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Summary _

In this thesis some problems concerned with reinforced holes in
cylindrical and spherical shells are considered. The flat plat.
theories are inadequate in describing the stress distributions around
holes in shells and this thesis presents a method of applying shallow
shell theory to such problems. Though only two types of shells are
considered, the results are applicable to cases where the local struc-
ture can be assumed to be a cylinder or a sphere.

Firstly, the case of a reinforced circular hole in a cylindri-
cal shell is investigaFed. This problem is'representative of a window
in a fuselage shell. The analysis is carried out using shallow shell
theory with the assumption that the reinforcement is a compact bead of
constant crosé-section having finite extensional, bending and torsional
rigidities. In the case of pressure loading the hole is assumzsd to be
covered by a diaphragm which allows the hole edge to deflect and rotate,
the pressure force being communicated to the shell as a Suilably - dis-
tributed shear around the hole edge. It is shown that it is possible
to find an optimum reinforcement for a given set of dimensions des-
cribing the cut-out, and the cylinder. The theory proposed gives good
results for the shell and reinforcement stresses as shown by comparison
with the experimental results obtained from tests on an aluminium alloy
cylinder with a reinforced circular hole, under torsion.

There are cases when the reinforcement has to be flush with the
outer surface of a shell for aerodynamié or other reasons. In such a
.Case the shear centre of the reinforcement cross-section does not lie
on the shell middle surface which causes coupling between the bending
and membrane stresses. It is found that this moscly leads to an in-
crease in the principal stresses as compared with a symmetric reinforce-

ment tor pressure loading.
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It is very often advantageous to use hole shapes other than circu-
lar. In order to solve such problems,a conformal mapbing technique is
used. Though the method is applied to only two shapes, ellipée and
a square with rounded corners, it is applicable to holes of any shape
provided there are no sharp corners. In the anaTysfs, only first-
order effects due to the gfven hole shape being different-frpm a-circle,
are considered.

The next problem considered is that of a feinforced circular hole
in a spherical shell under pressure. The snell is assumed to be
shallow and the reinforcement is assumed to be a compact bead, with
bending rigidify. In this case it is. possible to find a neutral hole,
i.e. a hole so reinforced to leave the stress distribution in the shell
undisturbed. The reinforcement required is the same as for a flat
plate under uniform tension. The case when the reinforcement is flush
with either inside or outside of the shell is considered which showed
that the stresses always increased with eccéntricity.

Throughout the thesis an attempt has been made to develop and use
methods of analysis which are applicable to real situations, mainly
because all previous work on reinforced holes was restricted to a small
curvature parameter quite unrepresentative of typical aircraft and
pressure vessel configurations. Al8o in Uhe Case of veinlorcead Circular
conel QK,LL\;UECQ_\, holes Am Cylindriced Shells, Do idealisalions clescyipinmg Gre

Eramsyer of pressore load c\ckf'r\a on bhe Cutoul \DOYLTOK (6 Gre Shell one
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INTRODUCTION -

In general cut-outs are introduced fnto aircraft and spacecraft
structures in order to facilitate access or visibility. As these
cut-outs weaken the structure, reinforcement is necessary to reduce
the stress concentrations. Te find an optimum reinforcement to

‘reduce the stresses to given limits is the problem faced by engineers
in general. An aeronautiéal engineer has the additional problem of
reducing the weight of reinforcement to low values even if it means |
a small increase in stresses consistent with the requirements.

The typical cut-outs in an aircraft are windows, doors, and
canopy, and the designer's problem is to contain the rise in stress
level due to these discontinuities. The ideal would be to have a
window frame of such a shape and section as to leave the stresses
outsiae the frame unaltered. A hole with this kind of reinforcement
is referred to as a '"Neutral Hole' (1). In practice, however, even
if one can make a hole neutral in the structure it is found that the
reinforcement required is too heavy. The theory of neutral holes
has been considered by Mansfield (1) and by Gurney (2) for flat plates.
Mansfield afrives at the conclusion that a circular hole is the
neutral hole for a flat plate in an axisymmetrical stress field and
an elliptical hole for a plate subjected to a biaxial stress system
of uﬁequal principal stresses with the same sign.

It was hitherto assumed that flat plate theory could be used for
solving problems connected with very shallow shells without causing
much error in the estimation of stresses. As one can see, the
application of flat plate theory to a shell is not truly representa-
tive of the actual conditions obtained in a shell since the bending

stresses and the curvature effects on the membrane stresses are
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ignored. In fact the neglect of the effeét of curvature is shown
theoretica]ly’fo lead to errors of large magnitude by Lurie (35vand
Vandyke (&4) amongst others (5), (6), (7) and (8).  Experiments
conducted by Houghton and Rothwell (9), Jessop et al. (10), Riéhards
(11) and Durelli et al. (12) have shown the significant differences
in stresses between the flat plate and the shell. In some cases
the bending stresses are of the same order as the membrane stresses
and flat plate theory assumes zero bending stresses.

Experimental studies of the state of stress iﬁ shells around
holes with sufficiently smooth ccntours show that the perturbation
in the state of stress around the hole in a shell has a local
character and the perturbations die away rapidly with the distance
from the hole. This has been shown'by Savin (13) who concludes that
the entire perturbed zone lies within an ellipse wifh semi-axes ''a’
and 'b' (a =1.5d, b =4d) in the case of a cylinder under pressure
and tension. In the case of a sphere this perturbed region lies
inside a circle of radius r = 1.5 d, 'd' being the diameter of the
hole. So it is reasonable to assume that the influence of one hole
on neighbouring holes is negligible as long as the distance between
their centres‘is more than '3d'.  This has been shown theoretically
(14) tohbe true for a flat plate and the experiments conducted by
Ddrelli et al. (15) do show that there is no interaction between the
stress distributions in the neighbouring bays of a ribbed cylindrical
shell.

One can optimise a structure if one has a clear picture of the
structural behaviouf of the individual components. Williams (16)
proves that it is worthwhile to optimise the construction of a fuse-
lage, which is of interest to us, by considering a typical example of‘

a fuselage cabin. In the cabin with a main section 10 ft in diameter
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and walls of 20 gauge (0.036'"), the maximum stress is that associated
with the hoop tension in the main sectioﬁ of 16,600 psi (approximately)
for an internal operating pressure of 10 psi. For an ultimate stress
in the sheet of 60,000 1b/in? the iheoretical maximum pressure is
therefore 36 Ib/in?2.  The introduction of a multiplicity of discon-
tinuities must ineQitably weaken the structure, but the maintenance,
by good design, of a failing pressure of 30 1b/in? would not appear
an unreasonable target to aim at, in spite of discontinuitfes.
Suppose the figure achieved actually is 20 1b/in2, the outcome is,
that for the latter figure, the cabin is loaded to half its ultimate
load at every flight, whereas for the target figure it is loaded only
to one-third of its ultimate. Having regard to the shape of S$-N curve,
the value of such a reduction in the ratio of the working load to the
ultimate load is obvious, increasing the working life some ten-fold.
Also 1t is clear that a design, using a sheet thickness appropriate to
the maximum stress existing would be inefficient in terms of the struc-
tural weight. (See Appendix I.) The edge reinforcement around win-
dows and doors is . reasonable way of bringing the local high
stresses to permissible levels. At the same time caution should be
exercised not to overstiffen the hole ;egion as it is shown that this
defeats its objective by actually increasing the stresses in the sheet.
Richards (11) constructs a neutral hole for pressurised cylinder
(17) and obtainssignificant stress concentrations. He goes further
and shows that a circular hole with constant area reinforcement around,
“has the same performance as the neutral hole but the validity of these
results is questionable since the bending stresses are 25% of the mem-
brane stresses even at distances 'Ga' (a is radius of hole) from the
centre of the hole; Some other unsatisfactory tests have been con-
ducted by Houghton and Rothwell (41) who incorrectly resist the pres-

sure load over the hole by external means.
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All this leads us fo search for an analysis whidﬁ takes into
account the effeﬁts not considered in flat plate theory. Among the
various methods of solution to this problem are the analytical anproach
and the matrix displacement method. The types of element required for
problems of this type for using matrix displacement method, has recently
been proposed by Argyris (18) and (19), (CUBA and SHEBA elements). A
representation of a shell by polyhedron surfacesmay lead to serious
errors especially in the presence of pronounced bending effects. In
order to obviate this difficulty the SHEBA family of shell elements,
for the matrix aisplacement method, take into account the curvature
effects. In this thesis the method employed is analytical in nature,
starting with the shallow shell equations. The boundary conditions
are satisfied by collocation technique.

The flat plate theories are inadequate in describing the stress
distribution around holes in shells and this thesis presents a method
of applying shallow‘shell theory to such problems. Attempts made so
far on reinforced holes in shells consider values of the curvature
parameter B << 1 (44) which are quite unrepresentative of typical air-
craft or pressure vessel configurations. Even in the case of unrein-
forced holes, the solutions were restricted to B << | (42) and in some
cases (46) boundary conditions on moment and norma]ishear were not
satisfied. By considering values of B << 1, it was concluded (42)
that for tension loading shell stresses differ very little from flat
plate solutions. It can be seen (43) that this conclusion is not
Mcorrect for pressure loading. Throughout this thesis an attempt has
been made to develop and use methods of analysis which are applicable
to real situations (i.e. B8 > 1).

Any loading on the region around a window in an aircraft fuselage

can be obtained as a superposition of three basic loadings, tension,



pressure and torsion. Also the usual shape of window is cifcular,
elliptical or a square with rounded corners. A spherical shell that
one comes across in spacecraft structures is generally subjected to
pressure loading and the cut outs are circular in shape. All these
cases have been considered in this thesis.

In the first éhapter the problem of a reinforced hole in a cylin-
drical shell is considered. Firstly the results of Vandyke (4) have
been extended for values of ‘B! up to 7, for the case of an unrein-
forced hole. Theoretical estimates are made for a reinforced circular
hole in a cylindrical shell under torsion in order to compare with ex-
perimental results obtained by Rothwell (20). It is shown that an
optimum reinforcement can be found for a given value of 8 for pressure
loading. As the number of parameters that can be varied is large, it
is a formidable task to try to optimise and hence this is done only
for the important pressure loading case. Cases do arise when it is
preferable to make the outside of reinforcing ring lTie flush with the
outside of the shell skin for aerodynamic or other reasons. Results
have been obtained to show the penalty of attaching the reinforcement
eccentrically.

The second chapter deals with holes of shapes other than circular
in a cylindrical shell subjected to'pressure 1nading. Though the
method employed is general, application is made to two specific cases,
the hole shapes being an ellipse and a square with rounded corners.
The reinforcement is assumed to be a compact bead with the shear
centre of its cross-sectien lying in the shell middle surface.

The third chapter deals with a reinforced circular hole in a
spherical shell under préssure. The theory is given for both sym-
metric and eccentric reinforcements. Experimental results obtained
by Houghton and Rotthll (9) for an unreinforced circular hole agree

well with theory proposed.



Though this thesis deals with two types of shells, the results
are applicable to many cases where the local structure.can be assumed
to be either a shallow cylinder or a shallow sphere. This excludes,
of course, stru;tures with negative Gaussian curvature-liké’the cool-
ing towers or toroidal shells,.

All the compdtations leading to the results in this thesis were
carried out on the University of London Computer 'ATLAS' using EXCHLF

autocode. Throughout this thesis the value of v is taken as %-.



CHAPTER I -

CYLINDRICAL SHELL WITH A REINFORCED CIRCULAR HOLE

1.1: ‘Introduction:-

In this chapter stresses due to the presence of a reinforced
circular hole in a cylindrical shell, subjected to prescribed loads
away from the hole, are obtained by the use of collocationtechnique.
The reinforcement is taken to be a compact bead placed around the
inside of the hole and the shell is assumed to be shallow. A
shallow, cylindrical shell may be described as a shell whose ratio
~of rise to base length is small; which implies that its circumfer-
ential dimension is small compared with its radius of curvafure.

By limiting the ratio of the hole radius to the radius of curvature,
%—, the effects of the hole méy be confined to an area which is within
a small radial distance from the hole; this region of the shell may
be considered as a shallow shell. The shell configuration is shown
in fig. 1. The formulation has been done for the general case when
the shear centre of the reinforcement cross-section does not lie in
the shell middle surface. The symmetric reinforcement case is a
particular case of this general formulation.

The application of edge reinforcement to holes in flat plates
started as early as 1924 when Timoshenko (21) obtained an approxi-
mate solution of the problem by usfng the theory of curved bars.
Gurney (2) attempted to find the optimum reinforcement of constant
cross-section to make the hole neutral for a giQen loading. The
theory developed by him indicates that as the size of the ring is
increased, the maximum circumferential stress at the hole decreases,
and that thevhaximum shear stress in the sheet near the hole in-

creases. Hence it is not possible, using a uniform ring, for both.
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these stress concentrations to be rédueedrsimultaneousiy but it is
possible to fiﬁd an optimum reinfocement by compromising between the
direct and shear stress concentrations. He also concludes that
neutrality can be obtained only under special conditions.:

Reissner énd Morduchow (22) treated the problem of reinforced
circular holes in plane sheets by permitting variations of the sec-
tional area. Gurney (2) expresses the stress distribution in the
sheet and the reinfcrcement by means of Airy's stress functions, the
constants in which are evaluated by satisfying the boundary condi-
tions. The approach used by Reissner (22) is different in that the
reinforcement is a curved beam having exteQ§ional and behding
rigidity.

Mansfield (1), (23), assuming the reinforcement to be a compact
bead capable of carrying only tension, shows that for a given loading
of the sheet it is possible to find the shape of the hole and the
reinforcement which leaves the stress distribution unaltered every-
where in the sheet. He has discussed the design of neutral holes
in pressurised shells (17) and shows that for a developable surface
the neutral hole corresponds to that in the developed sheet. (These
have been restudied more recently in (24) and (25).)

The case of an unreinforced circular hole in a cylindrica?;i;s
first considered by Lurie (3). He cbtained a perturbation solu-
tion, the results being valid for small values of the curvature para-
meter R2 ='%%E-[12(1-v2)]]/2. The shallow shell equations are
solved exactly, expressing the solution in terms of the Hankel func-
tions of the first kind, and of Krylov functions. Each of these
functions are expanded in powers of 'B' retaining terms of the order
of 'g2'.  The boundary conditions on the direct stress, shear stress,

bending moment and Kirchoff shear are satisfied which leads to the

- solution of the unknowns assumed in the series solution.
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Shevliakov and Zigel (7), using a perturbation method §imf]ar
to that used by Lurie obtained a solution for the problem of a cylin-
drical shell with a circular hole for small values of 'B' (corres-
ponding to torsion loading). The first extension of these results
for larger, mofe practical values of '8' was made by Withum (8) for
a cylinder under torsion. Values of '8' up to 2 were considered.

Lekkerkerker (5) expands the exponential functions in the exact
sotution of shallow cylindrical shell equations as a Fourier series
involving Bessel functicons and applying a numerical procedure obtains
solutions for B up to 2.8, for tension and torsion loading cases.
Each term in the Fourier series solution satisfied the hole.boundary
conditions. Experiments conducted by him on a steel cylinder for
Y28 = 1 showed good agreement with the_thgoretical estimates for tor-
sion loading case.

Eringen and his coworkers (6) use a numerical procedure similar
to that of Lekkerker (5), but the boundary coﬁditions are satisfied
by a éollocation‘technique. Values of 'g8' up to 1.75 are conéidered
for tension, torsion and pressure loading cases.

Vandyke (4) using the exact solution and using collocation pro-
cedure for satisfy}ng the boundary conditions exten&ed the solution
up to 8 = 4 for tension, torsion and pressure loading cases. The
series solution is terminated when an increase in the.number of
terms does not alter the stress values. = In fact the method suggested
by Vandyke now seems to be applicable to all values of B, the only
limitation being shallowness of the shell and the restriction that
the déflections are not large.

For practical values of B (8>1), no theoretical work on rein-
forced circular holes in cylindrical shells seems to have been pub-
lished. This is so in the case of reinforced holes of arbitrary

shape also.
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 The assumptioﬁ that the hole reinforcement is a compact bead is
a limitation (27) in the case of aircraft fuselages where windows
and doors 'may have complex . cross-sections to accommodate seals.
However in this thesis the reinforcement is still idealised as a com-

pact‘bead possessing flexural, torsional and extensional rigidities.

1.2 Formulation of the problem

The equations which govern the behaviour of a thin shalliow shell
were obtained in the non-linear form by Marguerre (28). For the

cylindrical geometry the iinearised form of the equations become

]

bt 2 1 P
Viw' + e Fooo : (1.2.1)
. Ect
| I 1 =
and VHF = W 0 (1.2.2)

These equations can be obtained by using Donnell's approximations
(26) for shallow shells. (See Appendix 11.) It is assumed that
the shell although shallow is not so shallow that the curvature due
to deformation becomes as significant as the.original curvature.
If this were so then the edge effects around the hole would be con-
fined to a boundary layer in which the non-linear equations woﬁ]d
not be tractable in simple form (29). The sign convention for
stress resultants and stress couples is shown in figure 2.

For the purpose of non-dimensionalising the stress resultants,
a reference stress, Nref’ is chosen as the applied stress away from
the hole in the case of tension and torsion loadings and hoop stress

in the case of pressure loading.

Defining F F'/a2Nre

f

w'.Est2
w = (1.2.3)

aZNFeF[IZ(I-vZ)]]/z
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the two differential equations (1.2.1) and (1.2.2) can be combined inte

a single complex differential equation

Y 8ia2 = 9a2 SR
V¢+IB¢,£E 8s \IZ)

where the right-hénd side exists for pressure loading and is zero for

- other cases of leoading,
and ¢ =w - iF.

The effect of a hole in a shell is shown by Savin (13) to be con-
fined to a local region around the hole. The stress function and nor-

mal deflection may therefore be written as,
F = F+Ff ;3 w = W+ wt (1.2.5)

where F and w are prescribed values of F and w away from the hole in
which region F* and w* vanish.

=, . g2, n? :

F is given by n2/2; &n; and > + 3 for tension, torsion and pres-
sure loading cases respectively.

Then the residual problem reduces to a homogeneous equation for

all loadings and is given by,
" 8‘ " 0 ]'2.6

where ¢* = w* - iF* and tends to zero away from the hole.

1.3 The solution to the differential equation:

Equation (1.2.6) can be put in the cperational form as,

L]L % = 0 (1.3.1)
, _ é ) o
where L] [v .2(] l)@ag]
= 2 .'.\'.?_
and L, [vZ + 2(1 ')@ag] (1.3.2)
aner are commutative,

As the operators L

1 2
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¢7\' = ¢]:‘: + 4)27'\‘

where | CLE = 0 5 Lpy =0 | (1.3.3)
Choosing the form ¢]* e(]-i)sgwl(i,n)
¢2 = e-(]-i)sng(i,n) (1.3.%)

we find that the functions w] and wz must both satisfy the equation,
v2y + 2iB82y = O (1.3.5)

Equation (1.3.5) can be solved by separating the variables and assuming
that ¢ = f](r) g?z (no) - (1.3.6)
The problems concerned with tension and pressure loadings are
symmetric in £ and n whereas for torsion loading the problem is anti-

symmetric. It can be seen that in both cases it is sufficient to
satisfy the boundary conditions in a quadrant of the circular hole.

It is convenient to form Krylov functions (3) which are symmetric and

antisymmetric in £ as follows,

(, -iE,) [(1-1se , -(-ieey )

[l

]

(E5-TE,) [e{1-1)8e _ e"(?'i)3€1(1+i)/4 (1.3.7)

For problems which are symmetrical in £ and n (1.3.6) takes the

form

oy = E CDH; (Brv21) cos no + E DnHﬁ(erZI) cos nb

in which the part containing the Hankel functions of the second kind
should be discarded as they grow larger with the argument. Also,
Hin (8rv2i) = &' H; (8rv2i), and Cn and Dn are complex constants.

Hence the solution to a problem symmetrical in £ and n is,
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o% = (E‘fiEz) E (An + iBn) H;(Br¢57) cos né
0,2,..

o . . . 1 T i

+ (E3 IEA) E \An + :Bn) Hn(sr/iT) cos né (1.3.8)
1,3,..

where the unknown real coefficients An and Bn are to be determined.

For antisymmetrical problems ‘cos n6' terms must be replaced by

'sin n8' and the even summation started at 2.

Applicability of present theory is discussed in Appendix XII.

1.4 Formualtion of the boundary conditions

Reissner and Morduchow (22) and Mansfield (1) considered the pro-
blem of a reinforced hole in a plane sheet and concluded that for com-
pact beads the bending rigidity of reinforcement could be neglected.
Mansfield considers the problem of a typical reinforced circular hole
in a flat plate subjected to uniform stress away from the hole and
shows that the energy stored in bending is only 1% of the extensional
energy. This is so even for a reinforced elliptical hole, though the
ratio of the bending energy to the extensional energy is slightly
higher. Clearly in this problem the bending stiffness of the rein-
forcement cannot be ignored since we have shell shear forces to react
around the boundary. However (like the flat plate) we will ignore the
ring bending forces in the local tangential plane of the shell boundary.
JFof beads whose cross-section does not differ drastically from a square,
it can be formally shown that this assumption leads‘to fractional errors
in the shell boundary conditions of the order of (d/a)? and in the
reinfqrcement,stresses of the order of (d/a), where 'd' is a typical

dimension of the bead cross-section.
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The assumption that the reinforcement is a compact bead is a
severe limitation. Shin-lchi-Suzuki (51) has shown that for a flat
plate under tension, stresses begin to vary through the depth of rein-
forcement when h/t > 6 where 'h' is the depfh of the bead and 't' is
the sheet thickness. This puts a limitation on the values of the
bending efficiency u.

For. the pressure loading case, unless we analyse a window as a
shell, some assumption has to be made for the mechanism by which the
pressure over the cut-out portion is comﬁunicated to the hole edge.
All the previous works referred to in this thesis make the assumption
that the pressure over the cut-out region is distributed as a uniform
shear - that is the hole is covered by a plate the edge of which is
supported by a very flexible seal. This will:be referred to as"Case
A" and is included in the results of this chapter. f

However aircraft windows are not in general very flexib]y supported
and an alternative mechanism can be found if we assume that the curved

'window'! is infinitely rigid in planes normal to the cy]inder axis com-
pared to planes paraliel to the cy]iﬁder generators.®  The relative
rigidities in these directions can be shown to be of order g% (for the
window) and conSequént]y this becomes more valid for largeVB. This
model also has the singﬁ]ar advantage that for the neutral hole it pro-
vides the necessary edge shear to completely bal;nce the normal compo-
nent éf the reinforcement tension and so ensure that the hole is neutral
in the curved cylinder. This idealisation will be referred to as
ICase B' and the results are presented in Appendix XIil.

Ifithé hole is neutral then 'Case B' clearly gives no stress con-
centrations for all B but for the circular hole it will be difficult to

assess the realism of either model (A) or (B) unless B is large or, un-

o
w

The author wishes to thank Dr. E.H. Mansfield for suggesting this
idealisation. '
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less, for small B, the two models give similar answers.

Equilibrium Equations:

Figure 3, shows the reinforcement forces and moments and the shell
forces and moments per unit length. The equations of equilibrium are
given below taking into account the eccentricity of the reinforcing
bead. The expressions for a symmetric reinforcement can readily be

obtained by putting h

=b=0
Nrr- = T/a (1.4.1)
_ .l -b '
ro - (] a) Tsa (].42)
Mo+ N h= D4 ly + 0.b + 22 (1.4.3)
rr rr a a ’s8 ) 2 T
= -1 L
o P Ngeh = T Mg+ P (1.4.4)
- L T cos2g - P2
Q = 3 P,e + x cos?0 5 (1.4.5)
The component of tension in (1.4.5) is obtained as follows. Consider

an element of length 'ds' whose projection perpendicular to generators

of the cylinder makes an angle 'dy' at the axis of the cylinder.
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Component of tension in the bead normal to the shell middle sur-

face per unit leﬁgth is,

T cos 8. = .

But we have a sin 6 = Ry and ds = ade, using which the required compo-
nent becomes,
T cos?s
R

Compatibility Conditions:

It is assumed that the normal ‘displacement and its derivatives at
r =1, are the same for the reinforcement and the middle plane of the
sheet. This ensures compatibility of deflections, slopes and curva-

tures in both the reinforcement and the shell. This leads to,

R R 1 .
M = - —— w - — w, (see Appendix 111)
az 66 az r
ERJ
and H = ——  w, _ (1.4.6)
: 2(14v)a2 ré

The tangential strains of the reinforcement and the middle plane of
the shell at r = 1 are equal. Here the effect of bending (29) has

been taken into account.

T Mh 1 :
— e e 2 e——— (N - uN ) (].4.7)
AER ERI Est 60 rr

For the stress resultants and couples in the shell, the usual flat
plate relations hold. All the forces, moment and Kirchoff shear
can now be eliminated in terms of F' and w'. After non-dimensional-

ising, the four boundary conditions are obtained as given in Appendix

Iv.
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1.5 Method of Solution: . -

The boundary conditions are satisfied by a collocation pfocedure
for the three loading cases of internal pressure, longitudinal teasion
and pure torsi@n of the cylinder which leads to the finding of unknowns
in the series for ¢%, For a symmetric reinforcement the only coupiing
between F and w occurs in the normal shear equilibrium equation, where
the shell curvature produces a component of the bead tension to the same
degree of appioximation as in the‘shallow ;hell equations. There is
no other coupling if it is assumed that the shell is connected to the
bead at its shear centre, which coincides with the centroid (h = b = 0).

For the symmetric loading cases the series (1.3.8) is truncated
at ah odd value of n leaving (2n+2) coefficients Al and Bn to be deter-
mined. The necessary equations are generated by satisfying the equa-
tions given in Appendix IV at (n+1)/2 equally spaced discrete points
in the first quadrant of the circular hole. The procedure is identi-
cal for antisymmetrical loading with the series truncated at an even
value of n and using n/2 collocation points. The series for ¢* is
terminated at successively higher values of n until all the stresses
calculated remain essentially the same.

For an eccentric reinforcement, there is additional coupling be-~
tween the membrane and bending forces bqt the numerical procedure for
obtaining fhe unknowns in ¢* is the same as for symmetrical reinforce~
ment case.

The numerical calculations for this procedure were carried out
on an ATLAS Computer. In all the numerical calculations v = 1/3 was

assumed. Appendix V shows the flow diagram used for computation.
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1.6 Results and discussion:

To start with the problem of a cylinder with an unreinforéed cir-
cular hole was solved for values of B in the range 4 < B < 7. This is
done in order to verify the validity of projected connection suggested
by Vandyke (4) who obtained an asymptotic solution for large B by using
boundary layer techniques (between B = 4 and very large values of B).
For the pressure loading(baseékhé tangential direct and tangential bend-
ing stresses are plotted in figures 4 and 5, and figures 6 and 7 corres-
pond to.tension loading. The effect of shell curvature is particularly
marked in the pressure loading case, the membrane stress cqncentrations'
increasing from 2.5 to 50 as B increases from 0 to 7.

As the required Hankel functions Hﬁ(ﬁr/iT) in ¢* are generated
using the recurrence relations, it is necessary to use accurate
values of _Hé(sr/ET) and H%(Br/i?) (available to 10 places of
accuracy in tables) as well as the value of (Br). Errors in the start-
ing values get amplified particularly for largevalues of n.
| At 8 = 7/2, for tension loading case the agreement between the

values obtained now and those by Vandyke's suggested formula,

=2 ~3.05 32/3 + 1 (1.6.1)

is very good. The bending stresses in this case also show a trend of
having reached a maximum value. For the pressure loading case at

8 = n/2, the suggested formula

g
22 = -1.65 83 & 172 (1.6.2)
~gives slightly lower values. At® = 0, the membrane stresses seem

to tend to the values predicted by boundary layer theory at a much

slower rate. The bending stresses do not show any trend of having
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reached a maximum valué. For'/EB =>IO, values of n up to 39‘Were
necessary for coﬁvergence. In the case of unreinforced and symmetri-
cally reinforced holes the largest difference between the stresses cal-
culated by the two longest series is less than 1% and the corresponding
value for the eccentrically reinforced case is about 3%.

For symmetric reinforcement base it was found that the convergence
depended almost entitely on the curvature parameter B, the larger the
value of B, the slower the convergence. The effect of the various rein-
forcement parameters was marginal. It was also found‘unfortunate]y
that on]y for B < 0.3 could the bending and torsional rigidities of the
bead be ignored. This confirms our suggestion that for reinforced
holes in practical shells it is not possibfe to-use the concept of a
compact flexible bead possessing only extensional rigidity.

Experimental results for a reinforced circular hole have been
obtained at the College of Aeronautics by Rothwell (20). In the experi-
ment a light alloy cylinder with a reinforced circular hole was sub-
jected to torque loading and both the reinforcement and the shell were
strain gauged on both inner and outer surfaces to separate the bending

and the membrane stresses. The dimensions of the specimen are,

R = 8ins; a = 3.15 ins; t = 0.064 ins;
so that we require our parameter to be,
- . 1. B _ :
B = 2.824; v = 35 el 0.1687;
1 = 0.3763; T = 2.6206; =0; F = &n.

At2
Convergence wés sufficient at n = 20.
Figure 8 shows the bending and membrané strésses in the reinforce-
ment and figure 9 shows the tangential strain distribution at r = 1.05
in the shell. The agreement between theory and experiment is reason-

able whereas, in the shell, the experimental results are somewhat
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sparse and unreliable &s the strains were‘small. It-was also observed‘
that the scatter‘increased as one moves away from the hole centre.
Figures 10 and 11 give the stresses in the shell for the reinforced

and unreinforced cases. The volume of this particular reinforéement
is small (begng only one-third of the volume of tHe shell removed by
the hole), even so the maximum prfncipal stress is %—-= 19.5 compared

o«

with %—-= 38.8 for the unreinforced hole. The value for the reinforced
flat plate (30) is a mere 2.51.

Stress concentrations of the order of 20 are clearly intolerable
and one must select a bétter reinforcing ring. However there are
five independent non-dimensional structural parametérs in the equations
~given in Appendix |V and the selection of an optimum configuration is
a formidable task particularly if one attempts to show the penalty of
departing from the optimum. This has been done for the most important
pressure loading case (including the effect of eccentrically attaching

the reinforcement).

The non-dimensional parameters naturally arising in the solution

E
are the curvature parameter B, the elastic moduli T and the exten-
S
sional, bending and torsional rigidities = |, . and _ﬁ__. To sim-
at at3 at3

plify the results it is now assumed firstly the ring and the shell are
made of the same material, that is ER/Es = 1. Secondly that the ring
cross-sectidn is either a closed tube or solid section not differing
greatly from a circle, in which case J/1 is of order 2. The problem
is now defined by the three parameters 8, A = A/at and p = 1/At2.

(It has actually been found that the stresses decrease if J/I is
increased and vice versa as shown for some typital sections by figure
12. Very small J/I| implies that the section must be a thin-walled
open tube and it has been found that ore can then not ignore the tor-

sion bending rigidity (figure 13). Details are given in Appendix VI.
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In the examplés chosen, it is assumed that the web and flange have the
same dimensions.)
The values of the shell curvature parameter are chosen as V28 = 2,
3 and b, as this covers most typical aircraft configurations. The para-
meter A is a measure of the extensional rigidity and alsc of the weight
the volume of the ring referred to :

penalty since it is equal to a half/the volume of the shell removed by
the hole - the range chosen is 0.% ¢ A ¢ 2.0. The paremeter u is a
measure of the bending efficiency of the ring cross-section since it is
equal to the square of its radius of gyrétion referred to the shell
thickness, the range chosen is 1 g p g 8. The stress concentration in
the shell is obtained by searching around the edge of the ring for

the maximum principal tensile stress, 5 and referring it to the maxi-
mum shell stress at infinity.

The carpet diagrams, figures 14, 15 and 16 show how the stress

varies with both A and u.  For constant u(or A) fhe stress falls as
A (or u) increases until a minimum is reached and then the stress rises.
It clearly pays to increase n if the bending stresses can be conse-
quently reduced. Since this does not imply a weight penalty, but‘by
‘examining the 'constant A' curves, it is clear that there may be a
critical value at which the stress is a pronounced minimum. The
‘constant p' curves tend to produce minimum stresses at excessively
large values of A, for example if V28 = 4 and p = 5, the value of
A = 2 produces a stress concentration of 3.1 whereas if A is reduced

to 0.8 (a 60% reduction in weight), the stress is increased to only
‘3.25. The stresses inérease with B and for the smallest practical
value of V28 = 2, the minimum is about 1.75 occurring at the largest
chosen value of A = 1.8, This compares with Wittrick's (32) minimum

stress of 1.306 for the flat plate (8 = 0) at a value of A = 1.0.

AL (hese Commmenlz ane mol- OLI)‘)JUCC\,\DLL IS Loach'-mg Case B cxhian Ag
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In assessing the effects of eccehtrical]y attaching the reinforce-
ment and to rest}ict the embarrassing number of additional parameters,
we assume that the ring has a doubly-symmetrical rectangular cross-
section whose centre is offset distances 'b' and 'h' from the edge of
the hole as shown in figure 3. Although the boundary conditions
produce further coupling between the bgnding and membrane forces the
numerical solution converges only slightly slower than that for a sym-
metrical reinforcement.

The results are given in figures 17, 18 and 19 and are clearly
markedly different from the corresponding symmetrical cases. The
stresses are invariably higher and the deleterioug effect of using too

high a bending efficiency (1) is more pronounced.

Mansfields 'Efficiency factor':

For reinforcements around holes which are neutral or nearly neu-
tral Mansfield (17) has suggested that an eccentric reinforcement may
be effectively replaced by a symmetrical reinforcement whose cross-
sectional area is reduced by a factor which turns out to be 1/4 for a
rectangular cross-section. His argument is restricted to an axi-
symmetrically loaded flat plate whfch offers no bending resistance to
rotation of the reinforcement and so to test Mansfield's assertion we
must choose reinforcements which produce little bending in the shell.
On examining the bending stresses it is found that they are small only
when u‘> 7, particularly for large values of 8.

. In table I, the stress concentration factors are given for eccen-
tric reinforcement with a cross-sectional area A = 1.6, and compared
to the symmetrical case with A = %-(1.6) = 0.4. The agreement is re-
markable, especially when one considers that these holes are far from
neutral and the stress system is infinitely more complex than Marsfield's

simple model.
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TABLE | -

Y28 2 Y28 3 Y28 = &
Symmetric | Eccentric | Symmetric { Eccentric | Symmetric| Eccentric
A =0.4 A=1.6 A=0.4 | A=1.6 A=0.4 1 x=1.6

2.48 2.50
2.50 2.55 3.23 2.93
2.54 2.58 3.05 2.97 .o 3.66
2.91 2.99 3.78 3.96
3.60 3.52

In conclusion therefore it appears that figures 14, 15 and 16 may

be used, with care, for any shape of reinforcement, symmetrical or

eccentric.
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FIG. 5 BENDING STRESSES AT HOLE EDCE

(PRESSURE LOADING) (UPPER SHELL SURFACE),
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FIG. 7 BENDING STRESSES AT HOLE EDGE
(TENSION CASE) (LOWER SHELL FACE).
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CHAPTER 11

CYLINDRICAL SHELL WITH REINFCRCED ARBITRARY SHAPED HOLES

2.1 Introduction:

In aircraft structures one comes across cutouts of shabes other
than a-circle like ellipses {Viscount, Friendship and Jetstream have
elliptical windows), square with rounded corners (most other aircraft),
or a triangle with rounded corners (Caravelle windows). Hence it is
logical to consider a method to estimate the stress distribution around
such types of cutouts. In this chapter an approximate method is given
to estimate the stresses around a reinforced hole of afbitrary shape
in a circular cylindrical shell. Though the method is general, parti-
cular application is made to elliptical and square holes with rounded
corners in cylindrical shells under pressure loading.

The problem of an unreinforced elliptical hole was first solved
by Inglis (33) and using his solution the problem was extended to
reinforced elliptical holes in plane sheet in (34) and (35). In plane
stress problems concerning a plate with an arbitrary shaped hole, the
usual technique employed is conformal happing, developed by
Muskhe]ishvi]i (36). Once the so]utionAfor the case of a circular
hole in a plate under a given loading is known, the solution for an
ar?itrary shaped hole can be readily obtained as lbng as a conformal
transformation function can be found. Such a function maps the
‘region outside the boundary of the hole on to the region outside the
unit cifc]e and one can always find such a function provided the given
contour of the hole does‘not have sharp corners. Extensive theoreti-
cal work has been done (27,32,37,38, and 39) on holes in plates and
the results predicted by theory agreed well with experimental values

(40) and (41). Wittrick (32) arrives at the conclusion that for an
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elliptical hole with the axes in the ratio ¥2 : 1, a_stress concentra-
tion factor of 1.09 can be achieved by usiﬁg a uniform reinforcement
bwhose weight is only about half that required for Mansfield's neutral
hole.

The problem of an unreinforced arbitrary shaped hole in a cylin-
drical shell has been solved approximately for small values of B, in
recent years by Guz and Savin (42) and (43) and the method has been
extended to reinforced curvilinear holes (h&). | Reference (45) gives
the stresses around an elliptical hole in a cylindrical shell squected
to longitudinal tension for B << 1 and for any vélue of eccentricity.

The technique used by Guz and Savin, 'tﬁebry of perturbations';
makes it possible to evaluate the stresses everywhere in the shell.
This method of perturbing the boundary shape consists in choosing a

mapping function of the form

Z =¢ +e flz) (2.1.1)

Z= re'e; z=pe' Y. If flg)

where e < 1; c-N, then N is a

number which defines the shape of the hole. N =1, 2 or 3 correspond
to an ellipse, a triangle with rounded corners and a square with
rounded corners respectively. Also such a transformation implies that
the stress distribution in the shell can be obtained as the sum of the
solution for a circular hole and a perturbation component caused by
the departure of the given hole contour from a circle. The solution
for the circular hole case is used to evaluate the additional pertur-
bations.

In (42), for the circular hole problem, the complex stress func-
tion ¢* is expanded in powers of the curvature parameter 'B' (B < 1)
and terms of order 82 are only retained. This implies that their

solution is only applicable to cases where the hole size is small
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whereas for the aircraft windows the range of B Is given by 2 < Y28

< 4. Also they conclude (not unnaturally) that flat plate solution
can bé used without much error for a cylindrical shell with a hole of
arbitrary shape under tension loading. It can be seen from the first
chapter that the bending stresses for this particular léading is

about a fifth of the membrane stresses even for 8 = 4.  On the other
hand if one considers either pressure or torsion loading the bending
stresses are of the order of membrane stresses. Hence one can expe;t
that a change in hole shape'wil] alter the direct as well as the bend-
ing stresses, esbecial]y if one considers pressure joading. This
happens for large values of B8 thus proving that the predictioasvby
flat plate theory are not applicable to problems of shells with holes.

In (42) it is shown that the solution one obtains to the order

of 'e' is quite a good approximation to the true solution. In this
chapter solutions are obtained to the order of 'e' as the equations
~become very cumbersome if one tries to include higher order terms.
Exact solutions are either impossible or very cumbersome. As long

as one can obtain a mapping function for the given hole contour in

the form (2.1.1), this method can be employed to predict the stresses
in the shell. |

In this chapter also, the shell is assumed to be shallow and the

begd is placed symmetrically on the hole edge. It is also assumed
that the shear centre of the bead cross-section coincides with the
C.G. and they lie on the shell middle surface. Cylindrical shell

“configuration with an arbitrary shaped hole is given in figure 20.

2.2 Formulation of the problem

The governing differential equation for the residual problem of

a cylinder with a cutout is given in (1.2.6). In the case of acir-
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cular hole the radius of the hole forms a characteristic dimension.
In this case we define a characteristic dimension based on the dimen-
sions of the cut-out.

"Governing differential equation is given by
Viek + 8 ip2¢,5 =0 2.2.1

Assume the following relations in the form of a power series in para-

meter ¢,
x = % % 24 % '
b bk + edF + e o,F + ... (2.2.2)
No= N )y (2
nn nn nn nn
No= NGO Ly a2
sS ss sS SS
N = N(o) + gN(‘) + gZN(z) + ..
ns ns ns ns
M = M(O) + gM(I) + 2M(z) +
nn nn nn nn
M = M(O) + gM(]) + sZM(z) + ...
ss 5s ss ss
Moo= nl0 ) 22y
ns ns ns ns
= (o) (1) 2 (2)
Qn = Qn + eQn + € Qn + ...
(2.2.3)
(see figure 21) where Né:), Ni:),..represent the solution for the
case of a circular hole and N(‘), N(z), N(]), N(z), ee.. are the addi-
. nn nn ss sS

tional contributions due to the fact that the given hole contour
‘departs from the circle.
Using (2.2.2) in (2.2.1),
Sl ca2: by o 1824 % =
[VZ o * + 8ig b, ’gg] + e[vZ o + 8iB ¢],€€] 0
(2.2.4)

(From now on we retain only terms of order ¢.)
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First the problem is solved assuming ¢ = 0, which gives

b % ig2 % = 5
V3 bk * 8ig 9 ree 0 , (2.2.5)

This yields a solution forc%* corresponding to the problem of a circu-

lar hoie, as in Chapter I, using ¢o*, the various stress components

N(0) N(0)

» N5 etc. can be obtained for the circular hole case. Then

for any given ¢,

"EE

the solution ¢.,* of which is used together with ¢ * to evaluate the
1 °9 o

(1
ss ’

, etc.
nn

additional components N

Both ¢o* and ¢]* tend to zero away from the hole.

We must now proceed to use the solutions ¢O* and ¢]* to satisfy
the boundéry conditions on the arbitrary shaped hole. It will be
found impossible to convert the boundary conditions by merely trans-
'forming the dependent variables and all differential operators in
terms of r,8 to those in terms of ¢,y. In fact the solution of
(2.2.]5 could have been obtained in this manner and the formal equi-

valance of this approach with the solution of (2.2.5) and (2.2.6) is

shown in Appendix VII.

2.3 Conformal Transformation:

The mapping function which transforms the region outside the

18

boundary of the hole in the plane Z = re ~ on to the region outside

the unit circle in the plane ¢ = oe'Y is,

Z = wlz) = ¢+ ef(g) (2.3.1)

From this transformation one gets,



- 58

ro= ez + elgfl) + cf(D)] + e26(c) f(o)} /2

= o1+ = [T ) +3F(D)]) (2.3.2)
2p2
i + E.(fl_) — %?ES)
0 = tan-] Ty P 2] —
cos y + & (£L&) ; f(z)y
=y +€[(f(z;) ;i:(c)) . cosy - (f(c)zz f(z)) Siny]
(2.3.3)
and 21V o G21V [W_(Ei];[w-(z;)]:_ (2.3.4)
[wiz) |<|w' () ]*
(see figure 20)
v = E[z;f(z;) ST, () - f'(c))} (2.3.5)
2ice 2i

In all the expressions given above only terms of order ¢ are retained.

Also,

f(o) + £z) , . f(@) -f(c)]

»+-=. . e . .
z e+ in = p(cosy + i siny) +s[ 5 X

[}

St

(F(x) + f())
2

E '=p cos y +e (2.3.6)

2.4 Solution to the differential equation:

'Eduation (2.2.5) is solved exactly as in (1.3) giving a complex
stress function for the symmetric problem of a circular hole in a

cylindrical shell, ¢O* as,
bo* = (E,~iE,), E (A + B ) H!(Br/2i) cos no..
0,2,..
+ (E5-1Ey); | E (A +iB ) H_(8r/2i) cos ne (2.4.1)
. ]939"



Now let us consider the solution to equation (2.2.6)-

"EE
The coordinate transformation effected is given by,

Z = ¢+ ef(z) (2.4.3)

To the order of 'e', one can write the solution of (2.4.2)

. . 34,]* 3¢l-k
¢,%(r,8) - oy%(p,y) +ap PP Ol (2.4.4)
where r = p+4p; 6=y +Ay given in (2.3.2) and (2.3.3)
respective]y; It is readily seen that Ap, and Ay are of order 'e'.
Also, W2 = {1 -clf' (@) + F (D12 (2.4.5)
giving v = {1 -elf'(g) + f'(c)]}{v‘C+ - e,vg(f'(c) + f'(t))vz}
(2.4.6)
Using (2.4.4) and (2.4.6) in (2.4.2),
{1 - elf'(e) + FH{)IHT} - e[VE(F'(2) + ' (2721

o 3¢]* é¢]*

{o,%(0,7) +8p o+ Ay, g )
+ 8i82[¢l*(p,Y) + Terms 0(g)] = 0 (2.4.7)

glgl
where L= g + inl'

As only 'e' order terms are needed in the solution for ¢* = ¢°* +e¢l*,

(2.4.7) reduces to

Vk¢ *(Q,Y) + 8i82¢ *(D,Y), = 0 (2.4.8)

This equation is of identical form to (2.2.5) except that the vari-

ables are changed from (r,8) to (p,y) and hence the solution can be

written as,
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(El ) 'EZ); bmmd
0,2,..

-~
—i
s
S
il

. l Y
(Cn +“|Dn) Hn(BpVZI) cos ny

+ (Ey - iEh)-C :E;; (c + i) Hl(BpY2T) cos ny

1,3,..
(2.4.9)

where the unknown coefficients Cn and Dﬁ are to be determined.

2.5 Formulation of the boundary conditions:

In the case of a hole of arbitrary shape also, it is assumed that
the bending rigidity df the reinforcing bead in the local tangential p]ané
of the shell is negligible. Only the important pressure loading case |
will be considered and the two alternative models (A) and (B) will again
be taken for the shear distribution around the window edge. 'Caée A{ 33

examined here and the results for 'Case B' are given in Appendix XIV,

Equilibrium equations:

Figure 21, shows the reinforcement forces and moments and the
shell forces and moments per unit length. By considering the equi-

librium of an element 'ds', we obtain,

Nnn = T.a,s | . : (2.5.1)
Nooo= =T . (2.5.2)
U L (2.5.3)
Moo= M, +Ha, -P o ‘»(2.5.4)
Qn = P,S f T.coscx.no’S - q (2.5.5)
where q is the distributed shear.
o is given by the equation | P
H H {
ola o v W (z)

]w'l;il

) ew[] R GION f'(c))} (2.5.6)

2
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o : is the angle between the normal tc the hole contour at any point
and the 'x' axis.
dno : is the angle made by the projection of an element 'ds' perpen-

dicular to the generator at the axis of the cylinder.

Compatibility conditions:

The compatibility conditions are formed just similar to the case
of the circular hole (1.4). In doing so; we ensure that the tan-
gential strains of the bead and the middle surface of the shell are
equal at the junction. Also normal deflections and slopes must be

equal for the bead and the shell at the hole edge.

T

AER - Est (Nss B ann) . (2.5.8)
E_I
M = - ERI W;ss " w{n (2.5.9)
v R .
E_J ) I
i = R 1 :
and H = m . W,ns . (2.5.'10)

The stress resultants and couples in the shell around the curvilinear
boundary must now be expressed in terms of the complex stress function
¢* as shown in Appendix VIII. All the forces, moments and Kirchoff

shear can consequently be obtained in terms of F' and w'.

The complete formulation of the boundary conditions is algebraic-
ally very comp]éx so a few of the salient steps will now be developed
- and the final four expressions presented in Appendices IX and X for

two special cases.

CORRIGENDUM There is an error in equation (2.5.9) where the average
~curvature l/ro appears, instead of the actual curvature Gy The

correct expression should be read as,

M = - w! - E V.
ERl ’ss RI Wop v %

This modification gives rise to some extra terms cn the right hand sides of

the moment and normal shear equilibrium equations of order 'e' in Appendices

IX and X. A few typical cases considered showed that the errors thus caused

in the maximum principal stresses are not significant. For example V28 = 4,
E (o )

R J ¢
= b= 0.8,u= 6 and T°= 2 __g_ﬂil changes from 2.258 to 2.224 for an

S . e g
elliptical hole and 7.721 to 7.897 for a square hole with rounded corners
(an error of about 2%).
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2.6 Some details used in obtaining the boundary conditions:

The conformal transformation is given by
zZ =t +¢ef(g) (2.6.1)

The elemental length 'ds' in the (p,y) set of coordinatss is given by,
(ds)2 = r 2[(d)2 +p2(dr)21(1 + e[f() + F' (2)])
on the hole boundary do = 0.
- R A (U OERHG) (2.6.2)
- )

To obtain, for example, the expression for the Kirchoff shear 6; in
terms of the complex stress function, we proceed as follows,

oM
S . ns
Q = Qr cosy + Q,e siny ‘+ e

Using results in Appendix VI1l, and (2.6.2)

+‘F;[1 S @ N g gy )
e T = ol h el 41 ;2_ Qe
N }; -5 () + Al L. 2wl ven) eL]MIEg).
fi% mg)—mxﬁ (2.6.3)
‘where Q£°), Qé°) ...etc. are given in terms of the stress function

in Appendix VI11.

To obtain the component of tension to normal shear

The required component is

an

C = T cos a. 5;9- (2.6.4)
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o ié given by, eia = eiY [I +e (' (2) ; f'(;))] | (2.6.5)

Also, ‘ r'sin® = Rn_ (2.6.6)

(n0 is defined in the notation).

Using results in (2.3),

[1+-5- (¢ flg) + 2f(c
P +292 g c)+c‘ N

X {sinY + €cosY [fjﬁl—:—flgl-COSY - ijlESFfLQ—- siny]}= %-n

2ip o ©
(2.6.7)
ano
from which 5;7- can be found.
(2.6.4) gives,
c = I_EQE:E.(I -Ef () + ' ()]) 329. (2.6.8)
roP 2 ¢ ¢ 3y e
To obtain a typical equation given in (2.7) or (2.8):
Consider equation (2.5.1)
Nnn = Ta,s . ‘ (2.6.9)
2 T —t
— - 1 1
ag = [1-35 (f' () + £' ()] -

o

= :T" - %‘ (F' (z) + fﬁc_))][] + _;_ (F(z) ei‘y + f“(c')' e.—i.Y)]
Q

(usingA(2.6.5)

- Ln-s @ s e S (e P e (2.6.10)
(o]

Also N = N(O) + EN(])
nn nn nn

N o= Ny eyl
SS SS SS




From (2.6.9) ' - -

(o) M _ PR (o) (0)
Nnn + €Nnn B Es.trO (Nss - ann )
AE
P (NS(S) . N(”)
S o
L. () e Y+ gy e Y) - (F'(2) + F' (D}
2 Es.trO )

02 - )

Comparing the coefficients of equal powers of e,

AE

:© (2) Es.ir (Niz) - stﬁ)) (2.6.11)
o]

AE ’ o

R U IR G 6 PR TS Pl
nn-o. E..tr n
S o} ) .
- (F (g) + £ (g))}
[Using (2.6.11)] (2.6.12)

Equation (2.6.12) gives (2.7.5) for the elliptical case and (2.8.5)

for the square hole with rounded corners.

Moments on the bead:

Define M = M
+ (M (2.6.13)

The expression for H is derived below.

ERJ
"H = m w',ns (2.6.14)
.- Epd 3 [M(O) . aw'(” ..l an(o)+€ l_z aw.(o)]
2(l+v5ro s “dp € 3p &5 9p 2 ° dy
E_J - (o) (1)
R € 9 ow! ow'
H = ——— (1-—[f'(c)+f'(c)])—[ +e
2(l+v)rg 2 3y 9p ap
(o) L (o)
N aw' _2 '
1 eL] 5 +eo 5o 5y ] (2.6.15)

65
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(a) () (
N = N(O) + N(O)* + e(N(]) + N‘])*) (see Appendix VIi1)
nn nn nn nn nn
whefe,
Nés) = Normal stress around the circle for the uncut cylinder.
Néﬁ)* = Perturbation stress to be added to Ngg) for obtaining
stress distribution for the case of a circular hole.
éNﬁl) = Additional normal stress to be added to Nﬁz) to obtain
the stress distribution around the non-circular hole,
for an uncut cylinder.
eN(])* Perturbation stresses to be added to (N(O) + N(O)* +
nn nn nn
eNél)) to obtain the stress distribution for the case
of a non-circular hole in a cylinder.
Nﬁﬁ)* is obtained from the stress function ¢O*.
Nél)* is obtained from the stress functions ¢O*,_and ¢l*.

To obtain N, N(1) g w (1),
nn 33 ns

Let 9> qé represent the principal 'stresses in X and y directions

far away from the hole.

Then;
T _ 2 . 2
Nnn = 11,cos a + 9, sin‘a
(g, +q,) (g - q,) |
= - 1 5 2, 5 2 cos2q (2.6.16)

2 _2iy | =
But e = e T(1 +elf(z) - f1(2)]) (2.6.17)
given cos 2a =cos 2y + i¢e sin2 [f'(z) - £'(z)]

sin 2 a sin 2y - i ecos 2 y.[ft @) - £'(z)]

(2.6.18)
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(2.6.16)_gives:

—_ q,+q (q,-q,) (q,-q,)
- 192 1 92 1792
Nnn 2 + 5 cos2y + 7

x {iesin2y .(f'(g) - F'(2))}

(q]+q2) N (q]-qz) os 2
2 2 Y

(q;-q,)
D I )

Sle i sinzy J(f1(2) - £1(2)) © (2.6.19)

(1) (1)

Similar expressions can be found for NSs and an in non-dimensional
form.

For the elliptical hole, (pressure loading)

(m _ 1 .5

Nnn = 5 sin 2y
1y _ _1 2

NSs = 7 - Sin 2y

N sin k (2.6.20)
ns I

For the square hole with rounded corners, (pressure loading)

Nﬁl) = %—. sin 2y. sin by

Ngs) = - %—sun ZY.YSIn Ly

N :

Nﬁs) = %-. cos 2y. sin hy (2.6.2])

2.7 Application to the case of an elliptical hole:

The transformation function required in this case is

(2.7.1)

~N
[

€
W(.C) =T t z

giving; e eY(1 + 1 e sin 2y), using (2.5.6)



from which é%— = %- (1 + 3 ecos 2y), atp =1
- o
Also. L, = &) +ef (2) 3 p(FG) - Fl2)) oy
1 2p 3p 2ip
_ () + f(z) kN
(—*——~§B—“——4 . siny 3y
_ Cos 2y 3 __ sin 2y 9
p T 9p > 3y
p
L Z[CFG) - TF() , £ - f-m]
- b sin 2y
p?_

Using the relations given in (2.5), to the order of eat p = 1,

equations to be satisfied are:

E E -
G6r2 2. Ay g ROA W) g o 2y £(9)
E r t nn E r t ss nn
S o) S o)
(1) (1)
E aN aN
et o ROA 3lss Ty ogple) oy
ns ES rot oY 9y ns
(1) (1) (o) (o)
L LI T
) o ¥ o ) Y
- . (1)
Q(1) oo a2n (1) b o (1) . AER (N(l) - Nnn)
n 2 2 2 ) a3y E..t.R ° 5S 3
r 3y r S
) )
(o)
- AE - (o) Nnn 2 cos 2y BZM(O)
E TR - Sin 2y. (NSS - ) -
S’ r 2 ay?
)
. (o) (o) (o)
+ 2.5in 2y 82 + 4 cos 2y ag _ 6H sin 2v.
r2 Y P2 3Y P2
) : ) )
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(2.7.2)

(2.7.3)

(2.7.5)

the

(2.7.5)

(2.7.6)

(2.7.7)

cos?y

(2.7.8)

(Refer to Appendix IX for details of these four equations in terms of

¢°4. and ¢]:’c.)
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2.8 Application to the case of a square hole with rounded corners:

The transformation function required in this case is,

1

Z = wig) = ¢- — (2.8.1)
63
giving el = &Y (1 +e.3i sin by)
from which %E— = %—(l + 15 €ecos by), atp =1 (2.8.2)
o
_ cos by 3 _sinly 3
Also L, = i el T (2.8.3)
P P
L. = 8 sin 4y (2.8.4)
3 o

Using the relations given in (2.5), to the order of € at p = 1, the

equations to be satisfied are,

E E
R A () _ R A (n _ (o)
(6 + 2. -E—— . -Ft—) an’i 6 —E—‘ . r—? . NSS = 90 cos L}Y.Nnn (285)
S o S o
(1) (1
E ‘ aN aN
(1) R A ss__ _ nn _ (o)
6an + 2 E;-. X .(3 5y 3y ) = 18 cos by. an (2.8.6)
M(l) _ M(]) + 1 BH(I) 4 15 cos by M(o) 4 3 cos by 3H(°)
nn ' To oy o ) Fo T o9y
(2.8.7)
NO . ozl 1 an{D) AR M - L)y o
n .2 : 3y2 L2 3y Es.t.R ss 3 nn v
o o
AE ' 2 (o)
_ R . . (o) _ 1 ,{o)y _ 6 cos by 3°M
E;T?T§'3's'n 2y.sin hy.(Nss | 3 Nnn ) 2 3?2

o

. (o) (o) .
L 12 sin by M + 18 cos 4y 3H _ 60 sin 4y H(O)zl

9
r 2 \ r 2 oY r 2
(o) 0 (o]

(2.8.8)

(Refer Appendix X for details of these four equations in terms of

¢0* and ¢]u.)
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2.9 Method of solution:

The boundéry conditions (Appendix IX for an elliptical hole and
X for a square hole with rounded ccrnerg) are satisfied by colloca-
tion procedure. Ffrst solution of the problem of a circular hole'
' giVes the coefficients An and Bn' Having got ¢O*, the boundary con-
ditions give the unknowns Cn and Dn in ¢]*. The series for ¢]* is
truncated at an odd value of n, leaving (2n+2) uﬁknownr to be deter-
mined. The required equations are obtained by satisfying the bound-
ary conditions at (n+1)/2 collocation points in the first quadrant.
The series for ¢l* is terminated at successively higher values of n
until the stresses calculated remained essentially the same. The
stresses are obtained by using the relations given in Appendix Vlli.
The flow diagram used for computation is shown in Appendix XI. In

all the numerical calculation, as in Chapter I, v is taken as 1/3.

2.10 Results and discussion:

Firstly solutions for ¢T alone (that is for arbitrary ) were
obtained for unreinforced elliptical holes and square holes with
rounded corners, in cylindrical shells and are presented in figures
22, 23, 24 and 25. The results cover a range 0 < 8 < 7. (The
values of B considered in‘(42) and (45) were less than unity.) It
wa; necessary to evaluate the coefficients An and Bn in ¢O*, to 9 '
places of accuracy in order to make the résidual errors low for
Y28 = 10. The number of terms required in ¢l* was about the same
as the number of terms chosen in ¢O* for any given 8.

For any given B and ¢: the following is the procedure to obtain
the stress distribution. Let us consider the case of an elliptical

hole. Figures L and 5 give the membrane and bending stresses for

the given value of 8 for a circular hole. Figures 22 and 23 give
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the perturbations in membrane and bending stresses.-

s Ogg) Oil)
—_— = + g . (2.]0.])
e
where - g are tcken from figures 4 and 22 respectively.

The procedure is identical for the bending stresses.
It should be noted that the angle 'y' refers to the unit circle
in the 'z' plane and the corresponding angle '8! in the plane of the

cut-out is given by

L 1-¢ .
tand = (-]TE-) tany (2.10.2)
for the elliptical hole and,

siny = esin 3y | " (2.10.3)

tand cosy * ecos 3y

for the square hole with rounded corners.

It can be seen'thét the bending stresses as well as membrane
stresses are affected to a large extent for larger values of €. The
conclusion, that flat plate theory is applicable to non-circular holes
in cylindrical shells under tension, by Guz and Savin (42) is true for
small values of 8 only. The increase in membfane stresses in the
case of a square hole with rounded corners (e =-1/6) for large values
of 'B' is about 100% as compared with circular hoie solution. Though

'e' only, the conver-

we are restricting ourselves to terms of order
~gence is reasonable as shown by Guz and Savin (42) for small values of
B. It is, thus, expected that the inclusion of 'e?’ order terms
do not contribute substantially to the stresses for all values of B8
and for practical values of 'e!.

To check the solution given by Savin (43) for the case of an

elliptical hole in a cylindrical shell under pressure a value of

Y28 = 0.5, ¢ = T 1/6 was chosen. The tangential stress given by
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Savin to the order of 'e' is,
Iss |
- = (1.5 + cos 2y) + £(3cos 2y + cos by) + 782(1 + 1.25 cos 2y)
+ mg2.e [5 + 16 cos 2y + 5 cos Ly] (2.10.4.)
:
2 - Y —_—y2
where B 8RE 12(1-v2)

it hasnbeen pointed out by Vandyke (4) and others (5,6) that there is
an error in Lurie's solucion in the term containing 82 and that the
correct values were one half of Lurie's values. It is found that
there is a similar error in the term containing 'eg2' and the correct
values are a quarter of those given in (2.10.4).

In reference (46), the expression for the tangential stress is

obtained as,

Oss _ 1.5 -1Te - cos 2y]
o - (1 - 2e cos 2y)

1a2 [3(1-v2)]]/2[2 + 3ecos 2y + 2.5 cos 2y + eccos 2y
8Rt (1 + 2¢ - 2¢ cos 2*{)

+

(2.10.5)

= (1.5 = [e = cos 2y])(1 + 2 ecos 2y)

2
+ E-g——-(l + 2;)(2 + be cos 2y + 2.5 cos 2y) (1-2¢ +2¢ cos 2y)

= (1.5+cos 2y) +e(3 cos 2y+cos hy) +mB2(1 + 1.25 cos 2y)
, .
+ E%—E (16 cos 2y + 5 cos Ly + 5) : (2.10.6)

(2.10.6) is the same as the expression (2.10.4) except the factor 1/k
in the 'ep2' term.
Figures 26 and 27 show ;Ei- distribution for an elliptical hole
with e=1 176 (2, 2= 1.8) and figure 28 shows the distribution for
a square hole (e = -1/6). The value Y28 = 0.5 is chosen. The agree-

ment between the present solution and Savin's solution is good, though
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'B' is slightly greater than 0.3 which is the limit For.applicability
of Lurie's solution for the circular hole problem. The influence of
curvature can be seen by considering the case of an elliptical hole
with §%==l.h (figure 27). The uwaximum stress that occurs is %ii =

K

2.32 as Compared with the value for the flat plate of 1.93.

In the case of a square hole with rounded corners, the require-
ment that the transformation is conformal implies,& < 1/3. If
€ = + 1/6 is chosen, the solution corresponds to the case when the
diagonals are parallel to the x ahd y axes.

In order to study the influence of reinforcement Wittrick's
(32) optimum bead with A = A 0.8 was chosen. For ﬁ = 6;

r
o)

J/T =2 and ER/ES = 1, figure 29 shows the variation of maximum prin-
cipal stress with B. The reduction in shell stresses one obtains. by
choosing X = 1.489 (reinforcement area giving weight equivalent to
that required for Mansfield's neutral hole),bn = 6; J/I = 2;

ER/ES =1; is alsq shown in figure 29. For Y28 = 4 the maximum
principal stress corresponding to Wittrick's optimum bead is 2.258,
about twice that for the flat plate and increasing * to 1.489 brings
down the stress only to 1.729. For a.reinforced elliptical hole with
€ = -1/6, it is clear from figure 30; that it pays to increase the
bending efficiency. h

The influence of the shape of the cut-out is illustrated by the

following table obtained for ER/ES =1: X =0.8 and J/1 = 2.
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TABLE 11 -
V28 2 v2p 3 V28 h
Square Square Square
Ellipse with Ellipse with Ellipse with
u S.C.F. rounded S.C.F. rounded S.C.F. rounded
corners : corners corners
S.C.F. S.C.F. S.C.F.
2 1.675 5.191
3 1.613 5.163
L 1.581 5.086 1.932 6.173
5 1.558 5.158 1.842 6.035
6 1.543 5.161 1.805 6.171 2.258 7.721
7 1.780 6.179 2.165 7.874
8 2.098 8.010

In the case of square hole with rounded corners choosing ER/Es
=1; A=1.489; p=6: J/I =2, the stresses increase to 5.187,
6.26 and 8.659 for /fﬁ- = 2, 3 and 4 respectively showing that over-

N

reinforcing defeats its own objective. More results need to be eval-
uated to enable the optimum A and p to be selected, specially for
square holes with rounded corners as the stress concentrations are

too high.

For Jdeil3 amd neSutts COYTQ’B)?OhdJr\a (5 Gle cise & A

(he Case of o neimlovad elbplcal Hole, meA@A,CS)qPPe“cUx .
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FIG. 23 BENDING STRESSES (PRESSURE

LOADING). ELLIPTICAL HOLE. SHELL
UPPER _SURFACE




77

FIG. 24 MEMBRANE STRESSES (PRESSURE

LOADING). ( SQUARE _ HOLE.)
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\/—f—B=05, 8:—-1/6
Tan 6 = 5 SinY*Sin3Y
6 CosY-Cos 3Y
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TADDITIONAL PERTURBSATION
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FIG. 28 SQUARE HOLE (PRESSURE LOADING)
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CHAPTER 111

REINFORCED CIRCULAR HOLE IN A SPHERICAL SHELL

3.1 Introduction:

Many structures in aerospace, nuclear, marine and petrochemical
industries consist of thin spherical shells. Cut-outs are introduced,
for example, in case of pressure vessels for inspection purposes and
in case of solid propellant motor cases, to accommodate the propellant
igniters or thrust terminators; To alleviate the stress concentra-
tions, it is necessary to reinforce the holes. In this chapter a
solution is given for the case of a reinforced circular hole in a
spherical shell. The shell is assumed to be shallow and the loading
considered is pressure.

A shell is considered to be shallow, as postulated by Reissner
(47), if the height to the base diameter ratio is 1/8. A general
theory of shallow shells was formulated by Marguerre (28) and a detailed
study of a shallow spherical cap was made by Reissner (47) and (50).
Reissner neglects the contributions of ihe transverse shearing stress
resultants to the equilibrium of forces in the meridional and tangen-
tial directions and the contribution of the sfretching displacements
to the changé,of cﬁrvature expressions. Reissner's assumptions regard-
ing shaliow spherfcal shells are identical to Donnell's assumptions for
cylindrica] shells and lead to an analogous set of basic equations.

As a result of Donnell's assumptions, thé cylindrical shell is treated
as a curved rectangular plate while as a result of Reissner's assump-
tions, the shallow spherical shell is treated as a curved circular plate.

Theoretically it has been shown by Penny (48) that the influence
of curvature on the stress concentrations around a cut-out, is not

negligible in the case of a spherical shell and experiments by Houghton
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and Rothwell (9) confirmed this theory. The differential equations
governing the smé]l deformations of the isotropic shallow spherical
shell with constant wall thickness were obtained by Reissner (47) and
these are used in this thesis. The problem of a reinforced circular
opening in a spherical shell has been considered by Mansfield (17) in
which the asymptotic solution was made use of. Mansfield's solution
is based on Timoshenko's asymptotic solution which is not valid near
the axis of symmetry of a shell and the equations thus obtained are
not valid for shallow spherical shells. Aléo, in obtaining the stress
ccncentratidﬁ factor the increased tangential direct stresses due to
the presence of the cut-out are not considered. Greszczuk (49) made
an attempt to find the ideal reinforcement for a circular haole in a
spherical shell by considering the effect of reinforcement geometry.
In this paper however optimisation was wrongly carried out on the basis
of the radial strésses and no account was taken of the more important
tangentialstresses. " The tangential stresses are in fact higher than
the radial stresses and the optimisation as suggested does not ensure
minimum tangential stresses.

The problem of an arbitrary shaped hole was considered by Guz
and Savin (42) in which conformal mapping techniques were used. Later
this method was extended to ring reinforced holes of arbitrary shape
in spherical shells, (44). Guz and Savin do'not take into account the
component of bead tension, in the normal shear equilibrium. lso, the
boundary conditions are expressed in terms of the displacements u, v,
and w, whereas in this thesis the Airy's stress function is made use of.

It is confirmed that the area required for a neutral hole in a
flat plate under uniform tension would make a circular hole neutral for
a sphérica] shell under pressure. It is also found that, when the

shear centre of the reinforcement does not lie in the shell middle surface,
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the shell stresses glways increase, disproving the suggestioﬁ (49)
that one achieves a minimum stress level for a particular value of
eccentricity. It is found that the beﬁding rigidity of the bead can
be ignored.

A spherical shell configuration is shown in figure 3 1.

3.2 Formulation of the problem and solution:

The equations governing the behaviour of the thin shallow spheri-

cal shell (47) can be written in the form,

byt 1 2pr = P

Vhw + R V2F ; (3.2.1)
Egt

VHF!' - - V2w' = 0 (3.2.2)

The sign convention used for stress resultants and stress couples is
the same as for cylindrical shell (figure 2).For the purpose of non-
dimensionalising the stress resultants, a reference stress Nref =5
is chosen. A non-dimensionalisation is carried out so that the two

differential equations could be combined to contain a single complex

unknown,

-n
§

1452
Fi/a Nref

2
E.t

) (——2 ) (3.2.3)

(w'/a2N
v [12(1-v2)] /2

=
|

ref

Defining ¢ = w - iF, equations (3.2.1) and (3.2.2) can be combined to
give, |

V4 + iB2v2¢ = g2 (3.2.4)
The effect of a hole in a shell is shown by Savin (I13) to be restricted

to a local region around the hole.

F = F + F* ;W = W+ wE (32-5)




FIG 31
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where F and w are prescribed values of F and w, away from the hole, in
which region F* and w* vanish.
For the case under consideration, F =r2/2 (3.2.6)

Then the residual problem reauces to the homogeneous equation,

v'—l¢-‘!: + i82v2¢;': = 0 . (3-2'7)

where ¢* tends to zero far away from the hole.

Equation (3.2.7) can be written as,

v2[v2 + ig2] ¢% = O (3.2.8)

Then % = ¢]* + ¢2* where
v2¢]* = 0 (3.2.9)
and (v2 + ig2) 0,5 = 0 | (3.2.10)

The solution we seek should satisfy the axisymmetry of the problem,

that is, the solution is independent of 6.
Solution to (3.2.9) is ¢1* = (B + iC) Ioger (3.2.11)
and to (3.2.10) is ¢,* = (A, + iAZ) Hé(sr/T) (3.2.12)

As the real part of ¢* should tend to zero as r tends to infinity,

B should be zero.

. The required solution is,

¢* = iClog r + (A +iA,) HL(Br/T) (3.2.13)

where C, A, and A, are constants to be determined from the boundary

1 2

conditions.

(Any additional constants that occur are discarded as they do

*

not contribute to the stresses.)

Applicability of the theory is discussed in Appendix XII.
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3.3 Formulation of the boundary conditions: - -

Here also we assume that the bending rigidity of the reinforcement
in the local tangential plane of the shell is negligible and thut the
hole is covered by a diaphragm which transmits the pressure force to
the shell as a uniform shear distriButed around the hole edge but

allows the hole edge to rotate and deflect freely.

Equilibrium equations:

Figure 32 shows the reinforcement forces and moments and shell
forces and moments per unit length.

The equations of equilibrium are given below for the general case
of eccentrically attached reinforcement. Symmetric reinforcement case

can be dealt with, by putting h =b = 0.

- I
N_o= ] (3.3-1)
Moo= Hon oheB2 oy (3.3.2)
rr a rr’ 2 7 I
= -pa T 4
Qr 2 + R ‘ (3'3'3)

The component of tension in the reinforcement in (3.3.3) is obtained

as follows.
Consider an elemental length 'ds' of the reinforcement (figure

- 31). The required component per unit length is
. de
T.sinvy - ds *

‘Using the relations ds = adé and sin ¢ = a/R, the contribution of the

bead tension to normal equilibrium becomes,

T/R.
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Compatibility conditions:

The tangential strains of the reinforcing bead and the sheet at

the junction should be equal

— = —— (N._ - yN ) - = (3.3.4)

Also the normal deflections and slopes for the reinforcement and the

middle plane of the sheet should be the same at r = 1.

E_ | ,
M = -_R—' %!I—) (3-3.5)
2 r
a
(For details see Appendix 111.)

For the stress resultants and couples in the shell, the usual flat
plate relations hold. All the moments, forces and Kirchoff shear
can now be eliminated in terms of F' and w'. After non-dimensional-

ising the following equations result.

E E o
- R A ; RA B p0-2)]
Fo, = e [F, -vF, 1+ F et T D2(1-v2)]w,
(3.3.6)
E
- b2y R - b
Wy ot VW, 12(1-v2) . S - Wi, (w,rrr W, w,r) >
at
-h [12(1-\)2)]sz = -2 g2 (3.3.7)
t - 'r a’ o
' 2 ER A
: w’rrr + w,l’l’ - Wyr + B~ . E‘s‘ . 'a‘E' . (F’I’I’ - \)F,r)
E ifo ‘
2 R A h _—2 - 2
LSRR [120-v2)]w, = 8 (3.3.8)

3.4 Typical examples and discussion:

Expression (3.2.13) is used in equations (3.3.6), (3.3.7) and

and A,.

'(3.3;8) to solve for the three unknowns C, A 2
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Firstly, the problem of an unreinforced circular hole in a )
spherical shell is solved for BZ'= 3.8, in order to compare with ex-
perimental results obtained by Houghton and Rothwell (9). Thecretical
solutions were obtained by Penny (48) for this problem. The experi-
ments were conducted on a hemispherical aluminium alloy shell of i6"
diameter, containing a 3' diameter hole and subjected to an internal
pressure of 18 psi. Measurements were made using resistance strain
gauges. | |
It can be seen from figures 33 and 34 that there is good agreement

between the present theory and experiment as far as the radial and tan-
~gential direct stresses are concerned. Also it is seen that the
radial bending stresses as predicted by the present method are closer
to the experimental values than those given by Penny. In the theory
propoged by Penny, the tangential bending moment at the edge of the
hole is assumed to be zero whereas in reality it is not.

As the value of B increases, it is found that the tangential direct
stresses increase as shown in figure 35. The formula for the tangen-
tfal direct stress for large B given in (9)

%6 _ \FE : .

= = 1.2 + 2.58 Ry Seems to give very good estimates. The

© )
tangential bending stresses appear to have reached a peak value for
the maximum value of B considered. This trend is similar to that
found in the case of a cylinder with a circular hole subjected to ten-
sion. But the bending stresses are much smaller as compared to the
"case of a circular hole in a cylindrical shell. At B = 6 the bending
stress is about 16% of the direct tangential stress.

In the case of symmetric reinforcement it can be seen that equa-
E

tions (3.3.6), (3.3.7) and (3.3.8) become homogeneous if EE- = 1;
S

22-= 1.5; thus making ¢* = 0. This implies that a reinforcement

E A ‘ .

for which EE- =13 g?' = 1.5; gives a neutral hole in a spherical

)
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shell under pressure. The shell principal stresses for various values

of %E-’ have been plotted for two values of B in figure 36. As g{
c

= 1.5 gives a neutral hole all such curves meet at 96 _ 1.0;

2? = 1.5. Mansfield (17) suggests that the stress concentration

factor can be put in the form,

— =1+ 0.4
(¢]

(<]

A:’: _
e 1| | (3.4.1)

where A% is the area required for a neutral hole.

This can be put in the form

g
P Ax/at _
'U—m- = 1 + 0.4 | Aat ]l
=1+o.h|'—i5— -ll (3.4.2) t

as the area required for the neutral hole is given by A*/at = 1.5,
It éan be seen from figure (36), that (3.4.2) gives lower values for
the stress concentration factor and also the dependence on curvature !
is not predicted by this formula.

It was also observed that the parameter —L; has no significant
effect on the shell stresses. This can be ei;ected to be so as the
bending stresses are small compared to the membrane stresses.

Figures 37 and 38 illustrate the variation of maximum principal
stress with respect to the position of bead relative to the sheet.

It is seen that eccentricity always causes an increase in stresses.
~Thus it can be conc]udéd that symmetric reinforcements are best for
spherical shells under pressure with circular cut-outs. This result

differs from (49) as the optimisation is carried out here taking into

account the radial and tangential, direct and bending stresses.
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Mansfield's 'Efficiency Factor':

As mentionéd in (1.6), for reinforcements around holes which
are neutral or nearly so, Mansfield has suggested that an eccentric
reinforcement may be replaced by a symmetric reinforcement, whose
cross-sectional area is reduced By a factor which turns out to be a
1/4 fora rectangular cross-section. Choosing 8 = 4, \ = 1.5, from
figure 37, one findsthat the stresses are almost the same when %—=
I 6, and equal to 2.6. The equivalent Mansfield's symmetric rein-
forcement has X = lﬁ§-= 0.375. | From figure 36, it is seen that the
stress at A = 0.375, for 8 = 4, is 2.6. Such good agreement should

be expected as all the conditions used by Mansfield are satisfied

in this example.
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DISCUSSION AND CONCLUSIONS

In many methods of analysis of problems concerned with reinforced
or unreinforced holes in shell structures, the curvature effect is assumed
to be negligible. The curvature has a very significant influence on the
distribution of stresses in the shell even for the reinforced holes as
shown in this thesis. In the case of torsion, the bending stresses are
as importght.as th;-mémbraﬁe strésses. In the éase of’pressure loading,
the bending sfresses are dependent on how the pressure load on the cut-
out portion of the shell is transmitted to the shell. If'it is trans-
mitted as a uniform shear around the hole edge (Case A) the bending stresses
tend to he much higher than whgn the shear varies as given in 'Case B'.
Even so flat plate theories are 35 general inadequate in describing the
.stress field in.the shell.

In the case of a cylinder under pressure with a reinforced circular
hole (Case A) it was found that increasing the bending efficiency 'u' of
the reinforcement leads to a reduction in the bending stresses and hence
the principal stresses with no weight penalty. It was shown that a rein-
forcement (X and p) can be chosen to give reasonab]yllow stresses round
the hole. 0On the other hand, under the assumption in 'Case B', the prin-
cipal stresses increase with u. These two cases represent two limits and
the true values may be between them, especially for small values of B.

In both cases attaching the reinforcement eccentrically increases the shell
stresses. ’

In the case of reinforced arbitrary shaped holes the analysis pre-
sented in this thesjs is applicable to any value of 'B'. The approach
used by Guz and Savin (42) and (44) is valid for 8 < 1. Also in the case

of reinforced holes, they do not take into account the component of tension

in the bead, in the normal equilibrium equations. This causes an error
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especially in bending stresses for large values of B, both for circular
and non-circular holes. It has been found that omission of this component
of tension in normal equilibrium equations does not give convergent solu-
tions.

It is shown in (42) that for 8 = 0.32 and ¢ = 1/9, for a square

hole in a cylinder under tension, the first approximation to the tan-

PR R
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gential stress (e terms considered) is 52% greater than the éeroeth
approximation aﬁd the second (¢2 terms considered) is 12% greater than
the first. In this thesis only 'e' order terms are considered and it
is felt that the accuracy attained is sufficient for engineering pﬁr-
poses. For VY28 =L, in the case of an elliptical hole (%—= 1.4) it
was found that Wittrick's optimum bead gives a stress which is about
twice that for a flat plate.~ Case A cmcl abour |7 ([(mes o ade B
The analysis of a reinforced circular hole in a spherical shell
shows that it is possible to find the reinforcement giving a neutral
hole. This has the same area as that required for a flat plate under
uniform tension. Eccentrically aﬁfCLch*na a reinforéement always in-
creases the shell stresses and should be avoided if possible. .
The effect of large B may produce very high stresses (stress con-
centration factors of the order of 50) in the case of a cylinder with
a cut-out énd so even for low mean stresses (as are necessary to
increase fatigue life) there will be yielding in a very small region.
The influence of this on the history of likely crack propagation is
quite unpredictable since the highly stressed yielded region will pro-

bably be very much smaller than the critical crack length.

Future work:

The theoretical analysis used for arbitrary shaped holes can be
extended to other loading cases as well as to other shapes than those
considered in Chapter !l. Triangular holes with rounded corners
" (Caravelle windows) or square holes with rounded corners of given rad-
ius can be investigated. For the latter, transformation functions as

given by Wittrick (38) in the form,

-3 -7
Z = ¢g-p;g +4q¢g

can be made use of. The analysis for torsion loading will be parti-

cularly useful as it is easy to conduct experiments for such a loading
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in a laboratory. Also the influence of eccentric'reinforéements'for
holes of arbitrary shape on shell stresse§ can be studiéd.

In the case of spherical sheils, under pressure loading, the pro-
blem of arbitrary shaped reinfo;ced holes can be solved in a manner
very similar to that given in Chapter II.

It is not always that one comes across compact bead type rein-
forcements and one may be compelled to treat the reinforcement as a
plate, to be more realistic. The ana]ysfs given invthfs thesis can
be suitably modified for a plate type reinforcement. The next stép
will be to extend the method to load carrying windows.

Not much experimental work has been done on reinforced holes in
shells. Experiments can be conducted to check the theoretical values
for the shell stresses in the case of a reinforced circular hole in a
cylindrical shell under pressure loading. The main effect of a hole
in a cylindrical shell is the occurrence of bending stresses and this
is very much dependent on the fact whethef the pressure on the cut-out
portion is reacted by the shell or externally. In reality the shell
reacts the pressure on the cut-out portion and the results are close
to true values only when this is simulated in the experiment.

Experiments on unreinforced elliptical and square holes in cylin-~
drical shells under forsion or pressure loadings will give an idea on
the accuracy of the solution to the order of 'e' as obtained in this
thesis. In the case of tension loading the bending stresses are low
when compared with membrane stresses and hence would not give an in-
"sight into the influence of curvature.

Next step will be to undertake tests on reinforced elliptical

holes and square holes with rounded corners in cylindrical shells.
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APPENDIX |

Effect of increasing sheet thickness in a fuselage shell:

O__%
o

Ta-«@?a _

Let radius of window: a

distance between windows: ka  (k~0(1))
area of edge reinforcement: A
-shell sheet thickness: t.

Total volume of structure for each frame bay = V

v

LknAa + 2nRt(k+2)a - 2malt

<
1]

hralA + (1 + k/2)Rt]

(..._ T‘:— << 2+ k as -g—-—' (;—))

Considering

V = bra(l + k/2) Rt{(]+k’>ﬂ - +1}

Let us consider the order of magnitude of

A - ! a A

(1 + k/2)Rt (1 + k/2) R at °

Practical limitations give, 0.1 s A/at €2
£ A _ gy, A L2 1 -
If X %L GrwoRe "3 5 O ¢
AL A 2 1, .

Wx = 2 1 + k/2)Rt 3'5'2‘

113

. . Effect of increasing sheet thickness on structural weight is at

least 4 to 10 times more drastic than increasing 'A'.



APPENDIX 11

Shallow cylindrical shell equations:

With the system of axes chosen in figure 1.

Equations of equilibrium are,

aN aN
X XY - 9
ax 3y
oM oN
X 4s ¥ = 0
9X oY
3 3
%, Lo fez Loz
X oY P X X oy XY
9 az 9z
+ — 1 —= + == = -
oy 0 XY oy NY] P
aMx aMx
ax ay ) Qx =0
aMxy oM
— - =
> Py Y 0

Substituting (4) and (5) in (3) and using (1) and (2),

3ZM 32M 32M 2 2 2
Xpg XLy ¥ 372y 2872 v 422y o
ax2 axdy  ay? ax2 % axay Y ay2 Y

Stress strain relations are,

N ES
X - 2 (e + ve )
t (1-v2) XX YY
N ES
L o= £ + ve )
t (1-v2) vy XX
Xy _ ES

t 2(1+v) “xy

2! 2.1

Mx = D (3 W 24w )

114

(1)

(2)

(3)

(%)

(5)

(6)

(7)

(8)

(9)

(10)
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: 2w 52! ' :
M = -p (Bw +V'aw) - » {11)
Y ) 3y2 3 x2
. _ oy 22w A
Mxy = D (1-v) 3%y (12)

Using the above equations (10), (11) and (12) in (6) and observ-

ing that for a circular cylinder

2 2
%ﬁ- = 22 - 9 and 2 - --;— R
ax? By2
Y _ e
Lot =
V! 4 oo 5 (13)
Strain displacement relationships are (Donnell's approximation)
e = M
XX 9X
v, w'
= — —
Yy y R
= U, 3v
€xy By T X A (14)
32¢ 3%¢ 3%e
- Xy + XX + _.__X.y - l. . BZW.' = 0 (]5)
X3y dy? ax2 R 5
Using (7), (8) and (9) in (15),
Ect .o, .
v - o XM o g (16)

3x2
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APPENDIX 111

Moment in a reinforcing bead due to a rotation:

The rotations of the sheet and the reinforcing bead are assumed

to be the same at r = 1.

Ir:) (E\
rl—.——— —— e ) e e —_— -—-—--————--rf
-~ L’ )

2a

The radial displacement of a point (r',z) in the bead cross-section

for a rotation as shown is,

-Z;w',r,

The corresponding vertical displacement is (r'-a)'w',r,.

.

The stress at the point is

- Z.w', | .
P
a

. The resultant moment due to this rotation is

= ff (- ER . —i—, w',r,)(Z-[r'-a]w',rl) dA

Area

where 'dA' represents an elemental area of bead cross-section.

Noting that 'w , ,' is independent of 'Z' and retaining only first
r.

~order terms, the resultant moment becomes

As r' = ar,

Moment = -~ — | w!,
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Boundary conditions for a reinforced circular hole in a

v

cylindrical shell at r = 1:

ER A ER oA

h
o —, - - - e T e T + =

3F, *+ 3Fs00 Eg " at GF, = Fap = Fagg) E; "~ at "t V96 (w, .+ w,o0) 0 (a)

Er A Er by h
3Fsg = 3Fspg * [ E (- —) (3Fsrg = Frrg ) Frope) * 3t E, 1= Y96 (wyggg tw ) = 0 (b)

ER | /a6 h ER J
Wy W e = 32 5 —— g b, ) VBB LR (R, Fagl) F 12 5~ g
S at S at
. ,
g’ (3W3 BW’I"I" 3W’I" 8w:ee + SW;ree) 0 (C)
(For tension or torsion)
= =12, 2'. g2 (For pressure)
| ER ER
3w, + 3w, _ = 3w, _ + 5w - 8w, .  +32 . —.,— (w, tw, o)+ 12— —— W,
rer rr r ’roe 80 Eg " 4¢3 6666 roo ES at3 roe
+ 882 L cos26(3F, - F, - F, ) -2, /oG (F ) |
' Es at * ‘rr ’r ’60 00 ' 'ree
ER A h
+ 882, — . =—.=.Y9% . cos26(w, +w,,..) = 0 (For tension and torsion)
ES at t r 06 ,

1282 (For pressure)

AR

(d)
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APPENDIX V
Flow Diagram for Computation
Reinforced circular hole in a cylindrical shell

Start

Read B, Hé(sr/ﬁﬁ), H%(Br V21)

E
R A1,

Read reinforcement parameters: T

N (number of terms chosen in S¢u

}

Generate Hankel functions HL(Br/Zi) using recurrence relations

At?

$m|>
~+

Choose collocation angle 6

Obtain Krylovy functions

increase 6f

increase n n=1 Formulate the right-hand side

n varies 0 to N for the boundary conditions

Evaluate the derivatives of ¢*
Formulate the multipliers for [-

the unknowns A_ and B
n n

increase 6

[Solve for the unknowns in ¢* by matrix inversion |

%

Read r and the corresponding Hankel functions Hé(BrVZI), H%(Br/@?)

Generate Hankel functions Hé(ar/fr)

L

Choose '6' at which stresses are required.
Obtain Krylov functions.

increase n n =1
n varies 0 to N

Evaluate the derivatives of ¢* and obtain the stress and moment
components using the unknowns already obtained

[Add the stresses due to F and w at chosen 'eﬂ

Redefine 6

tgrint stresses required]
Redefine r. ]

lStopl
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APPENDIX VI

Influence of torsion bending constant T

In the case of an open section,

E.J E, T
o= R R

2(1+v)a2 '

In general T consists of “wo parts T', and rz, where T, is due to the

1 1

strain in the middle plane of the walls and P2 is due to the direct

strain across the thickness of the wall. For Z-sections, l-sections

and channel sections P2 can be neglected and

(r)) () €21 +n2 1 =20

2 1
o s.c "0 X oy 00 xy’

where'o’ is the point about which the rotation takes place and Eo and
n, are the coordinates of 'o' with respect to orthogonal axes at the
shear centre (31). [ ly and lxy are the moments of inertia with

respect to parallel axes through the centroid.

S

—d — ——d

g, and n_ are of order 'd and if we neglect the terms of order (d/a)?

in the boundary conditions (which is consistent with the assumptions

made so far) then,

T
( l)o - (rl)s.c.
- adt3 adt3
If the open section is an angle-section or a T-section I', =0 and T

1 2

has to be taken into account.
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Discussion of method of solution in the case of an arbitrary shaped hole

in a cylindrical shell:

SECTION I:

Instead of solving (2.2.1) by separating into the form (2.2.4), the

following could have been done.

The coordinate transformation effected is
Z = ¢+ eflg)

The equation (2.2.1) can be put in the operational form

L Lg% = 0
- 2 - -1)g9
where L] (VZ 2(1 l)Bag)
= 2 -3
and L2 (VZ + 2(1 1)3ag

As the operators are commutative,

q)-.‘: = d’a* + ¢b-.':
where L]¢a* = 0 H L2¢b* = 0
. . o Q-i)gg . 5 -(1-i)8z
Choosyng b = e Yy o e vy

both Y, and Yy should satisfy
(v + 2i%)y = O

It is convenient to form Krylov functions as follows,

[e(l—i)BE N e-(l—i)BE:l/z

(E]-iEz)Z

(E3-iEh)Z

- [e(l—i)sa - e-(l-i)BE]A (1+1)

(2)

(3)

(4)

(5)

(6)

(7)
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For problems symmetrical in £ and n, the solution can-be written as,

¢* = (E]-iEz)z Ysymm * (E3-iE4é:wantTSYmm ®

where wsy and ¢ are symmetric and antisymmetric solutions of

mm antisymm

equation (6).

Equation (6) in (p,y) system of coordinates becomes,
[-elf' (g) + fﬁ_(?)]}v% +2ig2ly =0 ()
Assume ¢ = wo + e¢], and writing equation (9) to the order of ¢,
(v2 + 2ig2)p + e(lv2 + 2i821p, - (F'(c) + F)o2y) =0 (10)
To the first approximation: e = 0, giving
(vz + 2i82) b, = O | ()

As it is the contention to get the solution to the case of a non-
circular hole as a perturbation on the solution for p =1, (11) is
solved first.

The second order term in (10) now gives

(v2 + 2ig2)y) = (F'(0) + £ (chv2y, (12)

Using (11),

(vZ + 2182)p, = -2182(F' (2) + F'(chy, (13)

The solution for the equation {13) can be written as,

L T 4 PERL S P
where, wlc = complementary function
wlp = particular integral.

Solution to equation (11) for symmetrical problems, (discarding

Hankel functions of the second kind as they grow large with argument) is
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of the form,

wo(p,Y) = E (An + iBn) H;(BQ/ET) €Os ny (1&)
o}
and similarly
by, = E (Cn + iDn) H;(Bp/ET) cos ny (15)
o}

The particular integral of equation (13) can be found using Green's

function G for the Helmholtz equation,

2 *n2 =
(Vc + 2iB )w] 0

w
il

e oul = /242 ‘ R
iT Ho (B/ET P +po 2p s cos (Y Yo) )

(-]

- 1 ol - . Y
= ir . E gy €OS m (y Yo) Jm(Bp/ET) Hm(spo¢2|)
m=0
} (for p < po)
= i E eé cos m (Y-YO) Jm(Bpo/ET) Hm (Bpv21)
m=0
(for o 3 0,)  (16)
where e! = 1 if m=0
m
= 2 if m#20

and J_ is the Bessel's function of the first kind, order m.
_. = } f/ ‘ - i 2 (g
Vip T T T 2 G {-2ig%y _(F'(c)+f'(g))p do _dv } (17)

‘From (7,
(€)-E,), = (E,-1E,) - 2ise£fiﬁl§fiﬁll-(53-i54)c

(E3-iE4)Z = (53-;54)C + Be iflél%fi&ll (E]-iEZ)C (18)
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Now the solution for ¢* can be written as,

¢* = g (E14E2)c - ZEBE(f(C%+f(C)) (E3-1E4)C§ [wo+Ew]c+€wlp]symm

[wo+Ewlc+€wlp]

Be (F(2)+f (z)) (o _.
- g : (EI-'EZ)Q E antisymm

+ g(EB—iEL})C +

Denoting

(f (2)+f(z)) .
2 (E3 'Eh)c 'wo symm

In

-2ife.

(FlR)4FE)

5 -iE,)

+ Be. ] 2°g Yo antisymm

+ e(E]-iEz) + ¢(E —iEh) (18a)

d lp]p symm 3 L lplp antisymm

£ = T(F -: =1
% = L(E, 'EZ)c Yo symm ¥ (E3 IE4)C Yo antisymm]

+ e[(E]-iEz) + (E3-iE4)

z lp]c symm L ch antisymm

- | 19)

This is the solution to the order of 'e' in p and y.

| One should remember to carry out the coordinate transformation in
the boundary conditions as well. If the expression for Kirchoff shear
is taken as an example, it consists of derivatives, w’rrr; W, oo etc.
To transform these into (p,y)vsystemvdf ;oordinates is very difficult

for a general transformation. In ordér to obviate this difficulty, it

was assumed in (2.2) that

p* = ¢O* + e¢]* where
by = iR2¢ % =
V7, + 8ip b ‘eE 0
by % 1R24 % =
and ,VZ¢I + 8iB ¢ reE 0 (20)

Obtaining the solution to the differential equation and the bound-
ary conditions in p,y coordinates, as can be seen in this section, is

very cumbersome. What we do instead is to expand Nrr’ N,., etc. as a

06



Taylor's series around the point {p,y) and use them to obtain expres-

sions for Nnn’ N , etc. (Appendix VIII). For example, consider

5s
2
Nee = §—fl£4§l-. Instead of expressing F as a function of p and v,
) 2
2
and also — in terms of p and v, Nee(r,e) can be written as,
ar2
aNee(p,Y) 3N, (p5Y)
= + , ———— Y —————
Ngg (rs6) Nog(p»Y) + 20 5 Ay T

Since r =p + Ap and 8 =y + Ay (from (2.3)), where Nee(p,y)

= %EZ-(FO(p,y) + EF](p,Y)). In the fina] expressions that are ob-
taiﬁed we retain only 'e' order terms. The solution to the circular
hole is got by putting ¢ = 0 and satisfying the boundary conditions on
p = 1. For the case of a non-circular hole (e # 0), the boundary

conditions on additional stress resultants are satisfied on p = 1.

As a matter of fact the solution which is obtained in (2.4),

* = -1 ) 1 1 H
¢ (E] |E2)Z E (An+|Bn) Hn(BrVZI) cos né
0,2,.. -

+ (53_15#)2 :E:: (An+iBn) H;(Br/ff) cos ng

1,3,..
+ e{(E]-iEZ)C :E:: (Cn+iDn) H;(Bp/ff) cos ny
0,2,...
+ (EgmTEL) Z (c *+ip_ ) Hl(BpY2T) cos nY} (21)
])Sa' )

can be shown to be identical to the expression given in (19). This is

‘done for the elliptical hole case and is presented in Section II.
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SECTION I1;

From (2.4),
£ - E i Lgrv/27 0
o (E] |E2)Z (An+|Bn) Hn(Br 2i) cos n
0,2,k4,..

-
£
!

+ (53-154)2 :E::‘ (An+iBn) H;(Br/ET) cos nb

1,3,
and o
bk = (EmiE), :z:: (c +iD ) H.(8p/Z1) cos my
0,2,4,..
+e,m1Ey), :E:: (c_+1D) HL(8p/21) cos ny (22)
1,3,..

In the case of an elliptical hole the transformation function is given

by,
Z =t +%  (23)

which gives (Fr(g) + f'{t)) = - 3_595531 (24)
p .

To the order of 'e' using relations given in (2.3)

| 2 % (0,7) % _*(o,7)
¢O*(r’6) = ¢O#(p,y) +Ap — + Ay . —ay (25)

¢0*(p,y) is the same as ¢ _* given in (22} but r and © are changed to

p and y, which also implies Z is replaced by z.

* 34) *(D’Y) .
% = 4 % o cos 2y o) _sin 2y .
- ¢ ¢0 (D3Y) 4‘°¢] (D:Y) +e [ 5 . 30 p2 3y
(Using 2.3) (26)

Expression obtained for ¢* in (19) is,
0% = g% (p,y) +eg % lo,y) + E

Eris‘given in (18a). To show the identity required,

3¢ *(0,v)

]
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(27)

3 3
p e 02 Y

- E[cos 2y 3‘1’0*(‘3’Y) _ sin 2y 34’0*(‘) ’Y)]
Substituting the expression for y_ from (1.4), G from (16) and using
(24); (17) gives,

HE (8oY'21)

87271

cos y

- 1p2 H 1 R
iB (Ao+lBo) cos ZY.HO(Bp/éT)

- . 2 5
lb]p = | B (A]HB])

z H;}(Sp/_z—i) cos(m-2)y
+ 2ig2 E (A +iB )
m o om
2,040

L(m-1)
=  (HL(Bo/ZT) cos wZ y)
- 2302 H
2iB E (Am+|Bm) ) (28)
1,...
(For details see Section I11.)
= = “ZiBe sy (E,-iE,) z (A +iB_) Hl(BpVZi) cos n
= 0 ’ Y-rETIER non’! TptRR Y
0,2,..
1
+ ge_ . cosv.(E]-iEZ)C E (An+iBn) Hn(pr’Zi) cos ny
1,3,..
-t - 2 - 1 .
+ e(E] IEZ)E { iB (Ao+|Bo) HO(Sp/?T) cos 2y
, ad H;(Bp 2i) cos m-2 y
+ ZIS E (Am+le) ll(m-])
2,4, ..

oo

Hl (BpV/27) cos m+2 v
- 2ig2 E (A +iB ) mn

"L (m+1)
2,4,..
: ) { , Hé(ﬂpf?._i)
+ ¢(E,-1E,) { iB2(A,+iB,) ————  cosy
3 L C i 1 spm——
, l H;(Spfz—i_) cos m-2 y
+ 2iB Z (Am+:Bm) 5T
3,...

4(m+1)

Hl (Bpv21) cos m+2 v
- 2i82 E . m
1 4 (Am+|8m) } (29)
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Consider the right-hand side of (27) -

Em: 7 — oH(8pY21)
E.{(E]_EEZ) (A +iB ) [ (cos n+2y + cos n-2y) n
z n n

P 2 3p
0,2,.. :

(cos n-2y - cos n+2y) gi. H;(Bp/fi)]

) 2
= — — 1 (8pv21)
. . (cos n+2y + cos n-2y) aH (8o
+ (E3 |E4)C E (An+|Bn) [ 3 5
1,3,.. o

+ dcos n2y - cos n¥ly) RILH (spfz—a)]}

2;‘35 . cosy. (E;iE,) E (A +iB_) Hl(8ov2T) cos ny

0,2,...

ge . z: oyl :
+ S Cos Y. (E] IEZ)C (An+|Bn) Hn(Sp/ET) cos ny (30)
1,3,..

Let us consider a typical term in (30) and show that it is identical

to the corresponding term in (29).

Py — y aH (gp/27)
£ . (E,-1E,) . (A +iB ) [(°°5 nt2y + cos n-2 y) “n
o 1 2'¢ n n

2 op

+ (cos n-2y 2— cos n+2 v) . g_. Hé(sp/ff)]

G.e. £ (A +iB ) (E.-i oy [-BYZT HL /Z7)
i.e. % (An+|Bn)(E] lEZ)C{ cos n+2y [-8Y21 Hn+](Bp 2i)]

- 1
+ cos n-2 y [B/ET Hn

1 (8ov20]1 |

-Hl - Hl

. £ . s 2. n n+2 —
i.e. > (An+an)(E] IEZ)C {+ B<2i ['——ETEITY——] cos n+2 y

H; 2+Hl}l
-9 . 29 -
+ cos n-2 y.B<2i ETE:TT—

, (An+iBn) H;(Bp/fi) cos n-2 y
i.e. E.(E]-IEZ)C 2iB L)
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H;(Bp/ET) cos n¥2 vy
- 2ig? (An+i8n) L(nt1)

+ terms of the type included in ¢‘* (p,Y).

This term can be readily seen in {29) and this is so, for each term.

Hence the identity is proved.

"SECTION I11:

To find the particular integral of equation,

(V§ +2ig2) g, = -2ig2(F' (£) + Fz))y

Area
and for the elliptical hole: f'(z) + f'(z) = 2505 2¢ (31)
2
o

Using (16) and (17)

. g2 Jf f{z% cos mly-yo) Iy (8eY21) W (30 /7))
m=0
p O

v

x {Z (A +iB_) H (80 vZT) cos n yo} cos %Yo do dy,,
n=0 po
+ f]{z ey cos m(y=y_) J_(8p v27) Hm(Bp/fi_)}
=0
1 o

<

: — cos ZYO
x ‘{:iJ (An+'Bn) Hn(Bpo/fT) cos nyoi}——;;———f . dpodyO

n=0 °

(32)
As the problem under consideration is symmetric in 'y' 'sin my' terms
can be discarded in (32).
For evaluating the various integrals that result the following

relations are made use of.
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@ v,@ -y @y, @ =5 (33)

n+l n+l

(Hankel function H_(z) = J_(2) + iY_(2))

If Km, Kn represent Bessel's functions or Hankel functions of order m

and n respectively, then,

y4 — ‘ —_—
K ., (2).K (2) - K (2).K_,,(2) K (Z).K (2)
fK(Z)K(Z ;_Z_,_ m+1 n2 m n+l LA n
(? - ) mn
y4 (34)
-m-n-1
fz e m+l(z) n+1(z) dz
J-mn - o
- 2 — [Km(Z) ‘K:(z) + Km+](z) m‘(z)] (35)
y4
m+n+1
yA Km(Z) K_nﬁ)'dz
m+n+2 .
T [Km(z) Ko T2+ Ky @) Kn+1m] (36)
2T
Also f cos(zyo) dyo = 0 if 2 #0
| ° = 2T if 2 =0; " (37)

Using these relations in (32), and noting that the integrals involved

in En’ Fn in terms of the type,
. 1 )
(En + an) Hn(BpVZI) cos ny

need not be evaluated as these terms could be merged into the series

for Yy (p]p is obtzined in the form given in (28).
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APPENDIX VIII

Stress and moment resultants in terms of complex stress function

Define, N = nled EN(')
nn nn nn

= (110w w0y i)y (1)

nn
o= 8O (D)
58 5S 58
;TGj + N(O)*) + g(&zT} + N(])*)
SS SSs SS 5S
No= ey 1)y
ns ns ns

—

(st) + st)*) + a(Nél) + Nﬁl)*)

(1)

Where — denotes the values far away from the hole and * denotes the

perturbations due to the presence of the cut-out.
To obtain the stress transformation equations from (r,0) coordin-

ates to (p,y) coordinates, we proceed as follows. (Refer to figures

20 and 21)

N, = N_ cosZy + Nee.sinZ? + Nre.sin 2y

N = N sin2y + Nee.coszw = N sin 2y

N, = (Nee-Nrr) siny cosy + N g-cos 2p

Mnn = Mrr cos2y + Mee.sinzw + Mre sin 2y

Moo = M. sin2y + Meeicoszw - M g-sin 2y

Mo o= (Mee-Mrr) siny cosy + Mre. cos 2y

oM
Qn = Qr cosy + Qe.sinw + 325 (2)
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Define; ‘ -
J = - lmag [l-.¢. + l—-¢,
rr P J)p p2 J:YY
b - .
J  _ 1 1
N = = | —_ b, - — .,
re mag [pz ior T o Py
] v v oo
M = = Real [¢. + = . ¢, + -0,
rr ea [¢J,pp p qsJ,p 02 qsJ,YY
] ] 1 '
M = = Real [— .¢. +—¢,. + Vo,
60 ea [p qsJ,p 02 qsJ,YY V¢J,pp]
J ] ]
M = + Real [(1-v)(— . 9. -—. 6.
ro eal [ ))(pz SR ¢J,OY)]
] - - 2
Q Real [(v ¢j),p]
o) = - Real I(- .92, ] (3)
0 P 7y
Also, let
_ zfle) + zf(z) 3 (F(z) - F(z))
L 20 "3 Zie o8y
(Flz) + F(z) _. |a_
_- 7 . Ssiny 3y
and el. = 29 = zg[af(c) T ), £ - f'(c)]
2 23 2 2i
ip
(from 2.3)) . (4)
The stresses Nrr’ Nee, Nre and the moments Mrr’ Mee, Mre as well

as the Kirchoff shears Qr’ Qe can be expanded as a Taylor's series around

the point (p,y) to the order of ‘g'.

(1) + o (0) BK(O)

kK = k© (5)

+ ek

where K represents any of Nr , N N M , M M o Qr or Q..

r 86’ "re’ rr

Ap, and Ay are obtained from (2.3) since

_‘
1

P+ Ap;

@
]

Yy + Ay.
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Using (4) and (5) in (2), one obtains,

T R GRS

e ) 2l )

e = sl = o2 o - lh
o = el ) D
) ) -

C R R L0 -
. Bg:") ML %@+ e[ag:')+ 8 8;':") +;§_ : agj") ]
W= M e (6)
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Boundary conditions for a reinforced elliptical hole in a cylindrical shell:

- % * % = * - g% - 24% *
Image { (6+2A)(¢l,yy + ¢|,p) + 6A¢],pp } Imag {(6 + 2A) [cos 2y (+ o5 o T 95 2¢0,YY + ¢o,pyy)
- sin 2y {o% _ + ¢% + b4 sin 2y (¢% _ =~ ¢* - 6A 2y . ¢% = sin 2y.¢* -
stn &y (¢°,pY ¢O,Y‘YY) st &y (¢°,Y ¢0,DY)] [COS Y ¢O,ppp sin 2y ¢0,DDY
b e X - e _ . . (o) i (1) o1
h sin 2y (¢°sY ¢0,py)] 18 cos ZY. (¢O,p + ¢°’YY)} + 18 N, cos 2y = (6 + 2A) Nt 61 Mo
E
Where A = R . A_ ;
E r t
S o

£el



*
mag {6(¢7;Y R TPR R AC R L B WY }

= Image -2 {3 (ccw 2y (-2¢o*Y 20k T 0%, ) - sin 2y (¢>ofYY -o % )+ 2sihpy(pF -4 F - ¢ F ))

0,0y 0,ppY O,0YY O,0P 0,0 Q’YY
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- sin 2y{¢ * + ¢ ) - 2 cos 2y(¢ +¢ % )+ 4 sin 2y(¢ -6 * )
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+ 6 ;313 + 27 ——-(3N (‘) ( )) -6 N( o) cos 2y .
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)
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Boundary conditions for a reinforced square hole with rounded corners in a cylindrical shell:

'"‘39 {-(6 * ZA)(‘#I?W ¥ ¢pr) + 6 ¢l?pp} = |mage 3 (6 + 24) [(-%fp *Oo%op T Moty * ¢0?pw) cos hy

- sinby(e®* +o % ) +8sindby(px -o¢* - 6A by.o % = sin by.p *
sin Ay (0% + 8%y sin by(eg%, ¢o,pv)] [ws. Yebolopp T ST Y 06T00y

H o ‘ ot L . (o) —T —T
- 8 sin 4y(¢ofy - ¢O:py)] = 90cos 4Y(¢O:p.+ ¢o:yy)(+ 90 cos by. Nés) - (6 + 24) Nﬁn) + 6A Ngs)

- R A
Where A = E . rot

£l



Imag {6(¢]’:‘Y ) - 2A (d)], vy d)]":pY - 3¢]’:ppy) }

= Imag {— 2 [3 (cos by (=20 % + 200% = 6 o0 ) = sin byl * - yy) F st by (0%, = 007, -¢onY))
B A{°°5 by (-dokpy ¢07:ppy B 2¢0?yyy ¢ ’:pwv) - A sin by(c % * te 7fpp 24 7:w ¢0pr¥
- sin bylogt  + %f’%ﬂw) h cos hy(o* =+ )+8;51n By (g%, ) bo¥,yy) + 2 cOs by (g% - $o%py)
-3 (cos By eg oy BosT Byt ST A0 oy T b cos hy.dot,, - 8 sin I'Y(d) 0,YY O*OYY) - 32 coshy (o ’:Y-‘pOTDY))}

-9 cos'hy(qsoffy - ¢ofpy):’ } + 6 ‘Nr(lz) + 20 . (3N( ) - r(lll)) - 18 cos 4y. Ngz).

8¢l



\

* % - * % - 3204 ,*
Real {3¢1,pp H Oyt Oy T3, 1T, 73 ¢1,p}

= Real {- cos hy(3¢4 * + o % - b 2¢,, * l + sin 4y(3¢ *

¢ x + ¢ *
0,000 o,0p o p ,YY ,pY

0, 10PY 0,0y O, YYY

+ 16 sin AY(¢ofy - ¢0fpy) + 32n{}21 cos hy.¢ofyy - 12 sin hy.¢ofy) + cos hy.¢ofpp - sin hy.¢ofpy+ bsin AY'¢°?Y]

- - ' i % % inby.6 % =16 bhy.$ *
IZQ‘:Z cos hy¢o?pyy + 4 sin li'Y,cpo’pY + cos by. ¢0 ooyy - 8sin by ¢0,ppv cos hy.¢

~sin hy¢0 v + 4 sin hy¢o?yyy + 3? cos hy¢o?yy - 64 sin hy¢ofy] + 3201 (L]¢0*),W }

6€1



* - - x *
Real {3¢1, 3¢1 »PP 3¢1,p 8¢1 »YY 5¢1 pPYY + 32 ¢ YYYYY +(32n + 120) ¢],DYY} '

+ Imag { -8B2A - - ik }= Real { +p % - 20 % + I Y
mag { BA icos Y(3¢l,pp ¢],YY ¢1,p) ea { "3 cos hv|eg) PP 407000 Y0500 2¢0,p os00vY

- by * +6*]+3snn [ % -6 *  +p F -2¢ * ]-IZSmM[ + ¢ * + ¢ *
botery T Ptoivy Mootapoy Hotooy “Coroy Poioryy “Hoivry Yorooy * Posoy T Poiymy| -

- - % - i * - & i -
2 (COS AY[}¢ ’YY - 2¢0 PYY o sppYY] 4sin hy[2¢o)Y 2¢0,pY " ¢OTDDY} 4 cos AY[ ¢ ’YY e TDYY}

'Sihl*Y[‘dJ* + ¢ * Y}"3COS 14y[-¢>* + * Y]+hsinhy{—¢* + 6%+ % jl

O, YYY 0,0YY O,YY 0,PY 0,ppY 0,pY O,YYY
+ 16 sl}[‘” +p *  + *]-ZH 12 cosh % -72 sin by¢ * -192 cos by.o *  +192 sin by.¢ * )
cos by |=ao¥ ) oo¥, * dolyy] )7 32 (12 £oshrdglyyyy 7 Yook yyy 192 cos Br-doi, 13 Yetoly!
~(12q+ 321) {13 cos &4 6¢ * +COS’+ -8 sin 4y.6 * ~-16 cos by.¢ * -sin 4
( 321) [ 3 Y00 0vy 2oy Y00 opvy 40,00y Y%0,00 Y% oyry

+ b sin hy.d)O?YYY + 32 cos lly.cpo?’*w -64 sin liy.tpo’;cy] 32n (L 180% )’YYYY}

2 2 x =3 si x - i X - ¢ % |- 7\- X 4+ ¢ %
+ Imag 882\ cos y[B cos I*Y'd)o,ppp 3 sin lw.cpo’ppy 24 sin hy[cpo’y ¢0,py] cos hy[ ¢ ¢ 0. pp 24, oY ¢°’PY¥]

+ sin 4y (¢o7"=pY + ¢0 YYY) - 8 sin 4y(¢ * - ¢OTDY)]

+ Imag [-24321\ sin 2y. sin hy. (3¢o":pp - ¢o - ¢ ’:YY):]

+ 24827 sin 2y. sin by.(3N éz) (o)) - 882Acos?y (3N(]) r(m)) N

oyl



141

APPENDIX Xl

Flow Diagram for Computation
‘Reinforced arbitrary shaped hole in a cylindrical shell

Start

Read 8,H! (Bpv27), HY (Bp/21)
1

Read reinforcement parameters,

il

) and

A J
at’ i

A
S at?
N (number of terms chosen in ¢]*)
Generate Hankel functions H;(BpVZi) using recurrence relations

——1Eboose collocation angle '6' and obtain Krylov functions]

E 2

9

increase n n=1
n varies 0 to N

Y

Evaluate the derivatives of ¢;* - Formulate the multipliers
for the unknowns C,» D

n

Y

increase 9

Read coefficients in¢b*

f

Obtain the right-hand side for the boundary conditions at the
collocation points

Y

[?olve for the unknowns in ¢]* by matrix inversion

Choose '8' at which the stresses are required
obtain Kryloy functions

increase n_ n=1

n varies 0 to N

Evaluate thr. derivatives of $1* and obtain the stress and
moment components using the unknowns obtained

Evaluate components of 'e' order due to ¢o* and add to the

above
* —— —
LAdd stresses (e order) due to F and w at chosen ﬂ

\
—{Print the stresses]

redefine 9

b

[Stop]
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Applicability of the present theory:

The range of applicability of shallow shell theory has been dis-
cussed by Vandyke (4).

.Hankel functions of the first kind behave like

1 N ' -Br
Hn(sr 2i) ~ e ///}BF)I/Z

and KryloV functions behave like

(E,-iE,) = (Ey-TE,) n PT Cos B

for large arguments.
' (E,-1E,)H] (Brv2i) n (E3-iEh) Hl (Brv21)
o-Br(1 - [cose])

(sr) /2

Consider the decay ing = I n/2, direction,

d)* | ’\: e-sy(sr)l/?. (a)

For a shallow. shell, the ratio of the rise '§' to base length '2y' is

‘less than 1/8. \
R

For a circular cylinder, §(2R =§) = y2
C ved § _y
Neglecting '§2' , — = (b)
—_ R
2y
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Using the shallow shell criterion and the fact that y-= ar, (b) becomes,

y _ ar 1
IR =1k <% - (e)

As the hole must lie in the shallow shell region,

1

=k

Let us assume that at r = r, the hole effects have died down to one
tenth of their values at the hole edge.

Using (a)
-8 (r-1) |
_ _____‘Z—F) 7 = 15 S - (e)

Using (c) and (e), a relation between %-and %—is got which is plotted
in figure 39.
However, for large values of '8', we can assume that the entire

decay is caused by the exponential term in (e) which gives,

g(r-1) = 2.3 (f)
. = 2.3+ 8 R_ .
i.e. r =< 33 (using (c))
. , a _ 1 _ 1.5
This leads toL- = < 3 o

Using the definition of '8' and (d), this reduces to,

2 < 3 -3.6(m'? (9)

Relation (g) is true for large values of B, that is small vaues of (t/R),

and has been plotted in figure 39. The analysis given holds for the
bylindrical shell. In the case of spherical shell, the same figure 39
applies, except that the y axis represents t/8R instead of t/R.
Variation of Poisson's ratio was shown to have no significant'
effect on the shell stresses in (6). Hence the results are applicable

to cases where the value of v is around 1/3.
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Donnell's assumptions are not satisfaétory if the deformations 'w!'
longitudinally or peripherally consist of modes whose wave length is
of the order of the length of the cylinder or perimeter of the cross-
seccion of the cylinder. In the problem considered in this thesis
the deformations die away at distances of r = 1.5 from the centre of
the hole and hence do notvcontain large components from modes for

which Donnell's assumptions are unsatisfactory.
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APPERDIX X111

Reinforced circular hole in a cylindrical shell (loading 'Case B')

Resu]ts‘are obtained in this appendix assuming that the pressure
load acting on the cut-outportion of the shell is distributed as the
varying shear round the hole edge referred to as 'Case (B)' on page 26.

\

If the relative bending stiffness of the curved window in the 'x'
and 'y' directions are go dissimilar, we may ignore bending moments and
therefore normal shears on generators such as AB and CD. If the edge
of, the window is free to slide radially then the membrane action is zero
here and may be ignored over the whole of the shallow window shell.
Under thesc assumptions the pressure on an element ABDC.is resisted en-
tirely by shear on the edges AC and BD, giving rise to the shear per unit
length = pa cos28.

For.this case, the equations of equilibrium (1.4.1), (1.4.2) and

(1.4.4) remain the same whereas (1.4.3) becomes

- M !
+ = - - 2
'Mrr Nrrh 3 + = H,, + Q.b + pacos?®pe.b

9

and (1.%:.5) becomes

P, + %-cosze - pacosze.

]
Q"a"e

The right-hand side of the four boundary conditions in Appendix IV

consequently contain
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- 24 %—.Bz.cosze instead of - 12. E‘-BZ in (c)
and
2482¢cos2p | instead of 1282 in (d).
In this case also we assume as }n (1.6) that'ER/ES =1 and J/I = 2
Heaving the three parameters defining the problem B, A = %? and p = ;lz
(1t is found that the stresses increase if J/I is increased for h
some typical sections: Most of the change occurs in the range 0 < %—s 1

as in Chapter | .and in the range 1 < %—s 3, the stresses remain almost
constant. Very small J/I implies that the section must be a thin-walled
open tube and it %s fdﬁnd_again that the torsion benaing rigidity of the
section cannot then be ighored.)

The carpet diagrams in f[gures Lo, and 42 show the variation of
stresses with B, A and M. For a constant u the stresses reduce with
fncreasing A‘and for a constant A stresses increase with yu. Stresses
also increase with B8 and for v2g = 2 the minimum stress concentration
obtained is 1.785 at A = 1.8. This compares with Wittrick's (32) solu-
tion for a flat plate (B =0) of 1.306 for A = 1.0.

As in (1.6) by assuming an eccentric reinforcement to be of a doubly
symmetrical rectangular cross-section whose centre is offset distances
'b' and 'h' (figure 3), the stresses obtained are plotted in figures 43,
44 and 45. The stresses for the eccentric reinforcement are in all
cases higher than those for symmetrical reinforcement.

» %Comparing the two Cases (A) and (B) it is found that the bending

strééées are very much lower in 'Case B' and it seems that this is because
the window load is being concentrated in the regions where the reinforcement
and the éhell have the curvature necessary to resist normal loads by a
predominantly membrane act}on. The differences between the two cases are
most pronounced for higher values of B as was predicted. In fact for the.

lowest value V28 = 2, in the optimum region 1 < A < 1.8 and y > 3 there is
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very little difference between the two cases.

Mansfield's efficiency factor: (See (1.6))

Table II1 gives the ﬁaXimum principal stresses for symmetrical
(A =0.4) and e;centric}(x = 1.6) reinforcéments. The agreement with
Mansfield's suggested formula seems good though the stress system is very
complex. | The agreement is much better for 'Case B' as compared with
'Case A' due to the lower bending streéses previously mentioned.

It appears that for 'Cage B' figﬁres 4o, 41 and 42 may be confidently
used for symmetrié as well as eccentric reinforcements for other than

rectangular cross-sections.

Table 111

A =0.4 A =1.6 A =0.h A =1.6 | 1A =0.4 A= 1.6

i ;Symmetric Eccentric Symmetric Eccentric Symmetric Eccentric

-1 - 2.466 2.151

2 2.565 2.351 2.851 2.585

3 2.628 2,465 | 2.953 2.723 | 3.176 2.932
k 2.672 2.534 3.026 2.829 3.254 3.018
5 2.704 2.581 3.081 2.907 3.312 3.108
6 | 2.728 2.613 3.125 2.96h 3.398 3,184
7 : 3.159 3.009 3.455 3.248

8 o ' 3.502 3.303
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APPEND X X1V

Reinforced elliptical hole in a cylindrical shell (loading 'Case B')

It can be assumed as in Appendix Xili that the pressure load acting
on the region ABCD is transmitted as shears distributed along AC and BD.
The shear per unit length = pr,-r cosg.cosa, which using (2.3)

reduces (to the order of ¢) at p = 1 to,

Pr, cos? y + epr, cos 2y.cos?y.

The equations of equilibrium (2.5.1), (2.5.2), (2.5.3) and (2.5.4)

remain the same whereas (2.5.5) becomes,

= P + T.cosa.
Q ’g w.n

- 2.0 - 2
r _Cos r Cos 2v.CO .
n s P o Y ep o Y sTY

3
(This change gives rise to an additional term on the right-hand side of
(2.7.8) as

= pr, cos 2y cos?y

There is a corresponding change in Appendix |X, page 136, where the
additional term is

+ 24R2 cos2y.cos?y.)

study the influence of reinforcement Wittrick's (32) optimum,
almos£ neutral hole, (A = 0.8, E—= 1.4) is chosen. It was found that

the variation of the maximum principal stress with yu was very small as the
bending stresses in the shell were very small. For example for Vap = 2,

the variation of cp/cco was from 1.446 to 1.457 as u varied between 2 and
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7. The points corresponding to 'Case B' have been plotted for comparison
with '"Case A' in figure k6.

Even though the bending stresses are small, the reinforcement in the
curved shell is not as efficient as in the flat piate. Considering
Wittrick's (32) optimum cut-out again, at 6 = 0, the imbalance between
the window shear and the normaf component of reinforcement is only about
10%. But- the shell is very sensitive to such an efféct as is appafent
in the high stress concentrations arouhd a circular hole in a cylinder
under simple ténsion. The reduction in stress is seen in figure 46 to
be most pronounced for large B where 'Case B' is a more realistic model.

For smaller values of B the two cases approach the same value.
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J
%:1, N=08; p=6; Y=2; 2 =14
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3:0r
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O (CASE A)
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* Wittrick's solution

FIG. 46 REINFORCED ELLIPTICAL HOLE (PRESSURE LOADING)
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