indicates that the good agreerient between the
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"best fit" virial values and those obtained from zero point
data rust be chiefly fortuitous. However, since the best
fit values are the closest to the zero point parancters
we arbitarily enplioy then for comparative purposes. Their
use should mininise fhe difference betivesn the predicted
properties and act as a test as to the 8ensitivity of these
properties to the nature of the paraneters,

Taking argon with the appropriate value of ﬁ¢(depend—
ent on € and &) and using the W,K.B: approxination, we
calculate PV/NKT (i.c. (4.2.16)) over a range of T* for
set V* values. The resulting PV/NkT vs T* plots are
tydgfied by Pig (4.5). We are interested in the zero pressure

state of argon and hence zero corpressibility . From this
condition we find unique values of V* and T* which,nornalised
by the appropriate values of N63 and €/k respectively,
deternine the volume-tenperature relaticnship at P=0,.
This is given in Fig (4,6) = ( for data fron which this and
subsequent plots in (4.4) were developed sce Appendix 3),
the reduced data being normalised by both zero point and
by virial best fit values. The plot is renarkably sensit-
ive to the pararmeters and the two curves are distinctly
different, This difference is alsoc flost influenced by
the nagnitude of Ng> ( i.ee o lower value of e/kz.pt.
would rinke the difference apprecigbly worse.). The discrep-
ency is only of the order of 0.18 cc/nole, however since
graphical and corputed values agrec to within 0.64 cc/role

we do not attribute this difference to graphical errors
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Fig 4.5 Argon,12-6 potential( m=0,186).Compressibility

factor as a function of reduced temperature,

‘ 1) [un [ an/f o @aw
106 e
1.8 =
0.8 |l
PV
NkT,.
Ot o=
0 | 1 1
002 0.3 0.[" 0.7 T‘
-0“" o )
Plots at reduced volumes
8 equal tote ‘
0.5 . (1)  V*=0.965,
(14) V*=0,974,
(141) Vv*=0.987.
"1.2 = (i') V‘:1.001.
-106 d /
I ,




2h,5

24.0

Ve

cn
mols

23.5

23.0

22.5

8L,

Fig 4.6 Solid Argon:-Molar volumo(V,cmB/mole)
vs Temperature,
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in evaluating our paramneters. Attention is drawn to the
excellent agrecnent betwecn theoreticali (zero point) and
experinental nmeasuraments. The experimental data used is
that of Batchelder {117), derived fron single crystal X

ray diffraction measurencnts, the bulk density values of
Dobbs and Jones that we eriployed in our earlier calculations
have been disregarded in favour of these latter results.

In particular we note the good agreenent Between the
theoretical and experinental nolar volunes at temperatures
below 40°K., This contrasts sharply with the agrecnent
obtained by McGlashan using his "inproved" Guggenhein and
McGlashan potential (61). Ile plotted the inter-atonic
distance of solid argon (directly related to the nolar
volune i.e. ro(V% ) agaoinst tenperature and explained the
discrepencies observed below 40°K, as " in a sense satisfact-
ory because we know that the Einstein approximation nust
foil progressively at sufficicently low temperatures,”

Ile went on to indicate that a correct conmparison should
involve weighting techniques, This latter statenent is
substantially true, that the Tinstein nodel fails at low
tenperantures is also true. IHowever, the degree of this
failure is unknown and therefore to disniss all low tenpera-
ture discrepencies on these grounds cannot be justificde

It is the author's view that discrcpencies due to the

failure of the Finstein approxination are small, we support
this with our results for argor calculated from our anharnon-

ie TFinstein nodel- a rorc scnsitive test will of course
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result fron the study of s0lid neon which only exists in
this state betweon 0-25%K.,

We now calculate the theoretical heat capacity CV(V)
from (4,2,20) and then comparec it to experiment. The
experinentally neasured quantity however is CP. This is
becausc neasurenents of heat capacities are generally nade
by eondensing the gas at a sufficiently low terperature in a
suitable container. These neasurenents give C_, thelheat
capacity of the so0lid in equilibriun with its vapour, but
CS iz generally equal *o Cp since the wvapour precssures
are too snall to produce appreciable compression effects.
Measurenents of Cv (the heat capacity at constant wvolume)
are well nigh impossible and this quantity can only be
obtained by the use of the coefficients of comprescibility
and of thernal expangion, Ehrough bke well Knowt Eherttodynatr-
ic reda€ionship:-

¢, - ¢, (V) = £%1v/B CRD
where /= coefficicut of Lhornanl expansion=(1/V)(dV/dT>P

ﬁ::isothermal compresrsibil‘ity:(’l/V)(dV/dP)T

V = polar volume at T°K.
Theoretical values of o and ﬁgmay be calculated by fitting
a polynonial to the theoretical data. This was done by
Mlillier (6) and hence the theoretical CV(V) was converted
to a theoretical Cp. The comparison of this with experinent-
al data is shown in Fig (%¢7).

It is al®o poscible to convert the experimental Cp to
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Fig 4.7 Solid Argci:= deat capacity(Cp,cal/moLgK.)

vs Temperature,
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C, using indirect "experinental” values of «{ and Kg .
This was done using (4,4.1) and in Fig (4.8) we give a
corparison of "experimental" and theoretical Cv’ the
forner being obtained; as were the values of CP, fron the
results of Morrison et al (116). 1In both cases agreenent
between theory and experiment is again excellent. It
should however be noted that these conparisons are sensitive
only to the temperature parancter £/k of the potential and
therefore either zero point or "best fit " values for
argon would give sinilar results.

An interesting facet of the heat capacity plots is the
divergence between the-theoretical and experinental curves
at high temperaturcs, One explanation of this is that it is
due to thernal vacancies. There are however several
objections to this concept which we will discuss in (4,5)

We nake a final conparison with experinent by plotting
the entropy tern as a function of tenmperature, Fig (4.9).
This term nay be obtained from the experimental heat capac-

ity data using the relatiorship -

T
S(T) =J(Cp/T)dT (4.4,2)
and the theoretical vglue dircctly from theoretical data
with the corrcction for the ideal gas entropy (4.2.19),
The agrecnent is not as good as that observed for other
tenperature dependent properties. Discussion however

is postponcd pending the exanination of solid neon.
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Fig 4.9 Solid Argon:-Entropy(ST.cal/molﬁ°K.)
vs Temperature,
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4,5 Thernal Vacancics in solidﬂArgon.

Any consideration of inpérfect crystals nust consider
the problen of vacancies, ThéSe are formed at tenperatures
above OOK., ad nust occur in inert gas solids as in my
other crystal. It is provablc that vacancies are the only
inportant péint defects in pure crystals of the inert gases
since the formation cnergy for interstitials is high
conpared with that calculated far a vacancy.

Experinental evidence for the presence of vacancies
was first given by Martin (127) and later supported by the
heat capacity measurenents of Morrison et al., as shown
in Fig (4,7). The anonolous rise in Cp above S0°K. is
much greater than would be expected from anharnonic effects
alone and offers fruitful ground for a theoretical investigot=-
ions Two approaches have becn applied to this probleng
the consideration of vacancy formation purely on energetic
grounds, as done by Kanzaki (128), Iall (129) and Nardelli
and Chiarotti (130), or a consideration of the lattice
in the vacahey (perfect) and nc vacancy (inperfect) nodes.
The latter nethod was cnployed by Foreman and Liddard
(131) who used a harronic Linstein nodel with an anharnonic
correction tecrn developed as a classical perturbation
and found a clear difference between the vacancy amd no
vacancy cases for plots of the heat capacity above SOOK.

In this discussion we ascsune the cell nodel to repres~

ent a no vacancy solide. If the differeciice in the theoretical
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and experimental heat capacity terns is ZB(J then:-

Acp =@(nh)/dl]v (4.541)

where n is the number of vacancies in a crystal of
N atons and h is the enthalpy of vacancy formation.

If we assune that h is independent of T we find:

in ./,\cpT2 = -h/KT + §/k + n(Nh%/k) (4e542)
Measuring the difference [XCP fron Fig (447) the linear
plot of 1n( ZXCPTZ) against reciprocal tenmperature can be
constructed, This is shown in Fig (4.10) and fron its
slope the enthalpy of vacancy formation can be calculated
ags- h =-&19O cals/nole
This value is in substantial disagreenent with the predic ted
value of 2540 cal/mole given by Nardelli and Chiarotti (130),
It is rnuch ncarer the value of 1280 cal/nole found by
Morrison et al, who estimated the no vacancy heat capacity
curve by the extrapolation of low temperature data.

Provided that the guantum cell model is a good repres-
entation of the no vacancy case and (assuning that correlat-
ed notions do not cffect Cp) there is no recason why it
should not be, our calculations strongly support the theory
of an increase in vacancy concentration above 60°K.

Certain voices have recently becn raised against
such ideas as those described above and especially we
nention thosc of McGlashan (61) and Batchelder et al (90).
McGlashan derived a theoretical expression for Cp that
directly fitted the experinental data of Morrison as far

as the triple point. !Ie¢ concluded that earlier theoretical
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estinations were in error for in gcneral the experinmental
specific heat (Cp) vas converted to Cv by the use of a
"dubious mathematical relationship", and then compared with
theoretical predictions, Ilowever, this is not true for
our treatment (ref. Fig (4.7)), Cp(theory) being derived
conpletely on theoretical prounds and then being compared
to Cp(expt.). We further rcfute the opinion that (4.4,1)
is not valid and agrece with Zucker (79) that in fact
McGlashan has forced correct values onto a nedel that
cannot really cope with then, He has done this by leaning
heavily on experinental specific heat data to deternine
four of his six paraneters and the successful prediction
of Cp, using these sane paraneters, rust therefore be
expected,

lowever the work ol Balfchelder et al is more convinc-
ing and difficult to disregard, They have perforned
accurate experinents using single crystal techniques.Adopting
these as the "no vacancy" case and using reasurerients
fron bulk density work as the vacancy.condition they ‘fidd
that the concentration of vacancies appefrs to decrease
with increasing tenperature,

These results are considered to raise serious doubts
as to whether the presence of vacancies is as inportant as
nredicted by Foreman and Liddiard. To resolve this problen
direct neasurcnents of the thermal vacancy content and high
tenperature compressibilities are needed but,at present,

1little infornation on these exists,
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L,6 Solid Neon

(For theoretical and experimental data used to construct
figures in this section sec Appendix 4.)

Conpared to nrgon the s»lid phase of neon has becn
neglected both experinentally ~nd theoretically. The
reason for this nust be attributed to the low triple
point >f the solid (24.55°K.), for with such a narrow range
of working tenperature experinentnl problecms are substantial.
However, expcrincental data has rccently become available and
the X ray studies of Batchelder (117) and Bolz and Mauer
(132) ably supplenented by the heat capacity neasurcnents
of Clusius et al. (115) now provide criteria against
whiech any theory nay be conpared.

Frorn the thecretical viewpoint solid neon is of
rnuch grenter intercest than the corresponding phase for
argon. The quantun effects arc substantial (/?:0.584) and
anharnonie contrubutions ~re very large. Lecclh and Reissland
(91) have studicd the effeccts of anharndnicity in the
inert gases and have concluded that in the case of neon a
harnonic thecry could not cxpect to be realistic., This
systen therefore acts as a test for the anharnonic nature of
our rodel and in addition of the ability of the quantun
cell theory t- successfully predict propertics for systens
displaying lorge quantun effects.

The earliest attenpt to forrmlate a theory for solid

neon night be attributed lo Johns (133) who used a Illenkel



96,
rnodel (92) to study isotopic differences especially those in
the vapour pressurc. This nodel although taking sone account
of anharmonicity cannot be regorded as a valid approach and
any succcess through its use riust be considered fortuitous.
Variational calculations have been rade by Bernardes (134)
and Mullin (135). The former cnployed a wave function
assuniing sinple spherical syrnetry. Mullin extcnded this
technique allowing for soirte correlation between the atons
by using a Jasrow type wave funection and a L.J. potential,
lle found correlation effects betwecen the riolecules to be
negligible at OOK., and obtained good agreenent with
experinental data at this temperature by altering the valuc
of his energy parsreter,

llowever, (apart fron the data of Leech and Reissland)
there has been no extensive work tc date on the tonmrerature
dependent properties'Qf neon. Once again we have applied
our quantur cell model to evaluate these properties. The
choicc of paraneters - already shown to be sensitive for
argon - in the case of neoun is alrnost critical. The values
of € and ¢ fron various scurces tozether with related
dnta is given in Table 4.3 (see nverleaf).

The valucs of our gero-point parancters é aud h were
obtained using the recent X ray diffraction of Bolz ~nd
Mouer (132) which together with th~t of Kogan et al. (139)
renlaced the earlier data of Snedt, Keesor and bMouay rieasured
in 1930 (140). Bolz and Mauer gave a lattice spacing for

O%e of hol62 R at 4,2°K., the valuc of Smedt et al. being
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Table 4,3, L,J. Paraneters for Neon

¥
Source & Ref g/k(oK) S'A) Nda(cc/molﬂ K

Nicholson &

o

Schneider(119) 33,74 2.757 12461 0,608
Boato & -

Casanova(136) 37410 2,670 11,46 0.596 b
llorton &

Leech(137) 35.31 2.699 11.83 0.607 é
MuLTin(135) 35.70 2,750 12,52 0.593 ¢
Bernardes(13k) 36423 2,740 12438 0.590 ¢
Brown(138) 35428 2.774 12,86 0.591 i
Zepoint(graph.) 36,60  2.777 12,89 0,580 g
Zepoint(conp.) 36431 2.775 12487 0.582 £

4.3503 (confirMation of the-forrner valuec has been co :unicated
to us by Batchclder).

Brown has alse used the dita of Bolz and Mauer to
repeat the calculations of Ilorton and Leech for neon.
Iis vrues are given as f (Table 4,3), which closely agree
with our zero point (either graphical or nuMerical) values,
As 1ay b secn froa the table, parareters froft the other
sources have a spread of about 10%, a spread that is not
negligible when reflected din the therfiodynanic properites.

It is congidercd of intercest thnt the Levelt and Hurst
calculntions (114) based s>n virial vnlues give a zerc point
energy of 136 cal/mole agreeing will with the Donb and
Salter approxination i.e. 9R G5/8, of 139 cal/mole. Our

calculations give a value of 142 cal/riole, so this would aot
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account for the difference in g%c values as calculated by
ourselves and Brown. It is possible, but not certain,
that these values right arise from the nature of the Ilorton
and Leech calculations thenselves. HDowever, the critical
test of the paraneters lies in their prediction of tenperature
dependent properties.
In Fig. 4411 we prescat a plot of zero point nolar
volurie as f(T)., The experimental curve nay -be constructed
fron-the data of Belz and Mauer or-of Batchelder.--The-theoret~ .-
ical -datznornalised by the parameters-of Boate -and-Lasanova,
.‘"Bg Mullin..and -by Nicholson and Schuneider were-rejected. --The . .
theoretical zero point paraneters give a far better-agree~—"
“rment. withexperinent. and the separatian.of-the various plots
is an.inidcation -of -the sensitivity of the'data~to"thq‘" -
.paraneter--values.
“In Fige 4.12 we plot lattice.constant (aol,against~um. e

tenperature and conpare. theory to the latest data.of

P ~ o

Batchelder.. The lattice constant is simply related. to_ the T

.....molar volune (V).. Heoce, for a close packed lattices=- -

1 -
vr.uro3/a"2“ (4+641)
where rb,iS'the interatonic distancey ) L h -
] T e - -
but a =xr / 2% ) .
o~ o - _ A .
1 A c. i T e el -t
and e = 27 x (28N> (6.2

2= TeB79 v & (heba3) -

v Pig(%#.12)is. therefore another way -of presenting Fig (411)-

However, it is perﬁaps a betéey ilingtration of the predic-
ative valwe of Ehe Cheory. The qgmm&é iy excellent
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Fig 4.11 Solid Neon:- Molar volume(V.cmB/mola) vas Temperature

13¢5

v

(cnj/mo]fz)—'_'—_('C.) .

1300 oy ./

(A.) Experimental data (117.)

Theoretical data reduced with following
parameters,

(B.,) Zero pt.

(C.) Virial params.(119.) .
1245 funm o
(D.) Solid state variational.(135.) o
(E.) Self consistent params.(136,) '.'
(Eo) .'..
© 1240 | ] A ] | l
iy 8 16 20 24



100.

Fig 4,12 Solid Neon:-Lattice constant a(X)
- vs Temperature,

4,53 LS

(1) Full line-Experitental data(117,)

(11) > Theoretical data params. of
Brown(138.)

b,
52 (111) 0 Theoretical data,zero pt. params.

4,519
a(i)

b 48

b b7

b 46
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being almost within experinental accuracy (£0.001 . 1In
this plot we also ncrrzalisc thce theoretical data with the
paraneters of Brown. This, for the sake of clarity was not
done in Fig. 4.11. Agrecnent with experiment is agoin
acceptable.

The heat capacity tern Cv(V) is plotted as a £(T) in
Fig, 4,13, The experinental data is that of Clusius, which
is calculated fron CP using Gruneisen's relationship (142):-

¢, = C, - k1Cp2T (4a6o.1t)
where k1 is o constant.
Although this evaluation can ~nly be regarded as approxinate,
confirnation of the Cv value is given through the datn of
Batchelder, using (4.4.1) and values of o/ and /3 derived

from accurate X ray data.

The conparison of experimcntnl and theoretical values of

bé show that the theoretical data "mormalised" by the paranet-
ers of Brown gave a slightly better fit with experinent =
a direct result of a lower value of &€/k.

In Fig. (4.14) we give a plot of Cp against tenperature.
The theoretically conputed CV(V) arc corrccted to Cp through
theiuse of (4.4,1), the expansion conefficients being eval-
uated from theoretical data, utilizing the fact that (4.4.1)

reduces to:-

C,-Cy= £2VT/R = (av/aT)“r/(av/ap) (46,5)
where (AV/dT) and (dV/dP) nay be evaluated fron conmputed

results,

The agreenent between therry and experinent is again
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Fig 4,13 Solid Neonji-Heat capacity(c cal/mol, K.)
vs Temperature,

3¢5 Juum

3.0 lum

245

cal
uo]e, 'xo

2.0

(1) Full line-Experimental data Clusius

et al.(115,)
(11) x Theoretical data,params of

145 Brown(138,)
(144) (@ Theoretical data,sero pt. parans,
1.0
1©
0e5 fum
0 | | | | | |
10 12 14 16 18 20 22 24

T(°K.)
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Fig 4.1% Solid Neon:=Heat capacity(c ,cul/moB!K )
vs Temperaturs,
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(1) Full line-Experimental data Clusius
et al(115,)

(11) @ Theoretical data,calculated for
gero pt., paranms,
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good and in particular no divergence is observed in the
pre-nielting region. Iowever, sinceod is by definition
(1/V)(av/4aT) and the thensretical and experinental V ve T
curves -~ Fig. (4,11) - are definitely not identical, this
agreenent nay be sonewhat fortuitius.

Finally we conpace the theoretical and experinmental
total entropies in Fig. (4.15). As in the case of argon the
experinental curve was caleulated from heat capacity data
using (4.4.2), The agreenent is very sinilar to that found
for argon, the thenretical curve exhibiting the lower entropy.
It is of interest to observe that for both neon and argon
the theoretical and experinental curves arc roughly parallel
ond sone O.4 cal/deg.role apart. Barker has rccently
stated that the entropy calculated by an Einstein nodel should
be too low at high termperatures (94). Ile also nentioned
that his calculations for the »narticular case of a Lennnrd-
Jones potential indicated that the discrepancy was approx-
inately equal to 0.2R (i.c. 0.39 cal/deg. role). We
therefore conclude that thie discrepancy in entropy nay be
in the adoption of the Einstein nodel, to which, of all

thernodynariic properties the cntropy is most sensitive.

L,7 Discussion

The sudcess Of the cell nndel in predicting the thernndyn-
arnic propertics of nenn at high densities is unquestionable.

Its exact allowance for anharmonicity is narkedly superior
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Fig 4.15 Solid Neon:-Entropy(S,cal/ K,mols)
. ve Temperature,

(A.) Experimental data (117.)

(B.) Theoretical data Eq(4.2.2.)
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t~ anharnonic correctisns developed for harronic nodels.
This point is ably illustrated by the results of Leech and

Reissland, who, although improving their riodel, were unable

to attain a satisfactory agreenent between thenry and experiment

(for lattice constant as a function of tenperature).

Further we nmight conclude front the results observed for
bsth argon and neon that the 12:6 potential appears to be
satisfactory for the prediction of solid state properties.
owever, when.employing this. potential-at high_densitiea.it"‘
appears essential to derive the potential-paraneters from
solid state-data at OOK.-, accepting the fact that at these
tenperatures the second virial appears ton insensitive a -
property for this-purpose.

The. observed agreencnt. between thenretical and experine-
ental data deoes -t appear to-warrant the use of non~-add-
itivity corrections, although it is possible that these
effects nay be adequately accounted for by the-character=-.’™
isation of the cell potential through zero peint (nulti-
-particle) data, i.c. instead of a strict pair potential
we are in fact enploying an "effective potential" that
allows for fmltl-particle interactions.

The cell n-del employing a 12:6 interaction is therefore
a ruech nare versatile rediun for investigating the s>lid

inert gases than aay neth.d involving rlti-parameter

potentials, »r anharn-nic perturbation theories. The excell-.

ent.prediction of tenperaturc dependent properties argues

well for the nodel, while the W.K,B nethod provides.a rapid
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and accurate nethod of sumning the required energy levels
and evaluating the conpressibilitices. The potential is
known to be enpirical but it is difficult to say whether
any noted discrepcncies can be dircctly attributed to this.
We will now proceed to investigate the potential in a
general n:n forn and further to study the effect of the
zero point paraneters in predicting second virial

behaviour,
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CHAPTER 5.

The Bi-reciprocal potential and some considerations of

The Second Virial Coefficient.

5¢1 The Bi-reciprocal potential, . N 109
5.2 The general m:n for solid argon . . 112
5¢3 The Second Virial Coefficient . . 122

"For up and down and round says he
Go all appointed things

And losses on the roundabouts
Means profits on the swings.!

P.R.Chalrmers (1872-1940)
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5¢1 The Bi-rcciprocal Potential.

Our investigations in the high density region have
invariably uscd a 12:6 potential in the cell riodel., It
is nathenatically convenicent and in its own right often
nore valuable than the rigerous forns described in (3.2),
llowever, if we consider the potential as a general bi-
rcciprocal formn of the n:n type,as originally proposed by
Mie, an infinite nunber of possible n:n conbinations exist
This nunber can bempidly narrowed by assuning the attractive
power to be six, as suggested by the London concept (1.2).
There can be little doubt that this is the correct asyrp-
totic forn. Under certain circunstances, generally at
large intermnolecular separations, it has becn suggested
that r"6 in the attractive tern nmay be replaced by r-7 (143)e
In sharp contrast for the evidence available for fixing the
index of attraction is the way in which the repulsive

=12y Tts justification has often

index is set at twelve (r
becn sinp’y its nathenatical cavenience, or that it fits
experinenthl results best, while it is widely held that

any value of n between 10 and 14 will give adequate agree-
nent between the c-lculated and oxperinental data for low
energy properties such ns the sccond virial coefficient,
Any alteration of this index is reflected in a change of
slope of the repulsive arn of the potential (sec Fig (141)),

and consequently alters the shape of the potential bowl.

A lowering of the index '"'scftens! the arm and generally
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widens the bowl, while an incrense _r_;> 12 "hardens" the
potential naking the repulsive arn considerably steepcr,

A consideration of the potential in its general n:n
forn has been the concern of sercral workers, Their results
arc varied and their conclusions nebulous. Ilowever, these
investigations deserve mention if only to indicate the
degrec of confusion surrounding the topic.

To find an optinun value of é Corner (67) employed
second virial and Joule Thonpson data. The optinun fit

was obtained with é=12, but alsc little differencc was
observed in varying é over the range nmentioned previously
(10@li4), These conclusions were supported in part by
Zucker (77), who derived bis parameters from solid state data
and. used then to fit the experinent~l properties of argon,
krypton and neon. Ie obtained '"best fit" values with
§=12 for Ar, Kr but for Ne :r_i-_-qth

Kihara and Koba (68) investigating the relative stab-
ility-of crystel structure for the inert gases fdund that*
in order for cubic .(f.cec.) to be nf lower energy than
hexagonal (haecepe) @ riuch broader well than that given by -
the 12:6 was needed. They exarined the 9:6 (first used by
Kihara in his study of third virials (86)), 7:6 and 12:6
but experienced little success, since this problem is now
__generally.accepted as onc of three body forces (3.3).
Epstein and co~workers (144-146) also discussed the 9:6
potential in ssne length, justifying its use by the fiadings

of Kihara and ~ther investigations currcnt at that tine (147),
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Their findings, h-vever, did little to advance the cause of
r~? as the true rerulsive tern.
Perhaps the noyst rigorous investigation as to the
value of the repulsive exponent was that of Brown and
Rowlinson (148), This involved a thernodynanic discrininant;
and gvaluated _;_1: directly fron experinental results without
the need for statistiecal caleculations. The discriminant,
a specific function of pressuré, temperature and several
therncdynanic properties as well as é was shown to satisfy
a "Schwarz inequality" at all Pmessures and temneratures and
for all values of &. This progess set a lower bound for é
such that D/HB.B for liquid avrgon near the triple point.
Due to quantun effezts no test of the potentinl could be nade
in the solid regioca but it wa$ cpasidered that a bi-recip-
rocal potential should be sntisfactory at low tenperntures if
ny13.

The. éffect of varying é where 10{n{1% was also studied
by Horton and Leech (137) as part of a systemntic exanination
of the inert gas solids (We, LAr, Kr, Xe), the potential
narariecters in each case being determined from s2lid state data.
Machine calculations werc perforned to evaluate the specific
heat and Gruneisen's constant “X" and the tenperature
varintion of these guantities studied. The conclusions
Arawn frog this investigation are nany and conplex, and in
fact alnyst too complex for a great deal of uscful inforn-

ation to be obtained. The conparison of theoretical results

with experinental data did, however, lead to the statenent
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""that ne #=12 calculation cories near experirent!, a conclusion
not in concordance with ~ur findings for argon and neon
(ho&, 4.6).

These argunents for and against various values »f
é do not appear to be in harepeny - even in the case of the
inert pgas solids., It might well be that the often neglected
anharnonicity or non-additivity corrections have unduly
influenced the final results but the validity of this is
difficult to estimate. Moreover, conparisons »f predicted
and experinental properties using these differing potcntials
have been generally directed towards second and third
virial coefficients and only in the lnttice dynamical
calculations of Iorton and Leech has the variation of
tenperature dencendent propertics with f_:l: been studiecd. We
therefore consider it of valuc to examine the effect of varying
i:é values in our cell riodel calculatigans and hence to

ascertain the sensitivity of the predicted properties to

this variaticn,

5¢2 The General '"n:n" for Solid Argon

We have studied the general nin-nodel by extendin
our theoretical calculations for solid argon. The potentials
we enmployed were 9:6, 18:6, 14:7, 28:7 (in addition to 12:6 -
(444))e The 9:6 potential has already been nentioned; the
18:6 is sonewhat n: re arbitrary but gives us a good indication

as to the effect of "hardening" the repulsion with respect to
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the 12:6, The 14:7 and the 28:7 are included to investigate
the effect of altering the atiractive termn, They are
not suggested as a logical description of the Ar-Ar
interaction, and have only becn seriously considered
elsewhere (149) as approxinations for the force field
between quasi-spherical nolecules. Together these potent-
ials give a spectrum of variables that should indicate
the value and sensitivity of the arbitary 12:6.

The general n:n potential n~y be written asi=
W(r) = (a€/n-n)(o/m)™/=" [ (8/r)" = (d/r)“] (54241)

where nyn 0
This leads to a generalised cell potential which is an ex-
tension of (1.4.,6). The potential is applied through the
W.K.B. nethod (Appendix 1) and this may be done for any
systenn of n:n values. The calculation of the conpressibility
for any quantun systen however, requires the volune derivative
of the static lattice tcrn W*(0) (sce (4.2.18)) and this was
scparately evaluated for each potential. Its calculation
consider an infinite crystal and nmay be written (after

Kihara and Koba (68)) as :-w -
W(O) = (N/Z)Cm’ne {(1/am) Z—_(Zn/Nn/Z) - (1/an)§:(zn/m.ﬂ/2)

n=4 a=1 (5.2e2.)

where Cn 0 = (m/m--n)(m/n)n/m-n = f(n,n)
*

Zn = nunber of olccules in nthshell.

a = n%a = distance of nth shell,

e 3%. __0'3 * v
Hence writing V =Na”/2% ; VO_N and V* = V/ o
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W) = (¢, /2) {A=(2V*2>"m/6 - B(av*a)"n/s} (5.2.3)
0 o0
where A = ZZKZn/Nn/a) : B = g;zzn/Nm/a)
therefore )
V*/2T7* (aAW*(0)/dV*) = (cm n/12T*){:Bm(2V*2)-m/6 - An(av¥2)'“/€}
1
(5.2.4)

A and B are evaluated by surming to convergence over a
cubic close packed lattice giving the resulte in Table (5.1)

Table 5,1
Ry
) L2 /8 5)

nzt

14,4539
1343594

e

12,4920

N O NN O

1261315

14 1240589

18 12,0130

28 12,0036
The above values agree alnost exactly with those obtained
by Kihara and Koba who perforried a sumnnation and a partial
integration.

Any treatrent of the potential in its ff:n forn requires
the evaluation of the L.J. paraMeters € and d, These
were obtained fron zero point data using the iterative
rnethod of Utting given in Apvendix 2. The results are
shown in Table (5.2) together with the 12:6 values obtain-
cd previously.

It should be noted fron these tabullatéd values that

whereas the change ind™is srall (the ratio of d(9:6) to
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Table 5.2 Zero pt. paramf&ters for some 'm=n"

|

potentials,applied to Argon,

Potential G/k(OK) s (L) N63 A*
cc/mole
9-6 105,2 3.398 23,62 0.199
12-6 120.4 3,398 23,62 0.185
18-6 132.4 3.429 2k,27 | 0.176
147 141:0 3.405 23,77 | 04177
28"7 15609 3-"‘79 25035 00 159

Table 5.3 Virial parameters for some''m=n"
potentials,obtainedby "fitting"
to Argon experimental data(124)

-

Potential |€/x(°k)| &(4) Nd3m§§h A
12<6 119.8 | 3,396 23,50 0.186._
18-6 160.7 | 3.249 20,65 | 0,168
14=7 170.5 | 3.231 | 20.50 | 0,164
28-7 2k9,0 3,028 | 16.71 0.145
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d(12:6) is 1,004) the depth of the potential mininwun
drops sharply as the repulsion "hardens".

It was also considered of interest to calculate ¢
and ¢ fron second virial data for sorne n:n potentials
using the "best fit" nethod and the data in the sane
terperature range as studied previcusly (4,4). These
paraneters are presented in Table (5.3). The virial values
are in conplete variance with the zero point parametors,
Prelirinary calculations indicated that apart fron 12:6
they appeared totally unable to interpret theoretical
data realistically and they were therefore rejected,

The investigation of the model with a general n:n
potential was éffected by computing the reduced therno-
dynanic properties of argon at the /x*for each potential
and then converting the reduced data to unreduced units
by use of the appropriate pararieters.

Figs (5.1) and (5.1a) show the results of nolar
volurie V(ce/riole) against teuperature for the five potentialses
The nost significant factor oppears to be the increase in
E/k by the hardening of the repulsive wall. For the n:b
potential the similarity in ¢ between the 9:6 and 12:6
is completely overshadowed by this effect, and even with
a riore narked increase in o fron 12:6 to 18:6 the well
depth again appears to be all important., The alteration of
the attractive (i.e. r to vy sinilarly affects predicted
values and this potential suffers in a similar way to the

n:6 in going fron 1h4:7 to 28:7.
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~Fig 5.1a Solid Argon:~lMolar volume(V,cmj/hola) Ve

Temperature,for general '"m-n" potentials,
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(A.) Full line-Experimental curve(117,.)
(B,) Theoretical data,normalised with
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Fig 5.1b Solid Argon:-Molar volume(V,cmB/molﬁd vs

Temperature,for general "m-n'" potentials.
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(B.) Theoretical data,normalised with .
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The coriparison of the theoretical specific heat Cv
with converted experimental data (4.4.1) is shown in Figs
(542) and (5.22), Since we are prinarily concerned with a co-
nparison of theorctical values, Cv is clearly o better
rnediur: than Cp‘ In this case the theoretical plots are
entirely dependent on the € /k values (this is not strictly
true since the reduced data depends on.A*). Oncc again
the effeet noticed in Fig (5.1) is enphasised and each potent-
ial provides a unique prodiction of experimental data.

In the case of argon it was not fclt necessary to
pursuc this investigation any further. The indications
of the molar volunc and specific heat vs tenperature plots
are indisputable. They are that the alteration of the shape
of the potential by hardening or softening the repulsive
wall, or by naking the attraction a shorter range force,
drastically affects the predicted properties., Further
the 12:6 potential is far and above the best forn to
predict experimental properties. Other investigations
of an n:n potential for neon (113) have resulted in sinmilar
conclusions (cf. Zucker (77) n=14).

We therefore underline the points nade in (4,7) with
the rider that the potential for the anharnonic quantun
cell podel nust be the L.J. 12:6,.,. Further we crphasise that
the study of high density phenoriena nust utilise paraneters
derived fronm solid state properties and that for this phase
of natter pararcters obtained fron second virial neasurce

rtents arce of dubious value,
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Fig 5.2a So0lid Argoni-Heat capacity(cv,cal/mOMLK.)

ve Temperature,for general '"m-n" potentials,
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Fig 5.2b So0lid Argoni-Heat capaoity(cv.cal/mola X.)

vs Temperature,for general "m-n'" potentials,

Full line<-Experimental curve
through(4.4.1)=data{115,116.)

(B.) Theoretical data,14«? params,

(C.) Theoretical data,28-7 params.
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5.3 The Second Virial Coefficient.

In view of the conclusions reached in the previous
section and in Chapter 4. it was decided to nnke a brief
but concise exarmination of sccond virial coefficient data
using zero point paraeters and the pair potential. This
test of these properties in predicting a two body interaction

could yield nore infornation (especially as to the validity of
the potential) if the teriperature derivative of the sec-
ond virial and the third virial coefficient were studied,
However, the anount of experiniental data available espec-
ially for the latter property are linited and this invest-
igation is therefore confined to the prediction of
reduced sccond virialse.

Fron the quantvn partition function written as the

Slater sun for two particles:-

(2) _ X . .. (2)
un = Jz:ﬂexp(—)i/kcr)\lﬂ dq (543.7)
the second virial coefficient B(T) is developed as:=-
and S(gq) = V wrexp(-H./kT)¢: (503.3)
q L___\{{f i

The expansion of (5.3.3) in terns of the pair potential
W(r) and the integration of (5.3.2) leads to the secries
represcntation of the quantun second virial coefficient:-

B(T) = B_,(T) + (hz/m)BI(T) N (hZ/m)ZBII(T) been (5.3.1)

[

where B, = 2T N J%?exp(—w(r)/%g) - 1?}r2‘dr
(]
By = 2 TN (48 TTszTB)—1fexp(-W(r)/kT)(d‘l\f(r)/dr)aradr

ete (150) o
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A further tern is included to account for Bose or Ferni
statistics obeyed by the quantun gas and the final

reduced form nmay be written as:-
B*(T*) * %% * ¥ * *2
= (B cl + A B T + _/\_ B 11 + ouc'o): ABO (50305)
* - 2T 3
where B*; = B./b_ and b_ = 3TINS

The wvalues of B* q» B*p etc have been tabulated (150,151),

I
They nay be calculated by numerical integration or by the
use of garnma functions, assuning an n:n potential. Henece,
knowing l@?, the reduced second virial can be obtained for
any quantun particle (for a more conmplete treatment see.
(150,152).)

Fig (543) shows the comparison of the theoretical
reduced second virial curve (5.3.5) for argon with the
reduced experinental data of Fender and Halsey (64) < 110°K,
and of Michels et a2l (153) >>110°K. The experimental data
is reduced both by zero point paraneters and by the values
of Boato (136)., The agreenent in the low tenperature
region T*{ 1 is not substantially inproved, In Fig (5.4)
a similar conmparison is made for neon, but over a wider
tenperature range. The theoretical curve was calculated
forJAf;O.584( the zero point value) and the experinental
data of Michels and co-workers (154) reduceé with zero point
paraneters and also thosc calculated by Nicholson and
Schneider (sec Table 4.3). The change in agrecnient for the
different € and ¢ values is insignificart (reflected by
the change in /«*) and although the zcro point paranecters

reduce the data to a slightly better degree, the curve is
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*”
o

'Theoretical data=-full line

" Reduced experimental data (64,153) 3<~

X using zero point paramse

e =t O using virial params.(120)
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Fig 54

Reduced Second virial coefficient of Neon vs Reduced temperature,

= «0.8

B*(T*)

e _1.2

— -106

{i) Full line,theoretical curve for zero point parameters,

Reduced experimental data.{119,)

O using zero point params,

x using virial params.(119)
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relatively insensitive to the alterations in € and o (espec-
ially when the comparisons of hod, 4,6 and 5,2 are borne in
rind.)

In the case of hydrogen and deuteriun, zero point studies
yield paraneters, narkedly different from thosc obtained fron
virial data (Table 4.,1). It should also be noted that not
only wcre these paraneters different but that those for D2
were sraller than those for H2, a trend opposite from that
founq by Michels in his exanination of second virial datae
In Figs (545) & (5.6) the experinental data of Michels
et al is reduced with the appropriate zero point paraneters
and conpared with the theoretical curves fron (5.3.5) for
Hzand D2 respectivelye. Agreenent is quite acceptable and
tallies reasonably well with that found by Michels who used
a nore rigorous equation and his own virial paraneters.

The results of this section, therefore indicate that
paraneters derived from zero point data are not invalid in a
consideration of the gas phase. However, bearing in -:dind
the insensitivity of the second virial coefficient, a factor
ably illustrated in Figs (5.3) & (5.4), it would be fair to
say that they do n:t show a narked inprovencnt over values
obtained fron virial data itself, The use of the nulti-
particle situation at 0°K. to charactcrise paraneters for high
density work rust be beyond dispute. The carrying over of
these parancters to describe the fluid and gaseous states is
a step that can only be undertaken with caution, and only

in the light of more evidence than is at present available,
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Fig 506

Reduced second virial coefficient of Deuterium vs Reduced temperature,

Lo

B*(T*)
2.0

(i) Full line theoretical curve

.

(ii) )( Reduced experimental data of Michels: et al.(154)

( all data reduced with zero point parameters,)
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Quantum Corresponding States.

641 The Uniform Potential model. . o 130
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"Oh let us never, never doubt
what nobody is sure about,"

Hilaire Belloc (1870-1953)



641 The Uniforn Potential Model

The success of the cell unodel for quantun solids at
low tenperatures and its relative nerits in a pair inter-
action situation cannot and arc not carried over into the
fluid region. The nencsis that greets any such straightfow=-
ard attenpt is inhcrently due to the assuned static lattice
structure or to thec form of the potentinl itself. The
first pitfall can, as we will show, be avoided under
certain circunstances, The second problen, that of the
potential, especially that erployed in quantun statistics
is almost inmpossible to denl with on a rigtrous basis.

Any nore realistic picture of the pair interaction rust
conplex the nathermatics involved, sometines to an inpract-
icable degrcee. Our other alternative is to simpliff the
potential, a process that of necessity nust be of an
arbitary nature. However, it can enable the waQe equation
to be solved quicxly and easily., One application of this,
first proposed by Pripgogine and Mathot (156) and developed
by Hariani and David (102), is to regard the cell potential
as uniforn but rising disconfinuiously infinate at sone

displacerncont r. frow the cell centre.

Lee W(r) w(0) r < r,
(6,141)

Wir)

i

KO r r,
This theary was put onto a guanturf basis by Hillier and Walkley
(157)., We will only Meniion Rere the prrts of this treat-

rent relative to the present discussion, for a tbre
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conplete presentation the reader is refercd to Appendix 6.
The classical expression for the cell theory config-

urational integral (1.,3.5) leads to the conmpressibility

tern.

(PV/NKT),; . = (dlnvy/av*) - (V+/27*)(qw*(0)/dv*) (641.2)

where vi = vfﬂMf3 and v, is g'ven by (1.3.6)

If the linit T is chosen as the point at which the potent-

ial W(r) is numerically zero, then a sinple relationship

between y; (:(rn/a)z) and the reduced volure is found.

We nay then write (6,1.2) as:-

Cotass™ (1 + 1.5V*(dlny}/dv*) - (Vv*/27%) (aw*(0)/av*)) (6.1.3)
where (PV/NkKT) = conpressibility = C,

When treated on a quantun basis (seec A.6) analytical

solutions to the spherical cell potential wave equation

ara possible and the partition function nay be developed as:i-

c i_fal-m ) (D*ci/rr*v*%ya) (V*dlny?/dv*+§).exp (-D*ci/T*v*‘}y;)
%(21“ ) e exp(=D*C3 /T *v*g“y;) -
- (V*/2T*)(aw*(0)/av*) (6.1.4)
where D* = h2/8me_d22? and Ci

fron the zeros of half integral Bessel functions.

is obtained nunerically

642 The Quantun Correction Terri

The uniforn potential and quantun cell nodel (4.2)
equations of state are developed through a nunieric al
deterninatisn of the eigen values arising fron the wave

equation., We have nentioned carlicr the work of Lunbeck
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and De Boer (97) which sprung from ideas by Kirkwood (158)
and Uhlenbeck (159), In thesc the Slater sum (4.1.5)

was transformed to the integral over phase space so

Bou = Jr:(r).LPT"I'Z.dr (6e2.1)
where S(r)°='§}¢1féxp(— >&/kT) (6.2,2)
= jij*?exp(-ﬁop/kT)1P£ (64243)
u
and terns in F(r) = exp(-Hop/kT)yk:satisfy the equation
B oF = k1% (dF/dT) (6+2.4)

By a successive approxination solution and replacenent in
(6.2.1) followed by partial integration the partition

function was expanded to give

un‘ (kaa/Z'ﬂ'ha) j exp(-w(r)/ki').ls?i‘radr 1 - hzfa(r,m)

ukTr2
l+ e e Ll
+ h B(r T) +oses sse0re (6.2.5)
Epa—
nkTr

2

(W ST P 2 27T )

(2w l/er) 202 (2w /kT) 2+ 10/9 (2 W /ET) 7 =3/56(x ! /KT)
480(277)

where A(r,T)

B(r,T) #

The developrient of un is conprehensively described in the
rcferences quoted above. Our intcrest in such an approe-
ch is linited to the fact thnt through it the free encrgy
of the systen nay be written as a power series in the
quantun parancter.

** x
reo= T2+ JVEr 4 [LFS el (6.2.6)

This expension when applied to systems of high nass reduc-—
es to the single classical tern Fg. The equ~tion of state

ey be expressed in a sinilar nmanner so:ie
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P :PO+ P,; + 2 Pé’f‘ R X (6'2.7)
o * ST
where P! = (dFi/dv )T
The first tern in (6.2.,7) is the classical reduced pressure
¥*
having no Jq.dependence. The remaining terms in the series
ropresent the "quantun correction'" i.e, that pressure
in excess of the classical value. We now propose to use

this correction tern in a corresponding states treatnent

at fluid densities.

6.3 The Cell theory and Corresponding States.

The problem of a long range order assunption in any
fluid theory may now be excmined d4in closer detail.,
Calculations show that the effect of this lattice array
upon the classical cquation of statc (6.1.2) is such that
the inclusion of further neighbours beyond the fir st shell
( at radius ;) has only a ninor effect on the free volune
integral, The inclusion of further neighbours has however
a drastic cffect upon the static lattice term and upon its
volune derivative dW(0)/dV. It would therefae appear that
the effecect of a lattice structure upon the equation of state
arises almost entircly through the static lattice tern,
These criticisns apply exactly to the guantum cell nodel
as was illustrated by Hillier and Walkley (106) in théir
investigation of hydrogen and dcutcriun and sinmilarly,

since it 1is hased on the sanme asrdel, nust also be valid
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for any examination of a aniforn potential theory,.

We now reintrodvce the idca first fowarded by Hanann
(101,102) that the quantun equation of state nay be regard-
ed as a conposite tcrm made up of a classical tern and a
quantun correction term. If this classical tern is represent-
ed by actual experiiiental data then the latter quantun
correction tern nay be conpounded thecetically fron the

ccll rodel, Hence if this tern is given by P then

theory

fron (6.1.2) and (4,2.12)

= *( din > exp(- >\i/ T*)/aV*=dlnvy/av+)
N

(6.3.1)

Ptheory

»®
The gquantun pressure for any given T*, V* and [\ is therefore

(6.3.2)

* - * *
quantun” P? lassical® P theory

As will be scen fron (6.3.1) the correction term is conpletly
independent of the static lattice concept and depends

solely on the free volune terms that are relatively insens-
itive to further neighbour contributions.Thus -the developnent
of the quantun correction allows a far better investigation
of o single particle thecory at fluid densities.

We now proceed to apnly our "corresponding states"
approach to quantun systeims. These cnlculations are carried
out in reduccd varinbles and therefore prior to any calcul-
aﬁions two decisions are required. Forenmost the values of
the rcduction pararfeters used on any experimental data nust
be detergfined and sccondly the choice of a systen to repres-
ent the experirental elassical tern in (6.3.2) nust be nade,

The first problen raiscs several debatable points. To date
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the najority of our calculations have enployed L.J: paranct-
ers derived fron zero point data. The use of these rulti-
particle pararneters in fluid state calculations is of
interest but also of dubious validity . Another natter that
nust be considered in this cantext is that although the
P

and the P v terns are evaluated at similar T*,

expt theor
their unreduced values cover widely differing te-perature
ranges. Because of these argucrents it was decided to use
virial data to calculate the parancters over the ternperatu-
re range from which the cxperinental results werc obtained.
The second probleri, that of choosing a classical
systen,was solved by using expcrinental data for argon
(160), since it had previously been obscrved that this
exhibited little departure. from classical cell theory data
for T* > 1 at fluid densities (106). The choice of paranet-
ers to reduce this data was obtained by a Newton fit (ident-

o
jeal to that used in (4.4)) which gave €/k =119.8 K.,

and N62 = 23471 cc/mole.

6oL Theoretical Results.

(Experinental and theoretical data used to construct

relevant figures arc given in Appendix 5)

The conpressibilities of hydrogen and deuteriun at

T* = 1,748 were derived by writing (643.2) as
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qu Cargon * (cqu - CcInss )theory (6uke1)
Where C = (PV/NkT) ; Cargon s frorn the data of Levelt
(160) and Cqu sy C,q are derived fron (4,2.16) and (4.2.17)
for tre 12:6 nodel and from (6,1.4) and (6.1.3) for the
U,P, nodel respectively.
The resulting conpressibilities are plotted against
V* in Figs (6.1) and (6.2) and comparcd to the experirient-
al data of Ha:ann (102). In hoth instances the good
agreecnent of the Uniforn Potential (henceforth U.P.)
approxination against that of the 12:6 isothern is well
illustrateds In Figs (6.3) and (6.4) a comparison is nade
of the theoretical isothern using only the U,P. difference
at T* = 3,32 with the experincntal data of Michels et al
(161). Once again good agrecnent is observed,
A rnore testing systen than hydrogen and deuteriun
is provided by heliun. This exhibits enhanced departure
fron classical corrcsponding states, which is denonstrated
by its high Avalue ( /L=2.674) and its snall fundimental
parancters. In Fig (6.5) the cxperinental data of Buchwann
(162) for heliun at T* = 1,996 is shown as coripared to the
U.P. and 12:6 corrcction terr isotherns. The dmata for the
U.P, nodel are again in better ~gecnent than those fron the
12:6 calculations but not as good as observed for Haand D2
Thig inercased discrepancy night arise from treating heliun
by an over-sinplificd qmantun theory. The latter is unable

to take account of behaviour other than that of Boltziann

statistics which, in the case of heliun, could well be
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Fig 6.1 Hydrogen:=Compressibility factor isotherms for T*=1.748,

]
b\ (A.) Experimental data Hamman & David(102.)
\ (B.) U.P, approximation quantum correction
ternm
\(C.) 12=-6 cell model quantum correction tern.
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NkT.
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Deuterium Compressibility factor isotherm T* = 1,748,

Fig 6,2

. 340

PV

1.0

0 ) (A) Experimental data Hamanm and David (102,)

\ (A.) (B) U.P. approximatjon,quantum correction term,

\ (C) 12-6 cell model,quantum correction terme
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F‘ig 6'3

Hydrogen =Compressibility factor isotherms,T*=3,32,

\ (A) Theoretical isotherm,U.P, approximation
\
0\ {B) Experimental data-Michels et al.(161,)
~= 3.0
PV
NkT,
— 2,0
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B’lg 6.‘!

Deuterium=Compressibility factor isotherm T*=3,32

2.0

(A) Theoretical isotherm=- U.P. approxi&ation

(B) Experimental data Michels et al,.(161.)
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Helium compressibility factor isotherm T*= 1,996

e 5,0

PV
NkT

3.0

F'ig 6&5

Experimental data,from Buchmann.({162.)

U.,P. approximation

12-6 cell model
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inadequate. Another cause for disogreenent nmight be traced
to the reduction prraneters, to which, in this case, the
curves are particularly scnsitive. However, we cannot
justifiably alter these without invalidating our previous
caleculations and the discrepancy for heliun rust thercfore
reriain unexplainced.

It is now of interest to dJdelve deeper into a natter that
results directly fron the forrmulation of (6.3.2). We have
already observed that the low €/k values for the light gases
(HZ,DZ,ﬂg ) corparcd to the large €/k for argon neans that
data at the same reduced temperaturc describes narkedly
different experimental tomperatures. Thus an experinental
study of H,and D, at roon terperatures, i.c. T*=8, is not
an unreasonable task. To study argon at a similar T*
would involve nreasurenents around 960°K., and would present
an experinental problen of sorce nagnitude. It 1s also
observed that experinental data for I-I2 and D2 are available
up to T%=8,73(32%°K,) while none appeors for argon above T*
=3,5(420°K,). We have therefore reversed our corresponding
states procedure and using data fa the light isotopes at
T*= 8,73, have subtracted the U,P. correction tern to
give a "theoretical isothern'" far argon at 1048°K .

This is shown in Fig (6,6). The agrecnent between the

two sets of theoretical data is satisfactory. However,

in view of the soncwhat better prediction of the dotiteriun
isotherii from argon data at lower tenperatures, the

classical isotherm at this elevated temperaturce nay best be
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High Temperature isotherm T*= 8.,73,experimental data Michels et al.(161)

PV
NKkT

e 2,0
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(A) Hydrogen at 323°K.
(B) Deuterium at 323°K.
(C) Theoretical Argon isotherm at 1084°K,
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considered as given by predictions fron D2 cxperinental results.

The predicative value of the ccleulations given in
Figs (641 - 6,5) can be enphesised by considering the nagnit-
ude of the guantun corrcctions, For H2 at T*=1,748,V*=1,35
the experinental conpressibility is 1216 atns., and the
quantun corrcction 533 atns. At the sarme reduced terpera-
ture and a V*=1,90 these precssure values arc 366 atns. and
175 atns, respectively. The successful prediction of a
correction of such magnitude, approxinately 45% of the
experinental value, nust thercfore stand as a sensitive
test of the theory.

The validity of the adaptation of our treatrent at high
T* is, on a single prediction open to question, This region
of high tenperature is of considerable intercsts Plots
of the conpressibility apainst reciprocal reduced tenperature
for H, and D, arc secn to pass through a naxinun (Fig (517)).
This plot also shows a siriilsar curve for argon conpounded
fron experimental data and continued into the region of
high T* by theoretical considerations identical to thowe
etiployed in forning Fig (6.6). The theoretical plot,
constructed fron experinental deuteriun data, exhibits a
naxinun conparable to that obscrved for the H2 and D2 curves
and therefore provides a rational continuation of experin-
ental data,

Fron our accurate but perhaps limited application of

the corresponding states theory at fluid densities it would

appear that the nethod ie capable of a reasonable degree of
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\ . s
Fig 6.7 Compressibility factor as function of reduced
temperature at V*=1,68
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of success, but only through the use of the uniforn
potential nodel, The quantun L.J, methad, so applicable in
the high density state, fails for fluids even in the con-
text of a corresponding states approach. These observations
would indicate that the situation at fluid densities is
again critical to the mature of the potential. The shape of
the potential tern is known to be of considerable importance
in the solution of the arergy cigen value equation and in fact
the najor reason for the existance of the U,P. rodel is to
make this solution readily available, It is therefore
sonewhat disturbing to find that an arbitary potential of this
type appcars so decidly superior to the 12:6 , which although
erpirical in certain respects is nuch closcer to the true
picturc of the intcrnoleccular interaction. The success of
the U.P: approxniation may, of course, be considered =2s
fortituous, The swie cannot be said for the failure of
the L.,J. nmodel which, as ~lways, apnears to reward the
slightest excursion beyond its favoure@ range of high

densitics and low tenperatures with results that are both

unwanted and inexplicable,
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CHAPTER 7.

Gags solubility and the Cell thcory - an Introduction.

"One my not doubt that somehow good
Shall come of water and of mud

And sure, the reverent eye must see
A purpose in liquidity."

Rupert Brooke (1887-1915)
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7. Gas Solubility and the Cell Theory-an Introduction.

Our discussions to date have been confined to a narrow
range of physical linits. We now nove from these nether
regions around absolute zero to the more realistic and
nore easily approached (at least experimentally) phenonena
that are observed at and around roon temperature. In partic-
ular we arc intercsted in gas solution theory which presents
several situations that rnay possibly be interpreted through
the use of a suitable cell nodel.

Any consideration of seolution theory is, by definition,
a consideration of solubility and solubility phenomena and
sinilarly any consideration of the work in this field nust
deal with the work of Hildebrand (10-16, 163-169)., Over
nore than fifty years Hildebrand, togocther with co-workers
has produced a prodigious array of experinental resulis
on the solubilities of solids, liquids and gases in various
solvents o« TFronm these results has: sprung regular solution
theory which, as the name inplies,,has predicted fron
expcrinental obscrvatipns a regular relationship for nany
differing solute-solvent systense. These relationships
indicate that the entropy of nmixing for non polar conpact
nolecules of different species nay easily be estinated
unless anomolies such as conplexing or unorthodox fornos
of bonding occur. Hildebrand's theories are excellent in
that they rationally account for nuch of the solution

bechaviour of solid-liquid and liquid-liquid systems but in
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the case of gases dissolved in non polar solvents regular
solution theory is observed to fzil.

Early studies of gas solubility bchaviour were linited by
the absecnce of accurate experinental results with which to
conparc any theory. The work of Horiuti (170) renained
for nany ycars th: only source of reference, but recently
neasurerients by Reeves (16), Cleaver ct al (171-173) and
Hiroka (14) have provided a wide and reliable spectrun of
solubility data. Fron these Hildebrand was able to derive
golubilities and entropies of solution for nany differing
systens. On the theoretical level however no explanation
was readily obtainable and in most investigations any
attenpt at a theorctical treatient was cither avoided
or postponed to aa cusuing S but rarcly naterialis ing)
publication.

The regions for the above reasurerients were restricted
to dilute solutions.which, when considered in terizs of the
concentrntion of the solute gas, arc,to a gocd approxination,
infinitely dilute., Under thesc conditions any theorctical treat-

nent of the problenm in terms of intermolecular forces may ignore
all solute-solute interactions and consider afilly the
forces betwecn sclute and solvent nolecules.

If we assune the solute gns nolecules to be spherieal
non polar entities the solution process creates a situntion
which can, quitc logically, be described by a cell theorye
The use of the word logic in this context is p.rhaps open

to question, Over mny years and on nany Adifferent occasions
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Hildebrand has expressed his hardened and clear cut views

on such an interpretation of solubility phenonena. "'There

is no quasi~crystalline or lattice structure, there are no
holes of definiﬁe Bize or shape, no discrete nolecular
frequencies or. velodties and no distinguishable gas-like

or solid-like molccules,’ Hildebrand in fact adherces strictly
to the concept of nmaximun randomness in a pure liguid

and in nixtures of non polar,non rcacting riolecular species
(174). In such concepts a cell theory obviously has no

place but as we have nlrcady observed neither are the
problens arising from gas solubility satisfactorily explained
by regular solution theory.

To return to the cell —odel picturc of the solution
process, the introduction of the solute nolecule rust
disturb the rolecular arrangerient of the solvent. A tirne
averaged approxination therefore picturcs the solute as
"sitting” at the centre of a spherical cavity which it
has dug out for itself in the liquid. This is by no ncans
a new idea, sinilar suggcestions having been nade by Lley
(175-176) and Uhlig (177), and should be considered with an
experinental property not mentioned to date, namely the
partial nolar volune.

When a solute in any physical forn dissolves in a
solvent at o constant tomperature, a volune cxpansion of the
systen directly attributable to this process occurse This
expansion is defined in tcrns of the partial nolar volune (VZ)

lees V, = (dV/aN) ce/nole,
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where the dissolution of AN moles, causes the volure of
the syston to dincrease by dV cc: This quantity is a pronerty
of the systert rather than a property of the solute in that
it represents (as do other partial nolar guantitices) the
change occuring in the syster on the addition of a differente
ial anount of sclute. However, in a gas-liquid systen,
congidered as an infinitely ddilute solution the partial
nolar volune (P,M,V.) may be regarded as the najor factor
in deterrnining the size of the cavity occupied by the
solute nolecule.

It night be as well at this poin% to consider the cell
theory approach in a little nore detail, In investigations
of the inert gas sclids the nodel used was that of L-J,&D,
based on a regular lattice structure and on several other
doubtful assunptions (doubtful in regard to fluid state
situations)., 1In the application of o cerresponding stotes
approach to quantun fluids attenpts werc nade to eliminate the

of2est of the static lattice while o rore empirical uniforn

- “

., «pctential was algo studied. It is known that any exnlanation
of liguid phenonena at room temperaturcs nust ackn~wledge
that at best only short range >rder can be present. A
rigorous ccll nodel is thercéfore unacceptable and the theory
rmust be considercd in its sirmlest fori: as a free volune
type rwedel with a definite but 1?nited degree of inrosecd
order. The potential in the cell and the number of necigh-

bouring solvent nolccules surrounding the solute gas arc not

uniqely defined by the assurwtions of the model but are



152,
rather adjustable factors, the true ferM of which will only
be obtained by a thorough "free volune'" treatnent,

To erbark upon any such trecatrent for a suitable nuber
of differing gas-liquid systers denands nunerous and accurate
values of the P.M,V. The extent and validity of the data
obtained by earlier workers will be described in the next
secticn together with a detailed account of our own experi-
nental neasurerents for a large nuuber of solute-solvent
systens. Subsequent chapters will describe a tren~tnent cf
these results in terns of varying free volune thecories and our
attenpts through these to coie to grips with some »f the

theoretical problemns of gas solubility.
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CHAPTER 8.

An experimental deternmination of some partial nolar volumes

at 25°¢,

8.1 Previous work, . . . . . 154
8.2 The Dilatometer . . . . « 159
8.3 The vacuum line . . . . . 163
8.t The thermostatting of the dilatometer. . 165
8,5 A typical run . . . . R « 171

8.6 The calculation of experinental results . 179
847 Errors and difficulties of operation . . 188
848 Discussion and comparison of experimental

results . . o . . . ¢ 190

"Why think-why not try the experiment?"
John Hunter (1728-1793) in a letter to

Edward Jenner.

"The true worth of the experimenter consists in
his pursuing not only what he secks in his
experiments but what he did not scek."

Claude Bernard (1813-1878)
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8¢1s Previous Work

The wvolume change in a systen resulting from gas
dissolution can be accurately deterriined by :ieasuring cither
the)volune increnent itself or the accompanying change in
density. The former -iethod involves dilatonetric technigues
while the latter is effected through a pycnoneter. For the
systerns in which we are intercsted these changes are of
a very snall order of nagnitude and hence extrene accuracy ~f
reasurenient and a sensitive contr2l of experimental conditions
are required. It is possible teo achieve this accuracy by the
use of either method but in general the reasurc:ient of
volure expansion using a dilatoneter has been found the
nore convenient. This, in fact, was the conclusion reached
by Horiuti (170) who published cxtensive and accurate data for
the P.M,V.'5s of various gascs in organic sclvents.. Unfort-
unately, fron the viewpoint of contenporary investigations,
the systers Horiuti studied are, apart froem those in two
or threc sclvents, not of a great deal of interest. However,
his experinental dilatonetric nethed of ncasuring the
partial nolar voluze has been adopted with only rinor
nedifications by ncarly all later workers.

The method »f Horiuti was uscd by Kritchevsky and
Tliinskya (178) who ricasured the P,M.V.'s of several gases in
methanol and water, and by 8shwr: and Brown (179), in their
study of CF), and CH, in varisus organic s~lvents at 27°C.

We arc specifically interested in systens of the latter
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typne iees Non polar gases in non polar solvents. The
najority of work on thesg systerfs as might well be expected,
is due to Hildebrand and co-workers who studied P;M.V.'s as
part »f their general investigation of solubulity theory.
Hildebrand's results are given for syste's at 2500. The
carlier work of Horiuti hag shown the P.M.V. (VZ) to be
temperature dependent but only to a ~in~r extent. For
8lightly soluble gases in organic solvents Horiuti only
published results at 2500. We have thereforc restricted our
investigations (both the:retical and experirental) to
rreasurecnents at this terijperature and have not considered the
aore conmplex but doubtless nore accurate expression for
V2 as £(T).

Fromn the work listed above we have conpiled Va values
for 41 systcns of relativc interest and these arc given in
Table(8.1). All values are at 25°C., except for those
of Schurmn and Brown at 2700. and all have becn obtained
through*dilatoretrie neasurenents.’. A closer exanination i
of the results indicates the presence of promounced and
indisputable trends in the V2 values for the various systens.
If the non polar gas noleculc is treatod as a spherical
entity (which on the scale we consider is valid for -1l
gases listed) having a collision diancter d (where 6 is
the Lennard-Jones constant) then, as night be expected,
the value of V2 increases with rmolecular size. Further,

if the non polar solvents are charactepised by the Hilde-

brand solubility parancter 5, V2 is generally scen t. decrease
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Table 8.1 Experimental P.M.V.'s at 25°C., (ce/mole.)
\ -
Gas e [recdicg o | Cetane] Sty excitd o1, “e's™ | cgug | s, CHBr, ceClty4 Ceflag | CC1F | (CyFg 4
olven i [ CH,, =CE __-_QZES. ;_C,QLEZ N
1 6]..1 ° 1 :
H,, su' 37.6%] 36 35,
5h.4 35.3
5 350 | st
2 . 32.7
Ar 501 sl | a5t w5t |l | st 51,87
o. . 45,2° 47.7°
2
N 66.1° 53.1° | s2.6° 667
N
2
co 52.A6 51.76
o 68,17 |56.6% | 60® | s5.4° 52,401 54.8%) s56.1°
L 56.8
cu 82.3° 6943 67.4°
2 6
CR), 85,4 86.4" 7947 83,2 87.77
o 104,2° 105.5° 104> 105.5 | 126° o4’ |101.4° 93«7]
6

1, Jolley and Hildebrand(13); 2. Walkley and Hildebrand(169); 3. Gjeldabeck and Hildebrand(10) -
4, Schumm and Brown(179); 5. Hiroka and Hildebrand(168); 6. Horiuti(170); 7. Hiroka and Hildebrand(14)
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with increasing 5 « Thesc parareters have been cxiensively
used by Hildebrand to predict and interpret solubility
in a seni-quantitative manner. They are defined as the
square root of the cohesive energy density; vize.

§= <-E/vl)%
vwhere ~F, is the cohesive energy denaity of the liquid,
eesentially the nolar energy of vapourisation for the liquid
at zero pressure (i,c. infinite separation of the rolocules)
and V5, the nolar-volune. §f .the 1iquides The paraneters,
which are specific for cach sslvent, are easily evaluated
fron experinental data and are usually quoted in units of
(cal/cc)%. Extensive tables -f Jvalues are given in Refs.
(163,164) .

Ancther interesting but perhaps not cobvious factor

arising fron Table (8.1) is the relative value of V, for

2

H2 and D2 in the sane solvents. Jolley and Hildebrand (13)

found cvidence that V2 for hydrogen was greater than V2 for
deuteriuri, but within the lirits of their experinental
rneasurerients were unable to draw any conclusicns fro:n this
gbservation. However, later and nore accurate work by
Walkley and Hildebrand (169) to deternine the P,M,V.'s of
II2 and D2 in benzene, toslucne and perfluaro-n-heptage
confirned thesc earlier findings and indicated thnt, in
benzene, hydrogen occupied a volune larger by 8% than that
for deuteriun. The only explanation for this phenonenon
rust lie in a quantun effect, but while this is undoubtedly
present for H, and D, at low terperatures it is scarcely

2 2
credible that one should exist in the rcegion of 2500.
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We have alrcady rnentioned the linearity of P,M,V.. values
with regard to increasing gas size and perhans riore inportant
decreasing 5. Therc exists one striking deviation fron the
latter Mrule!” - that of the P.M.V.'s of sulphur hexafluoride
as neasured by Hiroka and Hildebrand (168). The irregularities
in these values were linked with the irregular solubility
relationships for SF6 as found by Hildebrand and Archer
(12) being attributed to "departures of SF, fron the
geonetric nean relation in nixtures with non fluoride
solvents'", Such a conclusion was inconsistent with other
available data. Archer (12) had observed sinilar irreguler
golubility behaviour for freon (CFA). However, the values
of V, for freon as quoted by Schwr and Brown (179) followed
the expected trend,increasing with decreasings.

The survey of previous experinental work indicated that
substantial gaps still renain in our knowledge of P.M.V's.
Many of the quoted values werc for uncornron systens (esge
Hildebrand's nunerous values for flunrocarbons) and further
several doubtful or curious restulss stood without experimental
confirrnation., The nost extensive work as listed in Table (8.1)
was that of Jolley (13), giving results for eleven systens
while the rost conprehensively exanined solvents were bhenzene
and carbon tetrachloride. We therefore decided to neasure the
P.M.,V.'s for gases of increasing rolecular sizes in solvents
covering a small but distinct range of solubility parameters.
The gases uscd were Ar, CHLF, CF1+ and SF6, and the solvents

benzene ( §=9+2),cyclohexane ( §=8.2), n-heptane ( §=7.95)
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and iso~octane (where 5.is usually given as 6,9, but about
which valuc therc appears to he sone doubt - see (8.8)).
To the selected gases hydrogen and deuteriun were added
giving in all twenty fOur systens to be studied. It should
be noted that net only did thesc systens extend over a wide
spectrun of gas size and élvalues but also pernitted an
exantination of several pertinent facts - whether nore evid-
ence for a quantun effect at room terperature could be
obtained from the neasurenents involving hydrogen and
deuteriun - if the values of Schurm and Brown at 27°C. would
be identical with rieasurcrients for the sane systems at 2500.
-~ and whether a check could be made on the seeningly
anortolous data of Hiroka for SF6' Finally it was considered
that several regular systens which had been reasured previously
would serve as o sensitive test of the accuracy of our
experirental riethod. With these objcctives in nind we
perforned our measurenents ennloying the dilatonetric
tecchniques so successfully introduced by IHoriuti sone thirty

years earlier.

8.2 The Dilatoneter

The dilatoneter used in our experinents is shown in
Fige (8.1). It posscsses »ne innovation when conpared to
those used previously in that it is in” two sections joined:
by a Quickfit B.19 cone and socket (F). This device enables

the otherwise lengthy clenning precedure to be considerably
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shortened, and provided dus care is taken, does not introduce
any new source of error into the rneasurerents.

The gencral dinensionsof the dilatorieter are consider-
ably larger than any of those previously enployed. Its
total capacity is approxinately 300 cc. (cf, 140 cc. - Jolley
(13) and Schuriz and Brown (179)) and during any experinental
run about 250 cc, of this space is cccupied by the solvent.
The two eapillary arne (4) and (B) are also longer than
those used by other workers, being 33 cn. (approx) conpared
with the 20 cn, arns of the Horiuti dilatoneter.

Prior to the construction of the dilntometer these
arns, nade from precision capillary, werce calibrated by the
"nercury drop riethod”". A seleccted length of precision
capillary was riarked off and a slug of nercury introduced
(sufficient to occupy a length of about 6 cn.). This
was noved down the capillary and its length at various
points carefully rnecasurcd with a travelling ricroscope.
After 20-25 such rcadings the nercury wns rernoved and
weighed and from the readings the average length of the
slug determnined. Thus, knowing the density of nercury it
was a relatively sinple natter to evaluate the radius and
hence the area cross section ~f the capillary. The f»llowing
results werc obtained,
(i) Left hand linb (B)

Radius of capillary (r) = 3.047x10'2 crie

Hence a rise of 1 c¢n, in the capillary is equal to a

volune V, where
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V::Wb2x1 = 2.916x10—3 cco./Crie
(ii) Right hand linb (A)
Sinilar to (B) with r=3,037x10"2 cr.
and V=2.899x10™> cc.,/cn,
(It should be emphasised that for the above rneasurerients
strict precautions were taken that, at all tirics, both
capillary and travelling nicroscope were in the sane plane.)

Returning to Fig. (8.1) we may note two other factors,
nanely that the left hand linb enters the dilatometer through
a nozzle (C) and that the sane arn endsg in a Quickfit ball
joint (H). The nozzle was first introduced by Horiuti (170)
gpd enables gas to be injected directly intn the sonlvent,
without adhering to the wall of the vesscl. The ball joint
owes its origin to experincental convenicence since it reduces
the tension on the vacuun line and enables the dilatoneter
to be casily attached to the #ain rig.

For an experirental run the dilatonceter is clanped to a
perspex and brass france while inside it is placed the stirrer,
shown as (@) in Fig. (8.1). This was constructed fron stain-
less steel, coated with liquid "Araldite" and fixed to a
"Peflon' basc. I%s length was such that it could casily be
agitated by a nagnet held just above the top of the dilat-meter.
This design of stirrer was adopted in proference to a glass
(or Teflcon) coated retal slug on two countsy fIkct,.
the difficulty in controlling such n device in our experinental
arrangenent and secondly the naxirun width of any stirrer

inposcd by the dianeter of the cone (F). The stirrer (G)
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was frund to be efficient and providing that the solvents
we used did not affect the Araldite coating (nanufacturer's
data assured us that they did not) no adverse effects should

have been introduced.

843 The Vacuu: Line

Experinental proccdure denands that the dilatonmeter is
placed in a thermnostatic tank and attached to the vacuun
line at (C) (sce Fig.(8.2)). This line consists essentially
of two scctionyy that to the left »f the dilatoneter that
leads to the vacuun punp (A) and that to the right that
stores the gas to be used during the run. The gases, which
arc obtained stored in cylinders arc connected to the line
at (F) by a Mathesom Autonatic Regulatsr No.36. Gas passcs
through the two way tap (E) and is stored and isolated in the
gas burette (G). This burette consists of an inner "U"
tube surrounded by an outer jacket through which water is
circulated. The left hand lirb of the U tube was constructed
frorn a Springhan straight bore burette, calibrated fron
0=25 cc. with 0.05 cc, direct accuracy. The tube was ¢ nnected
to a nercury reservoir (M) through a spring loaded tap (H)
and the reservoir attached to a stand that e~culd be roved
in a vertical plane. The contents of the burette were
therrmostatted by water at 2500., circulated by a Stuart
Turner centrifugal pump No.10. The water was stored in

a well stirred, well lagged bath , thermostatic equilibriun
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being naintained by an Electro nethods Lther control relay,
which operated a 60 watt lamp and a 30 watt "fish tank"
heater. Tenperature control was through a contret thermorncter
nade by the Electroc Thermoneter Co, Ltd., having a range of
20-30°C., and a sensitivity of 5°C.-1 cr.

All taps on the line werc greased with Apiezon "NU
and the joint (D) was seccured with springs. Joints (0) and
(F) were nade particularly secure and the reliability of the
whole line with respect to lecks etec. could be investigated

by usc of the nanoneter (J).

8.4 The Thernostatting of the Dilatoneter

Perhaps the rnrst inportant experinental factor to be
considered in our MeasureéMents is the #Huintennnce of a
high consistency 0f tepperature in the neighbourhood of the
dilatoneter. The volurie changes resulting fron gas dissolution
arc snall and any tenperature fluctuation even in the
region of O.O1OC., con affect the accurncy sf thesc reasure-
nents to a considerable extent.

The choice of a thernostat vessel, a suitable control
systen and n sensitive nethod of detecting teyperature
fluctuations were all problens that had té be solved befnre
any meaningful rcsults werc obtained. Thesc problens (or
rather unsatisfactory attenots to by-pass then) caused
nany delays in the project and im fact the najority of ex-

perirental @i fficulties cnan be directly or indirectly traced
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to lapses in thernostatic contreol. iowever, we do not
propose to describe the various pernutations forwarded as
vain solutions but rather the optinun conditions of control
and the successful experinemntal rethod that evolved fron
their consideration.

When the dilatoreter is attached to the line at (C)
(see Fig. (8.2)), it is imrersed in a copper therrostat
tank. This has the internal dinensions of 32cnex25cr.xiPomn,,
with a glass window 26cn.x40Ocn, fitted in the front. The
other sides are padded and the top nay be covercd with a
1id. The thernostatic liquid that filled the bath was
water and this was vigorcusly agitated by a stirrer driven
by a Griffin and George adjustable speed notor. The notor
drove an axial rod which carried five copper paddles each
845 cn,e in dianeter and cach heing interleaved into eight
sectiong,

Terperature control is achieved via an electronic relay
and a contact therioneter which together e-unsiitute a
typiecal "on-off" systen. Such a syster is in essence ﬁn
osdillatory circuit in which tenperature control is enhanced
by (i) increasing frequency, (ii) decreasing amplitude.

An increase »f frequenecy is »btained by incrcasing the
sensitivity of the c:ntrcl and nininising the inertia of
the thernal 1nad (where in our case the load is the heat cap-
acity of the heater and contact thernoneter). The frequency
nay also be increased by decreasing terpjerature lags, con-
sequently noking it easier to attenuate oscillations by

filtering.
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To decrease the anplitude, factors such as efficient
stirring nust be considered, This is requisite in order to
renove "temperature pockets!" in the liquid and hence
nininise irregularities due to localised heating.

Thesc ohjectives were achieved, in part, by using a
contact therroneter of the gas sealed "metastatic" type
supplicd by the Ilectrical Thermoneter Co, Its adjustnent
was 161/1%C . and it gave a differential of 0.,001°C with
negligable lags oer the range 20° -3000. Also attached
to the relay was a heater of nichrone wire, wound on a
glass frane. The power for the heater was obtained by
reducing nains voltage through a Douglas MT 3AT transformer,
which took 30 volts D.C. off the A.C, mains, The input of
this voltage was further monitored by a variac transforner
(Zenith Elect. Co. Variac Duratrak) which provided a
scasitive control oer heater current. As was stated above
this heater was connected to the relay - an identileal heater
operated in a sinilar nanner was placed in the bath to act
as a pernanent heating souwrcc. This enabled the termperature
& fferential to be kept to a rininun (fast response) and
also if therostatting control was lost due to lrge
alterations in rcon terperature, enabled the balmmee to be
rcstored without any adjustrient of the sensitive relay
circuit,

Bearing in nind the nininisation of lags, fast response
to tenperature changes, elinination of tenpcr-ture pockets

by stirring etc., therc exists one factor which, though
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inportant, owes its solution chiefly to trial and error
nethodse This is the best relative position in the bath

of the heaters (both switching and pernanent), contact
thernoneter and stirrer, the nost favourable arrangenent
being of course that where terperature variations are snalleste.
To find this position we nust be able to detect these
fluctuations, a technique that demands an accurate terper-
ature neasuring device, and noreover one that responds
rapidly to snall terperature changes. The Becknann thernone
eter, used in thesc investigations, is not ideal for such

a task, Its accuracy was quoted as 0,001°C, but it also
possesses a large thernal lang (slow response) and is not
adversc to "“sticking"., We therefore searched for an addite
ional and nore sensitive nediun which we found in the

shape of @ *hernistor.

A thermistor is a sensitive resistor (nade fronm seni-
conducting naterinls) whose terperaturc coefficient of
resistance is negative and nony tines that of ordinary
rnetals at room temperature., A change in tenperature of
the surroundings therefore produces a change in resistance
of the thernistor which, using a simple bridge circuit
can be ensily evaluanted,

We have uscd a Standard Telephone and Cables F22
thernistor (with a tenpecrature coefficient of -2.,8% at
20°C,) and the Wheatstone bridge circuit shown in Fig (8.3)s
Balgncing the circuit in the therrostatic bath (i.e, finding

the resistance of the thermistor at bath te—perature) it was
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Fig 8.3 Thermis:or 2 Thermistor cireuit.
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R%,R2 arms of Decade box in 10:1 ratio.

R;;{variable resiitance in form of decade boxs
T,Thernistor(S,T.& C,~Type F22.),

(B,) Thermistor-'"exploded" diagramn,
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possible to calculate the change in resistance for a change
of 1°C. and fron this the fluctuations in tenperature for
a unit deflection on the galvanoreter scalé. This calcul-

304

ation indicated that 1rm. on the scale =0,5 x 10~
(sending 4 volts through the bridge circuit). Hence,

naking the reoasonable assunptions that heating effects due

to the thermistor were negligable and that its response tine
was no nore than 15 secs we were able, accurately and casily,
to follow tcmperature changes in the bath.

It night be Jjustifiably stated that for a clain of
accurate thernostatting the bath should be "napped" (i.c.
observations should be token at a variety of different
points rather than temperature changes at a fixed position
be continuallly observed). Such a task however presents
serious problerms and it was felt that a reasonable oscill-
ation on the galvanoneter scale supported by a stationary
Beckriann gave an accurate indication of good thermostattinge
Perhaps nmore irportant however, is that the capillary
levels of the dilatorieter do not change, Becnuse of its
large thernal nnss, the dilatometer is rore sensitive to
tenperaturc drifts than to fluctuations, the forrner being
clearly shown by a Trisc (or fall) in the nercury levels.

For the dilotonmeter to be at qquilibrium its levels nust

be conpletely stationary. Throughout our experimental
neasurc-ents we were able to achieve this, When for sone
reason or other we werc not it was ncarly alwnys nccessary

to abandon the relcvant run, Tenperature control was not
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clained to be better than 0.00200., but it nay be staied

that within our degree of accuracy all volune changes

were due to gas dissolution and not to spurious tenperature

cffectse

8¢5 A Typical Rur,

We will now describe in some detail an experiniental run
typical of any solute-solvent systen investigated,

Triple distilled rnercury was first introduced into the
open dilatornieter sc that the mercury level was slightly
higher than that »f the nozzle (C) - Fig (8.1)., The stirrer
was next placed in position and the top half of the dilaton-
eter scaled on by the use of Bdwards "I" wax, Only o little
of this wax was used, Jjust cnough to give a clear transparent
seal to the joint (F).

During this period about 500c¢c of the solvent werec
degassed by boiling under reduced pressure, This was
continued for 2-3% hours until the solvent was considered
frec of all troces of air., The dilatoneter was then
carefully inverted, attached to the degassing apparatus
as shown in Fig (8.4) and evacuated via attachient (R),

On completion of this tap (8) was closed and tap (T) opened.
It should be noted that a war: solvent would undoubtedly
dissolve traces of tap greasc., To mininise this we introdu-

ced at (T) a spring loaded tap of glass impregnated teflon
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Fig 8.4 Filling of Dilatometer,
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(which of coursc nceds no grease), and only lightly greased
the joint (U). The solvent wes initially faced into the
evacuated dilatometer in snall doses ;until it was certain
that all air had been rerioved from the latter. (8) was
then closed and (T) left open, enabling the solvent to
rapidly fill the dilatoneter. When the filling process

was corplete (T) was shut, The dilatoneter re-oved at

(U) and (V) and quickly inverted, extrenme carce being taken
not to introduce any air bubbles into the solvent,

In its nornal position the dilatoneter now stands,
filled with solvent which is isolated from the atnmosphere
by a lower layer of mercury. However, the filling process
results in traces of solvent renaining in the side arns.
These traces were rcenoved by warming the dilatoncter with
an Infra Red Mercury lanp and taking off the excess liquic
with "Kleenex". The process of warring and cooling was
continued until all traces of solvent had disappeared fron
the capillaries and the mercury columns noved snoothly
without displaying any apparant fracturec.

The filled dilatoneter was then placed in the therno-
stat tank and attached to the vacuun line at (C) (this, as
A1l refs. in the following paragraphs, refer to Fig (8.2)),
particular care being taken that the frane was fixed in a
vertical plane and that the capillaries were in plumb(i.e-
not forced out of the vertical by a bad joint)., The line
was evacuated fron (A) as far as the gas regulator (F) and

by carefully adjusting (XK) the last traces of air above the
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dilatoncter were rcrnoved. This procedure,of course, pulled
the nercury level in the left hand 1inb up to (X) and to
avoid air being drawn in through the open capillary excess
nercury was added at (L).

All air having been renoved, the dilatoneter was isolate
ed at (K) and the line flushed several times with the gas
under study., The line between (K) and (F) was next filled
with gas and the burette isolated by closing (E). The nercury
which was held at (II) was forced into the burette in such
a rnanner as to give a head in both armse The line betwecen
(K) and the nercury level in (I) therefore contained solute
gas, while atrnospheric pressurc was applied to the linb
(G) by opening tap (E).

Through scver-l adjustrments the twoe arns of the burcette
were levelled and the dilatoncter opencd to gas pressure.
This pressurc forccd down the mercury in the closed linb,
an effect ccunteracted by rernoving the excess from the other
arn at (L). By adjusting the pressure through the reservoir
(M) it was possiblg to rcenmove cnough nercury from the dilat-
oricter so that the cquilibriun position of the capillary
lovels was approxinately half way down the dilatonmeter arns,
However, for a rur of four or mnore .loscs, a nuch lower
initial leovel of the capillarics was necedede This could
only be achicved by a rather drastic but successful procedures
The therriostatting of the bath was disturbed by heating the
contents for a short tine with a 300 watt red rod hcater.

This cnabled further nercury to be removed fron (L) with a
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capillary dropper. Having achicve?! this the bath was

quickly cooled by the addition of ice, the capillary levels
falling rapidly. Observations over a substantial nunber of
occasions indicated that the lovels continued to fall slowly
for 2«3 hours and did not achieve equilibriun ruch before

a b=5 hour period. JComsidering the severe heating nnd cool-
ing conditions criployed this was not unexpected and therefore
for each run the syster: was at this juncture left overnight
10 reach equilibriun, It was considered that a period

of 10-12 hours should be gquitc sufficent for this to be
cffected and it is ecnphasised that no neasurcnents whatsoever
were token up to this point,

After the lapse of this- period of equilibration the
stability of the systenn was checked by cnsuring that the
nercury lovels in the dilatoncter were steady. We did this
by obscreimg then through a cathetometer telescope (Precision
Instrunents Ltd.,) over a period of 15-20 nins, If there
was no neasurable notion during this tine, tenperature
equdlibriun of the dilatoneter and contents were assuned
and the run procecded with.

The atnesphcric pressurc was noted, the tap above the
gas burette closed and by adjusting the reservoir (M) five
or six readings of the pressure and volune of the gas
obtained, Burette readings and nercury levels werc obscrved
through = Griffin and George cathetoncter, enabling gas
volune to be read to £ 0,02 cc., and ricroury heights to

2 0.002 crise On completion of thesc neasurenents the burette
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was returned to atnospheric pressure (i,e. the height of
both arrs egual) and the tap connecting the burette to
the dilatometer reopened.

Preliminnry readings of the dilatometer levels were
taken, being over 2 period of 15 ~ins.(again to ensure
equilibriun). Next a dose of gas was passed by closing
(E) and raising the reservoir (M). Gas passed down the
closed arn of the dilatoneter and bubbled through the
nogzzel into the solvent, at the sane tine forcing the
riercury up into (L). Having sent over a dose of 1-3 cca,
the burectte was rceturmed %o cquilibriun. The capillary
levels took up o nuch higher position than before and the gas
dose (or that part of it undissolved) was visible as a
bubble in the top half of the dilatonmeter at (N), Conplete
dissolution was achieved by agitating the stirrer with
a nagnet. The period of dissclution varied with the systen
under study. Thus at the lowest it was ten niinutes while
for H, or D, in benzenc periods of over 124 hours were not
uncoryion. When no further trace of the gas bubble renained
in the "ilatoneter the systen was left for 20-45 nins. to
equilibrate,

Obscrvations of gclvanoneter and Becknann readings
enabled us to check that the dissolution process had not
altered the thermostatting teperature. The new levels of
the nercury in the capillary arns therefcre represented the
increase in voluue of -he systen due to the dose of gas.

These levels were tnken (again measurernonts being spread
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over a sufficicnt period as to ensure consistancy). However,
the volurie increasc as indicated by these readings is not

the true volune increase, since due to the rise in the
levels of the nercury in the capillaries the liquid in the
dilatoneter will be under a higher pressure after dissolution
than before the gns dose wns passed. This necessitates

a " conpressibility corrcction' typical of which are those
riade by Horiuti (170) and by Kritchevsky and Iliinsyka (178).
Such a correction introduces several unwanted inaccurncics
into the neasurenients and nay be directly avedided by using
an experinental "constant pressure" technique devised by
Walkley and Ilildebrand (169). The dilatometer is isolated

at (X) and o negative pressurc applied to the open capillary
arits This pressure rust be sufficient to pull the level

in the closed arn down to the origimal position it held
before the gas dosoge. The‘extension in the open ar:n

will then represcnt the "true " expansion due to gas
dissplution and nay be directly neasured.

This techniquc was euployed by us for all doses. A
slight negative pressure was applied at (L) through a tube
attached to a 50 111, glass syringe. When the level in the
closed arm reached its original position, a clip was fixed
to the syringe tube to hold the pressure. It was found that
this device enabled the nercury level to be held exoctly
at the required position (ib.OOZ Crie)e When :ore than one
dose of solvent gas has been passed, there are in fact two

positions that are of intcrest, The one described above,
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where each dose acts as an individual neasurenent of the
volure expansion or the consideration of each dose in the
context of previous doses. To offect the latter the level
in the closed arn is pulled down to the nosition it occupied
in the first instance before any gas was introduced into the
systeris The oxpansion in the open arn therefore reproesents
the total expansion in the systen due to the cumulative
effect of all doses passed, and by averaging and decrcasing
errors gives o nore valid representation of the volune
expansion,

To obtain a consistent wvalue for the true expansion
pressurc was applied and renoved on about six occasions
over 12=-20 mins., in each instance a separate rcading being
taken, If two referencc narks were being used (i.e. the
individual dose and the total expansion due to several
doses) this procedure was repeated.

On the completion of the obove operations atnospheric
pressure was again tnken, the burette isolated and pressure-
volune neasurenents nade to determine the amount of pgas
renaining after dosage.

Further doses were then passed,tie process just described
being repeated identically. A run generally consisted of
k.5 doses toking between 8-11 hourms. On completion of a run
the dilatoneter was removed at (C) and enptied by applying
a partial vacuun at (L) via a water pump. The two halves
of the dilatoneter were separated by heating the waxed

joint and after cooling all traces of wax were renoved.
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Prelirinary cleaning of the bottom half of the dilatoneter

as cffected by washing with acetone and water, The apparatus
vias then filled with chronmic nitric acid and left standing
for 6~8 hours (generally overnight), This process was
considered rigerous enough to ensure all greasc etc., was
renoved from the capillaries. After standing, it was
washed with distilled water and dried far 3-5 hours in an
oven at 15000. The top bulb was sinmilarly, but not as
violently treated being cleaned with acetone, water and
chronie gulphuric acid before being dried at 150°C, for
3-5 hours.

The dilatorneter could then be reassembled and another
run started. TUnder optinun conditions the process of
cleaning filling and perforning a run was refined to a
two day cycle. The possibility of using two dilatoneters
was considered but rejected since it apneared to offer little

or no saving of labour or tine,

8¢6 Calculation of Experimental Results.

The procedure of (8.5) w~s employed for over thirty
runs invelving approxinately 140 doses of the various gascs.
These gases, obtained from the Matheson Co. Ltd., were
quoted to the following minimun degrecs of purity, argon
(99.998%), nethane (99%), sulphur hexafluoride (98%), carbon

tetrafluoride or "freon-14" (96%), hydrogen (99.95%) and
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deuteriun (99.5%). It was considercd that these levels of
purity nade further techniques such as rultiple trap
sublimation (15) etc. unnecessary and all were used directly
from their c¢ylinders.

With rcgard to the solvents, iso-octane and cyclohexane
were "spectro-analytical' reagents supplicd by Hopkin and
Willians Ltd., and were judged to be acceptable without
any further purification. The benzene, obtained "thiopane
free" fron M,% B.Ltd,, was dricd and fractionally distilled
Bupte 7945-80.5°C., The n-heptane, a Hopkin and Willians
product conforning to I.P: specification, was sinilarly
treated being dried and fractionated 3:pt. 97.5~98.5od.

O0f the runs node certain were rejected due to break-«
downs in experincntal procedure, or due to inconsistencies
in results for successive doses. The errors that nay occur
in the experincntal process will be considered later. We
now content oursclves with an examination of the successful
results for the 24 systems under study. We do this by
giving our conpletc experinental data for one systen and
precenting the others in a somewhat abbreviated forn.

The systen chosen for dctailed study is that of deuter-
iun in eyelohexane, for which four doses of gas were used.

The pressure volume data before and after each dose is
given in Appendix 7, where it can be observed that the
atmospheric pressure chnnges little during the course of
a rune The volune readings cre taken directly fronm the gas

burette, while the pressurce is colculated by adling the
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the difference in the nercury levels (ma-mq) to the alnosphere

ic pressure to give the total pressure (PT). Plots of the
volurie of gas (V) vs ‘l/PT arc ,constructed (see Fig (8.5)) and
to eliminate errors duc to changing atnospheric pressure etc.,
the resulting straight lines are produced back to P =760nn,. g
fror which the voluue of gas before and after each dose can
be casily obtained.

Alsc given in Appendix 7 are the corprehensive data
for the four doses. Attention is drawn to the consistancy
in the heipght of the capillary levels - cven under negative
pressure conditions, the very small oscillation of the
galvanoiieter scaler and the rock-=likKe steadiness of the
Becknann (which was freguently tapped to avoid sticking).
Fron these results the P.M.V. of deuteriun in cyclohexane
is readily evaluated, the calculations for the first dose
being described below.
Dose.i.
(Gas voluries fron Fig(8.5), dilatoneter levels averaged

fron results in Appendix 7.)

Vol. of gas before dose = 23,36 CC-:} at 760nn.Hg.

" " » gfter " 20,86 cc.

1}

Dose = 2.50 cc,
Dose nay be expressed in nols (W), where N =2,50/RT, with
R, the gas constant(=82.,07 atn.cc./ degerole.) and T,
experinental terperature(=298,36K. ,or 25°¢.)

-4 '
Hence N = 2,50/82,07 x 298,36 = 1,021 x 10 rioles,.
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Fig 8.5 Deuterium in cyclohexane,P=V isotherms at 25 C.
Volume(cc.)~from gas burette vs Total pressure,

(A) Before dose 1,

(B) n " 2.
(c) u ] 3.
(D) n " L,

: . 1.30
1.04 1,10 VPT" 102 1.20 3

(C_!_ﬂ HE" -)
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Dilatoneter levels-

L.H.Arn(after dose) =36.691 cns; R;H.Arm(after dose) =3%6,973cns.

"¢ (before " ) =35,917 ecns; MM W (before " ) =36,452¢ens

dl1 = 0,774 cns dl2 = 0.521¢cns

with negative pressure applied-
R.H,Arn(after dose) = 37.888 cns

oo (_b-efore no) - 36.15?; CIr1S

d13=’ ‘].436 CrNSe.
Calculation of V2

(a) Fron negative pressure result("true" expansion)

v, = qV/dN = Vol ecxpansion of syster in cc,

No. of rioles of gas passed
= 1,436 x 2,899 x 1077/ 1,021 x 107 cc/noles
(where exponsion of 1 en in L.H, capillary is equal
to a volune change of 2,899 x 10" 7¢o. =sec (8.2))

Hence
Vé“Z'#UT??"EEVﬁdIE

(b) It is possible to obtain a value of V, , from the

o

o]

expansion without any epplication of negative prescure
using a compressibility correction introduced by Kritch-
evsky and Iliinskya (178). Thus if the apparent volune
expansion is Va’ the true vclune expansion Vt is greater
by o correction tern Vc’ where
v = B v.ap
c
and /315 the isothernal cornpressibility of thc solsent

occupying a volune V, under an cxcess pressure P
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For this dose of deuterium in cyclohexrne-
~L
V, = 1.08 x 10" 'x 250 x( al,+ dla)/PA CCe

where P, = 76 cns.lig.

A
hence V_ = 0,490 x 10™%ce.
ond  V, = (0,774 x 2.916 + 0,521 x 2.899) x 10’3cc.‘

= 3.?57 x 10‘5cc.

Fron above Vt =~Va + Vc = 4,257 x 10-300.

and  V, = 4,257 x 10-3/1.021 x 10_4cc/mole.‘

=—41t6§-cc/mole‘

For the subsequent three doses the results nay be
calculated in an identical nammer with the extension that
using the original position of the left hand meniscus as a
reference nark two estinatiens of V2 are dtained fron the
application of a negaotive pressure to the right hand linmb.
These results are best drawn up in the forn of a table
(see Table (8.2))

This shows that it is possible to calculate a value
of V2 for incdividual doses by three different nethods.
However, in our evaluatign of V2 for each systen we did
not eriploy these nethods, or at least not in the form
given above. We instead plotted the total extension given
by lb in Table (8,2) against the total volune of gas added
(B)- fron the sane table, The result, which should be a
straight line through the origin is shown in Fig (8.6),
The points lie on an unigue line with 2 very snoll. scatter

and fron the slopc of this line V_ nay ecasily be calculated.

2
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Table 8.2 Experimental data and V, values for Deuterium
in Cyclohexane at 25 Ce

(A) (B) (c) l (D) (E) (F) (@)
Dose.| V. v. |x x10f x10*| 1* 1® | 1¢ va “vg vs
( ce.)|(tot) | (mol t | (cms) | (ems){ (oSl

I 2450 1(2450)] 1,021 [(1.021}1.43%6 (1,436 1295 | 40,8 K40,8) 41,7

II. | 3.01 | 5.51 | 1.229] 2.250] 1,624 | 3,052] 1,506 | 38,3 | 39.3 | 40,2

ITI | 2.80 | 8e31 [1.143 ] 3.393]1,550 | 4,546 1,472 ]| 39.3 |.38.,8 | 42,3

IV [2.60 [10,91 1 1.062| 4.555[1.451] 5,997} 1.341 | 33.8 | 39,0 | 41,5

A(or-C)= Vol of gas passed for each dose in cc.(or=molé):
B(or TD): Total volume of gas passed during run in cc(or-mol@‘)

'1; - Ext.nsion refered to reference mark before that dose,

1" = Total extension refered to reference mark hefore
Dose I,

1° = Combined extension (d11+d;2),both'arma.

E= v s P.M,V. calculated from ia and A,

2
Fo y0 " n 1P ana B
= Vz '} Po“o'l - an
Ge V3. P.M.V. " . " 1% and A with compressibility |

correction,
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Deuterium in Cyclohexane at 25°C., Extension (cms.) vs Gas Passed(cc.)

. 4.0

(cms)

. 2.0

2.0

V(CCO)

4,0 6.0 8.0 10,0




187,

Hence for D2 = Cyclohexanc at 2500.

v

o = (81/aV) ;  x 298,36 = 82,07 x 2,899 x10™2 ce/mole.
= " X 70,986 cc/nole,
= 5454/10.00 x " "

Vé = 39,33 cc/nclé.

The calculation of the P,M,V, by this niethod yields a
result that is dependent on the run as a whole and not on
separate doses. ‘It therefore averages certain errors and
can withstand the effect of slightly spurious expansions.
The values of A given in (F) - see Table (8,2), which
gives results for cach original dose are nuch nore sensitive
and, since they deal with srialler extensions and gas doses,
are nore liable to errors, The use of the conpressibility
correction to give the results in (G) is of very dubious nerits
values of ﬁgand V are uncertain and the mathenatical
forrmulation of the correction term is itself open to
criticisris For certain systerns it ylelded results in close
agreenent with those obtained directly from the 'true®
expansion but for others agrecrient was at the best poore
For subscquent tables results obtained by the use of this
correction tern have not becn included, onphesis instead
being placed on the nore meaningful values obtained fron
the volunc expansions that resulted fron the application of
a negative pressurc,

The results from the other 23 systens studied were
treated in an identical rianner (considering the above

argueents) as those of the Jeuteriun-cyclohexane systen.



138,
These results are presented tabularly in Appendix 8, ungciher
with the plots of length (volune expansion) against tutal
volurie of gas passed, from which the required values of

V2 at 2500., are readily cbtainable,

8.7 Trrors and Difficulties of Operation.

In this section we corsider not only errors of neasurenent

likely to effect the accuracy of our V,_, values but perhaps

2
the nore important effects that cannot be represented
nunierically. These when present nay result in such gress
disturbances as to cause the cxperinental run to be abandoned
or nore dangerously, nay effect the final results to an
unknown degree,

The process of filling the dilatoneter can introduce seve
eral such factors, the rost difficult te eliminate being small
solvent traces in the capillaries and fraoctures of the
nereury colurms in the semi-vinible part where the capillary
joins the dilatoneter, The latter cffect is also very
difficult to dctect and several anonolous runs were traced
to this cause. Linked with this is capillary blockage
caused by dust or other foreign natter in the arns. In
spite of our extrene care in cleaning and filling, and
also in the use of freshly distilled nercury for cach run
snall blockages sonetines apneared and in the case of

certain solvents a slight tailing effect for the mercury
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was noted. In fact,after thernostatting, capillary behavi.
our gave nost experinental trouble, but unlike spurious
tenperature fluctuations which we were rapidly able to pic:
up, these errors often monaged to cscape notice for sone
little while.

Another not infrequent but fortunately easily detect-
ed fault was that of a gas leak between the dilatoneter and
the burettecs The causes of these were uncertain i.c. faulty
taps, locse joints etec., but the cffects were generally
nirrored in the unexpected ricvencnts of the burette levels
and in thesec cases the run was usuclly abandonced.

There are nany other small errors likely to oceur
fmring the course of a run which arce too indeterminate to be
nentioned here, However, it shoull be clear that an
individual gas dosec is much nore likely to suffer fron
these (and the errors already nentioned) than the overall
run spread over 4-5 doses and a proportionatecly longer
period. This is one of the najor reasons for our nethod of
calculating the P.M,V.'s. We consider at all times the cxpan-
sion caused by the total volune of gas passed during the
run, spurious effects such as capillary blockage can
generally be detected, while from a nunerical viewpoint
we arc continually dealing with larger quantities so the
errors in their ne-2surecnentiassumed constant, becorie pro-
portionnlly snaller.

To attach o definite accuracy to the numerical valuc

of the experincntal results we adopt a straightfoward, rather
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than conplex evaluation of errors, These nay arise directly
fron two sources; the neasurencent of gas volune and that of
capillary height. If we assunic the plots such as Fig (8,5)
to be accurate,.the error in the gas volune should not be
nore than + 0,05 cc. Sinilarly if the dilatoncter levels
are consistant the crror in their heights should not be riore
than ; 04020 cnse Substituting these values into our
calculations and using nmorrial crror techniques we find a
naxirun error in V, of ToU4% = 1.8%. It is stressed that
this figure does not take into account errors in graphical
nethods or other uncertain experinental factors, but

within these linits it is o noxioun rather than o nininun
figurc. MHowever, we consider the clain of Hiroka (168)

to an éccuracy of 0.8% in V2 values, rneasured in a sinilar

fashion to ours inpossihle and further state that quoting the

P.M.V, to even the first decimal place is somewhot optinistic,

8.8 Discussion and Conparison of Experirental results,

Fron the experimental datn in Appendix 8. we werc able
to ecalculate the P.M,V.'s at 25°c,, which are shown in
Table (8,3) together with where relevant (and where available)
results of earlier workers for the sane sgstens. We

believe our accuracy comparable with nost data previously

quoted. This noy-be verified by an examinatiom of the

tables in A.8, From these it is clearly seen that while the
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Table 8.3 Partial Molar Volumes at 2500.(oe/molé

IGaa
olvent

< }- = Results of previous workers,see Table 8,1

Cellg Li,6 53,3 82,3 97.1 35.h | 32,7
§=9.2 (54.8) | (83.,2) |} (105.5) | (35.3) | (32.7)
c‘--<:6n12 b7.,6 55.0 87.4 101.4 41,0 39,k
4 =8.2
n-Cefl,p | 48e3 59.6 88.6 102.6 k3,2 | M1.2
§ =745 . (55:4) | (86.4) |(105%)

1-081{18 49,6 56,6 86.7 103,3 46,2 Lz,

d =6,9 (50.0) (56,6) (85.4) (104,2)
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data for individual doses nay show sone dincrepency, chatl
fron which the graphical plots of expansion vs gas vclune
were constructed have a significently snaller spread. A
noticable exception to this perhaps is the plot for freon
in n~heptanes In all four runs were nade on this systen
and in each case the data denonstrated wide and sonetines
startling inconsistancies. We can offer no explanation
for this anonalow behaviour and foward our value of

V, = 88,6 cc/mole, subject to a larger degree cf error

2
than our other results,

The overall pattem of the P:M.V.'s follows the liines-
already discussed in (8.1) = increasing with increasing
nolecular size of solute gas ond decreasing with inecreasing
é~ for the solvent., Conparing our values with those
obtained by previous workers we exactly agree with Jolley
(13) for argon in iso-octane and within experinental
accuracy with Horiuti (170) for the nethane~benzene result.
Towever, our results for SFg in all solvents show a total
disagreciient with those of Hiroka (168). The nost striking
of these is for the SF6~benzene systen, Our valuc iffers
from that previously neasured by nearly 8.5 cc/rmoles To
check this we quote two runs totalling nine doses (sce
5.8, )¢ The experircntal result shown in Table (8,3) is
frorl the first of these.. The second run gives data with
a slightly higher spread but a sncller V2 value anl in not

one instance on our graphs do we have an eXperi~ental

point in excess of 100 cc/mole. The rernining conparison
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of PM,V,'s for sulphur hexafluoride do not yicld such
striking discrepencies but whereas Hiroka's values for
differcnt systens were alnost identical;ours show a snall
but definite tendency to behave "normally" in that they
increase with decreasing 8 o

With regard to the results of Schurmn and Brown (179)
no firn conclusion nay be reached, We agree with their
value for freon in benzene, but disagree outside the
linits of permitted accuracy for nethane in neheptanec,
Moving to iso=~octane as the solvent nedium we again agree
with their results for nethane (exactly) and for freon
(within limits). However, these arec against the predicted
trend i.c. we would expect larger P.M.V.'s on going fron
n-heptane to ipo-octane.s We can only attempt to explain
this by refering to the work of Fujishiro et al (180)
on liguid-liquid rnixtures., In this, anonalous behavidur
for iso-octane was again obscrved and was attributed to
"loose structure", Further it wns suggested that to fit
experinental data the solubility parancter of the solvent
should be altered fron ¢§=6°85 t0 7.7-7.9. A step of this
nature would not help us particularly since although
explaining the low values of the P.M.V:‘s for nethane
and freon it would nake the Ar, SF6, H2 and D2 results
irregular, We rmst therefore conclude that in certain
situations iso-octme exhibiis anonalies. These nay well be
due to its branched structurc but to put a nunerical estin-

ate on this effect is beyond our scope.
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Finally we draw attention to the results observed
for hydrogen and deuteriuri, In cach solvent a distinct
"gquantun differcnce " is noted, slighily dubious perhays
for cyclohexane but clearly outside the range of experinent-
al uncertainty in all other cases, Further the results in
benzene agreec exnctly (but probably fortuitously) with
the results of Walkley and Hildebrand (166)s The aigin
of this quantun difference is thought to lie in the fact
that the solvent exerts an internal pressure of a considerable
nagnitude (3000 atn. - approx.). Under such conditions
the dissolved mollecule of hydrogen or deuteriun acquires
a zero point cnergy well in excess of its classical energy,
and this, even at 2500. is responsible for a quantun effect.
Any theoretical treatnent of such behaviour therefore
requires a consideration of quantun statistics, the success
(or failure) of which will act as a test both for any
nodel and for thc explanation of the P.M.ﬁ; difference

as voicced above,
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CHAPTER 9,

The Hard Sphere theory and Partial molar volumes.,

9.1 Regular solution theory. R . R 196
9.2 A Classieal hard sphere treatment . . 198
9.3 The Quantum hard sphere equation of state, 206

9.1*‘ Discussion . . . . . . 211

"How often have I said to you that when we have
eliminated the impossible whatever renmains
however improbable, must be the truth."”

Sir Arthur Coman Doyle (1859-1930)

- from "The Sign of Four.™
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9.1 Regular Solution Theory.

A theoretical prediction of P,M.V.'s fron regulav
solution theory may be developed through a consideration
of the excess volune VE i.es the volune change resulting
from nixing (and in {he cases that we consider nmixing at
constant pressurc.)., This tern was given by Hildebrand as-
vE = n F;FE (9¢1e1)
n, being the ratio of internal pressure to the cohesive
energy density ( = (dE/dV)T/(E/V)) , %3 the isothermal
conpressibility, while FE is the excess free encrgy doveloped
by the process of solution,
In the specific case of highly dilute solutions
(941.1) nay be differentiated in the limit x,—7 O (where
X, is the nole. fraction of the solvent) to yield an
equation for the P,M.V.
Ve =V, - V) = n, B RTn 5 (941.2)

o
2

in its referecnce state, n

In the above, V, is the nolar volume of the solute

1 and ;21 are defined as properties

of the solvent, while 5 the activity coefficient of the

2!

solute is given as
2 .0 2
RTIn ¥ , = g5 V3 ( §, = &) (94143
where %1 is the volune fraction of the solute and é} and 5;
the solubility pararieters of the solute and solvent
respectivelys (9.1.2) and (9.1.3) can therefore be comnbined

so that

2
V2 - VZ = n,] g,] ﬂf%vg (g; - 5.2) : (9¢1al‘|‘)
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The partial nmolar voluries of iodine and bromine in
perfluoro~n~heptane, as neasured by Glew (11) and Reeves (182)
respectively were tested against theoretical values fron
(9e1elt) s Here/3]=:2.34 x 10—4 atn™| and n, = 1.449., Good
agreernient was found for bromine (i.e. 72.5 cc/mole exper-
inent against 75,7 cc/mole fronm (9.1.4)) but for iodine
o larger discrepancy was observed,

Further successful predictions of P.M.V.'s for s.lid
and liquid solutes were rnade by Smith ad Walkley (17).

In all cases they erployed (9.1.4) with n,= 1 ( an approx-
ination valid for the majority of non polar liquids) and
with VZ given by the molar volume of the solute, which

in the case of a liquid was obtained by extrapolating fron
the nelting point to the reference tc-perature (generally
25°C. )

The success of this treatnent could not be carried
over into gas solvent systems. One najor difficulty was
the deternination of a solubility parameter for the
solute gas ( éé). However, values of 8; were indirectly
cvaluated by Clever et al (171-173) and Gjaldebeck (183-18L),
Using these values Snith and Walkley applied (9.1.4) to
calculate gos P.M.V,'s. The results obtained were completely
anonalous. The predicted values of the sane gas in differing

solvents showed little if any change with and in

1,

general this approach within the linits of gas liquid

systens was proved both insensitive and inaccurate.
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Such observations forced Smith and Walkley to lo-k

outside the boundaries of regular solution behaviour for
an explrnation of this phenonenon and led then to formulate
a sinple but cffective hard sphere "free volume!" theory,

In the following sections we describe the developrient of
this theory and its extensions into the2 lindits of quantun

behaviour.

9.2 A Classical Hard Sphere Treatnent.

The hard sphere theory follows, to sone extent, the
carlier ideas of Uhlig (177) and Eley (175,176). It
pictures the riolecule as occupying a spherical cavity in
the solution being surrounded at the boundaries of this
cavity by the neighbouring solvent nolecules., The sinplest
theoretical approach is to consider the solute as a hard
sphere rolecule of diancter &, (i.c. an entity capable
of exerting only o repulsive potential), This molecule
positioned at the centre of its cell will therefore generate
a pressurc (obtainable from the hard sphere equation of
state) which, to maintain equilibriun, is balanced by an
equal and opposite pressure from the solvent, the latter
being defined as the "internal pressure', The nixing
process is considered to be such that, having attained
this equilibriun, nixing occurs without any further volune

change and therefore the rnolecular volurne of the solute
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in the hypothetical liquid state rmust be identical with the
partial nolar volume of the solute in the final solution,
Putting this concept on a somewhat sinpler basis, before
solution the gas consists of n systen of hard spheres at
atnospheric pressure, the volune occupied by this systen
being given by the hard sphere cquation of state. For nixing
to occur the gas nust be drastically conpressed until
its pressure is equal to the nixing pressure (given by
the internal pressure of the solvent). At this pressure
isothernal and isonetric nixing take place, while also
at this pressure the volune occupied by the gas is equal to
its P:M.V. in solution.
The internal pressure of a solvent is given as
(dE/dV)T = T(dP/dT)v - P (9.2.1)
Since P is generally one atriosphere it nay be ignored in
conparison with T(dP/dT)v which is in the region of 2000~
3000 atns.
The frec volume of a systen of hard spheres is readily
evaluated a-0’
Ve =-‘[;7Tr2dr = (b/2)Y M (a - 633 (94202)
where a is ngarost neighbour distance.
Substitution of (9.2.2) in the classical partition function
leads to the classical cxpression for the pressurec of a

systen of hard spherce

P = RV - ) (94243)

Now by definition (9.2.3) nust be equal to the internal

pressure of the liquid, so equating (9.2.1) and (9.2.3)
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gives:~-

(ap/am)y = (RAD(1 - ofa)"" (9.2.5)
We define V0=XN0 3 and VzkﬁaB, wherc X'is a constant
depencent on the geonetry of the lattice and set VO equal
to the volune of the gas at 0°K. Further we assune that

when this equilibriun is effective V=V,. (9.1.4) therefore

becones:~
(dP/dT)V=(R/V2)[1-(VO/VE)%]"1 (9.2.5)
or
; 113
Voz.vaE..(R/va)(lP/dT)v ] (9.2.6)

Hence knowing the collision lioneter of the gas (o) and the
value of (dP/dT)v for the solvent, a value of the P,M,V,

nay be obtained for any gas-solvent systen. Several
assuniptions rust now be nade to develop these equations.
First the packing paraneterb’, is assuned to be unity.

This night appear somewhat arbitrary but, like the L-J
theory, the lattice concept is only introduced to link near-
est neighbour distance and density. This concept has no
further part in the calculations, and a packiang parancter of
Y =1 is perhaps as justified as any other assurption., The
choice of a value for ¢ raises sonewhat greater problems.

It was in fact assuned to be given by the L.J. collision
dianeter., This paraneter can thHereTore be obt-ined either
fron a choice of gas (second virial or transport) data or
from solid state properties as characterised by the zero
point paraneters (4,3). In this treatnent, however, we

are dealing with gas nolecules at roonm terperature and
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and therefore gas inperfection data would appear the obvious
choice, This was the procelude emhloyed by Snith and Walkley
for Ar, N2, €0, and GH#’ although they did use solid state
data for hydrogen and deuterium. In all our c~lculations

we use? the nornal € values derived fron segond virials,

the only exception being the value for sulphur hexafluoride
which we later discuss in some detail. Hydrogen and deuteriun
present agspecial case and they are treated in (9.3).

The values of (dP/dT)v for various solvents were,
if possible, taken fron direct experinental neasurenents.
Failing this they rmay be obtained to a good anproxinntion
fron the relationshi;:-

(ap/am)y = (4/P) (9.247)
whereol = cocfficient of linear expansion amiﬁgjs the
isothernal conpressibility of the solvent (185).

The solution of (9.2.6) is effeccted by writing it
generally ast-

v, = £(V) (942.8)
For any solvent knowing (dP/dT)V, £f(V) nay be evaluated
over n range of votunes and plotted 2s V against (V)

Now by definition cnch gas in this solvent has a unique

value of Vo such thnat VO = f(V) when V=V and hen-~e for

2!
each gns-solvent systen the value of {?(Vilvzv gives a
0
corresponCing value ofszvj e
V=V,
The »lct of f(V) vs, V for benzene ((dP/dT)v=12.3 atn/deg.)
is given in Fige (9.1) and an abbreviated list of data usedl

to construct it in Table (9¢1).
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Fig 931 Classical Hard Sphere for BenzeneyEq 9,2;8-
V= £(V), (dP/aT), = 12.10, atm/deg

8o

\ s
£(V)=V(1 = R(dp/dT)V )

o 60

0 20 Lo 60 80 100



Table 9.1 V vs f(V) for Benzenc at 25°C,after Eq 9.2.6 203,
(ap/dT) = 12,60 atm/depr,R = 82,07 cc,atm/K ,mole

A B.(.d.rz)"“ 1 - 3(91:2.1 (1= R(%‘)B V(1 a@;”ﬁ
v v\dT, - V{dT Vid AT
10 |8.207 ) 0.667 06333 0,037 04,370
20 |4.104] 0,534 0,666 0.295 5.900
30 |2.735] 0.222 0.778 0.471 14,130
4o |2.052] 0.167 0.833 0.578 2%.120
50 [1.641] 0,133 0,867 0.652 32,600
60 | 1.368] 0.111 0.889 0,703 k2,180
70 | 1.173}) 0.095 0.905 0.741 51.870
80 |1.026| 0.083 0,917 0.771 61,680
90 §0,912] 0.074 0.926 0,794 71. 460
100 | 0.821| 0.067 0.933 0,812 81,200

Table 9.2 Experimental P.M.V,'s at 25°C,c0mpared with values

from the hard sphere theory( from 9,2.8)

Gas Ar. CH CF SF
5] 3 & ] 4 3 6
Solvent.| Ng“=25 Ng- =35 Ng” =6% N&” =77

CcPlg hh, 6 5%¢3 82.3 97.1
(dP/dT)v=12.3 (42) (53) (81) (96)

c-c6H12 47,6 5560 87.4 101.4
(dP/dT) =10.5] (45) (55) (84) (99)
(dp/aT) =8.4) (48) (60) (89) (103)

1-Cgl g 49.6 56.6 8647 103.3
(aP/dT),=7.6] (51) (62) (92) (106)
ccly, 3 52 80 104
(ap/am) =11.4 (44) (54) (83) (97)

( ) values calculated from H,S,theory (9.2.6) and (9.2.8)
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We forrmulated sinilar plots for cyclohexane, iso~
octane, n=heptane nnd carbon tetrachloride, and using values
of No 3 fron second virizal dain obtained theoretical P.M,V.'s
for Ar, CH, and CFy. Prelininary calculations for SF¢ however
indicated that any theoretical results would be anond@lously
high., The value initinlly uscd for N6 3 was 100.7 cc/nole,
being derived fron the ¢ value (=5.51K) given by MacCornazk
and Schneider (186). These workers were also responsible for
paraneters for CF4 which anpeared to give orthodox results.,
However, a clecse study of their work indicnted that their
fitting procedurc for SF6 was nost unsatisfactory. Indeed
the authors thenselves state that "an exoct determinntion
of the parancters for SF6 was not possible", Thesc paraneters
were of course derived on the assunption of a L.J. 12:6
interaction. However, for some little tine there have becn
definite suggestions th~t large quasi spherical nolecules
such as SF6 night be better described by 2 28:7 potential.
Valuecs of € /k and 6 for such riolecules were given by
Hamann and Lambert (149) who derived their paraneters fron
collision integrals in conbination with existing second
virial coefficient data. IHanann's voluce for Nc’3=76.61 cc/riole
(625.058) was ruch riore reasssable than that given by
MacCornack, but if a 28:7 intcrnction is assuﬂ@{ for SF6
why not for CFA? To answer this we quote the work of
McCoubrey and Sing (187) who investigated intermolecular
forces in quasi spherieal rnolecules. Their investigations

showed thnt whereas Xe, CH4 and CF4 were nadequatcely deseribed
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by a 12:6 potential, SF6 and SiF4 were better accounted

for with a 28:7 potential. In our calculations we therefore
use No 3 for SF6 from Hamann data. The other gases are
all considered to be adequately described by the normal
L.J. o s,

The theoretical results from (9.2.8) are shown in
Table (9+2) and are compared with the experimental values
from 8,8, The agreement between measured and calculated
values is often within experimental error and in only twe
cases, the "anomalous"! iso-octane results for methane and
freon (see 8.8), are large discrepancies observed. In
particular we note the excellent correspondence between the
predicted values for SF6 and experimental data. For interest
we have indicated theoretical valuesifor carhon tetrachlordde
which are compared with the experimental results of other
workers from Table (841). Once again good agreement is ob=-
served, apart from the SF6 value of Hiroka. The fact that
the thecretical P.M.V.'s follow the trend of decrcasing with
increasing g_parameter is not surprising since for any solvent
£°< (dP/d'I‘)v but nevertheless the utility of (9.2.6) must be
beyond question., A comparison of values cderived from it
compared with other more "rigorous'" expressions is postponesd

until later (9.4).
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943 The Quantum Ilard Sphere Eguation of State

A closc examination of Table (9.2) will reveal no
mention of V2 values, either cxperimental or theoretical for
hydrogen or deuterium. These can be obtained through
(942.6) and in fact this was donc by Smith and Walkley.

They assumed Vo values from the volume of the low temperature
s0lid and using these calculated results that were grossly
above the experimentally measured data (sce Tables (9.3)

and (9.4)). The cause of this "failure' of the theory must
be in the use of (9.2.3) to give the pressure of the gas.

If hydrogen and deuterium indleed display a quantum effect

at roou temperatures, and the evidence is heavily bhiased

to support this, their pressurce and equation of state can
only be derived through quantum statistics and hence 2
quantum hard sphere equation of state.

Such an equation was developed by Hillier and Welkley
(157), who then adopted it to cvaluate the quantum V2 values
for hydrogen and deuterium in benzenc and perfluoro-n-
heptane (188), achievinpg a reasonable agreement with
experimental data. For the latter investigation they used
an approximation which renlaced the spherical cavity by
a cubical cell of equivalent freec volume. This step
was taken chiefly to ease nmathematical computation. In our
present treatment we use the more accurate spherical cavity
method developed by Utting (71) from the work of Hillier
and slightly amended by the author. It is in many respects

identieal to the uniform potential treatment given in
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Appendix 6, and is therefore efMly briefly described here.
The. hard spher@ potential is given by:-
W(r)=0 Ofr{(a-&)
W(r)= 0 r)(a~d)

(9e¢341)

The free volume integral in (9.2.,2) is, as is usual in any
gquantum treatment, replaced by the Slater sum. The resulting
Schroedinger wave equation is for one particlé in a spherical
cell and, for the hard sphere potential, may be solved
by transforming to polar co-ordinatcs (sce A6.).

The energy levels are given by:=~

E = (n°c3/8ar%) (943.2)

where R is the radius of the effective cavity and
Ci is obtained from the zeros of the half integral Bessel
functions.

From these arguements, the equation of state may

finally be written in reduced units as:

(PV/NKT) = £(V*,T*) (9.3.3)
where \ . ,
£(V*,T*)= 25%(21+1)(D*Ci/T*)(V*3—1)V*%exp(-D*Ci/T*(V*?-1)2)
[

2
E:(21+1)exp(~D*Ci/T*(V*5-1)2)
2 - t 2 *

and D* =(h /SmG)VO’ :_{L* /8 with Athe De Boer parameter,

For cur calculations we require, not the compressibility
of the system as given above, but the pressure wherc:-

P=(RT/V*V )£ (V*,T*) (9.3.4)
since V*:V/Vo
which may he equated to (9.2.1) such that:-

(VO/R)(dP/dT)v=f(V*,T*)/V* (9.3.5)
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Hence knowing the L.J. parameters for the system (9.3.5) may

be solved in a similar manner to (9.2.6). This is done

by computing £(V*,T*)/V* over a range of V* values with

N *x=1,729 (hydrogen) or J&f=1°223 (deuterium)., It “s necc-
essary to evaluate the function at a reducel temrerature T*
such that T*=298/( €/x) - i,e. at 25°C, We then plot
graphically f(V*,T*)/V* against V*, for the aprropriate

quantum gas (the plot for I, being given in Fig. (9.2)).

2
Conscequently knowing (dP/dT)V for each solvent we nay
calculate (Vo/'R)(dP/dT)v for a given gas-solvent systen and
from the cquality of (9.3.5) irmediately derive an equivalcnt
V*. This latter quantity is tabulated and rcadily norralised

(through Nd’s) to give the V. value for the systcn.

2

In Tables (9.3) and (9.4) we give the theoretical ard
experimental data for hydrogen and deuterium. The reduction
paramcters uscd in our calculations being those of Michels
(118) iue. I, (N6 =15,60 ce/mole; €/k=36.7°K.), D, (No’ =
15450 cc/mole; 6/1::35.201{. e

The theoretical results derived from (9.3.5) and listed
in these tables again show good agrecment with cxperimental
data. A marked exception to this perhaps are the results
in cyclo-hexanec but the cther predicted valucs although nct
yielding such close agreement as neasurcnents in Table (9.2)
all lie within or just outside the range of experimental
error. The difference between theoretical Vz‘s for hydrogen

and deuterium in the same solvent is snall and constant

(approxs 1e3 cc/mole), We performed other calculations
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Fig 9.2 Quantum Hard Sphere -for Hydrogen f(V*',T")/V“‘ vs V*
at T* =8.02( i.e. 298°K)

£(V*,T*)/V*

1

—.
—

<

*
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Table 9.3 Hydrogen,theoretical P.M.V.'s from Q.H.S. equation

of state( NE° =15,60 cc/molf, A = 1.729)
Solvent |(3P/9TY | V, @p zo@ v V2 Vo | V2
atm/deg T, IR \dT)y Theory | Expt [(9.2.6)
Celig 12,30 | 191.9 |2.238 2.264 | 35,3 350 39.8
¢sCcH,, | 10.50 | 163.8 1,996 2.415 | 37.7 40,0 k2.5
n-CoH, ¢ 8,40 | 131.0 [1.597 2.677 | 41.8 bk3,2 46,6
i-CgH, g 7.60 |118.6 }1.445 2.808 | 43.8 k6,2 k9,9

Table 9.4 Deuterium,theoretical P:H:V:'& from Q:H:S: Squati&i
*
of state( 6> =15.50 cc/moleh” =1,223)

Solvent (dP/dT‘} Vo(dP Vo ‘p v* V2 V2 V2
atm/de; 'a"—l"}v R T)V Theory | Expt (9.2.6)
CeHe 12.30 }190.6 J2.32% 2.188 133.9 32,7 356.5
®=C¢1210.50 |162.8 |1.983 |2.350 |36.4  Po.t  |s0.z
n-C7H16 840 130,2 1.586 2.613 | 40.5 162 13,3
1-08H18 7,60 [117.8 |.435 2.740 f42.5 13,41 15,5
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with the parameters given by Iirschfelder et al. (189),
which were used in the garlier work of Walkley and Hillier
(188)s No significant improvement in theoretical valucs
was obscrved,
The calculations just described in common with other
expresssions in reducced variables must he extremely
sensitive to the parameters employed in any "normalisation
procecdure. In view of this,agreement of theory with coxper-
inent must be classcd as excellent, especially when one

consirlers the anomalcusly high values of V, for hydrogen

2
and deuterium as derive’ from (9.,2.6) and as shown in the
final column of Tables (9.3) and (9.4). The relative
success of the quantum cell model must also emphasise two
distinet facts. First that the differences in solution

properties of H2 and D, at room temperature must, beyond

2
all doubt, be attributed to quantum effects and secondly that
even in complex situations the empirical but simple hard

sphere theory retains a remarkable predicative value.

9.4 Discussion

We conclude this chapter by comraring the relative merits
of the hard sphere '"free volume' theory with other methods
used to predict P.M.V,'s. Smith and Walkley conclusively
demonstrated the inadequacy of regular solution the~ry (91)
and also revealed the limitations of the Prigogine-Scott

(190) model, which, depcending on the thermodynamic properties
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of both gas and solvent in their pure states, formulated
equations which exhibited minimum dependence on a cell
nodel.

Since then another method of predicting V., values,

2
given by Pierotti (191,192) and based on a hard sphere
theory theory of fluids developed by Reiss et al (193-195)
has been forwarded. Pierotti's approach considers the solut-
ion process in much the same way as the work of Eley (175-6)
in that two distinct steps are postulated, These are the
creation of a cavity to accomodate the solute molecule

and the introduction of the moIecule into this cavity.

From this the cxpression for V2 is given as:

Vy, =V, +V, +/Z§?T (94441
where V. is the volume change on cavity formation, Vi the
change on introducing the solute molecule and /gthe isothernmal
compressibility of the solvent. Vi is assunmed negative
but so small as to be unimportant, Vc is calculated through
the equations of Reiss., In Table (9.5) we compare the

theoretical V. values of Pierctti in benzene at 298°K.,

2
with experimental values and our own theoretical calculations
from the hard sphere theory, (For Table sce ovgrleaf.)
Similar results to those given in Table (9.,5) are
observed for carbon tetrachloride, Pierotti claims the
agreement using (9.%.1) to be good and further states that

the discrepancics are " ...what one would expect by

ignoring Vi""‘"‘ With regard to this statement all
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Table 9.5 Theoretical and expcrimental P.M.V.'é for some

gases in benzene at 25°C. (cc/mole,)

Ar 52 45 b2
N, 61 53 50
CH), 65 53 53
Hy 38 35 >5
a Values of Picrotti from (9.4,1)

E Our values from (9.2.6.) and (9.3.5)

* K%k

conment is superfluous, while Pierotti's further attempts

to use this " evidence " as a basis for dismissing free
volune theorics out of hand can only be regarded with
astonishnent.

In fairness to the Pierotti approach however, it must
be stated that it is a versatile method in that it allows
the prediction of solubilities (via the Henry coefficient)
and other thernodynamic solution properties, In this
context our model with the hard sphere pressure being
balanced by the solvent pressure is strictly linited,

We have atternpted to extend it to predict the solubilities
and entropies of solution using the nethods of Eley (175)
and the nore recent approach of Prausnitz (196) but have
net achieved any notable degrec of success.

Acknowledging this failure to extend the nodel to
solution properties, we also observe that it can have other

and perhaps m:-re unexpected uses. We rewrite the classical
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equation (9.2.6) as:

2 a -] ——
vé -~vo3 - R(dP/dT& v,o0 =0 (994:2>
3y % ~1
or V, —V °V,” - R(@P/AT);~ =0 (9:4.3)

1
(9.4.3) is a cubic equation in V_> and similar to (9.2.6)

2
ma& be solved graphically, knowing Ng” for the gas and
(dP/dT)v for the.solvent. It is specific for any gas-
solivent system and in Fig (9.3) we show the relevant curves
for argon in benzene and iso-octane and for freon in benzene.
These perhaps represent the limits with regard to the gas-~
solvent systens studied experimentall;, It is known that
the V2 values for the same gas in different solvents alter
only slightly. This is clear from an examination of (9.4.3)
and Fig (9.3)s The only term to change is the (dP/al)y
for the solvente. This results in the iso-octane curve being
almost identical to the benzene onc but with a lower minirun
and with a fractionally larger zeroth intercept (f(Va%)=o).
For different gases in the same solvent the size ceffect
(i.e. Vo) is of much greater importance. This is reflcected
in the behaviour of (9.4.3) for the freon-henzene curve
which is totally differcnt from that of argon in the sane
solvent.

Throughout this chapter we have continually used the
nodel to predict P.M.V. values. We now reverse the process
and assuning a knowledge of V2 take a further look at
(9.4¢3)s If we know Vv, an experimen?al solution property,
and VO an enpirical gas relationship, we nmay solve (9.4.3)

to find (dP/dT)V which is a property of the pure solvent.
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Fig 9.3 Plot of Eq 9,4.5 for three gas-solvent systems.

Systems shown:-

— .8 (A) Ar in C6H6

(B) Ar in 1-CgH, g

. (c) CF,, in CgH,
14
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As we have already stated, this may be directly measured
or indirectly calculated (9,2.7). Its derivation through
(9.4.3) is possibly of questionable value.
We now rove to the third and perhaps nost surprising

corollary of (9.4+3) in that neasuring V. and (dP/dT)V

2
experimentally we may proceed through (9.,4.3) to evaluate
Vo and consequently o, the Lennard~Jones force constant
for the gase This quantity, normally derived from second
virial or transport data, assuming an L,J. 12:6 interaction
is specifically a gas property. Can it be successfully
evaluated from experimental solution and solvent data?
To answer this question we proceed in a somewhat unorthodox
manner, by considering the P,M.V.'s of iodine and brocri.ne
in perfluoro-n-heptane., These constitute a solid-liquid
and liquid-~liquid system respectively and were of course
used by Hildebrand (9.1) as a sensitive test of regular
solution theory. Outside the solutions, there can be no
accountable reason to consider either solute as a hard sphere
gas. However, the solution process itself and the situation
directly resulting from it may, to a good approximaticn
be descriked by a hard sphere theory,

Therefore using the cxperinental V2 values of
Hildebrand and co=-workers and the (dP/dT)V for perfluoro-n-
heptane measured by Smith (167) we have used (9.4.3) to

predict ¢ values for iodine and bromine which are shown

in Table (9. 6. )
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Table 9.6 6 parameters from V, values in n--C7F16 =t 28Y¢,

solute  _v,2 s(i)° s(2)°
I, 100 4,862 4,982
Br2 73 4,166 4,268

é From Ref (163) 5110~ valvnes in ce/mole.

Theoretical values from (9.4,3)

Experimental values derived from viscosity data (189)
The theoretical values are compared with those obtained
from gas viscosity data (189). Even bearing in mind tae
frequent unreliability (i.e. nca unigueness) of values
obtained from transport properiies, and in addition the
somewhat dated experimental results from which they weve
derived, the correspondence renczins remarkable and mus’ lead
to several possible conclusions, The first of these is
that (9.4.3) must be insensitive, especially with regard to &,
but this is not supported by our earlier evidence (see Fig
(9.3)). The second and, we think, more plausible ccnclusion
is that for solution behaviour directly related to the volune
expansion of mixing and involving either gas, liquid or solid
solutes the hard sphere theory of Smith and Walkley, used as a
simple predicative medium remains without equal. Its theor-
etical justification is (as we have seen) somewhat Rebulous and
we offer no rigerous explanation for it, Instead (and here we
paraphrase Hildebrand) we must provisionally content our-
selves with this presentation and offer the relationships

described ahove as a suggestive model for further theoretical

treatments.
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CHAPTER 10

A modificd Cell theory.

10'1 The mOdelo . . . . . 219
10,. 2 Pure liquids . . . . . 223
10.3 Gas=-liquid systems and the combining

rules . . . . . ' 230

nit is a capital thing to theorise
before one has data,."
Sir Arthur Conan Doyle (1859~1930)

fror "Scandal in Bohemia."
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1041 The Model

The picture of gas solubility as given by the hard
sphere treatment, although attractive, is rather grossly
over simplified. We have therefore attempted to extend
our approach by utilising the idecas of Kobatake and Alder
(19) and Walkley (199). These, while admitting the failure
of a lattice model to act as an adequate theory of fluids,
especially with regard to the communal entropy probdlen,
(iece higher order correlations) emphasise that one particle
theories may provide one of the féw methods through which
mneaningful results can be obtained. |

In the treatment of either a Tiguid in its pure state
or a liguid gas mixture, a one particle theory pictures
each molecule as confined to a cell, To date, in this
discussion, such a theory has automatically involved the
parallel assumption of a virtual lattice, which is neceded
to definc the cell dimensions. However, we now follow
Kobatake and fLlder (K.&AL.) in rejecting this concept ad
instead determine the size of the cell from the thermodynanic
properties of the system. We therefore picture the represent-
ative particle as confined to a spherical cell, not part of
a lattice, whose size and whose number of surrounding
neighbours are determined by forcing agreement on two
thermodynamic properties, the resulting cell parameters
being known as "effective! paraneters, since they reflect

higher order correlations. In any consideration of purec
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liquids we have a relatively simple situation, composed of
an Yarray! of identical cells. However, roving to dilute
gas solutions the position rapidly complexes. The introduction
of the solute molecule is accompanied by cavity fornation,
which disturbs the uniform nature of the solvent and creates
a situation where several different types of cell nay exist.
The extent and degrce of this disturbance is therefore one
factor that should be predictable from any rigorous treatnent.
To sinmplify the theoretical model we adopt the assunmp-
tions of earlier workers (19,199) with regard to the size of
the cell. In pure systems the cell length parameter is
deternined from the volune per particle, its nearest neighbours
being smoothed at a2 distance equal to 6/2 (6 is the L.J.
parameter). At this latter point the force between two
nolecules is, by definition, highly repulsive and t; a
good approximation the wandering roleeule nay be regarded as
being confined to the particle volume. In the case of
gas solutions the treatment is similar but the volune
per particle is replaced by the P,M.V, for the systcm and
the resulting length used, in conjunction with the radius
of the pure solvent, to evaluate the nearest neighbour
distance.
Any cell theory, requires the cell potential W(r) as
a definite function of volume, temperature and £(where
g is the distance of the "wanderer'" fron the contre of the
cell), K.&Ai. adopted the Lennard-Jones potential, primarily

for the convenience of tabulated integrals (48), We do
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likewise But instead use our classical approach that enables us
to quickly and readily compute preperties over a wide
spectrum of "theoretically irposcd" conditions., This
adaptation of the L-J potential introduces the paranecters
€ and 6 which becone the "effective! parameters nentioned
above. The ¢ parancter has alrcady been defined, being
obtainable from the size of the cell, The energy paranmeter
however, involves not € alone but Z€, where 2 is the nunmber
of ncarcest neighbours, From a rigorous cell theory Z=12
but in structures that we consider it varies with volume
and temperature., Such a factor should strictly be considered
in any manipulation (e.g differcntiation) of functions
developed from the potential, However, this would introduce
comploxitics inte the mathematical process and is thereforc
arbitrarily ignored.

Calculations using this rodified theory are usually
rnade il reduced variables. These differ from the reduced
quantitics previously defined (1.4) to a considerable
extent., Thus reduced temperature (T*) is replaced by the
Weffective" reduced temperature (T;) so0:-

T = (12/2) (kT/e) (10e1.1)
while VZ, the effective volune is given as:i-

Ve = 23/(2%g 3) (104142)
a being the nearest neighbour distance, ¢ as above (dependent
on the system) while 2% is not a packing factor but rather
2 nornalisation to allow comparison with previcus results.

L more exact forrmulation of (10.1.1) and (10.1.,2) is highly
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dependent on whether we arce studying a one or two conponent

systen and the full treatment is theryfore postponed until
later in this chapter. ALt this point, however, it is
pertinent to remark that in the case of a gas-liquid sysgon
the Yeffective" parameters, if deternmined through experinent,
can be uscd to obtain infornation on the arrangement of
solvent molecules around cach gas-solute. Thus, providing the
cnergy parancter is assunmed, the effective temperature can
be used to calculate the nunber of ncarest neighbours,
while it should be possible, knowing &, to investigatce the
geonmetric distribution of these neighbours around the cell
boundary.

The idea of a dccreased co-ordination number has
previously bhcen cxariined in the applicaticn of the
"LeJ" to liquid argon (46). In this contextits validity
rust he doubtful, In the field of gas sclubility, however,
goorietrical factors alone make such a concept nore probable.
in examination of this through (10s1.1) yiclds information
that is confined only to ncarest neighbours. However,
the arrangenent of further neighbours must also bhe altcered
and should be reflccted in their contribution to W(r). But,
as before, a direct evaluation for an effect of this lkind is
difficult, and to a good approxination it may be assumed that
the number.of further neighbours changes in thc sane
proportion as the ncarest ncighbours deviate from 12 in
a close packed structure.

Thercfore, utilising the above assunptions we have
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perforned a limited examination (for some of the systens
studicd in Chapter 8) on the disorder introduced into a
solvent by gas dissolution, Other authors Lave extended
this treztment to predict other solution propertics. 4
closer perusal of these extensions, however, reveals then
to be based on foundations that cven the nost optimistic
theoreticinan nmust regard as shaky, These will be discussed
later,

We now apply our cffective theory to a consideration of

pure liquids.

1042 Pure Liguids

A liguid may be regarded as a classical systen, the
partition function of which is given by (1.3.7), aad
having a Gibbs free energy (AL) such that:-
AL = %RT&«)\ -——/'?TZMVIC —{-/\/‘_‘{ﬁ_’) (10.2.1)
where ):(ha/EthT) 2
The corresponding free energy in the gas phase (AG) is:~
Ae =30T6mn K7l [N _RT (10.2.2)
“ ~3 K (/A//
Lssunminc the zas to be ideal, (10.,2.1) and (10.2.2) halance

at a pressure equal to the vapour pressurc of the liguid, hence:-

b vy — w(®) = &ﬂp{/ 1 (10.243)
2k7 (A,
Fron (1.3.7) we may also develop a term for the entropy of

vapourisation Sv, which is the excess entropy of the liquid

over the ide¢al gas.,
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= o . 3 / , dgbvﬁ\/ 3
$u= /V/c =3 6n ) Y It~ Sarns (10.2.8)
/ O}gm V{
b 7[ J-{'by 7 - ‘é(?/;«b /\</ - _7 (1002.5)
Substituting (10.2.3) in (10.2.5)
S/ — L wdo) (10.2.6)
sk / g 28T

We apply the classical "L-J" cell nodel as developed
in (143) to evaluate (10.2.6), together with the conpress-
ibility as given by (4,2.7). Caleculations of this type
nust talke account of distant neighbours (i.c. those outside
the first shell). K.&i. did this by assuning then to be
distributed "at the uniforn density of the fluid, starting at
a distance from the central molcecule such that when the
nearcst neighbour distance correasponds to that of a face
centred lattice (ao) the sane results arc obtained as for
the lattices.... The Kobatake and /Llder calculation was
therefeore almost identical to that normally nmade in the
L.Js treatuent and in fact it was stated that the assumption
of further ncighbours contributing as if they were in a
latticc structurc would not significantly affect the final
results. Our calculations were thewfore made on the latter
assumption., However, we cenmphasisc that thce coutribution is
so snall as to not invalidatce our carlier ideas.

For a pure liquid (PV/NkT) is to a good apvwroximation
zero and by performing calculations over a range of V;
and Tg it was possiblc to obtain the relationship between
thesc two "effective' reduced quantities at zero cornpressibil-

ity. Thisis shown in Fig.(10.1) whilc Fig.(10.2) gives a
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i
Fig 10.1 V; vs T; for zero compressibility using
a Classical L.J., potential
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Figz 10,2 Entrepy ef Vapourisation vs Effective Reduced
Volume for zero compressibility using an L,J.potential

-700
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Sinilar rclationship between Y; and the conputed entropy
of vapourisation (from (10.2.6)),
Thus, through an experincntal value of Sv, an effective
reduced volume for the liquid can be found and fron this
and Fig.(10.1) an effective reduced tempcraturc.

For a pure liquid (10.1.2) nay be dcfined nore explicitly

agi-
» ]
Ve = a° /54 3
/'2 ()"2‘2‘ (10.2.’7)
where 8, is the distance paraneter for the solvent, and

22

a is given by the volume per particle, so:=-
,34,7:23== (y,{) (1042.8)
with V=inolar volume of the liquid,

For carbon tetrachloride at 2500., the heat of vapour-
isation is given as 7.83 kcal/mole (200). Since S'=H'/T, the
entropy of vapourisation nay irnediately be caleulated as
SV /R==13.23, From Fig., (10.1) we find a corresponding
V* such that V*=1.0232, and throusgh (1042.8) and (10.2.7)

a ¢ value of 5.338R. Fron Fig.(10.2) we also obtain
T;:O.638. To evaluate € /k we neced to know thc nunber of
nearest neighhours, Z. For a pure ligquid it is difficult to
justify anything other thaon 2=12, anficdher arbitrary factor
but one which serves as a lower linit for the ensuing
calculations on gas-liguid systcus.

The pair potential parancters for various solvents are
given in Table (10,1) and may be comparcd with those obtained
by Kobatake and Alder, using an almost identical procedurc

and with valucs quoted from cther sources. This is done



Table 10.1 Calculated pair potential parameters for

organie solvents,

228,

A
Solvent | -s¥/R | Mol. v T €x(°x) | sy
Vole Vpig10,2 | Fiz10,10¢10,9. 12k 10.2.9)
0014 1323 96,5 1.,0232 0,638 Lé7 5434
CeHe 13.69 88.8 1.0183 ] 0.619 481 5¢24
n.c7H16 14,78 146,5 {1.0084% 0,576 516 6,16
c.c6H12 13,37 108 1.0217 {0,633 ) 5.55
i.08H18 14,19 165.1 1.0137 | 0.600 Lgy 6,42

A From Ref, 200,

Table 10,2 Calculated parameters,

from other sources.

compared with those

solvent | 62 | ¢ Pl a | ¢ @ esn®|en?|en | e/x @
(i) vy ey e 1EC 1EC 1680 1 Cx)

C014 5.34 | 5.35 5.88) 5.41 | 467 493 | 327 LB6

Cellg 5.2 |5.22 | 5.27] 5.26 [ 481 |50k |4bo | bon

a From Table 10,73 b From Kobatake & Alder(19); ¢ From

viscosity or second virial measurements(189); From cell

theory of Salsberg & Kirkwood(201)
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for CCl, and benzene in Table (10,2)., A4is night be expected,
our values are in pgeneral alriost indentical with the
results of K,&A. but are perhaps a little closer to thosc
obtained fron the sell theery of Salsberg and Kirkwood
(201). 411 values differ grossly fron thosc obtained
fron gas inperfection data, Other workers namely Bird et al.
(202) and David, Hamann and Thomas (203) have found it
inpossible to fit sccond virial or organic moffcules
and in particular benzenc and cyclohexane. is a test of
this we enployed our fitting procedure (4.4) together with
the data compiled hy Dymond (124) for Cellgs c-C6H12 and
n-heptane. The results obtained were corpl&tely anonalous,
g values in sone cases>10.0ﬁ. It would therefore appnear that
pararnicters for the liquids are best obtained fron liquid
stgte properties (cf. low tenperature solids). This
conclusion is at least justificd on the grounds of finding
an unique value. However, a study of these parancters nust
cause a little uneasiness. The €/k values are much larger
than any previously encountered and thep adoption assunes
that the organic molecule is adequately described by a 12:6
potential - a fact which on available evidence must be

under sone shadow of doubt.
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1043 Gas-Liquid Systoms and The Combining Rules

We now move from pure liquids to solvent-gas systens,
infinitely dilute with respect to the concentration cf the
latter. Wc assune that the solute iz surrounded only by
solvent nolecules and that beyond a few shells of ncighbours
the presence of this solute nolecule does not affect the
solvent medium. We have therefore definel a two conponent
fluid, which rmust involve composition dencndent averages of
the intceraction ceonstants € .and ¢ such thot the "effective!

tenmperature and "effective' volume are given by:-

X r -
o = (e KT
/F 5 B (104341)
Vi = ai5% o (1043.2)
where & g are the parameters for the solute-sclvent
127 “12 P

interaction. To obtain these, one nust apply combining ruless

The sinplest of whickh are:-~

Oz = (07:—*01}//:,) (1043.3)
- {
6(2 = (c‘vl G‘)_')__) /2“' (10.304)
where 611, Sqq3 €ons déa are .the force constants of solute

and solvent rcspectively. LAs was stated above, these relation-
ships are the sinplest availg*le and in fact the arithmetic
nean law for the collision diarieter (10.3¢3) is extremely
difficult to improve on. Howecver, there have becen several
attenpts to alter the geometric mean rule (10.3.4) notably

by Fonder and Halscy (64), who adapted the Kirkwood-Muller
farnulez, , and by Hudson and McCoubrey (204) who developed

an exprcssion from the Londen thewry of dispersion forces.
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In its final form this nay be written:-

o z g 20 ~ |
€n = 2T | [ 655, O 5 (10:3.5)

where 11, 1, are the ionisation potentials of the two

2
conponents and the other quantitics are as previously
defined., It is scen that for molecules of identieal
ionisation potentials (I,=I,) and sinilar size (0’11=o’22)
(10e345) reduces to (10.3.4).

For the systens in which we arce interestod the 622
values (given in 10,2) are all in the region of $-6 2,
and the values of 611 for the solute gases vary %rom
argon (3.48) to BF; (5.031). (In thiscontext it should be
noted that we use 6é2 valucs from gas inperfection data,
previous calculations having indicated little difference
between these and values fron sV and the equation of state
data) .

It would, thercfore seem clear that for these systens the
conbining rule in the forn of (10.3.4) is not rigorous
enough. On closer exanination thc ionisation potentials are
also non identical though perhans not as sericusly differcnt
as the o values. We therefore, have three possiblc ways of
applying the geomctric mean rule - in its simplest form,
by allowing for size effects and rigorously as in (1043.5) =
each of which enabloes an 6%2 to be formulated. Using this
value and knowing the experinental temperaturc, o $;,

which is a strictly theoretical value, nay be calculated.
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In addition through the cell model, and using an
experimental P,M,V, another value of TZ nay be obt-inecd,
Thus, knowing V2, we nay evaluate Rc and the nearest
neighbour distance of the aysten is given by:-

a =(R c+ ) (10.3.6,
with:-
(106347)
We niay through (10.3.3) and (10,3,2) obtain a V; (expt) and
balancing the conpressibility equation at unit 2tmosihheric
pressure find the corresponding T* (expt)e. This effective
saramcter should reflect any alteration in the co-ordination

nurmber due to the snlution nrocess and is related to T;

(Ehcory) by:- "
7:' Cmeory ) X L /2 = /,:*( X7,
) ) Z “ (10g3r8)

The calculation of Tz (theory) nay of course be perforned

in either of threc ways, dependinmg on which form of the
geometric riean rule we adopt. In Tables (10.3) and (10.4)

we prescent the results for argon and nethane in various
solvents. Striking anomalies arc imnediately obvious

since for the najority of systems the use of anything rore
rigorous than (10,3.4) to evaluate 612 leads to co-ordination
numbers in excess of 12, which are basically unacceptable.
Kobatake and Lldor using conly the gecnictric mean rule appear
to obtain lower 7% values than those we have calculated. Thus
for Ar-CcH they find 7=6.3 which even allowing for geonmetric
effects is drasticolly low. 4 value of Z of 8-10 is nore
rcasonable, which is in the region of that determined using

the sinple combining rules,., K.&4i, further procecd with a
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Table 10,3 Co=~ordination number for Argon in varieus solvents

at 25°¢.
Solvent | v* b ped 722 | 1+P z° |rec 2°
105322 theory theory theory

Cele 1.246 [1.544 | 1,240 | 9.6 | 1.427) 11.1) 1.479] 11.5
c.Cel, 1.261 |1.395 | 1.252 [10.8 | 1.494) >12 | 1.522} >12
n.CoHqg | 14225 14360 | 1.220 | 9.7 | 1.516] 712 | 1.548] >12
i.08H18 1.222 |1.533 f 1.259 | 9.8 1 1.636| Y12 | 1.672] >12
a From geometric mean rule(10.3.4); b From (10.3.5) if I,=1,
¢ From (10.3.5)

Table 10.4 Co-ordination number for Methane in various solvents

c as fa Table 10,3

at 25°¢C.
solvent | v Tt pe2 | 72 | o | z° ¢ | z¢
1063.2 theory theory theory
CeHe 10191 | 1.329 | 1.117 |10.1} 1.203]10.9| 1.222} 11.0
caCcH ol 1188 } 1,220 | 1.127 [11.1] 1.251172 1.2971 12
oty
n.c7H16 1.236 | 1.275 1.078 §10.1 1.278|>12 14325 :>12
1.CgH g 1.214 | 1.250 | 1.099 [10.6] 1.341»12 1.391 j>12
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detailed cxamination of the sclute-sclvent system in terms of
gotubility and entropy, assigning entropy contributions
to various shells of solvent nmolecules. Their treatnent,
however, appears over optimised and this is exemplified in
their evaluation of the solvent contribution to the entropy.

They write:- Se 7 texer) = S¢r (rucay) + Ce s
S = ee) Y
W i W (1043.9)

Sq (theory) is evaluated as in (10.2.6)., Ln ex,ression is

given for S, but it is not calculated; instead the SG (theory)

s
value is subtracted fron S, (expt.) and the diffecrence
attributed to the solvent. This sten rmust be viewed with
some suspicion, esyecially if one considers the relative

insensitivity of Sg (expt.) (205). In addition the stey is

Justificd threcugh the thermodynamic identity:-

S } AP

7 =/ (1043.10)
( A1)z (AT,

which they sinplify to:-

AS eors, :(&/%r’j)v Va (1043,11)
i.ceilthat the entropy contribution of the solvent can be
calculnted as if the solvent were expanded uniformly by the
P.M.V..." Mowever, (10.3.11) is not the vsual expression
for the cuntropy of cexpansion (206) nor is the developnent
of (10.%411) fronm (10.3.10) very logical.

The aobove examplcs are held out not so much in destruct-
ive criticism »ut rather to drive hone the point that it is
relatively futile to proceed to situations such as centropy
and solubility without first solving the prelininary

vroblems. The results such as those given in Tables (10.7)
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and (10.4) and as calculated for other systems arc disappoint-
ing in that any nove towards a more rigorous treatment
does not appear to be favoured. At proscent caleculations
are being nade by altering the structurc of "L-JVW static
lattice term. To cxpand on this topic we arc essentially
considering the ¥cell™ and the perturbed shells up to a
naximun of three at an effective volumne Vé’(as given in
(104342))e The rest of the solvent is presumed uninfluenced
by the solute existing with shells numerically unaltered at a
purce solvent V* as given by (10.2.,7). To date only nrcliminary
results are available and these tend to sumport high co-
ordination values for the first shell (Zzﬁ@), similar
to those given through (10.3.8)

Considering what has been said in the last few sections
and bearing in mind present calculations, it would he fair
to say that for this part of our work the picture is far
from clear. The reasons for this are reasons that we have
dealt with over the preceding chapters, and which ocne nust
deal with in any calculations involving potentials of the
Lennard-Jdoncs type, nancly the sensitivity of the calculated
results to the empirical potential parameters. In the
present case we arc faced mot only with the problen of
evaluating the paramcters but also with that of combining
them. It has alrendy been noted (cf.SF6 in Chanter &) that
the larger the gas molecules become the more difficult it
was to cdequately describe thenm by an V"L.J" potential,

L large ellipsoidal organic molec®le which typifies the
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the solvents vnder study, is hardly the ideal nedium for
such'.a treatment. The simple combining rules have been
zncountered elsewhere, in the application of the quantun
cell model to argon trapped in aﬁg-quinol clathrate (6).
The theoretical data obtained showed wide divergences fron
experiment and once again exerplify the complications
encountered in o two component systcen. We therefore
cenclude that in such systens and particularly in gas-
liquid mixtures the cell theory can undisputably be
nanipulated to give detailed information on the thermodynamic
behaviour of the system. However, for such infermation to
be neaningful, somec of the inkeorent assagptions nust be
renoved and the nmodel placed on a soundcr theoretical

basis.
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Conclusion

The objective of this investigation as set out in the
Introduction, was an examination of the defects and merits
of the cell model under various sets of physical conditions.
Throughout the text we have discussed in some detail the
rcasons for the relative successes and failures of this
model and consequently do not propose to rcpeat them here
other than underlining a feow salient points.

The first and most general of thcse is whether, in the
situations we have studied (most of which are rife with
semantics) the ultimate criterion of success is the correct
prediction of expcrimental data through a theoretical model?
This is possibly too arbitary a demand but is one that must
at least be nct in part by any meaningful theory. Bearing
this in mind our investigations indicate time and time again
that a simple and often arbitary approach appears to yield
more exact results than any more rigorous method. This fact
is clear and indisputable, the reasons for it are somewhat
more diffuse,

In the consideration of the inert gas solids the Lennard-
Jones model finds itself in a situation which is ideal.

The crrors of its basic assumptions are minimised, it deals
exactly with anharmonicity and Yeffectively allows for many
body forces by using solid state data to determine its

parameters, In contrast £ the discipline of lattice
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dynamics, admitedly complex but perhaps more correct foo
this phasc of matter cncounters greater difficulty in gllounng
for anharmonicity and even when tHis has been achieved doeg
not appear to give as successful predictions as the simple
theory already mentioned.

From our consideration of quantum fluids through a
Corresponding States approach another factor cemerges in thab
the Uniform Potential approximation gives markedly superior
results to those dtained from the L.J, model. Does this
mean that the former empirical model gives a more correct
picture of the intermolecular potential at fliud densites?
This is hardly likely but might augur well far the amendment
of the bi-reciprocal form in such situations

Finally examining gas solubility we find that our
accurate experimental results are best interpreted by
the empirical hard sphere theory. What is the explanation
of this - does it lie in the behaviour of the solute afler
solution has becn effected or does it lic in the nature
of the internal pressure of the solvent? The latter 1line
of investigation would seen the more profitable for it has
already becn demonstrated that in this pressure lies the
reason for quantum behaviour in solutions at room temperatures

We have therefore used a cell model to obtain favourable
results ( when compared to experiment ) in several differing
situationse We admit that in these cases the word "success!

is often linked closely with the words 'farbitary" or
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"empirical' but accepting these limitations the model

generally appears decidedly superior to any alternative,

The author acknowledges the award of a grant from
The Science Rescarch Council that enabled this research
to be completed and thanks The University of London
Institute of Computing Science farextensive use of its

facilities and of computer time,
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Appendix 1 (A.1). The Solution of the Schrocdinger Eguction

Through the W.i.B. Approximation.

In this scction we do not use flow diagrams to illustratc the
computational process, but rather we briefly doscribe the
problem and in a qualitative manncer show how it was attacked
in the progran.
(i) fhc&fy

The quantum partition function (4.2.5) involves cnergy
levels that can only be obtainced by solving the Scrocdinger
cquation (4,2.6), which undcr guitable conditions & separation

of variable rcduces to:-

SRy + [ 8T\~ e(te) 8T UTR) § Stk )= 0. (2101
Aﬂ‘ in R 7\_;1—

AThe W.K.B. approximation cxpands S(R) as a power serics in
in R, thus:-
SCR) = So(/e)+7:$[f)+ J’g(@)+o~»-«—<ﬁ-1 2)
and rctains only the first two torms in this scrics.

The on\rwy levels conc as the sclutions of /

[f/ V- (gh) WiZ) [ o+ i )7

whlch may be wrltton ass=~

j( o?/*oéﬁ - //H‘T’_)ﬁ (Bete3)

(Ae1e3) is solved by first defining a cell size, subdividing
this interval and then moving across the cell, cvaluating

Q until @ changes sign. It doces thim at the classical turBing
points o and b which may thercforce be found approxinately

and rcfined by a Newton iterative technique.
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The integration in (A.1.3) is perforned by a Gauss
gquadraturce procedure over 20 Gauss points giv{ng an accuracy
of 10—3. The solution,)o, of this sanmc cquation is obtained
by itcration to a specificd degree of accuracy using a Newton
method,

We also nced the vwlure derivative of the eigen~value
(4.2.14) and this is found from:-

$
LI g dm)?oe LA

Ax*
'a Aol Ak*
in 2 similar manncr.

(ii) The Program

The progran was written in CIILF Jutocodc and was run on the
Atlas computer of the University of London Institute of
Computing Sciencc. For further information on the programming
language the rcader is referred to the publications of the
Ingtitute.

The program itsclf was subdivided into chapters and
routines and rather than give thesc in their Autocode form we
content oursclves with a general description of their function.

The basic requirement is to compute thermodynanic
propertiecs for a quantum particle of givenll*, obeying a
spocific 'min" potential. This is donc for a sct V*, over
a range of T*, using the W.K.B. approximation to derive the
energy levels and obtaining preliminary valuescxf)o and
dAO/dV from a harnonic oscillator approximation.

(a) Chapter O
This is chicfly the input chapter. It reéds g and n, the

potential coefficients, stores temperature range in T*, reads
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in number of neighbours in each shell, number cf Gauss
points, quantun parancter and evaluates further neighbour
distances.

Reads initial gucsscs for >\o and d%o/dv, sets up o,
Rc(0.55274) and prints cell radius.

Sums potential over required number of shells, storcs:),
d)YdV from Chapter 1.

Increascs gquantun number,L,imposes connection formula.
(b) Chapter 1.

Uscs Newton iterative method to refine furning points,
then calculates)\,dA/dV.

Sets up Gauss points, calculates Q(R) and dQ(R)/dR at turn-
ing points é and i (via Routine 1000).

Using Newton method refines a and b and then moves
into Gauss integration (Routine 10).

Solves Q(R)% = (n+3)7, when this true >\value is
obtained. Solution by Newton Raphson method. When )\is known
to specified accuracy it is printed (via Anelex lay out
Routine 1) and stored for calculgtion of thermodynamic
properties, A similar proccdure is adopted for d)VdV.

Incrcases n, increascs L. New turning points cevaluated.
Continues until the naximum level (set in input data) for ;\

values has been obtained.

(¢) Chapter 2
Fault chapter; detects negative)\, or positive d%/dv.
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(4) Chapter 3

Output chapter. Sets up temperature count and count cn
energy levels. 3Brings eigen-valuces and their voluner derivatives
out of storage. Sums over all available L,n,

Determines accuracices of thermodynamic propertics.
Calculates and prints these for all set T*.

{(e¢) Routine 1000

Most usced part of progran. Is entercd with differnet

calues of R to calculate W(R), awW(R)/aR, Q(R) and 4Q(R)/4R.

a
Further it gives (Q(R))? and dAW(R)/ddle
(#) Routiac 9

Calculates all terms that depend solely on m and n

K = [ () e ()

It also evaluates the asymptotic correction tern.

jiees the constant K, where:- ’47,/

(g) Routiné 51

Evaluates turning points by "chord method". Splits
search area into units ofo(/SO then increases R stepwisec
by o{/50. Celoulades Q(R) end after*finding wherc it changes

sign applies the ""chord mecthod"

(h) Routine 10
Gauss integration. Integrates all fupctions over
appropriate a and b interval. Continually moves control into

Routing 1000 to cvaluate Q(R) ecte.
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Appendix 2 (A.,2). ©Zvaluation of the Potential Paranmctors

(2) Graphical Method
Thisz will be illustrated by a resume of its anplication to
ncon where:-

UO=«448.Ocal/mole(115)

VO:13.39Cc/mole (117)
and m=20.183/(6.02x1023), whore m is the mass of the molecule.
(i) Utilising the cquations in (4,3) we find (for zecro

pressurc:-

* — o = * W*(O)/Z -
M = Mefh = Ko+ 2

¥ ¥
0'()\0 /G[VX freaned ~[/2‘D((/‘) (D)/O/V* (A.0202)
)*' (d)g/dv*) are computed directly from the W.K.B. approxtﬂ@é—

ion and:-

w™o) = (2 | 10109 _2-4090’] (4.2,3)

T* V*z V‘NH’

aw*(0) /aV* comes from the derivative of (4.2,3) with respecE
to V*.

(ii) Solutions of (A.2.2) arc obtained from a graphical plot
(sce Fig.4.1). This gives unique sets of A* and V* values,
and from a plot of A * vs.>\; corresponding unique valucs of
DX arc obtained

(iii) The noleccular diameter & is obtained from:=-

V= VNS = Ve /Wo (a6 0K). (2
Tor ncon o = (/336) /V*/\/)yg (Ae245)

(iv) To evaluate €/k at varying/j*
/l* = A//ﬂ?é}}?d/ ([l(-2a6>

kence % =_§; (/1%27,{&»2) './ (Ael0o?7)
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where h and k arc the Planck and Boltzmann constants respec-
tively. Fence from (ii),(iii) and (iv) we may compute or
cvaluate unique scts of /A *,V*,d,E/k and>\;.

(v) The solution of (A.2.1) requires that:-

* . * ]k 2
U - Zr=i*(0)/2 (he2.8)
which may be "nornalised to:-
* \
Mo — K )o <K € w*(e). (Le2.9)
Kk 2 A

where R=1.98 cal./mole deg.
Plots of U54R€7ky>g and R€/2k)W*(0) against V* intersccted
at a unique V* for the systom. Table (A2,1) gives abbreviated
data for the neon investigation.
Table (A2.1)
ON N el %) N el o g ]
1.01 0,460 13.328 2.798 57.03 1.73 -6k3 9k1

1.02 0,500 * 13,108 2,792 48,48 1,84 625 795
1.0% 0.540 12,980 2.783% 41,83 1.95 610 682
1.04 0,580 12.856 2.774 36,50 2.04 ~596 591

The interscction of the curves in Fig.(42.1) is at V*=1.,0395.
From data in Table (A2.1) and further data from higher V*,
Fig. (42.2) is constructed with €/k plotted against V*,
The intercept on this curve for V*=1.0395 is ath/k=36.6oK.
which is the unique value for the encrgy parancter for the
systom.

Hence for ncon:- V*#=1.0395

N63=13.39/1.0395 cc/mole
6 =2.7774

and the cxperimentnal and com uted data give for the zZcro poirt
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Fig A2.1 Determination of Néa(nv/V' at 0°k.) fer Neon
through the solution of (4,2,1)

b= 560

o 520

p— 1+80

o 440 (A) U = n)
° ° vs V* '
(B.) 3w(0) see Table(A2,1)
pee 10O
e 360
{ | | | |
1,00 1,02 1.04 1.06 1,08 110 1.12 1¢14



Fig A2.,2 Neon 126 potential € /k(°K) vs V*
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paramcters of ncon; -
[of :2-777&; € /k=36, 6OK;

N63=12.89 cc./mole; /] *=0,580.

(b) Iterative Method (as devoloped by B.D.Utting Ref.(71))

Consider (4.3,3) and (4.3.4) as:-

Al ofMe = N O3 (A42410)
s a3 W X0)
-0 = ﬁ()n 'z%by \
e éy 540 (402411)

(NB. this treatment is gcneral for any PO)

(4.2.10) and (Lhe2.11) are both functions of € and ¢ and nay

(z¢)=0 (1:1,2)

be written as:-

(Le2412)
If(d&o,fyo) is the first approximation to ths solution and

if (61O+h +h2) is a better aponroximation we may write:-

1’6%0
/€(0<0+ﬁ,)50+44 =0 (}:52) (Le2e13)

Expanding (A.2.13) as Taylor scries and truncating after

temms linear in h h2 we obtaing-

= - /
/ (Cr/p , Eiu 4-}7 (()/ 2/(‘)0,) "‘" /\1 (‘7) 2/)()( - 1o (Ae241h)
(Ae2.14) is two linear sinulagneous equations in h, kb,

providing that F. (& )

which may be solved for h

2 1o’e1o

and the partial derivatives nay be calculated. The partial

derivatives nay be replaced by the differcnce quoticents so:i-

() sh (ARG b gu) 2O (0.2.15)

xé
Whereff) = F2(000,490) F (%0 - §pin o] (4+2.76)
Al fois (225)

and gdgo is chosen as 0.01610(arbitrary)e

A similar expression to (L.2.16) gives <2TT1/425,2§,550
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Equations (A.2.15) nmay be tsily solved for hyy b The

.2°
new solution is then iterated to a specified accuracye.
The process as described obove can be integrated into

the W.K.B. progranm.
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Appendix % (A.3) Argon cexperimental & theorctical data.

(1)Egﬁerinental Molar volume vs Temperature data

2

1

0 ¥ %) P % ¥ %) v
& 22,55 30 22,80 60 23.61 15 22,55
8 22,65 35 22,91 65 23479 25 22.69
10 22,56 Lo 23,02 70 23,98 35 22,88
15 22.59 Ls 23.15 75 2h,20 B0 23,31
20 22,64 50 23,29 80 2tz 61 23,64
25 22471 55 23.45

( 2all molar volumes expressed as cc/molc.)

Calculated from X ray density /£ (gm/cc.) as given by
Batchelder (117) : V = M4/> where M is 39.984 gns, and
/% is quoted to ; 00001 gm/cc.

Data of Barrectt & Mayer(197.)

(ii) Theorctical Molar volurme vs Tempcrature data

e

2&3&) -V(cc/mole)a Eﬁfﬁ) V(ec/mole)b
9.78 22,54 25,88 _ 22454

154 3% 22457 32459 22,68

19.82 22463 k1,33 22489

26,09 22471 5112 23419

324,86 22485 61410 23,52

41,68 23,06 69,96 23487

52420 23437

62.30 23,70

70.55 2k,06

Theoretic al data for A* =0,185 normalised with zero point

parans, €/k =12O.8OK.;N63=23.68 cc/moleé 3
Normalised with virial params. €/k=119,8 K, ;Ng”"=23,50cc/mole



(iii) Expérimental Heat Capacity Data.

7(°K) c
—— =%
5 0,088
10 04790
15 14940
20 24990
25 3,828
30 L 463

(k)
40
50
60
70
75
80

Ca
&
5.387
6.006
6528
74100
7.488

74928

(%)
10
15
20
25
30
40
50

( all heat capacatices in cals/degenole,)

Ip

e ; 1o .

(iv) Thooretical Heat Capacatics,

Data of Morrison et al (116)

As a but obtained through (4.4.1)

From work of Clusius et al (115).

T(°K) o (%)
9478 0,380 26409
154 34 1600 32,86
19482 24742 41,68

100 g,

¢ 2,676 k.903
30 L4.176 8,764
4o 4,720 114 300
50 5,008 13241
60 5.110 14,953
70 5.158 16.882
8o 54200 19.301

(for legends scc overleaf,)

C
-V

349554

4,290
4,760

34427
4,045
263
4,861
5.316
6.009

74447

o W d
04787 60 5.118
14910 70 5,453
24894 75 5,740
34632 80 5,788
L 145
I, 674
5¢046

1699) .,
52420 54040

62,40 S5e124

70455 54162

(smoothed: plot of above gives C_ values below, )

N ~ 3 -
<3(>c’|04(de"51)a /5x105( atr'ﬁ1)a o(VTZ 5

04065
04292
0.586
0,931
1.278
14550
2.099

24741
4,468
54306
5¢949
6.427
64744

74299
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all specific heats are in cals/deg.mole.
a o, ﬁ% calculated from fitting of polynomial to experimental
data -~ Hillier & Walkley (106), Values of V fron

theoretical V vs T(°K.) curve. Gp linked to Gv by (4olt,1)

(v) Theoretical & Experinmental entropy.

(%K) _S5(cals/degemole.)  T(°K) ;ﬁ?(cals/deg.mole)
10 0,282 26409 24092

20 1.256 32,86 3.052

30 3,008 1,68 4,118

Lo L, 406 52,20 54500

50 5.688 62,30 6.670

60 6.802 70455 74546

70 7900

80 8547

Calculated from (4.4.2)

o

Theoretical data from (115),

o |
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Appendix 4 (A.4) Neon Experimental & theoretical daté.

(i) Expcrimental MNolar volume vs Tenmperature data.

7(°k) V(bc/molegA _éo(élA V(ec/nole)® ugoié)B
340 134389 L, k617

4.0 134390 L4619 13,393 L4622
6.0 134390 L b622 13,400 4.4630
8.0 13. hok L 463k 13,408 L, 4639
10,0 13,425 4 45658 13,435 4, 4669
12.0 13.460 4. 4696 134471 44709
14,0 13.509 4, 4750 134526 b, 4771
16,0 134574 L4822 134570 4,4848
1840 13.655 L.h912 13,672 4,451
20.0 13.775 b.5043 134753 4e5109
22,0 134877 e 5154 13,864 b.5139
23¢5 13,982 k.5269

Data of Batchelder (117) j{ o and V connected via (4.6.3)
o ~ L] e

n " Bolz &- Muucff (132)

(ii) ”heoretlchl Data Molar volumqilattlce congstant,heat

b b 1=

caphcity & entropy(normalising with zero pt.parans.)

TCR)  _a (8) V(ce/mole) <, =
10,25 L4637 13,407 0.970 0. 140
15.52 L, L4782 134536 2,516 06953
18.81 h4.h923 13,665 3,244 14582
21.23  L4.5064 13,794 3.622 2,053
23,02 4,5203 13,992 3.876 2.h9z
24,60 (4.5340) (14.,051) (3.972) (2.813)

( ) valucs must be doubtful since tenp. is above triple point.

C S arc in cals/deg.nole, .
.pt. params. € /k =36, 50° K, Ng> =124 8900/mole, ¢K_=O.580.
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R # - - e e e an N
(iii) Theoretical data for-A«=O.590,normalised with paranms.

of Brown (138)(63/k:35.28°K.LN63:_12.86 cc/maie.)

2&2@) a,(4) V(ce/mole) Qv(cal/maiéjéeé.)
8.6 b 4637 13,405 0.680
14159 L 4748 13,507 2,280
17.46 4 4893 13,636 3,044
19458 4,5030 13.764% 3.462
21470 ke5173 134893 3.770
23.36 4,5308 14,022 34940

(iv) Molar Volume vs Temperature data( theoretical values

nornaliscd by appropriate parameters.)

T(°K)®  V(ce/mole)®  (%K)P v(oo/mole)? T(°k)° v°

1113 1354241 12424 12,033 6.43 12,940
15442 13367 16,96 12,148 10,22 12,962
18,05 134619 19,85 124262 15,17 13,021
21,66 13 745 23,82 12,491 18454 134146
23438 134871 20,98 13,271

23,04 134396
24,80 13.522

Virial params of Nicholson & Schneider (119), € /k=33,74°K

o

NGP =12461 cc/mole. /\ =0.608
é "gelf-consistant" pnrans. Boato & Casanova (13%6) E/k=:37.’lOOK.
¥62 =11.46 co/mole, /V'=0.596.
; Solid state params. Mullin (135), E/k=35.76°K, N63=:12.52 cc,/mole

A=04593
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(v) Experlmental Heat Capaclty Data.

Ei_g) gPa é?a §vb
8 0.586 0. 580 0577
10 1,238 14206 14202
12 1.883 1825 1,786
14 2,520 24350 24311
16 3,310 2.815 2,763
20 4,358 34569 36571
22 5030 (3.898)
2k 54755 (34999)

( all hecat capacitics cxpressed as ccl/moll.dege.

Data of Clusius et al (115) C, obtained from CP via (4,6./

to i 1o

Data of Batchelder (117) Cv obtained fronm Clusius C

P

data via (4.4.1) using oland /8 from X ray measurenents.

(vi) Theoretlcal valucs of Cp

(%) o, LB e
14,29 2.280 Oe 174 2,45k
1746 3,04k 04545 34589
19458 3. 462 0,620 4,082
21470 3,770 1,222 ko992

a Obtained via (4.6,5)

(vii) mntropy

%0 8 8" (%K) 85 55
5.0 0.069

10.0 0,428 0,398 20.0 2.278 26225
1540 1,253  1.204 22,0 2.728 2,672
18,0 1,849 1,800 24,0 34197 34 140

& From Clusius data (115) and (4.4.2)
b "  Batchelder (117) calculated by machine intcgration.
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Appendix 5 (4,5) Thooretical and Experimental data for

Quantum corresponding states

(i) Hydrogen & Deuterium (64,5%K) experimental data of Hamann(102)

\ % -~ e * - -
Hydrogen A~=ﬂ.729 DeuteriumfA =1.223
ARIREE S v . S
10342 L,791 14396 34587
1el617 L, 406 1,484 2,965
14504 Z.,30h 1.622 2.317
1.710 2. 441 1.737 1.984
1.924 1.922 1.902 1629
2,235 1.277

Throughout A,5 C = PV/NkT

Experinental data reduccd with 63’/J&—_‘B'?.OOFE,I\T(S'3 =15.11cc/10leh

(ii) Theorctical data for HZ’DZ from U.P.Approximation
U, P, Data A =1.729 A q, 223
roAdgy, P T Agd o =
1350 2,060 2,028% 4,089 164390  2,028* 3,418
16611 14380  1.322 2,702 0,890 1.322 24292
2,000 0,980 0.844 1,864 0,580 0,884 1446k
24500 0,402  0.738 10140

a Fronm U.,P. theoretical data,compressibility far various
x AF
V* over a range of T* evaluated withﬂ =AA”£ At experimental

T* unique set of C for various V* cvaluated then

uP
AC = (Cyp = Coyags)
3 where Cclass is at sane V*
b This is argon data of Levelt obtained from graphical plots
of cxperimental data and interpolated under required cond%élons
(iees V* and T*)
¢ §@ = AC+ Cy

* this value was obtained by extrapolation of expt. data.
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(i3i) Theoretical data from L.J. Model for H2 & D2 at T*=1.748

— e % AN o e amm
L,J.Data A =1,729 A\ =14223
" A o2 © D c a b c
v A eg, 2l Ag Coxpt 2200
14350 0,795 2,028* 2.823 04345 2,028% 2.373
1.611 0,275 1,322 1.597 0.040 16322 16362

2,000 0,137 0,884 1,019 0.034 0,884 00918
2.500 ~0,077 0,738 0,731

&y b and ¢ obtained similarly to U.P.case but w1chKC=CCLJ- Cclas)

(iv) Experimental H, & D, data at 123°K.(T*=3.32) from

Michels et al (161),

ﬁjd&ogeﬁ* Deuterium*
ve < il c
1648 3,428 1.48 34102
1064 2,793 1« 64 2.578
1.85 2.296 1.85 2,128
2411 1912 2411 14799
2.64 1.623

* Compressibility was expressed as a polynomial in powers
of the density. Thiw was cvaluated using coefficients
given for 1230K., resulting values were in amergats and
were converted to normal compressibilities using the fact
that & amergats of PV = 543,082 cals/mole x A.

(w) H2 & D2‘ U.P:Data T* = 3432

U.P.:D_ata /{*21.729 } /T)é =1.é~242_ B

v Ac ¢, 2 Ac c? <c

—_— — —-expt —— —— e ———

10350 1.390 2. B85 4,278 0.8k  2.885¢ 3,725

10611 0,900 2,157  3.057 0,580 2,157 2,737

2,000 0,560 1,619 2.179 0.380 1.619 1.999

24500 04260 16337 14597
a2 Evaluated from argon data of Levelt (160) at approptiate Tx,V*
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(vi) Experinental Helium data of Buchnann (162) (T*=1.996(20.L °K)
€/k =10,22°K,N6° =10.06 cc/mole)

v c. e _C.
1.242 12,67 1.488 8,16
1.284 11,57 14613 6693
10335 10,47 1,806 5.64
1401 9,33 2.167 4,21

(vii) Helium U,P.thcoretical data zﬂ*= 2.674
. a
E /;-g-— _Cexpt Z—g—
14350 5,010 2,3%20%* 74330
1.611 2.758  1.604 L hé62
2,000 14599 1.093% 2.,693%
2,500 1,026  0.905 1¢931

a From argon data of Levelt T*=1,996,V* as appropriatec.
(viii) Experimental data H. & D, when m*=8.74(323°K)
[ 9

Michels et al (161)

Hydrogen Deuteriunm
1.48 2,897 1.48 2.798
1.64 24535 1,64 2.465
1485 2,226 1.85 2,174
2411 1.966 2.1 1.927
2,47 1. 745 2,47 1.538

a Calculated as in (iv) via a polynonial.

!
From above,threc "theoretical’argon points may be obtained

where Cj.r = Cexpt -~ A CUP
i AE’_ -—-gexpt -CAI'
1,48 0,545 2.897 24332 N
164 0,460 2.535 2.075  for B, /U =1.729

1.85 0380 2.226 1.846
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(viii) =~cont.

v Ac a c.

— — ——expt —ir

1.48 0,405 24798 24393

1,64 04300 2,465 2,165 D, at N=1.2:

1.85 2,174 2.174 1,924

Ezgroégg Déﬁ;éridm

v Le c c, Ag c c,
—_ — —eXp =P — — exp =LY
14350 0,710 3,250 2.540 0,550 3.130 24580
1¢611 0.480 2,590 2110 0,320 3,520 24200
2,000 0.320 2,075 1.755 0,220 2,030 1.810

The above were evaluated at V* corresponding to those for

the U,P.
3 3 —_ P 11 3 1] a
From the six points for CAr(— Cexp ZlCUP) the two "theoretieal

curves for argon at T*=8.7% were constructed.
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Appendix 6 (A,6) The Uniform Potential approximation

( after Hillier & Walkley (157))

The guantum partiticn function un may be written for
a single particle theory as (4,2,5) and the resulting energy
levels for the particle in the cell are found by a solution of
the wave equation -
-
G’ﬁ&/gm)vz}é +ZW‘/~EJ‘/ = (Ae641)
Assuming a uniform potential

W(r) = wW(0) r(rm : W(r) = o0 r>rm

the wave equation (A.6.1) may be transformed into the
appropriate polar co-adinates and the solution(198) given as -
@ = Ap!™ (Cose) exp(img) (1/1) .J, 4+ (Kr) (£06.2)
} (1+3)
where K:(ZmE)§/ﬁ is an associated Legendre function and
J(l+%) is a Bessel function. Applying the conditions that

the wave equation falls to zero when r = ro it is found -

As a direct result of (A4.6.3) the energy levels are given as:-
742 2 -
E, =7 h°C /2r (A, 6.1)

where Cl is obtained numerically from zeros of half integral
Bessels using Newtont's recurrance relationships.
This gives a partition function:-

——

2y = 2L£21+1)exp(-h201/8karm2) x exp(~NW(0)/2kT)
T (A-6.5)

The value of r, is determined by adopting the assumption

of Hamman (101,102) that r ., on account of the strangly
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repulsive potential in the cell, may be evaluated by
equating W(r) to zero. Thus =

1 1Y
¥ TR D gk 2 b
I‘m =V ym 2 (Ao6o6)

2
where r;:(rm/d) and y;:(rm/a)

and (A.6,5) becomes N
2
zqu = ;Zk21+1)exp(—D*Cl/T*V*Iy;%f x exp(=-NW*(0)/2T*)
2

(Ae647)
1
where D* = h2/8mé?622’3, and from which the compress-
ibility & other thermodynamic properties are readily

derived.



Appendix 7 (A.,7) Experimental data for the system Deuterium

s

Cyclohexane at 2500.

(i) Pressure -Volume readings beforc Dosel (Atmos.Press. =

76.875 cns.Hg)

za
23401
21,06
18.95
19.95

&  Volune reading of gas

nl b
29
22,884
27,167
31.804
29,624

o

Il

22,953
32,927
Lb, 761
39.057

An

0,069
5.760
12.957
9.433

b Mgy M, 2TE heights of
arms of burette; Anlz m, w 1o,
¢ P, = atnos. pressure +Zﬂm

T

C
Prp

764 94L
82.635
89.832
86.308

burcette in cc.

2.
’i/PT 310

1,300
14210
101135
16 159

ricrcury levels in left and right

(ii) Pressure-Volume readings after Liose I(before Dose II)

v

20451
18,60
16450
1745
19445

2

28,313
32,546
374181
35,072
30.679

s

28.459
38.865
51.561
45,628
34,153

(iii) Pressure-Volume readings after Dose II(before Dosc III.

v

1755
15455
13435
147
16,55

Z
34,864
39.272
43,685
L1,648
32,089

L

344958
46.770
60,055
53,706
40,66k

A_m £T _’]ZPT X’]QE
0.146 76.891 14299
6,319 83,154 1,203
14,380 91.225
10,556 87491 10143
3474 804309 10245
Anm P EZPT x10°
0,094 76,914 14 300
7498 84,318 1.186
16,370 934190 1,073
12,058 86,788 1.125
3575 80.395 10204
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(iv) Pressure-Volume readings after Dose III(before Dose IV)

( Atmos. pressure =76,775 cus.Hg.)

¥ m, n, An_ Py /By = 335
14,81 40.91% 40,976 0.062 76,837 14301
12,78 45.391 54,139 8.748 85.523 1.169
10.90 49.555 68,219 18,664 95.439 1,048
11,80 47,548  61.109 134562 90,336 14107
13,85 43,013 46,926 34913 80,688 1.239

(v) Pressure-Volune readings after Dose IV(Atmos.Press., =
76.7707cms.Hg.)

v om o= Az By 1y 107

12.25 46,578 46,586 0,008 76.778 1302

10.19 51,108 61.317 10.209 86,979 14150

8456 54,680 75,072 20,392 97.162 1.029

9.34 52,984 68,279 154295 92,065 1,086

1.1+ 49,020 54,159 5.139 81.909 1.220
Results of (i) -~ (v) inclusive, are used to construet

V vs 1/Pg plots in Fig (8.5)
(vi) Dose I, Dilatometer levels etc

Before Dose

Tine m, m, s(div) Beck(°C) R.Temp
09.55 35,916 36,461 5.,8-~6,.2 3,081 20,65
10,00 " 36,454  5,7-6.1 i 20450
10,05 354917 36,452 " " "
10410 " 1 5.8*_6_1 " i
After Dose:=-
10449 36,692 36,974 5.7-642 3,081 21,60
10, 54 36,690 36,971 5.6-5.9 " 21.70

10.59 36,692 36,974  5.7-641 " "

( N.B. in all above and -subscquent tables m, is capillary
height in closed arm of dilatometer; my height in open
arm; S the galvanometer reading in scale divisions over

time interval betwecen measurenments.)



(vi) ~cont

ifter dose-partial pressure applied.

Tine

11.05
11410
11415
T11.21
11427

By

354917

1]
11
11

1]

(vii) Dose II

Before dosci-

11445
11450
11453

After dose:
12445
12450
12453

Pressure applicd,L.H,limb at

13,00
13,0k
13410
13413
13416
13420

Preossurc applied,L.H,limb at

13.22
13625
13.28
13432
13437

364679
36.676
364682

37.204
37.287
37.28L4

36.679

35917

1t

)

37.898
37,872
37,898
37,881
37.878

36.995
36.995
36.996

37.894
37.896
37.896

38,606
38,580
38..606
38,631
38.614
38,640

39. 546
39,500
39,496
39.504

S(div) Beok(°¢)

5.7=641 3,081

11 it
11 "

508"‘6 -'1 "

1] LK

5.8-6.1 3,081

5¢6-5.9 "
5¢6=6,0 "

5¢7-642 3,081
5! 9-601 "
5e8mb.1 "

275

R, Tenmp

21470
21.80

22.05
22.20

n

level as before Dose IT

5.8=641 3,081
5¢7=64,0 i
5¢7-6.1 "
5e¢8=641 "

tf 1

it "

level as before Doscl

5¢8-640 3,081
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(viii) Dose III
Before dose

Time o, m, S(div) Beck(°C)  R.Temp
13448 374279 37,852  5,8«6,0 3,081 22,40
13453 37,283 " 5e8-6,1 i "
13,58 U 37,857 1 i1 "
LAfter dosetw
14,50 37.974 28,634 5e7mb42 3,081 22.20
1,55 37.974 38,636 " " 20,45
15400 37971 " 5¢7=640 u n

Pressure applied, L,H. 1limb at level as bhefore Dose III

15403 37282 39,400 5¢8-6.1 3,081 22,60
15407 " 39,479 " " "
15410 " 39. 40k " " "
15 14 " 39.h22 " " "
15418 : 39.3& " " 22,70

Pressure applicdi L,H., limb at lcvel as before Dose I

15420 350917 40,994 547642 3,081 22.60
15425 " 40,990 5.7=6,0 " "
15428 i Lo, 984 i it 22.30
15431 " 41,004 " " "
15437 " 41,005 5¢6-549 " "

(ix) Dosc IV

Before dose

15,48 37,978 38,566 548=641 3,081 22,70
15.53 W 38,569 n " 1"
" 15457 i " ’ " "
Aftor dosc
1645 284651 29,239 5.,8=6,1 3,081 22.80

16,49 38.650 39,234 5.7=641 " "
16453 38.6L9 39,236 " " "
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(ix) Dose IV~ cont:- Press. applied,L.,H.linb at level as bhefore

Dose IV
Time m, m, s(div) Beek(°C)  R.Temp
16455 37.978 40,021  5,8-6.1 3,081 22.80
16459 " 40,030 5.8-640 n n
17.03 " 40,001 " " 22,70
17407 1 40,009  5.7-640 " "

Pressure applied,L.H.limb at level aw before Dose I

1711 354917 b2,469 5.7-6.0 3,081 22.80
1?7415 it 42.452 " " 1
17420 " 42, b5k " " "
17 0 31 i Lo hip " " n

From data given in (vi) - (ix) inclusive Table 8.2 is

constructed.
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Appendix 8 (A.8)

Experimental Partial Molar Volume data

at 25°¢C.



Argon in Benzene at 25°C.
Table A8.1 Experimental Data

279,

Dose | . V. vitot)|w x10* v x10* ] 18 1P v; v2b
(ce.) ) (ee.) | (molas) (cms) J{cma,)

I 2.37  |(2.37) | 0,968 [(0.968)] 1,480 | (1.480] 44,32 | (44,32

II 2..89 5.26 1.180 2.148 | 1.800 3.312 ] 44,22 L , 720

I1I |2.78 8,04 [1.135 | 3,283 | 1.736 | 5,047 | 44 34 | 44,57

IV |2.75 10,79 [1.123 | 4.406 | 1,112 | 6.815| 44,55 | 44,84
1% - Extension from right hand arm alone,

lb - " 1" " " " refered to it's position

before dose I.

V;,Vg =Respective partial molar volumes obtained from above,
for individual doses.

V, caloulated from plot of lb(cms.) vs V(tot) in cc3~Fig A8.1

= (a1/aV) ), % 298.36 x 82.07.x 2.899.x 102 (cc/molt)

Va
=6,28 x 70,986 (cc/mole.)

v, = Ly 58 (ec/mole.)




Vice.) 6.?

i.o

i

pot 600

u— I*OO
(cm .)

2,0

(*00)95830p TB30] ®BA
(*Swd)uoTsuelx? aauoa.oomm 38 euezued UT uoday L°gy IT4
*0ge



Argon in Cyclohexane at 25°¢,

Table A8,2 Experimental data,

281,

Dose| V. | V(tot) N x10*|x x10*| 12 1P| v ¥°
(cc.) (moles) (cms) | (ome) | 2 2
I |2.70 (2,70)] 1,103 | (1.103] 1.837 | (1.837p 48,30 [(46,30)
II | 2,63 5¢33 | 1075 | 24177 14783 | 3.574] 47.60 | 47,12
111 | 2.49 7.82 11,017 | 3.194| 1.666 | 5.190| 46,19 | 46.74
IV | 2.34 10,16 [0.956 | 4.150| 1.619 | 6.612| 45,48 | 45.73

Columns superscripted as in previous tables,

V., calculated: from slope of lb(cms) va V(tot)-total dosage
in cc.Plot given as Fig A8,2

| V2 = (dl/dV)

slope
= 5,00/7.45

X

V. = 46,85 cc/mola

2

x 70.986 cec/mol¢

"
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Argon in ne~Heptane at 25°C.

Table A8,3 Experimental Data,

283,

Dose| V. V(tot) | ¥ x10 ¥ x10% 12 1P vg vP
(ec.) (moles)|(tot.) |(cms,) |(cms,) 2
I 2627 (2.27) ] 0.927 [(0.927)|1.550 |(1.550)| 48,47 |(48,.47]
II 1.90 Lo17 | 0,776 1.703 | 1.307 | 2.831 | 48,82 | 48,19
III| 2.11 6,28 | 0.862] 2.565 | 1.466 | 4.331 | 49,31 48,95
IV | 2.84 9,12 1.160 | 3,725 | 1.761 6.136 | 44,01 48,95
v 2.39 | 1151 | 0.976| 4,701 | 1.681 | 7.744 | 49,93 | 47,76
Columns sBuperscripted as in previous tables

2

as FPig A8.3

V2 = (dl/dv)slope x 70,986 ce/mole.

= 6,80/10,00

"

v, = 48,27 cc/moll

|

|
i

V, calculated from slope of lb(cms) ve V(tot),in cc.Plot given
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Argon in i-Octane at 2500.
Table A8.4% Experimental Data

285,

Dose Ve V(tot) N x104 N x104 12 1b V; V'b
(cc.) (molé9 | (tot) |(cms.) | (cms.) 2
I 2.03 | (2.03) | 04829 | (04829] 1,497 [(1.497)| 52435 |(52435]
IT | 2041 hohly | 0,984 | 1,813 | 1.625 | 3.053 | 47,87 | 48.82
III| 2.22 6.66 | 0.907 | 2.72. 1.593 | 4,675 | 50.23| 49,83
IV | 2.23 8.89 ]10.911 | 3.631 14590 | 6.195 | 50,60 | 49,46
v 2.10 11099 |} 0,858 | 4.489 | 1,483 | 7.645 | 50.12| 49,37

Columns superscripted as

s

calculated from slope

as Fig A8.4
VZ =

= 5-94/8.
V. =

in previous tables

of 1b(cms) vas V(tot),in cc.Plot given

(d1/d4V) x 70,986 cc/mole

50 "»

49,61 cc/moll

"
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Methane in Benzene at 25°C.

Table A8.5 Experimental Data,

287,

—g

pose | V. |v(tot)|w x10* [N x10*| 12 1P Vs v,
{reo ) { M 129 { rme, ) (pms )

I 155 [(1.55) | 0.633 [0.633)[1.,183 |(1.183) 54,18 | (54,18

IT | 2.07 | 3.62 |0.895 | 1,478 1.58{: 2.800| 53,80 | 54,92

D III] 1493 | 555 |0.788 | 2.666 |14 367 | 4.180| 50429 | 53.46

IV] 1.8 | 735 |0.735 | 3,001 | 1375 | 5.515| 54423 | 53.26

Columns superscripted as in previous tables,

2

V2= (dl/dV)

given as Fig A8.5.

sioPQ

x 70,986 ec/mole

1" "

Vaz 53,38 ec/mole,

V. caleulated from the slope of lb(cms) ves V(tot),in cc.Plot
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Methane in Cyclohexane at 25°C.

Table A8.6 Experimental Data,

289,

Dose | V. |V(tot)|N x10]m x10*| 12 1P v2 vP
(ec) (moled (tot) |(ems) |[(cms) 2 2
1 1.9% | (1.94) | 06792 ] (0,792) 1.629 [(1.629)] 59.63 [(59.63)
II | 2.67 4,61 |1.090] 1.882| 2,010} 3,605 | 53.46 | 55,53
III| 2.45 7406 | 1,001 | 2.883| 1.853| 5.421 | 53,46 | 54,51
IV | 2.50 9456 | 1021 | 3.904] 1,945 | 7,460 |59.22 | 54.40
v 2.52 |12.08 |1.032| 4,936 1,786 9.260 | 50,17 | 54.39

Columns superscripted as in previous tables,

V, caleulated from slope of Ib(cms) vs V(tot),in cc.Plot

v2 = (dl/dv)Blo

given as Fig A8.6

e

= 7,75/10.00 °

x 70,986 cc/molg,

v, = 55.01 ec/molg

|

——

"
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Methane in n~Heptane at 25%.

‘Table A8,7 Experimental Data

291,

Dose | V. |V(tot) [W x10*w x10%| 12 1° | 3 va
(ce) (mole¥| (tot) |(cms) | (ems)
1 |2.05 [(2.05)[0.837 | (0,837) 1.724 [(1.724)] 59,71 |(59.71
II | 2445 4,50 | 1.,003| 1,840 2,008 3,743 | 58,04 | 58,97
IiI 2.62 7.12 | 1,070} 2,910} 2.290 6.681 62,04 | 60,58
IV | 2.43 9,55 | 0.992 | 3.902] 1.887| 8,021 | 55.15 | 59.59
v 2.53 [12.08 | 1.033 | 4.935] 2,023 |10.039 | 56,77 | 58.97

Columns superscripted as in previous tables.

2

v, = (

d1/4av)
8.39/10.,0

slope

V2 = 59,56 cc/molé

x 70,986 cc/molg

V. calculated from the slope of 1b(cms) vs V(tot),in cec,
Plot is given as Fig A8.7




1213

10,0
1

V( cc o-)

N
3 2 FE 2
=] O i m -~ N
1 | i l
(*°90)e3esop Tej0] 84 -

A.mEOVQOﬁmnvumo ﬁdvoa.oomm 3e sueidog-u Ut euvyzey LY ST4

*262



Methane in i=0Octane at 2500.

Table A8.8 Experimetal Data,

293.

Dose| V. |V(tot) | x10fn x 10] 12 1P Vs vg
(cc) (moled | (tot) |(ems) | (ems)

I | 2.9 |(2.49) | 1.017 [(1.017)[2.055 [(2.055)| 53.38 [(53.38)

ITI | 2.36 4.85 | 0.9641 1,981 114859 | 34851 [ 55,90 | 56436

IIT| 2441 7425 | 0. 984 [ 2,965 |1.882 | 5.750 [ 55.45 | 56,22

Iv | 2.49 9.74 | 1.017 | 3,982 |1.910 | 7.618 | 54,45 | 55,56

Columns superscripted as in previous tables,

V, calculated from the slope of lb(cms) vs V(tot),in ce.
Plot is given as Fig A8,8

VZ = (dl/dv)slope x 70,986 cc/mole

= 3.99/5.0

v, = 56,65 ce¢/moll

"

L) tt
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R

Freon in Benzene at 2500.

Table A8,9 Experimental Data.

295,

—
Dose v |vitot)| 1 x10%n %10*| 12 1° v; vzb
tec)d (o1 | E+at) loms) (ema)
Ia | 1.70 |(1.70)|0.694% | (0.694) 1.974 [(1.,974)] 82,46 (82,46
B\ | 1078 [ (1.78) 104727 | (0,727p 2.052 [(2.052)] 81.82 |(81,8
1 2.15 3,95 | 0.878 1.605] 2.516 | 4,573 | 83,07 | 82.60
I1I] 1..93 5.86 | 0,788 | 243931 2.196] 6,835 | 81.20 | 82,80

Doses I=I11.

** Thermostating control lost after Ia,hence V

2

Columng supersdripted as in prev1ous tables

V, calculated from the slope of 1° (cms) vs V(tot) in cc.

Plot is given as Fig A8.9.

V2

-
=

= (d1/av)

5. 80/5.00

Vz = 82,34 cc/mol&

o X 70,986 ec/meolée

egtimated from




296,

Fig A8.9 Freon in Benzene at 25°C,Total extension(cms,)
vs Total dosage(cc.)
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Freon in Cyclohexane

Table A8.10 Experimental Data

at 25°¢,

297,

Dose Ve V(tot)| N x104 N x1o4 ia 1b ve Vb
(ee) (mola¥| (tot) (cnms) (ems) 2 2
I 1.68 [(1.68) ]| 0,686 (0.686)| 2.198 | (2,198) 92.88|(92,88)
II }1.72 3.0 | 0.702 | 1,338 | 2,101 | 4,298] 86.76| 89,76
"ITI | 1.78 5.18 | 0.727 | 2.115 | 24165 | 6.379| 86.33| 87,44
1v 170 6.88 0,694 | 2,809 2,064 8.461 86.,22]| 87.32
v 1.80 8.68 | 0,735 | 3,544 | 2,134 | 10.,545] 84,17| 86.26
Columns superscripted as in previous tables
v, calculated from the slope of f)\cms) vae V(tot),in cc,

Plot is given as Fig A8.10

v, = (dl/dV)Bl

ope

= 9423/7.50 "

V2 =87.36 cc/mole

x 70.986 cc/mole



298,

Fig A8.,10 Freon in Cyclohexane at 25°C,'.I.‘ota1 extension(cms, )
vs Total dosage(cc.)

10,0 =
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299,
Freon in n~Heptane at 25°C.

Table A8.11 Experimental Data,

Dose | V. |V(tot)|n x10" | ¥ x10t| 18 1° v vg
(ce) (mol A3 (tot) (cms) (cma)

I 1.96 |(1.96)|0.800 [(0.800)|2.453 |(2.453)| 88.89 [(88,89

ITI | 1.55 3¢51 | 04633 1,433 (2,090 | 4,397 | 95.72 | 88.93

IIT| 1.38 4,89 | 0,564 1] 1.997 [1.612 }| 6,175 | 82.92 | 89,64

IV | 1.61 6,49 | 0,658 | 2,655 | 14583 | 7.780 | 69.74 | 84,95

v 1.56 8.05 | 0.637 | 3.292 {1.965 | 9.773 {89,433 | 86,06

Columns superscripted as in previous tables

V, calculated from slope of lb(cms) vs V(tot),in cc.

Plot is given as Fig A8.11
v, = (dl/dV)Blope x 70,986 cc/molf

= 6.,24/5.,00 " " "

V2 = 88,59 cc/mole




300.

o
Fig A8.11 Freon in n-Heptane at 25 C,Total extension(ems,)
vs Total dosage,(cc.)
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Freon in 1=-Octane at 25°C.

Table A8.,12 Experimental data,

S

Dose v. |v(tot) |n x10*|n x10*]| 12 2 v Ve
(tot) ] 2 2
( cc) (molew (cms) (cms

1 1627 [(1.27) | 0.519 | (0.519) 1.5% [(1.516)| 85457 | (85,67
1T 1.77 3,04 | 0,723 1.242 | 2.236 | 3,728 | 89,66 | 87.02
IIXI | 1.54 4,58 | 0.629 14871 ] 1.865 | 5.585 | 85,96 86,54
Iv 1.78 | 636 | 0,727 | 2.598 | 2.249 {7.805 | 89,68 { 87,09
v 1.87 | 8.23 0,764 | 3,362 | 2.214 | 10,002] 84,01 | 86,25

Columns superscripted as in previous tables

Vo

Plot is given as Fig A8.12

v, = (dl/dV)slope x 70,986 ec/mol€

= 8,00/6.,55 ] " n

Vy = 86,70 oc/hol&%

is calculated from the slope of lb(cma) vs V(tot),in cc.
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Fig A8.12 Freon in i«Octane at 25°C,Total extension(cms, )
vs Total dosage(cc.)
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303.

Sulphur Hexafluoride in Benzene at 25°C,(1st Series.)
Table A8.,13 Experimental Data,

Dose | V. |Vv(tot)|x x10* |¥ x10"| 1® 1° Ve vP
(cc.) (mol€¥ (eme) | (ome) 2 2
I | 1430 [(1.30)]| 04532 [(0,532) 1.789 | (1.789) 97.49]| 97.49
II | 2.19 3.49 | 0.895 | 1.427] 3.026 | 4,804 98.05] 97.71
L
III| 2.06 5.55 | 0,842 | 2,269 2.528 | 7.670| 98.00] 98,00
IV | 1.58 7.13 | 0.646 | 2.,915] 2,052 | 9.773] 92.09| 97.19
Vo op1.54 8.67} 0.630 | 3.545| 2.137 | 11.766| 98,34] 96.22

Columns superscripted as in previous tables

Va

cceThe Plot is given as Fig A8.13

f

V., = 97.07 cec/mol€

2

(dl/dV)Blope x 70.986 cc/mole
11.5/8.4 n

!

is calculated from the slope of lb(cms) vs V(tot),in




304,

Fig A8,13 Sulphur Hexafluoride in Benzene at 25°C,Total
extension(cms.,) vs Total dosage(cC,)==Series 1.
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Sulphur Hexafluoride in Benzene at 25°C.(2nd Series)

Table A8,14 Experimental Data,

305,

bose | v. | v(tot) |y x10* [ v x10%] 12 1P vs vg
(cce) (molgd (tot) (cms) (cms)
T 1.67 (1.67)| 0.683 (0.683F 2.328 |(2.328)] 98,81((98,.81]
II | 2.97 Looh | 1,214 | 1.897| 4.205 | 6,436 | 100,41 | 98,36
11T 1,46 6,10 | 0.597 | 2.494] 1,948 | 8,281 | 94.59| 96.26
IV | 2.11 8.21 0,863 | 3,357| 2,967 | 11.,073] 99,67 | 95,62

Columns superscripted as in previous tables,

\'4

2

cc.The plot is given as Fipg A8.14

8.15/6,00

V2= 96 .42 cc/molE

tt "

(dl/'dV)slope x 70.986 cc/molg

is calculated from the slope of lb(cms) vs V(tot),in



306.

Fig A8.14 Sulphur Hexafluoride in Benzens at 25°C,Tonl
extension(cms.) vs Total dosage(cc,)--Series 2,
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307.

Sulphur Hexafluoride in Cyclohexane at 25°C.

Table 48,15 Experihental Data

Dose v. V(tot) | N <107 x10° 12 1P v v;

( cc) (mol @YX | (tot) | (cms) |(cms)

I 1452 (1.52) |0.621 (0.,621) 2.128](2.128) 99.34|(99,34)

I {1.79 3.31 |0.731 1.352] 2,646 4,745 | 104,94]101.71

ITI|1.66 4,97 |0.678 2.030 2.367| 7.232 | 101,24{103,28

IV [1.58 6,55 |0.645 2,675 2.028| 9,286 91.15| 100,64

Columns superscripted as in previous tables,

VZ is calculated from the slope of 1b(cms) vs V(tot),in cc.
The plot is given a8 Fig A8.15

V2 = (d1/dV) x 70,986 cc/molq-
= 9.0/6.3 1] " "

v, = 101,41 cc/mold




Fig A8.15 Sulphur Hexafluoride in Cyeclohexane at 25°.C,

Total extension(ems.) vs Total dosage(cc,)
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Sulphur Hexafluoride in n-Heptane m:25°c.

Table A8,16 Experimental Data

309.

vese| V. |v(ted |w x10* v x10*| 2® N ve
(cce) (molg) (tot) {(cms) (cms) b4 2
1 1,48 |(1.48) [0.604 |(0,604)| 2.146 |(2.146)] 102,93/ 102,93
11 1464 3612 0,670 1.274 | 24356 4,484] 101,94] 102,03
IIT| 1.82 | 4.94% |0.743 | 2.017 | 2.632 | 7.164] 102,69 102.96
IV] 1.62 | 6,56 |0.662 | 2,679 | 2.315 | 9.,482]| 101,37]| 102.61
Columns superscripted as in previous tables,
V2 is calculated from the slope of lb(cms) vs V(tot),in cc.

<
L]

The plot is given as Fig A8.16

(dl/dv)alope

7495/5450

1]

V. =°102.61 ec/mole

2

x 70,986 cc/mel€



310,

Fig A8.16 Sulphur Hexafluoride in n-Heptane at 25°C,Total
extension(cms.) vs Total dosage(cc,)
A

6.0
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Sulphur Hexafluoride in i-Octane at 25°C.

Table A8.17 Experimental Data

311,

Dose | V. [(tot) [ v x10*|w x10*]| 12 1P v vP
(cce) (molgd |(tot) |(cms) Kems) 2 2
T 11465 [(1.65) | 0,674 | (0.675) 2,531 [(2.431) | 104,58 k104,58
II j2. 38 4,03 | 0,972 | 1.646 | 3.354 | 5,993 [100.3B | 104,49
III}1.61 5.64 10,657 | 2.303 | 2,468 | 8,346 {108,9 |105,06
IV |1.58 7.22 |0.645 | 2,948 | 2.169 | 10.447| 97,49 |102.73
v 0,98 | 8.20 |0.400 | 3,348 | 1.439 | 11,833 104,29 | 102.46

Columns superscripted as in previous tables

Vs

is calculated from the slope of lb(cms) vs V(tot),in cc.
The plot is given as Fig A8.17

v, = (d1/dV) x 70,986 ce/mol e
= 11465/8.00

v, = 103.38 cc/mole

"



312.

Fig A8.17 Sulphur Hexafluoride in i-Octane at 25°C.Total
extension(emsT) va Total dosage(ec,)
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Hydrogen in Benzene at 25°¢.

Table A8,18 Experimental Data

313,

pose | v. [vetot)]| ¥ x10] ¥ x 18] 1% 1P v Vo
(cce) (mold® [(tot) |(cms) [(ems) 2
I ]2.79 [(2.79) |1.139 [(1.139)]1.388 |(1.388)] 35.33]|(35.33
IT | 2.97 5.76 11.213 | 2.352 [1.518 | 2.863 | 37.27]| 35.29
111 {272 8.48 |1.111 3.463 1 1,470 | 4.303| 38.35] 36,02
IV [2.26 {10.74 [0.923 | 4.386 | 1.041 | 5,282 32.70] 34,9

Columns superscripted as in previous tables

Vo

Plot is given as Fig A8.18

V2 = (d1/dV) x 70.986 cc/molf

= 4.98/10.00

" "

V2 z 35,35 cc[holﬂh

is calculated from the slope of lb(cms) ve V(tot),in cc.
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Hydrogen in Cyclohexanes at 25°C.

Table A8,19 Experimental Data,

315,

pose| V. |V(tot)|w x 0] ¥ x10"| 12 1 v5 vy
(ce) (molegg [(tot) (ems) | (enms)
I |2.45 K2.45) |1,001 [(1.001)|1.437 [(1.437)] 41.66(41.66
-II 2,94 5039 |1.201 | 2.202 [1.740 | 3.151 | L42,00| 41.48
ITI{2.84 8.23 [1.160 | 3.362 [ 1.593 | 4.750 | 40,28 40.96
IV |2.65 10,88 [1.082 | 4, kL4 | 1,416 | 6,116 | 37.94] 39,90

Columns superscripted as in previous tables

is calculated from the slope of lb(cme) vs V(tot),in cc.

Plot is given as Fig A8.19

¥, = (dl/dvV) x 70.986 ce/mole

=

5.79/10,00 "

V2 = 41,10 cc/mole
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317,
Hydrogen in n-Heptane at 25%¢

Table A8,20 Experimental Data

Dose| V. vitot) ¥ x10% | & x10%] 12 1P v2 vP

(cce) (molgf} | (tot) |(cms) |(ems) 2 2

I 2.84 (2.,84) 1,160 [|(1.160)}1.969 |(1,969) 49.21|(49,21

II |2.60 S.44 1,062 | 2,222 [1.424 | 3.433 ] 38,87 44,79

I1I|2.52 7.96 |1.029 | 3,251 {1.388 | 4,702 37.,70{ 41,93

IV |2.90 10,86 |1.184 | 4,435 |1.894 | 6.5521 46.37| 42.®

Vv |2.78 13,64 [1.135 [J5.570 [1.739 | 8.201| b4h.h2| 42,68

Columns superscripted as in previous tables

is calculated from the slope of 1b(cms) vs V(tot),in cec.
Plot is given as Fig A8.20

Vs

v, = (d1/av) x 70,986 cc/mol.g,

slope

= 6,08/10,00 » " "

V2 = 43,16 ce/moll , ; \
B o

'
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Hydrogen in i-Octane at 25°¢C,

Table A8,21 Experimental Data.

319,

Dose | Ve [V(tot)| N x107w x10*| 212 g V5 vy
(ces) (molgs)| (tot) |[(ems) | (cms)
I |2.18 [(2.18) |0 890 [(0.890)|1.509 [(1.509)] 49,15 |(49.15]
II [2.73 4,91 [1.115 | 2,005 [1.745 | 3.252 | 45.37| 47.02
I111)|2.88 7.79 11.176 | 3.181 | 1.875 | 5.104 | 46,22 46,52
IV [2.74 10453 [1.119 | 4,300 | 1.719 | 6.845| 44,53| 46.15
V [2.65 13,18 [1.082 | 5,382 [ 1,551 | 8.348 | 41.56( 44,97

Columns superscripted as in previou: tables.

2

in ec.The Plot is given as Fig A8,21

V2 e (d1/4V) x 70.986 cc/moléd

Vo

8.00/12.,30 "

= 46,17 cc/mplfi

V. is calculated from the slope of lb(cms) ve V(tot)
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321,

Deuterium in Benzene at 25°C.

Table A8,22 Experimental Data. .

I,
Dose | V. Vitot)|n x10*|n x10* | 12 10 v VP

(ce,) (molegd| (tot) (ems) | (cms)

I 3430 (3.30) | 1.348 | (1,348 1.518 | (1.518] 32,65 | (32,65

II §2.97 6427 1.213 | 2.561 | 1.274 | 2.841] 30.45 | 32,16

111} 2,84 9,11 14160} 3.721 ] 1.356 | 4.212] 33.89 | 32.82

Colunmns superscripted as in previous tables,

v, is calculated from the slope of 1b(cms) vs V(tot),in cc,

The plot is given as Fig A8,.22

<
n

, = (d1/aV) x 70,986 cc/mole
= 6.10/10,00 " "

V, = 32,72 co/mole
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Deuterium in n-Heptane at 25°C.
Table A8.23 Experimental Data

323,

Dose | V. |v(tet)|n x10*| N x10] 12 1P vy vg
(ceca) (mole¥ |(tot) | (ems) | (cms)
I 3.18  [(3.18) [1,299 [(1.299) 1.819 [(1.819) 40.59( (40459
II [3.25 643 [1.327 | 2.626 | 1.847 | 3.698| Lo,35| 40.82
III(3.09 9.52 |1.262 | 3.888 | 1.789 | 5.542| W1.10} #1.32
IV | 3,13 12465 |1.278 | 5,166 | 1,879 | 7.338| 4#2.62]| 41,17

v2 = (dl/dv)slope

Columns superscripted as in previous tables,

2

The Plot is given as Fig A8,23

-

n "

v, = 41,17 cc/moll

x 70.986 ce/mole

V., is caleculated from the slope of 1b(cma) vse V(tot),in ecc.
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Deuterium in i-Octane at 25°C.

Table A8.24 Experimental Data.

325,

Dose V. V(tot)| N <10l ¥ x10t] 12 1° v; vg
(cce) (mo)l&E | (tot) |(ems) (cms)
I 2.81  [(2.81) |1.148 [(1.148){1.703 [(1.703)] 43.,01| (43,01
ITI |2.95 5,76 [1.205 | 2.353 [1.732 | 3.461 L,67| L42.64
ITI | 2.86 8.62 1.168 | 3.251 | 1.725 | 5,250 | 42,81 43.23
1w |2.80 11.42 {1,943 | 4,664 | 1,739 | 6,967 | 44,11] 43.30
' 2.70 | 14,12 [1.103 | 5.767 | 1.663 | 8.582 | 43,711 43.14

Columns superscripted as in previous tables,
v, is calculated from the slope of 1b(cms) vs V(tot)

in cc.The Plot is given in Fig A8.24

<
]

(dl/dv)slope

7.50/12.,35 "

1"

v2 = 43,11 ce/mol&

x 70,986 cc/molée



Q
[

-]

|

b-6.0

1
(cms-)

““ 4,0
2,0

{

A.mEOVQOﬁmnouHo Te305°D G2 38 9UB3O0=F U} WATIv4ndq 42°QV It

*9ee

(*29)edws0p TRIOL ¥A

14,0

10,0 12,0

8.0

6,0 V(ce)

L0

4.0



	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64
	Page 65
	Page 66
	Page 67
	Page 68
	Page 69
	Page 70
	Page 71
	Page 72
	Page 73
	Page 74
	Page 75
	Page 76
	Page 77
	Page 78
	Page 79
	Page 80
	Page 81
	Page 82
	Page 83
	Page 84
	Page 85
	Page 86
	Page 87
	Page 88
	Page 89
	Page 90
	Page 91
	Page 92
	Page 93
	Page 94
	Page 95
	Page 96
	Page 97
	Page 98
	Page 99
	Page 100
	Page 101
	Page 102
	Page 103
	Page 104
	Page 105
	Page 106
	Page 107
	Page 108
	Page 109
	Page 110
	Page 111
	Page 112
	Page 113
	Page 114
	Page 115
	Page 116
	Page 117
	Page 118
	Page 119
	Page 120
	Page 121
	Page 122
	Page 123
	Page 124
	Page 125
	Page 126
	Page 127
	Page 128
	Page 129
	Page 130
	Page 131
	Page 132
	Page 133
	Page 134
	Page 135
	Page 136
	Page 137
	Page 138
	Page 139
	Page 140
	Page 141
	Page 142
	Page 143
	Page 144
	Page 145
	Page 146
	Page 147
	Page 148
	Page 149
	Page 150
	Page 151
	Page 152
	Page 153
	Page 154
	Page 155
	Page 156
	Page 157
	Page 158
	Page 159
	Page 160
	Page 161
	Page 162
	Page 163
	Page 164
	Page 165
	Page 166
	Page 167
	Page 168
	Page 169
	Page 170
	Page 171
	Page 172
	Page 173
	Page 174
	Page 175
	Page 176
	Page 177
	Page 178
	Page 179
	Page 180
	Page 181
	Page 182
	Page 183
	Page 184
	Page 185
	Page 186
	Page 187
	Page 188
	Page 189
	Page 190
	Page 191
	Page 192
	Page 193
	Page 194
	Page 195
	Page 196
	Page 197
	Page 198
	Page 199
	Page 200
	Page 201
	Page 202
	Page 203
	Page 204
	Page 205
	Page 206
	Page 207
	Page 208
	Page 209
	Page 210
	Page 211
	Page 212
	Page 213
	Page 214
	Page 215
	Page 216
	Page 217
	Page 218
	Page 219
	Page 220
	Page 221
	Page 222
	Page 223
	Page 224
	Page 225
	Page 226
	Page 227
	Page 228
	Page 229
	Page 230
	Page 231
	Page 232
	Page 233
	Page 234
	Page 235
	Page 236
	Page 237
	Page 238
	Page 239
	Page 240
	Page 241
	Page 242
	Page 243
	Page 244
	Page 245
	Page 246
	Page 247
	Page 248
	Page 249
	Page 250
	Page 251
	Page 252
	Page 253
	Page 254
	Page 255
	Page 256
	Page 257
	Page 258
	Page 259
	Page 260
	Page 261
	Page 262
	Page 263
	Page 264
	Page 265
	Page 266
	Page 267
	Page 268
	Page 269
	Page 270
	Page 271
	Page 272
	Page 273
	Page 274
	Page 275
	Page 276
	Page 277
	Page 278
	Page 279
	Page 280
	Page 281
	Page 282
	Page 283
	Page 284
	Page 285
	Page 286
	Page 287
	Page 288
	Page 289
	Page 290
	Page 291
	Page 292
	Page 293
	Page 294
	Page 295
	Page 296
	Page 297
	Page 298
	Page 299
	Page 300
	Page 301
	Page 302
	Page 303
	Page 304
	Page 305
	Page 306
	Page 307
	Page 308
	Page 309
	Page 310
	Page 311
	Page 312
	Page 313
	Page 314
	Page 315
	Page 316
	Page 317
	Page 318
	Page 319
	Page 320
	Page 321
	Page 322
	Page 323
	Page 324
	Page 325
	Page 326

