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Abstract

The thesis presents an investigation of the lateral stability
of beams and arches using the finite element theory of analysis.
By means of the force method various matrices which are required
for the numerical evaluation of the stability problem, are estab-
lished. Particular attention is given to the analysis of plywood
box-beams, The displacement method is used to establish a finite
element solution for the calculation of tqrsion constants of box-
sections. The results of the finite element analysis of the
lateral stability of beams are shown to agree with those derived
by the clessical theory of elastic stability. Using Southwell
plots of experimental results from an investigation of the lateral
stability of plywood box-beams, it is shown that plywood box beams
indeed behave in the manner predicted by theory. Experimental
evidence is also given to support the finite element analysis of
torsion of box beams. In particular it is shown that the non-
uniform shear stress distribution predicted by the finite element
analysis for box-beams with deep flanges does indeed exist, con-
trary to an often made assumption of uniform distribution of
shear stresses., Coefficients for the calculation of critical
loads for lateral instability of parabolic arches loaded at the
crown are given. Experimental corroboration of these coefficients
has not yet been obtained and future research in this direction

is suggested.
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Chapter 1

Introduction

The load carrying capacity of a structure usually is
determined by the tensile, compressive and shear strength of its
material, In certain cases, however, a structure may fail not due
to a lack of strength but due to sudden excessive displacements.
Since BEuler's analysis in the eighteenth centmry of the behaviour
of axially loaded columns (42)1 such instability phenomena have been
of continuous interest to structural engineers. A failure of this
type can occur not only in columns but also in beams and arches.

In 1899 Prandtl (35) working in Munich and Michell (32)-working
independently in Australia both published investigations into the
lateral stability of beams. Since that time research into numerous
aspects of the lateral stability of beams has been carried out, |
A historical review of the most important work on the lateral
‘stability of beams ‘has been given by Bleich (6). An extensive
review of the literature has also been presented by Kollbrunner

and Meister (26).

Under normal conditions loading of a structure will produce
a definite and unique deformation pattern. Eguilibrium of
external and internal forces will be maintained at all times and
only one deformed shape will be possible. Under gertain circum-
stances and for loads of a certain magnitude however, equilibrium

of forces could be maintained for more than one deformed shape,

References are listed following Chapter 6.
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Of these the original mode of deformation will be unstable and the
structure will therefore, often suddenly, change to a second stable

mode of deformation.

If in the course of loading a structure such a load is
reached, where more than one deformed shape is p§ssib1e, a point of
bifurcation of the equilibrium deformations is said to have been
reached (28). The study of so-called classical buckling problems
therefore consists in determining, if more than one deformed shape
of the ioaded structure is possible. In these investigations
usually an idealized member is being assumed with a straight axis
and loads are applied either, for columns, concentrically or, for

beams, in the principal plane of bending.

It was realized already very early, however, that the
idealized conditions assumed for an analysis could not be achieved
with an actual structure. Prandtl in his dissertation (35) draws
particular attention to fhis observation that in his experiments
with small, rectangular steel beams lateral deflections occured long

before the critical load for lateral stability was reached,.

Due to initial bow and twist of a beam, as well as accidental
eccentricities of the loads, beams are subjected to secondary
bending moments and torsional moments in addition to the primary
moments usually considered. The stresses in the beam are therefore
a combination of the stresses due to the primary moments and those
due to the secondary moments. Under these conditions the problem
is not one of determining the load at which bifurcation of the

equilibrium position will take place, but one of finding the maximum
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stress in the beam due to superposition of primary and secondary
bending moments. A systematic analysis of this problem was first
published by Stilssi (37) in 1935. Analysing a beam subjected to a
constant bending moment, Mx’ Stlissi first derives the critical
moment, Mcr’ for which lateral instability of an ideal, straight

beam will occur.1

v for AT
M, = T JEIyGJ (1.1)

where L = span of beam
EIy = flexurél stiffness about the minor principal axis
GJ = torsional rigidity

The maximum stress, 0 pax? due to an initial eccentricity, Yo

is then derived as

Mx 1 an
max = 5, *Yo Tia) * G0 5 (1.2)

section moduli about major and minor axis

2
M M) (1.3)

where S, and Sy

For any given critical stress ¢ max Equation (1.2) can be

presented in graphical form for various values of y_/L as a plot
gr o

The expression derived by Stlissi, in fact, contains an additional
term, accounting for the stresses due to warping of a steel I-section.
The effect of warping in timber beams is less pronounced, because of
the usually more compact sections that are being used with timber. The

effect of warping is therefore not included in the present discussion.



- 13 -

is defined by

of o, vs. the ratio L/I& » where the stress o,

and the span Ly is equal to the span for which the stress due to the

buckling load given by Equation (1.1) is equal to the critical stresso .
Stlssi's work is of particular interest, not only because he was

the first investigator to consider in detail the effect of initial

eccentricities in beams, but elso, because he formulated for the

first time a finite element solution for the analysis of the lateral

stability of beams. The technique employed by Stissi is very powerful

and permitted him to analyse beams (36, 37) as well as arches (38).

In the experimental analysis of stability phenomena it-is useful
to have a technique which will allow the determination of critical
loads from experimental data without loading the structure up to
failure., TFor columns Southwell has shown that a plot of the ratio
of deflection/load against deflection will produce an approximately
straight line. The slope of this line is equal to the inverse of

the critical load (43).

A similar approach can also be used for beams (30, 31). . For
a beam loaded by a constant bending moment consideration of ihitial
bow, a, and twist, © , will result in the following equation for the

rotation, 4 y of the cross-section at the middle of the beam

el 7 °/1° - Ma/EIy
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With the critical moment for the lateral stability of a beam

given by Equation (1.1) this expression for ¢ can be rewritten as

2

(6+d) T a EL
% = —@-—% M + (_I-,-é_-M—S'L-) (1.6)
cr cr

If the rotations ¢ are large compared to the initial twist &
of the beam, Equation (1.6) will approach a straight line for
¢ /M vs. ¢ M., Massey also gives an analogous expression for the

eritical buckling load (Pcr) at the mid-point of a beam

p 2 1
cr

92 = 2. 4F O (1.7)
P

where # and P are corresponding pairs of rotation and load
and F, is a constant. A plot of ¢ /o° against ¢ will again give
an approximately straight line whose slope is equal to the inverse

2
of Pcr °

Most investigations on the lateral stability of beams have
been concerned with metal structures. As a result beams with
I-sections have been studied extensively (6, 26, 43). The
torsional stiffening effect resulting from the warping restraint
due to a stress gradient along the length of a beam subjected to
lateral loads, in particular, has been analysed in detail. Since
metal I- and channel sections present relatively wide outstanding
flanges the additiunal torsional resistance produced by non-uniform
bending of these flanges can therefore contribute considerably to
the celculated buckling load. Composite sectﬁgns of timber and

eSe

plywood on the other hand usually do not have k outstanding

flanges and consideration of the warping restraintctherefore does
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not produce the same marked increase in the calculated buckling

load as for metal I-sections.

Tests on the lateral stability of narrow rectangular timber
sections were performed by Hooley and Madsen (22). The largest
difference between theoretical and observed critical stress in these
tests was 19 per cent, while half the tests were within 5 per cent.
The importance of adequate bracing for beams is stressed in particular
by Hooley and Madsen. The possible lateral support that can be
expected from a wooden deck system nailed across supporting beams was

analysed by Zahn (47).

In the analysis of metal structures it is often necessary to
congider the behaviour of the structure after part of it has yielded.
The standard results of the theory of elasticity, which assumes linear
elastic behaviour, are then not applicable any more and a non-linear
analysis is required. Wood, when tested in compression, also shows
a marked non-linear behaviour, Tested in tension, however, the
resulting load-deformation curve will deviate little from a straight
line, even at ultimate loads which for clear wood loaded parallel to
the grain can be two to three times its compressive strength in the
same direction (27). In practice little use can be made of this

high tensile strength of wood.

Natural defects such as knots, grain deviations around knots
and spiral grain as well as sloping grain, produced when a straight
board is cut from a naturally tapering log, all combine to reduce
the effective tensile strength of timber to a level often below

that of its compressive strength (14), As a result the load
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carrying capacity of timber beams is often determined by the tensile
strength of its material, The potentially large plastic deformations
that could occur on the compression side therefore frequently will
not develop, since under excessive loads the material will rupture

on the tension side caucing complete collapse of the beam. The
effect of plastic deformations on the lateral stability is there-~

fore less important for timber beams and will not be considered here.

In the past the usual approach to the analysis of the lateral
stability of beams was to establish a partial differential equation,
expressing the equilibrium of the displaced structure in terms of
the applied forces, and then to solve this differential equation (43).
The only known direct solution of the partial differential equation
describing the lateral stability phenomenon is that for the case of
a simply supported beam subjected to equal end moments (26). In all

other cases approximate methods of analysis have to be used (28).

The rapid development of fast, electronic computers during
the last two decades, however, has permitted a completely new approach
to the analysis of structural engineering problems. This approach,
usually referred to as finite element analysis, can be employed for
the solution of stability problems. Finite element solutions for
the stability of beam columns, for example, have been published by
Gallagher and Padlog (19) as well as by Argyris (3). A finite
element solution for the lateral stability of rectangular beams

involving non-linear simultaneous equations has been prepared by Bell (5).

The object of the present investigation is to establish a

finite element solution for beams as well as arches involving only
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linear simultaneous equations. The method being used here was
suggested to the author by Kelsey}¥ who also provided valuable
suggestions for the calculation of the torsional rigidity of

box~-sections.

The finite element approach to the apalysis of stability
problems, in particular the lateral stability of beams, will be
described in detail in Chapter 2. The effect of initial bow and
twist of beams will be considered and the application of the finite
element to the lateral stability of arches will be discussed. In
this analysis extensive use is made of matrices and various standard
matrices will be described in detail in Chapter 3.  Numerical

twi2ured
results obtained by the method ehrkasued in Chapter 2 will be
discussed in Chapter 5. The work described below, although
general in its application, was undertaken primarily to obtain
information on the lateral stability of plywood box-beams. The
results of an experimental investigation of such beams will be
discussed in Chapter 6. A finite element analysis of the
torsional rigidity of plywood box-beams - a section property

required for the calculation of buckling loads - is given in

Chapter 4.

Coefficients for the calculation of critical loads that
will result in lateral instability of parabolic arches are given
in Appendix A. Values of the torsional rigidity of box-sections

are presented in Appendix B. Appendix C contains the detailed

* 5. Kelsey, formerly Imperial College, London, now visiting
Professor, University of Notre Dame, Notre Dame, Ind., U.S.A.
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results of an experimental investigation of the lateral stability
of plywood box-beams, as well as those of an_experimental deter-
mination of the distribution of strains in the flanges of box-
sections subjected to a torsional moment. A paper on the shear
deflection of box~-beams, which also contains a discussion of the
flexural properties of composite sections to which reference is
made in the main body of this thesis, is attached, finally as

Appendix D,



Chapter 2

A Finite Element Solution for Lateral Stability

Introduction

A general expression for the critical loads producing
lateral instability of beams or arches will be devloped in this
chapter. The effect of the initial bow or initial twist on

maximum stresses will be illustrated for beams.

The classical approach to the formulation of stability
problems is to establish a differential equation which will relate
certain derivatives of the displacement of the deformed structure
to the forces acting on it (26, 43). The critical load at which
instability occurs is then found from the solution of this dif-
ferential equation. For beams a direct solution of the differential
equation is only possible when the beam is loaded by a constant
bending moment (26). For other loading conditions different methods

have to be employed (28).

In recent years, aided by the availability of fast, electronic
computers a completely new approach for the analysis of structural
engineering problems has been developed. Instead of considering the
forces on infinitesimally small elements this so-called finite element
method analyzes elements of finite dimensions. These elements are
assembled subject to certain conditions and instead of solving dif-

ferential equations, it becomes necessary to solve systems of linear
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equations containing either forces or displacements as unknowns.
A lucid exposition of this dual nature of the finite element theory,
usually referred to as either the force method or the displacement

method, has been given by Argyris (2).

The finite element approach to engineering analysis is based on
four fundamental concepts. These concepts concern the idealization
of the structure or the continuum, the equilibrium conditions, the

compatibility conditions and virtual work.

In the first place it is assumed that the body to be analyzed -
this may be a linear structure or a continuum - can be represented by
a set of elements, which are joined together at discrete points along
their boundary. Fach element of the idealized body usually will
have simple properties. The behaviour of each element will be

defined by a number of forces and displacements.

Secondly, the equilibrium conditions concern the relatiohship
between the applied loads and the internal forces. From the point
of view of equilibrium the body represents a device for transmitting
loads. A body or structure in which the equilibrium conditions

suffice to find the forces on all components is statically determined.
.If the internal forces cannot be found by statics alone, the body is

said to be statically indeterminate.

The concept of compatibility provides an alternative view of
the function of a structure. From this point of view the structure

is a means for constraining a system of points in space relative to
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each other. If the idealized body, the structure formed by the

set of elements, just provides the necessary constraints to prevent
the assembly from acting as a mechanism, then the system is kine~
matically sufficient. In a kinematically redundant system there

are additional constraints to the ones provided by the kinematically

sufficient system.

Finally, virtual work can be defined as work that would take
place by a specified set of forces over a specified set of displace-
ments, if these could take place. The concept of virtual work is
the basis of the principle of virtual work, The principle of
virtual work can be formulated in terms of either virtual forces or
virtual displacements. When used in terms of virtual forces acting
on an elastic body the principle of virtual work states that "an
elastic body is in an.ﬂléstically compatible state under a given set
of forces if for any virtual increment of forces (& P) and stresses

(&) from a position of equilibrium (u) the increase in external

complementary work, $wr = u s P, is equal to the increase in
complementary strain energy, § u;, " (2.
¥
¥ U
dw”=0oU; (2.1

The increase in complementary strain energy is (Fig. 2.1)

JU?= fEcSG‘ dv

v

where G (&) = stresses (strains) in the body having a volume V.



- 22 -

# ugP | e

P TrrFITIIIIITIZ7 {e 7777777777777

*
U
Plu i ale

-
€
NN
q
< .
AR

f

oy
| =
(-]
m

u €

FIG 2.1 - WORK AND COMPLEMENTARY WORK, STRAIN ENERGY
."AND COMPLEMENTARY STRAIN ENERGY (FROM REF, 2)

L

FI1G. 2.2~ PARABOLIC ARCH LOADED BY CONCENTRATED
FORCES P




- 23 =

For a finite element analysis the body under investigation
will be divided into n elements., The virtual internal stresses are
then replaced by a column vector* of virtual forces S ={§ Ez...ga...g,,},
where §L is a vector containing all forces acting on an individual
element L . The virtual external forces are grouped together in
the column vectorR = { i. E.‘,_ sen EL ses imf. Corresponding to
the vectors R end § are displacement vectors € ={l‘., ..r...T, }
andw ={v v,..v, ... ¥, | which teke the place of the externsl

3

displacements u and the internal strains & .

The principle of virtual forces applied to finite elements

can then be stated as

rte = s'v (2.2)

where E* is a row vector equal to the transpose of the column vectorR .

With correspondence is meant here a displacement which takes
place at the same point and in the same direction as a given force.
In other words, linear displacements correspond to direct forces
and rotations correspond to moments. It is not implied lby this
definition that a given rotation &; is the result of a corresponding

moment Mi .

Redundant Forces in Arches

Consider now an arch fixed at both supports, Fig. 2,2 This

*  Column vectors will be represented by { f s row vectors byf ] .
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arcﬁ is three times statically indeterminate. Before analyzing
the stability of the arch, it will therefore be necessary to
calculate first the redundant reactions. Let the redundant
reactions be the moments at the fixed supports and the moment at
the crown of the arch. To simplify numerical calculations consider
a symmetrical arch under symmetrical loading. The value of the
reactions at the left and right support then will be the same and
to determine the value of the redundancies, it is sufficient to
analyze only one half of the arch, Fig. 2.3. This left half of the
arch is to be divided into n elementis. The forces acting on a
typical element i are axial forces N ¢ shear forces 57 and
moments M; P and M;r at the left and the right end of the element,
Fig. 2.4ts These forces will be represented by the vector

S; = [ Sy Ng My, My | (2.3)

Corresponding to these forces are displacements in the
n - direction, A% , displacements in the { -direction, af{ and
rotations e?" and Qf" , represented by the vector

v, = {47 Al O Oy |

If a sufficient large number of elements is taken the axis
of each element can be considered to be straight, and displacements
relative to their local coordinates f, Z can then be expresséd in
terms of element forces by a flexibility matrix f; of size four by

four

vi= £, (2.4)
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r .
where £, = £ 6 ET O o 0 (2.4a)
6ET bdGF
0 &1/A O O
) o 2 1
& 0 P2
nad -
and where E = modulus of elasticity
G = modulus of rigidity
b = width of cross-section

joB
i

depth of cross~section
I = second moment of area

A = cross~sectional area

The shear stiffness faector F for composite members is

discussed in Appendix D.

The displacements of the individusl elements are then

glven by
v = §°S (2.5)
where V¥ ={v, V... ¥, .vn} (2.5a)
s ={slsz_"'sl:"'sh} (2-5b)

The flexibility matrix # is a diagonal matrix composed of

the flexibilities § of the individual elements.
£ =[¢ ¢, .. 0 . ¢,] (2.6)

Now let R be a column vector of m vertical forces

R = {R R, eee B vn0 B, } 2.7
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By purely static reasoning it is possible then to find
a transformation matrix b, which will give the forces on each
element in terms of the applied loads R . The matrix b, here
is of size %n x m, where n equals the number of elements and m

equals the number of external loads,

Similarly let X be a vector containing the redundant moments

at the left support and at the crown of the arch, Fig. 2.3.
x = {x, x,} (2.8)

Again by static reasoning alone, it will be possible to derive a
matrix b, , which will give the element forces resulting fromX .
The total forces on the individual elements can then be obtained

by adding the element forces due to the redundant reactions to those

due to the external loading
$§ = b, X+bR (2.9)

The matricesb  and b, will be derived in Chapter 3. To find
the redundant moments, the unit load method (2) will be used. In
place of the redundant forces X, and X, , moments of unity are applied,

represented by a vector
R ={11] (2.10)

The principle of virtual work, Equation (2.2) can then be used

to find the displacements

e = {0, o, } (2.11)
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corresponding to the redundant moments at the left support and the
crown. The stresses§ due to the unit moments at the supports and
the crown are

S = bR (2.12)

The principle of virtual work therefore yields for the

displacements ¢ the expression

¢ = by (2.13)

In view of Equations(2.5) and (2.9) the displacement vector

can also be written

t t
T = b' f boR + b‘ f b' X
where b, = bf f bR : (2.14a)
D, = b ¢ b, (2.14b)

The boundary conditions require that the rotations at the

supports and at the crown are equal to zero.

r = O (2.15)

Consequently, combining Equations (2.14) and (2.15) the

redundant forces can be calculated (2) as

X =-b p (2.16)

where D',’ is equal to the inverse of D, . The size of the

matrices D, and D, depends on the number of redundancies. If p is
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the number of redundancies the size of D, will be p x m and that

of D,will be P x DP.

Equation (2.16) is a general expression and by choosing the
appropriate matrix b, this equation can be used to calculate the
single redundant moment X, at the crown for a single two-hinged
arch or the two redundant moments X , and X, for an arch fixed

against rotations at the supports.

Finite Element Formulation of Iateral Stability

Having calculated the redundant moments X the forces acting
on each element are now completely defined by Equation (2.9). To
establish the load which will cause lateral instability, consider now
the forces $; that will act on each element, if the structure is in
a slightly displaced position, Figure 2.5. It will be assumed that
at a point i in éddition to the displacements due to Nr and M'f
the cross-section will be displaced in the X ~-direction by the
amount U and will have. rotated .byra smell amount ©&; . For the

structure as a whole the displacements can be represented by a vector

s |
]

{l'l '2"";.“"-01.”} (2.17)

where g = { uvw O @Y e, } are the displacements of a

typical point i .

In terms of the m'th lJoad - all other loads can then be expressed

as fractions of the load P, - the forces on the elements can



FIG 2.5 - DISPLACED POSITION OF CROSS SECTION
AT POINT i ‘




then be written

$ = P Br (2.18)

The. matrix B can again be defined purely from statics and
will be given in Chapter 3, Since, in the present case, there are
n elements and n+1 nodal points, there will be a total of 6n
components in ihe force vector § and 6(n+1) components in the
digplacement vector ¢ . Correspondingly the size of B will be

6n x 6(n+1).

Consider now a typical element 1 between points i and
(i+1).  In addition to the axial forces Ny and the moments Mpe and
M‘f ~ about the major axis,this element i will also be subjected to
moments M,?g and M, " about its minor axis, %» , due to the assumed
rotation &, , as well as a torsion moment M, due to the lateral

displacements u » These forces are given by the vector §; .

s, = { Ny M, My M, M Mg} (2.19)

The local displacements
v, = {At Ore Oy, O, O, QC}

of a typical element { of length 4 due to these forces are
v, = £ 8’ (2.20)

where the flexibility matrix f,; is given by
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where A is equal to the cross-sectional area of the element, E equals
the modulus of elasticity, EIF and EI,, are equal to the bending
stiffness about the major and minor axis of the cross-section and

GJ equals the torsional rigidity of the section.

If we let § ={$, S, <. §; «oo S, } be a vector of the
forces on each element then, for the displaced structure as a whole,

the displacements ¥ ={Y¥, ¥, .e. ¥, ... ¥,}are given by

<
i}

"
wn

(2.22)

where f = rf‘ £, ooc f -ce ch is again a diagonal matrix of the

flexibilities €.

To establish & relation between the nodal point displacements v
and the element displacements ¥ again the unit load method can be used.
Iet R = { I I} be a column vector of size 6(n+1) .

corresponding to the displacements ¥ of Equation (2.17).



The stresses due to R in the undeformed structure are

S =bHR (2.23)
where b is a matrix obtained from statics and fully described in
Chapter 3. TFrom the principle of virtual work, Equation (2.2),

using virtual forces, it follows that
t
r =bh v (2.24)

Expressing the local displacements in terms of element forces,

Equation (2.22), this can be written
t
fF = bH ¢S (2.25)

Finally substituting Equation (2.18) for the element forces

the displacement vector becomes
* - P, b EBr (2.26)

or [t - P, bEB]lr =0 (2.27)

where § is a unit matrix of size (6n x 6n). This equation defines
the eigenvalue problem for the lateral stability of arches and beams

and was suggested to the author by Prof. Kelsey.

A solution for this eigenvalue problem can be obtained by an
iterative technigue, such as given by Collatz (11). The iteration
can be initiated by an assumed shape of the displacement functione=€, .

Substituting this value of ¢ into the right-hand side of Equation (2.26)
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a new valuet,can be calculatede The ratio of the value of the nth

element of vector r, to the corresponding value of ¢, will give

a first estimate of the inverse of the lowest eigenvalue P, . After
normalizing the vector # , the calculation can then be repeated
with the new value of r, on the right-hand side of Equation (2.26).
The iteration should be repeated until there is no significant
difference between two successive estimates of P,, « The value of
P, represents the load which will just maintain the displacements
without causing collapse, in other words P, is the critical load

for lateral stability.

Reduction of Size of Matrices

The solution, in its present form, requires the complete
flexibility matrix ¢ , Equation (2.22), which is of size 6n x 6n,
n being the nun;ber of elements. A more compact form can be derived
in the following manner. Consider the flexibility §, , Equation (2¢21) &
It is apparent that this matrix can be partitioned into a flexibility
for the aximl force Nr together with the moments M e and Mfr

and a flexibility for the remaining three moments M ne s Myr

and MZ.
f‘ = f';o (2.28)
o f.
where
If/A (o] 0
P o 2 1 (2.29)
e T EEI

¥ (o 1 2



and

2 1 O

0 © 6EL,/(GJ)

Correspondingly the displacement vector ¥; for an individual

element becomes

= V“‘. = f“o S“.'_ (2031)
Yo o fzi S,.

where  v,; = { a3 Oy O | (2.322)
v,.= { Oy O @r} | (2.32b)
s = 1{ Ny Mg, MF,} (2.332)
S, = { My My, Mg} (2.3%)

The vectors of forces and displacements of all elements can

be split in a similar manrer

v, o= { v, v, cea ¥, eee ¥, f (2.34a)
v, = { v vy, eV, eeev, ] (2.34b)
S, ={8, 8, .85 - S{n} (2‘.35;)
s, = {5,/ 8,, o5, o sZn} (2.35b)

The flexibility matrix f for the whole structure becomes

, © (2436)
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where 3 = }E“ fla voe f'L ane f’nJ (20363)

f = J’_EZ’ flz see le sen fZH_l (2036b)
Assuming small, displacements only )the forces S, can be

calculated from the displacements u and €, alone, permitting a

partitioning of the matrix B

R R

where ro={v, v, eee Veew v} (2.382)
r2.= {u' uz ese u‘: -ooun+‘ @?.922-000 Q?L ese OZ"“'}
(2.38b)

e
The size§of the matrices B, and B, 8 3n x Wli(n+1)orA
3 x R () eapobily

Corresponding to the displacement vectors r, and ¢, there

are unit loads -ﬁ! and _!i 2 ®

R, ={11... I (2.392)

i _.__.{JJ... II )} (2.3913)
Since, for the undeformed structure, the vertical forces will

only contribute to the stresses 5', , while the horizontal forces

and the torques at each point will be responsible for the stresses

s , the stresses due to the unit loads ﬁ.| and Ea can be written as

2
] =[b, o 7[R, (2.40)
52 ° bz F.iz

bl
i
tl
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Applying again the principle of virtual work, the

displacements become

t
r = = P, b, £ B, =, (2.41)

rl
rZ b: f?. Barf

Eguation (2.41) indicates that for the assumed small
displacements, the lateral displacements and rotations r, are
independent of the vertical displacementsr, . To find P, it is
therefore sufficient to establish the matrices b, and B, and to

solve the eigenvalue problem

1
¢, = P,bfBr, (2.42)
or [l - P, b; f, Bz] r, =0 (2.43)

The unit matrix | here is only of size 3n x 3n. VWhen evaluating

the critical load P,, with an electronic computer this formulation
therefore will require only # of the storage space required for the
previous formulation, Equation (2.27), with a corresponding reduction
in computing time. Equation (2.43) is sufficient for the calculation
of critical loads for the lateral stability of arches or beams. The
subscript 2 therefore will be omitted in the future, when referring

to any of the matrices b, , B, or £, .

Nondimensional Matrix Formulation for Arches

It is also convenient to use a non-dimensional representation
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for the displacements. Linear displacements can be divided by the

span length L, so that

o = {u..,/ln LL?'/L U..;/L s u-"/Lo-o u.,m,/L Qo-- @nﬂ } (2041'{’)

" Further to obitain non-dimensional expressions for the matrices

b ,B and £ , it is also convenient to divide all‘moments by the span

to give
s; = { Moo /L M, /L My /L} (2.45)

Finally, instead of using the definition for the element load

vector § given by Equation {2.35b) it is more convenient to choose

a different order, i.e. to collect all IVI‘,‘7 into one sub-vector and

ali Mt into a second sub-vector

1
st = "I'l' {Mrl M‘gz .UQVM[L' s m M;H} (2.,""61))

In Chapter 3 it will be shown that with these definitions the

matrices b and B become dimensionless and the flexibility matrix

will be given by the following expression

f = E.E—i_ fb O (2.47)
o f



where
fb = ‘.fb‘ sz see be see fan (2."“8&)
£ =[z, £, voe £, oo f,,] (2.48b)
and f.= | 22/L /L (2.49)
s 248
o ¥4 EL,, (2.50)
I1GJ

The constants EI.7 and GJ are the bending stiffness about the
minor axis and the torsional rigidity respectively of the beam
element. If the structure has a variable cross-section along the
length of the arch or the span the same formulation can still be used.
In that case E17 can be taken as the stiffness of an element at the
centre, for example, and the flexibilities fi ot all other elements
can be expressed in terms of the ratio of the centre stiffness to
their own stiffness. To evaluate the non-dimensionzal part of the
stiffness matrix, it is sufficient to know the ratio of bending

stiffness, EI‘v y to torsional rigidity, GJ.

With the above, non-dimensional definition of the flexibility

matrix the eigenvalue problem becomes

12t
[ =Pm-6E-—I-;beI‘ (2.51)
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If we call the first eigenvalue of Equation (2.51) ¢ and
let ¢y = 6c, then the critical load for lateral stability of the

arch will be

p = SPy

cr I?

(2.52)

Since the flexibility matrix, Equation (2.47) includes the
non-dimensional parameter$ ftiit is apparent that qais a function

of the ratio ELy /GJ.

Nondimensional Matrix Formulation for Beans

Sheovhe
In the case of straight beams a still more glgg;t& formuiation
is possible. In Chapter 3 it will be shown that for beams the

matrices B and b can be partitioned in the following manner

B = o LBB (2¢53)
Bt O

b =[1b, © (2.54)
o "t

As previously, the flexibility of the structure can be partitioned
into two parts, one derived from the lateral bending stiffness and

the other from the torsional rigidity.

In this case, however, constants will be attached to the two

individual flexibilities rather than to the overall flexibility
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where §,. is given by Eguation (2.49) and f,“= f/L.

Substitution of Equations (2.53), (2.54) and (2.55) into

Equation (2.42) results in the following expression for the displace-

ments
ro={r, e} (2.56)
where r, = "’LB t (2.56a)
b Kﬁf; b € B,
P L +
6= = by f; Byr, (2.56b) |

Combining Equations (2.56a) and (2.56b) the eigenvalue problem

for the straight beam can finally be written as

L
—PS‘LI ‘e B b B¢ (2.57)
't B EEI,’GJ b+ £ 5 beb b™ 1 =57

Designating the lowest eigenvalue of Equation (2.57) by c,
and using the notation 4 = 6c, the critical load at which a

straight beam becomes unstable in the lateral direction becomes

P = El;cﬁ’ e (2.58)

cr Cl

Values of ¢, can be calculated for different loading conditions

)

from Bquation (2.57).
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Stresses due to Initial Eccentricities

Finally the effect of initial bow, «; , or twist, Gk , on the
lateral stability of a beam will be discussed. If initially the
beam axis is not straight or if the load has some lateral eccentricity
then torsional moments M, and consequently bending moments M,‘, = 91 M,
about the minor axis of the cross-section will be present from the
very beginning of loading. In this case the problem is not one of
bifurcation but rather one of excessive stresses. Added to the
stresses G} due to bending about the major axis are stresses G} due
to bending about the minor axis. The maximum stress on any particular

cross-section therefore is

Grex = G +
MX
= v (1 +GS¥ /S.,? ) (2-59)

.":’».f _

where SF and 8, are section moduli about F’ and 7 -axis respectively.

To find the maximum stress for some initial displacement ¢, ,
due to a given load vector P, R , it is therefore necessary to find
the corresponding rotations © . ILet the actual displacements due
to P, R be designated by the vector ¢ *., Then at each point the
total displacement will be u; /L = w;*/L + u; /L. Similarly, the

*
total rotations will be ©; = O, + ,; .

For the structure as a whole the vector

r = { u, /L u,,/L oo uL/L ves u\_H/L 0 ... O,. } will be

x
R (2.60)



- 43 .

- Analogous to Equation (2.25) by applying the principle of
virtual work, the actual displacements ¢* can be expressed in

terms of the element forces §
v =Db €S , (2.61)

The element forces, in this case, are the result of initial

displacements as well as subsequent actual displacements

ro

s = p,[B B][r‘] (2.62)

The additional displacements therefore become

%

e = P_hels B][r'} (2.63)

As previously, Equation (2.56),this can be written in terms

of the partitioned matrices as

[ t - a
t,= P, b f Bblr{rr“} (2.64)

®

1 *
f,= P, b B, [rh+rbo] - (2.65)

Substituting Equation (2.64) into (2.65) the vector of

additional rotations due to torsion becomes

* T + + ¥ t
€, = P. B f B b fBrur, ]+ P b f 80, (2.66)

This equation can be solved for r: by an iterative process,
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similar to the one used for the solution of the eigenvalue problem,
Equation .(2.26). Contrary to the eigenvalue problem, however,
Equation (2.66) does not yield directly a critical value of P,, .
It is necessary to solve Equation (2.66) for a number of values of

P For a given value of P, the solution for the vector r:

m L 4
+
then also contains the rotation © ; for the particular section i

for which the stresses are to be calculated.
The total rotation ©; at this point then will be

*
Qi = @oi + @i (2.67)
With this value of O; the maximum stress G,,, for the section
i can then be calculated with Equation (2.59). To determine the
critical load Pc”which will produce a critical stress 6, , the
calculations have to be repeated for a number of values of P, until

S ax equals G, .



Chapter 3

Matrices for the Solution of the Lateral

Stability Problem

Introduction

Having established a general procedure for calculating the
critical loads for the lateral stability of arches and beams, it
will be necessary to derive the various transformation matrices
required for these calculations. First the transformationsb,
and b, required for the calculation of the redundant forces in
the wenwldweged arch will be considered. This will be followed by
the derivation of the matrices B and b required for the lateral
stability of arches loaded in a vertical direction. Matrices
will also be derived for beams subjected to constant end moments

or concentrated forces.

Matrix b,

The forces chosen as redundancies are the moments at the
supports A and B and at the crown C. The basic system therefore
is a three~hinged arch. For a symmetrical arch under symmetrical
loading the forces for the left half of the arch are shown in Fig. 3.1.

The vertical and horizontal reactions for a load at a point j are
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FIG. 3.1 - FORCES ON LEFT HALF OF ARCH
’ DUE TO SYMMETRICAL LOADING

WA= ijz]In WAs-X,/h WA-XZ[h
(O)VTHREE‘ HINGED {b) ZERO ROTATION {c) ZERO ROTATION
ARCH ~ AT CROWN (c) AT HEEL (A& B)

FIG. 3.2 - FORCES AT POINT | OF ARCH DUE TO
VERTICAL LOADS P‘



VC = 0 WC = (zj /h) P}

For a point i less than j the forces are

V. = P.

¢ I

WV"_ = Pj Z" /h

M; = (z; ~z;y /B)P (3.2)

For a point i equal to or larger than j, Fig. 3.2(a), the forces are

<
1]

8]
W; = P; z; /h

(1 -y; /h) z; Pj (3.3)

=
i

To allow non-dimensional representation of transformation matrices,
it is convenient to express moments in terms of the overall span L,

i.e. moments will be given as M; /L.

In matrix form the forces F =:{Vi WM, /L} at a point i

can therefore be written

where the external vertical forces P, , P2 etc. are represented

by the vector

R = [P B .. P e Pm} (3.5)
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and the transformation matrix toi is given by

m
1 1 .. . 1 0... O
z, /h... z:/h .., z,/h

”»
fi

oL
z

. y‘,
‘L_‘:' (1 - .PT_)“ (3-6)

L. wd

i
]
1
i
I
(B
1
t
i
1
]

Next consider an element i. This element lies between points
i and (1 + 1). The direction cosines of the element axis are n;

and m; . The forces F; and F; acting on this element at

L+

either end have to be transformed into forces parallel to the local

coordinate axes f ' 7 s { e The effect of shear on the deformation
~tlevoats

of beams will not be considered at present and the wmelative termb

in §; ,Equation 2.3, therefore will be suppressed. Furthermore,

since the axial forces VV} at points i and i+1 are equal in magnitude,

only one of these forces will be included in the vector §; . The

element forces are then given by

$. =C;|F (3.7)
F..
where S, ={n; M, L M, (3.8)
and Ci =[m;n 0 O 0O O
00 1 0 0 0
00 0 0 0 1 (3.9)

Combining BEquations 3.4 and 3.7 the forces on the element i



are therefore

SL = C;lt. | R
ot .1
[t J (3.10)

oi 4

Equation (3.10) can also be written as

s‘_ = bai R (3.11)
where b, =C; |t,; (3.12)
¢ ' .

This, however, is the required relationship between the
external forces and the element forces. If the forces §; on all
elements are combined into a single vector § =fS, S, ... L S,,} ’
the relation between element forces and external loads can then be

written

So = b,R (3.13)

Hi

where bo {boy boz_ bg;... boi"' boh} (3‘14)

A single transformation matrix b, for the basic system can
therefore be established by evaluating Equations (3.6) and (3.9) for
each element. The individual components of the transformation

matrix b,, Bquation (3.14), are then obtained from Equation (3.10).

Matrix !}l

The transformation matrix b , gives the additional element

forces due to the redundant moments X = { X, /L XZ /L } .
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A consideration of the equilibrium of forces and moments, due to

the moments X, and X2 shown in Fig. 3.1 gives the following reactions

due to x,: VA =Vc = 0 due to XZ: VA =VC =0
WA —O-Xl/h WA =X2/h
wc = WA wc =WA
(3.15)

For a point i the forces are, Fig. 3.2,

due to X, : Vi = 0 due to Xa ¥V, = 0O
w‘- =-x,/h W, = Xz/h
M, = X,y /n M, = X, (1-3 /o)

(3.16)

In matrix form the forces F ;= { v, WM, /L}at point i become

F(. = tl; X (3.17)
where
t,, = i 0 0 ]
- L/h L/h
¥; h ¥ h
/T -1/t (3.18)

As for the basic system the forces at point i and (i+1) at

either end of an element i have to be combined and premultiplied by
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the appropriate direction cosines to obtain the element forces

$,, =¢€; [t.; J X = b.x (3.19)
¢

1+t
The combined vector §, = {S” S, - §,... S,,,f

of all element forces due to X then will be

S, =b X (3.20)
where b, ={b” b,,... b, b, } (3-21)
ol hi

Similar to bo the ey ba also is dimensionless,

Matrix b

The transformation matrix B will give the element forces
_ viitnal
3 { s, si} in the undeformed structure due to extemalkforces

U = U U eee U «ue U andﬁz::{-ﬁ M . M

4] z2 Zl:"'M!""l

where U and Mz are unit forces corresponding to displacements u and
rotations @z o The undeformed structure under the action of these
unit forces R ={U M, } is shown in Fige 3.3. . The element
forces consist of bending moments about the » -axis of each element,
s, ={ Mae My, Myp Moo Mg M} and torsion

moments about the ; -axis, §; = { M;,.,, Mr"‘“

MI,,} . These

element forces for the undeformed structure are to be given by

S = b

~l

(3.22)

J
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FI1G. 3.4 - MOMENTS ON ELEMENT i



- 53 -

Two cases have to be considered., In the first case the
structure is free to rotate about the y -axis at points A and B.
In the second case, the supports are restrained from rotation.
At a point i

Consider first the simply supported case.

the bending moment about the Y -axis due to the U ~forces is

h+l

zj)- <ZU,' ) z,

j:i#l

M o= ',-,Z,(U ; (3.23)

The torsional moment at the same point due to the unit

torsion M 2 is

(3.24)

IEM, = {M, M, o My My,m}and

M, = are vectors containing

FA
the moments My and Mz then a vectorM = {My Mz} can be

{M, M,,... o

22 FX IR Mznu }

calculated from

M =S, R (3425)
where, the matrix §,of size 2(n+1) x 2(n+1) is given by
[ o... o ]
O=-2,.,. - Z, 1
)
sx = ? - Z‘ - Z; tee - ?3 ' (A1) v inat)
? = 2y = Zy wee Zi ees = 3B} :
O0mmmEy e L L.
{ "1 "'1 e s . "1
: 0 1. .. -1
o(ml)-(mn) i 0 e _."
|
- o

(3.26)



- 54 -

So far moments have been related to the x-, y- and z-system
of coordinates. The final step is to select from the force vectors
M z and MY the forces for each element i and to present these
forces relative to each local coordinate system f s %% and ;’ N

Fig. 3.4. For a typical element i the moments M » and M;. are

therefore
M,/“ = n; Mz(_ - m, M),‘
Mr;. = m; M),L + m; Mgy (3.27)
For the whole structure the forces will be
§ = CS, R (3.28)
where ¢ =J¢, cz} (3.29)
and ¢, =/[n ]
n,
n,
n,
| feon, (3.29a)
c = [-m T
2 ! -m,
—mz.
-m ,,
~ ""mﬁ (3029b)




" m,) (3.29¢)

s o nJ (3.294)

In view of Equation (3.22) the transformation matrix b for
the arch able to rotate about the y~-axis at points A and B can

therefore be calculated as
b = C §, (3.30)

If the arcﬂ is built in at points A and B it will not be able
to rotate about the y-axis at these locations. As far as loading
due to the unit forces U and Kiz is concerned, the arch is‘indeter-
minate to the second degree. Because of symmetry, the number of
redundancies can be reduced to one. To determine the redundant
reaction the method ocutlined in Chapter 2 can be used again. Here
the moment chosen as redundancy will be the moment X 3 about the
y-axis at point A. The basic system then will be the structure
already analyged above resulting in the matrix bo , Equation (3.30).

£ second matrix, b » has now to be established, relating the

!

moment Xs to the element forces § =-{$b St f . Since the moment

M die to X3 will be constant along the length of the arch, the

ye
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resulting moments M »e M »r and Mr for an element i will be
S;= {n n; m X4 (3.31)

For the whole structure the element forces due to Xs will be

{sbc stl} = b, Xq (3.32)
where b‘ = { n' n‘ nz nz YY) n" nt’ see n” n, m, con m,,}
(3.33)

Equations (3.30) and (3.33) can now be used to evaluate the

redundant moment X ; , using Equation (216 Je

«l
+ -
Xy =-[bl € b)b € bR (3.34)
where the flexibility matrix f is given by Bquation (2.47 ).
The total forces on each element will be given by

-S_ = boﬁ + b‘ X3 (3035)

Substituting finally Equation (3.34) into Equation (3.35)

will result in the required relation between element forces and unit

forces

S = bR (3.36)

where b

-
b-b[bf b bE b (3.37)



Matrix b for Beams

(a) Beams free to rotate about y-axis at supports. For beams

with a straight axis, all direction cosines n are equal to
one, and all m are reduced to zero, For a beam free to
rotate about the y-axis at the supports the transformation matrix b

therefore will be reduced to

b = {bbo ] (3.38)

(o] bt
where b, = € sl , (3.38a)
b, = €, S, (3.38b)

The submatrices €, and € 4 ' S, and S,‘ p are given by the
non-zero elements of the matrices € and §, , Equations (3.26) and
(3.29). If the beam is divided into 2n elements of equal length,

the transformation matrices become

b, = o 0 O .., o ]
o 1 1 ... 1
O 1 10.' 1
_1 O 1 2!.‘ 2
2n - [3

0] 1 2 3. . (n-1)

o 1 2 3,., (n-1)

0 1 2 3,. n | (3.39a)



b, = [o 1 1. 1
0 ¢] 1 . 1
c . . . 101
| 0] . s * O 1J (3-391))
(v) Beams restrained from rotation about y-axis at supports. If

the beam is restrained from rotations about the y-axis at the
two supports, the forces on the elements due to unit forces
have to be modified. While the reactions due to wnit torsions about
the z-axis will not be affected by additional restraints at the
supports, such restraints certainly will result in bending moments
about the y-axis. Instead of using Equation (3.34) to calculate
these moments, X 3 can be obtained directly by differentiating once
the second order differential equation for the deflection of beams,
Equation (3.40), (43), substituting the appropriate boundary conditions

and solving for the moments at the supports.

a’u _ oMy

dz* EI (3.40)

For a beam fixed at the supports and loaded by two symmetrically

placed concentrated forces Pi y Fig. 3.5, the moments will be

for i < j My = P, ozp = My

for j < i<lL/z M, ; (3.41)

f
g
[¢)
)
=

>

Observing that for a symmetrically loaded beam the slope dw/dz

at the supports and at the centre have to be equal to zero, the momen*
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at the supports can be calculated as

Xy = P o, (1-c; /L) (3.42)
In matrix notation the moment X 3 resulting from a number

of lateral forces G can be written

[

X/L = b U (3.43)

] a

where b = lc,/L “M=-q/)y... /L 01-g /L)...] (3.44)

The moment X, has to be added to the moments of the simply
supported beam, The row vector b: therefore has to be added to
each row of the matrix b, calculated with Equation (3.39a). For
a beam divided into 2n elements of equal length the new trénsformation

matrix bb therefore bhecomes

(0 0.... 0] T0 (2n-1) 2(2n-2)... nf
0O 1 1.. 1 0 (2n-1) 2(2n-2)... n®
bb =
o 1 1. 1) ] 0
1 2 .
Zmlo 1 2., 2| o)
(3.45)

The transformation matrix b 4 remains the same for a beam

fixed at the ends as that for a simply supported beam, Equation (3.39b).



Matrix B

It is required to find the element forces § ={S_ S|

due to vertical forces R = Pm{ P,/ P, Po/Pu eee P /B, ouo }
when displacements F ={F, r.*} take place. The lateral
displacements £, = { U, U, U; eee U, oo u,,} and rotations-

r, = {@, G, +es O; oen @m.} are defined relative to the
global system of coordinates x, y and z, Fig. ’?*.E‘) and%: The
vectors S, ={My, 3 /L Myp /L eee Moo/l My /L ose }and
S¢ = {My /B Mgy /Dece Myl /Laee My, /L } will contain

the moments about the 7 ~ and the r -axis respectively of each element.

Before displavcements € take place the only forces at a point
i are the vertical and horizontal components V; and W/ of the
internal forces and the moment M,  , Fig. 3.2. Uhen displacements
¥, and ¢, occur additional forces will be required to keep the
left end of the arch in equilibrium. Before deriving these forces

consider once more the forces at a point i.

In the present analysis, where.only vertical forces P are
being considered, it is convenient to calculate the W forces directly
and to use the moment M, , given by Equation (?é). To find the
horizontal force W; acting at a point i, the horizontal reaction
at the left support of the arch, Fig. 3.2, has to be calculated
first. Equilibrium of moments requires that

P
W, = W, = m[ZR -X,/L"'Xz/L] (3.46)
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where 2= [ z,/L 2, /L eee z; /L eee zM/I-] (3.47)

is a row vector containing the z-coordinates for the location of
each of the forces in vector R . The moments X, and X, here are
calculated on the basis of the vector R defined in terms of the
load P,, « In the absence of any external horizontal loads the

horizontal thrust at any point i thercfore is

W = W (3.“‘8)

These horizontal forces can be placed into a diagonal matrix W,
which can be obtained by multiplying a unit matrix of size (n+1) x (n+1)

with a constant equal to the horizontal reaction at A,

W = W1 (3.49)

As will be seen later it is convenient to place the moments

M. into a diagonal matrix

M, ""PrMm Mya see Myl oo “mm.l (3.50)

The moments M, . can be selected from the force vector § , Equation (2.9).
The resulting forces on the left end of the arch, as yet undisplaced,

are shown in Fig. 3.2(a)=(ckh The vertical force V is not required

for the calculation of elastic stability and no matrix expression

for this force is therefore given.

Having obtained a matrix representation of the forces at each
point of the undeflected structure, the additional forces resulting

from lateral displacements r and rotations ry can now be
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considered. Consider first the effect of lateral displacements
r, - In Fig. 3.6 the arch is shown in & slightly deflected
position. A vertical force P j at a point j will therefore

produce & torsion moment about the z-axis equal to P juj -« Ata

point i less than j the resulting torgue is
My, = Pj (wj =~u;) (3.51)

M,? = -m P; (u)' -u, )

(3.52)

!}
=]
‘U
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In a symmetrical structure for a point i greater than j the torsional

moment about the z-axis due to the symmetrically positioned loads P J

is zero.

The moment M,; about the z-axis at a point i due to vertical

loads R can therefore be written

t
where
S = [ '
' o . © |
}
SR H N TR Il
-1, i1
t 0 t oy
i ] (3.54)
- 1h Y

L column I column
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Correspondingly the torsional moment MZ={M21 Mzz ese My eee Mz m'}

will be

m

K 4
~
]

{Sy 50 Sneee Sz een Sy et} (3.56)

"
i

where

The deflections ¥, in Equation (3.54) are changing con~
tinuously along the length of the span. As a result also the
torsional moments M, are varying continuously. Instead of
assigning the torsional moment M, at a point (i+1) to the element i,
it will be more appropriate to use the average torsion from points i
and (i+1) for the element i. This can be done by premultiplying
the vector M, with a matrix §, . Placing the average torsion
Mooy = 05My;  +My.,, )inavectorM, ={0H_, ... M, ,,“}
it is therefore possible to calculate the average torsion for each

element from

- +
M, = P, S,R S 1, (3.57)
where S, = 0.5[0 o0 ... ve O]
1 1
O 1 1
. 1 1
» .. . o
(0 . .. o 1 1] (3.58)

Next consider the effect of lateral displacements on the
moments M, « Let the displacement of the left end of an element
of length £ ve equal to u; and that of the right end be equal to

!
u, ., Fig. 3.7. ‘The projection £ of the element axis on the
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horizontal plane x=-z will have the same lateral displacements in
the x-direction, Fig. 3.7. The projected element axis ? ’
therefore will be inclined to the z-direction by an angle approxi-
mately equal to (ug,, -u; ) 2 « The length of the projected
element is 8‘: n €. Asa result a moment M, at a point i can
be resolved into components parallel and perpendicular to the
projected element axis, Fig. 3.8a. Of these two components the
torsional moment M, about the z -axis has to be retained for the

calculation of the matrix B .

The moments M, at points i and (i+1) due to lateral
deflections of an element i, i.e. the components of M, , and M, /4

will be

—uy

(a;ey =u¢l 2 (3.59)

zZvr = My oy

Again only the average torsion fd—z'(“,) = O.S(sze + M?', )
is required for each element. Equation (3.5@) can therefore be

condensed into

) -u; WP (3.60)

L+

M_: = 0.5 _; +M

Z XLL+i)

The averagg of the moments M, can be placed into a diagonal matrix
(29

M; =O.5L(O(M,<, F MG (M, v ML) eea(Mypy + My ) Do

For the whole structure the average torsional moments therefore will
be given by the vectoer' ={0 Mz'z_ ese MZ!L- cos leh“} s

which can be calculated from

My = M S ¢, (3.61)



(a) LATERAL DISPLACEMENT

(b) ROTATION

FI1G. 3.8 - MOMENTS DUE TO LATERAL
DISPLACEMENTS AND ROTATIONS
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The (n+1) x (n+1) matrix S defines the differences between the
lateral deflections of points i and (i+1) and is given by

Equation (3.62).

s, =]0 o - 0 1
~L/Z, /<,
S VIS V1)
.. 0
0 -/, 1/8, |(3.62)

In addition to the torsional moments M, and M, lateral
bending moments will also be created as a result of lateral def-
lections and rotatioms. Congidering the horizontal forces W,
Fig. 3.2 and Fig. 3.6, it will be seen that as a result of lateral
displacements u; moments M, are required to keep the displaced

structure in equilibrium.
My =u; W (3.63)

A Vector MY= {MY‘ M\/z cesa M .l.‘MY n"} can

ye
therefore be calculated, which will contain the moments due to

the lateral displacements.

(3.64)

Finally the effect of rotations © on the moments M, has
to be considered. At each point i the moment M,can be replaced
by its components M; and My' y Fig., 3.8b. Assuming small rotations,

the bending moments about the x-axis will remain practically



- 69 -

unchanged, M.F = M, . The bending moment about the y' axis will
be ©M, . For the whole structure the components due to rotations

will be

My = M ey . (3.65)
Neglecting terms involving products of w and & , no
additional forces will arise as a result of displacing and rotating

a cross-section subjected to forces W; and V| and moments M, .
The moments M), . My' +M; and Mz: resulting from the lateral
displacement and the rotation of the cross-section of the arch at
every nodal point now have to be translated into element forces

S ={S, S¢} . It will be noted that the angle between the
axes z and z', as well as that between y and y is small, Fig. 3.8.
No appreciable error will therefore be introduced by simply adding
the vectors M, and M.+ , Equation (3.5;) and Equation (3.6}).

The combined vectors can then be premultiplied by the transformation

matrix € , Equation (3.29), to give the element forces § .

Equation (3.66) defines the required transformation matrix 8 for
an arch subjected to vertical loads. The transformation matrix B

can therefore be written

B = [SuSe[ W/R (3.67)
C3iC,)| S,R'S,+ M, 5,1 0
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Matrices By and B : for Beams Subjected to Forces in the

Major Plane of Bending

For a beam the thrust W A and all direction cosines m are
zero. The direction cosines in matrices €, and €, will all be

equal to one. For a straight beam the matrix B therefore reduces to

B =[O0 B, (3.68)
B, O
where B, = C' M, (3.69)
- t i
and B, = Cfs,R's +m, 5] (3.70)

For a concentrated force at the centre of a beam divided

into 2n equal elements the transformation matrices, utilizing symmetry,

will be
Bb = 0 O] c ... 0
o 1
0 [1 o]
1|l =2
2n . [2 O}
. O 3 .. 0
[n-1 0] .
0 ofo nj| (3.71)
B, = (-1 -1 0. . 0o 2]
0 -1 -1 2
’ -1 =1 214+
0025 . . - '
' -1 -1 2
| O 0 -1 1] (3.72)




[c1 17 0 o ... o ]
0 -3 3 0
+ 0.25 °© 0 - > .
. .- 0 :
e 0 ~(2n-1) (2n-1); (3.72)

Matrices B, and B + for Beams Subjected to Equal End Moments

Finally for a beam subjected to constant end moments M,
the transformation matrices B, and B; can be obtained from
Equation (3.69) and Equation (3.70) by considering only the
diagonal matrices M, and My . TFor a beam divided into 2n

elements of equal length the transformation matrices therefore will be

Bbz{‘lo]o... 0

. 0
5 ]

L o . . 0 {0 1] (3.73)
B, = -1 1 0 . 0
0o -1 1 .
. -'1 1 b

2n | ° o0 |
o . .. 0-1 1] (3.74)
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Chapter ki

The Torsional Rigidity of Box Sections

Introduction

Beam properties required for the calculation of critical
loads for lateral stability are the bending stiffness about the
minor axis of the cross-section, EI7 , and the torsional stiffness
GJ. Calculation of the bending stiffness, the product of the
second moment of area, 17, and the modulus of elasticity, E,; has
been discussed by the author in an unpublished paper on the shear
deflection of composite beams (Appendix D). For composite
structures it is merely necessary to recall that the bending
stiffness of the total section is calculated from the individual
stiffnesses of the various elements which compose the structure.
For composite plywood structures, usually consisting of lumber
flanges and plywood webs, the total bending stiffness, EIv,, about

the » -axis of the cross-section is

(EI)7 = B, Ly, +E; Iay (&.1)
where E, ,E, = modulus of elasticity of flange, web
I‘? ' IL? = second moment of area of flange, web

The torsional stiffness GJ is a measure of the torque required
to produce in a shaft over a distance of unit length, Fig. 4.1, an

angle of twist © equal to unity (18).

M = G J @ (4.2)
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The torsional stiffness is the product of the modulus of
rigidity, G, of the material and the torsion constant, J, of the
cross-section. It is assumed that cross-sections are free to warp,
when the torsion M, is being applied. This type of torsion is
often referred to as Saint Venant torsion, after the eighteenth
century mathematician Saint Venant (42), who first investigated
torsion in detail and calculated tables of torsion constants for

s0lid rectangular sections.

The torsional rigidity of thin~walled, closed sections can

be calculated with the following equation (18)

2 ds
Jgo= ha /J?.Ts) (4.3)

where A is the area enclosed by the middle curve & and t is the

thickness of the wall, which may be variable, Fig. 4.2.
For a box section with webs of thickness t and flanges of
depth d, and d, , Fig. 4.3, evaluation of the integral in

Equation (4.3) results in (21)

t [(2h - d, - ), - t)] 2

[20~d, =a, + (b, - t) t/a, + (b, =t) t/d,]
(4.4)

This equation, in slightly different form, for beams with
equal flanges, was first proposed by Trayer and March (45). For
box sections with uniform wall thickness t on all four sides

Equation (4.4) reduces to

Jd = 2t (b' - ) -~ t)2/(b‘ -~ h - 2t) (4.5)
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Experimental work with thin-walled box-sections by Wilson in 1923
indicated the validity of this equation, and Wilson (46) therefore
suggested that the torsion constant of box-sections be calculated
with Equation (4.5). The later extension of this approach to cross-
sections with deep flanges, however, as expressed by Equation (4.4),
violates the initial assumptions of uniform shear stresses throughout

all wall thicknesses and can lead to erroneous results.

If, for example, a section with a given height h, width b,
and wall thickness t is considered, then it will be found that, as
a result of the second power in the numerator in Equation (4.4), an
increase in d, and d, will result in a decrease in the magnitude of
the torsion constant J. This, of course, appears to be unreasonable,
since an increase in the amount of material in the flanges of a given
box-section of given overall dimensions presumably will result in an
increase in its torsional rigidity. ILikewise, for t approaching
b, /2 and for (4, + d,) approaching h, the torsion constant implied
by Equation (4.4) does not approach the corresponding value for a
solid section. This again appears to be the result of exceeding the
limitations set by the original assumptions of uniform shear stresses

throughout the wall thickness.

The torsion constant J usually is evaluated by solving a second
order partial differential equation for Prandtl's stress funétion (18).
Results of a numerical evaluation of Prandtl's stress function for
certain box-sections by means of finite differences were presented
by Byrne (8). However Byrne's results still apply only to relatively

shallow flange depth and were not suitable for the present investigation.
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Here a different technique for the calculation of torsion constants
will be employed. To allow the effect of non-uniform shear stress
distributions to be taken int - account, Kelsey® suggested to

the author a finite element solution for the calculation of the
torsional rigidity of box-sections. This finite element solution

is developed fully below.

Torsion Constant in Terms of Stiffness Matrix K

To ;valuate the torsion constant for a box-section, the finite
element method using displacements as unknowns, will be used.
Consider a component divided into a number of elements connected
at their nodal points. Let the displacements of the n nodal points
relative to a global system of cartesian coordinates be equal tor ,
where ¥ is a vector containing all displacements e, 2 By, s e r, -
Let R be a vector of forces acting at the nmodal points corresponding

to the displacements € . These forces can then be expressed by the

corresponding displacements by means of a stiffness matrix (2).

In a bar subjected to a torque, shear stresses will be set
up on sections perpendicular to the axis of the bar. If the torque
is constant along the length of the bar the stress distribution on
any section along its length will be the same. For the analysis
of the torsion problem it is therefore only necessary to consider

a slice of unit thickness. This slice can be divided into a number

* 8. Kelsey, formerly Imperial College, London, now visiting
Professor, University of Notre Dame, Notre Dame, Ind., U.S.A.



Y‘ ' | xé

/ /sz / /sz
(— - o

FIG. 4.4 - SHEAR STRESS ON X-, 7- AND Z PLANES

FIG. 4.5 - FORCE SYSTEM ON FINITE TORSION

ELEMENT.
Va

‘10 al - Usg
i v
/% . 3™ & , T,
5 < ¢

/}{
/Iﬁ AN

FIG. 4.6 - ALTERNATE FORCE SYSTEM
FOR TORSION ELEMENT.



. 78 -

of elements. The basic element chosen in the present analysis is
a prism with a length of unity and a rectangular cross-section of

width a and height b, Fig. 4.5.

The shear stresses on the face of each element can be

resolved into stresses in the ? - and 7 -directions. Corresponding

K
also be shear stresses 'T¥I on the f =-surface and T;g on the

to these shear stresses Ti; and T’I on the [ -surface, there will

» -surface in the [ -direction, Fig. k.4, 1In the present analysis
it will be assumed that the shear stresses 7&; and Tk? are
distributed uniformly over the { =face of individual elements.

These shear stresses will be replaced in the analysis by the

effective forces Ul and V acting at the centre of the [ -surfaces,
Fig. 4.5. Alternatively, the shear stresses can also be represented

by effective forces U and V at the corners of each element, Fig. 4.6.

The other effective forces acting on each element are W-~forces
in the { -direction at each corner and a torque ’I‘r about the local

Y -axis, Fig. 4.5.

Corresponding to these forces there will be displacements w
at each corner in the ¥ -~direction and displacements u and v of the
centre of each § -face ir the f - and 7 -directions respectively.
Since it is assumed that the section will retain its shape, while a
torsion is being applied, the twist € of each element will be the
same and has to be equal to the overall twist of the component, i.e.

© 1is a constant.

Equation (4.6) can now be written in expanded form



(4.7)

v
=

w
R ={U =
T

where W ,U and T are vectors containing the effective forces W;,

U; , V. and T, respectively acting on the component.

v oclwow,ow W -8
v - { UV, UV, e U Vol T, v"} (4.9)
T = { T, T, eee T, T”} (4.10)

The vector Y(t' for each element contains the W~components at the
four corners of an element i,W, = { W, W, W, w‘}. The

corresponding displacement vectors are

w o =fwowwoow w,} (4.11)
L 4 = { \.IIVl uavz eve u‘ v" saww un V”} . (!“'012)
@ =0 (4,13)

The w-displacements of an element i are W, ={ wyw, wyowhe

K, etc. are submatrices of the stiffness matrix K .

Since a torque about a longitudinal axis will not result in
any direct stresses in that divection the effective forces W, have

all to be egqual to zero.

W = Kw xu .X.9& .o (4.14)
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Premultiplying this equation with the inverse of K, , the

displacements in the Z ~direction become
-1
w = -kK,[k,u+K 0] (%.15)

However the displacements u and v of the centre of the
element faces at Z = 0 and Z =1 are also functions of the
twist @ . If the coordinates of the centre of each element are
x and y, then the displacements due to the twist are u = ~y© and

v=x0. In matrix notation this becomes

u =[{-y] ©=M_0 (4.16)

x .
where y ={y' Y, Yy eee Y eee yh} (4.16a)
x ={xl X, Xy ees X eee x,,} (4.16b)

Equation (4.15) can therefore be written

w = K:: [Kn.Mc * K 13] © ' (4.97)

With this expression for the displacements W in the
longitudinal direction the total torsional resistance of the section

can now be written

M. = M: u+3S T (4.18)

t
where M_ is the transpose of the matrix M c'U , as defined
previously, is a column vector of all forces U, and V, and T; is

the ¢ th component of vector T .
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Writing the forces in Equation (4.18) in terms of their
stiffness matrices frorﬁ Equation (4.7), introducing for the
w-displacements the vector given in Equation (4.17) and noting, as
will be shown later, that the submatrices K,;and K,, are both

equal to zero, the torsional resistance of a slice of unit thickness

‘can be written

t -l K
Mg =[ Mc{ -Ko Ko, (KoM +Kog) 4 azuc}

-1

+2 { Ko Ko KM R *‘33”@

(4.19)

The torsion constant J for any section can therefore be

evaluated provided the stiffness matrix K can be determined.

Comparing Equation (4.19) with Equation (4.2) it is evident
that the matrix expression in Equation (4.19) defines the torsional

rigidity GJ of the section.

The Stiffness Matrix K

Consider again the elemenf; chosen for the analysis of. the
torsion problem, Fig. 4.5. EBffective forces W are acting at the
eight corners of the element in the [ -direction. At the cenf';:g"g_
of the two § -faces U- and V-forces are being applied and a to;rque
T is twisting the element about its § -2xis. The displacements '5

of an individual element relative to a global system of cartesian
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coordinates are related to the corresponding forces by a stiffness

matrix ks , called the element stiffness matrix (3).

where Ps = {W,] ese e w8 9 Us, U6, V5, V6, T5, T6} ("}-203)

Vg =fug eee sowg, Ugeae o .. O} (k200

This force vector Pq contains all forces acting on the
element. Since the component investigated is of unit thickness,
one half of the forces in 99 will be reactions and need not be
considered in the derivation of the stiffness matrix. The vectors

Pg and ¥, therefore reduce to seven forces and displacements
respectively and the corresponding stiffness matrix k g wili be

of size 7 X 7.

The displacement system v, in Equation (4.20) is specified
relative to a global system of coordinates. Displacements of the
corners of an individual element can also be specified relative to
a local system of coordinates. Such displacemeﬂts then will not
include any rigid body movements. Corresponding to such local

displacements ¥, a force system P, can be defined
= kNv (4.21)

This stiffness K, is frequently called the natural stiffness
of an element (3). It gives the elastic response of the element
and involves a kinematic idealisation, i.e. a certain shape of the

deformed element is assumed. In the present case, for example, it
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is assumed that only shear deformations of planes parallel to the
x- and y-planes take place and that these shear deformations are
constant throughout one plane. No normal strains in any of the

three principle directions will be allowed.

Let the displacement systems ¥, and Vg be connected by a

transformation matrix a. (3)

v, = ahlvg (4.22)

Using these displacements now as virtual displacements and applying
the principle of virtual work, Equation (2.2 ) it is seen from
vie, =v'e (4.23)

that the force systems corresponding to displacements V9 and Y.

are related by

P, - a P (4.24)

In view of Equations (4.20), (4.21) and (4.22), the element

stiffness kq can therefore be calculated from
k =a k a (4025)

The transformation matrix @, depends on the natural or
independent modes of deformation, which will be considered next.
In the most general case the displacements of each of the eight

corners of a prismatic body of rectangular cross-section relative



- 84 o

to a global system of cartesian coordinates can be described by
displacement components in three mutually ﬁ@épendicular directions,
i.e. the element has 24 degrees of freedom as far as its displacements
are concerned. By assuming that no direct strains will take place,
i.e. no deformations of any of the twelve edges of the prism, the
number of degrees of freedom is reduced to twelve. The further
assumption of no shear strain in the two faces parallel to the

{ -plane reduce the number of degrees of freedom to ten. Dis-
placements of the corners of the element will therefore only be

caused by rigid body displacements of the element as a whole and
by shear deformations of the four sides parallel to the ? -~ and

V] -planes. Since there are six independent rigid body movements,
translations in the F-,'?- and { ~directions and'rotations about

the corresponding axes, the'number of independent modes of deformation

is therefore finally reduced to four.

As shown by Argyris (3) the force systems corresponding to
these so-called natural modes of deformation have to be (a) self-
equilibrating and (b) independent in the sense that a force
system P, only does work if the corresponding v, . deformation

takes place. A force vector P is said to correspond to a

displacement vector V if both have the same origin and the same

direction.

In the present case it is therefore necessary to define four
independent modes of deformation of the chosen element, such that
each of the force systems, causing one of these deformation vectors

v, is in equilibrium. To be independent, the force system
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causing a given mode of deformation should not produce any work,

while any of the other modes of deformation takes place.

The four independent modes of deformation are shown in
Fig. 4.7. They consist of shear deformations constant throughout
the thickness of the element in the § ~ or the y» -direction
respectively, a warping of the { ~surfaces and a rotation of the
; ~-surfaces. None of these deformations will produce any normal
strains, neither are any of the Z ~gurfaces subjected to shear
deformations. ‘The forces shown in Fig. 4.7 for each mode of
deformation are calculated for ¥, displacements of unity and are
obtained by setting to unity the work done by a force system PN .
Inspection of Fig. 4.7 also will show that the force system shown
for mode N = 1 will not do any work, while any of the other three
modes of deformation take place, as was required. ILikewise all
other force systems will only do work, if their own mode of deformation

takes place.

In terms of the displacement vector v, , the displacements u,

v and w in the f , » and [ ~directions are

u 0 {/2 o ) R
v{=1]T/ 0o o© C§ v on2
w 7 /2 E/2 Fp/ap ) Y 3

(A

(4.26)

Partial differentiation of the deformations with respect

to % and ¥ for shear strains & in the f -plane and with

&
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respect to F and { for shear strains §

Y in the 7 -plane results in
ey = [T 0 B ffvm
yy 1 w/ab -p|l ¥ N2 (4.27)
Y3
Y N4

This can be written in condensed form as

s = Ny (4.28)

where £ , B and v, are matrices corresponding to the expressions

given in Equation (4.27).

To find the natural stiffness k, the principle of virtual
work will be applied, i.e. the work done by the shear stresses is

to be equivalent to the work done by the effective forces.

vie, = j e dv (4.29)

v

k4
or k= [ nkndv ~ (4.30)
v
where for an orthotrpoic material with moduli of rigidity G? z

and 6?? the unit stiffness kg is given by

G 0
e = oﬂ G
SF
- g 1 0
78 [ 0 Jd } (4.30a)
with po=6,/G (4.30b)
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Substitution of the expression for M in Equation (4.30) and
integration results in the following matrix expression for the

natural stiffness kN of the element

N 41 0 4 sy
L 0 0 e S (4.31)
where c, = (1 +p bz/az)/ (12 %) (k.31a)
e, = (1-pv°/a) a/ (12b) (4.3Tb)
ey = (1+pp7/a%) a7/ 12 (4.31c)

Before calculating the element stiffness k q the trans-
formation matrix @, has to be determined. According to
Equation (4.24) this transformation matrix can be found by
expressing the elastic forces on the element, corresponding to
the displacements within the global system of coordinates, in terms
of the forces corresponding to the displacements relative to the
local system of coordinates. Inspection of the forces shown in

Fig. 4.7 gives immediately

— - - - - oy

W, /2o ~1/2a =1 0 Pyt
W, /26 1/f2a  +1 o Py
W ~1/206  =1/2z  +1 0 Pys
W |= | ~1/26 1/2a -1 0 _ PN‘U
Us 0 1 0 0
Vs 1 0 0 0
| T | | o 0 0 1 | (4.32)
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Transposition of this matrix gives the matrix @, .

Evaluation of Equation (4.25) is now possible and the element

stiffness k 3 becomes

kg kg kg

V24 k 21

k3 o k 35 | (4.33)

where the submatrices k y etc. are given by the following expressions

« o, Ko«
g PR 4 %3 i o
k, T 4b - "nZ‘b
Xy Ny % Xy
oty wy wy %, (t.34)
2
where o, = 2(l+ﬂb/d2)
2, 2
R, = {1~ Z_ﬁ b'/a‘)

Ky = - (2 - p b/a%)
T = (1+f b/ a®)

[~ ol t]
k = _‘_:_ ds ! = -3_. “:z
12 2 |- o -1
(4.35)
< - IJ
L

- b/a
where °<S' /é .
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k'3= qz/l?_ {'- 0(6 o(é 0(6 - 0(5} = n’3 az/lz. (4.36)
«, = | ~p(b/a)
t a | - A - A « q
kzgzkt?. = > [ 5 5 s 5 = naé- (4.37)
! | ! ]
sab | P O
kaz “
’ , (4.39)
= n, a/l2
3 2 2 ~ 3
ky, =(a'b/2)( 1+ pbYa") < n, b (.40

Finally the matrices k g of all the individual elements have
to be assembled to give the required stiffness matrix K for the
component. Formally this can be effected by introducing a boolean
matrix which selects the elements of any particular displacement

vector ¥4 from the vector r .

v = a, ¢ _ (4.41)

By applying the principle of virtual work the stiffness matrix then
becomes
K =Yalk_a (4.42)
9 "9 79
9
For the torsional constant the assembly operation was simply written

directly into the computer programme,

In the present analysis the submatrices K, etc. are required

individually to allow the calculation of the torsion constant J,
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Equation (4.19), and the computer program was therefore written

to make these submatrices available when required.

Torsion Constant J for Box Sections

Consider again the torsional rigi&ity as expressed by
Equation (4.19). The individual submatrices are now available.
Combining Equation (4.19) with Equation (4.2) the torsion constant
can be written

t -1
3= E[M Ky K (KoM K ) K M

n -}
- K K
* ’Z{ Ko K qq (KoM #5000 + 33” (4.43)

Substituting the expressions found for the submatrices and
expressing the dimensions of the element as well as the coordinates
of the element locations in terms of the overall dimensions of the

section, b, and h, the torsion constant finally becomes

J =k, b h (4o bls)
vhere kK6 = : (a/b1)(b/b1) ( T, + T, + T + T ) (4.45)
LI h/b1 1 2 3 4
and T, =+0.25 (a/b,‘) Z Kg;K-u:{Kn.Mc +K, fb': } (4.45a)
7, ==1.5 u: KZ,K',: {K.m + K, -f;' j (k.b5b)
Ty = M) KM, (h.45c)
T, = Ky (a/b)° (4. 45)

12
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In Equation (4.45) K | etc. are the assembled submatrices of the
stiffness matrix ¥ in their dimensionless form without their

.. 1
coefficients, e.g. K, = a, n, 3,

The inversion of Kn , shown in Equation (4.45), need not
be formally executed. Since W is a vector, the content of the
square bracket in Equation (4.17) and the corresponding expressions
in BEquations (4.43) and (4.45) also have to be vectors. It is
therefore possible to solve for W directly by using any convenient
method for the solution of simultaneous linear equationse. In the
present work a Gauss-Jordan solution (15) modified for banded

matrices has been used.

The above expression for the torsion constant assumes that
all elements are of the same size and that each element has the
same two moduli of rigidity G.,, ¢ and G,;F - A slight modification
of the matrices N "J' for the individual elements makes it possible,
however, to vary the size of the elements as well as the elastic
properties in various parts of the component. This has been done
in the computer program developed for the calculafion of torsion

constants for box beams and several of the results obtained with

this program will be discussed in Chapter 5.

Shear Stress Distribution due to Torsion

The average shear stresses T;x and 'f;z for each element can

be calculated from Equation (4.7). In view of Equations (4.15) and
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(4.16) all forces U, and V  are given by
-l
U =-K,K, [Ktzu + Ky @] T K,,u

-1
= (- KyR, [Klec+ KI‘S] + l(zz_Mc)QG (4.46)

Expressing & in terms of the applied torsion T,

Equation (4.2), the forces U, and V  become

-1
U = (- K, K [KQML + Krs] * Ko Mc)T/J Ed
(4.47)

The average shear stresses for an element i, having a cross-

sectional area of a x b, due to a torsional moment T are therefore

T. = V/ /(sb) | (&.49)
97 y
where U, =k, T/J and V; = kzy[ T/3 are the forces on

the faces of the element i in the X - and Yy ~direction. The
coefficients k,,, and k,, - are obtained from Equation (k.47),
Substituting the expression for J, Equation (4.4%), into Equation (&.47)
the shear stresses finally can be written in terms of the applied

torsion T as

- Kee g T (4.50)

= et 2
K, 5>h b h
where the coefficient k, . =Kk, /k, depends on the direction of

the shear stress and the location of the element.
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Chagter 5

Theoretical Results

Introduction

Coefficients for the lateral stability of beams and arches
were calculated using the method outlined in Chapter 2.  These,
as well as torsion factors for box beams, calculated by the method

developed in Chapter 4 will be discussed in this Chapter.

The equations developed in the preceeding Chapters were
programmed in the Fortran IV language. The calculations were
done on an IBM-7094 computer at the Computing Centre of the
Imperial College of Science and Technology, University of London.
For the solution of simultaneous equations, Gauss's method of
successive elimination of unknowns (15) was used. This method
was modified to the extent, that only the banded part of the

coefficient matrix was used in the calculations.
A description of the various computer programs developed

in connection with the work outlined here falls outside the scope

of this thesis and only the results of the calculations will be given.

The Lateral Stability of Beams

Coefficients for the lateral stability of a number of



- 95 -

straight beams were calculated. With these coefficients the
critical load for lateral stability can be calculated directly

with Equation (2.58), reproduced below

{ 2
P,. = C, EIy GJ /L (5.1)

where 01 = lateral stability coefficient
L = span length
E = modulus of elasticity
G = modulus of rigidity
Iy = second moment of area about mingr axis
J = torsion constant

It will be recalled that Equations(3.39a) and (3.39b) in Chapter 3
apply to all beams which are free to rotate at the supports about
the minor axis of their cross-section, regardless of the type of
loading applied to the beams. The coefficients discussed below
were therefore calculated on the basis of these equations. All
loading conditions discussed below are symmetrical and it was
sufficient therefore to consider only half the span of the beam.
Likewise the number of elements referred to will be the number of

elements in one half of the span.

The element force matrix for a simply supported beam subjected
to equal end moments is given by Equations(3.72) and (3.73). For
three elements the resulting lateral stability coefficient is
C, = 3.178, about one per cent larger than the lateral stability
coefficient of 3.1416 by Timoshenko (43). Equation (5.1) in this

case gives the critical moment, Mcr’ in terms of the span L, since
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here Pcr = Mcr/L° If the number of elements is increased to
fifteen, the lateral stability coefficient reduces to 01 = 3,143
or 0.04 per cent larger than that of Timoshenko. The error here

is calculated from

C,l - C*
error (per cent) = -~z (5.2)

where Cj is the lateral stability coefficient obtained by the
classical methods of the theory of elasticity. In Fig. 5.7 the
change in the error of the lateral stability coefficient is plotted
as a function of the number of elements. It is apparent that an
increase in the number of elements produces a very rapid convergence

to the usually accepted value.

For a simply supported beam with a concentrated force at
the centre, the convergence to the value of 16.94, first calculated
by Prandtl (35), is equally rapid as the number of elements increases,
Fig. 5.1 Here three elements give a coefficient C1 = 16,771, which
increases to 16.9%2 for fifteen elements. It is interesting that
' for the case of equal énd moments the finite element theory should
- give an upper bound solution, while for a concentrated force a
lower bound solution is being produced. Uhile it is apparent that
the estimate of the lateral stability ceefficient must depend on
the various matrices appearing in Equation (2.57), it is not clear
why a change in the loading condition should cause a change in the
direction from which the true solution is approached. Since the
solution for each loading case. converges quite rapidly, however,

to the known value, the method appears to be acceptable.
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The Lateral Stability of Parabolic Arches

In Chapter 2 it was shown that the critical load for the

lateral stability of arches can be written as

e/
]

2
or 02 EIy/L (5.3)

lateral stability coefficient for arches

where C

In Chapter 3 the matrices required for the cealculation of

the coefficient C, have been developed for two-hinged arches as

2
well as for fixed arches. At present calculations have been done
only for two-hinged parabolic arches of constant cross-section

loaded at the crown by a single concentrated force. Some of the

results obtained so far are given in Appendix A. A summary of

these results is given in Table 5.1 below.

Table 5.1

Lateral Stability Coefficients 02 for

Symmetrical Two-Hinged Arches

Concentrated Force P at Crown

h/L Coefficients 02
EI v / GJ
0.715 4.0 6.0
0.1 2.0 1.7 1.6
0.2 4,0 2.5 2.0
0.3 5.7 2.7 2.0
0.4 7.0 2.7 2.0

0.5 77
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Table 5.1 shows stability coefficients for several ratios
of lateral bending stiffness to torsional rigidity, EIy/GJ. For
isotropic material, the ratio of modulus of elasticity to modulus
of rigidity is E/G = 2.58., For timber this ratio varies considerably.-
Values ranging from 13.5 for Douglas fir to 27 for birch have been
reported (1). The ratio of the second moment of area to the torsion
constant for a narrow rectangular section is approximately IyJ = 0,278,
The resulting ratios of lateral bending stiffness to torsional rigidity
are, for isotropic materials, 0.715 and for timber 3.75 to 7.5. The
coefficients given in Table 5.7 are therefore representative of iso-

tropic materials as well as of orthotropic materials such as wood.

Table 5.1 shows that a decrease in the magnitude of the tor-
sional rigidity relative to the lateral bending stiffness will result
in a decrease in the critical load for lateral stability. Increasing
the rise, h, of an arch relative to its span, L, will increase the
lateral stability coefficient only for small ratios of EIy/GJ. s
the relative magnitude of the torsional rigidity decreases, the
increase in the stability coefficients due to an increase in the
rise h becomes less and less, until finally, for EIy/GJ = 6.0, the
increase in h will actually result in a small decrease in thegmagnitude

‘of the stability coefficients for h/L = 0.4 (Appendix A).

The coefficients in Table 5.1 may also be compared with
corresponding values for a straight beam. A comparison of Equations
(5.1) and (5.3) will show that for a straight beam the critical load

can be calculated with Equation (5.3), if we set

c, = ¢ | 6J/sI, : (5.4)
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For a straight beam of narrow rectangular section loaded at midspan
the lateral stability coefficient 02 therefore becomes 02 = 20.7,
for a timber beam of similar dimensions but with EIy/GJ = 4,0, the

stability coefficient will only be C, = 8.47. These values are

2
considerably larger than the stability coefficients for a shallow
arch with a rise to span ratio of, say, 0.1. While this appears

to throw some doubt on the validity of the coefficients shown in
Table 5.1, it should be borne in mind that a shallow arch is sube-
jected to a considerable thrust, which will contribute to the
potential instability of the arch. Comparing on the other hand,
the critical thrust wcr for a shallow arch of isotropic material,
Wcr = 2.4 x 2.0 = 4.8 EIy/I.2 for h/L = 0.7, with the critical load
of a straight column hinged at both ends, it is found that the
critical thrust for the arch is somewhat less than half of the
critical Euler load of ETZEIy/L2 for the column. In view of the
additional torsion produced by the force at the crown of the arch,
if small lateral deflections were to take place, it is not unreason-

able, that the critical load for the arch should be less than that

for the straight column.

To provide an unequivocal answer to the question of the
validity of the coefficients in Table 5.1, it will be necessary
therefore to conduct a series of tests on the lateral stability
of arches, similar to the ones conducted with beams and described in

the next Chapter,
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Torsion Constants for Solid Rectangular Sections

Using‘the method outlined in Chapter 4, torsion constants
were calculated for various cross-sections. To test the accuracy
of the method, calculations were done for solid rectangular sections
with a height-to-width ratio h/b1 = 2,0 for various numbers of
elements‘hﬁth eight square elements for one-quarter of the section,
the torsion factor F equals 0.2339, decreasing to 0.2296 for fifty
elements. The error in the calculated torsion constant as a per-
centage of the corresponding value given by Goodier (18) is shown
in Fig. 5.2. It is apparent that an increase in the number of
elements results in a rapid convergence to the usually accepted
value of the torsion constant for isotropic materials. Table 5.2
gives a comparison of the torsion constants for rectangular sections
calculated by the finite element theory with those obtained by means

of a series solution (18).

Table 5.2

Torsion Factor F for Solid Rectangular Sections

Height-to-Width Ratio, h/b1

Method of Calculation 1.0 1.2 2.0 4,0 10,0

Series solution 0.1 0,166 0.229 0.281 0.312
Finite element solution 0,142 0.167 0.230 0,283 0.318

The torsion constants J in Table 5.2 are given in terms of

the quantity boh

J= F b? h (5.5)
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i.e. the tabulated quantity is the torsion factor F, which is

given for various height, h, to width, bq, ratios. As is evident
from Table 5.2 the torsion constant obtained by means of the dis-
placement method slightly overestimates the stiffness of the section

and therefore represents an upper bound solution for the torsion constant.

A further test of the accuracy of the solution can be obtained
by considering the torsional rigidity of orthotropic sections. A
detailed study of the torsional rigidity of such sections has been
Tre.yes )
published by Ehygur and March (45). These authors consider solid
cross-gections in which the axes of the orthotropic system are oriented
at an arbitrary angle to the axes of symmetry of the cross~section.
If these two axes coincide the expression for the torsion constant

of a rectangular section reduces to

N

3, Je_/a (5.5)

zx' “yz

<y
I

where J = torsion constant for corresponding section of
isotropic material
G, (Gyz) = modulus of rigidity for angular deformation

of zx-plane (yz-plane)

Torsion factors for a solid square section calculated with
Equation (5.5) and corresponding values obtained by means of the

finite element theory are given in Table 5.3,

The largest difference in Table 5.3 between torsion constants
obtained by the two different methods is about 2 per cent. This
difference could be reduced further by increasing the number of

elements used for the finite element solution.
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Table 5.3

Torsion Factors F for Square Section

of Orthotropic Material

G /G Equation 5.5 Finite Element

/2 Solution, N = 25
0.6 0.1089 0,.1067
0.8 0.1258 0.1261
1.0 0.1406 0.1418
102 0.1540 0,.1548

Torsion Constants for Box Sections

(a) Flange and web constructed from same material

Isotropic Case: Torsion factors F for a number of box~

and I-sections were calculated. All cross-sections considered
here are double-symmetrical, i.e. the flange depth d at the top and
the bottom of the section are the same. Likewise the web thickness
t on either side of the section is also the same. The results of
these calculations are given in Appendix B. The torsion factor F
is given for a number of height-to-width ratios, flange depth-to-
width ratios and web thickness-to-width ratios. For isotropic
materials the torsion factor F for a web thickness-to-width ratio
of t/b1 = 0.05 is plotted in Fig. 5.4. Curves for a number of
depth~to-width ratios of d/b1 are shown. Vhere the depth of the
flange reaches one half the height, d/b1 = 0.5 h/b1, the torsion
factor for a box-section approaches that of a solid section of
corresponding dimensions. For thin flanges, d/b1 =0.20 the torsion

factors calculated with Equation (4.4t) are nearly identical to those
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calculated by means of the finite element theory. For large

values of d/b1, hovever, for example d/b, = 2.0, the approximate

equation gives quite erromeous results. Fig. 5.3 gives the
torsion factors for box-sections of isotropic materials having a
web thickness-to-width ratio of t/b1 = 0.1. Torsion factors
for web thickness-to-width ratios of 0.01 and 0.15 will be found

in Tables B-1 and B-4 in Appendix B.

Orthotropic Case: The treatment of orthotropic material is

restricted to the case where the elastic axes of the material

coincide with the axes of symmetry of the cross-section. In that
case the orthotropic material, as far as torsion is comcerned, is
characterized by the presence of two different modull of rigidity,
one for the zx-plane and one for the yz-plane. Tables B-5 and B-6
give torsion factors for various ratios of sz/Gyz for sections with
t/b1 = 0.1 and d/b1 = 0.5 and 2.0. In all cases the material in

the flanges and the webs is the sawme. The torsion factors for

d/b1 = 0.5 have been plotted in Fig. 5.5. It is apparent that

the effect on torsion of differences between GZx and Gyz is most
pronounced for shallow sections, e.g. h/b1 = 1.0, For deep sections,
h/b1 = 10.0, an increase in the ratio sz/Gyz results only in a rela-

tively small change in the torsion factor.

(b) Different Values of G in Web and Flange

Isotropic Case: In timber construction it frequently happens

that the material used for the webs of a box-beam is not the
same as that used for the flanges. As a result the modulus of

rigidity for the flanges may not be the same as that for the web.
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As an example of the effect of such differences in the modulus of
rigidity in web and flange torsion factors for box-beams with
flange depth-to-width ratios of d/b1 = 0.5 and d/b1 = 2.0 and a
web thickness-to- width ratio of t/b1 = 0.1 were calculated for
isotropic materials. The results are shown in Tables B-7 and B-8
and are plotted in Fig. 5.6. It appears from Fig. 5.6 that the
variation of the torsion factor due to changes in the Gweb/Gflange
ratio is practically linear. The question arises therefore, if

it would be possible to calculate torsion factors for this type of

cross-section from a relation

J=Jd +b (R, - 1.0) (5.6)
where RG - Gweb/Gflange
J = torsion constant for RG = 1.0
o
b = slope of straight line for given values of h/b1
d/b1 and t/b1

If it could be established that such a linear correlation
between the torsion factor and the G~ratio exists, the calculation
of torsion factors for box-sections with different moduli of rigidity
for their web and flanges would be much simplified. At the present,
not sufficient calculations have been done to confirm the trend which
suggests itself in Fig. 5.6. A complete verification of Equation (5.6)

will require a series of tests for a number of RG values and was outside

the scope of the present investigation.
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Different Values of G in Web and Flange

Orthotropic Case: Finally, it will be realized, it is

Y also, possible to have sections of orthotropic materials

with moduli of rigidity for the flanges different from those for

the web, Swch a combination again will affect the torsion factor.
As an example Table B-Q gives torsion factors for box-sections with
t/b1 = 0.1 and d/b1 = 0,5, The three ratios of the two moduli of
rigidity for the flanges are GZX/'Gyz = 0,8, 1.0 and 1.2. For the
web the same three ratios were considered. Calculations for the
resulting nine combinations were then repeated for moduli of rigidity
G__ in the webs equal to 0.8, 1.0 and 1.2 times the modulus of rigi-

Yz
dity Gyz in the flanges.,

A perusal of Table B-9 will show that the linear relation of
torsion factors for variations in the ratio Gyz for flange and web,
already observed for isotropic materials, also appears to exist for
orthotropic materials. For any given value of sz/cyz and Gwzx/Gwyz’
changes in the Gwyz/Gyz ratio seem to result in a corresponding
linear change in F. The approach proposed for isotropic materials

may therefore also be applicable here.

For the example given, changes in the moduli of rigidity
ratio of the web, Gwzx/Gwyz’ do not affect the torsion factor F.
No doubt, this reflects the observation that in a thin web shear
stresses in the direction of the web are many tilmes larger than

those oriented across the width of the web, a point to be discussed

in greater detail in Chapter 6.
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A variation of the G-ratio for the flanges affects shallow
sections more than deep sections. This appears to be the case
for all three ratios Gwyz/'Gyz considered in Table B~9. On the
other hand, for given values of sz/cyz and Gwzx/Gwyz’ the effect
of changes in the ratio of G for web and flanges is always larger

for deep sections than for shallow ones.

Finally the data in Table B-9 suggest that on the whole
differences between the material in the web and the flange will
have a greater effect on the torsion factor than orthotropicity,
as measured by the sz/Gyz ratio. For example a twenty per cent

change in the G /G  ratio for flanges and web both with G, /@~ _ . g

for a height-to-width ratio of 2.0 will change F by about fifteen
per cent. But keeping GwyZ/Gyz constant at 0.8 and changing the
ratio of sz/Gyz for both web and flange from 0.8 to 1.0 will

change F only by five per cent.

Torsion Constants for I-Sections

The methods developed in Chapter 4 can also be used for the
calculation of torsion constants of I-sections. For I-sections
of isotropic maferials, with a web thickness-to-width ratio of 0.1,
torsion factors F are given in Table BJE: These results are
plotted in Fig. 5.7. Here an increase in the flange depth to
one-half the beam height will not result in the same torsion

constant as that for a solid rectangular section with the same

overall dimensions. In an I-beam with d = h/2 the top and bottom
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flange are able to move relative to each other along the middle
surface of the beam, except, of course, where the two flanges are
joined together by the web. As a result the torsional rigidity
of such a section will only be equal to the sum of the torsional
rigidities of the top and the bottom flange. The corresponding
torsion factor is equal to the F-value for an h/b1 ratio of only
one~half of that for the corresponding solid section. The

resulting curve is shown in Fig. 5.7 as ‘sum of two half sections’i,

The torsional rigidities for the cross-sections of Fige 5.7
can also be obtained by simply adding the individual torsional
rigidities of flanges and web. This approach is usually chosen
in the calculation of the torsional rigidity of steel I-sections
(43). If this approach is used, care should be taken, however,
to ensure that the actual torsional rigidity of the flange is
being used. For steel I-sections, which usually consist of
relatively thin webs and flanges, it is sufficient to estimate

the torsional rigidity of the individual components from

J o= wt /3 (5.7)
where w = width of flange or height of web
t = thickness of flange or web

For timber elements on the other hand, where for the flange
the ratio of w/t is not large, the torsion factor cannot be approxi-
mated by the value one-third. For timber I-sections, therefore, the
actual values of F corresponding to the dimensions of the solid
flanges and the web should be used for the calculation of the individual

torsional rigidities, which can then be added to give the torsional
rigidity of the I-section.
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Chapter 6

Experimental Results

Introduction

Results from two groups of tests will be given in this
Chapter. The first group of experiments dealt with the lateral
stability of plywood box beams loaded at midspan. Four dif=-
ferent cross-sections were investigated. Fach of these four
beam types was represented by three beams and the tests were
repeated for three different spans. Beams were loaded in the
principal plane of bending as well as eccentrically. The effect
of initial rotations of the beam ends, which were held in a fixed

position, was also investigated.

The second group of experiments concerned the distribution
of shear strains in the flanges of a box beam subjected to torsion.
Only one beam was investigated. But the results agreed so well
with the theoretical analysis that no further tests were deemed

necessary.

Lateral Stability of Box Beams

Box Beams for the Investigation of Lateral Stability.

Four different types of beams were constructed. These

four beam types, their cross-sections are shown in Fig. 6.1,






- 116 -

will be referred to as beam types 20, 21, 22 and 23. The
dimensions of these cross-sections are shown in Table 6.1,
These cross-sections were chosen to give a range of height-to-
width ratios of 9, 6 and 4.5, as well as flange-depth-to-width
ratios of 1.0 and 2.0. The thickness of the plywood web was
kept constant for all four beam types. The beams therefore
are representative of web-thickness-to-width ratios of approxi-
mately 0.3, beam type 20, and 0.15, beam types 27, 22 and 23.
The actual sizes of these cross-sections were determined by

the equipment available for loading the beams. Of each beam

type three specimens were built and tested.

The initial length of each beam was twelve feet. After
completing all tests for a span of eleven feet, beams were reduced
in length by 33 inch. and tested again on a 99.5 inch. span.
Finally beams were reduced by another 33 inch. It was found,
however, that for the corresponding span of 67.25 inch. lateral

instability could only be enforced for beams of type 20.

Physical Properties of Flanges and Webs. The beams were

built from material of unidentified origin, that had been

stored in the carpenter's shop at Imperial College for
some years. The flanges of the beams consisted of solid lumber,
vhile for the webs birch plywood (Betula verrucosa) was used.
Before assembling the composite sections, the flanges were cut
to size and planed. Vebs and flanges were then glued together
with a resin-type adhesive (Cascamite Resin Glue) and clamped

until the glue had set and hardened.
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Table 6.1

Dimensions of Cross Sections

Test Beams

Beam Type giiﬁﬁf gfdzﬁ, gi;?ﬁe Thizigess
d, in, t, in.
20 4.5 0.56 1.00 0.156
21 4,5 1.07 0.99 0.156
22 6.0 1.06 0.99 0,156
23 6.0 1,06 2.00 0,156

The material for the flanges was straight-grained and free
from visible defects. The material was superficially identified
as Douglas fir. A more detailed inspection, after testing of
the beams had been completed, confirmed that the flanges, indeed,
were Douglas fir (Pseudotsuga menziesii). Some of the material,
however, had an exceptionally low specific gravity, and as a
consequence, an unusually low modulus of elasticity, Table 6.2.
Growth rates ranged from a low of 8 rings per inch to a high
of 36 rings per inch, These, however, did not appear

to be correlated to the specific gravity or the elastic properties.

After testing had been completed three samples, approximately
1 inch x 2 inch x 14 inch., were cut from each of the two flanges
of every bean. These samples were used to determine the modulus
of elasticity, the specific gravity and the moisture content of
the flanges. A detailed analysis of these three sets of data

is given in Appendix ¢,
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To determine the modulus of elasticity of the flanges
the six 14 inch long samples taken from each beam were tested
in bending. These minor specimens were supported on a 11 inch
span and loaded at the centre by a concentrated force. Load
was increased at a uniform rate up to a maximum load of 100 kg
in about two minutes. Deflections at midspan, relative to the
frame supporting the specimens, were measured with a dial-micro-
meter graduated into 0.0001 inch. The load-deflection curve
for each bending test was a straight line. The slope of these
load-deflection curves was used to calculate the modulus of
elasticity of each minor specimen. A statistical evaluation
of the test data is given in Appendix C, Table C-2. Fach average
modulus of elasticity given in Table C-2 is the average for six
sample beams taken from the flanges of every beam. With one
exception, beam 21-3, all moduli of elasticity are smaller than
the average value of 1 970 000 psi reported for air-dry Douglas
fir by Kennedy (24). About half the E~values in Table C-2
are within a range of one standard deviation, 414 000 psi, from
the average, using the coefficient of variation (CV = 21.4 %)
given by Kennedy. Of the remmining six averages two, beams
20-3 and 21-2, fall slightly outside the range given by twice
the standard deviation. Low values of E, such as those for
beams 20-3 and 21-2 are unusual, but still within the range of

possible moduli of elasticity for Douglas fir.
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Table 6.2

Moduli of Elasticity of Flanges and Beams

Specific Gravity of Flanges

Box Beams Flaeanges

Apparent Average

Beam  Beam Specific

Type Mo Elasfgigt;? giJjOépsi Elasfgigi;? Ef 100psy  GTAVItY
20 -1 1219 1.68 0.52
-2 1.31 1.59 0.53
-3 1,09 1210 0.43
21 -1 0.99 1.28 0.4k
=2 0.99 1.11 0.43
-3 1.20 1.9k 0.60
22 -1 1.21 1.59 0.51
-2 1.20 103k 0.47
-3 1.26 1.55 0.48
23 -1 1,04 1.19 0.41
-2 1,26 1,59 0.52
-3 1.0k 1.29 0Lk

It is instructive to compare these average moduli of elasticity
with the corresponding specific gravities of the beams., This com-
parison has been made in Table 6.2, which also show. the apparent
modulus of elasticity of each of the 24 large composite beams. It
is quite apparent that high specific gravities correspond to high

moduli of elasticity of the flanges,
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The apparent modulus of elasticity, Ea’ shown in

Taeble 6.2 was calculated with Equation (6.1)

3¢ i
E, = (P/V) L [- 3¢/L+6 (c/L)2 -8 (c/L)B! (6.1)
x L 3
where P/y = slope of initial, straight part of load-deflection
curve, deflection measured at centre
Ix = second moment of area, Table C-1
L = span
c = distance from support to nearest load point

The load-deflection curves, on which these calculations
are based, were obtained during a final test, when each beam was

loaded to failure, as shown in Fig. 6.5.

These apparent moduli of elasticity cannot be compared
directly with the average moduli of elasticity of the flanges,
since they are also affected by the modulus of elasticity of the
plywood in the web and by the shear deflection of the beams.
Nevertheless the same trend of high moduli of elasticity being
correlated with high specific gravitles is also evident for the
apparent modulus of elasticity. The only exceptions are beams
20-1 and 20-2, which can probably be explained by the relatively
small ratio of flange area to total cross-sectional area in these
particular beams. Such strong correlation between specific
gravity and modulus of elasticity in timber is well known and

has been documented, for example, by Kollmann (27).
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Specific gravity was determined as the ratio of oven-dry
weight of a sample to its volume measured immediately after
removing the specimens from the drying oven. Specimens taken
from the flanges measured approximately 1 inch x 2 inch x 7 inch
. and were dried at a temperature of 102 degrees centigrade for
about two days until reaching constant weight. The volume of

the specimens was calculated from the measured dimensions of the

prismatic samples.

Moisture content of a sample is the difference in weight
between the original and the completely dry state of a sample,

expressed as a percentage of its dry weight.

A statistical analysis of these data is given in Tables C-4

and C-5.

Two distinct groups of specific gravities were evident,
the average of one group being 0.52 and that of the other group
being O.43. The average moisture content of the flanges was
10 per cent. Of all the specimens tested only those cut from
beams 21-1 and 21-2 showed a moisture content significantly

different from that of the remainder of the beams.

Because of the relatively small size of the experimental
beams in this investigation, very thin plywood had to be chosen
for the webs. The material selected for the webs was birch
plywood, 5/32 inch thick, consisting of three layers of veneer.
No samples for the determination of the modulus of elasticity

were cut from the webs and only the specific gravity and the
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moisture content of the plywood were determined. The
details of the statistical analysis of these data are also
giveh in Tables C-4 and C-5. The average specific gravity
of the birch plywood was 0.66, with significantly lower
values observed for beams 20-3, 21-1 to 3 and 22-1. The
average value of 0066>is somewhat higher than the species
average for birch plywood given by Kollmann (27) as 0.61.
Average moisture content of the plywood was 7.9 per cent,
excluding the somewhat higher moisture contents of 8.3, 8.2

and 8.4 per cent found for beams 22-2, 23-2 and 23~3.

For the modulus of elasticity of European birch plywood
of three-ply construction with the outer veneer oriented parallel
to the span, Keylwerth gives a value of 1 820 000 psi at a mois-
ture content of 7 per cent; for the same type of plywood
Keylwerth also gives a modulus of rigidity of 104 000 psi.
For the modulus of rigidity of the flanges a value of 100 000 psi
has been used. This value was determined during the study of

the strain distribution in the flanges of a box beam.

Bending Stiffness and Torsional Rigidity of Box Sections.

The ﬁoduli of elasticity and rigidity of web and flanges
were used to calculate the bending stiffness and the torsicnal
rigidity of the beam sections. Details of the calculation of
the bending stiffness of orthotropic sections are given in
Appendix D. The torsional rigidity was determined by the
method outlined in Chapter 4. The second moments of area, Iy,

and the torsion constant, J, used in these calculations are given
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Table 6.3

Average Bending Stiffness and

Torsional Rigidity

Beam Bending Torsion
Type  EL,, 1000 lb-in GJ, 1000 1b-in®
Calculated Observed Calculated
20 134 22.9 24,2
21 725 24,0 124,0
22 927 165.0 164,0
23 1012 207.0 193,0

in Appendix C, Table C-1, The resulting average bending
stiffness and torsional rigidity of each beam type are given in

Table 6.3.

To check the calculated torsional rigidity the torsional
rigidity was also determined experimentally. A 33 inch long
section of each beam was twisted about its central axis and
the relative rotation of two sections 18 inches apart was
measured. In order to apply a torque, the beam was clamped
at one end to a rigid steel frame in a manner similar to that
shown in Fig. 6.2. At the opposite end a lever arm was
attached to the beam from which weights could be suspended.

To prevent bending, a pin was fixed to the centre of rotation
of the box section. This pin was supported in the vertical
direction. This arrangement allowed the beam to twist freely

without being subjected to any bending moments.
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Torsion was applied in eight to twelve increments by
suspending weights at the end of the lever arm. The rotation
resulting from this torsion was measured at two sections
approximately 6 inches from either end of the beam. The
resulting load-rotation curve for each beam was a straight
line. The corresponding regression lines for rotation on
loads are given in Table C-6., The slope of these regression
lines was then used to calculate the torsional rigidity, GJ,

of each beam from the relation

GJ = L1 Le/b (6.2)

where L,l and L, are lever arm and gauge length respectively and

2
where b equals the slope of the regression line, Table C-6,
converted to radians. The resulting average torsional rigidity
obtained from the experimental data is shown in Table 6.3. The
differences between the observed torsional rigidity and the values
calculated on the basis of the torsion constant J and a value of G
equal to 100 000 psi can be attributed to fhe variability of the
modulus of rigidity. For the calculation of the critical loads

for the lateral stability the observed values for the torsional

rigidity have been used.

Description of Test Equipment. In the experimental

investigation of the lateral stability of beams it is
essential that the boundary conditions assumed in the theoretical
analysis are also provided in the experiment. In the present

case it was assumed that only vertical loads were being applied
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and that the beam cross-section was free to rotate as well as
deflect laterally everywhere along the length of the beam
except at the ends. It was also assumed that the beam was
simply supported at the ends, both in the vertical as well

as the horizontal plane.

The simple support at the ends allowing rotations in the
vertical plane of the beam was provided by a single steel roller
of 4 inch diameter at either end of the beam. A 3 inch thick
steel plate between the roller and the beam prevented the roller
from being pressed into the lower face of the plywood box-beam
and assured that movement in the direction of the beam axis could
take place. To prevent lateral rotation of the ends about the
beam axis, beams were fitted into slots at the supportse. The
beam ends could thus freely rotate about the supporting roller
without any possibility of the beam tipping sideways. At the
same time the ends of the beam could also freely rotate in the
horizontal plane. The whole arrangement was supported by a
rigid steel frame at an elevation approximately three feet above

the ground. A general view of the test set-up is shown in Fig. 6.3.

Each beam was loaded by a single, concentrated force at
midspan. To prevent any possibility of lateral restraints it
was necessary to load the beam by means of weights suspended at
the centre of *he span. To allow unrestricted rotation of the
beam cross-section at midspan a special loading rig was constructed.
This rig consisted of a plywood yoke, a free-~floating spreader beam

and some cable and is shown in Fig. 6.4, With it loads could be
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positioned in such a way that during rotation of the beam cross-
section at the centre, the resultant of the applied load would
act either at midheight of the beam or at any other desired

position above or below the centroid of the cross-section.

Testing of Plywood Box Beams. After some preliminary

tests, which indicated the test equipment to be adequate,

the box beams of Type 20, 21, 22 and 23 were constructed.
Three beams were made of each type giving a total of twelve beams.
A number of studies were then conducted with these beams.  All
beams were tested at spans of 132 inch. and 99.5 inch. Beam
types 20 and 21 were also tested for a span of 67.25 inch. For
these tests the load was applied at the centroid of the beam
cross-section and the tests were labellgd Series 1, 2 and 3

corresponding to the three different spans, Table 6.4,

A1l other tests were conducted with the three beams of
Type 22, In these tests the effect of locating the load at the
top or the bottom edge of the box beam was investigated (Test
Series 4). Tests involving the initial rotation of the ends of
box beams were labelled Series 5. The effect of lateral
eccentricities on the lateral stability of plywood box beams,
finally was studied with tests in Series 6. Details of the
loading conditions for Series 4 to 6 are given in Table 6.5.  The

span length for all tests of Series 4 to 6 was 132 inch.

Beams were loaded in equal increments for approximately

the first ten to fifteen increments. The size of any further
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Table 6.4

Lateral Stability of Plywood

Box Beams

Load at Centroid of Cross-Section

Test Series Beam Types Span, in.
1 20, 21, 22 and 23 132.0
2 20, 21, 22 and 23 99.5
3 20 and 21 67.25
Table 6.5

Lateral Stability of Plywood

Box Beams

Eccentricities and Initial End Rotations

Beam Type 22
Span length 132.,0 in.

Test Load Position Initial End Rotation
Series X, in. ¥, in. degrees

TR 0 +3 0

h -2 0 0 0

b -3 0 -3 0

5 -1 1

5-2 2

5-3 0] 3

6 -1 0.5 0 0

6 -2 1.0 0 0
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load increments was governed by the amount of rotation produced
up to this stage of loading. For each increment the vertical
deflection and the rotation of the cross-section at the centre
were measured. Deflections were measured with a dial-gauge
giving increments of 0.001 inch. Rotations were observed with
an electrolevel, having ranges of x 5 degrees, Z degree and

: 0.25 degrees. Only the 5 and 1 degree ranges were being used
in this investigation. The scale of this electrolevel was
divided into 20 equal parts, giving for the coarsest range

increments of 0.5 degrees per division.

Since the same beams were used for a number of investigations,
it was essential not to damage the beams during loading. On the
other hand, loading had to be carried sufficiently far to produce
rotations large enough to allow an estimate of the buckling load

to be made.

Finally, after completion of Test Series 1 to 6, the beams
were loaded to failure to determine their maximum load carrying
capacity in bending. These tests were carried out with a hand-
operated testing machine., Beams of Type 20 and 21 were tested
on a 72 inch span, those of Type 22 and 23 on a 96 inch span,

The beams were loaded by two point loads located 14 inches to
either side of the middle of the beam. For these tests lateral
buckling had to be prevented in order to develop the full bending
strength of the box beams. The beams were therefore guided in
slots at the points of load application. An overall view of

the loading arrangement for these final beam tests is shown in Fig. 6.5.
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Results of Beam Tests. Using the observed load-

rotation curves a Southwell plot, Gi/P2 against & ,

was constructed for each beam. These Southwell plots
are shown in Appendix C, Fig. C-1(a) to (f). The majority of
these graphs show the characteristic straight line, which is
obtained, if the rotations are large enough and the load
sufficiently close to the critical load. In a few cases,
beams of Type 21 in Series 2 for example, the loading had not
been carried far enough to result in the desired straight line.
In general it was found that the loading had to be increased
far enough to produce at least three rotations larger than one
degree before the Ea/PZ vs. @ plot resulted in a straight line.
Since it was imperative that the beams would not be damaged and
because of the uncertainty of the actual load carrying capacity

of the beams this requirement could not always be fulfilled.

To obtain an estimate of the critical load for each beam,
the slope of the straight line, passing through the experimental
points of the Southwell plot, was calculated. For this purpose
it was assumed that, for a given value of @ , the quantity @/P2
was subject to experimental error. The slope B of the straight
line (% /P2 = A + B can then be calculated by minimizing the
sum of squares of the vertical deviations of the experimental
points from the straight line (12). The slope B for each test,
together with the maximum load and the maximum rotation are given
in Table C~7 in Appendix C., To calculate these slopes only
rotations larger than 0.65 degrees were used for Series 1 and 3.

For all other test series only rotations larger than one degree

were utilized.
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The slope of the straight line was used to calculate the
critical load by means of Equation(1-7). The results of these
calculations are given in Table C-8 as critical experimental
loads. Table C-8 also gives the maximum load placed on each
beam for each particular test as well as the theoretical load

calculated with Equation (2.58).

The critical experimental loads for Series 1 to 3 obtained
by means of the Southwell plot are also given in Fig. 6.6, which
shows the critical load P for a simply supported beam as a function
of the span length L. TFig. 6.6 shows curves for critical loads
for beams of Type 20, 21 and 23. The corresponding curve for
beam Type 22 does not differ greatly from that of Type 23 and
is not shown. These curves were calculated for a modulus of
elasticity equal to 1 600 000 psi and a modulus of rigidity equal
to 100 000 psi. In addition Fig. 6.6 also shows the increase
or the decrease in the calculated critical loads for beam Type 23
if the modulus of elasticity changes by plus or minus one standard
deviation. In a test series involving a large number of plywood
box beams with an average value of E = 1 600 000 psi, one would
expect that about two-thirds of all critical loads would fall

in this region. -

The experimental results for beam Type 20 appear to fit
the theoretical curve reasonably well. In general, however,
the observed critical loads are higher than would be expected
from Equation (2.58). In view of the low moduli of elasticity

of some of the beams, it is surprising that the experimental
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loads should be as high as shown in Fig. 6.6. Since the
specific gravity of the birch plywood was higher than the
species average given by Kollmann (27), it is possible, however,
that the modulus of elasticity for the birch plywood was higher
than the value assumed. Since the relative contribution of

the web to the second moment of area about the minor axis is
larger than its relative contribution to that about the major
axis, the effect of any differences in the modulus of elasticity
of the birch plywood from the value quoted by Keylwerth would

be less pronounced for the bending stiffness in the vertical
plane than for that in the horizontal plane. Since only the
deflections in the vertical plane were measured, it is possible
that such differences in the modulus of elasticity of the birch
plywood went undetected. While the actual value of the observed
critical loads was higher than expected, the loads do follow the

general trend indicated by the theoretical solution.

In Fig. 6.7 the critical loads have been plotted as a
function of the torsion constant J and the second moment of area Iy'
Again the experimental loads are somewhat higher than the theoretical
loads. But here, too, the pattern given by the theoretical solution
is followed by the experimental values. Loads -do appear to increase
linearly for a given span as the value of J~EE;~ increases and
likewise a decrease in the span length does result in an increase

in the slope of the line P vs. ¢3§§:,

The effect of a change in the vertical locetion of the

concentrated force on the critical loads was investigated by
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nine tests in Series 4. According to Kollbrunner (26) the
critical load, Pe , for lateral stability in the case of a
vertical eccentricity of z h/2 can be calculated from

-

p, = 2| 01432k (B1 fon) /20y

T 1.8(n/2L) /Ely/efl (6.3)

where P = critical load, load applied at centroid of cross-
section
h = beam height.

For the beams of Type 22 and a 132 inch span Equation (6.3)
gives an increase in the critical load of about nine per cent,
when the load is applied at the lower edge of the beam. Similarly,
when the load is placed on the upper edge, the critical-ldad_will
be decreased by nine per cent. The corresponding experimental

results are given in Table 6.6.

Table 6.6

Effect of Vertical Eccentricities

on Critical Experimental Loads

Test Series 4

Critical Experimental Loads, lbs.

‘Location Beam Number

of Load 1 2 3
Top edge - 3l Lo6
Centroid 375 - Ly

Bottom edge 439 - L81
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Only tests with beams No. 1 and 3 resulted in usable
information. However these results do confirm, generally
speaking, the theoretical prediction. Locating the load on the
top edge resulted in a five per cent decrease in the critical
load of beam No. 3 When the load was placed a distance h/2
below the centroid of the cross-section the critical load of
beam No.1 increased by sixteen per cent and that of beam No. 3

by eight per cent.

The results from the last two test series, given in
Table C-SJ show quite an erratic behaviour. An inclination

M . '
of the mes®r axis of the beam of 1, 2 or 3 degrees to the vertical,
Series 5, does not give rise to a discernible pattern in the
critical experimental loads. For the tests on the effects of
lateral eccentricities only beam No. 3 gave a usable Southwell
plot for both eccentricities. But the critical experimental

loads obtained from the Southwell plot appear to be meaningless.

Great care had been teken in the loading of these beams
and an attempt had been made to carry the loading as close as
possible to a state of instability. Indeed, in a few cases,
the loads placed on a beam were so large that the centre section
continued to rotate and deflect sideways without any further
increase in loads. VWhen this happened, the beam had to be
physically restrained from collapsing and loads had to be taken

off quickly to obtain again a state of stability.

The loads shown in the column labelled P-Max in Table C-8,



- 10 -

which are the actual maximum loads placed on the beam, are
therefore much more representative of the actual critical loads
for instability than the loads obtained by means of the Southwell
plot, The only conclusion that can be stated therefore is, that
the Southwell plot, as used in this investigation, cannot be used
for the calculation of critical loads in the case of large initial

lateral eccentricities or initial rotations.

The modulus of rupture of each beam, obtained from a

final bending test after completion of test Series 1 to 6, is

given in Table 6.7. The modulus of rupture, W, s was calculated
from

- =

g, M /S (6.4)
where Mr = moment causing failure of beam

Sx = section modulus of gross-section of beam

The gross-section of the beam here is equal to the actual
beam cross-section given by the dimensions in Table 6.1, No
allowance is made for any possible change in the cross-sectional
properties at a joint in the plywood web. The failure of most
of these beams occurred in a manner similar to that observed by
the author in an earlier study of the strength of plywood box-
beams (41). Most of the beams displayed a linear load-deflection
behaviour almost up to their maximum load carrying capacity.

Except for those of Type 22, beams usually failed suddenly and
ruptured completely on the tension side. Failure usually occurred

in the tension flange near a butt-joint in the pPlywood. It is
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Table 6.7

Modulus of Rupture

of Plywood Box Beams

Modulus of Rupture, psi

Beam No, Beam Type
20 21 22 23
1 2350 6040 5070 5470
2 4920 7900 7490 8810
3 5430 9910 7110 6880

gelf-evident that such butt-joints represent a point of stress
concentration, since stresses cannot be transferred continuously
from one web to the next at such a location. Beams of Type 22
yielded considerably on the compression side, before finally
failing in tension. Average modulus of rupture of beams of

Type 21, 22 and 23 was 7 190 psi.

Beams of Type 20 failed by lateral buckling, even though
they were restrained from moving laterally at the points of load
application, Failure usually occurred in the glue line between
the web and the flange after large lateral deformations had taken
place. The low load carrying capacity of beam No. 20-1 may have
been the result of earlier damage sustained during the last test

in Series 3.

The strength of all box-beams was well above the stresses

induced by the loads required to produce lateral instability. It
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may be concluded therefore that for plywood box beams, just as
for any other beams, consideration of the resistance to lateral
instability should form an important part in the analysis of

their load carrying capacity.

Shear Stress Distribution in Plywood Box Sections,. A

theoretical expression for the shear stresses in box

sections subjected to torsion has been derived in
Chapter 4, Equation (4.50). The resulting shear stress
distribution for a typical box section (h = 6.75 inch.,

b, = 2.187 inch., d= 1,687 inch., t = 0.25 inch.) has been

1
evaluated and is shown in Figs. 6.8 and 6.9. It is apparent
that the shear stress distribution in the flanges is far from
being uniform. From a negative value at the outside of the
flange, the shear stresses along the centre line of the cross-
section diminish almost linearly until they become zero. Shear
stresses in the opposite direction are then being built up until
a second maximum stress is reached at the inside of the flange.
It appears, that in addition to the shear flow around the outside

of the box section, a secondary shear flow, producing an additional

couple resisting torsion, is being set up in a deep flange.

The presence of these secondary shear flows was first
pointed out to the author by Bannister*(private communication),
who recently found a reversal of shear stresses such as shown
in Fig. 6.8, while measuring shear strain distributions in
plywood box-beams., To confirm the caluclated stress pattern

and the findings of Bannister, strains were investigated on

*A. Bannister, Department of Civil Engineering, University of
Salford, Salford 5, Lancashire.
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the inside and the outside of the flanges of 8 2-3/16 inch.

by 6-3/4 inch. plywood Box-beam° The flanges of this box~beam
were Douglas fir, 1.69 inch. deep and the web consisted of
0.25 inch. birch plywood of five-ply construction, Fig. 6.8(a).
The outer grain of the plywood was oriented perpendicular to
the span. Flange and web were glued together with a resin

type glue.

Prior to assembling web and flanges, electric resistance
wire strain gauge rosettes were placed on two opposite sides of
the two pieces of Douglas fir, which later were to form the
flanges. Each rosette consisted of three gauges. Of these,
one was oriented in the longitudinal direction of the wood, and
two crossed the grain direction at +45 and -45 degrees respectively.
Strain gauge rosettes were placed at two locations along the length
of the beam a distance of twelve inch. apart. All gruges at one
location were 5 mm, at the second location 10 mm long. Total

number of strain gauge rosettes was eight.

Before assembling the box-beam the two flanges were tested
individually in torsion. The 1.69 x 1.69 inch. flanges were
clamped at one end and freely supported at the other end where
a moment arm was attached. Distance between the clamped and
the freely supported end was 48 inch. The strain gauges were
located approximately 18 inches from the nearest support. At
the end where the moment arm was attached, the flange was simply
supported but free to rotate about its own axis, so that it could

rotate without being subjected to bending. Torsion was applied
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by placing weights at the end of the 12 inch moment arm attached
to the flange. Load was increased in steps of two pounds from

zero to a maximum of 14 1bs.

Each test was repeated once. A regression analysis of
the resulting load~strain distribution for each gauge is given
in Table C-9(a). The rotation of the two strain-gauged sections,

a distance of 12 inch. apart, was also measured.

After testing the flanges individually, flanges and web
were glued together to form the box-section, Test Series 2, with
a moment arm of 24 inch. Load increments of five pounds were
used up to a maximum load of 35 lbs. For the complete box-beam,
distance between lateral supports was increased to six feet to
avoid possible interference of support conditions with the strain
distribution. Regression analyses of the resulting load-strain
distributions are given in Table C-9(b). Again two tests were

performed.

The regression analysis represents a plot of strains, e,
against loads, P, where the strains are treated as the dependent
variable, The slope, B, of the regression line e = A + B P is
equal to the strain, in micro-inches per inch, per pound of load
for each gauge. This regression line is a least squares estimate
of the unknown true line, i.e. the sum of squares of vertical
deviations of observed points from the regression line is
minimised (12). The regression lines are given in Table C-9

in Appendix C. The correlation coefficient R for all load
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strain curves is 1.0 or nearly 1.Q, indicating a good fit

of the observed strains with the calculated straight line.

Gauge No. 2 for each location measured the strain in the
longitudinal direction. While, theoretically, the strain in
this direction should be zero, possible misalignment of gauges
as well as grain deviations actually resulted in some strain
in this direction. However these stréins are small and the
assumption of zero forces in the longitudinal direction, which
is being made in the derivation of the torsion constant, is

therefore justified.

Gauges 1 and 3 were placed symmetrically on either side
of the centre line of the beam. It would be expected, therefore,
that the strains for these directions, apart from a Sign, are
equal. The results again confirm the assumption, the small
differences being attributable to experimental error. Locations
1 and 2 on each flange were opposite each other and were instru-
mented with 5 mm long gauges. Similarly locations 3 and 4
formed a pair, but were equipped with 10 mm long gauges. The
results for these two different gauge lengths do not appear to

differ greatly.

The strain readings for Test Series 2 follow a similar
pattern. The correlation between load and strain for the
individual gauges is good and the strain readings follow the

pattern that is expected from the condition of symmetry.
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Table 6.8

Flange Shear Strain Distribution

Torsion Specimens

Shear Strains, microinches/inch

Individual Box Section
Flanges
Applied Torsion: 24 in-1b 840 in-1b
Flange Face
1 1 -210 "805
2 +112 +385
2 1 -204 ~-350
2 +238 +805

Shear strains, v, at each location were then calculated as
the difference between the measured strains e, and e3 in the 1

and 3 directions.

v = e -@ (6.5)

The shear strain v here is defined as the angularléﬁénge
between the longitudinal and the perpendicular direction acioss
the width of the beam. The results of these calculations are
given in Tables C-10(a) and C-10(b) and are summarized in Table 6.8.

for an applied load of 24 in-1b.

To obtain the corresponding shear stress distribution a
modulus of rigidity, G, can be calculated from the observed relative

rotation (7 between two sections. For the two individual flanges
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Test Series 1, the relative rotations of twe sections 12 inches
apart due to a load of 14 lbs. was 0.95 degrees and 1.05 degrees
respectively. TFor a square section of size a x a the torsion
constant J equals 0,1406 aL* (18). The modulus of rigidity

can therefore be estimated from

— e — o

The resulting moduli of rigidity for the two individual
Douglas fir flanges are G = 105 000 psi and G = 95 000 psi.
It should be noted that this modulus of rigidity represents only
a mean of the two moduli for the longitudinal-tangential and
the longitudinal-radial directions of the wood. However for
softwoods these two values usually do not differ greatly (1, 25)
and it is sufficient therefore to use this mean modulus of
rigidity for the calculation of shear stresses. Keylwerth (25)
quotes a value of GLR for Douglas fir at approximately 12 per
~cent moisture content of 9 000 kg/cm2 (128 000 psi), which is

reasonably close to the value found above.

Using an average value of G = 100 00C psi, the average
shear stress at the middle of one side of an individual flange,
calculated from the observed strains, will therefore be equal
to 21.0 psi. This shear stress can be compared with a theoretical

value due to an applied torque T

(6.7)

where for a square section k. is given by Goodier (18) as 0,208,
48
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The resulting shear stress for a torque of 24.0 in.-1b is

v = 23.8 psi, indicating close agreement between the theoretical

and the observed shear stresses.

The mean modulus of rigidity found from the relative
rotation of the individual flanges can now be used to calculate
the expected relative rotation of the box section. To calculate
the torsion factor F and the shear stress coefficient k2 half the
top flange was divided into eight rows and five columns, giving
a total of forty elements in one half of the flange. Using’
Bquation (4.43) the torsion factor for an isotropic section was
calculated as F = 0.,18. The relative twist for a torque of

840 in.-1b will therefore be

O - 840 x 57.30 x_12

= 3 = 0.45 degrees
100 000 x 0.18 x 2.19” x 6.75

The difference between the observed rotations at sections
1 and 2 of the box-beam is 0 = 2.05 - 1.6 = 0.45 degrees.,i identical
to the calculated twist. If, on the other hand, Equation (4.4)
is used for the determination of the torsion constant, the resulting
value of J is 9.1 inl+ and consequently the relative twist would

be overestimated by about 40 per cent.

The average shear stresses at the outside and the inside of
the flanges of the box-section can be calculated from the shear
strains given in Table 6.7. Using again the average modulus of
rigidity obtained from the tests of the individual flanges, the

eXperimental shear stresses become v = ~81 psi at the outside
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and v = +37 psi at the inside of the flange. Using Equation (4,48)
the shear stress coefficient k2 for the centre element of the
outside row of the flange was calculated as 0.593/0.18 = 3.29

and the expected shear stress for a torgue of 840 in.-1b there-

fore is

3,29 x 840

3 = 85 psi
2019 X 6“?5

v =

Similarly, for the inside of the flange, k, = 1.6% and the expected

2
shear stress is 42 psi. Both locations, the inside as well as
the outside of the flange in the box beam investigated therefore
show good agreement between the experimental and the theoretical

shear strain distribution. These shear stresses may also be

compared with Bredt's first formula (18)

T
vV o= 353 (6.8)
where A = area enclosed by the middle curve of the cross-section(Fig.h.2).
t = wall thickness

Admittedly Equation (6.8) should only be used for box-sections

with thin walls and it is therefore not surprising that Bredt's

formula, when used for the above cross-section, does give a completely

erroneous result of v = 12.6 psi.

Vhile this experimental investigation of the torsional
shear stress distribution and rigidity for box sections only formed
a minor part of the current investigation, the results suggest

that the torsion constants calculated by means of the finite



- 152 -

element theory outlined in Chapter 4 do give a good estimate of
the torsional rigidity of such sections. Similarly, from

the limited expeiimental evidence available, it appears that
the shear stress coefficients derived in Chapter 4 will give

a good estimate of the shear stresses in box-sections having

deep flanges.
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Summary

An application of the finite element method of analysis
to the investigation of the lateral stability of beams and arches
is présented in this thesis. Particular attention was given to
the analysis of plywood box-beams, a form of composite construction
particularly suitable for the combination of plywood and lumber.
An experimental investigation of the lateral stability of plywood
box-beams is also described. As a result of this investigation

the following points can be summarized.

1. Using the finite element method of analysis a general
expression for the lateral stability of beams and arches,

Equation (2.52), has been developed.

2o The expression for the lateral stability of beams,
Equation (2.58), is a special case of the more general
expression derived for arches. The finite element
analysis, when applied to beams, will result in the same
critical loads as those calculated by the classical theory

of elastic stability.

3, A general expression for the calculation of the torsion
constant J for box-sections, Equation (4.44), also has been
derived by means of a finite element approach. Torsion
factors for a number of cross-sections have been calculated

and are given in Appendix B,
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The analysis of the torsional rigidity of box-sections,
given in Chapter 4, indicates that in box-sections with
deep flanges shear stresses due to torsion are not dis-
tributed uniformly across the depth of the flange. On

the contrary, shear stresses on the outside of the flange
will be oriented in a direction opposite to that on the
inside of the same flange. An assumption of uniform shear
stress for box-beams with deep flanges will result in an

erroneous value of the torsional rigidity of such a section.

The non-uniform distribution of shear stresses in box-beams
with deep flanges indicated by the finite element analysis

was confirmed by an experimental investigation.

An experimental investigation of the lateral stability of
plywood box-beams confirmed the validity of the classical
analysis and the finite element analysis. These tests
indicated in particular the importance of an accurate
knowledge of the lateral bending stiffness and torsional
rigidity of plywood box-beams for the calculation of -critical
loads. The tests confirmed the changes in the critical load
predicted by the classical theory, which will result if the

point of load application ig moved in a vertical direction.

Vhen a single concentrated force was applied eccentrically
relative to the major plane of bending or when the ends of
the beams were rotated relative to a vertical plane, a

Southwell plot of the corresponding experimental test
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results did not give a reasonable estimate of the
critical loads. The effect of initial eccentricities

should therefore receive some further attention.

Coefficients for the lateral stability of two-hinged
parabolic arches have been calculated and are given in
Appendix A. Experimental verification of these constants
has not yet been sought. An experimeﬁtal study of the
lateral stability of arches in fthe immediate future will

therefore be of considereble interest.
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Basic Notation

Symbols are defined in the text, where they first appear. A

list of hasie s'mbols nnd their meaning is given below,

b = imdtirl bow, also width of torsion ='ement

A = area

b = subscrint indicating hendineg, ~lso heicht of torsion
alement

b, = +idth of cross-section

b,b = transformation mstrices

-
"

force-~displicement transformztion matrix
d = depth of flanee of I~ or box-zection

3) £ = St‘!’ﬂin

B = modnlus of elasticity

f = flexibility matpyix

G = modulus of rigidity

h = rise of arch, nlso heicht of cross-section
I =  gecond moment of area

J =  torsion constant

- unit matrix

k = element stiffness mririx
K = stiffrness of totzl structure or corm=onnent
¥4 = length of be=m element
1, My n = direction cosines
1, = npan
=  bendinr moment
n = nuaber of elements

B axdial fores

it
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zero mrhrix .

‘single caoncentrated f-rce

veetnr of elemént forces

vector of nodal noint displacements rel-tivre to nlobal
cystem of co-ordinntes

vector of extern=l forces

section modnlus

vechtor of element forces

subserint irdicatine torsion, nlso veb-thickness
vactor of torsion moments

displacements in =y ¥=- or z-direction

forces in X=, ¥y~ or z-diregtion

vectars of forces in x~, yv= or z-direction

vectnr of element displncements, i.e. nodﬁ] voint displ~ce-
ments relative to lncal system of co-ordinates

vector of redundsncies )

orthoronnl system of co-ordinates (clobsl system)
rotation

twist

loczl orthoponal system of nxes
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Appendix A

Lateral Stability Coefficients C,

(=

for Two-Hinged Parabolic Arches

Loaded at the Crown

by a

Single Concentrated Force
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AEEendix B

Torsion Constants

for

Box and I~ Sections

The torsion factor F is given as a function

of the ratios d/b,, t/b, and h/b,, where

d = depth of flanges

t = thickness of one web
b, = width of section

h = height of section

Fb h

Torsion constant: J \



- 165 -

Table B-1

Torsion Factor F for Box Sections

Isotropic Material

t/b, = 0.01
a/b, Height - to - Width Ratio, h/b,
0.4 1.0 2.0 3.0 4.0 6.0 8.0 10,0
0.2 0.041 0,023 0.022 0,021 0.021 0,021 0,020
0.5 0.142 0.047 0.038 0.03%3 0.029 0.026 0.025
1.0 0.229 0,109 0,087 0.064 0.053 0,047
1.5 0.263 0,159 0.113 0,090 0,076
2.0 0.279 0.16% 0,129 0.108
3.0 0.295 0.205 0,169
4.0 0.306 0.232
Teble B-2

Torsion Factor F for Box Sections

Isotropic Material

t/b, = 0.05

a/b, Height - to - Width Ratio, h/b,

O.h 140 2.0 3.0 k.o 6.0 8.0 10.0
0.2 0.0402 0.066 0,078 0.088 0.089 0.089 0.090
0.5 0.2 0,102 0.098 0.096 0.095 0.094% 0,093
1.0 0.229 0.155 Q.138 0.121 0,118 0.113
1.5 0.263 0.196 0,160 0.142
2.0 0.279 0.202 0.175 0.758

3.0 0.295 0.232 0.205
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Table B-3%

Torsion Factor F for Box Sections

Isotropic Material

t/b, = 0.10

a/b, Height - to - Width Ratio, h/b,
0.4 1,0 2.0 3,0 4,0 6.0 8.0 10.0
0.2 0.0402 0,096 0.127 0,138 0,145 0,151  0.154
0.5 0.142 0.150 0.154 0,157 0.159 0.161 0.161
1.0 0.229 0.194% 0.186 0.179 0.175 0.173
1.5 0.263 0.228 0.206 0.195 0.189
2.0 0.279 0.237 0.219 0.208
3.0 0.295 0.259 0,241
4.0 0.306 0.291
Table B-4
Torsion Factor F for Box Sections
Isotropic Material

t/b, = 0.5

a/b, Height - to - Width Ratio, h/b,
0.4 1.0 2.0 3,0 4.0 6.0 8.0 10.0

0.2 0,0413 0.112 0.159 0.177 0.187 0.198 0.203
0.5 0.142 0.183 0.195 0.202 0,208 0.211 0.213
1.0 0.229 0.2217 0.221 0.221 0,221 0.221
1.5 0.263 0.248 0,238 0.234
2.0 0.279 0,257 0.248 0.243
3,0 0.295 0.277 0.265
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Table B=5

Torsion Factor F for Box Sections

of Orthotropic Material

t/b, = 0.1
d/b' =0 95
sz/’eyz He;ght - to - Yidth Ratio, h/b,
1.0 2.0 5.0 10,0
0.6 0.107 0.133 0.153 0,160
0.8 0,126 0.142 0.158 0.164
1,0 0.142 0.150 0.162 0.166
1.2 0.155 0.156 0.166 0.169
Table B-6

Torsion Factor F for Box Sections

of Orthotropic Haterial

0.1
2.0

t/b,
a/o

sz/Gyz Height -~ to - i/idth Ratio, h/b,

L.o 6.0 10.0
0.6 0.264L 0.219 0.198
0.8 0.273 0.226 0,201
1.0 0.280 0.232 0.205

1.2 0.285 0.236 0.208
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Table B-7

Torsion Factor F for Box Sections with Different

Moduli of Rigidity for Web and Flanges

Isotropic Material

d/b\ = 005
t/b' = 001
G(web)/G(flange) Height - to - Width Ratio, h/b,
1.0 2.0 3.0 k.0 6.0 10.0
0.6 0.124  0.102 0.100 0.099 0.099
0.8 0.133 0.127 0.128 0.129 0.7130 0.130
0.9 0,138 0.138 0.141  0.143 0.145 0.146
1.0 0.142 0.150 0.154 0.157 0.159 0.161
1.1 0.146 0.161  0.167 0.171  0.174  0.177
1.2 0.150 0.172 0.184 0.188 0.191
1.4 0.157 0.193 0.211  0.217 0.222
Table B-8
Torsion Factor F for Box Sections with Different
Moduli of Rigidity for Web and Flanges
Isotropic Material
d/b. = 250
t/b, = 0.1
G(web)/G(flange) Height - to - Width Ratio, h/b,
4,0 6.0 10.0
0.6 0.227 0. 174 0.144
0.8 0.254 0.203 0.174
1.0 0.280 0.232 0.205
1.2 0.305 0.261 0.235

1.4 0.33%0 0.289 0.265




Table B-9

Torsion Factor F for Box Sections with

Different Moduli of Rigidity for Web and Flanges

Orthotropic Material

d/b, = 005
t/b' = 0.1
Flange Web Height - to - Width Ratio, h/b,

sz/cyz Gwzx/'ewyz GwyZ/GyZ 1.0 2.0 4.0 10.0
0.8 0.8 0.8 0.119 0.121 0.128 0.132
1.0 0.126 0.142 0.156 0,164

1.2 0,133 0.163 0.183 0.195

0.8 1.0 0.8 0.119 0.121 0.129 0.133
1.0 0.126 0.143 0.157 0.165

102 0,133 0.164 0.185 0.197

0.8 1.2 0.8 0.119 0.122 0.130 0.135
1.0 0.127 0O.144 0.158 0.167

1.2 0.133 0,166 0,186 0,199

1.0 0.8 0.8 0.133 0,126 0.130 0,133
1.0 0.%2 0.149 0.159 0,165

1.2 0.150 0.171 0.187 0.196

1.0 1.0 0.8 0.133 0.127 0.1317 0.13%
1.0 0.2 0.150 0.1960 0.166

1.2 0.150 0.172 0,188 0.198

1.0 102 0.8 0.133 0.127 0.132 0,136
140 0.142 0.1517 0.161 0.168

1.2 0.150 0.173 0,190 0.200

1.2 0.8 0.8 0,14k 0,130 0.132 0.134
1.0 0.154 0.154 0.161 0.166

1.2 0.163 0.177 0.190 0.198

1.2 1.0 0.8 0.145 0.131 0.134%  0.135
1.0 0.155 0.155 0.163 0,167

102 0.4 0.178 0.1917  0.199

1.2 1.2 0.8 0.1%5 0,132 0,135 0.137
1.0 0.155 0,156 0.164 0.169

102 0.%64 0,179 0,193  0.201
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Table B-10

Torsion Factor F for I-Sections

Isotropic Material

t/‘b, = 0010

d/b, Height - to - Width Ratio, h/b,

0.k 1.0 2.0 k.0 6.0 8.0 10.0
0.2 0.122  0.0055 0.0030 0.,0026 0.0022 0.0020
0.5 0.0578 0,041 0,026  0.021  0.098 0,017
1.0 O.14k  0.075  0.0517  0.040  0.033
2.0 0.229  0.762  0.127  0.099
3.0 0,264 0,200  0.161
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Appendix C

Lxperimental Results

For the interpretation of some of the test results a number
of statistical quantities have been calculated (12, 20). A definition

of statistical terms used is given below:

Observed quantities: X, ¥
Number of observations: N
N

- 1
Mean: x““f\f ZX

2 1 c 2 1 d 2
Variance: 8" = N-'l[?x -E(Zx)}
Standard deviation: s

x 100 %

i

Coefficient of variation: v

ntlo

t-Tegt

Pooled variance for two populations (N,, §1, si) and (Né, §2' si)

2 2

s =
q N1 + N2 -2

(N2 - 1)

The t-test for difference between two populations

- - [
RS - %, | jN1 N,
qd N1 + N2
Degrees of freedom n = N1 + N2 -2
Interpretation of t-test:
t99 difference §1 - §2 is highly significant (*%)
t99 >t > t95 difference §1 - Ea is significant (*) but may require

ferther tests.
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t < t95 difference is not significant, observations x,

and x, are drawn from the same population.

2

The values t.. and t.. are the limits of an integral, defining the

95 99
probability of an event to occur, The limit z t95 defines a
95 per cent, z t99 a 99 per cent probability.
Regression Analysis
The guantities x, y are pairs of observations.
N
. . 2 1 -2
Variances: 5. = To 2{ {(x = x)
2 1 < 1,2
yx = N-2 }'- -y
where y1 = value calculated from regression line
. . 1
Regression line: y = a + bx
Regression coefficient: b = 2 (x = DG - 3)

> (x - ¢

Sample correlation coefficient

(x = X)(y - ¥)
(n-ﬁsxsyr

Confidence interval for slope b

5, = e

s n -1
X



TABLE Ca-1

SECTION PROPERTTIES

DIMENSIINS, IN. SECOND MOMEMTS OF AREA,INs»4 TORSION
‘ X1 - AXIS ETA - AXIS INs#G

BEAM BEAM H B D T 11 12 1 11 12 I J
20 1 . 4.5 0.56 1.00 0.156 1.57 2.37 3.95 0.0026 0.0609 0.0635 0.2367
20 2 4.5 0.56 1.00 0.156 1.57 2.37 3.95 0.0026 0.0609 0.0635 0.2367
20 3 4.5 0.56 1.00 0.156 1.57 2.37 3.95 0.0026 0.0609 0.0635 0.2367
21 1 4.5 1.07 0.99 0.156 4.77 2.39 7.16 0.0717 0.2970 0.3687 1.1768
21 2 4.5 1.07 0.98 0.156 4.77 2.40 7.17 0.0710 0.2976 0.3687 1.1794
21 3 . 4.5 1.05 1.00 0.156 6.69 2.40 7.10 0.0669 0.2849 0.3518 1.1145
227 1 6.0 1.06 1.00 0.156° 9.47 5.62 15.09 0.0696 0.3866 0.4562 1.5393
22 2 6.0 1.06 1.00 0.156 9.47 5.62 15.09 0.0696 0.3866 0.4562 1.5393
22 3 6.0 1.06 0.98 0.156 9.35 5.62 14.97 0.0682 0.3866 0.4548 1,5393
23 1 6.0 1.06 2.00 0.156 12.96 5.62 18.58 0.1393 0.3866 0.5259 1.8058
23 2 6.0 1.06 2.00 0.156 12.96 5.62 18.58 0.1393 0.3866 0.5259 1.8058

3 6.0

23 1.06 2.00 0.156 12.96 5.62 18.58 0.1393 0.38B66 0.5259 1.80538

(YA



BEAY BEAM
TYPE NO.
26 1
20 2
20 3
21 1
21 2
21 3
22 1
22z
22 3
23 1
23 2
23 3

N

oo co o a0 e

e Bl o o

00y

S
PST

0.410C
0.132E
0.197E

0.355E
0. 234E
0.320E

0.113E
0.130E
0e354E

0.526E
0.80‘+E
0.218E

03
03
03

03
03
03
U4

03
03

03
03
03

<
(%)

TABLE

0 F

C~.2

ELASTICITTY

FLANGES DF BOX BEAMS

cv

PERCENT

0.383E
0.121F
0.263%

0.136F
0.946E
0.821E

Y4 319F
Oet19L
N.110E

Q. 198E
0.234¢
0.800E

02
02
02

02
01
0l

02
01
02

02
02
0}

CONFIDENCE LIMITS

95 PC

0.430&
0.138€
N.207E

0.373E
0.245E
(a330E

D.119€
0.}30¢
0.371E

0.552E
D.843E
De2?28BE

03
03
03

03

03

03

04
03
03

03
03
03

99 pC

0.674E
0eZ216E
0.325E

0.585E
0.385€
0.526E

0.187E
0.213E
0.582E

0.866E
0.132E
0.358E

03
03
Q3

03
03
03

04
03
03

03
04
03

Ei -
PS1

0.168E
0.159€
0.110¢

0.128¢&
DJ111E
0.194E

0.159E
0. 134E
0.155E

0.119E
0.159C
0.129E

07
4
o7

o7
07
07

o7
07
o7

071
07
07

#lL
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Table C-3%

Apparent Modulus of Flasticity and

Modulus of Rupture of Box Beams.

Two-Point Loading

(Fig. 6.5)

L = span

a = position of load from nearest support

P = total load on beam

Beam Beam Initial . : Modulus Modulus

T N L a Slope P, Mex. of of
ype ° B/y Flasticity Rupture

in, in. tons71n° 1bs. psi psi

6

20 1 72,0 22,0 0.422 230 7,17%10 2 350
2 0,465 290 1.22 4 920
3 : 0.385 830 1,01 5 430
21 1 2.0 22,0 0.700 1750 0.99 6 ol
2 0,700 2280 0.99 7 900
0,894 2860 1.27 9910
22 1 96.0 34.0 0.666 1500 1,19 5 070
2 0,663 2220 1.20 7 490
0.695 2000 1.27 7 110
23 1 96.0 34.0 0.705 1990 1,04 5 470
0.246 3210 1.25 8 800
0.705 2510 1.04 6 880

* 1 ton = 2240 1lbs.
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TABLE C-4 (a)

SPECIFIC GRAVITY
FLAMGES

BEAM REAM N SP.OR. Sew? $ T SIGHIFICANCE
TYPE D, ' LEVEL
20 1 6 0.517 0.012 Nel1l 0. NS
& 0e517 0. 012 Velll
20 2 6 Oa 528 0. 003 0.057 0.233 NS
12 0e%22 0. 007 0. OFA
20 3 6 0ah34 0.001 0,037 2.432 *
21 1. ) G.436 0. C00 0,018 2ehbl »
21 2 6 0.426 V. 000 0.021 2.712 »
21 3 6 0.597 0.001 0.026 2.106 NS
18 D.547 0.006 0,078
22 1 6 De513 H.014 Q.119 0.826 NS
2% 0.539 0. 008 0. 088
22 2 3 0.468 0. 001 0.0343 1.911 NS
30 0.528 0.007 Q085
2¢ 3 6 D479 0,001 Ve 024 1.284 NS
36 G517 0,006 0.0HO
23 1 6 0.412 0,001 Ve 034 3.159 e
23 2 6 .524 0.010 0, 1002 0,188 NS

42 0.518 0.007 0.0R82



- BEAM BEAM
TYPE NO.
20 1
20 2
20 3
21 1
21 Z
21 3
22 1
22 Fa
22 3
23 1
23 2
23 3

N

o> NN OO

@<

6
24
30
36

42

TABLE
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SPECI FIC

SP.GRa

0.657
0.657
0.659
0.658
0.616

0.638
0.622
0.634

0.675
04654
0.657
0.662
0.658

0.650
0.657
0.655
0.656
0.5655
0.656

WERB

Sen2

0. 000
0. 000
0.000
0.000
0. 000

0. 000
0.000
0. 000

0.000
0. 000
0. 000
0. 000
0. 000

0. 000
0.000
0.000
0.000
0. 000
0. 000

C~ b

(b)

GRAVITY

0.014
0.014
0.013
0.013
0.00%9

0.017
0.013
0.011

0.019
0.010
0.012
0.010
0.012

0.014
0.012
0.011
0.012
0.019
0.013

-

T

0.

0.224
Teal97
2.868

5.530
4,066

2172

0794

1.0648

1.440 .

0.227

0.254

SIGNIFICANCE
LEVEL
NS
NS

*n

'Y
.
NS

NS

NS
NS
NS



- BEAM BEAM
TYPE MO.
20 1
20 Z
20 3
21 1
21 2
21 3
22 1
22 2
22 3
23 1
23 Z
23 3

N

[
TN O

™~ bt
SO

[N} N
NSO

-

60
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TABLE

MO S TURE

M.Ce
PERCEMT

- 10.1

10,1
10.2
1.1
10.1
10.1

Ye4
9.6
9.9
10,1

.9
10-0
10.2
10.1
10.1
10.1

10.0
10.1
10.1
10.1

9.8
10.0

F LA

S22

~

0.565
0.56%5
0.251
0.374
0.228
0.7310

0.002
0.107
0.260

0.209
De 244
O.182
0.23%3
0.142
0.216

0.097
Ue 200
t.124
0.189
0.016
041176

C~-5 (a)

CONTENT

NGES

0.752
0.752
0.501
De612
0.477
0.557

04049
D.185
0.327
N.510

D457
QL4934
0.427
Qs 482
0.377
0465

04311
Q.441
NDa.382
0. ('035
Ne128
0.420

T

0.297
0.240
2.986
2+22%
0.802
0.475
047199

0300

0.435
0.025

1.328

SIGNIFICANCE
LEVEL

NS
NS
NS

L

NS

MS
NS
HS
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TABLE C-~5 (b)

MODI STURE CONTENT

WESB
BEAM BEAM N M.Ce. Ses2 S T SIGNIFICANCE
TYPE HD PERCENT LEVEL
20 1 6 7.8 0.078 0s2179 0. *S
v 6 7.8 0.078 0.279
20 2 6 7.9 0.088 0297 0.9206 NS
12 7.8 0.082 0.286
20 3 6 8.0 D061} De246 0977 NS
18 Te9 0.075 0.274
21 1 6 1.9 0. 054 0.232 0.197 NS
24 7.9 0.067 0259
30 7.9 0.068 0.260
21 3 [ Te9 0.039 Je n 97 0. 064 MS
36 79 0.062 0.7248
22 1 6 T.9 0,030 C.172 0.621 NS
42 7.9 N0.057 N.238 .
22 Z 6 8.3 0.109 0,330 3.789 "%
48 7.9 0.053 0.229
23 1 6 7.8 Oe 635 De T47 0.457 NS
54 T.9 0.107 0,327
23 el 6 8.2 0.181 Qets25 24460 -
23 3 6 B.4 0.136 0.369 3.937 e



TABLE C-6

TORSIONAL RIGIDITY
EXPERIMENTAL BOX BEAMS

REGRESSION ANALYSIS

BEAM BEAM NO. OF - A B SY S8 R P=MAX - 6J

TYPE NO. READINGS DEG = DEG/LB LBS  LB-IN#*2
20 1 8 ~0.039 1.159 0.568 0.016 1.00 1.6 0.218E 05
20 2 B -0.007 1.023° 0.501 0.005 1.00 l.6 0.246E 05
20 3 8 ~0.043 1.137 0.557 0.019 1.00 1.6 D.222E 05
21 1 8 ~0.018 0,200 0.489 0.001 .00 8.0 O0.126E 06
21 2 3 ~0.021 04199 0.486 0,001 1.00 8.0 0.127€ 06
21 3 8 ~-0.029 0.210 0.514 0.001 1.D0 8.0 0N.120F 06
22 1 12 ~0.012 0.131 0.472 0.00L 1.00 12,0 0.173E 06
22 2 12 -0.023 0.143 0.515 0,001 1.00 12.0 0.159E 06
23 1 15 -~0.006 0.108 0.483 0,000 1.00 15.0 0.210E 06
23 2 15 =0.001 0.115 0.513 0.001 1.00 15.0 0.198€ 04
23 3 15 ~0,003 0.106 0.476 0.000 1.00 15.0 0.213E 06

ogL



Test
Series

1
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Table C’Z

Southwell Plot for Centre-Loaded Beams

Beam

Type

20
20

21
21
21

22

22

23

23

20
20
20

21

22
22
22

23

20
20
21

Beam
No

W M -

Theta Vs, Theta/P2

Y1 = A + BP
Maximum Values
Observed
A B Theta Theta/P2
0.408E-02 0.33%0E~-03 6.30 0.615E-02
0.111E-02 0.852E-03 4.25 0.472E-02
N = 1 too small for calculations
0.420E-04 0.801E-05 2.50 0.625E-0k4
0.231E-04 -0,299E-05 1.00 0.209E-04%
0.104E-04 0.887E-05 1.85 0.276E-0k4
0.237E-05 0.718E-05 4.50 0.347E-0k
N = 1 too small for calculations
0.111E-04 0.585E-05  3.50 0.321E-0k4
0.203E-05 0.487E-05 2.05 0.122E-0k4
N = 1 too small for calculations
0.351E-05 0.441-05 4,00 0.216E-04
0.942E-0% 0.678E-03 2.75 0.269E-02
0.786E~-03% 0.477E-04 2.90 0.959E-03
0.129E-02 ~0.796E-04 3,75 0.104E-02
N = 2 too small for calculations
0.667E-05 0.105E-05 1.50 0.850E-05
N = 1 too small for calculations
0.331E-05 0.207E~05 2.40 0.845E-05
0.535E-05 0.331E-06  1.40 0.588E-05
0.115E-05 0.256E-05 3.20 0.938E-05
N = 0O too small for calculations
N = 1 too small for calculations
0.283E-05 0.115E-05 3.10 0.670E-05
N = 1 too small for calculations
O ] 123E-OL+ O eZE?E"OL} 1 050 O e5O?E-OLt’
0.401E-04 0.429E-04 %.50 0.189E-03%
0.706E-06 0.424E-06 0.86 0.107E-05
N = 0 too small for calculations
N = O too small for calculations



Y1 =A + BP
Test Beam Beam Initial A B
Series Type No Conditions

4 ey: +3.0in. N = O too small for
22 0.221E-05 0.845E-05

22 0.181E-04%  0.550E-05

22 1 e,= 0.0 0.231E-05 0,519E-05
N = 2 too small for

22 3 0.105E-04%  0.433E-05

22 1 ey= =3.0in. 0.361E-05 0.,711E-05

N = 1 too small for

22 3 0.128E-04  0.501E-05

5 22 1 &= 1.0° 0,121E-04  0.698E-05
22 2 0.105E-04 0,728E-05

22 3 0.352E-05 0.726E-05

22 1 &= 2.0° 0.,161E-04  0.794E-05

22 2 0.158E-04 0,673E~05

22 3 0.914E-05 0.666E-05

22 1 = 3,0°  0.,311E-O4  0.377E-05

22 2 0.219E-04 0.686E-05

22 3 0.140E-04 0,650E-05

6 22 1 e, = 0.5in. 0.222E-04 0.202E-05
22 2 0.357E-04  0.266E-05

22 3 0.170E-04 0.495E-05

22 1 e,~ 1.0in. 0.107E-03 -0.120E-04

22 2 0.591E-04 -0.186E-05

22 3 0.355E-04 0, 156E-05
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Table C-7

(Continued)

Southwell Plot for Centre-Loaded Beams

Theta Vs. Theta/P>

Maximum Values

Observed
Theta Theta/Pa
calculations
3,20  0.294E-04
L" ] 20 O © 437E"OL"
3.90 0,226E-04
calculations
2,95 0.289E-04
4,15  0.329E-0k4
calculations
3.75  0.324E-04
3.35  0,349E-04
z.45  0,359E-04
2.35 0.203E-04
3.00 0.382E-04
2.60 0.332E-04
3.40 0.322E-04
4,ho  0.489E-0O4
3.75 0.478E-04
3.90 0.393E-04
3.15 0,308E-04
4L.,60 0.511E-04
4,65 0.414E-04
4,65 0.638E-04
5.05 0.543E-04
4,80 0.469E-04
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Table C-8

Lateral Stability - Plywood Box Beams

Experimental and Theoretical Loads

Test Beam Beam P Max Critical Loads, Lbs

Series Type No Lbs Exper. Theor.
1 20 1 22.0 55.1 50.7
20 2 20,0 24,2 50.7

20, 3 30,0 -0.0 50.4

21 1 200.0 3534 264.,8

21 2 239.0 -0.0 262.7

21 3 259.0 335.8 261,0

22 1 36000 373'2 3“"‘3 08

22 2 390.0 ~0,0 340.1

22 3 330.0 4135 342.8

23 1 410.0 Lok 0 284.8

23 2 460.0 - 397.0

23 3 430,0 496 .0 387 .7

2 20 1 22,0 28.4 89.2
20 2 55.0 14,8 89.1

20 3 60,0 -0.0 88.7

21 1 440.0 -0.0 466 .1

21 2 4L20,0 975.7 Lé2.2:

21 3 500.0 -0,0 459,3%

22 1 533.0 695.0 605.1

22 2 516 .0 1737 7 598,.5

22 3 584 .0 625.5 603.2

23 1 540.0 - 677.2

23 2 612.0 - 698.6

23 3 680.0 934.0 682.3

3 20 1 110.0 ~0.0 195.4
20 2 172.0 197 .3 195.2

20 3 1%6.0 152 .7 194, 1



Test
Series

L
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Table C-8 (Continued)
Lateral Stability - Plywood Box Beams

Experimental and Theoretical Loads

Beam Type 22

Theoretical loads in Test Series 5 and 6
are for beams without initial lateral

eccentricity, ey Or initial rotation, .

Beanm Initial P Max Critical Loads, Lbs
No Condition Ibs Exper. Theor.
1 ey = +3,0 in. 370.0 - 313.9
2 340,0 343.9 311.9
> 310,0 Lo6.3 312.6
1 ey = 0.0 355.0 375, 343,8
2 410,0 - 2340.1
3 40,0  Lh6.7 342,8
1 ey = =3,0 in. 415.0 438,.9 373.7
2 400 ,0 - 368.3
3 370.0 480.8 373.0
1 & = 1,0° 310,0  378.5 343,8
2 310,0 270,7 340, 1
3 345.0 271.2 42,8
1 e o= 2,0° 280.0  354.8 43,8
2 280.0 385.4 340,
3 325.0 287 .4 342.8
1 6 = 3,0° 300.0  514.8 343.8
2 280.0  381.9 340.1
3 315.0 392.1 242.8
1 e, = 0.5 in. 320.0 704 .0 343.8
2 300.0 613.7 30,1
3 335.0 Lhg 6 342.8
1 e, = 1.0 in.  270.0 - 243 .8
2 2%05.0 - 340 .1

3 320,0 801.3 z42.8



TABLE C-9 (a)

STRAIN DISTRIBUTION DUE TO TORSION IN FLANGES OF BOX BEAMS

REGRESSION ANALYSIS
TORSION TEST
TEST SERIES 1

LOAD VS. STRAIN

Yl = A + BeP {REGRESSION LINE}
SYX= STANDARD ERROR OF ESTIMATE

SB = STANDARD ©CRRDR OF REGRESSION COEFFICIENT B

R = CORRELATICN COEFFICIENT
STRAINS IMN MICROINCHES (M.IN.)}/ IN. .

FLANGE NO. 1
TEST RUN NO. 1

LOCATION GAUGE A B SYX S8
NO. NO. Mo INa HalN./LB MaINa M.INS/LB
1 1 1T.2 ~-58.,6 .88 0.76
1 2 ‘1-2 -107 l-‘? 0-11
1 3 "605 ‘!'5.1 3.95 0031
2 1 —1003 ‘57.5 6.27 0.48
2 2 =240 1.8 1.7  0.13
2 3 8.6 "4001 4-96 0.38
3 1 15.7 -51.8  B.TT  0.68
3 2 ~-2.0 5.9 1.68 G.13
3 3 —1402 5".3 8.4" 0.65
4 1 -1 5-8 52.4 9059 0.14
4 2 ~2.0 g ¥ 1.68 0.13
4 3 13.7 ~51.2 B.17 Q.63

MAXI MUM

R

1.00
0.99
1.00

1.00
0.98
1.00

1.00
1.00
1.00

1.00
0.97
1.00

P
LB8S

14.0
14.0
14.0

14.0
14.0
14.0

14.0
14.0
14.0

14.0
14.0
14.0

Y
M.IN.

~813.7
~2446
627.5

660.1
24.5
-556.7

82.1
152.4

728.2
_19.3
"71001

VALUES
0 BS ERVED CALCULATED

Yi
M. IN.

"8020 7
~24.6
624.2

654%.4
22.9
-553.0

“'708.9
80.5
T4640

T18.4
-20.9
~703.3

a8



TABLE C-9 (a) {Continued)

REGRESSION ANALYSIS
TORSION TEST
TEST SERIES 1
LDAD VS. STRAIN
YL = A + B»P {(REGRESSION LINE)
SYX= STANDARD ERROR OF ESTIMATE
$8 = STANDARD ERROR OF REGRESSION COEFFICIENT B
R = COFRRELATION COEFFICIENY
STRAINS IN MIZRDINCHES (M.IN.) / IN.

FLANGE NGO. 1
TEST RUN NO. 2

HAXI MUM VALUES

08S ERVED CALCULATED
LOCATION GAUGE A B SYX S8 R P Y Yl
ND. NO. MoINe MoIN./LB M.INe MaINe/LB L8S N.IN. M. IN.

14-3 ‘58.6 8028 006“ 1.00 1400 ‘813.? "80600
Oa. & ~-1.6 1.84 Oelé 0.98 16.0 ~24.6 ~22.4&
-1103 44.9 6.5? 0'51 1-00 14-0 62205 61?02

-909 47-6 5‘88 0.45 1‘00 1400 66001 656o4
1.2 1.7 lak6 0.11 0.99 14.0 24.5 2445
8.2 “40.1 4,99 0.38 1000 14.0 “556-7 “55308

~51.8 8.30 O.64 1.00 14.0 =T7T15%.0 ~709.7
'0.8 641 1'8‘ 0.14 1-00 14.0 82.1 3401
‘12.1 5407 7'88 0-61 1.00 1400 762.1 753.6

~-13.3 52.7 T95 0.61 1.00 16.0_ 733.0 T24.5
~0.0 ~1.2 1.97 0.15 0.96 14.0 ~14e5 ~16.9
11.? -50.8 5.79 0052 1000 14&0 “735‘3 -698.§

g g S W W MY N et put ot
W (W W N e N e
Pt
N
3
W

981



TABLE C-~9 (a)

REGRESSION ANALYSIS
TORSION TEST
TEST SERIES 1

LOAD VS. STRAIN

Yl = A + B#P (REGRESSION LINE)

SYX= STANDARD ERRDOR OF ESTIMATE
SB = STAMDARD ERROR 0OF REGRESSION COEFFICIENTY B
R = CORRELATION COEFFICIENT

STRAINS IN MIZROINCHES (MJIN.)/ IN.

FLANGE NO. 2
TEST RUN NO.

LOCATION GAUGE

NG‘ NO.
1 1
1 2
1 3
2 1
2 2
2 3
3 1
3 2
3 3
4 1
4 2
4 3

1

A
MoINS

25.0
O.
-430'5

"2"‘.5
0.8
55.6

3100
~-2.8
"33.0

-2 803
0.0
45,3

(Continued)

MAXI MUM

VALUES

0BSERVY ED CALCULATED

B S¥YX 58
MaINS/LB MeINe MoINJ/LB
-39.5 l4.22 l1.10

0. -0 ~0u
6l.7 25.58 1.97
40.4 14.57 Y.12
"'398 1-91 0015

"77.7 30-‘09 2135
«5069 20.07 .55

3.4 2.48 0.19
5240 17.46 1.35
4449 15.71 1.21
~2.0 1;‘9" 0011

R P Y Yl
LBS M. IN.
1.00 14.0 =536.9 ~527.5

Oa 14.0 0.
1.00 14.0 820.6
1.00 14.0 541.7
1000 14.0 "52.5
1.00 14.0 -1049.0 ~1032.3
1.00 14.0 -690.8 -675.9
0.99 14.0 45,1
1.00 14.0 6595.8
1.00 14.0 599.9
0099 16‘0 ""27.8
1.00 14.0 ~-1024.% ~1009.8

I
-
o
=~



TABLE C-9 (a) (Continued)

REGRESSION ANALYSIS
TORSION TEST
TEST SERIES 1
LOAD VS. STRAIN
Yl = A + BaP {(REGRESSION LINE)}
SYX= STAMDARD ERROR OF ESTIMATE
SB = STANDARD ERROR OF REGRESSION COEFFICIENT 8
R = CORRELATION COEFFICIENT

STRAINS IN MICROINCHES (M.IN.) / IN.

FLANGE NO. 2 : :
TEST RUN NO. 2 '

%@
MAXTMUM vaLues ©
0BS ERV ED CALCULATED '
LOCATION GAUGE A B SYX S8 R p Y Y1
ND. NG. MeINe M INS/LB M.IN. M.INJ/LB LBS Me INS M. IN.
1l 2 0. Ou ~0Oe ~Da Q. 14-0 O 0.
1 3 ~34.5 62.% 19.55 1.51 1.00 14.0 B47.3 838.7
2 1 ~24.1 39.2 14.15 1.09 1.00 14.0 539.2 524.1
2 2 2.9 ~440 2.16 0.17 0.99 14.0 ~54.2 —53.4
2 3 55.1 ~-719.0 35.31 2.72 §.00 14.0 -1073.5 -1051.5
3 1 32.6 ~50.5 19.76 1.52 1.00 14.0 -6T76.3 =-673.9
3 2 ~2.0 3.5 1.68 0.13 1.00 14.0 48.3 46.7
& 1 -35.6 4S.4 19.63 1.51 1.00 14.0 6056.8 599.9
4 2 1.8 -1.8 1.55 0.12 0.99 14.0 -24,2 —-23.3
% 3 18,6 ~Tbats 25455 2.05 1.00 14.0 -1039.2 -1021.7



Y1l =
SYX=
Sg =
R =

A 4+
STANDARD ERROR OF ESTIMATE
STANDARD ERROR OF REGRESSION COEFFICIENT B
CORRELATION COEFFICIENT

TABLE

REGRESSION ANALYSIS

C-9

"YORSION TEST
TEST SERIES 2

(»)

LOAD VS.

B#P (REGRESSION LINE)

STRAIN

STRAINS IN MICROINCHES (M.IN.} / IN.

FLANGE NO.
TEST RUN NO.

LOCATION GAUGE
NO. NOS

fovs
W N - W N - W N e

A,
REV IR SN I

1
1

A 8 SYX S8
MeINe MoINS/LB MJINs M.INL/LB
8.2 -1105 6.21 Oolg
0. Oe ”0- "'Oo

"7Q8 1006 4.79 0.15
~3.7 4.8  3.11  0.10
3.3 0.3  2.43 0,08
5.3 "5.7 4.55 0.1‘9
7.2 —}.0.7 "?053 0014‘
-2.8 1.9 1.51 0.05
‘10.9 13.1 6!52 0020
"2-0 he? 2.13 0.07
= 2.0 0.3 2«09 D 05

315 -.BQG é‘ei:{f} GalS

MAXT MUM
0BS ERVED CALCULATED

R

1.00
D.
1.00

1.00
0.86
1.00

1.00
1.00
1.00

1.00
0.35
L2030

p
LBS

35.0
35.0
35.0

35.0
35.0
35.0

35.0
35.0
35.0

35.0
35.0
35.0

Y
M. IN.

Ce
367.6

167.5
14.7
"19700

-372.0
62.8
451.5

145.6
.7
"275-4

VALUES

Y1
M.IN.

"395."
Do
361.9

165.0
13.9
-1920 5

"'367- 1
6£2.0
446.,6

146.4
6.8
~-271.7

i
-
Lo

0



_TPABLE C-9 (b) {Continued)

REGRESSION ANALYSIS
TORSION TEST
TEST SERIES 2
LOAD VS. STRAIN
Y1 = A + B#P (REGRESSION LINE)
SYX= STANDARD ERROR OF ESTIMATE
SB = STANDARD ERROR OF REGRESSION COEFFICIENT 8
R = CORRELATION COEFFICIENT

STRAINS IN MICROINCHES (M.IN.) / IN.

FLANGE NO. 1 2 - '
TEST RUN NDO. 2 1
‘ -
8

MAXIMUM VALUES
0B SERVYED CALCULATED !
LOCATIDN GAUGE A B SYX S8 R P Y Y1

NQO. NO. MaINe MJINL/LE M.IN. MJINL/LB LBS M. IN. M. IN.

1 1 6.5 "11.7 3-79 0012 1.00 35.0 ~406.9 ~402.4

1 2 . ~29 -0} 1.5‘)’ 0.05 0.58 35.0 ~4.9 ~5a1

1 3 -6.5  10.6 Be9% 0.12 1.00 35.0 367.6 365.6

2 l. "5‘7 ’008 3007 0.09 1.00 35.0 162-6 16009

2 2 “200 0‘3 1033 0.06 0¢92 35-0 9.8 9.‘!

2 3 T.0 -5.7 442 014 1.00 35.0 -197.0 =194.2

3 1 6.0 ~10.7 4«33  0.13  1.00  35.0 =-372.0 -367.1

3 2 ’204 2.0 2066 0.08 0099 35-0 6706 660*

3 3 -~11.3 13.4 7.07 0.22 1.00 35.0 466.0 456.7

4 1 -1.2 4.3 2465 0.08 1.00 35.0 150.5 149.3

” 2 ‘0:9 0.4 ) 1055 0005 0.96 3500 14'5 12.9

4 3 6.0 ~-8,0 4.86 0.15 1.00 35‘0 "280.2 ""27‘0.2



TABLE C-~9 (b) (Continued)

REGRESSION ANALYSIS
TORSION TEST
TEST SERIES 2
LOAD VS. STRAIN
Y1 = A + B+P (REGRESSION LINE)
SYX= STAND\RD ERHOR OF ESTIMATE

S8 STANDSRD ERROR OFf REGRESSION COEFFICIENT 8
R CORRE .ATION COEFFICIENT

no#

STRAINS IN MICROINCHES (MJIN.) / IN.

FLANGE NO. 2
TEST RUN NO. 1

MAXIMUM VALUES
0BSERVED CALCULATED
LOCATION GAUGE A B SYX SB R p Y Yl
MD. NO. M.IN., M,INL/LB MoIN. M.IN/LB L8S M. IN. MeIN,
1 1 245 -3.4 2.01 0.06 1.00 35.0 ~-118.2 -118.2
1 2 Q. -0 -0 -0. O. 35,0 -0 -0
1 3 "8.6 . 603 9.39 0.29 0-99 35.0 216.7 2130’.
2 1 ~Hal 10.4 3.89 D.12 1.00 35.0 357.8 356.6
2 2 2.1 -0.3 1-84 0006 0.92 35.0 "‘909 "9-4
2 3 2.0 “13.2 6;51 0‘20 1.00 35.0 "‘419'601 “'4510"
3 1 2.8 -S54 2.09 0,06 1.00 35,0 ~—188.4 -186.4
3 2 C.0 0.3 1.44 0,04 0.94 35.0 9,7 10.9
3 3 ~5,3 4.5 3.34 0.10 1.00 35,0 155.3 153.2
4 1 ~8a1 10.2 480 0.15 1.00 35.0 A54.4 349.1
4 2 1:2 ""001 1058 0.05 0.76 35.0 "‘1’08 "‘306
% 3 1Q.56 ~14.2 6,60 $.20 1.00 35.0 -495.1 -4B7.3

L6L



TABLE C-9 (b)

REGRESSION ANALYSIS
TORSION TEST
TEST SERIES 2

LOAD VS. STRAIN

Yl = A + BeP {(REGRESSION LINE}

SYX= STANDARD ERROR OF ESTIMATE
= STANDARD ERROR OF REGRESSION COEFFICIENT B
= CORRELATION COEFFICIENT

S8
R

STRAINS IN MICROINCHES (M.IN.)/ IN.,

FLANGE WNO.

T2

TEST RUN NO.

2

LOCATION GAUGE

NO.

» P WWW NNN e e

NO.

W W W= WN -

A

B SYX S8

MoINe M.INL/LB M.IN. MJIN./LB

2.1
O.
~5.3

"708
2.1
4.9

3.6
’1.2
"'4.9

‘5.3
0.
B.6

-3.4 1.71 0.05
‘0. -0. "0.
6.5 3.88 0.12

10.5 4.96 0.15
-0.3 1084 0.06
""12.9 ".26 0.13

"503 2."2 OQOT
03 1.58 0.05
4.6 3.18 0410

10.2 3.90 0.12
0. °°c =0a
-14.0 5.00 0.15

(Continued)

MAXIMUM
0BS ERVED CALCULATED

R

1.00
0.
1.00

1.00
0.92
1.00

1.00
0.9%
1.00

1.00
0.
1.00

P
LBS

35.0
35.0
35.0

35.0
33.0
35.0

35.0
35.0
35.0

i5.0
35.0
35.0

Y
M. IN.

+~0.
226.6

362.7
~9.9
~446.1

‘183-6
9.7
155.3

349,.5
0.
"465. 3

VALUES

Yl
M.IN.

“116.6
"’0.
220.9

359.5
. “9.4
"‘0‘!70 3

-18214
10.9
155.3

351.1
0.
°48004

6L
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TABLE C-10 f(a)

TORSION TEST
SHEAR STRAIN DISTRIBUTION

FLANGES, 1.69#1.69 IN##2 DOUGLAS FIR

APPLIED TORSION = 12.0 IN-LB

SHEAR STRAINS, MICROINCHES/INCH

SECTIONL SECTION 2
LOCAT ION
1 -104. -106.
2 88. 104,
3 "1010 “103.
4 118. 121.

TABLE C- 10 (b)

TORSION TEST
SHEAR STRAIN DISTRIBUTION
BOX SECTIONy 2.19%6.75 INw#s=2
WEBy 0.25 IN. BIRCH PLYWOOD
FLANGES, 1.69%1.69 IN#«2 DDUGLAS FIR

APPLIED TORSION = 24.0 IN~-LB

SHEAR STRAINS, MICROINCHES/INCH

SECTIDON1 SECTION 2
LOCATION
1 "'220 . -2%.
2 10. 12.
3 -10. ~10a.
4 23a 24.
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Figure C-1(a) Southwell plot, Test Series 1.
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LATERAL STABILITY OF BEAMS
LOAD AT CENTRE.
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.10
- -

1160 260 | 3000 e 5 00 St
THETR (DEGREES) -

g

LATERAL STABILITY OF BEAMS
LOAD AT CENTRE

-32

-2

-1§

.08
THETRRQi:ibtDEbREES/PﬂhNDxxz}’

. TEST SERIES 1
~ BEAM TYPE 23
BEAMS NB. 1.2 AND 3

2.00 P ! 5 00 5,00 e
THETR (DEGHFESI

Figure C~1(a) (Continued) Southwell plot, TestlSeriea 1
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LETERAL STARBILITY OF BEAMS

THETA (DEGREES)

Figure C-1(b)  Southwell plot, Test Series 2
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Figure C~1(b) (Continued) Southwell plot, Test Series 2
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LATERAL STABILITY GF BEAMS
LOARD BT CENTRE

e | TEST SERIES 3
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3.40 420
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Figure C-1(c)  Southwell plot, Test Series 3
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LATERAL STABILITY OF BERMS
LOAD AT CENTRE

e’y = + 5-0 in.
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Figure C-1{d) Southwell plot, Test Series 4
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Figure C-1{(e) Southwell plot, Test Series 5
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8. LQTERQL STHBILITT OF BEQMS
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Figure C-1(e) (Continued) Southwell plot, Test Series 5
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Figure C~1(f)  Southwell plot, Test Series 6
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SHEAR DEFLECTIONS OF COMPOSITE BEAMS

by

C. K. A. STIEDA

INTRODUCTION

When computing the deflections of beams, usually only
those which result from the deformations caused by bending
stresses are considered. Deformations, however, also occur
as a consequence of shear stresses and, in certain types of
beams, the resultant deflections may be of considerable
magnitude and should be considered in addition to the bending

deflections.

Shear deflections of beams of isotropic materials,
homogeneous throughout the whole section have been considered
in detail by Newlin and Trayer (1924), Timoshenko (1955),
Hahne (1962) and Cowper (1966)., Of particular interest is
an approach recently taken by Cziesielski (1965), who has
used the strain energy method to calculate shear stiffness
factors for beams having box-sections, I sections or cross-
sections of unsymmetrical shape. A similar approach has also
been taken recently by Mazur (1967), who also considers the

shear deflection of beams with I-sections.

The purpose of the present analysis is to apply
Cziesielski's approach to composite beams, constructed from
plywood and solid timber and to derive an expression for the
shear stiffness factor which will take into account the
difference in the moduli of elasticity for the web (plywood)
and the flanges (solid timber) of such beams. It will be
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shown that, for the range of modular ratios usually
encountered, the difference in the moduli of elasticity for
web and flange has, indeed, 1little effect on the magnitude

of the shear deflection. It is sufficient therefore, to
calculate the shear deflection of composite timber beams on
the basis that the section is continuously homogeneous through-
out web and flanges. A procedure for calculating shear
deflections will be given. The effect of differences in the
modulus of rigidity on the shear deflection are not included

in the present analysis.

SHEAR DEFLECTION

As shown by Cziesielski (1965), the shear deflection of
box- or I-beams can be derived from the condition that the
work done by the shear forces V acting on a beam element of
length dx must be equal to the integrated work of the shearing

stresses, v (y), (Fige. 1) over the whole area A of the cross-

section.
ive, = % jrve(y) an (1)
A :
where G = modulus of rigidity
55 = effective shear deformation of the section

It is assumed here that the modulus of rigidity of web
and flange are the same. If the grain of the plywood is
oriented either parallel or perpendicular to the grain.of the
timber, the modulus of rigidity of plywood will indeed be
approximately the same as that of timber of the same species
(Curry, 1964). If the grain of the plywood is oriented at
45 degrees to the span of the beam, the effective modulus of
rigidity of the plywood is about three times that for parallel
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orientation (CP 112:1967)., This effect has not been
considered as yet. However, since the largest contribution
to the shear deflection is provided by the web, as will be
shown below, it is not anticipated that a difference in the
moduli of rigidity between web and flange will affect the
shear deflection to any large extent.

When bBhe shearing stress distribution over the cross-
section is known, it is possible to evaluate the integral in
Equation 1« The expression for the effective shear deformation

Es can then be written in the form

g =
®s = Gonr (2)
where b and h, respectively, are the overall width and

height of the section.

The quantity F is called the shear stiffness factor and will
be derived below. From Equations 1 and 2, it follows that
the shear stiffness factor is defined by

V2

vh [ vo(y)aa (3)
A
The additional deflection due to shear stress will be
called Wge From Figure 1, it will be seen that the shape

of the shear deflection curve is given by

F =

dw
-
5 dx

(0] ]

The increment dx here is in the direction of the span,
x being measured from one of the supports. Substitution of

Es in Equation 2 yields



dw
5. I _ . o
dx GbhF

Integration of this equation along the length of the
beam up to x gives the shear deflection at the point x

_ Vdx
Wg 7 GohF (4)

©

For beams of constant section the shear deflection

becomes

X
1
ws = m Jde (5)

And for simply supported beams, where-J Vdx = M(x),

the shear defleotion at a point x is given by

_ M(x)
s Gbhr (6

For a cantilever beam the shear deflection at the tip
of the beam can also be calculated with Equation 6, provided
the moment used in the calcwlation is the fixed end moment of

the cantilever,

To obtain an explicit expression for the shear stiffness
factor ¥, an expression for the shear stresses, v(y), must be
derived and the integral in Equation 3 must be evaluated,
Calculation of shear stresses in composite beams involves the

bending stresses F(y), which will be given first.

BENDING STRESS IN COMPOSITE BEAMS

It will be assumed that the engineer's theory of bending
also applies to composite sections, i.e. sections that were
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plane prior to bending will be assumed to remain plane
during bending. As a.consequence the stiffness of the
composite section, - the product of the second moment of
area, I, and the effective modulus of elasticity of the
section, E -~ can be obtained by adding the stiffnesses of

the individual components of the section

El = ETI, +E)]I, @)
where E, (E2) = modulus of elasticity of flanges (web)

I, (12) = second moment of area of flanges (web)

A1l second moments of area are calculated with respect
to the centroid of the composite section. The total

second moment of area is
I = I1 + 12 (8)

The stiffness of the composite section, given by
Equation 7, should be used for calculating the bending
deflections in the normal manner (Hahne, 1962, Timoshenko, 1955).

The flexural stresses in the flange at a distance y from
the centroid of the section (Fig. 2) due to a bending moment

M (x), are given by

=

&) = 'p%&) ,”E'ly (9

Similarly, the flexural stresses in the web are

M(x) E,
I E

£,(y) = (10)

Introducing the modular ratio n = E2/E1 and taking account
of Equation 7, the flange stresses can also be written as
M(x

I

)y
+ nl (1)

£.(@y) =
1 1 2
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Correspondingly, the flexural stresses in the web are

M(x) ny
L) = T T (12)

1 2
It should be noted here that Equation 11 gives the stresses
in the material having a modulus of elastcity E1, ieee in
Fig. 2 this is the area (b ~ t)d called here the "flange".
Similarly, "web" refers to all material having a modulus
of elasticity E2°

If plywood is considered as a material that can
effectively carry loads only with those veneers that are
stressed in the direction of the wood fibres ~ a design
method generally adopted in North America (CSA-086, 1959) -
then the modular ratio n usually can be replaced by the
vencer ratio tv’ i.e. the ratio of the sum of all venser
thicknesses oriented parallel to the span to the total
plywood thickness (Stieda, 1967). Furthermore, Equation 12,
which in its present form is calculated for the total
plywood thickness, then reduces to the form given by
Equation 11, i.e. stresses for web and flange can be
calculated with the same equation in the "parallel plies
only" approach.

On the other hand, if plywood box~ or I-beams are
designed according to the "full cross-sectional" method
(Curry, 1964, Booth and Reece, 1967), Equations 11 and 12
should be used to calculate the stresses in the flange and

web separately.

Both methods of analysis lead to the same expression
for the shear stiffness factor F. In the present analysis
the "full cross-section'" approach recommended by the British
Standard Code of Practice is being used (Booth and Reece, 1967).
Accordingly, shear stresses will be derived on the basis

of Equations 11 and 12.
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SHEAR STRESSES IN COMPOSITE BEAMS

In the engineers' theory of bending shear stresses
are calculated by considering the equilibrium of forces
acting on an element such as shown in Fig. 3. This element
is an isolated part of a beam- On the two faces a distance
dx apart normal f and shear stresses v are acting. On the
lower face, parallel to the x-direction, only shear stresses
are present., The equilibrium of forces in the x-direction
requires that the total shear force on the lower surface is
equal to the difference between the forces on the element

due to normal stresses on flange (F1) and web (Fé).

V(y)‘b(y) dx = (F1 + F2) - (F1 + Fa)
X=x-+dx X=X
= dF1 + sz (13)
where b(y) = width of shear area at a distance y from

the centroid of the beam cross-section.

The contribution of one flange to the total force on the

element dx is

o]

F, = _j"f1(y) (b - t) dy (14)
1

where the lower liwmit 2 of the integral is equal to either y -~
if y is larger than (¢ - d) - or (¢ - @) - if y is less than
(C— d) e

In view of Equation 11 the force on the flange can be

written
c
M(x)
F1 = ?T::ETET (b - t) y dy (15)

The integral in Equation 15 represents the static moment

of the area A(y) = (b - t)(c - y) about the centroid of the
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section. This static moment is frequently called Q(y).
The difference in the forces acting on the flange (Equation

13) therefore becomes

dM(x)
ar, = '1—1-7;';;12 Q, () (16)
where dM(x) = M(x + dx) ~ M(x)
and Q,(y) = (b - t) y dy (17)
J

For the web the difference between the forces on
either side of the element is

aM(x)
dF2 = T;-—_I-_—EIE nQ,a(y) (18)

where Qa(y) is the static moment of the partial web area
A(y) = t.(c - y) about the centroid of the whole cross-

section

X .
LW = J tydy (19)

With these two expressioms for the difference in the
direct forces on the element (¢ - y) dx the shear stress
can be calculated from Equation 13:

am(x) (Q1 (Y) +n Qe(y))

W =Ty T T (20)
Or, since the shear force V = dM(x)/dx,
Q,(¥) + nQ (y)

W =5 T
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In beams with box- or I-sections the width of the web
(b(y) = t) will be only a fraction of the total width of
the beam (b(y) = b). It is apparent therefore from Equation
21 that the shear stresses in the web will be several times
those in the flange. In addition, the decreasing value of
Q(y) as y increases (Equations 17 and 19) will bring a
further reduction in the shear stresses of the flange as

compared with those in the web.

The shear stiffness factor F can now be obtained by

combining Equations 3 and 21

(11 + nIZ)Z
vh [ [a,() + 00, AT W (@2)
A

F =

For any particular cross-section, the integral in
Eguation 22 can be readily evaluated. As an example
symmetrical box- and I sections will be considered. The
dimensions of the box-section are given in Fig. 2. The
depth d1 and d2 of the compression and tension flanges shall
be equal, a, = 5 = d. If t is taken to be equal to the
summation of all individual web thicknesses, then the
expressions given below will also apply to an I-section
with a single web of thickness t.

For the whole cross-section the second moments of area

in Equation 22 are

I, = #( - t)d(h - )2 +% (b - t)a°
3
1 th
L =73
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The numerator in Equation 22 can therefiire be written
(I, + n)% = er7)° ¢ 2 (23)
where C, = +a(1-B)(3-6a+bka®) +l=nB (24
15 6 12

and g = d/h
B= ‘t/b

To calculate the denominator of Equation 22, the
integral has to be calculated in two parts, for b(y) =t
and b(y) = b. Considering first the region between
y=0andy =3h - d, i.e. b(y) = t, it is apparent that
the contribution of one flange area to the static moment

is constant
Q = #n° a (1 - a)(1-B) (25)

The contribution of the web area for one half of the

section is found from Equation 19 as
Q) = gon® 8 [1 - y/m)? (26)

With these two expressions for the static moments Q,]
and QQ the denominator in Equation 22 for the region, where

b(y) = t, becomes

t 0.5h(1~Pa)
2 bh P{Qq () + 1Q,(3) | 2% ay ax
J

O
= b2h602 (27)

where C, = {,'-a,z('l -2 W1 -g ) —B)Z/B
+-:]|—é-na,(1 —a)(1~-2a)(1 +2a - 2a.2) (1 -B

+ '1%5 n2(’l ~2a)(1 + 20+ ha 2_ 1203, 60,4)(3

oooaooooo.(28)
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Similarly for the wider part of the box section, i.e.
b(y) = b and y larger than Zh - d, the static moments are

Q. (y) & b2 (1 -8) |1~ (2y/h)2 (29)
1

&) = dwn°p [1- 2y/m)?] (30)

The second part of the denominator in Equation 22
therefore becomes
O,5h
2,2
Q,](y) + nQ,Z(y)] /o dy dx:
0. 5h(1—2a)
- b2h6c3 (31)

vhere G, =%5 (1-p + ne)2(1o @ - 15a,“ + 6a°) (32)

Finally with these two expressions, Equations 27 and 31,
for the double integral in Equation 22 together with
BEquation 23 the shear stiffness factor F can now be written

in a dimensionlar form as

(33)

where C,, C, and 03 are given by Equations 24, 28 and 32.

CALCULATIONS

The shear stiffness factor F, Equation 33, has been
calculated for a number of flange-depth to beam-height
ratios , web-thickness to beam-width ratios , and modular
ratios n. Ratios of n for plywood composite timber sections

usually range from 0.5 to 0.7. For a homogenevus section
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with the same material for flange and web n = 1.0.

For a modular ratio of n = 1.0 the values of the shear
stiffness factor F become identical to those given by
Cziesielski. Shear stiffness factors for modular ratios

of n = 05 and n = 1.0 are given in Tables 1 and 2.

EXPERIMENTAL WORK

To check the validity of Equation 5, several simply
supported plywood box beams were loaded and the resulting
deflections were observed. The bending stiffness, EI, of
these beams was calculated from the deflections at the centre
relative to the load points, when beams were loaded at the

third points.

This bending stiffness was used to compute the overall
deflection due to bending alone. An experimental shear
deflection, Wy Was then calculated by subtracting from the
observed overall deflection, w, the calculated bending

deflection, Wy

W= W o- Wy (54:)

These experimental shear deflections were obtained for
sixteen-foot long beams loaded first at the centre and then at
the third points as well as for eight-foot long beams loaded at
the centre only. Experimental shear deflections were then com-
pared with deflections computed with Equationd . The modulus of
rigidity for these calculations was determined experimentally
from cnmall shear plate specimens cut from a number of the test

beams after the main tests had been completed.

The cross-sectional dimensions of the test beams are
given in Table 3. All beams were a nominal sixteen inches
deepe Three different flange depths and two flange widths

are represented by the six beam types. Flanges were Douglas
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fir lumber, while the webs consisted of 5/16 in Douglas
fir plywood. The plywood was nail-glued to the flanges.

The results of these tests are given in Tables 4 to 6.
Both the experimental and the computed deflections show that
shear deflections in box beams can contribute considerable
to the overall deflections. For the sixteen-foot long beams,
with a span to depth ratio of 11.6, the computed shear deflections
range from about 4 to 4 of the bending deflection, the range for .
the experimental values is somewhat higher. For the short eight-
foot long beams, however, the shear deflection equals or ewen

exceeds the deflection due to normal stresses.

DISCUSSION

A comparison of the shear stiffness factors given in

Tables 1 and 2 shows that for the ratios of moduli of elasticity
usually encountered in plywood box- and I-beams shear deflections
are not greatly affected by any difference in the moduli of
elasticity of flange- and web., For example, a plywood box-beam
with a flange-depth to beam-height ratio of g = 0.2 and a web-
thickness to beam~width ratio of B= 0.1, having a modular ratio
of n = 0.5, has a shear stiffness factor of 0.107. A beam of
the same dimensions, but with the same material in flange and
web, i.e. n = 1.0, shows an identical shear stiffness factor.
Only if the web thickness of the same beam is increased to
0,15 times the beam width, does .the shear stiffness factor
show any difference at all between the homogeneous section and
the plywood beam. Even for a rather unrealistic ratio of

B = 0.k, the value of the shear stiffness factor for the
plywood box beam is only two per centlarger than that for the
beam with a modular ratio of 1.0,

In engineering calculations, differences of this order of
magnitude are insignificant, particularly so when one considers
the low accuracy of the value for modulus of rigidity which
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must be used to calculate shear deflections. It is suggested,
therefore, that the shear stiffness factors for a modular
ratio of 1.0 be used also for the calculation of shear
deflections of plywood box-beams.

Comparing calculated and measured deflections, it is
found that for short beams, shear deflections can be over
twice the value of the corresponding bending deflections,.
Considering the variability of G and the resulting errors
in the calculated shear deflections, the observed shear
deflections agree reasonably well with those calculated with
Equation 5. The use of this equation together with the
appropriate shear stiffness factor from Table 2 1s, therefore,
suggested as an acceptable alternative to the method presently
recommended in the Canadian Standard for "Engineering Design

in Timber". (Conadian Standards Assoeiation, 1959).

SUMMARY

An analytical expression for the shear deflection of
composite box- or I-beams has been derived. A dimensionless
factor, the shear stiffness factor, F, has been calculated for
various values of the ratio n for the moduli of elasticity for
web and flange. The results show that this factor differs
little from that computed for similar beams with the same
material in flange and web. To find the total deflection of
the beam the shear deflections calculated in this mamner
should be added to the bending deflections computed in the usual
waye. Equation 33 for the calculation of the shear stiffness
factor-is identical to that given previously by the author in a
report, where the load-carrying capacity of the plywood was con-
sidered in terms of veneers oriented parallel to the span of the
beam, (Stieda, 1967). Finally, experimental data are presented
which indicate that this method gives a reasonable estimate of

the shear deflections.
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TABLE I - SHEAR STIFFNESS FACTOR F FOR PLYWOCD BOX- AND I-BEAMS

la] ; = 0.50

ALPHA = d/h 0. 0.050 0,100 0.150 0,200 0.250 0.300 0.350 0,400 0.450 C.500

BETA =t/
0.05 0.042  0.050 0.050 0.052  0.055  0.059 0.067 0.080 0.109 0.185  0.833
0.10 0.083 0.098 0,100 0.103 0,107 0.116 0,129 0.153 0,200 0.314 0.833
0,15 0.125 0.146 0.148 0.152 0.158  0.170 0.188  0.220 0.278 0.4C8 0.833
0.20 0.167 0.193 0.196  0.200  0.208  0.221 0.243  0.280  0.346 0,480 0.833
0.25 0,208 0.238  .0.242 0.247 0.256 0.271 0.295 0.336 0.405 0.537 0.833
0.30 0.250 0.28%3  0.287 0.293 0.302  0.%18 0.345 0.387 0.457 0.583 0,933
0.35 0.292 0.327 0.332 0.337 0.347 0.364 0.3%91 0434 0.504 0.621 0.833
0,40 0.333 0.370 0.375 0.381 0.391 0.408 0.435 0.478 0.545 0.653 0.833
0.k5  0.375 0412 0.518 0.2k 0.3k 0451 0.477 0.519 0,582  0.680  0.833
0.50  0.417  0.i53 0,460 0466  0.475  0.491  0.517 0557 0.616  0.70k  0.833

4



ALPHA = d/h

BETA = t/b
0.05
0.10
0.15
0.20
0.25
0.30
0.35

o.h40 -
045

0.50

TABLE 2

SHEAR STIFFNESS FACTOR F FOR PLYWOOD BOX- AND I-BEAMS

0.042
0.083
0.125
0.167
0.208
0.250
0,292
0.333
0.375
0.417

0.050

0.049
0.097
0.143
0.183
0.231
0.274
0.316
0,358
0.299
0.440

0,100

0.050
0.099
0.146
0,192
0.236
0.280
0.323
0.365
0.407
0.448

0.150

0.052
0.102
0,150
0.197
0.242
0.287
0.330
0.372
0.4k
0.455

nj::
0.200

0,054
0.107
0.157
0.205
0.252
0.297
0.341
0,384

0.426
0.466

1.00

0.059
0.115
0.168
0.219
0.267
0.21k

0.359
0.402

AN
0.48L

0.300

0.067
0.129
0.187
0.241
0.293
0.341
0.387
0.431

0.473
0.512

0,350

0.080
0.153
0.219
0.279
0.334
0.385
0.432
0.475

0.516
055k

Q,QOO

0.108
0.200
0.278
0.345
0.hok
0.456
0.502
0.544

0.581
0.614

0.45C

0.185
0.313
2.408
0.480
0.536
0.582
0.520
0.552

0.68C
0.703

0,500

0.833
0.833
0.833
0.833
0.833
0.653
0.833
0.833
0.333
0.833

cae
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TABLE 3

SECTION PROPERTIES OF BEAMS

Beam Total Flange Moment Static
Type Depth Depth | Width of Inertia| Moments
h,in. dyine [b-t),in. |of =d/h fs =t/b I,in Q1,in3Q2,in3
21 15.9 5.60 | 1.40 0.35 0.28 580 52 Lo
22 15.9 3.20 | l.ko 0.20 0.28 500 41 28
23 15.9 1.40 | 1.k4o 0.09 0.28 333 26 1k
2k 15.9 5.65 2.94 0.36 0.16 1084 74 85
25 15.9 2.80 | 3.20 0.18 0.15 909 71 59
26 15.9 1.40 | 3.20 0.09 0.15 603 45 33
Total plywood thickness t = 2 x 0.29 0,58 in.
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TABLE 4

AVERAGE DEFLECTIONS OF SIXTEEN-FOOT LONG

. PLYWOOD BOX BEAMS LOADED AT THE THIRD POINTS

TOTAL LOAD P = 2000 1lb

Beam Deflections, inches
Type (average from three beams)
Bending Shear
Test Calculated | Test - Calculated

21 0.212 0.205 0.037 0.054
22 0.219 0.224 0.0kk4 0.060
23 0.318 0,331 0.059 0.076
2h 0.116 | 0.11k 0.037 0.048
25 0.121 0.123 0,044 0.057
26 0.165 0.186 0.078 0.069
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TABLE 5

AVERAGE DEFLECTIONS OF SIXTEEN-FOOT LONG

PLYWOOD BOX BEAMS LOADED AT THE CENTRE

TOTAL LOAD P = 2000 1b
Beam Deflections, inches
Type (average from three beams)
Bending Shear
Test Calculated Test Calculated
21 0.251 0.2 0.068 0.082
22 0.263 0,268 0.074 0.093%
.23 0.374 0,409 0.120 0.118
2k 0,138 0.133 0.049 0.073
25 0.145 O.ll? 0.075 0.088
26 0.195 0.220 0.117 0.104
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TABLE 6

AVERAGE DEFLECTIONS OF EIGHT-FOCT LONG

PLYWOOD BOX BEAMS LOADED AT THE CENIRE

TOTAL. IOAD P = 2000 1b

Beam |No. of Deflections, inches
Type | Beams
Bending Shear
Test Calculated Test : Calculated

21 4 0.028 0.029 0.030 0.038
22 3 0.032 0,031 0,032 0.046
23 3 0.03%6 0.050 0.042 0.059
24 L 0,017 0.015 0.024 0.035
25 3 0.018 0.016 0.033 0.044
26 2 0.022 0.026 0,055 0.056
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