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ABSTRACT

This investigation sets out to test the accuracy of a
huwerical method of stress analysis by Marcal for the
elastic-plastic behaviour of axisymmetric thin--walled
pressure vessels, with special reference to the possible
apnlication of the method tc achieve more accurate vessel:
designs. Some torispherical heads and'éxisymmetric flush
nozéles are selected for study. An extensive literature
review is made on researches into the behaviour and
design of pressure vessels, helping to set the ccurse of

this work.

The Marcal method, already coded into general purpose
computer systems, is init}ally extensively tested with
elastic protlems, and is found to give good accuracy,
within the limitations of the assumptions. However,
exaggerated siress concentrations are noted among many
eléstic flusﬂ nozzle results, when the pozzle geometry

is appréxiﬁéted by fhe'usual shells intefééction procedure,
A new procedure is tried giving a smooth transition from
nozzle to shell, and found to give gcod improvement of
accuracy for flush nozzles with rounded fillets and corners
based on the ASME Nuclear Vessel Code. PFurther improvement
is obtained with this procedure after the program is
modified, such that the basic equations give better
“approximation for thick curved shell elements which occur

at the junctions. (

A number of strain gauged vessel tests are made to obtain
detailed comparison with the elastic-plastic analysis.
They include axial loading tests on two miid. stfeel nozzles

attached to shallow spherical capz. They form the



-2 -
preliminary to a hydraulic pressure test on a specialiy
built stainless steel vessel, closed by two nominally_
identical heads where one has a central symmetric nozzle.
Calculations are also tried,based on two published
elastic-plastic tests on vessel heads. The'comparisons
reveal some sources of inaccuracy of the programs, and
some factors, e.g. material strain-handening and change
of vessel geometry, affecting the vessel's elastic-
plastic behaviour. A reliable method is found as a
basis for defining plastic collapse of vessel components.
Thg programs as shown by these results should give good

accuracy for some possible design application based on

plastic collapse, shakedown or low-cycle fatigue.

-~
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1. INTRODUCTION

In the general sense, a pressure vessel is a container
which holds a fluid at a different pressure from its
environment. As such a device is often required in
hany industrial pfocesses, it is often used in industry,
and can be found in many shapes and forms. The steam
boiler-plant industries have been a big user of pressure
vessels since the advent of steam, so have the chemical
and petroleum industries. They are also used in nuclear
reactor plants, aircraft, and rockets as well as the

humble but numerous gas containers.

The characteristic of a pressure vessel is the pressure

it can hold. This however makes the vessel a possibie
source of danger if it breaks, causing uncontrolled release
of the pressure. Study of the failure and of the general
behaviour of pressure vessels has been of great value

in preventing failures. This also leads of course to
better design, which is not only safer, but also more
economical. The‘areas of study covér a wide field. In

the early steam and chemical vessels, rivet joints were

the weakest link and were the subject of much investigation.
The development of the welding process and its adoption
switched attention to other areas, one of which was the
improvement made possible by better shapes and rein-

forcements for the gessel.

Most vessels are built as,cyiinders for ease of
fabrication, Their actual configuration may vary
according to purpose. Great attention is generally
given during deéign to vessel heéds enclosing the ends

of the vessels, and to nozzle openings where branch pipes
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are attached. These two components are selected for

special study in this thesis.

Most vessel heads are slightly domed oﬁtwards and of a
shape called a torisphere, consisting geometrically

of a shallow spherical centre and a curved-in edge of a
much smaller torus radius, Fig.l-l. A circumferential
weld joins the head to the cylindrical vessel shell.
The simplest pressure vessel nozzle consists of a cir-
cular, or appropriately shaped, opening, inteither the
vessel head or the shell, onto and covering which (i.e.
the opening) is welded a cylindrical tube or pipe.
There are many variations of nozzle arrangements, most
of which can be ctassified under methods of reinforcement,
altﬁough nozzles are also classified according to the

alignment between the vessel and nozzle.

Studies of the behaviour and the failure of vessel
components~ in many cases the latter is very much con-
nected with the former - lead not only to stronger shapes
and better arrangements for these compoﬂents, but also

to better design procedures. It has, for example, been
recognised that different criteria are needed for
appliéation in low temperature and in sustained high
temperature environments, or for loading of a constant
and of a frequently repeated nature. Some of this know-
ledge has been gained from studying the properties of the
materials used, under fatigue, under creep, and for low
temperature brittle fracture. Study has also been made

"on local effect of weld, and of crack or notch.

Outside these fields of study, the investigation of

-

overall behaviour of vessel components has also recently
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been drawn towérds their non-elastic behaviour, especially
in cases where parts of the component have begun yielding.
The yielded regions are in an elastic-plastic stress state
when the elastic strain component cannot be neglected in
comparison with the plastic strain component. Elasticity
theory is not sufficient for studying this behaviour.

It has,however, been known for some time that many vessels
do yield locally at the working load, and some can safely
withstand 1oads'which cause initially a substantial
yielding. Also some vessels,designed against fatigue
within a finite number of cycles of repeated loading, may
have stress concentration factors giving stresses higher
than fhe material yield stress. Designers are faced

with the problem of whether or not more accurate design
based on elasticity considerationsalone is adequate, or
whether further investigation info non-elastic behaviour
wduld only modify the present considerations, or if
radically aifferent criteria are needed. All these
factors account for the interest in elastié-plastic

behaviour of pressure vessels,

Much of the stimulus to this interest comes from the
successful analysis, by numerical solution on the
electronic :computer, of the thin-walled shell equations,
leading to the general solution of many elastic pressure
vessel problems, and subsequently from the development
of methods extending this to elastic-plastic stress
analysis., This latter development is recent, and its
implications, and applications in design are not fully

exploited.

In paralleq with this development of numerical methods
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of elastic-plastic analysis, there is curreni “heoretical
work on the limit analysis of thin shells, le: .ing to
golutions of the collapse failure of pressure vessel by
general and local yielding. This is an extension of

the work on plastic analysis of frame and truss
structures, and determines the final collapse of thin
shells through the formation of ;plastio: hinges at
locations of high bending stresses; There is also
current theoretical and material testing research on

the behaviour of pressure vessels under repeated loadings
of high magnitude, camwsing a certain amount of local
plasticity at ééch cycle, and leading to fatigue failure
at a relatively small number of cycles. This is commonly
called low-cycle fatigue, or high-strain fatigue. These
researches should be able to complement each other in
leading to a better understanding of the behaviour of,

and better design of, pressure vessels,
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2. HISTORIC REVIEW

2.1 General

The invention of the steam engine in the 18th Century
and its subsequent extensive use, brought about the need
of steam boiler vessels that is large enough to generate
the required amount of steam,and at the same time strong
enough to support the weight of water inside and resist
the steam pressure. An example of a well designed
vessel at that time was an horizental egg-ended boiler
built by Richard Trevithick in 1800 ( see Ref.(2-1)).
The vessel was 3 to 4 ft. diameter, 40 ft. long and was
made of wrought iron plates. Thé ends were deép and
egg-shaped,and the two openings at the side of the
vessel were oval in shape. This vessel was used under

a pressure of 80 lb/inz.

The two weakest arrangements of the early vessel were

the riveted joints of the vessel plates and the many

tube connections necessary for both fire-tube and water-
tube boilers. In many of the smaller vessels, the

design of these two arrangements governs the plate
thickness. However the plate thickness has also to be
checked against the stength of the whole vessel under
pressure. The stresses in a complete spherical shell

or a cylindrical shell under pressure were well knowy,

and the simple formulas to obtain them had served designer

for many years.

Until 1920, the working pressure of water-tube boilers
rarely exceeded 225 1b/in2, and the safety design of
vessels had not changed very much. It was after this

period that a great stimulus for further studies came
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from the chemical and petroleum industries. Unliké

the steam boiler industry, where the working pressures
for steam engines were not excessive and increased only
slowly through the years, the chemical and petroleum
industries required vessels for a large variety of
application,size,temperature and pressure. The intense
developmeht of the thermal cracking of petroleum in

the 1920's and 1930's at the United States demanded
better design. Leakage at high pressure was a constant
source of trouble. Oxy-acetylene welding was first tried
for thin-walled vessels, and forging or hammer welding:
of vessels was also introduced from Germény for thicker
ones. The electric—arc welding process had initially

the disadvantage of leaving welds which were brittle

aﬁd prone to cracking,although the subsequent development

of flux-coated electrodes soon overcame the trouble.

The above practices were gradually introduced and tried
by the steam-boiler makers, who were then stimulated
further by higher efficiencies obtained from the
possible higher working pressure, and by the suc€fessful

development of the steam turbine for power generation.

By the beginning of the Second World War, forge-welded
drums were still unacceptable to the boiler makers in
England(2-2), although the use of X-ray for non-des-
tructive examination of welds had increased the con-
fidence of the insurers in the complete fusion-welded

steam boilers (2-1).

Follow-up investigations and tests after boiler ex-

plosions often created interests in the general bve-

haviour of pressure vessels and components. In 1903,



- 13 -

.C,Bach published the results 6f two destructive tests
on specially bhuilt vessels after an explosion occurring
- from a fracture originated at the edge of an unrein-
forcéd manhold opening. One of the findings was that
elliptical openings would be stronger if the major

exés were perpendicular to the vessel axis.

Many other tests to destructianweré made during the
trial and first introduction of the fbrge-weld method
and the fusion-weld method to preséure vessel con-
struction. These tests were necessary because, at the
early stages of the development of these methods,
reliabilify of the welds were low and vessels oc-
cassionally failed at unexpectedly low pressures. They
also brought to light many other weaknesses not con-'
sidered important in the past, when attention was focused
on rivefed joints and on expandeé tube connections.

Some examples of things noticed and discussed include,
excéssive deformations at some conventionally shaped
"heads, the advantage of contoured and extruded outlets
at manholes, and of putting in reinforcements there, the
recommended practice of avoiding pipe-connections and
manholes at the knuckle and the e&ge of heads. Stress-
lines among the mill-scales or rust at the knuckle of
heads revealed the occurrance of yielding there before
other parts of the vessels. These investigations were
mostly done at the Europe Confinuent where the two noval

welding methods were first introduced.

2.2 Pressure Vessel Heads

Many of the earlier investigations on the behaviour of

pressure vessel head were from Germany and Switzerland.
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C.Bach of Germany published his studies as early as

1893 (2-3), and continued to be associated with many
testson dished ends and elliptical heads at the game-
period, E.Haehn, cﬁief engineer of the Swiss Association
of Steam-Boiler Owners was also associated with many
tests for a number of years starting in 1914, He was
assisted from time to time by Dr. A.Huggenberger.

Many of his analyses and recommendations were lasting
contributions to the knowledge and the design of pressure
vessels. One emperical approach of his to thé design

cf torispherical heads, based on the then known tests

of such heads, formed the basis of a number of design
codes. The formula was published in his paper 'On the
strength of dished heads and cylindrical shells' (2-4)
which was subsequently abstracted into English by

Englneering in 1929 (2-5).

Thepretical analyses of shells were made possible by

the pioneering work on the mathematical theories of
shells and elasticity by A.E.H.Love in England. His
principal work 'Treatise on the Mathematical Theory of
Elasticity' appeared in 1892-93. The book, in its
second edition in 1906, was translated into German.
Since then,the development of the theory was transferred
to the Europe Continuent, where H.Reissner extended the
theory into cylinders and spheres, and E.Meissner started
the breakthrough into other shapes (2-6) by successfully
reducing Love's equations into two linear differential
equations,ons first order and another of ‘fourth order,
although the latter could not then be solved in general.
Four of Meissner's students extended his work to cover

the specific shells of the shapes of a sphere, a cone,
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and a cone with linearly varying thickness.

It was due to these pioneering works that the theoretical
studies of pressure vessels could pfoceed concurrentiy
with the many experimental studies. J.W.Geckeler
proposed in 1926 simplifying approximations to Love's
thin-shell theory, and reduced the complications for
getting a séIution. W.M.Coates' paper in 1930 (2-7)
was one of the important papers in Eﬁglish. There he
emphasised why and where the discoﬁtinuity stresses
cannot be neélected, and showed how Geckeler's general
method could bé applied in a step-by-step procedure to
approximate to the correct solution. The now well;
~known beam-on-elastic-foundation method is the same in
principle to one of Geckeler's approximations, although
the former has the attribute of being easier to apply

and be comprehend by engineers,

The Pressure Vessel Research Committee (PVRC) of the

. United States published in 1953(2-8) a report containing
a very comprehensive historical review of investigations
into pressure vessel heads. The review covered many

of the studies in the United States as well as in the
Continent until the 1930's. After this period, it turned
its attention to the development, and the related works,
leading to the drafting of the section on pressure

vessel head in the Unfired Pressure Vessel Code of the

American Petroleum Institute and ASME.

2.3 Pressure Vessel Openings

Nozzles and other openings did not receive as much early
interest as pressure vessel heads, since opening are

more local in nature than heads, and since it is possible
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to put in reinforcements to compensate for the weakening

" t0 the vessels. Bach's tests in the 1900's contained

vessels with openings, and so did tests by Siebel & Koerber
in the 1920's,(2-9). It had already been noticed at that
time,that cifcular openings were more efficient at vessel
heads,that rolled-in openings were bad design especially
at regions of high stresses,and that extruded or drawn-
out shapes following the natural contour of a membrane:
under internal pressure were the best shapes for good
stress distribution. These recommendations are now well
" known,although not many of them were immediately accepted
in those days. The last mentioned recommendation has
frequently been followed in branch connections to main-

tolds and headers.

A very early series of tests specially planned for
pressure vessel nozzles was madé by Taylor and Waters in
the 1930's (2-10). Thirty-six tests were made,using three
cylindrical test vessels and é variety of conventional
nozzles used at that time. It is interesting to note
that, the state of pressure vessel design then was such
that twelve of the attachments were riveted and only
seven welded. Surveys of strainé were made with 2 in.
gauge-length mechanical strain-gauges. It was concluded
that for good design,reinforcements should be as closed
as possible to the edge of the opening,that over-rein-
forcement should be avoided,és_this would shift the
stress concentration from the edge of the opening to
regions turther away. Siebel further reported,in 1940,
.on the work at Stuttgart on reinforced openings. The
advantage of a balanced reinforcement was clearly
demonstrated in his tests,which were gll on balanced

reinforcement nozzles.
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Branched pipes were of great interest in the pipe-line
industry and in the construction of boiler headers. A
series of tests were reported by Everett and McCutchan
in 1938 (2-11) on equal diameter branch-pipes to de-
termine the efficency of collar reinforcements.
Huggenberger Tensometers were used at as many as 50
stations at each configuration. Lateral load and in-
ternal pressure were applied. Internal strain mea-
surements were of course impossible, and it was clearly
admitted that, because of this, the stress picture was
incomplete. An attempt was however made to separate
the membrane and bending stesses by assuming a hole-in-

an-infinite-plate solution as the membrane values,

Very 1little theoretical work had in those early days
been possible with the problem of vessel openings, other
than the two-dimensional solution of an infinite plate
with a central hole. The solution for a uni-directional
load is attributed to Kirsch who published it in 1898,
It was known that this two-dimensional solution was
inaccurate except for small ratios of opening-diameter
to vessel-diameter. Kirsch's stress concentration
factor of 3 for uni-directional load becomes 2% for the
stress condition of a cylindrical vessel under internal
pressure. Research workers in general agreed that this
factor would increase-with the diameter_ratio, but the

precise amount it would increase was not known.

The analysis of holes with raised reinforcements was
discussed by Timoshenko in 1924, but it was Beskin's
publications in 1944 (2212) that attracted people's

attention. Further discussions of his work are given
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in the next Section. Elliptical holes has been a pet
problem of many applied methematicians from an early
date, and one of the early exposition in English was

that by Inglis in 1913,

2.4 New Techniques and Interests

After the 1930's two experimental techniques were in-
~troduced which gave great contribution to the analysis
of pressure vessel behaviour. The first is the use of
the electrical resistance strain gauge which was con-
ceived in the late 1930's and have since replaced the
cumbersome mechanical gauges. Subsequently the
techﬁique of water proofing the gauges was developed
and this made possible the first convenient measurément
of stresses inside an enclosed vessel., Early reference
of the application of this technidue can be found in
Ref.(2—14), and in the reports in this period of the
British Welding Research Association (BWRA)(2-15). The
other technique was that of stress analysis by photo-
elasticity. Thié has of course been known for many
years and has been.applied to engineering problems ever
since the 1900's. The stress analyst had however to
wait many years, until better synthetic resins had been
developed and until the invention of the polaroid,
before the photoelastic bench could bé made available
to many universities and industrial research establishments.
In the 1940's, the stress-freezing technique for éhoto-
elasticity made three-~dimensional analysis possible (2-16),
and opened the way in the 1950's for the analysis of
thick-walled pressure vessel problems, and, very
recently, to thin-walled vessel problem as well.

The civil use of nuclear power came into existence more
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than ten years ago. HMany novel and unsual problems
were, and have since been,posed to pressure vessel
designers connected with the constuction of nuclear
power plants. One particular problem that had initiated
many investigations was the design of the steel con-
tainment vessel for the large graphite reactor. 3Both
the size and the thickness were of a different order
of magnitude to that of the usual boiler and chemical
vessels or gas containers. Accurate analysis was
necessary,as little experience could‘ﬁe drawn upon.
During this period many new investigations fnto such
pressure vessel problems were made,backed by nuclear-
vessel manufacturers or encouraged bj nuclear-vessel
codg—making bodies. This is reflected in the increasé
iﬁ the published literatures on such subjepts,tﬁo
special examples of which are the collections of papers
at the 1960 Glasgow Symposium on nuclear structures and
contéinment (2-16), and the 1962 Inst. Mech.'Engr.
Symposium on pressure vessel research (2-17). The
United States and Britéin both published new codes on

the design of nuclear pressure vessels.

This period of activity coincides with the advent of the
automatic digital-computer which made possible the use

of many methods of theoretical analysis which are other-
wise impossible, especially those for the solution of
shells of complex shapes and shells under unusual loadings.
The computer has been used initally as an extension of

the mechanical célculating—ﬁachine,helping to obtain

the final solution from analytical procedures,like
compiling tables or computing the series solution for

asymptotic methods. It.is subsequently also used with
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the technique of numerical analysis which is, in many
cases, more flexible, and it is soon possible to remove
the restrictions of fixed geometical shapes and simple

modes of loading to many shell calculations.



3. RECENT LITERATURES: THEORETICAL INVESTIGATIONS

NOTATIONS

E Young's modulus of elasticity.

G Shear modulus

ﬂ Poisson's ratio

o) Stress, or direct stress

T Shear stress -~

e Strain, or direct strain

Y Shear Strain

e Angle around circumference

9) Product,merid. radius of curvature and transverse
shearing ftorce,

v Rotation of targent to shell meridian

i; X~ coordinate, or independent vainable

Y- coordinate, or function of x

3. 1. Shell Theories

First Order Theories

The basic equations for thin elastic shells first derived

by Love, and another version of these equations by E.

Reissner in 1941 (3-6), contain a number of fundamental

assumptions. They are that

1. The shell is thin,

2. The shell deflections are small,

3. The transverse normal-stress is negigible,and

4. Normal to the reference surtface of t?e shell
remain normal and undergo no change in length

during deformation.

These are comnonly referred to as Love's first approxi-

mations for thin shells,
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The first assumption forms the basis of the theory.
With this assumption, the ratio t/R; (shell thickness/
radius of curvature of the mid-wall reference-surface)
can be neglected, compared with unity, in the derivations
of the equations. With the second assumption, the
original geometry of the shell can be used in the
calculations. The fourth assumption is a direct
extension of the Bernoulli-Euler hypothesis of beam
theories, that plane cross-section of the beam remains
plane under deformation. All strain components in the
direction of the normal n to the mid-wéll surface would

thus vanish,i.e.

©nn = ‘Y;

‘The third assumption states that in the derivation of

n =ty = 0,

other stresses, the normal stress to the mid-wall

surface is zero,i.e.

6. =0

nn
With the third and fourth assumptions, we can write the
direct stresses Gil and 0&2, and the direct strains egq
and €509 all in the plane of the mid-wall surface,simply
as Gi and GE ,» €] and e, respectively. The stress
strain relations for a Hookean, is otropic material are

thus reduced to the form

1
e =—— (6 -V6)

E
- Y

o =——— (G V&)

Y, T

12 G 12

where E,G,\)are the'Young's modulus, the shear modulus
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and the Poisson's ratio respectively.

A shell of revolution with axisymmetric loadings has a
complete symmetry with respect to the circumferential
angle € . Three equations of equilibrium can be
written for a small shell element, two equations are
tor torces and one tor moment, all taken in the radial
plane through the axis of rotation. They are in the
form of three differential equations in three unknown
quahtities. It has been mentioned that H.Reissner and
E.Meissner tirst made the solution of these equations
possible,(the process involved has been well documented
" in books on shell theories.*) They successfully reduced
the equations into two, using two special variables,
one being the angle ot rotation V of a tangent to the
meridian, and the other U being the product of the
meridional radius of curvature and the transverse shearing
force, Two second-order simultaneous dittferential
equations were obtained. The t@o unknowns ‘were then
separated leaving a fourth-order linear difterential
equations of one or the other unknown. Thus the process
of obtaining a solution for individual problems consists
of tinding the complementary and the particular solutions
of these problems,represented by .

v = U + UP
or v = v¢ + vP
The particular solution accounts for the external

loadings, and the complementary solution satisties the

* See chapter 16 of (3-7) or Chapter 5 ot (3-8).
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boundary conditions to the shell. For many years the
history tor the solution of many practical shell
problems has been one of tinding solutions to these

fourth order equations. .

Exact analytical so6lution to the above equation was
generally not possible,~unless it could be split into
two convenient second order equations, and this can be
doné only for cases where the shells are of constant
thickness ahd constant or zero meridional radius of

. curvature. A khowledge of a number of mathemetical and
physical funétions ié required to obtain the analytical
solutions; but the method does open the way for solving
many problems involving cylindrical.shells, coﬁQial
shells, and spherical shellé,as well as é combination
of such shapes forming a number of practically shaped
pressure vessel components. All these meant that
engineers and applied mathematicians had to be arﬁed
with such functions, or their tabulated values. There
are many examples of the use this analytic solution of

shells, (3-9) to (3-13).

Many other shell problems do not fall into the above
category. Toroidal shells and ellipsoidal shells are
two commonly used shells of revolution where the fourth
"order equation cannot be separated into two convenient
second order ones. Instances may also arise when
problems involving shells that can be analysed exactly
cannot however be solved because tables of the required
mathematital functions are not readily available. A
number of methods giving approximate solutions have been

developed for many of such cases. One method is due to
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Geckeler (3-14), and consists of a number of alter-
native approximations made to: the normal procedure for
solving the equations. The approximations give varying
degree of convenience and of accuracy to the solution,
depending on the problem. One other method that has
been found useful is a general mathematical procedure
called asymptotic integration. One variant of this
method was systemmatically applied to shells of revolution
by Haghdi and DeSilva,first discussed in 1954, and then
successfully applied to ellipsoidal shells (3-15) and
to paraboloidal shells (3-16). Leckie and fenny apﬁlied
it to shells of revolution under arbitrary loadings (3-17)

and (3-18).

Higher Order Theories

The above works have éll been on linear first-approximation
theories of thin shells. Work has also been done on

other kinds of theory; many of them ﬁggé-sophisticated

ones developed initially by applied mathematicians and
later found tq be -of use to engiheers or to give important
observations of interest to them. Shell theories that
suspend one or more of Love's assumptions, except the

one on small deflections, are still linear in nature

and are called 'higher order' thin shell theories. Those
that do not follow completely the assumption of small

deflections are non-linear,

One group of higher order theories delays the application
of the tirst thin-shell assumption in the devivation of
the equations. If y is the normal distance of a shell
fibre from thz mid-surtace, and R is the radius of

curvature at that location in one of the two principal
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directions, the term y/R can be neglected compafed with
unity under the strict application of the thin shell
assumption. Theories as developed by Fliigge (3-19) and
Lur'e (3-20) do not neglect this term in the initial
deriwvations of the sheil equations and expressions. The
terms come# into the equations through expressing the
relations between the mid-surface displacements and the
general fibré strain, and this term is passed on to the
stress-strain relations. When the normal forces and
the bending moments are derived in terms of the dis-
placements, liﬁtegrafibnn of the fibre stresses has to
be made through the wall thickness, and here Fliugge and
Lur'e retained the terms y/R compared with unity, but

dropped (y/R)2 and higher order terms.

Another group of higher order theories drops'the third
assumption, that the transverse ﬂormal stress is zero,

and the fourth one, that the normal to the mid-surface
remains normal and unchanged in length. Such theories

- were proposed and developed by many, including E.Reissner

(3-21) and Naghdi (3-22).

It is not often that these higher order theories are
applied to solve actual problems. There is thus great
interest to see how they compare. Klosner and Levin (3-23)
compared for one particular problem the results from a
elasticity theory solution and from two shell-theory
solutions. One of these shell theories was based on
Love's postulates, and the other one was a higher order
-theory based on the above Reissner-Naghdi theory which
.basically incqborated the eftect of transverse shear

and normal stress. The problem is that of a long circular
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cylindrical-shell loaded under periodically spaced
pressure bands. Two bylinders of different thicknesses
were compéred, one falling outside the normally regarded
accuracy range of the thiﬁ—shell.theory, and the other
within it, the outside-diameter to thickness ratio 4/t
being 6.7 and 28.5 respectively. The stress magnitudes
and distributions across the cylinder thickness were
obtained and compared, with the elasticity solution
regarded as the exact one. The conclusion drawn was
that the.R-N theory did not necessarily lead to a better
prediction of the stresses than a first apprOXimation.
theory. A further comparsion of the transverse dis-
placement showed that here the R-N theory gave a better

estimation.

3.2 Numerical Solution

I'd

The digital computer has opened‘up many possibilities
to the solution of shell problems. The first use of
the computer by engineers and applied mathematician has
been on existing procedures of analysis and whenever
tedious calculations were necessary, such as solution
of linear equations or integration of differential
equations not in a suitable form'for direct analysis.
In the late 50's and early 60's, Galletly solved many
of his shell problems by numerical integration, and
tabulated influence-cqefficiéﬁts with the aid of the
computer for a variety of shéll geometries, most of which
had defied attempts at analytical solution in the past.
As the potential of the computer was better and more
widely known, it was gradually realised that its use-

fulness in the solution of pressure vessel problems
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could be very wide and general, and that without much
additional efforts, computer programs could be made
into general-purpose tools avoiding much duplication

of efforts.

" Three Numerical lMethods

There are three methods of numerical ahalysis that has

been found useful in shell problems. The first is the
method of finite-difference which is well known in the
numerical analysis of differential equations. If y is

the unknown function of x , the first and secoﬁd derivative
of y, at a general point X4 of a equailly divided mesh
along x , are approximated by the finite-difference

formulas

(i){_)b I ; Je-s ,
2

(é%)c _ Jetr — ﬁi‘j: + Jiwt

where Y; = :-/(J(;)

and & Xigy — Xy = i — Xe—g

Differential equations of y aré thus converted into
algebraic equations of the unknown'ﬁalues ¥i and then

solved algebraically. This procedure can also be applied

to differential equations with more than one dependent
variables. Here we note that the original Reissner-
Meissner form of the equations for shells of revolution

are simultanious second-order equations with two dependent
variables V and U. For this reason the finite-difference
metnod can be directly applied to obtain numerical solutions

with no necessity for using the combined fourth-order
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equations which, as mentioned, cannot always be obtained.
This procedure has been successfully applied by many
workers (3-24 to 3-26), and there have also been exten-

sions to arbitrary loadings (3-27).

Ordinary differential equations can also be solved by
the method of stepwise integration,also referred to as
numerical integration.. This has also been used on shell
problems. The shell egquations are integrated in a step-
by-step manﬁer,througn given intervals, and starting
from prescribed values at the initial point. The re-
quired solution must also satisfy the conditions at the
end pointé, and,for‘this, additional manipulation is
needed to find out what are the correct initial values,
Two integration procedures are commonly used, the fourth-
‘order Runge-Kutta procedure (3-13,3-28,3-29) and the
Adams' procedure (3-30 to 3-32), which is -2 particular
type of the 'predictor-corrector! method.* The inte-
gration is performed on first-order equations. For the
basic problem of shells of revolution with axisymmetric
loads, four simultaneous first-order equations are used.
They are obtained either from breaking up the two
Reissner-Meissner equations or trom the more fundamental

equilibrium and strain-displacement equations.

The third numerical method for solving these shell problems,
the finite-element method,is also commonly used fﬁr other
structual and continuum stress-analyvsis problems. Here

the body to be analysed is physically sub-divided in the
analysis into small units, called finite-elements, of suf-

ticiently small size. The equations Jdefining the inter-

* See Chapter 9,(3-33), or Chapter 3,(3-34).
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action between the adjacent shell elements are written
down and solved using the procedures of matrix mani-
pulation and invertion that can be done very conveniently
on the computer. Because of symmetry, thin shells of
revolution can conveniently be approximated by using
truncated cones as the finite-element (3-35), although

curve-sided elements have also been used (3-36).

Study by Kraus

Kraus made a study of these numeriéal procedurés and
compared a number of these computer programs (3-37).

One particular shell problem,that of a cylindrical shell
with hemispherical head under internal préssure, was
analysed with rour programs and the results compared.
The vessel and head have the same uniform thickness ana
have a mean-diameter to thickness ratio of 4Ll:1. Two

ot thé proérams,by Radkowski et.al.(3-26) and by Penny
(3-24) and (3-38) are based on the tinite-ditterence
method,wnile the third.bne,by Kalni#®s(3-31),uses the

' predictor-corrector method of stepwise integration.

The equations they use aré from the first-approximation
thin-shell theory. The tourth program,by.Eriedrich
(3-3b),.is a tfinite-element progfam, and,in addition,

it is based on a higher order theory which incorporates
the effect of transverse shear and normal stress similar
to the Reissner-Naghdi Theory. A first-approkximation
thin-shell analysis of the gebmetry has been made by
Watts and Lang (3-11), and was regarded by Kraus as the
exact thin-shell solution and used as a basis for com-
parison ot stresses. Kraus tound that the results of
the tfirst three programs agreed nearly exactly with each

other with regard to both stresses and displacements.
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They also agree nearly exactly with the values where
stress results from Watts and Lang are available., The
Friedrich program ,because it is not based on the same
theory, gives slightly different results from the others.
This comparison shows the general agreement of the
programs but no conclusion can be drawn from the slight
differences between the two theofies or their relative

. accuracies,

3.3 Pressure Vessel Nozzles

Theofetical studies of pressure vessel derive direct
benefit from the above mehtioned works on shell theories
and their solution, and many of the solutions tried were
actually on heads of one shape or another. ZPYressure
vessél nozzles however can have a variety of shapes and
arrangements. Extra efforts have to be made in addition
to a straight forward solution of the shell theory to
‘make the mathematical idealisation suit the locgl

geometry.

The effect of reiﬁforcément has attracted attention for
~ some time. The paper by Beskin in 1944 (2-12) is a well
known example of this study. He répresented the rein-
‘forcement by a pair of pads on both sides of the vessel
wall, or a rim at the edge of the hole, or a combination
of both. The vessel wall was however considered aé an
infinite flat-plate and the results are thus strictly

applicable only to small openings.

With larger opening—diaﬁeter to vessel-diameter ratio,
the effect of curvature increases the stress concentration.
Among the very first investigators who considered the

full effect of curvature, treating the vessel as a _
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spherical shell, is Galletly,who in 1956 (3-29) solved
the problem of a hemispherical shell with a central
hole. It is also in this same report that he used three
variations of the Geckeler approximations and discussed
their accuracy. Rose and Thompson (3-40) also used the
same procedure to plot stress concentration factors and
stress distributions,both for flush nozzles and for semi-

infinite protruding nozzles.

Local Junction Stress

These solutions are already good improvements over the
Beskin and similar tormulas,but,when detailed comparisons
were made with experiments,it was found that the high
predicted stresses at the junction were sometimes much
greater than that observed. Agreement‘may be good along
the nozzle and the vessel wall, but the theoretical
meridional bending-stress at the junction does not re- ‘
.present adequately the actual local stress at the junction
and are, in many cases,much too high when the nozzle is

of the protruding type or when the nozzle is finished

with no sharp stress-raiser., This disagreement caused
confusion to those designers who tried to ﬁse the theoretical
Junction stress to design against fatigue: or to dis-

tinguish a good design from another.

The inaccuracy is in short due to the limitations of the
thin-shell theory which represents the shell as Being
located at its mid-wall position, and thus cannot picture
accﬁrately the local stresses at a shell discontinuity
unless additional correction is made there to a direct
application of the thin-shell theory. One remedy taken

by Leckie and Penny (3-41) was to neglect the maximum
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stress value at the nozzle and use that tound at the
vessel shell. The reason they put forward, was that
the actual maximum stress was found from many experiments
to occur at the wessel side of the junction. Another
approach was to spfead the interacting forces between
the two intersecting shells such that, instead of acting
at one circumferential line at the end of the shell they
~act, for each shell, on a circumferential band equal in
Qidth to the projected width of the thickness of the
" other shell. - An example of this, applied to protruding
nozzles, can be tound in 0'Connell and Chubb,(3-42).

Non-linear Analysis

Analyses into the non-linear or non-elastic behaviour
of shells tend either to get more ihvblved or to use
very different approaches. The iimit analysis of shells
is also an important‘method for the understanding of
fressure vessel behaviour. This method of limit analysié,
sometimesknown in the theory of structures as plastic
analysis, has been applied tor many years to the problens
of framed and other building structures, and in a dif-
ferent form to metal-working problems. Symmetrically
Joaded éylindrical'shells without axial force was first
studied by Drucker in 1953(3-43) and the problem of
general shells of revolution was fneated by Onat and
Prager in 1954 (3-44),other problems studied include
sphericalkcaps (3-45) and flat plates (3-46,3-47). The
theory and the results of a number of works on symmetrical
plates and shells was summarised by Hodge in 1963 (3-48).
Further'works, speciftically applied to pressure vessel
components,are mentioned in a later section 3.3 in con-

nection with vessel failure behaviour.
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Elastic-plastic stress analysis aims to determine the
behaviour at different stages after yielding of the
magjerial. It can thus give a more complete picture than
a limit analysis. The yielding behaviour of the commonly
used metals are approximated mathematically by a yield
criterion. The subsequent stressing behaviour is then
approximated by plasticity flow-rules. The relations ére
much more complex than that for elastic stress-strain be-
“haviour, aﬁd their general solution has.not been possible
until the introductioﬁ of the digital computer to engineering
analysis. Marcal (3-49) has successfully analysed the
elastic-plastic behaviour of some shells of revolution on
the digital computer. The structures were analysed in
small steps of load increment and, within each increment,
the problem is considered linear with the stress-strain
law given by the plasticity flow-rules. S8pera(3-50) has

"also analysed such problems using a different technique.

Non-symmetrical Nozzles

Theoretical solutions of non-symmetric shells are more
difficult than shells of revolution. A problem of gréat
interest is that of a cylindrical nozzle attached to the
side of a cylindrical vessel sinée this is a common arrange-
ment in many pressure vessels. It has been possible to
analyse the problem of circular cylindrical shells under
arbitrary loads with the aid of Fourier expansion around
the circumference of the cylinder. This procedure was
extended by Bijlaard to analyse the local radial load and
local moment on cylindrical pressure vessels (3-51),(3-52).
The work has since been published in a form more convenient
to designers (3-53).

Circular openings in a cylindrical shell was first
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analysed by Lur'e (3-54),although certain errors ﬁas
since been found. Witnum (3-55) used a perturbation
scheme to consider the torsion problem. A more
accurate analysis of the nozzle problem is to treat it
as the intersectioﬁ of two cylindrical shells., Reidelbach
investigated the special case of equal-diameter cylinders
intersecting at right angles (3-56). Eringen,Naghdi
and Thiel investigated the state of stress of circular

holes under different loading conditions at the edge

of the hole and at the ends of the cylinder (3-57).
Using these results, solutions were then presenteéjfgf)
the problem of intersecting cylindrical shells with the
restriction of small diameter ratios. The finite-element
method of shell analysis has recently been successfully
aﬁplied to the bending solutions of general shell
elements. Using a simple element,'Cloﬁgn & Johnson
(3-59) took the cylindrical-nozzle problem as a test
example and obtained a solution agreeing well with

experimental results by photoelasticity.
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4. RECENT LITERATURES:EXPERIMENTAL INVES™TGATIONS

4,1 Experimental Techniiques

Flectrical Strain Gaure

"The most common tool for stress analysis of prototype
vessels or metallic model vessel is the bonded electrical-
resistance strain-gauge,or called simply the electrical
strain gauge. The gauge is laid on and usually adhered
~on to the surface of the vessel. Anj straining of the
© surface in the direction of the gauge causes a small
change in the electrical resistance of the gauge wire,
which is detected and quantitatively measured by a
sensitive amplifying instrument. Mechanical strain
gauges were of course once used, but except for special
reasons, for example in (4-1), the electrical gauge is

at present exclusively used because of its many advantages.

The electrical strain gauge has made it possible to make
internal strain measurements of enclosed vessels, even
those under liquid pressure. The technique for such
measurement has taken some time to develbp# because of
two ditficulties. The first one is to get the lead
wires of the gauges out of the vessel without leakage
and loss of pressure. Kooistra and Blaser (2-14) were
among the tirst to describe the successful application
ot techniques to overcome this,Similar uses of the
technique,but differing in details,were described by
Swanson and Ford (4-2), and lMantle and Proctor (4-3).
The basic idea is to provided a satisfactory seal to
the individual wires, or wires grouped as a cable, out
of the hole provided in the vessel or its flange cover.

With a common%ﬁ@%ho@,iiquid exXpoxy resin is poured around
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the wires or the cable and allowed to set in situ.
Another method requires pulling the wires or the cable
through a prepared softplastic sleeve which is held in
place and squeezed by a figntening nut. Both the resin
plug or the plastic sleeve are tapered in shape with
the larger end tacing the pressure to give it a self-

- sealing action.

The other ditticulty is the protection ot the gauges.
This is of course not necessary it air is used s thé
pressurizing medium, but there is in this case a great
danger of explosion if the vessel fails, which is why
air is not often used,with very tew exéeptions (for
example,(4-4)). Water is.commonly used, (4-5)-(4-10).
nge complete protection in the form of water-prooting
is necessary. The electrical strain gauges give very
small changes in resistance undef strain,and the con-
ductivity of water can cause a sutficient shunting ot
the resistance to change the strain readings. Although
’ Water-proofing is widely described, and even disscussed
in texfbooks (see Ch.8 (4~11)), it is still a trouble-
some process, especially when a large number of gauges
are used or When they are used iﬁside a confined space.
Pressurizing liquids with very high insulating pro-
perties reduce this trouble, and investigations have
(-12)-(4-786)
been reported where transtomer oil, hydratlic oil,or
liquid parattin (4-2) are usedi When tatigue tests are
pertormed, investigatérs may prefer to use water in order
to provide a similar environment to that of boiler water
on vessels. Kooistra and Lemco (4-7) stated this as
the raaéon, and it is probable that Lane and Rose (4-16)

and other workers at BWRA used water tror the same reason.
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Geometrical accuracy is an interesting consideration
in the stress-analyses of vessels. Most of the tests
on metallic vessels using strain gaugeé are either on
actual vessels in service or on special experimental
vessels rabricated.ih a similar way to normal manu-
récturing practices. They would thus give an indication
otf actual behaviour of vessels in service, but they
sutter rrom the disadvantage that the error due to
imperrect rabrication would also appear in the results.
Many of these results have been compared with theoretical
stress analyses and there has always been the problem
of tinding the cause when discrépencies~occuf. Morgan
and Bizon, ot the NASA Lewis Research Centre, carried
out carefully executed tests (4-17) on two thin
tériconical heads made to the same shape, the only dir-
rerence being the accuracj of the rabrication method.
One head was spun and welded to a cylindrical vessel.
The other was contour machined trom a complete billet.
The strain gauge results were compared with that from a
linear thin-shell theory and good agreements were obtained
for both test results. There is however a definite
superiority or the machined-nhead results, where dir-
terences to the theoretical results average at 3.8% ,
whereas the corresponding averége of the spun head was

9.2% .

Photolastic Analysis

The other commonly used method for analysing stresses
at a pressure vessel is photbelastic analysis, Stress
freezing inevitably has to be used because of the three;
dimensional nature of the geometry. Vessel components

forming shells of revolution simplify the analysis and
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reduce the work because of symmetry, but stress

freezing is still required. The first investigations
were all on thick vessels,(4-18) to (4-20), but

recently thin vessels have also been analysed, notably
by Fessler and Stanley (4—21) and by a few investigators
in the U.S. (4-22). The one great advantage of stress-
treezing photoelastic-analysis over strain-gauge analysis
is that streés changes through the shell wall can also
be measured. A complete picture can thus be made of

the stresses if required. This is espi¥ally useful for
thick-walled vessels; thin walled vessels are known to
have a linear distribution of stresses through the

thickness.

There is always an unknown in the use of photoelastic

: resglts, this being the'effect to the stress values
caused by differences in the Poiésonfs ratio ¥

Steel and other cdmmon pressure vessel materials have

a value V  of about 0.3 while photoelastic plastics

" undergoing stress freezing have a value of 0.5. Studies
on the nature of this effect have been made, for erample,
(4-23) and (4-24), Unfortunately the observations were
tound to apply only to specitic problems and could hot
be generalised; even extensions of observations to other
similar geometries and loadings have to be treated with

care.

4.2 Pressure Vessel Heads

The great interes5t on pressure vessel heads also at-
tracted a large number of experimental investigations.
Photoelastic tests are normally on accurately machined

components. It was mentioned previo%sly that many
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strain-gauge tests were however on actual vessel or
normal shop-floor fabricated models and suffered from

an unknown amount of inaccuracies caused by manufacturing
tolerances. There were none the less a few accurately
conducted strain-gauge tests. Tests results on the

- common shape of torispherical ends have been collected
and intepreted by Fessler and Stanley (4-25), who also
refer to their series of photoelastic tests on such heads
reported in 1965,(4—21). A number of the investigators
‘quoted in Ref.(4-25) also did tests on ellipsoidal heads.
Conibél heads were the objects of aserfesdf tests at

. Purdue University sponsored by the Pressure Vessel Research
Committee (PVRC) of the United State, and a report in
1953 (2-8) by the Design Division of PVRC gave a summary
and complete bibliography ot these tests. Flat heads

are normally used in thick-walled vessels. Photoelastic
tests of integral tlat-heads were made by Fessler and
Rose (4-18) and by MacLaughlin (4-26) who also presented

results of a Russian reterence (4-27).

4.3 Pressure Vessel Nozzles

Experimental stress analysis of pressure vessel nozzles
is complicated by the fgct that, unless analysis of a
specific nozzle or a specific nozzle arrangement is
required, the problem can be divided into many types
depending on the overall arrangement, the local detail,
and the kind ot loading. The arrangement can be such
that the geometry is completely symmetrical, or that

the nozzle rests radially on a cylindrical vessel, or
that the nozzle is oblique. Whilst pressure is the fun-
damental loading on a pressure vessel, external torces

and moments have to be considered for a nozzle. Local
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details gre important at a nozzle, because the stresses
de@end as much on this as on whether the nozzle is
flush located or protruding,reinforced or unreinforced,

and on the method of reinforcement.

The PVRC did an impressive series of tests on nozzles
spreading over a number of years. Their main attention
was on flush contoured nozzles mostly analysed by three-
dimensional photoelasticity. Both symmetrical nozzles_
on spherical vassels and side-nozzles on cylindrical
vessels were tested., There was also a certain number

of metallic models analysed with strain gauges. Sum-
‘maries and intepretations of‘these test results, as
well as a good biblipgraphy ot these and other American
works, can be found both in the earlier report by
Mershﬁn (4-28) and in the later one edited by Lianger
(4-29). |

In the United Kingdom, the British Welding Research
Association (BWRA) did a number of fatiﬂue tests on
pressure vessels. In ¢onnection with this work, static
stress concentration factors of many nozzles were obtained
(4-6),(4-9). Their nozzles are mostly welded with
partial penetration, some pad-reinforced and none of

them contoured.

One method of reinforcing nozzles is to use forged rings
at the intersections. A number of these nozzles were
stress analysed by Kitching and his colleague (4-8),(4-30),

(4-31). Different types ot loadings were used.

Kaufman and Spera (4-32) did an experimental analysis

of nozzle opening in a spherical vessel testing into
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the elastic-plastic range. They also tried to correlate
the results with a theoretical elastic-plastic analysis,
the first known attempt for pressure vessels. The

. opening had unfortunately a rectangular cross-section
reinforcement which is not a suitable shape for their
theoretical analysis. For this reason, the comparison

of the local stress is not exact.
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5. RECENT LITERATURES: FAILURE BERHAVIOUR

5.1 lodes of Failure

The investigations mentioned above in Ch.3 and 4 are

on the study of thg behaviour and the stresées at vessel
and vessel components. The hope is that they will lead
to better design, through, for example, better layout

of thé vessel,better geometry of the component, or
better positioning of the reinforcements., One of the
final aim of a vessel design is its safety, and it is
necessary that a vessel and its components are safe
enough to withstand normal service loadings and other
possible 10ading-without failure., We can thus find a
number of other investigations,some very much connected
with the mentioned investigations, looking into the
pfoblem of vessel failure - the manners,cause, and mechanism

ot failures,and the methods of predicting them.

Early interests on failure have often been on the
phenomena of excessive yielding,bursting,brittle fracture,
collapse and buckling,and many experiments have been
performed to reprodude them.* Theoretical analysis of
failure have however been'lagging behind in many cases.
Recently,emphasis has also been on the study of repeated
plastic loading. The failure connected with this type

of loading is not as catastropid as the others mentioned
above, and occurrs often initially in the form of fatigue

cracks. But in the power-plant, chemical or petroleum

industries, this type of repeated loading does oceur

*
See Maker,F.,L.and Burrows, W.R. History of the design of
heads tor pressure vessel, Appendix 1 to Ref. ('2-8)
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frequently, through,tor example,the starting-up and
shutting-down of plants. This,coupled with the lack

ol understanding and knowledge of this type of failﬁre,
is also one of tné major problems facing the designers.2
A brietr summary of the dirterent types of failure of

pressure vessels is laid out below.

For the case of static loading (usually mechanical like
pressure,dead weight and thrust from.attachments or
nozzles, but this can'also be therﬁal loading) failure'
can be due to:

Elastic

1. Excessive deformation '(
: Elastic-plastic

2. Instability

Elastic - Buckling
collapse

Elastic-plastic {
Bursting

3. Brittle fracture
Undef repeated loading (again both mechanical or thermal)
failure can be due to:
1. Elastic tatigue,
Plastic fatigue
(or Alternating plasticity)
2. Elastic-plastic stressing
Incremental collpase
Failure at high temperature can, 'in addition to the above,
be due to:
1. Large creep deformation,
2 Creep rupture
The study of tailure can also be about aspects of
corrosion which is one of the influening factors of

tailure, and about the theoretical phenomenon of shake-

down,which is when a vessel does not tend to rail by

*
See tessler,H. and Stanley,P.(Eds.) Current pressure
vessel problems. London,Inst.Mech.Engr,lY68,
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plastic tratigue nor incremental collapse.

In the tollowing review, not all the above mentioned
modes of tailure are discussed,but more attention is
tocused on those modes of railure subsequent to elastic-
plastic behaviour,since this is the interest of this

thesis.

5.2 Static Loading

.Excessive Detrormation

In the design of some pressure vessels, tor example,

the housing or.some close-ritting pumps or’the top cap

" of graphite-moderated nuclear reactor vessel, excessive
detformation is considered as a mode of railure, or
strictly speaking,a criterion ot design. The detormation
cén be kept within limits by previous experience or by
prototype testing. It can also be estimated in some
cases by theoretical calculation,and here it is important
to distinguish between elastic deformation and elastic-
plastic deformation,which of course makes the calculation

much more difficult.

The study of excessive deformation1i§/in general,closely
connected to the general study of pressure vessel behaviour.
For examp1e§ during many strain gauge tesfing of priototype
or model vessel components,deformation are often recorded.

A number of numerical and analytical methods for solution

of vessel stresses and strainé also yield the displacements,
i.e. deformationg, No study of deformation is thus specially

mentioned here as they have been reviewed in Ch.3 and 4.

Closely associated with this study is the detection of

gross yielding over a large area,during proof testing of
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vessels or components whose design is beyong the.scope

of the Codes. The vessels are either strain-gaugéd,or
coated with brittle lacquer, and pressurized until yielding
at the external surface is clearly detectable. The
maximum allowable working pressure is then defined as

a certain fraction of this pressure.

Plastic Bending Instability-'Collapse’

This is commonly called collapse failure. It occurs when
the applied load attains such a magnitude as to cause
certain areas of the vessel to yield to such a degree
that the amount of constraint of the elastic areas is

not sufficient. The vessel then proceedsto a mode of
unrestrained deformation. This deformation is caused

by bending around yield hinges. In many cases, there

is a definite 1limit to the load-holding power of the
stfucture. This failure is quite similar to the commonly
called 'bursting' instability of vessel, where a similar
unrestrained deformation is caused by the elastic areas
failing to restrain the pléstic areas that yield, in this

case, under direct stressing rather than bending.

The theoretical analysis of such an instability is centred
around the bending action of the shell. The original

idea came from the plastic structural analysis or limit
analysis of beams.and frames, which was well developed

at around the 1950's (see Refs. (5-1) and (5-2)). The
application of this 1limit analysis was extended to con-
tinuumrechanics, and next to plates and shells of simple
shapes. For plates and shells, the solution can become
very involved,since the yield surface enveloping the
safé—load vector is found to be quite complicated. Various

simplifying approximations have to be made for some
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problems. Drucker and Shield (5=3) suggested an
approximation negledting-the contributioncdf the hoop
moment in a symmetrically loaded thin shell of revolution,
and proceeded to obtain solutions for toroidal knuckles
and for toriépherical pressufe vessel heads (5-4). The
solution for a whole range of torispherical pressure
vessel heads was later published in graphical from, making

it available to a wide group of investigator and designers

(5-5).

Gill made further use of the Drucker and Shield pr§cedure
and obtained approximate éolutions for flush cylindrical-
" nozzles on spherical véssgls (526),(5~7). A similar
- but less extensive investigation was made by Cloud at

the same time (5-8).

This theoretical limit analysis of axi-symmetrical shells
assumes that the shells fail under bending ﬁoment around
yield hinges formed around the circumference of the

shells., Assumption and limitation made to the method

are very similar to the pléstic analysis.of frame-
structures. Unless modifications are made to the solution,
the usual assumption are,that the material stress-strain
property is perfectly-plastic,and that the effect of

goemetry change is negligible until collapse.

s

Early tests on collapse failure have been found usefull
for determinihg specifically the strength of vessels

and for helping in selecting a good geometry from others.
No general quantitative relations can be determined from
these tests becauée of the large number of parameters
involved. Theoretrical analysis has however been able

to provide this quantitative picture,establishing the



- 18 -

influence of the dirfterent parameters and their relative
importance. Vith theoretical solutions being avaiiable,
the emphas¢s of many tests were then changed to checking
these theoretical solutions where they are available,
and of filling up the gaps of knowledge where they are
not. Both Gill (4-10) and Cloud (5-8) made a number of
tests on symmetrical nozzles in parallel with their
theoretical works. They havein.general found reasonable

agreements.

The above mentioned limit theory of shells is on sjm—
metrical problems oniy. Cottam and Gill tested to
collapse a large number of nozzles attached to the side
" ot cylindrical shells (5-9). There was, at the time,
no appropriate theory for such a case, although sub-
sequently an approximate analysis of this problem was

reported (5-10).

Stoddart (5-11) reported tests on a single‘mild—steel
torispherical head to collapse, and found again reasonable
agreement with the Drucker and Shield solution. Kemper
et.al., tested two identical vessels made of different
stainless steels to find their pressure-holding strength
(5-12). The high degree of ductility and of strain-
hardening of the steels caused the vessels to remain

intact even after a large amount of deformation.

5.3 Repeated Loading

General Introduction

The behaviour under repeated loading of many civil
engineering structures,especially frames, has been much
studied in order to establish a more general plastic

design procedure ot structures. Detailed discussions
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of the different modes of behaviour and their methods

of solution can be found in the books by Hodge (5-2)
and Neal (5-1).

In an example taken trom Ref.(5-2),Ch.5, a pin~sqpported
portal frame is loaded by two time-dependent repeating
load systems,a horzonital one Fl at the top of the frame,
and a vertical one F2 on the top bar. To establish the
theory,the same assumptions as the limit theory of trames
aretaken, that the material is elastic perfectly-plastic.
Thus, under bending, perfect yield-hinges are assumed

at the beam. It was shown that)under varying modes of
cycling of the two loads Fl and FZ’ various resulting

. behaviour of the frame can be observed. Under sufticiently
small loads, the frame may of course remain elastic
throughout; but as the-loading is increased,there is

also a case where initiélly the frame yields at certain
region, but the strains are gradually relaxed and the
frame 'shakéﬁdwn' to a elastic condition again. The
frame may, in some cases,deform plastically during each
cycle, but return to the same condition after each com—
plete cycle,i.e.a condition ot cyclic collapse, or alter-
nating plasticity. Thirdly, the frame may also detorm
plastically during each cycle,but at the same time

suftfer a steady and uni-directional deformation after

each cycle,i.e.a state of incremental collapse.

These three modes of behaviour would each cause tailure

after a sufticient number of c&cles,although the degree

of severity varies greatly. Incremental collapse is

not an immediate collapse as that predicted by the limit

theory. Failure occurs through the total deformation
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increasing at every cycle. Alternating plasticity is

also undesirable since fatigue tailure will occur at

the areas of the yield hinges. Elastic shakedown
behaviour is,relatively, a much safer one than the others,
and failu;e occurs énly through the common elastic-fatigue

caused by the repeated nature of the loading.

With pressure vessels under repeated loading a similar
situation to the above for frames may occur. In this
case thé fundamental element is a'plate or a shell
element under bending, with shear and direct forces as
the subsidiary loads. ( In the abéve frame example,

the tundamental element is a bheam or column undef bending
plus diréct and shear torces.) The two-dimensional nature
of a plate or shell elemeﬁt makes the problem more
complex, Nevertheless attempts hawe been made, giving

steady progress.

Shakedown

A structure under repeated loading is in a.shakedown
condition when, after possible initial yielding of part
of the structure, this yielding is gradually relaxed
giving a final condition of complefe elastic behaviour.
The structure would undergo no alternating plasticity
nor incremental collapse, The shakedown load can be
determined for simple structures'by trial and error cal-
éulations,following the load history of the structure
under cycles of load. This is the method used by Neal

and Symonds (5-13) for portal frames.

Bounds for shakedown load as detined by mafhematicai
theorems has been proposed and Jjustitied tor elastic-

pertectly-plastic materials. A lower bound theorem
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was proposed and applied to structures 5y Symonds and
Prager (5-14) and otners.* A complementary upper-bound
theorem was proved by Koiter (5-15). This is less
useful practically, and rurther'application or it has

not been noticed.

Symonds (5-16) successtully expressed the lLower-bound
theorem as appliea fo a continuous medium,opening the
tield to structures and bodies other than frames. In
gegfél terms, it states that, it any set of residual
stresses can be found such that the addition or an
elastic stress state, calculated tor all possible load
combination,results in stresses which do not violate
the yield conditions,then the structure eventually will

shakedown.

Leckie in 1465 (5-17) successiully determine Lower bounds
Ior symmetrical nozzle under internal pressure following
this lower bound theorem. ZElastic solutions of nozzles
were used to determine probable residual stress systems,
Any internal pressure load that can be superpositiowed
on. these resiaual stress systems without causing yielding
at any part of the shell is a lower bound to the highest
shakedown load. Further results for other loadings

have been reported (5-18).

Alternating Plasticity
A structure that is under a higher load cycle than the
highest shakedown load cycle either proceeds to behave
under alternating plasticity or under incremental collapse.

The state ot alternating plasticity is one where,after

*See seftion 8.3, Shake-down theorems, of Ref.(5-1).



each cycle of loading,the same state of stress and
deformation is obtained, but at each cycle the behaviour

is not elastic throughout the structure.

The damage to the structure is accumulative , as energy
consumed in plastic straining is not reversible. Fatigue
cracks and subsequent failure occur after more and more

plastic energy is consummed. Greaber—detail—eof—this—meas

Incremental Collapse

Incremental collapse as a mode of failure was first
recognised for civil engineering structures in connection
with the other investigations on repeated loading. It
was the aircraft structure investigators who later showed
their interest (5-19). 1In this case, the loading may

be a combination of mechanical and thermal ones. Edmunds
and Beers (5-20) demonstrated its occurance in loading
systems similar to those in pressure vessels, the example
' being that of plates under simulataneous bending and

direct load.
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AVAITABLE CONMPUTSR PROGRAMS FCR VESSEL ANALYSIS

E
¢
v
$
h
L

Shell

Notations

General

Young's Fodulus

Shear lModulus

Poisson's Ratio

internal pressure

half of shell thickness ‘
distance or lehgth along shell meridian,the
independent variable of shell differential
equations

meridional length of a shell element
radius vector of a ﬁoint in the shell
angle of inclination of outward normal to
shell from normal to shell axis.

Equations

S,

H*d‘@;&{

>4

Al

radial displacement of mid-shell-wall
axial displacement of mid-shell-wall
rotation of shell meridian

dé

ag

radial force per unit circumference

X5 X, the independent variable u,d,8', F
in the shell differential equations.

interval length in integration

Boundary Control Process

G1m

ijm

9

G2mlinear functions of the X; s ,denoting

boundary conditions at branch m
constant coefficients in functions Gim
number of shell branches radiating from

junction

accuracy in boundary control procedure.
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Stress-Strain Relations

stress, or direct stress
shear stress
strain,or direct strain
shear stfain
e equivalent stress and strain
e! deviatoric stress and strain
plastic strain component
45
d& _
constant in Prandtl-Reuss equations,see
equation 6.15.
yield stress
ratio,elastic strain increment / total strain

increment at a transition point

Yield Stress Expression

i th constant in algebraic poly nomial for
yield stress,see equation 6.26

Special Subscripts

S-1, S, S+1, interval points for integration

m branch number, m = 1, M.
e elastic component.
P plastic component.

Special Superscripts

(0),(1) zero and first estimate

A at starting point of shell branch,ie.at
junction.
B at end point of shell branch

! derivative,except when used on gy and e.
f  fititions value, see eq.(6.2€a).
In pgrallel with the author's works, two computer

programs were being developed at the Imperial
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College, London,by P.V. Marcal, who was assisted by
W.R.Pilgrim at the Computing Branch of the Central
Electricity Generating Board (C.E.G.B.), London. The
pPrograms are both for stress analysis of pressure vesels
where the loading and geometry can?thered td suit each
individual problem. The earlier program,called PVA]
is for the linear elastic analysis of thin shells of
revolution. The other program exists in a number of
versions, but are all generally referred to here as
PLINTH. This is an extension of PVAL to take pro-
gressively increasing load beyong the first yield of
the vessel, so that an elastic-plastic stress analysis

of the vessel is obtained.

The theoretical part of the author's present work:is
connected with both the development and the testing of
the two programs. Although the'programs have now been
documented (3-32),(6-1),(3-49), a short description of
them is given here in order that the present work may
be followed. The parts the author contributed to the
development of these programs shall be described in
greater detail,

6-1. Elastic Yrogram: Capability '

PVAl is a general purpose stress analysis program for
the axisymmetric loading of thin shells of revolution.
It is general purpose in the sense that the same
program can analyse a large Variety of problems. The
program requires only the supply of a rglatively small
amount of data drawn up according to each individual
calculation. A wide range of geometrical shape end
loading can be accepted although the loading has to be

static. Solutions can be obtained for the stresses,
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strains,displacements,shear forces and bending moments

at points along the shell.

The program is written in Fortran IV for the IBM 7090
and 7094 computers with 32,000 words of 36 bits in the
core store. No magnetic tape or other subsidiary
stores are required. For normal use, no access and
correction to the program instructions are necessary.
All the informations are to be supplied in a concise
manner in data cards drawn up by the user tfor each
specific problem. Very detailed instructiorS for using
the programeare given in the user's manual published by

the C‘E.G.B. (6-1) »

The author has written a set of flow-diagrams,given in
appendix A, to complement the above report, giving the
flow .within the important subroutines and the inter-
connections between them. The flow-diagrams are
necessary and very useful if any corrections and
alterations are to be made to the contents'of the

program.

The shape of a shell oif revolution can be détined com-
pletely by that of a cross-section on a plane through

the shell axis., The cross-section is called here as

a branch, with the defining parameters of length, cur-
vature and thickness. The program can analysis shells
consisting of up to four branches joined together at a
common junction. A well known example of such a junction
forming a four-branched shell is that between a spherical
nuclear-reactor vessel and its through-thickness
cylindrical suppbrt-skirt. A specific lenéth must be

supplied for each branch. However, apart from a
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physical end to the branch,the vessel can 'close on'
itself at the axis and this becomes the end of that
branch, or the vessel can have a region where the
condition is known to be in a membrane - state of stress
and the branch in fhis case terminates at any position
in this region with an end-condition oif membrance
stresses., The branch may, in general, vary in shape
and thickness along the length. To represent this,each
branch can consist of a Large number of shorter elements,
each with a linearly varying (or uniform) thickness,
and each can be in one of five basif shapes-fiat disc,

cylinder,cone,sphere and torus.

A large selection and combination of loading is permitted.
The program can accept body forces at the whole vessel,
internal pressure in combination with axial thrust at
each Branch, and/or distributed forces at each element.
At the ends of the branches,boundary conditions have

to be supplied for the integration of the governing
differential equations, and through these boundary con-
ditions it is possible to supply external bending
moments,edge forces, or specific values of rddial dis-
placement, or the ends can be left at either a free
condition, fixed condition or give a membrane state of
stress, The program does not deal with internal thermal
streséing although external constraint or movement due

to thermal expansion can be simulated.

6-2 Elastic Program: Numerical Procedure

Shell Equations

The shell equations used in the program are according

to Turner (6-2),(6-3),written for the linear behaviour
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of thin-walled shells of revoluvion under axisymmetric
loads. The basic assumptions are the same as that of
the first-approximation theory of Love and Reisshef
discussed above in Section 3.1l. The equations are
mathematically speaking linear ordinary-differential-
equations. A step-wise integration method is used %o
solve for the solution, and for this, first-order
differential equations are required consisting in this
cése of the basic equilibrium equations, the strain-
displacement compatibility relations and the stress-
strain relations. There are four of these first order

equations. For this program, the four dependent variables

are:
u Radial displacement;
g rotation of meridian line;
g rate of change of this rotation along the
shell meridian; AL y and;
P radial force per unit circumference.

The independent variable is 1, the length aléng the
shéll meridian. Fig.6.1l. shows these pafameters on a
typical shell element of length &L , according to the
notations of Turner.

X

Rewriting the above four variables as X X, ,X

1°'72 '3
respectively, the four first-order equations are in

4

the general form

a¥e

= = £ ( xl,xz,x3,x4.,1) i=1....4 (6.1)

fi are linear functions since the govering equations are
linear.

Integration Process

A predictor-corrector process is used for the integration.
The Runge Kutta process is probably better known, but

the reason it is not used is because in the next elastic-
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plastic program, this process is found to be unsuitable.
Normally the predictor-corrector process suffers a
disadvantage that it is not self-starting,which means
that a different initiating procedure has to be adopted
for the first intégration step from 1=0. In this
program the first-order Adams procedure is used, this
being one of a few special cases where a different
initiating procedure is not required because the pro-
cedure is first order. The procedgre can be explained

below,

The integration proceeds in step from one point to the
next one down the line. At a point 1S , the next point
is 1,4 with 1,y -1 = Aflg The first prediction
X(O) of X (1s+l) is
el
x(Oax(1 ) + 3 Moxb (1) -(6.2)
From this we get the first estimate
3(0) & v
X of X+ ( 1s+l)
making use of the supplied equations (6.1)
+0) _ (0)
X = £.(X v 1giq) -(6.3)
The next estimate X(l) of X(ls+l) uses the more accurate

corrector formula

(1)~ g (1) + 3 Adg(x (1) + x1(0) ) ~(6.4)
Followed again by
x (Lo ¢ (x(D) v 1opq) -(6.5)

Formulas (6.4) and (6.5) are then repeated as often as
necessary until the derivative X' (n) converges to a

stable value.

We notice here equations (6.4) and (6.5) do not require
the values at and betore the previous point 1S -1.

They can thus be applied even when s is 2t 1 = o,
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making the procedure self-starting.

Adaptation to Boundary- Value Problems
The stepwise integration procedure tor difterential
equations is an initial-value procedure and requires
specitic values of the variables at the initial point
betore the solution can be obtained. It can however
be adapted to two-point Boundary-value problems provided
that sufticient number of boundary conditions are known.
For a ftourth-order problem,specified values of four
linear-functions ot the end wvariables are required. The
adaptation ot stepwise integration procedure to two-point
bpundary value problems is well known, and reference can
be made to it in books on numerical analysis of differential

equations, or specitically to the book by Fox,ref,(6-4).

A slight variafionuﬁf the standard method is used in

the prégram. Here a junction is provided with a maximum
of four, and a minimpm of two, radiating branches.
Boundary conditions are supplied at the enés of the
branches, The vériation from the standard procedure is

described below.

Assuming that there are M branches, where 2<M< 4 ,
integration proceeds trom the junction A along a branch,
one at a time, to the end point B ot the branch., The

variables Xi have the wvalues

A R .
Xim and Xim N 1 = 1, 4’

at the initial and end point respectively ot branch m .
It is allowed to specity boundary conditions consisting
of two linear tunctions G1m and G2m of the end values

xB

im of each branch m, They must be such that

B B B B _ _
6 Xyps Bop o Xy » X ) =0 (6.6)
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B XB B
im ™ 2m * “3m ?

We are required to convert this problem with the 2M

G (X X

B _ -
om X4m ) = 0,m=1,M

known end-functions inte dtermining the 4M initial
values X?m at the junction point A making it an initial-

value problem.

Noficing the linear nature of the whole problem,we
gather that each XB must be a linear function otf the

A of the same branch. Together with equation

four.: X
(6.6), we conclude that the functions G must also be

a 1inear functi%p of the four XA of the same brahch,i.e.

_ ) A.A_ j=‘-1,2
m = EZ:Cjim Im =0 Lo -(6.7)

L=t
There are no constant coefticients outside ¥ , because

if three of the variables XA at a branch are zero, the
fourth one must also be zero. The unknown but constant
coerficients cjim_are obtained by intégrating along all
tﬁe branches and the way of doing this is described later
in more details. It is sufficient to say here that,
after é certain number of integration along the branches,
we obtain the values of these coefficients. There is

however only 2M equations in (6.7) and not sufficient

'to determine the 4M tunknown values of XA.

The othef 2M relations are obtained from the inter-
relations between the XA's. They are parameters be-
longing to difterent branches at the same junction
point A and by the conditions of compatibility and of

equilibrium further relations can be obtained.

.Xl ,X2 ,X3 ,X4 are the alternate terms ;§3§ u,

g, B and F

By the condition of compatibility that u is common at

all branches, we have X%l = x& Y -(6.8)

12 = " 1M
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@ is also common at all branches,i.e.

- A o A -

21 = %0 = ... = Xy (6.9)
The third variable is @'. This is related to the

me*1d10na1 bending moment M by the relations

QEh ! n _
Mo = 3099 (' + sing/d) (6.10)

For equilibrlum of the point A, the sum of this moment
for all branches,plus the K ternal moment ME,if any

exists,mgﬁt be zero ’

2 (mh + M8 =0 -(6.11)
_ =] '
with due account taken for the sign of #,#4' and M.
The equlllbrlum of forces at é gives

Z 2+ FF = o -(6.22)
taking agaln account of the sign of F, '
Equations (6.8),(6.9),(6.11) and (6.12) constitute a
total of 2(M % 1) + 2 = 2M independent linear-equations

of the_variables XA.

There is thus a total of éM_independent linear-equations,
which is sufficient to obtain a solution for the 4M

unknown veriables X} . With these initial values known,
the boundary-value problem has been successfully trans-
‘formed into an initial-value problem. A further integration
along each of the branches will complete the solutions

foru, g, #' and F.

Accuracy during Computation

The above description gives,without detailing the
equations, the theoretical basis for the numerical
procedure, for solution. The manner of execution is how-
ever influenced by other factors. TQo procedures used
in the program, and descfibed below, are adopted because

of the nature of numerical calculation on digital
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computers.

The first special procedure is on the application of
the predictor-corrector process which consists here of
the repeated application of the two formulas, (6.4) and

th

(6.5), making the r estimates for both X(r) and

X'(r) more and more accurate. This iteration is the

. most basic step in the solution of the shell problem
and ité accuracy is of vital importance. The iteration
cycle is thus repeated until the four derivatives X'(r)
have all converged to within a tolerance according to
the formula, 'le‘- X’(r-')l/‘ X'(“”' < € -(6.13)
The value of &€ is specified along with the supplied
data and can be varied for different calculations. How-
ever the computing time increases in proportion to the
number of iteration cycle. If the convergency is slow
at a certain step and failed to satisfy eq.(6.13) at

a specified upper limit to the number of cycles, a
warning message is printed on the computer output and

the integration proceeds to the next interval point.

"The other procedﬁre is the determinétion of the coefficients
in eq.(6.7), which provides for the conversion of the

fixed boundary-values to kxnown initial-values, a process
called here as boundary control. It was mentioned that

the problem is a linear one. Basing on this assumption,

one straight forward method of solving for the coefficients
C3im in (6.7) is to give,at each branch m,unit value
to one particular X?m leaving the other xA in the same
branch zero. An integration along this branch M gives

the solutions X ( i = 1,4) at B, and from these

values Glm and G2m are calculated from the known re-
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lations (6.6). These values of G1m and sz would then

be the coefficients C1inm and Coim ,according to their

definition in (6.7). This procedure is then repeated
with unit value given in turn to the other initial

values X4 , resulting in the complete set of ¢ and

lm
Coim (i =1, 4m=1, M ).

lim

The actual execﬁtion of such a process in the computer
may not yield accurate results because of possible
errors in the numerical procedure. There are two
‘possible sources of such errors, the first is during

the numerical integration, and the second is during

the subtraction of nearly equal large numbers which

in the computer have finite lengths.* The boundary
control process is thus pfogrammed as if the problem |
ié slightly non-linear. A set of non-zero initial guess
values of Xﬁm is first assumed, and an integration is
performed using these values. This gives a corresponding
set of values of G, . Each X?m is then altered in

Jm

turn by a certain small proportional amount, ‘Axﬁm ,

and further integrations are performed each time. The

"resulting changes ‘AGjm from the previous value Gjm

are divided by ‘AXQm to give the current solution

c...,i.e.
J1m .
_ AGgm 6
cjim = AXG -( .14—)
LA

(This is another way of expressing eq.(6.7).)

We can thus return to the solution of the set of linear

* On the IBM 7090 and 7094, numbers are stored as 32
binary digits giving an accuracy of seven to eight
significant figures.
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equations given by (6.7),(6.8),(6.9),(6.11) and (6.12)
to give the current solution for the initial values

XA . 1f both the problem and the solution are com-
pletely linear, these XA , on a further integration,
will give zero values for all Gjm according to eq.
(6.6). This is not necessarily so, because of different
kinds of numerical errors and a test is made to see if
all the 2M values of G are less than a specified
accuracy ¥ . ¥t this is so, the current XA and
their results are taken as the correct solution. In
general this is not so, and these current values of x4
are taken as the next estimate values of the next

cycle of iteration and the boundary control process is

repeated.

6-3 Elestic-Plastic Program

Introduction

The elastic-plastiXc program is an extension of the
elastic program PVAl. It analyses the state of stress
énd fhe behaviour of a pressure vessel at and beyond
the first yielding of the vessel according to supplied
material pfoperties, the most iﬁportant of which is

an equivalent yield-stress against equivaient strain
curvé. The elastic strain is not neglgcted compared
with the plastic strain and the Prandtl-Reuss equations
for incremental plastic-flow is used to represent the
post-yield behaviour. Yielding is governed by the von
Mises yield criterion. Work-hardening material can be

considered.

The organisation of the program and its basic integration

procedure are the same as that of the elastic program.
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A full description of these two aspects as well as the
-other procedures adopted for the elastic-plastic analysis

have now been published by Marcal and Pilgrim,ref.(3-49).

The program has the name PLINTH and is also written in
Fortran IV for the IBM 7094 and 7090 computers. Bécause
of the additional facilities required by the program,
the maximum number of interval points is less than
that_of PVAT, and three magnetic tapes are required
during execution although only as working (or scratch )
tapes to be used as subsidiary stores. A user's manual
giving detailed instruction for using the program has

been written as a report for the C.E.G.B.

The fundamental difference in the theory behind the
elastic-plastic calculation compared with the elastic
calculation is ftirstly that the elastic-plastic cal -
éulation is repeated many times, each one being for a
small increment of loading. Secondly, at each small
load increment the stress-strain relations is difterent,
being in this tase according to the Prandtl-Reuss flow-

.rule for stress and strain increments.

The Elastic-Plastic Stress-Strain Relations
The-elastic stress-strain relations for different states
of sfress are easily available in text books, the same ‘
cannot be said,however for the elastic-plastic relationms.,
In the following, the basi¢c expression for the elastic-
plastic flow-rule is developed into stress-strain re -
lations for the state of stress at a thin-walled shell
and written in a suitable form for use in the program .'

After this explanation is giving for a few procedures

that have been altered to suit an elastic-plastic
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calculation. Both the stress-strain relations and these
procedures are explained in ret.(3-49),they are however
repeated here,being described diftferently and in a more
detailed manner. All other procedures that remain the
game or similar to that tfor the elastic program shall

not be described here.

In the elastic program,the problem is expressed
mathematically by relating the stresé equilibrium con-
ditions and the strain compatibility requirements by
the elastic stress-strain relations. These relations
are generally called Hookean relations}and according

to them the principal stresses can be expressed ex -
plicitly in terms of thg principal strains, and alter -
natively the same can be done tfor the principal strains

in termsodf the principal stresses.

.Iﬁ the.elastic—plastic étate, the incremental stresses

-are related to the incremental strains through the-
Prandtl-Reuss equations. It is found that if the in-
crements are small, the relations are 1iﬁear, and this

- fact is made use of in the solution.

In the general torm, the Prandtl-Reuss equations are
written as expressions tor the deviatoric strain -

I
increments deq in the torm

J ] '
del; = 0, dN + do; /aqg -(6.15)
dep 3 dr
. — 3 —-—P — —— ——

The notations are according to that of many English and
American text books on plasticity, for example, ret,.
(6-5). The superscript ' reters to deviatoric values, -

to equivalent values. H' is the slope of the equivalent
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9

d

stress against plastic equivalent-strain curve,i.e, ——

F

o

Because of the simplitfied stress system at a shell

of revolution, a reduced set of equatibns can be formed,
A shell element with a complete symmetry of geometry
and loading will have the system of forces shown in
Pig.6-3a. Taking a smaller element at a certain .
distance from the shell mid-wall, the general system

of stresses is reduced to Fig.6-3b, with the other
stresses zero.. According to the mathematical model of
yielding, this element will yield when the equivalent

stress @ reaches a certain value Y.

A further simplification is made by neglecting the
contribution of 03 and T,to yielding. 03 has always
been neglected in all developments of the basic thin-
walled shell theory. T.,o exists because of the bending
of the'snell element and varies parabolically across

the wall thickness with zero values at the shell wall
surfaces and maximum values at mid-wall. In first-
order thin-walled shell theories , T, is assumed to

have no contribution to the deformation. Its con-
tribution to yielding is also neglécted here in the

elastic~-plastic program.

There are thus only the two direct stresses 6, and
6, that are also the principal stresses., The corresponding

principal strains are € €, and &; in the three

1)
t'ixed directions.

Expanding eq.(6.15) for such a state of stress and straig)

this results in



de; J C{E 46,
3 P —_— -

3 d€; } 24 A& _(6.16
deo = 30+ - ) F )

The von Mises yield-criterion gives the expression for
the equivalent stress for a three-dimensional stress-

state as

) A
2] =
T = -J-—')_— {(n-a)+ («5—%)"4@—6‘.)& -(6.17)
This for the case here of 05 = O, becomes .
_ L
r = (67+ nem o+ 6Y)F -(6.18)

Equation (6.15)gives an explicit expression giving the
strain increments de; and dé, in terms of the stress
increments and the present state of stress. In the
elastic—plastic.éalculation the opposite relations &°
also required giving the stress increments dF], and
45; in terms of the strain increments. Ret.(3-49 )
shows'that this is done by inverting the coefficient
matrix formed by both equations (6.16) and andadditional
equation, this being the von Mises yield criterion in

the form of an implicit difterential

35.'d8, + 36/de, = 25dF - Q(FH’o(e“‘,' -(6.19)

The resulting matrix equations is

11 T - - y

L 4 25
T TE = || 4@ e,
. it 26
“E F 25 || 46| = |de
! J —
Xn 35 —H! A€
oy 2T " PLTTL L9 ]-(6.20)

Inversion of this coefficient matrix is done at the
computer resulting in coeftficients referred to by

Marcal as 'partial stiffness-coeftficients' for plastic

straining o '
) 2m) gm) m) J8) g
ée| p i 3e, P ) ‘)el Py des P ) YN P Je. P

Similar coetfttricients for points which are completely
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elastic can be tormed directly,being,

J0i - Aﬁ) - _E

—é—ET)e. T &e;, E I-—vz

20 3.\ _ YE
¥y T -SET)e_ Rl e -(6.21)

It is of interest to note that tecently Yamada et.al.(6-6)
have-derived the values of these elastic-plastic
coefticients directly, i.e. without inversion on the
computer, bofh tor the general three-dimensional stress-
state and for the above plane stress stafe.

- Pransition Point

A solution of the states of stress and strain is
obtained at each increments of load. In the process

of integration, each mesh point in each shell élement

- is tested to see whether the point is #lastic or has
yielded at the previous load. If the point has already
yielded, elastic-plastic coefticients as defined above
are uééd to obtain the stress increments from the strain
increments. It the point is elastic,it is further
tested if it rémains so after the load incremént, in
which case the elastic coefficients.are used: If it

is otherwise, these points that yield during the load
increment, called transition points, are to be treated

specially. The process for this is mentioned below.

The feature of a transition point is that at a certain
portion of the load increment the point remains elastic,
while at the remaining portion of the increment, the
point behaveéelastic—plasticaily. Since this ratio
cannot be determined directly,but by iterations of the
'the‘solution of the complete sheli, the elastic-plastic

catculation has to be plénned accordingly.
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Consider one such point where,at a certain increment,

the strain changes tfrom © to € +60&. If the portion

of the strain increment be that is elastic is «8& ’

where & £ 1, then the eléstic—plastic part is Q-—d)sz.
Marcal assumes that. for small load-increments, the tirst
approximation can be made that the ratio ; for the

strain increments Se, has the same.value as o, tor Je,

and thus both of fhem are the same as the ratioo for &€& .,

Using the elastic and the plastic partial-stiffness-

coefficients, the stress increments are

&51 o0\ 1o
Sr; ) be; + (1=et) Teq)l’ $€y
(=1,2 eanmel §=1,2 -(6.22)

An overall coefficient can thus be defined,being

%Z_ - ) . (1-0) 52 )y -(6.23)

<
We now proceed to explain how ® is determined. ILet

the transition point ha¥%a current condition or 67/ U;)

e, e;_ y they being elastic have the relations
- L
F(O,B) = (67 - 6o+ 62)E < VY
£
and 6" = TTye (_e‘ + DQ;)

o= ey (e + Vey)
In the next load inérement, we make certain guess for
the vélﬁes of the strain increments Xé,, and &€, , and
assume first that they are the correct values. The
elastic portion of these increment are thus o<5e, ’
and c(Xel » with the corresponding elastic stress

increment, for direction 1, as

), = r_—%—;[ e+ e + (e +x8e)] =5z (e 40e,)
= ci,—f:__—q—:.“( Se, + Qgez) -(6.24a)

= o(,ga';"F
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: : : E f
If we call tor convenience, T_-_—D-;_( Se, -+ bgez)as 86"
This is a fictitious wvalue,being the stress increment
it Sq, and Sen are elastic which they are not.
Similarly tor direction 2,

By detinition ot yielding,
Y =), ) 645 ]
C=r{ YA o‘z-re(So“f} |
. X 2
and Y" = (04 00F) - (5 +elf5 (o4 o 80F) + (03 + oL 5622

This gives ad* 4 bt + Cc =0 -(6.25)
with a = 5% & Sefsef 4 Saf .
b= 5 (286f - I5F) + & (286f - 56;F)
c =’b“z— 0, 0> + b_,_z—yz

The roots for the quadratic equation (6.25) are
. 3 0
—L + ( b*~4ac)= .
2a ' '

They are as mentioned above, based on the estimated
values of Sb“ and de, . 'If these vaiues are sut-
ticiently close to the correct values, there should be
only one root which lies between O and 1, and this is
taken as the estimated value ror-gffrom which the over-
all partial-stiftness-coerticient of (6.23) can be
calculated. '

Knowing the partial-stifrness—coerficients ot the
elastic points, plastic points and transition points,
the complete relations between all incremental stresses
and incremental strains cah be obtairied. Thne normal
integration can thus be made to obtain the solution
throughout the shell. Any.such solution is necessarjily

based on the current estimated values of Sé,, and <Sez

at a number of transition points. An iteration process
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is thus necessary here when, after each solution, a
better one can be obtained by using at each transition
point the previously calculated wvalue af%éto get a
better estimate of Se., and 5€, ., The first of these
iterations started off with £= 1.0 for all transition

points.

Yield Stress

Mention should also be given here of the derivation of
the yield-stress value Y. In the program, Y is not
necessarily a constant, but can vary at each point in .
the shell according to the amount of plastic strain 5{: .
It thus means that the material need not be perfectly
plastic. The form of the relation between Y and &p
used in the pfogramnis ] _

Y = Zo ki &/ | -(6.26)
A perfectly-plastic material,for example,would thus
have the form

Yo o=k,

" while a linearly strain-hardening material is expressed

)

by
Y o=k, + k) O
Other Useful Informations

Detailed flow-charts have again been drawn for the first
two subroutines of the program, one being the main
routine and the other being the main flow and control
subroutine called MASTER. They are given in'Appendix

A,

A list of the errata and other nessary corrections to
ref.(3<49) by Marcal and Pilgrim describing the program

has been drawn up, and is given in the same appendix,
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7. ACCURACY TESTS FOR ELASTIC PROGRAM

Notations

This list.is in addition to that in Ch.6.

r radius vector of a point in shell

a radius of revolution for toroidal shell,
cylinder radius for cylindrical shell. .

b radius of torus cross-seétion for toroidal

shell, sphere radius for spherical shell.

k integration constant for cylinder equations,
ax* = 3(1 -12) / a2 n? |
n integration constant for sphere equations,
1= & {Fo-m)F A
k3 ‘accuracy in integration procedure.
'§ accuracy in bdundary control procedure.

ML’MW meridional,circumferential bending moments
per unit length
The foilowing accuracy tests on the elastic progrém
PVAl were performed by the author in parallel with the

development,coding and error detection of the program.

7.1 Size of Problem For Converging Solution

The first test consists of a determination of the size
of the problem that can be accurately analysed by the
program, The term size is taken here in the context

of the numerical-analysis procedure, and not on the
physical size of the shell to be analysed., This sige
is also not related to the storage size in the computer
since the program uses fixed storage location for the
matrifes necessary in the computation. The 32,000-word
core store of the IBM 7090 or 7094 computer allows the
shell problem to have a maximum of 4 branches, each

branch with a maximum of 10 elements and 300 interval
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points. These limitations are larger than are

necessary for most problems that have to be solved.

It was found oﬁ using the program for shell analysis
that there was a limitation to the length of the branch
of a specific shell geoﬁetry, beyond which the boundary-
control procedure losé its accuracy and converged'very
slowly or not at all. Similar observation has since
been reported by Kalnins (3-31). This loss of accuracy
is not due to cumulative errors in the integration
process, It is basically due to the subtraction of
very large, almqst equal numbers in the solution of

the unknown initial variables XA during the boﬁndary-

control process.

In an analytic solution to shell problems, it is very
often noticed that the complementary solutipn can be
expreésed in terms of two types of functions. Of theése,
one type of functions decays exponentially while the
other type of function grows expomentially with the
meridianal length 1 of the shell. ‘Thus the coefficients
Cjim,defined by the relations between the initial and
end values of a bragﬁf,equation (6.7),

Gjm = ;MZ:_,. Cj’i‘ﬁf X‘i‘m =0
increase as the length of the shell branch increases,
The final solution of the unknown initial values X*
requires inverting a matrix with the values Cjim as
coefficients., During this inverdion, the coefficients
are multiplied and subtracted from each other. If the
values Cjim are exceedingly large, such that the sig-

nificant figures are lost during subiraction, the in-

vertion would either loose its accuracy or break down
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completely in some cases.

To test this phenomenon and to check its accurac&, a
large number of ' numerical experiments ' are per-
formed on the computer varyimg the length, diameter and
thickness of a cylindrical shell with builf-in ends
under internal pressure. Analytical solution to ﬁhe
cylindrical problem (see for example,Chapter 4 of Ref.
(6-3))reveals that the exponentially increasing function
is the term ekl(A,cos k1l + Aésin'kl ) which is always

smaller in value than (Al + A2) ekl

, k in this problem
has the relations 4 k4 = 3(1-V2)/ a2- h2 , wWith a =
radius and h= semi-thickness of the cylinder. Al and A2

are constants of integration. Thus we have
- {3 215
ko= {Z( -} =

which is approximately O.91,Q/\)ah for V =0.3.

The range of integration in the program is a branch of
the shell., Thus the length of a branch rather thah the
length of a complete shell is the parameter that has to
be limited. From these experiments on the cylindrical
shell, it was observed that, on the IBM 7090 ar 7094

L
when Qf==izﬂ. of a cylindrical shell branch is greater

than 15, the boundary-control précess cahﬁot make the
boundary functions converge to the desired zero values,
This factor represent a magnification ratio of the order

QLR oo .
0:91 x715 = 6

of

This limiting value of 15 for 'Ié%f should be dependent
only on the cylindrical geometry of the shell and not
on the_loading and the boundary arrangements. Further
tests have been made on this using the problem of an

open-ended cylindrical shell under internal pressure,
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with one half of it at a different thickness from the
other. ©Iach half is thus considered as?%ranch with

the junction point at the discontinuity. Discontinuity
stresses occur at and near thejunction, and die away
towards the open end. Because of the difference in
thickness € | , the length 1 to give the same value
to the parameter ﬁ%ff is different. From a number

of calculationswith different lengths supplied to eath
branch, it was found that slow or break down of con-

vergency occurred at approximately the same value of 15.

Shells of other geometries are expected to have other
limiting criterion. The case of a shallow spherical-
shell was next investigated. Again the complementary
solution to tﬁe governing equations consists of a rapidly
increasing function and a rapidly decreasing one, The
former is not an exponential function, but consists of
Kelvin Punctions (see, for example, Chapter 4 of Ref.
6-3). It is of the form A, ber'7 + A, bei’y

where 7 = [Zx [ % (1-V)JF x Fﬁﬁ ©, 1 = meridional

length,b = radius of curvature, h = semi-thickness

L
= L 4 ' = L]
For \) 03) Z J2x09l£xm
Again the influencing parameter is ﬁﬁf- « There would
|

be a different critical value for this parameter. In
the case of the shallow spherical shell with a central
hole, it is found that this value varies with the

diameter of the hole making it impossible to draw up a

convenient rule to determine the critical wvalue.

7.2 Cylinders Under Internal Pressure

The same problem as in section 7.1 above, of a circular

cylindrical-shell with built-in ends and under internal
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pressure,was solved varying different parameters, and
the results were compared. The junction of the shell.
in the computation is taken as the mid-point. One

comparison is on the symmetry ot the resulting solution.

The dimension of the shell are:

half-thickness, h = 0,09 in.

cylinder radius, a =‘1 in.

Young's Modulus, E =14,000 ton/in2

Poisson's ratio, Y =0.30

Internal pressure, p =1 ton/in°
Four values of branch length L were tried,

A = 0.5 in, 1.25 in, 2.5 in, 5.0 in

with _ﬁ*= Q/QZT; =1.58,3.96,7.91,15.82 respectively.
Using integration tolerance 3 =0.0001

boundary-control tolerance < =0,0001 ,

the resulting behaviour is shown below:-

Length !Symmetry error§Speed of conver- !

(difference 'gency (No, of

Run No. ¥ |between maxi- boundary-control
1 1 mum values ) iiterations)
1 0.5in 1,50 M 0.3% . 1
g 0.07%
M, < 0.01% |
2 1.25 3,96 4 2
in g < 0.01%
, M, 0.44%
M, 0.78%
.0in 15,82
4 5 Oln‘ 5 : g 9. 6% 4

*
Run No.l and 2, for A =1.58 and 3.96 respectively,
give nearly exact symmetry. Run No.3, with 1* =7.91,
: *
"is reasonably accurate, and Run No.4 with { =15.82

looses its symmetry for the @ solution.
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*
Dacreasing next the tolerance for the case of  {

=7.91, to £ =0,00001, T =0.0001,give the

tollowing improved behaviour,

Run Symmetry Error Speed of Convergency
0.14%
3 0.07% 2
For the case. % =0.0001, T =000001, the result is
Run Symmetry Error i Speed of Convergency
0.03% \
3D 0.01% 2

Complete analytical solution to this problem can be

obtained trom ‘solving the governing diftferential equation
dIF

3 + 4k2 F =0, F = radial shear force per
. a4 4 3(/—\)2)
unit circumterence, k = a parameter, where 4k'= ——j;:I?"

The expressions tor the solution are directly evaluated
on the computer and considered as the exact solution.

. The above numerical-analysis results are compared against

it.
2'* . Error(%)
Run ‘ .
Branch 1 | Branch 2
Max My + 1.13 + 0.88
1 1.58
. Max 4 + 2,04 + 1.98
Max N, + 0.48 + 0.02
3 T.91
Max & - 0.49 + 0.72 |
1
4 15.82
Max ﬁ + 6‘57 - 3071 |
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It is seen that except for the case 2% =15.82,both the
*
cases with A =1.58 and 7.91 give results that agree to

within 2% of the exact solution.

Te3 Comparison With Published Results

The program PVA1l was tested over a wide range of shell
shapes and parameters,and comparisons were made with a
selected number of published results. The range of
pfoblems covers those encountered in pressure vessel
7 analysis, The results are shown in Fig. 7-1 to 7-5.
In all cases the dimensions of the shell structure aré

shown in the figures.

Cylinders with Abrupt Thickness Chanze

A number of thin-walled cylinders with an abrupt change

in wall thickness and loaded under internal pressure

have been carefully machined and analysed experimentally
by Morgan and Bizon(4-5). In all cases the results were
compared with theoretical analysis based on the analytical
methods of Johns and Orange (7-1), where the equations

are also fifst—approximation ones according to Timoshenko
and Woinowsky-Kizieger (3-7). The same theory is thus

used as in the present computer program although the

source of the equations ds: different.

Program PV4l was used to analyse one of the above
cylinders with the two parts of thicknesses 0,082 in
and 0.205 in and having the same mid-wall diameter of
5.785 in. Fig.7-1 shows the stress distributions. The
two theoretical solutions ¢dincide at 511 location on
this plot of the distribution and are shown as the same

lines.
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Toriconical Heads Under Internal Pressure

Morgan and Bizon did a further series of experimental
analyses on toriconical heads (4-17). The same care
have been taken on these tests as on those above. TIwo
heads of the same shape were tested. The larger one

was spun from an aluminium sheet, while the smaller one
was more accurately coﬁtour-machined from an aluminium
billet and f&und to have a very accurate geometry, the
contour being within 0.002 in of the true shape out of
a 12 in diameter vessel. Again they congred the results
with theoretical results based on the same analytical
methods; for the solution of the conical portion, tables

of Bessel-Kelvin functions were used.

The results of the contour-machined head were compared
with the solution using PVAl. In this case the vessel
is quite thin,making the shell meridianal-length
parameter ,[* too large for accurate analysis by the
program. Fortunately the regions of discontinuity at

" the cbne-sphere and at the sphere-cylinder intersections
are sufficiently remote that there is a region in between
where the stress falls to a near membrane condition.
"The problem is thus solved by two computations - one for
a cone-on-=sphere geometry and one for a sphere-on-
cylinder geometry. The results again néarly coincide
with the published theoretical results. They are both

plotted as the same lines in Fig.7-2.

Expansions Bellows Under Axial Thrust

‘Turner and Ford reported in 1957 (7~2) experimental
studies of the stress and deflecion of a number of

pipeline expansion-bellows under axial loading.
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Theoretical analysis was also presented based on an
approximate theory using a series solution for the
minimum strain-energy. A torus geometry,given by the
expression

Fr =a =4 b cosh
was used for the convolution, with

a = radius of revolution

b

H

radius of the torus cross-section.
In the analysis it was assumed that a > b so that terms

of the form _
" o =+ becost

o - (2}

were approximated to unity.

In a subsequent paper in 1959 (6-2), Turner reduced the
governing shell-equations for a toroidal geometry to
two second-order differential equations each of which
was a special case of the Mathieu equation. The same
approximation that a > b was used. The solutions were
obtained through influence coefticients by tabulating
the Mathieu tunctions. Using the theory, detailed
comparisons were made in Ref.(7-3) of the stress and
deflection of a few selected bellows units tested in

‘Refo7—2-

Two typical shapes of expansion bellows have been
analysed with the program PVA]. The first is a flat-
plate bellows unit shown in Fig,7-3a . Extensive
strain ganging was made during the original test and
from it stress results were obtained at different
positions. Two calculations were made to give a full
analysis, one analysing the convolution attached to the

end of the bellows, and the other analysing the middle
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root convolution. Different end-conditions were
simulated in the computation. For the other end of
the end-convolution, an extension pipe estimated to be
of similar stiftness to the actual arrangemenf was
assumed. Otherwise an assumption of a condition of

symmetry of @ =0, and F=0, can be made.

FPigures T7-3a and b show the stresses from computation
compared with both the strain gauge test results and

the theoretical solution of Turner in 1959. The ‘two
theoretical results were in good agreemént with each
othér. Moderate agreement was found between the theories
' and the experiment. The experimental stress values have,

according to Ret.7.2, andaccuracy of + 10%

The other bellows unit is called bellows C, shown in
FPig.7-4. There are six quarter-convolutions, forming
one middle crest and two adjacent toots both of which
are each carried further by a quarter—convolution to

end at a thick end-plate. Both the strain and the
deflection values were studied with the computer program.
For the prediction of the axial deflection, exact idea;
lisation must be used in the computation. For this
purpose, one half of the bellows is analysed with one
end of the shell terminating with a fixed-end condition
of W =0, and @ =0, and the other end, being the middle
crest, terminating with a symmetry condition of g =0 ,
F = 0, The circumferential strain distribution between
the root and the middle crest is presented in Fig.7-4,-
and is shown together with the strain gauge test.points,
and the theoretical results of Tﬁrner in 1959 which only

give the midwall value (for a thin shell, the midwall
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-value should be the average of the extefnal surface and
internal surface values). The agreement between these

results are good.

The axial deflection from computation is shown below

with the other two results.

Detlection between roots,per ton load:
Measured 0.007L in.
Calculated,Turner 1959. 0,0071 in.
Present program : 0.00718 in.

Again very good agreement is obtained.

T.4 Comparison With Other Pressure Vessel Programs

" In Ret.3-37,H. Kraus made a review and evaluagtion of
pressure vessel programs, and critically compare the
results obtained from tfour of thgm using three complex
shell problems, all of them shells of revoiution under

axisymmetric loading.

Four Other Pressure Vessel Programs

The first program originated from R.K. Pénny (3-24,3-38)
who was with the CentralvElectricity Generating Board.

" It solves the axisymmetric problem using the Love-
Meissner equations and by the method of rinite—dirrerenée.
The next program, by A.Kalnins (3-31) who was with the
Yale University,dan analysis symmetric and non-symmetric
loads. The equations are reduced to a system of first-
order differential equations, and s0lved by the Adams-
Bashforth stepwise integration method along each shell
segment, of which, a maximum of ten is allowed. Con-
tinuity conditions are then applied to the variables

at the end-points of the segments, to give a simultaneous
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system of equations which is solved by Gaussian
_elimination to complete the solution. The third

program originated from Radkowski and others (3~26)

at the AVCO corporation. It solves the standard
axisymmetric problem allowing of temperature and
material properties varying through the shell wall,
Multi-branch Jjunctions of yp to three shells can be
analysed. Tﬁe differential equations derived by E.
Reissner for shells of revolution are solved by the
finite-ditference method. These three programs,although
differing in their generality and in methods of solution,
use basically the same class of first-approximation

thin-walled shell theory for shells of revolution.

The tourth program,by Friedrich (3-36) of the Westing-
hcuse Bettis Atomic Yower Laboratories ,solves the
standard axisymmetric problem with additional conside-
ration of thick-shell effects. The method of solution
is the finite-element method. This approximates the

" generating curves of the shell of revolution by ellip-
soidal finite-elements of shell where middle surface
shifts between the elements are allowed. Indtead of
proceeding from the governing differential-equation of
shells, a stiffness matrix is calculated from the strain
enexrgy by the principal of virtual work. The thick-
shell effect is introduced by determing the contribution
to the strain energy from both the normal stress and

the shear deflection,both of these are neglected in Love's

first approximation theory.

Two of three problems used by Kraus for comparing the

above programs are solved with the present progran.
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Test Problem 1 ~ Spherical Cap

The first one is a 60° semi-angle spherical cap with

20 in means-radius and 1 in thickness, simply supported
at the edge. At the support a condition of zero radial-
displacement and zero meridianal-moment is assumed.

The top of the shell is closed. Most computer programs
have difficulty in analysing this closed condition

since the shell differential-equations are singular at
the closed apex, this is unless special facilities are
added. The first three programs by Kalnins, Radkowski
et.al., and Penny have such a facility. The fourth
program by Friedrich cannot analyse a closed end, and
Kraus left a small hole at the apex of the shell., Kraus
abserved that this was a valid procedure since the dis-
turbance caused by the hole was very localized. Program
PVALI can analyse a closed vessel, although ho oﬁtput

is shown for the very last point, and depending on the
particular problem and the accuracy specified, a loss

of accuracy in the results may be found at the last one
or few points. Kraus presented the results of stresses
and displacements for only certain key locations in

the vessel considered.

Using 120 steps for the integration, the elastic program

PVAl gave the'following results, for 1 lb/in2 internal

pressure:
Running time on IBM 7094,min less than 0.12
Outside stress at apex, lb/in2 9.864
Inside stress at apex, lb/in2 10.035
Normal displacement at apex,10'6in 5.224
Outside axial stress at support,lb/in2 ) 9.636
Inside axial stress at support,lb/in2 9.636
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Outside circ.stress at support,lb/in2 3.5032
Inside circ.stress at support,lb/in2 2.2786
Rotation at support,lo_6 radian 14.140
Peak stress (axial outside),lb/in2 14.431

Location of peak stress,degress from support 8.5

This table is so constructéd that a direct value by wvalue
comparison can be made Iwth the results from other pro-
grams listed in Ref.(3-37). There is very good agreement
with the results from the other first-order programs, on
the stresses as well as the deflection and rotation valués.,
In general,the results from PVAl are closer to that of
both the Penny and the-ﬂalnins programs, agreemént being
to the third and fourth significant figures. The results
from the higher-order Friedrich program are slightly

different from all others.

Test Problem 2- Hemispherical Vessel Head

The other vessel was a closed hemispherical pressure-
vessel head under internal pressure. The mean diameter
was 20in , and the thickness for both the head and the
vessel body was 1 in., The cylinder part of the vessel
had a length of 40in which is sufficiently long for the
discountinuity stress at the vessel head to die awayrto

a very small value.
The problem was solved with both BVAT and the elastic-

plastic program PLINTH. The same E and 9 were used

and the pressure was again 1 1b/in2

PYAT PLINTH
Number of separate output points 144 124
Outside stress at&gﬁ&lb/in2 9.990 9.956

2

Inside stress at apex.lb/in 10,010 10.050
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Normal displacement at apex.lb/in’ 9.711  9.732

Outside axizl stress at junction,1b/in°

2

10.007 10.007

9.993 9.993
14.996 14,996

Inside exial stress at junction,lb/in

Qutside circ.stress at junction,lb/in2

Inside circ.stress at junction,lb/in2 14.992 14,992
Normal displacement at junction,10"6in 7.996  7.996
Rotation at junction,10” 'rad. 9.600 9.600
Outside axial stress at end,lb/in2 10,026 9,988
Inside axial stress at end,lb/in® 9.974 10.012
Outside circ.stress at end,1lb/in? 20.007 20,040
Inside circ.stress at end,lb/in2 19,992 20,048
Normal displacement at end,10_6in 11.330 11.363

Peak stress in cyl.(circ.outside)lb/in®  20.638 20.641
Location,in.from junction 6.5 6.67
The axial displacement values are relative to the end

of the vessel.

In addition to the results from the four programs pre-
sented in Ref.(3-37). Kraus subsequatly presented in
Chapter 10 of Ref.(3—8)*, analytical results for this
problem based on Watts and Lang,1953 (3-11).

Comparing these altogether seven séts of results, it can
be seen that again the results of the Friedrich program
are slightly different from all others because it is

based on a different class of theory. The present results
from PVAL and PLINTH agree closely with the remaining
four, the largest difference being only of the order of

s

0.5%. The closest set of results to the present results

*¥ FPig,10.12 of Ret(3-8) shows the vessel with an inner
diameter of 20.0" rather than a mean diameter of that
same value which was used in the calculations in Ref.
(3-37). The author believes that it is this diagram
that is in error, and that the calculations were all
on identical vessels.
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are those of the Kalnins program which happen to use
also the predictor-corrector step-by-step integration

procedure,

7.5 Conclusions

The comparisons above show that there is nearly exact
agreement between the results of the program PVAl and
other theorefical results, The heimspherical-head
results and toriconical-head results using the Johns

and Orange ahalysis prbcedure, are all stress results.
These analys&s do not give the displacement and rotation
values. The computer program of Penny and Kalnins using
numerical procedures of tinite-difference and prediter-
correcter integration do give them, and in these cases
it is found that there is again nearly exact agreement
between these numérical results.. All these suggest that
the present computer program PVALl does not give error in
the process of transcribing Love's thindwalled first-

~ approximation theory into the analysis of general pressure

vessel.,

The particular problems studied above are governed by

the availability of published results of sufficient

detail and accuracy. They are however selected such that
they cover the range of problem encountered in most

' pressure vessel analysis. They have included the toroidal
element, the bellows convolutionﬁﬁéhe closed-apex problem,
and—the—problemofeytindrieal-noszles—on—sphere, Both
internal pressure loading and axial thrust loading have

been studied.

Greater discrepencies were, as expected,tound between

the theoretical results of PVAl and the experimental
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results. This is because there are at least two-ad-
ditional sources of discrepency. Inaccuracy can occur
at the experiment, this includes deviations in the shell
from the ideal geometry and possible errors in the
measuring techniqués. The theories can also be in error
if the assumptions behind them are not precise enough,
for example,the most well-knowvassumption that iannot
nus7 ve

always be followed is that the shell wall is-not

sufficiently thin.

If we consider inaccuracies during the experiment,
dccuracy of the measuring techniques can in many cases
be estimated by calibratioh. In the bellows tests of
Turner, the actual measured dimensions,found to be
different from the nominal ones, were used in the cal-
culations. Smaller inféccuracy caused by geometry would
be expected for this. The two tests of Morgan and Bizon
were conducted with'spécial care to reduce errors caused
by deviation in the shell geometry. The test vessels
were machined to the prescribed geometry. During the
tests on toriconical heads, Morgan and Bizon confirmed
that this geometrical inaccuracy can greatly affect the
final accuracy of results. It thus pays to put in extra
eftert to get accurate geometry if exect comparison of

results is desired.
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8 ACCURACY TESTS FOR ELASTIC-PLASTIC TROGRAM

8- 1 Previous Comparisons

A number of tests on this elastic-plastic program PLINTH
have already been conducted and published. They are all
compared against the published experiments of vessels
or vessel components. A brief summary of thesé tests

is presented below.

Marcal and Pilgrim,1966

In the same paper (3-49) that Marcal and Pilgrim presented
the elastic-plastic program,they also presehted two cal-
culations,one on a toroidal bellows labelled S tested

by lMarcal and Turner (8-5), the other on a torispherical
pressure-vessel head tested by Stoddart (8-10). Both

are of mild steel and the mechanical proporties as

reported with the tests were used in the calculations.

The bellows unit was loaded axially, Strain and deflection
readings were obtained beyond its limit of elastic be-
haviour, Only two appropriate curves from the calculation
were shown compared with the experiment. The first is

the curve of load ~~ maximum surface-strain. The
agreement on this is very good. The other is the curve

of load ~ axial-deflection. Here the calculated deflection
results were higher at low loads by about one fifth.

The collapse load from the calculation was taken as the
load when the convergency of the numerical process become

very slow,

The torispherical head was tested under pressure,beyond
yield, and until the head nearly collapsed. The elastic
stresses from the calculation were compared in detail

with the test results and good agreement was found in
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nearly all positions. For the elastic-plastic behaviour,
the curve of pressure ~ stress for one maximum stress
location of the head was compared. The agreement here
is less than that of the bellows test. There was during
the test a sudden increase in stress at the external
gauges (although,surprisingly, the internal gauges which
were at the same location did not show any sudden change
of behaviour at the same-pressure), and this behaviour
was not shown on the calculated curves. There was no
explanation of how the.collapse pressure trom the cal-

culation was arrived at.

Marcal and Turner

Marcal and Turner (8-13%) presented a modified procedure
to the solution of the thin-walled shell theory to
predict more realistically the local behaviour of flush
nozzles in spherical pressﬁre vessels. This modified
procedure was incorporated into the program PLINTH and
a few calculations were again made to compare with a

' few published tests.

The first tests that were compared, were by Cloud(5-8),
who ftested three nozzles with no fillet-weld nor rein-
forcement, The nozzles were loaded under pressure

until collapse. The second tests were by Dinno and Gill
(4-10), who.in a similar manner tested two nozzles with
fillet-weld. Calculations were made uéing the normal
thin-walled shell theory and the modified theory. Com-
parisons were made on the detflection behaviour and the
behaviour of the maximum meridianal-strain. On the Cloud
nozzles, the modification did not affect the deflection

values but there was little agreement between the
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calculation and the experiment. The calculated strain
results of the same nozzles were greatly attfected by the
theory used. Because of these two reasons it was not
possible to judge whether the elastic-plastic program
gave good results 6r not. On the two nozzles with weld

h.ﬂ;—%{ %inno and Gill, the two theories gwee different values
of elastic deflection, with that 6f the modified theory
closer to the experimental deflection. After initial
yielding, the modified theory gave deflection values which
started to increase rapidly from a lower load than ex-
periment, and further gave,after that, a load which, for
the same deflection, is 10 to 25% lower than the measured
load. No comparison can be made of the behaviour of load
against strain, since the experimental results were'not

shown.

These comparison ot results for the nozzles were com—
plicated by the presence of local ertects at the nozzle
Junction which is also the location of maximum stress.
The modified theory is thus necessary to take this into
account, However, this means that the above elastic-
plastic comparisons are not straight-torward tests of
the accuracy of the program. No conclusion can thus be

drawn in this case on this latter point.

82 Use of Elastic-Plastic Resultc

Both the literatures and Ch.7 show that the accuracy of
prediction of stresses by elastic thin-shall theory is
fairly well established for many shapes of shells of
interest to pressure vessel designers. It is probable
that carefully machined vessel and accurately conducted
tests can even reveal the accuracy or otherwise of the

assumptions behind the theories. The prediction of
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elastic-plastic stresses and strains is still in its
infancy. We have ssen in Sec.8.1 that many more tactors
intluence the accuracy of such predictions than is the
case for elastic calculations. It was thus difticult

to compare the results in detail.

Two methods can be adopted'to tackle this problem. The
first is to eliminate, as tfar as possible,those sub-
sidiary factors that may affect the experimental results
( by subsidiary factors is‘meant those that cannot be
included in elastic—piastic calculations as limited by
the theory). Thé%zincludes, for example, trying to re-
move any residual stresses and any difference in hardness

of the material;ZZcunaqﬁzEeasufemeit_oi the vessel geometry

as tested,and using the actual geometry in the calculations.
Details of this are given in Ch.1ll which gives the pre -
parations to the author's vessel test. The second method
is- to find outhéiat uses these calculations may be put

into to help with design, and discuss the accuracy or
other_wise of the results in the context of these probable
uses. For this purpose, the vessel research and vessel
design interests of these elastic-plastic calculations

are reviewed below, followed by a discussion of the kind

of results that may be required.

In the design against excessive deformation and collapse,
elastic-plastic calculations can (8-1) fill the gaps
left by 1limit analysis,where at present spproximate
solutions to only torispherical heads(5-4) and sym -
metrical nozzles (see Ref.85é), are possible., Study can
also be extended to the solution of shells with various

strain-hardening material properties. In the design of
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components under reversed loadings,such as expansion
bellows and pipe bends, the design can be made more
economical by allowing alternating plasticity rather
than limiting the working load to one giving no yielding,
Here design to some low cytle fatigue life N requires
the plastic strain ey (8-3). One commonly used relation
(8-4) is epN%’ - constent. Other relations with the
total strain ey have been proposed for small plastic
strain. To predict the méximum value of ep or e, on
such vessel components, elastic-plastic computation is
required (8-5),(8-6) using a 'cyélic' rather than the
oridinary 'monotonic' stress-strain curve of the material.
Loading direction does not reverse with components loaded
only under pressure , but in most cases there is a suf- |
ficient number of loading and unloading cycles in general
service to justify the consideration of shakedown under
repeated load(8-7),(8-8) in addition 2td..collapse While
one procedure to obtain shakedown load, applicable to
symmetric nozzles, requires only elastic analysis (5-17),
(5-18), the elastic-plastic solution up to not greater
than twice the first yield load is required in another

procedure applicable to the general shell(8-1),(8-8),(8-9).

From this brief review, it appears that interest is on
the prediction of collapse load, of shakedown load, and

of fatigue life.

Where low cycle tatigue is of interest,Ref.(8-5) and
(8-6) pointed out that elastic-plastic calculations using
the value of settled cyclic yield-stress for non-work-
hardening material,or settled cyclic yield-curve for

workhardening material were used instead of the ordinary
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'monotonic' stress-strain curve. The strain ran-ec of
interest should be less than 2.5 times the maximum

elastic range except for very short fatigue-life.

Where elastic-plastic calculation is used (8-1) to
predict shakedown pressures, stresses at less than twice

dlarse Mrae Lhan
the tirst-yield pressure are required,,these being abeut

2.5 or 3.0 times the tirst yield stioibss

In the prediction of collapse, this can be observed
either through the stréin results or the deflection
results. The component may be judged to be in a state

of collapse when there is a sudden change in slope of

the load-strain or load-deflection curve, or when the
strain or deflection has reached a certain large value.
The final interest is on the load value at this condition
and no cdnsideration of repeated load béhaviour is

necessary.

Closely allied to the prediction of collapse is the
prediction of excessive deformation. This is important
in applications where close fittiﬁg of the vessel com-
ponent is necessary, as in the case of standpipes for
tfuel rods in nuclear reactor veséels and of high pressure
turbine, compressor and pump casings. Again the value

of the load is required.

8%3  Further Comparisons

Since the present research was planned, the author noticed
two pieces of‘experimental work that could serve as basis
for a further detailed comparison of the results of the
elastic-plastic program. Both of them involved testing
pressure vessels beyong yield to a state of collapse,

while strain measurements were made with el€&trical strain
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gauges., As mentioned in Sec,5.3,Stoddart (8-10) carried
out, at the now University of Newcastle-upon-Tyne,elastic
and plastic tests on two identical torispherical bressure-
vessel heads,made Qf mild steel #in thick, and of 24in
mean diameter. Extensive gauging of both the inside
and the outside surfaces was made. Kemper et.al.(5-12)
of the APV Ltd. and of the-Firth~Vickers Stainless Steel
Ltd. tested two pressure vessels of identical geometry,
but made of stainless steels differently heat-treated.
Only nine strain gauges at the outside of each vessel
were used, since the purpose of their test was to show.
the advantage of‘one of the steels that had been warm -
worked to a higher prootf'-strength,and thus gauges were
used only to record the general vessel behaviour untii
collapse. The vessels had mean diameter of 41% in. and

thicknesses of +in at the body and 5/16in at the head.

The heads of the Kemper vessels are slightly less than
twice the size of that of the other vessels, but both
have similar height/diameter and knuckle-radius/diameter
ratios. They can be classified as medium-thick pressure-
vessel heads. The following Table 8-1 gives detail of
their geometry and some other usetul information. (Also
shown on this table are the geometry and information

of the author's vessel to be described later in Ch.1ll

and 12.)
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Table 8-1 Details of Test Vessel Heads

i
;
|

Author's tests Stoddart ! Kemper ‘
Head A Head B Ref.(8-10) Ref.(5-12).
i
Head dimension(in.) |
Shell diameter D 2%.678 2%.848 24.000 41.125
Crown radius R 20.474 19.444 24.125 41.844
Knuckle radius r 3.839 4,344 2.000 3.156:
Head thickness t 0.322 0.312 0.250 0.310
Shell thicknessT| 0.322 0.312 0.250 0.250,
(see note below) |
h/D 0.249 0.268 0,183 0.177.
t/D 1/73.5 1/76.3 1/96.0 1/132

/D 16.21% 18,22% 8.33% 7.67%

Strain gauging,

Gauge lengths 2mm, 5mm, 10mm %+ in. 3mm, 5mm
Gauge location Inside and out ~ | Inside & | OQutside
side surface outside | surface |

surface
Material Stainless Steel Mild Steel Stainless’
steel
Heat treatment After fagriéa - After None
tion,900°°C fabrica-
tion

Note:D,R, r and h are mid-wall values.

No significance is

' implied in the number of figures as these are the values useqd

in the calculations.

8x4

Tests by Stoddart

Stoddart's vessel was analysed with the elastic-plastic

program using values,as quoted in Ref.(8-10), of Young's

Modulus of 30.354 x 10

O;31-

haviour was assumed with a yield stress of 40,197 1b/in

6

1b/in2 and Poisson's ratio of

An elastic perfectly-plastic stress-strain be-

2

this value being obtained from a tensile test specimen

from the same plate as used for the vessel head and

subjected to the same heat treatment.

The calculation
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gave a theoretical first-yield at 213 lb/inz*. Four

peak strain values at three strain-gauge locations were
plotted alongside the corresponding experimental curves
and are shown in Fig,8-1. The inside meridional strain

at the 45° station.was maximum for the whole vessel.

The curves for this strain value show that the elastic
values agree very well while the theoretical plastic-
strains increase more rapidly with pressure than the
experimental values. The agreement is different with

the other pairs of curves. Here, while all the experimental
curves bend down sharply at around 375 lb/in2, the
theoretical ones show a more gradual change of slope
meking it difficult to intepret a corresponding pressure
at which the vessel starts to deform rapidly. A quan-
titétive comparison of the collapse pressure is however
very useful, and two methods are proposed here to intepret

this value.

Definition of Collapse

In the first method a tangent is drawn to the plastic
part of the load-strain or load-detftlection curve, and

its intersection point with the elastic line is used

as a criterion of the start of collapse. (In what follows,
the tangent is drawn at a point on the curve where the
actual strain, or deflection is three times the value
expetted for that load had the response remained elastic).
This stems from the observation (8-11) that simple

structures of linear-hardening material behave such that

* The complete elastic-plastic computation took 20 minutes
on the IBM 7094 computer, this includes calculation at
every load increment, each at20.2 of the yield pressure,
until a pressure of 468 1b/in”.
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a tangent to the nearly straight part of the load-
deflection curve intersects the elastic line at the
same point as that for a perfectly-plastic material,
For these structures,this point both marks physically
the start of rapid deformation and coincides with the

results from a limit analysis.

The second definition tries to indicate the load where
signs of physical collapse, in the form of excessive
straining,actually occur. It is chosen as the pressure
giving a maximum total strain of 0.5% at the vessel out-

side surfazce.

Comparison

Table 8-2 below compares the collapse pressures thus
obtained from the test curves and from the calculation.

The tangent method tor collapse was applied to the
experimental curve for the maximum meridional strain.

The value ftrom the test results is 380 lb/in2 and happens

. to agree with the value where the strain readings increased
suddenly. The collapse values from calcﬁlation is higher,
at 410 lb/in2. A limit analysis, assuming also perfectly-
plastic material and according to Shield and Drucker (5-4),

2

gives upper bound pressure of 465 1b/in“ and lower .bound

of 375 lb/inz.

The tangent method gives collapse loads within the bounds
of the limit analysis, while the 0.5% strain criterion
gives as expected, a higher collapse, although the
difference is not large (él% tor the test curve and 13%

for the calculated curve),
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Table 8-2 TFirst yield and collapse pressure for

Mild steel pressure vessel head, Stoddart

i

Test results Elastic-plastic
Ref.(8210) calculation
L2 . 2
First yield 250 1b/in 213 1b/in
Collapée :
Method 1 (tangent) 380 410
Method 2 (.5% strain) 470 1 about 490 '

855 Test by Kemper Et.Al.

Stress-strain Curve

Material properties were also give in the report on the
tests by Kemper et.al., (5-12). They were obtained from
tests in general on the two types of steels used, but not
specitically on the individual plates used to fabricate
the vessels. This is unfortunate, since, as is shown in
Fig.3,Ref.(5-12), the proof stress can vary over a wide

. range even for the same type of steel. Two representative
stress-strain curves, one for the high—pfoof steel and
one for the normally used low-proof steel,are given in
the Fig:lr and 2.of Ret:(5=12). The curves were used in
the present calculations as data for the elastic-plastic
pressure-vessel program PLINTH. There is a high degree
of strain-hardening,and a pertectly-plastic calculation
would not be accurate. In the program PLINTH strain-
hardening in the stress-strain curve is defined through
the coefficients of an algebraic polynomial, In this
way, the measured curve, with any amount of strain-

hardening,can be approximated and used in the calculation,

For this purpose, a least-square curve-fitting program
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was written, based on Ref.(8—12){ tor fitting an
algebraic polynomial ot specitied order to a set of
unequally spaced data points. The supplied curve for
the low-proot material, within the range O to 2% plastic
strain, was conver%ed to a second-order polynomial.

The elastic-plastic calculation for this problem took

a total of 20 minutes on the IBM 7094, the pressure
increment, after the initial yielding at 95.7 1b/in®,
was 0.4 of this value until a pressure of 287 1b/in2
was obtained. Fig.8-2 shows the elastic strain dis-
tribution. The maximum straining occurs near mid-knuckle,
on the internal éurrace,giving a strain-concentration -

tactor of about 4.0 over the vessel-body circumferential

strain.,

Sources 6f Possible Error

Before comparing the theoretical and test results, it

should be noted that the former had assumed a unitform
material property throughout the vessel as given by the
assumed Young's Modulus, Poisson's Ratio and the

approximated stress~strain curve. The test vessels had
however not been heat-treated after fabrication as in

the Stoddart test. The vessel plates would certainly

suffer a certain amount of work-hardening during fabrication.
The most severe hardening would occur at the knuckle

region of the heads where 5/16 in. thick plate was rolled

into 3 in. knuckle radii.

The two test vessels were nominally indentical,and the
measured elastic strain from both are expected to be the
same or similar. They are however fcund to disagree in

nearly all cases and to disagree also with the corresponding
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calculated values. The following Table 8-3 compares
the strain valqes at five gauge locations, the measured
values were obtained from the slope of the elastic part
of the curves plotted on the appropriate figures of

Ref.(5-12).

Table 8-3 Elastic Strains

10-6per 100 1b/in2pressure

Measured Strain
Ref.(5-12) Corresponding
. Calculated
cas Gauge | Low-proof}| High-vroof p :

Position No. Fig.9 |Figl0o g1l | ~trains
Crown centre| 9 22 13 17 16
Mid-knuckle )

Circ. 8 -43 -60 -55

Merid. 5 -8 -28 -29
Vessel body

Circ. 2 18 - 24 24

Merid. 3 5 J 8 6

-

1

This disagreemeﬂt in elastic strains makes it impossible
to get a2 meaningful comparison of the elastic-plastic
strain values. Only the theoreticasl strains are thus
shown in Fig.8-3 where the peak strain values labelled
A to D in Fig.8-2 were plotted against pressure. A few
of these readings are internal ones whose behaviour
could not be observed during the experiment. The axial
deflection of the crown centre relative to mid-vessel

was also plotted and is shown as curve S .

Comparison

The theoretical first-yield using the properties of the
low-proof steel is at 95.7 1b/in°, and 2t 150 1b/in® all

the peak strain curves get progressively non-linear.
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Fig.9 of Ref.(5-12) gives the strain behaviour of the
low-proof vessel during the test. This figure is
repeated here as Fig.8-4 for convenience of comparison.,
O@f the nine strain gauges in the test, two, No.6 and 7,_
were on the junction of the nozzles and were not plotted.
The other gauges plotted were on the wvessel head or the
vessel body. The plastic behaviour of these other seven
gauges showed a progressively non-linear response after
300 1b/in2,expecia11y for gauges No.4,8 and 2, the former
twor located at the mid-knuckle and the last at the vessel
body, After 500 1b/in2, a rapid increase at No.2 and 1,
both of which wefe at the vessel body, &t this pressure,
the other mid-knuckle gauges,showed only a steady increase,

which is a continuation af their previous behaviour.

Table 8-4 below compares the elastic-plastic behaviour
as observed from the external strain gauges and as

predicted by calculation.

Table 8-4 Stainless Steel Vessels, Kemper Et.Al.

Test Elastic-ﬁiastic
Ref.5-12 calculation

Low-proof vessel ; 2 2
First-yield pressure 1 200 1v/in 115 1bv/in
Collapse pressure '

Method 1 (tangent) | 270 1190

t 190

Method 2 (.5% strain) ; 530 240
High-proof vessel 2

First-yield pressure | 300 200
Collapse pressure i

Method 1 (tangent) : 690 (340

340

Method 2 (.5% strain) . 590 420

Since only external strain gauges were used in the tests,
and in order to give a fair comparison,only external

strain results are used to give the calculatéd wvalues
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of the first-yield pressures and the collapse pressures

by the tangent method. Two values for each vessel are
listed against the collapse pressure by the tangent

method, they are obtained from the maximum external
meridional-strain and the maximum external circumferential-
strain curves respectively. In this calculation the

values agree with each other.

Only seven strain gauge results are available for each
test vessel, and of these only two were positioned near
the location of maximum straining of the vessel head,

at the centre of the knuckle radius surtace.  The yield
and collapse pressures from these test results are thus
expected to be higher than what would actually happened.
The table shows that first yield and collapse as predicted
from the calculation do occur at a lower pressure than
that trom the test. Two other factors, gg:ﬁniform degrees
of yield and work-hardening,and disagreement of the
elastic results, have already been mentioned above that
would throw doubt to an elastic-plastic comparison. It

is thus not possible to judge the value of this comparison.
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9 AXIAL LOADING TESTS OF FLUSH NOZZLES

9.-1 Nozzle Configuration

Nozzles can be attached to pressure vessels in different
manners, and different methods of reinforcement can be
used to reduce the weakness of having openings in vessels.
From operating experience, and from special researches
into nozzles and openings, good design configurations
have gradually replaced the bad ones. Design codes can
prevent both extreme over- and under-reinforcements, and
accprding to these practices certain bad methods of
arrangement of welds have been eliminated from important
types of pressure vessels. Reinforcing pads and partial-
penetration welds are at present commonly used because

of their convenience during manufacturing. Specially
machined reinforcements and through-penetration welds

are however the better practice, both as regards to
better distribution of stresses and for easier analysis

by photeelasticity or by theoretical prediction.

Junction Arrangements

Many pressure vessel nozzles are tfabricated leaving
fillet welds at the Jjunctions. Experimental analyses

of such nozzles with strain gauges are possible only

as far as the edge of the welds; The unknown stress-
concentration due to the weld arrangement would be added
to the peak stress at the junction, and thus no exact
estimate of the local condition can be made. This is

of course not a disadvantage in the many cases where only
the load-holding»strength of the nozzle is important.
The stresses are very local in nature and the ductility
of the pressure vessel material is usual;y adequate for

taking up such stresses.
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As saféty and economy are both of importance in the design
of pressure vessels, increasing number of design con-
siderations will be brought in,and stricter designs will

be imposed. 3Better knowledge ot the local but high stresses
at the nozzle junction will be necessary for the design

of nozzles, Already this is a requirement for the design
of many nuclear vessels. The ASME Boiler Code, Section
III, tor nuclear vessels (9-1), specities that nozzle

welds should not be lett as welded, but the corner and
tillet are to be grounﬁ and machined to specific radii.

A tew recommended shapes are given in the Code, according
to which the designs can be based, In such cases, detinite
stress indices can be used in the design of such nozzles
against fatigue failure. Nozzles not according to these
recommended shapes must be designed with stress indices
obtained from specially conducted experimental stress

analysis,

It was mentioned in Section 14,3 that the Pressure Vessel

" Research Committee launched a major program of experimental
study of pressure vessel nozzles and their reinforcements
(9-2),(9~3). A4l1ll the nozzle contigurations that were
analysed were of these smoothened types. It was felt

that they would be the only configurations-used in

advanced nozzle design of the future, and that such a big
research effort should be directed towards these con-
figurations and not to any less-advanced shapes. Tor

the very same reasons, the author's present test is on

the smooth nozzles.

A complete vessel is not necessary for conducting axial

load tests on nozzles. The hending stresses and strains
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are local in nature and an enclosed container is not
necessary, as would be required in a pressure test., Two
mild-steel spherical caps with flat bases were used.
Branch pipes of sufticient length were welded on top to
simulate the condition of a nozzle on a spherical veése15
or on the centre of a torispherical vessel. The nominal
dimensions of the two test components are shown in Fig,
9-1. These two test componénts will be referred to as

the Thick Cap and the Thin Cap.

The base plates of both Caps are 24 in. in diameter and
the base circles of the spheres are approximately 22 in.
diameter. Both nozzles are of the same diameter apd
thickness,being machined out of a 4 in. outside diameter;

»*
4 in.thick, mild-steel tube,

This diameter of nozzle was selected so that the nozzle
ol Ao
was, small tor sticking and manipulating strain-gauges
inside the nozzle bore, but not too large as to cause
. interference between the bending stresses originating
both from the nozzle junction and from tﬁe base plate.
The weld preparation and the final machining of the nozzle
are shown in Fig.9—2+. This weld preparation is in
accordance with that recommended for Flusﬁ Set-through
Nozzles in the three British Standards for Carbon-Steel
Pressure Vessels, (9=4) to (9-6). It was selected because

the weld zone, being situated on the vessel side, is

slightly away from the fillet and corner regions, and

*Hot finish seamless steel tubing,according to BS 3601,

- steel 22, 2
+Dried,low hydrogen FORTEX 30 (i.e.30 ton/in“ UTS) elec-
trodes,kindly supplied by MUREX Welding Processes Ltd.

was used.



- 109 -

because it has been found by observing other experimental
results that the maximum stress may occur nearer the
nezzle end of the above regions. The nominal radius at
the fillet, this being the same for both caps, was
selected tq be the same as the nozzle nominal thickness
of & in, Any smaller value tor this radius would cause
great difficulties in the satisfactory strain measurement
of this region by strain gauges. The corner radii, on
the other hand, have different nominal values for the

two caps. In each casé it was selected to equal the

sum of the values, cap thickness and nominal fillet
radius. This is not the normal practice, but the reason,
tor doing it is that it will result in a shape similar
},to that used in the theoretical analysis which will be
explained later in Ch.10.

942 Strain Gauge Technigues

It was noticed, from previous experience of other
colleagues at Imperial College, that the straip—range

. required of the gauges, for elastic-plastic tests of

A pressure vessel components until or near.collapse, is
in the range of a few percent; Crdinary gauge and
adhesive combination may break or become gradually non-
linear within this strain range. Specialiy manutactured
post-yield wire gauges called TML* has been found by
other colleagues to be suitable for such high strains.
Two types of gauges of this make were used in the tests
here, a linear post-yield gauges of 5mm gauge-length

for the high strain regions, and a 5 mm,'90O overlapping

¥*
By Tokyo Sokki Kenkyujo Co.Ltd. Tokyo.
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rosette-gauge for the other regions. Apart from having
the distinction of being designed tor high and low strains,
the former type of gauge has a backing which is more

" flexible and can follow a surtace contour reasonably

well, unless the c&ntour is a doubly-curved one. The
latter type of gauge can only be applied to a tlat

surface or a slightly curved one.

After some initial trial, it was found later that gauges
of even smaller gauge-length and size were necessary at
the fillet position. Most stress analysis experiments

on nozzles that uses strain gauges neglect any measurement
at the fillet position, because, with a sharp fillet or

a fillet weld at that position, it is extremely diftficult,
if not impossible, to tind accurately the strains there
with strain gauges. The author however considers that

a knowledge of the fillet strain is very important, for
the very reason that, in most cases, the maximum strain
resides there. The present tillet has, as mentioned, a
smooth surface otf radius about § in. The 5 mm gauge,

5 mm being about 0.20 in, is too large and wzs found
ditfficult to tit around this small radius. Notgauge:

of smaller size was available in this range of TML
post-yield gauges, and a KYOWA foil gauge * with 2mm
gauge-length was selected. In addition %o being
available in this small size, the KYOWA foil gauges were
supplied with lead-wires already attached, a very useful

arrangement in the present circumstances.

.A rapid setting adhesive was used on zll gauges, called

cyanocacrylate (with the trade name ot Eastman 910). No

*
By Kyowa Electionies Instruments Co.Ltd., Tokyo.
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mixing nor heating is required tor its use. The gauge
to be positioned has only to be held down by finger
pressure, since the setting time is only from one to a
few minutes. A certain amount ot skill is however
heeded, since any Qrong positioning, or any uneven
pressure in the first few instants of contact between
the gauge and the prepared surface, cannot be remedied
without much trouble.,removing the gauge and replacing
by a new one. This adhesive was however very necesséry
for this job beéause many gauges vere, of necessity,
close to each other,and some had to be positioned at

awkward locations or unflat surfaces.

All the different.types of gauges used were checked for
their gauge factors and the linearity at different strain
ranges, The strain values at breaking point were also
observed. The same adhesive, the same surface pre-
paration procedure, and the same strain recording
arrangement were used as in the actual tests. Further
details of these techniques are given in Section 9.4

below,

The gauge factors at small strain values were measured
using a four-point beam-bending rig desigﬁed for such
calibrating purposes. Within the range of 0.,1% strain,
which is the range possible for this calibrating
arrangement, the response of the gauges were all linear

and the gauge factors were very close to the manufacturer's

value and within the accuracy expected from the test,

For calibrating at higher strains, a % in. by £ in.
stainless-steel bar pulled in tension was used. The

gauges were all positioned on the same side of the bar
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to prevent errors caused by hending of the bar under
off-centre loadings. The strain values were checked

by taking accurate measurements with a travelling-
microscope of the length between two transversely
scribed lines,on the same side ot the bar as the gauges.
With this travelling-microscope arrangement there was
no limit to the strain rahge that could be measured.
Two gauges of each.type were tested. The two rosette- .
gauges failed both at about 1.7% strain by a complete
slipping of the adhesive bond. The two linear post:-
yield gauges failed by a gradual peeling-off of the
backing from the metal surface, and the response became
non-linear after strains of 6% and 7.5% . The two 2mm
foil-gauges both failed by an excessive stretching of
the foils near the weld tags until the foils necked and

broke. Their failure strains were around 2,3%% .,

The gauge readings were all plotted against the strain
calculated by the microscope measurement,to determine
" the gauge factors and to observe the linearity. A small
amount of scatter existed at small strains below. about
0.3%,because the microscope arrangement is not suitable
for such small strains. A similar pattern of behaviour
was observed on all gauges, in that the plots showed a
very slight deviation from a straight line at around
the range of 0.5 to 0.7% , but settled to another
straight line with a different gauge factor all the way
afterwards. In view of the slight scatter below 0.3% ,
It is hard to obtain accurately the gaugé factor at low
.strains, but lines according to the manufacturer's

: closely
value do fit very/the points below 0.5 to 0.7% strain.

At higher strains, all the wire gauges have a lower gauge
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tactor with between 6 to 8% difterence, while the foil

gauges have a higher gauge factor with a 13% difference.

9f3 Material Properties

A knowledge of the material properties is necessary for
elastic-plastic calculation. The static stress-strain
curve of the material beyong yield was needed as data
for the compﬁtation. The strain range of interest was
within 4 per cent. It was also useful to know the

ultimate tensile-stress.

Test Specimens

The nozzles of the two components were made from the
same piece of pipe, but the spherical caps may have
different properties. The arrangement of the nozzle
weld was such that the actual Jjunction,especially the
zone where most ot the yielding occurs, consists com-
pletely of the pipe material. It was thus decided to
prepare test specimens and to conduct measurements on
- the material properties on only the pipe’materials. A
spare piece of pipe material was taken and heat-treated
together with the two completed nozzle and cap com-
ponents, the procedure being described in Section 9.4

below,

From theoreticeal analysis of the elastic strains, done

beforehand ', it had been found that the maximum strain

of the whole test component would occur as a compression

in the meridional direction, which would. be very nearly

the axial direction of the nozzlé. The maximum value

for tensile strains also occurred in the same direction.
1

The pipe was 3z in. thick, 4 in. outside diameter.

Tensile-test specimens were machined tfrom this in the
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axial direction. Two types of plane strain compression
specimens, designed for test with the platen in the axial

and the hoop directions were also made.

Tensile Tesits

The tensile test was easy to conduct. The tensile
specimens were designed to.fit between the shackles of
the Hounsfield Tensometer, but were actually loaded at

a slow and constant strain-rate in a Instron Universal
Testing Machine. The stress-strain curve from tensile
tests on mild stéel, with its uppef and lower yield
point, is very sensitive to the loading and the measuring
arrangements and to the strain rate (9-~7). The Instron
machine has a long and free linkage behind the shackles
thus reducing any non-#xiality in the test set-up. It
would be preferable to be able to measure the extension
of the uniform portion ot the specimens. Unfortunately
the space between the ends of the two shackles, when
locked around a specimen, is very small, with a clear

gap of only about 4 in. Attempts had been made %o insert

and take measurements with some home-made "

clip-gauges",
bent strips of spring steel with the change of curvature
detected and measured by résistance strain gauges. This
however was not successtul. It was thus decided~t§

record the cross-head movement as an indication of the
plastic straining of the specimens. The calculated elastic
straining ot a specimen, which could be quite small
compared with the plastic one, was then added to tind the
total strain. The Instron machine's own autographic
.plotter was used, the extension being plotted against the

load value recorded by a load cell. Two tensile épecimens

were tested.



Table 9-1 Tensile Test

Results

Load Values (1b)

Stress Values(lb/ing)

Upper Lower Uit
yield yield tensile
load load load
v.Y.L. L.Y.L. U.T.L.

U.Y.S. L.Y.S. u.T,S.

592 568 779

47,900 45,900 62,900

Initial
Dimensions (in)
Average _Eff.
Diam. gauge
length
a L
1 0.1255 0.90
.2 0.1255 0,92

590 550 775

47,500 44,500 62,500

Average

47,800 45,200 62,800

Table 9-1 gives the test results of the two specimens., The ratio of yield/
ultimate stress is about 75%. The load-extension curves near the yield
points are show in Fig:.9-3 a and b. ' ‘

- 1T -
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Compression Tests

The technique of the plane-strain compression test
(9-8),(9-9) as originally developed by Watts and Ford '
(9-10) and commonly used on relatively thin strips and
sheets, is normally suitable for tinding the compression
stress-strain behaviour at high strains, trom 5% to 80%
reduction or even higher. With the usual procedure, the
test strip is compressed between two nérrow tool-steel
platgg, and after a certain increment of load, it is
removed and the resulting strip thickness is read by a
micrometer. The strain range of interest in our case
is however only 4%. At small strain ranges, the re-
duction in thickness is small and scatter of the

" results can occur.

An alternate procedure finally adopted is to dispense
with the micrometer tor thickness measurement, and to
measure the movement of the platesls during loading. A
home-made Clip Gauge, mentioned above, was used, with

the ends of the gauge inserted between the shoulders

of the platens. The loading on the strip can thus be
made continuously and, unless the clip gauge is disturbed
in-between readings, one continuous run is sufrficient

tor one set of readings, corresponding to one stress-

strain curve..

It was mentioned that the maximum compressive strain
at the nozzle would be in the axial direction. These
plane-strain compression tests result in a maximum
strain in the through-thickness direction, and may not

be representative of the desired axial-direction pro-

perties. They can however serve as a rcugh check on the

uniformity of material properties in the two important
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hoop and axial-directions. The load-detlection curves
of the.three tests performed with the platen perpen-
dicular to the hoop direction, and the two tests with
the platen perpendicular to the axial direction, are
presented in Fig.9-4 to 9-6. It can be seen that the
value of the yield stress.at each group of test is
fairly consistent; the slope of the plastic lines are
however not so. The reason for the latter may be caused
by the different amounts of friction between the strips

and the platen.

9.4 Test Arrangements and Preparations

Residual stresses would be left at and around the nozzle
Junction after the welding fabrication. While this

may not affect the strain gauge readings'iﬁ the elastic
ranges of the.shell, the yielding load and yielding
pattern may be altered as a2 result. For this reason,
the two shells were both given a stress-relieving heat-
treatment after welding at a temperature of 650° &=

" (see Ref.(9-11)). As mentioned in Sectien 9.3, the
spare piece of pipe needed for preparing test specimens

was heat treated at the sazme time.

An important aim of these tests is to obtain accurate
measurements of the strain distribution of the shells,
especially around the nozzle junctions, Strain gauges
were aﬁplied on both surfaces of the shell. The geometry
and loading should be symmetrical, and the principal
strain directions were known at the axial and meridional
directions of the shell. Gauge locations were chosen
along a particular cross-sectional plane of the shell.

At each location, two linear gauges or one right-angled



- 118 -

rosette gauge were positioned in the two principal-
strain directions. Two further planes were selected,
one diametrically opposite and one at right angles fto
the measurement plgne. One these latter two planes,
sfrain gauges were positioned at a selected few of the

locations to check on the symmetry of thé arrangement.

It is important to measure accurafely the straining at
the fillet and corner radii surfaces. Three pairs of

5 mm post-yield wire gauges were positioned on each
surface, one pair at the centre of the curve and two
pairs at the ends. From theoretical prediction, the
meridional strains nearer the nozzle-end of the fillet
were found to have the highest values and, furthermore,
found to have a sharp gradient. Three Zﬁm foil-gauges
were positioned there, all in the meridional direction.
Two of them were placed at the corresponding locations
of the S5mm gauges,i.e. at the centre and at the nozzle-
end of the fillet radius curve, and the third one was

placed in-between.

The normal surface-preparation procedure waé used. The
surfaces of the spherical caps were rough and slightly
pitted, probably as a result ot the hot~pressing process
generally used for making such caps and dished-ends.

The 650° heat-treatment applied to the shells further

lett the caps and nozzles with coatings of oxide. Thus,
at and around the strain gauge loactions, they were given
machine-sanding with a sanding-drum attached to a portable
electric-drill. At rough places on the caps, a light

carbide-wheel grinding had to be used.

Cementing of gauges was mostly done on the surfaces as
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was left after mgchine sanding,because it was felt

that extra polishing by hand was not necessary.

Cleaning and degreasing of the metal surfaces and the
back of the gauges was done using carbon tetrachloride.
Acetone was also tried,but was finally not used for

this purpose because the cement cyanocarylate was found
to be slightly soluble in it. Acetone was however useful
for cleaning the metal surfaces from spare cement left
by neighbouring gauges,or by a previous gauge that

had been found defective and been removed.

The strains were recorder using a mult-channel automatié
strain—recorder.made by Solatron Ltd, Plate 9-1,designed
for measﬁring static strain. The basic bridge-circuit
of each chanﬁig is shown in Fig.9-7. It ié a direct-
current, Wheatstone bridge circuit with the électric
.potential ergn from a constant voltage electronic power-
pack. A digital voltmeter reads the out-of-balance
voltage. Fifty bridges are provided in the recorder
unit, each with its own balancing unit, thus giving 50
available channels. A commutator unit selects the
channels,either repeatedly or in turn, and the voltage
reading is displayed each. time on the digital voltmeter
and printed on to paper tape through a fast printer for

permanent record.

The maximum selection speed of the unit is 10 channels
per second. It is thus possible for a set of 50 readings
to be recorded within 5 seconds from the moment of
trigger. The loading during experiment could however

be held relatively constant for a reasonable period of

time. A slower speed of 5 channels per second was used
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Since a d.é. bridge circuit is used in the recorder, the
considerations of accuracy of readings are very much
simplified. The normal precautions as necessary for

any resistance strain-gauge measurements using d.c.
bridge circuits were taken here. These include the
balancing ot lead wires, temperature compensation with
the same type of dummy gauges on &ne same metal surfaces,
testing that sufticient insulating resistance to earth
exists at.each gauge,etc. There were more than 50 gauges
on each shell, Two terminal 5oxes were thus connected

to each shell. 6ne box was connected to the gauges
around the nozzle junction, and the other to the gauges
necessary fof checking the axisymmetry of the arrangement
during loading. Since the bridges in the recorder are
geparated trom each other, each active gauge must be
provided with a corresponding dummy gauge. This would
normally eqd to the tinancial expense ot any test that
involve many gauges. Fortunately two shells were being
tested here with all the gauges on one duplicated on te
other. It was thus arranged that while one shell was

being tested the gauges ot the other were used as dummies.

Two ot the channels ot the strain recorder were used for
special purposes. One channel was connected to a thermo-
couple,arranged to detect the temperature difterence
between the two shells. Two distinct thermocouple
junctions were made, each attached on to the surface of

a cap and connected through the commutator unit to the
digital voltmeter,by-passing the bridge. Any difference

in the temperature of the shklls would be detected as
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thermo~e.m.f.difference at the voltmeter, and be recorded
together with the set of strain readings. The same
voltage range at the voltmeter could be used for both

purposes.,

Connected to the other channel was a separate pair of
gauges with the active one kept under constant strain
throughout the test. The same four-point heam-loading
rig as used for the gauge-factor calibration (Section
9,2) was used here to supply the constant strain. This
served aé a check against any drift of the whole gauge-
bridge-recorder system. This precaution was taken
because the whole series of loading and reading of each
shell, with all the necessary interruptions,took between

half to a whole working day.

The value of the excitation voltage was fixed at 2.00
volts to give a direct reading at the digital voltmeter
and printer.* The last digit of the voltmeter and printer
has a value of 10 #V and 0.02 V £ 20 mV respectively.
Comparing with the uniaxial yield-strain of the shell
material of about 1500 /Astrain (i.e.lSOO/uV), the
resolution and the accuracy are sufficiently small,except

probably tfor measurements much below yield.

The loading was performed on an Olsen Universal Testing
Machine. Vertical load could be transmitted to theé

Crosshead through four screws located at the four corners

*his dirédct reading is strictly correct only if all the
gauge factors are 2.00, The quoted gauge factors of the
manufacturers have values of 1.94 to 2.08,according to the
different batches of gauges. This variation has however
been neglected, because the purposes of the test were more
to survey the strain distribution and to observe their
variation under plastic loading, and not as much to obtain
precise strain readings. :
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of the horizontal load sensing table,leaving a wide

and clear table-space for positioning the shell. The
arrangement during test is shown in Plate 9-2. Com-
pression loading was applied. The shell under test

was supported on three blocks and lightly clamped on

to the table. The loading force acted from the cross-
head,through a conical anvil and a hardened steel ball,
which, in turn, sat on a central hole drilled in the end- .

flange of the nozzle, Fig.9-1l.

At two diametrically opposite positions at the junction,
displacement dial—gauges fixed with right-angled at-
" tachments were used to measure the axial deflection of

the nozzle junction relative to the base of the cap.

The test loéding,during which the final measurements

of the test were to be made,must be the first one to
cause ény yielding after the post-weld stress-relieving.
This was a necessary measure to prevent the unknown
effects of residual stresses and to get a %rue comparison
with the predictions of the elastic-plastic shell prograﬁ.
Before the test loading, a number of elastic loadings were
however made to the shells for the.purpose of checking
for the correct connectioﬁ of all the hundred and odd
gauge—circuits, for the linearity of response of the
gauges, and for the symmetry of the shell loading-
arrangements. These loading were all kept within the

range of elestic response of the shells.

Gauges that were found to be defective were removed and
replaced. In addition to being checked for the correct
alignment and location,they were visually inspected

with the aid of a strong light and magnifying glass,for
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any air bubbles or voids under the gauge wires gr gauge
foils., Such air bubbles could give tictitious strain
readings to the gauges. The tinal check for this
detect required an elastic loading, and all bad gauges

that gave non-linear responses were replaced.

The symmetry of the shell and the arrangements was
checked utsing the three sets of gauges positioned around
each shell for this purpose. In both shells the readings

from the three sets were in agreement.

9.5 Test Procedure and Resulits

The Thin Cap

The Thin Cap was the first one to be loaded beyong yield
to obtain the plastic and the collapse behaviours.
Initally, readings were taken at every 1000 1b.interwval.
During each interval the load was held steady for about
one minute and the readings were taken, this consisting
of triggering the scanner ot the strain recorder and
~reading the two dial gauges. At a load of about 5000 1bs,
the highest strain reading showed signs of deviating

from a linear relation with load. Subsequently and until
9000 1bs the load increment was decreased to 500 1bs.

At about 14,000 1bs, the rate of straining had to be
increased because the corresponding rate of increase of
load had slowed down. The load reached a maximum at
14,210 1bs, when the load started to drop even for a
further increase of the rate of straining &6f the loaQing
machine, Straining was thus finally stopped and the
load relaxed, this occured at about a deflection of 0,1
inch at the nozzle junction. During the unloading, the

recording of the readings was:continued at larger intervals.



- 124 -

All the strain readings were individually plotted against
the load and the gradient of the initial, linear part of
the graphs were measured and taken as the elastic strain
value. The elastic strain distribution around the nozzle
junction,could fhué be obtained. The meridional and

the circumferential strain distributions are given in
Fig.9-8 and 9-9 respectively.* The readings of the foil
gauges,with their smaller gauge-length of 2mm, are shown
differently, the circular symbol having an‘additional
cross. The highest strain is a meridional one at the
external fillet radius or.the nozzle junction. It can

be seen that this high strain is very local in nature

and the strain changes very rapidly across this region.
It is also interesting to note that the circumferential
strains at the nozzle have the same value on both shell
surfaces, indicating that no circumferential bending

strains existed there,

A selected few strain readings were taken and plotted
in Fig.9-10 against load, to show the initial plastic
behaviour. The curves are numbered according to the
channel number of.the gauges at the recorder. These
numbers are also shown in Fig.9-8 and 9-9. No.2 is
the gauge giving the highest strain reading., This
gauge recorded a deviation from a linear relation with
load at about 5500 1lbs., This is a foil éauge. No.7, a
wire gauge next to it, has the next highest strain
reading. Its curve deviates from a straight line at a

slightly higher load, and this is as expected. This

* In these tigures, and all other figures giving experimental
results of the nozzles, the strains are given the same sign
as the load, and thus compressive strains are shown positive.
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similarity of their behaviours confirms that this non-
linearity is a true indication ot the yielding of the
shell, and not due to any misbehaviour o1 the gauge
readings. Gauges No.28 and b give the peak meridional
strains at the corner radius and the peak circumtferential
strain at the fillet radius respectively. They happen

to have the same elastic reading and their cﬁrves remain
straight until about 7500 1lbs although their subsequent
plastic readings are different. Gauges No.40 and 48 are
plotted to represent the behaviour of the part of the
shell away from the nozzle junction. No.48 at the nozzle
wall, gives a very straight plot, while the curve of
No.40 at the shell wall is nearly so. It is interesting
to note the behaviour of gauge No.19 which lies on the
nozzle side gquite near to the region of high plastic
straining; the strain there actually decreased after a

load of about 6500 lbs.

The complete collapse behaviour of the Thin Cap is
represented in Fig.9-11 using the few representative
strain readings and the axial deflection of the nozzle
Junction indicated by the curve & . The bend in the

No.2 curve is quite sharp at first yeild, but subsequently
settles‘?d a near-straight line at about 1/12th of the
elastic slope. The axial-deflection curve does not
deviate much from a straight line, and at 13,000 1lb load
has a value of 36.5 thousandth inch, which is only about

40 percent more than the extrapolated elastic value.

After recording the set of readings obtained at 13,000
1b load, the next two sets of readings at 14,000 1bs and

14,120 1lbs were unfortunately lost, in the sense that they
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are unusable, This explains the trucation ot the
curves betfore reaching the maximum load of 14,120 lbs.
It was tound after the test that the last two sets of
strain readings were shitted by large but varying
amounts, even the readings of the constant-strain
channel.* The unfortunate outcome of this is that the
strain - variations at tinal collapse of the shell cannot

now be ssen,

The Thick Cap

The Thick Cap was next teéted. As mentioned in Section
9-4, the gauges of the Thin Cap were used as dummies.

A tew gauges of the latter had been broken under the
excessive straining they had suftered. They were fe-
placed by ordinary resistors with the same resistance
of 120 ohms; because of this there was tor these channels
no temperature-compensation property inherent in the
circuit. As a precaution, a longer warming-up time was
allowed for the whole electrical circuit, so that the
circuit,especially the gauges and resistors, could
stabilize to a constant temperature under the balancing
influence of 12R heating and of natural cooling. Very
little additional precaution could be taken against a
change of the surrounding air temperature, but the
laboratory in which the tests were conducted has no

windows and very little natural draught.

* The reason tor this very probably lie with the strain
recorder, and mey be connected with the necking failure of
foil gauges 1 and 2 observed atfter the test. Such failure
caused an open-circuit to the active bridge arm and resulted
in a large reading equal to the bridge excitation-voltage.
On the strain recorder, any such extraordinarily large
readings on a data chennel usuelly causes confusion %o the
readings of the following channels,
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Load was increased in steps of 500 1lbs with the same
holding time of about one minute. After about 8000 1b
loading, the gauges No.l and 2 with the highest readings
began to behave non-linearly with the load. After 24,000
1bs, readings were taken at every 1000 1b interval. Here
the maximum strain reading,gauge No.2,increased nearly
linearly with load, but at a smaller slope of about one
fifth of the elastic slope. After 30,000 lbs this strain
increased even faster with load. ILoading was stopped

at 34,000 1bs when the peak strain exceeded 4 per cent.

The different strain readings were plotted against load,
and similarly the gradients of the initial linear pért
of the curves were used to get the elastic strain values.
Figs.9-12 and 9-13 show their distribution. Gauges 1
and 2 are the 2mm foil gauges. The general pattern is
similar to that of the Thin Cap, with the highest strain
vat the fillet radius and in the meridional direction,
This peak strain is,as expected,lower than that of the
Thin Cap owing to theextra thickness and the larger

curvature radius of the Thick Cap.

The initial plastic behaviour of the shell is given in Fig.
9-14,and again the behaviour is similar to that &f the
Thin-Uap. This shell also showed a decrease in strain at
the region next to the peak strain region at the fillet
radiﬁs. This is seen in the behaviour of gauge Nol9. The
complete behaviour of the shell up to the maximum load is
given in Fig.9-15. DNo.2 gauge is the maximum for the
whole shell. No.42 is the other peak strain at the corner
radius in the meridional direction. No.18 is the cir-
cumferential strain at the fillet radius. No.48

represents the behaviour of the nozzle away,from the
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junction region, and this remained linear as expected,
The positions of these gauges can also be ssen in Figs,

9-12 and 9-13.

After 36,000 1bs, both the No,1l8 and No.42 lines curve
down sharply showing a non-linear response of the whole
junction in addition to the very local region around
No.2 gauge. This is a clear sign that the shell was
beginning to collapse, and is confirmed by the similar

behaviour of the axial deflection curve labelled 5 .

Fig.9-15 shows also the behaviour of gauges No.2 and

42 during unloading of the shell, The first part of

the unloading curve is,as expected, linear and has a

very similar slope to the elastic part of the loading
curve., After unloading through half the load range,

the behaviour however became slightly non-linear with
%he strain relaxing at a faster rate than the first

part of the curve.

| Cycling

A few more reloading cycles were applied to both shells.
It was observed in both shells that the previous maximum
load could not be attained again. The probable reason
for this comes from the geometrical change suttered by
the spherical shell, which under compressive loadings
always results in a weaker shape than before. The change
in geometry of the Thin Cap was especially pronounced
with the top (or centre) part of the cap becoming

noticeably flattened.

No visible cracks appeared at or around the two nozzle

Junctions during and after the loading.
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10. THEORSTICATL SOLUTIONS TO COMPARE AXIAL TeST RESULTS

10.1 Approximations to the Nozzle Junction Configuration

Theoretical methods ot stress analysis at nozzles in
pressure vessels have, in the past, used the approximation
of unreinforced ciréular openings in tlat plates (10-1)
and, later on, of circular openings in hemispherical
shells (10-2).‘ Various loadings are applied to the edge
of the openings to simulate the different kinds of
loadings,usually pressure or external loads on thé
nozzles. Small-diametéred or thick-walled nozzles can

be treated as solid cylinders tor analysing the stresses

trom external loadings(10-3),(10-4).

Large diameter and/or thin-walled nozzle can only be
accurately approximated by considering the nozzle also
td be a shell. Leckie and Penny (10-5) have analysed
the problem as the intersection of a cylindrical shell
and a spherical shell with its appropriate hole. The
thin-walled shell theory was solved with the aid ot the
' digital computer, and the equilibrium of. torces and the
compatibility of displacements and rotations at the
shell intersection were allowed for. The results
obtained clearly showed the inflﬁence of the strength
of the nozzle on the stress concentration on the vessel.
The present computer program PVAl and PLINTH can con-
veniently analyse such shell intersection problems,
since it was designed as a general purpose shell program
treating the shell structure as a combination ot a

number of shell elements ot varying shapes.

A certain amount of experimental results have been pub-

lished giving the stresses and/or strains of pressure
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vessel nozzles (10-6),(10-8). The author has made rough
comparisons using the above shell-intersection analyses
to check their accuracy and for any errors in the above
programs. In general the stress and strain distributions
have been satisfacfory on both the nozzle and the
spherical vessel. There are however discrepancies on

the local peak stresses at the nozzle junction. These
stresses are local and secondary in nature, and in normal
cases accuracy cannot be expected from both the experimental
analysis and the thin-walled shell theoretical analysis.
Unfortunately, in this case of pressure vessel nozzles,
the accuracy 6f these local stresses are most important
since the stress concentration factors for the nozzle

components are calculated from them.

Further comparisons were made with other published experi-
mental results that included stresses at the local
junction region. Most of the theoretical results were
found to give a high stress concentration, although a

few were satisfactory. To quote twb specific examples,
the two shells tested here were theoretically analysed
using the mentioned shell-intersection procedure and

the results plotted as curves No,III, labelled as "Simple"
in Figs.9-8 and 9-9, and Fig.9-12 and 9-13%. The circum-
fepential strains give reasonable agreement. The higher
strains are meridicnal ones, and here it is noticed that,
¥Whereass the distributions in general are satistactory,
the peak values are very much higher than the strain

gauge results, A fuller discussion of this is given

in Section 10.3%, in connection with the comparison of

all the theoretical results.
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One possible explanation of this high prediction is the
phenomenon of discontinuity stresses at changes in shell
thicknesses., At any sudden change of thickness in a
shell, local stress concentrations are often found which
decay rapidly away from the discontinuity. The magnitude
of these concentrations depend on how abrupt and how
much the thickness is altered. The less sudden the
change, the smaller is the local concentration. In our
theoretical model, the two intersecting shells have in
general different thicknesses, and a sudden change is
assumed. In actual nozzles, the rate of transition
depends on the Junction detail and its tabrication

arrangements.

It is believed that the ultimate theoretical tool tor
anaiysing the many possible shapes and sizes of the
junction configuration,especiall& the many possible
arrangements tor local reinforcements, is the numerical
method of tinite-elements (10-9) . Howsver this method,
" at present, is not well developed tor analysing thin
shells of revolution ot varying shapes and thicknesses.
The author thus decided instead to apply the existing
thin-walled shell, computer progfam to this nozzle

problem in the best possible way.

The present program can, as mentioned, calculate with
shell elements of tﬁe shape of a toroidal surface. Such
an element with a very tight radius is positioned in
between the cylindrical shell representing the nozzle
‘and the spherical sheil representing the vessel. The
complete shell thus consists of three elements instead

of two. The torus is given a uniform taper of the
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correct amount so that the thicknesses at its two ends
agree with that of the nozzle and of the vessel. Under
this method of representation, there is no abrupt change
of thickness nor change of direction of shell wall in

passing from the vessel to the nozzle.

One parameter of thié torus element can be varied at
will., This is its meridional radius of curvature L
which is defined in the program as that of its mid-
surface. In the procedure adopted here, a value for
L is chosen éuéh that the smallest radius of curvature
of the element's concave surface (corresponding to the
tillet surface) agrees with the actual fillet radius,
see Fig.1l0~1l. A smaller curvature would be left at the
convex surface corresponding to the corner; This

proéedure is adopted in all the following calculations

*
and is called the Smooth Representation of the nozzle.

At the subsequent comparison, improvements are noticed

. in the theoretical results of all the nozzles compared.
The Simple Representation gives very bad.prediction for
the few nozzles where the nozzle thickness near the
junction is very ditferent from that of the vessel., At
such nozzles the improvement is especially noticeable.
More details of these comparisons with published photo-
elastic results are given in Appendix B, where the
ditference in accuracy between the Simple Representation

and the Smooth Representation can be seen,

* There is also an alternative procedure whereby the
volume of material at the junction is kept the same as -
that of the actual junction; but here a lot of trial and
error adjustments are necessary in the process of
approximation, and is not used here.
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10.2 Modification to the Computer rrogram

The torus element used in the Smooth Representation has,
in most cases,a small radius comparable in magnitude

to its thiékness, and falls outside the range within
which the thin-shell theory can be accurately applied.
It is highly probzble that further improvements in the
theoretical results can be obtéined if some kind of

thick-walled-shell modification is made.

Various thick-shell theories or methods have bsen proposed
in the past, mostly based on the thin-walled shell theory.
Either fundemental alterations were made to the equations,
or the results were modified according to empirical re-
lations or from physical intuition. The former method
should be more religble if the theory is well based,but
here there is at present no clear consensus of opinion

on what equations are the best ones to be used.

One of these theories has been written into a pressure
vessel program for axisymmetrical shells. This is due
to the work of Friedrich at the Bettis Atomic Power
Laboratory,Fittsburgh (10-10). Thick curved shell
elements are linked up and solved by a finite-element
procedure. Among the problems analysed to check the
program was a reinforced nozzle with rounded fillet and
dorner, on which carefully executed photoelastic analysis
had been made. Five such curved elements of changing
thicknesses were used in the calculation to fit the
Junction shape. The results gave very good agreement.
The highest and the second highest peak streeses gave
differences of -6.9% and 1.7% respectively, and these

differences are of similar order of magnitude to the
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possible errors in the photoelastic analyses.

The author has applied the present thin-shell program
PVAl. to this problem using a single torus element in

the Smooth Representation. This gave differences of

7.3% and 21% to the same mentioned peak stresses, which

is a reasonable result. It is thus seen that if a thick-
shell modification is made to this program, the results
should be further improved and could be used for reasonable

prediction of nozzle stresses.

Thin shell or thin beam theories assume that the stresses
are distributed linearly across the thickness. This is
however not true for thick and curved shells or beams,

In the case of pure bending, the stresses at the concave
side are higher and that at the convex side are lower
than predicted from thin shell or thin beam theories,
This non-linear distribution can be observed in photo-
elastic teéts by taking slices at different layers across
the thickness, and this has actually been oﬁserved and
reported in connection with photoelastic tests of nozzles,
A complete elasticity solution of the problems should

also predict this phenomenon.

A quite accurate solution to the thick-curved-bean pro-
blem can be obtained by relaxing the requirement that the
sfrains and stresses vary linearly, but keeping the assump-
tion that plane sections across the beam thickness remain

*
plane after bending. The procedure for this method is

¥ See for example Chapter 16 of "Advanced Mechanics of

Materials" by Hugh Ford, Longmans,Green & Co.,Ltd.1963.
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usually attributed to E.Winkler. A beam,originally
of curvature radius bg at the middle axis and being
bent to a hew radius b, would have a bending strain
disfribution at the fibre distant z from the middle
axis, of -

¢ - b. - 2 ( b

If z/b>0, the strain would vary linearly with z ,i.e.
linearly across the thickness. In the simple beam theory
this is assumed from the start of the derivation, and
thus giving

e=(-160- _};)z
Assuming no stress in the lateral direction,'the stress

in the same longitudinal direction is thus

oc=Ee =E ( L _l') z

b, b

Shell elements have, in general, curvatures in two prin-
cipal directions. A similar modification as the above
~could be made to thick-curved-shell elements. Plane
sections of the elements normal to the th principal
directions are assumed to remain plane under loading.
Again no linearity is assummed for the stresses and
strains. Tangential displacements of the tibre along
the principal directions would vary linearly with the
perpendicular distance z from the shell mid-surface.
Rotations of this fibre perpendicular to the sectional
‘planes would thus be constant across the thickness: In
deriving strain values trom such displacements and
rotations, the thickness and z can not now be assumed
small compared with the two radii of curvature b1 and

b2 .
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A modification of this nature has been made to the elastic-
plastic version PLINTH of the thin-walled shell program.
Details of the modifications involved in the equations
are'given in Appendix C. The program integrates four
first-order diffefenfial equations along the generator

of the shell of revolution to obtain the solution. These
equations are obtained directly and without many changes
from the equilibrium equations. The other stress-strain
relations and strain;displacement relations are also used
in the program without many changes to obtain the different
working parameters, or to calculate one parameter from

the others. The modification here involves, at the basic
level, the alteration of the strain-displacement relations
to included terms that contain the ratio y/R. At Junction
of nozzles, only the meridional curvature is severe; the
circumferential curvature has the same order of magnitude
és‘the thickness, as in other thin shell'problems. Thus
5earing in mind only nozzle problems, only the terms z/b1
(bl being the meridional radius of curvature) is added.

Any other expressions and equations that require the use

of the above strain-displacement relations would also be
appropriately modified, and because of this, many additional
coefficients and terms in the program that were previously

zero have to be specifically defined.

The modified program is called the C program, C standing
for the Curved-element. No fundamental change is required,
but additional terms have been added to many equation and
expressions used in the original program. To check the
program, three problems were used. Two of the problems
contain no toroidal or spherical elements and the results

were checked against that using the unmodified program
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PLINTH. The third problem has a thick to?oidal element
with meridional curvature radius very small compared
with the circumferential radius. The result for this

can Be compared Qith a Winkler Solution tor a thick
curved cylindrical eiement. Details of the comparison
are given in the Appendix D . For the first two problems,
the elastic and the eiastic-plastic solutions agree
exactly confirming the basic accuracy of the C program
after moditication. For the third problem, the results
of the modified prograﬁ are very close(to the second
tigure) although not in exact agreementwith the analytical
Winkler Solution for cylindrical ring. The results for
this problem using the original program are however out
by a large amount, indicating the vast improvement with

the C program.

10.3 Comparison of Results

Accurate measurements of the dimensions of the two shells
are required to give correct geometrical data in the

' computer program. The thicknesses of the ¢ap and the
nozzle shells were measured with hand micrometers before
the shells were welded together, and uniform thickness
was assumed in the calculation af each of the shell walls.
The curvatures of the spherical caps were measured with
drawing-oftfice radius templates. The Thick Cap was found
té have fairly constant meridional curvatures from the
top to the base, and a single'spnerical shell element was
used for the cap in the calculation. The centre portion
of the Thin Cap was found to have a smaller meridional
radius than the rest of the'cap, and to be flatter there
then a true spherical shape. As these shells are usually

formed by hot-pressing over spherical dies, it is
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probable that the centre portion had surfered some de-
formation prior to its use in this experiment. The data
in the €alculation for this shell were thus adjusted to
be aécording to its actual shape. This results in a
toroidal shell element with a near-spherical shape being
used near the centre, and this element is joined at its
outer edge to a spherical shell element of a larger
radius of curvature. The fillet and corner radii of

the two nozzle junctions were accurately measured with
workshop radius gauge, and these values were used to
calculate the mid-wall radii of curvature of the

toroidal shell elements needed in the Smooth Representation.

Using the terminology used to describe the date for the
computer program as described in Ch.6 and more fully in
the program's manual 10-11, the nozzle shell was taken in
the calculation as one branch of the complete shell, and
the cap shell as the other. Boundary conditions in the
form of displacements or torces were requixed at the

end of each branch. A membrane state of stress was

taken at the end of the nozzle branch, with

. 5=

and ﬁ)_=d,@' -0
d 1

This signifies that no rotation exists at the edge of

the shell nof change of rotation with respect to the

shell meridian. The length of this nozzle branch was

taken sufficiently long to ensure that the resulting
stresses and strains would actually die away asymptotically
to this membrane condition. The cap b?anch was given

its actual meridional length, and terminated with a

tixed-end condition of
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u = 0,
g = 0
- u being the radial displacement. The base ring and the
weld.between it and.the shell were congsidered sufficiently

rigid.

10.3.1 Elastic Results

The elastic behaviour of the shells was first compared
before tomparisons were made to their plastic behaviour.
Altoggther three methods of representing the junctions
were tried with this bressure vessel program. The
predicted strain distributions were plotted on the same
figures as the experimental strain gauge results, these

being on #ig.9-8,8-9,9-12 and 9-13,

Around the Junction Region

The Simple Representation of the nozzle junction is

Qhere the normal shell-theory procedure for shell inter-
sections is used. Its results are show as the set of
curves labelled No.JII. In both shells the circumif'erential
strains give good agreement Qith experfment whether at

the junction or away from it. A very high meridional
strain value is however predicted at the nozzle side of

the junction, the discrepancy being very large for the

Thin Cap.

Dﬁe to Marcal (8-13), the program has also an additional
tacility to overcome,tfor this nozzle problem,thié high
predicted strain from a Simple Representation. This
procedure, also referred to in Section 8-1, assumes in
the calculation that the force transmitted between the
intersecting shells is spread ovexr a circumferential

band of finite width, rather than over the mid-shell-
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wall line. The resulting strain distribution using
this tacility, called here the 'Band Representation',
is plotted as curves No.IV in the same tigures. A
redu&tion is found in the value of the high meridional
strain at the nozzie. The peak strain value for the
Thick Cap is now lower than the experimental value ,

but that tor the Thin Cap is still very high.

In the Smooth Representation both the resultsiusing the
original version of the pressure vessel program PLINTH,
and that using the modified C program are presented.
They are plotted as the curves II and curves I res-
pectively; in many areas the two curves coincide. The
circumferential strains shown in Figs.9-9 and 9-13

again show good agreement with experiment, and actua;ly
‘improve on the slight o6ver-prediction of the other
representations at fne shell-end of the junction., The
meridional strains at the external surface of the Thin
Cap, in Kig.9-8, show very good agreement even at the
peak strain region at the fillet, this being the maximum
strain tor the whole shell, The C Program gives better
égreement tor this peak strain value. On the internal
surtace, the two programs give the same result and reduce
the previous predicted peak strain value by nearly a
half and a third. This predicted peak strain is none
the less still 2.4 times the highest strain gauge reading
at that vicinity, that of gauge No.28. This difference
can partly be accéunted‘ror by the probable chance that
this gauge might not neceséarily lie at the narrow peak
strain region, since the gauges there were not as close
together as those at the fillet region of the external

surtace. It is also probable that the theoretical
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approximation or the geometrical representation is not
sufticiently refined, or thindly that the gauge No.28
might be at tault. Fig.9-12 shows the meridional strain
distribution tor the Thick Cap. Here the prediction ot
the highest junction strain,also at the external tillet,
is not as good as that tor the Thin Cap. This strain
value is 21% lower tor the C Program and 32% lower tor
PLINTH. On the other hand agreemeﬁt is vefy good ftor
the internal surface strain values including the peak

Oone.

Awéy trom the Junction Region

We now turn to a comparison of the strain distributions
at the other parts of the shells not at the Jjunction
regions. The strains are thus not local strains. The
geometry of the Caps are such that the stresses are
expected to fall, as wé move away from the junction, to
the membrane states of stress of a cylinder or of a
sphere. Thus the parts of the shells near -the junctions
are still regions otf interest. The stresses there would
not be influenced by the detail shape of the tillet or
corner, buf are stresses caused by ‘discontinuity of the

*
shell junction.

At the nozzle the calculated strains are found in general
to lie quite close to the measured ones. The strains
very rapidly along the shell because the shell wall there
is thin, pbut all the calculated strains follow this

variation quite well. The single exception to this is

* Although stress is mentioned here, the same also
applies to strain which is what was measured and what
has been compared.
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in the Simple Representation calculation on the Thick
Cap, where the bending strain component seems to be less
than that of the others. At the spherical shell, the
strain vary less rapidly. The agreement here in general
is reasonable but not as good s that at the nozzle.

On the Thin Cap, the Smooth Répresentation calculation
gives very close predictions. The Simple and the Band
Representation calculations on the same shell give
curves that are parallel to but slightly displaced from
the measured ones, At.the cap shell of the Thick Cap

the comparison is similar in most respects.

The better strain predictions at the nozzle shell than

at the cap shell is very probably because the nozzle is
machined and thus has a true circular cylindrical shape
and a uniform thickness at all points. If this is the
cdase, this shows the sensitivity.of the strains to the
variation in the shell geometries. The slight superiority
of the Smooth Representation results, even away from the

~ junction region, deserves some comments as well, This
shows that,even disregarding the local stresses, the
stresses obtained by the normal shell-intersection
procedure,i.e., the Simple Repreéenation,can be improved
upon by a better representation of the actual Jjunction.
The probable reason is that the Simple Representation

doea not give the correct stiffhess to the Jjunction
region. The Smooth Representation,because it approximates
closer to the actual shape of the junction,give a better
prediction of notionly the local stresses,but also the

elastic stiffness of the regionm.

Equivalent Stress
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A comparison is also made ot the equivalent stress
intensity which governs the yielding of the shell
material., The same von Mises Criterion as uaed in the

caléulations is used,

o =’~\(U"_ - ---0"9'2 + Ox ) '
where 01 and O» are the principal stresses on the shell

surfaces. The third through-thickness stress 53 is

_2ero under the assumptions of the thin shell.fheory.

The stress distributions on the two Caps are plotted

in the same way as previously, and shown in Figg.1l0-2
and 10-3, To compare thié, the calculated equivalent
stress from the C Program is also plotted. The location
of the maximum stress should be where the shell first
starts to yield. This is found to be the same in both

- shells, at the nozzlé end of the external fillet radius.
It can be seen that the predicted peak stress of the
Thin Cap agrees quite closely with the measured one,

but that at the Thiék Cap is 17% too low.

A plot of the equivalent stress is useful not only
because the engineer is more accustomed to thinking in
terms of stresses, but also because it can show where
the first yielding of the shell occurs, and thirdly
because it combines the results of two curves into one

making the comparison of results an‘easier task.

Deflection

Next to be studied is the shell detlection. The computer
program can also give solutions for the axial and radial
detlections at every interval-points of each shell branch.

This information has been asked for in each of the - above
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calculations,‘in order that a comparison can be made
with the measured vertical,i.e.axial,deflection of the
nozzle junction. The two dial gauges used to measure
the latter were ftixed on to the loading table. They
were located at diametrically opposite positions of the
nozzle, and were tfound to give nearly the same readings
on-each of the two series of loadings of each Cap, sig=-
nifying the absence of any tilting deflections of the
nozzles. The delfection readings were plotted against
load, and the slope of the straight portion of each graph
is measured to give the elastic deflection of the nozzle
junctions. The measured and caglculated detlections are

listed in the table below; in thousandth inch per 1000

1b load.
Thick Cap hin Cap
Measured 1.7 2.0
" Calculated
Smooth,C Program 0.8 2.5
Simple 1.1 3.0
Band 1.1 3.2

The results of the different calculations are consistent
among themselves, in the sense that the Smooth Representation
gives the stiftest junction,while the calculations with

the Simple and Band Representations give a slightly less
stitt junction. There are differences of 36% and of

26% in deflection between the stiftest and the weakest

junction.

The measured and calculated detlections,show,in both
shells,a great discrepancy. The geometries of the caps
were however a bad one for getting a good detlection

prediction. The detlection was found to be very sensitive
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to the amount of restraint at the base of the cap shell,
as well as to the latter's height and curvature. This
was observed trom a turther number of calculatlons where
these tactors were changed. For example,rather than
having a tixed-end condition at the base of the cap
shell giving it a hign degree‘of rigidity, the end con-
dition can be assumed to be a freely supported one with
Zero meridioﬂalAbending moment and zero meridional force
at the edge,i.e.Me = 0, and F= 0.  Here the support
ofters no restraint to the cap shell. The actual support
must theretore be at a condition in between these two.

The tree-end condition increases the calculated deflection
to 1.51 thousandth inch tor the Thick Cap, and 2.86
thousandth inch tor the Thin Cap. .

A turther numerical experiment has also been tried
ehanging the shape ot the Thin Cep. Based oﬁ measurements,
the shape of the cap shell has been assuﬁed in the cal-
culations to have a spherical radius of 16.1 inches with

" the top part assumed to be flattened te a torus of radius
12.1 inches. The axact height of the shell has untor-
funately not been measured betore the test and there

is thus no way of confirming whether this assumed shape
is exact or not. AIf instead of the above shape,the
extreme shape of a single spherical shell of 12.1 inches
radius is assumed in the calculation,the axial detlection
is tound to be drastically reduced to a value of 0,78

.thousandth inch instead of 2.51 thousandth inch.

This change ot support gives only a slight alteration
to the strain distribution at and around the junction
reglon, and the conclusions drawn above from the com-—.
parison of strazins would not be affected.
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10.3.2 Zlastic-Plastic and Collapse Results

The Thin Cap

For the purpose of comparing the elastic—élastic behaviour,
only the results of the C program calculations are used.
Fig.9~11 gives the variation ggainst load of the meridional
and calculated peak strain valuss and the deflection
values for the Thin Cap. The highest experimental

strain is that of gauge No.2, which starts to deviate

from a linear relation with load at 5000 1b, and this
deviation starts to become noticeable at 6000 1b. The
corresponding curve for the calculation is labelled EM

on the same figufe, and this has a first-yield load

of 4550 1b. Their elastic-values are similar, and it

is seen that their elastic-plastic behaviour compares.
very well, with the calculated'value being slightly

lower. The peak meridional strain at the internal

éorner has a calculated value of nearly twice the
experimental value. The corresponding calculated elastic-
plastic curve, labelled IM, is much more non-linear than
the curve of the strain gauge No.28, the former bending

" down noticeably after 7000 1b while the latter only
becoming so after 11,000 1b. The calculated circum-
ferential strain has the same elastic peak value both

on the intérnal and on the external surfaces and has

also the same elastic-plastic behaviour on these two
surfaces, They are shown together as the curve labelled
C. The corresponding experimental curve is that of

gaugé No.b6. Here the elastic calculated and measured
value are nearly the same and their elastic-plastic

" behaviours are also tound to be similzr. The calculation

gives an..elastic gxiagl deflection about 25% higher than
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the experiment, and if this difference is taken into
account their elastic-plastic behaviours are found to

be similar.

The Thin Cap collapsed during test at a loading of
14,120 1bs. Since, during the test, no readings could
be obta;ned near this collapse load, their values can-
not be plotted on the graph, but it is known that all
the peak strains near the junction and the axial de-
flection did increased very rapidly with load. No
similar collapse behaviour could however be seen in
the calculation, which was carried on until é load of
18,200 1b and stopped when the computing has taken a
tull 45 minutes on the IBM 7090 computer. |

The Thick Cap.

The Thick Cap, as expected, proved to be stronger than
the Thin Cap. Fig.9-15 shows that the first sign of
non-linearity during test was at 8000 1lbs; -this
dccurred at strain gauge No.2 which gave the highest
reading. The calculation predicted a first yield at
8710 1lbs, which is higher,although it should be pointed
out that the calculation predicted a smaller elastic
peak straih. Presumably because of the difterence of
elastic strain values, the corresponding elastic-
plastic strain values, shown as the curves labelled
No.2 and ENM, differ more and more as the loading is
increased. The peak meridional strains at the internal
surtace have nearly the same elastif values from the
experiment and from the calculation. Their elastic-
plastic behaviour,shown by the curves labelled No.42

and IM, are similer in shape, ignoring tor the moment
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the region above 30,000 1bs. The calculated elastic-
plastic strain has a slightly higher value,by about

25% at a load of 18,000 lbs, The circumferential peak
strain curves are labelled C and No.l8, and here both
the elastic and plastic values coincide until the
beginning ot collapse. The deflections are difficult
to compare; the elastic values differ by a large amount

and become more so at larger loads.,

On this test of the Thick Cap, reaaings have been
obtained all the way until the maximum load of 34,200
1bs. The curves from these readings cleafly show a
large increase as the load approaches this maximum.
Again no such collapse behaviour Qan be seen iﬁ the

calculation which is carried on until 40,000 1lbs.

Discussions on Collapse

Collapse of shells of the type where circumferential
plastic hinges are formed have been predicted in the

. past using this elastic-plastic shell program, and,
although more comparisons are still neédéd, the pre-
diction of this collapse value has been reasonable
successful.' The failure here in .this respect tor bdth
shells,tempts one to believe that there may be other

influencing tactors that do not exist elsewnhere.

It is noti¢ed that the loading used here was a com—
pressive one which tended to inwardly deform the spherical
}oad-supporting shell. The stiftness of such a rlatter
detormed shell gets less, and so does its load holding
resistance. Internal pressure loading, on the other

hand would push.the shell around the nozzle outwards.

During the test on the Thin Cap, there was an axial
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detlection of 85 thousandth inch, about 3/32 inch,

betfore the deformation started to get increasingly non-
linear and finally collapsed, in the sense that no load
increase could be withstood. The corresponding detlection
tor the Thick Cap was about 60 thousandth inch, -about
1/16th inch. These detormations were sutficient to
decrease the radii of curvature ot the shells neer the
nozzle junctions,to decrease the shells' resistance
against such loading,and to contribute to an earlier
collapse than would be expected trom an idéal rigid

shell that would not change its shape according to load.

It is possible to test directly this drop in 1oad-holding
capacity of the shell. Ffor this purpose the Thin Cap

was loaded a second time. This shell had already
suftfered a permanent axial-deflection of 62 thousandth
inch after the tirst loading with a 14,120 1b maxirum.
The reloading was, as expected, reasonably linear until
about 12,500 lbs when the deformation became increasingly
non-linear. A maximum load of only 13,000 lbs was
gttained; this is a drop ot 8 per cent. In a third
loading, the straining rate ot the-loading machine cross-
head was xept constant, thus giving a constant cross-
head velocity. A continﬁous record of the load and the
det'lection was kept. OStraining and recording was main-
tained even after the maximum load was reached., The
variation of load against time,and 0t deflection against
time, are shown in Fig.10~4. The deflection-time curve

is nearly linear,as expected. A maximum load 12,900

lbs was attained at a deflection of zbout 40 thousandth
inch, after which the load dropped. At 80 thousandth

inch, the load was about 12,000 1bs; and at 160
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thousandth inch,11,000 1bs.

10.4 Conclusions

These tests were pertformed in order that the elastid—
plastic pressure vessel program nmight be compared and
checked. They also have the role of helping to develop
and try out testing techniques in preparation for a
further more ‘detailed pressure test of a specially
built model vessel described later iﬁ'Ch.ll and 12,

The tests are found to. be successfﬁl on the latter

purpose,but the concliision is mixed as to the first.

The post-yield strain gauges and the miniature foil
gauge both stood up wellAto the purposes for which

they were being used. In common with other small

strain gauges, a certain amount ot skill is necesséry
for their satisfactory operation and the casualty rate
dropped rapidly with increasing experience. The use

of the fast-action cyanoacfylateAcement,and of the
~automatic strain-gauge recorder, enables many more gauges
to be used than wouqube pg;sible tor the same man-
hours, This made it possible to have more detailed
survey of the strain distribution and a clearer picture
of the loqal stress variation through the nozzle junction

region.

Accurate measurement of the material's stress-strain
curve was important, as the célculation could only be
as accurate as the material properties with which the
program was supplied. Elastic-plastic calculations are
especially sensitive to the value §f the yield stress,
Tensile tests on small specimens were found to be the

only method suitable for thin-walled materials, and
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they seemed to give satisfactory results.

It was known that the normal shell—intersection procedure
would not give accurate local stress results at the shell
joints. Tﬁe:BandvRepresentation procedure mentioned in
Marcal and Turner(B—lB)was expected and was found to
improve on the calculated local strain or stress at the
nozzle junction., The suggested Smooth Representation,
gave ewen better improvement for the two nozzles tested,
both of them have had the corners and the fillets

ground smooth. When these methods of representation.
were compared with each other, there emerged the important
tinding that the different methods allotted different
contributions of the local region to the overall shell
stittness., This was noticed by the fact that they gave
different calculated strains away from the junction
region, and gave different shell deflections. The best
local representation was found to give the better pre-

diction for the general strain values.

The Smooth Repfesentation still cannot predict reliably
the value of the highest strain}although this strain is
very local ih nature. in a modification to the prograﬁ
ELINTH, the assumption of a linear stress variation
across the shell thickness at sharp curvature regions
was removed, This gave improvement to the predicted
value of the highest strain, but still did not seem to-
provide the tull answer. Whetﬁer this double improvemeﬁt
is considered sufticient will depend ultimately on the
requirements of the designer, since it is this that
governs how important is the absolute value of this very

local stress.
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The accuracy of the elastic-plastic strain prediction
was found to depeﬁd on that of the élastic strain —
prediction., It 1is encouraging to note that in most of
the cases where the elastic peak strains agree between
calculation and meésurement, the elastic-plastic strains
also agree or have very similar behaviour. This result
will increase the confidence in any futher use of such

an elastic-plastic strain calculation.

The calculations failed to predict two things, the

collapse behgviour and the detlection value of the

shell. If is likely that the unsuitable arrangement

of the loading can account for the former and the proximity
of the base of the cap shell can account for the latter,
Whether they can account for the whole discrepancy can- -
not of course be known until fupther tests giving

affirmative conclusions are available.
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11. PRESSURE TEST OF VESSEL: PREPARATION

11.1 Introduction

Elastic analysis of torispherical pressure-vessel heads
is in general possible and is increasingly becoming
familiar to designers. The reason for this is the
advance in the development and solution of thin-walled
shell theories, and the introduction of the digital
computer, These vessel heads have also been successfully
analysed with the method of limit analysis making it
possible to find the plastic collapse pressure,assuming
the heads-fail under severe plastic bending. ¥lastic-
plastic analysis can, however, give an understanding

of how the heads behave in the intermediate stages. It

can also serve other useful purposes.

It,can,for example,provide a complete picture of the
stresses and deflections,which the limit analysis cannot.
The numerical method can élso be programmed on the
computer to accept work-hardening stress-strain pro-
perties not possible with limit analysis; this is
important tor materials like stainless steel and aluminium.
The usefulness of this analysis actually extenas beyong
the design against vessel failures under steady loading,
for example, during hydrostafic test. The important
future application of this analysis lies in the deéign
against repeated loading that has very often been ignored

in the past.

A torispherical head has a shape that is easier to be
accurately stress analysed by a shell analysis program,
than a vessel with a cylindrical nozzle. This is because

the tormer does not have local geometrical details that
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are at the same time stress raisers. The stress con-
centrations that exist on a head are due to overall
change in shape from one bart of the head to anothér.
Good accuracy has already been shown possible tor the
elastic stress analysis of such heads by computer
programs using thin-walled shell theory,the analysis
and the expeqted'accuracy must of course be within the
limitations of the theory and the numerical process.
The torispherical head is thus a betfer shell component
to be used tor checkiﬂg the accuracy of an elastic-
plastic analysis. There should, in this case,be less
uncertainty about the cause ot any inaccuracy, than in

the case of symmetrical nozzles.

To get an elastic-plastic calculafion, a knowledge of

the material's stress-strain curve beyong yield is
required., Mild sfeel, the commonpressure #egsel material
which was also used in the nozzle tests in Ch.9 and 10,
has during a tensile test,unfortunafely, an uhstable
region atter the first yielding. This behaviour cannot
be approximated in detail in the calculation and has

thus been neglected in the nozzle calculation, A material
without this instability would bé more suitable. For
this reason, stainless steel is used in the present

vessel test,

11.2 Vessel Design

Torispherical heads can be tested and stress analysed

in the laboratory in two arrangements. One can either

use a single head which is closed by a thick tlange (as
. . A4 4 Al 7

used, for example, in Ref.}=t—and Xt=2), or use two

heads forming a complete vessel with possibly a side
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§—r2 _
opening for access ( as used in Ref.+3=3). The latter

arrangement was used in this test.

A 24 in. diameter stainless steel vessel, Fig.ll-1, was
built under normal manutacturing standards to a design
pressure of 360 lb/in2 * and according to 3S 1500,class
1. Two torispherical dished ends with the same nominal
dimensions were used as heads, one of which had a
centrally attached unreinforced nozzle 3.642 irn. bore
and 4 in. thick, for stress analysis purposes. For
access to the vessel interior, a 10 in. nominal bore,
pa?éeinforced opening was made at the side. The former
test nozzle, FPig.l1l-2, had the same thickness and
junction arrangement as tﬁe mild-steel nozzles that were
tested. For identification, the dished end without

nogzle is called A, and the other dished end called B.

The steel was austentic 18/8 chromium=nick2l-steel
stabilised by the addition of titanium. The plates
making up the body and heads, made according to ICI
specifications MIS3H class 'A' (19%8) (18/8/Ti), had

the following chemical composition:-

Carbon 0.15% max.
Chromium - 17.5% min,
Nickel 7.5% min,
Titanium C x 4 min. and 1% max.
Silicon . - 1.2% max.
Manganese ’ - 2% max.
Sulphur 0.05% max.
_Phosphorus 0.05% max.

All pressure readings in connection with these wvessel
tests are gauge pressures.
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These plates were supplied in the fully gnnealed con-
dition, being cooled or quenched from a temperature of

950/1150° ¢,

During vessel fabrication a certain amount of work-
hardening was expécted because of the forming and welding
operations. This change of properties might vary at
dirferent pafts of the vessel. The mathematical assumption
of uniform matérial property, including the stress-strain
curve, would thus be inexact. The vessel was thus given

an annealing stress-reliet at a temperature ot 900° c,

this being after an hydraulic test to bhly tﬁe design
pressuré of 360 lb/inz. |

11.3 Measurements

The stress-strain curves of the vessel steels were also-
determined by obtaining the instantaneous tensile load-
deflection curve on the Instron universal testing machine.
The test pieces were machined from three test plates,one
being a piece from the same pipe making up the end nozzle,
the second being trom the same plate making up the vessel
body, and the third being trom this same plate but which
has,in addition,been roll-tormed to a cylindrical shape
of the same diameter as the vessel. No plane-strain

compression tests were made.

The vessel dimensions were measured after being received
from the manutacturer. The diameter, of the vessel body
was measured with a pair of hand-held calipers for
fabrication tolerances. Only the vertical and the
horizontal diameters were taken.. The average outside
diameter was found to be 23.84 in. with the maximum and

minimum readings being + 0.75% and - 0.8% respectively
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of this walue. The maximum difference for any one cross-
section was 1.4%. Since according to BS 1500, the
maximum out-of-roundness for any one cross-section forra
24 in.vessel must not be greater than 1.0%, it can be
seen that the vessel shell was not an accurately

fabricated cylinder.

The shell thickness is an important data for the cal-
culation, pbut it could not be known for sure that the
dished ends,after the hot-pressing and edge-rolling
operations, would keep to the nominal thickness accurately.
For tnis reason,a Survey was taken of the.thickness with
ultrasonics. An ultrasonic flaw-detector,which could
double as a measuring instrument for the thickness of
metallic plates,was used. The cloéed dished end A was
found to have an average thickness of 0.3%22 in.with
maximum diftences of + 3.4% and - 2.2%. The other dished
end B with the nozzle, had corresponding values of

0.323 in, + 2.5% and - 4.3%. The vessel body had an
average thickness of 0.331 in. and better tolerance.

The nominal thickness for all three is 5/16 in.(0.313 in.)

The shape of the dished ends governs their stress dis-
tributions and it was important that they should be
measured accurately. A precision plate camera was used
to obtain, at distances between six and eight feet,
silhouette photographs of the two ends. The images were
enlarged to full sixe. Bes?éit torispherical shapes
were then constructed Ioilowing these profiles, and used

as geometrical data for calculations.

1l.4 Strain And Detrlection Gauging

Strain Gauging
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The same strain gauge tecnniqﬁe was used. VWith a few
.exceptioﬁs, Smm, post-yield strain gauges of the wire
type with epoxy backing were used tor the high strain
regions, and Smm, 90° overlapping rosette gauges were
used in other regions. Three LOmm gauges were used to-
measure the circumferential strains around the vessel

body.

The Junction of the test nozzle had smooth radii lett
at both the tillet and the corner, and the strain there

was also measured by 2mm toil gauges.

The rapid setting adhesive,cyanocacrylate, was used on

all gauges.

r

The gauges inside the vessel did not require carerul
water-proofing since the pressurising lLiquid was to be
‘hydraulic oil with sutrticiently good insulating pro-
perties. Preliminary tests had also shown that, over
a reasonable period of time, the gauge and the adnhesive
were not damaged nor attacked by the oil. Nevertheless,
a coating of epoxXy resin was applied over these gauges
and around the end ot the Lead wires where they -joined
the gauges. These lead wires were led through the
cover rlahge ot the 10 in. side-opening with the nelp

’ *

of two sealing glands,specially made by the Conax Corp.

for such purposes.

The same arrangement for recording the strain readings
was used. The Solatron multi-channel automatic strain-

recorder was used to scan,display and record the strain

. .
Conax Corporation, 2300 VWalden Ave., Buffalo, New York.
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at each gauge. This recorder had,since the nozzle tests,
been enlarged to take 100 channels; it was otherwise the
same. No special set of gauges was prepared-as dummy,
‘but instead the gauges'already on one of the mild-steel
shells tested above were used for this purpose. Mild
steel may have different temperature coefficient of
expansion to stainless steel. The readings many thus
'.be-ﬁrone to slight drifting when the temperature changes.
Additional precautions were thus necessary during test,
firstly to have a loné warm=up period before every test,
and'secondly to ensure that the room temperature remined
constant. The first was kept during the tests and the
second was found to be true as mentioned later. Nearly
all the strain gauges were positioned on the same

vessel mefidian,which Qas on the hoéizontal plane at
right angles to the plane containing the centre of the
side opening. Their loattions are givén in Fig.11-3,
Four gauges are not shown in this figure, they are at
meridians 90° and 180° away in order to check the sym-

metry of the arrangement.

Gauges were placed nearer together at three main areas

of interest. One of these was tﬁe junction of the test
nozzle, and the other two were the knuckles of the two
dished ends. " Otherwise, the dual restrictions of finance
and of number of gauge channels, required that an economy
of gauges had to be made to obtain the stress picture

of the whole vessel. The selection.of.gauge locations
was based on theoretical elastic analysis, presumed
correct, and judgement was made such that the important
strain peaks would be recorded, and that the strain

distributions at the areas of interest would be obéerved
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in detail.

Detlection Gauging

Fig.11-4 shows the twelve displacement dial gauges
positioned around the vessel to detect the vessel wall
deflection. The easiest way to observe the collapse,
if any, of a vessel is through its deformation. These
dial gauges were in the same horizontal plane as that
o1 the strain gauges,and were attached to a rigid frame
built around the vessel and supported independently of
it. Their readings should also serve to check the

theoretical deflection results.

Preliminary Tests

After the usual visual and physical inspection of the
strain gauges and balancing of all the Wheatstone bridge
~circuits, the vessel was first subjected to a pneumatic
test under low pressure from the shop-air supply. The
plan was to check the linearity of the strain-gauge
response under elastic straining of the vessel. Un-
fortunately this was not successful, and because of
this, the internal gauges and their bond could not be
strain checked prior to their being immersed under oil,

after which no replacements would be possible.

The vessel was then filled with oil, bled as far as
possible of all air bubbles, and then pressurised.
Pressure of less than 160 1b/in2 was kept throughout
these preliminary tests. Both the internalnand the
external gauges were checked for their linearity of
response, Three of the external gauges were found to
be unsatistactory. They were subsequently replaced,:

checked,and found to be satisfactory. Five of the
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sixteen internal gauges were fouhd to be sufficiently
non-linear to have to be rejected,and from then on,
only the remaining eleven internal gauges were used

for measurements.

11.5 O0il Circuit

A common hydraulic oil was used for the test. The oil
pressure was measured with pressure gauges of the
Bourdon-tube type. Two gauges were used, according to
the pressure in use, one with a face 12 inch diameter
measuring up to 1000 1b/in® gauge in 10 1b/in° divisions,
the other with a face 6 inch diameter measuring up to
1500 1b/in2 in 50 lb/in2 divisions. Both gauges had

been dead-weight calibrated before putting in iyse.

A-diagram of the complete oil circuit is shown in Fig.
11-5. The pump consists of two Madan airhydro pumps

in series, capable of working to aApressure of 2400 lb/in2
and of maintaining reasonably constant pressure within

the range 60 1b/in2 to 2400 lb/inz. Normal shop-air
supply could be and was used for working the pumps. A
plunger in the pumps acts both as a pressure intensifier
and as the pumping piston. Since fhe air pressure can

be regulated and kept constant within fine limits by

a regulating value, the o0il pressure can be maintained
constant for long periods, even with slow leakage from

the pressuré circuit. No circulating of o0il is involved
in this process. Rotary pumps, on the other hand,
normally circulates the liquid continuously during periods
of constant pressure, and may thus raise the liquid

temperature, making this a grave disadvantage in the

present application where the strain gauge measurements
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demand both a long holding time and a constant oil

temperature.

The volume of o0il required for raising the pressure can
be measured on a b. ft. long measuring tube, 3 inch bore.
This actually measured the volume of oil supplied to

the pump. However, with all the air inside the pressure
part of the oil circuit removed as far as possible,the
volume of o0il required for elastic deformation of the
vessel was found to be sufticiently small so that the
glastic-plaétic véssél-deformation‘should be detected
easily on the pressure-volume curve. This measuring
arrangement can only measure the pumpiné volume. During
unloading of the vessel, the o0il was slowly released
from the shut-otft wvalue at the exit, and no oil mea-

surement of this could be made.
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12. PREZSSURE TEST CI' VASSEL - TEST AND COMFARISON

12.1 Elastic Test

During the initial setting up, calibration,and trial

of the strain gauges and circuit, the pressure in the
vessel had been kept not higher than 160 lb/in2 so that
no plastic straining of the test regions might occur.
Elastic strain values were obtained by taking the vessel
to 160 1b/in2 and back to zero, and recording the strain
reading at each 20 lb/in2. The readings from each
individual gauge were plotted against pressure, and

the slope of the straight line portion of each plot was
interpreted as the elastic strain. 46 gauges were con-
sidered satisfactory and used at the subsequent elastic-

plastic tests..

Figs.12-1 to 12-4 show the strain distribution with the
strain values plotted.against the meridional distance
along the vessel wall. The highest strain concentration
occurred at the nozzle junction where the gradient of

the local strain was very high. The highest strain value
was at the meridional gauge No.7 at the middle of the
external fillet radius. Another strain concentration
occurred, as expected, at the knuckle of the torispherical
heads. The highest strain here was the meridional one

on the inside surface, where the pressure load caused

a high tensile strain. Gauges Nos.12,13,14 and Nos.Z23,
24,25 were grouped each at the same meridional location
but were on different circumferential positions from the
others in the group. The results showed that there was

reasonable symmetry of the vessel.

12,2 Elastic Caglculations
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The heads were then each analysed elastically using the
pressure vessel programs. Young's Modulus was taken

6 1b/in2 and Poisson's ratio 0.3. The shape

as 30 x 10
of the heads were measured from the profiles obtained

~ by photographic technique mentioned in Section 11.3.

The nearest torispherical shapes were used in the cal-
culation. Following the procedure used for the axial
load tests,the nozzle junction was represented in the
calculation by a small toroidal element to fit the actual
machined radii. For the same reason that the curvature
fhere was not large compared with the wall thickness,

the modified version of'PLINTH,Program C, was used,which

took into account the non-linear nature of the stress

across the shell-wall at such regions.

The closed end A of the vessel was analysed with the
normal version PLINTH since the problem of small curvature
radius did not arise here. The resulting distribution |
of strain are plotted in the same Figs. 12=1 and 12-2 as
.the measured strain values. The calculated peak strains
are in general higher than the few measured strain values
near thesé locations., The one exception is at the centre
of the crown where the two measured strain values,both

at the outside surtface, are higher.* In general,however,

there is reasonable agreement between the results,con-

¥ There is an inherent fault with the programs thtthey
may loose accuracy when the shell closed in on itself,
which means that the shell meridians meet at the axis of
rotation. This is believed to be because the numerical
process used cannot give accurate solution at very small
values of r - the radius vector from the shell axis,
because the difterential equations become singular. For-
tunately it was noticed, from experience with the programs,
that this loss of accuracy would affect only the results
at a narrow region near the shell axis, and the overall
results were not affected. In plotting the calculated
strains, this narrow region was thus neglected.
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sidering that both the location of the strain gauges
and the shape of the head cannot be measured with suf-

tficient accuracy.

The yessel head B with the test nozzle was analysed
with Program C and shown also on Figs.1l2-1 to 12-4.
There are two regions of stress concentration,the

knuckle and the nozzle junction. At and éround the
knuckle, the picture is a similar one to the other

knuckle mentioned above,with the calculated strain values

also larger than the measured ones, although the agreement

here is relatively better. At and around the nozzle
junction, there is good agreement in general,with perhaps
one exception, and- an important one, which is at the
highest measured strain reading at gauge No.7 which
measured the meridional strain at the external fillet
radius. Here the calculated stfain is lower,being only
60 per cent of the measured value. It should now bé
recollected that at the axial test comparison, the
‘Winkler modification to the program was made in order
to improve the correlation of this particular strain
value at the external fillet radius, and an improvement
was found,although not aufficienfly to give a good
agreement. It is seen here that again good agreement

cannot be obtained in the present pressure test,

Stress concentration facfors of the knuckle and the
nozzle junction are calculated taking the theoretical
membrane stress at the vessel body as unity. The factors
are expressed eitﬁer'as ratios of the direct stresses

or of the equivalent stresses, the equivalent stresses
being based on the von Mises yield criterion. They are

listed below,
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Knuckle Nozzle Jjunction

Direct stress concentration factor

Measured . 1.56 3.80

Calculated 1.72 3.11
Equivalent stress concentration factor

Measured 2.02 4.15

Calculated 2.26 3,52

The maximum stress at the knuckle was a meridional one
at the internal surface near the centre of the knuckle.
These factors at the knuckle are based on the results

of the closed end of_ the vessel. At the nozzle junction,
the maximum stress was also meridional but near the

centre of the external fillet radius.

12.3 Elastic-Plastic Test

To 400 1b/in® -

The first post-elastic loading of the vessel was to a
pressure of 400 1b/in2,which is slightly above the design
pressure of 360 1b/in2. Loading was increased at 50 lb/in2
intervals, and during each interval,readings were taken

in the following order:-

1. Autométic scan of the strain gauge readings.

2. Reading of the 12 dial gauges.

3. Reading of the o0il level in the volume tube.

4. Second scan of the strain gauges.
Normally, the time necessary for raising the pressure
and taking the readings was 5 to 10 minutes. Temperature
readings of the surrounding air was also recorded using
a mercury thermometer at every other pressure increment.
In general the temperature was found to remain substantially
constant during each~ha1f—day pefiod of testing,varying

by less than one or two degree C.
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The pressure was then reduced in steps back to zero,by
a gradual release of the oil. No volume measurements

were possible during such pressure reduction, although
the other readings were still taken. At zero pressure
most of the strain and deflection redadings returned to

zZero.

To 870 1b/in°

The next and subsequent reloading wefe made without read-
justing the dial gauges or rebalancing the strain-gauge
bridges. Pressure was raised, again in 50 1b/in2 in-
crements, to 700 1b/in2. At this pressure,the highest
étrain reading,at gauge No.7, was 0.6%. This reading

and a number of other high strain readings had already
éhown a high degfee of non-linearity with load. There-
after,smaller pressure increments were made until loading

stopped at 870 1b/in2.

Throughouf this loading,the pressure had always been
kept steady of increasing. Only once did the pressure
drop, at 800 1b/in2, when,due to flange leakage at the
side opening,the pressure dropped back t6 750 1b/in2
before the leakage was remedied by tightening of the
holding bolts. Figs.l2-5 and 12-6 show two typical
readings, at the nozzle junction, one detlection and
one strain reading,plotted against pressure, It can be
seen that the load reduction causes little, if any, |

deviation to the normal trend of the curves.

At 870 lb/in2 the pressure was then redﬁced in steps to
zero as before, This is followed by reloading to only
870 1b/in2, with readings being taken all the time at

selected intervals. This cycle of unloading and loading

.....
A
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to 870 1b/in2 was made altogether seven $imes. The
effect of this is also shown on Figs.12-5 and 12-6.
The strain and deformation increased progressively by
small amounts during each cycle, but the amount of
increment decreaséd steadily, and at the seventh cycle
1became?‘very'small and fell within the accuracy of
measurement. Typical values of deflection and maximum
strain,after each cycle, at zero pressure, are shown

in Table 12-1a.

In each case, the increment between the 6th and 7th cycles
was about, or 1ess than, l-per cent of the actual wvalue,
Since the nozzle and the dished-end knuckle had the most
severe deformatiqn in the vessel, it is expected that»
other parts.of the vessel suffer less incremental de-
formation. During each cycle a narrow loop can be
observed on the load-strain or load-deflection curves,
similar in shape to the hysteresis loop of & stress-
strain curve of a metal. The loops did not in general
narrow down and disappear when the incremental deformation
was gradually reduced to zero. Table 12-1la also shows

the loop width of representative strain.

To 1070 1b/in°

The next increase of maximum pressure was to 1070 1b/in2.

During this inceease,slow leaking occurred again at the
gasket of the side opening,and was remedied in the same
way. The further increase in volume of the vessel can
be seen in Fig.12-7 where the volume of o0il added to

the gessel is plotted against pressure.

Another seven cycles of the pressure were made between

zero and this maximum pressure of 1070 lb/inz. The



Table 12 - la. Change in Strain and Deflection Readings at Zero Pressure after
Pressure Cycling.
Cycles of 0-870 1b/in?

Cycle No. 1 2 3 L 5 6 7
Guage 38, head A max. strain (%) 0.214 0.232 0.241 0.248 0.252 0.255 0.257
{hysteresis loop width/range ) (%) 8.3 5.9 5.3 NA* NA NA
Guage 44, head B max. strain (% 0.234 0,248 0.257 0.263 0.267 0.268 0.270
Ilead A deflection (thou.) 46 L8 50 51.- 52 52 53
Head B deflection at opening (thou.) 156 164 168 172 173 174 175
Table 12 - 1b. ' Cycles of 0-1,070 1b/in?
Cycle No. 1 2 3 L 5 6 7
Guage 38 (%) 0.648 . 0.688 0.709 0.724 0.733 0.743  0.752
Guage 44 (%) : 0.645 0,677 0.695 0.708 0.714 0.722 0.728
Head A deflection (thou.) 100 107 109 111 111 112 114
Head B deflection at opening (thou.) 350 368 375 382 386 389 394

*¥Not available

- Y89 ~
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increment of the same strains and deformations can be

~

seen from Table 12-16.

The increments dropped to 1-2 per cent of the actual

values.

Final Increase to 1165 1b/in?

The next and last load increment brought the pressure

to 1165 lb/in2 which is 3.2 times the design pressure

'of 360 1b/in2. At this maximum pressure the total axial
movement of the test nozzle was more than 1/2 inch relative
to mid-vessel, and a fegioyéf the nozzle within 1/2 inch
of the junction had clearly bulged outwards such that

this region was no longer cylindrical but conical in

shape. The_expefiment was thus stopped, since it had

not been the intention to fail the vessel but only to

observe its elastic-plastic behaviour until collapse.

Final Results

Typical variations of strain and defleftion with pressure
over the total range, O to 1165 lb/ina, are shown on
Figs.12-8 to 12-15. Detailed explanation and discussion
of these curves are given later in connection with com-

parisons with thew-calculated results.

The experimental readings of two representatives strain
gauges No.28 and No.24, are plotted in greater details
than the others in Figs.1l2-8 and 12-16 respectively,

one shows the behaviour of the dished-end and the other
that of the vessel body. Onf each graph the three loading
curves were drawn separately, and gaps exist where the
strain values were increased under load cycling. Both

of them ghow that the unloading and the cycling appear:.
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to make no difference to the overall plastic behaviour
of these strain values. This behaviour was found to

be the same for the other strain and deflection readings
plotted in these and other figures. TFor this reason,
only the envelope to the curves were plotted for all

the other readings. Also, in the subsequent discussions,
the vessel will be treated as being loaded under a
monotonicallj increasing pressure,with the uhloading

parts neglected.

These plastic load:- strain curves are identified by
labelling them with strain gauge numbers which are

shown both in Fig.ll-3,which gives the physical location
of these gauges, and in Figs.lZ—l to 12-4,which give

fhe elastic strain distribution. Readings for strain‘
gauges No.7 and 6 came adrift before the end of the

test due to peeling off of the gauge backings. 1In
general, each curve, of either strain or deflection
reading,shows first a deviation from linearity, followed
at higher pressures by an increasing change of slope,
which then slows down giving a more or less constant
slope. The pressures where these changes occur wvary

for different gauges, and probably also vary according

to the elastié wvalues.

12.4 Elastic—-Plastic Calculations

The comparison of these experimental results with the
elastic-plastic calculations is one of the main interest
~of this study. To do these calculations the stress-strain
curves of the shell material are required as data.
Similar- to the procedure used in the calculation of the

stainless steel APV vessel,two second-order algebraic
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polynomials were approximated to the measured stress- .

strain curves,one belonging to that of the 5/16 in.

steel plate used for the vessel heads and the body, and

the other to that of the steel pipe used for the end

nozzle. The former curve is shown on Fig.12-16,where

the polynomial equation is

T = 3.34996 x 10% + 1.33691 x 10°55 - 1.81592 x 1075% 2 1v/in?
The latter curve is shown on Fig.1l2-17,where the

polynomial equation is,

0 =3.92603 x 10% + 1.23774 x 1065 -1.63857 x 1076% 2 1b/in?

These curves are great improvements over the approximation

of perfect plasticity. Their proof stresses can be

compared below. -
0.2% proof 1% proof
Measured 39,170 1b/in? | 47,100 1b/in?
Vessel Steel o o
Equation 37,000 1b/in“ | 45,000 1b/in
Measured 45,000 1b/in® | 51,800 1b/in®
Nozzel Steel
Equation 41,700 1b/in° | 50,000 1b/in®
The same Young's Modulus of 30 x.106 1b/in2, and

Poisson's ratio of 0.3, were used as in the elastic

calculations.

The calculation of the closed dished-end A predicted a

first (local) yield at 464 lb/in2, occurring at the

inner surface of the knuckle near its centre. Thereatter

the calculation was repeated at load increments of 100 lb/in2
and subsequently at 50 lb/in2 increment. The final cal-
culation was at 964 lb/in2 when the deformation became

very large. The total computing time was 30 minutes

on the IBM 7094.

The calculation on the nozzle-end B of the vessel,using
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the modified version of the program and the appropriate
stress-strain curves for the two parts of the shell,
predicted a first yield at 368 lb/in2 at the external
surtace on the fillet radius of the nozzle. There-

after loading was increased at 0.2 of this yield pressure

until 809 1b/in®. This computing also took 30 minutes.

The calculated results were plotted against pressure

on the same graphs as the experimental results in Figs.
12-8 to 12-16. Each calculated curve is paired with the
measured curve obtained from a strain gauge or a dial
gaﬁge,the former curvey, being the curve of the corres-

ponding values at the location of the gauges.

12.5 Discussion on Strain and Displacement

For the stress concentration area near the knuckles,
fhere is-generally good agreement between calculatédn
and measured stréin values. IMig.1l2-8 and 12-9 show the
strains around the knuckle ot the closed dished-end A.
The calculated strains at all gauge loecations agree
very well at the initial elastic-plastic stage until
about 800 1b/in, which is 1.7 times the theoretical
first yield._ This is true even for gauges 38 and 33
where the elastic agreement is not close., After 8OO lb/in2
the theory predicted a higher strain. When expressed
as strain difference, this is appreciable; but because
of the flatness of most of the curves, the pressure
difference for the same strain appears less formidable,
say 15 per cent differente &t1l tpertcent~étrdin for the
point of maximum strain (gauge 38). It is difficult

to interpret the meaning of this‘difference because

firstly, at such large straining the stiffening of the
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actuzl vessel due to geometry change would become
noticable, and secondly, the difference in the elastic--
values ( for all peak strains in ¥ig.1l2-8 and 12-9, the
theory gives higher values ) is magnified increasingly
at large plastic strains. Both these effects tend to
make the calculation over-estimate the strain values,
bt the contribution of each cannot be conveniently

determined.

The strains at the knuckle of the other dished-end B
are shown in Fig.12-10 and 12-11. The elastic agreement
is not as good as the above dished-end, and neither is

the agreement of the elastic-plastic strain.

The strains at the nozzle junction of this dished-end
are given in Fig.12-12 and 12-13. At gauge locations
6,42 and 43, good elastic agfeement is found. The cor-
responding elastic-plastic strains agree closely until
about 560 1b/in® (1.5 times first yield), after which

the predicted strains become larger than that measured.

The strains at lower stress regions of the vessel -~ the
barrel, and the centre of the closed end - did not agree
as closely with the predicted values as those already
described at the knuckle regions. At the centre of the
dished-end A, Fig,12-15, gauges 35 and 36 showed some
non-linearity as low as 400 lb/in% and by 700 lb/in2
non-linearity was very well developed, whereas the pre-
dicted strains were linear until 950 1b/in2. A similar
discrepancy was shown by the circumferential strain at

the barrel (Fig.12-15) where the measured strain showed
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*
2 upwards , while the

non-linearity from 500 1b/in
calculated stréin remained linear until a much higher
pressure of 950 lb/in2. These discrepancies can be
partly accounted for by the stress-strain approximation
which has a 30 per cent higher proportional limit. This
difrerence of proportional limit would not by itselt
affect noticeably the solution at a bending region ot

shell, but tend to show up in the sbove regions which

have little bending component of stresses.

The predicted displacements of the heads relative to
mid-vessel (Fig.1l2-14) shows: quite good agreement,
although they also go non-linear at a higher pressure

than that observed.

In order to observe the etftect of different stress-
strain behaviour, and for another reason connected with
collapse load described below, a calculation was repeated
for head A but with a non-hardening material. A yield
stress of 34,900 lb/in2 was used, obtained from the
experimental curves by the same 'tangent' method to

find the collapse load mentioned both below and in
Section 8.4 above. This value also happens to be
approximately the 0.1 per cent proof-stress. The
solution for any other yield stress wvalues should vary
proportionately. The resulting behaviour is also plotted
in Figs.1l2-8,12-9 and 12-14 with first yield occurring

at 482 lb/inz. The top parts of the curves are flatter

*

This is actually shown on two of the three circumferential
strain gauges. The third one remained linear throughout
the test because it happened to rest on weld material
which presumably has a much higher yield point.
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as expected, and the ‘transitiorng from the elastic

lines are slighly sharper.

12.6 Discussion On Collapse Load

The vessel steel has a high degree of strain hardening
and it can be séen from the vessel behaviour that col-
- lapse cannot be clearly defined. Two different methods
were used previously in Seétion 8.4 to define collapse,
the first being the intersection point of the elastic
line and a tangent to the strain or deformation curve
and the second being fhe load where a maximum strain
of 0.5 per cent occurs at the outside surface of the

vessel head or nozzle.

Table 12-2 compares the collapse pressure thus obtained
from the two vessel heads and from the end nozzle. The
first yield pressure is 2lso cited for reference. The
tangent method for collapse gives different values
according to the curves used. As far as possible, three
curves are used, namely that for the maximum meridional
and the maximum circumferential strains, and that for
the axial deformation. The limit pressure,also quoted
at the bottom, assumes perfectly-piastic materials.

The results are according to the theory by Shield and
Drucker for the head A and according to the theory by
Gill for the'nozzle. In the latter cése, only the

lower bound is available and the two values quoted for
this, at the bottom of the last column are based on

the first yield stresses of the theoretical approximation
to the two stress-strain curves, one for the vessel steel

and the other for the end-nozzle steel.



Comparisons Of Collapse Pressure (lb/inzﬂ As Measured And As Predicted By Different Methods

Vessel lead A Vessel head B End Nozzle
(with nozzle '
opening )
Test Results
First (local) yield pressure 360 320 340
Collapse pressure by
~ (a) 810 725 610
Method 1 (tangent) (b) 850 780 610
(e) 820 640 640
Method 2 (0.5% strain) about 1210 920 660
Elastic-plastic Calculation (d) (e) (4) (f) 1
First yield pressure 464 482 515 368 L
‘ o
Collapse pressure by ‘
, (a) 810 816 NA 560
Method 1 (tangent) (b) 840 865 NA 590
(e) 880 890 660 640
Method 2 (0.5% strain) about 980 920 NA 660
Limit Analysis .
pper Boun NA N
U Bound éé%» 1
Lower Bound 765 NA 613-718
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e+«+ Continued from Table 4

Note:NA ~ Not available
(a) - From max.merid.strain curve
(b) - From max.circ.strain curve
(c) ~ From head deflection curve
(d)  ~ Based on titted (0.2%) stress-strain curve

(e) - Based on non-hardening yield stress
| of 34,900 1b/in°
(£) - Based on non-hardening yield stress

of 40,200 1b/in°

The heads of thg present vessel are nominally identical
and as shown above give similar elastic strains at the
knuckles., Table 12-2 shows,hoWwever,that their plastic
collapse behaviours are different, the weaker head
being head B with the opening. It is noted here that

the nozzle is not reinforced.

The vessel head A, with no opening,gives good agreement
for collapse loads derived by the tangent method as
between the test results and the calculation,using the
fitted stress-strain curve(column (d),Table 12-2).
Similar agreement is also found for the calculation
using a perfectly-plastic stress-strain curve based on
a yield of 34,900 1b/in° ( column (e),Table 12-2). In
both cases the collapse load based on the czslculated
deflection curve is higher than that observed. The
1imit load using a yield of 34,900 1b/in° agrees well
with the above collapse loads.

At 0.5 per cent maximum outside strain, a large amount
of work-hardening has already occurred, and calculation

(e) based on a perfectly-plastic property is expected
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to give a low prediction. This is found to be true.
It is found that calculation (d) also predicts a lower
load of about 980 lb/inz, compared with the load of
about 1,210 lb/in2 observed from the test where the
change of shape of the vessel head may strengthen it

substantially.

The presence ofan:end-noézle on vessel head B hade it

faii by collapse at lower locads. The collapse based

on the calculated deflection compares well with observation.
No other comparison is possible because the calculafion

did not go to a high: enough load for this purpose.

No 1limit load can be obtained because the theory can-

not conveniently account for weakening caused by an

end nozzle.

The collapse loads of the end nozzle obtained by the
same procedures give faif agreement betweem calculation
and observation. Worth noticing is the agreemént of -
the 0.5 per cent strain collapse values. At this low
pressure the change of geometry is small and its effect

is probably negligible.

12.7 Conclusions

In the last few chapters,we have seen howvthe pressure
vessel programs were checked in various ways for their
accuracy. The elastic program was found to be free from
basic errors and its solution could give accuracy to
three or four significant figures from the thin-walled
shell theory. The two preliminary comparisons with the
published plastic tests by Stoddart and by Kemper of
pressure vessel heads gave,first and foremost,more

understanding of the different behaviours of mild steel
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heads and stainless steel heads. The large amount of
strain-hardening of stainless steels allow such vessels
to withstand higher pressure after an initial yielding.

The actual comparisons gave mixed results.

Great care was taken in the preparation and conduction
or the present stainless-steel vessel test. The care
taken appeared to be well rewarded. The strain gauging
of the vessel interior wen%t:withdut much trouble despite
the. few rejected gauges. The use 6f hydraulic oil for
applying the pressure,ajrhydro pump for maintaining
constant pressure, and the specially made Conax sealing
gland for the strain gauge lead wires,made the pre-

paration and testing an easier task.

During the test,the vessel was unloaded and given
repeated loading cycles, both action being common in

the 1life of pressure vessels including those in boiler,
chemical and nuclear reactor plants. These actions were
found to interrupt, but not to affect, the general trend
of the increasing elastic-plastic strains or deflections
of the vessel. It can be seen more clzsarly here that
the large amount of strain-hardening of the steel caused
the vessel to show a slow transition into rapid straining,
thus giving slightly more warning than other vessels

of the on-coming collapse. Even after this transition,
there was a reserve of strength since the increasing
hardening of the material caused the load resistance

to increase with increasing straining.

The ‘calculated elastic results compared well with
experiment. At the dished ends the calculated peak

strains were in general slightly higher. At the nozzle



- 180 -

junction,where there was a severe stress concentration,
there was good agreement,except unfortunately the
largest measured strain value where the corresponding
calculated value was very much lower. With small
amount of plastic étraining, it is seen that the cal-
culation predicted the behaviour with fair accuracy.
Agreement is less satisfactory at larger strain, where
geometry change from large deformation undoubtedly
influences the behaviour,although this gives lower
predicted loads and thus conservative estimates for

vessel heads and nozzles under internal pressure.

There is no sharply defined .collapse load for this

vessel, both because of the high degree of strain-
handening and because of the relatively large kunckle
radius (16% for dished-end A and 18% for dished-end

B). The previously suggested procedure to define the

start of collapse by drawing tangents to the load-

strain or load-deflection curves is found to work well pyysi
good agreement,although in most applications the method

may not be convenient.to usge,
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15. OTHER GENERAL DISCUSSIONS

15.1 Pressure Vessel Programs

Theoretical Basis of Programs

" The shell equations used in the programs are from small
deformation,thin-walled shell theory. This gives a
limitation to the possible accuracy from the programs.
However there is a wide range of medium thick vessels,
say, of thickness to diameter ratio from 1:10 to 1:100,
depending on the vessel geometry and on the application,
where the elastic—pléétic program is of great use. The
programs can of course analyse thinner vessels than
the above,althoﬁgh the change of actual geometry under
load may in this case give noticeable change to the
stress distribution, throwing doubts on the results at
large amount of deformation. (On even thinner vessels,
the interest would be on buckling where completely

different theories would have to be used.

Another limitation arising from the theory used is on
the accuracy of tﬁe local stress and strain at shell
discontinuities. Shell discontinuities are normally
assumed in calculations on pressure vessel nozzles, and
in many cases they give inaccurate results at the junction
of the nozzle and vessel shells. To reduce this in-
accuracy, the shell discontinuity was in the present
investigation removed and the nozzle shell was joined

to the vessel shell using a small toroidal shell element.
This is the method of Smooth Representation. The im-
provement as a result can be seén in Appendix B, A
further éttempt to imprbve this was made in modifying
the thin-walled shell assumption resulting in the C

Program. These efforts were however found to be in-
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sufficient. The comparison of the nozzle junction
stress calculations with the three nozzle test results
showed that the accuracy achieved was less than that

at 9the£ parts of the shells, Possibly more accurate
solutions can be obtained with finite-element stress~
analyses programs capable of analysing solids of re-
volution, but this would be an academic exercise until
more study is made of the meaning of these very high

but iocal stress at nozzle junctions, and of the design
use to which the stress results are to be put. Designers
in the past did not have to face this problem since
substantial reinforcement was placed at the nozzle
Junctions using the area replacement rule. Present ]
methods proposed to desigh to limit (.or collapse ) load,
or to shakedown load do not require the knowledge of

the local stress intensity. Designing against ordinary
and low-cycle fatigue will however require the value

of the stress intensity, and here one mayifind it pro-
fitable to investigate in detail the local stress in-

tensity at nozzle junctions.

The method of obtaining elastic-plastic solution was
developed by Marcal. This is the tangent modulus method,
as 1t is now commonly called., With this method,problems
of extreme non-linearity can be analysed and the solution
for large amount of plastic stressing can be obtained.
There is another method by Mendelson that has also been
applied to elastic-plastic analyses of plates and shells.
This method is very efficient in computing time, but it
is not able to solve very non-linear problems, and is
thus not suitable for calculating the collapse behaviour

or that at large amount of stress and straini.- One
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cause of the relative inefficiency of the Marcal
procedure is the large number of iterations necessary

at transition points. At points which have already
yiglded; it was noticed that thé calculation procedure
can determine reasonable estima@gs of the stress and
strain from the tangent, H' = Zé;’ of the stress-strain
curve, and reasonable rate of convergency can be obtained.
At transition points, however,good estimates of the strain
incrément cannot in general'be made and this slows down
the rate of iteration convergency during each load

increment.

At and near the shell axis the computer program is found
to'give slow integration convergency or inaccurate result;
This is a property of the method of nuﬁerical analysis

of the shell equations when the distance from the shell
axis approaches zero. This phenomenon has also been
noticed by originators of some other pressure vessel
programs, because in some of them, special facilities were
written into the program to remedy this, for example,

by using special shallow spherical shell equations at

the region near the shell axis. In the present programs,
é'provision is also made to remedy this slow convergency,
but it has been found that in some problems this may. not
give a Suffibiently accurate solution near the apex.
Indeed the misbehaviour was very noticable during the
calculation on the flosed pressure vessel head A, where
the calculated results at the apex, i.e. the region very
near the shell axis, has to be neglected. It is also
seen in Fig. 12-15A that the elastic-plastic results for
this region seem to behave differently from what would

be expected.
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Usage of the Programs

The computer programs are foﬁnd to be very flexible,
and capable of analysing a large range and variety of
she}l gegmetry and loadings. One of the few drawbacks
is that it cannot analyse directly ellipsoidal shell
elements and thus cannot conveniently analyse, for
example,ellipsoidal pressure vessel heads. The other
disadvantage is the limitation on the length of shell
branches. The Spera toriconicsl head compared in Ch.7
has to be analysed as two problems,one consisting of a
cone on a sphere and other of a sphere on a cylindex.
The Thin Cap and the pressure vessel head B with nozzle
are both just within the limits of shell length for
reasonable rate of convergency.
There are ways of overcoming this disadvantége. One

: Ref (3-31)
is to adopt the method of KalninsAspliting the shell
into a number of sections, each section of a length
within the limit tapable of being analysed by the step-
by-step integration procedure. Independently, influence
coefficients are obtained for each section, after which,
these influence coefficients for,all shell section are
then analysed by matrix procedure to obtained solution
for the cbmplete shell. This however involves the
development and writing of a new program. Another simple
method is to use a computer that uses longer ‘'word-length'.
The IBM 7090 & 7094 computeré, used on all the above
calculations,use floating-point values defined by 48
binary bits giving an accuracy for each variable of 7
to 8 significant decimal figures. Computers that use
longer.'word-length' than 48 bits can store numerical

values to a higher accuracy. This should increase the
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limiting shell-length of the program in a ratio of the

number of significant figures of a working variable.

The elastic program PVAl is for most problems quite
conveniént to use. It is of course necessary to check
that the branch length is within the limiting length.
Also, at areas of stress discontinuity, like that caused
by geometry change or by local loading, the integration
interval length has to be reduced, but, in general, the
allowable maximum for the nﬁmber of intervals is more
than sufficient. The program has a large number of
error messages if the daté is found to be wrong, and

, many diagnostic messages if the problem cannot converge.
The two manuals explaining the program and its use are
found by many to be convenient to use. The author, for
example, knows of instances where engineers unfgmiliar
with the‘program have, with 1little or no help, used the

program to analyse problems without great difficulty.

The elastic-plastic program PLINTH is in general less
convenient to use than the elastic program. The de-
velopment work on this program was terminated in a
shorter time than expected,and there was, compared with
PVAl,less tidying-up efforts,less provision for automatic
check,diagnostic and error messages,and user's manual
was less well prepared. Compaied with elastic préblems,
the elastic-plastic problems are much more complex and
have more factors influencing the convergency of the
solution. In general each problem has to be tried a
first time and sometimes a second time or more before

a successful final run, giving satisfactory solution

beyond collapse of the shell, can be obtained.
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The computing time needed for a complete elastic-plastic
calculation to collapse is mény times more than a elastic
calculation. This_is due mainly to two reasons. The
first one is due to the large number of iterations
required. In the elastic-plastic calculation,solutions
have to be obtained at a number of small increments of
loading, and during each loading a number of iterations,
each similar to é elastic calculatioq)have to be made

to iterate: for the cqrrect plastic strains. Thus a
complete elastic-plastic calculation is equivalent to

a large number of simple elastic calculations. The
second reason comes from the increased storage required
on the computer. The elastic-plastic program requires
many more parameters than the elastic program, and the
former, in its final form; uses subsidiary store in the
form of magnetic tapes or magnetic discs for storing

the elastic-plastic stiffness coefficients. This use

of subsidiary store increases very much the execution
time of the calculation. The final resulf of these is
that on the IBM 7094, where most of the computation was
done, a typical elastic calculation uses about 0.5 to
1.0 ninutes for execution while a typical elastic-plastic

calculation takes 20 to 45 minutes.

13,2 Vessel Behaviour

"From the test conducted and from the other test reported,
it is not possible to get a'éimple rule to predict which
vessel head may collapse with a sudden increase in strain
and deformation,or may strain gradually until the defor-
mation becomes very large. There appears to be a number

of factors involved.
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The Stoddart vessel head and the Kemper vessel head
have similar shape and height-to-diameter ratio,but the

] see Table -4, p.75
latter v?ssel is thinnea& However Stoddart observed a
sharp increase of strain and deformation near collapse
while this was not observed by Kemper. The cause of
this difference in behaviour is thus very probably the
large amount of strain hardening of the stainless steel
in Kemper's vessel. As to the calculation, it was
notiéed that the theoretical solution for the Stoddart
test did not show a similar sudden increase of strain
and deformation at collapse. Since a perfectly plastic
material is already assumed in the calculation, the
evidence seems to point to inaccuracy in the solution.
If one reviews in detail the tangent modulus method of
elastic-plastic calculation by Marcal, it appearé that
by taking the tangent modulus over a finite load increment,
any rapid change of strain would be smoothened over in
the process. If:tnis is true,there may be'some application
of the program where this inaccuracy may not be unimportant.
Further confirmation of this finding is necessar& and

desirable.

The axial load tests conducted on the two mild steel
nozzles showed a final physical collapse in the form of
a sudden increase in the strain rate. This collapse was
not observed in the calculations. The mild steel has:
negligable strain-hardening until the strain is very
large. While this difference may again be due to the
failure of the calculation.to predict a sharp change of
strain rate, there is an additional factor here in that
the axial loading on thg spherical shell was compressive

i.e. inwards, and at large deformation the instability
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load may be lowered because of the changed geometry.
It is thus not possible to judge whether the results

of the elastic~plastic calculation are at fault here.

Geometry change may also be the reason for the under-
estimation in the calculation of the pressure resistance
of the stainless steel test vessel. The calculation
predicted at high loads a much higher straining than~that
observed. The change of geometry of torispherical heads

under internal pressure normally increases their pressure

resistance.

In spite of theée two possible errors of the elastic-
plastic calculation at large deformation of vesseis, the
proposed method of tangeﬁt for obtaining collapse laads is
found to work well for correlating the actual and predicted
collapse loads, and the two errors do not seem to affect

their agreement.

The test vessel was twice given repeated loading and un-
loading cycling during the tests. One of the observations
was.that these cyclings did not interrupt the general
load-strain and load-deformation curves. One other
observation can be made here from these repeated loadings.
This comes from the fact that the strain and deformation
increased during each load cycle, but the rate was found
to decrease gradually with increasing number of cycles.

If the increase of strain and deformation fell to zero,
this would éither e a shakedown or an alternating
plasticity behaviour. In the plasticity theory of ideal
materials,there is a da;ar-cut difference between shake-
down and alternating plasticity, but in actual metals

the distinction is not so precise. The above repeated

‘loading method can thus be used as an
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experimental observation of the maximum shakedown load;
this may be interpreted as the highest repeated load
value where the maximum strain increment after a large
number of cycles decreased sufficiently to zero and at
the same time the hysteresis loop of maximum strain

becomes sufficiently narrow,

13,3 Degign Interest

The near future design interest on elastic-plastic
calculations depends on whaf approach is used for pressure
vessel design. The ASME boiler and pressure vessel codes
require the determination of stress level at different
parts of the vessel to be used as the major criteridn

of design. The stress has to be separated into different
categories: membrane,primary and secohdary. Different
criterions are given to the maximum permissible stress
leveld for each type of stresses. These stress levels

are qf course elastic stress levels§, although this is not
to imply that elastic-plastic strains are not of -interest.
Investigations with elastic-plastic calculation could
be used indirectly)say)to obtain better criteria for

the stress levels,and to give additinnal limitations for

different modes of failures and for different component.

The British Standards for pressure vessel design consider
separately the design of different vessel componeﬁts.

It is here that investigations by elastic-plastic cal-
culation of specific components, like the vessel headg
and axisymmetfic nozzles considered in this thesis, can
get more direct application. Individual pressure vessel
components can fail in a number of manners., Most of

these failure modes involve plastic straining before



« 190 =

final failure occurs ', and in such cases a better under-
standing of the failure can be achieved through the use

of elastic-plastic calculations.

Plastic Collapse

Plastic collapse is a common but severe mode of failure
for both pressure vessel heads and nozzles. Destructive
testing is of course the best procedure for ensuring

a safe design. Theoretical procedure for determining
this plastic collapse load has been attempted by using
the limit analysis method. At present the available
limit solutions.that can be applied to pressure vessel
design are for axisymmetric nozzles of both the flush
and'protruding type, and on torispherical heads whose
solutions are claimed to be similarly applicable to
toriconical heads. However from the above investigations
with elastic-plastic caléulations, it can be seen that,
the gap of knowledge of collapse load on other shell
goeometries and on non-typical geometries can immediately
be filled by such calculations. IExamples of other
geometries,which must of course be axisymmetric,are flat
heads, ellipsoidal heads,concial heads,different types-

of "shell-reducers", and toroidal expansion bellows.

Assumptions of non-work-hardening in collapse load:: cal-
culation make the solution over-conservative in the case
of annealed stainless steels and some non-ferrous metals
with a large amount of strain hardening. One remedy

is to assume a higher yield stress in the calculation,
Say, the one percent proof stress. Design of vessels

of such materiais,when the collapse load is the limiting

criterioq}can however be more reglistic and accurate if
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the strain-hardening could be taken into account. There
is a large scope for the use of elastic-plastic calculation
here. .‘The effedt of strain~-hardening on collapse load

has so far not been investigated.

Shakedown

Loadings on pressure vessels are never constant during
their working life and very often is repetitive in
nature. Shakedown considerations may be required when
local yielding occurs many times during the life time

of the component. When the yieldéd zone is well
surrounded by material that remains elastic, Langer)Reﬁ ¥-3,
suggested thgt shakedown mhould occur under any repeated
loading when the maximum load is less than twice that
causing the maximum strained region to start yield.

This is a convenient rule to apply and is used in the
ASME Section III Code fof nuclear vessels,to limit the
level of secondary stress at the working load. The
actual ﬁaximum'shakedown load of course vary according::
to the geometry of the vessel component,with the facfor

2.0 being the upper ceiling for the ratio to first yield
load. ' .

Theoretical analysis of pressure vessel nozzles, flush
and protruding, was madé by Leckie. In this case only
the elastic solution is requifed to obtain the shake-
down solution. This is because pressure vessel nozzles
have in geéneral-a:znarrow zone of high stress with the
location 6f this zone accurately known to be on the
Junction between vessel and nozzle. Pressure vessel
heads have however a less concentrated region of high

stress and this property makes it impossible for vessel



- 192 -

heads to be analysed for shakedown by the same method
using elastic SOIUtfgii}LE? 6btain the shakedown pressure,
a method used by CpispAmakes use of solutions obtained

by the method of elastic-plastic analysis. This is one
of the immediate applications of the elastic-plastic
analysis. From a survey of shakedown solution of a range
of torispherical pressure vessel heads, he observed that
the average shakedown pressure is about 1.66 of the
pressure to cause firgt yield, and none of them, as
expected, exceeded twice the first-yield pressure. This
same procedure could equally well be applied to many
other pressure vessel components, especially those with-
out abrupt éhanges of gd@metry that give rise to narrow
regions of stress concentration, Ellipsoidal heads and
pipe-line tordidal expansion-bellows are examples of
g@@metries that can be thus used to obtain shakedown

solutions.

Low-Cycle Fatigue

Low-cycle fatigue (also called high-stain fatigue) is

a mode of failure where plastic straihing plays an
essential roie. Strictly speaking, a vessel component,
when designed so that it will shakedown,would only
require elastic fatigue €fonsiderations. There are how-
ever many cases where designers, for good reasons, may

be interested in 1owfcycle fatigue. First example occurs
when one finds a range of Sténdard design of vessel
components that has in the past been used satisfactorily
~outside the shakedown load, and there is thus no
justification to 1limit them in future to a lower load
from shakedown consideration. Secondly, +here—are power

station that may be started-up once a day would subject
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its equipments, in a working life of say 20 or 25 yeérs,
to working-load cycles of less than 10,000. Thus in
some such instances, reasonable saving can be obtained
by designing equipments to this 10,000-cycle working
life. Thirdly the designer may very often come. across
materials with a large amount of work-hardening, and
shakedown design using the proportional limit fo the
stress-strain curve would not make good use of the
reserve of work-hardening strength of the material.

The alternate solutioaﬁf usiﬂg?higher proof-stress value
is an acceptable compromise,but this has to be confirmed
by actual testiﬁg since the shakedown theorem,in its
present form,assumes, non-workhardening behaviour. The
better alternative in such ra case may be to design to

low-cycle fatigue.

The contribution to 1ow—éycle~fatigue analysis, of
methqu of elastic-plastic analysis of shell components)
lies in their ability to predict the elastic-plastic
strain concentration at different 1oaés. Assuming that
the correlation between the fatigue life of specimen and
pf actual structure is known, one can determine from
specimens the strain-range and fatigue-life relations,
and use elastic-plastic analysis to calculate the
maximum strain in the actual shell componenf,and thus
predict its fatigue life. The same procedure is of course
used to predict high-~cycle or elastic fatigue life of
structureg using elastic analysis instead of elastié—
plastic analysis. One difficully thet arises is because
the plastié straining in the actual structure is caused
by cylic loading while the elastic-plastic analyses

assume a steady increasing load. On this point, it has
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been suggested that the use of a cyclic stess-strain
curve in the method of analysis should give a true
prediétion:of the strain concentration under cyclic
loading. The cyclic stress-strain curvef each to be
defined for an infinite or a specifie number of loading
cycles, is a curve of the cyclic strain-range against
the corresponding cyclic .stress-range at the specified
number of cycles, and this is usually obtained by
cyclically testing small loading specimens of the
gwcnnen
material under constant strain—rangq,eachAfor a different
strain-range. This procedure of predicting low=-cycle
fatigue 1life has been tried with success,but more con-
firmation of the validity of the procedure under

different circumstances is required.

The strain-range of inte;est for this application is
higher than that for the shakedown appliction;but both
should be of similar of order of magnitude; hence the
required plastic strain for both is thus of similar
magnitude to the elastic strain. The load range for
this application is again higher than that for shake-
down, but here. there is an upper ceiling since the low-

cycle fatigue load cannot be greater than the collapse

load.

* Blatherwick A.D. & Lazan B.J. The effect of changing

cyclic modulus on bending fatigue strength. Proc. ASTM
56,1012,1956.
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CONCLUSIONS

Literature Review

The following findings are revealed, helping to set the

course of investigation in this thesis :

a)

b)

c)

d)

e)

The elastic-plastic analysis of the stress and the
behaviour of axisymmetric pressure vessel shells

by numerical computation forms a useful and logical
extension to the early, and current, theoretical

study of thin-walled pressure vessels.

Such methods of analysis developed by Marcal,and by
others,have not been sufficiently compared in detail
against appropriate and accurate expeirments.

The possible applications into design of elastic-
plastic solution have not been sufficiently investigated,
and thus not well exﬁloitedf

Medium thick pressuré vessel heads, commonly in the

the shape of torispheres)can be analysed elastically.
Howevér)for some common modes of failure, it is
inappropriate to design according to elastic analysis,
and application into design by elastic-plastic theory may

be of immediate interest.

On the possible design of pressure vessel nozzles,

using.these and other more accurate procedures,

greater urgency is required to attain a mere wide-
spread adoption of better and consistant arrangement

of nozzle reinforcemenﬁs;.to obtain a better prediction
of the very local peak-stresses at nozzle junctions,
and to achieve a better understanding of the role

these peak stresses play in different modes of

failures.
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Design Interests of Elastic-Plastic Analysis

The possible design interests vary according to the
modes of failure,and to a lesser degree, according to

the vessel component.

f) Design against excessive deformation of nozzles
requiring accurate alignment, requires the value
of deformation. In many other cases,this excessive
aeformétion failure may be a plastic collapse, where
the collapse load is required as the ceiling of
hydraulic proof—test pressure and any occassional
over-load of vessels in service, For vessel heads’
under internal pressure, this load is about 1.5 =
2.2 of the first-yield load.

g) Failure under repeated loading can be prevented by
designing for shakedown or against low-cycle fatigue.
The load range of interest in shakedown design is
less than that for design against collapse. A
proposed method,where elastic-plastic analysis can
usefully be applied,would require the values and the
ratios of the peak stresses at small amount of
plastic straining.

h) The load range of interest in design against low-
cycle_fatigue is aggin smaller than that for design
against collapse. At the failure load, the amount of
plastic straining in the elastic-plastic calculation
is of similar magnitude to that in the calculation
needea to predict shakedown. These calculations would
however be on strain-hardening material since the
cyclic stress-strain curve would be used. What is~

2pqulilredtfrom-these. .calculations would be the peak-
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strain value, either the total strain, or its plastic

component.

Blastic Behaviour of Nozzles and Heads

i)

J)

1)

The elastic solutions from the wcomputer: programs,
PVAl and PLINTH,used in this investigation are
found to be reliable and accurate for normal vessel
shell calculations, with geometry and loading with-
in the assumptions of the theory, and with no
intersections of shells where the thickness and the
direction of the shell-meridian change across the
intersection.

Tests conducted to check the accuracy of the
programs have to be carefully planned and executed
to eliminate a number of other sourceg‘of dis-
agreements, Especially important 1;jgh accurate

shell geometry,since this is found to afifect very

much the resulting deflection and stress-distribution.

The axial deflections, for example,of the two nozzle-
on-spherical-cap specimens are found to depend very
much on the precise shape and edge-restraint of the
caps.

The programs have difticulty in conveging to an
accurate solution at the crown centfe of some tori-
spherical-head problems, including that of the
stainless steel test—vesscel head A. Other than this,
héwever, the elastic solution gives good prediction
of the maximum stresses and the stress distribution.
The programs cannot give similar accuracy for
axisymmetric nozzle problems. It is known,6and con-
firmed, that the normal shell-theory procedure to

approximate a nozzle-on-vessel by intersefting shells
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gives over-estimation of the peak junction stress,
especially when nozzle and vessel have very different
thicknesses. The two attmepts to improve on the
results, one by the method of Smooth Representation,
the other by modifying the program to approximate
better to thick curved shells, both give substantial
improvement for the three test nozzles, but are not

sufficient to give good agreément with the maximum

‘strain gauge readings. The Smooth Representaion

applies only to flush nozzles with no partial

penetration welds.

Vessel Behaviour and Elastic-Plastic Analysis

m)

The accuracy of elastic-plastic predictions depends
on a number of factors. During tﬁe vessel test,
reasongable precautions were taken, based on earlier
experience, to achieve a uniform yield-stress pro-
perty together with an accurate mathematical re-
production of the actual stress-strain curve, and
to obtain an accurate elastic-stress prediction.
However nothing could be done about possible error
caused by geometry change at 1érge deformation of
the shells. It was found difficult to allocate the
share of each of the above factors céusing the
difference in the calculated and measured results,
and equally difficult to judge how far the calculated

+

results are in error,due to the program andAthe

theory used.

At the crown centre of torispherical heads, where

the elastic results are in error, the comparison

of the vessel head A shows that the elastic-plastic



n)

6)

- 199 -

results are also wrong. Comparison: of the
Stoddart test results shows that the computation
process does not converge sufficiently to the
correct solution,when the strain-rate (i.e.

change of strain per unit load increase) changes
rapidly, and thus tend to smoothen out any sudden
change of slope in the load-strain and load-de-
formation curves. This howe&er needs further con-
firmation.

Whether or not any inaccuracy from the present
program can be easily reduced, the present results
look more favourable, however, when judged as to
their possible design use. The two interests iﬂ
this case are,the behaviour at small plastic
straining,and the collapse load. Allowing for
inaccuracies caused by the differences in the
elastic results, the peak-strain and deflection
results shoﬁ good agreément at small amount of
plasticity. The axial tests on thg mild-steel
nozzles are not suitable fo¥ comparing collapse
because of the proximity of the vessel-base and the
nozzle. For the vessel test, good agreement is
obtained for the collapse load,as defined by the
proposed method of intersection of tangent lines
to the load-strain and load-deformation curves.
Agreement is also obtained for this collapse load
when the calculation is dompared against the
Stoddart vessel test. |

The collapse values as defined by this method of
téngents'gﬂaﬁ\ggi_gfiz good agreement, for the two

vessel heads and one nozzle, between that fromtthe
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theoretical curves and the experimental curves,they
also show reasonable agreement to the limit-analysis
results using appropriate yield-stress values. The
method gives values that are not very sensitive as
to which peak strain curves are used, these peak
strains must of course be near the collapse zones.
Values. from the overall defléction curves are also
in reasonable agreement. The method is also not

very sensitive to errors due to inaccurate stress-

strain curve, or to geometrical change of the real

vessel. It is less convenient to use than that
based on a certain value of peék strain, but it
deserves further investigation into its consisténcy
and applications.

The test vessel continues to hold pressure ﬁany
times the first yield pressure, and the design
pressure of 360 1b/in%. ( Testing stopped at

1165 1b/in2.) This comes from the large amount of
ducitility of the anneal_}ed staiqless steel used.
Kemper and his co-worker observed the same
phenomenon during their yessel tests.

Cycling the test vessel at 870 1b/in® and at 1070

lb/in2 ( 2.6, 3.1 times respectively the observed

first yield of the nozzle and 2.4, 3.0 times
respectively the observed first yield of vessel
head A ) did not cause noticeable inéremental
straining at the 7th cydle. Any effect these
cycling may cause to the overall ioad—strain and

load-deflection curves is undetéctablér.
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A=3 Errata and Correction to Ref.(3-49)

The following errata and corrections are necessary

to Ref.(3-49) by Marcal and Pilgrim in the Journal

of Strain Analysis,1966.

Page 341

Page 347

Page 348

Line 7 should read,"wheré m = additional
strain required to cause yield/strain
caused by".

Line 4, last paragraph of 'Generalized
Stiffness Coefficients' should read,
"divided into a maximum of ten equal
intervals through the thickness and'.

Last line of page should read "branch j
with starting values Xfa, i .1 to 4.".
Last line,paragraph 3, should read " ......
i.e. by £ (X}, ) = 0,8 (Xf;) =0. v

ij
Next paragraph,the two derivatives should

1 . ]
read, i‘ck_ , _éﬁ.i_

axXi; IXi; .

Follow1ng llnes same paragraph eg.(31la)

and (31b) should read,

};‘;A axl = - fixg) Gl
c=| i

Ny ' A (31b)
> g AX = = (X3 )

t=|
Next but one paragraph,lines (a) and (b)

should read,

(a) u is common for all branches,

. A A L '
i.e. Xll XlJ y 4§ = 2 to M..
(b) @ is common for all branches,
. A A .
i.e. X21 XZJ y J =2 to M, v
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Appendix B

Two Methods of Approximating Nozzle Junction Geometry

With Thin-Walled Shell Elements, And A Comparison of

Their Accuracy With Photoelasticity Results.

B.l Simple and Smooth Representation of Nozzle Geometry

The thin-walled shell theory for shells of revolution,
on which all the analysis with the computer programs

are based, defines a shell.according to the generating
line of the shell mid-wall surface and the shell thickness,
this being the perpendicular distance between the exter-
ior and interior walls. A shell with two portions of
different shapes is assumed to be joined at the inter-
section of these mid-wall lines. Because of this a
pressure vessel nozzle is commonly represented as a
cylinder intersecting a convex end, the latter being
usually spherical. This we shall call the 'simple
geometrical representation' of the Jjunction,to aistingusih
from other refined representations. The shélls are

here assumed to end at the point of intersection~of the
mid-wall lines., From Fig.B-1l,it can be seen that the
cérner of the actual junction is not represented while
the location of the fillet is not clear. For these
reasons it héﬁ always been difficult to give meaning té
the stress calculated at the junction in terms of their
actual loaction. This is a serious drawback of the
simple representation since, in most cases, the stresses

?
at the junction are the crital ones.

" From calculations based on shell theories, it is known
that stresses at a change of shell thickness are un-
realistically high when an abrupt €hange is assumed. The

stresses actually measured are very often found to be
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lower. A similar situation should exist between nozzle.
calculations and‘experimentél measurements., The nozzle
has in general a different thickness to that of the
vessel. The simple representation for such cases will
thus alsohavéanabrupt change of thickness through the
junction, while the actual junction may be left with a
fillet weld or may be subsequently rounded or even may
be constructed with a forged ring reinforcement. Thus
it is not surprising that such calculations give higher

values of stresses,

A small torus element of tapering thickness inserted
between the cylinder and the sbhere would remove both
the thickness discontinuity and slope discontinuity of
the meridian line,(see Fig.B-1). The nozzle thus re-
presented in calculations is said to have a 'smooth
junction representation'. No change to PVAL the

program being uéed)is necessary to specify this. Both

a uniformiy tapered element and tori of positive as well
as negative curvature)are allowed in the specification
of geometrical data. There is however one difficulty

in the representation. The actuai junction in general
can be rounded to different.fillét and corner radii,
Unless these radii have a special relations to each other,
the smooth representation by the torus can only follow
one of them, Mershon in interpretating a comprehensive
geries of experimental resulfs carried out at the United
States has noted that the stresses in the corner zone
dre almost independent of the fillet and corner radii.
For this reason the 1illet radius of the actual vessel
is used to define the curvature of the %érus. Although

this is still not a perfect approximation, but any
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further attempts at a better fit would be impractical.
Point by point matching would have to be used, and the
method will definitely be too cumbersome for normal

design investigations.

When nozzles are designed against fatigue failures,both
elastic or more often low-cycle fatigue actions, it is
very desirable that nozzles be attached by full penetration
welds and with corner and fillet rounded to adequate
radii. In the 1965 British Standard 1515, they are left
to the discretion of the designets. However in the 1963
A S M E Nuclear Vessel Code, these are laid down as
necessary requirenents for nozzle attachments. Except
for minor attachments with no piping reactions and under
small thermal stresses, full penetratién welds are to

be uéed in all cases. A radius not less than % of the
vessel thickness is required at the corner of flush

" nozzles., Pillet welds are to be ground to a smooth
surface with transition radius not less than %+ of the
thickness of the thinner part being joined. For flush
nozzles thus designed, the above mentioned method of
representation can be used with ease,and should give

satisfactory approximation of the true shape.

B.2 Comparison with Photoelasticity Results

Program PVAl is based on thin-wall shell*theory according
to Turner. A comprehensive test of its reliability and
accuracy has been conducted and reportéd in Ref.3-32

and Ch.7.. It was concluded that the program was reliable
and accurate to within the assumptions of the shell theory,
and the accuracy of the shell geometrical representation

and loading specification.
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The ultimate test of any method of theoretical stress
analysis must be made againsf actual measurements.

Hence to establish this method of calculating nozzle
stresses, the method must be checked against stress
measurements of actual pressure vessel nozzles. For
obtsining the latter, both strain gauge analysis and three
dimensional photoelasticity can be used. It is however
fopnd that many published experimental results of
pressure vessel nozzles are not suitable for this pufpose.
The peak stresses of interest are usually concentrated
over small areas and many experiments were not conducted
to measure accurately these stresses. Many of the other
available results are not accurate énough for fine com-

parisons.

The Pressure Vessel Research Committee of the.United
States sponsored a sefies of programs of photoelastie
tests on nbzzles. Although many of these tests were on
thick-wall vessels not accurately covered by the thin-
wail theory on which PAV1 was based, a sufficient number
of the rest remains to énable a good selection of a
variety of shapes and dimensional parametric ratios.
Nozzles WN-10D, WS-1LB, S-2AZ, N4-E and N4-A (labelled
here nozzles 1,2,3,4 and 5) all tested photoelastically
under internal pressure were chosen and compared against

computations using the two representations.

Fig.B-2 shows the cross-sectional shapés of the five
nozzle models. They are not drawn to the same gcale,
" but are proportioned to have the same inside diameter

of the spherical vessel. The dimensional ratios of these

nozzles are given,Table B-1 below.Di,di are the inside
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B-l Dimension Ratios for Axisymmetric Nozzles

D . 4. t r.
Nozzle Code No. 1 = - o 2 >
T D, T T T
1
1 WN-10D 24,1 11.7 0.20 0.41 1.56 0.56
2 WS-1LB 24.2 11.5 0.05 0.105 2.95 0.25
4--4- 1'23 .
14.0 0.39
Table

- 1¢2C -
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diameters of the vessel and nozzle respectively; T, t

are their respective thicknesses. T, and Ty are the
(outside) fillet radius and the (inside) corner radius

of the junction. Nogzzles, 1,2 and 3 have normal rounded
corner and fillet. Among them the latter two have the
same r and ri,but the former twou have larger fillet
radius r than r;. Nozzles 4 and 5 have each a different
type of local reinforcement. Here because of the
addifional reinforcements the cpntributipn of the fillet.
to the reinforcing effect is negligible small, although
it stiil has a definite radius. Nozzles.l,2,4 and 5

have similar diameter/thickness ratio to ¢éach other.

They are reasonably thick walled (with nozzle di/t ratio
between 11 and 12) and lie in the transitional zone where
the thin-wall theory may begin to lose accuracy. Never-
theless there is no reason to‘éssume that this probable
loss of accuracy may alter, to different degrees, the
accuracy of results of the two different juﬁction re-
presentations. Thus comparisons can still be made between
the two representations. Nozzles 3 has thinner walls

than the others.

Table B-2 gives the results of the calculations tested
alongside the experimental results. The stresses are

expressed as stress concentration factors. The membrane
circumferential stress of the sphere is ysed as unit

stress. The maximum stress peaks and minimum stress

troughs for the whole shell are tabulated for the external
and internal surfacés,and in the meridional and circumferential
directions, Spaces are left blank when such peaks or

troughs do not exist,or when the peaks do not exceed the

membrane value., The maximum values for nozzle and



Table B-2

Axisymmetric Nozzles Under Internal Pressure:

Stress concentration factor obtained from different methods of analysis

External Surface

Internal Surface

Nozzle Method of Cirec. Merid. Circ. Merid. Error Ref,
No.} Code Analysis Max., Min. | Max. Min. | Max. Min, | Max. Min, 1( % )
Photoelastic | 1.68 0.80 | 1.15 0.20 | 1.91 0.98 | ———  -,033 B-1
1 |WN-10D | PVAl,simple | 4.53 0.8l | 4.66 -0.12 | 1.98 0.97 | =--—  =3.64 {+140
PVAl,smooth | 2.43 0.87 | 1.61 0.06 | 1.88 0.99 | ———  -0.33 [+ 27
Photoelastic 1.07 0.13 1.13 -0.14 | 2.03 0.21 -— -0.17 . B-1
2 WS-1LB | PVAl,simple 3.49 0.82 3.12 -0.01 1.78 0.87 -— -2.13 |+ 70
PVAl,smooth 1.77 0.04 | 1.49 -0.,55 1.78 0.43 —-— -0.04 |- 12
Photoelastic | 4.75 NA 3,00 NA 2.50 NA NA. -2.50 B-2
3 |S-2A%2 | PVAl,simple | 6.26 0.71 | 7.07 -039 | 2.37 -0.31 | 1.41 =-6.07 {+ 50
PVAl, smooth 5.11 0.71 | 4.40 -040 2,39 -0.94 | 1.40 -3.40 |+ 8
‘ Photoelastic | 1.73 0.13 | 1.68 -0.20 | 1.68 0.53 | --- -0.12 i B-3
4 |N4-E | PVAl,simple | 2.15 .0.15 | 1.88 =-0.36 | 1.21 0.46 | —--- -0.82 |+ 24 !
PVAl,smooth | 2.06 0.13 | 1.71 -0.43 | 1.48 0.48 | -—-  -0.38 |+ 19
Photoelastic | 1.79 0.23 §{ 1.74 -0.23 } 1.77 ——- -— -0.09 B-4
SEAL-SHELL 2 | 1.66 0.39 | 1.50 -0.23 | 1.80 -—— | ———  =0.03 |+ 1 B-5
> | M4A | pyat,simple | 2.21  0.39 | 1.62 -0.25 | 1.26 --= | ——=  -0.18 |+ 23 |
PVAl,smooth | 1.92 0.12 | 1.65 =0.37 | 1.40 =~== | ===  =0.27 |+ 7 |

- ¢¢2 -
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vessel are underlined. The difference between this
maximum value and the corresponding experimental value
is exﬁressed as a percentage error shown on the column

on the right-hand side.

The two methods of representation were both calculated
with program BVAl. In the simple representation a
discontinuity of the shell wall direction was allowed
at the junction'as in Fig. B-1l. When necessary, shell
walls with tapered thickness were used as in nozzle 4
-and 5. The smooth representation calculations differ

only by the geometrical specification at the junction.

The results show in general that calculations with simple
representation give a maximum stress at the junction
higher than that actually found. This is especially so

for nozzles 1, 2, and 3 where the different calculated

.. stresses are very much different from the actual stresses.

Prediction errors of 140%,70% and 50% respgctively occur
for the maximum tensile stresses. The calculations aiso
show high compressive stresse; in the meridional direction
at the inner wall, but no such stress concentrations are
found at the actual vessels. All these erroneously high
stress peaks lie at the common discontinuity point
between the nozzle and Qessel, locating more often on

the vessel side. It is further noticed that the three
nozzles with very bad predicted results have, adjascent
to the junction, a greater change of shell thickness than
the otheré. All these evidence seem to show that the
sudden change of shell thickness necessary in using the

simple representation will give unrealistic stress peaks.

The calculations with smooth junctions show a marked
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improvement. The greatest error is 22% for nozzle 1
whereas the simple representétion gives a 140% error
for the same case. The calculations all predect a stress
slightly abéve thaf found by experiment. The only
gxception is nozzle 2;this nozzle is unusually proportioned
with the fillet radius very much greater than the corner
radius, and thus the method of representation cannot
approximate closely to the shape with a tapered torus.
Since the representation follows the value of the fillet
radius, this results in an over-rounded corner and a
low prediction of stresses. Nevertheless the calculation
for this nozzle is only out by 12%. This shows that
the method of fepresentation can safely be used for a

wide range of junction geometry.
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Appendix C

Modifications to Elastic-Plastic Program PLINTH to
Accept for a Better Approximation Solution Shells
With Large Meridional Curvature.

.1 Basic Difference of Better Approximation Theory
The linear thin-walled shell equations by Turner (6-3)

used in the pressure vessel programs assumed not only
that the wall thickness 2h is small compared with the
circumferential radius of rotation r , but also that
2h is smzll compared with the two radii of curvature.
The derivation of the equations aré given in Ref.6-3,
and with minor modifications to the notations and sign
conventions, these equations are repeated in Refs,3-32
and 3-49 in the forms as used in the two programs. The
following discussions considers the modifications
neceséary to the basic sets of equations to give a
hetter approximation solution when the meridional
curvature radius b is not large compared with thick-

hess 2h,

Equilibrium Equations

Turner's shell element, see Fig.6-1l, is straight sided
in the meridional direction. In general the shell
equations express the conditions of equilibrium between
the generalised interal.forces S (i.e. direct force,
shear force and bending moment ) and the external and
body loading L on the element. Three equations are
necessary, two giving the equilibrium éonditions of the
two possiﬁle translatory movements, and the third for
possible rotational movement, all along a radial plane

through the shell central axis.
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0

£ (s, L)

£, (5, T) o

fs (s, L) =0

The equations should contain terms governed by the
shape of this assumed infinitesimal shell element, since
the element shape and its aligmment govern the direction

of actionof these generalised internal forces S.

The basic linear theory assumes, Fig.6-1, that the
element is straight along the meridian and curved along
the circumference, with lengths dl and rd¢ respectively.
When an element is flat and has all sides straight, as
that used in plate theory, the direct force on the sides
Awould not contribute to the resistance against pressure
or -outward-directed body force, and the full resistance
against them would be taken by fhe transverse shear.

With the curved circumferential edge, the shell elemént
here allows the circumferential direct force'Nw to con-
tribute to this resistance, while the straight meridional
edge means that the contribution of the meridional direct
force Ne is neglected in companison with the action of
transverse shear, To a first order of accuracy, this
being a linear first order theory, this is tiue. 1In
applying this theory, inaccuracy should not arise fais
non—shalloﬁ shells, Qhere the transverse pressure and
body forces do not give rise to large stretching forces
and for shells with straight or near—sfraight meridian -

i.e. those approximating to a cylinder, cone or disc.*

© * An important observation from these discussion,although

not of immediate interest here, is that the crown regions
of torispherical and elliptical vessel heads do not come
under these two categories, and the basic theory may not
be adequate for accurate solution unless special shallow
shell equations are used. This possible inaccuracy affects of

course the solution near to this region and not otherwise,.
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There are two alternatives open to the proposed modified
theory. The more accurate alternative is to allow of

a non-linear stress distribution across the shell thick-
ness and at the same time use a.shell element with curved
meridional edge. The simplier alternative allows of a
non-linear stress distribution, but the element remains
the same shape. After preliminary inveétigation into
both, it waé found that the first one requires a com-
pletély new derivation of the shell equations. Also,

the second alternative is found to have the saﬁe limitation
as the basic theory, that good accuracy would be obtained
only for non;shallow or straight sided shells, but a good
accuracy of solution for a small curvature radius b should
be attained if, in the numerical calculation, dl1 is small

compared with b,

The second alternative is thus used in this investigation,
because of the much smaller amount of work involved. in
the alterhation. The same shell element is used, with
modifications to thé internal stress distribution. For
this element, the basié expressions for the equilibrium
equation should be the same as before. This is because
the shell equations, as observed, depend on the shape

and alignment of the elements and on the arrangement of
the generaliéed forces and loadings, and not on how the
internal stress is distributed to give the generalised

forces,

Geometry of Deformation

(a) Mid-wall Strains
In the basic theory, the mid-wall strains 6? and €y are

related to the displacements u , v and rotation g , see
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Fig, 6-1, by the expressions

—

Sy = u/r

du /ag — ¢ cos§ + €y sinb

Under the new assumptions, the éxpression for circumferential
strain'E@ would not be affected, since this is ipdependent
of the curvafure of the shell element. The mid-wall
circumfernetial circle increasés in length during straining,

from 2wr to 2 W ( r + u ), and causes a strain of

— Arelr+uw) — 2nr U
eL}’ = == —

atr , r

The expression for mid-wall meridional strain ey, is
~obtained by equating the change of radial displacement
du to the components caused by meridional straining and
rotational straining. Consider what happens if, for
accuracy, one takes a curved meridional edged element
Fig., C~-2, with a change of inclination from € at the
bottom edge to & + dé at the top edge, giving
d0 -= - d%/b . After straining, the displacements
at the bottom edge are u and v, while that at the top
edge are u + du and v + dv., As in the derivation of
eg in the basic theéry, du and dv consist of a com-
bination of meridional straining, ey d1 in the direction

6 + d8 of the top edge, and of rotational movement,
g a1 inggipendicular direction. Resolving components
in the radial direction, '

du = - cos(6+d8)dL + €y Sin(6+dB8)dL

‘The effect of df is of second order and can be neglected,

leaving

du/dy = —4>Case + € Sind
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which is the same expression as the basic theory.

(b) Strains at a General Shell Fibre,.

At a general shell fibre, Fig. C-1, at distance z
perpendicular to the shell element mid-surface, the
basic theory relates the general strains ey and ey

at this fibre to ey and ey by

ey =78y + z S8 . g
- do
ep =8 + Z gy

It can be seen that here the meridional strain e
varies linearly acrosé the shell wall, since
eg - Eé o< gz
This is not necessarily so when the meridional curvature

is not large relative to the thickngss, b not >> 2h.

In a better first appraximation to such a case, only the
more basic assumption is made, that the cross-sectional
- planes ‘at the top and bottom edges of the shell element
remain plane during deformation. Consider temporarily
again the initially curved element, Fig. C-2,with

curfature redius b, b being positive when the centre is

inside the shell of revolution.

A general fibre at distance z from mid-surface has a
meridional length (b + z ) (dl1/b) = (1 + z/b) 41 .
Under §train, the mid-surface fibre extends by &y dl.
In addition, the element suffers a rotation of g at the
bottom edge and @ + df at the top edge; causing an
extension at fhe general fibre of zd@. The total charge
in length of this general fibre is

€g dl + -zd,d

The corresponding strain is thus
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€odl + 3dd
(it + g/b)dL

= (T + 352/ ( 1+ 3/b)

This is different to the basic expression by the factor

(L + z/v ).

The circumferential strain e can be obtained by de-
termining the radial displacement of the general fibre. -
The mid-surface fibre -has a radial displacement given |
by u . Due to a rotation g , the additional dis-
placement at the general fibre is z@ sinf , giving

a total displacement u + 2@ sin@ .

Original length of a circumferential circle through
point 2 is 2 @ ( r + z cos O ).
Under sttaining, this length is 277 ( r + 2z cosf+ u +

zﬁ sin® ). The circumferential strainiis thus

ey Aw(r+ Fcos® + U+ 3Psing)
' o.'rr(H-gwo)
= (w+ 3$50) /(r + 3co0)
— "o
i.e. ey = (eqz + 3 S’,,. 4>)/( [ + Tj_?lCcs:fG)
In the basic theory, it is taken that —& << 1-, and

since the better approximation considered here only
deals with cases h/b not << 1 and not other cases,
thus the term: —%_‘—cos 8 is here neglected in the

13 * »
denominator , leaving

* The neglect of this term is not justified when either

h/r not << 1, or 6 not aproaching 90°. This
happens at the apex of, a tlosed shell when the closure
is in the form_of a cone whose semi-included-angle is
not near to 90°.
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ey = Syt z (sin8/r) @
which is the same as that of the basic theory.

Stress-strain Relations

The stress—-strain relations, elastic or elastic-plastic,
are for the condition at a local fibre and the expressions
are unrelated to the shape and geometry of the shell
element.. They should thus be the same in the modified

theory.

Conclusions

To accommodate a better approximation for the case of
shells with large meridional curvatures, only one
expression has to be altered among the set of basic
equations of equilibrium , of compatibility at the
mid-wall, of compatibility at a general fibre, and of
.the stess-strain relations. The new expression defines
the meridionai strain egat a general fibre, and is in

the form

eg = (Sg +2zdp/d) / (1 +3/b)
(-hg z € h )

which reverts back to the basic form when h/L << 1 .

C.2 Modifications to the Tangent Modulus Method for

Elastic-Plastic Shells of Revolution.

The tangent modulus method as used in the elastic-plastic
shell program has been reported by Marcal and Pilgrim,
Retf.3-49. In an elastic-plastic analysis, numerical
calculations are performed on small increments of loading,
each giving the corresponding inéremental stress, strain,

force, moment and displacements. The relations between
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these latter pérametem;are not straight forward expressions.
For the convenience of numerical mainpulation, these
relations are expressed in matrix form and the coefficients
are called stiffness coefficients and generalised stiffness
coefficients. PFor example, the stress-strain relations

for a shell fibre can be written as

Say oLy, oA 5€s

50—(,\' 1T 7 K 24 K2y Jet}'

where the o coefficients are célled the stiffness co-
efficients. Also, for the stress state at a shell
element, the force and moment system consists of Ng »
NW » Mg , My . The strain state of the same element
can be defined completely by four parametexsieg, ey,
g' 8 . Again using the increment of these parameters,

then relations can be written as

[ SN | (A, A . Ay rgé‘eq
§Ny , Ao, ) 5é?
sMe| | RS

_Skhh _A44 .o A@t _5¢ ]

The A's are falled the generalised stiffness coefficients.

As mentioned.above in C-1, the stress-strain relations,
are not changedin the modified method, thus the o's
would remain the same. The expression for ey is how-
ever changed and this results in a different set of
relations defining the generalised stiffness coefficients
(G SC ). The following discussions give the derivation

of these G S C under the modified method.

The §N's and SM's ame forces and moments at the edges

of a shell element, and can be calculated by integrating



the direct stresses Sab , EGQ, through the thickness.
h . h
SNG = _{50_9 O(Z = f(o(uéee + c>(lzgeq,) OlZ.
h
SNy = _J;\ 50’4’ dz - = J ( Ly é'ee + s Se‘{’) dz‘

(mg = J Sopzdz = J (ot Seo + otia §€4) 20z

& My

it

fh5® 2dz = J;\ (X3, Seg + X2z 5eq,)zdz
—h

In the basic theory

deg = 68y + z 8¢’
Sey = 03y + 2z 2254

However in the modified theory,

Seg = (68 + zSCP)/(H- 3/b)

while Seq remains the same.

These result in the relations, (drdpping the incremental

notation S)for convenience )

L] FoiiE + B2 fwnzd
Ny = 8 (:E%f(ff“) + & [ALandz

Y eUgeEs v W ek
My = 8of Lol(‘if- 2/:) + By [olazdz

+ @ f < 22d2 + S_L,:_Q_beo(u 220z

U+z/5)
- Axyzdz r P d=z
My =% J G+z %f o
.'( 26’( S'fm@ 2
C PSR B

' The program considers separately the cases when the
element is at an elastic state and at a elastic-plastic

state. The stiffness coefficients at an elastic state
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can all be calculated directly as is shown below.

The elastic stress-strain relations for a plane stress

system can be written as

L vE

B = ——5= € + = ¢y
JE E
0y = 95— S + ——5— &y
E
which give directly,:ill = c(22 = Ty
v E
g = oy = = vE
Listing the G S C's, we have _
. E  (f_d= , _ _E _d=z
A1 = o= T z2/5 ' A1 = Vi [+ =27b
_ yE f _ _E '
T e (Y P A
E_ [2d . SE_ [ ade
M3 = 73T J T+B 0tz 1oVE \+ =/B
NE 8 E b 4
Al4 = |-V . fZO(Z ’A24 = ,_9" r fz -
A _ E J" zdz L. - JE 2dz
31 7 -2 [+2/b P Y T =W Y +2/b
_ \E E d=z
Ap = oo J 2942 Mz = v 2
_ _E 222 _ ME 2%dz
Az = VT JTF=6 M3 = 1oE J T£7E
B YE  gne 24 _ E 56 2
Asg = TR /0T by ToE rfzdz
The integrations are all from z = - h to 2 = h. They

can be evaluated directly, some in series form.

A

dz -2n
—~h

h

2dz =0
N

31’

Lﬂ
N
'U
D
N
[
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[ wn[i+ s )
ke ens[-3(E)- £
[z wa e[4S

when (h/b)" < |

This leaves Al4,’ A24 , A33 R A43 zero, while in the

basic theory Al3 ’ A23 ’ A31 ’ 441 are also zero. Thus

additional terms have to be kept in all expressions

meking use of these G S C's.

For the elastic-plastic element, the coefficients can-
not be expressed in simple formulas since the «'s
giving the stress strain relations vary from fibre to
fibre throughathe element thickness, depending on the
stress state. A numerical integration is made in this
case for each individual element, and the procedure for
this is the same in the modified method as in the

original method.

.
—

! 4 t |

J
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Appendix D

Accuracy Tests of The C Progfam

The C Program as described in Section 10.2 is a

modified version of the elastic-plastic program PLINTH.
When a shell to be analysed by the program has a meridional
radius of curvature which is not large compared with

the sheli thickness, by an approximation, the program
takes into account the resulting non-linear distribution

of stress across the shell wall. To check for accuracy

of such a modification a few problems were analysed.

Three simple problems were used to check the program.

The first problem,shown in Fig.Dll, is that of a thick-
walled toroidal ring with a complete slit in the plane

of the ring, at the position either of maximum distance
or of minimum distance from the_ring central-axia. Load
is applied to the sides of the slit to open the ring.

The gimilar problem of a split cylindricalyrather than
toroidal;fing can be easily solved analytically by the
Winkler procedure; tﬁe two solutions can thus be compared.
The diameter /thickness ratio,2b/2h, is fixed at a value
of 2.0 while radius a is varied for different calculations,
It is.found that the circumferenfial stresses and strains
of the shell, i.e. those perpendicular to the sectional
plane in Fig. D-1,decrease as radius a is increased.

Thus by increasing radius a sufficiently, the condition
of the meridional stress and strain distribution on this
sectional plane approaches that of a plane-stress con-
~dition,which is that of a cylindrical ring. The sense

of the circumferential strains follows that of the radial
displacement. They are compressive for the outside

slitted ring, and tensile for the inside slitted one,
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It is expected that their influence on the meridional
strains are opposite in sense, and,comparing results
from both cases, an estimate can be made of the magnitude

of this circumferential strain effect.

The different solutions to this problem are tabulated
below, Table D-1, Strainy values at two positions of the
ring are combared, one at the cross-section diametrically
opposite the slit, corresponding to 6 = 0, and the other

at © = 1.0 radian.

C Program
Winkler's Original
Solution Inside Outside Program
Split Split
Outer -6.97 -7.36 -7.3% =11.0
Surface
Mid-wall| -0.82 -0.91 -0.91 1.0 ©=0
radian
Inner :
Outer
Surface {=5.60 ~5.82 -5.82 -8.,7
radian
Inner
Surface |13.35 13,80 13.80 9.8

Table D-1 Relative values of strain at fhick split

tinder direct opening load.

The results of the modified'program are very close
although not exactly the same as the analytical Winkler
éolution for éylindrical ring. The computer solution
using the original unmodified version is out by a large
amount. The above values are of course elastic results.

It is not possible here to check on the plastic results.
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The other two problems used to check the program contain
no toroidal elements, nor spherical elements, since

this is a special case of a toroidal one. They are
designed to check whether the modified program would

give the same resﬁlts as the original one to ensure that
no error has crept in unnoticed from the many alterations
necessary to the program subroutines and instructions.
Both the elastic solution and the plastic solution are
compared. The first vessel is a uniform circular
cylinder with fixed ends under internal pressure load.
The C Program solution is‘found to be exactly symmetrical
about the mid pdsition, and the elastic és well as the
plastic solutions are found to be exactiy thé same as
that of the original program. The second vessel con-
sists of a 45° conical pressure vessel head with rein-
forcements at the vessel side of the corner in the shape
of a taper where the thickmess increases towards the
corner, The taper is being used here so that the terms
connected with changes in thicknesses can be checked.
Again in the final form of the modified program the

solutions agree exactly.



- 253 -

LIST OF ILLUSTRATIONS

Figures

8-2

PYYY
O 0 3 O B~

{
I~
o

H O WO W W W W W W W
o | i I B
T B
H U s N

=
7
n

10-3
10-4

Torispherical Pressure Vessel Head.
Axisymmetric Thin-Walled Shell Element.
Force and Stress System of Shell Element.
Stress Distribution, Cylinder Under Internal
Pressure.
Stress Distribution, Toriconical Head Under
Internal Pressure.
a) Circumferential Stresses, Flat Plate Bellows.
b) Meridional Stresses, Flat Plate Bellows.
Circumferential Strains, Bellows C.
Mild Steel Torispherical Head, Stoddart.
Stainless Steel Vessels, Kemper, Theoretical Elastic
Strains.
Stainless Steel Vessels, Kemper, Theoretical Plastic
Strains.
Strain Gauge Readings of Low Proof Vessel, Kemper.
Nominal Dimensions of Thick Cap and Thin Cap.
Welding and Machining Details of Nozzles.
a) Tensile Tests, Load-Crosshead! Movement,

Specimen 1.
b) Tensile Tests, Load-Crosshead Movement, Specimen 2.
Plane: Strain Compression Tests, Hoop Specimen 1 & 2.
Plane Strain Compression Tests, Hoop Specimen 3.
Plane Strain Compression Tests, Axial Specimen 1 & 2.
Basic Bridge Circuit of Recorder.
Meridional Strains at Nozzle of Thin Cap.
Circumferential Strain at Nozzle of Thin Cap.
Plastic Behaviour of Thin Cap, Strain Gauge Readings.
Collapse Behaviour of Thin Cap.
Meridional Strains at Nozzle of Thick Cap.
Circumferential Strains at Nozzle of Thick Cap.
Plastic Behaviour of Thick Cap, Strain Gauge Readings.
Collapse Behaviour of Thick Cap. |
Smooth' Representation of Nozzle Junction.
Equivalent Stress Intensity at Nozzle of Thin Cap.
Equivalent Stress Intensity at Hozzle of Thick Cap.
Constant Strain-Rate Loading of Thin Cap.



11-1
11-2
11-3
11-4
11-5
12-1

12-2
12-3
12-4
12-5
12-6
12-7
12-8
12-9
12-10
12-11
12-12
12-13

12-14
12-15

12-16
12-17

- 254 ~

Test Vessel Nominal Dimensions.

Details of Test Nozzle.

Position of Strain Gauges on Test Vessel.

Position of Dial Gauges on Test Vessel.

Pressure Ciréuit.

Elastic Circumferential Strain Distribution on

Test Vessel Heads.

Elastic Meridional Strain Distribution on Test

Vessel Heads.

Elastic Circumferential Strain, Nozzle End of

Test Vessel (Head B).

Elastic Meridional Strain, Nozzle End of Test

Vessel (Head B).

Axial Deflection at End Nozzle Junction.

Circumferential Strain At End Nozzle Junction.

Pressure-Volume Curve.

Circumferential Strain Around Kunckle of Closed

Dished End (Head A&).

Meridional Strains Around Kunckle of Closed Dished

End (Head A).

Circumferential Strains Around Kunckle of Dished

End with Nozzle (Head B).

Meridional Strains Around Kunckle of Dished End

with Nozzle (Head B).

Circumferential Strains at Junction of End Nozzle.

Meridional Strains at Junction of 'End Nozzle.

Axial Deflections Relative to Mid-Vessel.

a) Strains Near Crown Centre of Closed Dished End
(Head A).

‘b) External Circumferential Strains at Vessel Body.

Equivalent Stress-Strain Curves for Test Vessel.,
Equivalent Stress-Strain Curves for End Nozzle.

Plates

9-1
9-2

Multi-Channel Strain Recorder.
Test Arrangement.



- 255 -

Fig /-1 TcrisPHERICAL

FRESSURE VeESSEL MEAD




Fig 6~/

aw

W G764
A
|
l".‘;,.d{I‘. dHQ &Q
ai 64 M+ vl
0 d”
Al
Ny f
c{l{? & e
- +

~ / i

My

W

Force DACRAM

w /] DISPLACEMENT DiAcRAM

AXISYMMETRIC THIN - WALLED SHELL ELEMENT




- 257 -

(b)

Fi6&8-2  Force And STRess SYSTEM

OF SweLl ELEMENT




- 258 -

]
‘02— MK—
—
o 28
g
o ' |
-q
MO
~ 24
~/ \
st 2:790" e,
o
tn
§ e -
[0
'1{ s
< Y B
si © c208 Ml fe—
- 16
N | |
HeasviremenTs Are Thue
- C}:c EXT — X
. . Ta £ 0:0ciIN.
) 7@&\
(%) e rf';] T
i st /G'q) INT
g T ‘
O% INT "\ ee=zma=Q)
8 Q ——
e‘*?\zﬁi"@-— ©
0By
B Db ¢ WNT
4- "‘w.&-ec
S \ Gﬂ EXT.
Q
-4 11 1 | ! | | |
5 4 3 2 { o | 2 L) 4 5
DISTANCE From THickNEss CHANGE (IncHes)
EXPERIMENT MoraaN & Bizon Re¥(4-5)
§ ——0—-— CIRCUMFERENTIAL STRESS } ) <
Of — — 0O — — HerisioNAL STRESS _ INT. SURFACE
Op — — O —— CIRCUMFERENTIAL ST&EfS} _ S c
0k = T BT pMeripronar STeEss EXT. SikFce
CALCuLaTIiON Moraan % Rizon REF(4-5) And PVA|

FiGg.7-1 STREsS DisTwiguTion
- CYLINDER UNDER [NTERNAL PRESSURE




275 . :
MACHINE
N HEAD AHD , cqé,m
T 25-CFCrumpeER ) g5 G e et
3 ' f/\ﬂ J 0 t]
g +7 Oy INT
= he 1 1ero
L] — codl ") ¥ (D
S X (. &
3
A S kN
[NCHES T/
Experment  Morean 2Bizow, REF(4-1T) 3 ™" A Q‘,
4 5
6p ©  CRc. STRESS - } NE S 5 / ‘\
0y 1 Merin. Srxess. § NT- SURFACE :“ Oy BXT- E{} AN
0y ©  CiRc. STRESS .oz T / \ \‘\
. EXT. SurFacE I
6, o MeRip. STRESS G O N N
£ > 126 [ ri\ "".\ »‘;;' 4 ¥ [ T2 i v~
M 9 [ d s Sa | i
CALCULATION cRGAN K B/2¢~)/?Er(4~:7) o \ o/
Avp - PVA L .. loof /u ag GINT
: X G, \NT N 0
a 75 g 5\
&
8 -
i -
.V’ s.o - /c{tX\
28
o : 1 | L 1 1 | \\ ) ! i ] 1 |
; 3 2 ! ° | 2 \Qa | o) | 2 3 4
! MERIDIONAL DISTANCE FROIA SHELL JUNCTIONS
o " “ \ (W)
'4 . 45 CC:)!E ,:{‘_‘ S-B‘H?‘ SPRERE 344 5-97 CYLINDER ran
597" wong 4GRS LOWG .

FiIG 1-2. STREsSS DISTRIRUTION , TORICONICAL HEAD UNDER [NTERNAL PRESSURE

- 642 -



-~ 260 -

14 —
-/5.;.‘..‘
| =
2
$ o
E - / \\\\\\{
2 e e 4 1\\ INTERNAL G —
2 il R < A
G ;'f/ N A F |/
o » [
@ S ~ < /
S, ,'1 !l \ <3/’ ’ / /
Q e, A [ Y ' z
‘E 2 ‘?""f d \/ 2 o 7
GD rfl' l { INCHES = RADWS A 1;/" VAN
T<5 e =) Bl Yo A LA
s LI TN e
N~ + P - -
£ oS | peenees
~ ff,’ /-
< /. L A
S 77 | EXTERWAL
wm -chRk . A'ISC”[
& \ P "
N \ : 13 L e
a L /”,,)f” | er .., B7THick.
A il I l—
oAk e 3. |
Al v ) AGR ]
4 g;,‘/ 3,0
e G 7
4 9%g"
[ S,
;'4 Z
-8
et ol D SRS |
S CURVED | FLAT PLATE .%F“cuwm ‘{&
% PLATE PLATE 5
EXPERIMENT Tuenzr % ForD , REF (7-2)
— @ —  IxTErvAL STrEss Y
— A —  [NTERNAL STRtSS END /4 ConvoLuTion
— O — INTERNAL STRESS MwoplE /4 ConvoLvrion

CatcuLnTioN |
o Turnen , REF (£-2)
——-—  PVAL

Fig 7-3(a) CrrRCumrFzRENT/AL STRESS,
FLAT PLATE BELlows |




- 261 -

| -~
- - /‘ \\\ 9
s /5;/ \\N /

24— =y
; SN
\n
- Iﬂ QC‘:JQ
-'V\ /f‘/"S "'S‘?.
2 G 'f"ﬁfl' N / AR
} S /’L\ RO
!

Q ,— I& ] . \\A ,f_\f"‘#w%\-’\
~ 4 N \ INTERNAL ‘ {»,g;;»-—-f;---@*‘b:\

2 / . e ) X

B \

3

& f"l "o

¢ 1 o
< [ DEGREES

IR, il Il
N

2 op > (;:‘ /\\ ®

S INCHES RADIUS | TN

~

~ -gh h

: ‘\ ‘ // AQ\ /=
m — \ / N \ \\~\ /

K \ /7 / [EXTERNAL \A\\\ ;__ﬁ,;,,;

AT 4! ‘

» \ Likd

Fig 7-3(4) MEpI1DioNAL STRESSES
FLAT PLATE BEtrows




| i 766 3

EXPERIMENTAL | TurwnzR 8 FORD
| Ker (7-2)

@ JATERNAL SuRFACE  fooT
O  LXTzrwnaL SURFACE

Carcantion INTERNAL
—— — — Jucwer %-Forp, REF(7-2) |
PVAZ
e == VAL MDAt VALUES
- _fC0 - -
Loap = | 7on TEnSION

F16 7-4  CiRCumrFERENTIAL STRAINS , Belrows <




Pressvre (L2/in?)

100

Ovrsipe WaLL |

MiD-NALL Dirznsions
(1ueHES)

\
\
!

OuTsiIpE WALL '
@ = 4‘50 s —— -——/‘%‘-
/

\
\

b = 45°
lnsips WALL

MEARSURED, SToppART REF(8-10) S _
CAtcvtarad, Puntd —_————

Fic 8-1 Mito Srser TorissHERICAL HEAD , STOBOART

| |
2 '3 = STrRAIN { PER cear) '€



- 92

D _ L
§ L [ I I | ]
g’ o= CROWN Kgdt“&fac Vessae Bory |
%
N | /N
Q 08— \ —
S /
S \ M |
. & 4,
; ol I [ | __— Merwvronac ]
§ {
2 04 \ -
" | il
ty o2 e
| | ]
35// 38 235
—’ D1sTANIE Aong
F Yass&L WNERIDIAN [(104c05S)
} EXTERNAL STRAN
-0& § — — — INTERNAL STRAIN |
o Fra 8-2 Stamness Stece YESSELS , KampiR
Y - THEoRsTical Frastic STRAINS -
| L | I I | |




! RESSURE  2&/1m%)

g

! | |
ScALE 2, HiGH PRoeF YsssEL

Scatel, Low PRooF Y3ssshi

&

Axiar DeFieerion , Vessér Hsad

PEAR STRAINS ARatinp Kuacuiri |, EXTsrmpL SearAce

A 8 ¢
G

MERID18I AL
ClREUMFERENTIAL.

STainLess STegl, VEsSELs , KeEmPER, ,

THEoRETICHL Prastie BEHAvIOUR

Dartzereons (11)
IE L&

|*3

s

X

06 l‘;? .g

STRAIN [ PER €ERT)

9



E (-,A B/1w2) "

/7 RESS LR

L T
513 8 a2
|
5o !
450
420
%
35¢
300]
250
200)] FIG §-4 STRAIN GAUCE LEADING S
OF Lew PRooF Vesser , KerreR (542)
IS0,
AL ExT. GHuces AT
CRrown CEnTRE ?
100, Mip=Enwe KLE & 5,4
| Vesser Bapy 2,3,1
Sc+
STrAIN (PER (ENT)

O ,". '2 ‘71 ‘4‘ 1

1 . 1

Uy




Fig. 9~

/

NOMINAL DIMENSION

OF

THick CaAp And . THIN

canprP

" 26"R (Thick)

= ]
/// B }
| A IRU
y -:L_’: Dia.
v
4 1
|
“
1
“
141
v
v 35" ; T 5
" a : o=
! N °8 1D, 12
/
1]
.l.” /J
s R U
’
/

\Il

2R (Thin)

n
2R (Thick)
16"R (Thin)

1”

31 .
115 Approx.(Thin)

107 Approx. (Thick)
- L9z -

777,

Y

lr”

24" DIA.



[/} . 5
0-125 *.002" 35 LD
—,‘

L)

16 Approx.

~
-
-—

mlw‘
pu)
-
——|
=
o
St
okn
—
——|

b
o

b

11 .l”
% (Thin), 2(Thick )

Cap

" l” . i
4°0.D.x 7 Thick mild

/ steel tube.

FIG.9-2 WELDING AND MACHINING DETAILS OF NOZZLES.




- DA0 -

I | ] 1 I
— -~ —UTL 780LB
~_ ELASTIC DEFLECTION LINE (B) ZERO SPECIMEN
RSN l DEFLECTION LINE.
—an =\ T UYL 592LB
D TN —LYL 568LB
}_
©
N\
47, TOTAL STRAIN LINE.
__ SPECIMEN 1.
EFFECTIVE GAUGE LENGTH 090" |
| INITIAL X-SECTIONAL AREA 0-01238in? §
| { | { | %
0-5 0.4 0-3 0.2 0-1 0
DEFLECTION READINGS (INCH)

800

700

1600

500

400

300

200

100

B FIG 9-3A TENSILE TESTS, LOAD ~ CROSSHEAD MOVEMENT.

LOAD (LB)



T T T T ] T 1 T

ZERO SPECIMEN DEFLECTION LH\{E.

UTL775 LB

. ELASTIC DEFLECTION LINE
_‘

©4°/oTOTAL STRAIN LINE

SPECIMEN 2.

800

700

600

500

400

300

200

EFFECTIVE GAUGE LENGTH 0.92"
L INITIAL X-SECTIONAL AREA 0-01238in?

L | - 1 1 1

100

.05 .04 .03 .02 01
DEFLECTION READINGS (INCH)

F16.9~3B TENSILE TESTS, LOAD ~ CROSSHEAD MOVEMENT.

LOAD (LB)



(TONS)

LOAD

GAUGE METER READING,

REL ATIVE (DIVISIONS)

FIG 9-4 PLANE STRAIN COMPRESSION TESTS , HOOP SPECIMEN ", 2.

. ' / ) T T
i |
Q (o]
- o
° [ o |
Q o]
-
0" ]
P / /0
(e} —
(o]
o~ /
(o]
[k
[ .
/ r
-3
}_J
| | ,
SPECIMEN ™ / sPeCIMEN #2
AVERAGE THICKNESS 0-1242" / ° AVERAGE THICKNESS 041242"
GAUGE CALIBRATION 1 THOU=2.0 DIV GAUGE CALIBRATION 1 THOU=200IV
- EXTRAPOLATED YIELD =50200 LB/in%] _[/_© | EXTRAPOLATED YIELD = 49000 LB /IN
EQUIVALENT Y =43500 LB /IN? o EQUIVALENT Y = 42400 LB/ N2 /
" #  PLASTIC SLOPE =9.6 / w1 PLASTIC SLOPE =113 l
| i L
- A 6 8 0 12 7 16 18 20 22 2t



LOAD (1000LB)

28

24

20

12

|
&
Q
t
N
~3
N
/ 1
AVERAGE THICKNESS 0-1242" —
GAUGE CALIBRATION 1THOU=50 DIV
EXTRAPOLATED YIELD = 48000LB[iN2
EQUIVALENT Y =41500 LB/IN2
/ " " SLOPE =119 —
L 4 | |
0 4 8 12 16 20 24 28 32 36 40

GAUGE METER READING (DIVISIONS)

FIG. 9-5 PLANE STRAIN COMPRESSION TEST

HOOP SPECIMEN ¥3 .




(1,00018)

LOAD

PLANE STRAIN COMPRESSION

80
70 ol
60
50 — 1=
o]
O .
O ‘ / 1
%0 {o/ — N
AN
o / / i
30— /- /
/ a #2 /
AVERAGE THICKNESS = 0.1915" 01856 /
2ol //- GAUGE CALIBRATION, 1 THOU = 488 DIV w77 OV /
A EXTRAPOLATED * YIELD = 50600 LB/N? 52000
i / EQUVALENT Y = 43900 LB/IN? 45000 /
/ 7 7 PLASTIC SLOPE = 157 /
1 (J
1° / /
° ¢
08
0 8 12 16 20 2 28 32 36 40 ol %8
GAUGE METER READING, RELATIVE (DIVISIONS)
F168-6 TEST , AX!AaL SPECIMEN ¥1g42.



TO CONSTANT D.C. VOLTAGE
i SOURCE !
A ?

BALANCE 10 KN
NMIN———

TO COMMUTATOR
AND DIGITAL
VOLTMETER.

120 L 120 N

DUMMY ACTIVE
STRAIN STRAIN
GAUGE. GAUGE.

FIGS7 BASIC BRIDGE CIRCUIT QF STRAIN
RECORDER-




‘05

.04_

-03

—.o'

—.02

—.03

~-05

FIreurED-8
MERIDIONAL STRAINS
AT NozzLE OF
THin CAP

Eu-‘:srzc' STRAINS IN PERCENT
PEr 1000 18 LoAD

T T b T T T ™7

C

STRAIN (GAUGE KEADINGS O
THEORLTICAL
T Suooru,C ProGrAM
I Smoord, N PRoGRAM — — — —-
I SIMPLE —
L. BAND —_——

- Glg -



Ficure 9-9 - 276 -

CIRCUMFERENTIAL STRANS AT Nozzie oF THin Cap

EiaASTIC STRAINS IN PERCENT STtrAaIN GAUGE REsurts O

I Smoary C FPROGRAM

I Smoord N PROGRAM - -

IL SIMPLE . _—
IV BAnND L —

B ' P Q.{< #—6
: \

—.ol _—



7
/ .

/L
N/ |

/ / -
i |
L 1 - / -
AA /// |
b /y//
/W
s s 3 s 3 s 3 ©
g 3 S 3 $ 3 3




Pooo

{000

Aooo

ooo

A4~ -—
- - —
’/ —
PR
// /
~
M
/
EM —[
o
/‘
. /
— — 7 =
/“ .
—
/_ — - \
- EXPERIMENTAL
-
L Gavge 72, . MAxmuM LoAD

F16UREI/

- glg -

CoLLAPSE BEHAVIOUR OF

THIN CAP

_ STRAIN DEFLECT 10V
EXPERIMENT -

/A
7/l THEORY — em—me—me— e mmmm e
! / / N FiesT YiELp LoAap By THEORY
/
[ /// 4550 LBS
/ ’
1 |
/ Derrecrion ( AHoos ineH )
10 20 30 4o 50 éo 70 80 90 100
.2 ‘4 . .8 1o 12 /-4 /-6 /-8 < 2:0 .
L - -



T

‘Clo

-0o05

-~ -005

-—eQa{0

Fig.” 9-/2
MERIDIONAL STRAINS AT
Nozzie oF THick CAP

ELasTic STRAINS IN PERCENT
Per fooo tB Loap

STRAIN GAUGE KEADINGS @)

THEORETICAL : ‘
I Swmooty C ProGrAM
I SMootH N PROGRAM — — —
I SIMPLE ———

I BAND —_—




- 280 -

" FIGUREH 3

CIRCUMFERENTIAL STRAINS
AT NozzLe ofF THick CAP

ELASTIC STRAINS IN PERCENT STRAIN GAUGE READINGS O
PER (000 LB LOAD

THEORETICAL

SmMmoord T PROGRAM

SmootH N PrROGRAM — — — —
SIMPLE _——
BAND —_———

olo [~

‘005

—.005‘ —



<
N
AN

~_
N
NN
AN
\
:

0o
——
o \
S
O~
N
—
\\
AN
| \\\\

° //// /// Firaure 9/ 4
; PLASTIC BEHAVIOUR

A o THCK LI
748

READINGS

I ] ) I ] ] L ]
‘05 ¥ ‘1S ‘2 25 3



, - _EXPERIMENTAL MAX.LoaD 34206 L8S
35000 F— — ‘ I .

I —
GAVGE ¥2 ——1é
—
30000 /
W e
% ~
S
N~ ‘
gﬁooo‘ —
N
\l
q
<
>
<
20000
[5ooo - — 11
| FIGUReH S
‘ Co6L1ApsE BEHAVIOUR oF THick CAP
STRAIN DEFLECTION
EXPERIMENT
- THEORY —_———- S
FirsT YiELD By TazZory
£7/0 LBS
DEFLECTION (’/looo /AICH)
20 30 40 éo0 éo Jo go 70 too
lo rs 20 a5 3-0 34 4.0 4.5 S0

s LA PERC

2
Fo



IN CALCULATION

CYLINDER ELEMENT

TAPERED Torus ELEMENT

O\

SPHERE £ LEMEAJTT

Yin
—_
\-
Fm= ro+% ,F t<T
- ro 1—%1 (F T<t

W ‘Smoor’ RePRESENTATION

AcTuaL

NozzLE

/
SmooTH | RePRESENTATION oF NozzLe JuncTioN

Figure [0~

]

A X



- 204 =

- Fieure 10-2.

0 O EQUIVALENT SOTRESS INTENSITY
AT Nozzie of THin CAP

IN 1000 LB/IN?
PER [000 LB LOAD

EXPERIMENTAL O
B THEORETICAL
4 ( smootH, C PROGRAM)

MEMBRANE STRESS
AT NozzLe

— — — —




- 285 -

o Freure 10-3

6 I LQuIvALENT STRESS [NTENSITY

- AT NozzLe oF THick CAP
5 L O

IN 1000 IB/INZ

- PER 1000 LB LoAD
4 |-

I _ EX PERIMENTAL '®)

THEORETICAL

(SmoorH | C ProGRAM)

MeMBRANE STRESS
AT No2zLf @—meo—o




o~

).

. Maximuum LoAD
— | /4120 L8S AT FiesT LoADING

NDTH (NMNCH

5

| TDEFLECTION —

/2900 LS AT PRESENT LoADING

N_THausA

(S

DEerLECTION (!
o

_99.8.-

<}
©

Ficure 10-4.

| I |
/ ConSTANT STraN- RATE LOADING OF THin CAP

Poors oF AxiAL LoAp v TIiME
AXIAL DEFLECTION of NozzLE |~ TIiME

16 g 20 22 24 26 2% 3o 32 3% 3§ 3F <o

6 1% lo 12 4
TIME  MiNures)



Taneent LINE

3"

@ Access NoazLE
Nom, Siz£ 70"

@) Test NozzLE
FoR DeraiLs See fic 17-2.

MaTERIAL
18/87Tc Smmiess SEeer

DEsicn PRESSugE 34a 18/1n2

- lgz -

' I B 3 '
P -2z B /I -az -z
C ]
L
"
—-—-\_I_—_/ e
4,0.RAD
<
qQ
<
™~~~ /'\ ?i" ' tQ
‘B 4 Q
&) J
- - - v‘-
/
)/
~/ "
/ %THK
t Lo /
Z THKJ /
_ Y |
1
2L 2'- 15" Bauy Lewern %

2 :
3= //?" APPROX. 0/A LENGTH

LLEVATION

Fig 11-1 TesT Vesser Nominar DIMENS NS




- 288

i

w

37 DIA

£

¢

i'¢

NN

///////

=" ¢k NELD

125 "waiL

AFTER WELbinG INTO HEAD
JOINT T BE MacHNED To
RADII Stawn AS ACCurATELY
AS PosSIBLE

+'rAp

e

VeSSEL Heno

FintsSHED NozzL

—Sam

(/]
T CF WELD

424" 1/b1A
e

/////J////////////Z///

E

Vesser Heabd

PipE To Be MacHinio Dowwn
76 DIMENSIONS SHown
FROM 4" 0/D1A X 2:.424."1/p1a PIPE

he
TR

I'cur Biack T Sound
METAL And REWELD

WELD PREPARATION

Fig 1/-2 Detais oF TesT NozzLE




C'@/ M‘@ T7.8"

-9, M@ 7"

o228 Y

C-®) H~@ /,,é)l

/|

4.5

-G M-GD 115"
M-GD fo.6"

N

DATYUM |

C-@Q) MA2)D 15:7*

3 <
HorzonrAL FPLANE ™ = =
@ o~ Y
® T %, ®
Q@ 3 r X
O Yo LT @‘
VI = ’T‘ AN
{ SEEETREARY.
|
RN S SN TSNUN SN SNON N NN NG N N N - .§
vk
. oa®
75" M-~Ed @@t’
8‘5" C"@b P
758" c-@Gp, M-65) LI
Q
}

DA

M- DParum

u

Q
@x
8
@l
Q)

C ~ CIRCUMFERENTIAL GAUGE

M~ MERIDIONAL GAUGE
ALse SHOWN ARE DistanceEs Alons SHeLL SurrFAcE

FRoM DATUM PiSITIoNS

GAUGES @ Z@ HAVE SAME PosiTions AS

Gavces @ & (5

FlG. [/-3

Bar N PLANES F0° APART

Position oF Smeain GAUGES own -

GAUGE @

GRUGE @

7

VesSEL




TANCENT LinE

TANGENT LINE

r/ : DiAL GAUGES ARE MoumTeD

IN THE thrizoanrar FPrané
on A Licid FramE

3"

- 062 -

12.2! @ @ @lz'___r@) @

475" 475"

Fig I1-4. Position OF D/AL Leuces Ow TeEsT Vescrr




(( B ]
'l N
‘Air-Hysro' Pump AIR PRESSURE " Ol TANK
. R EGULATOR
YESSEL PRESSURE A
GAUGE Ol Frow SHor AIR, [
O\ REGULATDR. SuprLY
=
i SHuT-OFF VALVE - i
E-:H}-/ O LeVer ~ I
! i —— ] |
‘ [ b e e P 1
- | : Heprsuemg Tuse
= \ - .// AND RuULE -
d ' I
“Test VESSEL
Hypraucie Oio
USED IN 0if CirCwuuT
\

1 11-5 Pressuge  CrReuT




(PER CENT)

ook

.qu‘ ]

Y1y

‘0O

‘OtO €2

60 =

- 262 -

AN PSR 100 L8

-~ 002

SR

- 0805
-806
-0
-QJ0 |

- QI

ExtzrnaL
JNTERNAL

CaLculated MEASURED

#HeAn HEAD
A 8
@) o
o )

Vessel Az

For Hzad A \ B

Fie 12-1 Etastic CrResmrERENTIAL

STRAIN DiISTRIBVTION ON TEST
Vesser Hzaps —

BASED on FMEASVRED GEQMETRIES




l ] | |1

, / . |
022 i | | #3g , —1
on /n/ﬁ Fig 12-2 Erastic MeripionmAL

Cacorated MEASVRED I '

. Yenn A HEAD / ‘ STrRAwe DisTRIBUTION ON
E'O!& ExTERNAL o o % / o \ ‘ Test VEsssL Henps —
gy
© INTERNAL — — 0O 8 _
3’016 /#44 \ E
a
~014 / / \ #33 -
NE ; .
So2 I f .
P #
Q0 36 _
g.0l
- /:1 tg A }Héﬂu B c!
&-008 #37 - Hlmé— A
2 E L.
g.océ \ \.‘/ / ]
G / _
1004 #20 \ VESSEL Ams/v
——Te S SRR e \h/ For tizap A | |
002 f#18
5 ._ Ny L
10 8 ) 4 - 2 < QJ 4 & 8 10 12 14
002 \ /0 Distance ALong Vessel Merworan (1N)
SHELL J ~ %29 HEAD -

!



%

{

o
w
©

‘>
T
!

il

Fie 12-3 ELasTiC ClROUMFERENTIAL STRAIN

‘ — MNozziz Ewnp af Test Vesser (#H£ap 8)

21 ™~ a4

Vil _

] ] LA i 1 I 1 i o

« CROWN
v C JON

e /0 2/ i4 1§ 18 20 22 24
DISTANCE AtLong VessEL MeRipman (IN.)

V7
A\ Q/O/ﬁ CALCULATED MEBSURED
EXT‘ et O
- INT. —_ 0
]
KNGCKLE : VEsSzL Bob y —



335, :

w81
W

IS

+0fo

Crram FER foa LB/IN* (FER CENT)

2ok

| I I i i I [ |

Fi 12-4 EirasTic MERIDoNAL STREIN
Nezzie Ewnp oF Tesr Vzsser (Hean B)

- Gbg =

\ i l | o

..-003

!
N4 U6 = 2 22 a4
DistanNce Brona Vescre MeRiw 1om (In.) -

CALCULATED MefSURED

...a[a
ExT. —_— O
—olS INT, —— o . -
| .
-A|)2fa —_ i , 2 —~
\L/A'
i
- .25 1 \ I { [ | | | I 1
x
i NO22LE - CRIWN KnvuckLe —>r< Vesser Body — s

JUNCTION



i I

o0 b CYCLE Nop 2 3 T
g70 Le/m2 \ L
(J
Zod - A O N -
m /
2
DN
©
~
7CO . -~
Ly
NS
5
54
for |- &J 4
QL
Koo -
460 Fra 2-5 .
AxiAL DeFiecTiOn AT
EnD Nozzie JUNCTION
3od -
MEeASURED ())/FF;"A’ENCE OF
ﬁmamqs'l DipL Gauge Me 745 )

200 — - CALCULATED =
foa i
o { ] | ]

&o /60 (50 200 250

DrFiecrion (/1000 tN.)




- 297 =

O .
-qo _ CYcie No.
870 LB/IN2
gooe
- 0
2
N
Q
N
2 h
|70 W
¥
G
g
&
oo N .
¥ v
/
v
500 /
/‘r‘
/
o
400 Fieg 12-6  CireumrerenTiar STRAINS T |
P
! AT EnD Nozzig JuncTioN
TJ .
3060
Measured  (GAuce 43, TEMSION)
906 — — —  CALCuLATED , I
Y | L
|
j Cycee Mo, ¢ BT .
9. 4 6 I3 /o0 r2 /4~

STrRAIN (FPER CenT)



! ! ] | ] 1 ] 1

({85 LB//n3 / 3RD LoaDingG

1070 LB//N2
fo00 / / / G/O'//ZJ‘Q‘“’ LeADing

Yl

JRESSURE Cz /)

T

70 LB/IN2
400 70 L8/,

N/
/ /ST Loabing

Fig 12-7 FRESSURE A.-‘Voz_u,wi: CUrRvE

_x_Loo

._goo

Ci. Lever in MeAsuging TUBE (iN)
|20 25 l3«‘: |35 !4.0

O Vorume (IN3S)  ,ep

50 100 150

~ g62 -



1 [

J]R00

=
(o3
C

8004_.

FRESSURE (LB/inY

0o

’ ro

FoR Gauce A8
Mp GAauce 39

{
EXT.

INT.

Filo 12-8 CIRCUMFERENTIAL STRAINS
ARouND KNucklE OF CLaSED DiSHeEDp EMD

( Heap A)

Meas ureD

CAHLCULAT 10N
WiT#H FITTED STRESS-STRAIN CURVE

o mee— . —

Witr PERFecTLY Prastic CUurRvVE

-2 / 25 '3 38 -4 a5
] - Il

by — — <o

| ! I
STRAIN ( PERCENT)

[
O



(260§

- 00¢ -

{6co
M
2
S
N
¥oo
W
3
%
& . S‘_ ~
% Loo Fice 12-9 MeriDionaL DSTRAINS
AROUND KNicwre 0F Crosen Disien END
[HEAD A)
Lo Measu gD
. CALCULATED
WiTH FITIED STRESS-STramv Curve
—— . — WiTh FEREECTLY FLASMic CURVE
2088 ‘
For  £xT. Gauces 33,27,29
INT. Gruge 3§
y 4 | | 1
-3 o L é ¢7 .8 G
* 3 STRAIN (PeR CeanT) 7



RESS Ukt (LRANZ)

t4

/TD

Fig 12-10 Ciecumrerentiar Strains
AROUND ENUCELE OF DiSHED ZAiD Wity MNoz2ziz

- 10¢ -

( Hean B)

—  MzASurED

— — — CHLCuLATED

FoR Lxr. Gauck i7 | InT. Gouce 4]

s 05 Y 15 02 ;25 '3 = 4 =y

|
ST (Per cent)



[RESSuvE (£B/N3)

Fig 1211

MeripronAL STRAINS

AR0UND KnuckliE oF DisHed Fhp Wity Na2a(&

( HEAD B )

MEASURED

CALCULATED

For ExT. GAuceE 16 , (VT CAnCE 44

o6 67 0§ ¢ 7

- CTRAIN (PéRC{—‘N]')



FPRESSURE (LB/InD

_}?000 ]
43
&
a—— -_ :
RAL e -—%“’é——— - ]
e “""—-—"‘-’:"———:—' / 43
(oo :
- »’//- -
//
3 LAST ReADING foR ,
hso [ GAuncE & . ————  Mepsured
/ ——— ——  CALCULATED
For  ExT. GAuce € | INT. GAGGE 43
Qen
v2 4 -6 R 0 2 | I 6 ’/.3’

1 { i T | ] T

Fre [2-/2 G/Q CuMFERENTIAL S TRAINS
AT Juncrion oF End NezziE

T STRAIN (PER CENT)

- <o¢ -



PRESS uwi ( Lafin?)

! l I | | v I ] l

Fie /2-/73  MzeRrivienar STrRans
AT JuncTien ¢F EaD Ne22LE

Joco
42 ’
Y60 / T —
[ L e — - !
/ f " . i
_600 - 2 LAasT Reabineg .._J
// / For GAuGE 7
4 / MEASURED
oo/
—_— —— —  CALCULATED
f
/»- Foe £xT. Gruce 7 y INT. GAage 4-2.
207
- ‘!' a—
2 s 6 8 /9 2 T l/'6 1/'8

STrAN (Per Cant )

- 70¢ -



Feessues (LBJIN3Y

Fia 12~14 Axiat DEFLECTIONS

Reipmive To MibD- VESSEL

AT JuncTien of End No22LE

L2

_4-00
MEAS URED
[+
2006, CALCULATED -
—_—_—— Fr7eEp STRESS-STRAIN CUurve
- PERFECTLY Prrstic CUrRvE
fo_ a0 o o So qfeo 20 fav b 08 200 220

T I

perLecrion (Yfleee )



j208 ¢

o
S
-4

Fressure ( LB fin?)_
oQ
[
[~

>
o .

Jdac

Fig 12-/5A S7RAINS NEAR (Rown (ENTRE

od

OF CLoSED DisheDd END HEAD A)

MEASURED
— —_ CaLcutArEDd

FoR ExT. Gauces 35 A 36

|- i _ 1 |

5 2 ,-Z-S 3
ST7RAN (F2R canT)

- 90¢ -



n2)

/o0 co

7

£ (et

2
\

7> RESSUL
=
0

Goo

4C0

Reao

Fig 12~/5R

Extzenst CrRcumreREnTiA L.

Stramns  pT Vesser Bopy

MeASURED

— — — CarcurnteD

FOR EXT. CAUGES .,23/ 24- 3 25

4 5 b

STRAIN ( JPER CENT)

- Lo¢ -



/-0

FiG 12-16 EQuivarent Streess - Staain CURVES
for TesT VESSeL

MEASURED FRoM THREE T[Ewnsite 7eSTs

Best AT Curve

FITTED WiTH 28p ORDER ALCEBRMC FLi¥hamisil
W In RENLE 0 - 45 FPERCENT.

G = 334996 xi6% + 1.33671 X0 [E/,~/-&’IS‘}2 X4’ 5/3
T (L3/mz) , Zp (Infin)
@ Axis For 28Ro FasSTic STRHIN
@ Axis Fer 2er0 [o7sL STRAIN

rs 2.0 ) 30 33 4.0

Apsric STRAIN (FERCENT)

- 80§ -



{c

1

< 74%:5.% (70% 18/m2)

Ur
o
i

{0y 0

fig 12-17 £quivateiwtT Sirics- Stramn Curves
For Ewnp MNozziz

MepasurED FRom Two [Ensicé (ESTs

— — —  Best At Curvur

Fitren Wit 2up ORDER BDLLEEERBIC folymeimn il
Mirtlin RoWwer 00— 4S8 Perceny

G = 37263X10% + (.23770 %10 ¢ & — /- 3857x107 E,°
T (LE/1n2) , gp ( 17/ In)

/.O /':3— L0 ..QAS '3-0 '3'$‘~ '4‘0

FrasTic STRAIN (Af’_?”;: CENT )

- 607 -









	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64
	Page 65
	Page 66
	Page 67
	Page 68
	Page 69
	Page 70
	Page 71
	Page 72
	Page 73
	Page 74
	Page 75
	Page 76
	Page 77
	Page 78
	Page 79
	Page 80
	Page 81
	Page 82
	Page 83
	Page 84
	Page 85
	Page 86
	Page 87
	Page 88
	Page 89
	Page 90
	Page 91
	Page 92
	Page 93
	Page 94
	Page 95
	Page 96
	Page 97
	Page 98
	Page 99
	Page 100
	Page 101
	Page 102
	Page 103
	Page 104
	Page 105
	Page 106
	Page 107
	Page 108
	Page 109
	Page 110
	Page 111
	Page 112
	Page 113
	Page 114
	Page 115
	Page 116
	Page 117
	Page 118
	Page 119
	Page 120
	Page 121
	Page 122
	Page 123
	Page 124
	Page 125
	Page 126
	Page 127
	Page 128
	Page 129
	Page 130
	Page 131
	Page 132
	Page 133
	Page 134
	Page 135
	Page 136
	Page 137
	Page 138
	Page 139
	Page 140
	Page 141
	Page 142
	Page 143
	Page 144
	Page 145
	Page 146
	Page 147
	Page 148
	Page 149
	Page 150
	Page 151
	Page 152
	Page 153
	Page 154
	Page 155
	Page 156
	Page 157
	Page 158
	Page 159
	Page 160
	Page 161
	Page 162
	Page 163
	Page 164
	Page 165
	Page 166
	Page 167
	Page 168
	Page 169
	Page 170
	Page 171
	Page 172
	Page 173
	Page 174
	Page 175
	Page 176
	Page 177
	Page 178
	Page 179
	Page 180
	Page 181
	Page 182
	Page 183
	Page 184
	Page 185
	Page 186
	Page 187
	Page 188
	Page 189
	Page 190
	Page 191
	Page 192
	Page 193
	Page 194
	Page 195
	Page 196
	Page 197
	Page 198
	Page 199
	Page 200
	Page 201
	Page 202
	Page 203
	Page 204
	Page 205
	Page 206
	Page 207
	Page 208
	Page 209
	Page 210
	Page 211
	Page 212
	Page 213
	Page 214
	Page 215
	Page 216
	Page 217
	Page 218
	Page 219
	Page 220
	Page 221
	Page 222
	Page 223
	Page 224
	Page 225
	Page 226
	Page 227
	Page 228
	Page 229
	Page 230
	Page 231
	Page 232
	Page 233
	Page 234
	Page 235
	Page 236
	Page 237
	Page 238
	Page 239
	Page 240
	Page 241
	Page 242
	Page 243
	Page 244
	Page 245
	Page 246
	Page 247
	Page 248
	Page 249
	Page 250
	Page 251
	Page 252
	Page 253
	Page 254
	Page 255
	Page 256
	Page 257
	Page 258
	Page 259
	Page 260
	Page 261
	Page 262
	Page 263
	Page 264
	Page 265
	Page 266
	Page 267
	Page 268
	Page 269
	Page 270
	Page 271
	Page 272
	Page 273
	Page 274
	Page 275
	Page 276
	Page 277
	Page 278
	Page 279
	Page 280
	Page 281
	Page 282
	Page 283
	Page 284
	Page 285
	Page 286
	Page 287
	Page 288
	Page 289
	Page 290
	Page 291
	Page 292
	Page 293
	Page 294
	Page 295
	Page 296
	Page 297
	Page 298
	Page 299
	Page 300
	Page 301
	Page 302
	Page 303
	Page 304
	Page 305
	Page 306
	Page 307
	Page 308
	Page 309
	Page 310
	Page 311
	Page 312
	Page 313

