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ABSTRACT

A theory has been developed in this work to predict
the progress of solidification of pure metals and binary
alloys of the eutectic forming type, solidifying at zero
or positive superheats with uni-dirsctional heat flow,
The solutions were developed using the integral profile
method,

In order to verify experimentally the predictions
made by the theory, solidification of pure lead, lead-
antimony eutectic and lsad-tin alloys was studied, under
conditions of one dimensional heat flow with heat
removed by convection with a constant heat transfer
coefficient, The heat transfer coefficient was
determined by independent steady state experiments,

The progress of solidification was measursd by thermal
analysis,

© . Metallographic and solute segregation studies
were undertaken to evaluate the various assumptions used
in the development of the theory, Experiments were
conducted to study the effect of purity and of
morphology on the progress of solidification,

The agreement between theory and experiments have
shown that the theory can be used to predict the rates
at which a wide range of alloys solidify under a variety
of different uni-directional cooling conditions.
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I INTRODUCTION

The solidification of alloys has been a topic
of intensive research, both from its industrial and
fundamental aspects, In the main the fundamental
research has two objectives, In the first place it
is aimed at understanding the structure produced. by
solidificatien, the resulting solute segregation, and
the effect of this structure and segregation on the
mechanical properties of the alloy. In the second
place it endeavours to predict the progress of
splidification process as this information is required,
for example, in the design of the continuous casting
machines, and of feeder heads in the static casting

process,

The work reported here deals with the later
aspects. and since the casting process is generally
compleX, involving among other factors. multicomponent
alloys and three dimensional heat flowy this work is
limited to the simple cases of pure metals and binary
alloys solidifying with unidirectional hseat flouw,

Only the binary alloys which form eutectic with partial
solid solubility are discussed,

The solidification of alloys involves unsteady
state heat flow, so that the mathematical prediction of
the solidification rates is a problem in unsteady state
heat conduction. Since the problem involves a change
of phase the partial differential equations involved
are non~linear, The problem therefore can be solved
by attempting an approximate mathematical solution for
a particular case or by using simplifying assumptians
and attempting an exact soclution. Exact solutions
have been obtained for only a few cases, approximate
methods must be used for the more general casses,

There are tuo main approximate methods - the finite
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difference method and integrsl profile method, In
the finite difference method the partial differential
equation is reduced to a suitable finite difference
equation, (section II-2-8), . This method suffers from
the disadvantage that it is lengthy, tedious and
time consuming., The integﬁgibprofile method, on

the other hand, reduces theAdiFFerential equation to
a non-linear ordinary differential equation which is
much simpler to solve, The method is simple and
flexible in its approach and has been used by various
authors to predict the progress aof solidification
(section II 2«f), Recently Hills1 has developed

a generalised integral profile method for predicting
the grouth of a cooling solid metal layer and this
method can be applied to a large number of cooling
conditions, The aim of this work has been to extend
Hills®' solution so that it can be applied to the
solidification of metals and alloys solidifying at
various superheats and at various cooling conditions,
The theoretical treatment is given in Chapter III,

The solidification of metals and alloys has been
studied in an apparatus specially designed to produce
unidirectional heat flow conditions, A short
description of this apparatus and of the experimental
procedure is given in Chapter IV, The experimental
results obtained for the solidification of lead and
tin alloys are compared with the predictions of the
theory in Chapter V, Some of the results obtained
for the solidification of lead-antimony sutectic alloys
are also given, In a subsequent section the
morphology and solute segregation that has been
observed in these alloys are described,

The theoretical treatment developed in Chapter III
is discussed critically in Chapter ®VIin the light of
the experimental observations, and conclusions are drawn
concerning the merits and limitations of the theory,



- 11 -

CHAPTER II

REVIEW OF PREVIOUS UWORK



-~ 12 -

II REVIEW OF PREVIOUS WORK

The main aim of the work reported in this thesis
has been to predict the rate of solidification of
alloys and to compare the predictions with the results
of relevant experiments, A short review of the
previous literature is given in this chapter dealing
with currsnt knowledge regarding the solidification
of alloys, various attempts made to predict ths
progress of solidification and the experimental
techniques that have been used to measure solidification
rates are also dealt with,

II~1 REVIEW OF PRESENT KNOWLEDGE ON ALLOY
SOLIDIFICATION

The solidification of binary alloy that forms
a eutectic can be explained with the help of a phase
diagram as given belowus

e,m"iw - - - - ’C"'O
o~ l
LN
.\ \\
Ble |\ L L
B_L .- _”\\._ - .- T\ CE
\ e
\\ : \\ ,/'/
P R | . L
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1
H

'hen an alloy of composition 'Cogals cooled from an
initial temperaturs Gm, the. first solid will appear
at the liquidus temperaturs, BL. This temperatmnpe
will be lower than the equilibrium liquidus.

temperature, BLE’ as given by phase diagram, by an

(a)This case discussed here is of an alloy of composition
CU’ when EU is greater than maximum solid solubility.
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amount which depends upon the cooling rate, The
first solid formed will contain a2 lower concentration
of solute than bulk liquid, The solute rejected
during solidification will thus enrich the remaining
liquid so that subsequent solid will contain more
solute than the solid that was formed first, The
liguid will therefore become richer and richer in
solute until the solidus temperature is reached when
it will all solidify, The amount of liquid presant
at the solidus temperature will depend on the extent
of solute rejection, This in turn, together with
the resulting solute segregation will depend upon

the rate of cooling, the temperature gradient and

the composition and nature of the alloy. The
segregation of solute influences the type of structure
or morphology, produced during solidification, Thus,
the morphology of the solidified metal may provide an
insight - into the nature of the solidification process.

II~1«A DIFFERENT MORPHOLOGIES PRODUCED DURING
SOLIDIFICATION

A pure metal solidifies with a plans solid/
liguid interface and the resulting microstructure will
only show very thin grain boundaries. When a minute
guantity of solute is present the solid/liquid
interface will show small groves and the resulting
microstructure will show thick cell boundaries (ecellular.
structure), When the amount of solute is no longer
small, its rejection may lead to the formation of
dendrites which can either be oriented in the heat flow
direction (columnar dendrites) or randomly oriented,
In some extreme cases this random oriented structure
can give rise to an equiaxed structure, Under certain
cooling conditions it has been possible to produce
oriented two phase structures, Where the oriented
phase does not form secondary arms the structures are
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called composites or fibrous dendritic structures,
The various morphologies discussed above are
illustrated schematically in Fig, II-1.

II-1~8 FACTORS AFFECTING THE TYPE OGOF MORPHOLOGY
PRODUCED ON SOLIDIFICATION

The type of structure produced on solidification
is mainly determined by the amount of solute the
solidification rate and the temperature gradient in
ligquid, Various authors have attempted to predict
the type of structure produced once these factors are

knoun,

I1I-1-B(i) Planar to cellular transition in _single
phase alloys

Various correlations have been suggested for the
conditions under which a plane interface will transform
into a cellular interface, The most satisfactory is
that suggested by Rutter and Chalmer52 wvhich is based
on constitutional supercooling., They say that the
interface will remain plane if:

G mc0(1_k)

->
R D

I11-1-1
f.‘
and this has been confirmed by various authors,

I11-1~B(ii) Cellular to dendritic transition

Ch;lmerss extended the. hypothesis
and proposed that increased constitutional supercooling
leads to the breakdown of the cellular structure, Tiller
and Rutter4 proposed on the other hand the criterion for
the breakdown of the cellular structure can be
represented as: -

AG
1
2

R

c = II-1-2

]
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where 'A' is a constant, Tiller criterion has
recently been questioned by many workers, Plaskett
and Uinegards and Coulhard and Elliot6 have modified
Tiller criterion II-1-2, to include the effects due
to cell size and liquid mixing.

7 made a statistical analysis of the

Davies
existing data on. the solidification of alloys and
their morphology, and found that no simple criterion
could be valid for the transition from a cellular to

a dendritic structure,

II-1=-B(iii) Two phase alloys

Mollard and Flemingss have predicted that during
the grouth of a two phase alloy from a single phase
melt a plane interface should be stable if:

G M{C. = Cpq)
-> E g I11-1-3
R De

This equation was obtained by assuming that
solidification took place under steady state conditions
and that the solid formed was of homogeneous composition.
Cline9 used a preturbation analysis of the steady state
solution for sutectic growth to show that the plane
interface would break down when:

G m{Kg Cq = Cp Lot

[
R 2 KL 1 D

- e T emm 4 ]

This criterion agrees well with the experimental data
of Mellard and FlemihgsB for lead-tin eutectic alloys.

II-1~C SOLUTE SEGREGATION PRODUCED DURING
SOLIDIFICATION

Df‘ann10 derived an equation to link the concentration
of solid present at the solid=liquid interface, Cg, to the
fraction that has solidified:

k-1
x-—
s = keg(1 - fg) I11~1-5

”

c



The fraction of the liquid remaining is therefaore

given by:
1
cf = 7K
L c
0

where cf is the concentration of liquid phase which

is assumed to be completely mixed by diffusion,

This expression was derived by assuming that
negligible diffusion took placs in the solid, that
the partition coefficient, 'k', was constant and that
equilibrium existed at the solid/liquid interfacs,

H considered the

Recently Bordy and Flemings
distribution of solute during dendritic solidification
and showed that equation Il-1-5 cannot be applied
directly because the value of the partition coefficient
is not constant throughout the solidification process,
and becauss diffusion in the solid has an appreciable’
effect, They assumed thet no mass flows in or out of

the volume element shown . .below
Volume Element

_ Uodume Element 4

— |t
Solid -- - - - j:f;::E:;: Liquid

I

; Dendrits

that solute is transported in
the solid phase by diffusion and that the rate at which
the dendrite thickens is constant, They found that the
composition of the solid is given by:

k ~1
* f‘S
C = ktC 1 o ————— I11=t=7
5 #] K

1 + aﬁ
D/Ce
2

where af = and T} is the local time for

L
solidification to be completed and L is half the
dendritic spacing, The factor oe determines the extent
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of segregation, If O e k. >?1, the composition of the
primary solid phase approaches uniformity. Moreover,

for a particular alloy, the severity of microsegregation
depends only on the ratio ‘T}/Lz and not on the
dendritic arm spacing or the solidification time, IR Where
wemmy the value of ®e k- 1s very small thse equation

11-1=7 reduces to the Pfannt's equation II-1-5,

I1I-2 PREVIOUS METHOD OF PREDICTING PROGRESS OF
SOLIDIFICATION OF ALLOYS

The mathematical prediction of the rates at which
metals and alloys solidify inzg%xﬂﬁokhe solution of the
unsteady state heat conduction, Sclutions have been
obtained by one of. the Follouf%g methods:

(a) exact solution, (b) approximate solution using the
finite difference method, (c) approximate solution

using the integral profile methaod,
II-25A Exact solutions

Very few formal solutions exist for the unsteady .
state heat conduction during metal solidification; and,
until recently, né formal -solution vas available for
alloy solidification, Goodman12; while discussing the
paper presented by Tien13 gave a sglution for the case
when the surface is held at a constant tamperatures
below the solidus, The boundary conditions are such.
that all the variables that are functions of position,
X, and time,f( y can be described in terms of a

dimensionless time, £ , where:

- X
o= 3 I1-2-1
TK =
(—)? .
Yea
Q

The heat conduction equation in the partial zone is:

>% eH, Ye 38

= — I11m2~2
2 .
Ox Kp %p 0T
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where Hp is the latent heat released in the partial
layer and va is the thermal capacity of the alloy.
This equation can be in terms of the dimensionless

time as:

2
d“8 de - QH fo 3
P € fsy 11~2-3

X x
dr§~2 2d§ 4ty X

and the general splution is:

X .
- H* fo. 2
8 = 5“#, + C, eyf (-}-) + C 11-2-4

2 t y L 2

\Nh% C—l 2\ Cl Qve ng\-dx‘\/\\'s
This equation has little practical validity since it only

applies when the surface temperature is kept constant,

and the alloy occupies a semi-infinite region,
I11-~2~8 Finite difference method

The method consists of reducing the partial
difference equations to suitable finite difference
equations, The reduction of heat conduction eguation
of the type:

;2 D8

K = Ya ~— 11-2-5
ax a pT
to finite difference approximation can be effected by
means of the Taylor series, If'A'T is small and
terms of the order of A % are neglected then

S8 ) 8(x T+ AT)-B(x,T) 6 ., - 8
— = = II1-~2=6
AT AT AT

where subscript m denotes the temperature at plane m;

and subscript n denctes the temperature at time T .

The subscript.n+1 denotes the temperature at tlme T+AT,
wheve ¢~ Al wol Cauw b < 8 v A A4

Eyres et alfijagre among the Fiﬁét to appiy AJRQF*caf*““EW

methods to solve solidification problems, They
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assumed that the latent heat of fusion of each slice

of the finite difference net was concentrated at the
corresponding net point.. The solidification front

was only assumed to move, once the latent heat has bsen
conducted away so that the solidification front moved

15

in a step~wise fashion, lLater Dusinberre and others

have used the method to solve solidification problems,

A short account ofthse attempts is given by Ruddla16.
Schniswind' ' modified the method and assumed that

latent heat of fusion is distributed throughout the
material as a piscewise constant function, It was
suggested that this method can be used to study the
interaction of solidification with segregation in alloys
for unidirectional solidification. by solving
simultaneously the diffusiaon and heat conduction
equations,

18

Recently, Mizikar!'®, Adennis!®

, Peel and Pangallyzo,
have used the finite differsnce method to predict ths
progress of unidirectional solidification of alloys by
assuming that ths latent heat of fusion is liberated
uniformly over the interval betwsen liquidus and solidus
temperaturses, The effective specific heat of the metal
in the partially solidified zone is thus adjusted to a
constant value to take into consideration the latent
heat of fusion, The finite difference method suffers
from the disadvantage that it is very lengthy and time
consuming;

IIa2«C Integral profile method

This method is a general method for obtaining
approximate solutions to the unsteady state heat
canduction equation when heat flows only in one
direction:

-
a8 o8

08  3x d«C



Integrating this equation across the region of
interest gives:

b
1Y ég
""'(K"'"‘)dX: Y =—
L O
whence the Leibnitz integral formula can be applied
to the R,H,5, to give:

b
8 Y d \f db da
K o - K(—~ S e Y8 dx}- y8, -— + yB_ ~—
ax / x' dT b aq 847

I11-2-10

The temperature integral appearing in this equation is
unknoun, but it can be determined approximately by
fitting an auxilliary temperature function to certain
knhown temperature conditions at the boundaries x = a
and x = b,

The method has been used by many authors to solve
solidification problems involving pure metals and skin
forming alloys cooling under certain restricted
conditions,

The most flexible treatment, the generalised method

developed by Hills1, is described below, since it forms

the basis of the treatment developed later for binary

alloys. v

Con s Ceigehdr B e :
Tien & Geiger a¥edeveloped a method to treat binary
alloys at zero-superheat and - method is described

subseqguently, It can only be used for a restricted
set of unrealistic conditions,

II-2-C(i) Hills' solution for the gqrowth of a layer
of solid metal

Hills! solution is presented in terms of tuwo
parameters, the temperature of the cooled surface and
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the thickness of the sglid layer, Two simultaneous
.ordinary differential equations are derived for

these parameters, The derivation is ddscussed here
in some detail because it provides a general -
illustration of the integral profile method and, more
important, because the squations apply to the grouwth
of solid metel during the solidification of binary
allaoys, Thus they form the basis of the theoretical
methods developed later in this work,

J
." .H
(- ap) SOLID (- g, )
c £
¢ — )
=0 =t
E=°a ;-DS
=Ys

The above figurs illustrates the growing solid layer,
cooled at surfacs x=0, Heat crosses the moving
boundary, x=t5; from liquid metal or from partially
solidified metal, This boundary is at the .
solidification temperature of the pure metal, or at the
non~equilibrium solidus temperature of the alloy,

Thus we can urite:

Boundary cgnditiong:

T>0y x=0, 8=28
T>09 x=t
Thus equation II-2-5 gives:

{'aei
u?x

K

- dt
d{ jec Bdx -GCSLe]tsFCa

I11~2-11

QBX;g

Applying the heat conservation principle at thse
boundaries:

{387 o
- X

1 = qq I11=2-12
-bx L



e K f‘t\,e“ 5 - CH s 11-2-13
- [ o = q - p——— . -l
S Lax ‘g tS S d T

The most convenient auxilliary function to use in
evaluating the integral in equation 11-2-11 is a
quadratic polynomial:

X X 5

B=a_+a, (—)+a, (=) 11-2-14

o L 2
S S

The coefficients can be evaluated using the boundary

conditions and equation II-2~-12, which gives:

t
gt X gnt X
8 = 8_ ~ 25 (=) + (B, -~ B, + _Q_ﬁ)(__)Z 1I=2=15
0 k. t S0yl Tt
S S 'S S

so that thefintegral becomes:

t

8dX = = B, + = B_. = = ~=—= t t.- I1I~2=16
S 0 S S
. 3 3 6 K¢ J

As integral of an approximate function is more accurate
than the function itself, so the approximate integral
can be substituted in equation without great error.
After rearrangement we get:

~
t

o! ,
1 St ) ldt. 2 d8
0°S S g
S s J aY TS gt

K 3
1 t2 Ce do.
q . .
6 K d T 5

Expressing the variables in dimensionless Forms(a) as:

(a)Full list of dimensionless forms is given in list of
symbols,
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*
X =
85 Kg

B

3=
85 CCgKg
8

g% - 8
Bg

x s

HE = ——
C58g

[;&;] represents the heat flux from the surface when
the surface temperature is equal te the solidification
temperature BS.

Thus equation I1-2-17 reduces to:

I1-.2~18

In general, heat flux from the surface is a
function of surface temperature or time or both, Thus
we can write:

QS = F(BS;Z)
and

day SF dgy df , de¥ ,
- — II=~2-19

dg-aaﬁd§+5§=Fedg Z

Substituting equation I1-2-19 in equation II-2-18; ue
get:
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. 3 *x
1 dt 1 d&
3 dZ 6 d%
- 1 ,x%x2 ¢
=9 "% < tg fg I1=2-20

Equation II-2-20 providass one equation for the
dimensionless thickness of the solid layer and for its
dimensionless surface temperature, Hills'1 method
differs from previous integral profile methods in
characterising the solid layer in terms of two parameters
in this way, Therefore a second squation is required

in the solution, The second esquation is derived by
considering the variation of 28 across the solid metal

0T
layer,
At x = 0 t } = I11-.2=-21
3T, dT
At x = tS 0 = 8 = gconstant
{_ dtg éa
(tsft) bff =0 I11-2-22

S

Substituting equation II-2-13 in equation II-2<22 and
rearranging we gset:

it

de dt. [ CH. dt Gy ]
(__} - vSlL SR . 1 11-2-23
d(% dTlKg dT K

S

Differentiating heat conduction equation II-2-5 across
the solid layer gives:

’ tS 3
R, &g & e
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Substituting I1I-2-23 and II-2=21 in equation II-2-24
we get:
o t

| 2
dtg {EHg dtg  “tg \f' 8,  Kg f
]

B
-7 dx II-2-25

s 93 (Cg g 9x

d-flks d¢ K
As long as there is no sudden change in cooling
conditions during cooling, we will not expect the valus

of éﬁ to change very much within §olld metal and assuming

thlS to be linear, the value of §L% will not alter within
solid and integral appearing on e right hand side of

equation II-2~25, is given by:

t
j( ‘581 V(‘AS dx = Pig]u I1-2-26

-0 ) A%

leferentlatlng heat conduction equation II-2=-5 with
respect to x, gives:

Je 2e
S(-a—-g) = Ccg ;’ (3-,—() =Ccg ?)‘C %x) 11-2-27

§gbstituting equation 11-2-12 and II-2-27 in squation
11~2-26 and writing this equation for x = O,

g,a én

d
KS(-a'-;-g) ——:] ( g ) 11-2-28

Substituting in equation I1~2-25 uwe get:
oM

.
dbg [ Hg dtg Tt} 9Byt dd ’
= - + SR —. 112529
dT j Kg 4T Kg dT Ky dT

In dimensionless terms, after substituting equation
I1I-~2-+19 uwe gset:

2 *
x dtS » dtS x '
. Hg + Qg tg 3
0 dX dz
.;.... = - - 11-2-30
3z 1o+ t* ¢

S '8



Substituting this equag%gn in II-2-20 we get a
guadratic equation in 5-5 ass

dtX 52 dt
_C'Lh__g.\) +Y(‘d§ -A=0 11-~2-31
where

- X x !
o = Hotg(4 + tg fg)

-
A

F P F I I
{su v 4(1-8%) - 2tsq0} (1+e3rg)+ay 63(4+27g)

6(q0-qt )(1+tsf0) - 3t f;

we can write

dtf  -VaV<E s
d3 2 .SL
As q: is less than qg both will be positive, the

positive root of the equation II-2-32 is valid, Ue
can write the final equation for the rate of change of

11-.2-32

solid thickness, by using theory of guadratic equations.

dt* 2 A

S

d3 ) T+\§2+&A.ﬁ_

Equations 1I~2-33 and I1I-2-30 constitute the solution,
They can be solved by using standard numerical
techniques, like the Runge-Kutta method to pred;ct hou
t; varies with BD once thexvalues of f ﬁ} and qt arse
and t.,

11-2-33

known in terms of GD

1I-2-C(ii) Other solutions for the growth of the solid layer

Single parameter integral profile methods have been

22 23 24

used by Goodman®®, Hills““, Hills and Moore“  and



U..Koumpzé et.aljFor predicting ths progress of

solidification of metals at zero-superheat.

26 have presentsed a solution

Goodman and Shea
for the melting of a solid with a constant liquid
surface heat flux using a double integral profile
method. The problem has been solved for the tuo
cases where the solid surface is sither adiabatic or
isothermal, Their theory can bs used to predict the
growth of a solid layer, solidifying in the presence
of superheat, provided the constant surface hesat flux

condition is met,

Hrycak27 presented an integral profile
salution for the freezing of. an isotropic semi-
infinite region at superheat, uwhere Newton's law of
cooling applies at the surface and the heat transfer
coefficignt remains constant, He assumed a linear
temperature profile in the solid layer and a parabolic
temperature profile in the thermal layer, and compared
his solution with the exact solution obtained when ths
heat transfer coefficient is infinite, i.e. the
temperature of the surface becomes equal to that of the
cooling media; He found good agreement betueen the
two solutions and concluded that it was practical to
use the integral profils method.

I1-2-C(iii) pPreuidis. selutions for the solidificatign oj
ffepzing range alloys

Tien and Geiger13 have pressnted an integral
profile solution for alloy solidification at zero~

superheat for the case uhers the mould/metal surfacs
temperature, 90, is kept constant below the solidus
temperature, The unsteady state heat conduction
equation in the partial layer can be represented as:-

N, 38 (g d8
a—-—;(Kp - ) + S " e 3% 11~2-34




Tien and Geiger assumed that the fraction of metal
solidified at any point, fS, could be represented as a
function of distance by the eguation:

(h
fs = fay (1 - §; C1 Xi )
-1
where fSU is the fraction of solid present at the

solidus temperature, The value aof f was taken as

su
constant and calculated from the Pfann equation II-1-5,

They also assumed that Kp was constant,

The temperature distributions and thickness of
each region were calculated as functions of time using
the error function solution, They compared their
predicted values with the exact solution presented by

Goodman18 and found good agreemant,

They later modified their theory to treat the
solidification of alloys uwhen the surface temperature
| 21’28. Recently, Koump et 3129
compared theoretical values predicted by Tien's theory

is a function of time

with experimental results obtained for the uni-
directional solidification of aluminium~copper alloys,
They only found qualitative agreement and attributed
this to some of the assumptions that they had made,

I1I~3 EXPERIMENTAL TECHNIQUES

Experimental techniques used to determine the
position of the solid/liquid front during solidification
can be divided into two broad classifications:
techniques in which its position is determined in situ
and techniques in which it is determined after
solidification has been completed (post mortem
techniques). These techniques are revieued in section
I11-3-A and 1I-3-B, Section 1I-3-C mentions the method
salacted for the experimental study.

In order to compare the experimental results with
the results predicted by the theory developed in



Chapter III, information is required concerning the
morphology of the alloys and the distribution of solute,
Experimental techniques used to determine the
distribution of solute will be dealt with briefly in
section II~3=D,

II-3«A IN SITU TECHNIQUES FOR DETERMINING THE
POSITION OF THE SOLIDIFICATION FRONT

II~3~A(i) Thermal analysis:

Basically the method involves recording the cooling
curves of thermocouples placed at various points in the
ingot, The tempsrature at spy point will not fall below
the solidification temperature till the solid front
reaches that point, Thus the progress aof the
sglidification can be followed from these curves, The
method has been used by several workers to determine the
start and end of solidification, Ruddle16 has revieved
some of these attempts and has discussed the relative
merits anddisadvantages of the method. The usefulness
of this method depends upon the correct positioning of
the thermocouples, upon accurate temperature measurement
and upon the rapidity with which the thermocouples
respond to the temperature that they are measuring.

In order to measure the temperature accurately; the
conduction of heat along the thermocouple wires should
be minimised by ensuring that they lie along isothermal
surfaces,

The method has the advantage that it gives the
temperature histoty at atly psint throughout the
entire solidification process, but doubts have been
expressed about the method by Ruddle16
other authors, since the thermocouples may influence
the solidification process and the resulting morphology. -
Moreover, experience has shown that measurement of

and a number of

solidus temperatures in alloys is difficult if the



composition of solute is much less than the
maximum solid solubility,

I1I1-3-A(ii) Dip stick:

The method consists of dipping a rod into the
molten metal until it contacts the solidification
front, This method, though very simple, can yield
rather misleading results, particularly in the case
of alloys, Moreover, the motion of the dip stick
may interfere with the solidification process.

Peel and Pengally20 have recently used the method to
follow the progress of solidification of aluminium -
alloys,

I1-3~-A(iii) Ultrasonic method:

This method consists of using the difference in
the velocity of sound in the solid and liquid phases,
30 found that echoes from the solidification
front can be ueed to determine its position by using an

Kurz and Lux

ultrasonic tester, .Only a small portion of the
transmitted impulses, in fact, reached the receiver dus
to the influence of inclination and roughness of the
solid/liquid interface, This suggests that it will

be very difficult to use this method for alloys having
dendritic morphology., foreover, Southin3! Found that
low frequency impulées modify the morphology and leads to
grain refinement, This precludes the use of the method
for determining the progress of alloy solidification,

I1Im3=A(iv) X=ray:

Fors-ten and Miekk-oja32

have used X~rays for the
direct and continuous observation of the solid/liquid
front in the solidification of aluminium and
aluminium=gold alloys. However, this method is
expensive to operate and can be used only for metals
and alloys that have a low coefficient of absorption

for X-rays,
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11-3-A(v) Direct Visual Technigues:

A number of authors have observed the growth of
organic and inorganic liquids directly, The method
can only be used toc Mstudy the solidification process
~on the surface of metais.

II-3-B POST MORTEM TECHNIGUES
I1I~3~8(i) Pour Out Method

The method consists of rapidly decanting ths
liquid metal that remains after a certain time and
then measuring the thickness of the solid left, This
method can give a fair estimate of the solidified
thickness at any particular time for pure metals and
for didute alloys having a planar interface, For
alloys, Chaduick33 and UGinber934 have shown that a
thin (10-20Askin of liquid remains behind after
decantation, covering the original solid/ligquid
interface. Thus no definite conclusion can be drauwn
about the shape and position of the interface, Muscon
and Hellau3135 observed that the solid/liquid front that
is uncovered by decantation does not even approximate
to the true seclid/liquid interface. In the cass of
alloys the method is not suitable because liquid
remains in the interdendritic channels where it
splidifies to give a false picture of the solid/liquid
intefface. Thus the thickness of solid formed cannot
be measured in this way,

11-3-B(ii) Radio-isotepic:

This technique consists of adding a radiosactive
isotope at a particular time and the ingot sectioned anrd
examined after solidification has been completed, The
position and distribution of the radio-isotope is
determined by using auto=-radiographic technigques which
allow the position and the shape of the solid/liquid
interface to be determined, The method has been used



by a number of authors to study the solidification of
ferrous alloys. This technique is quite useful, but
requires that melt be well stirred and that facilities
are available to handle the isotopes.

II-3-B8(iii) Addition of another metal

This technique involves adding another metal
during the solidification process which has either a
different colour or structure )higher density)and a
higher melting point than the metal being studied,
The ingot is sectioned after solidification is completed
and the position and the shape of the solidification
front is determined from the position of the added
metal, . This method has been used by a number of
authors} for example Peel and Pengally20 have rscently
used copper to determine the shaps of the solidification
front during the continuous casting of aluminium, This
method is rather laboricus and only gives qualitative
information, Moreover, the addition of another metal
during the solidification process may alter the
morpholoqy of the solidified metal.

II-3-C SELECTION OF METHOD FOR EXPERIMENTAL STUDY

From the above review, it can be seen that the
most satisfactory techniqus for studying the progress of
alloy solidification is thermal analysis, It is an in-
situ technique and provides information about the
thermal history at any point as well as showing houw the
solidus and liquidds fronts progress, Thus thermal.
analysis was used as the main technique in this work,
but a few experiments were performed using ths pour out
technique and these confirmed that the ;. method
is of limited use. A short description of the
apparatus and the procedure used in this investigation
is given in Chapter 1V.



II-3-0 SOLUTE DISTRIBUTION

Classical chemical analysie can give only the
average composition of a sample; so it is macroscopic
in character providing only a qualitative picture of
solute segregation, Microscopic and other optical
techniques can also be used to determine the solute
distribution qualitatively, in steel.for example;
phosphorous and sulphur distribution has bssn studied
by polishing and stching sectionsd specimens after
solidification, Methods that have bssesn used for ths
quantitative study of solute distribution are discussed
below,

1I-3~0(i) Radic=-isgtopic methad

An alloy is solidified containing a radioactive
solute, Segregation can then be studied by sectioning
the ingot and using auste-radiography to determins
solute distributioen, This method has besn used by a
number of authors, but it requires radicactive facilities

II1-3-0(ii) Elsctron probs micro-analyser

A beam of high energy electrons is focussd on to an
area on the surface of the specimen about 1 micron in
diameter, The bombarding electrons are back scattersd
from the very thin surface layer in a mannsr roughly
analogous to the reflection of a beam of light from a
similar surface, The remaining electrons penetrate to
a depth of 1 micron and excite the atoms to give
characteristic X-rays, The intensity of thess X~rays
will give the composition of the slemsnt present, This
method has the advantage that it gives the solute
distribution at any point so that the coring effect can
be detected, The method has been used for the study of

36 and

solute segrseqation py Doherty and Melford
Subramanian et al.)’' However, the method has the

disadvantage that by far the greater part of the ensrgy



of the incident electrons is converted to the heat,
and care should be taken to ensure that this does not
alter the solute distribution, This method seems to
be ideal for the study of solute segregation produced
during the dendritic solidification of alloys,

11-3-D(iii) Spectroscopic

Spot spectroscopic analysis can be used to
determine the distribution ef solute in a sample, but
the method is limited because it gives the averags
composition over a relatively large area, Thus it is
not suitable for the study of coring or dendritic
solidification,

I11-3-D(iv) Selection of method for determiring solute
distribution

In the present investigation conventional
metaliographic techniques have been used to study the
morphology of the metal solidified and the electron
probe microanalyser has been used to study the
segregation of the seolute in the different solid phases,
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CHAPTER III

THEORETICAL TREATMENT
aF
UNIDIRECTIONAL SOLIDIFICATION
OF BINARY ALLOYS



ITT THEORETICAL TREATMENT

ITI-1 STATEMENT OF THE PROBLEM

A formal statement of the problem is given to
provide a complete picture and no attempt has been made
The treatment
assumes that liquidus and solidus temperature are

to solve the equations at this stage.

unique for an alloy of a particular composition,

Only binary alloys forming a eutectic with or without
The effect

and convection
Other

the theoretical

The

assumption that the liquidus and solidus temperature of

partial solid solubility are considered.
of volume contraction on solidification
in the liquid alloy has been neglected.
assumptions, which are not essential to
treatment, are discussed along with the solution,
the alloy are unique enables us to represent the

solidification process in terms of various layers,

A typical situation for a semi-infinite liquid,
once solid has been formed can be represented as

cooled surface

Bemote_boqgﬂary

—
Partiadly....i Cooled
Solid [==gs@lXid lletal ;| Liquid Upcnnled
letal ~{Partiadl——_ (Thermal liquid
e—3my BT | layer)
I
m e
" - Pt itk } j e .‘.,,,,‘_.W..._:.,.__....._..._..,..):;D
x=0 x..tS x—ts+tp x-ts+tp+LL
0 Q:BS a=g #=0 8=0

i if

Thus the solidification process can be described,

in simple terms, by the growth. of these different layers,

As the solidification proceeds, one by one boundaries

of various layers will reach the remote boundary.

The

remote boundary can be either insulated or it can be a



plane of symmetry in a liquid metal region cooled from
both sides.

This simple picture hardly ever occurs, but.is
replaced by several alternative modes of cooling,
depending upon actual conditions. Thus if cooling
occurs slouwly, the entire liquid region might be cooled
before any solid has formed, It is then possible that
the layer of partially solidified metal could grou to
occupy the entire region before any fully solidified
metal forms,

Thus solidification process can take different
routes starting from the complete region of uncooled
liquid to the region of completely solidified material,
The actual route depends upon the cooling conditions,
the initial temperature, the thickness of liquid region
and the nature of the alloy, We can classify the.
process of sclidification in various cooling modes,
depending upon the relative position of various layers.
The various cooling modes are explained in the Table V-1,
The solidification algorithm, which shous the various
routes that solidification process can take through
the different cooling modes, is illustrated in Fig. V-1{p.82).

I1I-2 INTEGRAL PROFILE SOLUTION

Using the integral profile method described earlier,
general equations are developed for the growth of the
different layers in terms of the heat fluxes inter-
changed between them, The heat flux equations are then
derived for each mode to express how the various layers
interact with each other. The general equations for
solid metal layer have already been derived (Hills'
solution) in section II~2-C(i)., This chapter describes
the deve10pment of general equations for the cooled
liquid (thermal) layer and for the partially
solidified metal layer {partial layer),

The different boundary conditions that apply during
the different modes change the form of these general
equations, It is most convenient if different
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TABLE V=1
COOLING IMODES
mode | A11%% | solid | partial | Thermal Schematical
Number Metal Layer Layer Layer Representation
P Metal |Growing - - f;YTF?]f""]
1 " - - Growing ',Hgiiq )
1F " - - Cooling N
2 " Growing - Growing WEREN
oF v |Grouing - Shrinking VNS
22 Alloy - Growing - Ezzszf j
Z2F " - Cooling - - —
Z3 " Growing Growing - E;SEEEE;i::]
723F " Growing Shrinkingﬁ - K§Q§§izszf
S1 " - - Growing Lﬁ?f? _J
S9F n - - Cooling THACETS
52 " - Growing Growing ﬁiﬂ
S2F n - Growing | Shrinking N
53 “ Growing Growing Growing
S3F " Growing Growing Shrinking

**pifferent layers are represented as:-

N

]

Solid layer

Partial layer

Uncooled liquid

(L] Cooled liquid (thermal layer)




- 40 =~

characteristic parameters are used to describs the

two layers during the different cooling modes, so that
both the form of the differential equation, and the
characteristic parameter used, can change from mode to
mode, The different forms of the differential equations
are derived in the second part of this chapter, In

the final sections all the differential equations that
apply during each mode are listed together with the
linking heat transfer equations.

II1~3 THERMAL LAYER (COOLED LAYER)
I11-3~A GENERAL EQUATIONS:

The thermal layer can be represented schematically

asg=

\'n" - g - -
e L T S S s ” ot

. = @ - .
= (tgrtp+t) )™ = 0

L2 1] - -
-~ g e~ s - 2
(ts+tp)<' - Zomn e

\
N - 3 PR g
-~ - Lo &~

Boundary ccnditions:

X=tg+ty+ty5 8= B(ts+tp+tL) I111-3-2
38

K (=) = = Ay .t 111~3-3
B x (bost.)* s*tp)

s*ip

o8

KL(T) =0 I11-3~4

X (tS+tp+tL)-

The unsteady state heat conduction equation is given by:

3% 58

KL ('-é-z-;-) = YL (——a—;t) I11-3-5

Integrating this equation. across the layer and using the
Leibnitz integral formula, we get the heat conservation
equation:



KL("'S—) - KL(-'B——) = YL :‘-:-_!, B8dx
AX X s
(t5+tp+tL) (t5+tp) \_ terty
5 dts dtp dtL
- + +
(tg+tprt Nar  gv 4T
[dtg  dtyl)
st e T o

-~

Auxilliary function for the temperature in the partial
layer can be represented by guadratic polynomial:

Xt omt Xmtonmt
8 =a. + a (—2PB) s a (——m=>t)? 111-3~7
o * 3 2
kL t

The constants in this equation can be esvaluated from
equations III-3~1, I11-3-2 and III-3-4, and ue get:

B = Blpgrtyrt, ) ~ {{?(ts+tp+tL) - 8(t5+tp)1

2
X=tomt
b .35 P } I11-5-8
tL -

and the integral across the layer is given by:

rt5+tp+tL }
ai2 1 : -
8dx == 8 + = 8 WLt II11~3-9
- {3 (t5+tp+tL) 3 (ts+tp i L
ts-tp J

Substituting heat conservation equations I1I11-3«3,
I111-3-4 and this integral 111=3-9 inte I1I1I-3-9, we get:

[ 1]

) d =5 1
q(tS"'tP) =Y E":EL(E‘ a(ts*tp'*tl_) + 73 a(t5+tp))t3
dt dt .~
s p
) (B(ts+tp*tL) ) B(ts+tp))[;if ) dT'J

dtL -
- (a(ts'*'tp"'t]_) ;r‘-t—)} I1171-3-10




The heat flux equation is derived by differentiating
the auxilliary function, II1I-3-8, with respect to x,
and using heat conservation equation at the boundary
(x = ts-i-tp), as

" G(egrty)  2P(pgetyet) T B (tgrtp))

= IT1I-3-11
KL tL
Expressing the heat conservation equation in dimensionless
terms™;
d
x x.f 2 % 1 % E
q =iy y—=[-Go + 30 Tl
(tg+ty) le? T tgrtpet ) * T Ptgrt,) tL
X x *
x dtc dty dtL?
* Bg st st ) * * ;
S P L d¥ d % d %

% - p]} I1T1-3=12
(tg*tp)laz ~ %

and the heat flux equation:
XypoX
2K, (8
TL (Bgrtpet )

X
q = _
(tg+tp) &

x
- B(ts+tp))
- I111-3-13

111-3«B CONVENIENT FORMS

Depending upon the mode of cooling in operation at
any time, the temperature of the two bounds of the
thermal layer can be constant or variable, In order to
use the general equations derived above, it is necessary
to transcribe the heat conservation equation into its
most convenient form for the particular mode in operation.
There are four different forms, and these are derived

belouw,

®A full list of the dimensionless variables is given in
the list of symbols, '
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11I-3-B(i) Far bound moving at constant temperaturs,

near bound stationary and coolingé and at

variable temperature

occurs during modes:

-d
Al D
)
o
w
-d

’ {’
LAY
b Ta

ot

- §p ¢—. >0

1Y

x
]
o
x
{
cf

X=D

-

characteristic parameter - surface temperature (8;)

Boundary conditions:

B(ts+tp) = By # constanty B(t5+t £) " By = constant

p*
- = x = g~
tS - tP = 0y q(ts+tp) = Ap

The heat conservation equation, I1I-3-12, reduces to:

gt = Yf*f_d_. 2 g% +1 8] t¥ + 8% ﬁ} III~3=14
0 Ligg L3 m "3 %) " mdg

and heat flux equation becomes:

* x x
2K, (By = Bp)

x
P T I111-3-15
L

Differentiate equation II11-3415 with respect to time:

X x x P x X
dap . 2Ky deg _ 2K (8 - egl dt|
x %2
dF tf d3 t) d¥
% W g 2 I11-3-16
(6y - 63) d ¢ dX
But
x ok
qu v deo '
— = fg —— & fy
dz d3 A
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since
X
qU = F(Bo,f)
Therefore
*
de 1 q 1
% : ’D fg + == : + fr
dtL > (Bm - 80)
—_— = - = I171=-3-17
d,g, Eg
*
£

Substituting into the heat conservation equation,
I11I-3-14, eliminating tf using equation III-3-15, and
rearranging gives:

* K X KoK X 2
dBy  3gqg + 2v; Ki(8y - 83)° £¥ 11318
SRTmp——— - - ' - -
dT 2y, *K[ (8 - 87) (8 - 6g)fy + ZqS)}

I11T1-3-B(ii) Both bound stationary and cooling at
variable temperatures

occurs during modes:

1FandS1F
B~ e Sae 'L"*\\ 2 h“;‘:
o FEETTORE m oA ..
- qU <FRNV S Sy T T LT A _“3‘9’-‘_“——-—- - EI =0
N A TR TR I A, D
x=0 x=D

Characteristic parameter - surface temperature (Bg)

Boundary conditians:

* = * n.. . x =
G(ts"'tp) = 90 # :constanty B(t +t ) 8 £ constant

§ .
q - *
(tg+tp) = aps q(t ot +tL)

The heat conservation equation, III-3-12, reduces to:



d
- x_f 2 g% 1 p¥y A%
=TTl § % T 8g) D i}
2
w x .
de d8,
=-yfo* I 2.2 -13} I11-3-19
K d
and heat flux equation becomes:
2 k¥(e* - %)
qf = —t—2—C 111-3-20
Di(

Differentiate equation III-3-20 with respect to
dimensionless time :

dag 2K (d8y  d8p
dZ ~ ¥ ldz-dg}

But x %
dqo ' ng ' .
— FD — 11I1-3.21
d3 d% ~

Therefore:

daX ( féo* g% 0¥
m——— =t &"1 + " . + x f‘_.?, III"S-ZZ
2KL ‘ dgf 2KL S

ax L

Substituting into the conservation equation, III~3=19,

and rearranging it wse get:

~3g% DX
0 _ £

| g *
KL~
*

X .
d8y D
- []
d £1D
3 5, 182
K*
L

I11-3-23

I11-3-B(iii) Both bounds moving at constant

temperature

Occurs during modes:

o ]

“ . e .'_ \.:&T.-—”".-“ - qm - D
o

x=ts+tp+tL

Characteristic parameters - Thermal layer thickness (tt)
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Boundary conditions:

X X X x
e = 8" = constanty; B8 = 8, = 1.0
| (t5+tp) L (t5+tp+tL) 5

ay =
(tg+tp)

The conservation equation, I11-3-12, becomes:

d o Tat X
x x 2 ok 1 Xy . X] x 5
a = YL['?i ~(5 8y + 3 B) b+ By i —=
ez - a e s
* * 3 *
dt dt dt dt
. P +'I-x—et [ s, °p
d3 dZ_ d% d3
(6% - %) dt* |
=Yf{m3L ;-é-+(a;-sf)
* *
dt dt
2, ——E)\r
d¥ dz j
Therefore ;
x * X
dt [ q dt dt
Lt (2. p)} I11-3=24
d% IYL(em-aL) TRNTY |

and the heat flux equation becomes:

X, ¥ x

2K (By - B)
X

kL

X _

af = 111-3-25

Differentiating this equation with respect to dimensionw
less time we get @
X XX Xy x
daf _ 2K[(By - ) d)
X
d% t) 2 d7%
on substituting equation I1I-3-24 and III-3-25 we get:

dap 9 P s dtg] 111326
ma—— =-—-—;? - " + - -
d3 3t (v (8y ~ &) Ld‘E d %




[}

I111-3-B(iv) Far bound stationary, insulating and
coolings near bound moving

Occurs during modes

2F,

T
. ~ X
o
s
~ g O s R
L S
\

Characteristic parameter -~ temperature of remote
boundary (8;)

Boundary conditions:

x _oaX X _ ¥
e(t5+tp) = B = constanty B(ts+t +tL) = 8) # constant

*
q(t +t,) T qt d q’((t sttt ) 0
S P S P L

The heat conservation equation 1II-3-12 becomes:

" d
* * v 2 ¥ 1 % * * *
aG@ YL{E[(- 30y + 30007 - tg - tpﬂ

dat®  dg*
- B:(-—"— S + __p)]
dF a3 J
" dt®  gt¥® dg¥
x )2
- n{a‘gﬁ - ¢ =D - 20kl 2]
3 - 3
Therefore :
R R
x (8% - 8F) (== + =L) - —k
dBD D L'Ya® d= ZYL
. - - - 111327
dF (0% - tX - t%)

and the heat flux equation gives:

X X x
X 2 K (8 - 8;)
(D - tr_; - tp)

.
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Differentiating this equation with rQSpect to
dimensionless time:

* * X . %
day M dBD+2K *(8%-8)) ths+dt L

= X X X 29 ~
dz  (0f-tg-tp) dF  (D*-td-t3)" (dF  d 3

Substituting equations I1I-3-27 and I111-3-28 we get:

dqf Sqf Kf 2qf dtg dtg‘
—t st —t - I11-3-29
d3 v, (D*-tg-t] (D-ts-—tp) d% d¥

I1I-4 PARTIAL LAYER (LAYER OF PARTIALLY SOLIDIFIED
METAL)

The partial layer is shown schematically as:

. q e E— - “ § . q
() e T ety

The main differences between the partial solidified
layer and the other layers considered so far arise
because latent heat is liberated within the layer itself
and because the thermal conductivity can no longer be
taken as constant throughout the layer, Thus the
unsteady state heat conduction equation within the layer

isg=
D 08 ae OFg
Bx(“’@x CC =; CH'WC I111-4-1

where fs is the fraction of solid present and Kp is the
thermal conductivity of the partial layer.

I11-4-A LIBERATION OF LATENT HEAT

From the heat conduction equation III-4-1, it can
be sesn that the liberation of latent at any point is

given by:
af

CH 3%

Thus esquation III-4-1 can most conveniently be solved if
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a relation is knoun between the temperature and the
fraction of solid present at any point, Let us assume
that the fraction of solid present at any point in the
partial layer is a linear function of the temperature
at that point.

FS = a + bhB ITI~4-2
The value of the constants can be determined from the
knouwn conditions at the liquidus and solid temperatures:

at 8

f
D
o
-

0 I11-4=-3

at 8 =8, 3 f. == FSU = constant III-4-4

where FSU is the fraction solid present at solidus

temperature, Thus we get:
B, - B8

- L -
Fog = Fsu(e — ) I11-4=5
L S
and
2 fg fgy oF8 -
w— I e smmmt——— — III-4-D

The value of FSU can be calculated from the Pfann
equation II-1 -5

*
C —
Since fg = 1 = (*L)k'1 I111-4-7
0
Therefore oX 1
Foy = 1 = (—E&)k-? I11-4=8
Co

where Cfs is the YNENNEER concentration in the liquid
[ is the VN
concentration in the liquid at temperature, 8%, ;

at the solidus temperature and C

Equation III-4-~5 can be derived from Pfann's equation,
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-. by 1
Dividing equation I1I-4-7 s III-4-8 we get;when h«tl:

£ c* - ¢ ..II
S (_ﬁé__.g) I1I~4=9
oy CL - Cg

Assuming that the liquidus is a straight line, we get
from similar triangles:=-

l \
L i ;
SRR “»33\
IR
8 A e e e .:..... — e _.,.:__ S -——'-”..
* *
g & Cis
: *
8 -8 Fism G
: X x
8~ B8 Cg -C
op
*
BL - B. CL - C0
X *
8 ~ Bg CLls= BL
Dividing gives:
*x
e Cg _ 8 - 8
.

Therefore substituting this equation in equation III-4-9
and rearranging, we get:

8,
Fo = fsu(_____.)1" I1T=4=10

S
8, - Bg

when the.value oﬁwﬂgrtition coefficient, k, is very small
equation, III-4~MB reduces to equation III-4-5,

Equation 1II-4-5 can also be derived from the. equation II=-1-7
that Flemings developed for micro-segregation, assuming

the linear growth of dendrite.



f‘

cX = keg(1 - S_yk=1 ko,
1+a€k
Rearranging we get
e cX Fl_
g =11 = (101 + )
- CU L
and
C* 1
i LS k=171
FSU = ,1 - (===2) {(1 + oc.i,‘k)
e 0 o

Dividing and rearranging we getj vﬂ\evxf?<iﬁl?

* *
. (CLS" Co)'
SU* .x

Fo=
5 c* . ¢

L 0

This equation is the same as equation III-4-9, Thus we
can see that it is quite valid to assume that the
fraction of. solid metal is a linear function of
temperature, as long as the partition coeFFicient; k,

is small,

III-4~B VARIATION OF THERMAL CONDUCTIVITY

The thermal conductivity at any point in the
partial layer depends upon the fraction of solidified
metal at the point, This in turn depends upon the
temperature at the point, so that the thermal
conductivity is a function of temperature, Since wse
do not know how the volume fraction of solidified metal

affects the conductivity in the partial layer and the )
temperature, W& Can assuwe 16 be a Umear fumdwen of
tewbperatute -

In dimensionless form this can be represented by:

K; = a + be* I11=4=11

At the liquidus temperature the conductivity. of the
partial layer is equal to that of the liquid; since



the volume fraction solid is close to zero. Thus:=

ITI-4=12

1]
@

when 8% : K¥ = K

*
L
The conductivity of a tuo phase region is a
complicated function of the volume fractions occupied
by two phases and of their specific surface areas,
The exact form of that function that applies to solid
dendrite/liquid metal region is not knoun, Since the .
conductivities of the two phases are not very different,
little error can be introduced if we assume that the
conductivity of the partial layer at the solidus
temperature is given by:=-

Kplg = KSFSU + (1-FSU)KL III=4-13
or, in dimensionless terms:

-~ x . - * him
[Kpls = foy + (1=Fgy) KX I1I=4x14

Equation III~4-12 and 14 can be used to determine
the constant a and b, so that

o (1=K®)
a = KY 4 —§!;--£- hy I11-4-15
(EL-1 )
£, (1K, )
and b = = —ﬁﬂ—g-l=- I1Im4=16
(BL-1 )

fFor convenience we will rearrange I1II-4-11 after
substituting these values of a and b, and obtain:

Ky = 1-K(8" - aF) 111=4-17
where
1=K
X = —<—7 % I1I~4-18

and  BY = L sU_L IITw4=19
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II1=4~C DERIVATION OF THE GENERAL EQUATIONS

Substituting équation III~4-6 into the unsteady
state heat conduction equation within the partial
layer (III-4-1) we get:

E) (« 7’;!8 o(c SU) 8 : 58
— = + = v
3x P 'bx - P dCc P E)

vhere Yp is a modified volume specific heat for the

111-4<-20

partial layer and is given bys

| H foy | B8
(n = (2iCh + = EL -
Yp (31 P 0,6 | P

Integrating equation III-4-20 across the partial layer

I111-4-21

gives: ,
' = . 2 (t +t )
zK RY: | aal fd i\s P
— . K = Y] B8 dx
p “3> ; p P(' r
QX 3X di ~
L (t q‘f") (ts)+ _ L
dt dt | dt
- By bt ) 3 p¥+ B, —= 111~4-22
STURp/ {dT df ts dtT
But the heat transfer at the boundarieslis given bys
;'K 59": . 111~4~23
PR, T T S(tg) e
X + o
L. 2 (tg)
and
58 e .
Kp f-;j _F T Age) I1I44u24
- (tg+tp)

Substituting these equations into equation III=4~22,
and expressing in dimensionless terms the eguation gives:

: (to+ty) -
. . S [
W,y - i S T B TG e =s
(bg) = Tlegrtp)™ Pl gz, e, (ts*tp) Loz
: 5
dty]  ,  dtg
ot 7 I11-4-25
s) a3
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Let us.assums that auxilliary function for the
temperature ih the partial layer is a guadratieé
polynomial s=-

Xx -~ t X = t
8 = a, + a, (=——=2) 4 a, (——)2 111-4-26
-P P
We ecan svaluate the coefficients ags

the boundary conditions and heat transfer equation
I111-4~24, when we gst:

a, and a, from

X t)(
q(1: #tp) P

—,
. ?

5
X * TP,
(C] = 8 + <126 20
(tg) " 7% Cegrtp) T kg) =
= (t +t )J
{r Al
(x"ts 1 % g (bgrtp)” ; § (x"ts 2
|- totty) T T (te) T X% 5
t L (tg+tp 5 IK t t
e I11=4-27"
and the integral OF}@uxilliary function becomes:
«t _+L
{ S+ p x i q(t +t ) p
8% (=) = - £ ¥ + £
3 “(ta+ty) (t ) , P
: tp s*tp K J
S - (tg+
II1I-4-28

Substituting the integral of this auxilliary function into
equation III<4-22 gives:

(ts) (ts+tp) (ts+tp) tg p 43
dtX 4
x P X X )
+ 8 'Y ——— i, onte Y t o
(ts+£p) p a3 d,3 P p
2 1 _x q(ts"tp)t; 1
st p S ffp N
. (t5+tp)



- 55 «

The heat flux equatieon is derived by differentiating
auxilliary function III-4«27 with respect to x and
substituting it into the heat transfer equation at the
near boundary:

* X X
Q(t—s) q(ts"'tp) _ Z(B(ts"'tp) ) g(ts)) 111430
KX X
J(t ) p{(t8+tp) i

I1I=4=C CONVENIENT FORMS

Depending upon the mode of coocling in operation at
any time, the temperature of the tuo bounds of the
partial layer can be constant or variabley moreover the
twvo bounds may be stationary or moving. In order to
use the general equations derivedabove, it is necessary
to transcrihe the heat conservation equation, III~4~29,
into convenient forms Forxparticular mode in operation,
There are five different forms and these are derived
belouw,

III-4-C(1) Both bounds moving at fixed temperatures

Dccurs during modes:

S3F Z3

Characterlstlc parameter = Thlckneso of partial layer, tg
Boundary conditions:

constant

x * *
8 = 14 8 = 8
(tg) (tg+tp) L

’K} Tex) K = k¥
(tg) ‘§Kp} J LKPJ(tS+tp) = K.

qx - qx
(t +tp) L
The heat flux equation III-4-30 becomeS°
§ 2 Kp S(BL - 1) {FPJ qL
qp = = —_— 111431
S tb K
L
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The heat conservation equation III-4-

29 reduces tos

% x x
ZLKD_]S (8 - 1) o5 . . ded
X = (e =) ap = (-1 vy —
t K d %
p L .
dt® 4 gtk
x X p . X, %, 2 % 1 L p.]
HRRCI et RE L BN Sl 0
= g L
el W »
and
2[!("(i (8%-1) K x
“PlgttL X x x 9t5
- (1 + ) g = (8/-1) yp —
p L -
dtX X Xt de X ¥ gg¥
x_x “tpYp x U p 1 p P S
+ BLYD — - — 12 BL + 1 = = j + X T
d 3 Kl 2 dF 6K df
I111=4~32
Let us represent heat flux at x = tg + ty, as:
ap = altg, ) I11-4-33
theh, \ ¥
1 o g
g, = L I11-4-34
Stp
p
and
%
' g
9y = %“li II1I~4-35
S
so that
*
dqt ' dtp ' :
m—m g, we—— 4 Q. I1I-4-36
d = t d = ?
> 3 ~

Substituting into the heat conservation equation

IT1I=4~32 and rearranging gives:
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X
. 2 '
Jthp] « Ss) L«p C tEYReL
dtp (8 ‘1)(“"x" " Yo ax " 1*“?5“)QL TER
- e = i *X x‘:
a3 I ]
T TR T )
L L \L
I111-4-37
I1I~4~C(ii) ‘Far_bound stationary, insulating and

coolings near bound at fixed

temperaturés and moving

Occurs during mode

Characteristic parameter ~ Temperature of remote
boundary, Gg

Boundary conditions:

* -
B(t +t*) = B # constant 3 B(ts) =1

X x x-
tp + ts D
x o1 x
K = Kpi 1 g =0
{; pj(ts) L Pig (t8+tp)

The heat flux equation 1I11~4-~30 reduces to:

kXt (g% < 1
ZLKPJC(BD 1)

x - o -
e - I111-4~38

tp

and heat conservation equation I1I-4-29 reduces to:

NeX] o aX

_ * * S
X = (8-1)vp P @DYP(“ )
p S ;

r "

d :
x Xy 2 % ;
E? iY (D - ts)(g BD + 1)}
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and
ry, %
2o 0t ot
X = (8-1) vp + 6 vp (- —=
£ d 3 d3
X X *
2vp(D=tg) d8g" L o dtg
- + yo(g 81 + 1) —=
P*3 °D 2
3 43 d 3
Rearranging we get:
SRl L
B =1) Yo ™
e (D - t3) D Paz
— = P E— 111-4-39
d ¥ Yp (D™ - tg)

ITII~4~C(iii) Both bounds stationarysy far bound
insulated

Occurs during mode
Z2F

oA e o e

Characteristic parameter - Temperature of cooled

surface, Gg

Boundary conditions:

B?ES) = Qg ¥ cdnstant; B?t5+tp) = 8; #Z constant
tp = D¥
G sk A - o)
S
q;((ts) = ag = F(8g, % )s q;I(‘tsnsp) =0

The heat flux equation III-4-30 reduces to:

X
-6 .
ag = [1 - K(85-87)] D 0 I11~4-40
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and heat conservation equation, I1I-4~29, reduces to:

*
| deX 4o’
qn = - Y;D*‘{é- . ——2‘} 11I=4-41
(" dZ d3 .

Differentiating heat flux equation I1I-4-40 gives:

* X % * o X_ X X
dag i 2(1-/((9D-9F) {8 i d8y ;_ 2(8; 'ag) K dBg
a3 D¥ ld: a7 D* d
IT1I=~4=42
But
* *
qu ' dBD '
—_— FD —_— + f
d? d7% >

So that after rearranging we get:

, XX : *
B 0¥q 48 ,
x {?xfé+2-2K]B -9*) 4 r— g‘ ” } 9, ¢ DX
| 1-K(a%-a%) J o

8y

dg ':“”“2-:mwg~aﬁ

I11-4-43

Substituting in the heat conservation equation III~4=-41,
and rearranging gives:

*
9 - fz
d8)) Y;sz 1 Alﬂ F)
— = - = — S § § YV
d'g FB . E_ , qDK ]
L *
1-£(83-67) D 1-4(85-87)

I1I1I~4=-C(iv) Far bound insulated, and moving at constant
temperaturey near bound stationarz at

variable temperature

Occurs during mode

1
{
I
'
i

- v e

N 1

Characteristic parameter - Temperature of cooled

surface, BE.
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Boundary conditions:

X L ok x _ o
B(ts) = B # constanty B(t5+tp) = B # constant

‘

* X *
K = Kn K X
2 = K
(gs) ° Plegrt,) = KL
x X Voox oy X
Q(t ) =0Qp = f (8097{.)! q = 0
S (ts+tp)
The thermal conductivity at the cooled surface KE is
given by:s
* rr X X
Kg = 1 = K(8g - 87) I1I=4-45

The heat flux equation I1I-4~30 reduces to:

x 2 Kg (Bf-BE) '
qX = 111-4-46
N
P

and heat conservation equation III-4-~29 reduces to:

| dt* d 5 Y
X X X P %, %,2 % 1 %
95 = 8. Yp PR ET%Lthp(E B + 3 80)}
(e*~8%) y* gt* ' doX
=—0 £ P _,xx 0 111-4-47
3 d7 d3

Rearranging the heat flux equation and differentiating

gives:
ot [ 2k * “ 24 2k¥p ) dBX
P _ 1°°0 X % - ‘0’8 ] 0
PR P L e R | s
3 % - Ao 9 4 9%
2Ky f(8]~87)
- — I11~4-48

Substituting this equation in heat conservation equation
IlI=4=47 gives:



x2 x. ', % %
3dg Kofg (8 -8p)
X X, % X *
de 2y (8, =87) q
-0 . . P L 0 0 — III~4~49
d¥ KT
&4 1 0 B
2kG + (8F-83) (% + = )
0

I1I=-4-C(v) Ffar bound uninsulated, moving at fixed
temperaturey near bound statipnary at

variable temperature

Occurs during modes:

Characteristic paramster -~ Thickness of partial layer, t;

Boundary conditions: ‘
x " S .
B(ts) = 90 # constant, B(t5+tp) = BL

X 5 , R x
Ko = Kag Ko = K

P (k) 3 P (tgrtp) L

X . X .
Mtg) 90 q(ts+tp) L

This is a rather difficult case to cope with as the
temperature and thermal conductivity of the cooled
surface are not constant, Similar cases treated in
sections I1I-4-C(ii) and C(iii) were solved easily
because no heat crossed the moving boundary of the
partial layer, In this case, however, the thermal
layer growing in-front of the partial layer complicates
the solution,

The heat flux equation I11I1-4-30 becomes:

X *x 3 3
2K (8 -B5)  Kp

qg = = - = q 11I~4=50
tp KL
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X x %
where Ky = 1 "K(GU - QF)

and heat conservation equation II1-4-~29 beccmess

d% dI| K
dt X { gt
x x P x 142 ot oom LR
= 8Yp = Yp {5 8 * ¥ 8g -~ %)
L 3K
Lk L
dtX- d8 t*  gg¥
—-Ef+ T tx 0 L. L)} G A
d - d : Kp d3
Since:
*®
dof . dtg
d-’?’ - gt d_,’: +9r§
~ )

dt ¥ qﬁtﬁ g #
X K . X ¥ p ] 2 % 1 o L P b
9p=9L = 8Yp T~ Yp {(3 B8 + % 8g ~ T5~) ”Tfh}
d% 3K, dx
¥ .
Yty def el -, 08k
Fo— - — g = +q ITl=nall
3 d3 6| to® 3 .
' 46
In principle, an expression for —=~ wnich appears
in this equation can he obtained by drhifﬁerentiating

the heat flux squation, However, a very complicatsd
set of squations would recult becauss the thermal
conductivity at the conled surface ic a fungggon of
temperature, Simpler squaticns result if - is
svaluated by a methed similar to that used byiHills

for the layer of solid mptal (section II-2.C(i}),
de
The equation for - is deorived in appsadix I znd

gives: d%
* ® % !
a % b Tz
deg K d% Kq
- o 111e4a53
d?% 2
- 1 + == F
Ko
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where
' e, 9K III-4
FB = FB + Kx =454
0

.
FB appears in equation I1I~4-~53 because the thermal
conductivity varies with temperature,

Equation III-4~53 is not accurate as qt approaches
zero and cannot be used as one of tuwo simullaneous «
equations from which t; and Bg might be determined.

It is sufficiently acgagate however, to determine the
contribution made by - to equation III-4~52,

2

Substituting equation I1I-4-53 in conservation equation
III=4=-52 gives:

x X ' X X % X X %, X % , xZ
ag=9r _ 1 J.x x 9 tp tp9: EparKp ) d%p tp
T o < B e B 4 ot i———— +
Y* 3 L L -0 KX ok X Kx(%x+thl)’ a4 3k* !
p L L "t\g*tptely 98 L -
,Kff' géﬂ
:;_:;_T +.__I © III=-4-55
‘Kg+tpfg 2 !
Finally we get:
3(g%=g") X2 Re! '
Slagma) _ e [ Sufs | 8]
dt Yp KX KR+t2Fg "2 ]
= E— T I1I-4-56
df 4 x 9tp Kp Lotp o
g -B + 1 g e—————— g
L 0 Kiﬁ { (Ki(_'.tXF') g ZKK t
L 0*tpfe’ | 2K
and rearranging eguatign I11I1-4-50, we get:
x _ g% 119 S0« :
BD = BL -5 {K* + ;; tp III=4-~57
L.

.0

The corresponding equation II-2-30 in Hills' analysis does

not suffer from this inaccuracy, because of the dominant

effect of the liberation of latent heat at, and above,
'eolidus temperature,



This equation can be used to relate BE to t;.
Substituting for thermal conductivity at the cooled
surface we get:

o = 8 - = |- . v L I11-4-58
2 L1 -K(8F - 8.)) KF

Rearranging this equation gives:

2 o1 X i el S L
B; - B: + -4 £ 4 Bt - ~£—% }BE +§(8:- -L~§)
K 2K 2k, f i 2K
- - L
M ;:1
?c+ eF;I = 0 I111-4-59
. J )
Let us put:
v 1 tx qxtx
B= B+ = £, o - '-*p 11I-4-60
K 2K 2k
and
X, R p .
g t 1
€= (8 - LBy |, 9:{) IT1~4-61
2K LK
Therefore:
So that
g% = F i“"/ﬁz 4k I1Iw4-62
® = b

2

[}

The negative root is valid in this case, since Bg will
equal to zero as t; approaches in?inity.

Therefore:
-»2 R e bt
B =~yB™ =~ 4
8y = ‘/ ' I11~4-63

2
where B and ¢ are given by equations 11I-4-60 and 61
respectively, -
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E is relatad to tg and

can be substitut ed into the right hand side of equatien
II1~4~56 which is then no longer a function of Bg.

This equation shows how B

The equation can be integrated numerically and the
substitution for GS being made during the numerical
procedure, However, the equation is indeterminate
when t; is zero, and a limiting value is required fer
the numerical sesolution,. This limjting value is
derived in appendix II and gives:

X [} '

dtp
=

e

WU

x - £ o
t—0 r o x ! /{} vox 1.2 X[ Kl %,." !
0 ( Lqﬂ_fB+KLgt)+ N L‘.:"J CF8+KLgt) sy [_qL_ké(L (f‘;_%-g%)
I11I~4~64
where L?z} is the dimensionless heat flux at partial
layer/t eré%l layer front when t; is zero and is equal
to the dimensionless heat flux leaving the cooled surface
when its temperature is equal to the liquidus temperature.
III~5 COOLING MODES FOR SOLIDIFICATION OF PURE
METALS AND EUTECTICS 1IN PRESENCE OF
SUPERHEAT

The solidification of pure metals and seutectics can
be described in terms of the growth of a solid layer and
of a cooled liquid layer, The different modes that can
occur are shoun in the solidification algorithm
(Fige. III~1) and the corresponding calculations algorithm
is shown in Fig, II1I-2, Each 'mode block! in the latter
algorithm lists the characteristic parameters required for
each layer together with reference number of the K
corresponding differential equation. The parameters
below the dotted line are additional parameters which nead
to be determined, The parameters are not determined by
solving differential equations, but are calculated from
equations based on the heat flux equation, The
reference numbems to these equations are also listed,
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The equations derived in the previous sections have
been general equations applicable under any given set of
cooling conditions, The cooling conditions used in the
experimental part of this investigation correspond to
Thus the heat flux leaving

the cooled surface is given by:

Newton'!s law of cooling. .

aq IIIw5m1

= = h A(BD - ea)

Taking ambient temperature Ba, as zero, we get:

P

qn = = h A BU IIIw5=2
when BU = BS then
o Nt
[90]0 = - hABS ITI=5=3
In dimensionless terms
ag = 8p 111~5-4
and
x . X
dg da
0.3 [11-5-5
dF df

The values

and fs-:

of Fé’and fé as defined earlier are:

= 10 III~5-6

0 III=5~7

The equations given in this section for the various

modes have

been derived for these cooling conditions,

I1I-5-A Mode 1 THE THERMAL LAYER GROWING ALONE
:&*c‘;:t. :‘ ’:'::.:
Heres .
tg =ty =0} D>t
¥ > 1.0 8% = p¥
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The characteristic parameter for the thermal layer
in this mode is Bg. Its variation with time is
given by equation II1I-3=18 which, for Newton's law
cooling becomes:

* X
de 30
~4 .. o 11I-5-8
d % 2 KL (9 - e )

The thickness of the layer is related to the surface
temperature by the heat flux equation III-3-15,
which becomes: '

*x * *

2 K, (8 - 87)

tF = 1.0 I1I~5=9
84

Equation III-5~8 and corresponding equation for the
next mode, mode 1F, can be integrated. analytically.
This mode has two limiting conditions, the surface
temperature could reach the solidification tempsrature
while the thermal layer is still growing, or the
thermal layer could reach the remote boundary whils
the surface temperature is still above the
solidification temperature. Equations III-5-«8 and
I11-5-~9 allow us to predict the time uwhen these
limiting conditions will occur,

Consider when 8 = 1.0, then from equation III-5-9

we find that the thickness of the thermal layer is

X _ X g% _ 4. -5
tL = 2 KL (Bm - 1.0) | I11-5-10
If the value of tL given by this squation is greater
than D* s the thermal layer will reach the remote
boundary before the base temperature has reached the
solidification tempserature. Thus this occurs when:

Dﬂ(
eﬁ > (1 + —=) II11~5~11
2 KX

L
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and the solidification process will proceed from
mode 1 to 1F; the entire region being occupied by
cooling liquid.

However, when:

X

B

< (1 + ) I111-5-12
the solidification process proceeds from mode 1 to
mode 2, and the thermal layer continues to grouw ahead
of the advancing. solidification front. In the latter
case the time % , that elapses before metal starts to
to solidify is given by:

10
_ © d8
Z = (—2)"1 a6 111=5-13
1 ox d3%
Bm
and
* x KN
Y, K 2
kX 2 ‘{?m 1.0 2 1n Bm‘J I1I=-5-14

In the former case the time that elepees before
solidification starts must be calculated in two
stages, the first in this mode and the second in mode
iF, The first stage represents the time W for
the thermal layer to reach the remote boundary, This
occurs when the surface temperature is given by:

BX
oy = ] 111-5-15
. o¥* .
-
:1 + x]
» 2 K

The time that elapses before this temperature is
reached can be calculated from equation III-5-13 uwhere
the upper limit of the integral is given by equation
I11-5-15:
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%, % * _ x
T 1l (1 > Yo 1.0-2 1 -
T T N TR/ T iR AN I TR
. L ' L
111-5-16

I1I=~5=B flode 1F ENTIRE LIQUID REGION COOLING

BEEERA
‘.\ 'i". ""‘": \\ l‘ :\ .:.':
Here:
X _ % _ X %
tg=tp =0y t' =D
x . i * x
By > 140y By > 85 > 1
X _
qD =0

The characteristic parameter for the liquid in this
moede is B;, and its variation is given by squation
IT1I~3~23, For Newton's lau of cooling we get:

* *
SEQ = : BD' - IIi=-5=17
d3¥ X x D
KL

The temperature of the remote boundary is related to
Eg by the equation derived from heat flux equation

I1I-3=20¢
p¥

III-5-18
2 K

*

L.

This mode ends when the surface temperature rsaches
the solidification temperature, so the time for which
it operates r§1F’ can be svaluated from equation

I11~5-13 uhere'the bottom 1limit of the integral is
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given by equation.III-5-15; but where the integral
is given by equation II1I~5-17, Thus we have:

Y, D 8 ' B
T = -t lln( ) {;-0 v — 111-5-19
17 3 L p* | | K}
1 + =
2 K|

Thus the total time that elapses betueen the start of
cooling and the start of solidification, when this
mode operates, can be obtained by adding equations
I1I-5«16 and II1I-5~19;

%, % x ”
. YK J D D
7‘"31"’}1'1-': LLd(r s —=)2 - 1.0 - 210 1+ —
3 2K 2K
L L
% X - %
Y0 B ' D
g me—— ln(—-——'——g— [‘300 o — : I11-5-20
3 D KX
+ — L
2KL

Equation III«5-18 shous that the top temperature when
solidification starts is given by:

ITI=~5=21

I1I-5~C Mode 2 ~THE SOLID AND THERMAL LAYERS
GROWING TOGETHER

Here:
X * E x _
D™ > (tS + tL) tg = 0
3 X _ ., X _ % ¥ _ %
BD < 1.0y Bts = 1«0 BtL = Bm; BD = em
* X
q = q q 0
tS L t5+tL
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In this mode the characteristic parameters for the
solid layer are its thickness and the temperature of
its cooled surface, the corresponding differential
equations being 1I1-2-33 and 11-2-30 . The
characteristic parameter for the thermal layer is its
thickness, and it is given by equation I1I1I-3-24,

qf, the heat flux from liquid to the solid is given
by equation II1I-3-25,

II1T-5=D Mode 2F THE SOLID LAYER IS GROWING
AFTER THE THERNMAL LAYER HAS
REACHED THE REMOTE BOUNDARY

gL o

A o " i
L«f///; Chihy
g _/-: /«’t/ /'//_‘,f’ .
R L -
Here: o
X _ % x X _ q.
D = t§ + t¥ 4 t5 = 0.0

The characteristic parameters for the solid layer,

and their equations ate the same as in the previous
mode, The characteristic parameter for the thermal
layer is the temperature of the remote boundary and it
is given by equation I1I1-2-27, - The heat flux from
the liquid to the solid is given by equation II1I-3-28,

I11I=6 COOLING MODES FOR THE SOLIDIFICATION OF
BINARY ALLOYS

As discussed earlier, the process of binary alloy
solidification can be described by the algorithm shown
in Fig. TII=-1, This defines all the cooling modes
that can occur depending upon the relative grouwth
rates of the various layers. The differential
equations and the relsevant equations for the additional
parameters required are given here for each mode =~



for the Nsuton s law cooling conditions (qD = Bg,

B-—1U,f‘-z-00)

The differential equations for variation of the
surface temperature can be integrated analytically
during modes Z2, Z2F, $1 and S1if. Numerical
methods are required during the remaining modes,

The calculation élgorithm is given in Fig., III=3
which is of the same form as that given in Fig, III~2
for the solidification of purs metals and eutectics
in the pressnce of superheat,

III=6=A Mode Z2 THE PART!AL LAYER IS GROWING
INTO LIQUID AT THE LIQUIDUS
TEMPERATURE

Haze:
x* ¥ X
tg =09 DX>t5y tf=0
x * X _ oK
B > 85 > 1y atp-el_
*
qg_ =10
tp

N
B N

The cHaracteristic parameter for the partial layer is
Qg; the cooled surface temperaturs, Its variation is
given by equation III=4-49, which, for Newton's lauw

coaling becomes:

x xz
EP.Q.= - ® 8o I111-6-1
d g KX

sz(e*-e") {2K0 (8X -BD)(-’{T+ —-)}
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The thickness of the partial layer, t* is given by

p’
equation III-4-46, which becomes:
¥ o X ¥
2Ka (87 - B87)
% = —0L___D 111m6-2
. g*
0

KE in these equations is given by:
X _ e { X X
Kg = 1 -&(BU ~ 8p)

This mode will end when the temperature of the cooled
surface falls to the solidus temperature,.or when the
partial layer reaches the remote boundary; whichever
occurs first,

Equation III-6-~2 shows that the first condition will
be met first if:

x %1 *
p* > 2 {KPJS (8% - 1)
that is if '

Di(
Bx <(1 +
L [K*7
2 %k

Under these conditions, the solidification process will

111~6-3

proceed from this mode to mode 73 after dimensionless
time period Zif given by:

) 1.0 4g% 1 -1
£ j{'d"g} d8q
q‘_‘ 3
14485+ 2487 1+V;BF 2
= 3 Yp{ A8 - 1) = ( )1ngl + ( )(8.-1)
2

III=6-4

The partial layer thickness at this time is given by:

: a1 el X .
tp = 2-0 (,KE.IS (8 - 1) I111~6-5



*

D
If 8 > (1 + —_), the solidification process will
2[k 5]
Sl
*

proceed to mode Z2F, when t; = D™, The temperature

of cooled surface at this time is given by:

gX gX
X - i _ L
G :
1 D »
1 + - 1 + - - =
2K 2{1-4( [6p3, - 0OF) ]

Rearranging this quadratic equation gives:
2

KES] *(&Bf+1+ B* D )[9) (1+P(,8 )B =
1

so that:

*x X
- (;{'_Bfw{ﬁ-:ﬂ-bg- ):_\//(B:H{B?H +% )2-4(1 +KG§)8:
%7 = —
L She! 2 K

As B is less than 8] it is the minus sign that is valid
in this egquation. Therefores

r . ({B +/{B +1+-§- )/(«{G "‘/L.Q +1+-- )-4(1+/(B*)8
8 E) =
“ 0}1 2%

) / [}
Thus the dimensionless time,(}?1A, taken for the
partial layer to reach remote boundary is given by:

I111-6-8

[eg ]
1 1 dB
3 = j U)-1 X
1A Bt dg %0
4 xr * * 1+]@:+2Kﬂi Bi 1+K8? L 2 }
= YA (B] = BY e (e ) 111 (e ) 4 ( ) (=5=)
3Yp "8 = Bp s (6% 1 4 [o U]

I1I=6-9
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11I-6-B Mode Z2F PARTIAL LAYER OCCUPIES ENTIRE
REGION

Here:
tg = 0 ty =D
ef > 8p > 1
ap = O

The characteristic parameter in this mode is the
temperature of the cooled surface and it is given by
equation III-4-44 uwhich for Newton's law cooling becomes:

da* 3 gX
0 . 0 I1I-6-10
d¥ xxz[ ]

DX K

The temperature of the remote boundary is then given by
equation III-~4-40, This mode persists for a period of
. (] .
time, Ef y during which the surface temperature drops
from théFvalue given byequation III-6-8 to the solidus,
' s . »
j§1F is biven by:
10 [ % X
ST y¥p*?2 1 (5], [eq)
E{ 0 -1 P S 1
e (—— p dB‘D = : ( *) ln LK x]
1+ 8
YBD] B F ol

1
[ ] ITI-6-11

0% LK:) LK;J

where [al =1 - K8y - 8F) 111-6-12
1

+
U l e
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I11-6~C Mode Z3 PARTIAL LAYER IS GROUWING
AHEAD OF SOLID LAYER

=

P il
~ ard o
s -

| I

Heres~
x X * x x %
X * * X
0, < 1«0 g g = T0 8 = g
0 tS tS+tP L

The characteristic parameters for. the solid layer are
the temperature of cooled surface, given by equation
I1I~2~3G, and the thickness of the solid layer, given by
equation II-2-~33., The partial layer is characterised
by its thickness, given by equation I1I-4-37,

Since q: = 0, the equation becomes:

( 2[z<§ dtf}
* S X ]
S(BL 1)1.—25—— Yo EE;

x
dtp _
dZ vp (8] - 1)
X *
60K I ot
= e ~ 3.0 —2 I11-6~13
Yp tp d 3

q: y the heat flux crossing the solid boundary is given
bySequation I11«4~31 which becomes:
K *
] 2( ;]S (8 ~ 1)
qp = I11I-6=14

*
S tp




- 77 -

I11I-6~D Mode Z3F PARTIAL LAYER IS SHRINKING 1IN
FRONT OF GROWING SOLID LAYER

Here:=~
D* = tg + tj
8y < 1+0 4 B:s = 10 ef > 83 > 1.0
K:S=[K;]S qS:U

The solid layer is characterised by the variablesiused
for the previous mode and the partial layer is
characterised by the temperature of the remote boundary.
This temperature is given by equation I1I-4-39,

qzs; the heat flux crossing the solidus boundary is
given by equation III-4-38,

I11I~6-E, F  Mode S1 THERMAL LAYER GROWING
A and
Mode S1F ENTIRE LIQUID REGION COOLING

AN, AN NEY e

CAS1Y N A
“ N - -

~ oy Tttty L i

Yevaey AN Lambw

AN I s N
S e TR T oo T - Y

These modes are identical to the modes 1 and 1F treated
earlier except that the end condition involved the
liquidus temperature of the alloy rather than the
solidification temperature of pure metal,

The thickness of thermal layer when cooled surface
reaches the liquidus temperature, therefore would be
given by equation III~5-2 as:
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K*(a* . g%y

b = el L 111-6-15
O
¥
Thus if 8% > Gt (1 + = ), the thermal layer will reach
K
L

the remote boundary before the base temperature has
reached the liquidus temperature, Under these
conditions the solidification process will proceed from
mode S1 to S1F when the base temperature is:

g*
: fn -
By = ik I1I-6-16
1 +
*
2KL
-t
This will occur after a dimensionless perindxg1A
given by:
%, X : x *
YK D D 1
'Z;A = el Jk1 + ==)2 2 1.0 = 21n(1 + —=) b I11-6-17
3 L. 2KL 2KL

.
Mode 1F will then persist for a time period,,EdF, given
by

K * * < ¥ .
i YLD D By | x
1 + —~
ZKL

after which the partial layer will start to grouw, The
temperature of the remote boundary when this occurs is
given by III-3-18 as:

*
X
D

- *
8 = & (1 + =) I111-6=19
2K|
' *
D

However, if 8 < Bf(1 +

*) solidification will proceed
L

directly from mode 51 to mode S2 after the dimensionless

time period :§1, given by:

M
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X% X
K )8

3, = <L 42 - 1.0 - 21n ( ) I11-6-20
3 |8

L L

The thickness of the thermal 1layer when this occurs
is given by equation III~5-2 as:

2. 0KX*(8¥ . g¥)
£* = L 2 L 111~6-21
8

I11-6-G Mode S2 PARTIAL AND THERMAL LAYERS ARE
GROWING TOGETHER

e S T
g LR
=il
e :"'.': S e
Here:
*x * x *
tg =0 DT > (tp + tL)

X * * *

B > 13 B, =8"3 8 &
0 tp L (tp+tL) i
*x

q =0
(tp+tL)

In this mode the characteristic parameters for the partial

layer and the thermal layer are their thicknesses t; and

X
tL,

" given by equations I1II-4-56 and II1I-4-24 respectively.

qf the heat flux from liquid to the partial layer is given
by equation I1I1I-3-25, Equation III-3-56 which describes

the growth oF the partial layer contains the variables
BU, gz»and gt. The temperature of cooled surface 90
is given by squation III-4-61 and rearranging equation
I11-3~26 we get:

P 3 x
I . o 111-6-22
oty Tt o3 ey
and
X x2
éqL ' =
3 2 3t vi(ep - ef)
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As discussed earlier equation III-4-56 for the grouwth
of the partial layer becomes indeterminate when t; is
zero, The limiting value is given by equation III-4-64,

III~6-H Mode S2F THE PARTIAL LAYER IS GROWING
AFTER THE THERMAL LAYER HAS
REACHED THE REMOTE BOUNDARY

Here: . .
tg = 0 ? p* = t; + tt
8y > 13 etp = ef
ap = O

The characteristic parameter for the partial layer and
its differential equation are the same as in the
previous mode, The characteristic parameter for the
thermal layer is the temperature of the remote boundary
93; and it is given by equation III~3-27,. The heat
flux from the liquid to the partial layer, qf, is given
by equation. III=4~28, The equation for the surface
temperature, Bg and the limiting form of the equation
for the thickness of the partial layer are the same as
in the previous mode, The variables describing the
rate of change qi are given by rearranging equation
III«3-29, whence we get:

X *
q ' 2q
%i.% =9, = =% L 111-6-24
dtp D™ - tg ~ tp
* X *
L_ .t S K

I11I-6«25

CV'Q{
2
]
0
!
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1I1-6~I Mode S3 THE SOLID, PARTIAL AND THERMAL
LAYERS ARE GROWING TOGETHER

e - e g A ¥ - DN | Y
- s e it o, LS

g W N T B

[ A BT T =z i, PR

{ ’_:-’ ’W_‘:__,_,-.-—"" . fe=_ N 1
[ P i R |
H o b et HE et v -y

e A e T T = 2 :

Here:

® X *
DT > tS + tp + ot

X o, x P
Bf = 1+03 O .oy =6

*
q =
(tgrtg+t )

The characteristic parameters for the solid leyer are
temperatures af the cooled surface and the layer thickness,
the corresponding differential equations being II-2-30
and 11-2-33, The characteristic parameters for the
partial layer and thermal layers are the layer thicknesses
ana the corresponding differsntial equations are

I1~4-37 and 1II-3-24 respectively, The heat flux from
liquid to the partial layer is given by equatian

III~3=25 and the heat flux from partial layer to the solid
is given by equation I1I-4-~31,

Equations for the vﬂrlables (gt and %}), defining
the differential of heat flux qL are given by
I111~6~22 and 23 respectlvely.

III~6~3 Mode S53F THE SOLID AND PARTIAL LAYERS ARE
GROWING AFTER THE THERMAL LAYER
HAS REACHED THE REMOTE BOUNDARY
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The characteristic parameters for the solid and partial
layers and their differential equation are the same as
in the previods mode, The characteristic paramster
for the thermél,layer is the temperature of the remote
boundary and is given by squation III-4-27, The heat
flux crossing the liquidus front i; given by squation
111-3-28, vhile the heat flux from the partial layer to
the solid 13 given by equation III-4-31, The
varlables gt and grgdescrlbing the differential of heat
flux gL are given by equations III-6-24 and 25,

I1I-7 VALUES OF THE PHYSICAL PROPERTIES AND OTHER VALUES
USED IN THE THEORETICAL PREDICTIONS

. The values of the physical properties of pure
lead, tin and antimony that have been used in this
work are given in Table III~2, together with the relsvert
references, The values of the physical propartieslfor
the alloys are given in Tables III~3 to III-6 and the
methods whereby these were calculated are discussed
below, ‘

I11-7-A DENSITY, THERMAL CONDUCTIVITY AND SPECIFIC HEAT

The values of the density and thermal conductivity
of the solid and ligquid aelloy phases have been calculated
oy assuming additive behaviour on a volumetric basis,
wvhile the specific heats of the solid and liquid alloy
phases have besn calculated by assuming additive behaviour
on uweight basis,

Tyrical calculation for ths lead-tin sutectic:

Alloy compositions: (wt. %) Tin = 61-9, Lead = 38s1
(Vol, %) Tin = 716, Lead = 28e4
Derisity of the solid = gregibiwz—r = 518:4 1b/ft°
i%E * Bse

344 X 716 + 179 x <284
29+7 Btu/ft,hr.°F

Thermal conductivity of the solid
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De063 X +619 + 0+033 x «381
0+0516 Btu/1lb,.°F

Specific heat of ths solid

I

ITI-7-8 LATENT HEAT
111-7-B(i) Eutectic metals

The heat released when a sutectic alloy
is solidified to produce a mixture of two solid alloys
depends upon the latent heats of the constituent pure
metals at the eutectic temperature and upon the heat of
formation of the solid and liquid alloys. Thus the
latent heat of solidification of a mass of unit eutectic
alloy is given by:=-

BHg ¢ = CpBHg o + CglHg g

F LsE * CaAH + C,AH
PR

Foo B FyB

The latent heats of the pure metals can be determined from

- AH

the data presented by Hultgren et 811338, extrapolated by
subtracting the heat content of the liquid metal to the
eutectic temperature from that of the solid metal, Very
little data is available concerning the heats of formation of
solid and liquid alloys,

III-7-B(i)(a) Lead antimony

Hultgren et a11338 report that the heat

of formation of liquid lead-antimony alloys of eutectic
composition is zero, No measured value is available for.
the heats of formation of the solid alloys, so they, also,
have been taken as zero. Thus the latent heat of the
leadeantimony eutectic, at its eutectic temperature is:

AH ~15+9 Btu/1b

S,Pb/Sh:E *
I111-7-8(i)(b) Lead-tin sutectic
Kleppa39 has measured the heat of

formation of liquid lead-tin alloys at 350°C and 450°C and
found, for alloys of eutectic compositions, values in the
range 3«1 +0+5 Btu/lb, Taylor40
heat of formation of solid sutectic lead-tin alloy,
CdAHF;a +.EBAH' :reporting a yalue of 3«4 Btu/kb,

FypB’
Thus the value of

has measured the. total



the latent heat of esutectic lead-tin alloy calculated
from data in the literature is:~

S,PbSniE = ~19+0 Btu/1b

This value did not agree with the overall heat
balances made on the soglidification experiments; since
it indicated that about 20% more heat was liberated from
the solidifying metal than was removed by the cooling
air (see Tables V-4 and V-5), Hguwever, similar heat
balances made an the authors' experiments involving
pure metals and lead-antimony eutectic alloys were accurate
to about 5% (see Tables V=3 and V=4). Similar results
41 for pure lead and pure tin

AH

have been obtained by Moore
using the same apparatus,

- The literature on latent heat values thus seemed

far too high, and the calorimetric experiments reported
in section IV-9 were therefore carried out. These
experiments measured the heat liberated when liquid lead-
tin eutectic alloy was cooled from just above its melting
point to about 97°F, at which temperature the solid
solutions formed just below the eutectic temperature are
42 has studied the kinetics
of the precipitation reaction by which supercooled metal

no longer stable, Borelius

solid solutions decompose. He found that the
preclpitation reaction in the lead-tin system uas
extresmely rapid, the maximum rate occurring at122°F and
decreasas only slightly at lower temperatures, His
results show that this precipitation reaction will be
about 90% complete after 1 minute at 87°F, Thus, at the
end of the calorimetric experiments which take about

2 minutes, the eutectic alloy will consist of a mixture of
virtually pure lead and pure tin, The experiments there-~
fore measure the heat involved in decomposing the liquid
eutectic alloy, solidifying the constituent pure metals
and cooling them to the final temperature. Thus the
results in Table V show that

AH

.

s C AH ~ AH.

C 5,pb * Csn,E 2Ms, sp F,L:E

Pb,E

= ~186 +0+97 Btu/lb



Since the data reported by Hultgren et alia38 shous
that
c AH

pb, Mg, pp + C

AHS’Sn = =193 Btu/lb

Sn,E
the calorimetric values show that the heat of the
formation of the liquid alloy at the liquidus temperature
is either zero or very small, We have assumedit to be

zero, which gives

AHS,Pb/Sn:E

= ~15¢9 Btu/lb

I1I-7-B(ii) Alloys

When a non-eutectic alloy solidifies
latent heat is liberated in the partial layer, and at the
eutectic temperature if the initial alloy composition is
high enough. The latent heat liberated at the eutectic
temperaturei per unit mass of alloy, is equal to
(1aF5U) AHS,E where AHS,E is to be determined as described
above, and the value of FSU is determined as described in
section III-7=C, The latent. heat liberated in the parti=al
layer, per unit mass of alloy, is:-

0 »

FLt AHF,a:CB)

where Zﬁs represents the average difference betueen the

f-‘su(cA EﬁS’A + Cg ZFS,B - AH

heat contents of the solid and liquid pure metals between
the liguidus and eutectic temperature. CA and Cy are the
mean concehtrations in the solid alloy formed in the partial

layer, and AHF osC is the heat of formation of this allay.
| Reddid B

CA and CB can be calculated from a mass balance on the

solidification process:=-
Fraction of A solidifying at the eutectic temperature
= (1-f‘SU)CE
Fraction of B solidifying in the partial layer

= Cq -(1-FSU)CE

But the total fraction of A and B solidifying in the partial
layer = FSU'
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Therefore
. . Lo ~(1-fg,)C¢
B - £
su
gnd CA = 1 - CB

I111-7-B(ii)(a) Typical calculation for the lead tin
system « Pb205Sn

CU = 0.2, fSU = 0804

. CSn = (0098 and CPb = 0+902

No information is available in the literature
about how the heat of formation of solid lead-tin alloys
varies with composition, The quantity of B phase formed
in this system is extremely small, so that this phase
can be considered to make a negligible contribution to the
heat effect measured by Taylor for eutectic. allays,
Since this alloy contains 46 wt., % of the o phase, his
figure of 3+4 Btu/lb corresponds to a figure

AH = 7«4 Btu/lb (o phase)

Foo030+18

The heats of precipitation measured by Borelius
suggest that AH varies approximately linearly with
composition so that:-

AH.

F,as0.008 = °9°82 Btu/lb (o phase)

» the latent heat effect in thHe partial zene
0+804(04902 x (=9¢5) + 0+098 x (~25+3) + 3+82 Btu/1lb
~ 5.8 Btu/lb,

]

i

The value of FSU balculated as describoed below sths
that the latent heat effect at the eutectic temperature is
3+1 Btu/lb.

III~7=-C FRACTION SOLID PRESENT AT SOLIDUS TEMPERATURES QFSU)

As discussed in section I1I1-4, the fraction of
solid present at any temperature is given by the



Pfann equation II-1=5,

c, 7(1-R)
fey = 1 = (—=) I1I-4-7
CU -
so that fSU’ the fraction of solid present at the selidus
temperature, is glven byt~
( /11 Rr)
f = I11~4~8
SU '.. ,

0

When the solidus temperature is the eutectic temperature
C, g is equal to the eutectic composition and we get:

e ;921-h)
Fori = 1 = (=5 g I11m4=3
su c ' ‘wmm -

0

In calculating fSU from this equation, the value of ths
partition coefficient 'k'! is assumed to equal its valuse
at the eutectic temperature (liquidus and solidus
curves are straight lines),

I111-7-C(i) Typical calculations for the tin rich side of
the lead-tin system

Eutectic composition = 0+381 (Pb)

. . limit of solid solubility = 0-015 (Pb)
. <015

e ko= T5o1 - 0+0394
For Sn 10 Pb, Cy = 010 (Pb) so that Foy =
_ (83814~ (1/0+9606) _ g, 459

0+10
1I11-7~D LIQUIDUS AND SOLIDUS TEMPERATURE

The value of the liquidus temperature observed
in the experiments for each alloy as discussed in section
IV~6 was used in the theoretical treatment, The solidus
temperature has been taken as the eutectic temperature,
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111~-8 NUMERICAL SOLUTION

The relevant differential equations and
link esquations for each cooling mode have been listed
ip section II1I-6, In each case, they represent a
set of simultaneous ordinary differential equations that
can be solved using standard numerical techniques, the
Runge-Kutta method‘hauing been used in this work. The
computations have been performed using the Imperial
College I.B,M, 7094 computer, as discussed in
Fppendix A~III. The values of the physical properties
that have been used in the computations have already
been presented in section II1~7 and specimenh humerical
results are presented in Appendix IV,



TABLE III-2
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THERMAL PROPERTIES OF METALS USED IN CALCULATIONS
Property Phase Unit Lead Tin Antimony
s 43 _ o 16 16 43
Specific heat Solid  BTU/1b°F 0.033 5, 0.063'6. 0.051" ;4
Liquid 0-03647° 0.0615%7 0+0587
43 .
Density S5olid  lbAt?d 696 . 448 ° 5 418-6 ﬁg
Liquid 662.7°°  434.7%°  406-2
Thermal '
conductivity Solid BTU/%hr,°F 17915 #4i 1% 12.5613
Liquid 9.444° 19.37 9. 68
Latent heat BTU/1b 106 10 26410 69.4°
38
Melting point op 327.6 232 630
oF 621+1  449+6 1166
38 |
Atomic weight 207¢2  118+7 12176

The reference from which the data has been taken is

represented as: value

number of

rafaerenca
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TABLE III=~3

CALCULATED VALUES OF THERMAL PROPERTIES
OF
LEAD ANTIMONY EUTECTIC

Property/ Units Method of Calculated
Phase Calculations Value
Specific heat BTU/1b°F Additive
solid " 00350
liquid " 00389
Density 1b/ft.>
solid , " BB 3
liquid " 64449
Thermal 3
capacity BTU/.ft¥. . °F
~ solid " 227
liquid " 251
Thermal
|conductivity BTU/ft,he.°F
solid " %6+
liquid " ®2.5
Latent heat BTU/1b " 159

Melting Point = 485.6°F (252°C) (Phase diagram)'’
4eu.o HEECF (251°C) Experimentally obssrved

111 wt, Antimony (Phase diagram)44

Composition %
114 wt, % (average from analysis)



TABLE I1II-4

CALCULATED VALUES OF THERMAL PROPERTIES

OF
LEAD TIN EUTECTIC
. Calculated
Property Phase Units Values Remarks
Specific heat | Solid BTU/1b°F : 0516 Rdditive
Liquid .052 "
Density Solid | 1b/ft> 51804 "
Liquid 5002 "
Thermal =
Capacity Solid | BTU/Ft.oF 26+ 8 0
Liquid 26-0 i
Thermal
Conductivity Solid | BTU/ft.hzlF 29.7 "
Liquid 16+5 d
Latent heat BTU/1b 15+9
Melting Point = 361+4°F (183°C) (Phase diagram)44
= 359.6°F (182°C) (using commercial metals)
= 361¢4°F (183°C) (using pure metals)
Composition = 61+9 wt, % Tin §Phase diagram)*4
= 61+0 wt, % average from analysis)
commercial alloy
= 6%+9 wt, % (pure metal

prepared in situ)



TABLE III-5

CALCULATED VALUES OF THERMAL PROPERTIES OF LEAD TIN ALLOYS

Identification |Composition spggif‘ic HEat gensityL Thergal Capafity Therrgal Conductivityv[}i?iggtiﬁeggrgial

s Symbals (ut.) Btu/lb,°F 1b/ft> Btu/ft>.oF Btu/ft.hr.°F Layer (Btu/1b:)

|  P5.10-Sn 10% Tin {0.0359 0+0389659.-9 629-3| 23+7 245 20-3 10-9 ' B-6

. Pb20-Sn 20% Tin | +D388 +0414)626-6 599.5| 24-4 248 2245 1242 742
Pb.40-5n 40% Tin + 045 + 0464 {569+8 5476 25-6 254 26-3 1445 B+4

g Sn~20-Pb 80% Tin « 057 + 0565 |482+4 466-8 27.5 26+ 4 321 1840 25-5

; Sn-10-Pb 50% Tin « 060 «059 |464+6 450-2 27-9 27-0 333 18.7 25-5

-96-



TABLE I1I-6
SOME VALUES USED FOR LEAD TIN ALLOYS

? Liquidus e . o -
} Temp. (°F) _?_olldu?o” Fricglort'n Lid nglfiid liggentthga:t
Identification s e e emp. solid at solidus erma iberate
! symbol Compasition gzggrggase observed phase observed (fsu) capacity’ solidus temp,
;
:  Pb-i0-Sn - 10, Tin £73:2 Sep AR - Geo2 40<4 13
§ Pb-.20.-Sn 205 Tin 535 5158 367 361.4 G-804 49D 3+
; Pb--43..3n 40, Tin 42 []_SS«.D 3614 3614 O0~457 489 85
! Sn-23.Pb 80% Tin 401 393.8 361-4  361-4 G489 2102 Be1
. Sn-10-Pb 90% Tin 428 4208 361+4 361 4 0-751 175 440

" Calculated from Pfann equation

THModified thermal capacity = e{c + -—qﬂ—:fﬁig-}

3
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CHAPTER 1V

EXPERIMENTAL APPARATUS

AND

PROCEDURE
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IV EXPERIMENTAL APPARATUS AND PROCEDURE

IVa1 DESCRIPTION OF THE APPARATUS

A line diagram of the apparatus used in the
solidification experiments is given in Fig. IV=-1,
The apparatus consists of three main partsgy the cast-
ing unit, cooling system and the thermocouple rig used
to measure the progress of solidification, A short
description of these is given belou,

IVe1=A THE CASTING UNIT

The casting unit (Fig, IV=2) consists of a thin
walled (%g") stainless steel crucible, 4 inches
diameter and six inches high, The crucible rests on a
steel ring supported by a& refractory insulating block,
The crucible is heated by a 900 watts thermocord heater
(supplied by Electrothermal Limited) and the rate of
heating is controlled by connecting this heater to the
main supply via a 15 amps variac, The crucible is
surrounded by a mild steel cylinder 10 inches diamster ard
%E inch thick, The spacing between the two being loosely
filled with % inch vermicullite aggregate, Above this
crucible the vermicullite was contained by a mild stesl
cylinder of the same diameter as the crucible counter-

levered from the outer cylinder,

IV=1=A(i) The Crucible: An unlined stainless stgel
crucible was successfully used during the study of metal-
and alloys of commercial purity, In order to find out
whether this crucible could be used to contain high
purity alldys ueed in eubsequent experiments, high purity
lead (99+999% lead) was melted in a graphite crucible

and a stainless steel strip was kept immersed in the lead
for 4 hours, The strip was removed and the lead was
analysed for iron by X~-ray fluorescence and was found to
contain about 005 wt, % iron, This experiment shouwed
that an unlined stainless crucible could not be used in
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the study of high purity lead and its alloys and a
series of different crucibles were tried.

IU~1~A(ii) Graphite Crucibles: A graphite crucible
with a %" wall was machined from an electrode grade
graphite block so that it would just fit the inside of
a stainless steel crucible, The base of this latter
was cut to leave a rim %E inch wide to support the
graphite crucible but to allow the cooling air direct
access to its base,

The crucible was found to be very porous and lead
seeped through it, The seepage could be greatly
reduced by using a crucible made of EY95 grade graphite
block manufactured by Morgan Graphite Ltd, However,
heat balances conducted on preliminary experiments shouwed
that the thermal mass of the crucible was too large for
linear heat flow conditions to be set up, and that the
thermal resistance of its base could not be neglected,

IVwt=A(iii) Lined Crucibles: The work with graphite
crucibles suggested that the low thermalmass required
could only be achieved if metal crucibles uere used,
but that these crucibles would have to be lined to stop
the contamination,

Vitreous enamel crucibles were tried first, but could
not withstand the thermal shock involved - the enamel
cracked after two heats and the iron content of the lead
was found to be about 0s1 wt. %o Various methods of
coating stainless steel crucibles were then investigated.
Autostick'andIMilk of magnesia coatings were. found to be
suitable from the point of view of corrosiongy but the
coatings were friable and floated on the molten metal.
Silicome resin SR B84 and SR 125 (supplied by General
Electric Co,) were tried, but they burned off at about
200°C, Mixtures of either titanium dioxide or milk
of magnesia with silicone resin gave friable coatings,

A coherent coating was obtained by using fiberfax
refractory cement (marketed by Carborundum Co, Ltd.){
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but it would flake off after few heats, A composite
coating of fiberfrax and silicone resin gave. good
results, After about tuenty heats, howsver, the
coating left the top of the crucible, This problem
was splved by coating the top with silicomeresin and
graphite powder slurry opver the composite coating, A
sample of lead was taken after about twenty heats in a
stainless stesel crucible lined in this way and analysed
by X~ray fluorescence and spectroscopic¢ analysis,
Iron, nickel and chromium were found to be below the
limit of detection (about 40 parts per million), The
coating was very adherent and could withstand thermal
and mechanical shocks,

Thus stainless steel crucibles were used in the
study of high purity alloys and uwere prepared in the.
following manner, Each new crucible, %E inch thick,
was roughened with emery paper, cleaned and dried.

A coating of fiberfrax cement about one millimeter thick
was applied to the inside surface with a paint brush,
and crucible dried in a muffle furnace. The dried.
crucible was then coated with silicone resin SR 125,
and the top half inch of the inside surface was coated
with silicone resin/graphite slurry, Crushed and
graded (%gvinch) alumina brick was sprinkled over the
inside surface of the crucible base, and the crucible
was cured at 250°C for four to five hours, The
thermocouples described later were also copated uwith
fiberfrax cement, and dried and then coated with the
silicone resin/qraphite slurry, After curing for four
to five hours the coated thermocouples were fixed to
the rig described bslou,
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IV-1-8B MEASUREMENT OF SULIDIFICATIUN FRONT

As discussed in section II< O , thermal analysis
is the most suitable method for following the
solidification of alloys, Howsver, an apparatus uwas
designed to pour the liquid metal out during a
solidification experiment and to uwithdraw the cooling
nozzle at the same time, In the few experiments that
were conducted it was realised that residual liquid
remains and will render the results unreliable$ Thus
thermal analysis was used throughout this work to
study the progress of solidification,

The thermal analysis arrangement is shown in
Fig, IV=-2, The thermocouples used in this werk were
stainless stesl sheathad chromel-alumel thermocouples
manufactured by Pyrotenax Co,, 0+062 inches diameter
with the bead bonded to the sheath, The thermocouples
varefixed to the support rig so that they could be
easily withdrawn for coating, The rig could be moved up
and doun and rotated around the fixed rod. The
thermocouples themselves wers bent at right angles so that
the last 2 cm, of their length lay normal to heat flou
direction, The thermocouples were arranged axis
symmetrically at 1% inches from the centre to allou
room for a stirrer of stainless steel for commercial
alloys and of glass for the high purity alloys, The
thermocouple rig was positioned by lowering it until the
bottom thermocouple just touched the base of the crucible,

An additional thermocouple was silver soldered to
the louwsr side of the crucible bass in order to check on
the formation of an air gap. The temperature of the
cold air was measured by a thermocouple in the air pips
just below the nozzle,

Rll the thérmocouples were connected, via an icse
box coldgunction, to a Phillips 12 point temperaturs
recorder, or to a Dynamco data logger. The Phillips
recordsr has a chart speed of 600 mm/hr and ranges bf
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0~ 10 or 0 - 20 mV, and its response time is 24
seconds psr channel, The data logger recorded the
thermal E,M,F's on punched tape at rates up to 10
channels per second, It offered little advantags
over the recaorder, especially as the latter presented
ttemperature graphs'! directly so that arrest points
etce wore seen immediately, MQreover; since most
of the alloys solidified in about 20 - 40 minutes,
the response time of the recorder was adequate.

IV=1~C COOLING SYSTEM

The cooling system consists of a five horse
powsr two-stage centrifugal blower connected through the
pipe work to a multiple nozzle below the crucible, The
blower delivered a maximum air flow rate of 85 cFm./;Tgua;;S
controlled by a gate valve and measured by an orifice
plate designed to British standard code 1042, The
orifice plate was one and half inch in diameter with
pressure tappings one pipe diameter upstream and half
pipe diameter downstream, The pressure drop across the
orifice was measured by a water manometer and the air

flow rate calculated according to the standard formula.
41
The multiple air nozzle was designed by Moore to

give a uniform distribution of the local heat transfer
coefficient over the base of the crucibls, The
multiple nozzle consisted of 29 3/16 inch diameter holes,
which yetsarranged in.the 2% inch diameter nozzlses plate
as shown in Fig, IV<3, so as to distribute the cooling

air uniformly over the base of the crucible.

1
Moore carried out experiments using the sublimation

of Napthalene and showed that local heat transfer
coefficient values were distributed svenly over the base
of the crucible, when the nozzle was 2% inches from it.

The mean value of the heat transfer coefficisnt
obtained with this nozzls could be varied between 15 and
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45 Btu/th.hr.°F. as the air flow rate was changed

from 15 to 90 cfm. In order to study the progress

of solidification at higher heat transfer coefficients,
the multiple nozzle was modified to give an air-yater
spray (Fig, IV~3), The air-water nozzle consisted of
29 brass tubes (3/16 inch I1,D,) mounted between tuwo
circular brass plates in the same spatial arrangement
as the holes in Moore's original nozzle, The plates
themselves were mounted in a % inch length of brass
pipe (2 inch I.D.) and filtered water was circulated
through the enclosed space. Tuwo 1/64 inch holes

had previously been drilled through the wall of each
tube, so that the water could flow through these holes
and be atomised by cooling air flow through the tubes,
The value of the overall heat transfer coefficient from
the lower side of the solidifying metal that was
obtained when this nozzle was used was 167 Btu/th.hr.°F.

IV~-2 HEAT FLOW CONDITION

In the theoretical treatment given in Chepter
ITIT , we have assumed unidirectional heat flow as
illustrated below.

: r‘//rzf//' //'////’// -
) Lig 4 {Z; Perfectly
, ’ 224
v Y insulated
. S+L A surfaces
- ’
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4 Z Heat flux
’ /A
/ s
A Rir ’

However, during the experiments the actual cooling
conditions are affected by the crucible base and sides:

et e e L L
s [
A Lig - =) Partially
. ’, L7l insulated
7 S5+L g surfaces
o & £
A Solid ./
. 2 i * Principal
Crucible basgi ! .. heat flux
[ 48 ",(



- 107 -

The cooling condition from the lower surface of the
solid metal can be represented in terms of an overall
thermal resistance (1/h) which is usiaemR the sum of
three separate resistances: the thermal resistancs
from the lower surface of the crucible base to the
cooling air (1/hA)’ the thermal resistance through

the crucible base (rc) and the thermal resistance from
the solid surface to the crucible base (rg), i.e.

1 1
;:; +]'.‘c+]'.‘g IV=~ 2=~1

A
Let us consider a typical case when h = 40 Btu/th.hr.°F.
so that the rate of heat removal is about 1500 Btu/hr.
If a metal crucible is used, the wall thickness of which
is 1/16 inch, the thermal resistance, r., is about
1%  of the overall thermal resistance, so that this
resistance can be neglected. In order to determine
the relative magnitude of the thermal resistance from
~the lower surface of the solid metal to the crucible
base, a thermocouple was placed inside the crucible so
that it touched the inside of the crucible at point A.
Another thermocouple was silver soldered to the lower side
of the crucible base at point 8, The difference between
the temperatures indicated by these two was never mors
than 35°F, a rebult similar to that repgwted by Moore!’
The temperature difference across the stainless steel
crucible was about 10°F, so that the temperature
difference between the lower surface of the salid metal
and the upper surface of the crucible base was about
25°F, Since the heat flux across. this interface uwas
15@ Btu/hr, under these conditions, the interface heat

L. have been ~ .0 ,

transfer coefficient must b about 750 Btu/ft°,hr.°F.
and the corresponding thermal resistance (rg) was

X
Where an alumina crucible is to be used the value of

r. could be as high as 40 % = of the overall resistances.
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about 5% of the total thermal resistance betwesn the
solid metal and the cooling air, The cooling
condition in the experimental apparatus could there-
fore be described in terms of a convective mechanism
involving the overall heat transfer coefficient h as
the only parameter.

The sides and top of the crucible cannot be
perfectly insulated, but the experimental heat flou
conditions will be virtually uni-directional if the
heat lost by the side and the top of the crucible is kept
small relative to the heat extracted by the cooling
air, Heat will flow radially from the side wall to
the metal during solidification if the metal is cooled
more rapidly than the side, and vice versa, in &his
study of the solidification of commercial purity. lead
and tin in a similar apparatus to that used here, Moore
found that the two heat flows in either direction in
the top and bottom parts of the crucible more or less
cancelled each other out when the heat transfer
cosfficient was at its maximum value -~ 40 Btu/?tz.hr.°F.
At lower values the nNet heat flow was found to be from
the metal to the side walls, Thess observations .uyere
confirmed in this work, and, moreover, it was found that
the maximum heat lost from the top of the crucible was
about half the maximum radial heat flou. These heat
flous are of the same order as those determined. by the
overall heat balancses, Even in the worst case, the heat
losses were less than 10% of the total guantity of heat
removed during the experiment, so that unidirectional
heat flow conditions were maintained fairly accurately,

IV=3 MEASURquNT OF HEAT TRANSFER COEFFICIENT
i

Moore determined the overall heat transfer
coefficient from the louer surface of the solidifled
metal to the cooling air as a function of air flow rats
and base temperature using a direct steady state method
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He also measured the heat transfer coefficient from
the lower side of the crucible base to the cooling air
by studying the evaporation of Napthalene into the air
stream, Thus he could determine the mass transfer
coefficient and then the heat transfer coefficient by
the Chilton and Coburn analogy betwsen heat and mass
transfer,

To carry out the steady state method, 2100 watts
stainless steel sheathed electric heater was coiled
around the thermocouples and immersed in the bath of
molten lead about three inches above the base. The
heater leads were removed through the hole in the
centre of the thermocouple rig provided for the stirrer,
and the lead was alloued to solidify, The lead was then
heated by the external thermocord side wall heaters and
brought to a steady state femperature below its melting
point, The cold air blast and. the immersion heaters were
then turned on at the same time, the pouer supplied to
the heater being increased until steady state conditions
had been reestablished as close as possible to the
ariginal steady state conditions, R linear temperature
profile was thus set up along the axis of the crucible
and from the temperature gﬁiﬂient the value of the
heat transfer coefficient A be calculated, The heat
removed by the cold air is given by:

1

a b A(Bbase = Bambient)

H

h A(8; - 8,_) IV-3-1

and heat conducted through the lead is given by:
de

. Pb
q = Kpoh IVe3.2
Pb dx
d8py
where === is the axial temperature gradient in solid
lead, dx Therefore the heat transfer coefficient is
given by:
’ dapb
Pb
dx
KpbA s —— IV=3-3
(84-8,)
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41
Moore's experiments were repeated with and without

the lining so that its effect could be ascertained and
with the airfuater spray system. The results are
roported in section V-1 .

IV=4 CALIBRATION OF THERMOCOUPRLES

As discussed in section IV-1-B the thermocouples
used in this work were stainless steel sheathed; chromel-
alumel thermocouples 0062 inch in diameter, A1l the
thermocouples were calibrated using pure lsad and
taking its melting point as the standard. The calibration
was found to apply to all thermocouples from the same
batch and the calibration remained unchanged with time.
Different calibrations applied to thermocouples from
different batches so that calibrated thermocouples from
the same batch were used in all the selidification
experiments,

IV~5 PREPARATION OF ALLOYS

Alloys of commercial purity were prepared by
melting lead in a graphite crucible heated by an oil
fired furnace. The solute metal was added after the
iead was molten and the alloy stirred thoroughly., The
alloy was cast in iron molds and the ingots were
melted in the solidification apparatus.

Alloys made from the high purity metals (99999
purity) were prepared in situ. A knoun guantity of
lead was melted in the solidification apparatus and the
correct quantity of tin was added to give the desired
alloy composition, The alloy was stirred thoroughly
after it was completely molten using a glass stirrer,
The alloy was solidified and remelted several times to
give a homogeneous composition,

The complete analyses of the commercial and high
purity metals used are given in section IV-10,
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IV-6 SOLIDIFICATION OF LEAD-TIN ALLOYS AT ZERO
SUPERHEAT

Homogenised alloys were solidified at positive
superheat so that the liquidus temperature could be
determined from the thermal analysis curvas. The ligquidus
was clearly marked by an arrest point which was shouwn by
thermocouples placed at some distance from the base.
This liquidus errest point was observed at exactly the
same temperature in a series of experiments performed
at various superheats and cooling rates and was taken to
indicate the start of solidification in all subsequent
experiments with the alloy when the composition of the
alloy lay between the partial solid solubility limit
(solidus temperature) and the eutectic composition. In
these cases the end of solidification was observed at
361+ 4°F (183°C),

In the solidification experiments the alloys usre
heated to a temperature some 40°F above the liquidus
temperature and then the side wall heater was switched
off, The alloy was stirred while it cooled, until its
temperature was within 10°F of the liquidus temperature,
When the stirrer was withdrauwn, solidification was started
after one minute by opening the air valve, the fan having
been run for the previous 30 minutes, so that its
temperature could become steady. The point on the
recaorder chart at which the temperature of. each thermo-
couple fell below the liquidus temperature, was taken as
the time at which the liquidus front had reached that
couple, When the temperature of each thermocouple fell
below the solidus temperature the solidus front was
considered to have reached that couple.

No marked solidus arrest point was observed for
alloys with less. solute than the partial solid
solubility 1limit, although a slight change in gradient was
sometimes observed, In these cases the solidus

temperature was taken 25 the eutectic temperature, the justification

for the same is discussed in section VI-2-B, |
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IV-7 SOLIDIFICATION OF LEAD-TIN ALLOYS AT SUPERHEAT

The alloys wers heated to some 40°F above the
desired superheat temperature of the experiment, The
heater was switched off and the alloy was stirred
thoroughly to homogenise the temperature and composition
of the molten metal, When the temperature was some
10°F above the desired temperature, the stirrer was
withdrawun and the flow of the cooling air was started one

minute later.

The moment at which solidification started near each
coupley, i,e, when the liquidus front has reached that
couple, was found when its temperature had fallen to
the liquidus temperature determined as described before,
A small, amount of undercooling was observed at the
liquidusizgp€g%%£hggberiments in which the alloy Sn 20 Pb
was solidified from about 220°F above its liguidus
temperature, The temperature dropped initially about
5°F below the liquidus determined as described above,
and then rose rapidly to it before falling slowly once
more, In the rare cases where this occurrsed, the timse
at which solidification commenced was taken as the second
time at which the temperature fell from the experimental

liguidus value,
IV~8 MORPHOLOGY AND SOLUTE SEGREGATION STUDIES

The alloys were solidified with the thermocouple
rig removed and samples were cut with faces lying along
the heat flow. direction and normal to it. The samples
were polished, etched and studied metallographically,

In order to determine the shape of the dendrites,
four 1/32 inch holes were drilled in the surface of one
sample about % inch apart, and thin copper wires
were inserted into the holes to serve as permaneant
markers, The sample was polished, etched and a micro=-
photograph taken. A thin section of the surface was then
filed off and the sample was polished and estched again and
another microphotograph taken, The procedure was repeated
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several times so that a number of parallel sections
wers obtained through the dendritic structure, A
three dimensional picture of the dendrites was
derived from this series of photographs,

Samples were also examined using an electron prabe
microanalyser so that the segregation of .selute could
be examined, Compositions of the dendrites and of the
matrix were determined along the heat flow direction
and normal to it,

IV=-9 CALORIMETRIC DETERMINATION OF LATENT HEAT OF
LEAD-TIN EUTECTIC

As discussed in section I1II-7, the latent
heat of an alloy can be calculated from published
thermodynamic data, provided it is reliable, Hou=~
ever, in vieu of. the meagre data available for the lead-
tin alloy system, and the discrepancies observed in .
the experimental thermal balances based on this data,
it was decided to determine the latent heat of lead-
tin eutectic alloy using a drop calorimeter, The
alloy was melted in a % inch diameter pyrex tube
around which a 'Thermocord! heater had been wound,

A 1 mm, bore capillary was fused to the lower end of
this tube and plugged with a stainless steel 1 mm,
diameter wire inserted from above, The alloy was
heated above its melting point and allouwed to cool,
When its temperature had fallen to within 5°F of the
solidification temperature, the plug was withdrawn and
the molten alon alioued togfall into a copper vessel
filled with water, The water uas continuously
stirred by a copper stirrer and its temperature measured
with a mercury in glass thermometer. The maximum
temperature, which occurred after about 2 minutes wuwas
recorded. The results are presented in section V-6,
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IVv-10 PURITY OF METALS USED

IV=~10-AR COMMERCIAL METALS

IV=-10-B

LEAD:
Analysis: Chemical analysis

Pb = 99+97% (by difference)
Bi = 002%
Sb = 0+01%
TIN:
Analysis: Chemical analysis
Sn = 99.85% (by difference)
Pb = 003%
Cu = 0¢03%
As = 0+03%
Fe = 0+01%
Sb = 0+01%
ANTIMONY ¢
Analysis: X=Ray Fluorescence
Sb = 99496% x
Pb' = 200 ppm

Rs, Sn, Bi, Cu belouw 40 ppm,
PURE METALS
LEAD:

Supplied by Associated Lead Manufacturers Ltd.
Analysis: as supplied by the manufacturers

Pb = 99.999% min, ,
Cu = less than 0.0001%
Cd = " " 0.000005%
Th = " 0.0001%

No other impurity was detected by
spectroscopic analysis

TIN: (S~brand)

Supplied by Capper Pass & Sons Ltd,
Analysis: as supplied by the manufacturers

Sn = 994999% min,
Cu = 05 ppm

Pb = 25 ppm

Sb = 20 ppm

S .= 1«0 ppm .

As, Bi, Fe, Ag, Al less than 1 ppm
In, Co, Ni, Ga not detected

XTerm ppm refers to part per million.
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CHAPTER V

RESULTS
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V. RESULTS

Va1 HEAT TRANSFER COEFFICIENT

4

As discussed in section IV-~4, the heat transfer
coefficient from the crucible was determined from the
measured temperature gradient in the lead; and the
measured temperatures of the crucible base and of the
cooling air, using the eguation:

de

Pb
K
Pb dx ‘
h = TR P
(BDQBE)

The ressults obtained at various air flow rates
and base temperatures are given in Table V1. The
experimental error in these results is +1 Btu/th.hr.°F.
The values obtained by MQoré”are also plotted in
Fig, V=1 and it can be seen that the two sets of values
agree within the experimental error, Results obtained
for the air/water spray system are also given in the
table, and it can be seen that very much higher values
were obtained,

No results are given in the table for the experi-
mehts involving coated crucibles, This was becauss
the temperatures measured in these experiments were
identical Within the limits of experimental error to
the temperatures measured in corresponding experiments
with unlined crucibles, It was therefore concluded
that coating the crucible made no difference to the
heat transfer coefficients between the metal and the
cooling air,

V2 PROGRESS OF SOLIDIFICATION OF PURE METALS
AND EUTECTICS

The solidification of pure lead, lead-tin and
lead=-antimony eutectics was studied by thermal
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TABLE V1.

HEAT TRANSFER COEFFICIENT VALUES
OBTAINED FROM STEADY STATE
HEAT TRANSFER METHOD

Metal used -~ LEAD

 Steady State femp Heat

Nozzle . Bass : Transfer
Type Air Flow Temperature Gradient Coeffécient
Cubic ft/min, °F °F/in. BTUAt hr.°F

Air 69«5 324 39.8 39+4

695 396 545 407

69+0 468 685 4140

56+2 333 3641 344

556 396 47«1 352

53-0 467 60-4 36+ 3

389 335 29.7 28-0

38+5 398 38«0 282

380 470 48e5 28+9

20.0 320 197 199

195 394 270 203

189 467 348 20-9

Alr-Uater 69.0 230 95.8 16547

690 225 92.8 167+1

6945 234 100-6 1686
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analysis as discussed in Chaptem IV at zero-superheat
and with various degrees of superheat. The results
obtained are presented belou,

Ve24 LEAD

The t hickness of solid lead measured under zeroe
superheat conditions are plotted against casting time
in Fig, V=2 for experiments in which the heat transfer
coefficient was 167, 40+5, 29+5 and 21+0 Btu/ﬁtz.hr.°F *
Some results obtained by MOorqure also plotted for
comparison, The full lines in the figure have been

predicted using Hills'' theory.

The experimental results® obtained. in the pressnce
of superheat are presented in Fig, U=-3, and compared
with predictions of the theory developed in Chapter III,
Specimen numerical results obtained with this theory
are presented in Tables A-IV=1 and A-IV-2, The property
values used in the calculations of these values are
listed in Table I11I~2,

V-2~8 LEAD-ANTINOMY EUTECTIC

The solidification of the lead-antinomy eutectic
was studied using commercial purity metals, The
experimental results are compared with the predictions
of Hills’1 theory in Fig, VU~4, the computed results
being given in Table A=~IVU=3, Property values used in
obtaining these results are listed in Table III-3,

Vo2l LEAD~TIN EUTECTIC

The solidification of lead-tin sutectic was studied
at zero and at positive superheats, using both commercial
and high purity metals, The sxperimental resultscare
compared with the theoretical predictions obtained,ras
discussed in section III-5, in Figs, V=5 and U-6,
specimen theoretical results being presented in Tables
A=IV=4 and A=-IV-5, ’ '

X The experimental points plotted are the mean of at least
three experiments.
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The determipation of the thermal properties used in
the ecalculations 1is described in section III-7 and
the values are listed in Table III-4,

V=3 PROGRESS OF SOLIDIFICATION OF LEAD-TIN ALLOYS

The solidification of a range of commercial and
high purity lead tin alloy was studied at zero-
superheat and at various positive superheats, The
compositiors used are listed in Table V=~2,

Table V-2 COMPOSITION OF LEAD-TIN STUDIED

Composition Identification .
wt, % Symbols Purity
Lg:[;gd Pb=10-5Sn Commercial
20-Tin Commercial
80~Lead Ph«20~5n and
High Purity
gg:{;gd Pb=40~5n Commercial
60-Tin . .
20-Lead Sn-20-Pb High Purity
90~-Tin . .
10=Lsad 5n-10-Pb High Purity

Typical sets of cooling curves cobtained under
superheat conditions for each of these alloys are
chown in Figures V-7 to U-11, The liquidus

point obtained from the temperature arrest
experienced by the thermocouple farthest from the
crueible base is plotted on the phase diagram shown
in Figure V~12, for each of these alloys,
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. These . vclues are also listed in Tables IIl-~g
and III-6,

The progress of these liquidus and solidus fronts
determined from the cooling curves as described in
section IV=~1-B are shown in Figures V-13 to U~21§
The full lines in these graphs refer to the valuss
predicted using the theory described in Chapter III
and the property values are listed in Tables III~J5 and
I11I-6, Specimen theoretical results are listed in
Tables A=IV-6 to A=IV=14,

Ved VARIATION OF COOLED SURFACE TEMPERATURE

As discussed in Chapter III the theoretical
treatment not only predicts the progress of solidus
and the liquidus fronts, but also the variation of
coocled surface temperature and the temperature of the
remote boundary, This latter temperature can only be
obtained in the experiments by extrapolation, but the
temperature of the cooled surface is given by the
thermocouple touching the crucible on the metal side,
Figures V~22 and V~23 show comparison betuween. theoretical
and experimental results for this temperature, for three
typical cases,

V=5 THERMAL BALANCES

In the theoretical treatment given in Chapter III,
it has been assumed that heat is only transferred
from the casting metal through the base of the crucible
and then to the cooling air, If this is true the latent
heat produced by the solidifying metal should be sqgual
to the MR heat removed by the cooling air, Thermal
balances were draun from the experimental results to
test uhether this condition was met, Typical balances
are given in Tables V=3 to V-9, The heat balances

*The experimental results in these graphs are plotted as
points and are the mean of at least three experiments,
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are calculated as described below,

'qh the total heat liberated from.a solidifying
alloy is liberated from the liquid, from the -
partially solidified layer, at the solidus Front; and
from the completely solid layer.

Gy = O + Gp + dg. + Qg Y=5=1

The temperature profile in the thermal layer can
be plotted at any time from-the thermocouple readings,
Taking the mean tempergture; BMT’ between any two
thermocouple positions, distance 'd' apart, we can
calculate the sensible heat given up by the liquid
metal; as:

Adc, (8 - Vm5m2

1
9r = By )
and the total heat that has been liberated by the
thermal layer (qT) can be obtained by summation,

The partial layer and solid layer can be treated
in the gg;:.uay to give dp and qS; except that the
specific heat ueed in the pestial layer is the modified
specific heat defined in Chapter III, The quantity
of heat that has been liberated at the solidus front
is given by: '

qSL = :’\H.('l - FSU)tS Vau5=3

The quantity of heat removed by the cooling air
is most easily calculated by substituting a time mean

value, 6 of the temperature of the cooled surface

| om?
into the equation:

Qg = hA (BDm - Ba) UVmb=4

MDoréﬂhas shoun that sufficient accuracy can be
obtained if BDM is taken as the indicated toemperature
of the crucible base half way through the time
period,
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TABLE V=3"

THERMAL BALANCES FOR THE SOLIDIFICATION OF
LEAD _
AT ZERO SUPERHEAT

Initial temperature = 621+6°F

Liquidus temperature = 621-6°F

Solidus temperature = 621¢6°F

Height of metal = 4 inches

Heat transfer

cosffic%ant ) 405 285

(Btu/ft“.hr.°F)

Casting time

(min.) 5 10 5 10
Solid layer . . . .
(in.) 2.0 34 17 30

Latent heat

liberated st 1074 182-5 91«2 161+0

solidus

temperature (Btu)

Temperature in metal ‘
0 in, 495 459 536 494
0.8 in. 560 509 567 520
1e4 in, 594 536 599 548
2«2 in, ﬁ21-6 572 6216 581
3.0 in, 606 621
40 in, 6216

Sensible heat

liberated in solid {181 41+¢7 | 13¢3  33.8
layer (Btu)
Total heat
liberated in [1255 22442 | 1045 19448

metal (Btu)

Base temperature
ot mid time (o) 45 495 |s67 536

Heat removed by . . . .
cooling air (Btu) 1298 230-1 993 1852
Excess heat
liberated in
metal (Btu)

Excess heat
supplied by 4¢3 5.9
casting unit (Btu)

']l

)
':l
(o))
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TABLE V-4

THERMAL BALANCES FOR THE SOLIDIFICATION
LEAD=ANTINONY EUTECTIC
AT ZERO SUPERHEAT

Initial temperature = 4B84.0°F

Liquidus temperature = 4B84+0°F

Solidus temperature = 484.0°F

Height of metal = 4«3 inches 9

Heat transfer coefficient = 400 Btu/ft“.hr,°F

Casting time

(min, ) 5 10 18 20
Solid layer .
(in. ) 11 2.1 2+9 3.6

Latent heat
liberated at
solidus
temperature (Btu)

Temperature in metal

B2¢4 1573 217-2 2697

0 in, 401 356 295 275
07 in, 417 369 313 311
143 in, 484 414 351 414
240 in, 482 426 453
3¢1 in, 484 484

37 in,

Sensible heat
liberated in solid 10+8 276 40+9 5§14
layer (Btu)

Total heat

liberated in 93+2 1849 2581 3211
metal (Btu)

Base temperature 4320 401 271 356

at mid time (°F)

Heat removed by

cgoling air (BtU) 05«4 1727 2320 2930

Excess heat _ 4
liberated in 12¢2 26.81 28.%
motal (Btu)

Excess heat
supplied by e
casting unit (Btu) 2.2

oF
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TABLE V=5
THERMAL BALANCES FOR THE SOLIDIFICATION OF
LEAD-TIN EUTECTIC
AT ZERO SUPERHEAT

Initial tempsesrature = 361+4°F
Liquidus temperature = 361¢4°F
Solidus temperature = 361+4°F
Height of metal = 4 inches
Heat transfer ]
coeffic%ent 400 280 218
(Btu/ft4,hr.°F)
Fas 3" 5 10 20 | s 10 20 |10 20 30
Sollc(!iiager 141 241 Te7 0«8 1+5 2e9 13 245 7.5
Latent heat ia; 65¢9 12548 221+6) 47-9 89.9 173+7] 77.9 149.8 209:7
solidus b 78¢7 1503 264+8] 57«3 1074 207+6)] 930 178+9 2506
temperature (Btu)
Temperature in metal

0 in, 333 315 291 343 329 311 346 325 316

17 in, 342 315 336 347 3508

3‘1 in. 243
‘ 4.0 in,
Sensible heat
liberated in solid 3«0 110 2842 1.2 45 1345 2¢4 Be5 1E-1
layer (Btu)
Iggziagzgtin ga; 689 1368 240+8] 49¢7 94+4 187«2] 80+3 1583 234:6
metal (Btu) b 81¢7 161+3 293+0] 5B8+5 1119 221e1] 954 1874 275-6
e tome fory  |ses 333 315 352 343 320 l34s  sa0 334
Moarinaoie (aluy | 7040 13341 245:3] 50.5 97.3 183.1| 77.6 149:5 218-6
§§§2§§t23a§n ga% 347 445 - 4¢1] 2#7 838 16-0
metal (Btu) b 1147 282 47+7) 8¢ 1446 38.0| 17.8 37.9 57.0
Excess heat a 11 1«4 249
supplied by b
casting unit (Btu

using latent heat value
using latent heat value

3

15«9 Btu/1b
19.3 Btu/lb
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TABLE Va6

THERMAL BALANCES FOR THE SOLIDIFICATION OF
LEAD-TIN EUTECTIC
AT POSITIVE SUPERHEAT

Initial temperature = 44946°F

Liquidus temperature = 361+ 4°F

Solidus temperature = 361+ 4°F 2!

Heat transfer coefficient = 40+0 BTU/ft{hr.°F
Height of metal = 4¢3 inches

Casting time (min.) 105 165 21 264
Solid layer (in.) 143 2+4 301 346
Partial layer (in,) - - - -
Thermal layer (in,) 3.0 1+9 1¢2 Qo7

Latent heat liberated
at solidus temperature 77¢9 143-8 185+:7 215+<6

(Btu)
Temperature in metal
o in, 327 309 299 291
0«4 in, 334 323 31 306
0.9 in, 345 336 325 318
1«8 in, 356 352 336 330
2+5 in, 367 361+4 350 349
3¢5 in, - - 3614 359
43 in, 368«7 3614 3614 3614

Sensible heat
liberated in solid
layer (Btu) B1e¢4 87«4 95«2 99.0

Total heat liberated :
in metal (Btu) @) 159¢3 231-2 280«9 31446

Base temperature at

mid time (°F) @) 351 338 327 324
Heat removed by
cooling air (Btu) 1508 224+5 2722 30649

Excess heat liberated éa 8¢5 67 Be7  Te7
in metal (Btu) b)23«6  34+7  44%9 498

Excess heat supplied
by casting unit (Btu) = = - - -

éa using latent heat value 15¢9 Btu/lb,
b using latent heat value 19.3 Btu/lb,
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THERMAL BALANCES FOR THE SOLIDIFICATION OF
200 wt., % TIN, LEAD-TIN ALLOY
AT POSITIVE  SUPERHEAT
Initial tempserature = 700°F
Ligquidus temperature = 519+ 8°F
Solidus temperature = 361<4°F
Heat transfer coefficient = 400 BTUAtZhr,°F
Height of metal = 4 inches
Casting time (min,) 4+5 -~ 2¢5 145 20 25
Solid layer (in,) o o 0 12 3.6
Partial layer (in.) 145 3.0 40 28 0«4
Thermal layer (in,) 245 1+0 - - -
Latent heat liberated
at solidus temperature - - - 178 53-5
(Btu)
Temperature in metal
0 in, 484 417 369 333 291
0«7 in. - 666 396. 351 300
1.9 in, 565 469 430 378 322
2+6 in, 600 520 457 390 336
3«6 in, 615 - ~ - -
40 in. 622+4 51398 458.6 392 361+ 4
'Heat liberated
partial layer (Btu) 948  B4.9 150-1 2100 222+6
Sensible heat llberated . . .
in solid layer (Btu) - - - 3.0 22-0
Sensible heat liberated
ih thermal layer (Btu) 103 131 131 131 131
Total heat liberated _ .
in metal (Btu) 1126 185.0 283+1 361-8 429+~
Base temperature at
mid time (°F) 533 455 445 417 396
Heat removed by cooling
air (Btu) 1127 1938 2874 364.0 424+0
Excess heat liberated in .
metal (Btu) S8}
Excess heat supplied by
casting unit (Btu) 0.1 8+8 4«3 202
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ABLE V-8

THERMAL BALANCES FOR THE

AT

Initial temperature =

Liquidus temperature =
Solidus temperature =

Heat transfer coefficient = 40+0 BTU/ft2hr,.°F
4¢3 inches

Height of metal =

SOLIDIFICATION OF
800 wt, % TIN, TIN-LEAD

ALLOY

ZERO SUPERHEAT

393. 8OF

393+ 8°F
361+ 4F°

Casting time (min,)
Solid layer (in,)
Partial layer (in.)

tatent heat liberated
at solidus temperature
(Btu)

Temperature in metal

in,
2 in,
1 in.
+4 in,
2 in,
48 in,
Heat liberated in
partial layer (Btu)

Sensible heat
liberated in solid layer
(Btu)

Total heat liberated in
metal (Btu)

Base temperature at
mid time (°F)

Heat removed by
cooling air (Btu)

Excess heat liberated
in metal (Btu)

| Excess heat supplied
by casting unit (Btu)

11.0

Te1
Ze 3

312
337
363
385
387

392
3932

1343

33

168+8

354

16

18
2+6

511
318
352
372
380

380
3803

174+ 7

7+5

233+ 3
347

22640

309
336
358
370
373
3727

1937

13«4

278+1
335
268+6

9+5

297
324
343
360
363
3660

203-9

20.6

321-0
325

327+2
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ABLE VO

THERMAL BALANCES FOR THE SOLIDIFICATION
90«0 wt, % TIN, TIN-LEAD ALLOY
AT ZERO SUPERHEAT

Initial temperaturse = 420.8°F
Liquidus temperature = 420+8°F
Solidus temperature = 361« 4°F 2
Heat transfer coefficient = 400 BTU/ftlhr,°f
Height of metal = 4¢0 inches
Casting time (min,) 115 15¢5 205
Solid layer (in,) 0.5 0.9 148
Partial layer (in.) 3e5 3.1 242
Latent heat liberated
at solidus temperature 68 1242 2443
(Btu)
Temperature in metal
0 in, 351 338 319
08 in, 361 342
2+0 in, 405 387 364
2+4 in, )
4.0 in, 4118 3985 378-0
Heat liberated in
partial layer (Btu) ©177+0 22951 27940

Sensible heat
liberated in solid

layer (Btu) ’ 0«1 0.2 04
Total heat liberated .
in metal (Btu) 183+9 241-5 303:7
Base temperature at ' -

mid time (°F) 369 362 351.0

Heéﬁ»removed‘b{ '
cboling air (Btu)

Excess heat liberated _
in metal (Btu) 67 9«0 9.3

Excess heat supplied by
casting unit (Btu)

177+2 23245 20444




U~6 LATENT HEAT

The latent "heat of
in

determined as dis

raesults obtained are listed

TABLE V=10 LAT
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OF LEAD=TIN

cussead

ENT HEAT

oF

EUTECTIC

iepad-tin eutectic uwas
section IV-3, The
in Table V=10

LEAD~TIN EUTECTIC

Initial température of the liquid metal:

183°C +2°C

Weight of the copper calorimeter and

stirrer: 125+14 gm.

Water equivalent of the calorimeter:

11.38

Exp. No Weights (gm)|Temperature(°C) Heat (cal/gm)
Water Metal|Initial Final | Total® Sensible Net

1 6032 | B+24 258 278 | 174 8e1 9.3
2 68468 | 744 23-8 255 } 183 Be2 10-1
3 L 6525 | 6«60 238 2545 11974 Be2 1154
4 5922 | 707 240 25«8 | 17-98 8+2 978
5 6023 | 686 237 2542 1 18-8 Be2 1060
6 63+45 | 674 250 267 | 18.87 fe1 1077

Mean Valus = 1035 cal/gm = 18+6 Btu/1lb.

N e ot s st St

Standard deviation (5) ='v/% (x-%,)% = 097 Btu/lb,

Therefore

Heat released by the metal =

V=7 S0LID STATE

TRANSFORMATION

18+6 +0.97 Btu/ib, _
Latent heat of lead-tin sutectic = 186 Btu/lb ~oH

f,E

As discussed in section III-7 the lead-tin

system shouved an evolution of heat as the solid was
295° - 275°F,
to the precipitation reaction which occurs when the «

cooled from about

solid solution breaks douwn,

This has been attributed

Table V=11 gives bricf

details of the temperatures at which this reaction was

observed to occur

®No cooling correction was applied to these results,

since the experiments were of such short duration,
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TABLE V=11
_ h Super-| Arrest or .. .
Alloy  H(atu/rt?.hr.oF ) heat | Change off PEOSipitation

oF Gradient %F

change of
Pb~10-5Sn 34-0 0 gradient 295
450 230 - 295
45+ 0 0 " 295
(ngggggi’gl 3440 240 arrest 2175
340 0 " 260
oz | aeo | oo |0 | o
340 180 " 284
45-0 0 " 280
218 0 " 284
450 0 " 284

Pb~40-~5Sn

(Commercial) 34.0 0 " 284
34.0 155 v 288
218 D " 293

’ ) change of

- . gradient
Pb=E=S5n 450 0 near base 280

T.C. only

In the case of the alloy Pb-40-Sn (40 wt. %) the
arrest point was observed to occur for about one minute
and was very distinct, In the case of eutectic alloy the
arrest point was not sharp, a change in gradient being
observed in the temperature record of thermocouples near
the base plate only,

V~8 MORPHOLOGY AND SOLUTE SEGREGATION STUDIES IN LEAD ALLOYS
VmBe=A LEAD~ANTIMONY EUTECTIC

The alloy uai sglidified at a heat transfar
L T
coefficient af 40 6T44' as discussed in section IV~ 8

The structurecs obtained are shown in Fig, V=24 and Fig. V-25,
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The microphotographs show that some lead rich dendrites
are present in a matrix of lead-antimony eutectic,

When the structure was examined at higher magnification
it was found that the nucleating phase for the lead
rich dendrite is a light etching phase marked $A?' in
Fige V=25, The sample was examined by electron probe
microanalyser; which clearly showed that the dendrite
is a lead rich phase of uniform composition (Fig., V=-26)
and the regular shaped white area marked 'A' is nearly
pure antimony,

V=8-8  LEAD-TIN EUTECTIC

The alloy was solidifed at a heat transfer
coefficient of B Btu/ft%.hr.°Fy afte: b mihutes the value
of tivé heat Lrinsfer coofficidnt was inerdabad to 40.0
ﬁtu/?tz,hr,op,. The structure near the base showed
some lead rich dendrites in a matrix of leadetin eutectic
(Fig, V=27), The change in structure produced by
changing from slow cooling to fast cooling coenditions
ie also shown in Fig, V=27,

Near the top of the ingot a lamellar eutectic was
observed with no lead rich dendrites (Fig. V-28),

In the case of the eutectic prepared from high
puriky metals, no dendritic structure was observed
(Figa' V=-29), The grains were observed to lie in the
heat flow direction, though the size of the grains
increased from 0¢1 inches at the base to 0+5 inches at
the top of the ingot. The lamelle width was
determined from microprobe andlysis and was found to be
about 2«3 micron, In view of the oriented structure
produced, the standard tensile strength specimen were
prepared along and across the heat flow direction, The
results obtained are given in Appendix V, To study the
effect of orientation on the progress of solidification
and the strength of the alloy, the appesratus was vibrated
by using an eccentric motcr, The randomly oriented
structure was produced in the first 1% inches from the
base (Fig, V=29), while beyond this the structure uas
oriented along heat flow direction, No effect on
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OF LEAD AND ANTIMONY IN LEAD-ANTIMONY EUTECTIC
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Fig. V- 27 MICROPHOTOGRAPH OF LEAD-TIN EUTECTIC

Alloy: Lead=Tin Eutectic (commercial purity)
Distance from base: 2+5 inches

Cooling Conditions: Zero-superheat

heat transfer coefficient
changeg from 28 to 40
Btu/ft".hr.°F,

Plane of the section: Along heat flow ¥ ---»Y%
Phases: Dendrites-~lLead rich solid solution

Matrixs Eutectic

Etchants 1 part acetic acid, 1 part nitric acid
4 parts glycerol.

Magnification: 60
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the progress of solidification was noticed. The
tensile strength of the specimen is given in Appendix V,

V=8-C LEAD-TIN ALLOY 20 WT, TIN (Pb-20-5n)

Commercial purity lead-tin alloys containing
20 wt, % were solidified in the stainless steel crucible
at zero superheat as discussed in section
The structurasdbtained are showun in Fig., V=30 and Fig,
V~33, The structure shows the oriented dendrites of
primary lead rich solid solution (dark etching) and
the matrix of lead=tin eutectic (light etching), The
experiments were repeated with alloys prepared from
high purity metals, using fiberfrax-resin coated
stainless steel crucible, On polishing the samples it
was found that the first % inches of the sample consisted
of a dark etching constituent, while the rest of the
sample was a light etching é;::;. Thﬁ#elative position
of the two nég;;; in the ingot is shown schematically
in Fig, V=32 . The microphotographs of the two
QQ::%% are shown in Fig, V~39 and Fig. V-34. The light
etching pﬁgg% consists of random oriented lead rich
dendrites and a sutectic matrix, The dark etching 95;;%“
could not be resolved, By taking an electrbn probe trace
along x=-x axis marked in Fig, V~33 , it was established
that the dark etching pﬁﬂﬁg'is of uniform composition
(Fig. V=-39). When the experiment was repeated using a
fiberfrax~resin and graphite coated crucible as discussed
in sectionIV~1-A(i)only some areas showed the dark
etching pﬁﬁ&% (FigV=34(b)). When the experiment was
performed using FiberFrax;resin-alumina coated stainless
crucible no such dark etching-ﬁ&zg; was observed,
Oriented dendrites yp to one inch from the base of the

wegre observe .

crucible?but higher up the dendrites were oriented at
random, Fig, V=36 showed the growth of dendrites from
the base onwards and it can be seen that oriented
structure has broken (Figihﬁs(f)) and Figﬂ“Sﬁ(iB shous
complete random oriented structure.
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Fig,. Uﬁ3UMICROPHOTOGRAPH OF 20 WT., % TIN LEAD=-TIN ALLOY
Alloy: 20 Wt., % Tin Lead-Tin zlloy (commercial)
Distance from bases 1 inch

Copling Conditions: Zero-superheal
" h = 40 Btu/ft“,hr.°F

Plane of the section: Along heat flow X=X

Phases: White -~ tin rich phase
Dark - lead rich phase

Etchant: 2% Nital
MaqniFicationz 60
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Fig., V-31 MICROPHOTOGRAPH OF 20 WT, % TIN LEAD-TIN ALLOY

Alloy: 20 Wt, % Tin Lead-Tin (Commercial)

Distance from base: 2% inches

Cooling Conditions: Zero-superhea
h = 40 Btu/ft.hz,°F,

Plane of the section: Along heat flou X-»Xx

Phases: White = tin rich
Dark <« lsad rich

Etchant: 5% Nital
llagnification: 180
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Fig. N-32 DIAGRAMATIC REPRESENTATION OF TWO PHASE

: STRUCTURES OBTAINED

(a) using fiberfrax.and resin coated crucible

(b) using fiberfrax - resin and graphife coated
- crucible :
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Fige, V=33 MICROPHOTOGRAPH OF 20 WT., % TIN LEAD-TIN ALLOY
Alloy: 20 Wt, & Tin Lead-Tin Alloy (pure)

Distance from base: % inch

Cooling conditions: Zero~superhea
h = 40 Btu/ft.hr.°F.

Crucible: Fiberfrax-resin stainless steel

Plane of the Section: Along the heat flow X ---»X
Ayvyeao,

Phases: Dark peaae (a) lead rich solid solution
l.ight: Random oriented
(b) dendrites of lead rich phase
in a matrix of eutectic
Etchant: % Nital

Magnificationg 80




- 166 =~

Fig., V=34 mMICROPHOTOGRAPH OF 20 WT, % TIN LEAD~TIN ALLOY
Alioy: 20 wt., % Tin Lead=-Tin (pure)

Distance from base: 2% inches

Cooling conditionse Zero-superhea
h = 40 Btu/ft°,hr,°F

Crucible: Fiberfrax~resin coated stainless steel

Plane of the section: Along the heat flow x --w»= X

Phases: Random oriented dendrites (dark phase)
in a matrix of eutectic

Etchant: 5% Nital
Magnifications: 80
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V~8~D TIN-LEAD ALLUY = 2U wi, % LEAD (Sn-20-P)

As discusssed in section V-8-C oriented
dendrites were obtained by using fiberfrax-resin-
alumina coated stainless steel crucible, The alloy
was solidified at zero superheat, ajé heat transfer coefficient

vzlue of 40 and the structures obtainéd are shown in
Fig, V=37 to V-39, Fig, V~37 shows that a small
proportion of the metal at the base is of eutectic
composition later giving rise to a random oriented
dendritic structure. After a short distance an
oriented structure grows out of the random structure,
and then extends to the top of the crucible, The
dendrites are of a tip rich phase and the matrix is
of eutectic composition, Figy-38 and Figy=-39 clearly
show the oriented dendrites and the matrix. The
solute segregation was studiedAby electron probe
microanpalyscr, R typical count chart obtained is
shown in Figl~40, The dendrites were found to be of
uniform composition both along and naormal to heat flou
direction, ‘The dendritic composition near the base
and the top of the ingot was nearly the same, An
attempt was made to determine the fraction of matrix
(eutectic) at various distances from the base by using the
tlantimet image analyser, The fraction of matrix was
found to be within 40% +10 and no correlation with
distance was observed,

To determine the shape of the dendrite, as discussed
in section IV=~8, four holes were drilled and the sample
polished and photographed after every successive
polishing, The starting structures are shown in Figs,V-
41 and 42 and some of the structures obtained after
polishings are shown in Figly=-43, The possible shape
of the dendrites was determined from these sections and
it is shown in Fig. V=44,

After the pour out study of the alloy, the surface
was photographed (Fig¥=45) and the microphotograph is
shoun in Figl-4ib, The surface of the sample was found
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to be plain, When the sample was examined using a
Stereoscan microscope, the suggested shape of the
dendrite seemed to be confirmed, AR typical picture

is given in Fig, V=47,

V=8~E TIN=-LEAD ALLOY -~ 10 WT, % LEAD (Sn-10-Pb)

Using the fiberfrax~resin coated
crucible, a 10 wt., % lead alloy was solidified at
zero superheat, The structures obtained are shoun
in Fig.50-51, The structures are randomly oriented
and are of irregular shape, When the samples were
examined by electron probe microanalyser the dendrites
were found to be of uniform composition (1+5 wt., %
lead) both aleng and normal to heat flou direction.
The matrix is of eutectic composition, Fig.V=52 shous
the count chart obtained, An attempt was made, using
the Quantimet micro image analyser; to determine the
fraction of matrix as a function of distance from the
crucible base, The volume of the matrix was found
to be 20% +10%,

V-3 EFFECT OF MORPHOLOGY ON THE PROGRESS OF SDLIDIFICATIDN

, As reported in section V-8-C, 20 wt, % lead, tin~-
lead alloy solidifies in an oriented dendritic morpholoaqy
(Fig. V=57 350 In order to study the effect of
morphology on the progress of solidification this alloy
was solidified while the apparatus was vibrated, an
eccentric motor being fitted to the crucible support,

The resulting microstructures are shown in Fig, V=48 and
V=49, They indicate that the vibrations were endugh to
break down the orientated structure and, in fact, the whole
ingot consisted of randomly eriented dendrites, The
corresponding results in the case of lsad-tin eutectic
alloy. have besnh described in section V=8B, In both
cases, it was found that thermal analysis curves obtained
under specific heat transfer conditions were unaffected

by the vibrations.



Q&
DY e W AW
&
e

bl ,“' LHEs

RS e
>

i STy

BASE E

Fige V~37 MICROPHOTOGRAPH OF 20 WT. % LEAD TIN=-LEAD ALLOY
Alloy: 20 wt, % Lead Tin-Lead (Pure) (Pure)

Cooling conditions: Zero-superhea§
h = 40 Btu/ft®.hr.°F

Plane of the section: Along heat flouw x---+#X
Phases: Region 'A' - Eutectic
Region 'B' Random oriented dendrites
‘ of tin
Region 'C' (Oriented dendrites of tin
Matrixs Eutectic

Etchant: Electrolytic; 1 part orthophosphoric
acid, 3 parts methyl alcohol

magnification: 20




Fig. V~38 MICRGPHOTOGRAPH OF 20 WT, 7% LEAD TIN~-LEAD ALLOY
Allogy: 20 wt., % lead tin-lead alloy (pure)
Distance from base: % inch

Cooling Conditions: Zerm-supeﬁheat
40 Btu/ft“.hr.°F.

Crucible: Fiberfrax-resin-alumina coated
Plane of the sections Along heat flouw XX

Phases: Tin dendrites oriented along the heat flow
direction
Matrixs Eutectic

Etchant: Electrolytic etching
Magnification: @8 120




Fige V=39 MICROPHOTOGRAPH OF 20 WT, % LEAD TIN-LEAD ALLOY

Alloy: 20 uwt., % lead tin-lead alloy {pure)
Distance from base: % inch

‘Looling conditions: Zero-superheaj

Crucible: Fiberfrax-resin-alumina coated
Plane of the section: Along heat flow x---»X

Phasés: tin dendrites
' Matrix: Eutectic

Etchant: Electrolytic etching
Magnificatign: 3 4 %0
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Fig, V- 42MICROPHOTOGRAPH OF 20 WT. % LEAD TIN-LEAD ALLOY
Alloy: 20 wt, % Lead, tin-lead alloy (pure)
Distance from base: % inch

Cooling Conditions: Zero-superhsat
h=40 Btu/ft“,hr,°F,

Crucible: Fiberfrax-resin-alumina coated
stainless steel

Plane of the ssctions: Along heat flow X- —w=X

Phases: Oriented dendrite of tin in a matrix of
eutectic, Starting dendrites under study
for determining the shape of the dendrite

Etchant: 5% Nital
Magnification: B4 g0




001063
(«27 mm)

=

X

p ¥ \
d i a_ <]
M W 2 YN

(N

0-01614
(«41 mm}

X

G«01569
(¢5 mm)

X=

W 3 W UL,
N i‘&\\ “'\“ A

\

A N A
AR %
T

AN

A5 v
RRORy
AL

s
Ll

LEAD TIKeLEAD ALLOY

%
ained after removing x inches of metal.

F 20 WT,

(Pure)

————

43 MICROPHOTOGRAPH O

\/ =

Fig.

Microstructures obt

X 120



178
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* Fig.V44SHAPE OF DENDRITES



- "7‘3"»

Fig. V=45

MICROPHOTOGRAPH OF 20 WT. % LEAD, TIN~LEAD ALLOY

Alloy: 2040 wt, % Lead Tin-lead alloy (pure)

Distante from base: % inch

Cooling Conditions: Zero~superhea5
h=40+0 Btu/ft".hr,°F.

Plane of the ssction: Narmal to heat flow

Phases: White - tin dendrite
Dark ~ pour out liquid

Pour out sample photographed without preparation
Magnification: 60
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Fig, V=48 MICROPHOTOGRAPH OF 20 WT. % LEAD TIN-LEAD ALLOY
Alloy: 20 wt, % lead, tin~lead alloy (pure)
Distance from bass: % inch

Cooling conditions: Zero-superheat 2
h = 400 Btu/ft

Crucible: Fiberfrax-resin coated
Eccentric motor fitted to apparatus
Plane of the section: Along heat flow X —&- X

Phases: Randomly oriented tin dendrites.
Matrix: FEutectic

Etchant: 2% Nital
Magnification: 60

Jhr.°F.
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49 '
Fig, V-0 MICROPHOTOGRAPH OF 20. UT, %; LEAD, TIN-LEAD ALLOY

Alloy: 20 ut. % Lead, tin-lead alloy (pure)
Distance from base: 1 inch

Cooling Conditions: Zaro-supethBE
h = 40 Btu/ft .hr.°F,

Crucible: Fiberfrax-resin Epated stainless steel
T——— €ccenhnc Yotay Lived Wi appavatus.

Plane of the section: Along heat flow x —# X

Phases: Tin dendrites in a matrix of eutectic

wd oy ) darcin e
Etchant: Elcctrolytic dowly onamYed dviles

Magnification: 60
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Figs. V- S50MICROPHOTOGRAPH OF 10.WT, % LEAD, TINeLEAD ALLOY
Alloy: 10 wt. % Lead, tin-lead alloy (pure)
Distance from base: 1 inch

Cooling Conditions: Zero-superheaE
h = 40 Btu/ft°,hr.°F,

Crucible: Fiberfrax-resin coated stainless steel
Plane of the section: Along heat floﬁx - X
Phases: Tin dendrites in a matrix of edtectic
Etchant: Elcctrolytic

Magnification: 60
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Fig, V«51 MICROPHOTOGRARH OF 10. WT, % LEAD, TIN-LEAD ALLOY
Alloy: 10 wt, % Lead, tinelead alloy (purs)
Distance from base: 2 inchss

Cooling Conditions: Zero-superheaﬁ
h = 40 Btu/ft“,hc,°F.

Crucible: Fiberfraxeresin coated stainless steel
Plane of the section: Along heat flou X — -—p=x
Phases: Tin dendrites in a matrix of sutectic
Etchant: Electrolytic

Magnification: 180
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CHAPTER VI

DISCUSSION
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VI DISCUSSION

In Chapter III a theoretical method has been
developed using the integral profile method to predict
the progress of the solidification of binary alloys,
This chapter discusses the validity of the integral
prafile method and the assumptions used in the
derivation. The theory is then discussed in the light
of the experimental observations,

VI-1i INTEGRAL PROFILE METHOD

The integral profile method is an approximate
methad for solving the one dimensional unsteady heat
conduction equation., As section II-2-C shows, the method
has been applied by many workers to predict solidification
rates under conditions where the formal methods cannot be
used, All these warkers have examined the accuracy of
the method by comparing its predictions for those cases
vhere a formal splution can be obtained with the formal
solution itself1’22’27. In all cases they found that
the agreement was satisfactory,

MOor941 compared the predictions of several integral

profile methods with the results of his accurate experiments
on the solidification of pure lead and pure tin, He

found little difference between the predictions aof the
various methods and concluded that their accuracy was at
least as good as the accuracy of his experimental
measurements,

VIe2 ASSUMPTION USED IN THE PRESENT THEORETICAL
TREATMENT

ARs discussed in Chapter I1I, the follouwing
assumptions have been made in developing the theory,
1. Unique liquidus and solidus temperatures
2, The fraction of solid present at any point in
the partial layer is a linear function of
temperature,



3, The fraction of solid present at the euteotic
temperature is constant, ,

4, The effective thermal conductivity in the partial
layer is a linear function of temperature,

5, The liquid and solid are assumed to be of the same
density,. but of different volumetric thermal
capacity, and effects due to convection in the
liquid are ignored,

The validity of the assumptions and their possible
effect on the accuracy of the theory are discussed in
this section,

Ve2~A LIQUIDUS TEMPERATURE OF THE ALLOY IS UNIQUE

The cooling curves obtained during the
experiments on alloy solidification have two impartant
features: the liquidus arrest point was slightly below
the equilibrium liquidus temperature (Fig,V-7/611) and
the thermocouple furthest from the base sometimes showed
a small rise in temperature near the liquidus point,

The difference between the equilibrium liquidus
temperaturs and the observed value was small and nearly
independent of cooling rats, This result has zlso
been reported by a numberagf previous authorsf
recently Doherty and Feest during a study of the
solidification of copper~nickel alloys observed that the
arrest point occurred some 10°C below the squilibrium
value and that it occurred at the same temperature even
thoUgh the cooling rate was varied from. 10°C/min to 38°C/
min, During the present investigation, the arrest point
shown by the thermocouple farthest from the crucible base
occurred at the same temperature although the heat . .
transfer coefficient was varied from 20 to 45 Btu/th,hr.°F,
and the degree of superheat from zero to 150°C. Thus it
would appear that the liquidus arrest point can indeed be
agsumed to occur at a constant temperature,

This assumption4gs in conflict with the hypothesis
of Bolling and Tiller who suggest that the arrest point
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in the cooling curves correspond, not to the liquidus
arrest point of the alloy, but to the liquidus of ths
solute enriched layer around the growing dendrites,

If this were true the variation in the cooling rates used
in our experiments would affect the difference between
the equilibrium liquidus temperature and the observed
valuses, The effect on the agresment between the
theoretical predictions and the experimental results,
howsver, would be very small since the solidification
rate does not vary very much during the experiments.,

Risegp in temperature near the liquidus have been
observed in coo%%ng curves by a number of workers,
Hunt and Chilton Ffound that the degrees of undercooling
at the solid/liquid interface during the solidification
of lead=-tin eutectic alloy varied linearly uwith the
spolidification rate, In the range of solidification
rates that correspond to this investigation, their
results show that the degree of undercooling would vary
between 1 and 1¢5°C, However, Moore and Elliot have
recently reported lower values than those obtained by
Hunt and Chilton ~ about 0¢5°C under these conditions,
No undercooling was detected in the present investigation
during the solidification of lead-tin eut ectic alloy
because the temperature differences involved were too .
small to be measured with the apparatus used. in fact,
undercooling was only observed during the solidification
of ons tin-lead alloy that contained 20 wt, % lead, even
then, only at very high degrees of superheat (> 220°F),

Such undercooling is presumably due to a nucleation
delay, but since the temperature differences involved
are so small this undercooling will not invalidate the
assumption that the liquidus temperature is unique and
the error of 2-3°F will have a negligible effect on the
theoretical predictions,
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VIe2-8 SOLIDUS TEMPERATURE OF THE ALLOY IS UNIQUE

When the solute content of the alloy being
solidified is more than the maximum partial eolid
solubility, the laet.liquid to solidify will be of
eutectic compoeition, and will solidify at the eutectic
temperature, As we have seen in the previous section
this temperature will remain effectively constant unless
there are intense changes in the solidification rate,

In the absence of such changes, then we are quite
justified in assuming that the solidus temperature is
constant and this assumption is further borne out by the
experimental results, In no case was the solidus
temperature found to be different from the eutectic
temperature by an amount greater than the experimental
error (+1°C).

The situation is less clear when the solute coz&ent
is less than the maximum eclid solubility, Brickg
has esuggested that the solidus temperature will be lower
than the equilibrium solidus temperaturs by an amount
that. depends upon the cooling conditions. On the other
37 foand that the solidus
temperature in iron-10% arsenic alloys could he taken as
the equilibrium solidus temperaturs, and Malinochka has
suggested that the equilibrium and non~-equilibrium

hand, Subramanian and coworkers

solidus temperature are nearly the same, During this
investigation no change in gradient was found near the
equilibrium solidus temperature for 10 wt, % tin, lead-
tin alloy (Pb~10-Sn), but a change was observed at

the outectic temperature although it was very slight.
This observation suggests that eome liquid still

remains when the eutectic temperature is reached even in
the case of this alloy, so that this temperature is still
the effective solidus temperature? Pfann's equation
predicts that 8% of this alloy will be liquid at the

eutectic temperature, and some eutectic metal uas

*In itself, this fact cannot be taken as evidence, since
Pfann's equation only predicts the fraction of liquid
present once the solidus temperature has been assumed.
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certainly observed in the microstructures prepared
of the alloy. Thus it can be assumed that the
solidus temperature is uniquely defined as the
eutectic temperature for all the alloys investigated
in this work,

VI-2-C THE FRACTION OF SOLID PRESENT IN THE PARTIAL
LAYER IS A FUNCTION OF TEMPERATURE

It is quite evident that rates of heat
removal cantrol the rates of normal freezing processses -
only when the freezing rate is extremely small will
diffusion control the pracess, Thus it is logical to
assume that the fraction of solid present at any point
in the partial layer during a normal freezing process
will be a function of the temperature. We can
represent this function as a polynomial:

- 2
FS = a B + a, 8

ot 2 Ve2-1

A first order polynomial, i.e. a linear function,
has been ussd in this analysis, A polynomial of higher
order could be used, but the derivation would bscome very
much more compleX, In any case, the discussion in
section III-4~A shows that a linsar rdation is-implied
by the equations due to both Pfann’ 3nd Flemings,“’64
provided the value of the k is small, Thus we would
expect that any error in the theoretically predicted
solidification rates due to the use of this linear
function would bs more apparent for the lsad rich
alloys (K = 0¢31) than for the tin rich alloys (k = 0.04),
Howsver, the figures presented in section V-3 show
that the agreement achieved between thsoretical
predictions and experimental results for the lead
rich alloys is almost as good as that achieved for tin
rich alloys,

Thus it can be assumed that srrors. due to the use
of linear function are relatively small, and certainly
do not warrant the extra computational effort involved
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in the use of a polynomial of higher order. d .
Howener, we Com aﬁéywmﬁs 5s @% o &“““"mﬁ % i>tamece:
Fg = Fg (1 - ('T') ) Vi-2-2

P

The heat conduction equation within the partial layer
for the simple case uwhere kp is constant can be
written in the form:~

NN LAY L
K R [ - H UI"'?"S
P52 = Yl - (3T CHe
Integrating across the layer gives:
(=) &) R, s . Zey
Ko=), = Kg(=— Y —-[ de - 8, (== 4 ——
Pax't "Plaxs T8 | add, e T
ts+tp
dts d \ dt
+ 8 == - Hp PedX + Fo =2t YI~2-4
dT dT v 'S SU 4T
1&
but using equation VI-2 we haves
t +t
1 = n.f t
jfdx-fsu[‘l--—-tp: sU_P
n41 (n+1)

so we can substitute this integral into squation §VE-2-§
and solve it in a manner similar to that discussed in
ChapterlITI, Fig, VI-1 shows solidification rates
predicted in this way for 10 wt, % lead, tin-lead alloys
using various values aof n together with the experimental
results for this system, Similar curves were obtained
from the alloys Ph=20-3and Sn=20-Pb,

These curves shouw that the value of n which corresponds
to the best fit between theory and experiment is a
function of composition, MDraover; the shape of the
curves predicted using constant values of n is not the
same as that of the best fit line through the experimental
points, and this suggests that n should also be taken to
be a function of time, These results show that equation
VI-2-2does not represent the.variation of fS very closely.
Nor could it be expected to, since, for example, it
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suggests that fg would remain constant at the oooled

surface (x = 0) while its temperature is falling from

the liquidus to the solidus, i.e. when tp >0 but

tsr:U.

YIw2~D FRACTION SOLID PRESENT AT THE S0OLIDUS
TEMPERATURE IS CONSTANT

As discussed in section IV-2 the solidus
temperature is actually the eutectic temperature so that
the composition of the liquid present when the solidus
temperature is reached will be that of eutectic,

The value of FSU
Pfann equation (II-1-5) or from Flemings ¢ equation
(I11~1=7),  Both these equations assume that the
equilibrium partition coefficient does not vary between

can therefore be estimated from the

the solidus and ligquid temperatures, an assumption that
is valid if the solidus and liquidus lines in the phass
diagram are similar in shape, This is not strictly

true for the lead rich side of the lead-tin system,
although the variation in the value of k'is insufficient
to invalidate either pquation.

Pfannt's equation, applied to the partial layer,
assumes that the interdendritic liquid is perfectly mixed
in directions normel to the principal growth direction,
but that no mixing takes place within the liquid along
the direction of growth; or within the selid dendrites,
The first tuwo assumptions are reasonable because the
interdendritic spacing is very much smaller than the
thickness of the partial layer and very much smaller than
the 'diffusion distance! (#DF’CF). Pfann's egquation
gives the value of FSU asi~

VI~ 2-5

1
C R —
E k=1
)

c

0

f'SU:: 1 = (

so that FSU will be constant as long as Pfann's equation
applies, Houeuer; solid state diffusion can even out
the concentration differences that are set up within
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the dendrites during the growth of the partial layer,
If this occurs, Pfann's equation is no longer strictly
applicable; and Flemings' has produced a modified form
to take account of solid state diffusion within plate-~
like dendrites:

Cp oo L
ey = 11 ~ (5T L+ k) VI-2-6
sU C F
0
where
o - Tele
F 2

where 'T;' is the total time taken for metal at any

point in the partial layer to cool from the liguidus to
the solidus, and *L* is half the interdendritic

spacing, Many workers have reported that mean inter-
dendritic spacings in many alloy systems are proportional
to the square root of freezing time‘?i Thus the value

of xe does not change with cooling rate, and Flemings!?
equation shouws that the fraction of solidified metal
present at the solidus temperature will be unaffected by
changes in the cooling rate, This conclusion is borne
out by the work reported in section V-8-D since no
variation in FSU.could be found along the length of the
ingot, Howsver, it cnuld be argued that conclusions
based on Fleming's equation are only valid for the plate-
like dendrites for which it was derived, If this were
so we would expect cooling curves and solidification times
~ to be affected by changes in the morphology of the
dendrites, The experiments described in section V-5
showed that the cooling curves obtained under otheruwise
identical conditions were unaffected by the change from
an oriented dendritic structure to a random dendritic
structure, This result shouws that the value of Fgy 1s
not changed when the morphology of the dendrites is
changed,
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VIie2=E LIGUID AND SOLID ASSUMED TO BE OF THE SAME
DENSITY

In themselves, density differences will
have a very small sffect on heat transfer during
solidification, Since the solid metal occupies a
volume slightly smaller than the liquid from which
it has been formed; the remote boundary will move
during the process. There will also be small mass
flows in the thermal and partial layers relative to
the co~ordinate system used in the analysis, However,
since the total volume change is between 2 and 3% of
the original volume, the effects produced will be very
small, and certainly less than the experimental error.

Slightly larger effects will arise due to.the
change in volumetric specific heat (about 4%), but
these have besn accounted for in the theoretical
treatment,

VIe3 ASSUMPTIONS MADE IN USING THE THEORY TO PREDICT
SOLIDIFICATION RATES OF THE ALLOYS USED IN THIS
INVESTIGATION

v

VI-3-A CALCULATION OF DENSITY, THERMAL CONDUCTIVITY
AND SPECIFIC HERTS OF THE ALLOYS

As discussed in section I1I-7, the valuss
of density, thermal conductivity and specific heat of
liquid and solid alloy phases used in the theory have
been calculated on an additive basis, This seems to
be perfectly reasonable since small changes in the
values of these parameters produce very little change
in the theoretical predictions,

Vie3~B CALCULATION OF THE LATENT HEATS OF THE ALLOYS

As discussed in section I111~7-2, the
value of latent heat must be known rather more
accurately than other parameters, since the accuracy of
theoretical prediction depsnds to a great extent on the
latsnt heat, Unfortunately, the experimental value of
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latent heat liberated during solidification is not
generally knoun for binary alloys, houwever, the
heat.liberated can be caiculated from the thermodynamic
data, provided these values are knoun with sufficient
accuracy., The present work on the lead-tin eutectic
and on lead~tin alloys has demonstrated that less heat
is liberated on solidification than would be calculated
on an additive basis or on an additive basis modified

to include reported values of the heat of mixing of the
liquid alloy and the heat of formation of the solid
alloy, The heat released during the solidification of
lead~tin eutectic alloy was therefore measured using a
drop calorimeter, as discussed in section IV- 9,

These experiments showed that the heat of mixing of the
liquid phase is very much smaller than that reported

in the literature, and can be considered to be zero.

The latent heat value was thus calculated on an additive
basis modified to include the heat of formation of the solid
alloy measured by Taylor.4 This latter value was
considered to be reliable since it agreed with the. heat
of precipitation of gglid solution lead-tin alloys; as
measured by Borelius,

The thermal balances made using the value of the
latent heat calculated in this way were similar in
accuracy to those obtained from the experiments with pure
lead both in this investigation and in the investigation
carried out by MOore‘using the same apparatus, This
fact indicated that this latent heat value could be used to
predict theoretical solidification rates without too great
an error.

A similar procedure was adopted for the lead rich
lead=tin alloys, the latent heat being calculatesd
taking account of the amount of lead rich seolid seolution
that was formed (section III-7), Once again ths thermal
balances obtained on the experiments were of sufficient
accuracy to justify the calculated latent values.
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VI-3~C CALCULATION OF THE FRACTION OF SOLID PRESENT
AT 50LIDUS TEMPERATURE

A number of workers have used finite
difference methods to predict solidification rates of
binary alloys assuming that all the latent heat is
released uniformly over the freezing rangs. This
treatment presupposes that the fraction of solid present
at the solidus temperature is one, In the case of
alloys whose initial composition is greater than the limit
of solid solubility so that the solidus temperature is
the eutectic temperaturei,1 this assumption is invalid,
Moreover, Flemings et al have shown that, even though
the alloy content is less than the partial solid
solubility, some eutectic metal will be formed. Even in
this case, then, we cannot assume that the fraction of
solid present at solidus tempsrature is one.

We can calculate the fraction solid present at
solidus temperature from the Pfann equation as discussed
in section 111-7, This equation is based on the
assumptions that there is complete mixing in the liquid
and no diffusion in the solid, If we wished to consider
the effect of solid diffusion we should use Flemings'
equation (II+2-7 ), but in order to use this equation ue
require the value of the local solidification time '1}'
and the width of the dendrites. Houwever, at the present
time, these variables are not known,. nor are. methods
available for their calculatioh, and, indeed, the plate-
like dendrites, from which Flemings' equation has been
derived, do not form in the systems considered here.

VI=3~D SOLIDUS TEMPERATURE OF LEAD-TIN ALLOY CONTAINING
10 WT, % TIN

In the case of alloys whose initial
concentration is less than the maximum solid solubility,
a number of workers have reportedgthat some eutectic

U9 o ¢
will be formed during solidification, ~This observation
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suggests that the equilibrium soclidus temperature cannot
be taken as the temperature at which solidification has
been completed. Morsover, the cooling curves of 10 wt. %
tin, lead-tin alloys have shown an. arrest point at the
eutectic temperature, Therefore, it can be concluded
that the esutectic temperature can be taken as the

solidus temperature for this alloy,

Vi-4g EXTENT TO WHICH EXPERIMENTAL APPARATUS REPRODUCES
THEORETICAL CONDITIONS

VI-4~A UNIDERECTIONAL HEAT FLOW

In section IV=2, it has been shown that the
heat flow in the experimental apparatus is uni=-
directional and the cooling condition can be described
in terms of overall heat transfer coefficient. The
evidence was further borne by the thermal balancss obtained

for pure metals,

In order to check that heat loss from the top of the
vessel could be ignored, a heater was placed just above
the metal and adjusted to keep the top temperature nearly
constant when no cooling air was applied. This heater
made no noticeable difference to the cooling curves obtained,
Thus it can be concluded that heat lost from the top of the
vessel in the absence of the heater had no influence on
the solidification process,

VI=-4=B ABSENCE OF CONVECTION EFFECTS

Convective flouws can affect the process of
solidification in three ways: it can alter the dendrite
morphology by providing more nucleiy it can result in
bulk transport of solute metal betwesen partial zone and
the bulk liquidy and it can affect the heat transfer
processes in the liquid and partial zones.,

Since the metal in the experimental apparatus is
not stirred during solidification natural convection is
the only convective process that can occur,
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In this case natural convection could not result
from temperature difference, as the heat was extracted
from below the metal, Neither could natural convection
cccur in the case of the tin rich alloys because the
solute rejected in the dendritic region is lead, so that
the interdendritic liquid is heavier than the bulk liquid.
However, in the case of lead rich alloys the cencentration
difference could give rise to natural convection since
tin is rejected, and the interdendritic liquid-ie-less dense
than the bulk liquid, The convective flows will be
restricted to the partial zone because relatively small
vertical distances are involved and the fluid cannot be
accelerated appreciably and, thereforcwill only effsct the
morphology, This was borne out by the expsrimental
observations since no change in bulk composition was
noticed and the liquidus arrest point remainsd constant.
The effect on morphology was observed in the breaking up
of oriented dendrites (Fig. V~48). Therefore we can
ignore the convection effects for predicting the ‘progress
of. solidification, However, the experiments in which
the vessel was vibrated have already shown that the heat
transfer processes are unaffected by the morphology of the
solidifdicatioh: . Thus the concentration induced natural
convection that occurred during the solidification of the
lead rich alloys does not invalidate comparisons made
between the experimental and theoretical results,

VIed=C ACCURACY OF THE EXPERIMENTAL RESULTS

The experimental results rsported are
subject to mainly three sources of error:

(i) the accuracy in measurement of heat transfer
coefficient
(ii) the accuracy in temperature measurement
(iii) the accuracy in mesasurement of distance bstwseen
the thermocouples,
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(i) As discussed in section IV-1 the heat transfer

cosfficient measurements are accurate to i1 Btu/?tz.hr.°F.

(ii) The temperatures are measured from the temperature
recorder as described in section IV-1-B 3 ths

accuracy possible is 15°F, though thermocouple re-
producibility is within 2°F,

(iii) The accuracy in measurement of distances bstuwesn
thermocouples is within +0+B5inches.

Considsering these errors, the results obtained are

accurate to +5%,

VIwdeD SOLUTE SEGREGATION STUDIES

Solute segregation was studied by an
electron probe microanalyser, Houever, the solute
distributions obtained cannot be attributed to
solidification alone, since the alloys remained at a
comparatively high temperature for some time after
solidification was completed, Solid state diffusion
could thus even out the concentration distributions

formed during solidification,

VI-5 COMPARISON OF THEORETICAL AND EXPERIMENTAL RESULTS
VI-5-A EUTECTICS AND PURE METALS
The predicted theoretical rates of

solidification have been compared with those obssrved
experimentally in section V-2, From the comparisan

it can be sesn that Hills' theory can predict the progress
the progress of solidification of pure metals. at zero-
superheat with a fair accuracy. Furthermore, the theory
developed in this weork can similarly predict the progress
of solidification of pure metals at positive superheat

In thecasse of eutectics, it has been shown that, using a
correct value of latent heat released during solidification,
the theory could be applied to eutectics alsq}and the
progress of solidification can be predicted with a fair
accuracy, The correct value of latent heat can be
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determined sither by calorimetric investigations
corresponding closely to the experimental conditions,
or from the thermal balance of the process itself,

The study of the microstructures of lead-tin
and lead-antimony sutectics has showun that = emall
gquantity of lead dendrites could be present (Figs, V=24)
to 28 ). These dendrites were thought to be due to
the proaence of nucleating sites provided by the
impurities present, During the study of pure lead-
tin eutectic, no such dendrites were observed, How-
ever, some dendrites were observed when, during the
solidification, the apparatus was vibrated (Fig. V=29),
to produce random oriented grains, From the cooling
curves obtained in the above mentioned experiments no
difference in the rates of solidification was observed,
Therefore, it can be concluded that presence of a small
amount of dendrites made no difference in the experimental
results and that the theory presented in this work can
predict the rate of solidification of pure metals and
seutectics at zero and positive superheats with fair
accuracy,

VI=5«8 TIN RICH ALLOYS

In tin rich alloys the theoretical
conditions are satisfied to a great extent, since the
convection effects are absent, Moreover, the small
value of partion coefficient 'k' renders the
assumption of fraction solid present at any point is a
‘linear function of the temperature is strictly valid.
Therefore it is to be expected that the theoretical
predictions should be in close agreement with
experimental observations, The theoretically predicted
rates of solidification are compared with experimentally
observed rates of solidification of tin rich alloys
(Sn=20~Pb and Sn-10-Pb) in Figs, V=38 to V-41
From these results it can be concluded that the agreement
betusen theory and experiments is quite good and is
within experimental error,
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.. Furthermore, the experiments conducted to producs
oriented and random oriented morphologies in 20 wt, %

lead, tin-lead alloy (Sn-20-Pb) have shown that

morphology has no measurable effect on the rates of
solidification, Therefore it can be concluded that

the theory developed in this work is adequate to

predict the progress of solidification if alloys have small
solid solubility,

VI-5-C LEAD RICH ALLOYS
VI-5~C{i) Alloy Composition More Than Maximum Solid
Solubility

In the case of lead rich alloys whose
composition is more than the solid solubility limit,
the theoretical assumption of negligible convection
effect is strictly not valid, However, it has been
shoun in seution VIxé-B that the convection effects are
not likely to effect the concentration of the bulk liquid,
Therefore the convectioh effects, though present as shoun
by the breaking up of oriented dendrites (Fig. V= 3(b))
does not invalidate the theory. The comparison betueen
theorstical and experimental rates of solidification
(Figs. V=34 to V~37) suggests that the theory predicts
the progress of solidification of lead rich alloys with
fair accuracy, Moreover it can be concluded that the
simple assumption of 1linear relationship between
fraction solid present and temperature is quite adegquate.

VI~5-C(ii) Alloy Composition Less Than Maximum Salid
Solubility

When the composition of the alloy is
less than the maximum solid solubility, the main problem
in applying this theory is the choice value of the
solidus temperature, As discussed in section V'~ 2-5B
the most likely choice is the eutectic temperature. In
this work the eutectic temperature has been chosen as the
solidus temperature for 10 wt, % tin, lead-tin alloy,
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The theoreticahﬁéredicted and experimentally observed
rates of solidification are compared in Fig., V=33

The agreement is guite reasonable and suggests that
the theory developed in this work also can be applied
to predict the progress of solidification of these
alloys, However, this conclusiaon warrants mare

experimental verification particularly in low alloy
regions,



- 206 -~

CHAPTER VII

CONCLUSTONS
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VII CONCLUSIONS

In the preceding chapter it has been shown that
the theory developed in this work can predict the rates
of solidification of pure metals, eutectics and binary
alloys, with fair accuracy, The main merits of this
theory can be enumerated as:

1« The theory rationalises the effect of positive
superheat on the rates of solidification,

2. The theory developed in this work is a generalised
theory and can be used to predict the rates at uwhich a
wide range of binary alloys splidify under a variety of
cooling conditions,

3, This theory provides a simple solution for the
solidification of alloys and is economical in the use
of computer time. The average time required for the
computation is less than 2:1 min, (about 5 seconds).

4, The theory assumegrsimple linear relationship
between fraction solid present and temperature. This
simplifies the mathematics and the comparison betuween
theoretical and experimental results heve shown that it
is quite an adsquate assumption for predicting the
grouth of solidification fronts.

5, The theory not only predicts the rate of
solidification, but it also predicts the temperature of
the cooled surface and remote boundary,

6., The theory pressnted in this work can be used with
minor changes in the computer programme given in
Appendix III; to predict the temperature profile at any
time in the entire length of the ingot or a cooling curve
can be obtained at any point in the ingot,

7. The theory can be extended to treat situations
where a solid state transformation affects the temperature
in the solid layer, The region in which such a reaction
would occur can be treated as a2 separate layer. If the
solid state. transformation occurs over a range of
temperature, the region can be treated in a similar manner
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to the partial layer (sectionIII~4) and if the solid
state transformation occurs at a fixed temperature
the region can be treated in a similar manner to the
solid layer (section II-2),

Therefore we can conclude that the theory
developed in this work is of a genesralised type,.

At present the main limitation of the theory
developed in this work is the use of calculated values
of fraction solid present at the solidus temperature,
though it has been shown that Pfann's equation is quite
adequate, It is hoped that this limitation can be
removed by considering the transfer of solute normal to

heat flow direction in the liquid and solid phases in
the partial layer . Thus defining the fraction solid
present in terms of dendritic spacing parametere,
Such a theory will be ®ble to predict the dendritic
spacing as a function of distance.

The theory has been developed only for binary
alloys that form a eutectic, though it can be used for
other types of binary alloys once the boundary temperaturss
and fraction solid present at these boundaries are knouwn,

Therefore we can conclude that the theory developed
in this work is of a generalised type and from the knoun
valuesof the thermal and physical properties the rates of
solidification and the thermal history of the ingot can
be predicted. This information could. be of use in the
design of continuous casting of alloys, and ufi-diTactional
solidification of alloys to obtain high strength and
ductility, Moreover, this théory helps to rationalise
the understanding of the solidification of alloys at
positive superheats,
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APPENDIX I

DERIVATION OF DIFFERENTIAL EQUATION OF COOLED
SURFACE TEMPERATURE IN MODES S2 AND S2F

The treatment is similar to that used by Hills
for the growth of the solid metal layer (section II=-Z- ccir)
Let us consider the variationm of g across the layer,

T

At stationary surface, x = 0, we can wurite:

dBU

?El
TG 0) © Am1-t

 the temperature is

i

and at the moving boundary x = tp,

constant (Bf), so we can write:

d 7)80 dtp Y
&E%(tp,’f)}= Lg;"_:}; e b’(] 0 A~I~2

p tp

Substituting for the temperature gradient from the heat
flux equation I11I~4~23 we get:

LEE-QN] = ql— -CEE. AmIm?
d K- Kf d T
tp
since
* * * " 3
q = g, and |K =K.
(tg+tp) L [ p](t5+tp) L

From the uristeady state heat conduction equation III-4-20,
we can write: '

8, 38, |
éﬁ“—g)tp i (M Yp{g e P J [X(KD éx}}
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é?

)
We can assume that 5-5 G<p —ES is virtually constant
' X ' X

within the partial layer, and we can uwrite

h ;_ 2% o _____{ ) f f o]

L%-; (Kp&x )] AmI=5

Differentiating the heat conduction equation I1I~4-23
with respsct to x gives:

E—; (Kpé:-(-;-z-) = Ve S, (})0 } Yo T hLe (30) A~I-6

At x = 0 this becomes:

2 38g -
2.8y | — (el
S5 € LI at Ko )

Substituting the values of aD and K g from the
equations given in section III-4 we get:

48
V13 ! 0 1 ot
Yp [8g] {fs d’C+Fz+ 99 dgo} ol
Y, , RV : ~I-
K g 85 Ko “0)‘ d(‘

Substituting equation A=I=7, A=I~5, A=l«3, A=I«Z in
R=I=4 we get:

]
oM t 1 o M
Ypd, dtp . 39 Yp %JZ P | fg GgK 48y FF
; p - 2 2 i K 22 K
AmI=8

Rearranging and expressing in dimensionless terms gives:



A=I~9

A=I~10
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APPENDIX II

*
dt
DETERMINATION OF THE LIMITING VALUE OF —~£

e g

WHEN THE PARTIAL LAYER IS EGQUAL TO d3
ZERO

As discussed in section III-4-D{(v) uwhen tﬁ is
equal to zero the differential equation for the
partial layer thickness becomes indeterminate, The
values of the relevant parameters at the change point

(t* = 0) are:

P
(), - %

X { %1
[L c ll-~U-*'t:
X X
] -
) -
Let us put

- {3
Using Taylor series, we can expand the parameters
involved in the equation III~4~- as described below:

qX = E”q e1fn | 2| & ry + o( ?) Am1I~1
0 Dj 8 | E g &
ahd
q“ = iqi‘ + g' ——L + g ‘7+ 0( AeII~2
L 0 t d %o 5’ E)

B4 G
Y S e i " i e

(a)Notation[; ]C derotes the value of the various
parameters at the change point, tp = 0,
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Since
¥
dag , dB§ '
— FB — ﬁz
d¥ d?
and

dt
X p 2
) = \——-— 2+ B(5) A=11~3
p .
az) fe
da¥
8X = 8X + [-—9}- + 8(2) A=11-4
0= % 2+ B
d3 C
Kg = K[ + 8(3) A=I1-5

Substituting into equation 11I-4~56, we get:

3 [, [dBg] . ( | o( 2)
F ——— 4 F - - P o+
dt Lj e £ dzL ° } ¢
dﬁft:— ] de¥ 2qL ldt*W ()
4% o * dgjc

A=II~6
Similarly the limiting form of the differential v

equation for the cooled surface temperature, III=4=53,
gives ‘

{deg! _ [ﬁ (dt*} it
e A P

Substituting this equatibn into eguation A=II-6 ue
get:

o dtX72 . K* , {dtp‘i K . .
+ (F ORI, (f - ) =
{dglc ® LLJ %) | L Far 1. 7 %%

A-I11-8
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»

which gives:

_'+_‘<_L'+ Lgtz“YpL v
oy R L
[d;ic' |

2Yp
A=I1-9
]
But QEF is negative if solidification is to occur
L
when ﬁf is zero, Thus the positive root of A=II-0
is valid, As the product of the roots of a reduced

quadratic equation is equal to the constant term, we
can rearpgnge equation A-II-9 to get

{étg} 2K (F? - 9{)
d ¥ ([q“'t "a*KLgt)\/ QLJ:B*KLQ*:) +4L

L(fg =95)

A=11I-10
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APPENDIX 1III

COMPUTER PROGRAMME FOR SOLIDIFICATION OF METALS AND ALLOYS

In Chapter III a theoretical treatment has been
presented to predict the progress of solidification
of metals and alloys., The calculation algorithm
given in Fig, III-3 lists the various ordinary
differential equations for the characteristic
parameters and the corresponding link equations. These
equations have heen solved using a Runge-Kutta method,
the necessary numerical integration being done on the
Imperial College 1I.B.M., 7094 computer, using Fortran IV,

The computer programme consists of a main programme
and three subroutines, The main programmss converts
data relevant to sach experimental run to its
dimensionless form and calculates the time at which the
base temperature is equal to the liquidus temperature,
writing the calculated values, It then calls the first
subroutine RUKUT4; which allows the integration to
proceed with a variable step length while the control is
transferred: back tao theé main programme and the results
are printed at a more or lsss regular print-interval,
Subroutine RUKUT4 calls subroutine STEP4 which performs
the actual numerical integration step using the Runge-
Kutta method, These two subroutines have besn developed
by Hillssgnd a complete description and flow diagrams for

the two subroutines ars given in his thesis . Sub~
routine STEP4 calls subroutine DIFREL in which the actual
values of the differentials are calculated, Each time

the control is transferred back to the main programms,

From RUKUT4 a test is made to see whether or not any
of the alternate end conditions of the current
solidification mode have been exceeded. If they have
RUKUT4 is called again with the previous values of the
solidification parameters, but with the length of the
print-interval halvedx;

®*The integration step length used in RUKUT4 is also
halved at this time,
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This procedure is repeated until the relevant end
condition has been reached to an accuracy of 0+1% when
integration is recommenced in the new cooling mode,

but with the original values of the print-interval,
Information as to which of the various cooling modes

is current at any one time is transferred directly from
the main programme to the subroutine DIFREL by means

of an integer-MODE- -1~ stored in common. The value of
MODE 1 determines which differential expressions are
evaluated by DIFREL when it is called from STEPR4,

A flow diagram for the main programme is presented
in Fige, A=-III=1 and A-III-2, and for DIFREL in Fig,
A=I11=3,
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APPENDIX IV

SPECIMEN THEORETICAL COMPUTED RESULTS



TABLE A=IV=1

~ SOLIDIFICATION OF LEAD AT ZERO-SUPERHEAT
DIMENSIONLESS B "HEAT TRANSFER COEFFICIENT (BTU/FT(2).HR..DEG.F :
‘ 45.0 . 40.0 34.0 28.0 21.8
THICK TIME THICKIN TIME THICKIN TIME THICKIN TIME THICKIN TIME THICKIN
0.0500 0.0330 0.2 0.4 0.3 0.5 0.3 0.7 . De& 1.1 0.5
0.1000 0.0696 0.5 0.9 0.5 1.1 0.6 1.5 0.8 2.2 1.0
0.1500 0.1095 0.7 1.4 0.8 1.7 1.0 2.4 1.2 3.5 1.5
0.2000 0.1524 1.0 1.9 1.1 2.4 1.3 3.3 1.6 4.9 2.0
0.2500 0.1983 1.2 245 1.4 3.1 1.6 4.3 1.9 6.3 2.5
003000 002470 1.5 301 1-6 : 3.9 1.9 - 50"’ 203 ‘ 7.9 3.0
0.3500 0.2984 1.7 3.7 1.9 4,7 . 2.2 6.5 2.7 9.5 3.5
044000 0.3525 1.9 4.4 2.2 5.5 2.6 Teb 3.1 11.3 4.0
- D+4500 0.4092 2.2 5.1 © 245 b4 2.9 . 8.9 3.5 13.1 4.5
0.5000 0.4684 2.4 5.8 2.7 7.3 3.2 10.2 3.9 15.0 5.0
0.5500 0.5302 2.7 6.6 3.0 8.3 3.5 11.5 4.3 17.0 5.5
096000 0-5944 2.9 7-‘1’ 3.3 9.3 3.9 1209 l’.? 1900 6.0
. D.6500 0.6612 3.2 8.2 3.5 10.4 - 442 14.3 5.1 21.2 645
' 0.7000 0.7303 3.4 9.0 3.8  1l.4 4.5  15.8 5.5  23.4 7.0
0.7500 008019 3.6 ) 9.9 4.1 1206 448 17.‘0 5.8 25.7 Ta5
0.8000 0.8759 3.9  10.8 4,4 13.7 Se1 19.0 6.2 28,0 8.0
" 0.8500 0.9524 4,1 ~11.8 . 4.6 14.9 5.5 20.7 6.6 30.5 Be5
0.9000 1.0311 boby 12.8 4.9 16,2 5.8 22.% T.0 33.0 9.0
0.9500 1.1123 4,6 13.8 5.2 17.4 6.1 24.1 T.4 35.6 9.5
4.9  14.8 5.5  6et 7.8 38.3  10.0

1.0000 1.1958

- Tzz -



TABLE A-IV—Z : SOLIDIFICATION OF LEAD AT SUPERHEAT

TIMESTAR TIMEMIN THICKSTAR THICKIN THETASTAR THETAC MOLTENPRAM THERMALIN TOPTEMP

0.014 0.21 0. C. ~ 1.000 621.6 0.2106 l.14 126.0
0.056 0.86 0.0270 0.15 0.974 608.1 0.4835 2.61 726.0
0.1G6 1.63 0.0705 0.38 0.936 588.5 0.6220 3.35 726.0
0.131 2.01 0.0923 0.50 G.918 579.4 0.6718 3.62 726.0
0.144 . 2.20 0.1032 0.56 0.910 575.0 0.6940 3.74 726.0
0.150 2.30 0.1086 0.59 0.906 57249 0.7045 3.80 726.0
D.152 2.32 0.1099 0.59 - 0.905 572.4 0.7071 3.81 726.0
THERMAL LAYER HAS REACHED BOUNDARY OF LIQUID REGION
0.202 3.09 0.1514 0.82 0.875 557.0 1.1828 3.59 7116.2
0.252 3.86 0.1908 1.03 0.849 543.7 1.1624° 3.37 705.6
0.302 4,62 0.2288 1.23 0.826 531.8 1.1411 3.17 694.6
0.352 5.35 0.26061 l.44 0.805 520.9 1.1196 2.97 683.5
6.402 615 0.3031 1.63 0.786 510.9 1.0984 2.77 672.5
0452 - b.92 0.3402 1.83 0.768 501.5 1.0782 2.57 662.1
0.5062 7.68 0.3775 2.04 0.751 492.7 1.0593 237 652.3
0.552 8.45 0.4153 2.24 0.735 484 .4 1.0425 2.16 643,6
0.602 9.21 0.4536 2.45 0.720 476.5 1.0281 1.96 636.2
0.652 9.98 0.4925 2.66 0.705 469.0 1.0167 " 1.75 630.2
0.702 10.75 0.5317 2.87 0.692 461.9 1.0085 l1.54 626.0
0.752 11.51 0.5711 3.08 . 0.679 455.2 1.0034 1.32 623.,3
0.802 12.28 0.6103 3.29 0.666 448,.9 1.00069 1.11 622.1
0.852 13.04  0.6490 3.50 0.655 443.0 1.0001 0.90 621.7
0.902 13.81 0.6870 3.70 0.644 437.5 1.0000 0.70 621.6
0.952 14.57 0.7241 3.90 0.634 £32.3 1.0000 0.50 621.6
1.002 15.34 0.76006 4,10 0.625 427.4 1.0000 06.30 621.6
1.052 16.11 0.7964 4429 0.616 422.7 1.0000 0.11 621.6
l1.077 16.49 0.8140 4,439 0.612 420.5 1.0000 0.01 621.6
1.080 16.54 D.Bl62 4,40 0.611 420.2 1.0000 0.00 621.6
DATA
THERMAL CAPACITY THERMAL CONDUCTIVITY DENSITY LATENT HEAT LIQUID HEIGHT HEAT TRANSFER
- SOLID THERMAL SOLID THERMAL . SOLID — COEFFICIENT
2340 2441 18,2 9.5 696.0 10.6 0.367 40.5
BTU/FT(3) °F BTU/FT.HR .DEG-F LB/FT(3) BTU/LB FT BTU/FT(2).HR.DEG-F.
TEMPERATURES
INITIAL SOLIDUS AMBIENT

" 622.0°F 517.6 F 104.0 F

gge =
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TABLE A-IV-3

DIMENSIONLESS

. THICK TIME

0.0500 0.0655
0.1000 0.1363
0.1500 0.2122
0.2000 0.2928
0.2500 0.3781
0.3000 0.4680
0.3500 0.5624

- 0.4000 0.6612

0.4500 0.7642
0.5000 0.8716

De5500 0.9832

D.6500 1.2190

- 0.7000 1.3431

0.7500 1.4714
0.8000 1.6037

0.8500 1.7401
.0.9000 1.8806

0.9500 2.0251

SOLIDIFICATION OF LEAD—ANTIMONV@UTECTIC AT ZERO-SUPERHEAT

HEAT TRANSFER COEFFICIENT (BTU/FT(2).HR..DEG.F

45.0
THICKIN
0.2
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TABLE A~IV=-4

D IMENSIONLESS

THICK
0.0500
Ca. 1000
0.1500
- 0.2C00
"0.2500
.- 0.3C00
0.3500
- 0.4C00
- 0.4500
- 0«5C00
0.5500
- 0L.64600
0.6500
0.700C
0.7500
~0.8C00
0.8500
0.9G00
0.5500
1.0000

TIME
6.0621
0.1252
0.2012
0.277S
0.3590

Cobb45 .

0.5343
U.E2E4
0.72¢6¢%
0.B828E€
0.5352
1.045¢
1.1596
1.2782
1.4005
1.5267

l.€568"

1.7907
1.528¢
2.0703

SCLIDIFICATICN CF

LEAD-TIN

AT ZERO-SUPERHEAT
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. JTABLE A=IV=3 SOLIDIFICATICN CF LEAD TIN EUTECTIC AT SUPERHEAT

" TIMESTAR - TIMEMIN  THICKSTAR THICKIN THETASTAR THETAC  MOLTENPRAM THERMALIN TOPTEMP
: THERMAL LAYER REACHED BCOUNDARY OF LIQUID REGION BEFORE SOLIDIFICATION STARTED

0.261 7.79 0. 0. 1.000 361.4 1.4448 4,40 475.9
.21l 5.28 0.0062 0.06 0.994 359.8 1.3160 4,35 442.7
0.3¢€1 10.77 0.0214 0.19 0.979 356.0 1.2250 4.21 419, 3
0.411 12.27 0.0424 .38 0.960 351.0 1.1576 4.03 402.0
0. 461 13.7¢ 0.0672 - 0.60 0.538 345.4 1.1C66 3.80 388.9
. 0.511 15.25 0.0946 0.84 0.915 339.6 1.0691 3.56 376.2
0.5€61 16.74 0.1237 1.10 0.893 - 333.9 1.0417 3.30 372.1
0.€11 18.24 0.1538 1.37 0.871 328.3 1.0230 3.03 367.3
0. 661 15.73 0.1843 1.64 0.851 323.0 1.0112 2.7¢ 364.3
0.711 21.22 0.2147 1.91 0.832 318.1 1.6C46 2.49 362.6
0.761 22.71  0.2448 2.18 0.814  313.5 . 1.0015 2.22 361.8
0.811 24.21 . 0.2743 2.44 0.797 309.2 1.0004 1.96 361.5
. 861 25.7C 0.3031  2.70 0.782 305.2 1.0001 1.70 361.4
0.511 27.19 0.3311 2.95 0.768 301.6 1.0000 1.45 361.4
0.961 28.68 ° 0.3585 3.19 0.754 298.1 1.0000 1.21 361.4
1.011 30.18 " 0.3852 3.43 0.742 294.9 1.0000 0.97 361.4
1.661 31.67 0.4114 3.67 0.730 291.9 1.0000 0.74 361.4
1.111 33.16. . 0.4371 3.89 0.719 289.1 1.0600 0.51 361.4
1. 161 34.65 0.4622 4a12 0.708 286.4 1.0000 0.29 361.4
1.211 36.15 0.4869 4.34 0.699. 283.8 1.0000 0.07 361.4
1.223 3€.52 0.4930 4.39 0.696 283.2 1.0000 0.01 361.4
DATA
.THERMAL CAPACITY THERMAL CCNDUCTIVITY DENSITY LATENT HEAT LIQUID FEIGHT HEAT TRANSFER
SOLID THERMAL  SCLID  THERMAL SCLID COEFFICIENT
264 € 264C 29.7 1.5 518.9 15.9 0.367 40.0
BTU/FT(3)°F BTU/FT.HR.DEG-F  LB/FT(3)  BTU/LB FT BTU/FT{2).HR .DEG~F.
TEMPERATURES
INITIAL - SOLIDUS AMBTENT .

511.2°F 257.4°F 104.0°F

gee =



TABLE A-TV=-6 SOLIDIFICATION OF 10.0 WT.0/0 TIN LEAD-TIN ALLOY
: AT ZERO-SUPERHEAT

TIMESTAR TIMEMIN THICKSTAR THICKIN THETASTAR THETAC MOLTENPRAM THERMALIN TOPTEMP
PARTIAL LAYER REACHED BOUNDARY OF LIQUID REGION BEFORE SOLIDIFICATION STARTED

0.640 15.98 0. O. _ 1.000 361.4 1.3479 4.80 . 450.9
0.690 17.23 0.0170 0.12 0.983 357.1 1.3049 4.68 439.9
0.740 18.48 0.0474 0.34 0.955 349.9 1.2698 4,46 430.8
0.790 19.73 0.0820 0.59 0,926 342.4 1.2364 4.21 422.3
0.840 - 20.98 0.1196 0.86 0.897 334.9 1.2039 3.94 413.9
0.890 22.23 0.1605 1.15 D.B868 327.5 l1.1721 3.65 405.7
0.940 23.48 0.2051 1.47 . 0.840 320.3 1.1408 3.33 397.6
0.990 24472 0.2544 , 1.82 0.813 313.2 1.1101 2.98 389.7
1.040 25.97 0.3097 2.22 0.786 306.3 1.0801 ' 2.58 382.0
1.090 27.22 0.3734 2.68 0.759 29945 1.0510 2.12 374.5
1.140 28 47 0.4494 3.22 0.733 292.7 1.0240 1.58 367.6
1.190 29.72 D.5446 3.90 0.708 286.2 1.0037 0.90 362.3
1.233 . 30.78 0.6414 4.60 0.687 280.9 1.0000 0.20 361l.4
1.243 31.04 0.6649 4.76 0.683 279.7 1.0000 0.04 361.4
l.244 31.07 0.6683 4.79 0.682 279.6 1.0000 0.01 361.4
- DATA
THERMAL CAPACITY THERMAL CONDUCTIVITY DENSITY LATENT HEAT LIQUID HEIGHT HEAT TRANSFER
SOLID PARTIAL SOLID PARTIAL SOLID COEFFICIENT
23.7 49 .4 20.3 10.9 659.5 1.3 0.400 34.0
BTU/FT(3)°F BTU/FT.HR.DEG-F - LB/F7(3) BTU/sLB FT BTU/FT(2) .HR.DEG-F.
TEMPERATURES
LIQUIDUS SOLIDUS AMBIENT

459.0°F 257.4°F 104.0°F
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TABLE A=IV=7 SOLIDIFICATION OF 20.0 WT.0/0 TIN LEAD-TIN ALLOY
AT ZERO-SUPERHEAT

TIMESTAR TIMEMIN THICKSTAR THICKIN THETASTAR THETAC MOLTENPRAM  THERMALIN TOPTEMP
PARTIAL LAYER REACHED BOUNDARY OF LTIQUID REGION BEFORE SOLIDIFICATIOM STARTED

0.410 Bolt 0. 0. 1.000 36l.4 1.3252 4,00 445,11
0.460 9.47 0.0119 0.08 0.988 358.4 1.2725 3.92 431.6
0.510 10.50 0.0377 0.25 0.964 352.1 1.2310, 3.74 420.9
0.560 11.53 0.0702 C 0.47 0.936 344,8 1.1941 . 3.52 411.4
0.610 12.56 0.1072 0.72 0.906 337.3 1.1597 3.27 402.5
C.660 13.59 D.1478 1.06 0.877 329.7 1.1272 3.00 394,.1
0.710 14461 0.1924 1.30 0.848 322.3 1.0964 2.70 38642
0.760 15.64 0.2414 1.63 0.820 315.1 1.0677 2.37 378.8
0.810 16.67 0.2956 2.00 0.793 308.0 1.0417 2.00 372.1
0.860 17.70 0.3561 240 0.766 301.2 1.0199 1.59 36645
0.910 18.73 D.4236 2.86 0.741 294.7 1.0051 1.14 362.7
0.960 . 19.76 0.4959 - 3.35 0.718 288.7 1.0001 0.65 " 361.4
1.0¢2 20.64 0.5568 3.76 0.700 284.2 1.0000 0.24 361.4
1.026 21.13 0.5899 3.98 0.691 281.8 1.0000 0.01 361.4
DATA
THERMAL CAPACITY THERMAL CONDUCTIVITY DENSITY LATENT HEAT LIQUID HEIGHT HEAT TRANSFER
SOLID PARTIAL SOLID PARTIAL SOLID : : - COEFFICIENT
24t 49,0 22.5 12.2 62646 3.1 - 0.333 40.0
BTU/FT(3)°F BTU/FT.HR «DEG-F LB/FT(3) BTU/LB - FT BTU/FT(2) .HR.DEG-F.
TEMPERATURES
LIQUIDUS SOLIDUS AMBIENT

415.8°F 257.4°F 104.0°F
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TABLE A-IV-8

‘SOLIDIFICATICN-GF 40.C WT,0/0 TIM LEAD-TIN ALLOY

AT

ERO-SUPERHEAT

TOPTEMP

443.1

426.0
412.9
02,1
392.9
384,9
378.1
372.3
367.7
3€h4a 4
362.5
361.6
361.4
361l.4
361l.4
361.4
36l.4

COEFFICTIENT

BTU/FT(2).HR.DEG~F,

40.0-

TIMESTAR  TIMEMIN THICKSTAR THICKIN THETASTAR THETAC MOLTENPRAM THERMALIN
PARTI AL LAYER REACHED BOUNDARY OF LIQUID REGICON BEFGRE SOLIDIFICATION STARTED

0.134 3.37 0. 0. 1.000 361.4 1.3175 3.56
0.184 4.th 0.0070 0.06 0.993 359.6 1.2510 3.90
0.234 5450 0.0241 0.19 0.977 355.4 1.2001 3.77
G.284 7.16 0.0476 0.38 0.955 349.8 1.1582 3.58
0.334 8.42 0.0756 0.60 0.931 343.6 1.1224 3,36
0.384 G466 0.1070 0.84 © 0.906 337.2 1.0614 3.12

0. 434 1C.S5 0.1412 l.11 0.881 330.7 1.0648 2.85
0.484 12.21 0.1778 1.40 0856 324.3 1.0424 2.56
0.534 13.47 0.2165 1.71 0.832 318.2 1.0246 2.25
0.584 14.74 0.2566G 2.03 0.809 312.3 1.0118 1.53
0.634 16.C0 0.2984 2.35 0.788 306.7 1.0041 1.61

G. 684 17.26 0.3402 2.68 0.768 301.6 1.0008 1.28
O.734% 18.52 0.3811 3.01 0.749 296.9 1.0000C .95
0e784 15.7S 0.4209 3.32 0.733 292.6 1.0000 0.64
0.£634 21.05  0.4595 3.63 0.718 288.7 1.0000 0.33

Ue B84 22.31 0.4970 3.92 0.704 285.1 1.0000 0.04
0.890 2247 0.5016 3.96 0.702 284.7 1.0000 0.00

DATA

THERMAL CAPACITY THERMAL CCNDUCTIVITY DENSITY LATENT HEAT LIQUID HEIGHT HEAT TRANSFER

SCLID PARTIAL SOLID PARTIAL SCLID

254 ¢ 48,9 26.3 14.5 569.8 8.5 0.330
BTU/FT(3)°F BTU/FTHR.DEG-F LB/ FT(3) BTU/LB FT
TEMPERATURES
LIQUIDUS SOLICUS AMBTENT
351L.0°F 257.4 F 104.0 F

gge ~



TABLE A-IV-O © SOLIDIFICATICN CF 80.0 WT.L.0/0 TIN LEAD-TIN ALLOY
AT ZERQO-SUPERHEAT

TIMESTAR.- TIMEMIN THICKSTAR THICKIN THETASTAR THETAC MOLTENPRAM  THERMALIN TOPTEMP

0.0C¢€0 2.C0 O« O. 1.000 36l.4 0.1552 1.88 393. 8
0.110 3.5 0.0163 G.1l6 D.984 357.3 0.272S 263 393.8
0.160 5.31 D.0418 0.40 0.960 351.2 0.3018 2.61 393.8
C.z210 €.506 0.0€85 0.66 0.937 345.2 0.3196 3.08 363.8
0.260 B.€2 0.0549 0.91 0.915 "339.6 0.3335 3.21 _ 393.8
0. 285 S.45 0.1079 1.04 0.905 337.0 (.3398 3.27 393.8
G.298 S.86 0.1143 - 1.10 0.900 335.7 0.3428 3.30 393.8
0.299 ¢+ EG 0.1147 1.10 0.900 335.6 0.343C 3.30 393.8

PARTIAL LAYER HAS REACHED BOUNDARY OF LIQUID REGION

0.349 11.54 0.1390 1.34 0.882 330.9 1.1178 3.07 391.7
0« 399 13,20 0.1617 1.56 0.865 326.8 1.1679 2.85 389,2
C.449 14.85 0.1838 177 0.850 322.9 1.0%66 - 2.63 386.3
0,499 1€.51 0.2061 1.98 0.836 319.1 1.0843 2.42 383.1
0.£49 18.16 0.2263 2.21 0.821 315.4 1.0712 2.20 37947
G.259 16.82 0.2540 2.45 0.807 311.6 1.0576 C1.96 376.2
0, €49 21447 0.2808 270 0,792 307.8 1.0434 1.70 372.6
0.¢59 23.13 0.3108 2.99 0.776 303.7 1.0291 1.41 348.9
0. 749 24.78 0.3452 3.32 0.759 299.5 1.0152 1.08 365.3
G.799 2€.44 0.3858 3.72 0.742 294.9 1.0C37 0.69 362.3
0. E44 27.53 C.4282 - .12 0.725 290.7 1.0C00 0.28 361.4
0. 865 2E. €3 0.4486 4432 0.718 288.7 1.0C00 0.08 361. 4
0.£871 28.83 0.4543 4437 0,716 288.2 1.0000 0.03 361.4
Us 74 28.93 0.4572 440 0.715 287.9 1.0000 .00 361 4

DATA

THERMAL CAPACITY THERMAL CCNCUCTIVITY DENSITY LATENT HEAT LIQUID HEIGHT HEAT TRANSFER

SCLID  PARTIAL SOLID PARTIAL SCLID COEFFICIENT
7.5 21C.2 32.1 '18.0 482 .4 B.1 0.367 40.0
BTU/FT(3)°F BTU/FT.HRDEG~F LB/FT(3) BTU/LB FT BTU/FT{2).HR.DEG-F,
TENVPERATURES
L1QuUIBUS + SOLIDUS AMBIENT

289.8°F 257.4°F 104.0 F
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TABLE A=1IV=10 SCLIDIFICATICN CF S0.C WT.0/0 TIN LEAD-TIN ALLCY
AT ZERC-SUPERHEAT

TIMESTAR TIMEMIN THICKSTAR THICKIN THETASTAR THETAC MOLTENPRAM THERMALIN TOPTEMP
PARTI AL LAYER REACHED BCOUNDARY OF LIQUID REGION BEFORE SOLIDIFICATION STARTED

0. 190 6.€61 0. ‘ c. . 1.000 361.4 1.2245 4,00 419.2
0.240 .35 0.0088 0.09 0.991 359.2 1-.2005 3.91 413.0
0.290 - 1C.(C9 0.0262 0.26 0.975 - 354,9 1.1814 3.73 408.1
0.340 11.83 0.0468 0.47 0.956 350.0 1.1834 3.53 403.5
0.350 13.58 0.0655 0.69 0.5836 344.9 1.145¢ 3.30 398.9
0.440 15.32 0.0641 0.94 0.916 339.7 1.1274 3.0¢ 394.2
0.490 17.0¢ 0.1210 1.21 0.895 334.3 1.1086 2.79 . 38S.4
0«540 18.80 0.1506 1.50 0.873 328.8 1.0897 2.49 384.5
g.5%0 20. 54 0.1838 1.84 0.851 323.1 1.0¢98 2.16 379.4
0. €40 22429 0.2223 2622 0.828 317.0 1.0485 1.78 374.0
G« €50 24.03 0.2650 2.69 0.802 310.5 1.0265 1.31 368.3
0. 740 25.717 0.3317 3.31 0.774 303.3 1.0652 0.68 362.7
0.762 2€.55 0.3654 3.69 0.760 299.7 1.0001 0.31 361.4
0.773 2655 0.38%7 . 3.89, 0.753 297.9 1.0000 0.10 361.4
0.779 - 27.14 0.3G697 3.99 0.750 297.1 1.0000 0.00 36l.4
DATA
THERMAL CAPACITY THERMAL CONCUCTIVITY DENSITY LATENT HEAT LIQUID HEIGHT HEAT TRANSFER
SOLID PARTIAL SOLID PARTIAL SCLID . ~ COEFFICIENT
- 27.6 175.C 33.3 18.7 4€446 4.0 0.333 40.0
BTU/ET(3) °F BTU/FT.HR.DEG~F LB/FT{3) BTU/LB FT BTU/FT{2).HR.DEG-F.
TEMPERATURES
LIQUIDUS SOL1IDUS AMBIENT

316.6°F 257.4°F 104.0°F
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TABLE A=IV-11

SCLIDIFICATICN CF

P20S IN THE PRESENCE OF SUPERREAT

TIMMIN 1$ IN TPSTAR TP IN MCLTENP AR AN
0.33 C. O. " O : 0.2347
1.31 Ce 0.L6¢ C.7 0.4163

-2 Cas 0.118 0.8 0.4405
1.3C C. 0.128 0.9 O.4544
1.73 Q. 0.13C 0.9 0.4578
1.4 C. C.122 C.9 0.4E65
1.75 Cs C.132 0.9 0.4599
l.77¢8 Ce 0.132 0.9 0.46C1

THERNAL LAYER HAS REACKEL BCUNLCARY CF LICUID REGION
2.7€ Ce t.2GCC 1.3 1. €£781
3.E81 Ce 0.270C 1.8 1.7858
4484 Ce C.3¢2 2.4 1.6€79
5717 Co . "0.514 3.5 1. £245
6.1C Ce €.5%2 4.0 1.€154
FARTIAL LAYER HAS REACHEL THE REMCTE BCUNEARY
12.CS Ce 1.325 4.0 0.
BEASE HAS REACHEC ELTECTIC TEMPEFATURE
13.12 (.08 1.271 3.9 O
14.1°F - Ce26 l.228 3.7 " O.
154 1€ Go4S 1.150 3.5 0.
1621 C.74 1.155 3.3 D.
17.24 1.03 l.122 3.0 O
1827 1.34 1.061 2 | O.
19.3¢ l.68 1.0¢2 - 243 O.
0,33 2406 1.03¢ 1.9 O.
2l.35 24 & 1l.01¢ 1.5 O.
224328 295 1.0C3 1.0 C.
23.41 344 1.060 C.6 O.
24444 3.92 1.CCC 0.1 8
24457 3.98 1.6G¢C 0.0 . O.
244 €C 396 " 1.0C0 0.0 O.

INITIAL TEMFERATURE = £65.8
= C.33 FT.

HEIGKT '‘OF METAL

FEAT TRANSFER COEFEICIENT

TL 1IN
1.58
2«77
2.97
3.07
3.05
Z.1C
3.1C
3.11

2465
2.17
1.5¢
G.53

-0.00

C.
C. -
a.
Co
Q.
Ce.
0-
C.
Ce
C.
C.
Ce
‘Ca
O

THETASTAR BASETEMP TCPTEWMP

1.615 519.8
1.42¢€ 471 .6
1.3€¢ 4ECS
1.383 46C.1
l.382 456.7
1.381 45946
1.381 455.5

203 43G .4
1.250 42547
l.2C8 415.0
1.178 407.3
1.17¢ 4C6.8
1.06C 406.8
C.988 358.3
0.5€2 351.5
0.S34 344.4
0.5C4 33¢6.7
C.874 329.0
C.E45 321.4
C.81¢ 314.1
C.TES 307.0
0.762 300.2
0.737 253.7
0.714 287.8
0.€64 282.¢
0.€62 282.0
0.651 281.9

40.0 BTU/FT(2).HRJF

609.8
£G5.8
669.8
6CS. 8
6C9. 8
6GS.8
60S.8
6CS.8

587.4
53,7
541.0
522.2
£1%.8

519.8

431.1
420.1
41C.3
4Cl.2
3G62.7
384,7
377.3
370.7
3€5.4
3¢2.2
3¢€l.4
3€l.4

3€l.4

3¢él.4

MCDE

bt et b e et e

PN

M

vyt
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TABLE A-IV-12 SOLIDIFICATION OF P40S IN THE PRESENCE OF SUPERHEAT

TIMMIN IS IN TPSTAR | TP IN MOLTENP AR AM TL IN THETASTAR BASETEMP TOPTEMP

NNNNNNN

MODE
THERMAL LAYER REACHED BOUNDARY OF LIQUID REGION BEFORE SOLIDIFICATION STARTED
l1.88 a. B ¢ 0. 1.9843 3.96 1.364 455.0 614.8
3.14%4 0. - 0.042 0.3 1.8362 3.63 1.27¢ 432.4 57646
4040 Q. 0.092 0.7 1. 7047 3.23 1.201 413.2 5428
5.66 O. 0.153 1.2 1.5880 2.76 1.138 397.0 512.8
6553 0. 0.231 1.8 1.4849 2.14 1.084 383.1 486.2"
8.19 0. 0.354 2.8 1.3653 1.17 1.039 371.5 463.2
9.23 O. 0.502 4.0 1.3636 -0.00 1.021 366.9 455.0
PARTIAL LAYER HAS REACHEC THE REMOTE BOUNDARY :
9.94 0. 1.330 4.0 0. ‘=0.00 1.000 355.9 455.0 2
BASE HAS REACHED EUTECTIC TEMPERATURE : . :
11.21 0.05 1.264 3.9 O. O. 0.993 359.7 429.3 5
12.47 C.18 1.213 3.8 O. O. 0.977 355.6 41642 5
13.73 0.36 1.171 3.6 0. ' 0. 0.957 350.2 405.3 5
14.59 C.57 1.134 34 0. 0. 0.933 344,22 395.9 5
16.25 0.81 1.102 3.1 0. 0. 0.909 338.0 387.7 5
17.52 1.07 1.074 2.9 Q. . Q. 0.884 331.6 380.6 5
18.78 1.35 - 1.051 246 0. 0. 0.860 325.3 3T4.4 5
20.C4 1.65 1.031 2.3 0. 0. 0.836 319.2 36%9.4 5
2130 1.96 1.01¢ 2.0 0. - 0. 0.813 313.4 365.6 5
22.57 2.29 1.006 1e7 0. 0. 0.792 307.8 363.1 5
23.83 2.61 1.002 1.3 0. O. 0.772 302.6 361.8 5
25.05 2.94% 1.000 1.0 0. 0. : 0.753 297.8 36l.4 5
26435 3.26 1.0006: 0.7 0. 0. 0.736 293.4 36l1.4 5
27.62 3.56 1.00C 0.4 O. C. 0.721 289.5 36l.4 5
28.88 3.86 1.000 0.1 0. 0. 0.706 285.8 36l.4 5
29.19 3.93 . 1,000 0.0 0. 0. 0.703 284.9 36la.4 5
29.27 3.95 . 1,000 . 0.0 0. 0. . 0.702 284.7 . 36l.4 5
INITIAL TEMPE RATURE = 516.6 OF HEAT TRANSFER COEFFICIENT = 40.0 BTU/ET(2).HR.F

HEIGHT OF METAL = 0.33 FT.‘_/

g¢ee -~



TABLE A=-IV~13

TIMMIN

TS 1IN TPSTAR " 1IN MOLTENPARAM TL IN THETASTAR BASETEMP

THERMAL LAYER REACHED BOUNDARY CF LIQUID REGION BEFORE SOLIDIFICATION STARTED -

3.54 g. - 0. O. 1.5850 4440 1.126 393.8 512.0
5456 G, 0.032 0.3 1.4410 4.09 1.075 380.7 474,9
T«25 0. 0.072 0.7 1.3296 3.71 1.03¢ 370.7 44642
8.90 ¢ - 0.120 1.2 1.2450 3.25 1.005 362.7 424.5
10.56 0. 0.181 1.7 1.1833 2.6¢ 0.979 356.0 408.6
BASE HAS REACHED EUTECTIC TENPERATURE

12.22 C.37 0.207 2.0 1.1406 2404 0.964 352.0 397.6
13.87 C.68 0.252 2+4 1.1268 1.30 0.93¢ 34449 394.0
15.53 C.98 0.274 2.6 1.1259 . 0.78 0.911 338.4 393.8
17.18 1.27 0.289 2.8 1.1259 0.3E 0.887 332.4 393.8
18.C1 1.42 0.295 2.8 1.1259 0.15 0.877 329.6 393.8
18,42 1.49 0.298 2.9 1.1259 0.05 0.871 328.3 3%3.8
18.€3 1.53 0.299 2.9 1.1259 -0.00 0.86S 3276 393.8
PARTIAL LAYER HAS REACHEL THE REMCTE BCUNDARY

20.28 1.69 1.112 2.7 1.1259 0. 0.857 32446 350.1
21 .54 1.87 1.698 245 1.1259 0. 0.844 321.3 386.5
23.56 2.06 1.084 2.3 1.1259 O« 0.831 317.9 383.0
25425 2.28 1.070 2.1 1.1259 O. 0.818 314.4 379.3
26.50 2451 1.055 1.9 1.1259 Ce 0.803 310.8 375.7
28.56 2.77 1.041 1.6 1.1259 0. 0.789 307.0 372.0
30.21 3.06 1.027 1.3 1.1259 0. 0.773 302.9 368.3
31.87 3.40 1.013 1.0 1.1259 C. 0.756 298.7 364.7
33,53 3.8C 1.002 0.6 1.1259 0. 0.738 294.1 362.0
35.18 4,26 1.000 0.l 1.1259 0. 0.720 289.4 3¢6l.4
35.56 4,37 1.00C - 0.0 1.1259 "Oe D.716 288.3 36l1.4
35.1C 440 1.G0C 0.0 l.1259 O. 0.715 288.0 36l.4.

SCLIDIFICATION OF

S20P IN THE PRESENCE DOF SUPERHEAT

TOPTEMP

=
o]
Q
m

NNNMNN

HpPEDPD™DD

GRS, BCR RS NGRS IO RE, RV Y

gge =

o

INITIAL TEMPE RATURE = 458.8 F

HEAT TRANSFER COEFFICIENT = 40.0 BTU/FT(2).HRJF
HEIGHT OF METAL = 0.37 FT. -



' TABLE A-IV-14 SCLIDIFICATION OF S10P fN THE PRESENCE OF SUPERHEAT

TIMMIN TS IN TPSTAR TP IN MOLTENPARAM TL IN THETASTAR BASETEMP TOPTEMP MODE
THERMAL LAYER REACHED BOUNDARY OF LIQUID REGICN BEFCRE SOLIDIFICATION STARTEC ,
- 3.83 0. 6. 0. 1.6763 4.00 1.231 420.8 535.5 2
- 5.58 0. €.041 0.4 - 1.5049 3.58 1.163 403.3 4G61.3 2
7.32 0. C.065 .9 1.3789 3.05 1.113 - 7 390.5 458.5 2
9.06 0. . 0.1l67 1.7 1.26802 2.33 1.074 380.5 43¢€.1 2
10.890 Q. 0.286 2.8 1.2370 1.15 1.039 3714 422.4 2
12.21 o. 0.401 4.0 1.2303 -0.00 1.005 3€2.6 . 42C.8 2
PARTIAL LAYER HAS REACHED THE REMOTE BCUNDARY : : , .
12.76 C. 1.223 4.0 0. -0.00 1.000 362.€ 42C.8 2
BASE HAS REACHED EUTECTIC TEMPERATURE
14.51 c.08 1.197 3.9 O. 0. 0.992 359.5 412.2 5
- 16.25 0.24 1.177 3.8 0. O. : 0.977 355.4 607.C 5
19.73 0.66 1.140 3.3 C. : 0. 0.939 345.6 " 397.4 5
21,48 0.91 1.122 3.1 0. C. 0.918 340.3 362.7 5
23.22 1.17 1.103 2.8 0. 0. 0.897 234.9 387.9 5
24.56 1.47 1.084 2.5 c. c. 0.876 329.4 382. 5
26.71 1.80 1.065 2.2 c. c. 0.853 322.7 278.1 5
28.45 2.17 1.045 1.8 0. 0. 0.830 317.7 373.0 5
30.19 2.61 1.025 l.4 c. Q. 0.806 311.4 3€67.1 5
31.94 3.17 1.006 0.8 c. 0. 0.779 304.5 362.0 5
33.50 3.82 1.CC0 0.2 0. , 0. 0.754 298.0 2¢l.4 5
INITIAL TEMPERATURE = 496.8 OF HEAT TRANSFER COEFFICIENT = 40,0 BTU/FT(Z).HQ?F

HEIGHT OF METAL = 0.33 FT.

hge
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APPENDIX V

TENSILE STRENGTH OF PURE LEAD-TIN EUTECTIC

Dimension of standard sample

A

i
!

ﬁ

A

| "
'125"'258': - R— e 785
T S e |LE
A
TN e s7627 s
;q_.ﬁa-...»..._._.\. R 9 6 2 LI it
Position of centre line
samples of ingot
- e B RO2 BQZ
[ — b
R SRR : l
§051 02 f if";“'
H t e~ ' i
Ve mee e ek e e e e »--—-—--uRS
t
L—g..-l ‘ } Q..‘r'zl..; . 4.._8_1....‘. ]
‘Normal ingot Ingot produced by

_ using vibrator
0 -~ Oriented grains along heat flow direction

R ~ Random oriented
RO - Oriented structure produced using vibrator

Sample No. Structure gﬁ?i&éih lb/in2 Elongation
: (Lbs)
01 Oriented 5945 4840 52%
02 " 83+8 6813  52%
03 " 59¢5  4B40  40%
04 " 582 4732 62%
05 " 86.0 6992 755%
R1 Random 62+ 6 5089 40%
RO2 Oriented 640 5203 63%
R3 Random 782 6358 52%

RO4 Oriented 937 7618 67%
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- 244 -

an
qf Dimensionless heat flow from liquid = .:
Aglg
qg Diwensiunless heat flow from the surface
g
bl 1]
Lagdg
q: Dimensionless heat flow to the solid layer
S q%
S
o It
Laglg
G; Dimensionless temperature of the remote boundary
Bp/8g
B¥ Fictitious temperature given by Equation III- ¢.79
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Bg Dimensionless surface temperature 80/9S
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¥gIEQIN} Thickness of the solid in inches, tS
TPSTAR Dimensionless parameter of the partial layer
TP IN + Partial layer thickness in inches, tp

MOLTEN PRAM Dimensionless parameter of the thermal layer

lhEémLIN} Thermal layer in inches, tL
MODE. Cooling Modss
" Mode 52
Mode S2F
Mode S3
Mode S3F
" 6 Mode Z3F

L]

H N =

SYMBOLS USED IN THE COMPUTER PROGRAMME (Figs.A=III~1 to 3)

TS5 Dimensionless solid layer thickness, tg
TP Dimensionless partial layer thickness, t;
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D Dimensionless thickness of the initial liquid, D*
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D1 dté/d;g

®
D2 dtp/dj
X/ -
D3 dtL/dr?
*
D4 ng/dgf
aL qﬁ
Qo qg
x
aTs th
'
GTP 9



MCOE

MODE

1

2

1

1
N H W=

Ny N -

Mode
Mode
Mode
Mode
Mode

52
S2F
S3
S3F
Z3F
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No change in MODE 1

Change from

Change from

Change from

Change from

Change from

Change from

Mode
Mode
Me de
Mode
Mode
NMode

S2 to Mode S2F
S2 to Mode S3

S2F to Mode S3F
S2F to Mode S3F
S3 to Mode S3F
S3F to WMode Z3F
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