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(iv)

Abstract

In the past three-beam interferometers have token the form
of analogues of the Rayleigh two-beam interferometer. The present
work was undertaken with & two-fold aim. The first was to make a
detailed study of the permissible tolerances on the relative
orientations of the three waves and of the influence of differences
in amplitude between them: the second was to design and construct a
three~beam analogue of the Michelson interferometer and to study the
possibilities of photo-electric detection,

Three~beam interference is usually considered as the coherent
superposition of a third wavefront on the two-beam fringes formed
by the other two. The third wavefront has then to be parallel to
the bisecting plane of the other two waves if uniform fringes are
to be obtained. Formulae for the toieranoes on this setting have
been obtained; The amplitude of the third wave, relative to that
of the other two, can be chosen to optimise the signal/noise ratio
if photo-electric detection is employed. Tormulae for this purporse
have been studied. An important finding was that even a small
inequality of amplitude of the waves forming the two-beam background
fringes leads to significant asymmetry of the three-beam fringes.
This last requirement could only be met in the Rayleigh form by
imposing impractically severe tolerances on equality of width of

the two slits.
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The new instrument was designed in the general form of a
Michelson interferometer. The reflecting system in one arm has a
glass cube interferometer in which the resulting two beams both
undergo a reflection and transmission., In this way, equality of
amplitude for the two-beam fringes was more easily ensured. The
mechanical design of the apparatus unfwtunately did not permit
the extreme degree of stability demanded by the grent sensitivity
of the fringes. The form of the three-beam fringes was also
found to be highly sensitive to errors of flatness of the third
wave, For these reasons, and shortage of %ime, only a preliminary

experimental study of the problem was poussible,
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CHAPTER I

Introduction:

In a two beam interferometer two coherent beams of light are
arranged to combine in such a way that reinforcement and cancellation
of the illumination takes place at different points, depending on
the phase differences of the two beams. Also the light emitted by
all elements of the source must form identical fringe patterns in
which the maxima fall in the same place, otherwise the various patterns
may overlap maxima and minima and result in reduced, or even zero,
contrast. When the above mentioned conditions are satisfied the two
beams are said to be "spatially coherent",

The basic system of an interferometer can be shown by a block
diagram, Fig. l. The way in which two beams are split-off from the
primary beam constitutes a possible basis for the classification of a
two-beam interferometer. The main methods are:-

a) Aperture-splitting
b) Diffraction-splitting
¢) Amplitude-splitting
We consider the first one. A good example of this is met in Rayleigh's
interferometer, whose arrangement is shown by Fig. 2(a).
Light from a vertical slit source Sl is collimated by a lens L

1

which falls on a screen pierced by two slits, S. and S, and then

2 3

passes through the tubes 'I‘1 and TZ' The light is brought to focus

again by another lens I?, vhen fringes are formed in its focal plane,
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which are viewed with the help of eye piece B. The fringes first
observed when the two tubes T1 and T2 are empty, and gas is then intro-
duced in the tube T2, which will produce a difference in optical path
length between T2 and Tl. If the refractive index of the gas let into
one of the tubes is &y, a path difference 68 = tOp (t being the length
of each tube) is introduced, and the fringes are displaced from their
former position. The difference of refractive index may be measured
by observing fringe shift directly or more conveniently by the compen-
sation method considered below.

As an improvement a compensator, known as the Jamin compensator,
is employed. This is shown in Fig. 2(b). It consists of two glass
plates H and K fixed to a common axis IM and inclined to one another at
a small angle. This arrangement can be rotated as a whole about IM and
the rotation is indicated on a circular scale. The compensator is
mounted as shown in Fig. 2(a), such that IM is horizontal and one plate

lies in the path of each of :the beams traversing the tubes Tl’ T It

e
will be seen that if the rays pass through the plates at different angles
an optical path difference is introduced and this is varied as the
cempensator is rotated as a whole. By employing monochromatic light

and observing the passage of fringes across the field of view as the
comorensator is rotated, the scale can be calibrated to read optical path
differences in terms of wave length. By varying the angle between the

compensator plates, the sensitivity of the device is changed, being

greater when the inclination between the ploates is reduced, since a






larger rotation is required to introduce a given optical path difference.
The setting requires a judgement of the position of fringes relative to
& fixed reference, and the precision obtained does not exceed %6 even
under good conditions.

In order to have o more sensitive and stable arrangement Zernike
proposed a three-slit interferometer, based on Rayleigh's form, where

the judgement to be made is one of equal intensity. This method can be

more stable, and the estimated sensitivity is also much gre-:ter, being

7\' .

In Zernike's three-slit interferometer light beams from the two
outer slifs combine to form 2-beam fringes. The third beam, after havine
suffered the path difference to be measured, is superposed upon these
fringes. The result iz that the fringes are alternately reinforced and
weakened in intensity, provided the third beam is not in exact quadri-
phase with the 2-beam fringes. This may be explained by reference to
Fig. 3. The two beams I and IT produce finges because their wave~fronts
are slightly inclined, the maxima being at the points 0, 1, 2, -1, -2,
etc. where the separation of the fronts equals the indicated whole
number of wave lengths. If now the wave front III from the central slit
bisects the angle between I and II, as shown, the even numbered fringes
0,2 ete. will be reiunforced, and the odd numbered ones are weakened by
the superposition of III. This is becmuse the phases of alternnte

fringes in the 2-beam system differ by T. The reverse will occur if

beam IIT has opposite phase. If, however; beam IIT has a phauc
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difference of:t%,, its intensity will have to be added everywhere,
that is to say, that all the fringes will remain of equal intensi ty.
Summariging this, one can say that fringes of equal intensity are
caused by outer slits, together with the coherent background from the
middle slit, which alternately reinforces and suppresses these fringes.
Zernike proposed the following practical arrangement for this, A screen
with three equidistant vertical slits is placed on the table of a large
spectrometer and illuminated by parallel light, Beams I and IT consist
of light which has passed through the outer slits while beam IIT is one
which has passed through the middle one, To equalize the amplitude of
beam through the middle slit and those coming from the outer slits, the
middle slit can be made twice the width of the outer ones. The fringe
system is observed by means of the spectrometer telescope, and the path
length compensation is obtained, with no alteration in the intensity of
the fringes,; by adjusting the position of the eye piece of the telescope
along the axis. A phase strip to be measured may be placed behind the
middle slit so that it is in the path of the middle or the central beam
ITTI. Thig will result in an outward or inward shift of the eye piece,
which can measure the path difference to an accuracy of the order of 330
The experimental arrangement of Zernike's method is shown diagram-
matically in Fig. 4. Here parallel light falls on a screen with three

glits S 10 when the outer two beams form fringes, with which

17 S130 593

the middle beam forms the three-beam fringes seen by telescope.

Vittoz proposed another arrangement which is a modificetion of
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Zernike's method., In this he uses a variable phase compensator for the
IITI beam. The arrangement due to Vittoz is shown by Fig. 5.

In Zernike's arrangement, namely the 3-slit analogue of the
Rayleigh interferometer, the fringes are formed by the interference of
three diffraction patterns, namely the images formed by the three
aperture slits of the object slit. The mean intensity snd the envelope
of the fringes is thus non-uniform. The method of 3~beam interferometry
which we propose to study is of Michelson form, which lends itself to
photo-detection and higher sensitivity. The lay-out is shown schema-
tically in Fig. 6(a) The source f; considered is a pin-hole
illuminated by mercury green light. Two-beam fringes are formed by o
cube which together with a right angled prism cemented to it forms one
arm of the Tw;man interferometer. The other arm consists of 2
pentagonal prism in addition to a right angled prism. This is necessary
to avoid reversal of the third beam relative to those forming two-beam
fringes, which would result in poor spatial coherence between them.

The plane of best contrast of the 2-beam fringes is at the |
reflecting faces F of the cube interferometer, and this plane is re-
imaged by the lens L to give a real image of the fringes at F'.

The expected form of the fringes, for the case of Tig. 6(b) is
shown in Fig. 6(c¢). While considering Fig. 6(b) it is assumed that we
have the ideal conditions, that is the third wavefront is parallel to
the line of intercection of the other two and exactly bisects the

angle between (1) and (2).
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A proposed photo-detection method is as explained below. A scan
grating, whith is a radial square wave grating, driven at a constant
speed by a motor, is placed at the fringe plane F', Light signals
from the grating are fed to a photo-multiplier tube, The out—put‘of
the photo-multiplier is fed to a frequency selective amplifier, and
then to a final detecting circuit.

The expected sensitivity of the proposed arrangement for the
measurement of path difference is A
700
In Fig. 5(b) we have considered ideal conditions. In practice,

however, we have various departures present. All these are discussed

in detuail in the next chapters.
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CHAPTER IT

Intensity Distribution in the Three~Beam Fringes

In a2 three beam interferometer three coherent waves contribute
to form interference fringes. The interference pattern is con-
veniently looked upon as the result of interference between the
third wave and the coherent fringe pattern resulting from inter-
ference of the other two waves.

Ideally, the third wave front should be parallel to the line
of intersection of the other two and also parallel to the plane
bisecting the other two waves. In practice, however, these con-
ditions will not be fulfilled exactly. MAccordingly, an expression
will be fuund for the final intensity distribution obtained when the
third wave has both of these components of tilt error. ILet the
three plane waves be denoted by (1), (2) and (3).

To find the distributon of intensity in the three beam fringes
we first find an expression for the complex amplitude produced by
the plane waves (1); (2) at a point P in theplane of intersection
of the two waves (1) and (2) (see Fig. 1., Pig. 2.). Then the
total complex amplitude at P is found when the third plane wave also
falls there at o distance d from the line of intersection between
(1) and (2), and having both the component of tilt errors mentioned
above.

Thus let N, and N, be the normals to the waves (1) and (2),

2

and let us chooge the Y-axis to be perpendicular to the plane
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(Nl, N2) and X-and Z-axes such that the Z-axis bisects the angle

(Nl, N,). Let " be the angle between N, and the Z-axis. ¥ ois

1
then also egqual to the angle bhetween N2 and the Z-axis. Suppose
now that the two plane waves (1) and (2) fall on the X-Z plane with
normals having direction cosines 11, my 5Ny and 12, Moy B, respect—
ively. Also, let the phases of the two plane waves (1) and (2) be
taken to be zero at the point O. The phases of the disturbances
produced by (1) and (2) at the point P will be given by k:[P'P}
and k EP"P] respectively, where k=27 , (fig., 2). The complex
amplitﬁdes due to (1) and (2) at the p;\int P will be given by

-:'Lkl, X e-—iklzc

Ul=ale and U, = az where and «Q are the

2 1 2

amplitudes of the waves (1) and (2). Now N. has direction cosines

= } @' = 0 i 3 3 s =_Q3in
11 Sin &=, my and Né hams direction cosines, 12 Sin &
and m, = 0 so that the complex amplitudes of (1) and (2) at P will

be given by:
o—ik Sin &x

= aq
bt ®
O = a o+ik Sin rx
2 2
Denote by U, the complex amplitude produced at P by the wave (3)»

which is at a distance 4 from O, the point of intersection of
waves (1) and (2), and whose normal has direction cosines (1, m)
relative to the axis 02 (Fig. 3) Then,
ikd ik(1lx + my)
U3 = Be e ( y (2)
where  is the amplitude of the third wave, and k =2% ., The

A
zero position of the third wave is shown by the continuous line
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while the dotted line shows the third wave when it is phase shifted.
The total complex amplitude at the point P is now given by
U = Ul 4+ U2 + U3
and the distribution of intensity in the fringes will be given by

p_luiz =U, + U, + U1

1 2 3
that is, hy
2 .2
j {r {1
I _.Ul 4 1Ty +_U3,'
% + 3
U, #U, + U0, + 1,0, | (3)
+ * 3% 3%
U2U3 + U3 U1 + U1U3
where ¥ denotes the complex conjugate., Substituting for Ul’ U2

and U3 from (1) and (2) in ( 3) and rearranging the various terms

we get,
Ip = al‘? + azz + 2a40, Cos(2k Sin®x)
+8% + 28(a, + ay)Cos | k(1x+my)+ka] Cos(kSintk)
-l-IBB(t:L2 o) Sm{:k 1x+my) +kd]Sin(kSlne'x) (4)
It is now convenient to make the substitution 4q = ( ¢- 1 )a

and (4 ) then becomes
Ip = a 2+022 + 2a.a, Cos(2k81n('3‘x)
1, }
+32 +28 (a, +oy Sin[k(1x + my) + 2mé] Cos(ksinbx)

+ZB(a2 al)Cos [k(lx + my) +2'Jtc] Sin(k Slr(lgjx)

Expression (5) gives the distribution of intensity in the three
beam fringes when the beams (1) and (2) are assumed to have un-
equal amplitudes,; namely a;rl and Qs respectively, and beam

three has tilt errors.
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If we consider a tilt free system, that is 1 =m =o, (5)
becomes,

Ip = Io+ﬁz 4 2{3(@2 + al)Sin 2ne Cos(kSin &x)

+2(3(a2 - al)Cos 2ne Sin(k Sin@x) (6)
where I = ay° + 0,° + 20ja, Cos(2k SinGx)
is the intensity distribution which would be given by the two-
beam fringes alone.

To explain this further, the curves corresponding to different
terme in ( 6) are shown in Fig. 4. There, &) represents the intensity
distribution, Ic , in the two beamf&inges;fE} shows that due to the
constant term 52 plus the cosine; and (§) shows the gsine term.

The curve of Ip is the sum of those in (2) , (b} and (¥ Clearly,
the effect of @Q plus ‘b will be to produce fringes on a back- |
ground intensity, in which the fringes O, + 2, i 4y eeeoy are
increased in intensity, while the fringes +1, + 3y seesy arve
reduced in intensity. Thus, in the absence of &) , the even

fringes will have maxima of intensity,

2 2 2 i ..
Ip = ay” + a,” + 2aq0, + B + 2[3(al 4 CI,2)Slm 2ne

= (al + aa)2 + (32 + 2(a1 4 a2)[3 Sin(2me) (7)
while the odd fringes will have maxima of intensity,
Ip = (ag + ap)® + % - 2(ay + a,)B.Sin(2me) (8)
The mean of these maxima is
Ip = (aq + aé)z + (32 (9)

and the difference in intensity between each of the alternate
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mexima as a fraction of their mean intensity is

8Ip _ Wlaq + ap)B
Ip ~ (a1 + ap)2 + B

> Sin (27€) (10)

Now, ¢ is only absent when «1 = ap, or writing a for each of these,

5Ip 8aB

T 2 rpe Sin (2m &) (11)

To obtain an estimate of the expected sensitivity, put « = V2 B
and Sin(2n€)=2n €, and assume that the minimum detectable 8Ip is
d5Ip

% of Ip so that = 0+02. Then,

€ .8 . 0:02
Y

* 35 (12)

where & p is the difference in path length, the above formula gives

Sp =~ _M
600 (13)

and this represents an order of magnitude improvemegt in sensitivity
over conventional fringe setting methods.

It will be noted, however, that unequal amplitudes for waves (1)
and (2) will introduce asymmetry into the fringe pattern, and impair
the accuracy. The amplitude of the term (c¢) is 28(ap-aq) Cos (2n¢. ),
and is thus equal to 2B(w«p-q) when & ~o0, which is at the desircd
setting. The two beams (1) and (2) thus need to be of equal amplitude
to a high degree of precision., This is assured more easily in the
arrangement proposed here, as is shown in Fig. 5(a) of Chapter I. It
requires only that the reflecting faces of the Michelson cube interfer-
ometer be equal, and this is not difficult to achieve. On the

other hand, to arrange that the outer slits in the Rayleigh form
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of interferometer be equal in width to, say, 1 1% is not easy.

It would seem, moreover, that previous workers havenot appreciated
this important factor in 3-beam interferometry. Again, as
mentioned earlier, the fringe pattern is not uniform in the case
of the Rayleigh interferometer, whereas with the Michelson variant
uniform 3-beam fringes are obtained. This is useful if a photo-
electric scanning technique is to be used to determine the null
setting.

It waz for these reasons that the present study was under—
taken, together with the adwantage of the Michelson over tﬁe
Reyleigh form in the matter of the maximum source size giving
good fringe contrast. This advantage is also preserved in the
3-beam forms, in that the three rays intersecting at any point in
the fringe plane can be made to derive from almost exactly the
same ray leaving the source.

A more detailed theoretical treatment, and anaccount of the
fringe scanning technique will be given in what follows below.

2) Photo-electrid. Detection

Nearly all the detection systems are operated with an
alternating signal at some convenient frequency. This is done
partly because it is convenient to amplify alternating current,
asg compared with the direct current, and also because detection
systems operating on a direct current basis are subject to drifts

and changes in sensitivity to which a.c. systems are not. Thus
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direct fringe scanning methods have the serious drawback that
any fluctuations in light intensity can lead to errors. Also,
gince noise represents the ultimate limit on the sensitivity of
a detecting system, we requirea method in which this is reduced
to a minimum,

It is here proposed to use a scan grating which is a square
wave radial grating moving with constant speed. If the grating
has a period Po and is moving with a uniform speed, as it moves
across the series of sine waves of intensity, a detector placed
to accept the total light transmitted will only produce a constant
signal provided the sine wave components present have periods
equal to Poy, Po .....Po ....Po . These are the spatial

2 3 n
frequencies corresponding to the fundamental and harmonics of
the grating. The form of the electrical output from a photo-
electric detector of this total light is a periodic signal,

The intensity distribution in the fringes, given by (4)

is of the form 5

Ip = (2a +52)+a2'[02ik811:ﬁx ¢ g 21KSInTix] -
+deikd “eik(Sin8f+ Q:)x+ o ~-ik(Sin®& -8 .)x“g'
Jikmy aBe—ikd[?ik(SinB'—&)x -—ik(SinSwE._);El

o~ 1kmy (14)

+ €

where it is now assumed that al;q%i = g, The scan grating is
placed at the real image of the fringes. Let the transparency
at the point X. of the grating at time + =o be denoted by Z(X)

Since Z(X) is periodic, of period Po, write,
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+oa i 2m
7(X) = 2 7Zn et Po-¥ (15)
n=— :

in terms of which the transparency at time t is given by

. T
Z(X - vt) = 37 gne”t Too (X - vt) (16)
n = -
that is,
5(X - ¥t) = B Zne_l‘?_ x #1558 vt (17)

n—

where ¥ is the peripheral wvelocity with which the scan grating is
moving. It is convenient to use the spatial frequency in place of

Po. Thus, let G— 1 be the spatial frequency of the grating.
Po
Also let % =V and #=Ffn be used to denote the temporal frequencies.

Then \17) can be written
. - ool | - .
Z(L-Yi’) . E Z e L2AnVio, e ng(n‘fnt (tS)

Nz«

Now the total light flux transmitted by the grating when illuminateé.

with the fringes is _ o+

P(+) -j J Tp Z (X -¥)axdy (19)

~

> £
or substituting for Z(X Vt) om (},i)* i27n oG x \ .z'ﬂ’{'ﬂt
Fi) =3 Zat) N

[+
The fringes are here a.;,sumed to be 1imited by a reot'mp'ular aperture

(

of height 2Yo and width 2Xo. This is a~periodic function of time,

7 ® = ¥zY Y6z The expre.351on (192)
Po
gives the total light flux seen looking through the grating. It

with fundamental frgequency £

contains a DeCe. term and an A.C. term, The D.C. term is of amplitude
Fo = zo (X% (Y° 1p.dx dy (20)
-Xo /Yo

and the complex amplitude of the fundamental A,.C. term is

I+Xo j+Yo letz‘lfd'e de &7 @1)

~-Xo -Yo
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The values of these amplitudes may thus be found by substituting the
appropriate form for Ip in the integrals. It may be scen that Fp and T4
are simply the values of the 2-dimensional Fourier transform of Ip = I (x y)
for the spatial frequency pair (o, o) and (o, 6o) respectively. In order

to find the value of F_, substitute for Ip from (1%) in (20), giving

+Xo +Yo i O -5l
Fo = %ol / J i( 202 “'32) +od (2iKSin Six  -2ikSin6x
~Xo +¥o

+ap elkd{- ik(8in&+1)x -1k(81n6’-1)x_'

LKy, B-‘lkd ik(sin 6=1)x, sik(Sin <9’+1)x_’ -lka} dxdy (22)

s €

+Xq +Yo +Xo +Yo s
To = Zod J [ (20%48%)axdy +a° [ [ |e2TKSin@ix
~Xo ¥, ~Xo Yo
o ki & | Xo +¥o ., ik(5in®O%1)x -ik(SinC=1)x]
+e21k31n8‘.x| dxdy +of / / :.kdi:e +e elkmydxdy
R -Xo ~Yo

+Xo +Y° o . . . - . -
s /) S :.kd{ez.k(s:m &-1 )x+elk(81n 9’+l)x-'ez.kmydxdy

~Xo -Yo L

(23)

The various integrals when evaluated give the following:

+XO +¥Yo
S S (2 +p2) dxdy = 4xo¥o(2a2+f32)
-Xo ~Yo

+Xo +Y s . 2

> o 0 . ‘% - . . . "
7 (2iKSinO&ix_~2ikSin Oix) 1y = 2yo0” 48in(2kSin &ix,)
Xo +1, 2k3in &,

a4

Xy +Y, . s s " .
@ S S e ikd I; ik(Sin &+ 1)x + e-lk(S:.n@“- l)x’ o Llmy dxdy

“Xo ‘Yo

L §
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2Y Sin kao!' ikd (Sin [k(Sin &41] x_ + 2 su[ k(8in &-1)}(0;‘2
- k¥ Le { [k(Sin &+1)] [k(8in @-1)] | 5.;
ap }?‘{0 ‘LfYo sikd g_ ik(sin a-1)x+gik(51n9/+1)x_§ Y 4y
X, =Yo
ik (25in]k(Sin ©%1)Xo ] + 25in[k(Sin &+1)%o ] ‘;
[k(8in &-1)] Ck(sin 8417 )

_ . 2Y, Sin lam¥,
= o kn¥o [

| S |

Substituting these integrals in (23) and rearranging the terms we get,

Fo = 4XoYoZo { (26 + %) + 20° Sin(2k Sin & Xo)+ 2ap i Kifo
: (2 k Sin & Xo) kYo
Sinf k(Sin ©%1)Xc] Sin[k(Sin &=1)Xo ]
* Cos kd (24)
| [k(8in &+1)X0 ] [k(Sin &-1)X0 ]
[5S9
which gives the amplitude of the D.C. component.
Again, from (21 we have
+X° +Y° . x
F, =22, S [ Ip gienaok dxdy (25)
~Xo Yo

and substituting for Ip from equation (14) we get

+Xo +¥o s +XO +Y . .
Fy= 2,/ J (2024p2) T2 gyay +a fffeelksln&x
-AO ~Y -Xo "YO
-2ikSin &% X o +¥o 510 5k(Sin B4 )Ke-ik(Sin ©=1)X
e dXdy +aﬁ f f e € - .
~Xo -Yo '

+Xo =Yoo . - . . . .
=ikmy axdy + a8 f J =ikd Lelk(Sln &<1)X -ik(Sin 6‘+1)X]elkrny axdy

X, oy
° e (26)
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The following notations will now be used

pS8in@ =)
2
G =1=28nk®
P A
k 3in @ = 2n8in®'= no (27)
N
u = 1/7\.
v = m/x

where p is the spacing of the 2-beam fringes, M the wavelength of the
light and ©the half-anglelbetween waves (1) and (2). Thus ¢ is
the spatial frequency of the 2-beam fringes. Also, since (1, m) are
the direction cosines of the normal to the wave (3), (u, v) are reduced
direction cosines giving the components of tilt error. With the

above substitutions (27), the expression (26) becomes

+o +¥o i D o +¥or one ionar ] -1
Fo=22, () f (2624p°)8*2M 7% gxay +a® [ f | ela"“"+e12’“"] S1eNIX grdy
~%o =Yo -io =Yo—
. +Xo +Yo g—

_Hxﬁelkd [121:( ), 1(—-u)2n:| 12y -12W00X g oo
katho Yo jom(g - w) ~i2n(g€ + u) -i(2nvy)-i{2n9px) ‘

rapte J Jle "2 +e 2 e e dxdy (28)
—ao —Yo -t

The various integrals in the above expression give the following:

+X0 +YO . .
J S 2oc2+[32—] F12R0X gudy = (20P4p2)-2y0. Sin(2T%%o)
Xo ~Yo ng

+Xg +Y5
o /’0 fole

_XO _Yo e

12n6k+§12nd%] 512nobx dxdy

2'8in 2n(o-op)x Sin2n(d+ a5)x
= 2 o2 2
Jo « [ n(o-5) Bl :l
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+Xo +¥o

oS S
Xy =Yo

. ca g . 3 . .
elkd[elaﬂ(a +u) =i2n(3 - u)] J2mvy —i2nopx dxdy

. T
=2Y, o1kd sin(2nvyo) [Sin 2n(2+u-aa)xgr+ Sin2n(§;u+ca)xo]
(2nvyo) W F-u+ap) n(S-u+og)

+X, +¥o
o v/
-XO _YO
. R o . g
Sin(2nv¥g) of Elde81n2n(2-u-ob)xo + Sln2n(2+u+0b)X§]
o = 0P
(2ﬂV¥o)

-
. . - . Q" . .
glkﬂ:e12n(2-u)x+512n(2+u)x] 612ﬂw3_512n65x dxdy

=2y

n(S-u-65) 7 SHu+dy)

and the expression (28) can thus be written

. " r . . .
Fq=2Z, bxo¥o (2a2+62) sln(anobk°)+a2'51n 2n(g-05)x0+51n2n(¢+05)x0
(2napxo) L 2nlg-0p)%o 2nla+95)%0

@ Sin Y Sin[2n(Sru-05)%0] , Sin[2n(Sruteg)xo] ikd
(2nvYp) Con(Gru-ag)xo ] [2%(§:u+05)xo]

oikdf Sin2n(§-u-05)x0] Sin[2n(-§:f-u+°6)xoj> (29)

Brxo(§u-03)] [2ﬂ(§1u+05)xd]
giving the amplitude of the fundamental in the A.C. components
of the total light flux F(t).

For a perfectly adjusted system with no tilt between the

wave (3) and the bisecting plane of (1) and (2), as illustrated
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above in Fig. 5., the parameters have the values J =Z2Co,u=v=o0
The first of these conditions assumes that the spatial frequency of
the fringes matches exactly thut of the grating. TFor such a

perfectly adjusted system the expression for Fo, nomely (24)

becomes, _ o
E =47 %o Yo ((zots p2)+ 20> 2 (A TT02 Xe)
° ® e — ) (4 TT3 Ko ) (30)
+ 4 a8 SH{AR s Xo) (oskd .
: (2w Cz Xao) J
and from (29) T~ is given by )
F=9ZX (2.6%+BL) 8 A (2TT0B X _
) “ o Yo §( ) (:Ut‘ 55 %o) (3 |)
o [Bin(2T 0o %o )4 Sa 27 (306 )X o + 28 B(1+ Sn[RT(2Co)Xc])
(2XCoXe)  [25T(30u) %0 {Z.5c (202)Xe 1 )
(o5 Kd

Further, let themre be an exactly even number of fringes, N, in thje
length of the grating, 2Xo. With the notation (27) , N is given
by ZC"X;c =N, that is O"XO;%T' Also, let Nq be integral and
represent the number of grating periods. Then 2 C—‘;Xo =N, G
being the fundamental spatial freguency of the grating. In the
present oase N = 21\10, and so, from (30)we get,

H

Fo= 42 X7, i{ 2082 202 S0(ANTT) 4 g a B Sn(NSTS) ¢ ml
(2N ) (Ne ) J

or, N being integral,
(] .
Fo= A2X Yo (4> +52) (32)

Again, from (31) we get, for this case

87X, e 6 SinlteT) o[ Sin(NoT) -+

(NG TT) Q\lc 7T)

o3I g6 g1+ 20 28T (o )«17
(3M, 7T) NV (2Ne ) "
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(1)

Fz'g. 5.
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or, since No is integrol,

P, = 16 2) X Y < f Cos kd (33)
Again meking the substitution

e = (€ PA

the parameter g gives the departure of .d from the null-setting

value + A~. Then F. becomes,
4 1
P, = 162 X T2 [58in 230 € (34)
and this gives the amplitude of the A.C. signal which is detected
The sensitivity of the method will be dependent on the
signal to noise ratio. The noise will be due predominently to
fluctuations in the intensity F&, and the r,m.s, value of this
noige at any frequency will be proportional to qfﬁ;, since the
fluctuations will be of Poisson type. Thus, the signal to noise
ratio will be proportional to

by 16 Z. X Y 2 Sin (27%a)
1 [+% D )

/7o - Son % v, (2&7+ %)

oxr
Fo- z-"_z.;‘)i4 X1 __<P___ sin(2re) (35)
75 P
7, g V(2" + B 7)

in which the factors which may be varied are (Zlézg) and

YT . .

& / _ The factor 4/4 X Y is simply the squore root
5 (20\2 +P’2)' [ B

of the area of the aperture limiting the fringes, so that this

needs to be made as large as possible consistant with whet

tolerance conditions will allow.
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If r is the ratio of the wark to spoce widths of
the square wave grating, the Fourier coefficients Zg and

Z1 are given by

1 ’: D &
zZo = $o )) dx = -;ET
(G
( T) B2
1 E{;%gsx 1 T
Zy = Fo i e dx= = Sin (—-—l-) 3T
- ET)%Q

so that

Z, Sln( =)

o ./(;;i'

and it is required to find the value of r which maximises

this expression. The maximum occurs when

d Z

1
dr Sgg).-o

i R A Sin t .
that is, when t = (r+l)7t maximises -Qﬁth This
requires that

J Cos t

|
n
hen
ja]
ot
{

s

or t Cos %

that is when

tan t = 2%.



34.

This is turn occurs when
I‘ —
ot = (r—+-1-)ff = 1.16
so that r=0.59 is the optimum value for the mark to space
ratio of the grating.

The remeining factor is ¥/ Now the

(20” + B ?)
original beam is split into two beams of applitude @ and one

of amplitude 5 . *ﬁh.us (20.2 + pB 2) is the total light flux

and is constant, being determined by the luminance of the

liéhlh source, and the geometry of the system., It is thus
necessary to find the maximum velue of the product F(a, )= o« f
subject to the condition that 20(2 + 52 = k, where k is a
constant. Using the method of undetermined multipliers of
Iangrange, this requires the solution of the equations

1 { . 3
o +/\%C_L)20(2 + ﬁe—k(

= (o]
/ J
1 . R 2 2 2
F(.;+)~—-T% ?21* + —ka - o
or '
E+A§-4CL‘;O

oo+ A H’:’; -0

Ll

From the second of these; the multiplier is given by A= (._ &’ )

so that the first becomes

ﬁ— 5%) 4 =0

that is
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or f = /2 «. Thus the optimum ratio of the intensity of the third
beam to that of (1) or (2) is 2.

Using the above optimum values for the signal to noise ratio,
the ratio of the A.C. to the D.C. amplitudes is

Fq

— = 112 Sin2n &
Fo
and, if a value _I_p_l = 0-02, is detectable, the precision of finding
Fo
the path difference is
6p = _L...
350

and for a double pass

5p = _M_ .
700



CHAPTER ITIT

Reference hos been made to the question of tilt errors
in the third bean in Chapter II. The present chopter deals
with these in more detail, and treats the question of the size
of tilt errors which can be tolerated in the system. The effectu
of mismatch between the width of the aperture and the iringes,
and between the fringe gpacing and that of the srating, are also
determined.

(1)_Tolerances for the permissible tilt errors in the third beanm.

Re-writing the empression for Fo and Fl from Chapter II

from Qa). (27) and (2?) we get

e a gt S et

2 2 2 .
F o= 42X, (20 +37) + 2a Sin (27[07}(0)

(2me X, )
. . G _
+ 2aB Sin(2n v_Y_P_) Sin 2 n(:g-:j U)X, (1)
(22 -
(2n vyo) 2 fn(z + U)}.o

hY

. o :
+ Sin 27 (5 - U))}o Cos ka

201(% - U)X

Q.
(\( (2a = + B 2) Sin (2 nc;xo)
L LTS3 N

+q 2| 8in 2n (O- <5*o)xo + Sin 27 (% o*o)xo)

2

™" = b
Py 8ZlﬂoYo

2o o*O)XO 27 (o% O'O)Xo

' Cont.,
LI .
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Equation (2)
continued.

+a Sln(2'j[ vy )/ sinen G+ U- o)X,

=
(27 vy ) ot (F + U -0 )X,

_...

+ Sin 20 (g-'- U+0 )X, ik

o
2™ (E -U + CSO)X0

+Sin2n(g-u-cro) , sin2n(@+u+c) ), -ikd

T _ - g
e § -v-0)) on (Z+ U +07)

In expressions (10) and (11) we have a system with both the™
components of 1tilt error being non-zero, Ve prOceed by assuming
ore of the component errors to be present in turn, with the others
equal to mero. Fig. 1. (a) and (b) shows the situation with the
tilt errors present separately.
(a) System with V-component of tilt error equal to zero.
As we are considering agystem which is otherwise perfectly adjusted
s0 we have from Chapter II

=20,

X, = ¥ (3)
where O and G“o are the spatial frequencies of the fringes and of
the grating respectively . and ¥ is the number of fringes in the

length 2X , N being assumed to be even. IFrom (1), (2) and (3)

we get,
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(b.)
 fﬁ3.l

(a)

» Lt -errors.
‘on of the Lil
tic representation of A
i ‘mmalic
Zﬁagwamm
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F = 42X7 (2'0;2+i32) +2cr.2 Sin (HT
) 00" 0 —(Fr

+ 2ap |sin (g'}(— 2m UX, )

U qg_. ox
(2 o UXO)

. (N
- T 9T
+ Sin (F7 + 2 Uxo)‘ Cos kd. (4)
Nr, om
(3T+ 27T UX ) )
2 2 . XN 2 i
= -— in =T
F 8Z1X0Y0 (20 © + B7) Sinz T + a ':il_l.z +
N N
57 e
- r
: N
= T
sin (3% ®) |+ af|{(Sin 270X~
N
(3 27[ ) ZIKUXO
Sin (Wn-27 UX) Jikd /Sin (27 UXO) .
1(1?]'[—27[ UXO) (2n UXO) (5)
N
. I
sin (Nt + 27UX )  -ik

(Nt + 2m UXO)
(4) and (5) .on simplification and putting @ 22242 in the
expression of Fo give,

F =16 72XYa° (6)
0 o 00

F

a i 2T
. 16 7, X Y B Cos kd  Sin (2 UXO) (1)

( 2nUK )

If the tilt error specified by U is other than gero, the A.C.

signal is reduced, the new signal to noise ratio is proportional

to,
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Signal P
= "1 = : Sin 27 UX
— JEXT P Cos kd , (8)
Hoise ,,-FO °o° 2 ’KUX

which expression serves as a basis for the tolerance on the tilt

error U, If in (8) sin (27 UXO) £

0.9,
(2m U’Xo)

the signal +to noise ratio is not significantly affected. Then the
maximum value of 'U' which can be tolerated for a given Xo (equal

to 4.5 mm in the present case) in the system is about 50 seconds

of arc.

(b) System with U-component of tilt error equal to zero

Trom expression (1), (2) for the present case when the
U-component of the tilt error is zero, but V is non-zero, making

substitutions from (3) we get F_and F, as

2 2 2 .
Foo_ 42 XY {(2(1 +B87) + 2a Sin Nt +

M
. N
4ap Sin 27 VYO Sin 3 T Cos kd (9)
2 VY x
o &
2
. a 2 =2 by 2 [ K
LY —821X0Y04((2a +B)Sln2i +a Sinz T +
L i) Tx
- - 2 T 2
Sin-g-l-{q(+ ZQQ/Sin 2'1(VY 1 +
3W ;t” 2T ﬁ* (10)

2

Sin N 7| Cos kd
N7

-
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Simplifying (9) and (10) and putting g 2= 2¢2 in (9) we get
_ v 2
F_= 16 zX ¥, a (11)
Fl = 16 Z]_XOYO aﬁCOS kd 8in 27 'VY'O (12)

T g
2 VYO
Again, a non-zero value of the tilt error reduces the A.C. signal

and from (11) and (12) the new signal to noise ratio is found to be

proportional to

Signal _ Fl 4Zl [Xbef3 Cog kd 8Sin 2K'VYO (13)

Noise o 0 2% VYo

It may be noted that (13) is formally identical with (8),

(UXO) being merely replaced by (VYO)a Again (13) serves as a basis

for imposing a tolerance on the tilt error V. If in (13)

sin (2 ﬂVYB < 0.9, the signal to noise ratio is not significantly
(Z7vT,)

affected., Then the maximum value of %' which can be tolerated for

& given Y_ (equal to 4 mm in the present case) in the system is
about 45 seconds of arc.

(2) The effect of mismatch of the fringe spacing to tke grating

In a2 system which is perfectly adjusted and where there is
exact matching of the fringe spacing and the grating spacing the
spatial frequency of the fringes is equal to exactly twice the
spatial frequency of the grating: that is,

& =20,

Cand O, being respectively the spatial frequencies of fringes and
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grating. Ve will consider a2 system where there is a mis-match
between the spaocing of fringes and that of the ,grating'. In this
case the spatiel frequency of the fringes may be written
T'= O+ b (14)

where 0" is the spatial frequency, equal to 26’0, giving perfect
matching. Thus,

c' =20, + 60 (15)
From (3) we have,

20° X =N (16)
for the number of fringes in the length 2}(0. Let No be integral

and equal to the number of grating periods in 2X°. Then, in the

ideal conditions,"=d‘= 26’0 and so,

N o= 2N (1)
and from (3) No = 20, Xo' Rewriting the expressions for
F,y Fy, from (1) and (2) we have, .»

- 2 2 2 .. p
Fy 4zoxor°{(2a +B8%) +2a Sin 2 O X

2N g’X
o
. ™ s o’
+ 23@81n 2 VY Sin 2'11(2 +U)Xo .
2MVY ag’
o | 2m (2 + U)Xo
g’ )l .
Sin 271(3 - v)xo Cos kd (18)
2 (g - U)Xo

&
P, =8Z.X Y (2a2+(32) Sin 2 wOX +a231n2n(c"—0')x
1 1l oo 9 O 0’7o
2 MgX (G -0 )X
a0 o o
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34 . . T
4 Bin 2x (O + OB)XO + Sin 2T VY

aB VU« I8
t
2n (O +O‘O)Xo 2 VY
1 . 1
/Sin eﬂ(g + U - O;)XO , Sin2m (-‘fg - U +c;):x:o Jikd
2 a' gt (+]
21 (3 + U ~C )X 2 (3 - U + O)Xo
. St . S .
+ M2 ~U - oa - .
Sin 2 (2 U O;)xo , Sin 2?[(2+U+O;) o—ikd (19)
o*l 6—1
T (= - - =
2T (3 U O”O)X0 2n(3+ U+ C)
Using (14), (15), (16), (17) in (18) and (19), these formulae
reduce to
F =4Z’-OXY {(2a2+5 2) +2a2 Sin NI + 21[69')_(2
° ° o4 W + NIy
i) . N _
+ (-)5 4qp | SingM4nd T X | Cos kd (20)
s nes X,
2 i
and, ,
> 2. SinXg
F, .82 XY /(2a® 4% P35 +
1 1o T
2
a? Slnii"t+2'1[6(§’}(_o . 3'1[+2'I[5©’X
.g. T 4 2 'I[@O'XO 3“ + 280X
S5 Si X
v 2qp|T( n0 T X)) - Sinlix + w6 X ) | oy (21)

( 6 X ) T + 6 X))

L

respectively: (20) and (21) may be further simplified, and putting

B %= 2a ¢ ip (19) then gives,



44,

2

F= 16 z XY (22)
F, = 16 Z X Y_ap Cos ki Sin(ndJ X )
° (6O X_) (23)

From (22) and (23) we get the signal to noise ratio being proportionmal

to,

sin (T GGXO)
(7{66}(0)

(24)

Noise \[-F-‘: J—Z:

signal _ *1 - 4% S5, @ Cos kd

Again, from (24), the effect of this error is seen to be to reduce
the strength of the A.C. signal.

(3) The effect of mismatch betieen the width of the anerture and

It is now assumed thuat the system is free from tilt errors
and s8lso that the spaticl frequencies of the fringes and of the
grating are perfectly matched. Iet us suppose, hovever, that the
width .of the aperture is not exactly equal to a vhole number of
periods of the grating. That is the length 2Xo is now reprezented
by 2(X,o + 8 XO), where 25}(0 is the error in the width of the

aperture, irite then

X, = X + 0K (25)
From (3) we heve
26}( ! = N
[o]
1
2GX, =M, (26)
S =25,
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Substituting now from (18), (19), (25) =nd (26) and remembering

t
that X in (18) and (19) is replaced by Xo , we get

F =
(o]

Fl =

Eypregsions

in (27) 2nd

F—
0

B

48, (X + 8% )Y (2 a 482y +

2a 2Sin(H'ﬂ: + 2 ncax;o)
(M + 2no 8 X'OT

+ 4ag Sin(-ng +18% o) | Cos ka

et s

(27)

W
) X o
(27c +m 6K )

i 2 22\ (e
8z1 (xo +5}\.O)Yo (22 +8°) Sln(lvo’l'[ + 27 0‘06}{0)
: @+ 2n 5. 0% )

2 [
a 1 TE T? ] y L
+ S:Lfl(l\To + 2 0;6xo) + Sln(3No T+ 3.2 ﬂqéxo)
(N&‘ﬂ: + 2710;82(05 (SNO'IH 3.27[6;6:{07

+2ap|l + sin(2n N+ NS xo)
(2n T+ FoBK Y

-l

Cos kd (28)

(27) and (28) on simplification, and putting§32= 2a 2
d= (.~ %)K (as in Chavter II), give
2 .
16a T % (Xo + 8 xo) (29)
8 7. (X + 6X)Y. a®§5(-1)F0 sin(en &7 6% )
1 o o’ "o =1 o o
(No 2T, 6 Xo)
: \
+ (1) 5in(3.27GpX ) + 2.84 singn€| (30)
(3W_m + 3.200c 6% ) J

From (29) and (30) the sign:l to noise ratio is,
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Signal _ F1_2Z1 \/r-Y: a\/m 5(—1)N0 Sin 20050 X
= e )
Noise JFO N+ 2m,b X,

+(-1)%0 sin(3.2m T56x )
(3 T+ 3.2‘1‘10;0)(0)

)
+ 2,84 Sin 2‘Itj (31)
Signal to noise ratio is maximum for & X =o (31) then gives,
Signal Fl 5.68 Z]; Yo q Sin 2ME (32)

il

o)

Noise

vz,

For p X  small (31) gives

Signal - 2Z1 ﬁ \/"'(1 + 6X
Noise f \/’Z‘ o

. N
5(-1)"° 2mage x4 (-1 6moL6x,

¥ r N
+ 2.84 sin 2 'ﬂe] (33)
33) on simplification and putting 2X_ = "o ~gives,
(o) ?
- A
Signal = EL ~ 12 0 6X2 & 2,84 O_o 5 Xo Sin2ME€ + 2.84Sin 27
Noise F, o %o
: 120_6
Signal - o Xo + 0.09 G-Q 5X0 + 2,84 Sin 21€
Noise N N
0 o]
1Y - 12.09 &, & X o+ 2.84 8in 2 €& (34)

ﬁi N
A) o}

From (34) we get,
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12.09 ' & X Z ¢ 2.84 Sin 2p€ (35)
. ,

o]

Substituting N = 2 So X s putting X =4.5 mnm and Sin oné
(from Chapter II) = 0,032 we get,

6Xo < 0,06 mm.
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CHAPTER IV

(a) Spatial Coherence and 3~beam FPringes

I'ig. I shows schematically the general arrangement of a
three-beam intevferometer. Light from a small source proceeds
by way of the arms (1), (2) 2nd (3) to produce fringes in the plane

at P, Conjugate object points Pi, P2 and P3 are found in the

gource space such that P is the image of P, formed by light

1

traversing arm (1), P, similarly is the object point which is

imaged at P along arm (2) and P, is the object point which is

3

imaged at P along arm (3). Iet an element ds of the source prodice

complex amplitudasUi, U, and U, at P., P2 and P, respectively.

2 3 1 3

If £, f2 and £, are the complex transmissions for the paths

1 3

1 to P, P2 to P and P3 to P, then the total complex amplitude

at P is given by the sum,

P

£,0; + £,U, + f3U3 (1)



49




50.

The intensity due to ds at P is then

2
4
¥ £U, + 1,0, f3U3 ds (2)

Total int@nsity at P due to whole of the source is given by

Ip sff;flul+ £,U, + 230, | P as (3)

Expanding the brackets in (3) and noting that
2
= {4
I mf{{f'U £ as (4)
2 Tahen
1, =ffjv { as
3 i 3

we get the expression for the total intensity st P due to whole
of the source as,
Ip =) £ ﬁ I, 2}?12 S )§21
+ ;f 2Re£{ﬁf< U, f2 as

(5)

iFyr aw 35
+ eEU Uyt f3'§d5

mm-

+ g 2Rﬂ S‘U f 3flfps

\

3 represent the separate intensities at Pl’

P, and Py due to whole of the source. The sign £ in ‘(5) denotes

In (5) I, I, and I

the complex conjugate. The degrees of coherence between the points

P., P, and P3, taken in pairs are defined by,

12 2



51.

L {(
- e U.a:U.ds
21 V172 e

[
L o J/ pvge (6)

J._T. g U1-U ds

and thus, using (6) in (5), the latter becomes,
=1 ,j?, }2
+ 2&112 Re([3,f,%E,)
+ 2 /E213 Re( r?zfz ff3) (7)
+ 2/1 I Re(r' £,
31

As fl is the complex amolitude produced a2t P by a wave of unit

amplitude and zero phage at P, therefore,

1
£, =] %) | exn(id,)
Similarly,
£, =| f2’| exp(iq)z) (8)

£y | £y fexn(idp,)

In expression (8)
¢1 = (phase at P)
¢2 = (phase at P)

4)3 = (phase at P)

(phase at Py )

(phase at P2) (9)

(phase at P3)

Algo if Il s 12' and 13' are the separate intensitics produced at
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P then
n'=|efr
' =|z, P, (10)
1y =] 2, 1

From (7), (8) and (10) we get

7o t 2 TR e i(d)z "'d)l)
Ip = Ili + L0+ I3 + ..\ifI:‘L O h“(r'21 e )
. (’r

1

T = ::pz)
%/12'13' Re(rgze ) (11)

i@, -¢-)

e 1

#2fT,7T 7 Ro (™ 30 37

From (6) and (8) we can say thatf’zl’r132’r713 respectively

are determined by the degreec to vhich the phase differe .ces

between(?z, Pi)7@3, Ib),@a, PB)Warys for 1light from J':i¥.rent
¢ . s of the source. In the genural case
[, =T 911321
21 21
iB
- 32 12
Cyp= Typ @ (12)
ip
L - 13
13 = V13 e

Prom (11) and (12) we now get
Ip= I+ + T, 42V, JITT Goa [@, -&)) + ‘32:1]
+ 2V, [T, 'Y Cos [(¢3 -y + 532] (1)

+2Vy /1L Cos[(d)l -¢3)'+ 513]
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(13) gives the general expression for the intensity in the fringe
plane. In order to investigite the effect of the introduction of
the third beam on the two-beam fringe system formed by light beams
from the cube we proceed in the mamner given bhelow,
Fig. 2 shows schematically the three heam interferometer.

The plane of best contrast of the two-beam fringes is at the
reflecting faces of the cube interferometer and this is¢ re-imaged
1 P1 and P2 are coincident

= 1. This means that

at a convenliant position by the lens I
(in the case of two-beam fringes) and so r'21
the visibility remains high even for larger source sizes. (13) gives
the general expression for the intensity in the fringe plane. To
find an expression for the intensity of two-beam fringes we puts
t
13 = o
&, == = & =¥ (14)
2 - 1”7 A
In (14) x and @@ .respectively represent the distance in the fringe
plane and the tilt. (13) and (14) give,.
= e 47T
= L{ 1 [
I, LR L 2,/11 I,7 Cos (% x'&) (15)
The varying part of (15) is diagrammatioally represented by Fig. 3.
(15) gives the intensity of the fringes in case of the two-beam

fringes. Xet now the third beam be introduced. In order to get

the expression for the distribution of intensity in this case lets
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¢3 272'12 - €
M= Myp= M= veexn(ip ) (26)
From (13), (14) and (15) we get
Ip=I,' + I,' + I3' + 2 /Il'T'g' Cos (él’:l[x &)
. 2
+ 2V/I2'I3' Sln[;-%@’x + (G_—B)]
R 4| N - -
- 2vfI,'I;" Sin S x - (€ - ) (17)
J5ET sin| 2 €-p)]
Let us consider the case when Il‘=: IZ‘ = I', This givess

Ip = 2I' + I,' + 21" Cos (ﬂ-ﬂ—- z&)

(18)
+ 4vfI'IB' Cos——fyx Sin(€ @ )
(18) shows that the effect produced by B , the argument of rﬁl3,

is to shift the zero of € . Fig. 4 represents (18) graphically
Giwen o symmetrically shoped small source,  1s cexpocoted to be
zerv. Assuming this to be so, the effect of the third beam on

the two-beam fringes is seen to be 1o introduce an additional

D.C. term and also a term of spatial frequency equal to one half
that of the two-beam fringes. Thus alternate fringes of the two-
beam system will appear to be increased and decreased respectively
in intensity. The scanning grating has a fundamental spatial
frequency component introduced by the third beam. In perfect
adjustment the scanning will, therefore, detect on the presence

of the new component, whose amplitude is proportional to Sin

D
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Tolerance on the source size

Fig. 2 represents schematically the three-~beam interferometer
which we propose to study. In order to find the +tolerance on
the source size we re—draw the diagram as is ghown by Eig; 5.
In order to find the points P12

in the reflecting surfaces of arms (1) and (2) are found as is

and P39 images Q12 and Qg of Ql

shown in Fig., 5, anc then P12, P3 are the object points in the
gsource gspace c¢ conjugate to Qﬁz, Qé: T is here the collimating

lens. le ig the imoge of @ formed by the reflecting surfaces

Pl’ P2 of the cube. Let F bw the focal length of the {ficld lens

C' and let D denote the distance between F and T!. (Fig. 5).

P! represents the reflecting surfrce in the arm (1), ™iviher let

d be the distance of the object point Q from T!, Aluc il R represents
ths ruflesting surfoce in the »rm (2) then let RT!'.: %, As P
Q3 are the images of Q formed by the reflecting surfaces in arm
(1) and (2) their distances from the front focus of C' will be
(D -4a) and (D - d - 2%) respectively., C' is considered here as
a mirror imcge of €, Applying Newton's conjugate relation for

C' we get

= 2
(1)--<1)R1 = F (19)

(D - d - 2%) §2 =p°

From (19) we get,
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ﬁl = F2
-0) (20)
R. -

= F
2 (D-d-21t)

El and ﬁz in (20) represent respectively the distonce of Py, and

Py (the object points in the source snase), from the ‘focal plane

of the lens C .

It can he ghown, that for trhs uaximum size of the source

giving e contrast 2 0.80 we hove the expressions (ref. to

o

H.H. Hopkins Advanced Optical Techniques, Chapter 6).

N

._.(g[_j ‘} A2r4+B:25"2]f30.4 (21)
A 3

In (21) o is the source radius .nd A, B are defined by the

eXPressiorn,

A= d F-2) (22)

R OK
B = j[(az-al)z + ((32 - 51)2] (23)

ﬁl and ﬁ2 in (22) are defined by (19) and (20). Also a 1" Bl’a'2” B
are the direction cosines of P P12 and P P3. From (19) and (20)
we have,

A = (24)

x
.-

2
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The point P12

Qs from the axis is 2(d + t)®. (Fig.5) where &is the $ilt of

lies on the axis so ¢ - The distance of
Bl O.

-—

R (third beam). In order to £ind the value ofa, the angle

which P, makes with the axis we make use of the magnification

3
relation which gives us,
cJL2 = 2ng+ ) (25)
From (23) and (25) we get
3 =20 8O (26)
Re-writing (21) we have
‘D"H%FEKT4+§Vﬂ§¢4
From this we can also write
(%-)-2 %Azo—”' £ o.z0 (27)
(%}02 ®o? £ 0.20 (28)
%e can write (27)_and (28) as
Tr = 4/ sy (29)
o = / 0.20 A (30)
7B

(29) and (30) would give tolerances with respect to path difference

tt! and tilt '©'. Substituting for A and B in (29) and (30) we

‘_:;__z 4/0.60\/;-{; |

get

(31)
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o —
T =i e (32)

If we take t=1 mm, &= 0,0003, d=1 mm, and) = 0.0005 mm then

=~ 37!

0 )
= 3

Q

The size of pinhole used as the source wos chosen to be € = 0,27 mm

giving —Fg: 2~ 3' (P = 12 inches).
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CHAPTER V
(1) Introduction

This chapter describes constructional details of the three~
beam interferometer, the general arrangement of which is shown
schematically in Fig. 1,

L. more detoiled diagram of the interferometer is shown by
fig., 2. This arrangement has a number of advontages, of particular
importance being the equality of the ~mplitudes of beams and thot
the system lends itself well to the use of photo-electric detection
These are matters that were discussed earlier, in Chapter I and
Chapter II.

With these general remarks, we may nroceed to describe
each component in detail.

(2) Illuminating System

The illuminating system consists of » Phi%?ips low pressure
mercury lamp rated at 125 watts, supplied from a Phi;!ips leak
transformer; type L 4140. The mercury lamp is enclosed in a lamp
house, the emergent light passing through & condensing lens Gl and
a field lens G2 falls on the pin-hole of radius 0.26 mm. The
pin-hole is at the focus of a collimeting lens, which is a doublet
lens of 12 inches focal length., A wratten Ho. 77 filer is placed
between the pin-hole and the.collimating lens which isolates 5461°A

line of the mercury spectrum. The light from the collimating lens

is limited by a square aperture.
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(3) Beam—-Splitter

Light from the collimator falls on a beam-splitter, B in Fig; 2,
where it is split into two components going to arm (1) and arm (2)
The beam—-splitter used is a flat of 3 inches length, 0.44 inches
thickness and 2 inches width. It has a refractive index of 1.5175
and is flat and parallel to one eight of a wave-length, the beam-
splitting layer being of aluminium.

As explained in Chapter II the intensity of the third beam
should be preferably equal to twice the intensity of each of the
beams (1) and (2). Two-beam fringes are formed by the lighf beam
which falls on the cube € (in Fig. 2), which consists of two prisms
cemented together, with their interiace semi transmitting and

and C.2 (fig. 2) of the cube are fully

reflecting. IFaces C1

reflecting.

The beam-splitting surface of the cube C was arranged to have
approximately equal transmicsion and reflection, and the reflection
coefficient of heam—splitter B was then arranged to have a value
giwing the desired intensity ratios for the different bheams. Let
T and R e the transmission and reflection coefficients of the
beam~splitter B (Fig. 2), and Tl, R1 be the transmission and reflectio;
coefficients of the beam-splitter of the cube € (Fig; 2). Also let
%

of the cube. The pentagonal prism P; in the arm (2) of the inter—

ferometer merely reflectsthe third beam, and zo let Ro denote the

Ro be the reflection coefficient of the reflecting faces C
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reflection coefficient of each of these three gsurfaces.
s B and @ are the final amplitudes of beam (3) and of
each of the beams (1) and (2) (Chapter II), they are given by

;32 = ’I‘2303 (1)

2 2 2
: 2
a RT BB ‘ (2)
From (1) and (2), the ratio of the intensi ty of beam (3) to that

of (1) ox (2) is

2 2 '
=L = (+3) (3)
The cube beam-splitter has an aluminium film, vhose transmigsion
and reflection coefficients were found by measurement to have the
values T, = 32% and R1= 28%., Ro, which represents the reflection
coefficient of the fully aluminised faces of the cube, was assumed
to0 have a value equal to 95 per cent. These values for Ro, Rl and

T +together with the required value 0£I==Q:E = 2, gives for the
1 2
. a

ratio T, which is ratio of transmission coeffiecient to the reflection
R S
coefficent of the beam-gplitter B, the optimum value of 0.44. Tie

coating usedé¢ for the beam—splitter B has the values T = 16 percent
and R = 40 percent. These give very nearly the optimum value of
the ratic T.

R
The beam—-splitter B fits in a mount which is fixed to a very



70

heavy base plate, having adjusting screws for levelling; The
mount of the beam-splitter also has adjusting screvs, which can
(a) move the beam-splitter laterally and (b) tilt it. Both these
are fine motions.

The beam—gplitter B divides the incoming light into two
components going to the arms denoted by I and IT in the diagram
of the interferometer, Fig. 2. We shall discuss each of the arms
I and IT in turn.

(4) pmm I

Arm I of the instrument has the cube interfeiometer, wth
8 right angled prism cemented to it. The light leaving the cube
forms two-beam fringes, having the plane of best contrast at the
reflecting faces Cl’ Cé of the cube (Pig. 2). The right angled
prigm which is cemented to the cube merely displaces the pgth of
the out-coming beam laterally by a desired amount so as to let it
fall at the position 'e' on the beam-splitter B(Tig. 2).

(a) The cube interferometer

The cube is formed by cementing together two right-angled
prisms, cut from a singlo longer prism as shown in Fig 3;(a) to
ensure exact equality of the adjacent angles, The glass is of
refractive index 1.5175. The length of the sides is 1"; The faces
EF and BC Rig. 3 (b) of the prisms {)and (2) have fully reflecting

aluminium coatings. The hypotenuse, AC, has an aluminium coating
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with 32 per cent transmission and 28 percent reflection; The two
prisms are cemented with Bettle Resin (made by BIP Chemiocals L&)
whieh has a refractive index of 1.534. The prisms are placed as
shown by Fig. 3 (b), and cemented in the jig shown in Fig. 3 (c).
The jig is placed in one of the arms of the Twyman interferometer,
and adjustments are made to the relative positions of the two

prisms until 2-beam fringes of about 70 fringes to inch are obtained.
The cement used takes two days for hardening.

(b) Right Angled Prisms

The right angled prism P which is cemented to the cube C to
displace the out going beam by about 1 inch, i§ of glass of
refractive index equal to 1.5175 and sides 1 inch in length. It
is cemented to the cube almo using Bettle Regin. The angles of
this prism are accurate to 10 seconds of arec.

This combined unit of cube and prism is placed on a mount;
which, in turn, is placed on a slide to pemmit adjustment of the
distance of the unit (cube and prism) from the beam—splitter B;

"The mount itself has adjustments giving both wvertical and longitud-
inal motion in the vertical plane, and alsoc +ilt abomt both horizontal
and vertical axes.

-(5) Arm II

Light transmitted by the beam-gplitter B passes along arm II

of the interferometer, and a means is also provided in this arm to
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reflect thg beam and displ.oce it by the same amount as the lateral
displazcement of the beam in orm I, fall on the heam—s-litter at

the proper position. The pentaprism, Pl, ig provided as well as
the right angle prism Ié in ordew to have three reflections in

arm IT as well asg in arm I. This avoids relative reversal of the
wave in this arm relative to the two waves reflected from the prism
system in arm I. Such a relative reversal would result in poor
spatial coheresnce between them (Chapter I), and 2 large reduction
in the size of the pin hole would be needed to preserve fringe
contrast, with & consequent large reduction in light level. The
pentagonal prism has length of its sides as 1.3" and 1" and two
faces Pl' and P, (rig. 2). fully reflecting; rhe refractive index of
the glass used for the pentagonsl prisu and for the right angled
~prism is 1.5175. The right angled prism has its side 1" in length.
The pentagonal prism and the right angled prisms ~re mounted on
separcte mounts, which are fixed to a common base. Iach prism

can be given separate tilt adjustments about both horizontal and
vertical axes. They can 2lso be adjusted as a single unit in two
perpendicular directions in the horizontal plane., The mount as a
whole can bhe moved on a slide consisting of rods, and has arrange-

ments for clamping the unit in any desired position.
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(6) The Viewing System

The right angled prism P3 is used to reflect
the beams emerging from the interferometer in a2 convenient
direction., This prism has sidesl" in length, and refractive
index equal to 1.5175.

The plane of best visibility of the fringes is
near to the faces Cl’ 02 of the cube interferometer C.

A plano-convex lens L1 of 14" focal length and
4" diameter is placed at a distance of about 3" from the
right angled prism P3. Fig. 2. This forms an image of thg

fringes at infinity. To observe the fringes visually one

has thus to place the gre at the rear focal point of L,, where

1
an image of the pinhole is formed.

As the spatial : frequency of the two-bean
fringes has to be mgde equal to twice the fundamental spatiall
frequency of the scan grating, anotheér lens L2
after the lens 11. I? is a double~convex lens with power -

is placed

6 dioptres and diameter 1".

The gensitivity of the interferometer
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may be tested by pressure scanning of air; For this purPOSé an
air-cell is placed in the arm II of the interferometer. The
air-cell is of 3 mm internal thickness, and has all faces flat
and parallel to an accuracy of 2L~ The cell ig connected to a
simple manometer, which can intriduce changes in pressure in air-
¢ell of the order of 1 mm of mercury.

To make the path in glass in both the arms equal a compensator
is placed in the axrm I of the interferometer.

With L1 and L2 in position the overall magnification is not
sufficient to observe easily the effect of change of pressure in
the air-cell on the fringes. To facilitate visual observations
we use a X10 eye—piece, which makes the totzl magnification of the
obgerving system equal to about X5. With the fringes observed
at a distahce of 250 mm, the fringe spacing is then equal té about
1.7 mm.

(7) Scan-grating and photo-electric detection

A scan grating placed at the position where L., and L2 forms

1
an image of the fringes., The grating is a square wave radial
grating, and has a totzl of 1000 lines around its periphery; The
mark-to—space ratio is 131, which is conttrary to the theoretical
optimun value of 0,.59:1 for maximum signal to noise ratio;A Simply

becauge of immediate availability the grating with mark-to-space

ratio of 1 : 1 was used.
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The grating is driven at constant speed by a syhchronogs
motor coupled to the drum through a 1 : 6 reduction gear bag.
The motoriis connected to the gear box by means of a rubber shaft
which helps to minimigse +the effects of wvibration. Por a motor
speed of 1500 r.p.m. the rate of rotation of the grating is 250
r.peme The A.C. carrier frequency generated is given by

= E)o/s

where ¥ is speed (ins. sec-l), and P is grating period (in),

Thus,

27 O”I
1
Y T Zow

where & is number of r.p.m., and r is the radius of the grating
Using the values for the present instrument, namely, O = 250 r.p.m.
1
r= 2,17 and P=
‘ 75.6

Y = 4100 ¢/s

for the frequency of the signals to be detected.

(8) Photomltiplier Detector

A photomultiplier is employed to convert the sinusoidally
varying light fluxes into sirusoidally wvarying electric signals;
The photomultiplier is mounted in a brass tube Wthh is blackened
on the inside. Th e photomultiplier used is an E.M.I. type 6094 B
It has a spectral response as shown by Fig. 4 (a). The mercury
line used in the experiment hasA = 5461 ﬁ, for which the photo-

multiplier hes almost its maximum sensitivity. The 6094 B is an
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eleven dynode, venetian blind type tube, with a 1 centimetre diameter
photocathode.

The high tension for the tube is obtained from a stabi%ised
2000 volt D.C. supply coupled to a potentiometer unit. Fig. 4 (b)
showg the resistor chain used and connections to the photomﬁltiplier

Typical operating characteristics for the 6094 B are as fol}ows,

E.H.T = 1400 v
Voltage between

dynodes = 117 w
Current Drain = 0,705 m A
Dark Current = 3x100,
Sensitivity = 200 A/Lumen

Phase Selective Amplifier

The output of the photomultiplier is fed directly into an
Elliott type B8Ol synchronous amplifier. This instrument cqmprises
a high-gain low-noige amplifier with coarse and fine a}tenuvation
of 804d B in steps of 20d B and 2d B, plus a smooth inteérpolating
attenuation of 64 B:at all positions. The amplifier characteristics
are claimed to be stabilised throughout by negotive feed-back
circuits., The oubput is coupled to a phase sensitive rectifiser
which rectifies those components of the signal which arc in synchron-
ism with a reference signal which is derived from the radial grating;

The reference signal is automatically controlled to & constant level
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within the instrument and it can be varied cohtinuously in phase
hefore presented to the phase sensitive rectifier.

Pig. 5. is a block diagram of the circuits incorporated within
the Flliott Amplifier. Since only those parts of the signal in
phase with the reference signal are rectified all signals in
quadrature and at harmonics will give rise no deflection.

The Elliott Amplifier requires 2 sinnsoidal (or triangular)
wave form of between 2 and 20 volts r.m.s8. at an input impedence
of approximately 10 K to 20 K for the reference channel.

Fig. 6 is a schematic diagramm of the reference channel
prior to the Elliott Amplifier. The OCP 71, a junction transistor,
is ¢ffectively boittomed by roughly focused light from a peanut-
lamp. The output of this circuit is 15 volts TS (as measured with
a CRO) and consists of & sine-wave with sligh#fly clipped peaks on
the positive side. This appears to be suitable for the Elliott
Anmplifier.

Because of the extremely high sensitivity of the Illiott
Amplifier, exireme core is required in =eparating the input channels;

Input leads should always be kept short and well shielded.
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CHAPTER VI

Adjustments of the Interferometer

Results ¢

A detailed description of the various components of the
interferometer is given in Chapter V. The present chapter deals
first with the adjustmente required for observing three~beam
interference.

The illuminating system of the interferometer is designed
to give a uniform level of illumination in the fringes. The
lenses G1 and G, (in figure 2. Chapter V) form an image of the

mercury lamp at iris diaphragm, which constitutes a secondary

gsource for the interferometer. The separation between G, and G

1 2
is such that G2 is close to the aperture in the iris diaphragm,
and acts as field lens imaging the aperture of G, at the collimator

1

L. It thus produces uniform illumination on the collimating lens.
The interferometer has two arms I and II. Arm I forms the
two-beam fringes and arm II has the reflector of the third beam.
Ve shall consider the adjustments of arms I and II separately.
Arm I, as mentioned earlier in Chapter V, has a cube inter-
ferometer which is mounted on a plate which has adjusting screws,
which tilt the cube about two horigzontal axes at right angles to

each other. To obtain lateral displacements of the cube this plate
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and adjusting screws are fixed to a larger plate which can be
moved horizontally normal to the incident light. The whole of
this assembly is carried on a further base plate which can slide
parallel to the incident beam; and gives adjustment of the path
length in the arm I of the interferometer.

Arm II has the reflector of the third-beam, which consists
of a right angled prism and a pentagonal prism. The right angled
prism receives the light transmitted by the beam—-splitter B and
the pentagonal prism reflects it back to the beam-splitter at
the position 'e! (Fig. 2 Chapter V).

It is necessary to provide adjustments for tilting this
reflector unit in order to render the wave front of the third beam
parallel in the final fringes to the bisector plane of the two
wave fronts returning from the cube interferometer in arm I. TFor
this purpose the two prisms are placed on separate plates, each
of which has screws which provide tilt adjustments in the horizontal
and vertical planes, The prism Pé is first adjusted laterally to
superpose the refilected wave fronts on those coming from arm I.
The direction of the reflected beam in arm II is then adjusted
for the tilt error using the second prism, P2'.

It was found that the adjustment initially provided for the
tilt of the third beam, namely using the two screws of the prism

plate, was very much too coarse to allow proper setting of the
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reflector unit, and this unit of the interferometer was according-
1y modified in the following mamner, The plate carrying the Wwo
prisme was clamped rigidly to & beryllium-copper flexure spring
which provided angular movement about a horizontal axis, and the
other end of the flexure spring was attached to the main base
plate through a vertical strip of beryllium-copper, providing

then angular movement about o wertical axis. To obtain the fine
movements needed for the adjustment of the tilt of the third
beam, two levers are used with micrometer screw adjustments to
provide fine motion. The initial arrangement was kept as a coarse

ad justment.

Results:

With the light from arm II blocked out, 2-beam fringes were
observed formed by the cube in arm I.Theso were photographed
using a plate~holder at the fringe plane as imaged by the lenses
L1 and L2. Figure 1shows a photograph of these fringes. It will
be noted that these fringes are not exactly straight, and this
points to residual errors of surface flatness or glass inhomo-
geneity in the prisps forming the cube interferometer. Visually
the fringes are of high contrast.

Bven with the lever-—operated flexure hinges it was found

extremely difficult to obtain 3~beam fringes of uniform appearance.
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The best results obtained are shown in Fig. 2., To the middle

and right of this photograph it will be seen that z2lternate bright
fringes are of greater and less intensity, but, even here, looking
along the length of fringe (from top to bottom) the releotive
intensity in o given fringe varies. This is seen also in moving
from left to right across the centre of the fringe photograph.

The difficulty encountered arises from the extreme sensitivity
of the interference effects with threec beams. A very slight tilt
error of the third beam -rill mean that the path difference between
it and the light in the two-beam fringes varies from point to
point over the pattern. A variation af%4ajshould be easily seen,
and this would mean a precision of setting of the reflector unit,
and a freedom from vibration or other movement of X/éoo'
Unfortunately stability of this order was not found possible with
the arrangoment used. The effects of residual tilt error are
shown more markedly in Fig. 3, which is much more typical of the
results obtained. |

Given vexy precige adjustment of tﬁe tilt of the third beam
relative to the 2-beam fringe system, the 3-beam fringes would
still be very sensitive to errors of flatness of the third beam.
Indeed this is so much the case that the technique might perhaps

be used for the finnl checkings of flatness of, say, Pebry-Perot
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A
interferometer plates, where errors of the order of /100 can
be of importance. TUnfortunately, shortage of time has prevented

this from being studied in practice.
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