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ABSTRACT

The up to date research in prestressed concrete has
been briefly reviewed and conflicting opinions in respect of
ultimate flexural strength and flexural stress-resultant
deformation characteristic of a prestressed concrete section
have been examined in the light of author's test results of

two-span beams and fixed portal frames,

Based on the usual strain-compatibility approach but on
the assumption thet the maximum moment of resistance of a section
need not occur at any fixed value of concrete strain, a method has
been presented to calculate the complete moment-curvature relationship,
including the falling branch, for a prestressed concrete section.
This requires that the stress-strain eurve of concrete in flexural
compression is completely defined. The effect of various parameters
studied suggest that the divergence in the experimental moment-
curvature characteristics for similar sections could result from
the variation in the concrete strain corresponding to the peak

stress of the stress-strain curve of concrete.

Results of some previous tests on different types of
statically indeterminate prestressed concrete skeletal structures
have been reviewed and examined in the light of a theory presented
which shows that full-redistribution, in general, would not take

place in such structures.

A design method has been proposed which creates conditions
so that a statically indeterminate prestressed concrete structure
carries the ultimate load by simultanecously developing the maximum
moment of resistance at each of the critical sections which form
the collapse mechanism, and at the same time maximum output from
each such critical section is ensured. It is also shown how other

criteria can be used.
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The effect of linear transformation has been studied
by considering both the 'equilibrium' and the 'compatibility!

criteria.

To substantiate the proposed design method and to study
its merits and demerits with respect to the existing methods of
design, four tests on two-span beams and five tests on fixed
portal frames were carried out, which are described in some
detail. The force-moment transducer devised to measure vertiecal
and horizontal forces and moment simultaneously in frames is also

described in some detail.,
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SIGN CONVENTION AND NOTATION

A1l symbols have been defined where they first appear
in the text. However, the following is the list of symbols more
frequently used. When a symbol is used to denote the corresponding
functional matrix in positional co-ordinates s , bar is placed at

the bottom of the symbol.

SIGN CONVENTION

Only stresses, stress-sesultantsand corresponding
deformations and applied actions, cable eccentricity (es) and

depths measured from the extreme compressive fibres, i.,e. d,

e €o and h have algebraic values. All other quantities have
numerical values only unless otherwise stated.
Basig:i~
Extreme fibres are denoted arbitrarily 1 and 2.
Direct stresses: compression +ve
tension - ve
Stress-Resultants

(a) Moment: a +ve moment is one which produces + ve stress in
fibre 2,

(b) Shear: as in structural analysis

(¢c) Thrust: compression + ve

tension - Ve

A it o s it e B ) et e ) i B i S S e s St e S " et 4

e : a +ve eccentricity is one which is measured in the
direction of fibre 2.
d, e

e

1?
> and h: depth measured from fibre 2 towards fibre 1 is + ve

and that measured from fibre 1 towards fibre 2 is -ve.
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NOTATION

Stress-resultants

P = Concrete prestressing force stress-resultant, or
prestress conceived as an externsal force applied to
concrete section, in general (+ve)

Pe = initial effective prestress

P =

u

C =

T =

M =

S =

N =

M, M =
My, M, =
M, M =
u au
MY, M =
u u

M =

I

(Mu)ﬁ’ (Mau)A

<Mau)’l’ (Mau)n

M, M

cr acr

Mcr1’Macr1=

= prestressing forces at cracking in fibres 1 and 2
respectively

prestress at ultimate load

total compressive force resisted by the concrete
compression zone

total tensile force resisted by the prestressing steel
moment {(absolute)

shear

thrust

absolute and apparent moments respectively, in general

= actual absolute and apparent moments respectively at

section A

absolute and apparent ultimate moments respectively, in

general

positive and negative absolute ultimate moments respectively,
in general

morent at a section due to inelasticity taking place

in the structure

absolute and apparent ultimate moments respectively of
Section A

apparent ultimate moments of the first and the

last hinge respectively

= absolute and apparent cracking moments respectively,
in general
absolute and apparent moments respectively when

cracking in fibre 1 commences
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Mch' Mach = absolute and apparent moments respectively when

cracking in fibre 2 commences

moments measured from the state of prestress, i.e.

M
cr1? er2
including the secondary prestress moments when

cracking takes place in fibres 1 and 2 respectively

r%d+1VMmd+1) = absolute moments due to loads (d+1) and
v(d+ 1) respectively, applied to the elastic
structure

(Mu(d4-l))1’ (hv(di-l))n = absolute moments at the first and the

last hinge respectively due to load
y(d+1) applied to the elastic structure

M = total absolute moment due to prestress

M = pure prestress moment (= Pes), or moment due to prestress

applied to the reduced structure

Mp = secondary prestress moment
(M;)1, (M;)n = secondary prestress moments at the first and
the last hinge respectively
MZ = apparent moment calculated according to the elastic
theory, in general
‘:M:A:} n = theoretical apparent moment at the section A
according to the elastic theory
(szd+lﬂ1’(@;(d+lﬂn = apparent ultimate moments at the
first and the last hinge respectively
due to load vV(d+1), cpplicd to the
elastic prestressed structurc (=Mv(d+_ly+M;)
m = bending moment due to unit bi-action applied at a releasc
of the reduced structure, in general
my M, e ma = bending moments due to unit bi-~action applied at
1, 2 .. a releases respectively of the reduced
structure
5° _ o j
P p | M
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S S

I mp/Mu

N; = thrust due to prestress applied to the reduced structure

n = thrust due to unit bi-action applied at a release of the
reduced structure, in general

n,l,n2 .o ncr = thrusts due to unit bi-action applied at 1, 2 .. ¢

releases respectively of the reduced structure

H = functional matrix in positional co~ordinates s and
corresponds to 3 x ¢ stress-resultant distributions
due to unit bi-action applied in turn at each release of
the reduced structure

5? = functional matrix in positional co-ordinates s and
corresponds to the total solution for the given loading
configuration and intensity

5; = functional matrix in positional co-ordinates s and

corresponds to the particular solution due to prestress

W = applied point load in general
Wu = ultimate loagd
w = self weight per unit length

(d+1) = working load
v(d+1)
P, etc.

1l

factored working load to denote design ultimate load

as defined above.

Ac = gross concrete cross sectional area

AS = total area of prestressing steel

ASi = area of prestressing steel in the ith layer

a = distance of the point of actual crushing from the

theoretical critical section

b = breadth of rectangular section
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= total depth of section
= effective depth, i.e. depth of the centroid of the
prestressing steel, measured from the extreme

compression fibre, i.e. either fibwre 1 or 2

di = depth of the centroid of the prestressing steel in the
ith layer, measured from the extreme compression fibre i.e. either
fibre 1 or 2 . . .

€418y = distances of the centroid of the section from fibres 1

and 2 respectively
e = cable eccentricity, i.e, the distance of the centroid
of the prestressing force P from the centroid of
the section
h = depth from extreme compression fibre to fibre of
zero strain, (extreme comp. fibre can be either fibre 1 or 2)
I = second moment of area
= length of span
lB’ lD etc. = lengths of the members pertaining to the
critical sections B, D, etc. respectively
over which inelasticity spreads
S = area under the stress-strain curve of concrete
Z = distance from the theoretical critical section fo

the point of contraflexure
Z, = I/e1

Z, = I/e2

¢, = 6 x 12 in. cylinder strength of concrete

¢y = 6 in. cube strength of concrete

. = modulus of rupture of concrete

fco = stress corresponding to the peak of the stress-strain

curve of concrete

hi = stress in the extreme compression fibre of concrete
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£ = tensile strvel stress in general ( =1¥(ES) ; also

used to denote tensile stress in prestressing steel
assumed concentrated at its centroid

fsi = tensile stress in prestress’-gsteel in the ith layer
Ebo = strain corresponding to the peak of the stress-strain
curve of concrete
EC = modulus of elasticity for concrete
ES = modulus of elasticity for steel
Stresses
£f = stress in general
ff, fg = stresses in fibres 1 and 2 respectively due to prestress
cr .cr . . . .
fq, fZ = changes in stresses in fibres 1 and 2 respectively, when
cracking commences in that fibre
Strains
€ = strain in general
%u = maximum strain in concrete in compression at failure
Ec = concrete compressive strain in the extreme compression
fibre, in general (+ve)
5;1 = distance of the centroid of the area under the stress-
strain curve of concrete from the zero strain
g = & ...E?-
c2 c ¢l
gg = compressive strain in concrete due to prestress at the
centroidal level of the prestressing steel
Efi = compressive strain in concrete due to prestress at the
centroidal level of the ith layer of the prestressing steel
e, = tensile strain in prestressing steel, in general; the

steel assumed concentrated at its centroid (+ ve)
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E = tensile strain in prestressing steel at the ith layer;

the steel assumed concentrated at its centroid

e: = effective prestrain (tensile) in prestressing steel
E:r1 g:ra = tensile strains in prestressing steel at cracking
in fibres 1 and 2 respectively
]
as = tensile strain in concrete at the centroidal level of
the prestressing steel
1
Esi = tensile strain in concrete at the centroidal level of
the ith layer of the prestressing steel
Deformations
2, ﬁa = absolute and apparent curvatures respectively, in
general; @ when so specified also used to denote inelastic
curvature which is the difference between the elastic and
actual curvatures
ﬁp = curvature due to prestress, including the effect of
secondary prestress moment
ﬁcr1’¢cr2 = absolute curvatures when cracking takes place in
fibres 1 and 2 respectively
e = (91, 8y oo @a ) = functional matrix corresponding to

idealized plastic rotations at «

critical sections of. the structure

Stress-resultant-deformation characterlstlcs

E = functional matrix in positional co-ordinates s and
corresponds to stress-resultant-deformation section

properties pertaining to bending moment, shear and thrust

F o= elastic flexibility matrix of the members in positional
co~ordinates s,
K = the functional matrix in positional co-ordinates s and

corresponds to the flexural stress-resultant deformation

section peoperty i.e. moment-curvature relationship
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k g = clastic bending and thrust flexibility matrices

respectively

o = number of indeterminancies in a structure
= total number of critical sections in a structure
= depth of the centroid of the concrete stress block

from the extreme compression fibre, divided by the
depth of compression zone
A = Somes' coefficient to represent enhanced concrete strength

at a critical section

F1 F2 = bond strain compatibility factors for concrete in
compression and tension respectively

P =  complementary solution coefficient in general

p; = complementary solution coefficient corresponding to

prestress applied to the elastic structure

py(d+1) = complementary solution coefficient corresponding

to load y(d+1) applied to the elastic structure

P, = complementary solution coefficient corresponding to
the final inelastic curvatures which represent the difference
between the elastic solution and final inelastic solution

Se = factor to denote scope for redistribution

Suffices and use of
brackets = suffices in general after the round brackets
refer to the sections and those after the

square brackets to the structures
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CHAPTER 1

INTRODUCTION

1.1 INTRODUCTION

The inelastic characteristics of structural concrete
were recognised by the early authors of the nineteenth century
such as Thullie, Ritter, etc., who proposed theories that incorporated
the inelasticity of concrete. However, such studies were discontinued
towards the end of the nineteenth century, at which time the linear
elastic theory and the concept of stress factor of safety became
accepted in design throughout the world. The concept of stress
factor of safety met with some opposition at first, but the design
formulae resulting from the linear elastic theory proved too
attractive., A renewed interest in the ultimate strength of
structural concrete began about 1930. Since then much research
has been carried out with respect to the stress distribution in
the compression zone and the ultimate strength of reinforced or

prestressed concrete sections subject to flexure with or without

shear and/or axial load. BExcellent revieWS(1’2’3) of this
development have been published in many languages.

Except for the work of Hognestad et al(a'h), Moenart(s),
and Rﬁsch(6), who studied the stress distribution in the compression

(7,8,9,10)

zone of concrete through prism tests, most of the other studies
were made through the interpretation of results of simply supported
beams tested to destruction. Although the various investigators have
made different assumptions with respect to the stress distribution in
the concrete compression zone, they have produced formulae which
predict the ultimate strength to a high degree of accuracy. These
investigations, however, did not study the deformations corresponding
to the stress-resultants and thus their results camnnot be extended to

the field of statically indeterminate structures. The conclusions
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reached by Hognestad and Rusch were based on idealized conditions

and take no account of shear and other restraints present in

(11)

practice, which are discussed in Chapter 3. Cocke
(12)

, and
Somes have recently reported that the gradient of the behding
moment diagram influences the ultimate strength of a prestressed

(13)

concrete section. Mattock y however, has shown that this
gradient has little influence on the ultimate strength compared
to 1ts influence on the ultimate deformation. The author, in
Chapter 3, examines his results in the light of the above work.

Recently there have been several attempts<14’15’16) to

obtain the complete stress-strain curve of concrete for both
concentrically and eccentrically loaded prisms. There is fair
agreement up to the point of maximum stress but beyond this the
results differ considerably. The divergence of results is probably
due to the method of testing and the characteristic: of the testing

machine rather than the characteristic of concrete.

Before 1949 little work was done on the problem of the
behaviour of reinforced and prestressed concrete continuous
structures in inelastic range. The early research mainly consisted

$17), ana Glanville and Thomas''® on

of a few tests by Kazincz
reinforced concrete continuous beams, These tests demonstrated
that there was a redistribution of stress-resultants as uwltimate
load was reached and it was necessary to consider the t!inelastic!
phenomenon for the complete understanding of the behaviour of a

(19) suggested,

statically indeterminate concrete structure. Baker
in 1949, a method for the design of continuous beams, which
incorporated the limited ductility of concrete and inelastic
behaviour of steel and concrete. Since then several ultimate load

(20,21, 22) . {oon proposed for structural concrete.

theories
All these theories include a compatibility requirement for
deformatiomsand are dependent in some form or the other on moment-

curvature or moment-rotation relationship., One of the aspects of
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research in prestressed concrete has been to study such
deformation characteristics of iﬁdividual sections, mainly
through tests on simply supported beams, to arrive at safe
limiting values so that such information may tentatively be

used for the ultimate load design of statically indeterminate
structures. At present, ppinions with regard to the moment-
curvature relationship for a prestressed concrete section differ.
While one school of throught regards it as the basic relationship
to describe the behaviour of an indeterminate structure, there are
other investigators(23) whose tests have led them to believe that
there is no unique moment-curvature relationship for a prestressed
concrete section. The author's test-results and conclusions are
set out in Chapter 4. However, it is certain that the moment-
curvature relationship has a rising characteristic with gradually
decreasing rate of increase of bending moment with increase of
curvature until the maximum moment is reached, when the rate of
increase of bending moment reduces to zero. After this the shape
of the moment-curvature diagram depends upon many factors such as
rate of loading, reinforcement ratio, transverse binding, etc.

and there is little experimental evidence about the exaclt shape

of this portion.

The other aspect of research has been to study the
behaviour of continuous structures as ultimate load is approached
and to establish ultimate load theories for statically indeterminate

structures.

A large number of differsnt types of continuous prestressed
concrete structures ranging from two-span beams to fixed portal
frames have been tested in the past under varying degrees of scope
for redistribution and considerable redistribution in the stress-
resultants has been observed, but the information made available
through such tests is so varying that it does ﬁot lead to conditions

which justify the application of the 'Simple Plastic Theory'! for
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prestressed concrete continuous structures. Based on the test-

results various investigators
empirical methods for design of certain categories of statically
indeterminate prestressed concrete structures. Extensive series
of tests have been carried out at University of Leeds by Bennett
and his co-workers, at Cambridge University by Davies and LaGrange,
and at Indian Institute of Technology, Kharagpur by Mallick and his
co-workers. Two different findings have emerged from these tests.
Tests at Leeds and Kharagpur show that full redistribution in
prestressed concrete continuous structures does not take place

due to the limited ductility of concrete and confirm, to some
extent, the theories put forward by Baker(ao), Guyon(21), and
Macchi(za) and the Report of Institution of Civil Engineers
Research Committee(27). Tests at Cambridge again show that full
redistribution does not occur. This is not taken as evidence of
lack of ductility but emphasis is placed on the negative sloping
portion of the moment-curvature relationship. Thus, just before
collapse of the structure some critical sections may be sustaining
less and less moment even though the total load on the structure
is increasing. There is little experimental evidence to confirm
this theory but the phenomenon of falling moment at increasing
curvatures has been accepted theoretically and computer

(28)

programmes have been written incorporating such behaviour.

The plastic theory of structural steel is based on the
fact that the stress-strain curve of mild steel has a long region
of constant stress,whereas neither the steel nor the concrete used
in the prestressed concrete work has such a flat plateau of stress.
But this does not disqualify the theory immediately. The necessary
and sufficient condition for applying the theory is that if a
structure is loaded, a stage must be reached when there are certain
number of sections where deformation can increase without any

changes in the stresses taking place anywhere in the structures.
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At this stage a 'mechanism' is formed and the hinges rotate but

the curvatures in the members between the hinges do not change

as deflexions increase. From this point of view plastic theory

can be applied to prestressed concrete if the moment-curvature
relationship has a long flat region after maximum moment is

reached, which, as stated zbove, may or may not be available,

Thus on the face value it appears that plastic theory, in general,
cannot be applied to prestressed concrete structures. Now consider
a structure whose critical sections forming the collapse mechanism
have maximum moments of resistance in the same ratio as the bending
moments caused by the maximum applied load. Such a structure would
resist the maximum load by simultaneously developing the maximum
moment at each of the critical section and at that instant plastic
theory would be applicable. Many prestressed concrete structures
with concordant cable profile, tested in the past, failed in a
manner very close to this. The behaviour of the structure immediately
before and after this condition is unimportant, but to design a
structure for such conditions in usual manner would be uneconomical.
In Chapter 6 a theory has been proposed which ensures maximum output

from each of the critical section and creates above conditions.

In English literature the present practice of design of
prestressed concrete continuous structures consists in determining
the cross sectional areas of steel and concrete and cable profile
on the basis of elastic distribution of stress-resultants at working
load. The cable profile can either be concordant or linearly
transformed or arbitrary nonconcordant. To ensure that individual
section has adequate ultimate strength for certain specdified factor
times the elastic stress-resultants at working load, untensioned
steel is added. In the past, most of the tests have been carried
out on structures designed in the above manner. Since the cable
profile was based on elastic stress-resultant distribution, such
tests had the disadvantage that they did not create most severe

conditions for redistribution.
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The Russian practice for the design of statically
indeterminate prestressed concrete structures consists in
choosing an ultimate load stress-resultant distribution in
equilibrium with the applied load semiempirically and designing
the sections accordingly for the ultimate strength. To ensure
a satisfactory performance at cracking load, the requisite stress-
resultant distribution is obtained by creating certain discontinuities
by partially stressing the structure in the statically determinate
state with eccentric hinges. The Russian practice along with its
merits and demerits will be discussed in Chapter 2 but the obvious
disadvantage in the Russian practice is that it only ensures the
satisfactory performance at the specified cracking load; whether
such a structure would always withstand the specified ultimate load

cannot be said.

1.2 OBJECT AND SCOPE

The overall objective of this thesis is to examine and
establish why, in gemeral, full redistribution does not occur in
statically indeterminate prestressed concrete structures and to
present a theory which creates conditions such that the structure
carries the ultimate load by simultaneously developing the maximum
moment of resistance at each of the critical sections whioh form.the
collapse mechanism and at the same time ensures maximum output
from each such critical section. As an extension of the above
theory it has been shown how the criterion of cracking,
or the criterion used by the Russians can be adopted for design.

The effect of linear transformation, which has so far

e
(11,36,37) by considering only the

been theoretically studied
lequilibrium' criterion , has been investigated by taking into

account both the !'equilibrium®and fcompatibility!criteria-.
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To substantiate the proposed theory and to study its
merits and demerits with respect to the existing methods of
design, four tests on two-span beams and five tests on fixed
portal frames. have been included in the thesis and are described
in Chapter 7. In order to measure the reactions of the frame,a
special force-moment transducer which can measure precisely both
the vertical and horizontal forces and also the moment simultaneously

has been developed and is reported in Chapter 8,

One explanation for full redistribution not occuring in
statically indeterminate prestressed concrete structure is the
'limited rotational capacity of concrete hinge'. The author by
presenting a simple theory to describe the behaviour of a
statically indeterminate structure with a drooping moment-
curvature characteristic, near collapse examines in Chapter 5
the previous test results of two and three-span prestressed
concrete becams and shows that full redistribution, in general,
would not occur in prestressed concrete structures, which is the
result of the drooping branch of the moment-curvature diagram for

a prestressed concrete section,

The stress-resultant-deformation characteristics of all
sections must be known or assumed before any prediction of the
ultimate strength of an indeterminate structure can be made,
These characteristics must again be based on the material
characteristics and in Chapter 3 the author has examined his
test results in the light of the C.E.B. recommendations(ag) and
the recent suggestions made by Somes, and Mattock. In Chapter 4

(55) (14)

a method similar to that suggested by Davies and LaGrange

has been presented for the calculation of the ultimate moment and
the moment-curvature relationship. The results of this approach
and of those due to the C.E,B. recommendations are compared with

each other and with the author’s test results.
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The studies in this thesis have been restricted to
simple planar skeletal structures, that is continuous beams and
frames loaded monotonically in their own plane. It has been
assumed that only flexural deformations are significant. The
work described here, with suitable modifications would also be
applicable to other loading systems and other complex planar

and space structures.

The criterion of ultimate load considered in this
thesis is that of collapse, that is the ultimate load has been
defined as the actual maximum load which the structure would

carry under the given set of intermal and external conditions.
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CHAPTER =2

EFFECT OF PRESTRESS IN A STATICALLY
INDETERMINATE CONCRETE STRUCTURE

2.1 INTRODUCTION

In prestressed concrete, unlike the other structural
materials, before the external loads are applied prestress itself
sets up certain stress-resultants and deformations. The various
terms of structural mechanics, if used in this context, would
demand special care. For example, in the commonly used sense,
probably on the analogy of reinforced concrete, the ultimate
moment of a prestressed concrete section is defined as the force
in the reinforcement times the distance between the lines of
action of this force and the compressive force, at collapse. For
a reinforced concrete section the ultimate moment so defined is
the actual moment at the section and is also equal to the moment
due to the applied ultimate load., But for a prestressed concrete
section due to the presence of the prestress moment the ultimate
moment so defined, although equal to the moment due to the applied
load for a statically determinate structure, is not the actual
moment at the section. If all we wish to calculate is the ultimate
load for a statically determinate prestressed concrete structure,
then the above definition suffices provided the moment due to the

external loads is measured from the state of pure prestress.

In a statically indeterminate structure, where the
prestress, in addition to the pure prestress moment, also sets
up secondary prestress stress-resultants and where for analysis
stress-resultant-deformation characteristics are to be
considered, the situation becomes all the more complex.
It is obvious that the stress~resultant deformation characteristics
or load-moment relationship for any section of a statically

indeterminate prestressed concrete structure must include the
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moments and curvatures set up before the application of the load.
In some previous investigations, as discussed in Chapter 3,
secondary prestress moments have been omitted. To facilitate
the consideration of the moments and deformations caused by the

prestress, following definitions are introduced,

2,2 APPARENT AND ABSCLUTE MOMENT

A combination of steel and concrete at a section, in
general, is capable of resisting certain bending moment of
particular sense, measured from the zero curvature, in one
direction and some other value of bending moment of opposite
sense in the other direction. The moment measured from the zero
curvature is the absolute moment at the section, and in structural
méchanics terminology is known as moment. To be more specific, the
moment measured from the zero curvature will be called absolute
moment and denoted by M. In the elastic range of a reinforced
concrete structure the moment due to the applied load M(d+1) is
the absolute moment at the section, and the common practice of

describing M as the moment at the section is Jjustified. But

(a+1)
in prestressed concrete, even for a section of a simply gupported

beam, because of the pure prestress moment M; , the moment due
to the applied load M(d+1)
section, and to describe M

is not the absolute moment at the

(d+1) @5 the moment on the section, which
is loosely done at present, is little justified. The absolute moment
onlthe section in this case is equal to M(d+l)’+M; . However, if
instead of measuring the moment from the zero curvature we measure

it from the state of pure prestress, then M(d+1) can be described
as the moment at the section. But in the true sense of structural
mechanics it camnot be called moment, To distinguish it from the
absolute moment M, it will be called apparent moment and denoted

by Ma'
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Thus, for a section of a statically determinate

prestressed concrete structure in elastic state

or
M bt Mo = M = M se e (201)
P a (d+1)

or considering the structure as a whole, we have in matrix

notation

E—M = M = csane (202)

) = E(d+ 1)
where bar at the bottom denotes the corresponding functional

matrix in positional co-ordinates s.

In a statically indeterminate structure, in addition
to the pure prestress moment, prestress also sets up secondary
prestress stress-resultants if the cable profile is nonconcordant.,
If M° denotes the secondary prestress moment (also known as
parasitic moment) at a section, then M: can have the same sense

as that of M; or otherwise.

Thus, for a section of a statically indeterminate

structure in elastic state

M = M + M + M(d l)

or

M-M = M = M + M eese (243)

P a (a+1)

or considering the structure as a whole, we have in matrix notation

M-M = M = M raes (2.4)

L y{-(d+l)

From equation 2.3 it is clear that if the moment at a

section is measured from the state of pure prestress, that is
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apparent moment is measured, then the moment corresponding to no
external load is not zero but equal to M; , which can only be
zero for a statically determinate structure or for a statically

indeterminate structure with concordant cable profile.

Introduction of above definitions requires the
definition of ultimate moment to be re-examined,With reference
to Figure 2.1 the absolute positive ultimate moment M: is
defined as the maximum positive absolute moment which the section
can resist and similarly the absolute negative ultimate moment M;
is defined as the maximum negative absolute moment which the

section can resist,

Here it will be necessary to define what is positive
absolute moment. The moment measured from the zero curvature and

producing positive stress in fibre 2 is defined as positive absolute

moment and that producing negative stress in fibre 2 as negative.

Thus, for a section of a statically determinate structure

at1u1timate load

Mu = Mp * I"lv(d+l)

or

o \
MU. - plp - M'V(d'*‘l) aosse (2.5)

or considering the structure as a whole, we have

o}
'l\i[u-‘bfl'p = ﬂv(d*‘l) TR (2.6)

Mu-M; is the ultimate moment defined in the commonly
used sense and is what the various theoretical formulae calculate

for the ultimate moment. According to the definitions introduced

this is the apparent ultimate moment denoted by Mau s 1.e.

M = M =M
au u P

eees (2.7)
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In a statically indeterminate structure at ultimate
load, consideration is also to be made of the inelasticity
occuring at the various sections. If Mr denotes the moment
at a section due to inelasticity taking place in the structure,
then for a section of a statically indeterminate structure at

ultimate load

o s
Mo = Mot e Mgyt iy
or
o s
M- Moo= Moo= Mo Mg gy + My cers (2.8)
or considering the structure as a whole, we have
o S
M=M= Moo= MM gt Ky eeee (2,9)

243 MEASURE OF REDISTRIBUTION

In studying the results of tests on statically
indeterminate structures, one is faced with the problem of
devising a suitable parameter to define the degree of redistribution
at the ultimate load. Various parameters have been proposed;

(22)

Macchi + &t the second F,I.P. Congress, defined the degree of

redistribution as the ratio of the actual ultimate load to the
(23) defined it as the increase of
the actual ultimate load above that for elastic distribution,

expressed as the ratio of the difference of the loads between

fully plastic load; Bennett

the elastic distribution and full redistribution. Consider two
structures designed to have the same plastic load and also the
same elastic load. If the two structures carry the same ultimate
load, then according to the above definitions they would have the
same redistribution irrespective of their deformations, In

prestressed concrete, as will be seen in Chapter 6, it is often
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possible to have structures carrying the same ultimate load but

with different deformations. Obviously, a deformation criterion
would be more suitable to measure redistribution. Such a criterion,
although cumbersome for theoretical work, would be quite convenient
for studying the results of tests. For tests on structures designed
for the same plastic load, one such criterion may be to compare their
load-deflection curves (WANu versus g ). Redistribution in the

author's tests will be studied in this manner.

For theoretical work, a criterion based on 'equilibrium'
alone would be more convenient. By rearranging terms and dividing

both sides by M_,» Wwe have from equation 2,8

.S
Mr M'v(r}, +1)+ ILp

1 - M = M *aes (2010)
au au

Equation 2.10 suggests that the ratio (Mv(d+l)+M;)/‘Mau
would be some measure of redistribution at a section.
This ratio at the first hinge divided by the same ratio at the last
hinge would then give an idea of redistribution for the whole
structure and can be taken as the measure of redistribution for
the whole structure. Thus, if Sc denotes the measure of

redistribution for the whole structure, then

[(Mv(d+l))1 * ((MIS) >1 1 (Mau)’l

2 Mg ) ]
[C’Iv(d+l))n + P 'n / (Mau)n

I

v S
.Mv(d+l))1 + (Mp),‘] (Mau)n

L
[(Mv (a+ l)>n + (Mp )n ] (Mau)1

where the subscripts 1 and n after the round brackets refer to

Sc

erns (2:11)

it

the first and the last hinge respectively.
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If we measure all our moments from the state of pure

prestress, then

S e
My(d-&l) + Mp = Mav (d+1) esee (2.12)

where M: is the apparent moment at a section if the

v (d+1)

ultimate load is applied to the elastic structure.

Hence
(M- Y, (M)
Se = ay (d+1Y1 Y au'n ees (2.13)
e
(Ma v (d+1))n (Mau)’l

Equation 2.13 is the same as defined by LaGrange(qh),

but obtained in a slightly different mamner. Sc was called by LaGrange
as 'scope for redistribution' and will be referred by the same term in
this thesis. It will be noted that it is the same as Macchi's

disproportion factor!, see reference 22.

It will be seen from equation 2,11 that scope for redistribution
in a structure can be varied by varying the secondary prestress stress-

resultant distribution.

2.4 MOMENT-CURVATURE RELATIONSHIP

The common practice to plot the moment-curvature
relationship for a prestressed concrete section is to plot the
apparent moment, expressed as the ratio of the apparent ultimate
moment, versus apparent curvature. When a dimensionless
relationship is preferred, the curvature is also expressed as the
ratio of the ultimate apparent curvature. In structural steel or
reinforced concrete, because of the absence of the initial moment
like the prestress moment, there is nothing like apparent moment

and apparent curyature and the usual moment-curvature curve relates
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to the absolute moment and absolute curvature. Ideally, for
prestressed concrete also the moment-curvature relationship
should pertain to the absolute moment and absolute curvature,
that is the moment and curvature should be measured from the
state of zero curvature and for this reason the moment-curvature
curves in this thesis will be plotted between the absolute moment
and absolute curvature. However, to study as how the two plots
would differ, for some test results they have been plotted in
both ways, see Figures 7.25 and 7.26. The basic shapes of the
two plots are similar and one is obtainable from the other by

transfer of origin and modifying the constants.,

In the present investigation the ultimate curvature
corresponding to the same ultimate moment has been found to vary
widely from section to section. To give an idea of this variation,
the moment-curvature relationships have been plotted between
M/Mu and @.

2.5 STRUCTURES WITH CONCORDANT AND LINEARLY TRANSFORMED
CABLE PROFILLS

The design of a prestressed concrete element for working
loads is essentially based on satisfying the basic inequalities,
which represent the design conditions. The solution of these
inequalities and the evaluation of the prestressing force and its
eccentricity (design procedure) has, in general, becn set out by

(31,32,33,34)

many authors Having fixed the sectional properties
and prestress, it 1s possible to establish the cable domain. To
obtain a concordant cable profile for an indeterminate structure,
the problem then reduces to finding a cable profile lying within

this domain such that

EFx

ds = 0 EX (2-14)
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where H is a functional matrix in positional co-ordinates s and
for a planar structure corresponds to 3xx stress-resultant
distributions (m s n) due to unit bi-action applied in turn at

each release of the reduced structure;

F is the elastic flexibility matrix of the members in

positional c¢o-ordinntes s and
_zg is the particular solution due to prestress.

It is usual to neglect shear deformations and equation

2.14 reduces to

mTkIvlods + nTgN ds = O seee (215)
— ——I) —
s 5

where m(=m m,...m ) and n(=n n,...n,) are the functional

matrices in positional co—ordinates1 ;2 and correspond to bending
moment and thrust distributiongrespectively due to unit bi-action
applied in turn at each release of the reduced structure;

k and g are the elastic bending and thrust flexibility matrices
respectively of the members in positional co-ordinates s; and
34_;

s corresponding to bending moment and thrust distributionsrespectively

and E; are the functional matrices in positional co-ordinates

due to prestress applied to the reduced structure.

Equation 2.15 represents a (where o dis the
indeterminancy number) linearly independent eguations and, except
for very simple indeterminate structures, a concordant cable
profile can only be established through a trial and error procedure.
A method dealing with this procedure has been outlined by Morice(Bs).
The author, however, found the following procedure more expedient

for the particular case of monotonically increasing applied load.,

A structure has @ number of critical sections which,
in general, are in excess of its indeterminacy number o . If the

eccentricities at (P=- o) critical sections are fixed, then,
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assuming the shape of the cable profile same as that of bending
moment diagram, the eccentricities at the remaining « critical
sections can be evaluated by solving equations 2.15. The

(B = a) critical sections where the eccentricities are fixed
should be those where the cable zone width is small and there is
not much scope for manoeuvring. The cable profile so determined
should then be checked for lying within the cable zone; if not,
another trial would be necessary until it is satisfied.

Many of the structures tested in the past(11’14’36’57)

had concordant or linearly transformed cable profiles based on the
working load stress~resultant distribution, which had the
disadvantage that full output was not obtained from all the
critical sections. Many such structures with concordant cable
profile had also the disadvantage that the changes in bending
moments at the critical sections during loading to failure were
approximately equal to the elastic moments due to the ultimate
load applied to a completely elastic structure and the scope for

redistribution was small.

Remembering that M° = 0 for a concordant cable profile,

we have from equation 2.11

(g )

(Mv(d+JJ/1 au n
[?c] = vess (2.16)
c

(Mﬂd+l)% <T%m)1

where suffix C after the square brackets refers to the structure

with a concordant cable profile,

If Pu is the prestress force at a section at the
ultimate load and d is the depth of the centroid of the
prestress from the extreme compression fibre, then

M = k. P d aees (2-17)
au uu

where ku is a constant.



35

Therefore

[ - (Mv(dnkl)% (ku Pu d)n :
K = ; [ NN} 2.18)
SCJC (Mv(d+l))n (ku Pud)'l

Bquation 2.18 is true algebraically and since the sign
convention of 'M' and 'd' has been defined to match with each
other (see SIGN CONVENTION AND NOTATION), it would hold good

numerically as well,

If all sections are assumed under-reinforced and have

the same prestress, then in equation 2.18, (ku)1 = (ku)n and
(Pu)1:= (Pu)n. Now if d is approximately proportional to
I4v(d-+l) at a section, then from equation 2.18 LSé] o would

be nearly equal to unity. That is, a structure with such a concordant

cable profile would exhibit little redistribution. This was observed

(11) (37)

The  author observed this for the fixed portal frames. The frame

by Cooke for three-span beams and Raina for two~-span beams,.
F-1, which had a concordant cable profile designed in the above
manner, had a horizontal deflection of 1,10 inches and a vertical
deflection of 0.62 inches at ultimate load; the corresponding
deflections for frames F-2,3,4 and 5 were 1.30 and 0.82, 2.70 and
1,37, 1.32 and 1.00, and 1.38 and 0.975 inches respectively;

see Figures 7.21 to 7.24. Frame F-2 had a linearly transformed
cable profile obtained from F-1, and frames F-3 to 5 were designed
differently as described in Chapter 7 with maximum cccentricities

at all the critical sections of the apparent collapse mechanism.

The linear transformation, which consists in adding a
certain linear combination of complementary solution diagrams
to a cable profile, alters the eccentricities at the critical
sections and also sets up certain secondary prestress stress-—
resultant distribution. Depending upon the linear transformation

employed, redistribution is either reduced or increased and mode
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of collapse would also change. The problem becomes quite complex
to study in general terms by considering both equilibrium and

(26)

compatibility criteria. Morice and Lewis considering only
the equilibrium criterion and assuming the apparent ultimate
moment of a section proportional to its effective depth have
shown that no variation in ultimate load of a structure should

(37

occur due to linear transformation. Raina s on the other

hand, has shown that a variation in ultimate load would occur

due to linear transformation. Raina, like Morice and Lewis, also
considers only the eguilibrium criterion, but assumes that failure
Atakes place by ultimate concrete strain. He expresses the steel
strain in terms of the effective depth and concrete strain, and
by representing the load-strain curve of the H.T. steel tendon by
a term of a sine series obtains the apparent ultimate moment of a
critical section after solving a transcendental equation, which
enables him to show a variation in ultimate load due to linear

transformation.

Raina, for his test specimens which are described in
Chapter 7, calculated that, as compared to beam CB-1 which had
the parent concordant cable profile, the ultimate loads for beams
CB-2 and 3 which had upward linear transformations should change
by +2.0% and +5.5% respectively, and those for beams CB-4 and 5
which had downward linear transformations by +7.9% and +21.8%
respectively. The corresponding figures as obtained from the
tests are +1.35%, +L4.71%, +2.42% and -12.62% respectively.
The variation, except for beam CB-5, is practically of the same
order as the accuracy of experimental measurements, and it
supports Morice and Lewis's assumption. There is other

(11,14)

experimental evidence which also supports the simplifying

assumption for continuous beams and hinged portal frames.

The experimental evidence(14) available for fixed portal

frames does not support the above assumption. To the author's



37

knowledge, so far only four fixed portal frames employing linearly
transformed cable profilgs have been tested. These tests were

(14)

carried out by LaGrange at Cambridge University, who concluded
that "in portal frames with fixed feet, linear transformations
would almost invariably change the load carrying capacity of the
frame'", This is not confirmed by the author's tests on frame F-2
which had a linearly transformed cable profile and carried
practically the same ultimate load as the parent frame F-1 with
concordant cable profile. To the author, the above statement
appears misleading. Linear transformation which consists in adding a
certain linear combination of complementary solution diagrams to

& cable profile does not affect 'equilibrium' and therefore as
long as the collapse mechanism is not changed due to linear
transformation, the ultimate load based on 'equilibrium criterioh?
should remain practically unaltered. To LoaGrange, linear transforma-
tion meant adding linear functions to the éccentricities of the
concordant cables and he changed the strengths of the critical
sections in some parts of the frame by linear transformation,
without changing the eccentricity of the cable in some other part.
Linear transformation in its true sense cannot do this. The above
conclusion is therefore based on a different meaning of linear
transformation, and should be interpreted accordingly. Before

the effect of linear transformation (in its true sense) in fixed

portal frames is established, more experimental evidence is necessary.

There are, however, certain odd cases, for example
Raina's beam CB-5 which carried 12.62% less ultimate load as compared
to the parent concordant beam, which shows that it may not always be
realistic to consider only equilibrium criterion. The author, in
Chapter 6, considering both equilibrium and compatibility criteria
has tried to study the effect of linear transformation in general
terms, but without success, and it appears that each case will

have to be studied individually,
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The effect of linear transformation, as pointed out

by LaGrange(14)

, is not significant on factor Sc. Consider
two structures, namely one with a concordant cable profile and
the other with a linearly transformed cable profile obtained
from the first. Let the two structures be assumed to carry the
same ultimate load, i.e. %(d-kl) is the same in both the

casesS.

If 4 4is the effective depth at any section in the
concordant case, then the effective depth in the linearly
transformed case would be (d + M;/Pe), where P_ is the

initial prestress., Thus from equation 2.11 we have

M
S (d + 52)k P )
r = : s
(M“d(d‘”l))n + My ((d + ;n')k P )
u u
e 1
' s }?u
_ (M\)(d+l))1 + (M;)1 \kudPu)n + (Mpku'li‘)n
= : P
Wyta=1n * Ml (e, dR), + (Mgkuflj) 1

coes (2.19)

where subscript LT after the square brackets refers to the

linearly transformed case,

Bquation 2,19 holds good algebraically in general, and
since the sigmégggvention for 'M' and 'd! have cach been defined
to match with/other (see SIGN. CONVENTION AND NOTATION), equation
2,19 would also be true numerically if the sign of (M;)1 is
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S(a+1))q and (D)

(My(di-l))n and (d)n. The linear transformation which numezlcally

reduces the effective depth at a critical section sets up MP

related with (M

, and that of (M%)  with
1 P n

which acts opposite to M and vice versa, with the result

v(da+1)
that there is not much effect on Sc.

2.6 RUSSIAN CODE RECOMMENDATIONS

The Russians design statically indeterminate prestressed
concrete structures for both working load and ultimate load
criteria, An ultimate load stress-resultant distribution in
equilibrium with the applied loads is assumed semi-empirically.,
The required section sizes, the area and position of steel are
estimated throughout the structure. The critical section strengths
are checked to ensure adequate ultimate load carrying capacity;
an equilibrium method is used, compatibility of strain across a
section is ignored. The assumed stress-resultant distribution is
reduced in the ratio of allowable cracking load to ultimate load.
The cracking moments of the critical sections are calculated on
the basis of a concordant cable, If the cracking moments at the
critical sections are not satisfactory, the working load stress-
resultant distribution is modified by the addition of a linear
stress-resultant distribution, that is linear combination of
the complementary solution diagrams. The final assumed elastic
moment distribution due to the applied working loads now conforms
to the cracking moments at the ecritical sections. The stress-
resultant distribution due to the working loads applied to the
true structure is now determined. The difference between the
assumed and true distributions at working loads is a linear

distribution.

The cracking moments were based on a concordant cable

profile, but this profile was arbitrarily assumed. It remains
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therefore to ensure that the secondary prestress moments are

made equal to the difference between the assumed and true elastic
distributions. The required secondary moments with a given profile
is obtained by building in a specified lack of fit. The structure
is made statically determinate by providing hinges, usually
eccentric to the centre line of the section, and the structure

is then partially stressed. The hinges are concreted solid, and
the remaining prestress applied. The final secondary stress-
resultant distribution together with the elastic stress~resultant
distribution due to the applied loads is thus made equal to the
assumed cracking moment distribution. The effect of creep is
allowed by applying a factor of 2 to the difference between the

assumed and true stress-resultant distributions at working load,

Creep is a phenomenon which is still not fully understood.
The introduction of creep factor in the above method has resulted in

(38)

certain empiricism. Saeed-un-din and Hall have shown that
linear creep has no effect, other than that causing loss of
prestress, on the stress-resultant distribution set up by
prestressing a structure in a statically indeterminate state;
the results of author's tests are set out in Chapter 6. The
creep factor should therefore be applied only to the stress-
resultant distribution set up during the statically determinate

state.

The assumed stress~resultant distribution at cracking
load has been ensured by building in a lock of fit, and, in theory,
such a structure would carry the specified cracking load
satisfactorily. But, whether such a structure would always
carry the specified ultimate load without the rupture of any
section or the structure as a whole or part becoming kinematically

unstable, cannot be said.



The results of frame F-5 which was designed
according to the above method but with creep factor applied
to the stress-resultant distribution set up in the

statically determinate state will be discussed in Chapter 6.

11
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CHAPTER 3%

ULTIMATE LOAD ANALYSIS OF STATICALLY
INDETERMINATE CONCRETE STRUCTURES

3.1 PRINCIPLES AND ASSUMPTIONS OF STANDARD ANALYSIS

There are three conditions that any problem of structural

mechanics or of stress analysis must satisfy:-

(1) Equilibrium
(2) Compatibility
(3) Material Properties

For a statically determinate structural system the
problem is relatively straightforward, since conditions (1)
are sufficient to give all the stress-resultants. Conditions
(2) and (3) may then be applied afterwards if the displacements
of the structure are required. But for the analysis of a
statically indeterminate structure it is necessary to consider
all the three conditions. This thesis is concerned with skeletal
structures like continuous beams and frames, and for such structures

the three requirements are satisfied as follows.

A skeletal structure, where the member lengths are much
greater than either of the overall dimensions of their cross section,
is idealized into member lines with each point on the member line
endowed with section properties in a plane at right angles to the
member line., The section properties are obtained by integrating
the idealized material properties over the two cross sectional
dimensions., In a composite material like prestressed concrete,
in addition to material properties, consideration is also required
for their relative percentages and position, condition of grout,
etc. The distribution of stress-~resultants due to any condition

of loading applied to this idealized structure is then found by



satisfying both equilibrium and geometric compatibility
requirements. This can either be done by the 'Displacement
(or Stiffness) Method' or the 'Force (or Flexibility) Method!' ,
In the displacement method the compatibility conditions used
first give rise to equations of equilibrium, whereas in the
force method the equilibrium conditions first satisfied lead
to the equations of compatibility. The early treatises on
(39), who dealt with the force
(40) who dealt with both the
force and displacement methods. In this thesis force method

these methods are by Jenkins
method, and Argyris and Kelsey

will be used.

3.2 BASIC EQUATIONS

Consider an qa times statically indeterminate
structure and let it be planar subject to planar loading. The

compatibility requirement states thati-

H E_}E ds = 0 . YRR (3-1)

where H is the functional matrix in positional co~ordinates

s and corresponds to 3xo stress-resultant distributions due

to unit bi-action applied in turn at each release of the reduced
structure ;

E is the functional matrix in positional co~ordinates s
and corresponds to stress-resultant deformation section properties
pertaining to bending moment, shear and thrust; and

5# is the functional matrix in positional co~ordinates s
and corresponds to the required total solution for the given
loading configuration and intensity, that is three total stress-~
resultant distributions (bending moment m, shear s and

thrust n) at all positions of the structure.
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Equation 3,1 represents o compatibility equations
(¢ being the indeterminancy number) for a given equilibrium
system. These equations are linearly independent, and provided
E is known, they can be solved for any load conditions, including
the ultimate load.

This thesis is concerned with skeletal planar structures
with planar'loading, where major deformations due to the applied
load are caused by bending, and deformations due to shear and

thrust are neglected such that

E = _IS casse (303)
_}_{_t - Et IXRER] (3#4)

where m is the functional matrix in positional co-ordinates s
and corresponds to 1 X g bending moment distribution due to unit

bi-action applied in turn at each release of the reduced structure;

K is the functional matrix in positional co-ordinates s
and corresponds to the flexural stress-resultant deformation
section property, that is moment-curvature relationship at a

section; and

Ef is the functional matrix in positional co-ordinates s
and corresponds to total bending solution for the given load

configuration and intensity.

Thus, for the structure where only flexural deformations

are significant equation 3.1 reduces to

ﬁl‘T _Ig_ﬂ}t = 0 seve (305)
S

Thus, provided the moment-curvature relationships for all
sections are known, a solution can be found for any load condition,
including the ultimate load., The solution is somewhat cumbersome

if the moment~curvature-relationship is not linear, but in theory
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it would be quite easy on a computer. Depending upon the moment-
curvature relationship, failure may be said to occur either when
one or more cross sections rupture, or when the structure as a

whole or part of it becomes kinematically unstable.

343 ULTIMATE FLEXURAL STRENGTH

The apparent and absolute ultimate moments as applicable
to prestressed concrete have been defined in Chapter 2. It is the
apparent ultimate moment which the various theoretical formulae
estimate for prestressed concrete and which will be considered in

this gection,

The main difficulty in the study of the ultimate flexural
strength of a reinforced or prestressed concrete section is the lack
of knowledge of the actual stresses in the flexural compression zone
of concrete at collapse. The behaviour of compression zone of
concrete at collapse has been related by many of the investigators
to the compressive strain € cu in the extreme comparison fibre and

at that strain by coefficients relating to:~

1) the average stress over the area divided by

the strength of the concrete in direct compression, and

2) the depth of the centre of compression divided

by the depth of compression zone.

The early work in this field was done by Whitney(7),

Jensen(8), Gaston(g), Billet and ﬂppleton(qo), etc. Their work

was based on the interpretation of beam test results, and, because
of one less equation available than the number of unknowns involved,
each of them made one or the other assumption; with the result
their findings differed from one another. Surprisingly each of
them produced formula:.which predicts the ultimate flexural strength

(4)

to a high degree of accuracy. The work on prisms by Hognestad et al

1
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(5) . (6)

Moenart , and Rusch has produced better understanding of the
behaviour of the flexural compression zone of concrete and their
results are in reasonable agreement. The conclusions reached by
Hognestad,and Rusch are based on studies made under simulated
conditions of pure flexure, and, strictly speaking, should be
applicable to such idealized conditions. However, their results
when applied to reinforced and prestressed concrete beams met in

practice have shown fairly accurate correlation.

Naughton(uq)

1)

, during his investigations on two-span,
and Cooke y on three-span prestressed concrete beams, found
that the ultimate flexural strength of similar sections situated
at the support or at the load point varied appreciably. The
apparent ultimate moment of each critical section was obtained
experimentally, and where only one section failed at collapse,

it was obtained by continuing the test beyond the maximum load.,

It was discovered that the experimental values represented two
separate relationships depending upon whether the section
considered was at the support or at the load point. Considering
only the equilibrium of forces acting on the concrefe section, the
dimensionless relationship for the apparent ultimate moment of a

section was written by Cooke in the form:-

M ‘

au S Su Su

2. F bdc Prr— [’1 -5 bdc bde. ] sose (3.6)
cu

where %ﬂlis the ultimate tensile stress of tensioned steel;

B is the ratio of maximum stress in tensioned steel to
ultimate tensile strength (fsu);
and o« is the ratio of mean compressive stress (rectangular

distribution) to 6 in. cube crushing strength .

(The remaining symbols have the same meaning as explained



48

under 'SIGN CONVENTION AND NOTATION', but have numerical values
only).

Cooke, for his three-span beam series, found Y/a = 0,67
and P for support section as 0.95, and for the intermediate span
section which was the load point as 1.20. Naughton, for his two=-
span beams, which had practically the same effective depth in all
cases at each critical section, found the ultimate moment of
resistance of support section about 7-18% higher than that of

the span section.

A number of possible reasons were advanced by Cooke for
the above variation in his tests such as (1) reduction of the
peak moment by dispersion of the concentrated load, (2) formation
of a bulb of stress under the reaction plate which increases the
flexural strength of the concrete depending upon the value of the
reaction as found by Frocht(ha) for an elpstic medium, (3) increase
in the longitudinal stress of concrete due to the presence of
transverse stress, (4) the statistical probability that the strength
of the section at which failure occurs will be greater at a
concentrated load than the weakest section in a length of beam;
this means that with an increase in the outer span length,
probability of increase in the strength of the failure section
becomes less. Cooke, for his beams, obtained a variety of values
of ultimate moment of resistance for similar sections situated at
the supports, depending upon the outer span length. He observed
an enhancement in its value with the increase in the gradient of
the bending moment diagram. DBut, somehow, instead of pursuing
this reason, he got involved in the above reasoning; although
the first three of them could not explain to Cooke himself the

order of the experimental variation.
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An examination of the load-moment curves plotted by
Cooke for his test beams shows that moment corresponding to
zero load is zero for all beams, whether employing o concordant
or adinearly transformed cable profile, This would be consistent
from test to test if it is assumed that moments were measured
from the state of prestress, that is including both the pure
prestress moment M; and the secondary prestress moment M; :
but such a moment will neither be an apparent moment nor an
absolute moment. In the light of this, Coocke'g results and
equation 3,6 may be susceptible to some discrepancy, but
Naughton's results which were obtained from concordant beams
cannot be disputed. However, the order of variation in them is
somewhat less as compared to the Cooke's results. The above
phenomenon, although first observed by Naughton, and Cooke, is
a real one, and there must be some explanation for this,.

(12) examined in detail the difference between

Somes
the idealized conditions of Hognestad, and Rusch's tests and the
actual conditions pertaining to the concrete zone which eventually
fails at a critical section. Hognestad and Rusch's results have
been derived from studies in a region of pure flexure in which no
transverse confinement other than that due to stirrups exists,
see Figure 3%.1(3). Unlike this, the compression zone of a
critical section usually met in practice is associated with
confinement due to the presence of loading plate or the beam
column interconnection as shown in Figure 3.1. Somes examined
the published work on the effeect of transverse reinforcement in
bound concrete, and postulated that for conditions typical of the
concrete zone which eventually fails at a critical section the
actual flexural compressive strength would be greater than that
defined for pure flexure. According to him the enhancement results

from the following two effects acting together=-
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1) Transverse loading on the beam sets up a local system of

biaxial or even triaxial compression close to the section,which
enhances the maximum moment of resistance. But the capacity of
the member may depend upon the resistance of some section away

from the moment peak where the transverse loading has diminished,

2) The critical section away from the load is restrained on one
side by a region of effectively stronger concrete while on the
other side flexural stress falls away rapidly with the bending

moment diagram,.

The two effects jointly serve to confine the critical
zone, and according to Somes this confinement depends upon the
gradient of the bending moment diagram close to and on the
appropriate side of the section. Somes has postulated that the
enhanced compressive strength of concrete would be equal to a

factor AN times the one defined for pure flexure, where

D D\2
A = 1 +;+5(2) R (3.7)
where D is the total depth of the section; and

z 1s the distance from the critical section to

the appropriate point of contraflexure.,

It has been suggested that the value of A should be
restricted to 1.4 which corresponds to D/i = 0,23 when D/z
is greater than 1.4, M\ will be influenced by a shear-bending

interaction, a phenomenon not yet well understood.

(25)

Sones substantiated his postulate by comparing Mallick's
and his experimental results with the theoretical ones. It should
be noted that Somes's measured values of ultimate moment refer to
the maximum moment in the beam when crushing moment of some point
i1s reached, that is in the continuous beams tested by Cooke,

Naughton, the author, etc. Somes's calculated values of ultimate
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moment would refer to the theoretical critical section. Somes
has, however, warned that the value of ) , derived by him,
would not be applicable to the analysis which attempts to take
account of the displacement of the crushing zone from the peak
of the bending moment distribution.

Mattock' 13

, in November 1964, published the results
of thirty~seven simply supported reinforced concrete beams
involving many variables, including the distance from the point
of maximum moment to the point of zero moment. There is some
scatter in the measured values of ultimate moments, but nevertheless
they show a trend similar to that observed by Cooke, and Somes,
that is the ultimate flexural strength tends to increase slightly
with increase in the gradient of the bending moment diagram.,
Mattock did not comment on this feature; probably being small
it did not draw his attention. However he observed another
phenomenon, that is the increase in the maximum concrete
compression strain with the decrease in the'distance of the
point of maximum moment from the point of zero moment, which
resulted in inereased ultimate curvatures. Mattock has tentatively
suggested the following empirical expression for ultimate flexural
strain of concrete.

0.

= 0.2
Scu - O.IOO} + Z emas (308>

where 2z 1s the distance from the point of maximum moment to

the point of zero moment and is measured in inches, and 0.003 is the
strain value used for ultimate strength calculations in the

ACI Building Code(QB), ACI 318-63 and corresponds to the region

of constant moment.

It would be noted that equation 3.8 is not dimensionally

consistent.
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The confining effect on concrete by transverse loading

(4h)

was also observed by Warwaruk in his tests on ungrouted beams
(45)

loaded at the centre of their span and by Yamashiro and Siess

in tests on beam-column connections,

3.4 DISCUSSIONS IN THE LIGHT OF AUTHOR'S TEST RESULTS

It is a fact that transverse loading on a beam sets up
a local system of biaxial or even triaxial compression, and close
to the loading point the ultimate flexural strength is appreciably
increased; but the load carrying capacity of the member is not
always governed by this. In general, it would depend upon the
resistance of some section away from the moment peak (theoretical
critical section) where the effect of transverse loading is not
present. The author observed in his tests, which are described
in Chapter 7, that in two-span beams failure always took place by
crushing of concrete away from the theoretical critical section;
the actual distance varied slightly from test to test depending
upon the critical section considered, and is given in Table 3.1.
However, in the frames crushing took place very close to the
theoretical critical sections., This was probably due to the
method of construction and the fact that there was a discontinuity
in the duct-tubing at each of the critical sections. TFor the
frames, therefore, only the theoretical critical sections have

been considered here.

The maximum apparent moments measured at the various
theoretical critical sections and at the corresponding points
where crushing of concrete actually tock place are given in
Table 3.1 for the test beams. The values of the apparent ultima%i6)

moments Mau calculated according to the C.E.B, recommendations

are also given in this Table. These values have been calculated by
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taking fco = 1.05<%: and F2 = 0.8 (see SIGN CONVENTION AND
NOTATION), as assumed throughout the thesis, It will be seen
that the measured moments at the theoretical critical sections
of the test beams are about 15% higher than those evaluated

from the C.E.B., recommendations, and that there is a general
trend of increase in their volues with increase in D/Z ratio,
which is in accordance with Somes's postulate. However, such an
increase was not noticed for the test frames; D/z ratio varied
largely for the various critical sections, but the measured
ultimate moments did not show any marked variation. This

shows that Somes's postulate would not always be true, and

the real explanation for the increase in the maximum moments
measured at the theoretical critical sections of the test beams

lies somewhere else.

Although there is a variation in the maximum moments
measured at the various theoretical critical sections of the
test beams, they do not show any uniform trend as noticed by
Naughton or Coocke. For example, Naughton for his two-span beams
always observed that the maximum moments measured at the support
section were higher than those measured at the span sections.

In the author's tests this was only noticed for beams B-1 to 3,
and for beam B-4 higher moment was observed at the span section.
Similarly, according to Cooke higher moments should have always
been measured at the load section, but for beams B-1 to 3 they
were measured at the support section. It appears to the author

that Naughton or Cocke's findings are not applicable in general,

A comparison of the maximum moments measured at the
points where crushing of concrete actually took place in the test
beams and frames has been made with those evaluated according to
the C.E.B. recommendations in Figure 3.2, which shows that they
are in reasonable agreement. The apparent ultimate moments

according to the C.E.B. recommendations have been calculated
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with fco = 1,05 ¢,y and T, = 0.8 for beams and 0.5 for frames,

as assumed throughout the thesis.

The author is therefore of the opinion that failure of
a beam tokes place by crushing of concrete at a section somewhat
displaced from the theoretical critical section and where the
effect of loading plate has disappeared. The ultimnte strength
of this section would be equal to that evaluated according to
the C.E.B. recommendations, but at this instant the moment
measured at the theoretical critical sectlon would be greater
than that measurced at the above section due to the gradient of
the bending moment distribution. It would be appreciated that
the value of the meximum moment measured at the theoretical
critical sectilon does not relate to its ultimnte strength, since
the failure does not usually occur there; it is only =&
hypothetical quantity. It would be seen from Table 3,1 that
the distance between the actual crushing point and the
theoretical critical section varied from 0.33 to 1.1 D, and
on an average a value of 0.75D con be assumed. For this
distance being fixed, it can casily be seen that depending
upon the gradient of the bending moment distribution a variety
of values for the maximum wmoment at the theoretical critical
section can be obtained, The value of the moment which Somes's
postulate calculates 1s the above hypothetical quantity, but he

evaluates it in an indirect mamner by introducing the factor A .

Figure 3.3 shows a portion of the structure between
the points of zero and maximum moments., A 1is the point of zero
moment, C the peak point of bending moment distributilon and
B is the point where crushing of the concrete occurs at collapse .
If ADE denotes the bending moment distribution, then BD = Mau’
i.e. the apparent ultimate moment evaluated according to

the C.E,B. recommendations,
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From similar triangles ABD and DEF we have

2 = & 2(1 -
Z

:M - zv - z

Expanding the R.H.S. and neglecting higher powers

2
of —1 we have

oy a ay *
i = -Z-'- 1 + (E) .
au 4
-
Y = M (& 22
or 6Mau - Lau { (z) * (z) 4
CE = M+ M
- au au
= M T @) s (2 (3.9)
- au Z Z J 000 e

The apparent moments at collapse at the various theoretical
critical sections of the authors beams calculated according to the
above and Somes's methods are given in Table 3.1 and have been
compared with the measured values in Figure 3.4,which shows that

the above postulate results in reasonable agreement.

In view of the above, the author is of the opinion that
the oxplanation for the variation in the values of the ultimate
moments of similar sections, as observed by Naughton, Cooke, Somes,
and the author, lies in the fact that the moments were not measured
at the points where crushing of concrete actually took place but at

the theoretical critical sections.

Thus, the strength of a theoretical critical section at

collapse can be calculated either by:-
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1) the enhancement of the flexural strength of the actual

critical section as suggested above; or

2) the artificial enhancement of the actual concrete strength
to give an enhanced ultimate flexural strength to correspond. to
the strength of the theoretical critical section at collapse, as

suggested by Somes.

There is, in addition to the phenomenon discussed above,
the problem of enhanced concrete strength due to strain gradient
across the cross section, which has been observed by Baker and

(47), and Sturman, Shah and Winter(16). It would appear,

lmarakone
however, that if the actual critical section is used as the basis
for calculating the hypothetical strength of the theoretical
critical section at collapse, then the effect of this parameter
is small. However, before final conclusion is reached, more

research would be necessary.

The concrete strain measurements could not be taken
right up to the collapse load, for many of the strain gauges were
damaged before the moximum load was reached, The values of
concrete strain in the extreme compression fibre, and curvature
were obtained from the measurement of concrete strains at three
levels. For the test frames, except the centre of the transome,
the gauges were fixed about #'"'-2'" displaced from the theoretical
critical sections. The values of concrete strain and curvature
pertain to such points whereas the stress-resultants refer to the
theoretical critical sections. This, although not accurate, was
accepted since the distance was small and it would only have
underestimated the curvatures and concrete strains slightly. The
measured strain values used in Figure 3.5 therefore correspond to
such conditions under the moximum load. But it would be seen that
they vary from 0.0021 to 0.0083 as against 0,0035 recommended by

the C.E.B. This shows that there is no fixed value for ultimate
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concyete compressive strain. This was noticed by Mattock who
suggested equation 3,8 to evaluate the ultimate concrete strain.
In Figure 3.5 the measured concrete strains have been compared
with those calculated according to equation 3.8, ilthough there
is a considerable scatter, it shows a general trend of increase
in the value of the ultimate concrete strain as suggested by
Mattock, but the calculated values are considerably large as
compared to the measured values. Mattock's equation 3.8 is based
on the experimental results of reinforced concrete beams. The
above disparity shows that results of reinforced concrete would

not apply to prestressed concrete,

Qualitatively equation 3.8 suggests that the ultimate
concrete strain should increase with the gradicnt of the bending
morient distribution. The gradient of the bending moment distribution
provides some sort of restraint and under the effect of such a
restraint it would be reasonable to expect concrete to crush at
an increased ultimate strain. But it appears doubtful, or at least
has not been confirmed by the author'!s test results, that concrete in
a structure at a particular critical section, drrespective of its
scctional properties, would crush at the same value of the ultimate

strain. The results of author!s suggestion are set out in Chapter 4.

Figures 7.32 to 7,45 show that Somes's contention that
when crushing occurred just away from the loading plate, the
strains beneath the plate were frequently greater than the strains

where crushing was taking place need not always be true,

3.5 MOMENT-CURV.TURE RELATIONSHIP

The usual property which represents the characteristics of
a structural material is its stress-strain relationship. Thus,
provided the stress-strain relationships for concrete and prestressing

steel and their relative percentages and position are known, it should
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theoretically be possible to establish the moment-curvature
relationship for any prestressed concrete section. This thesis

is concerned with monotonically increasing loads where the effect
cf plasticity occuring during the previous loadings is neglected,
That is, theoretically there should exist a unique moment-curvature
relationship. There is relatively little experimental evidence for
prestressed concrete of the momentw-curvature relationship after the
maeximum moment of resistance is reached, But up to the maximum
moment of resistance it has been obtained for both statically
determinate and indeterminate structures by many investigators.

The experimental moment-curvature relationship obtained for a
section of a statically determinate structure rarely agrees with
that obtained for a corresponding section of a statically
indeterminate structure, And in the same indeterminate structure
the moment-curvature relationships obtained for any two critical
sections with identical sectional and material properties also
seldom agree with each other. For example, Mallick and his

(25,26,30)

co~-workers y at the Indian Institute of Technology,
Kharagpur, observed for two and three-span prestressed concrete
beams and reinforced concrete pinned portal frames that the
ultimate curvatures measured at the first hinge were considerably
higher than those obtained at the second hinge. On the contrary,
the author for his beam B-4 obtained an absolute ultimate curvature
of 0,0026 in~ ! for the first hinge and 0.003 in~7 at the second
hinge, which suggests that there is no unique moment-curvature
relationship for prestressed concrete and that arbitrary rules

such as those suggested by Mallick do not hold good.

The sectional and material properties of many of the
critical sections of the beams and frames tested by the author
were the same, and theoretically each of them should have exhibited
the same moment-curvature relationship; but, as will be seen from

Figures 7.25 to 7.31, they differed considerably from one another,
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In Figure 3,6 some of the author's extreme cases have been

compared with those obtained according to the C.E.B., recommendations.,
It will be seen that the experimental M~@ relationshipswhen
compared with the C.LE.B., recommendations vary widely. It is

obvious that until and unless this variation can be predicted,

any theoretical approach based on the moment-curvature concept

for the analysis of a statically indeterminate prestressed concrete

structure will bear little correlation with experimental results,

The experimental moment-curvature relationships could not
be obtained by the author beyond the maximum moment of resistance,
since by that time many of the strain gouges at the critical
sections were damaged. In future experiments it would be desirable
to incorporate some strain and curvature measuring devices which
remain in tact even after the wmaximum moment of resistance is
reached. As discussed in detail in Chapter 6, there is sufficient
evidence (see Figures 7.10 to 7.18) which show that at the maximum
load many of the critical sections had passed the maximum moment
of rcsistance and were retaining moment somewhat smaller than their
ultimate moment. If the moment-curvature relationship up to the
maximun moment of resistance could exhibit variation as shown in
Figure 3.6, then the variation expected beyond this, if not more,
would at least be of the same order, Difficulties of using moment-
curvature relationship with falling branch for the analysis of a
statically indeterminate structure has been discussed by Rosenblueth

(&8)

and Cossio .

3.6 ANALYSIS BASED ON MOMENT-ROTATION RELATIONSHIP

(20

Baker has overcone the theoretical difficulties
inherent in the use of the moment-curvature relationship by
considering the deformations over a finite length. He estimates

the total inelastic rotation that can be accommodated over a



60

'plastic hinge! length by means of a semi~empirical formula.

The theoretical discontinuities at ¢ hinge positions (o being
the statical indeterminacy number) due to an arbitrary stress-
resultant distribution in equilibrium with applied loads are
calculated from equation 3.5. The sections between hinge
positions are assumed to act elastically but the stress-resultant-
section property characteristic is calculated from a non-linear
stress~-strain diagram for concrete and linear-stress~gtrain
relationship for steel. Account can be token of the inelastic
rotations, other than plastic hinge rotations, which occur at
critical sections. The theoretical rotations are compared with
the estimated capacity of rotation, due account being taken of

the sign. If the theoretical rotation is in excess of the
expected capacity of any hinge, an adjustment is made to the
assumed initial bending moment distribution.MacchicZa) has
suggested a similar approach called the 'Method of Imposed
Rotations'!, Herc inelastic rotations are imposed on an 'elastic
structure! and the resulting bending moment distribution found.
This distribution when added to the elastic distribution of bending

moments constitutes the final solution.

The zbove methods, in effect, assume unique moment-
rotation relationship, which has been found reasonably true in
many of the cases. However, Mallick and Sastry(26), in Decenmber
1966, published the results of tests on twenty-seven three-span
and twelve two-span prestressed concrete beams, which showed that
the rotations measured at the first and the second hinge varied
considerably, inspite of their similar geometric properties. Some
of their results for three-span beams are summarized in Table 3.2,
Although there is considerable scatter in the test results, the
variation from one critical section to another in the same test

is quite conspicuous and appears to result from the fact that

there is no unique moment~curvature relationship.
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3.7 CONCLUSIONS

(1) The flexural ultimate strengths measured at the actual
points of crushing of the concrete were in reasonable agreement
with those estimated according to the C.E.B. recommendations, but
the corresponding curvatures, concrete compressive strains
(extreme fibre), and the flexural stress-resultant deformation
characteristics for sections with similar geometric properties

showed a considerable divergence,

(2) It is suggested that the enhanced flexural strength
at the theoretical critical sections of a prestressed concrete
structure at collapse is the result of the displacement of the
actual point of crushing of the concrete from the theoretical
critical section, and the gradient of the apparent bending

moment distribution,
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128 134

section ing
(xi) (xi1) (xiii) (xiv)
139 140 110 1,20
136 119 112 0.95

136 138 133 1.10
151 154 135 1.20
129 135 129 1.05
139 b3 135 1.12
153 161 135 1.25
140 150 14 1,16
140 1hs 136 1.12
136 143 138 1.12
139 150 130 1.15

Lverage 1.15

Ratio
(xiii) =2
(ix) g
[0}
fa*
(xv)  (xvi)
0.94

0.50 Excluded for
reaons given
in text

1.05
1.05
1.01
1.05
1.05
1.09
1.05
1,08
1.02

1.05 excluding D!
of B~1

TEST BEAMS ~ MEASURED ULTIMATE MOMENTS AND THEIR COMPARISON WITH VARIOUS THEORETICAL METHODS

TABLE 3.1

(o)1
n



ROTATIONS AT FATLURE IN MALLICK
AND SASTRY'S THREE~SPAN BEAMS

Effective Effective Rotation, rad.x 107
Beam

( End  Central Cube depth at depth at (vii)

Cross span, span, strength, load support Load Support Ratio T

section ft ft 1b/ine section section section section- viii

b x 6 in.) : i . ’ . ! :
in, in, Hinge 1 Hinge 2

(1) (ii) (iii) (iv) (v) (vi) (vii) (viii) (ix)
341 9 6 6,500 4,30 4.30 56.40 38.60 1.46
34=3 9 6 7,500 4,80 L.80 52.00 42,00 1.21
3B=2 8.5 7 5,500 3.00 3,00 42,00 25,80 1.63
3B-3 8.5 7 4, 800 4,00 4,00 37.60 30,95 1.21
3C-L 8 8 5,000 4,00 4,00 46,00 28.20 1.63
3C-5 8 8 6,500 4,25 4,25 66,00 38.00 1474
206 8 8 6,500 4,00 4,00 61,00 29,40 2,08
3C-7 8 8 5,850 3,00 3,00 35460 19.90 1479
3D-2 7425 9.5 7,250 4,00 4,00 73.60 32.10 2.29
3E-2 7 10 7,000 4,50 4,50 73,80 37.60 1.96
3B-3 7 10 L, 900 4,00 4,00 59.80 28.40 2.1
3E-4 7 10 6,250 3.25 3425 62.40 31.00 2,01
3E-5 7 10 6,500 L ,50 4,50 72,00 34,60 2.08
35~-6 7 10 6,500 4,00 4.00 72.80 34,00 2.1k
3F-3 6 12 7,000 4,50 4.50 8k .o 35.00 2.4

NS

TABLE 3.2
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CHAPTER 4

PROPOSED METHOD FOR THE ANALYSIS OF FLEXURAL
STRESS-RESULTANT-DEFORMATION CHARACTERISTIC
OF PRESTRESSED CONCRETE

4,1 INTRODUCTION

The flexural stress-resultant-deformation characteristic
of a section is defined by the relationship between the resisting
moment and the corresponding curvature. It was seen in Chapter 3
that the measured maximum flexural strengths are in reasonable
agreement with those calculated according to the C.E.B. recommendations
but there is considerable divergence in the flexural stress-resultant-
deformation characteristics. The flexural stress-resultant-deformation
characteristic of a prestressed concrete section depends upon the
characteristics of prestressing steel and concrete and the sectional
properties. The sectional properties and characteristic of
prestressing steel can be estimated guite accurately. The major
factor which cannot be assessed accurately is the characteristic
of concrete. The usuwal property that defines the characteristic
of a structural material is its stress-strain relationship. The
common stress-strain curve of conerete as recommended by the

c.g.n. (29

which terminates at a strain of 0.0035. This limit on strain has

consists of either a parabolic rectangle or a parabola

probably been fixed under the belief that as in tension concrete
in compression also behaves as a 'brittle! material incapable of
shortening beyond a certain value of strain. However, in actual
tests on simply supported and continuous reinforced concrete beams,
maximum concrete compressive strains as large as 0;015—0.05 have
been measured by various investigators(13’15’48’49). It appears
that unlike structural steel, which is a strain~hardening material,

concrete is strain-softening in compression; or in other words, the
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stress-stress curve of concrete in compression exhibits a
distinct maximum stress after which the stress decreases with
increasing strain. This property results in a considerable
difficulty. When a concrete specimen is tested in a ‘constant
load! type of testing machine, the specimen is suddenly cruéhed
as soon as the maximum stress is reached. This behaviour led in
the past to the belief that concrete behaves as a 'brittle!
material. Similarly, when simply supported concrete beams are
tested by applying 'constant load!', the beams are observed to
fail suddenly as soon as the strain in the extreme compression
fibre reaches a value somewhat greater than the straln at the

maximum stress in a compression specimen,

4,2 THE CONCRETE STRESS-STRAIN CURVE IN COMPRESSION

It is now widely realized that while the internal
failure mechanism of concrete may be brittle on the microscopic
scale, it is not brittle on the macroscopic or structural scale.
Recently, by devising stiff constant strain-rate testing machines,

(14,15,50 to 53) have obtained the complete

several investigators
stress-strain curve of concrete for both concentrically and
eccentrically loaded prisms. There is a fair agreement up to

the point of maximum stress but beyond this the results differ
considerably. The divergence of results is probably due to the
method of testing and the characteristic of the testing machine
rather than the characteristic of concrete. The author postulates
that like any other structural material the shape of the concrete

stress-strain curve would always be the same.,

The stress-strain curve of concrete up to the point of
maximum stress may be defined accurately by either of the

following equations:-
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£, e 2
f = f 2(\-‘-.-') —(-—-c--" ss0e (401)
c co £ € /
co CO-

T = Lt ——— [ X R X (402)

£, 2
1 +(-;~')
co

where fc is the concrete stress corresponding to concrete strain
of €3
fCO is the maximum concrete stress; and

800 is the concrete strain corresponding to the maximum

concrete stresse.
The C.E.B. and many of the investigators define the
concrete stress-strain curve up to the point of maxirmum stress
by equation 4.1, and the same will be done in this thesis, For

the descending portion the author considered equation 4.2, which

was originally suggested by Desayli and Krishnan(54), and the
following equation:
e, n
R T
fC = fCO e QCO' snes (4-3)

where wand Y are the arbitrary constants.

In the absence of any relioble data for the descending
portion of the concrete stress-strain curve, the only alternative
was to evaluate xand Y indirectly. The object was to obtain
the correct stress-strain curve of concrete in flexural compression
and the available check was that the calculated value of apparent
maximum moment and the corresponding concrete strain in the extreme
compression fibre and curvature reasonsbly agree with the corresponding

measured quantities. To this end, the above quantities were studied
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according to the theory presented in Section 4.4 by varying
and Yl over a wide range. Some of the results are summarized
and compared with the C.L.B. recommendations in Table 4.1. It
will be seen from the Toble that the shape of the concrete
stress-strain curve does not have appreciable effect on the
above quantities and there should be additional factors

influencing the above guantities, which will be discussed later.

However, equation 4.3 with Y = 0,14 and Wl = 1.5
results in somewhat better correlation with the text results.
The curve defined by the equations 4.1 and 4,3 has been compared

in Figure 4.1 with that obtained by Soliman(53)

for an eccentrically
loaded prism, which shows good agreemcnt. The complete stress-

strain curve of concrete is, therefore, tentatively defined as

€ e .
= —& <2
£, = T, [2( R aci‘:\: €eo
co cO
ec - 1.5 se0e (404)
and fc = fco d 0 y for €. ;;3§co

Amongst the several equations, Soliman has recently

" defined the stress-—strain curve for bound concrete in flexure

by a parabola up tc the point of maximum stress fco and

strain €eo followed by a straight line at a constant stress

co
line which corresponds to a strain of € ot for a stress of

f up to a strain of €ogt and thereafter by a sloping straight

0.8f_ , where
co

£, = 09¢ (14 o,ozq_")
€ = O.55fco x 10
e, = 0.0025 (1 +q") seee (Ha5)

®
it

of 0.0045 (1 + 0.85q™)
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g'"' is a factor defined by Soliman to represent the effect of
binders,and for unbound concrete q" = O. If we consider concrete
with a cylinder strength of about 6000 lb/in?, we have

€oo = 0.00294 which is greater than € Clearly, it is not
valid fo use Soliman's equation for umbound concrete with
cylinder strength greater than 5000 lb/ina.

Equation 4.4t defines the shape but to obtain the actual
stress~strain curve for any concrete the values of fco and €.
must be defined. There is little published data on this subject.
Many of the investigators take fco as O.8—1€$6§imes the 6 x 12 in,
cylinder strength., Sturman, Shah, and Winter have recently
found that for the strain gradients considered the pezk of the
flexural curve was located at a strain about 50% larger and at
a stress about 20% larger than the peak of the curve for
concentric compression. The strain gradient as mentioned in
Chapter 3 provides some sort of restraint and it would be
reasonable to expect concrete to carry higher strains and
stresses. In practice there could be many restraints other
than the strain gradient such as the cable profile, the loading
plate, the beam-column intersection, etc., The author is of the
opinion that in practice the peak of the flexural stress-strain
curve would vary much more than that observed by Sturman, Shah
and Winter. This can only be confirmed by exhaustive research,
Alternatively, it could be verified indirectly by studying the
flexural strengths and deformations of the critical sections of
beams and frames tested to destruction. The latter course has

been adopted here.

There is littlec evidence to show appreciable variation
in the peak stress. In this thesis fco taken equal to 1.05
times the 6 x 12 in. cylinder strength gove consistent results

throughout,
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The value of €0 is usually taken 0,002, The author
is, however, of the opinion that it could vary considerably from
Q0015t00,006 depending upon the restraint present. Based on the
study of the author's test results, tentative suggestions which
are subject to modification in the light of further research are

given in Section &,.6.

4,3 ASSUMPTIONS OF ANALYSLS

It was seen in Chapter 3 that for the critical sections
of the continuous beams and fromes tested by the author the maximum
concrete strain corresponding to the maximum flexural strength
varied from 0.0021 to 0,0083, This suggests that it is not
necessary that the maximum strength of a critical section would
always be reached by attaining a particular value of the maximum
concrete strain, as has been assumed by most of the investigators.
The author like Davies(55), and LaGrange(14) is of the opinion that
the maximum flexural strength of a section would occur at different
values of the maximum concrete strain, which would depend upon the
material characteristics and sectional properties. The best way to
obtain the maximum flexural strength and the corresponding maximum
concrete strain would be to express the apparent moment of resistance
near crushing in terms of the variables defining the material
characteristics and sectional properties and impose a mathematical

argument.

Except for the above difference, the basis followed here
is the strain-compatibility approach used by other investigators.

The following assumptions are made:-

1) that only the flexural deformations are significant, the effect of

thrust and shear force has been neglectedj
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2) the material characteristics are defined by their
respective stress-strain relationship; the stress-strain
relationship for steel is the same as obtained in a standard
tension test and that for concrete would be as suggested in

the previous Section;

3) before cracking plane sections remain plane and usual

assumpltions of the theory of elasticity hold good;

L) after cracking the change in the strain within the
compression zone varies linearly with the distance from

the zero compression boundary;

5) changes in strain in the reinforcement may be derived by
continuing the strain-change profile of the compression zone

to the steel levels; due account being taken of bond conditions; and

6) after cracking the contribution of the concrete tensile

resistance is negligible.

Assumption 2 in respect of stress-strain of concrete
has been discussed in the previous Sectioh and is reasonable in
the light of present research, Assumptions 1 and 5 are easily
demonstrated with calculations and the remaining ones are justified

by the actual measurements on the beams.

L,4 DERIVATION OF MOMENT-CURVATURE RELATIONSHIP FOR
A BONDED RECTANGULAR SECTTION

The basic moment-curvature relationship for a prestressed
section is shown in Figure 2.1. Before the application of any
external load there is a curvature 4 due to prestress. Cracking
can take place either in fibre 1 (point C) or fibre 2 (point C').
Over the portion cc' the relationship is linear elastic.

At C or C! the section cracks and theoretically there is a

discontinuity in the moment-curvature diagram. After C or C!
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the relationship becomes non-linear and elastic theory no

longer holds good.

Elastic phase

During this phase a prestressed concrete section is
assumed to behave according to the linear elastic theory. There
are two particular stages, namely the prestress stage and the

cracking stage which need to be considered.

The deformations and stresses in a section subjected to

flexure are shown in Figures 4.2(a) to 4.2(c).

The effect of prestress at a section of a statically
indeterminate structure is to set up a moment Mp which is
equal to the sum of the pure prestress moment M; and the
secondary prestress moment M; « The section at this stage is
therefore subjected to a direct force Pe and a moment

o s
(Mp + MP).

The curvature ﬁp produced by the prestress is

0 s
M+ M
gp = T 1 eeas e (406)
c
where EC is the elastic modulus of elasticity, which according
to the British Standard Code of Practice 115(63) is
b + Cc - 4,000 6
EC = Z'OOO x 10 s (L}OZ)

Stresses in fibres 1 and 2 due to prestress are
P P Mo + M°
£ L P

f,] = r -+ Z sed e (408)
c 1

D P MO+ M3

fz = "A—e— + —'E'—Z—"_B ' XXX (409)
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Cracking can take place in fibre 1 or 2. Before

cracking commences in fibre 1, the stress in fibre 1 must be
cr

changed by an approximation to f1 such that
?Cr = o] - fp ssam (L}-"]O)
1 r 1

become
T e
Scr1 = eo o~ "—1__"'—§' Y X (4.11)
S s Ec e1

eeee (Bha12)

Y
—=cr _ _ g
fa = CI‘ fa eevs (4013)
=CTr
f e
Ecra = EO - E—a—'——g esse (Ll'o'll‘l')
S S e
c 2
8cr2
S
cre - Pe Eo asae (4015)
cr 8;r1 'Pe I\_dz :1\;{;
f'l = CI‘- Py (T+A >_Z eveo (4.16)
e c 1 1
cr ezra o _124_;‘ E
I = %3 <'ﬁ~ 7 )‘- 7 reee (B17)
€ c 2 2

where ﬁ; is the modified secondary prestress moment at the section.
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Hence moment Mc (measured from the state of

1l
prestress) when cracking takes place in fibre 1 is given by
IVICI"] = Z (K- + ) - sene (4018)

C -
1 {_ T ° c Z1 Z1
s

In a statically determinateor astatically indeterminate

structure withacmcordant cable profile M° =0 and W =M
j cr acr

Absolute moment when cracking takes place in

fibre 1 is therefore given by

M = ¥ o+ M 4+
cr cr P P
= Z’l C.r-" ° (r + A ) + MP XXX (4019)
E c 1 ]
5 -
Similarly,
cr2 o
- U= I G - ° 0
MCI‘Z = ZZ C T ° (A + ZZ) + Mp ene e (4-20)

The absolute curvatures when cracking takes place are

B, = g=— + 8 cens (521)

and fcr
# = e s g ees (4,27

o P Y (ot i B Y T N e i S0

After cracking the strain and stress distributions in

the section are shown in Figures 4.2(d) to 4.3(g).

Consider an instant when the concrete strain in the

extreme compression fibre is €,
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From the compatibility of strains we have (See

‘Figures 4,2(d) and &4.2(e)).

Ec Il
— = O —————— (XX (4122)
s's jdi - |l

But as shown in Figure 4.2(g) we have

m
1
-

o P
(SS b ES - F1 SC) sene (4023)

2

Substituting for sé from eguation 4.23,we have from

equation 4.22
F
2% {q| oo (Ba24)

- &L eP
FZ 5c * 8s bs F1 c

In] =

In Figure 4.2(f) is shown the stress-strain curve of
concrete with the area under the curve up to a strain of €,
equal to S and centroid at G. heeording to assumption 2
the concrete stress block in Figure 4.2(e) is similar in shape
to the stress-strain curve of concrete shown in Figure 4.2(f);
the average stress in Figure 4.2(e) would be same as in Figure

4L.1(f) and is equal to S/ Eqe

The compressive force resisted by concrete is therefore
C = b lhl ES"" seeas (4-25)

If the stress-strain curve of steel is defined by

fs = W(ES), then the force resisted by steel is

T = “S \B’(SS) vere (4.26)
From the equilibrium of forces acting on the section
we have

: - S
[1.5 1!'[(55) = b sh\ SC LI (L{”.27)
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Substituting |h| from equation 4.24

Fb la] s
A llf(s ) = saee (4028)
s s

o eP
> g € -
FE c - s s F1 c

The distance of the centroid of the concrete stress

block in Figure 4.2(e) is

EEE
Yh = 'E;"‘;—F d oo e (4.29)
S

The apparent resisting moment is therefore given by

€
Fb lal s a 2
o = 1 - =25—)
F.e +¢e& - e - F e €c €
2 cC s s 1 ¢ s

seve (4330)

Substituting e! from equation k.22 we have

o -
- — - [
o FS(Fye, +e  —eg =Ty & = Fy &,
M, = bld}a = e
(FESG * E:s - 8s - F1 Ec)

s (4‘31)

It would, in principle, be possible to eliminate Ss
from equations 4.28 and 4.31 and express Ma in terms of €
only. But,because of the stress-strain relationships of concrete
and steel being non-linear, the equations 4.28 and 4.31 can only
be solved by trial and error, which although cumbersome can easily
be programmed for a computer. However, equations 4.28 and 4,31

in effect gives Ma and e for an assumed value of €,-

The absolute moment and curvature may now be calculated
from the following expressions,and the depth of compression zone

from equation 4.24.
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M

t

=
o

+

° cees (B,32)
P

= = Y EK] (4033)

Cracking

When cracking first takes place, the contribution of the
concrete tensile strength to the resisting moment becomes negligible
and there will be discontinuity in the MNM-@ diagram. With dead
load or load-maintaining loading device it would be necessary for
the steel force to increase and hence the curvature increases from
¢cr to ¢ér for M_. to be maintained. it this stage the
behaviour of the section is defined by equations 4.28 and 4.31 and
it would be possible to get a value of €. which gives Ma equal

- 1
to Macr and hence @ or®

Maximum moment of resistance

O Gt Gt ot A G B B4 et GAD G Bt S0t DAY e, e o et et et et B g et

-Once Ma is expressed in terms of €, it would, in
principle, be possible to maximize Ma by varying €, but for
reasons mentioned above it is not possible to do it analytically.

It is, however, quite easy on the computer.

Several layers of steel

It has so far been assumed that the resultant of the
steel forces coincides with the centroid of the steel. The
assumption is reasonable if the steel is situated in layers
close to one another but if the steecl layers are spread all
over the section the assumption is not correct. Because of the

linear strain distribution across the section,the deeper layers
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are stressed more and the resultant of the steel forces does not
coincide with the centroid of the steel. In such a case it would

be necessary to consider each layer sgparately.

Figure 4.3(a) shows a section with n layers of steel.
The strain and stress distributions in the post-elastic stage are

shown in Figure 4.3(b) and 4.3(c).

Considering layers 1 and i we have from the compatibility

of strains

€e bni

- B asne LI'. LI-
- & (Bl - T4, (4.314)
‘e _ | n|
e'si - ldi‘ - lh[ X (4.35)

Eliminating |h! from equations 4.34 and 4.35 we have
‘dil - ]dql ld '

! . € ! esve (406)
L A A g

Equations similar to 4.23 for the 1st and ith layers are

_ 1 )

eéﬂ - F2 (es'] - es'] 801) *ev e (4.37)
_ A 0 o

E'Si - FZ (Esi P Fq sci) pase (4.38)

Substituting el and el, from equations 4,37 and

4.38 we have from equation 4.36 on simplification

idl—lcﬂ g, |

. = L -~ _p &P
s T T2 [ [T %t T4 T "s1 F18c1)]

o b
ggy F1 aci
= @ + ﬁ 501 ces (1"’039)
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where
G = ¥ El’_?;—l[il'!e - lzl‘ (501+F eor)
| 1 c ! 1§ s 1 ¢
o 1Y
+ €& . +F € eees (4.40)
si 1 ci
ail
B. = ‘ T (1+I1+1)
i |d1l
The equations 4.28 and 4.31 will therefore reduce to
n F.bla) s
2 q
> A by oy vBy oeyy) = F e +e - O _F oP
i=1 2 ¢ s1 s 1 el

eeee (HoH2)

where Wi is the function relating the strain €4 to the steel

force 1T .
si

ssee (L*'-Ll'})

Now in a manner similar to that mentioned above it is
possible to eliminate €1 from equations 4.42 and 4.43 and express
M in terms of ¢ .

a c

4,5 VARIABLES AFFECTING THE MOMENT-CURVATURE RELATIONSHIP

The basic equations that govern the M-@ relationship in
the post-elastic phase are 4.28 and 4.31, and 4.42 and 4.43. They
are dependent on the section properties, the bond strain compatibility

factors F1 and F_ and the stress-strain relationships for steel and

2
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concrete. As mentioned earlier, the section properties and stress-
strain relationship of steel can be assessed quite accurately. F1

is usually talken equal to unity, which is supported by research and

is reasonable. Thus, the only factors that could lead to the variation
observed in the author's test results are F2 and the stress~-strain
relationship for concrete. The latter in the light of Section 4.2

would only vary by change in the co-ordinates of its apex.

Before these parameters are studied, it would be desirable
to examine whether a perchance variation in the prestress or the
concrete strength at the different critical sections with similar
geometric properties could have resulted in the observed variation.
The effects of variation in the prestress and the concrete strength
by 15% have been studied in Figures 4.4 and 4.5 respectively, For
reasons that will be obvious later the other parameters were fixed
as g, = 0.002, fco = 1.05 Cos and F2 = 0,8 for beams and 0.5
for frames. It will be seen that the variation in concrete strength
has some effect on the curvature corresponding to the ultimate
moment. The variation in concrete strength also results in the
variation of the maximum flexural strength. '+ Since the measured
maximum flexural strengths of the different critical sections with
similar geometric properties were practically the same, the above
factor cannot be taken  to account for the observed variation in

the moment-curvature relationships.

We are now left with FE’

the reason given above, fco should have practically the same value at

and ¢ and T only. TFor
co co

all the critical sections with similar geometric properties, which
means that fco would be related to the cylinder strength . by
the same factor; fco taken équal to 1.05 c, gave consistent
results throughout. The factors that need to be considered are
therefore F2 and €.0® The measured quantities available for
checking are the maximum apparent moment of resistance and the

corresponding curvature and concrete strain in the extreme compression
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fibre. Now if the variation of F2 and €0 confirms the
observed data, then the author's postulate and the theory

presented in Section 4.4 would seem reasonable.

The variations of F2 and € 5 have been studied
in Figures 4.6 and 4.7 where the theoretical ultimate apparent
moments and the corresponding curvatures and concrete strains
in the extreme compression fibre have been plotted against FZ;
results for F2<< 0.2 were found to oscillate and have not been
included. It will be seen from Figures 4.6 and 4.7 that FZ
has little effect. In the tests the value of F2 should have
lain between 0.2 to 1.0. Extensive research would be necessary
to determine factor F2 for different bond conditions. In the
present investigation the diameter of the duct-tubing used in the
frame members was small and bond with the grout was not expected
as good as that in the beams which had a comparatively larger
diameter duct-tubing. A value of F, equal to 0.8 for the
beams and 0.5 for the frames gave consistent results throughout.

In Figures 4.6 and 4.7 the results have been calculated
for €oo = 0.002 and 0.004 only. They show a large variation in
the curvatures and concrete strains and little variation in the
ultimate flexural strengths. It appears to the author that the
value of €eo varied considerably at the different critical sections
in the author's tests, which resulted in the different M-@ relation-
ships for identical sections. The authors extreme experimental M-g
relationships for similar sections have been compared with the
corresponding theoretical M-@ relationships obtained by taking
different values of €__ in Figures 4,8 and 4.9, which show a
reasonable agreement throughout and confirm that the M-
relationships for sections with similar geometric properties

caild vary by virtue of change in €0
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4.6 AUTHOR'S TEST RESULTS AND TENTATIVE SUGGESTIONS

The experimental moment-curvature relationships for the
various critical sections of the authors continuous beams and
frames are given in Figures 7.25 to 7.31. Vorking backwards the
author has determined the values of € o which result in
theoretical M-@ relationships that have a fairly reasonable
agreement with the measured relationships. The results of such
an analysis for the critical sections with similar geometric
properties are given in Table 4.2, which along with the values
of €0 gives the resulting theoretical maximum moments of
resistance and the correspondirg curvatures and concrete strains
in the extreme compression fibre. The corresponding experimental
results are also given in this Table. Comparison between the
flexural strengths is extremely good except fior the cases where
grouting was not satisfactory. The comparison between the curvatures
and concrete strains is not so good,but if we take into account the
fact that the curvatures and strains correspond to moments lying
between 0.89-0.98 of the maximum moments, and that for many of the
critical sections, as pointed out in Chapter 3, they pertain to
the points displaced %—% in. from the critical sections, and
represent under-measured values, then the curvaturcs would also
show a falirly reasonable égreement, but the concrete strains do
not show such a good agreement. The explanation for this, to the
author, lies in the fact that near collapse there is some redistribution
in the concrete stress block, with the result the neutral axis rises
and for the same curvature the concrete strain in the extreme
compression fibre gets somewhat reduced. This, in other words,
amounts to the fact that near collapse the strain distribution in
the concrete compression zone does not remain linear, as assumed.
The experimental strain distribution near failure in the compression
zone was non-linear, although it could reascnably be approximated to

a linear variation.
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Table 4.2 has been prepared with a view to examine
whether the test results could lead to any pattern which may be
useful for analysing statically indeterminate structures. It
was postulated that the value of 8co is varied by the presence
of a restraint - the more severe the restraint the higher the
value of €s0°® The restraint in a prestressed concrete structure

results from the following:-

1) The beam-column interconnection,

2) The gradient of the absolute bending moment
distribution at failure,

3) The transverse gradient of the strain
distribution on the section,

k) The structural configuration,
5) Truss action,

The critical sections of the test beams included in
Table 4.2 had identical geometric properties. It will be seen
from Table 4.2 that, except those of beam B-3, for all the critical
sections of beams € oo varies from 0,002 to 0,004, The value of
€co for the critical sections of beam B-3 is 0,006, which is
rather high as compared to those for the other similar critical
sections. It is difficult to exactly find out the reason for
this. However, an examination of the experimental M-g diagrams
for the critical sections of beam B-3 shows that the range of the
initial linear portion is somewhat less compared to that for
the other similar critical sections. This suggests that the
prestress available at the critical sections of beam B-3 was less
than that available at the other critical sections. A reduction
in prestress has an effect of shifting the M-@ diagram towards
right (see Figure 4.4). It appears to the author that the results
of beam B-3 are misleading and should not be considered. From the
other results it would be reasonable to assume that for the

critical sections of the test beams € o1 00 an average, was
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0.003. The restraint conditions of the various critical sections
were practically similar and to have the same value for Eca is

reasonable,

The critical sections of the test frames included in
Table 4.2 had identical geometric properties. It will be seen
from the Table that for the critical secticns other than C,
the value of €co is 0,006 in most of the cases, The restraint
conditions at these critical sections, i.e. A, D1, D2 and E
were practically similar from test to test and it is reasonable to
obtain the same value for €oo® The restraint conditions at the
critical section C varied from test to test, which resulted in
the variation of €0 for this critical section. The factors
contributing towards the restraint at the critical section C
were practically same except for the 'gradient of the absolute
bending moment distribution at failuref, which was sharp in the
case of frames F-4 and 5 and shallow for F-3 by virtue of positioning
of the prestressing cable (see Figure 7.5). Thus the restraint available
at C in F-4 and 5 was more severe than that in F-3, and to obtain
€0 equal to 0,004-w005 for F-4 and 5 and 0,0015 for F-3 seems
reasonable, Similarly, the restraint conditions available at
the critical sections A, Dq’ D2 and E of the test frames
were more severe than those for the critical sections of the test
beams, and to obtain g = equal to 0.006 for the frames and 0.003

for the beams also seems reasonable,

The author's experimental data is too meagre to make
any recommendations. However, based on the author's limited
experimental evidence the following tentative suggestions are
made, which are subject to modification in the light of further
research. Depending upon the actual restraint conditions, the

following values for €oo MAY be assumed: -
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Characteristics of restraint Suggested eco

SEVERE RESTRAINT such as those met
at the beam-column intersections
of frames 0,006

MODERATELY SEVERE RESTRAINT such as

those met at the loading plates of the

continuous structures but with

additional restraint due to prestress-

ing cables 0,0045

MODERATE RESTRAINT such as those met at
the loading plates of the continuous
structures 0,003

LITTLE RESTRAINT such as those met at
the loading plates of simply supported
beams 0.002

VERY LITTLE RESTRAINT such as those met

in the region of constant moment 0.0015
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4,7 CONCLUSIONS

&D) The theory presented for the analysis of flexural
stress-resultant-deformation characteristic of a prestressed
concrete section shows that the maximum moment of resistance
of a section would not occur at any fixed value of concrete
strain in the extreme compression fibre, and requires the
stress~strain curve of concrete in flexural compression to

be completely defined,

(2) The stress-strain curve of concrete which is
tentatively suggested to be defined by equations 4.t shows
reasonable agreement with Soliman's experimental curve for an

eccentrically loaded prism.

(3) The divergence in the experimental moment-curvature
relationships for sections with similar geometric properties
could result from the variation in the concrete strain
corresponding to the maximum stress of the stress-strain curve
of concrete, which depends upon the degree of restraint

available at a particular critical section.



TLRLE 4,1
FFFECT OF CONCRETE STRESS BLOCK ON ULTIMATE FLEXURAL 3TRENGTH AND CORRESPONDING DEFORMATIONS

(ECQ = 0.00E, fCO = 1-05 CC, F

= 0,8 for beams and 0,5 for frames)

2
Apparent corresponding corresponding
Concigiiﬂftress wltimate curvature, max. concrete
’ | moment, 1b in, i N strain
C.E.B. (parabolic rectangle) 127,700 0.,0020 0.0035
' (87,100) (0.0027) (0,0035)
€
2f _ (z=) A
fc = co 127,000 0,0023 0.,0040
c 2 (86,200) (0.0031) (0,0041)
1+ (=) '
>4
co
v & € 2
£, = fco‘[a(E ) - ("'é"' ) ], for & ge
0 co 129,200 0.0026 0.0045
| (87,500) (0.0035) (0,0045)
%
£
_ ~0.08 f_g_ - {} , for €3ze
fc - fcoe ~-%co ¢ co

(Continued)

z6



Table 4,1 (Cont.)

Concrete Stress Apparent corresponding é corresponding
block ultimate curvature, % maX. concrete
moment, 1b in. in~ ! strain
g €
£t 12 - (--c——)Z] for & <€
c col '€ € c co
- co co 128,600 0,0023 0.0041
, (87,100) (0,0035) (0.0045)
-0 12(——6‘3 - 1}3 -
- . £ = €
Ty = fcoe €50 y for & co
e € -
f =f -{é(—g— ) - (~£~)2! Jfor e <« ,
c co € £ N ¢~ co
C?_ 002 127,800 0,0023 0,0041
» c [y
-0.161""“"‘ - :I] -
£,=1f, e i€ 4 s for eze (86,700) (0.0034) (0.0045)
~ e E ,
f =1 lZ(——c——) - (—9-—)2_} yfor & e
c coi € € J c co
co_ . co 15 127,900 0.0026 0.0046
[&] . -
£, = fcoe-o.14[FEo ) 1] for e,z €4, (86,900) (0.0039) (0.0052)

H

Figures without brackets refer to the beam section, i.es % x 6 in. concrete section with

% No, 0.276 in. dia. prestressing wires at 4.3 in. effective depth;

and those with

brackets refer to the frame section, i.e. 3% x 6 in. concrete section with 2 No. 0.276 in.
dia. prestressing wires at 4.1 in. effective depth.

¢6



TABLE 4,2

COMPARISON OF EXPERTMENTAL AND THEORETICAL (PROPOSED METHOD) ULTIMATE FLEXURAL STRENJTHS
AND CORRESPONDING CURVATURES AND CONCRETE STRAINS IN EXTREME COMPRESSION FIBRE

Theoretical: Experimental
iStruct  Critical Moy B at Mo, e at M Max., §  Max. e, Characteristics [ .
section co 1b in. in'1 M 1b in. in—1 of restraint
. au
B-1 D! 0.002 128,000 .0026 L0046 112,000 .0017 .003 moderate grouting not
, , ' , satisfactory
B-2 D! 0,0015)avg. 126,000 -0022 .00k 129,000 .0046 »00L6 "
D 0,004).,0027 134,000 .GC3': 0.01 135,000 - R "
B. 0.002 128,000 ,0026 L0046 135,000 ,0019 0037 "
B-3 D 0,006 139,000 .0078 2016 136,000 ,00kk 0058 "
B 0.006 139,000 0078 016 135,000 L0053  ,007 "
B-L D 0,00k 134,000 .0054 0.01 130,000 .003 0042 n
B 0,003 131,000 0039 007 138,000 .0026 0045 "
F-2 A 0,006 95,000  ,0118 018 87,000  .0071 0087 Severe
D1&D; 5,006 95,000  ,0118 ,018 86,000 .0069  .0074 "
g8 0,006 95,000 0118 018 90,500 005 0075 1
Fe3 A 0,006 95,000 0118 018 90,500  ,007 ,0059 i
c 0.0015 86,000  .0028 L0750 85,000 L0013 -0021 Very little
D, 0,006 95,000 ,0118 018 79,500 0067 0062 Severe grouting not
E 0.006 95,000 0118 018 62,000  .007 L0074 " satisfactory
Pl A 0.006 95,000 0118 «018 90,000  .008 0061 "
C 0,004 91,000  .0079 +011 89,500 L0043 0047 moderately
) ) ‘ severe
gj 0,006 95,000 .0118 2018 62,500 0084 .0072 Severe
2 0,005 93,000  ,010 <015 92,000 ,006 L0041 "
E 0,006 95,000 ,0118 018 91,000 0062 0060 "
F-5 A 0,004 91,000 0079 011 90,500  .003 .0035 "
C. 0,005 93,000 010 015 93,000  .COh4 »0039 moderately severe
D; 0,006 95,000  .0118 018 85,000 0049 L00kLg Severe grouting not
2 0.006 95,000  .0118 018 97,500  .0056 .0067 " satisfactory

Note The experimental curvatures and concrete strains in the extreme compression fibre are
under-measured values since they correspond to moments lying between 0.88-0.98 of the ©
meximum moments and were measured in many of the cases at points displaced +~% in. from =

the critical sections.
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CHAPTER 5

REDISTRIBUTION IN STATICALLY INDETERMINATE
PRESTRESSED CONCRETE STRUCTURES

5«1 OBJIECT AND SCOPE

The up to date research in statically indeterminate
prestressed concrete structures subject to monotonically increasing
load, that is all loads are increased in proportion from zero load
to the ultimate load, consists of a large number of tests on
different types of structures ranging from two-span beams to
fixed portal frames. The results of such tests show that, in
general, full redistribution does not take place in prestressed
concrete structures. The object of this Chapter is to establish
why, in general, full redistribution does not occur in statically
indeterminate prestressed concrete structures. One explanation of
this phenomenon could be the 'limited rotational capacity of concrete
hinge! but, for many of the tests experimental results do not agree

with those predicted by an analysis based on this concept.

The author here examines if the moment-curvature
relationship with a drooping characteristic, as set out in
Chapter 4, can explain all the test results satisfactorily
without imposing restriction on rotational capatity of a concrete
hinge. The difficulty in verifying this approach for two and
three-span beams lies in the fact that in the majority of the
cases moment-curvature or load-moment curves have not been
obtained well past the maximum load. It has therefore been
done here in an indirect manner. First it is postulated that
prestressed concrete structures behave according to the moment-
curvature relationship with a falling branch, It is then shown
that in such a case a statically indeterminate structure would

carry ultimate load with ‘over-redistribution' and rarely with
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tfull-redistribution'; and mathematical conditions necessary for
'over~redistribution! are set up for various conditions of failure.
If the conditions typical of the various tests reasonably agree
with these theoretical conditions, then it would mean that the

postulate is reasonable.

To this end, it is necessary that conditions typical of the
various tests on two and three-span beams are first established,

which is done in Sections 5,2 tnd 5.3,

5.2 TESLS ON TWO~-SPAN BEAMS

Early tests on two-span prestressed concrete beams were

(21) (36) (24)

carried out by Guyon y Morice and Lewils , Bennett y etca,

who observed practically full redistribution in almost all cases.

LaGrange(14), in June 1961, published the results of an

exhaustive series of tests on prestressed concrete beams and frames,
All his beams and frames had either concordant or linearly transformed
cable profiles. All his two-span beams had each span equal to

7 ft 6 in, and were ‘loaded at mid-spans. Beams 139 and 146

were loaded in both spans and had a concrete section of 21 x 4 in,
with 2 No. 0.2 in. diameter prestressing wires; beams 159, 164,
165, 182, 196 and 167 were loaded in one span only and had a
concrete section of 3 x 7 in. and 4 wires of 0,2 in., diameter,
Redistribution was complete in beams 139 and 146; beam 139 failed
by the formation of all the three hinges simultaneously and beam 146
by the formation of first hinge at the support. The remaining beams
failed without full redistribution and had the first hinge in the

Spane

Except beam 167, LaGrange's beams with concordant cable
profiles had the disadvantage that the cable profiles were obtained
by making the eccentricities at the critical sections proportional

to elastic moments due to loads. Thus LaGrange's tests, to some
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extent, can be criticized for not being carried out under severe
conditions for redistribution. However, beam 167 had a straight
cable profile along the centroidal axis and factor for scope for
redistribution Sc was 2.37. This beam failed in a manner similar

to other beams loaded in one span.

LaGrange, however, noted that whether full redistribution
took place or not, the maximum loads carried by beams with linearly
transformed cables were practically the same as that carried by the
parent beam with the concordant cable profile.

Mallick 2

s in November 1962, published the results of
tests on twenty-one two-span prestressed concrete beams tested at
the Indian Institute of Technology, Kharagpur. Three of the beams
failed prematurely and, since no ultimate moments were reached, they
were not included in the final analysis. Four of the beams were of
T-section (three inverted T) and the remainder were of rectangular
c¢ross section. Except beams P11, 13 and 17 which were loaded in one
span only, all beams were loaded symmetrically by single concentrated
load in each span. Bach span was 7 £t 6 in. and the position of the
load from the central support varied from 0.27 to 0,73 of the span,
giving a large variation in Sc. Redistribution is reported to be
complete in all beams except P3 and P6 where, it should be noted,
the first hinge was formed in the span. In beams P3 and P6 loads
were applied at 0.73 of the span from the central support and Sc
was 1.9 for P3 and 1.17 for P6. Beams T2 to 4, in which the
effective depth was 2.5 in. at the central support and 4.5 in.

under the load points, need a special mention. Sc varied from

2.40 to 3.36 and still full redistribution took place.

Beams T2 and 3 had nearly the same cube strength and were
identical in all respects except that T3" has #+ in. diameter mild-
steel stirrups at 3.5 in. pitch and T2 had no shear reinforcement.
The ultimate loads carried by them were 8,900 and 8,200 1lb respectively,

The increase in load was due to the slight increase in the ultimate
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strength of the load section of beam T2, This shows the order of

accuracy one should expect in practice for concrete structures.

(41), in November 1963, published the results of

Naughton
four prestressed concrete beams continuous over two spans each of
10 ft. DBach beam had a constant rectangular cross section of
4 x 6 in. and was loaded symmetrically about the central support.
Beams E1 and E3 were loaded at 6 ft 3 in. and beams E2 and B4 at
7 £t 6 in. from the end supports. Each beam was prestressed with
3 wires of 0,276 in. diameter and had a + in. diameter mild steel
bar in each corner. The effecctive depth of the prestressing wires
at all the critical sections in all beams was kept equal to 4 in,
The only parameter varied was the cable profile in between the
critical sections, which was curved over the central support in
between the load points in all beams but was straight in the
remzining length for beams E3 and E4 and curved for beams E1 and E2
Each beam was tested as a concordant beam, and concordancy was
obtained by adjusting the relative heights of the supports. The
value of Sc for beams E1 and B3 was 1.65 and that for ¥ and L4
was 2,54, Naughton's tests were thus carried out under quite severe
conditions and still they showed full redistribution. All beams,
except B3 which failed prematurely by rupture at load point due to the
breaking of the weld in the untensioned steel, failed by the

formation of the first hinge at the support.

Naughton also observed that the variation of cable profile
in between the critical sections did not appreciably affect the crack

pattern or the general behaviour of the beams,

Raina'?), in March 1966, published the results of six
prestressed concrete beams which were continuous over two equal

spans each 9 ft and loaded at the centre of each span. Each beam
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had a cross section of 4 x 6 in. and was prestressed with 3 No,
0.276 in. diameter wires. Beams CB-1 and 6 had the same
concordant cable profile and were similar except that CB=-6
had some untensioned longitudinal steel. Beams CB-2 to 5

had linearly transformed cable profiles obtained from CB-1,
Full redistribution was obtained in beams CB-1 to 4 and 6, but
beam CB-5 carried an ultimate load of 6,500 lb only as against
7,440, 7,540, 7,790 and 7,620 1lb carried by beams CB-1 to k4
respectively. Beam CE-S5 failed by the formation of the first
hinge at the support section. The moment measured at the mid-
span at failure was 154,800 1b in. as against its calculated

apparent ultimate moment of 181,400 1b in.

In the author's two-span beams, which are described in
Chapter 7, full redistribution was obtained in all cases except
beam B-1 which failed by the rupture of the span section for
reasons mentioned in Chapter 7 and will be excluded here.
Beams B-2 to 4 had similar geometric properties at all the
critical sections; the only parameter varied was the cable
profile in between the critical sections. Beams B-2 and &
failed by the formation of both the support and span hinges
simultaneously, and beam B~3 had the first hinge at the support.

From the above it is clear that, in general, full
redigtribution in two-span beams does not occur and whether
full redistribution would occur or not is not governed by Sc
or the relative rotations at the various critical sections, as

(1k4,36)

also pointed out by many others Excluding Raina's beam
CB-~5, there seems to be only one difference to the author between
the tests in which redistribution was complete and those where it
was not, namely the difference in the place of the first hinge.
In Mallick's beams P3 and 6 and LeGrange's beams 159, 164, 165,
182, 196 and 167 in which full redistribution did not take place

first hinge was formed in the span.
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5.3 TESTS ON THREEZ-SPAN BEAMS

The early tests on three span prestressed concrete beams
were carried out by Macchi(azz who did not dbserve full redistribution.
These tests, however, had the disadvantage that the evaluation of the
ultimate flexural strengths of the critical sections was made by
using control tests and not from the measurement of the redundant
reactions. Another series of early tests on three-span beams was

(14)

carried out by LaGrange who observed practically full

redistribution.

The exhaustive series of tests on three~span prestressed

concrete beams consist. of sixteen tests by Cooke(11) at the

University of Leeds and twenty-seven tests by Mallick and Sastry(26)
at the Indian Institute of Technology, Kharagpur. These tests were
carried out under symmetrical conditions of load and span and
covered several outer and inner span lengths with one or two
concentrated loads in the inner span, or a concentrated load in
each outer span. The overall cross section of all beams was

4 x 6 in; the other parameters varied were the cable profile and
the effective depths at the critical sections. Full redistribution
has not been reported in Cooke's tests, except beam 15 in which two
concentrated loads at 17 in. on either side of the centre of the
inner span were applied and the first hinge was formed at the
supports. In the remaining beams, where only a single concentrated
load at the centre of the inner span was applied and the first hinge
was formed in the span, full redistribution was not observed; when
ultimate load was reached, the moment measured at the support section
varied from 0.86 to 0.96 of the ultimate flexural strength, which
was actually measured by continuing the tests beyond the ultimate
load.

On the other hand, in the majority of Mallick and Sastry's

tests practically full redistribution has been reported. In these
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tests, whether full redistribution was complete or not was assessed
by comparing thevmeasured ultimate load, and momenfs at the critical
gections with the corresponding calculated quantities. The measured
ultimate load, expressed as the ratioc of the calculated ultimate
load varied from C.87 to 1.04 and the apparent moment measured at

the second hinge at ultimate load, expressed as the ratio of the
calculated apparent ultimate moment varied from 0.86 to 1.00. If

due consideration is made to the order of accuracy of such calculations,
the above variation is practically of the same order as observed by
Cooke. Cooke's conclusion is based on the measured ultimate flexural
strengths and is more refined but, as pointed out in Chapter 3,
Cooke's measured moments had the inconsistency that they were not
measured from the same datum. To the author, the difference in the
two conclusions is merely of interpretation and both series of tests
do show that, in general, full redistribution does not take place in
three-span prestressed concrete beams. It would be noted that
wherever full redistribution did not take place, the first hinge

was formed in the span.

5.4 FULL-REDISTRIBUTION, OVER~-REDISTRIBUTION AND
UNDER-REDISTRIBUTION

Tarm 'full redistribution' has so far been used in the
sense normally implied in structural steel work, that is if the
ultimate load of a statically indeterminate structure is equal to
the plastic load, then the structure is said to have exhibited
'full redistribution', On the other hand, if the ultimate load
of a statically indeterminate structure is less than the plastic
load, the structure is said to have not exhibited 'full redistributiont?,
In these definitions nothing is specified about the actual moments at
the various critical sections at collapse. Since the moment-curvature
relationship for mild steel has a long plateau at the maximum moment

of resistance (the effect of strain hardening is usmally ignored), it
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is implied that the moments at the critical sections at ultimate
load would either correspond to the flat plateau or the rising
portion. In the light of theoretical moment-curvature relationship
of Chapter 4 and the experimental load-moment or load-deflection
curves, it would be appropriate to assume that the moment-curvature
relationship for prestressed concrete has a drooping characteristic
after the maximum moment is reached. In such a case the situation
would be different. In the case of 'full redistribution' being not
complete, it is not necessary that the moments at some of the
critical sections correspond to the peak point and those at the
remaining ones to the rising portion of the moment-curvature
diagram. 'Full redistribution! in a prestressed concrete structure
would only occur if at collapse the moments at the critical sections

which form the collapse mechanism are at the peak of their respective

moment-curvature diagrams. In practice it would be quite rare,
unless specially aimed at, and, in general, some of the critical

sections which form the apparent collapse mechanism are beyond the

peak i.e. on the drooping portion of their respective moment—
curvature diagrams whilst the others are either at the peak or on
the rising portion of their respective moment-curvature diagrams.
In the light of the meaning assigned to 'full-redistribution',

this state can be described as 'over-redistribution'. The state

when some of the critical sections which form the apparent collapse

mechanism are at the peak of their respective moment-curvature
diagrams whilst the others are still on the rising portion would be

called as 'under-redistribution'. Obviously the state of under-

redistribution camnot take place in a statically indeterminate
prestressed concrete structure. However, if the slope of the
drooping portion of the moment-curvature diagram for most of the
critical sections which form the apparent collapse mechanism 1is
shallow and the collapse takes place when the moment at any of
the critical sections of the apparent collapse mechanism is still

on the steep rising portion, then 'over-redistribution' can be
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mistaken for 'under-redistribution'., Similarly, if failure takes
place when the moments at some of the critical sections of the

apparent collapse mechanism are on the shallow érooping portidn.

and the moments at the remaining critical sections of the apparent

collapse mechanism are on the shallow rising portion of their

respective moment-curvature diagrams, then 'over-redistribution!

can be mistaken for 'full-redistribution'. In order to determine
whether 'full-redistribution'! or 'over-redistribution' takes

place in a test, the moment-curvature relationships for the critical
sections which form the apparent collapse mechanism should be
obtained right up to the maximum load. As pointed out in Chapter 3,
it is not possible to do so through the usual methods of measuring
local curvatures. The alternative is to obtain load-moment curves
for all the critical sections well past the moximum load, but such
relationships have been published for a few investigations only.

In the absence of such data there is no confirmatory basis. If

the slope of the drooping portion of the moment-curvature
relationship for the earlier hinges is shallow over a long length,
then it is very likely that the effect of over-redistribution
remains unnoticed and it ismistaken as full-redistribution. In

such a case, sometimes, even from the load-moment curves, it is

not possible to detect the effect of 'over-redistributiont!, since
it may be of the same order as the order of accuracy of

experimental work.

According to the above, the cases of incomplete
redistribution so far described are the cases of bver-redistribution!
in which the moments at some of the critical sections of the apparent
collapse mechanism were either on the steep rising portion or on
the steep drooping portion of the respective moment-curvature

diagrams.

The phenomenon of 'over-redistribution! was first

(14)

observed by LaGrange , but at present, to the author's knowledge,
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there is no satisfactory method of analysis which considers this
phenomenon. The author has here presented a theory which takes
into consideration this phenomenon to describe the behaviour of
a statically indeterminate prestressed concrete structure. This
has been illustrated by applying to two and three-span beams,
since the author wanted to interpret the test result of such
structures only. The same can, however, be applied to other

structures as a part of an extensive thesis on the subject,

5.5 ASSUMPTIONS IN THE PROPOSED ANALYSIS

(1) The 'Compatibility criterion' in a statically indeterminate
structure at any stage is governed by the curvature distribution along
the structure for the corresponding load stage. In the light of the
theoretical moment-curvature (M-@) relationship set out in Chapter 4,
and the experimental load-moment and load-deflection curves, it would
be appropriate to assume that the moment-curvature relationship for a
prestressed concrete section has a drooping characteristic. Thus,
for & statically indeterminate prestressed concrete structure at an
instant when some of the critical sections have reached their
maximum moments of resistance, for any further increase of load
some of the critical sections will be on the drooping portion and
the others on the rising portion of their respective moment-curvature
diagrams. There is little experimental evidence showing the
distribution of curvature along the structure when a critical
section is on the drooping portion of the M-@ diagram, In the

(34)

light of experimental evidence shown by Edwards for simply
supported reinforced concrete beams, it would be reasonable to
assume that when the moment at a critical section corresponds to
the drooping position of the M-@ diagram, then the moments at all
the sections between the adjoining points of contraflexure will be
decreasing but with increased curvatures over the cracked lengthe..

It will be further assumed that corresponding to such small
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increase in curvature (which is accompanied by decrease in
moment) at a critical section, increase in curvature at any
section in the adjacent cracked length is linear, and the
changes in elastic curvatures over the uncracked length are
neglected. Similarly, for the critical sections where the
moment will be increasing, it is assumed that corresponding
to a small increase in curvature at a critical section, the
increase in curvature at any section in the agdjacent cracked
length is linear, and that changes in elastic curvatures over

the uncracked length are neglected.

(2) After the instant when some of the critical sections
have reached their maximum moments, changes in curvatures at *
the critical sections other than those forming the apparent
collapse mechanism arecassumed small as compared to those at the
critical sections forming the apparent collapse mechanism and

are neglected.

(3) The moment-curvature relationship for a critical section
is assumed continuous on either side of the peak moment, which is

reasonable in the light of Chapter 4.

5.6 _PROPOSED THEORY FOR THE ANALYSIS OF STATICALLY
INDETERMINATE STRUCTURES WITH DROOPING MOMENTw
CURVATURE CHARACTERISTIC

Consider an o« times statically indeterminate planar
structure subjected to planar proportional loading and where only
the flexural deformations are significant. Up to the instant
when one or some of the critical sections have just reached their
maximum moments of resistance and the others are still on the
rising portion of their moment-curvature diagrams, its behaviour
can be established by any well known method by satisfying both

'compatibility' and 'equilibrium' requirements. If the various
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loads acting on the structure can be expressed as ratios of load
W, then at any stage subsequent to the above for an increase of
load 3W moments at some of the critical sections will be

increasing, whereas at the others they will be decreasing such

that
o
o

+1.
N
W = E k, M, aees (549)

i

where ki’s are the (g + 1) constants defining the equilibrium;

and éMi is the change in moment at the critical section i
due to load 3WV.

During the application of load dW, curvatures at
critical sections which are undergoing increasing moment or
decreasing moment corresponding to the falling branch of the

M - @ diagram will be increasing.

If 6¢i is the change in curvature at the critical

section 1 due to the application of load §W, then

i
oM, = (%%:)M_ _ o8, ceee (542)

i = M, +
1

where superscript 1 after the round brackets denotes the

critical section i; and

i%. is the absolute bending moment at the

critical section 1 Jjust before the application of load 3W,.

Substituting equation 5.2 in equation 5.1, we have

o+ 1

i i
N aM
6w ) ti./......t ki (az)Mi = Mi éﬂi anaee (5.3)
1

For 'computibility' requirements to be satisfied

ET 62 dS = O aesa (5'4)
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where m is the funectional matrix in positional co-ordinates
s and corresponds to 1 x ¢ bending moment distributions due to
unit bi-action applied in turn at each release of the reduced

structure; and

6@_ is the functional matrix in positional co-ordinates
s and corresponds to change in curvature distribution over the

structure due to load V.

In the light of assumption (2) made under Section 5.5,
5% can be expressed in terms of 58,1 =1 .. a+ 1). Thus
equation 5.4 represents o« equations in 6¢i(i = 1,2 oo a+ 1)
unknowns and can be solved in terms of say 6¢1, i.e. equation 5.4
vields

bﬂ. = Ci6¢1 (i = 2,3 es O T+ 1) ssee (5‘5)

1

where ci is a constant.

Substituting equation 5.5 in equation 5.3, we have

o+ 1 N
. (:‘““; dM
dW = ;:‘ ki Ci (%)Ml - Mi 6¢1
1
o+ , ;i
oW > 3 am
= K. M (X N &1 ( 06)
> o5, L i (&Ta’>Mi = N, 5
1
where K. = k. c..
1 1 01
L daw _ .
In the 1 d t 6 1lds
n the limit, ‘55: o 55; and equation 5.0 yie
a +1 5
dal T:““ a
—3 / \ i (E)]ﬂi - ﬁi ' NN ] (5.7)
1

For W to assume a stationary value,

= 0
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and since minimum value is the trivial case, this is the
necessary and sufficient condition for W to be maximum.

Hence W will be maximum when

ot ] i

N au _

/. Ky <~oﬁ)Mi =M Y eess (5.8)
1

Equation 5.8 is true for any stage after the instant
when some of the critical sections have just reached their
maximum moments of resistance whereas the others are still on
the rising portion of their moment-curvature diagrams. Hence,
starting from this instant and proceeding by step by step
increment method, maximum load W will be obtained when
equation 5.8 is satisfied. This can either be done on a
computer, or by a semigraphical method after drawing the
moment-curvature diagrams for the various critical sections

forming the apparent collapse mechanism,

5.7 ANALYSES FOR TWO AND THREE-SPAN BEAMS

Case (i) Symmetrically loaded beam with two

equal spans

Consider a symmetrically loaded beam ABC of two equal
spans loaded at D' and D; see Figure 5.1. Consider a stage
subsequent to the instant when the first hinge has just passed
its maximum moment and the second hinge is still on the rising
portion of its M - @ diagram. Let MB and ’ﬁD be the absolute
moments at B and D respectively at this instant. If bMB and
BMD are the small changes in absolute moments at B and D
respectively for a small increase in load oW, then from equilibrium

we have

B(1-B) WL = 3My +p oM, seee (5.9)



118

In the light of Section 5.5, for the beam in which
the first hinge is formed at the support section, the bending
moment and curvature distributions along the beam before and
after the application of load &W can be assumed as shown

in Figure 5.1,

For 'compatibility' requirements to be satisfied

m, 38 ds = O
S
. 1 1
lsCe - 26¢B 18.1 + 2 EaﬂD ]D ‘3 = 0 sess (5.10)

Here it dis assumed that the centre of gravity of
curvature distribution over the cracked length near D coincides
with the critical section D, which is reasonable since the

difference will be of second order.

From equation 5.10 we have

1
58, = 2p== 5@ (Numerically) ceee (5.17)
B lB D
Now
aM\D
6MD = (%)M _ ﬁ o} ,@D eacs (5012)
- D
and
diM\B
§MB = (aﬁ) ) - bﬁB
M =M
B
= 2 B—-lP- (%}B d B, from eq. 5.11
lB M = ﬁ D
B eeee (5.13)
Substituting equations 5.12 and 5.13 in equation 5.9,
we have

) i\ D > 1o auB
e - n = [P vz 2@ e
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For reasons given in Section 5.6, W will be

maximum when

(%)D - + 262 i:L.!_)' (%)B - = 0 saeeyw (5.11‘}')
M = MD B M = MB

If B is the first hinge to form, then in equation 5.1k
(%%)B will pertain to the drooping portion of the moment-
curvature diagram for the critical section B and will be negative,
and (%%)D will pertain to the rising portion of the moment-curvature
diagram for the critical section D and will be positive. Thus, in

such a case W will be maximum when

(D _ = 252 ;2 (%%)B _ (Numerically)
M = MD B M= MB
(Rising portion) (Drooping portion) aeee (5.15)

For the prestressed concrete sections usually met in
practice, the slope of the falling branch of the M - g diagram
for some length adjacent to its peak is nearly constant and is
smaller than that of the rising portion near the peak and since
B «1 and lD/1B = 1, equation 5.15 for usual values of f will
be satisfied when ﬁb is nearly equal to its ultimate flexural
strength. In the tests referred to in Section 5.2, $ was about
0.5 and in equation 5.15 252 lD/lB was approximately equal to
0.5, which explains why the moment at the critical section D at
collapse was nearly equal to its ultimate flexural strength. The
slope of the falling branch of the moment-curvature diagram, except
for the heavily over-reinforced sections, is shallow for some length
adjacent to the peak moment, and in such a case by the time maximum
moment is reached at D, the moment at B 1is not substantially
reduced, with the result the ultimate load carried by such beams
is nearly equal to the plastic load. This, with the exception of

Raina's beam CB-5, explains why the two-span beams in which the
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first hinge was formed at the support carried practically full
plastic load, Raina's beam CB-5, as against its overall depth

of 6 in., had an effective depth of 1.86 in. only at the support
section and constituted a heavily over-reinforced section in so
much so that even the pure prestress moment equal to

1.14% x 18,390 = 21,000 1b in, was set up in the same sense as

the elastic moment due to loads. At ultimate load, moments
measured at the support and mid-span sections were 47,600 and
154,800 1b in. respectively. These moments, like Cooke's moments
(see Chapter 3), did not include the secondary prestress moments,
which was +47,700 1b in. at the support =zection and +23,850 1b in.
at the mid-span section. With the addition of these to the
measured moments, the apparent moments at ultimate load work out
to +100 1b in. at the support section and +178,650 1b in. at the
mid-span section. If due consideration is made to the fact that
the pure prestress moment at the support section had the sense
same as that due to loads, then the apparent ultimate moments of
support and mid-span sections, based on Raina's calculations, work
out as 12,300 and 181,400 1b in. respectively., This shows that the
apparent moment reached at mid-span at collapse was practically
equal to its ultimete flexural strength. But at this time, due to
over-redistribution the apparent moment at the support section was
reduced well below its ultimate flexural strength, which resulted
in collapse at a load lower than the plastic load. The fact that
the support section was unloading is borne from Raina's graph 29
(see reference 37); but, as it is plotted for moments excluding

the secondary prestress moments, the effect is not so conspicuous,

If D is the first hinge to form, then in equation 5.14
(g%)D will correspond to the drooping portion of the moment-
curvature diagram for the critical section D and will be negative,
and (%%)B will correspond to the rising portion of the moment~

curvature diagram for the critical section B and will be positive.
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That is, in such a case W will be maximum when

(%)B _ = -—21-— (%—)D _  (Numerically)
M= T 28" 1, ¥u =T,
lB
(Rising portion) (Drooping portion) aree (5.16)

Remembering that for the prestressed concrete sections
usually met in practice the slope of the falling branch of the
M - & diagram for some length adjacent to its peak is nearly
constant and is smaller than that of the rising portion near
the peak and since B < 1 and lD/lB 22 1, equation 5.16 for
usual values of f can be sasisfied when the moment at D has
just passed its maximum value and that at B is still far behind
its peak. For Mallick's beams P3 and 6, in which full redistribution
was not reached, B was 0,27 and in equation 5.16 1/2(32 lD/lB
was approximately equal to 7, which explains why these beams
failed with moment at the critical section B less than the

ultimate flexural strength.

Case (ii) Two-span beam loaded in one span

only ~ first hinge in span

Consider a two-span beam ABC loaded at point D at
a stage subsequent to the instant when the critical section D
has just reached its maximum moment and the critical section B
is still on the rising portion of its M - @ diagram, see
Figure 5.2. In this case ‘'compatibility' requirement yields

1

6¢B = p bgD sases (5.1?)

2
w i

and equation 5.14 takes the form

aM, B . 1 M, D -
(aa)M _ ﬁé = —gz—zé—~ (a@)M _ Mb (Numerically)
lB

(Rising portion) (Drooping portion) eess (5.18)
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Equation 5.18 is similar to equation 5.16 and for
reasons given before can be satisfied for prestressed concrete
sections usually met in practice when the moment at the critical
section D has just passed its peak and that ot the critical
section B is still far behind its peak. For LaGrange's beams
159, 164, 165, 182, 196 and 167, in which full redistribution was
not reached, B was 0.5 and if lD/lB is approximated to 0.8,
then in equation 5,18 1/[32 1D/lB is approximately equal to 5,
which explains why the moment at the critical section B at

collapse was less than the maxirmum moment of resistance.

Case (iii) Three~span beam loaded in central

span - first hinge in span

Consider a three-span beam ABB'C with equal end spans
and loaded at point D in the central span at a stage subsequent
to the instant when the critical section D has just reached its
moximum moment of resistance and the critical sections B and B!
are still on the rising portions of their moment-curvature diagrams;

see Figure 5.3. In this case 'compatibility' requirements yield

1
6¢B = (1 -8) -1;]3 6¢D (Numerically) esss (5.19)
lD '
6¢B' = B l—B' 6¢D (Numerically) aase (5.20)

and equation 5.8 takes the form

enee (5.27)

For Cooke, and Mallick and Sastry's beams £ was 0.5
and critical sections B and B' were identical, so that

equation 5.21 reduces to
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1% amB dM, D
E'ig (EE)M - + (EB) = 0 seee (5.22)

I M ="E5
. . . . daM,D .
Since D is the first hinge to form, (aﬁ) will
be negative and (%%)B positive such that at ultimate load

1 .
(dM)B = 2 = (dM)D (Numerically
a3 M = ﬂ% i @ M = ED
(Rising portion) (Drooping portion) eeee (5423)

In equation 5.23 lB/j_D will be near about unity,
depending upon the ratio of the outer and inner spans, and for
reasons given before explains why full redistribution was not

reached in Cooke, and Mallick and Sastry's beams.

Since the coefficient of (%%)D was nearly 2, it was
quite likely that the moment reached at the critical section B
at collapse was not very much different from its maximum moment
of resistance, and being a marginal case could lead to the

inconsistency pointed out in Section 5.3.

5.8 TESTS ON PORTAL FRAMES

(14)

With the exception of LaGrange's tests on six
fixed portal frames, all reported experiments on prestressed
concrete portal frames have been carried out without the
measurement of redundant reactions. The tests in which reactions

(36)’

were not measured were carried out by Morice and Lewis

Guyonczq), Pietrzykowski(56), and Edwards(Bq), which, as
ascertained from visual inspection and by comparing the measured
ultimate loads with the calculated ones, showed practically full

redistribution.

A1l portal frames tested by LaGrange had a span of
7 ft 6 in. and 2 height of 5 ft and were loaded vertically at
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the centre of the transome and horizontally from left to right

at the transome centroidal axis. The ratio of the vertical to
horizontal load was 2. 4111 members had an overall section of

3 x 6,5 in. and were prestressed with 4 No. 0.2 in. diameter
wires. The strengths of the critical sections were varied by
changing the effective depths by adding lineacr functions to the
eccentricities of the concordant cable profile which was straight
in between the critical sections. If the critical section
identification is done as adopted for the author's frames

(see Figure 7.9), then for frames P3 and 6 which had concordant
cable profiles the effective depths at A, BZ’ B1, Cy D and E
were 3.26, 3,79, 3.44%, 4.32, 4.35 and 4.26 in. respectively.

It would be noted that this profile does not satisfy equation
2.15. However, the secondary prestress moments set up were small

and it is reasonable to regard it as concordant cable profile.

Fromes P% and 6 had concordant cable profiles and were
similar except that concrete in P6 was 30% stronger than that in
P3, Behaviour of both the frames weas essentially the some and
there was only a difference of 6% in their maximum loads. Collapse
occurred at sections C and D2 only, but at that instant moment at
section E was almost equal to its maxirum value and that at A was
about 0.78 of its maximum flexural strength., The ultimate loads

carried by P3 and 6 were 8,050 ~and. - 8,550 1b respectively.

In an attempt'to moke the strongest possible frame, in
Pk the effective depth at the four sections where the elastic
moments due to loads were the highest, that is at A, C, D and E
was increased to the possible maximum of 5 in. and that at B2
reduced to 2.46 in. This frame also failed with the collapse of
critical sections C and D and at that instant moment at A was
only about 50% of its moximum value., The moximum load was
9,750 1b.,
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In frame P5 the effective depths at 4, BZ’ Bq, c,

D and & were changed to 2.50, 5.00, 4.65, 4.26, 3.25 and

3.25 in. respectively. The frame failed at a load of 6,550 1b
as a complete mechanism with the formation of hinges at 4, C

D2 and Eo

In frame P7 the effective depth at all the critical
sections except C was increased to 5 in § at C it was reduced
to 3.3 in. The result was that when section C reached its
ultimate moment, the rest of the structure was still strong
enough to carry further load. Maximum load carried was
8,750 1b, which was reached when the section D1 also failed

but by then the moment at C was reduced to 90% its moxdimum,

In frame P8 the effective depth along the length AB
was reduced to 2 in. and that at the other critical sections
increased to 5 in. This resulted in the failure at C and D
and at this instant the moments at E and B1 were also near their
maximum flexural strengths, This frame carried an ultimate load

of 9,950 1b,

On the other hand, author's all portal frames
(except F~3), which are described in Chapter 7, failed as
mechanisms by the formation of hinges at A, C, D and E. Frames
F-1 and 4 failed by the formation of all hinges almost
simultaneously but in F-2, 3 and 5 the maximum loads were
reached when some of the hinges had aiready started unloading,
see Figures 7.14 to 7.18.

From the above it would appear that LoGrange's frames
behaved somewhat differently from the author'!s frames. This was
the result of design and will be discussed in Chapter 6. These
tests, however, bring out clearly that, in general, full-
redistribution in statically indeterminate structures would not
take place, unless specially aimed at, and the ultimate load is

usually reached with over-redistribution.
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5.9 CONCLUSIONS

1) A11 test results can be explained satisfactorily
on the basis of moment-curvature relationship with a drooping

characteristic as set out in Chapter 4.

2) Full-redistribution, in its strict sense, cannot
occur in a statically indeterminate prestressed concrete
structure unless all the critical sections forming the collapse

mechanism reach their maximum flexurzl strengths simultaneously.

3) The two and three-span beams which have been reported
to undergo full redistribution can be accounted for by the
assumption of a moment-curvature characteristic which has a

shallow negative slope adjacent to the peak moment.
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CHAPTER 6

PROPOSED METHOD OF ULTIMATE LOAD
DESIGN OF STATICALLY INDETERMINATE
PRESTRESSED CONCRETE STRUCTURES

641 INTRODUCTION

The basic equations that a statically indeterminate
skeletal structure must satisfy at any load stage, including the
ultimate load, were set up in Chapter 3. In prestressed concrete
it is necessary that while applying equations 3.5 due consideration
is made for the prestress moments and corresponding curvatures. The
moment-curvature relationship of a prestressed concrete section is
linear elastic up to cracking and thereafter it is nonlinear; it
has a rising eharacteristic up to the maximum moment of resistance
and then it starts drooping down. It is difficult to use the moment-" .
curvature relationship with a drooping characteristic in an analysis. -
The author has here presented a theory for the design of statically
indeterminate prestressed concrete skeletal structures so that the
structure cearyies the ultimate load by simultaneously developing the
maximum moment of resistance at each of the critical sections which
form the collapse mechanism, and at the same time maximum output
from each such critical section is ensured. In this connection and
in respect of studies made in Sections O.4 and 6.5 the author wishes

to acknowledge the help rendered by Edwards(s?).

The proposed method has the advantage that the structure
would carry full plastic load, and there is no necessity to consider

the drooping portion of the moment-curvature relationship .

6,2 ULTIMATE LOAD ANALYSIS OF A STATICALLY INDETERMINATE
PRESTRESSED CONCRETE STRUCTIURE

In the work that follows it will be assumed that only

the flexural deformations are significant and the portion of the
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moment-curvature relationship which need to be considered is
Cc'A0CD  only, see Figure 2.1. In this diagram C'AC represents
the linear elastic phase and CD the non-linear phase. In an
ultimate load analysis it is often convenient to separate the
variation of the bending moments due to inelastic deformations
from the distribution for elastic conditions, which is often
known or easily established by standard methods. If inelastic
deformations at a load stage are known in a structure, then the
total solution can be obtained by superimposing their effect on
the elastic structure for which solution due to loads is already
established. Loads for a statically indeterminate prestressed
concrete structure, in general, consist of prestress ahd applied

loads. Thus for load wW@+1) we have from equilibrium

o} (o) S
¥ =X + o +¥ +mp +mp
v(d + 1) =v(d + 1) P “p “r
o 0o S
or M = X +M +m (_E +p *p )
v(d + 1) P v(d + 1) P -r

L (6.‘1)

where M is the functional matrix in positional co~ordinates s
and corresponds to the absolute bending moment distribution at

the given load v (d+1);

o
Ev(d4—l) is the functional matrix in positional co-ordinates

s and corresponds to the bending moment distribution due to load

v (d+1) applied to the reduced structure;

o (=m m,

co~ordinates s and corresponds to 1 x o bending moment

e g_a) is the functional matrix in positional

distributions due to unit bi-action applied in turn at each

release of the reduced structure;
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Pv(d%—l) is the column matrix and corresponds to o
complementary solution coefficients for load v(d+1l) applied

to the elastic structure;

o]
ﬂp is the functional mafrix in positional co~ordinates s
and corresponds to bending moment distribution due to prestress

applied to the reduced structure;

s
p 1is the column matrix and corresponds to « complementary

Y
solution coefficients for prestress applied to the elastic structure;

and
p., is the column matrix and corresponds to « complementary

solution coefficients due to the final inclastic curvatures which
represent the difference between the elastic solution and the
final inelastic solution applied to the elastic structure.

From compatibility

T o) T
m kM ds + nkmp ds +
v(a + 1) =v(d + 1)
S S
T 0 T s T
m kM ds + mkmop ds + m kmp ds +
P p T
S S S
T
E st = 0] sase (6'2)

s
where X 1is the functional matrix in positional co-ordinates s

and corresponds to the elastic bending flexibility of the members,
see Figure 2,1, and

# is the functional matrix in positional co-ordinates s

ane corresponds to inelastic curwture distribution, see Figure 2.1,
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But

T o] T
m kM ds + m kmp ds = 0
v(d + 1) ~“v(d + 1)
S )
S aneye (603)
and T o T s
m kM ds + m kmp ds = O eese (6,4)
As P s P
Therefore from equation 6.2 we have
T T
m kmp ds + nfgds = 0
“r
s s
-1
or p = "E asee (6-5)
= By
‘ T
where F = m kmds eees (6.6)

and By

i

s
T
fgl. g ds XX (6-7)
= v

Considering moments at the critical sections, we

have from equation 6.1

0 0 s
M = M + M +m< +p +p )
v(d + 1) P v(d +1) P r
o 0 s
or M-M = Ma = M + m (P +p +p
P v(d + 1) v(d + 1) p r
see® (6.8)

Equation 6.8 together with equations 6.3, 6.4 and 6.5
infers that specified apparent moments at the critical sections can
be obtained by equilibrium of the applied loads alone, provided

secondary prestress moments are set up accordingly.
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Equations 6.1 and 6.2 are the basic equations for a
statically indeterminate prestressed concrete structure and can
be used for any problem of design or analysis, provided all
critical sections are on the rising portion of their moment-
curvature diagrams. In a problem of analysis it would be seldom
that all critical sections are on the rising portion at collapse.

In design, however, this can be overcome as suggested in Section 6.3.

6.3 DESIGN APPROACH

The object of any design approach is to determine a
rational, directed evolution of a structural system which performs
the specified purposes and satisfies certain criterion. There are
usually two important criteria: (1) cracking (2) ultimate load.
Whatever criterion is used, after fixing the design loads the
problem is to ensure that the structure would withstand them as

specified.

If a structure is proposed to be designed for the
ultimate load criterion, then an ultimte load stress-resultant
distribution in equilibrium with the applied load is established.
The required section sizes, the area and position of steel are
calculated at the critical sections involved in the equilibrium
criterion to ensmure adequate ultimate load carrying capacity. The
lengths over thich inelastic deformations take place can then be
approximated by marking off the cracking moments. In the work that
follows, it will be assumed that all the critical sections involved
in the equilibrium criterion reach their ultimate flexural strengths
simultaneously, that is all such sections are at the peak of their
moment-curvature relationships. It will be further assumed, for
simplification, that the moment-curvature relationships for the
sections in the inelastic zone adjacent to a critical section are

the same as for the critical section itself. The momenb-curvature
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diagrams for the critical sections can be established according

to the theory set out in Chapter 4.

The solution to the compatibility equation 6.5 is
thus found, that is P,. is known in equation 6.8. The only

unknown in equation 6.8 is p; which can be evaluated,

The area dnd position of steel at the critical
sections involved in the equilibrium criterion were fixed while
fixing their ultimate strengths. The required area and position
of steel in between the critical sections and also at the critical
sections net involved in the equilibrium criterion can now be
established from equation 6.4%; due care may be taken that this

does not result in the change of collapse mechanism.

Thus from equation 6.4 we have

8 -1 o

g = ~F 1L eees (6.9)
b
o { T o
where L= I m kM ds eess (6,10)
L RS
. —"s

It may be more accurate to also take into account
the deformations due to axial force while calculating uo , and
p

in that case equation 6.10 reduces to

T o T o
P JS p g P
where n (= 0, 0, eee n,) is the functional matrix in positional

co-ordinates s and corresponds to 1 x o thrusts due to unit

bi~action applied in turn at each release of the reduced structure;

g is the functional matrix in positional co-ordinates s

and corresponds to elastic thrust flexibility of members; and
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o
Hp is the functional matrix in positional co-ordinates s

and corresponds to thrust distribution due to prestress applied

to the reduced structure.

A statically indeterminate prestressed concrete
structure designed in this manner not only carries full plastic
load but, as shown in Section 6.4, will also exhibit small

inelastic deformations.

If cracking is the criterion of design, then a
cracking load stress-resultant distribution in equilibrium with
the applied load is established. The required section sizes, the
area and position of steel at the critical sections involved in the
equilibrium criterion are calculated to ensure adequate cracking
load carrying capacity. If cracking moment of a critical section
is calculated by allowing some inelasticity, then in a manner
outlined above, p. can be evaluated from equation 6.5 otherwise
P. is equal to zero. Thus, the only unknown in equation 6.8 is
pS which can be calculated and set up by varying the area and
position of steel in between the critical scctions and also at
the critical sections not involved in the equilibrium criterion,

by means of equation 6.9; care may be taken that it does not

result in cracking at any other section.

If one wishes to design a statically indeterminate
prestressed concrete structure on a criterion similar to the
Russian code, then an ultimate load stress-resultant distribution
in equilibrium with the applied load is assumed. The required
section sizes, the area and position of steel are calculated at
the critical sections involved in the equilibrium criterion to
ensure adequate ultimate load carrying capacity. The assumed
stress~resultant distribution is reduced in the ratioc of allowable
cracking load to ultimate load. The cracking moments of the

critical sections involved in the equilibrium criterion are
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calculated on the basis of the concordant cable. If the cracking
moments at the critical sections are not satisfactory, then the
above stress-resultant distribution is modified by superimposing
a secondary prestress stress-resultant distribution. That is,

in equation 6.8 p; can be evaluated by putting P, = 0 sugh
that Ma_Eg Macr everywhere, It remains to ensure that pp

so calculated is set up. This can be done by means of

equation 6.9 by varying the arca and position of steel in between
the critical sections and at the critical sections not involved in
the equilibrium criterion; care may be taken that it does not
result in cracking at any other section or change of apparent

collapse mechanism.

The above method, as compared to the Russian
practice, has the advantage that required secondary prestress
stress-resultant distribution is set up in a statically

indeterminate state and is not subjected to linear creep,

It would be appreciated that, unlike the proposed
criteria, Russian criterion does neither optimize from cracking
point of view nor does it ensure that the structure would withstand
the specified ultimate load; it is rather an arbitrary design in
between the two proposed criteria. It is reported that the Russian
code recommendations are based on exhaustive test results and are
found satisfactory in practice. The results of the author's test
on the frame designed according to the Russian practice are set

out in Section 6.6.

6.4 INELASTIC DEFORMATTIONS IN THE PROPOSED DESIGN

Consider the same concrete structure prestressed in
two different ways; structure 1 stressed with a concordant cable
profile and structure 2 with a nonconcordant cable profile in a

manner outlined in Section 6.3 for ultimte load criterion.
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Let the geometric properties, that is the section and prestress.
at the corresponding critical sections be the same in the two

structures.

Let the two structures be subjected to the same
collapse load, and let the moment-curvature relationship of
each of the critical sections forming the collapse mechanism be
idealized with a long flat plateau at the maximum moment of
resistance. In the light of discussions made in Chapter 4 it
is not strictly true; but for the under-reinforced sections it
is reasonably accurate, since the slope of the drooping portion

adjacent to the peak moment is small for some length.

Let us postulate that there is an idealized plastic
hinge rotation © in the concordant case, where 8 = (91,92 .o ea)
is a functional matrix in positional co-ordinates s and

corresponds to the idealized plastic rotations at g critical sections.

The total bending solutions for the two structures

are
EN A ENIEEREN
= M +mp +m | p +m P
TR v(d + 1) “v(d + 1) p- 1 rdq

enes (6.12)

5
EN P U S T EN
au -2  v(d+ 1) v(d + 1) “p- 2 -r- 2

ewss (6.13)

=]

=]

where suffices 1 and 2 after the square brackets refer to

structures 1 and 2 respectively.

Since the corresponding critical sections of the
two structures have the same geometric properties, and structure 1

has a concordant cable profile,
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[-M-au]’l i [Mau] 2
w  [£],

Therefore, subtracting equation 6.12 from

"
O

equation 6.3, we have on simplification

[%]1 - [gr] |- [g:] . crer (618)

From compatibility we have for the two structures

T iy
m.l::.m[p:] ds n [Ql ds +
r -1
. S

T
m 9 = O [ X RN (6-15)

T T
and m km [p ] ds + m [g] ds = O
T 2 2
s

s L L 4 (6.16)

+

S

In equations (6.15) and (6.16) @ represents the

inelastic curvature due to the same final bending moment distribution

2], = [e],

Hence subtracting equation 6,16 from equation 6,15,

and therefore

we have on simplification

[Br] , - [gr] , - -z'1ng (6.1?)

Substituting for L.H.S. from equation 6.14, we have

S « -1 T
[p ] = -F m 8 veee (6.18)
2],
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Equation 6.18 shows that the plastic hinge rotations
in the concordant case can be done away by setting up an appropriate
secondary prestress moment distribution; or in other words equation
6.18 infers that a statically indeterminate structure prestressed in
a manner suggested in Section 6.3 for ultimate load criterion would
exhibit less deformations than the corresponding structure
prestressed with concordant cable profile. The idealized plastic
rotation © in a statically indeterminate structure represents the
fact that such a structure would carry the ultimate load with over-
redistribution. Therefore equation 6.18, in general, infers that
a statically indeterminate structure prestressed in a manner
suggested in Section 6.3 for ultimate load criterion would exhibit
less deformations than the corresponding structures which carry

the ultimate load with over-redistribution.

6.5 EFFECT OF LINEAR TRANSFORMATION

In several cases cable profile in a statically
indeterminate prestressed concrete structure is obtained by
linear transformation of the parent concordant cable profile,

In the past considerable experimental and theoretical research
has been carried out to study the effect of linear transformation
on ultimate load. The theoretical studies, to the author's
knowledge, have so far been made by considering only the
tequilibrium' criterion. The author here examines this by
considering both the 'equilibrium' and Tcompatibility!

criteria.

Consider the same concrete structure prestressed in
two different ways; structure 1 has a concordant cable profile
and structure 2 a linearly transformed cable profile obtained

from structure 1.

Let the two structures be assumed to carry the sane

collapse load, that is is the same in both cases.

Mv(d4—l)
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If 4 is the effective depth at a section in the

concordant case, then the effective in the linearly transformed

e

s .
case at the same section would be (d + m ppq 5 /Pe), where
Pe is the initial prestress. If suffices 1 and 2 after the

square brackets refer to structures 1 and 2 respectively, then

JORIRNCA R EA I
IR CH IR MR N (0

where Pu is the force in steel at ultimate load; and
ku is a constant.

If it is assumed that 211 critical sections are

under reinforced before and after linear transformation, then

[P ] = [ P ] = P_ say

-1 u 2 u

and [k ] 4 = [ k ] = k say
-u- u 2 u

Hence

[M ] = ku Pu d asee (6.19)
au < 1

S
. o { 5 ]
and [M ] = Kk B [ a« -.---P-P-—E- sese (6,20)
au 2 e

|
=
o)

From equilibrium we have for the two structures

M = M +m D ]
[ au ]1 v(d + l) ['_’r 1 svse (6-21)
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5
and [_D_’I_ ] = M +_n3[p :] +n [p ]
au o 2 v(d + 1) Tp Jd2 “r 2

caee (6.22)

where Iiv( d+1) is the functional matrix in positional co-
ordinates s and corresponds to the abscolute bending moment
distribution due to ultimate load v(d + 1) applied to the

elastic structure,

~ . Substituting for Mau’s from equations 6.19 and
6.20 in equations 6.21 and 6,22, we have on subtraction and

simplification

[ ] ) pie_ =) [!ir] 5 [Er] 1

eees (6.23)

If it is assumed thet all sections have a moment-—
curvature relationship which has long flat plateau at the maximum
moment before and after linear transformation then from

compatibility we have for the two structures

Seafs]er 4[],

S

[9_] = 0 eee (6.20)
1
T 8K
and m kmn [ :‘ + m [ g] ds
Js ts 2
o | = 0 vees (6.25)

['J 2

Subtracting equation 6.24 from equation 6.25, we have

after simplification
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2], (20, (L @,

essw (6.25)

Hence from equations 6.23 and 6.26 we have

|~

[P':]z i (ktue- B) -1{’ ln-T [2]1 ) [2]2
T,/f 1
TR \[—L [-]2

eaes (6.27)

This is a general expression relating 2; set up in
the linearly transformed case with the inelastic curvatures and
plastic hinge rotations taking place in two structures and shows
that if the two structures carry the same ultimate load, then the
inelastic curvatures and plastic hinge rotations in the linearly
transformed case would depend upon the secondary prestress moment
distribution set up on linear transformation. If £8j] >
any critical section is large and the moment-curvature
relationship for it has a falling branch with sharp slope, then
it may be possible that the ultimate load carried by the linearly
transformed case is appreciably different from the parent concordant
case, as it happened in the case of Raina's beam CB-5 which, conpared

to the parent concordant beam, carried only 86% load.

It is not possible to take equation 6.27 any further.
However, if we consider a two-span beam and assume that the positions
of the first and the last hinges do not change, then {?_5_]1 = [2“2

and equation 6.27 reduces to
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] _ P, - e '
T e—2— F n [_ 8 ] - [ ] ]
2 k P - % X ] 5

e

vens (6.28)

For a two span beam Efq is a 1 x 1 matrix which
is positive definite; therefore equation 6.28 shows that if the
effective depth at the first hinge is reduced, that is [p; ] 5
has a sign opposite to the sign of rotation, then plastic
hinge rotation at the first hinge in the linearly transformed
case would be greater than that in the concordant case. Similarly,
if the effective depth at the first hinge is increased, then
{ p;:] 5 would have the same sign as that of rotation and in
this case plastic hinge rotation at the first hinge in the linearly
transformed case would be less than that in the parent concordant
case. In other words, it amounts to the fact that linear
transformation that increases the effective depth at the first
hinge reduces redistribution, and linear transformation that
reduces the effective depth at the first hinge increases
redistribution. This does not appear strictly in line with the

11) (37) th

conclusion of Cooke and Raina at a structure with a
concordant cable profile exhibits minimum redistribution, any
linear transformation produces greater redistribution. However,
(14) test results for beams 159, 165 and 182 clearly bring

out the above fact., If redistribution is measured as the difference

LaGrange

between the elastic and actual apparent moments at the first hinge
at ultimate load, expressed as percentage of its apparent ultimate
moment, then beam 159 which had the parent concordant cable profile
showed a redistribution of 10%. Compared to this, beam 165 where
the linear transformation increased the effective depth at the
first hinge showed a redistribution of 2.5%, and beam 182 where

the linear transformation reduced the effective depth at the

first hinge showed a redistribution of 21%.
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Cooke and Raina's moments, as pointed out earlier,
suffer from the disadvantage that they have been measured from
the state of prestress, i.e. including the secondary prestress
moments and it appears to the author that the above inccnsistency

is more of interpretation rather than reality,

6.6 TEST RESULTS AND DISCUSSIONS

Tests on five two-span beams and five fixed portal
frames are described in Chapter 7. The test results are now

discussed in the light of the theories presented.

Beams CB-=-1 and B-1

Beam CB-1 was tested by Raina and had a concordant
cable profile with an effective depth of 4,46 in. at the support
and 4.20 in. at the mid-span sections. The cable profile in between
the critical sections was straight. This beam failed at an ultimate
load of 7,440 1b, and the first hinge was formed at the support.
Full redistribution was practically reached. Bdam B-1, tested by
the author, was designed with the same prestress and the same
effective depths at the corresponding critical sections, but the
cable profile in between the critical sections was varied
(see Figure 7.4) by means of equation 6.9 so that the secondary
prestress moments set up were +10,300 1lb in. at the support and
+5,150 1b in. at the mid-span sections, The first hinge in
beam B-1 was formed in the span, which showed that by setting
up an appropriate secondary prestress stress-—resultant distribution
the mode of collapse can be controlled. Because of the dislocation
in the position of the duct-tubing during casting, the actual
effective depths as verified after sawing, were found 4.1 in.
at the support and 4.3 in. at the mid-span sections. This would
mean that the secondary prestress moments set up were in excess

of what is required according to the theory set out in Section 6.3,
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It was also found that grouting was not efficient through the
central duct of this beam; the left hand span was especially
bad. Further, this was the author's first beam of the series,

and the two spans were loaded by a single hydraulic cabinet,

so that as soon as the first hinge was formed in the left hand
span, the total load applied to the structure was determined by
the response of the left hand span. The result was the left hand
span ruptured at a load of 6,640 1b, Full redistribution was not
complete; the ultimate load carried was 94.7% of the full plastic
load. This was considered to be the result of bad grouting and

loading arrangement, and will not be discussed further.

The load-moment relationships for these beams are
given in Figures 7.10 and 7.10a. Figure 7.10a is same as graph
25 of reference 37 ggd has been reproduced with the vertical scale
halved so as to facilitate comparison with the author's test
results for beam B~1, The curvature and concrete compressive
strain (extreme fibre) distributions along beam B-1 at a load

of 0.945 W~ are shown in Figure 7.32.

This test demonstrated, at least gualitatively, that
secondary prestress moments play an important role in the ultimate
load behaviour of a statically indeterminate prestressed concrete

(58)

structure. Taylor pointed out the effect of secondary prestress
moments on the disproportion factor at the Symposium on the Strength
of Concrete Structures, London, May 1956. The true significance of

(59)

these moments was, however, not appreciated at this Symposium

These two beams were designed for practically the same
ultimate load, and the best way of comparing the redistribution in
the two cases is to compare their load-deflection curves (W/Wu versus
but the load~deflection curve for beam CB-1 is not available, The
load~deflection curve for the author's beam B-1 is given in
Figure 7.20. However, the measured rotations for each critical

section are available for beam CB-1, and therefore redistribution

),
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in this case has been assessed by comparing the load-rotation
curves for the span section, see Figure 7.19. The points

between which the rotations were measured by Raina, and the
author were not identical, although they were close to the

same sections. The comparison between the relationships shown

in Figure 7.19 should therefore be taken as approximate. However,
it does demonstrate that the deformations in a structure with
secondary prestress stress-resultant distribution set up as
proposed in Section 6.3 are less compared to those in the

corresponding structure with a concordant cable profile.

The crack patterns of these beams are shown in
Plate 7.5, which shows that cracks were spread over a longer

length at each of the critical sections of beam CB-1 (concordant).

Beam B-2 and B-3

Both these beams had the same effective depth of 4,3 in.
at each critical section and were prestressed with the same
effective prestress, so that the geometric properties of all the
critical sections were similar. The cable profile in between the
critical sections was varied (see Figure 7.4) by means of
equation 6.9 such that no secondary prestress moments were set up
in beam B-3, and secondary prestress moments set up in beam B-2
were +17,300 1b in. at the support section and +8,650 1b in. at

the mid-span sections.

Beam B~2 carried an ultimate load of 7,760 1b and
failed by practically the simultaneous crushing of concrete at
the critical sections B and D'. On the other hand, in beam B-3
first crushing of concrete started at B, which took place at a
load of 7,600 lb, and the beam finally failed at a load of 8,220 1lb
by the crushing of the concrete at D. Theoretically, beam B~2
should have carried a higher ultimate load but the experimental

ultimate load was higher for beam B-3. This was an experimental
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scatter normally expected in concrete structures. The fact that
beam B-2 carried the ultimate load with full-redistribution and
beam B-3 with over-redistribution is clearly borne by their
load-moment relationships (see Figures 7.11 and 7.12). When
beam B-3 was carrying the ultimate load, the moment at the

fiprst hinge was reduced below its maximum value. Since there
was not a conspicuous decrease in moment at the critical
section B, the ultimate load carried by beam B-3 was not different
from its plastic load. If the measuring instruments were not
sensitive enough, then thc effect of over-redistribution in this
case could have remained unnoticed and mistaken for full-

redistribution, as pointed out in Chapter 5.

Beams B-2 and % were similar to the four beams ‘
tested by Naughton, except that beam B-2 was tested with certain
secondary prestress moment distributions set up, whereas the other
beams were tested as concordant beams. Naughton concluded that
the variation of cable profile in between the critical sections
did not affect the behaviour of the beams. It means that the
simultaneous formation of hinges in author's beam B-2 was due
to the setting of secondary prestress moment distribution and

supports the theory set up in Section 6.3.

The load-deflection curves (w/wu versus o) for beams
B-2 and 3 are given in Figure 7.20, which confirms the theory set
out in Section 6.4. The curvature and concrete compressive strain
(extreme fibre) distributions along beam B-2 at a load O.983Wu
are shown in Figure 7.33 and those for beam B-3 at a load of
O.953Eﬁ1 in Figure 7.34. They also show that beam B-2 carried

the ultimate load with less deformations than beam B-3.

The crack patterns of these beams are shown in
Plate 7.5, which shows that cracks were spread over a longer

length at each of the critical sections of beam B-3 (concordant).
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Beam B-4 and LaGrange's beams 159, 165 and 182

Beam B-4 was loaded at the centre of one span only
and was similar to LaGrange's beams 159, 165 and 182, Beam B-4
had the same effective depth of 4.3 in. at the critical sections
D and B and constituted a more severe case than any of LaGrange's
beams which had either a concordant cable profile (beam 159) based
on the working load stress-resultant distribution or a linearly
transformed profile obtained from the parent concordant profile.
LaGrange's beams failed by the crushing of the concrete in the
span only; the moment reached at the support section at collapse
varied from about 0.93 to 0.96 of the ultimate apparent moment
and the ultimate load was always less than the plastic load. The
author's beam B-4, on the other hand, failed at a load of 8,060 1b
by practically the simultaneous crushing of the concrete at both
the support and the span, and the beam carried full plastic load.
Beam B=4, as mentioned in Chapter 7, had the cable profile in
between the critical sections varied (see Figure 7.4) and a
secondary prestress moment of -57,560 1lb in. at the support
section and ~-28,780 1b in.at the span sections were set up.

This test again confirmed the theory set out in Section 6.3.

The load-moment and load-deflection curves for
beam B-4 are given in Figures 7.13 and 7.20 respectively; the
curvature and concrete compressive strain (extreme fibre)
distributions along the beam at a load of 0,945 wu in Figure 7.35,

and the crack pattern under neay.mgximum load in Plate 7.5.

Prames F~3, 4 and 5

A1l these frames had the saue prestress and same
effective depth of 4.1 in. at all the critical sections involved
in the equilibrium ecriterion, i.e. at 4, Cy D and E, but they were
prestressed and designed so that the secondary prestress monments

given in Table 7.3 were set‘up.. Frame F~3 had an arbitrary
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nonconcordant cable profile and was partially stressed on the
ground and partially stressed in the test rig; the cable profile
in between the length BC was raised so as to result in a reduced
stiffness of the transome over the length BC where there was nearly
a constant positive bending moment distribution at collapse.
However, to ensure that the frame did not have a mode of collapse
other than that of frames F-4 and 5, the knee at B was strengthened
by an angle iron at the time of testing. Frame F-4 was designed
according to the theory set out in Section 6.3 and the secondary
prestress moments given in Talbe 7.3 were set up by varying the
cable profile in between the critical sections. However, it was
not possible to set up the requisite secondary prestress moment
distribution within the bounds of the structure. The moments given
in Table 7.3 are therefore slightly less than what required
according to Section 6.3. Frame F-5 was designed according to the
Russian code of practice and the secondary prestress moments given
in Talbe 7.3 were set up as a result of partially stressing the
structure in a statically determinate state and partially in
statically indeterminate state. The secondary prestress moments
required to correspond to the ultimte load stress-resultant
distribution scaled down in the ratio of cracking load to ultimate
load could not be set up within the bounds of the structure, and
the secondary prestress moments given in Table 7.3 are slightly
less than what required according to the Russian specifications.
The cable profiles employed in the three frames are shown in

Figure 7.5.

Frames =4 and 5 failed through the beam and sway
mechanism by the crushing of the concrete at 4, C, D and E; the
ultimate loads carried were 3,960 and 3,970 1lb respectively, which
were nearly equal to the corresponding plastic loads. In frame
F-3 at a load of 3,850 1b i.e, 97.8% of the plastic load there
were no signs of crushing at C, although excessive crushing had

already started at A4, D(DZ) and E and the beam had swayed
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horizontally by about 2.7 in., i.e. about 100%) more compared to
the other frames. At this instant the whole system became so
unstable that the load had to be taken off. It will be scen from
Figure 7.16 that at this instant the moments at the critical
sections E and D(D2) had already started decreasing and that at A
was at its peak with a trend to decrease. It appears to the author
that the frame could not take further load since at this instant
condition given by equation 5.8 was reached. Frame F~3 differed
from frames F=4 and 5 in the sense that the secondary prestress
moment at C was set up in a direction opposite to the direction
of elastic moment at C due to applied loads znd the transome was
made flexible by virtue of positioning of the cable profile.
Frame F-3 was therefore quite an extreme case to carry ultimate
load with full-redistribution and it should not be surprising
that it did not carry full plastic load. Its behaviour, however,

confirms author's postulate set out in Chapter 5.

The ultimate load behaviour of frames F-4 and 5 was
essentially the samej; the moment at collapse at each of the
critical sections forming the collapse mechanism was practically
equal to its ultimate flexural strength (see Figures 7.17 and 7,18),
The only difference was in the order of first cracking at the
various critical sections and the order of formation of hinges
(crushing of concrete)., The order of formation of hinges in
frame F-4 was C, E, &, D(D,l and D2) whereas in frame F-5 it
was E and D2, A and C; the first hinge in frame F-4 was formed
at a load of 3,775 1b and that in frame F-5 at a load of 3,750 lb,
Compared to this, the first crushing of the concrete in frame F=3
took place at D(DZ) and E and at a load of 3,475 1b only.

The secondary prestress moment distribution was
appreciably different in the three frames, and the variation in
the order of first cracking at the various critical sections and

the formation of hinges can be attributed to this. The similarity
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of the ultipate load behaviour of frames F=I and 5 can be
explained by the fact that the secondary prestress moment went
some considerable way is satisfying equations 6.2. Nelther case
was the required one for theoretical full-redistribution, but
both cases could correspond to over-redistribution which had an
ultimate load nearer the plastic load, and which was less severe
than that of the corresponding structure with a concordant profile
or a profile as that of frame F-3. This view is confirmed by the
load-~deflection curves of the three frames (See Figures 7.23 and

7.24) .

The fact that the deformations at ultimate load were
least in frame F-4 and maximum ih frame F-3 is clearly brought
out by their load-deflection (W/Wu versus §) relationships,
according to which the horizontal and vertical deflections at the
ultimate load in frames F-3 to 5 were 2.7 and 1,35, 1,18 and 0.9k
and 1.40 and 0,98 in. respectively. The formation of hinges was
also spaced slightly more closely in frame F-4 and 5 than in
frame F~3 (sce Figures 7.16 to 7.18).

it the time of collapse there were distinct signs of
crushing of concrete at each of the critical sections forming the
collapse mechanism. At node D crushing was observed both in the
transome and the column in frame F=l,but in frames F=3 and 5 it
was seen in column only, which, as verified by sawing the transome
and the column at D,l and D2 after testing, was the result of bad
grouting in the columns of framesF-3 and 5 near the critical

section D,

The deformed shapes and crack patterns of these frames
under near maximum load are shown in Plates 7.8 to 7.10 inclusive,
and the curvature and concrete compressive strain (extreme fibre)
dlstrlbutlons along the frame under near maximum load in Figures 7. 38 to
7 462% ﬁ% Thelusive. The crushing of the concrete seen at B in
frame F-3 took place during unloading of the frame and should not
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be taken into account. It will be seen that cracking at the dry
mortar joints was confined to a single crack which was as wide as
% in. in certain cases. Cracking in the transome was spread over
a longer length in frame F-3, which, as mentioned above, was the

result of its reduced stiffness.

i comparison of the above frames with those tested by

(14)

LaGrange shows that the difference in the two series was that
certain precalculated secondary prestress stress~resultant
distributions were set up in the author's frames, which, in the
author's view led to near full-redistribution in his frames

F-lt and 5,

Frames F-1 and 2

Frame F-1 was designed in the conventional manner on
the basis of working load stress-resultant distribution with a
concordant cable profile, The cross sectional area of concrete
and prestress in all the members were same as those in frames
F-3 to 5, The effective depths at the critical sections i, B,
Cy D and E were 3.31, 3.035, 3.37, 3.75 and 4 in. respectively.
Frame F-2 was same as F-1 except that its cable profile was
obtained by linear transformation of the concordant cable profile
of frame F-1, The effective depths so obtained in frame F-2 at the
critical sections 4, B, C, D and E were 4.1, 1.8, 2.575, 4,1 and
4.1 in. respectively. The cable profiles in between the critical
sections were straight in both the frames and can be seen in

Figure 7.5.

Both frames F-1 and F-2 failed as a beam and sway
mechanism by the crushing of the concrete at A, C, D and E
(see Figures 7.14 and 7.15 and Plates 7.6 and 7.7); the ultimate
loads carried were 3,160 and 3,180 1lb respectively, which were
nearly equal to the corresponding plastic loads. The similarity
of the ultimate load can be attributed to over-redistribution which

had an ultimate load very near to the plastic load. This, for
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frame F-2 can be clearly seen in Figure 7.15., At ultimate load the
moment at the critical section C was well past the maximum moment
and those at the other critical sections were slightly under or equal

to their maximum moments.

The loads at which the first cracking at the various
critical sections was seen differed slightly in the two frames, but
the order of formation of hinges was practically the same. The first
hinges in frame F-1 were formed at 4, D, and E at a load of 3,080 1b
and additional hinges at D1 and C, whereas the first hinges in
frame F-2 were formed at D, and E at a load of 3,060 1b and
additional hinges at A and C. This similarity of behaviour was
the result of linear transformation which although changes the
characteristics of the critical sections also sets up secondary

prestress stress-resultant distribution accordingly.

The load-deflection curves for frames F-1 and 2 are
given in Figures 7.21 and 7.22, and the curvature and concrete
compressive strain (extreme fibre) distributions along the frames

at under near meximum loads in Figures 7.36, 7.37, 7.41 and 7.42.

The crushing of the concrete at node D was observed in

both the frames in both the transome and the column.

Compared with the ultimate loads carried by frames F-4
and 5, the ultimate loads carried by frames F-1 and 2 are only 80%.
This shows that by designing the frame according to the theory set up
in Section 6.3, or according to the Russian code of practice an additional

output of 25% can be obtained from the same concrete and prestresse

6.7 EFFECT OF TIME ON REDUNDANT REACTIONS DUE
TO PRESTRESS IN FRAME F-5

The secondary prestress stress-resultant distribution
in frame F-5 was set up as a result of partially stressing it in a

statically determinate state with mechanical hinges placed eccentrically,
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and partially in a statically indeterminate state. The reactions
set up in the statically determinate state are reduced in time

due to linear creep. With a view to study the variation in such
reactions with time, frame F-5 was left untested for two months
after final stressing and the reactions were measured regularly

at each foot of the frame. The horizontal and vertical thrusts
and moment measured at the right foot are plotted versus time in
Figure 7.4, which shows that with time the vertical and horizontal
thrusts tended to reduce, whereas the moment started increasing.
Such studies, to the author's knowledge, have not been made in the
past, except for two-span beams, where there was only one
redundant reaction, and it cannot be said whether it was an
experimental scatter or an actual phenomenon requiring investigation.
In the present case above variations were quite consistent over the
whole period except for the first 7 days, which may be the result
of losses due to relaxation, shrinkage of grout, etc., and it was
assumed that the reactions recorded on the test day were actually

available,

6.8 CONCLUSIONS

(1) Linear transformation can result in an ultimate load
which is much less than the ultimate load carried by the parent
structure with a concordant cable profile, The actual s@lution
can only be obtained by considering both the 'equilibrium! and

the 'compatibility' criteria,

(2) The author's tests on two-span beams and fixed portal
frames show that a statically indeterminate prestressed concrete
structure, in general, carries ultimate load with over-redistribution

and rarely with full-redistribution, unless specially aimed at.
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(3 The secondary prestress moments play an important
role in the behaviour of a statically indeterminate prestressed
concrete structure; and if set up as suggested in Section 6.3,
they can create conditions so that the structure carries the
ultimate load by simultaneously developing the maximum moment
of resistance at each of the critical sections which form the
collapse mechanism, and at the same time maximum output from

each critical section is ensured.

(&) The deformations of such a structure at collapse
are less compared to those of the corresponding structures which

carry the ultimate load with over-redistribution.

(5) The conventional method of design of statically
indeterminate prestressed concrete structures based on the
working load stress-resultant distribution with a concordant
or a linearly transformed cable profile is not, in general,

economical,
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COAPTER 7

AUTHOR'S TESTS ON PRESTRESSED CONCRETE TWO-SPAN BEAMS
AND FIXED PORTAL FRAMES UNDER MONOTONICALLY INCREASING LOAD

7+1 OBJECT AND SCOPE

The overall objective of this investigation was to study
the effect of secondary prestress, and to compare the ultimate load
behaviour of statically indeterminate prestressed concrete structures
designed according to the theory presented in Chapter 6 with those
designed in the conventional manner, or according to the Russian

practice,

An ideal test-programme for such an investigation would
have consisted in testing to destruction a large number of different:-
types of structuresfor various.loading conditions and designed
according to different methods, but this would be beyond the scope
of any one thesis. The test-programme was therefore restricted
according to the available time, and the facilities available in
the laboratory, but at the same time it was ensured that it covered
a representative range of statically indeterminate structures. From
the point of view of mode of collapse, indeterminate skeletal

structures can be classified as:

(1) Continuous Beams and
(2) Frames.

The collapse mechanism of a continuous beam is a sPeciél
case in that collapse occurs, in general, with the formation of three
hinges in any one span. The partial mechanism thus formed can only be
combined with other partial mechanisms in other spans  The failure
mechanism for frames, on the other hand, can either be complete or

partial, but, in any case, is a combination of the basic mechanisms,.



158
The test-programme was therefore designed to consist of (1) Series A -
Continuous Beams and (2) Series B - Frames. The structures included

in each series were designed according to the

(1) conventional method with concordant or linearly
transformed cable profile;
(ii) theory presented in Chapter 6; and

(iii) Russian practice.

Because of the limited period of availability of the
test rig, the Russian method could not be applied to test~series A,

For Series £, it was thought advisable to extend the test~
series recently carried out in the Department by Raina(37). This
test-programme consisted of two-span beams loaded at the centre of
each span; the beams had either concordant or linearly transformed
cable profiles designed in the conventional manner, This had the
advantage that, without duplicating the work, a comparison was made
between the behaviour of beams designed by the different methods.
To cover more severe conditions, in one of the beams load was
applied in one span only, The loading arrangements are shown in

Figures 7.1 and 7.2,

The simplest frame structure which may fail by the
combination df basic mechanisms with the total number of hinges
greater than three is a portal frame with fixed ends. Therefore
test-series B consisted of fixed portal frames loaded proportionally
as shown in Figure 7.3. All reported experiments on the prestressed
concrete continuous structures vwlere detailed stress~resultant-deformation
studies have been made, to author's knowledge, consist of two and three-
span beams only, and therefore, in addition to fulfilling the above
objective, the proposed tests were also intended to throw some light
on the ultimate load behaviour of such structures, about which little

experimental evidence is, at present, available,

The most common method of setting up a secondary prestress

stress-resultant distribution is through linear transformation of & con-
cordant
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cable profile. This method has the disadvantage that the effective
depths of the critical sections are also changed. Thus two effects
have to be studied simultaneously, a fact which may lead to error.

(59)

Such studies in the past have led to conclusions which are not
confirmed by the present investigation. In order to study the effect
of secondary prestress, it was considered necessary to maintain the
geometric properties of the critical sections constant whilst the
secondary prestress stress~resultant distribution is set up. Tests
on frames F-3 to 5 (labelling of the test frames has been described
in Section 7.3) provided sufficient data for such a study and no
additional tests on this account were included in test-series B.

In test-series A, such studies were made for two cases, namely

(1) beams designed on the basis of stress-resultant distribution

at working load; and

(ii) beams designed by aiming maximum output at ultimate load
from all the critical sections forming the apparent

collapse mechanism.

The effective depths at the critical sections in case (i)
were fixed on the basis of working load design outlined in Section 2.5,
whereas in case (ii) each critical section forming the apparent
collapse mechanism had the maximum effective depth that could be
conveniently accommodated. In either case the cable profile in
between the critical sections was so varied that secondary

prestress moments as given in Table 7,2 were set up.

7.2 GENERAL DESCRIPIT'ION OF BEAMS

Reference will be made to five continuous beams tested by

(37)

Raina and four tested by the author. Raina labelled his beams as
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CB-1 to,5 and they will be referred to here also by the same
labelling. The author's beams have been labelled B-1 to L,

All beams had a constant rectangular section, 6 x 4 in.
overall and, except B-4 where the load was applied at the centre
of one span only, were loaded at the centre of each span. FEach
beam measured 19 ft 6 in. overall and consisted of two 9 ft spans,

and 9 in. overhang at either end support.

Bach beam was provided with the same shear reinforcement
as used by Raina, so as not to make it a variable parameter; it
consisted of two rows of % in. diameter mild steel bent into a
sinusoidal wave form with peaks at every 10 in. centres, thereby
giving 2 legs every 5 in., This arrangement had the advantage that
it avoided the lateral confining effect of usual stirrups. To avoid
any failure in anchorage zones, 6 in. length at elther end of each
beam was reinforced with nominal grills made from the steel used

for shear reinforcement.

6 in. cube strengths of concrete used in beams CB-1 to 5
were 8,000, 7,760, 7,860, 7,730 and 7,910 lb/in = respectively and
those for beams B-1 to 4 are given in Table 7.1, along with the

strengths of other control specimens.

Each beam was post-tensioned with three 0.276 in. diameter
wires in circular duct-tubing such that a total effective prestress
of about 18,390 1lb was available on the day of test. Beams CB-1 to 5
were designed in the conventional manner, that is the cable profile
was based on the stress-resultant distribution at working load. CB-1
had a concordant cable profile and CB-2 to 5 had linearly transformed
profiles obtained from the cable profile of CB-1, the cable profile in
each beam between the critical sections was straight. Beam CB-1 had an
effective depth of 4,46 in. at the support section and 4.20 in. at
the mid span sections. The corresponding depths for beams CB-2 to 5
were 5,00 and 3.93, 5.50 and 3.68, 3.00 and 4.9%, and 1.86 and 5.50 in.

respectively.
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The effective depths at the critical sections of beam
B-1 were fixed as those of CB-1, that is 4.46 in. at support
section and 4.20 in. at the mid span sections, but the cable
profile was varied such that requisite secondary prestress stress-
resultant distribution was set up. In beams B-2 to 4 the effective
depth at each critical section was kept same equal to 4.3 in. and
the cable profile in between the critical sections varied to obtain
the requisite secondary prestress stress-resultant distribution.
In beam B-4, within the bounds of the structure, it was not possible
to set up the requisite secondary prestress stress-resultants by
the variation of cable profile, and the difference was set up by the
adjustment of the support levels at the time of placing the beam in
the test-rig. The cable profiles employed in beams B~1 to 4 are shown
in Figure 7.4; Details of the effective depths at the ecritical
sections, together with the secondary prestress moments set up, are

summarised in Table 7.2.

7«3 GENERAL DESCRIPTION OF PORTAL FRAMES

Five portal frames labelled ¥F-1 to 5 were cast and tested.
The frames were made up of five precast elements, the transome, two
columns and two base feet. All members were of rectangular section,
the transome and columns 6 x 3} in. overall, the base feet 15% x 6 in.
overall with a 3 in. deep tapered slot at the centre of the bottom face
in full width. This slot was proyHled to accommodate the prestress
bearing plate and anchors, and thus keep them clear of the top plate
of the reaction-transducer; it had a width of 67 in., at the inside
face and 62 in. at the transducer face. Each base foot had a length
of 3 ft 2 in. and was reinforced longitudinally with 4 No. % in.
diameter mild steel bars at both top and bottom and was reinforced
transverselyY with common two-legged stirrups made from 7 in. diameter
cold worked steel at 2% in. centres. To avoid any anchorage failure,

reinforcement designed according to C.and C.A. Report No. 9(60) and
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13(61)

was provided in the central 6 in. width. General view of

the reinforcement érranged for frame -1 is shown in Plate 7.1.

The precast elements were made continuous by post-
tensioning with joints formed of % in. dry mortar packing. The
height from the top of the base feet to the centre line of the
transome was 4 ft 6 in., the span between the column centre lines
was 9 ft.

Shear reinforcement was calculated according to

(62)

MacGregor for frame F-4, waich was expected to carry the maximum
load, and provided in all frames so as not to make it a variable
parameter and avoid any shear failure. It consisted of a single

row of 7 in. diameter mild steel bent into a rectangular wave form
with peaks at every 8 in. centres, that is one leg every 4 in. This
arrangement had an additional advantage over the sinusoidal wave form
that all legs were vertical and did not contribute anything towards

resisting longitudinal bending moment,

The end six inches of all transomes were reinforced with
nominal grills made from 3/16 in. diameter mild steel to avoid any
anchorage failure. In frames F-1, 2 and 4 no reinforcement other
than the above was provided, but in frames F~3 and 5, which were
intended to be stressed with mechanical hinges at the column
junctions with the base feet and at the right hand end of the
transome, the end six inches of the columns adjacent to these
points were also provided with nominal 2/16 in. diameter mild
steel grills to avoid any accidental cracking during the first
phase of stressing. This could result in certain confining effect
on concrete but was ignored, since we were more interested in the
lengths immediately adjacent to the junctions, where it was only

dry mortar packing.

All frames were loaded by a vertical load at the mid point

of transome, and a horizontal load acting from left to right at the
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level of the centroidal axis of the transome. The design ratio

of the horizontal load to vertical load was 1.5 throughout. Frames
F-1 and 2 were designed in the conventional manner with cable
profiles based on the working load stress-resultant distribution.
F~1 had a concordant cable profile and F-2 a linearly transformed
one obtained from F-1, ELEffective depths at the critical sections
are given in Table 7.3. The cable profile in between the critical
sections was straight. Frame F-3 was originally intended to be
stressed according to the Russian practice. However, it was
subsequently decided to use the last frame in the test series

for the Russian method so that a study could be made of the effect
of creep on the secondary prestress stress-resultant distribution
set up as a result of partially stressing it in a statically
determinate state. Frame F-3 was then treated as a test specimen
with an arbitrary non-concordant cable profile. It had the same
effective depth, 4.1 in., at all the critical sections forming the
apparent collapse mechanism as that in frames F-4 and 5, but,
unlike F-4 and 5 which had stiff transomes, it had a flexible
‘transome, by virtue of cable positioning. The test on such a
frame was considered to provide suitable data for studying the
problem of redistribution. The secondary prestress stress-resultant
distribution in F-3 was kept appreciably different from those in
F-4 and 5 by stressing the transome separately on the ground. In
frames F=U4 and 5 the effective depth. at each critical section of
the apparent collapse mechanism was kept the same, that is L1 in.
so that maximum output could be obtained at ultimate load. The
cable profile in between the critical sections was varied as shown
in Figure 7.5 to obtain the requisite secondary prestress stress-

resultant distribution,

K11 frames were stressed with a nett total prestress of
18,000 1b such that after losses an effective prestress of about
17,000 1b was available on the day of test. Frames F-1,2 and L
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were fully stressed in a single stage after dry mortar packing the
junctions between the precast elements. The transome of F-3 was
stressed and grouted on the ground and frame erected. The Jjunctions
of the precast elements were then dry mortar packed and the columns
stressed in a single stage. Frame F-5 was stressed in three stages.
Its transome was first stressed and grouted on the ground and the
whole frame erected with mechanical hinges firmly glued at places
shown in Figure 7.6. The junction between the column and the left
hand end of the transome was then dry mortar packed and each column
stressed in a statically determinate state with a nett prestress of
9,000 1b. The junctions of the precast elements where mechanical
hinges were inserted were then packed with dry mortar, and the
columns further stressed in the statically indefterminate state to

a nett total prestress of 18,000 1lb,

A summary of the secondary prestress moments set up at the
critical sections. forming the apparent collapse mechanism is given

in Table 7.3, together with the effective depths,

The section 6 x 3% in. for members was chosen such that it
was a fairly reasonable representation of the practice in industry
for such structures, and had an average compressive stress of about
800 1b/in 2 que to prestress.

7.4 MATERIALS AND THEIR PROPERTIES

Rapid hardening cement (ferrocrete) was used for casting
of all beams, and frames F-4 and 5, and in dry mortar packing.
Frames F-1 to 3 were cast with ordinary Portland cement. Cement

Fondu was used for grout.

Thames valley river aggregates were used throughout. The
maximum aggregate size was % in, except for beam B-1 where it was
% in., as used by Raina. The aggregate was obtained by mixing 55

parts by weight of 3 in. down to 5/16 in.with 45 parts by weight
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of 3/16 in. down to No. 100, The latter was obtained by mixing
three parts by weight of 5/’16 in. down to No. 25 with one part by
weight of No. 25 down to No. 100, and it also constituted sand

used for dry mortar packing.

The concrete was designed to have a 56 day 6 in. cube
strength of 9,000 l‘b/in2 and 6 in. diameter by 12 in. cylinder
strength of 6,000 lb/in?. The aggregate cement ratio was 4,0 and
the effective water cement ratio 0.515. The dry mortar packing
had a sand cement ratio of 2.0 and water cement ratio of 0.36. The
grout had a water cement ratio of 0.375 for the frame members and 0,40

for the beams, and in both cases a commercial expanding agent was used.

Each beam  and control specimens were cast with two batches,
and each frame and control specimens with three batches of councrete.
The control specimens were 3 No. 6 in. cubes, 3 No. 6 in. diameter
by 12 in. cylinders and 3No. & x 4 x 20 in. prisms. The results of
all the control specimens tested one day after the major test are
given in Table 7.1, The beans were cast in two layers; the first
batch was used for the lower layer and 1 No. cube, 2 No. cylinders
and 1 No. prism and the second batch for casting the upper layer and
remaining control specimens., In the case of the frames the first
batch was used for one of the base feet and 1 No. cube and 1 No.
prism. The second batch was used for casting the transome, columns,
and 2 No. cubes, 2 No. cylinders and 2 No., prisms. The third batch
was used for casting the other base foot and the remaining control

specimens,

The 0,276 in. diameter high tensile steel wire used was
mamifactured by Richard Johnson and Nephew Ltd. It was tested in
the laboratory; the load-extension curve obtained was identical to
that provided by the manufacturer. The material characteristics

and the load-strain curve are given in Figure 7.7.

Corrugated C.C.L, duct-tubing was used in the beans, which
had practically no strength; but for the frames the only commercially

available 4 in, outer-diameter duct tubing was the seamless cold-drawn
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tube. This had much greater strength (ultimate 1.64 tons) than was
desired. It was accepted on grounds of delivery, cost and the fact
that it was discontinuous at the column junctions, and at the other
critical sections located in the transome, it would be made
discontinuous by sawing it through and connecting the two ends by

means of rubber tubing, as seen in Plate 7ele

The % in. diameter steel used as longitudinal reinforcement
in base feet, and % in. diameter steel used for shear reinforcement in
al:l members other than base feet was all mild steel with yield stresses
of 48,700 and 66,200 lb/in2 respectively. The % in. diameter cold~
worked steel used for shear reinforcement in base feet had a 0.2% of
proof stress of 56,000 1b/in2.

7.5 MANUFACTURE AND CURING

A1l members were cast in rectangular steel moulds
consisting of 3/16 in. thick channel sections for bottom shutter,
The beams were cast on a 4 in. face, as done by Raina., This, s
although somewhat unsatisfactory as explained later, was accepted

since these beams were also intended for a comparative study with
Rainatls beams. 411 frame members were cast on their side, that is

on the 6 in., face for the reason that, unlike simply supported beaums,
the same member had different compression or tension faces at adjacent
critical sections. For example, the compression face at the mid span
of the transome becomes the tension face at the ends. If such menbers
were cast on the bottom 3% in. face, then conditions obtainable in the
compression faces of two adjacent critical sections would have differed,
since the compression face which had formed the bottom part during
casting was well conpacted, whereas the compression face which formed
the top part during casting was rather less compacted. Steel moulds
with 6 in. width and 33 in. depth were not available in stock, and
one was obtained by packing the lower 3} in. depth of the 7 x 6 in.
mould with timber treated with three coats of plastic paint. It was
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important that timber formed a flat bottom with depth of the mould
above the top of the timber as 3% in. To achieve this for subsequent

castings, the timber had to be replaned, reset and repainted every time.

The cable profiles changed directions frequently and sharply
in the test specimens. It was of the utmost importance that all duct-
tubing was accurately positioned. To this end, special types of duct~
holders as shown in Plate 7.2 were devised. Type A and B were used for
the beams; type A where the duct-tubing was required to be supported
from dropping down and type B where the duct-tubing had a tendency to
lift, Type C and D were devised for the fromes; type C for the

transome and type D for the columns.

The positioning of the duct-tubing in the beams was carried
out as follows. The base shutter was placed level with an approximate
height of 8 in. clear of the ground. Wherever thec profile changed
direction, holes were drilled in the base plate to reccive duct-holders.
Type A duct-holders were then held at the requisite heights, and loosely
locked by means of two nuts, one at the top and another at the bottom of
the shutter., Three lengths of C.C.L. duct-tubing (which was § in. diameter
for beams B-1 and 2 and % in. diameter for B-3 and 4) through which
prestressing wires had previously been passed, were laid on the holders
already fixed, and held by means of thin binding wire. Type B duct-
holders passing over the duct-tubing were then fixed at the requisite
heights, and locked like type i. The heights of all duct~holders were
again checked, and adjustment, if any, made before finally locking them
firmly. The shear reinforcement, which was bent previously, was laid
and held by tying it with the duct~holders., The steel cages for the
end blocks were then slipped from the ends, and side shutters erected
and bolted. The end plates, which were previously drilled accurately,

were also likewise slipped from the ends, and bolted.

For the frames, the positioning of the columm duct-tubing
which was in the transome end blocks and base feet posed a further

practical problem. It was of the maximum importance that all such
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duct~tubing was very accurately positioned so that the correct
mating and alignment took place on assembly. To this end, special
type of mild steel buttons which had a depth of 3 in. and diameter
equal to the internal diameter of the duct-tubing were made.
Wherever the column duct-tubing passed through the transome or

the base feet, these buttons were screwed down to the inner faces
of the side shutters through holes previously drilled in an accurate
manner. Exact lengths of such duct-tubing were sawn and slipped on
to the buttons while erecting the side shutters. This arrangement
worked very satisfactorily, and it was possible to assemble frames
to an accuracy of i% in., as ascertained by measuring the lengths

of two diagonals.

The duct-tubing was held to the required profile by means
of the duct~holders placed wherever the profile changed direction.
In the transome at the mid span and the end critical sections the
discontinuity, similar to that cbtainable at the column junctions,
was affected by laying the duct-tubing in four pieces connected by
rubber tubing; two central pieces of about 54 in. and two end pieces
of 6 in. were used, To hold these pieces in correct alignment
additional duct-holders were necessary, which were placed sufficiently
away from the critical sections. The duct-tubing was somewhat stiff
to be aligned to the correct profile through tensioning of the duct-
holders, especially where it had sharp curvatures. In such cases, it
was roughly bent to the required profile on the ground, and the final
alignment obtained by applying tension through the duct-holders. 1In
frames F-1 to 3 the column duct was straight, and no duct~holder was
used. Mild steel rods 3 in. diameter and threaded at both ends were
passed through the duct-tubing and tensioned against the shuttering.
These rods had a two-fold purpose; to keep the tube positioned in
the end plates and to stiffen and position the tube along the length.

The process of erecting shutters for the frame members was

similar to that described for the beams, The important difference was
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in the manner of holding the duct-holders. Unlike the beam duct-
holders, they were held through the side shutters. Two lengths of
duct~-tubing, through which the prestressing wires had previously
been inserted, were passed through the duct-holders positioned close
to their intended locations. The duct-holders were then held to one
of the side shutters clamped to the bass shutter. The other side
shutter was slowly brought near, care being taken that the studs of
the duct-holders passed through their respective holes and the
column duct-tubing, if any, slipped over its respective button.

A general view of the formwork for frame F-1 ready for casting is

given in Plate 7.1.

The concrete was mixed in a five cubic feet horizontal
drum type mixer, 'Allam' external vibrators were used for the beams,
and '"Tremix' internal poker vibrators for the frame members. The
control specimens were cast at the same time. The cylinders were
cast with about 3/16 in. depth unconcreted for capping, which was
done next day with plycolay. The specimens were covered with wet
hessian and plastic sheeting for about 48 hours after which the side
shutters were removed and wet hessian and plastic sheeting replaced.,
After a total of seven days the members were removed from the shutters
and left to air dry. Because of long lengths, the beams were removed
from the base shutter after applying a nominal prestress, and lifting

them at four points by a special carrier beam.

Owing to the complex nature of the project, it was not possible
to test the specimens at the same age. The beamsy and frames F-4 and 5,
which were tested comparatively at an early age, were cast in rapid
hardening cement such that all specimens had approximately the same

strength on the test day.

To check the effectiveness of the duct-holders, certain
sections of both beams and frames were at random chosen and sawn after
tests. Maximum variation in the effective depths from the intended
values was less than 2%. This was considered very satisfactory and

further verification of the effective depths was not considered necessary.
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7.6 PRESTRESSING

Prestressing of the frames was carried out in the test
rig and the redundant reactions set up due to prestress were
measured. The beams were tested in the rig belonging to the
Engineering Structures Section of the Department. The rig was
available for a short period, just sufficient for testing only.
The prestressing and grouting of the beams was therefore carried
out before hand outside the rig. In beams B-1, 2 and 4 large
secondary prestress moments creating tensile stresses greater
than the permissible values were set up. These beams required
special care during stressing and transportation. The beam with
nominal prestress was placed on three temporary supports in
practically the same manner as that designed for the test, and
stressing carried out. As prestressing continued, precaleculated
dead weights were gradually applied at about 6 in. off the centres
of the spans so that at no stage excessive stresses were created.
The beam was grouted next day in the same position. It was unwieldy
to transport the beam along with the dead weights. While transporting,
the dead weights were replaced by small screw jacks at the centres of
the spans. These jacks were previously calibrated in the standard
Amsler compression machine and tensioned against the carrier beam,
so that they applied the required load on the specimen. The beam
was transferred and aligned in the test rig with the screw jacks
and carrier beam in position. The screw jacks were removed only
after applying the equivalent dead weights at 6 in. off the centres
of the spans., These dead weights were allowed to remain until the
load applied during the test was sufficient to keep the stresses due

to prestress within the permissible limits.

The prestress was measured throughout by using a previously
calibrated force transducer between the stressing jack and its quick-
release grip. The prestressing wires had sharp curvatures, and it

was desired to verify the prestress applied at the critical sections.
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To this end, PL30 electrical strain gauges manufactured by

Messrs. Tokyo Sokki Kenkyujo Co., Limited were fixed to the
prestressing wires of beams B-1 and 2. In each beam three wires
in a single horizontal layer were used. It was preferred to fix
gauges to end two wires. Two gauges at 4 in. on either side of
each critical section, that is in all six gauges for each wire were
used. The gouges were waterproofed and mechanically protected by
using Fleming compound. No special exits were provided for the
leads; they were taken out through the duct-tubing and a groove

in the concrete face of the bearing plate, and connected to an
amphinole plug fixed to the bearing plate, The gauges were
primarily used for measurement of strain at the time of stressing,
but it was also hoped to obtain a strain history during loading.
Readings were taken by means of a Peekel strain box connected
through a multi-switch junction box. Some of the gauges were
damaged at the time of stressing; the record obtained from the
remaining ones was also inconclusive., Recourse was therefore
taken to verify friction losses in some other way. It was done

by applying the requisite prestress at one end and measuring the
available prestress at the other end by means of another jack and
force transducer. After applying the requisite prestress at one end,
the other end of the wire was pulled by using a special restressing
stool designed to fit the wire layout. As soom as the anchor started
pulling away from the bearing plate, which was verified by using a
0.0015 in. feeler gauge, the force in the force transducer at this
end was measuved. The difference accounted for the losses due to
friction and elastic shortening, and compared favourably with the
theoretically calculated figure based on the coefficients given in
B.S5. Code No. 115(63). As a further check extension was also
measured, which tallied within reasonable limits with the calculzted
one. In all subsequent work losses were calculated theoretically,

and prestress applied accordingly.
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A number of reasons are possible for the inconsistent
behaviour of the electric strain gauges fixed to the prestressing
wires; the technique of fixing gauges; the high values of strain;
etc. The Fleming compound or any other similar compound used to
protect the gauge makes a firm contact with the gauge and leaves an
undulating surface at the outside. Such a surface, if it comes in
contact with the surface of the duct-tubing during stressing, will
exert considerable friction. This, on account of contact between
the gauge and the protective glue, will be transmitted to the gauge
and upset the strain readings. Because of the sharp curvatures,
the chances of the gauge not coming in contact with the duct-tubing
were little in the present case, and the above inconsistency can be
explained as above. However, before any conclusive evidence is
established, some research with improved technique for fixing such
gauges will be necessary. One of the ways to improve the technique
could be to protect the gauge without subggiging it to frictional-

force. It is hoped that Price's findings which are aimed at
developing such a technigue in the Department will be useful for

future,

411 members except the columns were stressed from both
ends. The beams were stressed by first stressing the central
wire approximately to its required prestress and anchored off.
The other two wires were then similarly stressed and anchored
off one by one. The wires were then restressed to the exagt
value by using the restressing stool and shims of various sizes
down to 0.002 in. For the frames the transome wires did not
pose any practical difficulty since the two wires were along the
minor axis and the wire nearer to the centre of the member was
stressed first, The column wires were symmetrical about the
minor axis but asymmetrical about the major axis. The stressing
of any one wire at a time would have resulted in an asymmetrical
prestress causing excessive tensile stresses across the minor axis,

especially at the dry mortar joints. This could have been avoided
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by stressing both the wires simultaneously by using two jacks.

To stress both the columns simultaneously, four Jjacks were necessary;
but only two jacks were available. The stressing of the frame was
therefore done in stages. First, about one-quarter of the final
prestress was applied simultaneously to the two diametrically
opposite wires in the two columns and anchored off. The remaining
two wires in the columns were then similarly stressed and anchored
off. The transome was then similarly stressed with about one-
quarter of its final prestress. The procedure was repeated with

half and full prestress by using restressing stool and shims.

Attempts to measure the loss of prestress due to creep
and relaxation were inconclusive, and in all work it was assumed

that the intended prestress was available on the test day.

7.7 GROUTING

Grouting was carried out by means of a high pressure
hand pump through the grout-holes especially provided in the
bearing plates. Grouting was done on the day following the
final stressing; the time from grouting to testing varied,

but in no case was it less than 7 days.

7.8 ERECTION OF FRAMIES

The precast frame members were assembled in the test rig.

It was of the maximum importance that the reaction~transducers,
jacks and the frame all lay in the same plane. The plane of the
test rig was established by means of two plumb bobs suspended at
about 5 ft 6 in. on either side of the centre line of the rig.
Bach plumb bob was suspended through a fine hole drilled in the
centre of a small bolt which was screwed into the bottom of the
rig~transome along its longitudinal axis. These bolts served as

permanent marks for all subsequent alignment. The plumb lines
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when transferred to the floor, established the line for the
reaction-transducers. Further success of erecting the frames
correctly depended upon how accurately the two reaction-

transducers were aligned transversely, since all subsequent
erection was carried out with reference to them. To this effect,
transverse lines at & ft 6 in. on either side of the centre line

and at right angles to the above line were marked. These established
the lines along which the longitudinal and transverse axes of the
reaction-transducers were aligned and levelled on three levelling
screws especlally provided for this purpose in their base plates.
When the top plates of the two transducers were set to the same
level, which was verified by means of a Dumpy level reading up

to 0,001 in., the levelling screws were locked and the whole
transducer raised on four bolts screwed through holes provided

at the corners of the base plate., This enabled plaster of paris,
which was laid on polythene sheeting in a thick layer, to be
slipped under the base plate. The four bolts were then removed,

and the whole transducer was allowed to rest on its levelling screws,
The levels were again verified, and the plaster of paris allowed to
harden for 48 hours. The transducers were then firmly bolted to the
floor by means of box and I-sections. This arrangement was left

untouched for all frames,

The base feet were seated on the top of the respective
reaction-transducer and aligned both longitudinally and transversely.
The tops of the base feet were then levelled both longitudinally and
transversely by means of shimming plates used underneath. The levels
were checked by means of a Dumpy level and difference; if any, made
good by using shims of various sizes down to ,005 in. Each foot was
then tightly held down to the top plate of the transducer by means
of 4 No. § in. diameter bolts and 2 No. # in. thick plates; see
Drawing 7.1. The columns supported on the wedges were then erected

vertically with their axes in line with the axes of the base feet
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and held down temporarily at about three-quarters height by

means of four brackets operated from two angles fixed to the

rig. The levels of the column tops were checked and difference,

if any, made good through wedges provided at their feet. The
transome nominally prestressed previously was then raised on the
Sherper hydraulic 1ift and placed on the top of the columns with

+ x % X 41 in. long metal pieces in between to allow for dry mortar
packing. The column wires were then threaded from the top. The
transcome was then supported on two screw jacks resting on the angle
irons fixed to the rig, and destressed. To cover the wires in
between the spaces for the dry mortar packing the column duct—
tulying was cast 3 in. projecting and on to these 7%16 in. long

metal rings were fed before erecting the columns., In frames F-4
and 5, where the cable profile had sharp curvatures, the wires in
the column duct-tubing were inserted before casting and the columns
erected with the wires inside. The transome in such caseé was placed
on the column tops by supporting it on the overhead crane as near to
the rig as possible and bending the projecting wires such that the

transome slid over them, when lowered slowly.

The frame was ready for dry mortar packing. The joint was
dry mortar packed firmly in part length with wedges in position,
using temporary wooden shutters. When this was slightly set, the
wedges were taken out and whole joint dry mortar packed firmly.

The curing of the dry mortar packing was carried out.for 72 hours
by covering it with wet hessian and plastic sheeting. The time of
prestressing varied, but in no case it was carried out before

72 hours from the placing of dry mortar packing.

The height, length and diagonal dimensions of all frames
were recorded. The maximum difference in the lengths of the two

. 4.
diagonals never exceeded =4 in.
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In frame F-5 three mechanical hinges, one at each of
the column feet and one at the top of the right hand column,
were used, see Figure 7.6. The mechanical hinge used is shown
in Plate 7.2. The bottom plates of the hinges were fixed to the
base feet at the required eccentricities with certite, and left
for a few hours to set. The top hinge-plates were then plzced,
and the columns erected, as explained above, with wedges in
position, The space, if any, between the top hinge-plate and
the bottom face of the column was packed with fibre glass and

certite, The top hinge was also fixed in a similar manner.,

7.9 RIG AND LOADING DEVICE FOR BEAM TESTS

A general view of the test rig is given in Plate 7.3.
1t was an internal reaction frame. The bottom girder formed the
base for the beam supports. The end beam supports had roller
bearings, and the central one a rocker bearing such that a
symmetrical freedom in the longitudinal movement was possible.
Under each bearing, a bearing type force transducer was used to
measure the reaction, To avoid any eccentric transfer of load to
the transducers, a spherical seating was used at the top of each
end transducer; the central transducer, for stability reasons,
had the rocker plate tightly fitted. The transducers were
positioned at 9 ft centres along the longitudinal axis of the
bottom girder and rollers adjusted such that they were immediately
above the transducers. This ensured that each span of the beam
was 9 ft and loads were transferred centrally to the transducers,
All the three supports were then set at the same level by machining
the plates resting on the spherical seatings to the exact required

thicknesses.,

Two jacks were used, which were fixed to the bottom flange
of the rig girder. Each jack had an arrangement to move lengthwise

and sideways. This enabled the jacks to be moved clear of the beam
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while placing it in the rig with the carrier beam on. Each jack
was a standard 20 ton Amsler jack coupled to a standard Amsler oil
cabinet, which was worked on half range. For beam B-1 both the
jacks had a common oil supply, but subsequently each jack was
connected to a separate cabinet. For beam B-4, where load was
applied in one span only, the second jack was used to hold the

outer end of the other span from lifting.

7.10 PLACING OF BEAM IN TEST RIG

The jacks were moved clear of the beam, and the beam
together with the carrier beam and screw Jacks was placed in the
rig. Owing to the long length of the beam, some casting errors
were involved and it was not always possible to position it correctly.
The criterion used was that the beam centre line should coincide with
the centre lines of rollers and rocker to ¥1/164in. The jacks were
again moved and fixed such that they were in the plane of the beam,
and the loads were applied at the requisite points. No spherical
seating was necessary, since Amsler jacks incorporate ball seatings
at either end of the ram. To avoid concentration of stress,
2 x b x % in. thick mild steel plates with a layer of felt paper
at the concrete face were provided under each jack and at the top

of each support.

The dead weights were then added, and the carrier beam and
screw jacks taken off. At this stage it was important that stress-
resultants caused by the self weight of the beam, the applied dead
weights, and the secondary prestress were set up in the beam. This
was effected by packing steel shims down to 003 in. under the
supports. The secondary prestress moments set up at the critical

sections are given in Table 7.2,

7.11 RIG AND LOADING DEVICE FOR FRAME TESTS

The test floor of the laboratory is designed to form the
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lower member of an internal reaction frame. Steel uprights are
bolted to the floor and the test rig is completed by the fixing
of a steel transome. The holding down bolts in the floor are

on a 3 ft square grid,

Four uprights were placed at 3, 15 and 3 ft centres.
These were connected at their top by an 8 x 17 in. deep steel box
girder. The twin supports, that is those at 3 ft centres, were
braced at a height of approximately 3 ft 6 in. by a box girder
of similar dimensions as those of above; see Drawing 7.1 and
Plate 7.k,

The loading system was designed to apply constant vertical
load at the mid point of the transome, and constant horizontal load
acting from left to right at the level of the centroidal axis of
the transome. There were separate oil circuits for each load and
consisted of standard Amsler oil cabinets. Provision was made to
accommodate a 3 in. side movement and 23 in. vertical movement of
the concrete frame. In addition to the above jacks, there was a
horizontal follower unit for the vertical jack. It consisted of a
sealed unit of a pair of horizontal jacks with one jack (termed A)
placed towards the right at the level of the centroidal axis of the
transome, and another jack (termed B) at the level of the horizontal

sliding plate of the vertical jack.

The design ratio of the horizontal load to vertical load
was 1.5, and it was important that at all stages, including the
ultimate load, the two loads were applied in the same ratio. By
using Amsler jacks coupled to Amsler oil cabinets, this could have
been easily achieved, including the last few load stages before
collapse when the readings were proposed to be taken on the automatic
scan of the data logger (Solartron), and it was not possible to check
the ratio through readings on the appropriate force transducers. But,
because of their sizes, they were abandoned in favour of lap jacks

designed by the Engineering Structures Section of the Department.
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These are compact, and have very little friction; when coupled
with separate Amsler oil cabinets, they formed a satisfactory
loading system. It was possible throughout to stick to the above
ratio within 12%. The vertical jack was mounted on a sliding
plate. This was the same arrangement as used by ll*jdwazc'ds(zl+> and
could accommodate 4 in. of movement about its mean position. The
follower unit was also the same as was used by Edwards(34> and had a

20.bon Blackhawk jackH at either end.

Each horizontal jack at the transome level had a dead
weight and pulley arrangement for being lifted up at the time of

stressing the concrete transome.

Before the frame was loaded, the jack A was brought into
contact with the concrete frame by means of an extension unit, and
the jack B brought into contact with the sliding base of the
vertical jack by means of a similar extension piece. When the
load was applied, the frame was deflected sideways and oil was
displaced from jack A to jack B. The vertical jack thus moved
through the same horizontal distance as the concrete frame. The
frames were primarily intended to be tested under the monotonically
increasing load and only the follower unit moving the vertical jack
towards the right was incorporated. However, to ascertain that all
critical sections had reached their ultimate strengths, the test
was continued well past the maximum load, and, owing to friction,
the vertical jack could slide back easily towards the left without

a follower unit.

An attempt was made to minimise the large bending stresses
that might be induced into the rams of the horizontal jacks at
transome level by providing a vertical roller bearing between the
concrete frame and the spherical seating of the force transducer.

A general view of the jacking arrangement is given in Plate 7.4

and Drawing 7.1,
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7.12 INSTRUMENTATION

Complete load-stress-resultant-deformation history was
necessary to assess a fairly accurate picture of the behaviour
of tested structures, as ultimate load was reached. Since only
short term loading was to be investigated, the length of any one
test programme was restricted to that which could be carried out
in one day. The stress-resultants at any load stage were obtained
by measuring all applied loads and reactions by means of load
transducers, or directly reading on the Amsler cabinets.
Measurement of reactions in excess of the redundancy number
provided checks on the accuracy of data and enabled its adjustment
logically, as set out in Appendix 1. The curvatures and
longitudinal strains in the extreme compression fibre were deduced
by measurement of longitudinal strains in conecrete ot three
levels in the compression zone on both sides of the wmember. A
fairly long len;th exceeding the inelastic region was covered with
gauges at each critical section so that curvature distribution
along the structure could be plotted with reasonable accuracy.
On grounds of cost and other conveniences, Demec gauge points
were used for the beams and Japanese PL30 electric gauges for
the frames. In addition to these, deflexions by means of dial
gauges or linear potentiometers, and slopes by means of

clinometers were nmeasured.

In an investigation of this type it is essential that
all measuring devices are extremely accurate. The development of
load transducers of requisite standard presented many practical

difficulties, which are described in some detail in Chapter 8.

All readings were taken either by means of Peekel strain
box or data logger manufactured by Messrs. Solartron Electrical

Group Ltd. which read up to I 1 division.

In the beam tests the applied load was read directly on
the Amsler cabinets working on the 10 ton range. An Amsler jack
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coupled to an Amsler oil cabinet forms Grade 1 loading equipment,

and in the present case read up to 0,005 ton i.e. about 10 1b, All
the three reactions were measured by means of bearing type force
transducers connected to a Peckel strain box. Each end force
transducer was of 10 ton capacity, and the central one of 25 ton
capacity; they had repeatability within I division, and
sensitivities of about 0.3 and 0.1 division per pound respectively;
linearity as assessed on the basis of first differences was within
12.5%., It was necessary that the Amsler cabinets and the force
transducers were calibrated with the same standard. The transducers
which were calibrated in the standard Amsler compression machine were
checked by loading them by means of the jacks and hydraulic cabinets
used in the tests, and the two calibrations were found to tally within

i%%, which was considered satisfactory.

In the frame tests the applied load was measured at three
positions; at the vertical jack, and at each of the horizontal jacks
at the transome level, All three force transducers were of 5 ton
capacity with repeatability within Y2 divisions. The vertical
force transducer had a sensitivity of about 1,57 divisions per
pound and the horizontal ones of about 1,18 divisions per pound.

The linearity as assessed on the basis of first differences was
within iE%. The three reactions at each foot were measured by
means of a specially devised force-moment transducer, which is fully
described in Chapter 8. This had nine force transducers, which
formed three tripods. Their outputs when suitably combined linearly
gave both the vertical and horizontal reactions, and moment. Each
of the force transducer used for the purpose was of 2.5 ton capacity
and had a sensitivity of about 1.6 divisions per pound; the
repeatability was within f2divisions and linearity, as assessed

as the basis of first differences, within 2%,

The mid span deflexions of the beams were measured by means

of the dial gauges having a 2 in. travel and the smallest divisiom of
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0.001 in. The support deflexions which were measured with the

dial gauges reading up to 0.0001 in., were found insignificant,

The horizontal and vertical deflexions of the frames
were measured by means of linear potentiometers having 4 and 3 in.
travels respectively. The vertical potentiometer was fixed to the
vertical jack so that it could move horizontally as the frame
swayed, and the point of application remained the same. The
vertical movement was measured at 2 in. left of the mid point of
the transome, and the horizontal movement at the face of the anchor
plates of the transome. The linear potentiometers were calibrated
three times in a 0,0001 in. micrometer calibration unit; the
linearity =zs assessed ¢ the basis of first differences was within
113%, and sensitivity varied from 8,400 to 15,900 divisions per inch,
The support deflexions and rotations were measured by means of dial
gauges and clinometers reading up to 0.0001 in. and 0,000025 radians
respectively. The deflexion of the mid point of the rig transome

was measured with a 0,0001 in., dial gauge and was found insignificant.

Slopes near some of the critical sections were measured by

(65)

means of clinometers, originally used by Bremner

The longitudinal strains in the beams were measured at
%, 1 and 11 in, depths from the extreme compression fibre, and
4 in, Demec demountable extensometer, which read up to 10 microstrains,
was used. In the frames the corresponding distances were %, # and
1% in. and electric strain gauges connected to the Solartron, which
read up to 1 microstrain were used. The measurement at three levels
had the advantage that it enabled the calculation of the strain
distribution across the section through the Method of Least Squares,

which smoothens out the experimental errors to a certain extent.

7.13 DESCRIPTION OF TESTS

The critical section identification used for the beams is
to name the three supports as A, B and C, and the mid spans as D'and D

(figure 7.8) when viewed from other side of the loading cabinets, see



Plate 7.3. The identification system used for the 183

frames is to name the nodes as 4 to E inclusive
(Figure 7.8) when viewed from other side of the loading cabinets,

see Plate 7.3. The identification system used for the frames is
to name the nodes as A to E inclusive (Figure 7.9) as viewed from

the data logger, see Plate 7.4,

The first load increment for the beams was the self
weight, prestress and dead weights., ‘The reactions measured at
the time of placing the beam in the test rig were inclusive of
the effect of the dead weights. To obtain the stress-resultant
distribution due to the self weight and prestress only, it was
necessary to deduct the effect of the dead weights, which was
obtained by subtracting the reactions recorded after the removal
of the weights from those recorded before their removal. This
was justified since the beam was still uncracked and the principle

of superposition was applicable.

The first load increment for the frames was the self
weight. The reactions due to this Qere small, and, if measured,
would be unreliable since the accuracy of a load transducer for
the first small load is little and also they would have been
subjected to drift, for the erection of the frame continued for
3-4 days. For this and other practical reasons it was decided
to ignore them being small, The first load increment considered
was, therefore, the prestress. Reactions due to the prestress
were measured by means of a Peekel strain box and recording of
the measurement continued till the test day. This enabled the
study of the effect of creep on prestress. For reasons similar
to those given for the beams, frame F-4 was stressed with certain
horizontal load applied by means of screw jacks, previously
calibrated. The procedure adopted to obtain the effect of the
dead weights in the beams could not be applied in this case, since
the value of the horizontal load was continuously varying on
account of deformations due to prestress and creep. The horizontal
load could therefore be estimated approximately and the secondary

prestress moments given in Table 7.3, which were obtained by
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deducting the effect of such horizontal load from the measured
values, should be considered as approximate only. However, they

compare fairly well with the theoretical values.

A1l beams and frames were tested under proportional
loading. The load was applied in steps of 15% of the expected
ultimate load in the early load stages nearly up to cracking.
Thereafter, it was reduced to about 10%. As deformations became

excessive towards collapse, the load increment was further reduced.

Except B4, 21l the beams were loaded by applying equal
loads at the centres of the two spans simultaneously. It was
seldom that both the spans failed simultancously. After one
span had failed, the other span was loaded until it also failed
so that the ultimate flexural strengths of all the critical
sections were measured. Unlike the other beams, B~-1 failed by
the rupture of section D'. The test was continued like the other
beams until a1l the critical sections failed, and their ultimate
strengths measured., The critical sections of beams B-1 were sawn
through after the test; it was found that grout had not gone
through the central duct, The difference in failure in this case
is attributed to bad grout and loading arrangement. The two spans
in this case were loaded through a single cabinet. As soon as the
first hinge was formed at D', the total load applied to the structure
was determined by the response of the left hand span., The result was
the left hand span ruptured at a load of 6,640 1b,

The design ratio of horizontal to vertical load was 1.5
for all frames. During the tests, this ratio was adhered to
within 2%, but after the correction of the data it varied within
ih%. All frames except F~3 failed through a combined beam and
sway mechanism by the formation of hinges at 4,C,D and E. At the
maximum load distinet signs of crushing of concrete were visible
at all the critical sections. In frame F-3 at a load of

3,850 1b there were no signs of crushing at C, although excessive
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crushing had already started at i4,D and E, and the frame had
swayed by 2.7 in., that is about 100% more as compared to the
other frames. At this instant the whole system became so
unstable that load had to be taken off, The ultimate strength
of the critical section C was then obtained by slightly
increasing the ratio of the vertical load. The ratio of the
horizontal to the vertical load at the time of crushing at C
was 1.33.,

At node D crushing was observed both in the transome
and the column in all cases, except frames F-~3 and 5; the
maximum moments reached at the critical section D in F-3 and 5
were also somewhat less than those reached at the other critical
sections which had practically the same effective depth. The
column and transome of frames F-3 and 5 were therefore sawn at
the node D after the test. It was found that the grout had not
properly gone through the column ducts, which explained the above

difference of behaviour.

In all beams and at the critical section C of all the
frames (except F-5), crushing of concrete took place in the
region of bending moment diagram with shallower gradient. In
frame F-5, however, crushing of concrete took place in the region

CD where the bending moment diagram has a steeper gradient.

The deformed shapes of the structures along with the
crack pattern under near maximum load are shown in Plates 7.5

to 7.10 inclusive.

Both the test rigs behaved well under load conditions,
0.001 in. dial gauges were placed at nodes B and D in the plane
at right angles to the plane of the frame; the maximum recorded
values of deflexions were 0.07 and 0.20 in. respectively. The

maximum deflexion of the rig transome was observed as 0.,0215 in.
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7.14 TEST RESULTS

It was seldom that the measured reactions and applied
loads satisfied the equations of equilibrium. It was necessary
to apply smallest possible corrections to the measured values such

that they satisfied all the equations of equilibrium. In the past,
(37)

either the data was left uncorrected or the above corrections

(14

made by trial and error

arbitrary manner(qq). In the present case the number of gquantities

or the error was distribufed in an

involved were large and any of the above procedures was neither
convenient nor rational. ILagrange's method of undetermined
multipliers which logically makes such corrections easily possible
was used. This gave very consistent results and is described in

Appendix 1.

It was mentioned in Section 7.6 that the beams were
stressed outside the test rig. The conditions at the time of
stressing were somewhat different from what they would have been
if the beams were stressed in the test rig. Therefore to record
concrete strains after stressing would have been of little value.
Attempts to relate the 'Demec' readings taken before stressing with
those taken after the beams were correctly placed in the test rig
were also inconclusive due to changes of temperature and humidity
to which the specimens were subjected, Unfortunately, at that time
the temperature and humidity system of the laboratory had broken
down. The gauges over the dry mortar packing of the frames were
not fixed until after the stressing had taken place. Thus actual
curvatures corresponding to the prestress were not measured, although
the prestress moments were known, The curvatures corresponding to
the prestress were extrapolated by continuing downword the initial
linear portion of the moment curvature diagram obtained for the
applied loads. This had the advantage that the curvature
corresponding to the prestress so obtained excluded the effect

of creep.
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The important results obtained from the tests are presented
in Figures 7.70 to 7.46 inclusive and consist of the following. The
loads at which visual cracking and crushing of concrete occurred are

also marked on the appropriate Bigures.

(1) Load-Moment Relationships for the critical sections
(Figures 7.10 to 7,18)

(2) Load-Rotation Relationships for beams CB~1 and B-1
(Figure 7.19).

(3) Load-Deflection Relationships (Figures 7.20 to 7.24)

(&) Moment-Curvature Relationships for the critical sections
(Figures 7.25 to 7.31).

(5) Curvature and Strain Distributions along the structure

near collapse (Figures 7.32 to 7.45).

(6) Prestress Redundant Reactions versus Time Relationships
for frame F-5 (Figure 7.46).

The graphical representation of horizontal movement of
nodes B and D of the frames is almost identical and an average
value has been given. The actual values obtained, however, enabled
the relative movement of the two nodes to be examined. Before
cracking node B moved towards node D, and after cracking node D
moved away from node B, The measuring devices were sufficiently

sensitive to record this effect even at low cracking loads.



Struct

B-1
B-2
B-3

B-k

Fq
Fo2
-3

s

5790
5800

5800
5920

6050
5920
6650
6250

6 x 12 in, Avgacyle

cylinder strength strength
5880 5450 5706
5690 6450 5980
6350 6160 6103
6010 6140 6023
6180 6180 6137
6150 6470 6180
6510 6150 6L37
6730 6740 6573
6510 6300 6350

6240

€& in.

8470
8770
8700
8520

9200
8700
8950
9950
9600

cube strength

9150
9150
8760
3840

9530
9100
8780
9510
8950

CONCRETE CONTROL TESTS

(all results in lb/ina)

8400
8580
8510

8950

9k00
8910
9510
10100

9340

Avg.cube
strength

8673
8833
8657
8770

9393
8903
9080
9853
9296

TABLE 7.1

Modulus of

77
866
735
725

388

97k
610

980

716
726
695
713

666
917
743

1040

rupture Avg.

M. of R.
- 732
£92 761
713 71k
670 703
1032 862
974 955
393 749
1015 1012

cyl.str,

cube str.
0.66
0.68
0.70
0.69
0.65
0.70
0.71
0,67
0.69

Avg.0.68

98L
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EFFECTIVE DEPTHS AND SECONDARY
PRESTRESS MOMENTS 1IN TEST BEAMS

Design Critical Effective Secondary
Struct description section depth, in. prestress
moment, lb in,

CB-1 concordant cable profile Dt 4,20
based on working load B L 46
design D L,20 0
B-1 Geom. properties of the
critical sections as D! b,3 5,150
those of CB-1 but cable B b1 10,300
profile designed as per D b,3 5,150

the proposed theory

B-2 As per the proposecd D! b3 8,650
theory B b3 174300
D b3 8,650
B-3 Geom. properties of the D! b3
critical sections as B 4.3
those of B-2 but D 4,3

concordant cable profile

B-4 As per the proposed theory Dt 5.1 ~28,780
(1loaded at D only) B L3 -57,560
.3 -28,780

TABLE 7.2



Struct

-2

F-3

F-4

F-5

EFFECTIVE DEPTHS AND SECONDARY

PRESTRESS MOMENTS IN TEST FRAMES

Design
description

Concordant cable profile
based on working load

design

Linearly transformed
cable profile obtained
from F-1

Arbitrary nonconcordant
with geom. prop. of the
crit. sections as those
of F~4 and F-5

As per the proposed
theory

As per the Russian Code
of Practice but with
geom. %rop of the crit,
sections same as those
of F-4 and F-3

TABLE 7.3

critical
section

=5 oo o
=

Q =

Effective
depth, in.

3.3
3.37
3.69
3.65
4,00

4,10
2.57
4,06
3.98
4,10

4.10
4.10
3.98
3.98
4,10

k.10
L.,10
k.10
L.10
4,10

4,10
4,10
k.10
4,10
k,10

190

Secondary
prestress
moment, 1b in,

660
=30
-110
-90

330

-12,200
-14,000
~7,300
-6,500
1,200

~12,500
~5,500
2,000
2,500
3,500

-5, 400
21,300
12,500
10,400
-23,200

~5,100
2,600
1,600
900
~10,900
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CHAPTER 8

DEVELOPMENT OF A FORCE-MOMENT TRANSDUCER

8.1 INTRODUCTION

In the present investigation all applied loads (except
thosé in the beam tests) and reactions were measured by means of
load transducers. The use of such a device for measuring an axial
tensile or compressive force is very common and needs no comment,
However, the development of an accurate force transducer suitable
for this investigation posed many practical problems, which will

be described here in some detail.

The reactions at each base foot of the portal frame
comprised of a vertical force, a horizontal force and a moment.

(14)

LaGrange made an attempt to measure these reactions; his

method consisted of measuring only the restraining moment and the
horizontal force at each foot by means of two ordinary load capsules.
His arrangement was somewhat cumbersome and unreliable. As LaGrance
pointed out, the arrangement of capsules allowed restraining moments
to be measured in one direction only. It had the further disadvantage
that the horizontal reaction, which plays a most important role in the
evaluation of stress-resultant distribution, was measured as the
difference of two large quantities, and the whole system had only

one equation to check the accuracy of the data. In the present
investigation it was decided to measure all the six reactions so

that the accuracy of the data could be checked against the three
equations of equilibrium, and the errors adjusted logically. In
order to measure the three reactions simultaneously, a special load
transducer capable of measuring both the vertical and horizontal

forces, and moment was devised.
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8.2 MEASURE OF ACCURACY OF A LOAD TRANSDUCER

For the present investigation it was important that all
load transducers were extremely accurate. Accuracy of a load
transducer can be judged by the degree of repeatability it exhibits,
It was desirable to have repeatability to Y2 Qdivisions (data-logger
scale). Linearity, although not so essential, would considerably
facilitate the calibration of the instrument, and the analysis of

the experimental data.

True repeatability in as much that the same readings were
obtained under the same load was not obtained. However, repeatability
of the change in readings corresponding to the given loads was obtained

within the desired accuracy.

8.3 DEVELOPMENT OF AN ACCURATE FORCE TRANSDUCER

Calibration tests on certain force transducers revealed
the following unexpected facts. The force transducers which had
reasonable repeatability for three calibrations carried out on the
same day did not repeat to the same extent when calibrated on
different dates; for example, a transducer which was calibrated
on March 21st, and March 25th, 1966 in the 1.75 ton range of the
standard Amsler conmpression machine had Solartron data logger
outputs of 4302, 4305 and 4316 (average 43%08) divisions on March
21st, and 4262, L4255 and 4266 (average 4261) divisions on March
25ths, These transducers had duralium cores and 'Tinsley'! gauges
fixed with 'Araldite! cement. A newly mamufactured transducer with
a core rnade from duralium and gauged with Japanese gauges using
Japanese cement, C.N., adhesive, had different calibrations in
tension and compression; the output in compression being about
5% less than that in tension. A similar phenomenon was also

observed while calibrating the transducer described in Section 8.4,
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when it was gauged with Japanese gauges using C.N. adhesive. For

an applied horizontal load, the tripod in tension had about 7%

higher vertical output than the two tripods which were in compression.
Because of the other complexities involved in-this transducer, it was
not possible to draw any conclusion from this, but it did suggest a
thorough study of the load transducers before they were used in the

present investigation.

A force transducer with a core manufactured from duralium
and gauged with 'Budd! metal film strain gauges, using "Araldite!
strain gauge cement, was found to have repeatability within 2
divisions and linearity as assessed on the basis of 'first
differences' within fE%. This transducer had practically the
same calibration in both compression and tension, and also satisfied
the test of repeatability in terms of reading on the data logger,
that is for any loading process it had practically the same reading
on the data logger for the same load. All load transducers used in

the frame tests were produced in the above manner in the Department.

Early attempts using 'Budd! gauges were not very successfulj;
at a tensile strain of about 3500 microstrains the transducer
exhibited drift. This was eliminated by first etching the surface
with phospheric acid and restricting the tensile output to about
3000 microstrains, which is a low output according to the manmufacturer's
recommendations but one which resulted in a very satisfactory performance.
It is therefore suggested that the cores for load transducers should be
designed such that the stress does not exceed one-third the
proportional limit and the tensile output is restricted to about
3000 microstrains and the compressive output to about 4000 microstrains,

unless special precautions are taken for fixing the gauges.

The above studies could not be pursued further because of
the time involved., They do, however, draw attention to the

importance of choice of gauges, core material, cement and workmanship
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in the development of an accurate load transducer. Since a load
transducer is a basic measuring device in any structural test,
and without its reliability all studies through its use would be

of little value, further research would be useful.

The standard Lmsler loading machine, which is a Grade 1
machine, was chosen as the standard for calibration, but it was
soon discovered that even this machine had calibrations differing
by 3% when used on different ranges. This error was accepted
provided all the measuring devices used in any particular test

series were calibrated in this machine using the same loading range.

8.4 DEVELOPMENT OF A FORCE~MOMENT TRANSDUCER

The tripod which is the simplest type of space structure
(66,67)

has been used by many as a transducer for measuring the

three components of a force acting at a point. It was conceived
that if three such tripods were fixed between two plates such that
their apexes formed a triangle, then they could be used to measure
the six components, that is three forces and three moments acting

at a point. A force-moment transducer to measure the six components
has been developed at the Wayne State University by Lebow(68) by
force and moment separation with strain gauges. The principal
difference between the two methods is that the present investigation
uses a force transducer measuring axial compression or tension as
the basic unit, and obtains the six components by suitable linear
combination of their electrical outputs, whereas Lebow's basic

unit is a strain gauge recording either direct or flexural or
torsional strain, and the six components are obtained by

combining their outputs. It is difficult to say which would

form a better transducer without trying each type in similar

conditions., The latter which is solely based on the position
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and alignment of the strain gauges may pose more practical

difficulties for the same accuracy.

The present investigation was concerned with planar
frames and only three components, namely the horizontal and
vertical components of force,and moment acting in the plane
of the frame were required. Theoretically, they could have
been obtained by using only two tripods, but in the event of
any force acting outside the plane of the tripods the whole
system would have become unstable. Three tripods arranged as
shown in fig. 8.1 with a_ =9 in. were therefore used. Details
of the transducer are given in Drawing 8.1 and its complete

assembly is shown in Plate 8.3

8.5 CALIBRATION OF FORCE-MOMENT TRANSDUCER

Referring to Figure 8.1, we have

VC'ca z:ci et e (801)
1
H G {-12-(}% +x6+x8+x9 - 2-x3)+ X,‘ -Xu—x'?_] esas (8.2)

M+ Hh0> <G | [ -"ixi+ ixi] assn (803)
L

If the applied load consists of a vertical load only, then
according to equation 8.2 the electrical output represented by

1 .
Z(x5 + Xp + Xg o+ x9 - X, - x3)+ Xy = Xy = x7 st be‘zero.

Similarly, if the applied load consists of a horizontal load only,

then by virtue of equation 8.1 electrical output denoted by
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EE X mist be equal to zero. In the early stages of development
1
of the transducer, Japanese gauges manufactured by Tokyo Sokki

Kenkyujo Co. Ltd. were used., It was found that while the
transducer was calibrated for vertical force V, equation 8.2
vwas satisfied within 2%; but while calibrating it for horizontal
force H, equation 8.1 was not satisfied even within 10%. This
was serious and meant that the principle of superposition would
not apply, and it would be necessary to calibrate the transducer
for V; B and M all acting simultaneocusly., This would have

posed considerable practical difficulty.

The only difference in the behaviour of the tripods in
the two calibrations was that all tripods were in compression while
the vertical load was applied, whereas at the time of the horizontal
load tripod 1-2-3 was in tension and tripods 4-5-6 and 7-8-9
were in compression. There could be many reasons for the above
discrepancy such as different behaviour of tripods in tension and
compression, different gauge factors of strain gauges or their
alignment, different calibrations of strain gauges in compression
and tension, etc. For want of time, it could not be pursued to a
final conclusion. It was, however, decided to use all 'Budd‘!
metalfilm strain gauges from the same lot and commence the
calibrations from the basic unit, that is each leg before being
assembled into the tripods was calibrated and so was each tripod

and then finally the complete force-moment transducer.

Bach leg was therefore calibrated in the standard dmsler
loading machine in tension or compression depending upon what it
would resist in the actual tests., Where it was not easily possible
to foresee, each leg was calibrated in both compression and tension.
The two calibrations were practically the same, which led to much
simplification. Then the legs were assembled; a complete tripod

is shown in Plate 8.1. The tripods were then calibrated by
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positioning them in the manner they would be placed in the actual
tests. All tripods resisted horizontal force acting from left to
right but the vertical force was either temnsile (tripod 1-2-3) or
compressive (tripods U4-5-6 and 7-8~9) and accordingly calibra-
tion of each tripod was carried out. The calibration of a tripod
in compression is shown in Plate 8,2. If H and V denote the
“expected maximum horizontal and vertical forces acting at the tripod
ball in the tests, then the tripod was calibrated twice for the
vertical load with H = O,2Hand H, and similarly for the horizontal
load with V = 0,2V and V. The same linear calibration was obtained
for the corresponding cases. The individual leg calibrations had to
be slightly adjusted in order to be compatible with the tripod
calibrations. This was probably due to the machining or assembly
errors, bending effects, etc, The tripods were then fixed between
two plates to form the force-moment transducer, see Plate 8.3, To
prevent any damage occuring during transportation or testing, four

1 in. diameter columns were fixed to the top plate with specified
clearances at their bottoms, When the transducer is not in use the
gaps are wedged to prevent damage to the transducer. During the
test the wedges are removed, and the loads transmitted through the
tripods; load exceeding the permissible value would close oertain
gaps, which would be reflected on the electrical output, and help

to prevent the transducer from being damaged.

The transducer was then fixed in position as intended in
the tests, and checked three times by applying a horizontal load;
see Plate 8.4, The transducer had linear and consistent behaviour
throughout and equation 8.1 was reasonably satisfied, but to match
with the individual tripod calibrations small factors had to be
applied. This was probably nccessary to cater for the assembly and
other practical errors and restraint caused by the top plate which
modifies the bending effects otherwise exhibited by the individual
tripods
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In the tests two such transducers were used and each of
them behaved consistently throughout. The sensitivities of the
leg transducers varied between 1.56-1.59 divisions per pound, and
it was possible to record horizontal and vertical loads to the

extent of about 0.41 and 0.57 1b respectively by individual tripod.

8.6 SOME ASPECTS OF DESIGN OF TRIPODS

The sensitivities of a tripod to measure the three
components of a force can be adjusted by varying the angle of the
legs. Ideally, the angle should be such that the tripod measures
all the three components with equal sensitivity. In the present
case the ratio.between the vertical and horizontal components
varied greatly and without changing the angle in each tripod, it
was not possible to obtain the same sensitivity for the two
components, On the grounds of manufacturing convenience all

tripods had the same angle.

The accuracy of a tripod depends upon having very small
deformations so that geometry does not change under the application
of load. Other things being cqual, the deformations of a tripod
depend upon the degree to which the ends of the legs are restricted
from movement. Welding which accomplishes this without much
complication could not be used since the legs were manufactured
from duralium. Tests on the tripod with legs fixed by means of
screws but with or without dowels showed that the use of three
dowels in a total of six screws reduced the vertical deflection
by about 50%, It was therefore decided to locate the ends of
the legs in slots with 0,002 in. clearance as shown in Drawing Bela

Tripods produced in this manner behaved satisfactorily.
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8.7 CONCLUSIONS

1) The accuracy of a load transducer should be thoroughly

checked at an interval of a few days before use in tests.,

2) A reasonably accurate transducer measuring axial
compression or tension may be obtained by working to about
one-third the proportional limit of the core material, and
restricting the tensile output to about 3000 microstrains and

the compressive output to about 4000 microstrains, unless special

precautions are taken in fixing the gauges.

3) Amongst different gauges 'Budd! metalfilm strain gauges

gave the most satisfactory performance.

L) The accuracy of the proposed force-moment transducer
depends upon having very small deformations of tripods so that
geometry of the system does not change with the application of
load. The deformations of a tripod, other things being equal,
depend upon the degree to which the ends of the legs are

restricted from movement.
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CHAPTER 9

SUMMARY OF CONCLUSIONS

The conclusions derived from each stage of the work have
been listed at the end of the appropriate Chapter. However, the

following is a summary of the more important points,

{1) The flexural ultimate strengths measured at the actual
points of crushing of the concrete were in reasonable agreement
with those estimated according to the C.E.B. recommendations, but
the corresponding curvatures, concrete compressive strains
(extreme fibre), and the flexural stress-resultant-deformation
characteristics for sections with similar geometric properties

showed a considerable divergence.

(2) It is suggested that the enhanced flexural strength of
the theoretical critical sections of a prestressed concrete
structure at collapse is the result of the displacement of the
actual point of crushing of the concrete from the theoretical
critical section, and the gradient of the apparent bending moment

distribution.

(3) The theory presented for the analysis of flexural stress-—
resultant-deformation characteristic of a prestressed concrete
section shows that the maximum moment of resistance of a section
would not occur at any fixed value of concrete strain in the
extreme compression fibre, and requires the stress-strain curve
of concrete in flexural compression to be completely defined,
including the falling position. The following equations are
tentatively suggested

Ec EC 2 <
fc = T 2(?) - ('é“) » for & %6
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and fc = fco e , for sc’?,eco

(&) The above theory for the calculation of the complete
moment-curvature relationship, and the experimental load-moment
and load deflection relationships for the critical sections of
the tested structures establish that the moment-curvature
relationship for a prestressed concrete section has a drooping

branch after the maximum moment is reached.

(5) The divergence in the experimental moment-curvature
relationships for sections with similar geometric properties could
result from the variation in the concrete strain corresponding to
the maximum stress of the stress-strain curve of concrete, which
depends upon the degree of restraint available at a particular

critical section.,

(6) It is concluded that, in general, full redistribution
will not take place in a statically indeterminate prestressed
concrete structure. Test results can be explained satisfactorily
by the theory presented, which assumes that the moment-curvature
characteristic of a prestressed concrete section has a drooping

branch after the maximum moment is reached.

(7 It has been shown by tests on two-span beams and fixed
portal frames that by setting up a suitable secondary prestress
stress-resultant distribution, conditions can be created in a
statically indeterminate prestressed concrete structure so that
it will carry the ultimate load by simultaneocusly developing the
maximum moment of resistance at each of the critical sections
forming the collapse mechanism, and at the same time maximum output

from each such section is ensured.

For practical engineering purposes the theory presented
provides a simple and economical solution for the design of such

structures at ultimate load,
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(8) The deformations of such a structure at collapse are
less compared to those of the corresponding structures which

carry the ultimate load with over-redistribution.

(9) The conventional method of design of statically
indeterminate prestressed concrete structures based on the
working load stress-resultant distribution with a concordant
or a linearly transformed cable profile is not, in general,

economicale.

(10)  Linear transformation can result in an ultimate load
which is much less than the ultimate load carried by the
parent structure with a concordant cable profile. The actual ,
solution can only be obtained by considering both the 'equilibrdum!

and the 'compatibility! criteria.
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APPINDIX 1

METHOD FOR CORRECTING THE OBSERVED
STRESS~-RESULTANT ~ DATA

Let the total number of reactions and applied loads
measured in a test be m, If xi(i= 142 +o m) are the required

corrections to the measured quantities, then they must have values
such that S 3:2i is minimunm and at the same time they must
satisfy the equations of equilibrium,

Let the equations of equilibrium be denoted by

¢I‘ (x1’ XZ see xm) - O (I‘ - 1, 2 ow k) *#oee (1)
and let
lei E f(x1’ XZ e s Xm) [ E X B J (2)

According to Lagrange's theorem of undetermined multipliers
we can find k mumbers B, (i=1,2 eek) as well as m values of the .

variables xi(i =142 oo M) which satisfy

(1) the k equations at 1 and also

(ii) m equations

=Y =Y
of ] 2
acs + ﬁa] a"—'xs + BZ .5.)'{-; + seae = O(S =1, 2 ees m) evee (3)

and for m such values of the variables xi(i=1,2 «om) the

value of J‘.‘(x,],x2 -+ X_) is a stationary value.

The effect of equation 3 is that if Bi(i=1,2 os k) exists,
then

—agxgs' = O(S = 1‘1 2 eus III) on-o‘(l'i')
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But equations 4 represent the m normal equations
obtained from function £ (x,],x2 - xm). These are true only if
f(x1,x2 . xm) is minimum. That is, the values of xi(i=1,2 oo m)

sol_v]obtained are the values of corrections which make

E xzi the minimum and also satisfy the k equations of
1

equilibrium at 1.

This will now be illustrated by applying to the data
of the frame tests, '

By using the individual tripod calibrations the outputs from
the three legs of a tripod can be expressed as horizontal and vertical
components acting at the centre of the tripod ball. Since the balls of
all the tripods of a force-moment transducer are at the same level, the
horizontal components can be combined into one. Thus the various

measured forces Wi(i= 1,2 ¢« 9) would act as shown in Figure 1.

If xi(i=1,2 »+ 9) are the required corrections, then
the normal equations are
x. = O weight = ‘l(i = 1, 2 aea 9) sse (5)
i Vi,
i
where -{}— is the weight of the corresponding observation.
i
For equilibrium to be satisfied
x,l—xq-xs-x?-xa = -w1+»14+ws+w7+wg
xa - x3 - Xg - x9 =..W2 +w3 +w6 + W9
~xb  + X b +x(-]-‘--a—c)+x(—]2q.a—c) ceve (6)
370 Ly¥27 %" Yo 52 % "o e
1 1
-xé(h+ho-bo) - x,?(-a-»r aj+c ) - x8(-2--a°+co)
-x9(h +h - bo) =

1
waho - \r13b° - WL;(E‘ a = co)

1 1
’w5('é'+ao" CO) + w6(h+ho~bo) + W,?('é'+ ao+00)

N M N N N N N N S S Nt S S N N

1
+W8(-é--ao+ Co) + w9(h+ho - bo)
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Equations 6 are equivalent to k equations at 1.

Differentiating equations 5 and 6 and forming equations
similar to those at 3, after taking due account of weight of

eguations 5, we have

X, )
TPt C )
)
X
2
w, "2 * 3% = O )
:
2 . - B,b = 0 )
5 F2 7 3% )
)
Xl 1
;};+§4 -BB(E—aO-C) = 0 ;
)
X
-‘;2+B,l-(33(-]2‘+ao-c)=0 )
5 ;
X6 ) .oc-(?)
;,-g+52+(33(h+ho-bo)=0 ;
)
;vx'—;-+p1+[33(%+ao+c)=0 g
)
*8 1
;8-+Bq+53(-é-ao+c)=0 ;
)
X
Wz_+B2+BB(h+ho-b0)=o ;

Substituting xi(i = 1,2 ++9) from equation 7 into

equation 6, we have

. | - - L
Ay Mo Mgz L B
hoq bpp Byg B, = B,
A B

| Y5 B Az | Bs | 55|

or -&B = E sene (8)
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12

13

21

23
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W+WI++W + W +W8

1 5 7
0

_wq(ga'—-ao—co) - w5(;2L~+ao- co) + w7(%+ a0+co?
1

+w8(-2-— a + co)

0

W, + W +w6+w

2 '3 9

~gb - w3bo +(w6+w9)(h+ho-bo)

1 1 1
—wl}(z—ao-co) - w5(-2-+ a_ - co) + w7(2+ao+co)
. L
+w8(2-ao+co)

-W.b - w
o

5 b0 + (w6+w9)(h+ho—bo)

3
w2b02 + w3b02 + wl}(;la'*— a, - co)2 + w5(-]21-+ a - 00)2

+ w6(h+h0--b0)2 + w7(-]é'-+ a+ co)2 + w8(-32-'--a0+c0)2
+ w9(h+h0-'b0)2

—W1 + Wl+ + W5 + W7 + WS

~“W. 4+ W +W6+W

2 3 9

1 1
wzbo - WBbo - wl*(-a--ao- co) - ws(2+ao- co)
. a1
+w6(h+ho-bo) + W7(-é-+ ao+co) + w8(2 ao+co)
+w9(h + ho - bo)

Thus evaluating p's from equation 8, xi(i=1,2 ee M)

obtained from equation 7,
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