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ABSTRACT

The aim of this thesis is to give a unified
presentation of mathematical programming technigues;
and to show, by means of examples, how far these techniques
can be used to solve power system optimization problems.

Part 1 is concerned with the theoretical
foundations underlying the principal optimization methods
in current use; dincluding the simplex method and its
variants, logarithmic potential method, integer programming,
dynamic programming, maximum principle, geometric programming,
and several sequential unconstrained methods for solving
non-linear programming problems.

The sequential methods rely heavily on uncon-
strained optimization techniques. Consequently, the
latter, including gradient, modified gradient and non-
gradient methods are also discussed with regard to their
merits and limitations.

Some decomposition techniques are examined.
Several of these have been successfully applied to solve
large linear programming problems. Others e.g. diakoptics
or decomposition by dynamic programming are still in the
early development stage; and further research work is

required before these can be used with confidence.



Part IT aims to show that a number of power
system problems can be handled by mathematical programming
methods. Examples include: utilization of hydro-electric
resources over a given pericd of time, a variable-~head
hydro-electric--thermal scheduling problem (non-linear
programming), the balance between powexr and other uses
of water resources (non-ginear programming), electrical
transmission network design (linear and non-linear programming)
gereration expansion - plant mix - problem (dynamic programming).
Several suggestions for further work, both in
the development (and refinement) of the programming
techniquesy and in the application of the methods in

the power systems field, are indicated.
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CHAPTER 1

INTRODUCTION
1.0 Aims

Mathematical Programming was born in the late
1940's. Since then it has witnessed a phenomenal growth.
Research in the field has received an eviable stimulus
and has attracted some very fine brains, drawn from many
disciplineé, including mathematics, physical sclences,
engineering and economics. The number of papers
published has been impressive, both in quality and
quantity.

However, the literature has been scattered in
a large variety of journals, many of which are concerned
with disciplines other than engineering. Consequently
many engineers are completely ignorant of the existence
of these publications.

Moreover, much of the work has concentrated
only on specific aspects of +the lMathematical Programming
techniques, thus tending to blur the existence of the
many ideas common to the techuniques.

Purthermore, the literature on Mathematical
Programming has acquired a very high degree of mathematical
sophistication and abstraction: a fact which has tended
to obscure the conceptual foundations underlying the

techniques. -13 =



. A need, therefore, exists for a more unified
presentation of the Mathematical Programming techniques.
This should highlight the major developments in the
field and should emphasize the concepts underlying the
various procedures and the relationships that exist
amongst the procedures, together with their inherent
limitations,

The aim of the thesis is twofold. First,
to fulfil the need stated above. Second, to investigate
the feasibility of applying some of the techniques to
the study of Power System Planning, Design and Operating
problems.

In general, Mathematical Programming concerns
analysis of problems of the type: Find the minimum

(maximum) of a function (called the *fgbjective function'')

when the variables are subject to inequality or equality

constraints.
- Special forms of Mathematical Programming inciude

Linear~ and Quadratic- programming. In Linear programming,

the objective function is a linear combination of the
variables and the constraints are linear. Quadratic
programming refers to the case where the objective
function is a second degree form in the variables; the

constraints are linear.
- 14 -



One of the major advances in the field has

been the development of dynamic programming . This dis

based on the concept of multi-stage decision processes.

At each stage, a decision is made, following which the
next stage is reached. The successive stages are

related by known transformation rules. One set of

the said decision sequence constitubtes the 'best'! series

i.e., Optimizes the given function.

1.1, Systems Aggroach22’23’56

Over the years, the systems we deal with have
become increasing large and complex. This has necess-
itated the evolution of a systematic design approach so
as to integrate the many system components while at +the
same time paying due attention to the inter-relationship
between the components.

This new approach is finding wider and wider
application in a large variety of situvations. It is

generally referred to as the '!Systems Approach'! or

"tSystems Design't.

Systems Approach may, therefore, be loosely
defined as an organized plan in the process of decision-
making in any design (or analysis) context. As is
illustrated in Fig. 1. it involves complementary practice

- 15 -



of both natural and human sciences, together with systems
ergonomics and systems engineering.

The study of Ergonomic (Human Factors) systems

has received a significant impetus overAthé past 20
years. This has resulted in genuine improvement in the
design of complex systems of which human beings are
components, A good account of the development is
contained in [ 73]. Most of the discussions to

follow, therefore focus on Systems Engineering aspects

of the Systems Approach.

The Systems Engineering method, too, recognizes
the fact that each system is an integrated whole even
though it is made up of diverse sub-systems (structures).
It further recognizes that each system may have a number
of objectives; and that the balance between these
objectives may differ widely from system to system.

In essence, the method seeks to optimize
the over-all system'!'s functions according to specified
objectives and to achieve the best compatibility of its
parts.

Hence, design optimization of any kind forms

an integral part of the Systems approach.-

- 16 -
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1.1.0 Methodology of Systems Design:®

The methodology of systems design involves,
in very broad terms, the following related steps:

a) Problem statement;

b) Problem formulation;

¢) Design Realization.

(a) Problem Statement:

This involves in very general terms, identif-
ication of the objectives, which are given in rather
imprecise terms. Murther clarification of the internal
structure of the problem is, therefore, required, before
any solution can be contemplated.

For example, the task may be to improve the
yield in a chemical plant; or to design a distribution
network, an electrical machine or a communications
system.

The statement at this stage is idealized in
that it sets forth the goals to be reached without making
reference to the problems encountered in the implementation

of the corresponding system in the real world.

(b) Problem Formulation

During the transitional step, the objectives

are clarified and given greater precision. System



elements, together with their interaction between each
other, are clearly defined.

HMoreover, the boundary conditions of the
gsystems and sub~systems are investigated: i.e., identified
and their degree of importance assessed and indicated.
Por example, matters relating to physical capability
of the system parts (thermal and / or stability limit
of, say, electrical lines), reliability, system cost,
etec,, All this information is required in order to
establish the internal structure of the problem.

For a general example of problem formulation,
take a case where the task is to minimize design cost,
or to maximize the reliability of a system: +the formu-
lation stage goes through the following stepsi—-

i) détermination of the characteristics of the
system variables and the relationship that
exists between them;

ii) definition of the objective(s) or index of
performance (in terms of the system variables);

iii) specification of certain (equality or inequality)
constraints in the system variables.

The problem is then: Given (i), Optimize (ii)

subject to (iii).



Another important procedure carried out during
this stage is that of simulating (constructing a simplified
representation of) the actual system. We examine the

process of simulation in greater detail in section (1.1.1).

(c) Design Realization:

Having formulated the design problem in the
form of, say, a mathematical model, the object is then
to seek the design which represents the solution to the
mathematical version of the design problem.

Simulation of the mathematical relationships
on a computer (digital, analogue or hybrid) often plays
a crucial role in the search for an acceptable solution.

After completing the mathematical design and
evaluating it through simulation and experimentation,
the engineer builds a prototype. The prototype is then
tested to establish whether or not the requirements are
met and the constraints satisfied. If the prototype
operates satisfactorily, the work of the engineer is

essentially complete.

1.1.1. Modelling

Problem Formulation is also concerned with the

construction of a simplified representation of the system

- 30 -



called a model. By working with a properly constructed
model, the engineer is able to make useful inferences
about the proposed real system from experiments conducted
with the model.

Either physical or mathematical models may be

employed.

1.1.1a. Physical Models:

Physical modelling involves establishing a system
analogue of the one being studied. The essential point
is that the behaviour of one should closely approximate
that of the other (at least for the phenomena being
investigated).

The alternative system may be a scale model,
which is more convenient to experiment with than the
actual system; e.g. the use of scale models in wind
tunnels for the design of an aircraft.

Other types of physical models rely upon the
analogy between the system being studied and some physical
system of a different nature, but which is easier to build
and manipulate. Elements of the actual system can be
identified with those of the model. Moreover the

relationships between the elements of the actual systemn,

- 21 -



and between those of the model are governed by the same
physical laws. For example, electrical networks (analogue
computers) can be used to study problems of mechanical
vibrations because of the similarity between the equations
depicting the performance of electrical circuits and

mechanical systems.

1.1.1b. Mathematical Models.

The actual system may also be represented in a
more flexible manner in the form of mathematical equations.
In setting up a mathematical model, the following points
are considered:-~

i) what are the mathematical relations between
the relevant attributes of each of the system
elements?

ii) what are the mathematical relations between
the attributes of different elements in the
system; i.e. what are the mathematiecal
relations representing the interactions
between the elements in the system?

Experienced judgement is needed in order to
simplify the equations to a point where they are amenable
to mathematical analysis without destroying some essential
feature of the actual process. This requires that all

the assumptions must be made explicit.

- 22 -



l.1.1c. Problems involved in setting up a Mathematical
Model.

When formulating a mathematical model we are
invariably faced with a number of very difficult problems,
some of which are listed below:

i) we are required to have an accurate quantitative
knowledge of how the system variables interact. This is
a formidable (if not impossible) task. For, in many cases,
the nature of the physical characteristics of the system's
elements may not be fully understood. Furthermore, there
may be a measure of uncertainty with regard to the
external disturbances acting on the system. Consequently,
some degree of idealization is inevitable. The question
‘which immediately arises is: how much idealization can
we allow and still obtain satisfactory results?

There is no cut and dried answer to this question;
however, experience and skill in dealing with problems of
the same nature may prove quite useful. It must be
emphasized, though, that the nature of idealization
permissible is, by and large, determined by the specific
problem and depends both on the properties of the system
considered and on just which questions we want answered.

ii) In principle, when formulating a model,
we want to take into aceount only those factors which
govern the sets of behaviour of the systems that are of

- 23 -



interest to us. It is quite unnecessary (in fact,
practically impossible) to consider all the properties
without exception. |

But even if we should succeed in accounting
for only the relevant parts of the properties, the
resulting system may be so complicated that its solution
(computational) would be extremely tedious at best.
Further approximations and / or reduction in the number of
variables £o be considered mist then be undertaken,
This may, however, give rise to a model that does not
sufficiently represent the actual system.

iii) One important requirement is that of the
determination of a measure of effectiveness (i.e. per-
formance index, or objective function) that is expressible
in terms of the system variables. This too, is an
insuperable task. A realistic performance index
(i.e. an index which represents most of the design
requirements of the problem) is extremely difficult to
define. For, in practice;, any of the relevant criteria
is rarely explicit enough to allow for a clear mathematical
representation. And, quite often, it is very difficult
to express the performance index in terms of some very
important system variables; e.g. the reliability of a
transformer in terms of the length of an electrical

transmission line. 4
- 2 -



Even if a realistic criterion has been defined,
' of
it is frequently found that the basic concept,K the particular

performance index is too restrictive.

i.1.14. Words of Caution on the Use of a Model.

When involved in any investigation that requires
the use of a model, the following factors must always be

kept in mind:

a) the model is; in fact, different from the
prototype system that the former is designed to describe.
Consequently, not all that is true of the model need be

true of the prototype.

b) the model is usually formulated in such a
way as to permit examination methods not applicable to
the original system. Therefore, not all that is either
logically necessary or inferable from the model need be
a logical inference with regard to the actual system.

Pailure to appreciate the above points may
result in wrong conclusions being drawn about the actual

system.
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CHAPTER 2

MATHEMATICAL PROGRAMMING PROBLEMS.

2.0. Optimization and Mathematical Programming Problems

Optimal use of available resources is an implicit
goal of every human endeavour. Consequently, optimization
problems have long been of interest to mathematicians,
physical scientists and engineers.

Since the middle of the eighteenth century,
methods of differential calculus and calculus of variations
have been utilized to solve certain types of optimization
problems in geometry and physics. But, except for very
simple problems, the tedious computations that were
required hindered a wide-spread application of these
methods.

However, developments in high-speed, automatic
computers over the past 20 years have facilitated the
application of most of these older methods. Furthermore,
mﬁch new research has been directed on the type of Optim-
ization problems that are usually not amenable to solutions
by the classical methods of Calculus. These new types
of optimization problems take into account inequality
constrains and are often referred to as Mathematical

Programming problems.



2.1, The General Programming Problem:

The general programming problem can be formulated
as follows: Select the values of a number of variables

so that an objective function (which has already been

defined) is minimized (maximized) among all choices of

values that satisfy a set of ineguality (and/or equality)

constraints on the variables and their function(s).

Mathematically, the problem may be formulated

as:
Minimize F(X) ; (2.1.2)
subject to* G(xY { <,=21 o0
(2.1.b)
X > 0

where X is an (nxl) column matrix of n components and

G(X) represents a column vector of m functions;

il.e. - 1
X1
_ *2
X =z .
- Xn -
and " - -
Gl(f)
G, (x)
G(x) = :
L Gm(i)-
* Some constraints may be of the strict equality type:
eng- Gi(}-t) _>_ O i = l, aao,K
G;(x) =0 1 = K+l,...,n



2.2.1. The Linear Programming Problem:

This is a special case of the general programming

problem in which F(x) is a linear combination of the

variables; and G(X) is a linear transformation. The

problem thus becomes:

Minimize F(X) = &'% (2.2.a)
with G(x) = B&x > b
where o@ = [eys¢ps+-25c, 1 1s the transpose of an

(nxl) column matrix ¢ and b is an (mxl) column matrix -

usually referred to as the requirement vector = denoted by:

1

b
b,

o't
]

D'ees

JES 11

A is an (mxn) transformation matrix given by

411 o ¢ ?yp
81 % - Zpp
_aml am2 . amn
and m < n .
2.2.2. Integer Linear Programming

An integer linear programming problem is a

- 29 -



linear programming problem for which it is further
required that the variables must take integer values.

The field is divided into "all (pure) integer programming"

when all the variables must be integers; and "mixed

integer programming" if only certain specified variables

must be integers.

In the most general terms, the problem may be

represented:
Minimize F(X) = &rtx (2.2.¢)
subject to G(x) = Ax > b
~ (2.2.4)
x 2 0

x{ an integer 1 € T
(2.2.e)
If T contains all 1 , the problem is all integer;

~and if some of the i (i=1,...,n) then we have a mixed
integer problem., Note that if T is empty, then the

problem reduces to the normal linear programming, problem.

2.2.3, Parametric Linear Programming, Problem:

This may be considered as the most general form
of the linear programming problem in that either the
requirement vector or the coefficients of the objective
function, (or both), is allowed to change.

A simple case of such change occurs when each

of the coefficients of the objective function is a linear

-30;



function of a parameter, lf 3 or when each element of the
requirement vector is a linear function of a parameter,

Af. For example:

a) Parametric objective function

Minimize F(X) = (& + Xf)Ti (2.2.1)
subject to Ax > b
X > 0 (2.2.8)

b) Parametric Requirement vector:

Minimize F(X) =  olx (2.2.h)
with Bx > b+ XbTa
_ (2.2.4)
X > 0

¢) Parametric objective function and
Requirement vector:

Minimize F(x) = (c + f.) (2.2.3)
T3

subject to Ax > b + Ay
(2.2‘1{)

x > 0

2.3.1. Quadratic Programming Problem:

A quadratic programming problem is the simplest
form of the non~linear programming problem: the objective
fuhcﬁion is a second degree form in the variables, while
the constraints are linear. It is thus somewhat more
general than the linear programming problem; and is

denoted by:

(1) Taz T (2.3.a)

Minimize F(x) X Qx +

- 31 -



subject to  Ax > b

- (2.3.b)
X > 0
where Q is an (nxn) matrix. For the general formulation
given above, it is required that § be positive semi=
definite (i.e. > 0). Clearly, if Q = 0, then the first
term of equation (2.3.a) vanishes and we are left with a
linear programming problem. For a strictly gquadratic

form, therefore, Q must be positive definite (§‘> 0)-

2.3.2. Integer Quadratic Programming Problem:

As with the integer linear programming, it may
be required that some or the whole of the solution

variables take only integer values; e.g.
-Ti (2.300)

Minimize F(X) = (i) x0x * °©
subject to Ax > b
x > 0

X has integral components (2.3.d)

2.3.3. Parametric Quadratic Programming:

A parametric guadratic programming problem also
concerns cases where the quadratic objective function, or
the requirement vector or a combination of the two is
allowed to vary; for example:

a) Minimize F(R) = (DFax + (8 +2)7%

(2.3.¢e)
- 32 =



v
o'l

subject to Ax
- (2.3.1)
X

iv
o

b) Minimize F(x) (NETGR + olx (2.3.g)

subject to Ax > b = AbTa
- (2.3.h)
x> O
or ¢) Minimize F(X) = (})%°Gx + (c + Xf)Ti
subject to__ o (2.3.1)
B > 5-1X%3
- (2.3.3)
X > 0

Comment:

A large number of problems can be formulated in
terms of these two special cases (linear-and-guadratic)
of mathematical programming by means of appropriate
approximation of an otherwise complex function. Once a
problem has been formulated in either of the two forms
one can obtain its optimal solution in a finite number
of iterative steps: there are now available many powerful
computational techniques (e.g. the "Simplex method") for
obtaining such a solution.

This is a very important factor; for with the
general non-linear programming problem, an exact solution
can never be obtained in a finite number of steps = although

convergence may be quite rapid.



2.4, The Lagrangian Problem:

The Lagrangian problem is a general problem of
the calculus of variations and has found extensive
application in many fields of science and engineering.

Other general problems of calculus of variations
include the problems of Bolza and Mayer. Theoretically,
all the three are equivalent in that any one of them can
be transformed to the other by a change of coordinates.

(a) Lagrange Multipliers:

Consider a mathematical programming problem in
which all the constraints are in the form of strict
equality, or whose inequality constraints have been
transformed to equality by the introduction of appropriate

slack or surplus variables

- Minimize F(x) (2.4,a)

0 (2.4.b)

with a(x)
Following the Lagrange multiplier rule, we
obtain an augmented function by multiplying each constraint
funection, Gi(i) by a factor, and adding the result to the
objective function:
(X)) = F(E) - IR (2.4.¢)

where Y(x,A) is the unconstrained augmented function,

called the Lagrangian Function, whose minimum has to be

found; and X is a vector representing the Lagrange

multipliers. - 3 -




At the minimum of the Lagrangian function, the

following conditions must hold:

WGX) . FE) = o (2.4.d)
3,

3Y(X,%) . OF(X)-1T3G(X) = 0 (2.4.e)

9X .
J

where dF(X) is the gradient of the objective function
and 3G(x) is the differential of G(X).
Note that in the above discussions it has been

assumed that both F(x) and G(x) have continuous derivatives.

An example:

A linear programming problem can also be
formulated as a Lagrangian problem and solved by the
method of Lagrange multipliers.

Consider a standard general linear programming

problem:
n
Minimize F(x) = § cJ.xj (2.4.1F)
subject tq xjn > 0 (2.b.g)
t b Pz o1,..
a:.+« X. = . 1 = ,.-oo’m
=1 M *

. (2.u‘h>
The first step is to replace the non-negative

condition (x’j > 0) by
2

x; = w;© = 0 j = 1,e0.n (2.4.1)

Following the Lagrange multiplier rule, a new unconstrained
minimum is determined:
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plx,A) = El cjxj - [}l(a L ay5%; - bl)

n
$ooot a -
Am(JZl 3 %3 bm)]

[ m_'_l(x l )"‘ ses F Am_'_n( n ung)] (2014.5)
or

)%y

- m - -
Pplx,A) = ( E Aibi) + (cl T Aiail m+n

i=l i=1

m
oo +(°n El Aiain Am+n)xn

(2.4.%)

-+
nMms
>
=

i

For ¢(x,1) to be a minimum, the following conditions must

be met: v
a) the coefficient of xj vanish;
b) the coefficient of uJ.2 are non-negative;
¢) the partial derivative with respect to uj
vanish.
2.5. Generalized Lagrangian Problem:

The generalization of the Lagrange problem to
handle both equality and inequality constraints is largely
due to H.W. Kuhn and A.W. Tucker?l

Consider a general programming problem:

Maximize F(x)

subject to  Gi(X) > 0 1= 1,...,8

Gi(;{) = 0 i 2+l,o.‘o,m (2.5.8-)
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As in the previous section, an augmented function

bg(X) = F(X) + 1?1 2@ (K) (2.5.b)
is formed.

- - - m -
If yor (& R*) = F(EN) 4+ I 2 Gi(x*)
321

is an optimal solution to (2.5.b) the following relations

must be satisfied:

-k -
Vo g(x , X)) < 0 (2.5.c.1)
- R - '
x*g‘pG(x*,l ) = O .(2050Ct2_)
v Ug(E, 1) > 0 (2.5.¢.3)
-oT - -
A q\d}G(x » A ) = 0 (2.5'Coh)
%" > 0 (2.5.c.5)
Xt > 0 (2.5.c.6)
where waG(i,X) is the vector (aw@/axl,..., gﬂg )
; X
- - . apLt
and Vle(x,A) is the vector (Bwalall,..., 57§ )

Note, however, that the above relations consitute
the necessary conditions for optimality to problem (2.5.b)

Only if the following hypothesis (known as constraint

gualification property)holds:

" Constraint qualifigatiqn;progertyi
Let g; = 0 i=1,2,...,K
x; > 0 1= (K+l),.eeyn
(i.e. the values of some optimal variables are identically

zZero).
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We also observe (from 2.5.a) that some of the
constraints are strict equalities (Gi(§) =0, i = 2+1,...,m),
The feasible region is such that if for any x

on the boundary defined above the following conditions

hold:
i) E(an(x)/axi)dxi > 0 §=l,...,m
ii) ax; > O 12 1,000,K

then the direction dx,» dxg,..., dx_ 1is tangential to

n
some arc from x into the interior.

If wg(xo) is the optimum of wG(x) then
=0
D(OF(x7)/3x )dx; < O

for all directions into the interior, and hence for all

the directions described above. Consequently we have:

ﬂ%éfi) + jgl Ag aG.§§°) + 7y = 0 (2.5.df1)
Ag > 0 J = 1,250..,m (2.5.4.2)
zg > 0
x; > 0 1= 1,2,.0.,n (2.5.d4.3)
with zg = O for i = (k+l),e..,n (2.5.4.4)
and A? = 0 for § o= ([ '1)e..sb (2.5.4.5)

We see, therefore, (from 2.5.c.2) that
=0T 0,0 ,0 - 0.0 _
X Vx wG(x sA ) = igl X;2; = 0
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since either xg or zg is zero. Furthermore, relation
m .
(2.5.¢c.4) means that z Gj(xo) Ag = 0,

Jj=1
In the above discussions, it has been assumed
that the functions F(X) and G(X) are concave (convex)
and are differentiable. Furthermore, the objective

function F(xX) is assumed to be bounded.

In an earlier work F.Johnu3 had also dealt
with analogous generalizations. He consideﬁ?a non-linear
programming problem; Find X such that F(X) is minimized
(maximized) subject to G(x) > 0; and gave the following
general theorem: .

If the functions F(x), Gi(i), (i=1;...,m), are
continuously differentiable, then a necessary condition
that X must be a local minimum to the above problem is that
there exist scalars: A ,Ajs..., . not all zero such that

the following inequalities and equalities are satisfied:

G(X) 2 0 i=1lyee,m  (2.5.€,2)

-k m -k
XOV F(x ) - iii Ai v Gi(x ) = O (2.5.€.3)
AiGi(i*) = 0 i=1,.00e,m (2.5.e.l4)
A.i i O i = 1','-..,!!’1 (205.e-5)

Note that conditions (2.5,e.2),(2.5;e.3).(2;5.e.4) and

-k
{2.5.2.5) are necessary for x to be an optimal

solution without any additional hypotheses.




Since the original work of Kuhn and Tucker
further theoretical research has been directed at the
question of constraint qualification property. This

has given rise to the regularity condition =~ by Arrow,
1

Uzawa and Hurwicz™- which incorporates cases where x
ranges over more general spaces and 1s subjected to more
general constraints. The regularity condition is
actually a sufficient criterion for a certain weaker

form of the Kuhn-Tucker constraint gqualification property.

2.6, Equivalent Fornmnulations: Duality

Associated with any mathematical programming
problem (usually called the primal) is another, called
the dual. The objective of the dual is to maximize while

that of the primal is to minimigze - and vice versa.

For the linear programming problem the pair of

(primal and dual) programs are represented:

Primal Problem:

Minimize  F(X) = ol'x (2.6.a)
subjeet to Ax > b
{2.6.b)
x > 0

Dual Problem

Maximize DF(X) = 5Ty (2.6.¢)
subject to iy < ¢
- (2.6.4)
y > 0



where y = (¥1s¥se005¥,) is an mxl matrix and b, B,
and ¢ are the same for the primal problem (see also section
2.2.1). Observe that the 'dual' of the dual problem is
the original primal problem.
Corresponding programmes for the quadratic and

the general convex programming problem can also be

formulated:
. ‘ 18- .
Primal Quadratic Programme:

. e - - -7 = T=- T=
Minimize PF(x) = 1} Xy QxK +oCpXp o+ CpXy (2.6.e)
subject to_ _ - -

ApXpe + Apgx, > b
- _ (2.6.1)
Xeg 2 0, x, > O
Dual Quadratic Programme:
Maximize DF(X) = -17i8 ‘5, + B'¥, (2.6.z)
subject to
T~ -~
Ag¥p = ¥x £ %
S, -
Ay, < cy (2.6.h)
§2 >  0; §K unrestricted
24
Primal Convex Programming, Problem:
Minimize F(X)
subject to G(x) > O
Dual Problem:
Maximize DF(X;¥) = F(X) - y1G(%) (2.6.1)
subject to - -7 -
VXF(X) = ¥y VXG(X) (2-6.,5)
y > o0

- -



The range of possible values of DF(x) and F(x)
(for a general convex problem, linear or non=-linear) is
illustrated in Fig. 4., It is assumed that both the primal

and the dual are feasible.

DUAL PRIMAL

- @ ——————DF(x ) ~RANGE ——rtmplé——TF (% ) ~RANGE e 4 0
OR FINITE MAX. OF+|<MIN F OR FINITE

Fig. 4. Range of possible values of the Primal & Dual
Programwrmes

Fig. 4. can be summarized by the Duality Theorem:

If solutions to the primal and the dual problems
exist, the value, F(X) of the objective function
corresponding to any feasible solution of the
primal is greater than or equal to the value
DF(x) of the objective corresponding to any
feasible solution of the dual (i.e. F(X) > DF(x))
Furthermore, an optimal solution exists for both
problems and Max., DF(x) = Min. F(X).

The above theorem is utilized in a number of math-
ematical programming techniques in deciding when to stop
e e s . e . 24,55

a minimization (maximization) process. The programmes
50lve the primal optimization problem in such a way that

a set of points are dual feasible. The computational
process stops when the difference between the primal
feasible and the dual feasible values fall within a._. _.c¢3%

specified limit.



The principle of duality has also led to the
development of many new and useful programming techniques:
for example, geometric programming (chapter 5), dual-simplex
and primal dual methods, for handling parametric linear
programming, dual quadratic programming etc.,

Moreover, the reciprocal nature of the primal-
dual constraints can find use in the generation of a two
level decomposition and coordination process, thus
enabling the solution of several medium size convex
programming problems, which together might comprise a

prohibitively large integrated problem. 62

Comment @

The principle of duality is also manifest in a
number of physical, economic and mathematical problems:
€.8. a) physical; in electric circuit theory,

duality exists between series and parallel

circuits.

b) economics; the problem of determining

the prices of foods produced by one economy

may be considered as the dual of determining

the quality to be produced.
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CHAPTER 3

TECHNIQUES FOR SOLVING THE LINEAR PROGRAMMING PROBLEM,
50 R . .

As we have indicated in Chapter 2, linear programming
is a special form of the general mathematical programming
problem, in which both the objective function and the
constraints are linear.

Methods for solving linear programming-type problems
have been studied extensively as far back as 1947. Of these,
the most successful and most widely gsed is the Simplex |
algorithm, developed by G. Dantzig.is Much of the chapter
will be concerned with a brief discussion of the Simplex
method and its variants. Ve shall also examine the log=-

arithmic potential method developed by R. Frisch??l

3.1, Some definitions:

In the course of our discussions, a number of
terms will be encountered on many occasions. Some of
these are defined below.

Theorem 3.1,

If a given set of m simultaneous equations in
n unknovns (n>m)

ix = b
has a solﬁtion, and if the rank of A, r(A) = m; then

b can be expressed as a linear combination of m linearly
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independent columns of &.
Theorem 3.1 is based on the assumption that
r(R) = r(ﬁb) where Kb is the augmented matrix

Kb = (&,b) / (3.1.2)

Let n > m then (3,1) contains at most m linearly
independent equations. A solution can be obtained by
assigning arbitrary vélues to the (n-m) variables, not
associated with the non-singular (mxm) matrix, A.

The remaining m variables are uniquely determined
by the (n-m) variables. If all the (n-m) variables
are set equal to zero, the solution to the resulting

system of equafions is called a basic solution.

The m variables (some of which may be zero)

are called basic variables; while the other (n-m) are

referred to as non-basic variables.

A basic solution that obeys the set of constraints

(2.2.p) i.e. x; > 0 is a basic feasible solution. Any
basic feasible solution that minimizes (maximizes) an

objective function, Fééwis a basic optimal feasible solution.

A basic solution to AX = b is degenerate if one

or more of the basic variables is equal to zero.

3.l The Structure of the Solution:

A basic feature of a linear programming probhlem

is that the feasible (admissible) region is convexs;
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i.e, if (xl';x2',...,xm') and (xl",xa",...,xm") are any
two points on the feasible region, any point (xl,xa,...,xm)
situated on the straight line joining the above two points
will also belonz to the feasible region, This fact is of
great help for computational purposes.

The optimum point set, i*,‘(i.e. the set of
points in the feasible region which minimizes the objective
function, F(X)) must always lie on the boundary of the
feasible region. This means that at lecast one of the n
variables must be equal to zero at the minimum.

The number of degrees of freedom (En-m) - called
the dimensionality - of the point set, may be one of the
numbers 6g = O0,1,...,(n-m=1). &g = O. means that there
is only one well-defined corner on the boundary of the
feasible region where F(X) is a minimum; while the case
8g = 1 means that the minimum is reached along an edge
that connects two corners, and soO on. Fig. 3.1 illustrates
the cases (n-m) = 3 and 6g = 0,1,2.

Whatever the dimensionality of the optimum point
set, there exists at least one corner with optimal properties
i.e. at least one optimal point such that at this point
at least (n-m) of the variables are equal to zero.

If the simplex method (Section 3.3) is used,
the procedure consists of essentially in first seeking

some corner on the feasible region. This is followed

- U6 =



by systematic moves along edges from corner to corner

until an optimal corner is reached.

Be3e The Sgpplex Method

Consider a standard form of the linear programming

problem (i.e. one for which the inequalities have been

reduced to equalities by the introduction of appropriate

8lack variables):

41

Minimize

with

and

Solutions to (3.3.2) have

characteristics:

Theorem 3.2

211%1
as1%

F(x)

8120%5
8o0%5

n
z

i=1

c.X.
i1l

the

a. x 1=
1n“n

X -
a2n n

X =
qmn*n

following

(3.3.1)

(3.3.2)

important

a) Let the rank of (3.3.2) be equal to m, then

if there exists a feasible solution to (3.3.2) =

not necessarily optimal - there is at least one

basic feasible solution to (3.3.2) (i.e. with at

least (n-m) variables equal to zero).

b) If in addition a lower bound to the objective

' function, F(X), (3.3.1) exists, then an optimal

A7



ig. 3.1. Mumber of Degrees of Fresdom

v (P)

(P)




basic feasible solution to (3.3.2) exists.

The simplex method makes use of the above
characteristics,

Suppose that we have a basic feasible solution
for which the objective function is not necessarily a minimum.,
The simplex method proceeds by eliminating each of the m
basic variables from all but one of the (m) equations by
choosing a pivot term in a manner similar to the ordinary
elimination for solving m equations in m unknowns.

At the end of each elimination process, a simple
test is applied in order to determine whether or not the
solution is optimal. If not, a corrective procedure is
applied which substitutes one-of the non=-basic variables
for one of the basic variables, The procedure is
repeated (in a finite number of times) until the optimﬁm
is reached - if one exists,

The net effect of an elimination process is that
the original system of hésic equations is replaced by an

equivalent system of equations called the canonical system.

The elimination procees is, therefore, sometimes referred

to as a reduction to cancnical form. 15

Iif XysXpseeesX are the variables selected for

élimination, the canonical system takes the form:
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xl + al m+1 xm+l * aee * alnxn = bl
x2 + a2 m+l xm+l + se. + a2nxn = b2
*n + qm me1 Fmey toeer ? amn*n = bm
“F(X)+ iyt mer¥me1 Feee * Cp¥y = =F,
(3.3.3)
where 515» Bj and ﬁo are constants. Equation (3.3.3)

is equivalent to (3.3.2). In the discussions that follow,
we shall assume that the system of equations are in the

canonical form.

3.3.1. Test for Optimal Basic Feasible Solution

The optimal solution is established by the following
theorems:

Theorem 3.3

If in the canonical form, the values of b

and Ej are non-negative, the basic solution is optimal.

Theorem 3.4

If in the canonical system, the basic solution is
feasible and Ej > 0 for all nonbasic variables, the solution
is the unique feasible optimal solution.

Corollary.

If in the canonical system the basic solution is

feasible and Ej > 0 for all j, then no other feasible
solutions can also be optimal unless the values of xj =0

whenever Ej > 0, |



3.3.2. Improving a Non-optimal Basic Feasible Solution.

An important property of the standard simplex
method is that it works only with basic solutions which are
feasible (i.e. Si > 0).

Consider the canonical form (3.3.3). If all the
Ei > 0 and at least one Ej < 0, then a new basic feasible
solution can be constructedlby increasing the corresponding
non-basic variables whose Ej < 0 (while keeping the other
non-basic variables at value zero) and adjusting the values
of the basic variables accordingly. The new value of the
objective function will generally be lower than
F(x) = F_ in (3.3.3).

An empirical rule for choosing one of the non-basic
variables, X is

g = min Ej <0 (3.3.4)
This rule usually leads to fewer iterations than just
choosing any Ej < 0.

Using the canonical form (3.3.3) we construct a
new solution in which X, assumes some positive value. The
values of the other non-basic variables are still equal to
zefo while the values of the basic variables, including F(x),

are adjusted to account for the increase in x_:

8
X5 = by - a5 5% i=1l,0e.,m (3.3.5)
F(x) = Fo - Esxs (3.3.6)

Since Es has been chosen negative, it follows
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that the value of X, should be made as large as possible in

order to make F(x) as small as possible (for a minimization

problem). In fact, if all ajg £ 0, x, can be made

arbitrarily large, establishing the following:

Theorem 3.5.

If in the canonical system, for some Xy all
a;, < 0 and ¢, < O, then a class of feasible solutions can
be constructed whose F(X) values have no lower bound.

If, on the other hand, at least one ais > 0, then
there is a limit on the largest value that Xy can attain.
For example, beyond the value of xg = (Silﬁis), the value

of X4 (the basic variables in (3.3.5)) becomes negative.

If ais > 0 for several i , then the smallest
of such ratios, denoted by i = r, will determine the largest
value of X possible, such that all values of X5 in (3.3.5)

remain non-negative.
*

Suppose Xy = Mmax X/ possible; then
* H 3 g
x, = 2L = Mn iLl )20 (3.3.7)
i >
4rs 4is 0 qis
with a > 0. In case of a tie, r may be chosen arbitrarily;

rs
e.g. choose amongst the tied variables, the one with the

smallest subscript; or choose one of the tied variables
at random.
If the solution is degenerate (i.e. one or more

b; = 0), then it is clear by (3.3.7) that for some & >0,
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the corresponding value of gi of the basic variable is
zero; so that no increase in X is possible that will
maintain the values of the basic variables non-negative.
Hence there will be no decrease in F(X). Special methods
for handling degenerate cases are, therefore, required.

Several approaches have been proposed. One is

the gertdrbation method of Charnes. The other scheme

involves lexicographical ordering of vectors. A detailed
discussion of those methods can be found in i

However, if the solution is non-degenerate, we
have the following result:

Theorem 3.6

If for some s, Es < 0 and at least one ais >0
then from a non-degenerate basic feasible solution a new
basic feasible solution can be constructed with a lower
value of F(X).

The new basic feasible solution is then tested for
optimality. If it fails, new variables (non=-basic) are
chosen by criterion (3.3.4). The process is repeated
until (after a finite number of iterations) it terminates
in either:

(a) a class of feasible solutions for which

F(X) + = ® : (Unbounded solutions);

or (b) an optimal basic feasible solution (all Ej>0).



34343, First Feasible Solution:

In practice, a number of problems often have a starting
feasible canonical form. For other problems, however, this
is not the case; e.g. when the model does not have slack
variables for some equations, or when the coefficients of
some slack variables are negative. In the latter situation,

a set of artificial variables are introduced into the

standard form of the linear programming model:

N N+M

jE1 8g5%5 ¢ i,§=NJ§”x3 i=1,.005m  (3.3.8)

X 20 J = 1l,...,N4M; where (XN+1, XN+2""’XN+M) are
the artificial variables. The resulting auxilliary model
(3.3.8) is in canonical form, and the simplex method can
now be employed.

The method of providing an initial feasible solution
is usually referred to as Phase I.

Note, however, that any solution to the new problem
(3.3.8) is not a solution to the original problem (3.3.1) and
(3.3.2), unless all the artificial variables are zero. Since
all the artificial variables must be non-negative, it is

sufficient to make their sum equal to zero.

The calculations are, therefore, started by

e s s . 5
Minimizing the sum of the artificial variables: 2
N+M
. r X. = w (3.3-9)
j=N+1 ¢ :

subject to X, 20
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In practice, the equivalent form of (3.3.9):

N M
w = I d4.x. + I b, x. > O, (3.3.10)
L = J 'J 1= 'J Jd -
J"l d 1 ‘ N
is minimized, where d, = = I a.. 1 = 1l,...,m
J j=1 iJ

(3.3.10Db)

Equation (3.3.9) is called the sum of infeasibilities.

If this sum is reduced to zero, then there is a genuine
first feasible solution to the original problem; and the
original objective function can be improved by applying the
simplex steps. This then is the Phase II of the algorithm.
If at the end of Phase I, the sum of infeasibilities
is positive, the original problem is infeasible.
A detailed procgdupe involved in both Phase I and

Phase II is given in Ref15

5.15 -
3.4, Revised Simplex Method: 5,13

In the simplex method, a large number of computations
are done and recorded in the tableau. Some of this infor-
mation is not required: in fact only the modified cost row,

the modified requirement'vector (Ei) and the column corres-

ponding to the variable entering the basic set play any
role in the decision process.
The essence of the revised simplex method is to

use simplex muitipliers and the inverse of the basis to

determine, directly from the original equations, all the

necessary information for the decision at hand.

-55 -



Definition:

Multipliers L i=1,...,m are called simplex

multipliers relative to the F(X) equation, if multiplying

the first equation of (3.3.8) by T, the second equation by
Toseees the mth equation'by T and subtracting their sum
from the F(x) equation eliminates the basic variables.

A set of multipliers relative to the auxilliary

equation, w, is denoted by o, 1 = l,...,Mm.

i
The multipliers display the following characteristics:

Theorem 3.7.

The simplex multipliers are unique and are equal
to the negative of the coefficients of the artificial
variab;es of the F(X) and w-equation of the canonical form
(3.4.1 ).

Consider the following system of equations (24.3.8)

after cycle O.

allxl + a12x2 + eee *+ alnxn + Xn+1 = = b1
a21x1 + a22x2 + eue ¥+ a2nxn +xn+2 = b2
L ami¥1 v 8po¥p T oeee t BXp oem T bm
dlx1 + c2x2 + 400 + dnxn --w=-w°
where wmis given by equation (3.3.9) and di by (3.3.10b)
w = % b,.
o ij=1 1



The problem is to find Xj >0 J =1l,ieeyn

satisfying (3.4.1. ) such that w = 0 and F is minimized.

th

For the standard simplex method, after the K cycle, the

basic variables may be: xl',xz‘,...,x 'y =F,=w with the

m
baSiC feasible Solution giVen by xl'=bl, X2'=D2,...,Xm'=bm;

Xj = O otherwise :
basic Admissible variables Artificial variables Constant
terms
Var [ xl L N B ] xn xn+l ’ xn+2 , L I 2N ] Xn+m
' Rd L] . - - e - : B
X! . : :
4 - -— - - -
L ] arl - 00 rs o e s arn I"n-{-l . " @ arn+m - br
- L ]
L ] - L ]
x_ " B . ses B _ es. B 3 ... 3 = B
n ml ms mn mn+l mn+m m
-F cl s v e cs s o0 cn cn+l ee e Cn+m -W = -Fo
-W dl s 0 ds s 00 dn dn+l PRI dn+m - - -Wo

(3.4, 2)
For the revised simplex method, however the only
recorded information from the tableau are the coefficients
of artifiecial variables, the constant terms Ei and the names
of the corresponding basic variables. During the cycle, part
of the missing data from the tableau.is generated as required
directly from cycle O (i,h.l.). These involve values of

Ej, aj J = 1,...,n and the values of the column j = s.
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Since the first m equations of (3.4.1.) are in
canonical form with respect to xn+1’xn+2""’xn+m’-F’-w
and the system of equations (3;“. 2) is in canonical form
with respect to xl',x2 seeesXy »~F;=w it follows that:

If the basis B 1s the coefficient matrix of
xl',...xm -F,-w in (3. H 1.) then its inverse, B' is the

coefficient matrix of x s=F,-w in (3 ” 2)

An element in a given row and column of (3 H 2)

can, therefore, be generated from (3 & 1 ) by forming a scalar
product of the correspondlng row in the inverse and corres-
ponding column of (3. u 1). Thus a-j can be generated for
say J = s by forming the scalar product of the ith row of

-1

the inverse B ~ by the jth column of (3 h 1l):

-t
where Bij are the elements of B and are given by
a l,00.m) (3.4, 1)

B .. = a. . (i,]
The Ej and d. are generated by the scalar product

ij i’n+j
d

P
of the F and w row of the inverse, B with the jth column of

(3. 4.1 ) .
Ej = c; - (wlalj FMaB,p + el + Moal ) (3. “; ?)
d; = dj - (°1alj +Oy850 + aae 4 08 .) (3 4. 6)
where m. = - ¢ .. K= 1l,.eem (3o 7



(i.e. 3.4, 7 Ty and o, are coefficients of artlflclal
variables in the F and w equations of 3. “. 2)

Finally, b. Fo and ﬁo can be generated by the

1,
relation
Si = Byby + By, + eu. 4 By (B.H._9)
F, = mby + Myb, 4 ...+ wbo (3.4.10)
ﬁo = gyby + 0D, 4 ...+ g b (3.4.11)

3.4,1. Advantages of the Revised Simplex Method

1) 1In the standard method, the comp;ete problem has to
be up-dated. This involves (m+l1l)(n-m+l) operations.
In the revised simplex method the up-dating involves
(m+1) (m+1) operations. This can result in considerable
savings in both time and storage capacity, especially for
situations where n is much greater than m and A is a sparse
matrix- which is usually the case in practice.

2) The revised simplex method is more flexible;
e.g. one does not have to complete the pricing operation,
for every iteration: instead one can use multiple-column-
selection techniques in which one uses the pricing operation
to select a number of the most promising columns, up=date
them and then do a few steps of the standard method on the

resulting small sub~-problem.



3.4.2. Product Form of the Revised Simplex Method:

With the product form, the invefse of the original
matrix, B , is not recorded explicitly; rather, it is
represented as a product of elementary matrices. Each of
these matrices represents the effect of a single pivotal
operation,

The effect of pivoting in the rth row is to

1 by a matrix that is unit except for the rth

premultiply B~
column, which is computed from the up=-dated pivotal column
in the tableau. Such an elementary matrix is generally
referred to as an E-matrix.

Instead of recording the entire E matrix, one
simply records the column number, r, and the non-zero
elements in it; the remaining unit columns being understood.
These unit matrices are so taken for granted that the
elementary matrices are often referred to as vectors,
specifically n=vectors.

The above operation is equivalent to storing the
entire‘inverse of the matrix. It clearly reduces computer

storage requirement, and is, in fact, the version that is

largely used for digital computations.

1 .
3.5, Variants of the Simplex Method d..

This section contains a summary of certain modifications
to the simplex method that were developed in order to take

advantage of situations where an infeasible basic solution to
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the primal problem is available. Examples include cases
where a set of problems differ from one another only with
regard to their requirement vectors or the cost factors.
In such situations, it may be convenient to omit Phase I
(if this were possible) and to use the optimal solution
of one problem as the initial solution of the other.

Some of these methods are discussed below.

3.5.1. Dual=-Simplex Method

The method was developed to handle a class
parametric linear programming problem; i.e. cases where
a new problem differs from the original one in the values
of the requirement vector (Ei) only. The optimal basis
of the original problem still prices=-out optimally
(Ej > 0) for the second problem. However, the associated
solution may not be feasible.

However, the said optimal pricing out implies
that the solution to the dual problem is feasible. For
15

this situation Lemke ~ developed the Dual=-Simplex method,

as a variant of the standard simplex algorithm. It operates
with the same tableau as the primal method; however the
Ej > 0 from iteration to iteration (instead of by > 0).
If all the Bi > 0, then the associated problem
is optimal as well as feasible. If not, a pivot row, r,
is chosen such that ‘
B, = MinbB; >0 (3.5.1)
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and the pivot column, s, is chosen such that

cs, = - - C: = -
/-3, = Min“J/ 83 (arj < 0) (3.5.2)

Clearly if all arj > 0, then the primal has no feasible
solution.

When the Dual~-Simplex method is viewed in terms
of the primal variables, one decides first which basic

variables to drop, and then decides which non-basic

variables to introduce.

3.5.2. The Primal Dual Method

Apart from the Dual-Simplex method, several other
computationally similar variants of the standard primal
simplex algorithm have been developed; for example, the
method of Leading Variables, Parametric Linear Programming
and the Primal-Dual methods.

The Primal=-Dual method, developed by Ford and
Fulkerson for solving transportation problems and later
extended to handle the genéral linear programming problem
will be discussed in this section. Our discussion will
concentrate on the generalized form of the method rather
than the original algorithm of Ford and Fulkerson.

Any feasible solution to the original problem
may be used to initiate the method, which is based on the
fact that corresponding to any dual solution is an

associated restricted primal requiring optimigzation.
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When the solution to the restricted problem has
been found, an improved solution to the dual system can be
obtained. This in turn gives rise to a restricted primal
problem which has to be optimized. The process is
continued until, after a finite number of improvements,
an optimal solution to the original unrestriced problem
is obtained.

As with the Dual-Simplex method, the entire process
may be considered as a way of statfing an infeasible basie
solution and using a feasible solution to the dual already
at hand to decrease the infeasibility form of the brimal
in such a manner that when a feasible solution is found, it
will already be optimal.

The initial canonical form of the Primal=~Dual
Method is the same as for Phase I of the standard simplex
(3.3.11). It is assumed that a feasible solution to the
dual 1is available;’ and that by applying the associated
multipliers and summing, the cj have been adjusted before
augmentation by artificial variables. So that now

c; 2 0 (J = 1yeeesn) (3.5.3)

The problem is to find xj > 0, w = 0 and Min. F(x)
Satisfying (3.3.11). Suppose that after cycle t the tableau
is as shown on page 57. Artifiecial variables not in the

basic set are dropped from the system.
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Theorem 3.8.

If ﬁo = O then the basic solution is optimal.
We note that when ﬁo = 0 the artificial variables all have
zero values in the basic solution. When these are dropped,
the feasible solution has Ej = 0 for ij > 0, which fulfils

the condition of optimality.

Cycle t: Tableau of the Primal=-Dual Algorithm
basis
~ — —
Xqeoo xq Xq+1 ese X xm+i e Xm+p Xm+p+1 ces Xn+q | T O

1
1
1. & m+l®* *%m mep © +8y n4g b .>0m o

0 ... O 0 ees O dm+1 P dm+p dm+p+1 vas dn+q w:wo
* * * . c = -

LI N ) - o9 0 [ B B ) 0 cm+p+l L I BN ) cn+q F Fo
——— \.__,__,__———--—:—-“\(‘~———-—~—-___/—/k = ~—— g
artifical cj = 0 cj >0

.\__—”_,,,——"—’*‘*\»f""““‘_'”“*~——~—~—4

restricted primal

Step 1. Minimizing Infeasibilities in the Restricted Primal

It is assumed that at cycle t there are one or
more xj with Ej = 0. These xj togethervwith the basic

variables constitute the restricted primal problem.
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Using only these variables for first choice, the
simplex method is applied to minimize w.. The artificial
variables which have become non-basic are usually dropped
from the system.

Step 2. The process is terminated when either (a) w = 0 in
which case the solution is optimal; or (b) if w > O and
all aj >0 (j = 1,...,n) thus implying the non-existence of
a feasible solution. If, on the other hand, w> O and one

or more aj < 0 then proceed to step 3.

Step 3. Improving the Dual Solution:

This is achieved by means of new multipliers:

"= mg o+ Ko (3.5.4)
which generate non-negative cost factors
- X -~ -
c; = ey ¢ de (3.5.5)
where K is positive and is defined by:
K= ®8/(-8s) = Min %j/(-3;) > 0 (3.5.6)
dj<0

The new restricted primal is obtained using all

the basic variables and all the non-basic variables whose

-
cost factors cj = Q.

For further discussions on the Primal-Dual method

see Ref. 5.

3.5.3, Qther Variations

In contrast to the above algorithms Gass and

Saaty have developed a method for solving problems with
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32
constant requirement vector but varying cocefficients. This

method, too, relies heavily on the standard simplex algorithm.
It has been used quite extensively for the solution of
parametric linear problems with varying cost coefficients.
Details of the algorithm are contained in reference 32

In some cases the problems may differ by more
than just the constant terms. Consequently, the old
basis may not price out optimally. This may lead to
neither the basic solution nor the dual solution generated
by its multipliers remaining feasible. In such a situation
a composite algorithm of which the Self=Dual algorithm

15
is an example is employed.

3.6. Logarithmic Potential Method:

This was developed with special emphasis on
macroeconomic planning. The main motivation was to
develop a method that would involve less work than the
simplex method*

As we have indicated (Section 4,2), the simplex
method first seeks some corner on the feasible region, and
then moves systematically along the edges from corner to
corner, until the optimal corner is reached.

A major difficulty with the simplex procedure

is that in the course of the elimination process, one

* QGenerally, with regard to desk computation. Most of this
was done in early 1950's when the high speed large storage
digital computer had not been firmly established.
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may, from time to time, reach a multiply determined corner
(i.e. obtain a degenerate solution), Possibly an optimal
solution may itself be degeneratej still further laborious
test would be required to ascertain whether it is actually
optimal or not.

The logarithmic potential method, however, works
systematically in the interior of the feasible region.
It uses a logarithmic potential as a means of ensuring
that the solution process is always within the feasible
region.

The following is a brief summary of the method.

Define the potential

m ' n

PP(X.3X, ss005% ) = I 1log x, + I 1log x.
1*72 ) n K=i,..‘9 K ,j=m+1 J
(3.6..1)

In other words, the potential is the sum of the logarithms
of all the variables (Basic and non-basic). The potential
is continuous with continuous first derivatives anywhere
in the feasible region; but as any point in the boundary
is approached, the potential tends towards = ©.

The potential can be viewed as a function of the

basic variables with partial derivatives
n

VPFK = %%E = —%— + I a.K/x.; K= 1,.0u,m
K "k jm=mer 9% |

(3.6.2)
where VPF is the gradient. of the potential.\



Consider also the gradient of the objective

function VFK where FK = Cq%y + CoXy +ewotC X (xi=0 for

i=m+l, m+2,..,,n).

These . two gradients define two different directions
along which one can move in the iteration process. In order
to increase the objective function, it is desirable to move

in the direction +VF but in order to steer away from the

K 5

boundary, one should move along the direction VPFK.
The optimal solution is obtained through a compromise

between the two directions. A detailed procedure of obtaining

L3 - . L3 - O .
the compromise is coritained :|.n3 - L3S - B D

For desk machine computations, logarithmic potential
method seems to have been quite successful. However, with
the advent of high-speed; large-storage digital computers,
the simplex method (in the inverse product form) has so
far proved to be the most efficient method for solving
linear programming problems.

The importance of the logarithmic potential method
lies in its modification and generalization to handfnon-
linear programming problems. This aspect has been

considered in some detail in Chapter 5.



CHAPTER 4
INTEGER PROGRAMMING METHODS

4.0. For many practical problems, the solution variables
are required to be integers. In situations where the
variables are sufficiently large, the resulting solution
may very well be rounded off to the nearest integers
satisfying the constraints. However, there is a host of
problems for which the integer solutions must be very small
numbers: often O, 1 or 2. Any round off may, therefore,
give solutions which are far removed from the optimum.
Integer programming is the name given to solving
linear programming problems when the variables must take
integer values. The methods are classified into pure

integer programming when all the variables must be integer;

and mixed integer programming when only certain specified

variables must be integers.

4,1, The General Integer Programming Problem:

The general integer programming problem may be
stated as follows: Find XyseresXy with Xs integer valued

for some specific set of indices 1€J such that

n
F(X) = T C.X. (4.1.1)
| =1t 1
is minimized subject to
n
.jEl ainj z bi 1 = 1,uoo’m (uulna)
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An equivalent formulation is: Find XpseeeaXy with

xj integer valued for some specific set of indices i J such

that
- n
F(x) = 80 * I aoj('xj) (4,1.3)
J=1
n .
L% % 0 B leeom (4.1.4)

We shall use the latter formulation in the
discussions which follow.

It is clear that if J spans the entire xj range
J=1,i..,n, (i.e. J=JT) then we have a pure integer
programming problem; while if J spans only part of the
_range (i.e. J=Jm) then the problem 1s of mixed integer
programming type. If , on the other hand, the integer
requirement is dropped (i.e. J=JO) the problem reduces

to a linear programming problem.

h,2, Methods of Solution

Several practical methods for solving integer
programming problems have been developed. Some of these
will be briefly discussed here. A more detalled exposition
can be found in the survey paper by Balanski.2

The methods will be discussed along the following
general classifications:

a) Cutting-plane methods
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b) Primal methods.
c) Mutual Primal-Dual methods.
d) Branch and Bound methods,

e) Dynamic programming algorithms.

a) Cutting-Plane methods

Much of the work in this field has been done by
R.E. Gomory. The underlying approach of the cutting-plane

methods may be viewed as a process of convexification*.

That is, the process of solving (4.1.3) and (4.1.4) isolates
a feasib1e>point with the required integer property by
making it an extreme point of a new polyhedral convex
constraint set at which the linear form (4.1.3) is
minimized (maximized). This is achieved by devising new
constraints in such a way that a finite number guarantees
finding a linear programme whose solution hsas the required
integer property.

The basic tool for the cutting-plane (or the
new constraints generation) methods is a dual Simplex
method (chapter 3 ). Many different cutting-plane methods
are possible, depending on how the new constraints are

generated. Several of these are discussed below.

(1) Pure integer Programming I.

Consider a linear programming problem whose

solution variables are required to be all integers. Let

* Por other possible points of view seeRef. 2,
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the variables be expressed in terms of the non-basic
(independent) variables. A typical equation of the

linear programme then becomes:

n 4
X; = as, +ji1aij(—xj) . (4.2.1)

A new non-negative integer variable, xs' can
now be defined. Let ¢ = [E}Y + £ where [E}! is
the integer part of t and 0 < £ < 1. Let 7 > O.

Define

[aij/ﬂ]I * E,3/11 0z Ej < T

J = 0,1,...,n C(4.2.2.)

ai5/m

Then, after dividing through by 7 (4.2.1) may be
written '

Xe, + (1,) I E.x. ={[a. Iy sTa.., P(-x.)}

i/n I 373 io/w { ij/w J

* o Boi/g (4.2.3)

Now, the left-hand-side of (4.2.3) is non-negative;
so does the right-hand-side. However, by definition (4.2.2)
(Eo/w) < 1 and the expression inside {} in (4.2.3) is integer.

Therefore the term inside {} must be non-negative as well

as integer; i.e.,

_ 11 . I
xj' = '[aio/ﬂ] + Z [?ij/ﬁ] ( xj) > 0 (4.2.4)

is a new constraint. The above type of constraint was

developed by R.E. Gomory and is applicable to pure integer

programming problems.2



(i1) Pure Integer Programming II

Let m = 1. Then(4.2.3) can be rearranged to
give I

2gsxy = 1 [aio] ¥ z[éij]I('xj) T X ot g,

(4.2.5)
Again the left-hand-side of (4.2.5) is non~-negative and hencé

the right-hand-side; but Eg < 1 and the term inside {}

is integer. Therefore

A + . X.
xJ Eq T ngJ
= g, t L (~gj)(~xj) > 0 (4.2.6)
is a new constraint. This is the constraint developed

in Gomory's first cutting-plane method.

(iii) Mixed integer programming

Suppose that in problem (4.1.3) and (4.1.4) only
X: for i J are constrained to be integers. Consider a
topical equation (4.1.4) of the linear pfogramme corresponding
to a variable which is integer constrained. Then, making
the substitution (4.2.2) for j=0 and j J, and letting
m=1l, equation (4.2.1) can be rewritten:

- =X .
z £.X. z a,.x. = {{a. ] +E a,. (=x.)=-x.}
j€Jm ity o+ jeJm s Ry [-10 jéJm ij J i

+ g ~ | (4.2.7)

The term inside {} is integer and is either (a) greater

than or equal to zero or (b) less than or equal to -1.

Thus in case (a)
- 13 .



X + z Qs s X > (}-‘.2.8)
j€J EJ J ngm iJ d - %o -
and hence .
T £.X. + I as:Xs > Eg (4.2.9)
: Jd J s 1 3 =
JeJm (JeJm:aij > 0)
In case (b)
z Eix. z c.x. < -1 + & 4.2.10
jes X5t Ges, Pasy - TR o ( )

and hence

57 a..X. > g -1 (4.2.11)
. < id J - o
(jed > ag; ~9)
or
J€ m? j
Since the coefficients of all the variables
in the last inequalities of (4.2.28°) and (4.2.10) are

non~negative, we have:

X:' = =g+ L (-E.)*(~x,) + L (-a..)(-x.)
i 0 . J J . 1J J
+ I (Eo as:/(1= ))(~x;) > ©
(jeJm’aij<O) QO %ij o J -

(4.2.13)

where xi' is a new constraint; also developed by Gomory.
Using the above new constraints Gomory proposed
two algorithms, two for the pure problem and one;for the
mixed problemn. Details of these may be found in
and also in 2
The algorithms converge to an optimal solution with
the requifed integer property in a finite number of steps -~

if such a solution exists. Unfortunatély, however, the

- T .



codes have proved erratic in performance: sometimes
solving large problems (e.g. a thousand variables in 100
constraints), while at others breaking down for no apparant
reason.

Several new codes now perform much better;

e.g. the one by Haldi and Isaacson. 4o

(b) Primal HMethods

As we have mentioned above, cutting-plane methods
solve the integer programming problem by the dual simplex
method. Primal methods have also been developed for
solving pure integer programming problems along the lines
developed above.

The tableau is kept integral by pivoting only on
the unit elements. The variable to be introduced in the
basis is chosen as one with a negative reduced cost
(Chapter 3. If however, the variables have a non-unit
coefficient in the row in which one would naturally pivot,
then the following transformation is introduced: if the

natural pivotal row is:

and if
a, . a.. 1 £. .
....:.i'.g. = __i.g.] + _1J 0 i Eij <T > 1
m m m I (4.2.15)
a
where, as in the case above, [—ﬁi] is the integral part

of a. The above transformation gives rise to a new

ij/w°
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integral and non-negative variable.

a I 2 L
L - iO] [ i,l] am
Xy [fF— + I = ( Xj) (4.2.16)
satisfying the constraint that x.' > O.

With the new conditions (4.1.2 and x,'>0)

satisfied, it becomes possible to generate a suitable

pivotal row for any w such that

Max { 4is/2°* %io/ [<aio/ais) * lJ bem 2 8is
(4.2.17)
where X is the variable being made basic and (aiolais)
is the value of x, at the nezt trial solution.

Note that the above approach is essentially similar
to the "cutting=-plane® methods, except that the computation
algorithm is the primal simplex method rather than the dual
simplex method. L.M. Isaacso&%?has written a computer code
for the special case when w = 1. The code uses the "revised
Simplex" method or the inverse method for carrying out
computations. The code can handle up to 300 variables
in 120 constraints. It has achieved successes on a number
of test problems:; and is, in fact, the code used for
solving a network design problem in Chapter 10. .- . .

The author's computation ekperience with this method is

that its performance is also erratic.



(e) Mutual Primal-Dual Methods:

These methods were developed by M.L. Balanski and
R.E. Gomorysvand independently by G.W. Graves?8 Grave's
version was specifically developed for the application to
the general mixed integer programming problems.

The essential features of both methods are the
elimination of "artificial variables™ for the initial
feasible solutions and the use of a nested sequence of
contracting alternate primal and dual problems to cope
with degeneracy.

In addition to the above common features, Graves
algorithm provides explicitly a unified treatment of mixed
systems containing both positive and free (non-restricted)
variables as well as both inequalities and equations.
Furthermore, the algorithm tends quickly to dispose of
free variables and of equations thus effectively reducing
the size of the problem under consideration.

The author has only recently learned of the
algorithm and has, therefore, been unable to programme
and apply it to any specific problems. But its comp=-

utational efficacy seems to be very promising .

(d) Branch and Bound Methods.

In 1963 Little et al.’Ydeveloped a method which

they successfully applied to solve travelling salesman-



type problems. They called it a 'brench and bound'
algorithm.

Three years earlier, a similar method had been

7,

proposed by Lang and Doing l%s suitable for solving both

pure and mixed integer programming problems.

The procedure involves the solution of a series
of linear programming problems in which upper and lower
bounds are imposed on all integer variables. Initially
the bounds are placed far enough apart to be sure to include
the optimal solution (with integer variables). In the
course of the enumeration of each sub-problem, a current
best known solution is stored. The process is continued
until all the possibilities have been exhausted. One of
these solutions is an optimal solution.

A detailed account of the general procedure, together
with Lang and Doing's version may be found in reference 2
So far no computational experience with Lang and Doing's
method has been reported.

Several variations of the general branch and bound
procedures have since been proposed and successfully used
to solve a variety of problems,2,5 - " In this section, we
shall consider the special versions due to GloverEﬂmand

b

Balas . Their version falls under the general sub-

classification of Partial Enumeration methods, By this

method one considers only trial solutions where all
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variables must be integers, but in which the constraints
may not all be satisfied.

A major advantage of the method is that not all
solutions are explicitly enumerated; rather they are
implicitly enumerated by considering groups of solutions
together. Consequently, substantial saving in storage

requirements is assured.

Definition 4.1.: A partial solution, S, is an assignment

of binary values (O or 1) to a subset of n variables.

Any variables not assigned a value of S is called
free. In the discussions that ensue the following
notational convention will be adopted: the symbol j denotes
that X5 = 1l and -j denotes that X5 = 0. For example,
if n = 5 and S = {3,5-2} then Xy = 1, Xg = 1, x, =0 while
Xy and x) are free. The order in which the elements of

S are written represents the order in which the clements

are generated.

Definition 4.2: A completion of a partial solution, S

is a solution that is determined by S together with the

binary specification of the values df the free variables.
Thus in the above example there are four possible

completions of S: (0,0,1,0,1),(0,0,1,1,1)(1,0,1,0,1) and

(1,0,1,1,1). It is clear from the above definition

that a partial solution S with s elements, say, determines

n=-s

a group of 2 different completions or solutions. For
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the special case when there are no free variables, there
is only one completion of S: the trivial one determined
by S itself.

Implicit cnumeration involves generating a sequence
of partial solutions and simultaneously considering all
completions of each,

As the calculations proceed, feasible solutions
are discovered from time to time. The best one yet is
stored as an incumbent.

It may happen that for a given partial solution
S, a best feasible completion of S can be determined.

If such a solution is better than the best known feasible
solution, then it replaces the latter in store.

On the other hand, it may be established that
S has no feasible completion which is better than the
incumbent.

In either case, we say that we can fathom S.

All completions of a fathomed S have been implicitly
enumberated in the sense that they can be excluded from
further consideration, the only exception being a best

feasible completion of S that unseats the incumbent.

Definition 4.3: A partial solution for which no completion

in the sequence ever duplicates a completion of the previous

partial solution that was fathomed is called a non-redundant

partial solution.
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The main steps for generating a non-redundant
sequence EY are illustrated in Fig. 4.1.33 The scheme
terminates only after all 2™ solutions have veen (imblicitly)
enumerated. The question of how to fathom a given S is
answered by the illustration in Fig. 4.2. This is the
version due to Balas. A

For Fig. 4,1. we start with 8° = 0 , indicating an
empty set. 1f S° can be fathomed, the process is terminated:
Either there is no feasible solution c¢¥ there is one and
the best feasible solution can be found.

1f S° cannot be fathomed, it is augmented by
specifying a binary value for the additional free variables
at a time, each trying to fathom the resulting partial

Ky

solution until, at some trial K S is fathomed.

In order to be sure of having enough information
in the future so as to enable us to know when all 2%
solutions have been accounted for, SKl is stored. Further-
more, to be sure of having non-redundant sequence Sv

starting from v = Kl + 1 on, we must have in all future
SV at least one element complementary to SKl. Once SKl
has been stored, the condition for non-redundancy of SKl+l
may be accounted for by taking SKl+l to exactly SKl with
the latter's element multiplied by =1 and underlined.

Kl+l

If s can be fathomed, then all completions

Ky

of S ~, without its last element, can be enumerated; so
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K

. 1 K1+l
that we can 'forget' the fathoming of S

and S and
'remember'! that only SKl with its last element has been
fathomed. For example if Kl = 3 and 83 = {3,5,-2} is
fathomed and then Su = {3,5,2} is fathomed, then all
completions of {3,5} have been accounted for. So that
fathoming s? ana S4 is equivalent to fathoming {3,5} .

Such procedures lead to economies in the storage requirements.

K1+ K
S 1+2 is chosen as S 1 less

By the same token,
the latter's last element with its next to last element
multiplied by -1 and underlined. In the above example
s2 = {3,-5} .

If on the other hand SKl+l cannot be fathomed,
then it is augmented by a binary value for one additional
free variable at a time, each time trying to fathom the
resulting partial solution until at some latter trial
K, SK2 is fathomed.

When SK2 has been fathomed it too (in addition
to SKl) must be stored. Consequently, every succeeding
K2

K
sV contains elements that are complements to S 1 ang s

respectively.
K2+l K2
with the latter's

4

Thereafter S is taken as S
last element complement and underlined; e.g. if, say, S
could not be fathomed and S° were taken as {3,5,2,11 ;
i.e. K2 = 53 then S6 = {3,5,2,-1} . The procedure is

repeated until an optimal solution is found - if one exists.
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A particularization of the above procedure, based
on Balas algorithm is illustrated in Fig. 4.2, where the
details of the mechanisms of Steps 1 and 2 of Fig. 4.1.
are also derived. |

Beginning with Step 1, the task is to fathom the
current partial solution, S. This can be done by doing
either of the following:

a) finding the best feasible completion of S.

b) determining that no feasible completion of S

has a lower value of the objective function than

the incumbent.

Definition 4.4: A bounded solution is one for which an.unpper

~bouhd-vgu33'available for each.wariable.
The general strategy of fathoming S involves quite

simple computations. Associated with S is a best completion

x> of S. Such a completion is arrived at by selecting x5

equal to either O or 1, depending on whether 53 > 0 or
c.< O.
J

Let.Ej < 0; then x> = 0. If xg is feasible
then xg is a best feasible completion of S and S is
thereby fathomed.
As a first substep of Step 1 (Fig. 4.1) the
feasibility of xg is tested. As the compﬁtations proceed,

-k
the incumbent feasible solution gives an upper bound 2z

on the optimal value of the objective function (4.1.3).
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Initially z is taken equal to .

If the best completion x§ is not feasible, an
attempt is made to establish that no feasible completion
of S is better than the incumbent. If this is the case,
then it must be impossible to complete S so as to eliminate

21l the infeasibilities of x° and at the same time improve
-*
on z .
The said impossibility may be demonstrated along
the following lines: consider non-zero binary values only

for the variables in

-~ -k
7° = {j free: cx> + ¢. <z . and a,, > O
- J 1J
for some i yi < 0} (4.2.19)
where y; = AX® + b . So that if T° is empty (i.e.
7% = §) then there is no feasible completion of S that is

better than the incumbent, and S is fathomed. The same

conclusion holds if

S
. + X I 0,a. . < 0 4,2.20
V3 Pos lax { ,alJ} ( 20)

for some 1 3 yi < 0,

For the augmentation of Step 2. (Fig. 4.1), one
choice is to augment S by the variable from TE which leaves
the least amount of total infeasiblity in the next xE in

the sense of making
m -

min { yi + a } (4,2.21)

z .
i=1 ij,0

an algebraic maximum.
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Start l

—

: ’Augment S Attempt to fathom
% ' No s® = 0. Is the [Yes 7| Terminate
}_"."_mg attempt successfulg}
‘).:v L *
Attempt to fathom If the best feasible
S, Is the attempt|—Yes— completion of S has
sucgessful? Jbeen found and it is
i l “{better than the incum=-
: bent solution, store it
IIT|II I No as the new incumbent.
| 2
Augment 3 3 3a ,[
2h No Last e}ement of 8
Replace the last element (underlined?
~ of 8 by its underlined [
complement. vis
3d 3¢ v
Replace the last non- Al]l elements of S
underlined element of S underlined?
by its underlined No '
complement and drop all
terms to its right.
Yes
"
Terminate
Fig. 4.1, Flow Chart of a General Enumerative Procedure




Z =z :
s = 0
> - 1d_-—
3 If cx z put
4 —— -k
1la Y 2 0 yes 7 Z = ¢Xx and
2 = x°
No
A
1b -
™ = 07 “ Yes |
No
Y
le 5 + 3 _ Max {0sa;:}< 0
¥ j T8 J
. A—
for some 1 such that , ]
y;?: < 0%
No
’ -
2 Augment S by j T° which N
. m s s
maximizes 3Ly Eln {yi + aij,o}
over al j it
3. 7 k.4
Locate the rightmost element
of 8 which is not underlined.
If none exists, terminate.
Otherwise, replace the element
by its underlined complement
and drop all elements to the
right. :
Pig. 4.2. Flow Chart of a Particularization of Fig. U4.1l.
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The above details have been incorporated into the
procedure of PFig. 4.1. and Pig. 4.2. although the logic
of Fig.ll, has been arranged so as to give & more compact
presentation, the logics of Figs. 4.1. and 4.2. are in

fact equivalent.

e. Dynamic Programming Algorithms:

The work in this field was initiated by R.E. Gomory.36
He showed that if a linear programming problem has been
solved, it is relatively easy to solve the corresponding
pure integer programming problem, so long as the requirement
that the basiérggmion—negative is ignored.

This is done by dynamic programming (Chapter 6).
The non-basic variables are considered in turn and the
state~space (Chapter 6) consists of the finite group of
possible combinations of non-integral parts in the values
of the basic variables.

The computational experience so far indicates
that the method will not necessarily give the anéwef to
the integer programming problem unless the original values
of the basic variables were fairly large

.The remaining part of the section is devoted to
a very brief discussion of Gomory's method of transforming
a given linear integer programming problem into a related
group of optimization problems, which can then be solved

by dynamic programming. The concept behind this procedure
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is that an optimal solution to the group problem from which

is optimal for fhe integer programming problem
it is derived,if the solution is feasible,

Consider an integer programming problem in canonical
form: (See Chapter 3)

oTx (4.2.22)

minimize (maximize) PF(X)

]

subject to AX b ' (4,2.23)
Xx > 0, x integers
Gomory's transformation is as follows: relations

(4.,2.22) and (#.2.23) are written as

e -y _ T= T
minimige P(X) = cpXp * CBXB (4.2.24)
subject to RxR N BxB = b (4.2.25)

ER’EB are non-negative integers.
and B is the optimal basis for the Linear Programming Problem
(4,2.22) in which some of the solution variables are non-
integer i.e:

a) B is an mxm matrix
-1

b) B b > O
..l .
c) cj - cg B aj; > 0 (J = 1,2,00.,min)
(4.2.26)
Condition (¢) implies that ¢ x < ETx for any non=-negative

B
. B is found by the Simplex

oh w4y

vector X. - such that AXx =
Method.

Solving for ¥ and substituting into the objective
function gives .

) -y _ =T = -1, = == .
Minimise F(X) = Cgp X * cBB (b RXR) (4.2.27)
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subject to iB = 874F - RER) (4,2.28)

X integer.

XR, B

For the sake of simplicity in mathematical

argument (and without loss of generality), let the constant

CBE-lS be deleted from the objective function (4.2.27).
Let us define

>~ - - - - ——l-

GR -gR-cB CBB b (4.2.29)

then (4,2.27) and (4.2.28) become

u
0>

(4.2.30)
(4e2.31)

Minimige F(X)

1
o
o'
!
vs)
s
=

subject to XB = R
ER and iB have non-negative integer elements

from (4.2.31).

B
First, the explicit non-negative.condition on EB = 3”16

- B-lﬁiR is removed, Second, EB is an integer vector

1 1

It is now possible'to eliminate X

in (4.2.31) if and only if B ~b anda B EER differ by an

integer vector. Hence the constraint equation

%, 5~15 - BTiRx 1 1

can be replaced by B b = B

1

R RxR (modulo 1)

The vector B b and the columns of B “R can be replaced
by their fractional parts - without loss of generality -
since the contribution of their integer parts is O (modulo 1).
All the fractions are cleared by multiplying both
sides of the constraint equation by D = |det B| and at the

same time replacing modulo 1 by modulc R. The net result

is



Minimise F(%) = 971 ¢.x. (4.2.32)

je1 974
subject to g2 a:X. = o, (modulo D)(4.2.33)
with X5 @ non-negative integer Jj = 1,...,n, where
. --1-] (4.3.34)
a, = D {B7'p (58]
a. = D {ﬁ—la - [ﬁ-la ]I} (4.2.35)
J Z j . j a -

j = l,‘oo,nl
I. .
and [a] is an integer of part a.
Since ¢y 2 0, (4,2.32) and (4.2.33) have a solution
denoted by

YR = (yl,'°',yn) . (u02‘36)

Observe that (§R, 8715 - ﬁ§R) is an optimal
solution to (4.2.22) and (4.2.23) if it is feasible.

The above transformatiors were used by Gomory
to obtain a solution to the original integer programming
Problem. But as we have already indicated, although the
optimal solution §R to the modified problem does have
integer valueS, there is no way of systematically guaranteeing
that all the elements of iR will be non-negative (thus
satisfying the feasibility conditions of the original problems).
Here is an area open for further research work,

71

J.F. Shapiro'~ has also derived sufficient conditions fhet
can be incorporated into an efficient algorithm for solving
the group optimization problem. His algorithm is based on

the renewal and knapsack algorithms of reference:727i
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In a subsequent paper Shapiro extends the method to
an algorithm for solving pure integer programming

problems.



CHAPTER 5
NON-LINEAR PROGRAMMING METHODS

5.0, In practice, we are quite often faced with optimization
problems for which the objective function and/or the sbt

of constraints is non-linear. Computational developments

for such types of problems have not reached the degree of
efficiency enjoyed by such methods as the "Simplex method"

for handling linear and gquadratic programming problems.

However, considerable progress in tackling non-
linear programming problems has been made: many new
techniques have been developed and several old ones modified
and perfected.

This chapter discusses the theoretical foundations
of some of the major mathematical programming techniques
that have been developed to solve a large variety of non-
linear optimization problems.

Emphasis is placed on the general concepts underlying
each method; and, wherever possible, the unity th&t exists
amongst the seemingly completely different approaches 1is
highlighted. Relative merits and limitations of some of

the methods are discussed at length.

5.1, Direct and Indirect Methods:

Broadly speaking, optimization methods can be

divided into two classes: direct and indirect methods.
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Direct methods start at an arbitrary point and proceed

stepwise towards the optimum through direct comparison of
the values of the function at two or more pcints. The
point which gives an improved value of the function is
chosen; and the search is continued until there is little
or no further improvement in the value of the function,
indicating that the optimum point has been reached. Most
of this chapter is devoted to direct methods.

Indirect methods, on the other hand, are concerned with the

knowledge of the function characteristics at or near the
optimum. The necessary and sufficient‘conditions for
optimality are first established; if the conditions are
satisfied, the optimal policy (values of the independent
variables at the optimum) is then determined. This
ultimately involves solving a set of (linear or non-linear)
equations rather than searching for an optimum.

For analytical solutions, the indirect methods
are generally used; but when numerical results are sought,
the direct methods are often preferred, T.N. Eﬁelbaum.has
presented a very good summary of the advantages and

disadvantages of both the direct and indirect methods.

5.2 Indirect Methods:

As we have indicated above, most of this
Chapter will be devoted to direct methods; and the indirect

methods will be considered very, very briefly.  These
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include the 'differential method' and geometric programming;

A, Differential

This is one of the oldest optimization techniques.
It is based on the fact that for X to be saddle point
of F(%X), the gradient of the latter must vanish at that :
point; i.e. |
VE(x*) = O (5.2.1.)
Relation (5.2.1.) is a necessary condition,
Condition (5.2.1) results in a set of non~linear
(or linear) simultaneous partial differential equations
Which can then be solved by methods such as Newton=Raphson
Or Quasi-Newton methods.

At the saddle point, x*, the following expression

is obtained by means of Taylor series expansion:

aF(X) = 3R H % (5.2.2)
where H is a Hessian matrix (i.e. the matrix of second
order derivatives).
A sufficient condition for X to be a local minimum
is that H* be positive definite (sH > 0).

Constraints:

The method adopted for handling constraints will
depend on the type of constraints in question. For example,
strict equality constraints give rise to Langrange-type
problems considered in Chapter 2. Similarly, if there

are both equality and inequality constraints, we have the
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generalized Lagrange Problem (Chapter 2).
Another important indirect method for handling
mixed constraints - called the Maximum Principle -~ will

be discussed briefly in Chapter 6.

B. Geometric Programming:

This is a relatively new method: it was first
proposed in 1961;%3{d The essential concept of the technique
is that instead of seeking the optimal values of the
independent variables first, geometric programming determines
the optimal way to distribute the total cost amongst the
various terms of the objective function.

Once these optimal allocations are obtained,
the optimal cost can be found by routine calculations,

Which in some cases may involve solving a set of non-
linear equations.

The name geometric programming is derived from
the fact that the development of the technique relies on
the dual relationship which exists between the arithmetic
and geometric means of a certain type of functions
considered.

A detailed exposition and discﬁssion of the
method may be found in 77 and 83: .

Remarks:

Geometric programming has received considerably

little attention but its potentialities are apparent,
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especially for problems or functions that can be formulated
in the general posynomial* form, i.e.,
J N aji
F(x) = ng CJ- g_ Xi H
e.g: _
a) optimal reliability problems,

b) efficiency of cascaded governor, turbine,
and generator combinations,

¢c) optimal design of electrical equipment

whose cost functions can be expressed
as products of the design variables.

A major advantage is that the method can handle
very highly non-linear functions (both in the objective
and constraints). And for certain small size problems
the optimal value of the function can be obtained by
inspection

The author has only recently heard of the method,
and has, therefore been unable to present solutions to

specific power system problems.

5.3. DIRECT METHODS

5.3.1; Unconstrained Problems

Although practically all mathematical programming
problems involve a variety of constraints it is essential
to study problems with no constraints. For a large number

of techniques that handle constrained problems rely on the
* See for example, reference 777 for a definition
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procedures for solving the unconstrained problems; all
that is needed is to make appropriate modifications in the
function to take into account the constraints.

As has been indicated (section 5.1) the direct
methods for function optimization are iterative in nature:
thus, starting with arbitrary values of the variables, a

direction for the next step; and the step-length are

chosen. The process 1is repeated until the desired degree
of accuracy has been attained.
Mathematically, this is represented as:
FK+1 =K ' K

= 3K 4K (5.3.1)

where AQK is the direction, and tK the step-length to he

AX

determined; and K is the number of iterations.

5.3.1.A. Choice of Step:

K is usually chosen as the value

The step length t

of ¢t > O which minimizes the function
F(XE + ¢ A%Y) (5.3.2)

The "best" value of tK is obtained by means of
either cubic interpolation or by quadratic interpolation.*
However, in many instances, t is chosen to be identically
equal to one, or to any other arbitrary value. This value
can then be arbitrarily changed in the course of the comp=

utational steps in such a manner as to increase the rate

of convergence.

* See Appendix A5



5.3,1.B, Choice of Direction ( %X)

Two general methods are widely used for this
purpose:

a) In the direction of the first partial
derivatives of the function = VF(x). These are the
"grandient methods".

b) In a direction dependent on VF(x), but
intended to improve on that direction = often referred to

as "modified gradient" techniques.

(i) Gradient Method:

This is alternatively called the "method of steepest
3scent (descent). It chooses

aZF = R or ) C(5.3.2)
'i.e. in the direction in which F(X) has the steepest
slope., The method is one of the most widely used, and has
received a great deal of study. A major disadvantage of
the method is that of slow convergence; furthermore, the

method is susceptible to oscillations in x. 20

(ii) Modified Gradient Techniques

A large number of methods fall into this category;
notably: Newton's method, conjugate directions, conjugate
gradients, projection methods, and partan' (method of
parallel tangents).

The essential feature of the methods is that the

gradient of the function is modified so as to give a better

- 98 -



direction of motion in the iterative step:

- K . _ - -1 o

L {jGH(xK)] VF(xh) (5.3.3)
where the function GH(X) differs according to which method

is used.

Note that the gradient method can be viewed as

a special form of (5.3.3) for which GH(X) -1,

Necessary and Sufficient Conditions for a Local Optimum.

The process (5.3.3) continues until a stationary
point, x° has been found (if one exists) i.e., until the
point for which the following relation holds:

VF(x%) = 0 (5.3.4)
has been reached.

Necessary conditions that a point X° be a local
minimum (maximum) to F(X) are that

GH(X®°) > O (5.3.5)
0 (5.3.6)

Sufficient conditions that a point X° be a

VF(x°)

local minimum (maximum) to F(x) are that
GH(X®) > o0 (5.3.7)
V(%) = o0 (5.3.8)

Note that for a convex function: (i.e. a function

for which the following relation holds
F(y) > F(x) + (y=x)7 YF(x) (5.3.9)
for all y and x) the local minimum is also the global

minimum,
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Methods of Conjugate Directions:

Consider a general quadratic function

T

F(X) = a + %% + 1%%Q% (5.3.10)

where Q is an nyn positive definite symmetric matrix:

a and c;are constants.
A set of vectors S5 ( i=1,...50), s # 0 with
the property that
5;@ 85 = O i#] (5.3.11)
is said to be orthogonal (conjugate) with respect to Q.
Any procedure for obtaining the minimum value of
a funection F(x) - starting from an arbitrary point, x° -
KK | K+l _ K

by generating a sequence of steps (t ) that

are Q conjugate is called a conjugate direction algorithm.
The vectors tist X =.1,...,n are linearly
in.dependent and form a basis in the n-space.
So far, methods of conjugate directions have
proved to be the most efficient for function optimization.
For guadratic functions, covergence to an optimum in
at most n(ssﬁumber of variables) is assured.
However, the methods can handle any convex non=guadrati
functions. This is so because in the neighbourhood of

-k .
the optimum point x , the function is nearly quadratic and

can thus be approximated:

F(X) = F(X') + 3(X~% )T H(X=-% ) + higher terms (5.3.12)
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where H is a Hessian matrix; is symmetric and positive
definite. The higher orders are negligible.
Several conjugate direction methods are briefly

discussed below.

Method 1
a) Given an initial point El, the subsequent
direction is given by
bx, = b8, (5.3.13)
where the initial direction is given by
s, = -vF(x1) (5.3.14)
and VFT . VF,
53 % VR (om0t 84
i-1*"7i-1
i = 2,3,.0-,1’1 (5'3'15)

Where t, > O is selected by a one-dimensional search
for the minimum of the function F(X) versus t along the
line determined by the direction of the vector s; - (5.3.1).
The process is continued until the optimum has
been obtained - within the desired degree of accuracy.
(b) This is essentially the same as (a) except for
the fact that, the approximation of the quadratic function
is reassessed after every n straight-line minimization
Searches.
Thus after the (n)°D iteration, %% is replaced by

¥ and the process continued until no further improvement
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in the objective function is observed. With this
modification, it may be possible to obtain a rapid
convergence.

Method 2

In the previous method, F(X) was assumed to be
quadratic, In the following method, a minimum amount of
knowledge about the quadratic nature of the function is
assumed.

Given as initial starting point il, subsequent

directions are pursued according. to

Aiti = tis"i (5.3.16)
s, = -VFl(E) ' (5.3.17)
_ i1 A%, A(VF.(EN)T
s; = VR (x) + |z J o . VF; (x)
Jj=1

oy -
ij A(VFJ(X))

1= 2,3,0005n (5.3.18)
Method 3
The first two steps are identical to those of
Method 2 (5.3.16) and (5.3.17). However, s; is chosen
according to the following rule:

=T
Ax, . A(VF._.,(x)) _
S. = -VFi(x) + i-1 i-l .VFi(x)

1 T : -

i= 2,3,.0.5n (5.3.19)
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17
Method 4 '~

Starting at point il, subsequent directions are

obtained by applying the following rules:

Aii = tisi (503.20)
5, = -wriEhH “  (5.3.21)
_ Tima VF?(E)VF.+1(§)-VF?(E)VF.k§)
S. = =VF.(x) +| ¢ ( L J = J
i i i1 o _
: - 8% VFi(x)
. VF, iz 2,3...

(5.3.22)

At the expense of a certain amount of complexity in
the computed programme, especially for higher order gystems
methods 2 through to 4 inclusive, may increase the rate of
convergence., The device of restarting the conjugate gradient
process for methods 2 and 3 (as with method 1) further
increases the rate of convergence,

Methods 1 through to 4 are different versions of
conjugate gradients. If F(x) is quadratic and there are no
round=-off errors, the four methods become identical. e

Method 5

The conjugate directions are given by

Ax; = b H VR (X) (5.3.23)
where ﬁi is defined by

. . - - (%)T=
- A%, _18%; 7 Hy _(ACVF, _ 1 (x))a(VF ¥ I

|

i

H. = Hi-l + e - - o N
Axi_lA(VFi_l(x)) A(VF, _4(x)) Hi_la(VFi_l(x))
i=2,3,... (5.3.24)
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H1 is an arbitrafily specified positive definite matrix,
and is usually given as an identity matrix.

Method 5 is the variable matrix algorithm developed
by Davidson and a variation of which was examined by Fletcher
and Powehgzg

The updating process of ﬁi is such that its value
approaches that of VE‘F(X)"l at the optimum point.

Recently Kelley and Myers have suggested a

modification to Davidson's method along the following

lines:'-)‘k6

- - - T =

= Lo ) Hy o AGVF, 1 (R)AVF, 1 (x))" Hy 4

i 7 Hi-l -] = .
A(VF;_1(x))7 Hy_y ACVF; 4 (X))
i bd 2, 1 #mn + 1 (5.3.25)
_ nn AiinjT
Hmn + 1 = (503026)

J=mn-n+l AiﬁTA(VFJ(i))
ﬁl is the same as above.
Here the matrix H is reduced in rank by one at
each up~date and, after the rank has been reduced to zero,
is replaced by the estimate of A°F(X) given by (5.3.26).
The estimate is exact for a quadratic function with no round-
off errors and for which conjugate steps are taken. The
authors report quite reasonable convergence for the modified

version.
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The above conjugate direction methods represent
iterative processes requiring a linear search, for a one~
dimensional minimum at each iteration. All exhibit
theoretical n~step convergence for a quadratic function.
The choice of which method to uge will depend upon the
complexity of the problem, computer storage requirements,
departure from the quadratic character of the function
being optimized and acceptable maximum round-off errors.

Methods 1,3,4 and 5 retain their descent properties
for the general non=-quadratic functions., Method 2 does
not. For its descent properties depend on the conjugacy
of the previous steps in the sense of equation (5.3.1l1)
i.e. conjugacy with respect to some positive definite
matrix for all i # j. Such a restriction is realized
only for a quadratic function, in which the extra number
of the sum (5.3.18) vanish so that the method reduces to
method 3.

Computational experience seems to indicate that
Davidson's variable metric minimization technique has
better convergence then any of the other methods of
conjugate directions. The variable metric method,
especially in double precision format, is also much less
susceptible to round-off errors than any of the other
methods. This property is largely due to the fact that

there is continuous compensation for errors from the one=
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dimensional minima in the directions previously searched,
whether caused by propagation of round-off errors or by
departure from quadratic functional form.

However, for certain ill~conditioned problenms;
or for situations where the computations are performed
with eight or less significant figures (single precision);
or if there is a large number of truncation or round-off
in the particular problem being tackled; e.g. if the
gradient is being obtained by approximation, then the H
matrix and/or VF(X) may be singular thus causing a
bréak-down of Davidson's method. The other conjugate
gradient methods do not share this limitation.

Another advantage of the methods of conjugate
gradients is that they require less compater storage.
With the variable metric method, the entire matrix H has
to be stored and updated at each iteration. This limits
the size of the problems that can be handled, especially
in the case of double precision arithmetic which is quite
often necessary in the variable metric scheme.

In addition, the sheer simplicity of the conjugate

gradient algorithms is itself quite attractive.

Other versions of Conjugate Direction Algorithms

There are many other versions of the methods of
conjugate directions. A detailed discussion of these

may be found in the review paper by R. Fletcher?6 These
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include the generalized Newton's method; the method of
ﬁarallel subspaces (which can be used with or without the
knowledge of the gradient of the function; the method of
parallel tangents ("Partan"), which may be considered as
a modified form of the method of parallel subspaces; and
several projection methods; etec.

Another projection method which was proposed by
Zontendijk has been applied by Pearson and McCormick63

The method seems to have reasonably good convergence.

Non=-gradient Methods

Minimization methods which require no evaluation
of derivatives have been studied by a number of authors.
The efficiency of some of these_methods was evaluated by
R. Fletcher in a review paper'.27 These included the
method of Davies, Swann and Campey, the method of Powell
and a modification of the method by Smith. The first one
of these (Davies et al) is in fact a modification of
Rosenbrock's method so as to include linear minimizations.
Pletcher's conclusions were as follows: the
modified Smith's method is not as good as the others both
in terms of the number of linear minimizations and the number
of function evaluations required. Compared to the method
of Davies et al in terms of function evaluations, Powell's
method is the more superior; however both methods stand
on about equal footing in terms of the number of linear
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minimizations required, with the former method somewhat
moré efficient at point removed from the optimum. Powell's
method has quadratic convergence properties; the method
of Davies et al does not. Consequently, in the néighbourhood
of the minimum the quadratic convergence of Powell's method
asserts itself and the final conveprgence to the minimum is
more rapid. With the increase in the number of variables,
however, the advantages enjoyed by Powell's method wvanish.

In a recent paper, ZangwillB%Iaims to have found a
flaw in the theory underlying Powell's method. This flaw
seems to be the major cause of the convergence difficulties
encountered by Powell's method for cases when a function
has many variables (usually 5 or more). Zangwill has
suggested simplifications and improvements to overcome
the said difficulties. However, to the best of the
author's knowledge, no results are available to confirm
this. Zangwill has also proposed a method, based on
Powell's theorems, which has theoretical convergence for
a strictly convex differentiable function. The method
has since been programmed* and has shown a reasonable
convergence rate - at least for the simple problems
tested.

T4
In another recent paper, Stewart III has proposed

a modification of Davidson's variable metric algorithm

¥ by Mr. J.N. Ray of Imperial College.
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that would enable one to approximate the gradient vector
by differences. He reports adequate convergence for a
number of test problems, and shows that for some of the
problems considered, his method does better than Powell's.
However, the steps of the proposed methods are rather
complicated and time=~consuming, thus counter-balancing

any of the advantages that it might enjoy.

5.3.2. Constrained Problems:

These fall into three general classifications;
namely:
(a) Those which are direct extensions of the
simplex method (the simplex method is discussed in Chapter 3).
(b) Methods of feasible directions, which work
with linear sub-problems while at the same time making use
of techniques originally developed for unconstrained problems;
(¢) Penalty-function techniques, which involve

a sequence of unconstrained optimization procedures.

Extensions of the Simplex Method

Many of these have been ampiy discussed by a number
of authors.gu They include reduced gradient, cutting=-plane,
method of approximation programming, and separable prog-
ramming.

The reduced-gradient method uses the gradient of

the objective function to determine the desired direction
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of motion. It works only with linear constraints
(and non-linear or linear objective functions). Its
computational basis is that of the simplex method (Chapter 3).
The method has been shown to converge to a
solution for a non-linear objective funetion; and to
terminate for the linear objective function for the case
where the objective is bounded and the constraints of the
problem are non-degenerate. In situations where the
rate of convergence is slow, acceleration methods:
e.g. modifying the direction of motion may result in some
improvement.

Separable programming, method was first formulated

by Miller.58 It provides a simple technique for handling
arbitrary non~linear functions of single arguments in
either constraints or objective functions of an otherwise
linear programming problem. Furthermore, the method can
readily be adapted to handle product terms.

It is called sceparable programming because it
assumes that all the non-linear expressions in the given
problem can be separated into sums and differences of
non=-linear functions of single arguments. A detailed

discussion of the method may be obtained in.58

A major disadvantage of the separable programming

method is that it imposes a severe restriction on the type
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of non-linearities that can be handled. Moreover,
although it can handle product terms, this is only

applicable to small problem (several variables).

The cutting=plane method was developed by
Kellyy6and independently by Hartley and Hock‘.a‘.ng&_:;{:;.ll
The method is based on the idea that the constraint set
can be represented as the intersection of a sufficiently
numerous set of half-spaces which contains it.

An essential point of the procedure is that
the non-linear function (or constraint) is replaced by

a first-order Taylor series approximation; e.g. for

the constraint functions:

6, (X) = &GN +ve, & - <o (5.3.27)

where the expansion is carried out about the point EK,

Note that if Gi(i) is convex then the approximation (5.3.27)
will never be greater than Gi(i).

Once the linearization has been accomplished the
linear programming problem is solved along the lines
described in 78:

Convergence is assured if both the objective
function and the constraints are convex. However, the
method does not work for non-convex problems. This is

a serious limitation since most of the problems encountered

in practice are non=convex.
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It also suffers from other drawbacks: convergence
is ratherslow, especially if the optimum is not in a
vertex and the linear approximations are subject to
serious round-off errors, especially if the optimum is
not in a vertex.

Wolfe has proposed an accelerating method suitable
for problems with linear constraints but there is, as yet,
no computational result to confirm the efficacy of the
acceleration procedure.

A major advantagé of the cutting~plane methods
is that they are efficient for convex problems which are
nearly linear. Furthermore, the algorithms involve
relatively little work per step and the computer programmes
are quite simple.

The Method of Approximatibn Programming has

some relation to the cutting=-plane methods. The only
differences are: 31

(a) for this method, the initial point, x°. has
to be feasible,

(b) &a complete relinearization takes place at
each step;

(¢c) the gradient step~size is a predetermined
small value.

The computational procedure is as follows:

For a given initial point x°
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Maximize F(%) = F(EX) + gF(X - %5) (5.%.28)
subject to Gi(EK) + vGi(iK)(i - EK) < 0
1,...,m(5.3.29)

K =1, i

2544 With

]

The process is repeated for K
decreasing values of step-size, GK > 0, until the improve-
ment in the value of the objective function becomes
sufficiently small and the infeasibility in X~ is
acceptable.

The method has been successfully applied to solve
a large number of problems, both convex and non-convex,
with a reasonably high degree of accuracy.

However, because many small steps are needed,
and because linearization is undertaken at each step,

convergence is quite slow.

Methods of Feasible Directions:

These use the same general approach as the methods
of unconstrained optimization. However, they have been
modified to deal with inequality constraints. A great
number of techniques described in85'v belong to this
class.

The guiding concepts are as follows: an initial
feasible point is determined. Thereafter, the solution

process moves along a direction in such a way that
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no constraint is violated while at the same time the
objective function is improved. The process is repeated,
until a point is reached from which no improvement of the
objective function is possible without violating at least
one of the constraints. In general, such a point is a
constrained local optimum and not necessarily a global
optimum for the entire region of interest.

A direction along which a small move can be made
without violating any constraints is called a feasible
direction; while a feasible direction which improves

the objective function is called a usuable feasible

direction. Because there are many ways of choosing such
directions, there are many different methods of feasible
directions. |

In this section we shall discuss a method d%?
to Zoutendijk and Rosen's Gradient~Projection method.
Modifications and_gxtensions of Rosen's method by
Goldfard-Lapidus 35and Murtagh=Sargent 6Owill also be

discussed.

(i) Zoutendijk's Method of Feasible Directions: 85

Consider the optimiaation problem given by
equations (5.3.43) and (5.3.44). A typical method of
feasible direction proceeds:; according to the following

rules,
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(a) We start with an initial feasible point,
-0 -0 =1 =K=1

X . Suppose that X 43X 43..0,5% have already been
calculated.

(b) at current point, %o 1, a usable feasible
direction is determined: i.e. a direction, pK-l with the

property that a t > O exists such that for all t,
0<t < ¢,

K1, gpfleg (5.3.31)

and K-1 , ¢ K1

(5L 4t ) > F(EED (5.3.32)

K-1

(c) the step-length t is determined by

solving the one dimensional maximum problem in ¢

Max F(XF 1+t 1) (5.3.33)
subject to k-1 +1:pK_l € Q (5.3.34)

(d) the new usable feasible direction is then
computed. The direction finding problem is easy to
formulate in the case of linear constraints (Gi(x) <0

=AX < b). Suppose the present solution is x, then the

following problem is solved:

Maximize VF(X)T.p (5.3.35)
subject to Ap < 0 (3Ax = D) (5.3.36)
plp < 1% (5.3.37)

In the case of non-linear constraints for

A

which Gi(i) £ 0 we have the problem:

*  other alternative normalization constraints include:
-1< pj <1 for all j or lejl <1 or lxﬁ-l- pji <1
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Maximize: £ (5.3.38)

subject to VGi(E)Tp + 146 < 0 (5.3.39)
~F()Tp + ¢ <0 (5.3.40)
pTp <1 (5.3.41)

where t; = O if Gi(x) is linear and T > 0 if Gi(x) is
non-linear,

In either linear or non-linear case, the process
is repeated until either (a) pj = 0 or (b) the decrease
in the objecfive function is sufficiently small.
Zoutendijk has shown that this process will converge
in a finite number of iterations. A general procedure
is illustrated in Fig. %5.3.1.

The methods are applicable to non-convex problems,
and fast convergence can be expected, especially if T,
are properly chosen. In the linear case, if a linear
normalization procedure is used, the technique reduces
to an efficient linear programming method. Generally,
quite accurate results can be expected, especlially if
the maximum does not lie on the vertex.

The main drawbacks are that the determination
of step=length results in more work required per iteration;

and the entire computer programme is rather complicated.

(ii) Rosen's Gradient Projection Method:
Another drawback with Zoutendijk's method of

feasible directions is that an optimization problem
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(Max E or Max VF(x).p) must be solved to find a direction
in which to move. This procedure can be quite time
consuming. Rosen has developed a method that gets

over this difficulty: the gradient projection method.
According to Rosen's procedure, a usable feasible direction
is found without solving the optimization subeproblem =
although the ensuing direction may not be locally 'best'.
It utilizes the Kuhn-Tucker conditions, both to generate
new directions, and to stop the solution process.

The procedure is illustrated in Fig. 5.3.3. for
the case of linear constraints; (i.e. Ax > b) the
constraint set is a convex polyhedron, with the boundaries
determined by AX = b. A typical example with linear
constraints is illustrated in Fig. 5.3.2. The points X
and iu in the diagram have been obtained by minimizing
along the directions X<, %> and §3, iu respectively.

In the gradient projection procedure, a lot of
effort goes into the computation of the various projections.
The projection of a vector a into a given veetor-in space
is another vector b, the latter being obtained by multiplying
2 by a projection matrix p.

For tﬁe linear constraint case, the appropriate
projection matrix is

p = I - BQrmThet (5.3.42)

~ A . . A -
where M 1s a pxn matrix corresponding to p rows of Aj
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P is the intersection of the boundaries for which
AX = b. P is recomputed each time the set of constraint
changes, thus making the procedure quite cumbersome vhen

one constraint sev dirfers from the next radically.

(iii) Modifications and Extensions of the Gradient
Projection llethod.

As we have secn above, Rosen's gradient projection
method, is based on the steepest descent(ascent) method
for optimization coupled with orthogonal projection of
the gradient into a linear manifold, which approximates
the original constraints.

Goldfarb and Lapidus 35have developed a method
that is based on the use of conjugate direction with
special modifications to handle constraints. Specifically,
they have combined Rosen's orthogonal projection procedure
with Fletcher and Powell's (modification of Davidson's)
Method, in such a manner as to take into account linear
constraints. Thoy »nport that their method requires much
fewer functional evaluations than Rosen's - (at least for
the test programme considered) and that it is more efficient
with regards to highly non-linear problems.

However, the Goldgarb-Lapidus method suffers
from several computational difficulties. The Fletcher-
Powell method generates suécessive approximations to the

Hessian matrix, H, of the function to be optimized, by
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Gradient Projecction Search Procedure.
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seeking the optimum of the function along successive
search directions. The procedure is based on the fact
that at the end of each step, the function gradient is
orthogonal to the direction of search; and that H is
symmetric so that the search directions are mutually
conjugate with respect to it.

The above procedure is inconveient for use with
the gradient-projection method. For, in geﬁeral, the
gradient is not orthogonal to the search direction at a
point where a constraint is encountered. Consequently,
a new conjugate direction cannot be set up. Moreover,
the inverse of the Hessian Matrix cannot be up-dated at
such a point. Hence a new sequence of conjugate directions
must be started each time an active constraint is changed.
Furthermore, the Goldfarb-Lapidus method involves
orthogonal projection of H-l into the current constraint
set, with the result that all accumulated information
orthogonal to this set is lost.

In a recent paper Murtagh and Sargent have proposed
a class of methods which makes it possible to up-date

60
"1 for steps of arbitrary length and direction. This

H
makes them particularly useful for use with gradient
projection. They give examples with two methods for
the test programs, one apparently has better convergence

than the Goldfarb-Lapidus algorithm, while the other one
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does not fair so well. The Murtagh-Sargent methods
are still in their development stage and further comp=

utational experience 1s awaited.

Penalty Function HMethods

These involve transforming a given constrained
problem into a sequence of unconstrained problems, which
are then solved by the unconstrained optimization
techniques which have already been discussed in this
chapter.
Consider the following mathematical programming
problem with inequality constraints:
Minimize F(X) (5.3.43)
subject to Gi(i) >0 i=1,m (5.3.44)
The above problem is transformed into an
unconstrained one containing a ‘penalty function'. The
new problem is denoted by:
P(x) = T(x) + .?1 ¢ [6; (] (5.3.45)
where ¢[Gi(§)] is a 'pen;ity function' corresponding to
a particular constraint, Gi(X)'
Several different ways of choosing a penalty
function have been proposed. Some of these, including
Fiacco and McCormick's modification and extension of Carroll's
"Created Response Surface Technique", Lootsma's generalization

of Frisch's "Logarithmic Potential Method", and Zangwill's

method will be discussed briefly.
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‘ 11,52 -
Created Response Technique

Cagroll proposed the following penalty function:

m

L r

. l/Gi(x) r. >0 17 1,2500e,m
i

i
(5.3.46)

where re is a 'weighting factor'. Consequently, the new

Al
1

unconstrained problem becomes
‘ N 0

P(X,ry) = F(x) + ? [ri l/Gi(X)] (5.3.47)

Relation (5.3.46) is sometimes called .the 'boundary
repu;sion term'; its function is to prevent an unconstrained
optimizétion technique from obtaining a point outside
the feasible region.
@quatibn 5.%.47 was later modified by Fiacco and
McCormic.Sg Instead they proposed defining a function.

P(X,r) = F(X) + r 2»1/Gi(x), (5.3.48)
with r > O, ‘The computational steps are then as follows.

We choose r = rys (r; > 0). A point x° is next
chosen such that Gi(io) > 0 (i.e. within the feasible region)

for all i. We then proceed from X° to X+

approximating,
the minimum of P(§1§Qin a feasible region. A new function
with r = r, (r2<rl) is next formed; and the minimum of
P(X,r,) approximated from 3t to %°.

’ The process 1is repeated with monotonically
decreasing values rgs K = 3,4,... s0 that a sequence of

points §(rK) is generated, that approximate the minima of P(%r)
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The essential point about the procedure is that
the sequence of P(r,x) minima converges to the optimum
of the original programming problem (5.3.43; 5.3.44) as
+ 0.

r.+ 0: i.e. P(r,X), F(X) » F(X') as r

K K

An important feature of this techniqué is that
the optimization of P(x,r) yields a feasible solution
x(r) as well as a feasible solution to the dual problem
of 5.3.43. If F(x) and Gi(i) are convex, then the two:

-
values which bound F(x ) can be found; namely:

l/a, ¥(r) < F(X) < F(X(r))
(5.3.49)

- m

F x(r) +1r &

i=1
Relation (5.3.49) gives a convenient criterion for terminating
the computational procedure. An extension of the method
to problems having equality constraints has been proposed
and successfully applied. If, in addition to the
inequality constraints Gi(i) >0, 1i=1,...,k, we have a
number of equations Gi(i) =0, 1 = k+l,...,m then the
sequence of unconstrainid problems to be solved becomes:
m

P(%,r) = F(R) +r & L/G.(x) -+ 3§ { Gi(x)}2
i=1 1 T j=x+1

(5.3.50)
Logarithmic Potential Method 55

This works on essentially the same principle as

the Fiacco and McCormick's method. The boundary repulsion

-r

factor is ?
i=1l

In Gi(i) (5.3.51)

.
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consequently a sequence of the unconstrained function

- m -
P(iar) = PF(x) = r 'Zl In Gi(x) (5.3.52)
i=

is optimized for monotonically decreasing values of
ry i.e. ry > Ty > 0>l + 0
A method of logarithmic potentials for solving
linear programming problems was originally proposed by
. 30
R. Frisch. The above generalization (5.3.51) is due to

Lootena. 55

-k
As with equation (5.3.49), the optimum F(x ) is

bound by
- m - -k -
Fx(r) =r I InG;(x)< Flx)<_F(x(r))(5.3.53)
i=1
m -
where r ¥ In Gi(x) is the error term,
i=1

An outstanding feature of the logarithmic potential
method is that the error term can be made arbitrarily small.

Lootsma has shown that the error term can be approximated

by
m -
mr = r I In Gi(X) (5.3.54)
i=1
where m is the number of constraints. Relation (5.3.53)
- €nables one to choose a value of r in such a way that
.
F(x ) is approximated with a prescribed accuracy.
Like the method of Fiacco and McCormick, this

method can also be extended to deal with equality
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constraints. So that corresponding to equation (5.3.51)

we have

- m -2
In Gi(x) + I {Gi(x)}
i=K+1

P(X,r) = F(x) -~ r

[ o I

i=1
(5.3.55)

A highly desirable feature of both methods (due
to Fiacco et al and Lootsma) is that the necessity of
coping separately with the boundary of the feasible region
is avoided; that is, the new function, P(x,r) couples
the objective function and the constraints in such a way
that motion along the constraint boundary is avoided.

For such motion is very cumbersome when the constraint
surface is non-linear.

The main advantage of the methods is their
ability to handle highly non-linear problems. However,
they both suffer from the limitation that the starting
point for the minimization process must be within the
feasible region. Such a point may be difficult to

obtain especially for large problems.

Zangwill's Method: 8°

Zangwill has proposed a penalty function procedure
which is slightly different in concept to the above two.
The major difference is that, a penalty is imposed only

when a constraint is violated,
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Consider a general mathematical programming

problem with both equality and inequality constraints.

Minimize TF(X) (5.3.56)

Sllbject tO Gi(i) O i = 13...,m‘ (5'3557)

Gi(i) > 01

m'+l,...,m  (5.3.58)

Zangwill supgested transforming the ahove

problem into

1w 10 2
P (X = F(X = . = .
(%,7) (%) + 3 i§1 sl + 3 iim'+1(gl)
(5.3.59)
where -
0 if G.(x) =0
g = ”
i G (x) if Gi(i) 20 i=l,...,m'
. (5.3.60)
and i 0 if Gi(i) = 0
gi =
{Gi(i) if Gi(i) <0 i=m'+l,...,m
(5.3.61)

This method has the advantage that the initial
minimization point is not required to be within the
feasible region; so that the time that would otherwise
be spent in driving all points into the constraint region
(as the case for the above two methods) is saved.
Furthermore, the method is well suited for problems
with large constraints. At any point in the minimization

process, P(x,r) depends only on the unsatisfied constraints.
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Consequently, when calculating the derivatives of P(X,r)
only the derivatives of the unsatisfied constraints need
be considered. This clearly results in a definite
saving in the computer storage requirement.

In general, the development and application of
tnenalty functions'! methods are receiving greater and
greater attention. The methods have met with encouraging
success; but there are still a number of computational
problems that require further investigation. For example:

(i) what constitutes a good penalty function?

(ii) 1if a penalty function of the type considered
above is chosen, how should the initial value of
r be determined?

(iii) how should the value of r be reduced at each
minimization step? Should the reduction he in
specified steps or in a continuous fashion?

(iv) what unconstrained optimization technique
should be used to solve the transformed successive

unconstrained problems?

(v) for the interior penalty function methods

( Fiacco et al and Lootsma ) wvhat is the most
effective way of ensuring that the initial
minimization point is within the feasible region?
(vi) to what extent can the rate of convergence
be speeded up by some form of acceleration

technigues?

(vii) what is the best way of handling linear

constraints?
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CHAPTER 6

DYNAMIC PROGRAMMING AND MAXTMUM PRINCIPLE,

6.0. In early 1950's R. Bellman and his co=-workers
developed a new general method for solving variational
problems and called it dynamic programming?" The method
has since been applied to a wide class of problems in
optimal contrcl and general optimal sequential processes.
As a result oftheir work in the solution of optimal
control problems in the mid-1950's Pontryagin and his

65.

pupils discovered the maximum principle.': Starting about
1956, the maximum principle was substantiated as a necessary
and sufficient test for optimal processes in linear systems;
and a necessary test for optimal processes in non-linear
systems.

This chapter contains a brief discussion of the

above methods.

6.1, DYNAMIC PROGRAITIING

Dynamic programming falls under the general class
of sequential decision processes, and has been used widely
for solving a certain class of optimization problems.

It is based on the concept of multi-stage decision process:

at each stage a choice (decision) is made, following which

the next stage is reached.
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The successive stages are related by known
transformation rules. The values associated with the
process depend both on the number of stages considered,
and on the decisions made (per stage, and from one stage
to another). For a given number of stages (with several
possible states each) one set of decision sequence
constitutes the "best" sequence; i.e. optimizes the
given function.

The main elements of dynamic programming may

be identified as: (a) states and state variables;

(b) transformations; (¢) decisions; (d) functional

relations (recurrence relations); (e) Markovian-type

processes and (f) principle of optimality.

-In what follows, the above concepts will be
defined precisely; and the inter-relationship amongst

them established.

6.1.a. Markovian Type Process:

This is a Qery useful mathematical concept.
A function, F(xl’XZ""’xn) is Markovian if after a
number of decisions, say m, the effect of the remaining
(n-m) decisions upon the total return depends only upon

the state of the sytem after the mth decision and

subsequent decisions; and not on the history of the

decisions that preceeded the mth decision.
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6.1.b. State and State Variables:

The state variables of a system (process) are
those whose values completely specify the instantaneous
situation of the system. So that the values of these
variables tell all that need be known about the system for
the purpose of making decisions.

We usually speak of state variables as specifying
the state of the system. Thus the system will be in a
particular state depending on the values taken by the
state variables.

ifore generally, we speak of the state space as

% X%
a set , 9 , comprising all the possible states that the

system may occupy. An element XeQ is the state and may
be interpreted as one of the situations in which the

process may exist.

6.1.c. Decisions

The concept of decision may be viewed as the
opportunity to change state variables = and hence the
state of the system. For example, a decision to run a
certain type of generator and stop another - in a generatién
scheduling problem - would lead to a change in the state
variables,

In a more general context we may speak of
dX(dXQDX) as representing one of the choices available
when the system is in state X.

** See, for example, refcrences7 or23 for a good

account of the concept of a set.
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6.1.d. Transformations

In dynamic programming, the process passes through
the states in & in response to the decisions made at the
various states. Thus when the process is in state X,
selection of a decision, dg determines a set T(X,dX) of
states to which the process moves or might move from
state X.

If a process is moved to a particular state with
certainty, the set T(X,dX) would contain exactly one
element. The set T(X,dx) would contain several elements
in the case that two or more states result with certainty.

The set function T(X,dx) is called the transition function

(or transformation function) and it governs the evolution
of the process.
In some states a particular decision will cause

the process to terminate. If d, is such a terminating

X
decision at state X, then T(X,dx) = ¢ , the null set and
no fﬁrther transitions are possible.

If T(X,dx) = ¢ for every dXGDX then X is called
a termal state for the process.

6.1l.e. Policy

In general the return obtained from a process
depends on combinations of decisions, rather than on a

single decision.
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A policy, 8, may be considered as an ordered

collection of decisions containing one decision for each

state in Q. The policy space, PX’ is the collection of

all such policies. The . policy § GPX prescribes a

particular decision for each and every state XeQ; and
the policy space consiste of all possible combinations of

decisions at the various states; i.e. P, = X.D
X xeq

The policy space is defined in such a way that

X

the decision selected for a particular states does not
restrict the decisions available at the other states
(though it may rule out transitions to certain states).
This property is important in that it limits the class
of problems to which dynamic programming can be applied
effectively.

A poliecy which optimizes a prescribed return

(objective) function is called an optimal policy.

6.1.f. Functional Equations

Let us define a real valued return function,
Fs(X), for each policy, 6, where FG(X) represents the
return that would accrue if the process were started in
state Xrggpropriate decisions in § were applied at each
of the states through which the process evolves.

We consider the return function to be of a

simple additive form in which the total return function
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is taken to be the sum of a set of immediate returns
associated with each of the status transversed by the
process.,

Suppose the immediate stage return is r(X,dX);
then the total return

FG(X) = sum of all immediate returns r(s,ds)

(6.1.1.)
The sum is taken for all states traversed by
the process starting from state X and evolving through
states, s, in accordance with the corresponding decisions
ds in the policy 6.
So that the value of the additive return function

(6.1.1) may alternatively be computed recurvsively from

the relation

) {r(x,ax) if T(X,dy) = ¢ (6.1.2a)

F_(¥) = .

6 r(X,dy) + Fg(s) if T(X,dy) = {s}
(6.1.2b)

The recurrent relations (6.1.2a) and (6.1.2b) indicate
that the total return from state X using policy 6§ is the
sum of:

a) the immediate stage return, r(X,dx) from
stage X using decision dx;

b) the total return, F (s), under policy §
from the state, s, which resulls from choosing
decision, dX’ while at state X.
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6.1.g. Optimal Return Function

The optimal return from X is denoted by F(X) and
is defined by
F(X) = Win FG(X) (6.1.3)
SEP
s
where the existence of a minimum is assumed.
For procesgfwhich evolve probabilistically, we

speak of expected returns. So that the return, Fd(s)

from each state, S€T(X,qx), is weighted by the probability
p(s;X,dX) that the transition will occur to state s. This
probability depends on X and dX’ but not on the other
decisions in §, The weighted returns are summed and
added to the expected immediate return, yielding

Fe(X) = r(X,d,) + I p(s:X,4,) Fi(s) (6.1.4)
8 X seT(X,dy) X700

6.1.h. Principle of Optimality

Relations (6.1.3) and (6.1.4) have been arrived at
via the application of a general technique called the

Principle of Optimality which states:._6

"An optimal policy has the property that whatever
the initial state and initial decisions, the remaining
decisions must constitute an optimal policy with regard to
the state resulting from the first decision".

The whole theory of dynamic programming relies

very heavily on the Principle of Optimality. - For,
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utilization of the latter guarantees that the decision
made at each stage is the best decision in the light of

the entire process.

6.1.1i. Computational Aspects

Dynamic programming problems are often solved
by numerical means rather than by strict analytical
solutions.

A common method of solving dynamic programming
problems is to set up a grid in the variables, Each
node of the grid represents a set of numerical values
for the variables. The various nodes are then explored
to find the optimum node.

The above techhique can readily be programmed
for a computer. The approach makes it quite easy to
test for inequality constraints; for example, if a node
on the grid causes a constraint violation, the offending-
node is rejected. Adjacent nodes are then tested in
order to establish the feasible region of the grid.

A detailed example of the general computation process

may be found in reference 67 . Appendix A7 of the
thesis contains a few diagramé of the dynamic programming
routine for solving a generation planning problem.

A major advantage of the dynamic programming
procedure is that it effectively reduces the quantity of

computation. Instead of solving the entire problem at
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one go, it proceeds in a'step by step fashion. For

example, in an N=-stage process where there are dX possible
decisions, the combinational approach requires considering
d§ possibilities, With dynamic programming, however,

only dX decisions are required at each stage; consequently
only Ndx possibilities are considered for the entire problem,
This naturally leads to substantial savings in computer time;

as a matter of fact, for large d. and/or large N the time

X
requirement for the combinational approach becomes
prohibitive,

The main disadvantage of dynamic programming is
that for high-~dimensional problems (usually greater than
four) and/or fine grid representation, the computer storage
capacity and computation time become extremely large.

This limits the size of the problems that can be handled
by present~day computers.

Fortunately, however a number of devices are
currently used to side-step the dimensionality problem.
6,67

Some of these are listed below:

(a) Linearizing the problem and using a Linear
programming method of solution.

(b) Approximating the non=-linear problem and
solving by a quadratic programming algorithm,

(¢) Employing a Lagrangian multiplier

(d) Employing polynomial approximations; -

. N
v ire
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(e) Restricting the range over which the
variables may vary from stage to stage

(f) Developing a variable grid system,
rather than a fixed grid system.

6.2. MAXIMUM PRINCIELE

This section contains a very brief account of
the salient features of Pontryagni's Maximum Principle.
First the conditions of optimality for a system described
by ordinary differential equations are derived. This is
followed by general discussions based on the extensions
to the Maximum Principle to handle discrete cases as
developed by Butkovskii i8. Some relationship between
the basic theorems of mathematical programming and Maximum
Principle is also established.

Much of the theoretical development and application
‘of Maximum Principle has been in the realm of optimal
control processes. Consequently some of the notation used

here will be of the type found in optimal control literature.

6.2.1. The Continuous Case

Given a performance index

c.x.(t ) (6.2.1.2)

F =
111n

LR e ]

i
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the problem is to find a set of admissible controls uy
which transfers a given system from an initial state,
x(to), to a final state, x(tn) in such a way that 6.2.1.

is minimized.

That is:
~ n
Min F = iEl cixi(tn) (6:.2.1.0)
subject to X = F(x,u) ; =x(t;) = x(o) (6.2.2)
XeQ (6.2.3)
QEU (6.2.4)

i.e. both X and u are bounded.

where (6.2.2) portrays the set of differential equations
which characterize the dynamics of the system;

X = (Xgs%Xys+++%,) is a vector representing the state
variables of the system and u = (ul,uz,...,um) the control
vector. F(%X,u) is assumed to bec continuous in both X3

and u; and is continuously differentiable with respect to

X:5 1 2 1,600,50,

1,
The above system (6.2.1.b) is adjdined by a set

of differential equations

. af.
¢ = - —L (R(t),ult)). o.(t)
dt d

J

e

0
(6.2.5)

Systems (6.2.1.b) and (6.2.5) can then be

combined by introducing the Hamiltonian, H, having the
65

property that:

.



n
H,%,8) = 1 ¢5f. (4,0 (6.2.6)
j=0 J

where H is a function of 2n+m+l variables: XyseaesX3
¢o’¢1,"'3¢n); and ul,uagoto,um.

From (6.2.6) equations (6.2.1.b) and (6.2.5) can

now be expressed in the form:

}.C = — i = O’o..’n (6.207)
1] L o

é = . 2H 12 O4eueyn (6.2.8)
Bxi

For fixed values of ¢ and X, H is a function of
u only. Suppose that the upper bound of the values of H
is denoted by

M($,X) = Sup H(§,P,u) (6.2.9)
uey

So that if H assumes its upper bound in U, then M($,X)
is the maximum values H for fixed ¢ and X.

A necessary condition for optimality states:

Theorem 6.2.1,

Let u(t)eU and let x(t) be the corresponding
trajectory for equation (6.2.1.b). In order that u(t)
and x{t) be optimal it is necessary that there exist a
non-zero vector function $(t) corresponding to u(t) and

x(t) such that
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(a) for every t (t, < t < t ) the function
H($(t), x(t), u) of variables ueU attains its maximum
at u = u(t) i.e.

H(g(t), x(t), u(t)) = M(F(t), X(t)) (6.2.10)

(b) at the terminal time, t s the relations
o, (k) < O (6.2.11)
M(§(t,), X(6))) = O (6.2.12)
are satisfied. Note however that if ¢(t), x(t) and
u(t) satisfy (6.2.7), (6.2.8) and (a) then &(t) and
M(3(t),%(t)) are constant; so that conditions 6.2.11
and 6.2.12 may be verified at any time t, to <t < tn.
The principle content of the above theorem is

equation (6.2.10) and is called the Maximum Principle.

The essential point about the principle is summarized

by the following:

Theorem 6.2.2.

If'ﬁ*(t) is the optimal control in that it
minimizes the performance criterion, ¥ , then it satisfies
the maximum condition of the Hamiltonian, H, (i.e. maxi-
mizing H is a necessary condition for optimal control).
In many probleﬁs, the uniqueness of ﬁ*(t) can be shown;

so0 that the above condition is also sufficient. .

6
Theoren 6.2.3.52’ ?

For a linear system of cquations of the type
X = A(t)X + B(t)u.
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and free right-end conditions (ie. the final values of
the state variables are not bounded) the necessary and
sufficient conditions for optimal control u(t) is the
fuifilment of the maximum condition on the Hamiltonian,
H,

A detailed proof of the Maximum Principle, together

with extensions of the Principle are discussed in Ref565’69

6.2,2. Discrete Maximum Principle

Since its original formulation, the maximum
principle has been generalized to the case of minimizing
an integral and to the case of bounded coordinates.

By about 1959 Rozonoer69;had established the connection
between maximum principle and dynamic programming. He
also proved the validity of the maximum principle for
linear discrete-time systems.

More recently, a number of authors have ftackled
and advanced the theory ¢f discrete maximum principle.
The version by Butkovskiisv will be discussed here, He
obtained an analogous form of maximum principle which
gives both necessary and sufficient conditions for

optimality of systems described by difference equations.

We now consider the following problem:

Minimize (Maximize) F = ol.3(N) (6.2.13)
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subject to x(k+1) F(xx),u(K)) K = Oyu..,N=1

x(0) = 3 (6.2.14)
XX)EQ (6.2.15)
wk) €U (6.2.16)

where x(k) is an nxl matrix u(k) an mxl matrix, a an
nxl matrix and T(x(k),u(k)) an nxl matrix.

The states of the system are described by x(k)
at discrete time instants K = 0,1,...,N and u(k) corresponds
to the controls at k = 0,1,...,N=1. The function
fi(iﬂi),ﬁ(k)) i=1,...n is assumed to be continuous in
u. i = 1,...,m and have first partial derivatives in

i
Xi i = l’f..’n.

As in the previous section, we introduce an
adjoint system of equations ¢(k) and discrete Hamiltonian

function H(x(k),ulk), ¢(k)) such that

30)T.F (R0),0) ) (6.2.17)
K = 0,1,2,...,N-1

B (X0),00)550))

For a fixed X(.) and $(x), H(ZG),0( ¥,6&)) is

-F
defined to attain a local maximum at a point u (K)eU if

B (%(0),500,5° k) > HR),F00,0(0)  (6.2.18)
for any point u(k) in the neighbourhood &6€ U f the
point 1 (k),

The elements & ¢ (k) are defined to satisfy

the relation (_ e, e
oy (cm1) = <2 X00),00c),50c)) (6.2.19)
- ax ) "
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for i = 1,...,n B8nd k = 0,1,254.4,N-1 A necessary condition

for optimality then statess

Theorem 6,2.4

Let the optimum control ﬁ*(k), (k=0,1,...,N=1)
exist and let the corresponding optimum trajectory
% (k),(k=0,1,...,N) exist with the initial condition,
x(0) = a€ Q.
Then for u = E*(k), k = 0,1,...,N and x = i*(k)
kK = 1,...,N there exists a solution ¢ = 5*(k) {(xr=1,..0,N=1)
satisfying equation (6.2.19) and with the final condition
-1 = 3 (6.2.20)

-k - -
x (k) and ¢ = ¢ the function

H (:’c*(k‘), ;f(k), u (ke )) (6.2.21)

h

sach that for a fixed X
-k -k -

H (Z ), 300,57 0)

K = 0,...,N~1, for any u( k) in the neighbourhocod of the

VvV

point u (kK. VWhen k= N-l the function H (% (N=-1),
-k - - - -k
¢ (N-l),u) of u for u = u (N-1) attains absolute maximum

in the region U; i.e.,

H [x (N-1),% (N-1),u (N-l)] > H[x (N-1),0 (N-l),;]
(6.2.22)

for any u€U, Proof of the theorem is contained in 8
It should be noted that although theorem 6.2.4

is quite similar to Pontryagni's maximum principle

(theorem 6.2.1) for control systems described by ordinary

- 145 -



differential equations, it is not an exact analogue of the
latter. TFor the Hamiltonian in theorem 6,2.4. assumes a
local minimum or stationary value on the optimal control
trajectory rather than a global maximum. However, if the
controls us enter the system linearly, the local maximum

principle becomes the global maximum principle.

6.2.2.2. Extended Mazimum Principle

Theorem 60 2 5 .

Consider a function RH [ ki(k),ﬁ(k)] defined by

3007 (R),0(%)) -5 (-1)TF %(x-1),8(k-1)

i

RH [k,i(k),ﬁ(k)]

H[SZ(R),E(k),G(kﬂ -lHE’c(k-l),E(k-l),ﬁ(k-l)]
k = 1,...,N=1 such that (6.2,23)
RH[-l,}-c(-l),ﬁ(-l)J = 0 (6.2.24)
If ﬁ*(k) and x(k), k = l,...,N-1 are such that
RH [k,i*(k),ﬁ*(k)] - Max RH [ 1,%(x),301)] (6.2.25)
u(k)eu
X (k)EQ
then ﬁ*(k), is the optimal control and % (k) the optimal

trajectory: i.e. F = ET.E(N) is (Maximized).

6.2.2.3. Necessary and Sufficient Conditions

By combining theorems 6.2.4 and 6.2.5. one 1is able
to formulate the result which expresses the necessary and

sufficient conditions for optimality in the case of a linear
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system of equations defined by:

Xkel) = K)X(k) + B(k)u(k) (6.2.26)
i = Oj5444,N-1
where A(k) is an nxn matrix and B(k) an nxm matrix. Then
in order that U (k), K = 0,...,N-1, be an optimal control

it is necessary and sufficient that

5).BR).T (k) = Max ¢()BOTOO) (6.2.27)
u(k)eu

K = 0pese,N=-1
Just as the continuous maximum principle has
found increasing use in system design, it is hoped that
the discrete version will form a strong foundation upon
which the optimal design of sampled-data systems will be
based.

6.2.3. Relationship Between the Basgi¢ Theorems of
Mathematical Programming and the Maximum Principle.

Let us consider a discrete dynamic system
described by difference equation
X(e+l) = x(ky o+ £, (X(0),0(K)) (6.2.28)
K = O,...,N-1 where x(k),u(k) and ¥ x(k),u(k) have
the same dimensions as those of section 6.2.2.
For a fixed initial state, x(0), the problem
is to select controls ﬁng ¥ = 1,...,N~1, such a
performance index
F = c-X (6.2.29)
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is maximized.

In the above subsections we have considered the
posed problem as that of optimal control theory. In the
following discussions, we shall consider it as a problem
of mathematical programming. Consequently, the conditions
of optimality shall be established by means of Kuhn and

51
Tucker theorems  together with the extensions due to Karlin

and others.uu

We introduce a Lagrange function

- - - — N-1 _ - - -
P(xusd) = ex(N) + I A(k)(x(k+1)-x('.k)-fk(x(k),u(.k)))

K=0
where A(k) is an nxl matrix.

Theorem 6.2.6.

N oA A
If X,u,A is the saddle point of the Lagrange

function; i.e.,

A A A

P(XolyR) < 9(X,s0,%) < p(X,u,R) (6.2.31)

[ 14

for any X, X and u(k)eU, thenu is the optimal control.

Proof: Using (6.2.30) the right-hand pair of the inequalities

of (6.2.31) can be represented:

ma N=l o T /& 2 a &
Jrm + oz 300 RGen-koo-edooie))
K=0

A N=1 _ T 74 2 a a
Ten + 1 Ao ( Reen)-kn-eG00,500))
K=0
Since the inequality must hold for any A(k), it follows
that x(k)},u(k) satisfy the sgstem of equations (6.2.28).
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And for any x(k) and u(k) satisfying (6.2.28) we have, on
the basis of left-hand pair of inequalities

TR0 < TTR(W Q.E.D.

If we assume that the function fK{i(}Q,E(k)}
is differentiable with respect to i(k); then for i,ﬁ,x
to a saddle point to y(x,u,r), it is necessary that the

following conditions be fulfilled.

grad, ¥ = 0 for X = ?c, T =% and
- [+
grad,y = 0 u=u (6.2.32)
2 a0 - & a
p(x,u,A) = max yYlu,x,A) (6.2.33)

u(k)eu
The first condition of (6.2.32) is equivalent to
the requirement that x(k) and u(k) satisfy (6.2.28). While
the second condition is equivalent to the difference

equation, linear with respect to A(k):

m .
A(K-1)-%(k)=(grad 2(x)T(x)DT = o (6.2.34)
x(k)
k= O’IOO’N-l
From condition (6.2.32) after differentiation of
the Lagrange function (6.2.30) with respect to x(N), it

follows that

A

Ay-1 = ¢ (6.2.35)

Let us introduce now, the Hamiltonian function
H, [i(k),ﬁck),X(k)] = XT(k).fk(i(k),ﬁ(k)) (6.2.36)
Equations (6.2.28) and (6.2.34) may then be written in
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terms of the Hamiltonian function

¥(k+1) - x(k) = grad, (1 H(K) (6.2.37)
A(k) - XN(k-1) = -gradx(k)H(k) (6.2.38)

with corresponding boundary conditions on x(o) and
A (N-1).

Condition (6.2.33) may be replaced by dropping
the components which do not depend on 4, the requirements
that u would supply the maximum of the sum

N=1,T s _

- ‘kEO A(K) £, vx(k),u(k)]
which in turn may be replaced by the requirement of
maximizatioa o’
- Xoor, [}%(k).u(kg
Using equation (6.2.36), the following conclusion

is arrived at:

Theorem 6.2.7.

~ A o8

For the point X, u, A to a saddle point of the
function w(i,ﬁ,i), it is necessary that the following
conditions be fulfilled:

(i) the sequences i(k),'i, k = 0,...,N be
solutions to the Hamiltonian system (6.2.37) and (6.2.38).

(ii) at each time, k the function Hk(ﬁ,ﬁ,i)

reaches a maximum for u(k) = u(k).
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If all the functionslf‘k are linear, then the
saddle point always existsmuu Consequently §, ﬁ, supplies
the optimum for the initial problem. Furthermore, for
linear discrete system, the conditions for theorem 6.2.7,
equivalent to the maximum principle are necessary for
optimality.69 Kuhn and Tucker have shown that conditions
of theorem 6,2.7, and consequently, the maximum principle,
are also sufficient.51

The relationship between maximum principle and
Kuhn-Tucker conditions has also been derived by A.I. Propoi
Mangasarian and Fromovitz,sYhave, on the other hand used
the generalized Fritz John necessary optimality criteria

to establish between maximum principle and mathematical

programming.,

6.2.3.1. A General Formulation

In this section, we assume a similar approach
for the establishment of a theorem of the type of maximum
principle, but in the presence of additional constraints
on the phase coordinates and on the selection of controls
at each time depending on the values the phase coordinates
have reached at the times in question. The function to
be maximized is also of a more general nature.

Consider the problem:

Max F = Nzl 6, (i(k),a(k)) + B (x (1))

k=0
(6.2.39)
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subject to x(+l) = x(k) + fk:[i(k);ﬁ(ki] (6.2.40)

ik = 0,1,.,..,N-1, x(o)=2a

6, Fw] > 0 k=o0,...,n (6.2.41)
where 0 (k) is assumed to be concave
T [2(w,3(] = 0 x=0,...,8-1
(6.,2.42)
u(k)€u k = O,...,N=1 (6.2.43)

The following Lagrange function is introduced:
N-1

PELILLE = 1 ey [200,500) + ey
k=0
N=-1 _ - - - _
+ AJ,(x(kﬁl)—x(k)-fk(x(k),u(k))
K=0 ™

N [_ ] N-1 - =]
+ I y..G x(k)j+ & p, L, |x(k) u(k] :
go K OKET wo K K-

(6.2.44)
It has been shown that the existence of a saddle
point to the above Lagrange function, is guaranteed if
£y is linear; and that at least one trajectory exists
for which Gp(x(k)) > 0. 15,44
The necessary and sufficient conditions for

sUsA,u,p to be a saddle point may be formulated in the

form:
grad, ¢ = gradu ¥ = grad ¢ = 0 (6.2.U45)
H>0; 1 grad ¥ = 0; grad ¥ >0 (6,2.46)
Y(x,u,X,u,p) = Max  $(X,u,X,H,p) (6.2.47)
u(KeU



where all the derivatives are calculated at the point
- Y-
XsUsAsU,pe
Condition (6.2.47) is equivalent to the requirement

that the controls, u(k) supply the minimum to the
Hamiltonian

- T-— — — -
B = AWTE (F00,500) - o (300,u00)

- 5007, (300,500 ) (6.2.48)

among all u(k), k = Oy...,N-1.

We see, therefore, that the assumption of the
eXistence of a relationship between the saddle point of
a Lagrange function and the maximum achieved in the initial
problem similar to theorem 6.2.6. remains in force, even
for the general case considered above. This observation

leads to the following theorem:

Theorem 6.2.8.

For optimality of control u and trajectory x
in the problem (6.2.28), (6.2.29) with uk )eU, (6.2.41)
and (6.2.42) it is necessary that they, together with the

Lagrange factors A,p,p satisfy the following relations:

N

x(k+l) - §(k)v = gradx(k)HP s X, F x(o)
’A (6.2.49)
A=A(k=1l) = = gradx(k)Hk + u(k) grad Gk(i(k))
(6.2.50)
Ay-1 = = grad Yg(x(k)) (6.2.51)
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wk) > O (6:2.52)
ﬁ(kin(i(k)) = 0 (6.2.53)

G (x(k)) > 0O (6.2.54)

If the above conditions are satisfied, then
a
the controls u(k) supply the minimum to the Hamiltonian
H_ for u{k)EU X = O,...,N-1.
k oy
A.A, Pervozranskiy has extended the above
observations to formulate optimality conditions for
problems of the minimax type. His main conclusions
21

‘here are analogous to those obtained by Dubovitskiy and

Milyutin for the continuous case.
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CHAPTER 7

DECOMPOSITION

7.0. Many practical mathematical programming problems
are made up of almost independent sub=problems tied together
with a common objective function and one or two. sets of
common constraints. Some of these problems are quite
large, thus making heavy demand on computation time,

A possible way of handling such large problems
is to "decompose!" them into the almost independent "sub-
problems" and the 'master' problem which ties together the
sub=problems. The sub=-problems on the one hand, and the
'master' problem on the other hand, are then solved in a
way that takes into account the interaction between the
two. After a finite number of iterative steps an
optimal solution to the original problem is found (if one
exists).

The decomposition principle was inspired by
Ford and Fulkenson for solving multi-stage commodity
network problems; and developed by Dantzig and Wolfe
to solve a certain type of large linear programming
problems.15

Since then, other techniques for solving both
linear and non=-linear convex (and non=-convex) progranmes
have been proposed. A number of these will be discussed
here.
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7.1. Dantzig-Wolfe Decomposition Pfihciple55’15

Consider a general linear programming problem
of the form
r
Maximize F(x) = I Cc.X, (7.1.1)

subject to

= I
el
+
+
o)
o
+
T
=4
g
oy

1]
o |

1% 1
2

el |
Wl
1

o't

w1
1
o't

37 d

r*pr br (7.1.2)

ij > 0 (7.1.3)

where b and Sj are m4component vectors; Aj (the common

|
1
"

rows) and Ej are m;.n; matrices.

Dantzig and Wolfe have shown how the above
problem can be decomposed into a number of linear sub-
programmes, each of which is of a much smaller size than
the original. The sub=-programmes are coupled together
by the first equation of 7.1.2

The set of points ijio which satisfy Ej§j = Sj
is a closed convex set with only a finite number of extreme
points. If the set is strictly bounded, it is a polyhedron;
so that any point on the convex set can be represented as
a convex combination of the extreme points.

The extreme points of the convex set are

denoted by ikj’ k= lyeeash,y, J=1,...r. Then any

(==

feasible solution, ij to Ejij = Sj can be written



h

el

- _ ie
X- - k~ Xko alou
ot TR (7.1.4)
P =1 (7.1.5)
k2l J
(’kj > 0 k= 1yeesh; (7.1.6)
Hence, any solution ij’ J = ly.essr solving

(7.1.1) through to (7.1l.3) can be re-expressed in terms of

k r hj
J Maximize F(p, ) = 3 I°P c.®; (7.1.7)
3 j=1 g=1 *j 47
subject to Loy o A A
j=l k=1 k5 Py TP (7.3.8)
D
z9P =1, J = ly..u,r (7.1.9)
k=1 k.
J
pkj _2_ O j = 1,0-0,!’ (7.1010)

The new (equivalent) problem is called the

full master problem, while Py, are referred to as proposals
' J
from the sub-problem to the master problem. The set of

h.
constraints ZJPI{_ = 1 is sometimes referred to as

k=1 J ‘
convexity constraint for the sub=-problems.

The set of constraints (7.1.8) through to (7.1.10)
is equivalent to the constraints (7.1.2) and (7.1.3).
Every feasible solution to (7.1.1) through to (7.1.3)
determines a set of‘Pk} > 0 which satisfy (7.1.8), (7.1.9)
and (7.1.10); and vici versa. Note however that a set
of Py > O satisfying (7.1.8),(7.1.9) and (7.1.10),

J
uniquely determines a set of ij satisfying (7.1.2) and (7.1.3);
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whereas a set of ij which satisfy (7.1.2) and (7.1.3) may
not uniquely determine p, > O satisfying (7.1.8), (7.1.9)

J
and (7.1.10). There will be at least one suchop_ .

k.
J
If the optimal solution to (7.1.7), (7.1.8)
(7.1.9) and (7.1.10) is p* , k = 1""’hj5 J = 1lyeeesr
k.
then optimal solution to the original problem is

N 1,00.,0. (7.1.11)
I s N
d

In general, the new linear programming problem
(7.1.7 = 7.1.10) has the advantage of possessing fewer
constraints than the original problem. Ho ever, it (the
new problem) usually has more variables; for the number
of extreme points of the convex set of feasible solutions
to AJ-J = Bj is bound to be greater than the number of
components in ij‘

The main advantage of the new formulation
(7.1.7 = 7.1.10) is that it is not necessary to generate
every extreme point zkj before the problem is solved;
rather, these are generated when needed in the course of
the solution. |

The extreme points are generated as follows:

Let the constraints (7.1.8) and (7.1.9) be written as

i P g 5 ( )
) z a = b 7.1.12
j=1 k=1 13 1%
we see that
" ) - - 7
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where ;j is the jth unit vector j = l,...,r, and 1'
is the sum vector having r components.

Suppose that an initial basis, B, for (7.1.12)
exists, where B is an (m+r) matrix. Let . denote the

b
a vector containing

~

vector containing basic variables and [

prices in the basis.

Let o 01,52 T where 51 contains the first

it

m components of g and 52 contains the last r components.

Then the relative cost is

g, = &P - ik,
3 i 9T
= (0,45 - cj)ikj ACPY (7.1.13)

where 525 is the jth component of 52.
To test whether the given basic feasible solution

is optimal, min ¢, must be computed over all k,j; i.e.

k;

min c = min min(ecy ), min(csy de..min(c, ) (7.1.14)
_kb k —kl 5 % —k2 k —kf

If (7.1.14) is non-negative, the given solution
is optimal, otherwise more iterations are made.

Observe (from 7.1.13) that for a given Jj, min(gk.)
ke 3
occurs at the extreme point of the convex set of feasible

solutions to Kj-j z Ej' Consequently, since each extreme

point 513 is a basic feasible solution to Ejij = by,

minkﬁgk_) is 025 plus the optimal value of the objective
)

function for the linear programming problem
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Mi . = (g.A. -~ C.)X.
in fJ (c1 i cJ)xJ

j to A.X. = Db.
Subject to AJ j i

w1

j2 0 (7.1.15)

Moreover, an optimal basic solution to (7.1.15)

gives an extreme point g _ for which the corresponding

¢,. has the smallegst value over k. This xk can then be
d Jd

used to generate the corresponding AJAlﬁ’ c. xl& and qlc'
J

Problem (7.1.15) is the sub~-problem. There

are r such sub=problems for.the ‘general case considered.
To determine min (Ekj) over all k,j,r linear

programming sub~problems of the form (7.1.15) are solved,

Let f; be the optimal value of fj for the jth such sub-

problem. Then

Min (¢, ) = Min (f* + 0,.)
all ki — 9 j 23
= * g
fj + Oyg (7.1.16)
Let x . be an optimal extreme point of (7.1.15)

rs
for j = s; then g =:[Aszrs’es] enters the basis at the

nNext iteration, and the price associated with ars is

~

Esﬁrs' Thus a vector to enter the basis has been generated.
We now return to the master problem; new values of El, o
and -b are obtained. These are then used to obtain a new
set of objecfive functions for the r sub-problems of the
type (7.1.15). The solution to the r sub=problems give

the next vector to enter the basis in the master problem
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(7.1.7 through to 7.1.10). This process is continued
until an optimal solution is obtained.

Note that from the start, we do not have to
store the full master programme (7.1.7 = 7.1.10), Rather,
all the columns are dropped, except those in the baéis and
the new columns (eg. ars) added in the course of the
iterations. A programme thus obtained is called the

restricted master programme.

The theory of the simplex method guarantees that
an optimal solution will be obtained in a finite number
of steps. Either the standard or the revised simplex
method can be used to solve both the master and the sub-
problems.,

Dantzig and Wolfe used the revised simplex
algorithm. This algorithm has been used successfully
for solving a large variety of large linear programming
problems, especially for the case with very few common
rows. |

However, as the number of common rows increases,
the problem becomes more difficult; and no systematic
rules are available for tackling such problems. Here

is an area where further research work 1is needed,
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7.2. Other Methods for Decomposing Linear Programming

Problems:

Apart from the Dantzig-Wolfe "decomposition
principle' several other methods have been developed.
Some of these are briefly considered here. They include
Beale's 'pseudo-basic' variable method, Abadie-Williams
*dual and parametric® method, decomposition by dynamic

programming and Kron's method of diakoptics.

(a) Beale's pseudo-basic variable method:39

Whereas the Dantzig=Wolfe algorithm solves the
primal problem, Beale's algorithm is designed for a dual
problem of a more specialized structure.

The essential idea of Beale's method is that the
linking variables are regarded as parameters. These
parameters are assigned specific values, which then change
after each pivotal operation.

The method of solution is essentially simplex,
except for the following modification. When, after a
number of iterations, one of the basic variables becomes
zero, the basic variable is not made non-basic in place
of the parameter, as this would spoil the special structure
of the problem. Instecad a transformation of the parameter
(which would have otherwise entered the basis) is made
whereby if one of the other parameters is changed, the

zero-valued basic variable is not changed (i.e. not
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removed from the basis).
The zero=-valued basic variable is referred to
as "pseudo-basic": hence the name of the algorithm.
Not much computational experience with the
method has been reported, although Beale claims that it
would be more efficient than the Dantzig-Wolfe method

for certain specially structured problems.

(b) The Dual and Parametric Method: > !

Abadie and Williams have also proposed a dual
decomposition algorithm. It differs from the Dantzig-
Wolfe method in the manner of choosing the vector to
introduce into the basis. The latter does the selection
at the sub=-problem level, while the Abadie-Williams method
employs a selection procedure which does not require the
vectors (to be selected) to be explicit. Here lies
the advantage of the Abadie-Williams technique; for it
allows certain parametric linear programmes to be solved
by decomposition. A detailed exposition of the method
may be found in 39

61
(e) Decomposition by Dynamic Programming:

G.L. Nemhauser has proposed a decomposition
scheme derived by a dynamic programming approach. This
results in a series of parametric linear programmes whose

recursive solution yields the solution to the original
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programming problem. It has the advantage that each
sub=programme need be solved only once.
Consider a parametric linear programme of the
original problem:
Max: F._q(¥p-1) = I c.X, (7.2.1)
subject to
K X, + A x

171 2

A%y

n

=4

<,

37

w1
]
S'iee o s ¢ o T

)

r=1%p-1

3

(7.2.2)

X5 > o] (7.2.3)

From the theory of parametric linear programming

it cen be established that Fr— is a piecewise linear,

1
concave function of Y, ;. The points at which F,_
changes slope correspond to the values of Yr-l at which
there is a change in the basis required to maintain primal
feasibility. ‘

Suppose that Fr-l were known for all values of

Yr-l which satisfy

~

Ax,+Y, , = b (7.2.4)
ApX, = by | (7.2.5)



Then from the dynamic programming principle of
optimality (Chapter 6) it follows that

Fr = Max c X, + iy (Y (7.2.7)

r r-1
Xr”Yrul

r-l)

subject to (7.2.4),(7.2.5) and (7.2.6). The solution
of equation (7.2.7.) requires the maximization of a
pricewise linear constraints. Yo solve (7.2.7) as a linear
programme, the pricewise linc.ir functions are replaced by
smooth linear functions.

The sub-programme from which F,_,(Y _.) is
determined can be decomposed in the same way as the original
problem. Applying this decomposition scheme r times, the

following recursion relations are obtained.

F.(Y.) = Max c.X. + I, Y.
3 85) %..Y. 373 j-14%5-1)
j*i-1

subject t A% + Y. = Y.
ubject Lo Agxy * Y5 j
A.X. = b

J7d J

Xj Z o j = 1,...1" (7.2:8)
= b

where Fo = 0, Yo = 0 and Yr
Each of the r successive linear programmes
(except the first) have (nj+m) variables and (mj+m)
constraints. In each sub=problem, however, additional
variables and constraints are required to take care of

the piecewise linear portions of the objective functions.
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The first problem (i.e. j=1) contains n,
variables and (ml+m) constraints; and there are no
biecewise linear functions.

For J = lyeee,r=1, Yj are parameters, so
parametric linear programming algorithm must be used.
Howevers since Y., = g, the last optimization need not be
parametric unless a sensitivity analysis or g is desired.

A major advantage of ﬁhis method is its theoretical
simplicity. Similar schemes for decomposing quadratic
and convex programming problems are possible extensions.

However, no experience with this method on large
programmes is available, since the method has only been
proposed quite recently; and it is hoped that further

research in the field will be forthcoming.

(a) Of some particular interest to electrical
engineers in a decomposition procedure proposed by

G. Kron Boﬂ. This is based on Kron's extensive work.on
the application of tensor methods to piecewise solution
of large electrical networks: the interconnected system
is first 'torn' into small subdivisions, each of which
is solved as if the other ones did not exist. The
solutions to the subdivisions are then combined in a

systematic manner and modified to take the interconnections

into account.
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Kron has developed the idea of meshes and
junetion pairs, which together give rise to the coneept
of orthogonal networks.

The decomposition procedure proposed by Kron
is based on the topological analogue between the concept
of orthogonal networks and the general eguations of the
linear programming problem (at least for the transportation
or assignment type problems); and on the equivalence between
the Simplex method and the process of orthogonal trans-
formations.

Kron has applied the procedure to obtain a
solution to a simple transportation problem.Sq‘ But as
he himself admits, a lot of research effort is still
required before his procedure can be systematized to a
worthwhile algorithm capable of handling a linear.prog-

ramming problem of a meaningful size.

7.3 Decompositioh of Non=Linear Programmes

Decomposition of non-linear programmes is receiving
more attention, now that efficient methods of solving
non-linear programming problems are available (Chapter 5).
Notable contributions in this field are due to Rosen,
Fromovitz and Zangwill.

Rosen has successfully applied his method of

'gradient projection' (Chapter 5) to 'partition! a
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non-linear convex problem in linear constraints .
He has also proposed a way of optimizing a general
convex programming in convex constraintng.

In a recent study Fromovitz shows that a
'randomized strategy'; e.g. a procedure whereby one chooses
a mixture of different solutions with specified probabilities
may be better, on the average, than any non=-randomized
strategy, especially if some constraints need not bhe
satisfied for each individual component of the strategy

31

provided they are satisfied on the average~” .

According to this approachﬁfdecomposition the
common row constraints are treated as ones that need only
be satisfied on the average. On the other hand, the
constraints within the sub-problems must be satisfied for
each component of the stratepy.

Fromovitz's work is of theoretical interest,
especially for cases involving decomposible, non-convex,
non-linear programming problems. But it is hoped that some
of these ideas will soon be incorporated into an cffective
computational algorithm.

Zangwill, in his recent paper, has proposed two
aigorithms that may be useful in solving very large non-
linear programming problems. Instead of solving the given
problem, several small non-linear programming sub-problems

are solved.,
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An important feature of the algorithms is that,
under moderate regularity conditions, if the original
problem has an optimal solution, only a finite number of
sub=-problems neecd ve solved. |

These are essentially large-step algorithms
(methods of feasible directions =~ Chapter 5).  However,
the constraints are classified into 'tight' or ‘'slack’
ones. Given any feasible point x, if for some j,

Gj(i) = O then the constraint is said to be 'tight!,
on the other hand if Gj(i) £ 0 the constraint is said to
be slack’',

Let a constant € > 0 be defined; then any
slack constraint such that Gi(i) <€ is said to be 'close’.

Using the above classification of the constraints
a general procedure of the algorithms is as follows:

Using the method of feasible directions, a sequence
of feasible points %', ¥°,...,%x% ie generated. At X°
the constraints are checked to see which ones are tight
and which ones are close.

The sub=-problem of optimizing the original objective
function but subject to only those constraints that are tight
or close at X are solved. An optimal point to the sub-

kel is then generated

problem is thus obtained. Point X
for the original problem and the process of sub-problem

optimigation repeated. The process converges after
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solution of a finite number of sub-problems.

Although no large scale problems have been tried,
this method appears to be guite promising. But as is
the case with many other methods of feasible directions,
convergence may be hampered by ‘jamming'. This may
occur when the algorithm repeatedly leaves a boundary,
almost immediately bumps into another boundary, and then
returns to the first boundary. Alternatively, the same
sub-problem may be solved over and over again. Further-
more, jamming may result any time when, in determining
the direction of move, the boundaries in the immediate
neighbourhood are neglected.

Several techniques of avoiding jamming have been
proposed. The € -perturbation is such an approach: the
boundaries in an € > 0 neighbourhood of the point are
considered when determining the next direction to move.
Consequently, a path for at least a distance of € from
the boundary is assured. Any path with a distance less

than € from the boundary is thus avoided.
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PART I1I

Applications

- 171 -



CHAPTER 8
OPTIMAL OPERATING POLICIES OF WATER RESOURCES

In geﬁeral water resources from a reservoir
can be used in many different ways for different beneficial
purposes: e.g. hydro=electric energy generation, irrigation,
flood control and proteetion, and improvement of navigation.
With all these uses in mind, it hecomes necessary to
determine the 'best' method of operating the reservoir in
such a manner as to derive the maximum overall benefit
(economic and/or social) subject to the physical or
operating limitations of the reservoir in gquestion.

In this chapter, simple mathematical models
for digital computer studies are developed to elucidate
the relations between the variables pertaining to
irrigation and hydro=electric energy uses. The models
incorporate some of the chief factors affecting the
efficiency of a multi-purpose operation for hydro=
electric energy generation and increasing agricultural
productions.

A method of 'feasible directions' (Chapter 5)
is used for the solution of the models. The application
of a dynamic programming algorithm (Chapter 6) to the
problem is also discussed.

In the last sections of the chapter some

modifications and elaborations to the model considered
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are discussed, including extensions to account for
stochastic streamflow, storage capacity and draft from

the reservoir.

38.2. Statement of the Problem

Three simple models will be used to illustrate
"complementarity"™ between hydro-power production and
agriculture water supply.

The objective here is to determine a satisfactory
compromise between electricity and agricultural production
based on economic and hydrological analysis of the costs
and benefits associated with each demand.

The degree of complementarity attainable will,
of course, depend upon topographic, hydrological and
meteorological conditions together with the economic
factors prevailing in the particular country or region
considered. Some of these include the size and shape
of the reservoir; the magnitude of the natural inflow and
how this varies from season to season, and from year to
year. Furthermore maximum agricultural productivity is
possible only if the plants are watered at a rate which
nearly approximates the rate of evaporation; the rate
of evaporation is in turn determined by the meteorological
and climaticconditions which again vary from season to

season, Electrical energy production is, on the other
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hand, determined primarily by economic considerations:

e.g. the type of industries; and the degree of industrial
development of the country or part of the country in question;
and the prevalence of other forms of primary source of

energy (oil or gas).

In most cases; electrical energy demand is
unf orm throughout the year.

In general, full complementarity between
agricultural and power generation is not attainable because
the seasonal water demand patterns for both uses are
different.

For the models considered the following conditions
prevail. During the warm period when crop growing
conditions are favourable, evaporation rates are high;
consequently, irrigation water requirements are large.

The demand of electricity, on the other hand, does not
change appreciably from season to season.

In addition to the above difference in demand
patterns, the distribution of river flow is non=-uniform
throughout the year. Thus in a typical year about two-
thirds of the annual flow occurs in August, September
and October. In the April, through to July period,
when conditions for crop growth are favourable, the
natural river flow is low. Table8l illustrates

percentage river-flow distributions, together with
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demand patterns for electric energy produztion and

irrigation respectively.

8.2.1. Model 1:

(a) Essential Structurg: The model considered here

is a very simple one with a single rcservoir, Stored water
passes through the turbines and releases electrical energy.
The water then {lows downstream and is diverted through

the headgates of the irrigation system. A schematic

diagram is given in Fig. §6.1.

(b) Assumptions: The model has been formulated

with the following assumptions in mind:
(i) Quantity of irrigation water is preassigned -
(ii) Demand for electricity is uniform throughout
the year.
(iii) ©Natural inflows into the reservoir are known
for the entire period of study.
(iv) The reservoir storage and natural inflows
are such that the demand for both electricity and irrigation
can be met throughout the period of study.
(v) Depletion of water through evaporation is
accounted for.
(vi) The objective function is a quadratic function.
(vii) The average head on the turbines is a known

preassigned value.
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(viii) Effect of head variations is neglected.
(ix) The volume of water released during any
period is less than or equal to the contents of the
reservoir at th» beginning of the period plus the flow
into the reservoir during the period.
(x) The contents of the reservoir at the beginning
of any period is less than or equal to the amount left

over from the previous period.

(¢) Constraints: Several physical and

operational constraints are applicable to each period of
study. These 1nclude:

(i) The volume of water released from the reservoir
must be sufficient to meet the period's irrigation demand,
where the latter is a proportion, Gy of the annual

irrigation demand - values of «a, are given in Table 8.2.

t
(ii) The amount of electricity generated at

each period, t, must be at least a specified proportion,
Bt’ of the annual energy output E, where the latter is
expressed in terms of units of river flow. The twelve
values of Bt are given in Table 8.2.

(iii) The sum of the volume of water released
from the reservoir for each of the periods must be
equal to a preassigned value, this being the total volume
of water allowable for the entire period of study.

(iv) Volume of water released at any period

must take non-negative values only.
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(d) Problem Formulation: With the above

assumptions and constraints in mind the mathematical

programming problem may be stated as

Maximize : K I + K,E° (8.2.1)

subject to : X; > ogh (8.2.2)
2

x; 2 By (KJE ¥ K;E7) (8.2.3)

£x; = 80 (8.2.4)

x; 2 0 i=1,...,12 (8.2.5)

where E is the total electric energy demand for the year;

A is the level agriculture required; X4 the release during
month i; Qg and Bi represent distribution coefficients of
demand for irrigation and power demand respectively; K

1l
and K..are conversion factors which transform power demand

2
in kilowatt=hours into units of river-flow.56
Seven levels of A were used ranging from 50 m.c.m.
to 80 m.c.m*
It should be emphasized that the numerical values
of o and Bi’ i = 1,2,..0512 are only rough estimates of

the demand patterns. These would naturally vary depending

on the type of model considered.

8.2.2. Model 2:
Model 2 is essentially similar to HModel 1 except
that in the former the objective function has been expanded
* milliards of cubic meters. Values refer to those of

Aswan Dam, Egypt.
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TABLE 3,1.

Seasonal Distribution of Inflows to the Reservoir and

Water Demands for Irrigation and Power Generation for the

Kodels investigated*

Seasgson Inflow to Hydro-power Irrigation
reservoir. demand demand
January-March 9 28 15
April-June 3 25 34
July~-September 53 22 35
October=-December 35 25 16
* Figures represent percentage of annual supply and

demand.
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TABLE 8.2,

Distribution Coefficients of Water Demand for Irrigation

and for Electric Energy: (values of g, and o).

Period Irrigation Coeff. Elec. Energy

Coeff.

1 . 027 .093
2 .033 .094
3 066 .093
b .101 .089
5 149 .083
6 .138 .078
7 <114 074
8 101 072
9 .094 073
10 .081 .078
11 046 .084
12 .026 .089
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to include a performance index of the benefit which
accrues from agricultural production. The problem can

then be formulated as:

Maximize  poA + p_(K;E + K,E°) (8.2.6)
subject to X; 2 oA , : (8.2.7)
. 2
xs00> Bi(I{1E+K2Ez) (8.,2.8)
X; = 80 i = 1,2,...,12 (8.2.9)

where o, and pe are preference coefficients for agriculture
and hydro=-power respectively. Several numerical values
of p, and Pe have been used. Here again, it must be
emphasized that these values are not definitive: rather
they are used to illustrate the technique of analysis.

The preference coefficients Py, and Pe are
proportional to the benefits arising from unit increment
in agricultural and power production respectively. Clearly
very many variations of p, and P may be used depending
on the relative importance attached to either agriculture
or electrical energy production. For example, several
different values are used and the implication of any

particular choice is examined.

8.2.3. Model 3:

This model is essentially more complicated than
the above two. The assumptions and constraints discussed
in section 8.2.1. still hold ~ together with several

other constraints to be discussed below.
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The object here is to investigate the feasibility
of increasing the complementarity between agricultural and
power production by means of a down-stream storage. A.
portion of this storage could be used to regulate the flow
released‘from the main reservoir. Thus in this example
water released during the winter months to meet peak power
demand can be stored (probably underground) and then pumped
during spring and summer when needed for crops.

Fig. 8.2. is a schematic illustration of the
new model « Ei represent flow routed from the main
reservoir, through the generators, to the down-stream
storage during period i ry is the volume released from
the down-stream storage for irrigation during period
isxi is the volume released from the main reservoir and

routed (via the power plant) straight for irrigation.

(a). Further constraints:

Apart from the set of constraints outlined in
section 8.2.1.c, the following restrictions are imposed.

(i) the total flow through the generating plant
during period i is X; * gi;

(ii) the total volume of water for irrigation

is x. + r.
i i*

With all the above factors in mind, the task is
to determine, for a given set of benefit and cost

coefficients, irrigation and power output, and routing
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schemes that optimize the net benefits. From the
corresponding values of Ei and ri, the approximate
capacity of the down-stream storage can be determined.

The mathematical programming formulation is as

follows:
Maximize P, A + PeE - PW Eri (8.2.10)
subject to X, + v > 0 ay (8.2.11)
X, + gi > 0 BE i=l,..,12
12 12 (8.2.12)
x &i - % ri = O (8.2.13)
i=1 i=1
12 12
i=1 i=1l
Ei’ I‘i, Xi ->_ O i = 1,000’12 (8.2.15)
where ﬁ = klE + k2E2 . A range of possibilities is

examined by varying the cost and benefit coefficients.
The coefficient Py is the unit cost of wells, pumps and

any other item associated with supplemental storage.

8.3, Method of Solution

All the three models were solved by a method of
feasible directions. A general version of the method is
discussed in Chapter 5, section5.3.2.b. A common feature

of the three models is that all the constraints are

linear. Although a quadratic cost function has been used

for the present discussions, a more ncne=linear function
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may be used without loss of generality.

The pertinent features of the method are summarized
in the flow=-chart in Appendix A2. This version handles only
linear constraints, and is based on the survey paper by Dorn.20

An initial feasible solution may either be provided, or may
be computed by the programme.

Like many other non-linear programming techniques,
this method will only compute a local minimum (maximum).

Of course, if the function to be optimized is convex (concave),
then the local optimum is also the global optimum.

All the inequality constraints are transformed
into equality ones by the addition of appropriate slack!’
variables. |

The programme has been written in Fortran IV code,
and successfully run on the IBM 7090, 7094 and 360 digital

computers.

8.4, Results:

Optimal operating policies of Model 1 are given
in Table 3. Values of irrigation target, A, ranging from
50 to 80 m.c.m. have been used. The results are also
sketched in Pig. 8.3. |

Thé values of E in Table 3 all fall on the segmen-
ted line BC...LM in Fig. 8.3. The vertices of this line

intersect lines from the origin with slopes ai/Bi. Any
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point on the segmented line may be viewed as representing

a feasible and optimal mix of electric power and agricultural
production. For example, point J represents an optimal
operating scheme in which A = 54.4 m.c.m. and E = 76.8 m.c.m.

Any point falling below and to the left of the
segmented line represents a feasible but non-optimal policy:
whereas any point above and to the right of the line is
outside the feasible region.

Point B represents a single-purpose agricultural
production with hydro=-electric power generation treated as
supplementary; on the other hand point M indicates a
single-purpose hydro=-electric energy generation with
agriculture treated as residual,

Optimal operating policies for Model 2: with various
values of preference coefficients are given in Table L,

In Fig. 8.3. point M' represents the operating
policy that maximizes the function F = 2 x A + 10 x E;
point X for F = 4 x A + 10 x ﬁ; point H' for ' = 5(A + ﬁ)
6.8 x A +

[}]

and F = 6.86 x A + 5.85 x E; and point J for F
9.85 x E.

The dashed lines Fig. 38.3. have negative slopes
for the five values of pu/pe. Lines parallel (to the dashed
lines) are tangent to the segmented line at points M', K,
H' and J respectively. A desirable feature about Fig. §8.3.

is that for any values of Py and L the point of tangency
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of a straight line (parallel to the negative slope of
pa/pe) with the segmented line indicates the optimal values
of A and ﬁ that maximizes the preference function
F = pmA + peﬁ. This provides a convenient method of
investigating the implication of implementing any particular
economic objective. Thus if pu/pe is near gzero, points
near M will be indicated; whereas if pa/pe approaches a ‘large
positive value, points near B are indicated.

The figure (8.3) has been constructed along the ,
lines indicated by H.A, Thomas et al. ?5" 

We see that for Model 2 with the preference
function 6.8 x A + 9.85 x E , the total benefit in multi=-
purpose operation is proportional to

6.8(54.388) + 9.85(76.872) = 1126.998
If, however, there had been full complementarjty, the full
potential of the water resource system for both electrical
energy and agriculture would be realized; and the total
benefit in multipurpose operation would be proportional to
6.8(80) + 9.85(30) = 1432

So that the actual degree of complementarity is 1126.988/1432 =
78.5% for this particular preference function.

Optimal schemes for Model 3 are given in Table 5.
For small P> bhe objective function is maximized for both
irrigation target, A and hydro=-power generation equal to

80 m.c.m. - point Q on Fig. 8.3. With all the other
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TABLE

3

Monthly Releases at Various Levels of Irrigation

Requirements to Maximize Electric Energy Production,

Month  x(mem) A*=50 55 60 65 70 75 80
Jan x,  7.334  7.081 6.635 6.038 5.240 4.316 2.822
Feb x,  7.413  7.158 6.706 6.103 5.300 4.362 2.997
Mar x;  T7.366 7.112 6.663 6.164 5.263 4,950 5.280
Apr. Xy 7.018 6.776 6.849 6.565 7.070 7.575 8.080
May X 7.450  8.195 8.940 9.8651Q 430 11.17511.920
June xc  6.900  7.590 8.280 8.970 9.60010,350 11,040
July x;  5.842  6.270 6.840 7.410 7.980 8.550 9.120
Aug. Xg 5.667 5.554 6,060 6.565 7.070 7.575 8.080
Sept. ¥y  5.255 5.170 5.640 6.110 6.580 7.050 7.520
Oct. ¥1o 6.140  5.930 5.555 5.265 5.670 6.075 6.480
Hov. x;, 6.614  6.387 5.984 5.446 4.726 3.687 3.680
Dec, Xy, 7.018  6.776 6.349 5.780 5,014 3.924 2.837
£ %5 79.999 79.999 80.011 80.00179.93379.539 79,836
KE + KE 79.030 76.309 TL.493 65.06756.467 45.78927.55

* JIrrigation Requirement is in milliards of cubic metres

per year.
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TABLE 4
Optimal Cutputs for Irrigation and Hydro-power and
Schedule of Flow Releases

Economic Objective

P, = 2 4 5 6.8 6.86
P = 10 | 10 5 9.85| 5 g5
45,393 | 50.893 | 61.587 | 54.383| 61.547

80.001 78.721 70.003 76.872 70.003

Optimal value of A

Optimal value of E

Benefit ~

F =paA + peE , 897.000 990.784 | 657.75 1126.998 | 831.731
Month { Flow /// i : ////

Release

Jan. Xy 7.482 7.305 6.496 7.134 | 6.496

Feb, Xo 7.562 7.384 6.5€6 : 7.211 6.566

Mar. X 7.514 7.337 6.524 7.165 6.524

Apr. Xy, 7159 6.990 6.216 6.826 6.216

May X5 6.764 7.583 9.171 8.103 9,171

June Xg 6.264 7.023 8.494 7.505 8,494

July Xy 5.942 5.802 7.016 6.200 7.016

Aug. Xq 5,781 5,644 6.216 5.512 6.216

Sept. Xq 5.361 5.235 5.785 5.112 5.785

Oct, X9 | 6.264 6.112 5.U439 5.973 5.439

Nov. X4 6.748 6.590 5.859 6.434 5.859

Dec. xy, 1 7.159 | 6.990 | 6.216 6.826 | 6.216
Annual in' l 30.0 79.995 79.998 80.001 79.996




" TABLE 5

Optimal Operating Schemes for Regulation of Flow
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pW
O 23 8 93 Q.5 9.7: 10; 10,5

" Morith X3 ; Ty Xy i ] X 3 T, Xg S

Jan- 2,580 4,970 7,040 .298 7.550 6,496

Peb- 3,060| 4,660 2,520 | 5.020 7,620 6,566

March | 5,600| 2,00 5,010 | 2,380 5,350 | 2,280 6,524

Anril |} 7,200 1,170 | 7.040 660 7,150 6.216

May. 6,750 5,550 | 6,410 4,760 6.560 3.820 { 9.171

June 6. 450 5.120 | 6.270 4,360 | 6,140 3,530 | 8,494

July 6,070 3,480 | 5,880 2,860] 5.920 2,150 7,016

Aug, 5.900 2,500 | 5.810 2,010{ 5.820 1,345 | 6.216

Sept. | 6.040 1.830 | 5,910 1.365| 5,350 7121 5,785

Fet, 6,460 420 | 6,290 5,760 | 4555 5,439

Nov, 4,100} 2.700 3,560 | 3,120 3,360} 3.950 5,859
~Dec, 2,240} 5,040 | 2,160 | 5.200f 1,860} 5.300 1 6,216
--Annual 60,18 {19,800 19.840 | 63,930 {16.018] 16.015| 68.420177 555 111.557] 79.996 iy |4
-1 so, | 80 - : - 80 70.003
& - | 8o, 76.8 | 70,05 61.547

F-- 11016,8] 958,8 | 851 1843 ghp, g | 828 45iazy 733 |

Py = 6,86 Pe = 5.85

FoEopy A4 peE - pWZri
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coefficients (pOL and pe) kept constant increase in the value
of P, Up 8 has no effect on the values of Xs s Es» and rs.
The value of the objective function is, of course, reduced

(see equation 8.2.10).

For values of Py 9.0 and 9.5 respectively the
optimal operating point is R3; while for values of 9.7 and

10 respectively, the operating point is S. For values of

Py = 10.5 and above s r, = 0, i =1,...12 and the operating
point falls on the segmented line BC...LM.

From Table 5 we note that the months in which r.
ié positive are consecutive. So that zri represents both
the volume of water to be released from storage and the
total volume required for regulation. As Py is increased
the volume of water required for storage decréases from
19,184 x 1O3 cubic metres (at point Q) to 16.015 x 103 cubic
metres (point R) then to 11.557 x lO3 cubic metres and finally
to zero.

The above simple computational examples indicate
how mathematical programming, and especially the method of
feasible directions, may be usefully employed as an aid in
determining the best operating policy of a reservoir for
electrical energy and agricultural production. Although
the models considered are simple, this approach can provide
quite useful first approximations to the actual operating

conditions.
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The assumption that stream flows can be predicted
with certainty is a very strong one; and is in fact never
realized in practice. The inclusion of the desirable
degree of uncertainty will, of necessity, complicate the
objective function and/or the constraints, espeecially for
large problems. In the next section a formulation that
takes into account the said uncertainty is suggested. The
model represented is suitable for solution by the method of
dynamic programming discussed in Chapter 6.

Further refinements towards a more realistic
model should also include probability relationships for
storage of water in the reservoir(s) and for drafts;
introduction of head on the turbines as a variable;
introduction of flood protection and control as a purpose
with economic benefits. These will naturally result in
a non-linear objective function with non-linear constraints.
Many new variables will be introduced and the number of
constraints increased. The problem may then be solved by
any of the non-linear programming problems discussed in
Chapter 5 or by a version of the method of feasible

directions that incorporates non-linear constraints.

8.5. A Possible Solution by Dynamic Programming

The objective here is to indicate - qualitatively -

how a model similar to lModel 3 may be formulated and solved
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by the method of dynamic programming.

A schematic diagram of the model is shown in
Fig. 8. 4 ., It is slightly more complicated than Model 3:
the time lag between the time when water is released from
reservoir 1 and the time when the water is availlable for
utilization in the lower reservoir is taken into account,
Furthermore, there is a second stream flow (qi) into
reservoir 2. In addition, the quantities of water in

both the reservoirs enter into the computations directly.

8.5.1. Problem Formulation:

The two reservoirs are connected in series, with
y; me.c.m. entering reservoir 1 at time interval 1. The
al 1

capacity of reservoir 1 is S+ and sil (m.c.m) (0 < s.” < S

1
5 )

is stored at the beginning of period i.

The capacity of reservoir 2 is 82 and the corres-
ponding volume of water stored is si2 MeC.M, In addition
reservoir 2 is replenished by ¢ m.c.m./season, part of which
is released from reservoir 1 (Ei) and the other part (qi)
by natural flow. The time lag effect is allowed for by
assuming that O; M.Cal., of water will be available for use
at the (i+l)th sub=interval.

As with the previous models (1,2 and 3) the purpose

of this particular one is twofold: to generate electricity,

and to supply water for irrigation. The net benefit from
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both purposes is to be maximized.

The vector describing the state of the system has
the following components:

(i) amount of water stored in reservoir st

(ii) amount of water stored in reservoir 82

(iii) amount of water in transit

Qur task is then to establish an optimal policy
of the system during a long period of time, starting in
any state of the reservoirs and the replenishment capacity.
This policy involves three decisions to be taken into account

at the beginning of the interval: Xgs gi and T, .

8.5.2. Dynamic Programming Formulation

The method of dynamic programming has been discussed
in Chapter 6. We wish to show how the method may be used
to formulate the above problem.

In this problem the three decisions X5 gi, and L
constitute a policy vector §&§=(xX,E,m). The policy vector
is constrained to be within a set of all admissible policies:

(x,6,m) & P§

Since time lag is allowed for in the transit of
water from the up~ to the down- stream reservoir, the
returns derived for process of duration N = 1 is

(x,E,m) = ¢p(x,m) + 2,(x,E,7) (8.5.1)
where @A(x,v) is the return from irrigation and

@E(x,g,w) = @El(x,g) + @Eg(w) is the return from hydro-
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power utilization.
Hence the expected optimal return from the first

stage process (N=1) is

Fi(xsgsm) =  Ma o, (x,m) + opl(x,E) + opalm) (8.5.
1G0Bm = e G5 egl0hE) ¢ aga(n (8.5.2)

Following the operation of the system for one

stage, the system is transformed from state

S (s,s2,0) (8.5.3)
to state S = (s%,5%,0). (8.5.1)
This transition is due to transformation
T = T(X, &, T,¥,q) (8.5.5)
Observe that the transformation vector T is composed,
in pert, of certain elements which are at our discretion:
X, E,m; and in part of certain elements which are stochastic:
y and q.
For this example it is assumed that the variability
in the flow of ¥y during the period of study is quite marked;
and that the variability of the flow of q is so small that the

flow can be reasonably represented by an average value.

Consequently the new state S is denoted by:

s = f (sY+y-x-E, 52+o-w, £E+q)h(y)dy (8.5.6)

where h(y) is the probability distribution function of the
inflow into reservoir 1.

0S5uUMe
Let us,that the operating stages correspond to
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monthly periods. Hence the return from the second stage

is denoted by

Fz(sl,sz,o) = Max {o(x,E,m) + °°Fl(sl+y-xFE,52+0-'n,£+q)h(y)d
(x,€,m)ePs (8.5.7)

So that, in general, following the Principle of Optimality

-0

(Chapter 6), the following equation is derived:

]

FN(Sl’sz’G) ) Max {9(x,E,m)+ J FN—l(Sl+y-x-€,s2+o-n,
(x:E;W)QPG -~
g+q)h(y)dy} (8.558)7

We observe that the state vector of the functional
equation is composed of three elements, thus giving rise
to a three-dimensional problem,

Existing digital computing facilities can now
handle three-dimensionsl dynamic programming problems of the
type formulated above. And it is hoped that in future
some research effort will be directed at programmes that
are capable of achieving such solutions.

In order to facilitate a programme of the type
suggested, the following steps have to be taken:

(i) the integral is replaced by a summation;

i.e. the continuous distribution function is discretized,

thus giving rise to

el
-3

F. (x,£,0) = HMax {o(x,E,m)+ T A3 F._ (sl+yj-x-£,
B (%, E,m)EPS j=1 ? N1

s2+c-n,£ + g)} (8.5.9) °
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with Aj > 0

. = 1
ZAJ

(ii) The set, P§, of admissible solutions is

specified. For this example, constraints of the type

<x+g<s4
<52

£+ q < ¢

A
=

A

st < specified number

s2 < specified number

© o o ©o o o
In 1A

A

o < specified number

A programme that solves a problem of the type discuseed
above would yield a long-run optimal operating procedure.
The benefit function could take any general form,

either linear or non-linear.
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CHAPTER 9
OPTIMAL OPERATION OF A HYDRO-THERMAL ELECTRIC SYSTEI

In'this chapter we consider the solution of a
scheduling problem involving a system that has both hydro-
electric and thermal units. First the general case is
formulated; and then a sample model with two hydro=-electric
and one thermal unit is solved to minimize an annual cost
indeky The solution is obtained by means of a two

sequential unconstrained optimization techniques.

9.1. The General Problem

Th

]

object here is to formulate a general problem
consisting of any (finite) number of fixed head hydro-
electric stations and any number (finite) of thermal
stations.

(a) Variables of the Problem

For a specified set of natufal river flow, the
power generated at a hydro-electric plant at any instant
of time is a funetion of the quantity of water stored in
the reservoir and the rates of change of storage at the
plant under consideration and all the up-strean plants.

Moreover, for any given system load, the energy
which has to be supplied by the thermal plants, and the
cost thereof, are functions of the reservoir storages.

and rates of change of the storages. ConseQueﬁtly,'the
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storage draw-down curves of the various reservoirs
in the system may be treated as variables of the problem.

(b) Assumptions

In the course of the formulation of the general
model, several assumptions are made. Some of these are
listed below.

(i) the cost of water for generating electricity
is negligible;

(ii) there is no depletion of water supply through
evaporation;

(iii) water flowing into the reservoir during the
ith sub~interval is not available for electricity generation
until the next sub-interval;

(iv) the function, F(Sik) of the thermal units is
strictly convex and is differentiable;

(v) thermal generation is required throughout the
study period. - - ' S S S T e
Y 8 - A

(¢) Constraints

Broadly speaking, these fall into: physical
and operating restrictions. The physical constraints will
vary according to the problem in gquestion. Some of the
common ones are:

(i) maximum plant (turbine) discharge for any
given sub-interval;
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(ii) minimum plant discharge for a given
sub=interval;

(iii) maximum and minimum storage capacity for
each reservoir at any sub—interval,

(iv) maximum and minimum output of thermal plants
during any sube-interval of time,

The main operating restriction is that of supplying
the electric energy demand (allowing for losses) at any
given interval of time. For some systems, in order to
ensure continuous operation for the hydro-electric plants,
it may be necessary to specify bounds on the quantity of
water that may be used for electricity generation over a

period of time (i.e. a day, week, month or year).

(d) Statement of the Problem:

With the above points in mind, the problem of
determihing the optimum system schedule may be stated
as follows:

Determine the average thermal output per sub-

.

interval: S t = l’cnt,T; j = 1,.:.,["1; 1 = 1,..0,1\15

tji
and the averageée plant discharge, Qt,z s T = LlyeaesTy
£ = 1,...,L for which the total thermél cost over a
specified period:

T N M

I L LF
t 1 3

£15Beji2 V%, g, Rego Bep) (9.1.1)

is a minimum, subject to the constraints:
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181 Sgy ¥ pEy Hpp(Qp o)) 2 Dy + Pry (9.1.2)
T
1%, =V, 2= 1,...,L (9.1.3)
Qt min < Qtz < Qt max 2 = ly..4,L (9.1.4)
R, min < R_, < R, max (9.1.5)
Sji min < Stji < Sji max (9.1.6)
J = 1,...,100
t : l’...,T

where Qtz is the average discharge through a hydro-electric

station & during the sub-interval t; t = 1,...T. H is the

te
hydro-generation corresponding to Qtz . Vz is daily or
weekly allotment of water at hydro-station . th is the

storage capacity of reservoir & during sub-interval t.
Dt is the average system demand during sub-interval t and
PLt the average system loss during the sub-interval t, and is

a specified function of H and StJl'

tL
For generality, other terms are ususlly added to the

cost function (in the form of penalty functions). The

penalties are for violation of operating constraints;

e.g, a penalty for not meeting the required demand or for

producing much more electricity than is required for any

givan sub~-interval of time.
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Various forms of penalty functions may be used;
e.g} for failing to meet the demand, the following penalty

may be imposed:

£ O 1if all the demand is met.
C =
pt when energy supplied is

kolx, = x
less than that demanded

atl

(9.1.7)
where (xt—xat) is the degree of violation, at any sub-
interval t; and kf and n are constants chosen to produce
high penalty cost when a violation occurs;

Similarly excessive over~supply may be penalized:
® 1if the excess supply is within a specified

Cgt = acceptable limit.
kg [xg t-xt|m when the specified limit is
3 exceeded,
(9.1.8)
The final cost function to be minimized is then:‘
T N MU T e T -
F = I © % + I ¢ + I ¢ (9.1.9)

¢ i j Feij =1 pt tz1 Pt

subject to constraints 9,1.2 through to 9.1.6.

9.2. The Particular llodel Investigated:

The system investigated is illustrated in Fig. 9.1.
It consists of two hydro~electric plants and cone thermal
plant. The plants are arranged in a parallel series
stream inter—connection; Consequently, discharge at

the upstream plant affects the downstream plant.
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In Fig. 9.2. the variations in the value of the
natur.:l stream flow for reservoirs 1 (upstream) and 2
are plotted. A graph of variations in peak demand is
also included in the figure.

(a) Assumptions

For the system considered, we shall assume the
following:

(i) no charge is made on the cost of water for
generating electricity.

(ii) penalty cost for violating the operating
constraints is not included in the cost function. The
thermal units have sufficient capacity to meet the defecit
that cannot be met by the hydro-electric units.

(iii) all the thermal units are represented by an
equivalent unit St’ t = 1,...,T.

(iv) the cost function is quadratic: of the form
2
t
(v) No transmission losses are included, these

F(S,H) = .5 + 2 x St + 0.006 x S /sub~interval.
being assumed negligible.

(vi) the thermal units are in service when
required. The start-up and shut-down costs are reflected
in the operating cost expression.

(b) Plant Characteristics

The following functional relationships and constraints

were used for the model in question. They are essentially,
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similar to those used by Cypser ; and were obtained by

fitfing curves to portions of tabulated data.

(i) PForebay elevations:

s o - =5, &2
Yl,t = 59077 x 10 “x Sl,t+ '25965Sl,t +
3343,24580 (9.2.1.)
Y2,t = .01666 x SZ,t + 2883 (9.2.2)

(ii) Total Plant Discharge:

(2]

Qlt = rlst - l’t (9-2-3)

ta = Ty T sl’t - éz’t (9.2.4)

(iii) Tail-water elevation

= - 2

Yy = 3072. + 1.5012%Q; . - 0.03404 x QF .
) (9.2.5)

YET’t - 26970 + 05687*Q2’t- -00359 X Qz’t
(9.2.6)
(iv) Effective head:

By = Yi,6 7 Yipge (9.2.7)
Poe © Yo,8 7 Yope (9.2.8)

(v)  Pcwer Cenerated:

Hl,t(let) = 06486 x Ql,t(hl,t-zo + 38,107 x Ql’t
- 2
2.863 X Ql,t) (9-2-9)
Hz,t(Q2,t) = 0.076 x Qz,t(hz,t's + 2.885 % Qz,t
- 2
0.0183 x Q2,t) (9.2.10)
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Constraints:

included:

max

max

max

max

max

max

problem

(ii)

(iii)

[

18.07152 - .020825 x h

22,0 + ,005 x R
26.0 - .,003 x R

minimum plant discharge:

Ql,t mn = 0
Qz,t min = O
minimum storage:
R i =

1,t min 0
R2,t min = O

maximum plant discharge:

As a function of effective head:

Ql,t max = 0,034327 x hl,t - 3.32696

if hl,t <387.9883

1,t

0.036636 x h, , + 3.28796 if h, (<183.146

2,t 2,t

As a function of reservoir storage

if hy >387.988

1,t if Rl,t < 750

1,¢t 1,t -
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The physical and operating constraints imposed

(9.2,11)
(9.2.12)

(9.2.13)
(9.2.14)

(9.2.15)

3
(9.2.16)

59
(9.2.17)

19.79267 - 0.05108 x h if h, _>188.14659

(9.2.18)

(9.2.19)

if 750 < R, , < 1360.5(9.2.20)
23.9185 + .375(Ry o = 1360.5) if Ry ¢ > 1360.5

(9.2.21)

Constraint (iii)(A) was used for the present



(iv) Operating

+ H +8S, > D t = 1,.4.,T

Hy ¢ 2,6 t 8¢ 2 Dy

The period considered was one year, divided
* . remaining
into 10 sub-intervals of 5 weeks each and the
sub-interval of 2 weeks. A1l these led to 99 constraints
in 33 unknowns. The operating cost was based on hourly

production cost which was then multiplied by the approp-

riate factor to obtain the total cost for the entire year.

9.3, Method of Solution

Two related methods of non-linear programming
have been used to solve the above problems. These are
the sequential unconstrained minimization technique
developed by Fiacco and McCormick and the logarithmic
potential method developed by Lootsma. As vwe have
indicated in Chapter 5 both methods employ penalty function
as a means of staying within the feasible region.

Of the two, the version by Fiacco and McCormick
has been the more extensively used, Lootsma's version being
relatively less known. In the power=-systems domain Mitter
and Liacco have used Fiacco and McCormick's method to
obtain solutions for reliable operation of a power system
under different operating conditions?9A Sasson has

0
used both methods to solve load-flow problemsF
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A common feature of both the methods 1s the
transformation of a constrained into an unconstrained

problem. In the above example we have
11

F(x) = T (.5 + 2.%. + 0.00G.x.z) (9.3.1)
i=1 . *
subject to
Gi(xj) >0 1=1, 99 (9.3.2)

j =1, 33

This is transformed into an unconstrained function

- - 99 -
P(r,x) = F(x) + r % 1/Gi(x) (9.3.3)
i=1
or 99 -
P(r,x) = F(x) - r I In. G.(X) (9.3.4)
i=1 1

Equation (9.3.3) ~is due to Fiacco and McCormick and
Equation 9.3.4, is Lootsma's Logarithmic potential method.
Both methods have been discussed in Chapter 5. Appendix
A3 illustrates in very general terms, the pertinent steps
of the algorithm of each of the methods.

In each case, the sequence of unconstrained minim-
ization of P(rk,i) is carried out by Fletcher and Powell's
modified version of Davidon's variable metric algorithm
(Chapter 5). A flow chart of Fletcher and Powellt's method

is given in Appendix AlL.

9.4, Results
The optimal operating policy for one year is given

in Table 9.2. Table 9.1. gives the initial (feasible)
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solution. The variations in load deficit correspond to
the variations in stream flows and system load shown in
Fig. 9.1. After about the U4lUth week, the hydro-units together
produce - bovwer in excess of the system demand. For an
integrated system this would mean exporting the excess
power generated. For an isolated system, on the other
hand, the turbine discharge would have to be limited to
supplying only the system demand; so that some volume
of water has to be spilled over,

It must be emphasized that the total costs for
the period will depend upon the specified state of the
reservoirs at the beginning and end of the planning period.
For each set of specified conditions, there will be a
different policy and the above results refer to only one
such conditions.

A more realistic formulation should have allowed
for the uncertainty related to the stream flow and load
estimates. The manner of handling such forms of uncertainty
will, of course, depend on the statistic on record and the
method of evaluating these. This is a field in whiech further
research work could be pursued,

The same initial solution was used for both methods
(Logarithmic potential method and the method due to Fiacco
and leCormick); and both methods gave practically

identical optimal solutions. A noficeable advantage of
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TABLE 9,1,

INPUT DATA AND INITIAL SOLUTION

Period End of Period Storage Natural Stream Fldws~ Generated Power-

Load Deficit
(Weeks) Kilo-sec-ft-days) Tl r2 G &
. _ 1k 2K (W) (MW)
Res. 1. " Res.2. (MW) (MW)
0 1380, 600, 4,0 10, 160,972 158,381 335, 15,647
5 1350, 550, .8 3.5 59.241 33,966 337, 243.793
10 1345, 550, .8 2.5 37.215 26,856 348, 283,429
15 1350, 525, .9 3.5 55,843 27,433 352, 268,724
20 1340, 550, .9 3,5 49,442 31,643 367, 285,915
25 1335, 545, .8 2.5 37.837 26,826 382, 317.337
30 1350, 545, .8 2.5 37.199  21.314 372. 313.487
35 1350, 550. .9 3.5 52,042 28,841 358, 277.117
ko 1350, 545, 3.5 3, 126.987 126,421 350, 96,592
45 1345, 550. 11,8 34,0 650,905 383,978 342, 0
50 1350, 545, 6,2 28.0 519.376 232,298 338, C
52 1335, 545, 4.0 10, 160,972 158,831 335, 15,647

Cost = £12,785,704 / hour-week,
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TABLE 9.2.

Optimal Solution

Period End~-Period Storage Gen. Power Load Deficit
(Kilo-sec ft.dys) Gy G2k
(Weeks) Res.l Res.2 (W) () (Mu) (Mw)
0 1380. 600. 125.4083 80.969 335 128,623
5 1350.  550. 59.241  33.966 337  2U43.793
10 1200. 500. 43,440 68.698 348 235.862
15 1130, 430, 61.255 47.700 352 243.045
oo 1020. 360. 58.398 58.240 367 250.362
25 900. 300. h46.hoh 56.059 382 279.447
30 800. 230. 44,954 49,009 372 278.037
35 700. 150. 61.085 50.676 358 246.239
40 630. 90. 129.941 128.980 350 91.079
45 1100. 300. 602.243 285,198 342 0
50 1300. 500. 480.993 167.102 338 0
52 1380, 600. 125.408 335 128,623

80.969

Cost £11,191.148/ hour-week.
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the Logarithmic potential algorithm over the Fiacco-
McCormick one is the former's better convergence to the
solution - at least for the example considered.

Another advantage of the Logarithmic potential

method is that the error function

m
. = r. z InaG.(x L1
e(rJ,x) r; iil 5 () (9 )

can be approximated by a constant
6, = m.r (9.4.2)

where m is the number of constraints. So that by
specifying the value. of ée, a value of rj can be obtained
such that the optimal value of F(X) is found within a
prescribed accuracy in one minimization process. For
subsequent minimisation procedures, Ge is reduced by a
specified factor - (210 for the above example). This is
an advantage which the Fiacco=McCormick method fails to
offer; i.e. in their method, there is no way of
approximating the error function

m

et(rj,x) = rj iil l/Gi(x) (9.4.3)

In the original Fiacco=lMcCormick algorithm
(Appendix A3) a method of obtaining an initial value of
r (i.e. v = rl) is suggested. However the author has
experienced some computational difficulty in applying the
same procedure. First negative values of r are obtained;

and by the time a corrective procedure has been invoked

- 215 -



to give a positive value of r it is invariably found that
one or more constraints are being violated. Consequently,
an arbitrary initial value of r (50.11 x F(X)) has been
chosen.
Furthermore, an acceleration by extrapolation suggested

52

by Fiacco and McCormick~ " is found to lead to repeated
violations of a number of constraints and the time required
to drive the letter back to the feasible region counterbalanced
the net increase in the rate of convergence. As a result,
the acceleration subroutine has been discaréded. Similar
computational difficulties have also been experience by
Sasson.70
A major weakness of the Fiacco=-McCormick method and
the logarithmic potential method is that the initial
solution must be feasible, For a large problem with
many constraints, a lot of time has, therefore, to be
spent in obtaining such a solution.
Moreover, as we have indicated in Chapter 5, both
the above methods employ 'boundary repulsion factor';
the Fletcher-Powell unconstrained minimization algorithm
used in both cases, however, proceeds by taking successive steps
(specified) along the generated conjugate directions
(Chapter 5). Quite often, if the current point is close

to the feasible boundary, the direction generated may be

such that the minimigation step will give a point outside
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the constrained region. A corrective procedure incor-
porated in the'programme for handling such a situatilon,

is to reduce the step length by a prescribed factor,

until a point which lies in the constrained region has

been obtained. For a large problem with *tight' constraints,
much tiﬁe may, therefore, have to be spent in merely trying
to keep within the constraint region, rather than carrying

out the actual minimization process.
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CHAPTER 10

ELECTRIC TRANSMISSION SYSTEM DESIGN

10,0 This chapter is concerned with investigations
into the feasability of applying several mathematical
techniques to the design of a transmission network. The
methods considered include the Simplex algorithm and the
modifications to handle integer linear programming
problems; and two sequential unconstrained optimization’
techniques (already applied in Chapter 9).

In the following sections, assumptions are
made about cost factors, demand of electrical energy,
limitations of the power transfer capacities of the
transmission lines and the reliability of operation of
the lines. From these assumptions and the inherent
restrictions (to be discussed) salient features of the
most economical design are obtained.

Notable contributions in the application of
mathematical programming method to electrical design are
due to U.G. Knigh€7é48??9 Recently Burstall has proposed
a heuristic method of solving linear programming proglem
of a network model of the type considered by Knight.

The approach followed in this chapter differs in concept

to either of the two mentioned.
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10.1 Problem Statement: General:

In general, the design problem is that of
finding the total costs of a power system network subject
to given constraints. The total costsinclude capital as
well as operating costs; while the constraints may refer
to the physicél capability of the cgquipment in use and
also to the design practice. TFor the present discussions,
the above factors may be summarized as follows:

Find the minimum of:

(a) (Transmission line cost) + (b) (Switchgear
cost) + (c¢) (transformer cost) + (d) (cost of reactive
generation and control equipment) + (f) (Operating and
maintenance costs of (a), (b), (e¢) and (d) + (g) cost
of transmission active and weactive power loss;

Subject to:

(1) given reliability factor at substation

being met;

(ii) power (m.w.) demand at each substation
being met;

(iii) reactive power (m.v.a.r.) at each
substation being met;

(iv) thermal limit of each equipment not to
be exceeded;

(vi) power transfer capacity of each line should

not exceed the stability loading limit of the line in question;
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(vii) +total power generated and/or imported must

be sufficient to supply the total demand at given time.
The above list is by no means exhaustive:

there are many more constraints that the designer could
impose. Some of the above constraints are interrelated;
some are severe and have decisive influence on the mode
of operation and economic choice of the system to be
designed, while others are mild and have negligible
influence. The designer is particularly concerned with
the severe and decisive constraints. The problem then
becomes that of determining the degree of importance of
the constraints. There are no systematic rules for
achieving this; and here is where the designer's

experience, skill and judgment plays an important role N

S e haen . treated at
% . .
r In addition,

constraints considered;

) and also of ¢ -3 .

I e Lt

main generating station and five load oehters, The load =
demand at each center is indicated. Table 10.1 lists
the distances between the stations.

The following assumpbtions are made:
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(vii) +total power generated and/or imported must

be sufficient to supply the total demand at given time.
The above list is by no means exhaustive:

there are many more constraints that the designer could
impose. ©Some of the above constraints are interrelated;
some are severe and have decisive influence on the mode
of operation and economic choice of the system to be
designed, while others are mild and have negligible
influence. The designer is particularly concerned with
the severe and declsive comstraints. The problem then
becomes that of determining the degree of importance of
the constraints. There are no systematic rules for
achieving this; and here is where the designer's
experience, skill and judgment plays an important role X
nome of the difficulties involved have been treated at

length in Chapter 1.

10.2 linear Progranmnming lModel:

For an example, we shall investigate the
simple system shown in Fig. 10.1. It consists of a
main generating station and five load centers. The load
demand at each center is indicated. Table 10.1 lists
the distances between the stations.

The following assumptions are made:
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Linear Programming Model

"Pig. 10.1. System for the
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Table 10,1  Distances between Load Centers. (ILinear

Programming Model)

Path Length Path Length

(miles) (miles)
G-I, 15 LI 197
G-L, 122 Ly-Ly 94
G~L3 214 Ly Ly 77
G~L4 54 L2~ 5 130
G~L5 137 L3~ 4 165
Ly =Ty 13 L3wL5 158
Ll~L3 153 L4~L5 113
Ll«L4 102

Table 10,2 Distances between Load Centers (Nonlinear

Programming Model

Path Length (iiles)
1-2 140
1--3 164
1-4 130
2-3 144
24 260
5=-4 144
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(a) The generating capacity is sufficient to meet the
current load demand;:

(b) costs considered (objective function) are
nroportional to the length of the line; and to the
number of lines in any given pathi

(¢) only transmission costs are considéredi

(d) +there is sufficient reactive power equipment for

supply and control as required.

10.2.1 Problem Pormulation:

The main constraints are hased on the security
requirement at each substation and also on a modified
block transfer requirement to a group of substations.
Por example it may be required that the number of lines
supplying sub station A must be greater than a specified
value.

The exact value specified will be based on the
degree of reliability envisaged; on the power demand
at each substation; on the thermal limit of each line;
and on the transfer capacity limitof each line

If constraints specifying all the possible
combinations were imposed, the resulting model would be
extremely large even for a small size problem. Ior this

xample, the method used for imposing constraints

R
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incorporates an adaptive approach: the smallest numbexr
constraints possible is introduced. This results in a
linear programming model, which is then solved by the
Simplex algorithm. The solution is then examined; if
the resulting network configuration, does not appear
lreagonable’, a selected number of constraints is added.
The process is repeated until the desired configuration
has been obtained.

Ior the system shown in Tig. 10,1, the
following linear programming model was eventually

X
. ®
arrived at:

earliepr solutiong

Process described above

the load centers should be af 1eas£ fdﬁf;A

(b* +there should be at least one line between
the generating center and load center one (Ll) H

(c) +there should be at least two lines
between the generator and load center 2 (L2) , load
center 4 (L4) and lcad center 5 (15) respectively.

4. refer to the lines: e.g. line between

i
generator and load center one (f; = £y = Xp)
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incorporates an adaptive approach: the smallest number
constraints possible is introduced. This results in a
linear programming model, which is then solved by the
Simplex algorithm. The solution is then examined; if
the resulting network configuration, does not appear
'reasonable!, a selected number of constraints is added.
The process is repeated until the desired configuration
has been obtained.

For‘the system shown in I'ig. 10.1, the
following linear programming model was eventually

*
. LY
arrived at:

Minimize T(X) = g G. i, , " (10.2.1)

Subject to-

(a) +the number of lines entering each of
the load centers should be at least fours

(b +there should be at least one line between
the generating center and locd center one (Ll) ;

(c) +there should be at least two lines
between the generator and load center 2 (LZ) , load
center 4 (L4) and lcad center & (L5) respectively.

4; refer to the lines: e.g. line between

1

generator and load center one (101 = Zlo = X;)
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The above formulation results in a set of ten
inedualities in fifteen unknowns.

There are several advantages to this approach.
First, the number of constraints and hence +the size of
the problem matrix is reduced considerably: in this
example by up to a factocr of 4 or more. This makes it
possible to handle large problems which would otherwise
be toobig for the existing computer capacities. OSecondly,
the process is similaf to the one that a design engineer
would follow in practice; and hence should have more
anpeal., Thirdly (relafed to the second point) the
designer has virtual control over the design process;
furthermore, by changing or modifying the constraints,
the designer is, in effect, engaged in sensitivity

analysis of the relative importance of the constraints.

10.3 tlethod of Solution

/in integer linear programming subroutine -
from IBM SHARE Library was used. The subroutine uses
the revised simplex method (Chapter 4) and is capable
of handling problems not exceeding 120 constraints in
300 unknowns.

The solution process is as follows: first an

optimal solution to the linear programming problem is
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obtaineds; o check is next made to determine whether ox
not the solution is all-integer  If not, a !'Gomory
sonstraint' is generated for a particular non-integer
variable and added to the problem (Chapter 4). The
program then seeks an optimal solution satisfying &ll
the constraints (including the Gomory Constraints).
The cycle is repeated until all the solution variables
are integer.

The limit on the size of the problem (120
constraints in 300 unknowns) is to allow for the
additional 'Gomory Gonstraints! and artificial variables
(Chayter 3) to be generated by the program. The version
used was written in Fordtran II code; and the computation
time is about 0.4 minutes, including conmpiling time

(for a binary deck).

1C. 4 Lesults:

TMig. 10.2.a shows a network configuration
resulting from an ontimal linear programming solution.
“he dashed lines refer to /2 line solution. TIig. 10.2.b.
shows the configuration of an all integer solution to
the same problem.

The imposition of the requirement for an all-

integer solution to a linear programming problem tends
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Pig. 10.2.a.. Optimal Solubtion

Linear Programming
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Wig. 10.2.b. Optimal Solubtion:

Integer Linear Programming
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to increase the total cust of the design, as is clearly
indicated by comparing the total costs for configurations

6 and £109.41 x 106)

10.2.a and 10.2.b. (cf. £08.745 x 10

If for the problem considered it was required
that the number of lines entering load center 3 (L3)
be three while all the other constraints remained the
same, the resulting optimal solution (both linear
programming and integer linear programming) would be
as shown in TFig. 10.3.

The requirement that the number of lines
entering load centers 1, 2, 3, 4, 5 be 4, 4, 3, and 4
respectively for the load demands indicated may be too
congservative., Tor with the present reactive power
regulation oapabi%ﬁ?ies, lines are capable of carrying
much larger loads . In which case the reguirement
should be that the number of lines entering load centers
1, 2, 3, and 5 should be 3, 3, 2 and 3 respectively.
With these latter constraints, together with the added
restraints that there should be at least a line each
between the generating station and load centers 1, 2, 4

and 5 respectively, a model is obtained whose optimal

solution is shown in Fig. 10.4.
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Total Cost: £ 102.83 xto”
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Fip, 10.4.

Optihal Solution

Linear Programming

 Total Cost: £ 69.37.x10

6
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some General Commentss: |

The above example has shown that a power system
design problem can be formulated as a linear programming
problem and solved., However, it must be emphasized that
there are definite limitations to this approach.

Tirstly, the essence of linear programming
is the existence of linear relations, both in the
objective function, and amongst the variables themselves.
In the above example we have assumed that the cost of
lines is linearly related to both the length of the
line and the length of lines per given path; Such an
assumption is very idealistic; for in some situations,
locol conditions may be such as to make a short line more
exzpensive to construct and operate than a relatively
longer line. lloreover, the cost of two lines between,
say A and B is usually less than double the cost of one
line between the same.

Secondly, linear programuaing -- and especlally
integer linear programming - solutions tend to act in an
all-or-nothing discrete fashion; and not in a continuous
fashion. Consequently, a small change in the coefficient
of the variables may either change nothing cr effect
quite a large change. Due account should be taken of

this fact when interpreting the results.
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However, apart from the above limitations, it
is felt that, linear or integer linear programing
solutions to design problems of the type considered above
forms a very useful guide to the type of configuration
that the system might eventually attain. This, of
course, refers to the case of designing a system where
none existed before; or more likely, to the situation
where a higher voltage system is to be superimposed on
the existing lower voltage one: for example, in Great
Britain, the development of the 275 kv system to
reinforce the existing 132 kv one or the current

development of the 400 kv systen.

10.5 A Nonlinear Programming Model:

A much simpler model shown in Fig. L0.5 is
next investigated. Table 10.2 shows the distances between
the substations.

The objective function (the cost of transmission
lines) is still assumed to be linear; but the constraints
now bear nonlinear relations. As in the previous
section, the main constraints are based on the security
requirement at each substation. The major constraints
are:

(i) total power requirement at each substation
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Table 10,3 Optimal Soluticn to the Nonlinear Programming

Model,

Path Number of lines
1-2 .579

1-3 1.367

1-4 ¢.011

2-3 1.613

-4 . 380

3-4 1.599

6

Total Cost =& 60.760 x 10

Table 10.4  Optimal Solution of the Yinear Programming

llodel by Means of the Logarithmic Potential

Method:
Gle . 996 L1~L5 . 004
G»LZ 1.994 L2~L3 1.498
G~L3 .0CL LgmL4 . 003
‘mL4 1.999 L2~L5 . 003
G~L5 1.998 LB-L4 . 003
Lleg . 500 L3-L5 .003
i LB 2.491 L4—LB 1.965
Ll—L4 . 006

Total Cost = £109,484 x 10°
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should be able to meet the demand at the particular
sub~station. The actual formulation is based on the
relation between power transfer capacity and the length

) i 12
of a given line

Ak

P o= .5 in M.V, (10.5.1)

where f is the distance in miles

e that the actual constraints are:

4 P,y > specified demand &t stafion 1 (10.5.2)
2 Pig 2 " " " " ? (10.5.3)
. . . 4 N
é. Pi4’ -Z‘ " " (10 504’)

i=1, 4

(ii) for each line J , the power transferred
must be less that a specified value -governed by the

stability 1imit of the line in question:

2
%d = °5X%%zl £ specified value (10.5.5)
5 :

L3 =1, we., 4 dnj, Pap=Ffio, Lije
These, together with the requirement that Ij > G
J =1y vesy 6 constitute the set of constraints: 22

constraints in 6 unknowns.
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A logarithmic potential method (Chapters 5
and 9) was used to obtain a solution to the above problem.
As has been explained, this is a nonlinear programming
technique which transforms the constrained problem into
a series of unconstrained problems, which are then
solved by means of unconstrained optimization technigues.

The result is shown in Table 1C.%, & similax
result is obtained when in addition to the above
constraints, a set of reliability constraints is added.
This may be due to the fact that the constraints
(reliability) are not tight enough. Or alternatively,
that in a design problem of the type considered, the
particular set of reliability constraints are of
relatively less importance than the other ones.

The method employed in generating reliability
constraints is given in Appendix AG. It is hased on
estimating the length of time during which a substation
should operate without power interruption to the
consumer, for a given year, For example, if 1t is
assumed that 2 lines are required to supply load center
one; then during a fault the following possibilities may
obtain:

(i) no line is affected:

(ii) 1line one is out of service;
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(iii) 1line two is out of services
(iv) Dboth lines are out of service.

If it is further assumed that the transfer
capacity of each line is such that by itself, it can
éupply the demand of the particular substation, the
interruption of service to the comnsumer occurs only
when both lines go out of service. 'This fact is used to
estimate the expected time during which no interruption
should occur at the particular sub-station. The
design requirement is then that the cost should be
minimized subject to the expected un-~interrupted running

*
X
time beins sreater than the estimated value. Ea:

t; for each substation we have

)y Tom
Wi ik

(1,j)€Fs

Loy n , specified
w1 Mk > value

ieg
Ye(i,i)

where: M;,, #(i,j), g U, and D are as defined in Appendix Af,

present glaring limitation of the nonlinear programming
techniques in current use. There is as yet no known
way of ensuring that the solution be all integer.
However, it is encouraging to learn that some serio%E
research effort is being directed at this problen
(integer nonlinear programming) and it is hoped that

some useiul algorithm will be forthcoming.
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(iii) 1line two is out of service;
(iv) Yboth lines are out of service.

If it is further assumed that the transfer
capacity of each line is such that by itself, it can
supply the demand of the particular substation, the
interruption of sexvice to the comsumer occurs only
when both lines go out of service. This fact is used to
estimate the expected time during which no interruntion
should occur at the particular sub-station. The
design requirement is then that the cost should be
minimized subject to the expected un—-interrupted running
time being greater than the estimated value.Eé?

For the simple problem considered the intro-
duction of reliability requirements led to the addition
of 26 more constraints. |

An important feature of the results is that
the solution variables are non-integer. This is the
present glaring limitation of the nonlinear programmning
techniques in current use. There is as yet no known
way of ensuring that the solution be all integer.
However, it is encouraging to learn that some seriogg
research effort is being directed at this problen
(integer nonlinear programming) and it is hoped that

scme useiul algorithm will be forthcoming.
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A linear programming solution of the. same
problem (ig. 10.5) is shown in Fig. 10.6. The method
of formulation is similar to the one discussed in
Sections 10.2 and 10,3, This is clearly a much better
solution than the one by nonlinear programming technique.
Ag a matter of gencral interest, the logarithmic
potential method was used to solve the linear programming
model discussed in sections 10,2 and 10.35 and whose
optimal solution is shown on Figs. 10.2a and 10.2.b.
Table 10.4 shows the final solution after 10 functional
evaluations (minimigation cycles) and 6 minutes of computer
time. The rate of convergence was extremely slow, and
the final value of the objective function still far
from the exact winimum. The linear programming result
(5implex method) on the other hand, was obtained after
0.4 minutes of computer time (including compilation
time); the result is shown in Fig. 10.2.a. This confirus
my observation in Chapter 2 that for a linear programming
model, the simplex algorithm is the most efficient

method of solution
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CHAPTER 11

GENSRATION PLANNING

11.0

Practically all power utilities face the
necessity of having to decide upon the increase in the
generating capacity to meet the growing load demand.

Generation planning does, in fact, involve

the investment of‘a large amount of money. It is,
therefore, imperative that a careful analysis be carried
out to ensure that the most efficient and economic combi
nation of the units is added into the system.

wuch analysis requires a thorough evaluation

of a large number of factors bearing on the problem:
for example
| (a) prediction of load demand;

(b) estimation of the load duration curve:

(c) reserve capacity requirements;

(a) availability of the installed capacity;

(e) inter-connection of utility systems;

(£f) expected (or estimated) maximum unit size
in the latter stages of the planning
period;

(g) expected development in the methods of
electricity generation (conventional or
otherwise);
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(h) location of the units and topography to

the terrain;

(i) expected transmission system development;

(j) capital and operating costs of different

sizes and types of uﬁits etc.,

Evaluation of all or most of the above factors
80 as to arrive at an optimum choice is quite a difficult
task, especially if plamning studies are carried out
over long periods of time. TIor there is a large number
of possible alternatives to choose from.

Pirst, there are many different types of
generating units that could be added to a system. These
include different types and sizes of thermal and/or
hydro-electric units or nuclear units. The units may
be for base of peak loads. The choice may also be
between installing only units having the best available
fuel rates (at high capital costs) or for a mixture
of high and low fuel rates. ©Still another possibility
may be to consider the use of only very large units; or
a mixture of large and small units.

The final choice should only be made after
considering a large fraction of all the possible alterna-

tives.
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fuch research effort has been directed at the
problem of determining the 'best' combination of the
generating units to add ~ with regard to both capital
and operating costs over long periods of time. In this
chapter the possibility of applying the methods of
dynamic programming; and sequential unconstrained

optimization techniques are suggested and discussed.

11.1 Problem formulation: A General Case:

In very general terms, the planning problem
may be formulated as follows:

Let load duration curves be given for each
year of the entire planning period; this information is
obtained from the expected load curves. A typical load
duration curve i1s shown in ¥ig. 11.1. The objective is
then to wminimize the total capital and operating cost
over the period of study subject to the following
constraints:

(a) maximum demand in each year must be met;

(b) there should be adequate reserve capacity;

(¢) allowance for planned outage of the installed

generators for repair;

(d) energy output from the units must be

sufficient to meet the demand in each
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time interval of the load duration
curve for each period of time considered;
(e) maximum allowable capacity of the unit to
be installed not to exceed a specified
limit (for each year of the study period):
(£f) maximum available energy output for each
type of plant for each time period should
be within certain_specified:dimits.
The above points may be summarized in the

following compact mathematical programming formulation:

iinimige: F(P. .
iinimize r(Plt, B

I T M ) T i
z & Bitm V1t T £ & v, o, (11.1.
i=1  t=0 m=1 e=1  +t=0 m-1
Subject to:

I T N T

g & Ry z Pet 2 P (11.1.2)

i=1  t=1 e=1  t=0

I i

3 Bigm * é;ﬂetm 2 By (11.1.3)

1:1 e:l

Fit <Py (11.1.4)

- 243 -



i tm Lagn Piy (11.1.5)
Botm £ %p  Pot (11.1.6)
Bitnr Botmr Figr Fog 2 © (11.1.7)

where Pit refers to the capacity of plant of type i

to be added in period +t 3 I represents energy

itm
output of plant of type i din the interval m of
period t ; Pet refers to capacity of the existing
plant,type e , in period 1t ; Eetm represents energy
output of plant of type e in the interval .m of
period t 3 Cit ’ Cit and Cj_JG are cost coefficients
and c; and a, are availability factors for the plants
to be installed and the existing plants respectively
and Pit is a specified value.

Requirements (b) and (e) are allowed for in
equations (11.1.2) and (11.1.3) respectively. Thus L
is increased by the required reserve capacity; similarly
Etm is increased by the amount corresponding to the
energy output of the planned output for the period and
time intervals considered.

Note that the above formulation does not

include transmission and geographical constraints. These
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cen, however, be incorporated without loss of generality,
as has, indeed, been done by U.G. Knight in his formulation

of the linear programming model?9

11.2 Possible Solution by Nonlinear Programming lMethods:

As has been pointed out in Chapter 5, methods
for solving nonlinear programming problems are still in
their infancy and have not yet acquired the degree of
efficiency enjoyed by the 'Simplex' Method for solving
linear programming problems. One of the areas that require
further investigation is the size (number of variables
and/or constraints) and complexity of the problems that
the existing nonlinear programming methods can handle.

Such information is clearly of immense interest
to planning engineers. TFor formulations of the type
given above would involve several hundreds of constraints
and about the same number of variables - if the planning
study is to be meaningful.

Cnce the information is forthcoming, the methods
could become very useful tools in the search for the
*best' plan. Tor example, the above problem could be
solved (11.1.1 through to 11.1.7) by one of the
sequential unconstrained optimization techniques (e.g.

the Logarithmic Potentidl Method). In which case the
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problem is transformed to:

Minimize FP(r,Py, By, o8 ) = F(P,, B B ) -

~ ' é— 4. ( i 2 ]

= {ln (él'f‘ Pig t . % Pot ~ P%m) +1n é Bigm * FEetm Di':m)

, A | &z ,

+ 1 iy - 'P;’Lt> toin (C‘“im Big - Bitm) *in (C”eméPet = Tetn
+1n (B2 ) ; 1n /E' + ln(P' . (11.2.1)

' Atm ) " \ etm) ' et) (e

) i i : I '
Subject to no constraints. Vhere P'tm’ L%m’ Pit’ Eitm’

e

ﬁetm are equal to Etm+€l’ Etm+€2’ Pit+€3’ bitm+€4

and Letn "€y respectively: €. 1 =1,...,4 1is a smali

i
censtant greater than zero.
Alternatively the original problem could be
sclved by Zangwill's method of 'Penalty IFunctions!

(Chapter 5). Thus the unconstrained optimization

problem would be:

Minimize TP = P «+ %—{(Gl)2 . ((;2)2 5 (G3)2 + (G4)2

- (e5)% ¢ (6g)% + (62 4 (G8)2j (11.2.2)
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where

'22 _‘_gé" 1 1
(i . Pit e Py P%m) if 11.1.2 is

Gy = violated (11.2.3)

O otherwise

gimilarly

4 iy _ o 0 3 3

(‘"“itm )—%.u u%m) if 11.1.3 is

G, = | violated (11.2.4)

¢  otherwise

and so on for the rest of the comstraints.
It is hoped that some research effort into the
applicability of these methods to power system planning

(as suggested above) will be forthcoming.

11.3 Possible solution by Dynamic Programming

The gemneration planning problem can also be
formulated by means of the direct application of the
principles of dynamic programming,%g | However, a
major limitation of the dynamic programming approach
(Chapter 6) is the computational difficulty involved in
handling problems with greater than four constraints.
5o that with the planning models of the type envisaged

(with hundreds of constraints) such direct application of
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dynamic programmning is strictly out of the question.

In a recent article Dgle has suggested a
dynamic programming method for the selection and timing
of generation plant additions. T4 His approach is
based on the selection of several basic types and siges
of the units which are then combined in a large number
of ways for each of the tine intervals in the entire
planning period. Yach of these combinations will result
in different costs; and at least one of then will give
the least-cost plan.

The main weakness of Dale's method is that
the shape of the load duration curve is not taken into
account. 4As a possible improvement on his approach the
author makes the following suggestions, which effectively
take into account the shape of the load duration curve:

The load duration curve for each year should
be divided into three (or more) sections, comorising
bose load, 'medium' load and peak load. See fig 11.2
for an illustration. In general the base load for a
glven systen will increase by a certain percentage from
year to year. 30 will the medium and the peak loads
respectively Consequently, three sets of curves can
be drawn for the predicted growth in the base, medium
and peak curves respectively (TFigs. 11.3.a, 11.3.b and

11.3.c).
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ith the above information available, Dale's
approach can now be applied to obtain the 'best! plan
fur each of the divisions. or example, suppose that,
Tfor the base load division we have three possible
paﬁterns ﬂb, Bb and Ub of developments for high-load-
factor, high capital cost units. TFor each patbttern,
say Ab ;, we may have several different types (énd
sizes) of units e.g. nucleér, coal fireé, oil-fired or
hydroelectricy this will give rise to numerous '
combinations for the entire planning period as
illustrated in PFig. 11.4. As the stage (year) of
study increases, so does the humbef of possible
combinations of the units. For a given stage, not all
the possibie number of combinations need be considered:
the number may be reduced by allowing only for the most
likely combinations. This would, of course, depend on
the policy.of: the partitular electric utility and may
be influenced by whether or not the systemlunder
investigation is an isolated one; or is part of a
ldrger integrated systemn.

4 dynamic programming algorithm can then be
used to obtain the most economic plan for pattern Ab
By the same approach economic plans for patterns Bb

and €, are obtained. Cne of the three results gives

- 249 -



Time (hours) 87

)
AN
Y
I
N
i =,
! .
o
j ~
H . ‘«\“
. . .
—~ \
=o ~—
- \\
\‘\.
i -
- I
lg 3
= i
o 1
fan :
|
T
| i
[ PRI SSRERR RS P S S R B S st iing S——

Fig. 11.1 A Typical Load Duration Curve

Demand M=W

%

RN

i

Peaking :

tLoad \\\ '

Medium Loa;\\\\\\\\\

" Base Load i_
!

0 Time (hours) ‘ 8760

Fig. 11.2. Suggested divisions in the Load

Duration Curve

- 250 ...



T

 ESTIMATED
Load Demand (MW)

0 ’ Time (years) 30

Fig. 11.3.a Predicted Load-growth for base load
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Fig. 11.3.. Predicted Load-growth for peak loads.
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Tig, 11.4: Possible Combinations of units in Planning Fattern A
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the lowest cost plan for the base load expansion
program.

A similar selection method is applied to the
medium-load factor units (the medium load division);
and then to the low -load fact, low-efficlency units for
peaking puxrposes.

suppose thét for the base load program patterm
Ab gives the lowest cost; for medium load program
nattern Bm gives the lowest cost; and for peaking

- units pattern Ap gives the lowest cost. Then the
overall lowest cost expansion program is the sum:
(Ab-:-}am-:iAp =7

Appendix A7 gives a typical flow diagram of

a dynamic programming algorithm that may be used to
*&

X
obtain solutions along the lines suggested above.

0

*% As a further refinement, the 'base', 'medium' and
'peaking' load divisions (Fig. 11.2) may be shifted
('up' or 'down') and a new set of predicted load growth
curves -~ similar to PFigs. 1l.3.a, 11.3.b. and 11l.3.c -
obtained; and another overall lowest cost programme
(Aé + Bl + Aé) calculated. Ir (Aé + B+ Aé) is less
than (Ab + B+ Ap) then the former is taken as the

best plan.
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the lowest cost plan for the base load expansion
program.

A similar selection method is applied to the
medium~load factor units (the medium load division);
and then to the low -load fact, low-efficiency units for
peaking purposes.

ouppose that for the base load program pattern
Ab gives the lowest cost; for medium load program
nattern Bm gives the lowest cost; and for peaking
units pattern Ap gives the lowest cost. Then the
overall lowest cost expansion program is the swu:
(Ab+Bm#AP)E=;

Appendix A7 gives a typical flow diagram of
a dynamic programming algorithm that may be used to
obtain solutions along the lines suggested abovefmk
It must be enmphasized that the above discussions

are only suggestions and that no actual results are

available to confirm their validity.

“the subscripts refer to the divisions e.g. 4, = pattern

A in the base load division; Bm = plan .B 1in the

'medium' load division and /4j = plan A in the peak

load division.
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CHRPTER 12

CONCLUSIONS AND SUGGESTIONS FOR FURTHER WORK

12.0. "Systems Approach" is finding wider application in
a large variety of situafions. An essential property of
the Approach is that of geeking to optimize the overall
systems functions according to specified objectives, and
to achieve the best compatibility of its parts.

Systems Engineering forms one of the major
components of the Systems Approach. An important step
in the systems engineering methodology involves either
mathematical or physical modelling.

Formulatiqn of models is a very difficult task requiring
quantitative knowledge of how the system variables
interact and the relative importance of the constraints.
Further difficulties involved in modelling include:
finding a suitable way of expressing the objective
function in terms of the variables; 1limiting the number
of constraints; and deciding on how much idealization is

allowable and still obtain satisfactory results.

12.1. Part I
Mathematical programming has witnessed a phenomenal
rate of growth over the last decade; and the fast growth=-

rate is likely to be maintained for a long time to come.



Lagrange muitipliers in one form or another have
played an important role in the recent development of
mathematical programming theory. One of the most important
theoretical results in this field is the work due to Kuhn
and Tucker, which is an extension of the classical Lagrange
multipliers rule in its most general form (that encompasses
both equality and inequality constraints).

Associated with each linear and non-linear programme
is the dual programme. The concept of duality has led to
the development of a number of very useful computational
techniques in both linear and non-linear programming fields;
and is currently being successfully applied in the generation
of a two~level decomposition technique,

One of the most efficient and widely used
algorithms is the simplex method developed by Dantzig for
solving linear programming problems. Several variants
of the simplex method, including the dual-simplex, primal-
dual and self-dual algorithms, have since been developed;
and are finding useful application especially for para-
metric problems.

Several algorithms have also been developed for
solving integer linear programming problems. Some of
these: e.g. the cutting=-plane, primal and mutual=-primal,
methods employ the principles of the simplex method (or

variants of this). In general the cutting-plane and
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primal methods have proved erratic: sometimes performing
well and at others giving no solutions. One of the most
promising developments is that of the bfanch and bound
algorithms - especially the version of Bala's partial
enumeration algorithm which requires less storage capacity
and computation time and which is now being extended to
handle non-linear integer programming problems.

Non=linear programming techniques may be broadly
classified into direct and indirect methods. Of the
indirect methods one of the latest techniques is the method
of geometric programming, which has definite potentialities
in a variety of fields.

Much of the discussions have been concerned with
the direct methods, which may be further grouped into the
unconstrained and the constrained optimization technigues.
Of the unconstrained methods, the modified~-gradient ones |
especially the Fletcher-Powell algorithm has, by far, the
best convergence properties. However, the algorithm
suffers from the fact that the positive definite matrix,
H, required may be quite large for large problems, thus
limiting the size of problems to consider. Another
modified gradient technique: the method of conjugate
gradients, excels in its simplicity. However, it does

not converge as fast as the Fletcher-Powell method.
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The constrained ndn*linear optimization techniques
may be divided into: those which are extensions of the
simplex method e.g. reduced gradient methods or methods
of approximation programming; methods of feasible directions;
and sequential unconstrained optimization methods.

The essential feature of the first division (e.g.
reduced gradient method) is the approximation of the non=-
linear function by a linear one through the use of Taylor
Series expansions. Some of these methods exhibit reasonably
fast convergence properties; others are quite slow while
others are only capable of solving convex problems.

There are many versions of the method of feasible
directions. These use the same general approach as the
methods of unconstrained bptimization. So far the versions
due to Zontendijt, Rosen and Goldfarb have performed quite
satisfactorily, especially for non-linear programming
problems with linear constraints.

The sequential unconstrained optimization methods
(also known as "penalty function methods") transform a given
constrained problem into a sequence of unconstrained problems,
which are then solved by unconstrained optimization techniques
(e.g. modified gradient methods). They exhibit good
convergence and are capable of handling highly non=linear
problems., Of these, both the Logarithmic potential method

and the Fiacco-McCormick method require an initial feasible
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solution =~ a procedure that may be time-consuming, especially
for large problems. With Zangwill's method, however, the
initial solution is chosen arbitrarily, and a penalty is
imposed only on the constraints that are violated. This
makes the method capable of handling large problems.

All the three penalty function methods suffer from
one major weakness: thelr inability to distinguish between
non~linear and strictly linear constraints. If special
subroutines for handling linear constraints could be
incorporated into the algorithm the methods would become
more efficient, Further research work 1s also required
to establish the following: a) computationally the most
efficient way of solving the unconstrained problems;

b) the best way of choosing the initial value of r;
and c¢) the best way of decreasing r.

Dynamic programming is a very efficient method for
solving multi-stage decision processes. The problems can
be linear or non-linear. However, as the dimension of the
problem increases, storage capacity requirements multiplies
manifold. Consequently, only small dimension multi-stage
decision problems can be solved by the existing class of
computers.

Although not as versatile as dynamic programming,
the Maximum Principle is beginning to find increasing

applications in a large variety of problems. The concepts
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have further been extended to the discrete case and should
now find some applications in the field of power systems
engineering. Close similarities exist between the funda-
mental concepts of the Maximum Principle and those of
Mathematical Programming in general.

Several successful decomposition technigues for
solving large linear programming problems have been developed.
The basis of these algorithms is similar to the 'simplex'
method. Others, including decomposition by dynamic
programming and Kron's method of 'diakoptics' are still at
the development stage. Current research effort is now
directed at decomposition techniques for non-linear
programming problems and it is hoped that afficient algorithms

will be forthcoming.

12.2. Part II1

| The method of feasible directions may be usefully
employed as an aid in determining the best operating policy
of a reservoir for electrical energy and agricultural
production. Although the models considered are simple
(with only up to36 variables in 26 u2£§g§g§) this approach
provides very useful first approximations to the actual
operating conditions. The models developed and solved

were 211 deterministic. Further refinements towards a

more realistic model should allow for uncertainty in the
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stream flows, storage of water in the reservoirs and
drafts respectively. A dynamic programming formulation

a three-dimensional model and which allows for uncertainty
in stream flows has been presented and it is hoped that
programmes capable of solving such problems (three-
dimensional or more) will be developed soon,

The economical use of reservoir water in the
generation of electrical energy is becoming an important
consideration in any system with both hydro=-electric and
thermal units. Optimal operating policies obtained
(Chapter 9) show clearly that non-linear prbgramming methods,
especially the sequential unconstrained optimization
techniques (Logarithmic potential and the Fiacco-McCormick
algorithm) provide very useful guide-~lines with regard to
the economics of such combined operations. The model
considered comprises two variable=head hydro-units. A
larger problem would probably require decomposition along
the lines suggested by Zangwill (Chapter 7).

For electric transmission system design, the
'‘adaptive'! approach followed in the formulation of a linear
programming model results in substantial reductions in the
number of constraints, thus making it possible to tackle
relatively larger problems. The approach alsc enables
the designer to assess the relative importance of the

constraints. The resulting configuration could form a
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useful first step in the design of the actual system.
Solutions by non-linear programming method are inadequate:
in all cases the solutions are non-integral. The inability
to give integer solutions is a serious limitation of the
existing non=-linear programming methods; and it 1is hoped
that more research effort will be devoted to the development.
of algorithms that can give integer solutions.

Generation planning involves the investment of large
| amounts of money. Such vast expenditure warrants thorough
analysis to evaluate the effect of the numerous factoré
bearing on the problem. Mathematical programming could
prove an extremely useful tool to the planning engineer,
provided that suitable methods for solving large problems
of the type involved can be developed. Non=-linear
programming and dynamic programming formulations have

been presented and possible solutions suggested.

12,3. Suggestions for Further Work

The subject matter of this thesis has been wide and
varied. Consequently there are many areas which require
further investigation. Some of these have been discussed
in the main body of the thesisj; for example:

(a) Application of geometric programming to the
solution of power system problems whose objective functions

are expressible as products of the design variables;
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(b) establishment of an efficient algorithm for
the decomposition of large linear programming problems by
dynamic programming; ‘

(¢) development of a method of feasible directions
that is capable of handling non-linear constraints;

(d) formulation of models for multi=purpose
operation of water reservoirs in such a way that uncertain-
ties in stream flow, reservoir storage and drafts,
respectively, are allowed for.

(e) development of a dynamic algorithm to solve
the model given in Chapter 8;

(f) Application of the decomposition method suggested
by Zangwill for the solution of large hydro-thermal operation
problems;

(g) further investigations into the capability
of the existing unconstrained optimization techniques with
regard to large systems involving several hundred variables
and constraints.

In addition to the above suggestions, the author
feels that further research work should be devoted‘to the
task of establishing fundamental factors pertaining to
the validity of a given (mathematical) model.

Furthermore, it is hoped that Zangwill's method
of "Penalty Function" (Chapter 5) will soon be ysed for

the solution of non-linear problems of the type considered
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in this thesis, and that a noﬁlinear version of the branch
and bound algorithm (Chapter 4) will soon be developed and
used to solve generation planning problems of the type

discussed in Chapter 1l.

Contributions of the the Thesis:

Major original contributions of this thesis are
summarized below: |

(1) A thorough and critical survey of mathematical
programming techniques from both theoretical and computational
points of view; also, a more unified presentation of the
mathematical programming methods than is at present
available.

(2) Clarification of the difficulties encountered
in the formulation of a mathematical model.

(3) Clarification of the idea of the Systens
Design Approach and its relevance to systems optimization
in general.

(4) Application of a method of feasible directions
to determine the best poliey for-a reservoir for electrical
energy production and irrigation. Also, formulation of a
three-dimensional model suitable for solution by a dynamic
programming algorithm.

| (5) Application of two sequential unconstrained

minimization techniques to obtain optimal operating policies’
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for a variable-head hydrothermal electrical system.

(6) A general formulation of a transmission
system design problem. Also, the introduction of an
adaptive method ofkimposing constraints - in the formulation
of a linear programming model of a transmission network
design problem; this results in a sizeable reduction in
the number of constraints.

(7) Formulation of nonlinear programming models
of a transmission network design problem and solution of
the resulting models by means of a sequential unconstrained
optimization technique. Indication of the inability of
existing nonlinear programming methods to give integer
solutions.

(8) Suggestion of a possible way through which
Dale'!'s dynamic programming method for generation planning
may be extehded 50 as to take account of the shape of the
 load duration curve. Also formulation of nonlinear
programming models suitable for éolution by the existing
sequential unconstrained optimization techniques once
the latter have been modified to handle large problems

of the type encountered in power system planning.
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APPENDIX A,2.

A METHOD OF FEASIBLE DIRECTIONS:

Methods of feasible directions (in conjunction with
other methods of non=linear programming) have been discussed
in Chapter 5. “Dotailed steps of the version used to
solve the problem discussed in Chapter 8 are given here.
Only linear constraints are considered.

Consider the problem:

Minimize:a convex function, F(X) (A2,1)

subject to A a,.X, > bi i

j=1 "ij7J
x. >0 ]
52 Jj

1,2,...m (A2.2)
l,...50 (A2,3)

The computational rules are as follows:
(i) An initial feasible solution ig is chosen:
i.e. a point satisfying (42.2) and (A2.3).

(ii) A step-length t (£>0) is chosen such that

ij = ig + t8; (A2.14)
satisfies (A2.2) and (A2.3) and such that
n
321 25585 2 0 i=1,2,...% (A2.5)
Sz >0 j =1,2,...m (A2.6)

1
b=
A
0)]
A
b=
o
"

Mtl,.e.,n (A2.7)
(iii) 1In order to obtain the larmest decrease in

F(xX.) we
( J) 7

Minimize 3F ., o o
i (xl,...xn)sj (A2.9)

j=1  9x,
J XJ
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subject to (A2.5)=(A2.7). This is a linear programnming
problem; and the solution sg is a feasible direction.

The point Ej piven by A2.4 yields a smaller value of F(ij),
provided that t is sufficiently small.

If the solution s? = 0, then x? is the solution to
the problem (i.e, minimizes (A2.1) over the given constraint
set).

If however, S? # 0, the parameter t is chosen in
the following way:

(a)

n

g o o n o
.= e s Xy . - LB, .5,
) (bl J=1alJXJ)/ngaleJ for J=laleJ<O
t = Min {
0, 0 o
- x./s.; for s, <0 A2.,9

Jd ] J ( 9)

If t < t then ij in (A2.4) satisfies the original

constraints.
(b) Consider the following function of a single
real variable, t,

pee) = .3, 0 2F = 0 (A2.10)
i J x§+ts§

Since F(Xl’XZ""’Xn) is convex, (A2.10) has at
most one real solution. Suppose such a solution exists
and is denoted by t*. If t < t* then F(Ej) will decrease

for increasing t.



(¢c) the optimum choice of t is then

tm = Min (t,t*)
and the new feasible solution is given by
=(1) =0 o '
s = Xx: + t_s.
% i 'm;

The process is iterated until either:

(1) S; =0 or

(A2.11)

(ii) the decrease in the function is sufficiently

small.,



APPENDIX A.3.

(a) The Fiacco=lMcCormick Method:

Given a mathematical programming problem:
Minimize F(X) (A3.1)
subject to Gi(i) i=1,...,m (A3.2)

the problem is transformed into an unconstrained one:

m
Minimize P(X,r;) +r I 1/Gi(;c) (A3.3)

i=1

subject to no constraints. A3.3 is then solved as

indicated in the flow-diagram below (Fig. A3.1):

1. Start:

Select_an initial feasible
point x4 ‘

Set i=1; select ry > 0

2. Minimize P(X,r.), starting from
X;.q and subjedt to no constraints

Y jl/ ‘ -

3. Is the error: rlzlle(i) less than

a specified value?

Yes No Put:
A d i= i+l

[stoef——

r
Reduce rs ty a specified factor

Fig., A3.1. The Fiacco=McCormick Method.
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The actual minimization (Step 2) is carried out
by a suitable unconstrained optimization method: e.r. the

Fletcher-Powell algorithm given in Appendix Al,

(b) Lootsma's Logarithmic Potential Method:

In this case problem A3.1 and A3,2 1is transformed
into:

m
X = T(x) =~ X 1
Minimize P(x,ri) F(x) r .1, In. Gi(x) (A3.4)

The computational steps are similar to those of the
Fiacco=McCormick method. The only essential difference

is that the initial value of r is estimated by

r, = €/n i=1 (A3.5)
where Ge is the estimate of the error term:
Ge = r £ In Gi(x) (A3.6)

and m is the number of constraints (See Chapter 5 for a

more detailed discussion).



APPENDIX A.L4.

STOP
1. Start: \Yes
Choose a positive definite o Is the stop criterion
matrix H, (usually an iden- N satisfied?
tity matrix); Ii=i+1 A
Select an initial point §O ‘
l ' 10 | Compute: -
rgét i=0 Higp = Hy*As+By
] T
Compute:
h
2. - - _FI 5 TI'I
Compute: VF(xi) £ B, 3Y394%
Kb —— - _T -
L LB
3. Compute the direction 8 Compute i
-S.o = -ﬁo VF()?.) - - - T.
i i 1 ‘J Ai = 04 03
T -
y, , °i i
Choose a step length FVT:
t; to minimize 7 Compute:
F(x; + tigi)' See ii = VF(§1+1)-VF(§i)
Quadratic or cubic ; '
interpolation: Appendix 6 l
A5, Compute: new value
of X541t Xi+1:Xi+tisf
5 }r
Compute:
01 = tisl
Fig. A4, The Fletcher-Powell Unconstrained Optimization Method
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APPENDIX A.5.

CUBIC AND QUADRATIC INTERPOLATIONS

As we have seen in Chapter 5, the direct optimization
methods proceed ~ from a given arbitrary point = by choosing

a direction for the next step, and the step-length.

The step=length t is usually chosen as the value of
t > 0 which minimiges the funetion

g(t) = P(x; + téi) (A5.1)

A minimum value, tm, vhich minimizes A5.1 is obtained
by the cublc interpolation procedure outlined in Fig. A5.1.
If derivatives of F()-<i + tgi) are not available or are
difficult to compute, the quadratic interpolation procedure
can be used to determine the value of t which minimizes

A5.1.
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value of |sj[

Calculate A, the maximun {

W
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Divide each component of

3. Compute g(t) and

gl(t) = BIVF(X+t3)
for £=0,1,2,3...a,b

not decreased.
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these values at which eithen
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Compute°

te
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Fig., A5.1, Cubic Interpolation




Calculate A, the maximum|
value of lsj|

2‘ - O ke a3
Divide each component
of 5 by A
.
Is g(1) > g(0) ¢ No
_ W _
Yes 4, |Compute g(t) for
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APPENDIX A.6.

A METHOD OF PREDICTING THE RELIABILITY OF CONTINUOUSLY
OPERATING SYSTEMS **

In Chapter 10 we discussed how reliability
constraints can be generated for use in the formulation of
transmission system mathematical programming model. Details
of the method of generating the desired reliability constraints
are given in this section.

The main featuresof the method are as follows.
The state of a complex system (desipgned for continuous
operation) is defined by identifying the sub=-systems which are
functioning and those which are undergoing repair. The
system is described as UP whenever it is in one of the
arbitrarily selected set of system states.

It is assumed that maintainance facilities are always
adequate. The formulae derived give the mean durations of
system UP=-times and DOWN-times in terms of the corresponding

quantities for the sub=~systems.

A6.1, A General Statement of the Problem

Consider a system S composed of n sub-systems
Sl""’sn‘ At any given time each of the sub-systems is

either UP (in working order) or DOWN (for repair). The

** Based on the paper by M, Plotkin and S. Einhorn.
I.E.E.E. Journal on Reliability, lMarch 1965, pp.15=22.
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system S is UP or DOVWN depending on whether the set of
sub-systems does or does not at the given instant include
one of certain prescribed combinations of the sub=~systens.,
The mean duration Uj of UP-time and the mean
duration Dj of DOVWN=~time for the sub=system Sj are known
J=1l,...,n. The problem is to compute the mean duration U
UP-times and the mean duration D DOWN~times for system S,
In our example (Chapter 10) the sub~system, Sj’
refers to single transmission line entering a given sub-
station; and S is represented by the total number of lines

that would be required to maintain adequate security of

supply.

A6.2. Definitions

The following notations are used in the discussions:

U if sub=system S, is UP in system state i

{ k
D

M k

"

1k if sub-system S, is DOWN in system state i

k k

FS = the set of all pairs of subscripts (i,J)
such that the system is UP in state i but
the failure of a single sub-system, Sy put
the system into state j, which is a DOWN
state.

the subscript of the sub~system whose failure
transforms the system from state i to state j.

(1]

2(i,3)

g = the set of all subscripts identifying system
UP states.

U = mean duration of system UP=time

o
"

mean duration of system DOWN=~time.
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AG.3, Transition Rates

The passage of cne system state to another is called

transition. If the transition from system state i to system

state j requires a failure in sub-system Sz(i,j), then

My = My, Kk £ 2 (A6.3)

The abeve equations élso express what happers in the
transition from system state jJ to system state 1i. The .system
states i1 and j are, in fact, adjacent, differing only in the
condition of a single sub=-system Sge

The sum

CR, = D, +7U, (A6. 1)
is the mean duration of a cycle, consisting of a DOWUN=-time
followd by an UP-time for sub-system Sge There are, on the

average

= 1

/cR, J(D, + U,) (46.5)
cycles in sub-system S, per unit time. If we assume that
the failure and repair in sub-system Sy are independent of the
events in the other sub-systems, then the expected number of
transitions per unit time from system state i1 to system state
J is  q . .

Probablility that remaining

1 n~1 sub=-systems are each in

= {the state required by systemn}
Dz(isj)"'UR'(isj) state io

N..
13
(A6.6)
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M,
1 I ik

N.. = o — .

'IlJ DQ(1,3)+U2(1’J)X I#'Q'Eﬁk":Uk—}- (A6.7)

where use has been made of the fact that

+U,)
are respectively the probabllltles that sub=-systenm Sk is

Uk/(Dk+Uk) and D /(D

UP and DOWN. The probability that sub=system Sk is in a
state required by sub-system state i is therefore
L/ (P*Uy)
Equation (A6.7) may be written
n M.
N,. = —u_r*ﬂv) (2K
1d k 1 Dy +U,
n 1.
= —1  n—2, (A6.8)

Ul(l’J) k=1 Dk+ Uk

A6.4, Mean UP=time Duration:

The mean 'system' UP-time duration is computed as
follows. Equation (A6.8) is evaluated for all transitions
from i (system UP) to j (system DOWN). The sum

(i.jyeps i (46.9)

is the expected number of system UP to system DOWM transitions

per unit time and its reciprocal

-1
z N, .
(i,5)€ Fs 13] (AG.10)
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is the mean time for the system cycle, consisting of one

system DOWN=-period followed by a system UP-period.

-1

T Nij (A6,11)

(i,i)€FS
From (A6.7) and (A6.8) we note that the probability

U+ D

that the system is in state 1 at any given instant is
I,

o K
P(S;) = @I {—F—} (46.12)

k=1 Dk+Uk

Hence the probability that the system is in an UP-

condition is

u n My
2 N | I . S 1 (AG.13)
U+D ieg k=1 Dk+iik

Combining (A6.11) and (A6.13) gives

-1 n Mik
U = RN PP x 3 0 } (A6.14)
(i,J)&FS3 i€ D, +U,
0 " Ve
n M. -1 n
= q,.r, k=1 K } L L kzlmik (A6.16)
(i,J)EFS i€g N .

Uy (4,5)

A6.,5, Mean DOWN-time Duration

This is obtained from equations (A6.13) and (A6.15)

and is denoted by

1 1, -1
D = ¢ 5 T 1k, -1 ) (A6.16)
i€e k=1 Dk + Uk
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APPENDIX A.7

CEPRINCIPAT STEPS OF THE SUGGES. . ED DYNAMIC PROGRAITIING.

Procedure

In Chapter 11, a possible way of applying
the principles of dynamic programming was suggested.
A flow diagram of the main steps of the algorithm are
included here ~ TPig. A.7. The diagram is essentially

similar to that of Dale®

#ief. 14 in the thesis.
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Set costy (k) = o——e}'itage s = UM Read in all DK(s):
for k =1, N Possible states to
- ’ be considered in
Caloulate Capital Costs . Hlase B |
for any Units included otate ke = lig—~Calce. prgguction RERT)
in state ke which were for each state, k.
not included in state Enter the values in
k (the previous state. [Cost,, (k) .
snter the values of X , bl o
Build (k) M For each possible path to State
ke , find km , the value of k
for which the sum: Costl(k) + f
Build (k) is a minimum.
Tor é§5ﬁ"ﬁg, store Set Cost3 (ke) = Gostz(ke)y+
corresponding k, ing Costy (k) + Build (k)
memory ;
— Set Costy (k) = Cost3 (k) for
1Is ke < mWk(s)?} Lo Nk =1, ..., NK(S).
Tes | L Yes »i
'Is S < Sy? TS = Sl e
Hoj ]
Adjust CostB(k) to & ‘
meet end of study 2 'ind kmin’ that value of k
effects. ' o . . T4
for which Costg(k) is a Min.
Print out.Optimum state ) Trace back to stage O the
in each stage, total costsifm path which ended in state
etc. and STOR. kmin for stage Sy

-

Mg, A.7. A Dynamic Programming Procedure.
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Costl(k) Total cumulative cost following the Opftimum
path from the beginning of the stage (0) to

the end of state Xk in the previous stage.

Costz(k) = Total production costs during the stage for
the particular make up of existing and new
units included in state k
Build (k) = Cost of any new units that would have to be
‘ installed at the beginning of stage, s ,
in order to go from state Xk 1in the previous
stage to state (ke) during the current
stage.
Cost3 (k) = Total cumulative cost following the optimum

path from the bheginning of stage 0 +to
end of state “(ke) .
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