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Abstract

In this paper, we investigate the problem of nonlinearity (and non-convexity) typically associated with linear state-feedback pa-
rameterizations in the Robust Model Predictive Control (RMPC) for uncertain systems. In particular, we propose two tractable
approaches to compute an RMPC controller - consisting of both a causal, state-feedback gain and a control-perturbation com-
ponent - for linear, discrete-time systems involving bounded disturbances and norm-bounded structured model-uncertainties
along with hard constraints on the input and state. Both the state-feedback gain and the control-perturbation are explicitly
considered as decision variables in the online optimization while avoiding nonlinearity and non-convexity in the formulation.
The proposed RMPC controller - computed through LMI optimizations - is responsible for steering the uncertain system state
to a terminal invariant set. Numerical examples from the literature demonstrate the advantages of the proposed scheme.
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1 Introduction

Robust Model Predictive Control (RMPC) strategies
have received considerable amount of attention over the
past decade. These refer to a class of algorithms which
involve optimization to compute control action whilst
taking account of system uncertainty /disturbances [9].

Most of the RMPC schemes proposed in the literature
can be classified into two categories (or their combina-~
tions/variations): open-loop MPC and feedback MPC.
Open-loop schemes consider the future input profile
as a function of the current state only which, though
computationally efficient, is generally too conservative
and may cause infeasibility [9]. On the other hand,
feedback RMPC schemes consider future inputs as
(linear /nonlinear) functions of future predicted states
and, therefore, have the advantage of mitigating the
effect of uncertainties while potentially avoiding the
aforementioned infeasibility problems. Within this cat-
egory, nonlinear feedback schemes (see e.g. [12]) enjoy
reduced conservatism; however, their main drawback is
the excessive online computational burden due to the
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combinatorial nature of the optimization. Therefore,
much of the research has been focused towards linear
state-feedback RMPC schemes which we discuss next.

To reduce conservatism, a desirable approach in linear
state-feedback RMPC is to directly consider the feed-
back gains as decision variables in the online optimiza-
tion. However, as noted in [4], the problem with this
approach is that formulating such an RMPC problem
in the standard way leads to sequences of predicted
states and inputs which are nonlinear functions of the
state-feedback gains. Therefore, the resulting problem
becomes non-convex. A solution to this problem has been
proposed in [14] where the state-feedback gains are com-
puted through sequential online optimization based, in
part, on the principles of Dynamic Programming. The
same approach has been extended, in [15], to systems
with scalar uncertainties in their dynamics. The alter-
native approach involves the use of ()-parameterization-
like methods - sometimes also called Youla parameteri-
zation - to obtain convexity [17]. The application of such
methods in the context of min-max RMPC was intro-
duced in [7]. These results were extended in [4], where
the authors showed that for systems involving bounded
disturbances, under suitable assumptions, affine state-
feedback becomes equivalent to a disturbance-feedback
parametrization. Recently, a similar method - based on
@Q-parameterization - has been proposed in the context
of RMPC for systems with stochastic disturbances [13].



In much of the work described above, the focus has
been on systems that involve only disturbances/noise
or simple scalar uncertainties. However, as we show
in Section 2, in the presence of both general model-
uncertainties and disturbances (along with state/input
constraints), even the state-feedback RMPC formula-
tion employing the aforementioned @)-parameterization-
like methods results in nonlinearities and non-convexity.
This problem is the main focus of this paper. In particu-
lar, we propose two approaches - for systems affected by
norm-bounded structured uncertainties as well as dis-
turbances - which both circumvent the aforementioned
nonlinearity to yield a state-feedback RMPC scheme
based on convex LMI optimizations. The first approach
consists of recasting the disturbance as an uncertainty,
followed by relaxing the problem using the S-procedure
and subsequently using a slack-variable method. In the
second approach - which can be considered to be a ‘dual’
of the first - we re-parameterize the model-uncertainty
as a polytopic disturbance to obtain convexity.

This paper is organized as follows. Section 2 provides a
description of the system, formulates the general causal
RMPC problem subject to uncertainties/disturbances
and highlights the associated nonlinearities and compu-
tational intractability. In Section 3, we provide an in-
depth analysis of the nature of the nonlinearity and sub-
sequently propose an LMI optimization solution based
on the use of a slack-variable procedure with system dis-
turbance recast as an uncertainty (approach 1). In Sec-
tion 4, we provide an alternative solution to the RMPC
problem based on the re-parameterization of the uncer-
tainty as a disturbance (approach 2). In Section 5, we
illustrate the effectiveness of our algorithms through ex-
amples from the literature. We conclude in Section 6.

Notation and background material: The notation
we use is fairly standard. R denotes the set of real num-
bers, R denotes the space of n-dimensional (column)
vectors whose entries are in R, R™*" denotes the space of
all n x m matrices whose entries are in R and D" denotes
the space of diagonal matrices in R™"*". For A € R"*"™,
AT denotes the transpose of A. If A € R™ " is sym-
metric, A(A) denotes the smallest eigenvalue of A and
we write A = 0 if M(A) > 0 and A = 0 if A\(4) > 0.
Analogous definitions apply to A(A4), A <0 and A < 0.

We define the norm of A € R™*™ as [|A| = y/A(AAT).
For z,y € R™, x < y (and similarly <, > and >) is in-
terpreted element-wise. The identity matrix is denoted
by I with the dimension inferred from the context. Let
z € R™ and denote the ¢-th element of z by z;. Then,
diag(z) is the diagonal matrix whose (7,¢) entry is z;. For
square matrices Ay, ..., A, diag(Ay, ..., A,,) denotes
a block diagonal matrix whose i-th diagonal block is A;.
The symbol e; denotes the ith column of an appropriate
identity matrix. If Ud C RP*1 is a set, then operator B is
such that BU denotes the unit ball of U. For matrices
A and B, A ® B denotes the Kronecker product.

In the formulation, we make use of the Schur comple-
ment argument. This refers to the result that if A= AT

A B
and C = CT = 0 then = 0 if and only if
BT C

A — BC~ BT = 0. To deal with norm-bounded struc-
tured uncertainties (usually having repeated and/or full
blocks on the diagonal entries), we use the following
lemma based on the results in [2].

Lemma 1 Let R = R”, F, E, H be real matrices of ap-

propriate dimensions. Let A be a linear subspace and
define the associated linear subspace

U ={(S,T,G): S=58T=0,T=T"+0, SA=AT,
AG+GTAT=0, VA€ A}.
Then, R+FA(I-HA)'E+ET(I-ATHT)7IATFT -0

and det(I — HA) # 0 for every A € BA if there exists
a triple (S, T,G) € ¥ such that

R ET + FGT FS
x* T+HGT+GHT HS| >0 (1)
* * S

where x denotes a term easily inferred from symmetry.

Finally, we refer to the S-procedure which is used to
derive simple sufficient LMI conditions (occasionally
necessary and sufficient) for the non-negativity or non-
positivity of a quadratic function on a set described by
quadratic inequality constraints [3,8].

2 Robust MPC problem

In this section, we give a description of the system and
the constraints followed by the cost function. We also de-
rive an algebraic formulation of the causal RMPC prob-
lem and highlight the associated nonlinearities.

2.1 System Description and Constraints

We consider the following linear discrete-time uncertain
system, see e.g. [5],
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where A € BA. Furthermore, z € R", u € R™,
wi € R™ | fi € R™, 2, € R"* pi € R™ and ¢ € R™
are the state, input, disturbance, constrained signal, cost
signal and input and output uncertainty vectors, respec-
tively, at prediction step k; all other symbols denote
the appropriate distribution matrices. We assume that
the pair (A,B,,) is stabilizable. The state xj is assumed
measured and prediction step k belongs to the time set
Ty = {0,1,--- ,N — 1} where N > 0 is the prediction
horizon. We consider a disturbance of the form

wy € Wy, i= {wER"“’ :—dkgwgdk} (3)

where di, > 0, k € T are given. Furthermore, we con-
sider a norm-bounded structured uncertainty A € BA
where A C R"*™a ig a structured subspace. Note that
we allow uncertainties in all the problem data in (2).

It is required, for all k& € T, to find uj such that the
future constrained outputs satisfy fi < fr, fnv < fn for
all wp, € Wy, and A € BA |, and the cost function

N

> (2 —2k)" (2 — Zk)

k=0

J = max
wrEWL, AeBA

is minimized, where Zy, k € Ty, representing a reference
trajectory, is given. Note that f; may be chosen to rep-
resent polytopic constraints on state, output and input.

2.2 Algebraic formulation

As part of our first approach, in order to help linearize
the RMPC problem and simplify the presentation, we
propose to re-parameterize the disturbance as uncer-
tainty by writing W, in (3) as Wy ={A¥dy : A € A"}
where A" is a structured subspace.

Combining the disturbance and uncertainty yields the
state dynamics in (2) - but without the entries corre-
sponding to wy - with the re-definitions, for all k € Ty

By:=[B, Bul, Ay:=diag(A, AY),

dk C D m 0
Gk = = Mo+ | " w+t (4)
dy 0 0 di
—— —— ~——
Cq un E}c

Let & stand for f, f, p, q, z or Z, and define vectors
r = [zT 2T Te RN w = [ul - -u%_|]T€ RV« and
E=1[T ... ¢l)Te RNe \where N,, = nx N, N, = n, x N
and N¢ = ng x (N +1). Then, by iterating the dynamics

in (2), with re-definitions in (4), it can be verified that

.A 0 Bp Bu Zo =

T
do
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f Cf 0 Dfp Dfu P E

2 C.0 Dy Doyl l|u Nt

where p = Aq, with A € Ba,

A:={diag(A,AY, ..., AAY | A):A € A AV €AY

and where all the matrices in (5) can easily be computed
by iterating the dynamics in (2).

As mentioned above, we consider a causal state-feedback
structure on the RMPC controller (that is, u; depends
only on z;,j =0,...,1, see e.g. [13]). Therefore, we set

u=Koro+Kzr+v (6)

where Ky € RN«x" K € RN«*Nn are the current and
future state-feedback gain matrices and v € R« is the
control-perturbation sequence, and where causality is
captured by the constraint that the matrix [ Ky K] is
block lower triangular (with n, x n blocks). We denote
structures of Ky, K, v as Iy, K and v, respectively.

Remark 2 Note that the state dynamics in (2) can be
written as Tpn = (A+BpACy)xk+ (By+BpAD g, )uy, +
(Bw+ BpADgy)wy. Hence, we allow uncertainty in all
parts of the dynamics as well as in the cost and con-
straints. Furthermore, the proposed control structure (6)
provides flexibility in that the designer may choose to
use any combination of the three control terms (for ei-
ther feedback or open-loop RMPC' control). Therefore,
the RMPC algorithms proposed in this paper can be read-
ily applied to a broad class of systems.

Substituting the expression of z in (5) into (6) yields the
following expression for u

U:IA{0$0+IA{BPP+@, (7)
where [Kg K 0] := (I-KB,) '[Ko K v+KAx).

Note that u is affine in the new variables (Ko, K, #) which
have the same structure as (K, K, v), and which in turn
can be recovered as

(Ko K v]:=I+KB,) Ky K 0—KAux]



Eliminating u from (5) using (7) gives
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where Z denotes the stacked reference trajectory. Finally,
eliminating p using p = Ag, gives the constraint and cost
function signals as [ fT (2 —2)T|T =

,Df(o,R',ﬁ,A

2 % _ 1Ko, Ko,d
DJ{‘;A(I—Dg)A) 1Dq0° “—f—DfO” ! 0

DiA(I—DgyA)_lpg)&ﬁ—‘y—Dﬁ%ﬁ’@ 'ngt)af(ﬂij

2.8  Minmax formulation

We now formulate the RMPC problem and investigate
the associated nonlinearities. Note that the constraint
and cost function can respectively be written as
o SN Ko,K,0,A
f(KOaKavaA):DfOO " (9)
L Ko,K,5,A Ko, K,5,A
fe(Ko, K, 9, A) = (D) (D02, (10)

Using (9), define the set of all feasible control variables
U={(Ko, K,0): el DRIE A< TF Vie Ny, YA}, (11)
with Ny ={1,..., Ns}. The RMPC problem is to find

fo(Ko, K, 0,A) (12)

¢ = _ min max
(Ko,K0)eUd AEBA

and a feasible triple (Kg, K, ¥) that achieves the mini-
mum. Since the problem is nonconvex, we use a relax-
ation procedure based on Lemma 1 to minimize an up-
per bound on the cost function as shown next.

2.4 A semidefinite relaxation of the RMPC problem

The next result uses Lemma 1 to derive suflicient condi-
tions for (Ko, K,0) €U and an upper bound, call it f,
on the cost function in (12).

ThgoreAm 3 Let alivariableg be as defined above. Then,
fe(Ko, K, 0,A) < f. and (Ko, K,0) € U for all A €

B&, if there exist solutions (S,T,G), (S;,T;,G;) € ‘il,
Vi € Ny, to the following matriz inequalities

Koo 2 2
I Dy Dg;GT DS
x f Dy )" 0
fe (D)™ ~ | =0 (13)
*x x  T+DEGT+G(DE)T DES
* * * S

eiT(f—Dfoo ‘) _(quo U)T‘F%eiTDﬁGiT %Q?Dﬁ&

* T,+DEGT+Gi(DE)T  DES; |-0
* * Si

(14)

PROOF. Using the definitions above, the constraints
in (11) can be rearranged in the form, Vi € Ny,

RAFA(I-HA) 'E+ET(I-ATHT)ATF! 0, (15)

1 THK
3¢ Pfyp

K
‘ qu

F; eI (F - Dig")

R; _
E|H| | D&

Using Lemma 1 on (15) yields the inequality (14).

Next, we consider the cost function. Let f,. be an upper
bound on the cost such that

fC(K07K7ﬁ7A) S?c (16)

Using (10), as well as a Schur complement argument on
(16) yields the equivalent requirement

I Dgo,f(,ﬁ,A
>~ 0. (17)

* fe

Then, using the definition for Dﬁg‘)’K’@’A

equality (17) can be written in the form

, the matrix in-

Ro+FoA(I-HA) 'Eo+-EL (I-ATHT) IATET -0, (18)

1 pfer| pE
Ro| Fo Py = r
= (DZOO,U)T fc 0
Eo| H Ko, b X
0 D" Dg)
An application of Lemma 1 on (18) yields (13). [ |

Theorem 3 then defines an upper-bound on ¢ in (12) as

p=min{f.: (Ko, K,9) e (Ko, K,v), (S,T,G), (S;, Ti, G;)
E\Tl,ie./\/'f s.t. (13), (14) are satisfied}.  (19)



We will call a triple (Ko, K,9) achieving the bound
in (19) an optimal control law for the relaxed Robust
MPC (RRMPC) problem. Note that the RRMPC prob-
lem (19) is nonlinear in K - while being linear in K
and 0. Furthermore, the terms involving K are diffused
throughout the matrix inequalities of (19) (i.e. (13),
(14)). Therefore, the optimal solution requires the use
of nonlinear optimization techniques. It can be verified
that, in the existing form, the nonlinearity can only be
avoided if K is fixed or in the limiting case when the
system has no model uncertainty and is subject only to
disturbances (see Remark 4). We next propose our first
approach to remedy this nonlinearity and hence trans-
form the RRMPC problem into an LMI optimization.

Remark 4 When the system is subject only to addi-
tive disturbance (and no model-uncertainty), the matriz
inequalities (13), (14) become linear. To see this, note
that for this case, Cq, Dqy become zero and therefore

qu = Dyp and DKO” = Cqxo + d in (8). The vari-
ables G, G; also become zero since A is now diagonal.
Furthermore, S = T and S; = T;. Then, effecting the
congruence tmnsfarmation diag(I, 1,871, Sfl) on (13),
and considering S™* as a variable, renders (13) linear in
K. A similar procedure can be adopted to linearize (14).

Remark 5 [t is worth mentioning here that a simple
procedure for linearizing the inequalities (13) and (14) is
tOS@tS:Si :/\INp’ T:Ti = )\INq andG:Gi :0,
Vi, for a variable A € R, and subsequently take MK as the
variable. Though this may be attractive from a computa-
tional point of view, the problem is the excessive conser-
vativeness potentially associated with such a restriction
which, in turn, may render the problem infeasible (see
also the numerical example in Section 5.1).

3 A linearization procedure for the RRMPC
problem - Approach 1

As can be seen from (13) and (14) (which follow from

(1)), the terms that include K have the form KB,X
where X stands for S, S;, G, G;, i € Ny. To deal with
this issue, in Section 3.1 we propose to extend Lemma 1
by introducing slack variables that will allow us to keep
only one term in the form K B,So, for a free Sy and for
all the matrix inequalities, without excessive loss of the
degrees of freedom. Then, in Section 3.2, we propose
to treat K (:= KB,Sy) as one decision variable of the
optimization, thus linearizing the problem, and allowing
us to extract the desired variable K from K.

3.1 An extended S-procedure

In this section, We propose an extended version of
Lemma 1 using an approach similar to that used in e.g.
[1]. This will enable us to give equivalent necessary and

sufficient conditions for (1) in a form that allows us to
separate the terms multiplying K from other variables.

Theorem 6 Let all variables be as defined in Lemma 1.
Then the following two statements are equivalent:

(i) There exist (S,T,G) € W such that (1) is satisfied.
(ii) There exist (S, T, G) \Il, =y7T So and Gy such
that (So,T Go) S ‘I’ and L4
'R BT FS, ~FGT ]
x T+Y HSy—Ry —HGE+Y)
=0,
* * S()+Sg—5 — Gg—Rg+GT
* * * Yo+Yi -Y
S -GT
P = = 0.
-G Y

If So, Go, Ry or Yj are constrained, then (ii)—(i).

PROOF. Note first that, for any Y = Y7, we have

R ET Fo|| S -GT||[FT HT
(1)< - =0 (20)
E T+Y -G Y ||0O I
e (it) — (i): Taking a Schur complement on (20) yields
R ET |||F 0
(1) @ Ly=||x TH+Y|||H I|]|=0. (21)
* ‘ P!
Define
Sy -Gt
e R
-Ry Yo

Then, the following identity can be verified
PP Py=Pl+P,—P+(P]—P)P~(P,—P). (22)

Effecting the congruence transformation diag(I, Fp)
on Lo, followed by the use of identity (22) shows that

Lo+ 2 (PT=P)P" (Ro=P) [0 1]-0= (1)

since the last term in (22) is nonnegative.



e (i) — (di): Since S > 0, there exists Y such that
P = 0, e.g. we can take any Y = GS~'G”. Therefore,
(21) is satisfied. Now let Sy = S and Gy = G so that

(S0, T, Gp) € 'i:o. Then £; = 0 from (21). [ |

Remark 7 Theorem 6 introduces slack variables which
provide extra degrees of freedom to allow a less conserva-
tive change of variables to overcome nonlinearity in (19).

3.2 Final linearized RRMPC problem

By using Theorem 6 on inequalities (15) and (18) (in-
stead of Lemma 1 as above), it can be seen that the non-
linearities now only have the form K B,Sy and K B,Go
for unconstrained Sy and Gg. Furthermore, no other
terms include K. It follows that by e.g. restricting Sy €
So = {Xol : Ao € R} and Gy € Gy = {0}, we immedi-
ately ensure linearity by defining MoK as a new decision
variable. However, the ‘least-conservative’ choice for sets
Sp and Gy is problem dependent and follows from the

fine structure of K and B,,. For the sake of clarity of ex-
position, we we do not go into the details here.

We now propose the following theorem to compute a so-
lution for RRMPC problem through LMI optimization.

Theorem 8 Let everything be as defined above. Then,
(Ko, K,0) € U and f.(Ko,K,0,A)<TF,, for all
A € BA, if there exist solutions (S,T,G), (Si, T;,G;) €
U, Y =YT, Y, = YT, Y, € RNNa, §) € S,
Go € Gy, Ry € RNNe i € Ny to following LMIs:

S * Si *
: =0 (23)
-G Y -G Y
[ I * * _—
o L
0 DYy k|0 (24)
(D.pSo+D. K)T 0 zt S x
—GoDZ, 0 Y{-G¢DL G Y|
I (F-Dfy™) o ox
—DEo? T,+Y; * ok
) @ ) =0 (25)
§(DfpSO+Dqu)7;€i Zg S *
—%G()D,]]:pei YOT—GO’DZ;) GZ i

where S;:=S3+S0—Si, Gi=—Go—Ro+Gi, Yi=YotY{ —
Y;, S:=8{4S0-S, G:=—Go—Ro+G, Y=YtV Y, Zy:=
DypSot+Dyu K—Ro with Dﬁ)"’@,Dﬁo’ﬁ and ng‘)’ﬁ defined
in (8) and where K :=KB,Sy (so that K, and therefore
K, can be recovered from K ).

PROOF. The LMIs (25) and (24), along with (23), re-
sult from the application of Theorem 6 on (15) and (18),
respectively, and the use of definitions given above. W

It follows that the RRMPC control law (Ko, K, ) can
now be computed online - by solving the (convex) prob-
lem of minimizing f, subject to the LMI constraints of
Theorem 8 - and subsequently applied in a receding hori-
zon manner. Note that the conservatism introduced due
to the use of Sy, Gy, Ry and Y] for all the matrix inequal-
ities is potentially much less than that introduced for the
case when the same (complete) set of variables is used for
all the inequalities (as given in Remark 5). This is also
illustrated through a numerical example (Section 5.1).

Remark 9 In case the considered problem has no feasi-
ble solution, then by noting that (25) is linear in f, an
LMTI procedure can be adopted for minimally relazing the
constraints so that a control law may be computed.

4 Causal RMPC - Approach 2

In this section, we formulate our second, computation-
ally less demanding, solution to overcome the nonlin-
earity in the considered feedback RMPC problem. This
scheme can be considered as a ‘dual’ of Approach 1
(Section 3) in that it involves the re-parameterization
of the uncertainty set as a polytopic set similar to the
disturbance in (3). It is also inspired from some of
the stochastic MPC schemes which, in the interest of
tractability, compute bounds on stochastic disturbances
and therefore approximate chance constraints with hard
constraints (see e.g. [10]). In particular, we propose to
compute hard bounds on uncertainty which helps to
convexify the RMPC problem and enables computation
of optimal Ko, K and © through an LMI optimization.

Throughout this section, in the interest of clarity of ex-
position, we will make the following notational simplifi-
cations. Instead of f, we will consider the constraints on
state and the input separately. Moreover, a conventional
combination of state/input penalty will be considered
in the cost function and, without loss of generality, only
the regulation problem will be formulated [5]. Finally, we
consider disturbance to be uncertainty-free (Dg,, = 0

Due to the presence of persistent uncertainty and dis-
turbances, the system in (2) cannot be controlled to the
origin. The uncertain system state can, at best, be con-
fined to an RPI set Z. Many RMPC schemes incorpo-
rate the idea of such RPI terminal sets (see e.g. [12],[6])
since it helps to establish recursive feasibility and stabil-
ity (see Remarks 14,15). To promote state convergence
to Z, we include in our formulation, the terminal state
constraint zy € Z together with other hard constraints



on the input and state. All these are summarized below.
The problem-defined state constraints are given by

xkeXk::{xeR”:gkngka}, Vk e Tr (26)

where T7 := {1,2,--- ,N — 1} and C' € R™*" can be
chosen to represent constraints on linear combinations
of the state. Furthermore, we define the terminal state
(see Remark 10 below) and input constraints as

xNGZ::{xGR":gNSCxSEN} (27)

up € Uy, 1= {u eR™ 1y, <u §ﬂk},Vk eTn. (28)

Remark 10 There exist many algorithms in the litera-
ture for the computation of a suitable polyhedral RPI set
Z. See e.g. [11], [16] and the references therein.

4.1 Uncertainty re-parameterization

We first propose to re-parameterize the uncertainty as a
disturbance in the following theorem. Subsequently, in
Section 4.2, the (re-parameterized) uncertainty is com-
bined with the disturbance and the RMPC scheme is
formulated.

Theorem 11 Let D™ denote the set of all real m x m
diagonal matrices and let DY :={D e D™ : D > 0}.
Consider A€ BA:= {diag(d1,--- ,0,):0; € R,|d;] < 1}.
Then, uncertainty vector py, in (2), is such that p, < P}
foralli e Ny :={1,--- ,n,} and k =0,...,N, if there
exist X;, € D', Ul € D and 0 < D}, € R such that

_CTX,iC ——

iy Ty =i 0 Uk x o=

L3.(X5, Uk, Dby )= —%eiTC’q —%eiTun Di =0 (29)
—TX.C —uUL 0

CTX,C * «
Liy(Xk, Dy, py) ==| =3¢/ Cq Dy * | =0 (30)
—ZpXiC 0 Py
U¢ * *
Li(UsDYBY) = —5¢f Dgu Dy *[=0 (31)
~ulUg —%xOTCqTei P

Vk €Ty, where we have i —ﬁ,;—i-fk kak+uk Uku,C —-Di,
Py = pN+SUNXNCEN DY, By = Pp + g Ugug — Do;
Ty =5 (Thtay), Ty 1= 3 (U tay,) and Ty :=3(Tn+zy).

Similarly, pi, ZQZ, VieN, andk=0,..., N, if there exist
X} eDy, U eDl, 0< Dj €R such that (29)-(31) are
satisfied with P, replaced by fBZ_.

PROOF. Using the definition of py, in (2) (with Dg,, =
0) and an S-procedure, it can be shown that for all k € T}

P =D — (@ — Caw) X (Cap—zp) — (U, —wr) U (wr, — )
— (1= 6)"Dj.(6; + 1) — y{ Li(Xi, Ui, Dy, Bi) vk

where yf = [z uf 67 1], X} € DY}, Ui € D},

0< Di €Rand Li(X},U}, Di pi) given in (29). Thus
Xi. =0, Ui =0, Dj, = 0, Li(X, U, Dj,,p}) = 0
= pi <Dh, ViEN,, VkeT;.

The LMIs (30) and (31) can analogously be derived for
k = N and k = 0, respectively. Finally, for the lower
bounds the result follows by noting that pj > P, Is equiv-

alent to —p} < —BZ' [ |
Define the vectors p” := [ (p5)T ()T --- (pi)T ] and

ph = [(]36) (B;)T .. (BN) ]. Using Theorem 11, the
model uncertainty can then be re-parameterized as:

peP::{peRNP:QSpS?} (32)

where, for each k € T, we can compute the bounds for
each ¢ € N, through the following optimizations:

P =min{ p; :(29)/(30)/(31) is satisfied for correspo—
nding k, for X; €DT, Ui eD}, D} >0}

—QZ* =min{ _B;c : (29)/(30)/(31) ‘is satisﬁeq with pi rep—

laced by —p, for X, e, U, e, D;, >0} (33)

Remark 12 Note that for the case of full block uncer-
tainty elements, we have: pil'pi < ¢iTql where (.)" de-
notes the ith block Hence, the polytopic bounds for full
block uncertainty elements can be computed, in a man-
ner similar to Theorem 11, by relazing the following op-
timization problems, Vi € N, , Vk € {0,1,--- ,N}:

i : T 4
P, = min g q < max g g, < P
=k T €Xk, urEU k- 3k TR EXE, upEUL k 4k = k'

4.2 Computation of Ko, K and

In this subsection, we first combine the re-parameterized
uncertainty with the disturbance and then derive suf-
ficient conditions (on Ko, K, ©) for the satisfaction of
constraints and minimization of the cost function.



Using (32), let us introduce the re-definitions:

T T —T
Wy Wi Wi,

—
By =[By Byl [-di py]<[wg pi] <ldy Pyl

Therefore, it can be verified that the stacked state-
dynamics in (5) can now be written as:

x = Azg + Byu + Byw (34)

where w € W := {w € RV : w < w < w} and all

matrices/vectors are appropriately re-defined.

Theorem 13 Define the cost function

N-1
J(zo,u,w):=xk Pyzy + Z:ckT.ka +u} Ruy  (35)
k=0

and let AKo .= .A—|—Buf(o,@ = %(@—Fw),é = Iy ®
C,R:=1Iy ® R, Kg := (I+B,K), Q := diag(In_1 ®
Q. Pn), T = [f{ E%]T; U= [ﬂg HZI\W/fl}T (and
analogously for x, w). Then, there exist feasible Ko,
K and ¥ satisfying constraints (26)-(28) and such that
J(zo,u,w) < f. for all w € W if there exist diago-
nal solutions Dy, Dy, D' i€ Ny :={1,--- ,mN},

D, Dl GEN,={1,- Ny} to the following LMIs

[ Dw * * * )
@D, foAwDow—zlQry *
> A ~ =0 (36)
KBBw Bu@+AK01’0 Q_l *
KB, Kozo+0 0 R!
‘C;(E:th? Ka [A(07 @757 ei) =
D..  -D.,w LBIRLCTe,
&R = —i =0 (37)
x  eJ(@—C ARy —CB,0)+w" Dyw
‘Ci(bzuu’ k,[%o,f},ﬂ, ej) =
ﬁZuu - E{yy,@_ %BZ:KTGJ‘
p — =0, (39)
* el (u—Koxo—0)+w" D, w
ﬁi(quw,K7f(0”f)’£’ _ei)io, (39)
E-’ZL(Q"{U’U,’K7KO7@?Q7 _€]>i0 (40)

PROOF. Using (34) and (7), the upper state con-
straints (26)-(27) can be written as, Yw € W:

el CKpByw < el (T— C(A+ Bu,Ko)zo— CByb).
Using the S-procedure, it can be shown that

e’ CKpByw — el (T— C(A + ByKo)xo— CB,d) =
—(w — w)Tﬁ;$(w —w)— yTﬂi(Ei K, Ko, 0,7, €y

wx’

where yT = [wT 1], D.., D ﬁfw, DI are di-

wr) =wx?

agonal, positive semidefinite matrices and the matrix
Li(D.,,,K,Ko,o,T, ;) is given in (37). It follows that

wx’

(37) is a sufficient condition for upper state constraints.

Similarly, through application of the S-procedure, it can
be shown that (39), (38) and (40) are sufficient for lower
state and upper/lower input constraints, respectively.
Now, the cost function (35) can be written as:

J($O7uaw) = yTXgéch+yTUg§Ucy+ng$O (41)

where matrix X, := [KgB, (Buﬁ—l—(.A—i—Buf(o)xo)],

U. = [KB, Kozo+o]and yT := w? 1]. In a manner
similar to above, using the S-procedure on (41) followed
by a Schur complement argument yields LMI (36). W

It follows from Theorem 13 that the procedure for com-
puting an RMPC controller (i.e. Ko, K, ©) which satis-
fies state and input constraints and minimizes the cost
function can be summarized as follows

¢=min{ f.:(36) — (40) are satisfied for diagonal

D Do Dy Dys D2y JEN L ENS Y. (42)

Note that problem (42) is linear in the variables
(Ko, K,0) due to the uncertainty re-parameterization

proposed in this algorithm. We can now summarize the
Approach 2 RMPC algorithm as follows:

Algorithm 1 Causal RMPC controller - Approach 2

(1) Read the current state xg.

(2) Compute polytopic bounds on the uncertainty
through LMI problems (33).

(8) Compute Ko, K, v by solving the LMI problem (42).

(4) Apply the first control.

(5) If the computed state x; € Z, apply the terminal
control law kz(x) for all time, else loop back to (1).

Remark 14 Stability analysis of MPC schemes has been
the subject of extensive research (see [9] for an excellent
survey). The common components to establish RMPC



stability include a terminal set which is invariant and a
terminal cost which serves as a control Lyapunov func-
tion. Using an S-procedure, conditions on matriz Py can
readily be derived to ensure that the proposed terminal
cost 25 Pyxy is a Lyapunov function over the designed
RPI set Z. However, due to space limitations, we do not
pursue this here. Instead, the reader is referred to [15, Sec
4.4] for a similar RMPC stability treatment on systems
subject to scalar (polytopic) uncertainties.

Remark 15 Recursive feasibility of the proposed
schemes can be ensured due to the incorporation of the
invariant terminal set Z. In particular note that, under
the conditions given in [15, Sec 4.4], the optimal control
sequence computed at time t can be shifted and subse-
quently appended with the terminal control law kz(x) to
yield: {u(t+1|t), - ,u(t+ N|t),kz(x)} which remains
feasible at next time step t+1. See [9] for further details.

5 Numerical examples

We now consider two examples from the literature to
illustrate the effectiveness of the proposed algorithms.

5.1 Ezample 1

We consider an uncertain version of the unstable process
from [14,15]. In particular, we have the system in (2)

with:
0.1 0
0 0.1

Furthermore, we consider the uncertainty of the form:
BA := {diag(d1,02) : §; € R,|d;] <1}, and the distur-
bance set is taken to be W:={weR" : —1<w<1}.
The prediction horizon N = 4 and the parameters in
the cost function (35) are Q@ =1, R =1, and Py=1.
The constraints on the input and state are given by:
Up=—u,=3.8Vk, and T = —z = [3 3], respectively.
We linearly tighten constraints down the horizon. More-
over, we set the initial state o =7. Computing the RPI
set and the terminal control law (using the algorithm in
[16]) with input constraints —0.95 <wuj <0.95 and termi-
nal state constraints |z x| <[1.6 1]”, yields the polytopes

Ty=—ay=[1.55 0.89]" and r (z)=—[0.34 0.46]z.

1 08
05 1

1 0.1
1 0.1
Dyu=B,, C,=C,=A4A

A= 7Bu: y Dw = 7Bp:

First of all, applying the proposed algorithm in the open-
loop mode (by setting the feedback gain K to zero in
(6)) gives infeasibility. Moreover, the feedback algorithm
given by Problem (19) (linearized using Remark 5) on
the above example also gives infeasibility due to the
conservative nature of linearization. Now applying both
the proposed schemes - as given by Theorem 8 (with
So :)\0], SZSl = )\I, GO ZG:GZ :Oforalli) and

Fig. 1. Results for Approach 1 (left) and Approach 2 with
wy = weos(t) and A = diag(1,1), Vt

problem (42), respectively - give the simulation results
shown in Fig. 1. We note that even with the initial state
on the constraint boundary and persistent worst-case
uncertainty and disturbances, the proposed algorithms
are able to steer the system state to RPI set such that
r9 € Z. The computed control input sequences for Ap-
proach 1 and 2 are given by u; = [-3.37, — 2.62] and
ug = [—3.79, — 2.15], respectively.

5.2  FExample 2

We consider the coupled spring-mass system example
from [5]. The mechanical system, shown in Fig. 2, is un-
stable and has uncertainty in the spring constant value
k such that k,in < k < kpaz. The system has four
states: x1 and x5 are the positions of mass 1 and 2 re-
spectively, and x3 and x4 are their respective velocities.
The discrete-time dynamics, sampled at 0.1s, are [5]:

1 0 01 0 0 0
0 1 0 01 0 0

A= , Bu=| |,B,=
0.1k, 0.1k, 1 0 0.1 —0.1
0.1k, —0.1k, 0 1 0 0.1

Cq - |:kdev _kdev 00 ) un =0

where § = %a kyn = %(kmam + kmin)» and Kge, =
%(kmam — kmin). The spring constant is known to vary

between ki = 0.5 and k... = 10. For the cost, we
have @ = 5, R = 1 and prediction horizon N = 6.

The control objective is to make the output (state )
track a unit step while providing robustness against per-
sistent variation in spring constant k and respecting the
input constraint: —1 < uy < 1. Fig. 3 shows the simula-
tion results when the system is subjected to a sinusoidal

Fig. 2. Coupled spring-mass system



— — — Algorithrn from [5]
Proposed Algorithm

time [sec)

Fig. 3. Results for output step-tracking

uncertainty in the spring constant. We see that the pro-
posed RMPC controller is able to first steer and then
maintain the system-output at the desired set-point de-
spite the presence of a persistent uncertainty. The 5%
settling time for the output, with the proposed algo-
rithm, is approximately 6.3 sec. For comparison, Fig. 3
also shows the response for infinite horizon RMPC con-
troller proposed in [5] for the same example (red line). Al-
though this algorithm also yields output tracking, how-
ever, the response is slower with a 5% settling time of ap-
proximately 16.1 sec. Fig. 4 also shows a comparitively
faster response in control input for the proposed scheme.

6 Conclusion

We have proposed two algorithms for the (feedback)
Robust Model Predictive Control of linear discrete-time
systems subject to norm-bounded model-uncertainties
and disturbances. The algorithms compute online,
through LMI optimization, a constraint-admissible con-
trol law (Ko,K ,v) that minimizes a cost function.

As shown in Section 2, even with the use of @-
parameterization-like method, the RMPC problem is
nonlinear in feedback gain K due to the presence of
model-uncertainty. To obtain computational tractabil-
ity, we have proposed two methods. In the first method,
the disturbance is recast as an uncertainty and a slack-
variable approach is employed which helps to remove
the nonlinearity through a ‘less-conservative’ change
of variables. The second method involves the (online)

05
Proposed Algorithm
0.4 — — —Algorithen from [8] |4

03

Contral input (u)

time (sec)

Fig. 4. Control input for Example 2

10

re-parameterization of the uncertainty as a polytopic
disturbance which subsequently leads to convexity. The
effectiveness of the proposed schemes has been demon-
strated through numerical examples from the literature.

References

[1] De Oliveira MC, Geromel JC, Bernussou J. Extended Hy and
Hoo norm characterizations and controller parameterizations
for discrete-time systems. International Journal of Control
2002; 75:666-679.

[2] El Ghaoui L, Oustry F,Lebret H. Robust solutions
to uncertain semidefinite programs. SIAM Journal on
Optimziation, 1998, 9:1:33-52.

[3] Fujie T, Kojima M. Semidefinite Programming Relaxation for

Nonconvex Quadratic Programs. Global Optimization 1997;
10:367.

[4] Goulart PJ, Kerrigan EC, Maciejowski JM. Optimization
Over State Feedback Policies for Robust Control with
Constraints. Automatica 2006; 42:523-533.

[5] Kothare MYV, Balarkrishnan V, Morari M. Robust
Constrained Model Predictive Control Using Linear Matrix
Inequalities. Automatica 1996; 32:1361-1379.

[6] Lee YI, Kouvaritakis B. Constrained Receding Horizon
Predictive Control for Systems with Disturbances.
International Journal of Control 1999; 72:1027-1032.

[7] Loéfberg J. Minimax Approaches to Robust Model Predictive
Control. PhD thesis, Linkoéping University, 2003.

[8] Malik U, Jaimoukha IM, Halikias GD, Gungah SK. On the
gap between the quadratic integer programming problem and
its semidefinite relaxation. Mathematical Programming 2006;
107:505-515.

[9] Mayne DQ, Rawlings JB, Rao CV, Scokaert POM.
Constrained Model Predictive Control: Stability and
Optimality. Automatica 2000; 36(6):789-814.

[10] Oldewurtel F, Jones CN, Morari M. A Tractable
Approximation of Chance Constrained Stochastic MPC
based on Affine Disturbance Feedback. Proceedings of the
47st IEEE Conference on Decision and Control, 2008.

[11] Rakovic SV, Kerrigan EC, Kouramas KI, Mayne DQ.
Invariant approximations of the minimal robust positively
invariant set. IEEE Transactions on Automatic Control 2005;
50:406-410.

[12] Scokaert POM, Mayne DQ. Min-max Feedback Model

Predictive Control for Constrained Linear Systems. IEEE
Transactions on Automatic Control 1998; 43:1136-1142.

[13] Skaf J, Boyd SP. Design of Affine Controllers via Convex
Optimization. [EEE Transactions on Automatic Control
2010; 55:2476-2487.

[14] Tahir F, Jaimoukha IM. Robust Model Predictive Control
through Dynamic State-feedback: An LMI Approach.
Proceedings of the 18th IFAC World Congress, Milan, Italy,
2011.

[15] Tahir F, Jaimoukha IM. Robust Feedback Model Predictive
Control of Constrained Uncertain Systems. Journal of
Process Control 2013; 23:189-200.

[16] Tahir F, Jaimoukha IM. Robust Positively Invariant Sets
for Linear Systems Subject to model-uncertainty and
disturbances. 4th IFAC Conference on Nonlinear Model
predictive Control, The Netherlands, 2012.

[17] Youla D, Jabr H, Bongiorno J. Modern Wiener-Hopf design
of optimal controllers-Part II: The Multivariable Case. IEEE
Transactions on Automatic Control 1976; 3:319-338.



