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ABSTRACT 

This Thesis describes the development and calibration 

of an On-Stream Particle Size Distribution Analyser, 

which operates by applying a centrifugal force field 

to a suspension of the particles in a fluid medium. 

The results obtained during the first stage of a 

programme of research into the method of operation of 

the Size Analyser are also described and analysed in 

detail. The progress made is reviewed and plans for 

future research are outlined. 
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PART A 

INTRODUCTION 

The ideas forming the basis of this thesis were 

generated during the early stages of a grinding research 

project, when it was realised that the continuous analysis 

of a wet grinding circuit 
1,2 could not be undertaken satis-

factorially without frequent and rapid measurement of the size 

distribution of particles produced by the mill. 

Various ways of obtaining this.information were 

considered, ranging from turbidimitry, sedimentation, elutra-

tion or screening, conducted on intermittent batch samples, to 

continuous use of different sizes of D.S.M. screens, wet 

sieves or hydrocyclones in conjunction with flowrate and pulp 

density measurements. 

The batch techniques, while capable of yielding full 

information concerning the size distribution of solid particles 

present, suffer from the disadvantages of being both inter-

mittent in action and time consuming. Measurement and 

recording of the density and flowrate of the feed to and 

products from a wet screen or hydrocyclone can be made 

continuously, but the circuit is complex and considerable 

instrumentation is required. 

A final disadvantage of the systems discussed above is 

that they involve physical interference with the pulp stream: 

either the removal of a portion or the division of the stream 

into subsidiary flows. Where the pulp is to undergo further 

treatment or analysis, this is a most undesirable feature. 

The device subsequently described has been developed 

for the specific purpose of carrying out on-stream analysis 

of particle size distributions occuring as suspensions in 

fluid media. It has eliminated some, but not all, of the 

disadvantages of the alternatives mentioned above. 
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However, one great virtue of the device is that, 

potentially, it can be improved, and it may well be that the 

planned programme of research which follows on from the 

work described in this thesis will succeed in eliminating 

many of the technical drawbacks which still limit its 

usefulness. 

The thesis is presented in two main sections. Part 

A describes the development of both the sizer itself and of 

a suitable calibration technique. Part B gives a detailed 

analysis of the particle—fluid behaviour within the sizer, 

aimed at providing some kind of theoretical framework within 

which the performance of the sizer may be evaluated. It also 

describes further testwork conducted on a more sophisticated 

version of the device using ideal spherical particles. This 

work was designed to establish the extent to which the 

conclusions drawn earlier could usefully be applied and to 

establish if possible a fundamental basis for the empirical 

calibration developed in the first part of the thesis. 

Finally, the progress achieved is reviewed and an outline 

of the further research deemed necessary is given. 
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2. PRELFA:INARY T-LSTIORK. 

2.1 Introduction and Basic Principles. 

The purpose of the on-stream size analyser is to 

provide continuous information concerning the size distri-

bution of particles present in suspensions of solids in 

fluid media. 

The principle of the system is to apply a centri-

fugal force to the suspension so that particles of differ-

ent masses attain different velocities in the direction of 

the force. When the force is applied at right angles to 

the direction of motion of a suspension flowing in an enclosed 

channel, the resulting concentration of particles -cross the 

channel is influenced by the size distribution of the solid 

particles. When the particles are of similar shape and 

density the pattern of concentration across the channel will 

be directly dependent on their size distribution. Hence, 

if the concentration profile can be measured and related to 

the size distribution causing it, the results may be used as 

the basis of a system of on-stream size analysis. 

2.2 	Mark 1 Cell 

The first version of the sizer cell is shown in 

figure A.2.1. It consisted of half-inch diameter piping 

which changed in shape progressively from circular to flat 

rectangular to circular while turning through about 280°. 

Thin windows of Melinex were let into the sides of the 

channel at the midpoint of the turn to permit observation of 

any density effects created within the device. 

The shape of the cell was determined by two requirements. 

The first was to allow centrifugal force to create a concen-

tration gradient acrosc, the flow channel. The second was the 



0.5c-1 

Melinex 
windows 

FIGURE ;..2.1: Yark 1 Cell  
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necessity of dis-persing the concentration spectrum over a 

reasonable width of channel for purposes of observation and 

measurement. 

The dimensions of the 1.z_rh.  1 and all subsecuent sizer 

cells were selected with a particular application in mind.
1
'
2 

The total supply of suspension was to be about 1 litre/min. 

of a pulp containing of the order of 70-: by weight of quartz 

particles. This pulp could be diluted, but the requirements 

of the system restricted the permissible dilution to a certain 

range. The sizer feed had to be sufficiently dilute to permit 

a useful degree of radial motion for the individual particles. 

It had also to be dense enough to allow changes in particle 

co]Icentration to be measured in a thin layer of material. 

dilution to 2C.. solids by weight was chosen initially, 

giving a total flow of 90 c.c./sec. With this feedrate, 

the internal dimensions of the ;lark 1 cell gave an average 

flow velocity of 120cm./aec. It was hoped that this would 

be adequate. 

2.2.1 Testwork Using t'ile  Nark 1 Cell. 

The first tests were designed to establish by means 

of visual observation whether or not the chosen cell dimen-

sions and feed conditions gave ar17 detectable density 

gradient across the channel. 

The circuit used is shown in Figure :2.2 	It consists 

of a small variable speed centrifugal pump equipped with a 

feed hopper, feed and return lines for the cell, and a light 

source for illuminating the windows from below. 

Various size fractions of quartz sand were made up as 

suspensions containing 20(;: solids by weight and pumped through 

the cell at several different flowrates. 



Variable 
sneed 
nurp 

FIGUPT., A.2.?: Test Circuit for Yark 1 Cell  



Moderate concentration gradients were observed with 

the coarser particle sizes when the pump was run at full 

speed. (Approximately 120 c.c./sec.) 

No observable gradient was found for sizes finer 

than 72 mesh B.S. .Lt all pump speeds, moreover, considerable 

flexing of the Melinex windows occurred, resulting in a high 

degree of local turbulence. The flow patterns observed 

within the window zone are shown in Figure A.2.3. 

It was obvious that even if the design of the windows 

was altered the Mark 1 cell would be unable to create an 

effective concentration gradient at a flowrate of 90 c.c./sec. 

unless the suspensions contained substantial amounts of 

material coarser than 72 mesh B.S. Since the size distribu-

tions which the instrument would be required to measure were 

unlikely to be of this ty:e, testwork using the Mark 1 cell 

was discontinued and a new cell was designed. 

2.3 Mark 2 Cell 

The second version of the cell is shown in Figure A.2.4. 

The cross-sectional area of the flow channel was reduced by allevoac.a. 

third, so that for a feed rate of 9g c.c/sec the average 

flow velocity in the cell would be increased from 120cm—/sec. 

to 200cm./sec. The 280°  turn of changing radius used in the 

Mark 1 was replaced by a full helical turn. Other changes 

include the use of perspex as the constructional material 

for the entire cell and the provision of an extended lead- 

out from the helix: these modifications were introduced 

to eliminate window flexure and to enable the action of the 

sizer to be observed both within and downstream of the 

helix. 
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Solids: —36 +52 
Flowrate: 120 c.c./sec. 

 

Solids: —52 +72 # 
Flowrate: 80 c.c./sec. 

FIGURE A.2.3: Turbulance in the Observation Zone  
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FIGURE A.2.4: Mark 2 Cell  
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2.3.1 Testwork Using the Mark 2 Cell  

The Nark 2 cell was tested in the same circuit as 

that employed for the Eark 1 	(Figure A.2.2) and a series 

of similar tests was carried out. 

To make visual observation easier, the mixtures 

were made up from two differently coloured minerals; blue 

crysocolla was used for the coarser sizes and quartz for the 

finer sizes. The magnitude of the concentration gradient 

produced was estimated by observing the intensity of coloura-

tion at different positions across the helix. This work was 

qualitative and the effects observed were similar to those 

illustrated in Figure A.2.5. This is a colour photograph 

of the results obtained with a full size distribution of 

ground glass (Distribution No. 6, Table A.3.2. page 37) in 

which the material coarser than 72 mesh is green and the fine 

material yellow. The concentration gradient across the 

channel is clearly visible. 

2.4 Summary and Conclusions  

The results obtained with the Mark 1 cell showed 

that- a flow velocity of 120cm/sec. was too small to create 

effective concentration profiles except with very coarse 

particles. 

Runs conducted with the Mark 2 cell suggested that 

the radial motion created for particle sizes down to 100 

mesh B.S. would be sufficient to supply a measurable concen-

tration gradient. The concentration profile appeared to 

persist for some considerable distance downstream of the 

helix. 

These findings were considered to be sufficiently 



FIGURE A.2.51 Photograph of sizing effect.  
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encouraging to justify the construction of a test rig 

incorporating means for measuring the concentration of 

particles at different points within the flow channel. 
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3. 	DEVELCFnENT OF PROTOTYPE SI',22R  

3.1 	Leasuring .system  

3.1.1 Introduction 

The ideal measuring system for the prototype sizer 

would have been capable of determining the particle concen-

tration at a variety of points within the helix itself. This 

.proved to be imtracticable for several reasons. Of the 

available measuring techniques, only a beta-radiation gauge 

of the transmission variety possessed the necessary sensi-

tivity to cope with the small path length and narrow range 

of concentrations 	to be encountered. Unfortunately, 

a 'spot' source of specific activity high enough to ensure 

good statistical accuracy in the counting equipment would 

have been prohibitively expensive. Also, the radiation 

detector (an ionisation chamber) had to be placed clear of 

the helix because of its size. 

Fortunately, the concentration gradients produced 

within the helix were found to persist at considerable 

distances downstrear of the helix. It was thus possible to 

use a cheat 'line' source of considerable area and low specific 

activity, and to site the source and detector on the leadout 

from 	helix. 

3.1.2 Neasuring System 

The Strontium - 90 beta-radiation source and ionisa-

tion chamber were disposed on opposite sides of the flow 

channel at a position just far enough downstream to ensure 

that the helix did not interfere with the radiation path. 

(Figure A.3.1) 

The source, one of a standard range made by the 



Active area: 
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Scan 
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- 14- 
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Sr source 

Ionisation 
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%.5-  0 	Signal 

FIGTIPE 4.3.1: Geometry of reasurinR System 
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Radiochemical Centre at Amersham, was supplied in the form 

of a metal foil having an active area of 114 x 3 m.m. and a 

total activity of 20 millicuries. lith a view to improving 

the resolution of the density measurements, the source width 

was reduced to 1.5 m.m. by altering the dimensions of the slit 

in the retaining plate of the source holder. Since the 

window of the ionisation chamber was 7.6 cm. in diameter, the 

effective source activity was only about 7 millicuries. 

The remainder of the measuring system consisted of a 

standard 'Atomette' radiation gauge electronics unit 

(Baldwin Instrument Co.) and a potentiometric chart recorder. 

This system converted the current from the ionisation chamber 

to a voltage, which was subtracted from a preset reference 

voltage to provide a signal which increased as the concentra-

tion of particles in the measuring zone increased. This 

signal was then fed to the chart recorder. An outline circuit 

diagram is shown in Figure A.3.2. 

Since this system of measurement was employed through-

out the work, later versions of the equipment differing only 

in stability and sensitivity, the basic relationship between 

particle concentration and signal output to the chart recorder 

is developed and presented here. 

The attenuation of beta-radiation by an absorber may 

be represented as follows: 3  

	

- dI 	• . 	• . • 	(3.1) 

	

I 	 -prx . e 	. 0 	 (3.2) 

where I is the intensity of radiation reaching the detector 

for an incident intensity of I0  on the absorber, 11, is an 

average mass absorption coefficient for all absorbers 
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FIGURE A.3.2: Outline Circuit Diagram 
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( 5.8cm/gm.), P is the density (gm/cm) and X is the thick-

ness (cm.) of the absorber. 

In the equipment just described the current from the 

ionisation chamber , which is proportional to I, is converted 

to a voltage and subtracted from a preset reference voltage. 

Hence the signal reaching the chart recorder may be represented 

by 

S = E
o 
- E

l
e-P"PX 

 
• 0 0 	0 0 • 	• 0 • 

	(3.3) 
The radiation reaching the detector, through the 

measurement zone in the sizer outlet is attenuated not only 

by the suspension but also by the perspex walls of the channel, 

by the air in the gaps between the channel and the source and 

detector, and by the window of the detector. Equation (3.3) 

should therefore be replaced by an expression of the form 

S = Eo  - El  exp[ -µ,(P1X1  + P2X2  + ...)] 	(3.4) 

However, since these additional attenuations are always 

present, and - with the exception of the air attenuation -

do not vary significantly even with changes in the ambient 

conditions, their effect may be incorporated into the constant 

1' . 

...S = E
o 
- E

2 
exp[ -µPX] 	• 0 0 	• 0 • ( 3 . 5 ) 

where X represents the thickhess and P the density of the 

suspension in the measurement zone. (Variations in the 

attenuation of the air are compensated for in the standardi-

sation technique.) 

It is convenient to replace P in equation (3.5) by 

the volume concentration of solids in the suspension (Cv), 

leading to the result 

S = E0  - E3  exp [ -µX(04-- 1) Cv] 	(3.6) 
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where cr = specific gravity of the solid particles 

E3  - E2  exp [ -pC] 

3.2 First Test Rig 

To enable measurements of particle concentration to 

be made at positions corresponding to different radii within 

the helix, it was necessary to mount the beta-source and 

detector so that they could be traversed across the channel. 

Safety regulations also dictated that the source-detector 

assembly should be totally enclosed within a structure capable 

of providing an adequate radiation shield. 

The layout adopted is shown in Figures A.3.3, A.3.4. 

It consisted of a rectangular cross-section metal frame with 

a totally enclosed box mounted on Slides within it, the box 

being traversed by means of a hand crank. The frame and box 

were constructed of 1 inch mild steel. Additional radiation 

screening was provided by external lead sheet as required. 

The sizer passed through slits in the outer frame walls and 

was clamped to these walls. Corresponding lateral slits in 

the walls of the box permitted the sizer helix and channel to 

pass through it, while at the same time the box could be 

traversed back and forth. The beta-source was mounted on 

the underside of the lid of the box and the detector clamped 

to one of the side walls by means of a bracket. The configura- 

tion of source, sizer and detector was shown previously in 

Figure A.3. 1. 

Initially the sizer was fed from a constant head tank 

equipped with an agitator, situated some fifteen feet above 

the sizer inlet. The discharge from the sizer was pumped 

back up to the head tank by means of a Monopump. The flow-

rate through the sizer was determined by taking timed samples 
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FIGURE A.3.3 First Test Rig (Head Assembly)  



i•UUiE A.3.4: Photograph of Head Assembly.  
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of the discharge, the flow being regulated by means of a 

clamp attached to the feed line. (Figure A.3.5.) 

Preliminary tests run with this circuit revealed that 

the suspension passing through the sizer contained signifi-

cantly higher proportions of solids than the prepared feed. 

This was clearly due to settling of the coarser solids in 

the head tank. Efforts were made to overcome this, but 

evidence of settling persisted. The constant head circuit 

had to be discarded. 

3.3 	Second Test Rig 

The head assembly used in the first test rig was 

retained unchanged. The constant head tank was discarded, 

and a circuit with smaller volume was constructed in which 

the sizer was fed direct from a monopump eo.,uipped with a 

'Bercotrol' power regulator (British Electrical Control Company) 

(Figure A.3.6). The size of monopump chosen was such that it 

had to run at about 8(1). of its maximum delivery rate in order 

to achieve the desired flow of 90 c.c./sec. This was intended 

to avoid low-frequency pulsations in the feed flow that might 

have been created by a larger pump running more slowly. 

This circuit immediately gave far more satisfactory 

results and, in its basic form, was used for all the remaining 

work described in this thesis. Various additions were made to 

the instrumentation in the later stages and these will be 

described as they arise. 

3.4 Mark 3 Cell  

The Mark 2 cell was fabricated to permit visual observa-

tions. The perspex used in its construction was nearly 3 m.m. 

in thickness and it was therefore quite unsuitable for use with 
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FIGURE A.3.5: First Test Rig (Suspension Flow)  
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low penetration beta radiation. Another factor affecting the 

choice of a new cell was that it was considered desirable to 

determine the extent of the influence exerted by the radius 

of the helical turn on the radial motion of the particles. 

The third version of the cell is shown in Figure A.3.7. 

The cross-sectional area of the flow channel remains the 

same, but the radius of the helix has been reduced by 0.5 cm. 

The material used was 1.6 m.m. perspex. 

3.4.1 Testwork Using Mark 3 cell  

The Mark 3 cell was assembled in the test circuit 

shown in Figure A.3.6 with the pulp flow in the direction 

indicated for calibration of the beta-gauge. The Bercotrol 

Unit was calibrated against flowrate by taking timed samples 

of the suspension. The beta-gauge was then calibrated over 

a range of solids concentrations, using commercially supplied 

quartz sand of specific gravity 2.70. (This material was 

used for all the work described in Section A of this thesis.) 

The calibration technique was as follows: 

The beta gauge was first standardised according to 

the manufacturers recommended procedure, which eliminated 

spurious signals within the equipment and compensated for 

source decay and changes in ambient conditions. The deviation 

indicator was then set to give a selected reading on the chart 

recorder with the source and detector set at a particular 

reference position on the sizer, which contained water only. 

Periodic readings at this reference positions were taken and 

used as a check on the calibration of the equipment. 

The total supply of quartz sand was screened on a 

Russell machine into individual size fractions, from which 

particular size distributions were made up as required. For 
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FIGURE A.3.7: Mark 3 Cell  
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the beta-gauge calibration and sizing runs conducted with 

the Mark 3 cell, one particular size distribution was used 

throughout. This was an 'ideal' Gaudin-Schuhnn distri-

bution,4 having a size modulus of 422 microns and a distri-

bution modulus of 0.738. 

The volume of the circuit was measured and the sample 

weights calculated to give solids concentrations in the 

circuit ranging from 0 to .505 by weight. (Cv  = 0 to 0.27) 

Each sample was pumped through the circuit at about 60c.c o/sec. 

and measurements were recorded at 0.2 cm. intervals across 

the sizer channel, the source and detector being positioned 

by means of a dial gauge attached to one side of the head 

box. (Figure A.3.3.) For each measuring position, the 

readings obtained on the chart recorder were plotted against 

volume concentration of solids. This completed the calibra- 

tion of the beta-gauge and the flow direction in the circuit 

was then reversed. 

The objects of the sizing runs which followed were 

twofold: first, to estimate visually whether decreasing the 

radius of the helix resulted in any marked increase in the 

radial motion of the particles,and second, to determine whether 

or not the visually observed concentration gradients could 

be measured using a beta-gauge. 

Four test runs were made, the details of which are 

given in Table 3.1 overleaf. They covered two levels 

each of solids concentration in the feed, and flowrate. 
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TABLE A.3.1. 

Test Runs Conducted with Mark 3 cell 

, 
CONCL  OF SOLIDS IN FEED 	FLOWPATE 

WT.(Cw) 	iVOL.(C
vf
) 
	

(c.c./sec,) 

0.20 0.085 6o 

0.20 0.085 i 90 

0,30 0.137 60 

0.30 0.137 i 90 

Natural quartz: G - S Distn, N = 0.738 k = 422p, 

Visual observation of the behaviour in the helix 

suggested that there was little change in the radial motion 

of the particles. The measurements made with the beta 

gauge are shown in Figure A.3.8, and it can be seen that quite 

steep concentration gradients were found. This confirmed 

that the profiles previously observed visually were of suffi- 

cient magnitude for measurement by beta-ray attenuation. 

The measurements made were unsatisfactory in one 

important respect, however. A detailed examination of the 

geometry of the system revealed that the apparent concentra-

tion of solids recorded at a given position was, in fact, an 

average figure for a zone extending perhaps as far as 0.5cm. 

on either side of the position. 

At this point in the work the Nark 3 cell was badly 
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damaged in the course of an alignment check on the source-

detector assembly. It was therefore decided that a new cell 

could conveniently be introduced at this stage, since certain 

desirable modifications to the equipment would necessitate 

recalibration of the cell in any event. 

3.5 	Mark 4 Cell 

In view of the constructional difficulties encountered 

with the Nark 3 cell and the absence of any real gain resulting 
from the reduced. radius of helix, it was decided to revert to 

the design adopted for the Mark 2 cell. The Mark 4 was there-

fore identical to 'the park 2 (Figure A.2.4) except that it was 

fabricated in 1.6m.m. perspex. 

3.5.1 Modifications to Test Rig 

The poor resolution of the measuring system, leading 

to the recording of average densities over a zone about 

1 cm.in  width, was considered unacceptable. It was therefore 

decided to collimate the radiation entering the ionisation 

chamber. This was achieved very simply by screwing two 

semi-circular brass plates to the rim of the chamber casing, 

the screws passing through slots in the plates. A collimation 

slit varying from zero up to 3 m.m. could be obtained by 
loosening the screws and sliding the plates. (Figure A.3.9.) 

The colliihation slit was set to 1.5m.m. and aligned 

with the source. This was a simple operation to perform 

since even slight misalignments could be detected by marked 

reductions in the intensity of radiation reaching the 

ionisation chamber. The nark 4 cell was then inserted into 

the head assembly and aligned with source and collimation slit. 

With the modified system, the solids concentration 
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FJ(!1 RE A.3.9: Collimation Device  
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was measured over an area 1.5 mm. wide by 7.6cm. long. The 

source was actually 11.4 cm. long, but the diameter of the 

window in the ionisation chamber was only 7.6 cm., hence 

the effective colljmation aperture was of this length. 

(See Figure A.3.1.) 

3.5.2 Testwork using Mark 4 Cell, 

The beta-gauge was calibrated for the Nark 4 cell in 
the manner described previously. (iection 3.4.1)., 

The testwork which followed was of considerable 

importance, since the main objective was to assess the 

ability of the proposed analysis system to distinguish 

between the various types of size distribution likely to be 

encountered in a grinding circuit. It was necessary at this 

stage to decide on the feed conditions to be used, since 

these would be kept constant throughout. The results obtained 

with the Mark 3 cell (Figure A.3.8) revealed that satisfactory 

concentration profiles could be obtained with any of the 

combinations of feed conditions that were tried. However, 

the higher feed concentrations imposed a considerably greater 

strain on the pump and difficulties were experienced in 

keeping the solids in suspension at the lower flowrate. 

(60c.c/sec.) It was therefore decided that a feed concentra-

tion of 20 solids by weight (Cv  = 0.085) and a flowrate of 

90 c.c./sec. would be suitable. These conclusions were 

confirmed by texts similar to those shown in Table 3.1, 

conducted while the Nark 4 cell and test rig were being 
checked and calibrated. 

In view of the widespread usage of the G audin-Schuhmann 

or log-log size distribution function, it was decided to use 

this type of distribution in all work relating to the testing 

or calibration of the size analyser. It will be apparent, 
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however, that the action of the size analyser is not in any 

way dependent on this form of presentation. Alternative 

calibration systems are in fact developed for the work conducted 

on glass spheres. (Section B.5.4). 

Twelve different size distributions were used to test 

the size analyser. The properties of these distributions 

were carefully chosen to span a wide range of conditions. 

Ten were 'ideal' Gaudin-Schuhmann distributions: the 

regaining two were unusual types, one being completely deficient 

in a particular size fraction and the other having an unusually 

high proportion of the same size fraction. Full details of 

the distributions are given in Table A.3.2 and Figures A.3.10- 

A.3.13. It can be seen that distributions 1 - 4 have the 
same distribution modulus but differing size moduli. On the 

other hand, distributions 2,5,6,7 have the same size modulus 

but differing distribution moduli. Distributions 8,9 form 
other groups with 3,4, while distribution 10 was designed to 

investigate the effect of having a small size modulus and an 

abnormally large distribution modulus. Distributions 2,8,9, 

10 all contain the same proportion of minus 200 mesh material. 

Finally, distributions 11, 12 are the unusual types referred 

to previously. 

TABLE A.3.2. 

(see overleaf) 



WT. 	IN EACH SIZE FRACTION 

i 	' 	1 	i 	: 
B..S.1(µ) 1 	2 , 3 	4 . 5 , 6 	7 
'Mesh: 
$ 
+360422;  

$ 
-361295 

 +521 
! 

+722 :211 

+100,152 

H100;104i  

1
+150

1 
-1501 
+2001 

-2001 - 

23.2: 

16.9 21.9 

12.8 16.8 21.5, 

11.5 15.0 19.2'  

7.4 9.5 12.2. 

28.2' 36.8: 47.1 

761 

15.7 j 32.8' 43.4: 

13.0 21.7, 24.2: 

24.4 12.6 16.5 15.4 

15.6 8.7 9.0' 7.0; 

60.0 50.0 20.0, 10.0: 

TOTAL '100.0!100.0'100.0 100.0 100.0,100.0 100.0 

- 33 - 

TABLE A.3.2. 

Size Distributions used in Tests with Mark 4 Cell 

FOR DISTN  NO:- 

8 9 10 11 12 

: 
1  17.0 28.2 

27.5'  1  13.0. 19.8;  

22.5; 42.1 40.0 

13.2' 21.1 63.2 6.2 11.( 

36.8 36.81 36.8: 23.8 41.0; 

100.0; 100.0,100.0 100.0 100. 

] 
Mod.(k) '422

i 
 '295 211 152 :295 

i
:295 .295 '211 

Disn
(N) Mod.  10.738'0.738 0.738,0.738 0.510;1.180,1.698'0.979 1.443.3.188 

.152 :104 

The test samples were made up from the size fractions 

prepared on the Russell screen, the total weight of each sample 

being such as to give a suspension containing 20% solids by 

weight (Cv  =0.137)when added to the circuit. Each sample was 

run throug the size analyser at a flowrate of approximately 



100 

90 

80 

70 

60 

50 

75 'Co 150 200 300 400 (u) 

10 
200 150 100 	72 52 3E .S.!/.esn 

Cu
m

u l
a

ti
v
e
  w

e
ip

:n
t  

20 

30 

Particle size 

FIGURE A.3.10: Size Distributions 1,2„3,4 



90 

8o 

70 

6o 

50

c.  
-H 4. 

40 
4-) 

30 

•rl 

0  20 

10 

— 35 - 

100 
	75 
	

100 
	

150 
	

200 
	

300 
	

400 
	

Cu) 

200 
	

150 
	

100 	72 	52 	36 B.S. Mesh 

Particle size 

FIGURE A.3.11: Size Distributions 2,5,6,7  



1C0 150 20C 300 1+00 (u) 

2CC IC C I5G 72 	52 	36 P.S. rush 

100 

90 

e.0 

70 

60 

0 50 

40 

30 

PI 

20 

10 

Particle size 

FIGURE A.3.12: Size Distributions 2„9,10 



71. 	lee 	15C 	2ee 	7)CC 	400 	(u) 
100 

0 

70 

0 

50 

42 

30 
> 
42 

2C 

le 

12 

11 

2Ce 	1 	lee 	-(2 	52 	36 B.S!Meeli 

Particle size 

Size Distributions 11,12  



-38 - 

90c.c./sec. and the particle concentration measured at 

selected intervals across the sizer channel. The results of 

these measurements are shown in Figures A.3.14 - A.3.17. 

The concentration profiles shown in each group all 

vary in the correct sense and the differences between the 

profiles are clearly detectable. However, in nearly all 

cases the spacing of the concentration profiles was far more 

irregular than would have been expected from consideration 

of the size distributions causing them. Two factors contri-

buting to this effect were discovered in the course of the 

tests. First, the sensitivity of the beta-gauge was poor, 

this being mainly due to the thick walls ( 1.6mm.)of.the 

Mark 4 cell. Second, the system of flowrate control, which 
consisted of calibrating the flowrate in the circuit against 

the Bercotrol setting, was found to be inadequate. Significant 

variations in flowrate were found for successive test runs 

conducted at the same Bercotrol setting. A third possible 

factor was discovered when check sieve analyses on some of the 

reclaimed samples revealed considerable deviations from the 

nominal or made-up distributions. The cause of these devia-

tions was found to be in the size fractions obtained from the 

Russell screen, which in some instances contained as much as 

20% by weight of oversize material. 

3.6 Summary and Conclusions  

In general the concentration profiles obtained with 

the Mark 4 cell varied sufficiently from one distribution to 
another to confirm the potential usefulness of the technique 

as a means of size distribution analysis. The next object 

therefore became the development of a suitable calibration 

technique. 
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Certain modifications to both the equipment and the 

test techniques were clearly desirable. These were effected 

before commencing the next phase of the testwork. (See 

sections 4.1.2, 4.1.3). 
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4. 	CALIBRATION OF SIZER 

4.1 	Mark 5 Cell  

4.1.1 Introduction  

The work carried out with the Mark 1 - 4 cells was 

designed to establish whether or not the basic technique 

could be used to differentiate between various size distri-

butions and was mostly qualitative in nature. The results 

obtained were encouraging and so the next stage of the work 

clearly involved finding some suitable calibration technique 

by means of which the qualitative differences observed earlier 

could be converted into measurements of one or more parameters 

of the size distributions concerned. 

Certain weaknesses in the equipment and experimental 

techniques had come to light during the tests conducted 

with the Mark 4 cell and these were dealt with before proceed-

ing further. 

4.1.2 Mark 5 Cell 

The relatively low sensitive 'y of the. existing experi—
mental rig was mainly caused by the thick walls of the Mark 4 

cell. These were 0.15cm. in thickness, giving a total wall 

absorption in the radiation path of 0.3cm. of perspex. For 

a suspension containing 10% by volume of ground quartz 

(0-= 2.70) and a channel depth of 0.3cm., this meant that 

89% of the absorption was contributed by the perspex and 

water and only 11% by the quartz particles. 

The Mark 4 cell was therefore removed from the 
measuring head and the channel walls in the measurement 

zone were milled down to give a thickness of 14/1000 inches. 

This boosted the proportion of the total absorption mass 

contributed by the quartz particles from 11% to nearly 19%. 



The overall improvement was somewhat less than indicated by 

these figures, due to the unchanged attenuation occurring in 

the air gaps and detector window. However, the change was 

important enough to require identification and so the modified 

Mark 4 cell was redesignated as the Mark 5. 

4.1.3 Modifications to Test I'ig  

One of the drawbacks attached to the existing equipment 

was that it was impossible to be certain that the desired 

flowrate was being maintained. Also, while calibrating the 

Mark 5 cell it became apparent that the thin walls were sensi-

tive to the pressure changes occurring in association with 

flowrate variations. Some means of measuring and recording 

the flowrate of the suspension was therefore required. 

Turbine flowmeters were tried, but the finer particles 

got into the bearings and caused the rotors to sieze up. 

Rotameter flowmeters were also tried without success. 

Eventually an electromagnetic flowmeter was obtained, which 

gave consistently reliable results throughout the remaining 

test programme. This was a 1/4 inch diameter Kent 'Veriflux', 

which was installed some four feet downstream of the mono-

pump outlet. The signal from the Veriflux was led to a 

Honeywell-Brown six point chart recorder, on which density 

readings were also recorded. This density record was a 

duplicate of that made on the original Kent chart recorder. 

The modified test rig is shown in Figure A.4.1. 

4.1.4 Testwork Using Mark 5 Cell 

The flowmeter and beta-gauge were checked and calibrated. 

It was decided tc use samples having the same size distribu-

tions as were used with the Mark 4 cell, since these gave 
good coverage of the desired range of sizes. Also, this 
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made it possible to check the results obtained with different 

cells against each other. However, the size distributions 

used in the Mark 4 cell tests were unsatisfactory in one 

important respect, for size analyses of the reclaimed samples 

revealed that the Russell screen fractions used in making up 

the samples deviated considerably from their nominal compo-

sition. 

A new set of 8 inch British Standard Sieves was there-

fore obtained and all materials used subsequently were 

prepared and analysed using these sieves. (Check analyses 

of reclaimed samples revealed no significant errors in later 

tests.) 

The twelve size distributions were run through the 

sizer under the feed conditions previously selected. i.e. 

a suspension flowrate of 90c.c./sec. and a concentration of 

solids equal to 20% by weight (Cve0.137). Some difficulty 

was encountered with all samples due to flexure of the channel 

walls, and to ensure that the readings obtained could be 

accurately compensated for this effect, two full scans were 

carried out on each sample. Quite marked temperature rises 

were recorded over the total duration of the scans, changes 

of the order of 15°C being not uncommon. The differences 

between the corrected observations were small in all cases 

and it was therefore concluded that temperature was not a 

significant variable. The mean of the two sets of readings 

was taken as the final result in each case. The results are 

presented and discussed in the next section. 

4.1.5 Analysis of Data 

The object of this stage of the work was to relate 

the measurements obtained with the Nark 5 cell to the size 

distributions producing them. It was desirable to keep the 
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calibration technique as simple as possible and for this 

reason it was decided to use the density gauge output 

directly, instead of converting it into the corresponding 

particle concentration. The signal obtained from the density 

gauge (S) as it was scanned across the sizer outlet has been 

plotted in Figures -.4.2 - A.4.5 for the four groups of size 

distributions shown earlier in Figures A.3.10 - A.3.13. 

Two techniques were employed in the attempt to devise 

a suitable calibration method. The first consisted of plotting 

the readings obtained at a particular position against the 

weight fractions of material (MF) finer than various sizes 

in the feed and looking for the best correlation between the 

two. This system was not very successful: the failure is 

evident in the results already shown in Figure A.4.4. 

Distributions 2,8,9,10 all contained 36.8 -200 mesh material 

and if a satisfactory correlation existed, the minimum 

readings near r = 1.0 should have been the same for all 

distributions. In fact, the curves for distributions 9 and 
10 are virtually coincident in this region, but 2 and 8 fall 
a considerable distance away. 

The second technique was based on one of the most 

striking features of the density gauge profiles, namely 

the change in the difference between the maximum and minimum 

readings from one size distribution to another. This 

quantity, designated AS, is illustrated in Figure A.4.2 

and the values of 11S for the size distributions are given 

in Table A.4.1. 

TABLE A.4.1  

(see overleaf) 
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TABLE A.4.1 

Values of AS for Quartz Size Distributions 

SIZE 

DISTRIBUTION' 

NO. 

SIZE 

MODULUS 

'k' 

DISTRIBUTION 

MODULUS 

'N' 

A s 

1 422 0.738 53.5 
2 295 0.733  47.4 

3 211 0.738 38.4 

4 152 0.738  24.2 

5 295 0.510 40.9 
6 295 1.180 56.6 

7 295 1.698 62.8 
8 211 0.979 44.8 

9 152 1.443 36.5 
10 104 3.183 26.2 

11 (175) (2.313) 52.1 

12 (295) (0.772) 49.4 

The Gaudin-Schuhmann. distributions (1 - 10) can be 

completely specified by means of two parameters, the size 

and distribution moduli, and these provided an obvious starting 

point for the calibration attempt. AS was plotted against 

k for distributions 1 - 4 and against N for distributions 
2,5,6,7 (Figures A 4.6, A.4.7). 

The shape of the N vs. AS curve (Figure A.4.7) 

suggested a relationship of the type AS oG log N and so 

a plot of AS vs. log N was constructed. (Figure A.4.8). 
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The results immediately suggested the family of straight 

lines shown, which all have the same slope but intercepts 

that vary with the size modulus in some manner. Therefore: 

S = A 	A log N 	000 	000 	(401) 

rd 4S  
where Al 
	

1 
is the slope L

d log N J 
and A the. intercept 

on the A S axis. 

A further plot of A versus k (Figure A.4.9) 

suggested the relationship 

A = B 	B
1 
log (k - 90) 	... 	(4.2) 

where B
1 
 is the slope and B the intercept on the A axis. 

This was confirmed on the same plot. Calculated 

values of the slopes Al, B1  and the constant D were obtained. 

A1 	B1  41.7 
	

B = -43.4 

4.1.6 Final Calibration Technique  

Combining equations 4.1, 4.2 leads to the result 

A.S = 41.7 log N (k-90) - 43.4 	... 	... 	(4.3) 

Values of N(k - 90) have been calculated for the 

10 ideal Gaudin-Schuh-rann distributions and plotted on 

a logarithmic scale against .S. (Figure A.4.10). Equation 
4.3 has also been plotted on the same graph: it can be 
seen that it represents a satisfactory approximatioh to the 

results. The results for the two non-ideal distributions 

have also been included, plotted against estimated average 

values of N(k - 90). 

In order to confirm the applicability of equation 4.3 
two new size distributions (13, 14) were made up and run 
through the equipment. These were both ideal Gaudin-

6chuhmann distributions and had values of N(k - 90) chosen 

to fill gaps in the coverage provided by distribution) - 10. 
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Details are given in Table A.4.2. 

TABLE A.4.2. 

Extra Size Distributions used in Tests with Mark 5 Cell 

SIi 	FRACT10: '711.; 	IN EACH ,-)IZE 
FOR DISTRIBUTION 

FRACTION 
NO. 

B.S.Mesh 	i (ii) 

13 14 

+36 422 

-36 +52 295 42.1 

-52 +72 211 21.1 

-72 +100 152 14.7 

-100 +150 104 9.1 31.5 
-150 +200 76 4.9 17.8 
-200 3.1 50.7 

TOTAL 100.0 100.0 

Size Modulus (k) 

Distn>Modulus (N) 

422 

1.443 

i 
! 
I 

152 

0.9?9 

The values of L\S measured for distributions 13 and 

14 were 78.0 and 31.2 respectively. These results have 

also been plotted on Figure A.4.10 and it can be seen thnt 

distribution 14 conforms exactly with the calculated 

equation, but that distribution 13 falls a considerable 

distance away from it. The empirical equation (4.3) 

developed above therefore appears to break down at values 

of N(k - 90) much in excess of 400, corresponding say to 



- 58 - 

distributions containing 30 - 40% or more of +52 mesh particles. 

It is now possible to define the quantity N(k - 90) 

for an unknown distribution by measuring AS under standard 

conditions. In practice, the size distributions resulting 

from a particular combination of feed material and size 

reduction machine tend to have a constant value of N, so 

wherever this condition occurs the size distribution of 

the product is adequately defined by a single measurement 

of AS. 

In cases where nothing is known regarding the size 

distribution characteristics of the material or where N is 

known to vary, the value of N(k - 90) found for the material 

may be used to discover a single point on the size distribu-

tion plot. 

4.1.7 Calibration for Unlcnown Size Distributions. 

2,ny size distribution that can be approximately 

represented by a Gaudin-:3chuhmqnn distribution function 

will exhibit a straight line over the greater part of its 

length if plotted in the form of log wt.;',: finer versus 

log size. In terms of the symbols used in this presenta-

tion, the Caudin-Schuhmann function may be represented as 

follows: 

M 	r 

L 
iN  F 	k .0 0 0 	0 0 0 (4.4) 

or log N, = N(log D - log k) 	o.. 	(4.5) 

A given value of N(k - 90) can arise from various 

combinations of N and k. Each of these possible combina-

tions of values of N and k represents a different size 

distribution. However, by defining a pair of limiting slopes 

N1, 
 N2, within which the slope of the unknown distribution 

should nearly always lie, one point on the actual distribution 
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can be estimated closely from the intersection of the two 

limiting distributions. The procedure for this is as follows: 

the measured value of AS and the slopes N1,N2  are substituted 

in equation 4.3 and the corresponding size moduli k k2 
are 

at 

determined. 

(MFi' 	D.) 

Di 

14 Fi 

can then 

I 111  
k11 

The intersection of 

be found from 

1 

the two distributions 

	

0 0 0 	... 	(4.6) 

• 0 • 	... 	(4.7) 

N N 	- 
1 

J 
 

N2 
0 0 0 

r 	Di 	-I
N
2 

N2
1 

Di  = 
L k

1  
k
2 

Over the range of size distributions normally 

encountered, the point of intersection (rFi' D.) of the 

limiting lines is relatively insensitive to whatever 

values of the slopes N1  , A2  arc chosen. This is illustrated 

in Table A.4.3, where the intersection point is calculated 

over the useful range of AS for two different sets of 

limiting slopes. 

TABLE 04.3 

(see overleaf) 
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TABLE A.4.3 

Intersection Calibration for Unknown size Distributions 

 

PERTIME SIZE Di  41.) i CUM. IT. FRACTION FINER 

(MFi)  AS 

   

= 1,500 

N2  = 0.500  

N1  . 1.200 

N2  = o.600  

N1  = 1.500 	N1  = 1.200 

N2 .= 0.500 	N2  = 0.600 

20 	95.o 	95.3 

30 	101.6 	102.4 

4o 	115.3 	117,2 

50 	141.4 	145.5 

6o 	189,1 	197.1 

7o i 273,9 	288.9  

0.779 

0.703 

0.630 

0.568 

0.521 

0.490  

0.776 

0.699 

0.624 

0.563 

0.515 

0.484 

The intersection calibration graph has been plotted 

in Figure A.4.11 for limiting slopes of 1.500, 0.500. 

To illustrate the technique, the AS reading obtained for the 

ten distributions that have slopes falling between 0.500 

and 1.500 has been used to read off an intersection point 

for each. In Table A.4.4 these results are compared with 

the known composition of the distributions. 

TABLE A.4.4 

(see overleaf) 
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SIZE  

	

DIL,TN
'i 	AS 

NO. 	y 	• 
! 

! ! 

D.i  MFi 
(0 

. 
SIZE 
DISTN. 

1--  ' 	Known 

1 

Meas. 
1 

11 1,1G. 
h 

1 I 53.51 155: 0.477 0.550 7 
2 47.4 1 133! 0.556 '0.582 8 

3 38.41 112 0.627 0.641 1: 	9 
!24.2;1  97 0.718 0.748 14 

5 40.9 1  117  0.624 i Grind 
1 
! 56.61 6 170! 0.522 	0.535 Fc Grind 2 

! 	i D. 	M
Fi AS i 1 

i ! 

62.8! 208 0.553 i0.511 
44.8 126 0.604 0.598 
36.5 109 • 0.619 ! 0.655 • 

• 31.o 103  0.683 ; 0.694 

• 
I 36.2 109 i 0.700 ; 0.657 

i 	(µ) ! KnownMeas. 
i 	1 1 

128.2 ! 100 ; 0.720 '0.717 
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TABU: A.4.4 

Intersection Calibration applied to Distributions 

Also included in Table A.4.4 above are the results 

obtained for two samples of quartz having unknown size 

distributions, which were ground for different lengths of 

time and then size analysed both by measuring AS and by 

dry sieving. 

It can be seen that the values of MFi  estimated 

from the sizer measurements agree with the known or made- 

up values to within 2 or 3 percent for the most part. 

Since the accuracy of size analyses conducted by dry 

sieving is probably not much better than this, the suggested 

method of calibration would appear to be satisfactory. 

4.2 Summary and Conclusions 

The Mark 5 cell provided a substantial improvement 

in sensitivity for the measurement of particle concentration, 
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but this improvement was achieved at the cost of considerable 

flexure of the thin channel walls. This was a most undesir-

able effect, which necessitated careful and time consuming 

compensations for the errors introduced in all measure-

ments made with this cell. Later versions of the cell 

were carefully checked to ensure that wall flexure was 

kept within acceptable limits. (Section B.5.1.2). 

An empirical calibration technique was developed 

for particle size distributions of the Gaudin-Schuhmann 

type which related the difference between the maximum and 

minimum density gauge outputs to the Size and Distribution 

moduli of the size distributions. The upper limit of 

validity for the calibration appeared to correspond to 

size distributions containing more than about 30;, of +52 

mesh particles. The lower limit for the calibration, in 

theory, can be calculated from equation 4.3 by putting 

AS = 0, giving lq(k - 90) = 11. This corresponds to a size 

distribution containing about 805 -200 mesh. 

A further calibration was suggested for size distrib—

utions about which nothing was known before hand. This 

provided a single point on-the size distribution plot. 

When this system was applied to the results already obtained, 

the agreement was generally satisfactory. Two 'unknown' 

samples of ground quartz, which were analysed both by dry 

sieving and using the size analyser, also gave reasonable 

agreement. 

The empirical calibrations available at the conclu-

sion of this phase of the work justified describing the 

device for the first time as an !On-Stream Particle Size 

Distribution Analyser'. However, there were two important 

restrictions on its performance that seriously limited it's 
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usefulness. First, while in principle the device depended 

on the application of a centrifugal force to create radial 

motion of the particles in suspension, the exact form of 

the force field and the type of particle motion was unknown 

and hence any deviations from the calibration could not be 

explained or compensated. L;econd, the particles used so 

far were all of the same composition and specific gravity. 

While it was considered likely that some kind of calibra-

tion could be obtained for a heterogenous material of 

unvarying composition that consisted for the most part.of 

material of one specific gravity, this calibration would 

be less accurate than one obtained on a homogenous material. 

Materials containing appreciable proportions of constituents 

having different specific gravities or materials whose 

composition varied, clearly could not be dealt with under 

any empirical system of calibration. 

The second major stage in the research programme 

was planned, therefore, in the hope that it would go 

some way towards lifting the first of the restrictions 

discussed above by providing a basic theory of operation 

of the device. (.gee Part B 0). Any extension of the system 

to cover heterogenous materials seemed unlikely to be 

successful until a workable theory for homogenous ones 

had been developed, so this aspect of the problem was not 

considered during the remainder of the work described in 

this thesis. 
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PART B 
INTRODUCTION 

The second part of this thesis which now follows 

describes work that was designed to supply a basic theory 

of operation for the device, justified where necessary by 

further testwork, and capable of simulating the results 

obtained during the first stage of the work. This objective 

was of paramount importance in determining both the style 

of analysis and the degree of refinement required. 

simplifying assumptions were introduced wherever possible: 

indeed, at many stages the analysis could not have proceeded 

without them. For example, all the theoretical analysis 

and experimental work that is subsequently included is 

devoted to spherical particles, since irregular particles 

make the analysis too difficult and they can in any case 

be related to an equivalent sphere in terms of any particular 

aspect of their behaviour. 

The behaviour of particulate suspensions in passing 

through enclosed helical channels at high flowrates is 

extremely complex, not the least of the difficulties being 

that the behaviour of pure fluids under these conditions 

has still not been adequately established. The factors 

that can play a significant part in determining the 

suspension behaviour may be divided into three groups: 

(e) Fluid properties: density, viscosity, axial 

and radial flow velocity distributions, 

vorticity. 

(b) Particle properties: density, shape, size and 

size distribution, surface charge, solubility. 

(c) Suspension properties: volume flowrate, solid/ 

fluid ratio, temperature, gravity. 
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It was established previously (Section A.4.1.4) 

that temperEture changes did not exert a significant effect 

on the performance of the sizer. The effect of gravity 

has not been examined quantitatively, since the treatment 

adopted considers only the overall or average effect over 

the full depth of the channel. The analysis which follows 

takes the remaining factors into account as they arise. 

It deals with the problem in three stages: first, the 

likely behaviour of a pure fluid within a helical channel, 

second, the behaviour of spherical particles in ideal or 

unbounded radial force fields and, finally, what happens 

when a suspensior of particles moves through an enclosed 

helical channel. 

The simplified theory developed in the last part 

of the analysis is then applied to the results of further 

testwork, conducted on an improved version of the equipment 

using .glass,spheres. 
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2.0 FLUID BEHAVIOUR  

The behaviour of the fluid component of the suspen-

sion is important in the present application only insofar 

as it affects the behaviour of the solid particles. There-

fore the analysis which follows is restricted to certain 

topics. 

2.1 Fluid Flow Model 

The flow behaviour in curved channels is characterised 

by a non-dimensional parameter5 (0) which is related to 

the Reynolds rumber. In terms of the symbols used in this 

analysis 

0 F  4LVP  
L n  

.  
C  m - r1 	2 

Lr + r. 

. 	2 ... 0= R r  r 	
r 

M- 1  1 F L 	J 
r -Fr. 
M 1 

000 	00• ... 	(2.1) 

The fluid flow is laminar at low values of 0, and 

considerable theoretical and practical work has been 

carried out on fluid behaviour under these conditions. 

At values of 0 in excess of 2000 the flow is turbulent and 

the theory becomes so difficult that little effective 

progress has been made. 

Under the conditions em,,Jloyed in the on-stream sizer, 

the value of 0 for the fluid (water) is a little over 

15,000, placina the conditions well in the region of 

turbulent motion. A short description of the likely 

behaviour is therefore essential. The information available 

is limited, most of what follows being based on papers by 
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Hawthorne5 and Barua
6. 

On passing from a straight pipe into a bend, a 

mass of fluid flowing under turbulent conditions has a 

secondary flow induced within it which acts at right angles 

to the main or 'axial' flow. It seems probable that this 

secondary flow is initially oscillatory in nature, but 

as the fluid moves through the bend the oscillations are 

progressively damped. If the bend is long enough, the 

oscillations are completely damped out and a state of 

'fully developed curved flow' is reached in which a steady 

axial velocity distribution exists. 

The state of 'fully developed cursed flow' has been 

represented
6 
at high values of 0 by an approximate flow 

model of the type shown in Figure (B.2.1.). It consists of 

a central core of fluid, in which the secondary flow is 

considered to act entirely in the plane of the bend, surround-

ed by a boundary layer in which the secondary flow from the 

core is returned around the walls of the pipe. Viscous 

effects are considered to be effective in the boundary 

layer only. The type of axial velocity distribution 

corresponding to this secondary flow is shown in the lower 

section of Figure (B.2.1). 

Finally, on leaving the bend the axial velocity distri-

bution again changes in an 'outlet transition region', which 

may extend downstream for a distance equivalent to 50 pipe 

diameters or more. 

There are two aspects of the fluid behaviour 

outlined above which are of great importance in determining 

the motion of any suspended particles. These are the axial 

velocity distribution of the fluid (or suspension) and the 

magnitude of the secondary fluid flow. 
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2.2 Axial Velocity  Distribution  

The type of axial velocity distribution occurring 

across the midsection of a straight pipe of circular cross-

section for a pure fluid at high Reynolds Numbers is illust-

rated in Figure (B.2.2). 

61-es..e.eiption. Where it has been necessary to circulate 	 4441,  

such a distribution for purposes of calculation, past 

workers7'8  have used either a series of straight line 

sections of varying slope or a suitable polynominal equation. 

A straight line approximation has been used in the present 

analysis where required. (Section B.5.3.1). 

The axial velocity distribution occurring at the inlet 

to a bent pipe undergoes a progressive change until a new 

steady distribution is achieved under conditions,of fully 

developed curved flow. (Figure B.2.3, curves 2,3,4). This 

change in the axial velocity profile is caused by the genera-

tion of a secondary fluid flow, which will now be discussed 

in more detail. 

2.3 Secondary Fluid Flow 

There are two types of secondary fluid flow which 

must be taken into account. The first kind is recircula-

tory in nature, arising from pressures and forces that are 

caused entirely by fluid behaviour. The second kind of 

flow involves a net transference of fluid from one zone of 

the channel to another and is caused by displacement as 

solid particles move through the fluid. This displacement 

flow is considered later in section 3.1.2 (c). 

The redirculatory secondary flow results from frictional 

effects at the walls of the channel, which cause a reduction 



C. 

V 	0.6 
V 

0.1+ 

— 71 - 

1.2 

1.0 

0.2 

0 	1.0 
2r 
d 

FIGURE• B.2.2:  Axial velocity distribution at 
mid—section of a straight pipe  

(Turbulent flow)  

TIGUP.E P.2.!,: Displace-lent of the  

nrofiLt,   in  ) bent  

,- 

% \ 

. 	. 
\ \/ 

1.2 

1.0 

Bend radius 

V 

1. Inlet profile. 

Changes in 
profile throut 
bend. 

4. Fully developed 
curved flow. 



-72— 

in the fluid velocity and set up pressure gradients within 

the fluid. This results in a movement of the high velocity 

core of the fluid towards the outer wall of the bend, while 

the low velocity fluid near the walls moves towards the 

inner wall of the bend. 

For a given fluid and channel shape, the magnitude of 

the secondary flow is governed by four main factors; two 

of which relate to the fluid conditions and two to the 

geometry of the system. These are as follows:- 

(a) The Reynolds Numbers of the fluid = RF 

(b) The axial velocity distribution at the inlet 

to the bend; 

(c) The Curvature Ratio . Mean radius of pipe curvature  
Width (diameter) of pipe 

i(rm  + ri) 	r •+ r . 

r
m 

- r. 
m a 

(d) The Aspect ratio for the given shape of pipe 

Pipe dimension perpendicular to plane of bend 
Pipe dimension in plane of bend 

The Reynolds Number for the fluid is incorporated 

in the parameter 0 (equation 2.1) which determines whether 

the fluid flow is laminar or turbulent. 

The influence of the inlet axial velocity profile on 

the secondary flow is likely to be complex, but under the 

constant conditions employed within the on-stream sizer it 

should not vary significantly. Tn any case it seems reason-

able to suppose that with larEe bend deflections the fully 

developed curved flow which ultimately results will be 

substantially independent of any moderate changes in the 

inlet velocity distribution. 
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Reducing the curvature ratio tends to increase the 

secondary flow, since the pressure gradients become larger. 

However, if the axial flow velocity is high enough, separa-

tion of the boundary layer probably occurs at the inner 

wall of the bend and a diminished or even reversed secondary 

flow may result. This effect has only been observed at 

large aspect ratios9, however, and since the aspect ratio 

of the present device is very small it is difficult to say 

whether or not separation of the boundary layer is likely 

to occur. 

The effect of aspect ratio has only been considered 

under laminar conditions10, where it appears that very 

large or very small aspect ratios cause a substantial 

reduction in the secondary flow. 

2.4 Behaviour Within the Sizer Helix 

In the case of the present device, the Reynolds 

Number is high, the axial velocity distribution is unknown 

and both the curvature ratio and the aspect ratio are very 

small. The magnitude of the secondary flow occurring under 

these conditions is difficult to assess. On the whole, it 

seems likely to be small and may be oscillatory over the 

greater part of the bend. The possibility of boundary 

layer separation at the inner wall cannot be excluded. 

In view of the complex nature of the flow behaviour 

and the theoretical difficulties that arise when considering 

the behaviour of a pure.fluid, it is obvious that, when 

the additional complication of quite high concentrations of 

suspended particles is introduced, the problems become 

formidable. 
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2.5 Summary and Conclusions  

No attempt has been made in the present work to 

resolve these difficulties. There were two reasons for 

this. First, it would have involved a separate research 

programme much of which would have been devoted to pure 

hydrodynamics. Second, as described in Part A of this 

thesis, the experimental measurements available were 

restricted for practical reasons to the outlet from the 

helix, and changes occurring at different positions through 

the helix could at best only be observed visually. 

The exact nature of the axial velocity profile of 

the suspension at the inlet to the helix and the progressive 

changes in this profile caused by secondary flow were 

unknown. The behaviour of the suspension was therefore 

analysed in terms of its average motion over the full depth 

of the channel.. Mean velocity profiles were assumed by 

analogy with the expected behaviour of pure fluids under 

similar conditions. 

In the next section, which deals with the behaviour 

of suspensions in unbounded radial force field's, a number 

of simple axial velocity distributions are assumed merely 

for illustrative purposes. 
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3. BEHAVIOUR OF SUSPENSIONS IN UNBOUNDED RADIAL FORCE FIELDS. 

3.1 Forces operating on a Single Particle. 

3.1.1. Accelerative Force  

Consider a spherical particle of diameter D, situated 

at a radius r within a body of fluid that is moving in a 

circular path with a steady velocity V. (Figure B.3.l.a) 

The centrifugal force acting on the particle creates a. 

relative velocity U between the particle and the fluid, and 

if there are no shearing effects within the fluid the 

relative velocity will be in a radial direction. In most 

cases there will be a velocity gradient within the fluid, 

however, and this gradient acts on the particle causing it 

to rotate about an axis perpendicular to the direction of 

the velocity gradient. As the particle moves relative to 

the fluid in the radial direction, the superimposed rotation 

creates a lift force known as the Magnus Effect20 which 

acts perpendicular to the plane in which the direction of 

motion and the rotational axis lie. The effect is illustrated 

(Figure B.3.1.b) for a fluid velocity gradient in the radial 

direction. 

The particle velocity relative to the fluid is there-

fore in a direction making an angle 9 with the radius of 

motion, and the tangential (uT) and radial (U) velocity 

components are 

	

uT 	u Sin@ 	0 0 0 	• 0 • 	• • • 
	(3.1)a 

	

U 	= 	u Cos@ 	• e • 	• • • 	• • 
	(3.1)b 

The magnitude of (;) will depend on the fluid velocity gradient 

[ 11-  dr 3 • 

The accelerative force acting on the particle to 
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produce the velocity u relative to the fluid is therefore 

nD3cr.V-uT)
2 

FA - 	r 000 	4100 (3.2) 

or if uT is substituted for, from equation (3.1)a 

TO3an  (V-uSin9)2  F
A 	6 ... 	(3.3) 

3.1.2  Retarding Forces 

There are three factors to be considered here: a 

pressure gradient force analagous to the displacement 

force encountered by particles.fallinp: under grf.,vity in 

a fluid, a drag force which depends on a number of factors, 

and certain interference effects caused by neighbouring 

particles. 

(F p) 

It is first necessary to derive an expression for 

the pressure gradient within the fluid. Consider a cylinder 

of fluid disposed between radii of motion r and r+ or, the 

fluid velocities at these radii being V and V+ Orespect-

ively (Figure 17.3.2.) If the area of the °lids of the 

cylinder is a and the pressures corresponding to radii r, 

r+ br are p and p+ bp, then the mean centrifugal acceleration 

is 
(V + i-bV)2  
r + ice) r 

Mean centrifugal force on cylinder =pabr(V+4-bV)2  
r+01- 

Pressure force acting on cylinder = abp 

For equilibrium 0-61)  = AilLS41§1122  
r+-ybr 

(a) Pressure Gradient Force 
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Rearranging and taking the limits as br --> 0 gives 

El _ 
dr - 

The tangential velocity of the particle and fluid (V) 

will vary with the radius r in a manner presently 

indeterminate. It may be shown, however, that the final 

expression for the displacement force, to a close approxi-

mation, is independent of the type of tangential velocity 

distribution. 

By way of illustration, two types of tangential 

velocity distribution will be considered: an ideal 'free 

vortex' distribution (V = 
A ) and a constant tangential 

velocity. Consider a spherical particle of diameter D, 

travelling at a radius of motion r within the fluid. Let 

the local rectangular axes be y, z with origin at,the 

centre of the sphere. Now consider a small element on the 

surface of the sphere (Figure B.3.3.) 

In terms of the given set of co-ordinates, we have 

y
2 

+ z
2 
.(

D)
2 

 

or 	z
2 

= (
D
—)
2 
 - y

2 

. . -dz = X dy 

We have dA = -2nzdz = 2ny.dy 

The component of pressure force in the y direction, 

acting on the elemental surface area, is given by the 

product of the pressure at radius (r+y) and the projected 

area of the element in the y direction (dA). 

The net component pressure force relative to the 

central plane of the sphere is given by the product of the 

pressure difference Ap between r and (r+y) and the 

• • 0 	• 0 0 	• 0 • 
	(3.4) 
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projected area dA. 

i.e. dF
p 

= Ap.dA 

Ap may be calculated for a free vortex tangential 

velocity distribution using equation (3.2) 

integrating: 

Lip = T 2 	x: 
/3A 

r r  

pA2  . y(2r+y)  Ap 
2 r

2(r+y)2 
• • 0 ... 	(3.5) 

The net component pressure force dF
P 
 = Ap.dA 

f 2 
. 	dF = 2ny.12L- Y(2r+y) 

	ApA
2  . y

2(2r+y)  
• . 	 dy - 	dy 0641 

P 	2 ' 2, 	N2 
r kr+y) 	r2 	(r+y)2 

(3.6) 

Hence the total force on the sphere due to the pressure gradient 
D 

-F- 
2 

itpk
2 	

y
2(2r+y)  dy 

r2 	(r+y)2 

2 

• 
• • = NoA2  11E2 	

in(  2r+D )1  

kr
2-D2 	

2r-D • • • • • • 	• • • (3.7) 

Let the ratio of particle diameter to radius of motion 

(-) = q 

• F 	 A 2 _La r 	

2 
	In 
 

( -1- Tw L 
L q 1-q • • • 	• • • ... 	(3.8) 

The expressions in (3.8) containing q may be expanded 

as a series: 

3 
Fp  = ITA

2 
 . L 1 + la

2 
+ 112 

 + 
10  

(r+2)  r 

2
r+1 r+31  q 

(3.9) 
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3c1
2  

10 
Since 	< 10 - for cal cases of interest in the 

present analysis, the force F is given with sufficient 

accuracy by 

3  
F = 	2 gi  = 	ItD3 ..,oA

2 

6 11.3 
Since A = V, then 

r 
F - AD 3 p . V2 
P 6 	r 	

—.0 	... 	• . • 	. • a 

A similar analysis for V ,--- constant = V gives 

0 • • ... 	(3.10) 

... 	(3.11) 

F 	= 	
NoV r2  (+-q

2 
 )r  4q  

P 	4 	L4_er - 1n( 141. ) ] 	(3.12) 

Hence 

3 	2 	4 
Fp  = 	z2 2 	r 1+2_ LI_ v r 	+ ...] 	(3.13) 

L 	20 + 1120 

which, for the present conditions, may again be taken as 
2 

TED3.41. V 
6 	• • • 	• • 	• • • 	• 0 0 	 (3014) p 

As a rough guide to the magnitude of the error involved, 

for a particle of 1 mm. diameter moving at a radius of 

lcm. the pressure gradient force is about 0.32:1_rFer 

than the 'displacement' calculation indicates. 

For present purposes, the pressure gradient force 

can therefore be represented with sufficient accuracy by 

a force equal in magnitude but opposite in sense to the 

centrifugal force generated by the tangential velocity 

acting at the centre of the mass of fluid displaced by 

the particle. 

(b) Drag Force 

It is assumed in this section of the analysis that 

the flow behaviour of the pure fluid (which is travelling 
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along a circular path with velocity V) does not interfere 

with the motion of the particles relative to tht, fluid, 

i.e. the particles may be considered to encounter ideal 

forms of fluid drag. This assumption is questionable 

and it is considered at greter length in the later 

sections dealing with the behaviour in enclosed channels. 

The fluid drag force opposing relative motion 

between the particle and fluid is a function of the 

velocity . It has only been explicitly defined under 

physical conditions corresponding to low (< 3) and high 

(> 	160) Reynolds Numbers (R p), the so called 'laminar' 

and Tturbulent' regimes. 	t Reynolds numbers between 3 and 
160, the 'transitional' regime, the magnitude of the drLz 

force cannot be given explicitly. J number of techniques 

have been developed for calculating the drag force in this 
11, 12,21  region mostly based on dimensional analysis. 

However, these aro only capable of providing the terminal 

velocity of the particle. 

The banIrcexpresgion for the drag force (G) is 
2 0 

11
2 

G = Co2pu2 —it  D--- = 	,PoU• 	 • o e 	... 	(3.15) 

8 

in which the drEg coefficient takes values which vary 

with the Reynolds number. 

Equation (3.15) is strictly valid only when the 

relative velocity between particle and fluid (u) is 

constant. Where it is varying with time, the drag force 

should be described18 by an equation of the form 

t 

G = 

	

f  du 	dY  
(3.15a) 

3p +  2 7cD 	irDp Cu_2  
12 	d t 	8 	

+ 	(nn )1D3  

	

dY (t-Y) 	...  
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in which the first term represents the 'added mass' effect, 

the second term gives the 'study state' drag, and the third 

term is a function of the previous history of the particle. 

The full equation for the drag force has not been 

used in the subsequent analysis. There are two reasons 

for this: first, its introduction leads to equations 

that are not amenable to analytic treatment, and second 

the precision of the remainder of the analysis is not 

high enough to warrent such detailed treatment of one 

particular aspect. For illustrative purposes, therefore, 

the equilibrium drag force given in equation (3.15) has 

been assumed to hold under conditions of changing velocity. 

2 Laminar regime: R1) 	
tip 	4 < 3. C . T— 

2 2 	2 2 2 n8 /014 	= 	ioU bee 9 
20 	20 

p 

Substituting t''is value in (3.15) gives the laminar drag 

force as 

3nDnu = 3nDnUSec Q 

and to obtain the radial component of the drag force this 

must be multiplied by Cos e, giving 
GL = 3nD nU 	Ooo 	woo 	000 	ono 	000 	(3.16) 

Turbulent regime: R > 160, C = 0.4 

Substituting this value in (3.15) gives for the 

turbulent drag force: 

and for the radial component 

nD21oU2SecQ 
20 • O• ••• 	Inee (3.17) 

The value of Sec Q depends on the relative magnitudes 
V of uT  and U and hence oh the fluid velocity gradient 
d  -- . 
dr 

It will only equal unity when V is the same at all radii 

of motion. 
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(c) Interference Effects from Neighbouring particles. 

The presence of other particles in the suspension 

affects the motion of an individual particle in two ways. 

First, since all the particles are suspended in the fluid, 

the inertial effect at any point within the suspension 

must increase in proportion to the increased mass of material 

present per unit volume. iecond, neighbouring particles will 

influence and alter the fluid flow behaviour, so that a 

particle moving in the presence of other particles will 

exhibit different behaviour from one in isolation. 

The inertial effect is readily compensated by 

replacing the fluid density (p) in equations (3.11) and 

(3.14) by the suspension density (P). The effect of 

neighbouring particles on the fluid flow behaviour has 

been investigated by a number of workers  

the results being quoted in convenient summary form by 

Orr16  . The actual velocity (u) of a particle relative to 

the fluid in which it and neighbouring particles are 

suspended can be related to the velocity (u0 which that 

particle would attain in the absence of any other particles 

by the equation 

u
T
(1-C

V
)Q  = 

Fa- - P 1Q, u 
T a- 

_1_ 
 0 D • (3.18) 

where CV  is the volume concentration of particles in the 

suspension and Q an exponent which varies with the 

Reynolds number for the particle. 

TLELE B.3.1  
(see over page ) 
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Variation of Q with Reynolds Number (R p) 

R 
p 

10
-2 4.6 

10-a  4.5 
1 4.2 

10 3.6 
10
2 3.1 

io3 2.5 
104 2.3 
lo5 2.3 
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This correction factor has been rounded off in 

the illustrations of laminar and turbulent motion which 

follow, the value of Q being taken as 5 for laminar condi-
tions and 2 for turbulent conditions. Lt volume concentra-

tions of 0.15 or less the errors introduced are not 

appreciable. 

When using equation 3.18 to.correct particle velocites 

falling in the transitional regime, however, the Reynolds 

Number (R p) must be calculated and the appropriate value 

of Q employed. 

3.2 	Radial Motion of a tingle Particle. 

The motion of an individual particle may now be 

determined by equating the net force to the product of 
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the particle mass and the resultant acceleration 

Net force = F, - Fp  - G 
3 	2 

Mass x acceleration = ncrx 

Equating these and rearranging gives 

d2r 	6G 	(0-- P ) (V- usinA)2  

7177 	3
a-= 	

• . • 	(3.19) 
nD 

Equation (3.19) is unsatisfactory in its present 

form, since the drag force G is unspecified. This is 

because there is, as yet, no means of determining the type 

of drag force that is operative for a given set of conditions. 

The limits within which the drqg forces given in 

equations (3.16) and (3.17) are operative may be estimated 

for the actual sizing conditions described in Part by 

calcul:- ting the sizes of particles that just fall within 

the limiting Reynolds Numbers at terminal velocity. It is 

necessary to assume a special type of fluid velocity distri-

bution for this purpose. 

3.2.1 Laminar Conditions  

Ignoring for the moment interference effects produced 

by other particles, combining equations (3.16) and (3.18) 

yields 

d2r 	18n . dr _ (cr - P) (V-1,1Sing)2  
dt2 4. D2 	dt 	a- 

dr Writing U for Tt- , this becomes 
dU 	18u U 	c-- P (V-uSing) 
dt Dr' 	a- 

2 
• • • 0 • • ... (3.20) 

In order to obtain an estimate of the limiting 

particle size for which laminar motion can occur, two 

simplifyihg assumptions are made. First, A is put equal 
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to zero, (implying that there is no relative tangential 

motion between particle and fluid) so that u Sing disappears. 

This is necessary because u Sin Q (=t1T) is a complicated 
dV 

function of the fluid velocity gradient 17, the particle 

size and a number of other factors. Second, it is assumed 

that a terminal velocity 
(UTER) is  dU 

dt = 0. This assumption places a constriction on V, since 

.6. (V-uSing)2 V2 

r 	
= 	constant (B, say) 

V= Br' 	••. 	• .• 	••• 	••• 	(3.21) 

dV 
But the first assumption of = 0 implied — = 0, dr 

or V = constant, se the two assumptions are mutually contra- 

dictory and it would appear that there is no set of conditions 

under which a true terminal velocity can be attained by a 

particle. 

However, the apparent terminal velocity obtained by 

puttingdt = 0,  Q = 0 and V = constant may be used to 

estimate the limiting particle size: 

(0--P)D2V2 U 	_ 	 ... 	(3.22) TER 	18nr 

The condition defining the limiting particle size for 

laminar motion (DLIIV.)  is 

U D P TIM LIM 	= 3 
n 

and combining this with (3.22) and rearranging 

reached at which 

dt = 0, 	U = constant 

54n 2  r  11/3  
- - L DLIM 	, 	J 

p(al-P)V
2 
 

• • • • • • 	• • • ... (3.23) 

water 

For glass spheres of density 2.44, suspended in 
-2 

( n = 10 
	
poise) at a volume concentration of 0.10, 
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and travelling at a tangential velocity of 200cm/sec at 

a radius of 1.0cm: 

DLIM = 45µ 

If the other conditions are kept constant and the 

radius of motion is increased to 2.5cm., the limiting 

size becomes 61µ. 

Equation (3.22) gives the apparent terminal velocity 

of the particle but provides no indication of how rapidly 

this velocity is reached. This must be found by solving 

equations (3.19) or (3.20). Unfortunately, the form of 

these equations is such that an explicit solution is 

unobtainable. Also, V is some unknown function of r. 
An indication of the type of behaviour to be expected may 

be obtained by assuming (from equation 3.21) that 

V = Br2  and that Q = 0. 

When these values are substituted in (3.20), the 

accelerative force at all radii of motion becomes the same 

and hence 

dU 18 , 
7 	= 
D cr 

0 • 0 0 • • ... 	(3.24) 

Equation (3.24) may be solved ex licitly to give 
t 

U = (a--P)D2B2 D2fT ( 	- e 	) 18n 

Integrating again to find the distance travelled: 

- 18/1.t 
(a-P)D2B2 D2 a- r = ro 	18n 	[t 1717(1 	e 	)) 

• 0 • 
	 0 0 0 (3.25) 

(3.26) 

The velocities and distances given by equations (3.25) 

and (3.26) have been calculated for a 451i glass sphere 

under the same conditions used for the earlier limiting 

size', example. The approach to the apparent terminal 
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velocity is exceedingly rapid, as 99;: of terminal velocity 
is reached within a distance of about one particle diameter 

when acceler,7ting from rest. (Figures B.3.4, B.3.5). 

In view of this, it is not unreasonable to assume 

that the radial motion of particles under laminar conditions 

is adequately described by their terminal velocities, 

which are considered to be achieved instantaneously from 

rest. 

An indication of the error introduced by this 

assumption has been given by plotting on Figure B.3.5 

both the actual distances moved and the distances moved 

assuming instantaneous terminal velocity. The latter 

results are gr3ater than the true distances by about 

12 microns. This result may also be calculated from 

equations (3.25) and(3.26). If E(r) is the difference 

between the distances calculated by the two methods, then 

-18n .t 
(or- -  P)D2B2 

E(r) - 	-118-n 	
D2or 1-771) ( 	- e 	(7.  ) 

••• 

- t ] 

... (3.27) 

This reduces when t is large to the simple result 

E(r) = 	P)DB2 	
*Os ... 0.0.0 (3.28) 

324 n" 

The calculated value corresponding to the 

conditions used is therefore E(r) = 12.05µ. 

With the type of tangential velocity distribution 

assumed in equation (3.23) the accelerative force is the 

same at all radii of motion. The particle motion has been 

calculated for a slightly more realistic case where V is 

constant and the accelerative force therefore varies with 

the radius of motion. The resulting variation in apparent 
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FIGURE P.3.4: Laminar motion of a 45u 	sphere  
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2.0 
	2.5 

Time t (sec. x 10 3) 

FIGURE B.3.5: Laminar motion of a 45u 71ass sphere  
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terminal velocity with radius of motion is shown in 

Figure B.3.6. 

If the apparent terminal velocity is used it is 

possible to apply a correction for the interference 

effects caused by the presence of other particles. This 

merely involves multiplying the terminal velocity by the 

factor (1-C
V  )Q. Equction (3.22) may then be corrected 

as follows, taking q as approximately equal to 5: 

P -1 
CV=  o- -1 	. • (1-CV  )5  

(cr - p)6D2B2 U 	= 
(o--

TLlc 	— 1 ) 5  18n 
• 0 0 • • 0 	• 0 GP 

	(3.22)a 

The amended value of 	calculated from equation 

(3.22)a has also been shown on Figure (B.3.6). 

3.2.2 Turbulent Conditions  

Combining equations (3.17) and(3.18) gives 

d2r 	3PSecA . (dr )2 . (a- - P)  (V-Sing)2  
dt2 10Do- 	dt 	o- 

, 
Writing U for dt   and assuming Q = 0 

• 0 • (3.29) 

dU 	3P u2 	(0-- p) v2 
dt 10Dcr' 	r • 0 0 • 0 • 	• 0 0 (3.30) 

The apparent terminal velocity 	= 0) is given by 

UTER  
[ 

3 
_ 	(o-- 2,11)  V _2 -11  7 10

a- r  0 0 • • 0 	0 0 0 (3.31) 

To estimate the smallest particle size for which 

turbulent motion can take place, the condition R = 160 

can be combined with equntion (3.31), yielding 
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FIGURE B.3. h: Laminar motion of a 45u Rlass sphere 
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7680 n2r 11/3 
DLIC 	Lp(0--- p) V2  —I 	 (3.32) 

For glass spheres of density 2.44 suspended in 

water at a volume concentration of 0.10 and travelling at 

tangential velocity of 200 cm,/sec.nt a radius of lcm. 

DLII4 = 235  

If the other conditions are kept constant and the 

radius of motion is increased to 2.5cm., the limiting size 

increases to 319[1. 

iquntion 3.31 can be adapted to give the apparent 

terminal velocity of a particle under turbulent conditions 

for an ;'ccelerative force that is constant at all radii of 

motion. The rapidity with which this apparent terminal 

velocity is achieved may be calculated by solving equation 
I 

3.30 for the same conditions (Q = 0, V = Brd) 

dU+ 	
• 

3P u2 (°- P1.712  
dt 	101 a. 	o-- 

dU _ dU, dr 	udU 
dt - dr • 	dr 

Substituting this value and multiplying by 2 gives 

,„ dU 	6P  + 	U2 - 2(0-- P)B2  dr 10D0- 	a— 

This equation may be converted to a form capable 

of direct solution by a chanE,e of v-riable: 

Let U2 	T 

dT 6p 	2 ( or- P 
• • dr 10Dr.T = 2B 	a- 

0 0 0 	• 0 • ... 	(3.33) 

Solving .3.33 and applying the condition U = 0at r = r0 
 

r 10 (Cr  P)DB2 (1 — e
— 6P(r 	r

°
) 

1/2  
10Docr 	)i L 3 	p 

But 

... 	(3.34) 



- 95 - 

To find the distance travelled before reaching 99°' 
of terminal velocity; 

- 6p (r-r0) 
e
101)0- 	, 1/2 [1 	= 0.99 oaa 	• • • 	(3535) 

For glass spheres of density 2.44 suspended in 

water at a volume concentration of 0.10, this can be 

rearranged to give 

r - r0f   ---b  ) = 13.9 	000 000 (3.36) 

so that a particle must travel a distance equivalent to 

14 diameters before reaching 9T of the terminal velocity. 

The errors introduced by assuming that a particle achieves 

an instantaneous terminal velocity from rest are therefore 

much Inrg:er  than those incurred in the case of laminar 

motion. 

The results obtained above for a special type of 

axial velocity distribution have been checked for a 

slightly more realistic case where V is constant 

and the accelerative form therefore varies from one radius 

of motion to another. In this case 9 is genuinely equal 

to zero. i.e. 

au 3P - P V2 
0 - ( 

a- 	
) 

dt + 10Elcr' 	or 	r 
2 _ 

I-uttinE, b = T as before, this reduces to 

dT 	6P 	2V2 ,n-- P 
dr + 10

,  — k --
D 
 T - oe 	r 	cr ) 

 
0 0 0 • 0 0 	0 0 0 

	(3.37) 

_question (3.37) cannot be solved explicibly, but 

certain numerical solutions have been obtained by a method 

involving finite differences (Appendix 1.) 

The velocity as a function of radial distance and 

the velocity and radial distance as a function of time 
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were determined for the limiting particle size conditions 

(D.235µ, 0-.2.44, Cv=0.10, V.200cm/sec, r0=1.0cm.). 

The results are shown in Figures B.3.7, 2.3.8. 

The absence of E true terminal velocity is readily 

apparent, since the actual velocity is continuously changing. 
dt 

The apparent terminal velocity ofit,-ined by putting 77  . 0 

in equation 3.30 has been included for purposes of comparison 

and it can be seen that it represents a close approximation 

to the actual velocity once the initial period of accelera-

tion over. 

If the apparent terminal velocity is taken as the 

basis for predicting particle behaviour and is assumed to 

be achieved instantaneously from rest, the minimal positional 

error incurred during the time the particle actually took to 

reach this velocity would be nearly one millimetre for a 

235µ particle. For particles larger than this the error 

would be correspondingly larger. 

The behaviour of particles starting at other radii 

is shown in Figure (B.3.9) for the tangential velocity 

V = constant = 200cm/sec. 

It is apparent that particles starting from 

different radii all accelerate at about the same rate, and 

all ultimately exhibit the same variation in velocity with 

radial distance. 

The velocities shown in Figures 3.3.7 - B.3.9 may 
be corrected for the presence of other particles by multi-

plying by the factor (1 - Cv  )2, which in this instance is 

equal to 0.31. 

3.3 Tangential Motion of A 3ingle Particle 

If it is assumed that there is no relative motion 
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FIGURE P.3.7:-  Turbulent motion of a 235u Klass sphere  
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FIGURE B.3.9: Turbulent motion of 235u glass snheres 

starting from different positions. 



But da dr da 
dt - IT • ar 
da V 
'dr 	7 (;..) 

da 
dr = U. 

• 0 0 0 0 0 	0 0 0 (3.36) 

(o-  - P)6D2 
18n (6r-1)5  ; 
1 

a = KLV 
( 
kr-r ) 

U = 
K
T
V2 

r KL - da _ 1 
dt KLV 

... 	(3.37) • • 0 	0 0 0 
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between the particle and fluid in the tangential direction, 

the tanbential velocity of the particle is equal to the 

fluid tangential velocity (V). This is most conveniently 
expressed in terms of the angular velocity 

da_ V 
1dt 	r 0 0 0 	0 0 0 	0 	 0 0 0 (3.35) 

Since both V and U are functions of the radius of 

motion (r), if the form of these functions is known, 
equation (3.36) may be integrated to find a. 

For example, if V is assummed constant at all radii 

of motion and U is taken as the apparent terminal velocity: 

3.3.1 Laminar Flow Conditions  

3.3.2 Turbulent Flow Conditions  

KTV U = 10 a--  
= [ 	34  cr 

P 
 )D 

da 	1 - dt - T 

a = 	) 	• • 0 	• 0 0 	... 	(3.38) 
t 

3.4 	Particle Tracks through  Radial Force Fields 

The tracks of single particles through unbounded 

radial force fields may now be calculated for conditions 

where the drgg forces ore determinate. This is mast 



- 	[ ( 1 +
V2KLt)- 1 ] 

r, 

a  - VKL  2 
r0  

0 0 0 
	0 0 0 	... 	(3.41) 
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conveniently done in terms of the polar co-ordinates (r,a). 

3.4.1 Laminar Flow Conditions  

The tracks have been calculated for 45p, glass 

s-eheres starting at different initial radii. The conditions 

assumed are as for the calculation of the limiting size 

itself: i.e. c- = 2.44, C = 0.10, V = constant = 200cm/sec, 

n = 10-2  poise. 

mince dr 	V2 	( P)D
2  

= K 	— where K 
dt L r 

18n (cr-1)5 

r 	 1 
= [1-.02 + 2KLV2 t

]- 4 

and 
da 1 = 
dr K_V 

0 0 	• 0 0 (3.39) 

CI = 
(r-r0) 	

0 0 • 	0 0 0 	0 0 0 	... 	(3.40) 
I V 

The various values of (r,a) obtained from equation 

(3.40) have been plotted in Figure (B.3.10) Also masked 

are the relative positions of particles at a given time t. 

The equation governing these positions is: 

3.4.2 Turbul,:nt Flow Conditions  

The tracks have been calculated for the limiting 

size (2350 st„,rting from various initial radii. The 

conditions assumed are again the same as those used for 

the calculation of the limiting size i.e. o- = 2.440, 

p = 1.144, V = constant = 200cm/sec, n = 10-2 poise. 

t 
dr " , 	10 a- - P ] We have -- AT v where KT = [ 	( 	)D d 

r' 

I 
7 
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FT'JugE B.3.10: Particle tracks under laminar conditions 
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r r
0 	2 
3/2 	3 _ + 	Tvot]

2/3 
0.0 000 ... 	(3.42) 

And da 	1 
dr - KT 

   

 

1 
2(r2  r02) a =  000 	000 ... 	(3.43) 

  

KT 

  

The various values of (r,a) obtained from equation 

(3.43) have been plotted in Figure (3.3.11). Also marked 

are the relative positions cf particles at time t, obtained 

from the following equation: 

2r02 3 K Vt 1/3  
[ 	

2 r03/2 
+ T ) 

1] 000 	( KT 
	 3.44) 

The errors present in the data presented in Figures 

B.3.10, B.3.11 are confined to one source, namely the 

replacement of the true velocity by the apparent terminal 

velocity. No error is involved in taking Q = 0 since the 

necessary condition for this is fulfilled (i.e. V = constant) 

3.5 	Concentration Variation resulting from Particle 'notion 

The changes in suspension concentration caused by 

the radial motion of the particles shown in Figures (B.3.7, 

3.3.3) may be calculated from a knowledge of the relative 

positions of particles obtained from equations (3.40) and 

(3.43). 

3.5.1 Concentration Variation for Laminar Particle Motion  

Assuming a continuing supply of particles fed at the 

intervals shown in Figure 3.?, and applying equation (3.36) 

da 	1 
dr - FLV 000 000 	000 000 	 . (7J 45) 
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FIGURE B.,3.11: Particle tracks under turbulent conditions  
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Equation (3.45) indicates that if V is constant ,  
the angular progress of a particle for a given increment 

in radius is independent of the radius of motion of the 

particle. f_ band of particles starting together at the 

inlet to the helix (Figure B.3.10) will therefore all 

move radially at the same rate, and the concentration 

measured along any radius at an angle a to the inlet will 

be unchanged within the band of particles, although the 

band will have moved snore distance radially. This effect 

is illustrated in Figure (B.3.12) for a = 315°. 

3.5.2 Concentration Variation for Turbulent Particle lotion 

Applying equation (3.36) to turbulent flow conditions:- 

1 

0 0 0 	0 0 0 	0 0 0 	• • 0 	 (3.46) 
IiTr 

E;quation (3.46) indicates that the particles starting at 

larger radii of motion will make less angular progress for 

a given increment in radius than those starting at small 

radii of motion. Hence to traverse a given angle a, 

particles starting at successively larger radii will have to 

move through successively larger radial distances. 

Consequently, the concentration measured along the radius 

at 	angle a to the inlet will increase progressively as 

the measuring point is moved outwards within the band of 

particles. The effect is illustrated in Figure (D.3.13) 

for a = 3150 . 

since V does not appear in equation 3.46, the 

behaviour discussed above should be independent of the 

tangential velocity distribution. 

da, 
dr 
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FIGURE B.3.12: Concentration variation for laminar notion 
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FIGURE B.3.13: Concentration variation for turbulent motion 
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3.6 Summary and Conclusions  

Particles in suspensions that are subjected to 

unbounded radial force fields are acted upon by a number 

of forces which cause the particles to move relative to 

the fluid. ;iome of the forces can be calculated with 

reasonable accuracy for all cmditions: examples of this 

type are the acceleration, pressure gradient r.nd inter-

ference effects. Others, such as the fluid drag an.0_ the 

Magnus forces, can only be calculated over a limited range 

of conditions. 

Complete solutions to the equation of motion for 

single particles cannot be obtained explicitly, and would 

be difficult to obtain using numerical techniques even 

supposing that all the required data were available. Even 

when the /agnus forces are neglected, the equation of motion 

can only be solved explicitly for one special axial velocity 

profile that gives a constant accelerative force and hence 

true terminal velocities for the particles. Horeover, the 

terminal drag forces can only be specified at low and high 

Reynold's numbers, corresponding to the laminar and turbu-

lent regimes of motion. Under the conditions of interest 

to the present investigation, laminar drag forces appear to 

be operative at particle sizes smaller than 45FL while full 

turbulent drr-g does not occur until a particle size of 2351.1, 

is reached. These estimates are probably not accurate but 

serve to illustrate the situation. 

In the later sections of this analysis it is 

frequently necesaary to express the p:-.rticle radial velocity 

in terms of a simple explicit function. This has been 

achieved by using the apparent terminal velocity, which is 

obtained by putting d2r
- 
0  in the equation of notion 

dt
2 
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(equation 3.19) and ignoring any relative tangential motion 

between particle and fluid (i.e. neglecting the 1,;:gnus 

effect). It ziust be born in mind that this introduces 

errors into calculations of both the velocity and the 

position of particles, the errors apparently being smaller 

for laminar motion than for turbulent motion. 

It is worth noting that V has so far been assumed 

a function of r only, 

radial direction have 

section, changes in V 

account as well. The 

therefore becomesIy , 

so that velocity gradients in the 
dV 

been denoted by --. In the next 
dr
. 
 

with a (or t) must be taken into 

notation for velocity gradients 

-SV etc. 
r 
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4. BI;ILLVIOUR OF 6USPEN6I01•;S IN ENCLOSED HELICAL 

CH.aNNELS 

4.1 Forces operating on a Single Particle. 

The introduction of boundaries to the simple radial 

force field considered in section 3 results in a number of 

important changes in the behaviour of both the fluid and 

the suspension as a whole. 

Frictional and boundary layer effects arising at 

the channel walls result in a complex and changing axial 

velocity distribution and set up a secondary fluid flow 

as described earlier. Also, the outer wall constitutes a 

barrier to any further radial motion of the suspended 

particles, resulting in an accumulation of particles near 

the wall. Finally, containing the suspension within a 

channel of finite dimensions means that the radial motion 

of the particles must displace an equivalent volume of 

fluid, giving rise to a further secondary fluid flow. 

The particle accumulation ne-Ir the outer wall results 

in certain forces not previously considered, which must 

be examined since they can exert an appreciable influence 

on the particle motion. 

4.1.1. Accelerative Force  

Due to the complexity and changing nature of the 

axial velocity distribution, it is impossible to determine 

the forces acting on a particle at a given instant. (Sections 

B.2.2-4) Also, the equations governing the radial motion 

of particles (3.20, 3.30) cannot be solved explicitly in 

the great majority of cases, even when simple and invarient 

axial velocity distributions are assumed. 
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Consequently, in much of the subsequent analysis it 

has been necessary to make certain simplifying assumptions 

concerning the fluid and particle velocities. In particular, 

the velocity calculated for either fluid or particles at 

any given position (r,a) is in all cases an averae velocity 

taken over the full depth of the channel. Other assumptions 

or limitations are discussed as they arise. 

The Nagnus effect discussed in .Section 3.1.1 was not 

taken into account in the earlier parts of this analysis, 

since its introduction would have resulted in considerably 

more complicated equations and the labour involved in 

solving these for purely illustrative purposes seemed 

unjustified. In the present instance it cannot be included, 

partly due to lack of information concerning fluid behaviour, 

but also because of the formidable difficulties involved 

in attempting to set up any kind of model capable of 

predicting the interactions between appreciable concentra-

tions of particles that are moving radially as well as 

tangentially and a fluid whose axial velocity distribution 

is changing and which may also be exhibiting two different 

types of radial flow. Pot the least of the difficulties is 

the fact that neither the fluid behaviour5  nor the Magnus 

effect
20 have been adequately defined under these conditions. 

The effect of -Coe 1-iagnus or lift force is to docrease 

the retention time of particles in regions where the fluid 

axial velocity increases with the radius of motio and to 

increase the retention time in regions where the axial 

velocity decreases with the radius of motion. The apparent 

radial velocities of the particles in these regions will 

correspondingly be increased and decreased respectively. 

The accelerative force exerted at any position 
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(r,a) within the helix may be expressed as follows 

nD3a- V
2 

(4.1) 
' - 6 	.00 

In order to make 	of equation (4.1) the varia-

tion in V with both r and a must be known or assumed. 

4.1.2 Retarding Forces  

(a) 	Pressure Gradient Force 

The pressure gradient force may be expressed 1-1 

follows: 

F 
nD3P V

2 

6 ' r 0 0 0 • 0 • 	 0 • 0 ... 	(4.2) 

There may also be a contribution to tYe -orescure 

gradient from the particle shearing pressure (see section 

4.1.2.d) though only if the velocity gradient (-- ) is 1r 
small. If the pressure gradient force is to be calculated 

the dependence of V on r and a must again be known. 

(b) 	Drag Force. 

In the case of an unbounded r-Alial force field, it 

was assumed that partidles moving radially could undergo 

ideal forms of fluid drag, irrespective of the type of 

behaviour exhibited by the fluid in its tangential flow. 

This assumption was probably at least partially incorrect, 

since while it is conceivable that a particle could move 

radially under the influence of ideal forms of drag if 

located within a mass of fluid undergoing laminar tangential 

flow, it is difficult to imagine how the particle could 

expePience viscous drag if the surrounding fluid is 

turbulent and exhibiting vorticity. 

Also, from the approximate calculations of the 

limiting particle sizes for which ideal laminar and turbulent 
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drag should occur (made in .3ection D.3) it can be seen that 

the bulk of the particles of interest from a sizing point 

of view fall in the transitional regime of particle-fluid 

motion, where the drag forces cannot be precisely defined 

in any case. 

It can be seen from the foregoing that none of the 

forces responsible for the particle motion that have been 

considered so far can be defined accurately. The conse-

quences of this lac of information are discussed in 

Section 4.2. 

(c) 	Secondary Fluid Flow 

in addition to the 'displacement' secondary fluid 

flow (Section B.3.1.2.c), there may be a recirculatory 

type of secondary flow created by the pressure gradients 

within the channel (3ection D.2.3). In the case of a 

pure fluid, this flow is probably small and oscillatory 

in nature, and is progressively damped out in passage 

through the helix, (Section B.2.4) It is possible that 

the presence of solid particles would modify this behaviour, 

however. If the particles are uniformly distributed through- 

out the full depth of the channel, a recirculctory flow 

of this type should tend to cancel out any effect it may 

have on the motion or concentration of the particles, since 

while one half of the flow augments the radial notion of 

the particles, the other half reduces it by the sane order 

of magnitude. Where the particle radial velocity is large 

in comparison with the secondary fluid flow, the average 

particlo Dclicettratiet'ever the full depth of the channel 

should therefore be little affected. In cases where these 

velocities are of the same order of magnitude, the secondary 
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flow could give rise to some unusual behaviour. Where the 

fluid velocity is much in excess of the particle velocit:', 

effective radial motion of the particles will only become 

possible when the oscillations have been damped out. 

Results quoted by Hawthorne5  suggest that it is unlikely 

that this condition would be reached for a pure fluid 

travelling through the helix under the chosen conditions. 

(a) 	Particle Shearing Forces  

The accumulation of particles near the outer wall 

introduces new forces in addition to those already discussed 

(3ection B.3.1.). The mechanism creating these new forces 

depends on the magnitude of the fluid velocity gradient 

dr 	
44P4.--i-s—t-o—saly upon whether particle inertia or fluid 

viscosity effects predominate. Throughout this section, 

the variation in V with a that is known to occur in pure 

fluids (Section B.2.2) is not taken into account, on the 

grounds that the shearing forces under discussion will 

oppose and minimise the effect. V is therefore considered 

to be a function of r only, and the notation has been 

modified accordingly. Yhile this assumption simplifies 

the analysis, it also introduces a corresponding error into 

the results, 11,ich must be regarded only as approximations 

to the correct solution. The problem was first considered 

by Lagnold
17

, but the present treatment, although based on 

and identical to his in form, leads to slightly different 

relationships. 

Consider two adjacent layers of particles, of diameter 

D, moving at a velocity of 	V relative to each other. 

(Figure B.4.1.) Let the distance between the centres of 

neighbouring particles be L , and between adjacent layers 

pL. 
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I 4451 	ID—  02  

Flow 
direction 

FIGURE B.4.1: Particle shearing forces.  
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2n 

n bV2 
f 	(l+f(X)Sin t)2dt pi, 	0  0•0 
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Let 

defined as 

the 	'linear particle concentration' 	(X) 

follows:- 

be 

D  = 	— = 0 0 0 	0 0 0 0 0 0 00 0 (403) L-D 

The two possible mechanisms whereby particle shearing 

forces may be created will now be considered separately: 

(i) 	Fluid viscosity dominant (--dV  small) dr 

The passage of each IL particle over 	particle is 

considered to invlove a temporary reduction in the shear 

velocity from its mean value t5 during approach, followed 

by an increase during recession. 

suppose that the amplitude of the shear velocity 

fluctuation (3 )bears some ratio f()% ) to the mean shear 

velocity &V. 

Then 	f(N). 6V 	000 	000 	000 	(4.4) 

Supposing further that the fluctuation is approxi-

mately harmonic, then if 4- is the instantaneous shear 

velocity and t represents time,  

	

6V + 3—An t = oV(lif(>,) :in t) 	... 	(4.5) 

Hence the instantaneous shear stress (T) is given by 

T n 	OV(1+f ) 	000 000 (4.6) - 

The work done per unit area of shear plane (U) in 

one complete velocity fluctuation is 

2Th 
f T .& dt 

0 

... 	(4.7) 

The distance moved in one complete velocity fluctua-

tion (6x) is given by 
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2n 
bx = bV f 	(l+f(X) Sin t)dt 	0 0 0 	• 0 0 

	(4.8) 
0 

bx = 271.6V 

Hence the mean shear stress (TE) within the 

suspension is 

.6V 
T = ox 	- 2 

n
7.03 L 	 f (l+f (?)Sin t)2dt 	(4.9) 0  

On integrating, 
- 
T = n. 6Vi31,- 	1+f(X)2 

 

2 

But 6V = (3L. dV   
dr 

I 0 0 0 	• 0 0 ... (4.10) 

• • T 	n[ 1+1()1  
2 

dV 
dr 0 0 • 0 0 0 	• • O (4.11) 

When X, and hence f00 is equal to zero, equation 

(4.11) reduces to the correct pure fluid relationship. 

The result quoted by Bagnold omits the squared power of 

f(\). The reason for this is not clear. 

To obtain the transverse pressure corresponding to 

the mean shear stress, use may be made of the relationship 

between these forces and the anEle of the resultant: 

i.e. 	= tan 	... 000 000 (4.12) 
Pb 

Hence 

Pb 

2 dV 
n [1+f(2)  1717. Cot la 00 	e 0 (4.13) 

Bagnold found for his experiments with spherical 

particles of the same density as the fluid that 

T = (2.4 ) (1+4A )n dV  — dr 

dV 
Pb = 1.33(1+X) (1-44X) n  dr • • 0 	• 0 0 (4.15) 

0 0 o 	• 0 0 	• • • 	• 0 
	 (4.14) 

em.va 
W-i44 Tan 	= 0.75. 
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Thus the presence of particles modifies the viscous 

forces in such a way that a transverse pressure is set up, 

in addition to that already present in the suspension. 

This pressure acts on fluid and particles alike, 

and can therefore be regarded as an addition to the pressure 

gradient considered in Section 4.1.2. 

To determine whether or not the shearing pressure 

makes a significant contribution to the pressure gradient, 

a likely order of magnitude may be calculated for it in 

the regions where the velocity gradient will be greatest, 

i.e. near the walls of the channel. 

From Figure B.2.2 it is apparent that the velocity 

gradient in these regions could be very large, reaching 

perhaps 500 sec-1 in close proximity to the walls. The 

densities recorded in these zones for the particle sizes 

of interest in the present analysis ranged from 1.10 up 

to about 1.4, depending on the feed concentration. 

(E)ee Section 3.5.2) 

The shearing pressure (pb) has been calculated for 

particle sizes of 45[1 and 235k at several concentrations 

for each wall position. The corresponding fluid pressure 

gradient force on the particle (F ) has been calculated and 

converted to a pressure (p) per unit projected area of the 

particle to provide a basis for comparison. The ratio 

(pb/p) is presented below in Table B.4.1 for the following 

assumed conditions 

= 2.44 

V = 200cm/sec. 

' 
= 500 sec

-1 
dr 
V 

D = 4.5x10-3, 23.5x10-3cm. 
P = 1.10 - 1.40 

-2 
n = 10 poise 
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From egn. 4.15: 	Pb = 1-33(1A)(14 
4X) n-ddLrr  

Also p F 	713)
2 	no 	_2 

v 	71D
2 	

2  
P 4 - 	

— — = 
r 	4 3 r 

TIIBLJ!, B.4.1 

RATIO 	OF 	VI000U 	P/1RTICLh 	,malaRII,G 

PR2,SSUR.6 	TO 	FLUID 	PRE0JUI!, 	ID 	WLL 

R.ciLI018 	OF 	CHANNEL 

PULP 
D,NSITY 

P 

VOLULL: 
Cale OF 
,`.SOLIDS 

GV 

LI.,11LR 
P-RTICL ,1, 
CONCI 

\ 

Pb 
( --) 	2T 	"ALL 	IOSITIOn 
P 

D = 4511 D = 23511 

r=1.Ocm r=3.5cm Ir.1.0cm Ir=2.5cm 

1.10 

1.20 

1.3o 
1.40 

0.069 

0.139 

0.208 
0.278 

1.040 

1.797 
2.781 

4.249 

0.156 

0.245 
0.385 

0.650 

0.391 

0.613 
0.960 
1.620 

0.030 

0.047 
0.074  
0.124 

0.075 

0.117 
0.184 
0.311 

Depending on the particle size, the shearing pressure 

developed ranges from 3 to 	of the fluid pressure for 

low concentrations at the inner wall up to > 100 for high 

concentrations at the outer wall. These represent the 

maxima for the inner and outer zones respectively, since the 

shearing effect will progressively diminish as the point 

under consideration moves into the main body of the channel. 

However,in view of the large velocity gradient that 

must occur within the sizer, and which has been used in the 
dV above calculations (-- = 500 sec-1), it is most unlikely dr 



- 120 -.  

that the fluid viscosity determines the shearing behaviour. 

The mechanism outlined in the next section is therefore 

considered to be the only one of interest as far as the 

performance of the sizer is concerned. 

dV 
(ii) Particle Inertia dominant (-- large) 

dr 

Any forces set in operation between adjacent layers of particles 

are considered to be due to interparticle collisions. The 

particles are assumed to be oscillating in all three dimen- 

sions, the oscillations being the result of collisions 

between particles. 

Referring to Figure B.4.1, each particle in layer A 

will suffer a number of glancing collisions, the average 

angle of impact (a) being determined by the collision condi- 

tions. At each collision, the particle experiences a 

change of momentum in the 'r' direction equal to 

2nD 3 or . by. cos a 	00. 
	

000 	 • 0 0 

	 (4.16) 
Due to the random motion of the particles in both 

layers and the existence of more than one possible packing 

configuration, each A particle will only encounter a propor-

tion of the B particles. This proportion will be a function 

of the linear particle concentration. 

Denoting the proportion of effective collisions by 

the frequency of collisions ( 6N) is given by 

6N = f1(X ) bin 

L 
Bagnold assumes in his treatment that the frequency of 

collisions is inversely proportional to the distance (x) 

between the nearest points of adjacent spheres. His reason 

for this is not clear, and since the collisions are 

considered to be caused by the passage of particles in 

adjacent layers over each other, it would seem tht the 

O00 	 000 	 000 	 ( . 1 7 ) 
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frequency of collisions must rather depend on the distance 

(L) between the centres of adjacent particles. 

The force exerted on each A particle (F
B) is equiva- 

lent to the total rate of change of momentum: 

3 
FB _ n3

L
c.6V  2f

1
(X 

- 

	

)Cos a 	... 	... 	... (4.18)  
dV . If 77  is the velocity gradient normal to the line of 

motion, then 

6V = L  dV • • • 	• • • 	• • • 	• • • 	• • • 	(4.19) 'dr 

• • 
. 	itla

2
Cos a.aD3f (X).t 1 	dV 2 

(4.20) FB - 	3 	dr (--) ... 	... 
Substituting for L from equation (4.7): 

n2
2
Cos a.aD

4
f1 	

(--
(X).(1 -00 

Fb = 	3 	 dr 
dV
) 
 2 ... (4.21) 

To make use of the results quoted by Bagnold, equation 

(4.21) must be converted to Five the pressure (p) created 

between layers A and B. This may be obtained by multiplying 

the force on a single particle by the number of particles 

present in a unit area of a layer; 

1 	
r 	

2 
p = FR(  --) = F. 	 

L
2 

D
2
(1 +x2) 

2 
ilf Cos a.aD

2
f
1
(X) dV 2 

P 	 

	

3(1 +X) 	(TT)  - 

For high shear rates and conditions such that particle 

inertia effects were predominant, Bagnold's results indicated 

the following relationship with spheres of density 1.0 

suspended in water (X< 12) 

p = 0.042Cos a.D2A2
(d
2)2 
	

• • • 
	

• • • 	 • • • 

	 (4.23) 

with tan a = 0.32 (average). 	Cos a = 0.95 

Comparing equations (4.22) and (4.23) it is found that 

• • • 	 • • • 

	 (4.22) 

(X) 
0.126(1 +.\),\ f 

1 	- 
np
2 • • • • • • 	 • • • (4.24) 
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substituting this result in equation (4.12) 

,dV 
F = 0.042o-D

4 
(1+/-0

2 	)2 Cosa 

Taking a (average) = 0.35 

FD 	 .dV, = 0.040 crD4 (1+A)
2 
 t) dr

2 
 

0 0 0 	0 0 0 

0 0 0 	• 0 0 

(4.25) 

(4.26) 

To determine whether or not this force is of signifi-

cance in relation to the accelerative and drag forces, it is 

necessary to calculate a likelF or-ler of -,, aprniturl. for B 

The velocity and velocity gradient are assumed to 

have the same values as those employed for the 'viscosity 

dominant'example previously considered. The densities 

recorded in the wall regions for particles of interest in 

the present analysis ranged from 1.0 up to about 1.4, 

depending on the feed concentration. 

Force (F
B
) has been calculated for particle sizes of 

4511 and 23511 at several concentrations for each wall position. 

The net accelerative force (FN  )has been calculated,and the 

ratio (F
B/FIT) is presented overleaf in Table B.4.2 from 

the following assumed conditions:- 

2.44 	D = 454,235i1 

	

V = 200cm/sec 	P = 1.0 - 1.4 

dV 
500sec-1 dr 

	

F. - = FA  - F
P 

= 	

TED 
 (a- - p) 

3 
	

v2 

r 

(1.44 )2 (dV)2 
F = 0.0400- D4  dr 

For the conditions quoted, the ratio FB/FA reduces to 

F 
7- = 0.81rD [ 	(1+ A)5  	]... 
IN  

(14)3  - 0.524X3  

0 • 0 ... 	(4.27) 
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TABU B.4.1 

R2JTIO OF L'Lv-=I.I.L I 	ILTICIL, 01-IL .:ZII'G FORC", TO -CCaLLI:RATIV15 

FORCE I1 	YZ,I,I, IL-clic-0 OF Cl-it,V1,1, 

F
B 

PULP VCIUN„: LINIL,R -- 	;T 1:1,i. PC6ITIONS 
DLIJITY COI C11  OF Pi_RTICL- 

FN 

SOLIDS COiCh  
I) . 	4511 D = 235µ 

P c
v X r=1.0cm r=2.5cm r=1.0cm r=2.5cm 

1.05 0.035 0.68o 0.011 0.027 0.056 0.139 

1.10 0.069 1.040 0.016 0.041 0.085 0.213 

1.15 0.104 1.402 0.023 0.059 0.122 0.306 

1.20 0.139 1.797 0.033 0.083 0.173 0.432 

1.25 0.174 2.248 0.047 0.116 0.243 0.606 

1.30 0.208 2.781 o.066 0.164 0.343 0.858 

1.35 0.243 3.429 0.094 0.236 0.492 1.231 

1.40 0.278 4.249 0.139 0.347 0.725 1.813 

Depending on particle size the shearing force ranges 

from about 6 of the net accelerative force for low densities 

at the inner wall of the channel up to an apparent 180: for 

high densities at the outer wall. It will therefore have 

little effect on the particle :.lotion in the inner and central 

zones, since in there zones either the density or the velocity 

gradient is low. 

In the region near the outer wall, however, the shearing 

force may have a considerable effect on the particle motion, 

especially for the larger sizes. Where the ratio F
B 
 /F
N 
 is 
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less thn unity the outw-rd radial motion of the particles 

will be reduced, and were the ratio exceeds unity the 

particle motion must be reversed. The layers of particles 

will then dilate inw_rds until the forces arc in equili-

brium:- 

4 	2 dV 
= 0.040D 0-(1+ ) 

dr 

7 
r[D-1 	,V

2 

6 --(0-  - P) (4.28) 

Under the conditions assumed in calculating Table 4.2, 

this equality is reached at X = 3.05 for 23511 glass spheres. 

For particles of this size which are moving at an r_xial 

velocity cf 200 cm/sec and in a velocity gradient of 500sec
-1

, 

the maximum permissible volume concentration of particles at 

a radius of 2.5cm is 0.224. If the specific gravity of the 

particles is 2.44, this corresponds to a limiting pulp 

density of 1.32 gm/c.c. As the ratio FB/Fir  is directly 

proportional to both particle size and radius of motion 

(equation 4.27), the equality shown in equation 4.28 will 

not normally be reached with particles smaller than 23511. 

To sumrisc, the 'viscosity dominant' shearing 

force acts so as to increase the fluid pressure gradient, 

but it seems unlikely that this type of force can arise 

with the high velocity gradients expected in the sizer. 

The 'inertial' shearing force may be expected to exert an 

appreciable influence on the motion of all sizes of particle 

in the region near the outer wall of the channel, and for 

th 17r,r(7,-:r particles it can be large enough to arrest and 

reverse the motion if the volume concentration of particles 

is high. 

In the region near the inner wall of the channel the 

velocity gradient may be quite large but the shearing force 

should be small for all sizes of particle, since the force 
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is small at all densities for fine particles and for coarse 

particles, the density in this region is low. 

4.2 	Lotion of Single Particles  

The venous forces z:cting on single particles were 

discussed in detail in Sections 4.1.1, 4.1.2. The accelera-

tive force could not be described accurately as a function of 

time and position, due to the lack of information about the 

axial velocity profile. For the same reason, the Magnus 

forces and secondary fluid flow effects acting on the particles 

could not be specified. The fluid drag forces resulting 

from the motion of the particles could only be described 

accurately when the motion was steady and the conditions 

fell in either the la miner or the turbulent flow regions. 

If the motion was unst;_ady, the equations became too compli-

cated for analytic treatment, and if the behaviour fell in the 

transitional region between laminar and turbulent behaviour 

the dreg forces could not be specified. In view of this 

lack of information, the analytic trec tment adopted in 

Section 3 cannot be used in the present instance, and instead 

of predicting the concentration variation 	to result 

from the motion of individual 7.articles it is now necessary 

to devise methods for inferring the notion of a population of 

particles from measurements of tie resulting p.-rticle 

concentration-. 

4.3 	Notion of Particle Populations 

4.3.1 Introduction 

Before commencing tl.e final and perha s the most 

important portion of the analysis, it is desirable to 

review the main variables and to discuss the manner in which 
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they affect each other. 

The axial or tangential velocity of a particle (V) 

determines the accelerative and pressure eradiert forces 

acting on it, wbile the velocity gradient within the fluid 

surrounding the particle governs the shearing force and 

Magnus force which may also act on the particle. „SeparLItely 

or in combination, these forcos dot r-nine the n(t -,ccolrativc 

force tending to produce motion of the particle relative to 

the fluid. The magnitude of the Reynolds number for this 

motion determines the type of fluid drag force tending tc 

oppose the motion. If the shearing and Hagnus forces are 

neglected, the axial velocity of the particle can be put 

equal to that of the fluid and the particle motion relative 

to the fluid can then be considered to take place in a radial 

direction. The axial velocity profile of the fluid changes 

during its passage through the helix, resulting in a second-

ary flow of fluid in a radial direction. This secondary 

flow is recirculatory in nature and its effect on the motion 

of the particles should therefore be small when averaged out 

over the full depth of the channel. 

The radial velocity (U) attained by a given size of 

particle is affected by the volume concentration of 

surrounding particles in addition to the forces already 

mentioned. ,Dince the axial velocity profile and the concen-

tration of particles change progressively through the helix , 

the radial velocity of the particles must in general also be 

changing continuously. Under certain conditions tt7is change 

can be small, however, and the particle motion may then be 

approximately described by deriving an apparent terminal 

velocity which neglects the acceleration terms in the 

equations of motion. 
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The volume concentration of particles (CV) controls 

the magnitude of the shearing forces developed in regions 

where the fluid velocity gradient is high. It also affects 

the radial velocity of the particles directly by increasing 

the inertia of the suspension medium and by influencing the 

fluid flow round the moving particles. However, within 

any given region, the motion of the particles changes their 

volume concentration, so U and CV  must normally be regarded 

as mutually dependent quantities. 

At present a good deal of the information required 

for the construction of a complete model of the behaviour 

of the suspension at various depths and cross-sections within 

the helix is lacking. ECACC:, wherever the values of U, V, 

and C
V 
 a 't any porition (r,a) are under consideration in the 

analysis which follows, theme quantities represent averages 

taken over the full depth of the channel at that position. 

4.3.2 Analysis of Concentration Variation  

Consider a small annular scgment of suspension 

situated within the helix at position (r,a) and of the 

dimensions shown in Figure :.4.2. The segment is considered 

to be stationary and particles are therefore travelling 

through it with a tangential velocity V and a radial velocity 

U. 
If the feed to the helix is constant, there will be 

steady state conditions within the helix and the quantities TT 

V, and CV  will remain constant at any point (r,a). 

Consequently, the net influx of particles to the segment 

under consideration must be zero. If the 7.);:iticle flux (C.) 

is defined as the product of the volume concentration and 

the velocity of the particles, then the radial (Er) and 

tangential (ea ) particle fluxes are given by 
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FIGURE E.4.2: Elemental volume.  
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UC 
V 

Ea  . V Cv  

0 0 0 0 	0 0 0 	0 0 0 	 C 

0 	0 	C 0 0 	0 0 0 	0 0 0 

(4.29a) 

(4.29b) 

Equating the fluxes of particles entering and leaving 

the segment and taking the limits as or, ba, -->0 gives 

the continuity equation for the point (r,a) 

(rte  
) + 3r 	r 

 

- 0 	000 .00 	 (4 030) "oa 
On substituting for er, E-a from equations 4.29 

as 7)/- (rucv ) + 	(VcV  ) = 0 	 (4.31) 

There/three conditions that must be satisfied by 

any full solution to equation 4.31: the volume concentra-

tion must be constant across the inlet to the helix, the 

radial flux must be zero at the walls of the helix (r = 1.0cm, 

r = 2.5cm) for all values of a, and the total tangential 

flux of particles must be constant at all cross-sections 

within the helix. i.e. 

a . 0 	CST  - - CVf (constant) 
	

0 0 0 
	 (4.32) 

r 	-= 1.1, 2.5: 
	U cv. 0 
	 (4.33) 

:07 

	

	f r=2.5 
VCV  dr 3 = 	(4.34) 

r=1 

The full solution to equation 4.31, whereby CV  nay 

be expressed as a function of r and a, can only be obtained 

when U and V are known functions of r and a. At present, 

this information is for the most part not available. Solutions 

to sizplified versions of equation 4.31 may be found for the 

regions of interest in the present investigation by making 

certain assumptions concerning the behaviour of the suspension, 

basing the assumptions eitter on the experimental evidence 
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or the results of the theoretical study preF:ent,d in 

.3ection 3, 

The calibration technique described in - ection 4 
of Part 11 was lx.,.sed on observations made in the vicinity 

of the channel walls and it is therefore desirable to find 

solutions for these regions. This work is described in 

Sections 5.3.1, 5.3.2. 

4.4 	ry and Conclusions  

The particles is a suspension flowing through an 

enclosed helical channel are supported and acted on by a 

fluid that is moving in an unsteady manner in both the 

tangential and radial directions. The complex and varying 

axial velocity profile of the fluid is caused by frictional 

and boundary layer effects arising at the walls of the 

channel. 

The fluid behaviour and the channel walls are respon-

sible for the introduction of two additional factors affect-

ing the motion of the particles: a secondary flow of fluid 

in a radial direction, and a shearing force arising near the 

outer wall of the channel when high particle concentrations 

and high fluid velocity gradients occur simultaneously. 

The secondary fluid flow probably consists of two components: 

a displacement flow caused by the transference of particles 

towards the outer wall and a possibly oscillating flow 
caused by the 	gr;:diete oet u•e within the fluid. 

The shearing force (Bagnold effect) varies in both nature 

and magnitude according to whether particle inertia or fluid 

viscosity effects are dominant. 

Lack of information concerning the flow behaviour 

of the suspension during its passage through the helix 
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made it impossible to calculatL the absolute magnitudes 

of any of the forces acting on the particles. The likely 

magnitude of the two types cf shearing force were compared 

with the accelerative force on a relative basis, making 

use of Essumed values of 	-xial vrlocity and' velocity 

gradient. 

It was not possible to predict the changes in particle 

concentration which would result from the motion of indivi-

dual particles because of the inadequacy of the existing 

theory and the almost total lack of data relating to many 

aspects of fluid and suspension beh7viour. Instead, a 

continuity equation w-s derived for the particles in terms 

of their concentration at any point and the radial and 

tangential velocities at that position. If suitable solu-

tions of the continuity equation can be found, it should 

be possible to infer the velocities of particles from a 

knowledge of the initial and final concentrations occurring 

within the helix. 
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5. 	C0i,DUCT-ED WITH GLe_L;S S-E HEi: 

5.1 	lark 6 and Nark 7 Cells  

5.1.1 Introduction 

The main objective of the work:. carried out using 

glass spheres was to provide reliable data for the develop-

ment and verification of a theoretic-1 model of the sizer 

performance. The experimental work was carried out during 

the same period as the detailed theoretical examination of 

particle behaviour set out in the preceeding four sections. 

In the absence of this information, the experimental programme 

was designed to cover a wider range of conditions than proved 

necessary. On the other hand, this broad test programme 

resulted in the acquisition of considerable information that 

could usefully have been applied to the theoretical study 

had it been available. 

A new and improved experimental rig was constructed 

before commencing the actual test work. This incorporated 

a new cell, a redesigned measuring head assembly and a new 

set of density gauging equipment. The modifications will 

now be described in more detail. 

5.1.2 Mark 6 and lark 7 Cells 

During the course of the test runs made with the 

Mark 5 cell, it was discovered that the channel walls were 

flexing to an extent that made it necessary to compensate 

all the readings obtained. P. new cell (the liark 6 cell) 

was therefore constructed, identical in dimensions with the 

cells hark 2, 4., 5 (Figure A.2.4) but with the channel walls 

in the measuring zone milled down to 30/1000 inches. Then  

the Nark 6 cell was installed and calibrated however, it 

was discovered that appreciable flexure of the walls was 
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still occurring. Careful examination of the cell revealed 

that, while most of the channel walls had been reduced to 

the correct thickness of 30/1000inches, the regions adjacent 

to the side members of the channel were as thin as 10/1000 

inches in places. 

The ),ark 6 cell was therefore discarded, and 	new 

cell of the some dimensions was made. (Nark 7). In this 

case the channel walls were hand filed and polished to give 

a thickness of 40/1000 inches. This greater wall thickness 

reduced the sensitivity of the density gauge, but no further 

problems connected withwell flexure were encountered. 

5.1.3. Modifications to Test Rig 

new measuring head assembly was designed and constru-

cted. (Figures 3.5.1, L.5.2). The sizer cell passed through 

and was clamped to a rectangular brass frame, wIlich acted 

as the support and guides for the traversing head mechanism. 

The original strontium-90 source wos one of a standard range 

(.)cation A.3.2) and the dimensions were not well suited to 

the existing measurement requirements. A special source 

was therefore ordered for the new meosuring head. This was 

again a '3trontium-90 source of 20 millicuries total activity, 

but the active area was 40 x 3m:a. compared with 114 x 3mm. 

for the earlier source. Although the new source and ioni-

sation chamber were collimated as before to 1.5mm. to improve 

the resolution, the fact that the whole length of the new 

source was used in the measurements resulted in an effective 

source activity of 10 millicuries compared with 7 millicuries 

for the old rig. The measurement pcsitions relative to the 

helix were the sal ,e as those employed with the earlier 

version of the equipment. (Figure A.3.1) The source was 

mounted in an ,auminium head plate above the sizer cell 
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9.H.1: Second test rig: Measuring Head.  



FIGURE B.5.2: Photograph of Head Assembly.  
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and the ionisation chamber in a cylindrical aluminium 

container attached to a plate below the cell. The whole 

head assembly could be traversed by a hand screw, the 

traverse position being indicated by a dial gauge as on the 

earlier rig. A.narrow brass plate was attached to the brass 

frame, next to and running parallel with the sizer cell, so 

that the source could be blanked off from the ionisation 

chamber for standardisation purposes. 

The 'Atomette' radiation gauge electronic unit 

used on the earlier rig was replaced by an 'Atomat' Series 

B Type U, which was very kindly supplied on loan by the 

Baldwin Instrument Company for a period of twelve months. 

The 'Atomat' unit,though identical to the'ltouette' in 

principle, was temperature stabilized and possessed greater 

flexibility in operation. 

Two additions were made to the instrumentation 

employed in the flow circuit. The temperature of the 

suspension in the circuit was monitored by means of a 

thermistor inserted into the feed hopper of the nonopump, 

the Signal from the thermistor circuit being displayed on 

the six-point chart recorder. = ercury manometer was 

tapped into the suspension flow at the discharge from the 

sizer measuring channel, 	thot the pressure exerted on 

the channel walls could be monitored and kept constant 

with a view to eliminating uncontrolled fl,,xure of the walls. 

The final test rig was otherwise as shown earlier in Figure 

A.4.1. 

The density gauge was calibrated with the new test 

materials in the same manner as before. (Section A.3.6). 
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5.1.4 Tcstwork Using Mark 7 Cell  

A supply of glass balls was obtained which ranged in 

size from 35 to 325 mesh (Tyler). This Liaterial was screened 

on the set of 8 inch reference screens which was used in 

the earlier work (bection A.4.4) to provide individual size 

fractions. The test method was restricted by the fact that 

only 2 Kg. of glass balls were available and the programme 

was planned in three stages: 

(1) Test runs conducted on single size fractions at a 

number of different feed concentrations. These were intended 

to establish how the radial motion of a particle varied with 

size and with the concentration of similar particles nearby. 

The size fractions and feed concentrations were as follows: 

.size Fractions 
(B.S.esh) 

Feed Concentrations 
(CVf)  

-52 +72 0.011 

-72 +100 0.022 

-100 +150 0.047 

-150 +200 00°66 

-200 +325 0.100 

Each size fraction was run at the five different feed 

concentrations, giving a total of 25 tests in the first 

stage of the work. 

(2) Test runs conducted on pairs of size fractions, 

mixed together in varying proportions, at the constant 

feed concentration selected earlier for the sizing calibra-

tion. (CVf = 0.100). These were intended to establish how 

the presence of different concentrations of particles of 

other sizes affected the behaviour of a given size. Each 

pair of size fractions was combined in three different 
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ratios, 25:75, 50:50, 75:25, giving a total of 30 tests 

for the 5 size fractions available. 

(3) 	Tests conducted using full size distributions, which 

wer,, intended to verify any conclusions drawn from the results 

of stages (a) and (b). The 12 ideal G,- udin—richuh-lann 

distributions used throughout the earlier work with quartz 

were again used (See Sections A.3.9 Table A.3.2, 1..4.6 

Table A.4.2.) 

The full programme called for a total of 67 samples, 

and since the supply of gl:,,ss balls was only sufficient to 

prepare about 8 samples, all test materials had to be r 

reclaimed, dried and re-sized before a further series of 

tests could be started. 

Thu procedure adopted for each test run was as follows: 

the required amount of water was measured into the circuit 

and the flowrate sut to 90-c.c./sec. The safqple was then 

added to the nonopump feed hopper and the return flow pipe 

positioned so as to provide sufficient agitation in the 

hopper to keep the solids in suspension. The back pressure 

exerted on the sizer 'windows' was than adjusted to 6cm, of 

mercury by means of a clamp on the discharge flowline. 

The thermistor was placed in the hopper, the chart recorders 

were started and the particle concentration n:.asurements 

made. The flowrate and back pressure were readjusted as 

required during operation. it the conclusion of each run, 

the circuit was repeatedly flushed with fresh water until 

no more solids could be reclaimed. Although the overall 

sample recovery from the circuit was excellent for all test 

runs, the material lost from each sample due to temporary 

settling out in various dead zones within the circuit was 

appreciable, and the actual density in the circuit was nearly 
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always a good deal lower than the apparent or 'made-up' 

value. All feed densities quoted below have therefore been 

calculated from the measured concentration profile. 

5.2 	Analysis of hesults 

The concentration profiles obtained for single size 

fractions are shown in Figures P.5.3. - B.5.7, for pairs of 

size fractions in Figures D.5.8 - B.5.17 and for size 

distributions in Figures B.5.18 - B.5.21. The moat impor-

tant limitation in interpreting these profiles is the fact 

that the measurements wore conducted downstream of the helix 

rather than within it. The leading edge of the collimated 

source and detection assembly was some 5 cm. downstream of 

the exit from the helix, a distance equivalent to a little 

over four channel diameters for a circular channel having 

the same wetted perimeter. The influence of bends on the 

flow behaviour of pure fluids may extend as far as 50 pipe 

diameters downstream of the bend (Section 2.1), so if a 

siplilar effect occurs in the case of a suspension, the 

remixing caused by the persistance of a recirculatory 

fluid flow could result in the loss of a significant propor-

tion of the concentration gradient before the suspension 

reaches the measurement zone. 

5.2.1 Single ize Fractions  

The shapes of the concc.rtration profiles obtained 

with single size fractions of glass balls are in general 

similar to those recorded for ground quartz particles 

(Figures a.3.14 - A.3.17) although some of the features 

arc accentuated. Considering the curves for various feed 

concentrations of -52 +72 glass balls, it can be soon that 

the region near the inner wall contains small concentrations 

of solids and a comparatively shallow concentration gradient, 
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while near the outer wall both the concentrations and the 

concentration gradients are high. In view of the high radial 

velocities obtainable with such coarse particles, the 

existence of any particles at all in the inner region is 

surprising, and their presence can only be accounted for 

in terms of secondary fluid flow, enhanced fluid drag, or 

boundary layer separation. The secondary fluid flow could 

act both within and downstream of the helix; in the first 

instance by reducing or even reversing the priticle radial 

velocities in the zone where the fluid flow is towards the 

inner wall and, in the second instance, by destroying the 

concentration gradient when it has passed out of the helix. 

A reduction or reversal of the particle motion within the 

helix could only occur if the bulk of the particles was 

distributed within one of the layers in which the secondary 

fluid flow was towards the inner wall; the most likely one 

being that n,-et to the bottom face of the channel, since 
gravitational forces would tend to concentrate the coarser 

particles within this layer, il:nhancud fluid drag due to 

turbulence within the fluid is quite likely to occur 

(eection 4.1.2b) though the effects should be less noticeable 
for the coarse: n particles. 2,oundcry layer separation 

would create a region of high turbulence near the inner wall 

causing a disruption of the tangential flow and a reduction 

in the particle radial velocities. With the results in 

their present form, it is not possible to analyse the 

extent to which these mechanisms might be responsible for 

the observed effects. This task is performed in 

Section '3.5.3.1. 

Another interesting feature of the profiles, obtained 

at the higher feed concentrations with both -52 +72 and 
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-72 +100 mesh glass balls, is the peak particle concentra-

tion recorded at an equivalent radius of motion of 2.4cm. 

Thifl could be the result of a high concentration layer Lt 

the outer wall, originally created within the helix and 

subsequently dispersing and moving back towards th,. centre of 

the channel. If this is the explanation, however, the profiles 

obtained at lower feed concentrations should exhibit similar 

maxima en a reduced scale. :-Ance they do not, it appears 

much more likely that the mechanism responsible is the 

particle shearing pressure discussed in Section 4.1.2.c. 

For a particle size of 235p. travelling at 200cm/sec in 

a velocity gradient of 500scc , it was estimated that the 

turbulent particle shearing force could equal the centri-

fugal force at a radius of motion of 2.5cm if the volume 

concentration of solids rose to about 0.22. In the present 

instance, the peaks are obtained at a radius of motion of 

2.4cm for the two coarsest size fractions whose mean sizes 

are 181k and 253, the corresponding volume concentrations 

being 0.22 and 0.19. These results agree sufficiently well 

with the estimoted conditions to suggLot that this is indeed 

the mechanism giving rise to the concentration maxima and 

the lower concentrations- botwen the maxima nd the outer 

wall of the channel are the result of the shearing force 

equalling the centrifugal force at thLee lower concentrations 

by virtue of the higher velocity gradient near the channel 

wall. 

Thu profiles obtained for the three finer size 

fractions show progressively less evidence of radial particle 

motion until, at -200 +325 mesh B.'6, the particle concentra-

tion is virtually the same at all points across the channel. 

The concentration profiles may also be used to check 
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whether the effect of the concentration of surrounding 

particles on the radial velocity of a given particle is in 

agreement with the results ebtainud by previous workers 

(:iection 5.1.2c). 	.cccrding to the equation quoted, i.e. 

U = U
T(1 - CV)`' 

if the concentration of particles in the feed to the helix 

is increased, the radial velocit-: of the particles should 

be reduced by a factor (1-C
v
)C
' 
where C is the local 

concentration of particles and q is a function of the 

Ruynolds number for the particle. For a given increase in 

the feed concentration of particles, the concentration 

observed at any particular radius after a radius of 

motion should therefore comprise a larger fraction of the 

original feed concentration in regions where CV 
 decreases 

with a 

In Figures B.5.22, FJ.5,23, the results obtaineC in 

the regions of maximum concentration change have been exam-

ined by plotting the concentrations recored at r = 1.1cm, 

r = 2.4cm against the feed concentration for the fine size 

fractions tested. In the zone near the inner wall (r = 1.1c;11, 

C
V 
 < C

Vf  )' it can be seen that changes in feed concentration 

do not produce any significant change in the radial veloci-

ties, as the recorded concentrations for each particle size 

increase linearly with feed concentration. In the zone 

near the outer wall (r = 2.4cm, Cv>Cvf), the expected type 

of behaviour does materialise. Increases in feed concentra-

tion reduce the radial velocities appreciably for all particle 

sizes coarser than 150 mesh B.S, as evidenced by the curved 

plots obtained for these particles. 
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5.2.2 Two size Fractions 

Detectably different concentration profiles were 

obtained for all pairs of size fractions, and the relative 

positioning of the curves was correct in all cases. The 

coarsest saLiple of each pair of size fractions having -52 

+72 mesh material as a component displayed a peak concentra-

tion similar to that found for these particles in the single 

size fraction. (section 5.2.1) 

In the previous section, the influence of the volume 

concentration of particles present on the radial velocities 

attained by the particles was examined for single size 

fractions. The main purpose in obtaining the results for 

pairs of size fractions was to find out whether or not 

-oarticles of different size interacted with each other when 

present in varying proportions but at a constant total 

volume concentrction in the food and, if so, the manner in 

which the interaction varied with particle; size. 

The measurements made at r = 1.1cm and r = 2.4 cm. 

have again been used as the criteria in risscssinR.  the degree 

of interaction. The expected values of CV  for these two 

positions have been calculated for all samples at the measured 

feed concentration - assuming no interaction - by reading off 

the proportionate centributions fre- Figures B.5.22, B,5.23. 

The results are given in Table L.5.1 together with the 

measured values of CV. .',1so shown is the 	difference in 

the calcul7ted (no interaction) and measured concentrations, 

calculated as 

Difference = 100 (
Ecasured - calculated ) 

calculated 
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TABLE B.5.1. 

.Interaction 	between Size 
[ 

Fr,7.ctions of Glass Spheres 

1-airs of 
Size 

Fractions 
(.,..b.:,iesh) 

Relative 
Propor-
tions 
Coarse/ 
Fine  

CVf 

CV
1.1 

cv2.4 

Cf.LC. n:,-,0 CALC. 
DIFF 

. MEAS. c/. 
RIFF 

-52+72 25/75 J 0.0830 0.024 0.025 +4.2 0.227 0.229 +0.9 
-72+100 50/50 0.0819 0.020 0.020 0 0.236 0.240 +1.7 

75/25 0.0817 0.017 0.019 411.8 0.246 0.246 0 

-52+72 25/75 0.0813 0.035 0.039 +11.4 0.184 0.182 -1.1 
-100+130 50/50 0.0791 0.027 0.030 +11.1 0.205 0.216 +5.4 

75/25 0.0815 0.020 0.023 +15.0 0.233 0.248 +6.4 

-52+72 25/75 0.0817 0.051 0.056 +9.8 0.148 0.158 +6.3 
-150+200 5o/50 0.0813 0.038 0.044 +15.8 0.184 0.216 +17.4 

75/25 0.0775 0.024 0.025 +4.2 0.229 0.240 +4.8 

-52+72 25/75 0.0891 0.069 0.077 +11.6 0.138 0.145 +5.1 
-200+325 50/50 0.0754 0.043 0.052 +20.9 1.163 0.180 +10.4 

75/25 0.0734 0.027 0.030 +11.1 0.201 0.236 +17.4 

-72+100 25/75 0.0821 0.038 0.039 +2.6 0.173 0.16P -2.9 
-100+150 50/50 0.0796 0.034 0.034 0 0.183 0.17 -3.?, 

75/25 0.0806 0.030 0.033 +10.0 0.198 0.186 -6.1,   

-72+100 25/75 0.0853 0.057 0.061 +7.6 0.141 0.141 0 
-150+200 50/50 0.0797 0.044 0.049 +11.4 0.159 0.159 0 

75/25 0.0781 0.035 0.036 +2.9 0.181 0.180 -0.6 

...72+100 25/75 0.0893 0.073 0.077 +5.5 0.127 0.131 +3.2 
-200+325 5o/50 0.0833 0.054 0.059 +9.3 0.152 0.159 +4.6 

75/25 0.0783 0.039 0.039 0 0.176 0.178 +1.1 

-100+150 25/75 0.0858 0.061 0.063 +4.9 0.127 0.129 +1.6 
-150+200 50/50 0.0825 0.054 0.054 0 0.136 0.140 +2.9 

75/25 0.0809 0.047 0.046 -2.1 0.133 0.146 +5.0 

-100+150 25/75 0.08681 0.074 0.077 +4.1 0.109 0.116 +6.4 
-200325 50/50 0.0844 0.063 0.064 +1.6 0.126 0.134 +6.3 

75/25 0.0793 0.050 0.050 0 0.139 0.143 +2.9 

-150+200 25/75 
1 

0.0949; 0.088 0.087 -1.1 0.106 0.110 +3.8 
-200+325 	5o/50 0.0937; 0.082 0.081 -1.2 0.111 0.115 +3.6 

75/25 0.0898, 0.074 0.071 -4.1 0.114 0.118 +3.5 
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The differences recorded between the calculated and 

measured concentrations are generally small, the measured 

values being on average about 	higher than the calculated 

The 	differences are smaller in the outer region, where the 

absolute concentrations are higher. This is contrary to 

expectation since, regardless of the nature of the inter- 

action effects between different particle size groups, 

it is reasonable to expect a proportionately larger effect in 

regions of high particle concentration. This by itself 

throws doubt on the validity of the recorded differences, 

but the overiding argument in favour of discarding  them is 

the fact that the recorded differences are, on overage, 

positive in both the inner and outer regions. This apparent 

effect is readily refuted on simple mass transfer consiOera- 

tions since if the particle concentration is lower than predicted 

in the inner zone it must be higher than predicted in the 

outer zone. The greater p rt of thee observed differences 

must therefore be attributed to experimental error, the 

likeliest cause being inaccurate estimates of the effective 

feed density (Cvf). 

Therefore it must be concluded that, within the limits 

of accuracy of the obsrvc, tions, no significant interaction 

takes place between different size fractions. 

5.2.3 Size Distributions 

The results obtained with size distributions of class 

spheres are notable for the constancy of the ix-rticle concen-

trations across the inner region of the channel. If these 

curves are compared with the ones obtained for the same size 

distributions of quartz sand (Figures A.3.14 - A.3.17), it 

can be seen that a measurable concentration gradient was 

recorded in the inner zone for the latter material. The 

results obtained for the quartz sand must be treated with 
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reserve, however, since the concentration measurements were 

less reliable, the flowrate control was unsatisfactory and 

the made-up size distributions differed considerably from 

their nominal composition in several cases. (Section i.3.5.2) 

The results obtained with two size fractions suggested 

that no significant interactions occurred between different 

size fractions, within the limits of detection of the 

present equipment. This conclusion was checked for the size 

distribution results by calculating the expected values of 

C for positions r = 1.1, r = 2.4cm. in the same manner 

employed earlier. The results are given in Table B.5.2. 

61-/E 
DI0TRIBUTION 

'6ULT;4"R 
CVf 

Cv
1.1 C 

 V2.4 

NEkS. DIFE CALC. 
DIFF 

1 0.0733 0.0113 0.041 - 4.7 0.203 0.190 -3.4 
2 0.0793 0.050 0.052 + 4.o 0.183 0.176 -3.8 
3 0.0841 0.063 0.063 0 0.147 0.145 -1.4 
4 0.0894 0.085 0.076 -10.6 0.124 0.124 0 
5 0.0828 0.059 0.063 + 6.8 0.165 0.152 -7.9 
6 0.07b3 0.038 0.039 + 2.6 0.204 0.194 _4.9 

7 
0.0711 0.030 0.030 0 0.215 0.209 -2.8 
0.0792 0.056 0.057 + 1.8 0.150 0.143 -3.3 

9 0.0829 0.063 0.060 - 4.8 0.135 0.134 -0.7 
10 0.0870 0.075 0.072 - 4.0 0.108 0.115 ,6.5 
13 0.0703 0.025 0.020 -20.0 0.230 0.216 -6.1 

1L 0.0867 0.070 0.070 0 0.12() 0.126 -2.3 
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Although the results for r = 2.4cm show a more 

conFintnnt tendency than those found with two size fractions, 

one observation markedly contradicts the general tendency, 

and, in any case, the results at r = 1.1cm display a completely 

random variation. The conclusion that these is no o,easuroble 

internction between different particle sizes, therefore, 

remains unchanged. 

5.3 	Concentration Variation Per the Inner and Outer 1:Jalls 

A general analysis of the relationship between the 

volume concentration and the velocities of the pnrticles 

in a suspension moving through a helical turn was given in 

Section 4.3.2, where the continuity equation for the particles 

was derived. For steady state conditions within the helix, 

it was shown that 

(4.30) 
".1 r 

In order to obtain some_ I:ind of quantitotive model 

as a basis for nssessinc, the particle behaviour in the 

reLions of interest - the zones near the channel walla 

it is necesscry to simplify equation 4.36 by mal:ing suitable 

assumptions that can be justified by the experin-fiental 

evidence. 

5.3.1. Concentration Variation near the Inner ?Fall 

i:ost of the concentration profiles obteined with 

glass spheres display low or even non-existant radial 
concentration gradients in the zone near the inner wall, 

a tendency the t is pnrticularly noticeable in all the results 

obtained with full size distributions. (Figures 3.5.18 

Since the volume concentration of particles is 

constant at all positions across the inlet to the helix 

-";.(rucv)) 
V = 0 
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and appears to have remained independent of r (or nearly so) 

in the region adjacent to the inner wall, the most obvious 

simplification to equation 4.30 is to consider CV  as a 

function of a only. 

If the behaviour exhibited by pure fluids (Figure 

B.2.3) is taken as a guide to what might occur with a suspen-

sion, it would appear that the tangential velocity V does 

not vary to any great extent with a. Also, it should be 

possible to approximate the velocity distribution by a 

simple linear model for the region of interest. i.e. 

V= V1 + br 	. • • 	• . • 	• .. 	(5.1) 

where V1 
is the velocity at the inner wall and b is the 

velocity gradient normal to the wall. 

The two major factors determining U are the tangen-

tial velocity V and the volume concentration CV, bine° 

V is considered independent of a and CV  starts at the feed 

concentration (CVf)  and decreases, it should be possible 

to treat U as being independent of a and CV 
 without 

introducing major errors (Also, see section 5.2.1.) 

Taking CV  as a function of a and U as a function of 

r, equations 4.30 and 5.1 may be combined to give 

d(rU) 	dCv C
V
. 	

dr + (V1 4 br) 	
= 0 

da 
0 0 0 	• 0 • (5.2) 

Integrating with respect to a between the limits 

CVf at a=0 and CV  a -t a gives 

CVf a 	d(rU) 
In( 	) - (V b ) 	dr 1+r 	

000 	600 

V 

which may be integrated with respect to r between U1  at 

r1 and U2 at r2 
to give 

... 	(5.3) 
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CVf 	b 2  U2r2-U1r1 = 	ln(-- 
Cv
-) [V1(r2-r1) 	

(r2 - r12)] 0• (5.4) 

Ls equation 5.4 is only intended to represent the 

behaviour in one region of the helix, it only has to satisfy 

the conditions for that region. These were discussed in 

Section 4.3.2 and the relevant conditions were given in 

equations 4.32, 4.33: i.e. Cv=Cvf  (constant) for all values 

of r at a = 0 and UC = 0 for all values of a at r = 1.0cn. 

The first condition was applied when integrating equation 

(5.2), while the second may be applied by putting r1=1.0cm, 

U1=0 in equation 5.4 

1 CVf, U 	= —1n( ---) [V (1- -1  +12(r - -1-) 1 1 	r2 	2 r2 - 2 a CV  
••• (5.5) 

The calibration measurements were made with the 

centre line of the source at a position on the leadout 

from the helix equivalent to r2  = 1.1cm. From Figure B.2.3., 

reasonable values for the tangential velocity equation 

are estimated as V
1 

= 100cm/sec and b = 66.7sec-1 for 

V = 200cm/sec. Putting these values in equation 5.5 gives 

for the velocity at r = 1.1cm: 
CVf 

U1.1 
- 2.51n(---) • 00 	000 	(5.6)  

V 

The radial velocity has been calculated for each 

size fraction of glass balls using equation (5.6). A 

feed concentration of CVf  = 0.085 was chosen and the appro-

priate values of CV  were interpolated from Figure B.5.22. 

These 'measured values of U have been compared with 

a set of 'apparent terminal velocities' calculated for 

the sauc conditions. Unfortunately, the motion of all 

the sizes concerned fell within the transitional regime, 
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so the equations developed earlier for the laminar and 

turbulent regimes (Sedtions 3.2.1 - 2) could not be used. 

The velocities were therefore calculated according to the 

method of Heywood11 using the erith-netic mean size of each 

fraction and then corrected for interference effects using 

equation 3.18 and the data given in Table B.3.1. The 

measured and calculated velocities are compared in Table B.5.3. 

TABLE 	B.5.3. 

Radial Velocities of Size Fractions of Glass Balls 
at r = 1.1cm. 

SIZE FR:_CTIOY CALCULATED MEASURED 

B.S.nesh lie,,n 
UT12  U 

Aperture (cm/sec) (cm/sec) 
(µ) 

- 52+72 253 11.1 4.5 

- 72+100 181 7.4 2.8 

-100+150 129 4.7 1.6 

• -150+200 89 2.8 0.63 

-200+325 61 1.5 0.06 

The measured values of U are substantially lower than 

the calculated values. There are a number of factors that 

could be responsible: they ere listed below and then 

discussed in more detail. 

(a) Use of the arithmetic mean size in calculations; 

(b) Use of apparent terminal velocity in calculations; 

(c) Incorrect assumptions regarding the axial velocity profile; 

(d) Degeneration of the concentration profile; 
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(e) Reduction of the measured velocities by secondary 
fluid flows; 

(f) Disruption of the particle notion by boundary layer 
separation; 

(g) Inaccurate concentration moasurements due to solids 
settling out in the circuit during the test runs; 

(h) Lift forces or 'Magnus' Effects; 

(i) .:,nhanced fluid drag due to the turbulant axial flow 
of fluid. 

(a) Use of the arithmetic mean size during the calculations 

was dictated by the lack of knowledge about the behaviour 

of particles in the transitional regime. What is really 

required is a mean velocity for the range of sizes present 

in the si7,e fraction concerned, but this can only be obtained 

where the dependence of velocity on size is fully identified. 

The relationships holding within the various regimes are 

as follows: 

Lauinar: 	U a D 

Transitional U a Dn (n.4 	2) 
1 

Turbulent: U a D2  

The sizes corresponding to the mean velocity for 

the size fraction -D
1 +D2 would therefore be calculated as 

Laminar: 	T = zip2  
El_ 

Transitional 	T =  EiDn  
El 

Turbulent 	D = 	EiDc 
Zi - 

since the value of 	is unknown, the arithmetic 

mean baud on 37 = 1 was used in the calculations. The 

order of error introduced by this assumpticmn can be calcu-

lated: assuming size fractions spaced at V2 intervals 

where i = number 

of particles of 

size D. 
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and a uniform distribution of sizes within each size 

fraction, the neximum error introduced by adopting the 

arithmetic mean size for the fraction —f2D+D is - o.5(/
•  

i.e. 	D = 1.206 ± 0.006 	... 	(5.7) 
D 

The mean size of 25311 calculated for the -52 +72 

mesh material could therefere be in error by - 

Since the screens used in sizing the material were probably 

only accurate to within 5µ and other sources of inaccuracy 

contributed much larger errors, this effect can be neglected. 

(b) 	The 'apparent terminal velocity' is obtained by 

neglecting any relative tangential velocity between particle 

and fluid and arbitrarily putting — 
d—U =0 in the equations 
dt 

of motion (3.15a,3.19). The errors introduced in calcula-

ting particle tracks are likely to be small for particles 

exhibiting laminar motion (Section 3.2.1) but may be large 

for those exhibiting turbulent notion (Section  3.2.2). 

Since the apparent terminal velocity neglects the initial 

acceleration period, it must represent an overestimate of 

the actual velocity. P_nother consideration relevant to 

this point was discussed eerlier (ection 4.1.2b), namely 

whether particles could experience ideal forms of fluid 

drag when moving radially in a fluid medium that is exhibiting 

turbulent flow in a tangential direction. It seems most 

unlikely that the finer particles could experience viscous 

drag in a turbulent fluid, though the coarser particles 

might conciev4bly encounter an enhanced form of turbulent 

drag. In general, the vortices present in the fluid must 

result in an increased resistance to motion for all particle 

sizes, possibly to the extent of almost totally preventing 

notion of the smaller particles. It would appear, therefore, 
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that the apparent terminal velocity represents a considerable 

overestimate of the actual velocity, since it not only 

neglects the acceleration period but also fails to take 

fluid turbulence into account. A further effect - the 

'Magnus' or lift force - is also ignored in obtaining the 

apparent terminal velocity, but this is considered separately. 

(c) The values assumed for the axial velocities were used 

in determining both the calculated and measured particle 

radial velocities. In the transitional region, the apparent 

terminal velocity, U
TR' varies with V

2 
at low Reynolds 

numbers, changing progressively to V at high Reynolds 

numbers as turbulent behaviour is approached. J''.s the 

measured velocity U varies (approximr.tely)with V, inaccura-

cies in the assumed values of V will only affect the finer 

sizes. The relative differences recorded are largest for 

the finer sizes, so over estimates of V could be partially 

responsible for these. However, they do not explain the 

differences recorded at the coarser sizes. 

(d) Degeneration of the concentration profile in the 

interval between the slurry leaving the helix and 

entering the measurement zone was discussed in section 5.5. 
It was concluded that a significant proportion of the concen-

tration gradient might be lost in this way, and this could 

contribute noticeably to the difference between the calcu-

lated and observed particle velocities, especially for the 

finer sizes. This has been investigated as follows: the 

centre of the measuring zone was some five equivalent 

channel diameters downstream of the exit from the helix 

and, by analogy with pure fluid behaviour, the helix may 

be considered to exert an influence as far as 50 equivalent 
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diameters downstream. Assuming a linear rate of remixing 

of the concentration gradient, this suggests that about 10% 

of the actual concentration could have been lost by remixing. 

Applying this correction to equation 5.6:- 

U 	2.5-.1n(1.1
c
V f ) 

CV 

U 	2.51n (
Cv i  
-7,—) + 0.24 	(5.9) 
`"Ar 

(5.8) 

so that a 10?,,; increase in CV 
 could reduce the measured 

value of U by about 0.24cm/sec. This would account for 

only a. small proportion of the difference recorded for the 

-200 +325 mesh particles and would have no effect on the 

large differences recorded for the coarse sizes. To 

account for all the difference at -200 +325 mesh, 75; of 

the concentration reduction would have to be lost by remixing, 

while the differences recorded at -150 +200 mesh and above 

would require correction factors suggesting that >lnnr-  of 

the concentration reduction had been lost. This effect 

can therefore not be held responsible for the differences 

recorded in Table B.5.3. 

(c) 
	

The probable effects of secondary fluid flow of the 

recirculatory type were discussed in section 4.1.2c and 

5.2.1. It seems unlikely that this type of flow would 

affect the overall motion of the particles unless they 

were preferentially concentrated in the bottom layer of 

the channel by gravitational forces. If this effect did 

occur, however, the velocities of all sizes of particles 

should be reduced by about the same absolute amount. In 

fact, the discrepancies vary from 6.6cm/soc. at 25311 down 

to about 1.5cm./sec. at 61p, which:sugLests that secondary 

fluid flow is net a significant factor. 
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It is probable that secondary flow provides the main 

agency for remixing the solids in the region immediately 

downstream of the helix, but this effect has already been 

considered. 

(f) 	Separation of the boundary layer would lead to an 

increase in turbulence near the inner wall and a reduction 

in the axial or tangential velocity. The consequences of 

over estimating V have already been discussed and.it was 

concluded that this could only be responsible for differences 

found with fine particles whose behaviour approached laminar 

conditions. However, the likelihood of boundary layer 

separation is difficult to assess even for a pure fluid, 

since it depends on the aspect ratio of the channel. (Section 

B.2.3). With appreciable concentrations of particles 

present, it is at present not possible to estimate whether 

separation is likely of occur or how great an effect 

separation might produce if it did take place. 

(JO 	Substantial losses of material were recorded during 

most runs conducted using size fractions coarser than 200 

mesh B.S. It was inferred that the losses all occurred 

when the material was initially placed in suspension, since 

no consistent reduction in the readings ,2t any given 

position was recorded during the runs and sequential scans 

conducted on the same samples showed little change. 

(Section L.4.1.4.) In any case a reduction in the amount 

of solids in suspension would lead to a lower value of CV 
 

and hence an over estimate of the measured value of U, 

so this effect cannot be held responsible for the observed 

effects. 
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(h) The lift force was discussed in 6ecti- n B.3.1.1. 

It was not taken into account in the analysis which 

followed or in the equation used to calculate the (theore-

tical) apparent terminal velocity. Since the concentration 

measurements made at r=1.1cm. were in close proximity to 

the channel wall, it is likely that a high radial velocity 

gradient existed within the fluid. 	The lift force created 

as a result of this would tend to increase the axial 

velocity of the particle in question, as illustrated in 

Figure B.5.24(a), and this would lead in turn to an increase 

in the radial velocity of the particle. NeQlect of the 

lift force in the calculated values of U shown in Table 

B.5.3 will, therefore, have led to under estimates of U. 

the differences recorded are in the cpposite sense, 

this cannot have contributed to them. 

(i) Calculations of the apparent terminal velocities for 

laminar or turbulent conditions assume that the corresponding 

ideal types of fluid drag are operative. It is assumed in 

the derivation of these drag forces that any fluid flow 

or turbulence present is associated entirely with the 

relative motion between particles and fluid. In the sizer 

helix, however, the suspension is flowing axially at a 

high Reynolds number and must in consequence exhibit a 

considerable amount of turbulence in addition to and 

independent of that generated by the particle motion. This 

inherent fluid turbulence must enhance the drag forces 

opposing particle motion, possibly, in the case of fine 

particl,s that would normally be subject only to viscous 

drag, to the extent of preventing any effective radial motion. 

'Enhanced' drag of this type could well be a major cause of 

the low recorded velocities. 
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Lift 
force 

(a) Lift force on particles near the inner wall. 
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dV 
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Fluid velocity 
gradient 

Wall 

(b) Lift force on particles near the outer wall. 

FIGURE B.5.24  
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5.3.2 Concentration Variation Near the Outer  Wall  

The p:r.rticic concentrations rise above the feed 
concentration in the zone adjacent to the outer wall of 
the channel, so that the assumption el:iployed in the treat-
ment of the zone near the inner wall - nai,ely that the 
particle radial velocity U could be considered independent 
of CV  - becomes untenable. Also, the tangential velocity 
V ilc.y be expected to change noticeably with a (Figure 13,2.3) 
in the region near th- outer wall. since CV  and V are the 
factors which determine U, it is obvious that any realistic 
analysis of the behaviour near the outer wall must take 
account of the fact that U will vary with C. and V and, 
therefore, with r and a also. 

For steady state conditions within the helix, the, 
continuity equation which must be satisfied has been derived: 

400 	(4030) 

r 	 da 

In order to attempt a formal solution of equation 
4.30, the relationships between U,V,Cv ,r and a must be 
known in full. This information is not available as yet, 
and, in any case, the nature of the functions is likely 
to be such that numerical methods of solution would be 
required. 

The most urgent requirement for practical purposes 
is some moans of estimating the particle velocities under 
the conditions described above. If it is accepted that 
the radial motion of particles in a pure fluid environment 
(CV  = 0) is represented with sufficient accuracy by the 
apparent terminal velocity (section B.3.2.3), then the 
main ways in which this velocity is affected by particle 
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concentration are through interference effects (Section 

1 3.1.2.c) and particle shearing forces (Section B./1-.1.2.d). 

In combination, these factors are likely to result in marked 

reductions in the radial velocity of the particles in the 

zone immediately adjacent to the outer wall where both the 

concentration of particles and the fluid velocity gradient 

are high. Over a restricted performance range, it seems 

reasonable to suppose that the expected behaviour could 

be described by a simpler relationship then would be 

apparent from examination of the individual equations. 

(3.18, 3.29, 4.15, 4.26). 

For example, if the radial flux of particles is 

considered to be constant in this region: 

UC
V 

=
k 
(Constant) 	000 	(5.10) 

or 	
U 	 000 	000 	(5.11) 

V 
Equation 5.11 implies that any increase in CV  

causes a direct and proportionate reduction in U. The 

form of this equation is such that it can only held over 

a limited range, since it implies that U becomes infinitely 

large as CV  approaches zero. 1,1so it assumes that U is 

independent of V and varies only with r and a because CV  
varies with them. This lost assumption is not unreasonahl::, 

however, since the examples of particle motion calculated 

earlier (Section B.3) for the case V = constant showed that the 

dependence of U on r becomes much less marked for r > 2cm. 

(Figures B.3.6, B.3.9.) In practice V is likely to increase 

with r (Figure B.2.3) and the variation in U may well be 

almost non-existant or even in the opposite sense to that 

shown.) The over-riding argument in this case, however, is 

that other factors such as the 'interference' and 'Bagnold' 
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effects are likely to control U to such an extent that the 

dependency of U on r and V is negligable in comparison. 

If the continuity equation (4.30) is redcrived on 

the basis that the radial flux (E - r
) is constant (i.e. 

independent of r or a) it states 

DEm 
--- - Er 	... 	... 	000 ba (5.12) 

On integration and resubstitution for Ea and Er 
equation 5.12 gives 

U = 1  (V - V 	CVf ) 	(5.13) 
Vf • --c-- 

V 

The quantities Vf, CVf, refer to the inlet and V, 

C
V  to the outlet conditions in the helix. 

To be acceptable, equation 5.13 must satisfy the 

corrditions stted in equation 4.32, 4.33, i.e. C, =Cv, 

(constant for all r) at a = 0, and 	r  = 0 at r = 2.5cm. 

for all a. It meets the first but not the second of these 

conditions: E
r 

cannot be zero at r 	2.5cm. as it has been 

defined as constant for all values of r. In present form, 

therefore, equation 5.13 would over estinate the radial 

velocity U Et any given radius. 

It is possible to devise an aproximate model that 

will satisfy both conditions. The approach is based on 

dividing the region into two parts: one immediately adjacent 

to the channel wall which acts as a reservoir and in which 

the concentration of particles is considered to be constant 

and an inner part, 	which the motion of the particles is 

governed by the constant flux behaviour already described. 

The transfer of particles from the constant flux region 

into the wall reservoir is considered to take place at a 
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velocity 4.ictated by the constant flux equation and the 

concentration within the reservoir. This model is illustrated 

in Figure E.5.25. 

Consider the flux of particles entering and leaving 

the reservoir: 

Let P' = Radial flux of particles crossing shaded inter-
- r 

face along radius at a. (F r  = UCV 
 '' independent of r 

and a). 

C ' = Concentration within reservoir along radius V 
at a. 

V' = Tangential velocity within reservoir, assumed 

independent of r in this region . (i.e. V' is a 

function of a only. This assumption is not unreason-

able, as the tangential component of the Pagnold 

sheer force must tend to reduce the velocity gradient 

cr ) in this region.) 

a 
= Tangential flux of particles entering reservoir 

(c' = V'C '' ' function of a). a 	V  

For steady state conditions within the reservoir: 

	

'.:t r`r.16a" 	ar a (r2-r1)  = (et a, 6E:a )(r2-r1)  

	

r
1 	bE'a 

	

r2-r1 	r = 737-  

Taking limits as &a 	0 

' r. -  a 	
(r 1 	) 	 000 000 da 2-r1 

Integrating between 0 and a and substituting for E'a 
r 

(5.14) 

• ( 
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FIGURE 8.5.2 s ADoroximate model for region near olzter wall.  
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r1  
V'Cv! - V Ifevf  _ (r2-r1) aUC ' 

V 

21 _ 	
CV 

U - 	--- (V' - V' --- r a 	f 	' 1 	C
f) 

V 
000 	000 (5.15) 

Equation 5.15 is similar in form to equntien 5.13, 

but can be ml:de to satisfy both the required conditions. 

It was assumed in deriving the model thatEr  = 0 

at r?, which satisfies one condition. Rearranging 5.15 

in the form 

V' Cv  = Cvf. r__:  f 
UriaJ  

• • • 	• 00 (5.16) 

     

r2  

and putting V' = V'f  at a=0 gives Cvt= Cvf, which is the 

other required condition. 

The calibration measurements were made at a position 

corresponding to r = 2.4 cm., so the velocity U2.4 will  
be calculated from equation 5.15 by putting r1  = 2.4cm., 

r2  = 2.5cm. The exact manner in which V' is likely to change 

with a is not known, but if the behaviour observed to 

hold with pure fluids (Figure B.2.3) is used as a guide, 

it appears that V' will initially (a=0) be less than V 

by a factor of, say, 0.7 - 0.8 and will increase progressively 

as the suspension passes through the helix, reading perhaps 

1.1 - 1.2 V if fully developed curved flow is attained. 

These values relate to the behaviour at the midsection of 

the channel, however, and when the velocity profile is 

averaged over the full depth of the channel (Section 4.3.1) 

they arc likely to be reduced somewhat. In any case, it 

seems improbable that fully developed curved flow is re:phed 
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under the consitions employed in the present helix. In view 

of these considerations, it is assumed that V' will change 

from 0.77 at a=0 tc V at a=2n . If the suspension is 

considered to accelerate at a constant rate of v cm./sLc./ 

red., then V' mry be expressed as 

	

V' = V'
f  va. .00 ... 	(5.17) 

when V'f  = 0.7x200 = 140cm/sec, 	v 60 = 9.55cm./sec./rad. 

Alternatively, the tre, tment used when considering 

the Zagnold shear forces (section B.4.1.2.d) could be 

adopted: namely, to assume that the tangential component 

of the shear force will minimise the alterations in the 

axial velocity profile that would otherwise be expected, 

so thet V' may be considered independent of a. However, 

equation 5.17 is thought to represent a more realistic 

approach. 

Combining equations 5.15 and 5.17 gives 

elff 
U2.4 = 1.13 - 0.93 7-r ... 	.0. 	(5.18) 

The values of C„' 	corresT)onding to CVf 
= 0.085 

V2.4 
have been interpolated from Figure P.5.23 and used with 

equation 5.18 to calculate U. These results have been 

compared with the apporent terminal velocities, calculcted 

as before by the method of Heywood11 using, in this 

a mean value for V' of 0.85V = 1/0 cm./sec. end a correction 

fmr interference effects based on the interpolated values of 

C
V2.4. The results are given in Table B.5.4 (overleaf) 



FRIT.TIGN CALCULPTED U TAR 

(cm./sec.) 

'NEASURD' U 

(cm./sec) i Nean Aperture 
(EL) 

253 4.8 1.03 

181 4.o 0.97 

129 i3.7 0.85 

89 2.7 0.64 

! 	61 1.7 0.1+5 
i 

B.S.Mcsh 

1
-152 +72 
-72 +loo 

-100+150 
-150+200 

-200+325 
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TABLE B.5.4 

Radial Velocities of Size Fractions of Glass Spheres at r=2.4cm. 

The meo.sured velocities obtained from the two zone 

constant-flux model are 	substantially lower than the  

apparent terminal velocities, though the proportional varia-

tioh from size to size is almost the same for both sets of 

figures. Possible reasons for the differences are listed 

below and then discussed at greater length. Factors already 

considered in detail when analysing the results for the zone 

near the inner wall arc only included in summary form. 

(a) Use of the arithmetic mean size in calculations; 

(b) Use of the apparent terminal velocity in calculations; 

(c) Incorrect assumptions regarding the axial velocity profile; 

(d) Degeneration of the concentration profile; 

(e) Reduction of the measured velocities 	secondary 

fluid flows; 

(f) Inaccurate concentration measurements duo to solids 

settling out during the test runs; 
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(g) Lift forces or 'Magnus' effects; 

(h) Inadequacy of the 'two-zone flux' model as a representa-

tion of the interference and shearing force retardations. 

(a) The use of the arithmetic mean size was shown earlier 

to have a negligible effect on the calculations. 

(b) The apparent terminal velocity was previously shown 

to be an overestimate of the actual velocity, since among 

other things, it failed to take into account the period 

during which the particles are undergoing initial acclera-

tion, and neglected the turbulence present in the fluid 

due to it's axial flow behaviour. These arguments are 

still relevant, but it is possible that the moderate to 

high concentrations of particles present near the outer 

wall (particularly with the coarser sizes) tend to modify 

the fluid behaviour eiVier by enhancing or diminishing the 

turbulence. A reduction in the overall turbulence seems 

the likelier 	- on these grounds alone - it 

might appear that the apparent terminal velocity represents 

a better estimate of the actual velocities achieved by the 

coarser particles near the outer wall than it did for the 

same prticles necs the inner wall. However this effect is 

likely to be small in comparison with that arising from the 

main drawback cf the apparent terminal velocity model-

namely that it completely neglects the 3agnold effect. 

The Bzignold effect exerts an influence on the radial 

motion of the particles in two ways: first, the radial 

component of the shearing force acts in direct opposition 

to the force tending to accelerate the particles and second, 

the tz..algential component of the shearing force must modify 

the axial velocity profile of the suspension which, in turn, 

will affect the accelerative force acting on the prrticles. 

The latter effect is considered in more detail in the next 
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section, but it seems likely that the greater part of the 

differences found in Table B.5.4 is due to the inadequacy of 

the apparent terminal velocity model in failing to take the 

radial co!llponent of the Bagnold shear force into account. 

(c) 	It was shown in the earlier discussion of the values 

assumed for V that overostimtes of V could lead to values 

of the apparent terminal velocity that were too large for 

the finer sizes, but that there should be little or no 

difference at the coarse sizes. As consistent relative 

differences were found at all sizes, incorrect assumed 

values for V'cannot be held responsible for these, although 

the absolute values of both the calculated and measured 

particle velocities could well be in error. 

The probable axial behaviour of the suspension was 

deduced by analogy with the data available for pure fluids. 

Unfortunately, as mentioned in Section (b) above, this 

approach does not make any overall allowance for the tangen-

tial component of the Bagnold shearing force, although one 

consequence of the force is allowed for in the'definition 

of V'. It has already been shown (erection 4.1.2d) that the 

'inertial' type of shearing force is more likely to occur 

with the high radial velocity gradients existing within the 

sizer helix. The shearing stress (T) between adjacent 

layers of particles in the suspension may therefore be 

obtained from equation 4.23 i.e. 

p 	0.042Cosm D2A 2 (II 'dr )
2 

0 0 • • 0 • 	• • • ( 4 . 23 

The relationship between p, 7 and the angle of the 

resultant (a) is given by 



00• (5.20) dV )2 
dr ' 
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7 = Tan a 
p 

Combining 4.23, 5.19 gives 

, = 0.042Sina D2  A 
2 

 

(5.19) e 	• • • 	• • • 	• a • 

For spherical particles, Dc'gnold found an average 

value of tan a = 0.32, or a = 17.7°. Substituting this 

average value in equation 5.20 gives 

E )2 T = 0.0128 D2X 
2(r 
	... 	000 	(5.21) 

The 'linear particle concentration' (,\.) may be 

related to the more familiar volume concentration of particles 

(CV) by means of the expression 

CV = 	(1is-T )3  000 	000 	000 	(5.22) 

The stress given in equation 5.21 nay be compared 

with the viscous stress generated in water alone with the 

same velocity gradient i.e. 

	

dV 	000 	0.0 	000 	(5.23) 

'C
H
2 0 

= n 
- • dr 

The ratio T / T„ has been calcul7ted for all five 
'2u 

size fractions over a range of volume concentrations, taking 
dV 
— = 500 sec. and 	

-2 
and n = 10 	 presented poise. The results are  dr 

in Figure B.5.26. It is apparent that for the conditions 

assumed, the inertial shear stress can rise to nearly six 

times the equivalent pure fluid shear stress for the coarsest 

size fraction, with proportionately smaller increases for 

the finer size fractions. 

The concentrations recorded at an equivalent radius 

of motion r = 2.40cm. with CVf  = 0.085 were extracted from 

Figure B.5.23 and used earlier in the compilation of Table 

B.5.4. These same values may be used to estimate the 
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magnitude of the ratio 7/ TH20 
from Figure B.5.26. The 

results arc given in Table B.5.5. 

1.6..LL B.5.5 

Ratio of Inertial Particle Shearing stress to Fluid Shear Stress 

-52 +72 	253 

-72+100 	181 

-100+150 	129 

-150+200 	89 

1  -200+325 	61 

1 	1 	 

B.S. Mesh Mean Aperture 
(µ) 

cV2.4 h&i.SURED 
FOR CVf=0.085 

STRESS R1,TIO 
/ Ta2  

0.263 5.90 

0.219 1.90 

0.162 0.45 

0.114 0.10 

0.090 0.04 

SHE FRACTION 

The increased shearing stress present must result in 

an overall reduction in the axial velocity of the suspension 

throughout the region near the outer wall. Measurements 

of the apparent visccsity of suspensions of -200+325 mesh 
22 

glass spheres (0-.2.36) made by.Clarke 	with a modified 

Ferranti viscometer showed that, at a shear rate of 328 sec
-1, 

the apparent viscosity of the suspensions increased t a 

far higher rate than would be expected from consideration of 

the Bagnold effect alone. In this work, however, the particles 

in contact with the outer cylindrical wall of the viscometer 

were prevented from moving relative to the wall by a 

system of vertical channels cut into the surface, whereas 

no such slip-limiting device was employed by Bagnold
17
. 

Since the radial accelerative force acting on the 
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particles is a function of the axial velocity, the radial 

velocities of all sizes of particles must also be reduced. 

This reduction will be very small for the finest size 

fraction, but could be quite large for the coarsest size 

fraction. For this reason, the values of V' used in the 

calculations probably represent over-estimates of the 

z_:ctual velocities, the degree of over-estimation increasing 

with particle size. 

(d) The most likely consequence of degeneration of the 

concentration profile due to remixing downstream of the 

helix would be the transfer of some of the high concentration 

material from the outer wall back towards the centre of the 

channel. This effect was discussed previously in connection 

with the behaviour near the inner wall of the channel, where 

it was concluded that as much as 10;' of the concentration 

difference created within the helix might be lost by remixing. 

If a correction of +10;' is applied to the values of C, 
'2.4 

used in Table B.5.4, the new values of the measured radial 

velocity (T:CORR) are given by 

0.0081  
00. 	.0. 	(5.24) UCORR = U 	

CV2.4 

Equation 5.24 results in corrections to the measured 

velocities for the five size fractions 61,89, 129, 181, 253µ 

of +0.09, +0.07, +0.05, +0.04, +0.03 cm./sec. These 

corrections are so small in relation to the existing differ-

ences that degeneration of the concentration profile is 

obviously not a significant factor. 

(e) Secondary fluid flow effects were discussed previously 

in sections 4.1.2.c, 5.3.1.e. It was concluded that secondary 



— 193 — 

flow might have interfered with the radial motion of the 

finer sizes in the region near the inner wall, as these 

particles displayed proportionately smaller velocities 

compared with the apparent terminal velocities. 

In the present instance, the measured velocities 

represent an almost constant fraction of the apparent terminal 

velocities and as the coarser sizes should be little affect,d 

by secondary flow in any case, it seems unlikely that this 

can be a major contributory factor. This conclusion does 

not preclude the existance of secondary fluid flow or the 

possibility of it having an effect in the region near the 

inner wall, however, since the relatively high concentra-

ti._ns of particles near the outer wall may well interfere 

with the secondary flow itself - possibly to the extent of 

causing it to recycle at a smaller radius of motion than 

would otherwise be the case. 

(f) although losses of material due to settling out 

during the test runs could cause artificially low measured 

velocities in the region near the outer wall this is not 

considered to be a likely explanation, for the reasons 

outlined earlier. (section 5.3.1.g) 

(g) The lift force was discussed orginally in Section 3.1.1 

and also in relation to the behaviour near the inner wall. 

(Section 5.3.1.h). The anticipated direction of the lift 

force in the region near the outer wall is illustrated in 

Figure D.5.24.b. It can be seen that the force will act 

in a manner ceaculated to decrease the axial velocity of 

the particle and,hence, its radial velocity. Since the 

measured radial velocities are in fact too high, the lift 
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force could well have contributed to this effect. 

(h) 	The constant flux model is intended to take account 

of two types of retardation: the so-called 'interference' 

effects (Section 3.1.2.c) End the 'inertial' shearing force 

(Suction 4.1.2.d). If any relative noticn between particles 

and fluid in the tangential direction is ignored, the 

equatin describing the int,rference cffocts may be written as 

= 	UT(1 v) 
	

0 0 	0 0 0 	• 0 0 
	 (5.25) 

in which the exponent 	is a function of the Reynolds 

humbur for the particle. The 'inertial' shearing force was 

calculated in Table E.4.2 as a proportion of the accelera-

tive force for particle sizes corresponding to the limiting 

conditions for laminar and turbulent motion. Thu equivalent 

changes in the apparent terminal velocities may be calculated 

from this data by making nee of equations 3.20, 3.29 

(putting 
d2r
--5 and Q equal to 0 in each case.). 
dt- 

If the reductions in particle velocity caused by 

these two factors are c,:nsidercd to be additive in effect, 

the total reduction calculated from equation 4.53 and the 

data in Table B.4.2 may be compared with 

the cnstant flux model, which sugg ested 

U = " 	C -1 
k* V 

Taking U = 1 at CV  = 0.10, this comparison has been made 

for the limiting sizes for laminar (450 and turbulent 

(235p) motion. The results ore given in Table E.5,6. 

(See overleaf). 

that predicted by 

0 0 0 	0 0 0 	0 0 0 (5.11) 
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LEI,' B.5.6. 

Comprison between 'Inertial and Interference' velocity 
r,duction and that predicted by Constant Flux Nodal 

On the basis of these estim,i-tes, it would appear 

that the constant flux model provides a reasonable ap7roxi-

nation to the behaviour expected fr.n particl:.s exhibiting 

laminar or near-lmAnar motion (i.e. material < 200 mesh) 

over the concentration range CV  =0.10 to CV  = 0.20 and 

fur particles exhibiting turbulent or near-turbulent motion 

(i.e. material > 235k) over the concentration range CV  = 0.10 

to CV= 0.175. For turbulent motion, the reducti-.n in 

velocity caused by the inertial shear force increases so 

rapidly when CV  > 0.175 that the constant flux model is 

no longer api,licable. 

":lith this exception the constant flux model 

appears to give an adequate fit at the two extremes of the 

transitional regime of particle motion and it follows that 

it should give as good or nearly as good a fit within the 
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transitional regime itself, since the inertial and interfer-

ence reductions vary to a large extent in a manner that is 

compensatory. 

The above discussion is necessarily tentative, 

since most of the calculations del)end largely on the 

values assumed for the axial velocity and velocity gradient, 

and these are obtained by analogy from pure fluid behaviour 

without making any allowance for the effect of particles 

present. (section 5.5.2.c) 

In brief, it seems reasonable to consider the constant 

flux model adequate for all conditions except those involving 

high concentrations of large particles. In the latter case, 

the constant flux overestimates the measured velocity by 

making insufficient allowance for the inertial shearing 

force. However, as all the differences recorded in Table 

B.5.4 show measured velocities which are low, the errors 

introduced by using the constant flux model are clearly small 

compared with other effects within the system. 

5.3.3 Summar;,  and Conclusions  

The motion of particle populations in the regions 

adjacent to the walls of the sizer helix has been analysed 

in terms of simple models derived from the continuity 

equation given in Section 4.5. Near the inner wall the 

experimental evidence indicated that Cv  was independent of 

r, and U was considered to be independent of e and Cv  - 

i.e. a function only of r. The axial velocity distribution 

was considered independent of a and treated as a linear 

function of r, these assumptions being based on the evidence 

available for pure fluids. The continuity equction was 

solved for these conditions, the form of the solution being 
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such that the radial velocity of the particles at a given 

radius of motion (1.1c.m.) could be calculated from a 

knowledge of the initial and final volume concentration 

of particles recorded at that radius. The 'measured' 

velocities calculated in this way were all considerably 

smaller than the apparent terminal velocities obtained using 

Heywoods method, ranging from about 40r' of the terminal 

velocity at 253µ down to 49' at 61µ. It seems probable 

that the apparent terminal velocity is mainly in error, 

since it assumes that particles can undergo ideal types of 

drag when moving radially in a fluid undergoing turbulent 

axial flow and, also, neglects the initial accelorati,-,n of 

the particles and the consequences of boundary layer separa-

tion, secondary fluid flow and lift forces. The extent to 

which there individual effects are responsible for the 

overall discrepancy is at present a matter of conjecttive, 

but it seems unlikely that secondary fluid flow plays a 

major role. 

In the region near the outer wall of the helix, the 

motion of the particles is governed to a large extent by 

interference effects and Bagnold shearing forces. L 

constant flux model was proposed to describe this behaviour, 

but in order to satisfy the boundary conditions it was 

necessary to modify the model by dividing, the region into 

two parts: one adjoining the wall which acts as a reservoir 

and an inner part feeding the reservoir with a constant flux 

of particles. The concentration and tangential velocity of 

the particles in the reservoir were considered to be inde-

pendent of the radius and the tangential velocity was treated 

as a linear function of a. L new continuity equation was 

derived and solved for these conditions, making use of the 

initial and final volume concentrations of particles recorded 
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at r = 2.4cm. as the 'reservoir' concentrations and estima-

ting the tangential velocities from the evidence available 

for pure fluids. These calculations provided 'measured' 

values of U corresponding to the final particle concentra-

tions recorded at r = 2.4cm. and the figures were compared 

with the apparent terminal velocities obtained using Heywoods 

method and a mean value for the tangential velocity. In all 

cases the 'measured' values were lower, amounting to some 

20 - 25`.': of the apparent terminal velocities. Most of the 

differences must be due to the failure of the apparent 

terminal velocity model in not taking the radial component 

of the Bagnold shear force into account. Both the measured 

and terminal velocities quoted are probably inaccurate, 

since the assumed values of the tangential velocity could 

be in error by a significant amount due to the effects of 

the tanbential component of the Bagnold forces. 

Neither of the proposed models can be made to satisfy 

all the requirements set out in equations 4.32 - 4.34, 

since each model is only valid for a given set of conditions 

that appears to hold for a p-rticular region. 

5.4 	Calibrations for Glass Spheres  

The calibration technique evolved previously for 

ground quartz (Section L.4.1.6) was entirely empirical in 

origin and was only suitable for samples whose size distri-

butions could be described in terms of Gaudin - Schuhmann 

functions.4 further disadvantaEe was that two readings 

had to be taken for each sample, the calibration plot being 

based on the difference between the readings. (Figure A.4.10). 

The results obtained with size distributions of glass 

spheres can be presented in the same way (Figure B.5.27), 



(
l
o
ga
r
i
t
h
m
i
c
  
s
c
a
l
e
)
 

0 cr, 

z 

100 

200 

300 

1+00 

500 

20 

50 

— 	— 

0 	10 	20 	30 	4o 
	

50 
	

6o 
	

70 

As 

FIGURE B.5.27: Size distribution calibration for Mark 7 cell. 
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though the correlation is not as good as that obtained with 

ground quartz. (Figure L..4.10). This type of calibration 

is limited in scope and it seemed desirable to develop a 

more general method based, if possible, on one rather than 

two readings. Tlith this objective in view, the measurements 

made near the inner and outer walls of the helix were considered 

separately. 

5.4.1  Calibrations based on I'leasurements made at r = l.lcn. 

The analysis conducted earlier showed that the veloci-

ties of individual size fractions could be related to the 

measured narticle concentrations in a simple manner. 

(Equation 5.5). Making reasonable assumptions about the 

axial velocity profile, the equrtions reduced to give 

U1.1 	
2.5 1n(CVf  ) 	.00 	J00 	(5.5) 

V 

From equations 5.4 and 5.5 the velocity of single 

size fractions (U1.1) 
 is directly properticnal to the 

logarithm of the ratio 	Vf 	so this quantity may be used 
CV 

 

as a direct representation of the velocity. If the logarithm 

(tc base 10) of the ratio 	CVf
) 
 is plotted against the 

CV  

(arithmetic mean) particle size (D) for single size fractions, 

the result is a straight line (Figure B.5.28, circled points), 

giving the relationship 

CVf .00405D 
= 0.571 x 10

0.00405D 
CV  

• •0 00. 	.00 (5.26) 

If this result is combined with equation 5.5, the 

velocity of the particles is given by 

U1.1  = 0.0233D - 1.4 	• • • 	• • 0 	• • • 	• • • 
	(5.27) 
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When the concentration is measured for a mixture 

of size fractions or a size distribution, the value obtained 

is an average one and it may be related to an average size. 

Since no interaction was found between particles of the same 

or of different size (Figure 8.5.22, Tables B.5.1, B.5.2), 

the total concentration obtained with a mixture of particles 

of different sizes can be computed by summing the partial 

concentration contributed by each size according to equation 

5.26. 

Denoting the weight proportion of size D by the 

symbol N, the total observed concentration is given by 

CVf .00405D, 
E(N.0.571 x 10

0  (5.28) 
C V 

If the total observed concentration is to be plotted 

against a mean size, the mean must be calculated from 
v- 

equation 5.28. Denoting this mean by D : 

0.00405D 	.00405D
) 0.571 x 10 	E (II 0.571 x 10°  

lea E iii t.ntilog(0.00405D)1 
0.00405 

• 0 0 	0 0 0 (5.29) 

The mean size defined by equation 5.29 has been 

calculated for cal samples that contained more than one size 

fr_.ction. The measured concentrations have been plotted 

against this mean size en the ::acne graph as that employed 

for single size frr.ctions. (Figure B.5.28). .lightly 

more of the points fall below the original line than fall 

above it, but the agreement is generally good and confirms 

the applicability of equations 5.26, 5.29 and the earlier 

conclusions regarding the lack of interaction between particles 

in this region. 
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The mean size defined in equation 5.29 is unusual 

in form and does not lend itself to calculation by integra-

tion in the case of the Gaudin-Schuhmann or any other 

convenient size distribution function. however, the form 

of this mean, which is the logarithm of the sue:: of weighted 

antilogarithms, suggested that the geometric mean (the anti-

logarithm of the sum of weighted logarithms) might provide 

a useful approximation. The geometric mean, besides being 

more 

most 

mean 

f,amiliar, can be calculated without difficulty for 

size distribution functions. Denoting the geometric 
A 

by D, and using the sane symbols as before: 

A 
D 	L El; logD] 0 0 0 	• • a 	• 6 

	 (5.30) 
The geometric mean sizes have been calculated for all 

the mixed si-,e fraction and size distribution samples used 

in the testwork. To illustrate the correlation between the 

two mean sizes defined by equations 5.29, 5.30, they have 

been plotted against each other in Figure B.5.29. It can 

be seen that the correlation is extremely good for all 

samples up to.  e mean size of 13511, and for coarser samples 

only one point diverges from the line by more than about 

In view of this generally good agreement, the use of 

the geometric mean size (D) in place of the mean defined by 

equation 5.29 should lead to an almost identical calibra-

tion, with a slightly greater scatter and possibly more of 
A > 

a bias towards the coar&er sizes, since in all cases D - D. 

The data used in obtaining Figure ?3.5.28 have been 

replotted against the geometric mean size in Figure B.5.30. 

The scatter is greater, as anticipated, but a mean calibration 

line can be drawn which will give the geometric mean size, 

corresponding to a given concentration measurement, to 

within t lop. for D < 10011 and I 20p. for 1) > 100[1.. These 
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limits are considerably smaller than the normal sieve 

aperture spacings and should be quite satisfactory for the 

control of most size reduction processes. 

The calibration equation is therefore given by 

CVf 0.571 x 100.00405  D 

 

(5.31) cv 
0 0 	0 • 0 

Since no interaction was found between particles, CV  

increases linearly with C
Vf and equation 5.31 is,therefore,  

valid for feed concentrations ranging from CVf  = 0 to 

C
Vf = 0.10. 

5.4.2 Calibrations based on Measurements made at r = 2.4 cm. 

The model developed for the outer region suggested a 

simple relationship between the concentration of the particles 

and their velocity. (Equation 5.15). Making reasonable 

ssumptions concerning the behaviour of the J'xinl velocity 

profile, the equ:Iti-rn reduced to give 

ij
2.4 = 1.13 - 0.93 CVf 

V- 	

• • • 	• 0 0 	 (5.18) 
"C -1-  

The velocity of the particles is therefore linearly 

related to the ratio CVf • If this quantity is calculated 
CV  

for CVf = 0.085 and plotted against the size (D) for single 

size fractions, each to a logrithmic scale, the points 

fall approximately on a straight line. (Figure 11.5.31, 

circled points). The equation of this straight line is 

C
Vf 	29.5 	 (5.32) 

CV  D0.834 

Combining equ,-.tions 5.18 and 5.32 gives the velocity 

in terms of particle size: 

0 0 • • 0 0 	0 • • 
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U
2.4 =  1.13 - 27.4 	... 

D
0.834 

0 0 0 	0 0 0 (5.33) 

The concentrations recorded for mixtures of size 

fractions or size distributions ore aver:ge values, and they 

may be related to average sizes. Unfortunately, although 

no interaction was found between different sizes of particle 

in the outer region, a certain amount of self interaction 

was found at the coarser sizes. (Figures B.5.23) This 

self interr.ction created a non-linear relationship between 

CV and 
 CVf'  such that a two-fold increase in CVf produced 

	

a less than two fold increase in CV ' ' 	strictly speaking, 

this non-linearity means that the total concentration obtained 

with a mixture of size fractions cannot be accurately 

computed by summing the partial concentrations contributed 

by individual sizes according to equation 5.32, because 

this equation is only valid at one concentration (Cvf  = 0.085) 

and, when applied pro rata to lower values of Cvf, it under- 

estimates the total value of CV' by a signific-nt amount. 

The mean size against which the total concentration 

should be platted m-ly be calculated from equation 5.32. 

Denoting this mean by (B), it follows th?.t 

1  

	

( EMD°*834) 0,84 
	

0 0 0 	• 0 0 
	 (5.34) 

The correlation between 8 and the concentration 

calculated by summation of equation 5.32 (ignoring the non-

linearity) is also illustrated in Figure B.5.31. It is 

apparent that more points fall below the original line than 

above it, a tendency caused by the non-linearity discussed 

above. The correlation is not bad and could provide the 

basis for a calibration, were it not for the unfamiliar form 

of the moan defined by equation 5.34 and the difficulties 
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associated with necessary calculations. However, trial 

calculations revealed t1:-:Lt the latter mean differed very 

little from the arithmetic-weight mean (D) which is defined 

as 

5 = 	Fi HD 	0 0 0 	0 0 0 	0 0 0 	0 0 0 
	 (5.35) 

The two mean sizes have been compared in Figure B.5.32 

for all the mixed size fraction and size distribution 

samples used in the testwork. The agreement is good, the 

arithmetic-weight being in all cases the larger, but never 
0 

exceeding D by more than 511. 

The data used in constructing Figure B.5.31 have 

been replotted against the arithmetic-weight mean in Figure 

D.5.33. It is apparent that the arighmetic-weight mean 

gives a better fit, as the scatter is reduced and the prints 

are distributed more or loss equally about the line. The 

explanation for this rather unexpected result lies in the 

fact that the arithmetic - weight mean consistently over-

estimates the :_an size calculated from equation 5.31  and 

therefore, when substituted in equation 5.32 it tends to 

compensate for the non-lincc.r relationship between Cy' and 

CVf. 

The calibration line in Figure 1.5.33 may be used to 

determine the arithmetic weight mean to within - 511 for D 

<100µ and ± 2011 for 100<D<2001,t. :.hove 200',1 the scatter of 

the points is such that D may lie within - 3011 of the line. 

These limits arc comparable with those found for the inner 

zone calibration. 

The calibration equation is its final form becomes- 

c
Vf 	= 	29.5 	0 0 0 	 0 0 

	 (5.36) 
- (L) 0 834 
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i_lthough a substantial degree of interaction between 

particles was found at higher feed densities, this effect 

is compensated by using the arithmetic-weight mean size, 

as explained above. Equation 5.36 may be considered valid, 

therefore, over the range C
Vf 

= 0 to C
Vf 

=0.10. 

5.4.3 Comparison between Old and New Calibration S-stems 

The measurements conducted on size distributions of 

glass spheres ma.y be used to obtain an emirical calibration 

of the type developed originally for ground quartz, as has 

already been demonstrated in Figure 11.5.27. The separate 

calibrations developed for each measuring position are 

preferable to the earlier calibration because, in addition 

to having a mere fundamental basis, they can also be applied 

tc any kind of ideal or non-ideal size distribution. However, 

it is interesting to compare the different calibration techniques 

with a view to dctermning the extent to which they agree with 

one another. 

The earlier empirical calibration, which was based on 

the difference between the wall zone readings, cannot be 

broken down to give individual calibrations for each zone. 

However, the individual calibrations can be used to predict 

the difference reading (L 1L,) for each of the twelve Gaudin-

Schuhmann distributions that were test(.d. These values of 

AS may then be plotted against log .b(k-90) and, if the 

calibration systems are equivalent to each other, a straight 

line should result. This has been done in Figure 11.5.34 

and it can be seen that, although a mean straight line can 

be drawn, the correlation is an approximate one only. 

5.5 	Summary and Conclusions  

comprehensive series of tests was carried out on 

a new and improved version of the experimental rig. 
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Concentratinn profiles were determined for single size 

fractions of glass spheres over a range of feed concentra-

tions, for pairs of size fractions mixed in varying propor-

tiens, and for the Gaudin-Schuhmann size distributions 

eniployed in the earlier work on ground quartz. 

:3eparate solutions to the continuity equation were 

developed for the two regions near the walls of the channel, 

the approach adopted in each case being booed on the charac-

teristics of the concentration profiles.Where necessary, 

reasonable assumptions were made regarding the axial velocity 

profile and in other instances where experimental data was 

lacking. The solutions were in the form of equations relating 

the initial and final concentrations to the radial velocities 

of the particles. Aear the inner wall, the radial velocities 

were assumed independent of concentration and so the results 

obtained were valid for the entire retention time in the 

helix. The velocities near the outer wall were Evrkedly 

dependent on the concentration and so the results obtained 

were valid only at the measured final concentrations. 

The data. obtained for glass spi-.eres were used to 

obtc.in individual size calibrations booed on concentratiL n 

measurements 1,1c- de in each of the wall regions. These calibra-

tinns were general in nature, since - unlike the earlier 

empirical calibration - they could be applied to my kind of 

ideal or non-ideal size grcupingE and were valid for a range 

of feed concentrations. 	comparison was made between the 

calibration systems and it was shown that, for Gaudin-

bchuhniann type size distributions only, the original calibra-

tion system could be reproduced with reasonable agreement 

by combining the results of the new individual calibrations. 
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6. REVIEW 

6.1 Progress Achieved 

The work described in each of the two major parts of 

this thesis was intended to satisfy a separate and entirely 

different set of objectives. It seems best, therefore, to 

review each part separately. 

6.1.1 Part A: Development of the SizinF Technique. 

The aim of this work was to develop a system capable 

of performing rapid and frequent measurements of the size 

distribution of particles in a suspension. 

Visual assessment of early test runs, conducted with 

mixtures of differently coloured size fractions, suggested 

that the proposed centrifugal system could proviC.e a means 

of sizing homogeneous materials over a size range which is 

of considerable interest in the mineral and chemical 

industries. Measurements of particle concentration carried 

out on suspensions of ground quartz using a beta-trans-

mission density gauge confirmed this. An empirical calibra-

tion based on the Gaudin—Schuhmann function was developed 

for size distributions of quartz. 

When this stage of the worl, was reached, the basic 

aim had been realised. However, there were two important 

restrictions on the performance of the sizer that seriously 

limited its usefulness. First, the exact form of the force 

field within the helix and the type of particle motion 

was unknown, sc that deviations from the empirical calibra-

tion could not be explained or compensated. Second, the 

sizer had only been tested on homogeneous materials and there 

were forsceable difficulties in applying it to materials 

containing a range of specific gravities. L new stage in 
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the research was TJlanned, therefore, in the hope that it 

would go some way towards lifting the first of these 

restrictions. 

6,1.2 Part B: Investigation into the Sizing Technique 

The aim of this work was to gain an insight into the 

behaviour of particles within the helix, to determine the 

forces acting on the particles and, if possible, to construct 

a theoretical model. 

A theoretical and experimental investigation into 

the behaviour of ideal (spherical) particles within the 

sizer was carried out. The theoretical study was limited 

in many instances by the inadequacy of existing models and 

the lack of experimental evidence regarding the flow behaviour 

of fluids and suspensions at high Reynold's numbers.The behaviour 

of particles moving in unbounded radial force fields under 

conditions of laminar and turbulent motion was calculated 

approximately, the results being used as a guide in making 

certain assumptions in the later stages of the analysis. 

It was found that,in the present stage of development of 

hydrodynamic theory, the motion of particles within enclosed 

helical channels could not be predicted from first principles. 

A continuity equation was derived for the particles, which 

if solved would permit the calculation of the average 

velocity of the particles over the full depth of the channel 

from known or measured values of the particle concentration. 

A programme of experimental work was carried out 

with glass spheres. The results of the theoretical and 

experimental investigations were used to obtain limited 

solutions to the continuity equation for the regions adjacent 

to the inner and outer walls of the helix. The radial 
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velocities of the particles calculated from the solutions 

to the continuity equation were compared with theoretical 

estimates of the apparent terminal velocities of the particles 

and were found to be considerably smaller in all cases. 

On the basis of this work, it was concluded that the 

main factors opposing particle motion were probably enhanced 

or non-ideal fluid drag forces in the zone near the inner 

wall and a combination of shear forces and interference 

effects in the zone near the outer wall. It was thought that 

lift forces might play a significant role in the outer zone 

but not in the inner zone and that the type of secondary 

fluid flow likely to occur in the helix would probably not 

have contributed significantly to the observed effects. The 

likelihood of boundary layer separation taking place at 

the inner wall could not be assessed. 

To summarise, the work carried out so far has shed 

some light on the nature of the forces at work within the 

to which forces 

could have been 

available concern-

created within 

flowing at medium 

sizer helix and has given an indication as 

are the more important. The investigation 

taken further if more information had been 

ing the axial and radial velocity profiles 

helical channels by fluids and suspensions 

to high Reynold's numbers. 

6.2 Future Work 

The most immediate objective of future work will be 

to obtain some of the missing information concerning the 

flow behaviour of the fluids and suspensions within helical 

channels. Since the existing helix is far too small to 

permit determination of the velocity profiles by any of the 

known techniques, it will be necessary to construct a scaled-up 
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version of the helix and investigate its performances under 

hydrodynamically similar conditions. Once the changes in the 

velocity profiles have been determined for various volu-

metric throughputs, it should be possible to predict the 

three-dimensional trajectories of individual particles and 

by summing a large number of trajectories the concentration 

changes may be predicted. The equations involved are likely 

to be extremely complicated and difficult to solve, so 

considerable use of computers is contemplated. 

Other interesting but less immediately urgent aspects 

of the work would include investigations into the effects of 

changes in the aspect ratio of the channel, the radius of 

the helix, and the number of turns employed. 

The Science Research Council has sponsored a further 

programme of research along these lines which is currently 

being carried out. The patents
23 

taken out on the sizer 

have been assigned to the National Research Development 

Corporation, who have issued a license to manufacture to 

the firm of Hilger and Watts Ltd. 
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APPENDIX 

Finite Difference Solution for Turbulant Radial Motion  

of a  Spherical Particle in a Uniform Tangential Velocity 

field, in the absence of Secondary Fluid Flow  

The basic equation to be solved is of the form 

dT 
dr + aT = r 0 00 000 	000 	00 	 000 (1) 

6P 
where a = 	and b = 

1015O- 
2(o-  - P)V2  

  

Consider a series of successive values of r spaced 

at ecual intervals of h, where h is small. Let T
n-1' 

T
n
, 
Tn+1. 

 be the values of T corresponding to rn-1, 

r
n
, r

n+1 
etc. 

P7 definition, T = f(r). •'xpanding this as a Taylor 

series in the region of rn  gives: 

Tn+1 
= f(r

n+1
) = f(r

n
+11) = fr

n
) + hr'tr ) + h2 f"'r

n
) + etc. 

n 

dT 	h2 
 (d2T  = T

n 
+ h ( 	) +

Idr2 
i n+1 	dr n 	n  

000 	000 	( 2 ) 

also I
n-1 

= T - 
n 

 
r n 

h2 ( d2T ) 
• 21 	dr2 n  

000 	000 

,dT\  
n 

.°0 T
n+1 	dr 

- T
n-1 

= 2nk--) 	+ terms in h3 and above 

. 

. diT 	1 

	

(dri n 	2h (Tn+1 - . 	= 	Tn-1 )  

But from equation (1): 

t22) = b — - 
‘drin 	r 	aTn n 

Combining equations (4) and (5) gives 

o o o 	ooe 

• 00 	0•• 	400 	000 
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2bh T
n+1 r 	- 2ahTn + T

n-1 n  

In the most general form the value of Tn  is given as 

gb h - 2ahT
n-1 

T
n 

= 	+ T
n-2 rn-1  • 0 • 	• • 0 (6) 

Equation (6) shows that once a solution has been 
initiated, succession values of T may be calculated from 

those already found. 

In order to commence the solution, one boundary value 

is required; say T = To  at r 	The value of T at r
1 

is then guessed (T1) and equation (6) applied repeatedly to 
find T2, T3, T4  etc. 

The intial guessed value of T
1 

contains an unknown 

error, known multiples (m) of which are present in the later 

values of T. The significant point is that from equation (6) 
these increasingly large. error multiples are of alternating 

sign. 

The 'error pattern' that is generated as the solution 

progresses can easily be determined, and by interpolation 

between successive pairs of large positive and large neg-tive 

erronmultiples,theorip:ixaerrorinT, rany be estimated. 

A second solution may then be obtained very rapidly 

indeed, by applying the known 'multiple error' corrections to 

the first et of values of T. The second solution so obtained 

is normally of sufficient accuracy. 

The error pattern produced by repeated applications 

of equation (6) is shown overleaf: 
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r 	ERROR 	h1-R0R 	MULTIPLE 

r0  

r1 

r2 

r3 T, 

1.4  

r
5  

r6  

r
7 

ro  (.) 

r9  

r10 

T 	+ Nil 0 

T
1 	

+ m
1  E 

T2 	Yr121 

+m E 

T 	mE 

T
5 	

+ m5i1, 

T6 	m6L 

T
7 	

+ In
7
E 

T
8 	m8E 

T, 	+ m
9 

mmE T
10 

 

0 

1 

2(ah) 

[1+4(ah)2] 

[4(ah)+8(ah)3] 

1  [1+12(ah)2+16(ah)
4
j 

[6(ah)+32(ah)3+32(ah)5] 

[1+24(ah)2+80(ah)4+64(ah)6] 

[8(ah)+80(ah)3+192(ah)5+128(ah)7] 

[1+40(ah)2+240(ah)4+448(ah)6+256(ah)3] 

[10(ah)+160(ah)3+672(ah)5+1024(ah)7+512(ah)9] 

z0 

z1  

z2 

z
3  

z L  

z
5 

z6 

z7  
z8  

H
Z = Apparent value of T. 

If T -m8  •Earecllosen as the interpolation values, then 

(T - m8E) , z8  is known diructly. (T + m8E) is found by linear 

interpolation, which is accurate enough for present purposes. 

The required formulae are 

T + mr,E = ( T118 	r17 	(z0 m, - r.7  

T - m8E = z8  

- z7) +z7 



— 225 — 

Hence: 

87  
( 	 ) (z

9 
- z

7
) + z7 

The error E is then applied to the first set of values of 

T using the known table of error multiples given above. 
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