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ABSTRACT

In this thesis, contributions are made to the general problem of
identifying linear, multivariate systems (with more than one input and
more than one output) from operating data for purposes of control. The
problem is shown to be the proposal of a suitable mathematical model
structure followed by the task of estimating parameters within the
structure by statistical methods.

From the initial assumption that the systems of interest have a
state~space description, deterministic canonical forms having fewer
parameters than the original description are derived by means of linear
transformations. The methods for construction of these transforms are
related to the conditions for controllability and observability. The
method for transforming an important new form, the A-canonical form, into
a vector differential (or difference) equation in the input and output
variables only is developed. The inverse problem, of transforming back
into the A-canonical form is solved. Then both descriptions are extended
to include structure for stochastic inputs that appear as correlated
disturbances at the system output.

The problem of estimating the parameters of the multivariate stoch-
astic difference equation is investigated. It is found that estimations
by conventional least squares leads to unsuitable estimates. Consequently,
a new, modified method of least squares is developed and shown to be

asymptotically unbiased. Algorithms for estimation by maximum likelihood
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methods are also developed. A number of examples are computed to
illustrate the effectiveness of the algorithms and for comparison
purposes. A simple example of stochastic control using a model, the
parameters of which are estimated by running data, is shown.

In the final chapter, some possible extensions of the work are

considered.
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CHAPTER 1

THE SYSTEM IDENTIFICATION PROBLEM

1.1 Introduction

In this thesis, the general problem of identifying multivariable
systems from operating data is considered. The types of variables
involved in the processes of interest are shown in Figure 1.7 which

has been adapted from [1].

Independent Uncontrollable Inputs
Variables L . Ts
|
uq——é Y4
ué~€> —%yé
Controllable Measurable
. Process .
Inputs Outputs
—
u—> Y
! t 1
N ~ \;/
Xy X, e - X
Intermediate Variables Trbpendent
é__...l
Variables

Figure 1.1 A Multivariable System

The identification problem is concerned with finding mathematical

relations between the set of independent variables and the set of



1.

dependent variables of the system.

The controllable inputs can be measured and manipulated whereas
the uncontroliable inputs are disturbances which may or may not be
measurable. The latter may also include changes originating within the
system. In the following, distinction will be made between random
processes, which cannot be controlled and control systems which have
controllable inputs but may also have uncontrollable inputs.

The set of dependent variables includes, along with the measurable
outputs, other convenient quantities that are part of the process but,
possibly, cannot be measured. They are classed as intermediate variables.

The motivation for the identification of a control system is
provided by the requirement to control the process in some optimal
fashion. The implementation of control algorithms derived from modern
control theory requires a kmowledge of both the structure and para-
meters of the differential or difference equations describing the system.
With this knowledge, and in the absence of disturbances, the optimal
input from a class of inputs usually can be determined to achieve a
desired response. In real situations, this objective may be obscured
by the presence of disturbances that do not belong to the class of
measurable inputs and affect the output in an undesirable manner.

The control policy in such circumstances must then be modified to cope
with the disturbances and minimize their influence in some sense. If
the response to the uncontrolled inputs can be predicted, an improved
control procedure can be devised; hence, the identification procedure

must also determine the structure and parameters of the mathematical
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relations comnecting the uncontrollable inputs and the dependent
variables of interest.

The identification of a random, uncontrollable process is
motivated by the requirement to predict future behaviour given a
recent history of past performance. Such processes may be encountered
in economic planning situations as well as in the study of physical
phenomena.

So far, we have implied that the task of system identification
is undertaken in order to furnish an investigator with a mathematical
description or model of the system for purposes of control or prediction.
It is overambitious to suppose that an exact set of relations among
the variables of the process of interest can be synthesized from a set
of terminal measurements; hence, practical considerations force us to
first propose a suitable mathematical model of the system specifying
its structure (the functional relations among the dependent and
independent variables) and then an estimation procedure to assign
numerical values to the parameters in the model by experiment. Clearly,
there is a risk involved in exercising judgement in proposing a model
structure along with a parameter estimation procedure. Hence, a per-
formance index is an essential element of any identification scheme as
a measure of the "goodness!" of a particular identification policy for
which a model structure and an estimation procedure are assumed.
However, there is no advantage in proposing an elegant model and a
sophisticated experimental parameter estimation programme if the

results cannot be fully utilized. Thus, it must be concluded that the
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identification problem or model building task is strongly object-
oriented [2] and the techniques employed will differ widely over
the broad range of objects or systems investigated.

Let us now pose the identification problem in a very general
mathematical form. We are required to estimate the elements in the
vector of parameters €(t) appearing in the vector differential

equation and observation equation

%(t)

£x(t), u(t), v, (), €.(t)] (1.1=1)

y(t) glx(t), u(t), Gg(t)]

+ hlx(t), va(t), eh(t)J (1.1-2)

which minimizes some cost or risk functional R where

x(t) is the model state vector of dimension n

u(t) is the r—dimensional control vector

y(t) is an m~dimensional observation vector

v1(t) is an input noise vector
vz(t) is a measurement noise vector.

The model state vector x(t) is equivalent to the vector of
intermediate variables % of the general process shown in Figure 1.1
if the above equations are an exact description of the process of
interest.

The major difficulty with this model is that it requires knowledge
of the state~variable vector x(t) in order that the parameter vector

&(t) can be estimated, Thus, for this model, the identification
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problem must be extended to include state estimation along with
parameter estimation [2, 65]. The solution to this problem is
difficult because it involves the joint estimation of parameters and
variables appearing as products in the model, This is a nonlinear
estimation problem. Unless the minimization of the risk function R
specifically includes the requirement that an estimate be made of the
process intermediate variables, it would be advisable to seek another
model form in which the state variables have been eliminated. It is
to this restricted class of identification problems that we now turn
our attention.

The problem with which we shall presently be concerned is that
of finding mathematical relations between the set of independent
variables and the set of output variables of some noise~perturbed
multivariate control systems or stochastic systems. We shall limit
our main discussion to linear realizations with parameters that are
invariant with time but will indicate how these constraints can be
relaxed in some special circumstances.

For the purpose of this thesis, we shall define multivariate
systems as processes for which, at any instant of time, it is necessary
to represent the input and output variables by vector quantities of
at least two dimensions respectively. The reference to single-input
single~output systems which will be encountered throughout is self-
explanatory.

The term stochastic process will be applied to the family of real

time functions f(t,f,) defined for the outcomes \Z‘ of an experiment



specified by the probabilities of the random events that make up .
For every specific outcome §i’ f(t,‘gi) is a single time function
which, for our purposes, will be a real vector function when we dis—

cuss multivariate stochastic processes.

1.2 Process Identification

The introduction to the system identification problem in the
last section leads to a natural subdivision »f the problem into
five parts:

(1) the motivation to identify a system

(2) the proposal of a model structure

(3) an experiment to obtain data to which the model can be
fitted
(4) an evaluation of the results of the experiment

(5) confirmation of the model or reproposal of the model

structure.

Savas [1] makes an important distinction between models proposed
for process design (or redesign) and models fitted to process data for
prediction or control purposes. In the former, certain parameters and
variables will correspond directly to such quantities as physical
dimensions or material constants so that their influence on some
performance criterion (or risk function) can be assessed directly.

We are concerned with the latter requirement for which the model risk

criterion should reflect the prediction capability only of the model
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or models fitted. This specifically excludes the identification phase
of the dual control problem considered by Feldbaum [66], Kwakernaak
[67] and Riordon [68] because the cost function devised for their
problems includes a measure of the controller performance.

Consider the selection and minimization problem:

choose minimize R[1(y(%) -@E(t)), t5 t,] (1.2-1)
z. e,
1 1

where the loss function 1€ I,

parameters Gi €o,

models Z; £Q
and where the risk function R 1is defined as the expected value of
the loss function 1 over the interval of time from to to t.
§;(t) is the best prediction of the output y(t) by the model iy
given all available prior knowledge of the system behaviour from
measurements in the interval from to to tq.

For example, for selecting and evaluating a discrete time model,
we might choose to minimize the mean square output prediction error.
Then the selection and minimization problem is (multivariate case):

t
choose minimize ¥ [y(1) - ?Yt;gg,¢-1)]?J\f1Ey(t) —‘9(ré§i,¢-1)1
z 5 63 =0
(1.2-2)"
where -/\- is a weighting matrix.
The purpose in introducing a selection procedure into the criterion

is to allow a comparison of models that may differ in structure. For

example, the order and degree of differential or difference equations,
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the duration of lags, etc. Hence, the model Ty is chosen from the
set of models £  that the investigator may propose to compare by
means of equation (1.2-1). Detailed examples are provided in the
literature, in particular by Box and Jenkins, for systems with a
single output [33]. Suitable models for the multivariate case are of
current research interest.

Having chosen a model structure, how do we estimate the parameters
& so0 that the risk function is minimized, given only a record of input
and output measurements? In this thesis, we shall investigate a
number of statistical methods for estimating the parameters of models.
We shall show formally, and experimentally verify, that the classical
method of least squares estimation leads to biased results when used
to estimate the parameters in the dynamical models developed for
multivariate systems. Thus we will be required to modify and extend
existing statistical methods of parameter estimation to seek a
solution to this problem. The results of the experiment will be
evaluated by obtaining a measure of the mean square prediction error.
This, we claim, provides the necessary model information for the design
of a suitable controller., TFor example, if we can minimize the mean
square prediction error of the output, we should be able to regulate

the output within the same region of error.
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1.3 Outline of the Thesis

Chapter 2 is a study of some state-~variable canonical forms of
constant, linear, multivariate, deterministic systems. The initial
assumption is that all systems have a state-space description. This
allows us Vo relate the well known conditions for controllability and
observability [8] to the construction of some useful transformations.
These are used to provide canonical state-space descriptions having
fewer parameters than the original description. In particular, a new
state-space description, the A~canonical form, is described.

In Chapter 3, it is shown how the A~canonical form leads to a
description in the multivariate output and control variables. This
description is called a vector differential (or difference) equation.
It is related, in this chapter, to forms that have appeared in the
literature a number of years ago and to matrix transfer functions.
The procedure for transforming the vector difference (or differential)
equation back into A~canonical form is given. A number of examples
are supplied.

Systems with stochastic inputs are discussed in Chapter 4. It
is shown that from a set of terminal measurements, systems with noise
inputs to both states and outputs can be modelled by a description in
which all the noise sources are combined into one vector noise process.
The transforms relating stochastic state-space descriptions and
stochastic vector difference equation descriptions are derived. This
chapter provides a general model form suitable for the identification

of multivariate systems.
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Problems of parameter estimation are considered in Chapter 5.

It is shown that estimation of the parameters of the models developed
in Chapter 4 by least squares leads to incorrect estimates. A new
method of modifying the least squares method is developed so that the
estimates are asymptotically unbiased. The method of generalized
least squares estimation is examined and passed over in favour of
maximum likelihood estimation. The algorithmsfor estimating the para-~
meters of the multivariate descriptions developed previously are
provided.

In Chapter 6, examples of identification, prediction and control
are provided. The superiority of the modified least squares method
developed in Chapter 5 is demonstrated in comparison with other forms
of least squares estimation. The criterion for comparison is the
closeness of the estimated parameters to the true parameters of the
systems simulated and also the variance of the prediction errors.

The method is also compared with maximum likelihood estimation. The
conclusion drawn is that the new method is suboptimal but considerable
saving in computer effort is achieved. Finally, a simple regulator

is designed for a multivariate system. New problems are shown to arise
at this point.

The final chapter is a review of the contributions of the thesis

and outlines the possibilities of future research.
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1.4 Contributions of the Thesis

The principal contributions of this thesis, believed to be

original, are the following:

(1) New and practical techniques have been developed for transforming
multivariate state-space descriptions into vector differential (or
difference) equations in the input and output vector variables omly.
The core of the procedure is the transformation of a state=space
description into the A-canonical form which is a new form. Attention
is drawn to the fact that the transforms for reducing systems to Lur'e
coordinates and phase~variable canonical form are special cases of

the transform for reducing systems to the A-canonical form.

(2) 1t is velieved that the vector difference equation in the input

and output variables has never been generalized for systems of any

order and has never been applied to problems of system identification

in the form presented here. The system description closest to the

above appears to be the well known transfer function description

[3, 29]. The chief distinction is that if a controllable and observable
system can be described by a set of n first order difference equations,
the vector difference equation requires fewer than n vector observa-

tions of the output if the output is of dimension greater than one.

(3) The modified least squares method for parameter estimation
(denoted here by the name "bootstrap! estimator) is believed to be a

unique extension of methods introduced by Levadi [S4] and Mayne [20, 56].
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It is shown to perform remarkably well when compared to an optimal

estimator and results in significant saving in computational effort.

(4) The derivation of algorithms for the identification of multi-
variate systems by maximum likelihood methods is thought to be an
original extension of Astrom's [18, 19] elegant methods for the
identification of single output systems.

In this thesis, an attempt has been made to illustrate the
usefulness of the proposed algorithms by the computation of a number

of examples.



CHAPTER 2

SOME STATE-VARTABLE CANONICAL FORMS OF A CONSTANT, LINEAR, MULTIVARIATE
DETERMINISTIC SYSTEM

2.1 Introduction

In this chapter, the task of developing system models suitable for
identification purposes is approached from the assumption that all
systems have a state-space description. Some state-variable canonical
forms will be developed that are useful from the identification point
of view because they ;an be described with a minimum number of para-
meters in certain circumstances. The last form considered, the
A-canonical form, will take us close to our ultimate objective of
finding a suitable relation between the input and output vector variables
only.

Assume that a linear, constant, multivariate, deterministic process
has a known state~variable description I . The state variable equa-
tions of I are

£ = Fx + CGu (2.1-1)

y = Hx (2.1-2)
where x is an n~vector of state variables, u is an r-vector of
controls, and y is an mevector of measured variables. For convenience,
the time dependence of the input vector u = u(t), the state vector
y = y(t) and the output vector x = x(t) will not be shown when they

are attached to continuous-time descriptions of a system.
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Suppose that there is a description & , defined by

fg‘ = Fx, + Gu (2.1=3)

v, = Hx, (2.%=4)

such that the output of § 1 is identical to that of 3§ for the same
input and appropriate initial conditions. Then description % 1 is
equivalent to ¥ . This can be stated formally [27].

Definition: System description z,] is equivalent to description I
if there is a non~singulsr n xn matrix T with constant entries
defined by

where =x is the state vector of I and x, is the state vector of

I, such that for the same input to g and X 4+ the output

e

¥4 H.x, (2.16)

=y (2.1=7)

Then the transformed system matrix F,l s control matrix G1 and observa=

tion matrix H,' are defined by

F, = TfF 3 G, = T6; H il (2.1-8)

1 1 1 =
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2.2 The Minimum Number of Parameters in a State~Variable Canonical

Form

2.2.71 The Problem

In this Section, the problem of finding the minimum number of
parameters in a state-variable model sufficient to describe a linear
multivariate system is considered.

The state~variable equations of a linear, time~invariant, multi-
variate system & =% (F,G,H) are given by (2.1-1) and (2.1-2).
In general, nZ + n{m + r) parameters are required to specify I .
The problem posed is that of finding a non-singular transformation
Tm defined by

x = Tx (2.2-1)

so that the new description I m(Fm’ G Hm) has a minimum number of
independent parameters. By definition, I m is equivalent to I .
We shall call X n @ minirmum-parameter canonical form.

Kalman [3] has stated that the minimum number of independent

parameters in some 'normal!' form of I 1is

Nm = n{m + r) (2.2=2)

In support of this statement, he outlined a scheme whereby F was
reduced to a matrix Fm of n independent parameters. Then n para-

meters of either G n or Hm were free to be chosen arbitrarily. As
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Kalman did not provide the details for constructing the transformation,
they are derived in the following Subsection.
2.2.2 Transformation to a Minimum~Parameter Normal Form o
(1) In the first step, system matrix F is reduced by similarity
transformation to-any of its normal forms [4]. TFor example, a companion
matrix or a diagonalized matrix is said to be a normal form. (An example
of transforﬁation to companion form is given in Subsection 2.4.2). ILet
us denote the transform by Ta and the resulting description by
ZaﬁFé, G,» H). If the degree of the mininal polynomial* of F is
n s (n,m £ n), then the transformed system matrix F_ has exactly
n independent parameters. Hence the transformed description I a
has n + n(m + r) dindependent parometers.
(2) Now we look for a transform that will allow us to arbitrarily
choose some of the elements of the control and observation matrices
without altering Fa. We are thus restricted to matrices of the following
form which will commute with F . (That is, TF, = Fa?b.)

n ~1

- m
T.b - d.oIn + (x/IFa + oee anm—,IFa (2.2"‘3)

where In is a unit matrix of n rows and columms. We shall now

* Note: The minimal polynomial of a square matrix F is that poly-
nomial m(s) of least degree n such that m(F) = O,

the null matrix.



26,

show how the coefficients %y Gy eoe & 4 cCEN be found to make
certain elements of the control matrix take on arbitrary values. We

could equally well have discussed the observation matrix. Setting

e = TG (2.2-b)

and substituting for T _, we obtain

b
nm—1
G = laT +oaF, +...+a nm-’lFa la, (2.2-5)
Let us define gja = jth colunn of Ga and substitute for the

colums of Ga' and accordingly for Gm. In one additional step

we write
— - — nm-1
Bim €14 F*’::18'1:-1 -t Fé €10 4{“0 7]
nm-1
Bom 824 FagZa ¢ * Fa 82 .“ﬂ
nm~1
Erm Bra Fagra D Fa 8ra %t i
_ . L —d
a
| Py

The array in (2.2-8) has rn, rows and n colums.. Each row corresponds

to an element of Gm in the vector on the left. Clearly, we can solve
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(2.2~6) for the vector of coefficients o (3 =0, 15 aeg nm-1) by
first constructing a nonesingular matrix Tc with n ~ rows taken

from the array and used as in the following equation.

Anxkd-vector of - Tc, a non=singular noxan oy
elements selected matrix of rows taken from the o4
from G andset | = | rn x n  array in(2.2-6); .
to some desired one row for every element .
arbitrary value, selected in the n-vector on .
the left, O ot
- ~ m

We are free to choose both the rows and the value of the corres-
ponding element of Gm subject only to the restriction that rank

Tc = n. Thus we specify the value of n, parameters of Gm’

solve for the vector of coefficients aj and compute Tb. We then

calculate the remaining coefficients of the minimum-parameter canonical

form Z p* The number of parameters in I n i

n in F
m m

r =n i G
n m in m
mn in H

m

which totals n(m + r) in all.
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A significant drawback is that we cannot decide, a priori, which
elements of Gm (or Hm) can be chosen and set to some fixed value
without first checking the rank of matrix Tc' For example, it can
be shown that the elements of a column gjm of Gm can be set to

predeterminedvalues if, and only if,
rank [gjm Esjm cee Efgjm] = n (2.2—8)

This equation implies that the states of system 2 are completely
controllable by the jth element alone of the control vector.

In BSection 2.5.2 it will be shown that complete controllability
or complete observability is a sufficient condition to enable the
derivation of a minimumeparameter canonical form in Nm independent

parameters.

2.3 The Conditions for Controllability and Observability of a Linear,

Constant, Multivariate System

Although the conditions for the controllability of a linear,
constant, multivariate system are well known [8], a particularly simple
proof is presented here becauseit provides an introduction to the
construction of a useful transforming matrix. This proof has been
influenced by the recent publication of Chen, Desoer and Niederlinski
[9] who obtained the same simplified conditions for controllability

by a somewhat different approach.
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Theorem: Consider the state=variable equation (2.7=1) and (2.1-2)
of the linear, constant system ¥ in which the rank of G is r
and the degree of the minimal polynomial of F is n . Then I is

controllable if rank cPP = n where ch is defined by

A 1
CPP 2 [¢ ¢ ...F¥ ] (2.3-1)

and the controllability index by

p = min(nm, n~r+1) (2.3-2)

Definition [10]: The controllability index p of the system X
is defined as the smallest positive integer for which CPf has
rank n.

Proof: The solution of (2.1-~1), the state equations of system I is

given by
t
x(t) = eth(O) +Jf eF(t.T)Gu(T)dt (2.3-3)
0

The system is said to be controllable if the state of the system can
be changed from any initial state =x(0) to the origin of the state
space X in a finite time tf by the application of an appropriate
input u over this period. Hence, if I is controllable, any x(0)
may be expressed as

bt

#(0) = ~J e qu(r)ar (2.3-L)
0
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It is well known [27] that for an nth order linear, constant system,

coefficients g, may be found that satisfy

n~1
~F
T = I gl P~ (2.3-5)
k=0
But, if the degree of the minimal polynomial of F is nmén .

then every term Fk for all k 2 n, is a linear combination of texms
of lower degree. Thus, in the general case, we can write

n -1
m

~Fq
= T a1) F (2.3-6)
e Koo ak T

On substituting (2.3-6) in (2.3-4) and reversing the order of summa=

tion and integration

n_ =1
m tf
x(0) =~ T Fe/S ar(vu(dr (2.3-7)
k=0 0
te
Let ~-f aﬁ(¢)u(r)d¢ = (2.3-8)
0
nm—1
Then x(0) =

ZFka.
k=0 k

n_~1
= [G‘ FG . o F m G] B p.o ] (2.3—9)
B
Bp
m
L .
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Clearly, if cPn has rank n, its range spans the entire vector
m
space X including the point x(0). Therefore, Bos Bqs oo By 9
m

can be found to satisfy equation (2.3-9) .* This proves that ¥
is controllable if cPp has rank n and p = n.
The part of the proof to show that p € n - r + 1 follows from
Chen et al. [9] who observed that the dimension of the range of
P (0 <s%£p) is at least one greater than the dimension of the range

c S

of P_, cach time that a block of the form F~ G is added to

P Now if the rank of G is v, then up to n - r blocks of the

¢ s=1°
form F°G are required in ch' Hence, p % min(nm, n-r+1) .
Finally, they show a special example in which cPp has rank n and

P< min(nm, n-r+1). This concludes the proof.

Corollary: The system described by equations (2.2-1) and (2.2-2) is
observable if rank 0Pp = n where
- -
P = B .
op .
HF
o (2.3-10)
HFP
We redefine p to be the observability index
p £ min(nm, n~-m+1) (2.3-11)

It will always be clear in which context p is used.

#* See [26)27_] for o treatment of the prob?ew\:
g}ven/(,() find uff)
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Corollary: The results apply when the system equations are formulated

in discrete time:

x(t +1) = Fx(t) + Gu(t) (2.3-12)
y(t) = Hx(t) (2.3-13)
Corollary: Systems for which the degree of the minimal polynomial of

F is less than n are neither controllable nor observable by a
scalar input or scalar output respectively. This can be demonstrated
in the observable case by making each matrix H a row vector. Then,
if p = n € n, it follows that rank OP < n.

P
It should be observed that arrays P and P are not neces-

cp oD
sarily square. In the following sections, some important canonical
forms are derived by constructing nonsingular transformations from
these arrays. There may be more than one such matrix for each array

depending on the number of combinations of n independent columns

(rows) that can be found.

2.4 A Useful Aid to the Derivation of Canonical Forms

In this Section, a useful lemma is proven that provides simple
rules whereby most of the elements of the transformed matrices in many
canonical forms can be written down by inspection. The result is
employed throughout the remainder of the Chapter where canonical forms

are considered. An example is given to illustrate the use of the rules.
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2.4,1 The Lemma
Given the ith row vector a, of matrix A which has n columns
and at least one row and bj’ the jth row vector of the nonsingular
nxn matrix B, if
bj = a; (2¢4~1)
then the ith row of the matrix E in

E = AB—1 (2.4=2)

i

is given by e;

(0, ouey bij, 0 ...) (2.4-3)

That is, the jth element of e, is unity and all the other elements
are Zero.
The proof is obvious by inspection after postmultiplying both

sides of equation (2.4-2) by B.

Corollary: A parallel result can be obtained for the form E = B—1A.
If bj = a where bj and a, are the jth and ithcolumns of B
and A respectively, then the ith column of E has unifyonly in

the jth position and zeros elsewhere. That is

e; = (0 sy 65, 0 )T (2.4-1)

2.4.2 A Simple Example of a Canonical Form Obtained with the Lemma

Consider the n x n transform

T = [a Fa .. Py (2.4-5)
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where d is any n~vector that satisfies the condition

rank Tm = n (2.4=6)
Substituting x2 = T;1x in (2.1~1) and employing the corollary above
F, = Flad. . ™23 are . . ™ a

o 1 . 0 . . (2.4-7)

L. =

4

which is the transpose of a normal form of ¥, the companion matrix
[4]. Because the n o, terms satisfy the characteristic polynomial
£()) (2.4=8) of both F and F2 (a criterion for their similarity
{4]), they are unique and independent of the choice of the elements of

the n-vector d.

1

£) = (DN 0 X7+ e t0) (2.4-8)

Thus 4 can be chosen, by the lemma, from columns of G +to make

n elements of G, arbitrary provided that the condition (2.4-6)

is satisfied. There is no reduction in the number of independent

parameters in H2 for this choice. Hence, the transformed system

z 5 1s completely specified by N, = n{m + r) parameters if d
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is so chosen.

In the special case of control by a single variable, the trans-
forming matrix constructed with the single-column matrix G is that
used for testing controllability [8] of a single input system. The
basis of the state vector of ¥ is transformed into the basis of
Lur'e coordinates by operation with this matrix [13, 12, 5]. It is
also basic to the method of Wonham and Johnson in constructing the

phase-variable canonical form [6, 7].

2.5 Multivariate State~Variable Canonical Forms Defined with the

Conditions for Controllability

In this section, the corollary of the last section will be used
with the conditions for controllability to show how some simple
canonical forms for multivariable systems can be derived. The trans~
forming matrices T in the cases discussed will be made up of linearly
independent column vectors taken from the array ch shown in (2.3~1)
and used for testing system controllability. Hence the functional

dependence of T may be shown by
T = TF,G) (2.5-1)

We shall be interested to see if the canonical forms derived have

Nm parameters, and are thus minimum~parameter realizations in the

sense used by Kalman [3], (2.2-2).
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Definition: If there is a system I 10 completely specified by Nm
parameters which is equivalent to system I, then 231 is a minimum-
parameter canonical description of Z .

In the following, it will become evident that transformations

to minimum—parameter realizations are not unique.

2.5.1 Companion Matrix (Transposed) Canonical Form

Considér the system I described by state-variable equation
(2.1-1). If the system % 1is controllable, then array cPp
(2.3-1) has n independent colums.

The feature of the construction of the transform for this form,
for which the complete details are given in [10], is that the con-
trollability of the system state by each control term is tested in
turn. The linear independence of all vectors g; (3 =1, eee 1)
of G is assumed. One of the columns of G (say g1) is selected
and entered in the first column of T. Then subsequent columns
Fg1, F2g1, eesy, etc, are added until a dependency is reached or nx n
matrix T is full. In the first case the dependent vector ijg1 is
discarded and the cycle is repeated for 853 g3 etc. until T ié full.
The resulting transform is

pq-1 Py p,-1
T = (g, g, . -F g 8, ¥ - .F g, .8 Fg . F gv] (2.5=2)

where v 1is an integer such that v % r and T has n independent

columms.
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On carrying out a change of coordinates under equivalence trans-

formation from the basis of X to the basis of 233 we get

-1
F =
3 T FT
= @y p
-1 P4 -~ v =1
= [P g4 & Fg,I eoe F g4 F By =o- F gvj
[ > p,’-’l pv-1
- lg Fg, Fgg «-- F g 85 ¢o0 F 8, (2.5-3)
and -
-1 -1
- 2 Py L
G3 - [81 Fg1 F g1 sne F g1 82 cee F gv] G (2.5—1{.)

Now by carefully éomParing columns in the matrix products according

to the corollary of Subsection 2.4.1, we can write down the arbitrary
columns of zeros and ones of F3 and G3 immediately by inspection.
For example, the second column in the first matrix of the matrix
product in (2.5~3) is the same as (can be paired with) the first

column of the second matrix. Hence, the first column vector of F3

has a one for its second element and zeros everywhere else. Continuing,

we find that F3 and G3 have the form
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o 0 . 0 x 0O X » O 0 x7
’] o -3 x ° o - L] £ ) -] »
0o 1 p'd
X °
-] x -]
o x X
0 . « 1 x}O0 X |
e W e, — g ——
0 o xlo o . . =x=l.
0 0 x 1 0 . . X
F3 = . 3 e e ° L3 (2'5-5)
0 « 1 x|. x
xl. x
. .) 0 . 0 x
X o « 1 x
0O . . 0 x 0 0 ., « x . O 1 x
and
—
170 « 0 x . x.j
0O . X o X
— - O - * x - X
G3 - L] ’] [ ] - - (2°5-6)
0 0
N
. - 1 z
o . 0 x

where x's stand for the non-zero elements which characterize the

system. The system matrix ¥, in the new coordinates is composed of

3

v companion matrices (transposed) located in square blocks of

dimension pj along the main diagonal. The blocks can be considered
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as coupled subsystems of order pj. There will be v such columns
corresponding to the v companion matrix (transposed) blocks resulting
from a transformation constructed with just v columns of G. By
similar reasoning, there will be (r - v) nonarbitrary columns in

G3 corresponding to the (r - v) columns of G3 not employed in

the construction of T.

Totalling the number of parameters that are not unity or zero in
this form (and hence the parameters that specify the system), we find
that there are nv in F3 and n(r-v) in G3. The number of inde-
pendent parameters in H, remains unaltered under this transforms-—

]
tion. The total is then

Nm = nl{m + r) (2.5-7)

hence, a minimum-parameter realization has been found.
As in the first minimum-parameter canonical form discussed, we
cannot tell in advance which columns of the control matrix can have

predetermined elements without first conducting some tests.

2.5.2 An Assertion on the Realigzability of Minimum-Parameter
Canonical Descriptions
Assertion: Complete controllability or complete observability is a

sufficient condition to show that the minimum number of parameters



required to describe I is given by

Nm = n(m + 1) (2.5-8)

Proof: In the last Subsection, a reduced canonical form in

N, = n(m+r) parameters was found for any selection of column
vectors of G, subject only to the condition that the rank of T must
be n. If the system is controllable, then T can be formed by taking
n independent columns from cPp which has rank n. Then the rank of
T is n and a canonical form in Nm parameters can be found. This
proves the assertion for controllable systems. The assertion for
observable systems can be shown similarly. Alternatively, the duality

theorem of Kalman can be invoked directly [8].

2.5.3 Another Reduced Form

The reason for introducing the following transform is that its
dual, derived using the conditions for observability, leads to a system
description in the input and output variables.

Again consider the system X . This time, the construction of T
will be undertaken by inserting blocks of the form FkG adjacent to
each other. The steps are:

(1) An integer q in the range

P £ q € n (2.5-9)
is selected where p 1is the controllability index (which may not be

known) and n 1is the dimension of the state space.
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(2) The n xn transformation T is constructed as discussed

below.

- a-p q-p+1 a-2 q-1
T = [F (G)P F (c;)p__1 ese F (G)2 F G1] (2.5-10)

The construction of transformation T is initiated by inserting the
n xr block Fq-16 in the last r colums of T. Then additional
blocks in descending powers of g are inserted, deleting columns which
are dependent upon column vectors previously inserted. When T is
full, p 1is then known. The brackets and subscripts on a matrix (G)j
are used to remind us that (G)j is comprised only of colums of G
such that the colums of the product Fq-j(G)j are independent of
the columns of Fq-kG for all integexrs k < j. There is no special
ordering of the columns. Then the n columns of T are independent.
Clearly, T can now be simplified by premultiplying by e,

On changing the coordinates from the basis of ¥ %o the basis of

24 under equivalence transformation we get

- w1
F4 = T ¥T

-1 p-3 p-2 =1
F (@, (G)P_1 F(G)P_2 cee FO(@), FO(@ 17

2 -2 1
BONSIO NI ONPERIE LIS OFS L O (2.5-11)

and

-1
G4 = T G

i

2 -1 -1
[(@), F(6) g s T (6D, F* (E),37 G (2.5-12)
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Again, employing the corollary of Subsection 2.4.7, we can write
down the arbitrary columns of zeros and ones in F4 and G4 by
inspection. We first note that all the columns in (G)j appear
in (G)j+1 because the independent columns were inserted sequentially

from the right.

—

0 . -
©)p, 0, * = x
[bjp-1,p . X X . X
6 o [ ]
F = [ ]P-2’P—1
L
_(0)1,p . [6]1,2 X X . X

(2.5-13)

The notation, admittedly difficult, is explained in this way.
The x's are elements which characterize the system. 0O is a null
matrix. (0)i 3 is a null matrix with as many rows as columns of

4
(G), and with the same number of columns as (G).. [5] is
i J k=-1,k
a matrix of zeros and ones with as many rows as columns of (G)k_1
and with the same number of columns as (G)k. From the rule for paired
colums, the matrix element 6., (of [6] ) = 1 if the jth
Jji k-1,k :

column of Fp—k(G)k_1 is the same as the i’ column o (G)k.

One possible permutation of Gq, depending on the initial

ordering of the columns in G is
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x . x [6] X . X i
1P
G, = . ) (2.5~14)
| X o X 0 X . X

By inspecting equation (2.5=11), it can be seen that the r
columns of the last block Fp'1(G)1 which cannot be paired result in
r nonarbitrary columns in FI+ of nr elements. Similarly, the
columns of G that are not paired with columms of (G)P in equation

(2.5-12) result in nonarbitrary columns in Gh°

2.6 The A-Canonical Form Derived Using the Conditions for

Observability

The final canonical state description that we shall consider is
that provided by operation with the dual of the transform (2.5~10)
discussed in Subsection 2.5.3. We shall call it the A-canonical form.
The reason for its importance is that it has many features common to
a vector differential equation in the input and output variables.
This will be made clear in the next Chapter.

In the following, we write down the transform, discuss the
structure of the transformed description EIA(FA, G, HA) and illu-

strate it with an example,
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2.6.1 The Transformation

The transformation TA is constructed from independent rows of

oPp given by equation (2.3-10). TA is the dual of the last trans-

form (2.5~10) developed in Section 2.5.

(H)p
(B),_F
2
) _F
T = ° (2-6—1)

By analogy to the previous notation, the brackets and subscripts on

matrix (H) now mean that (H)p_k is comprised only of rows of

-k

H such that the rows of the product (H) Fk are independent of the

Pk
rows of ( }#;3. for all j >k.
"3

Using the transformation
x, = T.x (2.6-2)

the new system matrices are



@ | @
p P
@ _F | |®
>
I T LN
A
(1) 7272 || (m) 7P
arP~" HFP™2
L 1L |
GA = TAG
- 1
and (H)p
(H) p_oF
HA. = H )
p~2
(1,
arP~1

-1

45,

(2.6-3)

(2.6-4)

(2.6-5)

For convenience, we can order the rows of H so that the non-

arbitrary rows appear together in a block.

section 2.4.1, we write

©,, 61, :
(el 4 oo
FA = . .
ORI :
—Ap —A,p_1 —Ap~2 .

With the lemma of Sub-

(0)

[

Cs]

~A

2,.

(2.6-6)
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where (O)i,j is a null matrix with as many rows as (H)i and as
many columns as rows of (H)j. [5]k, 1o is a matrix of unity and
zero elements with as many rows as (H)k and as many columns as rows
of (H)k-1' From the lemma, the matrix element 6ij (of Eb]k,k—1)
= 1 if the "™ rov o (@) FP is the same as the 3 row of
(H)k_1FP'k. The submatrices Aj have dimensions m x (the number
of rows of (H)j)° The reason for the negative sign associated with

Aj will be apparent later.

One permutation of H gives

X . . X
Hﬁ = X . e X (2.6-7)
(S)p,p 0

where the =x's are nonzero elements.

This system is not generally a minimal realization because the
m rows of HA are reduced to zeros and ones only if (H)p has
m rows.

It will be shown in the next chapter that the submatrices Aj
of FA are identically the same as the matrix coefficients in the
homogeneous part of a vector differential equation description of
the original system L . For this reason, we note here that by

comparing FA in the product form of (2.6~3) and the partitioned

form (2.6-6), we can write down the identity



h7.

}]F'p_1(TAF-1)—1 - HFPTA"1 (2.6-8)

"[AP AP'-1 ave A,]] (206"’9)
2.6.2 Algebraic Examples

Consider a simple algebraic example of a system for which n = 6,
r=2 and m= 3. The three rows of H are designated by hq, h2
and h3. Now suppose that as a result of discarding dependent rows,

the nonsingular transforming matrix is given by

- -
3
h2F

F
T = h3 (2.6~10)

Then in our notation, p

i
N
8

Qs

(), 2 |, (B = by (2.6-~11)

Substituting in (2.6-3)
-1 -1

2N =
hoF \\\\\ By
Fy = hBFa \

(2.6-12)

h3F

\

A

e N\
. | N
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with the pairing shown. Using the lemma, we can write down the

first three rows immediately. Then

o 0 1 (2.6-13)

:-A3 —AZ -—A1
where A1 is 3 x 3, A2 is 3x 2 sand A3 is 3 x 1. Now for

H, there is only one pairing

A
- 1-1
h, ///, by
H, = h, bF (2.6-14)
hy h,F
h1F2
2
hF
h3F2

(2.6~15)

it
S
b
S
b
o
S

There is no simplification in GA‘ The total number of parameters to

be specified in this realization is: 3 x 6 for Frs 6 x2 for G,

and 2x 6 for H,, totalling L2 parameters in all. Clearly, these
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parameters must be combinations of Nﬁ = 6(2 +3) = 30 basic
parameters in some minimal realization.

For general interest, let us now look at a minimum-parameter
realization for the same system using the information derived in the
construction of TA (2.6-10). The new transform Tm to be constructed
is the dual of the companion matrix (transposed) canonical form dis-
cussed in general terms in Subsection 2.5.1 and shown in equation (2.5-2).

Since, in our example, h1F was discarded in constructing TA
because th and h,IF2 are linearly dependent, we discard the latter

for Tm. Continuing in this manner, we get

T o= 2 (2.6-16)

h3F
2
h3F

The system matrix in the new coordinates is shown with its pairs

- - -17 -1

h, | h,F

-1
B, N nF
\

h3F ™~ Iy
Fy = » (2.6-17)

by L =

PN I

72 N F
| B3 A
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x
—_—— o~ — (2.6-18)
0

b ——

Subsystems of order 1, 2 and 3 in companion form are set out in boxes
along the principal diagonal. The nonzero entries outside the boxes
can be considered as connections between the subsystems.

In the same way it can be shown that

g~

H = 0o 1 0 O 0 0 O (2.6-19)

but G5 is not reduced. Totalling the number of parameters specific

to the realization, we find that 3 x 6 belong to F5 and 2x6
belong to G5 which sums to Nm = 30. Thus the description is

minimal} a significant reduction from the basic description in

6(6+2 +3) = 66 elements in all.

* It has recently come to the attention of the author that in [10],
Luenberger mentions a special construction with which the matrix in
(2.6-18) can be reduced further.
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CHAPTER 3

TRANSFORMATION BETWEEN A STATE~VARIABLE DESCRIPTION AND A DESCRIPTION

IN THE INPUT AND OUTPUT VARIABLES

3.1 Introduction

In this Chapter we shall develop a description in the multivariate
output and control variables of a controllable and observable system.
We would like to be able to write down such a description, given only
a set of state-variable equations I and the requirement that the
two descriptions respond identically to the same input. Conversely,
given system equations in the input and output variables only, we
would like to be able to transform them into a state-variable description.
The term vector differential (or difference) equation or description
ED will be applied to the set of equations in the input and output
vector variables that can be separated into two parts as in the example
of equation (3.1-1). For example, the Laplace transform with zero
initial conditions of a vector differential equation of order 2 with

the usual substitution s = d/dt is
(1 + sh, + A)y(s) = (s°B, + sB, + By)u(s) (3.1-1)

Equation (3.1-2) below defines the ZD description in Laplace transform
notation. Obtaining the T D description is equivalent to determining

the polynomial matrices A(s) and B(s) which satisfy equation (3.1~2)
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A(s)y(s) = B(s)u(s) (3.1-2)

The solution of the homogeneous part of (3.1-2), A(s)y(s) = O,
gives the free response of the dynamical system. The vector
B(s)u(s) is the forcing function. Although state~variable descrip-
tions are first—order vector differential equations in the state
variables, we shall not refer to them by this term.

In Section 3.2, the computational procedures for transforming
between the state-variable description Y and the Laplace transform
of a vector differential equation description EI) are stated
and then illustrated with algebraic and numerical examples. The
procedures are later justified in Section 3.3.

The work of Duncan and Collar [14, 15] is related to this work
and shown to be a restricted treatment of the general approach discussed
here. A matrix transfer function description, EIZ’ also in the vector
input and output variables, is derived and shown to fit the ZD description.

The Chapter is concluded with a discussion based on a comparison
of the number of parameters employed in some of the descriptions that

have been considered.

3.2 The Transformation to Description EID

In this Section, the procedure for deriving the Laplace transform
of a vector differential (or difference) equation of order p, termed

desdriptipn ZZD, from a state-variable description § is stated and
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illustrated with a numerical example. The justification of the trans-

formation is given in Section 3.3.

3.2.1 The Computational Procedure
(1) Construct the transform TA used in the derivation of the
A=canonical form and recalled here from (2.6-1) for convenience. It

must have a nonzero determinant.

(H)p

T = . e (3-2—‘1)

P~

(2) Calculate the m x n matrix product below and partition
according to the notation employed in deriving the A-canonical form.

This identity follows immediately from equation (2.6-9).

Pl o [eA_ - - - -
mwer, o= L Ay =hoq =By p eee Al (3.2-2)

Recall from equation (2.6-6) that the submatrices A have the same
number of columns as rows of (H)k. They are the matrix coefficients
of the matrix polynomial A(s) of the ZID degcription defined by

equation (3.1=2). Then A(s) is given by
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- p=1 p=2
Als) = spIm + 8 A+ AZ(Im)Z + ..
voe + sAP_1(Im)P_1 + Ap(Im)p (3.2=3)

The bracket notation, (Im)k

following way. Recall that in Subsection 2.6.1, certain rows of H

(k =2, 3, eee P), i5 used in the

were deleted to form (H)k. By this means, the reduced matrices were
employed in making up TA as in equation (3.2~1). For every row
deleted from H to make (H)k, we delete the corresponding row
from the unit matrix Im to make (Im)k. That is, if we delete the
jth row from H, we also eliminate the jth row from Im in construc-
ting (H)k and (Im)k respectively, Then (H)k and (Im)k
have the same number of rows.

(3) Construct the following lower triangular matrix with the
m x m matrix products of the form Ak(Im)k calculated in step (2)

for (3.2-3).

T 0 0 . . 0
m
A1 Im O - * -*
AZ(Im)a A’I Im o
TP = (
A L (T . . (T . . 0
p=j=1 m)p—a-1 p—a-2< m)p-3~2
. . . A, I, ©
p—1(Im)p-1 Ap—Z(Im)p—Z ¢ A2(Im)2 A1 Im
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TP is an invertible matrix of mp rows and colums. Note that the
m x m submatrices are duplicated along lines parallel to the principal
diagonal.

(4) Finally, calculate the elements of the array below

B, ]
B,
. = T OPP G (3.2-5)
3
B
P p el

where the Bj terms are the matrix coefficients of the matrix poly-
nomial B(s) below for the EZD description defined by (3.1-2). The

calculation to include BO for direct control will be given in a later

Section.

- ol p- _
B(s) = & B, +s 232 *een 8B4 + B (3.2-6)
3.2.2 BExtension to Include the Vector Difference Equation Form
By the simple substitution of the forward difference operator =

for the differential operator s, the method may be used for discrete-

time models. Then the L p description is

A(2)y(t) = B(z)u(t) (3.2-7)
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where zy(t) 4 gyt + 1) 3 zult) 4 u(t + 1) (3.2-8)

By comparison with (3.2-3) and (3.2-6), we write

- -1 P2
A(z) = szm + A1 + = A2(Im)2 + eoe ZAp—1(Im)p—1 + Ap(Im)p
a.nd (302"9)
= P -
B(z) = 2B +2P7B, + ... 2B, + B (3.2-10)

We may prefer to write (3.2-7) in terms of past controls and
observations. This is easily obtained by multiplying both sides of

the equation by z Y. Then, with the definition of (3.2-8), we have

y(£) = -ay(t-1) - Aa(y(t—Z))E . —Ap(y(t-p))p
+ Bou(t-1) + Bau(t—z) coe Bpu(t—p) (3.2~11)
where (y(t-K)), & (1), y(tk) (3.2-12)

The addition of a current control term Bou(t) will be intro-

duced later.

3.2.3 A Numerical Example

The system matrices used in this example are

0.""2 “0024 "'3082 ] i O.ll- "‘007 7]
F = | 0.16 0.48 8.64 | 3 G = 0.9 ~0.2
0.50 0.0 -1.50 0.1 =0.3

-l e~ =
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H =|0.8 -0.2 o.u}

0.5 0.6 —o,jj (3.2~13)

(1) TUnder transformation by the matrix TA’

p—

"

TA = h‘IF

h2F

T 0.500 0.600 -0.3%00

= 0.50% ~0.288 ~5.384 (3.2~14)

- 0.156 0.168 3o721+_

the matrices in the A~canonical form can be found. (This step is not

necessary for the construction of the vector difference equation.)

0.0 0.0 1.0 0.710  ~0.380 i
F, = | ©0.915 -3.031 3.Ap2 | ; & = | -0.5%  1.320
0.604  2.526  2.431 0.586  =1.260
C 0,263 1,258  1.905 |
H, = (3.2-15)
1.0 0.0 0.0

(2) From the last two rows of Fys (or by multiplying out the pro-
duct’ HF2T21) we get

e

A, = 3.031 3472 | 3 A, =|0.915
~2.526  -2.431 ~0.604 (3.2-16)
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(3,4) We now calculate the product

B, l I, 0 ] f H ’
= J ' | G (3.2-17)
B, l A, I, J ;7 i1 J
and obtain
B, = 0.180 ~0,640 ; B2 = 2.415 -1,939
0.710 -0.380 1.595 1,280
(3.2-18)

To assist in this calculation, we note that the matrix belonging to

the A=~canonical form

- h2

G = hF e} (3.2-19)

h2F

- H
is contained in the last three rows of the product {. :} G used
HF

in (3.2-17).

Then, substituting (3.2-16) and (3.2-18) into (3.2-7)

Alz) = zalm + 28, + A0 1] (3.2-20)
B(z) = zB; + B, (3.2-21)
so that
= ~A, - Azyz(t-z) + B, + B,
¥,(t) ¥,(t-1) u,(t-2) u,(t=2)

(3.2-22)
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It is a simple additional step to find the characteristic equation
for this system by transforming F into a companion matrix (transposed)
by the method described in Subsection 2.5~1. We obtain the character-

istic equation of F

A2 £ 0.60 N + 0.80 A+ 0.48 = 0 (3.2-23)

which has a real root at

/\q = -0.60 (3.2-24)
and two imaginary roots
)\.2’ )\3 = i- V ”Oogo (302"25)

within the unit circle in the =z plane.

The three system models, I (F,G,H), ZA(F HA) and EID(A,B)

A,GA’
were simulated in discrete time on a digital computer. The output
trajectories of the three were identical to eight decimal digits,

starting from zero initial conditions, over ten time intervals.

3.3 Derivation of the Transformation from Description ¥ toEID

The method used in deriving the transformation is to find two
independent sets of vector equations in the input, state and output
vector variables. Subject to certain conditions, the state variables
can be eliminated between the two equations giving us the required

description in the input and output vector variables.
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We proceed by differentiating system equations (2.1-2) p —- 1
times and combining the result with equation (2.1-1). ILet us assume
that this operation can be carried out and that formal Laplace trans-—
forms with zero initial conditions can be taken at each stage

(s = d/dt). Then we write

y(s) = Hx(s)
sy(s) = HFx(s) + HGu(s)
szy(s) = HFZx(s) + HFGu(s) + sHGu(s)
sjy(s) = Hij(s) + HFj-un(s) + e e . sj—qHGu(s)
Sp-qy(s) = HFP—1X(S) + HFpuaGu(s) + e oo . spﬂaHGu(s) (3.3-1)

We claim that the system states x(t) are observable if, and

only if, the array introduced as equation (2.3-10)

Cw T

P = . (3.3-2)

il

is of rank n. Recall that we selected n independent rows of oPp

to make up the nonsingular matrix T, of equation (2.6-1). Here
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we select the corresponding set of n equations from (3.3-1) so
that every equation includes a row of TA°

With our notation, we write n equations

(y(S))p = (H)pX(S)
s(y(s) )p__,I = (H)p_,IFx(s) + (H)P_,IGu(s)
J _ J J=1 J=2
s (y(s))p_j = (H)p_jF x(s) + (H)p_jF Gu(s) + s(H)p_jF Gu(s)
+ oee sjﬁq(H)P_jGu(s)
sp—qy(s) = HFp—qx(s) + HFp"zGu(s) F coe sp-aHGu(s) (3.3-3)

Note that there may be more than one way to select the n

A

choice in the outputs and successive derivatives of the outputs

independent rows of T, from rows of OPp which corresponds to a

employed in the model. Regrouping the equation of (3.3-3) into

vector form we get
8(s)y(s) = Tx(s) + Q(s)uls) (3.3-k)

where S(s) is an nxm matrix and Q(s) is n x r.



Q(s)

s(s)

(0)

+

- L]

(T)

J

s (Im)p_
P"11
(O)P

{0)

(B),_oFe

J=2
H)__F 76
®m,

rP2g

+ P2

J

(0)P

(0

(0)

HG
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(3.3-5)

(3.3-6)
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Now we take the Laplace transform of the pth derivative of y(%).

This gives us m new egquations.
sPy(s) = HFPx(s) + HFP-un(s) + oo sp~1HGu(s) (3.3-7)

Because the inverse of T, exists, we can premultiply (3.3=4) by

T—1

A" Then

x(s) = T;'8(s)y(s) - T, Q(s)uls) (3.3-8)

!

Eliminating x(s) by substituting (3.3-8) into (3.3-7),we get

]

_HFPTZqQ(s)u(s) + HFP-un(s)

+ e o -+ Sp‘qHGu(s) (303"’9)

[sPr - HFPT'5()y(s)

e

c-mpmjgm + R(s)Iu(s) (3.3-10)

Replacing the m x m matrix on the left by A(s) and the mx r

matrix on the right by B(s) as defined by equation (3.1-2), we obtain

A(s)

sP1_ —‘?FpTqu(s) (3.3-11)

E(s) R(s) - }IFPTK1Q(S) (3.312)

fl

In the expression for A(s) we substitute for HFPTXq from
the identity (2.6-9) and for S(s) from (3.3-5) and obtain the
matrix polynomial A(s) given by equation (3.2-3), repeated here

for convenience.

= p-1 p-2
Als) = sPIm + 87 a, # STEA(T ), el A + A (T)

P-W(Im)p-1 P m'p
(3.2-3)

I]
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The derivation of the matrix coefficients in B(s) is less
direct. In equation (3.3-10) we substitute for HFPTZ1 from
(2.6-9), for Q(s) from (3.3=6) and for R(s) from (3.3-9).

Noting that, by definition, the number of columns in Fp—j is the

same as the number of rows of (H)p-j’ we calculate the term

P Ig(s) = (A, e 4,1 QCS) (3.3-13)
= p-2

= Ap~1[(H)p_1G + S(O)p-1 + ’ . . « + 58 (O)p_qJ
2 p-2

+ Ap~2[(H)p-2FG + S(H)p-ZG + s (O)p~2 . . s + 8 (O)p-ZJ
+ ® - L L . . . °
31 i=2q . .2 i-3 p-1 o P2

+ Ap_j[(H)p_jF G + s(H)p_jF G+ s (H)p_jF G . +s (H)p_jG . *+8 (o)p"jj
+ o [ ° ° a P o o

+ 4, [HFPg + sHFPG + . .o+ 2w e L+ 2 %a)

(3.3=1k)

We can now evaluate each of the matrix terms Bj because we know that

B. is the matrix coefficient that appears with the operator sPd,

Collecting these terms, we write
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B, = HG
B2 = AqHG + HFG

- 2
B3 = A HFG + A2(H)2G + HF G

j-2 ~3=3 ~3~1

B . = AHP 9% + A (D). FF 96 + voe + 4 . (H) . .G+HFI g
P=J 1 2D p"3-1( )p—3~1

_ p-2 -3 P~
B, = AHFTTG+ A TG + oo + Ap_q(H)p_qG + HF- G

(3.3-15)
The terms in HFYG can be removed if we insert a suitable
operator that picks out the appropriate rows for every term. Ve

can accommodate this requirement in our notation so that we write

. i} - - .
B, T 0 e . . O lima
m
B, A, I, 0 o o HFG
B A (T ) A I 0 072G
3 2 m’ 2 1 m ° ° '
s 3 o]
B_ . A . (T i A . (T i N 1 512 St e
p-J p—a—ﬂ( ) p-j-1 p-3-2( ) p-3-2
L ] -} < a - o O [-]
B A (1) A (1) . . A I | |wPe
P p-1""m" p~1 p=2 "m p-2 1 ?J
(3.3-16)

Finally, we note that the array on the right of the last equation can
be separated into the matrix product oPpG giving us the identity

(3.2-5) in step (4) of the computational procedure.
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3.k Modifications to Include Direct Control of the System Output

Suppose that a system which we wish to describe by a state-vector
equation or vector differential equation in the input and output vector
variables has a direct connection between the system input u and the
system output y. The descriptions that we have discussed up to now can

be extended to cope with this new requirement.

3.4,1 Complete State-Variable Description

The state-variable equations of a linear time~invariant, multi-
variate system ¥ , set out in (2.1-1) and (2.1-2) are modified by the
addition of an output-control term Du. The new continuous-time equa-
tions are

Fx + Gu (3.4-1)

e
]

Hx + Du (3.4-2)

>
It}

The corresponding set of equations for a discrete-time formulation,

replacing (2.3-12) and (2.3-13), is

x(t+1) Fx(t) + Gu(t) (3.4-3)

y(t) Hx(t) + Du(t) (3.4-4)

It can be seen that matrix D is unchanged if the basis of x
in X undergoes transformation; hence the state-variable canonical
forms of Chapter 2 are easily modified by the addition of the Du

term as above.
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3.4.2 Complete Description $p with Direct Control

The addition of a term Bou to the Z:D description to correspond
with the Du term in the state-variable form alters all the other matrix
coefficients in the polynomial matrix B(s). This affects steps 3 and
L of the computational procedure of Section 3.2. It is a simple matter
to insert the additional term in the derivation of the transform
starting with equation (3.3-1). Following through the derivation, it
is found that m additional columns are added to matrix Tp derived
in equation (3.3-16) and (3.3-15) but first defined in step 3 of Sub-
section 3.2.1. The modified form, shown below with an asterisk, should

be compared with equation 3.2-L.

A (T .
p=j-7 wp-j-1

I ' o
A, [
|
AZ(Im)Z '

o= | . i T, (3.4-5)

AP(Im)P

T; is a lower triangular, invertible matrix of m(p+1) rows and

colums with TP imbedded in the lower right corner.
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Equation (3.2-5) in Step 4 is replaced by

- - = “1
B, D
B, HG
- *
B, = 1% | HFG (3.4-6)
p-1
B P g
p_ Wy -

Finally, we write in place of (3.2-6)

- <P -1
B(s) = s'By + s° By + ees 8B, + B, (3.4-7)
and in place of (3.2-10)
= P p-1
B(z) = = By + 20 By + ea. zBp_1 + Bp (3.4=8)
t = - "'1 - - ece -
and y(%) A,y(t-1) Az(y(t 2)), Ap(y(t p))p

+ Bou(t) + B1u(t—1) + eeo Bpu(t~p) (3.4=9)

in place of (3.2=11).

3.4.3 A Numerical Example
A discrete~time model of a first~order subsystem and a third order
subsystem coupled one way was made up for this example. The system

matrices were
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0 ~0.5 1.0 0 .0 o0 |
0.25 0.5 0.5 0 o] 0
F = G =
0 0 ~0,5 1.0 0 o}
0 0 0 0.75 ] 0 1.0
~ - - -
0 0 0 1.0 1.0 0.5
H = D =
0 1.0 1.0 0 0.5 1.0
- . X 4
(3.4-10)

The vector difference equation was computed by following the steps

laid down before.

n b,
b F _—
T = 3,4e11)
A h1F2
2
(2) 4, = | =2.11% 2.068 ;oA = ~0.148 3 Ag = ~0.068
(3.4=12)
(3,4) The product below was calculated
- i 17 7]
By I, 0 . 0 D
B A I . . HG
T 2 (3.4-13)
32 A2[o 1] A, 12 . HFG
By ] afo 11 a0 7oA I, 11 ae )
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from which
7 1.0 0.5 ] - -1.080 - 2.011 |
B, = D = | ; By =
L 0.5 1.0 -1.091  1.277
0.176  =1,511 -0.170  0.h77
BZ = s B3 =
0.210 -1.352 ~0.128 0.358
(3.4=1k)
Substituting in the form of (3.4=9):
y4(t) ¥, (=1 (o) (6-3)
= = A - A ¥, (t=2) ~ A3 y.(t-3
1 292 3
.:\r'z(t)-j ‘yz(t-1)J
EXOY B W) [, (6-2) u, (£-3)
+ By + B, + B, + By
LuZ(t)_J i uz(t—1) uz(t-a) u2(t-3)
(3.4=15)
The roots of the characteristic equation were found at
Nqp = =025 7 50.25
)\3 = =05 5 A, = 0.75 (3.L4-16)

They are distinct. The transformation method was recalculated without
difficulty for a system with a pair of multiple roots. The models
were then simulated on the computer. The output trajectories of the
transformed models agreed with those of the initial description to at

least seven decimal digits.
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3.5 Discussion of the Z. Description

In this Section, some background for the % D description is
provided. The various forms in which the description may be useful
are then summarized. The problems of existence and uniqueness of

the description are then discussed.

3.5.1 Historical Perspective

In the introduction of his book, Pipes [17] credits Duncan and
Collar [14, 15] with initiating the use of matrix algebra in engineering
applications. One problem with which they were concerned is of interest
to us because it has features common to the descriptions discussed in
this Chapter.

Duncan and Collar dealt with solutions to the Lagrange equations
of motion of a general system of m degrees of freedom oscillating
in the neighbourhood of an equilibrium position. Their problem,
formulated in our notation, was to solve the set of m second-order

homogeneous differential equations

AT+ A%+ Ax = O (3.5-1)

which we write in the manner of (3.1-1) as
% * -— .
[T+ sAf + A3)x = O (3.5-2)

where x is an m-vector of generalized coordinates. The elements of

A 11 and A2 are inertia coefficients, damping coefficients and

or &
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stiffness coefficients respectively. The coefficient matrices are all
mxm and AO is symmetric. Their method was to reduce the set of
m second order equations to a set of 2m first-order equations in a
space of n = 2m dimensions in the vector variables x and %. The

reformulated system equations were
(3.5-3)

where x* =| x| ; AY = AyVAL AZ = Ay A, (3.5-k)

This is a special case of a transformation method to be described in
Section 3.6 with n=2m and p = 2.

In [16], Frazer, Duncan and Collar also discuss the solution of
a set of second order nonhomogeneous equations with a constant forcing
term. This corresponds to the example of (3.1-1) with B, # 0 and
Bb = B, = 0.

Pipes [17] has revived interest in second~order vector differen-
tial equations, principally as a convenient way to derive the Lagrange
equations of high-dimension for vibration analysis. However, he trans-
forms the equations to first-order before he undertakes the formal

analysis of the problem for the reason that the powerful methods of

modal analysis can be employed directly.
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Astrom and Bohlin [18] presented a method for the numerical
identification of a process from single-—input, single-output data.
With Wensmark [19], they conducted a thorough investigation of a number
of model forms. A difference equation description was found to be
suitable for identification purposes. They remarked that they were
restricted to studying systems with a single output because they did
not have a suitable canonical form for multivariate systems.

In a recent paper, Box and Jenkins [23] proposed a multivariate

model of the form
y(t+1) = y(£) + u(t+1) + Bqu(t) (3.5-=5)

as an analog of a scalar process which they had investigated in detail.
The components of u(t) are taken from a sequence of uncorrelated
disturbances.

Mayne proposed an ad hoc form [20] which Q;s studied by Tzafestas
[21]. Their model, which will be investigated in more detail in a
later Chapter, is a vector difference equation with n =4, p=2

and m = 2,

3.5.2 Forms of the §;D Description

Let us list and name the forms of Ip by giving simple examples.

2
(1) A, dyit) ét) + A

- ii%;(ci‘—)— + Azy(t) = u(t) (3.5-6)
t

1
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is a nonhomogeneous equation of order 2 with constant coefficients
first discussed by Frazer, Duncan and Collar [16] and referred to in
the previous Subsection. The corresponding form, derived for control

purposes in the last Section, is a normalized, more general version

2
DO L LD
Jop Sue) o e g, (3.5-7)
= o2 1@ TR 3e77
(2) (6%, + shy + A)¥(s) = (s°B) + 8B, +Bu(s) (3.5-8)

is the Laplace transformed version of (3.5-7) with the substitution
(s = d/at).

(3) (%1, + 2h, + A)y(z) = (2°By + 2B, + Blu(z)  (3.5-9)
is the z~transformed version of (3.5-8).

(4) In preference to (3), we use the vector difference equation in

operator form as in (3.2-7) where we treat 2z as a forward-shift

operator. Then

(zzIm + b, + A)y(E) = zaBO + 2B, + Bu(t)  (3.5-10)
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(5) The discrete-time system equation in the input and output
variables is
y(£) = = Ay(t-1) - Ay(s-2)

+ Bou(t) + Bou(t-1) + Bau(t—a) (3.5-11)

(6) In a later section, we shall discuss the transfer function

7(s) H(sI-F) "G (3.5-12)

where y(=) Z(s)u(s) (3.5-13)
By substitution from (3.1-2)

7(s) A—1(s) B(s) (3.5-14)

which, in this example, is
_ 2 -1
7Z(s) = [s I, +sh, +4A)] [szBO + sB, + B,] (3.5~15)

We can seée, by setting m = r = 1, that the equations listed are
the familiar forms of the scalar~coefficient, single-input, single-~
output descriptions found in most textbooks on control.

The author believes that Kavanagh was the first to give the
transfer function Z(s), precisely as in (3.5-14), in terms of poly-
nomial matrices A(s) and B(s) [35]. He gave a numerical example

to show how a pair of simultaneous second~order equations could be
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written both in terms of three first-order equations and as a
transfer function matrix. However, he did not indicate a general
method.

Reference to a multivariate transfer function first appeared
in Western literature in a study of non-~interacting controls by
Boksenbom and Hood [36]. Their method, in a broad treatment, is more
readily accessible in Tsien [37]. The problem of synthesis of the
matrix transfer function was first considered by Amora [38]. Other
early contributions are listed in the extensive bibliography of con-

tributions up to 1962 prepared by Kavanagh [35].

3.5.3 Comments on the Existence and Uniqueness of the Description

We now summarize the conditions that must be met in order that
we can obtain the X D description. The following are restricted
conditions because they pertain to and justify only the procedures
of Sections 3.3 and 3.4 in deriving the description.

(1) The system has a known state-space description I or any
other state-space description that is equivalent to L. This is
required because the derivation is based on a given description % .

(2) The system is observable. The critical step in eliminating
the intermediate variable x depends on being able to invert TA
which is comprised of n rows of the observability array oPP.

TA is non-singular if the system is observable.
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(3) Formal Laplace transforms of the system equations can be
carried out as in (3.3-1).

Now we inquire if the description ZD is unigue. This question
is of particular importance when parameters of a system are to be
estimated. We shall investigate the problem for ZD written as a
difference equation, the form that we shall use in later Chapters
when we investigate methods of parameter estimation by statistical
means.

Asgertion: The description ElD is unique for a specified selection of
observations that satisfy the conditions for state observability.
Proof: The n equations (3.3~3) in difference equation form can be

represented by

y* = £,0x(0), u(0), zu(0), z°u(0), ... U] (3.5-16)
where (Y(O))P (Y(O))P
Z(ﬁr(O))P_1 Cy(ﬂ)p__1
vt o= . = . (3.5~17)
2 'y(0) y(p-1)

y* is an n-vector made up of selected elements of the output over p - 1
time intervals beginning with t = O, f1[-] is a linear function of
the system initial state vector x(0), and p - 1 control inputs

beginning with u(0). For simplicity, the dependence on time of all
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the variables is not shown in the following notation. The m equations
(3.3-7) can be written
2Py = £,0%, u, zu, ... zp-au, Pl (3.5-18)

Provided that the initial system states are observable with the choice

¥*, there is a function g that can be obtained from (3.3-8) such that
x = gly*, u, zu, .o, 2° 2u] (3.5-19)

Hence, in (3.5-18)

n
e
It

fafg[y*, U, ZU, eoa, zp-auJ, Uy, ZU, eoe, zp-au, I

P2y, 2P (3.5-20)

it

fé[y*, Uy, ZUy eoay Z

because f, is a linear function of its variables. (3.5-20) is the
difference equation form of (3.3~9) in the n selected elements of
Y over p~ 1 intervals and u over the same number of intervals.
If fé is not a unique representation of the system in the con-
trol and selected elements of the observation variables, then there

exists another multivariate set of m 1linear relations fé[*] # fé[-]

such that
2Py = fé[y*, U, ZU, ees, zp-zu, zp-1uJ (3.5-21)
But, substituting from (3.5-16) for y*

- p= 1
2Py = fé[qux, U, ZU, eeey Z° %1], U, ZU, oceoy zp—au, 2" u]

(3.5-22)
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= f3[x, Uy ZUy see, zp-zu, Py (3.5~23)

Now we subtract equation (3.5~23) from equation (3.5~18) and obtain:

P2 pem Jrﬂﬂ = 0

fz[x, Uy ZU; eewy Z° U, zp_1uJ - f3[x, Uy ZU,y seey Z
(3.5-2k)
Clearly, to satisfy (3.5-24) (for any nontrivial choice of the initial

state x and the sequence of p controls u, zu, «.a, zp-1u) implies

that f2[°] = f3['], If this is true, then
fé[y*, Uy ZU, owe, zp-1u3 = fé[y*, U, ZUy eee zp-1u] (3.5-25)

which contradicts our original statement that fé[-] # fé[-]. This
proves the uniqueness of fé and f2 for the choice of elements of

y*. By substituting for fé in (3.5-20), which has been proven unique,

we get the required form
A(z)y(t) = B(z)u(t) (3.5-26)

corresponding to the choice of y*(t).

We conclude that the pair [A(z), B(z)] is unique for a specified
selection of observations that satisfy the conditions of state obser-
vability, thereby proving the assertion.

Corollary: There are as many descriptions ZID. that are input-output
equivalent to a state~variable, observable sysiem >, as there are ways

in which n rows of independent vectors can be selected, without regard

for order, from the observability array °Pp for L.
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Proof: The description L, of the theorem was unique for a specified
selection of outputs corresponding to the selection of n independent
rows from the mp x n array oPp for the nonsingular transform TA'
Suppose that :n rows are selected to form a nonsingular matrix TA1‘
Corresponding to this selection, there will be a vector yﬁ of n
elements (see equation (3.5-17)). If we make a new selection for
another nonsingular matrix T such that at least one row of TA2

A2

is different than the previous selection for TA1’

a new vector ys of n elements. There will be as many elements

this will define

of yg different from y? as rows of transforms TA2 that are
different from rows of transform TA1' Thus for every other such
transform TAi’ there is a unique vector y;, disregarding all those
cases in which the elements of y* are reordered. Hence, by substi-
tuting the new vector y; for y* in (3.5~19) and subsequent equations,
it is clear that there is a new description Z:D. for every unique vector
y;. This concludes the proof. *

Note that in the single~output case (m = 1) there will be only

one choice for TA because oPp has only n rows.

3.6 Transformation of the ¥ .. Description into State-Variable Form

The requirement of this section is to establish a procedure for transe
forming the ED description of order p into a set of state equations.
The transformation from the state description ¥ (in variables x, y

and u) into the form Zp (in variables y and u) discussed in this
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Chapter, resulted in a unique model. The problem is that the converse
is not true; hence, it is necessary to propose a structure (or form)
for the state~variable model so that the elements of the matrices in
the proposed form can be determined uniquely from the parameters of
the vector differential (difference) equation of order p.

It is most convenient to propose transformation into the A=-canonical
form of the last Chapter for the reason that simple relations have
already been established in this Chapter to connect the matrix elements
of the two descriptions. Then any other state-variable description can
be derived from the A~canonical form by a suitable choice of a basis

in the state space.

3,6.1 The Procedure for Transformation into A-Canonical Form

(1) Determine the integer n by totalling the number of columns in
" the matrix coefficients Apy Ayy oo Apn Then commence construction
of the nx n matrix FA by imbedding the above coefficients in the

last m rows, observing the proper sign as in equation (2.6-6).

(2) Recall F, in the form reproduced here from (2.6-3) for conven-

A
ience, F
- -1
(H) | (") 7
D
(8) ,_4F (B)5n
m_ F° (@) .F
F, = p-2 p-2 (2.6-3)
p-2 p=3
(H)2F (H)zF
P~ FP e
2 g (3.6-1)
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Now the element 6ij at the intersection of the ith row and jth

column of FA is unity if the ith row of TA and the jth row of
K are the same. (The rest of the i row is made up of zeros.)

The components of vector y and the derivatives of y that are

used in the vector differential equation are known from the I D
description. As a consequence, we know which rows of each submatrix
HFP'k have been eliminated as in Subsection (3.3.1) to form trans—
form TA although we do not know the row elements explicitly. Ve

then also know which rows of every product ka have been used to
construct matrix X in 3.6-1. Hence, we can write down the locations
of the pairs that match, the rows of TA and K, even though we cannot
write down the quantitative value of each element. Finally, having
paired n - m rows in TA and K, we can enter the appropriate zeros
and ones in FA according to the method previously discussed and
shown in equation (2.6-6). This will be made clear in an example in
the next Subsection.

(3) The matrix T of m(p+1) rows and columns is constructed from
the submatrices Ay eee Ap as shown in (3.4-5). Its inverse exists

because it is triangular with ones all along its principal diagonal.

Then we calculate the array on the left.

e r -
D By
HG B,
-1
— £ 3 -
HFG = T} B, (3.6-2)
p-1
mwr e B
L . .. Y A




This gives us D immediately.
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By the same method as in step (2),

we eliminate all but n rows of the mp rows remaining in (3.6-2)

after the removal of D, noting that

from (2.6~4).

-

(56)
(%),

wP g

r
(H)pG

(H) _.FG

p~1

() 72" G

P g

(3.6"'3)

(3.6-L)

(3.6-5)

(4) To find the observation matrix Hy, we recall the following

identities.

and from (2.6-9)

grPp~

-1
TAFTA

HT—1

Under equivalence transformation

(3.6-6)

(3.6=7)

(3.6-8)
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We define a new matrix of m rows and n columns

>

Hy to 1 1 (3.6-9)

which has an m x m unit submatrix at the right and zeros elsewhere.

Comparing (3.6~8) and (2.6-6)
Pl -
HF Tu = HIFu (3.6-10)

Now it is easy to establish that

o= P (3.6-11)
then FP = TK1F§TA (3.6-12)

Substituting (3.6-12) into (3.6~10)} we find

BT, P,7, T, = HF, (3.6-13)
BT, = EFF, (3.6-11)

Finally, with (3.6-7)

H, HIFZPH (3.6-15)

This completes the derivation of system matrices FA’ GA and

HA in A-canonical form from description ¥ D



3.6.2 An Algebraic Example
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Consider the input-output description of a discrete~time system

that corresponds to the algebraic example discussed in Subsection

2.6.2
y1(t) ~Y1(t’"‘) ]
Ya(t) = =4, ya(t—1)
(t) (t-1
REaa 73 ),
ru1(t)
+ B, + B
ua(t)

u1(t-3

ua(t-3

T2 +2) (t~3)
uq(t-1) u1(t~2)-] i
1 + B2 + B3
112(17--")_-J u,(£-2)
(3.6-16)

where A1 is 3 x 3, A2 is 3 x 2, A3 is 3 x 1 and all of

Bj are 3 x 2.

(1) To find n, we total the colums in the matrix coefficients

A1, A2, A3:

We then proceed to imbed A1, A

n = 34+2+1 = 6 (3.6"'17)

> and A3 in the last three rows

of a 6 x 6 matrix FA as in the example, equation (2.6-13).

(2) We know that the equations used to derive (3.6-16) originated with

the set below which corresponds with the equation set (3.3-3) for the

general case.
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YB(t-B) = h3X(t—3)
¥5(t-2) = hFx(t-3) + hGu(t~3)

y3(t-2) = hFx(£-3) + hyGu(t-3)

y,(t=1) = nFx(t=3) + hFGu(t~3) + hGu(t-2)
yo(t=1) = thgx(t—B) + BFau(t-3) + n,Gu(t-2)
y5(t=1) = thzx(t-B) + BP0u(6-3) + hyGu(t-2) (3.6-18)

Therefore, we can immediately write down the algebraic form of TA

without being able to assign numerical values to its elements

h3

nF
nF
T = (3.6-19)
b

nF>
2

h3F

L -4

We can also write down the algebraic form of

- P B
FT, = [TAF ] (3.6-20)

Finally, the algebraic expression for FA can be written down exactly

as in (2.6-12) with the pairs shown there. Then, with the lemma of
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Subgection 2.4.1, the first three rows of F, cen be filled in as in

A

(2.6-13), without ever calculating T, explicitly.

A

(3) The lower triangular matrix TE is constructed from the matrix

coefficients Aj as in (3.4-5). It has m(p+1) = 3(3+1) = 12 rows
and columns. Note how the submatrices repeat in TE°
I
3 0 0 0
A1 13 0 0
L —
BT, 010 A I 0
2 Lo 01 1 3
010
fo 0 1] A I
* 21601 L >
(3.6-21)
(4) We calculate the array
D BO
HG 41 B
HFG B
2
HF2G B
L J L. 3 o

giving us D immediately. From the remaining array of 9 rows, we
pick out rows 3, 5, 6, 7, 8 and 9 corresponding to the choice of rows

for TA in (3.6-19). Thus
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b5

h2FG

FG

G, = h32 (3.6-23)
b, FG
2

th G

Sl

by elimination of rows calculated in (3.6-22) but without explicit

calculation of H, F or G.
The method has been tested by construction and simulation on a
digital computer. Models were constructed from each other in the

following orders:

z (F,G,H)

1,

ZA(FA,GA,HA)

)} D(A,B)

l

EA(FA,GA,HA)

The effect of round-off error was evident in the last model derived
because the output trajectory observed sometimes showed departure in
the seventh or eighth decimal place from that observed for the other
models, This can be attributed to errors accumulated through the

computation of a number of matrix inversions and the calculation of

powers of matrices employed, all in single-precision arithmetic.
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3.7 Matrix Transfer Function Description ¥ .

3.7.1 Derivation of the Transfer Function

Given the ¥ description (3.4-1 and 3.4-2) we can derive the
matrix transfer function in the manner of Kalman [3] but with the
addition of the direct control term D. Replacing d/dt by s, we

write the formal Laplace transform (with zero initial conditions)

sx(s) = Fx(s) + Gu(s) (3.7-1)

y(s) = Hx(s) + Du(s) | (3.7-2)
From (3.7-1)

x(s) = [eI_ - F1™ Gu(s) (3.7-3)

ix(s) = HLsI - F1™'Gu(s) - Du(s) + Du(s) (3.7-4)

Then from (3.7-2)
[H(sI_ - 170G + Dlu(s) (3.7-5)

1}

y(s)

We shall call this set of equations description % 7 in the input and

output variables. We define the m x r matrix transfer function

e

7(s) HLsI_ - F1- g + D (3.7-6)

where only the D term is different from Kalman's [3]. (3.7-6) is
the form considered by Rosenbrock in two recent papers on linear system

transformations with the generalization , D(s) in place of D [28, 29].
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A direct way to find the poles and zeros of Z(s) is to
decompose the inverse matrix in (3.7-6) into its adjoint and deter-

minant by the identity [22]

-+

n

[sIn - Fﬂ[sIn - F] [sIn - F]+[sIn - F]

|sI, - FiI, (3.7-7)

where [sIn -~ F17 is the adjoint of [sIn -F] and lsIn ~-F| is

its determinant. We can substitute for the inverse matrix in (3.7-6)

1 . +
Z(s) = Ts'I'n"—"F]' H[sIn -F]"G + D (3.7-8)
Now [22]
[sI, -F| = (2" |F - oL | (3.7-9)
= (=)"1(s) (3.7-10)

where f(s) is the characteristic polynomial of F defined by (2.4-8).

Substituting for f(s), we get
|6T, = F | = (™™ + 08" +oen +0)  (3.7-1)

which factors for roots )\j. Then

n
s ~F| = TT (s-A\) (3.7-12)
n j:'] J
Hence in (3.7-8)
1 +
Z(s) = — H[sIn ~-F1"G + D (3.7-13)
7 (s —‘)3)



91.

3.7.2 Algebraic Example of a Matrix Transfer Function

It is not difficult to show that (3.7-13) is invariant for any
basis of x in X. For our example, let us chcose a system with
three real and distinct roots and a basis such that F 1is in diagonal
form. We assign some nonzerc elements of G and H for simplicity,

ensuring for this ekample that the system is both observable and

controllable.
! 0 0 ] 1
F A, 0 |5 G = |1
0 >\3’ ‘ 1 ]
1 -
0 0
H = s D = (3.7=14)
1 0
The adjoint matrix is
- +
s—>ﬁ 0 0
+
IZsI3 - F17 = 0 s-)\z 0 (3.7~15)
l 0 0 s—->\3
= | ()0 0 0 ]
0 (=X (s-Ay) 0 (3.7-16)
0 0 (s->ﬁ)(s-%2)
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Then (s-%,) (5-5)
;
S CEN CON CoW

2y (3.7-17)

A
2(s-M) (8= 552 )

—

The system has a single pole between the input and the first output
and a zero and two poles in the path to the second output. The
calculation is tedious and not very well suited for routine computa-
tion on a digital computer because of the algebraic operations in
finding the minors of the adjoint matrix. In general, Faddeev's
modification of Leverrier's method [30] is preferable for expanding the
adjoint and finding the coefficients of the characteristic polynomial,
provided that the roots are distinct. A clear exposition is given

by Zadeh and Desoer [25, p. 301].

3.7.3 The Transfer Function Description as the Laplace Transform
of a Vector Differential Equation of Order n
Let us expand (3.7-5) as a matrix polynomial in s. Substituting

for the inverse, we write

(s + w1sn—1 + cee + wn)y(s)

= [H[sIn -F1Ta + (& + w1sn—1 + eee ¥ wn)D]u(s) (3.7-18)

which is the Laplace transform of a nonhomogeneous vector differentizl

equation of order n. To illustrate this in a simple case, let us
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again consider a system with three real and distinct roots and a
basis so that F is in diagonal form. We partition H into column

vectors hj and G into row vectors gg.

_ - o
|~>\,l 0 0 g4
F = o xa 0 ;] G = gg
T
° ° A &
H = [ h, h, by ] D=1D (3.7-19)
Substituting for the adjoint matrix from (3.7-15)
HlsI, - FI'e = (s - >\2>(s - >\3>hqg€f
T
+ (s ~A\)(s - A\;)h.8, (3.7-20)

+ (s - >W)<S - %2)h3g§
= sa[hqg? + hagg + h3g§]
= 5Ly + DgIhgy + Oy + ddhag; + Oy + \,)hyec]
T T T
+ ApdghBy A Ngho8s + N hphs8s (3.7-21)

We can now substitute with equations (3.7-18) and (3.7-21) for all the

terms in the general matrix differential equation form for n = 3 and
P = 3,
3 2 -
[s” +s AL *+sAT + ABIm]y(s) = [5350 + saB1 + &B, + B3Ju(s)
! (3.7-22)
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where Ay = o, = "(Aq 4.)2 +_>5)
Ay = oy = Ogy 300 + M)
Ay = o5 = =gl (3.7-23)
BO = D
B, = HG+wpD
B, = ~Ov + MN)hoge = O + AdEag = Ov + No)hag + 0D
2 = ~Og +ag)hagh = Oy + hdbaes = O + 0585 + o
B3 = >\2\>3h,]gl,]]" +>\,]>\3h2gg + >"I>‘2h3g§ + mBD (3.7-24)

In the above, the Aj and Bj terms were calculated by expanding
the matrix transfer function without recourse to the earlier methods
of the Chapter. Let us multiply out the following identity adapted

from equation (3.4-6) of Subsection 3.k4.2.

BO Im 0 . 0 D
31 A1Im Im . . HG
= (3 » 7"25 )
B2 AZI m A,] Im Im 0 HFG
2
B3 ABIm AEIm Aqu Im HF G
This yields
BO = D
B, = HG + w.D (cont.over)
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- O+ # 0] + by + ]
T T T
+ AMBigY + MR, + Aghaes
- (;\2 + As)hqg'f - (}\1 + >\3)th§ - O +)\2)h3g§ + 0D

etc. (3.7=26)

I

B

The coefficients are the same as in (3.7-23).
Without completely formalizing this discussion, we tentatively
conclude that
(1) the matrix transfer function description IZZ is the
Laplace transform of a nonhomogeneous vector differential
equation of order n
(2) the description z:Z can be calculated from a state variable
description without requiring the algebraic expansion of.the
inverse of a matrix polynomial or the minors for an adjoint

matrix. The steps are shown in the next subsection.

3.7.4 Calculating the Matrix Transfer Function Corresponding to T
(r,&,H,D)
Given a description X with system matrices F, G, H and D,
we seek the transfer function Z(s) of description Sy .
(1) The companion matrix for F is found. (See, for example,

Subsection 2.4.2). This provides us with the coefficients wj of
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the characteristic equation of F. (This approach for finding the
coefficients mj is not recommended for systems of high order because
of the accumulated effect of numerical round-off when calculating the
higher powers of F. The Leverrier~Faddeev method cited before [(30]
is preferable.)

(2) The array T, is calculated:

Z
I 0 . o 0
m
m1Im Im . . .
T, = oI 0,T . . . (3.7-27)
- - - L] O
wnIm wn—1Im ® w1Im Im |

(3) The m(n+1) x r array below is calculated:

B, D
B, HG
i
. = I, . (3.7-28)
B g
n

(4) The terms are collected in the following expansion for

Z(s):

1 n~1
Z(s) = [snBO +87By + ... B]

n n-1
n (3.7~29)

s +w1s + oss m



The general element zij(s) of Z(s) is:

1 n—1
z..(8) = (™... + 8 b
1J Sn + 0.),] Sn-1 + see mn 013

+ e + Db ..)
nij

113
(3.7~-30)
where bkij is the element at the intersection of the ith row and
jth colum of Bk'
If ¥ is a minimal realization, there will be no cancellation
of zeros with poles. Then, in the E]Z description there are
(n + Mmr elements bkij and n elements mj totalling n(mr + 1) + mr

parameters in all. The last mr terms are for the direct control

term Bo = D.

3.8 The Problem of Parametrization

3.8.1 A Comparison of Some Descriptions

By now the reader will be aware that the number of parameters
in any one description may differ from the number required in another
description, even though the descriptions are input~output equivalent
and are derived for some abstract system ¥ . For example, neglecting
the D or BO term of mr parameters which is invariant for any
description discussed, we can compare the number of parameters in
the following Table for some descriptions of a completely observable
system. A range in the number of parameters for some descriptions is
shown to account for special situations described in notes with the

Table.



TABLE 3.1

Description

Basic state~
variable ¥

Minimum, normal
state~varigble

%

A-canonical
form EA

Matrix diff.
equation %,
of order p

Matrix transfer
function ZZ

Number of Parameters

n(mtr) to n2 + n(m+r)

n(m+r)

to n(2mr-1)

n(m+r)

mn + mpr

n(mr+1)

98.

The Number of Parameters in Some System Descriptions

Notes

In the state coordinates of
a physical system,

Obtained by a change of
basis in the state space.

Minimum only for the case
that n =mp. (p is the
observability index.)

m + mpr = n{mtr) in
the case that n = mp.

¥ is a minimal realiza-
tion.
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3.8.2 An Algebraic and Geometric Interpretation of the Problem

The problem of parameterization first discussed by Kalman [3]
is concerned with finding an "efficient" description of a system.
A system is not efficient in a quantitative sense if another descrip-
tion can be found with fewer parameters. Then the parameters of an
inefficient description must be algebraic functions of the fewer para-
meters of a more efficient description. For example, we can find
n® + n(m+r) functions for the same number of parameters e of I
(D =0) in terms of the Nm = n(m+r) parameters £ of X n° ‘

Algebraically, this yields a degenerate [3] set of equations

o, = e1(ﬁ1, ﬁz, coey ﬁﬁ )
m
®2 = 08y Byy eees Ay )
m
= o ([S y O,y seey ﬁ ) (308—1)
en2+n(m+r) n2+n(m+r) 12 Nm

e & €, a Euclidean space of n® + n(m+r) dimensions

$ < T, a Buclidean space of only n(m+r) dimensions

The geometric interpretation in the space €, is that the system
is defined for a point anywhere on a surface of n(mtr) dimensions.
The solution to the problem of parameterization in this case is that
of moving on the surface to preferred coordinates. This can be
accomplished for state-~space models by a change in basis of the inter-

mediate variables, the state variables. If we assume that the normal
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form Exn is an efficient state=space description, then n2 of the
components of e on the left hand side of equation (3.8-1) are

equal to a constant or zero.

e e

: 3< 1

Figure 3.7 Coordinate Surface for e

Figure 3.1 illustrates a surface of two dimensions in the space
& of three dimensions. If by some means we can make a component of
e, &, = 0, then e is constrained to the line on which e' is shown.
There is a one-to—one correspondence between any point e' on the line
and g in the two dimensioned space @& .

The important point to be made here is that for a state~variable
description ¥, e is a unique point in € only if a basis is chosen
(which fixes the relations between parameters) or sufficient appropriate
parameters are set 1. arbitrary quantities. Hence one or other of the
above requirements must be satisfied in order to determine a unique

e from a noise-free record of input and output data (m < n).
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Now let us consider the X D description. We have noted that
this description is as efficient as the % o description only if
n = mp. For the case n # mp, e is still unique for a parti-
cular selection of components of the derivatives of the output in the
continuous case (or specification of a particular set of past outputs
in the discrete case) even though it is not efficient. Hence, we should
be able to determine a unique e for I D from a noise~free record

of data.
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CHAPTER L

MULTIVARIATE STOCHASTIC MODELS FOR IDENTIFICATION, PREDICTION AND

CONTROL

4.1 Introduction

In this Chapter, the deterministic system descriptions derived in
the last two Chapters are extended to include the effect of additive
stochastic disturbances. We continue to assume that the multivariate
process to be identified and controlled is linear and add the basic
premise that the vector observations on the process inputs and outputs
are made at discrete instants of time. The theoretical and practical
reasons for departing from the study of continuous time processes aret

(1) the exact response of the system at the sampling instants
can be described satisfactorily by difference equations instead of
differential equations;

(2) the problem of taking derivatives with respect to time of
the stochastic process that is an input to the system is avoided;

(3) there is an extensive body of applied statistical estimation
theory that can be employed directly and conveniently in solving
problems concerning physical experiments which are devised so that
their outcomes are discrete random events;

(4) in direct digital control practice, plant observation points

are sampled periodically and control is adjusted in discrete steps.
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In most industrial plants, the time constants are sufficiently long
that a central digital processor can monitor and adjust a number of
subsystems in sequence. Discrete-~time models are ideally suited to
being updated periodically and employed in control schemes in which

corrective action is generated in steps.

L.2 A General Discrete-Time State-Variable Model of a Stochastic

Process
Let us assume that a linear, constant, multivariate, stochastic
process is modelled (at uniformly spaced, integer sampling instants)

by the general discrete~time, state-variable description EIS below.

x(t+1) = Fx(t) + Gu(t) + I’v1(t) (4.2-1)

y(t) Hx(t) + Du(t) + va(t) (4.2=-2)

where the observation y is an m~vector and the control u is an
r-vector as before. x 1is an n=vector of state variables of both the
physical process and a "coloured"-noise process [24].

In this model, v1(t) is a ¢-vector of random variables drawn,
at time t, from a e-variate normal distribution with statistical
characteristics given below. The observation vector, va(t) is an
m=vector, of random noise variables, also drawn from a multivariate
normal distribution. The noise processes have the following statis-

tical charactéristics.
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Blv,(t)] = © (4.2-3)
Blv,(t), vi(0)] = V., 6(t-r) (ho2-h)
Elv,(£)]1 = © (4.2-5)
Blvy(t), vo(1)] = V,,6(t=1) (4.2-6)
BLv,(8), v()] = V,,6(t=1) (k.2-7)

where gl & expected value of [o]

v are positive definite correlation matrices

110 V22
6(t=t) = 1 3 t = ¢
(4.2-8)
= 0 H t?{T
Let us now look at the structure of the stochastic model in more
detail and distinguish pure measurement noise from noise disturbing

states that are also under the influence of the control. Suppose

that we could partition F as follows:
F = (4»2“9)

where Fa is a square matrix of n, Tows and Fb is a square
matrix of m, =n-n  rows. If the model is a minimal realization
(the dimension of the state vector cannot be reduced [3]), there will
be no common factors between the characteristic polynomials of both

Fa and Fb' In addition, we state that G has zero elements in its
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last n, rows and that there is at least one nonzero element in each
of the last n, rows of I. Then the final n, states of the model
belong to a measurement noise process which is distinct from the
operation of the remainder of the plant model. This concept is
illustrated in Figure 4.1. It is not uncommon to find this structure
in industrial process situations where the measuring instruments are
known to be inherently noisy.

The purpose in distinguishing measurement noise from the rest
of the process is to draw attention to the fact that, in the general
case, only some of the system states in the model are under the direct
influence of the control. For purposes of plant identification, we
are only concerned with

(1) system states that are observable

(2) system states that are controllable from either the control

input or the noise process or both together.

The conditions for observability to which we referred in previous
chapters are unaltered for use with this model but the conditions for
controllability have to be modified because the model has more inputbs
than from the control alone. Thus we introduce two new assertions.
(a) Assertion: The system is controllzble by the control input and

noise input together if, and only if, the array

P, = ¥ T Y ... Py (4.2-10)

is of rank n where

>

& [¢ I (4.2-11)
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and the controllability index p is defined by
£ 4 -
P £ min (nm, n-r-¢+1) (4.2-12)

N
Proof: The assertion is sufficiently close to the theorem of
Section 2.3 that a formal proof is not warranted. We first define
a vector of dimension (r + @)
u |
V = (h.2-13)

V4
The problem then is to show that the image of the vector space
N (VEN) of dimension (r + ¢) spans the space of x provided that
cPp is of rank n. By the Theorem of Section 2.3, the assertion is

proved.

(b) Assertion: Given the system description T, by equations (h.2-1)
and (4.2-2) and the conditions of equations (4.2-3) to (4.2~7), then
the system is output controllable [26] in a mean sense, if the array

P  defined by
cq

JF, = [ me ... e 1 (L4.2-11)

has rank m for some positive integer q of least magnitude such that

g £ min (nm, n=-r+1 ) (4.2-15)

Definition: By output controllable in a mean sense, we imply that the

expected value of any final output y(k) for any k € q can be



108.

reached, starting with arbitrary initial conditions in the plant
at t = 0.
Proof: We adapt the result of Kreindler and Sarachik [26] to the
special model considered here and introduce a controllability index
q into the proof.

The expected value of the state vector of the system I 5 at

every time interval, starting from t = 0, is given by

Bx(1) = FEx(0) + Gu(0)
Ex(2) = F°Ex(0) + FGu(0) + Gu(1)
Ex(q) = FIEx(0) + F¥'Gu(0) + ... + FGu(q-2) + Gu(g-1)

where E is the expectation operator. Premultiplying (L.2-16) by

H and combining it with (4.2-2), we obtain

Fy(q) - HF%x(0) = [HG HFG ... ©FY7G DI | u(g-1]
u(q~2)
u(1)
u(o)
u(q) (4.2-17)

b -

We want to determine m elements of the r(q+1) vector of controls

in (4.2-17) so that we can reach the expected value of any arbitrary
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output Ey(q) given the expected value of the initial state Ex(0).

Clearly, the condition for a unique solution to exist is that rank

qu = m for some smallest positive integer q.

To establish a lower bound on g, we note that if rank D = mn,
it is sufficient that q = 1. For the upper bound, we take
g = min (nm, n~r+1), the same upper bound employed in the theorem

on controllability discussed in Section 2.3. This ends the proof.

Suppose that one is required to calculate the control sequence to
take (the expected value of) the output to some specified point, given
only observations on the input and output. We can see from the last
proof that the (states of the) plant must be observable (but not
necessarily controllable by the input) in order that a solution to
the control problem can be found.

We conclude this section with the assumptions that description
I is

(1) controllable by the control and noise inputs together

(2) observable

(3) output controllable by the control input u.

L4,z Transformation to Stochastic Vector Difference Egquation Form

4,3.,1 Introduction

In this section, we shall transform the stochastic state-variable
description § 5 defined in the last section, into a stochastic vector

difference equation description in the output variables y, control
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variables u and noise variables v, and Ve This is a direct
application of the procedures developed in the last chapter. We
shall find that, given observations of the control and output only,
we are unable to distinguish between the effects of v, and Vse
This will lead us to a new description, ZIB’ in the output 1y, control
u and a single vector noise e.

Before we write down the description E:Ds’ it will be convenient

to introduce a slight modification in the convention used in previous

chapters for the difference equation description. We had (3.2-9)

A | p p-1
Mz = =z Im oz At el k Ap(Im)p (4.3-1)
Then
A(z-']) = z’pIm + z'P'”A1 + eee + Ap(Im)p (4.3-2)
Iet us define
az"y £ Pacz) (k.3-3)
- =1 -P
= Im + 7z A1 + s + 7 Ap(Im)p
(4.3-4)
and
x(,m 1y B Py
B¥(z ) = z"B(z) (4.3-5)

1t

-1 ),
BO + 7 B1 + aes Z po

(4.3-6)
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Then, if
A(z)y(t) = B(zlu(t) (4.3~7)
it follows that
A (2" Hy(t) = B*(z" Hult) (4.3-8)

But for convenience we will drop the asterisk, that is, we mean equa-

tion (4.3-8) if we write
Az y(t) = Bz Hult) (4.3-9)

This convention will be used in the ZDS description that follows here.
Az My = Bz Mu + olzmH AV 2e(t) (L. 3-10)

where y(t) is an m vector of the system output at time t, u(t) is
an r vector of controls and e(t) is an m-vector of random variables

from an m~-variate normal distribution such that

Ele(t)] = © (4.3-11)
Ele(t), e"(8)] = I_ (4.3-12)
Ele(t), e™(0)] = I _6(t-t) (4.3-13)

where b6(t-t) was defined by equation (4.2-8).

AN is an mx m symmetric matrix that will be specified later

in the derivation of the model. Finmally,
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=1 ~ =1 -p ~
Az ) = Im + z A1 + 000 + B AP(Im)P (4.3-14)
B(z—1) = By + z"1131 + oee F z"PBP (4.3-15)
-1y _ -1 -p
c(z” ) = I +2 Cp+ oo bz cp (4,3~16)

In the case that m = r = 1, this model reduces to the single-
input, single-output model of Astrom, Bohlin and Wensmark [19]. Each
of the coefficients Aj, Bj and Cj are then scalars and"ﬂgﬁ/a is
a scaling constant so that the independent noise source has a unit

variance. In the absence of control, this case is called a mixed

autoregressive moving average model by Box and Jenkins [33].

4,3.2 The Stochastic Difference Equation Form in Both Noise
Variables
The dif ference equation obtained by transformation with the pro-

cedures developed in Chapter 3 has the form
Az Dy(8) = BlzTDult) + K(z™ Iva(s) + Lz Hv,(t) (4.3-17)

Note that (4.3-17) involves both v, and v,.
The computational procedure to find A(z“1) and B(z-1) is
unaffected by the extension to include stochastic disturbances. That
is, the matrix coefficients of A(z-1) can be found by the procedure

of Subsection 3.2.7 and the coefficients of B(z—1) by the method

of Subsection 3.4.2.
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The coefficients of K(z ') are obtained by step (4) of

Subsection 3.2.1.

K(z—y & z“1K1 + z'zK2 + oeee z'pr (4.3-18)
where ] K, )
K
21 -
= Tp B T (4s3-19)
K
b p..

from (3.2-5). The coefficients of L(z’1) can be obtained from

(3.4-6) by setting

L, I,
L, o
— ¥ v
L, = T8 ;0 (4.3-20)
L 0
. P L

where the null matrices signify that the noise vy does not disturb

the system states. Then

- A -1 - -
(z ') = Lb + z L1 + z 2L2 + see + 2 pr (4.3=21)

=1 -2 -p

I

az"" _ (4.3-23)

by comparison with (4.3-14).
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At time t, the disturbance in the difference equation form is

obtained by subtracting B(z" u(t) from both sides of equation

(4.3~17) .
A -1 ;=1
v(t) = Az Dy(t) - B(z Hu(t) (4.3~24)
= Kz v (8) + L(z'q)vz(t) (4.3=25)
v, (t)
= Kz az"H] ! 1 (4. 3~26)
Vz(t)
i
( v, (£) ! v1(t-1)—§
= [0 1] + K, A] +
[ vz(t) vz(t—1)
v, (t=-p) |

cee + [Kp Ap(Im)P] (he3~27)

vz(t-p)

We define the unnormalized matrix autocorrelation with delay =,

RV(T), of the stochastic process v(t) by the following relation.

R(5) £ Ev(t)v' (t-r) (.3-28)

where T 1is an integer as is t. For example, RV(O) and Rv(1) for

the simple case in which p =1 are given by

Rv(o) = E[O I_X, A1]'°v1(t) 7 [v1(t) va(t) v1(t-1) vz(t-1)]
Vz(t)
vq(t—1)

vz(t—1)

-

- M
-ﬁa-u—:aa

DS |
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= [0 I, K, A1] F‘v11 vV, © 0 0
V.. V.. 0 0 T ,
21 Vo ; (b 3-29)
o 0 Vi Vi K
T
0 0 Vy V, Aq
- . L -

where the covariance matrices V11, V22’ V12 were defined in

-
(h2-l) to (h.2~7) and V21 = v12.
Rv(1) = [0 I, K, A1] 0 0 0 0 0
0 0 0 0 T,
T (4’3.'30)
Vg9 V4o 0O L
T
Voq Vp O 0 Ay

In the general case, RV(O) isan mx m symmetric matrix and

Rv(T), (1«1 £p), is also mx m but not symmetric. The auto-
correlation of the process v(t) is completely specified by

m(m + 1)/2 parameters in Rv(O) and m° parameters in each matrix
Rv(t) for T =1, 2, eae Pe RV(T) = 0 for T >p. We shall refer
to the sequence Rv(O), Rv(1), oo Rv(p) as the serial autocorrelations

of v(t).

4,3.3 The Equivalence of Stochastic Processes in a Statistical Sense
The vector stochastic process v(t) defined by equation (4.3-24)

is a linear function of the vector random variables {v1(1), va(r)}

for 7 =1, t-1, eoey t=p. Since v, and v, are normally distributed,

v(t) is from a normal distribution. Now a Gaussian process is completely
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specified by all of its first and second moments. We have noted that
v(t) has zero first moments and m(m+1)/2 + pm2 second moments.
Consider a new vector stochastic process v'(t). We define
the process v'(t) to be statistically equivalent to v(t) if all
the moments of v'(t) are equal to the moments of v(t).
The problem with which we are concerned can now be stated:
v(t) is a Gaussian process having rational (discrete) spectra; all of
its (finite number of) moments are known. Can we find the parameters
of a Gaussian process v'(t) such that v'(t) and v(t) are equi~
valent in a statistical sense?

Since

Ev'(¢) = Ev(t) (4.3-31)

(by assumption), we satisfy the above requirement if

=e}

—
)

~r
!

RV(T) (k.3-32)

’], “'2, oo "‘p and

Rv,(T) = 0 (4.3-33)
for |5} >0.
Suppose that v'(t) is given by :
vi(t) = (I + 2'101 + eos + z"PGp)./\i/ Ze(t) (4o3-34)

which has the same number of degrees of freedom as moments in choosing

the coefficients of Cj(j_= 1y 24 oo P) and _/\jlz,‘provided that
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_/\1/ 2 is symmetric. A convenient way of determining the serial auto-

correlations for the process v'(t) dis to compute the function

®. (=) & oA (4.3-35)
= (T, # 20 eee + BRO )N, + 270y ooe + 280"
(k.3-36)
= R_,(0) + =R ,(1) + z—1Rv,(-'l) + oo
+ szv,(p) + z"PRv,(—p) (4.3-37)

by the definition of equation (4.3-28). For example, if p = 2,

R, (z) = (I +z0) NI +27c)"
= A+CAC 420, A+ (G AT (h3-38)
from which
R ,(0) = A +CACY
R.(1 = ¢4 A
R, (~1) = AC]
= B, (1) (4.3-39)

To £ind C(z) (or C(z—1)) and A, given (Rv,(z) only, is the
problem of spectral factorization. The usual difficulty of this
problem is to find factors with stable roots (within the unit circle

for discrete~time analysis). Recently, Ho and Kalman have described



118,

an algorithm for spectral factorization (in the scalar, continuous-
time case) using the Riccati equation [57]. Their iterative method
commences with an arbitrary, stable initial estimate.

The problem in the multivariate case has been considered for con-
tinuous-time systems by Youla [58] and a general solution given by
Davis [59]. More recently, Anderson has presented an algebraic solu-
tion to the multivariate spectral factorization problem [60,; 61]
and briefly compared the solution method with that obtained by using
the Riccati equation.

Because the spectral factorization solutions referred to above
are too lengthy to record here, we shall simply note the conditions
under which @®(2z) can be factorized in the discrete-time case and
then present a direct method for finding the parameters of the
factors. The conditions are:

®R(z) 1is a rational function in z subject to

(2) R(z) = ®R(z™") (4.3-40)

(b) R(0) = 0 (&.3-41)

i

Condition (a) is satisfied if the autocorrelation terms
R (1) = Ri(=1) (4. 3-42)

The second condition implies that the power gain of the process v(%)
is non~negative.
The most direct method of finding the parameters of C(z-1)

and.dﬂnﬂ/z is to employ the method of moments: Suppose that the
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probability density of a random variable 4 is a function of n

parameters e, £(4; Ogy eeey en). The population moments are
Mj(e,l, one Bn) = J‘AJ f(e1, eoco Bn) dA (4.3-“'3)

In this univariate case, we can solve for e by computing as many
moments Mj as there are unknown parameters o, 1=1, 2, coey Na

We generalize this method to the multivariate case by choosing
the coefficients of C(z‘q) and _A_ to satisfy all the moment equations
given by (4.3-32). (The first moments are ali assumed zero.) Then
v'(t) is statistically equivalent to v(t). Note that if a solution
is found by the method of moments, the conditions of (4.3-40) and
(4.3-141) are satisfied. That is, if we substitute 2—1 for z in

equation (4.3~37), equation (4.3-LU0) is satisfied. Also, if we satisfy
R, (1) = R (%) (4. 3-14t)

for all <, and RV(O) 2 Q; then Rv,(O) = 0.

The task of calculating the coefficients of C1, 02, ves C

p’

_J\?/é given Aq, cve Ap and Kq, KZ’ ess KP is one of choosing the
coefficients so that equations (4.3-31) to (4.3~33) are satisfied.
There are m(m+1)/2 + pm2 independent equations (RV(O) is symmetric)
to be satisfied by the same number of coefficients. Unfortunately,
because the equations are nonlinear, the solution by the method of
moments is not unigque.

The following iterative methods of determining the coefficients of

01, 02 .o Cp, and../'\_"/2 that satisfy the above conditions has been
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used on a number of occasions without difficulty.
(1) The elements of the autocorrelation matrices Rv(r) of
the process v(t) are calculated for all integers T =0, 1, «ce D

as in the example following equation (L4.3-28)
A iy
RV(T) = E v(t)v (t~1) (4.3-45)
(2) We define a process
vi(t) = [C! + 2l + z Perle(t)
O 1 oo e p

where Cé is symmetric. Then the algebraic relations between the
autocorrelation matrices Rv,(t) and the matrix coefficients

Cé, J=0, 1 «co p are found. TFor example, if p=2 and m= 2,

Rv,(O) = G4~ +CiC4" + Ci0) (4.3-46)
10t 1§ T

R,(1) = cj08 + CiC} (Lk.3-47)

R (2) = €10} (4.3-L3)

In this case, we have 11 equations in 11 coefficients of Cj'
(3) A scalar cost function is devised of the form

fe = % [(r
i=1,m
j=1,1

2
v.ij(o) - rv'.:’Lj(o):|

+ T [(r, 0 - ()1° (4.3-49)

i Tyr.is
i=1m ' -t

j=1,m
k=1.p
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where r
v

°

ij(k) is the element of the 1™ row and jth column of

Rv(k) and r j(k) is an element of Rv'(k) located at the

vi.i

same place.

(4) An iterative numerical method is employed for choosing the
coefficients to minimize fc. The algorithm used by the author was that
of Fletcher and Powell [31]. It requires algebraic expressions for the
gradient of the cost function with respect to each of the elements of
Cé,
by Powell [32], requiring only function evaluations, is equally

C%, eso Cﬁ. Recent experience indicates that the algorithm developed

effective (both are second order methods) and easier to program for
a digital computer.
To initiate the computation, it has been found convenient to

0
examples considered, the zeros of ch,(z—1) have, fortunately,

choose C! = [RV(O)]q/2 and Cé = 0 for j=1, eos po In the

settled inside the unit circle in the z plane for this starting con-
dition. It is clearly implied by the references on spectral factori-
zation that solutions with zeros outside the unit circle can occur,

yet the moment relations are satisfied. Hence the solution obtained

by this method is not unique.

(5) TFinally, the required parameters are found by the following

identities:

ne>

(4.3-50)

>
1
Y

(h.3-51)
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and AVe o4 (4.3-52)

We then substitute the parameters Cj determined in the above

procedure into the identity, equation (4.3-16) recalled here.
¢z =T +2C, + z Yo (4.3-53)
n ! °°* P

This concludes the derivation of the ZlDS description, a stochas~

tic difference equation defined by
az"Myr) = Bz Hue) + oz N 2e(t) (1.3-5%)

which has a noise process statistically equivalent to the noise pro-

cess contained in equation (4.3-17),

L,3.4 Some Special Cases
In the development of the ZDs description, the presence of two

disturbances v, and v, was assumed. v, corrupted the system

1

states and v, appeared as measurement noise. Let us consider some

2

special cases that may arise.

(1) I = 0; the system states are noise free. Then from

(4.3-17) and (L4,3-23)
azy(e) = B (e + AT, (4) (4. 3-55)

We define

az vy 6y & o N 2e(t) (4.3-56)



-
™)

N
.

vhere c, = AqJ\fq/z
_ -1/2

C2 - AZ(Im)ZJA'

) _ -1/2 ) _

c, = A(L) A p (b.3-57)
and A2 v;éa (4.3-58)

(2) Measurement noise v, = O. Then from (4.3-17)
Ay = Bz Du(t) + Kz v, (+) (4.3-59)

and from (4.3-25) and (4.3~18)
v(t) = (2"11{1 + z"aKZ + aee z”pr)vq(t) (4.3-60)

If we are given a section of record of observations of the process

v(t), we are unable to distinguish the sequence in (4.3-60) from

w(£) = (K, + z_1K2 + e z“P+1Kp)v1(t) (4.3-67)
because we will discover that
R(p) = 0 (4.3-62)

Hence, in this special case, when fitting matrix coefficients

Cqs Cor eee CP of C(z—1) to the matrix autocorrelations

RV(O), Rv(1), soas Rv(p-1) we set C_ = 0. Note that in this special

p

case, if @ <m, every autocorrelation term RV(T) will be singular (and

of rank Q\<.m). Hence fitting the coefficients will take special

consideration.
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L, L Transformation from the ZDs Description to State-Variable

Form

We recall that the stochastic process modelled by the state-variable
description X defined by equations (4.2-1) and (4.2-2) involved two
noise sources, vy and Ve These disturbances were combined into
one when the ZDs description was derived after we discovered that,
given only observations, we were unable to distinguish between vy and

v, together and a vector random variable from an m~variate normal

2
distribution. Thus, given only the description Z:Ds’ we are unable to
derive a state-variable description that includes both vy and Vo

Clearly, there must be a new description, I 51 that is equivalent
to the ZIS description of (4.2-1) and (4.2-2) but in which the two

noise variables are replaced by e(t). Such a description appears

below,

x(t+1)

Fx(t) + Gu(t) + T, &(t) (4.4-1)

y(t)

Bx(t) + Dut) + A/Ze(t) (L. b2)

where e(t) is from an m-variate normal distribution n(O,Im). In
this description, the system and control matrices F, G and D are
identically the same as in the equations of the ¥ _ description (k.2-1)
and (L.2-2).

We are unable to derive the Zs description of (4.4-1) and (L.L=2)

1
directly. However, by applying the transformation procedures of Section
3.6, we can find a state-variable description of % A which is also

equivalent to Xls. The new description & _, is
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x(6+1) = Fyx($) + G u(t) + Tye(t) (4.4-3)
y(t) = HAx(t) + D u(%) +_/\1./2e(t) (4. h=L)

By noting the correspondence between BO and”_/\j/z, B1 and
C14ﬂe/2, coe BP and CPJAJ/a we can substitute directly into (3.6-2)
and obtain

- - - -

.j\1(2 I
m
HI, 4
HFT, = T;—1 .| N2 (4. 4=5)
p-1
i c
1 P

We then find Ik in the same way that G, 1is found by selecting the

A
appropriate n rows from (4.4-5). The procedure to find Fpr Gy
and HA from A(z—1) and B(th) is unaltered by the presence of
the C(z—q) terms.

Finally, consider the two special cases discussed in Subsection

4.3.k. In the first case, we found that for the noise process in the form

v(t) = (Im + 2—101 + oo z-PCleAE/Ze(t) (4.4-6)
01 = A1
02 = A2
C_ = A (4.b=7)
b b 4
This is the result when I' = O, Hence, I = O.

A



126.

In the second case, Rv(p) = 0 so that
o I ~ .
HZ[’,l Im
HI«"I',l v C,
. = | N2 (.14-8)
iy c
1 p=-1

and there is no noise term in the observation equation (4.4-2).

I'A is found in the usual way. The above can be modified for the case

Again,

in which p<m
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CHAPTER 5

STATISTICAL METHODS OF PARAMETER ESTIMATION

5.1 Introduction and Statement of the Problem

In this chapter, the following problem is considered. Suppose
that we are given the data record of

(1) a sequence of inputs {ﬁ(t), t =1, 2, eoo N}

lﬁ.n

and (2) the corresponding outputs {y(t), t =1, 2, ...
of a dynamical stochastic system ZS. We are required to identify the
plant in the sense that we fit a suitable plant model to the data for
purposes of output prediction and control.

Recall that in Chapter 1, we divided the identification problem
into two parts. The first was concerned with finding an algebraic
structure between the input and output variables. The second dealt with
estimating parameters in the assumed structure.

We shall presume that the first part of the problem is solved to
the extent that we are justified in fitting the E:Ds description to
the data or, in other words, the mathematical relations between the
input variables and the output variables are closely defined by the
ZDB description. This statement implies that:
(1) the system is linear
(2) the system has finite dimensions

(3) the system is constant

(4) the system is stable
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(5) the system states are observable

(6) every system state is controllable from either the control

input or the noise process or both together

(7) the disturbances are stationary, gaussian random processes

with rational spectral density functions [19].

The first five parts above were assumptions leading to the deri-
vation of the les description. The sixth part relates the disturbance
to physical processes with rational spectra that can be conveniently
simulated with linear elements.

The second part of the problem, then, is the estimation of the
parameters

(a) n, the order of the system

(b) p, the degree of the vector difference equation. (In one
sense, (a) and (b) belong to the first part of the identification
problem).

(¢) the parameters of A(z~1), B(z—1), C(z—1) and ./\2/2.

Some special cases have been treated in the literature, a few

of which are discussed below.

(1) A1 = Aa = ese = AP = O, B,] = BB = cse = B = O,

01 = 02 = eee = CP = O is the problem of multivariate regres-

sion considered by Anderson [40]. The sequence {ﬁ(kig is known.

(2) B1 = B2 = h0e = BP = 0O, 01 = 02 = see = CP = 0

is the problem of identifying a multivariate autoregressive series.
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The problem for the single-output case has received attention from
a number of authors, beginning with Mann and Wald [41]. A particularly

clear exposition is provided by Box and Jenkins [33].

(3) B, = By = «o. = B =0, Ay, = A, = ... = A =0
is a multivariate, finite moving average process. Again, [33] is a
useful contribution because it discusses both this case and its
relation to the autoregressive series in (2) above for the single-

output case.

() By = By = eoo = B, = O only. This is a combination of
(2) and (3) and so is termed a mixed autoregressive moving average

(ARMA) model in [33].

&) C, = 0 = oo = Cp = 0 is thé problem of a system with
observable states (no measurement noise). It has been studied by
Kalman [42] and Lee [43] in the single~output case.

To motivate the identification.task, the reason for which the
system model is required should be supplied. In this thesis, the
requisite is to minimize the mean square error in predicting y(t + 1),
given the sequence of data {&(t), u(t), y(t=1), u(t-1) .,.t% . If we
can solve this problem, we also claim that we can provide a control
algorithm that will minimize the variance of the regulated output.

We shall consider and compare a number of parameter estimation

methods for solving the multivariate identification problem posed here.
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These are listed below:

(1) classical least squares estimator (LSE)

(2) modified least squares estimator (MLSE),developed to
minimize the bias in the classical least squares estimator)

(3) generalized least squares estimator (GLSE), (also known as
the Markov estimator, minimum variance estimator or best
linear unbiased estimator)

(4) maximum likelihood estimator (MIE).

In order to compare the estimators, we list and define the

usual statistical properties of estimators [(34].

Definitions

(1) Unbiased estimator: An estimator ® is an unbiased estimator

for o if Ee = e for all e in . That is, the expected value
of the estimator o is equal to the ftrue value e.

(2) Consistent estimator: For indefinitely increasing sample

sizes N
1im Prob (e -€ < 6 <o +€) = 1
N—w
for every e in & and every € >0. (This is a definition of simple
consistency [34]).

(3) Bfficient estimator: If ® is an unbiased estimator for e

having finite variance, and no other unbiased estimator has a smaller
. A > - Ld -
variance, then e is an efficient estimator for e. Because there may

exist estimators that are efficient in a limiting sense for very large
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sample sizes, we prefer to use the following criterion in place of (3).

. _ . . - A -
(4) Minimum=~variance unbiased estimator: e, a function of a random

sample from a distribution f(x;e) is a minimum-variance unbiased
estimator for e if

(a) E(8) = e

(b) var(®) is less than the variance of any other unbiased

estimator.

5.2 Linear Least Sguares Estimator

5.2.1 Linear Regression Model

The stochastic description ZDs is not a suitable regression
model for least squares estimation in the form in which it appears
in equation (4.3-10). Before we rearrange (4.3-10) into a satisfactory
form, let us briefly describe what we mean by a linear regression
model and a regression function.

Suppose that the conditional expectation E[yj;x] is the random
variable which minimizes some risk function E[R[y = K(x); x]] where
X 1is a vector random variable from an n-variate distribution and
K(x) is some function of x. The quantity E[y;x], considered as
a function of x, is called the linear regression function of y on

x 1if we can write
Elysx] = p +Kyx (5.2-1)

where | is an n-vector and KO is nxn [39]. p and KO are
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called regression coefficients. In place of (5.2~1) we can write

(ysx] = p+ Kox + e (5.2=2)

This is called a regression model., The residual e is a random
variable.

In the general case, we write

I}

Ely 3%0%, _qs oo- xk_p] bt Ko v Ko g eee KX (5.2~3)

K(,x) (5.2

where x 1is a vector of vectors Kr eoe xk_p.
The linear least squares regression problem is to determine p

and K, (=0, 1, <. p), such that the risk function
R = Ely - K(p,x)1°Ty = K(p,x)] (5.2-5)

is minimized. In classical regression, it is assumed that all the
vectors xj are random variables from an infinitely large population
and the residuals e are unobservable, independent random variables
from n(O,Im).

Let us write the stochastic difference equation description 3 Ds
of equation (4.3-10) as a regression model (5.2-3). We have already
indicated a possible structure in (3.5-11) when we discussed forms of
the 2 description. Be rearranging (4.3-10), we obtain the regres-

sion model (with p = 0):
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y(t) - A,Iy(t-1) - AZ(Im)Z(t—2) cse = Ap(Im)py(t—p)

+ Bou(t) + B1u(t—1) eoo * Bpu(t-p) + v(t) (5.2-6)

where

w(t) = A2 + Cq_ijZe(t—1) eo + CpJ/Q{ae(t—p) (5.2-7)

Because (5.2-6) is a linear relation in y, u and e, we observe
that y(t) is a random variable for all integers t if u(t) and
e(t) are random variables. Clearly, we cannot claim that y(t-1),
y(t-2), ... y(t-p) are independent, nor that the residuals v(t),
v(t~-1) ... are independent.

There is no loss in generality in arranging the control sequence
so that B u(t) = O and in assuming that there is no other constant
input to the system. Then the constant term p that appears in equa-
tions (5.2=1) to (5.2-5) is not required in the regression model
(5.2~6). It will be convenient to make this assumption throughout
the remainder of the thesis.

Lastly, it will be helpful to simplify the notation further by

writing in place of (5.2-6), the regression model in general form
)
A

y(t) = ex(t) + v(t) (5.2-8)

where & is an mx s matrix (s =n + (p+1)r) of regression coef-

ficients defined by

e

& [-A, =A -A B. B, . .BPJ (5.2-9)

2 " p O 1
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and y(t-1)
(Im)zy(t~2)

(I ) _y(t-p)
x(t) 2 m’pY P (5.2-10)
u(t)

u(t-1)

u(t-p)

Here x(t) is not a state variable, It should not be confused with
the use of x(t) in other places in the text where it is clear that

it is the state-variable vector of a set of first order equations.

5.2.2 The LSE Algorithm

Let us rewrite the general regression model (5.2-8) in the form*

y(t) = X(t)e + v(t)
s o o . . o 11 oy ]
A 0 xT(t) 0 . . | 0 e, . oo
) ‘0 o . . xT(t)m | oy (5.2=-11)

* Note: We introduce this form here, in preference to equation (5.2-8)
because we shall be concerned with matrix operations on y(t) and X(t)
directly in a later portion of this chapter.
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where e? is the jth row of ©. Suppose that we observe y(t) and
x(t) for N +time intervals, N = & + m. We can arrange the data

in the form

]

= Xe+y (5.2-12)
where
() | [, ] () |
y(2) o, v(2)
=] = ve|
_y(N)_me'l L0 s x 1 QV(N)_me1
(5.2-13)
and
] ] _xT(’I) 0 . o
X(1) 0 X (1) . 0
. . . 0
X(2) 0 0 . x(1)
x2(2) 0 . 0
o | - _ 0 x(2) . 0 (520
(V) 0 . 0
X() 0 o)) . 0
0 0 . X (N)
| i i d miox ms
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From (5.2~5), the linear least squares problem is to minimize
T T
Ev (t)v(t) = Ely - Xel'[y - Xel (5.2-15)
The minimizing LSE solution, on differentiating (5.2-15) with

respect to e is

s = xXx17" xly (5.2-16)

As this requires the inversion of an ms x ms matrix, it is advan-
tageous from a numerical viewpoint to decompose (5.2-16) into m

separate estimators 3‘3. for each vector ej. We note that

N
X = 3 XU(8)R(E)
— t=1 —
N
5 x(£)x (t) 0 . 0
£=1
N
0 z x(t)xT(t) . 0
£=1
N
0 0 ) T x(£)x ()
t=1
(5.2-17)
Similarly
N
_JgTz = b XT(t)Y(t) (cont.)

t=1
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N
= T x(t)y, (%)

t=1

N

L x(t)y,(t)
t=1

N

£ x(t)y () (5.2-18)
t=1

.

where yj(t) is the jth element of y(t).

This gives us the well known result [40]:
N N

8. = [ T =) ()™ T x(£)y.(t) (5.2-19)
J t=1 t=1 J

whereby each row of 6: is estimated separately and only one s x s
matrix inversion is required. Alternatively, by manipulating equation

(5.2-19), we may write the matrix estimate

N N
B = [T ye)F®I £ i)t (5,2-20)
t=1 t=1
N
The matrix [ T x(£)x (+)] of equations (5,2-19) and (5.2-20)
£=1

can be partitioned in a meaningful way when N 1is sufficiently large.

Let us define the symmetric matrix

N
& ()

>

5 x(£)xT(t) (5.2=21)
£=1
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L[ D) I (@) (62T [ue) TI[uT(t)... T(t-p)17]
N (Im)ay(t—Z) N u(t-1)
. z .
=1 t=1
(L) y(t-p) u(t-p)

. - - -
u(t) [y(t—1)...(Im)py(t—p)] ult) [u (t)...uT(t—p)]
N u(t-1) N u(t-1)
z . % .
t=1 t=1
u( t-p) u( t~p)
(502"22)
As N approaches infinity,
Unnormalized Unnormalized cross
autocorrelations correlations (cross
(autocovariance) covariance) of sys-
of system outputs tem output to input
1
ﬁﬁg(N) =
Pransposed form Unnormalized auto-
of unnormalized correlations (auto-
cross correlations covariance) of system
inputs
(5.2-23)

The covariance hetween eg and e?, two rows of €, is defined by
cov(s,,8,) & E[B,~e,108,~0.1" (5.2-2k)
i'7j i 7i777F )

First let us examine just the term



139,

N N
~ _ T -1 _
o5 =85 = C tz% x(t)x"(t)] t§1 x(t)yj(t) o,
N N
= [ 3 =)™ 5 =) (e, + v.(t)] ~ o,
=1 =1 J J J
N
= 3 xe)v,(t) (5.2~25)
t=1 J

where vj(t) is the jth element of v(t). For convenience, we define

sy £ [ gdan1™ (5.2-26)
N

- [+ % x(’c)xT(t)]"’i (5.2-27)
N t=1

and note that S(N) approaches a constant, positive definite, symmetric
matrix for large N (the inverse of the matrix in equation (5.2-23)).

We also need to define the m x m symmetric matrix

Ev(t)vT(t) 2y (5.2-28)
with elements Vij given by
Bv, (£)v.(t) & v, (5.2-29)
i 3 ij

Now with equations (5.2-25) and (5.2-27) we can substitute in equa-

tion (5.2-2L)
N N

z x(t)vi(t) X

T 1
= Z vj(T)x (1) ﬁ-S(N)

A A 1
cov(ei,ej) = E ﬁ-S(N)

(5.2-20)
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N
B ECEIEIEAOIOS EOLC 2 saw) (5.2-31)
1 T=
If, and only if,
Ex(t)vi(t) = O for K=1, 2, eeo m (5.2-32)

can we simplify (5.2~31) and obtain the minimum variance property [40]:
AN 1
cov(ei’ej) = Vij ﬁ'S(N) (5.2-33)

forall i=1, 2, ceom and j=1, 2, soo Mo

Under what circumstances is this true for the regression model
of eguation (5.2-8)? Since the first m elements of =x(t) are fully
correlated with v(t-1) (see equations (5.2-8) and (5.2-10)), then

equation (5.2-32) is satisfied if

R (%) Ev(t)v (t-1) (L4.3-1)

= 0 (502"314')

for all integers T # O. This is the case when the stochastic system
is an autoregressive process only and Cj =0 for J=1, 2, ves Po
In this circumstance alone, the ILSE for & given by equations (5.2-19)

or (5.2-20) is the maximum likelihood estimator for € [40].

5.2.3 Iimitations of the LSE

In the following, we consider only the complete mixed autoregressive

moving average model (with control terms) given by equation (5.2~6).
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The LSE was given by equations (5.2-19) and (5.2-20).

(1) Bias: The least squares estimator for the parameters of
the regression model is biased. This is apparent on substituting
equation (5.2-26) into equation (5.2-25) from which we obtain the

bias term:

N N
Bme. = [ 5 2B 5 x(8)v,(t) (5.2-35)
J J t=1 t=1 J
N .
= s g £ x(£)v (%) (5.2-36)
=1 J
N
1 —
= S(N) = ¢ v.(%) (t-1)
Wlg '3 7
(Im)zy(t—E)
(Im)py(t—p)
u(t)
u(t-p) (5.2-37)

Since every observation y(t-k) is a linear combination of e(t-k),
e(t-k-1), ... e(t-k-p) for k=1, 2, ... p and vj(t) is similarly
a linear combination of e(t), e(t=1), ... e(t-p), we can see that

vj(t) and y(t-k) are correlated for k=1, 2, ... p (t-k>» 0).

We also recall that S(N) is a constant matrix for N large. Provided
that the control sequence {ﬁ(t)} is independent of the observations,

it follows that:
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E[6, -~ 0.1 = S(N) Bv.(t) [ y(t=1) 7]
J N— o J
(Im)zy(t-Z)
(Im)py(t-p)
0
6] (502"38)
= S(N) [ An n-vector of nonzero constant
N—pw elements, the unnormalized corre~
) lations of vj(t) with Vi(t-T)
for =1, 2, o p.
An (s-n) vector of zeros

A
Hence 35 is5 biased and € is biased.

(2) Consistency: Clearly, the ISE is not consistent for the

. I .
case discussed because @ converges to a biased value rather than

its true value.

(3) Efficiency: Here we shall simply state that there is a

more efficient estimator for €& than the ISE for the{‘use discussed.

This is well known for the single observation case and follows directly

fér the multivariate case.

We conclude that in the mixed autoregressive moving average (ARMA)

model, the LSE is not an unbiased, minimum variance estimator.
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5.3 Sequential Least Squares Estimator

In the previous section, the least squares estimator required the
inversion of an s x s matrix (s =n + (p+1)r) with which each row
of © was estimated in a separate operation. We shall now show that
matrix € can be updated, row by row, each time that new data is made
available. The convergence properties will be discussed briefly.

Recall the regression model, given by equation (5.2-8)
y(t) = ex(t) + v(¢) (5.3-1)

Let us define @(N) as the LSE for € given the set of data
FD, ¥2)y eee ¥, x(1), %(2), .. (M)} and 5,0 as the
ISE for ej(N) for the set of data {yj(*l), yj(Z), yj(N), x(1),

x(2), ... x(N)} . The current estimate of the jth row of & is:

N N
8. = [ % x0T £ x(t)y.(t) (5.3-2)
J t=1 =1 J
N
= o TN T x(t)y.(t) (5.3-3)
t=1 J

by the definition of equation (5.2-21). Clearly

N
8.1 = TN T x(2)y.(8) + x(N+1)y, (N+1)]
J t=1 J J
(5.3~4)
By the matrix inversion lemma
q8'1(N+1) = [ + 21z (1)1 (5.3~5)

-1 T =1
£ ) - QXT Wl WDS™ W) (5 5
(1) & T x(N+1) + 1

]
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Then N
N -1 T -1
(M)x(N+1)x (N+1) (M) 2, x(t)y.(t)
e.(N+1) = 28-1(N) I x(£)y.(t) —Qg 7 : ‘,3 t=1 J
J £=1 J x (N+1) T (Mx(N+1) + 1

B~y (1) 2 (1) o )y (1)
2(8+1)F T a0 x(m) + 1

+ szg -1(N)x(N+'l)yj(N+1) -

Qg —1(N)x(N+1)[yj(N+1) - xT(N+1)ej(N)

(5.37)
xT(N+1)gg -1 (NYx(N+1) + 1

Fa
= e.(N) +
J

This .is a normalized form of the Kalman sequential estimating equation.
This algorithm is useful for the estimation of & if immediate estimates
are required in an on~line situation. Of course, because it is identi-
cal to the estimator given by equations.(5.2-19) or (5.2-20), it is
also subject to the limitations of the LSE set out in Subsection 5.2.3.
The bias arises because of the correlation between x(N+1) and
yj(N+1) in the numerator of equation (5.3~7).

Let us rewrite (5.3-7) in terms of the matrix S(N) which approaches
a constant as N—s0:

S(N)x(N-}-'l)[y_](NM) - xT(N+1)Sj(N)] : 8
: 503

_’e‘j(N+1) = Sj(N)-l-

N —pm» xT(N+1)S(N)x(N+1) + N

If the system is stable and the input is bounded, the inner
product xT(N-l—’l)S(N)x(NM) has a constant upper bound. Clearly, .

the dennminator term increases with N. Also, the numerator term
Yj(N-H) - xT(N+1)’€j(N) (5.3-9)

= xT(N+1)[ej - 8,07 + v,(0) (5.3-10)
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tends to decrease as o.(N) approaches constant value for increasing
J
N. Convergence of the algorithm can be established from the equation

obtained by combining (5.3-10) with (5.3-8).

SN x(N+1) % (1) ] 8.(N)

T+ = [I - =
J % (N+1)S(N)x(N+1) + N
+ 7 S(N)X(N+1) J (5.3__11)
x T (N+1DS(N)x(N+1) + N
where ?%(N) 4 'gj(N) - oy (5.3-12)

The subject of convergence is discussed by Lee [43] and Mayne [44].
Lee shows that, as N-—» o0, the estimate becomes independent of the
initial conditions assumed.

We note that if x(N+1) is correlated with yj(N+1) in equation
(5.3-8), the estimate will converge to an incorrect (biased) value for

the reasons discussed in Subsection 5.2.71, unless
R (1) = 0 (5.2-13)

for all integers < # O. Again we conclude that the ISE is
(1) a biased estimator
(2) not a consistent estimator
for the parameters of the multivariate ARMA regression model of (5.2-6).

Clearly, a more suitable estimator is required.
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5.4 Generalized least Squares Estimator

5.4.1 The Classical Viewpoint
In the last section on linear least squares regression, the rows

of €& were determined so that the risk function

v
]

E[y(T) - 6x(T)] [y(t) ~ ex(t)] (5.4-1)

Ev()v(t) (5.4-2)

was minimized., The difficulties encounte{ed (biased, inconsistent and
nonminimum variance estimates for €) were attributed to the correla-
tion arising between the variables x(t) of the regression model and
v(t) when the stochastic disturbance v(t) exhibits serial correlation.
The method of generalized least squares estimation (GLSE) [46] is
to transform the data so that the elements of the transformed noise
sequence have zero autocorrelation for 1/0. The solution in the case
of scalar (m = 1) observations y(t) of a process in the variables
x(t) is to find a matrix T so that the variance~covariance matrix

of the transformed noise process becomes:
T
ETW..-TT = AEIN (5.4-3)

where )\2 is the variance of the "whitened" noise process; To find

this transformation T, it is necessary to have complete knowledge of

. . . . T
the N x N variance~covariance matrix of the noise process, Evv .

(For the scalar observation case, the variance~-covariance matrix

EZXT is a Toeplitz matrix.) The well known solution in this case is
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(compare with equation (5.2=16)):

= XXy (5. 4L

in the notation of the last section. With
[T = AP[Evv')”" (5.4=5)

the GLSE is unbiased, efficient and consistent. However, in order to
acquire these advantageous properties, it is obvious from equation
(5.4=5) that a complete description of the noise process is required in
order to compute the matrix TTT. A clear exposition on the subject

is given by Johnson [47] for scalar observations.

5.4.2 The Filtering Viewpoint (m = 1)
In this subsection, we review the method of generalized least
squares estimation for the following conditions:

(a) The system model in the form of the ¥ Ds description is:
Az My(t) = Bz Hult) +Ac(z™elt) (5.4-6)

(b) The observations are scalar (m = 1).

(c) The parameters of C(z-1) are known.

(d) Updated estimates of the parameters of A(z_q) and
B(qu) are required at every time interval.

Mayne [44] has suggested filtering the input and observed output

sequences as in Figure 5.1 to obtain:
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Distui[ances
Control v  Plant ,Output
u(t) 7 y(%)
J .
Filter Filter
c_l(z_l) ozt
y  Assemble = *(t
u*(t) x*(4) y*(t)
x*(t)
Vi
Least Squares Estimate
Estimator e

Figure 5.1 Generalized Least Squares Estimator

(m = 1)
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y* () L y(6) 5 ud(t) = —— u(t) (5.4-7)
c(z ) c(z )

Substituting for y(t) and u(t) in (5.4-6):
Az"Ne(z" Ny ) = BlzTHe(z" ut(t) +AC(z" Yelt) (5.4-8)

Because C(z—q) commutes with A(z™ ') and B(z—q) (for m =1 only),
the transformed system model obtained by premultiplying (5.4-8) by

C~1(z—1) is:
Az yy*(t) = B(z"Yur(t) +Ae(t) (5.4-9)

In the transformed system model of (5.4-9) the noise sequence is
independent and uncorrelated with its past. The parameters of

A(z‘q) and B(z—q) can then be obtained by applying the conven-
tional least squares estimator given by equation (5.3-7) (for j = 1).

The regression model is
* _ T « 3
v*(t) = e x*(t) +Ae(t)

where e is an s-vector and

— -

y*(t-1)

y*(t-2)

<

y*(t-n)
x*(t) = (5.4-10)
u*(t)

u*(t-1)

u*(t=n)
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Estimation by this method has also been discussed by Briggs, Clarke
and Hammond [48] for the identification of control systems with dis-
turbances that are serially correlated. Again,the disadvantage of the

method is that the parameters of the noise process are required.

5.4.3 GLSE When the Noise Process is Unidentified

A number of authors have sought the advantages of GLSE by
estimating the parameters of the noise process separately from the
remaining parameters of the system model (m = 1).

Durbin [49] appears to have been the first to suggest a two-stage
estimation procdedure. Tretter and Steiglitz [50] obtained the para-
meters of a mixed autoregressive moving average stochastic system by
least squares estimation of the parameters of A(z—q) and direct
search for the parameters of C(an) to minimize the variance of the
residuals. Clarke [51], adjusted the parameters of an all-pole filter
approximating the function of the ideal filter discussed in the last
subsection for "whitening' the residual noise sequence. Norris has

investigated special cases in which the latter two methods may fail [52].

5.4.4 GLSE in the Vector Observation Case (m 3» 1)

Filtering the observation and control sequence in the vector
observation case (m > 1) is not a simple extension of the method
for the scalar observation case. The reason is that the algebraic
operation between equations (5.4-8) and (5.4-9) (commuting C(z-q)

with A(z"D) and B(z™ D) is invalid if A(z™D), B(z™h) and c(z™h)



151,

are matrix polynomials for which m >1. In the following, we show
that the principle of removing serial correlation by filtering can be
extended to the multivariate observation case. The design equations
for a suitable multivariate filter are developed.

The regression model in general form (see equations (5.2-8) to
(5.2-13)) is:

y(t) ox(t) + v(t) (5.4~11)

1

X(t)e + v(t) (5.4-12)

where e is defined by equation (5.2-13) and

5T o o . . o
A 0 () 0 . . 0 i)
o o o . . xT(t)_
is a matrix of m rows and ms colums. Recall
v(t) = c(z’q)Jﬁsze(t) (5.4-1lk)
Substituting in (5.4-12):
y(8) = (e + oz~ H_N2e(t) (5.4-15)
Then ¢z y(t) = ¢ @THuw)e + N e(t) (5.4-16)

Tt will be convenient to rewrite (5.4=16) as

&) = x(e + N/ 2(t) (5.4-17)
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which should be compared with the model of equation (5.4-12) in which
the stochastic process v(t) is serially correlated. Also, (5.4=17)
should be compared with the filtered equation (5.4-9) for the simple
case (m = 1). Note that X*(t) is uncorrélated with e(t) in the
transformed model of equation (5.4-17). This is a necessary condition
for the unbiased, least squares estimation of € from the filtered
data.

The remaining problem is to design the filters in terms of the
parameters of C(z-1).

(a) The filter to obtain y*:

From equations (5.4-16) and (5.4-17)
-1, =1
y*(t) = ¢ (2 Dyl®) (5.4-18)

That is [T +27C, + 270, + ... z”Ppry*(t) = y(t) (5.4-19)

Writing out equation (5.L4-19) in full and rearranging, we obtain:
y(t) = -lCy*(¢-1) + Coy*(¢-2) ... + pr*(t—p)] +y(2)  (5.4-20)

which is simply the recursion relation of a multivariate dynamical
process of order p. This is the design equation of the multivariate
filter to find y*(t).

(b) The filter to obtain X*(t):
Following the same derivation as in (a), we obtain:

[T + z-101 + 2750, + oo z‘Pcp]x*(t) = x(t) (5o4-21)
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That is:

X*(t) = - [C1X*(t~1) + CX*(£=2) + o0 CpX*(t—p)] + X(t) (5.4-22)

2

Note that (5.4-22) is the matrix difference equation of a dynamical
process. Although X(t) is a matrix comprised mostly of zeros and
rows that contain the same information (see eguation (5.4-13)),
X*(t) is a full matrix of rows that do not resemble each other.
Provided that the sequence of inputs {u(ti} is from an r-variate
distribution of random variables, we are assvred that the elements of
X*(t) are random variables because only linear operations are
involved in deriving X(t) and X*(t) from {u(t)} and '{g(tj}o
Equations (5.4-20) and (5.4-22) arc the design equations of the
digital filters employed to filter y(t) and X(t) as shown in
Figure 5.2. Note that the filters are identical. The fact that one
filter is excited by a vector process and the other by a matrix process
is irrelevant. It is easy to see this after partitioning X(t) and
X*(t) into s column vectors of dimension m. We note that the kth
column of X*(t) is dependent (or excited by) the k™ column only
of X(t). Hence the same algorithm (or computing subroutine) can be

used to update y*(t) and each column of X*(t) in turn.

5.4.5 Filter Stability

In designing filters, the question of stability arises. Will
the output of the filter remain bounded over any finite interval of
time when excited by any arbitrary sequence of bounded inputs? To

answer this question, we must evaluate all the natural modes [25]
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of the filter.

The filtering equation may be written as
-1
clz Dy*(t) = y(&) (5.4-23)

This is a vector difference equation of order p in which each of
the matrix coefficients Cj (=1, 2, sea p) is mx m. This
fact facilitates the reduction of equation (5.4-23) to a set of mp
first order difference equations by the methods of Section 3.6. We
obtain the discrete-time state transition matrix FA in canonical

form by inspection:

r~ -~
0 I 0 o 0
m
0 0] I o 0
m
FA = ° . o ° . (504—24) ‘

0 0] 0 . I

m
—CP —CP_1 —CP_2 o —01

The filter of equation (5.4=23) is stable provided that the eigen~
values of FA fall within the unit circle in the =z plane.

In what circumstances can some or all of the eigenvalues of FA
fall outside the unit circle in the 2z plane? This is the case when
zeros of the stochastic process C(z}g?t) are found outside the unit
circle, corresponding to zeros of a continuous-time process in the

right-half s-plane. Such conditions are encountered in real situations

that exhibit nonminimum phase characteristics.
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We shall consider two possible solutions to the problem if the
above conditions are encountered and illustrate the discussion with
examples for the case m = 1,

(1) Reduce the order of the filter, so as to exclude compensa-
tion for the "troublesome" zeros of the noise process.

Suppose that the noise process is given by
~1
v(t) = (1 - 1.5z )elt) (5.4-25)

which has a zero at z = 1.5. The corresponding filter to "whiten"
this process has a pole at the same location. Clearly, it is unstable.
The solution proposed above is unsatisfactory because the filter of
reduced order is zero order and no compensation is offered. ILeast
squares estimation of the parameters of a system driven by this noise
would lead to biased estimates.

(2) Pind the best stable filter that will "whiten" the noise
process. The solution to this problem is 2 special case of the solu-
tion given by Wiener for the optimum realizable linear filter that
minimizes the mean-square error between a "desired" signal corrupted
by additive white noise and the observed output signal [62]. Because
the "desired" signal is zero and the noise source e(t) is white, the
problem is greatly simplified.

Consider the following filtering equation in which the filtered

output is given by y(t) and the correlated disturbance by v(t).
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Az Ny (s) v(t) (5.4-26)

ez~ Ne(t) (5.4-27)

is a moving average stochastic process of order n. The sequence

'{e(t)}' is from n(0,\).

The problem is to find the polynomial coefficients of A(z—1)

so that:
(1) Ey(t)y(t-t) = O for all =T # Q. (5.4-28)
(y(t) 4is then a white noise process).

the

(2) The roots of A(z—1) are within the unit circle in

-1

z plane; that is, the filter is stable. Clearly , A(z )

and C(z—1) must have the same number of real zeros and complex

zero pairs to satisfy equation (5.4-28).

Iet us write 0(2—1) in factored form as the product of real and

complex roots to be annihilated or compensated by real or complex

(but stable) roots of A(z—1). The roots are enumerated as follows.

There are:

(a)

(b)

(e)

p, real roots within the unit circle; that is (1 + 1aiz—1)

is a factor of C(z—1) to be annihilated by (1 + 1ociz—1), a

factor of A(z—1) for i=1, 2, oas Py

p, real roots outside the unit circle; (1 + 2aiz"1) is a

factor of C(z—1) to be compensated by (1 + 2ociz—1), a factor

of A(z_1) for i =1, 2, veo Py

q, complex root pairs inside the unit circle; (1 + 1biz—1 + 1ciz—2)

is a factor of C(z—q) to be annihilated by (1 + 1Biz—1 + 1Yiz-2)’
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a factor of A(z™ ") for i = Ty 2y eos Qe

(a) g, complex root pairs outside the unit circle; 1+ 2biz_1 + 2ciz_2)
is a factor of C(z—q) to be compensated by (1 + 2ﬁiz_1 + éyiz—a),
a factor of A(z—q) for i =1, 2, «e0 Qe
Then
1 "t 7, 1
c(z" ) = ]I (1 + ,a.z ) fi (1 + ja.z )
A 1771 ; 271
i=1 i=1
a4, A,
. .I[ 1+ 1biz + 4057 ) I[ (1 + 2biz + 507 )
i=1 i=1
(5.4-29)

An identical equation can be written for A(z_1) with the replacement:
o« for a, B for b and y for c.

The problem can now be restated:

Find o,, B; and y; so that Ey(t)y(t=t) = 0 for 7 # 0. The

problem is solved if the (discrete) spectrum of the output y(t) can

be demonstrated to be representative of a white noise sequence.

We assume that the original disturbances of the system have
rational spectra so that the white noise source e(t) also has a
rational (discrete) spectra given by Iee(z). The filter is linear
and s Bi and Yi are chosen so that the filter is stable. The
discrete-process spectral density of y(t) is given by

-1
() = H2C= ) g (5 (5.4-30)
Iy A(z)A(zuq) ee

We require:

i

Dyy(z) (constant) . Iee(z) (5.4-31)
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We choose: % T 43y for 1 =1, 2, ces P,
,)ﬂi = 1b fOI‘ i = 1, 2, cos q1
1Yi = 1Ci fOI' i = 1 3 2’ soo q1

With this substitution, the poles of A(z ') within the unit circle

cancel the zeros of C(z—q) within the unit circle, leaving:

P2 ;
.IE (1 + 2aiz)("l + 2aiz. )
B (z) = =
¥y P, .
jl; (1 + aaiz)(1 + o0z )
%2 2 1 2
;E% (1 + 2biz + 5047 1+ 2biz L )
’ a4 mee
2 -1 -2
;E% (1 + Bz + oy 2 )0+ Bz + 5y.2 )
(5.4=32)
The solution to satisfy (5.4-31) is:
& = 1/éai (5.4-33)
for 1 =1, 2, aes Py and
S = Voo (5.14-35)

for 1 =1, 2, es dse Substituting the above values in equation

(5.4-22) we obtain:
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Pa 4
QW(Z) = Jj:L a; ij_=[’l c; T (5.4-36)

That is, if the variance of the white noise source e(t) is >V2, the

variance of the white noise of the output y(t) is given by

b q

]'2[ : M. 1% be sh hat the filter defined by A(z™)

. a; jtq s o can be shown that e filter define Y Z
1=

=7
is the optimum (minimum mean-squared error) stable filter given by

the Wiener theory.

Example (1):

v(t) = (1 - 22" Ne(t) (5.4~37)
From equation (5.4-33), we choose
Az = (1-~o0.527) (5.4-38)
Then
8, () - az’_"_glm -2 g5 (5
(1 = 0.5z )(1 = 0.5z)

-1
__1-2z -2z _1+ L T_ (=)
1 = 0.5z = 0.52" + 0.25

-1
LI' 1 - 2Z - 2Z“1 + Ll' ﬁee(Z)
L -« 22 -2z  + 1

H

= L Qee(z)

and Ey2(t) b A2 (5.4-39)



Example (2):

v(t) = (1 + 227" + 227%)e(t)

From equations (5.4-34) and (5.4-35)

Az = 1+ 1+ o.sz’2

Then

(1 +2z + 222)(1 + 227 + 227°)
2 (0 = 2 -1 ~2 ﬁee(z)

¥y (1 + 2+ 0.527)(1 + 2~ + 0.5z %)
_ 9 + 6z + 222 4 627 ¢ 4+ 227 g ()
2.25 + 1.5z + O.5z2 + 1.52—1 + 0.52—2 ee

= 4 Qee(z)

and Eyz(t) = kAZ

161,

(5.4-40)

(5.4-41)

(5.4-42)

(5.4-43)

We conclude that, given a description of a stochastic process with

a finite number of nonzero serial autocorrelation terms (a finite

moving average process), we can always find a stable filter to cffec-

tively remove the correlation. Although reported here in detail only

for the case in which m = 1, the writer has found that the principle

can be extended to the multivariate case for m> 1. To establish

the principle (but not the details of finding the parameters of the

filter), we prove the following:

Given the finite moving average stochastic process of order p

w(t) = oz De*(t)

(50 h=ltlt)
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such that
(1) Ee*(t) = 0 (5.4-45)
Ee*(t)e*T(t—T) = N for v=0
(5»1‘""1{'6)
= 0 for ©#£0
(2) R(z) & clzyac®z" (5. k=17
A R (0) + zR (1) + z—qu(-'l)
o o o szv(p) + z_PRv(-p)
=R T~y (5.4-48)
(3) R (0) >0 (5.4-49)
Then we can find a stable filtering equation
7(£) = A7 (z"Nye(s) (5.14-50)

such that the roots of the characteristic equation for A-1(z-1) are

within the unit circle in the 2z plane and
Ey(t)y (t-1) = O for T#£0 (5.4-51)

The proof is based on being able to factorize ﬁ?(z) by performing
the discrete-time procedure analogous to the continuous—time method
for spectral factorization given by Anderson [61] and referred to in
Subsection 4.3-3. The factorization of (A (z) requires assumptions

(2) and (3) above. Now
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g () = A2, (07T (5.4-52)
where
B (2) = O,k (2)C (z7)
= c(zneT(z (5.4-53)
L R(=2) (5.4-54)

By assumptions (2) and (3) above, we can find a matrix polynomial

A(z"1) such that
ATz =R(2) (5.4-55)

Then substituting equations (5.4-54) and (5.4-55) into (5.L4-52),

we Tind

@yy(z) = I (5.4-56)

m

Performing the inverse transform, then

I for = =20
m

Ey(£)y (1)

It}

(5.4-57)

It

0 for ©#0

as required.

We conclude that a generalized least squares estimate can be found

for the parameters of the system model (equation (5.4~6) without imposing

. s -1 . .
restrictions on the zeros of C(z ). However, in such circumstances,

the estimates obtained are not minimum variance. This point is of

little practical interest because the minimum variance estimator requires

an unstable filter.
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5.4.6 The Estimating Equation
Finally, we consider the least squares estimating equation for
©, given filtered data y*(t) and X*(t). Substituting directly

into equation (5.2-16) for g, we obtain

o = [xTx 17 x Ty (5.4-58)

~
from which the rows of € can be worked out from equation (5.2-13).

A
Alternatively, © may be updated with each new set of observations
y*(N) and X*(N) by updating the complete vector o(N-1), m times,
taking each transformed observation yg(N) in turn for j =1, 2, cos M.

The variance-covariance of § is given by:
E[8-e1[8-01" = [x*x*17 0T/ x*[x+"x%] (5.4-59)
It is quite likely that (5.4-59) can be simplified.
5.4.7 The Estimator for _/\_
To estimate.Jﬁhﬂ we observe from equation (5.4-17) that
y*(t) = X*(t)e + N20(t) (5.4-60)

where.J/\j/Z is assumed symmetric. If we proceed directly, using

(5.4=60), we obtain

EA_ = E[y*(t) - x*(t)elly*(t) - x*(t)g]T

ECy* (£)3*T(£)] — ELy*(£)e X* () + X*(t)ey* (£)]

+ BX*(£)ee X*(£)] (5.4-61)
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This equation, although correct, is not acceptable for computing

purposes because it requires complete storage of both X* and z*.

Hence, a method that minimizes storage is desired. This is the feature

n
of the following solution to the problem of estimating /\_.

Equation (5.4-60) can be rewritten

y*(t)

where XST(t) is the 30

by the following new notation:

y*(t)

we rederive the expression for

e

0

T

0

1o

T

0

0

o

©

X*(t).

—

T

L™zt () + N/2e(t)

—

L

xﬁ(t)
x(t)
2 + A/Qzée(t)
x;(t) (5.4-62)

Replacing equation (5.h-62)

(5.4-63)

EA = Ely*(£)y* (6] - Ely*()x* T (£)[eT1" - [o'1 x*(£)y* (£)]

Now we substitute for y*(t)

that Ee(t)x*T(t) = 0. Thus

+ B[Le Tx* (£)x* (£)e 17

(5.4-64)

in this last equation, using the fact

B A= ELy*(£)y*(£)] = Bl Tx* (£)x*T(£) (™1

- L7 x*(£)x* (£)[e"17] + ELle Ix*(t)x* (t)[e1 ]

= Ey(e)yTe) - Collxt (6)x*T(£)[e™1™]

(5.4-65)

' (5.1-66)
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The feature of equation (5.4-66) is that it is sufficient to store

the following two arrays:

N
f8, = Iy eyt (5.4-67)
t=1
vhich is mx m and
N
s, = % x*(£)x* (&) (5.4-68)
t=1 " -

which is ms x ms, but being symmetric, can be stored in compact form.

The unbiased [40] estimator for _/\_is then given by

7\
S\ = ﬁ—gja E81 - [eTj 52 [ng] (5.4-69)

5.5 Modified lLeast Squares Estimators

5.5.17 Introduction

Again, we recall that the difficulties encountered in obtaining
an unbiased, minimum variance estimator were attributed to the corre-
lation arising between x(t) and v(t) of the regression model given

by equation (5.2-8) and restated here:
y(t) = 8x(t) + v(t) (5.5-1)
Suppose that, in place of postmultiplying both sides of (5.5-1) by
x(t) and summing as below for the first part of finding the LSE for €,
N N N

5oy()x(t) = € 3 x(£)xT() + 5 v(E)x(t) (5.5-2)
t=1 t=1 t=1
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we postmultiply by the vector g(t), an estimate of =x(t) subject to

the condition that
Ev(t)®(t) = 0 (5.5-3)

This is the underlying principle of the method proposed by Rucker
[53] and generalized by Levadi [54, 55] for the continuous time esti~
mation of parameters in systems in which m = 1.

The remainder of this section is devoted to ways of determining
x(t) from current running data so that unbiased estimates for € can

be updated on-~line for real-~time identification, prediction and control

purposes.

5.5.2 The Rucker-Levadi Method

The main principle of the method proposed by Rucker [53] and
improved by Levadi [54, 55] can be stated in our notation for discrete-
time problems as follows. (Our notation extends the method to include
cases for which m > 1). The (noise~free) system model with output

y(t) is given by (in our notation)
P -1
Az Dy(t) = B(z Hu(t) (5.5-k)
The measurement noise, J(t), is additive at the output, that is:

y(t) + F(t) (5.5=5)

i

y(t)

Then ACz"Ny(t) B(z Du(t) + A(z~5(t) (5.5-6)
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The regression model and the system model (before the measurement noise

is added) are respectively given by

where

x(t) =

y(t)

1

1]

y(£)

y(t=1)

y(t-2)

y(t-p)

u(t)

©

u(t-p)

ox(t) + vit)

ox(t)

x(t) =

The estimating method is iterative.

tion, the following steps are taken.

(1) A system model output ?(t)

7(8)

where: (a)

(b)

(c)

= B(t-1; y(t=1), x(t-1), T(t-1))%(t)

¥(t)

2(t)

B8(t-1; y(£-1), x(t-1), R(t-1))

is an estimate of

is an estimate of

y(t-1)

y(£-2)

y(t-p)

u(t)

©

u(t-p)

(505—7)

(5.5-8)

(5.5-9)

At each new scalar observa=-

y(t);

is synthesized by the model

(5.5-10)

x(t), updated by the inclu-
“sion of F(t-1) (from the last iteration) and u(t);

is the most recent

estimate for @, conditional on the observation y(t-1),

x(£-1) and the estimate ®(t-1).
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(2) The estimate 6kt; y(t), x(t), %x(t)) is obtained by a sequen~
tial LSE algorithm. See reference [54] for the details of the sequential
estimator used by Levadi for the continuous~time updating of e for the
case in which € is a vector of three elements.

Rucker used %(t) everywhere in the estimating equation. Levadi
[54] shows why this method can fail. Because %(t) is correlated
with y(t) (hence not correlated with v(t)), it is claimed that the
estimator is unbiased and consistent. It is not a minimum variance
estimator.

Clearly, the method is not generally applicable to the systems
considered in this thesis because the method identifies only that part
of the system persistently excited by {p(t)} . However, the principle

has merit which can be exploited further.

5.5.3 Mayne's Method

Mayne has published an independent method of obtaining Q(t) by
a two-stage estimating scheme so that equation (5.5~3) is satisfied
[20, 56]. We shall review his method for the case m =1 and ‘{u(t)}
assumed independent.

Suppose that the serial autocorrelations Rv(t) defined by

equation (4.3-41) are zero for T > n. Mayne regresses y(t) on to
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y(ten=1) ]

y(t-n-2)

y(t-2n)
(5.5=11)

">

p(t)
u(t)

u(t-1)

u(t~2n)

The corresponding regression model is:
y(8) = ATu(e) +v(t) (5.5-12)

where w(t) is a linear combination of v(t), v(t-n-1), v(t-n=2) ...
v(t=2n) and 4 is a vector of regression coefficients. Clearly,

. . 19 .
p(t) is not correlated with v(t). Although £ is biased when

obtained by a least squares estimator, the sequence of predictions

$(6-1) = (1)
Ft-2) = Bult-2)

a (505"13)
¥(t-n) = gu(t-n)

is not. Hence
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Y (£=1)

F(t-2)

e

(t) §(ten) (5.5-14)

u(t)

u(t=-n)

is uncorrelated with v(t).

In a real~time estimation situation, /;\5 and /9\ are updated
together. The model in £ is used to provide up~to-date rumning
estimates of x(t) employed in a sequential LSE algorithm.

The estimate for & obtained by this method is unbiased and
consistent although not minimum variance if '3 is obtained by a
previous experiment on different data. If 2 is obtained concurrently
with @3 the method is only asymptotically unbiased and consistent.

The method has been extended to systems of two output variables

with success [20, 21, 56].

5.5.4 Bootstrap Least Squares Estimator

The writer has developed a sequential estimator which (in hindsight)
combines some of the features of the methods of both Levadi and Mayne.
As previously, the purpose is to provide an estimate R(t) for x(t)

using the current running data.
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The method is most easily understood by referring to the flow
diagram of Figure 5.3 and the following explanation. Suppose that
the serial correlations RV(T) = 0 for T>p.

(1) The n-vector x(t-p) is stored. (See equation (5.2-10)
for a definition of x(t) and replace t by t-p-)

(2) The most recent estimate,
N A
e(t-1; y(t-1), x(t=1), x(t-1)) (5.5-15)
is used to estimate F(t-p) by the model relation below:
/N FAY
y(e=p) = 8(t-1; ...)x(t-p) (5.5~16)

(3) The vector %X(t-p+1) is assembled. It is different from
x(t-p+1) only where Q(t-p) replaces y(t-p).

(4) By the same means, ‘{%(t-p—1), ono §(t—1i? is estimated.
Thereby Q(t) is obtained.

(5) A new estimate 6(t; y(t), x(t), %(t)) is obtained by the
following modified sequential least squares estimator (compare with the
sequential LSE of equation (5.3~7)):

o R (7,8 - K (6)E(6-1))

X (£) BNRR(E) + 1

@i(t) = ‘@3(t~1) +

t

T Re)x(k) (5.5-17)
k=1

e

where of (t)

g”(m) - of 7 (61 (1)~ (81)
T P YN
% (8) 7 (£)x(t) + 1

(505"18)

N\
so that Qf -1(t)
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The new estimate is used to predict §Kt+1) in preparation for the
next estimate; hence the name "bootstrap estimator'.

(6) To initiate the estimating scheme, the writer has usually
obtained a minimal data set estimate after setting %(t) = x(t) for
the first s intervals. Thereafter, Q(t) is estimated and incorpor-
ated into the algorithm of equation (5.5~18).

We cannot claim that the bootstrap estimator is a minimum variance
estimator, but we can attempt to show that it is asymptotically unbiased,
hence consistent, by a proof similar to that given by Mayne in [56].

To the seven assumptions concerning the system stated in Section
5.1, we add the following:

() '{u(t)} is a stationary process, uncorrelated with {;v(t)}u

(b) The sequential estimating equation given by equation (5.5-17)
is stable so that for N large, 2; converges asymptotically to some
constant value independent of the initial (or early) estimates.

Hence we claim that:

(1) By including assumption (a) above, *{x(t)} is a stationary
process.

(2) Because the model to find 4(°) given by equation (5.5-10)
involves operations on x(t-p), th) is a random process. Further,
by assumption (b) above, %(t) becomes a stationary process as 2;
approaches a constant value. Hence 'Q(t) tends to a stationary process
that is correlated with x(t). N

From (2) above, it follows that the matrix %‘ z Q(t)xT(t) is
t=1
a nonsingular matrix (for N suitably large). We shall designate
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its inverse by

e

N
S £ g5 Ao (5.5-19)
t=1

A
In the 1limit, S(N) approaches a constant matrix with inverse given by

w) = BR(£)xT(t) (505-20)

0>

By analogy with equation (5.2-36), the estimation error term is

~J é/\ _ —
ej(N) = ej(N) o, (5.5-21)
N
N 1 A
= 8(N) 3 & x(t)v. (%) (5.5-22)
=1 J

Since (%) is uncorrelated with v(t) for large N (from assump-

tion (2) and by construction), the asymptotic error term is

N\
As before, © is made up from the rows gg for i =1, 2, so0s Mo
By analogy with equations (5.2-20) and (5.2-31), we obtain the co-

variance given by:

N N
(5,6, £ ® S LR CRONS v (DF (@ F 8T (5.5-28)
N
oS 1T A AT 1 AT
= 2SN T Bv.(t)v, (1) = HEFT (DI 5 (5.5-25)
N—amN iy 5 vJ'r § X (ol g
N N N
= V.0 3w ®e)x(e)1T T R@EFIL T ()R
T g £=1 £=1

(505"26)
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which is symmetric.
Let us now compare the above covariance with the usual least

squares estimator. For convenience, we define:

N
() 3 x(£)xt) = (1) .o =T [ %)
=1
XT(N)
L
& T (5.5-27)
N
(b) T RO = B ... &I [ 1)
=1
< L(IM)
L r(x(1) = 1)) ene (V) = HI [ 1) 1
*(N) J
P (5.5-28)
N
() = RRT) = [P+ @1Te + @] (5.5-29)
t=1

With these substitutions, we replace the modified least~-squares co-

variance of equation (5.5-26) by:
Sov(8,,8)) = v () P () (PP (Pag) T (5.5-30)

and the usual least squares covariance (for uncorrelated noise) by:



177

cov<2i,’aj) - vij[prJ“" (5.5-31)

Now assume the simplified form:

1

[(p+Q) P1 (@) T(P4Q) ILPT(P4Q) ] rptpy”] (5.5-32)

Premultiplying and postmultiplying by the appropriate matrices, we find

that

[P4Q]1T[P+g] [P+Q] TPl P Pl P P (5.5-33)

il

[P+ TCP+q] (5.5-34)

which is true. Hence equation (5.5-32) is true so that for the“bootstrap"’

estimator, in the limit,
N

1im vi.[ )X x(t)xT(t)]—1 (5.5-35)
N—>o “9 =1

i

685(3' £)
1193

cov(’e‘i ,é‘j) (5.5-36)

That is, in the limit, the "bootstrap'" covariance equation and the
covariance given by equation (5.5-31) are equal.

~
Having estimated & (recall equation (5.2-8) defining €9,

A, S

S A AN N
& = [—A,l ~Ay ees Ap By By --- Bp] (5.5~37)

we have the remaining problem of estimating the parameters of C(z_q)
and .JWQZZ. We proceed by obtaining estimates of the serial auto-

A A ~
correlations RV(O), Rv(1), . Rv(p) by the following relations:
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1 =g

R (x) BLv(t)v (t—t)] (4.3-37)

Il

Ely(t) - ox(t)I0y(tmg) - Ox(t—1)I" (5.5-38)

The best unbiased estimate for Rv(r) is given by:

N
A
R(D = g © [y(t) - ex(t)1ly(t=1) - ex(s-0)1"  (5.5-39)
t=1+1
N
= N_;_T I Ly(8)y (t=1) - ex(£)y (t=1) - y(£)x (t-)8T
t=14+1
+ ox(t)x (t-1)6"] (5.5-40)
By storing the arrays
N
8,() = I y(t)y (vmr)
t=1+1
N
sz(r) = 3 y(t)xT(t-T)
t=1+1
N
550 = I x(8)y (t-1)
t=r+]
N
8,(0) = 3 x()x (=1 (5.5-41)
t=r+1

we obtain an estimate for Rv(t) employing our (nonminimum variance)

estimate for €. Then
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N " A ;
R(1) = g [ 5,00 - 8,(038" - B6,(x) + 8, (x)8™

(5.5-42)

The procedure of fitting moments for finding 8}, Gé, sos Sé
and _J,"\\T./2 is the same as that set out in Subsection L.3.3.

This concludes the description of the method of "bootstrap!
least squares estimation. Numerical examples are given in the next
chapter. We have observed that the '"bootstrap" estimator:

(1) is asymptotically unbiased

(2) is an improvement of Levadi's method because it makes use of
available data. The reason is that the prediction gkt), con-
ditional on x(t-p), is superior to the prediction =%(t) based
on past predictions.

(3) 1is easier to implement in on~line situations than Mayne's method
because it is unnecessary to estimate the parameters of a second
regression model.

(L) The simplicity of the method is achieved at the expense of

increased variance in the estimates.
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5.6 Maximum Likelihood Estimator

5.6.1 Introduction

Maximum likelihood estimation, by making the most optimal use of
available data, is said to provide the "best" estimating method when
judged by the properties listed at the beginning of this chapter.
Cramer states: "From a theoretical point of view, the most important
general method of estimation so far known is the method of maximum
likelihood".

In this chapter, we shall extend the elegant method of Astrom et
al [18, 191 for the MIE of parameters of single output systems to the
general multivariate case (m > 1). Astrom anticipated that possibly
this might be accomplished when a suitable canonical form was available.

The vector stochastic difference equation model (from equation (4.3-10))
sy = B ) + oz N e(r) (5.6-1)

fulfils this requirement precisely.
The contribution here is in proposing amd incorporating a suitable
multivariate model into the MLE method and solving the new problems

that arise in doing this.

5.6.2 Formulation of the MLE problem

The formulation of the multivariate MLE problem is similar to that
given by Astrom and Bohlin for the scalar observation case [18]. We
define the one-~step-azhead prediction error e*(t) by the equation

obtained from (5.6-1):
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e*(t) = C(z-q)CA(z-q)y(t) - B(Z—q)u(t):l (5.6-2)

where y(t) and u(t) are observed values from the stochastic
sequences {y(t)} and {u(t)} . The numbers e*(t) are from an
independent, normal, m~variate distribution n(0,.A). The negative
logarithm of the probability density function (likelihood function) of

N
the sequence {e*(t)j is [40]:

N

-1 16, A = Bmen +Zmlal+3 £ TN
t=1

(5.6-3)

£ 1x(e, ) (5.6-4)

where € stands for the parameters in A(z‘q), B(z™") and C(z'"'])°
The likelihood function L is dependent upon € and —/\.taken as
variables. Since 1InL is a monotonically increasing function of L,
its maximum is at the same point in the space of € and A as the maxi-
mum of L. In the problem formulated here, we seek to minimize I*(&,/\)
by choosing an optimal 8° and A°. fThat is, the maximum likelihood
estimates of € and _/\_ are those parameters ©° and_/\C such that
1*(6°,_~°) is a minimum.

In the scalar case (m =1 and e is a vector), the negative

logarithm of the likelihood function is simply

N
*(e, \2) = g—ln (2n) + N ln/\+—12- T e*(4)2 (5.6-5)
2X =1

for the scalar model:

Az Dy(t) = Bz Nult) + c(z"") Ae(t) (5.6-6)
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The optimum estimate o is obtained by minimizing the risk function
N

5 e*(t)2 (5.6=7)
t=1

e

/'
R(e) 5
with respect to e by an iterative method.

The optimum value of )\2 is obtained by minimizing the function,

I#(e°, M), with respect to \. Then the optimum estimate

N
X% -2 z (e*(e°,t))° (5.6-8)
= £ R(e”) (5.6-9)

The procedure is less direct in the multivariate case. For convenience

in minimizing LN(G,_/\_), we show five identities:

Identity A

The determinant of the product of two square matrices P and Q
is given by [22]:
im | = [e]al (5.6-10)
AN (5.6-11)

it

If we define a new matrix ¥ such that 5'1

then fzll AL = 1 (5.6~12)
and mi Al = —1n )% (5.6-13)
Identitx B

The inner product with a vector variable =x(t) given by:

N - m N

T ox (£)Px(t) = % z pijxi(t)xj(t) (5.6-14)

t=1 i,=1 t=1
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From the properties of the trace of a matrix:

m
trace PQ = ' ; pijqji (5.6-15)
i,i=1
where Pij and qji are elements of P and Q. Then
N
by xT(t)Px(t) = trace PQ (5.6~16)
t=1
where N
A
Q £ 5 x()x'(t) (5.6-17)
t=1
Identity C
Let us define a nonsingular mx m matrix P by
N
P 15 () (t) (5.6-18)
N t=1 J

Substituting in equation (5.6~16) of Identity B:
N

S % (£)Px(t)
=1

trace N[PP-1]

= mN (5.6-19)

Identitx D

Consider the following function of the nonsingular, symmetric

matrix ¥.

2wzl = I_%—la%l\ﬂ (5.6-20)
n
Since je]| = tE1 Y i5®s; (5.6=21)

where (E)i:j is the cofactor of element \Vi of T:

J



Then

Identitx B

Consider the inner

m
X Ex = Z
i$j=1
Clearly
2 T
EL X I =
13

Let us partition ¥ by

e

¥

where the element %Jij

is the ith

product

columns

[?1\#2 cos ym]

element of column “Vj.

18,

(5.6=22)

(5.6~23)

(5.6~24)

(5.6-25)

(5.6-26)

(5.6-27)

(5.6-28)

We define

the derivative of a scalar with respect to a column vector to be a

colum vector.
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r - - 8
2 XX
ey,
2y 13 173
2 T _ 2 T _ -
s X Ix = 35— | ¥ ¥ = X% (5.6-29)
J 1]
2 X X
® ‘ij m J
and - - ) B
X4 . X%
L TIx
= X = . X% .
2
X X, . X J
T
= b o4 (506"‘30)
Similarly
a ¥ o N T
= I x (£)¥x(t) = T x(£)x (%) (5.6-31)
d¥ t=1 t=1

Now let us consider minimizing the function I*(&,/\) (equation

(5.6"”4‘)}5
(1) The optimum value of _/\_for a given € is obtained by minimizing

I*(®,\) with respect to _/\.. As we find it more convenient to

-

minimize I*(®,-/\) with respect to ¥, we note that at the optimum
A2 = @,

Incorporating identity A, we obtain:

N
I*(e, T) = ;2111‘1 In(2x) —~21\11n(2) +% b e*T(£)ze* () (5.6=32)
t=1
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Then with identities D and E:

N
L 1x(e, B = --lg-f“ +—;- tiq e*(£)e* (1)
= 0 (5.6-33)
for
| 1 N T
T o= A= = ¥ e*(t)e* (%) (5.6=-34)
N t=1
N
£ Ao (5.6-35)

That is, for some choice of €, we can generate the sequence le*(t) ¥ .

With this choice of €, the function I1*(€,.A) can be minimized with
/N

respect to _/\_by setting -/\_=_A(8) according to equations (5.6-34)

/\
and (5.6-35). The resultant value of I*(€,/\_(®)) is:

1* (e, A_(e))

. N
2 in(2n) + 3 1n IJ/U+% 5 e*(£) A ler(t)
=1
(5-6-36)

it (5.6-37)

N m
2

A
1n(27) +g 1nl A+ >

by applying Icentity C.

(2) The optimum value of € is obtained by minimizing L*(e,_?\(e))
with respect to ©. It can be seen from equation (5.6~37) that the
optimization problem is equivalent to minimizing 1n l_//?_(e) | with
respect to & for A given by equations (5.6-34) and (5.6-35). At

the optimum

1°(6°, N%6%) = —maﬁ (In(zm) + 1) + % 1n |_A2e%)! (5.6~38)
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- - ’,\ -«
Let us now differentiate 1n!_A(8)| with respect to 61 an

N\ Z\ A
element of €. We define A i to be an.element of _/\_and iJij to

A
be an element of ¥

[

oe.

(8, A(8))

= A

AN -}
2 N N
= z In| Al (5.6-39)
A
m 5 A a>\i.
= 3 5§ =——InlA®| —=l  (5.6-40)
2 . 5 DN .. 2 e,
i,3=1 ij k1l

From Identity D, we have by substitution in equation (5.6~25):

Y
2 A
-grx—i'f—‘ lnl_/k(e){ = \})13 (5.6=11)

Substituting (5.6-41) into (5.6-40):

[

o)

k1

*(e, A(e))

e

T
2 1

v
€
LY
@

m A 2 1 N
r WV [= = e*(t)e*(t)]
o b1 1 3

A N 2e*(t)
(5.6=42)

N *
2 T A~l(e) 222(t) (5.6-43)

=1 %01

It (e, A(e)) (5.6-l4)
k1
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When calculating derivatives of L* for all elements of €, a nota-
tional difficulty arises. The gradient of L* with respect to €

is a matrix and the array of second derivatives is a three dimensional
array. For this reason, we prefer to decompose € into m row
vectors eg for i=1, 2, e m as in previous sections. Then

o, is a vector of n+(p+t1)r+pm elements from the ith rows of

0

the long vector of vectors e,

Aq, cae Ap, B,y see Bp, Cq, ceo Cp. As before, we designate e as

- o, _
®2
¢ - . (5.6-45)
)
L Mg x
where s is now
s = mn+ (p+ Nr + pm) (5.6-L6)

Then the vector form of equation (5.6-4lt) is

. N
e, A@) = £ el A e 2058 (5.6-47)
- t=1 —

The matrix of second derivatives of L* with respect to elements

o, and e., of e is obtained from equation (5.6~43). The elements

ik jl

of the matrix are given by:
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2
° PN b) ”n
— IO, N(B)) = * (e, Ae) (5.6-48)
aeikaejl aeik ejl

) e*T(t) j&r1 2e*(t)

g=1 %05k %41
N N 2
‘_1 2 %
+ 3 e*T(t) - 'é'e__e'ééj')' (5.6-49)
=1 11251

e

A
I‘; o ('e'a_l\\_('e) )
ik7j1
One particularly useful aspect of this decomposition is that
the gradient and the matrix of second derivatives of IL*(8) with
respect to elements of © have precisely the same structure (and per-

form the same function) as their counterparts in the single-~observation

case., This will be discussed later.

5.6.3 The Iterative Solution of theMLE Problem

The solution in the single-output case is notably simpler than
in the multivariate case. The reason is that it has been possible to
find a risk function (R(®) given by equation (5.6~7)) that is easier
to minimize than the negative logarithm of the likelihood function as
in the multivariate case.

In the single-output case discussed in [19], a second order method

is employed for updating e. The gradient of R(e) is obtained by
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R (o) 2 %‘:-’- (5.6-50)
3
N
- 3 e*<t)a—g—:-$-’5)- (5.6-51)
t=1 i

where o5 is an element of vector e. The elements of the gradient

vector are calculated by the relations obtained from (5.6-51):

o™y 28 = Sy
L

o(z™y 2. < ()
i

c(i“)%%@ = ~zie*(t) (5.6-52
1

1

where A., B, and C; are scalar parameters of A(z—1), B(z”1)

and C(z—1)° The second order partial derivatives of e*(t) are obtained

from
R () 2 %:%gl (5.6-53)
i3
N 2
e*(t)  2e*(t) * 2~ e*(t)
;E1 (=« e + " (8) 5o
= a4 | 1
(506-51"')

To minimize the risk function, the following Newton-Raphson algorithm

is used at the k + 1 iteration.
o(k + 1) = o(k) ~ B (s(k))R (6(k)) (5.6-55)

In the multivariate case, we use the following procedure:

(1) @iven ©(k) where ©(k) stands for the model parameters in
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A(z'1), B(z-1) and C(2~1), we calculate the sequence {9*(t; e(k))}

by the equation:
e*(t; 8(1)) = oz LAz Dy(t) ~ Bz~ Hult)] (5.6-56)

To avoid complication at this point, we shall assume that the observa~
tions are available from the time of zero initial conditions in the
plant.

(2) A_(8(k)) is calculated by

N

S e*(t; &(k))e* (£ 8(k)) (5.6-57)
£=1

Aoy =

ETI

(3) The derivatives of e*(t) are obtained by differentiating the

difference equation written as
oz Ne*(t) = Az Dy(t) = B(z" Dult) (5.6-58)

For example, if Akij is the element of the ith row and jth column

of Ak, then ~ -
0
- * -
ozl 2288 _ | Ry (6) | e itP element (5.6-59)
B J
- © -mx 1
Similarly: _ -
0
- *(£) -
c(z 1).%.2.&21 = |-z ku.(t) i clement (5.6-60)
Bies 5 J
— © ~mx 1
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-1, 2 e*(t)

y &2t . -z"kej(t) i element (5.6-61)

C(z
2 Cpeig

— ~“mx 1

Considerable simplification can be achieved by shifting [19]. We

note that for k¥ & t + 1

Zﬁg = "’eé}i;:f“’ (5.6-62)
hence, it is only necessary to calculate equations (5.6-59) and (5.6~61)
for k =1 and equation (5.6-60) for k = 0. The remaining terms
are obtained by shifting. The second order partial derivatives for
Iﬁee(eujQ(GQ)jféomputed in a similar fashion. Considerable saving in
nu;;rical effort is again realized by shifting.

The algorithm for minimizing the risk function in the scalar case

(m =1) is (18, 19]:

(1) Set (1) = [least squares (biased) estimate for the parameters
of A(z™) and B(z™) with G, = 0 for i>0l.

(2) Evaluate Re(e(k)) and Ree(e(k)) with equations (5.6~51) to
(5.,6-54) where k is an iteration index.

(3) Calculate eo(k + 1) by equation (5.6-55) and repeat from (2).

The algorithm for minimizing the risk function in the multivariate

case is essentially the same.
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(1) Set o(1) = [ISE for the parameters of A(zﬂq) and B(z-1)
with ¢, = O for i > 0],

(2) Evaluate L;Ce(k)) and L;eﬁe(k)) with equations (5.6-47) and

(506"1'!'9)"
(3) Calculate
ol + 1) = oli) - L7 (6(k))TA(E(K)) (56-63)

Even for very small systems, L;eée) is a (symmetric) matrix
of formidable size. For example, if——n =4, m=2 and r = 2, the
dimension of L;e(GO is 2(4 + 3x2 + 2x2) = 28.

5.6.4 An Alternate Solution of the MLE Problem

To ease the programming and computational burden, the decision
was made to develop an alternate algorithm for the multivariate case,
without explicitly calculating L;eGS) or its inverse, but preserving
the superior convergence capabili;; of a second order method. This
decision was based on the following experience:

(1) Studies in the estimation of the parameters of simulated
plant models (with m = 1) indicated that the LSE "bootstrap estimator!
discussed in a previous section provided estimates close to the true
values but the estimated standard deviations did not instil confidence
in the results.

(2) Experience derived in using the second-order numerical descent
methods of Fletcher and Powell [31] and Powell [32] for function minimi-

zation led the writer to believe that application of one or other of

these methods would rapidly converge on the optimum solution provided
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that a good initial estimate for € was supplied.
In the Fletcher and Powell routine, the algorithm for function

minimization with respect to e is (compare with equation 5.6-63):

okt1) = o) ~ H(K)LZ(6{K)) (5.6-64)

where H(k) is a positive definite symmetric matrix updated with the
most recent gradient information. The algorithm ensures that as the
procedure converges, H tends to the inverse of the matrix of second
derivatives evaluated at the minimum. The initial condition for the

inverse matrix of second derivatives is taken to be
HO) = I, (5.6~65)

On the assumption that the risk-function surface is nearly quadratic
near to the optimum and after (at least) s iterations, H(k =2 s)
is taken to be an estimate for ngq(e(k)).
5.6.5 The Adaptive Filter

It is constructive to compare the maximum likelihood method
discussed here with a generalized least-squares estimator in which
the parameters of the filter in the GLSE are adjusted to minimigze
a minimum-variance risk function. Recall from the discussion of Sub-—
section 5.4.3 that Tretter and Steiglitz [50], and Clarke [51], adjusted
the parameters of C(z“1) (scalar case only) to minimize the variance
of the residuals. Note that in the MLE method, the computation of

I(Gajﬁifﬂ), the gradient I;(GO and the matrix of second derivatives
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all require numerical filtering by operation with 0—1(z—1).
For example
n A N 7
N®) = Z e* (t)e¥(t) (5.6-66)
t=1

requires the calculation of

e*(t) = ¢ Az Yy) - ¢ 2Bz Hult) (5.6-67)
= 0-1(2—1)v*(t) (5.6-68)
where v*(t) 4 A(z—1)y(t) - B(z-1)u(t) (5.6~69)

by computing
e*(t) = ~C.e*(t-1) ... —Gpe*(t—p)
+ y(t) + Ay(t-1) ... Ap(Im)py(t—p)
- Byu(t) - Byu(t-1) ... - Bpu(t—p) (5.6=70)

Similar expressions can be obtained for the partial derivatives of
e*(t). The following important points can be made:

(1) The process of finding e*(t) (and its derivatives) is one of
filtering by operation with C-q(z—1). Clearly the filter must be
stable. (The roots of the characteristic equation for qu(z—1)
must lie within the unit circle in the 2z plane).

(2) The problem of stability in the MLE case is identical with
that of the GISE case. (See the discussion of Subsection 5.4.5).

(3) An important distinction can be drawn between the MLE methods
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and the adaptive GLSE method. In the former, the parameters are
adjusted together; they have a direct effect on the likelihood function
which can be gauged by observing the reduction in the gradient of the
likelihood function. In the adaptive GLSE method, adjustment of the
filter parameters has a somewhat indirect effect because of the sequen=-
cing of operations in the two-stage procedure. That is, after altering
the parameters of C(z-1) according to past performance and filtering
the data, the parameters of A(z-1) and B(z—q) are adjusted to
minimize the squares of the residuals. The antuitive impression is
that the two-stage procedure of the adaptive GLSE approach couples

the parameters of A(z-q) and B(z'q) to G(z—1) rather more tightly
than in the MLE method which is a one-stage procedure. This may make

minimization of the risk function more difficult.

5.6.6 Discussion of the MLE Method
We have already noted that by decomposing © into the vector o,
functions IQ(GO and L;e(eD resemble their counterparts in the

- —

single~output case. Summarizing, the models are:
* ~1, =1 -1 -
e*(t) = C (z )HIa(z Dy(t) - B(z Yu(t)]

where in the multivariate case, e*(t) is the m~variate distribution
n(0,/\) and in the single-output case, e*(t) is distributed accor-
ding to n(O,)\Z).
The multivariate case likelihood function is:
my N 1 N
I*(e,Ae)) = 5 In(2n) + 3 Inf Adl+= T e* (£IA e*(t)

2 =1
(5.6-71)
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and in the scalar case:

N
(e, X(e)) = Fn(em) + TN+ =5 I (ert)? (5.6-72)
2 t=1
For
N
Ale) = J e*(t)e* (L) (5.6~73)
t=
~2 N 2
N(e) = T (e*(2)) (5.6-74)
t=1
e, A@) = B (e + 1) + 121 Ale) (5.6-75)
(e, A2(e)) = T (nlamy + 1) +-§11n}§2(e> (5.6-76)

~
Note that the effective term to be minimized in (5.6=75) is lnlj\,l(-e)
Ay
whereas in (5.6-76) it is simply A 2(6).

The gradient of L* is:

N
e ey - 3 e A e) 258 (5.6-77)
whereas
A N *
1y(e, e =53 T o (1) 2258 (5.6-78)

Finally, the elements of the matrix L* (-8-,5‘\\.(9)) are given by

——

__.__..2 N
2e aae L*(e’j\\—(e)) = 3 ae* (t) ‘[\"1 32’;(1:)
ik i1 =1 ej_k m
R T G (5.6-75)

t=1 - aelkaeal
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and of L;e(e,txa(e)) by

2 . N
2 ‘2 1 2e*(t) ae*(t)
I*(e, A(6)) = ~ %
aeiaej ! ' g 2 e, 2 ej
N 2, x¢
t)
+ = I ex(%) o2 e’\t) (5.6=80)
C\Z £=1 o8, aej

In [18, 19], Astrom and Bohlin discuss the large sample properties
of the maximum likelihood estimator for the single output model above.
They show that:

(1) for large N, the estimate e° obtained by the method is unique
and ssymptotically consistent subject to the conditions that:

(a) the system, the model and the optimal predictor of e*(t)

are all stable (that is, the roots of A(z_1) and 0(2—1) are

all within the unit circle in the plane)

(b) the input wu(t) meets certain boundedness conditions and is

persistently exciting. In practice, the conditions can be met if

the system is excited by an observed random process having finite

moments. For example, a pseudorandom binary sequence (PRBS) is a

satisfactory source of excitation.

(¢) Every state of the system is controllable from either wu(t)

or e(t).

(2) The estimate e° is a stochastic variable that is asymptotically
normal with mean being the true value of e. One important consequence
of this point is that calculation of the matrix L;;1(e°) gives the

covariances of the parameter estimates directly. Another is that
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confidence reglons can be determined and significance tests performed.
(3) The estimates are asympbtotically efficient. This means that we
cannot expect to find an estimator with greater accuracy for long
samples.

The formal derivation by Astrom and Bohlin [18, 19], the results
of which are summarized above, also includes the multivariate case with
only a minor extension. We require that the elements of the vector

input sequence {u(t)} are uncorrelated with each other. That is

N
lim %- v u.(B)u,(t-t)—-=>0 for every i, j=1, 2, ese m
N—w» =t J

and for every positive integer +t. Then:

(1) for large N, the estimate €° is unique and asymptotically
unbiased subject to the conditions given previously;

(2) ©° is a stochastic variable that is asymptotically normal. The
mean of the distribution is the true value of ©. The parameter co-
variance matrix is given by L;;1699,5§169)).

(3) The estimates are efficient.
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CHAPTER 6

EXAMPLES OF IDENTIFICATION, PREDICTION AND CONTROL

6.1 Introduction

The purpose of this chapter is to demonstrate how the modelling
techniques developed in the previous five chapters can be employed in
problems of identification, prediction and control. In addition to
the restrictions that were assumed in earlier chapters (with respect
to linearity, controllability, observability, stationarity, etc.)
we assume the following conditions for reasons of simplicity:

(1) the systems are initially at rest
(2) the systems have zero offset.
These limitations can be removed in practice without difficulty.

The first few sections are devoted to contrasting the "bootstrap"
method with other methods for estimating the parameters of systems
of known order. The problem of identifying systems of unknown order
is then briefly reviewed. The thirty-one parameters of a multivariate
fourth order system are estimated by both the MLE and "bootstrap!
estimators.

In the later examples, the importance of minimizing the variance
of the one-step-ahead prediction error is emphasized because this is
the crucial step in deriving minimum variance control algorithms.

To conclude, a simple multivariate control example is shown.
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6.2 A Comparison of Some Sequential Least Squares Estimators

of a Parameter of a First Order System

6.2.1 Purpose and Procedure
To illustrate the features and failings of

(a) the conventional least squares estimator (Section 5.3)

(b) a discrete~time version of Levadi's modified least squares
estimator (Subsection 5.5.2)

(¢) the author's "bootstrap" modified least squares estimator
(Subsection 5.5.4)

the estimators were compared in the following problem.

The simple  system below was simulated on the digital computer.

x(t+1)

Fx(t) + ult) + I‘v,](t) (6.2-1)

y(t)

it

x(t) + vz(t) (6.2-2)

where X, ¥y, 4, v, and v, were all scalar quantities and F = 0.8.
The three sequential estimators were required to estimate the parameter
F and the standard deviation of the estimate for the two cases of

I = 1 (the state disturbed by v1) and IT' = O.

The difference equation of the process for estimating purposesi

|
is given by ‘

w(t+1) = Fy(t) + v(t+1) (6.2-3)

|

where w(t+1) = y(&+1) = u(s) (6.2—4)\
|

v(t+1) = v,(8+1) = Py, (8) + Ty (¢) (6,2-5)“‘

|

|
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Zero initial conditions were taken each time. The input excitation
was provided by a 63 bit pseudorandom binary sequence (PRBS) of

I unit amplitude adjusted for zero mean. The stochastic variables
v1(t) and vz(t) were generated by a machine algorithm providing an

n(0,1) distribution of randem numbers.

6.2.2 Observations and Discussion
/N
A comparison is shown in Table 6.1 which displays estimates T
for F along with their standard deviations calculated from the

variance estimated by the relation

o N A -
s.d. = [0C T y)fe)~2 (6.2-6)
t=1
where ¥(t) = y(t) for the conventional estimator but §(t) is

obtained by a linear predictor in the case of the modified estimators.
9 is the estimated variance of the noise process v(t) based on the
last computed estimate lﬁg The variance expression within the square
brackets in the above expression was derived in Subsection 5.5.4.
There, the true variance V of the noise process was assumed known.

N
P
In addition, it was assumed that N was large enough for %- L y(8)y(e)

£=1
to be equal to E y(£)¥(t) with negligible error.
For comparison purposes, we have calculated the "standard deviations"

for the conventional estimator as in (6.2~6) but with the replacement

of y(t) for F(t). This gives a conservative but imperical measure.
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|

i Conventional Levadi's Bootstrap
Trial , Run True | Least Squares Method Method

{ Length F ~ ~ ~

; F Sede F Seda F S.d
' = 0 189 0.8 0.647 0.0433 [*0.826 0.0525 ! 0.831 0.0500

|

It = 0 190 0.8 0.555 0.0452 0.756 0.0568 | *0.757 0.0552
Continue 567 0.8 0.517 0.0243 0.749  0.0326 | *0.774 0.0359
T = 1 189 0.8 |0.687 00453 | 0.777 0.0692 | *0.814 0.0562
T = 1 189 0.8 10.659 0.0484 | 0.746 0.0790 | *0.792 0.0381
T = 1 190 0.8 0.701 0.0465 0.871 0.0727 | *0.862 0.0554
Continue 567 0.8 0.680 0.0270 0.845 0.0406 | *0.811 0.0322

* Best estimate of trial

_ Within one s.d. of true

Table 6.1 Comparison of Conventional and Modified Least Squares Estimators
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The best estimates are marked (*) in Table 6.1. Estimates

within one standard deviation of the true parameter are underlined.

The bias in the conventional least squares estimator shows up

strongly in both the table and the graphs of Figures 6.1 and 6.2.

These display the convergence of the estimators for the two longer runs

summarized in the table.

(M
(2)

(3)

(&)

In the examples shown we observe that:

The conventional LSE ig strongly biased in this example.

The "bootstrap" estimate is closer (in all but one case) to the
true parameter value than the discrete~time version of Levadi's
estimator.

The standard deviations calculated for the "bootstrap" estimator
are smaller (in all but one case) than the standard deviations
calculated for the other modified LSE.

In spite of the observation in (3) above, the true parameter

is within one standard deviation of the estimated parameter in
one more case with the "bootstrap'" estimator than the other.
All estimates obtained by the modified estimators are within
two standard deviations of the true parameter.

We conclude that although the discrete~form of the Levadi estimator

is considerably improved over the conventional LSE, the "bootstrap"

estimator is superior and merits further consideration and evaluation

as a useful method of estimating parameters of system models when

conventional LSE methods lead to biased estimates.
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6.3 The Sequential BEstimation of the Parameters of a Second Order

System with the "Bootstrap!" Method

6.3.1 Purpose and Procedure

In this section, the "bootstrap" method is used to estimate the
parameters of a second-order discrete-~time system during simulation.
The model employed is that used by Mayne for illustrating his method

for estimating discrete~time transfer functions [20].

(1= 1527 +0.727D)y(8) = (1 + 27" + 2 ult) + 101 = 2~ + 0.22")e(t)
(6.3=1)

The regression model form is

y(t) = eqy(t-ﬂ) + eay(t-E) + eBu(t) + ehu(t—1) + esu(t~2) + v(t)
8 Titye + vt (6.3-2)
‘where v(t) 4 Ale(t) + c1e(t-1) + cae(t—Z)) (6.3-3)

Both the control sequence and the disturbance sequence were from a
distribution of normal random variables of unit variance.
The sequential estimation procedure to find the five parameters

in e is given in Subsection 5.5.4. The estimating equations are

given by:
~ iRV
g(t) - gKt—1) + P(t)x(;)(Y(t) : x (t)e(t=1)) (6.3-h)
x (£)P(£)x(t) + 1
~ T
P(t) = B(t-1) - DX (D) (6.3-5)

L (£)P(E)R(E) + 1
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The above equations were employed following the fifth iteration after
obtaining the minimum data set solution at the fifth iteration by
matrix inversion. The prediction procedure for finding R(t) was
employed for the first time at the sixth iteration and used the
estimate S(5) from the fifth iteration.

Estimates of the serial autocorrelations §§(o), ﬁv(1) and
%%(2) were obtained by the procedure given in Subsection 5.5.4 by

storing the quantities

N
T y(B)y(t—r)

84(1) =
t=1+1
N
Sa(T) = 5 y(t)x(t~7)
=T+
N
33(1) = 2 x(£)y(t-1)
t=14+1
N T
Sk(t) = % x(t)x"(t-1) (6.3-6)
t=7+1

for =0, 1 and 2. Then

.
N=T

Il

R (D [5,(1) - S3(D8M - sy(De + "(Ws, 81 (637

etc. For the coefficients in v(t), the parameters < é)\, c} = cq[A
and cz = 02/)\ were found by the method of moments described in

Subsection 4.3.3 with the initial estimate

A A 1 /2 N
* —— . * — [ * —
ed = (RV(O)) ; ey = 03 ¢c* =0
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6.3.2 Observations and Discussion

The estimates obtained from an ensemble of ten trials, each commen~
cing from zero initial conditions are given in Table 6.2. Standard
deviations computed from the variances of the estimates are shown
alongside the parameters 6. If the true value falls within the
calculated standard deviation from the estimate, the estimate is shown
underlined. Three cout-of fifty estimates are outside two standard
deviations. They are followed by an asterisk.

In Table 6.3, the ensemble estimates & for the ten trials are
summarized and compared with the ensemble results of ten similar trials
carried out by Tzafestas when testing Mayne's method [21]. It is not
clear from the referenced report if the parameters of the predictor
equation were derived from the current running data or from a separate
record. (In [20], Mayne estimated the parameters for the linear pre-
dictor from a separate record using normal regression analysis.)

The number of trials is insufficient to conclude positively that
one estimator is superior to the other. Because e 1is known, it is
possible to calculate the true error which is displayed as a percentage
of the true velue. By this comparison, the "bootstrap" estimator is
superior.

Note that for both estimators, the true value of e falls within
one standard deviation from the estimated mean.

The estimates of both the autocorrelation coefficients and the

parameters of the stochastic process v(t) are given in Table 6.4,



pouzey ,deagsjoody
ousr £q pejemijsy Wo3SAg JOPIQ PUOOSG B IO sdojewedeg ouf 2°9 oTqel

True Values &, = 1.5 ° eé = ~0.7 93 = 1.0 8, = 1.0 95 = 1.0
) A A 1 A A~ ~
Trial i‘::era—- 91 Se.de 92 S 93 Se.d. G’+ S.de 95 S.d,

lons
1 240 1. 475 ~0.678 0.973 1.169 0.838

1,000 1.497 0.0181| -0.695 0.0166 | 1.023 0.0479 | 0.987 0.0508 | 0.944 0.0559
2 240 1.463 ~0.675 1,054 1.032 1.186

1,000 1.483 0.0156 | «0.688 0.0149 | 1.043 0.0462 | 1.036 0.0488 | 1.097 0.0527
3 2ho 1.463 ~0.673 0.897 1.007 1.214

1,000 1,495 0.0141 | ~0.698 0.0134 | 1.004 0.0428 | 1.027 0.0467 | 1.027 0.049h
I 2ho 1.465 -0.672 0.908 0.997 1,220

1,000 1.487 0.8166 | ~0.692 0.0155 | 0.990 0.0464 | 1.070 0.0497 | 1.004 0.0539
5 240 | 1.486 ~0.690 0.908 ] 1,068 1.037

1,000 1.509 0.0150 | -0.710 0.0145 | 0.920 0.0462 | 1.043 0.0491 | 0.944 0.0540
6 2L0 1.499 ~0.700 1,038 1,125 0.871

1,000 1.508 0,0163| -0.707 0.0154| 0.953 0.0461 1.09% 0.0493 | 0.888% 0.0545
7 240 1.484 ~0.681 0.993% 1.127 0.964

1,000 | 1.481 0.0154| =0.683 0.0147| 0.996 0.0453 | 1.047 0.0h7h | 1.041 0.0527
8 2ho | 1.h495 -0.696 1.047 0.997 1.009

1,000 | 1.5 0.0149| ~0.712 0.0142| 1.039 0.0448 | 0.979 0.0472 | 0.927 0.0522
2 240 1.462 ~0.673% 1.013 1.133 0.93%7

1,000 | 1.498 0.0175| =0.698 0.0165| 1.027 0.0475 | 1.025 0.0504 | 0.952 0.0553
10 2ho 1.484 ~0.685 0.93%0 1.004 0.977

1,000 | 1.493 0.0157| =0.695 0.0150{ 0,998 0.0469 | 0.897% 0.0493 | 1.109% 0.0536

c0oLe
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i i

) Parameter o o & S &
Method : | 2 2 . 2

i True Value 1.5 ~0.7 1.0 1.0 1.0

i

Mean 14966 | ~0.6979| 0.9993 | 1.0198 | 0.9933
I"Bootstrap!

Per Cent Error ~0.2251 | ~0,3015 [~0.,0734 | 1.9796 |~0.6749
Method
£ Standard Deviation| 0.0111 0.0095| 0.0384 | 0.,05%2 | 0.0744
Mayne's Mean 1,5082 | «0,7082] 0.9981 | 0.9919 { 0.974h
Method Per Cent Error 0.5487 1.17861-0.1930 {-0.8110 |-2.5620
(Tzafestas) | Standard Deviation| 0.0212 0.0289! 0.0%07 | 0,0258 | 0.0752

Teble 6.3 Comparison of the Estimates of € by the "Bootstrap' Method and

Mayne's Method
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Parameters RV(O) Rv(1) RV(Z) A C, C,
True Values 2.04 1.2 0.2 1.0 ~1.0 0.2
PaS
. Ttera- ~ ~ - A a~ ~
Trial | | =~ Rv(o) Rv(1) Rv(a) c, C,
1 1000 2.264 ~1.328 0.221 1.061 -1.000 0.196
2 1000 2. 164 -1.281 0.231 1.045 ~0,968 0.211
3 1000 1.906 -1,121 0.182 0.955 -~1.025 0.200
L 1000 2,085 1,228 0.239 1.057 -0.905 0.214
5 1000 2.104 ~1.341 0.438 1.043 0,877 0.401
6 1000 2.178 -1.340 0.333 1,064 -0.913 0.29%
7 1000 2.000 =1.171 0.209 1,024 ~0.929 0.200
8 1000 2.001 =1.140 0.154 1.003 ~0.980 0,152
9 1000 2.165 ~1.338 0.351 1.067 ~0.899 0.308
10 1000 2.167 —-1.290 0.282 1.088 -0.877 0.238
Mean 2.103 -1.258 0.274 1.041 ~0.937 0.241

Table 6.4 The Parameters of a Noise Process Estimated by the Method of

Moments
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It is not possible to determine the variance of these estimates at
each trial. In the next and later sections, the merit of this method
of finding the stochastic process parameters will be assessed by
comparing its performance with a maximum likelihood method.

The entire set of ten trials, including the simulation, estimation
and data reduction parts took 4.5 minutes of machine time for compilation

and execution.

6.4 A Comparison of the Estimation of a Second Order System by the

"Bootstrap!! and MLE Methods

6.4.1 Purpose and Procedure
The estimation problem is:
given the input sequence {ﬁ(t), t =1, ceo N}'
and the output sequence {y(t), t =1, .o N}
of the process discussed in the last section and described by equation
(6.3-1), estimate the parameters A, A5, By, B, By, N, C, and

C We shall compare the "bootstrap" estimates with the MLE estimates

>*
in this task. We shall also compare the one-step~ahead prediction
capability of the models found.

The estimating equations for the "bootstrap" estimator are given
in the previous section. The data is processed sequentially. The
estimating equations for the MLE method are summarized in Subsection
5.6.3 of the last chapter.

The control excitation was provided by a 511 bit PRBS sequence

(unrepeated) of unit amplitude adjusted for zero mean. Zero initial



21k,

conditions were assumed.

The machine algorithm for producing random numbers came under
suspicion when it was observed that the MLE algorithm was capable of
generating a sequence of noise estimates '{e*(t)j‘ with variance
noticeably less than unity. Chi squared tests were conducted on a
number of sequences produced by the computer. It was found that the
mode of the chi squared variates for 19 degrees of freedom was in
the region of the seventy per cent significance level. It was con-
cluded that the computer algorithm was a satisfactory source of normally
distributed random numbers. However, for the relatively short run
lengths in subsequent simulations, the random number sequences were
adjusted to zero mean and unit variance (without altering their chi
squared values) so that parameters determined by the estimation pro-
cedures could be compared sensibly with their true values. In the
parameter estimation experiment described here, the sample variance
was 0.9791 and the sample mean was =0.0571 before shifting and
rescaling. A chi squared value of 8.421 for nineteen degrees of freedom

was calculated. The significance level is >> 98 per cent.

6.4.2 Observations and Discussion

The parameters found by the two estimating methods are shown in
Table 6.5. In addition, the MLE method produced an estimate of the
constant component, D, in the output record. Standard deviations are
shown for all the elements of the parameter vector (excluding A )

estimated by MIE. This is one distinct advantage of the MLE method.



Parameters Al A2 Bo Bl B2 A Cl 02 D
True Values -1.5 0.7 1.0 1.0 1.0 1.0 ~1.0 0.2 0.0

Estimated -1.50L2 | Q,7030 z0.99’]0 0.9905 E6.9478 i6.9928 -1,0617| 0.2116{=0.0005
Maximum

True Error ~0.0042 | 0.0030 |~0,0030 |-0.0095 |-0,0522 | -0,0072| -0.,0617| 0.0116!|-0,0005
Likelihood

Std. Dev. 0.0076 | 0,0061 | O.0440 | 0.0638 | 0.0592 - 0.0434| 0.0443} 0,0066

. % x x x %

Estimated -1,5023% 70,7007 1.0159 0.,9942 00,9314 1,0289{7-0.9888{%0,2082 -
"Bootstrap'

True Error -0,0023 | 0.0007 0,0159 | -0.0058 |-0,0686| 0,0289 0.0112]| 0,0082 -
Estimator

Std. Dev, 0,02421 0,0229 | 0,0648 0.0693 0.0759 - - - -

% Best estimate of this parameter
- Within one s.d. of true

Table 6,5 Comparison of the Estimate of the Parameters of
"Bootstrap' Method

a Second Order System by MLE and the

°CL2
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As expected, the standard deviations obtained for the "bootstrap"
method estimates are much higher than their counterparts of the MLE
estimates. However, note that the true error is well within one
standard deviation.

The autocorrelation terms calculated with the parameters derived

by the "bootstrap" method were

Rv(o) = 2.400 ; Rv(1) = =1,265 ; Rv(a) = 0.222
which led to the estimates:
36 = 1.0289 ; C: = ~1,0174 ; 05 = 0.2142
N A\ A
From these, the estimates >\, C1 and 02 shown in Table 6.5 were

derived.

Previously, we have proposed that the models identified by employing
one of the parameter estimation schemes might be used in a control
algorithm that is required to minimize the mean square deviation of
the output from a aesired target value. An important step in finding
the control algorithm is to demonstrate that the model is a minimum

variance predictor. We can write (in our previous notation)
. —1 =1y, =1 “ g =1
e*(t+1) = € (z DAz DHy(t+1) = ¢ (z )IB(z Hu(t+1) (6.4-1)

ILet us define y(t+1) = zy(t) (6.4=2)

Taking the difference between (6.4=2) and (6.4~1) we obtain
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y(t+1) e*(t+1) + zy(t) - C—q(z—q)A(z"q)zy(t) + 0-1(2_1)3(2-1)u(t+1)

It

Ne(g#1) + ¢z NB(z Yutesn) + ¢ zNie(z Y -az" YTy ()
(6.4~3)

e*(t+1) + yO(t+1; y(£), eeo, ult+1), ...) (6o4-1t)

The term yO(t+13 y(£), eeey u(t+1), ...) in equation (6.4-4) depends
only on the data y(t), y(£t-1), cco, u(t), u(t-1), ... and the control
exercised at u(t+1). We interpret y (t+1; y(£), eee, ult+1), oo

as the minimum mean square prediction of y(t+1) given this data

with prediction error Ne(t+1) 2 e*(t+1).

For our comparison, we write the following recursive relation corres=—

ponding to equation (6.4=1):
A\ A VAN
e*(t+1) = y(t+1) + Aqy(t) + Aay(t—1)

A A AN
- Bou(t+1) - B1u(t) - Bau(t—1)

AA AN
- C,e*(t) - C e*(t~1) (6.4-5)
SN N /N
where the parameters Aj’ Bj’ Cj are the estimated parameters of

the model and the numbers 'g*(t) are generated recursively. Then,
given observation y(t+1), we can compare the prediction error
2*(t+1) obtained by equation (6.4=5) with the true disturbance
e*(t+1) generated for the simulation. We can calculate the standard
deviation of the prediction error by measuring the variance of the
sequence 7£;*(t);', Also, we can calculate the autocorrelations for

the series.



True

Disturbance

~1.,0845
1.5137
0.0656
1.0264
-0.5668
0.8993
0.6115
0.6953
~0.9302
1.5417
~0,2628
~1.4769
0.4120
0.4155
0.7804
-1.1894
-0.1937
2.0517
0.2986
~0.6942
0.683%9
-0.1019
~0.9271
~0.5241
~-1,6078
0.0859
2.0659
~1.0464
~1.0601
0.2660

* (Closest to true

Table 6.6 Comparison of Prediction Errors

Prediction ZFError

for Maximum

Likelihood
Estimator
Model

*~1.0870
1. 4411
0.0%54
* 0.9540
*..0.6094
* 0.8016
* 0,653%9
0.8%53
~0.7283

1.6812
~0.1235
~1.1343

* 0,4835

* 0.5311
0.8470

* o1, 1442

*.0.2593

* 11,9620
0.4089

~0.594
0.7761

* 0,0455

~0.8744

*-0.5975

*,666

*.0.0101
1+9500

~0.9820

*w1,0127
0.2063

15

for "Bootstrap"

Method
Model

~1.0686
* 1.5566
* 0.0426

0.9377
~0.7324

0.6903%

0.5129
* 0,6857
*~0,8570
* 11,6480
*.0,2892
*_.1 Logk

0.4847

0.5571
* 0.8281
-1.2393
~0.3147

1.9344
¥ 0.2561
*-0.7927
* 00,7005

0.0079
*0.,9230
~0.6144
-1.1600

0.1768
* 22,0786
*.1,0008
~0.9851
* 0,.2644

15
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The prediction errors are compared in Figure 6.3. This graph
clearly indicates that the predictor error for each model is very
close to the true disturbance. The prediction errors determined by
the two models are listed in Table 6.6. For comparison purposes, the
prediction error closest to the true value is shown with an asterisk.
By this measure, the model obtained by the '"bootstrap'" method compares
favourably with the model obtained by the MLE method.

The standard deviation of the prediction error sequence generated
by each model over the record length of 511 observations is given in

Table 6.7.

Standard Deviation

True noise sequence ' 1.00000

Prediction error sequence
generated by the MLE method 0.992796
model

Prediction error sequence
generated by "bootstrap" 1.00049
method model

Table 6.7 Comparison of the Standard Deviation of the Prediction
Errors

The first nineteen normalized autocorrelation coefficients,
Re(r) were found for the true noise sequence ‘{e(t)}' and the pre-
diction error sequences generated by the two models. The defining

equation is
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N
3 el(t)e(t—r)
N t=7+1
Re(T) = o - N » (6.4-6)
T e(t)
t=1

where N = 511 is the record length. The three sets of autocorrelation
coefficients for the true noise and prediction errors are shown plotted
against time shift =t in Figure 6.k4.

We reject the hypothesis at the five per cent level that the
sequences are correlated if not more than one in twenty autocorrelation
terms exceed 2/\ 511 = 0.0883%. (In this experiment, we should
have recorded the autocorrelations for twenty shifts; we show nineteen.)
Only one spike occurs at the fourteenth shift. Hence we claim that
the input stochastic disturbance is uncorrelated.

Observe that the autocorrelation coefficients for the prediction
error sequence generated by the model with parameters determined by
MLE are particularly small for the first few lags. The reason is that
in the MILE method, the model parameters are adjusted until the variance
of the prediction error sequence {;*(t)}, is minimized. Hence any
correlation of the input sequence for short runs (however slight) is
removed and incorporated into the model parameters. That is, the model
includes the combined second order dynamics of the process and input
noise. Thus the prediction error sequence is more truly independent
than the input noise sequence! This explains why the standard
deviation of the prediction error obtained by the MLE method is less

than unity in the last example.
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The autocorrelation coefficients for the prediction error
sequence generated by the other model (with parameters getermined by
the "bootstrap" method) do not exhibit the effect referred to above.
However, on the basis of the evidence presented, we would reject the
hypothesis (at the five per cent level) that the prediction error
sequence generated by the model with parameters determined by the
"bootstrap" method is correlated.

The prediction error sequences were subjected to a Chi Squared
test to ascertain the closeness of fit of their distributions to a
normal distribution divided into twenty classes. The results of

this test are summarized in Table 6.8.

L 2 Significance
S Level (per cent)
True noise sequence 8.421 98
Prediction error sequence
generated by MLE method 5.778 99

model .

Prediction error sequence
generated by "bootstrap" 8735 97.5
method model

Table 6.8 ;i? Test (19 degrees of freedom)

The Chi Squared test indicates that the prediction error sequence
generated by the MLE method model fits a normal distribution more
closely than either the true noise sequence or the prediction error

sequence generated by the "bootstrap" method model. We present this



22k,

as an observation for which we are not prepared to offer an explana-
tion without further investigation.

The time taken to compile and execute the MLE method, including
data processing, was 2.1 minutes. The corresponding time for the
estimation of the parameters by the "bootstrap" method, along with
all the other functions, was 1.1 minutes.

We conclude that while the MLE method represents the optimal
solution to the parameter estimation problem, the performance of the
model determined by the "bootstrap" method was only slightly suboptimal
by comparison. We have demonstrated that the latter generates a
prediction error sequence very near to minimum variance that is statis-
tically uncorrelated. It has accomplished this with a significant

reduction in computation time.

6.5 The Estimation of Parameters of Systems with Zeros of the

Noise Process Qutside the Unit Circle

6.5.1 Statement of the Problem

In Section 5.4, it was shown that for a stochastic process with
a finite number of nonzerc serial autocorrelation terms (a finite
moving average process), we can always find a stable filter to remove
the correlation. Two examples were given showing filters designed to
"yhiten" a correlated noise process described by equations with one

or more zeros outside the unit circle.
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In this section, we show the results of simulating two systems
with the noise processes discussed in Subsection 5.4.5 and referred
to above. We shall require the MLE and "bootstrap" estimators to

find the parameters of the systems.

6.5.2 System with One Zero Outside the Unit Circle

The equation of the system simulated is:

(1 = 1,527 + o.7z"2)y(t) = (142 # 2B + 11+ 15270 - 272e(t)
(6.5-1)
The stochastic term v(t) factors as:
v(8) = 11+ 22N ~ 0.52" Ne(t) (6.5~2)

which has roots in the =z plane at -2 and 0.5.
By analogy to example (1) (equations (5.4-37)) we expect to

identify the process
v(t) = 2(1 +0.527 ) (1 - 0.5z Ye(t) (6.5-3)

The simulation of the process in equation (6.5-1) and the estimation
of the process parameters by the MLE method and "bootstrap! method

was carried out as in the last section. The results are reported below.

6.5.3 Observations and Discussion
The parameters found by the two estimating methods are shown in

Table 6.9. The MLE method finds only the solution with zeros within



Parameters

4 | & By B B A Cy G5 D
True Values "105 Ol? l.o 100 100 1.0 1.5 "l.o 0.0
Stable Values " " " " n 2,0 0.0 -0.25 0.0
Estimated ®1.4967| 0.7137 | 0.94601%1,07211%1,0659|1.9808| 0,050} ~0.306%|-0.0009
Maximum (Stable Values)
True Error 0,0033{ 0,0137 | -0,0540{ 0,0721| 0,0659 - - - -
Likelihood
Std. Dev. 0.,0261| 0,0229 0.0882 0.0952| 0,1022 - 0.052% 0.0489! 0,0653
Estimated ~-1.4805 BE0.6994 ! 0,96891 1.1408 1,0066{1.251 | 1.055| -0.798 -
"Bootstrap! | True Error 0,0195 {~0,0006 x--0.0311 0.,1408| 0,0966]0,251 {-0.445| 0,202 -
Estimator Std. Dev, 0.0274 | 0.0256 0.,0920| 0,0956| 0,1044 - - - -
Estimated - - - - - 11.9618 0.1231’5 ~0,3280 -
(stable Values); |
l |

x Best estimate of this parameter
~e Within one s.d. of true

Table 6,9 Comparison of the Ustimates of the Parameters of a System with One Zero of the Noise
Process Outside the Unit Circle

*9ee
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the unit circle. The reason is that the value of the number
+ -1, =i - -1
e*(t) = C (27 Y[A(z Dy(t) - Bz Dult)] (6.5-1t)

employed in the iterative estimation algorithm grows quickly if the
poles of C(z’q) are outside the unit circle. We call this the
"stable! solution for brevity.
Two sets of parameters are shown for the estimates of >\, C,I
and 02 for the model obtained by the "bootstrap" estimator because
the two stechastic processes have the same autocorrelation coefficients.
The autocorrelation terms calculated for the one-step—ahead
prediction error sequence 'Lg*(t)}' (computed with the "stable"
parameters) are listed in Table 6.10. For both models, we claim at
a 95 per cent confidence level that the prediction error sequences
are uncorrelated.
This simulation has demonstrated that a stable filter can be found
by both the MIE method and the ""bootstrap" methods to eliminate

effectively the correlation of a stochastic process described by an

equation with one zero outside the unit circle.

6.5.4 System with Two Complex Zeros Outside the Unit Circle

The equation of the system simulated is:

(1 - 1527 + 0.7z 2)y(%) = (1 + -

+ zna)u(t) + 11 + 2271 4 22—2)e(t)
(6.5-5)

The stochastic term v(t) factors to give two roots outside the unit



Shift

Y o0 N o MW

10
11
12
13
1h
15
16
7
18
19

Autocorrelation Terms for

MLE Model

0.0210
~0.0150
-0.0577

0.0511
-0.0052
~0.0391
~0.0774
-0.0469
~0.0716

0.0107

0.0525
-0.0333

0.0737
«~0,0097

0.0352

0.0352
~0.060k4
-0.0513

0.0367

228.

"Bootstrap'' Model

~0,0405
0.035k
~0.0820
0.0654
-0.0297
~0.0344
-0.0847
-0.0402
-0.0709
0.0113
0.0568
~0.0336
0.08L40
~0.0146
0.0386
0.0306
-0.0531
~0.0544L
0.0379

Table 6.10 Autocorrelation Terms for Prediction Error Sequences of

Models Found by the MLE and "Bootstrap! Methods
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circle at z = - 1 iv =T. As shown by equation (5.4-L0) of example

(2) in Subsection 5.4.5, we expect to identify the process
~71 -2
v(t) = 2(0 + 2z  + 0.5z Ye(t) (6.5~6)

The simulation of the process in equation (6.5-5) and the estimation
of the process parameters were carried out as in the previous sub-

sections.

6.5.5 Observations and Discussion

The parameters found by the MLE method and the "bootstrap' method
are shown in Table 6.11. The standard deviations shown for the
parameters of the model obtained by the "bootstrap!" estimator which
are lower than their counterparts for the model parameters obtained
by MIE are not reccrded in error.

The autocorrelation terms for the prediction error sequences of
the models estimated are shown in Table 6.12. We accept the hypothesis
that the sequences are uncorrelated at the 95 per cent confidence level.

This simulation has demonstrated that a stable filter can be found
by both the MLE method and the "bootstrap! method to effectively
eliminate the correlation of a stochastic process described by an
equation with a pair of complex zeros outside the unit circle. This
example and the last example together demonstrate that the stochastic
processes described by equations with real zeros or complex zero pairs

outside the unit circle can be compensated by stable filters so that



Parameters Al A2 Bo Bl B2 )x\ C1 02 D
True Values -1,5 0.7 1.0 1,0 1.0 1.0 (2.0 |2.0 0.0
Stable Values " n " " " 2.0 (1.0 0.5 0.0

Estimated ~1.4659| 0.6735| ¥0.9899 | 1.0790 ¥1.0429! 1.9895| 0.9696| 0,5179| ~0,0027
Maximum (Stable Values)

True Error 0,03411{-0,0265| -0.,0101. | 0.0790| 0.0429 - - - -
Likelihood

Std, Dev, 0.0321| 0.0%19| 0.0883% | 0.1155| 0.0885 - |o.0521 0,0426{ 0.2178

Estimated *11.4759 *0.6735 0.8353 % ,0199 | 1.0789| 0.860 |2.289 |2.335 -
"Bootstrap" | True Error 0.0241 |=0.0205 | -0.1647 | 0.0199 | 0,0789|=0,140 |0.287 |0.,335 -
Estimator | Std. Dev. 0.0299| 0,0272| 0,1301 | 0.1330| 0.1390 - - - -

Estimated - - - - - | 2.017 |0.9752|0,4283 -

(Stable Values)

® Best estimate of this parameter
~= Within one s.d. of true

Table 6,11 Comparison of the estimates of the Parameters of a System with Two Complex Zeros of the
Noise Process Outside the Unit Circle

c0ge
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Autocorrelation Terms for

Shift MLE Model "Bootstrap'! Model
1 0.0072 ~0.0293
2 ~0.0031 0.0813
3 ~0.012k ~0.0956
b ~-0.0%03 0,006
5 0.0010 -0.0018
6 ~0.0155 ~0.0L25
7 -0,0260 ~0.0015
8 -0.0024 -0.0026
9 0.0337 0.0%69

10 0.014k4 0.0168
11 -0.0920 ~0,0877
12 ~0.0537 ~0.0527
13 0.0162 0.0879
" ~0.0059 ~0.0029
15 0.0091 0,0028
16 ~0.0525 ~0.0473
17 ~0.0031 ~0,0075
18 -0.0031 -0.0176
19 0.0251 0.0464

Table 6.12 Autocorrelation Terms for Prediction Error Sequences of

Models Found by the MIE and Y"Bootstrap' Methods
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the prediction error sequence is uncorrelated. The consequence of

this demonstration is that a physical process that may have non-
minimum phase characteristics in its stochastic part will be iden-
tified as a system with minimum phase characteristics in its stochastic

part.

6.6 The Estimation of the Matrix of Second Derivatives of the

Likelihood Function

6.6.1 Purpose and Procedure

In Subsection 5.6.4, it was proposed that a second-order minimiza-
tion algorithm such as the Fletcher and Powell routine [31] could be
used to minimize the negative log likelihood function without requiring
the explicit calculation of the matrix of partial second derivatives.
Recall that the Newton-Raphson iterative algorithm that uses the matrix

of calculated partial second derivatives is (m = 1)
olict1) = o(k) - L¥7 " (e(k))L (o (k) (6.6~1)

where the elements of L;e(e(k)) are given by

2 N
1 se*(t)  oe*(t)
—— T*(e(k)) = = I .
aeiaej )@ £=1 aei aej
N 2,
s 3 ex(s) 2By (6.6-2)
£=1 i 3
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The alternative solution proposed was to employ the iterative algorithm

e(k+1) = eo(k) —H(k)L;(e(k)) (6.6-3)

rd

where H(k) is a positive definite symmetric matrix updated with the
most recent gradient information. (See [31] for a complete description
in which it is shown that H(k) tends to the matrix of partial second
derivatives evaluated at the minimum,)

One proposed advantage of this alternative method is that it
simplifies the programming effort. A possible disadvantage is that it -
may not converge to the same solution obtained by calculating the
matrix of partial second derivatives and inverting it at every itera-
tion.

The purpose of the following experiment is to compare the two
algorithms in estimating the parameters of the second order system
previously discussed in Section 6.3. Plant data (from zero initial
conditions) was generated and stored. The proper MLE method employed
was that used in the preceding sections. Thealternative method using
the Fletcher-Powell (FP) algorithm was initiated with a unit matrix

for H(O).

6.6.2 Discussion
The first experiments with the FP algorithm failed. It was found
that the parameters obtained in the first iteration resulted in over-

flow values for I*(e(1)) from which it was unable to recover.
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Further investigation showed that Davidon's cubic interpolation procedure
recommended by Fletcher and Powell, which employs function and gradient
values for minimization along a line, would not work in this applica-
tion. The first step away from the working point in the direction of
steepest descent invariably resulted in a choice of parameters such

that the zeros of the polynomial C(z_q) were outside the unit circle

in the 2z plane.

B

To constrain the search to points for which the zeros of C(z
were kept within the unit circle, the following procedure was
developed.

(1) A search point was found along the descent direction chosen by
the FP algorithm.

(2) The estimate C(z™ ') of the polynomial C(znq) was factorized.

(3) If the absolute value of the distance from the origin to any of

the roots found in (2) exceeded 0.975, the step size in the descent

direction was halved.

(4) The procedure was repeated from (1) until the roots were all

within the constraint circle of radius 0.975.

(5) The resulting parameters were used to generate the prediction

A 3
error sequence '{e*(t): .

As a result of this modification, no further difficulty was
experienced. The function and gradient values 211 remained finite.
Table 6.1% compares the estimated parameters and the standard

deviations of the estimates for the two alternative MLE methods. The



Parameters A, A, B, B, B, )\ c, c, D
True Values -1.5 0.7 1.0 1.0 1.0 1.0 -1.0 0.2 0.0
MLE Estimated | =1.4917 | 0.6932 [-0.8558 | 1.0849 | 0.4618 | 1.0705 | =0.9668 | 0.1291 | 0.0015
Calculated
ﬁoiaﬁiaﬁci) Std. Dev. | 0.0744 10.0127 | 0.0443 | 0.0615 | 0.0582 - 0.0425 | 0.0418 | 0,0072
MLE Estimated | ~1.4917 | 0.6932"|-0.8432 | 1.,0833 | 0.4627 | 1.0705 | ~0.9665| 0.1286 | 0.0015
(Estimated Std. Dev 0.0146 | 0,0125 | 0.0346 | 0.0464 | 0.0516 - 0.0k32| 0.0W14 | 0.0067
covariance) (-] L] © o - (-] L] [-3 - o

MLE Methods

Table 6.13 Comparison of the Estimates of the Parameters of a Second Order System by Alternate

*Gee
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two sets of estimated parameters are quite close to each other. The
observation that two of the standard deviations derived from the
estimated covariance matrix are twenty per cent low is cause for con-
cern because it suggests that the associated parameters are estimated
more accurately than is Justified in the circumstances.

More computation was involved in using the FP algorithm than

the direct method. This is shown in the following table.

i MLE MIE
| (Newton=Raphson) (Fletcher-Powell)
Number of
Tterations 10 "
Total Time .
(minutes) 2.1 j 3.8

Table 6.1k Comparison of Computation Effort

Possibly the main reason for increased computation time is that
unstable roots were encountered in the minimization-along~a~line
section of the FP algorithm 51 times during the first two iterations.

Since carrying out the above comparison, D. W. Norris has modified
the Fletcher~Powell algorithm by replacing Davidon's minimization-
along-a-line procedure by cubic interpolation with a quadratic
minimization method. The important advantage to the above problem of
this modification is that the steps in the descent direction are

initially smaller than in the original procedure.
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6.7 Testing the Order of the Model

6.7.1 Purpose and Procedure

The consequences of changing the order of the model in an
identification problem is well known. If the order is assumed too
low, it is impossible to remove the correlation from the prediction
error sequence {ﬁ*(t)j’, On the other hand, Astrom and Bohlin [18]
note that the matrix of partial second derivatives, L;e’ may become
singular on choosing a model of too high order.

In this section, we show the results of having investigated
changing the order of the model fitted to data generated by a second
order system. The parameters are fitted by the MLE method. However,
Mayne's pseudo-inverse routine [64] is used to invert the matrix
L;e for reasons that will become clear.

The second order model used for simulation is the same as that

employed in the last and other sections. Zero initial conditions were

assumed. The record length was 511 observations as in previous trials.

6.7.2 Observations and Discussion

A summary of the parameters found and their standard deviations
for models of different order is shown in Table 6.15. The autocorrela—
tion terms for the prediction error sequence *ie*(t)} of each model
was computed for 19 shifts as in previous sections. The number of

terms Re(T) that exceed 2/Y 511 is displayed in the table.
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Order !

1 p= p=2 p=3
Param. : Est. S.d. Est. s.d. Est., S.da
{
A, -0.867 ; 0,021 ~1, 49k 0.008 -0.593 0.140
A, | -] - 0.695 | 0.006 | =~0.649 | 0.211
A3 - - - - 0,625 0,099
B, 0.973 0.114 0.995 0.04k 0.993 0.04kL
B, % 0.832 0.118 1.017 0.063 1.918 0.143
B, | - - 1.065 | 0.060 | 1.954 | 0.763
|
133 § - - - - 0.956 0.13%9
A . 563 - 0.996 - 0.995 -
C, ! 0.554 0.036 -1,035 0.043 ~-0.128 0.14hL
C, | - - 0.256 | 0.043 | -0.694 | 0.141
|
03 1 - - - - 0.247 0.051
Number of %
Large* i ] 0 0
Ternms Re(T)
Number of
6 10 15
Iterations ;
* Exceeding 2/ V511

Table 6.15 Testing the Order of a Model
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We reject the model of order p = 1 because the magnitude of
the first nine autocorrelation terms indicates that the prediction
error sequence for this model is strongly correlated. In addition,
the estimateISK is more than two times larger than for the other models.

P
We reject the model of order p = 3 Dbecause the estimate )\ is

not significantly lower than for the model of order p =2 and because

standard deviation of parameter estimate
parameter estimate

the ratio is much higher
for the third-order model than for the second-order model. That is,
the estimates for the parameters of the third-order model do not merit
the confidence that we have in the estimates of the parameters of the
second-order model.

There are two advantages in using the pseudo-inverse routine
referred to above to invert the matrix L;e of partial second derivatives:

(1) When the matrix L;e is of full rank, its pseudo-inverse
and true inverse are identical.

(2) The evidence from experiments in fitting models of up to
order p = 4 to a second-order system indicate that the iteration
procedure is able to converge even when the matrix L;e is singular
(or tends towards singularity). This is useful because comparison of
the models is then facilitated. (The possible alternative is a set of
meaningless parameter estimates.)

The prediction error sequence ‘f%*(t)} estimated by the model

of order p = 3 was observed to fit the true sequence 'ie*(t)J quite

well. In fact, the sequence for p = 4 was a fair fit.
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6.8 The Estimation of Parameters of a Multivariate System

6.8.1 Statement of the Problem

In this section, the MLE and "bootstrap!" estimation methods are
used to find the parameters of a fourth order system with two inputs
and two outputs. The following equations of the system considered

are written in the A-canonical form developed in Chapters 2 and k4.

x(t+1) 'FAx(t) + GAu(t) + IAe(t) (6.8~1)

y(t) HAx(t) + DAu(t) +J'\1_/2e(t) (6.8-2)

where x(t) is the system state vector (n = 4), u is the control
vector (r =2) and e(t) is an independent random variable from
n(0, IE)'

The system parameters were selected to be representative of system
situations that might be encountered in practice. The derivation
began with the cross—coupling of two second-order continuous~time
systems with poles on the real axis (of the s-plane) at:-0.5, ~0.1,
~2.0 and ~0.4, Measurement noise was introduced and feedback loops
were added from the noise perturbed outputs, moving the system poles
80 Nqs N\, = 0.3 20.66 -and Apr Ay = -1.2 = 1.4,

For simulation purposes, the continuous-time feedback model was
made into a sampled-data model and transformed into the A-canonical

form shown in equation (6.8-~3).
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0.0 0.0 1.0 0.0
0.0 0.0 0.0 1.0
~0.6249  -0.0093  1.36240  0.0221
| 0.3107 -0.1406 ~0.28132  0.4587 |
" 3.0580  6.2h29 0.1021  0.6551"]
[ -1.4081  -6.4913 -0.6553  —0.4926
3 L, =
10 1748 5.5693 A -0.1164 0.4678
| =0.386k 1,943k | =0.0043 -0.2228 |
'rm,o 0.0 0.0 0.0 |
Hy =1 l
{ 0.0 1.0 0.0 0.0/
" 10.0 1.0 (1.0 0.6
D, = PN i (6.8-3)
| 1.0 10.0 ] 0.6 1.0

The equivalent vector difference equation of the above system is
obtained by carrying out the transformation procedures outlined in

Chapters 3 and 4. The vector difference equation is

Alz"Hy(t) = Bz Hu(t) + v(t) (6.8-k)

where, for later convenience, we may write v(t) in either form below:

) = oz A2t (6.8-5)

]

¢z Yelt) (6.8-6)
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For this problem, p =2 so that

-] - -2
alz™ ) = 12 +z Atz A2 (6.8-7)
B(z™) = B, + 2—131 + z"2132 (6.8-8)
oz A2 = (1, + 27, + 2Ry NP (6.8-9)
C'(z—q) = CY + z’qc% + z"zcé (6.8-10)

The problem is one of estimating the thirty~one parameters of the
above model (Cé 4 _/\l/z is symmotric). We assume that the order
is known (p = 2), the experiment is commenced from zero initial

conditions and there is no delay in the control terms.

6.8.2 Estimation Procedure

For comparison purposes, a series of experiments were carried
out in the following order:

(1) Operating data was simulated by running the state modeléfor
a total of 889 time intervals (from zero initial conditions). Control
excitation for the simulation was provided by 127 bit PRBS sequences
adjusted for zero mean and repeated seven times. Feedback was taken
from the fourth register of the PRBS generator for one input and from
the third register for the other. Thus the chain code produced for
one input in forward time was the same as the code produced for the
other input in reverse time. Preferred methods for which the cross-

correlation between channels is reduced are discussed in Chapter 7.
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(2) The "bootstrap" estimator was used to estimate the twenty
parameters of Az""Y and B(z™), The equations for the sequential
estimator in the multivariate case are given by (5.5~17) and (5.5-18)
in Subsection 5.5.4.

”~ VAN N\

The serial autocorrelations RV(O), Rv(ﬂ) and Rv(2) were
obtained by the methods described beginning equation (5.5-38) in
Subsection 5.5.4. From these, the matrix coefficients 6', 6& and ‘6é
were obtained by the method of moments set out in Subsection 4.3.3
exactly as for the example shown beginning with equation (4.3-46).
These led to estimates of C,, C, and..’\. .

(3) The MLE algorithm was provided with the estimate obtained
in (2) as the initial starting value. The purpose of this was to obtain
the value of the likelihood function for the parameters obtained by
the "bootstrap" method. Then the MLE method was required to improve
the estimate by minimizing the likelihood function. The Fletcher-
Powell algorithm was employed in this task.

Two problems were encountered in carrying out this plan. It was
found that the record length of 889 intervals was insufficient to pro-
vide estimates by the "bootstrap" method that could be used in the
simple control scheme to be described later. The controller was found
to be unstable. To solve this problem, it was sufficient to prime the
first "bootstrap" prediction with an estimate obtained from a previous
run. However, the covariance matrix was not altered at the same time;

thus the variance of the final estimate was conditional on the 889

samples only.,
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The other problem encountered was the effect of numerical round-—
off. We are warned (IBM 360 System Scientific Subroutine Package
Manual) that multiple regression in more than five variables can lead
to erroneous results if single precision arithmetic is used. The
problem here can be formulated as that of finding the parameters of

the regression model in ten variables

it

y(t) = 8L () + v(t) (6.8-11)

where -
y(£=1)

y(t-2) 7
u(t) (6.8-12)

u(t=1)

g (t)

u(t-2)

L -

The parameters found to be the most sensitive to round-off were
the autocorrelation coefficients RV(T) which were affected in the

third significant digit when computed by single precision arithmetic,

6.8.3 Observations and Discussion

A comparison of the parameters obtained by the MLE and "bootstrap!
estimators is given by Table 6.16 along with the true values. For
instance, the biased estimates obtained by conventional least squares
have also been displayed to indicate the necessity for estimating by
other means. The significant features in the table are summarized

as follows:
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Table 6.16 Comparison of Parameter Estimates for a Multivariate

System
| |
' Parameter Estimator Estimated | Standard
;Matrix Parameters Deviation
A1 True =1.,3624 =0,0221
0.2813 =0.4587
LSE ~1.0253 0.2994
0.5135 =0.1548
MLE =1.%272  0.0302 0.0465 0.0534
Q.277 -0, 600 0.0542 0.0532
"Bootstrap' —1.2591 0.0107 0.0264 0.0378
0.2037 -0,5384 0.02%0 0.0318
A, True 0.6249  0.0093
«0.3107 0.1406
LSE 0.4007 <0.0032
=0.4840 0.0874
MLE 0.5935 -0.00540 0.0309 0.0476
-0.3110 0.1393 0.0351 0.0312
""Bootstrap!" 0.6081 0.0015 0.0190 0.0227
0.3217 0.1272 0.0159 0.0190
B0 True 10,0000 1.0000
1.0000 10.0000
LSE 9.9449  1.0559
T.O1‘75 10.01%1
MLE 10,02+ 0.9890 0.5250 0.0720
1,03060  9.9793 0.51%0 0.0480
"Bootstrap" 9,9225 1.0224 0.0498 0.0489
1.0427 10,0073 0.0417 0.0412

e within one s.d. of true
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Parameter Estimator Estimated Standard

Matrix Parameters Devigtion
B1 True ~10.5881 L4.6591
0091*'65 -1007966
LSE ~6.8108 8.1297
3.6031{' "7«6182

MLE ~10.1332  5.1077 0.528 0.528

0.9317 ~10,08%1 0.55¢ 0.533

"Bootstrap" -10.4054  4.931 0.298 0.389

.9949 10,667 - 0.248 0,326
B, True 33,2977 ~2.0743
~1.8468  3.8850
ISE 1.6056 =~2.4159
-3,3526 2.6867

MLE 2.9409 -2.3185 0,532 0.767

1,861k  3,9157 0.476 0.500

"Bootstrap" 3.0668 -2.3127 0.194  0.4k47

-2,0167  3.6767 0.163  0.375
C1 True ~1.8171  0.9058
~0.2808 ~0,6140

MLE =1.9171  1.1425 0.340 0.356

-0.3155 -0.5E109 0.298 0.342
"Bootstrap" ~1.8207 0.9880
~0.2238 ~0.5588




Table 6,16 (Continued)
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(see text)

1.3668  1.,4000

Parameter Estimator BEstimated Standard
Matrix Parameters Deviation
C, True 0.6364 ~0.4115
0.0213 0,1288
MLE 0.5996 -0.4367 0.355 0.394
0.0677 0,0395 0.320 0.371
"Bootstrap" 0.7044 ~0.5418
0.0866 0.0266
2\ True 1.3600 1.2000
— = 1,2000  1.3600
MLE 1.3585 1.1950
1.1950 1.3533
"Bootstrap" 1.3611 11,2010
1.2010  1.3659
! "Bootstrap" 2.1226  1.3668
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(1) The estimates obtained by conventional least squares are
strongly biased.

(2) A1l the MIE estimates are within one standard deviation of
the true parameter.

(3) 17 out of 20 "hootstrap' estimates for parameters of
Mz and B(zT) are within one standard deviation of the true
parameter. All are within two standard deviations.

(4) The standard deviations calculated for the '"bootstrap'
method are smaller than for the MLE method. There is strong evidence
that this is a limitation imposed by the method employed for deter-
mining the matrix of partial second derivatives (that is, by using
the Fletcher-Powell algorithm in place of direct calculation of the
matrix). There are two reasons for stating this:

(a) The evidence of the simple experiment carried out in
Section 6.6 indicated that, in the main, the standard deviations
calculated by the Fletcher—-Powell algorithm were larger than those
calculated directly.

(b) The Fletcher-Powell routine terminated after 24t iterations
and 226 function evaluations when it found that the function values
were being affected by round-off errors. At least 28 iterations are
required to satisfy a quadratic search. In view of the low likelihood
function value achieved, it is doubtful that further searching would
have had significant effect on the parameters. A careful study of
the search points during convergence showed that in the last six itera-

tions, the dominant terms moved about .001 per cent while the smaller
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terms moved about .1 per cent; the function value fell from
2127.0577 to 2126.9687 but the elements on the diagonal of the
covariance matrix were reduced by factors in the order of 50 to
100 per cent! Hence, it is concluded that single precision com—
putation has limited the capsbility of the algorithm.

(5) The covariance matrix /\_ was calculated from the prediction
error sequence té*(t)?‘ using the parameters calculated by the
"bootstrap" method. The result is the last entry in Table 6.16. It
indicates that the estimate _;i,obtained by the method of moments
is optimistic; that is, the true variance of the prediction error
exceeds that calculated by fitting moments.

(6) The computing time expended to provide the data for Table
6.16 was divided as follows:

(a) Compilation and execution of the program to find ~ (i) the
parameter estimates of A(z™ ') and B(z™') by the LSE method (ii) the
parameter estimates of A(z—1) and B(z—1) by the "bootstrap'" method
(iii) the parameter estimates of C(z-q) by the method of moments

- took 2.3 minutes. The time to find the parameters by the MLE

method, starting with the solution obtained by the "bootstrap'!" method
took 20,6 minutes.

The (negative log) likelihood function L*(€) was evaluated for

the true parameters and for the parameters estimated by the two methods,

These are shown in Table 6.17 below.
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I
L*(e)

True Parameters | 2126.1
Parameters by
MILE Estimator 2126.9687
Parameters by
"Bootstrap" 2543.9190
Estimator |

Table 6.17 Comparison of Likelihood Values for MLE and "Bootstrap"
Estimators

From this comparison, it is clear that the MLE estimates are
close to the optimum values to minimize IL*(8). However, this improve-
ment over the "bootstrap" estimates required significant computing
effort.

It is an easy task to transform the vector difference equation
models in the input and output variables into the A-canonical form as
state-variable models. The equations of the system for simulation
were given in A—-canonical form at the beginning of this section.

The method of transformation was discussed in the stochastic case in
Section 4.4. In the following equation (6.8-13), we show the state-
variable model transformed from the model identified by MIE. This is
followed by the transformed model identified by the "bootstrap" method.

The observation matrix HA is fixed.
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Note that in transforming the models from the difference equation
description to the state-space description, the product of various
parameters is found a number of times in the procedure. Because all
the parameters are correlated with each other to some extent, (that is,
the covariance elements are nonzero) these operations must lead to biased
parameters in the state model. It would be interesting to simulate the
transformed model along with the difference equation model to ascertain
the extent of the bias.

To conclude this section, we note that:

(1) The MLE method has proven to be a powerful tool for the estima=
tion of the thirty~one parameters of a multivariate system. However,
the method has been demonstrated to be expensive in computing time.
(2) The "bootstrap" estimator has provided a quick but suboptimal
estimate of the parameters of a system when compared with the MLE
method. However, the solution may very well be adequate for the

estimation of parameters in real situations.

6.9 Regulation of a Multivariate Stochastic System

6.9.17 Minimum Variance Control of the Output
The multivariate form of the identity that leads to the minimum-~

variance predictor equation given in Section 6.4 is also

F(£+1) *(£+1) + 6 (2" Bz Hult+1)
+ Moz - Az Y Izy(6)

= e*(t+1) + yO>t+13 y(£), ees, u(t+1), ...)  (6.9-1)
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where yo(t+1)3 y(t), eo., w(t+1), ...) is the minimum mean square
prediction of y{t+1) given the observations y(t), y(t-1), ...,
u(t), u(t-1), ... and the control exercised at w(t+1). The variance

~1) and C(z-1) are

of the prediction error is . \_ if A(z—1), B(z
known perfectly. In the special case of B, = 0 and B, # 0,
the prediction equation yo(t+1; eos) 1is conditional only on

observations and controls up to time t. We observe (in the manner

of Astrom et al. for the scalar observation case [18]) that
E[y(t+’l)yT(t+’l)J = _/\_ (6.9-2)
for the minimum variance controlling equation
Bz Du(t+1) = (a,(z7) = 0 (=7 D)y(E)

# (a0 = 0,057 ) )y(em)

+ <Ap<z”‘> - cp<z">>y<t-p+1) (6.9-3)

The above equation for the controller is the equation of a dynamical

system of the form
B(z-1)u(t+1) =fi1(z”1)y(t) (6.9-L)

which is physically realizable only if equation (6.9~4) is stable.
It is not stable if zeros of B(z"1) are outside the unit circle
(corresponding to a nonminimum phase system). Hence the minimum vari-
ance controller derived above is suited only to a subclass of minimum

phase systems.
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6.9.2 An Example
Let us consider the problem of regulating the system discussed

in the last section. The theoretical controller equation is

Bou(t+1) + Bqu(t) + Bau(t-1) = (A1 - 01)y(t) + (A2 - Ca)y(t-1)
(6.9-5)
which has to be solved for u(t+1). In this example, it is particularly

convenient that B, 1s nonsingular. Then we can check the stability

0
N Fa et
of equation (6.9-5) with the estimates By, B, and B, by deter~

mining the eigenvalues of the matrix

0 I, ‘
&= g -1 (6.9-6)
I 0 1

This method of checking the stability of vector difference equations
was discussed in Subsection 5.4.5.

For the parameters estimated by the "bootstrap" method, it was
found that the eigenvalues of FB were within the unit ecircle. Thus
the controller appeared practical.

The system equations were simulated on the computer excited by
noise with the same variance as that used when estimating the para-

meters of the system. However, no attempt was made to make the noise

sequence zero mean. The controller equation obtained from (6.9-5)

w(b+1) = B'IB,u(t) + Bu(b-1) + (G =a)y(8) + (Coma)y(-1)]
(6.9-7)

was operated with the true parameters. It was demonstrated that
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the deviation of both outputs at every time instance was the same
(to more than three significant figures) as the theoretical minimum

prediction and control error. That is, at every t
y(t) = e*(t) (6.9-8)

Then the controller was operated with the parameters obtained
by the "bootstrap" estimator and tabulated in the last section. 1In
Figure 6.5, one of the two outputs of the system regulated by the
controller with estimated parameters is compared with the theoretical
minimum control error. It can be seen that the performance is
remarkably good. However, after operation in the order of one hundred
time intervals, it was observed that the tracking performance had
deteriorated. The following analysis explains this observation.

For simplicity, let us assume that B(z—q) has an inverse. The

system equation is
Az Dy(e) = BT Hult) + oz De*(t) (6.9-9)
The control equation
w(t) = B2 HIAGZT) - 6z yIy(s) (6.9-10)

is a function of y(t-1), y(t-2) ... but not of y(t) because Im
is the first term of both polynomials A(z-q) and C(z’q)° Hence

we may combine (6,9~10) with 6.9=9) and obtain

Az - Bz~ YE (DAY = 8 T09(8) = oz Mer(t)

(6:,9=11)
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Clearly, if the estimates are exact, equation (6.9-11) reduces to

the desired relation
y(t) = e*(t) (6.9-12)

Otherwise, equation (6.9-11) is the equation of a dynamical
system. There is no guarantee that equation (6.9-11) is even stable!
Analysis of this equation is difficult, because both the system
equation and the controller equation are fourth order.

It was observed that over several runs, the system behaved like
a random walk, the direction of drift being unpredictable.

To test the hypothesis that the closed loop stochastic system
was operating as if it had a pole near the origin (in the s=plane),
the impulse response of the homogeneous part of equation (6.9~11) was

found by two simulation experiments. The factor C(z-1)e*(t) on

the right was replaced by the term p(1) = i 1goi for the first
experiment and p(1) = {180 i for the second. The first experi-

ment dominated the results. It showed that the response of each
output could be fitted approximately by the response to a pole at
about ~0.1 in the s~plane.

The engineering solution proposed for this problem was to restore
the nominal operating point of the output to zeroc by integral-type
feedback. A moving average over the past 30 samples, fed back from
each output to the input, restored the tracking performance.

The cenclusion is that in a real control situation where the



258,

control algorithm used in the above incorporates estimates of the
parameters of the system, the controller has to be supplemented by
a reset actuator if it is required to regulate about a set point.

This is well known in practice.

6.9.3 State Control

In Section 6.8, it was demonstrated that state-variable models
in the A-canonical form can be constructed from the difference equation
models derived by the estimating schemes discussed earlier. The

state-variable system can be written with e*(t) as follows:

x(t+1) FAx(t) + GAu(t) + IZe*(t) (6.9~13)

y(t) Hyx(t) + DAu(t) + e*(t) (6.9-14)

But an estimate of the prediction error e*(t) can be obtained at
every observation instant. Therefore an estimate of the next state
can be made after every observation. The procedure is simply:

(1) Assume x(t) is known.
(2) e*(t) = y(t) - Hyx(t) - Du(t)

(3) Calculate =x(t+1) by equation (6.9-13) and repeat.

The expectation of the state of this model is related by a
linear transform to the expectation of the state of the system
modelled.

The state-variable model here does not supply any more informa-

tion than can be obtained from the vector difference equation. However,
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it may be more convenient to design a controller with this model
than with the vector difference equation model.

For example, a controller based on the solution of the steady
state Ricatti-equation can be designed to minimize some integral
criterion based on costing both control and deviation of the state
from some target value. When used as a regulator, such a controller
should also cost the integral of the deviation of the state from the
set point to avoid the "drift" situation encountered in the last
example.

The important point here is that by employing either the state~
variable model or the vector difference equation model, the parameters
of which have been estimated by fitting the model to input and
output data, the minimum variance prediction error e*(t) can be
obtained. The design of a controller using this information adds new
problems of stability, etc. which extend beyond the scope of this

thesis.
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CHAPTER 7

DISCUSSION AND EXTENSIONS

7.1 Introduction

In this final chapter, we shall briefly summarize the contribu—
tions of this thesis and indicate areas of engineering application.
We shall also point out some of the main difficulties in identifying
systems ana briefly indicate how to counter them. Finally, we shall

suggest directions of extended research.

7.2 Canonical Forms of Deterministic Systems

In this thesis, the A-canonical form has been developed to add to the
list of canonical forms of a state-—space description. Each has its
use; they are complementary to each other:
(1) Jordan form [25]:- displays system eigenvalues (real and complex,
including repeated roots) along the diagonal of the system matrix F.
- useful for stability analysis
(2) Companion form [4]:- displays the characteristic polynomial of
the system matrix TF in -the bottom row of F.
- useful for system simulation and analysis.
(3) Multivariate forms due to Luenberger [10] or Luenberger and
Anderson [11], (also Section 2.5.1):

-~ system decomposed into a series of couwpled subsystems, each in
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companion form
-~ useful for designing feedback configurations[11].

(&) A-canonical form:—- provides a direct means of transforming a
state—space description ¥ (F, G, H) into a scalar or vector
differential (or difference) equation description I D(E, B)
~ provides a direct means of synthesizing a state-space des—

cription & (F, G, H) from a description L D

It is easy to lose sight of the fact that the A~canonical form and
its assoclated transforms are not limited to multivariate system
analysis. We recall that for the case of single outputs, each matrix

coefficient is simply a scalar.

7.3 Stochastic Models

7.3.71 Generalizing the Models
Two new, multivariate stochastic models have been derived in

this thesisj the difference equation model (the ZDs descriptiop)
-~ ~1 -
Ay = 3 ue) + o N et (7.3-1)

and its counterpart, the ZsA description which was given by

equations (4.4-3) and (4.4-L4)., The important feature of these

models is the combination of the noise sources into one vector process.
That is, the noise process vq(t) that excited the system states and
the measurement noise va(t) were combined into one stochastic process

in Chapter 4.
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To cope with transport delays and nonzero mean processes that are
to be anticipated in practice, the difference equation model can be

made more general by the following additions:

A=y = 2B ue) + oY AY e +u (7.3-2)

-K

where =z represents a delay as a multiple of the sampling period
because of transport lag. The m~vector e is an offset term. The
addition of these factors does not affect any of the results reported
earlier; 1t simply makes the model more general for use in real

situations. Similar extensions can be added to the state model.

7.3.2 Applications of the Models

It has been shown that the stochastic models are suitable for
output prediction and output control. We have also demonstrated that
the parameters of these models can be estimated for the same purposes.
An important?z;fthat for control purposes, the models provide informa-
tion suitable for feedforward as well as feedback control when correlated
disturbances are encountered.

We believe that a single output form of the ¥ Ds description
shown in equation (7.3-2) has been used to model part of the process
of kraft paper making at the Billerud Company in Sweden for a number
of years [69]. The control requirement is the regulation of basis
welght of the paper within certain narrow limits. With the introduc-

tion of a multivariate model, which is a generalizatian of the single

output model, it would be possible to simultaneously predict amd control
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other output variables which interact with basis weight (such as
moisture control).

The use of the ZDs description is not limited to control
situations. In Chapter 5, it was shown that by setting various
matrix coefficients to zero, the egquations can be used to model multi-
variate autoregressive series, moving average processes and combined
mixed auvtoregressive moving average processes that arise in time
series analysis. In their comprehensive series of technical reports
(including [23] and [33] which we referenced previously), Box and
Jenkins give a number of examples of interesting time series such as
stock market trends, weekly business or sales results, etc. The

)X description for m = 1 (single output) is essentially the same

Ds
as the difference equation models that they have considered. Hence,

we suggest that the multivariate stochastic models may have applica~-

tion in broader problems in business and economic forecasting.

7.4 Multivariate System Identification

7.4.1 The Problem of Choosing a Linear Structure

In the first chapter, when introducing the subject, we subdivided
the identification problem into two phases:

(1) the choice of a model structure

(2) the estimation of the parameters of the structure.
Only the latter phase has been considered in detail. We are concerned

only with linear models for the former.
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In Section 6.7, we demonstrated how to choose the order of the
model in the simple case of a single output. In the general case,
the problem of selecting a structure is much more difficult. The
problem involves:

(1) Choosing p, the order of the vector difference equation.
(2) Choosing k, the exponent of the delay term.
(3) Choosing n (the order of the system matrix F).

For example, consider a system with:

(a) +two inputs, r =2

(b) two outputs, m =2

(c) three states, n=3
We should be prepared to compare the following models:

(1) n=2, p=1 so that the homogeneous term

A= Dy(e) = y(e) + A y(e-1) (7.4=1)
(2) n=3, p=2 so that either
AGETF(E) = y(8) + A1) + Ay, (t-2)

"

or y(t) + A,ly(t-'l) + Aéya(t—z) (7.4-2)

1
where A2 or A2 are 2 x 1.

(3) We carry on until we are convinced that the estimated sequence
of residuals 'i@*(tI} is uncorrelated and that the likelihood function

I*(8) is minimized. In addition, we should also test for delayed

versions of the input sequence be altering the exponent k.
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Clearly, the problem of finding the structure of a system (and
a linear system at that) is time consuming. There is considerable
scope for ingenuity in simplifying the search. Note, however, that
this problem is common to the identification of single output systems

also.

7.4.2 Simplifications

Recently, Briggs and Williams have demonstrated a method for the
simultaneous determination of the cross~correlations from several
inputs to the output of a system as an application of modified pseudo-
random binary sequences [70]. For our application, the most feasible
method of determining the delay exponent k is to study the first few
terms of the cross-correlations. No additional measurements are needed
because the input excitation requirements for cross-correlations by
the above method and parameter estimation by the methods of this thesis
are the same. In fact, the input sequences devised by Briggs and
Williams are superior to the sequences used by the author in the
example of Section 6.8 because the cross-correlation between the inputs
is bound to be lower for the former than for the latter.

The following method of determining the order p of a multivariate
system model is suggested as a topic of further research. Suppose that
we Tit the following two models by regression methods (using the
"oootstrap! estimator, for example) to a long record of output obser-

vations obtained from a system that can be described by a model of

order pt
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Model (1) of order p is A(z"Dy(t) = v(#) (7.4-3)

Model (2) of order q~ p is 31(2—1)y(t) = v'(t) (7.4~1)

It A(z—q) is exact, there are no more than p nonzero auto—
correlation terms RV(O), Rv(1) coo Rv(p), Now consider the following

operations on equation (7.4-2).

AN E Ny 2w W)
= v(t)
= oz Me*(t) (7.4-5)
Hence  v'(t) = (((z" A (=" Moz ex () (7.54-6)

which, for an infinitely long record, has an infinite number of terms,
although C(z—1)e*(t) has no more than p terms. Hence, there will
be more than q nonzero autocorrelation terms.

The questions to consider are:

_1)

(1) Under what circumstances, if any, are poles of A—q(z
annihilated by zeros of Cz(z_1) and C(z—q) in (7.4-6)2
(2) Under what circumstanced can we reject the hypothesis that
model (2) is the correct model? (The likely hypothesis will be
based on tests of the autocorrelation coefficients Rv,(T) for
T = g.)

For example, suppose that we fit the first order process

Az D) = e*(t) (7.4=7)
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vt (t) (7.4-8)

i

by the model y(t)

Az Nex () (7.4-9)

il

Then vi(t)

which has nonzero autocorrelation coefficients Rv'(T) for = 1.

Hence we reject the model.

7.4.3 Spectral Factorization

In this thesis,the problem of finding the coefficients Cq, C2’
cea Cp and _/\1/2 of the process C(z—1)e*(t) was solved by moment
fitting (see Subsection 4.3.3). The drawback of this method is that
an "unstable" solution can be obtained. Hence, as a research topic,
the methods of spectral factorization recently considered by Ho and
Kalman [57] and by Anderson [60, 61] are worthy of investigation.

The problem is: given the function (from Subsection 4.3.3)

e

®R(z) & c)act(z™h (4.3-35)

find C(z—q) and /A _. There is a distinct possibility that the
solution proposed by Ho and Kalman that employs a solution to the

Riccati equation can be extended to the multivariate case.

7.4.4 Estimation of the Parameters of the Z}s Description
As a direct result of the derivation of the ZIS description

in the form

x(t+1) Fx(t) + Gu(t) + T e*(t) (7.4-10)

I

i

y(t) Hx(t) + Du(t) + e*(t) (7..4=11)
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We propose as a new research problem, the estimation of the parameters
of the above model by MLE methods. It will be necessary to assume a
suitable canonical form. Then the equations to generate the error
sequence '{e*(t)}‘ for a given set of parameters & are:

(1) Assume x(t) is known. (It may be convenient to assume
x(0) = oO.

(2) Calculate e*(t) = y(t) - Hx(%) - Du(t) (7.4-12)

(3) Calculate

x(t+1) = (F - TH)x(t) +(B -~ ID)u(t) + Iy(t) (7.4=13)

and repeat from (1).
The (negative log) likelihood function defined for this

problem is exactly the same as that formulated in Section 5.6.

N
10 = Din(zn) + F [ Adse 5 £ Tty AT lex(t)

t=1
(5.6-71)
The method of minimizing I*(@) is essentially the same as that
explained in Section 5.6. The main problem is to assume a suitable
canonical form. In this regard, a form in which H = [Im 0] is of
some advantage because it minimizes the number of elements in equation

(7.4-13) that appear as products of system parameters. For example,

if D = 0, then equation (7.4-13) is simply
x(¢41) = [F - 2T 0JIx(t) + Bu(t) + Iy(t) (7.4=11)

Hence, when we differentiate x(t+1) with respect to any parameter
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of the system in this special case, the resulting function is
independent of other system parameters.
An effective solution to the above problem would be of significant

assistance in the identification of multivariate linear systems.
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