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SUMMARY .

mxperimental results are presented for the tur-
bulent mixing of plane jets of air, helium and Arcton 12
issuing into & moving air stream. Only the diffusion of
mass and momentum have been considered since both streams
were of equal temperature. Transverse and centre-line
velocity and concentration dlstrlbutlons are obtained for
both jet and wake-like flows i.e. ( —1 > 1) and (—1-<:1)
Despite the large differences in den31ty, the,exPerlmental
free jet data (Uj':> Um) revealed, on the whole, that the |
assumption of an approximate self-preserving flow led to
a gquite reasonable prediction for the centre-line
quantities and the jet growth, Measurements for the
free wake (Uj <:Um) showed that thé flow is self-
preservihg and that the wake model is relevant. It is
'found from the measurements of the centre-line concentra-

. U |
tion that none of these conditions ﬁl = 1.0,

e. U. €U2 "

~d = 1,0, —d—f = 1,0 or even {g— = 1,0 (where
e, v, e, U
‘ m

H is the excess momentum flux ratio) gave the criterion
for minimum mixing.
Measurements of the turbulent wall-jet .showed

that the assumption of a nearly self~-preserving flow
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(outside :the wall-layer) leads to a reasonable pre-
diction for the decay of the peak velocity and the
wall-jet growth provided that (H/s:;;.Z). ‘The data
for a weak wall-jet ( g"<:2) did not agree with
Glauert's theory and the flow ceased to be self-
preserving. For such weak wall-jets and film cooling
flows, Stollery's bourndary-layer model is more

appropriate.
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I. INTRODUCTION

Many fluid flows of practical interest are of
the turbulent type. Of 28ll aerodynamic problems free
turbulent shear flows are among the most important.

A well known type of free turbulent shear
flow is the mixing layer flow, which occurs between
two streams moving at different speeds in the same or
opposite direction. A free jet occurs when a fluid
is discharged from a slot or orifice into a large
volume of stagnant fluid, or into a moving stream of
relatively lower velocity. A free wake is normally
formed behind a solid body which is being dragged
through fluid at rest or behind a solid body which, *-
has been placed in a stream of fluid.

In the two dimensional field, most of the
turbulent jet mixing work reported previously has
been concerned with a jet of fluid issuing into a
stagnant environment of the same fluid which is
one example of a self-preserving flow. Most of the
relevant references can be found in recent surveys
by Abramovich1 and Schlichtingz. The sole experiment
with a jet expanding into a moving stream reported by

3

Weinstein et al - used streams of the same density



with the jet velocity greater than the free stream
velocity. No experimental results have been reported
where the jet velocity is less than the free stream
velocity. Such a flow is of great interest for com-
bustion chamber cooling. Tor a jet issues into a
moving stream self-presefvation is only possible for
the regions where (Uq >> Um) or (UO<4Um) (e.g.
Townsend 4) where (UO) is the difference between
the centre-line velocity and the free stream velocity;
i.e. for the plane jet and at far downstream for the
wake.,

| The most important problem, however,
arises when one gas is injected into an entirely dif-
ferent one moving in the same direction. The practi-
cal motivation for such an investigation has been
the mixing of gas fuel in a combustion chamber, uti-
lizing the diffusion flame (e.g. Fefris).

The phenomena of turbulent mixing between
two moving streams of gases of widely differing densi-
ty is difficult to resolve and the analytiéal treat-
ment of this problem is greatly impeded by the pre-
gent limited knowledge of the fundamentals of tur-
bulent transport of mass, momentum and energy. All

the theories employ empirical constants which have



to be found from the experimental results.

The work that

has bcen done so far on this complex problem has con-

centrated entirely on the round jet into a quiescent or

moving stream as indicated by the following Table.

Table 1.
Reference| type of { jet gas findings and remarks
Jjet used
Rundun6 Round hot air
jet
Um=o energy diffused
7 more rapidly than
Corrsin Round hot air
jet momentum.
! Um=o
Keagy &8 j Round He, COQ, Mass diffused more
Weller = ; jJet and Ne -
b U, =0 2. rapidly than momentum.
Forstall  Round 10% helium (SC<:1) and was
& jet as tracer .
Shapir09 Um £ cas constant, independent
of velocity ratios.
0, U T, y
H
yuliilo Round hot air, H2 No concentration
1955 jet
U= CQos Oy and oo surements.
| Steam

Table cont...

4



Reference | type of | jet gas findings and remarks
jet us ed
Vulistt Round hot air (E.U.z/ emUmg) was the
(1961) jet J d
U £ 0 mixing parameter.
Regsda112 Round Br Concentration measure-—
& jet !
Weinstein Um%o ments only.
.13
Perri Round H2 The free stream was
jet
Um % 0 supersonic
1
Zakkay 4 " HZ,He " "
and Argon
Alpinierit? H,, CO, ;High subsonic free
streamn, Sc = 0.5

According to the previous table, all the workers

have agreed that both energy and mass diffuse .

more rapidly than momentum and the lighter the jet

gas, the more rapid the centre-line decay.

Despite
16

the analytical studies presented by Tollmien™ 7,

Schlichting 2

and Townsend 4 concerning the turbulent

decay in incompressible self-preserving jets'and

wakes, relatively little has appeared regarding

the more complicated problem of foreign gas injection.,



The most recent attempts have concentrated on obtaining

correlation of the experimental data; for instance,
Cmox or Unmox, using an eddy viscosity concept. Such

work was reported by PFerri 13, Libbyl7, Zakkaylg,

15 and Regsdal 2. The semi-empirical for-

Alpinieri
mulae for the eddy viscosity used by these workers
were all different in the sense that each formula
assumes that the turbulent mixing process is due to
a different flow parameter. ILibby 17, for example,
used a turbulent viscosity which was proportional to
the maxinum difference in the mass flux at a given
station and has attributed the mixing process to be
solely dependent on the mass-flux ratio. Minimum
mixing at €.U. = € U_ was therefore predicted.

Jd J mnm
12 eddy viscosity was proportional to the

Regsdal's
dif ference in velocity across the jet (UmGX' Um),
thus attri buting the turbulent mixing to be dependent
on the velocity ratio of both streams and from his
own experimental results minimum mixing was found at
(Uj = Um). Vulis,11 from his own measurements of

the centre—iine temperatures, has reported that

the sole parameter governing the turbulent mixing

process was the momentum flux ratio and minimum
2

_ 2 At o
j = QmUm + Recently Alpinieri

mixing was found at QjU

has reported that none of these parameters was correct,

15



Plane gas jets into a general stream, however,
have not received as much attention and this was one
of the reasons for the current set of experiments.

A considerable part of this repdrt is concerned with
the development and the gross structure of two-
dimensional free jets and wakes of a foreign gas.
The main objectives were:-

To obtain experimental velocity and concentration
profiles for air, helium and Arctonl2, jets immersed
in a moving air stream; to0 compare the experimental
results with simple asymptotic theoretical models
for turbulent self-preserving jet amd wake flows; to
throw a better light on the understanding of the tur-
bulent transport process between two parallel gas
streams of widely differing density and to find,
if possible, the most important flow parameter that
governs the mixing process.

The remaining part of the present report
is cohcerned with the mixing of a turbulent wall jet
of a foreign gas with an air mainstream. This process
occurs in film cooling or heating and also finds
application as a method of Boundary-layer control.

This latter problem, however, has been the

subject of considerable analytical and experimental



study dﬁring the past few years and these investiga-
tions, in fact, can be divided into two groups:-
The first group of workers were mainly interested
in uniforn density streams, in which the injection |
velocity was very much greater than the free-
stream velocity. Most of their analytical treatments
were based on the assunmption thét, except for the small
wall-layer, the flow is approximately self-preserving
(e.g. Glauertlg). The agreement between their ex-
perimental results and this theory was only satisfac~
tory when.Uj:;,Uﬁ. No experimentalvdata have been
reported, in which the jet velocity is only slishtly
in excess of the freestream velocity (weak wall jet);
or when the jet velocity is less than the freestreanm
velocity (wall jet with initial momentum deficit or
wall wake).

The seeond. group.of yérjlg’e,rs,were invéstigé.fihg'
the film cooling problem to an adiabatic wall under
oonstanfupressure. The density of the st;eam was near-
1y uniform am the sole experiment which dealt with -
‘dissimilar gases has been reported by Hatch and
Pape112C, wio injected helium as a coolant into & hot
air strean.‘ The experimenfal results for film cooled

adiabatic walls, together with a survey of previous



analytical treatments, can be seen in the report by

Stollery and the author 21

(to be found in a pocket
to this thesis.). In this note it is suggested that
far downstream from the slot the flow should behave
like a fully developed turbulent boundary-layer. A
simple theoretical model was developed and extended

to cover the case of foreign gas injection. According
to the flow parameters and the density ratios exanined
in this note, the utility of Stollery's boundary~1ayer
model is limited to mg1.50 « The present report gene-
ralizes this model for any conserved property at the

wall (e.g. concentration) and investigates its utili-

ty over a wider range of density ratios.
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2. Apparatus and test facilities.

All the tests were carried out in two of the low
speed wind tunnels in the aeronautics departnent,
Imperial College.

2.1 Wind Tunnel.
2.1.1 Test with streams of the same density.

a, The Primary Strean.

The 3'x2' closed circuit low speed wind tunnel
"was used. The tunnel has 12' long working section and has
a maximum test section velocity of 160ft./sec. BRlced
slots at the end of the working section ensure a constant

nass flow rate through the test section during the run.

b. The secondary strean

’ The secondary air was supplied to the tunnel
through an aerofoil shaped injection slot, shown in fig,
(1a). The slot width wasy' and spanned the 2' wide tunnel
working section, as shown in figure (1b). The bhasic ele-

nents of the injection slot were as follows:-
1, The plenun chamber:- 1" diameter steel pipe 42" long,

fitted with 2 series of 1/16" diameter holes, spacced at
1/4" intervals. The working pressures inside the pipe
were such that the small holgs were choked. The pressure
was between 55-T75 p.s.i.a. The plenun chanber was con- -
nected to the high pressure supply, available in the la-
boratory,by means of rubber hosing through a pressure re-

gulator and controlled by a throttle valve,

2. The Diffuser:- 4" long and had a 24" span, with a
total di ffusing angle of 12°. Three gauze screens of 12
resh were fitted at equal spaces along the diffuser to
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obtain a uniforn total pressure along the span
of the slot. For this particular design
(using a choked throat), the velocity distribution at

the slot exit was fourd 0 be two dimensional to ¥ 3%
except within one inch of the tunnel side walls. The
maximum jet Reynolds' number based on slot width

was 12,000.

2.1.2 Test with dissimilar gas streams.

a., - Primary stream

The 18"x18" open circuit low speed wind
tunnel was used. The tunnel has a 6 ft. long, square
working section and a maximum test section velocity
of 104 ft./sec. at full throttle. Speed control was
achieved by throttling the air at inlet to the tuannel
fan. Hence the turbulent intensity in the working

section was probably higher at the lower tunnel specds.s

b. Secondary gas stream (Helium and Arctonlz)

The secondary gas stream was supplied to
the tunnel through a two-dimensional slot similar to
that shown in figure (la). The slot width was
1/16",. The secondary jet of either helium or
Arctonl2 was supplied from high pressure bottles
available commercially.

Helium bottles contain a gas volume equivalsnt

to 200 cn. ft at N.T.P., at a maximum pressure of
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2000 p.s.i.g. 'The chemical name of the refrigerant
Arctonl2 is dichlorodifluoromethane and its chemical
formula is (C 012 FZ)’ the physical data can be obtained
from reference (22).

The Arcton 12 cylinders contained 126 lb. wt.

of liquid under 57 p.s.i.a at 70° P. An arrangement
was made to utilize more than one bottle at a time
(see figures lc and 1d). This was done by intro-
ducing a common manifold connecting 4 cylinders
through high pressure rubber hosing. The gas (heliun
or Arctonlz) was then sunplied to the slot plenunm
chamber from this common header through a pressure
regulator valve. A pressure gauge was fitted to

the low pressure circuit, to check the regulator
pressure gauge reading. Again, the working pressures
were sufficiently high so that choking occured at the
throat.

The maximum Jet Reynolds! - nuabers were 1000

for helium and 7,000 for the Arctonl2 jete

2.2 Instrumentation and traversing gear

Measuremnants consisted of total head, static

pressure, =nd concentration by volume.
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2,241 Similar density stream

Vedkocity traverses were made, using a probe
assenbly, consisting of a total head and static pres-
sure tubes, placed %" apart. The total head tube was
0.045 int. diameter, the static pressure tube was
1/16" external diameter with four equi-spaced radial
holes of 0.005" diameter. The probe assembly was
mounted on the micrometer head of the traverse gear
mechanism installed on the tuanel roof; see figs.
(lee , 1-1) The probes could be positioned to an
accuracy of ¥ 0.01" in the Y direction and % 0.03"
in the other directions. The pressures were measured
by means of a multi-tube alcohol monometer. ‘The tunnel
speed was measured from the reference pressure

using the Betz monometer.

2.242 Dissimilar gas streams.

The mixing region was surveyed at various
downstream locations to obtain the velocity and con-
centration profiles, using a pitqt-static rake,

(as shown in fig. l.g). The rake consisted of four
1/16" external diameter stainless stecel static pres-
sure tubes. The total pressure tubes were 1/16"

internal diameter and were also used to collect gas

samples for the concentration measurement. There are
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few detailed experimental data concerning the

design of the sampling probes, therefore no special
probe . has been used, The flat-nosed tubes with
constant inside diamcter have proved satisfactory

see section(2.6.1). The total head and the static
pressures measurements were recorded photographically,
by mounting the camera on the inclined alcohol mano-

meter; thus the actual running time was minimized.

2.3. Samplinx and concentratipn measurements.v

tas samples were withdrawn from the mixing
region and collected in a series of sampling bottles
each of 150 c.c. capacity. The bottles were immersed
in a large tank of water and were connected to the
samnpling probes by means of rubber leads as shown in
figure (1l-d4). The bottles were perfectly sealed and
the volume of the rubber leads was very small comparced
with the bottles' volume. The sampling procedure was
carried out under vacuum created by the difference
in the water level in the tank and in the sampling
bottles when the bottles were raised upwards. The
possibility of air escaping into the sampling bottles
was not likely, as the vacuum created was a few milli-~
meters of water. It should be worth noting that the

degrece of solubility of helium in water is approximately
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zero, and that of the Arcton,, about 0.012% by weight.
The "underwater" method is more practical than using
evacuvated bottles. The sampling procedure was repeated
each run to make sure that the gas samples withdrawn
were sufficiently representative. At the conclusion
of the test run, these sauples were introduced to a
double range thermal conductivity cell, whose out-
put was proportienal to the concentration of the jet
gas in the sample. The proportionaity between the
cell out-put and concentration was deternined by a
calibration. The construction and calibration of

the gas analyser are given in section 2.4

2.4 "Gas Analyser

0f the many! physical properties of gases
employed in analysis - thermal conductivity is the
$implest and most economical to use, though it is
only applicable to two component mixtures (though
each component can itself be a mixture of gases e.gs

air or Arctonlz)

2,:4.1 General principles

If a constant electric current is passed
through a platinum wire surrounded by gas in a chamber,

the temperature of the wire will rise until a point of
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equilibrium is reached, A%t this point, the elesctrical
energy supplisd to the wire will be equal to the
‘thermel energy lost. Provided radiation, convection
and direct conduction effects are minimised or remain
constant,the temperature of the wire will depend on
the heat lost by thermal conduction through the gas.
Since the electrical resistance of a wire is propor-
tional to its tenmperature, a measurement of the former
may be used to determine the latter. These are the
general principles of the gas analyser, or "Katharo-

meter" (Cambridge Inst. Co.).

2.4.2 "Katharometer" basic principles:

.
, N <A
- I} ' to r
7

LN
1 (3)

L —
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Consider the above figure; +the four platinum wires

1, 2, 3 and 4 have identical electrical and thermal
characteristics and are enclosed in separate cels
within the Katharometer metal block (see fig. 2).

Bach wire forms one arm of a simple Wheatstone bridge.
With constant bridge current and all four cells are
open to the same gas; eéch wire will attain the sane
temperature and resistance. There will be no potential
difference between points A and B i.e. the bridge is
balanced and no current flows through the galvanometer,
1f, for example, pure air is introduced into two cells,
(containing wires 2 and 4) and a helium-air nixture
introduced into the remaining cells, (containing

wires 1 and 3) then wires 1 and 3 will lose more heat
to the walls of their cells than wires 2 and 4, since
the thermal conductivity of helium is greater than
that of the air. In consequence the difference in
temperature, and therefore in electrical resistance

of the wires, will throw the bridge out of balance
causing a deflection of the galvanometer. The
difference of potential between A and B and hences

the current flowing through the galvanometer, depends
upon the dif ference between the thermal conductivity
of the air and that of the helium-~air mixture. The

galvanometer can thus be calibrated to give directly
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used in the test,
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the percentage of helium or of other gas in the mixture.
Usually two cells are sealed with a known reference

gas, and are known as reference cells, whereas the
remaining two (measuring cells) are open to the sample
gas, The constructional detsil is shown in figure (2)
as given by the Cambridge Instrument Co. The reference
cells were sealed with pure air and the measuring

cells were calibrated to detect both helium and

Arcton,, concentrations from 0-100%.

2.5 Gas analyser circuit and accessories

2¢5.1 The electrical circuit

[}

o > - -

<
-)

The above diagram is a simplified "Katharometer'-
‘bridge circuit; its main components are:-
Et- is the main current supply unit, consisting of a

rectifier, variable resistance (rheostat) (s) and
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current indicator. This unit supplies 350 milliamps
to the circuit within ¥ 1%. Current adjustment was

by means of the rheostat (s) connected in series with
the supply. A galvanometer (V) was connected in
parallel to the circuikt for the out-put measurements.
A small variable resistance was connected in series
to‘the galvanomster circuit to adjuét the full scale

reading:-

2.5.2 Gas sanmple circuit.

—_— — EY > '
“'/‘I\E‘F ’} éﬁ? I.CED
)

*ETM , B
(2 ﬁépﬂ>, R
; | e
égD %efe{encé cells ) f%r—”Wg
Sealed with dry air /) [
C . 2NN
/ Measuring Cells R 0 ab _
‘ open to the sample 1) silica gel (Hp piizgf
2) Liquid N, (C0, absor-
' ption)

3) regulator valve
4) resiprocating pump
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The above figure is a diagramatic sketch, outlining
the gas sample circuit through the "Katharometer®.
The sample was first introduced to the absorption
chambers, which consisted of:-

1. U glass tube, containing silica gel for HZO
absorption.

2. An insvulated vessel containing liquid nitrogen
for 002 absorption.

Though the amount of water vapour prgsent g
in the sample was very small, it was felt that the
water vapour night condense and block the narrow gas
passages in the "Katharometer".

A snall j(single_acting)recipgocating vacuun

punp (speedivac) was used to circulate the gas sanple
through the "Katharometer" circuit, the amount of |
gas sample flow through the cell was controlled by

a regalator valve, mounted at the inlet to the
"Katharometer"®. Although thermal conductivity does
not vary significantly over a wide range of mass flow
rates, the best result was obtained when the mass

flow rate was adjusted to 200 ml,/min.

2.6 Gas ansalyser calibration.

This is normally in percentage by volune

calibration curves were supplied by Cambridge Inst. Co
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for both helium-air mixtures, and for Arcton,, -air
mixtures, as shown in figures (3a) and (3b) respective-
ly. The following procedures were inade to check
these curves,

1., The zero of the meter was frequently corrscted
either during the test or during calibration. This
was done by introducing a stream of pure, dry air
into the measuring cells of the "Katharometer". The
zero of the indicator was then adjusted by means of
the screw head between terminal({l}and (2)of the meter,
see figure (2).

2. The full scale reading was checked by introducing
a stream of the pure gas (He and Arcton 12) and the
100% indicator deflection was checked. The small
variable resistance in the output circuit was avail-
able to adjust the full scale deflection. It should
be worth noting that the thermal conductivity of the
Arcton12 gas is less than that of air, hence when
dealing with the Arctonlz—air mixture the output voltage
terminals were reversed as the current direction was
reversed. The absolute value of the voltage output
was 300 millivolts for both gases at full indicator.
deflection. The calibration of the gas analyser

was then carried out after the zero reading had besen
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adjusted and the full scale deflection had been

checked.

2.6,1 Calibration test procedure:-

A Qalibration test consisted of introducing
a samples of known valumetric couposition and measuring
the indicator deflection. Care was taken that the
sanplesfed into the "Katharometer" were under similar
conditions to those of the actual test. An Orsat
apparatus was employed to produce these samples of
known composition. Each gas sample was thoroughly
mixed with the air Dbefore it was introduced to the
meter. Each point was repeated several times; and
an average value was taken. The results were consistent
with the supplied calibration curves, except a slight
discrepancy in the Arctonlz—air nixture data, as shown
by figure (3-b). Since the helium result was con-
9istent with the Cambridge one and since the composition
of the Arcton can vary widely, it was therefore de-
cided %o use our calibration data for the Arctonlg.
The sensitivity of the gas analyser was such that a
concentration of less than 0.01% by volume, could
be detected. The accuracy of the concentration
neasurecnents was checked by an integration of the

jet mass flow contained in the measured transverse
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profiles and compared with the initial mass flow

rate, i.e. S

xrfj = j( Puc)dy = const.

-

The equation was satisfactory to within pa 5.

2.7. Tunnel calibration.

2.7.1 Tunnel spead correction,

-

In order to measure the free stream velocity
dufing the experiment, it is necessary to have a ca-
libration curve which gives the mean wind speed in
the tunnel from reading of a reference pressure.

This was done in the uwsual way by calibrating the

tunnel when empty, and correcting for blockage.

’

2.7.2 Tunnel blockage corrcction.

The Tunnel blockage correction was calculated
following Lock 25 for the wing section slot symmetrical-
ly placcd in a rsctangular closed working section tunnel
and completely spanning its breadth. This correction

was found to be negligible.

2.8. The Wall-jet Tests.

2.8.1 Similar density strecanms

A wooden plate lO'x7;:A" thick was installed
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at the middle of the 3'x2' tunnel test section,
immediately below the slot trailing edge, (see figure
(3=¢). The plate's leading edge was rounded and

the curvature was such that the slot trailing edge
was conmple tely tangentvial to the plate. In order o
detect any variation in the static pressure along the
plate, it was équipped with a series of pressure taps.
A small flattened pitot tube was used for surveying

the boundary-layer.

2.8.2 Dissimilar density streams

A 6'x1%4'x1/16" steel plate was placed in
the middle of the 18" tunnel. The static pressure
taps were used for measuring the static pressure
along the wall, and for collecting the gas samples
to measure the concentration at the wall.

Smaller pitot (1 mm. diam.) and static tubes
were added to the bottom of the rake shown in

figure (l-g) for surveying the boundary-layer.

2.8.3 Sumnary of the test conditions.

Table (2) summarises all the test conditions
covered in the experiments.

. The range of velocity ratios were mostly
obtained by changing the tunnel speed while keeping

the jet velocity constant. The exception was the






TABLE (2)

SUMMARY OF THE TEST CONDITIONS

Gas
Injected AIR HELIUM ARCTON,,,
FLOWS
. : 2 . a2l . I
Conditions g Yi BY | 6 U12 Uj CiYi | O3Y; Uj eili | Gy
Um | /Sm| (QU& Un | Glm| U2 Umn | Rlm| QU
\ f
605 |(0825) | 5.0 |
Free Jet 30 | 30 9.0 45 10615 |2.76
15 | 16 | 225 276 |0.378 |(1.0) |
FREE FLOW | o
067 | 067 | 044 ' o .04 0137 | 0147 | S | | |0950 |40 |3-84
.| 050 050|025 |8 | ' |0650 | 274 | 175
1 S o | I |0485 |20 |(1-0)
Free Wake 2 16 2 | 76 10.245 [(1.0) |0.252
0.157 | 066 [0104]| | <1-no velodt dak
O
520 | 520 | 27.0 | | S
30 | 30 9.0 8 09) 0 §)] ['\_'E____ « o« «
Wall Jet 148 | 148 22 | G 145 | 61 |88 | _
SEMI BOUNDED - §
FLOW
(1.0) 4.2 4.2 <l o« y
0667 | 0667|0444 080 | 336 | 2.68
050 | 0.50 {025 0485 | 20 |(I-0)
Wall Wake y 0245 (1:0) | 0252

) represent the unit parameter or closely related to unity




helium sir series where both the jet velocity and
the tunnel speed were changed sinultanceously. DMeasure-
nents were taken as far as 210 slot widths for air/air
tests, while measurements up to 1000 slot widths were

nade for the other gases.

2.8.4 Measurenments of the jet velocity (Uj)

The jset velocities were calculated using the
one-dimensional gas dynamic equations. PO is the
plenum chamber pressure, adjusted so that choking

condition was maintained at the throat, using

B
* (?:T)
E - (Fr) (2.8.4.1)
Ty/T, = (2/4+1) (2.8.4.2)

vhere ¥;{is the specific heat ratio of the particular

gas.
= 1,4 for air
= 1,136 n Arcton12
= 1,67 " helium

o .
[y

. 7t -\ = 24 z
nence, U o= Ry T = (Bl 205 (2.8.4.3)

Coe
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The jet exit velocity was subsonic, then the continui-

ty of mass flow rate is

* * *

from (2.8.4.3 )
- % 0¥
Uj-_—[(%:l_‘:-f) (%—.) 4 ?\,L (2.8.4.5)
L ) 3

In terms of P T  rather than gf, equation (2.8.4.5)
, .

0
can be written as

L Ji+ | b A *
R 2% 251y  _le A9 5.4.6
. “E’“ﬁi) by M0 2 Aj (2 )

The mass flow rate m.

J
i Tt -
R > 2 :2.]3;_—!) P A‘F (2‘8-4")

Since A*/Aj is fixed by the slot design, therefore

the jet velocity was calculated for any given plenun
chamber pressure PO, temperature To’ exit pressure

Pj and exit temperature Tj using quation(2.8.4.6J
The velocity was chcecked experimentally at various -
locations across the span of the slot the results were

consistent with equation (2.8.4.6)to within I 34.



35

3. Data reduction,

The static pressure and tenperature were
essentially constant throughout the flow field.
The local measurement of the concentration (X) of the
injected gas in the mixture will give the local value

of the number density according to the following

equations (e.g. Jean 24)
N. N
K= =~ (3.1) 1K= - (3.2)

where N is ftotal nunmber of moleculss of the mixture of
the jet gas and the air per unit volume under the

pressure P and the temperature T.

i.e. N = Nj + W (3.3)

Considering a steady state of the mixture of the
two gases, then the mass density @ of the nixture
under pressure P and tempcrature.. T for a binary

gas mixture iss-

from (3.1) and (3.2) eqation (3.4) can be written

as:i~

=0, (BX + 1) (3.5)
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where J= (ﬁﬁh - 1 ) is molecular weight paraneter.
The velocity is found from the measurement of (eth)

using the pitot-static probes.

3l Results of the profiles measurenents

The figure presenting the results are ar-

ranged in the order in which they are discussed.

2.2 Discussion of the profile measurements for the

free jet and wake flows.

3.2¢1 The velocity profiles.

Mhe experimentally measured velocity profiles

are normalized by plotting U -

Unax™ Ip;l | .Vr.(‘y/ LN

where'dy is the individual half width at half velo-

city difference, measured from the jet centre-line.
Though various length scales are defined in the li-
terature}ékcrms the great advantage that is, can be
measured accurately. Unless otherwise stated (S}a)

is used here as the characteristic scale length.

The results are shown in figures 4 (a, b, ¢ and 4)

The profiles except those in the 'potential core!

(o< x/3 & 30) for the whole range of velocity ratios
for all gas combinations tested; air/air, helium/airr

and Arctonlg/air are approximately similar and could
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be reasonably well expressed by the '‘Gaussian distri-
bution function", that is, :

- _ X 2
U = T, + (Umax Um){%xp. -,693%2 (M/J;)i] (3.2.1.1)
This funetion is, in fact, very useful and has been
used by many workers, for example, Weinstein 4 for a

two~dimensional jet issuing into a moving stream by

25
26

2

Bskinazy when correlating the data of Schlichting

and Corrsin 7

Forthman and by Keogy and Weller for
a jet of gas issuing into a still atmosphere of widely

different density.

2.2.,2 The concentration profiles.

The concentration neasurement was carried
out immediately downstream of the potential core to
ahout 1000 slot widths downstream. The concentration

profiles were normalized as,

/Koy = £ (/8 )

max

where ( 5&‘) is the individual length scale defined
c”

asYat K = %—K(ga;} The data again show that the
Gaussian distribution is a fair description of the

concentration profiles i.e.

K/Ky., = ©XD. (—.6932 ( 3/5’,%)2} (3.2.2.1)
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8 The correlation of

as found by Keagy and Weller.
the normalized concentration profiles are shown in
figures (4-e) and (4-f) for helium and Arctony, jets

respectively.

3.2.3 Mass Flux and Momentum flux profiles

The fact that thé momentum and the mass

fluxes are conserved and independent of (x) suggests
that both mass and momentum profiles will be similar
downstream of the core region. These profiles are
illustrated in figures 4 (g, h, 1 and j). From which
it is seen that, except for sone of the helium data,
the momentun and mass flux profiles are similar and
can also be represented by the Gaussian distribution
that is, . - -\

CU = em U, + (emax Uax ~ (’m Um) Exp. —.6932(3/&}'5!

.

(3.2.3.1)

2 2 2 2 s 2
eu” = €, U, (emax Uex ~ €n Um) BXp. ~.6932(3A5*ﬂ

.
(3.2.3.2)

whnere (Smr‘) and (Smﬁt) are the respective individual

half width defined as the usual way. Similar results

for the ( €U2) profiles were obtained by (Valislo)

for a round jct of gas into a still surrounding
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(€ ¢ constant) and by Macaynski 27 for a round jet
into a moving air stream (C = const). Referring to
figure (4~j) the consistency between the experimental
measurenents of the helium and the Gaussian distri-
bution function is not satisfactory. The explanation
of this discrepancy, night possibly be attributed to
the experimental error in umeasuring the total head.
Helium is a wvery light gas so that the measured pitot
pressure was very small. It is probably worth noting
that Xeagy and Weller have found a similar problen
when dealing with the heliuwn; though their jet velo~
city was higher (400 ft/sec.) than the present one
(2150 ft/sec.)

Having shown the experimental profiles to be
following the Gaussian distribution, it would be ap-
propriate to compare betwesn this function and the
other theoretical profiles, which have been written,
according to the different assunmptions in the mecha-
nism of mixing. This comparison is shown in figure
(4~k). The present experimental velocity profiles
are represented by a mean line through the data. A
short account of the theoretical profiles shown in

figure (4-k) is given in section 4.
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3.3 The Wall-jet and the wall-wake profiles

3.%.1 The wall-jet velocity profiles:

The development of the wall jet velocity pro-
files at various stations downstream of the slot are
shown in figures (5-a), (5-b) and (5-c) for the range
of velocity ratios exanined (5.2:,3 and 1.48) with
air injection. In figure ( 6 -a) an attempt is made to
correlate the overall velocity profiles for (%i) 5.2
and 1.48, Glau:rt's 19 theory is present for i
comparison. The correlation indicates that both ve-~
locity ratios have similar profiles but only the 5.2
one is similar to Glauert, though the agreement be-
comes poor &S (¥) increases.

As Glauert 19

pointed out the entire flow of
the wall jet cannot conform to an overall sinilarity
solution. He divided the flow into an inner and outer
portion on either side of the peak velocity and chose
an eddy viscosity based on Blasius turbulent pipe

flow near the wall (inner layer) and Prandtl's
hypothesis further out (outer-layer). The value of
eddy viscosity was selected to obtain é velocity

2
8 measurenents.

profile in agreement with Bakk's
Dividing the wall jet profile into two layers would

indicate that the shear stress is zero at the position
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of maximum velocity. However as we shall discuss later
on, the correspondence of the point of zero shesar stress

with the peak velocity location has been shown experi-

30

mentally to be false by Verhcffgg, Bradshow” ", and

very recently Kruka 31. In the present experimental
profile, however, for values of (x/s) where

U

Dax ;> 1, the profiles are split into two parts,
jul
at a distancey where U = 0.99 U ™easured from the

wall, into an outer and inner layer profiles.

343.1.1 The Outer-layer nprofiles.

The outer, layer profiles are normalized as

U-U, &
(e« $25)
Umax m m ‘S‘ZIL

where,(d) is the inner layer width =

yat U= 0.99 U and (J7) is defined as usual,

X
measured from the wall. Fig. (6-b) shows these profiles
when they are well described by the exponential function,
that is

U -TU, 4 2
()= Bxp. [;.6932 -4 {(3.3.1.1.)

gm‘:;«.

The correlation is very satisfactory except those

profiles beyond(x/s) = 160 for the™weak" wall jet

(U.
ﬁl- = 1.48) This disagreenment is expected, since
n
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at (x/s) is large (U___) approaches (Um) and at the

max
same time the wall boundary-layer bhecomes thicker (see

figure 5-c¢). ZEventually, as U = U,_, the velocity

nax m?
profiles become similar to that of a fully developed
turbulent boundary-layer (:ﬁ 3.3.2 figure (8) ). It
has been reported by George 52 that a fully developed
boundary-layer velocity profile was found at 170 slot

widths for El = 1.5. Unfortunately the present ex-
U

jul
perimental messurcnents were limited. to 230 slot

widths which is the actual working length of the

\

3 X § tunnel test section, so it was impossible to
exanine the asymptatic behaviour of the wall jet

results with higher velocity ratios (3 and 5.2).

3.3.1.2 The inner layer.

The velocity profiles in the inner layer are
shown in figure (6-c) when they are normalized ac-

cording to the conventional power law as,
1
U _ Ly =
(U:x)_ (Y/ &) n (3.3.1.2.1)

Phe data showed that (n) is slightly varying with

v.

Qﬁl)n According to figure (6-c¢) an average value of
m

(10) is apnropriate, which is similar to that assigned

33

by Patel , and the average value of Kruka 31, but iv
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is rather less than Schwarz's 34 value which was(}@.

543,22 Wall wake flow.

3e3.2.1 The velocity profiles

The development of the velocity profiles for
the wall wake are shown in figures (7-a), (7-b) for

air/air, (7-c¢) (7-d4) and (7-e) for Arcton 12/air,

%i =0.67, 0.5 (air/air), 0.80, .485 and .245
(ircton 12/air). These profiles have no velocity
maximum and downstream of the potential core region

it can be seen that each profile consists of an outer
wake component and an 'inner bdundany layer!'. This
mixing region, however, is teriinated quite rapidly
for air/air (figure 7-a and 7-b, x/s > 50} but rather
less rapidly tfor the Arcton 12/air (figures T7-c and
7-d, x/s3»250). *hen the velocity profile of the free
shear layer (wake component) ﬁerges with the inner
boundary layer the profile becomes similar to that

of a fully developed turbulent boundary layer. These
fully developed velocity profiles are normalized
according the universsl power low. The air/air data
asymptote to 1/7th power low as shown in figure (8)

while the Arcton,,/air results asymptote to 1/6th
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power law as given by figure (9-a).Figure (9-b),
however, shows that the mass velocity profiles, in

fact, asymptote to 1/7th power law.

Ze3.2.2 The concentration pnrofiles

The concent ration profiles across the boundary
layer are obtained at the same locations at which the |
velocity profiles are obtained, TFigure (10) shows
that the concent ration profiles are sinmilar and can be
well represented by the exponential function down-
stream of the potential core region (x/s > 30) that

- 2*!
|

(K/Ky) = Exp. L 932 (':S/gm ) ]

(3.3.2.2.1)

is,

wher (8 ) is defined as usual
Cwd

=y at XK = § Ky measured from

the wall.
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4. Theory of turbulent mixihg for free jet and wake

flows.

4.1, Uniform density streams.

4.1.1 Introduction

The first pioneering study of the problem of
free turbulent mixing of incompressible fluids was
carried out by Tollmien 16 using Prandtl's mixing
length theory. He solved the problem of mixing of a
parallel strecan with an adjécent fluid at rest (plane
nmixing layer) ard the nixing of two-dimensional jet
issuing from a very narrow slot with a medium at rest.
Tollmien's first problem was extended by Kuethe35
for two plane parallel streams and the second problen

4 4o the case of a two di-

was extended by Abramovich
mengional jet issuing into a moving stream. Each one

of then used a different assumption concerning the
mixing length hypothesis. 1In 1929-1930 Schlichting
extended Prandtl's theory of free turbulence to the
case of wake flow behind a body. The work of Toll-
mien16, Kuethe35 and Schlichting included experimental
investigations of the velocity distribution in the flow.

By using only one experimental constant they were

able to establish agreement between these theories
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and the experimental results. IThis agreement sup-
ported Prandtl's theory of free turbulence. A full

account and a detailed study can be found in Abrano-

2 36

vichl Schlichting™, Pai and Townsend?

4.1.2 Theories of turbulence.

The discussion of these theories is limited
to the eddyviscosity theories which assume that

T - pTU -eem; (4.1.2.1)

and which all make different assumptions for the =ddy
kinematic viscosity coefficient (€& ).

(1) Prandtl‘'s mixing length theory;

the main assumption is € = 15\ %—5— ‘

where lpis the lixing length, and consequemtly the
shearing stress froa equation (4.1.2.1) can be written

as

- VW = o= (%)\% \ (4.1.2.2)

ard hence Y& = 10\%——\ provided that lpis small.
An additional assumption is required to deternine

the mixing length (1o . |

ii. The constant exchange hypothesis

. This theory was also suggested by Prandtl and is

8ometines called "Prandtl's new hypothesis". It is



73

only valid for the case of free turbulesnt flows. This
hypothesis means essentially that the eddy kinematic
viscosity ( £ ) is constant across each section of the
turbulent nmixing region.

Prandtl's new assumption is:-

€= X8 (... - T

max min)
where @ is the width of the mixing region (ﬁmax" ﬁmin)
is the maximum difference in the time mean flow velo-
city andLK) is a dimensionless numnber to be determined
from the experinment. ( % ) is sometimes called the
eddy Reynolds number (e.g. Townsend)4. Consequently

the shearing stress equation (4.1.2.1) can be written

as
) ’ BU
e pkS (T, - Ty (557 (4.1.2.3)
iii) G.I. Taylor's vorticity transfer theory.
The fundamental assumption is that the vorticity

is constant throughout the process of turbulent

mixing and hence

AV
€= f‘w (“'gg" )

where lu= --L 1o
Y2~
and consequently the shearing stress equation will be

C=he 1y° (%}; ) \?ol\i \ (4.1.2.4)
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Thus gives an exXpression that is similar to Prandtl's

mixing length theory except that Taylor's mixing lengthﬂhﬂ
VEﬂtimes greater than Prandtl's(lo).

(iv) Von Karman's similarity hypothesis.

This hypothesis can be regarded as a special case of

Prandtl's theory in which

1=K | /?""U|

wherek is universal empirical constant. LI
Jo)
Hence it assumes that €- ?(2 \%p-—- ‘ ( )

‘ N
G’ G

Consequaently the shearinz stress equation is:-
«ﬁzek 2 (QU/dy)*
o Y}

(30/0y 2

(4.1;2.5)

4.1.3 Gross development of jets and wakes

Since the relation between the turbulent and
the mean motion is“approximated by the above theories
the next step is t@ consider their application to self-
preserving plane jet and wake flows. Since theories
(i) and (ii) have been used more extensively theories
(iii) and (iv) will be disregarded in this discussion.
In the regions of the flow where the pressure is con-

stant, then for steady mean flow, the equation of
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motion and continuity are respectively

U%‘% N §U - ( (4.1.3.1)
%_Q_ . %j;_. =0 (4.1.3.2)

Assuming the shear stress relation to be

T=QE (%—%) . with
E=-K§ (v -v

max mln)
((;)153 the width of the wake or jet -md(U )a.nd

(Prandtl's new hypothesis)

(UyipdaTre the maximun and minimum velocities in the

wake or jet. Thus for a wake(U ) is (U ), the

free stream velocity, whilst for a jet(Umin

(or—- 0) and(U,, )is the centre line velocity.,

If one assumes that (Umax . )~ W/

is

h *
(Duncan, TLom and Young )

where VAR > is the root mean square of the U component
of the turbulance and since, according to mixing

- length the orles

"'\_)2 = const. %gg
theh
%}é{: [const. S (dV /2y )J
U
(Term ) v
But €= const.é‘ (Umax - U min) = ! =)
e. S(—%-g—) = const. (Umax - Umin)

¥ The Mechanics of fluid (1960).
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hence finally we have

U_.
nin
idi‘}';f"‘" = COIlS't. ( 1"‘ m ) (4-.1-3.3)

Thus, in the case of a jet issuing into still air or

aé

Um << Umax I el const. or J ~ X

Correspondingly, using the momentum conservation
equation together with a similarity solution in the

form

U . —¢
(Umax)= f(Y/8) | we get U, ~X 5

In the case of a wake (U will represent the velocity

min
at the centre line Ug y Whilst Umax will represent
the freestream velocity) then fronm (4.1.3.3)
%—g;- = const. (1 - E%:_ )
m

From the momcntun conservation equation, provided that
the integral is taken far enough downstream for
(U@ - Um)44Um together with the similarity solution

in the form

U -1
(,..._..__..321...)= f (Y/8) , we get
Uq;_- Um
é’%_g = const. (CD) where CD is the drag

coefficient <from whieh we obtain

1 -
S -%
S ~x% and (Tg - U,) ~x
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W e discuss later how this must also be the asympta-
tic solution of a jet. The laws of spreading and the

decay for jets and wake are sunmarized below.

Type of flow condition law of Law of centre-
spread  line decameaohlhﬂa{)

plane jet U=0 ar x %
Upax >Vn

& —t

plane wake U - Ukl  xF x7®

4,1.4 "Exact" solutions for plane jet and wake flows.

A. The plane jet | ? ///,/// <;;

- oo
e N ‘-iumﬁg
‘M*%~\V. L

based on the following assumptions.

1) U=TUg, £An), =(948)
}U

Tollmien’s exact solution was

from Prandtl's nixing

0 = ed (5P

length hypothesis w1th304§ = ¢ .= constant
He used the equation of motion and the continuity
equation as given by (4.1.3.1) and(4.1.3.ZJ The so0-

lution was numerical i.e. f is not expressed directly
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in term of (7). The tabulated (f) can be found in
Tollmien's paper. A simple solution was obtained by
Gortler (in refe. 2) which' was based upon Prandtl's
new hypothesis: He assuned that

0= const. xohence <U )= £ (6"2) where 3= (9/x)
7 Unax

| U :
and e-denotes a free constantMd= & (.%-9-) with

E=Ké U .x + The exact solution of the equation

of motion was in this form
£(Y) =(1- mnh’:sz ) (4.1.4.1)
In terms of (‘rL) rather than ('S), the solution is
. At 2 !
f)( ) = (seCh v8814 ) 4010402 00“ [: = (‘:"yi)\]
) 7) ( ) ) »

Pollmien's and Gortlergsolution were compared with the

experimental results due to Reichardt and Forthmann 26

(e.g, Schlichting 2). Gortler's solution showed a
slightly superior agreement with the measurements

near the jet centre-line.

&~

4.1.5 Some deduction from Tollmien's 'exact! solution

(i) (The Jet Spread) '8’

Fron Tollmien numerican solution, we obtain
& ) dUmax

rax dx

= 14

= (5

sinc ~ ~%
€ Upax X

< (8/}{)-_‘ 28 02 (4.1.5.1)
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(ii) The centre -line velocity

The momentunm conservation equation gives
2

~ 0O 5 mz‘
jpu dy = constant = 2eU .. . JS f(?l) er
—® from (4.1.5.1) we get,

Uma‘x = const.[g‘-\-j-__';— . \FT—/E] (4.1.5.2)

According to Forthmann 26 measurements, the constant

0(

is 2.4 giving a value of & = 0.1045

4,1.6 The plane wake

Schlichting 'exact' solution.

N.B. We shall use(U_, . )%o represe’nt

the velocity at the cent re- line (so

that it may not be confused with the list of symbols)
Schlichting main assunptions were:
At far downstream the velocity profiles can be expressed

as W =-U, = (Up, - Um) £ (n) vhere vL=(.‘//J")

('BU from Prandtl's mixing length

= p1d

aJ

theory. Adoptlng Tollmien's assumption i.e. B =c¢ =
const. The exact solution to the equation of notion
. . 2
was in this forms f ) = (1=~ 3/2 ) 4.1.,6.1
(n W ( )
Solution based on Pradtl's new hypothesis is

also available. Using ’v G(BU)
where € assumed to be constant throughout the flow fleld

"E'o , then the exact solution in terms of (7L) can be
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written as:
- 2 '

£(M) = exp.t(—-const.rl )J (¢.1.6.2)

wheren =(y/d")
These two solutions were found to be in a good agree~
ment with Schlichting's and Reichardt's measurement
for a wake behind a cylender (see Schlichting 2) at
for downstreanm.

4.1.7 Some deduction from Schlichting 'exact'! solu-

tion for a plane wake.

(i) The wake spread §&

From Schlichting2 exact solution we obtain

Um ___Sf;___ d log ( Upax = Up) - 902
(Umax - Um> d X
Since (Umax )vx -% |
then 4 ( --) i ) = 9c2 (4.1.7.1)
Unax =~ Un

This equation contains two unknowns(;)and(Umax)

solving it requires a further relation between them.:
An additional relation can be obtained by dircct
appeal to the nmomentum conservation equationy

At far downstream the nomentum conservation can be

writ ten as, \

= - 2eU max - U )é‘ Sf (‘VL) dVL {4.1.702)
‘o
Where D is the drag force acting on the body, and

according to the profile given by equation (4.1.6.1)
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|
:.Jnf(q’) dn = const. = 0.47

Equation(4.1.7.2)can be rearranged to give:

(%) ¢Yax Un )= - P 1,0 | ( X
: X0 4 U “x
B Gn 4.1.7.3)
From(4.1.7.1)and (4.1.7.3) we get
U -U %
ma X ny)_ _ =248 D 1.7,
T ) = . ) (4.1.7.4)
(J X): 4.4-6 C D 4-1-705
/ ( 755;2“;‘ ) ( )
2

From the experimental measurcments by Schlichting
e = 0.178

It may be wofﬁh noting that the half width of the

jet or the wake (5;1) can be obtained from the above

deduc tions using the relation (étn = 0.4415‘).

4.1,8 The turbulent plane jet in a moving strean

> -

AT

~F(1)

tial
core
region

\4¢%m1‘uw9



Since this flow is the main interest in the present
work, it is appropriate to spend a little time in
defining terms. The above figure shows the flow of a
plane jet emerging from a plot of width(s) into a
moving air stream of constant velocity (Um). The
jet velocity (Uj) is assumed to be uniform at the
slot exit. 1In the itmediate vicinity of the slot a
region is developsd in which the centre-line velo-
city remains constant and equal to(ij In

this region plane mixing layers develope

These shear layers are sinmilar to those studied by

Kue the.o0

Eventual ly these laysrs coalesce and the
jet becomes fully turbulent i.e. the 'potential core!
disappears and the main region of the jet is developed.
A particular case of this flow is given in sections
(4,1.,4 and 4.1.5), the pure plane jet, where this
fully turbulent region of the jet develops into a
strictly self-preserving one, i.e. U, ~ X -%

and gnax. However for Um £ 0 SpaldingBZ following
Abramovich, has suzgested that this fully turbulent
region develops into a self preserving one far
downstream from the slot, in which

- Um)~4x'% and (éxw'x%)

(Upnx

According to section (4.1.3), this assunmption implics
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that the flow in the jet would be similar to that in
the wake far downstream from the slot. Spalding 37

adopted Prand+tl's mixing length hypothesis, he wrote
the following asynptotic expression$for the jet:=-

£= (1 - ;2;/2)2 4.1.8.1.

U - U U, U, ¥ '
( maém , m>= b ﬁi (ﬁi - 1)‘33?‘] (4.1.8.2)
and

(5)/X)= 4.46 ¢ {-%;— m —) ] (4.1.8.3)

Equation (4.1.8.2) was in agreement with Weinstein's 3

neasurenents for (U (e.g. Spalding 38) though these

max)
measurements were not far downstream from the slot

. (x/8 £, 60). Equation (4,1.8.3) did not (and indeed
3

should not)correlate Weinstein's results for the jet

spread (& ). Following Townsend,4 Bradbury 39

ag-
sunned that the self-preservation in the flow will be
developed from an apparent origin which is different
from the actual origin of the flcw at the slot exit,
and that the nozzle is a source of exXcess momentun

4).

flux (J) (e.g. Townsend Using dimensional

analysis he wrote:

(Um"“i; — ) ‘[L ( X - x_) )] (4.1.8.4)
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2 _ \ J \
and [6/ (J/e U m)J" fZE e‘ng(X—xo) }] (4.1.8.5)

where (xo) is the apparent shift in the origin of the
T

flow, (T )was taken to be ev(u - u,) ay,
-
then(Umx - Um) \! x-x, = const. (4.1.8.6)

T ——————

\] Jre

as x —=x, , §~( x - x)’
In other words, equation (4.1.8.4) will be similar to
that obtained for a jet issuing into still air (3§ 4,1,4).
Theselarguments, in fact, seem to indicate that
self-preservation in a jet into a nmoving streanm 1is
not possible throughout the entire flow field (e.g.
Townsend4), however, two types of self-preserving flow
can exist in linited regions of the flow. Near the
slot exit where (Umax >>Um) a self-preserving flow in
. 2t o 6 39
which U . ~X and 8 ~x (e.g. Bradbury. °7),
whereas far downstream where (U_,. - U, )LLUm there wi:g_l
be possibility for self-preservation in which

(U

4

—x ~F xE 32
max'Um) X and 6 x® (e.g. Spalding ““).

4.1.9. The turbulent axi-symmetric jet

The present investigation is not directly
concerned with the axi-symmetric jet, however, sone
of the results on this self-preserving flow are of
particular interest. Theoretical analyses for a round

jet exhausting into a moving stream have been made by
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40

many workers for example, Squire y Szablewski 41,

Abranovichl and Kuchemann42, Detailed accounts of

these analyses and others can be found in Abramovichl
and Schlichtinge, Perhaps the most interesting ana-

lytical treatment was by Sqguire 40

who eXtended the
plane Jet solutvion of Kuethe 35 to cover the case of an
axi-symnetric jet. The flow in the core region and
that of the main mixing region of the jet were inves-
tigated separately., These two solutions were matched
together at the section where the potential core dis-
appears. The solution was simplified by adopting a
cosine profile and assuning Prandtl's mixing length

hypothesis. Squire 40

prediction was compared with
Landis's43 data; the agreement was not altogether
satisfactory. The following table summarises the theo~
retical profiles which have been obtained for round
jets and circular wakes on the basis of different

hypotheses for the mechanism of furbulent mixihg.
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Shear stress
assumption,

Type of flow

Profile derived

Prandtl's
nixing length
theory

1) Rourd jet

Um =0
‘Circular
wake

Tollmienl6 exact
solution (tabulated)

) = (- 22

(esg. Swain, in refer.-
2

Constant ex-

1) Round jet

change hypotha- iy ( 1+z‘3
?is- = O, ~X -
Prandtl's new T _
hypothesis) ‘3“ (s 5/}:)
(e.g. Schlichtingz)
- 1
2) U # O f = 5 2
(1+ const.q4)
(e.g. Szablewski45
Round jet
U, £0 squire %0 assumed

£ () =% (14CosTIVg)
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4.2 YNon unifora density streams:

All the jet mixing problems considered so far,
in the previous section (4.1), are jets of one fluid
only i.e. the fluid in the jet is the sane as the re-
ceiving medium. The npore complex problem, however,
arises when the jet fluid is of different density to
that of the surrounding nedium. A density gradient
can be imposed on the flow field, either by using dif-
ferent temperature streéms of the same fluid or by
using different fluids at the same temperature (or
both). If the molecular weight of the fluid in the
jet differs considerably from that in the surrounding
medium then the dif fusion equation must also be satis-
fied. Density differences are, therefore, expected
to be of sonme importance, thoush one may tentatively
suggest that the density differcence diminishes rapidly
with distance, and the Jjet soon behaves much like
the constant density one.

4,2.1 The governing equations for compressible,

turbulent jet mixing at constant pressure..

The governing equations for steady two-dimensional

flow are:
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U%% + oV g% -—:%—- [:(/‘*t %%—)] Momentum (4.2,1.1)

%ec-g +%—§Y~ =0 Continuity (4.2.1.2)
PU%;‘—O +@V'g%o =%?— 1/“t An’ JEnergy (4e2,l°3§
QU%% + QV.%% =%y— ( 5. l/“tT ):J Diffusion (4. 2

where the dissipation function is neglected,
Lﬁft)is the turbulent coeeficient of viscosity

= (¢€)
S is the turbulent Schmidt number

=(€VD”Q
and
P, is the turbulent Prandtl number

=(c ?A-)
The analytical solution of these equations is greatly
inpeded by the present limited knowledge of the
fundamentals of turbulent transport (mouentum, energy
and diffusion) and the theoretical results are always
empirical in the sense that the variation of the
transport property along and across the flow must be
obtained from experiment. The usuasl technique in
solving these equations is, thereforq,“by introducing
some sort of transformation (in which are normally ins

cluded the transport coefficients (h,), (#2/s ) and
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(Mt A ) to render them into a set of linear dif-
ferzntial equations of well known forim. The scaling
of the flow properties, for sxample the total enthalpy
(h®) or the concentration (C) distribution from the
transform plane to the real plane will be ontirely
dependent on the variation of these transport cceffi-
cients., All the analytical treatments have assumed
that SC and Pr are constantsalong and across the
layer, and hence, they concentrated on the variation
of the kinematic eddy viscosity (& ). A very short
account of some of the analytical treatments to this
problemn, which have been reported by a number of authors
(¢.g. Crane and Pack**, TLivby *7 and Schetz 45y g
given be low,

Crane and Pack:44 have adopted the constant
exchange hypothesis in an attempt to obtain an ana-
lytical solution for an isothermal plane gas jet ex-
hausting into still air. They uscd the momentua and
the diffusion equations (4.2.1.1 and 4.2.1.4). They
assumed inconmpressible flow of the gas and the eddy
kinematic viscosity &= G%?L) t¢ be constant across
the jet and dependent on (x) only fgr downstrean from

the slot. They used the following transfornation:

Y
2 = J (e /em ) dy y) j = jx’éé:};(')' ax,
° o
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whe re éois constant (Richardt's constant exchange

coefficient) and the strecam function was

DY | Py
eU = }9 , eV:—. - ‘E_X
For a first approximation ( %%~ = 1), the nomentun
w

equation was reduced to that obtainead by Bickley 46

x 4% considered Bickley's

for a ldminar jet.Crane & Pa
streasi function (ﬂP) as starting point for the solution
of the compressible flow. The second approxination

was obtained by expanding Bickley's stream function

in a Rayleigh-Janzen ssries in powers of a parameter
related tc the concentration. Their result for the
velocity, has indicated that if the injscted gas is
heavier than the surrounding atmosphere, the valocity
on the axis (U, ) will be less than it would be if
both fluids have the same density. This result was
inldisagreement with the physics of the‘probl&m and
with the experimental results of Keagy and WellerB,

who found that the increased density caused the ve-
locity to fall less rapidly than for the constant
density case. Crane's approximate expression for the
nomentum flux profile (eU2) was found to be insensi-
tive to the changes of the density at far downstreanm
from the slot which is in agreement with Corrsin and

7

Uberoi's’ total head measurements as wculd be expected
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from the small density ratio ( %“/ = 2) of Corrsin's

e
J
experinent.

7 has treated the problem of a compres-

Libby T
sible exi-symmetric gas jet moving into an external
gtream. The momentum and the diffusion equations were
trans formed fron (x-‘y) plane to (x -VY) plane
using the Von Mises transformation. He assumed that
the dynamic viscosity coefficient (@€ ) to be constant

across the jet and dependent on x only. Therefore,

additional transformations, namely

X x
-1
Xu »-—rj (Qe ) dx ’ XC —~ f SC (ee) dx,
© (o]

were used for the nmomentum and the di ffusion equations
respectively to render them into the form of the one-
dimensional heat conduction equation whose solution

is known. To conplete the transformation of the so-~
lution back to the real plane, however, Libby has posw
tulated an expression for (@€ ) which was based on

Prandtl's new hypothesis, he wrote

U
(€)= const. €,,u, 5 (1- PEE- 4

13
This emyression correlated Ferri's result

with limited amount of success, and was in disagree-

18 15

ment with Zakkay's™  and Alpinicri's results for

both supersonic and high subsonic flows. An attenpt
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has been made by Schetsz 45 to solve the two-dimensional
compressible jet following Libbyl7. The .aomentun equa-
tion was written, using the Von Mises transformation,

in this form

w_ o L2 U
‘a% ='.‘a\})( QMZUmZ U"a\p ) (4.2.1.5)

where :%§L=(QL)/€“kUm>

He assuwned, following Ting and Libby47, that
2.\ _ _p 2 =

where €Ix) is the inconpressible eddy kincmatic

viscosity and, following Libby 1!, he wrote

2 \_ 1

(© é)“ const. 5memax [(QU’) max- (eu)min..j

Schetz,45 also assumed that the dimensionless velo-
city(u (x,¢ )/ Um)within the braket on the right

hand side of equation (4.2.1.5) can be written as

1 + “max ;
é B 3 . His justification for this later as-
2

solution
sumption was to obtain an approximateﬂ His transforn
coordinate, therefore, was assumed to be
T 2 nax
XME_}({O E) (1+ ﬁ-T ) dx
o
and correspondingly the momentum equation was reduced

to this form

AW . R T
=Y > A
L Dy 4.2,1.6
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where %3 defined as  ( Q.L5 S/e 5 U,

l) is the dinmcnsionless ve1001ty.,EQthlcn(4 2.1, Q)ls
similar to that obtained by Pai 36 for a lagminar compres-
sible jet, and whose solution is well known i.e.

o~

L 2 W'* o\NX
where erf (B \r___j e~V at,

The stgnation enthalpy (h®) and the concentration ()

=4
=2

jd
e

1yt
o
B I

fields were obtained from the velocity solution using
the generalized Corocco relation, assuming that
Pr,= Se.= 1. According to Schetsz 45, the transfor-

mtion back to the physical plane has required that

v
Y = e U A
(s) W)—J gum]' d'\{)
G X ~«
(ﬁ‘ = const. ‘tﬂ? Lgm/emax)
5 5 o
o) s - = ol 2

m

However, according to a brief note recently reported
by Schetz *, these complex relations were approximated
by power laws of the form ,
(Ws)=w"" 7 (P)
(x/s)- const. m*4 ¢ (%)
*Journal of Applied Mechs. Vol,32 No.l. 1965 (198-200).
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where(F)and(3)are integral functions dependent on the
strean fUnctionQyﬁ, the eddy kinematic viscosity(€)
the density and the velocity at the jet axis respecti-~
vely. No experimental neasurcments have been made to
check these formulae.

It appears from the above analysis (e.g.
Crane, Libby and Schetz) that there are at least three
formulae that have been suggested or used for the ki-
nematic eddy viscosity (€ ) which, in zeneral, may
be written as,

e-( Spex)'

[E is the eddy kinematic viscosity for incoupressible

ﬂow] with =0, 1, 2

T=0 means that(€)is constant across the

layer and has been used by Crane 44.

N =1 corresponds to a constant dynamic viscosity
coefficient (P€) and has been suzgested by Libby 17,
N = 2 Permits the transfomation from the compressible
boundary-layer to an incompressible form, has been

suggested by Ting and Libby 47 45

and used by Schetz.
Profile measurerents in the mixing layer of super-
sonic air stream (M* = 2.76) with adjacent fluid at
rest were conpared with the theoreticsal pI‘OfllLS cal-

culated with T = 0, 1, 2 by Hi11%*S, "~ The profile
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vith N = 2 was not in agreenent with the experimental
results, while the profiles with N = Oy 1 were in fair
agreement with the data.

4.2.,2 Reynolds Analogy.

If Pr = 8§, = 1.0, the governing equations (4.2.1.1),

(4.2.1.3) and (4.2.1.4) can be written according to

Von Mises transformation as

%‘% ;%-4_)— j(ele u %% )jMomentum (¢.2.2,1)
%x}f:%_)_ (e % %"T i Energy (4.2.2.2)
%xg_='§TP_ L(g % U %% j Diffusion (4.2.2.3)

From (4.2.2.1) and (4,2.2,.2) a possible solution is

n° =AU+ B (4.2.2.4)

and from (4.2.2.1) and (4.2.2.3) a possible solﬁtion is
C=EU+PF (4.2.2.5)

where A, B} B and F are constants.

Hence from (4.2.2.4) we obtain

T o_ T U
[....__.__'»Ll]= [H—:—-ﬂ] (4.2.2.6)
P o Tm Uj - Um

J
and from (4.2.2.5) we get
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Gy =Cp U.~ U (4.2.2.7)
Therefore,

C - C - T U - U 7
EEEON LD NEL RRR
Cj— Cm .~ T U.- U

Equation(4.2.88)is the well known Reynolds analogy

for & unit Lewis number, which is usually applied to
many engineering problems connected with heat or
nass transfer since it simplifies the mathematical

treatment considerably.
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5. The development cf a simple theory for a

two dimensional jet of gas into & moving
air stream (€ is non-Uniform)

5.1 Intrcduction

In this scction the general problem of a
plane joet of foreign gas issulng into a moving stream
is discussed. Particular cases of this general develop~
ment are compared with the existing asymptatic

theori es.

Dimensional analysis.

The application of the dimensional analysis

gives for the mean velocity in the Jet,

U _o¢ U, O | ‘
U, ( Ui- , @nll— y X/8, Y/s, Rej ) (5.1.1)

ard for the centre line quantities,

U - U U U, B.
( maxUm m )=(U; )JJL( ﬁi' , T_,;}_ , x/8,Rej) {5.1.2)

U. e,
Cmax =9; (’vﬁl— ’ Tei— , X/s, Rej , Sc.) (5,1,3)

n
U.  P.
(5m.)- B gl we mels, ) birw)

In any experiment the slot geometry and the model

will affect the flow in the region close to the
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slot becan se of the initial boundary-layer thickness
at the\slot. Both the present experimental results
and others show that one can assume, provided that the
jet velocity ié 3 times or more than frece strean
veloeity, that downstrean of the potential core
region these effects will have become negligibly
small. However, in the case where the Jjet velocity
is lower than the free stream velocity, the initial
momentum deficit due to the boundary-layer thickness
cannot be ignored even far downstream (see secd).
Therefore it is important to calculate the local
excess nomentum flux ( *:EU(U —Um) dy) rather than
assuming this to be equafc%o [Ej Uj (Uj - Um)s]

The connection between these two quantitics and

the compensation for the drag over the aerofoil

is given in sec.(5.5).

5.2. The flow similarity solution.

Since the analytical treatment to be de-
veloped makes use of the momentunm eéuation, some
assumptions must be made concerning profile simila-
rity for both jet and wake flows. On the assumption
that the velocity and concentration distributions
across the jet of a foreign gas issuing into a

moving air stream are of exponential form (e.g. Graveﬁg),
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it will be assumed that the mass flux and the momentun

flux profiles can be written in the forn

AleL ) = A(eU) ox  GXDe Q— lez ) (5.2.1)
ARVE) = AU o exp. (- b7)  (5.2.2)

where O fev) =€U- @ a2 Un
A ©UYy g2 o2
) _ev? Em U,

) a2, b are constantswith a/b = 1.0

and YL:-. (H/é”m(x) ) é},&(x) is defined in

the usual way, i.e. the half way width of the indi«
vidual profile. ° These assunmptions are justified,
except for some of the helium data, by the present
experimental results (see figures 4. g, h, i and j)

The conservation of momentum gives

100
S(QU) (U-0,) dy =[€jUj (Uy- Um)SJ—-D =T
Z @ = const. (5.2.3)

Substituting egns.{52.1.) and (5.2.2)}into (5.2.3) gives

. 2
100 2 w2
5‘m(x) Jf Ui +A(euz)max -eb - Um(PrJUm+b(eU)e3 d"L

=3

(@ )
A0

Aal '
From AT g4 =\’-£E a direct integration yields,

] )
8. [[IEA (@Y%) Loy - @UmA(QU)ma;J-— J (5.2.5)

dividing by € U-jz Sl \{]}b_j gives

=J  {5.2.4)
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(A Q(}U max> (\I—‘A geug max (__;:\! b

mn)
¢ ey Uy J

(5.2.6)

Equation (5.2.6) is the general form of the momentum

conservation equation which includes 3 unknowns,

(v B o () 4pq é‘m(x) )

max nax

Exact solution of this e@iation therefore requires

) and (5‘3{)

two additional relations betwcen (Umax)’(emax

Some Speecial cases fronm e'g;ﬁa‘t':’fbn (5.2.6)

1) ej = @, = const. U, =0

Eaquation (5.2.6) reduces to

(U.m}z \E .3y
[U P W PJ'%’E"&) ) _

whith B’m ~ (x) (Tollmienls) self-preserving
plane jet;

S g2 © const. ) (87 (5.2.7)

2) gj;éem Un = 0

49

Bguation (5.2.6) reduces to (following Craven and

Keagy and Weller® where Sm(x) g x)

(RY? bmax - Gonst. (8/x) (5.2.8)

-y
14
-
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The asymptatic solution for the centre-line velocity

(x/s is large)

U ¢ %
nax J
=28 = const. ( S,/X) (5-29)
Uj L)

N.B. The corresponding expression to (5.2.8) and (5.2.9)

for the axi-syunetric jet are

%
( %%%%f%ﬁﬁ y% = Const. (s/x) {5.2.10) >

i)
max 3
= const. ( €; (s/x) 5.2.11

7, QJ/{’m ) /x) | )
Equation(5.2.10)was enpirically obtained by Valis

10
y

and equation (5.2.11) has been found to be in a good

8 data for around

agreement with Keagy and Waller's
jets of heliun, 002 and N2 in still air for all

(x/8).

3) Fj = @, = const, and U, £ 0
Consider the plane jet expanding into a noving stream

of the same fluid. ZEquation (5.2.6) can be rearranged

to read
Asgguzgmax J AN () lum jL I

ﬂ“ U ﬁ“Um ( ew\\)"’ 5’(1)>

= (5.2. )"
If as b, ¥ () is const. this equation reduces to
(B )% _ (Y _ i faad
ﬁ;;- 3 = \!b/:n—' g-@ (5.2.13)
n
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n

where U = U - Uy = ()

nax max

2
and H = (J/P,m U.)
Equation (5.2.13) is a quadratic equation with two
unknown quantities (U,) and 5‘;&") .

Equation (5.2.13) can be written as
S‘g) - const (5.2.14)

= -
( % )2

+ (Yo

U.
where the signs (+) or (-) are introduced *lto take the
account of (UO) in positive or negative (wake). One
can, however, make use of the two known particular
solutions, name@ly:

i) U >> U, or (U,>sU))

gives U, . (H/x)% (e.g. Tollmien

T

16)

ii) Uj < U, or (Uo<<Um)

gives Yo ~ - (H/x)% (e.g. Schlichtingz)
m
After some algebra (5.2.14)becones:
& ,(x)

( i )-: const. (x/ |H{ )

1 + Const. (x/ |H| )%— (5.2.15)
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Hence equation (5.2,12) can be written as:

(5~ )2 - (UO ) = const.[:(l +CQnSt(}/H)%

x/H ji (5.2.16)

which yields to:
(1) Por H is large (strong jet),

» U
(g2)= 0, (x/87% (5.2.17)

ix
(—%}): const. (x/H) {5.2.18)

(ii) For H is small (wake and wedke jet)

(U—) ~ C, (x/ |H| )E (5.2.19)
mﬂ(g( 5

= const. (x/ fHD% (5.2.20)

Because (5.2.15) has the correct asymptatic behaviour

of the spread parameter (J’QF)/ H ) for both the wake,
weak Jet and strong jet cases it is assumcd reasonable
for all (Uj/Um)'

4, Plane jet intc a general strean of different den-

sity (B £ £)), Uy £ 0)

From equation (5.2.12), the solutions for the velocity
decay and the sprecad parameter require some specifica-
tion for the density distribution since (P, ) is

inplicit in the equation. However, as a first ap-

proxination one uses (5.2.16) (€ =xconst) which is
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reasonable for (x/s) large.

Writing U, U, - U U.
— = ( F—p—) (F+-1
no. Uj Um Bﬁ

then the first approximation tc the velocity field is
fren (5.2.17) )

U U U, .
(=2 (-1 =0 (8/x)F  (5.2.21)
J m m
for Uj>> Um, and

(gmax = L) (% - 1) =-0, ( IHI/x yE (5.2.22)
j = Ym yal

from (5.2.19) for (U3/0, < 1)

For the spread parameter, equation (5.2.15) is used.

5.,3. The centre-~line concentration.

As a first approximation, the centre-line
concentration can be obtained by applying "Reynolds ana-

logy" (gf 4,2,2) nanmely:

max - UmJ= [Cmax - Cm‘]
U’E - U, Cj - Cph

Hence, after some algebra, the centre-line concentration

is
(Y3 -1)
Uy 5
= €y (B/x)®  {5.3.1)

1+ (l_i—ﬁgféé ) /(1 +p)
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for the strong jet and

%3 -1
T+ (L-K max)/(1+P y = =0y ( 1HI/X)®(5.3.2)
K max .

for the wake or weake jet
for

5.,. Purther approximatlon/(UmaX and C__.)

A second approxination to the wvelocity field

can be obtained using the first approxinmation to
the concentration field. Consider equation (5.2;12);

dividing by (fmax) , keeping in nmind that
jul

(fﬁag* (Kméx’a + 1)
- )

Hence, for a strong jet the solution is (conmpare5.2.8)

%
fmax - Um ) ( Uj -1 ) = C [ H
j n
Froa equation (5.3.1) equation (5.4.1) (after soue
algebra) yields: . -5
U U U.
( mx — m )( J _ 1) =,.'Gi H *
Uj -U g U X 1

o e |

. (5.4.2)
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where m is the mass flux ratio = (g- Uj / Ph\Um)

A simpilar expression, can be written for the concentra-

tion decay as:

[ G-
U

m

Equations (5.4.2) and (5.4.3) can be considered as a
better approximation for both velocity and concentra-

tion distribution along the axis of the jet.

1-K
1 +(K max)[( 1+P )

i

H

c, /3

(5.443)

It can

be shown that equation (5.4.2) will reduce to that

obtained fer @ uniform (5.2.17) simply by putting

‘ﬁ =0 or at X — »

5.5, The effect of the initial boundary-layer thickness

41

X ’(/3?1)[(:%5/ clé—io%)—gg%ﬂ]
o

The effect of the initial boundary

layer thickness is to

reduce the effective jet

Syt

thrust. The correcct IS
/ " / /
- expression for the mnomentun //”-—“kizhﬁéi/- *lﬁu
conservation equation is #‘*-*—*ﬂ”’<:§“\\ 63

(see equation

(5.2.3) )

|

4




107

1co
JPU (U - Um) dy = oy (Uj - Um) - D {5.5.1)

D is the drag force acting on the aerofoil and r:fj
is the mass flow rate coming out from the slot =
(erjS) . Equation (5.5.1) can be written in dimension-

less foria as 0O

L eU(U-u) a(s) 21{311] 57
e, U, ol 57T, ] Uy I \EVis
- (5.5.2)
o H- 8 . Cp_ (5.5.3)

where 93. is the jet momentum thickness at exit

CD is a drag coefficient based on the slot width.
s

For a strong jet Gj is large (Uj>>Um)’ then
H ~v ]
5 %l ' (5.5.4)
For a weak jet (Uj slightly exceeds Um)
E_ (8 -
F=(S - o) (555
For a small deficit wake (Uj<Um), 93 is (=)
. H i
~ B _E%l N ch)] (5.5.6)

5.6. The jet entrainment rate

The intcresting result that can be obtained directly
from the previous analysis is the inflow rate. For a-

, £ 00
jet issues into a still air, the integral Jeudy
o)
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has a finit value and represents the total mass flow

rate hence the rate of mass entrained by the jet is

aco
14 4 dm '
(W jmf)U dy :(e-—-ﬁl;ax)- —Te— = const.

When the surrounding atmosphere is moving i.e.(Um)

400

is finite, the ;ntegralgj (ew) dy)is infinite and

thus .cannot serve as.a megéure for the amount of fluid
which has been significantly influenced by the jet.,

It would be possible to_défine the entrainment rate as

(@U)C[m -t¢o
ek ew-vy

However, this definition would be inappropriate because
for very small relative velocity the expression tends -
to zero but the zone of influence of the jet increases
by turbulent diffusion at a rate which is not equal

to zero (e.g. Spalding 38). However, as a first
approxinmation, the general equation which governs

the entrainment rate can be written as,

| ) T g ) e Y

Rl o] dx - Um
’Jf(q}er
@ Oy a_ (U /U 5.6.1
( H ). = ¢ X .( )
where mg = ﬁA&‘Um , m. mass flow rate

and f>(1L) = ¢ —a(yﬂ%&g)z
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case (i) strong jet (Uj:g>Um)
from equations (5.2.16) and (5.2.17) (. Zconst)
The entrainment rate, as a first approximation, will

d .
be E%EL = const. (H/x)% (546.2)

case (ii) for the wake (Uj<1 Um)
from equations (5.2.18) and (5..2.19) the entrain-
ment rate is

dm .
2 H
% T const (T—-) {(5.6.3)

These particular cases, suggzest a general fornm of

the entrainment rate namnely:

dme H 1
_— = const. (...) ——= |
dx x [ 1 + const (‘%' ) 2]
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6. Flow past a wall, (The wall-jet and the wall
wake flows.) ’

6.1 Introduction :
This section is concerned with the mixing of

a plane jet when it is injected tangentially to a wall
underneath a free strean of constant velocity. The
injection velocity is higher or lower than the ex-
ternal stream velocity and the slot fluid is similar
or dissimilar to that of the external stream.
When a2 jet is injected between the wall

surface and a gaé stream three separate regions can '
be recognized; a potential core region in which

the jet Quantities at the centre-line remain constant
and equal their values &t exit. The slot fluid is
then mixed with the external stream foraing a turbulent
mixing region started at the point where the poten-
tial core disappeared. 1In this region, however, if
Ussn U, 8 flow which is similar to that in & self-
preserving turbulent wall jet is found. If Uj<; Um,
this mixing region is very short and a region is soon
developed which is similar to that ih a fully deve-
loped turbulent boundary-layer.

6.2. The turbulent wall jet (Uj:>Um)

The turbulent wall jet has been studied ex-
perimentally and theoretically by many workers over

the past years for exanmple, Zerbe50, Jakobsl,
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28 34

who con=-

sidered a self-preserving planc wall-jet and Seban53,

george32, Bradshow 30, Verhoff, 29 Eichelbrenner 54,

56

Sigalla’?, Glauert 7, Bakk 25 and Schwarz

Mathieu -2, Patel -2, Kraka %, Gortshore 57

58

y Spalding
and Harris who considered a turoculent wall jet in a
moving stream. These investigators were mainly in-

terested in the hydrodynamic behaviour of the problem

50

though some, notably Zerbe””, Jakob 51, Seban 53 and

57

Spalding were concerned with both vel ocity and
temperature fields. Most ¢of these workers have
adopted an approximate similarity solution, flowing
Glauert 19, in which the velocity profiles were as-
sumed to be relatively invariant with the downstrean
distance (x). The essential feature of this near si-
milarity solution was the splitting the flow into inner
and outer regions at the position of maximum velocity.

The flow in the outer region was assumed to be similar

to that in a self-preserving plane free jet, i.e.

Umax"“'x—% ’ 5@'"“X

and, in the inner layer, the velocity profiles were

assumed to he either, semi-logarithmic profile in the

fornm

) + Const.

U : P\i e
y &

( J= Qonst. log.
7=
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or power low profile in the form
1

(3=)=(y /507

nax
The comparison between previous experimental results
and Glauert's 19 Theory was satisfactory provided that
Uj:i> U, (strong jet). However its application to a
weake wall jet in which U, is slightly exceed U, is

J
not satisfactory (see set3 figure (6.a) ).

6.2.1 The existance of a finite shear stress aty=(

In the case of a plane free jet, by symmetry, the shear
stress vanishes at the point of maximum velocity.
Beyond the edge of the boundary-layer the flow is
invicid and the shear stress is zero., For the tur-

bulent wall-jet it would appear, from Prandtl's

aixing length theory in which /L/=-(°1§ (Bbg ) i%\g

that the shear stress would again vanish at the point

m
of paximum velocity. This assumption, in fact, has been

used by a number of investigators, e.g. Glauvert 19,
Patel 53 and Mayers 29 in their analytical treatuent.
However, this assumption was found experimentally to
be incorrect, for instance, the hot wire measurements

for the plane wall-jet by Bradshow 50

B qj;zlzfmax

have shown that
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The recent analytical treatments for turbu-

lent wall-jet in a moving stream were carried out by

56 o 4. 21 .58 o .
Gortshore, Spalding and Harris”~. The solutions

of Gortshore and Harris are very similar and are
mainly based on a computer solution of the nmomentum

56

integral equation. Gortshore assuned the mean ve-

locity profiles in the outer and inner layers to be:

U - UL 2
(ﬁ): XD [—-6932 (3/5m) ] for )‘%O
nax” - m
and L
g Y8 T -
(=)= (22 " oL Yo

in the (x 'H) plane as given below

3A

|
|
!
|

l
xﬂ

ol

The momentum integral equation, therefore, was written

in this forn
Y

y
d W
%J‘U(U—Um)d}i— (v, - U) 7% N Udg:.’%_t_gﬁo

hf'Y) -~
with o , assuned to be very smalle.
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Following Patel55 the shear stress assumptions were in

this form

(e —(é"‘")(U

Tw

(————2—)_ 0129 (“max 6(
Ry RO

where RT is a constant number in Townsend's equili-

U
max %J CDy %m’

and

- brium hypothesis for large eddies. The momentum integ-
ral equationiwas solved numerically first with upper
lmit Jem @ | T=o0and U = U,, and second with

U =% (U

upper limit y = 8 nax

m? + Um) and

(_.:g_(sm)): ~ 52 [<Umax _ Um>2J

Hafris58 assumed the velocity profiles in the

outer and the inner layers to be

U-1U |
(5—%) =escp*[—6952<¥-——§->J
. m

n
= (Y& , n =10

The shear stress assumptions were, following Bradshow

r—~
il
N

|

30

in this form

( 'Cmax/@); - 'C’h/g Unax ~ Un ,)2’

U

1
¢ Trpu ?) - .01575 '(Umax ¢ ) 55
%
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The momentum and the energy integral equation were then
s0lved numerically. Despite the differences in the
subsequent analytical treatment amd the differeﬁces
in the phenonenological assunmptions concerning the shear

56 and Harris's58

58)“

stress distribution; Dboth Gortshore's
solutionswere in good agreement. (e.g. Harris

60 517 'unified theory'

Following Coles ~, Spalding's
(1964) postulates a velocity mrofile across the whole
boundary»layer,'just out side the viscous sub-layer, as
a linear sum of a wall-shear stress dependant compo-

nent and a free turbulent wake component i.e.:

U ’[U"C 3(9%—) + U, (1-25) £ (Y74 )]-
whe re ZE is a measure of the relative contribution
of the wall component to the total velocity. A%

7., = 4 the wake component will vanish and the velo-

B
city proﬁile reduces to a conventional turbulent
boundary-layer profile. 4t Z, = O, Uy = 0 the velocity
profile is simply a wake profile. The function g was
chosen by Spalding T %0 ve a semi~logari thmic profile,

60 wake component) was

while the function f (Coles's
approximated as a cosine profile, The form of the
"log-plus-cos" velocity profile adopted in Spalding's

Unified theory was in this form

! 2 m

TR 0 e (B oyl vk (ozy) (- cosTW/g)
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where E, is the profile constant 2 6.5

and k, is a wmixing length constant =0.4

The shear stress assuaption adopted by Spalding 51 was
based on Prandtl's nixing length theory, assuming that
the mixing length (¢ distri bution across the whole

boundary-layer to beyas given by the figure below

== =9
0.075 _
1o |
]
/04
|
]
- 7 |
i.e, near the wall  I1,2k,¥ <Q$ 5 <%L)
and — o= const.d — further outwards.

57

The governing equations used by Spalding were the
integral momentun equation and the integral-kinetic
energy equation. Solution of these equations tojether
with the "loz-plus-cos" profile was obtained nunerical-
ly. According to a recent note by Spalding* the pro-
file has been abandoned as it did not fit the experi-,
mental data for wall jets well in respect of the posi;
tion of the velocity rmaximun, and it has been suggestéd

that the theory needs to be developed.

* ©Note on the present forms and status of the "unified
thgory" Imperial College, Mech. Eng. Dept. July
1965,
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6.3 The wall Wake ( Uj<11%1)
(Fila cooling flow)

This flow field has been the subject of considerable
analytical and experimental study over the past few
years. Most of thc theories that have been developed
were based on the assunption that the mixing region
is non-cxistent and at far downstream (%/8 > 1)
the flow resembles that in the boundary-layer (e.g.
ref, 21). Thus for (x/s) large, the temperature
profiles are sinilar gives

T=1 +(Tw -~ T)f (/&)

and the imss veloclity are also similar in the fornm
1
RAU__ - ( yse )&
&ls 0

The agreement between the theoretical nodel and the
various experimental results for film cooling an
adiabatic wall were fairly satisfactory. The accuracy
of the model improved as x/s increased, |

‘6.4 Development of the simple theory of a turbulent

boundary -layer with fluid injection

6.4.1 The turbulent wall jot (U5§>Uﬁ); ( @uniforn)

—
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Agssunption:

1. To a good dagree of accuracy the velocity profile
in the outer layer of the wall jet can be written in
the forn .
J.. ¢
- Um) exp. {‘— 6932 ( "8
(6.4.1.1)

2. The wall boundary-layer represents only a small

U -y, =(Umax

portion of the flow, ( 5( << ), provided that the
jet momentunm flux is very nuch greater than the wall
friction (@ U? > Tw ). / Prom-assumption @), except
for the small loss of moumentun due to the wall frie-
tion, the flow would be of a constant momentuam so
that, at least, the overall characteristics of tﬁe
jet would depend on this momentun. The boundary-

layer equations are

e

il R L O¥ (6.4.1.2) momentun
U Sx. + v 3 0 -E;g—
2ACY) . 2 (®v) .
5% TS {6.5.1.3) continuity

B.C's H=O U=V =20 /K:'/XW

H:CD U = Q0

#

et
3
=

The integration of the momentun equation (6.4.1.2)
with @ = constant and no mass transfer through the

wall gives

o0
& J OU (U -1y ay + Tw=0 (6.4:1:4)

o
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The profile as given by equation (6.4,1.1) and assunp-

tion 2 one gets (from tie free jet results section 5)

U -U
( ma}; sz const, ( L) (6.4.1.5)

(5m/ H)= const. (x /H) 1 ]

1 + Const. (x'/H ) ¥
(6.4.1.6)

This neans that the peak velocity decay, the spread
parameter and the entrainment action of -the wall jet
would be similar, at least, qualitatively to those
of the free turbulent jet provided that Uj >€>.Um’
Por a weake wall jet, however, this analysis would
not be expected to hold since(gi)is relatively large

(see figure 5-c).

6.4,2  The ¥all "wake" (Uj< Up) (@ is not uniforn)
(The boundary -layer solution for the conserved property
t the 1 -
a Sc wall) , t:yﬂL ‘
U T |
Bprr | b
— V / ¢
dP.o
e e S | -3 i dx
A YA rf/i//}/ TEITTITT ;1_‘////7///1171/?11 e S
UJ Je\)“‘ w e O
o | - | ez
core region Mixing region b, region

Film cooling nodel



120

Assumptions:

1. The flow is boundary-layer ami

6Vk = const. / (Roy) V5 o . By Roy 1/5
2. The pressure is constant throughout the flow field
with no heat or mass transfer through the wall.
3. The velocity, temnperature and the diffusion
boundary-layers have the same thickness.
4., At large (x/s) the mass velocity profiles are

sinilar and can be written in power law forn
1
OU n
=(Y/8) n =17
(GT)= (¥/8
5+ From the diffusion, energy and nomentum equations

( j 4) with S, = P, = 1 it follows that

T - T, )(c-cg )=f('3/6r(x))

T ) ~T cgd - C,

®
and 6( g P""’}’) - ) dy
where P = C or =

T or C

- A

It is possible to show, using the continuity, the

equation for the conserved property q%” i.e.

2(0v) d(ev
-S_——— +_v-“ -S—L pad 0 .
3P 2P 2

PU bx +(b 'a 9
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and introducing assumptions (4) and (5) tozether with

the boundary conditions:

- - oF _
1j—0 P = R, )S—g--—o
3:(1) P:Pm
that -
P - Pm [ ( y )l+ 2n
e = @XD - B y n
o= Py 2 4 éC or T
(1L + 2n)
where EZ = P L+ 3n n
1+ 2n |
~ 5
Z oexp |=+6932 (Yy/ )
” L s é.m(}or i
where ém= Yat P-P =% (B, ~-P)
nx1/7

It may be worth noting that(P,) is zero then
if(P)stand for enthalpy (or temperature) this implies

an . adiabatic wall, if (P)stands for mass fraction

concentration it then inplies an impervious wall.

Analysis:

The integral (P) conservation equation over the whole

bound ary-layer, with(P_) = O is

%;CS ©U (P -P) dy =0 -.{6.4.2.1)

This equation can be written as:

Cle ’ [(PW - Pm),] Ry, I.(U,P) =0.(6.4.2.2)
6X
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where X U
Rex = j(om L. ax (6.4.2.3)
s 3./
R, = Jﬁl—uu- ay (6.4.2.4)
) ‘/umU P-P S
Ty,p )y = J (_t%—ﬁ;) ( Bty ) am (6.4.2.5)
1= (y/8)

From equation (6.4.2.2)
. ¥ ) A
(2,-2) Ry (I (U'F)) = const.  (6.4.2.6)
If the fluid emerges fronm the slot of width s
velocityLUj) and density (@J) then equation(6.4.2.6)
becomes ( P, - Pm) Colsm BI(U,P) = @Uj (Pj‘Pm) g

(6.4.2.7)
or L = 1 ]((Oj Yy s )__(6.4.‘2.'8)
WJ’ * ) [(Iw,p)) (% Un ) 6

Prom assumption @) ( 6 = By X Rex"’z) after some

algebra equation(6. 29,) reads

- ‘ -0.8 : - ‘0.2‘
(f; ;’m)_ 1 (=27 (Ro3)0+2 (j{i’) ,
5™ By (Tyy,p)) |

. (6.4.2.9)

hccording to assumptions (4)and (5) the profiles

%¥ TMhe constant has the significant of flow of (P)
in the boundary-layer.
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similarity) then

[ﬁ x ;]= const. = Al
B“I (U, P

If I" is +the mass fraction concentration then the

'‘impervious' wall concentration distribution for a

binary gas mixture rcads

. - n
1+ ,Kj K. ) Mm
Ky\/ - KI:I Mj (6-4—.2 clO)

If P stands for the total enthalpy h° then equation
(6,4.2.9) gives
n® - n

w N -0, .

: D)= 4y (£ 0.8 (poj =Ml )
hy = By ' A

s
jal
J

0.2
(6.4.2.11)

(

AY

Al may be dif ferent than Al, and this depends on
SC/Pr-ratio. In terns of temperature rather than
total enthalpy, for a nearly uniform density streanms

equation (6.4.2.11) yields

0 - ° - )
N -0. 0.2
( ;/ 5 m,>= Aq (—ﬁg) 0+8 (Rej)° (6.4.2.12 )

and for non-uniform density streans (e.g. refe. 21)
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r ~~
0.8 . 0.2
1 =4 ()7 (Rej A4d)
O _ 0 CP- ' An
PO _ mp° Cﬂn

The constant Ay was taken to be (3.09) in ref. (21)
which is based on the assumption that n = 1/7

and By = 0.37 which are the $ypical values for flat
plate turbulent boundary-layer, i.e.

— = (—%— x 8/7) = 3.09 for(7)

B ) 0.37 -

small. However, the constants A, and A) are nainly
influenced by:-

1) The power index of the mass velocity profiles (n)
2) The concentration or the tenperature distribution.
3) The boundary-layer growth assumption.

Other factors mnay be introduced due to the experimentai

set up, wall roughness ... etc.



125

7. Correlation with the present experimental results

and general discussion,

Te1l The free turbulent flows.

Telel Centre-line velocity.

The data obtained for the decay of the centre-line
velocity (U,..) are shown in figures (11) and (12)
for heliunm, Arcton12 and air jets. They are plotted
using the parameters suggested by equation (5.2.21)
and (5.2.22) for the free jet and free wake flows
respectively. The figures show that the data are
following one of two lines depending on whether
(Uj/Um) (the velocity ratio) is less than or greatér
than one. Despite the large difference in density
between the two gas streams the data of (Uj/Um<'i)
are correlated, disregarding the flow in the po-
tential core,reasonably well by the free wake model
(fig. 12). The correlation of the data of |
Uj/Um:>l’ using the jet model, in general, is
less satisfactory. In particular these data of ve-
locity ratios gi=g 2.76 for both heliun and air as
m .

shown in figure (11). As for comparison the two

particular expressions following Forthmann's 26

ueasuremnents for plan jet (Um = 0) and Schlichting'sz

measurements for plane wake are shown in figures (11)
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and (12) respectively. Some other data obtained from

the results of Foley 61

for strong€air jets (Uj)i>Um)
are also shown in figure (11), The correlations as
shown in both figuresindicate that the agreements
between the experimental data and the two asymnptotic
theories are possible for:-

(1) The strongs jets in which Uj)$>Um (e.g., some of
Foley'561 results Uj/Um = 9) where the plane jet model
is valuable.

(ii) The wezk jets (Uj slightly exceeds U, ) and the
wake Uj‘<-Um) where the plane wake model is relevant.
Por jets which are neither strongenor weake i.,e.
(between (i) and (ii) ) the data for air/air and helium/
air are almost approaching those of the wake, and it
would appear, however, from the intermediate region of
figure (11) that the slope of the corresponding rate
_%)

of decay of (Umax) is not strictly following (x
but, (U

max) ~ X -+ 60 approximately. This is expected
since the flow is not strictly self-preserving (e.g.
Townsend,4 Bradbury 3 and Wygnanskisz). The shift
fron the plane jet to the plane wake, however, is
more clearly demonstrated later on in figures (15)
and (16). 4n attempt is made to obtain a better cor-

relation by pletting the helium results according to
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equation(5.4.2.) We felt that the second approximation
would bring, for a given value of (HA ), the helium/Air
data more closer to the air/air data. However, for
the present linmited range of flow parameters investi-
gated, the correlation as shown in figure (11) by the
dotted symbols is slightly improved. It is probably
worth noting that the values of (H/8) which are used
in the correlation of the results are the average
values of the dimensionless local excess momentum
flux at the various downstream locations for each
individual run. Examples of calculation are

given in tables (4), (5), (6) and (7).
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y
I

Table - 4 -
U.
= = 1,5 air/air (0:/8)=0.75
Um ‘ dJ
(x/s) 6/ ) (Uo/Tp) (H/5)
18 1.0 265 0.675
24 0.2 226 0.695
29 1.4 0.189 0.685
60'5 2.2, 0-125 00655
g0 2.8 0.10 0.650
120 3.1 0.089 0.655
160 3.5 0.081 0.651
210 3.85 0.066 0.648
average H/S, 0.664




131

Table -« § -

U. ,

ﬁl = 0.5 Air/Air ej/s =~0.25

st}

x/s Sm/® -(u,/uy) -(8/8)
24 0.94 -.205 03398
29 1.0 0.186 0.356
60 .5 1.5 0.120 0.%24
90 2, 04 0.089 0.3%01

120 2,12 0.082 0.374
160 2,25 0.0725 0.322
210 2.64 0.064 0.312
average  —H/® Oe34

Table -~ 6 -

U,

L = 4.5 Heliun /air Oijp = 2,19

ju}

x/s S/ (v,/U,) (H/8)
19 2.3 0.57 2,16
53,5 4.6 0.300 2,3
124.7 8.2 0.160 2,32
227.17 10.5 0.120 2.3

average H/S 2.27
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Table - 7 =~

[

*(Jfl—n = 065 Arctonlz/air ej/s = -.955
x/s | (§,/®) - U, /U ~ (u/s)
19 235 0.300 1.59
53.5 3.4 0.250 1.62
124.7 5.05 0.165 1.62
227.17 6e5 0.130 1.60
670 12. 0.07 1.57
1008 16.5 0.060 1.58

average H/s -1.59

From the above tables, it is seen that the constancy
of the momentum flux is fairly satisfactory (within
the experimental and the numerical integration ac-
curacy) throughout the flow field. The interesting
result which can also be noticed from these tables,
is the effect of the initial boundary-layer thickness

at the slot i.e. the effect of (CD ) as given by
s

equation (5.5.3). For (Uj/Um) > 1  table (6)

shows that C is negligible amd $I‘I'; %L o« From

Dg
table (4) for a weak jet, the value of CDS becones

slightly pronounced and ‘;— = ( 9—51- - CDS) <—9g7:-
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(CDS is about 10% 0f Bj. at (Uj/Um‘/\l) and corresponding-

ly ( % ) is nesgative then from tables 5 and 7

Bl=- o N 18y

(CDs is about 35% of ej.Therefore, the nomentun de-
ficit due to this boundary-layer thickness at (Uj/Um<11)
is significant and cannot be ignored. Tables (4, 5

and 7) in fact, demonstrate the importance of using

(%) rather than (0,/s).

7.1.2 The centre-line concentration.

The centre-line concentration (Cmax) daigﬂ?re plotted
using the parameters of equations (5.3.1/45.3.2) as
shown in figure (13). Again, except for some heliun
results where (Uj/Um = 2,76- weake jet), the correla-
tion is satisfactory following one of the two lines
depending on whether (Uj/Um> is greater or is less
than one. For the weak jet, it appears that the data
are approaching those of the wake , For g z Q,
however, the prediction of the centre~line concentra-
tion is not possible by either equation (5.3.1) or
(5.3.2). 4n alternative way in which the concentra-

tion results (C ) can be made independent of the

max
precise slot condition is shown in figure (14). 1In
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this figure (C ) is plotted as a function of

max

x/(xpo)D , where (xpc)D is the positive distance
mneasured from the slot location to the pcint where
(Cmax)started to change (see$€8.E). A reasonable
smooth curve is obtained for both gag combinations
showing a better correlation of the data and indica-
ting that the parameter (x/xpc)D is a similarity para-
mater for the mixing in this region for the whole

range of the veloecity and density ratios examined.

Teled The jet spread paranmeter

From the analysis given in section (5) the general

form of the jet spread parameter can be written as:

(93-)= function of (x/H) N
The data obtained for(§ )for air, heliun and Arcton 4,
are plotted as suggested by this expression as shown in
figures (15) and (16) respectively. The asymptotic
forms of ( & /H) for the pure jet and plane wake fol-

(26) and Schlichting's 2 measurenents

lowing Forthmann's
are present for comparison. As it is expected the

data for(H,) showed an agreement with the respective
asymptotic theories in a sinilar manner as those re-

sults for (U ven by figures (11) and (12) i.e.

pax) &1
despite the large difference in density the measured

6m at (Uj/Umf<‘l) are in a quite reasonable agreement
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with the wake model, while those data of ( Ei > 1)
n
the ggreement is less satisfactory with the corresponding

assymptotic model. Similarly the measured (6m))for a
weak jet, begin to deviate fron the jet prediction

i
towards the wake prediction (611.,x2). This shift

in the flow behaviour, perhaps is not very clear from
figure (11) since (Umax) has the same power law (x_%)
though, the proportionality constants (CqaniC,)

are quite different. According to figures (15) and
(16) except for some results of the helium/air data,
it would appear that, to within 20% accuracy, the
general form of the spread parameter ( S}J@H, follow-

ing equation (5.2.15) can be written as

$ ml= 0.1 x/ [H 3 | 7.1.3.1
( m/ ) 1+ 0.22 (x/ {H! )

Though, within ¥ 5% accuracy, Schlichting formula
namely,

could predicted, the weak jet and the wake data as
shown in figures (15) and (16). It would have been
possible to adopt an effective origin (XO),(for
examplé, Bradbury 39)3’.11 order to obtain a best fit
curve for the data of (Uj/Um.> 1). Hovever, the con-

cept of an effective origin, in fact, is not a
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particular definite procedure and a considerable la-
titude is available in its choice.

Telod Verification of Reynolds analogy

From figures (11), (12), (13) and (16), it looks as
though the Reynolds analogy is not wholly justified.
By comparing the data giving(UmaX), (cma)a’ La ) 3nd
Qénk)in.these figures, the assunption seems %o be
adequate for the helium results (i.e. S = 1.0 for
H,) vhile for the Arcton,, (C
than(Umax)
than(é m)(figure 16), It can be shown, from the ana-

max) decay nuch faster

(figures 12 and 13) and spreads faster
md

lysis given in section(4.2.2)and those analysis of

Bckert 63, that if S, is constant throughout the flow

c
field and is less than one the mass will spread nmore
and decays less than the velocity. This relative in-
efficiency in the transport mechanism has been found

by many workers who measured the mass and the momentum
transport in jet flow e.g. Keagy and Weller8, Forstall,9

42 15 and Eckert 63 using different

Landis, Alpinieri
gases. The average values of Sc which have been re-~
ported by these workers, weré between (0.75 - 0.5).
For the Arctonl2 data, however, three various ways
are adopted in measuring the Schmidt nunmber and three

different values are obtained.
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1) The profiles neasurcments i.e.

(U“ ) ~ (6'“""_' ) gives §, 0.85
max max™Cm
2) The spread rate measurenents i.e.
dp ~ gmc | gives S, = 0.75
3) The centre-~line decay measurements

.e. L ad —-—
( max ) ( Dax m) gives S = 0.5
Uy - c

7.2 The turbulent wall jet data

Prediction of the Pesk velocity ( Umax) and the

wall jet growth (Sm ). ( (0 is uwniformn)

The simplified theory (‘5 6,2) showed that (Umax)’

and (,Sm) are expressed (provided that (%sz »>> Tw)

. ¢ U U
as; (M)= const. (H/x)%

Un

and,

(&, /H)= function ( x/H)

The virtual origin is assumed to be located at the
slot as before in connection with the free turbulent
flow. The velocity distributions will be assumed to
be quite close to rectangular profiles at the jet
exit plane (boundary-layer thickness is very small

- H
at the slot edge). Since ch ZL 5
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C.from equation (5.5.3) §= %: g_l ( g,i- l)

jul
Therefore the peak velocity expression can be written

as (for @ is unifo rm)

U, U U, U. =
(JW): const. '{Tl ( ﬁl - 1) $/x ] 3
n m m
U U N E
or (Un?af - m) = const. [(Uj/Um)/ ( g‘l - 1) a/xJ
J i} . ,

For correlation purpose, (Umax) and (Sm) ey be

writ ten, in general, os

UIIE.X - UE]

Uj =T >= function of | ( gmj_ -1 )/(%) x/s

(Sm/H)= function of (x/F)

Figures (17) and (18) show the present experimental

results for (U___) and (6m) along the walltogether

max
with those results presented by George 32, Verhoff 29,
Kraka 31, Seban and Bock 53, Gortshore 56 and Mayerssg,

when they are plotted as suggested by the above ex-
pressions respeciively. All the experimental results

o 3 3 U /
for the range of velocity ratios 2<_ j éls

n
correlate reasonably well except those data for Uj/Um=

1.48, did not correlate. These findings, in fact,
emphasi ze that the assumption of approximate self-

preservation leads to a reasonable correlation of (Umax)
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and (6 ) for the L,eneral case of the plane wall

jet provided that ( = 2) or ( —l =2). The inade-
quacy of the simplified nmodel for the data where

( o< %< 2), however, is expected since the whole
character of the flow will change from jet-like to
'boundary~layer-like' within a few slot widths of the
jet exit. A more satisfactory analytical theory
for the turbulent wall jets in a moving stream, oW
ever, is not available despite the extensive numgribal

treatment given by Verhoffzg, Gor tshore 56 57

and Harris 58. It would appear from figures (17) and

» Spalding

(18) that for all values of (x/H) upto 100 the peak

velocity decay can be predicted to an accuracy of 15%

by

(UmaXU_ Um)_’__~ 0.8 (X/H)_'6l (7.2.1)

and the wall-jet growth can be predicted with an even
higher degree of accuracy by the general expression.

of the spread parameter, as,

(& /m)= 0.078 ( i (7.2.2)
\&/8) ‘ 1+0.172(x/H)* ) (
provided that (H/s > 2) witn S&2 = 0.078 for U =0

29)

as compared with plane wall jet (e.g. ‘Verhoff
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7.3 FEilm cooling data (wall-wake)

The wall concentration digtribution and the development

of the velocity and the concentration boundary-layers.

The basic assunption in film cocling theory is that
the flow far down stream from the slot is similarAto
that in the fully developed turbulent boundary-layer.
From section (6.2), in the absence of hecat and mass

transfer, the boundary-layer solution is

l 1 X "‘008 . N 002
. = A ( —e ) (Rej AL
1. (‘KJ - K ) ﬁj; 1 ns A
K, - K, M (7.3.1)

and, the characteristic thickness (§ ) ( égfh4.2

assumption 1, ), after some algebra, can be written as:

' - =0.2
(£-)= B, (%)% (rej )

ms

(7.3.2)

Hence from (7.3.1) and (7.3.2) one gets

1
M
Ki - K i 1
L+ (—d—t) ~+ ) 7.3.3
S Y . me—
where R = ( E)351--»‘2-------) Reynolds nunmber
em /Mm

based on boundary-layer thickness.

7.3.,1 The wall concentration distribution (Cw)

The data obtained for the wall concentration using

Arctnn12 are shown in figure (19) when they are plotted
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as sugsested by equation (7.3.1). In the figure sone
data for ( gl < 1.5) obtained from the results of
Hatech and Pagpel2o for the adiabatic wall temperature
using helium as coolant are also present for compari-
gson., The correlation as given in figure (19) is

guite satisfactory, though for prediction a propor-
tionality constant Ay = 4.4 is nceded rather than 3.09
as given by Stollery.21

7.%.2 The boundary-layers growth (5;%P é;ncw/)

For the boundary layers gfow‘ch(&,Xdefined as . y
at U = 0,99 U)) and (&, )
C/

air and Arcton ;, together with some data for (oo )
64

the present d4ata using
obtained from the results of Hartnett, using air as
coolant are reasonably well correlated according to
equation .(7.3.2) as shown in figures (20) and (21) res-
pectively. TFrom both figures it would appear that the
concentration growth ( gnb“/) asymptote to the 0.8
slope more rapidly than . ( éi)) . and at (x/s) is
large (5hcwr ) can be reasonably predicted by,

8n,

b 0.8 . Ay =0.2
(53 )08 (res L)

However, froam figures (19), (20) and (21), it looks as

)= 0-3 ( ':'%('S"'

though the boundary-layer is fairly appropriate solution

for a filnm coolcd adiabatic wall using foreign gas



rzo

100 _
[~ FILM COOLING L, ;F%’;
- FLOW Velocity boundarylayer -
50 Growth along the wall K/% \"/
T | ST 52 } a2
R /‘%D{ V
| o N om ol KT | 3 |
A e Al &l Al OV
0-8
~ | 0{37 (x/ms)
r———
o~ )
|0:'!5/\ ‘V% .
-t 5\,' :g\ ;o&é\ Sy.mbol %:__ Gas (njected-
= j"/ —
5 1 0-30--. K
5 o ) ) Hartnett(§:
e 7 gre % AR
_wl‘g Ja 0-667| ]
~—| Slw 0-80 ]
2— A ,a_} 8 o-485] ARCTON. —
X < [ 0:245
(Kfms)—r| - o
' L i 1 . L J 1 L | | ' l 1 I L1
I 2 5 10 50 100 200 500 log,

1000

FIG.20 The present data for alr & Arcton, injection and the data of-

Hartnett

b6

9 for alr/alr (O<UJ/Um<l)

671



- 100

e DS T R A e

200

ogl  emmcoouns, |l LT L]
e ELOW _M_as; dIHUSIOH al.ggg the wall (_m;w)
|
8 /
Ry - , 7 3
- 33 —A (XimS)
‘0
50 o«
~ o
- ifi - <Dy
20— g );7/%;
w) p.VK//G
o A Symbel Ui Rej
- A P O ARCTON_ INJECTION 2tmbel . Rei
o Al 74 o I-43 <7000
S5F - 1 \5\0\’ ‘ | A 08 ) s500
. Et© \\I'L v O-#B;J
o) (X/m 5) - [ 0245
2L L1181 Ll | | 1 1111 1 [ N
2 5 10 2 B0 100 200 500 1000 log-

FIG. 21 The present data for Arcton,/air giving the concentration growth
(0< UjfUm15) |

oSl



151

injection and its accuracy increases as (x/s) increases.
According to the density ratios examined herein, its
validity is no longer limited to m £ 1.5 (e.g. |
refer.?t) bus the data suggest that it is also usoful
for m > 1.5 provided that g—l < 1.5.

m
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8. The initial region of the jet (The potential core)

Since this region is of interest to the pre-
sent work it is, therefore, appropriate to spend
some time in its discussion. No new analysis will be
put forward but the existing theories will be reviewed§
The central interest of the discussion is the predic-
tion of its length (xq:c). According to its de-
finition (e.g. secs. 41.7 and 4.2 ) the experinents
on free jet, wall jet and filn cooling flows, in ge-
neral, give information on velocity, thermal and dif-
fusion potential core. simply by measuring the dis-
tance., from the slot location along the jet axis
(free jet) or along the wall (wall jet and film cooling)

up to the point where. the velocity (U ermpera-

max)’ v

ture (T or Tw ) and the concentration (C or Cw )

max nax

start to change respectively., The usual way in
measuring this length is either by experiment using a
probe, which needs extensive measurerients in the
initial region of the nozzle, or by extrapolating the
rate of decay of the centre-line quantities (free jet)

or the wall guantities (wall jets) expressed as,

U U T T C. C
( “max - “m ) ( "max - “n ) ( “max - “n )
ﬁ;ﬁ:ﬁg;—- or T;~:~T;—f or Cj =

when they are plotted Vvr x/s on a log-log scale,
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Umax - Um
back until they meet the lines of ( == ) or
Uj -0,
T i\ c c
( max - o ) or ( 6.1.21@_}.{....:'_-_12) = 1.0, give

-7, ;- Cn

(xpc )U’ (xpc )T and (xpc)D respecetively. This

nethod has been considerad as a good ajproximation

for the length (XIP ) by many previous workers and is
c

used in the present study.

8.1. The hydrodynamic notential core length for -

uniformn density streams.
o

Tor a wniform or nearly uniform density
stream the available theories are as follows ,
The theory of Kuethe35. which is an extension of
Tollmien's first problen to the case of two plane
parallel streams of the same fluid., Xuethe used

Prandtl's mixing length theory to solve the equations

UBU+VBU 1 Y

—4 —— sm————

dx 9y £ 2y
dl + :gjL =0

5:x y
_ .2, QU *QU
weze Gy = B §) |5y
and (lo), the nixing length, is given by
lpo= ¢! x

He assumed that the velocity profiles were similar and

of the forn U = £ (y/x)
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i.e. the width of the nixing region is proportional to
X. TFor the fifth boundary condition Kuethe used
Um Vm = - UJ'Vj as suggested by Von-Karnman.

The free constant (c¢') appeared in the numerical so-
lution of the equation of motion has becn asgsigned

the value suggested by Kuethe on the basis of measure-
ments performed at Gottingen = .0174., The calculated

values of Xp /s are

Table - 8 -

]’

0.1 | 0.2} 0.4 | 0.6 | 0.8 ! 0,9 ! 10

5.806.4 | 7.6 | 8.8 | 11.4 |16.1] 21.2! w

of o s
o

(on]

,

1.011.1 | 1.25] 1.67| 2.5 5 10 w

™

2 IR S S
p

| oo le2.6] 18.31 14,9| 13.9| 13.1{ 12.7{ 12.1

w
Q

3

Table (8) showthat the theory asymptots to the plane
nixing layer solution (with adjacent fluid at rest)

as U, (Tollnient®) and gives an infinite
--l B [§ %}

Um

U.
core length as ﬁl- — 1.0, Korst 65 in the
m
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discussion of Seban and Back'866

paper considered
the development of the flow near a wall in the poten-
tial core region as given by the figure below

\J . . ‘/'/

[n + erF(a’“f)

//1t/f/.r,/',///7'/r T A anas anmy o

e~

"He assuned that the wake component within the boundary-

layer can be represented by an error function in the

form
U=-T - ‘
(=1 _-Uj)= 3 [._1 . erf. ( o*Igg)]
. p )
where O = (M*,.EJE, Ui Y .
Tm I

While the wall layer growth like a conventional boun-
dary-layer over a flat plate immersed into a unifornm
stream of velocity (Uj). From Korst 65 gefinition the
potential core length would be the distance downstrean
from the slot up to the point where the two-layersmeet,
as shown in the above figure. Korst 65 defined(glo))
(éslo)to be the momentum and the displacement thickness
at the slot edge, solved the monmentum integral equatiqn
assuming 2 laminar wall boundary-layer, and fron

66

Seban's experimental condition he chose(?":(z—y%———)
1

-5
UI_'].
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The potential core length was, therefore, written in

this fora
r
U. U. . 2

X
""""" T + T

‘lv (Re ) 2 " IO (Rea )'§‘

2
. v.. 1 1%
4

where %c) is a numerically integrated function of
T

U .
(M*, —% , —L ) was calculated for an error function
Tn U

velocity distribution with turbulent Prandtl's number =
1.0. These are the only available theories known
to the author, however, it would be appropriate to

show how  those sinmple analyses which are given

in sections (5) and (6) could predict the potential
core length. From section 5, assuning a nearly uni-

forn density streams, then, we have, for the
Uax™ Y H %
B _Bfoc, (%)
U
m

where Cl is a constnat. From the first definifion

free jet

of the potential core length (ﬁ) ) i.e. at x = X,
c



- U.
( nax m) (ﬁl ) therefore, we get
ul
& 2
) (5/8)
= const. ——
(i) .
Um
Since E_é =(e_§3__ - CDS> (j 5.5) and for (%—)— is large
U.
x T
hence we obtain( pc)= const. ( i1} ),.(8.1.2}
3 -
i - 1)
Um

From section(6,.2.]], this equation is expected to hold
for the wall jet case. Fquation (8.2.1) would asyn-
ptote to a constant value at U, = 0 and will be in-
finite at Uj = U, (Compare with Kuethe35) . Sipmilarly,
we obtain, for the wall wake (sec. 6.2.2) from equation
(6,2.2.9)

0.25
(..,...)__ const. nm (Rej /—-L-l) : (8.1.3)
/M

‘Fig. 22 shows the measured values of(x pc) using air

injection for both free and wall jet data together

with some results obtained from Weinstein “~, Forthmann,

Verhoff 29, George 32, Pate133 and Seban and Backss.
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The variation of (XPC/S) as given according to

Kue the'so” theory, Korst's®? theory, equation (8.1.2)
and equation{S.lB) are plotted for ccmparison. Sone
other eiipirical predictionsobtained?geban and

Back 53, 66 expressed as

X
pc)
(-—5-= 12 for U,/U, > 5

X

Pe
(4-5—-)‘- 56 (m)l‘5 for m £ 0.8
for a nearly uniforn density streams arc also shown

in figure(29. From the Tigure the data seem to agree,
in general, with Korst's predictiocn in the region where
Uj<pm and with Kuethe s theory for Uy > Upe. It

would appear, 2lso from figure({22), that Uj/Um is

large the data are in quite reasonable agreement with
equation (8.l1.2) using a propcrtionality constant of
10, while equation (8.1.3) using a proportionality

constant 4,1 (e.g. refe. 21) is less satisfactery,

8,2 The dissinilar gas streans.

If Pr = Sc = 10 then the hydrodynamic, the thernal
and the diffusion potential core lengths will be si~-
milar. Therefore,any expression which can be written
for one of them will be adequate for the others.

x 4,1 = (3.09)1°?
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However, in the potential core region, the assunption
of unit Sc or P, is not strictly correct and in the
most general case the actual lengths of these regions
are different. In this section, however, we shall con-
sider the diffusion potential core length (xp ) D *
Fig (23) shows the neasured values of (xp /s)D

as they/plotted in/51m11ar way to figure (22) for both
helium and Arcton 12 results. The relevant expression

for comparison in this case,Uaccording to sec.(5.3)
: .y

J
is X U
(_gg )p = const ‘fb ) ( )‘?
: (—l - 1)J (8.2.1)

S

s
for Ui- is large. %

The data as given by figure (23) show that, ( v*S%D-
increases, for bothe heliun and Arcton12 jets, as the
velocity ratio increases, there is no maxinum point as
compared with fisure (22). The comparison between the
data for both gas combinations and the simple analy-
sis, given by equation (8.2.11)15 not satisfactory
though it would appear that there is a slight agree-
ment for the Arctonlg data at Um = 0, An attenpt

was made to correlate ( xﬁ_)D on the bagis of the para-

5 66

meter (in)following Ferri ° and Seban the correla-

tion was not satisfactory. From figures (22) and
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(23) it looks as though a satisfactory theory on the
development of the initial region of the Jjet, in ge-~
naral, is not available, in particular, for the dis-
gimilar gas streams (foreign gas injection) where a
nore careful and controlled analysis is required.
However, for correlation purpose the dimensional

analysis, in general, would require

X

U :
(o) . f[( O ) - ()P (me)? (g™

s}

sC ] ' (8 2. 2)

Assuming that P P
ns = n, for simplicity and from the
experimental result (nl = n2).
From figure (24), it appears that the diffusion po-
tential core length can be reasonably predicted for
both helium and Arcton 12 jets as
x . 0.25 ]1.25

Py, _ (hog AL
(-—-s—- )D 0.16 [.m(Rej/um ) (8.2,3)

x
p
compare with Ferri® who wrote (—gg)D 11.0 ( %)

Equation (8.2.3) is purely eapirical and the main
idea is to express ( ~§2a )D so that equation(8.2.3)
together with figure (14) see sec.7) would describe the

centre-~line concentration distribution for the design
purpose of combustion chanber.
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g. The mixine paraneters

9.1 Uniforn density streans

According to the analysis given in section
(4) no matter whether it is based on Prandtl's mixing
length theory or the constant exchange hypothasis,
both are in a good agreemsent with the idea that the
most important flow parameter that controls the mixing
process between two moving streams is the velocity
ratio (gi ) i.e. the mixing process is mainly due
to the shgar stress and the condition of segregation
between the streans at‘qj = 0 is predicted. There-
fore, from Prandtl's mixing length theory we have

o~ Slﬂ—*-o ’ ng > O and H-—»0

Prom the constant exchange hypothesis, we have

€ — 0, (Uj..Um)-—-.s—o ar Us =T, .

The application of these phenomesna to the experimantal:
results are shown, in some way, in figure (22) (sec-
tion 8). There it is seen that the nearer the velo-
city ratio (gi ) is to one the longecr is the potential
core length aﬁd hence the tendency towards segregation
between the streams. The data as given by figure (22)

thersfore, are in good agreenent ,at least, qualitatively

with these hypotheses.
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9,2 The digsimilar gas streams.

In this complex problem, however, according

11 18
’

to some recent pepers e.g. Vulis, Iibby 17, Zakkay

12 15, it seems that there are con-

Regsdal and Alpinieri
flicting statements concerning the corresponding mixing
parameter betwesen the dissinilar gas streaans and, .
hence, the condition of segregation between them. Vul%%,
for instance, conducted an experiment using hot air

jets exhausting intg a cold airstream, he specified

the ratic ( TT;:—T‘i*) as measure of the intensity

of the transfer of energy in the fiow, in the sense,

that conditions of segregation or minimum mixing would
correspond to higher values of this ratio. Fron his

own experimental results he showed that the maximun
value of this ratio coincided with (O sz.-- A2 .

The momentum flux ratio was then considered as the

nost inportant flow Earameter and the conditicn of
segregation at ;%——12 1.0 was predicted.

The forn of the turbulant coefficient of viscosity

proposed by Libby 17 (See section 4.2) as given by

i
(6)6) ém ' (eU)min - (ev )max l
consisted of attributing the nixing to be sclely de-

pendent on the mass veloecity ratio (n) and there-
U

AN

for,the condition of segregation,at
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would be predicted,

Regsda112 has postulated an al ternate form for
the aldy kinenatic viscosity(ﬁft)such that the laninar
analysis can be extended to include the turbulent flow,
by substituting the turbulent transport coefficient ‘
for the corresponding laninar ones. Thereforqﬁg*
was introduced as follows:-

A V4 + o + ———
/l t ’ !- - J ' t 12 D

o

whereL4%> and(pt)are the turbulent coefficients of
viscosity and diffusion respectively whileé?ﬁ) and(?lz)

are the corresponding laminar ones. According to-

Regsdal'? definition, ¢ would be the ratio of the
turbulent to the laminar coefficient of viscosity
i.0 éf = é;g% ) , assuned to be constant

over the whole flow region .Following Prandtl's ncw

hypothesis)tgf was expressed in this fom
U
*

€ =£ ( & -1) 1, (Rey)
J
FProa his own experimental results, using Br/air, he
showed that:

U 3 '
¥ = 0172 {ﬁ - 1' (Rej - 250)
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U,
For 255 < Rej £ 3850 , B3E T < 0,97
J .
Um
J

According to the above expression, for Rej»250, a
vanishing turbulent conponent would be predicted at
Uj = U_ and, hence, the optimum penetration (segre-
gation between the streams) would take place since the
mixing would be minly due t¢ laminar diffusion for
Rej < 4000, Alpinieril5 used coaxial gas Jjets of’
Hz/air and CO,/air has examined the mixing process,

U
= 1.0 and/ajﬁﬂ—:: 1.0 . His re-
Pnnm

sults showed that the condition of minimum mixing was

in particular, at

ch 9

U, U.
neither =4 = 1 nor Cﬁ-l = 1,0 nor even
U U
il (aVn
U2

B85 16
' 0

9.2.1 The contribution of the present results to the

nixing parameter.
11

Pollowing Vulis the centre-line concentra-

tion (Cmax

characterises the intensity of the turbulent transfer

) is chosen as the basic quantity which

(eeg. of nass) in the nixing process. There are other
quantities which can be used, for instance, the

centre-line velocity or the potential core length.

* This condition was given in a footnote in his
paper, though his own results did not cover this
condition.
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However, the concentration is preferable to the ve-
locity since.  the former can be neasured ncre accurs=-

tely. The higher values of (C ) mean less ’

max
nixing and obviously the lower values mean severe

Mixing . (G ) is nlotted against the paramsters

3 'U 11
Qﬁl),( il amﬂ‘ in a way as suggested by Vulis
! f%nxn ﬁ m

C
as shown in figure (25). For a matter of genvenience

figure (25) is split into two parts one for each
gas used. There it is secn the conditicn of mininun
U, FLU.

nixing is neither ﬁl = 1.0 nor

7.7,
O m (qun

~1—1—2 = 1,0 and this conclusion is in agreement with

= 1,0, nor even

(OmUI?‘ .15 i :

Alpinieri™. The mixing decreases as{ﬁl)increases
. n

and it increases as (ﬁl} decreases and it looks as

o
though there are no simple combinations of jet and

external stream flow properties that would give a
condition of nminimum nixing. It appears, however,
from figure (25), that an increase of the jet velo-
city and correspondingly the nass flow rate would
simply delay the rate of decay of the cenfre-line
quantities as well as increase the length of the po-
tential core (e.g. figure 23). These findings, in

fact, emphasize that the mixing process between
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dissinilar gas streams is not due mainly*fo shear
but to tuxbylent'diffusion; and correspondingly
one would expcéct a mixing parameter to include both
diffusion amd shear terms. It nay appear from figure
(25) that the condition of minimum mixing oceurs at
Um = 0 and this mizht be attributed to the following:-
&, The free strcam turbulence level will be a

minimum when the gtream is at rest.
b. The effect of the ihitial boundary-layer thickness

which exists at the slot edge is zero.

Recommendation for the practical application purpose.

It appears then, from figure (25), that for minimun
mixing a fa&st jet of heavy gas is needed, and for
mininmunm peretration (e.g. for combustion)'a slow

Jet of 1light gaé should be used. This simple statecaent
implies that, for cembustion applications, a large

slot size, for a given quantity of fue})is needed

and a correspondingly large combustion chamber would

be required.
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Conclusions

l, Except for some of the helium velocity profiles,
the Gaussian distribution function can well represent
the profiles (velocity, concentration, nass flux and ao-
mentuwn flux) for both jet and wake flows downstream

of the potential core (x/8 2> 30).

2. Despite the large difference in density the

parame ter (H/s) correlates the data for, jets, weak
jets and wakes fairly satisfactery.

3. Only when (x/s8) is large does the flow in the

jet become similar to that of the wake and the wake
model become relevant,

4, The correlation of the data for the wall jst on
the basis of the parameter (H/8) is fairly satisfacto-
ry considering the crude, sinplifying assunptions,
provided that ( g > 2). The disagreement of the
results for weak wall jets ( ﬁl £ 2) is expected
since the flow becones 31m111r to that in a boundary-
layer at (x/s) large.

5. The correlation of the data for the weak wall jet
and the 'wallweke' (filn cooling) flows, on the basis

of the paranmeter (w) is satisfactory - provided that

U.
ﬁi < 1.5 - over the range of (x/s) carrently of in-

terest. The accuracy of the boundary-layer nmodel
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increases as (x/s) increases.

6. Conclusions 2, 4 and 5 indicatc that (x/H) is
the sinilarity parameter for the free jet, free weak
jet free wake and strong wall-jet flows, while

(s
wall jet and film cooling flows.(wall wake).

) is the esimilarity parameter for the weak

7. Minimum mixing does not occur when the velocity
ratio, mass velocity ratio, noncntun flux ratio and
the excess of the momentunm flux ratio is made equal

to unity for the gas combinations tested.

Scope of future work

A. Pree turbulent flows.

1. A more accurate theory together with an extensive
experimental neasurement for the potential ccre of the
jets using dissimilar gas streams are required in
order to eliminate the need for empirical correlaticn
functions used both in the present investigation and'by
others,

2. Extensive neasurements of the turbulent structure
and the density flacutation in the main region of

the plane jets, issuing into a moving stream of
different density, are essential to obtain information

concerning the eddy dif fusivity and, therefore,
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provide a bhetter knowledgs concerning the Mixing

mechanism between two turbulent gas streauns.

B. Wall-jet flows

1. BExperinmental data on mixing of wall jets of dif-
ferent density fluids with an external air strean
are still needed (e.g. usinz helium and hydrogen)

in order that the utility and the limitation of the

theoretical models can be finally established.
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A NOTE ON THE USE OF A BOUNDARY-LAYER MODEL
FOR CORRELATING FILM-COOLING DATA

J. L. STOLLERY and A. A. M. EL-EHWANY

Department of Aeronautics, Imperial College of Science and Technology, London, England

(Received 6 March 1964 and in revised form 3 July 1964)

Abstract—The boundary-layer model for correlating experimental data on film-cooled adiabatic walls
is re-examined. Existing analyses are reviewed. A much simpler approach is given which can also cover
the case of foreign gas injection. The utility and limitations of the boundary-layer model are empha-
sized by comparison with experimental data.

NOMENCLATURE

A, B, C, constants, see text;

Cs,
Cp,

local skin friction coefficient;
specific heat at constant pressure;
heat-transfer coefficient defined in
text,

constant, see text;

unheated starting length, see equation
(10);

Mach number;

Prandtl number;

Reynolds number;

temperature;

reference temperature, see equation
(10);

function of;

enthalpy;

coeflicient of thermal conductivity;
eddy heat conductivity;

mass flow rate;

pethe| Pmttm

power law index;

pressure;

heat-transfer rate;

slot height;

time;

x component of velocity;

y component of velocity;

fictitious starting point of coolant
boundary layer, see Fig. 1;

cartesian co-ordinates;

(x/ms). {Rec.(pucfum) }~1/4;

thermal diffusivity, k/pCp;

eddy diffusivity, ke/puCp;

55

a, B,
T,
5,
81;

821

constants, see text;

gamma function;

boundary-layer thickness;
boundary-layer displacement thick-
ness;

boundary-layer momentum thick-
ness;

boundary-layer thermal thickness;
(Taw — Tw)/(Te — Tm);

(haw — hom)[(hoc — hom);

(Taw — Tom)/(Toc - Tom)§

(T — Tw)/(Tn — Tw);

coefficient of viscosity;

see equation (16);

density;

(T — Twm);

skin friction.

coolant;
mainstream;
total;

slot;

wall;

adiabatic wall.

INTRODUCTION

WHEN A WALL is film cooled, by injecting a
stream of gas between the surface and the hot
external flow, three separate regions can be
recognized, as shown in Fig. 1. A “potential
core”, wherein the wall temperature remains
close to the coolant gas temperature, is followed
by a zone where the velocity profile is similar to
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that of a wall jet. Farther downstream, however,
the flow must become similar to that in a fully
developed turbulent boundary layer. For coolant
and mainstream gases of similar density the
relative length of the three regions is governed
primarily by the velocity ratio wuc/um,. When
Ue > um a simple jet model, as suggested by
Spalding [1} for the second zone, may be valuable.

[ POTENTIAL WALL-JET BOUNDARY-
Pyt CGRE REGION REGION AYER REGION ~»»
SN .

< o ]

(DR A

[o]

FIG. 1. The three possible regions for the flow past a film
cooled surface.

- Uy,

— X

For u,; < um the second zone is non-existant and
the boundary-layer model for correlating film
cooling data should be useful. The re-derivation,
critical examination and extension (to cover
foreign gas injection and large density ratios,
pe/pm) of the boundary-layer model is the
subject of this note.

SURVEY OF PREVIOUS
THEORETICAL WORK

Wieghardt [2] made one of the first investiga-
tions of slot injection in connexion with the
problem of de-icing. He achieved an asymptotic
solution of the turbulent boundary-layer equa-
tions of continuity and energy by assuming
similarity for both the velocity and temperature
profiles. His solution gave T(y) and Teu(5) but
not Tau(x). Wieghardt noted that the assumption
(8/x) ~ Re;15 would indicate Ty ~ x~45, a
result in excellent agreement with his experi-
ments, but he was unwilling to take this step.
So although he was almost certainly aware of
the simple expression for Tg.(x) given in this
note, he did not write it down, preferring instead
to find Tyuw(x) experimentally.

Since his work provided a foundation for
much that was to follow, it is worth considering
in more detail. The basic assumptions in his
analysis are:

(i) for x/s> 1 the flow near the wall
resembles the flow in a boundary layer

(i) low Mach number flow, the dynamic
temperature rise is neglected

(ii)
(vi)

Cj is constant throughout the flow

the molecular heat conductivity is
neglected in comparison with the eddy
heat conductivity

for large x/s the temperature profiles are
similar, hence

™)

w5

where o=T— Ty
and  8z(x) = | (ofow) dy
0

(vi)

the mass-velocity profiles are also similar
and may be written in power law form

S )
pm Um  \S

(vii) k is a function of x only.

In the light of these assumptions the relevant
equations may be written as

opw) | opv) .
o + ay = 0 continuity (1)
oo oo 20
Pu"a}_*—fw'@:kéfz energy (2)

[ee]
{ puc dy = const. = puco.s conservation
0
of energy for the case of an adiabatic wall

(€)

By introducing assumptions (v) and (vi) into
these equations and applying the boundary
conditions

or
?}):0’ T=Ta,w at y=0

T=Tp at y=
Wieghardt solves for o(y) obtaining

o y \n+2
o[- (3)]
n - 3\)2+2

e~ {r(i=)f

Substituting this result in the energy balance

@

where
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equation (3), and defining 8 by y = 8 when
ofoaw = 0-1, he finds that for n = 1/7

Oaw Tow — Tm ms

Gc——m—’r)—z{)l——a—. (5)
Wieghardt points out that further progress is
impossible since the variation of & with x is
unknown. However, if the assumption is made
that § = 0-37 x Re;1/5 then one obtains the

result
x \—0-8 pe )02
n = 5-44 (ES') (Rec . f;z) . (6)

Hartnett et al. [3] adopted Wieghardt’s
analysis but simplified the mathematics by
writing equation (4) as

ofogw = exp [—C(¥/8)?] since n<K2 (7)

Expanding the right-hand side of (7), retaining
only the first three terms and substituting in (3)
gives

1
u7
[ ()1 = ceomoe + cromaoms =
0
e ms
Caw : 8 :
The left-hand side is a constant and assuming
now that 8§ = B x Re~V5 and p¢ = psy the authors
obtain
Taw x\~08 0-2
= ——=K (nTs) Rec . (8)
In a graphical comparison of (8) with experi-
ment the dependence of » on Re, is omitted and
a -+40 per cent scatter noted. If p, % pm and
B is taken as 0-37 then (8) becomes

x ) -0-8 pre |02
n = 3-39 (—n;&) (Rec;;) . C)

Rubesin [4] tackled the problem of the heat-
transfer rate distribution along a flat plate with
a step discontinuity in surface temperature. For
a given unheated starting length L and wall
temperature distribution 7,(x) he found that the
heat-transfer coefficient was

.
Tw— Tm

[1 B (§)39/40} —7/39 . (10)

CH(x,L)= = 0-0288; Rels P13

His analysis used the integral form of the
boundary-layer energy equation and among the
assumptions were the following:

u [P\

§ — 0:37 x Re-1/5 (11b)
 T—Tw _[y\V

O = T (aT) . a2

Klein and Tribus [5] solved the inverse problem

of finding T,(x) when the heat flux ¢(x) is

prescribed. They show that if A can be written as
H(x, L) = f(x) (x* — L%)~#

then

Tw(x) — Tm =

= jf g(D) (x* — L9)#-1q . Lo-1
) T TOERTE- D!

L=0

Using the work of Rubesin we have
a = 39/40, B = 7/39,

dL

(13)

k
() = 0-0288= Reffs . PrAs x7/10,

At Eckert’s suggestion Klein and Tribus con-
sidered the particular example of a line heat
source placed at the leading edge of a flat plate
and calculated the variation of adiabatic wall
temperature along the plate. This example is
similar to the film cooling problem, the source
simulating the heat released from the coolant
slot. Putting

q(LYdL = pette s Cpo(Te — Tm)
atx =0,

g=0 for x>0
and
L=20

then equation (13) becomes

. Cpc o3 3_‘_ —0°8 ¢ 0-2
n =577 (E—) Pl ) Reez)  (14)

Pm ms
If Cp,/Cp,, = 1 and Prp = 0-72 then (14) reads

X -0°8 #c 0-2
n =462 (&“S) (Rec”'_‘m) (15)
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In a more recent analysis Seban and Back [6]
note the similarity between the approximate
form of Wieghardt’s temperature profile

o/oaw = exp [—Ca(y/8)?] (see page 57) (7)
and a particular solution of the heat conduction
equation,

olow = exp [—)?2/4£] where ¢ = [adt (16)
The analogous equations are
er 1 orT
—6._}1’2:0_.63 .?t Whel‘e a = k/pCp (17)
and
2T 1 or
where B = ko/puCyp, (18)

& B A
a rather gross contraction of the energy equa-

tion. Seban and Back, relying on the work of
Hinze [®], take

B(x) = 07 824/(Cy/2)
82 = 0-036 x Re 15
Cy/2 = 0-0296 Re1/5

Thus 8 ~ x0'7 and from the analogy we have
82 ~ | Bdx, ie.

8 ~ x0°85

Use of the conservation of energy, equation (3),
then leads to the final result

—-0-85 0-15
g =112 (i) (Recﬁ)
ms Mm

There is one other theoretical model [8] for the
film cooling process which, in contrast to
the previous papers, begins by assuming that the
coolant film exists as a discreet layer (no mixing).
Two empirical modifications are then made to
take care of the mixing phenomena. As might be
expected this model provides a good basis for
correlating experimental data [8] taken reason-
ably close to the coolant slot, (0 < x/s < 150).
In view of the empirical nature of the modifica-
tions to the initial theory this model is not
included here.

A MORE SIMPLE ANALYSIS
The assumptions here are:

(i) the flow is boundary-layer-like and
8 = 0-37 x Re;1/5

(19

(ii) the coolant and mainstream gases have

the same composition

(iii) the temperature differences are small

enough for Cp to be constant

(iv) the pressure is constant throughout the
flow field

(v) the temperature and velocity boundary
layers have the same thickness

(vi) the stagnation enthalpy is uniform

across any section therefore T, = f(x)

only

the mass-velocity power law holds with

n=1/7,1ie.

Ut Y\7

pmtim (3)
From an energy (total enthalpy) balance with
an adiabatic wall and Cp,, = Cp, = Cp we have
it Cp Taw = ¢ Cp Toc + #1e Cp Tom (1)

The mass flow rate in the boundary layer is

(vii)

20)

8
mpr = | pudy
0
which from (20) gives
gy = (7/8) pm Um 8
The mass entrained in the boundary layer i, is
then
Me = Wy, — Mg
where 1. is the coolant mass flow rate
mC = Pe¢c Ue S.
Substitution in (21) gives immediately

haw — hom _ 8 pettes

hoc—hom_7.Pmum8.

’

n =

Using assumption (i) and introducing a slot
Reynolds number as Re, = (pctics/ie) we obtain

—-0-8 0-2
n' = 309 (i) (Rec"i)
ms S m

Foreign-gas injection

This simple analysis may be extended to
cover the case of foreign gas injection by
relaxing assumption (iii) and substituting

(22

mﬂ szn + mc Cpf

Cp () == =0

23)
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The result then is

. _ CoTaw — Cpp Tom _ ]
K Cpc TOC - Cpm Tom -
1 —
Cre (Too — Taw) f (24)
1 - 77
et
—0-8 0-2
3.0 (—’3) >< (Recﬁf)
ms Mm

This may be rearranged to read

Taw—Tom_ C37)'
Toc— Tom 14+ (Cs— 17

where Csz = Cp,/Cyp,, 25

and 7’ is given by (22) or (24). For C3 =1, %’
and 7" are identical. For Cs # 1 equation (25)
shows that, for large x/ms, '’ — Csy’. A result
indicating the benefit of using a coolant with a
large specific heat.

124

=

A comparison of the theoretical results

All but one [8] of the theories mentioned above
are based on a boundary-layer model of the flow.
They necessarily assume mixing of the coolant
with the mainstream and are strictly asymptotic
solutions valid only for large x/s. The precise
definition of “large” can be found by correlating
the experimental data. This is done later in the
paper. It is interesting just to compare the
theoretical results of Wieghardt, Hartnett et al.
Tribus and Klein with the simple analysis pre-
sented here. The relevant expressions are

n =7 =544 (X)-08 (reference 2)

=7 =339 (x)708 (reference 3)

n=mn"=462(X)"08 (reference 5)

7' = 3-09 (x)-0-8 (this paper)
where
X = (x/ms) (Rec pc/pm) /4

For the case of foreign gas injection

7 = 462 (Cp,/Cp,,) (X)~0'8 (reference 5)

7' = 3-09 (¥)-9'8  (this paper)

where

')7:

Cpc ’ Cpc — CZJm '
Cpm"’ /[l + ( Cp-m ) K
To~T.

The striking similarity between the various
analyses is not surprising since they all use the
1/7th power law similarity solution for the
velocity profile together with an energy balance
equation. The different constants result from
differing approximations to the temperature
profile. For example Wieghardt obtains an
exponential form, Rubesin assumes a 1/7th
power law temperature profile and in the simple
analysis of this paper the total temperature T is
assumed constant across the boundary layer.

provided

COMPARISON WITH SOME
EXPERIMENTAL DATA

A selection of the available experimental data
has been made covering the widest ranges of slot
Reynolds number, density ratio p¢/pm and
velocity ratio ucfum, and correlated using
equations (22) and (24), in an attempt to test the
validity of these equations. In particular it is
important to know over what range of

m(= pclic pmtim)

a boundary-layer model of the flow is likely to
be valid.

Data [2, 3, 9] obtained at three widely different
slot Reynolds numbers are presented in Fig. 2(a)
as a plot of o' against x/ms. Hartnett et al. [3]
produced a similar picture and noted a +4-40 per
cent scatter about their own experimental data.
Figure 2(b) demonstrates now the three sets of
data chosen are brought closer together by
plotting " against X as suggested by most of the
theoretical treatments. The final slope of the best
curve through the data correlated in this way is
close to —0-8 but the data suggests a value of
the constant in equation (22) rather larger than
3-09. A further comparison is made in Fig. 3
using the data of Wieghardt [2] and Seban [9].
For 0 < m < 1-5 their data are all expressible
in the form ' = A(X)~08. Table 1 and Fig. 3 give
the value of the constant 4 and show that for
m < 1 the constant is nearer 3-7. Beyond m = 1
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the constant falls rapidly and for m > 1-5 the
slope of the experimental curve changes as
shown in Fig. 4, indicating the inadequacy of
the boundary-layer model for this range of m.
The data of Chin et al. [10] for single and
multiple slots were correlated empirically in the
original paper. They are replotted in the way

Table 1. The value of the constant A in the expression

7 = A%—08
Ref. and Symbol m Rei(p fp,,) A

Wieghardt [2] 0-22 5300 3-85
o 0-28 7400 372

0-36 8900 3-92

0-40 11500 3-33

0-40 5000 3-33

0-45 1200 3-40

0-74 9100 3-52

0-74 9900 3-48

1-01 12500 3-48

1-20 12200 262

Seban [9] 1-45 12800 2:10
A 1-90 13100 1-48

018 7100 378

0-26 1500 3-28

0-39 3100 3-37

0-59 7250 371

1-08 6100 393

suggested by equation (22) in Fig. 5. Although
the data do not fit the equation both the single
and the ten-slot data correlate very well using
the ordinates appropriate to the turbulent
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F1G. 4. Data taken from reference 9 to show the range of m for which the boundary-layer model is useful.

boundary-layer model. For the multi-slot case x
is measured from the last slot and s is the height
of an equivalent single slot through which all
the cooling fluid passes. Finally the 20 row
louvre data of Chin et al. is replotted, Fig. 5(b);
again correlation is good. The negative slope
of the correlated data tends towards 0-8, then
decreases again for large (x/ms) because,
according to reference 10, there was heat
conduction through the plate.

In all the experimental data considered so far
the density differences, temperature differences
and flow velocities have been small so that ideas
based on incompressible turbulent boundary
layer theory might be expected to succeed. It is
possible that the simple analysis given here may
be useful under compressible flow conditions
since experiments [12] have shown that the
velocity profile on a flat adiabatic plate appears
to be almost independent of Mach number and
that the formula & = 0-37 x Re; /5 is usable up
to M = 2-5 at least. The highest Mach number
data currently available is that of references 8
and 11. In reference 11 the values of 4" are not
unity at x = 0, the reason being [13] that the

coolant temperature was measured well up-
stream of the slot and there was appreciable heat
transfer between the measuring station and the
slot exit. The results have therefore been correc-
ted} and plotted in Fig. 6, they correlate very
well on the basis of equation (22). The highest
freestream Mach number used in the tests was
0-78. The coolant and freestream gas was air.
In a later series of tests [8] helium was used as the
coolant with injection velocities up to 3680 ft/s,
(M.==1). Again the highest freestream Mach
number was approximately 0-8. The data
selected from reference 8 covered the whole
range of test variables including the highest
value of m (i.e. 1-57). At this value of m the
velocity ratio uc/u,, was 3-83. The results are
compared with equation (24) in Fig. 7. Con-
sidering the simplicity of the analysis for foreign
gas injection the agreement is encouraging but
not good enough for design purposes. A more
realistic approach is obviously needed for the
compressible turbulent boundary-layer flow of a
gas mixture.

t 7’(x) corrected = %'(x)/v'(x =0).
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FIG. 5. The correlation of single, multi-slot and louvre data from reference 10.

POSSIBLE EXTENSIONS OF
THE ANALYSIS
Corrections for finite 8 at x = 0
Clearly the analyses presented here are only
valid for large x/s. A “new” boundary layer is
assumed to grow from the slot exit and to have
zero thickness there. It should be possible to
improve the analysis by taking account of the
slot mass flow by equating one of its character-
istics to that of a fictitious boundary layer
growing from a point at a distance x, ahead of
the slot. For example, equating the mass flow
in the fictitious boundary layer to that coming
from the slot gives

& 1
Pelle§ = { pudy = pmum ({ /&)1 d(y[3) =

=% pmtim 8

Putting 8 = 0-37 x, Re;1/5 gives on re-arrange-

ment
X, 1/4
- (Rec ’2) =41
ms Hm

Adopting this correction in the analysis changes
the relation (22) to

7' = 3-09 [% + 4-1]-0'8 27

This result has the additional advantage that
7' — 1 as x - 0. The correction is easy to apply
and undoubtedly improves the agreement with
“theory” as demonstrated in Fig. 5(b). However
much useful experimental data in the region
0 < ¥ < 10 is effectively “lost” if (27) is used
moreover the correlation is not improved. The
aim here is to demonstrate that the parameter X
has theoretical justification and practical utility

26)
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for correlating film cooling data, rather than to
obtain the best possible fit between experiment
and theory. The temptation to apply corrections
has therefore been resisted.

The effect of pressure gradient

The simple analysis given here can obviously
be extended to non-zero pressure gradient
conditions provided &(x) can be calculated.
Numerous methods of calculation exist and in a
correlation of some of these Stratford and
Beavers [14] suggest

8 = 037 X Rez/s )
where
—p-17Pd
X =P fPdx L 28)
and
_ 4
p=[arf (1475 a0

for free stream Reynolds numbers of the order of
106. The substitution of X for x in the parameter
X should then correlate film cooling data obtained
in the presence of a pressure gradient.

Heat transfer

Hartnett et al. [3] have shown that the standard
solid-wall heat-transfer relations between Stan-
ton number and Re; may be used for predicting
the heat transfer in the presence of film cooling
provided that

(a) the coefficient of film cooling is defined as

. S
Tw — Taw

where T4y is now the local value determined,
for example, from equation (22),

(b) the properties used to evaluate the Rey-
nolds number and Stanton number are evaluated
at the reference temperature 7% where

T* =05Tw+ Twm) + 022 (Taw — Tm)

H= (29)

(30)

Temperatures T and Ty are again local values.
Seban [9] defined H in the same way and

provided m was less than one he obtained good

agreement with the Colburn equation

H

——————=0-37 Re; 15
pm Um Cp “

(€Y

for x/s = 50. These two pieces of data suggest
that a knowledge of the adiabatic wall tem-
perature plus the use of Eckert’s reference
enthalpy method might lead to a solution of the
film-cooled-wall with heat-transfer problem.
More experimental data are urgently needed to
confirm or destroy this suggestion.

CONCLUSIONS

The boundary-layer model of a film-cooled
surface has been used by a number of authors
to derive an analytical expression for effective-
ness in the form

x ~1/4) 08
7’ = const. {— . (Recic) }
ms 13275

The present paper derives this result in a far
simpler manner than has been used before. The
paper emphasizes that the effectiveness should be
based on enthalpy rather than temperature and
that if this is done the same expression is theo-
retically valid for foreign gas injection.

The boundary-layer model correlates a wide
range of data provided 0 << m <{ 1-5. It can be
used for multi-slot or louvre cooling by postulat-
ing a single equivalent slot.

The analysis can be extended very simply to
cover the effects of pressure gradient and heat
transfer. More experimental data are needed to
test the validity of such extensions.

It must be emphasized that the boundary-
layer model is strictly an asymptotically correct
solution of the film cooling problem. As such its
accuracy improves as x/s increases and at
infinity it must hold no matter what the initial
conditions. However, the model is clearly
inadequate for m > 1-5 over the range of x/s
currently of interest, and inaccurate close to the
coolant slot when there are large density differ-
ences between the coolant and mainstream gases.
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Résumé—Le modéle de la couche limite pour corréler les données expérimentales sur les parois

adiabatiques refroidies par film est réexaminé. Les analyses existantes sont passées en revue. Une ap-

proche beaucoup plus simple est donnée qui peut aussi couvrir le cas de Pinjection d’un gaz étranger.

L’utilité et les limitations du modéle de la couche limite sont mises en relief par comparaison avec
les données expérimentales.

Zusammenfassung—Das Grenzschichtmodell, das experimentell ermittelte Werte mit Film-gekiihlten

adiabaten Winden in Beziehung setzt, wird iiberpriift. Bestehende Analysen dazu werden durch-

geseshen. Es wird eine viel einfachere Niherung gegeben, die auch den Fall der Fremdgaseinspritzung

erfassen kann. Die Grenzen und die Verwendbarkeit des Grenzschichtmodells wird durch einen
Vergleich mit experimentellen Ergebnissen gezeigt.

Annoramus—BHOBE aHAIU3MPYETCA MOKEIb MOTPAHMIHOTO CJIOA JJIA KOPPEIAMI SKCIEepH-
MEHTAJIBHBIX JAHHHIX [Tl CTEHOK NPHU IVIEHOYHOM OXJIKAEHUM B afiua0aTHIecKUX yCIOBUAX.
CHOBA paccMaTpUBAOTCA CylIecTByoNne aHanuss. [Jaerca 6osee MpocToit MOMXON, KOTOPHI
TAaKMe BHIIOYAET CJydvail BAYBA WHOPOJHOrO rasa. IIpuMeHeHme M OrpaHHYeHHA MOJENIN
IIOTPAHUYHOTO CIOS IOKA3aHH B CPABHEHUM C DKCIIEPHMMEHHANLHBIMU JTaHHBIMM.
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