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ABSTRACT 

This thesis is a theoretical and experimental study of 

the deformation of inhomogenous materials by-  simple and pure 

shear. The model adopted is that of a homogenous, Newtonian 

fluid matrix, in which are embedded rigid or deformable 

inclusions. The inclusions are ellipsoidal or elliptical in 

shape and the deformable ones are also assumed to be Newtonian 

bodies, but they may differ from the matrix in coefficient 

of viscosity. 

Published work on rock deformation is reviewed to show 

that rock does, in certain geological environments, approxi-

mate closely to a Newtonian body. 

Equations are derived to describe the motion and changes 

in shape of the inclusions (or particles as they are called) 

during deformation of-the model. These equations are checked 

experimentally and, within the limits of the experimental 

error, the results agree satisfactorily with the theory. 

The behaviour of systems containing a large number of 

particles is discussed and the strains developed in the matrix 

around the inclusions are examined. 

The application of the theoretical concepts to certain 

problems in structural geology, such as the rotation of crys-

tals, the development of preferred orientations and the 

deformation of conglomerates, is considered. Particular 

emphasis is laid on the use of the theoretical equations to 

determine the finite strain in rock. 
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CHAPTER I 	INTRODUCTION 

GEYERLI, ST.i...TEMENT 
Structural geologists working in both 

igneous and metamorphic rocks have for many years now recog-

nized the importance of small, marker particles such as gas 

bubbles, phenocrysts, pebbles and fossils in elucidating the 

state of strain in rocks. This approach is a kinematic one 

and involves. relating the present geometrical position of 

particles to possibi:c_movement paths during the deformation 

of the whole rock mass. In other words, it should be possible 

to estimate the strain in a body of rock from the changes in 

shape and position of individual objects in the rock, pro-

vided the initial shapes of these objects and the physical 

properties of the rock and its components during deformation 

are known. 
This is no new concept. One hundred and forty years 

ago Scrope (1825) described gas bubbles in lavas " drawn out, 

or elongated, in the direction of motion ....". In 1839 

Naumann recognized the importance of lineation in lavas and 

gneisses and made a careful mathematical analysis of changes 

in the lineattm positions with tilting of the planes in 

which they are contained. Deformed fossils were described 

by Ehillips (1843); and Sharpe (1846), Haughton (1856) and 

Wettstein (1886) used the changes in shape to calculate the 

amount of strain. Slaty cleavage and its relation to deformed 

spots, oolites and crinoid stems was studied by Sorby (1653, 

1855). The deformation of pebbles was clearly recognized and 

analyzed by Hitchcock, Hitchcock and Hager (1861). Heim (1878) 

explained external rotations and orientation of minerals and 

Reusch (1887) described elongation of pebbles by a rolling 

mechanism. 

Moreover, following on these early papers, there is now 

available a vast amount of literature on the subjects: men-

tioned above. Oleos (1946, 1947) reviews r2ost of the work 
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up to 1945; in addition, Knopff and Ingerson (1938), Sander 

(1930, 1950) and Turner and Weiss (1963) also contain detailed 

bibliographies. 

In all this work, no one, so far as. the writer is aware, 

has suggested a general method using all the available evid-

ence for determining the states of strain in rock. The total 

finite strain has been calculated from objects of known origi-

nal shape which have deformed homogenously with the surround-

ing material. However, no attempt has been made to relate the 

degree of preferred orientation of rigid or non-rigid, 

deformed particles to the finite strain. And, similarly, 

where there has been a competence difference between an object 

and its surroundings, the change in shape of the object has 

not been used. to estimate the finite strain in the rock. 

This thesis is particularly concerned with finding 

methods to solve problems such as these. To do so it is 

assumed that under certain conditions a rock may be consider-

ed as an ihhomogenous mass of extremely viscous, fluid. By 

inhomogenous is meant that the mass of material differs from 

point to point in its physical properties; in particular the 

coefficient of viscosity may vary from zero to infinity. In 

detail, the model is a large body of homogenous viscous 

material in which are embedded much smaller spherical or 

ellipsoidal bodies with different physical properties. The 

bulk of the material will be referred to as the matrix and 

the inhomogeneities as the particles. The particles may be 

either rigid or non-rigid with coefficients of viscosity 

greater than, equal to or less than that of the matrix. 

The types of deformation assumed are pure shear and 

simple shear. These are both plane strains in which there is 

no volume change and both have a triaxial strain ellipsoid 

with an intermediate axis equal to unity. Simple shear also 

has a component of rigid body rotation. General strains can 

always be considered as three mutually perpendicular simple 

sheara of different magnitudes and so the analysis presented.  



here can be applied to more complex examples of strain, if 

necessary. 

After these opening paragraphs an explanatory list of 

the more important symbols. appearing in the text is given. 

In addition to those explained in the list, all symbols are 

defined when they are first introduced. As far as possible 

the writer has followed Nadai's. (1950, 1963) symbols for 

strain analysis. 

In the second part of this introductory section, some 

basic concepts of rheology are outlined and applied to the 

change with environment in the physical properties of rock. 

In particular, the assumption of rocks behaving as, viscous 

fluids is examined in the light of published data obtained 

from field, experimental and theoretical work and an attempt 

is made to define the physical conditions under which the 

assumption is valid. Coefficients of viscosity for different 

rock types are tabulated and expected changes in these values 

with temperature and pressure discussed. Finally, the kind 

of flow occurring in extremely viscous materials is discussed 

The Reynolds Number is used to show that rocks normally 

deform by laminar flow. 

Chapters. III and IV form the main part of the thesis. 

In them the mathematical theory relating the finite strain to 

the changes in shape and orientation of the particle during 

pure and simple shear deformations of the particle-matrix 

system is presented together with its experimental verifi-
cation. 

The theory is based on the fundamental equations of vis-

cous fluid dynamics. for slow-motion laminar flow and the 

mathematical techniques involved are similar to those used by 

other workers in the fields of suspensions and emulsions. 

The analysis is divided into sections; the first deals with 

the behaviour of single, rigid spheres and ellipsoids in the 

two types of deformation field. Single non-rigid particles 

are then considered and an analytical solution is obtained. 
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for the pure shear deformation of an ellipse with its axes 

parallel to the strain axes. The more general problems of 

elliptical particles not aligned parallel to the strain axes. 

during pure shear are solved numerically with the aid of a 

computer. The behaviour of multiparticle systems is then 

discussed in the light of this theory. Finally, the strains. 

in the matrix surrounding the particles are examined. 

Wherever possible the theoretical equations are plotted 

as graphs to clarify their meaning and are compared directly 

with the experimental results. For the sake of convenience, 

therefore, the basic experimental apparatuses and methods. are 
described first and followed by the theoretical and experi-

mental work. 

Applications of the theory to geological problems are 
described in Chapter V of the thesis. Rigid crystals which 
have rotated during the deformation are used to calculate the 

amount of finite strain; their use in analyzing styles of 
folding is. also discussed. The development of preferred 

orientations during simple and pure shear of initially ran-

dom and regular assemblages of particles is correlated. with 

the total strain in the rock. Deformed pebbles are also 

used to determine finite strain; the significance of the 

original shape of these particles, their position relative to 
the deforming forces and the competence difference with the 

matrix are discussed• and techniques suggested to assess. and 

overcome these factors. A. method is suggested for determin-

ing finite strains in deformed conglomerates and the thesis 
ends witI, a discussion on two well-known deformed congloneT 

rates. 
Appendix I contains the detailed experimental results.. 
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C. LIST OF SYMBOLS 

a - length of major semi-axis of an ellipsoid; radius of a 

disc. 

b - length of intermediate semi-axis of an ellipsoid; 
length of minor semi-axis of an ellipse. 

c - length of minor semi-axis of an ellipsoid. 
a/b - axial ratio of an ellipse. 
a., b. - initial semi-axial lengths of a non-rigid ellipse. 

ao' bo - semi-axial lengths of the infinitesimal strain 

ellipse. 
a1' b1 - semi-axial lengths of an ellipse after deformation. 

a - axial ratio of an elliptical cross-section through an 
ellipsoid of revolution. 

a, b, c, f, g, h, 	11, v - components of distortion and 

rotation of a fluid. 
A, B, C - constant terms which may have different meanings 

in different equations; C is also used to denote the 

rate of natural strain. 
A
-3' 

B
-3' 

 A2, B
2 - constant terms determined by the boundary 

conditions during deformation of a non-rigid particle. 

A, B, Al, Bl  - symbols in the computer programmes for the 

principal reciprocal quadratic elongations of an 
elliptical parTdcle. 

C, D, Cl, D1  - symbols in the computer programmes for the 

principal reciprocal quadratic elongations of the 

infinitesimal strain ellipse. 

Cv - volume concentration of particles in a particle-matrix 
system. 

e - eccentricity of an ellipse; e2 = (a2  - b2)/a2. 

exp - exponential term. 

f - subscript denoting final angle or length after defor-

mation. 

i 	subscript denoting initial angle or length. 
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J 	J2 - strain invariants. 

k - constant of integration; also a term to describe the 

interference in a uniform laminar flow because of the 
presence of a particle. 

linear term in formula to calculate the Reynolds 
Number. 

In - natural logarithm. 

11, 12' 13'  m1,  m2,  m3, n 	n2'• n3'- direction cosines 

between two sets of coordinate axes. 
M, hf  - moments. of couples acting on two-dimensional part- 

icles in simple shear. 
p - mean pressure. 
pn  - solid harmonia function of degree n. 

- activation energy. 
r. = f(x2  + y2) 

R - viscosity ratio between a particle and the matrix; 
also the gas constant. 

Re 	Reynolds Number. 

viscosity ratio between a particle and the particle- 

matrix system. 

t - time; also thickness of a folded layer measured perpen- 
dicular to the layering. 

T: - absolute temperature; also thickness of a folded layer 

measured parallel to the axial plane. 
Tm - absolute melting temperature. 

u, v, w - components of fluid velocity parallel to the X, 
Y, Z axes. 

u y', w' - components of fluid velocity parallel to the 
X' 7 	, Y' Z' axes. 

X, Y, Z - coordinate axes fixed parallel to the particle 
semi-axes a, b, c. 

X', Y'7  Z' - coordinate axes for strain or flow. 

G - apical angle in the irrotational strain box. 
a - polar angle of an ellipse. 
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- unit of simple shear; = tang. 

Cs 	rate of simple shear. 

5-  - angle of shear. 

e 	conventional unit of strain 

rate of strain. 

7 	natural strain; = In(1 + e) 

rate of natural strain. 

angle of plunge of particle major axis with respect 

to the deformation plane. 
6' 	complement of 6. 
e' l  w' IV- Euler angles. 

71  - length of major semi-axis of the strain ellipse. 

c - length of minor semi-axis of the strain ellipse. 

411/X2 - axial ratio of the strain ellipse. 
4 - coefficient of viscosity of a particle. 
11 7 - coefficient of viscosity of the matrix. 

coefficient of viscosity of the particle-matrix system. 

density; also length of any line in an ellipse. 

compressive stress. 

(rrx 07 _, a-  , - components of stress acting on a unit area rz 
of the surface of the particle. 

- angle between the particle major axis and the Y' co- 

ordinate axis in the deformation plane. 

- complement of R. 

con  -- solid harmonic function of degree n. 

fi -- interaction factor representing the interaction bet- 

ween regions of disturbance around individual particles 

in a multiparticle system. 

w 	angular velocity. 

w1,  (02,w - angular velocities about X, Y, Z axes. 3 

- a dot placed above a symbol indicates differentiation 

with respect to time. 

a'b - dot indicates multiplication; it is only used when 

reouired to eliminate ambiguity. 

a/b - the slash indicates division. 



CHA=ETER II 	VISMSITY AilD THE VISCOUS FLOW OF ROCKS 

A. INTRODUCTIGN 

In this. chapter, the viscous flow of rock 

will be discussed in an attempt to deterQine the conditions 

under which rock will deform as a Newtonian fluid and to 

evaluate coefficients of viscosity during flow. Continuous 

deformation by flow can be observed directly in molten or 

unconsolidated materials such as lavas or mudflows but it is 

not so apparent in deep-seated igneous ox metamorphic rocks. 

Neverthelessl  phenomena such as oriented xenoliths and pheno-

crysts have been interpreted as evidence for flow in magmas 

(e.g. Balk,1937) and the presence of rheomorphic structures 

such as folds in deformed rocks is evidence for flow of 

material in an apparently solid condition (e.g. Carey, 1953)& 

Moreover, it has been shown theoretically by Haskell (1937) 

that7crystalline rocks. under dynamic metamorphic conditions 
can deform by viscous flow. 

The geological examples discussed in the light of the 

results. obtained in this thesis are all concerned. with de-

formed and metamorphosed rocks. Therefore, the poesibility• 

of viscous flow of rock at temperatures below the melting 

point is examined in detail and tile chapter opens with a dis-

cussion on rheological models and the time strain of rock 

under different efivironmental conditions. After this, co-

efficients of viscosity for geological materials at tempera-

tures above and below their melting points are tabulated. The 

effect of pressure.. and temperature on these coefficients is 

considered and finally, the Reynolds Number is. used to define 

the probable type of flow during rock deformation. 
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B. RHEOLOGICAL MODELS AND THE TIME - STRAIN OF ROCKS  

Rheologists use three ideal rheological materials to 

describe the behaviour of real substances. They are: 

(i) The Hooke elastic body which can be represented symbol-

ically by the spring in figure la and described by the 

equation 
r = Gy ...(II.1) 

(t is the shearing stress, Y the shear strain and G the modu-

lus of rigidity) 

(ii) The St. Venant plastic, body, symbolized by the weight in 
figure lb and defined by the equation 

• =-ro 	,..(II.2) 
(r0  is the yield strength of the body) 
(iii) The Newtonian viscous body which is simulated by a dash-

pot (figure lc) and defined, by the equation 

• = u.Y ...(II.3) 
(t is the rate of shear and µ the coefficient of viscosity) 

Each of these models has by definition one /theological 

property only, in contrast to real substances which have all 

properties in varying degrees. However, by combining the 

models in different ways it is possible to represent the 

observed strain behaviour of actual materials. 

A generalized time - strain curve for rocks subjected to 

a. constant stre,e.a is illustrated in figure 2. 

As, soon as a directed load is applied to a test specimen, 

there is an instantaneous elastic deformation, represented by 

OA; this is followed by a period of primary creep, AB, during 

which the rate of strain decreases; a secondary creep stage, 

BC, in which the strain rate is constant; and a tertiary creep 

stage, CD, when the rate of strain increases until the speci-

men fails- If the load is released before the tertiary creep 
stage <at timeeto.in.figure 2) there is an immediate-  strain 

recovery corresponding to the elastic deformation,followed by 



Figure 1 Symbolic and graphical representations of the 

ideal rheological materials: 

a) Hooke body, b) St. Venant body, c) Newtonian 

body; "C. - shearing stress, r - shear strain, 

- rate of shear strain, G - modulus of 

rigidity, -co  - yield strength, 4 - coefficient 

of viscosity. 

Figure 2 Theoretical time - strain curve for rocks: 

- instantaneous elastic strain; AB - primary 

creep stage; BC - secondary creep stage; 

CD - tertiary creep stage, failure occurs at D; 

to - time at which applied load is released; 

X - permanent deformation. 

Figure 3 Rheological models to simulate the time - 

strain of rock (after Price, 1964): 

a) Viscoelastic or Burgers body; b) B - V body; 
c) Relationship between stress and rate of 

secondary creep for viscoelastic body; 

d) Relationship between stress and rate of 

secondary creep for B - V body. 

- elastic strain; 401K  - Voigt unit; 

TI - Naxwell viscosity; w - yield strength; 

- compressive stress; k - rate of strain. 
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the gradual relaxation of the strain during the primary creep; 

the secondary creep deformation is not recovcIed. 	Primary 

creep is often called 'delayed elastic deformation' or 'elms-  

tic flow'. Secondary creep, on the other hand, is referred to 

as 'pseudoviscous flow' because the strain rate is constant 

and the deformation permanent:. 

Various empirical equations have been suggested to des-

cribe the above deformation pattern in rocks. They are re-

viewed by Murrell and Misra (1962) and Robertson (1964) and 

are in general similar to that proposed by Griggs (19391;228) 
6 = A+ B log t+ C t 	...(II.4) 

where e is the total strain; t is. the time; A, B and C are 

constants and A denotes the elastic strain component, alog 

the primary creep and Ct the pseudoviscous flow. This rela-

tionship can not apply for very small or. very large values of 

t; since log t tends to 	infinity as t-  tends to zero or 

infinity. 

Time - strain behaviour can also be visualized in terms 

of models constructed by combining the ideal rheological 

bodies (e.g. Price, 1964). One such model is the viscoelastic, 

or Burgers body, illustrated in figure 3a, in which the spring 

(:E.) represents the elastic strain component; the Voigt unit 

comprising the spring and dashpot in parallel (Etpa) the 

primary creep component and the dashpot (4N) the secondary 

creep component. For long periods of time this body simulates 

a Newtonian liquid of high viscosity (4N) which deforms per-

manently when subjected to any stresses (see figure 3c). It 

displays in effect the long term behaviour envisaged by 

Gignoux (1950) and Carey (1953) for rocks. 

A. model which considers a yield strength in rocks is the 

B - V (Bingham - Voigt) body proposed by Price. (1964) and 

illustrated in figure 3b. It consists of a dashpot (4N) in 

series with a weight (w), a Voigt,  unit (Et4K) and a spring 



(Ei),. The spring and the Voigt unit represent the elastic 

and primary creep components of the strain but before sec-

ondary creep can commence the resistance of weight w has to 

be overcome. Once this has been achieved, pseudoviscous 

flow controlled by dashpot 41,1  occurs. The model therefore 

represents a substance which when subjected to stresses 

greater than its yield strength, w, for long periods of time, 

deforms as a Newtonian liquid of high viscosity. 

From this discussion it is clear that time is an import-

ant controlling factor in the deformation of rocks. Over 

short time periods strains are elastic and recoverable. 

Permanent deformation occurs by viscous flow only when 

stresses are applied for a long time. 

Environment also influences the deformation of rock and a 

number of tests have been carried out by various people to 

assess the effect of factors such as temperature, pressure 

and the rate of strain. The results of these tests will not 

be discussed in detail but for more information than is pre-

sented here, the reader can consult any of the available 

comprehensive reports on rock deformation such as Griggs and 

Hardin (1960), Murrell and Misra (1962) and Robertson (1964). 

Generally, the effect of these variables on the creep of 

rock can be summarised as follows: 

(i) The rate of primary creep is increased by increases in 

temperature and stress difference but decreased by an 

increase in confining pressure. 

(ii) The rate of secondary creep is increased by increases in 

temperature and stress difference. 

More specifically, Miara and Murrell (1965) have suggested 

that the primary creep predominates at temperatures below 

0.22 Tm  (Tm  is the absolute melting temperature of the mate-

rial) and Dorn (1957, p.264) has concluded from work on 

metals that secondary creep occurs at temperatures above 

0.5 T . 
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Price's (1964) results clearly show the effect of stress 

differences. He found that for the rocks tested there is a 

minimum stress below which only primary creep is possible. 

The value of this minimum stress, which is termed the long-

term yield strength, varies between 20 and 60 per cent of the 

instantaneous strength of the rocks. Secondary creep takes 

place at stresses greater than the long-term yield strength. 

In other words, the rocks conform to the delormation pattern 

of the B - V model. 

The effect of temperature on the long-term yield strength 

can be deduced from the results of Misra (1962); these sug-

gest a slight reduction in strength with increasing temper-

ature. 

Constant strain rate tests such as those used by Weard 

(1963) on Yule Marble provide information about the influence 

of the rate of strain on deformation. At low temperatures, 

slow rates of strain are required for pseudoviscous flow but 

with increase in temperature faster rates are possible. For 

example, Yule marble deforms by secondary creep at 400°C 

when strained at a rate less than 3.10-5  sec-1  but at 500°C 

the required rate can be as high as 3.10-4 sec-1. 

Therefore, it appears that at temperatures below the melt-

ing point, rock approximates to an ideal Newtonian body only 

when the deforming stresses operate for a long period of time 

or the rate of strain is very slow. Increase in temperature 

enhances the pseudoviscous flow but the deforming stresses 

must be great enough to overcome the long-term yield strength 

of the material. 
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C. TIMMS  US_,  TO Di.;SCHIBE FLOW IN ROCKS 
It has been shown that 

fl:Jw in rocks is very complicated and that Newtonian viscous 

flow as defined by equation 11.3 is only active as a deform-

ing mechanism under secial conditions. The question there-

fore arises: Should one apply the term viscosity, in its 

strict Newtonian and hydrodynamic sense, to the flow of com-

plex materials such as rock? 

Goranson (1940) suggested that the basic differences be-

tween the ideal and complex bodies should be emphasised by 

introducing a new term for flow in solids. He proposed the 

word 'mobility' with the reciprocal poise as a unit. However, 

this term or its synonym 'fluidity' is already used by . 

rheologists to describe flow in Bingham bodies and other com-

plex systems (Reiner, 1960a, pp. 116, 124-129). Some workers 

(Handin and Hager, 1958; Donath, 1963) have used the word 

'ductility' particularly to avoid implying any definite flow 

relationship; and Robertson (1964,pp.215-217) has suggested 

a completely new parameter, the 'logarithmic viscosity'. It 

is defined as a/log 	where 0- is the compressive stress and 

the rate of strain, and has dimensions similar to those of 

internal friction. 

There. is definitely a need for a general term to describe 

the phenomenon of flow in rock in view of the importance of. 

this type of deformation in structural geoloy and all the 

above terms are preferable to the much abused 'viscosity'. 

However, in this thesis the assumption is made that rocks are.  

Newtonian bodies and therefore in the theoretical section 

viscosity has its precise meaning as defined by equation 11.3. 

Similarly, when applying the theory to geological examples in 

which the rocks appear to have been in a Newtonian condition 

during deformation, the term is used in its exact sense. For 

rocks deformed by flow which wsa probably not Newtonian, 
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however, the meaning of viscosity is used in the same sense 

as Handin and Hager (1958) used 'ductility'. 

D.. CALCULATIONS OF COEFFICIENTS OF VISCOSITY FOli GEOLOGICAL 

MATERIALS 

In this section theoretical and.experimental 

determinations of coefficients of viscosity of geological 

materials will be examined so that some idea of the value of 

these cL.efficients for different rock types may be obtained. 

As will be shown in the theoretical section of this thesis, 

the viscosity ratio between two rock types being deformed 

simultaneously must be known if the finite strain in the 

rocks is to be calculated. The results discussed here may be 

of use in determining this ratio. 

The theoretical work deals with viscosity in the crust 

and upper mantle of the earth. Experimental data is avail-

able on melts of natural rocks under conditions applicable 

to lavas at the surface and magmas at depth; these results 

can be compared with measurements on lavas in the field. 

There is also information on the pseudoviscous flow of rocks 

at temperatures below their melting point and under various 

pressures. 

(a) Theoretical calculations 

The theory of diffusion creep 

has been applied by Gordon (1965) to the flow in the earth's 

mantle. The results suggest that at slow strain rates the 
mantle is a Newtonian body but they predict a marked change 

in viscosity with depth. At shallow depths in the earth's 

crust the viscosity decreases due to the rapid rise in temp-

erature and relatively low pressures; as the depth increases, 

the viscosity rises because of Lee effect of the increasing 

pressure on the atomic mobility. Zharkov (1960) also predicts 



an increase in Newtonian viscosity with increasing pressure 

in the mantle. These results are listed in table Ia. 

(b) Calculations_ from natural melts.  

Newtonian flow in gran-

itic. magmas has been demonstrated experimentally by Shaw 

(1963) who worked on obsidian - water melts at pressures of 

1000 to 2000 bars. Moreover, a l_rge number of viscosity 

determinations at very low pressures and therefore applicable 

to surficial lava flows have been made on melts of natural 

rocks. These results are summarized by Volarovich and 

Korcemkin (1937) and Birch, Schairer and Spicer (1942, pp.131-

137). They show that viscosity can be correlated with com-

position and that acid melts are more viscous than basic ones. 

Calculations of the viscosity of two Hawaiian basic lava 

flows, were made by Nichols (1939) assuming laminar flow. The 

results are similar in value to those quoted by Volarovich 

and Korcemkin (1937). Likewise, Friedman, Long and Smith 

(1963) found that their laboratory determinations of viscos-

ity of melts of rhyolite glass and water agreed well with 

the viscosity of the 1953 Trident rhyodacite flow in Alaska, 

as calculated. from the rate of flow of the lava. These and 

other results for viscosity coefficients of molten rocks are 

listed in table Ib. 

(c.) Calculations from tests on the pseudoviscous flow of 

rocks.  
Unfortunately, details on the pseudoviscous flow 

of rocks at temperatures below their melting point are not so 

abundant. This is because relatively few workers on the 

time - strain of rocks have extended their tests into the 

field of secondary creep. They include Griggs (1939, 1940) 

who worked on Solenhofen limestone, halite and alabaster;. 
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Roux and Denkhaus (1954) who tested quartzite; Heard (1963) 

who studied defozwation of Yule Marble; Price (1964) who 

obtained_ data on sandstone.; and La Comte (1965) who also 

worked on halite. 

The formula used to calculate the equivalent viscosities 

during pseudoviscout flow is 

A = 073 	...(II.5) (Grits`-s, 1939, p.230) 
The values of µ as calculated by the authors concerned or by 

the present writer from the data presented in the original 

papers are listed in table 1c with relevant experimental con-

ditions. 

The viscosities of the sandstones, alabaster and 

Solenhofen limestone as determined by the present writer, were 

made assuLing that the B - V rheological model proposed by 

Price (1964) and discussed above was applicable. The experi-

mental rates of strain during secondary creep were plotted 

against the differential stress. The resultant graph was a 

straight line which then extrapolated to zero rate of strain 

intersected the stress axis at some positive value, equiva-

lent to the long term yield strength for the rock under the 

particular experimental conditions. The viscosity was calcu-

lated from the slope of the graph using equation 11.5 in the 

form 
4N  = (a--  (5 )/3 

where P.,A is the Maxwell coefficient of viscosity and Q' 0 
 the long term yield strength. 

Comparison of A for Solenhicifen limestone with the 

results of Griggs (1939) shows that p.Pi is much lower than the 
reported viscosities. Similarly'M 

for wet alabaster is less 

than most of Griggs's (1940) values. However, the two results 

obtained by Griggs at the highest differential stresses are 

less than Am  . These two points did not fall on the straight 

line. from which µM 
was calculated but indicated that the 
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Table I Viscosity coefficients for rocks 

-varying physical conditions. 
a) Theoretical values: viscosities in the  

under 

crust and mantle 

Basis for calculation  

Diffusion creep at 1 km 

depth 

Diffusion creep at 3 km 

depth 
Diffusion creep in mantle 

(poise) _4 Reference 

4 1016 - 10'- 

1024 - 1028 

1015 - 1022 

Gordon 

Gordon 

Zharkov 

(1965) 

(1965) 
(1960) 

b) Determinations on  natural melts  

Naterial T 	F conditions -A (poise) Reference 

Olivine basalt 

J\ndesite 

Obsidian 
Hornblende 

granite 

Rhyolite 

glass 
Obsidian 

water melt 

Eaterial 

1400°C 

, 1,400o  C 

1400°C 

1400°C 

350-850°C, sur-

face pressures 
800-900°C, 
1000-2000 bars 

1.2.10- 

1.2.10j  

1.7.105 

2.0.106  

3.1.109  - 

3.1.1014  

7.5.105  

3.2.106  

A (poise) 

Volarovich and 

Korcemkin (1937) 

do. 

do. 

do. 
Friedman, Long 

and Smith (1963) 
Shaw (1963) 

Reference 
Alika basalt flow, Hawaii 

	
4.3.104 
	

Nichols (1939) 
1887 basalt flow, Hawaii 

	
4.7.104 
	

-Aichols (1939) 

Trident rhyodacite flow, 	6.3.10l' 
	

Friedman, Long 

Alaska 	 and Smith (1963) 

4 - viscosity 

T - temperature 

- pressure 
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Table I, continued 
from pseudoviscous flow c) Determinations 

i) Creep tests 
Material T C.F. et t P. Reference 
Halite 20 - 60 42.0 2600 Griggs (1939) 
Solenhofen 
limestone 20 10133 5400 0.1 13 do. 

do. 20 10133 6600 0.2 2 do. 
Alabaster 
(dry) 23 - 98 30.0 20000 do. 
Alabaster 
(wet) 23 - 98 20.0 800 do. 

do. 24 - 122 308.0 1400 Griggs (1940) 
do. 24 - 147 110.0 640 do. 
do. 24 - 162 285.0 600 do. 
do. 24 - 177 133.0 510 do. 
do. 24 - 201 48.0 260 do. 
do. 24 - 245 13.5 160 do. 
do. 24 - 294 2.5 42 do 

Quartzite 20 - 330 21.0 26000 Roux and Ren- 

ii) Constant strain-rate tests 
Material 	T 	C.F. E u 

khaus (1954) 

Reference 
Yule marble 

do. 
do. 
do. 
do. 

25 
400 
500 
600 
800 

5000 
5000 
5000 
5000 
5000 

10-14 

10-14 

10-14 

10-14 

10-14 

109  
105  
300 

5 
0.02 

Heard (1963) 
do. 
do. 
do. 
do. 

T - temperature °C; C.F. - confining pressure, bars; 
- strain rate, sec-1; µ - viscosity, 1014poise; 

t - time, days; c'- stress, 106dyn/sg cm. 
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Table I,  continued 

iii) B - V model 

Material 	T C.F. cro t Reference 
Pennant 

sandstone 23 49 12 50 Price (1964) 
Wolstanton 

sandstone 23 230 30 500 Price (1964) 
Solenhofen 

limestone 20. 10133 5100 0.2 0.5 Griggs (1939) 
Alabaster 

(wet) 24 100 308 200 Griggs (1940) 

T - temperature °C; C.F. - confining pressure, bars; 

- viscosity, 1014poise; t - time, days; 
Q°  - long term yield strength, 106dyn/sq cm. 
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viscosity had decreased. This suggests that stresses of 

this magnitude are too large to allow any pseudoviscous flow 

but cause rapid onset of tertiary creep. Examination of. 

Griggs's(19361  fig. 10) original curves supports this idea; 

there is no significant straight line portion of the curves 

and only an inflection point marks the secondary creep stage. 

(e) The effect of pressure and temperature on viscosity 

coefficients  

The data in table I show that the experi-

mental conditions do affect the value of the viscosity co-

efficients. Therefore, before comparing coefficients for 

different rock types: and so estimating viscosity ratios, the 

effect of variables such as pressure and temperature must be 

determined. One way of doing this is to use suitable theo-
retical equations. 

For example, the possible influence of pressure on 

Newtonian viscosity can be assessed from an equation sug-

gested by Andrade (1934): 

1 	1 

µ/111 = (v1/vp)(k1/k2)
2exp(C/T(1/v — 1/v1)..(II.6) 

The subscripts. 1 and 2 refer to atmospheric pressure and the 
desired working pressure respectively; v is the molar volume; 

k. the compressibility; and T the absolute temperature,. The 

equation implies that viscosity increases with increasing 

pressure. 

A relationship between temperature and viscosity was 

derived by Becker (1925) using basic stattltical mechanics. 

It, is 

	

µ = A exp(VRT) 		 (II.7) 

in which A is a constant, .4 is the activation energy and R 

the gas constant. The equation shows that viscosity should 

decrease with increasing temperature. Moreover, because 
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temperature also appears in 11.6, the effect of increasing 

pressure should be less marked at higher temperatures than at 

lower ones. 

Both these equations have been verified by workers using 

geologically significant materials. For example, Dane and 

Birch (1938) worked on boric anhydride glass and found that 

the ratio of viscosity at 1000 bars to the viscosity at 1 bar 

was 4.5 at 359°C, but only 1.6 at 516°C. Nore recently, Shaw 

(1963) has shown that an increase in pressure on obsidian -

water melts under magmatic conditions (800-850°C, 1000-2000 

bars) results in a very sliodit decrease in viscosity. 

However, available information on the pseudoviscous flow 

of rocks suggests that the effect of the variables is more 

complicated. Griggs' (1939, 1940) data on Solenhofen limestone 

and alabaster show a decrease in viscosity with increasing 

pressure, which is contrary to equation 11.6. Robertson 

(1964) has extrapolated Heard's results for Yule marble and 

finds a similar reduction in viscosity, and Heard, himself, 

points out that the differential stress required to maintain 

a particular strain rate is very sensitive to temperature 

variations. 

These observations can be explained using the relation-

ship between activation energy and pressure determined by 

Zharkov (1960, eauation 5). This predicts a decrease in 

energy with increasing pressure. From equation_ 11.7,it can 

therefore be deduced that, at a particular temperature, 

viscosity will also decrease with increasing pressure. 

Nevertheless, it is obviously very difficult to assess 

with any precision, the effect of the two variables, pressure 

and temperature, on viscosity during pseudoviscous flow. 

One can only generalize that increases in either, or both, 

of them will probably result in a decrease in the coefficient 

of viscosity. This is,unfortunately, not sufficient infor-

mation to allow recalculation of the experimental data, 



so that ratios of viscosity between rocks deforming under 

the same pressur and temperature conditions may be 

evaluated. 

(f) The_ use of activation energies to calculate coefficients  
of viscosity 

It:may be possible to overcome the diffi-

culties in calculating coefficients. of viscosity by using 

fundamental theoretical equations such as that for the vari-

ation of viscosity with temperature (equation 11.7). Work 

on metals has shown that secondary creep at high tempera-

tures begins when the activation energies for creep and 

diffusion are equal; this occurs at temperatures greater 
than 0.5 Tm (Dorn, 1957, p. 264). Therefore, as more data 

on activation energies for diffusion become available, they 
can be used in 11.7 to calculate, directly, viscosities for 

pseudoviscous flow at suitable temperatures, provided the 

constant A can be assessed. 

Some idea of the value of A for Yule marble can be 
obtained from Heard's (1963) results which provide inform-

ation on both activation energies and viscosities. The 
activation energy varies between 45,700 and 62,400 cal/mole. 

depending on the orientation of the test specimens but the 

mean value agrees well with the activation energy for diffu-

sion in calcite crystals which is 58,000 cal/mole (Haul and 
Stein, 1955). Substituting this last figure for 	in 11.7 
and using Heard's coefficients of viscosity at a. particular 

temperature, A. can be calculated as follows: 

At 800°C, µ = 2.1012  poise; therefore 

• 2.1012 = A_ exp(58,000/1.987.1073) 

which reduces to: A -/5. Similarly, at 600°C, Ai-,  1.5 
and at 500°C, A_ 

These results indicate that, for Yule marble, .L 

small and roughly constant. 
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Le Comte (1965) has determined the activation energy of 

rock salt during creep tests and finds that at 265°C (0.5Tm) 

the value for is approximately 30,000 cal/mole. Substitu-
ting.this in 11.7 gives µ = 1.54A•1012 poise. This is 
significantly lower than the result obtained by Griggs. (1939) 

if k is of the same order,ofmagnitude as_ for' 	marble. 
However, the activation energies for diffusion of. the Na. 

and 01 ions are greater than La. Comte's, energy of creep, the 

mean value being 36,000 cal/mole. If this value is used for 

Q in 11.7, the resultant viscosity is approximately 2A•1014 

poise:, 103  times less than that determined by Griggs. This 
difference is probably due to the very -much. higher tempera-

tures at which Le Comte worked. 

Unfortunately the writer knows of no similar theoret-

ical work relating pressure, activation energy and viscosity. 

As mentioned above, Zharkov (1960) predicts a decrease km. . 

energy with increasing pressure. This is supported by 
Misra's (1962) results for marble which indicated a decrease 
in the activation energy from 3.9•l0S dyn/sq cm. Therefore, 
at higher pressures one would expect a decrease in the 

viscosity as calculated from 11.7. 

E. THE REYNOLDS NUMBER AND THc] TYIE OF VISCOUS FLOW IN 
ROCKS. 

Fluid flow is generally recognized as being of 
two types: laminar, or turbulent. Laminar flow is very 

smooth and, using Refiner's. (1960b, p. 196) definition, there 
is no visible separation of the parts of the liquid. 
Turbulent flow, on the other hand, is erratic and irregular 

and separation of parts of the fluid can be observed. 

The Reynolds NuMber is a dimensionless parameter which 

can be used to determine whether the flow is laminar or 

turbulent. It is defined as the ratio of inertial to vis-

cous forces. in the particular experiments; i.e. 
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Re = 0M1. ...(II.8) 

where is the linear size of the fluid body and p the 
density of the material. If Re is small (less than 1), the 

flow is laminar; if it is large (greater than 1000), the 

flow is turbulent. For values of Re in between these limits, 

initial turbulence is possible but it will be damped out and 

the flow will become laminar with time. 

To decide the type of flow prevailing during conditions 

of regional metamorphism, values for the variables appearing 

in 11.8 must be assumed. From measurements along the San 

Andreas fault, Heard (1963, p. 178) suggests a value of 

3'10-14 sec-1  for a geologic strain rate. The velocity of 

the westward drift of America is estimated by Orowan (1965, 

p. 304) to be 3.10-6 cm/sec. The rate of strain would be 

less than this. Suitable values for the viscosity vary from 

1012 - 1018 poise (table lc). Therefore, for the present 

calculation, assume the following values for the variables 

in 11.8 

p 
	3, 	10-10  sec-1  , p, ,„„ 1015 poise 

Hence 
Re = 3.10

-25 

which is extremely small, no matter what the value of Z. 

Therefore, the inertial forces can be ignored and the type 

of flow will always be laminar. 
Similarly, using Friedman, Long and Smith's (1963) data 

for the Trident rhyodacite flow, Re is of the order of 

3-10-12t. The type of flow is again laminar. However, for 

the much less viscous Alika basalt flow, which moved at 

11 m.p.h. (Nichols, 1939), the Reynolds Number is 0.15 . 

This suggests a dominance of laminar flow with a possibility 

of turbulence, depending upon the value of Z. It is import-

ant to note when discussing less viscous materials with rapid 



strain rates that turbulence can easily be achieved. in large 
bodies. 

These results corroborate those of previous workers 

who have used dimensional analysis to show laminar flow in 

lavas and dykes (Nichols, 1939; Spry, 1953) and in meta-

morphic rocks (Charlesworth and Lambert, 1964). It seems 

unlikely that Schmidt's (1918, p. 296) suggestion of turbu-

lent flow for metamorphic rocks containing snowball garnets 
is.tenable. 

In this thesis turbulent flow is not considered at all 

and the basic equations_of laminar flow are assumed to hold 

for all types of defornaticn examined. 

F. SUNHARY AND  CONCLUSIGHS 

The object of this chapter was to 

investigate the possibility of Newtonian flow in rocks, and 

it was found that rocks do behave as viscous fluids under 

certain physical conditions. 

For molten rock material, experimental and field evi-

dence suggests that both surficial lavas and deep-seated 

magmas are Newtonian liquids. 

At temperatures less than the melting point, it is 

possible to get rock to deform by flow under most pressures 

and temperatures. However, Newtonian viscosity is probably 

only achieved if the stresses are applied for a long time or 

the rate of strain is slow. High temperatures (greater than 
0.5.  Tm) and pressures facilitate the onset of pseudoviscous, 

Newtonian flow. In geological terms, rocks undergoing reg-

ional metamorphism are probably in a Newtonian fluid condi-
tion. 

Calculated theoretical and experimental values of the 

coefficients of viscosity vary between 102 and 1010 poise 
for molten rock, the composition of the melt, temperature 

and pressure being the main controlling factors. For rock 
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in the solid state, viscosity ranges between 1012 and 1024 

poise, depending on composition and the experimental condit-

ions_. Increases in temperature and pressure reduce the 

value of the viscosity coefficient but it is not possible to 

correct the experimental results for these factorst and so 
compare viscosity coefficients of different rock types 

directly. 

Calculations of the Reynolds Number for viscous flow in 

rocks show that deformation will generally occur by laminar 

flow. 



-29- 

CHAYTER III 	THE EXPERIMENTAL PROGRAMME 

A. INTRODUCTIN 

s, explained previously, the development and 

experimental verification of the theory will be discussed 

together as the one follows logically from the other. It is 

therefore convenient to describe the apparatus and techniques 

used for the experimental work before describing the mathe-

matical theory. 

The object of the experimental programme was to teat 

the behaviour of rigid and non-rigid particles in a viscous 

matrix. during pure and simple shear deformations. To do this 

the writer designed and had constructed two simple pieces of 

apparatus capable of imparting the desired deformations to 

material placed inside them. The simple shear apparatus 

worked very successfully but, unfortunately, that for pure 

shear did not. It was found that when this apparatus was 

filled with the matrix and the straining initiated, the 

frictional resistance sot up was so great that it locked the 

box before the run was properly underway. Lubricating the 

moving components did reduce the resistance slightly but to 

ensure that the apparatus worked reliably would have involved 

redesigning it completely. Unfortunately, the writer did not 

have sufficient time to do this and instead recourse was had 

to a piece of apparatus which, like that for pure shear, 

i7Jparted an irrotational strain but did not maintain a 

constant area, as required by pure shear. This simpler 

strain box gave very satisfactory results. 

The instruments used for measuring changes in shape and 

orientation were also simple ones. A pair of dividers and a 

ruler graduated in fiftieths of an inch were used to measure 

particle dimensions and a protractor marked out in half 

degrees served for angular measurements. More sophisticated 

instruments capable of achieving greater orders of accuracy 

were not necessary in view of the relatively large strains 
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Figure 4 Plan of the simple shear apparatus. 

- aluminium "U" pieces (only half shown) 
B - fixed perspex plate 

C - moveable perspex plate 
D - retaining bars 
B - guide posts 
F - scale, in units of 0.lys  
G - threaded brass rod 

H - connecting nut 

I - platform in which H sits and moves freely 
J - rubber barrel coupling 
K - motor drive shaft and gear box 
L - electric reversible motor 

M - aluminium "U" piece in cross-section 
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obtained. 

The material used for the matrix was a solution of 

ethyl cellulose in benzyl alcohol because it was easy to 

prepare and a wide range of viscosities could be obtained by 

varying the ratio of solvent to solute. The non-rigid part-

icles were also prepared from this material; rigid particles 

were made of aluminium or glass. 

Detailed descriptions of the apparatuses and materials 

used are given in the subsequent paragraphs. These are 

followed by the experimental method, which was basically the 

same for all the experiments. Finally, the accuracy of the 

method is discussed. 

B. AII-ARL..TUS ./L7.-121 NAT:2211\13.  

(a) The simple shear box_ 
The simple shear box, the essential 

features of which are shown in figure 4, worked.. on the same 

principle as Becker's (1904) "scission engine" and Ramberg's 

(1959, p.124) shearing apparatus. It consisted of 96 pieces 

of 1.6 mm.. thick aluminium sheeting cut into "U" shapes and 

clamped together to form a hollow box by two 0.67 cm. thick 

plates of perspex. One of these perspex plates was fixed to 

a baseboard and the other, together with the aluminium "U"a, 

was constrained to slide past it by guide posts. Two retain-

ing bars held the ends of the "U"s and the perspex plates 

together and served to transmit the shearing motion. 

A small electric reversible motor able to rotate at 

3 r.p.m. was attached to the baseboard to obtain constant 

rates of shear. Threaded brass rods connected the driving 

shaft of the motor to the retaining bars of the shear box. 

In this way, the bars were moved towards or aw -,zy from the 

motor, causing the aluminium "U" plates to slide past each 

other. Different rates of shear were obtained by var-,yinQ; the 

number of threads per inch on the brass rods. 



-32- 

Figure 5 Simple shear deformation of a rectangle to a 

parallelogram. amount of simple shear 

ys = tan g 

(After Nadai, 1950, p. 146) 

Figure 6 Diagram to illustrate the method of reposi-

tioning a particle at the end of a run in 

the siElple shear box. 

A - final position at the end of the run; 

B - equivalent position for the start of a 

new run by shearing in the opposite 

direction. 



	► 

X
. 

6 A /  

6 B.  
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A scale, graduated in divisions of 0.1y,, where y is 

the unit of shear strain as defined by Nadai (1950, p. 146) 

and illustrated in figure 5, was placed on the baseboard, 
adjacent to the moveable perspex plate. When the motor was 

in use tee maximum shear during one run was 0.7 y,, but 1.2ys  
was possible without the motor. Greate.i: shears were obtained 

by rer:Jloving the particle aftei 1-7 run, replacing it in the 

equivalent but opposite final position (see figure 6) and 
reDeating the run in the reverse direction. By summing the 

individual strains, the effects of large shear deformations 

could be studied. 

Plate 1 shows the apparatus set up for an experiraent. 

The geometry of any deformation in the apparatus is 

given by the transformations. 

xi  = x + ysy, yi  = y ...(III.1) 

An initial unit circle stamped on the material in the box 
has the equation 

x2  + y2  = 1 

If the circle is transformed by equations III.1, it becomes 

the strain ellipse 

X2 	2ysxy + y
2(1 -1-  y,,2) = 1 

The lengths 	) of the major and minor s&ii-axes of 

this ellipse can be determined using standard geometrical 
methods (eg. Jaeger,1962, p.27-28). The resultant equations 

arc 

X= 1' 	2 
+ 1 1 ys/2 	...(III.2) 

which give 

jx1/x2 

  

[/(ys/2) 2  + 1 + ys/2]/[i(y/2) 2  + 1 

— ys/2] 	...(III.3) 
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Plate I 	The simple shear apparatus sot up for an expe-

riment; the :1::.trix is already in the box. 

:Plate II The i2rototional strain box ready for use; the 

matrix encloses J_ non-rigid particle which is 

to bo deformed. Also in the picture to the 

loft of the box are some of the ancillary tools 

used in the experiments, namely: the cake cut- 
ter 	the large and small plungers and open-

ended test tubes, which were used for shr_oing 

the non-rigid particles. 
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Figure  7 Graphs of equations 111.3 - 111.5, showing 
the variation, with simple shear (ys ), of the 
a:dal ratio (r)7772) ; the orientation of the 
major axis (co); and the natural strain () • 
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The orientation of the major axis with respect to the OY 

ordinate of the simple sheer is given by 

= c/4 + (1/2)tan-lys/2 ...(III.4) 

It is also convenient to have a relationship between natural 

strain and simple shear. This is 

ys = 2sinh -6 ....(III.5) 

Equations 111.3 - 111.5 arc represented graphically in 

figure 7. 
End effects in the apparatus are negligible since the 

deformation conforms exactly to a theoretical simple shear. 

The plates forming the shear box and the material contained 

in them all move as one body durins the shearing. 

(b) The irrotational strain box. 
The irrotational strain box, 

similar in principle to the wire net used by Cloos (1955) in 

his experiments on clay, was built from a design by Dr. J.G. 

Ramsay. sThe essential features of it are shown in figure 8. 

It consisted of four rigid tufnel boards hinged together so 

that they formed a rhombus with variable apical angles. 

Small holes were drilled at equally spaced intervals ne-r the 

base of each board. Strong cotton was threaded through these 

holes to ensure even transmission of strain throughout the 

material in the apparatus. The whole box was placed_ on a 

hevy level ei_aFs base-plate which was well greased with vase 

line. U-shaped clamps which fitted over the box and connected 

two opposite hinges served to keep the rhombus in a particular 
position. The strain was imparted by applying pressure on 

diagonally opposite corners of the apparatus. Plate II shows 

the box set up and ready for use. 

The geometry of any deformation in this apparatus is 

complicated because the surface area in the box vaeles system-

atically with the apical angle, a,from a maximum value when 
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Figure 8 Ilan of the irrotational strain box. 

A - rigid tufnel sides 

B - clamp 

C - cotton, threaded through holes near the 

base of the sides 

D - glass base-plate 

B - hinges 

Figure 9  Diagram to illustrate a finite pure shear 
transformation in the irrotational strain box. 
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a= 90°  to zero when a = 0°. Because of this area change, it 

is not possible to achieve a true progressive pure shear, 

though one can obtain a finite pure shear transformation 

between the initial and final 13ositi-ns by ensuring that the 

initial Lind final areas are ejual. It is this particular 

transformation which is o lost interest and consequently 

geometry will be considered in detail. 

Referring to figure 9, the initial lengths along OX and 

OT are given, respectively, by 

X = s.sin a, y = s.cos a ...(III.6) 

The final lengths are 

x' = s•sin 0, y' = s.cos p ...(III.7) 

Consider en initial unit circle stamped in the matrix with 

the equation 

x2  + y2  = 1 

After deformation, this circle becomes the strain ellipse 

x2/X1  + y2/X2  = 1 

From equations 111.6 and 111.7, the lengths of the semi- 

major and semi-minor axes are given by 

\dr/  Xi  = sin 0/sin a, I X2  = cos 5/cos a ...(III.8) 

and 

IA1/X2  = tan P.cot '  —(111.9) 

If the initial and final areas are to be equal, a and p must 

be complimentary angles. Hence 

171  = cot a, 	= tan a ...(III.10) 

and 

41/X2  = cot2a ...(III.11) 

Equations III.10 and III.11 are expressed graphically in 

figure 10. 
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Figure 10 Graphs of the equations III.10 and III.11, 

showing the theoretical changes in axial 

lengths, \IXI.  (curve B) and s/72  (curve A), 

and axial ratio, JX1  /7,. (curve C), with the 

apical angle, a, of the finite pure shear 

transformation, in the irrotational strain 

box. Curve B shows the variation in axial 

ratio with apical angle determined experi-

pentally by the finite pure shear transfor-

mation of a circle of diameter 6.3 cm. 
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End effects, unlike those in the simple shear apparatus, 

are quite large in the irrotational box. This is mainly due 

to the area change during deformation and, since the volume 

remains constant, the resultant friction between the matrix 

solutions and the sides and base of the box. Hence, the 

strain varies throughout the. apparatus, as is evident from_ 

figure 11 which shows the strain at different points on the 

surface of t:ie solution in the box after a theoretical trans-

formation of%/5717572  = 1.42. From the shape of the deformed 

circles;: it appears that the strainis not even. homogenous 

	

at the sides of the box. 	 • 

To determine approximately the variation of the strain 

in the centre of the box with the change in apical angle, an 

initial circle of diameter 6.3 cm. was stamlped onto the sur-

face of the matrix. The circle was then deformed over the 

range of possible apical angles and tine axie.1 ratios of the 

resultant strain ellipses measured. The variation of these 

axial ratios with apical angle is plotted in figure 10, 

curve D. The graph shows that the finite strain in the centre 

of the box varies systematically with the change in angle and 

is always greater than that predicted theoretically by 

equation 111.11. 
It is possible to reduce the end effects by lubricating 

the sides of the box with vase line. This is evident from the 

following table which contains data showing a significant, 

but not large, reduction in tic ie ial ratio of the strain 

ellipse in the centre of the'aox if the sides ar- rreased. 

a
o 	1A1/X2 th 	

siX
1
/7
2

2  

ungreased 	greased  

40 	1.42 	1.80, 1.80 	1.65, 1.70 

30 	3.00 	6.00, 6.05 	4.85, 5.30 

The importance of end effects can also be reduced by 

working as far away as possible from the walls and preferably 

the distance between the walls and the area of interest should 
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2igur  11 Variation of strain in the irrotational 

strain box after a finite pure shear 

transformation of,Al/x2  = 1.42. The 

ellipses were initially circles of 

diameter 5 cm. The diagram was traced 

from a photograph 
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Figure 12 Graphs showing the change, with apical 

angle, of the distance between the sides 

of the box and the -particle (curve x), 

and the ratio of distance to particle 

diameter (x/d). 
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be at least ten times the diameter of the area (1)rice, 
personal communication). Since the side of the box is approx-

imately 38 cm long, the distance between the neroct point of 

the walls and the centre of the box, in the position of maxi-

mum area, is approximately 19 cm. The diameter of the part-

icles normally used in the experiments was 1.7 cm and this 

gives 11.4 as the maximum value for the ratio of the distance 

from the walls to the diameter of the area of interest. 
Figure 12 shows the change in distance from the wall with 

change in the apical angle and the corresponding reduction 

in the ratio between distance and particle dialleter. The 

value of this r?tio becomes less iha3n ten for angles smaller 

than 300. Therefore, when working with these deformations, 
smaller particles were used. 

(c) Ancillary apparatus. 

Additional pieces of apparatus were 

designed to moot specific requirements in the experiments. 

These included glass test tubes which had their bases ground 

away and were used for shaping the non-rigid particles. 

Wooden plungers which just fitted inside these tubes served 

for inserting the particles into the matrix. 

A circular metal cake cutter of diame'cer 7.5 cm was used 
to re-position the non-rigid particles being dofoime,:, by 

simple shear. 

A similar cutter, which had a piece of stiff wire netting 
attached to its base, was used to impress rectangular grids 

on the surface of the matrix solutions in the experiments 

to determine the strains arotind a particle. 

(d) Matrix material  
Solutions of ethyl cellulose in benzyl 

alcohol were used for tht, viscous matrix. The rheological 

properties of these solutions have been determined in detail 

Osokina et al (1960). At concentrations of less than 15 



per cent solute, the mixtures are Newtonian liquids. At 

higher concentrations they are non-Newtonian 	with 

not very pronounced anomalous viscosities; and only snall 

hysteresis eficcts and thixotropy are obsorvd under varying 

deformation rates. 

The viscosity coefficient increases with concentrc•tion 

of etilj_ cellulose end ran::cs between 102  -,yid 106 poise. 

For a particular solution, the viscosity reeuins constant for 

zeue tie after preparation of the solution but decreaees 

exponentially with risinL, tcuperature. Depending on the 

grade of ethyl cellulose used different viscosities will be 

obtained for the saue concentration. 

A strain - time curve for eth:J cellulose - benzyl 

alcohol solutions has been published by Bell and Currie (1964, 

fig. 4b) which shows that an initial elastic deformation 
achieved tT.Lrough rapid loodin is quickly relieved by a 

viscous crei:p conponent, durinr, which most of tto elastic 

strain energy disappears. The scull a=unt of energy r:::2ain-

ing is sufficient to allow -LI: use of photoelastic r:0-thods 

for stress ahalysis. However, this property was not required 

in the Present work. The residual elasticity is unlikely to 

have affected the experimental results obtained because the 

relaxation time of the solutions is extremely sall (10G  -

101  sec; Grovskyl, 1959) 

The ethyl cellulose used for the preparation of the 

solutions was that marketed by the Dow Chemical Conpuny 

under the trade name "Ethocel" (standard ethoxy content, vis-

cosity grade 200). The D.P. grade Benzyl Alcohol manufact-

ured by d.j. Bush and Co. was used as solvent. 

To prepare the solutions, the required proportions of 

ethocel and alcohol were mixed together in a large beaker 

which was heated on a sand bath. Best results were obtained 

if only small quantities of solvent and solute were mixed 

together at one time. Bell and Currie (1964, p. 41) state 

that to get a fluid free of entrapped air bubbles it is 
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necessary to heat the mixture in a vacuum at 70°  to 80°C for 

5 to 12 hours. However, the writer prepared solutions suffi-

ciently free from air bubbles by dissolving the 0thocel com-

pletely, covering the beaker to prevent evaporation of the 

solvent and allowing the mixture to digest on a low flame 

for a day and then cool gradually overnight. A longer period 

of digestion and cosling was required for the more viscowir 

fluids. 

To construct a graph relating the. coefficient of viscos-

ity of a solution to the proportion of ethyl cellulose dis-

solved in it, several solutions covering a concentration 
range of 15 to 35 per cent solute were carefully prepared. 

The viscosity coefficients were then determined using a 

Ferranti-Shirley cone-plate viscometer. This instrument 

measures the viscous traction exerted by tho fluid during 

shearing at a constant a to and can be used for viscosities 

up to 105  - 10 poise. However at the very hi :h valL:es, 

cracking of the liquid may occur at even the slowest rtes 

of shear, thus giving.  anomalously low results. licKennell 

(1960) discusses the principles of this and other types of 

viscometer in detail. 

The results of the viscosity.  - concentration determinR-
tions are plotted graphically in figure 13 together with 
those of Osokina et al (1960) as calculated by the present 

writer fll():1 their figure 2, for comparison. Yote that these- 
workers used ethyl cellulose of a greater viscosity grade 
than the present writer and made their determinations with 
a constant shear stress viscometer. 

Figure 13 was used as a working curve to correlate the 
concentration of ethyl cellulose with the viscosity coeffic-

ient of the solution. Normally solutions containing 22, 

and 30 per cent ethocel Caere used for the matrix in the: 

experiments. 



-46 - 

Figure 	The relationship between viscosity and 

concentration for ethyl cellulose - benzyl 

alcohol solutions. Graph A is taken from 

Osokina et al (1960, fig. 2) for 290 grade 
ethyl cellulose, at a shear stress t = 

10 cm /cm-. Graph B was obtained by the 

p:1:sent writer for 200 Ezride ethyl cellu-

lose at 18°C and at a constant shear rate 

-0.1 r.p.m. 
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(e) Particles  

The rigid two-dimensional particles were made 

from 1.6 mm thick aluminium sheeting; they wore circular and 

elliptical in shape and had the following axial ratios, 

eccentricities and surface areas: 

a/b 

 

area 

(sq cm) 

5.20 

3.88 

3.50 

5.33 
2.60 

5.76 

a/b 

    

area 

(sq cm) 

4.14 

5.28 

10.43 

5.74 

2.37 

1.0L 

1.36 

1.51 

1.92 

1.96 

2.70 

0.14 

0.70 

0.75 

0.85 

0.86 

0.93 

2.85 

3.66 

3.84 

4.39 

1J.71 

0.94 

0.96 

0.96 

0.95 

0.98 

      

The eccentricity e is defined by e 2  -b2  Va-  where a and 

b are the lengths of the major and minor particle semi,axes. 

The rigid particles used for three-dimensional experi-

ments were hollow glass prolate spheroids with axial ratios 

approximately 4 : 1 : 1. These ellipsoids were prepared by 

sealing off the ends of thin-walled, soft glass tubing and 

then rounding them to shape with emery paper. The dimensions 

of the air bubble inside it were such as to ensure that the 

particle had the same density as the matrix and therefore 

was not acted on by body forces during the experiments. 

Solutions of ethyl cellulose and bcnzyl alcohol, 

coloured with methylene blue dye, were used for the non-

rigid particles. These particles were disc-shaped with 

diameters of 1.1 or 1.7 cm and thicknesses of 1.6 mm. The 

open-ended glass test tubes and wooden plungers wore used to 

shape them and great care was taken to ensure that they en-

closed no air bubbles. Their compositions, viscosity co-

efficients. and corresponding ratios with the viscosity of a 

22 per cent ethyl cellulose matrix solution are tabulated 

below. 
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(R 

% ethocel 4 (poise) /0
,  

R 	, ethocel A  (poise) 	R 

22.0 5.0.103  1.0 31.5 37.5.10)  7.5 
26.5 12.5.103  2.5 32.5 50.0.102  10.0 
29.5 25.0.103  5.0 34.5 75.0.103  15.0 

is the ratio between the viscosity of the particle and 

the viscosity of the matrix) 

C. THE EXPERIMENTAL FROGRAME 

(a) Preparation of the apparatus 

Before beginning any work, 

the apparatus to be used was thoroughly greased with vaseline. 

The main purpose of this Greasing was to spread a thin, impel,-

meable seal over the surface of the apparatus and so prevent 

the matrix solutions of ethyl cellulose from seeping through 

possible openings. Moreover, it also served to reduce the - 

friction between the solutions and the sides of the irrota-

tional strain box. To achieve a satisfactory seal, all 96 

"U" pieces and the perspex end pieces in the simple shear box 

had to be carefully greased and in the irrotational strain 

box, great care was taken to ensure a strong seal between 

the glass base-plate and the tufnel sides. 

In addition. to lubricating the boxes, other pieces of 

equipment which were used to prepare and manipulate the non-

rigid particles were lightly greased with vaseline before use. 

This was done to prevent the adhesion of the particle solu-

tions to these tools. 

After the box had been set up, the ethyl cellulose 

solution which acted as the matrix was placed in it and left 

to settle for some time so that any air bubbles could escape. 

In the simple shear apparatus, the layer of matrix was at 

least 2.5 cm deep, and in the irrotational strain box, enough 

solution was used to ensure that, in the position of maximum 

area, the cotton grid was covered by a layer of matrix 1.5 

cm thick. When the matrix had settled, the irrotational 



strain box was adjusted to a suitable apical angle and 

clsrpod in this position. 

Once the apparatus had been set up with the matrix, it 

was used for many experiments until the matrix required 
changing. 

) Experiments on sinrae particles in the simple shear 

and irrotational strain boxes. 

Insertion ci the particles  

Initial positioning of the 

particles being studied was carried out as follows. The 

rigid two dimensional particles were placed on the surface 

of the matrix so that they floated horizontally. Their 

major axes (or reference direction in the case of the disc) 

were set at right angles to the shear direction in the simple 

shear box, or, at a small angle, (p, to the direction of 

compression in the irrotational strain box (see figures 14a, 

b). In tie three dimensional experiments, the glass ellip-

soids wore similarly positioned though at some angle of 

plunge, 0, to the deformation plane (i.e. the surface of the 
matrix) as shown in figures 14c, d. Photographs, from which 

0 could be calculated, were then taken vertically above the 

ellipsoids. 

Placing the non-rigid particles in the matrix was more 

complicated. The particles were prepared shortly before they 

were required and were transferred to the matrix in tne glass 

tube used to shape them. The plunge' was then used to force 

them into the desired positions. The procedure had to be 

carried out rapidly to prevent distortion of the discs but, 
if tai s did Occur, the circular shape could usually be 

corrected after insertion. Nevertheless, the initi41 shapes 

were photographed to record any deviations from circularity. 
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Figure 14 Initial positions of an ellipse and an ellip-

soid in (a, c) the simple shear box and (b, d) 

the irrotational strain box. Only the major 

axes of the particles are shown; Q is the angle 

in the deformation plane between the major 

particle axis and the CY' coordinate axis; 

0 is the angle of plunge of the major particle 

axis to the deformation plane. 

Figure 15 Diagram to show that the error involved in 

ignoring the refraction at the air - matrix 

interface is negligible. Using the data given 

in the figure 

tan i = a"/2h -- 0.02 ti  sin i 

The refractive index of benzyl alcohol is 1.54. 

Therefore, by Snell's Law 

sin r = 1.54sin i = 0.015 

and 	r = 45' 

If the ellipsoid is at a depth of 1 cm below 

the fluid surface 

= tan r-- 0.013 

which can be ignored. Similarly, 	is very 

small and can be ignored. Therefore 

o"-,  a' 

and the effects of the refraction at the 

interface can be ignored. 

Figure  16 .Diagram to illustrate the method of calculating 

the plunge, 6, of ellipsoidal particles from 

the apparent length, a', of the major particle 

axis. 
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ii) Deformation procedure  

Having positioned the particle, the 

deformation was started. The simple shearing was generally 

carried out slowly by hand unless constant strain rates were 

required when the motor was used. Similarly, in the irrota-

tional strain box, the deformation was allowed to proceed 

very slowly so that the level of the matrix remained hori-

zontl despite the change in surface area. Moreover, care 

had to he taken to ensure that the forces causing the change 

in shape of the box always acted along the same line. The 

deformation was stopped after reaching the required apical 

angle for a finite pure shear transformation. Runs in the 

simple shear apparatus normally continued for J:fs  shear. 
iii) Recording changes in particle shape and position 

During 

the deformation runs, the rotation and distortion of the 

prticles were recorded at regular intervals. For the two 

dimensienal rigid particles this was done by measuring the 

change in orientation of the particles directly during the 
experiments. However, changes in shape and position of the 

rigid ellipsoids and nom-rigid particles were recorded photo-

graphically. 

The particle axial lengths and the orientation of the 

major axes. were measured directly from the photographs. 

Hbwever, the plunge of the ellipsoids had to be calculated 

from the apparent length of the ellipsoid major axis. This 

was done assuming that the effects of refraction at the 

matrix - air interface can be ignored. Reference to figure 

15 shows that this assumption is valid for the present experi-
ments because the photographs were taken vertically above the 

particles at a height Treat enough to reduce the angles of 

incidence and refraction to negligible amounts. The formula 

relating the apparent length, a', of the particle major axis 

to the angle of plunge, A), is then derived as follows: 
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In figure 16, the equation of the ellipse with respect 

to 	Y_ coordinates is 

x2(a2sin26 + b2cos29) + 2xy(a2 	b2)sin e.cose 

± y2(a2cos20 + b2sin26) = a2b2 	...(III.12) 

The length a' is equal to twice tine abscissa of the point of 

vertical tangency x2. To obtain the coordinates of x2  

differentiate 111.12 with respect to y and let dx/dy equal 

zero. Then 

y = -x(a2 	b2)sin 0.cos 0/(a2cos20 + b2sin20) 

substituting this for y in 111.12 and simplifying gives. 

x = +ja2cos2 o + b2e'in20 

Hence the apparent length 

a' = 2)/a2cos2 v + b2sin26 

which can also be written 

a' = 2a/71  e2sin20 ...(III.13) 

Therefore 

sin e = /4a2  - a12/2ae 	...(iii.14) 

Equation 111.14 was used to calculate the angle of 

plunge 0 of the major axes of the ellipsoidal particles. from 

the apparenb and true lengths of the major axis (a' and a 

respectively) and the eccentricity of the particle. 

iv) Repositioning particles at the end of a deformation run  

At the end of each run in the simple shear apparatus the 

particles were removed fro:T. the matrix and replced in the 

equivalent Position for shearin in the opposite direction, 

as shown in figure 6. 

For non-rigid particles, however, this repositioning 

process was rather complicated. First, the approximate 

major and minor particle axial lengths and the orientation 

of the major axis wore measured. The particle and its 
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immediate matrix environment wore then isolated from the rest 

of the material in the box by enclosing the in a larr2,0 cake-

cutter. Finally, by turning the cutter slowly, the particle 

and matrix were rotated into the required position. The cutter 

was carefully removed and the shape and orientation checked to 

ensure that it agreed. with the measurements before reposition-

ing. If there was discrepancy between these initial and 

final measurements, the particle was gently pushed into the 

correct shape. It was found that this procedure ensured the 

minimum amount of particle distortibm during repositioning. 

However, particles which were elongated to such an extent that 

the lengths of their major axes nearly equalled that of the 

diameter of the cutter could. not be repositioned in this way, 

because the distortion during rotation was too great and the. 

particle acquired a sigmoidal shape. When this stage was 

reached, the experiment was discontinued. 

Rigid particles in the irrotational strain box were also 

removed at the end of each pure shear transformation and re-

placed in equivalent positions for the deformatien in the 

opposite direction. However, deformed non-rigid. particles wore 

removed and replaced by undeformed ones after the box had been 

adjusted to a new apical angle. The new particles were then 

subjected to another finite pure shear transformation. 

v). Terminating the experiments 

The experiments were stopped. 
after sufficient information had been obtained to check the 

theoretical equatiens. In the simple shear tests on twc 

dimensional rigid particles enough runs were carried. out to 

rotate the particles through 1800. Similarly, in the irrotat-
ional strain experiments, the two dimensienal particles were 

studied until they had approached close to the stable position 

parallel to the direction of elongation. The behaviour of tha 

rigid. ellipsoidal particles was not examined in such detce‘il as 
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these experiments wane_ difficult to perform and very time-

consuming. As mentioned above, tie simple shear tests.. on non-

rigid particles were stepper] when the particles became too 

elongated to be repositioned. In the irrotational strain box, 

the maximum deformation applied to the non-rigid particles was 

that corresponding to an apical angle of 15°. Working with 

smaller angles than this was very difficult. 

(c) Deformation of a large number of non-rigid particles la 

simple shear 

It will be shown in the theory chapter that 

the relative concentration of particles with respect to matrix. 

controls the viscosity ratio between the particle and particle-

matrix system and that the ratio decreases. with increasing 

particle concentration. To test the importance of this factor, 

a series of experiments was performed in the simple shear box 

on particle - matrix systems with the following particle con-

centrations (in volume per cent): 3, 6, 9, 12, 15, 23. The 

detailed experimental method is outlined below. 

1/  A rectangular grid was laid out on the base of the empty 

shear box. This grid was used as a guide during the insertion 

of the particles to ensure that they were regularly distributed 

throughout the matrix. 

2/  A known volume of matrix solution (22 per cent ethyl 

cellulose in benzyl alcohol) was placed in the box and allowed 
to settle. 
3/  The: required ntimber of particles were prepared from a 29.5 

per cent ethyl cellulose - ben-zyl alcohol solution, giving a 

particle - matrix viscosity ratio equal to 5 at very low 

particle concentrations. The particles were cylindrical in 

shape and had a constant volume. 

4/  The particles were inserted in the previously planned 

positions using the method for single discs as described above. 
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5/  Photographs were taken vertically above the particles to 

record any initial deviations from circularity in their 

shape. The height at which the photographs were taken was 4 

feet above the box; this was sufficient to make negligible 

any aparent eccentricity due to the particle riot being 

directly beneath the camera. 
6/ The system was then deformed slowly by shearing through 

an amount of lys. Photographs were taken after 0.5ys  shear 

and at the final position. 

7/  Prom the photographs the change in particle shape and the 

orientation of the major particle axis were determined. 

(d) Determination of the strains developed in the matrix 

around a  sinle particle during deformation 

A series of 

experiments was carried out to determine the strains develop-

ed in the matrix around rigid and non-rigid particles, during 

deformation in the simple shear and irrotational strain 
boxes. The purpose of the experiments was to relate the 

strain pattern around the particle to the type of deformation 

which had produced it and to correlate the respective distor-

tions in the particle and the matrix with the viscosity 

ratio. The experiments were performed using non-rigid 

particles with viscosity ratios of 2.5, 5.0 and 10.0, a rigid 

disc and a rigid 2 : 1 ellipse. The method was as follows. 

1/ The required apparatus was set up and the matrix solution 

emplaced. The irrotational strain box was adjusted to an 

apical anle of 32°. 

2/ If a non-rigid particle was being tested, it was inserted 

into the matrix in the normal manner. 

3/  The wire netting attached to the base of a cake cutter 

was lightly sprayed with slow-drying white paint. It was 

then firmly and quickly pressed against the surface of the 
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matrix and the particle, so that the particle was roughly in 

the centre of the resultant grid. 

4/  If. a rigid particle was being used, it was now placed in 

the centre of the grid. 

5/  Photographs were taken of the initial position. 
6/  The system was then deformed through an amount of lYs  in 
the simple shear box or to the equivalent apical angle of 32°  

require for a finite pure shear strain in the irrotational 

apparatus. These deformations impart approximately the same 

finite strain (iXi/X2  = 2.6 ) to the particle - matrix system 

and hence the results from the two boxes can be compared 

directly. 

7/  Photographs were taken of the final position. 

8/  From the distortion of the grids, the strain at different-

points around the particles was calculated using the IIohr con-

struction. "Flow vectors" showing the direction of movement 

of the matrix during the deformation were also determined 

from the undistorted_ and distorted grids. 

D. ACCURACY AND 1-T.CISION OF TEL R_L;L;ULTS  

The order of 

accuracy in the experiments is not high, mainly because of 

the simple measuring instruments used. Linear dimensions 

were determined with a pair of dividers and a ruler divided 

into fiftieths of an inch (equivalent to 0.5 mm). Therefore 

it was quite easy to estimate to 0.25 mm and the minimum 

experimental error is suggested to be ± 2.5. per cent for a 

particle axis 1 cm long. Obviously the error will be smaller 

for axes with lengths greater than 1 cm. 

The protractor used for angular measurements. was gradu-

ated in half degrees but it is unlikely that the experimental 

error is as small as this. Probably +1°  is. a better estimate, 

especially for the measurements made directly during the 
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experiments and not taken off photographs. This means. that 

when small changes in orientation were measured_the proport-

ional error was very large. The determination of the plunge 

of the ellipsoids involved several assumptions which probably 

increased the error;. in these experiments therefore it was 

assumed to be + 3°. Moreover, a larger error, estimated to 

ba.+ 201  occurred. in the determination of the orientation of 

non-rigid particles which had not been highly deformed 

because it was very difficult to find the exact position of 

the major axes in these particles. 

The precision of the experimental method was determinel 

from the results of a number of experiments carried out on 

two-dimensional rigid particles during simple shear. The 

results were treated statistically and are tabulated in 

Appendix I. From these tables it is seen that the mean 

value of 33 mersurements of the. angular rotation of a disc. 

during lYs  shear was 27.5°. The range was I°  and the co-

efficient of variation 1.7 per cent. The number of measure-

ments on elliptical particles was much less (n = 4 to 8) and 

the corresponding coefficient of variation and range much 

larger. The maximum value of the range in any one set of 

measurements is 4°  but the mean value of all the ranges is 

only 1.3°. This is less than the range due to an experi-

mental error of + 1o and therefore it is concluded that the 

precision of. the method is satisfactory. 

J.one of the other groups of experiments was repeated as 

often as those for rigid particles in simple shear. However, 

all of them were repeated at least twice and it is sugested 

that the order of accuracy and precision discussed above are 

applicable to their results. 
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CHAPTER IV THEORETICAL AND EXPERIMENTAL ANALYSIS OF THE  

MOTION OF PARTICLES DURING DEFORMATION OF THE 

PARTICLE-MATRIX SYSTEM 

A. INTRODUCTION 
In this chapter, the behaviour of rigid and 

non-rigid particles in a matrix, during deformation by pure 

and simple shear is examined theoretically and experimentally, 
assuming that both particles and matrix are viscous fluids. 

The theory is developed along the lines of previous work 

on suspensions and emulsions, especially that of Jeffery 

(1922) and Taylor (1932, 1934). Jeffery derived equations of 

motion for rigid ellipsoidal particles in a viscous fluid, 

during deformation of the suspension by laminar flow. His 

method, which gives results for a simple shear deformation, 

is extended by the present writer to a pure shear type of 
flow. Taylor considered the deformation of drops of one vis-
cous fluid suspended in another, assuming that the drops were 

so small that they remained nearly spherical under the action 

of surface tension forces. This assumption is not made in 
the present work and the resultant equations are applicable 

to larger particles and greater deformations. Many people 
(e.g. Cerf, 1951; Trevalyan and Mason, 1951; Bartok and Mason, 

1958, 1959; Rumscheidt and Mason, 1961) have extended and 

tested experimentally the results of Jeffery and Taylor. 
However, good agreement with the theory was only obtained 

for rigid spherical particles and for small deformations of 

non-rigid particles. 
Moreover, the approach adopted in this previous work was 

different from that in the present thesis, being mainly con-

cerned with the effect the presence of the particles had on 

the properties of the suspension, particularly the viscosity. 
Although this factor is considered here, the main emphasis 

is placed on the kinematical behaviour'of a particle during 



-59- 

deformation and its dependence on the finite strain involved. 

(a) Assumptions and basic equations 

In the section on the vis-

cous flow of rock it was shown that rock can under certain con-

ditions behave as a highly viscous fluid and deform by laminar 

flow with a small Reynolds'iumber. Therefore, in the theoreti-

cal analysis to follow, it is assumed that both particles and 

matrix are extremely viscous fluids and as such obey the funda-

mental equations of viscous fluid dynamics. These include the 

ravier-Stokes equations of fluid motion and the equation of 

continuity, which exc,ress, respectively, the relations of con-

servation of momentum and conservation of mass of the fluid. 

It is also necessary to assume that there is no slipping 

at the :article - matrix interface, non-rigid particles deform 

into ellipses of constant area; and that normal and tangential 

stres:fes are continuous across the surface of the non-rigid 

particles. 

The systems of coordinate axes used to describe the defor-

mation by fluid flow and the particle motions during the defor-

mation are illustrated in figure 17. The three rectangular, 

cartesian coordinate axes 	Y, 	have their origin at the cen- 

tre of the particle and are fixed parallel to the particle axes. 

They, therefore, move with the particle during the deformation. 

The 	coordinate axes, also with their origin at the 

centre of the particle, describe the undisturbed motion of the 

fluid. 

.2.elationships with respect to either of these coordinate 

systems can be transferred from one to the other by the follow-

ing system of direction cosines: 
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Z' 

Figure 17 The two systems of rectangular coordinate axes 

used in the theoretical analysis. 

Y', 3' - axes for describing ne undisturbed 

fluid motion; they remain fixed in direction 

throughout the deformation. 

Y, Z - axes fixed parallel to the particle 

axes and rotating with it during the deformation. 

0 - the oriin for both sets of axes; it is 

situated at the centre of the particle. 
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1
1 

1- 1
3 

Y' ml 12 m3 	(IV.1) 

n1 n, n
3 

i.e. 	x = 11x' + m y 7  + n1z  

y = 12x' + m,y' + n,z' 	(IV.2) 

z = 13x' + m
3
y' 	n3z' 

For each point in the fluid, the components of velocity 

parallel to the 	Z' axes are 

12' 	= dx 1 /dt, v' = dy l/dt, w' = dzidt 	(ITT .3) 

In terms of these velocity components, a simple shear defor-

mation is described by the equations 

u' = 	v' = 0, w' = 0 	(IV.4) 

Similarly the equations for pure shear are 

u' = CX', v' = -Cy', w' = 0 	(IV.5) 

where C is a constant. The significance of this constant is 

found by integrating equations IV.5 for a point in the fluid 

with initial coordinates (1, 1, 1, i.e.: 

It 	,x' 

1 	

Y' 
CI dt = I 	= - dx./x' 	I dy ly' 
)0 	1 	-1 

Therefore, 

Ct = in x' = -ln y' 

During olre shear, the area in the deformation plane remains 

constant, i.e. x' y' = 1, and so 

C = (1/t) In x' 

The term In x' is equivalent to the natural strain and C 

therefore represents the rate of natural strain, E. equations 
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IV.5 can be written 
. 

u' = Zx
.

v' = —Ey', w' = 0 	(IV.5a) 

The first assumption made above is that the deformations 

will setisfy the basic equations of viscous fluid dynamics. 

The general favier-Stokes equations for fluid motion are very 

complicated (see Fai, 1956, pp. 36-41) but for flows at very 

small Reynolds - limber, they can be greatly simplified. by igno-

ring the body forces and assuming a slow-moving viscous, incom-

pressible fluid. Than the equations are 

µv 'u = ap/ax', iv2v = ap/3yr , vaw ! ' 6P/3z' 
	(IV.6) 

where p is the mean pressure and 

= a'/ax
' 

2  + 	 + a 2/a z' 

Me other fundamental equation of interest is the equation 

of continuity of fluid motion: 

au '/ax' + 	+ aw l  /az' = 0 	(IV.7) 

It is easily shown that the simple and pure shear flows 

(equations IV.4, IV.5) satisfy these fundamental equations. 

The layout of the rest of this chapter is as follows. 

First rigid particles are dealt with in a simple and then a 

pure shear field. Then, the deformation during pure shear of 

a non-rigid ellipse with its axes parallel to the strain axes 

is analyzed. An ellipse not aligned i:erallel to theee axes is 

considered after this and finally the deformetion of non-rigid 

discs during simple shear is examined. 

The equations fcr sinle particles are then applied to 

systems containing a lar ge number of particles and the chapter 

ends with en examination of the strains in the matrix around 

a particle during deformation. 

Experimental results for tests on the validity of the 

theoretical equations arc described at the end of each section. 
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B. 	THE BEHAVIOUR OF RIGID PARTICLES DURING DEFORMATION 

BY SIMPLE SHEAR 

Einstein (1906, 1911) and Jeffery (1922) 

have previously investigated this problem and obtained general 

solutions to describe the motion of particles completely. 

However, to get their results, these writers had to resort to 

a complicated mathematical analysis which there seems little 

point in reproducing here. Instead an elementary, less exact, 

approach will be adopted and applied to specific examples 

of the problem. 

(a) Motion of a disc  

Consider first the case of a disc of 

small but finite thickness, floating in the deforming viscous 

matrix (figure 18). The fluid forces acting on the disc can 

be resolved into normal and tangential forces. Clearly, the 

sum of the normal. forces is zero and, therefore, there is no 

translation of the disc relative to the fluid. However, the 

tangential forces set up a couple causing the disc to rotate 

about its centre O. 

The area on which these tangential forces act is Ica (arc 

AB + arc CD), if the disc is of unit thickness. The length 

of arm of the couple is 2a and the shearing stress of the 

fluid is 't= wys. The moment of the couple acting on the 

disc is therefore: 

M ocarea.length of,arm.shear stress 

i.e. 	IQ = 2 7ca 2  "t= 27Ca2grs  

This moment M must equal the. moment of the frictional 

couple acting on a disc, radius a, which is rotating in the 

fluid with constant angular velocity w. Lamb (1932, p. 588, 

equation 4) gives this moment as 

Mf -41t4a2w 
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Fi0;urc 1$ ':(oGc.cion of t: disc f Lo ct.Lng in thJ -,=ly: dslor­

liL'.tLln plL~00 d ur-Lu; s i apl.e ;:;:.H3 :-·.r. Th.:: r c.dLu s

of tb;:; disc is D. and ·ch.:c Le ng t.h of r.rm of t;~...;

coupla ccting on tj~ di~c is 2n. The c.nglv (D

t h .
-~'-' rJfcr~ncG ~lr~ction in t h.

-r-i c lC'l'1.f2UrC '_':'-J ./ ~::'ot:':l~ion of ;:'0 G Ll i p c.. £102.c1:1(; in 'C:10 dGfor­

,~1. tiO!."l p l.r.n, dur i ng s i.mp l e s:1G~~r. ':rho lGngtl1

of the couplu ~rm~ 2L, chcngos 2S th2 ellipse

rot~t0~ from 2b~ ~hGn W = SOo~ to 2a~ whGn
o

qJ = 0 •

:'9 b _. s<;;mi-:.xi:::l ld1gth:3 of tlH..i m..::.jor .:.ocl

m1.l1or 2X0S of tb.:; ellipse.
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The negative sign can be ignored as it only indicates the 

retarding action of the fluid on the disc. Then, equating 

M and Mf results in 

= 2w  

i.e. 	d%/dt = 2 d0/dt 	....(IV.8) 

which, if the time factor is eliminated, gives on integration: 

= 
's 

Equation IV.8 is the same as that derived initially by 

Einstein (1906, 1911) for small spheres. However, equation 

IV.9 is of more practical use because it relates finite shears 

and rotations instead of rates of these displacements. 

(b) notion of an ellipse  

The motion of a thin 	cylin- 

der can be determined in the same way :s above. Again, the 

tangential shearing forces of the fluid set up a couple on the 

cylinder but the length of couple arm varies as the ellipse 

rotates, as shown in figure 19. At any orientation0 -the length 

of the couple arm is calculated as follows. 
The equation of the ellipse with respect to the moving 

coordinate axes is 

x2/a' + y2/b' = 1 ....(IV.10) 

The relationship betwecn the fixed and moving axes is 

X = X' sin 	+ Y' to

y 

0 

Y = L'cos 0 - Y' Sin 0 

Substituting IV.11 in IV.10 and rearranging gives 
x'2(1 - e2sin20) + y'2(1 	c2cos2(P) 

- 2e2x'y'cos 0.sin 0 = a2(1 - e') 	....(IV.12) 

....(IV.11) 
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Th.; length of the couple arm is twice the ordinete of the 

point L (i.e. 2y:) at which the tangent to the surf_ce of the 

ellipse is horizontal. To obtain this, differenti,ite IV.12 

with respect to x' and set dy'/dx' equal to zero. Then IV.12 

becomes 

x' = y'e2sin ui •cos w 7(1 - e2sin2w) 	....(IV.13) 

Substituting IV.13 in IV.12 and simplifying gives 

yZ = nf1 - e2sin2 w 	(IV.14) 

The length of arc, S, and hence the area on which the 
fluid acts positively is proportional to yL, i.e.; 

S = IcyL 	....(IV.15) 

where K is a constant. 

There is no exact formula for the perimeter or length of 

arc of an ellipse. Normally those quantities are evaluated 

from elliptic integrals of the second kind (Legendre's J func-

tion) which cannot be solved analytically but may be computed 

numerically. Tables of values for E functions are available 

(e.g. Jahnke and allele, 1943) which can be used to evaluate 
lengths of arc for particular ellipses. 7owever, the present 

analysis requires a general solution for any ellipse end so to 

solve the problem assume, arbitrarily, that the constant K in 

IV.15 is equal to z/2. Then 

S = (7c/2)ail -.e2sin20 ....(IV.16) 

This implies that at any instant during rotation of the par-
ticle the fluid acts on a rectangular segment of a circle with 

radius yZ and that the moan value for S during rotation of the 
particle through 900  will be ono quarter the lerimeter of the 
ellipse. 

iissuming unit particle thickness, the area exposed to the 

fluid is 2S and the moment of the couple acting on the ellipse 

is 
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M 	area- length of arm- shear stress 

i.e. 	M = 2'7ta2(1 - e2sin2Q)1,1% 

Tnis moment must equal the moment of the frictional couple, 
Li., retarding an elliptical cylinder rotating in a viscous 
fluid with angular velocity w. Goodier (1934) has snown Li f to 
consist of two parts: 

a pressure torque = 27,71w(a - b)2  

and a viscous torque = 47cp.wab 

Ther.Jfore, the total torque is 

f = 2-.Q1w(a2  + b2) 

Equating 	and jyf gives 

w = [a 	+ 2//n2 	b2.)]fs'  (1 - e2sin20) 

i.e. c
0
do/(1 - e2sin2w) = [a2/(a2  + b2)]1sdy 	..(IV.17) 

0 s  

Porforming the integration results in 

[1/J1 - e2] arc tan [(1 	e2)tan w] 

= [a2/(a2  + b2)]Y i s  

which can be rearranged to 

tan Q = (a/b)tan [abys/(a2  + b2)] ....(IV.18) 

This is the same equation as that derived by Jeffery 

(1922, equation 43) for an ellipsoid with its Z axis parallel 

to the Z' axis of flow. It relates the change in orientation 

cp to the finite simple shear ys. 
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Figure 20 Rotation of an ellipsoid of revolution during, 

simple shear. 

e - the angle of plunge of the major axis 
of the ellipsoid to the deformation plane. 

w - the angle of orientation of the major 

axis of the ellipsoid; it is measured between 

the OYI axis and the projection of the major 

axis onto the deformation plane. 
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(c) Notion of on ellipsoid of revolution 

The equations of 

motion for on ellipsoid of revolution cannot be determined as 

easily as the two dimensional examples considered above and, 

instead of deriving an independent solution, recourse will be 

had to Jeffery's (1922) results. 

Referring to figure 20, Jeffery's equation connecting the 

angle of orientation w and the amount of simple shear is iden—
tical with IV.l8 above (Jeffery, 1922, equation 45). Moreover, 

the plunge of the major semi—axis of the ellipsoid changes with 

orientation 0 according to the equation 

tan26' = a2b2/[k2(a2cos2w 	b2sin20)] 

(Jeffery, 1922, equation 49) where 6' = 90°  - 6 is the comple—

ment of the plunge, e, and k is a constant of integration. 

This equation can be written 

cot e = cot eith 	e2sin20 ....(IV.19) 

where ei  is the plunge when w = 0°, cot 0i  is the constant of 

integration and the axial ratio a/b is always calculated with 

b equal to unity. 

(d) Significance  and experimental verification of the 

equations of motion 

In this section the significance of the 

equations derived above, together with the results obtained 

from experiments performed to chock them, will be discussed. 

i) Two  dimensional particles  

Dealing with the two dimensional 

particles first, the relevant equations for a disc and an 

ellipse are 

( Ys  = 20 	(IV. 9)  

and 	tan w = (a/b)tan [abys/(a2  + b2)) ....(IV.18) 
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Note that IV.18 reduces to IV.9 if a = b. 

The graphs of these equations are plotted in figure 21 

for different values of a : b and for Q ranging from -90°  to 

90°. From the graphs it is clear that the disc will rotate at 

0. constant rate during the shearing but that the angular velo-

city for the ellipses varies from a maximum when 0 = 0°  (i.e. 

at right angles to the shear direction) to a minimum when U = 
+90o (parallel to the shear direction). Moreover, the tendency 

for the ellipses to rotate out of the direction of shearing 

decreases with increasing eccentricity of the particle and a 
very large shear indeed is required to rotate a 5 : 1 ellipsa 
a significant amount. 

This conclusion. is clearly shown in another way by consi-

dering the differential form of equation IV.17 which can be 
written 

d0/dys  = [a2/(a2  + b2)][1 - e2sin20] ...(IV.17a) 

If (I) = 0°, dw/dys  = a2/(a2  + b2) 	....(IV.17b) 

If 0 = 90, dip/dys  = b2/(a2  + b2) ....(IV.17c) 

Substituting values for the particle axial ratio a/b in 

equations IV.17b and IV.17c gives the following results: 

a/b 	do/dys   (g)-0°) 	d0/dys   (0=90°)  

1.3 	0.639 	0.373 
1.5 	0.692 	0.308 

2.0 	0,800 	0.200 

3.0 	0.900 	0,100 

4.0 	0.941 	0,059 

5.0 	0.990 	0.010 

From this table it is obvious that once in. the 0 = 90°  

position, very eccentric ellipses require a large amount of 

shear to displace them. 

A number of experiments were performed in the simple shear 



71 

Figure 21 Rotation of two dimensional particles during 
simple shear. Solid graphs are plotted.from 
the theoretical equations IV.9 and IV.18. The 

dashed curves are for the mean experimental 

results listed in. Appendix I, tables I to VI 
The axial ratios of the particles represented 

by the curves are: 
A - 1 : 1, B - 1.01 : 1, C - 3 	: 	1, 
D - 2.70 : 1, E - 4 ; 1, F - 3.66 	: 1 
G - 5 : 1, H 4.71 : 1, I - 1.33 	: 1 
J - 1.36 : 1, K - 2 	: 1, L - 1.94 : 1 

cn - the angle of orientation of the major 
axis of the particle with respect to the 01".  

flow axis. 

ys  - amount of simple shear 
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box on circular and elliptical particles to test these equa-

tions. The results of these experiments were treated statisti-
cally and mean graphs of rotation against simple shear were 

constructed for each particle. These graphs are also shown in 

figure 21. The method of constructing the graphs is given in 

Appendix I with the statistical data. 
Comparison of the theoretical and experimental graphs 

shows that they have the same shapes but that generally the 
equations predict a more rapid rotation than that observed 
experimentally. The agreement between the curves for circular 

particles is good but with increasing eccentricity the ellipses 
do not rotate out of, or into, the shearing direction (0 

+90°) as readily as expected. 

This retardation in the zone of small rotations is quite 
possibly due to errors in measurement. For example, referring 

to table IV (a 	b = 2.7) in Appendix I, it is seen that the 

range in measurement of an initial rotation of 2°  from p = -900  

is 1.5°, which is greater than the discrepancy between the the-

oretical and experimental curves. This initial discrepancy 

will naturally be magnified with increasing shear and rotation. 
Differences between theory and experiment are even more likely 
to occur with ellipses of greater axial ratio than 2.7, as the 

initial rotations will be equal to, or less than, the range of 

experiental error. 
However, if the differences were solely duo to errors in 

measurements, some experimental results should show more rapid 

rotation than that predicted theoretically. This was not 
observed in any of the experiments from which the graphs in 

figure 21 were calculated, which suggests that other errors not 
considered in the treat lent of tho results =y have boon intro-

duced during the experiments, possibly in the measurement of Ys' 

Nevertheless, it is felt that the good agreement betwe,.n 
the theoretical and experimental curves for the disc and the 
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Figuro 22 Storoo graphic plots of equation IV.19 shDuing 

tn.; variation of plunge, 0, with orientation, 

(f), for the following ellipsoids of revolution: 

- 1.33 : 1 : 1, 	B - 1.5 : 1 : 1, 

C - 2 ; 1 : 1, 	D - 4 : 1 : 1. 

Also plottod in figuro D aro results of ,xperi-

clouts carried out in the siEple shear appra.tus 

on 4 ; 1 : 1 ellipsoids. The detailed results 

ore listed in table VII, Appendix I. 
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less eccentric ollipses, and the fact that the curves have the 

sane shapo, indicato that trio equations are probably correct.. 

ii) Three dimonsiooal particles 

The equations describing the,  

motion of elli.fsoids of revolution during simple shear aro 

tan 0 = (a/b)tan [abys/(a2  + b2)] ...(IV.18) 

cot d = cot i/h. — o2sin20 ...(IV.19) 

Equation 1V.18 has boon discussed in detail above for two 

dimonsional particles and here gives the ch::.nge in orientation 

cp of the major axis of the ellipsoid, as 2uasurod in the defor-
mation plane. Equation IV.19 correlates ne chano in the angle 
of plunge of the major axis with the change in 0. 

Together, the two equations imply that during simplo sho7.r, 

an ellipsoid of revolution, plunging at some angle to the dofor-

nation plane, will rotate in ,:. spherical elliptical orbit about 

the Z' axis, perpendicular to the doforilation plane. This is 

clearly brought out in figure 22 in which IV.19 is plotted on 

quadrants of stereonets for ellipsoids of different eccentri-

city. From the graphs, it is seen that the plunge of the major 

axis decroases from a maximum along 0 = 0 to a minimum along 

0 = 90°. Moroovor, the rate of ch• ngc,  of plungo increases with 
increasing particle eccentricity. 

The 0quati:)ns wero to stud experimentally using the 4: 1: 1 

glass ellipsoids and the simple she pr apparatus, the changes in 

plunge being calculated from equation 111.14. These results, 

arc plotted in figure 22D and agree: fairly well with the so pre-

dieted theorotically, °specially vihen it is reomborod that 

there is a relatively largo error involved in the determination 
of the plunge . 
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iii) Other experiaents on two dimensional particles in the  

simple shear apparatus  

In addition to predicting the motion 

of particles during simple shear, the equations IV.9, IV.18 and 

IV.19 also imply that the physical conditions under which the 

experiments arc carried out do not affect the particle behavi-

our, provided that the initial assu7,ption of a slow-moving, 

viscous fluid for the matrix and ,7 resultant small Reynolds 

Number for the experiaents, is act. To verify this conclusion, 

several experiments were performed to examine the effect, on 

particle rotations, of the size of the particle, the viscosity 

of the a.:trix and the rate of shear at which the defor:lation 

takes place. 

The results of these experiLents are listed in tables. II, 

III and IV. From table II, it is clear that the amount of rota-

tion during shear is independent of the size of the particles, 

as shown by the wetted surface area. Similarly, the data in 

table III show that an 84-fold increase in t:Le viscosity cef-

ficient of the matrix has no effect on the particle rotation; 

nor does a ten-fold increase in the rate of shear (table IV). 

Therefore, it can be concluded that the size of the parti-

cle, the viscosity of the matrix and the rate of she::.r do not 

affect the behaviour of the particles. Moreover, provided that 

the Reynolds Number for the experiments is always small, this 

conclusion should apply to other experiments on rigid and non-

rigid particles in both types of apparatus. 
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Table II Rotation. of elliptical particles of different sizes 

during 0.7ys  shear in a 30% matrix solution, at a 
constant 	shear rate. 

a/b 	lz 	0 a/b A 	. 0- 
1.96 2.60 29, 30 1.92 5.33 29, 30 
2.85 4.14 33, 32 2.70 5.76 33, 33 
3.66 5.28 33, 33 3.84 10.43 33, 35 
4.71 2.37 3j, 34 4.39 5.74 34, 35 

a/b is the axial ratio of the particle; A is the surface 
area in ca2; 0 is measured froE the position v = 03. 

Table III Rotation of particles embedded in ethyl cellulose - 

benzyl alcohol matrix solutions,, with different 

viscosities, 

Solution 

during lys simple 0 (I) 1 	0, 
shear. 
mo t- 

B 

D 

27.0 
27.5 

27.5 

28.0 

11.0 
10.5 

11.5 

11.0 

5.0 

5.0 

4.0 

15% matrix solution4 µ = 103  poises 
B 25% matrix solution; µ = 104  poise 
C 30% matrix solution; µ = 2.9.104 poise 
D 35%. :oatrix solution; µ = 8.4.104  poise 

01  - rotation of a particle with axial ratio of 0.99 

92 - rotrtion 3f a particle with axial ratio of 1.94 
- rotation of a particle with axial ratio 

Q is always measured fron the position v = 900. 
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Table IV 	Rotation of elliptical particles in a 30% ethyl 
during 0.75ys  shear at different 

	

0 	0 	0 	,o 

	

(43 a 	wb c 

cellulose solution 
shear rates. 

a/b 

1.01 

1.92 
2.70 

3.66 

4.49 

21 

31 

33 
34 

35 

20 

31 

33 
34 

35 

20 

30 

33 
34 

35 

17 

29 

33 
35 

36 
a/b is 

from ,(1) 
oa - rotation 

b - rotation 

c - rotation 

d - rotation  

the particle 
= 0°. 
during shear 

during shear 
during shear 

during shear 

axial ratio; (Pis measured 

at 

at 
at 

at 

a rate 

a rate 
a rate 

a rate 

of 0%0013y sec s 
of 0.00053is  sec 
of 0.00026ys  sec 
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C. TH3 327AVIOUR 02 RIGID 1.,.RTIC:626 DURIJG DEF0=.IION 

BY II= SHE .R 

(a) Derivation of the general equations of motion 

The motion of 

rigid particles during deformation by pure shear can be deter-

mined using Jeffery's (1922) basic equations as follows: 

The undisturbed motion of the fluid in the neighbourhood 

of a particle is described by the general equations: 

u = ax + by + gz + nz 	vy 

v = hx + by 	fz + vx - 	...(IV.20) 

w = gx + fy + cz + 	- 

The terms u = dx/dt, v = dy/dt, w = dz/dt are the undisturbed 

velocity components for each point in the fluid parallel to the 

K9  Y, 	axes, a, b, c, f, g, h, 	v are components of dis- 

tortion and rotation of the fluid. 

The general equations of motion for any ellipsoid subject-

ed only to forces exerted upon it by any fluid motion are given 

by (b2  + c2)w1 = b2(C- + 1) + c2( - f) 

(c
2 
• _21a).„,  

L, 	n C2( 	g) ▪ a2(71 	g) ...(IV.21) (Jef- 

fery, eqn. 37) 
(a2  + b2)w3  = a2(v + h) + b2  (v 	h) 

where a, b, c are the lengths of the semi-axes of the ellip- 

soid;and w 	w2, w3 
are the respective rates of rotation of 

the ellipsoid about its own X, Y, Z axes. 

To determine the components of distortion and rotation 

during a pure shear deformation, differentiate equations IV.2 

with respect to ti.Le. This gives 

u = 1111 1  + miv l  + niw' 

v = 1,u' + m_v' + n,w' 	...(IV.22) G 

w - 1
3
u' + m3vc + n3w' 

(Jeffery, 

equation 2) 
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Substituting equations IV.5 into IV.22 results in 

u = 011x' - Cm1y' 

v = Cl_x' - Cm,y  

yr = 01
3
x' - Cm,y' 

and using transformations IV.l the equations of undisturbed 

fluid motion near the particle with respect to the particle 

coordinate axes become 

u = C11(11x + 12y + 13z) - Cmi(mix 	m,y + m3z) 

v = C12(11x + 12y + 1
3
z) - Cm2(m1x + 
	m

3
z) 

w = Cl3(11x + 12y + 13z) - Cm3(m1
x + m2y 	m3z) 

...(IV.23) 

These equations are equivalent to IV.20 and equating 

coefficients the terms for the components of distortion and 

rotation are obtained. They are: 

a = C(112  - ml2), b = C(122  - m-2), c = C(13
2  - M72) 

f = C(1213 	m2m3), g = 0(1113  - mlm3) 

h = 0(1112  - mla2), 	= T = v = 0 

Substituting these values into IV.21 results in the equations 

of motion of any ellipsoid during a pure shear deformation; 

(b2 + c2)w1  = C(b2  - c2)(1213  - m2m3) 

(c2  + a2)w2  = C(C2 	a2)(1113 	m1m3) ...(IV.24) 

(a2  + b2)w
3 
= C(a2 	b2)(1112  - M1 2) 
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(b) Motion of a two dimensional particle 

The motion of a two 

dimensional particle lying in the deformation. plane is equi,-

valent to that of an ellipsoid with one axis, Z say, perma-

nently parallel to the Z' axis of the pure shear flow, as in 

figure 23. The direction cosines between the two sets of 
coordinate axes are 

11 = cos ci)', 12  = COE (90 + W I ), 1
3 
= 0 

m1 = cos (90 — 0'),m2 = cos (v v, m3 = 0 

ni  = n2  = n3  = 0 

Therefore, equations IV.24 reduce to 

(b2  + C2)0) = 0 	i.e. 1 

(c2 +a2)w2 =0 	i.e. w2  = 0 ...(IV.25) 

(a2  + b2)w
3 
= -C(a2  - b2)sin 2w7  

It has been shown that C is equivalent to the rate of 
natural. strain, t. Also, w3  is the spin about the particle Z 

axis (i.e. do'/dt). Hence IV.25 can. be  written 

(1/sin 2w1)do'/dt = _4(a2 	b2)/(a2 	b2)]dE/dt 

If the time factor is eliminated, this can be integrated 

14,f 	 (E 

n 4) de /sires 2' = -[(a2  - b2)/(a2  + b2)] de' (IV.26) 
JO 

where l  and e are the initial and final particle orienta- 
tions. Carrying out the integration. gives 

= [(a2 - b2)/(a2 	b2)](-2 €) in tan w' - In tan Q! 

...(IV.27) 

The relationship between the strain ellipse axial ratio 

and the natural strain for a pure shear is 

= ln s/X1/X2  

Using this relationship and the angle Q) between the major axis 

0 
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Figure 23 IA:lotion of an ellipse, or an ellipsoid with its 

Z axis parallel to the Z1  flow direction, 

during a pure shear deformation. 

Figure 24 The system of Euler angles, 0', w', 	used to 

fix the position of the axes of an ellipsoid 

of revolution during a pure shear deformation. 



23 

24, 



of the particle and the OY' flow direction, to define the 

particle position, instead of the angle 0', IV.27 becomes 

in cot 0f  = in cot coi  + [(a' - b2)/(a2  + b2))* 

c 1 ...(IV.29) 

This equation relates the initial and final particle posi-

tions to the amount of pure shear deformation: The signifi-

cance of the equation will be discussed in detail after the 

equations describing the behaviour of ellipsoidal particles 

have been derived.• 

(c) Hotion of an ellipsoid of revolution 

Now consider the more 
general case of -an ellipsoid of revolution aligned at any 

orientation to the fluid flow. The position of the ellipsoid 

with reference to the fixed axes of flow can be described 

completely by a system of three angles such as the Euler 

angles illustrated in figure 24. In the diagram, the origins 

of the moving and fixed axes coincide at 01 and the X'Y' plane 

(the deformation plane) and the YZ plane intersect in some 

line ON (the line of nodes) which is perpendicular to the 

XZ'Z plane. The Euler angles are: 

0! — the angle between the X. and Z' axes; it can. have 
values between 0°  and 1300. 

O' - the angle between Y' and ON; it can have values 
between 00  and 3600. 

* - the angle between the Y axis and ON; it also can 

have values between 0°  and 360°. 

In terms of these angles, the angular velocities about 

the 
	

Y, Z axes are, respectively: 

w1 = 	'cos e' + 

(02 = 	6"sin * d- 6'cos # ...(IV.30a) 

W
3 
 = Q;' sin e' .cos * 	6'sin * 
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Similarly, the direction cosines between the two sets of 
coordinate axes become: 

11 = -sin 81  .cos w1  

12 = cos *.sin 	0?  cos 	8' .sin *.cos 0' 

17  = -sin *.sin 01 	+ cos 	6' .cos *.cos (1) 1  

= sin 81 -sin q 	 ...(IV.30b) 

= cos *•cos V - cos 81  .sin *-sin w 1  

m3  = -sin *.cos w' - cos 81 -cos *.sin co' 

ni  = cos 81 , n2  = sin 6'.sin *, n3  = sin 81  .cos V 

If the particle is an ellipsoid of revolution about the 

X axis, the YZ plane is circular and at any instant during the 

deformation, the Y axis can be considered to coincide with the 

line of nodes, ON; i.e. * = O. Then equations IV.30 become 

w1 = A ;cos e' 
	w_ = 	9  w7  = Z'sin 0' 

11 =-sine7 .coso',12 =sin e', 

13  = cos 6'•cos w', mi  = sin 81 .sin w', 	...(IV.31) 

m2  = cos 0', m3  = -cos 0"sin w' 

ni  = cos ei, n2  = 0, n3  = sin e' 

Substituting IV.31 into equations IV.24 and remembering 

that b = c for an ellipsoid of revolution, results in the 

following equations of motion: 

2b2( 1  cos e' 	,4) = 

( 
2t_2)61 = _(a2 + 	b2)C(-sin 01  .cos 01.cos201  

+ sin Y.cos 81 .sin2q,1 ) 

(a2  + b2)6 1 sin 0' = (a2 	b2)0(- sin 0' .cos 0 1 - 
• • 

sin c ' - sin 6' • cos (1)1 :sin (D I ) 

These equations can be rearranged and reduced to 

,79' cos 0' + 	= 0 	...(IV.32) 
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6'/sin 20' - -[(a2  - b2)/(a2  + b2)]t 	...(IV.33) 

2e'/sin 26' = [(a2 	b2)/(a2  + b2)]cos 2(p' •F 
...(IV.34) 

Dividing IV.33 by IV.34 results in the relationship 

(P cot 2(0' = -2e'/sin 2e' ....(IV.35) 

Equation IV.32 implies that there is no spin about the 

X axis of the ellipsoid. 

Equation IV.33 can be written 

d0'/sin 20' = -4(8,2  - b2)/(a2  + b2)] de 
0! 	 0 

which on integration gives 

in tan 0' f  - in tan 0! = [(a2  - b2)/(a2  + b2)](-2) 

Using equations IV.28 and substituting the angle 0 for 0' 

(see figure 24), this becomes 

in cot (1)1. = in cot 0i  + [(a2 	b2)/(a2 	b2)]* 

lniX.„/% c 1 ....(IV.36) 

To find the variation of 6' with 0', integrate IV.35. 

d eT  /Sin 26' = 	cot 20' .d0' 
e! 	(1). 

Therefore 

In tan 	in tan ei= -(1/2)(1n sin 2cp'. 

- In sin 201) 

i.e. 	tan e'/tan 6: = sin/20i/sin 20'f  

Referring to figure 24, it is seen that 6' is the complement 

of the angle of plunge, 6, of the major axis of the ellipsoid. 

In terms of this angle, e; and the angle w, the above equa-

tion can be written 
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cot 8f/cot ei  = jsin 2oi/sin 2of  ...(IV.37) 

This equation is meaningless if the initial direction of 

plunge is 0°  or 90°. For these two cases, equation IV.34 

must be used. For o= 0°, i.e. o' = 90°, IV.34 is 

26 '/sin 2 e' = 	- b2)/(a2 

which, on integration and rearranging in terms of the plunge 

and the axial ratio of the strain ellipse, becomes 

In cot ef  = In cot ei  + (1/2)[(a2  - b2)/(a2 	1D2)]. 

in +/X2/X1 ....(IV.38a) 

Similarly, for 0 = 90°, the change in plunge is 

lncotef =lncotei -(1/2) [(a 2  - b 2)/(a  2 + b 2)] 

....(IV.38b) In lit/ x1  

The equations IV.36, IV.37 and IV.38 describe the 

change in plunge and orientation of any ellipsoid of revo-

lution during pure shear. 

(d) Significance and experimental verification of the  

enuations of motion 

The significance of the equations 

derived above to describe the motion of rigid particles in P 

viscous matrix during a pure shear deformation will now be 

discussed. 

i) Two dimensional particles  
The relevant equation for a two 

dimensional particle lying in the deformation plane is 

lncotof =lncoto.+[(aa - b2)/(a2  + b2)]. 

in 1X2/X1 ...(IV.29) 

If (pi  = 00 1  i.e. the major axis of the ellipse is 

parallel to the Y' flow axis, 

In cot of  = choand of  = oo 
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for all finite amounts of strain. 

Similarly, if 0i  = 90°, i.e. the major axis is parallel 

to the X' flow axis, 

In cot 01. = -op and f = 900  

for all finite amounts of strain. 

Therefore, the two positions of elliptical axes parallel 

to the flow or strain axes are stable. 

Furthermore, if a = b, i.e. the particle is circular, 
(pf =Q1  . and the particle does not rotate during the straining. 

To show the effect of pure shear on ellilDses not aligned 

parallel to either of the deformation axes, equation IV.29 is 

plotted graphically in figure 25 for ellipses with axial 

ratios of 2 : 1 and 5 : 1, assuming different initial angles 
of 0. The graphs show that with increasing deformation, the 

long axes of the ellipses rotate towards the u' flow direc—

tion, i.e. the direction of elongation, but become parallel 

to it only after an infinite amount of strain. The result of 

increasing particle eccentricity is more rapid rotation. to-

wards the u' direction. 

Also plotted in these figures are the results obtained 

experilentally for ellipses in the irrotational strain box. 

From these graphs, it is seen that the particles follow the 

same type of curves as predicted but rotate too rapidly. 

Nevertheless, they do not rotate into the direction of elon-

gation, which agrees with the theory. 

The reason why the ellipses rotate more rapidly than the 

theory predicts is probably connected with the box not impar-

ting a true pure shear and, especially, with the fact that 

the strain in the box is not uniform throughout. The dashed 

experimental curves in figures 25 correlate rotation with the 

axial ratio of the strain. ellipse calculated theoretically 

for the pure shear transformation. However, if rotation is 

plotted against the axial ratio for the local strain ellipses 

around the particle, measured fll:om the experimental graph in 
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Figure 25 Rotation of (A) 2 : 1 and (B) 5 : 1 ellip- 

tical particles during pure shear. 

The solid graphs are plotted from equa-

tion IV.29; the dashed experimental curves 

correlate rotation and the axial ratio of the 

strain ellipse for a finite pure shear trans-

formation in the irrotational strain box; 

the black dots are experimental points rela-

ting rotations and the local strain ellipse 

axial ratios, measured from the graph P in 

figure 10. 

The detailed experiaental results are 

listed in table VIII, Appendix I. 
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figure 10, the agreement between theoretical and experimental 

results is much better, thereby providing good evidence that 

equation IV.29 is correct. 

ii) Three dimensional particles 

The equations describing the 

motion of an ellipsoid of revolution are 

In cot 0f = In cot wi  + [(a2  - b2)/(a2  + b2)]. 

In JX2IX1  ...(IV.36) 

cot ef/ cot Si = sin 2' ./sin 20f ...(IV.37) 

In cot Of = In cot ei  ± (1/2)[(a2  - b2)/(a2  + b2) j• 

...(IV.38) 

Equation 1V.36 is the same as the equation for the rota-

tion of two dimensional particles during pure shear, which is 

discussed above and plotted in figure 25. 

The change in plunge of the ellipsoids orientated in the 

stable positions (o = 0°, w = 90°) is given by equations 
IV. 38. The graphs of these equations are shown in figure 26 

for 2 : 1 : 1 and 4 : 1 : 1 ellipsoids. The plunge of parti-

cles with their major axes parallel to the direction of shor-

tening increases during deformation, while that of those para-

llel to the direction of elongation decreases. The more 

eccentric the particle, the more rapid is the rate of change 

in the angle of plunge. 

The change in plunge for ellipsoids in positions other 

the stable ones, is given by equation 17.37. If ei  = 0° or 
90o then of = 0° or 90

o for all changes in Q. However, for 

other values of ei, the plunge increases to a maximum at (1) = 
450  and then decreases as the particle rotates towards y 

90°. This is clear from the graphs of equation IV.37 which 
are plotted in figure 27 for different values of ei. 

These conclusions were checked experimentally in the 

irrotational strain box using the 4 : 1 : 1 glass ellipsoids 

and the results are also plotted in figures 26 and 27. There 

In A JXc, 1 
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Figure 26 The change in plune of (z) 2 : 1 : 1 and (B) 

4 2 1 : 1 ellipsoids orientated in the stable 

positions at different initial angles of 

Plunge, during pure shear. The solid graphs 

are calculated from equation IV.38a, the thick 

dashed graphs. from IV.58b. 

The black dots in (3) are experimental 

points determined in the irrotational strain 

box on a 4 : 1 : 1 ellipsoid, initially 

plunging at 25°  along the direction of slior-

tenin. The light, dashed curves parallel 

to the theoretical graph for this ellipsoid, 

demarcate a zone of experimental error of 

5°  in the plunge. 

The data for the experimental points are 

listed in. table IX, Appendix I. 
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Figure 27 The change in orientation, 0 9  and plunge, 69  
of ellipsoids, during pure shear, calculated 

from equation IV.7. The dashed curves, ..., 

3, C, D, are plotted from results obtained on 

a 4. : 1 : 1 glass ellipsoid in the irrotation-

al strain box. The data for the experimental 

points are listed in table IX, Appendix I. 
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is fairly good agreement between the theoretical and experi-

mental graphs but the curves for the simultaneous variation 

in plunge and rotation suggest that the plunge may change 

more rapidly than predicted. However, this is more likely 

to be due to the changes in the fluid level and the surface 

area of the matrix during straining. Note that the theoreti-

cal finite strain, not the local strain, is used to plot the 

results; this is because the glass ellipsoids are much smal-

ler than the two dimensional ellipses and so are not greatly 

affectecl by the end effects in the apparatus. 

Note also that when using equation IV.36 to calculate 

the change in orientation,for an ellipsoid plunging at some 

angle 0 to the deformation plane, the major and minor axial 

lengths of the elliptical cross-section in the deformation. 

plane must be used for the values of a and b, and not the 

axes of the ellipsoid itself. Assuming that b = 1, these 

values vary with the plunge according to the equation: 

a = 1/4/1 - e3cos20 ...(IV.39) 

where a is the ratio of the major and minor axes in the ellip-

tical cross-section. When 0 = 0°, a = a; when 0 - 90°, a = 1. 
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Figure 28 Pure shear deformation of a non-rigid ellip- 
tical particle which has its axes parallel to 

the strain axes. 

u l , vc - fluid velocity components in 
th(-7; matrix. 

u, v - fluid velocity components in the 

particle. 

a., b. - semi-axial lengths of the 

particle before deformation. 

- viscosity coefficients inside 
and outside the particle. 
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D. THE DEFORMIlION Of NON-RIGID PARTICLES DURING PURE SHEAR 
(a) Introduction 

This section deals with the deformation, 

during pure shear, of a single circular or elliptical non-

rigid particle embedded in a fluid matrix. :Both matrix and 

particle are assumed to be Newtonian bodies and have viscosity 

coefficients 	and p. respectively. The analysis is developed 
in. two dimensions and the particle lies in the deformation 

plane with its axes parallel to the pure shear flow axes. In 

other words, the X, Y and Xl , Y' coordinate axes coincide and 
can be considered as a single system of coordinates X, Y. 

The components of fluid velocity parallel to these X, Y axes 

are, respectively, u' and v' in the matrix and u and v in the 

particle. The difference in the fluid velocities inside and 

outside the particle is a function of the viscosity ratio, 

R = 

Referring to figure 28, the particle is described, in 

its initial form, by the equation 

x2/al  . 2  + y2/b. 2  = 1 ...(IV.40) 

whereal  . and bi are the original semi-axial lengths and 

a.  = 1/bi.  
During deformation of the particle-matrix system by pure 

shear, the particle changes shape into another ellipse 

x2/a2  + y2/b2  = 1 ...(IV.41) 

where, because the area remains constant during pure shear, 

a = 1/b. 

This ellipse indicates the strain in the particle, if the 

initial shape is known, but it does not give the strain 

ellipse for the pure shear deformation of the particle-matrix 

system as a whole. The equation of this finite strain ellipse 

is 

x2/X
1 + y2/X2 = 1 ...(IV.42) 

where 1 and X2  are the principal quadratic elongations of 
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the strain, 	and172  are the semi-axial lengths and 

Jx1/x2 = 1. 
It is the object of the analysis in this section to find 

a relationship between the change in particle shape, as given 

by equation IV.41, and the finite pure shear strain, as given 

by IV.42. To do this, the method developed by Taylor (1932, 

1934) to determine the deformation of small drops of one 

liquid in another, is used. 

First, the components of fluid velocity inside and out-

side the particle are calculated in general terms by means of 

Lamb's (1932) method of spherical harmonic analysis. These 
components of velocity must be equal at the boundary between 

the particle and the matrix because there is assumed to be no 

slipping at the particle-matrix interface. In. addition, it 

is also assumed that there is continuity of stresses across 

the interface. Using these assumptions, and the fact that 

the area of the elliptical particle remains constant, the 

constants in the terms for the velocity components can be 

determined, and, hence, the velocity components in the parti-

cle and the matrix and at the boundary between the two. 

Knowing the boundary velocity conditions, the change in shape 

of the particle during the deformation. can be found and 

directly related to the amount of strain in the particle-

matrix system. 

(b) The general equations for the velocity components  

general 

method for analyzing the slow motion of viscous, incompres-

sible fluids has been developed by Lamb (1932, pp. 594-597) 
in. terms of spherical harmonic functions. The method assumes 

that the components of fluid velocity can be considered as 

consisting of three types of terms describing the pressure 

distribution in the fluid, an irrotational motion and a 

vortex motion. The vortex motion terms disappear when consi-

dering any two dimensional flow and the components of 
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velocity, U9  17, can be described by the general equations 

 

apn  

ax 
nr2n+3 a 

(n+1)(2n+1)(2n+3) ax 

...(IV.43a) 

 

1,4  r2  

412(2n+1) 

aR 

pn  

r2n+1 

  

v = 1N> 	r2 	3Pn 	nr2n+3 	 a 	pn  
1.-12(2n+1) ay 	(n+1)(2n+1)(2n+3) a.;7, r2n+1 

l aw ni 

a7 	 ...(IV.43b) 

in which R and Tr refer to the rectangular coordinate axes, 
r2  = X2 	y3  and u is the coefficient of viscosity of the 

fluid. The terms in the first square bracket concern the 
pressure distribution, p =›- pn, in the fluid, where pn  is a 

solid harmonic function of degree n. The terms in the second 

square bracket represent the irrotational motion existing in 

a field of uniform pressure. The function Qn  is also a solid 

harmonic function of degree n and, moreover, because it des-

cribes an irrotational fluid motion, can be considered as the 

velocity potential of the flow. The velocity potential is 

related to the velocity components by the equations 

= aw/aR, v = aaaSr 

(c) Choice of functions Qn  and pn  for the flows in the  

particle and the matrix 

To find the velocity components 

a and TT.  for any particular flow, suitable functions for pn  
and on  must be chosen and substituted into equations IV.43. 

The choice of these functions is arbitrary and is normally 

made by trial and error, depending upon the type of flow and 

the solution required. In the present case, one of the func-

tions Q', for the flow in the matrix, can be obtained using 

the relationship IV.44. 



In the matrix, the equations for the pure shear flow are 

u' = ex, v' = - sy ....(IV.5a) 

Substituting these in IV.44 gives 

aoldx = ex, ao'/ay = 

and this pair of partial differential equations has a 
solution 

O' 2 = (E/2)(x2  -- y2) 	....(IV.45a) 

This is one of the required functions. Corresponding 

with it, there must be a complementary solid harmonic func-

tion to satisfy the general relationship 

wn = r2n+1.(0in-1 
	(Lamb, 1932, p. 111) 

i.e.o_3  = B _3p5(x2  - y2)/r5  ...(IV.45b) 

where B-3   is a constant determined by the boundary conditions 

and p = b/Jl - e2cos2a' gives the length of any line in an 

ellipse which has a' as its polar angle. 

The choice of the other required functions for on  and pn  

is made in a similar manner. Taylor (1932) has sho7in that 

the appropriate forms to give a satisfactory solution are 

p'
3 
 = µA

-3  p
3(x2  - y2)r5  ...(IV.45c) 

for the pressure distribution. outside the particle; and 

(1) 2 = B2(x2  - y2)7 p2 = .1.'a2(3a(X2 	y2) ...(IV.46) 

for the irrotational flow and pressure inside the particle. 

The constants A-3'  B2, A2 are again determined by the boun-

dary conditions. In Taylor's original functions, the radius 

of the drop appeared, instead of the length p, because he was 

working with small (traps assumed to remain spherical. 

Substituting the eauations IV.45 into IV.43 gives the 

components of velocity outside the particle as 
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= (1/2)A 3p3x(xe  - y2) /r5  + 

B 7p5[-5x(x2  - y2)/r7  + 2x/r5] + EX 

v' = (1/2)A_3p5y(xe 	ye)/r5  + 

B_3  p5[-52(x2  - Y2)/r7 
 - 2y/r5] 

• 
Ey 

...(IV.47) 

Similarly, from IV.46 and IV.43, the velocity components 
inside the particle are 

u = A2p-2[(5/21)xr2  - (2/21)x(x2  - ye)] + 2B2x 

	

v = A2p-2[ (-5/21)yr2 	(2/21)y(x2  - y2)] - 2732y 

...(IV.48) 

(d) Determination of the components of stress in the 

particle and the matrix 
It is also necessary to know the 

components of stress inside and outside the particle. These 

can be obtained from relationships derived by Lamb (1932, pp 
596-597) for the components of stress, 0- x 	r ,(7  y,6-rz,  across r  
a unit area of the surface of a sphere. The general two 

dimensional expression for a- is rx 

	

n-1 2 aPn 	2n2+4n+3  r 	+   r2n+3. 

2n+1 	35c 	(n+1)(2n+1)(2n+3) 

a 	Pn 	80 ' 
+  - ax r 	ax A  

There is a similar expression for Tr . ry 
Taylor (1932) has shown that these reduce outside the 

particle to 

rsx/µ 1  = A_3p3[x/r3  - 4x(x2  - y2)/r5] - 

8B
-3

p5[2x/r5  - 5x(x2  - y2)/r7] + 2sx 

...(IV.49a) 

r6rx L  
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r a;37/111  = 11-3P3[—Y/r3 — 4y(x2 — y2)/r5] 

83
-3

p5[-2y/r5  - 5Y(x2  - Y2)/r7] - 

...(IV.49b) 
and inside the particle to 

rcr 	= A2p-2(16/21)r2x 

+ 4B2x 

r o-ry/µ = Alp-2(16/21)ry 

AB2Y  

- (19/21)x(x2  

— (19/21)y(x2  

•• 

• • 

y2) 

.(IV.50a) 

y2) 
 

.(IV.50b) 

(e) Determination of the constants  rig, 
A-3' E2' 3-3 

The folio- 

wing conditions at the boundary r = p can be used to deter- 

mine the constant terms in equations IV.47 and 1E7.48; 
1/  Continuity of velocity; i.e. u = 11 7 9  V = v'. 

2/ Constant area of the particle. The area of bhe ellip- 

tical particle is given by the formula 

A = 7cab 

Differentiating this with respect to time gives the rate of 

change in the area during deformation 

= 7c(ab + Se.) 

Therefore, for constant area 

ab + ccia = 0 

Also, at the boundary r = p along the X and Y axes, re spec.;" 
Lively, 

a = u, b = v 

3/ Continuity of normal stresses. 

1/  At r = p, IV.47 and IV. 43 reduce to 

u' = [(1/2) A. 3  — 5B...3 jx(x2  — y) /(x2  

+ (2B-3  + e)x 

+ y2) 



v' = [(1/2)A-3 
- 5B-3]y(x2  - y2)/(x2  y2) 

- (23_3 + Z)y 

u = (-2/21)A2x(x2 	y2)/(x2  + y2) + 

[232  + (5/21)A2]x 

v = (-2/21)A2y(x2  - y2)/(x2  + y2) - 

[232  + (5/21)A2]y 

Therefore, u = u' 	and v = v' 	if 

(1/2)A_3 	53_3  = (-2/21)A2  ...(IV.51) 

and 23_3  + e = 232  + (5/21)A2  ....(IV.52) 

2/ Along the X and Y coordinate axes at the boundary between 
the particle and the matrix, the rates of change in the 
lengths of particle axes are equivalent to the components of 

fluid velocity parallel to the axes. In other words, 
at r = p 

a = u, b = v, a = x, b = y. 

Therefore, equations IV.48 can be written 

a = (5/21)A2a - (2/21)A2a(a2  - b2)p-2  + 2B2a 

= (-5/21)A2b - (2/21)A2b(a2  - b2)p-2  - 232b 

Therefore 
Lb + ba = (-4/21)A2ab(a2  - b2)p-2  = 0 

if 	A, = 0 ...(IV.53) 

3/ At r = p, equations TV.49 reduce to 

TX 
= µ 1(A_3  - 163_3  + 2)x/p - 

„ 7  
- 103

-3
)x(x2  - y2)710' 

, Try  = 	+ 163_3  - 2e)y/p - 

4µ I(A_3  - 103_3)y(x2  - y2)/p3  

and equations IV.50 to 
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0-rx = p[(16/21)A2 	4B2]x/p - 

(19/21)µA2y(x2  - y2)/p3  

ry = µ[(-16/21)A2 	4B2]y/p - 

(19/21)µA2y(x2  - y2)/p3  

Therefore, for continuity of stress 

- 16B_3.+ 2t) = µ[(16/21)A2  + 432] 

4µ'(A_3  - 103_3) = (19/21)012  

i.e. 	µ'(5A. 3  - 563_3  + 2Z) = µ[(35/21)A2  + 432]. 
....(IV.54) 

Solving equations 17.51 - IV.54 gives the required 

values of the constants; 

A-3 = 10B-3 = -10t(R - 1)/(2R + -  
A2 = 	B, = (5/2)E/(2R + 3) 	...(IV.55)  

where R = µ/µ' is the viscosity ratio. 

(f) Derivation of the equations for the change in shape 

of the particle  
If the above values for the constants are 

substituted into equations IV.47 and IV.48, the components of 

velocity inside and outside the particle are found to be 

u' = e[ (R - 1)/(2R + 3)][-5p3x(x2  - y2)/r5  + 

5P5x(x2 	Y2)/r7  - 2p5x/r5] + tx 	..(IV.56e) 

v' = e[(R 	1)/(2R +3)1[-51)3Y(x2 
 - y2)/r5 

5p5y(x2 	y2)/r7  + 2p5y/r5] - ty 

U = [( 5/2)tA 2R + 3) ]X 
...(IV.56b) 

V = [(-5/2)t/(2R + 3)]y 

When r = p, these expressions become 

3) 
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u = u' = [5Z/(2R + 3)]x 

v = v' = -[5"W(2R + 3)]y 
	...(IV.57) 

To obtain the change in shape of the particle, introduce 

the  polar coordinates x = pcos a', y = psin a', where p = 

b/il -- e2cos2a' and a' is the polar angle, into IV.57. Then 

u = [56/(2R + 3)][b/J57---e2cos2a']cos. a' 

v = -[5/(2R + 3)][b/ii - e2cos2a']sin a' 

Along the line a' = 0°, p = a and u = da/dt at the 

boundary of the particle. Therefore 

da/dt = [5/(2R + 3)]ad€/dt 

i.e. 	da/a  = [5/(2R + 3)]d7 

This equation can be integrated between. limits as follows: 

ca 
da/a = [3/(2R + 3)4 dE 
a. 	0 

The result is 

in (a/ai) = [5/(2R ± 3)] 

Similarly, along the line a' = 90°, p = b and v = db/dt. 

Therefore 
In (b/bi) = -[5/CT +3)Ti ....(IV.60) 

To get the change in axial ratio of the particle during 

the deformation, subtract IV.60 from IV.59: 

In (a/ai) - in (b/bi) = 10T/(2R + 3) 

i.e. 	a/b = (ai/bi)exp[10U(2R 	3)] 

In terms of the relationship IV.28 between the axial 
ratio of the pure shear strain ellipse and the natural strain, 

this equation can be written 

In (a/b) = In (ai/bi) + [5/(2r +3)]ln JX1/X2  

...(IV.61) 

..(IV.58) 
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Figure  29  Variation in the axial ratio of a non-rigid 
circular particle during pure shear, as given 

by equation IV.61. 

a/b - particle axial ratio. 

ix /X_ - axial ratio of the pure shear 

strain ellipse. 

II - viscosity ratio between the particle 

and the matrix. 
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(g) Significance and experimental verification of the  

equation for the change in shape of the particle  

Equation 

IV.61 gives the change in axial ratio of an elliptical par-

ticle embedded in a viscous matrix, during a pure shear defor-

mation of the particle-matrix system, assuming that the 

particle has its axes aligned parallel to the strain axes and 

allowing for a difference in the viscosities of the particle 

and the matrix. The effect of increasing viscosity contrast 

between the particle and the matrix is clearly to reduce the 

change in shape of the particle. For example, if the part-

icle is rigid, R = 00 and there is no change in particle shape 

for all finite amounts of strain. If R = 1, the particle has 

the same viscosity as the matrix and acts as a strain ellipse 

during the deformation. For values of R between 0 and 1, the 

particles are less viscous than the matrix and deform more 

rapidly than the particle-matrix system. 

These considerations are clearly illustrated in figure 

29, in which equation IV.61 is expressed graphically, assuming 

an initially circular particle and different values of R. 

The most striking feature of these graphs is the marked effect 

an increase in R has in reducing the change in shape of the 

particle during a certain amount of finite strain. It is 

clear tat for values of R greater than 10, the particle-

matrix system has to experience very large strains to achieve 

a significant increase in the particle axial ratio. 

To test the validity of the above theoretical conclu-

sions, several experiments were carried out in the irrota-

tional strain box, using ethyl cellulose solutions of known 

viscosities to represent both particles and matrix. The 

results are plotted graphically in figures 30a-30f, together 

with the relevant theoretical graphs. 

From these graphs, it is obvious that the conclusions 

drawn about the importance of the viscosity rati2 in control-

ling the particle deformation are correct. Moreover, there 
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Figure 30 Variation in the axial ratios of initially 

circular, non-rigid particles during finite 

pure shear transformations in the irrotational 

strain box. 

The solid straight lines are calculated 

from IV.61; the dashed lines parallel to them 

demarcate the zone of experimental error 

assuming errors of + 0.5 mm in measurement of 

the axial len,T,-ths and + 0.5°  in the apical 

angle from which the strain ellipse axial 

ratios are calculated. 

Crosses indicate points which satisfied 

the conditions of constant areas the dots 

show points which did not. 

Experiments were performed using parti-

cles with large (1.7 cm) and small (1.1 cm) 

diameters. However, the results did not vary 

significantly with the size of the particle. 

a/b - particle axial ratio. 
Al/X2  - axial ratio of the strain 

ellipse for the finite pure shear transfor-

mation. 

a) R= 1, b) R= 2.5, c) R= 5 
d) R = 7.5, e) R= 10, f) R= 15 
The detailed experimental results are 

listed in table X, :appendix I. 
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is good agreement between the theory and experimental results 

until the particle axial ra'Jio reaches a value of about 2 : 1. 

However, beyond this point, the particles deform more rapidly 

than expected. 

It was at first thought that this increase in the 

rate of elongation of the particle was due to end effects in 

the apparatus, as discussed in chapter III, and so, to over-

come this, smaller particles were used in the experiments. 

However, the results showed no significant difference when 

compared with those for larger particles. 

Another possible explanation is that the molecular 

structure of the ethyl cellulose - benzyl alcohol solution 

forming the particle becomes anisotropic with increasing 
deformation and the solution,.therefore, becomes less viscous. 

This would cause a reduction in R with a corresponding inc-

rease in the rate of particle deformation. However, one 
would also expect the viscosity of the matrix to change in 

the same way, but it apparent1,-y does not do so to the same 
extent. 

It is therefore not possible to decide definitely why 

the particles deform more rapidly than expected. The reason 

may be connected with the experiments not being performed in 
a true pure shear field; it may be that the properties of the 

materials being used change after a large strain; or the 

boundary conditions assumed in obtaining the theoretical 

solution may not hold after a large change in the particle 

shape. 
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E. PURE S--IEAR DEFORLATION OF AN ELLIPTICAL PARTICLE WITH ITS 

AXES NOT NECESSARILY PARALLEL TO THE STRAIN AXES 

(a) Introduction 

The theory developed in the previous section 

applies only to circular particles or ellipses orientated 

parallel to the deforming stresses. If the axes of the 

ellipse are not coincident with the stress directions, the 

deformation will result in. a rotation as well as a change in 

shape. To find an analytical solution to this problem is 

extremely difficult. Howelier, a numerical solution has been 

developed from the assumption that, for infinitesimal strains, 

the effect on the particle can be considered as a pure shear 

deformation followed by a rigid body rotation. The rotation-

al component will disappear once the particle is aligned 

parallel to either of the strain axes. The total finite 

strain is obtained by summing the infinitesimal strains. 

The method is outlined below. 

(Note - the notation used in this and the following 

section need not necessarily conform with that used elsewhere 

in the thesis. This is mainly because only alphanumeric 

symbols can be used in the language used for programming. 

Where symbols are used in a different sense, they are defined 

either in the text or in a diagram.) 

(b) Initial conditions 

The initial position of the elliptical 

particle, which lies in the deformation plane, is shown in 

figure 31a. As before, X', Y' are the pure shear strain axes 

and 	Y are axes fixed parallel to the major and minor 

particle axes and rotating with them. The initial lengths 

of the particle axes are tai  and 2bi. With respect to the 

X9  Y axes, the equation of the ellipse is: 

x2/a.2 	y2/1). 2 = 1  I 1 
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Figure)l Diagrams to illustrate the numerical method of 

calculating the pure shear deformation of a 
non-rigid ellipse with its axes not parallel 
to the strain axes. 

a) Initial position of the ellipse. 

aI., b.a.  - major and minor semi-axial lengths 
of the particle. 

Q. 	angle between the major axis of the 
particle and the Y' pure shear axis. 

- viscosities of the particle and.  

matrix, respectively. 
b) Infinitesimal pure shear strain 

a o  , bo  - semi-axial lengths of the ellipse. 

c) Particle after superimposition of the 
infinitesimal strain ellipse. 
al, bl  - new semi-axial lengths of the 

particle. 

VC, X'D - points of intercept of the 

ellipse on the X' and Y' axes. 

0 - angle between the particle major axis 

and the X' pure shear axis. 
d) Mohr circle construction. for the ellipse in 

figure c. 
Bi  - principal reciprocal quadratic 

elongations. 

e) Position of the ellipse in figure c after 
the rigid body rotation component. 

wf  - final angle between the major particle 

axis and the Y' pure shear axis. 



/1' 

d1  
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This. can be written 

Ax2  + By2  = 1 ...(IV.62) 

where 	A = 1/ail, B = 1/bit  ...(IV.62a) 

Wlth respect to the X', Y' coordinate axes, this equa-

tion becomes 

x'2(Asin2q).+Boos20.)- 2x1 y1(B 	A)sino.-coso. 

+ y'(Aoos20-4-13sita2(p.). 1 

which can be simplified to 

X'x'2  

where 	X' = 

X' = 

Y. _ , 

- 2y'x'y' + X'y'2  = 1 ...(IV.63) 

Asin20i  + BCOS2Wi  

ACOS2Wi  + Bsin2Qi  ...(IV.63a) 

(3 	k) sin (I;cos Q. 1 	1 

The following invariant properties, which will hold 

throughout the deformation of the ellipse, can be formulated 
in terms of A, B, X', X'y  and yi. 

J1 = Xx 	y + X' = A B 
...(IV.64a) 

- / 
A, B = (J1  + 	- 4J2)/2 ...(IV.64b) 

(c) Calculation of the infinitesimal strain ellipse for 

a pure shear 

Consider a circular particle of unit radius 

and the same viscosity, and viscosity ratio with the matrix, 
as the ellipse IV.62. This circle is deformed into the 

infinitesimal strain ellipse by a pure shear aplied parallel 

to the X', Y' axes, as in figure 31b. The equation of this 

infinitesimal strain ellipse is: 

x'2/a02  + y'2/b02  = 1 

J2 = Xx'Xy - Y. a = AB 

and A and B can be expressed as functions of J1 and J2; 
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This can be written 

Cx" + Dy'2  = 1 ...(IV.65) 

where 	C = 1/8.02, D = 1/b02  ...(IV.65a) 

are the principal reciprocal quadratic elongations. 

In terms of the viscosity ratio between the particle and 

the matrix, the lengths of the semi-axes of the strain 

ellipse are given by equations IV.59 and IV.60, i.e.: 

ao = exp[5/(2R + 3)] 	...(IV.66) 

bo 
= exp[-5F/(2R + 3)] 

and the equation of the axial ratio of the ellipse is 

in (ao/b0) = [5/(2R + 3)](2Z) ...(IV.67) 

(d) Super'osition of the strain ellipse on the particle 

The 

effect of superimposing the strain ellipse on the particle 

ellipse is given by the transformations 

xi' = aox', y1' = boy' 	...(IV.68) 

Substituting IV.68 in IV.63 results in the equation 

X(x1  lao  )3  - 2y'x1t y11 /a0b0  + yy11 /b0)2  = 1 

This can be rearranged to 

X)'cCx'3  - 2y'x'y' + XDy'2 
	1 ...(Iv.69) 

using the fact that for pure shear CD = 1. 

Equation IV.69 represents the new elliptical shape of 

the particle, shown in figure 31c. To calculate the semi-

axial lengths (al, b1) of this ellipse, equations IV.64 are 

used as follows: 

The invariant terms of the ellipse are 

Ji  = C(Asin%i + Bcos201.) + D(Acos20i  + 3sin30i) 

J, = C(Asin2wi  + Bcos3(D i)D(Acos2wi  + Bsin2Qi) 

- (3 - A)sin Wi'COS Wi 	....(IV.70) 
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The terms on the right hand sides of these equations are 

substituted for J1 and J2 in IV.64 to obtain two new recip-
rocal quadratic elongations: 

111 ,21 = (J1 7 JJ12- 4J2)/2 

from which the semi-axial lengths of the elliDse are given by 

al  = 1/A1, b1  = 1/B1  ....(IV.71) 

To find the new orientation, 0, of the particle major 

axis, consider the Mohr construction (see Brace, 1961) of the 

ellipse IV.69, as shown in figure 31d. From this diagram 

tan 28 = y'/[(Al  + B1)/2 - 7‘.C] 

which, by making use of J1 (IV.64a), can be written 

tan 2e = y'/[(X c, 	y)/2 - 7‘,C] 

i.e. 	tan 20 = 2y' /(X 	-k3Icc) 

After some rearrangement and reduction, this becomes 

tan 20 = 2(B - A)sin 0i.cos 01./[B(Dsin20i  - 

Ccos20.)-21(0sin20.1  -Dcos20.)] ..(IV.72) 

from which the angle 6 can be obtained. The reauired orien- 

tation 	is the complement of this angle; i.e. 

= 90°  - 6 ....(IV.73) 

(e) Addition of the rigid body rotation 

For particles with R 

not equal to 1, a rigid body rotation accompanying the 

infinitesimal pure shear, has to be added to the orientation 

given by IV.73. To find the final orientation after this 

rigid body rotation, use is made of equation IV.29 of the 

rigid particle theory, which in terms of the present notation 

can be written 

In cot cof = ln cot 0 
	

[(a12 	b12)/(a12 	b12)]. 



i.e. 	cot cPf = cot W/exp[2e(B, - Al)/(B1 	A1)] ..(IV.74) 

(f) Computation and significance of the results  

A programme 

to do the above calculations has been written in FORTRAN IV 

for the IBM 7090 computer. The flow diagram of this prog-

ramme is shown in figure 32. The data fed into the computer 

are values of R and the initial axial lengths (X1, X2) and 
orientation ((Di) of the ellipses. The calculations are then 

carried out in the following order: 
1/  A subprogramme DEFORM computes the reciprocal quadratic 

elongations, C and D, for specific values of R and e. The 

size of the increment s depends on the value of R; if R = 1, 
a large value of E can be chosen, because there is no rigid 
body rotation involved in the deformation and the programme 

merely solves the superposition of two ellipses; if R is not 

equal to one, e is very small. 
2/  A subprogramme UNITY converts the axial lengths of the 

particle to reciprocal quadratic elongations A and B such 

that AB = 1. This makes the invariant J2 always equal to 1. 
3/  A subprogramme AXES calculates the strain invariants and 

computes the new semi-axial lengths (RTA, RTB) and axial 

ratio (ARATIO) of the deformed ellipse; sums the infinitesi-

mal strains e to obtain the finite natural strain (STRAIN) 

and converts this to the axial ratio (ELLIPS) of the finite 

strain ellipse. 

4/  The angle e is then calculated and the new orientation (19 
of the major axis is found. 

5/  If R is not equal to 1, a subprogramme SBROTN computes 

the rigid body rotation and the final orientation of. 

By a series of DO-LOOPS, these calculations are repeated 

for successive increments of e until the total finite strain 

experienced by the particle-matrix system, reaches a set 

value, or the particle major axis becomes oriented very close 

to o= 90°. 
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Figure 32 Flow diagram of the programme to compute the 

pure shear deformation of non-rigid ellipses, 

not aligned parallel to the strain axes. 
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Figure 33 I.ure shear deforsetion paths for R = 1 

ellipses which do not have their particle 

axes parallel to the strain axes. The dashed 

curves are contours of the pure shear natural 

strain; the contour interval is 	= 0.1 units. 

a/b - particle axial ratio. 

0 - angle between the Y' strain axis and 

the major axis of the particle. 
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The results obtained from the computer were plotted gra-
phically as in figure 33, which shows the changes,with defor-
mation, of the shape and orientation of ellipses of any axial 
ratio for R = 1. 	The solid curves in this figure are the 

deformation paths followed by a particular ellipse while 

being strained. The dashed curves are contours of natural 

strain with a contour interval of 	= 0.1. Both sets of 

curves are symmetrical about 0 = 45°. 

/-111 ellipses which have initial orientations between 0°  

and 45°  become less eccentric during deformation and rotate 

towards the direction of elongation. However, when the ori-

entations of the major axes pass through 0 = 45°, the parti-

cles enter into the field of elongation. and become more 

eccentric as they rotate towards 0 = 90°. All the particle 

major axes approach very near to this final position but only 

become parallel to it after an infinite amount of strain. 

One interesting conclusion which may be drawn from the 

graphs is that the initial shape differences between particles 
is altered during the deformation. For example, consider 

particles with initial axial ratios 2 : 1 and 4 : 1, orien-

tated. along Q = 15°. The following table shows the approxi-

mate cnanges in shape and position during deformation. 
0 	 o 
i
1  A/B 

0 4.0 15 2.0 15 2.00 

0.1 3.4 22 1.7 24 2.00 

0.2 3.0 32 1.5 37 2.00 

0.3 2.9 43 1.5 53 1.90 

0.4 3.0 55 1.7 66 1.75 

0.5 3.3 65 2.0 75 1.65 

However, the change is not as marked for particles. 

initially oriented at 0 = 45°. This is shown by the follow-

ing data. 
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.-i A 
o 

(DA B 
,o 
wB A/B 

0 3.0 45 1.5 45 2.00 

0.1 3.1 56 1.6 61 1.95 

0.2 3.5 66 1.8 71 1.95 

0.3 4.0 73 2.1 78 1.90 

0.4 4.8 79 2.6 82 1.85 

0.5 5.8 82 3.2 85 1.80 

Similarly, the reduction in the ratio of individual 

particle shapes will be less marked as the initial orienta-

tions approach (9. = 90°, and along this dirpction there will 

be no change in the ratio A/B during the deformation. 

The effect of an increase in the viscosity ratio between 

the particle and the matrix is well illustrated in figures 

34a, b. These graphs show the changes, during deformation, of 

the shape and orientation of initially 2 : 1 ellipses aligned 

at Q = 45°, for different values of R. 

In figure 34a, the change in axial ratio of the particle 

is plotted against the natural strain and it is clear that, 
with increasing R, there is a rapid decrease in the defor-

mation experienced by the particle. Similarly, there is a 

reduction in the changes in orientation of the major axes of 

the ellipses with increasing R, during the early stages of 

the pure shear (figure 34b). However, because all the ellip-

ses rotate towards the w = 90°  position, these initial dif-

ferences are reduced with increasing strain and, eventually, 

after an infinite amount of pure.shear, all ellipses will 

have their major axes parallel to w = 90°. 

The combined effect of those changes in shape and 

orientation are shown in figure 35. These graphs are the 

deformation paths of the ellipses and show clearly the 

marked effect an increase in R has on the behaviour of the 

particle. 
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Figure  34  Graphs to show the effect of increasing 
viscosity ratio, R, on the pure shear 

deformation of 2 : 1 ellipses, initially 

at 45°  to the strain axis. 
a) The change in axial ratio (a/b) with 

natural strain (Z). 

b) The change in orientation (0), of the 

particle major axis with respect to 

the V pure shear axis, with natural 

strain (Z). 

The numerals next to the curves 

indicate the value of the viscosity 

ratio, R, used to calculate the graphs. 
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Figure 35 Fure shear deformation paths for initially 

2 : 1 ellipses, aligned at o = 45°  to the 
Y' strain axis. 

The graphs combine the results shown 

in. figures 34a, b and were computed numeri-

cally using the indicated values of the 

viscosity ratio, R. Each point on the 

curves represents an interval of 0.1 e in 

the natural strain of the pure shear. 

a/b - particle axial ratio. 

- orientation of the major particle 

axis with respect to the Y' pure shear axis. 
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F. SIMPLE SI-EAR. DEFORilATION OF NON-RIGID -CIRCULAR PARTICLES 

(a) Introduction 

The problem of the deformation of non-rigid 

particles is similar to that discussed in the previous sec-

tion and is also difficult to solve. Taylor (1934) found a 

solution for very small drops of one fluid suspended in ano-

ther. This analysis indicated that the drops would deform 

and rotate into the shearin7 direction. Experiments showed 

that once in this position, the deformed drops remained there 

and kept a constant shape. 

To solve the problem for larger particles, the present 

writer has had to develop a numerical solution similar to 

that described above for ellipses in pure shear. The method 

uses the fact that a simple shear deformation is essentially 
a pure shear combined with a rotation (Nadai, 1950, p. 149). 

The pure shear component acts along axes at 45°  to the shear-

direction (figure 36a) and the natural strain describing it 

is given by equation III.10, which for infinitesimal strains 

reduces to 

= ys/2 

Similarly, the rigid body rotation component of 	infiniL 
tesimal simple shear is °- /2_ or 7 radians. 

(b) Initial deformation of the particle  

Referring to figure 

36a, the equation of the initially circular particle with 

respect to its own X, Y axes is: 

x2 	y2 = 1 

Deform this circle through a very small amount of shear, 
oy.s . The associated pure shear changes the circle to the 

infinitesimal strain ellipse in figure 36b. It has the 

equation: 

x2/ao2 	
y2/bog  = 1 ...(IV.76) 



- 119 - 

Fig;ure 56 Diagrams to illustrate the numerical method 

for cetermining the simple shear deformation 

of an initially circular, non-rigid particle. 

a) Initial position. 

X'', Y" - axes. of simple shear. 
X' 	'T.:- I - axes of associated pure shear. 

X, Y - particle axes. 

- viscosities of particle and matrix, 

respectively. 

The particle has unit radius. 
b) Infinitesimal pure shear deformation of 

the particle. 

a0, bo - major and minor semi-axial lengths 

of the elliptical particle. 

- orientation of the major axis of the 

ellipse to the Y'' simple shear axis. 
c) Infinitesimal rigid body rotation of the 

ellipse through an angle 	radians 



a/  

b, 

II 
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which is the same as IV.65 and, hence, has reciprocal quad-

ratic elongations C and D. The orientation of the major axis 

of the ellipse with respect to the simple shear Y" axis is 
Qi = 45°. 

Similarly, in terms of the viscosity ratio R between the 

particle and the surrounding matrix, the lengths of the semi-

axes and the axial ratio are given by equations IV.66 and 

IV.67. 

After the pure shear, the ellipse is rotated through E 
radians. The transformation equations for this are 

x = x'cos e + y'sin 

y = -x'sin e + y'cos e 

Substituting IV.77 into IV.76 gives 

(x'cos E + y'sin J)2/ao2  + 

y'cos e)2/b02  = 1 

which is the equation of the ellipse in figure 36c, with 

reference to the X', 	pure shear axes. This equation can 

be rearranged into the same form as equation IV.63, i.e.: 

x'2- 2y'x'y' + X'y'2  = 1 ...(IV.78) 

where 	= Acos2T + Bsin2e 

	

= Asin2e + Bcos26 	...(IV.78a) 

y' = (B - A)sin E.cos E 

and 	A = 1/a02, B = 1/b02  

With reference to the Y' simple shear axis, the new 

orientation of the ellibse is 0 = t/4 + E radians. 
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(c) Superposition of the next infinitesimal pure shear 

The 

infinitesimal strain ellipse for the pure shear component of 

the next increment in simple shear is described by equation 

IV.76. Superposing this ellipse on IV.78 is carried out by 

the transformations 

xi' = aox, yl' = boy 

and results in the equation of a new ellipse: 

X'Cx" -2y'x'y' + N'Dy'2  = 1 

This is the same ellipse as IV.69 and, following the same 

procedure as before, its semi-axial lengths a1, b1 and 

orientation 8 can be calculated from 

al, b1  =A2/(J12  T 	- 43-2)] ...(IV.79) 

tan 20 = 2(B - 	E/[B(Dcos2e - Csin2i) 

Dsin2-c)] ...(IV.80) 

(d) .Addition of the rigid body rotation component 

To apply the 

solid body rotation, an angle e must be added to 0. Then, 

the new anle between the particle major axis and the pure 

shear axes is 

w = 6 + T 	...(IV.81) 

The final orientation, cp, of the major particle axis with 

respect to the Y'' coordinate of the simple shear is 

cp = 7./4 + w 	...(IV.82) 
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Figure 37  Flow diagram of the programme to compute 
the simple shear deformation of non-riid 
discs. 
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SET 1.1 

SET i••0001 

CALL AXES; 
COMPUTES RTA, 

RTB, ARATIO 

SET RNO • 0 

SET w. 0 

SET 0 • 0 

SET 7. 0 

SET 8= 1 

CALL DEFORM; 
COMPUTES C, D FOR 

GIVEN R 

SET A - 1 
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FiRure 38 Simple shear deformation paths for initially 

circular, non-rigid particles with different 

viscosity retios. The solid curves are 

deformation paths and were calculated nume-

rically using the relevant value of R. The 

dashed curves are lines of equal simple shearr 
the value of ,ts   for each line is indicated '  
next to it. 

a/b - particle axial ratio. 

w - orientation of the particle major 

axis, with respect to the 11' simple shear 

axis. 
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(e) Computation and significance of the results  

The calcula-

tions outlined above are carried out for succesive small 
increments of shear. The flow diagram for the programme is 
drawn in figure 37. Values of R are fed into the computer 

and the computations are then performed in the same manner as 
outlined in the previous section, for ellipses deforming in 
pure shear. 

The results obtained from the computer are plotted gra-
phically in figure 38. The solid graphs are deformation 
paths for initially circular particles with different values 

of R. The dashed curves are lines of equal simple shear, 
with a contour interval of 0.5 ys. From these deformation 

paths, it is clear that, for a given amount of shear, an 

increase in R results in a smaller change in shape and a 
greater rotation. 

It is possible to check the reliability of the method of 

computing these deformation paths by comparing the data 
obtained for R = 1, with that calculated from the theoretical 

equations for the geometry of simple shear (equations 111.3 

and I1I.4): 

jx1/x2 = [J(Ys/2)2  -/- 1 -I-  Ys/2]/[J(Ys/2)2  + 1  - s/2]  

and 	0 = V4 + (1/2)tan-1(ys/2) 

This is done in the table below. 
o 

Ys 	1\1/X2 num 	o num -G "Xl/X2 h 	both 

0 

1 
2 

3 
It --, 

5 

1.00 

2.62 
5.83 

10.91 
17.94 
26.95 

45.00 

58.29 
67.50 

73.16 
76.72 
79.10 

1.00 

2.62 
5.83 

10.91 
17.94 

26.97 

45.00 

58.28 
67.50 

73.16 
76.72 
79.10 

It is clear that the results obtained numerically cor-

respond remarkably well with the correct theoretical values. 
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Figure 39 Experimental and theoretical deformation 

paths for particles deforming by simple 

shear. 

The continuous curves are calculated 

theoretically and the light, dashed curves 

parallel to them indicate the zone of 

error, assuming errors of +0.5 mm in measure-

ment of the axial leni:ths9  and +2°  in the 

orientation of the major particle axis. 

Cutting these curves at right angles are 

the dashed lines of equal simple shears the 

value of y for each line is indicated next 

to it. 

The values of R for the theoretical 

curves and the experiments are as follows 

A) R = 19  2) R = 2.5, C) R = 5 

D) R = 7.5, E) R = 10, F) R = 15. 

The experimental points indicate the 

particle axial ratio (a/b) and the orienta-

tion of its major axis (D), after 0.25 ys  or 

0.5 	units of shear. The breaks in the 

experimental curves are due to repositioning 

of the particle at the end of each run in the 

simple shear box. 

The crosses indicate results obtained 

during one set of experiments the dots are 

the results of another set. The detailed 

experimental results are listed in table XI, 

Appendix I. 
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(f) Experimental checks on the deformation oaths 

Several 

experiments were carried out in the simple shear box on the 

deformation of initially circular, non-rigid particles. The 

results of these experiments are plotted graphically in fig-

ures 39A - 39F, with the relevant theoretical deformation 

paths and contours of equal shear. The light, dashed curves 

parallel to the deformation paths demarcate the zone of expe-

rimental error, assuming that, at the end of each run, the 

particles are rotated into the exact equivalent positions 

However, it is clear from the experimental curves that this 
has not happened and there is obviously an error introduced 

during the repositioning of the particles. Each experimental 

point indicates the axial ratio and orientation of the parti-

cle major axis after a certain amount of simple shear. Norm-

ally measurements were taken after a shear of 0.5 ys, though 

for the R = 1 and some of the R = 2.5 experiments, the inter-

val was 0.25 ys. 

The results obtained on particles with viscosity ratios 

of R = 1 and H = 2.5 agree very well with the theoretical 

deformation paths. The more viscous particles also deform 

as predicted during the early stages of the deformation. 

However, with increasing ys, the particles elongate more 

rapidly and rotate more slowly than expected. This may cor-

respond with the similar rapid elongation observed during 

the deformation of particles in pure shear, and may also be 

attributed to the particles becoming anisotropic with 

increaing deformation. 

Hevertheless, it is evident that with increasing visco-

sity ratio between the particle and the matrix, there is a 

marked decrease in the change in shape and a corresponding 

increase in the rate of rotation. 
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G. THE DEFORMATION OF SYSTEMS CONTAINING A LARGE NUYBER 
OF -12RTICLES EMBEDDED IN A VISCOUS MATRIX ' 

(a) Introduction 

The behaviour of systems containing a large 

number of particles in a viscous matrix, daring simple and 

pure shear deformations, will now be discussed in the light of 

the previously developed equations of motion for single par-

ticles, assuming that the Newtonian conditions for which those 
equations were derived still hold. This assumption is gene-

rally valid for suspensions of particles up to quite large 

concentrations (30 per cent, Moore, 1965, p.20). However, at 

higher concentrations or; if the particles are asymmetrical 

in shape, at relatively low concentrations, the rheological 

properties of the suspensions may change to those of a non-

Newtonian body with variable viscosity. This effect is impor-

tant, especially if the particles are non-rigid and are 

changing shape during the deformation. 

In the following section, the behaviour of systems of 

rigid particles is discussed, assuming the equations for 

isolated particles can be applied to them. In general, the 

individual particles should behave as predicted, provided 

that the concentration of particles is not so great that they 

come into contact with one another. If the particles are 

ellipsoidal, they develop preferred orientations which will 

affect the mean viscosity of the particle-matrix system. 

Then, systems of non-rigid particles are considered. 

It is obvious that the mean viscosity of such a system and, 

hence, the viscosity ratio which controls the particle defor-

mation, will vary with the number of particles present. An 

equation to calculate this variation in the viscosity ratio 

with particle concentration is derived and then checked expe-

rimentally. The preferred orientations which may be developed 

during the deformation of the particles will also affect the 

mean viscosity of the system; these too are discussed, though 

only in general terms. 
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(b) Systems of rigid particles 

0 Simple shear 
In the section dealing with rigid ellipsoids 

in a simple shear field, it was shown that an isolated parti-

cle rotated in a spherical elliptical orbit about the Z' axis.. 

The rate of rotation varied from a maximum, when the particle 

was aligned along the 0 = 0°  direction, to a minimum, along 

= 90°. Simultaneously, the angle of plunge of the particle 

major axis decreased from a maximum to a minimum value. Thus 

the particle would take a greaer time to pass through the 

X' Z' plane at co = 90°  than it would through any other point 

on its orbit, and, because the plunge of its long axis is a 
minimum along this direction, the particle major axis would 

approach parallelism with the X' direction of the simple shear. 

Assuming that the individual particles in a multi-

particle system being deformed by simple shear behaved in 

this manner, one would expect a preferred orientation of par-

ticle long axes to be set up parallel to the -.V flow direc-

tion. The degree of this preferred orientation will clearly 

depend on the ellipsoidal axial ratios and should be best 

developed for the more eccentric particles. Moreover, once 

it is set up, the degree of preferred orientation should 

remain statistically constant despite the fact that particles 

will be entering and leaving the zone of orientation 

continuously. 
Mason and Manley (1956) have calculated from Jeffery's 

(1922) equations that, once this statistical equilibrium pos-

ition has been reached, the integral distribution function 

giving the fraction of particles having an orientation. between 

0= 0°  and w= w°  is 

P(0) = (1/270tan-1[tan 0/(a/b)] ...(IV.83) 

where w ranges between 0 and 27. 
These workers were not able to define a similar function 

P(e) for the equilibrium distribution of plunges along the 
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shearing direction, though they did show experimentally that 

this distribution was set up for highly elongate particles 

(a/b > 20) after a great amount of shear (more than 2300 

rotations per particle). 

At high particle concentrations, it is possible in a 

simple shear field for one particle to apj;roach sufficiently 

close to another for their rotation fields to interact. 

Mason and Manley (1956) found that the effect of this inter-

action was to change the orbits of the particles and they 

suggested that, eventually, this would result in a steady state 

distribution of orientations and plunges. In other words, the 

particles would achieve stable positions parallel to some 

direction in the flow field. The writers do not specify what 

direction this is but from the fact that the statistical pre- 

ferred orientation is set up parallel to the 	axis, one 

would expect the stable position to be in this direction, 

as well. However, Jeffery (1922) postulated that in a simple 

shear flow field, ellipsoids should adopt a stable orientation 

with their major axes parallel to the Z' flow axis. T.7_e could 

suggest no mechanism whereby this stable position could be 

achieved but proposed it because it would satisfy the require-

ments of minimum energy in the system and would reduce the 

viscosity to a minimum. 

ii) Pure shear 

The equations of motion of a single ellipsoidal 

particle during a pure shear deformation show that a particle 

will, in general, rotate towards the direction of elongation 

of the strain. At the same time, the plunge of the particle's 

major axis increases until it is orientated along the 0 = 45°  

direction, after which it decreases as the rotation proceeds 

further. No rotation occurs during the deformation, if the 

particle is oriented parallel to either of the strain axes. 

However, the plunge of the major axis of a particle in this 

position will either increase, along the direction of compres-

sion, or decrease, along the direction of elongation. 
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The rate at which changes in orientation and plunge 

occur increases with increasing particle eccentricity. More-

over, the general result of these combined motions will be 

that the particle tends to become parallel to the H' strain 

axis and to lie in the deformation plane. This will not 

happen, of course, if the particle is aligned along the direa-

tion of compressions in this case, the particle will tend to 

lie parallel to the Z'axis. 

Assuming that these equations of motions are abrlicable 

to the individual particles in a multi-particle system, it is 

clear that during a pure shear deformation the majority of 

the particles rotate towards the direction of elongation. 

This results in a preferred orientation of particle major axes 

being set up parallel to this direction. At first, the 

degree of this preferred orientation depends upon the shape 

of the particles, because the more eccentric ones rotate 

faster. However, with continuing strain, this factor becomes 

unimportant as particles of all shapes approach the end 

position. 

In addition to the major zone of concentration of par-

ticles around the X' axis, those particles initially aligned 

along the direction of shortening, develop a lesser zone of 

preferred orientation parallel to the 	axis. 

The theoretical equations governing the particle motions 

predict that complete parallelism between particle major axes 
and the 	or Z.  flow direction will only occur after an 

infinite amount of pure shear. Therefore, the degree of pre-

ferred orientation is always increasing and will never reach 

a position of statistical equilibrium. For this reason, it 

is not possible to calculate an integral distribution func-

tion corresponding to IV.83 for simple shear. 

The effect of particle interactions in systems contain-

ing a high concentration of particles during pure shear has 

not, so far as the writer is aware, been investigated, either 

exJerimentally or theoretically. However, from the results 
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obtained by Ylason and 1Hanley (1956) for simple shear deforma-

tions, one would expect interactions to change the orienta-

tions and plunges of the particles concerned. If the plunge 

were increased, this could eventually lead to the particles 

approaching the stable position with their major axes parallel 

to the 	axis. Similarly, if plunges were decreased, the 

probable end position would be parallel to the X' axis. Thus, 

the effect of the interactions may be to enhance the develop-

ment of the preferred orientations. 

iii) Viscosity of solutions of rigid particles 

To determine 

the effect of the presence of a number of particles on the 

viscosity of the particle-matrix system, consider first a 

single particle suspended in a uniformly flowing fluid. The 

presence of the particle causes a disturbance in the flow in 

the region immediately -  surrounding it. This disturbance 

increases the resistance of the fluid to the flow deformation 

and, hence, increases the viscosity coefficient. If more 

than one particle is present, the region of disturbance de-

pends on the volume and number of the particles and, there-

fore, the mean viscosity of a suspension will depend on the 

volume concentration of the particles. Einstein (1906, 1911) 

derived the following equation to describe this effect for 

suspensions of rigid spheres. 

um  = 	'(1 + kCv) ...(IV.84) 

where um  is the viscosity of the suspension; u' the viscosity 

of the continuous phase (i.e. the matrix); Cv  the volume 

concentration of the dispersed phase (i.e. the particles); 

and k is a constant which describes the interference with the 

flow and, theoretically, has a value of 2.5. 

For suspensions of ellipsoids of revolution, Jeffery 

(1922) suggested a similar equation but k could vary in value 

2.5 to infinity, depending upon the eccentricity of the 

particles. This increase in k is due to the fact that an 
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ellipsoidal particle will sweep through a volume much greater 

than its own, as it rotates in the fluid and, hence, will 

produce a greater region of disturbance in the flow. 

Both Einstein and Jeffery assumed that the suspensions 

were so dispersed that the distance between the particles was 

infinitely great compared to their diameters. if, however, 

the particle concentration increases so that the modification 

in the flow produced by one particle extends into the field 

of a neighbouring particle, the resistance to flow (arid hence 

the constant k) is increased still more. 

To allow for this effect, Happel (1957) introduced an 

interaction factor, (I), which was proportional to the volume 

concentration of the particles, C. Using this factor and 

assuming that the particle interference fields interact at 

even the greatest dilutions, Einstein's equation IV.84 for 

suspensions of rigid spheres becomes 

m 
= u'(1 +5.5 v) 	...(IV.85) 

The above discussion shows that the mean viscosity.  

depends upon the volume of fluid disturbed during the rota-

tion of the particles. This volume will obviously decrease 
as the degree of preferred orientation of the particles inc-

reases and the viscosity of the system should, therefore, 

decrease accordingly. The minimum value of the viscosity 

will be reached when the particles achieve a stable position, 

or the statistical equilibrium degree of preferred orienta-

tion is set up. 
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(c) Systems of  non-rigid particles 
i) Simple shear 

The results of the theoretical and experimen-

tal work on the deformation of single non-rigid particles 

during simple shear show that the particle will deform and 

rotate towards the .-K.!  flow direction. A particle with the 

same viscosity as the matrix will require an infinite amount 

of shear before it becomes parallel to the 	flow-axis. How- 

ever, with increasing viscosity contrast, the change in shape 

of the particle decreases and the rate of rotation increases. 

Consequently, a relatively viscous particle (R = 15, say) 

may rotate into, and through, the shearing direction, quite 

rapidly. 

It follows from these arguments that, in systems contai-

ning a large number of non-rigid particles, one would expect 

a preferred orientation to be set up parallel to the X' flow 

axis. For particles with a high viscosity contrast to the 

matrix and which rotate through the shearing direction quite 

easily, this preferred orientation will be one of statistical 

equilibrium, as described above for rigid particles. However, 

it is unlikely that less viscous particles will be able to 

rotate out of the shearing direction, once they are parallel 

to it, because of the large amount of shear required. There-

fore, these particles will develop a stable preferred orien-

tation. It is possible that for very low viscosity ratios, 

the particle major axes may not become parallel to the shear-

ing direction; nevertheless, they still should have their 

long axes parallel to each other, if they were originally 

of similar shape. 

ii) Pure shear 

The theory for a single non-rigid particle in 

pure shear shows that, if its axes are aligned parallel to 

either of the strain axes, the particle will be elongated in 

the direction of elongation of the strain ellipse. If its 

axes are not initially parallel to the strain axes, the 
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particle rotates towards the direction of elongation. Simul-

taneous with the rotation, the axial ratio of the particle 

decreases until an orientation of cp = 45°  is reached, after 
which it increases. Thus, the end result is for the particle 

to approach parallelism with the direction of elongation and 

to increase in eccentricity. The rates of rotation and elon-
gation increase as the viscosity ratio between the particle 

and the matrix is reduced. 

Applying these observations to systems containing a large 
number of particles, it is clear that during pure shear a pre-

ferred orientation will be set up parallel to the direction 

of elongation of the strain. Initially, the degree of this 
preferred orientation will be greatest for the least viscous 

particles but, because all particles rotate towards the same 

direction, this difference will disappear as the strain con-
tinues. However, the less viscous particles will always be 

much more eccentric in shape than the more competent 

particles. 

iii) The viscosity of systems containing non-rigid particles  

It was shown in the section on rigid particles that the 

mean viscosity of a particle-matrix system is proportional to 

the volume concentration of the particles. This effect is 

very important for systems of non-rigid particles, because 

the deformation of the individual particles depends on the 

viscosity ratio between the particle and the system. In the 

single particle theory, the viscosity of the system was assu-

med to be that of the matrix solution. However, this is 

obviously not valid in multi-particle systems and so an 

attempt will be made to correct for the effect of the 

particle concentration. 
Einstein (1906, 1911) in his work on the viscosity of 

suspensions of rigid spheres, showed that the mean viscosity 

depended only on the solid harmonic function p'3, appearing 

in the equation of fluid velocity IV.43. Using this fact, 

Taylor (1932) extended Einstein's analysis to suspensions of 



-135- 

small fluid drops held approximately spherical by surfaca 

tension forces. His resultant equation was 

µm  = µ 1 [1 + (1/2)Cv(5R + 2)/(R + 1)] ...(IV.86) 

The same procedure can be followed to determine the 

viscosity of systems containing larger particles, not neces-

sarily affected by surface tension forces. 

From equation IV.45c it is clear that p'7  is proportion-

al to the constant A
-3 

which, in turn, has a value given by 

3 
= -5[(R - 1)/(2R + 3)](2t) ...(IV.55) 

For rigid spheres with R =o0, this equation reduces to 

A
-3 

= —2.5(2-0 

where the number 2.5 is the value of the coefficient k 

appearing in the Einstein equation IV.84. Hence, for fluid 

spheres not subject to surface tension forces, k = 2.5 must 

be replaced in equation IV.84 by 

k = 5(R - 1)/(2R + 3) 

i.e. the Einstein equation is modified to 

µm  = 	+ 5Cv(R 	1)/(2R + 3)] —(17.87) 

This equation agrees with that obtained by Thshin (quo-

ted by Reiner, 1960b, p. 214) for the analogous problem in 

elasticity theory; i.e. the increase in the shear modulus of 

one elastic material by the presence of spherical inclusions 

of another. 

The increase in viscosity due to the interaction between 

regions of disturbance in the flow around the particles has 

not been considered in deriving IV.87. To allow for this 

effect, it will be assumed that Happel's interaction factor 

for rigid spheres is also valid for non-rigid particles. 

Inserting this into IV.87 results in the following equation 

µ 	=
' 	

+ 5(TCV  (R - 1)/(2R + 3)] ...(IV.88) 
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Figure 40 Graphs of equation IV.89, showing the vari- 

ation in viscosity ratio with particle 

concentration. 

Fm - viscosity ratio between the 

individual particle and the particle-matrix 

systom. 

Cv - voles 
r concentration of the 

particles in the system 
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which gives the viscosity of the particle-matrix system. 

In calculating the deformation of the individual parti- 

cles, it is the viscosity ratio 

Rm  = aP•rn  

which is the controlling factor. To obtain Rm, IV.88 can 'be 
modified to 

Rm = RA1 + 5tCv(R - 1)/(2R + 3)] ...(IV.89) 

from which it appears that Rm  is always less than R, if R > 1, 

and it decreases with increasing (t, and Cv. 

The decrease in Rm with increasing particle concentra-

tion is well shown in figure 40, in which equation IV.89 is 

plotted graphically for different initial values of Rm. To 

calculate these graphs, t'c_e numerical values oft at diffe-

rent concentrations Cv, as tabulated by Happel (1957, table I. 

Note that Happel uses the symbol IV for t) were used. Concen-

trations greater than Cv  = 0.5 were not considered because 

above this level friction effects due to interparticle con-

tacts become large and the resistance to shear very much 
greater than predicted; i.e. Rm is greatly decreased. 

From the graphs in figure 40, several conclusions can 

be drawn. First, it is obvious that significant reductions 

in the viscosity ratio, controlling deformation of the indivi-

dual particles, can be achieved by increasing the particle 

concentration. In this way, it is apparently possible for 

Rm to become less than 1; i.e. a particle-matrix system can 

have a viscosity greater than the particles alone, because of 

the interaction between the disturbed regions of flow around 

the particles. If R is initially less than 1, Rm  increases 

in value with Cv and may become greater than 1. However, for 

such values of R, there is a concentration for which Rm  

becomes negative, according to equation IV.89. This shows 

that the equation does not hold realistically over a wide 

range of values. 
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Figure 41 The effect of increasing volume concen-

tration on particle deformation. 

Theoretical deformation paths for initially 
circular particles deforming during simple 

shear. 

Experimental points 1 to 6 give the 

mean particle axial ratio (a/b) and orien-

tation (0) after 1 ys  shear, for different 

particle volume concentrations (Cv). The 

data for each point is listed in table =, 

Appendix T. 

The zone of experimental error is 

indicated by the dashed curves parallel to 

the ys  = 1 contour; the assumed errors are 

+0.5 aim in the axial lengths and +3°  in 

the orientation. 

B) Theoretical and experimental variation of 
viscosity ratio, Rm, and particle concen-

tration, Cv. The solid. curves are calcu-

lated from equation IV.89; the dashed curve 

is the experimental one. Joints 1 to 6 

relate the value of Rm to Cv. Rm was 

determined from figure 	by extrapolating 

from points 1 to 6 onto the ys  = 1 curve. 
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iv) Experiments to observe the effect of increasing  

concentration on particle deformation 

A series of experi-

ments were carried out in the simple shear box to observe the 

increase in particle deformation with increasing concentra-

tion and, in particular, to check equation 17.89. The 
particle-matrix systems used had a viscosity ratio of R = 5 

at Cv = 0 and the concentration range covered was 3 to 23 

per cent. 
From photographs of the deformed particles, a mean axial 

ratio and orientation of the major axis was determined at 

each concentration. These were then plotted on the theore-

tical deformation paths for particles deforming during 

simple shear (figure 41A). It is clear from this graph that 

there is a significant increase in the particle axial ratio 

with increasing concentration. The change in angle of orien-

tation is very erratic but allowing for the large range in 

measured values and the experimental error, 0 appears to 

remain relatively constant. 

To find the value of Rm at each concentration, the 

experimental points are extrapolated back to the ys = 1 

contour. Then, the value of the viscosity ratio at these 

points is Rm  for the particular concentration. These values 

of Rm and Cv are plotted in figure L-1,13 for comparison with 

the theoretical curves. The results show that the experimen-

tally determined values of Rm  decrease much more rapidly, 

with increasing concentration, than expected. 

It is not surprizing that there is this discrepancy 

between the experiment and the theory. The discussion on 

equation IV.90 showed that it was unrealistic over large 

ranges of R. Yoreover, iappel (1957) suggested the inter-

action factor (D to explain the viscosity of suspensions of 

rigid spheres. The particles in the present experiments are 

non-rigid and become elliptical during the deformation and so 
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it is quite probable that the boundary conditions used to 

obtain (I) may no longer hold. However, both the theoretical 

curves and the experimental results emphasize that the visco-

sity ratio decreases rapidly with increasing volume concen-

tration of the particles. This is important when estimating 

the deformation of systems containing a large number of par-

ticles. Furthermore, it is suggested that the curves in 

figure 40 can be used to estimate Rm, if Cv is known, provided 

that it is realized that this value of Rm may be too high. 

7. STRAINS DEVELOYED IN IHE 1dATRIX AROUND A SINGLE  a?ARTICLE, 

DURING DEFORidATION BY PURE OR SII=2 JHEAR 

(a) Introduction 

In this section, the variations in strain 

throughout the :Matrix, during the deformation of a particle-

matrix system, are considered. It is obvious that since a 

carticle causes a region of disturbance to be set uc in the 

uniform flow field, the deforaation in the matrix immediately 

surrounding the particle will be different from that experien-

ced by material outside the region of disturbance. However, 

it is very difficult to calculate theoretically this varia-

tion in the strain. Considering a pure shear, for example, 

one would have to solve equations IV.56 for the fluid veloci-

ties outside the particle for different values of x and y. 

Hence, the stream lines around the particle could be construc-

ted and from these the required strains could be obtained. 

An easier method than this is to calculate tar strains 

experimentally from the distortion of rectangular grids, 

stamped onto the surfece of the matrix. This is the approach 

adoeted here and the results obtained are described in the 

following subsection. Eoreover, from the initial and final 

shape of a grid, the displacement vectors of the matrix 

during the deformation can be constructed. These are impor-

tant because they reflect the type of deformation which has 

occurred. They are also discussed in the following section. 
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Figure 42 The uajor and minor semi-axes of the 
local strain ellipses, developed around 

a rigid disc of diameter 2.5 cm, during 

0.5 y, simple shear. 

1i' 2 [7-  - major and minor semi-axes of "  
the strain ellipse for t'cle simple shear 

deformation. 

The mee 	and orient Lion of t113 
local strain axsC:'-.2: determined from 

the distortion at each  point of a 

rectangular F:rid, usin te Lohr con-

struction. 
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(b) Strains and movement directions in the matrix 
The strains 

in the matrix were doterminc,:d from a distorted rectangular 

grid by using the Mohr construction (see 3race, 1961). At 
each point on the grid, the changes in the right angle and 

the initial lengths of the lines were measured. These obser-

vations were then used to construct a Idohr circle, from which 

could be determined the orientation and magnitude of the max-

imum and minimum principal strains at the point. The method 

is tedious and time-consuming and the calculations have only 

been carried out completely for the strains developed around 

a rigid disc, during 0.5 ys  simple shear. The resultant 

diagram is illustrated in figure 42. 

:examination of tnis figure shows that the strain due to 

the presence of the particle is greatest in the matrix 

immediately surrounding it, and that this zone of disturbance 

extends for a distance approximately equal to the radius of 

the disc. M.-thin this zone, the axial ratios of the local 

strain ellipses are generally treater then those elsewher, 

in the matrix. iLoreover, the principal strain axes are def-

lected from the mean orientation towards a line, which passes 

through the centre of the disc and is parallel to the major 

principal axis of the strain ellipse for the simple shear. 

7owever, apart from these oeservations, it does not appear 

that the disc has significantly affected tne strain in the 

matrix. 

Diagrams showinrythe movement of the mtrix, during 

deformation of the particle-matrix system, are in many ways 

more meaningful than those showing the actual strains around 

tie particle. These diagrams are easily constructed by join-

ing the initial and final positions of all points on the 

rectangular grid. They, therefore, show the direction and 

magnitude of the movement in the matrix. 

In figures 43 and 44, several such movement diagrams are 
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Figure 43 Me displacements in the matrix around a 

particle during a pure shear transformation 

in the irrotational strain box. 

The diagrams on the left are of the 

distorted rectangular grids those on the 

right show the dispIacepent vectors obtained 
from the initial and final positions of all 

points on the grids. The dotted ends of the 

vectors are the initial positions. 

All diagrams are for the same amount of 

strain, namely ,A1/X2  = 2.60 
The viscosity ratios are as follows: 

A, B- R= 2.5; C, D 	R = 5; 

9 	- R = 10; 	G, H - rigid disc; 

I, 	- rigid 2 : 1 ellipse. 
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shown, together with the distorted grids from which they were 

constructed. These figures clearly illustrate the hyperbolic 

and laminar flow fields for pure and simple Shear, respect-

ively. Loreover, it appears that the distortion in the flow 

field around the particle depends on the viscosity ratio. 

For particles with R = 2.5, the disturbance in the flow is 

slight and dies out very rapidly. However, with increasin 

R, the distortion in the movement vectors increases and is 

quite marked for the rigid particles. The areal extent of 

the region of disturbance appears to depend, in part, on the 

type of deformation. In simple shear, the disturbance dies 

out quickly and has generally disappeared within a distance 

equal to one particle radius. liowever, the distorted grids 

around the particles in the irrotational strain box, suggest 

that the disturbance affects a much greater area in this 

type of deformation. For example, the distortion extends 

along the direction of elonsation for at least a distance 

equal to the length of the major axis of the particle. 

It is 1:.ossible that the distortion of the matrix around 

the particle could be used to estimate the viscosity ratio 

between the particle and the matrix. Flow or movement lines 

around the particles with the same order of viscosity as 

the matrix, should only be slightly refracted. :.iround the 

more viscous particles, however, the refraction should be 

more marked. In this way, an estimate of the value of R 

can be made. 
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Figure 44 The displacements in the matrix around a 

particle during simple shear. 

The diagrams on the left illustrate the 

distorted rectangular grids; those on the 

right show the displacement vectors obtained 

from the initial and final positions of all 

points on the grids. The dotted ends of the 

vectors are the initial positions. 

The viscosity ratios between each Dar-

ticle and the matrix, and the amount of 

deformation are as follows: 

	

B 	R = 2.5, 1 y shear. 

	

C, D 	= 5, 1 , 's  .shear. 

E, F - R = 10, 1 7 shear. 

G, H - rigid disc, 0.5 ys  shear. 

I, J - rigid 2 : 1 ellipse, 

0.5 ys  shear. 
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CHAPTER V 	GEOLOGICAL APPLICATIONS 

A. ROTATED CRYSTALS AS _,IJANTITATIV: STRAIN =IC TORS  

(a) Isolated crystals  

i) Previous work 

Rotated crystals of minerals such as garnet, albite, 

kyanite, staurolite, choritoid and magnetite have often been 

used as criteria for shearing movements along suitable sur-

faces such as schistosity, cleavage and bedding planes. Rota-

tion may be indicated by distortion of the material around 

the crystal or by helicitic structures within the grains. 

These latter structures may be planar, indicating crystal 

growth prier to the shearing, or curved in a spiral form sug- 

gesting that growth and movement were contemporaneous. 	The 

spiral forms have been described as "snowball" or "pin-wheel" 

structures in the literature (e.g. Flett, 1912, p. 111 ; Knopff 

and Ingerson, 1938, p.35). 

The first person, known to the present writer, to use 

rotated porphjroblasts for determining quantitative amounts of 

slip or shear strain in a rock was Sch2idt (1918) who sug-

gested the simple model of a sphere rotating between two rigid 

planes, as in figure 45. 	According to this model, the amount 

of shear is related to the angle of rotation by the equation 

Ys  = wradians ... (V.I) 

Becke (1924), Mugge (1930) and in recent years Osberg 

(1952 p.93) and Zwart (1960, 1963) are among the many workers 

who have used this formula. 	The equation -Provides only a 

minimum value for the amount of simple shear and allowances 

have to be made for factors such as slipping between the par- 

ticle and the boards, which may retard the rotation. 	Zwart  

(1963, p.345) for example, found the maximum angle of rotation 

of porphyroblasts in a series of Pyrenean schists to be 900, 

indicating a shear of approximately 1.6 units. 	To this  

amount he added 2 units to allow for what he termed the 

breaking effect of frictional drag and a further 2 units to 
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Figure 45 The model of a sphere between two rigid 

planes, suggested by Schmidt (1918) to deter-

mine quantitative amounts of shear from rota-

ted porphyroblasts. (After Spry, 1963) 

A) Initial position; the circle has unit radius. 

1-1) Final position, after the top plane has 

moved to the left and the bottom plane to the 

right and the sphere has rotated through an 

an angle of 0 -ys/2 radians. The total slip 

between the --)oints a and b is 2y; the planes 

are two units apart. Therefore, the amount 

of simple shear is 

Ys  = tan 6 
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co7:1Donsate for 	retard-tioIl due to flattening. 	There- 
fore, the total shearing strain was found to be r.J:ugdaly ys  = 
6. 

Nobody, so far as the writer is aware, has allowed for 
the effect of eccentricity of the crystal shape in making 
quantitative calculations of strain. 	Obviously, when using 
crystals of minerals such as garnet, which may approximate to 
a sphere, the shape factor is unimportant. 	However, Zwart 
(1960, p.178) in discussing orientations of andalusite, 
staurolite and cordierite porphyroblasts, notes that round or 
square crystals are rotated more than those which are ellip-
tical in shape and highly elongate ones show no rotation at 
all. 

Spry (1963) reviews most of the work dealing with ro-
tated porphyroblasts and suggests that instead of the Schmidt 
formula, a more accurate method for calculating; the shear 
strain from "snowball" garnets is to measure the visible 
length of the spiral path formed by the inclusions in the 
crystals, 	The shearing causing the rotation is approxjmateLy 
30 per cent greater than this length. 	The method is supposed 
to give a value for ys  almost twice as large as that obtair• 
from the Schmidt equation. 	However, in comparing the two 
methods, Spry (1963, table on p.220) has miscalculated by a 
factor of two, the shear according to equation V.I and by cor-
recting this it is found that the Schmidt model gives a 
slightly greater value for the shear than does the spiral 
length. 

An explanation for the occurrence of equidimensional pnr• 
phyroblasts which have apparently been rotated in a pure sheao 
flattening field was suggested by Ramsay (1962, pp.322-324). 
Because the particles are circular in shape, they must remain 
stationary dur.;_ng this type of deformation but any external 
planar features not parallel to either of the strain axes 
rotate passively, thus causing the angular difference between 
the internal helicitic trails and the external schistosity. 
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Plate  III Photomicrograph of two rotated garnet 

porphyroblasts (x 15) 

(Reproduced by permission of 

Er. Tom Sibbald.) 

a) Diagram to show the method of measuring 

the angle of rotation between the inner-

most portion of the snowball trails (Si) 

and the mean direction of the external 

schistosity (Se). 
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The angular rotation is deterthined by Wettstein's ..(1886, p.33), 
formula 

tan Of = tan o../X1  /X2 ." .(V.2) 

Note that rotations of more than 90° cannot be obtained in 
this way. 

ii) The suggested viscous  model  

The model propoeed in this 

thesis, namely rigid particles embedded in a viscous fluid, 

is in the writer's opinion a more realistic one than those 

discussed above and removes to a great extent the need for 

arbitrary guesswork about retarding forces. In a simple 

shear deformation, the necessary equations to calculate the 
amounts of strain are 

tan o = (a/b)tan[abys/(a2  + b2)] ....(IV.18) 
for elliptical particles and 

ys  = 2O ....(IV.9) 

for circular ones. Equation IV.9 is similar to the Schmidt 
formula but gives twice the value of s  for a specific rota-

tion Q. 

The equation for describing the particle rotation in a 

pure shear field is 

In cot of  = In cot Qi 	[(a 2 	b 2)/(a2  + b2)]. 

In A2/xl  ...(IV.29) 

Note that rotation cannot exceed 900  and that for circular 
particles the -equation reduces 'uo of  = of, i.e. there is no 

rotation. External schistosity in the matrix also rotates 

during pure shear according to equation V.2. 

Therefore, to calculate the amount of strain, the axial 

ratio of the crystal is measured and the angle between the 

internal and external schistosity planes or between the major 

axis of the particle and the external schistosity. These va-

lues are then substituted into one of the above equations, 
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Table V 	*i_lantitative estimates of the amount of simple 

in a rock, made from rotated crystals. shear 

Reference Porphyroblast w°  21 B C 

Schmidt (1918) Graphite 155 2.70 - 5.40 

Garnet 173 3.04 - 6.08 

Osberg (1952) Albite 90 1.57 - 3.14 

Spry (1963) Raglan garnet 144 2.50 2.20 5.00 

Schichallion garnet 144 2.50 2.44 5.00 

Zwart (1963) Andalusite, garnet, 

staurolite, 	etc. 

90 6.0O - 3.14 

o - angle of rotation measured between the internal 
and external schistosities, assuming that 

shearing has occurred along the schistosity 

planes. 

A - shear calculated according to equation V.1 

(Schmidt model). 

B - shear calculated according to Spry's method of 

measuring the spiral length. The unit shear is 

then calculated by dividing the measured length 

by the diameter of the porphyroblast. 

C - shear calculated according to equation IV.9 

(viscous model). 

- includes allowances for retarding forces. 
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depending upon the type of deformation, and the strain is 

calculated. 

To illustrate the technique, consider the two garret 

crystals shown in plate III. The garnets contain curved 

inclusion trails indicating that they have grown during 

rotation. The crystals are approximately circular and the 

angle between the innermost portion of the trail and the 

mean direction of the external schistosity is 162°. Because 

this is greater than 90°, the rock has probably experionced 

a simple shear deformation. Therefore, from equation IV.9, 

the amount of simple shear is ys  = 5.6. 

The data of other worker's has bean recalculated in a 

similar manner and the results are listed, together with the 

original estimates, in table V. 

iii) Use of a larEe number  of crystals 

Obviously, when working 

in the field, as much data as possible should be obtained 

about the rotations of individual crystals together with their 

relative positions to each other and in the host rock as a 

whole. In this way it should be possible to obtain a picture 

of the general movement pattern during the deformation. 

Zwart (1963) examined schists ranging from Cambro -

Ordovician to Lower Devonian in age from the Central Pyrenees 

and measured 300 rotated crystals in samples covering the 

whole area. The maximum rotation was 900; smaller angles 

than this were attributed to the elliptical shape of the 

crystals but were not used in the calculations. Zwart con-

cluded that the rocks had been sheared by an amount of 6 ys  

but probably much more information about the shearing move-

ments could have been obtained by considering all the mea-

surements together with particle shapes and positions. 
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Figure 46 A minor fold from the Stgir Schists, Switzer-

land, containing garnet porphyroblasts (Num-

bers 1 - 9) which have an internal schistosity 

not parallel to the external schistosity. 

Scale - actual size. 

(Reproduced from Chadwick, 1965, fig. 59, 
by permission of Dr. Evian Chadwick.) 

a, b) Graphs showing the variation of thicknesses 

T and t for the lithological units I and II, 

around the fold. T is measured parallel to 

the axial plane; t is measured perpendicular 

to the layering. 

A.P. - axial plane. 
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(b) The variatin in rotation of crystals about a fol  

The differencos in rotation exprienced by clTstals 

distributed around some 7:eo1oc7ical structures is readily 

understood when considerin feldin. Noreover, the sense 

of rotation can help t_ decipher the foldinR.  mec:lanism 
and the amount of rotation ca_ give a quantitative 

estimate of the strains involved. 

Again, it -is Zwart who has done most work in 'his 

field. In his 1960 paper (pp. 178-179), he uses the sense 
and amo-c,nt of rotation to deduce two types of detoimation 

in the rocks he was discussin: early shear foldin.,-, 

followed by later concentric foldinL;. In a very recent 

paper, Zwart and Odle, (1966) describe magnetite crystals 

rotated about axes parallel to tne fold axis and use them 
to interpret the eye ol deformation in an over-turned 

anticline in the Rocroi massif. The argument is vague 
but from the sense of rotation, which appears to be 

connected with shearing .loveLents alongcleavane planes 
developed in the -,;hyllitic rocks :Ii_urinj: compression, it 
is concludecl tat ',;:b folds are 01 a flattened flexure type 

Ih•;:se results are also compared with a similar-type fold 

(described by LanZheinrich, 1964) in which pyrite crystals 

are rotated in the opposite sense. 

Instead of discussing. the above examples in detail, 

the potential of usil rotated crystals to a:Ialyze foldi 

will be demonstrated using data taken from the fold rep-

resented in figure 46. This diagram shows the profile 

section of a minor fold from Stair ;:k;hists, Luhmanier, 
.?jwitzerland. 	The rock is a garnet schist and contains 
porph.;roblasts which are unusual in that they are not 

equidimensional in shape but have axial ratios between 

2 : 1 and 2.5 : 1. The schistosity trails enclosed in he 
crystals are planar, indicatin pre-def=ational growth 

.under static conditions; they lie at different angles to 

the external schistosity but are parallel to the major 

axes of the crystals. 
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Figure 47 Diagri=ims to illustrate a similar fold mecha-

nism for the formation of the fold in figure 

46. 

a) Initial position 

b) A similar fold formed by shearing parallel to 

the axial plane. 

- angle of orientation of the major 

axis of the crystal. 

O' - angle of dip on the limbs of the fold. 

c) The variation in simple shear about the fold 

in figure 46, assuming that it was formed by 

a similar fold mechanism. 

The numbers ,.lotted next to each porphy-

roblast are the amount of "c as calculated 

from the present Position of the crystal 

using equation IV.18. The maximum shear on 
the limbs is calculated from equation V.3. 

The relevant data required for tha calcula-

tions are listed below. 

Garnet Axial ratio cpo 

1 2 : 1 39 0.96 

2 2.4 : 1 40 0.96 

3 2.5 : 1 32 0.71 
4 2 : 1 45 1.15 

5 2 : 1 43 1.09 

6 2 : 1 36 0.87 

7 2 : 1 30 0.70 

8 2.3 : 1 30 0.7 

Maximum Ys  from the dip of the limbs = 1.43 

(Angle of dip = 55 ) 



b,  

c,  
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To get an initial idea of the mechanics of formation 

of the fold, the conventional methods as described by Ramsay 

(1962) were used. These involve measuring thicknesses para-

llel to the axial plane (T) and perpendicular to the bedding 

plane (t) for different lithological units. Figures 46a, b 

show the change in these parameters about the fold. The 

thickness T is relatively constant along layer II but is 

distorted in layer I by the presence of the rigid crystals. 

The values for t are approximately constant except for a 

marked increase about the axial plane. 

The constant value for T in layer II suggests that the 

fold may be of a similar-type, which agrees with the conclu-

sions reached by Chadwick (1965, p. 129) for folds of this 

age in the Lukmanier region. However, the fact that t is much 

greater in the hinge of the fold than it is on the limbs 

indicates a flattened flexure type of fold (Ramsay, 1962, 

p. 316). The relative positions of the porphyroblasts around 

the fold can be used as follows to determine which of the 

folding mechanisms is more likely to have operated. 
Consider first the possibility that the fold is a simi-

lar fold, formed by shearing parallel to the present axial 

plane and let the initial position be as in figure 47a. The 

bulk of the rock is assumed to be in a homogenous, viscous 

condition and the rigid crystals lie with their long axes 

parallel to the layering, which behaves passively during the 

deformation. To form the fold, differential shearing move-

ments are applied s;ymmetrically about the axial plane and at 

right angles to the layering, as in..figure 47b. The position 

of any particle relative to the layering now gives a measure 

of the .amount of shearing strain it has experienced. Ideally 

one would expect the maximum shear on the limbs of the fold 

and zero shear at the hinge. Hence, with reference to 

figure 47b, the dip on the flanks of the fold, 0', indicates 

the maximum shearing strain during the deformation. The value 
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of the maximun shear is r,,j_ven by the equation 

Ys max = tan a,' ...(V.3) 	(Nadai, 1950, p. 146) 

Using this model end assuming that tne axes of 

rotation are parallel to the fold axis, the shear around 

each :L arnet has been calculated from equation IV.18. The 

results are plotted in figure 47c and thre appears to be 

no systematic variation in the shear around the fold. 

Crystals in the hinge zone indicate values for y
s 

similar 

to those on the limbs. 	Moreover, all the Ys valus 

calculated from tne crystals are sienificantly less than 
the maximum.shear indicated by the dip of the liz.fos. his 
almost certainly implies that the model of an ideal similar 

fold is not correct. 
To analyze the fold in teims of she flattened flexure 

model, it is first necessary to deteimine the amount of 

flattening. 	This is done using the graphs published by 

,Amsay (1962, fig. 7). The thickn ess t is measured at a 

point on tUe fold, expressed as a fraction of the thickness 

in the hinge and plotted against the dip at the point of 

measurenent. Only two such points could be obtained for 

the present fold_ because of its straight limbs. noyover, 
both these points fell on the graph for 50 p:r cent flattenins.  

The next step in the procedure is to unflatton the fold 

by this amount. This nas carried out for the writr by 

nr. 	dudleston whose help is geatetully ac]':.nowledged. 

The reslltant fold is shown in figure 48a. mbe limbs are 

still strain:ht and dip at approximately 35°. 	Du_.insg the 

unflattenin2;, the porphyroblasts rotate and their new 

positions are calculated from IV.29 using the =own values 

of cpf  and a strain ellipse axial ratio of 2 : 1. the new 

orientations are also plotted in figure 48a. It is clear 

that all the Porphyroblasts now lie with their major axes 

dipping at a slightly lower anmle than the bedding. They 

could ha re reached this position as a result of slip along 

the bedding planes during the'initial foldin. 
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Figure 48 a) The appearance of the fold in figure 46 

after unflattening by an amount of 50 

per cent. 
-o The limbs now diT) at 35 and the now 

orientations of the porphyroblasts are 
as follows: 

Garnet o  
T2_ Garneto .g_. 

1 	28 5 31 

2 27 6 26 

3 21 7 21 

4 33 8 20 

b) Diagram to illustrate the bedding plane 

slip along the straight-limbed section 

of the fold during the initial folding. 

ys  is the amount of simple shear 

during the bedding plane slip 
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The amount of this slit) along the straight mortion of 

the limbs is i_ven by the tangent of the an 	of dip of 

the limbs (see fis. 48b) i.e. for the present fold ys 	0.70 

alon the limbs. 
Because the fold consists mainly of tne straiL,ht limbs, 

unfolding it so that the layers become horizontal involves 

applyint. a simple shear of this magnitude in the oniposite 

sense to :hat shown in ii(._zure 46b. The porDhyroblasts 

rotate durinn this shearing and their final orientations 

can 	calculated from cauation IV.18. The results are as 

follows 

Garnet 	eo 	Garnet 	eo 

1 	5 	+5 
2 	-2 	6 	-1 

5 	-7.5 	7 	-5 
4 	+6 	8 	-7.5 

The an ;le 0 lies between the major axis of the porphyroblast 

nd the layerinE. 	IositivL; angles ale measured in an 

anti-clocise sense; negative a/1_1es in a clock.;ise sense. 

The calculatiJms show that tne por-ehyroblasts were 

oriented before folding wit _heir major axes approxiNntely 

Tara llel to, ol• at low an,gles to, the layering. 	It was 

ireviou:=71y mentioned that :ne internal schisosit7 was 

parallel to the major axis oi the porphyroblasts. Therefore 

unfla':tening rind unfolding has resored an approximate 

parallelism. between the internal and external schistosities. 

This strongly augests that the flattened flexure fold 

model is correct. 

B. 	DV.:LOA1,7NT 	DRE=EL]D 	'(7:6 

It was shorn in the section on deformation of 

particle-matrix systems containins a larLe number of 

paricls that duringpure and simple shear de:ormations 

preferred orientations of the particle major axes would 

be set ur. 	This is obviously of ,treat importance in 
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the development of preferred orientations of porLhyroblasts, 

pebbles and other particles in igneous lend eeta-T,orphic 

rocks. Indeed, Jeffery's (1922) theory on the motion of 

ellipsoids has often been quoted as an explanatioh for the 

development of Preferred orientations of minerals (e.g. 

i'llopff and Ingerson, 1938, pp.135-136: Turner and 'Jeiss, 

1963, pp. 323-525) and recenly there has appeared a paper 

by Bhattachary-ya (1966) who uses Jeffery's equations and 

the experimenerar results of Nason and his co-wol7kers 

(e.g. Mason and 'iartoh- , 1959) to explain parallelism between 
mineral lineations and flow directions in rocks. Orient-

ations ef stones in till have been explained ,n  a similar 

way by Cilen, Doener and Jest (1957) who have also constructed 

a rose diagram for the long axes of 2 : 1 : 1 ellipsoids 

illustratin the stable Preferred orientation parallel to 

the shearing direction. 

However, so far as t ie present writer is aware, 
no one has attempted to correlate the degree of ,:referred 

orientation of ti:e particles with the amount o uinite 

strain, as Flinn (1962, pp. -59-400) has done for preferred 

orientations of lines and planes in a homogenous material. 

Lia attempt to do this is made in the followin sections, 

using the equation: previously derived to describe the 

behaviour of t-_,.e particles. 7iist, riid ellipsoids are 

considered and the chan ;es, during pure and sip.-U3 shear, 

of initial?: random and re:,uler distributions 01 plunges 

of particles are examined and related to 1-le finite strain. 

Then, _:referred orientations of non-riLid ellipses, 

developed durig puce shear, are discussed an_ ,,Le cnan-:es 

in shape and o.Y2ientation related to the strain. 

(a) :2-iiid  particles 
2fle rieid -1-;alticles are assumed to be- 2 : 1 : 1 

ellipsoids. 	..i -, ,,. initial distributions of the .,1u-hes of 

the major axes of those particles with respect to the 
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Figure  49 Stereographic 7Drojections of the plunges 

of the major axes of 2 : 1 : 1 ellipsoids. 

(Lower hemisphere, Wulff net) 
a) Random diagram, 100 points. 
b) Regular diagram, 88 points. 

- orientation between the partible 

major axis and the OY' axis, measured in 

the X'Y' deformation plane. 

Y' Z' - strain axes. 
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deformation planes are shown in figures 49a, b for 

randoms and reular orientations respectively . 

The random diagram was constructed from tables of 

random numbers. The first number appearing: in a column 

was taken as the plunge of the major axis and the second 

number as the direction of rlunEe. Numbers greater than 

90 were ignored. In this way 25 random points were 

allocated to each (luadrant of the stereonet. The diaram, 

so obtained, contained several areas of concentration 

of plun;,-es; the most marked of these is about the Z' 

strain axis. 

The re.,ular diagram was prepared by placinn the 

tracing paper over a piece of centimetre graph paper and 

selecting Points at egular intervals. ConseT.'_ently, 

there are no areas of concen tration of plunges on this 
diagram. 

The chan::es in the posit.on of these points during 

deformation of th7: systems were calculated as follows. 

fist, the axial ratio of tile elliptical cross-section 

in the deformation plane was calculated for the particle 

from eeuation IV.39. :ten, using this axial ratio, the 

chane in orientation w during a definite amount of_ strain 

was calculated from either equation IV.18 or IV.56, 

de .ending upon t. 	t:7; of doformation. 71_1; chan:i..e 1 n 

plunge 6 during the rotation was determined from eduations 
IV.19 o.r IV.37. the axial ratio at this angle of plunge 

was then chJcked to sec whether it had changed 

sufficiently to affect the amount of rotation sijaiiicantly. 

If this di':_ happen, th calculation was repeated for a 

smaller increent of strain. 	A)rmall.y, increments of 

0.5 Ys  or 0.5 i were used. All he calculations could 

be done ranidly by reading off rotations from _ray__ 
sucs as those in figura321, 22, 25, 26 and 2Y. 

The effect of a simple shear deformation on the 

Particle distributions is illustrated in figures 50a - -)01 
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?ip;ure 22 Stereographic projections showing the changes 

in the initially random and regular distribu- 

tions of plunges of particle major axes (fig- 

ures 49a, b) during simple shear. The amounts 

of simple shear for each diagram are 

a, b) Ys  = 1; c, d) Ys  = 2 
e, f) Ys  = 3. 

0 - angle of orientation between the 

particle major axis and the OY' axis. 

YI, Z' - axes of simple shear. 

(Lower hemisphere, Wulff net projections) 
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Firure 51 Stereographic projections showing the changes 

in the initially random and regular distribu-

tions of plunges of particle major axes (fig-

ures 49a, b) during pure shear. The axial 
ratios of the strain ellipses for each diagram 

are 

b) ,/02  = 2.7 
c, 	j_i/x2  = 5.7 
e, f) Pi/ 7‘.2  = 11.0 
w -angle of orientation between the 

partic'e major axis and the OY' axis. 
X', Y', Z' - axes of pure shear 

(Lower hemisphere, Wulff net projections) 
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for values of Ys  = 1, 2 and 3. These sterew::aphic plots 

show that, as -:,r_dicteci in the theoretical discussion, 

a significant .oreferred on 	is built up jradnally 

and the directin of this orientation rotates toward the 

shearin7 direction ( q = 901, This is the direction of 

the stable de„ree of 7,referred orientation.; it has not 

quite been reached after a shear of 3ys but the intensity 
of origin ration is near its maximum value. 

The ct\an:es in Hale iniial distributions of . 7..he 

particle major axes durin pure she ar are shown in figures 
51a -- 51f. The al)liea strain elipses have axial ratios 

of 2.7, 5.7 and 11. 	is clear fro the 	fizur,;s 
	1. 

as predicted t..:leoretically, a significant preferrd orient- 

ation of majoraxes is 	up parallel to the directio 

of elongation of the strain ellipse an ,hat the degree 
of this preferred orientation increases with increasinz 

deformation. 

The pure shear strain ellipses have axial ratios 

appfoximatel equal to the strains duri-:.1:; simple shoar of 

1 Y,, 2 Y. any 3 y . 	erefore direct comparison between 

fiii,ures 5C and :-)1 is possible. To facilitate this com-

parison, contour diagrams have been prepared f'or the 

plunges alter Ys 	3 and A
1/ 2 	

11 deformat-ion. these 

diarams are shoin 	figures 52 	2be de gree 	maximum 

concentrate 	is a::_pi_oximately the same for both t:5-pes 

of deformation thouzn t11;,) zone 	cAacentration i smaller 

in the pure sli.:ar diagrams, illustratin7 well the tendecy 
to form a point concentration of major axes parallel to 

The direction of elongat=. 	The development ci minor 

preferred orientations abol).1.; the- Zi; axis during both types 

of de!o:mation is well brouht out in the dots of the 

iniially regular 	-.over, in .1c,  ransom 

_ice rams, 	s orienation 	hi.: den by 	initial 

pr eformed orienation parallel t the Z' axis. 
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flEurf 52 Contour diagrams of figures 50e, f; 51e, f 

showing the concentrations of particle major 

axes which are developed during simple shear 

(figs. a, b) and pure shear (figs. c, d). 

The amount of simple shear is 3 ys; 
the pure shear strain ellipse has an axial 

ratio "Xl/X2  = 11.0 
The contour intervals are 0 - 

2 - 	5 - 75:7; > 7-/- • 



90 90 

180 

270 90 

90 90 

180 

270• ' 90 



- 167 - 

It is clear from figures 50 and 51 that there is a 

definite correlation between the degree of preferred orien-

tation and the amount of deformation. Therefore, it should 

be possible to estimate the magnitude of a pure shear defor-

mation from the final degree of preferred orientation, 

provided that the initial fabric is known. In simple shear, 

however, the maximum preferred orientation may be set up 

early in the deformation and not be changed appreciably by 

later shearing. Therefore, only a minimum value for the 

shear strain can be obtained. However, if the zone of 

preferred orientation has not reached its stable position, 

a more exact estimate of the strain can be made. Non-

parallelism between the shearing direction and the zone of 

maximum concentration of particle axes would indicate that 

the stable orientation has not yet been set up. 

(b) Non-rigid  particles  

The theory describing the behaviour 

of non-rigid particles has only been worked out in two 

dimensions and, therefore, it is not possible to discuss 

the effect of changes in plunge of particle long axes. 

Nevertheless, significant conclusions about the development 

of preferred orientations can be drawn from the two dimen-

sional examples of ellipses changing shape and rotating 

in the deformation plane. 

Dealing with the pure shear deformation first, defor-

mation paths for non-rigid ellipses with different viscosity 

ratios to the matrix have been shown previously in figures 

33 and 35. From graphs such as these, it is possible to 

construct diagrams showing changes in shape and orientation 

for assemblages of ellipses of known axial ratio and 

positions. This has been done for R = 1 particles with 

initial axial ratios of 2 : 1 and major axes orientated 
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Figure 51 Diagrams to show the development of preferred 

orientations during pure shear of initially 

2 : 1 ellipses, with viscosity ratio R = 1. 

The lengths of the lines 1 - 7 give, 
the axial ratio of the ellipses and their 

directions give the orientation, 0, of the 

major axes to the Y' pure shear axis. Lines 

which end in dashes are too long to fit in 

the diagram. 

The strain ellipse axial ratios are 

a)  A1lX2 = 1; b) 	= 2.7  

c) 	A1/ x2  = 5.7; d) JX1/X2  = 11.0 
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at N = 0°, 15?, 30°)  LL5°, So°, 75°  and 90°  (see fisure 

'2he chanL-33s insha-oe and orienations of .hose 

ellioses durin.;:,z our: shear were determined from figure 55 

and are plotted in figures 55b, c, d. '1e lenths of 

lines 1 to 7 in these figures give the axial ratio. of 
the ellipse and their direction gives the orientation 

of the major axis with respect to the strain axes after 
the relevant amount of pur. oho.ar. 

The axes of ellipses 1 and 7 do not rotate. The 

eccentricity of 1 decreases entil eventually its axial 

ratio becordes _dual to unity. Furth ,r deformation 	the 

initial major e.io he minor axis and The ellipse is 

elongated alon , 	0 = 90°  direction. The eccenteicity 

of ellipse 7 increases co.otinually. illipses 2 to 6 all 
rotate rapidly toards he direction of Zion ration of 
the pure shear. Pbile 	is less than 45°  their eccentricity 

decreases 	once passed this direction the elongate. 
,Lie effect of the pure shear deformation is to build 

up vol.:),  rapidly a marked preferred orientation of particle 

long axes about the mae... strain axis. 

Sioi.lar diagrams for ellipses with a viscosity ratio 

to 	particle-matrix syster of R
m 

5 are shown io figure 

54. As expected, the: effect of the increase in the 

viscosity ratio is to retard 	rotation and chanae in 

shape of the ollipses. iTevertheless thcre is st011 a 

mar-Led dee'rce of -crefeTre.fd orientation develoacd abou': 

the direction of e_onEation. 

The development of piefarred orientations of non-

rigid T)articlEs during simple shear cannot be examined 

in such detail 	cause.,_Le theory has been e.velo-oed for 

iniially circular particles only. However, it was shown 

in the theoretical discussion on multiparticlo systems 

that a prferred orientation of (,article long axes should 

develop parallel to the shearing direction in the same 

way as for riigid particles, -provided the 	is a coo,:pt.i.oce 
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Fi7ure  54  Diagrams to show 

developed during 

of initially 2 : 

ratio R = 5. 

The 

the preferred orientations 

the pure shear deformation 

1 ellipses, with viscosity 

lengths of lines 1 - 7 give the 

particle axial ratios and their directions 

give the orientation, 0, of the major axes 

to the Y' pure shear axis. 

The axial ratios of the strain ellipses 

are 

a) JA/A2  = 1; b) ihl/X2  = 2.7 

c) 41/X2  = 5.7; d) ./hl/?,2  = 11.0 
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difference between tre particles and. te matri. Once 
established, thF,  degree oi thi i'referred orientation 
should remain aDD::oximately constant despite cont-inuin 

deformation. 1-loreover, because no deforninr' forces act 

parallel to the shearin:, direction, ellipses in he zone 

of preferred orientation will net undorG.o any further 

changes in shape. 

C. 	'71.:TE USE 0:7 
	

71 1' T;11 
	:3T11LIN 

Tr)ICATie'CIES 

The poblems asociat d with ;:he use of deformed 
pebbles to calculate finite strain in rocks include lack 

of knoi:aede about 'rJle original Debbie shapes, 	relative 

competence differences between -oarticls end matrix and 

tfle orintatien of particles with respect to the defon.:Ain:. 
forces. It is coilimon ._.actice to consider ;.h `se factors 
and makes allowance for them when working on deformed 
conglomerates and there arcs available sev:ral papeys and 
theses in whic Tluantitativo amounts of strain have tien 
discussed (e.7. hehnort, 1939; Oftedahl, 1948; Flinn 	1956; 
aveho .12-1jt1-1, 1302; Hiins, 	1964; Hossack, 	1965.; 

Howevey, because 1,-,h1 alloyances made are to a treater or 
lesser extent arbitrary, 	f -inal results are necessarily 
subjective. Obviously, 	will be impossible to re eve 

comletely all the arbitrary assumptions require;:_ for tLe. 
deterzination of finite strain fro changes in pebbli shaze. 
Z_verthelss, in his section ziethos of sumo.,_i=ih: some 
of the difficultis invollnd will be discussed 	it is 
hoped that ff,.ey wifl provi-e.  ...or 1Dtter estimates of strain. 

(a) Competence  difference factor 
Th,; theory develo. in 

this thesis provides a method for assessin. the impertilce 
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of and a means of overcomin the second of t e above--

mentioned difficulties, namely the competence differ-,)nce 

betw2e6 partic1:3 and matrix. If the rocks have de -,:ormed 

ander conditions in which they behave as viscous Iluids, 

then tfe tbeory ihdicates that to ob'rain sinificant 

particle deormation, the particle-matrix viscosity ratio 

cannot be t_o lare, 7:feferably of the order of 10 : 1 or 

loss. 21o:2Tc:over, if it is -oos.sibl to deterine tnis ratio, 

-1-'27-*C' such as those illusrated in fix_ze 29 can be used 

-t., calculate the finite strain in the rock, from the 

deformL 1,-)e-,Dble ax al ratio, whereas in the 7apeis citea 

above ',7, 	sL- ain in the pebbles only has boe:L determined. 
It would be foolish, hoJ:ever, to suzest that the 

actual deteinaion of t-le viscosit ratio is an easy 

ri.--. The viE-,cous hehaviour of roc-Ls has been discussed 

in chapter II and values of viscosity coefficients obtained 

exrimentally cor different rock types under varyin: con- 

ditions wore listed in table 1. 	:.1caminati;s:n of these 

results shows variation in viscosity cooLLicients between 
22 

1015 and 10--  poise, w:lich implies that n is several orders 

of manitudo -roater, 	than that pe-1::,ittad for particle 

d eformation. l'oever, most o, thee determinatio-ns were 
made at relati,Jely low temperatures and piessures and 

it is :quite likely that ender conditions -:Llich are more 

realistic r_,:eologicall::, sch as those reTdired fo-r reEinal 

meta:Iohism, coeflicions of viscosity foI different rock 
types would decrease :,11d Do:-isibly tend to tn_,  sam,z, order 
of ma_nitude. '.evortheless, it list br,J,  concluded that the 
available exerimen'cal data on rock viscosities is unlikely 
to be of :isuch use in oalculatinE If. 

nl more fruitful apps-och is the examination of the 

actual rocks themselves with Iela"-d to assessing the 

strain in the indivi:ual components. It was poin:;ed out 

in the theoretical section or th_ strains developed in 

the ,atrill, that t,:, distortion around a particle could 
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Table VI 	Composition and axial ratios of deformed 

ratio 	Reference 

pebles 

Yebble type 

.:11artz 	(volcanic) 1 : 1 to Eehnert (1939) 

2  : 1 

Coarse quartzite 5 : 1 
fine quartzite 8 : 1 
Dense Crey-wacke 10 1 to 

12 : 1 

Greywacke schist 

and shale 13 : 1 

:11artz 6 : 1 Higgins (1964) 

-,'6uartz-biotite- 

gneiss 10 : 1 

Au:zen sneiss 10 : 1 

Schist and 

amphibolite 19 : 1 

Granite 	8.6 : 3.1 : 1.1 dalton et al (1964) 

;uartzite 	13.8 : 3.4 : 1.0 

Granite 2.3 : 1.0 Tavener-Smith (1962) 

tivartzite 9 : 1.0 
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be used to estimate rehly tLe viscosity ratio. Thus 

pebbles around which the schistosity or sedimentary 
layerin is on:1.-7-  sliL-:atly distorted, would have had a low 

viscosit:y contrast to Jhc 	round the more comp tent 

pebbles tie refraction should be more marked. 

It is possibl to determine approximate viscosity 

ratios betwr,Jen d-.Liferent rock types under deformation 

conditions from. published data on the shapes of pebbles 

of different corn-1:ositions in th• . same deformed con•  lome-rate. 
The first person known to tee writor to describe differences 

in defo:mation of pebbles of different composition was 
hohnort (1939., pp. 250 - 255) in his paper on she 

-,liesenthaler metaconlomrate. This information has been 

suplementecl recently by HiLsins (1964, pp. 167 - 169) 

from observations on the Lebendun conjomerate in Switzer-
land. The results of these two workers and others who have 

reported similar data are summarized in table VI. 

To calculate the visoosit;; ratios betwee,:. dilfe=t 
rock typos 	,,he de_,o_med nee b1. shapes it will be 

assumed that the .!)ebbles were 	spherical. This 

is almost certainly not true but it is necessary because 
of lack of hno-zledse about 	initial shas. (This point 
will 	discussed 	..aore detail in the folloin: section 

It is also ass=d that pe-̀ -;bles in the same con.;lomeratic 

layer have e:,:yierienced the same applied strain. 

from he previous theory, the rele7ant eluation for 

thc deformatic of 	b: l..A is 

log (a/b)A  = [5/(2RA+ 3)]log jX1/X2  ...(IV.61) 

[5µm/214A + km)] logAl/X2  

where u. is th,! viscooiiw; of t.L.e. pebble, p m   the viscosity 

o f surroundin conj,lomeratic material; 	= u./11 
1i 	i sm. 
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pobble 

log ( a/b)B  = 5p,m/(2p,B  + 3p,m) ] log I x1/N2  

Thereore 

log (a/b)A/log (a/b)B  = (243  + 3!_t.m )/(2p.A  + 31.L.m) 

Ihi equatio can 	arranged to 

p.1011.4.  = log (a/b)A/log (a/b)B  - 

(3/2RA)[1 - log (a/b)A/log (a/b)B] ..(V.4) 

which gives the viscosit Iatio betweevi pebbles of different 
comiDosition under deformati• n condLtilins. 

_'or` :xamtde, 	 masureen;s on 
quartzite and shale .:;ble axial ratios in V.4 results in 

= 1.255/0.903 - (3/2Rsia )(1 - 1.255/0.903) 

= 1.4 + 0.6/Rsh  

assume 	< Rsh <100 i e 	shale pebble is more competent 
than th(: 	Then 

1.4 < a cite/u sh < 2  

which indicatc:s that tilo -riscosity :ratio' of ,.,uartzite to 

shale under.  metamorphic deformatdon conditlens is of .,he 

theoretically Iledictod order of ma7nitu:e. 	cal- 

cl:Llatioas nave for tn* 	between 

othor rec types usinL 	data listed in able VI 

resuLis afire L-fien in table 

ote co .T in carrjin out the calculations, 	has 

always been takon as t:e :lore competent reci type (as 
inclieated by the pebble axial ratios). Sli:_tly dilfcrent 
results a.r: obtained if n. is tainen tc have tne 
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Table VII Viscosity ratios calculated from the deformed 

pebble shapes listed in table VI 

Pebble types 	Viscosity ratio Source reference  

Volcanic quartz/ 

fine quartzite 	3 - 6 	Hehnert (1939) 

Coarse quartzite/ 

fine quartzite 	1.3 - 1.75 

Fine quartzite/ 

greywacke 	1.15 - 1.4 

Greywacke/shale 	1.2 - 1.5 

Fine quartzite/ 

shale 	1.4 - 2 

quartz/gneiss 	1.3 - 1.75 	Higgins (1964) 

Gneiss/schist 	1.3 - 1.7 

Q,uartz/schist 	1.65 - 2.6 
Grauite/quartzite 	1.2 - 1.55 	Walton et al (1964) 
Granite/quartzite 	2.6 - 5 	Tavener-Smith (1962) 

Table VIII Viscosity ratios for different rock types 

relative to a shale or schist matrix. 

Rock type 	Viscosity ratio Source reference  
Shale 	1.0 	liehnert (1959) 
Greywacke 	1.2 - 1.5 
Fine quartzite: 	1.4 - 2.0 

Coarse quartzite 	1.8 - 3.5 
Volcanic quartz 	4.2 - 12.0 

Schist 	1.0 	Higgins (1964) 

Gneiss 	1.3 - 1.7 

i,uarts 	1.7 - 2.6 
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viscosity ratio because the arbitrary limits assumed for 
now a-,p1.; to the more competent of the pebble types. 

I:1 -view : ]-2 ''„ assumption rare thse values should omly 
be used as a 	lecalculations based on as many 

podbls meaurenlents as poJsible should obviously be Lade 
as more data become availale. 

The data of keknert and IIiins in table VII can be 
rearranged to ivc the viL;cosit7-  ratio for indivic:Lual rock 
types relativ to a curls or schist matrix. The resulL;s 

are listed in :hie VIII. 

The c:-ncentratiorl at pebbles ir the ccr!hlomerates 

from which the measurements are made does not affect the 

ratios obtained because these compare only the visco--iities 
of the two pebble rock types. However, when using the 

viscosity ratios to calculate strain in another 	 sat..  
in which pebble 3 occurs in matrix 1:i, the pebble concen-

tration must obviously be ccnsidered, because with increas-
ing numbr of Lebbles the mean viscosity of the conglom-
erate is increased and hence the viscosity ratio Rm is 
decreased. 

(b) Initial share Yac-tor 

It is difficult .c.o make alloance 
for the initial shamu of the particles but a ivalitativc 
idea can at loast be oh ained. :::e_fc.:sce to stahard t:o.y.ts 
on sedimntary rocks Le.. Twenhofel, 1932, pp. 2C2- 210) 

that 	1aiio'inr factors are anion  amons those -viLLion 

affect the final -:cb73l .-. shapes: Oriinal form of the 
roc frant; the str:cture and trs:xtuf. e of the pebble 
material; ::.e dura)ility of t..le mat -ci21 turiuf abrasio; 
th distance travelled by a pebble 'ef=e deposition; 
and the rrivii-o=ents hsio 	which it iDasses and in which 
it is fticjlt de7ositcd0 

those factors, the first three can be directly 
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coirelated wit., :;- he rock t:pe and they can row, to a 
certain extent, - 	final .7,eble form. 2or examr)le, 

entiorth (192) has shown that flat, discoidaf -:,ebblss 

in a teac-1 conZiorrate were orifnaily flat in share 
and that roller-shared horns wer2, derived from initially 
,lonste fralon',s. 	___1.z, s- ,Des of tiic initial frants 
are ob7-iously related to tho- structuie a:I.,., texture of 
the rock material and one wolad expec laminated rocs to 

izive rise to flat )::tbles a,.id homoenous, non-schistose 
rocks such as quartzite to result in spheroidal for:Is. 

IL:s when workina-  in a deformed corlomerate a ;ualitative 

idea of the oai -inal sha -r_ can be obained from he com-
position of t _co pe ,e. 

uantitative corrections for oli -inal shape canonly 

be made usin data obtained from Laeasurei'lents on un-

defo -fmed peYbies of a similar composition and environmental 

history to the deiored .,nc-,:s. It does not see::i to :latter 
whethr these mea=eents are made ell recent pebbles 
(as klirn 1956, did) or on undeformed extensions of the 
deformed c:::n.Lloerate (..-. -s Sitcjahl, 1942, did). f,ocause 
of this observat-fon, jt snold 'De feasible to define 
standard ini::i,1 bb-i.: shapes for t:.,e different rock 

types  when sufficient data IroJJ undeformed po',:ble beds has 
beer i obtained. 

triowl0 	nf 	ai shape is izipotant ,.,hen 

calc.:L:tin:- Taantitativo a.:ounts of finite strains and 
if iL,nofed can lead to orrone.Ds conclusions.'_:or examvile, 

exinatin of I-Lhnei-tL3 (195) ;2,-A_ HisiLs's (1934) 

result: in • ,')ie -VI -,hos that those pebbles which .iere  
i)robal7 derived .iro_ maosve, homogenous :--ocL .:3 such as 
quartzite :r -re men le,% eccentric than chose  de2ivod from 

laminated :late-fsf,f1 so. ae sf.ales, yneisses aild ,:3c:1st.s7. 
in tLo discussion on til.-: effect of the T.L';:i_VO,. Com-
petence of r3ck typcs, sues difference in eccen1 eccentricity 
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was explained by th.? quartzites or ranites havin a Treater 

viscosity tan the echists. _ow, it appears that part of 
the diffeLance is Drobabl due to the more ellipsoidal 

initial shape of tae laminated pebbles. Therefore, one 

oujht to recalelata the viscosity ratios zivn in table 

YEallowil._ for an initial particle shape. However in 
view oftne scanty data and tenuou2 assumptions on which 

the calc:l_tions are mace, tri S scores unnecessary at the 

moment. 

(c) Initial orientation factor 

Initial shape i a particu-

larly imiDo:tant when considering the orientation of 

particles with respect to the deformin forces. ns shown 

previously in the section on the development of t.refeired 
orientations, pebbles , ith their major axes parallel to 
the direction of.  snorteninL; will become less eccentiic in 

.shape while tose ali.;ned parallel to the detection of 

elongation will increase in ellipticity. 

this in mind, Ri:sins (1964, pp. 1Y3 - 183) 

and Hossack (19=35, pp, 65 - 72) have constructed diagrams 

showinj, tne final stapes of initially ellipsoidal pebbles, 

:[epenaind on ..;heir orientation to the s ress field and 

it is evident that a wide range of ,)ebble sh:.pes can 

result in tnis r_anner. Howevr, in the opinion of the 

writer, these clirams are r2isleadin because they tend to 

emphasise L. 	Possible discrepancies in pebble shape 

-1-1d ignore the more, important fact 1-hat most of the pebbles 

will be rapidly reoriented into the direction of elongation 

3.nd will b:)come very much hoe eccen tric . 

Therefore, to ogre come 	orientation sefects, 

thezone of ',reatest preferred orientation of the pebble 

major axes should be found. This direction of orientation 

is most likely to be parallel to the direction of 
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elongation, if the stress field causing the deformation was 

an irrotational one. Then, the most eccentric pebbles in 

this zone should be used for any finite strain determinations 

because they will probably have been aligned closest to the 

direction of elongation during the deformation. 

D. A 1.7:ROCIL;DUR FUR ANALYZIUG Dr,TORMED CONGL0MERATE3  

On the 

basis of the above discussion the following procedure is 

suggested for the determination of finite strain in 

deformed conglomerates. 

1) Record the maximum, intermediate and minimum axial 

lengths, the trend and plunge of the major axes, the 

composition of the pebbles and the surrounding matrix, and 

the relative concentration of pebbles to matrix. 

2) Find the direction of the zone of maximum Preferred 
orientation of the pebbles and from such factors as the 

symmetry of the pebble shapes, the presence or absence of 

rotated particles and the major regional structures, decide 

whether the rocks have undergone a rotational or irrotational 
deformation. 

3) To overcome the initial orientation factor use the 

data from pebbles aligned parallel to the direction of 

greatest preferred orientation and showing maximum  

eccentricity. 

4) From the composition of the Pebbles and matrix try 

to estimate the viscosity ratio R, using the relationships 

given in tables VII and VIII. 

5) Also from the composition or from measurements on 

undeformed pebbles, try to estimate the original shalJ.e of 

the pebbles. 

6) Using the graphs in figure 40, determine the viscosity 
ratio Rm from the concentration of pebbles in the conglo-
merate. 
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7) Allowing for a mean initial shape and the viscosity 

ratio, use the theoretical graphs in figure 29 or equation 

1V.61 to obtain the finite strain in the rock from the 

deformed pebble axial ratio. 

8) Repeat for pebbles of different composition, if 

possible. 

9) The finite strain can be checked by determining the 

degree of preferred orientation and comparing it with those 

theoretically predicted in figures 53 and 54. 

E. COMMENTS ON SOME DEFORMED CONGLOMERATES  

Since Hitchcock, Hitchcock and Hagers' (1861) account 

of elongated and parallel pebbles in deformed conglomerates 

in Vermont, a large number of reports on pebble deformations 

and preferred orientations in conglomerates has been 

published in the geological literature. Most of the observers 

supplying this data have been content merely to record pebble 

shapes and parallelism of major axes to some structural 

direction in the host rocks, but occasionally, use has been 

made of the pebbles to deduce information about the type of 

deformation that has acted on the rock. In this section two 

well-known conglomerates, which have been examined in detail 

by other workers, will be discussed in the light of the 

observations made above on pebble deformation and the 

development of preferred orientations. 

(a) The Byclin conglomerate, Norway. 
This conglomerate occurs in the Valdres Sparagmite 

of Central Norway. After deposition of these sediments 

they were overthrust by a large nappe and deformed and 

metamorphosed. A schistosity was developed in the rocks 

and pebbles now lie with their major and intermediate axes 

in the schistosity plane. 	In addition the major axes are 

oriented parallel to a pronounced lineation which is assumed 

to indicate the direction of thrusting. 
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Oftedahl (1948) concluded that the pebble deformation 

was due to a simple shearing parallel to the schistosity 

planes during the thrusting of the nappe over the conglomerates. 

To explain the fact that the pebbles now lie in the schibtosity 

plane, he had to postulate an additional external rotation, 

occurring simultaneously with the shearing but of unknown 

origin. From the above discussion of particles deformed 

during simple shear, it is clear that a viscosity contrast 

between pebbles and matrix would account for the additional 

rotation in the assumed plane of shearing and the development 

of the preferred orientation. However, this preferred 

orientation would be a statistical one and not all the 

pebbles need have their major axes parallel to it. 

From the observations of other workers (eg. Strand, 1944; 

Flinn, 1961; Hossack, 1965) it is clear that the type of 

deformation involved is more complicated than that proposed 

by Oftedahl. The intensity of deformation increases away 

from the thrust plane as would be expected from a component 

of simple shear along the thrust (Flinn, 1961) but the 

morphology of the pebbles, which vary in shape between 

flattened pancakes, rod-like cigars and triaxial ellipsoids, 

cannot be explained by this mechanism alone. Flattening 

perpendicular to the thrust plane is the dominant type of 

pebble deformation according to Hossack, and Flinn reports 

that it is particularly prominent adjacent to the thrust plane 

Moreover it is an irrotational type of deformation, and the 

previous discussion on particles deforming in pure shear 

showed that a rapid development of preferred orientation was 

possible in irrotational deformations. This would help 

explain why the pebbles lie in the schistosity plane. 

Therefore, in addition to the shearing set up by the 

overthrusting of the nappe it seems as though compressional 

forces have been at least partly responsible for the deform-

ation of the conglomerates and the associated development 



- 183 - 

of preferred orientations. This is probably still too simple 

a picture of what has actually happened because both Flinn 

and Hossack have shown from pebble symmetries that the type 

of deformation varies throughout the area. 

(b) The Funzie Conglomerate, Shetland 

The structure and defor-

mation of theFunzie conglomerate has been discussed in detail 

by Flinn (1956) who also showed in later papers (1959.  1961) 

that it was similar in genesis, style of deformation and meta-

morphism but not in constituent materials, to the Ilorwegian 

conglomerates described above. 

In the Funzie conglomerate, pebbles occurring immediately 

below the thrust plane have, as in the Bygdin conglomerate, 

a flattened pancake form. These pebbles grade into triaxial 

ellipsoids with the intermediate axes equal to the diameter 

of the sphere of equivalent volume. With increasing distance 

beneath the thrust plane, the intermediate pebble axes show 

a shortening of 10 per cent relative to the diameter of the 

equivalent sphere. 

The most significant aspect of the conglomerate is the 

systematic variation in pebble shape over the area. The 

variation is due to an increase in deformation across the 

region, reflected by increasing elongation and a greater 

degree of preferred orientation of the elongated axis. For 

example, in the northern, least deformed part of the area 

the standard deviation of the trend of pebble-  major axes is 

16°, and in the southern, highly deformed region, it is only 

5o. These general observations are strikingly similar to 

those predicted in figures 53 and 54 for pebbles deforming 
in pure shear. 

Flinn, in his discussion, rejects pure shear as a defor-• 

mation mechanism for the conglomerate partly because of the 

petrofabric girdles formed by the mica flakes in the 

Pebbles and partly because there appears to have been 
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deformation along all three strain axes. If a pure shear 

mechanism had operated there would have been no shortening 

along the intermediate pebble Y axis. 

However, both shear and the triaxial "einengung" deform-

ation proposed by Flinn are irrotational strains, and so one 

would expect the pebbles to behave in roughly the sane way 

in both kinds of deformation field. Moreover, the observed 

reduction along the inteEmediate strain axis is small (10 per 

cant). Assuming that this can be ignored, the deformation 

becomes equivalent to a pure shear. Therefore, the present 

shapes and orientations of the pebbles can be used to determ.;-

ine quantitatively the strain experienced by the rocks, 

provided that adequate allowance is made for initial pebble 

shapes and competence differences. In view of the close 

correspondence between the theoretical predictions and Flinn's 

field observations, an attempt will be made to perform this 

calculation. 

The original shape can be estimated from pebbles 

observed in modern beach deposits. Flinn provides data on 

mean axial lengths for quartzite pebbles from a beach in 

Shetland (table 1, p. 488, locality BA). Using this infor-

mation, the mean ratio of maximum to minimum pebble axes is 

approximately 2:1. It is also stated in the paper that the 

pebbles are probably more competent than the matrix. For 

the sake of convenience a viscosity ratio R=5 will be assumed. 

The pebbles in the original conglomerate probably also had 

an initial degree of preferred orientation; this is difficult 

to estimate, but if it is ignored the initial situation is 

similar to that in figure 54. 

In Flinn's zone of minimum deformation (zone VI) the 

ratio of maximum to minimum pebble axes varies as follows. 

Locality Axial Ratio Locality Axial Ratio 

C25 2.9 C34 2.9 

C26 3.0 C35 2.8 

C27 2.9 
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(Localities are plotted on figure 2 in Flinn's paper; axial 

ratios are given in table 1) 
No data is given in the tables on the variation in the 

trend of the major pebble axes but in the next least deformed 

zone, the standard deviation of the trend is 16°  (table 2, 
locality C30). 

In the area of maximum deformation (zone II) the pebble 

shapes are as follows: 

Locality Axial ratio 	Locality Axial ratio 

010 	7.5 	C12 	5.0 

C11 	5.8 
The standard deviation in the trend of the major axis 

is 5°. 

Figure 54 predicts a theoretical maximum pebble axial 

ratio of 3:1- and.e_rapge in preferred Orientation of 

± 50°  after a finite strain of 2.7:1. A pebble axial ratio 

of 5:1 with a range of preferred orientation of ± 15°  is 

obtained after an 11:1 pure shear. The range in the preferred 
orientations would probably be less if an initial sedimentary 
fabric is taken into account. 

Therefore, if the assumptions are correct, the Funzie 
conglomerate has experienced a pure shear type of deformation 

of which the strain ellipse axial ratio increased from 
approximately 3:1 in the least deformed area to 11:1 in the 
most deformed part. 
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SUMMARY AND CONCLUSIONS 

1) This thesis is an analysis of rock deformation, assuming 

that a rock can be considered as an inhomogenous viscous fluid. 

In detail, the model is a body of homogenous viscous matrix 

in which are embedded much smaller, spheroidal or ellipsoidal 

particles. The particles may be rigid or non-rigid, with a 

coefficient of viscosity greater than, equal to, or less than 

that of the matrix. Both the matrix and the non-rigid 

particles are assumed to be Newtonian bodies. 

2) Published work on the viscous flow of rock is reviewed 

to try and define the conditions under which the assumption 

of Newtonian flow is valid. It appears that rocks in a mol-

ten state are probably Newtonian fluids. However, at temp-

eratures Uelow the melting point, rock only conforms to a 

Newtonian body if it is subjected to deforming stresses for 

a long time, or if the rate of strain is very slow. Increases 

in temperature and pressure enhance the Newtonian flow and 

it is suggested that rock deforms as a Newtonian body durirks 

regional metamorphism. The type of flow during the deforma-

tion is generally laminar. 
3) In the theoretical section, the changes in shape and posi-

tion of the particles during deformation of the particle-

matrix system, is examined using the theory of slow-moving 

viscous fluids. The types of flow considered are equivalent 

to pure shear and simple shear deformations. 

4) The equations of motion for a single, rigid ellipsoid in 

a viscous matrix during simple shear are 

tan 	= (a/b)tan[abys/(aa  l  b2)] ....(IV.18) 

cot 6 = cot 01 - e2sin2 Q 	...(IV.19) 

The equations give the change in orientation, co, and plunge, 

6, of the major axis of the ellipsoid, during a finite simple 

shear, ys. They indicate that the particle will rotate in a 

spherical elliptical orbit about an axis perpendicular to the 
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deformation plane. The rate of rotation is greatest when the 

major axis is at right angles to the shear direction, and 

least when it is parallel to the shear direction. The plunge 

decreases from a maximum at right angles to the shear direc-

tion to a minimum parallel to it. 

5) The equivalent equations of motion during a pure shear 

deformation are 

In cot (pi, = In cot (pi 	[(a2  - b2)/(a2  + b2)]. 

In "X2/X1  ...(IV.36) 

cot Of/ cot 61.  = lain 20i/sin 2of  ...(IV.37) 

In cot ef = In cot ei  + (1/2)1(a2  - b2)/(a2  + b2)] 

In A2/X1  ....(IV.38) 

The equations imply that there is no change in orientation co 

of the particle major axis, if this axis is parallel to either 

of the strain axes. In these positions, the plunge of the 

axis either increases, if the axis is parallel to the direc-

tion of shortening in the system, or decreases if it is 

parallel to the direction of elongation. 

At other orientations, particles rotate so that they 

tend to lie with their major axes parallel to the direction 

of elongation, although they only achieve this position after 

an infinite amount of strain. Simultaneous with this rota-

tion, the plunge of the major axis increases, at first, and 

then decreases, so that the particle tends to lie with its 

major axis in the deformation plane, though, again, this 

position is only reached after an infinite pure shear. 

6) The equation for the change in shape of a non-rigid, ellip-

tical particle, which lies in the deformation plane for pure 

shear and has its axes parallel to the strain axes, is 

In (a/b) = In (ai/bi) + [5/(2R + 3)]1n41/x2  

....(IV.61) 
The equation implies that RI  the viscosity ratio between the 



- 188 - 

particle and the matrix, greatly affects the deformation of 

the particle, during pure shear of the particle-matrix system. 

If R is less than 1, the particle changes shape more rapidly 

than the pure shear strain ellipse; if R is equal to 1, the 

particle is equivalent to the strain ellipse; if R is grea-

ter than 1, the particle changes shape more slowly than the 

strain ellipse. With increasing R, the amount of finite 

strain required to cause a significant change in the particle 

shape increases very rapidly. 

7) The pure shear deformation of non-rigid particles not 

aligned parallel to the pure shear axes is analyzed numeri-

cally. The results show that these particles deform. and 

rotate, simultaneously, towards the direction of elongation. 

The change in shape and rate of rotation decrease with an 

increase in they viscosity ratio. The end position parallel 

to the direction of elongation is only reached after an 

infinite amount of pure shear. 

8) The simple shear of non-rigid particles lying in the defor-

mation plane is also solved numerically. Only circular 

particles are considered. The results show that particles 

deform and rotate simultaneously. With increase in R, the 

change in shape decreases and the rotation increases, 

during a given amount of simple shear. 

9) The equations of motion for the rigid particles and the 

changes in shape of non-rigid particles, during simple shear 

and pure shear, are checked experimentally in the simple shear 

box and the irrotational strain box. Solutions of ethyl 

cellulose in benzyl alcohol are used for the matrix and non-

rigid particles. The rigid particles are made of aluminium 

or glass. 

The results for the rigid particles agree satisfactorily 

with tjaeory. Non-rigid particles deform as predicted until 

they have an axial ratio of approximately 2 : 1, after which 

they elongate more rapidly than expected. 
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10) The behaviour of systems containing a large number of 

particles is discussed in the light of the results for a 

single particle. 

During simple shear, a preferred orientation of particle 

major axes is set up parallel to the shearing direction.. 

Because the particles rotate continuously, this preferred 

orientation remains statistically constant. 

In pure shear, a major zone of preferred orientation 

is set up parallel to the direction of elongation; simul-

taneously, a minor preferred orientation Is developed paral-

lel to the axis perpendicular to the deformation plane. 

The number and volume of particles present in the matrix 

affect the mean viscosity of the particle-matrix system and, 

also, the viscosity ratio, which controls the particle defor-

mation. This variation of viscosity ratio with concentration 

of particles is given by the equation 

Rm  = R/ [l + 5(I)Cv(R - 1)/(2R + 3)] ...(IV.89) 

where Rm is the ratio of the viscosity of an individual 

particle to the viscosity of the particle-matrix system; 

is a factor which allows for the interaction between regions 
of disturbance in the flow arouild the particles; and C

v is 
the volume concentration of the particles. The results of 

experiments to check this equation suggested that the ratio 
Rm changes even more rapidly than predicted. 

11) The strains developed in the matrix around d particle 

were examined experimentally and diagrams, which show the 

displacement of the matrix during the deformation, were con-

structed. These clearly illustrate the symmetry of the flow 

field. Moreover, the distortion in the_ flow around the par-

ticle can be used to estimate the value of the viscosity 

ratio between the particle and the matrix. 

12) Geological applications of the theory. 

a) previous work on the use of rotated crystals as strain 

indicators is reviewed and it is suggested that the model of 
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a particle rotating in a viscous fluid is a more realistic 

one than those previously used. Calculations of the amount 

of simple shear are made from the rotation of porphyroblasts 

in metamorphic rocks, using the equation 

ys  = 20 radians ...(IV.9) 

b) The use of rotated porphyroblasts in analyzing folds is 

discussed. A minor fold, which from conVentional measuring 

techniques could be either a similar-type fold or a flattened 

flexure fold, is examined. The present orientation of the 

porphyroblasts, with respect to the schistosity, indicates 

that the fold is a flattened flexure fold. 

c) The development of preferred orientations in rocks is 

discussed. Diagrams showing the changes in initially random 

and regular distributions of particles, during simple and 

pure shear deformations, are constructed and the degree of 

the preferred orientation is related to the amount of finite 
strain. 

d) The use of deformed pebbles to estimate strain is dis-

cussed. The shapes of pebbles of different composition, in 

the same deformed conglomerate, are used to estimate visco-

sity ratios between different rock types, during deformatinr 

Knowing this ratio, equation IV.61 can be used to relate the 

pebble shape to the axial ratio of the finite strain ellipse. 

The shape of the pebbles is important. If it is not 

possible to correct for this by making measurements on unde-

formed pebbles, it is suggested that the composition of the 

deformed pebble can be used to obtain a rough idea of the 

initial shape: homogenous, non-schistose rocks should give 

rise to round pebbles; schistose rocks to flat pebbles. 

The initial orientation of the pebble axes is also 

important, because the change in shape of the pebbles depends 
11 

upon the orientation of their axes to the strain axes. In 

an irrotational strain field, it is possible to overcome this 

by using pebbles lying parallel to the direction of greatest 
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preferred orientation, because this direction is most likely 

to be closest to the direction of elongation. 

e) A procedure is suggested for analyzing deformed 

conglomerates. 

f) The results obtained by previous workers on the Bygdin 

and Funzie conglomerates are discussed in the light of the 

theory developed in this thesis. By assuming a pure shear 

deformation of the Funzie conglomerate, the variation in 

the finite strain between the least and most deformed out-

crops is calculated from the present pebble shapes and 

orientations. 
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APPENDIX I 	THE EXPERIMENTAL RESULTS  

a) The rotation of two dimensional particles Burin:-;  

simple shear 

i) Calculation of  the mean experimental curves in figure 21  

For each experiment performed, a graph relating the 
rotation, 0, to the finite simple shear, 7s, was constructed. 
In this way, several graphs were obtained for each particle 
used in the experiments. The mean experimental curve was 
then calculated as follows: 

1) From the origin (01.  = -90°, y, =0) the rotation 
during a set amount of shearing (y = '0.5 or 1.0) was read 
from all the experimental graphs f8r a particular ellipse. 

2) The mean rotation (x1) was then determi.ned and the new particle orientation (0f  = 0i  + x1). 

3) Starting at this value of cp.' . 0.F., the rotation 
during another increment of shear waI reaa from the graphs 
and the mean value (x2) calculated. 

4) R2  was then added to 0' to get the new mean orien- 

5) Starting at this value e = Q.;" the mean rotation 
), during a further increment 6f shbar, was found. Hence, 
ew orientation, 0'1, was calculated. 

6) The procedure was repeated until 01, was equal to 

0  7) Th8 mean curves were then plotted for (pranging from 
-90 to +900, using the fact that they should be symmetrical 
about 0 = 0. 

ii) Statistical results for  the mean experimental curves 
in figure 21 

Table I Curve B; particle with axial ratio = 1.01 : 1. 

Number of readings, n = 33 

Mean rotation during 1 Y's  shear, )7 = 27.5°  

Standard deviation, s = 0.762 

Coefficient of variation, v = 1.71% 

Range, w = 1°. 

tation,0f° 

zero. 
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Table II Curve J; particle with axial 
, o 	0 	-o 

z_2f 
8 

ratio 1.36 	: 	1. 

wo 

0.5 90.0 80.5 9.5 0.50 5.3 1.5 
1.0 80.5 70.0 10.5 8 0.59 5.6 2.0 
1.5 70.0 58.5 11.5 8 1.12 9.7 3.5 
2.0 58.5 45.5  13.0 8 1.00 7.7 3.5 
2.5 45.5 30.0 15.5 8 0.71 4.6 2.5 
3.0 30.0 13.0 17.0 8 0.92 5.4 3..0 
3.5 13.0 -5.0 18.0 8 0.75 4.2 2.5 

Table III Curve L; particle with 
(Dean of ellipses with 

0 	 -o 

axial 
axial 

ratio = 1.94 	: 1 
ratios 1.92 and 1.96) 

v% 	wo 

0.5 90.0 84.5 5.5 7 0.47 8.5 1.5 
1.0 84.5 78.5 -6.0 8 0.61 10.2 1.5 
1.5 78.5 72.0 6.5 8 0.47 7.2 1.0 
2.0 72.0 64.0 8.0 8 0.64 8.0 2.0 
2.5 64.0 54.0 10.0 8 0.61 6.1 2.0 
3.0 54.o 40.5 13.5 7 0.43 3.2 1.0 
3.5 40.5 22.5 18.0 7 0.47 2.6 1.5 
4.0 22.5 0.5 22.0 8 0.97 4.4 3.0 

Table IV Curve D; particle with axial 
0 	 -o - (P. 	

-r 0 
--f- 

ratio 2.70 	: 

177o 

1. 
0 Y S  

0.5 
-1- 
90.0 88.0 2.0 0.59 29.5 1.5 7 

1.0 88.0 85.5 2.5 7 0.39 15.5 1.0 
1.5 85.5 83.0 ,2.5 7 0.46 18.5 1.5 
2.0 83.0 80.5 2.5 7 0.42 16.9 1.0 
2.5 80.5 77.5 3.0 7 0.33 10.9 1.0 
3.0 77.5 74.0 3.5 7 0.33 9.4 1.0 
3.5 74.0 69.5 4.5 7 0.59 15.1 1.0 
4.0 69.5 63.5 6.0 7 0.57 9.4 1.5 
4.5 63.5 55.0 8.5 7 0.80 9.4 2.5 
5.0 55.0 43.0 12.0 7 0.91 7.5 2.5 
5.5 43.o 25.5 17.5 7 1.50 7.4 3.5 
6.0 25.5 0.0 25.5 7 1.10 4.3 4.0 
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Table V Curve F; 

7....Ti_ -1.-ti
o  

particle with axial 
_0 	Ro 
f
o 

-- n 

ratio = 

s 

3.66 	: 	1 

v% wo 

0.5 90.0 88.5 1.5 5 0.59 39.4 1.5 
1.0 88.5 87.0 1.5 5 0.39 25.8 1.0 
1.5 87.0 85.5 1.5 5 0.45 30.0 1.0 
2.0 85.5 84.0 1.5 5 0.45 30.0 1.0 
2.5 84.0 82.5 1.5 5 0.45 30.0 1.0 
3.0 82.5 81.0 1.5 5 0.45 30.0 1.0 
3.5 81.0 79.0 2.0 5 0.39 19.5 0.5 
4.0 79.0 76.5 2.5 5 0.55 21.9 1:5 
4.5 76.5 74.0 2.5 5 0.55 21.9 1.5 
5.0 74.0 70.5 3.5 5 0.39 11.1 1.0 
5.5 70.5 66.0 4.5 5 0.67 14.9 2.0 
6.0 66.0 60.0 6.0 5 0.93 15.4 2.0 
6.5 60.0 51.0 9.0 5 0.71 7.8 2.0 
7.0 51.0 38.5 12.5 5 0.67 5.4 2.0 
7.5 38.5 18.0 20.5 5 1.14 5.6 3.5 
8.0 18.0 -7.5 25.5 5 1.02 4.0 3.0 

Table VI Curve H; particle with axial 
-o 

1-2 f  

ratio = 4.71 

1J 

: 	1 

-s 
0.5 90.0 89.5 0.5 4 0 0 0 
1.0 89.5 89.0 0.5 4 0 0 0 
1.5 89.0 88.5 0.5 4 0 0 0 
2.0 88.5 88.0 0.5 4 0 0 0 
2.5 88.0 87.5 0.5 4 0 0 0 
3.0 87.5 87.0 0.5 4 0 0 0 
3.5 87.0 86.5 0.5 4 0.25 50.0 0.5 
4.0 86.5 86.0 0.5 4 0.25 50.0 0.5 
4.5 86.0 85.5 0.5 4 0.25 50.0 0.5 
5.0 85.5 85.0 0.5 4 0.25 50.0 0.5 
5.5 85.0 84.5 0.5 4 0.25 50.0 0.5 
6.0 84.5 83.5 1.0 4 0.35 35.0 0.5 
6.5 o3.5 82.5 1.0 4 0.35 35.0 0.5 
7.0 82.5 81.5 1.0 4 0.25 25.0 0.5 
7.5 81.5 80.5 1.0 4 0.25 25.0 0.5 
8.0 30.5 79.0 1.5 4 0.35 23.6 1.0 
8.5 79.0 77.0 2.0 4 0.50 25.0 1.0 
9.0 77.0 74.5 2.5 4 0.61 24.5 1.5 
9.5 74.5 71.5 3.0 4 0.61 20.4 1.5 
10.0 71.5 6/.5 4.0 4 0.35 8.8 0.5 
10.5 67.5 62.0 5.5 4 0.50 9.1 1.0 
11.0 62.0 55.5 8.5 4 0.35 4.2 0.5 
11.5 53.5 42.0 11.5 4 0.25 2.2 0.5 
12.0 42.0 22.0 20.0 4 0.50 2.5 1.0 
12.5 22.0 -5.0 27.0 4 0.35 1.3 1.0 
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b) The rotation of 4 : 1 : 1 ellipsoids in simple shear.  

Table VII  Results for the experimental curves in figure 22D. 

a) b) c) d) e) f) 
Y (;) 6° 0 0° o 

(I)  3. o o o 2_ o 
0  

00 0  

0 -2 36 -2 41 -3 55 41 40 44 35 58 23 
0.5 28 28 23 37 13 52 56 36 55 31 65 18 
1.0 35 33 24 48 61 33 63 25 70 15 

c) The rotation of two dimensional particles  in the 
irrotational stain box. 

Table VIII  Results for the experimental curves in figure 25 
2 : 1 	4 : 1  

77 1 2 th  JX1/X2 exp 
0 	0 

(P
o  

1.00 1.00 15.0 45.0 15.0 45.0 
1.25 1.40 19.0 50.0 21.0 53.0 
1.45 1.80 23.5 54.0 26.0 60.0 
1.80 2.60 26.0 60.0 35.0 66.0 
2.15 3.50 31.0 64.0 45.0 76.0 
2.55 4.60 37.0 67.0 53.0 75.0 
3.20 6.20 43.0 71.0 62.0 80.0 
3.70 8.40 45.0 74.0 65.0 
4.60 12.00 49.0 79.0 69.0 

1.00 1.00 75.0 75.0 
1.60 2.15 78.0 81.0 
1.90 2.85 81.0 82.0 
2.30 4.00 82.0 85.0 
2.65 5.10 83.0 86.0 
3.30 7.00 85.0 87.0 
4.00 9.80 86.0 88.0 
4.75 13.00 89.0 89.0 

d) The  rotation of 4 : 1 : 1 ellipsoids in the irrotational  
strain box. 

Table IX  Results for the experimental curves in figures 
26 and 27. 

26) 

	

(p0 	6o 

	

0 	25 

	

0 	33 

	

0 	50 

27A) 
(4)
o eo 

27B) 
o 

CD 
0o 

27C) 

49 
56 
68 

Q
o 00 60 

27D) 
0
0  /7̀ 1A2 

1.00 
2.75 
7.60 

60 
73 
80 

37 
25 
22 

58 
73 
86 

26 
18 
10 

20 
16 
13 

30 
35 
44 

0 
0 
3 
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e) The deformation_of non-rigid particles in the  
irrotational strain box 

Table X  Results for the experimental curves in figures 30a-f. 

	

ihi/X 	ai/bi 	A. a/b 	A 	a/b+  

	

/ 	1.42 	1.02 	10.4 	1.46 	12.3 	1.43 

	

1.74 	0.95 	19.1 	1.67 	25.4 	1.77 

	

2..16 	0.95 	19.1 	2.34 	24.0 	2.46 

	

2.75 	1.02 	16.7 	2.77 	19.5 	2.72 

	

3..00 	1.03 	16.0 	4.00 	17.7 	3.88 

	

4,00 	0.94 	9.6 	5.00 	12.8 	5.32 

	

1.42 	1.03 	15'.6 	1.44 	14.8 	1.40 

	

1.74 	1.01 	20.2 	1.73 	24.4 	1.71 

	

2.16 	1.00 	13.0 	2.82 	14.9 	2..82 

	

2.75 	1.00 	11.9 	3.05 	16.1 	3.05 

	

/ 	1.42 	1.00 	23..0 	1.35 	25.0 	1.35 

	

1.74 	0.99 	24.3 	1.48 	26.0 	1.49 

	

2.16 	1.06 	23.5 	1.63 	28.0 	1.54 

	

2.72 	1.00 	29.7 	1.84 	35.6 	1..84 

	

3'.00 	1.05 	33..4 	1.80 	41.3 	1.71 

	

4.60 	0.99 	24.2 	2.77 	34.0 	2.80 

	

5.80 	1.00 	24.0 	3.44 	31.2 	3.44 

	

1.42 	0.99 	10.7 	1.17 	10.5 	1.19 

	

L.74 	0.99 	11.4 	1.28 	12'.2 	1.30 

	

2.16 	0.96 	11..4 	1.52 	11..1 	1.58 

	

3.00 	0.97 	11'.6 	1.81 	12..2 	1'.86 

	

4.60 	1.03 	11..2 	3.44 	13.8 	3.35 

	

5.80 	1.00 	13.0 	6.66 	13.0 	6.66 

	

c/ 	1.42 	0.97 	11'.9 	1.12 	11'.9 	1.16 

	

1.70 	1..00 	10.3 	1.18 	10.7 	1.18 

	

2.16 	0.97 	11.2 	1.30 	11.7 	1..33 

	

3..00 	1.03 	11.2 	1.67 	11.3 	1.62 

	

4'.60 	0.98 	11..0 	2.52 	11.1 	2.56 

	

5.90 	1.00 	13.0 	2.62 	12.8 	2.62 

	

1.42 	0.97 	11'.4 	1.08 	11'.7 	1.11 

	

1.74 	0.97 	11.2 	1.12 	11.5 	1.16 

	

2.16 	1.01 	11..1 	1.25 	11.3 	1.23 

	

3.00 	1.00 	13.0 	1.69 	13.9 	1.69 

	

4.60 	1.00 	11..2 	1..84 	11'.0 	1.84 

	

5.80 	1.00 	12.5 	1.49 	13.9 	1.49 

ai/bi  - initial_ axial. ratio. 
a/b - final. axial ratio 
a/lo+  - final axial. ratio, corrected for initial shape. 
Al, . A - initial and final area factors 

d/ 
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Table X, continued. 

0.50 
0.75 
1.00 
1R 

1'.25 
1.50 
1.75 
2.00 
2R 
2.50 
3.00 

ai/bi AI  a/b A a/b+  

1.05 33.0 1.10 33.0 1.04 
1.00 35:0 1.11 36.0 1.11 
1.00 21.5 1.19 22.0 1.19 
0.99 38.0 1.21 39.0 1.22 
0.96 34.0 1.22 33.5 1.27 
1.00 36.5 1.38 38.5 1.38 
0.97 35.0 1.37 34.5 1.42 

1.00 23.0 1.09 23.0 109 
1:00 24.0 1.10 24:0 1.10 
1.02 23.5 1.18 24.0 1.15 
0.98 24.5 1.25 24.5 1:27 
1.07 22.5 1.30 23.0 1.22 

a/b • P .  a/b4-• a/b a/b}  

1.00 
1.27 
1.59 
2.04 
2.52 

45 
46 
51 
55 
58 

1.00 
1.27 
1.59 
2.04 
2.52 

•=•=MMI1 

1.01 45 1.00 1.00 45 1.00 
1.40 53 1:38 1.35 50 1.35 
1.67 58 1.64 
1.86 61 1.83 1.76 56 1.76 
1.92 55 1.89 1.75 57 1.75 
2.30 60 2.27 
2.60 64 2.56 2.33 64 2.33 
3.02 65 2.97 
3.48 67 3.43 2.94 67 2.94 

3.02 66 3.02 
3.28 69 3.28 
4.00 72 4.00 

13̀ 1/X2 
e/  1.42 

1.74 
2.16 
2.60 
3.00 
4.10 
4.60 

A/ 	0 
0.25 
0.50 
0.75 
1.00 

fi 1:42 
2.16 
3.00 
4.60 
7.50 

f) The deformation of non-rigid particles in the siMple  
shear box 

Table XI Results for the experimental curves in figures 39A-F 

Ys 

R indicates that the particle has been.  
repositioned 
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a/b+  a/b. cpo a/b4-- Ys • 

/ .0 0.99 45 1.00 1.00 45 1.00 
0.50 1.16 52 1.17 1.14 55 1.14 
1.00 1.39 58 1.40 1.32 62 1.32 
1R 1.40 48 1.42 1:33 56 1:33 
1.50 1.68 57 1..70 1.52 64 1.52 
2.00 2.06 64 2.08 1.70 66 1.68 
2R 1.87 63 1.89 1.68 66 1.68 
2.50 2:21 69 2.23 1.93 70 1.93 
3.00 2.55 72 2.57 2.12 73 2.12 
3R - - - 2.11 67 2.11 
3.50 _ - - 
4.00 - - 2.63 74. 2.63 
4R - - - 2.65 71 2.65 

4:50 - - - 2.97 73 2..97 
5.00 - - - 3.42 76 3.42 

/ .0 1.01 45 1.00 0.98 45 1.00 
0.50 1.18 54 1:16 - 
1.00 1.37 58 1.35 1.29 58 1.32 
1R 1.35 60 1.33 1.30 57 1.32 
1..50 1.51 62 1:48 1.45 63 1:48 
2.00 1.70 66 1.68 1.59 69 1.62 
2R 1.75 64 1.73 1:59 73  1.62 
2:50 1.98 68 1.94 1.75 77 1  78 
3.00 2.19 72 2.16 1.90 80 1.94 

3R 2.24 68 2.20 1.88 74 1:92 
3:50 2.68 71 2.64 2.04 76 2.08 
4,00 2.98 75 2.94 2.18 77 2.22 
4R - - - 2.15 74 2:22 
4:50 - - - 2.30 77 2..34 
5.00 - - - 2.48 79 2.54 
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Table XI,  continued. 

a/b 	(00 	a/b+. 	a/b. 	T o a/b+. 
- 	_ 

/ 	.0 1.00 45 1:00 1.00 45 1.00 
0,50 1.15 51 1.15 1.10 51 1,10 
1.00 1.27 60 1,27 1.21 59 1.21 

1R 1.27 58 1.27 1.19 55 1.19 
1,50 1.42 65 1.42 1.33 62 1.33 
2.00 1.60 68 1.60 1.42 67 1.42 

2R 1.62 68 1,62 1.39 66 1.39 
2,50 1.82 74 1.82 1.56 70 1,56 
3.00 -. - .-. 	1.66 75 1.66 

3R 1.89 74 1.89 1:64 74 1,64 
3.50 2.00 76 2.00 1.70 77 1,70 
4.00 2.18 79 2.18 1.79 79 1.79 

4R 	 1.77 75 1.77 

	

4..50 	 1.84 79 1,84 

	

5.00 	 1.99 83 1.99 

Fi 
i 	.0 1.04 45 1.00 

0,50 1.17 57 1.13 
1.00 1.22 66 1.18 

1R 1.23 54 1.19 
1,50 1.35 62 1,29 
2.00 1.45 67 1.39 

2R 1.49 67 1.43 
2:50 1.57 74 1:51 
3.00 1.70 79 1.63 

3R 1.66 80 1.59 
3.50 1.76 82 1,69 
4.00 1.75 86 1.68 

4R 1.82 85 1,80 
4.50 1.87 87 1:80 
5.00 1.90 90 1.83 

g) The effect of increasing volume concentration on particle 
deformation 

Table XII  Results for the experimental points in figures 41 

Point 	Cv% 	a/b 	range 	Q  o 	range 	Rm  
--- 	-- 

1 	3 	1:/t4 	0:04 	59 	1 	5 
2 	6 	1,45 	0:12 	61 	2 	5 
3 	9 	1.55 	0..19 	60 	5 	4 
4 	12 	1.68 	0,21 	57 	6 	3 
5 	15 	1.73 	0..23 	57 	10 	2.75 
6 	23 	2.07 	0.82 	63 	6 	2 

YS 
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