(1)

O-STREAM ANALYSIS OF

PARTICLE SIZE DISTRIBUTIONGS

thesis submitted for the degree of
Ph.D. in Engineering

in the University of London

Anthony Bertram Holland-Batt
B.Sc.(Eng.) A.R.S.M.
Department of Mining
and Mineral Technology,
Royal School of Mines,

London, S.W.7.



(ii)

ABSTRACT

This Thesis describes the development and calibration
of an On-Stream Particle Size Distribution Analyser,
which operates by applying a centrifugal force field
to a suspension of the particles in 2 fluid medium.
The results obtained during the first stage of a
programme of research into the method of operation of
the Size Analyser are also described and analysed in
detail. The progress made is reviewed and plans for

future research are outlined.
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PART A
INTRODUCTION

The ideas forming the basis of this thesis were
generated during the early stages of a grinding research
project, when it was realised that the continuous analysis
of a wet grinding circuit 1.2 could not be undertaken satis-
factorially without frequent and rapid measurement of the size

distribution of particles produced by the mill,

Various ways of obtaining this. information were
considered, ranging from turbidimitry, sedimentation, elutra-
tion or screening, conducted on intermittent batch samples, to
continuous use of different sizes of D.3.M. screens, wet
sieves or hydrocyclones in conjunction with flowrate and pulp

density measurements,

The batch techniques, while capable of yielding full
information concerning the size distribution of solid particles
present, suffer from the disadvantages of being both inter-
mittent in action and time consuming. Measurement and
recording of the density and flowrate of the feed to and
products from a wet screen or hydrocyclone can be made
continuously, but the circuit is complex and considerable

instrumentation is required.

A final disadvantage of the systeiss discussed above is
that they involve physical interference with the pulp stream:
either the removal of a portion or the division of the stream
into subsidiary flows. Where the pulp is to undergo further

treatment or analysis, this is a most undesirable feature.

The device subseguently described has been developed
for the specific purpose of carrying out on-stream analysis
of particle size distributions occuring as suspensions in
fluid medis. It has eliminated some, but not all, of the

disadvantages of the alternatives mentioned above.



However, one great virtue of the device is that,
potentially, it can be improved, and it may well be that the
planned programme of research which follows on from the
work described in this thesis will succeed in eliminating
many of the technical drawbacks which still limit its

usefulness.

The thesis is presented in two main sections. Part
A describes the development of both the sizer itself and of
a suitable calibration technique. Part B gives a detailed
analysis of the particle—fluid behaviour within the sizer,
aimed at providing some kind of theoretical framework within
which the performance of the sizer may be evaluated. It also
describes further testwork conducted on a more sdphisticated
version of the device using ideal spherical particles. This
work was designed to establish the extent to which the
conclusions drawn earlier could usefully be applied and to
establish if possible a fundamental basis for the empirical
calibration developed in the first part of the thesis.
Finally, the progress achieved is reviewed and an outline

of the further research deemed necessary is given.



2., PRELIMINARY TISTWORK.

2.1 Introduction and Basic Principles.

The purpose of the on-stream size analyser is to
provide continuous information concerning the size distri-
bution of particles present in suspensions of solids in

fluid media.

The principle of the system is to apply a centri-
fugal force to the suspension so that particles of differ-
ent masses attain different velocities in the direction of
the force. When the force is applied at right angles to
the direction of motion of a suspension flowing in an enclosed
channel, the resulting concentration of particles -cross the
channel is influenced by the size distribution of the solid
particles. When the particles are of similar shape and
density the pattern of concentration across the channel will
be directly dependent on their size distribution. Hence,
if the concentration profile can be measured and related to
the size distribution causing it, the results may be used as

the basis of a system of on-stream size analysis.

2.2 Mark 1 Cell

The first version of the sizer cell is shown in
figure A.2.1. It consisted of half-inch diameter piping
which changed in shape progressively from circular to flat
rectangular to circular while turning through about 280°.
Thin windows of Melinex were let into the sides of the
channel at the midpoint of the turn to permit observation of

any density effects created within the device.

The shape of the cell was determined by two requirements.
The first was to allow centrifugal force to create a concen-

tration gradient acrosc the flow channel. The second was the



Melinex
windows

FIGURE A,2.1: Mark 1 Cell
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neccssity of dismersing the concentraticn spectrum cover &
reasonable width of channel for purwvosese of observeation and

neasurement.

The dimensions of the khark 1 and all subseguent sizer

. . . . . . 1,2

cells were selected with a particular applicatiorn in mind,™’
The total supply of suspersion was to be about 1 litre/min.

of a pulp ceontaining of the order of 70 by weight of quartz

[}

narticles. This pulp could be diluted, but the requircments

of the syztem restricted thie permissible dilution to a certain

H

ange. Tue sizer fzed had to be sufficiently dilute to permit
2 uceful degree of radial motion for the individual porticles.
1t had zlso to be dense enough to allow changes in particle
concentration to be measured in 2 thin layer of maceriesl.

L dilution to 2C5. solids by weight wes chosen initially,
giving a total flow of 90 c.c./sec. With this feedrate,

the internsl dimensions of the Mark 1 cell gave an average
flow velocity of 120c¢m./zec. It was hoped that this would

be adeguate.

2.241 Testworlk Using the Marls 1 Cell,

The first tosts were designed to establish by means
obzervation whether or not the chosen cell dimen-
sions and feed conditieons gave any detectable density

gradient across the channecl.

The circuit used i3 shown in Figure ~.2.2. It consists
of a spmall variable speed centrifugal puwp cguinped with a
feed hoprper, fced and return lines for the cell, and a light

source for illuminating the windows fron below.

o

Various size fractions of quartz sand were nade up as
suspensions containing 20% solids by weight and pumped through

L

the cell at several different flowrates.
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Moderate concentration gradients were observed with
the coarser particle sizes when the pump was run at full

speed. (Approximately 120 c.c./sec.)

Ho observable gradient was found for sizes finer
than 72 mesh B.5. At all pump speeds, moreover, considerable
flexing of the Melinex windows occurred, resulting in a high
degree of local turbulence. The flow patterns observed

within the window zone are shown in Figure A.2.3.

It was obvious that even if the design of the windows
was altered the Mark 1 cell would be unable to create an
effective concentration gradient at a flowrate of 90 c.c./sec.
unless the suspensions contained substantial amounts of
material coarser than 72 mesh B.S. Since the size distribu-
tions which the instrument would be required to measure were
unlikely to be of this ty e, testwork using the Mark 1 cell

was discontinued and a new cell was designed.

2.5 Mark 2 Cell

The second version of the cell is shown in Figure 4L.2.4.
The cross-sectional area of the flow channel was reduced by a#fmox:ul
third, so that for a feed rate of 90 c.c/sec the average
flow velocity in the cell would be increased from 120em./sec.
to 200cm./sec, The 280° turn of changing radius used in the
Mark 1 was replaced by a full helical turn. Other changes
include the use of perspex as the constructional material
for the entire cell and the provision of an extended lead-
out from the helix: these modifications were introduced
to eliminate window flexure and to enable the action of the
sizer to be observed both within and downstream of the

helix.
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2.3.1 Testwork Using the Mark 2 Cell

The Mark 2 cell was tested in the same circuit as
that employed for the Hark 1 (Figure A.2.2) and a series

of similar tests was carried cut.

To make visual observation easier, the mixtures
were made up from two differently coloured minerals; blue
crysocollia was used for the coarser sizes and quartz for the
finer sizes. The magnitude of the concentration gradient
produced was estimated by observing the intensity of coloura-
tion at different positions across the helix. This work was
qualitative and the effects observed were similar to those
illustrated in Figure A.2.5. This is a colour photogravh
of the results obtained with a full size distribution of
ground glass (Distribution No. 6, Table i.3.2. page 37) in
which the material coarser than 72 mesh is green and the fine
material yellow. The concentration gradient across the

channel is clearly visible.

2.4 Summary and Conclusions

The results obtained with the Mark 1 ce¢ll showed
that: a flow velocity of 120cm/sec. was too small to create
effective concentration profiles except with very coarse

particles.

Runs conducted with the Mark 2 cell suggested that
the radial motion created for particle sizes down to 100
mesh B.S. would be sufficient to supply a measurable concen-
tration gradient., The concentration profile appeared to
persist for some considerable distance downstream of the

helix.

These findings were considered to be sufficiently






encouraging to justify the construction of a test rig
incorporating means for measuring the concentration of

particles at different points within the flow channel.
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2.1 lleasuring cystem

3.1.1 Introduction

The ideal mecasuring sycotem for the prototype sizer
would have been capable of determining the perticle concen~
tration at & variety of points within the helix itself. This
proved to be imprazcticable for several reasons. 0f the
available measuring teciniques, only a beta-radiation gauge
of the transmission variety possossed tuie necescary ccensi-
tivity to cope with the smzll path length and narrow range
of concentrations liltely to be encountered. TUnfortunately,
a 'spot' source of specific zectivity high enough to ensure
good statistical accuracy in the counting equipment would
have been prohibitively expensive. Also, the radiation
detector (an ionisation chanber) had to be placed clear of

the helix hecause of its size.

Fortunately, the councentration gradients produced
within tihe helix were found to persist at considerable
distences downsiresa:r of the helix., It wes thus possible to
use a chean 'line' source of consideratle zrea and low specific
activity, and to site the source and detector on the leadout

from tre helix,

3.1.2 leasuring sSystem

The 3trontium - 90 beta-radiation source and ionisa-
tion chamber were disposed on opposite sides of the flow
cnannel at a position just far encugh downstream to ensure
that the helix did not interfere with the radiation pesth.

(Figure 2.3.1)

The source, one of a standard range macde by the
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FIGURE A,3%3.1: Geometry of Measuring System




Radiochemical Centre at Amersham, was supplied in the form

of a metal foil having an active area of 114 x 3 m.m. and a
total activity of 20 millicuries., '/ith a view to improving
the resolution of the density measurements, the source width
was reduced to 1.5 m.m. by altering the dimensions of the slit
in the retaining plate of the source holder. S3ince the
window of the ionisation chamber was 7.6 cm. in diameter, the

effective source activity was only about 7 millicuries.

The remainder of the measuring system consisted of a
standard 'Atomette' radiation gauge electronics unit
(Baldwin Instrument Co.) and a potentiometric chart recorder.
This system converted the current from the ionisation chamber
to a voltage, which was subtracted from a preset reference
voltage to provide a signal which increased as the concentra-
tion of particles in the measuring zone increased., This
signal was then fed to the chart recorder. An outline circuit

diagram is shown in Figure A4.3.2.

Since this system of measurement was employed through-
out the work, later versions of the equipment differing only
in stability and sensitivity, the basic relationship between
particle concentration and signal output to the chart recorder
is developed and presentcd here,

The attenuation ¢f beta-radiation by an absorber may

3

be represented as follows:

- dl = PPXT oo eoo  ees  (3.1)

e -REX .o oo (3.2)

I = Io
where I is the intensity of radiation reaching the detector
for an incident intensity of Io on the absorber, L is an

average mass absorption coefficient for all absorbers
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( S.BCm?/ng, P is the density (gm/cm?) and X is the thick-
ness (cm) of the absorber.

In the equipment just described the current from the
ionisation chamber , which is proportional to I, is converted
to a voltage and subtracted from a preset reference veoltage.
Hence the signal reaching the chart recorder may be represented
by

§=E - Ele““PX cee eee  eee  (3.3)

The radiation reaching the detector. through the
measurement zone in the sizer outlet is attenuated not only
by the suspension but also by the perspex walls of the channel,
by the air in the gaps between the channel and the source and
detector, and by the window of the detector. Equation (3.3)

should therefore be replaced by an expression of the form
$=E -E exp| —p(Plxl + PoX, + ces)] eee (3.4)

However, since thesc additional attenuations are always
present, and - with the exception of the air attenuation -
do not vary significantly even with changes in the ambient

conditions, their effect may be incorporated into the constant

e o8 = Eo - E2 exp[ —pPX] o eoo (3.5)

where X represents the thickness and P the density of the
suspension in the measurement zone. (Variations in the
attenuation of the air are compensated for in the standardi-

sation technique.)

It is convenient to replace P in equation (3.5) by
the volume concentration of solids in the suspension (Cv)’

leading to the result

S8 = E - By exp [ -px(e= 1) C ] ... (3.6)
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where o

specific gravity of the solid particles

g

LB = E2 exp [ -pX]

3.2 First Test Rig

To enable measurements of particle concentration to
be made at positions corresponding to different radii within
the helix, it was necessary to mount the beta-source and
detector so that they could be traversed across the channel.
Safety regulations also dictated that the source-detector
assembly should be totally enclosed within e structure capable

of providing an adequate radiation shield.

The layout adopted is shown in Figures i.3.3, A.3.4.
It consisted of a rectangular cross-section metal frame with
a totally enclosed box mounted on slides within it, the box
being traversed by rmeans of a hand crank. The frame and box
were constructed of % inch mild steel. Additional radiation
screening was provided by external lead sheet as required.
The sizer passed through slits in the outer frame walls and
was clamped to these walls. Corresponding lateral slits in
the walls of the box permitted the sizer helix and channel to
pass through it, while at the same time the box could be
traversed back and forth. The beta-source was mounted on
the underside of the 1id of the box and the detector clamped
to one of the side walls by means of a bracket. The configura-
tion of source, sizer and detector was shown previously in

Figure A.5. L

Initially the sizer was fed from a constant head tank
equipped with an agitator, situated some fifteen feet above
the sizer inlet. The discharge from the sizer was pumped
back up to the head tank by means of a Monopump. The flow-

rate through the sizer was determined by taking timed samples
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of the discharge, the flow being regulated by means of a

clamp cttached to the feed line. (Figure A.3.5.)

Preliminary tests run with this circuit revealed that
the suspension passing through the sizer contained signifi-
cantly higher proportions of solids than the prepared feed.
This was clearly due to settling of the coarser solids in
the head tank. Efforts were made to overcome this, but
evidence of settling persisted. The constant head circuit
had to be discarded.

3.3 Second Test Rig

The head assembly used in the first test rig was
retained unchanged. The constant head tank was discerded,
and a circuit with smaller volume was constructed in which
the sizer was fed direct from a monopump ecuipped with a
'Bercotrol' power regulator (British Hlectrical Control Company)
(Figure £.3.6). The size of monopump chosen was such that it
had to run at about 80 of its maximum delivery rate in order
to achieve the desired flow of 90 cc./sec. This was intended
to avoid low-frequency pulszations in the feed flow that might

have been created by a larger pump running more slowly.

This circuit immediately gave far more satisfactory
results and, in its basic form, was used for all the remaining
work described in this thesis. Various additions were made to
the instrumentation in the later steges and these will be

described as they arise.

3,4 Mark 3 Cell

The Mark 2 cell was fabriceted to permit visual observa-
tions. The perspex used in its construction was nearly 3 m.m.

in thickness and it was therefore quite unsuitable for use with
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low penetration beta radiation., Another factor affecting the
choice of 2 new cell was that it was considered desirable to
deternine the extent of the influence exerted by the radius

of the helical turn on the radizal motion of the particles.

The third version of the cell is shown in Figure A.3.7.
The cross-sectional area of the flow channel remains the
same, but the radius of the helix has been reduced by 0.5 cm.

The material used was 1.6 m.n. perspex.

Z.4.1 Testwork Using Mark 3 cell

The Mark 3 cell was assembled in the test circuit
shown in Figure 4.3.6 with the pulp flow in the direction
indicated for calibration of the beta~gauge. The Bercotrol
Unit was calibrated against flowrate by taking timed samples
of the suspension. The beta-gouge was then calibrated over
a range of solids concentrations, using commercially supplied
quartz sand of specific gravity 2.70. (This material was
used for all the work described in Section A of this thesis.)

The calibration technique was as follows:

The beta gauge was first standardised according to
the manufacturers recommended procedure, which eliminated
spurious signals within the equipment and compensated for
source decay aind changes in ambient conditions. The deviation
indicator was then set to give a selected reading on the chart
recorder with the source and detector set at a particular
reference position on the sizer, which contained water only.
Feriodic readings at this rcfercence positions were taken and

used as a check on the calibration of the equipment.

The total supply of quartz sand was screened on a
Russell machine into individual size fractions, from which

particular size distributions were made up as required. For
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the beta-gauge calibration arnd sizing runs conducted with

the Mark 3 cell, one particular size distribution was used
throughout., This was an 'ideal' Gaudin-Schuhmann distri-
bution, having 2 size modulus of 422 microns and a distri-

bution modulus of 0.738.

The volume of the circuit was measured and the sanple
weights calculated to give sclids concentrations in the
circuit ranging frem O to 505 by weight. (Cv = 0 to 0.27)
Each sample was pumped through the circuit at about 60c.c./sec.
and measurements were recorded at 0.2 ecm. intervals across
the sizer channel, the source and detector being positioned
by means of a dial gauge attached to one side of the head
box. (Figure 4.3.3.) For each measuring position, the
readings obtained on the chart recorder were plotted against
volume concentration of solids. This completed the czlibra-
tion of the beta-gauge and the flow direction in the circuit

was then reversed.

The objects of the sizing runs which followed were
twofold: first, to estimate visually whether decreasing the
radius of the helix resulted in any murked increase in the
radial motion of the particles,and second, to determine whether
cr not the visually observed concentration gradients could

be measured using a beta-gauge.

Four test runs were made, the details of which are
given in Table 3.1 overleaf. They covered two levels

each of solids concentraticn in the feed, and flowrate.



TABLE A.3.1.

Test Xuns Conducted with Mark 3 Cell

COXCY™* OF SOLIDS IN FEED

i

’

. FLOWRATE 1
It i T i
hTXCw) i VOLO(Cvf) : (ce/sec)
i i
! |
' 6420 | 0.085 i 60
, 0.20 I 0.085 i 90
0.30 | 0,137 ; 50
0.30 0.137 | 90

' Matural guartz: G - S Dist”, N = 0.738 k = L22u

Visual observaticn of the behaviour in the helix
suggested that there was little change in the radial motion
of the particles. The mcasurements made with the beta
gauge are shown in Tigure 4.3.8, and it can be seen that quite
steep concentration gradients were found. This confirmed

that the »nrofiles previously observed visually were of suffi-

cient megnitude for measurement by beta-ray attenuation.

The mezasurements made were unsatisfactory in one
important respect, however. A detailed examination of the
geometry of the system revealed that the apparent concentra-
tion of solids recorded at a given position was, in fact, an
average figure for a zone extending perhaps as far as 0.5cm.

on either side of the position.

At this point in the work the Mark 3 cell was badly
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demaged in the course of an alignment check on the source-
detector assembly. It was therefore decided that a new cell
could conveniently be introduced «t this stage, since certain
desirable modifications to the equipment would necessitate

recalibration of the cell in any event.

3.5 Marlk 4 Cell

In view of the constructiodonal difficulties encountered
with the Mark 3 cell and the absence of any real gain resulting
from the reduced radius of helix, 1t was decided to revert to
the design adopted for the Mark 2 cell. The lMark b was therc=-
fore identical to "the Mark 2 (Figure A.2.4) except that it was

fabricated in l.6m.m. perspex.

3.5.1 Modifications to Test Rig

The poor resolution of the measuring system, leading
to the recording of avcrage densities over a zone about
1 cn.in width, was considered unacceptable. It was therefore
decided to collimate the radiation entering the ionisation
chamber. This was achieved very simply by screwing two
semi-circular brass plates to the rim of the chamber casing,
the screws passing through slots in the plates. £ collimation
s1lit varying from zero up to 3 m.m. could be obtained by

loosening the screws and sliding the plates. (Figure A.3.9.)

The colliimation slit was set to l.b5m.m. and aligned
with the source. This was a simple operation to perform
since even slight misalignments could be detected by marked
reductions in the intensity of radiation reaching the
ionisation chamber. The Mark 4 cell wae then inserted into

the head assembly and aligned with source and collimation slit.

With the modified system, the solids concentration
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was measurcd over an area 1.5 mm. wide by 7.6cnm. long. The
source was actually 1l.4 cm. long, but the diameter of the
window in the ionisation chamber was only 7.6 cm., hence
the effective collimction aperture was of this length.

(See Figure A.3.1.)

3.5.2 Testwork using Mark L Cell,

The beta-gauge was calibrated for the Mark 4 cell in

the manner described previously. (Section 3.4.1).,

The testwork wihich followed wes of considerable
importance, since the main objective was to assess the
ability of the proposed analysis system to distinguish
between the various types of size distribution likely to be
encountered in a grinding circuit. It was necessary at this
stage to decide on the feed conditions to be used, since
these would be kept constant throughout. The results obtained
with the Mark 3 cell (Figure A.3.8) revealed that satisfactory
concentration profiles could be obtained with any of the
combinations of feed conditions that were tried. However,
the higher feed concentrations imposed a considerably greater
strain on the pump and difficulties were experienced in
keeping the solids in suspension at the lower flowrate,
(60ce/sec.) It was therefore decided that a feed concentra-
tion of 205° solids by weignt (Cv = 0,085) =2nd a flowrcte of
90 c.c./sec.vwould be suitable. These conclusions were
confirmed by tecrts similar to those shown in Table 3.1,
conducted while the Mark L cell and test rig were being

checked and calibrated,

In view of the widespread usage of the G audin~Schuhmann
or log-log size distribution function, it was decided to use
this type of distribution in all work relating to the testing

or calibration of the size analyser., It will be apparent,



however, that the action of the size analyser is not in any
way dependent on this form of presentation. Alternative
calibration systems are in fact developed for the work conducted

on glass spheres. (Section B.5.L4).

Twelve different size distributions were used to test
the size analyser. The properties of these distributions
were carefully chosen to span a wide range of conditions.
Ten were 'ideal' Gaudin-Schuhmann distributions: the
rempaining two were unusual types, one being completely deficient
in a particular size fraction and the other having an unusually
high proportion of the same size fraction. Full details of
the distributions are given in Table A.3.2 and Figures A.3.106-
A.3.13. It can be seen that distributions 1 - 4 have the
same distribution modulus but differing size moduli. On the
other hand, distributions 2,5,6,7 have the same size modulus
but differing distribution moduli. Distributions 8,9 form
other groups with 3,4, while distribution 10 was designed to
investigate the effect of having a small size modulus and an
abnormally large distribution modulus. Distributions 2,8,9,
10 all contain the same proportion of minus 200 mesh material.
Finally, distributions 11, 12 are the unusual types referred

to previously.

TABLE A.3.2.

(see overleaf)



| TABLE A.3.2. ?

! |

: Size Distributions used in Tests with Mark L4 Cell i

i Wr. ¢ I§ EACH SIGE FRAGTION FOR DIST' NO:-

; P : ! i : i : : : ' !

BoS.(w), 1 . 2 3 4+ 5 . 6 7 . 8 9 10 ;11 12 !

‘Mesh: i ! 5 @ ; | ,

h . ! . . . { : i

s T : : ‘ : !

. +36.:1422; : : ! :

Do el ' . z ;

=360 et e ; : § | ‘
(5212950 232, o f

i : i : t I ¢ . '

5 :;g'alli 16.9 21.9 | 15.7! 32.8 3.4 ; 17.0 28.2

‘ f ; ' - | ! i ; ‘ ; ;

‘ : ) i - ! - ; ! ,

%+igg~152? 12.8 16.8 21.5, | 13.00 21.7 2h.2; 27.5 ‘ 13.0 19.8

. ; i ' } : ' .

. 3 " \ ) 1 . s (

Tlogiloki 11,5 15.0- 19.2 24.4% 12.6; 16.5 15.4 22.5, k2.1 40.0

; : : : ! ; I : : : '

:;ggf 761 7.4- 9.5 12.2. 15.6] 8.7. 9.0° 7.0: 13.2; 21.1 63.2- 6.2 11.C

P ~' z : ‘ ? :
-200} - ] 28.2" 36.8. 47.1 60.0! 50.0! 20.0, 10.0: 3€.8 36.8' 36.8' 23.8 A4l.C

1

, H ! 1 5 : . .
TOTAL le0.0flO0.0'lO0.0 100,0:100.0,100.0:100.0 100.0,100.0, 100.0 100.0 100.-

| Size | | ‘ 1 , U : o ]
Mod. (i) 3422 295 211 152 :295 §295 295 ‘211 152 ‘104 ;

.« t § . . H ’ . ; - i
;Mzés?N) 10.738 0,738 0.738.0.738 0,510 ,1.180.1.698'0.979 1.443 3,188 - = -

i
H !

The test mamples were made up from the size fractions
prepared on the Russell screen, the total weight of each sample
being such as to give a suspension containing 20% solids by
weight (Cv =0.137)when added to the circuit. Each sample was

run througg the size analyser at a flowrate of approximately
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90c.c./sec. and the particle concentration measured at
selected intervals across the sizer channel. The results of

these measurements are shown in Figures A.3.14 - A.3.17.

The concentration profiles shown in each group all
vary in the correct sense and the differences between the
profiles are clearly detectable. However, in nearly all
cases the spacing of the concentration profiles was far more
irregular than would have been expected from consideration
of the size distributions causing them. Two factors contri-
buting to this effect were discovered in the course of the
tests. Tirst, the sensitivity of the beta-gauge was poor,
this being mainly due to the thick walls ( 1.6mm.)of. the
Mark 4 cell. Second, the system of flowrate control, which
consisted of calibrating the flowrate in the circuit against
the Bercotrol setting, was found to be inadequate., Significant
variations in flowrate were found for successive test runs
conducted at the same Bercotrol setting. A third possible
factor was discovered when check sieve analyses on some of the
reclaimed samples revealed considerable deviations from the
nominal or made-up distributions. The cause of these devia-
tions was found to be in the size fractions obtained from the
Russell screen, which in some instances contained as much as

20% by weight of oversize material.

3.6 Summary and Conclusions

In general the concentration profiles obtained with
the Mark 4 cell varied sufficiently from one distribution to
another to confirm the potential usefulness of the technique
as a means of size distribution analysis. The next object
therefore became the development of a suitable calibration

technique.
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Certain modifications to both the equipment and the
test techniques were clearly desirable. These were effected
before commencing the next phase of the testwork. (See

sections 4.1.2, 4.1.3) .
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L, CALIBRATION OF SIZER

L. Mark 5 Cell

4.,1.1 Introduction

The work carried out with the Mark 1 - 4 cells was
designed to establish whether or not the basic technique
could be used to differentiatc between various size distri-
butions and was mostly qualitative in nature. The results
obtained were encouraging and so the next stage of the work
clearly involved finding some suitable calibration technique
by means of which the qualitative differences observed earlier
could be converted into measurements of one or more paremeters

of the size distributions concerned.

Certain weaknesses in the equipment and experimental
technigues had come to light during the tests conducted

with the Mark 4 cell and these were dealt with before proceed-

ing further.

4,1.2 Mark 5 Cell

The relatively low sensitivi*y of th. existing experi—
mental rig was mainly caused by the thick walls of the Mark &4
cell. These were O.15cm. in thickness, giving a total wall
absorption in the radiation path of 0.3cm. of perspex. TFor
a2 suspension containing 10% by volume of ground guartz
(o™= 2.70) and a channel depth of O.3cm., this meant that
89 of the absorption was contributed by the perspex and

water and only 11% by the quartz particles.

The Mark 4 cell was therefore removed from the

measuring head and the channel walls in the measurement
zonewere milled down to give a thickness of 14/1000 inches.
This boosted the proportion of the total absorption mass

contributed by the quartz particlez from 11% to nearly 19%.



The overall improvement was somewhat less than indicated by
these figurces, due to the unchanged attenuation occurring in
the air gaps and detector window. However, the change was
important enough to reguire identification and so the modified

Mark 4 cell was redesignated as the Mark 5.

4,1.3 Modifications to Test Rig

One of the drawbacks attached to the existing equipment
was that it was impossible to be certain that the desired
flowrate was being mazintained. Also, while calibrating the
Mark 5 cell it became apparent that the thin walls were sensi-
tive to the pressure changes occurring in association with
flowrate variations. Somne means of measuring and recording

the flowrate of the suspension was therefore required.

Turbine flowieters were tried, but the finer particles
got into the bearings and caused the rotors to sieze up.
Rotameter filowmeters were also tried without success.
Eventually an electromagnetic flowmeter was obtailned, which
gave consistently reliable results throughout the remaining
test programme. This was a 1/4 inch diameter Xent 'Veriflux',
which was installed some four feet downstream of the mono-
punp outlet., The signal from the Veriflux was led to a
Honeywell-Brown six point chart recorder, on which density
readings were also recorded. This density record was a
duplicate of that made on the original Kent chart recorder.

The modified test rig is shown in Figure A.L.1.

4.,1.4 Testwork Using Mark 5 Cell

The flowmeter and beta-gauge were checked and calibrated.

It wzs decided tc use samples having the same size distribu-
tions as were used with the Mark & cell, since these gave

good coverage of the desired range of sizes. Also, this
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made it possible to check the results obtained with different
cells against each other. However, the size distributions
used in the Mark 4 cell tests were unsatisfactory in one
important respect, for size analyses of the reclaimed samples
revealed that the Russell screen fractions used in making up
the samples deviated considerably from their nominal compo-

sition.

A new set of 8 inch British Standard Sieves was there-
fore obtained and all materials used subsequently were
prepared and analysed using these sieves. (Check analyses
of reclaimed samples rcvealed no significant errore in later
tests.)

The twelve size distributions were run through the
sizer under the feed conditions previously selected. i.e.
a suspension flowrate of 90c.c./sec. and a concentration of
solids equal to 20% by weight (Cvf=00137)u Some difficulty
was encountered with all samples due to flexure of the channel
walls, and to ensure that the readings obtained could be
accurately compensated for this effect, two full scans were
carried out on each sample. Quite narked temperature rises
were recorded over the total duration of the scans, changes
of the order of 1500 being not uncommon. The differences
between the corrected observatiocns were small in all cases
and it was therefore concluded that temperature was not a
significant variable. The mean of the two sets of readings
was taken as the final result in ecach case. The results are

rresented and discussed in the next section.

L.1.5 Analysis of Data

The object of this stage of the work was to relate
the measurements obtained with the Mark 5 cell to the size

distributions producing them. It was desirable to keep the



calibration technique as simple as possible and for this
reason it was decided to use the density gouge output
directly, instead of converting it into the corresponding
particle concentration. The sigral obtained from the density
gauge (S) as it was scanned across the sizer outlet has been
plotted in Figures ...4.2 - 2.4.5 for the four groups of size

distributions shown earlier in Figures A.3.10 - A.3.13.

Two techniques were employed in the attempt to devise
a suitable calibration method. The first consisted of plotting
the readings obtained at a particular position against the
weight fractions of material (MF) finer than various sizes
in the feed and looking for the best correlation between the
two. This system ‘was nct very successful: the failure is
evident in the results already shown in Figure 4,4 4,
Distributions 2,8,9,10 all contained 36.,8% -200 mesh material
and if a satisfactory correlation existed, the minimum
readings near r = 1.0 should havec been the same for all
distributions. In fact, the curves for distributions 9 and
10 are virtually coincident in this regicn, but 2 and 8 fall

a considerable distance away.

The second technigue was based on one of the most
striking features of the density gauge profiles, namely
the change in the difference between the maximum and minimum
readings from one size distribution to énotherf This
quantity, designated AS, is illustrated in Figure 2.4.2
and the values of AS for the size distributions are given

in Table A.h.l.

TABLE A.4.1

(see overlea?)
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TABLE A.4.1

, Values of AS for Quartz Size Distributions
—— :
% 5123 i SIZE  ‘ DISTRIBUTION |
: DISTRIBUTICF | NODULUS |  MODULUS . AS ‘:
; 0. Sk e ? '
: | .
: 1  n22 | 0.738 . 53.5 %
| 2 295 §  0.738 L L7 ;
§ 3 .21 0.738 | 33.L
i N . 152 é 0.738 |2k, ;
: 5 Po295 ! 0.510 40,9 '
E 6 Co295 1.180 ? 56.6
: 7 295 §  1.698 L 62,8
8 o211 0.979 b oLL,8
9 Coase | 1.3 L 36.5
10 .ok 3,188 . 26.2
11 i (175} % (2.313) - 52.1
; 12 (295) (0.772) o b9k

The Gaudin-Schukmann: distributions (1 - 10) can be
completely specified by neans of two parameters, the size
and distributicn moduli, and these provided an obvious starting
point for the calibration attempt. & S was plotted against
k for distributions 1 - 4 and against N for distributions

2,5,6,7 (Figures A 4,6, A.L4.7),

The shape of the N vs. &S curve (Figure A.4.7)
suggested a relationship of the type AS o€ log N and so
a plot of AS vs. log N was conatructed. (Figure A.4.8).
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The results immediately suggested the family of straight
lines shown, which all have the same slope but intercepts

that vary with the size modulus in some nmanner. Therefore:

S = A+ A log i aoo ane cos (4.1)
‘here A, is th 1 1[§£5i~—— and A the. intercept
where 2, i e slope d Tos © a 1€, P

on the AS axis.

A further plot of A versus k (Figure A.4.9)
suggested the relationship
A =B+ B log (kx - 90) ceoa e (4.2)
where B1 is the slope and B the intercept on the A axis.
This was confirmed on the same plot. Calculated

values of the slopes Al, Bl and the constant B were obtained.

Al = Bl = L{’lﬂ? B = _L{'BOL{’

L.,1.6 Final Calibration Technigue
Combining equations 4.1, 4.2 leads to the result
AS = 41.7 log N (k-90) - 43.k ... ... (4.3)

Values of N(k - 90) have been calculated for the
10 ideal CGaudin-Schubhmann distributions and plottied on
a logarithmic scale against AS. (Figure A.4.10). Equation
L,2 has also been plotted on the same graph: it can be
seen that it represents a satisfactory approximatioh to the
results. The results for the two non-ideal distributions
have also been included, plotted against estimated average

values of N(k - 90).

In order to confirm the applicability of eguation 4,3
two new size distributions (13, 14) were made up and run
through the equipment, These were both ideal Gaudin-~
Schuhmann distributions and had values of N(k - 90) chosen

to fill gaps in the coverage provided by distributionsl - 10,
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Details are given in Table A.k.2.

TABLE A.L.2.

i bxtra Size Distributions used in Tests with Mark 5 Cell’

! 5Tt FRACTIOF (  WT.e. IN EACE 5IZE FRACTION |

: , FOR DISTRIBUTION HO. !

! B.3.Mesh ; (W) i

: i . i

; : 13 14 ;

a ; ; ; :

i +36 422 E - H - 1

; f : j

L .36 +52 . 295 i L2,1 f -
| s2av2 0 em i 21.1 | -

72 +100 | 152 i 14.7 f - i

s . 1 i

-100 +150 : 10k : 9.1 ! 31.5 |

: ! : i :

¢ =150 +200 76 ; L,9 i 17.8 ;

! i : i ,

-200 - | 8.1 | 50.7 !

: | ‘ z

; TCTAL t 100.0 ! 100.0 i

{ [ . ‘

: 5

) { |

. Size Modulus (k) ; La2 ; 152 :

. Dist" Modulus (i) ' 1.04% | 0.979 :

The values of AS measured for distributions 13 and
14 were 78.0 and 31.2 respectively. These results have
also been plotted on Figure A.4.10 and it can be seen that
distribution 14 conforms exactly with the calculated
equation, but that distribution 13 falls a considerable
distance away from it. The empirical equation (L4,.3)

developed above thercfore appears to brezk down at values

of N(k - 90) much in excess of 40O, corresponding say to



distributions containing 30 - 40% or more of +52 mesh particles.

It is now possible to define the quantity N(k - 90)
for zn unknown distribution by measuring AS under standard
conditions. In practice, the size distributions resulting
from a particular combination of feed material ard size
reduction machine tend to have a2 constant value of N, so
wherever this condition occurs the size distribution of
the product is adeguately defined by a single measurement
of AS.

In cases where nothing is known regarding the size
distribution characteristics of the material or where ¥ is
known to vary, the value of N(k - 90) found for the material
may be used to discover a single point on the size distribu-

tion plot.

L,1.7 Calibration for UnXxnown Size Distributions.

Any size distribution that can be approximately
represented by a Gaudin-cSchuhmann distribution functionh
will exhibit a straight line over the grezter part of its
length if plotted in the form of log wt.i finer versus
log size. In terms of the symbols used in this presenta-
tion, the Caudin-Schuhmann function may be represented as
follows:

y L N ,
PF:'-E] o6 o a0 0 6o o (Lrau)

“

or log M, = N(log D - log k) oo (4.5

A given value of N(k - 90) can crise from various
combinations of N and k. FEach of these possible combina-
tiors of values of N and &k represents a different size
dictribution. However, by defining a pair of limiting slopes
Nl’ NZ’ within which the slope of the unknown distribution

should nearly always lie, one point on the actual distribution



can be estimated closely from the intersection of the two
limiting distributions. The procedure for this is as follows:
1,N2 are substituted
in equation 4.3 and the corresponding size moduli kl, k2

are determined., The intersection of the two distributions

the measured valuec of A3 and the slopes N

at (M.., D.) can then be found from
Fi i

r N1 1 1
J N, - X
Di =!.}% l 2 e oo o oo e oo (406)
L, 2
2
LN N
. Di ;"1 _ [ Diqe2
IlFl = [ kl ] = 1{2 0 a o ae (L}'G?)

Over the range of sizZe distributions normally
encountered, the point of intersection (HFi’ Di) of the
limiting lines is relatively insensitive to whatever

values of the slopes W N2 arc chosen, This is illustrated

li
in Table 4.4.3, where the intersection point is calculated
over the useful range of AS for two different sets of

limiting slopes.

TABLE 2.4.3

(see overleaf)
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TABLE A.4.3

Intersection Calibration for Unknown Size Distributions

——

! P/RTICLE SIZE D, (1) ! CUM. WT. FRACTION FINER :
(M.,.)
AS g Fi
! H
: - PN = W = PN, =
i M, = 1.500 i M) = 1.200 | Hy = 1.500 N = 1,200
g _ Y —_ &~ P N _ i
| N, = 0.500 T, = 0.600 | W, = 0.500 i N, = 0,600 |
L 5
i * : i
|20 | 95.0 95.3 0.779 ; 0.776 !
L 30 1 101.6 {0 102.4 {0.703 i 0.699 |
1 ) i
Lo 115.3 117.2 0.630 |  0.62k *
50 i 1k1.h4 145.5 I 0.568 I 0.563
: . i
60 i 189.1 197.1 i 0.521 { 0.515
; i ! !
70 1 273.9 i 288.9 ' 0.490 i 0.4k

The intercscction calibration graph has been plotted
in Figure A.,4.11 for limiting slopes of 1.500, 0.500,
To illustrate the technigue, the AS reading obtained for the
ten distributions that have slopes fzlling between 0.500
and 1,500 has been used to read off an intersection point
for each. 1In Table a.hk.4t these results are compared with

the known composition of the distributions.

TABLE A.L4.h4

(see overleaf)
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TABLE A.L.L

Intersection Celibration applied to Distributions

8IZE |

| 56.6

D, i, ' s1ZE i D, M ;
| DILTHN. &b (;);._ Fl_ :;RISTNQ L A8 % (;)ﬁ Fi :
! NO. f é ' i Known iMeas,i;hO, ; i ; Known EMeas, é
2 | 53.5! 155 0.477 1 0,550 ' 7 162.8]20810.5530.511 |

2 47.hi13310.556 0.582) 8 | .8 126 | 0.604 {0.598 |

3 38,4 112 0,627 10.641§3 9 | 36.5 | 109 : 0.619 ! 0.655 §

T 24,23 97 ' 0.718 [ 0.748 | 14 %31.0 103 | 0.683 1 0,694 |

5 140.5! 117 § 0.624 | 0,624 {Grind 1 | 28.2 !100% 0.720 ! 0.717 ;

6 | § 170§ 0.522 ?O.535§%Grind 2 § ' | 0.700 | 0.657
[ 1 . " : !

1

36.2 | 109

Also included in Table &.4.4 above

are the results

obtained for two samples of quartz having unknown size

distributions, which were ground for different lengths of

time and then size analysed both by measuring AS and by

dry sieviag.

It can be seen that the values of MFi estimated

from the sizer measurements agree with the known cor made~

up values to within 2 or 3 percent for the most part.

Since the accuracy of size analyses conducted by dry

sieving is probebly not much better than this, the suggested

method of calibration would appear to be satisfactory.

4,2 Summary and Conclusions

The Mark 5 cell provided a substantial improvement

in sensitivity for the measvrement of particle concentration,



but this improvement was achieved at the cost of considerable
flexure of the thin chennel walls., This was a most undecir-
able effect, which necessitated carefvl and time consunming
compensations for the errors introduced in all measure-
ments made with this cell. Later verzsions of the cell

were carefully checked to ensure that wall flexure was

kept within acceptable limits. (Section B.5.1l.2).

An empirical calibration technique was developed
for particle size distributions of the Gaudin-Schuhmann
type which related the difference bectween the maximum and
mininum density gauge outputs to the Size and Distribution
moduli of the size distributions. The upper limit of
validity for the calibration appeared to correspond to
size distributions containing more than about 30} of +52
mesh perticles. The lower limit for the calibration, in
theory, can be calculated from equation 4.3 by putting
AS = 0, giving N(x - 90) = 11. This corresponds to a size

distribution containing about 805 -200 mesh.

A further calibretion was suggested for size distrib—
utions about which nothing was known before hand. This
provided a single point onr-the size distributicn plot.

When this system was applied to the results already obtained,
the agreement was generally satisfactory. Two 'unknown'
samples of ground quartz, which were analysed both by dry
sieving and using the size analyser, also gave reasonable

agreement.

The empiricsl calibrations available at the conclu-
sion of this phase of the work justified deccribing the
device for the first time as an 'On-Stream Particle Size
Distribution fnalyser'. rowever, there were two important

restrictions on 1ts performance that seriously limited 1t's
p v
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usefulness., First, while in principle the device depended
on the application of a centrifugal force to create radial
motion of the particles in suspension, the exact form of

the force field and the type of particle motion was unknown
and hence any deviations from the calibration could not be
explained or conmpeazated. OSecond, the particles used so

far were all of the same composition and specific gravity.
Wnile it was considered likely that some kind of calibra-
tion could be obtained for a heterogenous material of
unvarying composition that consisted for the most part of
material of one specific gravity, this calibration would

be less accurate than one obtained on a homogenous material,
Materials containing appreciable proportions of constituents
having different specific gravities or materials wvhose
composition varied, clearly could not be dealt with under

any empirical system of calibration.

The second major stage in the research programme
wag planned, therefore, in the hope that it would go
some way towards lifting the first of the restrictions
discussed above by providing e basic theory of operation
of the device. (Zee Part B,). Any extension cf the system
to cover heterogenous materials seemed unlilkely to tbe
successful until a workable theory for homogenous ones
had been developed, so this aspect of the problem wae not
considered during the remainder of the work described in

this thesis,



PART B
TNTRODUCTION

The second pert of this thesis which now follows
describes work that was designed to supply a basic theory
of operation for the device, justified where necessary by
further testwork, and capable of simulating the resulis
obtzined during the first stage of the work. This objective
was of paramount importance in determining both the style
of analysis and the degree of refinement required.
5implifying assumptions were introduced wherever possible:
indeed, at many stages the analysis could not have proceeded
without them. For example, all the theoretical analysis
and experiuental work that is subsequently included is
devoted to spherical particles, since irregular particles
make the analysis too difficult and they can in any case
be related to an equivalent sphere in terms of any particular

aspect of their behaviour.

The behaviour of particulate suspensions in passing
through enclosed helical channels at high flowrates is
extremely complex, not the least of the difficulties being
that the behaviocur of pure fluids under these conditions
has still not been adequately established. The factors
that can play a significant part in determining the

suspensior behaviour may be divided into three groups:

(¢) Fluid properties: density, viscosity, axial
and radial flow velocity distributions,

vorticity.

(b) Particle properties: density, shape, size and

size distribution, surface charge, solubility.

(¢) Suspension properties: volume flowrate, solid/

fluid ratio, temperature, gravity.



Y

It wee established previously (Section A.L.l.h)
that temper:zture changes did not exert a sigaificant effect
on the performance of the zizer. The effect of gravity
has not been examined guantitetively, since thie treatment
adopted considers only the overall or average effect over
the full depth of the channel. The analysie which follows
takes the remaining factors into account as they arise.
It deals with the problem in three stages: first, the
likely behaviour of a pure fluid within a helical channel,
second, the behaviour of spherical particles in ideal or
unbounded radial force fields and, finally, what happens
when a suspensior of particles moves through an enclosed

helical channel.

The simplified theory developesd in the last part
of the analysis is then applied to the results of further
testwork, conducted on an improved version of the equipment

using wlass:spheres.



2.0 FLUID BZHAVIGUR

The behaviour of the fluid component of the suspen-
sion is important in the present application only insofar
as it affects the behaviour of the =solid particles. There-
fore the analysis which follows is restricted to certain

topics,

2.1 Fluid Flow Model

he flow behaviour in curved channels is characterised
by a non-dimensional parameter5 (#) which is related to

the Reynolds ifumber. In terms of the symbols used in this

analysis
2
LIy P Tm-Ty 132
p=l—=5—1 75+

m i

1

o r ro -3

. . ¢: RF[ rm:rl ] 2 v oe ooe s oo (201)
m i

The fluid flow is laminar at low values of @, and
considerable theoretical and practical work has been
carried out on fluid behaviour under these conditions,

Lt values of @ in excess of 2000 the flow is turbulent and
the theory becomes so difficult that little effective

progress has been made.

Under the conditions enployed in the on-stream sizer,
the value of @ for the fluid (water) is a little over
15,000, placing the conditions well in the region of
turbulent motion., A short description of the likely
behaviour is therefore essential. The information available

is limited, most of what follows being based on papers by
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(_‘
Hawthorne” and Barua .

On passing from a straight pipe into a bend, a
mass of fluid flowing under turbulent conditions has =z
secondary flow induced within it which acis at right angles
to the main or 'aexigl' flow, It seems probable that this
secondary flow is initially oscillatory in nature, but
as the fluid moves through the bend the oscillations are
progressively damped. If the bend is long enough, the
oscillations are completely damped out and a state of
'fully developed curved flow' is reached in which a steady

axial velocity distribution exists.

The state of 'fully developed curged flow' has been
represented6 at high values of @ by an approximate flow
model of the type shown in Figure (B.2.l.). It consists of
a central core of fluid, in which the secondary flow is
considered to act entirely in the plane of the bend, surround-
ed by a boundary layer in which the secondary flow from the
core is returned around the walls of the pipe. Viscous
effects are considered to be effective in the boundary
layer only. The type of axial velocity distribution
corresponding to this secondary flow is shown in the lower

section of Figure (B.2.1).

Finally, on leaving the bend the axial velocity distri-
bution again changes in an 'outlet transition region', which
may extend downstream for a distance equivalent to 50 pipe

diameters or more.

There are two aspects of the fluid behaviour
outlined above which are of great importance in determining
the motion of any suspended particles. These.are the axial
velocity distribution of the fluid (or suspension) and the

magnitude of the secondary fluid flow.
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2e2 Axial Velocity Distribution

The trpe of axial velocity distribution occurring
acrose the midsection of a straight pipe of c¢ircular cross-
section for a pure fiuid at high Reynolds Ifumbers is illust-
rated in Figure (B8.2.2). £ his

bt on.dongs ot 1evnd 3tenl s &

foraim ot oo bl o
L LT W D P>y - Ez2a =

Licad—deserpdipbion. Where it has been necessary to séau;a%e‘;“*~bL%%/

such a distribution for purposes of calculation, past

7,8

. 2 i
AN T Y B g eriay v pe = oy

workerc have used either a series of straight line
sections of varying slope or a2 suitable polynominal equation.
A straight line approximation has been used in the present

analysis where required. (3ection B.5.3.1).

The axial velocity distribution occurring at the inlet
to a bent pipe undergoes a progressive change until a new
steady distribution is achieved under conditions of fully
developed curved flow. (Figure B.2.3, curves 2,3,4). This
change in the axial velocity profile is caused by the genera-
tion of a secondary fluid flow, which will now be discussed

in more detail.

2.3 Secondary Fluid Flow

There are two types of secondary fluid flow which
must be talken into account. The first kind is recircula-
tory in nature, arising from pressures and forces that are
caused entirely by fluid behaviour. The second kind of
flow involves a net transference of fluid from one zone of
the channel to another and is caused by displacement as
solid particles move through the fluid. This displacement

flow is considered later in section 3,1.2 (¢),

The recirculatory secondary flow results from frictional

effects at the walls of the channel, which cause a reduction
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in the fluid velocity and set up pressure gradients within
the fluid. This results in a movement of the high velocity
core of the fluid towards the outer wall of the bend, while
the low velocity fluid near the walls moves towards the

inner wall of the bend.

For 2 given fluid and channel shape, the magnitude of
the secondary flow is governed by four main factors; two
of which relate to the fluid conditions and two to the

geonetry of the system., These are as follows:-

(2) The Reynolds Fumbers of the fluid = RF

(b) The axial velocity distribution at the inlet
to the bend;

(c) The Curvature Ratio

Mean radius of pipe curvature
Width (diameter) of pipe

1 :
+ . + I
?(rln I‘1) rm

T Z = _
2lrg = Ty) Ty -y

(d) The Aspect ratio for the given shape of pipe

Pipe dimension perpendiculcr to plane of bend
Pipe dimension in plane of bend

The Reynolds HNumber for the fluid is incorporated
in the warameter @ (equation 2.1) which determines whether

the fluid flow is lamincr or turbulent.

The influence of the inlet axial velocity profile on
the secondary flow is likely to be complex, but under the
constant conditions employed within the on-stream sizer it
should not vary significantly. In any case it seems reason-
able to suppose that with lerge bend deflections the fully
developed curved flow which ultiwmately results will be
substantially independent of any moderate changes in the

inlet velocity distribution.



Reducing the curvature ratio tends to increase the
secondary flow, since the pressure gradients becone larger,
However, if the axial flow velocity is high enough, separa-
tion of the boundary layer probably occurs at the inner
wall of the bend and a diminished or even reversed secondary
flow may result. This effect has only been obeserved at

9

large aspect ratios”, however, and since the aspect ratio
of the present device 1s very small it is difficult to say
whether or not separation of the boundary lazyer is likely

to occur.

The effect of aspect ratio has only been considered
under laminar conditionslo, where it appears that very
large or very small aspect ratios cause z substantial

reduction in the secondary flow.

2.l Behaviour Within the Sizer Helix

In the case of the present device, the Reynolds
Mumber is high, the axial velocity distribution is unknown
and both the gurvature ratio and the aspect ratio are very
small. The magnitude of the secondary flow occurring under
these conditions 1s difficult to assess. On the whole, it
seens 1fkely to be small and may be oscillatory over the
greater part of the bend. The possibility of boundary

layer separation at the imner wall cannot be excluded.

In view of the complex nature of the flow behaviour
and the theoretical difficulties that arice when considering
the behaviour of a pure fluid, it is obvious that, when
the additional complication of guite high concentrations of
suspended particles is introduced, the problems become

formidable,



_.714,._

2.5 Summary and Conclusions

No attempt has been made in the present work to
resolve these difficulties. There were two reasons for
this. First, it would have involved a separate research
programme much of which would have been devoted to pure
hydrodynamics. Second, as described in Part A of this
thesis, the experimental measurements available were
restricted for practical reasons to the outlet from the
helix, and changes occurring at different positions through

the helix could at best only be observed visually.

The exact nature of the axial velocity profile of
the suspension at the inlet to the helix and the progressive
changes in this profile caused by secondary flow were
unknown. The behaviour of the suspension was therefore
analysed in terms of its average motion over the full depth
of the channel. Mean velocity profiles were assunmed by
anélogy with the expected behaviour of pure fluids under

similar conditionse.

In the next section, which deals with the behaviour
of suspensions in unbounded radial force fields, a number
of simple axizl velocity distributions are assumed merely

for illustrative purposes.



3. BEHAVIOUR CF SUSEZISICNS IN URBOUNDED RADIAL FORCE FIELDS.

3.1 Forces operating on a Single Particle,

3.1l.1, Accelerative Force

Consider a spherical particle of diameter D, situated
at a radius r within a body of fluid that is moving in =2
circular path with a steady velocity V. (Figure B.3.l.a)
The centrifugal force acting on the particle creates a.
relative velocity U between the particle and the fluid, and
if ther¢ are no shearing effects within the fluid the
relative velocity will be in a radial direction. In most
cases there will be a velocity gradient within the fluid,
however, and this gradient acts on the particle causing it
to rotate about an axis perpendicular to the direction of
the velocity gradient. As the particle moves relative to
the fluid in the radial direction, the superimposed rotation
creates a 1ift force known as the Magnus Effectao which
acts perpendicular to the plane in which the direction of
motion and the rotational axis lie. The effect is illustrated
(Figure B.3.1.b) for a fluid velocity gradient in the radial

direction.

The particle velocity relative to the fluid is there-
fore in a direction making an angle © with the radius of
motion, and the tangential (uT) and radial (U) velocity

components are

up = u 5in® ... eoe ees (3.1)a
U = u Cos@ coe cse ces (3.21)v
The magnitude of © will depend on the fluid velocity gradient
=1

The accelerative force acting on the particle to
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produce the velocity u relative to the fluid is therefore

D20 (Vug)®
FA = —"6‘—' e e LN ) (3-2)

r

or if U, is substituted for, from equation (3.1)a

RS ing)°
FA - n16) g. (V-uSine) (3.3)

r

341le2 Retarding Forces

There are three factors to be considered here: a
pressure gradient force analagous to the displacement
force encountered by particles. fallins under grrvity in
a fluid, a drag force which depends on a number of factors,
and certain interference effects caused by neighbouring

particles.

(a) Pressure Gradient Force (F )

It is first necessary to derive an expression for

the pressure gradient within the fluid. Consider a cylinder
of fluid disposed between radii of motion r and r+ br, the
fluid velocities at these rcdii being V and V+ 6V respect-
ively (Figure B.3.2.) If the area of the cuds of the
cylinder is a and the pressures corresponding to radii r,
r+ br axre p and p+ dp, then the mean centrifugal acceleration
is

(Vv + 6V)2

r + zbr

iean centrifugal force on cylinder = pabd I(V+-}6V)2
’ r+A0 T

Pressure force acting on cylinder = abyp

For equilibrium abp = pabr (V+—}6V)2
r+% or
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Rearranging and taking the limits as bdr —> O gives
dp Py’
ar = ']‘:“— se e eco oce (304)

The tangential velocity of the particle and fluid (V)

will vary with the radius r in & menner presently
indeterminete. It may be shown, however, that the final
expression for the displacement force, to a close approxi-

mation, is indcpendent of the type of tangential velocity

distribution.

By way of illustration, two types of tangential
velocity distribution will be considered: an ideal 'free
vortex!' distribution (V = % ) and a constant tangential
velocity. Consider a spherical particle of diameter D,
travelling at a radius of motion r within the fluid. Let
the local rectangular axes be y, z with origin at.the
centre of the sphere. Now consider a small element on the

surface of the sphere (Figure B.3.3.)

In terms of the given set of co-ordinates, we have

y2 + 22 = (12]-)2
or 22 = (B2 -y

2
* _dz = X
o . =dz = > dy

We hove dA = =2nzdz = 2ny.dy

The component of pressure forcc 1in the y direction,
acting on the elemental surface zrea, is given by the
product of the precsure at radius (r+y) and the projected

arca of the element in the y direction (da).

The net component pressure force relative to the
central plane of the sphere is given by the vroduct of the

pressure differcnce Ap between r and (r+y) and the
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projccted arga di.
1.¢. dF = Ap.dA
D P

4p may be calculoted for o free vortex tangential

velocity distribution using equation (3.2)

T+y
2 dr
LAp = PL [ —
T
T
Tntegrating:
2
. _ pAT . y(Rrey)
e o AP_ 12 2 2 R es e (3-5)
r (r+y)

The net component pressure force de = Ap.di

2 2 2
o aF = 2“y.4pé . y(2r+y) ay = npg o ¥ (2r+g) dy .ur (3.6)
P r (r+y) r (r+y)
Kence the totzal force on the spherce due to the pressure gradient
+g
G 2 (2r+y)
Fo= - f —LSS2rEs gy
P r D (r+y)
-2
. : 2 r LrD 2r+D
Te F, o= ol Era_Dz In( 5501 cer eee aee (327)

Let the ratio of particle dismeter to radius of motion

D
(;) =

2r b 1+%
o.. F = A —J-' ( ) ase es e ss e ( .8
. s [br-q 4.3 ] 3.8)

The expressions in (3.8) containing q may be expanded
as a seriesg

N

3 2
e F_ = T[pAa.% []_.1.—{% +_93. F oot icae é (r+2 r+ ..]

P 1 112 2r+l r+3

teeee. (3.9)
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2 3
since %%T < 10 7 for «11 cases of interest in the
present analysis, the force Fp is given with sufficient

accuracy by

3 3. 2
F = T[P.p'.ag -97' = E'D‘—' .[&L aoce aso (3.10)
D © 6 .
Since 4 = V, then
r
3 2
nD .V
Fp = ‘z__e T 00 900 200 ) e (3011)
L similar analysis for V = constant = V gives
=2 2 2
_ _mVro(4-q%) Lq 1+3
Py = £ [4_q¢ - 1n( 1—_—;_—%) ] e..  (3.12)
Hence
3 2 L
F = oVl q , bg°
FP = mpVr %- [ l+20‘+ll20 + ...] aee e (3.13)

which, for the present conditions, may agein be taken as

_ _nD3p. v
Fp—‘Te T o o0a LY e0a se e LR (301&')

As a rough guide to thc magnitude of the error involved,
for a particle of 1 mm. diametcr moving at a radius of
lem. the pressurc gradient force is ~bont O.Bz'lérgcr

than the 'displacement' calculation indicates.

For prescnt purposes, the pressure grodient force
can thercfore be represented with sufficient accuracy by
o force equal in magnitude but opposite in sensc to the
centrifugal force generated by the tangentizl velocity
acting at the centre of the mass of fluid displaoced by
the particle.

(b) Drag TForce

It is assumed in this section of the anzalysis that

the flow behaviour of the pure fluid (which is travelling
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along a circular path with velocity V) docs not irterfere
with the motion of the particles reletive to the fluid,
i.e. the particles nmay be considered to encounter idezl
forms of fluid drog. This assumption is questionable

and it is considercd ot grenter length in the later

sections dealing with the behoviour in enclosed channels.

The fluid dreg force opposing relative motion
between the particle and fluid is a function of the
velocity . It has only been explicitly defined under
physical conditions corresponding to low (< 3) and high
(> 160) Reynolds lumbers (Rp), the so called 'laminar'
and "turbulent' rcgimes. .t Reynolds numbers between 3 and
160, the 'transitional' regime, the mognitude of the drug
force cannot be given explicitly. A number of techniques
hove been developed for calculating the drocg force in this
region 11, 12,21 mostly based on dimensional analysis,
Howcver, these are only capable of providing the terminal

velocity of the particle.

The han 1ceypres§10n for tne drcg force (G) is

G = °2Pu T e .u s 0o a0 (3-15)

in which the drcg coefficient trkes values which vary

with the Reynolds number.

Equation (3.15) is strictly valid only when the
rclaetive velocity between particle and fluid (y) is
constant. Where it is varying with time, the drog force

should be described18 by an equation of the form

t

3 —12— 3 du . dy
= _nDp .du + 2Dp o Cu 3 (an )3 D7 f = .
3 __Alg_*__ * 16 o 4 (t-y)* °ne

(3.157)



_.83_

in which the first term represents the 'added mass!' effect,
the sccond term gives the 'ste:dy state! drog, and the third

term 1s o function of the previous history of the particle.

The full cquation for the drag force has not becn
used in the subsequent analysis. There are two reasons
for this: first, its introduction lecads to eguations
that are not cmenable to analytic treatment, and second
the precisioir of the remainder of the cnalysis is not
high ernough to werrent suchh detalled treatment of cne
particular asncct. For illustrative purposes, thcrcfore,
the equilibrium drog force given in equation (3.15) has

been assumed to hold under conditions of changing velocity.

Leminar regime: Rp = H§E‘ < 3., C = %ﬂ
b
Substituting t:is value in (3.15) gives the laminar drag
force as
3nDbnu = 3nDnlUSec ©
and to obtain the radisl component of the drog forcc this
must be multiplied by Cos 8, giving
Gy = 3"Dal ee. eee eee eee ee. (3.16)
Turbulent regime: Rp > 160, C = 0.4
Substituting this value in (3.15) gives for the

turbulent drcog force:

Boou> = x>0 USheco8

20 20

and for the rodial component

2 .2
1D~ o U " SecH
20 L e o e ®* 0 o (3.17)

G =

The value of Sec © depends on the relative magnitudes

of Uy and U 2nd hence oh thc fluid velocity gradient %% .

It will only equal unity when V is the same at 2all redii

of motion.
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(¢) Intcrference iffects from lHeighbouring particles.

—u

The prescnce of other particles in the suspension
affects the motion of an individual particle in two ways.
First, since all the particles are suspended in the fluid,
the inertial effcct ot any point within the suspension
must increcase in proportion to the increassed mass of materiel
present per unit volume. sSecond, neighbouring particles will
influence and alter the fluid flow behaviour, so throt =
particle moving in the presence of other porticles will

exhibit different behaviour from one in isolation.

The inertial effect is reodily compensated by
replacing the fluid density (pe) in equations (3.11) and
(3.14) by the suspension density (P). The effect of
ncighbouring porticlcs on the fluid flow behaviour has
been investigated by & number of workerslB’lu'lB’lg,
the results being guoted in convenient summary form by
Orr16. The actuzl velocity (u) of o perticle releative to
the fluid in which it ~ud neighbouring particles arc
suspended can be related to the velocity (u,.) which thet
particle would ottain in the absence of any&other particles

by the equation

_ Q o - P10
o= un (-Gt = vy [ see  (3.18)

where CV iz the veclume concentration of particles in the

suspension and @ an exponent which veries with the

Reynolds number for the particle.

TLELE B.3,1

(sece over poge )



TABLE B.3.1
Varintion of € with Reynolds Humber (Rp)
R C
o Q
107% b6
107t L.5
10 3.6
2 -
10 3.1
107 2.5
104 2.3
105 2.3

This correction factor has been rounded off in
the illustrations of laminar and turbulent motion which
follow, the value of ) being tzken as 5 for laminar condi-
tions and 2 fer turbulent conditions. it volume concentra-
tions of 0.1l5 or less the errors introduced are not

appreciable,

When using cquation 3.18 to.correct perticle velocites
falling in the transitional regime, however, the Reynolds
Number (Rp) must be calculatcd and the appropriate value

of Q employed.

3.2 Radial Motion of a 5Single Porticle.

The motion of an individual particle mavy new be
P

detcrmined by cquating the net force to the product of



the particle mass and the resultcont acceleration
- FP -G

3 2
Mass x acceleration = = D O d z
6 dt

Net force = F,

44

Lquating these and rearranging gives

2 N2
= L. =% (Lo uein®d™ . Gaw

EDBO“—
gquation (3.19) is unsctisfactory in its present

form, since the drag force G is unspecified. This is

because there is, as yet, no means of determining the type

of drag force that is operntive for o given set of conditions.

The limits within which the drgg forces given in
equations (3.16) and (3.17) arc operative may be estimated
for the actucl sizing conditions described in Part . by
calcul- ting the sizes of particles that just fzll within
the limitiug Reynolds MNumbers ot terminal velocity. It is
necessnry to cssume a special type of fluid velocity distri-

bution for this purpose.

3e2el Laminar Conditions

Ignoring for the moment interference cffects produced

by other particles, combining equations (3.16) and (3.18)

yields
2 . 2
dr  18n . dr (o = P) (V-4 8in@)
2 T2 at T o r
dt Do
Writing U for %%, this becomes
2
dU 18n o = P, (V-u5ing@)
Tl ng-' U = ( o ) = oo S cen (3.20)

In order to obtain an estimate of the limiting
perticle size for which laminar motion can occur, two

simplifyihg assumptions are mede. TFirst, © is put equnl



to zero, (implying thct there is no relative tongentinl
motion between particle and fluid) so that u Sin® disappears.

This is necessary because u Sin © (=u_.) is 2 complicated

T
function of the fluid velocity gradient %%, the particle

size and a number of other foctors., Second, it is assumed

that a terminal velocity (U.,,.,) is reached at which

" TER

dJ . . . s .
i 0. This cssumption places o constriction on V, since

%% =0, ."» U = constant
. . Ay2 2
. . (Elﬂglag) = % = constant (B, say)

woj

..o V =Br oo o PR se o ewse (3.21)

But the first assumption of 6 = O implied %% = 0,
or V = constant, sc the two assumptions are mutually contra-
dictory ond it would appezr thot there is no set of conditions
under which a true terminsl velocity con be attained by o

prrticle.

However, the apparent terminal velocity obtained by
]
putting g% = 0, © = 0 and V = constant may be used to

estimate the limiting particle size:

2.2
(o= P)D7V
UTER = —"Tg‘rl‘-‘l‘:—‘ e s o oo ) LY (3022)
The condition defining the limiting pnrticle size for
laminar motion (DLIM) is
Upip Priw P - 3

n
and combining this with (3.22) ond rearranging
Ln 2 1/3
Sin " r
DLII"L :[ 2 ] eee L ) RN s s (3023)
Ple=P)V
For glass spheres of density 2.44, suspended in

water ((n = 10"2 poise) at a volume concentration of 0.10,
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and travelling ot

[

tangentisl velocity of 200cm/scc at
o radius of 1.0cm:

Dy = 50

If the other conditions aore kept constant and the
rodius of motion is increased to 2.5cm., the limiting

size becomes 61u.

Equation (3.22) gives the apparent terminzl velocity
of the porticle but provides no indication of how ropidly
this velocity is reached. This must be found by solving
equations (3.19) or (3.20). Unfortunately, the form of
these equations is such that an explicit solution is
unobtainable. Also, V is some unknown function of r.

An indicaticn of the type of behaviour to be expeeted may
be obtained by cssuming (from equation 3,21) thet
V = Bf% and that @ = 0.

When these values cre substituted in (3.20), the
accelerative force at 211 radii of motion becomes the some

ond hence

CURE T U C PP T
at 2
Do
Equotion (3.24) may be solved e%&%icitly to give
ne t
N ot D)o -
- 18n e6 o 6ce (3.25)
Integrating again to find the distance travelled:
- 18w.¢
r =y 4 (o~P)D°B° [t - Dzoil - Do )]
o 1%n 18n € oo (3.26)

The velocities and distances given by equations (3,25)
and (3.26) have been calculated for a 454 glass sphere
under the same conditions used for the enrlier limiting

sizd exomple, The approach to the apparent ternminal



velocity is exceedingly ropid, os 999 of terminal velocity
is rcached within o distance of about cne particle diemeter

when accelercting from rest. (Figures B.3.4, B.3.5),

In vicw of this, it is not unrcosonable to assume
that the radizl motion of particles under laminor conditions
is adequately described by their terminnl velccities,
which arc considered to be ochieved instantaneously from

rest.

An indicntion of the error introduced by this
assumption hos been given by plotting on Figure B.3.5
both the zctusl distances moved ond the distances moved
essuming instantancous terminal velocity. The latter
results are grooter than the true distances by cbout
12 microns. This result may also be calculatcd from
cqurtions (3.25) and(3.26. If E(r) is the difference

between the distances calculsnted by the two methods, then

2.2 2 00 ¢
B(r) = {Zz BIDTED oy, Doy (gL By Ly

R .. (3.27)

This reduces when t is large to the simple result

E(r) - o (o =~ P)D'E2

= —
324 n©

.o cee ee.  (3.28)

The calculated value corrcsponding to the

conditions used is thercfore E(r) = 12.05u.

With the type of tangential velocity distribution
assumed in equaticon (3.23) the nccelerctive force is the
cme ot 2ll rodii of motion. The porticle motion has been
calculated for a slightly more realistic case where V is
constant and the anccelerative force therefore varies with

the radius of motion. The resulting variation in apporent
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teriainal velocity with radius of motion is shown in

Figure B.3.6.

If the opporent terminel velocity is used it is
possible to cpply =« ceorrection for the intcrfurcnce
effccts caused by the presence of other prrticles. This
merely involves multiplying the termincl velocity by the
factor (l—CV)Q° Gourtion (3.22) mny then be corrccted
as follows, tnking @ ns ~pproximctely equcl to 5:

B =1 . 5 _ - PS5
CV— o —l - ° (l"’CV) - (H
(=) 00?8 oy
UTLR - 5 socoe e e o oo (3.22)“.
(- - 1)7 18n
The omended value of UTER calculnted from equation

(3.22)a has also been shown on Figure (B.3.6).

3.2.2 Turbulent Conditions

Combining equaticns (3.17) 2nd(3.18) gives

d2r N 3P5ecO (QE 2 (9= P) (V-pSinQ)2 (3.29)
40l 10D~ ° ‘dt - o r e
t
Writing U for %% y and assuming @ = O
av 3P 42 _ (g=_B 12 (3.30)
dt lODG' — r ® a o ® o o L L

The opparent terminal velocity (%% = 0) is given by

2 1
10, 00= P\, V™ 1%
3 ( o~ )L r ]

U oo (3.31)

rar = L
To estim~nte the smellest pnrticle size for which
turbulent motion can tcke plnce, the condition RP = 160

cen be combined with equrtion (3.31), yiclding
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D.

' 2
e[z V3 0 L L (u32)

P(o- P} V&
For glass spheres of density 2.44 suspcnded in
water ot a volume concontration of 0,10 and travelling ot

o tangential velocity of 200 cmy/sec.nt o rodius of lem.

Pomy = 235

If the other conditions are kept constant and the
rodius of motion is incroased to 2.5cn., the limiting size

increrses tc 319u,

sguation 3.31 can be ndepted to give the apperent
teruinal vilocity of o particle under turbulent conditions
for an r~ccelerative force that is constent ot 211 radii of
mection. The ropidity with which this apprrent terminal
velocity is achiceved niny be crlculnted by sclving cquation

3.30 for the same conditions (6 = 0, V = Br?)

au 3P 2 _ 0= Pyn2
it ¥ Torg U = (5B
dau ayu. dr au

But e s o =V

Substituting this value ond multiplying by 2 gives

au 6P 2 o~= Py.2
2U°dr * Topes° U = 2( o )B
This equaticn may be converted tc o form capcoble

of direct solution by a chnnge of v-rianble:

Let US = T
° gT 6}3_‘ _ 2 o - P
A o T = 2B (-———0__ ) e (3.33)
Selving .3.33 and cpplying the condition U = 0Oectr= Ty
5 _ 6P(r ~ ro)
;- [0 & =-P,DB - e 1/2
U= (5 EET a-e Tae O3V o



To find the distance trovelled before reaching 997
of terminal velocity;
- .62 (r-ry)
elODo— ] 1/2

D_ - = 0,99 ese see (3-35)

For glass spheres of density 2.44 suspended in
water at a volume concentration of 0.10, this can be
rearranged to give

r -r

( —5—=) = 13.9 e een (3,36

so that a particle must travel a distance equivalent to
14 diameters before reaching 990 of the terminal velocity.
The errors introduced by assuming that a porticle achieves
an instentaneous terminal velocity from rest arc therefore
nuch larger than those incurred in the case of laminar

motion.

The results obtained above for a special type of
axial velocity distribution have been checked for a
slightly more realistic casc where V is constant
and the acceclerantive form thercfore varies from one radius
of motion to a2ncther. In this case © is genuinely equel

to zero. 1.9,
2
au 3p 2 _ (G‘- P) v
dt " 10Bg-° - o r

Tutting U2 = T os befiore, this reduces to

2
ar 6P 2V~ o= P
-d-i: + 1ODQ-" T = ‘-1:_' ("—_6:‘“‘) o oo ) s o0 (3-37)

squation (3.37) cannot be solved explicibly, but
certuin numerical solutions have becn obtained by a method

involving finite differences (Lppendix 1.)

The velocity as a function of radial distance cnd

the velocity and radial distonce as o function of time
v



verc determined for the limiting particle size conditions
(D=235p, o=2.44, C,=0.10, V=200cm/scc, rozl.Ocm.).

The results are shown ia Figures D.3.7, 2.3.8.

The absence of & trve terminal velocity is readily
apparent, since the actual velocity is continuously changing.
The apperent terminal velocity obtrined by putting %% =0
in equation 3,30 hos been included for purposes of comparison
and it can be seen that it represents a close approximation
to the actual velocity once the initial period of accelera-~

tion over.

If the apparent terminal velocity is talken as the
hasis for predicting particle behzaviour and is assumed to
be achieved instontanecusly from rest, the minimal positional
error incurred during the tiime the particle cctually took to
rcach this veclocity would be nearly one millimctre for a
2350 particle. For particles larger than this the error
would be correcspondingly larger.

The behaviour of pearticles starting ot other radii
is shown in Figure (B.3.9) for the tongenticl velocity

V = constont = 200cm/scc.

It is cpporent thot porticles storting from
different radii all zccelerate at about the scme rate, and
all ultimately exhibit the same variation in velocity with
radial disteonce.

The velocities shown in Figures B.3.7 - 3.3.9 mcy
be corrected for the presence of other particles by multi-
plying by the factor (1 - CV)Z, which in this instance is

cquel to 0.31.

3,3 Tangential Motion of A 3ingle Particle

If it is assumed that there is no relative motion
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between the particle and fluid in the tangenticl direction,
the tanpential velocity of the porticle is equal to the
fluicd tangenticzl velocity (V). This is most ccnveniently

xpressed in terms of the angular velocity

da vV

;&‘E—-; oo o o o o 0o o ea (3035)
But  do _ 4r  do _ . o

dt ~ 4t ° dr T 7° ar

da V /1

dr_U(;) o oo 6 oo oo (5536)

Since both V and U are functions of the radius of
motion (r), if the form of these functions is known,

equation (3.36) mey be intcgrated to find a.

For exemple, if V is assummed constant at all rodii

of motion and U is talken as the apparent terminnl velocity:

34%.1 Leaminar Flow Conditions

2

U = Y Ky, = (g - P)6D2 do _ 1
= e L IBp(e-1)° ) @t T KV
l 4
@ = T (r—ro) e ceo .o (3.37)

3.3%.,2 Turbulent Ilow Conditions

KV - 1
e, ok, o[ =By, &2

= 7 ® ‘uT - o d—t_ - -}{T;:%-
2 >3
o = — I - é) *e e e oo e ce (3038)
Kt 0

3.4 Particle Tracks through Radial Force Fields

The tracks of single particles through unbounded
radicl force fields may now be calculated for conditions

where the drgg forces are determinate. This is mast
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conveniently done in terms of the polor co-ordinates (r,a).
b '

3.4.1 Laminor Flow CTonditions

The tracks have been calculnted for 45p gless
splheres starting at different initial radii. The conditioas
assumea are as for the calculation of the limiting size
itself: i.e. o= 2,04, C, = 0.10, V = constrnt = 200cny/sec,

n = 10“2 poise.

Since dr y2 (o - P)°r2
a—; = KL. *;"' where KL = e 5
18 n (o=1)
2 B e
r=[ry” + 25 VE]E ... L. (3.39)
do 1
R
o‘- a = (-I:‘f—()_?. «ao0a oo s oo oo o (BOLI'O)
KV

The various values of (r,a) obtained from equaticn
(3.40) heve been plotted in Figure (B.3.10) 4lsc marked
are the relative positions of porticles ot o given time t.

The equation goverring these positions iss

T 2 3
< :\f‘§ [ ( l =+ "ZV KLt) And 1 1 ® 0o 9@ oo ® v o (5-1{‘1)
L —_—
L r 2
0

3.4.2 Turbulent Flow Conditions

The tracks have been calculated for the limiting
size (235p) storting from veorious initinl radii. The
conditions asgumed are oagoin the some s thosce used for
the celculation of the limiting size i.e. o = 2.440,

P = 1l.144, V = constant = 200cm/sec, n = 1072 poise.
1
ve have %% = Kp Xl where Kp = | %g (0‘; %yp ] i

rc
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3/2 3. .12/3 o
Tr [ O +‘é‘lTveb] o oo o 0o o8 0 (Bnl{’é)
da
g —— = el
inc dr KTr2
!
o.a a = 2(i _ro ) aaco ® oo oo o (3043)
KT

The various valucs of (r,a) obtcined from equaticn
(3.43) hove been plotted in Figure (3.3.11). 4lso marked
are the relctive positions cof porticles ot time t, obtoined

from the following equcotion:

3 .
@ = [C1+% rOB/% - 1] ee.  (3.hb)

The errors present in the data presented in Figures
B.3.10, B.3.11 arc confined to one source, namely the
replacement of the true velocity by the apporent terminal
velocity. Wo error is involved in talking @ = O since the

necessary condition for this is fulfilled (i.c. V = constant)

3.5 Concentretion Veriction resulting from Forticle ifiotion

The changes in suspension concentration causcd by
the radial moticn of the prrticles shewn in Figures (B.3.7,
B.3.0) may be calculctced freom o knowledge cof the reletive
positions of porticles obtnined from equations (3.40) and
G.43).

3.5.1 Concentrotion Varintion for Lominnr Prrticle Moticn

Lssuming o continulng supply of particles fed ot the

intervals shown in Figure 3.7, and applying equotion (3.36),

da _ 1 z
dr = ——-KV oo o e oo oo 0 ® o e (_}-45)
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squation (3.45) indicantes that if V is constant,
the cngular progress cf o porticle for o given increment
in radius is independent of the radius of metion of the
porticle. /. Dband of particles starting together ot the
inlet to the helix (Figure B.3.10) will therefore all
move radiclly ot the some rote, and the concentration
measurced along cny rodius at an angle a to the inlet will
be unchanged within the band of particles, nlthough the
baund will have rnoved sone distance rndially. his effect

is illustrated in Figure (8.3.12) for a = 315°.

3.,5.,2 Concentration Variction for Turbulent Particle Iotion

Ltpplying equation (3.3%5) to turbulent flow conditions:-

‘d;a- = _"“i_’ﬂ_ 00 6 a oo Y (3-46)
or -I'. =
\TI‘

tquation (3.46) indicates that the particles starting at
larger radii of motion will meoke less angular progress Tor

a given increment in rodiuns than those storting at smell
redii of motion. Hence to traverse o given angle «,
particles starting at successively lerger radii will hove to
move through successively larger radicl distancces.
Consequently, the concentrcotion mecsured along the radius

at ~n angle o to the inlet will incrcase progressively &s
the measuring point is moved outwards within the band of
particlecs., The effcct is illustretcd in Figure (3.3.13)

for o = 3150.

Since V does not cppear in cquation 3.06, the
behaviour discussed cbove should be independent of the

tangential velocity distribution.
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2.6 Sunnzry ard Conclusions

Perticles in suspensions that are subjected to
unbounded racdiel force fields are acted uvon by o number
of forces which cauec the perticles teo move relative to
the fluid. Come of the forces can be calculated with
reasonable occuracy for oll cruditions: examoles of this
type are the ccceleration, pressure grrdicat ~nd inter-
ference effects. Others, such as the fluid drag and the
tMagnus forces, can only be celculated over a limitcd range

of conditions.

Complete solutions to the equation of motion for
single pcrticles cannot be obtained explicitly, and would
be difficult to obtain using nunerical techniques even
supposing thaot all the required data were available. szven
when the lagnus forces arc neglected, the equation of motion
can only be solved explicitly for one special axial velocity
profile thet pives o constent rccelerntive force and hence
truc terminal velocities for the particles. NMoreover, the
teriainol drrg forces con only be specified nt low ond high
Reynold's numbers, corresponding to the lrminar ond turbu-
lent regimes of motion. Under the conditions of intercst
to the present investigotion, laminnr drag forces appear to
be operctive at particle sizes swaller than 45p, while full
turbulent dr-g does not occur until o particle size of 2351
is reached, These estiantes are probably not accurate but

serve to illustrate the situation.

In the later sections of this cnclysis it is
frequently necescory to express the porticle radinl velocity
in terms of a simple explicit functicn. This has been
achiceved by using the apporent terminal velocity, which is
obtained by putting QEE

th

0 in the equ~tion of notion



- 109 —

(equation 3.1¢) and ignoring any relative tangential motion
between particle cnd fluid (i.e. neglecting the l.cgnus
effect). It ust be born in mind that this introduces
errors into calculations of both the velocity and the
position of peorticles, tihe errorc opparently being smaller

for lominar moticn than for turbulent wotion.

It is worth noting that V has so far been assunmed
2 function of r only, so that velocity grandients in the
radicl direction have been denoted by %%. In the next
section, changes in V with o (or t) must be taken into
account os well. The notation for velocity gradients

therefore becomes@2V , 3V etec.
r Ye!
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4, BuilVIQUR OF SUSFENSICEHS IN ENCLO5SED HALICAL

CHaNELS

4,1 Forces opercting on a Single Particle.

The introduction of boundaries to the simple rcodial
force field considered in section 3 results in & number of
importont changes in the behaviour of both the fluid and

the suspension os o whele,

Frictional aond boundary loyer effects arising at
the channel wells result in o complex and changing oxicl
velocity distribution and set up & secondary fluid flow
as described earlier. Also, the outer wall constitutes a
barrier to any further rodinl motion of the suspended
particles, resulting in an cccumulation of particles neagr
the wall., TFinolly, containing the suspension within o
channel of finite dincnsions means that the radicl motion
of the particles must displace an equivalent volune of

fluid, giving rise to o furthcer secondary fluid flow.

The particle accunulation ne~r the outer wall results
in certain forces not previously considered, which must
be ecxecmined since they can cxert an apprecinble influence

on the perticle motion.

L,1.1. Accelerative Force

Due to the coumplexity and chonging nature of the
axial velocity distribution, it is inpossible to deternine
the forces acting on o particle at a given instant. (Sections
B.2.2-4) Also, thc cquations governing the radial motion
of particles (3.20, 3.30) cannot be solved explicitly in
the great mojority of coses, even when simple and invarient

axial velocity distributions arc assumed.
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Consaqucntly, in much of the subsequent analysis it
hos been necessory to mcke certain simplifying assumptions
concerning the fluid and porticle velocities. In particular,
the velocity colculated for either fluid or particles at
any given position (r,a) is in 21l cases an average velocity
taken over the full depth of the channel. Other assumptions

or limitotions zre discussed as they arisec.

The hagnus effect discussed in section 3.1l.1 was not
taken into account in the earlier marts of this enalysis,
since its introduction would have resulted in considerably
more complicated equantions and the labour involved in
solving these for purely illustrative purposes seemed
unjustified. In the present instonce it cannot be included,
partly due to lock of information concerning fluid behaviour,
but also becouse of the formidable difficulties involved
in attempting to set up any kind of model capable of
predicting the interactions between apprcciable concentra-
tions of particles that are moving radially cs well os
tangeutially and a fluid whose oxial velocity distribution
is changing =nd which may <lsc be exhibiting two different
types of radinl flow. Ilot the least of the difficulties is
the foct that neither the fluid behz:viour5 nor the Magnus

effectzo have been cdequately defined under thesc conditions,

The effect of thc tingnus or 1lift force is to decreonse
the retention time of particles in regions where the fluid
axial velocity increases with the rodius of motiown zand to
increcse the retention time in regions where the oxial
velocity decrecses with the radius of wmotion. The apparcnt
rondial velocities of the particles in these regions will

correspondingly be increased and decreased respectivelye.

The zccelerative force exerted at any positicn
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(r,a) within the helix may be expressed aos follows

3 2
F‘ :ngo--:‘r— oocs o oo s oo eoce (}‘I'ol)
r

In order to mcke us: of equation (4.1) the voria-

ticn in V with both r and a must be known or assuned.

4.1.2 Retarding Forces

(2) Pressure Groadient Force

The pressurc gradient force may be expressed as
follows:

F =—“€-3—13‘—’;- aee  ees  ses  ees (L.2)

There may also be & contributicn to tle orescure
gradient from the particle shecring pressure (see LHection
4,1.2.d) though only if the velocity grodient (%% ) is
spall. If the ovressure gradient force is to be calculated

the dependence of V on r and o nust again be known.

(b) Drrg Forcc.

In the case of an unbounded r~dizl force ficld, it
was assucd that partieles moving rodially cculd undergo
ideal forms of fluid drcg, irrespective of the type of
behaviour cxhibited by the fluid in its tangentizl flow.
This assuaption was probably at least partially incorrect,
since while it is conceivable that o porticle could move
radially under the influence of ideal forus cf drog if
located within o moss of fluid undergoing laminar tangenticl
flow, it is difficult to imcgine how the particle could
expewience viscous drog if the surrounding fluid is

turbulent and exhibiting vorticity.

ilso, from the approximate cclculations of the

limiting psrticle sizes for which idenl lnminar and turbulent



drag should occcur (made in 3ection B.3) it can be scen that
the bulk of the particles of interest from a sizing point
of view fall in the transitional regiie of porticle-fluid
motion, where the drag forces canaot be precisely defined

in any case,

It can be seen fron the foregeing that none of the
forces resyonsible for the perticle motion tuat have been
considered so for con be defincd cccurately., The conse-
gquences of this lack of infeorization are discussed in

Section 4.2,

(g) secondory luid Flow

In addition to thec 'displacement' secondary fluid
flow (Scction B.3.1.2.c), there ney be a recirculatory
type of secondery flow created by the pressure gradients
within the channel (Section D.2.3). In the cose of o
pure fluid, this flow is probably srall and oscillatory
in nature, and is progressively damped out in passage
through the helix. (Section B.2.h) It is possible that
the presence of sclid porticles would modify this behaviour,
however. If the particles crc uniforwnly cdistributced through-
out the full cdepth of the channel, o rccirculitory flow
of this type should tend to cancel out any effect it nay
have on the notion or concentration of the particles, since
while one half of the flow augnents the radial notion of
tlie particles, tie cther half reduces it by the sance order
of nagnitude. Jthere the porticle radial veleocity is lzrge
in comporison with the secondory fluid flow, the averege
perticle ccnecehtratica-cver the full depth of the cheonnel
should thereforce be little cffected. In coises wherc these

velocitivs nre of the same order of nmrgnitude, the secondary
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flow could give rise to some unusual behaviour. Vhere the
fluid velocity is much in excess of the particle velocity,
effective radial iotion of the particles will only become
possible when the oscillations have been damped out,
Results quoted by Hawthorne5 suggest that it is unlikely
that this condition would be reached for a pure fluid

travelling through the helix under the chosen conditions.

(d) Particle Shearing Forces

The accumulation of particles near the outer wall
introduces new forces in addition to those already discussed
(3ection B.3.1.). The mechanism creating these new forccs
depends on the magnitude of the fluid velocity gradient

av amd

(3; , beeb—is—te—say upon whether purticle inertia or fluid
viscosity effects predominate. Throughout this section,
the variaticn in V with o that is known to occur in pure
fluids (Section B.2.2) is not taken into account, on the
grounds that the shearing forces under discussion will
oppose and minimise the cffect. V is therefore considered
to be a function of r only, and the notation has been
modified accordingly. ‘'hile this assumption simplifics

the analysis, it also introduces a corresponding error into
the results, w.ich must be regerded only as approximations
to the correct solution. The problem wes first considered

by Bﬂgnoldl7

y, but the present treatment, although bazsed on
and identical to his in form, leads to slightly different

relationships.

Consider two adjecent layers of particles, of diameter
D, moving at a velocity of V relaotive to each other,
(Figure B.Lk.l.) Let the distance between the centres of

neighbouring particles be L , and between adjrcent layers

3L.
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FIGURE B.4.1l: Particle shearing forces.
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Let the 'linear particle concentration' (X) be

defined as follows:-

D D
= ™= T= IR so0o PRPE seo L,
A= 215 (4.3)
The two possible mechenisms whereby particle shearing

forces may be crcated will now be considered separately:
(1) Fluid viscosity dominant (%% smz.1ll)

The passage of each & porticle over a 3 particle is
considercd to invlove o temporary reduction in the shear
velocity from its mean value 6V during epprozch, followed

by an increase during recession.

cuppose that the amplitude of the sherr velocity
fluctuation (} ) becrs some ratic £(X\) to the mean shear
velocity 5V,

Then J = f£(X) &V ... oo ... (h.h)

Supposing further that the fluctuation is approxi-
mately harwonic, then if€ is the instantaneous shear

velocity ond t represcnte time:

Tz 8V +3uin t = HV(L-f(X) 5in t) ...  (4.5)

Hence the instantaneous shear strcss (1) is given by

»
rzn.ﬁ‘fz §ni BU(L+f(N) 5in t) vee  cee  (4.5)

The work done per unit srea of shear plane () in

onc complete velocity fluctur.tion is

27
= f ngt
0
> 2n
w=LGg_L I (1+£(N) 5in £)%dt  oen wew (B.7)

0

The distance moved in onc complete velocity fluctua-

tion (6x) is given by
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2n

6x 8V [ (1+£f(N) Bin t)dt ... .. (4.8)
0

e o Ox 2n.dV

it

Hence the mean shear stress (?') within the

suspension is

2n
- W _ n.sV . 2
T = T% = 3eBI of (1+f (A)sin t)%dt ... (4.9)
Cn integrating,
Y-
= oV (™)
T = n.FI"‘[ l+_—2-—"'] oe e oo s ee (4.10)
But &V = BL. L\
’ dr

- 2
R e R S £ D

When X\, and hence f(A) is equal to zero, cquation
(4.11) reduces to the correct pure fluid relationship.
The result quoted by Bagnold omits the squared power of

f(N\). The reason for this is not clear.

To obtain the transverse pressure corresponding to
the mean shear stress, use may be made of the relationship

between these forces and the angle of the resultant:

L

iaen = t(’:\n 3 oo e coa ¢ 00 a0 e (4-12)
Py
Hence
2
P, = n [1+f(>2‘) ]-g—%, CotXx eee eea (4.13)

Bagnold found for his experiments with spherical

particles of the same density as the fluid that

Te @A e e e ()
And.
With Tan ¥ = 0.75.

epp = L3I @A) n T eee aee (515)



- 118 -

Thus the presence of particles modifies the viscous
forces in such a way that a transverse pressurc is set up,

in addition to that already present in the suspension. ‘

This pressure acts on fluid and particles alike,
and can therefore be regarded as an addition to the pressure

gradient considered in Section 4,1.2.

To determine whether or not the shearing pressure
makes a significant contribution to the pressure gradient,
a likely order of magnitude may be czlculated for it in
the regions where the velocity gradient will be greatest,

1.+ near the walls of the channel.

From Figure B.2.2 it is apparent that the velocity
gradient in these regions could be very large, reaching
perhaps 500 sec_l in close proximity to the walls. The
densities récorded in these zones for the particle sizes
of interest in the present analysis ranged from 1.10 up
to about 1.4, depending on the feed concentration.

(5ee Section B.5.2)

The shearing pressure (pb) has been calculated for
particle sizes of 45U and 235¢ at several concentrations
for each wall position. The corresponding fluid pressure
gradient force on the particle (F_) has been calculated and
converted to a pressure (p) per unit projected area of the
particle to provide a basis for comparison. The ratio
(pb/p) is presented below in Table B.4.1 for the following

assumed conditions

o = 2-"")'"
V = 200cm/sec. D= h.leO-B, 23.5x10-30m.
dv -1 = 1.10 - 1.40
"dr = 500 sec

10"2 poise



dv
From egn. L.15: Py = l.33(l+h)(l+%x)1’a;
Moo o . po @ P v w2 v
--SOp—pTL‘- —To T 3 L(. —3 r

TABLE B.lk.l1

RATIO OF VI3COUS PARTICLE SLEARING
PRsSSURE TO FLUID PRESSURE IW WALL
RaGIOLS OF CHANHEL

: VOLUMe | LINEAR Poy  om G
5 . —) A JALL  POSITICH
DE§E§TY CONGY OF | PARTICLE (7 4T WALL FOSITIONS
= $SOLIDS CONCH
D = 454 D = 235
r=1.0cnm { r=3,5cm {r=1.0cm | r=2.5cm
1.10 0.069 1,040 0.156 0.391 0.030 0.075
1.20 0,139 1.797 0.245 0.613 0.047 0.117
1.30 0.208 2,761 0.385 0.960 0.074 0.184
1.40 0.278 L, 249 0.650 1.620 0.124 0.311

Depending on the poarticle size, the shearing pressure
developed renges from 3 to 167 of the fluid pressure for
low concentrations at the inner wall up to > 100% for high
concentrations et the outer wall. These represent the
maxima for the inner and outer zones respectively, since the
shearing effect will preogressively diminish as the point

under consideration moves into the main body of the channel,

llowever in view of the largc velocity gradient that
must occur within the sizer, and which has been used in the

above calculations (%% = 500 sec-l), it is most unlikely
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that the fluid viscosity determines the shearing behaviour.
The mechanism outlined in the next section is thercfore
considered to be the only one of interest as far as the

performance of thc sizer is concerned.
(ii) Particle Inertin dominant (%% large)

Lny forces set in operation between adjacent layers of particles
are considered to be duc to interparticle collisions. The
particles arce assumed to be oscillating in all threce dimen-
sions, the oscillations being the result of collisions
between particles.

Referring to Figure B.4.l, each particle in layer A
will suffer o number of glancing collisions, the average
angle of impact (o) being determined by the collision condi-
tions. At each collision, the particle experiences a
change of momentum in the 'r' direction equal to

3
AT 6V, CoS @ eew aee aen (4.16)

Due to the random motion of the particles in both
layers and the existance of more than one possible packing
configuration, each 4 particle will only cncounter a propor-
tion of the B particles. This proportion will be a function

of the lincar pnarticle concentration.

Denoting the proportion of effective collisions by
fl(X), the frequency of collisions ( 6N) is given by
fl()\? &6V

L
Bognold assumes in his treatment thet the frequency of

6N = oeo oo coo eeo  (4,17)

collisions is inversely proportional to the distance (x)
between the nearest points of adjacent sphercs. His reason
for this is not clecar, and since the collisions are
considered to be caused by the passage of particles in

adjacent layers over each other, it would seem thrt the
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frequency of collisions must rather depend on the distance

(L) between the centres of adjacent particles.

The force exerted on each A vmarticle (FB) is eaquiva-—

lent to the total rate of chanme of momentun:

3
_nblo .2 A
S .oV fl(X)Cos A eae .e .o (4.,18)

If ay is the velocity gradient normal to the line of

F

motion, then

S A (4.19)
. 3
. mp Cos a.oD fl(h).L 4v.2
FB = 3 (E’;) voe LI ) (4‘20)

Substituting for L frorm equation (4.7):
nﬁECos a.quf N1 +X)

o - 1 avy2

b~ TN dr

To make use of the results gquoted by Bagnold, equa'ion

. (4.21)

(4.21) must be converted to give the pressure (p) created
between layers A and B. This may be obtained by multiplying
the force on a single particle by the number of particles

present in a unit areca of a layer:

>\2

1
p=F() = PS5
B 2 B2+ A%
) 2
) np Cos a.oD fl(A) dv.2 (4.22)
p = 3(1 +N) dr .

For high shear rates and conditions such that particle
inertia effects were wredominant, Bagnold's results indicated
the following relationship with spheres of density 1.0

suspended in water () < 12)

P = 0.042Cos a.DEAE(%¥)2 oo veo veu (4.23)

with tan a = 0.32 (average). .. Cos a = 0.95

Comparing equations (4.22) and (4.23) it is found that

£1(N) = 0’126(12+‘>‘ IA (4.24)

e
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substituting this result in equaticn (4.12)

F, = o.,oL;eoﬂJL+ (1+ M) Cosa (-‘ﬂ)2 (4.25)
L

Teking Ces o (average) = 0.©
F. = 0.0400D" (1+}\)2t9—\1)2 (4.26)

-
D

To determine whether or not this force is of signifi-
cance in relation to the accelerative and drag forces, it is

necessery to calculate o likely ordcr of =wasnitud. for FB.

The velocity and velocity gradient ere assumed to
have the same values as those employed for the 'viscosity
dominant'example previously considered. The densities
rccorded in the wall regions for particles of interest in
the present analysis ranged from 1.0 up to about 1.k,

depending on the feed concentration,

Force (F ) has bezen calculated for particle sizes of
L5u and 235p Qt several concentrations for each wall position.
The net cecelerative force (FN) hos been calculated, and the
ratio (FB/FU) is presented overleaf in Table B.L.2 from

the following assumed conditions:-

o = 2,44 D = 45u,235.
V = 200cm/scc P= 1.0 - 1.4
dv -1
™ ° 500sec
3 2
7 - | = nD 1',__
= Fp - Tp= 6 (o= - P) r
F. = 0.0400 D (1+}«)2 (dV 2

For the conditions quoted, the ratio F /b reduces to

|

= = 0.81rD [ (LA Jeee eee aen (Ba27)
: (1+A)3- 0.524A3

“y
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TABLE Bolh.l

RATICO OF INERTIAL PARTICLE SHE/RIPG FORCL TC LCCLALERATIVE

FORCE Il VALL H.GICNS OF CHAWLEL
F..
PULP VCLUME LINEER 7 AT WALL PCSITIONS
DESITY | CONCY OF | PARTICLZ o
S0LIDS comctt
D = 45 D = 235
P
CV N r=1.0cm lr=2.5cm | r=1.0cm r=2.5cnm
1.05 0,035 0.680 0.011 0.027 0.056 0.139
1.10 0.069 1.040 0.016 0,041 0.085 0.213
1.15 0.104 1.402 0.023 0.05¢% 0.122 0.306
1.20 0.13% 1.797 0.033 0,083 0.173% 0.432
1.25 0.174 2.248 0.047 0.116 0.2L3 0.606
1,30 0.208 2.781 0,066 0.164 0.343 0.958
1.35 0.243 3. h29 0.094 0.236 0.492 1.231
1.40 0.278 4,249 0,139 | 0.347 0.725 1.813

from zbout &

Depending on porticle size the shearing force ranges

of the net vccelerative force for low densities

ot the inner well of the channel up to an apparent 1380 for

high densities ot the outecr woll.

It will

thercfere have

little effect on the perticle wmotion in the inner and central

zones, since in there zones either the density or the velocity

gradient is low.

force may have a

especially for the larger sizes.

Where the ratio FB/I

P
i)

In the regicn near thce outer wall, however, the shearing
considergble effect on the particle motion,

is
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less thrn unity the outwrrd rodirl motion of the perticles
will be reducced, and witerc the ritio exceeds unity the
particle wotion must be reversed. The leyers of porticles
will then dilcote inwerds until the forces are in equili-

brium: -~
2

Yo )P - e - pL L. (4.28)

0.040D

Under the conditions assumed in calculating Table 4.2,
this equality is reached at A = 3.05 for 2354 glass spheres.
For perticles of this size which cre moving at zn =xizl
velocity c¢f 200 cm/scc and in o velocity gradient of 500sec_l,
the maximum permissible volume concentrmtion of particles ot
a radius of 2.5cm is 0.22L. If thc specific gravity of the
particles is 2.44, this corresponds to a limiting pulp
density of 1l.32 gm/c.c. s the rotio FB/FB is directly
proportional to both prrticle size and rodius of motion
(equation 4.27), the equolity shown in equation 4.28 will

not normelly be reached with porticlces smaller then 2351.

To sumascrisc, the 'viscosity dominant' shocoring
forcc ncts so (s to increasc the fluid pressure gradient,
but it secwms unlikcly that this type of force caon arise
with the hipgh velocity gradients expectcd in the sizer.

The 'inertial!' shcering force may be expected to exert an
apprecicble iuflucnce on the moticn of all sizes of particle
in thc region necar the outer wall of the channel, and for

th Taresr particles it can be large enough to arrest cnd
reverse the rnotion if the volume concentrction of prrticles
is high.

In the regicn ncar the inner wnll of the channel the
vclocity gradient mey be guite large but the shearing force

should be small for ~ll sizes of particle, since the force



is small ot 211 densities for fine particles and for coarse

particles, the density in this region is low.

i

02 hotion of singlc Porticles

The vorious forees ncting on single particles were
discussed in detail in Scetions 4,1.1, 4.1.2. The accelera-
tive forecc could not be described accurately s o function of
time £nd position, due to the lack of irnformction about the
cxial velocity profile. For the same rcoson, the Magnus
forces and secondary fluid flow effccets acting on the particles
could not be speccified. The fluicd drog forces resulting
from the motion of the particles could only bec described
ccecurately when the motion was steody and the cocnditions
fell in eithor the laminer or the turbulent flow regions.

If the motion was unstoady, the equations become too compli-
cated for analytic trentment, znd if the behavicur fell in the
transitional region between leminer and turbulent behavicur
the dreg forces could not be specificd. In view of this

lack of informatiecn, the cnalytic trectment adopted in
section 3 cannct be used in the present instence, and instead
of prcdicting the concentration varistion likely to rosult
from the wotion of individunl marticles it is now necessary

to devise mcthods for inferring the notion of a populctiorn of
particles from measurcments of the resulting porticle

concentraticons,

4.3 Motion of Farticle Fopulations

4.3.1 Introduction

[

Before crmmencing t''c¢ final &nd verha s the most
important porticn of the analysic, it is desirable to

review the main veriables and to discuss the manner in which
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they affect e~ch othcr.

The cxial or tengential velocity of o particle (")
dctermines the accelerative and pressure pradicrt forces
acting on it, while thc velocity gradient within the fluid
surrounding the particle governs the shcaring ferce and
liognus force which may alsc act on the particle. JSeparately
or in combination, these forces det r~ine the nit ~ccnlirstive
force tending to produce motion of the particle reletive to
the fluid. The megnitude of the Reynolds Number for this
motion determinces the type of fluid drag force tending tc
oppose the motion. If the shearing cnd llagnus forces are
neglected, the axial velocity of the particle can be put
cqual to thet of the fluid and the particle motion relative
to the fluid can then be considercd to toke place in o radial
direcction. The axial velocity profile of the fluid changes
during its pessage through the helix, resulting in a second-
ary flow of fluid in o rodial dircction. This secondary
flow is recirculctory in nature end its effect or the motion
of the particles should therefore be small when averaged out

over the full depth of the chonnel.

The rodial velocity (U) ottaincd by o given size of
nerticle is affccted by the volume conceutration of
surrcunding porticles in addition to the ferces alrendy
mentioned.  oince the axial velocity profile znd the concen-
tration of particles change progressively through the helix |,
the radicl velocity of the perticles must in general also be
changing centinuously. Under certein cenditions this cheonge
can be suall, howsver, and the psrticle motion may then be
approxinctely described by deriving an apparent terminal
velocity which neglects the acceleration terms in the

equations of motion.
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The volume cconcentration of porticles (CV) controls
the megnitude of the shearing forces developed in regions
where the fluid veloeity gr:dient is high. It alsc affcets
the radial velocity of the porticles dircetly by inecreocing
the inertis of the suspension medium and by influcncing the
fluid flow round the moving pcorticles. However, within
ony given region, the motion of the particles changes their
volume ccncentretion, so U and CV imust normeolly be regarded

as mutunlly dependent quantitics.

At present a good dezl of the infornotion required
for the construction of a corplete model of the behaviour
of the suspension at various depths and cross-scctions within
the helix is lacking. Heaecc, wherever the values of U, V,
and CV at any porition (r,a) erc under consideration in the
analysis which follows, theme quantitics represent avercages

teken over the full depth of the channel at that position.

L.3,2 ’“nalysis of Concentration Variation

Consider o swnll annular scgment of suspension
situated within the helix ot position (r,a) and of the
dimensions shown in Figure 3.4.2. The scgment is considered
to be strntionary and poarticles are thercfore trovelling
through it with ¢ tangential veloeity V ond o radial veloeity

U.

If the feced to the helix is constont, there will be
steady stote conditions within the helix and the quentities U,
V, and CV will remain constant at any point (r,a).
Consequently, the net influx of particles te the segment
under consideration must be zero., If the prrticle flux (&)
is defined ¢s tac product of the veluue concentration and
the velocity of the partiecles, then the radial (Er) and

tangential ( Ea) prrticle fluxes are given by
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FIGURE E.4.2: Elemental volume.
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Bquating the fluxes of particles cntering cnd leaving
the segment and taking the limits os 6r, &z, —> O gives

the continuity equation for the point (r,a)

AL
ki = a
ST (ru?) *+ 35 =0 oo soo (4.30)

On substituting for €r, &a from equations 4.29

D Y
= (rUCV) + e (VCV) = 0 oo (4,31)

Therc/three conditions tihct must be satisfied by
any full solution to equation L.31: the volume concentra-
tion must be constant ccross the inlet to the helix, the
radial flux must be zcro ot the walls of the helix (r = 1.0cm,
r = 2.5cm) for =11 values of a, and thc totnl tengentizl
flux of pcrticlcs must be constant at 2ll cross-sections

within the helix. i.e.

& =0 Cy = Cyp (comstent) ... (4.32)

r = 1.1, 2.5: UCy= O cas (4.33)

2 [ reeed VC,dr J = O© (L, 3h)

s; 1 v r = PR Yo
r=

The full sclution to equaticn .31, whereby Cy may
be expressed s o function of r and o, can only be obtained
when U and V are krown functions of r and a, At present,
this inforuation is for the most part not available. Solutions
to siuplified versions of cquation 4,31 may be found for the
regions of interest in the present investigetion by making
certain assumptions ceoncerning the behoviour of the suspension,

basing the assunpticns eitter on the experinentol evidence



or the results cf the theoretienl study precent.d in

seeticn 3.

The calibration technique described in Section &t
of Part & wis bused on observaticns made in the vicinity
of the channcl wolls and it is therefore desirable te find
solutions for these regions. This werk is described in

Scetions 5.3.1, 5.3.2.

b,k Curar rv oand Conclusicns

The particles i & suspension flowing through an
encloscd helical cheonnel are supportced and acted on by o
flvid thnt is moving in an unsteady manner in both the
tangential and radicl dircctions. The complex and verying
exial velocity profile of the fluid is coused by frictional
ond boundary leyer cffcets arising ot the walls of the

chennel.

The fluid behaviour anéd the channcl wells are resnon-
siblc for the introduction cof twe additional fectors offect-
ing the motion of the porticles: o secondary flow of fluid
in o rodiel dircection, and o shearing frorce crising necr the
outer wall of the channcl when high pzrticle concuentraticns
and high fluid velocity gradients occur sinultrneously.

The sccondary fluid flow probobly consists of two components:
a displeacencnt flow causcd by the tronsfercnce of prrticles
towsrds the outer wall and a possibly oscilloting flow
caused by the br.osure gradie: te o2t up within the fluid.

The shearing force (Bngncld effect) varies in both nature
and magnitude zccording to whether perticle inertia or fluid

viscosity cffects are deominant.

Lock of information conccerning the flow behaviour

of the suspension during its passage through the helix



mnode it inpossible to calculnte the cbsolute magnitudes
of cny of the forces ncting on the purticles. The likely
ricgnitude of the two types cf shearing force werc compared
with the accelerative force on o rclative basie, moking
usc of cssumed values of the - xianl vrlocity and velocity

grndient.

It was not possible to predict the changes in particle
concentration which would result from the moticn of indivi-
dual particles beczusce of the incdequacy of the cxisting
thecory and the almest total lack of data relating to mnany
cspects of fluid ~nd suspension behrviour. Instend, o
continuity equntion w-~s derived for the prrticles in terms
of their concentrotion nt any point <nd the rndi~1l ~nd
tangential velocities ot thnat position. If suiteoblce solu-
ticns of the continuity equation con be found, it should
be possible to infer the velocities of particles from o
knowledgc of the initinl and final concentrntions occurring

within the helix,
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5 TusTo  CLLDUCTWD  WITL GLas SEHEIES

5.1 wark 6 and Mark 7 Cells

5.1.1 Introducticn

The main objective of the work carried out using
glass spheres was to provide reliable data for the develop-
ment and verification of a theoretiec-l model of the sizer
performance. The experimental worl: was carried out during
the same period as the detailed theoretical examination of
particle behaviour set out in the preceeding four sections.
In the absence of this information, the experimental programnme
was designed to cover a wider range of conditicns then proved
necessary. On the other hand, this broad test programme
resulted in the acquisitinsn of considerable information that
could uscfully heve been applied to the theoretical study

had it been availeble.

A new and improved experimental rig was constructed
before commencing the actual test work. This incorporeted
a new cell, a redesigncd measuring head assembly and a new
set of density gauging cquipment. The modifications will

now be described in more detail.

5.1.2 Mark 6 and l:ark 7 Cells

During the course of the test runs made with the
Mark 5 ccll, it uvas discovercd that the channel walls were
flexing to an cxtent that made it nccessary to compensate
all the rzadings obtained. A new cell (the Mark 6 ccll)
was thercforce constructed, identical in dimensions with the
cells liark 2, 4, 5 (Figure #.2.4) but with the channel walls
in the measuring zonc nilled down to 30/1000 inches. Then
the Mark 6 cell was instelled and calibrated however, it

was discovered that appreciable flexurce of thc walls was
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still occurring. Careful examination of the cell revealed
that, whilc nost of the channel walls had been reduccd to
the corrcct thickness of 30/1000inches, the regions adjacent
to the side moubers of the channcl were as thin as 10/1000

inches in »nlaces.

The tark 6 cell wes therefore discarded, and 2 new
ccll of the seme diaensions was mcde. (Merk 7). In this
case the channel walls were hand filed and polished to give
o thickness of 40/1000 inches. This greater wall thickncss
reducced the scnsitivity of the density gauge, but no further

problemns connectsd withwall flexure were encountered.

5.1.3. liodifications to Test Rig

L new measuring head asscembly was designed and constru-
cted. (Figures B.5.1, $.5.2). The sizer ccll passcd through
and was clainped to a rectangular brass frame, which ccted
as the support and guides for the traversing head mechanisn.
The original strontium~90 source wes one of o standard range
(s>ection A.3.2) and the dimensions wore not well suited to
the oxisting neasurcment reguiruvnents. A special source
was thercforc ordercd for the new mezsuring head. This was
2gnin a strontium-90 scurce of 20 millicuries totel activity,
but the active arce wes 40 x 3ma. compared with 114 x 3un.
for thc¢ earlier source. Although the new source and ioni-
sation chamber were colliimatcd ns before to l.5mm. to inmprove
the resolution, the fact that the whole length of the new
sourcc wos used in the nessurcments resultid in an effective
sourcc activity of 10 millicuries compared with 7 millicurics
for the old rig. The incasuremcnt pesitions relative te the
helix were the saime as those employced with the carlicr
version of the equipnient. (Figure 4.3.1) The source was

micunted in an ~luniniun head plete above the sizer cell
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and the ionisation chamber in a cylindrical aluminium
container cttached tec & plate below the cell. The whole
head asseribly could be traversed by o hand screw, the
traverse position being indicated by a dial gouge as on the
eerlier rig. A .narvrow bross plate was attached to the brass
frome, next to and running parallel with the sizer cell, so
thint the source could be blankced off frow the icnisation

chaiber for standardisation purposes.

The 'Atomette' radiation gauge clectronic unit
used on the carlicr rig was replaced by 2n 'Atomat! Series
B Type U, which was very kindly supplied cn loan by the
Baldwin Instrunent Conpany for a period of twelve months.
The 'Ltomet' unit,though identical to the'Atomette' in
principle, was temperaturc stabilized ~nd possacsed greater

flexibility in opzration.

Two additions were mode to the instruuentation
¢inployed in the flow circuit. The teuperature of the
suspension in the circuit was menitorcd by ncans of a
thermistor inscerted into the feced hopper of the nonopump,
the sigual froir the thernistor circuit being displayed on
the six-point chart recorder. - wocrcury nmanchmeter wos
topped into the suspension flow at the discharge froa the
sizer measuring channel, su thot the pressurc exerted on
the chonnel walls could be wonitored ond lept ceonstant
with a view to elininating uwncohtrolled flexur-< of the walls.,
The final test rig was otherwice as shown earlier in Figure

J I I

The density geuge wos calibrated with the new test

materinls in the same manner as before. (Section A4.3.6),
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5.1.4 Testwork Using Mark 7 Cell

L supply of glass balls was obtained which renged in
size from 35 to 325 nesh (Tyler). This material was screened
on the sct of & inch reference scrcens which was used in
the earlier work (Scction A.4.4) to provide individual size
fractions. The test mcthod was restricted by the fact thot
only 2 Xg. of gloss balls were availoble and the prograrue
was planned in thrce stiges:

(L) Test runs conducted on single sizc fractions ot a
nunber of different feed concentrations. These were intended
to cstablish how the radial motion of o particle varied with
size and with the concentration of similar particles nearby.

The size fractions and feed concentrations were as follows:

wize Frezctions Feed Concentrations
(B.3.kncsh) (CVf)
=52 +72 0.011
-72 +100 0.022
-100 +150 0,047
=150 +200 0.066
-200 +325 0.100

gach size fracticn was run ot the five diffcrent feed
concentrations, giving a total of 25 tests in the first

stage of the work.

(2) Test runs conducted on prirs of size fractions,
mixed togother in varying proportions, at the constant
feed concentretion sclected carlier for the sizing calibro-

tion, (C = 0.100)., These were intended to usteblish how

Vf
the presence of different concentratiens of particloes of
other sizes affccted the behaviour of o given size, ©mach

poir of size fractions was combined in threc different



ratios, 25:75, 50:50, 75:25, giving a total of 30 tests

for the 5 size fractions aveilable,

(3) Tests conductcd using full size distributions, which
were intended to verify any conclusions drawn froim the results
of steges (2) and (b). The 12 ideal Grudin—Schubmann
distributions uscd throughout the earlier work with quartz
were agein usced (Sec Sections £.3.9 Table A.3.2, A.L.6

Table a.lk.2.)

The full programne callcd for a total of 67 samples,
and since the supply of gluss bnlls was only sufficient to
prepare cbout 8 semplcs, 2ll test materials had to be r
reclaimed, dried and re-sized before o further scries of

tests could be started.

The procedurc zdopted for cach test run was s foliows:
the rcquired amount of water was nceasured into the ceircuit
and the flowrate sct to 90v.c./scc. The camrle waes then
added to the nonopump fecd hopper cnd thce return flow pipe
positicned so ne to provicde sufficicent agitaticn in the
hopper to keep the solids in suspension, The back pressurc
exerted on the sizer 'windowe' was then odjusted to bem. of
mereury by iieens of a clamp on the dischorge flowlinc.

The thermistor was placed in the hopper, the chart reccrders
were started and the particle ceoncentration rninsurecacnts
made. The flowrnte and baclk pressure were rezdjusted as
required during operation. 7t the conclusion of cach run,
the circuit was repeztedly flushed with fresh weter until

no morc sclids could be reclcoimed. althcugh the overzll
semple recovery from the circuit woas excelleont for -1l test
runs, the material lost froi. ewch sawple due to tenporary
scttling out in various dead zones within the circuit was

appreciable, =znd the actual density in the circuit was nearly



always a good deal lower than the apparent or ‘made-up'
valuc. All fecd densities quoted below have therefore been

calculated from the neasured concentration profile.

Sel Lnalveis of itesults

The concentration profiles obtained for single sizc
fractions arc sheown in Figures B.5.3%. - B.5.7, for pairs of
size¢ fractions in Figur.s B.5.80 - B.5.17 and for sizc
distributions in Figurcs B.5.10 - B.5.21. The¢ mout impor-
tant limitcotion in interpreting thesc profiles is the fact
that thc mcesuremecnts were conducted downstreom of the helix
rather than within it. The leading edge of the collimated
source and dctcction assenbly was some 5 cm. dowastreom of
the oxit from the helix, & distance eguivalent to o little
ovcer four channel diameters for o circular channcl heving

the sanc wetted perimeter. The influence of boends on the

0]

flow bchaviour of purc fluids may cextend as far as 50 pipc

diamct.rs downstrcam of the bend (Section 2.1), sc if =

4]

similar ¢ffcct occurs in the case of o suspension, the
remixing causcd by the persistance of a recirculatory

fluid flow could result in the loss of a significant propor-
tion of the conccentraticn gradicnt before the suspension

rcaches the measurcment zone,

5.2¢1 Single Lize Froctions

The shapes of the cencertretion profiles obtained
with singlc size fracticns of gless balls cre in gencral
similar to those rccordud for ground quartz porticles
(Figurcs =.3.1l4 - .3.17) although some o«f the fcatures
arc accentuated, Considering thc curves for various fecd
concuntrations of -52 +72 glass balls, it can be scen that
the region near the dinncer wall contains smell concentrations

of solids and = comperatively shallow concentration gradient,
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while ncar thie outer well both the conccontrations and the
concentraticn gradicnts arc high. In view of the high radicl
veclocitics obtainable with such coarse particles, the
¢xistance of any particles at all in the inncer region is
surprising, and their proescnce can only be accounted for

in tirms of sccondary fluid flow, c¢nhancca fluid drag, or
boundary laycr scparation. The sccondary fluid flow could
act both within znd downstream of the helix; in the first
instsnce by reducing or cven reversing the particle radial
velociticos in the zonc where the fluid flow is towards the
inncr wall and, in thc sccond instancc, by dustroying the
concentration gradicent when it has passed out of the helix,
i reduction or reversal of the pearticle metien within the
helix could only occur if the bulk of the particles was
distributed within onc of the layers in which the sccondary

fluid flow was towards the inner wall; the most likcely onc

ct

..

cing that next to the bottow face of thc channcl, sincc
gravitationzl forcus weould tund to cencentratc the coarser
particles within this layer. asnhanced fluid drag duc to
turbulence within the fluid is quite likely to occur
{(scetion 4.1.2b) though the «ffcets should be less noticecble
for the corrser partiecles. Doundery layer scparation

would create o region of high turbulcence neny the inncer wall
ccuiing o disruption of the tangential flow and 2o roducticn
in the partiecle radial veloeitics., fith the roesulte in
their prosont fori, it is not possible to anzlyse the

cxtent to which these mechenisizs night be responsible for
the obscrved c¢ffects. This task is perfermed in

SC‘CtiOn 13«:503010

Lnother interesting fuature of the nrofilcs, obtained

at the higher fued concentrations with both =52 +72 and
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=72 +100 ncsh glass balls, is the peek particle concentra-
tion rocorded at an cquivalint radius of motion of 2.h4cm.
Thi~ could be the result of a high concentration layer ot
the outer wall, originnlly crceted within the helix and
subscguently dispersing ond meving back towzrds the cuntre of
the channcl. TIf this is the explanation, however, the profiles
chtainsd at lower fccd crncentrations should exhibit similer
mexina cn o rocduced scale, Since they do not, it appeors
auch morc likely that the moechanism responsible is the
particle shearing pressurc discussed in Section 4.1.2,c.

For a particle sizc of 235p travelling at 200cnm/sce in

a velocity gradient of SOOsec-l, it was cstimated thot the
turbulent particle shecring forco could cqual the contri-
fugal force ot 2 radius of noticn of 2.5cm if the volume
conccatration of solids rosc te about 0.22., In the present
instancc, the peaks are obtained at a rodius of mction of
2.h4cn for tne two coarscst sizc fractions whose nean sizces
are 181p oud 253, the corrcsponding volume concentrations
being 0.22 ond 0.19. These results agrec sufficiently well
with the c¢stimrtid conditions to suggent that this is indecd
the mechonist giving risc to the concentraticn maxima ond

the lower ceoncentrations” between the maxima =nd the outer
well of the channcl are the result of the shecering ferce
equalling the centrifugnl foree at theee lowcr concentrations
by virtuc of the higher velocity gradient ncar the channel

walle.

The profiles obtained for the three fincer size
fractions show progressively less evidence of radial particle
motion until, at =200 +325 nesh B.5, the particle concentra-

tion 1s virtually the samc at a1l points across the channcl,

The concentration profiles mzy also be uscd to check
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whether the effceet of the concentration of surrounding
particles on the radial velocity of a given particle is in
agreement with the risults cobtzined by previous workcers

(fcetion 3.1.2¢). +ccerding to the cquation quotid, i.c.

]
U = UT(l - Cv)

if the ceoncoentration of particles in the feed te the helix
is incrceascd, the radicl velocity of the particles should
be rcduced by & factor (l-Cv)Q, wherc CV is the locsl
conccniration ¢f particles and @ is o function cf the
Reynolds number for the particle. For o given incrcase in
the feed concentration of particles, the concentration
observed at eny particular redius after a redius of

motion should therefore comprise a lorger fraction of the
original fced concentration in regions where CV decroases
with a .

In Figures B,5.22, B.5.23, the rcsults obtained in
the rcgions of maxinum concentraticn change have been exam-
incd by plotting the concentrations rccorcdced at r = l.lcn,

r = 2.4cim against the feed concentration for the fine size
fractions testcd. In thc zone near the inner wall (r = 1l.lca,
CV < CVf)’ it can be sceen that changes in feed concentration
do not produce any significant change in the radial veloci-
tics, as the recorded coneccntraticns for cach perticle size
increase linearly with feed concentration. In the zone

near the outer woll (r = 2.kem, C»C ), the expected type

Vf
of behaviour does materialise. Increascs in fecd conccentre-
tion rcduce the radial velccities appreciably for all perticle
sizes coarser than 150 mesh B.S, as c¢videnced by the curved

plets obtained for these particles.
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5:2:2 Two Siz¢ Frections

Detoctably different concuntretion profiles were
obtained fer all pairs of size fracticas, and the relative
pesiticning of the curves was corrcct in all cases. The
conrscst sauple of cach peir of size fractions having -52
+72 mesh matericl os o component displayed ¢ pealn concentra-
tion sinilar te thot found for these poarticles in the single

size fraction. (bection 5.2.1)

In the previous scction, the influcnce of the volune
concentration of varticlus present on the radial vclocities
attaincd by the particlis was examined for single size
froctions. The main purpose in obtaining the rosults for
pairs of size froctions wos to find out whether or not
particles of different size interacted with each other when
present in varying proporticns but ot o ceanctant totzl
volume concentrztion in the feed and, if so, the manner iu

which the internction variced with particle size.

The measurerients made nt r = l.lem Arnd v = 2.4 cn.
hove ngoin been uscd as the criteris in assessing the degrec
of intcraction. The cxpected valuvs of CV for these two
positions hieve bcen calculated for nll samples ot the meosured
feed concuntretion - ~ssuming no interaction - by reoding off
the proporticurte centributicns fro - Figurces B.5.22, B.5.23.
The roesults cr. given in Table D.5.1 together with the
uacasured values of CV° “lso shewn is the & difference in
the celcul-ted (no internction) and reosurced concentrations,

calculotcd cs

ilecasured - colculated )

¢ Differcnce = 100 ( colcoule ted
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TEBLE B.5.1.

Interaction between Size Froctionse of Glass Spheres

Pai?s of Eelative CV1.1 CV2°L+
D1ZEC L roNOT- C 9,‘ ?{
Fractions @ tions Vf CLLC. | MsAh, - | CALC. |- MEAS. | . o
(L.S.besh)] Conrse/ DIFE DIFE
Finc §
-52472 25/75 1 0.0830 { 0.02L 0.025] +4.2 | 0,227 0.229 | +0.9
-72+100 50/50 0.081% | 0.020 | 0.020 @ | 0.235| 0.240 {+1.7
75/25 0.0317 | 0.017 | 0.019| 411.81 0,246 0.246 @
-52472 25/75 0.0813 | 0.035 | 0.039}+31.4 | 0.184] 0.182 {-1.1
-100+150 50/50 0.,0791 | 0,027 | 0.,030({+11.1| 0.205| 0.216 | +5.4
75/25 0.0815 { 0.020 | 0.023|+15.0 L0.233 0.248 | +€.4
[
-524+72 25/75 0.0817 | 0,051 1 0.056{ +9,8; 0,148 0.158 | +~.3
-150+200 50/50 0.0813 | 0.038 | 0.044]+15.8 | 0.184} 0.216 | +17.4
75/25 0.0775 | 0.024 ¢ 0,025 +4.2 | 0.229} 0,240 | +L,8
-52472 25/75 0.08%1 | 0,069 0.077!+11.6 | 0.138] 0.145 : +5.1
-200+325 50/50 0.0754 | 0,043 0.,052{+20.9} €.163] 0,180 | +10.4
75,25 0.C734 ' 0.027 | 0.030|+11.1 | 0.201| 0.236 | +17.4
-72+100 25/75 0.0821 | 0.038| 0.039| +2.6| 0.173} 0.168 | -2.9
~100+150 50/50 0.0796 | 0,034 | 0.03L g 1 0.183; 0,178 [ -3.2
75/25 0.0806 | 0.030 | 0.033]+10.0{ 0.1¢8} 0.186 | -46,1
-72+100 25/75 0.0853% | 0,057 | 0,061 +7.6 | 0.141} 0,141 | &
-150+200 50/50 0.0797 ! 0.044{ 0.0491+11.L{ 0.1551 0,159 | @&
75/25 0.0781 | 0.0351 0,036 +2.9{ 0.181{ 0,180 | -0.6
-72+100 25/75 0.0893 | 0.073{ 0.077| +5.5] 0.127{ 0.131 !+3.2
-200+325 50/50 0.0833 1 0.054 | 0,059} +9.3| 0.152! 0.159 | +4.6
75/25 0.078% | 0,039, C.03S g 1 0.176§ 0,178 | +1.1
-100+150 25/75 0.,0858 % 0.061] 0.063| +4.9| 0.127] 0.129 | +1.6
-150+200 50/50 0.0825 | 0.054 | 0.054 g 1 0.136| 0,140 | +2.9
75/25 0.080% ¢ 0.0k7 i 0.0LG| ~2,1 | 0.13%¢ 0.1LE | 45.0
-100+150 25/75 0.0868 | 0.074 | 0.,077{ +4.1{ 0.109| 0.116 | +6.4
-200+325 50/50 0.084L { 0.0631 0.06L| +1.6} 00,1261 0,134 | 46,3
75/25 o.o793§ 0.050 | 0.050 @ 10.139] 0,143 {+2.9
-150+200 25/75 o.o949§ 0.088 | 0.087; -1.1'0.106f 0.110 | +3.8
-200+325 50/50 0.0937: 0.082 | 0.081| -1.21{0.111] 0.115 {+3.6
75,/25 0.0095 0.074 1 0.071! -4.1; 0,114} 0.118 | +3.5




The differences rccorded between the calculoted and
nmeasurced concentrations are generally srniall, the wcasured
values being on average about 4-5 higher then the calculated,
The ¥ differcnces oare sraller in the cuter rcgion, wherce the
absolutec cencentrations cre higher. This is contrary to
cxpectation since, regardless of the nature of the inter-
zction effects between different particle sizc groups,
it is reasonable to expect ¢ proportionately lirger effcct in
regions of high particle concentration. This by itscelf
throws doubt on the volidity of the recorded differences,
but the overiding argument in favour of discarding then is
the fect that the recorded diffcrences nre, on average,
positive in beth the inner and outer regions. This appzrent
effect is rcadily refuted orn sinple nass transfcr considera-
tions since if the particle concentrntion is lowcr then predicted
in the inner nc it nust be highcr than predicted in the

Z0
cuter zene, Th

H

greater poart of the observed differences
riust thercforc be attributed to experinental crror, the
likeliest cause beiug innccurate estinates of the effective

feed density (CVf)°

Thercfore it nmust be concluded that, within the linits
of accurncy of the obscrvetions, no significant intcraction

takes plnce between different size fracticens,

5.2.3% Sizc Distributions

The results obtaincd with size distributiocns of pglass
spheres «re notable for the constancy of the pecrticle concen-
trations across the inner region of the chonnel. If these
curves are coipared with the ones obtoined for the sare size
distributions of quartz sand (Figures £.3.1h4 - A.3.17), it
can be secen that a measurable concentration gradient wns
recorded in the inner zone for the latter moterial. The

results obtained for the quartz sand nust be treated with
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reserve, however, since the concentration mcasurements were
less reliable, the flowrate control was unsatisfaetory and

the made-u

o]

size distributions diffcred considerably from

their nominal composition in zeverzl cases. (Secction £.3.5.2)

The results obtained with two size fractions suggested
that no significant intcractions occurred between different
size fractions, within the linits of detection of the
present equipmsent. This conclusion was checked for the sizc
distribution results by calculating the expectzd values of
CV for positions r = 1.1, r = 2.4cn. in the same nanner
ciployed earlicr, The results are given in Teble B.5.2.

TLBLE B.5.2.
Interaction within Size Distributions of Glass Spheres
DIoTE%éETION c CV1.1 CV2-4
[ BeR Ve = -
| CALC. | MI&S. | pion | CALC. lrimas. DIFT
1 0.0733 ] 0,043 | 0,041 | = 4.7} 0,203 {0.1%6 } =34
2 0.0793 { 0.050 | 0.052 | + 4.0} 0.183 ]0.176 | -3.8
3 0.0841 | 0,063 | 0,063 @ 0.147 10,1451 «1.4
i 0.08%4 1 0.085 ] 0,076 | -10.6] 0.124 } 0,124 4
5 0.0828 | 0.059 | 0,063 | + 6.51 0.165 | 0.152 | -7.9
6 0.0703 1 0,038 | 0.039 [+ 2.6 0,204 | 0,194 | -L,9
7 0.0711 { 0.030 | 0.030 o 0.215 1 0.209 | -2.8
8 0.0792 | 0.056 { 0.057 | + 1.8} 0.150 | 0.145 | -3.3
9 0,0829 [ 0,063 | 0,060 | - 4.8] 0.135 | 0.134 | -0.7
10 0.0870 | 0,0751 0.072 | - 4.0| 0.108 | 0,115 +6.5
13 0.0703 | 0.025{ 0.020 | -20.0} 0.230 | 0,216 ! -€.1
14 0.0867 | 0.070 | 0.070 & 0.12¢ | 0,126} 2.3
I, § :
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Although the rousults for r = 2.4kcu show a nore
concirt -nt tendency than those found with two size fractions,
one observation markedly contradicts thc general tendency,
and, in any casse, the results at r = l.lca display o complctely
rgndonr varintion. The conclusicn that thesc is no nensurcble
intercction between different particle sizes, thercfore,

remains unchengcc.

5.3 Concentration Variation Merr the Inner and Cuter Walls

A genercl analysis of the relaeticaship between the
volume concentration and the velccities of the prrticles
in a suspcnsion noving through o helical turn was given in
Scction Lk.3.,2, where the continuity cqucotion for the particles
was derived. For steady state conditions within the helix,

it was shown that

2(ruc

dr D a

v (e

= 0 oo coo (4.30)

In order te obtain some kind of guontit-otive wodel
o8 © besis for ossessing the particle bechaviour in the
rogions of intercst - the zoncs near the channcl walls -
it is nccessery te simplify equaticn 4,30 by naling suitable
assunptions thnt cen be justifisd by the experimcntal

evidencsa,

5.5.1. Concentration Variction ncar the Inner Uall

ilost of the concentration profilcs obteined with
gless spheres display low or even non-existant radicl
concentration gradients in the zone nerr the inner wall,
2 tendcnecy thot is particularly noticeable in 2ll the results
obtoined with full size distributions. (Figures 5.5.18 -
B.5.21). 3ince the volume concentraticn of particles is

constant #t 2ll positions acress the inlet to the helix



and appears to have remained indcpendent of r (or nearly so)
in the region adjacent to the inner wall, the most obvious
simplification to cquation 4.30 is to consider CV as a

functicn cf o only.

If the behaviour exhibited by purc fluids (Figurec
B.2.3) is taken as a guide to what might occur with a suspen-
sion, it would appeor that the tangential velocity V does
noet vary to any great extent with a. 2Also, it should be
possible to approximate the velocity distribution by a
simple linear model for the region of interest. i.c.
V=V, +br ..o cos  eoa  see (5.1)

1

where Vl is the velocity at the inner wall and b is the

velocity gradient normal to the wall.

The two najor factors deterunining U arc the tangen-
tial velocity V and the volune concentration Cva Since
V is considcred independent of & and CV storts at the feed

concentration (C f) and decrcases, it should bc possible

v
to treat U as being independent of a and CV without

introducing major errors (Also, scc sectirn 5.2.1.)

Taking CV as a function of ¢ and U as ~ function of

r, cguations L4.30 and 5.1 may be conbincd to give

c Ly

da

20 L (v 4 br)

V-o dr l = O e oo s owe (5-2)

Integrating with respect to o between the linits

CVf at a=0 and CV 2t a gives

C
Vf o a(ru)
ln( Cv ) = (Vl+br) dr e ao 6 a e . oa (5-3)

which may be integrated with respect to r between Ul at

r, and U2 at r, to give

1
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C

1 Vi b 2 2
U,r,-Ur, = % lnCz:;) [V (r,-ry) + 5 (r,7- g Y] .ee  (5.4)

Ls equation 5.4 is only intended to represent the
behaviocur in onc region of the helix, it only has to satisfy
the conditions for that region. These were discussecd in
Section 4.3.2 and the relevant conditions were given in
equations 4,32, 4.33: i.e. CV=CVf (constant) for all values
of r 2t @ = 0 and UCV = 0 for 2ll values of @ at r = 1.0cn.

The first condition was applied when integrating equation

(5.2), while the second may be applied by putting rlzl.Ocm,
U;=0 in equation 5.4
1. Cvs 1, b 1
U2 = Zln(cv ) b, Q- rza +alr,- Fg)] ot (5.5)

The calibration nmeasurements were made with the
centre line of the source at a position on the leadout
from the helix equivalent to r, = l.lem. Fron Figure B.2.3.,
reasonable values for the tangential velocity cquation
are estinated aos Vl = 100cn/sec and b = 66.7suc-l for
V = 200c¢ri/sec. Putting these values in equation 5.5 gives
for the velocity at r = 1l.lcnm:

C
~ VE
Ul.l 2.51n(1§7 0o e cas (5.6)

The radiel velocity has been célculated for ceach
sizec fracticn of glass balls using equation (5.6). A

fced concentration of CV = 0,085 was chosen and the appro-

f

priate values of CV were interpolated fronm Figure B.5.22.
Thesc 'measured values of U have becen conpared with

a set of 'apparent terninal velccities' calculated for

the szue conditions, Unfortunately, the motion of all

the sizes conccrned fell within the transitional regime,



so the equations developed earlier for the laminar and
turbulent regimes (Sedftions 3.2.1 - 2) could net be uscd.
The velocitivs were thercfore calculated according to the
nethod of Heywood11 using the erithmatic mean size of each
fraction and then corrected fer interference effects using
equation 3.18 and the dnte given in Table B.3.l. The

neasured ondé caleculsted velocities zre compered in Table B.5.3.

TABLE B.5.3.
Rediel Velocities of Size Fractions of Glass Balls
at r = 1l.lcn.
SIzE  FRU.CTICOW CALCUL&TED MuASURED
U._.
B.S.resh Meon TLR v
Mperturc (cin/scc) (cn/sec)
()
- 52472 253 11.1 L.5
- 724100 181 7.4 2.8
-100+150 129 L,7 1.6
-150+200 89 2.8 0.63
~200+4325 61 1.5 0.06

The rneasured values of U are substantially lower than
the calculated values. There are a number of factors that
could be responsible: they ere lieted below and then

discussed in nmore detail.

(a) Use of the arithuetic mean size in calculaticns;
(b) Use of apparent terninal velocity in calculations;
(¢) Incorrect assumptions regarding the axiszl velocity profile;

(d) Degencration of the concentration profile;



(e) Reduction of the measured velocities by secondary
flvid flows;

(f) Disruption of the particle motion by boundary layer
separction;g

(g) 1Inaccurate concentration measurements due to solids
settling out in the circuit during the test runs;

(h) Lift forccs or 'Magnus' Effccts?

(i) snhenced fluid drag due to the turbulant axizl flow
of fluid.

(2) Use of the arithmetic mean size during the calculations
was dictated by the lack of knowledge about the behaviour
of particles in the transitional reginme. What is really
requircd is a nean velocity for the range of sizcs present
in the size fraction concerned, but this can only be obtained
wherc the dependence of velocity on size is fully identified.
The relationships holding within the various regimes are
as follows:

Laninar: U a DZ_

Transitionnl U o En (n=f = 2)

Turbulent: U o D°

The sizcs corresponding to the mean velocity for

the size fraction --D1 +D2 would thercfore be calculated os
Loaminar: D = EiD2
Bi_
.y . - 44
Transitional D = LiD
ri
— a
Turbulent D = IiD?
Ii

where i = number
of particles of

sizc De.

S5ince the value of M is unknown, the arithmstic
b ]

nmean based on n = 1 wes used in the calculctions. The
order of error introduced by this assunpticn can be calcu-

lated: assuming size fractions spaccd at V2 intervals
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and a uniform distribution of sizes within each size
fraction, the mexinum error introduced by adopting the

. . . . . . + "
arithmetic rnean size for the fraction —=V2 D+D is < 0.5

i.ee D = 1.206 I 0,006  eee oo (5.7)

D
The mcan size of 253p calculeoted for the -52 +72

. . +

mesh notericl could thercfcre be in erreor by - 1.3H.

Since the screuns used in sizing the noterial were prcobably
only accurate to within 5p and other sources of inaccuracy

contributed much larger errors, this effect can be neglected.

(b) The ‘'apperent terminal velocity' is obtained by
neglecting any relative tangentizl velocity between particle
and fluid and arbitrarily putting %% =0 in the equations

of motion (3.152,3.19). The errors introduced in calcula-
ting perticle tracks are likely to be small for particles
e¢xhibiting laminar motion (Section 3.2.1) but may be large
for those cxhibiting turbulent metion (Section 3.2.2),

Since the appcrent terminal velocity neglcects the initial
acceleration period, it must represent an overestinate of
the actual velocity. Another consideration relevant to

this point was discusscd ccrlier (bection 4.1.2b), namely
whether particles could experience ideal forms of fluid

drag when moving radially in a filuid medium that is exhibiting
turbulent flow in a tangentizl direction. It scems ucst
unlikely thot the finer particles could experience viscous
drag in a turbulent fluid, though thc coarser particles
night concievably encounter an enhanced form of turbulent
drzg. In general, the vortices prement in the fluid must
result in an iancreascd resistance to motion for all particle
sizes, possibly to the extent of almost totally preventing

notion of the smaller particles. It would appear, therefore,
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that the apperent terminal velocity represents a considerable
overestinate of the actual velocity, sincc it not only
neglects the acceleration period but also fails to take
fluid turbulence into account. £ further effect - the
'Mognus' or 1ift force - is also ignored in obtaining the

apparent terminal velocity, but this is considered separately.

(c) The valucs assumcd for the axicl velocitics were used
in deterunining voth the calculated and measured particle
radial vclocities. 1In the transitional region, the apparent

terminal velocity, U varies with V2 at low Reynolds

e
nunmbers, changing prgéfcssively to V ot high Reynolds
nunbers as turbulent behaviour is approached. £s5 the
measured velocity U veries (approximctcely)with V, inaccura-
cies in the assumed values of V will only affect the finer
gizes. The relative differences recorded arc largest for
the finer sizcs, so over estimates of V could be partizlly
responsible for these. However, they do not explain the

diffcrences recorded at the corrser sizes.,

(d) Degencration of the concentration profile in the
interval between the slurry leaving the helix and

entering the mecsurement zonce was discussed in Section 5.5.
It was concludcd that a significant proportion of the concen-
tration gradicnt nmipght be lost in this way, and this could
contribute noticecably to the difference between the colcu-
lated and observed porticle velocities, especially for the
finer sizcs. This has been investigated as follows: the
centre of the measuring zone was some five equivalent
channel diametcrs downstream of the exit from the helix
and, by analogy with pure fluid behaviour, the helix may

bc coasidercd to exert an influence as far s 50 equivalent
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diamcters downstreari. Assuning a linear rate of renmixing
of the concentration gradient, this suggests that about 10%
of the actual concentration could have been lost by remixing.

Applying this corruction teo equation 5.6:-

C
U .2.,5'.1n(1'1--5V—f ) (5.0)
v
Cys
U A-:’ 2,5111 ('—C‘—) + 0.24 e ae (5#9)
v

so that a 10% increasc in CV could reducec the necsured
value of U by cbout 0.24em/sec. This would account for
only o smeall proportion of the difference recorded for the
-200 +325 mesh particles znd would have no e¢ffcct on the
large differences recorded for the cocarse sizes. To
account for all the difference =t -200 +325 mesh, 75 of
the concentration reduction would have to be lost by remixing,
while the diffcerences recorded ot =150 +200 mesh and zbove
would reguire correction factors suggesting that >100 of
the concentreotion reduction had been lost. This effect
cen therefore not be held responsible for the differences

rccorded in Table B.5.3.

(¢) The probable effects of sccondary fluid flow of the
recirculotory type were discussed in section 4.1.2c¢ and
5.2.1. It seeus unlikely that this type of flow would
affect the overall moticn of the particles unless they
were preferentially concentrated in the bottom layer of
the chonnel by gravitational forces. If this effect did
occur, however, the velccities of all sizes of pearticles
should be reduced by about the same absolute amount. In
fact, the discrepancics vary from 6.6cwm/scc. at 2534 down
to about 1l.5ci./scc. ot 61y, which'sugsests that secondery

fluid flow is not a significant factor.
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It is probablec that secondary flow provides the nmain
agency for remixing the solids in the region immediately
downstream of the helix, but this effect has already been

considered,

(£ Separation of the boundary layer would lead to &n
increase in turbulence near the inner wall and a rcduction

in the axial or tangential velocity. The consequences of
over estimating V have already becn discussed and.it was
concluded that this could only be responsible for differcnces
found with fine particles whose behaviour approached lominar
conditions. IHowever, the likelihood of boundary layer
separation is difficult to assess even for a2 pure fluid,
since it depends on the aspect ratio of the channel. (Secction
B.2.3). ith apprcciable concentrations of particles
present, it is at prescnt not possible to estimote whether
sep~raticn is likcly ot occur or how grect an effect

separation night producs if it did take place.

(g) Substantial losses of material werc recorded during
riost runs conductcd using size frzctions coarser than 200
mesh B.S. It was inferrced that the losses all occurrcd
when the mcterial was initially placed in suspension, since
no consistent reducticn in the rezdings ot any given
position wes rccorded during the runs ond sequential scans
conductcd on the sanie samnles showed little change.
(Gection 7.b4.1.4.) In any cese & reducticn in the omount
of solids in suspension would lead to a lower valuc of CV
and hence an over estimate of the mcasured value of U,

so this effect cannot be held rcsponsible fer the obscrved

effects.
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(h) The 1ift force was discussed in 3ecti-n B.3.1l.1.

It wes not token into account in the analysis which
followed or in the equation used to calculate the (theorc-
tical) appsrent terminal velocity. Since the concentration
measurements unade at r=l.lcu. were in close proxinity to
the chonnel wall, it is likely that a high radial velocity
gradient existed within the fluid. The 1ift force created
a5 & result of this would tend to increcsc the axisl
velocity of the particle in question, ns illustrated in
Figure B.5.24(2), ond this would lczd in turn to z2n increasc
in the radiel velocity of the porticle. Neglect cf the
1ift force in the calculated velues of U shown in Table
B.5.3 will, thercfore, huve led to under cstinmotes of U,

.8 the differences recorded zre in the epposite sense,

this cannot have contributed to then.

(1) Calculations of the appsrcent terminal velocitics for
larinar or turbulent conditions assuwme that the corrcasponding
idecal types of fluid drag are operative. It is assumed in
the derivation of thesc dreg forces that any fluid flow

or turbulcnce present is associated entircly with the
relotive notion between particles and fluid. In the sizer
helix, however, the suspension 1is flowing oxially at a

high Reynolds number and must in conseguence exhibit o
considcrable anmount of turbulence in addition to and
independent of that generatcd by the perticlce motion. This
inherent fluid turbulenc¢ must enhonce the drag forcess
opposing particle notion, possibly, in the casc of fine
particles that would normelly be subject only to viscous
dreg, to the extent of preventing any ¢ ffective radial motion.
'Enhanced' dreg of this typc could well be a najor cause of

the low recorded velocities,
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5.3.2 Concentration Variaticn Near the OQuter Wall

The porticle concentrations risc above the feed
concentration in the gzone adjocent to thoe outer wnll of
the chrnnel, se that the essumpticn employed in the treet-
ment of the zonc ncar the inner woll - nowcly that the
purticle ro.dinl velocity U could be considered independent
of CV - becoies untensble. Llso, the tongential velocity
V ucy be expected to chonge noticeably with a (Figure B.2.3)
in the region near th. outer wall. Since CV and V are the
fagtors which determine U, it is obvious that any rcalistic
analysis of the bechaviour near the outer wall must take
account of the fact that U will vary with CV and V and,

therefore, with r and a also.

For stcady state conditions within the helix, the
continuity equation which must be satisfied has been derived:
o - b 7
A(rucy) - a(vey)

Tr < a

= O s 00 (}‘”eBO)

In corder to attcupt a formal solution of eguation
4,30, the relationships between U,V,Cv,r and a must be
known in full. This informetion is not available as yet,
and, in any cisc, the nature of the functions is likely
to be such that numcerical methods of solution would be

requircd.

The most urgent recquirement for practical purposes
is some mecans of cstimsting the particle velocities under
the conditions described above., If it is accepted that
the radial motion of particles in a pure fluid environment
(CV = 0) is represented with sufficient accuracy by the
apparent terminal velocity (Gection B.3.2.3), then the

main ways in which this veclocity is affected by particle
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concontration are through interference eoffects (3Scction
B3.1.2.0 and particle shearing forces (Seetion B.h.1l.2.4d),
In combination, these factors are likely to result in marked
recductions in the radial velocity of the particles in the
zonc immedictely adjacent to the outcr wall whoerce both the
concentration of particles and the fluid velocity grodient
are high. Over a restricted performonce range, it seoms
reasoncble to suppose that the coxpected bshaviour could

be described by a simpler rcecletionship then would be
apparent from examinetion of the individual equations.

(3.18, 3.29, 4.15, 4.26),

For example, if the radicl flux of particles 1is

considered to be constant in this region:

= £ coa ol
UCV = "y (Constant) eos (5.10)
°Fw o= ix cee aee (5.11)
CV

Zquation 5.11 implics that any inereasc in CV
causvs z dircct and proportioncte reduction in U. The
form of this cquation is such thot it can only held over
a limited rangc, since it implies thet U becomes infinitely
large as CV cpprozches zerc. ~lso it assumes thet U is
independent of V and varics only with r and a becouse CV
varics with them. This lest assumption is not unreasonaklz:,
however, since the cxamples of porticle moticn calculated
carlicr (3c¢ction B.3) for the casc V = constant showecd that the
dependence of U on r becomes much less marlked for r > 2cm.
(Figures B.B.G, Be3.9¢) In prectice V is likely to increasc
with r (Figure B.2.3) cond the veriction in U moy well be
almost non-exietant or even in the opposite scase to that
shown.) The over-riding argument in this case, however, is

that other factors such as the 'interference' and 'Begnold!
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cffects are likely te control U to such an extent that the

derendency of U on r and V is negligable in compnrison.

If the continuity cquation (4,30) is redcrived on
the besis thot the radial flux (élr) is constant (i.e.

independent of r or o) it states

%a _ g,

5T © T (5.12)

Cn integraticn and resubstitution for tEa’and gr

cguation 5.12 gives

vo= Twav, %) L. L. (5.13)
a ff*—
v
The quantitics Vf, CVf’ refor to the inlet and V,

CV to the outlet conditions in the helixe.

Te be ecceptable, equation 5.13 nmust satisfy the
corditions strted in equation h.32, L.33, i.e. Cy = Cys
(constent for all r) at a = 0, and £_.=09atr=2.5cm
for all a., It mects the first but not thce sccond of thesc
conditions: 8r cannot be zero at r = 2.5cm. as it has been
defined as constant for a1l values of r. In prescnt form,
thercfore, cquation 5.13 would over cstinate the radial

velecity U ¢t any given rodius.

It is possible teo devise an aprroxiricte model that
will satisfy both conditions, The approach is based con
dividing the regicn into two parts: one immediatzly adjacent
to the chanael wall which acts as a rescrvoir and in which
the concentration of particl.s is considered to be constant
and an inncr part, in which the motion of the particlus is
governzd by the constant flux behaviour already described.
The tronsfer of particles from the coastant flux region

inte the well rescrvoir is considered to toke plece at =&
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vclocity dictated by the constant flux ccuation and the
concentration within the rescrvoir. This model is illustrated

in Figure B.5.25.

Consider the flux of particles entering and lcaving

the rescrvoir:

Let E'r = Rodial flux of particles crossing shaded inter-
face along radius at a. (& '~ = UGy, independent of r
and a).

.+ = Concentration within rescrvoir along radius

ot .

V! = Tangential velocity within rescrvoir, assumed
independent of r in this region . (i.e¢. V' is o
function of a only. This assumpticn is not unrcason-
able, as the tangential component of the Begnold
sgeer forcc must teand to rcduce the velocity gradient
C?z ) in this region.)

<

~1 . . . .
o = Toengential flux of particles cntering reservoir
( 5’@ = V'C function of a)e

t ~

V L} C.
For steady state conditions within the rescrvoir:
-1 & J - — ' ' -

£'..r bas Ea‘rg rl) (e a-+66a)(r2 T

r 1

° @ r

1 §E1,
—_— ! =
r,-rq r da
Teking limits as éa —> O
dEZL ry
) = ( “_) 6' o e o o e o a e o (5-1“‘)
da r,-rq by

Integrating between 0 and o and substituting for £
]

r

)
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M
B

squation 5.15 is similsr in form to cquoticn 5.13,

but can be mzde to satisfy both the required conditions.

It was assumed in deriving the medel thatiﬁr =0
at s, which satisfics one condition. Rearranging 5.15

in the fornm

1
C ' = Cqu _“w_\_f—f_— o8 o v oa (5016)
v o Urla

I‘2—I‘l

and putting V' = V'f at 2=0 givecs CV'= C which is the

vei?
other required condition.
The calibrntion measurcments werce node ot a position
correcsyonding to r = 2.4 cm., so thc velocity U2 I will
o
L= 2.hen.,

= 2.5cm. The exact manner in which V' is likely to change

be colculated from equaticn 5.15 by putting r
Y2
with o is not !mnown, but if the behaviour observcd to

hold with pure fluids (Figure B.2.3) is uscd cs o guidc,

it appears that V! will initizlly (w=0) be less than v

by o factor of, say, 0.7 - 0.8 and will incrcase progressively
as the suspension passcs threcugh the helix, recding perhaps
1.1 - 1.2 V if fully devcloped curved flow is attaincd.

These values relate to the behaviour at the midsection of

the channel, however, and waen the velocity profile is
averaged over the full depth of the channel (Scction L4.3.1)
they arc likely to be rcduced somcewhat. In any case, it

scems improbable thet fully developed curved flow is re: ghed
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under the consitions employcd in the preseat helix. In view
of thcse considerations, it is assumed thot V' will chonge
from 0,7V at a=0 to V -t a=2n . If the suspension is
considered to cccelerate nt o constont rote of v cm./scc./
rcd., then V' mry be expresscd cs

‘]' = V' + va o e o © 0o e oo (5017)

f
whon V'f = 0.7%x200 = 1hOcm/scc, v =<g% = 9.55cm./sec./rad.

Alternctively, the tre tment uscd when censidering
the Bagnold shewr forcecs (Scction B.k.l.2.d) couléd be
adoptcd: nairely, to sssume that the tangenticl coumponent
of the shear ferce will minimice the alterctions in the
cxi2l velocity profile that would otherwise be expected,
so thot V' mry be considercd indenendent of a. However,
equation 5.17 is thought to represent o more reolistic
~pproacha.

Combining cquntions 5.15 and 5.17 gives

Cve
U = 1.13 - 0,93 == +ecc  cee  eae (5,18)
2.4 Cy
T o Nl ! Lo 19 5 -
The volues of CV2 L corresponding to Cy. = 0.085

have been intcrpolited from Figure B.5.23 2nd uccd with
cqution 5.18 to calculite U. These results hove been
compored with the apperent tirminal velocitics, calculrted
ag before¢ by the method of }Ieywoodll using, in this case,

o meon value for V' oof O.85V = 170 cm./s.c. cnd a corrcction
for intcrference effects boscd on the ianterpol-ted values of

CV2 L The results ore given in Table B.5.4 (overleatf)
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TABLE B.S5.h4

Radicl Vclocities of SHize Froactions ofGlass Spheres ot r=2.bkem., |

CLLCULATED U, -, ! 'NIEZASURCDY U

TR

olns FRICTICOH

Mean Aperture

()

B.3.Mesh (cri./sec.) ' (cm./sec)

4.8 1.03
L,o : 0.97
3.7 0.85
2.7 | 0.64
1.7 } 0.45

-52 +72 : 253
~72 +100 181
-100+150 l 129
-150+200 89
-200+325 ! 61

S SR

The neasured velocities obtained from the two zeonc
constant-flux model src all substantinlly lower thon the
apporent terninal velocities, though the proportionnl varia-
tioh from size to size is nlmest the same for beth sets of
figur¢s. Yossible rensons for the differences are listed
below and then discussed ot greoter length. Factors already
consicdered in detail when analysing the results for the zone

near the inner wall are only included in summnry forn.

(a) Usc of the arithmetic mcan size in calculaticnsg

(b) Usc of the npporent terminal velocity in calculations

(e) Incorrcct sssumptions regrrding the axmiel velocity profile;

(a) Degeneration of the concentraticn profiley

(e) Reduction of the mensurcd velocities by secondery
flvid flows:

(f) Inaccurate concentrntion measurcments duc to solids

scettling out during the test runs;
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(g) Lift forccs or 'Magnus' cffects;
(h) Inadequecy of the 'two-zone flux' model os o representa-

tien of the interference and shearing force retardations.

(a) The use of the arithmetic mean size wos shown earlier

to have a negligible effect on the colculations.

(b) The apparcnt tocrmincl velocity was previcusly shown
to be an overcgstimate of the n~ctual velocity, since among
othcr things, it failcd te toke into account the period
during which the particles are undergoing initial acclera-
tion, and necgleccted the turbulence present in the fluid

due to it's cxial flow behaviour. These arguments arc
still rclevant, but it is possible that the moderate to
high concentrntions of particles present ncar the outer
woll (particulorly with the coarser sizes) tend to nodify
the fluid behiviour e¢ither by enhancing or diminishing the
turbulence., A rcduction in the overzldl turbulence secems
the likclier nlternative so - on these grounds slone - it
miplit oppeir that the apparent tormincl veleocity represcnts
2 better estimcte of the rctual velocities schieved by the
coorscr porticles near the outer wall than it did for the
goie prriicles ncor the inner woll. However this cffect is
likely teo be small in compsriscrn with that crising frowm the
nein drrwbock of the epparent terninegl velocity model-
nemely thet it complctely nceglects the 3Bagnold cffccte.

The Begneld effect cxerts an influcnce on the radial
motion of thc perticles in twe ways: first, the rodial
component of thc shearing force octs in dircct opposition
to the force tending to accelerate the particlcs and second,
the tungential component of the shenring force nust modify
the axial velocity profile of the suspension which, in turn,
will affect the accelerntive force ccting on the prrticlces.

The latter cffect is considered in more detail in the next
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scction, but it seems likely that the grectcer part of the
differences found in Table B.5.4 is duc to thc inadequacy of
the apparent terminal velocity model in failing to take the

radial component of the Bagnold shexr force into account,

(c) It wes shown in the eearlier discussion of the values
cssumed for V that overestimates of V could lead to volues
of the apparent terninal velocity thnt were too large for
the finer sizes, but that there should be little or no
difference at the coorse sizes. .is consistent relative
differences were found at all sizes, incorrect assumed
values for V'cznnot be held responsible for these, although
the absolute values of both the calculatecd and measured

particle velocities could well be in error.

The probable axial behaviour of the suspension was
deduced by anzalogy with the data available for pure fluids.
Unfortunately, os mentioned in Section (b) above, this
approach dcoes not mrke any overall allowance for the tangen-
tial component of the Bagnold shearing force, although one
conscquence of the force is allowed for in the definition
of V'. It has alrcady been shown (3ection 4.1.24) that the
'inertial' type of shearing force is more likely to occur
with the high radial velocity grodients existing within the
sizer helix. The shearing stress (T ) between adjacent
layers of particles in the suspension mey therefore be

obtained from equation 4.23 i.e.

p = 0.0k2Cosa DPAZ(EL)% L. L L. (4.23

The relationship between p, T and the angle of the

resultant (a) is given by
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I
b
Combining 4.23, 5.19 gives

= 'Tan a oees cee cos e (5.19)

24V 42

2
= - i A
T 0.0428ina D P

oo (5.2¢)

For spherical particles, Brgncld found an average
value of tan a = 0,32, or a = 17.7°. Substituting this
average value in equation 5.20 gives
av )2

- 0.0128 D°A2 (5

.o coe (5.21)

The 'limcar particle concentretion' (AN ) may be
related to the more familicr volume concentration of particles

(Cv) by means of the exXpression

_ N3
Cy = g (1+) ) ces ces oen (5.22)

The stress given in equation 5.21 may be compored
with the viscous stress generated in water clone witlh the
sene velocity gradient i.c.

av ces  ess  ese (5.23)

T =n-'-|—
HEO dr

The rotio T / THEO has been calcul-ted for all five
size frnctions over a range of volume concentrations, tcking
%% = 500 sec._1 and n = 10_2 poise. The results ore presented
in Figure B.5.26, It is apparent thoat for the conditions
assumed, the inertial shear stress can risc to nearly six
timcs the cquivalent pure fluid shear stress for the coarsest

size frzction, with proportionctecly smeller increcses for

the finer sizc fractions.

The concentrotions rccorded at an equivalent radius
of motion r = 2.40cm. with CVf = 0.085 were extractcd from
Figure B.5.23 and used carlier in the compilation of Table

B.5.4. These same volues moy be used to estimote the
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shearing stress to pure fluid

shear stress.,
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megnitude of the ratic 7 / <

HpyO

results are given in Teble B.5.5.

from Figure B.5.26,. The

T, IL  B.

5.5

Ratio of Inertial Perticlc Shearing stress to Fluid Shear Stress

; SILE FRACTION | Ovp.) nEASURED | STRESS RLTIO |
Se M Mea ) = T ‘
; B.%. Mesh Meon %ﬁ§rture FOR Cvf-0.085 T/ TH, ;
i =52 472 253 0.263 | 5.90
| =72+100 181 0.219 1.90 i
! -100+150 | 129 0.162 0.45 E
| -150+200 | 89 0.114 0.10 ;
i ~200+325 61 0.090 0.0k |

The increased shearing stress present must result in

an overall rcduction in the ~xial velocity cf the suspensicn

throughout the region ncar the outer wall.

Measurcments

of the cppnrent visccsity of suspensions of -200+325 nesh

glass spheres {0 =2.36) nnde by‘Clnrke22

. -1
Ferranti viscometcr showed that, «t a shear rate of 328 sec ,

with

P

<A

modified

the cpporent viscosity of the suspensions increnscd ot o

far higher rate thon would be expected from consideration of

the Beognold effect nlome. In this work, however, the porticles

in contoet with the outer cylindrical woll of the viscometer

were preventcd from moving relative to the wall by a

system of vertical chonnels cut into the surfoce, wherens

17

no such slip-limiting device was enployed by Bagnold .

$ince the radial accelerative force ceting on the
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particles is 2 function of the¢ axial vceloecity, the radial
velocities of all sizes of particles must also be reduced.
This rcducticn will be very small for the finest size
fracticon, but could be quite learge for the ccarsest sizu
fraction. Ror this rcason, the valucs of V' used in the
calculations probably represent over-estimatcs of the
wctucl velocities, the degrec of over-estimation incrceasing

with particle sizc.

(a) The nost likely conscquence of degeneration of the
conccntration profile due to remixing downstresm of the

helix would be the transfer of some of the high concentration
material from the outer wall back towards the centre of the
channcl. This cffect was discussed previously in connection
with the bchaviour near the inner well of the channel, where
it was concludcd that as much as 107 of thc concentration
differcace created within the helix might be lost by rcmixing.

If a corrcection of +10)" is applicd to the values of Cy N
2.

uscd in Table B.5.4, the new valucs of the measurcd radial
velocity (UCORR) are given by
0,0081 (5.2h)

U 5 = U 4+ —m—— eoe oo cow
CORR CV2_4

Bquation 5.24 results in corrcctions to the measured
velocities for the five size fractions 61,89, 129, 181, 253u
of +0.09, +0.07, +0.05, +0.04, +0.03 cm./sec. These
corrections are so snall in relation to the existing differ-
ences that degencration of the concentraticn profilc is

obviously not a significant factor.

(e) Secondary fluid flow cffects were discussed previously

in sections 4.1.2.c, 5.3.1l.c. It was concluded that secondary
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flow might hove interferced with the radial motion of the
finer sizes in the regicn nceer the inncer wall, as these
particlcs displayed proportionately smaller velocities

ccopared with thoe apparent terminal velocitices,

In the present instance, the measurcd velocities
represent an almost constant frocticon of the apparcnt terminal
vclocities and as the coarscer sizces should be little affected
by sccondary flow in any casc, it seoms unlikely thot this
can be 2 major centributory factor. This conclusion docs
not prccludc the existancce of sceondary fluid flow or the
possibility of it having an effeet in the region near the
inner wall, however, sincc the relatively high concoentra-
ti-ns of particles near the outer well may well interfere
with the sccondary flow itself -~ possibly to the extent of
causing it to recycle at a smaller radius of notion than

would othcerwise be the case.

(£) ~lthough losscs of nmateriel due to scttling out
during the test runs could cesusc artificially low neasurcd
velocitics in the region ncar the outer wall this is not
considered to be a likely explanation, for the rcascns

outlined earlier. (ocction 5.3.1.g)

(g) The 1ift force was discusscd orginally in Scetien 3.1.1
and alsc in relation to the behavicur near the inner well.
(Section 5.3.1.h). The anticipatcd dircction of the 1lift
force in the regicn ncar the outer wall is illustrated in
Figurc B.5.24.b. It can be scen that the force will act

in o manner caleulatud to decercasc the axial velocity of

the particle and,hence, its rodial velocity. Since the

necsurcd radial velocities ~re in fact too high, the 1ift
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force could well hove contributed to this effcect.

(h) The constent flux model is intended to take account
of two types of rctardonticn: he so-callced 'intcrfercnce!
cffeets (Sceticn 3.1.2.c¢) £nd the 'incrtial' sheoring force
(Scetion 4.1.2.d). If ony rclative moticn between particles
and fluild in the tangoentiol dircetion is ignored, the

equaticn describing the intorfercnce effeets may be written as
A
] = - “
U = UT(l CV) oca eoo aco (5.25)

in which the exponent © is a funetion of the Reynolds

kumber for the particle. The 'inertial' shearing force was
cclculated in Toble Z.4.2 as a proportion of the accelcra-
tive force for porticle sizes correspending to the limiting
conditions for laminer and turbulent motion. The cquivalent

chenpes in the apparcent terminel velocitices ney be caleulated

from this d%ta by making uee of equations 3.20, 3.29
} T .
(putting == and @ cqual tc € in crch cnsc.).

If the reductions in particle velocity causced by
thuse twe foctors are eonsidercd to be additive in offuct,
the totel reduction cealculated frem vqueation 4,53 and the
data in Table B.k.2 may be conamparcd with thnt predicted by

the ¢ nstont flux model, which suggested

o -1
U= .. Cy (5.11)

Teking U = 1 at CV = 0,10, this comparison huas becn mode
for thc limiting sizcs for lominer (45¢) #nd turbulent
(2354) motion. The results rroe given in Table B.5.6.

(3ee overleaf).
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Cemperiscn between 'Inertial and Interfercnce! velocity ?
A r.duction and that predicted by Constent Flux Model ?
] | LoFIinR TOTIGH TORBULFLT MOTIOH T
VOLUME | copint, o1 | LoFIiR NOTICH (45p) | TUNBULELT MOTICH (235u)
N A | ; T !
CcCic FLUX ‘Incr- slnter-! et Incr- %Intcr— Nc¢t
! wmrmy (tial ] fer.  (Velocity  tial [fer. {Velocity
T } d
Oy |VRROCITY gian. |Redn. | | Redn. |Redn. |
0 | )y o) | u
I T T T - 1
| c.00 | 1 o ¢+ o ! 1 0 i 0 1 |
0.125 0.80 E 2 10 | 0.88 & | s . 0.89
0.150 | 0.67 | & 21 | 0.75 | 14 ; 11 i 0.75
0.175 0.57 | 6 | 32 | o2 | 26 | 18 i 0.56 |
|
0.200 | 0,50 ! 10 40 ! 0.50 L5 23, 0.32
i i ; - i

On the basis of thesc eshtinates, it weould appear
that the constant flux wmodel prevides o riascnable approxi-
nation to the behovicur cxpected fren particlos cxhibiting
laniner or ncar-laminzar moticen (i.c. material < 200 mesh)
over theo concentration range CV =0,10 to CV = 0.20 and
for particles exhibiting turbulcnt or ncer-turbulent notion
(i.e. moterinl > 235u) over the concentration range CV = 0.10
to CV: 0.175. For turbulent nmeotion, the rcducti~-n in
velocity ccused by the incertial shear force inereases so
rapidly when CV > 0.175 that the ccnstant flux model is
no longer applicable,

Jith this exception the censtant flux nodel
eppears to give an adeguate fit at the two cxtremes of tho
transitional regimc of particle motion ahd it follows that

it should give as good or nearly as good a fit within the



transitional regimc itself, since the inertial and interfer-
ence reductions vary to a large extent in a monner that is

compensatory.

The cbove discussion is necessarily tentative,
since most of the calculations depend largely on the
values assumed for the axial velocity aind velocity gradient,
end these ere obtained by analogy from pure fluid behoviour
without meking any zllowance for the effect of particles

present. (mection 5.3.2.c¢)

In brief, it seewns reasonable to consider the constant
flux model adequate for all conditions except those involving
higi: concentrations of large particles. In the latter case,
the constant flux overestimates the measured vclocity by
making insufficient allowance for the inertizl shearing
force. Howsver, as all the differences recorded in Table
B.5.4 show mersured velocities which are low, the errors
introduccd by using the constant flux model are clearly small

compared with other effects within the system.

5.3.3 Summary and Conclusions

The moticn c¢f particle populaticns in the regions
adjacent to the wzlls of the sizer helix hes been analysed
in termns of simple models derived froi the continuity
equation given in Section 4.3. lear the inner wall the
experimental evidence indicnted thet CV was independent of
r, and U wcs considered to be independent of 2 and CV -

i.e. o function only of r. The rxial velocity distribution
was censidered independent of i and treated oz a linear
function of r, theee assumptions being based on the evidence
available for pure fluids. The continuity cqurtion was

solved for these conditions, the form of the soluticn being
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such that the radial velocity of the perticlcs ot 2 given
rodius of motion (l.lc.m.) coculd be calculated fron a
knowledge of thce initial and finzl volume concentration

of particles recorded at that radius. The 'measured!
velocitics calculcted in this way were all considerably
smaller thean the apparent terminal velocitics obtained using
Heywoods method, ranging from about 40Y of the terminal
velocity at 253u down to 4§ =2t Glp. It seems probable

that the cpparent terminel velocity is mainly in error,

since it assumes thot perticles can undergo idesl types of

9]

drag when moving readially in a fluid undergoing turbulent
exiel flow ¢nd, also, neglects the initial accelerzti~n of
the prrticles and the consequences of boundary leayer separa-
tion, seccondory fluid flow and 1lift forces. The extent to
which therc individusl effects are responsible for the
overall discrepancy is at present = natter of conjectdye,
but it seemc unlikely thet scecondory fluid flow pleys =

tejor role.

In the region near thce outer wnll cf the helix, the
motion of the particles is governcd to a large extent by
interference effects and Bagnold sheoring forces. 7
constent flux model weas proposed to describe this behaviour,
but in order tec sntisfy the boundnry conditicas it was
nccessery to modify the mcdel by dividing the region into
two purts: onc adjoining the wall which acts as a rescervoir
end an inncr port feedinpg the reservoir with o~ constant flux
of perticles. The concentration and tnngential velocity of
the prrticles in the reservoir were ccnsidered to be inde-
pencent of the radius and the tongential velocity weas treated
as 2 linear function of a. /i new continuity equation was
derived ond solved for these conditions, making use of the

initial and final volume concentrations of particles recorded
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at r = 2.bcn. as the 'reservoir' concentrations and estima-~
ting the toangential velocities from the evidence available
for pure fluids. These calculations provided ‘'measured’
values of U corresponding to the final particle concentra-
tions recorded ot r = 2.4kcm, 2and the figures were compared
with the apparent terminal velocities obtained using Heywoods
method and o mean value for the tangential velocity. In all
cases the 'measured' values were lower, amounting to some

20 - 25¢%% of the apparent terminal velocities. Most of the
differences must be due to the failure of the apparent
terminal velocity model in not taking the radial component
of the Begnold shear force into account. Both the measured
and terminal velocities quoted are probably inaccurate,
since the ossumed values of the tnngential velocity could

be in error by a significant amount due to the effects of

the tansential component of the Bagnold forces.

le

Neither of the proposcd models can be made to satisfy

»

21l the rcquirements set out in cquations 4.32 - 4,3k,
since each modcl is only valid for = given set of conditions

that appecrs to hold for o p-rticular region.

Sa.lt Colibrations for Glass Spheres

The calibration technique evolved previously for
ground qucrtz (Section ..4.1.6) wos entirely empirical in
origin cond wes only suitable for samples whose size distri-
butions could be described in terms of Gaudin - Schuhmann
functions.4 & further disadvantopge was that two readings
had to be token for eoch sample, the calibretion plot being

bosed on the differcnce between the readings. (Figure 4.4.10).

The results obtained with size distributions of glass

spheres can be presented in the same way (Figure B.5.27),
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though the correlation is not as good as that obtained with
ground gquartz. (Figure :L.4.10). This typce of calibretion

is limited in scope and it secmed desirable teo develop a

more general method based, if possible, on onc rather thcn

two readings. 'ith this objective in view, the measurements
made nonr the inner and outer walls of the helix were considered

scparately.

5.4,1 Colibrctions based on Mensurements made at r = 1l.lcn.

The cnczlysis conducted earlier showed theot the veloci-
ties of individual size fractisns could be related to the
measured prrticle concentrotions in o simple manner.
(iqustion 5.5). DMeking reasonable assunptions about the

cxial velocity profile, the equ-tions reduced to give

C
- VE
U] g % 2.5 1n(7§: ) S (5.5)

From cquotieons 5.4 ond 5.5 the veleccity of single

size froctions (U, 1

logarithm of the ratio (CVf), so this quantity may be used
C

v

)} is directly properticnal to the

25 o direct representation of the velocity. If the logarithm
(tc bese 10) of the ratio ( CVf ) is plotted agcoinst the

Cy

(arithmetic mecon) pearticle size (D) for single size fractions,
the result is a straight line (Figurce B.5.28, circled points),

giving the relationship

C
?gi = 0.571 x 100"Oob’OSD cee coe  aee (5.26)

v
If this result is combined with equation 5.5, the
velocity of the particles is given by

Ul.l = 0,023%D - 1.bL .en .eo .o oo (5.27)



- 201 —

When the concentrction is measured for a mixture

of sizc¢ frocticns or o size distribution, the volue obtoined
is an average one and it may be reloted to oan average sizec.
Since no interaction was found between particles of the sanme
or of differcnt size (Figure B.5.22, Tables B.5.1, B.5.2),
the total concentration cbteined with o mixturc of particles
of different sizcs can be computed by sumiing the portial
concentration contributed by ench size rcceording to cquation

5.26.

Denoting the weight proportion of size D by the
symbol I, the total obscrved concentration is given by

Sur
CV

0.00405D)

£(11.0.571 x 10 eeo ces (5.28)

If the total obscrved concentration is teo be plotted

agoinst o mean size, the menan must be calculated fron
. v'
equation 5.28. Denoting this mecn by D

v
0,571 x loonOOLIOBD = (]‘I 0.571 x lOO'OOL{’OSD)
: M oenti 50 o l_!_ =
¥ _ log[z pté%ggégsoo osm] (5.29)

The mean size defined by equation 5.29 has been
calculnted for cll sainples thot contained more than cone size
frocticn. The neccosurcd concentrotions howve been plotted
ageinst this meon size con the some graph as that employed
for single size fr:ctions. (Figurc B.5.28). 5lightly
more of the points fall below the original line than foll
above it, but the agrcecment is generrlly goed ond confirms
the applicebility of cquntions 5.26, 5.29 and the earlier
conclusions regording the 1lrck of intercction between particles

in this regioil.
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FIGURE B.5.28: Mean size calibration No.l
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The mcan size defined in cquation 5.29 is unusuzl
in ferw and does not lend itself to cclculatiocun by integro-
tinn in the case of the Gaudin-Schuhmenn or any other
convenient siwe distribution function. however, the form
of this mean, which is the logrrithm cof the sun cf weighted
cantilognrithms, suggested thnt the geometric mecn (the anti-
logarithim of the sum of weighted logerithns) might provide
o useful approxinmetion. The geowmetric nenn, besides being
nore fr.ailinr, can be calculrted without difficulty for
nost size distribution functinns. Dennting the geometric

A
mean by D, and using the sare symbols rs before:

D = ~ntilog [ Eii 10gD]  cee  eee ees (5.30)

The geonietric mean sizes have been colculated for all
the mixed siwe fraction aud size distribution samples uscd
in the testwork. To illustrote the correlation betwecn the
two mean sizes defined by equations 5.29, 5.30, they hove
bcen plotted cgeinst ench other in Figure B.5.2%9. It can
be seen that the corrclnation is extrencly good for all
sanples up to e mean size of 1351, ond for coarscr scmples
only one peint diverges frem the lince by more thnn about
10it. In view of this generally good agrecment, the use of
the geometric mecn size (ﬁ) in ploce of the mean defined by
cquation 5.29 should lecd to an almost ideintical colibro-
tion, with a slightly greantcr scrtter and possibly more of

> ¥

A
2 bias towards the comrser sizes, since in all cases D 2 D.

The datn uscd in obtaining Figurc 3.5.28 hove been
replotted cgoinst the geometric nmern size in Figure B.5.30.
The scotter is greater, ns anticipated, but 2 mean calibration
line cen be drawn which will give the geometric mecn size,
corresponding to a given concentration measurement, to

within = 10u for D < 100p and : 204 for L > 100u. These
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O Mixed size fractions

e Size distributions
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FIGURE B.5.293 Correlation between mean sizes D and D
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® Single size fractions
O Mixed size fractions ®

e Size distributions
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FIGURE B.5.30t Mean size calibration No.Z

Inner zone, r = 1.1 cm.
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linits are considorably smaller than the normel sieve
aperture spacings and should be quite scotisfoctory for the

control of most size reduction processcs.

The calibrotion equation is thercfore given by

. A
VE . o.571 x 100°00KOST (5.%1)

Since ne intcrzction was found between prrticles, CV

increases linearly with CV and eguaticn 5.31 is,therefore,

f
valid for feed cencentrations ranging from CV = 0 to

£
[} n
va = 0.10,

5.4.2 Calibretions bascd on Mecsurements meade at r = 2.4 cm,

The model develowned for the outer region suggested o
sinple rcletionship between the concentration of the particles
znd their velocity, (Equation 5.15). Making recsoncble
~ssunptions concerning the behaviour of the cxial velccity

prrofile, the ecqunatisn rcduced to give

U2 4 = 1.13 - 0.93 CVf oeo cao oo (5.18)
. T
\11’ .
he velocity of the particles is thercfeore lincarly
rcloted to the rotio CVf . If this quantity is c-lculated
C
v
for Cy, = 0.085 and plotted against the size (D) for single
size fractions, each to o logarithmic scale, the points
fall approximcately on a stroight line, (Figure B.5.31,

circled peints). The equation of this straight line is

Q

JveE . 29.5 (5.32)
Cv' - DO.834

Combining equ-tions 5.18 and 5.32 gives the velocity

in terms of particle size:
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U2.)+ = 1015 -~ 271L|‘ o oa a oo o oo (5033)

DO.834

The concentrotions reccorded feor mixtures of size
fractions or size distributicns are cverc-ge volues, ~nd they
mey be releoted to evercge sizes. Unfortunately, although
no interccticn wos found between different sizes of porticle
in the outer region, o certein ocmount of self intceraction
was found ot the coarser sizes. (Figures B.5.23) This
sclf interrction creected a nen-linear relationship betwecn
G, and C

v ve? Vf
o less than two fold increase in CV'° Strictly speaking,

such thot & two-fold increcse in C produced

this non-linearity means that the total concentration obtaincd
with - nixturc of size fractions cennot be accurately

computed by summing the pnrtial concentrations contributed

by individual sizes according to equotion 5.32, becouse

this equetion is eonly valid ot one ceoncentraticn (CVf = 0.085)
and, when opplied pro rota to lower values of CVf’ it under-~

cstimntes the total volue of CV'

by a signific-nt amcunt,

The mean size agoainst which the total concentrotion
should bc »lctted niny be calculrmted from equnotion 5.32.
Denoting this mean by (B), it follows th-t

1
0 0,834) 0.83k

D = ( EMD © 0 a e e (SQBL!’)

The corrclation between D and the concentrntion
crlculzted by summation of equatien 5.32 (ignering the non-
linearity) is 2lsc illustrated in Figurc B.5.3L. It is
apparent thet more points f2l1ll below the originol line thon
sbove 1t, o tendency conused by the non-linecrity discussed
above. The correlation is not bed and could provide the
bzsis for o calibrotion, were it not for the unfamiliar form

of the mernn defined by equation 5.34 and the difficultiss
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associated with necessary calculations. However, trial
celculations revealed thot the latter meon differed very
little from the arithmetic-weight menn (D) which ic defined
as

D= g2id ces cew eoo oo (5.35)

The two meon sizes heve been compnred in Figure 35.5.32
for 2ll the mixcd size froction and size distribution
samples used in the testwork. The agrecment is good, the
arithmetic-weight being in all cases the lorgoer, but never

o]
cxceeding D by more than 5Su.

The data used in constructing Figure B.5.31 have
been replotted against the arithimetic-weight mean in Figure
B.5.33. It is apparent thcot the arighmetic-weight mean
gives o better fit, as the scatter is reduced ond the points
~re distributed mere or less equally about the line. The
explanation for this rather unexpected result lies in the
frct thnt the arithmetic - weight mean consistently over-
cstimates the mocn sizc cnlculotcd from equation 5.3L4 and
thercfore, when substituted in equoticn 5.32 it tends to
compens~te for the non-lincer relotionship between CV' and

Cys.

The colibrotion line in Figure D.5.33 may be uscd to
deterinince the crithmetic weight mean to within : 51 for D
<100p and = 204 for 100<D<200i. ibove 200K the scatter of
the prints is such thot D mey lic within : 30n of the linec,
These limits crc comparable with these found for the inner

zone colibrotion.
The calibration egquation is its final form becomes:-

vt 29,5 cee eee e (5.36)
Cy () 0.834
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+1lthough o substentizl degree of internction between
particles woas found ot higher fecd densities, this effcect
is ccmpensatzd by using the arithuctic-weight menn size,
25 explrined cbove. Equation 5.36 mny be considerced veolid,

therefore, over the range C = 0 to C,.=0.10.

Vi ~ Vi

S5.4.3 Comporison between 01d and New Colibration Svystems

The mecsurenents conducted con size distributions of
glass spheres mny be used to obtain an empirical calibration
of the type developed originclly for ground queortz, as hes
alrcady becn demonstroted in Figurc B.5.27. The scpor:te
cclibratiecns developed for ecch neasuring position are
preferable to the eaxrlier celibrrtion because, in ~ddition
to heving a mere fundamentcl basis, they can clsce be applied
te any kind of idezl or non-ideal sizce distributien. However,
it is interesting to compcre the different conlibratien techniques
with o view to determining the extent to which they agree with

onc another,

The ecrlier empiricoal celibration, which wns bascd on
the differcence between the wall zone rendings, cnnnot be
brecken down te give individual calibrations for c¢nch zonc.
However, the individunl c-librotions con be uscd to predict
the differcace reading (AL) for ench of the twelve Gnudin-
Schuhnenn distributicns that were test.d. These values of
AS mey then be plotted rgainst log M(k-90) and, if the
calibraticn systecus are equivalent to coch other, a stroight
line should result. This has been done in Figure D.5.34
~nd it can he scen th~t, Although ~ mecon stroight line can

be drrym, tho correlction is an approximote cne only.

5.5 sumnary and Conclusicns

4L comprechensive series of tests was carried out on

2 new ond improved version of the experimental rig.
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Conccutrati.n profiles were cdetermined for single size
frections of gloss spheres over &« range c¢f fced concentra-
tions, for pcirs of siz- fractions mixed in varying propor-
ticns, and for the Goudin-Schuhmann size distributions

ciployed in the carlicr worlz on ground quortza

Geparate solutions to the continuity cquation were
developed for the two regions near the wolls of the channel,
the appronch cdopted in ench casc being based on the chorac-
tecristics of the concentroticn profiles.Where nccessory,
recsonnble ~ssumptions were made regording the axinl velocity
profile 2and in other instonces where experinmental data wos
locking. The solutions were in the form of equations relcoting
the initirl end finsl cencentrations te the radinl velccitics
of the pnrticles. idecr the inner well, the rodiel velccities
werce assumed independent of concentrntion nnd so the rosults
obtained were valid for the entire retention time in the
helix. The veleocitics ncrr the outer well werc mrrkedly
denendent on the concentrotion and so the results cobtoined

werce volid only ot the meosured finanl concentrations.

The datr obtained for glass spheres were usced to
obtrin individunl size crlibroticons besced on concentrotivn
neasurcicnts wrde in creh of the well regions. Thesce calibro-
tiuns were gencerzl in noturce, since - unlike tho cnrlier
capirical colibraticn - thoy could be applicd te ary kind of
ideal or non-idcal size greupinges and were velid for o ronge
of feed concentrotions. (4 comparison wns ande between the
c.librrtion systems 2nd it wes shewn thnt, for Goudin-
Schuhmann type sizce distributions only, thc originnl calibra-
tion systcm could be reproduced with reasonable n~greement

by combining the results of the new individual czlibrations.
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6o RLVIEW

6.1 Progrcss Achieved

The work described in each of the twe major parts of
this thesis was intended to satisfy a separate and entirely
different sct of objcctives. It secms best, thercfore, to

review cach part separatcly.

6.1.1 Part A: Development of the Sizing Technique.

The ain of this work was to dcvelop a systenm capable
of performing rapid and frequent measurements of the size

distribution of particles in a suspension,

Visual assessment of ecarly test runs, conducted with
mixtures of differently colourcd size fractions, suggcested
that the propesed centrifugal system cculd providce a means
of sizing homogeneous materials over a size range which is
of considerable interest in the mincral and chemical
industries. lieasurements of particle concentration carried
out on suspensions of ground quartz using a beta-trans-
mission density gauge confirmed this. An enpirical calibra-
tion based on the Gaudin—Schuhmann function was developed

for size distributions of quartz.

When this stagce of the worl: was rcachcd, the basic
aim had becn realised, However, there were two iuportant
restricticns on the performance of the sizer that seriously
lipited its uscfulness. First, the exact form of the force
field within the helix and the type of particle motion
was unknown, sc¢ that deviations from the enipirical calibra-
tion could not be explained or compensated. Sccond, the
sizer had only been tested on homogeneous moterials and thege
were forsceable difficulties in applying it to materials

containing a range of specific gravities. 4 new stage in
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the research was planned, therefore, in the hope that it
would go some way towards lifting the first of these

restrictions.

6.1.2 Part B: Investigation into the Sizing Technique

The aim of this work was to gain an insight into the
behaviour of particles within the helix, to determine the
forces acting on the particles and, if possible, to construct

a theoretical model.

A theoretical and experimental investigation into
the behaviour of ideal (spherical) particles within the
sizer was carried out. The theoretical study was limited
in many instances by the inadequacy of existing models and
the lack of cexperimental evidence regarding the flow behaviour
of fluids and suspensions at high Reynold's numbers.The behaviour
of particles moving in unbounded radial force fields under
conditions of laminar and turbulent motion was calculated
approximately, the results being used as a guide in making
certain assunptions in the later stages of the analysis.
It was found that,in the present stage of development of
hydrodynanic theory, the motion of particles within enclosecd
helical channels could not be predicted from first principles.
A continuity equation was derived for the particles, which
if solved would permit the calculation of the average
velocity of the particles over the full depth of the channel

from known or measured values of the particle concentration.

A programme of experimental work was carried out
with glass sphercs, The results of the theoretical and
experimental investigations were used to obtain limited
solutions to the continuity cquation for the regicns adjacent

to the inner and outer walls of the helix. The radial
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velocities of the particles calculated fren the solutions
to the continuity equation were compared with theoretical
estimates of the apparent terminal velocities of the particles

and were found tc be considerably smaller in all cascse.

On the basis of this work, it was concluded that the
main factors opposing particle motion werc probably enhanced
or non-ideal fluid drag forces in the zone near the inner
wall and a combination of shear forces and interference
effects in the zone near the outer wall. It was thought that
1ift forces might play a significant role in the outer zone
but not in the inner zonc and that the type of sccondary
fluid flow likely to occur in the helix would probably not
have contributed significantly to the observed effects., The
likelihood of boundary layer separation taking place at

the inner wall could nct be assesseds.

To summarise, the work carried out so far has shed
sorte light on the nature of the forces at work within the
sizer helix and has given an indication as to which forces
are the more important. The investigation could have been
taken further if uwore information had been available concern-
ing the axial and radial velocity profiles created within
helical channels by fluids and suspensions flowing at medium

to high Reynold's numbers,

6.2 Future Work

The most immediate objective of future work will be
to obtain some of the missing information concerning the
flow behaviour of the fluids and suspensions within helical
channels., Since the existing helix is far too snall to
pernit deternination of the velocity profiles by any of the

known techniques, it will be necessary to construct a scaled-up
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version of the helix and investigate its performances under
hydrodynamically similar conditions. Oncc the changes in the
velocity profiles have been determined for varicus volu-
metric throughputs, it should be possible to predict the
three~dimensicnal trajcctories of individual particles and

by sumaing a large number of trajectories the concentration
changes nay be predicted, The equations involved are likely
to be extrcnely complicated and difficult to solve, so

considerable use of computers is contemplated,

Cther intecresting but less immediately urgent aspects
of the work would include investigations into the effccts of
changes in the aspect ratio of the channel, the radius of

the helix, and the nuaber of turns enployed.

The Science Research Council has sponsored a further

programme of research along these lines which is currently

23

being carried out. The paotents talkken out on the sizer

hzave been agsigned to the Netional

d

esearch Developnent
Corporation, who have issued a license to manufacture to

the firm of Hilger and Watts Ltd.
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APPENDIX

Finite Difference Solution for Turbulant Reodial Motion

of o Spherical Particle in a Uniform Tangential Velocity

field in the absence of Sccondary Fluid Flow

The besic eguation to be solved is of the form

aT b
dr‘f‘D‘T:r o0 o0 oo o oo o0 o @ oo (l)
2
) 6P 2(g - PV
where o= lODd’ and b = o

Consider a series of successive values of r spaced

at ecucl intervals of h, where h is small. Let Tn 1

Tn’ Tn+l' be the values of T corresponding to rn-l’
Tn* Thal etc.
v definition, T = f{r). - xpanding this as a Taylor
series in the region of r. gives:
. . 2
- { - 1 - . h! e .
Tn+l = f\rn+l) = f(rn+n) = f\rn) + ht lrn) + gﬁ f rn) + ctc,
2 2
cow ar nS 4L ;
o o Ln+1 = Tn + h ( ar )n + 5% ( > )n + coa a0 (c)
dar
2 2
. [l - m _dl_]?_ _h_ d T Z
J.luo _l.n_l- ln—h(drn +2‘! ( "2 )n-’ oo o s o o0 ())
dr
° — g;l].?- ] 3 ~
e Tn+1 - Tn-l = 2h(dr)n + terms in h” and above
° aT 1
o o (dI‘ n = 'é'H (Tn+l - Tn—l ) o0 e oo a (Lr)
But from cquation (1):
4aT b
(dI‘ n = ;" - aTn o oe oo e ao e ooo (5)

Combining equations (4) and (5) gives
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T = cbh ~ 2ahT + T
n+1l rn n

n-1

In the most general form the value of Tn is given as

2bh
T o= P T 2ohT _; + T 5 eee e (6)

figuation (6) shows that once o solution has becn
initiated, succession values of T may be calculated from

those already found,

In order to commence the solution, one boundeary value
is required; say T = TO at r = roe The value of T at r1
is then guessed (Tl) and cquation (6) applied repeatedly to

find T 'I‘L1L cte,

21 T3’
The intial guessed value of Tl contains an unknown

error, known multiples (m) of which are present in the later
values of T. The significant point is that from equation (6)
these incrensingly large. error multiples are of alternating

sign,

The 'ecrror pzttern' that is generated as the solution
progresses can casily be determined, and by interpolction
between successive pairs of large pcsitive and large necg-tive

error multiples, the oripiaanl error in Tl may be estimnted.

A scecond solution may then be obtained very rapidly
indeced, by apolying the known 'multiple crror' corrcctions to
the first (et of values of T. The sccond solution so obtained

is normally of sufficient accuracy.

The error pattern produced by repeatcd applications

of equation (6) is shown overleaf:
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]

s

r i T + ERROR § ERROR VULTIPLE 'm! z

| j

| T Nil |0
I‘O O + N1 ZO
rl Tl + mlE ;1 zl
r, T2 - m2E 2{(ah) z,
r5 'I'3 + mBE [1+4(ah)2] 23
r), qu - m4E [4(ah)+8(ah)3] z),

: 2 L :
r5 T5 + m5b [1+12(ah) +16(ah) ] 'Z5
re (Tg - M [G(ah)+52(ah)5+32(nh)5] ' 2g
r7 T7 + m7E [l+24(ah)2+80(ah)4+64(ah)6] z7
ro |Tg - mgE [8(ah)+80(ahn)?+192(ah)?+128(ch)’ ] 24
rg [Ty + myn |[1+50(an) 240 (en) b3 (an) 256 (an) ] | 2,
rl0 T, - mE [lO(ah)+160(ah)3+672(ah)5+1024(ah)7+512(ah)g]ile;

'z = Apparent valuc of T,

If T I m§3arechosen ~s the interpoclation values, then
(T - mgll) = z4 is known dircctly. (T + maE) is found by linear
8 8 3

interpolation, which is nccurate enough for present purposes,

The requircd formulac ere

m8—m,7
T + ng = ( ——Ll) (zQ - 27) +z7
my = ry 9

T - m8]—3 = Z8
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Hence:

The error E is then applied to the first set of values of

T using the known table of errcr multiples given above,
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