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SYNOPSIS 

The topological form of the equivalent circuit of 

a magnetic system can be derived from its magnetic 

circuit by the application of the concept of the duality 

of electric and magnetic circuits. This concept is 

employed in this thesis firstly to derive the equivalent 

Tee and Pi circuits of a two-winding transformer. These 

equivalent circuits are essentially composed of three 

reactances in association with an ideal transformer. In 

the Tee circuit, the pillar reactance is saturable while 

the flanking reactances are linear; in the Pi circuit, 

the pillar reactances are saturable while the spanning 

reactance is linear. Similar equivalent Tee and Pi 

circuits of the direct-axis of a synchronous machine 

are also derived. 

The major part of this thesis is concerned with 

the experimental determination of the parameters of the 

two equivalent circuits of a transformer or a synchronous 

machine. The reactances can be determined from tests if 

the turns-ratios of the associated ideal transformers 

are specified. For the non-linear Tee circuit, the turns-

ratio is unique, and can be experimentally evaluated. 

Novel methods of evaluating this unique turns-ratio are 

presented. These methods supplement the Potier method of 

determining the leakage reactance of an alternator. It 

is shown that the turns-rati.) of the ideal transformer 
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associated with an equivalent Pi circuit can not be 

determined uniquely from tests. A valid equivalent Pi 

circuit may be determined for any specified value of 

turns-ratio. 

The characteristics obtained by tests on an 

induction motor operated at stand-still as a transformer 

are used to illustrate the methods of derivation of the 

equivalent circuits. These equivalent circuits are also 

determined from characteristics obtained from tests on 

the machine used as an alternator. The relationship 

between the two sets of characteristics is explained. 

Results of tests on a model synchronous machine, 

called the micro-machine, are discussed. These tests 

were performed using in turn cylindrical-rotor and 

salient-pole types of field systems, with the same 

stator. The effect of different distributions of the 

armature and field windings on the parameters of the 

equivalent circuits is discussed. It is seen that as a 

result of this effect, one reactance of the equivalent 

Tee circuit and the reactances of the equivalent Pi 

circuit can be only approximately determined from 

terminal measurements. The test results indicate that 

the advantage in accuracy of the Pi circuit representation 

of the direct-axis (of this micro-machine) over the Tee 

circuit is small. 
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CAPTER 1  

Introduction 

The terminal properties of an air-cored transformer 

formed by two coils having negligible resistance are 

described by the self-inCLuctances of the two coils Li  and 

L2, and their mutual inductance M. These parameters may 

be represented by an equivalent Tee circuit composed of 

the mutual inductance M and leakec;e inductances (L1-Pi) 

and (L2-1'I). Frequently, it is found convenient to 

represent the terminal properties by an alternative 

equivalent Tee circuit formed by three inductances in 

association with an ideal transformer of ratio n, as 

shown in Fig. 1.1. The choice of this ratio is arbitrary 

and hence any number of equivalent circuits can be derived 

from the measured inductances. For a single frequency 

of operation, even circuits in which one of the leakage 

inductances is negative can be practically realised by 

representing the inductance by a capacitance of a 

magnitude such that the inductive and caacitive reactances 

are equal.1  

In practice, particular values of these ratios, 

e.g. the ratio of the terminal voltages on open-circuit, 

may be preferred to others mainly because they lead to 

equivalent circuits the parameters of which can be 

determined with greater ease and more accurately than 



La 
L 

b 
: n 

2 

  

I II 

    

I 

  

        

          

          

p 
p 
p 
p 

L 

	• 

FIG. LI 	T E E 	CIR CUIT OF 

I N DUCTANCES 



3 
those associated with other ratios2 73  . 

On exactly the same principles, a large number of 

equivalent circuits can also be derived to represent a 

loss-less, iron-cored transformer so long as the core is 

unsaturated. A useful circuit is obtained by making the 

assumption that the mutual flux is constrained to the 

iron core. This assumption is also largely correct for 

a practical transformer. The ratio n in an equivalent 

circuit based on this assumption will be equal to the 

ratio of the physical number of turns on the two windings. 

A transformer is very often represented by this circuit. 

An explicit determination of the four parameters 

of this equivalent circuit is not possible. Methods 

of derivation of this circuit have been proposed in 

many papers on the assumption that the turns-ratio is 

known.4'5'6  Some times the parameters are also 

determined by employing the open-circuit voltage ratio 

as the turns-ratio.?  

Subject to certain additional approximations, 

discussed in chapter 2, a saturated transformer can be 

described by an equivalent Tee circuit in which the 

mutual reactance depends on the voltae across its 

terminals and the leakase reactances are of constant 

magnitudes. It is possible to determine explicitly 

the ratio n, and hence the other parameters of this 

circuit from terminal measurements. In addition to 
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the three independent measurements that can be made at 

the terminals of a linear four-terminal network, the 

non-linear nature of the magnetisation characteristic 

of the core is utilised to provide the fcurth measurement 

required for the derivation of the circuit. This 

derivation can be achieved in a number of ways. Two 

novel methods, called the transfer-impedance and self-

impedance methods, are explained in chapter 3. The well-

known Potier method8  of determining the armature leakage 

reactance of a synchronous machine employs a similar 

approach. 

A restricted similarity between a transformer and 

an alternator has long been recognised.9  This similarity 

exists even when both the magnetic systems are saturated. 

To illustrate this similarity, it was necessary to choose 

for tests a machine that could be easily operated both 

as a transformer and as an alternator. Hence, an 

induction motor was employed as the test machine. Tests 

on this machine are described in chapter 4. The machine 

was tested both as a transformer and as an alternator. 

The characteristics obtained from tests on the machine 

as a transformer have been employed to demonstrate the 

novel methods of determining the reactances of the Tee 

circuit. Potier-type tests were performed on the 

machine both with the machine operating as a transformer 
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and as an alternator. The relationship between the sets 

of characteristics obtained ,by these tests is also 

explained in chapter 4. This explanation brings out 

the basis for the similarity between a transformer and 

an alternator. 

1.1 Need for a Pi circuit representation of synchronous 

machines  

One of the assumptions made in the representation 

of a saturated transformer or a machine by the equivalent 

Tee circuit referred to above is that the leakage fluxes 

follow purely air paths. It has been pointed out in 

reference 10 tht this assumption is not strictly correct 

for a transformer, and a suggestion has been made that 

the Pi circuit would be a more realistic representation 

of the transformer. The Pi circuit representation of a 

transformer hc.Ls also been mentioned in references 11 and 

12. 

The fact that the representation of a synchronous 

machine by a Tee circuit is not completely justified is 

shown by the variable values of reactance that result 

from Potier tests on the machine, particularly if the 

machine is of the salient-pole type. The reactance is 

also found to be larger than the calculated armature 

13 leakage reactance. The difference between the test and 

calculated reactances is large enough to make it necessary 
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to distinguish between the two reactances. The measured 

reactance is called the Potier reactance. 

The various factors that cause the Potier reactance 

to be different from the calculated armature leakage 
reactance have been discussed by Beckwith.14 One of the 

contributory factors is saturation of the field system 

due to field leakage flux. The influence of this 

particular factor on Potier reactance has been studied 
by Saad Mikhail.15  He has derived an expression relating 

Potier reactance to the armature leakage reactance. This 

expression is partly based on constants which can be 

determined from design data. In a recent publication, 
Schuisky/6  has developed an approximate method by which 

the influence of saturation due to field leakage flux is 

allowed for in the prediction of field excitation. 

Although the assumptions made in the Potier method 

are not wholly correct, the Potier reactance is widely 

employed along with the open-circuit characteristic for 

the prediction of field excitation under various load 
conditions. The use of Potier reactance is justified on 

the grounds that the reactance can be easily determined 

and that the predicted performance is reasonably correct. 

The properties of a Pi circuit consisting of two non-
linear "pillar" reactances spanned by a linear reactance 

have been examined in this thesis in an attempt to secure 
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a more consistent representation of the machine. This 

Pi circuit representation is adopted for the direct-axis 

of the machine. 

This thesis is mainly concerned with an examination 

of the possible methods of determining the parameters 

of the equivalent Tee and Pi circuits of a transformer 

and a synchronous machine. In the case of a synchronous 

machine, the eauivalent circuits are most conveniently 

derived from the open-circuit and zero power factor 

characteristics of the machine. For this reason, attention 

has been mostly devoted to the study of an alternator 

operating at zero power factor. 

In chapter 2, the equivalent Tee and Pi circuits 

are derived by the transformation of more elaborate 

networks. These networks are themselves obtained from 

a consideration of representative flux paths in the 

magnetic system. The approximations involved in the 

derivation of the equivalent Tee and Pi circuits are 

indicated in this chapter. Though a qualitative 

assessment of the relative merits of the Tee and Pi 

circuit representations is made in this chapter, the 

conclusions drawn are later modified in the light of 

experimental results discussed in chapters 4 and 5. 

Ch Ater 3 sets out the test methods devised for 

the derivation of the Tee and Pi circuits. As stated 
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previously, chapter 4 deals with the results of tests 

on an induction motor operated as a transformer and as 

an alternator. 

Additional tests were performed on a model 

synchronous machine, called the micro-machine, employing 

both salient-pole and cylindrical-rotor field systems. 

The results of these tests are discussed in chapter 5. 

The difficulties in the determination of the parameters 

of the Pi circuit are pointed out and it is shown that 

these parameters can not be exactly determined from 

terminal tests. 

The conclusions from all these tests are stated 

in chapter 6. 

The following points are thought to represent the 

original contributions of the author. 

1. The development of the transfer-impedance and 

self-impedance methods of determination of the parameters 

of the equivalent Tee circuit. 

2. A demonstration of the impossibility of determining 

explicitly the turns-ratio of the ideal transformer 

associated with the equivalent Pi circuit, even when 

the pillar reactances are non-linear. 

3. A study of the representation of the direct-axis 

-Of a synchronous machine by an equivalent Pi circuit. 
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CHAPTER 2  

L]gUIVALENT CIRCUITS OF.  TRANSFORMZRS AND 

SYNCHRONOUS MACHINES 

2.1. Scope. 

The concept of topological duality of magnetic 

and electric circuits is explained and later employed to 

derive the equivalent circuits of a two-winding transformer. 

Equivalent circuits for saturated cylindrical-rotor and 

salient-pole synchronous machines supplying a balanced 

load are obtained, and the approximations involved in 

the representation of the machines by the Tee and Pi 

circuits are indicated. 

2.2. Derivation  of equivalent circuits of a magnetic  

system. 

The process by which the equivalent circuits of a 

magnetic system are derived can be divided into two 

steps. These steps are the formulation of a lumped 

magnetic circuit of the distributed magnetic system, and 

the derivation of the equivalent electric circuit from 

the lumped magnetic circuit. The reduction of the 

magnetic system into a magnetic circuit is an approximate 

process. The approximations that are made depend upon 

the purpose of the eauivalent circuit and the available 

data. Thus, very elaborate representations of the 
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system are seldom necessary for the prediction of 

terminal characteristics. The need to determine the 

parameters from terminal measurements alone further 

limits the number of parameters that an equivalent 

circuit may contain. 

Once the lumped magnetic circuit of a system has 

been derived, however, the equivalent electric circuit 

can be immediately obtained by applying the concept of 

topological duality of magnetic and electric circuitsli7,18,19 

This concept is explained in the following sections. 

	 Elements of a magnetic circuit and the dynamic and 

topological analogues of magnetic systems. 

The concept of duality of magnetic and electric 

circuits has been formulated by Cherry17,18 by a  

comparison of the equations describing the magnetic and 

electric constraints of an ideal transformer. Using a 

more general approach, Morris19  has arrived at the concept 

of duality by deriving the elements of a magnetic circuit 

by analou with the elements of an electric circuit. 

This approach is explained below. 

The analogy between magnetic and electric circuits 

rests on Lenz's law, e = -.NV, and the relation F 

(F represents instantaneous m.m.f.). These two equations 

relate the electric circuit quantities e and i to the 
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corresponding quantities 0 and F in magnetic systems. 

2.3.1. Ideal sources and_Eassive elements in magnetic 

circuits. 

Ideal sources in magnetic circuits are defined by 

analogy with the sources in electric circuits. Thus, 

the ideal m.m.f. and 0 sources are respectively defined 

as sources which maintain the m.m.f. and 0 in a magnetic 

system constant regardless of changes in the permeability 

of the system. 

Since the m.m.f.s and fluxes in the magnetic systems 

considered here are set up by currents in various windings, 

the nature of magnetic sources is determined by the 

electric sources connected to different windings. Thus, 

the m.m.f. set up by the field winding of an alternator 

may be regarded as an ideal m.m.f. source if the excitation 

is derived from a current source. The excitation of the 

primary of an ideal transformer from a constant voltage 

supply can be looked upon as setting up an ideal flux 

source. For a constant frequency of operation, an ideal 
• 

flux source is also an ideal 0 source. The ideal m.m.f. 

and 0 sources are symbolically represented as shown in 

Figs. 2.1(a) and (b). 

Corresponding to the three passive elements, R, L 

and C in an electric circuit, three elements 	, 
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and 	can be defined in magnetic circuits, the 

characteristics of all six cicments being represented by 

the equations 

o and 

R = e/i ; p = ° r 	(2.1) 

fe dt 	0 
I 	, ).4.. = - 1 --F---dt 	(2.2) 

and 1/C = de/dt--I-- • 1 . / x dO/dt (2.3) 

represent iron loss and the permeability of 

iron respectively. Iron does not exhibit the characteristic 

described by 	. The equivalent electrical analogues 

of the magnetic systems considered here are therefore 

networks of resistors and inductors alone. However, it 

must be pointed out that in the dual of these equivalent 

networks inductors would be replaced by capacitors. 

2.3.2. Topological and dynamic  analogues of a ma-nctic 

circuit. 

A magnetic circuit consisting of ideal sources 

and passive elements can now be formed. As in electric 

circuits, the connection of passive elements in series 

or parallel constrains either of the two quantities 0 

or F to be the same in the elements. Topologically 

these constraints could be represented by two graphs 

which are dual to each other. For example, two iron 

cores carrying the same uniformly distributed flux 
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may be represented by either Fig. 2.1(a) or (b). Besides 

the topological duality of the two circuits, Figs. 2.1(a) 

and (b) also show the dual relationship of the ideal 

m.m.f. and flux sources. The electrical analogue of the 

magnetic circuit of Fig. 2.1(a) based on the analogy 

discussed in the previous suction is shown in Fig. 2.1(c). 

Since an electric circuit can he replaced by its dual, 

the magnetic circuit can also be represented by the 

circuit of Fig. 2.1(d). Comparing the magnetic circuit 

with Fig. 2.1(d), voltage and current in the analogue 

(Fig. 2.1d) now represent m.m.f. and flux respectively 

in the magnetic circuit. The elements p and 	are 

represented by capacitive impedances. 

Since Figs. 2.1(a) and (d) are topologically 

similar, the capacitive analogue is called the topological 

analogue of the magnetic circuit. As the analogy between 

magnetic and electrical driving sources is preserved in 

Fig. 2.1(c), the circuit is called the dynamic analogue 

of the system. 

2.4. Representation of magnetic systems by electric 

circuits composed of linear circuit elements. 

A complete representation of the non-linear 

magnetisation characteristic and hysteresis loop of iron 

by an electric circuit can only be achieved by employing 

circuit elements which have similar characteristics. 
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Consequently, if only linear circuit elements have to be 

employed, the electrical analogue forms only an approximate 

representation of the magnetic system. The approximations 

involved are brought cut by considering the representation 

of an iron core carrying uniform flux. 

Neglecting initial non-linearity, if the core is 

unsaturated and has no losses, the magnetisation 

characteristic reduces to a straight line. If a m.m.f. 

varying sinusoidally in time is applied to the core, the 

resulting flux is sinusoidal and in phase with the m.m.f. 

The permeabilitypk. being the only property associated 

with the system, the electrical analogue will be an 

inductance. The analogy is exact. 

If the core has hysteresis loss, a sinusoidal 

applied m.m.f. will no longer produce a sinusoidal flux. 

Since the harmonic components of flux are usually much 

smaller than the fundamental, attention is confined to 

the representation of the fundamental component alone. 

The applied m.m.f. being sinusoidal, the hysteresis loss 

is supplied by the fundamental components of flux and 

m.m.f. alone. This loss causes the fundamental component 

of flux to lag behind the m.m.f. by an angle G. The two 

quantities are described by the equations 

F = Fm  sin wt 	2.4 

and 0 	Om  sin (iAlt 	g) 	2.5. 
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From equation 2.5, 

0 = WOm cos (wt - Q) 	2.6 

Assuming that the core has unit dimensions, the following 

expressions relating Om  and Fm  can be written down. 

Fm  sin Q .(1/p). GO Om 
	2.7 

and Fm  cos 0 .(144). 	Om 	2.8 

The operating conditions in the core may be then 

represented by a magnetic circuit consisting of a m.m.f. 

source connected across the series combination of the 

elements 1/F,  and l/),.L  . 0 forms the mesh quantity in this 

magnetic circuit. The dynamic analogue of this magnetic 

circuit consists of a current source connected to the 

parallel combination of a resistance R and an inductance 

L. If the current i aid voltage e in the analogue 

directly represent F and 0 respectively, the following 

expressions can be used to describe i and e. 

i = Fm sin t 	 2.9 

e 	Om  sin ( Lot + 	) 	2.10 

R and L are then given by the expressions 

03 Om  
R - Fm 	

2.11 

LO Om  
and t.),) L = Fm  sin 2,12 

By comparing corresponding equations it can be seen 

that if 4-- is made equal to ( 11/2  - 8), R and L become 
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respectively equal to p and )1A . The passive elements in 
the dynamic analogue are hence inversely related to the 

corresponding elements in the magnetic circuit. 

Instead of using a direct numerical relationship 

between corresponding sources in the magnetic circuit and 

the analogue, it is often convenient to use scale factors 

to relate these quantities. These scale factors also 

govern the relationship between the passive elements in 

the two circuits. The use of an ideal transformer in an 

equivalent circuit is an example of the use of a scale 

factor. 

Since p is a function of the angular frequency rte.} , 
the resistance R in the dynaiiiic analogue is frequency-

dependent. This frequency-dependent nature of the 

analogue has been pointed out in reference 17. 

When the dimensions of the core are other than 

unity, the quantities l/17 and l/p, in equations 2.7 

and 2.8 are replaced by the corresponding reluctances. 

Both )A  and p , and the associated reluctances, may be 

viewed as components of the vector permeability and vector 

reluctance respectively. This point of view has been 

developed by Macfadyen.20 

The above development of the dynamic analogue is 

based on the simplifying assumption that the iron loss 

is supplied by the fundamental components of ni.m.f. and 
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flux alone. When the applied m.m.f. and flux are both 

non-sinusoidal, some of the iron loss is also supplied 

by the harmonic components of flux and m.m.f. For the 

same fundamental. m.m.f. or flux)therefore, the total 

iron loss associated with the fundamental components of 

flux and m.m.f. will vary with the waveforms of the two 

quantities. The resistance R will be then waveform-

dependent. As an approximation, R can be chosen to 

represent the total iron loss measured at a given 

fundamental m.m.f. with the flux sinusoidal. The total 

iron loss referred to also includes some eddy current 

loss. 

2.5. Representation of a saturated magnetic system 

2.5.1. Electrical analogue of a saturated iron core 

When the iron core saturates, the permeability _,L( 

varies over a cycle of applied m.m.f. or flux. This 

variation results in further distortion of the waveform 

of either or both the flux and m.m.f. The variations of 

AAA. are accounted for by the concept of fundamental 

permeability. Fundamental permeability is defined as 

the ratio of the fundamental components of flux and 

m.m.f.21 A fundamental magnetic circuit comprising the 

fundamental components of m.m.f., flux and the fundamental 

permeability can now be formed. This circuit is 
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represented by a fundamental equivalent circuit which 

consists of a linear inductiv,e impedance connected across 

a voltage or current source. 

However, the fundamental permeability reduces with 

increasing fundamental flux. The inductance in the 

equivalent circuit must correspondingly decrease as the 

voltage across its terminals is increased. An example 

of this change in fundamental permeability is the 

reduction in the synchronous reactance of an alternator 

on saturation of the machine. 

The influence of saturation on iron loss is 

approximately represented by a variable resistance in 

the equivalent circuit. This resistance is calculated 

by equating the total iron loss to the loss occurring in 

the resistance. 

2.5.2. Influence of harmonic flues on fundamental  

permeability 

Apart from the reduction in fundomental permeability 

that accompanies an increase in fundamental flux, the 

fundamental permeability is also influenced by the 

harmonic components of flux and m.m.f. Thus, for the 

same fundamencal component of flux, the fundamental 

permeability is minimum when flux is sinusoidal, and 

21 maximum when m.m.f. is sinusoidal. 	This change in 
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fundamental permeability can be ignored if the magnetic 

circuit operates in the region around the knee of the 

magnetisation characteristic. The change in permeability 

becomes significant when the magnetic circuit is highly 

saturated. 

The influence of harmonic fluxes and m.m.f.s. on 

the fundamental permeability is also dependent on how 

the fundamental permeabilities for different waVeforms 

of flux are compared. Thus, the fundamental permeability 

at a siven fundamental m.m.f. is much less variable with 

the waveform of flux or m.m.f. than the permeability at 

a given fundamental flux. Tbe4 decrease in the fundamental 

permeability of a saturated iron core at a given 

fundamental applied m.m.f. as the m.m.f. and flux become 

sinusoidal in turn is of the order of 5 to 10 per centl' 22 

The influence of harmonics on the fundamental permeability 

is discussed in detail in reference 21. 

2.6. Representation of exciting currents and voltages 

In the electrical analogues described so far, 

current and voltage sources represent m.m.f. and rate-

of-change of flux, or flux. As mentioned in section 

2.3.1, the m.m.f.s. and fluxes are established by currents 

and voltages in various windings in the system. In 

practice, these currents and voltages are of principal 

interest. 
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The currents and voltages at the terminals of the 

windings in a magnetic system are represented in an 

equivalent circuit by adopting an arrangement similar 

to that shown in Fig. 2.1 e. This figure shows the 

components of an eouivalent circuit of a two-winding 

magnetic system. The ideal transformers 1 and 2 

respectively couple the terminals of the dynamic analogue 

to the terminals 1-1 and 2-2 of the equivalent circuit. 

The terminals 1-1 and 2-2 correspond to the terminals 

of the windings on the magnetic system. 

The number of ideal transformers in an equivalent 

circuit can be reduced to one less than the number of 

windings on the system. This reduction can be achieved 

by referring the elements of the dynamic analogue to the 

primary (or secondary, as appropriate) side of any one 

ideal transformer. Thus, ideal transformer 1 in Fig. 2.1e 

can be removed if the elements of the dynamic analogue 

are referred to the primary side of the transformer. 

Transformer-less equivalent circuits can also be obtained 

by replacing the ideal transformers with equivalent 

networks of impedances. The elements in these networks 

may not be realisable in themselves, but in some cases 

realisable components could be derived by suitable 

combination with other elements of the equivalent 

circuit.23 
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The turns-ratio of an ideal transformer in an 

equivalent circuit representing a physical coupled 

system is not defined by the physical number of turns on 

a winding (or the ratio of the physical number of turns 

on two windings). When the coupled system is a two-

winding transformer, the turns-ratios of the two ideal 

transformers are equal to the fundamental (time) voltages 

Unitrle c!%e of 

the flux linking the windings. This definition of the 

turns-ratio satisfies the reouirement th.t the currents 

and voltages at the terminals of an equivalent circuit 

should correspond to those at the terminals of the,. 

respective windings of the magnetic system. At the same 

time, the fluxes in the magnetic system are "correctly" 

represented in magnitude in the dynamic analogue section 

of the equivalent circuit. A modified definition of the 

turns-ratio is adopted in the case of a synchronous 

machine. For example, the turns-ratio of the field and. 

armature windings of a cylindrical-rotor synchronous 

machine will be defined as the ratio of the currents in 

the two windings that produce the same fundamental m.m.f. 

in the magnetic circuit. 
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2.7. Representation of transformers and synchronous 

machines by equivalent circuits. 

The concepts explained above are employed in the 

following sections to obtain the equivalent circuits of 

a two-winding transformer, and cylindrical-rotor and 

salient-pole synchronous machines. The manetic circuits 

are derived in each case from a study of representative 

paths of flux in the system. Complete equivalent 

circuits are obtained from these maLnetic circuits and 

transformed to yield more practical approximate forms. 

The approximations involved in each case are indicated. 

2.8. Equivalent- circuitsof a two-winding transformer. 

The two-winding transformer with uniform primary 

and secondary windins located on different limbs as 

shown in Fig. 2.2(a) forms an elementary magnetic system. 

A study of the procedure followed in the derivation of 

equivalent circuits of the system illustrates some of 

the points mentioned in previous sections. 

Keith only one winding of the transformer excited, 

the total flux linking the winding can be divided into 

fluxes following an entirely iron path and fluxes 

following part-iron part-air paths. Representative 

paths of the two fluxes are shown in Fig. 2.2a. The 

part-air paths shown do not include paths which traverse 
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only a part of the limb and link the excited winding 

partially. When the winding is uniformly distributed 

along the limb, the flux lines following such paths form 

only a small proportion of all the flux lines following 

part-air paths. They can be therefore neglected. While 

the flux lines following an entirely iron path wholly 

link both the windings, the lines following part-air 

paths link the two windings to varying extents. Some 

of these lines do not link the open-circuited winding at 

all. Such lines constitute a leakage flux associated 

with the excited. winding and are responsible for the 

major part of the leakage reactance of the winding. 

Since the two windings are identical, the flux 

produced by winding 2 (excited alone) follows paths 

similar to those described above. The principal 

components of the resultant flux when both the windings 

carry currents are shown in Fig. 2.2b. The major 

difference between Figs. 2.2a and b is the presence of 

flux paths linking winding 2 alone in Fig. 2.2b. 

The simplified flux paths shown in Figs. 2.2 a 

and b are axial in the two limbs. The flux densities 

in different cross-sections tken at various points 

along the height of the limbs are then equal. The limbs 

can be therefore represented by two lumped reluctances 

in the magnetic circuit. Since the fluxes following 
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part-air paths traverse different lengths of the yokes, 

the flux densities at various sections of the yokes 

differ. Thus, the flux density at the section AA 

trig. 2.2(b)7 is a maximum while that at the section BB 

is a minimum. However, the fluxes following part-air 

paths are usually small in comparison to the flux following 

an entirely iron path and a detailed representation of 

the yokes is not normally necessary. 

A simplified magnetic circuit is obtained by 

assuming that the yokes carry only the flux existing 

entirely in iron. Once this assumption is made, the two 

yokes may be represented by two lumped reluctances in 

the magnetic circuit. An additional simplification can 

be made by replacing the leakage flutes linking the 

respective windings partially by equivalent fluxes 

linking the windings wholly. This simplification rests 

on the fact that the reluctance in the path of a leakage 

flux line mainly arises from the air path through the 

window. The reluctance in the path of all leakage flux 

lines is then nearly the same. This reluctance is also 

not significantly influenced by the level of saturation 

of the transformer core. 

Fig. 2.2c shows the lumped magnetic circuit 

derived from the simplified view of the various fluxes. 

are the reluctances of the two limbs' S Sid  and SL2 	
yl 
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and Sy2 are the reluctances of the Yokes. (The term a 

"reluctance" employed in connection with an iron path 

signifies both the "true" reluctance and the loss 

properties of iron.) S and Ss are reluctances of the 

air sections of the paths of the equivalent leakage fluxes. 

2.8.1. Equivalent Electric circuit of  the transformer. 

The topological form of the dynamic analogue is 

derived by forming the dual of the lumped magnetic circuit. 

This dual is readily obtained by the graphical method 

illustrated in Fig. 2.2(c). The graphical method consists 

of joining nodes A, B and C placed within the three 

meshes of the magnetic circuit to the reference node D 

by lines crossing one element (of the magnetic circuit) 

each. The resulting graph, drawn dotted in Fig. 2.2(c), 

is the topological dual of the original graph. The 

dynamic analogue of the magnetic circuit is shown in 

Fig. 2.3(a). Iron losses in various parts of the 

magnetic circuit are represented by resistances in 

parallel with the corresponding inductances. 

An equivalent circuit of the transformer is 

obtained by the addition of two ideal transformers to 

the analogue. This equivalent circuit is shown in 

Fig. 2.3(b). The two ideal transformers are represented 

by the dotted lines. The turns-ratios, N1  and N2, of 
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the ideal transformers respectively represent the number 

of turns on windings 1 and 2 of the actual transformer. 

R1 and R2 are the resistances of these two windings. By 

referring all the elements of the eauivalent circuit of 

Fig. 2.3(b) to the primary side of ideal transformer 1, 

the number of ideal transformers is reduced to one. This 

transformer, having a turns-ratio of N1/N2, is placed as 

shown in Fig. 2.3(c). 

If a detailed representation of iron loss is not 

required, all the loss can be assumed to be associated 

with any one reluctance in the magnetic circuit. This 

loss is then represented by a single resistance R' in 

the equivalent circuit of Fig. 2.3c. An eauivalent 

circuit similar to that in Fig. 2.3b has been derived 

by Slemon.24  

When the transformer is saturated, only the 

fundamental currents and voltages at the terminals of 

the transformer can be represented on the equivalent 

circuits derived above. The elements representing 

various iron paths become non-linear. The non-linear 

nature of these reactances is indicated symbolically as 

shown in Fig. 2.3c. The reactances Xp  and X, represent 

the air paths of the leakage fluxes. They are therefore 

linear. 
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2.8.2. E,uivalent  Tee and Pi circuits of the transformer. 

When the magnetic circuit is unsaturated, the 

equivalent circuit of Fig. 2.3c is linear and can be 

replaced by equivalent Tee and Pi circuits. All the 

three circuits would be equivalent in so far as the 

impedances measured at terminal pairs 1-1 and 2-2 are 

concerned. 

When the magnetic circuit is saturated, every 

operating condition can be described by an equivalent 

Tee or Pi circuit. Therefore, a range of operating 

conditions may be described by Tee and Pi circuits in 

which all the parameters are non-linear. These two 

circuits are shown in Figs. 2.4(a) and (b). The 

parameters of the Pi circuit are obtained by transformation 

of the Tee formed by the reactances Xp, Xs and XY  in 

Fig. 2.3c and are given by the eouations25 
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The Tee circuit is the result of a further 

transformation of the Fi network, its parameters beini5  

Xi X 
- 	 Li +X2+X3 2.16 

= 
x ll 3 

x1  + xT + 2 

 

2.17 

 

X3  

X2 = 7-7-7 + X3  2.18 

Especially when the transformer is unsaturated, Xy  

is much larger than Xp  or Xs. The reactance X,
2 
 of the 

Pi circuit is then essentially the sum of 1,]1
2  Xp and 

2 . Ni  Xs. The decrease in X on saturation of the yoke 

results in an increase in X3. 
It may be observed from the above equations that 

reactancesX1 and X2 of the Tee circuit are not equal to 

N1
2 Xp and N1

2  X s  respectively. The division of reactance 

X3  (Fig. 2.4a) into Xi  and X2  is governed by the 

magnitudes of Xi and X3). However, if the two limbs and 

the windings are identical, reactances 'Ll  and XL2 ' 	" 

(Fig. 2.3b), as also reactances X and X5, are equal. 

Reactances Xi and 	are then equal. The equality of 

these reactances holds only when the iron is unsaturated. 

Since X1 and X2 are usually large as compared to X3, 

reactances X1 and X2  are then approximately equal to 

Further, since X, is very nearly the sum of 1`;12 Xp 2 -X3.  
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and 11 2Xs, reactances Xi  and X2  become approximately 

_ equal to 1.112Xp  (or hi2  Xs). 

When the transformer is supplying en inductive 

load connected to winding 2, limb L1  operates at a 

higher flux density than L2. On saturation of the 

magnetic circuit, reactance XL, then becomes smaller than 

' L2' The reactances of the Tee and Pi circuits obtained 

by transformation vary correspondingly. 

The extent of approximation involved in representing 

thetransformerbya1 	
9

AcircuitinwhichX_is linear, 

or a Tee circuit in which Xi  and X2  are linear, depends 

upon the saturation characteristics of various components 

of the magnetic circuit. If the yokes saturate appreciably 

as compared to the limbs, it becomes necessary to retain 

reactance 12Xy  in the same position relative to hi2Xp  

and N12Xs as in Fig. 2.3c. The Tee circuit is then a 

more appropriate representation than the Pi circuit. On 

the other hand, if saturation occurs mainly in the limbs, 

26 as in some cases, the Pi circuit forms a better 

approximation to Fig. 2.3c than the Tee circuit.27 
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2.9. 113_auivalent circuits of a synchronous machine 

2.9.1. Basis for the  representation of  a synchronous 

machine by an equivalent circuit. 

The equivalent circuits developed in the following 

sections relate the fundamental components of flux and 

m.m.f. established by currents in the armature and field 

windings. These circuits are developed to represent the 
a 

steady-state operation of/three-phase generator supplying 

a balanced load. 

An equivalent circuit of an unsaturated machine 

can be developed by either reducing the machine to an 

equivalent transformer, or by regarding it as a special 

case of an induction motor. Both these points of view 

lead to similar equivalent circuits. The two points of 

view can be briefly explained as follows. Consider 

first the approach in which the macine is reduced to 

an equivalent transformer. In an ideal cylindrical-rotor 

machine, theair-gap is uniform. When such a machine is 

not saturated, the fundamental components of the armature-

reaction and field m-m.f.s. establish a resultant flux 

which is sinusoidally distributed in the air-gap. The 

linkages of this flux with an armature phase vary 

sinusoidally in time. This variation could also be 

achieved with the machine at stand-still by exciting the 
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field winding with a.c. (It is assumed that there are no 

damper circuits on the field system). The field winding 

has to be placed with its axis coincident with that of 

an armature phase. To achieve equality in the magnitudes 

of fluxes and m.m.f.s in the machine under the two modes 

of operation, the d.c. and peak a.c. excitations of the 

field have to be equal. In addition, the fundamental 

m.m.f. produced by the armature phase in line with the 

field has to be increased by 1.5 to allow for the 

influence of the other two phases in the rotating machine. 

The phase relationship of the alternating currents in 

the armature and field windings is dependent upon the 

power factor of operation of the rotating machine. Thus, 

these currents are in phase if the rotating machine 

operates at zero power factor lagging; the currents 

differ in phase by the angle (90 - 6) if the rotating 

machine operates at unity power factor. (6 is the load 

angle). This phase relationship is based on the positive 

directions of currents defined by dots and crosses in 

Fig. 2.5. The positive directions of the m.m.f.s. are 

given by the right-hand screw rule. A dynamic analogue 

of the machine at stand-still can be developed by the 

application of the methods discussed in the previous 

sections. 
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An equivalent circuit of the machine can also be 

derived by regarding the machine as a wound-rotor 

induction motor driven at synchronous speed. The 

equivalent circuit of the induction motor is first 

developed for the machine at stnd-still (when it operates 

as a transformer). This equivalent circuit is then 

extended to represent normal operation of the machine by 

means of the "ideal induction machine" transformatiorP 

The transformation of the rotor circuit quantities into 

corresponding quantities on the stator side involves the 

division of the rotor resistance and field voltage by 

slip. The slip of an induction motor driven at synchronous 

speed is zero. The referred rotor resistance then 

becomes infinite. However, the referred field voltage 

also becomes infinite. The excitation of a winding by 

an infinite voltage source in series with an infinite 

resistance could be regarded as excitation of the winding 

26 by a current source. 	The d.c. excitation of the field 

winding could be therefore represented in the equivalent 

circuit by a current source. As indicated above, the 

phase relationship between the armature and equivalent 

field currents is governed by the power factor at which 

the rotating machine operates. 

In a salient-pole machine the air-gap is not 

uniform. The magnitude of the fundamental flux established 
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by the fundamental armature-reaction m.m.f., acting alone, 

therefore depends upon the spatial position of the axis 

of the m.m.f. The two-reaction theory 9̀  provides an 

approximate but adequate means of analysis of salient-

pole machines. In this theory, the fundamental armature 

m.m.f. is resolved into components acting along the polar 

and the inter-polar axis (called the direct and quadrature 

axis respectively). Equivalent circuits relating the 

fundamental components of fluxes along the two axes to 

the respective m.m.f.s are derived by assuming the fluxes 

and m.m.f.s along the two axes to be mutually independent. 

2.9.2. Equivalent circuits of a cylindrical-rotor 

machine operating at zero power factor. 

When the machine operates at zero power factor, 

the fundamental components of the field and armature-

reaction m.m.f.s act directly in opposition on a common 

magnetic system. The dynamic analogue of the machine is 

obtained by considering the lumped circuit representation 

of this system. The total flux in the magnetic system 

is once again divided into a mutual flux and leakage 

fluxes associated with the armature and field windings. 

The paths of these component fluxes are considered in 

the following sections. 

A cross-section through an elementary two-pole 
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cylindrical-rotor machine is shown in Fig. 2.5. A part 

of the rotor structure is shown unslotted. This 

corresponds to the usual practice followed in the 

construction of these machines. A single-layer 

arrangement of the windings has been shown for simplicity. 

Fig. 2.5 shows some idealised paths of mutual flux 

at the instant that the current in phase A is at a 

maximum. The figure shows that the paths traverse 

different lengths of the stator and rotor cores. The 

total flux at various cross-sections in the cores is 

therefore different. The presence of slots on the 

stator and rotor causes the magnetic circuit to be 

radially unsymmetrical. Further, the stator and rotor 

teeth do not usually possess parallel sides. The 

areas of cross-section at various heights along a tooth 

are therefore different. These are some of the factors 

that cause the reluctances in various flux paths to 

differ. A lumped magnetic circuit of the system is 

derived by calculations based on an average length of 

the flux path in the cores and average areas of cross-

section of the teeth and air-gap. For example, an 

equivalent reluctance of the air-gap is calculated by 

using Carter's coefficients; the area of cross-section 

of the stator teeth is frequently calculated by using 

Simpson's rule. Such details are not reproduced here. 
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These details could be obtained by reference to any 

book on the design of synchronous maeDines.3C)  

A representative path of mutual flux is shown in 

Fig. 2.5. This path is assumed to traverse a length of 

two-thirds the pole-pitch in the stator and rotor core00  

The leakage flux associated with an armature phase 

can be divided into two main components. These components 

are the slot-leakage flux and overhang leakage flux. 

The overhang leakage flux largely exists outside the 

magnetic system. Hence it need not be considered during 

the development of the dynamic analogue. The slot 

leakage flux consists of component fluxes linking 

individual coil-sides to varying extents. The paths 

of these fluxes can be approximately represented as 

shown in Fig. 2.Ca. The air path through the slots 

largely accounts for the reluctance in the path of the 

slot leakage fluxes. Therefore the reluctance of all 

the paths shown in the figure will be nearly equal and, 

to a large extent, independent of saturation of the 

armature core. These fluxes can be therefore replaced 

by an equivalent flux linking the coil-side entirely. 

The equivalent slot leakage fluxes of the three phases 

form belts around the conductors of a phase group as 

shown in Fig. 2.6b. At the instant shown, the current 

is in phase A is at a maximum while the currents in the 
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other two phases are -ia/2. Since the paths of the slot 

leakage fluxes associated with the three phases are 

similar, it follows that the leakage fluxes associated 

with phases B and C would be equal to half the flux 

associated with phase A. As a result of this difference 

between the leakage fluxes, the total flux in the stator 

core varies from one phase belt to the next. However, 

this variation is generally small and can be neglected. 

In any case, the representation of this variation in a 

dynamic analogue can not be exact since the relative 

magnitudes of the leakage fluxes of the three phases vary 

from instant to instant. Also, such a refinement is 

not usually necessary as the ampere-turns required by 

the stator core form a small per cent of the total when 

the machine operates at the rated voltage. 

In a practical machine, the armature winding is 

not sinusoidally distributed. In such a machine, the 

space-harmonic components of armature-reaction m.m.f. 

establish fluxes which are correspondingly distributed 

in the air-gap. A part of these fluxes also links the 

field winding and should be therefore classified as a 

mutual flux. However, since these fluxes are usually 

small, they are considered as forming the differential 

leakage flux of the armature. 
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A path of the equivalent slot leakage flux 

associated with the field winding is shown in Fig. 2.6b. 

This path is derived by making approximations similar 

to those employed in the preceding paragraphs. For a 

Given operating power factor, the disposition of this 

path with respect to a representative path of mutual flux 

is invariant with time. Therefore the influence of rotor 

slot leakage flux on the saturation of the rotor core 

can be shown in a dynamic analogue. 

Figs. 2.7a and b respectively show the lumped 

magnetic circuit and the dynamic analogue of the machine. 

SsL in Fig. 2.7a is an equivalent reluctance representing 

the armature slot leakage flux paths. This reluctance 

has a value such that the flux associated with it is the 

slot leakage flux of phase A. The significance of the 

other symbols is explained in Figs. 2.7a and b. The 

iron loss in the machine is approximately represented by 

the resistance R' in Fig. 2.7b. This resistance mainly 

represents hysteresis and eddy current loss in the armature. 

2.9.3. Influence of saturation on the dyna,nic analogue 

If the distribution of resultant flux when the 

machine is saturated remains similar to that under 

unsaturated conditions, Fig. 2.7b will also be the 

fundamental-frequency dynamic analogue of the saturated 
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machine. The inductances Lg' LsLf and  LsL will remain 

constant. The other inductances representing various 

iron paths would be non-linear. 

However, saturation influences the path of mutual 

flux through the stator and rotor teeth. When the teeth 

are highly saturated, the flux passing through the 

adjoining slots can not be ignored. These slots form 

paths magnetically in parallel with the teeth. A 

magnetic circuit composed of one slot and one tooth in 

parallel can be represented by an equivalent electric 

circuit consisting of two inductances in series. The 

two series inductances may be replaced by an inductance 

having an equivalent magnetisation characteristic. In 

the same way, the inductances Lst  and Lrt  in the dynamic 

analogue can be modified to include the flux passing 

down the slots. 

Saturation of the teeth results in a flat-topped 

distribution of air-sap flux density. Consequently a 

larger flux per pole is required to generate a given 

fundamental voltage than when the distribution is 

sinusoidal. The increase in flux per pole results in 

increased saturation of the stator and rotor cores. For 

a given operating condition - for example, the machine 

on open-circuit-the reluctances representing the two 

cores can be approximately calculated allowing for the 
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distribution of air-gap flux. When the armature and 

field windings are distributed sinusoidally, the resultant 

m.m.f. on load has the same distribution as the m.m.f. 

with the machine on open-circuit. Changes in the 

distribution of air-gap flux density due to saturation 

of the magnetic circuit are then similar under the two 

operating conditions of the machine. The same parameters 

of the .dynamic analogue can then be employed to 

describe the operation of the machine both on load and 

on open-circuit. 

When the windins are not distributed sinusoidally, 

the distribution of resultant m.m.f. with the machine 

on load is different from the distribution (of field 

m.m.f.) on no-load. The distribution of air-gap flux 

density is correspondingly different. If the change in 

the distribution is considerable, the reactances of the 

dynamic analogue do not have identical values (for the 

same fundamental voltajse across their terminals) under 

the two operating conditions of the machine. In a 

cylindrical-rotor machine, the harmonic components of 

the field and armature m.m.f.s are usually small. The 

change in the distribution of resultant m.m.f. is therefore 

ignored for normal calculations. 
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2.9.4. Equivalent circuit of the machine 

An equivalent circuit relating the current in an 

armature phase to the field current is obtained from the 

dynamic analogue of the machine by the inclusion of an 

ideal transformer. The turns-ratio of this transformer 

is determined by equating the fundamental components of 

the field and armature-reaction m.m.f.s per pole. The 

derivation of an equivalent circuit from a dynamic 

analogue is considered in greater detail in appendix A. 

The peak values of tha fundamental components of 

the armature-reaction and field m.m.f.s per pole are 

given by the following expressions. (Ref. 26, p. 227) 

_ 2.7 Ia Tph  Kwl Fa 	 2.19 

4 K f If Ff  = 

	

	 2.20 
P 

Tph and Nf are respectively the turns per phase on 

the armature winding and the number of turns on the field 

winding. n, the turns-ratio, is obtained by calculating 

the value of 	from the above two e;:pressions. 

An equivalent circuit of the machine is shown in 

Fig. 2.8. Ra  represents the armature resistance per 

phase. Xgs  is the reactance corresponding to the 

parallel combination of inductances Lst' Lg' Lsc and  Lrt 

in Fig. 2.7b. However, it should be pointed out that 



52 

the reactances in Fig. 2.8 are not derived from the 

corresponding inductances in Fig. 2.7b by a simple 

multiplication of the latter by 00. The turns-ratios 

of the ideal transformers have to be taken into account 

trf calculating the reactances. The method of, .calculation 

has been discussed in appendix L. .Ln equivalent: cfrcuit 

similar to.Fig, 2.8 has been derived by Slemon22, 

Th e overhang leakage reactance of an armature 

phase is connected in series with Ra. The reactance 

XLa in F ig. 2.8 is the sum of the slot leakage, overhang 

leakage and differential leakage reactances of an armature 

phase. The stray losses produced by the overhang leakage 

flux can be approximately accounted for by a resistance 

Rs connected as shown in Fig. 2.8. 

2.9.5. Equivalent Tee and Pi circuits of the machine 

If the :rield leakage flux is small, the influence 

of this flux on the saturation of the rotor core can be 

neglected. The reactance Xrc  in Fig. 2.8 can then be 

assumed to function at the same voltae as X6s. The 

machine is then represented by the Tee circuit of Fig. 2.9a. 

When the circuit of Fig. 2.8 represents an unsaturated 

machine, it can be transformed into the circuit of 

Fig. 2.9b. This circuit may be described as a Pi circuit, 

if the resistances in the circuit are ignored. Since the 
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resistances can be usually ignored in comparison with 

the reactances, the following discussion is based on 

transformations of Fig. 2.8 performed by assuming the 

circuit to be wholly re:7.ctive. 

When ?ig. 2.8 describes an unsaturated machine, 

the Tee and Pi circuits derived by transformation will 

be equivalent. The Tee circuit with linear reactances 

X1  and X2'  and the Pi circuit with a linear reactance X3  '  

will be only approximately equivalent to the circuit of 

Fig. 2.8, when the latter represents a saturated machine. 

The reactances of the Pi circuit are given by the following 

expressions.25 

X,s  Xslif  ) 

Xrc (X,s  + XsLf 1- 	 XLa 0 

X - 2 	Xg X 	+ (Xgs + XsLf +s 

XsLf) 
re 	XLa 

XLa XsLf X- = X + X 	+ La sLf gs 

Xgs XLa and X' = X 1 gs "La XsLf 

2.21 

2.22 

2.23 

Xgs includes the linear reactance X
6 
 of the air-gap. 

This reactance (X
6
) largely determines the value of X 0 

for operating conditions around the knee of the open-

circuit characteristic of the machine. Even at higher 

operating voltages, reactance X
6 
 exerts a linearising 
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influence on Xgs. The percentage variations of X7  are 

therefore smaller than in a transformer operated over a 

corresponding range of flux densities in the yoke. The 

following arguments can be employed to determine the 

influence of saturation on reactances X' and X. 1 	2° 

If the voltage across Xrc  (Fig. 2.8) is held 

constant, the voltage across Xgs is higher on open-

circuit than on load. The reactance Xgs  is therefore 

smaller on open-circuit than on load. If Xrc  is very 

small and if XsLf is large as compared to XLa, the 

contribution of Xgs to reactance 	can be ignored. The 

reactance X2 will then be a single-valued function of 

the voltage across its terminals. The variations of 

Xgs with load conditions will be then reflected in 

corresponding variations of reactance 	 ° X'1  However, if 

XLa is small, reactance X'1 
 can be assumed to be equal to 

Xgs (i.e. reactance X'1  will also be independent of the 

load conditions of the machine). The Pi circuit would 

then be a good approximation to Fig. 2.8. 

On the other hand, if XLa is large as compared to 

XSLf and if Xrc  is also large, the Tee circuit becomes 

a more suitable approximation to Fig. 2.8. Thus, the 

Pi circuit is a better representation of a machine, 

having a large field leakage reactance, in which the 

field system is highly saturable, while the Tee circuit 
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forms a better approximation when the machine has a 

large armature leakage reactance and comparatively little 

saturation of the field system. However, it is later 

seen that in the machines tested, the difference between 

the two circuits is not appreciable. This is due to the 

small magnitude of the contribution made by the field 

leakage flux to the saturation of the rotor core. 

2.9.6. Equivalent circuit of a  machine operatinf7 at 

Sower factors  other than  zero 

If the magnetic circuit of the machine is radially 

symmetrical, the dynamic analogue and the equivalent 

circuit derived in the previous sections can be employed 

to describe the operation of the machine at power factors 

other than zero. The space displacement of the axis 

of the armature-reaction and field m.m.f.s. can be 

represented by a corresponding phase shift between the 

currents in the equivalent circuit. However, the magnetic 

circuit of a practical machine is not completely 

sylametrical owing; to the presence of an unslotted part 

along the pole-axis. The length of the equivalent air-

gap along the slotted part is larger than that along the 

unslotted part. The maximum flux density in the rotor 

teeth is a function of the spatial position of the 

resultant m.m.f. The reluctance in the path of the 
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mutual flux is therefore different under cpen-circuit 

and load conditions of the machine. These effects are 

not considered for usual calculations. The calculations 

are performed assuming the equivalent circuit describing 

the machine on open-circuit to be valid under load 

conditions. 

2.10. Equivalent circuit of a salient-pole machine 

Unlike a cylindrical-rotor machine, the field 

winding in a salient-pole machine is concentrated round 

the poles. The m.m.f. established by the field current 

is distributed in a rectangular fashion over the pole-

arc. Hence, to secure a nearly sinusoidal distribution 

of the air-gap flux density, the length of bhc air-gap 

has to be made non-uniform. The flux density distribution 

produced by the field m.m.f. Ff (acting alone) is not 

entirely sinusoidal in a practical machine. 

Owing to the distributed nature of the armature-

reaction m.m.f. and the non-uniform length of the air-gap, 

the air-gap flux density established by the m.m.f. (acting 

alone) is not distributed sinusoidally. Moreover, the 

flux density distribution is also dependent upon the 

spatial position of the axis of the m.m.f. As mentioned 

earlier, this factor is taken into account by resolving 

the fundamental armature-reaction m.m.f. into component 
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m.m.f.s. Fad  and Faq  acting along the direct and quadrature 

axes respectively. Equivalent circuits for the direct- 

axis are derived in this section. 

When the machine is not saturated, the harmonic 

components of air-gap flux do not influence the permeability 

of the magnetic paths of the fundamental flux. A dynamic 

analogue can be therefore derived to represent the paths 

of the fundamental flux ignoring the presence of the 

harmonic components. The m.m.f.s. included in this 

analogue are not, however, the m.m.f.s. Ff  and Fad. The 

m.m.f.s. in the analogue have to be defined in conjunction 

with an equivalent air-gap of uniform length. This 

definition is as follows. 

The length of the equivalent air-gap can be taken 

to be equal to 1 7  the effective air-gap at the polar 

axis. The equivalent direct-axis armature-reaction m.m.f. 

Fad  can be now defined as a m.m.f. which produces the 

same fundamental flux density across the uniform air- 

gap as that existing in the machine. This definition 

ignores the reluctance of the iron parts of the magnetic 

circuit. The m.m.f.s. 11,1d  and FAd  are related as 

follows. The peek air-gap flux density Bgm  produced by 

Fad is related to it by the expression 

F 	- 13-P.m 
x 1g 

ad 	11.4 o 
2.24 
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The equivalent air-gap being also of length 1 , 

the m.m.f. Fad  is given by the expression 

FLA  = Bgf  x lg/ 	2.25 

Bgf is the peak fundamental flux density established 

by Fad. The m.m.f.s. Fad and Flad 
 are therefore related 

as follows. 

Fad' = Fad x Bgf/Bgm 	2.26 

The ratio Bgf  /B can be calculated by using gm 

constants derived by Wieseman.31 These constants have been 

determined by the method of flux plotting. The values 

given in the reference cover a range of salient-pole 

structures. These structures are defined by the ratios 

of the pole-arc to the pole-pitch and the maximum to 

minimum lengths of the air-gap. The actual and equivalent 

field m.m.f.s. can be related in a similar manner 

employing a set of constants given in reference 31. 

2.10.1. Equivalent circuit of the direct-axis  

The paths of mutual flux in the stator (armature) 

are similar to those in a cylindrical-rotor machine. 

The latter have been discussed in section 2.9.2. The 

influence of armature leakage flux on the saturation of 

the stator core is ignored for the reasons set out in 

that section. The path of mutual flux through the pole 

is adequately described by the representative path shown 
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in Fig. 2.10. In addition to the mutual flux following 

this path, there is some amount of fringe flux at the 

polo-tips. For calculations, the presence of this flux 

is taken into account by modifying the reluctance of the 

air-gap. 

Some paths of field leakage flux are shown in 

Fig. 2.11. This figure shows that a considerable part 

of the field leakage flux only links the winding 

partially. (See also the flux plot in reference 31). 

The total flux at various cross-sections along the height 

of the poles is therefore different, being a maximum in 

the yoke and the base of the pole and a minimum in the 

pole-shoe. The leakage flux paths contain a large air 

section. Therefore, for the usual levels of saturation 

of the poles, the influence of this saturation on the 

reluctance of the leakage flux paths and the distribution 

of leakage flux may be neglected. As a result, the 

actual field leakage flux can be approximately replaced 

by an equivalent flux linking the field winding entirely. 

This equivalent flux includes fluxes which exist at the 

ends of the poles and the pole shoes. The path of the 

equivalent flux is shown dotted in Fig. 2.11. 

The flux at various sections along the height of 

the poles is then assumed to be the same. The pole system 

and the-yoke are therefore represented by two reluctances 
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in series in the magnetic circuit. The magnetic circuit 

and the dynamic analogue based on the above considerations 

are shown in Figs. 2.12a end b. An equivalent circuit 

can be obtained from Fig. 2.12b by the inclusion of two 

ideal transformers. The final eauivalent circuit of 

Fig. 2.12c, including only one ideal transformer, is 

derived by the considerations outlined in appendix A. 

The turns-ratio n of the ideal transformer in Fig. 2.12c 

is obtained by equating the expressions for the equivalent 

armature and field m.m.f.s. The conditions at terminals 

1-1 of Fig. 2.12c correspond to the fundamental direct-

axis phase voltage and current in the machine. The 

current at terminals 2-2 is the field current. The 

significance of various resistances in the equivalent 

circuit haS boon explained in section 2.9.4. The magnetic 

circuit of Fig. 2.12a has been employed by Saad Mikhail15 

to derive a relationship between the Poticr and armature 

leakage reactances of a salient-polo machine. 

On saturation of the magnetic system, the harmonic 

components of air-gap flux influence the reluctance of 

the paths of fundamental flux (i.e. flux associated with 

the fundamental air-gap flux density). For any one 

operating condition, the reactances of the equivalent 

circuit can be calculated allowing for the distribution 
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of the gap flux. The difference between the distributions 

of air-gap flux in the machine on open-circuit and when 

it is supplying a load is more pronounced than in a 

corresponding cylindrical-rotor machine. The changes in 

the distribution of air-gap flux are accompanied by 

changes in the waveform of the phase voltage. Some 

records of the phase voltage of a salient-polo machine 
on open-circuit and when the machine is supplying a zero 

power-factor load,are included in chapter 5..:  

The changes in the distribution of gap flux 

influence the parameters of the equivalent circuit. For 

example, for the same fundamental flux,the total flux 

per pole is larger when the machine is supplying a load 

than when it is on open-circuit. The increase in total 
flux results in additional saturation of the poles, yoke 

and the stator core. Therefore, for the same voltage 

across their terminals, reactances Xr, Xyl and Xso  
(Fig. 2.12c) have a smaller value when the machine is on 

load than when it is on open-circuit. 

The equivalent circuit of Fig. 2.12c is more 

useful for representing the direct-axis of a machine 

having a large field leakage reactance. When such a 

machine operates under load conditions at which the field 

m.m.f. is much larger than the armature-reaction m.m.f. 

(e.g. at or above the rated terminal voltage), there is 
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considerable saturation of the poles due to field leakage 

flux. At the same time, the distribution of the resultant 

air-gap flux is not significantly different from the 

distribution at the same generated voltage with the 

machine on open-circuit. An equivalent circuit with 

parameters calculated on the basis of the flux distribution 

on open-circuit can be then also employed to represent 

the machine on load. The condition referred to above 

would be obtained in a machine having a large number of 

poles and a small pole-pitch. The field leakage 

coefficient of such a machine is usually larger than 

that of a machine having a small number of poles and a 

large pole-pitch. For example, average coefficients 

of 1.4 and 1.2 are obtained for the two types of machines 

from the values given in reference 32. 

The equivalent circuit of Fig. 2.12c can be 

transformed to the equivalent Tee and Pi circuits. Since 

Figs. 2.8 and 2.12c are simile.r, the remarks made in 

section 2.9.5 can also be applied to the transformation 

of Fig. 2.12c. 

2.11. Equivalent circuit of the quadrature-axis  

An equivalent circuit of the quadrature axis is 

derived by employing the methods described in the 

previous section. The only m.m.f. acting along the axis 
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is Fag. This m.m.f. acts on a magnetic circuit which 

includes a non-uniform air-gap. The resulting distribution 

of air-gap flux contains a substantial third harmonic. 

An equivalent circuit is obtained by employing 

an equivalent reluctance of the air-gap. This reluctance 

is defined so as to relate the fundamental quadrature-

axis flux and the m.m.f. Faq' assuming the m.m.f. required 

by the unsaturated iron -oaths to be negligible. The 

equivalent reluctance can be calculated by using the 

constants given in reference 31. 

The actual distribution of flux along the quadrature 

axis has been Shown in reference 31. An idealised 

representation of the flux paths is shown in Fig. 2.13a. 

Most of the "mutual" flux follows a path through the 

pole-shoes and the upper part of the poles. The paths 

of this flux through the stator teeth and core are 

similar to the paths of the direct-axis flux. Usually 
the reluctance 8

gcl  of the eeuivalent air-gap contributes 

mainly to the reluctance of the que,drature-axis flux 

paths. A magnetic circuit based on an approximate 

representation of the iron paths is therefore adequate. 
Such a magnetic circuit is shown in Fig. 2.13b. Sst  

and S are reluctances of the stator teeth and sc core, 

and S is the reluctance of the mutual flux path through 

the pole-shoe and pole body. Ssl, is an equivalent 
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reluctance of the armature leakage flux paths. The 

equivalent circuit derived from Fig.2.13b will include 

one ideal transformer. This ideal transformer can be 

removed by referring the elements of the equivalent 

circuit to the primary side of the transformer. The 

resulting equivalent circuit is shown in Fig.2.13c. Ra  

and XLa are the armature resistance and armature leakage 

reactance per phase. Xaq  is the quadrature-axis armature-

reaction reactance. The voltage and current at the 

terminals of Fig. 2.13c are the quadrature-axis phase 

voltage Vq  and current Iq. Reactances Xaq  and Xlia  together 

form the quadrature-axis synchronous reactance Xg. 

When the machine is saturated, the assumption 

that the direct and quadrature axes fluxes (and m.m.f.s.) 

exist independently of each other is not wholly correct. 

The interaction of the two axes has been examined in 

references 33 and 34. However, for ordinary calculations 

this interaction is ignored. In many cases the saturation 

of reactance X
q 
 is not marked and it is sufficient to 

use the unsaturated value of X for calculations. 
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CHAPTER 3 

Determination of  the parameters of  the ecuivalent  

Tee  and Pi circuits  

3.1 Scope 	Two methods of obtaining the parameters of 

a non-linear equivalent Tee circuit are explained. These 

methods are called the transfer-impedance and self-

impedance methods. The methods of determination of the 

parameters of a Pi circuit are developed. 

3.2 Determination of the parameters of the equivalent  

Tee circuit frQm  tests 

A Tee circuit of inductances is shown in Fig. 3.1a. 

When the reactance Xm of this circuit is saturable, it 

is possible to use its non-linear characteristics to 

determine the turns-ratio n explicitly. ks an example 

may be mentioned the well-known Potier method of determining 

the leakage reactance of an alternator. Two alternative 

methods of deriving the Tee circuit are explained in 

this chapter. These methods are called the transfer-

impedance and the self-impedance methods. The former is 

applicable when the voltages at both pairs of terminals 

of the circuit can be measured. The latter method is 

a modification which permits the determination of the 

turns-ratio when the voltage across one pair of terminals 

can not be measured. This situation arises when the 

circuit represents a synchronous machine. The voltage 
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across the terminals of the equivalent circuit representing 

the fieldterminalsis then not available. 

Though the methods are explained by considering the 

determination of the parameters of a Tee circuit composed 

only of inductances, the methods can be employedjwith 

small modifications, to determine the parameters of a 

Tee circuit of the type shown in Fig. 4.6. (P 99).Therefore 

the methods are called 'impedance' methods and not 

'reactance' methods. 

3.3.1 Transfer-impedance method  

This method is based on open-circuit tests performed 

as per Figs. 3.1 (a) and (b). These tests yield the 

transfer-impedance characteristics drawn in Figs. 4.3 

and 4.4 (P.94-5). These characteristics relate voltages 

V2 and V' to currents  I1 and I' respectively. 2 

Referring to Figs. 3.1(a) and (b), 

Xm 
nV2  

 

which gives 
Xm  V2 V'  3.1. 

     

As saturation of the reactance Xm occurs when a 

definite number of ampere-turns are applied to it, if 

it saturates when the current I1 is equal to Ia1  it will 

only saturate when the current I2 is equal to 'ID, Ia  and 
'ID  being related by the equation nIa 
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Further, as the ratio of the voltages V' and V2 

for the same current through Xm  is equal to n, the 

voltage Vi when a current Ib  is passing through Xm  will 

be n times as large as the voltage V2 when a is passing 

through it. Thus, the voltages VA  and VB and the currents 

IA and IB at the two points A and B on the characteristics 

of Fig. 4.4. will be in the ratio n, if the two points 

represent the same level of saturation of the reactance 

Xm. Conversely, if the points A and B arc located upon 

the two characteristics, the ratio of their coordinates 

will be equal to n. 

From cqn. 3.1, the ratios VA/IA  and VB/IB  are both 

equal to Xm/n. Since these ratios are the slopes of the 

lines drawn to the two points from the origin, the points 

A and B lie on the same straight line from the origin. 

The points A and B, and other similar pairs of points 

are, therefore, the points of intersection of the two 

characteristics with various straight lines drawn from 

the origin. It may be noted that the points of inter-

section are not defined in the unsaturated, linear parts 

of the two characteristics which are themselves coincident 

straight lines from the origin. This reiterates the 

impossibility of obtaining a singular value of n from 

tests on a linear circuit. 



	

nV2 	V' 1  Xm = 

	

I--1 	2 I'/n 
(V1  -  nV2)  

1 

3.2. 

3.3. 

X2 = 	l'2/n 

- Vi) 
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L15.1.t. Magnitudes of the reactances of the network. 

Once the turns-ratio has been found in the above 

manner,: the reactances can be easily obtained by using the 

following formulae. 

3.4. 

The reactance Xm can be plotted as a function of the 

voltage nV2 or V'1  across it. 

3.3.2. Self-impedance method. 

This method can be employed to obtain a solution 

of the network when one of the voltages is unknown, as 

in a synchronous machine. Assuming that the voltage V2  

in Fig. 3.1(a) cannot be measured, the reactances and 

the turns-ratio arc determined in the following manner. 

3.3.2.1. Value of the turns-ratie. 

Consider two points (VA, IA) and (VB, IB) on the 

unsaturated and saturated parts of the characteristic 

showing V1  as a function of Il. Denoting the value of 

the reactance X when unsaturated by Xuns' the following 

equations can be written down. 

VA/IA = (Xuns + X1) 
	3.5. 

VB/IB = (Xm X1) 	3.6. 
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By subtraction, we obtain 
VA VB 

(Xuns Xm)  = (1 	IT))  

Two similar points (VI , II) and (1/113,  , I/13) on 

the graph of the voltage Vi against the current I2 will 

be Telated by the equations 

VA  ' 	Xuns  -TT  
A 

V' 	Xm  
-TT-  = 

IT 	) from which (lunsn   Xin).  
IA 

3.8. 

3.9 

X' will be equal to Xm if Ii/n = IB. If the 

quantities (Xuns  - Xm) and 	m ) and (X 	- X') are plotted 

against IB and I' respectively, as in Fig. 4.8*, n can 

be found by locating two points P and Q the coordinates 

of which are in the same ratio. The points P and Q 

cannot be directly obtained by a geometrical construction 

as in the last method and a trial-and-error method has 

to be used instead. The point P is fixed on one of the 

characteristics and the ratios of the absiccae and 

ordinates of the point P and points like Q are examined. 

The true point Q is obtained when the two ratios are 

equal. 

Since the difference (Xuns - Xm) is zero when the 

reactance Xm is unsaturated, this method fails, as 

expected, when applied to linear circuits. 

*(p.106) 

3.7. 
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3.3.2.2. Determination of the reactances: 

The reactance Xm is calculated from eqn. 3.8 and 

can be plotted as a function of the voltage across it. 

The value of X1 is given by eqn. 3.6. 

In order to find the reactance X2' an additional 

short-circuit test has to be performed as shown in Fig. 3.2. 

The ratio of the terminal currents is given by the 

equation 

I2sc 	Xm  
n 	- X2 + Xm ilsc 

whence X2 
X (I m Ise' 12sc 1) 	3.10 

The reactance Xm will be equal to X s  for the usual 

values of the short-circuit current. 

3.3.3.  Potier method. 

The Poticr method is an alternative method of 

obtaining the turns-ratio when one of the voltages is 

unknown. It is widely employed for the determination of 

the armature leakage reactance of synchronous machincs.8 

The reactance X1 is found in this method from the 

characteristic relating VI to I2 obtained from the no-

load test of Fig. 3.1(b), and the zero power-factor 

characteristic relating the two quantities when a 

variable, purely reactive load is connected to the pair 

of terminals 1-1, the current through the load being kept 
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constant. The two characteristics are shown in Figs. 

4.9a and b. (p.112-13) 

The reactance is determined from a triangle ABC* 

constructed by drawing the base CB equal to 00' (the 

current I2 at short-circuit) and the line BA, parallel 

to the straight-line part of the open-circuit characteristic)  

to intersect the characteristic in A. The altitude AD of 

the triangle represents the voltage drop ILX1, and, 

since IL is known, X1 can be found. 

The turns-ratio is the ratio of the current 

represented by the length CD and the current IL. 

The reactance Xm is determined from the open- 

circuit characteristic by using eqn. 3.8, and the 

reactance X2  from the short-circuit test of Fig. 3.2 

and eqn. 3.10. 

Since the open-circuit and zero power-factor 

characteristics are parallel straight lines when the 

circuit is unsaturated, the above construction fails to 

yield a triangle with a definite altitude and, therefore, 

a definite value of n, or -4-".1'  in that region of the 

characteristics. 

*(Fig. 4.9a) 
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3.4. Solution of the Pi network. 

3.4.1. Determination of the reactances from  open-circuit  

tests. 

If the turns-ratio of the ideal-transformer in 

Fig. 3.3. is known, the reactances of the Pi circuit 

can be found from the open-circuit tests shown in Figs. 3-3 

and 3.4 by using the following formulae. 

X3/n = 
(V2
--I 

- V2) 
(Appendix B) 	3.11 T  

V 	V1 X=  1 	- (V1  - 
nV2°\T  - 717; .12 I

1 
- Y- 3 	3 

nV2 	nV2 

X' = 2 	TV, 	-771 - V1) 
Ii/n X 	23 	X3  

3.13 

However, as shown in Appendix B, n cannot be 

explicitly determined from the terminal tests, whether 

the reactances Xi and X2 are saturable or not. The only 
method of obtaining a solution of the network is to 

assume a suitable value of n, for example, the ratio of 

the voltages V1/V2, and calculate the reactances from 

the above equations. 

3.4.2. Determination of the reactances if one of the  

voltages is unknown  

If the voltage across a pair of terminals (Voltages 



X 
3 

n : 

FIG. 3 3 

2 

FIG. 	3 . 4 

FIGS, 3.3 AND 3.4 	OPEN-C I RCUI T 

TESTS ON THE PI CIRCUIT 
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V1 and 	 , V'1  for example) is unknown, the reactances 

cannot be obtained from the above equations and the 

following procedure has to be adopted instead. 

The transfer impedance of the network is equal to 

	

V 	 X' X' 2 	 1 2 	. 1 

	

—7 	x' + X2 +-7—  3 
3 .14- 

The ratio of the currents with the terminals 2-2 short-

circuited (Fig. 3.5) is given by the expression 

from which 

1  I 	X' 
-1.2sc  --- . n . X' + X 

lsc 	1 	3 

	

X3/Xi  	. (n . 1,-- - 1) 

	

3/x 1 	
Iisc 
4-2sc 

3.15 

Similarly, the ratio of the currents with the terminals 

1-1 short-circuited is equal to 

Ilsc 1 X2  
H • X' + I 2sc 	2 	3 

from which 

	

X3 	I2sc' 
---- 1 	3.16 HT 

	

2 	lsc' 

If all the above tests are performed at voltage 

levels which do not cause saturation of either X'1  or X'2/ 

the three reactances can be determined from the above 

equations for any assumed value of n. 

The values of X' and X'2  when saturated can be 

determined from graphs of the voltages V2  and V2 against 

the currents I1 and I2 respectively. From a point just 

above the straight-line part of the characteristic 



n : 1 

I 
	 2 

FIG. 3.5 SHORT-CIRCUIT TEST 
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relating V2 to I2 at which the voltage in V22  , and at 

which the reactance X'1  may be assumed to be unsaturated, 

the current I'22  through X2 and, hence, the value of the 

reactance X2 at the voltage VL can be determined. 

The value of the reactance X'1  at the voltage 

(1/ 122   + 122 	X3)  x 	is found from the graph of the voltage 

V2  against the current Il. By locating 

the point on the graph of the voltage V2 against 12 

at which the voltage across Xi is (Vk + IL x X3), the 

value of X2 at a higher voltage is obtained. Through a 

repetition of this process, the reactances X' and X' 1 	2 
are obtained as functions of the voltages across their 

terminals. The results can be alternatively presented 

in the form of characteristics relating the voltages 

across the reactances to the currents through them. 

3.5. Solution of a circuit containing four reactances  

As pointed out in the previous chapter, the 

equivalent circuit of Fig. 2.8 (P.48 ) can not be 

exactly reduced to the Toe and Pi circuits containing 

linear series elements. Consider the simpler circuit 

obtained by ignoring the resistances in Fig. 2.8. It 

is possible, in theory, to determine the reactances 

of this circuit from terminal tests. A possible method 

of determining the reactances would consist of synthesising 

various circuits from some of the terminal characteristics, 
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using different assumed values of n and the ratio 

XsLf/XLa. The circuits so obtained can be employed to 

'predict' other terminal characteristics. The accuracy 

of the assumed values of XsLf/XLa and n is indicated by 

the agreement between the predicted and test characteristics. 

An approximate circuit having terminal characteristics 
some-times 

in good agreement with the test characteristics canLbe 

obtained by this means 

This method can be successfully used only if the 

reactances Xs and XLa 'D sianificantly influence the 

terminal characteristics. These reactances are usually 

small in a circuit representing a synchronous machine. 

Therefore, large changes in the values of these reactances 

alter the terminal characteristics to a comparatively 

small extent. The method outlined above will therefore 

yield a number of circuits having characteristics in 

similar agreement with the test characteristics (i.e. a 

singular solution can not be obtained). 
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CH LER  4 

Equivalent Circuits of  a  two-phase machine 

4.1. Scope. Tests on a two-phase induction motor at 

stand-still are described. The characteristics obtained 

from these tests arc employed to determine the parameters 

of the equivalent Tee and Pi circuits of the machine. 

Equivalent circuits are also derived from characteristics 

obtained by tests on the machine as an alternator. The 

relationship between the characteristics obtained from 

the two types of tests is explained. 

Choice of the test machine  

The methods of determining the parameters of the 

Tee and Pi circuits outlined in the previous chapter 

could have been illustrated by tests on a two-winding 

transformer. An induction motor was employed as the test 

machine mainly because it could be operated both as a 

transformer and as an alternator. This facility is not 

readily available in an alternator of normal design. In 

such an alternator, the field inductance is usually 

large. In addition, damper circuits are often present 

on the field system of the machine. For both these 

reasons, en alternator of normal design can not be 

easily tested as a transformer. 
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The facility offered by the induction motor has 

made it possible to illustrate the similarity that 

exists between a trnsformer and an alternator even when 

tae magnetic systems of both are saturated. 

4.3. Specifications of the test  apparatus 

4.3.1. Test machine 

A slip-ring induction motor of the following 

specifications was employed as the test machine. 

hake 
	 Berlin. 

Rated voltage 
	

100 volts 

Horse-power 
	

2 

Rated speed 
	

1350 r.p.m. 

Number of poles 	4 

Number of phases 	2 

Single-layer windings with concentric coils were 

employed both on the stator and rotor of the machine. 

The windings on the stator and rotor were housed in 32 

and 48 slots respectively. The lay-out of the windings 

is shown in Figs. 4.1a and b. The resistances of 'the 

stator and rotor phases were measured and found to be 

0.49 and 0.3 ohm per phase respectively. 

When operated as an alternator, the machine was 

driven by a 2 h.p., 200 volts, separately-excited d.c. 

motor. 
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4.3.2. Voltage sources and measuring instruments. 

The variable voltage supply recuired_ for tests on 

the machine at stand-still was obtained from a single-

phase "Variac" auto-transformer of the following 

specifications. 

Make 	Claude-Lyons Ltd. 

Typo 	50 - B 

Input voltage 	230 volts 

Output voltage : 0 - 270 volts 

Maximum Current : 20 amp 

D.C. supplies for the driving motor and for excitation 

of the winding forming the field winding (during tests 

on the machine as an alternator) were obtained from 200 

volts and 12 volts supplies in the laboratory. 

Multi-range rectifier-type and moving-iron type 

voltmeters were employed for the measurement of voltages.-

The proportions of the fundamental and harmonic components 

of voltages and currents were measured by using a 

'Radiometer' wave-analyser.35  Alternating currents 

were measured with moving-iron type ammeters. Moving-

coil instruments were employed for the mesurement of 

direct currents. 
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4.3.3. Zero  power factor load 

Two out of a set of three similar air-cored reactors 

were employed as the zero power factor load. Each of 

the reactors consisted of two coils mounted on wooden 

boards capable of relative movement. These coils were 

each wound in three concentric sections which could be 

interconnected in various ways. The coils themselves 

could be connected in series or parallel, aiding or 

opposing. Thus, a very wide range of inductance could 

be obtained at tha terminals of the reactors. 

Each section of the coils had e. resistance of 

0.55 ohm , a specified self-inductance of 0.011 H, and 

a specified maximum mutual inductance of 0.0045 H. 

4.4. 02Ln-circuit characteristics of the machine at  

stand-still 

Tests on the machine at stand-still were performed 

with the rotor placed in a position at which the axes 

of the stator and rotor phases were coincident. This 

position was located by excitin; a stator phase and 

slowly turning the rotor till the voltage induced in a 

rotor phase was a maximum. The voltage induced in the 

other rotor phase was very nearly zero for this position 

of the rotor. 

Open-circuit tests were performed as par Figs. 
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3.1a and b. (p.73). The characteristics obtained from 

these tests are shown in Figs. 4.2, 4.3 and 4.4. The 

reason for the use of both a rectifier and a moving-

iron type voltmeter is explained below. 

On saturation of the machine, the exciting current 

contained a third harmonic component. This component 

caused third harmonic voltage drops across the leakage 

reactances of the source and the winding excited. 

Consequently, both the voltage applied to this winding 

and the voltage induced in the open-circuited winding 

contained third harmonic components. These components 

were so disposed as to cause the waveforms of the two 

voltages to be peaked. 

From the test results, discussed in the following 

sections, it is seen that the leakage reactances of a 

stator and a rotor phase respectively form approximately 

14 and 5 per cent of the minimum magnetising reactance. 

Since the leakage reactances are small, their values 

determined from tests are subject to errors. Some of 

these errors could be avoided by a suitable choice of 

measuring instruments. The choice of the type of 

voltmeter may be mentioned as an example. The indication 

of a rectifier-type voltmeter is considerably influenced 

by the waveform of the measured voltage.36 On the other 

hand, the indication of a moving-iron type voltmeter is 
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substantially independent of the waveform of the voltage. 

To assess the magnitude of the error caused by the use 

of a rectifier voltmeter, both types of voltmeters were 

employed to measure various voltages. From Fig.4.2 

it can be seen that the maximum difference between the 

values of voltage V1  indicated by the two voltmeters is 

approximately 1 per cent. The maximum difference between 

the indicated voltages in graph b, Fig. 4.2 is 2.5 per 

cent. The values of the induced voltages V2  and Vi 

indicated by the two voltmeters differ by a maximum of 

5 per cent. Of the values quoted above, about 1 per 

cent may be ascribed to instrumental errors. The remaining 

difference mainly arises from the influence of harmonics 

on the indications of the rectifier voltmeter. 

A resistance of 0.1 ohm was connected in series 

with the winding excited. The fundamental and harmonic 

components of the voltage drop across this resistance 

were measured. These measurements showed the fundamental 

and third harmonic components to be the principal 

components of the exciting current. The ratios of the 

third harmonic and fundamental components of the exciting 

currents were calculated from the measured voltages. 

These ratios were employed along with the indicated 

currents to obtain the corresponding fundamental components 

of the exciting currents. The fundamental components 
to 	41,1e X These 	Y'Pmc-sYks a ye made. 	141 	pect 
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are plotted aq,:e.inst the respective indicated currents 

in Fig. 4.5. 

4.4.1. Errors involved in the neglect of iron loss and  

resistances of tho  windings 

The methods of determination of the parameters of 

the Tae and Pi circuits discussed in the preceding 

chapter refer to purely inductive circuits. An equivalent 

circuit of the test machine includes resistances 

representing copper and iron losses in the machine. 

These resistances are placed in the equivalent circuit 

as shown in Fig. 4.6. Some observations on the errors 

involved in calculating the parameters of the Tee circuit 

ignoring the resistances are made in the following 

paragraphs. 

The transfer-impedance char2ctcristics drawn in 

Figs. 4.3 and 4.'1-.are the ch,-.racteristics of the 

impedance Zm/n. Zm  is the impedance formed by the 

parallel combination of R' and ism. Figs. 4.3 and 4.4 

show straight lines drawn from the origin to intersect 

the two graphs. Corresponding points of intersection, 

such as A and B in Fig. 4.3, represent operating 

conditions at which Zm/n has the same value. 

A comparison was made of the r-tios of the third 

harmonic and fundamental components of the induced. 
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volt,.:ges at various pairs of corresponding points in 

Fig. 4.3. This comparison showed the ratios associated 

with V' to be approximately 2 per cent larger thL:n those 

associated with V2. This difference between the two 

ratios is small and can be ignored. Hence the waveforms 

of the induced voltges at corresponding points on the 

two graphs may be assumed to be similar. The equality 
of the values of impedance Zm/n at these points then 

implies the equality of voltages Vi and n1.2. Therefore, 

the ratio of voltages Vi and V2, or currents I2 and I1, 
at corresponding wints is equal to n. The presence or 

absence of R' hence does not influence the turns-ratio. 

An approximate indication of the error caused by 
evaluating Xm  ignoring the presence of R' (Fig. 4.6) 

is obtained as follows. If the small phase difference 

between V1 and V2 is ignored, the component of Il in 

phase with V1  may be assumed to be the current through 

R'. Then the quadrature component of I1  represents the 

current through Xm. The phase-angle between V1  and Il  

was measured and found to be of the order of 800. The 

in-phase and quadrature components of Il  are therefore 

equal to 0.173 Il  and 0.985 II  respectively. Hence, 
the value of Xm  obtained by dividing nV2  by I1  is 1.5 

per cent smaller than that obtained by dividing nV2  

by 0.985 II. Since the error involved is small, Xm 
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has been calculated ignoring the influence of R'. 

The reactance ILI  was calculated ffom a set of 

measured values of V1, V2 and I1 taking into account 

the phase relationship between V1  and Ii. The voltage 

drop across the winding resistance Ri  was also taken 

into account. The calculated value of Xi  was found to 

be within 4 per cent of the value obtained by dividing 

the arithmetic difference between V1  and nV2  by Ii. 

An average value of reactance X0  = 0.45 ohm was 

obtained from calculations in which the resistances R
2 

and R' were ignored. This value is 0.05 ohm larger 

than the reactance calculated taking the resistances 

into account. 

The above results indicate that the errors involved 

in ignoring the resistances in the equivalent Tee circuit 

are small. This conclusion would also apply to other 

methods of determination of the parameters of the Tee 

circuit. In addition, the results also show that the 

parameters of the Pi circuit may be determined ignoring 

the resisances in the eeuivalent circuit. 

4.4.2. Parameters of the equivalent  Tee  circuit 

determined, by the transfer-iaedance method  

The average values of n obtained from 2iGs. 4.3 

and 4.4 are 1.81 and 1.78 respectively. The variations 
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in the values of n over the range of the test characteristics 

amount to 2 per cent of the average values. The 

difference between the two average values of n and the 

variations in its values could arise from instrumental 

and graphical errors of the order of 1 por cent. 

Equation 3.2 was employed to calculate the values 

of Xm. The calculated values are plotted in graphs a, b 

and c, Fig. 4.7a as functions of the measured values of 

I . Graph a shows the values of Xm  calculated by using 

the voltages indicated by the moving-iron voltmeter and 

the fundamental component of I1. Graph b shows the values 

that were obtained by employing the voltages indicated 

by the rectifier voltmeter and the indicated current 

The values of 	determined by using the voltages 

indicated by the rectifier voltmeter and the fundamental 

component of I1  are plotted in graph c. 

An average difference of 5.per cent between the 

reactances in 	a and c represents the error caused 

by the use of the rectifier voltmeter. The error 

resulting from the use of the indicated current instead 

of its fundamental component is represented by the 

vertical intercepts between graphs b and c. 

The reactance X, was calculated from operating 

points situated in the saturated regions of the test 

characteristics by employing equation 5.3. The calculated 
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values are plotted as functions of the indicated current 

I1 in 8raphsa, b and c, Fig. 4.7b. The graphs are 

denoted by symbols corresponding to those employed in 

Fig. 4.7a. The sinificance of these symbols has been 

explained above. The slope of the unsaturated part of 

graph a, Fig. 4.2 represents the reactance (X s 	X1) 

while the slope of the unsaturated part of the transfer-

impedance characteristics represents the reactance 

Xuns /n. The reactance X1 could be calculated as the 

difference between (Xuns " + '1  ) and n x Xis  /n. However, 

the reactance obtained by this calculation is considerably 

influenced by small errors in the measurement of the two 

slopes. It may be observed from Fig. 4.2 that the 

possible error in the value of reactance (X 	4-X1) uns 

is of the order of an ohm. Hence, assuming that 

is exactly determined, the value of Xi  could be 
Xuns/n 

in error by an ohm. Graphs a, b and c, Fig. 4.7b are 

partly drawn dotted to indicate this uncertain nature of. 

the reactance. The values indicated by the dotted lines 

are nominal values of the reactance. 

The average values of X1 obtained from graphs a 

and c differ by approximately 20 per cent. This 

difference is partly caused by the influence of harmonics 

on the voltages indicated by the rectifier voltmeter. 

A part of this difference (about 10 per cent) could be 
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the result of errors in the measurement of voltages. 

The difference between graphs a and c illustrates the 

need for a proper choice of the measuring instruments. 

Graph d, Fig. 4.7b shows the values of X2  calculated 

by using equation 3.4. The fundamental components of 

Vi and I2 were employed in these calculations. The 

variations in graph d occur on account of the small 

magnitude of X2. These variations could be caused by 

experimental and graphical errors of the order of 1 per 

cent. An approximate value of 0.45 ohm• can be employed 

for this reactance. 

4.4.1. Parameters  of th29auivalent Tee circuit 

calculated_hz the self-impedance method 

This method has been employed to determine an 

average value of the turns-ratio from the test 

characteristics drawn in Figs. 4.2 and 4.3. The 

voltages V2  and V2 are assumed to be unknown. 

Fig. 4.8 shows the reactances (X s  - Xm) and 

(xun - Xm)/n plotted as functionS of I1 and I' 2 
respectively. The method of determining n by locating 

corresponding points on the two characteristics is 

illustrated by points P and Q. An average turns-ratio 

of 1.8 is obtained from characteristics a and b in 

Fig. 4.8. 
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As stated earlier, the possible error in the 

measurement of the slope of the linear part of graph a, 

Fig. 4.2 is of the order of an ohm. To obtain an 

indication of the influence of such an error on the turns-

ratio determined by this method, an additional 

characteristic c has been drawn in Fig. 4.8. This 

characteristic is displaced from b by an ohm. An average 

turns-ratio of 1.89 is obtained from graphs a and c. 

Reactance Xm is directly proportional to n. Therefore, 

the values of Xm corresponding to the values of n quoted 

above are determined by multiplying the reactances 

obtained from graph a, Fig. 4.7a by the factors 1.8/ 1.81and 
1.89 
.1781-. Both the values of n (1.8 and 1.89) have been 

used to calculate Xi. Graph a, Fig. 4.8a shows the 

values of X1 corresponding to a turns-ratio of 1.8. The 

average reactance from this graph is within 5 per cent 

of the reactance obtained from graph a., Fig. 4.7b. The 

values of X1 corresponding to a turns-ratio of 1.89 are 

plotted in graph b, Fig. 4.8a. The average reactance 

determined from graph b is approximately 40 per cent 

lower than that obtained from graph a, Fig. 4.7b. In 

addition, the reactance in graph b, Fig. 4.8a varies to 

a greater extent than the reactances in graph a, Fig. 4.7b 

and graph a, Fig. 4.8a” 
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Better approximations to n and X1  can be determined 

if it is known (as in the present case) that X, is nearly 

constant at all operati_ g.  points on the test characteristics. 

The following procedure is employed to determine better 

values of n and X1. 

The symbols X11  and X12  denote the values of X1 

corresponding to turns-ratios of n1  and n2. Manipulation 

of equation 3.3 leads to the following expression relating 

X11 and  X12' 

V2 (n2 - nl) 	n1 	4.1 X12 = X11 	n1 	I1 

The reactances X11 and X12  can be evaluated from 

the currents and voltages at various operating points 

on the test characteristics. The values of X11 and X12 

will be related in each case by an expression similar 

to equation 4.1. If n2  were to be the "correct value 

of the turns-ratio, the values of X12 in all such 

expressions would be equal. Therefore, when n2  is not 

known, its value can be determined by equating two 

expressions similar to equation 4.1. The reactance X12  

can be then obtained by substituting the value of n2  

in one of the expressions. 

The procedure outlined above was used to calculate 

better approximations to n and X1. A turns-ratio of 

1.89, determined from ;raphs a and c in Fig. 4.8, was 



Similar calculations were performed 

of X11. 

using other pairs of 

a, Fig. 4.7b than either of the two values 
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employed as n1. Values of the reactance Xil  wore 

obtained from graph b, Fig. 4.8a. A value of n2 	1.84 

was obtained by equating the values of  X11 at 5.0 and 

15.0 amp. 	The corresponding value of reactance X12 is 

1.2 ohms. It may be noted that n2  is closer than n1  

to the turns-ratio of 1.81 determined by the transfer- 

impedance method. Also, the reactance 712  is in better " 

agreement with the average reactance obtained from graph 

points on graph b , Fig. 4.8a. These calculations 

yielded different values of n2  and X12. However, all 

these values were bettor approximations to n and Xi  

than the original values employed in the calculations. 

This procedure will yield incorrect results when the 

reactance X1 is not constant over a range of operating 

points on the characteristics. 

4.5. Potier-type tests on the machine 

Potier-type tests were performed on the machine at 

stand-still. A rotor phase was employed as the primary 

winding of a transformer. The stator phase located with 

its axis coincident with that of the rotor phase formed 

the secondary windily:. One of the reactors described in 

section 4.3.3 was employed as the load. A zero power 
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factor characteristic, relating the voltage at the 

terminals of the secondary winding to the primary current, 

was obtained by varying the primary voltage and load 

reactance, keeping the load current constant. A Potier 

test was also performed on the machine by operating it 
two- phaso 

as a Aalternator. A rotor phase was employed as the 

field winding. A load current of 4.5 amp was employed 

for both types of tests. The terminal voltages were 

measured with a moving-iron voltmeter. 

Figs. 4.9a and b show the characteristics obtained 

from tests on the machine at stand-still. The reactances 

calculated from the altitudes of various Potier triangles 

are plotted in Eraph a, Fig. 4.10 against the open-

circuit voltages denoted by the vertices of the triangles. 

An indication of-the possible error in the Potier 

reactance is provided by a comparison of the values of 

the reactance obtained from triangles PQR and P'Q'R in 

Fig. 4.9b. The difference QQ' corresponds to an error 

of 1.2 per cent in the measurement of primary current 

at the point R. The difference between the reactances 

determined from the two triangles is 0.2 ohm . The 

possible error in the Potier reactance evaluated from 

triangles located in the partially saturated regions of 

.the test characteristics (below 90 volts on the open-

circuit characteristic) is larger. 
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An explicit value of Potier reactance can not be 

determined from the linear regions of the test 

characteristics. Hence, a value of the reactance equal 

to the first explicitly determined value has been adopted 

in this region. Graph a, Fig. 4.10 is then produced 

back to the ordinate-axis as shown by the dotted line. 

The equivalent primary current is represented by 

the length SR in triangle PQR (Fig.4.9b). The turns-

ratio is equal to the ratio of this equivalent current 

and the load current. An average turns-ratio of 1.82 is 

obtained from various Potier triangles. This ratio is 

in good agreement with the average value of 1.81 

determined by the transfer-impedance method. An average 

Potier reactance of 1.55 ohms is obtained from graph a, 

Fig.4.10. This reactance compares with an average 

reactance of 1.4 ohms determined by the transfer-

impedance method. 

4.5.1. Results of Potier tests on the machine operating 

as an alternator  

Figs. 4.11 a and b show the characteristics obtained 

from tests on the machine as an alternator. The linear 

part of the zero power factor characteristic drawn dotted 

was obtained from a preliminary test. The slope of this 

line is slightly smaller than the slope of the open- 
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circuit characteristic, and, consequently, Potier 

triangles like ABC in Fig. 4.11a can be fitted between 

the two characteristics. The Potier reactance calculated 

from this triangle is much larger than that calculated 

from the altitude of triangle A'B'C' (Fig. 4.11b). (The 

base B'C' is equal to BC). 

An examination of the wave-form 

circuit current in an armature phase 

of the short- 

showed the current 

to be distorted. The harmonic components of this current 

were measured using the Wave-analyser. These measurements 

showed the third and fifth harmonic components of current 

to be 0.14 and 0.135 of the fundamental component 

respectively. In addition, it was observed that the 

terminal voltage when the machine was loaded was initially 

distorted. For example, at an indicated terminal voltage 

of 25 volts, the third and fifth harmonic components of 

voltage were respectively 18 and 22 per cent of the 

fundamental component. Both the current and the voltage 

became increasingly sinusoidal as the load inductance 

increased. Thus, at a terminal voltage of 45 volts, the 

third and fifth harmonic components of voltage formed 6 

and 8 per cent of the fundamental component respectively. 

The load current was practically sinusoidal for terminal 

voltages above 25 volts. 
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The presence of harmonics in the short-circuit 

current caused the moving-iron type ammeter to indicate 

a current 1.02 times larger than the fundamental 

current. The zero power-factor characteristic was 

obtained by keeping the indicated armature current 

constant. Therefore, the component of armature-reaction 

m.m.f. due to the fundamental current was smaller at 

short-circuit than at other points on the characteristic 

(at which the load current was practically sinusoidal) 

by a factor of 1.02. The field current was correspondingly 

smaller than that required to circulate a fundamental-

frequency short-circuit current of 4.5 amp. The use 

of a smaller field current at short-circuit as the base 

of the Potier triangles leads to triangles such as ABC 

in Fig. 4.11a. 

The presence of harmonics caused the voltmeter to 

indicate a voltage larger than the fundamental terminal 

voltage. The slope of the linear part of the zero 

power faotor characteristic obtained by plotting the 

indicated voltages is therefore larger than the actual 

slope. This increase in slope partly compensates for 

the reduced field current at short-circuit. No such 

compensation however occurs for terminal voltages above 

45 volts. At such voltages the difference between the 

indicated terminal voltage and the fundamental voltage 
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is negligible. 

An examination of the field current with the 

armature short-circuited showed that the current 

contained a harmonic component. To suppress this 

component, an inductor was connected in series with the 

field winding. It was observed that on suppression of 

the harmonic component of field current, the armature 

short-circuit current become nearly sinusoidal. This 

observation could be explained as follows. The third 

harmonic component of the field m.m.f. at short-circuit 

induced a third harmonic voltage E3  in the armature phases. 

This voltage caused a third harmonic current 1
3 
to flow 

through the short-circuited armature phases. The 

current 1
3 

establishedam.m.f.,the fundamental Component 

F- of which revolved at three times the synchronous 
1) 

speed in a direction oposite to the direction of rotation 

of the rotor. (Ref. 8, p. 218). A fourth harmonic 

voltage was consequently induced in the field winding. 

A current 14 was established in the closed path formed 

by the field windln6 and a potential-divider arrangement 

of resistors connected across the winding for the control 

of field excitation. This current 14  set up a pulsating 

m.m.f, the space fundamental of which could be resolved 

into two equal m.m.f.s (Ref. 8, D. 201) rotating at four 

times the synchronous speed in opposite directions. 
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These m.m.f.s. revolved at three and five times the 

synchronous speed with respect to the stator. The 

component revolving at three times the synchronous speed 

reacted with the m.m.f. F
3 
 while the other component 

caused a fifth harmonic current to flow in the stator 

phases. 

Since the 'forward' and 'backward' rotating components 

of the m.m.f. established by current 14  were equal, each 

of the components could be associated with a current 

14/2. Fig. 4.12a shows an equivalent circuit relating 

the third-harmonic current 13  and the current 14/2. 

This circuit is derived by regarding the two currents 

as currents in the stator and rotor windings of an 

induction motor having balanced two-phase windings on 

the stator and rotor. This machine is connected to a 

third-harmonic source E3  and is driven at a slip of 4/3. 

The reactances X"1  and X" in Fig. 4.12a are the leakage 

and magnetising reactances, at fundamental frequency, 

measured at the terminals of a stator phase. These 

reactances are a-D-;;;roximately equal to the reactances 

X1  n - ad Xm determined by tests on the actual machine at 

stand-still. X2 is the referred leakage reactance of a 

rotor phase measured at fundamental frequency. This 

reactance is also nearly equal to X2. Rt is the total 

resistance in the path of current 14. The turns-ratio 
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n' is nearly equal to ratio n obtained from Fig. 4.3. 

An equivalent circuit relating the fifth harmonic current 

15  induced in a stator phase to the component 14/2 is 

shown in Fig. 4.12b. 

The insertion of an inductor in series with the 

field winding is represented by an increase in reactance 

in Figs. 4.12a and b. For the same driving voltage 

E3, the currents I3, 15  and 14/2 are consequently 

reduced. As far as the harmonic components of load 

current are concerned, an increase in the load inductance 

is represented by an increase in XZ in Figs. 4.12a and 

b. A simplified analysis shows that currents I
3 
 and 1

5 
decrease even though the voltage E3  increases with 

increasing field current. The connection of an inductor 

in series with the field winding leads to further 

suppression of the harmonic components of load current. 

An approximate indication of the relative magnitudes 

of 13  and 15  can be obtained if it is assumed that 

reactances 33c1 and 5X;1; in Figs. 4.12a and b can be 

ignored in comparison with the impedances connected in 

parallel. The currents 3'4/2n' and 15 
then become 

equal. The measured third and fifth harmonic components 

of the short-circuit current in a stator phase respectively 

form 14 and 13.5 per cent of the fundamental comDonent. 

The agreement between the two values shows that the 
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above approximation is reasonable. In the foregoing 

explanation no mention has been made of the third and 

fifth harmonic components of short-circuit current caused 

by the fifth harmonic voltage induced in a stator phase 

by the field m.m.f. This voltage is small in comparison 

to the third harmonic voltage E3  and hence its effect 

has been ignored. 

In the alternators employed in practice, the three 

phases are usually connected in star. By performing the 

short-circuit test by connecting together the three line 

terminals of the machine, the third harmonic component 

of short-circuit current is suppressed. 	The fifth 

harmonic component is small. Therefore the short-circuit 

current is nearly sinusoidal in such machines. 	In 

addition, the voltage across a phase is deduced from the 

measured line-to-line voltage. By this means the 

influence of the third harmonic component present in the 

phase voltage is eliminated. Hence, the effects discussed 

above are not present during tests on a normal three-

phase machine. 

4.5.2. Leakage reactance of a stator phase obtained  

from tests on the machine as an alternator  

The linear part of the zero power factor 

characteristic drawn solid in Fig.4.11a was obtained 
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by performing the Potier test with an inductor connected 

in series with the field winding. Checks made at some 

points on the characteristic showed that the presence or 

absence of the inductor did not significantly alter the 

remaining part of the characteristic. 

The slopes of the linear parts of the open-circuit 

and modified zero power factor characteristics are nearly 

equal. The effect of an increase of 0.3 amp in the base 

Of the Potier triangles may be assessed by comparing 

the reactances obtained from triangles A,BvCf and A"B"Ct 

in Fig.4.11b. The reactances obtained from these two 

triangles differ by 0.3 ohm. Hence the effect examined 

in the previous section does not materially alter the 

reactance obtained from triangles such as AtB1 Ct. 

Changes in the length of the base, however, significantly 

alter the reactance evaluated from triangles such as ABC, 

Fig. 4.11a. 

Graph b, Fig. 4.10 shows the Potier reactance 

determined from Figs. 4.11a and b. Considering the 

inherent inaccuracy of the method, the agreement between 

the reactances shown in graphs a and b is satisfactory. 

An average turns-ratio of 2.58 is obtained from Figs. 4.11a 
ex.pecied value 

and b. This ratio is very nearly ,f2 times the average 

turns-ratio of 1.81 determined from Fig. 4.3. The 
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Efforts made to determine the leakage reactance of 

a rotor phase by the Potier method were not successful 

owing to the small magnitude of the reactance. 

4.5.3. Relation between the characteristics obtained  

from tests on the machine as a transformer and  

as an alternator  

The test characteristics of Figs. 4.9a and b can 

be related to those in Figs. 4.11a and b by the following 

considerations. The relation between the open-circuit 

characteristics in the two sets of figures is considered 

first. For brevity, the operations of the machine as a 

transformer and as an alternator are respectively called 

mode A and mode B operation of the machine. The effect 

of hysteresis is not taken into account in the following 

explanation. 

Consider operating points on the two sets of open-

circuit characteristics such that the d.c. and peak a.c. 

excitations at these points are equal. (These points 

are referred to as "corresponding" points in the 

ensuing discussion). The distribution of air-gap flux 

density at the instant that the current in mode A operation 

is a maximum would be the same as the distribution due 

to the field m.m.f. This similarity between the two 

distributions holds irrespective of the extent of 
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saturation of the magnetic circuit. A set of open- 

circuit characteristics is drawn dotted in Figs. 4.11a 

and b. These characteristics are obtained by re-plotting 

the open-circuit characteristics in Figs. 4.9 and b in 

terms of the peak a.c. excitations. These peak excitations 

have been approximately calculated by the addition of 

the peak fundamental and third harmonic components of 

the exciting current. Any phase displacement between the 

two components caused by hysteresis has been neglected. 

The factors causing the difference between the dotted 

and experimental characteristics are explained below. 

At corresponding points on the open-circuit 

characteristics in Figs.4.9 and 4.11, the voltage 

induced in a stator phase by the fundamental component 

of air-gap flux is the same for both modes of operation 

of the machine when it is unsaturated. However, additional 

fundamental-frequency voltages are induced in mode A 

operation by the fluxes distributed harmonically. These 

fluxes induce harmonic voltages in a stator phase in 

mode B operation of the machine. Therefore, to obtain 

the same fundamental voltage, the field excitation has 

to be increased to a value larger than the peak a.c. 

excitation. The proportion of the additional fundamental- 

frequency voltage induced in mode A operation by the 

harmonically-distributed fluxes can be calculated by the 



following expression. 

Efn = 1 x Bmn  x Kwn 
Efl n Bml Kwi 

Efn  is the voltage induced by the nth harmonic component 

of air-gap flux. Bran  is the peak value of the corresponding 

flux density. K is the nth harmonic winding factor of 

a stator phase. 

For operating voltages at which the magnetic circuit 

is unsaturated, the ratio Bmn/Bila  is equal to the ratio 

of the corresponding components of the m.m.f. established 

by a rotor phase. The distribution of this m.m.f. is 

approximately described by the following equation. 

4 N
f 

F = 	i L(71 .902 sin 9 + 0.103 in 3492 	4.3 

Nf  is the number of turns on a rotor phase. 	i is the 

instantaneous current in the phase and e is the angle 

in electrical degrees measured from the inter-polar axis. 

The coefficients in the above expression are respectively 

equal to K1:11  and K:3/3, where K is the nth harmonic 

winding factor of a rotor phase. The winding factors 

of a stator and a rotor phase for the fundamental and 

third harmonic components are equal. 

The ratio FfJ/Efl calculated from equations 4.2 

and 4.3 is 0.013. In order to secure an increase of 

1.3 per cent in the fundamental terminal voltage, the 
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field current has to be increased correspondingly when 

the main magnetic circuit is unsaturated. The slopes of 

the linear parts of the two open-circuit characteristics 

in Fig. 4.11a should then differ by a corresponding 

amount. However, since this difference is small, it is 

obscured by experimental and graphical errors. 

On saturation of the magnetic circuit, two 

additional factors contribute to the difference between 

the dotted and experimental characteristics. These 

factors are the changes in the distribution of air-gap 

flux and the presence of a third harmonic (time) 

component in the induced voltage in mode A operation of 

the machine. As stated in section 4.4, this component 

arises due to harmonic voltage drops across the leakage 

reactances of the source and the winding excited. The 

two effects mentioned above can be considered separately 

as shown below. 

The influence of changes in the distribution of 

air-gap flux is considered in the present paragraph. 

The induced voltage is assumed to vary sinusoidally in 

time. Consider again two corresponding points on the 

open-circuit characteristics in Figs. 4.9a and b, and 

Figs. 4.11a and b. On account of saturation, the 

distribution of air-gap flux in mode B operation,and in 

mode A operation at the instant that the exciting current 
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is a maximum, is more flat-topped than the corresponding 

m.m.f. distribution described by equation 4.3. The ratio 

Ef2 VEfl therefore increases. As a result, the additional 

field m.m.f. required to generate the voltage Ef3  is 

larger than that required in the absence of saturation. 

The presence of a peaking third-harmonic component 

in the induced voltage in mode A operation indicates 

that the time-variation of the flux linking a stator 

phase can be rerresentcd by a flat-topped wave. The 

influence of this variation of flux linkages is more 

clearly seen by assuming the air-gap flux to be sinusoidally 

distributed in space. Consider corresponding operating 

points on tho two sets of open-circuit characteristics. 

At the instant that the a.c. excitation is at its peak 

value, the flux distributions in both modes of operation 

of the machine are similar. The flux linkages with a 

stator phase vary sinusoidally in time in mode B operation 

of the machine as shown in graph b, Fig. 4.13. The 

variation of flux linkages in mode A operation is 

represented by a flat-topped wave having the same peak 

value as in graph b. (graph a, Fi. 4.13). The dotted 

graph c in Fig. 4.13 shows the fundamental component of 

graph a. The voltage induced by this component is larger 

than that induced by a change of flux linkages as per 

graph b. This effect acids to the effect of a change in 
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the distribution of air-gap flux caused by saturation. 

It may also be pointed out that the additional 

field excitation required to secure a specified increase 

in fundamental voltage increases with saturation of the 

magnetic circuit. This may be seen by an examination of 

the open-circuit characteristics in Figs. 4.11a and b. 

For example, the increase in field current corresponding 

to an increase in the voltage from 50 to 51 volts is 

0.1 amp , while that corresponding to an increase in the 

voltage from 105 to 106.5 volts is 0.7 amp. All these 

factors cause the dotted and experimental open-circuit 

characteristics to diverge as shown in Figs. 4.11a and 

b. 

The zero power factor characteristics in Figs. 4.9a 

and b can be related to the characteristics in Figs. 

4.11a and b in a similar manner. The same load current 

was employed for both types of tests. Therefore, the 

same m.m.f. was established by a stator phase in both 

types of tests. As in the previous case, the relation 

between the two modes of operation of the machine can 

be established by considering corresponding operating 

points on the two sets of zero power factor characteristics. 

The flux distributions at the instant that the current 

in a stator phase is maximum are similar in both types 

of tests. The difference between the two sets of 
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characteristics, arising out of the non-sinusoidal 

distribution of the rotor winding and saturation, can be 

explained as in the preceding paragraphs. The fact 

that the turns-ratio determined from Figs. 4.11a and b 

is nearlyFtimes that determined from Figs. 4.9a and 

b indicates that the two sets of zero power factor 

characteristics are related in the same manner as the 

open-circuit characteristics. This conclusion is 

reinforced by the similar values of Potier reactance 

determined from the two sets of characteristics.(graphs a 

and b, Fig. 4.10) 

4.6. Eallivalent Pi circuit of the  test  machine  

Fig. 4.14 shows the values of X3/n calculated by 

using equation 3.11 (p. 80 ). The quantities V, V2  

and II (see Figs. 3.3 and 3.4, p 81 ) were obtained 

from the test characteristics of Figs. 4.2 and 4.3. 

The fundamental component of I1  was employed for 

calculating X3/n. The variations of approximately 10 per 

cent (from a mean value of 1.0 ohm ) in Fig. 4.14 could 

be caused by errors of the order of 1 per cent in the 

voltages V2 and V2. The influence of such errors is 

more pronounced on the values of X3/n calculated from 

voltages and currents at operating points located in 

the partially-saturated and unsaturated regions of the 
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test characteristics. Hence the values of X3/n obtained 

from these points arc not shown in Fig. 4.14. The graph 

is produced back to the ordinate-axis by a dotted line. 

Further calculations wore performed by employing 

a reactance X3/n of 1.0 ohm . To obtain a comparison 

of the equivalent Tee and Pi circuits, a turns-ratio of 

1.81 was eareloyed to evaluate the reactances of the Pi 

circuit. This ratio is equal to the average ratio 

obtained from Fig. 4.3. The reactance X3  is then 

1.81 ohms. Equations 3.12 and 3.13 were used for 

calculating Xi and X. The results of these calculations 

are shown in Fig. 4.15. These results are presented 

in the form of characteristics relating the voltages 

and currents associated with each of the two reactances. 

This manner of presentation facilitates calculation of 

the terminal properties of the network. Since the values 

of X
3
/n in Fig. 4.14 vary by 10 per cent, the characteristics 

of X'1  and X2 could be in error by a similar amount. 

Points marked by crosses in Fig. 4.15 were obtained 

by transformation of the equivalent Tee circuit. Average 

values of 1.4 and 0.45 ohms were employed for reactances 

X1 and X2.  The values of Xm were obtained from graph a, 

Fig. 4.7a. The values of X
3 
obtained by transformation 

vary between 1.87 and 1.91 ohms. The characteristics 

of Xi and X2 derived by transformation are in reasonable 
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agreement with the characteristics obtained by direct 

calculations. This agreement suggests that the machine 

can be represented by either the Tee or the Pi circuit 

to the same degree of accuracy. 

4.6.1. Equivalent Pi circuit  based on characteristics 

of the rilach.ine as an alternator 

The parameters of the equivalent Pi circuit were 

determined from the characteristics drawn in Figs. 4.11a 

and b by employing the method outlined in section 3.4.2 

of chapter 3. The reactances were calculated using a 
re 

turns-ratio of 2.6. This ratio is nearly q2 times the 

turns-ratio of 1.81 employed above for evaluating the 

parameters of the Pi circuit from the characteristics of 

Figs. 4.2 and 4.3. 

Two of the three terminal measurements specified 

in equations 3.14 to 3.16 are obtained from Fig. 4.11a. 

These two measurements are the slope of the unsaturated 

part of the open-circuit characteristic, and the ratio 

of the field and armature currents with the armature 

short-circuited. The third measurement was obtained by 

operating the machine as an alternator with a stator 

phase as the field winding. Thu ratio of the short-

circuit current in a rotor phase and the corresponding 

field current furnished the third measurement. The 
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influence of harmonics in the short--circuit current was 

minimised by the connection of an inductor in series 

with the field winding. The field excitation required 

to circulate a short-circuit current of 7.0 amp was 

found to be 5.6 amp . 

In order to utilise the measurements made with a 

stator phase used as the field windin, it is necessary 

to specify a turns-ratio n2. n2  is the ratio of the 

short-circuit current in a rotor phase and its equivalent 

field current in a stator phase. As stated in Chapter 2, 

the turns-ratio is obtained by equating the fundamental 

components of the m.m.f.s produced by currents in the 

two windings. It may be also recalled that to establish 

the saMe peak fundamental m.m.f. with d.c. excitation 

of a winding as with a given a.c. excitation, the d.c. 

excitation has to be equal to 42 times the r.m.s. a.c. 

excitation. (Assuming that the magnetic circuit is 

unsaturated). These factors can be used to relate n2  to 

the ratio n1 
(2.6) of the equivalent field current and 

the armature short-circuit current when a rotor phase is 

employed as the field winding. The relationship of n2 

and n1 is as follows. 

Equivalent field current in a rotor phase 
n1 Short-circuit current in a stator phase 
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fx Alternating current in a rotor phase 

Ecluiv . lent direct current in a stator phase 

= 2 x n2  

or n2 = z n1 	
4.4. 

The calculated value of reactance X3 is 2.33 ohms. 

The corresponding characteristics of Xi and X2 were 

calculated using the test characteristics of Figs. 4.11a 

and b. A modified form of the method suggested in section 

3.4.2. was employed for determining the characteristics 

of 	 X. X'1  and " " 	In this modified form, an operating point 

lying just above the straight-line part of the zero power 

factor characteristic was chosen. At this point, the 

reactance Xi could be assumed to be unsaturated. Based 

on this operating point, the current through X2 and the 

voltage V22  across the reactance were calculated. Next 

an operating point at which the voltage across A7"2  is V22 

was located on the open-circuit characteristic by employing 

a trial-and-error procedure. The current through X1 at 

a voltage V11  across it was then k32own. Further, 

knowiia the field current at a voltage V11  on the zero 

power factor characteristic, the current through Tq 

could be calculated at a voltage across X2 higher than 

V22. This procedure was repeated to determine the 
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characteristics of XI and X. The characteristics of 

X' and X'
2 
 determined in this manner are shown in graphs 

a and a', Fig.4.16. 

The difference between the value of X3  = 2.33 ohms 

and the value of X
3 

1.81 ohms quoted in the previous 

section is mainly caused by small errors in the 

measurement of various short-circuit currents. 	For 

example, if the d.c. excitation of a stator phase 

required to circulate a short-circuit current of 7.0 amp 

in a rotor phase is taken as 5.7 amp. (instead of 

5.6 amp ), the calculated reactance X3  becomes 2.9 ohms. 

The unsaturated values of X'
1 
 and X2 alter correspondingly. 

The saturated values of these reactances are based on 

the value of X3 and the unsaturated value of Xi. Hence, 

the saturated values are also influenced by errors in 

the measurement of the short-circuit currents. To 

illustrate this statement, characteristics of X' and X' 

	

1 	2 
corresponding to X

3 	
2.9 ohms are also shown in 

Fig.4.16. Points on these characteristics, drawn dotted, 

are marked by triangles. Comparing corresponding 

characteristics, it may be observed that the increase in 

X3  results in an increase of approximately 25 per cent 

in the current through X'. The decrease in the current 

through X' is of a similar magnitude. However, this 

change in the characteristics of X' and X' does not 
1 	2 
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sinificantly alter the total current required by the 

two toethcr. Hence, the parameters of the Ti circuit 

determined in the above manner could be employed to 

calculate the field excitation under different load 

conditions. The calculated excitation would be 

reasonably accurate. 

The problems associated with the experimental 

Letzrmination of the parameters of the equivalent Pi 

circuit are discussed in more detail in the following 

chapter. 
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CHAPTER 5  

Equivalent Circuits of the micro-machine  

5.1. Scope. Tests on a model synchronous machine called 

the micro-machine are described. These tests were 

performed on the machine employing, in turn, field 

systems of salient-pole and cylindrical-rotor type 

construction with the same stator. The parameters of 

the equivalent Tee and Pi circuits of the machine are 

determined from the characteristics obtained from tests. 

It is shown that the referred field leakage reactance in 

the equivalent Tee circuit, and the parameters of the 

equivalent Pi circuit can be only approximately 

determined from terminal measurements. The results 

indicate that the equivalent Tee and Pi circuits 

constitute equally satisfactory representations of the 

micro-machine with a cylindrical-rotor. The error 

involved in using the Potier reactance for calculating the 

zero power factor characteristics of the micro-machine 

with a salient-pole rotor is seen to be small. Since the 

parameters of the equivalent Pi circuit can be only 

approximately determined from terminal measurements, the 

results indicate that the use of Potier reactance is 

both adequate and justified for the machine examined. 
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5.2. The micro-machine and other test apparatus  

Tests were performed to assess the extent of additional 

saturation (due to field leakage flux) of the magnetic 

system of a salient-pole machine and the influence of 

this saturation on the Potier reactance of the machine. 

The micro-machine37  was employed as the test machine. 

A constructional feature of this machine is that 

different rotors can be employed with the same stator. 

This feature makes it possible to obtain a direct 

comparison of saturation effects in a cylindrical-rotor 

and a salient-pole machine. Tests were performed on 

the machine employing one cylindrical-rotor and two 

salient-pole field systems. The 

machine are as follows: 

Make 

kVA Output 

Rated Voltage 

Number of phases 

Speed 

Stator number 

Salient-pole rotor A number 

Salient-pole rotor B number 

Cylindrical rotor number 

specifications of the 

Alsthom, Prance. 

• 0.6 - 4.5 

220 volts 

3 

1500 r.p.m. 

334819 

334818 

334819 

334827 

Air-gap with salient-pole rotor A: 0.8 mm. 

Air-gap with salient-pole rotor B: 0.31 mm. 
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Air-gap wit:1 cylindrical rotor 	: 0.3 mm. 

The stator has 54 slots and is wound with two 

double-layer windings connected in series. The windings 

are similar fractional-slot windings consisting of coils 

having a pitch of 1-13. Each slot contains 14 conductors. 

The resistance of an armature phase, consisting of 126 

turns in series, is 0.15 ohm . The phases are connected 

in star. 

The field windings in the salient-pole rotors are 

located in deep slots as shown in Fig. 5.1(a). The 

field winding of the cylindrical-rotor machine is of the 

concentric type. The winding is housed in 24 slots 

arranged as shown in Fig. 5.1(b). 

A ganged unit of three single-phase "Variac" 

auto-transformers was employed as the source of variable 

voltage a.c. supply. The specifications of the three 

components have been given in section 4.3.2. of Chapter 4. 

The d.c. supplies were derived from the 200-volts supply 

in the laboratory. 

Measurements of voltages and currents were made 

with multi•-range moving-iron instruments specified to 

be accurate to within 1.5 per cent of the maximum value 

of the range as per BS 89. The instruments were checked 

against precision multi-range meters with a specified 

accuracy of half per cent of the full scale readings. 
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MAIN FIELD WINDING 

SLOT WEDGE 
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For convenience, the characteristics of the machine with 

salient-pole rotors A and B and the cylindrical-rotor are 

referred to hereafter as the characteristics of machines 

A, B and C respectively. 

5.3.  Characteristics of the machines.  

The zero power factor characteristics of the machines 

were determined for a range of load currents by testing 

the machines as alternators. The inductors described in 

section 4.3.3. were employed as the load. 	The 

characteristics were checked by testing the machines as 

over-excited synchronous motors.38 	Good agreement 

has been obtained between the two sets of characteristics. 

The test characteristics of machine A are shown in 

Figs. 5.2(a) and (b). Those of machine B are drawn in 

Figs. 5.3(a) and (b ). 	Figs. 5.4(a) and (b) show the 

characteristics of machine C. Approximate calculations 

based on the measured losses in machine B and on 

information supplied by the manufacturers regarding the 

losses in the other two machines have shown that the 

influence of losses on the test characteristics of the 

machines is negligible. Similar calculations have also 

indicated that the influence of the resistance of the 

load on the characteristics can be ignored. 
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5.4.1. Potier reactance of the salient-pole machines.  

Graphs a, b and c in Figs. 5.5 and 5.6 show the 

Potier reactance of machines A and B respectively. The 

reactance is plotted against the open-circuit voltage 

denoted by the vertex of the Potier triangle. The graphs 

are denoted by symbols corresponding to those employed in 

Figs. 5.2a and b and 5.3a and b. The values of turns-

ratio marked are the ratios of the load current and 

the equivalent field current. These values are average 

values obtained from the test characteristics. 	An 

indication of the limits of possible error in the 

determination of the reactance is provided by comparing 

triangles PQR and P'Q'R in Fig. 5.3(b). The length 

QQ' corresponds to a total error of 1.5 per cent in the 

measurement of field excitation at short-circuit and at 

the point R. The resulting difference in Potier 

reactance is 0-3 ohm. The influence of these errors is 

larger on the values obtained from the partially saturated 

regions of the test characteristics (below 140 volts on 

the open-circuit characteristic in Fig.5.3(b)). Hence, 

values of Potier reactance in this region are not shown 

in Figs. 5.5. and 5.6. 	The significance of graphs 

marked 'd' in the two figures is explained in a later 

section. 
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The significance of the variations of Potier 

reactance and the difference between the average values 

obtained from various graphs can be judged by expressing 

the changes in Potier reactance as corresponding changes 

in the field currents on load. This has been done by 

calculating the zero power factor characteristics from 

the open-circuit characteristics, employing the minimum 

values of Potier reactance and the corresponding turns-

ratio. 

The minimum Potier reactance and turn-ratio of 

machine A are 3.5 ohms and 8.16. The corresponding 

values for machine B are 3.3 ohms and 7.6. It is seen 

in the following section that the minimum values of 

Potier reactance of machines A and B are in reasonable 

agreement with the minimum Potier reactance of machine C. 

The calculated characteristics are drawn dotted 

and marked (i) in Figs. 5.2b and 5.3b. The calculated 

characteristics do not differ significantly from the 

part of the test' characteristics shown in Figs. 5.2a 

and 5.3a. As an illustration of this fact, the calculated 

characteristic (i) associated with graph c, Fig. 5.3a 

is shown in the figure. For operating voltages below 

60 volts, characteristic (i) is practically coincident 

with the test characteristic. This coincidence would be 

expected in view of the fact that the magnetic circuit is 
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unsaturated in this region of the test characteristics. 

The significance of the other characteristics drawn in 

Figs. 5.2b, 5.3a and 5.3b is explained in a later section. 

From Fig.5.2b it can be seen that the variations 

of Potier reactance in graphs a and b, Fig. 5.5 correspond 

to very small changes in field current. 	The more 

pronounced difference between corresponding field currents 

in the calculated characteristic and experimental 

characteristic c in Figs. 5.2b and 5.3b indicates the 

presence of additional saturation in the machines when 

they are on load. The two factors that lead to this 

additional saturation on load are increase in the field 

leakage flux and changes in the distribution of air-

gap flux density. Increase in the field leakage flux 

results in increased saturation of the poles; changes 

in the distribution of air-gap flux density lead to 

increased saturation of the poles, yoke and stator core. 

The effects being considered are small. Therefore, 

a consistent quantitative indication of the influence 

of the two factors mentioned above can not be easily 

obtained. Only a general discussion of the influence of 

these factors is included in the following paragraphs. 

The changes in the distribution of air-gap flux 

density are reflected in the waveform of the phase 

voltage. Fig.5.7(a) shows a record of the phase voltage 
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of machine A operating on open-circuit. Fig. 5.7(b) 

shows the voltage when the machine, operating as a 

synchronous motor, draws a zero power factor current of 

5.0 amp... Figs. 5.8(a) and (b) are similar records of 

the phase voltage of machine B. All four records refer 

to an operating condition denoted by a line-to-line 

voltage of 220 volts. 

The fundamental and harmonic components of the 

phase voltages were measured with the wave-analyser. 

These measurements showed the fifth and higher harmonic 

components to be small. Hence the distribution of air-

gap flux density may be approximately represented by the 

expression 

B = Bmi  sin e A Bmi sin 3e 	(5.1) 

The positive and negative signs correspond to 

flat-topped and peaked distributions of air-gap flux 

density respectively. Bmi is the peak value of the 

fundamental air-gap flux density. A is the ratio of 

the third harmonic and fundamental components of flux 

density. 	e is the electrical angle measured from the 

inter-polar axis. 

The average flux density over a pole pitch becomes 

B= Bm1 (1 ±3) 	 (5.2) 
TT   

Saturation of the magnetic circuit tends to make 
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OPE RA TING LINE - TO -LINE VOLTAGE 

= 220 VOLTS 

FIG. 5.8 0. 	PHASE VOLTAGE OF MACHINE 

B OPERATING 0 N 	OPEN-CIRCUIT 
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OPERA TING LINE-TO-LINE VOLTAGE 

= 220 VO LTS 

LOAD CURRENT= 5 AMP 

FIG. 5.8 b 	PHASE 	VOLTAGE OF MACHINE 

b OPERATING AT ZERO POWER FACTOR 



the distribution of flux-density flat-topped. Therefore, 

if the poles are so shaped as to produce a peaked 

distribution of air-gap flux density when the magnetic 

circuit is unsaturated, the proportion of the third 

harmonic component of open-circuit phase voltage will 

at first diminish on saturation of the magnetic circuit. 

On the other hand, with poles so shaped as to produce a 

flat-topped distribution of flux density when the 

magnetic circuit is unsaturated, the proportion of the 

third harmonic phase voltage will increase on saturation. 

Such a check together with the visual indication provided 

by the waveforms of the open-circuit phase voltages 

showed the distributions of flux-density to be flat- 

topped in machine A and peaked in machine B. 	The 

distributions of air-gap flux density in both the 

machines when they are supplying load are clearly flat-

topped. 

Equation 5.1 describes the distribution of flux 

density at the armature surface. Nevertheless the average 

flux density 73 can be used as a measure of the total 

flux in the poles of a salient-pole machine operating on 

open-circuit. However, a part of the air-gap flux 

established by the fundamental armature m.m.f. does not 

link the field winding. Hence, the flux density B does 

not provide an exact indication of the flux in the poles 
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of the machine operating on load. The ratios of pole-arc 

to pole-pitch of machines A and B are 0.91 and 0.97 

respectively. These ratios are larger than those 

usually employed in practical salient-pole machines. An 

approximate flux plot showed that except for the flux 

contained within 5 electrical degrees of the inter-polar 

axis, all the flux established by the direct-axis 

armature m.m.f. (acting alone) of machine A links the 

field winding. The flux not linking the field winding 

of machine B would be of a similar order of magnitude. 

Therefore, the error involved in using B (equation 5.2) 

as a measure of the total flux in the pole systems of 

machines A and B is small. 

The generated fundamental voltage is proportional 

to Bmi. Therefore, the ratio B/Bml  can be used to 

compare the total flux per pole under two operating 

conditions of the machines at which the generated 

fundamental voltages are equal. The quotient of the 

values of this ratio under the two operating conditions 

is an indication of the change in the total flux per pole. 

This quotient is denoted by K'. 

Values of the ratio A in equation 5.1 were 

calculated from the measured fundamental and third 

harmonic components of phase voltage by using the 

following expression. 
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E3 = Kw3 x  Bm3  = Kw3 
 x A 

El 	Kw' 	Bml 	Kwi 

The minimum values of Potier reactance of machines A and 

B were used for calculating the fundamental generated 

voltage corresponding to a given voltage on the zero 

power factor characteristics. Based on the values of 

A, values of the ratio K' were calculated. K' is the 

ratio of the total flux per pole required to generate 

a given fundamental voltage on load and on open-circuit. 

The calculated values of K' are given in table 5.1 (p.167). 

The distribution of air-gap flux density alters considerably 

as the terminal voltage of the machines on load increases 

from zero. However, since the iron is unsaturated in 

this region of the operating characteristics, these 

changes in the distribution of air-gap flux density do 

not influence the test characteristics or the Potier 

reactance. Hence only the values of K' referring to 

operating points located in the saturated regions of the 

test characteristics are included in Table 5.1. 

The fact that the values of K' in Table 5.1 are 

greater than unity indicates that a larger flux per pole 

is required to generate a given fundamental voltage when 

the machines are supplying load than when they are on 

open-circuit. The increase in the total flux per pole 

becomes more pronounced as the load current is increased. 



Table  5.1 

Values of ratio  K' in machines  A  and .B  

Machine B 	Machine A 

Generated Phase 	Load current in 	Load current in 
Voltage volts. 	amp 	amp 

3.0 5.0 7.0 5.0 7.0 

93.5 1.08 1.15 1.21 1.10 1.14 

107.5 1.08 1.13 1.18 1.08 1.12 

145.0 1.03 1.065 1.10 1.05 1.075 

155.0 1.02 1.05 1.07 1.045 1.07 

170.5 1.02 1.03 1.05 1.04. 1.03 

167 
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The reduction in ratio K' with increasing generated 

voltage indicates that the distribution of air-gap flux 

density in the machines on load gradually approaches the 

distribution that exists when they are on open-circuit. 

The additional field current required to secure a specified 

increase in the fundamental generated voltage progressively 

increases with saturation of the magnetic circuit. 

Therefore, the above decrease in K' does not signify 

a correspondingly smaller difference between the field 

currents required to generate a given fundamental voltage 

under the two operating conditions of the machines. Thus, 

in spite of the decrease in K', the experimental and 

calculated zero power factor characteristics could 

,progressively diverge as shown in graph c, Fig. 5.2b 

or graphs b and c, Fig. 5.3b. 

From equation 5.1, the flux density at the polar 

axis is Bmi (17 A). This flux density is a measure of 

the saturation of the stator teeth located at a given 

instant along the polar-axis. The symbol A' denotes 

the ratio of the flux densities at the polar axis under 

two operating conditions of the machines at which Ala 

has the same value (i.e. same fundamental generated 

voltage). Values of A' have been plotted in Fig. 5.9 as 

a function of the fundamental generated voltage of machine B. 

The values shown relate the flux densities at the polar 
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axis of machine B operating on open-circuit to the flux 

densities when it is supplying a load current of 7.0 amp. 

Values of A' for fundamental generated voltages at which 

the machine is unsaturated are not shown in Fig. 5.9. 

The figure shows that the operating flux density when 

the machine is on open-circuit is on an average 1.3 times 

as large as the corresponding flux density when the 

machine is supplying load. The reduced flux density on 

load signifies reduced saturation of the stator teeth 

located along the polar-axis. The m.m.f. required by 

these teeth would be correspondingly smaller. 

If the increase in m.m.f. due to increased saturation 

of the poles, yoke, and the stator core were less than 

the decrease due to reduced saturation of the teeth, the 

experimental zero power factor characteristics would 

lie to the left of calculated characteristics (i). The 

actual disposition of the experimental and calculated 

characteristics"in Fig. 5.3(b) thus indicates that the 

increase in field m.m.f. predominates. 

A part of the increased saturation of the poles 

occurs on account of the increase in field leakage flux 

on load. An approximate indication of this increase is 

obtained by ignoring the changes in field m.m.f. 

corresponding to the changes in the distribution of air-

gap flux density discussed above. The increase in 
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field leakage flux is then equal to the leakage flux 

associated with the component of field m.m.f. equivalent 

to the armature-reaction m.m.f. This flux is represented 

by the voltage drop across the referred field leakage 

reactance caused by the load current. The referred field 

leakage reactances of the machines have been approximately 

calculated from measured transient reactances in section 

5.6.1. The values obtained are 2.4 ohms and 3.37 ohms 

for machines A and B respectively. The voltage drop 

across the referred reactance of machine B due to a 

load current of 7.0 amp is 23 volts. This voltage drop 

forms about 12 per cent of the maximum voltage on the 

open-circuit characteristic (Fig.5.3 (b)). The 

increase in field leakage flux on load thus forms 12 

per cent of the main flux. This increase compares with 

an increase of 7 per cent in the main flux due to changes 

in the distribution of air-gap flux density. 

The influence of saturation due to field leakage 

flux on the test characteristics is similar to the 

influence of changes in the distribution of air-gap flux 

density discussed above. Saturation due to field leakage 

flux is taken into account by representing the machines 

by the equivalent circuit of Fig. 2.8, or, more 

approximately, by the Pi circuit. 
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Comparison of the intercepts between characteristics 

(i) and experimental characteristics b and c shows that 

additional saturation on load is less pronounced in 

machine A. The smaller referred field leakage reactance 

of the machine indicates that, for the same load current, 

additional saturation on load due to field leakage flux 

is smaller in machine A. Further, a comparison of the 

values of I(' in Table 5.1 shows that changes in the 

distribution of air-gap flux density are also slightly 

smaller in machine A. In addition, it is possible that 

the magnetisation characteristics of the two rotors are 

slightly different, so that the increase in flux 

corresponds to different increments in field m.m.f. in 

the two machines. 

5.4.2. Potier reactance of machine C.  

Graphs a, b and c in Fig. 5.10 show the Potier 

reactance of machine C determined from the test 

characteristics of Figs. 5.4(a) and (b). Unlike the 

graphs in Figs. 5.5 and 5.6, all three graphs in 

Fig.5.10 yield similar values of Potier reactance for 

voltages above 140 volts. 

The characteristic drawn dotted in Fig.5.4(b) 

is calculated from the open-circuit characteristic by 

employing the minimum Potier reactance of 3.7 ohms and 
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the corresponding turns-ratio of 6.34. Comparison of 

this characteristic and experimental characteristic c 

shows that the variations of Potier reactance in graph c, 

Fig. 5.10 correspond to a maximum increase of 1 per cent 

in the field current required on load. The small 

magnitude of this increase leads to the conclusion that 

additional saturation due to field leakage flux and 

changes in the distribution of air-gap flux density is 

very small in the machine. 

The minimum Potier reactance of 3.7 ohms of 

machine C compares with a reactance of 3.5 ohms of 

machine A. The agreement of these two values with the 

minimum Potier reactance (3.3 ohms) of machine B can 

be regarded as satisfactory considering that the possible 

error in Potier reactance is 0.3 ohm. An additional 

factor that causes some difference in the minimum values 

of Potier reactance is the dependence of the differential 

leakage component of armature reactance on the rotor 

employed. 

A check on the test results is provided by the 

value of leakage reactance of machine C supplied by the 

manufacturer. This value of 3.5 ohms is in good agreement 

with the minimum Potier reactance determined from tests. 

Similar values of leakage reactances of machines A and B 

have not been supplied by the manufacturer. 
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5.5. 	Self-impedance characteristics of the machines.  

The self-impedance characteristics of the machines 

were determined by driving the rotor at synchronous speed 

and exciting the stator from ,a three-phase supply. The 

rotor was maintained in the same position relative to the 

fundamental armature m.m.f. as when the machine was 

synchronised. The control of the position of the rotor 

was achieved by altering the armature current of the d.c. 

motor. The above precaution was taken to ensure that 

the fundamental armature m.m.f. acted along the direct-

axis. 

The three line currents were not balanced. The 

maximum difference between the currents was 2 per cent. 

This difference primarily arose due to unequal magnitudes 

of the phase voltages supplied by the "Variac" auto-

transformer. A part of this difference can also be 

attributed to lack of perfect symmetry of the three 

phases of the machine. Average values of currents and 

voltages have been employed for drawing the characteristics 

shown in Figs. 5.11, 5.12 and 5.13. 

The direct-axis synchronous reactance Xd  is the 

sum of reactances Xm  and Xi of the Tee circuit drawn in 

Fig.5.11. 	The unsaturated value of this reactance can 

be calculated by dividing the open-circuit voltage 

generated by a given field current by the short-circuit 
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armature current circulated by the same field current. 

(Ref. 8, p. 434). This calculated reactance is more 

reliable than the reactance obtained from the slope of 

the linear part of the self-impedance characteristics. 

A modification of the self-impedance method 

suggested in chapter 3 simplifies the determination of 

the turns-ratio by this method. Referring to Fig. 4.8 

(p.108 ), the coordinates of corresponding points P and 

Q are related as follows. 

	

(funs 	Xm) - X) 

	

uns 	2 

uns m7 1 

or (Xuns Xm)  1 

Since 12 = nIll  it follows that the products of 

the coordinates of points P and Q are equal. Similar 

products of the coordinates are plotted against the 

respective currents in Fig. 5.14. The turns-ratio is 

obtained from Fig. 5.14 by calculating the ratio of the 

currents at corresponding points, like A and B, on the 

two graphs. Both these points have the same ordinate. 

The graphs drawn in Fig. 5.14 refer to machine A. 

The values shown in these graphs have been calculated 

from the open-circuit characteristics in Figs.5.2(a) 

and (b) and the self-impedance characteristics in 

Fig. 5.11. The symbols Ia and If respectively denote 

= 
(Xuns - Xm) I' 2 
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the armature current in the self-impedance test and the 

field current in the open-circuit test. For convenience, 

the values of n(X uns - Xm) If  shown in Fig. 5.14 are 

plotted against 5If  and not against If. However, the 

values of turns-ratio marked on the figure are the 

ratios of the armature and eeuivalent field currents. 

Figs. 5.15 and 5.16 show similar sets of graphs for 

machines B and C. 

5.5.1. Reactance XI  of machines A and B 

To facilitate reference to the reactance in the 

text, the symbol X1 has been used in the following 

paragraphs to denote the armature leakage reactance 

determined by the self-impedance method. As originally 

defined in chapter 3, this symbol would also denote the 

Potier reactance and the "true" armature leakage 

reactance. 

Average values of turns-ratio obtained from Figs. 

5.14 and 5.15 are respectively equal to 7.75 and 7.5. 

The calculated values of reactance X1 of machines A and 

B are plotted in graphs d, Figs. 5.5 and 5.6. These 

values are plotted as functions of the voltages shown on 

the self-impedance characteristics of the two machines. 

Some of the reasons for the difference between the 

minimum Potier reactances of the two machines and the 
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values of reactance X1 are stated in the following 

paragraphs. 

A part of the difference between the minimum 

Potier reactance and X1 is due to experimental errors. 

Comments on the accuracy of the self-impedance method 

are included in the following section. It is possible 

that during the self-impedance test the axis of the 

fundamental armature-reaction m.m.f. was displaced from 

the polar-axis of the machine. However, in view of the 

care taken to properly locate the axis of the armature-

reaction m.m.f., any displacement in the axis would be 

only of the order of 4 degrees. 

Due to the non-uniform length of the air-gap, a 

peaked distribution of air-gap flux density is 

established during the self-impedance test. Figs. 5.17(a) 

and (b) show the corresponding waveforms of the phase 

voltages of machines A and B. These waveforms refer to 

an operating condition defined by a line-to-line voltage 

of 220 volts. These waveforms may be compared with the 

waveforms of the phase voltages of the two machines on 

open-circuit. The latter waveforms are shown in 

Figs. 5.7(a) and 5.8(a). 

The distribUtions of air-gap flux density at 

corresponding operating points on the open-circuit and 

self-impedance characteristics of the two machines can 
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be compared in the following manner. (The "corresponding" 

points are points on the two characteristics at which the 

fundamental generated voltages are equal). Owing to a 

peaked distribution of air-gap flux density, the flux 

density at the polar axis is higher during self-impedance 

tests on the machines, Therefore, for the same fundamental 

flux, the teeth located along the polar-axis operate at 

a higher flux density during the self-impedance tests 

than during open-circuit tests on the machines. 

Consequently if these teeth are saturated, a larger 

is required to establish the same fundamental flux 

during self-impedance tests on the machines. On the 

other hand, the average flux density over a pole-pitch. 

is smaller when the distribution of flux density is 

peaked than when the distribution is flat-topped. The 

total flux per pole during self-impedance tests on the 

machines is then smaller than the flux at corresponding 

operating points on the open-circuit characteristics. 

The poles, yoke and stator core are therefore saturated 

to a lesser extent during the self-impedance tests. 

However the 	required to generate a given fundamental 

voltage during the self-impedance test is larger than 

that required to generate the same voltage on open- 

circuit. This fact can be seen by a comparison of the 

experimental self--impedance characteristics with the 
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characteristics drawn dotted in Figs. 5.11 and 5.12. 

The latter have been calculated from the open-circuit 

characteristics by using the minimum values of Potier 

reactance and the corresponding turns-ratio. The 

maximum difference between corresponding currents in the 

experimental and calculated characteristics is 6.5 per 

cent in machine A and 9.6 per cent in machine B. As 

stated before, the currents in the three phases differed 

by about 2 per cent during the self-impedance tests on 

the machines. The three line voltages were also not 

exactly equal. Both these factors could cause the 

experimental characteristics to be in error by about half 

the percentage values quoted above. 

5.5.2. Reactance X1 of machine C. 

Two sets of graphs a, a' and b, b' are drawn in 

Fig. 5.16 to assess the influence of errors in the 

measurement of the field current at short-circuit and the 

slope nX 	of the open-circuit characteristics. Both 

these factors influence the unsaturated value of Xd. 

Graphs a and a' are obtained from calculations based on 

a slope of 412.5 ohms and the corresponding value of 

Xd  = 68.75 ohms. Graphs b and b' are calculated by 

using a slope of 422.5 ohms and a reactance Xd  of 

71 ohms. The difference in slopes corresponds to an 
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error of 2.5 per cent in the measurement of open-circuit 

voltages. The difference between the two values of Xd  

corresponds to an error of 3 per cent in the measurement 

of the field current at short-circuit. 

The average values of n from graphs a-a', b-b'and a-b' 

are 6.35, 6.25 and 6.6 respectively. The corresponding 

values of reactance X1 are shown in graphs a, b and c, 

Fig. 5.18. Values of X, below 130 volts on the self-

impedance characteristics are subject to larLwr errors. 

Hence these values are not shown in Fig. 5.13. As 

would be expected, the accuracy of the method is very 

poor for voltages below 145 volts on the self-impedance 

characteristic. The corresponding voltages on the open-

circuit characteristic are below 135 volts. However, 

consistent values of reactance XI are obtained from the 

region above 145 volts. A comparison of graphs b and c 

in Fig. 5.18 shows the possible error in these values of 

X1 to be about 13 per cent. This figure compares with a 

possible error of 7 per cent in the determination of 

Potier reactance. 

Unlike the reactances of the two salient-pole 

machines, the agreement between Potier react:J.nce and 

reactance X1 is reasonably good for machine C. This 

agreement again indicates that additional saturation of 

the cylindrical-rotor machine . due to field leakage flux 
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and changes in the distribution of air-gap flux density 

is small. 

It may be pointed out that only one point on the 

self-impedance characteristic has to be determined to 

obtain a value of the reactance X1. For accuracy this 

point must be located in the highly saturated region of the 

characteristic. 

5.6. Eouivalent Pi circuit of the machines 

5.6.1. Evaluation of the parameters of the  equivalent  

circuit. 

The terminals 2-2 of the equivalent circuit drawn 

in Fig. 5.20*form the "field" termini...1s. The formulae 

derived in section 3.4.2. are based on the equivalent 

circuit of Fig. 3.4. (p. 81 ). Since n is defined as 

the ratio of ee'aivalent armature and field currents, the 

aspect of the ideal transformer has been changed as is 

shown by a comparison of the two figures. This change is 

taken into account by replacing n by 1/n in cqns. 3.14, 

3.15 and 3.16. 

The reactances of the Pi circuit can be calculated 

by using the three equations referred to above. The 

ratio of the armature and field currents with the armature 

short-circuited, and the open-circuit transfer-impedance 

are obtained from the test characteristics in Figs. 5.2(a) 

* P. 210 
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to 5.4 (a). The ratio of the armature and field currents 

with the field terminals short-circuited constitutes the 

third condition. 

At first sight it appears possible to measure this 

° ratio by performing a locked rotor test.3  ) This test 

could not be performed due to the presence of damper 

windings on the rotors. As an alternative, the transient 

reactances of the three machines were obtained from sudden 

three-phase short-circuit tests.39 The transient 

reactance is the reactance measured at the armature 

terminals with the field winding short-circuited. The 

unsaturated values of this reactance for the three 

machines are as follows. 

Transient reactance of machine A 	7.6 ohms. 

Transient reactance  of machine B 	9.7 ohms. 

Transient reactance of machine C 	6.0 ohms. 

However, the use of transient reactance or other 

measurements made with the field winding short-circuited 

is not strictly valid for the reasons stated below. When 

the machines arc unsaturated, their Tee and Pi circuit 

representations 	equivalent to each other. The 

following remarks are therefore based on the Tee circuit 

representation of the machines. The parameters of the 

equivalent Pi circuits of the machines are determined 

by transformation of the respective Tee circuits. 
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Only the field leakage flux that exists in the 

iron and causes additional saturation is represented 

in the dynamic analogues from which the equivalent circuits 

of the machines are derived. However the field leakage 

flux which partly determines the field current during 

the locked-rotor test includes the overhang leakage flux 

existing entirely in air. This field leakage flux also 

partly determines the difference between the field 

currents during the transient and steady-state phases of 

the sudden three-phase short-circuit test. Ignoring for 

the present the influence of other factors, the referred 

field leakage reactance determined by either of the two 

tests would then be larger than the reactance corresponding 

to the leakage flux causing additional saturation of the 

rotor iron. In the case of a salient-pole machine, the 

length of the overhang of the field winding is small, 

and the overhang leakage flux forms only a small part of 

the total field leakage flux. The length of the overhang 

is comparatively large in the case of a cylindrical-rotor 

machine. In this type of machine, particularly in one 

having two poles, the overhang leakage flux could form 

a substantial part of the total field leakage flux. When 

the equivalent circuit of Fig. 2.12c (p 64 ) is linear, 

little error is involved in replacing it by the Tee 

circuit of Fig. 5.11. In Fig. 5.11, X2  represents the 
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referred field leakage reactance. Reactance X of the 
2 

Pi circuit, derived by transformation of Fig. 5.11, 

includes both the reactances X1 and X2. Consequently, 

the percentage difference between the values of X2 

evaluated by including the contribution of the field 

overhang leakage flux and excluding it is larger than 

that between the two corresponding values of X3. 

Thus, for the salient-pole machines, the influence 

of the field overhang leakage' reactance on the parameters 

of the Pi circuit would be small. In the absence of 

other effects, these parameters could then be determined 

by the locked rotor test (performed with the damper 

winding removed) or by the sudden three-phase short-

circuit test. However, allowance has also to be made 

for the effects of the different distributions of the 

armature and field windings and the non-uniform length 

of the air-gap. These factors cause the measured 

transient reactance to be larger than the reactance 

corresponding to the "actual" field leakage flux. 

Kilgore40 has derived an expression for the transient 

reactance of a salient-pole machine. This expression 

involves the reactance X s  and constants describing the un 

distributions of air-gap flux density established by 

the field m.m.f. and the fundamental armature m.m.f., 

each acting alone. A similar method is employed below 
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to determine the "actual" referred field leakage 

reactance X2 of machine A. This method is based on 

constants evaluated by approximately representing the 

distributions of air-gap flux density by their fundamental 

and third harmonic components. These components of flux 

density are calculated from the measured fundamental and 

third harmonic components of phase voltage. The 

calculated constants describing the flux distribution in 

machine A are as follows. The symbols employed are 

adopted from reference 31. 

Ratio of the peak fundamental 

and actual flux densities due 	1.06 

to field m.m.f. 	= 	Al 

Ratio of the total flux to 

the fundamental flux per pole 	1.02 

established by field m.m.f. = 

Ratio of the peak fundamental 

and actual flux densities due to 

fundamental direct-axis armature-

reaction m.m.f. = Adl 

Ratio of the total flux to the 

fundamental flux per pole set up 

by the fundamental direct--axis armature-

reaction m.m.f. =K1  - 

0.877 

0.953 
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During the transient phase of the sudden short-

circuit test the field and armature windings carry, in 

general, both fundamental-frequency alternating currents 

and direct currents. The a.c. in the armature corresponds 

to the d.c. in the field; the d.c. in the armature 

leads to a.c. in the field winding. There are additional 

components of current in the two windings due to such 

factors as the harmonic components of armature m.m.f. 

These com5-Nnnents of current are usually very small. 

They are neglected in the present analysis. Only the 

fundamental component of the armature-reaction m.m.f. 

is considered in this analysis. 

If the sudden short-circuit test is conducted with 

the test conditions so adjusted as to cause no saturation 

of the magnetic system, each of the components of current 

in the armature and field windings can be considered to 

act separately. The total flux linking either winding 

can be determined by superposing the fluxes due to 

individual components of current. 

The interaction of the fluxes due to fundamental-

frequency alternating current in the armature and the 

corresponding direct current in the field winding can be 

then reproduced by a locked rotor test performed with the 

damper winding removed. In practice, this locked rotor 

test is conducted by exciting two armature phases, 
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connected in series, from a single-phase supply. The 

short-circuited field winding is located with its axis 

coincident with the axis of the resultant armature m.m.f.39  

The disposition of the two armature windings with respect 

to the direct-axis and their connection in series, 

ensures that no voltage is induced in the windings by 

the third harmonic component of air-gap flux. The 

voltage across one phase corresponds mainly to the 

fundamental air-gap flux. 

In the case of the normal operation of the 

machine, voltage measurements arc made between lines to 

exclude the contribution of the third harmonic voltage. 

The phase voltage is deduced from the measured line-to-

line voltage. This remark also applies to the measurement 

of voltage in the sudden three-phase short-circuit test. 

For calculations, both the practical locked rotor 

test and the sudden three-phase short-circuit test can 

be visualised in terms of a hypothetical locked rotor 

test performed by employing one armature phase. In this 

test, an armature phase is located with its axis coincident 

with the direct-axis. This phase is excited with a.c. 

The fundamental component of the alternating m.m.f. set 

up by current Ia  in the phase is increased by 1.5 times 

to allow for the contribution of the other two phases in 
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the actual machine. Thus, the m.m.f. acting along the 

direct-axis is equal to the fundamental armature-reaction 

m.m.f. Fa set ul) by all three phases of the actual 

machine. The flux produced by this m.m.f. links the 

armature and the short-circuited field winding. 

As mentioned above., the practical locked rotor 

test and the sudden short-circuit test arc so conducted 

as to exclude the influence of the third harmonic 

component of flux. Therefore only the voltage induced 

in an armature phase by the fundamental component of 

flux must be considered in the hypothetical test. 

However, the flux linking the field winding is the total 

flux in all three tests. 

The magnetic circuit of the machine is assumed to 

be unsaturated. Therefore, the individual fluxes due 

to the armature-reaction and field m.m.f.s are superposed 

to determine the resultant mutual flux. 

The calculations in the following sections are 

based on the assumption that the resistances of the 

armature and field windings are negligible. Iron losses 

are also neglected, and it is assumed that in the case 

of the sudden three-phase short-circuit test, the field 

winding is normally connected across a d.c. source of 

negligible internal impedance. 
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As the field winding is short-circuited, the total 

flux linking it must be zero. The total mutual flux per 

pole set up by the fundamental armature-reaction m.m.f. 

Fa is given by the expression, 

F  /4  0 a  Y. A a 	1 	dl x 	x a x K1 IT 
P 

x 0.877 x 0.953 	(5.3) 

The symbol a represents the area of cross-section 

at the air-gap. S, is a reluctance based on the effective 
0 

minimum length, lg, of the air-gap. The reluctance of 

iron paths is neglected. 

The mutual flux per pole due to a current if  = 11 

sin Ot in the field winding has the following time-

maximum value. 

N I' f f x -p-- xA1 x K0  

'f I' 'f f x 	x 1.06 x 1.02 	(5.4) 

'f is the total number of turns on the field winding. 

The peak value of the leakage flux per pole 

linking the field winding alone is represented by OLf. 

Equating the fluxes linking the field winding, we have 
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S

a 

-- X 0.877 x 0.953 

- x 1  x Af  g  
1 or 1.06 x 	x S 	P 	f 

If x 1.06 x 1.02 + 

f 

raif 
	(5.5) 

(5.6) q0. 
' 	-  1 xFx0.877 x Fa 	1.0

953 
 1.62 

The fundamental component of the resultant air-gap flux 

has the following value. 

1 	1 
7-

1 0g= 7- x Fa  x 0.877 - 	x 15 x Ff. I f x 1.06 
g 	g 	(5.7) 

Subptituting for the second term from equation 5.6, we 

obtain, 

0g= 	x Fa  x 0.877) x 0.065 + 0.98 Olif 	(5.8) 

The measured transient reactance corresponds to the 

linkages with the armature phase set up by flux Og  and 

the armature leakage flux. The linkages due to 0 yield 

a reactance denoted by X. This reactance is the parallel 

combination of reactances Xis  and x2 of a Tee circuit 

similar to that in Fig. 5.11. The small letter is used 

to indicate thatx2  is not the "actual" referred field 

leakage reactance. 

The reactance X is the difference of the transient 

and armature leakage reactances. Employing the minimum 

Potier reactance of 3.5 ohms as the armature leakage 

reactance, X becomes 4.1 ohms. The term en.closed within 
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brackets in equation 5.8 represents the fundamental flux 

per pole established by Fa. If equation 5.8 is multiplied 

through out by the term 217 f Tph Kwi ,/ „rf Ia, the 
following equation is obtained. 

0.98 x 2 TT f Tph Kwl  X 	0.065 Xans. + 	0' Lf 	(5.9) 
47-7a 

Employing a turns-ratio of 8.16, a value of Xmas  = 

31.5 ohms is obtained from the open-circuit characteristic 

of Fig. 5.2a. Equation 5.9 then yields 
27f T h  Kw, ,,f  

2.1 ohms. 	(5.10) 
4 a 41" 

By following the procedure outlined in appendix A, an 

expression for the "actual" referred field leakage 

reactance X2 can be derived. This reactance has a 

value such that the voltage drop across it corresponds to 

a voltai c drop of OLf  across the associated reactance in 

the dynamic analogue. Reactance X2 is given by the 

following expression 

2 TT f Viz  
X - - 	 

f 2 	I' Al  f  

1.91 A„ 

P 
l  x (Tph  Kw1)2 

 

P 

 

Substituting from equation 5.10 in the above expression, 

we have, 
2.7 Adl Tph  Kwl 	Ia 

X2  - 	A1f 	
x -TT x 2.1 .f  

(5.11) 
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The turns-ratio n is the ratio of the armature and field 

currents which establish the same fundamental air-gap 

flux. 

If both sides of equation 5.6 are multiplied by the 

term 2/T f Tph Kwl/ ,/2 	 l 1'f  the left hand side becomes 

the fundamental voltage induced in an armature phase by 

unit field current. Hence it can be replaced by n Xuns. 

The other two terms can be written as follows. 

nX uns = 

2 TrfT 

42214111 x 	x Fa  x 0.8772x 4 

0.953 	2 rrf Tioh  Kw' 0Lf  

	

I_ 	0.953 	2 Ttf T h  Kwi  x0Lf  
t i.e.nXuns = Xuns x  I X  1.0-2 

	

f 	--7-Fri x 1 .0—  
(5.12) 

Substitutins from equation 5.10 for the term involving 

01x, equation 5.12 becomes 

0.953 	2.1 7 
Ia nXuns = L-  Xuns x  T.02 	772-/ 	(5.13) 

Reactance X2 can now be determined by eliminating Ia/Ii 

between equations 5.11 and 5.13. A value of X2 = 2.4 ohms 

is obtained from the two equations. 

The general expression for X2  derived by the above 

procedure is as follows. 

Kl 
L-  x xuns (1  - 7) -7  Ko x Xuns 

X2  = 	  
(Xuns 

(5.14) 

777 	f2 	If 	x  T.02 
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The constants describing the air-gap flux density 

distribution in machine B are: Al  = 0.865, K0  = 0.95, 

0.767 and K1  = 0.9. Employing a turns-ratio of Adl =  

7.6, the reactance Xuns  becomes 61 ohms. Using the 

minimum Potier reactance of 3.3 ohms as the armature 

leakage reactance, X becomes 6.4 ohms. Equation 5.14 

then yields a value of X2  = 3.37 ohms. 

For comparison, the values of X2  have also been 

calculated by using the expression for X derived in 

reference 40. These calculations yield the values of 

X2  = 2.3 ohms and X2  = 2.5 ohms for machines A and B 

respectively. The difference between these reactances 

and the corresponding reactances evaluated as above 

arises from the different approximations employed for 

their calculation. In reference 40, the expression for 

reactance X is derived by assuming that only a part of 

the space fundamental of flux established by Fa  links 

the field winding. The flux linking the field winding 

is evaluated by first determining the rectangular 

distribution of m.m.f. of which Fa  forms the fundamental 

component. The constant Al  is then used to determine 

the fundamental flux established by the rectangular m.m.f. 

This flux forms the left hand side of an eeuation the 

right hand side of which is similar to equation 5.5. The 

expression for 0 is the same as in equation 5.7. Thus,  



204 

the expression for reactance X is derived in reference 

40 by ignoring the linkages with the field winding due 

to the space-harmonic components of flux established by 

Fa. 	Besides the fundamental component Fa, the rectangular 

m.m.f. referred to above also has harmonic components. 

Some of these components establish fundamental air-gap 

fluxes. The linkages of such fluxes with the field 

winding are also ignored in reference 40. On the other 

hand, the method described in the preceding paragraphs is 

based on the assumption that all the fluxes established 

by Fa  link the field winding. It has been pointed out 

in section 5.4.1 that this assumption is justified for 

the two machines considered. It would be less so when 

considering practical machines in which the ratio of 

pole-arc to pole-pitch is smaller than in the test 

machines. In the practical machines, the linkages with 

the field winding established by the harmonic components 

of the air-gap flux due to Fa  would be small. Hence the 

expression derived in reference 40 would be more appropriate 

for such machines. 

As an additional check, the referred reactance X2 

was approximately calculated from design data. Referring 

to Fig. 5.1a, the leakage flux passing between the pole 

sides was calculated by considering the field winding to 

be located in partially-closed slots. The slots were 
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regarded as being composed of three sections, as shown 

in Fig. 5.19. The field winding was considered to be 

formed by a wedge-shaped arrangement of uniformly 

distributed conductors having a negligible cross-section. 

The leakage flux existing at the ends of the pole system 

was evaluated by adopting the simplified representation 

of the flux paths used in reference 42 (p 42). This 

flux does not contribute materially to the total field 

leakage flux. An approximate representation of the paths 

of this flux is therefore justified. The calculations 

yielded the values of X2  = 1.86 ohms and X2 = 3.0 ohms 

for machines A and B respectively. In spite of the 

approximate nature of the calculations, these values 

offer reasonable checks on the reactances determined from 

the terminal measurements. 

Reactance X2 has to be employed in a linear Tee 

circuit describing the steady-state operation of the 

unsaturated machine. Transformation of this Tee circuit 

yields an equivalent Pi circuit. Using the value of 

X2  = 2.4 ohms, reactance X3  in the equivalent Pi circuit 

of machine A becomes 6.1 ohms. The reactance X
3 

in the 

corresponding equivalent Pi circuit of machine B is 

6.8 ohms. If the effect of different distributions of 

the armature and field windings is ignored, x2  becomes 

the referred field leakage reactance in the equivalent 
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Tee circuit. Reactance x
2 
is evaluated by equating X 

to the parallel combination of Xuns  and x2. The values 

of x2 for machines A and B are 4.7 and 7.16 ohms 

respectively. The values of X3  in the corresponding Pi 

circuits, derived by transformation, are 8.72 ohms and 

10.8 ohms respectively. The unsaturated values of 

reactances X' and X' in the two Pi circuits differ. The 
1 	2 

two values of X
3 

differ by 43 per cent in the case of 

machine A and 60 per cent in the case of machine B. (The 

percentage values quoted are based on the 'actual' value 

of X3). 

Calculations were performed to determine the 

reactances X2 and x2 
of the equivalent Tee circuit of 

machine C. The reactance X2 was evaluated also taking 

into account the small proportion of linkages (with the 

field winding) due to the third harmonic component of 

flux established by the field m.m.f. The winding factors 

of the field winding were calculated on the basis of the 

disposition of the rotor slots shown in Fig.5.1b. The 

reactance X2 derived by calculation includes the referred 

overhang leakage reactance of the field winding. Only 

the flux linkages, with the field winding, established 

by the fundamental component of armature-reaction m.m.f. 

were taken into account. This component of m.m.f. acts 

on an air-gap of uniform length (except for the influence 
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of slot-openings) and establishes a fundamental air-gap 

flux. The small flux set up by the harmonic components 

of armature-reaction m.m.f. forms the differential 

leakage flux of the armature. The minimum Potier reactance 

of 3.7 ohms and the corresponding turns-ratio of 6.34 

were employed for the calculations, the calculations 

being similar to those explained in connection with 

machine A. The calculations yielded the values of X2  

1.26 ohms and x
2 	

2.4 ohms. 	The corresponding values 

of X
3 

are 5.03 ohms and 6.24 ohms respectively. The 

difference between these two values of X
3 
is 24 per cent. 

This difference is smaller than the difference between 

the two values of X3  of machines A and B mainly because 

in the case of machine C, the reactances x2 	4  and Xn form 

less significant parts of X3. 

The results indicate that the direct use of the 

measured transient reactance for evaluating the parameters 

of the equivalent Pi circuit is not strictly correct. 

However, both the test measurements and calculations are 

simplified if the measured transient reactance is directly 

employed. Therefore, the performance of the Pi circuit 

derived on the basis of the measured transient reactance 

is examined in the following section. 	A comparison of 

the performance of this Pi circuit with that of the more 

"exact" Pi circuit is also made in the following section. 
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5.6.2. Performance of the equivalent Pi circuits of the  

machines 

Assuming that the transient reactance XA is the 

reactance measured at terminals 1-1 of the circuit drawn 

in Fig. 5.20 with terminals 2-2 short-circuited, we have 

X1 X- 
Xd  

1 	3 
(5.15) 

The reactances of the equivalent Pi circuit can be 

determined by solving equation 5.15 and equations similar 

to equation 3.14 and 3.16. The method by which the 

saturation characteristics of reactances X' and X'2  can be 

obtained has been explained in section 3.4.2. 

The open-circuit characteristics of the three 

machines along with the zero power factor characteristics 

marked a were employed for calculating the characteristics 

of Xi and X. The values of n used for these calculations 

are 8.16, 7.6 and 6.34 for machines A, B and C respectively. 

The calculated characteristics are drawn in Figs. 5.20, 

5.21a and 5.22. 

The calculated characteristics of Xi and X.are 

influenced by experimental errors such as an error in the 

measurement of the field current at short-circuit. To 

indicate the influence of these errors, two sets of 

graphs are drawn in Fig. 5.21a. Graphs a and a' show 

the characteristics of Xi and X2 calculated by using the 
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experimental value of the field current at snort-circuit 

(0.415 amp); b and b' are the characteristics evaluated 

by using a field current of 0.41 amp. The difference 

between the two field currents is 1.2 per cent. The 

influence of an error in X' and X 12  on the prediction of 

field excitation is small. This is seen by a comparison 

of points on the characteristic marked (ii) with the 

points enclosed in squares in Fig. 5.3b. The former 

points represent calculated field currents based on 

graphs a and a' in Fig. 5.21a while the latter are based 

on graphs b and b'. The entire range of graph a, 

Fig. 5.3b has been utilised to determine the 

characteristics of X. 	 2 2 

	

'1" 	The characteristics of X 1  do 

not cover a range wide enough to permit the determination 

Of values on graph (ii) above 140 volts. (The graph 

referred to is that associated with graph c, Fig. 5.3b.) 

However, the part of graph (ii) shown is sufficient to 

establish the trend of the graph. The graphs associated 

with graph c, Fig. 5.3a show that errors in Xi and X3 

perceptibly influence the predicted field currents at 

operating points located in the unsaturated region of 

the calculated zero power factor characteristics. 

Additional graphs marked (ii) are drawn in Figs. 5.2b 

and 5.3b. These graphs are based  on the characteristics 

of X' and X'2  shown in Fig. 5.20 and in graphs a and a't  1  
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Fig. 5.21a. The calculated graph (ii) corresponding to 

graph b, Fig. 5.2b is almost coincident with graph (i). 

Since the unsaturated regions of the operating 

characteristics are not of much interest, similar graphs 

marked (ii) are not drawn in Figs. 5.2a and 5.3a. (This 

.temark excepts the two graphs mentioned in the preceding 

paragraph). 

The difference between graphs (i) and (ii) in 

Figs. 5.2b and 5.3b is largely accounted for as follows. 

The minimum Potier reactance and the corresponding turns-

ratio have been employed for calculating the graphs 

marked (i). Both these ouantities are influenced by 

experimental errors. As mentioned in section 5.4.1, 

the possible error in Potier reactance is 0.3 ohm . The 

average value of Potier reactance based on graph (ii) 

and the field current at short-circuit given by graph c, 

Figs. 5.2a and 5.3a, is 4.0 ohms for both the machines. 

Some of the values of Potier reactance shown in graph a, 

Fig. 5.5 are nearly equal to 4.0 ohms. Therefore, the 

difference between calculated characteristics (i) and 

(ii) associated with graph c, Fig. 5.2b could largely 

arise from experimental errors. The Potier reactance 

shown in graph a, Fig. 5.6 is more consistent than that 

shown in graph a, Fig. 5.5. Hence the difference 

between graphs (i) and (ii), Fig. 5.3b represents 



216 

a slight increase in the accuracy of prediction (of the 

field excitation) achieved by the use of the Pi circuit. 

The maximum difference between the field currents in 

graphs (i) and (ii) associated with graph c, Fig. 5.3b 

is 3.5 per cent. The corresponding difference between 

fire field currents in the two graphs associated with 

graph b, Fig. 5.3b is about 1 per cent. 

Additional characteristics of reactances X'1  and 

X' of the ecuiv,=.1ent Pi circuit of machine B are drawn 

in Fig. 5.21b. These characteristics correspond to the 

"actual" reactance X3  = 6.3 ohms (section 5.6.1). The 

characteristics shown in Fig. 5.21b are derived from the 

open-circuit characteristic and zero power factor 

characteristic a in Figs. 5.3a and b. These 

characteristics of 	 2 X'1  and ''' have been used to calculate 

the zero power factor characteristics for 5.0 and 7.0 

amp . The calculated characteristics are -found to be in 

in close agreement with the corresponding characteristics 

marked (i) in Fig. 5.3b. 

Referring to the characteristics of machine Bs  

the difference between the two zero power factor 

characteristics (associated with experimental 

characteristic c) calculated by using the two Pi circuits 

is small. Therefore additional calculations were 

performed to ensure that the difference between the two 
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calculated characteristics represented the effect of 

using difZerent values of X3, Xi and X. These calculations 

were performed on a hypothetical Pi circuit. The 

characteristics of reactors 1 and 2, described in 

appendix B, were suitably modified and used as the 

characteristics of Xi and X. The reactance X3  was 

chosen to be eoual to 1 ohm . The terminals of reactance 

X2 were assumed to form the "field" terminals. The 

open-circuit characteristic of the Pi circuit and its 

zero power factor characteristic for a load current of 

2.0 amp were calculated. Using these calculated 

terminal characteristics, the characteristics of X' and 

X2 corresponding to an arbitrarily increased value of 

- = 2.0 ohms were determined. The original Pi circuit 

(with X
3 

1.0 ohm ) and the Pi circuit withx3  = 2.0 

ohms were then employed to "predict" zero power factor 

characteristics for a higher load current. It was found 

that the "field" current determined by using the Pi 

circuit with x3  = 2.0 ohms was clearly larger than that 

determined by using the original Pi circuit. 

The factors causing the difference between 

experimental characteristic c and graph (i), Fig. 5.313 

have been indicated in section 5.4.1. Of the factors 

discussed there)the influence of additional saturation 

due to changes in the distribution of air-gap flux 
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density can not be accounted for in an equivalent circuit. 

Further more, both the Tee and Pi circuits arc only 

approximate forms of the equivalent circuit of Fig. 2.12c. 

Both these factors account for the major part of the 

difference between graphs (i) and (ii) and graph c. The 

close agreement, referred to previously, between 

characteristics (i) in Fig. 5.3(b) and the characteristics 

calculated by employing the Pi circuit with X
3 

6.8 ohms 

must be expected in view of the small difference between 

characteristics (i) and (ii). 

The direct use of the measured traisiont reactance 

for calculating the reactances of the Pi circuit is not 

entirely correct. Therefore, the sliht increase in 

accuracy achieved by the use of this Pi circuit (with 

X
3 
 10.8 ohms ) must he regarded as being empirical in 

nature. The extent of this increase would depend upon 

the pole-profile. 

The characteristics of reactances Xi and X2 of 

the equivalent Pi circuit of machine C are shown in 

Fig. 5.22. Points on the zero power factor characteristics 

for 7.0 amp 	calculated by using the Pi circuit 

representation are enclosed by squares in Fig. 5.4 b. 

The field currents in graph (i) associatod with graph c, 

Fig. 5.4b are within 1 per cent of the experimental 

field currents. Both these factors indicate that the 
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Tee and Pi circuits constitute equally satisfactory 

representations of the machine. 

5.7. Test on  machine B  at power factors other than zero 

The results of a real-load test on machine B are 

presented in this section. These results are mainly 

used to briefly indicate the method of calculating load- 

angle and field excitation when a Pi circuit representation 

of the direct-axis is employed. The quadrature-axis is 

represented by reactance Xci. 

The load test on machine B was performed by 

operating the machine as a synchronous motor. The d.c. 

machine coupled to it was operated as a generator 

supplying a variable resistive load. The load angle 6 

was measured on a calibrated disc by means of a stroboscopic 

arrangement. Table 5.2 shows the test results. 

Vector diagrams referring to the operation of 

machine B as an over-excited synchronous motor are drawn 

in Fig. 5.23. To secure uniformity of presentation, the 

machine is shown operating as a generator in the 

accompanying direct-axis equivalent circuits. 

Referring to Fig. 5.23, the maximum phase-shift 

introduced by the resistance of an armature phase is 

about a degree. The maximum voltage drop due to this 



Table 5.2. : Load Test on. Salient-Pole vlachine B. 

From Test. 	From Tee circuit. 2rom Pi circuit 

Phase 
Voltage 
Volts. 

Load 
Current 
Amp 

Power 
Input 
Kilo- 
watts. 

Power 
Factor. 

Power Output 
of D.C.Machine 
Kilo-watts. 

Field 

Current 
If amp. 

Load 

Angle 
8 

Field 

Current 
If ampS 

Load 

Angle 

Field 

Current 
If 

amp 

0.74 125 6.28 2.265 0.962(ag) 1.81 0.75 59°  0.743 60°30 

124.8 5.52 2.072 1.00 1.655 0.75 49°  0.73 51°  6 0.73 

125.1 4.44 1.596 0.955010  1.261 0.75 34°  0.745 36°  6 0.73 

127.0 3.36 0.84 0.656(l2ad) 0.575 0.75 18°  0.775 17°24  0.75 
n 	# 

127.2 2.92 0.248 0.2220Lea4 0 0.75 7°  0.76 5-  6 0.75 

1 
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resistance is 1 volt. 	In view of the small magnitudes 

of both these quantities, the following calculations 

have been performed neglecting the resistance of an 

armature phase. The iron loss in the machine is also 

ignored. 

From Fig. 5.23(a), the load-angle 6 is given by 

the expression, 
IX cos e 

CB 	q 	 (5.16) 
tan 1E = 757 =v + IXq  din e 

The reactance X was determined from a slip test (Ref. 

39, p. 1334). An unsaturated value of 28 ohms was 

obtained from this test. The reactance X does not 

saturate at the rated terminal voltage. 

The calculated values of 6 are given in Table 5.2. 

The difference of about 2 degrees between the experimental 

and calculated values of 6 arises from small errors in 

the measurement of power. These errors result in errors 

in the angle e. An additional factor that may be mentioned 

is that the minimum load angle that could be measured on 

the calibrated disc was 2 degrees. Further, the possible 

error in the experimental value of reactance Xq  is of the 

order of an ohm. Considering all these factors the 

agreement between the measured and calculated angles can 

be regarded as satisfactory. The voltage Vd  across the 

terminals of the direct-axis equivalent circuits and the 
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current Id can now be calculated employing the following 

expressions. 

Vd . V cos6 
	

(5.17) 
Id  = I sin (8 + e) 
	(5.18) 

The method of calculation of field excitation has been 

indicated on the vector diagrams. A Potier reactance of 

3.3 ohms and the corresponding turns-ratio of 7.6 were 

employed for calculations based on the Tee circuit 

representation. The characteristics of reactances X' 
1 

and X' corresponding to a reactance x3  of. 10.8 ohms were 
2 

employed for calculations using the Pi circuit 

representation of the direct-axis. The calculated values 

of the field excitation are given in Table 5.2. 

It can be seen from the table that almost similar 

values of field excitation are obtained from calculations 

based on either representation. These values are in 

agreement with the experimental field currents. 

It may be mentioned that the maximum internal 

voltage across the reactance Xm  of the equivalent Tee 

circuit is 135 volts. The open-circuit characteristic 

in Fig. 5.3(b) shows that the magnetic circuit is only 

slightly saturated at this voltage. It has been found in 

the previous section that the difference between the 

field currents predicted with the two circuits is small 

at much higher levels of saturation. Hence the agreement 



2 2 4 

between the two calculated fild excitations in Table 

5.2 has to be expect6d.. 
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CHAPTER 6  

Conclusions 

The experimental work described in the previous 

chapters has amply illustrated the novel methab of 

determination of the parameters of the equivalent Tee 

and Pi circuits of a two-winding transformer. Only the 

turns-ratio of the associated ideal transformer and two 

of the three reactances of the equivalent Tee circuit 

have to be employed for the prediction of the steady-

state performance of a synchronous machine. A novel 

method of determininE;ttheturns-ratio and the two reactances 

has been discussed and illustrated by tests on the model 

synchronous machine. Theoretical considerations show 

that a synchronous machine can be more fully represented 

by a Pi circuit which is in general not equivalent to 

the Tee circuit. The parameters of this Pi circuit can 

be determined by the additional measurement of the 

transient reactance. This additional measurement can be 

also used to determine the third reactance (referred 

field leakage reactance) in the equivalent Tee circuit 

of the machine. It is clear that the novel methois 

referred to above could also be used to derive the 

equivalent circuits of a slip-ring induction motor. 

It is seen that when the cylindrical-rotor 

synchronous machine is represented by the equivalent Tee 
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circuit, the velues of the armature leakage reactance 

determined by the method proposed in this thesis and by 

the Potier method are in good agreement. This agreement 

is secured in spite of the fact that the reactances 

evaluated from the test characteristics could be greatly 

influenced by small errors in measurement. However, the 

test results indicate that by any of the methods a 

reliable value of armature leakage reactance can be 

obtained only from the highly saturated regions of the 

test characteristics. 

The proposed method of derivation of the relevant 

parameters of the equivalent Tee circuit thus forms a 

useful alternative to the Potier method of determining 

armature leakage reactance. However, the main utility 

of the method is that it leads to a better understanding 

and a direct exposition of the basis of the Potier method. 

In the case of the salient-pole machine, it is seen 

that the influence of a non-uniform length of the air-gap 

causes the value of armature leakage reactance determined 

by the novel method to be smaller than the minimum Potier 

reactance. This value of the Potier reactance is 

approximately equal to the armature leakage reactance. 

The test results illustrate the need for a suitable 

choice of load current in the Potier test. 
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If too low a value of this current is used, the 

reactance determined from tests is subject to considerable 

experimental errors. On the other hand, if too high a 

value is employed, there is additional saturation of the 

magnetic circuit due to field leakage flux and changes in 

the distribution of air-gap flux. This saturation is 

seen to result in an increased value of Potier reactance. 

In both the salient-pole and cylindrical-rotor 

machines, the distributions of the field and armature 

windings are, in general, different. It is found that 

owing to this difference in distributions, the referred 

field leakage reactance in the equivalent Tee circuit, 

and the reactances of the Pi circuit can be only 

approximately determined from terminal tests. An equivalent 

Pi circuit, representing the direct-axis of the machines, 

could be derived, ignoring the difference in distributions 

of the two windings. In the case of the model synchronous 

machine with the cylindrical rotor, the results of tests 

indicate that this Pi circuit and the Tee circuit 

constitute equally satisfactory representations aCthe 

machine. The representation of the direct-axis of the 

model machine with a salient-pole rotor by this Pi circuit 

is found to result in a slight improvement in accuracy 

over that achieved with the Tee circuit representation. 

Another Pi circuit could be derived by approximately 
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allowing for the difference in distributions of the 

armature and field windings. However, for the model 

machine with a salient-pole rotor, the use of this Pi 

circuit is found to result in no perceptible improvement 

in accuracy over that achieved by the use of the Tee 

circuit representation. Thus, the former Pi circuit is 

found to be a better representation of the direct-axis 

than the latter. The improvement in accuracy achieved 

by the use of the former Pi circuit depends upon certain 

design factors of individual machines and is empirical 

in nature. Therefore, tests on a range of larger 

machines employed in practice would be useful in 

determining the significance of the improvement achieved 

by the use of the former Pi circuit. 

The parameters of the equivalent Tee and Pi circuits 

could be calculated from design data by the method outlined 

in appendix C. The calculation of these parameters is 

facilitated by adopting the systematic approach to the 

derivation of an cruivalent circuit outlined in 

appendix A. 
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APPENDIX A 

Some factors influencing the choice of the turns-ratio  

associated with the equivalent circuit of 

a cylindrical-rotor machine  

The requirement that the conditions at the terminals 

of an equivalent circuit should correspond to the conditions 

at the terminals of the actual machine imposes certain 

restrictions on the dynamic analogue. To prevent 

confusion, these restrictions are discussed in the 

following paragraphs and not in the main body of the 

thesis. 

To illustrate the restrictions involved, the 

equivalent Tee circuit of an unsaturated cylindrical-

rotor machine is derived in this Appendix. The m.m.f. 

required by the iron paths is ignored. Resistances of 

the windinss and iron losses are also neglected. For 

convenience the armature is assumed to be wound with a 

single-layer winding. The machine is assumed to be 

operating at zero power factor. 

A magnetic circuit describing the machine consists 

of the fundamental components of armature-reaction and 

field m.m.f.s acting on the reluctance of the air-gap. 

The circuit also includes reluctances representing slot 

leakage flux paths in the machine. 
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Tile amplitudes of the fundamental components of 

armature-reaction and field m.m.f.s are derived from a 

harmonic analysis of the stepped waveforms of these 

m.m.f.s. The following formulae follow from the analysis. 

(Ref. 26, P.227) 

KwlIa - 4 /2 Iph Fa = 1. x x Tr 

1.91 /2 T KwlIa 
P 

Ff 
4 NfKwIf 
TT 	P 

The reluctance of the air-gap is defined so as to 

relate the total flux per pole sot up by the armature 

and field m.m.f.s. to the peak values of the two m.m.f.s. 

The reluctance then becomes, 

1 
Sg  = 7  x mog a 	A.3 

Zg  is the effective length of the air-gap, and a is the 

product of the pole-pitch and the length of the core. 

The reluctances representing slot leakage flux 

paths have to be chosen such that the leakage fluxes 

in the machine and the magnetic circuit are equal in 

magnitude. The peak value of the armature slot leakage 

flux set up by a phase is given by the expression, 

4 T 

1)h 

 /7 Ia  
g 

A.1 

A.2 

0 	A.4 
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> is the specific slot permeance and s is the number 

of slots per. pole per phase. Lc is the length of the core. 

Assuming that the slot leakage flux at all sections 

of the core has the above value, the equivalent reluctance 

in the magnetic circuit becomes, 

Fa S sL 	wsL 
A.5 

A similar expression can be derived for the 

reluctance SsLf representing the rotor slot leakage 

flux paths. Fig. A.1(a) shows the resulting magnetic 

circuit. The dynamic analogue of this circuit is shOwn 

in. Fig. A.1(b). The inductances in the analogue are the 

inverse of the corresponding reluctances in the magnetic 

circuit; currents in the analogue are equal in magnitude 

to the respective m.m.f.s. 

To obtain an equivalent circuit in which the 

currents in an armature phase and the field winding are 

the terminal quantities, two ideal transformers are 

interposed as shown in Fig. A.2(a). The turns-ratios 

of these transformers follow from ec.as. A.1 and A.2. 

Referred to terminals 1-1, the open-circuit voltage 

across the reactance - CA) -- becomes, 
g 

1.91 Tph 	Kw1 1 Ff V1 = (k) x  	x 7  x 	Ai6 
'3g /7 

The open-circuit voltage generated in an armature phase 
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has the following magnitude 

Ff L1= (x) Tph Kwl x  g X  -- 	A.7 
g /7 

Therefore, if it is required that the equivalent 

circuit should hive the armature voltage as a terminal 

quantity, the values of various elements in Fig. A.2(a) 

have to be modified to those shown in Fig. A.2(b). The 

currents in the 'dynamic analogue' section of Fig. A.2(b) 

are not equal to the fundamental m.m.f.s in the magnetic 

circuit. The fundamental flux set up by given currents 

a and If is, however, maintained at the value in the 

magnetic circuit. 

To maintain the slot leakage fluxes at their 

original values, the two reactances are modified to 

XsI  and Xf  in Fig. A.2(b). XSZ  and'Xf  are given by: 

(A) 	1.91 XsL 

	

	SsL x  P 	
A.8 = 

0 	1.91  
SsLf x  P 

The ideal transformer coupling the analogue to terminals 

1-1 in Fig. A.2(b) may now be removed by referring the 

reactances to the primary side of the transformer. The 

resulting circuit is drawn in Fig. A.2(c). The turns-

ratio of ideal transformer 2 is altered to preserve the 

relationship between open-circuit voltage and field 

current. The turns-ratio is also adjusted to directly 

A.9 
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relate the field current If to the r.m.s. open-circuit 

voltage. This adjustment is the division of the expression 

for turns-ratio in Fig. A.2(b) by /7. 

The terminals 1-1 of the equivalent circuit of 

Fig. A.2(c) can now be properly termed as the"armature" 

terminals. The voltage across terminuls 2-2 has no 

significance in as far as the actual field winding is 

concerned. However, the current at terminals 2-2 being 

the same as the actual field current, the terminals can 

be termed the "field" terminals. 

Reactance XsL in Fig. A.2(b) has a value such that 

the voltage drop across it is equal to the slot leakage 

flux associated with an armature phase of the machine. 

Therefore, when the analogue represents a machine having 

a single-layer armature winding, or a double-layer 

winding with full-pitch coils, the voltage drop across 

XL in Fig. A.2(c) is less than the actual voltage drop 

due to slot leakage flux by the factor Kwl. When the 

winding is of the fractional-pitch type, some of the 

slots contain conductors belonging to different phases. 

The above relationship between the two voltage drops 

has to be modified to take this factor into account. 

If reactance XL is made equal to the actual armature 

slot leakage reactance, the voltage drop across the 

corresponding reactance (A)/S
sL 

in Fig. A.1(b) becomes 
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larger than the slot leakage flux associated with an 

armature phase. The representation of the actual slot 

leakage flux in various sections of the armature core 

by the reluctance SsL  (fig. A.1(a)_7 is only approximate. 

Consequently little additional error is involved in 

choosing this reluctance so as to make XL  in Fig. A.2(c) 

equal to the actual slot leakage reactmce. The reactance 

XL has to be increased to include the overhang and 

differential leakage components of armature reactance. 

The total leakage reactance of an armature phase is 

denoted by XLa. 

Under normal operating conditions, no voltage is 

induced in the field winding by the field leakage flux. 

Therefore reactance Xf  in Fig. A.2(b) can be chosen 

such that the voltage drop across it represents the 

slot leakage flux associated with the field winding. 

The turns-ratio of the ideal transformer in Fig. A.2(c) 

is equal to the ratio of armature and field currents 

obtained by equating the expressions for. Fa  and Ff. 
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APP =IX B 

The impossibility of determinin explicit1L the 

parameters of the equivalent Pi circuit  

Bl Basic approach to the determination of an explicit  

value of n 

The fact that the turns-ratio associated with a 

non-linear Tee circuit can be determined explicitly 

suggests, at first sight, that an explicit value of n 

could also be determined from terminal measurements on 

the Pi circuit of Fig. 3.3(P. 81). It would appear that 

this value of n can be obtained by utilising the non-

linear nature of reactances Xi and X2 as an additional 

condition. The condition that must be satisfied is that 

the reactance Xi (or 	must have the same value at a 

given voltage across its terminals, regardless of whether 

the voltage is applied across it as in Fig. 3.3 or is 

induced in it as in Fig. 3.4. The values of reactance 

X'1  under those two test conditions are given by the 

following expressions. 

vi  
1 - (V1 nV27  

Vi ( = AT1 ) 
77--77_  

X_ 
and 

B.1 

E.2 
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Equating the currents in the above expressions, we have 

I, - (V, - nV2) 	(nV 	Vi) 

	X
3 3 

(V2 - V2) 
or' /n "3 	 B.3 

Equation B.3 may also be expressed as 

(Vd2 Vdl)  B.4 I1 

where 	Vd2 = 	- V1) and Val  = (V1  - V2) 

Both X3 and n are constant quantities. Therefore 

the relationship (between the terminal quantities) 

contained in equation B.3 can be satisfied by a number 

of Pi circuits with various values of X
3 
and n. However, 

all these values would be in the constant ratio given by 

equation B.3. An expression similar to equation B.3 can 

be derived by equating the two expressions for reactance 

X. X'2  It then follows that a number of Pi circuits can be 

derived from the characteristics obtained from open-circuit 

tests on the actual Pi circuit. All these Pi circuits 

would be equivalent in so far as the reactances measured 

at their terminals are concerned. All other terminal 

tests on the actual circuit are essentially similar to 

the open-circuit tests. Hence an explicit determination 

of the parameters of the Pi circuit by terminal tests on 

the circuit is not possible. 
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B2 Experimental Verification 

Tests were performed on a Pi circuit formed by two 

iron-cored reactors and an air-cored reactor. The iron-

cored reactors employed consisted of two similar "Foster 

Experimental Transformer" cores.41  Each of these cores 

was wound with a coil of 100 turns having a resistance 

of 0.lohm. 	The terminal characteristics of the reactors 

are shown in Fig. B.l(a). 

A variable air-cored reactor formed the reactance 

X3. This reactor was one out of the set of three similar 

air-cored reactors described in section 4.3.3. (P 91 ). 

The sections of the two coils forming the reactor and 

the two coils themselves were connected in parallel. The 

mutual inductance between the two coils was adjusted to 

obtain a total reactance of 2 ohms at the terminals of 

the reactor. The resistance measured at the terminals 

of the reactor was 0.09 ohm. 

The terminals of the coils placed on the two 

"experimental transformer" cores were connected to the 

terminals of the air-cored reactor in the manner shown 

in Fig. B.l(b). The "actual" turns-ratio of a hypothetical 

ideal transformer placed between terminals 2-2 and the 

terminals of the coil on core 2 was therefore unity. 

The variable voltage supely required for the tests 

was derived from a "Variac" auto-transformer. The 
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specifications of this transformer are given in section 

4.3.2 of chapter 4. The fundamental components of various 

voltages were measured with the 'Radiometer' wave-analyser 5  

The currents at the terminals of the Pi circuit were 

measured with a precision multi-range moving-iron meter 

capable of measuring currents upto 15 amp 	to within 

j 'Dbr cent of the maximum value of the range. 

B3 Value of X
72/n of the Pi circuit • 

Open-circuit tests as per Figs. 3.3 and 3.4 were 

performed on the Pi circuit. For better accuracy, the 

fundamental difference voltages Val  and Vd2  (equation B.4) 

were directly measured, These voltages and the current 

II are plotted in Fig. B.2 as functions of the fundamental 

voltage V1. At low values of V1, both the difference 

voltages and the current are small. The reactance X
3
/n 

calculated from such values of Vdl, Vd2  and Il  is 

consequently considerably influenced by experimental 

errors. Therefore only the values of Vdl, Vd2  and Il  

for voltage V1  above 12 volts are shown in Fig. B.2. 

The calculated values of X3/n are plotted in Fig. B.3 

as a function of voltage V1. The value of X7/n = 2.02 ohms 

obtained for V1 below 18 volts is in good agreement with 

the actual value o _f X3  = 2.0 ohms. Thedecrease in X /n 

at higier values of V1  can be explained as follows. 
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As shown in reference 21, the fundamental reactance 

of a non-linear reactor depends not only on the fundamental 

component of the voltage across its terminals but also 

on the waveform of this voltage. For a given fundamental 

voltage, the reactance is least when the terminal voltage 

is sinusoidal and maximum when the current through the 

reactor is sinusoidal. The waveform of the voltage 

across reactor 1 can be assumed to be nearly sinusoidal 

when the circuit is excited as per Fig. 3.3. On the 

other hand, when the circuit is excited as in Fig. 3.4, 

the third harmonic voltage drop across X3  causes the 

voltage across reactor 1 to be peaked. The current 

through the reactor is however more sinusoidal for this 

test condition than when the circuit is excited as in 

Fig. 3.3. For the same fundamental voltage Vi(= V1), 

the fundamental reactance Xi is consequently larger for 

the test condition of Fig. 3.4. The voltage drop Vd2  is 

therefore reduced. This reduction in Vd2 causes a 

corresponding reduction in X3/n. The influence of 

changes in the waveform of the terminal volta-,;e on the 

fundamental reactance Xi becomes more pronounced with 

increasing saturation of reactor 1. The reactance X
3
/n 

in Fig. B.3 therefore progressively reduces as shown. 

As pointed out in reference 21, the variation of 

fundamental reactance with the waveform of the terminal 
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voltage is much reduced if the magnetic state of a 

reactor is defined by the fundamental current through it. 

Additional calculations have been performed to illustrate 

this point. The characteristics of reactor 1 were 

calculated from equations B.1 and B.2 by employing the 

values of X3  = 2.00 ohms and n = 1. These characteristics 

are shown in Fig. B.4. Graph a relates the fundamental 

voltage V1  to the fundamental current given by the 

denominator of equation B.l. Graph b relates V1  to the 

fundamental current given by the denominator of equation 

B.2. The fundamental reactances obtained by dividing V1  

by the currents at points (i) and (ii) in Fig.B.L are 12 

and 13.6 ohms respectively. The reactances corresponding 

to points (i) and (iii) are 12 and 12.4 ohms respectively. 

Thus by defining the magnetic state of reactor 1 by the 

fundamental current, the difference between the two 

values of Xi is considerably reduced. 

The above results are presented in a slightly 

different fashion in Fig. B.5. The graphs drawn in this 

figure show the values of Xi at a voltage Vi  of 25 volts. 

These values have been calculated by employing the ratio 

X3/n = 2.0 ohms and various assumed values of n. Graphs 

a and b show the values based on equations B.l and B.2 

respectively. The voltage V' used to calculate the 

values shown in graph b is the sum of V1  and the voltage 
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Vd2  at a voltage V1 of 25 volts. Graph c also shows the 

reactance Xi obtained from equation B.2. The values of 

X'1  in graph c have been calculated by employing a voltage 

V'1  at which the fundamental current through reactor 1 is 

equal to the corresponding current calculated from the 

denominator of equation B.1. The definition of the 

magnetic state of reactor 1 by the fundamental current 

through it can be seen to result in a more consistent 

value of X. 1.  

The fair agreement that exists between graphs a 

and c, Fig. B.5 shows that irrespective of the value of 

n chosen, 	 1 the same value of reactance X' is obtained from 

both the open-circuit tests on the circuit. This result 

can be further extended to include all values of the 

operating voltage V1. Similar arguments can also be 

employed to relate the two values of X2. By this means 

it can be seen that a unique valuo of n can not be 

determined from terminal tests on the Pi circuit. 
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APFENDIX C  

Some observations on the calculation of the  

equivalent Tee and Pi circuits from design data 

Though the thesis is primarily concerned with the 

experimental determination of the parameters of the 

equivalent circuits, some observations on the derivation 

of these circuits from design data are included in the 

following sections. These observations refer to a 

salient-polo synchronous machine. A similar procedure, 

with some modifications, has to be adopted in the case 

of a cylindrical-rotor machine. 

The equivalent Tee and Pi circuits can be derived 

from the calculated open-circuit and zero power factor 

characteristics of the machine. The calculation of these 

characteristics can be based on the magnetic circuit of 

Fig. 2.12a (P. 63 ). Owing to the complex nature of 

the magnetic system of the machine, the open-circuit and 

zero power factor characteristics can be only approximately 

calculated from design data. The calculation of these 

characteristics amounts to little more than the 

determination of the total ampere-turns required to 

establish a given fundamental flux in the air-gap. One 

of the difficulties in an exact calculation of these 

ampere-turns is that the distribution of air-gap flux 

density is not known. Hence the total flux corresponding 
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to a given fundamental flux can not be calculated. 

Consequently the ampere-turns required by various parts 

of the magnetic circuit can not be exactly determined. 

Another factor which has been mentioned previously is 

that the mutual flux follows paths of various lengths 

in the stator core (and in the rotor core of a cylindrical- 

rotor machine). This factor also influences the distribution 

of air-gap flux density. 

Considering the machine on open-circuit, the 

m.m.f. required to establish a given fundamental air-gap 

flux may be approximately calculated as follows. It can 

be assumed that the reluctance of all the flux paths in 

the stator core is identical. The field m.m.f. is 

determined by considering a flux path passing through 

the polar-axis. For an assumed value of Bgithe actual 

air-gap flux-density at the polar-axis, the m.m.f. 

required by a tooth located at the polar-axis is 

calculated on the basis of the flux contained in a slot- 

pitch. The flux density in this slot-pitch is equal to 

Bg. The presence of parallel magnetic paths through the 

adjoining slots is taken into account in the calculation 

of the m.m.f. The in. 	required by the air-gap is 

calculated on a similar basis, using Carter's coefficients 

to allow for the fringing of flux at the tooth-tips. 

The m.m.f.s required by the tooth and air-gap are plotted 
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as functions of B , as shown in graphs (i) and (ii), 

Fig. C.1. 

The reluctance of all the flux paths through the 

stator core is assumed to be identical. The flux lines 

follow nearly similar paths in the pole system. Therefore, 

the distribution of air-gap flux density can be determined 

by assuming that the same total m.m.f. is applied along 

all the flux paths in the stator teeth and in the region 

of the air-gap inside the pole-arCI.42  For an operating 

point P in Fig. 0.1, the m.m.f. applied along the paths 

referred to above is represented by the length (E? + EF). 

This m.m.f. is applied to one such path, the air-gap 

flux density along which is represented by point Q. The 

m.m.f. required by a tooth located along this path is 

represented by DC. Therefore the m.m.f. required by the 

air-gap is represented by the difference (rip + 	- DC). 

Knowing the air-gap length at the polar-axisand the m.m.f. 

EP required to establish the flux density corresponding 

to point P, the length of the air-gap associated with 

m.m.f. (EP + EF - DC) can be calculated. The angular 

position with respect to the polar-axis at which the 

length of the air-gap is equal to this calculated length 

is determined from a knowledc3e of the pole-profile. As 

a reasonable approximation, the pattern of the fringe 

flux outside the pole-arc can be assumed to be unaffected 
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by saturation of the magnetic circuit. This pattern is 

31 determined from flux plots. 	The total mutual flux per 

pole and the fundamental component of this flux may now 

be calculated. Based on this total flux, the m.m.f. 

required by the stator core is determined next. 

The total flux prevailing at a cross-section at 

any point on the axis of the pole is the sum of the 

total mutual flux per pole and the field leakage flux 

at the section. The distribution of field leakage flux 

does change with saturation of the field system. For 

usual calculations, this change is ignored. The 

distribution of field leakage flux determined from flux 

plots based on an unsaturated magnetic circuit31  can 

then be used to calculate the field leakage flux at any 

section. The m.m.f. required by the pole is obtained on 

the basis of this distribution of leakage flux. An 

equivalent leakage flux linking the entire field winding 

could also be determined from this distribution of field 

leakage flux. 

Using a number of assumed values of Bfr, calculations 
g' 

performed as above yield the magnetisation characteristics 

of the machine. For the unsaturated machine, the 

coefficients describing the distribution of air-gap flux 

established by the direct-axis armature m.m.f. alone can 

be most simply calculated by employing the constants 
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given in reference 31. These coefficients and the 

coefficients describing the flux distribution due to 

field m.m.f. alone may be employed to determine the 

effective turns-ratio. The reactances of the equivalent 

Tee circuit of the unsaturated machine are calculated 

by a method similar to that outlined in appendix A. 

This circuit is transformed to yield the corresponding 

Pi circuit. 

The zero power factor characteristics could be 

calculated by a procedure similar to that described 

above. A simplification can be adopted for obtaining 

approximate equivalent circuits. This simplification 

consists in neglecting the influence of changes in the 

distribution of air-gap flux density. Calculations 

are then based on the distribution of air-gap flux 

density that prevails at the same fundamental flux in 

the machine on open-circuit. 

The reactance X (section 5.6.1) is determined by 

employing the expression derived by Kilgore 0  This 

reactance can be directly used to derive a Pi circuit, 

ignoring the different distributions of the armature and 

field windings. The details of this procedure follow 

from the discussion in section 5.6.1. The saturation 

characteristics of the reactances of the Pi circuit can 

be readily derived from the calculated open-circuit and 
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zero power factor characteristics. 

The procedure for calculating the open-circuit 

characteristic outlined in the previous paragraphs is 

based on the most simple approach. For closer accuracy, 

the influence of the different paths of flux in the 

stator core on the distribution of air-gap flux density 

has to be considered. The problem at once becomes 

complicated and only approximate solutions are possible. 
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