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ABSTRACT

This thesis is intended to recommend a simple and relisble
method for the prediction of frictional drag and heat transfer
in a turbulent boundary layer of air on a smooth flat plate.
Particular emphasis has been placed upon the correlation of lécal
and overall frictional drag and heat-transfer data at various
values of Reynolds number, Mach number and wall-to-mainstream
temperature ratio.

The frictionaq. drag theories given by earlier authors are
classified, reviewed and where necessary extended; then the
predictions of twenty of these theoriesv are evaluated and
compared with all available experimental data, the root-mean-square
error being computed for each theory. The theory of van Driest-IT
gives the lowest root-mean-square error (11.0%). |

A new calculation procedure is developed from the postulate
that a unique relation exists between c ch and ReFR, where ¢ £ is

| the drag coeffiéient end Re is the Reynolds number and Fc and F.‘R
are functions of Mach number and temperature ratio alone. The
experimental data are found to be too scanty for both F c‘ and, Fp
to be deduced empirically, so Fc is calculated by means of -
‘mixing-length theory and F, is found semi-empirically. Tebles

and, charts of values of Fc and F.‘R are presented for a wide range
of Mach number and temperature ratio. When compared with all
experimental da'ta, the predictions of the new pzbcedu.re give a
root—meé.n—square error of 9:9%; and when compared with the theory

of van Driest-II, the present method improves the correlation at



L
large heat-transfer rates and is easiler +o use.

The frictional drag coefficient derived is then used as'a
basis for fhé prediction of the heat-transfer coefficient (St).
The experimental St data giVing the Reynolds-analogy factor (S)
are too scanty to reveal the small-influence of Reynolds number,
Mach humber and heat transfer on the value of S. A constant
valué of S which represenfs the empirical mean of all published
experimental data is recommended.

Finally. to give confidence in the use of the constant
value of Reynolds-analogy factor beyond fhe range of heat-transfer
conditions for which the experimental data are available in the
other literature, heat-transfer rates at Tad§§§/TS ué to 2.7 were
measured by the transient technique. Thevpresent data confirm
that the use of the constant value of S is adequate for the
evaluetion of the heat-transfer cbefficient so long as the

drag coefficient is calculated by the present procedure.
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NOMENCLATURE

i, Introduction
MG Mach nurber of mainstream
ReX Reynolds number based upon x and mainstream
fluid properties
ad,s Adiabatic wall temperature, (°R)
T Mainstream temperature, (°R) -
Tq ' Wall temperature, (°R)
X Distance measured along mainstream direction from

effective start of turbulent boundary layer

2, Frictional Drag

a,b . See Egs. (2.55) and (2.56)

Co Local frictional drag coefficient based upon
mainstresm fluid properties, Eqs. (2.20) and (2.59)
c P Overall frictional drag coefficient based upon
mainstream fluid properties, Eq. (2.68)
c ; A constant, Bq. (2.11)
B A constant, Eq. (2.2) |
FC Function multiplying c £ in universal drag lé:w,
RBgs. (2.53) and (2.61)
F- Function multiplying ¢ o in universal dreg law, Bq. (2.53)
FRG _ .Function multiplying Re6 o in universal drag law,
Egs. (2.54) and(é.62)
FRx Function multiplying ReX in universel drag law,
Eqs. (2.54) and (2.67)
h Specific enthalpy, Bq. (2.79), (Btw/1b)

n° Stagnation enthalpy, Bq. (2.79), (Btu/1b)
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K A constant (% 0.4); Eq.(2.2)

Mg Mach number of mainstream, Egs.(2.52) and (2.55)
n Exponent, Eq. (2.14)

p,a Exponents, Eqs.(2.93) and (2.94)

Pr Prandtl mmber, Eq.(2.83)

r Recovery factor, Eq. (2.82)

Re Reynolds number in general

Reg, Reynolds number based upon momentum thickness

and mainstream fluid properties, Eq. (2.3)
Re_ Reynolds number based upon x and meinstream fluid

properties; Eq. (2.63)

T Temperature, Bqs. (2.22) and (2.55), (°R)

u Velocity in x-direction, Bq. (2.1), (f£t/h)

ut Non-dimensional value of u, Eq. (2.2)

v Vclocity in y-dircction, Bq. (2.26), (ft/h)

x Distance measured along mainstrcam direction from

effective start of turbulent boundary layer,

implied in the definition of Re, (rt)

y Distance from wall, Bq. (2.1), (ft)

Al Non-dimensional valuc of y, Eq. (2.2)

Z: A diffcrent non-dimensional value of u, Eq. (2.3)
p ' BExponent, Bq. (2.87)

2L Functions of x, Eqs. (2.29), (2.30) and (2.32)

$ Boundary layor thickness, Eq. (2.14), (ft)

8, Momentum thickness, Eq. (2.3), (ft)

F Specific heat ratio, Eq. (2.55)



¢
¥
¥
Y
§
M

Y

Subscriﬂg and supcrscripta.

T
Function appoaring in Egs. (2. 2), (2.5) etc.

V¥ } Functions appcaring in the generalised

drag law, Bqs. (2.60), (2.66) and (2.69)
Strcam function, Eq. (2.31), (1b /ft h)
Kinematic viscosity, (2.15), (£12/h)
Density, Eq. (2.1) (1b/f8k =i -
Viscosity, Eq. (2.3), (lb/ft h)

Shear stress in boundary layer, Eq. (2.1), (1b/f% h2)

ad

av

Adiabatic condition, Eq. (2.22)

Average conditions in laminar sublayer, Table 2,1
Mainstream fluid state, Eq. (2.3)

Uniform property flow, Eq. (2.87)

State in laminar sublayer, Eq. (2.11)

State at the wall, Bq. (2.3)

State in turbulent region, Eg. (2.11)

Referring to total, Eq. (2.24)

Outer cdge of laminar sublayer, Eq. (2.11)
Transformed quantity, Eq. (2.27)

Average value, Fig. 2,10

Heat Transfer.

&

Cp

Ql

A constant, Table 3.1

Local frictional drag coefficient based upon
mainstream fluid properties,  Eq. (3.1)

Overall frictional drag coefficient based upon

‘mainstream fluid properties, appearing in text
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Specific heat at constant pressure; Eq. (3.3), (Btu/1b°F)

A constsnt, Table 3,1
Functions multiplying c,., Resz, and ReJc in universal
drag law, appearing in text ‘

A constant (®0.4), Table 3.1

Mach number of mainstream, Eq. (3.8)

Moleculer Prendtl number, Bg. (34)
Turbulent Prendlt number, Eq. (3.4)

Total Prandtl number, Eq. {3.2)

Reynolds number in general, Eq. (3.8)

Reynolds number based upon momentum thickness and mainstream
fluid properties; sppearing in text

Reynolds number based upon x and meinstream fluid properties,
appearing in text

Reynolds—analogy factor, Eq. (3.1)

Stenton number based upon mainstream fluid properties, BEq.(3.1l)
Overall Stanton number based upon meinstream fluid properties,
sppesring in text,

Temperature, Eq. (3.8), (R)

Velocity in x-direction, Eq. (3.4), (ft/h)

Non-dimension velue of u, Eqs (3.4)

Distance from wall, Eq. (3.4), (ft)

Non-dimensional velue of ¥y, Boe (3el)

Density, Ege (3.1), (1b/et’)

Eddy thermel conductivity, Eqs (3.3), (Btu/ft k °R)
Eddy viscosity, Eq. (3.3), (1b/ft h)
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Subscripts.

ad

exp

th
tot
1.

2 .

9.
A different non-dimensional value of y, Table 3.1
Molecular thermal conductivity, Eq. (3.3), (Btu/ft h °F)
Viscosity, Eq. (3.3), (1u/ft h)

Shear stress in boundary layer, Bq. (3.1), (1b/£t h?)

Adiabatic condition, Eq. (3.8)

Reference to experiment, Eq. (3.6)
Mainstream fluid statc, Tq. (3.7)
Rcference state, Table 3.1

State at the wall, Bq. (3.2)

Turbulent condition, Eq. (3.4)
Reference to theory, Bq. (s.6).

l?éferring to total, Eq. (3.2)

Outer cdge of laminar sublayer, Table 3.1

Outer cdge of intermediate layer, Table 3.1

4. Experiments,

B

A constant, Eq. (4.11); or dimcnsionless driving
force, Bq. (465)

Local frictional drag cocefficient based upon mainstream
fluid propertics, Eq. (4.1)

Specific heat at constant pressure, Eq. (4.9), (Btw/1b °F)

Velocity ‘coefficien't, Bq. (4.2)

Product of épccific hcat, density and thickness of the
test plate, Bq. (4.8), (sec text)

Diameter of sphere, BEq. (4D.3), (ft)

e.m.f. of thermocouple, (mv); or a constant Eq. (#.12)
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Re

10.
Multiplying functions as defined

in §$2 and 3

Surface conductance for mass transfer, Eq. (l;.C'.S),(lb/ftzh)

Mass per unit area, Eq. (4D.1), (1b/ft2)

Mass transfer rate per unit area, Eq. (4C.5), (1b/f'b2h)

Mainstream Machvnwnbezli, appcaring in text

Static pressure, Eq. (4.2), (mm of H,0, or mm of Hg
as is clear in the thf)

Differcnce between the total and the static pressure,
Bq. (hb), (mm of H,0, unless otherwise stated)

Heat-transfer rate por unit area; Bq. (4C.1), (Btu/ftzh)

Reynolds number per in of x based upon the mainstream
fluid properties, Bq. (4.7), (in-l)

Reynolds-analogy factor, Eqe (L.1)

Stanton number, Bq. (L4.1)

Time, Eq. (4.9) (h or s)

Temperature, Eq. (4.3), (OR, unless otherwisc stated)

Mainstream velocity at x, (ft/s or f£t/h)

lvcrage velbcity of mainstream velocity, Eq. (L.2),

(ft/s or £t/h as it is clear in text)

_Distance measured along mainstream direction from

leading edge of test plate, (in or ft)
Stofan Boltzman constant, Bg. (4C.1), (Btu/rt%h °R*)
Thermal emissivity, ‘Eq. (xC.1)
Donsity, Bq. (4.6), (1b/£t)

Viscosity, Bq. (4.6), (1b/ft h or 1b/ft s)
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Subscrigfs
ad

o]

r

S

STP

G

0,X,I
II,TIT
v )

tot

1.
Test-plate thickness, Bq. (4.9),{(units as stated

in the text)

Ldisbatic condition, Bq. (4:4)

. Reference to STP, Bas (4e2)

Roference to radiation, Eq. (4C.1)
State at the wall, Bq. (4.9)
tandard tomperaturc and pressure, (520°R and 760 rm.Hg)

Statc in the meinstrcam, Bqe (4.9)
Reference to the. positions indicated in Figil.9

Reference to total, Eq. (4.10)

5, Conclusions

C.fl
N

Local frictional drag cocfficicnts bascd upon
meinstream fluid properties, Eqe (5.2)

Overall frictional drag cocfficicnt based upon
mainstrcam fluid propertics, Eg. (5.3)

Function multiplying c, in universal drag law, Bge(5.1)

Function multiplying Re,, in universal drag law, Eq.(5.1)

&2
Function multiplying ch in universal drag law, Eq. (541)
Mach number of mainstrcam

Reynolds number in general

Reynolds number based upon length mcasurca along

mainstrean dircetion from effective start of turbulent

. boundary layer and mainstream fluid propertics



12.
Reynolds number bascd upon momentum thickness and
mainstrecam fluid properties
Reynolds-analogy factor, Bq. (5.2)
Stanton nurber based mainstream fluid properties
Overall Stanton number based mainstream fluid propertics
hdisbatic wall temperaturc, { °R)
Temperaturc of malinstream SR

Wall tomperature, (°R)

, 6, Suggestions for Further Work

Fc ’FR

Multiplying function for universal drag law
L constant in Law of Wall

Shape paremcter, Bq. (6.1)

Adiabatic wall temperature

Wall temperature

Displacement thickness, Eq. (6.1), (ft)

Momentum thickness, Bq. (6.1), (£t)
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Correction of experimental errors

Estimation of experimental

uncertainties,
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CHAPTER I

INTRODUCTION

1.1, Problem Investizated.

The designer of high-speed vehicles, combustion chambers,
turbine ﬁlades s hy‘p'eréonic ram-jet intekes, rocket-motor
nozzles etc, Wénts to know the values of friction-drag and heat
transfer at various Reynolds numbers, Mach numbefs, wall- |
temperatures and mainstream temperatures; so the problc;,m of the
‘predictions of frictional drag and heat transfer at a surface
along which gas is flowing at high speed and through which
heat is being transferred at high rate interests aeronautical
and fnecha.nical engineers in many circumstances,

Often the mainstream pressure is not uniform; and
sometimes the mainstream fluid is not air; and the surface
may be film or transpiration cooled. Despite these facts,
it is necessary to restrict attention of the present research
to the case in which the pressure gradient is zero, .the mainstream
fluid is air and no coo‘lant is forced towards the mainstream;
that is, to that of the boundary layer of air on a solid flat
plate. The reaséns are .that this is the case for which a
large number of experimental data are available and thai; this
is the simplest case which must be understood first. For the
same reasons, the effect of roughness and the effect of wall’
temperature variations are also excluded from the present
investigation. . Thus, the p;‘oblem investiggted is the frictional
drag and convective heat transfer in a compressible turbulent
boundary leyer of air on a smqoth solid flat plate at uniform

temperature.
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1l.2. Outline of Pregent 3tate of Knox‘rledge.

There have been numerous investigations of the problem both
theoretical and experimental; these will be described in some
details in the following Chapters ( §§2 and 3). Nex}ertheless,

- as will appear below, present knowledge of the subject is defective
in several resiaects. First, there is considerable uncértainty as

to vwhich of the various theories gives the best prediétions ; for
each theory contains fairly drastic simplifications and has usﬁally
been compared with only a small section of experimental datas- |
Secondly, some of the methods of prediction (including unfortunately
those which givé the most accurate predictions) are difficult to

use; the prospective user of the method has to carry out extensive
numerical work, because the necessary auxiliary functions have not
been conlpu:ted and tabulated once for all. Thirdly, the é}cperi:nental
heat-trangfer measurements at large temperature ra‘tios,(say, at '
Tad,S/TS greatér than 1.6) are scarée and conflicting; coysequently |
the confidence in checking the validity of the theoretical predictions

at the conditions of large ng,s/Ts is insufficiently adequate.

1.3. Purpose and Scope of Present Research.,

This résearch was intended to remedy the sbove defects. Its
main purposes were: (1) +to eliminate the uncertainty of the "Eheory, -
(31) o simplify the calowlation procedure, and (iil) +o extend
the range of conditions for which experimental data are available,

As far as possible, uncertainty was eliminated by comparing
the exiiing ‘“heories with all publilsﬁed experimental data and
developing a new calculation procedure based upon accumulated
theoretical and experimental knoﬁledge of the compressible

J
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turbulent boundary layer; tables and graphs arve presented which
permit frictional drag and heat transfer t<; be calculated as a
result of merely a few minutes! work; and measﬁrerrients of heat-
transfer at conc"_ition-s of slow-speed flow and various temée;-ature
ratios (Tad,S/TS from about one‘ to three) were made to provide .heat—
transfer data over a range of heat-transfer conditions wider than s0
far available in the literature.

Tables énd graphs of auxiliary functions,presented below,
cover the range of Reynblds number (Rex) bet.ween 1x101" and 1x109 ,
Mach number (1,) between O and 15, and temperature ratio (TS/T('})
between 0.05 and 30. The validity of these functions has been
confimmed by the published and the present experiments over the
range of conditions of ReX from ZL)cILO5 to '.Lx108, MG up to 10 and
"Tad,S/TS between 0.5 and 5 for frictional drag and .betweeni'®.5
and. 3- for: heat transfer.

Chapters 2 and 3 are mainly devoted to review of the earlier
vwork and the development of the present calculation procedures.

The present experiments and the data therefrom are reported in
- Chapter 4. In Chapter 5, conclusions and the recommended

procedures are sunmarised. Suggestions for further work are

proposed in Chapter 6.
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CHAPTER 2

FRICTTONAL DRAG

2.1« Introduction.

A considerable amount of analytical work on turbulent boundary
layers has been carried out (?.1-2.26]. " However, all the theoretical
analyses are based upon arbitrary and simplified models or sets of
assumptions. The results of the various analyses disagree markedly
because of the different assuaptions made by the various authors
(2.2i]. The confidence in the theoretical predictions of the
. frictional drag in a compressible turbulent boundary layer can
therefore only be gained, after the theories have been checked by
experimental data over a wide range of conditions.

Several earlier authors, fér example, Rubesin et al (2.8),
Monsghan {2.16], Sommer and Short {2.20), Winkler {2.25) ,
Peterson (2.263 ctc.4 have compared some theories with the .
experimenfs ; but they used a qualitative method of comparison in
the form of numerous figures, so their conclusions are still rather
indecisive. The preésent author has first reviewed the previous
theories vwith an emphasis on the principal assumptions used by the
farious authors and then evaluated a quantitative measure of the
agreement of each theory with all the published experimental
frictional-drag-coefficient data available to the author (§§2.2 and
2.3). ‘

The review of the previous theoretical and experimental work
deseribed in §82.2 and 2.3 below leads to an argument for the
development of a new calculation procedure semi-empirically (§2.4).

This procedurc is easy to use and is entirely satisfactory in
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correlating all experimental data available in the literature as
will be seen bélcw.
In §2.5, results of this chapter are summarised and discussed
and the recommended prediction procedure is stated. §2.6 contains
conclusions for this chapter.

2.2+ Survey of the Previous Theoretical Vork.

2.241le General characteristics of analyses.

According to the nature of thc principal assumptions used by
the various authors, many of the theories (é.l-2.26], which are
concerned with the derivation of the "drag law", can be grouped
into five types, namely:- (1) theories based upon the Prandtl
differential cquation, (ii) theories based upon the von Karman
differential equation, (iii) theories based upon other differential -
equations, (iv) theories based upon a fixed velocity profile, and
(v) theories based upon iﬁcompressible foymulae with fluid
proferties inserted at a 'reference' statq.

'The main features of the analyses for each of those groups
will be surmarised in the following five sections (§§2.2.2.-2.2.6),
and the characteristics of indiviaual theories Belonging to those
groups will be indicated in Tables 2.;-2.5. §2.2.7 includes
descriptions of some miscellaneous analyses [2.22-2.26) which do
not belong to any of the five groups mentioned above,

2.2.2., Theorics based upon the Prandtl differential equation.

By "the Prandtl differential equation" is meant that
postulated by Prandtl (2.29, p.#??] relating the shear stress in the

turbulent part of the boundary layer to the velocity gradient and
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other properties, nameiyx- s
7= Y (away)? ... (2.1).
Tith the assumption ¥=7,, the velocity distribution in the

turbulent boundary layer is derived,
+
u

vt o= E‘lexp(Kf;P aut) ... (2.2).
were v = v g, w2 /(O AOE, = (F/R)F k- s
mlx:Lng length cona‘cant E = an integrating constant, and subscript
G refers to the mainstream, i.e., the outer 'edge' of the boundary
layer, subscript S refers to the fluid conditions immediately
adjacent to the wall, i.e., to the inner 'edge' of the boundary
layecr,

Eq. (2.2) leads to the integral f‘or Reg ot

VSwG)(K/E) (uG)ijPBz(l—z)exp(Ku [(ﬁdz)dz vee (2.3.)
where Resz-(-quGS )40@, 2-j(f/f Yz(1-z)ay,z = u/u

The above features arc common to all analyses of this group.
The differences between them are in either: (i) an hypothesis
for B (or the me‘chcici of determining the integration constant),
(ii) the nature of the ¢ function, or (iii) the method of
evaluating the Res2 integral., Accordingly, the individual members
[2.1-2.5] of the group are distinguished by the nature of these

items in Table 2.1,

% All symbols are defined on pp. 5-12. '
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2.2.3. Theories based upon the von Karman differential equation,

The differential equation postulated by von Karman (2.29,

p.l+85] as the connexion between 7, duw/dy and other quantities is
7= fe(aw/a) /(@) L (2)

The assumption, V= TS ’ li,ads to the velocity distribution

(K/E)I exp(K [tpdu"')du eeo (2.5)

This leads further to the Re82 integral

" Reg, = 5’”84”@) (K/'E)( +) 2[4, z(1-2) exp(Kqu¢dz) AZ ey

(2.6)
of this group:; individual methods '
Egs. (2.4)-(2.6) are common to all the methods 6 =2 10]

are classified in Table 2.2 by reference to elther (1) the:.r
hypotheses for B, (ii) the nature of the¢ function, or (iii)
the method of evaluating the Res2 integral.

2,2.,4. Theories based upon other differential equations.

Lnalyses of this group start from various differentisl
equations but the assumption of Y= TS is also made as in the
abm're two groups ($82.2.2 and 2, 2.3). Generally speaking, all
proposed differential equations lead to equations for the velocity
distribution which are identical in form with Eci. (2.2) or (2.5).
However, the nature of 4> in this expression differs from that in
562. 2,2 and 2,2.3, that is,$ here is no longer equal to ('f/fs)%.
The Reynolds number integral for the analyses of this group is

either

Reg, = /G> (/5 o) f PR% >z<1-z>exp(quf¢az>az
(2.7)
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or .1‘ | .
Reg, = (/M) (8/E) () L (F/f3)2(1-2)exp (Kgggcﬁdz) dz
oo (2.8)

depending on whether the velocity distribution of Eq. (2.2) or

that of Eq. (2.5) is appropriate. Methods {2.11-2.14) of this’
group arc distinguished in Table 2.3 by reference to either (i)
the nature of the differentisl equation, or (ii) the method of

evaluating the RBSZ integ;al.

2.2.5. Theories based upon a fixed velocity profile.

In this group it is assumed that the velocity profile is

independent of compressibility, for example,
+ ~1 + :
y = E eX.P(Ku ) seoa (2:9)

for which the Resz integral becomes

1
Reg = P (V) )° | (Ufai-sem(unge)as ... (2,10

Methods [2.15-2.16] of this group are distinguished in
Table 2.4 by reference to (i) the assumed fixed velocity
profile, (ii) +the expression for fVi’S, and (iii) the method
of evaluating the RBSZ integral.

2.2.,6., Theories based upon incompressible formulae with

rcference properties.

Methods (2.17-2,21) of this group imply the existence of
a universal relationship between frictional-drag coefficient and
Reyholds number, if propertiés are evaluated at a reference
temperature (or.refgrence enthalpy). They are distinguished in

Table 2.5 by reference to the expression for TR/TG or hR/hG'
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2.2.7. Miscellancous other methods.

Some methods [2.22-2.26] which do not belong to those
groups- discussed in §§2.2.2-2.2,6 include the use of
various tfansformations, the.use of empirical data etc. They
arc individually described below,

(1) C. duP Doneldson {2.22} This author assumed that at

the edge of a laminar sub-layer the ratio of the total shear
stress to the leminar shear stress was constant (C), ic.
C=1(T. /T, ) ... (2.11)
t,Y .
and expresscd Y 1 and 7, £ 1 in the following forms:
] H
= d ; L) 2.12
Y =M (a/a), (2.12)
2.2 2
and q:h_’l = flx ¥y (du/giy)l (2.13)
whore (du/ c'ly)l was obtained from the power-law of velocity,

Wy = YR L (2.14)

With the aid of Eqs. (2.12)-(2.14), Eq. (2.11) can be written

C=14+%0N e | (2.15)

The thickness of thec laminar sub-layer (yl) and the velocity
at thc outer cdge of the laminar sub-layer (ul) derived from Egs.

(2.1_4) and (2.15) arc:

1 - [ala) LIy V(1) (2.16)
F 2 uGS

X



B,

and vy =(n(0-—l) Rt ]1/(“"1) (2.17)
4 k> Y8

On the further assumption that the sub-layer velocity
distribution and shear stress are cssentially uniform, we have:
']’S =ﬂlu1/yl (XX (2'18)

On thc substitution of vy and ¥y of Egs. (2.16) and (2.17)

respectively into Bg. (2.18), there is obtained

_ (Om (1-n)/(1+n)
-rs__“_lgu_@_ ( (Icz 1) %J v (2.19)

Upon introducing the definition of ¢ P the result is
‘ 1-

2 .o z
o, = pfR(C-Dm Vo wI  f) Yy WFT...  (2.20)
K E% PR/

¢ &
l-n
‘ (0-1) l+n

+n{C-1
where K = Ouy, n = 7 and 2 n = 0,045 as from the
(2] .

characteristics of uniform~property flow and fl/ fG =
: 0.76 . .
TG/Tl and /11//HG = (Tl/TG) / as from the properties of air.
Hence
1
_ - Ol56
cp = 0.045(Reg) ™ (T/T)) (2.21)
The equation recommended by Donaldson (2. 22) to evaluate the
temperature at the outer edge of the laminar sub-layer (Tl)’ which
appears in the above ¢ £ equation (Bq. 2.21), was derived from the
assumption of the analogy between momentum and encrgy transf‘er,
‘ £ 4 - - ,"-E_
namely: T _Tg . (Taa 8 T6)m - (Paas Tg)(“_l)z oo (2.22)
T u T u
: G

e T T e e

xSee §2.l|..3 for the method of derivation.
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where ul/uG is from Eq. (2.16) with the values of X,n,C etc,

as previously stated, that is,

Yoo oo.sptL -0'22(R )"% (2. 23)
o (Tq) % |

(ii) Winkler 12.23).  This .author used the experimental

data of c, vs R062 from Refs. 2.8, 2.23,2.34,2.37,2,43 and 2.48

and obtained an cmpirical formula:
1 1 =0.251 '
- 2 an.
Cp = 0.0.2}+6(Tt0_t/TG) (Tad,S/TS) Reg,, eee  (2.24)

(iii) Spence (2.24.) , Burepraf (2.25) and Goles (2.26].

These authors started from the 2-dimensional uniform-pressurc
continuity and momentum cquations of mean motion for a compressible
fluid of variable density (x,¥) in the fom f2.30, pp.82—87] ’

?ﬁ -+ a v: O cos (2'25)
2x° oY

© fu 2u + fvau :—?-.T- §
% ay,: - 9y - ... (2.26)

and used various transformations to reduce Egs. (2.25) and

(2.26) to the formf:
¢ éu

_E + ¥z =0 (2.27)
'ax* ay'* |

u e + fxvac _3_“§=a_71_ ore (2.28)
& #9x 3}"'* 2y

where the parameter f* has the dimension of density and is
independent of position in the x* and y* co-ordinates. - In this
form the momentum equation is ﬁncoupled from the energy equation.

Thus in the transformed co-ordinates (x-*.,y“) the L and 1;

relations are independent of the compressibility of air.

1’ Starrcd quantitics below stand for the transformed quantities.



8.
In the above transformation, the definition of :% and y* used
by the various authors (2.24-8.26] can be written in a general

form:

X, =5 e(x)dx : sew (2.29)
* o ,
. (Y ' 2.30
.V* 2 Iiﬂ](Y)dy ( )
(<]
and the definition of the stream function introduced by them to
satisfy thce continuity Egs. (2.25) - ‘(2.28) can be written as:
fus@ H fv§~a_?’ (2.31)
oy 2% .
-f'u = 20 ; f.v z -9a(x)¥ ... (2.32)
2 E ox, -
On the application of Egs. (2.29) - (2.32), it can be shown

[2.267] that the transformed quantity q;of Bq. (2.28) has to be

defined by
o ,.cr 137 ~¥ 2 ag)]... (2.33)
CFA £? ¢ 3y dx

and it follovrs fron qu. (2.30) and (2.32) that

u_*:g_" u Cees (2.34)

2o far the transformation of the momontum and energy
cquations has becn discusscd in a general way without rcference
to boundary layers and therc is no need to define 1', , B, ')]

’ and ¢ explicitly. In order to derive frictional-drag coeff:.c:.cn‘b
in a comprcssible turbulent boundary layecr, these quantitics have
been aefined or assumcd in various ways by the different authors.

(a) Spence €2.203 and Burgpraf (2.25). Thesc authors

assumed that €, "’ahcl ¢ vere unity. This assumption reduces the

shear-stress cquation (Bq. 2.33) to



% - ko av (2.35)
5.
A {f @y |

i.e. '1; = | (2.36)

It follows that thc assumption of €, % and ¢ being unity
m@mwwﬁhg'mMgmﬁmawE%(&ﬁ)ﬁc@wﬂmt
to the assumption that ¥ is invariant under transformation.

Now the local ffictional-drag cocfficicnts, ¢ e and ¢ pg? 2TC

defined 'by
op = 2M/pd) ()
and Co B Z'TSI/Cf*:Jé) voe (2.38)

Egs. (2.34) and (2.36) roquire o and. cﬁ rclated by

c — c LN N )
% T
. L
Upon introducing the definition of Reynolds number

(2.39)

Ro_ & fG g ¥ (2.40)

M

and the corresponding Reynolds number

'faz *x

w

B e

Rec
=

- ;ﬁgfﬂg___;Rex ‘e (2.51)

where the viscosity /A* is a certain artificiel paramcter.
Eq. (2.28) implies the existence of a unique relation

between o and Re, , and Eq. (2.35) or (2.36) implies that for

fx
the uniform-property flow the transformed momentum equation is
identical to the original momcntum cquation;. so c og VS Re;m
rclation is idcntical to the uniform-property c g VS Rex relation.

Furthermore, Eqs. (2.39) and (2.41) require cf(f(}/ﬁ) vs Re

(&"IUG/ fG/lJ*) relation being thc same as ¢ ox VS Rex;_ relation.
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It follows that c (f ‘f* ) vs Rex(f /UG/ijJ) is the same as the
unifoxm~property c p VS Ro:aX relation.

Finally, Spencc [2.24:] recommended, the evaluation of f*
and, /4* at the Eckert's reference temperature, so Spencc method is
similar to the Bokert's "reference-temperature method" (2.21) ,.
although &ifferent uniform-property c p VS ch relations were
recommended by thosc two authors. Burggraf (2. 25] recoxﬁmended
| the valucs of f;‘ and ,u* to be evaluated at the outer edge o/f
the laminar sub-layer, so his method is essentially similar to the
method based upon the incompressible formula with properties
evaluated at a referencc state.

(b) Coles K2, 26;1 Coles did not assume &, %, ¢ béing unity,

So the shear-strcss Bqa. (2.35) and (2.36) do not hold in this

case., It is assumed in Ref, 2.26 that aty =0

Y, =0 (2.42)
Ty = Mg @WAY)g (2.43)

TS; =/“S§E (ayay*)s oo : (2-}#!-)

The transformation Egs. (2.30) for y. and (2.34) for u,* then

¥

require 'YS and 'rS;: to be related by

TS;: = fx’z ___ 'T .es (2.45)
f Mg 9
i.c. _Z‘s isc (2.46)
M | fie

Upon introducing the conventional momentum thickness

_L_ (1w ) & (2.47)

0 fc G e

and the corresponding thickness 82;5, it appears that



@
82*5{ _‘ii_i' (1 = .E-E ) d\Y;
0 Yos Yex
= G‘ 82 aes . (2cl|-8) .
* .
Consequently, Reynolds numbers are related by the equation,
=£§ Reg , (2.49)
When o’ls cl:mlna'tcd betwcen Eqs. (2,45) and (2.49), it is
seen that |
coReg, = fG G ooReq, f (2.50)

Mg

Hence it follows from Egs. (2. 28), (2,46) ana (2.50) that

/‘z fG Cn VS fGﬂG che relation is the same as the unlform—
aps fo fs

property c p VS C 'Rcsz relation. The recormended method for

the evaluation of Mz is by the equation

as

"4/“23 - ,‘%{“l; © (2.51)

where Tl is the laminar su'b-iayer temperature and TS is the wall

temperature. The empirically detemined sub-layer temperature

(T ). for the adisbatic-wall .case’ recommended by Coles [2-26] is:

1+ f—l M
Hos1eare(__ 2 & ~1],_‘_§gg -
TS a (T / ) ‘ 2
E ‘Mz '-:5;._,;.‘..;.;,[:‘
- 052 ] i, (2.52)
(T/T, ) w2 |

where the value of cfi( F 4 /’a: fGr c f) is evaluated from the
Hs
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Cpy VS CpoReg, relation (vhich is equivalent to uniform-~property
Cp V8 C RCS.Z relation) at the value of cf} 6292 g iG_Z‘_
in question. f /.l 3
2.2:8. Résumé.

It has bcen seen in the above review of various theories that
all the analyses are based upon diffcrént assumptions and
simplifications, The validity of the assumptions and
simplifications involved in these theories can only b.e verified
by comparison with cxperiments. This will be done systematically

in the next section.

2.3. Comparison betreen the Theoretically and Experimentally

Obtained Data.

2.3.1. Purpose of comparison.

As l;ointed out above, all theorectical treatments discussed
in §2-,2 have bcen based upon assumptions and shnplifications.
Further, their predictions differ significantly, as has been
shown, for cxemple, by Chapman and Kester [2.27)] . It is
therefore nccessary to establish the relative validity of all
theiori.es by comparing them with experimental data. | Below, the
various thco?:ies will be compared with all published experimental
data of c £ and Ef versus RGS2 and Rc—:x at various MG and TS/TG’
and for each theory, a quantitative measure of its agreement
with experiment will be evaluated.

2,3.2. Bxperimental data.

If cxperimental data were accurate, a few scts of data at
desired conditions (Mach' number and heat-transfer rates) would

suffice to test the validity. of various theories. Such data are
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howevez", not available [3.31)}. For this reason, the greatest
possible number of experimental data have been collected

(2.7, 2.8, 2,20, 2.23, and 2.51-2.48] and are tabulated in
Lppendix ( ZA), They include measurements on a flat plate and on a
cylinder with axis paral;el tb the stream direction and radius
large 1n ‘comparison with‘ the_a boundary-layer thickness". Figs,.:
2.1-2.3 show the collected data in the form of c. vs Re

f 52’

cp vs Re_, and G, Vs Re,, and Fig. 2.k shows the conditions (i.e.

T £
values of MG and TS/TG) winich have been explored experimentally.
LKlthourh it must beﬁ'expected that the data are not all equally

reliable, no attempt has been made to estimate their accuracy or
‘Eo introduce any weighting factors. °The reasons are: (1) the

publiéhed details of experiments are often insufficient for them
to be mede, and (ii) some arbitrary varisbles, for example, the

variable effects of ti'ansition, have not been possible to bev

accounted for with accuracy.

2.3.3, Theorctical data.

Theoretical frictional-coefficient data corresponding to

the experimentel Reynolds number (Re62 or Rex) , Mach number (MG»)

and temperature ratio (TS/TG) have been cbtained by the various
methods discussed in §2.2;‘ however, some authors have not dealt
with all the parancters which are required in order to compare their
i'esuif's with all the collected experimental data., Extensions can,
however, be madc to those theories without contradicting the authors!'
original .argument. Thc methods used here in making the extensions

are swirarisecd below.
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Convorsion of Re to Re_, and vice versa. The results

P DL

of some analyses, viz. Refs. 2,1, 2.2, 2;9, 2.25 and 2,17-2.21,
" imply that a uniqué relation exists between cF, and ReF,
where Fc and FR are functions of Mach nurber and temperature
ratio alone., As ﬁill be shown in §2.4, the relations between

Fc, FE’ ) and F, are such that

RS Rx _
Fo = F_ e (2.53) -
B, = FM/FC : (2.54)

whore F_ and F- are the fimctions of M, and Ty/T, multiplying

and &, respectively, and Foc and P arve the functions of

°r £ |
M, and ‘TS/ Te multiplying Reg, and Re  respectively. .Hence Egs,
(2.53) and (2.54) ‘enable the detemmination of the c p versus Rex
relation of cne of those: theories from the corresponding c p Versus

Re, or c, versus Reg, relations, end vice versa.

Extension of theories derived for the adisbatic wall to the

case of heat transfer. When only the adiabatic-wall case is -
.considered and the Re&nolds analdgy betireen momentum and energy
is assumed, as in Refs. 2.7, 2.15, 2>.18, etc,, the temperature-
distribution equatién is | o

T/T, = 1-a°z° | (2.55),

where

82 z =@ -1)M§/ (1+5(¥ -1)M§], zzw/u,, T = absolute temperature

(°R), and suffixes G and S refer to main-stream and surface,
resPectively. . |

Eq.. (2.55) is extended to include the effect of heat transfer
as follovrs':- ‘

T/TS = Libz-a’z° _ e | (2.56)
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where b (L LM/ (Tg/T,)} -1 and a5 H@-1MY/(Tg/Ty).

Viscosity law . The viscosity law recommended by the

* original authors has been used in most cases for applying their
theoxry to experimenfal conditions, When this is not pessible,

or no law is recommended, the following power law has been used.

0.76
M@ T .ee (2.57)

Although Sutherland's viscosity law, given by

mfm O .
Ao NI+ 198'R) (2.58),
P To(T + 198°R)"

is more accurate than the power law, the aﬁsolute value of TG was
not reported by most experimenters. Figs. 2.5 shows the viscosity-
temperature relations used in the various theories. Since U

has only a weak influence on cf; it is unlikely that the use

of different viscosity laws for different theories has any
appreciable effect on the final conclusions.

Drag law for incompressible flow. IREach of the authors

whose works have been studied incorporates in lils theory, implicitly
or explicitly a relationship betwveen frictional-drag coefficient

and Reynolds nurmber (either Res2 or Rex) valid for incompressible
flow. 1In each case, the relatidnship recommended by the author

in question has been used withcut attempting to calculate

separately its effecf on the accuracy of the theory.

2¢3.4. Comparison between theories and experiments.

Twenty out of twenty-cight collected theories (2.1-2.26)
are compared below; they are believed to include all the essential
assumptions used by various authors. Eight theories [2.3, 2.4,

2.8, 2,10, 2,12, 2,13, 2.14 and 2,26 ) are not included, either
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because they still have indeterminate cons‘bants or because they
invclve lengthy time-consuming numerical work which is believed
not to be »nrofitable at the present state of knowledge of
turbulence. | | |

The .criterion used for comparison is the root-mean-square of

(Cf , e:'qp-cf s ‘th)/ sz ,th
where c f,exia is the experimental local or overall friction
coefficient and c £,th is the theoretical local or overall friction
coefficient, at the corresponding experimental Reynolds number
(Re82 or Rex) , Mach mumber (MG) , and temperature ratio (TS/ TG)'
in evaluating the above root-mean-square value for each of 20
theories, all the experimental data of Appendix (24), plotted in
Figs. 2.1-2.3, have been used.

The evaluation of the root-mean-square values of
(c £,e3p7°F, th)/c £, 4y 78S carried out by the Mercury digital
computer of London University. A computer program was written
for each of the twenty theories. Then each theory was applied
to each of 388 experimental conditions for which °f,exp data
were available, yielding appropriate values of ¢ £,th* The
root-mean-square value of (Cf,exp-cf, th)/(,; £, 78S then cdmputed
for each theory in an obvious manner.

The results of the comparison are shown in Fig, 2.6 and

Table 2.6. They give a quantitative indication of the accuracy

£ . - .
For the sake of simplicity, here and on some other occasions,

c, stands for hoth c, ant c_,, as is clear in the text.

f f f
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of the various theories when.compared with the present empirical
knowledge of the compressible turbulent boundary layer.

It is seen from Fig.2.6 and Table 2.6 that the three best
vtheories are those of van Driest-II f2.9j s Wilson [2.7) extended
to include heat transfer, and Kutateladze and Leont'ev{z.5] . They
are all based upon the mixing-length used in the mefhod of §2.2.2
or 2.2.3,“bhat is, Table 2,1 or 2.2. ‘Ta.‘blé 2.6 also reveals that
‘211 theories exhibi‘t' a greater error when compared with the data
for finite heat-transfer rates than when compared with data
obfaihed under adisbatic conditions.

2.4.. Development of an Improved Calculation Procedure.

2.4,1. TFundamental Functions{

Cp VS Re 5 For the constant-pressure boundary layer,
it may be expected that

cp = cf(Resz’MG_’ To/Tp) (2.59)

The nature of the function can be detemmined either
theoretically (§2.2) or experimentally.

Now many of the theoretical expressions, Refs. 2.1, 2.2,

2.9, 2,17-2,22 etc. can be written in the form:

%"ch = ¢ (Resz}i‘m) eie (2.60)

where the function ¢ is independent of Mach number and temperature
ratio, the effects of which are wholly accounted for by the
functions FC and FR&' The latter functions are such that

F
c

F_ (4, ; To/To) s

=1, for Mg = O, TS/TGz 1 (2.61)4.

Fre = Tre(MesTy/Te)

1, forM, = O, TS/TG =1 ... (2.62)

1

G
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Some of the other theoretical expressions, for example,
those of Refs. 2.5 and 2. 25, if expressed in the form of Eq.
(2.60), would imply ‘that Fp |

however, this is by no means certain, as is shown by the comparison

Py exhibits a weak depgnaence on cf;

between theories and experiments (Table Z.6 and Pig., 2.6) and we

shall ignore this dependence,

Cp ¥s Re . The integral momentum equation for the boundary
layer on a flat plate [2.28, p.292] leads to
Rewriting Eq. (2.63) in integral form, we obtain |
Re = g2 (2.6
e}:ﬂ{ %)63852 [ ] 20 ll-)o
0 -y

By multiplication of Eq. (2.64) by FRB,_/FC, there is obtained

P, Re
( %R&)Re& ZIORS 52 ch:_ UPpgRegy) +oe  (2.65)
The existence of a unique relation vetween c ch and ReSZFRS
in Eq. (2.62), which is indeliendent of Mach number and
temperature ratio, has already been postulated. With this,
Eg. (2.65) yields |
e 5 = wx(RexFRx) ces (2.66)
waere the Tunction l}lx is independent of Mach number and
temperature ratio, Fc and RRS are the same functions as those of
Bgs. (2.61) ;nd (2.62), and Fp, is related to Fpg and F_ by
Pey = Frg/F,
=1, for M, = 0,T, /TG =1 u.. (2.67)

Cp VS Re, . From the definition of Gy,
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_ -1 Re ‘
I S N YL S (2.68)
it can be shown by the method of the preceding parsgraph that
TF, = Y (Re Fp ) .ee (2.69)

where the func‘bion ¢ is agaih independent of Mach number and
temperature ratio, and F_ and F, are defined by Egs. (2.61) and
(2.67).

To summarize, it has been shovm that, if FRS‘ is independent

of ¢ p» the following functions exist:

To B, = ¥ (FpeReg,) (2.60)
o, =, (Fpfe, ) | (2.66)
o F, = § (Fp Re ) (2.69),

where ¥, ¥, and ¥ are independent of Mach number and
temperature ratio. The problem has now been reduced to the
determination of Y-functions and Fc‘ and FRS as functions of Mach
number and temperature ratio. |

2elte 20 Detem;ination of ¢-functions.

Several formulae and numerous experimental data are offered
in the literature for the relationé between frictional coefficient
and Reynolds number in uniform~property fléw. The experimental

data of Cp VS Re 5y Cp VS Rex and c. Vs Rex for the uniform-

f
property flow from Refs. 2.34, 2.43 and 2,49-2.61 are plotted
in Figs. 2.7-2.9 respectively, Also plotted in Fig. 2.7 are the
\vell-;knovm theoretical curves duve to Blasius and Karman-Schoenherr
(2.29, p.439). The agreement between the Karman-Schoenherr fommula
and the experiments is seen to be gooﬁ over a wide range of '

Reynolds number, but at low Reynolds number the formula over-

estimates c ¢ Dy a few per cent. It 'is known that in the
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derivation of this formula, the velocity distribution in the
"sub-layer" was neglected for simplicity.
At present, a single "law of wall" for the whole region
of a uniform-property turbulent boundary layer is available
{2.62], that is,

+ 2 3
yto=ut . _1_<(eKu ~1-Kut- (k') - () - (Ku ) J,.. (2.70)
E 21 31

In Ref. 2.63, the drag functions was analytically derived
~ from Eq. (2. 70) These functions are:
= (uG_)/6+ (1/KE) [(1-21<uG)exp(Ku ) + 2/KuG + 1-
- (Ku;) 2/6 - (Kuc)_"/lz —(KUG)}"'/AO - (KuG)5/1so]... (2.71)

(w32 + (1/8) (64} + ()?) -6 -
(Kua)}"'/lz - (Ku;)S/ZO - (Kué)é/éo - (Ku(‘;)7/252}...(2;72)

1

I
LA
+ X
!

I

Q@+

= Re 2/Re ves (2.73)

= (2/c )2 K and B are constants to be determined

where u
to f£it the experiments. The present author has used the data
of Figs. 2.7 and 2.8 to determine the respective values of

K and E in the following manner.

At various values of K, the average values of E and the
standard deviations( (Ej- £2)/82 )* were calowlated by using
Bgs. (2.71) and (2.72) and the experimental data of Figs. 2.7
end 2.8 [2.43, 2.49-2.61) . It was found that the minimum standara
deviation of B occurred at X = 0.4 (see Fig.2.10); At this

value of K (=0.’+), the average value of E is 12 as can be seen

in Fig.Z2.10.

¥ The bar stands for the average.
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To estimate the accuracy of Egs. (2.71) and (2.72) with
K = 0.4 and B = 12 for the prediction of the unifém—proPerty-
- flow-c, valués, we note in Fig.2.10 that at K = 0.4 the standard

deviation of E is less than 4%. Then by Egs. (2..71) and (2.72),

Reed L/E (approximately at large Ué) (2.74)
and according to the 1/7th power law of velocity,
x 1/5
7T _ .
wa 1,1/R682 or l/Re x cee (2.75)
so  c,® E* or El/s (approximately) ces (2.76)

That is, a 1% Qeviation of B corresponds to about 1% deviation
of Cpo Hence, with K = Q.4 and E = i2, the‘root-mean-‘-square
error on c, basis would be less than 1%.

In Figs. (2.7) - (2.9) the theoretical curves of Egs. (2.71)
to (2.73) with K = 0,4 and E = 12 are plotted. It can be seen
in these figures that the agreement between the theory and
experiments_ is good throughout the whole range of the Reynolds
‘number; so the y-functions for the present method have been
esteblished, i.e., Bqs. (2.71-2.,73) with X = Oul and B = 12,

2ek4 30 Determination of Fb-functions. “

Since the functions¥, ¢, and ¥ are known Eqs. (2.71), (2.72)
‘and (2.73),and since numerous data for oompressible turbulent

boundary layer (Appen&ix 24) have been collected, it might seem

R
experiments. An attempt to do this, however, soon showed that the

to be possible to deduce the Fc and F. s functions solely from

data were too scanty and inaccurate to allow success. ‘Some
theoretical guidance is therefore sought for the determination of

one of the functions.
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In §2.3, it wos shown that theories based upon the mixing-

length hypothesis of Tables 2.1 and 2.2 gave the best prediction

of all the previous theories; it was also discovered that the

correspondlnu method led to the following expression for F :
—tf % AL R (2.78)

The expression for F_., by contrast, varies considersbly from

one theory to the next. Eq. (2.78) has been adopted for the

F‘C function in the present theory.

Evaluation of Fg from Bq. (2.78) requires the density to be
expressed as a function of 5, where z is def.‘ined as u/uG. This
reiationship may be derived from the Reynolds analogy between
energy and momentum transfer, modified for non-unity Prandtl number
in the following manner.

From the Reynolds analogy, we have
0,0 .
h —h'S =u-= US . X ] (2.79)
0.6
hghg g%

where h° is the stagnation enthalpy, u is the velocity in the

x-direction, and subscripts G and S refer to the mainstieam and
the fluid adjacent to the wall, respectively.

Now uy = O, h° = e (T+-12-(J—1)M§TG22] for a perfect gas,
hg = hS = CTS-’ where ¢ is the specific heat at constant pressure,
and T is the temperature in degrees sbsolute. Eq. (2,79) can then
be written as A

= (Tg/1)+ (1 + H-DME(1/7)] 240122 oo (2080)

For the adisbaticwwall case, the coefficient of z of Bq. (2 80)
is zero, and ‘I‘S is equal to the adiabatic-wall temperature,

T Hence

ad,s°*

"
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1 2 | '
Tad’S/TG =1+ z(i-lhwg ves - (2.81)
This holds for a Prandtl number of unity. For non-unity Prandtl
-number,
o, d 1wl
Tad,S/TG_ Lir (3 1)MG ces (2782)
where r is the recovery factor. For gases of Praf 0.7,
measurements of recovery factor by various investigators
(2.64-2.69] showed that the value of recovéery factor lies between
0.88 and 0.9; 0.89 is a fair mean of all measurements. Now Eq.
(2.80) can be modified-to satisfy the boundary condition at the
wall for the adisbatic-wall ease, by writing
2 22
/Ty = (Tg/Ty)+ [1+%r(3-1)MG-(Té/ﬁb)] z=br(#-1Mgz" ... (2.83)
where r = 0.8 for Pr = 0.7, For an ideal gas at constant pressure,
' -1
£/8, = (w/z) (2.84)
On substitution of BEq., (2.83) into Eq. (2.84), there is
obtained ,
£/8, = {(r/2 ) (Lot f-ina(ty/m )] ootr(d-a0e2e2)
/g =4 (Ty/ Te)+ (v (-LM~(Ty/TR) ] 23w (-1 Mg 2 }
ces (2.85)
Hence from Elqs. (2.78) ana (2.85), we have

-2

F

o dz

= l {(TS/ TG) + [1+1§r( i -1)M§_(TS /TG)] 2= ( j-l)M ézz} _;.}
o ‘ (2.86),

where r = 0.89. Eq. (2.86) is the F, function which has been
used.
2.4 die  Determination ofF function.

RE
Though the theoretically derived expressions for FRS are

uncertain, they can generally be written as

FRS = G-/}'S) (fS/fG)ﬂ (E/El) o (2.87)
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.where Ei is the value of E for uniform-property flow and is a
constant. For example, 4
(a) In the van Driest-I method, (3—_- 3, B = E,,
hence,
‘ 1
— z
Frg = Veé”s)(fs/ 9
- . O. 6
(b) In the van Driest-II method, ﬁ 0, E = E,, hence
Frg = (/i) .
0. 76 0.7
(/30T con s = (/19 pay

i

(c¢) In other methods, e.g. those of Kalikman (2,3}
and Wilson f2.7j |

E = £(M,,To/T,) . ees  (2.90)
Such theories commonly derive E from the assumed values of
ul and yl by the equatlon | |

! = exp(Kf4> as*)/ys - e (2.91)
or = exp(Kul)/yl | . eee (2.92)

A widely used assumption for y{ and u{ is that y{=u1'=i1..6
~ab all M, and Tg/T, (2.1, 2.2, 2.7, 2.8 etc), An examination
of the measured velocity profiles, which have been »collected by
Hiigel (2.70) , however, reveals that alfhough for the adiabatic- .
wall case y{ and u.I are ai:proximately gqual to 11.6 yet for the
case of the presence of heat transfer the values of u1+ and y'{
are directly related to Tad,S/Ts; In Table 2.7, the epproximate
values of y} and ul from the collected experimental velocity
‘prof‘iles [2.70] are shown. The corrésponding values of B
evaluated by Eq. (2.92) with the experimental y; and, u_I are plotted

in Figs. 2,11 and 2,12 against M, and T . /T4 respectively.
=t e ad,s’ 8
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The nature of the experimental E derived in the above

paragreph can be seen in these figures (Figs. 2,11 and 2.12);

G
whilst for the case of the presence of heat transfer the value of

for the adiabatic-wall case the dependence of E upon M, is small,

E is related to Tad,S/TS by the equat:..on

- q |

B/E; = (T4 ¢/T5) (2.93)
where q is a constant and its approximate magnitude has been
found to be unity from the data of velocity profiles as shown
in Figure 2,12, A riore accurate value of g will be determined
below from the numerous drag-coefficient data.

After combination of Bas. (2.87)-(2.93), we can vrite

- P a :

Frg = (Tg/Tg) (Tad,S/Té) ..o (2.94)
where p and q are still indeterminate and are to be detexrmined
from experiments as in the following paragraphs.

For the adisbatic-wall case, the ratio of the adiabatic-wall
o wall temperature is unity and so Eq. (2.94) reduces to

. 2

Fpg = (Tg/To) ces (2.95)
Using the functions §, ¢, and ¢ and F_ of Egs. (2.71~2,73)
and (2.86) respectively, and all the collected experimental data
for the adisbatic-wall case (sumarised in Appendix 24 and Figs.
2.7—2.9), the author has determined the value of p which gives
the smallest. root‘-?mean—sl.qf.lare value of (c fexp—c £, 'bh)/ c £,th.
This value of p i§ -0.702. Thus, for the adiabatic-wall case,

_ ~0.702

Fre = (Tg/Tg) |

where T, is of course the adiabatic-wall temperature which is

S
obtained by Bq. (2.82).

... (2.95)
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The index q of Bq. (2.94) can now be found empirically from

the drag coefficient in the presence of heat transfer. A computer
program was vritten which varied q and minimized the root-mean-square

value of (c for all the available heat-transfer

f,exp‘cf,th)/ °f. th /
experiments, p being given the value -0.702 as derived earlier.
The minimum root-mean-square error was found when q was 0.772.

The recommended FRS is accordingly
- - "00702 00772
Fog = (TS/TG) (Tad,S/TS) (2.96)

which reduces to Eq. (2.95) for the adiabatic wall.

2.4.5. Comparison of the present method Wi‘bh‘ other theories

and experiments.

The root-mean-square value of (Cf,exp-cf,'bh)éf,th for the
present theory has been calculated and inserted in Fig.2.6 and
Table 2,6 in order to compsre with the other theories. The
present theory gives the lowest root-mean-square value, namely,
9.9%. This is to be expected because we have derived Fp.
directly from the experimental data.

In order to examine the individual effects of Reynolds
number, Mach nunber and heat-transfer rate on the values of Cp
predicted by the present method, (1) ¢ ¢ V8 Re, curves at the
conditions of adiabatic wall and M

G
s P o —_ r
Fig.2.13, (ii) cp vs Reg, curves at Tad,S/TS = 2 end M, from

from 0-10 are plotted in

0-10 are plotted in Fig. 2,1k, and (iii) G, vs Reocurves at M,

=7 and T . /Ty from 1 to 6 are plotted in Fig, 2.15. It can
ad,s' ’S

be seen in these figures that (i) for a given M, and Tad,S/TS cp

decreases with increasing Rex (or ReSZ);(ii)for a given Rex or

Regy) and T,y o/, cy decreases with increasing MG; and (iii)
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for a given Re_ (or Re62) and Myyc., increases with increasing

T TS The effect of heat transfer on the ¢ n value at a

ad, / v
given Mach number and Reynolds number is, however, not large

as indicated in Bg. 2.15 by the small difference between the
curves for Tad,S/TS equal to unity and six respectively.

Also plotted in Figs. 2.13-2.15 are some experimental data
at the appropriate conditions, and also for the pﬁrpose of
comparis-on the well-~known theoretical curves of van Driest-II
{2.9) and Bekert (2.21) . Apart from small discrepancies such
as are alwayg expected to be present in the ‘experimen'tal data,
the experiments are seen to be in close agreement with the present
theory at all conditions. For the adiabatic-wall case, the van
Driest ﬁethod based on the von Karman mixing length formula
f2.9J is about the same as the present theory whilst the Eckert
theory appears to underestimate cp at large M, (Fig. 2.13). At
the condition of large heat-transfer rates (i.e. at large
Tad,S/TS) it cen be seen in Fig, 2,15 that the theoretical curves
due to van Driest and Eckert lie a“ovc the experiments and the
present theory. o

In the above comparison (Figs. 2.13 - 2,15), data at the
conditions of M, up to ebout 10 and Tad,S/TS up to about 6 have
‘been included. These conditions are of the largest My and
T a, / TS v&hich nave so Tar been explored experimentally. The
adequacy of the present theory and the :'Impro.vernen*b of the present

method over the theories of van Driest-II and Eckert under those

extreme conditions have therefore been seen., The improvement
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at the condition of large heat tranfer rates is particularly
noticeable (Fig.2.15). |

.To conxlnare the present method with the experiments at all
conditions, the ratios of the experimental c £ to the theoretical
Cp evaluated by the present theory are plotted versus MG for the
adiabatic-wall case (Fig.2.16) and versus Taa,s/Ts for the
presence of heat transfer (Fig.2.17). In view of the unavoidable
discrepancies present among the experiments as mentioned above,
the present theory is seen to be satisfactory to co:;-relate all
the experiments so far covered.

Finglly, the over-all accuracy of the present method and
the eis:periments are summarised by plotting the ‘exPerimental
and theoretical Fccf vs FRbReSZ’ I‘Ccf Vs FRxRex and Ech vs FRxRex
in Figs. 2.18-2,20 respectively., Values of the theoretical
F_c, and FrRe were evaluated from Bgs. (2.71-2.73); and values

R

‘éf the experimental Fcc £ and FRRe were evaluated by Egs. (2.86)

and (2.96) using experimentel values of c., Re, MG and TS/TG?

2.5 Results and Recommended Method of Calculation.

2.5.1. _Summnary of results.

'To facilitate calculation, the main results derived in §2.4
are presented in the form of tables and figures. Table 2.8 gives
the corresponding values of Fcc P and Fcc p VS FRsRes > and FRxRex’
Table 2.9 gives the values of FC at various MG and TS/T , and
Tab.le 2.10 gives the values of Frg at various M, and TS/TG.

. Values from TableS‘IZ..B-ZA.lO are plotted in Figs. 2.21 and 2.22

for the convenience of use.
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2.5.2+ Discussion of results.

The theory presented in §‘2.l;. hes been seen to be
satisfactory in correlating frictional-drag data‘ for compressi'bie
turbulent boundary layers. It also results in a correlation
which is very simple to use as will be secen in §2.5.3.

The expression recommended for FC implies the assumption
of one or the other _variety of the mixing-length theory

R
the comparison of the theoretically derived and the experimentally

(§2.4.3); the expression for F 6 is entirely empirical. On

obtained FRS

Re,tn = (ohs) (fs/ fc)ﬂ E/B;) ... (2.87)
Fs,exp = (/T 0 00,0 /1772 it (2.96)

ﬁhey enable us to ascribe ﬁhe ('.I‘S/'I‘(J;r)o'-?o2 component of FRS,exp

functions,

o the viscosity near the wall and the (T,q, /'.r.'s)o'772 component’
to the B/3,. - This implies that the ( fs/fG) component of FR'S’ th"'*-_.__'
should be unity. Kence the present theory supports the use of )
the von Karman mixing length theory ( §2,2.3) with the integration
constant, E, expressed in the form

E =B, (T, /)0 17% ver (2.100)

This expression for E(Eq. 2.100) indicates that E increases
with increasing rate of heat transfer to the wall (the highest
rate corresponds to the hichest Tac’l., /TS).

Now, theoreticélly, the expression for E is believed to be
& function of u and y+ at the imner edge of the turbulent
ou‘her-—léyer, whose magnitudes are expected to be dependent upon
the leminar-sub-layer and the transi‘hional—buffer;-la.yer

characteristics. An implication of the present empirically derived
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'E is therefore as follows. For the adisbatic-wall case , the
temperature éradien’c at the wail is zero and the properties
of the fluid close to Jclh'le wall are essentially uniform. Heﬁce
the use of a constant E was found to be sufficiently adequate to
correlate the dreg data for the adiebatic-wall condition. For
the case of the presence of heat -transfer, the exister;ce of the
temperature gradient at the wall is expected to cause the
varia‘Eion of the proverties of the fluid in the region close to
the wall. Hencé the value of E was found "co be dependent upon the
heat-transfer rates (Tad,S/TS)'

The above immlication indicates that, in order to find a
physical hypofhesis to £it ti.e empiricaﬂ.ly derived E, heat-transfer
effects on the values of u' and y+ in the laminar sub-layer and
the transitionel buffer-layer should be studied. Such data are -
still lacking; it is not as yet possible to formulate a relisble
analysis for the region close to the wall and‘ in particular for
the transitional region. | Undex; this circumstance, j.’c is thought
.bétter at the present sté,ge to recommend the empirically derived
functions than to advance speculative ﬁypotheses. It should
however ve mentioned that a large amount of information about
the hypothesis for the E f‘unc’c:Lon can be obtailned at low speeds
without a supersonic wind 'tunnel a€ it is clear in the above

discussion,

2.5.3, Recoumended method of calculation.

In most common cases, the problem is to find the drag

coefficient when the Reynolds number, Mach number and temperature
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ratio are known. - The procedure for solving this problem by use
of the present method is as follows. First, the value of Fc is
determined from Table 2,9 or figure 2.22. Then the value of
FR'S is determined from Bq. (2,96), Teble 2.10 or Fig. 2,22, and

where necessary the value of Fp is obtained from the equation
P = Fre/F_ ' cee (2.67)
Finelly, by using the input value of Reg, (or Rex) and the
values of FRs(or FR:-:) and F_ above, ¢, or Ef can be obtained
from Table 2.8 or Fig. 2.21.

The above calculétion can be ‘perfomed in a few minutes
with an accuracy of 1%, The latter is, of course, well within
the limit of experimental accuracy at present.

2,6 Conclusions.
In - conclusion, the results of the present chapter can be
sumarised as follows,

A procedure has been developed semi-empirically for
predicting the drag coefficient on a smooth surface of zero
streeamvise pressure gradient at various Reynolds numbers, Maoh’
numbers and ratios of surface temperature to streem tmperat&e.

The extent to which the procedﬁre correlates the existing
experimental data can be judged by the inspection of Figs,
?.18-2.20, vhereby it must be remembered that the éxperiments
have been carried out in seversl entirely differeht pieces of
apparatus and are not of high accuracy. The correlation is
better than that given ny any of the other existing theories as

can be seen from Table 2,6 and Fig. 2.6. The value of the present
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procedure is that it does not make use of the more arbitrary
- assumptions of earlierl theories; it lets the data speak for
the:nselﬁes.

ihe pfocedure is simple and quick to use in engineering
calculations and its accuracy is only limited (at the present
time) by accuracy of experimental data from which it is in part
derivéd,

The necessary auxiliary functions have been tabulated
(Tables 2.8-2,10) and plotted in Figs. 2.21 and 2.22 for reedy
referende. However, it must be remembered that experiments have
not yet been carried out over the whole range of conditions
covered by the tables and figures. Figs, 2,1-2.4 show how
remarkably restricted has been the range of experimental
conditions so far.

The procedure is capable of greater refinement when more
accurate experimental data are available, say, by modification
of the FRS function.

As a point of academic interest, it was shown in §2.5.2
that the present theory could be built on a model based upon
the von Karman mixing length theory with an empiricel expression

for E. The nature of the E was discussed in §2.5.2,
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CHAPTER

HEAT TRANSFER

3.1, Introduction.

A simple way to calculate heat transfer in twrbulent flow
is to derive it from the frictional drag coefficient (c f) with an
equation .

8t = S.cf/2' ces ‘ (3.1)
where St is the Stanton number and S is the "Reynolds-analogy
factor". 4 pr;ncedure for the calculation of the frictional-drag
coefficient at verious Reynolds numbers, Mach numbers, and wall-
to-—mainstream temperature ratioé has been developed in the previous
chapter. A reéomméndation fpf an adequate Reynolds-analogy factor
for the turbulenf flow of air will be made below.

There are several ’cheories in the literature, for example,
see Refs. 3.1-3.9, Wh:ic;h are concerned with the derivation of the
Reynolds-analogy factor. They are reviewed and compared in §3.2.

Iﬂ orgier to check the theoretical predictions, extensive
heat transfer measurements available in the literature [3.11-3.22)
are collected and examined in = §3.3.

The fralue of the Reynolds-analogy factor which is
recommended for use is given in §3.4. Resuits of this chapter
are summarised and discussed in '53.5. Conclusions are given in

§3.6. |

3.2, Survey of Previous Theoretical Work.

3.2.1s DNetures of analyses.

The modes of derdivation of twelve theoretical Reynolds-analogy

factors [3.1-3.9) are indicated in Teble 3.1. The significence
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of the contents of this table will be described below. It was
found that the theories have mucﬁ, in common with one another.
One reason for the similarities is that thé_y can all be
derived from the equation
; Q(Ii | e

tot(—) GGG) vee (3.2)

where Prto 4 is the total Prandtl number and is defined as
, - c_(u+g ) | |
Prtot = pg# u oo (3-3)
(x +€h) ~
Eq. (3.2) wes derived from the 2-dimensional boundary layer
continuity, momentum and energy equations with the assumption of
Y, q and T distributions in the boundary layer being functions
o:f‘ u only, (e.g. see Ref. 3.8)
To evaluate the S—:Lntegral of BEq. (3. 2), the distribution
of the shear stress (T) and the total Prandtl number (Pr_t t)
in boundary layers are required to be knovm. For the former, |
 with the exception of van Driest [3.8] and Spence (3.9 all the
other authors of the theories of Table 3,1 have assumed 'r/’fs
tot

assumptions have been used by the various authors.

to be unity. For the Pr distribution, several different

The assumptions about Prtot'

three categories, hamely, (i) the turbulent transport is

‘can,however, be divided into

assumed to be negligibly' small in comparison with the molecular

| transport (i.e. Prt g=Pr=c ,a/k), (ii) the molecular
transport is assumed to be small in comparison with the turbulent
transport, (i.e. Pr

ot = Py =,°p€u/"h)5 . and (iii) the



65.
turbulent and the molecular transports are of comparable sizes,
the Prto % is then derived from Eq. (3.3) with the assumption

that a "aw of Wall" (u'=u'fy')) exists. In the last category

the expression for Pry ., is: / :
Prtot = T ay*/au” see | (3.4)
A 1 - ’

For the uniform-property boundary layer, Eq. (3.4) reduces to

tot 1 o1 _dx+ 1__1-.., M3
_P-:.:& Pr t( aut ” )

In Table 3.1, the individual theories based upon Eq. (3.2)
are distinguished by the éssumed T and JPJ;:bo % distributions, -and
the assumed Pr, value. The values of S predicted by the various
theories will be compared in the following sections ( §§3.2.2
and 3.2.3).

3.2.2, Theoretical Reynolds-analogy factor for the uniform-

property turbulent boundary layer of air.

It can be seen in Table 3.1 that most of the theories have
not taken the boundary-layer property variations into account.
‘In order to examine the fundamental assumptions made by the
various authors, the values of S for the uniform-property.
turbulent boundary lsyer are first compared. For this purpose,
the S values predicted by the various theories (Table 3.1 and
Ref, 10) at Rex equal to l}L’LO6 and Pr = 0.7 are shown in Fig,3.1

> to ].JclO8 is

and the variation of the S values for Rex from 1x10
Shom in Table 3. 2-
It can be seen from Table 3.2 that the variation of the S

value versus Reynolds number predicted by the different theories
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depends essentially on the assumed value of the turbulent Prandtl
number (Pr,); that is, on the assumption of Pry being unity the
S values at Roxequal to ]_'X'J.OS and lxlo8 are respectively about
3% ebove and below tiqe mean 8 value over the stated Rex range,
whilst on the assumption oflPrt being in the range of 0.85 to
0.9 the S valuea;?about 1.5% about the mean S value.

For the theoretically predicted S value at a given Reynolds
number, (say, Re_ equai to 1x106) it can be seen in Fig. 3.1 that
the difference of one theory from the other can be as great as
206,  This difference appears due meinly to the assumed "Law
of Wall" and/or its associated parameters such as uI, u; etc.

VIt is indicated in Fig., 3.1 by the fact that different values of
S are predicted by those theories which used the .same assumptions -

for ¥ distribution (ﬂ’/‘l's = 1) and the Pr, value (Prt =1).

t
With regard to the influence of the shear-stress distribution,

though the required shear-stress law is by no means certain at

the present, for the boundary layer of air its influence on the

S value appears to be small, It can be seen in Fig. 3.1 that

when the van Driest {3.8] and the Spence [3.9] theories are

+ being 0.9, the predicted

S values are about the same as those predicted by the original

modified to ¥/¥y being unity and Pr

van Driest and Spence theories [3.8 and 3.9F with variable
she ar—s‘tres s distributions.

Comparison between various theories has been made above;
the accuracy of the individual methods will be checked against

experiments in §3.3.
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3,2.3. Theoretically predicted influence of the

compressibility of air.

When the stream velocity and/or the temperature difference
between the wall and the mainstream are large, the air pmperfies
in bounda‘\ry layers will be non-uniform. The influence of the
property variation has 'been considered by the authors of Refs.
3.2, 3.5, 3.6, 3.8 and 3.9.

The ratios of the varisble-property to the uniform-property

S predicted by those theories (3.2, 3.6, 3.8 and 3.§f , which
have considered the property variation, are plotted versus MG

(at Tad’S/TS = 1) and Tad,yTS (at M, = 0) in Pigs. 3.2 and 3.3
respectively, These figuresshow the qualitative agreement
between the various theories, that is, the value of S is directly
T,

ad,S/ S
(Fig. 3.3). The validity of these theoretically predicted trends

related to M, (Fig. 3.2) and inversely related to T

is still left to be checked by experiments.
3.2.4. REsumé.

The natures of anaiyses of the various theories have been
discussed and the comparison between those theories have been
made above, In the following section ( §3.3), the experimental-S
data will be collected and compared with the theories in order to |

check the accuracy of those theories.

*The theories of Ref. 3.5 is not included, because the
"reference station" at which the properties are recommended

for use is still indeterminate,
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3.3." Survey of the Experimentally Obtained Reynolds-

Analogy-Factor Data.

3+3.1. GCollection of experimezital—Reyﬁolds;analogy-factor ‘
data, |
As very few investigators made the simultaneous heat-transfer
and frictional-drag measurements, the experimental Reynolds-
analogy factor (sexp) will be derived from the measured heat-
transfer coecfficient (Stexp) by the equation,

Sexp = Zstexp/cf,th! e » (3.6)

where c is calculated by the method of §2.5.3.

£,th
All published experimental St data available to the author

{ 3.11-3.22] have been collected and tabulated in Appendices

3A and 3B together with the derived S values (vy Bq. 3.6). Fig.

3;4 shows the collected St vs Rex data fof the uniform-property

flow of air (i.e. data obtained at small Mg and small "TG- S')'

Figs. 3.5-3.7 show the ccllected .variablefprope;'ty—turbulent—

boundary-layer data in the form of St vs Resz , St vs Rex'and

8t vs Re_, and Fig.' 3.8 shows the conditions (i;e. values of

My, TS/TG and Tad,S/TS) which have been explored experimentally..

3.3.2. EBxamination of the experimental-Reynolds-analogy

factor data for the unifom—pronei'ty flovr of air.

The collected experimental data for the uniform-property

¥ The suffices "exp" and "th" stand for experimental and
theoretical, respebtively; but on some occasions below these
suffices are oxﬁitted for sake of simplicity as is clear in

the text.
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flow of air (Appendix 34) are at the conditions of T, '= 90°F.

G
to 3x106 (average Rex'.—_ 1x106). The corresponding experimental

(i.e. Pr = 0.7), Ty/T, = 1,03, snd M, = 0,08 snd Re_ from 2¢10°

value of S at these conditions isll.162 on the averagz. On
comparison of this empirical-S value with the various theoretically
predicfed S values at the same conditions (Fig. 3.1), it is

found that several theories (:'L.e_. theories of Prandtl-Taylor

and Refs. 3.3 and 3.7) are in close agreement with the

experiments.

The comparison above has been restricted to a particular
Reynolds number (Rex = 1x106). In order to check the accuracy
of the theories at other Reynolds numbers, the range of Re_
covéred by the experiments is too small to allow a direct
comparison. However, it was shown in §3.2.2 that the theories

which use Pr, ‘equal to unity predict greater variation of 8

t
versus Rex than those theories which use Pr L = 0.9. Johnson
(}.23} measured the mean as well as the fluctuating velocity
and temperature in turbulent boundary layers on a flat plate
and foundib;t?'lté average turbulent Prandtl numbér was at the order
0.9, This '.Prt value is the same as that used by Spalding and |
Jayatillaka (3.7) ; but Prandtl-Taylor (3.1, p.206) and von
Karman (3.3]) used Pry equal to unify vhich is not in agreemeéent
with the‘ measured Pr (323] . The variation of § versus Re_
is therefore expected to agree closer with the theory of Ref,.
3,7 than with the theory of Prandtl-Taylor or Ref., 3.3.

From the above comfarison, it appears that the theory of

Ref. 3.7:
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s = ]/fPrt{l +_L8;G_;2f!Pr )4_,]}] . (3-7)

where Pr, = 0.9, gives the best agreerhent with the experiments
for the uniform-property tu:.rbulent ‘boundary lsyer of air.

Now the variation of S wvs Re calculated by Eq. (3.'7)’
is only 1.4% about the mean over the Re‘{ range from lxlO5
to 1x10° (see Teble 3.2), Hence for the unlfonn—property flow
of air a constant value of S (say, equal to 1.162) is sufficiently
adequate. Flg. 3.4 shows the experimental and theoretical v
St vs Rex, where the theoretical St vs.'Rex curve was calcul-ated‘
by Bq. (3.1) with § = L.162 and o, being evaluated by Bq. (2.72).
The agreement between the theofy é.nd the éxperir‘nents is seen to

be good;

3.3.3. BExamination of the experimental-S data for the

influence of the compressibility of air.

The theoretically predicted influence of the compressibility
of air was examined in§3.2.3. It was found that (i) for the
adisbatic-wall case, the S increases with increasing M, (Fig.3.2)
and (ii) for the case of the presence of heat transfer, the S
decreases with increasing T . S/T (Fig.3.3).  The collected

ad,d 7S
experimental data of Appendix 3B will be examined below for the
trends predibtcd by the theories; |

(i) Adisbatic-wall case" By the adiabatic-wall case here

is meant that the heat-transfer rate is small so that Tad S/TS
>
is approximately equal to unity (say, 0.9 £ T.a o/ Ta€1.1).
. =) )

S data of Avpendix 3B with Tade/TS between 0.9 and 1.1 are
. b4 .
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plotted sgainst Mach number (MG) in Fig. 3.9 and Fig. 3.10
where Fig. 3.9 shows the data for Rex'equal to lxlO6 (approximately)
only, whilst Fig. 3.10 includes data at all Rex.

On comparison of Fig. 3.9 with the theoretically predicted
influence of M, (Fig. 5.2), it is seen that the experimentgl'
data do not show the trends indicated by the theo;ies. It
appears that the discrepancies betweenythe experiments are too
greét to check the small influsnce of‘MG; because atlgg, say,
equal to 5, the theories indicate a deviation of only 4% from the
§ value for the uhiform—property flow, whilst the experimental-
8 data fluctuate at about 10% about the value of S equal to 1.162.
Fig. 3.10, waich includes S data at all Reynolds number,shows
that the experimental-S data are still within about + 10% of
the constant 1,162. Hence the value of S being 1.162 represents
a good mean for the exéerimental data at all Mach numbers and
Reynolds numbers which have so far been explored experimentally.

(ii) Case of the presence of heat transfer. All the S

data of Appendix 3B are plotted against Tad’s/TS in Pigs. 3.11
and 3.12, where Fig, B;llAincludes the data for Rex equal to
lx106,(approximately) and Fig. 3.12 includes the data at all
Reynolds-number values. Fig. 3.1i indicates that the S data‘are
again too scanty to detect the small effect of heat transfer

on the value of S predicfed by the various theories (Fig.3.3).
Fig. 3.12 indicates that the value of S being 1.162 represents

a good mean for all the data at Tad,S/TS between 0,5 and 1.6

regardless of the difference in the walue of Rex(or Resz).
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For the value of T_, S/TS greater than 1.6, the data are however
2

scarce and conflicting.

 3.4. Determination of Reynolds—Analogy Factor (8).

In general S can be written ass

S =Sy, T Re, Pr) ... (3.8)

ad, s’ 75’

Although the wall and /or the mainstream temperatures are
often not reported so that the exact value of Pr is not known
in many cases, yet most wind-tunnel tests h;ve been carried out
at a mainstream temperature of around 100°F [3.24), Then the
. mainstream total temperature is at 100°F. and Tad,S/TS is not
greatly different from unity, the wall temperature will remain
at about 100°F, Hence' the value of Pr of air in the region close
to the wall, where the molecular transport is important, remains
substantially constant in most cases and an average value of 0.7
can be aséuned_for the present investigation. This simplifies
the S-function of Bq. (3.8) to

S = 8(i,, Tad’S/TS, Re)  ase (3.9)

Now, experimental data giving S can be used to determine
the dependence of S on M,, Tad,S/TS and Re. The drag is
calculated for the same condition as the Stanton number
.measurements ﬁsing the method of §2.5.3. It‘ was, however, seen
in the above section ( §3.3) that there is no ordered dependence
of S on either of these parameters, whilst a constant S equal to
1.162 for the uniform-property turbulent boundarg‘rl of air ab Pr

equal to 0.7 can be taken as a good mean for the dompressible

turbulent boundary layer.
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For want of more conclusive experimental evidence, the
empirical constant (S = 1.152), which fits the data well, is
recommended for use. A better estimate of S can be made when

better experimental results become available,

3.5. Results and Discussion.

The theoretically and experimentally obtained heat-transfer
data for the flow of air have been reviewed in §§3.2?§aand 3.3}f'f
respectively. It was found that the theories predict (i) a small
vaﬁiation of 8 vs Reynolds number (Teble 3.2) and (ii) a small
influence of the compressibility of air on the value of S (Figs.
3.2 and 3.3). The experimental data giving S were found to be
too scahty for checking the small influence of.the compressibilty
of air on the value of S (Figs. 3.10 and 3.12).

This situation has also been recognised by several previous
authors, for exemple, those of Refs, 3,22 and 3.24. For this
reason, & simple analogy fac%dr, such as the Colburn's Analogy
(s = Pr-2/5> [3.10] , has often been recommended for use (e.g.
see Refs, 3.12 and 3.24). The degree of correlation achieved By-
the use of Colburn anslogy had not, however, been able to be shown,
because the drag coefficient (cf)'was not often measured
simultaneously wwith the heat transfer coefficient (St) and the
reliability of the theoretically predicted cp Was still rather
uncertain,. | .

. As a suitable procedure for the prediction of c. has now

been developed {52) the present author has obtained 8 from

the experimental St data using ¢, for the same condition as the
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St measurements by the method of §2.5.3 and found that the
empirical S value (= 1.162) from the uniform-property flow
of air at Pr = 0.7 satisfactorily'coz'i'elates the S data for
the variable-property turbulent boundary layer. 6f air and it
- is much better than the commonly used Colburn analogy (see
Figs: 3.1, 3.10 and 3.12).

The recommended procedure for the evaluation of the
Stanton nurber (St) is therefore to calculate the drag
coefficient (cf) by the method of §2.5.3 and then to obtain
the required St by multiplying cf/2 by 1.162,

The recommendation of a constant value of 8 for the flow
of air implies that the influence of the compressibility of air
on the heat-transfer coefficient (St) is entirely taken care of

R
number values at several different Reynolds numbers, Mach

by the F_ and F functions which were developed in §2.4. Stanton-

numbers and heat-transfer conditions have been computed by the
presently recommended procedure and are plotted in Figs. 3.13
and 3.14. As shown in these Figs. (3.13 and 3.14), (i) for a

given M, and T Ty> St decreases with increasing Re, (11)

G ad,S/ S?
for a given ReX and Tad,S/'T , Bt decreases with increasing MG’
(1i1) for a given ReX and Mg, 3t indrdasos with increaaing
Tad,S/T ¢ _ /

The extent to which the recommended method correlates
all the existing experimental data can be Judged by irspection

!

of Figs. 3.15 to 3.17, where the theoretical and the experimental

values of F 8t (or F 8% ) are plotted against Fpg Reg, {or FRqu‘)' i s
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seen in these figures that ﬁhe piesent ﬁathod correlates all the
data within about £10% with ﬁhe exception of the data of Ref:
3:21, bOn c_qmpa_risoxi of the data of Refi 3:21 with the data of
Ref; 3:22 and the redommended tHeo¥y as shown in Fig: 3:18; it
is seen that the data of Ref: 3:21 are about 20f above the
data of Ref. 3:22 and the theory for the same conditions (1ies
Re_; M, and Tad;S/Tb)‘ It is therefore believed that the
accuracy of the data of Refi 3:2L ifi doubtfulis On the exclusion
of the data of Ref, 3,21, fhe present method dorrelates the
existing Stantori-number data within an ervor which is about the
accurasy of the data from different sources,

Finally, it must be mentioned that the recommended 8 equal
to 1.162 is entirely empirical, From Figss 3.2 to 3.8 it can
be seen that the ranges of conditions at which experimentsl data

8

are available are Re from 1x10° to 1x10°, M, up to 10 and

G
T S/T from 0,5 to 1.6 (excluding the doubtful data of
ad,3 7S
Ref. 3.21). Tae gscarcity of data at large Tad S/TS is obvious.
b
However, it was secn in §2.5.2 that the Tad,s/ﬁé is an important
pavameter of the Law of Wall; and it was seen in §3.2 that the
theoretically derived 8 expressions are dependent of the assumed
Law of Wall, In oxder %o give sufficient confidence in the use
of a constent 8 for large T.a S/T , it is desireble o extend
. H]
the range of Tad S/TS for which data are available,
, .
3 . 6 . GO ncluSionS 0

In conclusion, the results of the present chapter can be

summarised as follows.
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All existing theories predict small influence of Re, M,
and TS/TG on the value of the Reynolds-analogy factor (S),but
the exising experimental data are too scant& to reveal this
small influence. Unaer this circumstance, an empiricaliconstant
velue of the Reynolds-analogy factor is tentatively-recémmended
 for use, nsmely, S = 1.162. The degree of correlation for the
existing date achieved by the use of S equal to 1l.162 whefe Co
being evaluated by the method of §2.5.3,1s remarkebly good (see
Figs. 3.15 to 3.17). |

The reéommended procedure for the evaluatioﬁ of St
at & specified condition (Re, M, and TS/TG) is therefore simply
- to calculate the frictional-drag coefficient (c f) by the method of
§2.5.3 and then to obtain the required St by multiplying the
c/2 by 1.162. | |

With‘regard to the experimental data available in the
literature, it was found that the data at large temperature
difference (or large Ta&,S/TS) are scarce and conflicting. The
recom?ended method has been confirmed by experiments only at
Tad,S/Ié‘uP to about 1.6. Additional data at large Tad,S/TS are
desirable in order to increase confidénée in the use of the
presently recommended method. Experiments at Tad,s/mé up to 2.7
which have been cafried out by the present author are reported

in the following chapter.
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| CHAPTER L
EXPTRIVENTS

L.l., Introduction.

Numerous experimental heat-transfer data in compressible
turbulent boundary lsyers from the literature were reviewed in
the previous chapter ( §3); the conditions were of Reynolds
number (Rex) from lxiO5 to 1x108, Mach number @Q;) from 0.2
to 10, and tempcereture ratio (Tad,S/TS) fram 0.5 to 1.6. It
was found in §3 that experiments are not accurate enough to
reveal the effect of the various parameters (Re, M, and
Tad,S/%S) on the value of the ngnolds-analogy factor,
s(= ZSt/cf); a simple equation, .

St = S.c/2 (4.1)
where S = 1,162 and cf/2 is calculated by the method of §2.5.3,
correlates all the data at fhe conditions stated above within
an accuracy of about 10/% as shown in Figs. 3.10 to ‘3.12.' These
figures also show that the greatesf uncertainty exists in the
region of large heat~transfer conditions, that is, data at large
Tad,S/TS (say greater than 1.6) are scarce and conflicting.

The purposes of the present experiments were (i) to
extend the range of heat-transfer conditions beyond those of
other publications and (ii) +to check the spplicability of Eqs (he1)
at large Tad, /TS. For these purposes, measurements of heat-

| 5 6

to 2x10°, My

t0 0.25 and Tad’s/TS (zTG/TS_ for the present case) from 1.02

transfer have been made for Rex from 1x10 from 0.05

to 2.7. .
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The experiméntal method and the calibration of wind tuﬁnei
are respectively described in §84.2 and 4.3 below. Measurements
of heat-t-ansfer coefficients are reported in $4.4, and
conclusions dravm from the experiments are sumarised in $4.5.

4,2 Description of Method, Apparatus and Measurements.

4.2.1. Exoeriments Method.

The transient technique was used to measure the heat-transfer
rate. This technique has been used by a number of earlier
investigators, for example, those of Refs, 4.1-4.k. It is
particularly suitable for the present purposes, because a wide
range of temperature ratio was intended to be explored.

The measurement was carried out in a 18"x12" low-speed
wind tunnel. A 12"x24"x3/16" test plate was placed vertically
in the cen’si‘e—line of the tunnel. The plate was precooled by
liquid nitrogen to about -BOOOF. " On subsequent exposure of the
precooled plate to the tunnel air at known velocity (controllable
 between 70° and 280°F.), temperature of the plate at 12 positions
were reCOrrled. against time. From tﬁese recorded T (‘temperature) -
t (time) curves, heat-transfer coefficients at various Reynolds
numbers and temperature ratios were derived.

Details of various components of the apparatus and
instrunents are described helow.

\l;..2.2. Apparatus.

The apparatus consisted es;sent'ially of a wind tunnel, flat
test plate, cooling apparatus and air drying plant. Figs. 4.1

and 4.2 arc the respective photograph and sketch of the general

layout of the appafatus.
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(i) Tind tunnel. The wind tunnel was of the closed circuit
type and sir was circulated by a f'an which was driven by two
congtant-speed motors of 5 h.p. at 575 r.p.m. for the lower speed
range and 120 h.p. at 2950 r.p.m. for the higher speed range through
a Vulcan Sinclair Fluidrive Coupling providing infinitely variable
speed ratio of 5 to 1. The fan speed was remotely controlled
electi'ically through a handle and a set of switches mounted on a
control panel,

A heat exchanger of the secondary surface type was used to
obtain a range of temperatures by passing water or steam through
the heat exchanger. Steam and water entry was controlled by
remotely oi:erated valves,

‘ At the entry to the working section reasonably uniform
velocity, temperature and humidity profiles were required. These
were achieved by an "egg box" type straightener immediately after
the Cascade bend preceding the working section having length/width
ratio of 3 to 1 followed by a 30 mesh x 36 S.7.G. wire mesh
screen, following by a smooth contraction into the working section.

The tunnel had the following performance:

Size of Workingisection cans 18"vide x 12"high x 36"long‘.‘
Size of section before .... 2'-6" square.

contraction into working

section,

Velocity in working section .. 2 to 240 £t/s.

Flow Rate ceeenas 22,000 ft3/m. (max).



Temperature . ceeerean Controllable over the range of

smbient temperature to ambient

plus 200°F.,
Humidity cescneune Down to dew point temperature
of 10°F,
Conditions at entry to working
section EEREEE crces Reasonably uz;lifom velocity,

temperature and humidity
.profiles and reasonably low
level of ﬁvrbulence.
(11) E_'e_a_ét plate. Design of the test plate is shown in
Fig. 4.3. The Hlate was 24" long x 12" high x 3/16" thick
(nominal size) placed vertically in the centre-line of the tunnel
working section. The mounting of the plate to the tunnel was so
designed as to reduce the heat conduction in the chordwise
direction, The material of the nlate was Monel 400. It was
chosen, because (i) its physical properties over the whole
interested range of temperatures were known, (ii) it was easily
machined and polished, and (iii) its medium value of thermal
conductivity (e.g. 16 c.f. 222 Btwh £t °F for coper at room
temperature) gave a compromise between the uniform temperature
across the thickness of the plate and the low heat conduction
along the plate,
Twelve calibrated copper-constantan thermocouples of 0.0048"
(40 S.7.G.) were electrically welded and then soft soldered into
twelve 0,020" dismeter (No. 76 drill) small holes in the surface

of the plate. Electrically insulated thermocouple leads were
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imbedded in 1/32? grooves. Detéils of the thermocouple fixing
is‘shpwﬁ in Fig, L.3a.
| Six of these thermocouple beads were placed along the
centre-line of the plate and the other six were placed alternately
af one inch above and below the centrejline; this arréngement
enables the cffect of chordwise heat cénduction to be observed
during the test. Positioné of the thermocouples are indicated
in Fig, L.3, | v

The plate was polished and lapped by a portable electrical
sanaer.. The finished surface was smooth and its thiclmess Waé
found to be 0.186"4 0,001".  The front part of the plate was
taperéd at 50 on each sidc; the leading edge of the plate Wag
sharp so as to eliminate the uncertainty of the effect ofv
bluntness {L.L) . | |

’

(iii) Cooling apparatus. Fig. L.l shows the general layout

of the cooling apparatus. Its main component was the "Cooling
Jacket" which was divided into three'compartments. At the top
of the middle compaftmeht, there was a 2'-0" by 3/16" slot in
which the plate waé placed. The piate was separated from the main
body of the cooling jacket by a Teflon sliding seal Wﬁich also
acted as a thermal iﬁsulator. Threce holes ét the bottom of the
middle compartment were the ligquid-nitrogen-inlet holes; eight
holes at the bottom of the side compartments were the outlet holes
for the gasified liquid nitrogen.

Two pneumatic rams synchronised by two air-flow regulators

were used for moving the cooling jacket up or down as desired.
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Bottled nitrogen gas 1.vvaLs used to applsr a pressure of 15 1b /
in ? on the surface of the liquid nitrogen in the container so as
to pumia the liguid rnitrogen through the cooling jackef. Two
Velves 4 and B (Fig. 4:d) were for shn'h»tring off the nitrogen supply
and for quick release of the residue nitrogen in the cooling Jjacket
at the end of each cooling operation.

The cooling operation was peffomed by pushing the cooling
Jacket to the uppermost position, closing the valve B, opening
the valve 4, adjusting the gaseous-nitrogen pumping pressure to
15 1b /fin 2‘, opening the valve D and closing the valve C. Then
the plate temverature had reached the required temperature, the
supply of iiquid nitrogen was stopped by closing the valve D,
opening the velve C, closing 'i:hé valve A, opening the valve B,
and 1o'wering the cooling jacket., The recording of the plate T-t
history then began. | |

(iv) Air @rying plant. The air drying plant consisted

essentially of a 12" diameter x 5'-0" high mild-steel vessel
and a 3 h.p. 2ir blower as shown in Fig, 4.5. The vessel was
packed with a bed of & to " granular "Actal" (Activated Alumina).
The top of the vessel was comnected to the air bleeding hole
of the tunnel; the lower end of the vessel was coﬁnected to the
inlet of the blower, the oﬁtlet of the blower was coﬁneqted to the
air inlet port of the tunnel.

The plant was operated as follows: then the blower was
running at full speed and the tunnel fan was running at 500‘ TePelle

part of the tunnel air by-passed the drying plant at a rate of
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1.2 £t 3 /s , where the water vapour was absorbed by the packed
1) »

Actal. Tt was possible to reduce humidity of tunnel air to a
dew point of about 10°F after 2 hours.

L.2.3. }easuremnents and instruments.

Figs. 4.6 and 4,7 are the respective photographs of the
layout of t’ho instruments for the measurements' of thermocouple
e.m.f,'s and for the measurements of tunnel air pressures.
Details 'of the‘instruments are described below.

(1) Themmocouples, All theimocouples used were of BS 1828
P

(1961) copper-constantan wires of 40 S.7.G, (0.0048" diameter)
supplied by the Saﬁonic Wire Company Limited.

4 set of Standard Thermometers (from -120 to 260°F.)
having absolute accuracy of O. 2°F, were used to calibrate the
thermocouples. A thermocouple was tied to a standard thermomster
and immersed in water or in a mixture of Msthanol and Cardice.
The corresponding thermocouple e.m.f.'s and thermometer readings
were noted over the range of temperatures from -120 to 212°F. The
e.m. T 's of the thermocouple at the boiling points of liquid oxygen
and liquid nitrogen were also measured, The differences between
the measureé. cem.fo's and the reference e.m.f.'s from BS 1828
(1961) (4.5)are plotted against temperatures in Fig.4.8. This.
figure together with'Table 4.1 (from Ref. 4.5) gives an accurate
relationship between e.m.f. and temperature of the thermocouple.

(ii) Total temperature measurements. The total temperatures

at the centre of the cross-scctions at positions.0 and X, that is
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the upstrean; and the downstream of the contraction at the en‘triy
into the working section of the wind tunnel as shown in Fig, 4.9,
were respectively measured by placing a thermocouple in a
stainless steel tube of 0.125" 0.D., The design of the total
temperature probe was in accordance with Ref. 4.6. The e.m.f.
of the thermocouple was measurcd by a Tinsley Potentiometer. The

thermocouple circuit is shown in Fig. 4.10.

(iii) Tumnel-air static pressures. The tunﬁel—air static
pressures at positions O and X were tapped from two 3"-diameter
holes drilled on a side wall of the tunnel. XEach of these holes
was connected by a rubber tube through a cock to one of the two
manifolds which were in turn connected to thé tivo limbs of a
Casella Vernier Reading Manometer., The manifolds were also
connecfed to an inclined manometer (30°), this was used to give
a quick rough reading so as to facilitate the adjustment of the
height of the Vernier reading manometer. Fig, 4.11 is a sketch
of the connections of the tubings, manometers and manifolds.

. The range of the Vernier Reading Manometer was 300 mm with
verniers ;:'eading to 0,01 mm. There were glass wool filters and
Actal driers fitted in the pipe-lines as shown in Fig. 4.11.

(iv) Mainstrcam pressure and temperaturc measurements.

A pitot-static-thermocouple mounted on a 2-dimensional traversing
gear was used to measure the temperature, static pressure and
velocity head of the tunnel air at various positions in the working
section. The traversing gear was fixed in the horizontal centre-
plane of the tunnel. Details of the pitot-static-thermocouple

are shown in Fig. 4.12.
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Tﬂe thermocouple e.m.f. and the pitot-static pressure were
res)pecttively measured by the Tinsley Fotentiometer (Fig. 4.10)
and the Cassela Vernier Reading Manometer  (Fig. 4.11) as previously
described.

(v) Test-plate temperature measurements. 4 Honeywell

Multipoin'b Recording Potentiometer was used to record six of the
twelve test-plate thexmocoqples at each run. The thermocouple
CiI‘C\;i'b‘WaS as follows: The six pairs of potentiometer terminals
were connected to the six reference junctions and a 12-point
socket, whilst the No.l-6 thermocouple leads were connected to
a l1l2 poin'b plug and the No. 7-12 thermocouple leads were connected
to another plug. Thus, by plugging the appropriate plug into the
socket, either the first six or the second six plate-thermocouple
€eM. f‘.'si were recorded as desired. The described circuit is
sketched in Fig. L4.13. Numbering of the thermocouples is showm
in Fig. 4.3.

The recérding potentiometer had: (1) ranges of 0-3 mv
DC and 0-7.5 mv DC on a full scale travel of 11 inches, (ii)
chart spéeds of 120 in/h and mulfiples of 2,3 and 4 of 120 in/h,
(iii) intervalgbetween consecutive print of 1.25 and 2.5 seconds.
The Or3 mv range, 240 in/h chart speed, and‘ 2.5 second printing
specd we:@e uscd for tests a'b. small temperature differences (i.e.
small TG+ s); the 0.~7.5 mv, 480 in /h and 1.25 second were used
for tests at large temperature difference (i.e. lerge T, - S)'

(vi)‘ Tunnel-air humidity measurement. The humidity of the

tunnel air was measured by an AEI-Birlec dewpointer. An air-flow
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regulator.and. a simple air flow-meter were fitted in series with
the dewpointer as sﬁovm in Fig. 4.14. The tunnel air was tapp‘ed
from a hole in wall at position 0 (Fig. 4.8). The required
flow rate through the dewpointer was 2 f‘b3 /h. The temperatu;re
of the dewpointer surface wés reduced by bubbling air through
ether in the centre-reservoir of the dewpointer.

4.3, Calibration of Wind Tunnel.

4e3.1. Purnosc and method of calibration.

Wind-tunmnel velocity is often calibrated in terms of the
difference between the reservoir pressure (or the pressure
before the contraction) and the pressure after fhe contraction
at the entry into the working section, for example, see ﬁefs.
4.7 and 4.8, The reason is that once the relationship between
the sald pressure difference and the air velocity at the working
section is dctermined, the latter can afterwards be gauged
without exceszive mani;éulation of instruments and without the
obstruction of excessive instruments in the stream. The main
theory implied in the calibration of a low-speed wind tunnel is
the "uni—directioﬁal incompressible flow theory".

On application of this theory (e.g. see Ref, 4.9), we
can obtain the equation,.

u = C (BB, .o (4.2),
where (PO—PX)C = (PO-PX)x(760/PO)x(TO/5zo) e (4.3),
C is a constant dependent on the density of air at STP (520°R and
760 mm Hg), the cross-sectional area of the tunnel at positions

0 and X (Fig. 4.8), and the unit of the pressure difference.
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“Then the pressure difference is measured in mm of water and
the‘velocity is measured in £t /s ;. the theoretical value of C
for the present tunnel is 13.9%.

In practice, the compressibility of air and the presence
of tunnel-wall boundafy layers make the value of C be a certain
unknovn function of Mach number and Reynolds number which in
turn depend on the temperature, pressure and velocity of the
tunnel air. ﬁowever, for a given low-speed tunnel, the absolute
air pressure at the working section does not change greatly, both
Mach nunber and Reynelds number at a given temperature are
functions of velocity (uG) only. Moreover, as a first
approxﬁna‘tion,‘uG is proportional to A/Gi;ﬁ;;?;. Hence it is
seen that the value of C is a function of (POJEX)C at a given
temperature. |

From the above deduction, it is seen that it is possible
b0 obbain a family of experimental G ( = uy/ WATREWEE
versus CPOéPX)C curves at various T. for the present tunnel.

0
Tests have been carried out at TO equal to 80 and 280035 for the
purpose of obtaining these calibration curves.
The measvrements of pressure, temperature and velocity are
to be described in §4.3.2 and the results bf the calibration are

swmarised in §4.3.3.

4.3.2. Description of experiments and derivation of results.

(i) Measurements and observations. Measurements of TO’ PO

and (POJPX) at various tunnel fan speeds and air temperatures were

made in accordance with the method described in sub-sections (ii)
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and (iii) of §u.2.3.

ﬁG was derived from the average values of Ups Upps Ury
and U  and 'bh~e latters were in turn derived from the pitot-
static-thermocouple readings (sub-section iv of §4.2.3) at
positions I, IT, ITI and IV (Fig. 4.9). The traversing of
the pitot-static-thermocouple was made in the horizontal centre-
plame of the tunnel v-rorkin,g section as described in sub-section
(iv) of §4.2.3 for finding the mainstream velocity outside the
test-plate boundary layer. It was Justified by the facts that
the tuniel veioci-by and telni:erature profiles were reasonably
uniform (i of §4.2.2) and that all the'test-plate thermocouples
were fixed close to the centre-line of the plate (Fige Le3).

Observations of (a) T., P, end ( O-PX), and (b) the mainstream
velocity head (8P) (which was found by traversing the pitot-static-
thermocouple away from the plate until the maximum value of 8P
was observed), the static pressure (P), and the temperature (T)
at positions I, II, III and IV were made. Readings (a) were
used to derive the value of (PO-PX)C; and readings (b) were
used to derive the corresponding values of Ups Upps Uppp and Ury
and honce the value of U

Table 4.2a shows the readings obtained at the nominal To
equal to SOOF,; and Table 4.Zb shows the readings obtained at the
nominal Ty equal to 280°F.

(ii) Derivations. From the recorded values of Ty» Pp and

(PO-PX) of Tables L.2a and 4,2b, the value of (PO-PX)C was

caleculated by Bq. (4.3) in a simple manner.
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From the recorded values of P API a.nd TI, the value of

up was derived in the following manner: ".'Tith the aid of the
tebulated "one-d_jinensional Isentropic Compressible Flow |
Functions” (Table 30 of Ref. L4.:10), the Mach number was derived
. from the_PI and API
calculated by the equation,

readings, and the value of Uy was then

UI ‘=» 2API ses | (l.-.l-}-)

(1) e 22 )(720)

with the appropriate units (that is, :LfoPI is in 1'b/ft and 's
is in slugs/ft , up will be in ft/s ).

‘Similarly, uiI; Uiy and Ury Were derived from the observed
data of the pressurc and temperature at the respective positions
I, IIT and 1V.

Thence, by the equation, ‘

Uy £ (uI +Up o+ Upp 4 uIV)/4 .ee (4 5)
the value of U, was derived.

At t1c bottom of Tebles 4.2a and L4.2b the calculated
values of ug, A/(PO ) and C (2 Uy/ ,,/(P Py),) are tebulated.
In Fig. 4.15, values of C are plotted q,galnst 4/(_3%:5;{50 with
differert symbols to indicate whether the point was derived from
the test condition of TO equal to 80 or 280 °F,

Fig. 4.16 shows the plotting of the percentage increase of
the mainstream velocj:ty per foot length of x. It was derived
from the velues of up, Wy, Wy and upy (dee. the velocities at

x equal to 3", 9", j5" and 21" respectively).
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(iii) Corrclation of experimsntal data. It can be scen

from Fig. L4.15 that the values of C are not affected greatly by
the temperature, and that the "O-function" can be represented by
a S"traigh't line in C vs ‘/EC-)-:E;(SC plane.

From Fig. 4.16 it can be seen that the average rate of the
increase of the mainstream velocity in the x-direction is 0.475%
of U, per foot length of X,

The values of EI_’ EII’ EIII and EIV (the thermocouple e.m.f.'s‘
at positions I, II, IIT and IV respectively) shown in Tables 4.2a
and 4.2b indicate that the lﬁeat loss through the tunnel wall at
the working section was small. The maximum difference of the B's
is 0,008 rav which corresponds to less than 0.5°F.

(the mainstream static

P P

I’ ~11° "I1I Iv
pressures) of Tables 4.2a and 4.2b indicate that the static

The values of PX’ P and P

pressure variation along x is smell, It is less than 0.05% of
Fg (absolute).

L.3.3. Summary of results of calibration.

Results of the calibration are summarised below:

(i) Tunmel averagze mainstream velocity can be derived
from the measurements of Fy, T, and (PO-PX) with the aid of BEgs.
(4.2) ana (4.3) ond Fig. L.15. |
The procedure is as follows:

(a) The value of (PO-PX)C is calculated by substituting

Py, T, and (Py=Py) into Eq. (4.3).

O,
(b) The value of C is then obtained from Fig. 4.15,

(c) u, can now be calculated by Eq. (1.2).
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(i1) The mean total temperature of the tunnel air can be
measured by placing a total temperature probe (Fig. 4.17) at x
equal to 12"; the accuracy of this measurément is within 0,3°F."

(iii) The maihstream static pressure can bé gauged by a
hole in wall at X,

(iv) The mainstream air velocity increases along the plate
?:ngiie(;sa%gig .f L;.?ig)’?;S%sg %h%avgl_eogi%?'ochlgs%gigju ?Logla%_ggg the
plate is satisfactory for the presently intended flat-plate tests.

4.Lh. Measurements of Heat-transfer Coefficient.

Although the purpose of the measurements was to obtain
heat~transfer in compressible turbulent boundary layers af large
temperature ratios (Tad,S/TS)’ in order +to examine the adequacy
of the present setting-up and the influence of some factors, e.g.
the smoothness of the plate, fhe shape of the plate leading edge
and the turbulence level of the tunnel air, the first experiments
were carried out at small temperature ratios (i.e. 1 <TG/Té<:.L.1).
‘The reasons are that at slow speeds and small temperature ratios
‘the boundary-léyer-fluid properties are essentially uniform and
the well confirmed experiments ang theories ( §3.3.2) are
available,

These tests will be reported in §h.k.1; tests with large
* temperature ratios will be reported in $L4.4.2. The difference
between those two sets of tests was in the method used to precool
the test plate, that is, shop-air instead of ligquid nitrogen was
used as the coolant for the uniform-property tests. Conclusions

from the experiments will be stated in §4.5.
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L.hol. Tests at small temperature ratios.

(i) Procedure and observation. The tunnel-air lde.swpoint
was fir'st chgcked. The mainstream velocity and '[:emperéture were
set at suitable values. When the cooling jacket was in the
raised position, shop-air was suppliéd to its middle compartment
to cool the test-plate t0 a required temperature. The cooling
- Jacket was then lowered. On the exposure of the precooled
plate to the preset hot air stream, the subsequent. plate
temperature was recorded against time in terms of the thermocouple
e.m, s versus time. Meanwhile PO’ To and (PO-PX) readings were

taken., Four tests have been run at the following conditions:

Test No. 1 2 3 b4
Re,  7.80x10% 7.79x10% 1.113a0* 1.17mx10*
TOF 183.29  183.18  249.40 236.6L,
T, P 137,38 139.53  171.56 161.63
TCI:T 1-6 7-12 - 1-6 7-12

where Rel indicates the Reynolds number per inch, TGr the
mainstream-eir temperature, Ty the indtial plate temperature
and TCN the thermocouple number.

The data which were observed during these tests are listed
and tabulated in Appendix LA. 24 T-t curves were obtained from
thosc tabulated data with the aid of Table 3.1 and Fig. 4.8 for

the conversion of the thermocouple e.m.f. readings to temperatures,

Fig. 4.18 is an example of the typical T-t curves.

.

(i1) Decrivations. From the readings of (PO'"P}F)’ Pys By

and EG’ the mainstreem velocity (uG), temperature (TG) and

pressure (PG) were derived by the method of §4.3.3. Reynolds
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number per inch (Rel) was then caleculated by the equation:

Ref(quE)/(lg;t) ces | (4.e6)

where u,, fG and M, are the mainstream velocity in ft/s, density
in 1b/ft’, and viscosity in 1b/ft s respectively. The relation
between Mand T is shown in Fig. 4,19 (&..li, p.50h] « The
Reynolds nuamber (Rex) at x" from the lcuding edge of the plate

is ther obtained from the equation:

Re_ = xRe ee (4.7)

Heat transfor to a given pbin‘h at distance x" from the
leading edge of the plate was computed from the transient-heat-
capacity 'ér_lua‘hion s

q = (efngla/at)y ... (4.8)
where g is the total (convected, conducted, radiated etc.)
hcat~transfer rate pe_r.unit area of the test surface; c=c(TS)
is the specific heat of the plate material (monel) obtained from
Refs. 4.12-h.1k (Fig. 4.20); § is the density of the wall
material (= 0.319 1b/in’); 7 is the wall thickness (= 0.186);
and (am/aj)s is the time derivative of the wall tempcrature which
was obtained from T-t curves (e.g. Fig. 4.18) with the aid of a
mirror, that is, a nomﬂ to a point on a curve was first drawan
by placing a mirror on the point so that part of the curve and its
image in the mirror forms a céntinuous curve, the slope of the
curve was then derived from the slope of the normal. If g is
 considered to be only convected heat, then the dimensionless

heat~transfer coefficient, Stanton number, may be written as:
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st = (efnglar/at)g (4-9)
(o F) (Tyq,5Tg)
At slow spceds, Tad,s”TGz Ttot,G’ 50
. (c§7)q(aT/at)y (4-20)

( CpruG-) (T,-Ty)

where CpruG represents the 13rgduc1; of congtant pressure
specific heat, density and velocity of the mainstream air; TG
is the mainstream temperature; TS is the wall temperature at
the point where the time derivative of temperature was determined.

72 values of Stanton number at conditions of Reynolds
number (Rex) from 1.73(101*~ to 1.73:106 and temperature ratio
(TG/TS) from 1.02 o 1.09 have been calculated and are tabulated
in Table 4.3.

(11i) Results and conclusions. . The above calculated Stanton

numbers are plottéd against Reynolds number in Fig. 4.21. For
the purpose of comparison, theoretical curves (a,b and c¢) are
also dravm in the Fig. 4.21, The curves (a) and (b) were derived
from the exact solutions of unifom—propérty-laminar—boundary—
layer equations at Athe conditions of zero pressure gradient,
Prandtl number equal to 0.7, and temperature difference (TG— S)
respectively equal to constant [4.15) and proportional to x
(4.16); the curve (c) was derived from Eq. 4.1 with 8 = 1.162
, and c,, being calculated by Bg. 2,72,

Fig. L4.21 reveals that (i) the boundary layer was kept laminar
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state till Reynolds number got to about 8x10*

and the transition
completed at Reynolds number equal to about 1.2x105, (i1) in
the laminer region, the present data agree with the curve (b)

and (iii) in the turbulent region, the data agree withf(‘c’:?mve (c)
which is also in sgreement with the other experimentsl results
for the uniform-property turbulent boundary layer as previously
shovm (see Fig. 3e¢4).

Pige L.22 shows the typical wall temperature variations
along the test plate. It can be seen from this figure that the
variation of the wall temperature is much greater in the laminar
region than it is in the turbulent region. Theoretically, in the
laminar region [14..16] .

1 .
St = B/Re; veo (4e11)

where B is a constant; so the temperature difference (Tb-TS)
is proportional to f%. This is consistent with the present
results as shomn in Fig. 4.21 by the cuxve (b) and the experimental
data lying in the laminar region. |

The conclusions are therefore that the present method of
measurements is reliable and that the setting~up of the apparatus
'is satisfactory for the purpose of obtaining the data for the
turbulent boundary layer on a smooth solid flat plate at uniform
temperature.

holhio2.. Tests at large temperature ratios.

(i) Procedure and observations. The procedure for the tests

at large temperature ratios was essentially the same as that

previously described for the tests at the small temperature ratios
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(§4.4.1.), except that liguid nitrogen instead of shop-air
. was used as the coolant in order ;? obtain large property
variations in the boundary 1ayer:'# The method of cooling the
test plate with liquid nitrogen has been described in sub-

section (iii) of §4.2.2. 8 tests (No. 8 to 12) have been run

- at the following conditions.

Test No, 5 6 7 8
Re; 6.92x10% 9.31x10% 6.46x10" 61.5x10"
TR 77.61 81.30 238.57  238.51
TS’iOF ~274.91  -290.33 ~301.45 =301.L3
TCN 7-12 7-12 1-6 7-12
Test No. 9 10 11 12
Re, 3.82x10% 5.60x10% 4.99x10* 6.10x10%
TEF 228,50 236,07  245.77  240.69
TS’iOF -277.62  -298.95 -300.21  -299.36
TCN 11 11 11 1

The observed data arc listed and tabulated in Appendix 4B.
28 T-t curves were obtained from those tabulated data. 4n
example of those curves is shown in Fig. 4.23.

(ii) Derivations. The derivation of the mainstresm
characteristics (VG’PG and TG) from the observed data of (PO—PX),

P., E. and E, has been described in §4eL4.l. The Reynolds number

0’ “o el
was then calculated by Eqs. (4.6) and (4.7). Eq. (4.10),
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st = (cf"'_)s(dT/dt)s (2..10)
( cp.?G-uG-) (TG-_TS y

was used to calculate the Stanton number (St'), where the time
derivative of temperature (dT/Ht)S was obtained from the T-t
curves by the method of "mirror and imsge" as described in
sub-section (ii) of §4.4.1. The symbol St' has beenrintroduced
here for the Stanton number derived from Eq., (4.10). It is
because these values will be corrected for pertinent expérimental
errors and the symbol St is reserved for the data after correétion
for the experimental errors has been made. The values of St' ,

Re, and TG/TS are given in Table L.k,

(1ii) Exvperimental errors. The Stanton number (St') derived
above subjects to two basics types of error: (a) erfor whose
magnitude can bé evaluated and (b) error whose magnitude cannot
be accurately calculated. )

The first type of error is due to the radiation, condensation
and non-uniform wall temperature. Details of the method of
the cvaluation of this type of error are described in Appendii
4C. The correction has been made for the values of St'; the
maximum correction required was not greater than 6.5%. The
correctéd Stanton-number data are shown in Table 4.4 as St.

The second type of error contributes to the unceptainty of
the accuracy of the experimental data. It consists of.the‘
effective turbulent starting positioﬁ, the temperature potential,
the T~t slope measurement, the effect of the increased platé

thickness and surface roughness due to the frost deposition, 4n

estimate has been made for each of these items. Details of the
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estimation ave given in Appendix 4D. It was found that the total
uncertainty is about &%.

(iv) Results and discussion.

(a) Resulis. Heat transfer through turﬁulent boundary
layers on a smooth solid flat plate at the slow mainstream speed
(MG— % 0.2) and large temperature ratio has been measured by the
transient technique. Stanton number at seven different temperature
ratios, nemely, TG/TS = 1.25(0.25)2.5 and 2.7, were evaluated.
Tabie L.y and Fig., 4.2 give a summary of the test conditions and
the evaluated heat~-transfer and boundary-layex: ‘parameters,

: Smoched experimental data of Stanton number are plotted in
Fig. 4.25. As shom by this figure, for a given value of Rex,
St increases with incrcasing rate of heat  transfer tp the plate
(the highest rate corresponds to the highest TG/TS); for a given
TG/'.I_‘ » 8t decreases with increasing Re_.

() Compmarison between theories and experiments.

The experimental Stanton-number data of Table L.k, will be
compared Withvtheoretical predictions. As the theoretical Stanton
number is cvaluated by Eq. (3.1), i.e.,

St = 8.c/2 e | (3.1)
the comparison m'il first be made on the basis of a fixed Reynolds-—
analogy factor (8) with the diffefént cp theories and ‘then on
the basis of a fixed c £ .theory with different S theories.

Comparison based upon a fixed Reynolds-analogy factor. The

theoretical values of Stanton number have been computed by Eqg.3.1

with 8 equal to 1.162 ( §3.L4) and cp being evaluated by four
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different methods, namely, those of van Driest-I {4.21), van
Driest-IT (.22} , Eckert [4;23] and 52.5.3. The first three
of these four methods are representative examples for a large
number of theories based upon (:L) the Prandtl differential
equation, (ii) the von Kamman differential equation and (iii)
the incompressibie formula with reference properties; and the
fourth method 1s the present semi-empirical method.

Comparison of the éomputed Stanton-number values and the
experimental data is shown in Fig. 4.26. At the moderate rate
of heat-transfer (say, at TG/TS = 1.5), the degrees of
correlation achieved by all the four theories are about the same.
The agrecement bet&egn the experiments and the theories of van
Driesj:—II' and Eckert, however, becomes less favourable as TG/TS
increases, whilst the agrecement between the experiments and the
respective predictions by the method of van Driest-I and the .
method of § 2,5.3 remains good at all the temperature ratios
explored. -

Although the van Driest-I method and the present method §2.5.3)
' give about the same predictions for the present case of low Mach-
number flow, the two theories have different implications as
discussed in §2.4.4, That is, the Fpg function of the van Driest-I

theory is:

=
!

= G/ pg) (/)

(TG_/TS)l'zs, for low Mach-number flow ... (L4.11)

R&

whilst fhe F

rg function of the method of §2.5.3 is:
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1

(Mols) (B/3;)
(TG/Ts) 0. 702(Ta&’S/Ts)o.772

(7,/25) %72, for low Mach-number flow ... (4.12)

Ré

As Cp is a weak function of FR&’ the small difference in the
indices of (TG/TS) of Egs. (4.11) and (4.12) for the condition
of low Mach-number flow does not give appreciable difference

in the cg values, However, at large My, the difference between

Egs. (4e11) and (4.12) is great. For example, at the condition

of the adiabatic wall, the two F__ functions become:

RG
Top = (Tad,S/TG)-l'% (4.13)
~0.702 :
and Fpg = (Tad’S/TG) (1)

respectively.. The failure of the BEq. (4.13) to correlate ¢ £
data at large MG for the adiabatic wall case has been shown in
§2.3 (see RIS error for the van Dricst-I method shown in Table
2.6); so the agreement between the van Driest-I method and the
present experimental results is entirely accidental. The method
of §2.3.5 should therefore be used to evaluate the ¢ p values,

As it was shown in 83 that the effect of heat-transfe:‘c on
the values of S is small, the sbove comparison has therefore
indirectly confirmed the adequacy of the method of §2.5.3 for
the evaluation of c.. In order to examine the effect of heat
transfer on the values of S in greater details, the present St
data giving S with c, being evaluated by the method of $2.5.3 will
be examined below.

Comparison based upon a fixed dreg theory., With the experimental

St data of Table 4.l and the theoretical cg velues of §2.5.3, the
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.values of 8 at various Re_ and TG/TS have been calculated. They .
are plotted in Figs. L4.27 and L, 28 versus Re_ and TG/TS respectively.
As the range of Re}C covered bff the present experiments is -
small, it is expected that there is no appreciable’ variation of
the value of S at a given TG/’I'S for the present data. This is
confirmed by Fig. 4 27, where the data of S arc plotted versus Rex.
The average values of Rex and TG for the present

6

oxperimerts are at around 1x10° and 600°R respectively. The

theoretical values of S at the average condition (i.e.
— .

o]

Re = 1x10 end T, = GOOdR with Pr being the value at the wall,
namely at T = Tg = GOOTS/TGOR) have been computed by the methods
of Prandtl-Taylor (4.1, p.206} , Colburn {L.24), Rubesin [4.25},
~ van Driest [4.22]), Spence [L4.26) , Deisélei'. exnd Loef{ler (2+.27j
and Spalding and Jayatillaka [4.28) ; and they are plotted
against TG/TS ih Pig, 4.28 in order to compare themselves with
the experiments. It can be seen in this figure that the theories
which give thc best agreecment with the experiments at the small
temperature ratio still give the best agreement at the large
temperature ratio. It is because the influence of TG/'I'S on the
value of S indicated by the experiments as well as the theories
is'Small. Fence the use of a constant value of S which is
suitable for the unifbm—property turbulent boundary layer is
also adequate fér the large temperature rafios.

Fig. 4.29 shows the extent to which the present St data
are correlated hy the method using S equal to 1.162 and Cp

from §2.5.3. The degree of correlation achieved is seen to be
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about thc accuracy of the present data (38%).

(c) Implication of the present findings. The use of a

Reynolds-analogy factor to caleulate the heat-transfer coefficient
from the frictional-drag coefficient implies that a similarity
exists betwcen the transports of momentum and energy. Conscguently
the boundary-layer temperature distribution and the Reynolds-
analogy factor are expected to be directly connected with the
boundary-layer velocity profile. All the S theories reviewed
in §3® are based upon one or the other form of the "law of
wall" for the velocity profile as shown in Tabie 3.1.

In particular, the law of wall for the region (the
transitional region), which exists between the laminar sub-layer
and the turbulent outer-layer, is importént. The reason is
that in this region the molecular and the turbulent transports
are of compavrable sizes and a law of wall is required to account
for the relative share between the molecular and the turbulent
transports. Unfortunately, at the present both the theoretical
and the experimental knowledge for the transitional region is
very li;nited; it is not possible to formulate a reliable analysis
for the compressible flow of air.

It is, however, certain that the law of wall for the
transitional region is an intermediate of the laws for ’che‘
sub-laycr and the outecr-layer. Hence the position of the

intersection of the laws for the sub-layer and the outer-layer

¥ The empirical § function is excluded.
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provides a qualita’cive guidance to the law for the transitionai
region. |

It was seen in §2.4.4 (Table 2.7) that the bOSition of
the intersection in discussion is mainly a function of Tad,S/TS
regardless of the difference in M ‘

G
plausible that the law of wall for the transitional region and

and Rey. It is therefore

consequently the § function are also dependent mainly on
Tad,S/TS rogardless of the difference in My and Re . The
present experiments have indicated that the effect.of Tad,S/TS
up to about 3 imposed on the value of S is negligibly small.

Although the experiments were carried out at low Mach
number, from the above discussion it is plausible that the effect
of Tad,S/TS at the other Mach number is also small. Furthermore,
the effect of MG (up to 10) and Rex (from 105 to 108) at smaller
Tad,S/TS on the value of S has already been confirmed to be
small by the other published results as it was seen in §3. Hence
the confidence in the use of S equal to 1.162 for the range of
Re  from 1x10° 4o 1x108, M, up to 10 and Tad,S/TS up to 3 has now
been increased.

Le5. Conclusions.

The heat-transfer rates have been measured on a smooth solid
flat plate at slow speed flow of air by the transient technique.
The first experiments were carried out at small temperature ratios
(i.c. 1<Tac'L,S/TS (1.}.). The results are found to be in agreement

with the other reported data for the incompressible turbulent
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boundary layer, so the setting-up of the apparatus is believed
to be satisfactory.

The subsequent experiments were carried out at the larger
temperature ratios. The values of Stanton number at seven
temperature ratios (nemely, T S/T equal to 1.25(0.25)2,50

: ad,s’ 7S
and 2.7) have been evaluated. The increase in the value of St
for a fixed value of Re with decreasing Tad,S/TS and the decrease
in the value of St for a fixed value of T S/T with increasing
. ad,S’ 78
Re, are consistent with the predictions recommended in $3.

The present experimental results therefore confirm the
adequacy of the method recommended for the prediction of c¢ £
and support the applicability of a constant S (= 1.162) for
T3 S/TS up to about 3. The data reported in other publications

b4
(reviewed in §3) have been obtained at s'mallerTad S/TS than the
b4

present data, but at greater MG and Rex (oxr Re,,.); they also

$2
support the applicability of the constant 8. It is therefore

plausible that the combined effect of Mach number, Reynolds
number and temperature ratio is also small; so the use of the
prediction:

St '-:S.Cf/z ove (Ll-cl)

with S8 = 1,162 and ¢ being evaluated by the method of $2.5.3

Y
is believed to be adequate for the range of conditions which have

now been explored experimentally, i.c. for Rex from 1x105 to

8
1x10°, M, up to 10 and Tad’S/TS from 0.5 to 3.

Fig. 4.30 shows the degree of correlation achieved by the
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recommended method. The agreement between the predictions and
the experiments is seen to be about 1o which is believed to
be about the accuracy of the experiments having so far been

achieved.
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CHAPTER 5
CONCLUSIONS
In conclusion the results of this research can be summarisecd
as follows:

5.1, Frictional Drag.

(1) The theorctical treatments given by earlier authors
are classified, reviewed and where necessary extended; +then the
predictions of twenty of these theories are evaluated and
compared with all experimental data, the root-mean-square error
being computcd for eéch theory. The theory of van Driest-II

(5.1) gives the lowest root-mean-square error (11.06%).

(11) 4 new calculation procedure has been developed
semi-empirically from the postulate that a unique relation
exists between chc and ReER'where Ce is the drag coefficient,
Re is the Reynolds number and Fc and ER'are functions of Mach
number and terperature ratios. When compared with all
experimental data; the predictions of the new procedure not only
give a low root-mecan-square error (9.%%), but also give a better
correlation at lawge Tad,S/Té than the van Driest-II predictions.

(iii) The extent to which the procedure correlates the
existing expcrimental data can be judged by inspection of Figs.
2.18 to 2,20. In vicw of the fact that experiments have been
carried out in several entirely different pleces of apparatus
and are not of high accuracy, the corrclation is entirely

satisfactory.
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(iv) The procedure is simple and quick to use in
enginecring calculations and its a‘ccﬁracy is only limited (at
the present time) by the accuracy of the exlberimental data
from wihile: it is in part derived.

(v) The.ﬁecessaxy auxiliary functions have been tabulated
in Tables 2.8 to 2.10 and plotted in Figs. 2.21 and 2.22 for
ready reference,

(vi) The procedure is capable of greater refinement when
more accurate expérimental data are availasble, say, by
modification of F, functions.

R
5. e Heat Tl“al’lsfel".

(1) Theoretical treatments for the Reynolds-analogy factor
(8) are reviewed, classified and compared. It was found that
for the flow of air the effect of Reynolds number, Mach number
and teuperature ratio on the value of S preciicted_ by all the |
theories is small.

(11) Mcasured Stanton number reported in other publications
are collected. Using these, the dependence of S on Mach number,
Reynolds number and heat-transfer condition fs. examined. The
drag is calculated for the same conditions as the Staﬁton-
nunber measurements using the recomnended procedure. Experimental
St data giving S are too scanty to check the .small effect of
My, Re (or Resz) and Tad,S/TS on the value of S predicted by
the various theories. However, it was found that a constant 8
equal to 1.162 represents a good mean for all the conditions so

far explored experimentally,
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(iii) The recotrnEndéd metho'd for the eveluation of St is
simply by multiplying the ¢ f/ 2 (by the presently recommended
procedure) by 1,162. The extent to which this method correlates
the data in other publications can be scen in Figs. 3.15 to 3.17.
In view of the unavoidsble discrepancies existing between the
data from different sources, the correlation is satisfactory.

(iv) With rcgard to the experimental Stanton-number data
available in the other literature, the data at large heat—tranéfer
rates (i.e, at Tacl, /'.T.‘S greater than 1.6) are scarce. It is
proposed to obtain additional data at large Tad,S/TS so as to
check the asplicability of the constant Reynolds~analogy factor
(S = 1.162) beyond the range of the heat-transfer conditions
for which experimental data are available in the other literature.
53 Baxmeriments.

(1) Heat Transfer throush turbulent boundary layer on a
smooth flat plate at slow speed flow of air has been measpred
by the transient technique and the values of Stanton number at
mad,S/TS up to 2.7‘have been evaluated. ‘

(ii) The present experimental results confirm the
applicability of the constant S (= 1.162) for large heat-transfer
rates, when the drag is calculated by the recomnended procedure.
Thé close agreement between the experiments and the theory can be

SEén in Fign ! 2}.. 29.

5e4s Summary of Recommended Procedure of Calculation. For the
turbulent boundary layer of air on a smooth flat solid plate, when
the Reynolds number, Mach number and temperature ratio are knovm,

the procedure for the evaluation of the frictional drag ’
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coefficient and Stanton number is as follows:
(i) The value of F_ is determined from Table 2.9 or Fig.
2.22. |
(ii) The value of F

Ré
or Table 2,10 or Fig. 2.22 and when necessary the value of

is determined from Eq. (2.96)

Fp, is obtained from the cquation,

FR}{ - Fm/FC ewe (5’1)
(iii) By using the input value of Reg, (or Rex) and the
values of F ‘

RS
from Table 2.8 oxr Fig. 2.21,

(or FRx) and F_ sbove, c, or c f can be obtained

(iv) The value of St (or 5%) is then obtained by the
cquation,
St = Ou581(cf) eee (5.2)

oxr S?E = 0.581(Bf) oo (5-3)

The above calculation can be performed in a few minutes
with an accuracy of one per cént, the latter is, of course, within

the 1limit of experimental accuracy at the present time.
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CHAPTER 6

SUGGESTIONS FOR FURTHER “7ORK.

It is suggestcd that the preéent theory should be extended
and developed in the following ways:

1. There is nee.d for experimental work of greater range
and higher accuracy, so that the theory can be further refined.
Simultaneous measurcments of skin-friction coefficient and
Stanton nuwber are required. Data at various Mach number and
temperature ratio would be required, but data at lai-ge
Tad,S/TS would be of particular interest. |

2. In the above development of the method of predictions
for flat-plate friction and heat transfer, a formulation has
been used which can well be adapted to a later extension to
the situation with finite preszure gradient. That is, the
drag. coefficient has been related to the Reynolds number based
upon momentum thickness as well as that based upon distance along
the wall.

For the apialication of the present method to the case with
mainstrean pressure gradient, the calculation of the shape

parameter defined Dby:
HL.LZ = 81/62 see (6.1),

where 81 is the displacement thickness of the boundary layer,
would be required. This would then be used with the momentum

equation to determine the development of the boundary leyer.
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3. For the flow of air at high Mach nusber and/or temperature,
the wall is often transpiration cooled. In Ref. 6.1 an extension
to include the mass transfer has been made. In that extension the
FR function, for the zero mass~transfer case, was similar to that
of the van Driest-IT theory., It should now be examined Whether.
the extension based upon the present FR function would improve
the predictions.

4o ‘Then the speed of aircraft becomes so great that the
temperature of the surrounding air becomes sufficiently 'high, the
air components partially dissociate. The present method should
also be extended to include the effect of dissociation imposeq
on the frictional drag and heat tra_nsfér.

5. Tinally, it should be mentioned ‘that the iaresent subject
could also be approached in a more fundemental manner than that
described in the ;;ﬁresent thesis, For example, it has been séen
above that the presently recommended exprcssions for Fc and FR
imply the existence of a "Law of Wall" based upon the von Karman
mixing length and the influence of heat transfer on the value of
'E'. A hypothesis for E should be provided.

For this purpose, imitial work confined to the careful
measurements and analyses of velocity and temperature profiles
at low Mach number and different temperature ratios (TS/TG much
less than unity would be of particular interest) should be fruitful.

The next step would be to find the effect of Mach number, Reynolds

number and temperature ratio.
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Tith regard to the analyses of the measured velocity and
temperature profiles, particular attention to the effect of
Reynolds number, Mach number and temperature ratio on the laminar
sub~layer and transitional intermediate-layer should first be
given, This might lead to a Law of Wall with a reiiaﬁie hypothesis
for E.

Although a good law of Wali is useful in formulating varioué
boundary-layer functions (e.g. drag and heat transfer) which are
of great practical interests, it is not expected to be in entire
agreement with the experiments. For example, Professor Spalding
has accounted for the discrepancy between the Law of Tall and the
experiments by an entrainment law (6.2) . The effect of Reynolds
number, Mach number and temperature ratio on the entrainment law

should also be examined.
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Table 2:2 Theories based upon . von karman differential equafz'a;n.

Author andt ye‘;" Hj,baﬂlesis for E Nature of ¢ M;fhod. of eyalua*t’. g, Re‘,
. . : nfegml
Frank/ ﬂ"ld Va,‘shel ut: I1EY ¥ ¢ - ()’/fs ' Arf!ﬂxiﬂﬁte an;lytl'CAl— b’

€/937> 12.6)

cdu’/dy") = 0-289

~1f2

= c:+b:-a F )

axpandm’ mte_yrdnal "
series of b and 2%, and
neglecting higher terms.

Wilson ¢1950)(2-T

“w'=ilre -

: <P= (flfs s Approximate anafgf:ic.a‘l (br*
dutl dy* )= 0-218 = Cr+bz-a“z®) .
» Cadisbatic only)
Rubesin, Maydew and | uf=11-5 @ =‘Cf/'f,)'/z Exact numerical

Vargn- CIt51)(2-8]

dut/dy*)=0218

= (1t b2 -aR2 'R

Van Driest-I c/955)(3-91

E=131cfor Y5t

Ditto Aﬂoi’axima‘te analjt‘:ic. (b
Deissler and Loeffler | yr=2¢ § p=apfp )" e Exact numerical.
c1959) [2-Y0] For ,* €26 T qs(“ “:’

Tg= (pto- 0l188fuy )cdu/d §)
qs= (k+ 001188 fuy)(dT/dy)

Ts T /(f,’?;)
 peuttuty -2
ZCPT f,

21 See foetuofes at the end of Table 2-1,cx21).
t  When values of u and (dut/d.

' $ E is evaluatesl b, ﬂ~e eruat‘tom : E= (fqu(x[ 4’du*)du"1/j.

y') are s,aec,f,ed »E7s em/aafed by tie pyaafwn E-= Kmu'/d-, Js exp (Ar[ ¢du

€0z



" Table 2.3

Theories based upon other differential eéquations,

Author and Year

Nature of Vdifferenti'al equat tlén

..Métht;d ofeggluat.fng kes-, integral

C(eo;mmow-l' Ci450) [2-1]

w df

— pic?y? 4_“2 2.2 du df Ap rlx'“vate a;1;xl t)‘;; Eb).*
=Y T K Gl Approsimate. anlgtic cb:
Clemmow-1I (/950) [2-11] Y= P cdu/dz) f _d__t) --Ditt'o /
KEG u/dy B °‘7 )
Ferrari €1950) [éila % - fky(du/dy) anréxfmétenumer:'ca'( '

fs ‘f {I"‘ Coﬂst er‘*—r——‘-m—‘ -'r}

The value of constant is unknown.

‘Li and NagamafSuCHSU :

(2.131

2 4f du

Ts= fKy (duldy) +{(H‘)uk dy dy

Apprdx:}n;te anal"t_.'c ch),

ul
kosterin and Koshmarov

C1q60) [2.14)

The function of M‘,, f(”g.) is unlrnoum.

= fk’;’(dula,)’+ [k y 4 (-j?) dy

Exact numerical.

See {ootnote at the end of Table 2.1.
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Table 2.4 Theories based upon firect velocity profile .

Author and tj;ar

Assumed velacifj Profile

ExFregsc.ﬁn o 016

Methool of eraluating

R"Sz integrc(.

Cope-I (1943)(245]

ut= 81 jﬁ

flfs= ci-a®2®y"
cadiabatic only)

Exact numerical.

Cope-T(1943) (2:15)

5*: E '.'ex[:( kut)

Ditto

HFFran'M ate én nlyﬁcal b?

Mana.g han ¢1950) [ 2. IG'J

s

j‘*—.- E"axp(ku*)

2.~

PIfs=C1+b2-a’2)

Ditto.

x Soe footnote at the end of Table 2.1

. Table 2.5 Theories based upon incompressible formulee C¥z) with referenca joroperties.

Author and. -j@r

Expresion of Tg/Tg Cor hrlhe).

Von Karmawn (1935)(2:17]

‘ &ITe= /+"‘2"(0"‘I)M:" (adiobqft'c onlcj).

Tuycker C1951) (2181

TalTe= 1 +} ¢P-1)M; C(adiabatic ouly).

Young and Tanssen(i952) (2-19]

ForMp<56: To/To=042+058( T3/ ) +0.035 M}
ForM,>%6: To/T; =042 +0-58(T3 [T, ) +0-023 M.

Sommer anol Short 1955) £2.20]

TrlTg =056 +0-45(T5 [ T;) +a-035H:

Eckert ci1955) (2-2]]

TrlTe= 05405(T/To) +o 1P Pl-1)m?
helhe= 028 +0-5Chs ] hg)+0-22¢hoy s [ he)

SOL



Table 2:6 Comparison of fheeries with erperimontal data.

Prin cple assum Ftiqns

Awthors and years

R-M.s. errors ¢ %)

Foradia-

For hgat

batiewall| transfar| Total
Prandtl olifferential equation Smith anel Harrop(1946> [2:1] 29-3 371-9 32.3
Van Priest-I C1951) rzn 13-3 17-3 147
kutatleladze and Leontev 9.5 16:2 12-0
: €196t) £2.51 o
'Von karman differential efun‘.'on Frank! avd Voishel (19371)02.4] 20-3 411 291
: Wilson (1950) (2.7) 10-4 136 15
Vau Driest-I (1955)(2.91 91 13-6 e
Other differential equations Clemmow- I C1950) (2-1) 1-5 25 | 152
, Clammow-1L (1§50) (2.11] 207 1 | 241
Fired V_eloc.‘zf, ,mﬁfe Copa-T ¢1943) £2.45] 161 241 19-1
: Cope-N (1943) (2:45] 12:6 25-0 17-4
. ' Monaghan (19%0) (2161 13-5 253 18-0
Referauca *e»remfun " Von Karman c1935) (2113 250 381 299
- Tucker C19515(2.187 96 225 14-9
Young and Janssen(953) 19 121 228 165
Sommerand Short (1955 ) (3-201! 120 17 138
Eckert 1955 ,[2-211 12-2 202 15.]
- Miscellangows aﬂwrassuu/ofim . Donaldson (1952)(2.22] 124 20-6 15-4
' Spcac.e (195%) (2.24] 12-2 182 i4-3
Winkler (1961)[2.233 14-0 . 231 17-6
Burggraf (1962)(2.25] 16| 26 198
Preseant Pfoceatufl, 8’6 12:5 q'q

Yol




Table 271 Values of

(For Re = EXIO"'— 2X107)

" (and u,*) at various Mg aud '@5/73

M, Tons/ T 46 ulb) E
2-43 1 [/-4 835
2.5 { /-6 Q.08
2-82 N 18 95
295 | 18 95
42 I 14 84z
£93 t -8 q-5
2-43 0-691 103 o5
2-43 o5 9.5 445
" 2-8a - 0-691 105 &4
S0l T o278 25 121
5o3 1477 3] 144
506 I Too 14 20-0
£42 1584 134 163
£19 1306 7 27
¥ols 1129 14 - 975
68 52 28 13-0
678 |-836 34 154
&83 1819 142 22:3
161 1981 146 195
818 1956 44 2)-1
8-9¢ 2-007 134 20-5

- 207



Table 28 \alues of F.c, FeGs , FogRegy ‘avn'af(' Fp, Rex.

4 RR Ry RR | RS EG BRy,  ERe
0-00l0 0-00i11T g.gn»x‘o’ 5"#’?1"’" - 0-0060 0-008105 2330 #éﬁx:o‘*
Q-O ol5 'b.a, 1116 3-9¢cx10° 4-6jox 10® 0-004% 000905 117-6 3-Gof K10*
0:0020  5.902333  5-425k107 4sid’ | 6'0970 ooloo4 140-4 2796x10*
00025 002967 = 1386210 93401108 | 0.0015  e-ontal 144  201gx10%
00030 503421 4030 2-77Bx156 0-00 8o e-0/202 96‘-6‘2 (~5’72xw47
0-003%" 0-004.294 2233 l-oézxw6 - 0-0085 0-01304. ?1-4?  r2smet )
0.0040  ¢.005006 1208 4-818x10° | 0-0090 0-0]409 To-91 Joobxio®
00045  0-005741 7,;., 2492x10% | 0-0095 001516 6265  g283Xi0”
00050  o-00f526  Abr3 F41Tx10° | 00f00 001424 58] ggeaxio®
0-005% oloo734.§ '3]1:-4' ~ 8-69710* é-o[oS' o.o;:(3z 5046  5826X103

S0z



Table 29 lValues of Fo at varous Mg and Ts

/75,

A M o I 2 3 4 5 6 7
0-05% 0-3743 0-4036 0-4884 06222 01999 10i84 12759 5713
o-| 0-433] | o.462¢6 0-§47T7 06829 0-8628 10842 | 1345 | [-64%4
L 0-2 0.8236 05530 0-6388 o-TIsG 0-9584 11836 | . -449] 17534
o3 o-¢f89 0-6293 07145 | 0-8523 I-0370 12649 16337 (8418
0-4 0.6662 | o645 07821 | o-f108 1-1069 13370 1-6083 19194 .
o5 oJ286 o-7580 0-8444 o-§839 113 1403 | 4767 14903
06 07873 0-5168 0-036 10434 12318 1468l 17408 20564
0-8 ogre 0-9267 o137 1444 1-3445 5802 1-8589 21185
| 1-0000 L0295 | rlgT | - 12581 ra4fa 16871 9684 | 2293
2 1-4571 486] | 4744 7116 [-§130 2-1572 2-4412 27809
3 [-8660 I-8§56 19836 24276 | 23254 25733 2-86849 32092
4 - 22500 227196 | 13678 | 24p6 | 2101 2-96al 3261 36066
5 26180 | 24411 | 27389 | 28812 30813 33336 | 36365 | 39841
6 - 29141 30044 30917 3-2394 3-4373 36930 3991 4:3493
8 36642 36938 37823 39184 41305 43963 46931 5.0505
10 43301 | 43608 44493 | 45958 | 47086 §0637 £3487 | 5059
12 49821 sony &+loo3 52470 | 54504 | 5088 40104 63832
14 5—6206 56808 4734/ 58860 60898 6-345( 6-662] Toa7l
16 62500 | 42797 63683 65153 67196 69-195 72937 7-6603
8 68713 6-§olo 69891 T1368 73413 T-6019 7910 g-28¢( .

20 74861 7.c087 T-6045 11517 79554 82115 95334 §-9o2]
25 9-0000 90237 | 9184 §2658 9-471 9.7330 10-0505 | 04222
30 104886 10-¢i83 | jo0-8o7| o546 | (0-9602 112228 M-S45 1-4/49

boz




Table 2.9

Continued .

TslT, Me 8 9 1o 1 12 13 14 15
0-0% I-9o4] | 23738 | 24803 | 3.1233 | 36021 | 4186 | 4€rY | $29
o} 9812 23552 2460 32(34 36916 4-2180 4T748 £3680
0.2 2-0f58 2-4756 28914 33462 3-8366 | 43636 #9360 | 4526y
o-3 a882 | 24723 2-9937 34622 | 314 | 44yl | Soars | g£éeas
o4 22092 | 24589 3-0820 36443 | 40435 | 46754 &45718 4768
05 234219 27336 3-/420 3,‘,7‘ 41303 £ “17 . £245% &9r84
06 2415 | 28049 | 32362 37048 s | 473 324 | £§483
08 25319 | 29360 | 3372 38469 | 43¢To | 4%s[ | 549 | Gmy
! Aear | Joshz | 3494 3148 | 448 | sedss | sz | 42599
2 S8 | IDs | de2s2 | 4eng | wocv6 | shus | baus | g8sol
3 sold | dolbh | 44846 | 4op04 | seu3 | gugy | 6ol | 1393

4 39a | 44290 4-Fo30 & 4016 #5119 Scbes 1912 7.8613
5 €302 | 4814 | £2009 | sg19¢ | 6387 | 49833 | 760 | g3o3s
é 471¢r1 $195 | $4164 6-204] &1 13814 8-029Y 81169
8 S45¢f | S é39fa | cqs68 | rstsl gi36¢ | 81912 | F491¢

lo G134 | 6sfod | Tol3 | 14363 | gae | 86539 | @¢2e7 | 02369
2 61955 | Tassé 11618 83129 89011 #5862 | 10324 | jo.c0ag
4 14412 | Q8 §-di164 8] | Feha | 10214 | 109060 | 1163l

16 8-olie | 85444 | gy 96194 | 1omsl | lo6Tad | 1ts676 | 123026
18 81045 91137 4912 jo-253¢C (l-ﬂ‘f'{ éa04 2 1,’7 12998
20 ¥3238 | 91052 | po316a | og3 | patr | ppasda | 28686 | 36esy
25 10-846T | p3024 118482 | jaant | i3-048f| 1338 | 44263 | 1cigal
30 123418 | 12924 | 13359 | 39308 | sacsng 52339 | 1595t | (6Tt

oltT



N o tee A th ot e a Rt e o ae

Table 210 |

Values of Frg al 'Van;bua'.ﬁ"‘ a~d'§/7;

- L A 7

=i M ) ) 2 3 4 & 6 7

0-0% Ba74 2390 125-3 1131 2342 3064 3§3-3 478-9

al 2919 33-90° 4501 bx32 §54-34 1o 3 39-3 4
o2 1o- T2 117 1624 21-43 3034 |  3%To 3] 610§
03 4998 6693 $-qs3- 1234 - 1669 2[-%4 37168 3414
o4 3-860 4380 4846 8016 o-§2- 1429 | 3! 2234
*5 2118 3152 £261 4812 7862 lo-29. (304 | (o8
06 2123 2410 3216 de42 | Goof 1862 9964 | R29

. o8 130 12511 204 290 3932 Sl4 630 | @043
J I-000 3% sIs 2092 .| 283 3703 4493 £T08

2 03600 04085 | ogas2 o T3’ rotd 333 1687 |. 2084
3 o-(98o o147 02949 0413 | 0-5604 | o 3n o992 | 14
4 0266, o147 - 1963 | o2l - 03667 0-4798 0608l | . oTsv| .
K2 0-0933 0-1058 o-1442 oifsl 03631 03453 | oY | #6398
6 0-o113 0-0809 o-{o8o o-4gl | ool 02439 03345 | 04136
8 soaés | 00829 | oowb | oofth | 1320 | orpsY 0-2{87 | od]o0
10 00336 o-038( 0-0$28 o002 o-095v - 01243 o-(sTS | o-lfa3
12 00257 oe2§| 00389 oo53] ool . o-ofsv o-fzod | o-148¢
14 0-0204 00232 | o-03l0 00428 o-0579 o] odfs] | o183
16 ool | oolSl | 00204 | o038 oo 4T 00612 00188 | ¢°ffa
18 0014 o-olbo 0024 0-0298 »o 400 v-0633 00662 | o0o8IY
20 o-ofa| o-0l3Y 0-0/03 20283 #0342 044 o6 | #0700
25 2009 0.009q 00[32 00182 0-024b 00322 00408 | ooty
30 00066 0-007T§ o.oflof 0139 00/88 0-024(, 0-03(2 00388
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Table 2./10 Coutinuedl .

Y VA Mg 8 q lo N 12 13 4 5
oof 5116 é837 796-8 e lod3 Hnr 1312 [ 456
ol 2019 2461 2860 330-0 33 4n9 4ns £24-2
0.2 1485 | 886e 1e3:3 | 1188 138-( 1$2-2 1ol 1887
o3 47 4914 | s680 6534 T4:S3 8374 | 93T 103-8
o4 2694 | 31-89 341 4«16 | 484 o | 6133 6T43
o5 039 22.95 267c 30.T1 3¢ 3944 | 4407 4889
0.6 1482 1154 20.44 2352 a7yt 301§ 3368 | 3737
o8 Qo | 148 1338 15239 (rsl 1973 2204 24-4¢
t 698l 8-263 el | 108 126o 1420 ®8 | Téo
2 2-5(3 2976 346 3-488 4¢3 ol | e b3us |,
3 1-382 1636 -§o7 2194 2% | 2802 342 3-40% |
4 0-odb 1otl 11248 1436 633 1840 | 208¢ 2.28|
5 o-g¢cll - TTo7 . 0:8962 1:033 HTS 1334 | (480 1-64i
é o- 4976 o589l o486z o 1851 0-§953 toiz | 1431 1266
8 0326 | 038t 06493 | Lu48 osgre | 0-(6s3 o140l ogalo
jo 02344 0aTl4 03233 o314 o413 o474y %314 o 509
12 o-t1%l | oafal - oaqtl 02843 0334 0-3643 o401/ . 0. 4%
4 o-1427 o-1690 0196 02268 03¢T6 02403 | 03244 | o3¢
16 ol | 0388 | .06 o186 oallb 02384 | 02664 | o0z29s¢
18 oo 48t | oY 0-(3¢4 o-[564 o-ITl§ 02004 | 02239 0.2484

20 0-084¢ | o009 *1l64 | o-3%9 01613 | o (76 o197 0-3137.
215 6-06e] o-oTg 0-0838 | o-0044 o-1096 | o.123¢ o380 o-i1s3l
30  0-0464 b»s-q 0-0640 0-0T131 o.0838 0.0944 | o- (08t o. IT®

de
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Table 3 I
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Table 32  Variation of ‘S values versus Rey, (for B= 0.7 ).

Author ai Values of S Variation - of S frowm
uThor awdl year ) - » g ) o
) At Reo=1x10" | At Re= 1110 maaee (1 Yo)
Roynolels c1874)¢3.13 I ! o
Prandtl ccqto) Tagler CI936) £3-1] +219 - r28 3
Sherokow C19367(3.23 - St o
Vo Karman € (939) (333 14 t-10b 3.2
Reichandt (t94.0) £3.41 . 1o kel 3
Smibl.and Hamop (1§46 ,(35] 19 06 32
Seban(1948)£3-2] ' g kol 32
KubesinC19$3)£323 l-232 19 11
Deissler and Loeffler (/7&9)&;& 24 tolo Y3
Spaldi o-a(Jia(dMe Ct964(37] 164 1166 4
Vaie Driase 19521381 12334 207 ¢!
Spewuce (19692 £3°9] 114 1130 T
269 1269 )

Colbure. C1933 ) (310

¥/ 14



Table 4;1', Copper- Coy:?‘ant.an.n thermocouple reference
e.m.f.- versus 'f'ure_m.fq-re s CFErom B$1828, 1962).

L= © 5 1o 15 20 25 | 3o 35 | 4o 45 50l °F
Millivolls

=260 |-4748| ~4-80]|-4-865| ~4-921| -4-971| =5032| -5-086 | — §.139| 5190 | -5:241 | -5291 | — 250
=200 =406 | =4-115 |- 4-242| ~4-307 (- 4374 | ~4:439| ~4-503 | —4566| -4-61] | —4-668| -4748| ~ 200
-i50 |=3372 |~3449|-3526 | —3-602| 3474 | =3-750| -3-823 | —=3-894| -3-947 | =4 -031| 4106 | — 50
-loo. |-25¢D |=2436| -2-T2] | =2805|-2-88¢ | —2971 | -3-053 | =3:134 | -3.214 | ~3-2¢3| -3372| — |00
-50 ~1646 | =740 | ~I1-833| =126 | =2.017 | —2-108] -2.198 | =2.287| -2376 | — 2-463] -2-660| — &Ko
(=20 -0-66S |~ 07671 |-0-B€T | ~0-9%T | —/-087 | ~1165| -[.263 | =1 360 ~[-456| ~1-55] | ~1-646| (=) ©
(+)0 0645 | —0-563| —0-4b0| ~0-38T | —0-243 | ~0- /48 | —0-042| 0-044 | 017! | 0-279 | 0-387 o-
50 0387| ©:-496| 060b| o171 | oB28| 0-939| 1052 | 1165 | 1278 | 1-393 | 1509 5o .|
loo I[508 | 1-623 | 1739 1856 | 1973 | 2091 | 2210 2329 | 2449 | 2470 | 2691 ioo.
150 2691 | 2812 2934 | 3057 | 3480 | 3304 | 3429 3404 | 3679 | 3806 | 3-932| 50
200 3932 | 4059 | 41BT| 4316 | 4444 | 4614 | 4704 | 4834 | 495 | $0§7 | 5229 200
250 5219 | 5361 | §496| 618 | 6762 £:896| 6031 | 6167 | 6303 | 6439 | 6676 | 250
300 6816 | 614 | 6. 852| 6990 | 7129 | T-268 | 7-408| 7448 | 7689 | 1830| 7972 300

Lic



,Table 4-2 Data from calibration af wind Tunnel.

(0> NMominal mainstream fe»vremmrg: 80°F

Test ) : .
Observations No. t 2 3 4 &
and results. : :
Fote. m Hg 76130 | 76l30 | 76/30 | 76780 | 76780
Tatm. °F 156 756 | 756 754 754
Fan spaed R.P.H. 500 l,000 %00 -2, 000 2,500
P min 10, 6. 052 264 $0f | Qa8 14-91
(Fo=F) mu Hy0 159 37-59 7241 13711 21876
Eo mv . 0§01 loi2 1032 0963 1067
P mm Hio 030 150 290 546 | 546
- Py mmHyo 025 1-20 2:32 - 400 635
Py wwH0 02| o-98 -85 4-01 2y
Fy mmHz0 o1 72 | 145 305 435
AP wm 0 850 4211 8loo | j454.2] 24026
AP mm H30 §54 4239 8145 | 15457 | 242206
APy mm Hy0 §¢9 4258 8182 15638 | 24221
AP MmH0 863 428l B224 | 15640 | 24241
Ey mv 0405~ l-o12 1034 0962 |  J.o6¢
Eg wv 0-9o08 loi2 1035 | 0963 . | Loy
Eg mv 0-906 1-0)2 1-033 0-§63 | 066
" Eqgpwv o-§o l-oi2 l-o3} 0964’ | 06
(Po-F). wm Hyo TT] | 38688 | 74015 | 137-95 | 2423
ug ft/ss. - 3892 8617 | 12045 | 16452 | 20596
C (= uy,[y/(B-R2%) 13962 | 13-915 | 13995 | 14005 | 14039

218



Table 4-2  Coutinued.

(b Mowinal mainsttedu ﬁnfemﬁ re = 280 ‘F .

: ‘Test No. .
Observations ~ 6 1 8 q 10 (A
and résults ) \
Frtw wim Hy 16940 | 7940 | 76908 | P08 | w2t | p4ca26
Tan. °F 786 w6 | 52 742 760 260
Fan S‘rual Rp.M. Boo goo 1,280 171670 2,000 2,400
Px mwh; 0,6 013 | o5 235 | 496 | &84 1128
(Fp-F ) mm Hyo |78 1415 3426 7t 10275 | 1676l
Eo 6227 6135 $:460 §234 6-207 5612
R 0-07 0-§3 169 | 386 502 743
Pr o0 073 1-40 3.46 443 &5l
P 006 | o4 1b 2-93 382 g-¢§
P 0-05 o-5¢ -0 2-5| 3186 $¢v
AP, 2-00 1588 3952 80-2/ LeTe 19088
AP a-0l 15:96 3912 |° 19él 116:33 4183
APg 2-0l 604 . 39492 8l-02 1641 192179
AP, 202 1612 4012 Sl42 | 149 19374
Ey 6211 | 6l | 4448 622 ¢lg4 &498
Eg 6als 6138 $:644 §220 | GI82 | &g
Ey éalo 6132 5446 6214 6185 4493
Ep - 6206 6129 $638 6314 6180 | <580
(Po=Fe e mm Hy0 24876 | 20318 | 49.087 | jol-63 | 144-86 | 230-49
Ug ftfs- . . 22-309 | 628356 | 91823 | 400 16828 | 21271
€ (= ua/:/(u%-&’c? 13956 | 13477 | 13962 | ,4-07Y | 13983 | 14015

219
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" Table 43 fénima)j of results of tosts 1-4 , (Tast ot small
f'eu.’emture ratios ). ' '

v

- Test Mo | _Pé,= 7-801104:; T=643-270R.
&

Test No.2: 70,37'771/04; 1;=64§-/8°R.-

T ITy= 1038 Tl5= 1029 | G[T=to2l |TelTi=1-037 |Tfg= /-029 [T IG=1 02l
Rupio™® | 5t116| Re,x16%| stx10° | Regr1| 52103 | Rot 10| str103 | Rgx1o™®| sea10® R,,x/o'ﬂ‘ stxio®
o7 | 320 | ont ' -3-zé ol 3.0 o711 | a4y o719 | 232 o119 23¢
o195 | 210 | o8 | 298 | 08¢ | 288 | 0°934 | 202 |- 0434 | 214 | 043¢ | 218

| 0373 | 246 | o218 | 383 | oy3 | 266 | tof0o | 161 1-ofe | 202 | rofo | 2.6
03¢l | 2234 | e38] | 276 | o3¢l | 242 1246 | 189 1246 | 192 | j-246 | 2-0]
0:427 | 237 | o-4v1 260 | o601 | 240 |-403 183 1-403 | I'84 {403 | 204
0624 | 228 | 0624 | 249 | o624 | 225 | rys | i s |98 | FTIS | 180

~ Test Ne-3: Re,= listio*; 7 = Tof- 4R

Test No.4 : Re,= H54x10% T; = £96-64°R.

TiG=1083 | Te/hi=1016 | To/T=1061 | Gi%i= 1087 | Talhi=rots | Tff=10s6
Rey X 16°| 5tx10% | Re 1078\ s€x10° | Rogx 1078 stx103 | Roxio™®| sex1o3 | Rox1o®| sexso® |Rexi0é| sexso®
0ol1 | 413 |00161 | 438 |ooté] | 426 |ous | 342 |ous | 320 [ous | 34
00218 | 3-37 0018 | 336 (00218 | 338 | 0139 | 337 |[o-is9 316 | 0139 304
00389 | 300 |00389 | 2.86 [0038F | 2971 | oubs | 321 |o-1é65 | 308 | o188 | 229l
oofdl | 269 |ootel | 267 |eosol | 248 | 085 | 340 | 0185 | 295 | 0185 | 290
0613 | 252 |0:0733 | 2:6] |0-0723 | 2¢¢ | 0-208 | 284 | 0208 | 28 | 0:208 | 213
00890 | 224 |oogqo | 21l |o-#8f0 | (45 | 0354 | 115 |0-254 | 273 | Dace | 262




Table 4-4

220

.S'umlmar' 0r résulfs oF fosts 5~12, ( Tests
at /a'je 'f'em/ﬂ’rafi«ra ratios).

Test_.’:': Re,= 692 x10%; Te= $37.6/%.

Te /7 125 15 78 2.00
Reux10°®| strio® | stx1o®| se410® | stxio® St'rio3 | sext® | stkio®| stxio®
0-692 | 244 | 240 | a.57 25 | 256 | 25l 2:36 230
0830 | a3% 2.30 2-48 2-40 2:38 2-34 2:30 226
0968 2.2} 217 238 234 2-33 229 224 ‘220
b1l 21l " 307 225 2.22 2.20 247 2.2] 218
125 2-09 205 216 2:13 222 219 27 213
I-53 202 199 216 2:13 211 209 2-03 2-0]

Test §: Re,=931110%; T,= $41-30°R.

Test 'T: F?e,=£'44Xl5 4 Tz =5£8-57°R

Tl 1-% 175 . Te/Ts -5 175
Rex168 | stxio® | sgnia® | stuiod | sexio® Ro 11078 | sek10®| stx1o®| st'xie®| sexiod |
0-93| 23| 26 2.38 236 0-0971 — — — —_
112 220 2:11 225 223 0-162 298 285 | 316 | 3-el
[-30 20 2.08 21 215 0-226 282 | 271 | 300 | 294
1-49 213 | 210 e 2ol | 029l | 276 | 241 | 292 | 283
)68 2-08 2.05 241 20 | o.4al 259 | 253 | 294 | 267
2-05 2-00 196 Z-lo 208 0517 247 | 242 | 2-83 | 257
TastT: Re,=6-46x10% T,=698-57%. N
Te!T 2.00 225 27 .

RQ;“O-b

ooty | — | — | — | = | = | —

-0:162 30 246 | 30 2-4¢ 3 2:96
0226 291 2.86 300 2o 3-0] 246
o291 | 286 | 278 | 243 280 | 295 | 286
0-420 2.8/ 275 261 - 255 2:80 215
o5l 244 244 250 246 214 216




 Table 4-4 Continuecd .

422

72:t8 : Rei=-615x10% T, = 698-51R.

TelTs 5 178 | 200 2.25
Recx10™®| stxio® | sexio® sex0® | sexro® | stiiod | stxio? | sewi03 | sexio®
0615 245 | 240 | 260 | 255 | 2465 | 261 | 264 | 261
oBT. | 230 | 225 258 254" | i 24 241 | 244 2.4/
0-860 233 229 242 239 23¢ 2-32 2-41 239
Fo3 221 223 238 235 2:28 2:25 2-20 2-18
i 224 22l 235 242 249 216 2.1 215
135 . 215 2|2 226 224 - 244 2+/2 2:14 22
Test No.. Te el 7% K’e,"xlo;é Stx10 Stxi0d
9 o 2-00 -, 230
q , x&‘ 225 o 2.3
9 ®© "2.50 o 2-40
) -9
9 1 270 - 250
10 & - Zoe )
™~ @ 205
(o o 224 ) afo
T, S 250 -3 2-14
io o 270 227
-H o~ 200 o 210
1 g 216 . 224
T b 25 by 2:33
oy ~ 2-7o ‘ 2.43
1z ) 224 ‘© 206
2 2 250 < 2-40
12 ™~ 27? ~ 2.48




223

-APPENDIX 2A

Collected Expermenta/ Data of cht‘wna/ Pra.q Coofficient

n Comprecsrble ﬂrbulent Baundarq l.aqer

(@) For adiabatic-wall case

Data of: H.W.Spivak ¢/950)(2.31}| Data of: R.E.Wilson/950)(2-1]
Model : Flat wail of a 2-D nozzle | Model: Flat plate
Measurémeénts : I/eloc«f,proﬁles  Measurements: Velocity profiles
MG.‘:Z 8 . CContinued ) '
Reg,x167| Rexio®| cpxiod Gri0® M; Re,xw"’ Z"{'xla3
9.6 76 | |87 246 | 2003 283 340
9.3 8-0 1-82 2-44 2003 4545 258
10:8 89 l-80 237 | 2003 10-60 234
11-7 l0:0 111 230 ,
12-0 oo | Il 2371 2121 | o093 3-50 .
12.3 108 110 | 226 2./21 8-30 240
13-4 (2.0 1-69 221 2121 1l-00 220
13:6 125 | 168 | 222 2121 13-50 248
2.003 1330 2:30
Data of: RE.Wilson (1950) €277 2-003 16-60 220
Model: Flat ,}Iate ' '
Measurements: Velocity profites . 2186 §-00 240
. _ 2.186 lo-50 2-19
M, Rex10°¢ | Fpxto® 2186 12-80 2.18
‘ . 2.186 . 1540 292
A | 2:186 082 390
1-8917 3 . 330
847 58 2.60
1891 (- 2.38
891 138 242
891 166 - . 280




Data of! W.F.Copecif52)(233]

Data of : Monajhau and Lhuson

Mode[: Flatl plate (Continued).
Measuremeits: Veloeit Mg= 2.43
grodients at the watt.. :
. 3 R"sz’“"-’ Re,xlo'é_ Cfxloa - f‘}-x_w"
Mg | Regxio Grio* —=%
o 1451 | 0-824 272 352
2.5 2.545 - 250 |. 1112 1181 2.50 302
2.5 - 2720 210 2821 I-30 237 298
25 - 5655 210 3268 | 2360 221 271
' 3950 | 2930 | 248 270

Pata of : 8. Dahwan 19427 (2-34]

‘Model: Flat F/ate.

Measuremenls : Forces on o
-f(oafc‘us Qloment.

Daf'aa/:k‘.J.ManaJ/can anol J. R.
Cooke C1953>[2.367
Medel: Flat plate .

Measurements: Volocity profiles

M | Rexi® | coxio® | Me=282
-3 b | enod &xio3

063 roé 240 R’e‘,llo Re,x! CGx 7
076 /00 329
124 100 296 0-886 | 0440 272 359
126 I-00 296 1493 | 0-945 243 3.6
137 loo - 282 1717 I-346 249 | 264
144 l-00 279 280 1510 203 |. 218
45 100 272 2660 1-860 196 | 286

2789 | 2178 /93 256

Data of: R.7. Monnglmn and J. E.
Johuson C1952) £2.357
Model: Flat plate

Measurements: "e/va'% ,vml«"(a
M‘. T 2:43 . _

Data of: D.R.Chapman and R.k.
Kester ¢1954)(2-31] T
Model: Cylinder Caxial flow at +he
outer surface
Measurements: Total force on the

Radui’ ngllo-é crxma E}xm-a leinder .
' Me | Rexio™® | Gxiod
1072 | 0596 295 360 _
1307 | 0772 2-80 338 08| 4.04 308

- 224



Data. of: Chapman and kester

Data of : Chapman and kﬂ:fer

CContinued) Ccontinued )
M¢= 08 M¢=36
Re X :o" E;xla‘ ﬁe‘xl(;‘ ‘E;x 0% ﬂ&xm"‘ t';} X Ioa Re,ma" ?}';x[a; ‘
4-82 293 | 1325 2:60 625 1-To lb20 153
620 2:80 | 1350 26l 946 1463 1740 154
668 2:88 1500 24% lovo . |45 1830 -5l
140 282 | 540 250
1118 279 I'T40 250
820 269 | 1130 251 | Data of : D.Coles (1§54) (2-387
900 276 .| 1800 250 | Model: Flat plote
9-g0 248 2070 243 Measurements: Forces oun a ﬁaaé)‘ng
lo-9o 261 | 2330 240 element :
t-9o 263 | 3/8o 232
12-00 264 Mg &&x 102 R X1 o & 103
Me=25 26 660 508 | .8l
vp‘xxlo-‘ F{x",% qula-é E"XIOB 2.6 ' IO‘JO' 10‘26 . I“
37 4-/o 3498 162
. | 31 | 18 863 | I3
518 246 | léoo 1-82 45 2490 28l 155
698 202 | 1600 182 45 341 | 347, 148
770 202 1190 183 45 4£24 é:20 126
§-00 195 | 1800 179 45 659 817 122
930 195 | 2100 174 '
11-20 191 2420 1710
1130 -89 2640 169
1240 I-§o 2830 3 )
1430 140 320 - |61
1440 188 |

225



226

Data of: R.M.0'DonellCIf54)(2397
Model: C'Jlindar Carial flow at fhe

bafa of : Hakirinon Cecontinued ).

outer surface M; Re, XIO-‘ ) q;x[os
Measurements: Velocity rrofiles
Mg = 241 .
- : |42 /02 309
Re x16> 1o | Raxic®  quid? 152 102 " 3T
152 I-ol 399 .
: I52 1ol 37
1-53 240 | o059 360 17l 0-68 324
24 240 | 093 326 112 061 32/
220 223 142 300 73 046 32/
3wo 236 212 372 174 0671 323
360 {0 2-41 291 175 041 3:23
382 200 2:90 268 113 084 33
dlo g0 | 32 260 174 085 319
536 113 114 085 349
176 0-84. 340
‘ -6 0-8% 32
Data of : RY.Hakkinen (1955 ){2-40]

Model: Fiat plate
Measuremonts : Foreas on a ﬁaafa‘ng

Data of : R-H. i(or/rejc'a?fé) L2417

element . Model: Flat plate
' Measurements: Fopces on a f(an"(.‘uj-
_ ‘ " element.
Mg Rog X 107 Gxi103 .
. MG Re&x/o's ' ?)’103
o456 o9 336
o057 odo 237 5787 2411 1316
063 100 330 5710 2780 1275
o5 -03 3ol 4772 3419 1223
o§s M2 30 4085 4040 e
oY 120 300 .
144 104 300
148 104 244
149 1-04 300
I-50 Io2 291
150 o4 302
}50 - 102 ) o2
)50 |03 302
/50 03 2:92
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Date of F.E. Goddard (1959)(2.42] | Data of: F W Matting , D-R- Chapman,
Model: Cal.‘nder carial flow at the TR Njholm ;and A-G. Thomas

ouler surface (1451)[2-4BJ :
Measurements: Totol forces o o Model: Flot wall of a 2-D Nozsle

czlfuder ‘ Meagurements : Foras on a Pbata'ni

elemeont.
Mg=0oT Mg= 367 ;
- Mg =295

Regt1o™¢  Gx1? |Reno® T

Rc,uv" c"cx(os Re,xlo" f;xlo’
1'86 340 254 /-?3'
571 327 279 189 618 l-60 | 2440 1-33
T-2a] 328 341 182 830 155 | 2600 |30
1189 412 430 112 9ol 154 | 2150 130
£330 1-69 . j0-50 ¥ 30-40 130
, 1300 146 | 34-00 I-26
=3 Mgz 454 13-00 ras | 3550. 129,
Me=31 Me 14-g0 142 | 3160 J24
b Zy8 % =3 1720 l-4d0 | 4200 123
Xl G Alo
Regx10 ¥ Raut1o i . {490 136 | 4400 |20
_ 2040 34| 6500 - 119
368 1-69 423 /50

- 440 158 | 442 I-40 Me=42 °
Sos 15D | 445 135

Rexio  xi03 |Rexxio™® G0
" Mg=4-%54 :
4z o6 Sy3 | 463 /32 | 140 09
KegXio 24 Reuxt 774! i 130 a i 1ol
o : 664 126 | 115~ lo§
490 142 |- bdo 129 753 124 | 195 - lo4
$20 140 Tio . l4o So0 120 224 Iol
S0 139 7.4o 130 912 I8 | 250 0995
€20 |-40 740 123 980 5 | a1y o415
640 133 7490 121 [120 I4 | 302 0-960
455 |4 Bao EY) 12-60 o | 348 0-948
. ‘ 376 o-q28 | 482 0860 |
' 420 0912 | 750 = 0855
Ag-o oda0 | G40 0-gdo
. 550 0898 | 452 vf18.
- ¢lo o-860 S




(b) Forthe case of Hla r}cma. of heat %mnsfer

Data of: I.H.Qbbit €1953) (a-44]
Model: Cylinder
Measaremeuts : Deccoleratia. of fo

Dél"a. of : Monaghan and Cooke
CContinueodl ),

czliua/er M; =243, Ts/T%=29%4
M¢ T /T | Retio™® §x/oa Re,,x 15 Re,x15° Gxi? - Guio®
390 1o &0 239 | 3270 | alo 232 313
726 | |8 so | 16 | 3516 | 281 | 200 | 279
725 I8 75 l-o4 44215 320 | 88 281
. ‘ .M=2~43‘ T/T= 342
Data oft R.J. Monaqghan and T.R. “ P e
Cooke (194371236) Regixi63| Reuic®| quo® | Fxio®
Model: Flof plofe _ .
Measarements : Velocity profiles. _
A . 2-239 |42 2-48 315"
Mg=282 , T5l%=3%0 3e03 | 2/2 | 232 | 280
3468 | 271 218 | 245
Rew 16 6| arod | Exiod3 | 4456 | 370 | 2o 245
4 Retie” | & f ss8] | 437 | 195 | 288
14944 1-343 ;22| 290
2464 | 17131 206 | 285 | Pata of: c.C. Pappas c/95'4)[: 443
3401 | 2426 198 | 256 .| Model: Fiat plate
| 33491 2-891 1-96 234 Measartments: foloc Jf,pﬁ/-u
: M;=1469 » Ts/G=166
Data of: R-J’-Monqﬁau and J.K. ¢ 5T
Cooke (1952) 2-35] Rexis . Guiod | Ropio® z;x,,,?'
Model: Flat plate
Measurements; Velocity prefiles _
1 0807 3-69 189 336
Me=2-43 , Ts/%= 294 150 - 32l 192 331
, 220 316 292 3:lo
p.‘“ilo-, Re'x‘o'é i cfx’os . ?x’oa 2'8q 242 ' 3’00 slé N
35% 280 40l ° 283
R 274 318 | 4. .27
1898 | 098 | 300. | 388 | 360 300 | %42 21
2.27¢ {-40 273 326 4-00 276




Data of : Fbrra.s Clontinued)

| Data of: F k. Hill L9882 (247]

Mgz =169 '73/7;.:/-6'5'

Modet: Axfa//y Symmefrical nozzle
Measurements: I/l/oa'fa grediauts

" 230

_ at He wall
Rext ta""‘ GXI0® (R 107 q X & 3
My | Tl | Rypie” | guo®
362 273 72| 240 .
545 255 | 898 235 | 819 T61 | 45 | 0140
Tig 24T o4 | TF41 | reo] | o84l
: 907 g28 | I908 0-851
: = - 2. Q.10 8¢9 2289 0-8oo
Me=221 ) TlG=216 g1 Tl | 208l 0-924
Rexxla'.é‘ E(x 103 Pexx(a-é (—';xlpa 825 T26 2-448 0-410
811 734 | 2885 | o8y0
o 8- 131 | 3202 o820
195 307 | 430 268 829 T4 | 3451 | el
286 286 $60 254
- 390 270 - 356 273 | :
480 270 | 4% 250 | Dataof FiHill c1159)(2-48]
{ 49 340 6o 250 MOJEI . /4!1'0// mmtfn‘c‘:/ ﬁoéa/‘z .
235. 290 | T80

Meagarewestss Ve/ocf‘zé ?md/‘euf; at

o wall
Data of: §.C.Sommer and B.T. &3 | arsod
Short (1965 ) L2201 Me | /% | Rs P!
Model: Cylinder ' . .
Measuremeuts: Decceleration Pas 612 | 2220 |09t
of Ha cylinder 821 611 | 2s05: | oo
§-28 625 266 o';‘?é
7. | Rextcé| Exio®| 8§21 618 2965 | oTc4
M@ T/ G ?e‘x | G X G 550_{ 456 s
‘ | 91 £30 2276 . | o8
28] | |03 300 3z 9-lo 865 2-Tlo o-5o5
382 | oS 401 240 | [0-03 216 300 | o-84f
$63 29 4T 161 | lood 93! {450 276!
90 | 110 - 40b 138 | lo-os g4 légo o4l
690 70 6A 144 | 1006 999 Ifo0. - | o673
T-o0 15 06 126 S
Foo | |75 992 /132
378 0§ 444 229
361 | ros "378 251




Data of: E.M. Winkler (/fﬂ) Lz 93]
Mode|: Flat plate .
Measurements : _ Ve/pa% ?ﬁdteuﬁ ot ‘ﬂﬂ. K/h// .

Mg TG | Resytto} Roxto™ét qu® | Gued’
&2 | &M 2.099 272 47 154
14 &40 2:936 236 39 175
&0 638 3173 407 43 1214
§24 §42 366 | Sob 1-38 154
29 | 447 4300 £494 13l | s
4498 44 1900 229 |34 166
519 474 1% 243 -6/ /38
620 483 | Pfbe 381 135 1%
424 402 345% 458 15 1§52
524 497 3799 £l /06 145
&1 389 108§ | 2of 147 /33
6 |3 1652 25 /32 29
&i4o 35% 138 243 134 | 2t
&l 382 2488 | 29 |24 153
£20 - 377 2452 327 20 /31
&2 378 3256 | 357 | |48 182

2%0
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-~ APPENDIX 28

Summd'] of the methods of em/aa’ﬁ'g Reg, a'nfofml 5 a/ojwon‘maﬁ‘aus

(@) and (b af»,ve’aﬁ)q in tobles 2.1 - 2-4

* Approtimate analytical (a) -

Taking Eq.(2:3) of §2.2.2 {ox example , we have

2 ! z
' Reg, = ":;k':‘ f $°z (l-z)exp[ku;Léal!]dz oo (2:3)
. . A

As the magnitucle of the integrand is small al small 2,
2
I ¢da .
[~

s reflued b] Nz , where
Nz L o
| = 59 : ¢dz

the Eq.(23) now becomes

Ku
2 /‘st

3 + '
eg, = U E L‘Pza-z)ex/acm/uﬁz)dz .- 028, 1)

Ou infegroling Eq.(28-1) b] fmrf,‘: Twice, there rs obtained

f
Regy= ;“; “‘ { Pz(:-z)exp(kﬁluﬁ 7)
’ - f [($3C1-22)+ zcu—z)cdé’/dz)]p,/a(/ryy‘g,d,}
/“/‘;N [f‘ Olf(k”uii’)] + Smaller Torms

ﬁ‘—*—-,-car[vﬂm/u‘.zf) + - (28.2)
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| At Te \?
Hence REsz —m pXF(KN(—c-z{%)zl b (25'3) ‘

Approrimate analytical ¢b>

| ﬁkl'ng Eg.(23) of §2.2.2, for -axamrle , We have

R"sﬁ //l;&kE f 4’ z(/-Z)Ptf:(/fui/¢d!)a’a

- (2:3)

' Eq.(2:3) is re-written as

Kz, = ’“:“ 3 exp(/ruéfqbdz)/q” z(l-z)exr(/ru féd:)
dz --- (28.-4)
. | S |
Reploce | exf(}ru;[fdz by z"

where n /s So chosen ﬂmf the gradient [s fhe same , then , on
differentiation, we phave ku,$p=n. Now Eq.(2B-4) can be re-written as

s ke
Res,w /‘/‘; .zxp(kua,fc#dz) [492(: 7)2 dz
3 _ )
= A ALY ex,ac/ra;f 4’01:)[(:”? 2""*) 4%

: ! .
A 3. k uf eplku; ﬁ ¢dz)
M LE CK b, ug+2)ck $,u7+3)]

C--- (82.5)



As kug ¢ >> 3 in jem’ral 'Ef. (28.5) can be a/a/:ron'mafe? writlen as

Reg,= /Za s exp (g rl4>d-z).v - (gé.é)'

QTG }" -
fT ) (BT

' {
» _ Asé /
flence . Keg: = /&K; P [K( 0
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AFPENDIX 3A.

Collceted Experimental. Data of Heat-Transfer Coefficient

“for Incompressible Turbulent Boundary Layer.

Data of: W. C. Reynolds, W. H. Kays and S. J. Kline (1958) (3.11])
Mogel: TIlat Plate.

Measurcments: Electrical cnergy input.

Rexx10_6 Stx10° 8 Rexx10‘6 8tx10° s
0.255 2.73 1,218 0.816 212 1.160
0.423 2,41 1.178 0.960 2.03 111
0.580 2.13 1.100 1,108 2,01 1.157
0.7%6 211 1.1% .27  2.05 1,203
0.889 2,06 1.143 1.398 1.8 1.100
1,045 2.02 1.151 1.539 1.95 1.184
1.196 1.97 1.148 1.682 - 1.85 1.139
1.353 2,01 . 1.195 1.828 - 1.83  1.142
1.507 1.85 1.120 1.978 1.81 1.1k
1.661 1.79 1,100 2.11 1.77 1.130
1.823 1.8, 1.148 2.25 1.78 1.148
1.970 1.78 1.12% 2.40 L7 1134
2,130 1.79 1.145 2,54 1.72 1.131
2,280 - 1.75 1.118 2.68 1.71 1,134
2,410 17k 1.137 2,80 1.72 1.148
2,600 1.75 1.155 2.95 1.66 1.117
2,750 1.72 1145  3.10 1.53 1.038
2,900 1.68 1.128 3,25 1.58 1.079
3,050 1.73 1,170  0.21 2.87 - 1.237

3,180 1.67 1.157 0.347 2.51 1.184



’chxloﬁ
34360
34510
0,235

0,386
0.528

’ 0.676
1.250
1.375
1.502
1.636
1.729
1.888
2,02
2.15
2.27
2.40
2.52
2.65
2.79
2.92
0.115
0.189
0.260
0.329

| 0.398
0.467

Stx10
1.5
1.58
é.56
2,48
2.23
2.13
1.87
1.61
1.91
1.80

1.83

1.77.

1.76
1.75
1.72
1.69
1.75
1.66
1.55
1.60
3,06
3.06
2.72

2,59

2452

el

g

1.058

- 1.092

1.126

235.

1,192

1.132
1.128
1.098
1.079
1.155
1.10L
1.132
1.110
1.116
1.121
1.111

1.101

1,140

1.099
1.034

1.075

1.168

-1.193

1.218

1.218

1.210

1.213

Rexxlo-
0.475
0.603
0.733
0.862
0.988
1.115
0.865
1.020
1.172
1.325
1.484
1.630
1.788
1.863
2.09
2,23
2.39
2455
2,70
2.8
2.99
3,14
3430
345
0.225

00372

Stx10°
2,21
2.15
2,11
2,10
1.99
2.05
2.08
2,04
1.98
1.99
1.81
1.77
1.85
1.78
1.80
1.74
1.76
1.75
1.70
1.69
1.71
1.64
1.52
1.58
2,413

2.51

S
1.160
1.117
133
1.159
1,12
1.181
1.149
1,158
1.150
1.179
1,098
1.085
1.151
1,13

1,148

1.121
1.146
1.151
1.128
1.131
1.153
1,115
1.041
1.051
1.051
1.140



Rexxld_
. 0.541
0.609
0.680
U.750
0.824
0.890
0.960
1.033
| 1.104
1.169
1.236
1.310
1.440
1.382
1.518
%.589
0.249
0.410
0.562
0.712
0.177
0.289
0.396
0.506
0.611

0.721

6

Stx10°
2,38
2.k
2. 24
2.16

2,20

1.214
1.270
1.188
1.165
1,205
1.188
1,197
1.189
1,208
1.161
1.189
1.165
1.201
1.169
1,08,
1.135
1.187
1,176
111
1.144
1. 260
1.183
1.087
1.160
1.161

1.168

236.

S

1.140
1.147
1.158
1.173
1,149
1.208
1.099
1.092
1.156
1,135
1.161
1.123
1.155
1.158
1.118
1,114
1.154
1.117
1.038
1.079
1.085
1.298
1.30L
1. 296
1.2é7
1. 261
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Re,x 0® stwo’ S Re,x 107 St llba S
0829 2.09 1.146 0.377 2.6l 1. 26l
0.938 2,11 1.181 0.4.33 2.56  1.256
1.047 1.99 1.135 0.489 2.62 1.313
1.154 - 1.91 1.107 0.546 2.3, 1.216
1.259 2.00 1,175 0.601 2, 3L, 1.215
1.367  1.93 1.150 0.660 2.42 1.277
1475 1,90 1.146 0.715 2,32 1.241
1.577 i.87 1.0 ° 0.771 2,23 1.208
1.€52 1.86 1.147 0.827 2.3h 1,288
1.801 1.83 1.140 0.88). 2.31 1.281
1.905 L7 1.125 0.939 2,26 1.265
2,01 1.81 | 1.147 0.995 2.19 1.238
2,11 1.80 1.150 1.048 2.13 1.215
2,22 1.76 1,133 1.160 2,19 '1.270
2.32 1.6k 1.063 1.2 - 1.98 1.157
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A p!end:;x 3B

‘Colleted Exferimenl‘n.l Data of Heat-Tréncfer Coefficient for

Compressible Tarbulent Boundary_Layer

-Data of: J.H. Johnson and R.7. Data of! R.J'-Managhan and J.R.

. Monaghan c19%51)(3/2] Cooke (1953 L3.13]
Model: Flat plate Model: Flat plate
- Measurements: Rates of sfeam Measurements: fates of sfeam
condensation. Condensation
Mp=2-5" Mg =243

é

2
W

/T Rq..uo"- Stx1o? Ts/T; | Rexio® | Stxie®

344 435 1-27 1162 2718 333 |45 1202
344 434 123 | 24 | 278 334 145 l20l |
371 496 124 gl 2496 | 370 34 Y
370 496 f-2l rs2 297 370 136 1164
- 376 $02 t20 48 | 242 296 144 | L4
376 %06 18 1131 252 2496 148 | 178

301 373 1-28 Fi2 249 47! ral 18
307 372 121 I-104 349 | 47 l22 - I-128
243 348 131 g 334 433 130 I-r13

2-93 3-41 130 Mos | 336 433 126 “' 13T
2.30 308 138 1094 349 4bo (23 | 1132
2-23 288 134 1-050 349 440 124 I-440
224 290 131 J-029 309 383 133 | Iis3
2-19 281 138 loso 3A 383 )33 163
2:18 278 I3l lolb 281 346 138 | 63
268 366 138 142 2-81 346 137 I450
268 261 136 152 211 33! 144 | 141
2-59 352 129 | 1016
259 342 131 1693
249 335 | 131 1125
2:49 335 139 | 4
24(. | 319 . 143 | 1151




Data of: R.J.Msmaghan and 7.R.

. Coske (195353141
Model: Flat Flat‘e

Measarements: Rates of Steam
condensation

“Data of: c.c. Paﬂuu A3 8 1954)
- U345 3 3 /61 g
Model: Flat plate
Measurements: Electncal ..euovg

i”fﬂt‘ 1- .

- Mg=2.92

Mg =169 , /%= 165

)

Ts/Te | Reuic® | 5ixic® -

343 Fi2 | f32 1179
398 364 | 128 1205
398 364 30 1-223
42 38 | |az 161
443 37 | 123 91l

454 | 375 123 | 142

3490 34¢ 122 1138
- 389 3$% 22 +38
3go 344 L9 | 1Al
381 344 126 |64
374 338 124 1434
I | 336 24 134
] 293 134 H1§
341 293 135 1184
31§ 274 14| 12l
366 32| 132 193
366 221 130 114
3o 314 133 |- 194
360 314 k33 44
336 254 136 T4
33% 28 3¢ [-1§2
324 290 14} 1206
324 270 I-40 9
31 244 143 l-200
307 24 l-4f 1182
341 Js% [26 s
390 344 128 - 144
428 | 39 | faf. | MYE
438 | 3 120 714

Reg 210> | stxio® S
I-950 174 1-231
248 14§ |-224
3-000 /52 A M8
3450 149 1189
38lo I-4o l4o
4230 I-40 |64
400 1136 - Hso |
&o00 1-28 Moo .
4-8oo 140 [-229
&Jo0 142 1243
§-8sv 130, | )88
Télo 3% 1248
- gloo 125 - 169
8300 128 | 203
2|28 158 [-129
212§ /7p » I.J’s— '
3.800 1 laés
4500 45 208
4500 149 242
4980 |34 JRES]
4-f8o 4o [19o
£340 129 [z
4360 133 AT
§§00 130 138
5500 132 156
7500 136 .|~ HsE
790 I30 N5
4§50 I50 1268
A£$50 /60 1266
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Data of 2 Pappas (Continued )

“Data of: Pa ppas ¢ Continuad)

Model: Flat plate
Me;:;:zueut:.- Eleclrical energy Mg=227 , Tite= 216
Reg, 41072 Sty .S
M=169 5 Ts/T=1tTo :
1073 | Stx103 419 12§ 1-18%
Ress S &40 HE 167
| . §-o8 H3 . 1163
460 . 139 - 1208 68 o Ligo
$6o 142 1231 Tio - loo - 1o
645 129 1149 4-00 133 /250
§45 131 176 476 I-30 I-26s
T-$° 122 Jig 545 +22 l-a3s
Y214 126 115s 68 20 - ja34.
880 12 1058 T-00 MY 134 .
880 1 I-1o8 §-00 1o 1198
9718 - I8 1136 70 (-0 12
978 20 MK Q40 {02 1145
lo2o /-156’ Hié
lodo -6 26 -
e Y ;.p% Mo= 169 » Tol% = 16T
1ot Hé Hs4 pexx:o"é stxi1o® .S
Mg =22 Te= 2
| ¢=271 s /%= 216 11 115 Zh
o3 K -7 3 237
f\’¢8§ / Stxi S rsl Y, /240
. 313 /54 /190
- 227 {-40 I-M& 220 141 1169
24¢ 136 1207 220 I$2 20
353 [-22 e 254 14  f49
413 ral 1s2 28 |42 rgl
461 2 [-o93 2-88 [-40 1164
5a5 I3 1129 3-22 /39 17
590 1ol ¥ty 32| 138 Has
é4s 10§ 1092 353 /30 CHIT
30 bbo - 1249 175 /6o 1218 -
3% [4o 143 3-20 14 - HE
409 . 24 g8 3-5( 141 1219
4 124 T[4 4490 138 (21§




Ddfé of: Raffax Ccontinunad )

bafa af: ﬁxfpa: Ccontinued) .

Me=169, T3/Te= 167

Me=227 » T/T=215"

S

Rey x 107 St 103 S Fe, xw'é Stxiod S
&40 /26 L] 432 /1o [100
166 140 208 $o00 I'1o 1128
220 /9 [28% 4177 l-od /058
294 146 ri4s I /38 jalo
329 140 79 245 /38 1258
3§l 132 /139 29 /23 Hs®
38 . 130 Hal 30 123 [19e.
431 /131 152 4o0 [15 1137

- 43l - laf /188 452 12y I{éo

489 /30" 67 PRy 00 - Jod]
489 . 126 1431 2717 /34 1238
340 vy 1316 340 /30  j249
£23 (46 rary 420 [20 /{88
423 139 Plh £92. 19 ~ [208
$03 - /32 187 s6( rlg /203
$03 /38 [203 630 il /173
g 128 1481 7o l1e6 | [ido
895 121 Ut T80 /03 - lhE
680 /18 12 ‘ ‘ -

680 /13 foés . ,
748 /20 Hs| | Data oft T.R. Jack aund N.S-
g4 |- M6 [30 Diacours C1946) £3-171
930 12 [T Model: Coue mnosed cylinder
P30 1 Fist Measaresmeats: "ﬁa.femﬁue- Zime

h:‘sfara. of Ha srodel
Mg=227, Tlg=21% ‘
Mg= 312, T|Gp=4 -

;?ex,wo’é Stxio3 s : —

Rox107¢ | strid? s
I-4o ]-4o 1158 o
{90 136 186 /06 /26 /233
240 1-24 2 -39 12l - [247
2-85. l2o0 - 12l 2-4p /09 262
336 13 1086 426 096 f202
38s I 019 49% 094 lalg

241



Data of: Jack and Diaconis
CContinued)

‘.qua ﬂJ : Bravoort and Arabian
L conlinued ).

Mg=312, 7;/72-, =4

 Mg=206, T5[Tg=18

Rg,x/o-é .stx/a’ S Rﬁa,xrb'6 - 'Stmo" -]
é-20 . 0882 /188 330 1136 laal
T40 o-850 /180 20 122 M1t
880 0820 1171 460 9 1192

835 113 14

. 131 105 15

Data of : M-J.Bravoorl aud 8.2. %4 046 I-15%

Arabian (1958)03.181 60 0-84 et

Model: Cylinder carial flowat #a | (09 o171 54
ouler surfaca) :

Meas‘flmuenfs: ’ﬁpferafare - time Mgz 39 5 Te/T,= 40 -

h:sﬁry.
Ro 110 st x103 5
Me=0-87 7'5/T‘= I
Rex1076 Stxlo® g 230 09| 1128
585 085 {340
660 083 1235
139 /27 2 660 0-605 1289
16-6 1126 1131 880 0600 ol
156 14 [-093 ‘ _
2§-3 112 /-082 . xS
427 {-00 1ozl Mi=3.08, T5/%=65
Rext 0o~¢ stxio3 s
Mg =162 5 Ta[T, =16
Rexic™ strid® s 68 o:390 1038
724 o395 1051
ns 0-400 1139

194 1-42 1123

095 166 108§

4-85 1-26 Hié

336 o4l lro7§

44-0 0-87 1083

459 064 loés

4714 061§ l0§3




Data of: T Teudelano c1959)(s-1)

Model: Cone nosed cylinder

Measurements: Temperatare- time
h"sfarv, »

Data of: F.N-Hill (1959503 -20]

Model: Avial symmetrical nozzle

Measureim aut's: ﬁufyerafarz gmlfents
a? fowall iw the stream

Me=4.08 , Ts/T;= 340

Me=3 5 T5/Te=2 Mg | TslTe| Regpi” stw*{ s
A Re,xlo" St hod s . : . 1 .
407 | €30 | 2216 | 0380 | ot
g10 | 845|270 | 0352 | [030
13 I-20 l-o6l [0:03| Q16| 1300 | o-di4 | |-148
4 5 l-og4 lood | 932| 1480 | 0:390 | 110]
35 15 199 1005 | 4[| l680 | 0.362 | 0o
40 /18 1267 jo06} 894\ 1Teo | 0363 | 1083
438 1o J-206 Qoa | 8&01| 1936 | 0420 | 1420
25 1o {180 '
32 1-0b 184
38 l-o4 95 Data oft P.F-Brinich (1961)L3-21)
448 o7 1266  Model: cylinder carial flow at &e -
&l |06 lat1l outer sarface '

Measurom autls : ﬁm/umtun - lime
/ﬂ‘s‘far; . : :

&‘wo—‘ ' Stxi03 s Me=4-95
' P o3 )
26 0-44 gt | BT [Rarie | stue | s
345 081 1141 - -

4.2 016 /036 1-83 1-11 139 | 1696
48 * 0-80 HIE 163 | 246 r28 " | 461
&1 076 [-090 I1§3 362 I-30 ITio
262 085 167 1-83 442 #23 1135
32 083 I8l 2494 176 I 1489
3 oTé Illo 294 265 [-08 1486
438 oT1 rise 2494 352 | [of -I'5T3

: | 244 440 lo2 1521

= Sod s TolT = 42 244 615 042 454

Me= o4, TslT = 4 294 8-00 0494 5%

Re, x107¢ St xo3 s 244 60 088 | 14l
. 244 1130 e85 | t411

_ 3o 16 o3 | [45%

262 0-83 /a8 3b0 268 4§ X113
292 086 1286 360 356 044 44|
393 o8o l-230 3-6o 440 o4o F414

243



Date of: E. M. Wukler C1941)£3.223
Model: Flat 'plal‘e

_Measarémehfr: Té‘../nm{urz ?,adiefv& ibe #z Wa// wafen&;/

My | Bl | Reric?| Rexis™®} sens® | s
498 451 }4oo 229 0-862 1236
é10 483 2960 38l oI35 202
524 02 - 3455 445 0738 1260
C 424 491 | 3711 &l 061 166
&1 369 108% - 20| 04968 Hto
&6 371 1-682 247 053¢ r3l§
&l 352 2-45% 327 o1l 197
& "378 3.5% 422 o612 J-062

2449



APPENDIX 4.A

Experimental Observations (Tests (-4)

Test {  (Date /3/3/64)

Pm‘m

245

756:80 mm Hg

Tatne 73:4 °F
Dew Point Tem 'Pem‘f'ur-e 15 °F
Fo-Fx 196:52 mm Ha0
PD ' 20402 wm Haop &
Eo 3 5-3 a2 mv
E@ ) 3423 m v .
+ x" 15 24 35 45 &5 8
sec, .
' (EG - Es ) mV
20 o-To¥ o735 | oTs4 | o16b o119 | o792
30 0§74 0607 - 0-634 0-646 0666 | odgo
4o 0-4¢7 o-504 o530 0547 ‘0-564 0-$g/|
5o 0383 | 0422 0-446 o454 0:483 0498
6o 0319 0354 | o377 0-393 0414 0430
10 0269 E o324 0339 0356 | 0372
80 0-23/ 0258 0-28| 0:30% o3lo 0326
Qo 0199 0226 0:.260 0258 0212 0285
too o713 o198 o-ar] 0230 0-242 8252
llo 052 o713 013 0206 0216 - | 0227
120 -0-lob o152 o164 o184 043 | o203




C13/3/64)

246

Test 2
Patm 156:80 i Hj
Tatm T4 4
DPew Pmut '/'omremfure 15 - °F
Py~ Px 192:22 mm HeO
F, 19845  wmH30,6G
. Ea 3'5-30 mv
E; 34520 wmy
% /o 12 14 16 18 22
t sec. : '
(Eg-Es) mv
20 o797 o819 0839 o846 0842 .| 084o
30 0678 o104 o128 o137 oT4r | o761
40 0592 0-bo% 06l4 o620 0627 | eb34
50 | o811 | 0532 | o043 0-5¢1 ostq | o5l
bo 0-448 0-442 o412 04718 0-484 0-496
7o 0338 0-393 o412 0417 o-427 0439
8o 0:332 ©34p 0359 o367 o311 0368
Qo 0282 | 0304 o314 0323 0332 0343
loo 0244 0260 0272 0279 0293 030
o 0206 022| 0233 0243 02454 0263
120 o1l 0168 0200 o2lo 0224 [ 0219
130 0143 0156 0-168 o718 0189 0200
l40 oy 0130 ol40 0-15® o-l6e olrs




c Tes't 3*" ¢ Date 2073/64)

‘14720

2e7

- mm Hy
: ’Pm T52 °F
- Tate “ 5 -
- Dew point temperatire 1 °F
- F',-F{ o $-04 mm H0
- PO 5"1 ) mmH;0; G
Ep 5241 v |
Ee 5226  wmy
X s 15 35 a5 | &5 '
(Eg-Eg) mv -
40 | rse7 | 1688 | 1wé | g | 114 | 1734
6o 1469 1563 1592 | HerT | 1666 1632
8o 1346 | 1458 1485 | 143 | 1592 | 154l S
loo 1235 | 1360 | 1391 ra46 | 1514 | rass |/ R
120 Ins 1268 | 1319 | 1338 | resl e |
lao | o029 1 224 128l 1388 1307
160 o141 Hol HES 1adt 1325 | 233
. 18e - og2 | o6 1084 |- Ma2 | raTo. | 161
200 ogol | o958 | 1616 | 1911 | tuz | Ho¥'
ate - | o748 | oBql | oy oo | - 16l | rosl
240 | o8 | o834 | og96 | -ofez |kl | efi5
260 | 0644 | oY1 | opas | o4 | 1066 | ofar .
280 .| o5 | o030 | oW4 | efér - | rooB | 0895 |




Test 4 (Date 20/3/64)

Patu - 74720 mHy
T:,... 762 °F )
Dew 'Poiut ‘f'gu-rémfam "1 F
po -P £:12 mm H, 0
P° 52| nin H;a G
Eo 403 wy
E¢ 4890 wv
t“‘."" lo 13 14 16 '8 22
(Ep-E;) wv
4o 160§ 626 1649 1656 1664 1670 °
6o 1487 s 1544 1480 54 | |87
8o 1383 1413 1442 1469 1484 [¢v2 -
loo 1289 1322 1352 1371 1395 rals
[20 (-202 1242 1274 129 1313 1336
{40 134 160 143 13y 1234 1268
160 1o¢l rogs | HI¢ 15t 1169 200
(80 0468 o7 10§D 1082 o4 37
200 - 0-894 o-447 o989 I-ol§ 1044 1073
220 0836 o587 0430 04s4 o486 l-oto
290 o180 o83l o-g10 0902 0-§29 "%7 -
260 013} %180 0-818 o-84b 0-873 oqo2 -

248



APPENDIX 4B

249

Experimental Observations (Tests &-12) )
Tat 5  (Date 12/6/6a)

FPatm 76010 i Hg

Tofm n °F

Dow poiut Tompemtire 14 F

P-B : 9832 wm K0

A [03-23 mwm H: 0,6

. Eo o‘H‘i wmV

»»
x lo t2 e té (8 22
1 sec

to | st | st | wies | eus | &2s4 | £284
20 4-485 4549 4519 4613 4650 469%
30 394 4013 4050 406 - | 4133 4/%6
40 3450 3548 3-5¢3 3-614 3619 3150
50 3045 3134 3169 3zl 3218 3353
6o 2681 2768 2.813 2-8454 295! 3023
70 2351 2.434 2498 2539 26lo 2700
8o 2:066 2-168 2-224 2264 2348 2434
90 1-691 1759 1830 | 196 198 2070




Test & (Date 12/b6/64)
Pdfm .
Tatm 7 be-jo mm Hg -
. -1-1 dF
Dew point temperature 14 °’F
Pa'Px 18920 mim Ha0
Fo 199-88  mm Hyo, &
Eo 11083 v
Eg ' 1083 wmy
X" 1o 12 14 16 18 22
t sec. . -
(EG - ES ) mV
10 05 5089 | & sS4l | 468 $.35.
15 4830 605 4643 4 688 472| 4766
20 429 4169 4313 4345 4319 445l
5 3795 3-84% 3-904 3966 &£039 4008
30 3496 3593 3641 3713 3754 3806
345 3116 3266 3323 3375 344D 360
4o 2926 3-034 3-083 3143 3499 3270
46 2666 2771 2843 2914 2-943 3023
5v 2460 2584 | 262l 2-693 2738 283
§5 2264 2:3¢| " 2404 2449 2¢%b 2695 -
‘0 2"66 2 ’73 g.zie 23 lo 23 a8 2-430
65 +85% 1961 2.048 2093 234 2210

240



Test 7 ( Pate 24/6/64)

2at

Pat... ‘ 76965 HJ -

Taf- 734 ’F R

Dew po.'ut fcvmfcnﬁ.re 13 | =

Po-F 13688  mmH,0

Po 14290 wm 0,6

Eo 4958  wmy

EG 494‘ my

Ay, 5 24 34 45 65 8
- ES wmy

lo 4590 4481 4530 4556 | 460) 460 |
Is 3993 3679 378 3633 304 - 3968
20 3221 29¢9 3015 354 3296 334/
25 2625 | 2295 244/ 24¢4 2693 2798
30 2059 1641 104l 1913 230 2246
35 1449 | 1163 1339 1453 1468 18l
Go 1084 o660 . 0848 0-963 93 +339
4§ 065 | o 0416 052 o788 o044




Test 8 c24/6 64

P“h ‘ ‘ 769-6% (™ Hj

T ~ 754 °F-

Dew point t'e‘;remfur-& 13 ’F

’ Po.. & : 12323 mim Ha0

P ' 128-39 min H; 0, &

E, 4952 my :

EG 4?3? my

x"l e (2 14 16 /6 22
tS”.
--Es ¥

10 3681 | 3930 | 3964 | 3@0 | 4ol | 4039
5 3326 3375 3413 3440 3-44/ 3533
20 2-g/o 2-884 .29/0 Aqae 3004 | 3064
25 | 224 2359 2-408 247/ 2643 2584
30 1743 (909 14539 2oal 208/ 2-/6e
35 103 | fagl 529 +613 65 1136
40 0986 | ol oy lag | rde | 3%
45 o-6o o-T20 o799 o84f | o9 | o919
$o 0253 0°334 2458 0§04 0-593 o668 ‘

252
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Tests 9-/2 ¢ Dates 1/1/6a and 17/7/6a)

Tast No. q 9 o L 12
Pot . mmHy | 6947 | T624Y | TTéo 76160 -
Tom O 142 "2 524 o4
Dew point 'I’e—romm °k | I3 13 13 5
Pp - Fr mmps0 | 536 16473 f132 1425%
P mmH10,6 | $505 sl lol-4l 14898
Eo ' I 46 4893 &80 $.0]2

Eq ' 4618 | 4876 | si36 | 4%
t sac. ‘ . ~Eg V¥

'3 4373 442 | 4bsr | 428
lo ' 3476 3859 | 48 | 3885 |
5 3595 3287 | 258l 3316 .
20 3245 3787 338 12793 .
2§ _ - 24lo 2314 24 2320

s0 2691 [-83 2304 | 192

3¢ : 2-298 428 1-929 602
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Correction of BExperimental Errors.

( a) Radiation error

The radiation heat addition to the test plate (at
temperature TS) from tunnel wall ( at temperature TG) in the
pfesent case 1s the intezmediate’ between a small enclosed body
and a large enclosed body. The cmissivity of the test plate
(polished Monel), €5, 1s 0.06 and that of the Cadmium-plated-
steel tunnel-wall, €,, is 0.5 [4.17, pp. 472-4787 .

For a small enclosed body, the equation for the radiation-

heat addition is:

4,1

EG¢(TG4‘T:§4)

U}

b g b ,
0.06 @ (TC_ ~Tg ) (1C.1);

whilst for a large enclosed body, it is:

a (T4-12)
(1/¢,) + (1/65) + 1

“r,2

= 0.0566 @ (TLG:- '.tg) (40.2).

The difference between Bgs. (4C.1) and (4C.2) is small, so the
intermediate value of and can be used to estimate the
; el | %, 2 ©

radiation~heat addition, i.e.,
Q= o.o58r(w‘£-m‘s*) (40.3),

where the unit of q_ is in Btu/fth, the unit of T is in °R, the

value of ¢ (Stcfan Boltzman constant) is equal to O.ll?xJ.ONB. The

correction due to radiation by Eq. (4C.3) was made and its magnitude
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was found to be from 0.1 to 0.-._9"'7‘.

(b) Non-uniform wall-temperature correction.

Implicit in the caloulation of the theoretical heat-transfer
coefficient is the assumption that the wall> is at a uniform
temperature at cach instant of time. That this is not the
case is evident from the experimental temperature distribution
shown in Fig. 4C.1. A theoretical relationship between heat-
transfer coefficiént on a flat plate with uniform wall
temperature (St) and non~uniform wall temperature (St') was
derived by Eckert et. al. [4.11, pp. 182-183). For the
turbulent flow, they used Seban's stepwise ‘Eemperature variation
fomula and the method of superposition {4.11). The result
was: ‘ | |

St'/8+t ={eT_+0.991(AT -6 )+0.117 (ax/x) (2n-1)
AT 8T, - 2(AT;+ BT aT; + ..‘.+an_1)]} /a1
(4C.4),

where AT is the difference between the wall and the mainstream
temperatures, St' is the local Stanton number for non-uniform
weall temperaturc and St is that for the uniform wall temperature,
meanings of other symbols are shovm in the following figure:
Eq. (4C.L) together with the experimentel temperature
dis;bribution curves, ©.g. Fig. 4C.1, was used to correct the
error due to the wall temperature variation. The correction was

found to be from 1 to 6% dépendent mainly on the position (x).
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(¢) Condensation Correction.

Thelformation of frost on thé surface of a cobled,plate
influences the hcat transfer to the plate in two different ways,
namely; first, as the water vapour is tranferred toward the test
plate to form the frést, the latent heat of sublimation is added
to the plate; and second, the frost deposited on the surface
of the plate increases the effective thickness of fhé plate
and/or ﬁhevroughness of the surface.

For the first named influence, ité magnitude can be
predicted quite accurately, so a correction for this influence
will be made below. For the 2nd named influence, its magnitude
is lesg certain and its contribution to the uncertainty of the
measured Stanton number will be estimated in Appendix LD,

The deposition of frost on the surface of a cooled plate

is a process of mass transfer. In an equilibrium state, the
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rate of frost formation depends on the mainstream dewpoint
témpera'i:ure and the plate surface temperature. Using the
method of Ref. 4.18,

' = gB cee (4C.5).
where B & my 0 ,c™ 0,8 g = St/fG G,Cthe mass fractions of
water vapour at the rna:.nstrcam (nHZO G) and at the surface
(mHZO,S) corresponding to the mainstrcam dewpoint tenperature‘
and the surface temperature can be obtained from table 22 of
Ref. 419, and the values of St and foug are known)l,‘;ve can
compute the rate of frost formation {(m”), |
| Knowing the rate of frost formation (m") from Bq. (4C.5)
and the latent heat of sublimation (8) from Ref. 4.19, we can

calculate the¢ heat addition by the e’duation:
q]n = }IOI-!]." ve0 (40-6) .

Bgs. (4C.5) and (4C.6) wcre used to make correction for
the frost formation. The magnitude of correction was about
0.1-0.%.

Gofrections (a), (b) and (c) described above have been
made to the 'S'bar:.ton ¥umber (St!') of Table L4.4. The corrected

Stanton numbers are entercd into the Table 4.4 as St.
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APPENDIX LD

Estimation of Experimental Uncertainties.

Besides those errors described in Appendix 4C, there are
further possible experimental errors whose magnitude cannot ‘be
accurately calculated. Those errors contribute to the uncertainty
of the experimental data; their orders of magnitude are estimated
below: | |

(a) Effective Reynolds number.

The Reynolds number (Rex) in Table 4.4 has been based upon
the distance from the leading edge of the plate. In Para. (iii)
of $4.l.l, itwas shovm that the transition did not complete
until Rex got to about 1. 2x105 . Although the exact effective
starting gosition from which the distance should be measured
is not known; for thc purpose of estimation, we assume that the
transition started somewhere between the lesding edge of the plate
and the position of tfansition, say, at Reynolds number equal
to 6x10}+(Re‘x). Hence at Re  equal to 1x106, the effective
Reynolds number would be sbout 9.4x10° (=Rex—Re;). As St is
apprdxjma‘tely proportional to Rei/5 , the unccrtainty due to the
unknown effective start of turbulence is about 1l.%.

(b) Tempcrature Potential.

The temperature potential (TG—TS) was required to calculate
the experimental St (Bq. %.10), where T, was measured by
a total tempcrature probe placed at x=12". In §4.3.3, it was

pointed out that the accuracy of the measured mainstream total
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temperature is iO..BOI"; in addition, the adiabatic wall
temperature instead of the total temperature should have been
used for calculating the Stanton number. At Mach number number
equal to 0.2, recovery factor : ~ equal to 0.89 and TG
equal to 600°R, the difference betwecn the total temperature
and the adisbatic wall tempcrature is less than O. 5°F. ; 8O
the uncertainty in the temperature potential is about *.8°F

which contributes tc an error of about tl% in St data.

(¢) Toempcraturc-time slope.

Care has been taken to measure the slope (d7/dt) accurately
by the method of fiirror and imagd: an uncertainty of about 5% may
however still be present.

(d) Heat conduction.

The conduction has two components: they are the chord-wise
component ané the x-component. For the former, it was found to
be negligible; because we have placed the test-plate thermo-
couples in the centre-line of the platc or 1" away from the
centre-line (Fig, Le3), and Fig. (4C.1) docs not reveal the effect
of the chord-wise positions of the thermocouples on the value of
T. TFor the 1attér, the conduction can thecorctically be calculated
from T vs x curves (c.g., Fig. 4C.1). The variation of T against
x in the tu sbulent region is, however, small (Fig. 4C.1); and the
conductlon is believed to be still smaller, bpccmse it 15 m'o—
%or’rlonal to the 2nd derivative of T vs x (i.e., d T/dx

ence, the error due to conduction is small in the prescnt experl-

men‘ts, say, it does not exceed 0.5%.
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(e) Frost Deposition.

The heat addition to the plate due to latent heat of
sublimation has been described in Appendix 4C. The effects of
the increased effective thickness and roughness of ‘the plate
due to the frost are estimated below. For this purpose, the
total frost d_ei;osited on unit area at time (t) is first
calculatéd.

The method for calculating the frost formcd on a unit
surface area per unit time (A") has been described in Appendix
L4C (Bq. 4C.5); the total frost deposited on the unit a.rea. at

time t is then

m" = i;lﬁ"dt cee (yD.1).

On the assumption that the frost deposited on the plate
forms a smooth surface, part of the convective heat transferred
to the surface is then absorbed by the frost instead of the
plate. The ratio of the heat absorbed by the frost to the total
convective heat (Ef) i'epr;esents the possible error of the
measured Stanton number and is expressible by the equation,

B - m'c, ces ' (1p.2),

£ - —
(f’Yc)S + m'c,

where m" is calculated by Eq. (4D.1), c; is the specific
heat of ice and (j"'rc)S is the thermal capacity of the test
plate per unit area. It was found that the average error

reprosented by Bae (4D.2) for the present experiments  is only

0.0%%.
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Now, if we assumec that the frost deposited to the surface
of the plate is in the form of sphcres at 10-spherical diameters
apart, the relation between the spherical diameter (d) and m"

can then be expressed by the ecquation:

a = 300 /(i 7 §,) .o (.3).

where fi is thc density of ice. The average velue of d (by
Eg. 1D.3) for the present experiments was found to be 4.5:{10-5 fte
Now,' the a\;cra\ge value of x and Rex for the present
cxperiments are 1 £t and bd06 , respcctively. Hence the average
roughness parametcr (= d/x) for the present experiments is
14.5%1077 ot Re_ cqual to 1x10°, In Rof. 4.20 (4.20, p.5587,
it is stated that the suwrface is acrodynamically smooth if d/x
is less than Il_th'I.O"Ll~ at Re, cquel to 1x106. The roughness effect
of the frost formation is therefore negligible for the present
experiments. |
The total uncertainty accounted above amounts to about
7.7%; so the accuracy of the present data (St) is believed

to be well within Z10%.



	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64
	Page 65
	Page 66
	Page 67
	Page 68
	Page 69
	Page 70
	Page 71
	Page 72
	Page 73
	Page 74
	Page 75
	Page 76
	Page 77
	Page 78
	Page 79
	Page 80
	Page 81
	Page 82
	Page 83
	Page 84
	Page 85
	Page 86
	Page 87
	Page 88
	Page 89
	Page 90
	Page 91
	Page 92
	Page 93
	Page 94
	Page 95
	Page 96
	Page 97
	Page 98
	Page 99
	Page 100
	Page 101
	Page 102
	Page 103
	Page 104
	Page 105
	Page 106
	Page 107
	Page 108
	Page 109
	Page 110
	Page 111
	Page 112
	Page 113
	Page 114
	Page 115
	Page 116
	Page 117
	Page 118
	Page 119
	Page 120
	Page 121
	Page 122
	Page 123
	Page 124
	Page 125
	Page 126
	Page 127
	Page 128
	Page 129
	Page 130
	Page 131
	Page 132
	Page 133
	Page 134
	Page 135
	Page 136
	Page 137
	Page 138
	Page 139
	Page 140
	Page 141
	Page 142
	Page 143
	Page 144
	Page 145
	Page 146
	Page 147
	Page 148
	Page 149
	Page 150
	Page 151
	Page 152
	Page 153
	Page 154
	Page 155
	Page 156
	Page 157
	Page 158
	Page 159
	Page 160
	Page 161
	Page 162
	Page 163
	Page 164
	Page 165
	Page 166
	Page 167
	Page 168
	Page 169
	Page 170
	Page 171
	Page 172
	Page 173
	Page 174
	Page 175
	Page 176
	Page 177
	Page 178
	Page 179
	Page 180
	Page 181
	Page 182
	Page 183
	Page 184
	Page 185
	Page 186
	Page 187
	Page 188
	Page 189
	Page 190
	Page 191
	Page 192
	Page 193
	Page 194
	Page 195
	Page 196
	Page 197
	Page 198
	Page 199
	Page 200
	Page 201
	Page 202
	Page 203
	Page 204
	Page 205
	Page 206
	Page 207
	Page 208
	Page 209
	Page 210
	Page 211
	Page 212
	Page 213
	Page 214
	Page 215
	Page 216
	Page 217
	Page 218
	Page 219
	Page 220
	Page 221
	Page 222
	Page 223
	Page 224
	Page 225
	Page 226
	Page 227
	Page 228
	Page 229
	Page 230
	Page 231
	Page 232
	Page 233
	Page 234
	Page 235
	Page 236
	Page 237
	Page 238
	Page 239
	Page 240
	Page 241
	Page 242
	Page 243
	Page 244
	Page 245
	Page 246
	Page 247
	Page 248
	Page 249
	Page 250
	Page 251
	Page 252
	Page 253
	Page 254
	Page 255
	Page 256
	Page 257
	Page 258
	Page 259
	Page 260
	Page 261
	Page 262

